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Abstract

The value of a measurement result without an indication of the confidence
is rather limited. A useful measure of this confidence is measurement uncer-
tainty. Measurement uncertainty is defined as a parameter that characterizes
the dispersion of the values that could reasonably be attributed to the result
of a measurement. The dispersion of the measurement result follows from
the dispersion of the different quantities influencing the measurement. The
available and relevant information about the influence quantities is described
by probability density functions. The propagation of them through the mea-
surement model yields again a probability density function representing the
state of knowledge about the outcome of the measurement. This probability
density function is used to calculate a parameter representing the measure-
ment uncertainty. In doing so, difficulties regarding the calculation of mea-
surement uncertainty including complex-valued quantities and calibration
problems are avoided taking the complete available knowledge into account.
An appropriate way to propagate probability density functions through an
arbitrary measurement model is based on the Monte Carlo method. As this
method is computationally intensive, it is necessary to implement it in an
adequate way. This thesis elaborates the computational aspects of measure-
ment uncertainty calculation and in particular the computational aspects of
the Monte Carlo method. The results of this elaboration are integrated in
the software tool MUSE . A proof of concept is given throughout the whole
thesis using various examples.
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Zusammenfassung

Die Aussage eines Messergebnisses ohne die Angabe eines Vertrauens ist ge-
ring. Eine geeignete Art dieses Vertrauen auszudrücken besteht darin, die
Messunsicherheit anzugeben. Dabei ist die Messunsicherheit als ein Parame-
ter der die Streuung der Werte, die dem Messergebnis vernünftigerweise zu-
geordnet werden können, definiert. Die Streuung der Messwerte resultiert aus
der Streuung der einzelnen Einflussgrössen, welche das Messergebnis beein-
flussen. Das vorhandene und relevante Wissen über diese Einflussgrössen wird
als Wahrscheinlichkeitsdichte ausgedrückt. Die Fortpflanzung dieser Wahr-
scheinlichkeitsdichten durch das Messmodell resultiert wiederum in einer
Wahrscheinlichkeitsdichte, welche das gesamte Wissen über das Messergeb-
niss enthält. Diese Wahrscheinlichkeitsdichte wird verwendet, um einen Para-
meter zu bestimmen, welcher die Messunsicherheit ausdrückt. Somit werden
Schwierigkeiten bei der Berechnung der Messunsicherheit mit komplexwer-
tigen Grössen und bei Kalibrierproblemen vermieden, da das gesamte vor-
handene Wissen verwendet wird, um die Messunsicherheit zu berechnen. Die
Monte Carlo Methode stellt eine gute Möglichkeit dar, Wahrscheinlichkeits-
dichten durch beliebige Messmodelle zu propagieren. Da diese Methode sehr
rechenintensiv ist, wird eine adäquate Implementierung benötigt. Diese Dok-
torarbeit behandelt die Aspekte der Messunsicherheitsberechnung bei der
Implementierung auf einen Computer und im speziellen die Aspekte der Im-
plementierung der Monte Carlo Methode. Alle Resultate dieser Arbeit sind
in der Software MUSE integriert. Die Anwendbarkeit der Resultate wird in
der gesamten Arbeit anhand von Beispielen aus der Praxis belegt.
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Chapter 1

Introduction

When you can measure what you are speaking about, and express it in
numbers, you know something about it; otherwise your knowledge is of a

meager and unsatisfactory kind.
Lord Kelvin, 1889.

Measurements concern all of us. They concern us, as a lot of important
decisions are based on measurements as well as when we buy goods. They
are important in the quality assurance of manufacturing processes, for doping
tests of top athletes, in global positioning, for medical diagnosis and in many
other instances.

Let us take as an example the refueling of our car. There, the amount of
petrol we fill up with determines the price we have to pay, and this amount
is measured by a filling pump. Inside this pump, a flow measurement is
performed to estimate the volume we filled, and we need to rely on this
measurement. Filling stations are, of course, periodically checked by national
calibration agencies. During such calibration processes a lot of measurements
are performed which assess the precision of the filling pump, and in the end
we need to rely on the measurements done by the calibration agency.

Global trade depends even more on measurements. The amount of oil
transported by a supertanker shipping oil from Kuwait to Rotterdam is de-
termined by exactly the same measurement principle as the amount of petrol
at the gas station. A modern, double-hulled supertanker can carry up to
450‘000 tons of oil. If the flow measurement used has a deviation of only
1%, the amount of oil carried by the tanker has a variation of up to 4‘500
tons! If we assume an oil price of 100 dollars per barrel, one ton of oil will
cost about 735 dollars, as one ton of oil is about 7.33 barrels. The deviation
in value of the oil, resulting from the imperfection of the flow measurement,
can therefore be about 4‘500 · 733 ≈ 3.4 million US dollars. Hence, it is

1



2 CHAPTER 1. INTRODUCTION

ambiguous if the buyer gets oil for approximately three million dollars more
or less.

Measurements also play a significant role in the protection of human
health. The inspection of the quality of drinking water, for instance, depends
strongly on measurements. Water pipes are usually made out of stainless
steel and may contain different amounts of lead depending on the production
process that has changed over time. In ancient times, such pipes were made
completely out of lead as this was the only way to fabricate them. Whole
cities in the Roman Empire were cross-linked with water pipes completely
built out of lead, and even nowadays water pipe systems may include pipes
that contain a significant amount of lead, as these systems are often more
than 100 years old. If so, the water flowing through the pipes can leach out
lead. As lead has adverse health effects, it is important to determine the
amount of lead in the water in order not to cause a hazard effect to people
drinking that water. The fact, that the half-life-period of lead in human
bones is about 10-20 years emphasizes the importance of this determination
even more. For this reason, the value of lead in drinking water needs to
be monitored continuously. National environmental departments therefore
define upper limits for the amount of lead in one liter of drinking water. The
German Department of the Environment gives, for example, a limit of 25
micro grams of lead per liter of water, and will reduce this limit in the year
2013 to 10 micro grams. Only if this limit is kept to, is it advisable to use the
water as drinking water also for babies. But what does the limit of 25 micro
grams in one liter of drinking water actually mean? When do we have to
worry about the quality of our drinking water? Do we have to exchange all
the water pipes in a city, or in our old house, if a single measurement delivers
a value above the specified limit? Is there maybe something like a region
around the limit within which the result of the measurement is allowed to
lie? Are we allowed to do measurements until one measurement result is,
maybe by accident, below the limit? And how do we have to handle such
repeated measurements?

Similar questions arise in the manufacturing of high-tech products. The
precision of the production process plays, for example, a key role in modern
Formula One cars. The engines used there work at up to 20‘000 revolutions
per minute. This is only possible with production tolerances less than 1/5000
mm. And of course it is necessary to perform measurements of very high
reliability to ensure such tolerances.

Also medical diagnosis is increasingly made on the basis of results of mea-
surements, and the therapy is chosen based on this diagnosis. A measurement
result of poor quality can result in a wrong diagnosis, which again yields a
wrong therapy. Hence, measurements of poor accuracy can lead to wrong
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decisions that can be life-threatening.
The examples listed above point out the need for measurement results of

high reliability, but unfortunately the information provided by measurements
can rarely be assumed to be complete. Actually, another set of measurements
of the same parameter could result in values which are not exactly the same as
earlier reported values. Therefore, it is necessary to demonstrate the fitness
for purpose of a measurement result by giving a measure of the confidence
that can be placed on the result. That implies to include the degree up
to which a result would be expected to agree with other results, normally
irrespective of the methods used. One useful measure of this is measurement
uncertainty.

The way to calculate the overall measurement uncertainty for any type
of measurement has only been developed recently. In 1995, the International
Standardization Organization (ISO) published the Guide to the Expression
of Uncertainty in Measurement (GUM) [IIB+95]. This document is based on
the Recommendation INC-1 (1980), Expression of experimental uncertainties
[Kaa], of the Working Group on the Statement of Uncertainties. In order to
implement the content of the GUM, the dissertation of Erwin Achermann
[Ach02] with the title MUSAC - a Tool for Evaluating Measurement Uncer-
tainty was started in 1997. The goal of his work was to develop a system for
analytical chemistry with the capability to describe a measurement procedure
and evaluate the measurement uncertainty using the method recommended
by the GUM. As MUSAC was developed for analytical chemistry, the needed
and therefore supported functionality was limited to the four basic arithmetic
operations. Using MUSAC, the method to calculate the measurement uncer-
tainty described in the GUM could be used in practice. In doing so, it was
possible to identify the need for a more general solution. Hence, a further
dissertation was put out to tender with the objective of building a measure-
ment uncertainty calculator for any kind of measurement arising in physics,
chemistry or biology.

The first step towards building a measurement uncertainty calculator
which is fit for purpose for all measurements is to analyze different con-
cepts for expressing the confidence that can be placed on a measurement
result. Such a concept needs to be able to express the state of knowledge
about the quantities which influence the outcome of the measurement, the
input quantities. Once the input quantities are adequately described, they
need to be combined according to the measurement model. In doing so,
the state of knowledge about the outcome of the measurement, the mea-
surand, results. The method described in the GUM, the GUM Uncertainty
Framework (GUF), uses for example the so-called uncertainty propagation
to propagate the standard deviation of each input quantity through the lin-
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earized measurement function. This procedure fails for highly non-linear
models or input quantities which cannot adequately be described by their
first two moments. Therefore, another method is needed which fulfills the
following requirements:

• overcome the drawbacks of the uncertainty propagation;

• use the complete knowledge given by the metrologist concerning the
input quantities;

• combine the input quantities without an approximation of the mea-
surement function;

• deal with dependencies between the input quantities in an adequate
manner;

• deal with complex-valued quantities; and

• calculate the measurement uncertainty associated with a calibration
process.

