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Abstract—We compare analytically the maximum
achievable rates of reliable communication in single-
carrier and OFDM modulation schemes, under the prac-
tical assumptions of i.i.d. finite alphabet inputs and linear
ISI with additive Gaussian noise. Our results indicate
that single-carrier schemes tend to offer a superior
rate. In particular, it is shown that the Shamai-Laroia
approximation for the single-carrier achievable rate is,
under general conditions, an upper bound on the OFDM
achievable rate. Information-Estimation relations and
novel estimation-theoretic bounds are applied in order
to rigorously establish these conditions.

I. INTRODUCTION AND PRELIMINARIES

We consider a complex-valued, discrete-time inter-
symbol interference (ISI) channel model,

yk =
∑

i

hixk−i + nk (1)

where {xk} is the channel input sequence,
{h0, ..., hL−1} are arbitrary complex-valued ISI
taps and {nk} is a circularly symmetric white
Gaussian process independent on the input, with
E|ni|2 = 1. Let H (θ) =

∑
k hke

−jkθ be the ISI
channel transfer function. Throughout this paper we
assume Exi = 0 and E |xi|2 = 1.

This model is relevant for a large variety of com-
munication and data storage scenarios of practical im-
portance [1]. Techniques of information transmission
over ISI channels can be roughly divided into two
types: single-carrier (SC) modulation and orthogonal
frequency-division multiplexing (OFDM) modulation.

In SC modulation, every channel input xk is a sym-
bol drawn from a complex-valued alphabet also known
as a signal constellation. Conventional constellations,
such as BPSK and 16-QAM, are composed of 2m reg-
ularly spaced values, each representing m data bits [1].
In this paper we assume that the input symbols form an
i.i.d. process. This assumption tends to hold in practice,

as channel coding schemes are typically designed for
memoryless channels, and therefore induce i.i.d. input
distributions. As discussed in [2], the assumption is
further justified by the fact that our results carry over to
the case where linear precoding of the input is allowed.

The maximum achievable rate for reliable commu-
nication under these assumptions is given by the input-
output Average Mutual Information:

ISC , lim
k→∞

I ({x−k, ..., xk} ; {y−k, ..., yk})
2k + 1

(2)

For general (non-Gaussian) input distributions, no
closed-form expression for ISC is known and it must
be approximated either analytically or by Monte-Carlo
simulations, see [3] and references therein.

Given a unit-variance RV ξ, let

Iξ (γ) , I (ξ ;
√
γξ + ν) (3)

where ν is circularly symmetric Gaussian RV with
E |ν|2 = 1 and independent of ξ, and γ stand for the
SNR. A simple and often-used approximation for ISC
was first proposed by Shamai and Laroia [4],

ISC ≈ ISL , Ix (SNRDFE) (4)

where x is distributed as a single channel input xk and

SNRDFE = e
1
2π

´ π
−π log(1+|H(θ)|2)dθ − 1 (5)

is the output SNR of the minimum mean-square error
(MMSE) unbiased linear estimator of x0 given x−1−∞
and y∞−∞ [5]. The results of [3] indicate that ISL
is not always a lower bound on ISC. Nonetheless,
extensive experimentation has shown that ISL tightly
lower bounds ISC for essentially any ISI channel and
SNR, as long as conventional input distributions are
used [4].

In OFDM [6], information is transmitted in inde-
pendent blocks of N + NCP channel inputs, where
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the first NCP elements of each block constitute a
“cyclic prefix” (CP) identical to the last NCP elements
of the block. The last N channel inputs in a block
are given by the elements of x = W−1x̃, where
Wm,k = e−2πjmk/N is the DFT matrix of order N and
x̃ is a column vector of N data symbols, commonly
referred to as “subcarriers”, as they each correspond to
a different orthogonal carrier frequency.

The OFDM receiver discards the first NCP channel
outputs in each block. If the cyclic prefix is longer
than the channel memory (L < NCP ), the remaining
N channel outputs are described by y = Hx + n
with H a square circulant matrix of order N , and
n a white Gaussian noise vector. Letting ỹ = Wy
yields the equivalent channel ỹ = Hdx̃ + ñ, with
Hd = WHW−1 a diagonal matrix and ñ distributed
identically to n. Thus, the ISI channel is transformed
into N parallel memoryless channels.