The Monte Carlo method (MCM) fulfills all the given requirements and is
therefore implemented in the software project MUSE (Measurement Uncer-
tainty Simulation and Evaluation). Using MCM, the information about the
input quantities is expressed via probability density functions (PDFs) which
are propagated through the measurement function. It is important to recog-
nize, that the PDFs are assumed to be given - and therefore known - by the
metrologist. The author is aware of the fact, that this assumption may not
always be true and that there can be a difference between the empirical dis-
tribution function given by the metrologist and the true distribution. Even
if all available knowledge about an input quantity is used to build a PDF the
result may not represent the physical behavior of this quantity. Nevertheless,
this assumption is used throughout the whole thesis as it is recommended by
the two main documents for the evaluation of measurement uncertainty, the
INC-1 [Kaa] and the GUM [IIB+95].

The high acceptance of MCM within the metrological community results
from the recommendation of the method in the first supplement to the GUM
[BIP08a] (GS1). This official document, published by the Joint Committee
for Guides in Metrology (JCGM) in 2008, describes MCM for scalar output
quantities and gives procedures for the main parts needed, like the pseudo
random number generator, the generation of non-uniform random draws, or
the summarization of the result. All the procedures given in the document
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must be analyzed with respect to their computational speed and their mem-
ory efficiency in order to end up with an adequate implementation of MCM.
As a result of this analysis, the block-by-block evaluation of the measurement
function, called Monte Carlo block design, has been implemented in MUSE .
The block design is also used for building the summary information of the
resulting PDF, like the standard deviation or the coverage intervals. As this
procedure differs from the standard way to calculate statistical parameters
using MCM, it is necessary to prove its correctness.

A lot of physical phenomena can be modeled by waves and are therefore
given as complex numbers. The outcome of such a measurement is called
a complex-valued quantity. Using the GUM uncertainty framework on such
quantities, physically senseless results may arise. The concept of propagat-
ing PDFs through the measurement model needs therefore to be adapted on
complex-valued quantities in order to overcome these problems. The state of
knowledge about a complex-valued quantity is thereby described by a two-
dimensional PDF. Two different representations, the polar and the Cartesian
representation, of a complex-valued quantity, are usual. As both represen-
tations describe the same physical phenomenon, a conversion between these
representations should be provided.

The determination of lead in drinking water requires the calibration of the
measurement device used. The uncertainty associated with such a calibra-
tion process also needs to be considered. Calibrating a measurement device
means to establish a relation between the quantity values provided by mea-
surement standards, the stimulus values, and corresponding indications, the
response values, in a first step. This process is called regression and delivers
model parameters of the calibration function. The consideration of the un-
certainty associated with the stimulus values as well as the consideration of
the correlation between these values represents a considerable problem using
the GUF. A way to overcome these problems should be presented. Once the
model parameters are defined, they can be used to establish a relation for
obtaining a measurement result from an indication of the calibrated device,
i.e. evaluating the measurement function for a given indication. The prop-
agation of distributions should be applied to the regression as well as the
evaluation of the measurement function and implemented in MUSE .

The main contributions of this work to the metrological community, the
new ideas presented in this thesis and the concepts realized in MUSE are
thus:

• a detailed analysis of different concepts for the expression and calcula-
tion of measurement uncertainty which yields MCM as the method of
choice;
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• an efficient implementation of MCM presented in the first supplement
to the GUM which includes

– the analysis and implementation of all steps of MCM;

– the formulation of the Monte Carlo block design; as well as

– the proof of convergence of this design for building summarizing
parameters;

• the adaptation of the propagation of distributions to complex-valued
quantities; as well as

• the adaptation of this concept to the calibration process.

All these results are integrated into the development of the software tool
MUSE . To get back to the determination of lead in drinking water, it is
therefore possible to propagate the complete information, given as PDFs,
through the measurement procedure using MUSE . In doing so, a PDF rep-
resenting the concentration of lead in the water sample is calculated. The
number delivered by the measurement can therefore be provided with a mea-
sure of confidence that could be placed onto this number, based on the whole
information given.



Chapter 2

Basics of measurement
uncertainty evaluation

In general, a measurement has imperfections as stated in GUM [IIB+95,
3.2.1]. Hence, there will always be a doubt about how well the result of a
measurement represents the value of the quantity being measured. Therefore,
it is essential that some quantitative indication of the quality of the result is
given, so that those who use it can assess its reliability [IIB+95, 0.1]. The
amount of doubt we need to place on a measurement result can be specified by
a parameter that characterizes the degree of agreement between the result
of the measurement and the quantity being measured. This parameter is
called measurement uncertainty. In this chapter we will work out, how such a
parameter can be determined. To this end, it is essential to clarify some terms
and definitions, like input quantity, measurement or measurement function.
Most of them can be found in the GUM [IIB+95, 3], in its supplemental guide
[BIP08a, 3] or in the International Vocabulary of Metrology (VIM) [III+08].
In the interest of improving readability, all used metrological terms are listed
in Appendix B, while Appendix C gives an overview of the used statistical
terms.

The starting point for each measurement is according to the GUM [IIB+95,
3.1.1] an appropriate specification for the measurand, the method of mea-
surement and the measurement procedure. Such a specification should list all
quantities that affect the result of the measurement, the influence quantities.
Also the measurement function should be specified in this document defining
how the input quantities1are related.

1In this work the terms “influence quantity” and “input quantity” are distinguished in
a rather pragmatic way. As defined in the GUM, all quantities that affect the result of the
measurement are called influence quantities. The GUM, and also GS1, does not define the
term “input quantity” but uses it to describe the quantities on which the measurement

7



8 CHAPTER 2. BASICS OF MEASUREMENT UNCERTAINTY

The objective of a measurement is to determine the value of the measur-
and (i.e. the value of the particular quantity to be measured) based on the
given specification. The result of a measurement is a value that is attributed
to the measurand. As a measurement has in general imperfections, there
will usually be a deviation in the measurement result. This deviation, that
is called error 2 in the GUM, is defined as the result of the measurement
minus the value of the measured quantity that is consistent with its defini-
tion. Deviations in measurements arise on the one hand by unpredictable or
stochastic temporal and spatial variations of influence quantities. The effects
of such variations are called, according to the GUM [IIB+95, 3.2.2], random
effects. Random effects increase the variation in repeated observations of
the measurand and can usually not be compensated, as they cannot be pre-
dicted. On the other hand, systematic effects are deviations that arise from
a recognized effect of an influence quantity. As random effects, they cannot
be eliminated, but unlike a random effect, a systematic effect can be quan-
tified, and hence a correction can be applied to compensate for that effect.
Usually the knowledge about a systematic effect is incomplete. Therefore,
there will still remain a lack of knowledge on this corrected systematic effect
that must be taken into account. The systematic effect is hence converted
into a random effect applying such a correction.

Both types of deviation affect, of course, the result of the measurement
and are therefore influence quantities. Hence, they should be listed in the
specification and considered in the measurement function.

The number of input quantities in a measurement function that has to
be considered for the determination of the measurement uncertainty strongly
depends on the accuracy to which we need the result. If we would just like
to know the temperature approximately to decide what kind of jacket we
should wear, we need to take fewer influence quantities into account than
if we need to determine the temperature for a flow measurement to obtain
the amount of oil carried by a supertanker. But also in the measurement
of the outside temperature, we need to be aware that the temperature indi-
cated by the thermometer may not come up with the felt temperature, as
this temperature is also influenced by other quantities like the wind or the
humidity. The felt temperature is called “wind chill” and is sometimes stated
in weather forecasts. In the flow measurement to determine the amount of oil
carried by a supertanker, the quality of the temperature measurement plays

function depends. An input quantity is therefore used here as an influence quantity that
is taken into account in the measurement function.

2In the German language the term “error” denotes rather a fault or a mistake (Fehler)
then a deviation. Therefore, we try to avoid the usage of the term “error” whenever it is
possible.
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a far more important role. Let us assume, that we fill up our supertanker
in Kuwait at a temperature of 40 ◦C and discharge it in Rotterdam at 10 ◦C.
The difference in the temperature is therefore 30 ◦C. As crude oil has an
expansion coefficient of 10−3K−1, the variation in the volume of transported
oil will change by a factor of 30 ◦C · 10−3K−1 = 0.03. Therefore, the volume
measurement by the flow meter delivers 450‘000 · 7.33 · 0.03 ≈ 99‘000 barrels
(about 11 million liters) less in Rotterdam than it did in Kuwait. Assuming
an oil price of 100 US dollars per barrel, that is a value of approximately
10 million dollars! Fortunately, the oil industry knows about this fact and
consequently they correct the indicated value of the flow measurement device
by this factor. In other words, they correct their measurement result by a
known systematic effect. But what about the temperature itself? To what
degree can we believe in the value indicated by the device that measures
the temperature? As the temperature is also determined by a measurement,
there are again influences that affect the temperature, like the finite instru-
ment resolution. Also, the homogeneity of the temperature of the oil over
the whole tanker needs to be considered. Of course the temperature of the
oil will not be exactly the same at each point in the tanker. So, should we
make several measurements of the temperature and take the mean value to
correct the flow measurement? Can we maybe measure the temperature im-
mediately at the point where we do the flow measurement and correct the
measurement on the fly? All these questions have to be clarified before the
oil trader and the oil seller can agree on the amount of oil carried by the
tanker and therefore on the value of the oil.

Also in the measurement of lead in water, we have a lot of different influ-
ence quantities that affect the outcome of our measurement. The determina-
tion of lead in water is usually done by Inductively Coupled Plasma-Optical
Emission Spectrometry (ICP-OES). This technique makes use of the fact,
that the atoms of elements can take up energy from an inductively coupled
plasma, are thereby excited, and fall back into their electronic ground state
by emitting a characteristic radiation with a given wavelength. The iden-
tification of this radiation permits the qualitative analysis of a sample. A
quantitative determination takes place on the basis of the proportionality
of radiation intensity and element concentration in calibration and analysis
samples. A detailed description of this measurement can be found in Chap-
ter 7.3, where the measurement uncertainty of such a calibration process is
evaluated.

As the alignment of a sample is a rather complicated task, it is easy to
imagine, that there are a lot of different influence quantities that affect the
outcome of it. These include, for example, the purity of the reference mate-
rial, the volume of the measured quantity, which is again influenced by the
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temperature, the repeatability and the aging. Also the mass of the refer-
ence material plays an important role and itself depends again on different
influence quantities like the air buoyancy, the temperature, or the long term
drift.

The GUM elaborates the fact that the number of considered input quan-
tities in the measurement function should be related to the accuracy to which
the measurement result is needed in Section 3.1.3. There it is stated, that
the required specification or definition of the measurand is dictated by the
required accuracy of measurement, i.e. the specification need to be fit for pur-
pose. If a measurement result is needed up to a higher level of accuracy, the
specification needs to be more comprehensive. More input quantities can be
added to the measurement model by refining the specification. Also, random
effects can become systematic effects as the specification of the measurement
becomes more detailed. It is important to see, that measurement uncertainty
can not be eliminated. It can only be reduced by adding input quantities to
the model, which is compensating a systematic effect.

Up to now we have seen, that a measurement is influenced by two different
types of effects, the random effects and the systematic effects. Both of them
should be considered in the determination of a measurement result and, as
both kinds of effects have variations, they will affect the variation in the
measurement result itself. Therefore, they will contribute to the parameter
that describes the dispersion of the measurement result, the measurement
uncertainty. In the following parts of this chapter it is shown, how we can
represent the variation of these two effects, i.e. the variation of the quantities
that are influencing the measurement result. Also, the way of combining all
the influence quantities is described.

This dissertation does not go into details on the modeling process, nor
does it describe how an influence quantity should be chosen for each kind of
given knowledge. Figure 2.1 divides the process of the measurement uncer-
tainty evaluation into two parts. The formulation has the task of identifying
the outcome of the measurement (the measurand) and all relevant input
quantities. The measurement model is also defined during the formulation
process. This is solely the task of the metrologist and does not influence the
method of calculating the measurement uncertainty. The model should be
validated and the whole measurement needs to be under statistical control
[IIB+95, 3.4.2]. Based on the formulation of the measurement, a representa-
tive for the measurand is calculated in the second step, the calculation. The
measurement uncertainty of the measurand is afterwards deduced from this
representative.

At the time of beginning of this dissertation, it was unforeseeable when
the first supplement to the GUM (GS1) would be published. Also, the us-
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Formulation

Calculation

?Define the outcome of the measurement
?Identify the input quantities
?Quantify the intput quantities
?Define the measurement model

Measurement uncertainty 
evaluation

?Calculate the measurand 
?Determine the uncertainty of the     
      measurand

Figure 2.1: Process of measurement uncertainty evaluation divided into the
formulation and the calculation. The formulation needs to be done by the
measurement specialist while the calculation part can be done by a computer
and is elaborated in this work.

age of probability density functions to describe lack of knowledge, and the
use of the Monte Carlo method to calculate measurement uncertainty, were
not recommended by an official document. The first task of this thesis was
therefore to analyze different approaches for the evaluation of measurement
uncertainty. On the one hand, different approaches for the expression of
lack of knowledge exist, like probability statements, fuzzy sets or intervals.
There are, on the other hand, different ways to do measurement uncertainty
calculations using probability statements, like the Fourier transform, Panjer
recursions, the GUM uncertainty framework or the Monte Carlo method. As
a result of this analysis, probability density functions have been chosen to
describe the incomplete knowledge about each input quantity, and the Monte
Carlo method to propagate the input quantities through the measurement
function.

The remaining sections of this chapter lay down the reasons for this de-
cision. Section 2.1 illustrates, that it is reasonable to see the outcome of a
measurement as a probabilistic experiment and therefore describe the lack
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of knowledge afflicted with it by a probability density function. Section 2.2
shows, how a measurement model can be derived based on a given spec-
ification, while Section 2.3 brings it all together and derives a formula to
propagate probability density functions through the measurement function.

The concepts presented in the following sections are not new at all. Most
of them are well known and documented in the literature. Nevertheless,
they are very important for the remaining parts of this thesis and therefore
summarized here. At some points, detailed derivations of formulas are given
that cannot be found in the literature in this way.

2.1 Representation of input quantities

The information provided by a measurement can rarely be assumed to be
complete. Therefore, there exists always a doubt that must be placed on the
result of a measurement. This doubt reflects the incomplete knowledge about
the measurement process, and in detail the lack of knowledge about the in-
fluence quantities that are affecting the outcome of the measurement. Hence,
we need to characterize this lack of knowledge in a mathematical sense, in
order to be able to combine the influence quantities to calculate the lack of
knowledge that must be placed on the measurand. If there is a lack of knowl-
edge about a quantity, there must as well be knowledge about this quantity.
This information can rely again on measurements, but also on other sources
like expert knowledge. Let us take as an example the ubiquitous influence
quantity that represents the temperature. If the temperature influences the
outcome of a measurement, it is necessary to describe the temperature, and
of course the lack of knowledge of the temperature, to be able to calculate
the influence of the temperature on the measurement result. One part of the
information about the temperature is given by a measurement that results in
a value. Also, additional knowledge about this measurement is usually avail-
able that indicates up to which level we can rely on the value indicated by the
device, by which we measure the temperature. The additional information is
on the one hand given by the physical conditions during the measurement,
but also by the properties of the measurement device used. Based on the
indicated value of the measurement device and the additional information,
a conclusion about the value of the temperature can be made. As the in-
formation about the physical conditions, and also about the measurement
device, can rarely be complete, it is usually impossible to draw this conclu-
sion in an exact way. Therefore, it is only possible to give an estimate for
the temperature based on the given (incomplete) knowledge. This estimate
can be seen as an assumption about an unknown event, where an event is
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defined as any possible outcome of a given problem, in this case any possible
temperature. If we go back again to the description of the temperature as an
influence quantity of a measurement, we can say, that the given information
defines a value that indicates the degree of belief for each possible value of
the temperature. It defines a degree of belief, or just an assumption, for each
possible value to be consistent with the temperature. Therefore, the given
information defines, for each possible outcome of the measurement a proba-
bility, that this value is consistent with the measurand. If the thermometer
indicates, for example, a value of 30 ◦C, a value of 100 ◦C can be assumed to
be less likely than a value of, let’s say 35 ◦C. In other words, the probability
that the temperature is 35 ◦C is greater than the probability thatergäntzt:
it is 100 ◦C. The term probability directly refers to the unknown value of
the measurand. It defines, on the basis of any kind of relevant information,
the degree of rational expectation, that the value of the measurand coincides
with some value chosen from the set of possible values of the measurand.
The function that represents the distribution of the probabilities3 over the
set of possible values of the measurand is called probability density function
(PDF). This function reflects the state of knowledge about the measurand on
the basis of the information in hand. It is the mathematical description of the
state of knowledge about the measurand corresponding to given information.

2.1.1 Probability density function (PDF)

Before we can discuss different methods to assign a PDF to an input quantity
based on given knowledge, it is necessary to explain the mathematical concept
of probability density functions. To this end, some basic terms are given in
accordance with the GUM [IIB+95]. A detailed description of distribution
functions can, for example, be found in the textbook by Evans, Hastings and
Peacock on statistical distributions [EHP00]. Also the book by Hammersley
and Handscomb on Monte Carlo methods [HH64] gives a short introduction
to the required statistical terms.

As shown above, it is reasonable to see the outcome of a measurement
as a probabilistic experiment. The possible outcomes of such an experiment
are, in accordance with [EHP00], called the sample space. As an example,
we can go back to the measurement of the temperature. The sample space
is then given by all possible temperature values. A random variable (RV)

3This concept of probability differs from that used in frequency-based statistics, as there
probability is identified with the relative frequency of occurrence of random observations.
For a detailed discussion and distinction between the two concepts of frequency-based
probability and the so-called information-based probability, see for example the paper on
Information-based probability density function for a quantity by Wolfgang Wöger [Wög03].
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is a function that maps events defined on the sample space into a set of
values. We can define, for example, two events, the freezing and unfreezing
of water4, associated with the temperature. A function that returns 0 if
the temperature is below zero and 1 if the temperature is above is hence a
random variable that associates the event freezing with the number 0, and
unfreezing with the number 1.

If X is a random variable and ξ a real number, we can use the term
X = ξ to define that the value realized by X is ξ. Also, a probability
statement Pr(X ≤ ξ) can be made indicating the probability that the value
realized by X is less than or equal to ξ, using this definition. If we apply this
concept to the example of our temperature measurement, we can describe the
probability that the temperature will be below 0 by the statement Pr(X ≤ 0).
Furthermore, we define RX as the set of all values that the random variable
X can take and call it the range of X. The probability domain of the random
variable X is the set of all possible values that Pr(X ≤ ξ) can take. We can
assume continuous random variables in the case of measurement uncertainty
calculation where the probability domain is equal to the unit interval [0, 1].
The distribution function GX , also called cumulative distribution function
(CDF), or just cumulative distribution, associated with a random variable X
is the function that maps the range RX to the probability domain:

GX(ξ) = Pr(X ≤ ξ) = α, ξ ∈ RX , α ∈ [0, 1]. (2.1)

This statement denotes the probability, that the random variable X has a
value less than or equal to ξ. A probability of 0 denotes the chance that X
is less than or equal to ξ does not exist while a probability of 1 denotes that
X is equal or less than ξ in each instance.