As in SC modulation, we assume that all subcarriers
(i.e. elements of x̃) are i.i.d., zero-mean and unit
power. This is usually the case in wireless links, where
the communication overhead of coordinating different
powers and constellations for different subcarriers of-
ten makes doing so undesirable. Under the scheme and
assumptions described above, the maximum achievable
rate is I(N)

OFDM , 1
N+NCP

∑N
i=1 Ix

(
|Hd

i,i|2
)
, with Ix (·)

as defined in (3) and x distributed as a single sub-
carrier x̃k. Applying the Toeplitz Distribution Theorem
(assuming NCP = o(N)) we find that in the limit of
large block size:

IOFDM , 1

2π

ˆ π

−π
Ix
(
|H(θ)|2

)
dθ (6)

Today, OFDM is the predominant modulation tech-
nique in high-bandwidth communications over chan-
nels with significant ISI, and is featured in a large
number of standards. This is mainly due to the fact that
the OFDM optimal receiver admits a low-complexity
implementation using the FFT algorithm. However,
since SC waveforms have a lower peak to average
power ratio than OFDM, and due to the introduction of
efficient frequency-domain decision feedback equaliza-
tion techniques [7], SC schemes have become a viable
alternative to OFDM in certain settings. It is therefore
interesting to determine which of the two methods
offers the higher rate of reliable communication, given
optimal receivers.

This paper aims to answer the above question, under
the assumption of a fixed i.i.d. input distribution. Our

findings indicate that generally, IOFDM ≤ ISC. In par-
ticular we show that for some common constellations,
IOFDM ≤ ISL regardless of the ISI channel. For general
inputs, we prove the same result in the low- and high-
SNR regimes. We provide an exact characterization of
the maximum value of IOFDM − ISL, and demonstrate
numerically that it tends to be very small.

Our results stem from the concavity properties of the
input-output mutual information in a scalar Gaussian
channel, as a function of a rescaled SNR variable
that we call the “log-SNR”. In order to investigate
these properties, we combine Information-Estimation
results [8] with bounds on optimal estimation in the
scalar Gaussian channel [2]. These bounds may be of
independent interest.

There is previous work on the comparison of SC
and OFDM from a fundamental limits perspective. In
[9] the cut-off rates are compared analytically, and the
SC rate is shown to exceed the OFDM rate in several
scenarios. In [10] the achievable rates are compared
numerically for particular inputs and ISI channels, and
SC is found superior. In a recent report [11], the au-
thors independently found that concavity with respect
to log-SNR yields an inequality between the OFDM
achievable rate and the Shamai-Laroia approximation.
However, our central results remain exclusive to this
work, including the analytic proofs of concavity, the
study of the concave envelope and the application
of Information-Estimation tools. Additional relevant
literature appears in [2].

The rest of this paper is organized as follows.
Section II introduces the key concavity concepts at
the root of our results. Section III states our results
precisely, and section IV briefly outlines their proofs.

II. LOG-SNR AND CONCAVITY PROPERTIES

Central to our results is the study of the function

I logx (ζ) , Ix(eζ − 1) (7)

with Ix (·) defined in (3), and x a zero-mean RV
satisfying E |x|2 = 1. Since setting ζ = log (1 + γ)
yields I logx (ζ) = Ix (γ), it is natural to interpret ζ
as a “log-SNR” variable and measure it in units of
information. For a complex Gaussian input g, we have
I logg (ζ) = ζ, and thus I logx (ζ) is sub-linear in ζ for
any other input distribution. For finite-entropy inputs,
I logx (ζ) is nearly linear for low ζ and nearly constant
for high ζ, with the shoulder occurring at ζ values
around the input entropy.
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Let Î logx (ζ) denote the concave envelope of I logx , i.e.