Figure 2.2 shows the distribution function of a standard normal dis-
tributed random variable. 1 − GX(ξ) denotes the probability that random
variable X has a value greater than ξ. The probability that X takes on values
between ξl and ξu for ξu ≥ ξl is therefore given by:

Pr(ξl ≤ X ≤ ξu) = GX(ξu)−GX(ξl). (2.2)

A distribution function has therefore the following characteristics in the prob-

4This event defines the point of freezing or unfreezing of the first crystals. It should just
help to understand the concept of statistical events, rather than give a detailed physical
description of the freezing process of water. This definition of a random event would also
not hold for supercooled water.
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Figure 2.2: Distribution function of the standard normal (Gaussian) dis-
tributed random variable.

ability domain [0, 1]:

GX(ξu) ≥ GX(ξl), ∀ξu ≥ ξl, (2.3)

0 ≤ GX(ξ) ≤ 1, (2.4)

GX(−∞) = 0 and (2.5)

GX(∞) = 1. (2.6)

A probability density function (PDF) gX(ξ) is given by the first derivative
of the cumulative density function with respect to ξ:

gX(ξ) =
dGX(ξ)

dξ
. (2.7)
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The main properties of a probability density function are:

gX(ξ) ≥ 0, ∀ −∞ < ξ <∞, (2.8)

gX(−∞) = 0, (2.9)

gX(∞) = 0, (2.10)

GX(x) =

x∫
−∞

gX(ξ)dξ, (2.11)

Pr(ξl ≤ X ≤ ξu) = GX(ξu)−GX(ξl)

=

ξu∫
ξl

gX(ξ)dξ. (2.12)

Formula (2.12) gives the probability, that a so far not realized random vari-
able X, will lie between the two values ξl and ξu as the area of the probability
density function between these two points. The PDF associated with the
CDF of the normal distribution function is given by

gX(ξ) =
1

σ
√

2 · π
exp

(
−(ξ − µ)2

2 · σ2

)
. (2.13)

Figure 2.3 displays the PDF of a standard normal distribution, i.e. a
Gaussian distribution with parameters µ = 0 and σ = 1. Also, the two limits
ξl = −2 · σ = −2 and ξu = 2 · σ = 2 are displayed. The area enclosed by ξl
and ξu is

2∫
−2

1

1 ·
√

2π
exp

(
−(ξ − 0)2

2 · 1

)
dξ = 0.9545,

which implies, that a realization of a standard normal distributed random
variable X will lie between −2 and 2 with a probability of approximately
95%.

2.1.2 Assignment of a PDF to an input quantity

There can be two different types of knowledge about an input quantity. Re-
peated measurements on the one hand results in a series of indications. The
GUM [IIB+95, 4.2] calls this type of evaluating the standard uncertainty of
an input quantity Type A evaluation of standard uncertainty. On the other
hand, knowledge based on scientific judgments such as historical data, cal-
ibrations and expert judgment can be available. The evaluation method of
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Figure 2.3: PDF of a standard normal distribution. The marked region
covers approximately 95% of the curve.

choosing a PDF for an input quantity based on this kind of information is,
according to the GUM [IIB+95, 4.3], called Type B evaluation of standard
uncertainty. Therefore, we can distinguish between so-called statistical in-
formation, based on repeated observations, and non-statistical information.
This is the major difference between the error analysis (Section 3.3.2.1) and
the GUM uncertainty framework (GUF) (Section 3.1). Before the publica-
tion of the GUM, influence quantities could only be quantified by repeated
measurements.

Let in the following denote D the available and relevant knowledge about
an input quantity X. D can contain statistical information as well as non-
statistical information. This combination of information was suggested by
the Recommendation INC-1 (1980), Expression of experimental uncertainties
[Kaa] which is the fundamental document for all following standards like
the Guide to the Expression of Uncertainty in Measurement and also its
supplemental guide.

To express the given knowledge D in terms of a PDF, we need to find the
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distribution function GX(ξ|D), such that

Pr(ξl ≤ X ≤ ξu|D) = GX(ξu|D)−GX(ξl|D) =

ξu∫
ξl

gX(ξ|D)dξ, (2.14)

where gX(ξ|D) denotes the PDF of the input quantity X for given knowledge
D.

There is a whole theory on selecting appropriate distributions to represent
input quantities based on given knowledge. Let us assume, for example, that
the only knowledge D about an input quantity is, that the values of this
quantity lie between two limits and that all values are equally likely. The
PDF that represents this knowledge is the rectangular one and should be
assigned to this input quantity.

As the elaboration of this topic would go beyond the scope of this work,
the interested reader is referred to the paper Information-based probability
density function for a quantity by Wolfgang Wöger [Wög03] for the theoret-
ical background. The paper by Iuculano et al. [INZP07] describes the usage
of the principle of maximum entropy in the evaluation of the measurement
uncertainty. An overview on different statistical distributions can be found
in the textbook on statistical distributions by Evans [EHP00] where C.F.
Dietrich derives different PDFs in [Die91]. Also, the first supplement to the
GUM [BIP08a, 6.4.1] describes in Table 1, how to select distributions based
on given knowledge.

For the remaining parts of this chapter it is important to keep in mind,
that an input quantity of the measurement function can appropriately be
represented by a PDF and that this PDF should hold all the available and
relevant knowledge about this quantity.

2.2 Representation of the measurement model

It is in general necessary to draw a realistic picture of the measurement
chain in terms of a mathematical formula, in order to establish a proper
measurement model. The physics involved should again be stated in the
measurement specification.

We will use the assembly of a lead dilution to demonstrate, how a mea-
surement model can be built, based on a given specification. A lead dilution
is produced by dissolving a measured amount of lead in sulfuric acid. The
concentration of the dilution is therefore given by the mass of lead in solu-
tion and the volume of added acid. In the following it is shown, how different
influence quantities on a measurement function can be identified, based on a
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specification of a measurement procedure. The specification for the assem-
bly of a lead dilution is usually given as a step by step instruction. Such an
instruction can look like the enumeration given in Figure 2.4.

1. Choose an appropriate lead with a specified purity
(pur).

2. Remove the oxide coating of the given lead.

3. Determine the mass (mass) of the deoxidized lead
with an appropriate balance.

4. Put the deoxidized lead with the determined mass
into a volumetric flask.

5. Dissolve the lead by putting a specified amount of
sulfuric acid into the flask.

6. Shake the solution.

7. Fill up the flask to a specified label to get the
needed volume (V ).

PB

oxide coat

PB

Figure 2.4: Specification of the dilution of a reference lead dilution given as
a step by step instruction.

Based on such a specification, it is possible to identify all main sources
that influences the outcome of the experiment, which in the case of the
specification given above is the concentration of the lead dilution. In doing
so, we get for the first step of the specification the purity of the lead. Also
the second step, the purification of the lead, can influence the outcome of
the dissolving process. In the third step, we will determine the mass of the
purified lead, while the fifth will influence the concentration as dissolving.
The mixing in step six will not influence the concentration, but of course
the filling of the flask up to a defined volume will. Based on the identified
influences it is now possible to bring them all together.
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One common way to display the relationship between influence quantities
and an outcome is the so called cause and effect diagram, also named fishbone
diagram or Ishikawa diagram. Such a diagram can always be used, when a
lot of potential or real causes (inputs) results in a single effect (output), and
was first used by Elissison and Barwick [EB98] for representing measurement
uncertainty sources. For the six identified influences of the lead dilution, the
cause and effect diagram looks as shown in Figure 2.5.

Concentration

Purity Mass

Volumepurification

dissolving

Figure 2.5: Cause and effect diagram of the assembly process of lead.

The influence of dissolving and purification is neglected in the following,
as the bench chemist usually assumes, that they are not afflicted with an
uncertainty, i.e. that the processes work with 100% efficiency5. The cause
and effect diagram therefore reduces to three input quantities given in Figure
2.6, which will be considered in the equation of the measurand as variables.
All input quantities that affect the outcome of the procedure are identified
now. The next step is to build the mathematical relationship between these
quantities, the measurement function. Steps one and two no longer affect
the procedure, but delivers the purity of the original lead. Purity is usually
given as a percentage, such as “the used lead has a purity of 99%”. In step
three, we scale the amount of lead. We need to multiply the mass of the,
non pure lead, by the given purity, in order to find the amount of pure lead.
The first term of the measurement function is therefore given by

pur ·m, (2.15)

where pur is the purity of the lead and m its mass. Steps five and six are
again neglected. The flask is filled up to a specified volume V in the last step,
i.e. the lead is diluted to a defined degree. As the concentration decreases

5Of course this is not true in every instance, but as it is ofter done in practice, we also
use this simplification at this point of the work.
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Concentration

Purity Mass

Volume

Figure 2.6: Cause and effect diagram of the assembly process of lead. The
influence of dissolving and purification is neglected.

as a substance is diluted, we need to divide the calculated pure amount of
lead by the volume up to which we fill the flask. The resulting measurement
model for the concentration c is therefore given by

c =
pur ·m
V

. (2.16)

This basic example of the preparation of a calibration standard from ana-
lytical chemistry demonstrates one way to derive a measurement model out
of a given measuring specification. Sometimes the measurement model is
directly given in the specification. In such instances the given procedure can
be avoided.

The measurement model describes the relationship between all relevant
input quantities, in the given example the purity pur, the mass m and the
volume V , and the output quantity, the concentration c. In general, this
relationship can be written explicit as

Y = f(X1, . . . , XN), (2.17)

or implicit as

h(Y,X1, . . . , XN) = 0. (2.18)

The function f(X1, . . . , XN) is called the measurement function where both
Equations, (2.17) and (2.18), are a measurement model. These formulas are
the general form of a measurement model and describes how the N input
quantities X1, . . . , XN and the output quantity Y are related. For explicit
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measurement models, i.e. models where the measurand stands on his own on
one side of the equation, the measurement model is also called equation of
the measurand.

Building an appropriate model for a measurement can be a complicated
task. It needs deep knowledge about the measurement process and the con-
ditions under which the measurement is done. Therefore, the model building
process should be done by a person who has in-depth knowledge about the
measurement. Only if the measurement itself is fully understood and all pos-
sible effects on the outcome of the measurement are known, it is possible to
establish a model that is fit for purpose. In other words, the model needs to
be validated and the whole measurement under statistical control.

The influence quantities in the cause and effect diagram are often influ-
enced by several other quantities, as they are also measured quantities. The
volume in the process given above is, for example, determined by a quite
complicated measurement. Therefore, there is a whole submodel that reflects
the physics of this measurement. The number of subinfluences that should
be considered in the measurement model strongly depends on the accuracy
to which the outcome of the measurement is needed: i.e. the resolution of
the measurement function also needs to be fit for purpose as stated in the
GUM [IIB+95, 3.1.3].

Unfortunately, there is no sound theory on modeling measurement pro-
cesses. The model builder usually needs to count on his expert knowledge
and the given specification that may, or may not give a sound basis for set-
ting up the measurement model. Although there is no comprehensive theory
on modeling, most measurements are based on existing knowledge that was
established over decades. There are also some papers that may help to es-
tablish a measurement model. Ellison and Barwick describe the usage of
the cause and effect diagram to identify and structure the effects on a result
in [EB98], while the principles of constructing a cause and effect diagram
are fully described in [TQM93]. Sommer, Weckenmann and Siebert give a
systematic approach to the modeling of measurements for uncertainty evalua-
tion in [SWS05]. The papers by Bachmair [Bac99], Kessel [Kes01] and Kind
[Kin01] may also help to establish the measurement function.

2.3 Propagation of distributions

It was shown in Chapter 2.1, that it is reasonable to describe the lack of
knowledge that must always be placed on the result of any measurement by
a probability density function (PDF). Modeling measurement knowledge of
an input quantity in terms of a PDF means to express the knowledge about
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reasonably possible values ξ of this quantity by a PDF that describes the
probabilities of these possible values. A PDF is therefore not more and not
less than simply a mathematical representation of our expectation of “what
we would bet on”, after using all relevant facts known to us for our inference.

It was shown in Section 2.2, how a mathematical formula

Y = f(X1, . . . , XN)

can be derived that describes the relationship between the output quantity
Y and the N input quantities X1, . . . , XN , based on a given specification.
There it is also stated, that the quantities that are involved in the measure-
ment function are again influence quantities. Hence, there is usually also
incomplete information available about the values of the input quantities of
the measurement model, and it is of course also reasonable to describe this
lack of knowledge by an appropriate PDF. Most measurement models have
more than one input quantity. Therefore, it is necessary to find, as a first
step, a representation of the combination of the PDFs of all input quan-
tities, i.e. a joint PDF that describes all the given knowledge about them.
The joint PDF of all input quantities can be built as a product of them,
if all input quantities involved are independent, i.e. there is no correlation
between them. This is only the case, if the information on which one input
quantity X1 is based is absolutely irrelevant for all other input quantities
X2, . . . , XN and vice versa. That is a rather unrealistic assumption. But, for
the sake of simplicity, it is assumed at this point, as the description of the
joint PDF does not directly influence the method used to calculate the PDF
of the output quantity. Chapter 5 elaborates the building of a joint PDF, if
the involved input quantities are correlated.

The knowledge D about an input quantity X is, according to Chapter
2.1, expressed by the PDF gX(ξ|D). This PDF should contain all available
and relevant information about the quantity X. The joint probability density
function gX = gX1,...,XN

corresponding to the knowledge D = (D1, . . . , DN)T

about all involved input quantities X = (X1, . . . , XN)T is hence given by

gX1,...,XN
(ξ1, . . . , ξN |D1, . . . , DN) = gX(ξ|D). (2.19)

The problem to be solved is therefore to calculate a PDF gY for the
outcome of the measurement (the measurand) Y for a given measurement
function f(X1, . . . , XN) and a joint probability density function gX1,...,XN

that describes all the involved quantities that appear in the measurement
model. The construction of the cumulative distribution function GY (η) for
the output quantity Y is then given by summing the probabilities for all
possible combinations of potential values of X, i.e. ξ = (ξ1, . . . , ξn)T , under
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the constraint that η ≤ f(ξ) holds. Using the Heaviside step function H,
we can therefore calculate the cumulative distribution function GY (η) of the
output quantity Y as

GY (η) =

∞∫
−∞

gX(ξ) ·H(η − f(ξ))dξ, H(z) =

{
1, z ≥ 0,
0, otherwise.

(2.20)

To calculate the PDF gY (η) for the output quantity Y we need to differentiate
Equation (2.20). As the derivative of the Heaviside step function H(z) is the
Dirac delta function δ(z), we receive

gY (η) =
d

dη
GY (η) =

∞∫
−∞

gX(ξ)
d

dη
H(η − f(ξ))dξ

=

∞∫
−∞

gX(ξ)δ(η − f(ξ))dξ, (2.21)

which is in the literature called the Markov formula [CDF+00, Sie01, CS06]
and often given as

gy(η) =

∞∫
−∞

· · ·
∞∫

−∞

g
X1,...,XN

(ξ1, . . . , ξN)

· δ(η − f(ξ1, . . . , ξN))dξ1 · · · dξN . (2.22)

Formula (2.22) calculates the PDF for the output quantity gy(η) by summing
all values of the joint PDF of the input quantities g

X1,...,XN
that correspond

to the measurement function f(ξ1, . . . , ξN). The values according to the mea-
surement function are selected by the Dirac function δ. Figure 2.7 illustrates
this process for three input quantities. The calculated PDF gy(η) represents
all the available information about the result of the measurement and is in
the following used, to calculate the statistical parameters of the measurand.

According to the first supplement to the GUM (GS1) [BIP08a, 5.5], the
following items of the resulting PDF should be reported following the use of
the propagation of distributions:

1. An estimate y of the output quantity Y .

2. The standard uncertainty u(y) associated with y.

3. The stipulated coverage probability 100p % (e.g. 95 %).
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PDFs for the input quantities X

PDF for the output 
quantity Y

Y

X1

X2

X3

Measurement model

XY = f( )

Figure 2.7: Propagation of probability density functions. The input quan-
tities X1, X2 and X3 are described by appropriate PDFs and propagated
through the measurement function f(X1, X2, X3). The resulting PDF holds
all available information about the measurand Y .

4. The endpoints of the selected 100p % coverage interval (e.g. 95 %
coverage interval) for Y .

5. Any other relevant information, such as whether the coverage interval
is a probabilistically symmetric coverage interval or a shortest coverage
interval.

Before we can calculate these parameters from the PDF of the output
quantity gY , we need to clarify some statistical terms. For a detailed sum-
mary of them see Appendix C.

The expectation of the random variable Y characterized by a PDF gY (η)
is given by

E(Y ) =

∞∫
−∞

ηgY (η)dη, (2.23)

where the variance of Y is

V (Y ) =

∞∫
−∞

(η − E(Y ))2gY (η)dη. (2.24)

The estimate for the measurand Y is therefore given by that point η
around which the PDF gY (η) is most strongly concentrated and can be cal-
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culated as

y =E(Y ) =

∞∫
−∞

ηgY (η)dη

=

∞∫
−∞

η ·

 ∞∫
−∞

gX(ξ) · δ(η − f(ξ))dξ

 dη

=

∞∫
−∞

gX(ξ) ·

 ∞∫
−∞

η · δ(η − f(ξ))dη

 dξ (2.25)

=

∞∫
−∞

gX(ξ) · f(ξ)dξ (2.26)

=

∞∫
−∞

· · ·
∞∫

−∞

g
X1,...,XN

(ξ1, . . . , ξN)

· f(ξ1, . . . , ξN)dξ1 · · · dξN , (2.27)

where Formula (2.26) results from Formula (2.25) by the usage of the
sifting property of the Dirac delta function

∞∫
−∞

h(t)δ(t− T )dt = h(T ), (2.28)

where the function h is in this instance the identity function. For details on
the Dirac delta function see for example [Arf85]. The estimate y is therefore
the most likely value of the measurement and the expectation of Y .

The second item to be reported is the standard uncertainty u(y) associ-
ated with y, i.e. a parameter that characterizes the dispersion of the measur-
and. In accordance with the GUM [IIB+95] and its first supplement [BIP08a],
the standard deviation of the PDF representing the output quantity gY is
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used as this parameter, i.e. the square root of the variance V (Y ):

u2(y) =V (Y ) =

∞∫
−∞

(η − E(Y ))2gY (η)dη

=

∞∫
−∞

(η − y)2 ·
∞∫

−∞

gX(ξ) · δ(η − f(ξ))dξdη

=

∞∫
−∞

gX(ξ) ·
∞∫

−∞

(η − y)2 · δ(η − f(ξ))dηdξ (2.29)

=

∞∫
−∞

gX(ξ) · (f(ξ)− y)2dξ (2.30)

=

∞∫
−∞

· · ·
∞∫

−∞

g
X1,...,XN

(ξ1, . . . , ξN)

· (f(ξ1, . . . , ξN)− y)2dξ1 · · · dξN . (2.31)

Again the sifting property of the Dirac function is used, to receive Formula
(2.30) out of Formula (2.29) with h(t) = (t− y)2, T = f(ξ), and therefore
h(T ) = (f(ξ)− y)2.