Î logx (ζ) , sup
ζ1,ζ2 s.t.
ζ1≤ζ≤ζ2

(ζ − ζ1) I logx (ζ2) + (ζ2 − ζ) I logx (ζ1)

ζ2 − ζ1
(8)

Clearly, Î logx < ∞, since I logx is increasing and sub-
linear. As the name implies, Î logx ≥ I logx is a concave
function of ζ. Since I logx is real-analytic, Î logx is con-
tinuous and has a continuous derivative. We make the
following additional definitions,

Definition 1. Let ∆x denote that maximum difference
between I logx and its concave envelope.

Definition 2. Let ζ
0

(ζ̄0) be the maximal (minimal) ζ0
for which I logx (ζ) is concave for every ζ < ζ0 (ζ ≥
ζ0). Similarly, Let ζ

1
(ζ̄2) be the maximal (minimal)

ζa for which Î logx (ζ) = I logx (ζ) for every ζ < ζa (ζ ≥
ζa). Let γ

1
, γ

0
, γ̄0 and γ̄2 denote the corresponding

linear-scale SNR values.

The following propositions characterize the quanti-
ties defined above,

Proposition 1. If ∆x 6= 0 then γ
0
> 0 and γ̄0 <∞.

Proof: Setting γ = eζ − 1 and differentiating I logx
twice, we find that

e−ζI logx
′′
(ζ) = mmsex(γ) + (1 + γ) mmse′x(γ) (9)

where we have used the Guo-Shamai-Verdú Theo-
rem [8] I ′x (γ) = mmsex(γ), with mmsex (γ) ,
E
∣∣x− E

[
x|√γx+ n

]∣∣2 the MMSE in estimating
channel input x from its Gaussian noise corrupted
version at SNR γ.

Let dmin denote the minimum distance between
any two symbols in the input alphabet. By a stan-
dard probability of error upper bound , mmsex(γ) ≤
D2e−(dmin/2)

2γ for some D > 0. Moreover, it can
be shown that mmse′x(γ) ≤ −Ce−(dmin/2)

2γ/
√
γ for

sufficiently large γ and some C > 0. A derivation
of this bound is given in [2]. Substituting the above
bounds into (9), it is clear that I logx

′′
(ζ) < 0 for

sufficiently large ζ and hence that γ̄0 <∞.
The equality (9) may be rewritten as e−ζI logx

′′
(ζ) =

r′x (γ), where rx (γ) , (1 + γ) mmsex (γ) denotes
the ratio between the MMSE’s of the non-linear and
linear optimal estimators of x given

√
γx+n. Clearly,

rx (γ) ≤ 1, and rx (0) = 1, so by continuity there must
be a neighborhood of 0 in which rx is decreasing and
therefore I logx is concave, showing that γ

0
> 0.
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Figure 1. Ilogx and Îlogx (right), and their derivatives with respect
to ζ (left), for 256-QAM input.

Proposition 2. If ∆x 6= 0 then 0 < γ
1
< γ

0
and

γ̄0 < γ̄2 <∞.

Proposition 2 follows straightforwardly from Propo-
sition 1 and the properties of the concave envelope
Î logx . A detailed proof is provided in [2].

Figure 1 illustrates the quantities discussed in this
section, for uniformly distributed 256-QAM input.

III. STATEMENT OF RESULTS

Our main result provides a connection between
IOFDM and ISL,

Theorem 1. For any ISI channel and any i.i.d. input
process with single-letter distribution x,

IOFDM ≤ ISL + ∆x (10)

Where ∆x is given in Definition 1 . Additionally,
IOFDM ≤ ISL if the channel satisfies at least one of
the following conditions:

1) SNRDFE ∈ [0, γ
1
] ∪ [γ̄2,∞)

2) |H(θ)|2 ≤ γ
0

for every θ ∈ (−π, π)

3) |H(θ)|2 ≥ γ̄0 for every θ ∈ (−π, π)

where γ
1
≤ γ

0
≤ γ̄0 ≤ γ̄2 are given in Definition 2.