It is possible to calculate the measurement uncertainty u(y) of the PDF
gY that represents all the available knowledge about the measurand using
Formula (2.31). It is therefore not necessary to know gy to estimate u(y).
Instead, one can evaluate (2.31) using gX. Formula (2.31) represents the
analytical method of measurement uncertainty calculation. It is the method
of choice to evaluate measurement uncertainties whenever it is applicable.
The calculation of the distance of a point to the origin is an example where
the Markov formula can analytically be computed as shown in [MWRG07].
The point X = (X1, X2) is there given in the Cartesian coordinate system
where X1 ∼ N(0, 1) and X2 ∼ N(1, 1) are both Gaussian distributed with
no correlation. The equation of the measurand for the calculation of the
distance R of X to the origin is

R =
√

(X2
1 +X2

2 ),

where the PDF for X1 is

gX1 =
1√
2π
e−

1
2
ξ21
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and for X2

gX2 =
1√
2π
e−

1
2

(ξ2−1)2 .

The PDF for the output quantity gR(η) is therefore

gR(η) =

∞∫
−∞

∞∫
−∞

gX1(ξ1) · gX2(ξ2) · δ (η − f(ξ1, ξ2)) dξ1dξ2

=

∞∫
−∞

∞∫
−∞

1√
2π
e−

1
2
ξ21 · 1√

2π
e−

1
2

(ξ2−1)2 · δ
(
η −

√
(ξ2

1 + ξ2
2)

)
dξ1dξ2

(2.32)

and the expectation of gR(η)

r =

∞∫
−∞

∞∫
−∞

1√
2π
e−

1
2
ξ21 · 1√

2π
e−

1
2

(ξ2−1)2 ·
√

(ξ2
1 + ξ2

2)dξ1dξ2

= 1.548572.

The squared standard uncertainty u2(r) of r is given by

u2(r) =

∞∫
−∞

∞∫
−∞

1√
2π
e−

1
2
ξ21 · 1√

2π
e−

1
2

(ξ2−1)2 ·
(√

(ξ2
1 + ξ2

2)− r
)2

dξ1dξ2

= 0.601923,

which is a standard uncertainty of 0.775837. The expectation as well as the
standard uncertainty has been calculated using the software package Maple
and the commands given in Listing 2.1.

Listing 2.1: Calculation of the expectation r_exp as well as the standard
uncertainty r_uc of the distance of a point to the origin using Maple.

1 g01 := exp( -(1/2)*x^2)/sqrt(2*Pi);
2 g11 := exp( -(1/2)*(y-1)^2)/sqrt(2*Pi);
3 r_exp := evalf(int(int(g01*g11*sqrt(x^2+y^2), x = -

infinity .. infinity), y = -infinity .. infinity));
4 r_uc := sqrt(evalf(int(int(g01*g11*(sqrt(x^2+y^2)-r_exp)

^2, x = -infinity .. infinity), y = -infinity ..
infinity)));
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Figure 2.8: Analytically calculated PDF gR of the distance of a point to the
origin.

Figure 2.8 shows the resulting PDF gR(η) calculated by Equation (2.32)
together with the mean value as a solid line.

Unfortunately, the multiple integrals given above cannot generally be
evaluated analytically. Therefore, different approximation methods were
developed to calculate the measurement uncertainty. Two of them, the
GUM Uncertainty Framework (GUF) presented in the GUM [IIB+95] and
the Monte Carlo method used in the first supplement to the GUM (GS1)
[BIP08a] are elaborated in detail in Chapter 3, Sections 3.1 and 3.2. Other
methods like the Panjer recursion or the Fourier transform are summarized
in Section 3.3.1. Section 3.3.2 describes approaches to calculate measurement
uncertainty which do not use probability density functions to describe the in-
complete knowledge of a measurement while in Section 3.4 some of them are
compared using the example of the preparation of a reference lead dilution.
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Chapter 3

Methods to evaluate
measurement uncertainty

It is the mark of an instructed mind to rest satisfied with the degree of
precision to which the nature of the subject admits and not to seek exactness

when only an approximation of the truth is possible.
Aristotle.

Chapter 2 derives the Markov formula to propagate distribution functions
through the mathematical model of the measurement and delivers

gy(η) =

∞∫
−∞

gX(ξ)δ(η − f(ξ))dξ. (3.1)

The joint PDF gX(ξ) = gX1,...,XN
(ξ1, . . . , ξN) represents all available and rele-

vant information about the N input quantities X1, . . . , XN . The Dirac delta
function δ is used in Equation (3.1) to select all values from the joint PDF
that correspond to the equation of the measurand f(ξ) = f(ξ1, . . . , ξN). The
result of this propagation is a PDF gy(η), which contains all available in-
formation about the outcome of the measurement. Based on the Markov
formula, a formula to calculate a parameter that characterizes the disper-
sion of the values that could reasonably be attributed to the measurand, the
measurement uncertainty, can be derived

u2(y) =

∞∫
−∞

gX(ξ) · (f(ξ)− y)2dξ. (3.2)

u2(y) is the squared standard uncertainty that can be associated with the

31
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estimate y of the measurement that is given by

y =

∞∫
−∞

gX(ξ) · f(ξ)dξ. (3.3)

The multiple integrals (3.2) and (3.3) are the analytical solution of the prop-
agation of distributions and should be used to calculate the measurement
uncertainty whenever they can be evaluated. Unfortunately, that is only
the case for simple instances. Hence, several methods are presented and
compared in the following, to calculate an approximation of the measure-
ment uncertainty based on the propagation of distributions. Also, alternative
methods to represent incomplete knowledge are elaborated and compared to
the methods based on probability theory.

3.1 The GUM uncertainty framework

The Guide to the Expression of Uncertainty in Measurement (GUM) [IIB+95]
gives a step by step procedure for the evaluation of measurement uncertainty
called GUM Uncertainty Framework (GUF). This procedure is based on the
Law of Propagation of Uncertainty, or just uncertainty propagation. This
law uses a first- or higher-order1 Taylor series expansion of the measurement
function and propagates the best estimates and standard uncertainties of the
involved input quantities through this linearized model. The result of the un-
certainty propagation is hence again an estimate and its associated standard
uncertainty. The estimate according to the GUF yGUF is therefore given by
evaluating the measurement function f(ξ1, . . . , ξN) for the best estimates xi
of the N input quantities Xi

yGUF = f(x1, . . . , xN). (3.4)

The squared standard uncertainty u2(yGUF) concerned with yGUF is calcu-
lated using the first order Taylor series expansion of the measurement func-
tion f(ξ) about the point (x1, . . . , xN)

f(ξ1, . . . , ξN) ≈f(x1, . . . , xN) +
N∑
i=1

ci · (ξi − xi)

=f(x) + cT · (ξ − x), (3.5)

1The case of higher-order Taylor series expansion is not elaborated. It seems to be
more applicable for the author to use MCM as recommended by GS1 in instances where
it is questionable if the first order Taylor series expansion delivers adequate results.
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where the sensitivity coefficients ci are given by the gradient of the measure-
ment function

ci =
∂f(ξ1, . . . , ξN)

∂ξi
. (3.6)

Inserting the Taylor series expansion (3.5) into the Markov formula (3.2)
yields

u2(y) =

∞∫
−∞

gX(ξ) · (f(ξ)− yGUF)2dξ

≈
∞∫

−∞

gX(ξ) ·

[
f(x1, . . . , xN) +

N∑
i=1

ci · (ξi − xi)− yGUF

]2

dξ

=

∞∫
−∞

gX(ξ) ·

[
N∑
i=1

ci · (ξi − xi)

]2

dξ

=
N∑
i=1

N∑
j=1

cicj

∞∫
−∞

gX(ξ) [(ξi − xi)(ξj − xj)] dξ (3.7)

=
N∑
i=1

N∑
j=1

ciu(xi, xj)cj (3.8)

=
N∑
i=1

c2
iu

2(xi) + 2
N−i∑
i=1

N∑
j=i+1

ciu(xi, xj)cj (3.9)

=cTVc, (3.10)

i.e. the known formula to calculate the combined standard uncertainty pre-
sented in the GUM [IIB+95, 5.2.2] but elaborated in more detail. The matrix
V denotes the covariance matrix where the single elements Vi,j = u(xi, xj)
are given by

u(xi, xj) =

∞∫
−∞

gX(ξ) [(ξi − xi)(ξj − xj)] dξ, (3.11)

i.e. the covariance associated with xi and xj. The correlation coefficient
between the two input quantitiesXi andXj is defined based on the covariance
and given as

r(xi, xj) =
u(xi, xj)

u(xi) · u(xj)
. (3.12)
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The GUF is based on two main assumptions:

1. The first order Taylor series is an appropriate approximation of the
measurement function in the region of interest. That is a quite re-
strictive constraint as this assumption is already not fulfilled for simple
models. The determination of the distance of a point to the origin is an
example where this constraint causes the GUF to fail as shown below.

2. All involved input quantities can be expressed in terms of their first
two moments, i.e. the mean value and the standard deviation. Also this
constraint causes a lot of problems in practice as the more accurate the
model description gets, the more specific the type of distribution of the
input quantities will be. Using the first two moments of a distribution
means forgetting about all other information given by the specification,
like the skewness of the distribution of an input quantity or, in general,
its shape.

If one of these assumptions is not fulfilled, the GUF can lead to senseless
physical results, and therefore to wrong estimates of the uncertainty budget.
As the GUF delivers just the estimate with the associated standard uncer-
tainty, it is not possible to check the correctness of the application based on
the result of the GUF. The result of the GUF does not imply whether the
usage of it is valid or not. For an example showing the limits of the uncer-
tainty propagation, see [MWRG07]. There, the distance of a point to the
origin is calculated, where both coordinates are afflicted with measurement
uncertainty. The analytical solution of this problem was already calculated
in Section 2.3 and delivers an estimate y for the resulting PDF of 1.55 with
an associated standard uncertainty of 0.78. Applying the law of propaga-
tion of uncertainty to this problem, we receive a sensitivity coefficient for the
quantity X1 of

cX1 =
∂
√
X2

1 +X2
2

∂X1

=
X1√

X2
1 +X2

2

= 0,

where the input quantities are normal distributed: X1 = N(0, 1) and X2 =
N(1, 1). The equation of the measurand is given as R = f(X1, X2) =√
X2

1 +X2
2 . As we are interested in the Taylor series expansion of f(X1, X2)

around the best estimates x1 = 0 and x2 = 1, these values were inserted for
X1 and X2. The sensitivity of f(X1, X2) according to the input quantity X2

is

cX2 =
∂
√
X2

1 +X2
2

∂X2

=
X2√

X2
1 +X2

2

= 1.
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The best estimate r for the distance is given by the evaluation of the mea-
surement function for the best estimates x1 and x2

r =
√
x2

1 + x2
2 =
√

02 + 12 = 1.

The associated squared standard uncertainty is therefore

u2(r) = c2
X1
· u2(x1) + c2

X2
· u2(x2) = 02 · 12 + 12 · 12 = 1,

i.e. a standard uncertainty of 1. Figure 3.1 shows the resulting PDF from
the analytical calculation, and the normal distribution that results from the
uncertainty propagation. The second requirement for a valid application of
the GUF given above is completely fulfilled, as both input quantities X1 and
X2 are normal distributed. The difference between the analytical solution
and the GUF is therefore solely caused by the non-linearity of the model
function. Even if all input quantities are perfectly described by their first
two moments, there is still a big chance that the GUF delivers physically
senseless results caused by the non-linearity of the measurement function.
And, as mentioned above, it is not possible to decide if the result of the
uncertainty propagation is valid based on the result provided by the method.
The GUM uncertainty framework with its approximative method of calcu-
lating measurement uncertainty is hence suitable for numerous, but far from
all, uncertainty evaluation tasks met in practice. The Joint Committee for
Guides in Metrology (JCGM) has published therefore the first supplement to
the GUM (GS1) [BIP08a] to take these problems into account. This supple-
ment recommends the Monte Carlo method to propagate the distributions
through the measurement model, i.e. computing the Markov formula if the
GUF is not applicable. GS1 provides in Section 5.11 some motivation for the
use of MCM in circumstances where it is questionable whether the application
of the GUM uncertainty framework is valid. Hence, MCM can be seen as a
validation method for the application of the GUF.

Although the GUF does not need software for its implementation, the
calculation of the sensitivity coefficients can get rather complicated. Hence,
sound software implementation can save time and avoid mistakes in its appli-
cation. The next section gives a short introduction to computational aspects
of a possible GUF implementation.

Computational aspects of GUF

The core of a GUF implementation is the calculation of sensitivity coef-
ficients, i.e. calculating the partial derivatives of the measurement function
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Figure 3.1: Analytically calculated PDF (dashed line) and the normal dis-
tribution resulting from uncertainty propagation (solid line). As the result-
ing PDF calculated by GUF delivers probabilities for negative numbers, the
method delivers a physically senseless result, as the distance of a point to
the origin can never be below zero.

with respect to all input quantities. An elegant way to build these derivatives
is based on algorithmic differentiation [Gan85, Gri00] (also called automatic
differentiation). Algorithmic differentiation is based on the fact, that any
computer program that implements a function can in general be decomposed
into a sequence of elementary assignments. The single assignments are usu-
ally differentiable in a trivial way, and can be combined using the chain rule
from derivative calculus to form the sensitivity coefficients. We will build the
sensitivity coefficients of the equation of the measurand

y = a+
a · b
c
, (3.13)

in order to illustrate the principle of algorithmic differentiation. As a first
step, the formula needs to be split into its elementary assignments. To this
end, the operators and the arguments can be visualized using a tree as dis-
played in Figure 3.2. Based on this visualization, the formula can be com-
puted as elementary assignments by flattening the tree. Hence, Formula
(3.13) can be calculated by the 4 basic assignments
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/

c*

a b

+

a

Figure 3.2: Visualization of Formula (3.13) as a tree structure.

1. y=a,

2. y=y*b,

3. y=y/c and

4. y=y+a.

The calculation of the sensitivity coefficient for each variable is performed
while calling these elementary assignments. The assignment y=a*b delivers
therefore a sensitivity of b according to a and a sensitivity of a according to
b. This principle can be implemented in a smart way using object-oriented
programming. To this end, we define a class that holds all necessary in-
formation about one input quantity. This class contains therefore the best
estimate of the current quantity (val), its uncertainty (uc), the sensitivity of
the quantity with respect to herself (ci), and a list of the related quantities
(clist) with their sensitivities. Also, the basic assignment operators like =,
+=, -=, *= and /= are overloaded in this class. The overloaded operators do
not just calculate the estimate of the current quantity but also the sensitivity
of the quantity according to the related quantities. The multiplication of the
quantity y (this) by the quantity b (the operand) is then performed calling
the operator*= given as pseudo code in Algorithm 1. The notation used is
based on object-oriented programming. The statement this.ci returns there-
fore the value of the member variable ci of the object this, i.e. the sensitivity
coefficient of the current object with respect to itself. The first part of Al-
gorithm 1 checks, if the quantity to be multiplied has occurred before and
is already stored in the list of related quantities. If this quantity (q) is also
related to the operand, the existing sensitivity of the operand is multiplied
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Algorithm 1 Overloading the *= operator for algorithmic differentiation.

operator*=(operand)

for all quantities q related to this do
for all quantities p related to operand do

if q == p then
this.clist(q).ci = operand.clist(p).ci * this.val

end if
end for
this.clist(q).ci += this.clist(q).ci * operand.val

end for
for all quantities q in operand.clist but not in this.clist do
q.ci = q.ci * this.val
this.clist.add(q)

end for
this.val *= operand.val

by the value of the current object (this.val). The sensitivity of each quantity
q in the list of related quantities (clist) is increased after this check by the
current sensitivity of the current quantity (this.clist(q).ci) multiplied by the
value of the operand (operand.val). The second part of the algorithm adds
all quantities q related to the operand but not to the current quantity (this).
These quantities are added to the list of related quantities of the current
object (this.clist) with a sensitivity given by the sensitivity of the quantity
(q.ci) multiplied by the value of the current object (this.val).

The object y holds a reference to the object b which contains the sensi-
tivity of y according to b after calling the operator *= by the line y*=b. If all
operators are overloaded in this way and called in the correct order, the ob-
ject y holds a list of the objects on which it depends with the corresponding
sensitivity coefficients. Hence, the uncertainty of y can easily be calculated
by Algorithm 2. The first statement of this algorithm returns the uncertainty
of the quantity, if there are no related quantities stored in clist. If there
are related quantities, the uncertainty is calculated according to Formula 3.9.
The last line adds the contribution of correlated input quantities. The initial
sensitivity coefficient for an object has to be 1. To illustrate this principle, we
again use Formula (3.13) to calculate the measurement uncertainty according
to GUF, using algorithmic differentiation.

As a first step, we create an object for each operand (a,b and c) and
also for the result y. For the sake of simplicity, we assume for all operands
an estimate of 2 and a standard uncertainty of 1. After the initialization,
we assign the operand a to the result y. This operation does not need to
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Algorithm 2 Calculate the measurement uncertainty of an object.

double getUC()

if this.clist.size() == 0 then
return uc

end if
double uc = 0;
for all Quantities q related to this do
uc += pow(q.ci,2) * pow(q.getUC(),2)

end for
uc += getCorrPart()
return uc

calculate any sensitivities, it just has to copy a reference of the operand a

into the list of related quantities of y. This is visualized in the first step of
Figure 3.3. The box on the top left of this figure shows the result y after this
operation. The content of the object y after the multiplication is shown in the

y=a

y: val=a.val=2

Related quantities

a: ci =a.ci=1

y*=b

y: val=y.val*b.val=4

Related quantities

a: ci=a.ci*b.val=1*2=2

b: ci=b.ci*a.val=1*2=2

y/=c

y: val=y.val/c.val=2

Related quantities

a: ci=a.ci/c.val=2/2=1

b: ci=b.ci/c.val=2/2=1

c: ci=(c.ci*y.val)/c.val^2
=(1*4)/4=1

y+=a

y: val=val+a.val=4

Related quantities

a: ci=ci + a.ci=2

b: ci=1

c: ci=1

Figure 3.3: Building the sensitivity coefficients of y = a + (a ∗ b)/c using
algorithmic differentiation.
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second box. The quantity b has been added to the list of related quantities
with a sensitivity of 2 according to the chain rule. Also the sensitivity of the
quantity a is now 2. The squared uncertainty of the result y at this point of
the calculation would be uc(y)2 = a.ci2 · a.uc2 + b.ci2 · b.uc2 = 22 + 22 = 8,
i.e. an uncertainty of

√
8 = 2.8284. The division visualized in the third box

again changes the sensitivities of the related quantities a and b to one. Here
we can see, that it is important to build the derivative before the operation
is performed using algorithmic differentiation. Hence, the value y.val needs
to be still 4 when building the sensitivity coefficient of c. The last operation
(y+=a) does not add a new quantity to the list of related quantities of y.
Instead, the sensitivity coefficient of a is adapted to 2.

This procedure results in an object y representing the result of Formula
(3.13) and can now be used to calculate the squared uncertainty associated
with y as

u2(y) = a.ci2 · a.uc2 + b.ci2 · b.uc2 + c.ci2 · c.uc2

= 22 · 12 + 12 · 12 + (−1)2 · 12 = 6,

which is a standard uncertainty of 2.4495.
A similar implementation of the calculation of sensitivity coefficients is

presented in [Hal99]. Also, Erwin Achermann uses algorithmic differentiation
in his implementation of the GUF [Ach02] as well as the software package
MUSE . The keyword calcGUF=on needs to be set in the calculation section,
in order to turn on the GUF calculation in MUSE (see Appendix A for details
of the software package). This calculation is not possible for all models that
can be built in MUSE as this software tool is designed as a Monte Carlo
simulation system. Cutting an input distribution is an example where the
calculation according to the GUF is not possible, as it does not make sense.
But for simple models, the GUF calculation core of MUSE can be used to
compare the results of the uncertainty propagation with those of MCM.