The following results sharpen Theorem 1 for specific
input distributions,

Theorem 2. For BPSK and QPSK constellations,
IOFDM ≤ ISL for every ISI channel.

Theorem 3. For M -PAM and square M2-QAM con-
stellations, (dmin/2)

2
γ̄0 ≤ 1, where dmin is the

minimum distance between input symbols.

Further numerical study indicates that ∆x = 0
for 4-PAM, 8-PSK, 16-QAM and 32-QAM inputs,
extending Theorem 2. Table I lists the quantities that
were presented in Theorem 1 for inputs with ∆x > 0.
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Table I
SUMMARY OF THE QUANTITIES APPEARING IN THEOREM 1

(dmin/2)2 · {γ
1
, γ

0
, γ̄0, γ̄2} [dB] ∆x [bits]

64-QAM -5.54 -5.25 -4.49 -4.23 1.86·10−6

256-QAM -17.0 -13.3 -3.09 -1.27 0.0202
1024-QAM -24.7 -19.5 -3.17 -0.851 0.0585
4096-QAM -31.8 -25.6 -3.40 -0.739 0.0987

Note: All values are rounded to three significant digits.

It is seen that ∆x is quite small even in very high-
order constellations such as 4096-QAM. Additionally,
Table I indicates that the general bound provided by
Theorem 3 is slack by an approximate factor of 2 —
i.e., for higher-order QAM, (dmin/2)

2
γ̄0 ≈ 1/2.

IV. OUTLINE OF PROOFS

Proof of Theorem 1: From the definitions of ISL,
IOFDM, I logx , Î logx and ∆x:

IOFDM =
1

2π

ˆ π

−π
I logx

(
log
(
1 + |H(θ)|2

))
dθ

≤Î logx
(

1

2π

ˆ π

−π
log
(
1 + |H(θ)|2

)
dθ

)

=Î logx (log (1 + SNRDFE)) ≤ ISL + ∆x (11)

where in moving to the second we used I logx ≤ Î logx
and then invoked Jensen’s inequality based on the con-
cavity of Î logx . With γ

1
and γ̄2 according to Definition

2, it is clear that if condition 1 holds, then

Î logx (log (1 + SNRDFE)) = ISL (12)

and therefore IOFDM ≤ ISL. Moreover, if either condi-
tion 2 or conditions 3 hold, then I logx is a concave
function for every value of |H(θ)|2, and we may
therefore exchange Î logx with I logx in (11), yielding
IOFDM ≤ ISL once more.

Proof of Theorem 2: Let b and q be unit-power
BPSK and QPSK inputs, respectively. In [2] it is shown
that mmseb(γ) ≤ e−γ and mmse′b(γ) ≤ − 2e−γ√

1+6γ
.

Substituting these bounds into (9), we find that I logb
is concave. Using mmseq(γ) = mmseb(γ/2) and
repeating the derivation used for BPSK proves that
I logq (ζ) is concave for ζ ≥ e − 1. Switching to the
linear estimator upper bound mmseq(γ) ≤ (1 + γ)

−1

shows that I logq (ζ) is concave for ζ < e−1, completing
the proof.

Proof of Theorem 3: Let b and m be unit-power
BPSK and M -PAM inputs, respectively. In [2] the

following bounds are derived,

mmsem (γ) ≤ µd
2
min

4

[
mmseb (ρ) + B̄ (ρ)

]
(13)

mmse′m (γ) ≤ µd
4
min

16

[
mmse′b (ρ) + C̄ (ρ)

]
(14)

with µ = 2 (M − 1) /M , ρ = (dmin/2)
2
γ,

C̄ (γ) = 32e8γQ
(√

32γ
)

and B̄ (γ) = 16Q
(√

8γ
)

+
4
∑∞
k=2 (2k + 1)Q

(
k
√

8γ
)
, where Q (·) is the error

function. These bounds are based on novel “point-
wise” bounds for estimation of M -ary PAM inputs in
Gaussian noise [2]. Substituting (13) and (14) into (9),
it follows that (dmin/2)

2
γ
0
≤ 1 for any M -PAM and

M2-QAM input.
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