3.2 The Monte Carlo method

The Monte Carlo method (MCM) has a very long tradition in various fields
such as nuclear physics, portfolio management or in the emulation of com-
plex processes like the simulation of weather or the world climate. It is a
statistical method based on the repetition of a large number of random ex-
periments followed by the statistical analysis of the created data. A lot of
different complex problems that are hard to solve can be numerically approx-
imated using the Monte Carlo method. It can be used on the one hand to
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solve mathematical, deterministic problems such as the solution of multidi-
mensional integrals or Dirichlet’s problem. Also, matrix inversions can be
calculated using MCM [GCC04, FL50]. On the other hand, stochastic prob-
lems can be solved by so called direct simulation. The method is based on the
generation of random numbers which is why it is called Monte Carlo after
the long gambling tradition of the city. The use of Monte Carlo methods
as a research tool stems from work on the atomic bomb during the Second
World War. There, a direct simulation of the probabilistic problems con-
cerned with random neutron diffusion in fissile materials was done by von
Neumann and Ulam. A brief account of the interesting history of the Monte
Carlo method and references to some of the early works can be found in the
monograph by Hammersley and Handscomb [HH64]. Also Eckhardt [Eck87]
gives a historical review of the method.

The usage of the Monte Carlo method to calculate measurement uncer-
tainties is quite intuitive and mainly based on the publications by Cox et
al. [CDF+00], Siebert [Sie01], Weise et al. [WZ97] and Cox and Siebert
[CS06]. The method can be seen as a virtual repetition of the measurement
operation. The values of the input quantities are varied during this process
according to their probability distributions. Each repetition results, for one
set of values of the input quantities, in one possible value for the output
quantity, the measurand. The method is hence based on three elementary
steps given in Figure 3.4.

To perform these three steps, the following information is needed:

• the number M of Monte Carlo trials,

• the joint PDF gX(ξ) representing the input quantities X1, . . . , XN and

• the measurement model Y = f(X).

Based on this information, the three steps of Figure 3.4 deliver

• ỹ and u(ỹ) as an estimate y of Y and its associated standard uncertainty
u(y),

• a discrete representation G of the distribution function GY (η) for the
output quantity Y and

• a coverage interval for Y .

The necessary information to perform the Monte Carlo method is given
by the metrologist. He needs to define the measurement function f(X) and
a PDF for each involved quantity. Also, the number of Monte Carlo trials
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1. Generate a vector ξ = (ξ1, . . . , ξN) by
sampling from the assigned PDFs, as re-
alizations of the input quantities Xi.

2. Evaluate the measurement function for
the generated random vector to receive
one value η for the PDF of the output
quantity Y .

3. Repeat steps 1 and 2 M times to receive
M possible values yr, r = 1, . . . ,M , for
the output quantity and use these values
to estimate GY (η) and its statistical pa-
rameters.

0 20 40

-10 -5 0 5 10

ç= f(î)=exp(1.1)=1.21

Figure 3.4: The three elementary steps of the Monte Carlo method are the
generation of random numbers according to the PDFs of the N input quan-
tities Xi, the evaluation of the measurement function in each instance and
the summarization of the generated values as statistical parameters. The
measurement function used to visualize step 2 is f(ξ) = exp(ξ) where ξ is
one random sample from a standard normal distribution.

needs to be specified. This number defines the repetitions of the sampling
and evaluation process, and is essential for the quality of G, i.e. the degree
to which G approximates the cumulative density function GY (η). As it
can be hard to see how many Monte Carlo trials are needed to receive an
approximation that is fit for purpose, an adaptive Monte Carlo procedure is
given in GS1 [BIP08a, 7.9]. Details of this procedure, the convergence rate
of the Monte Carlo method itself and computational aspects of MCM are
given in Chapter 4 of this thesis.

Figure 3.5 gives an overview of the whole Monte Carlo evaluation pro-
cess beginning with the input to be given by the metrologist, the action to
be performed and the generated output. After the metrologist has defined
all necessary input, the propagation and summarizing is solely the task of
software and requires no additional information.

Although MCM is applicable in a larger field than the GUF, there are
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Figure 3.5: The three main stages of the measurement uncertainty evaluation
according to GUM and GS1 shown as a flow chart with the inputs of the
metrologist, the actions of the computer and the generated output. The
action by the computer and the generation of the output are summarized in
Chapter 2, Figure 2.1 as the calculation part.
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some conditions that must be fulfilled for a valid application given in GS1
[BIP08a, 5.10]:

a) f is continuous with respect to the elements Xi of X in the neighbor-
hood of the best estimates xi of the Xi;

b) the distribution function for Y is continuous and strictly increasing;

c) the PDF for Y is

1) continuous over the interval for which this PDF is strictly positive,

2) unimodal (single-peaked), and

3) strictly increasing (or zero) to the left of the mode and strictly
decreasing (or zero) to the right of the mode;

d) E(Y ) and V (Y ) exist;

e) a sufficiently large value of M is used.

When these conditions hold, the results from the application of the prop-
agation of distributions implemented in terms of MCM can be expected to
be valid. The conditions for a valid application reduces for the metrologist to
the first point, i.e. f needs to be continuous with respect to the input quan-
tities. The other conditions concern the measurand Y . The conditions given
are far less restrictive than the conditions for the uncertainty propagation.
Therefore, MCM is a method that can be used in many more instances and
delivers reasonable results in cases where the GUF fails.

3.3 Alternative approaches

The Monte Carlo method is a very powerful tool to evaluate measurement
uncertainty based on the propagation of distribution functions. As the ex-
pression of lack of knowledge plays a prominent role in a lot of scientific areas,
different ways are available to express this lack of knowledge. Some of them
are elaborated in Section 3.3.2 while alternative approaches to propagate
distribution functions are outlined in Section 3.3.1.

Figure 3.6 gives an overview of different ways to express lack of knowledge,
and computational methods based on them. Of course, this overview is
not complete and there are a lot of other approaches available. But, the
points listed in this figure seems to be the approaches most related to the
metrological community. It is also important to keep in mind that it is
recommended by a supplement to an ISO document, the first supplement to
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GUM uncertainty
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Figure 3.6: Different approaches to express lack of knowledge, and calculation
procedures based on them.

the GUM [BIP08a], to represent the lack of knowledge that must be placed
on every measurement result by a distribution function. The alternative
approaches to express lack of knowledge presented below are either outdated
or have several disadvantages compared to MCM.
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3.3.1 Alternative approaches to propagate distributions

Sections 3.2 and 3.1 describe two methods of estimating the measurement un-
certainty based on the propagation of distribution functions, i.e. approxima-
tive methods to compute the Markov formula (3.1). This section describes in
short three other possibilities of calculating measurement uncertainties based
on probability theory. Two of them, the Fourier transform and the Panjer

Propagete
distributions

GUM uncertainty
framework (GUF)

Monte Carlo 
method (MCM)

Fourier

transform 

Panjer recursion

Numerical
integration

Figure 3.7: Different approaches to propagate probability density functions
through the measurement function. These are approximations of the Markov
integral given in Formula (3.1).

recursion use special algorithms to compute the Markov formula for special
types of the measurement function. Other numerical integration methods
than the Monte Carlo method can also be used to compute the Markov inte-
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gral. Section 3.3.1.3 describes one of them, the integration using the cubature
formula.

3.3.1.1 Using the Fourier transform

The convolution principles are used in the paper by Korczynsky, Cox and
Harris [KCH06] to form the probability distribution for the output quantity.
Using the convolution principles, measurement models of additive form

Y = X1 +X2 + · · ·+XN ,

linear form

Y = c1X1 + c2X2 + · · ·+ cNXN ,

or generalized linear form

Y = c1f1(X1) + c2f2(X2) + · · ·+ cNfN(XN)

can be taken into account. If we consider the model Y = X1 + X2, where
X1 and X2 are represented by the PDFs gX1(ξ1) and gX2(ξ2), the PDF gY (η)
that represents the measurand Y is, according to [KCH06, Section 2], given
as

gY (η) =

∞∫
−∞

gX1(ξ1)gX2(η − ξ1)dξ1, (3.14)

i.e. the convolution integral presented in [Bri74]. Generally, the convolution
integral can be replaced by a convolution sum. This convolution sum can
be evaluated using the fast Fourier transform. The paper by Korczynsky et
al. [KCH06] also gives some techniques to transform different models into
additive form. Using the convolution principles, it is therefore possible to
calculate the PDF that holds all available information about the measurand
in an efficient way for models that can be transformed into additive form. As
a lot of measurement models arising in metrology cannot be transformed into
additive form, the application of this method for calculating measurement
uncertainties is rather limited.

3.3.1.2 Panjer recursion

The recursion introduced by Panjer in 1981 [Pan81] is an algorithm which
can also be used to compute the probability distribution of an additive mea-
surement function

Y =
N∑
i=1

Xi, (3.15)
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but compared to the Fourier transformation the single distributions as well
as the number of input quantities need to fulfill special requirements. The
Panjer recursion can be applied, if on the one hand the single claims Xi,
the claim size distributions, are independent and identically distributed, i.e.
all the claims follow the same probability distribution. On the other hand,
the number N of claims must also follow a distribution, the so called claim
number distribution. The number of claims has to be a member of the Panjer
class which contains some counting random variables like the binomial, the
Poisson or the negative binomial distribution. If these assumptions are ful-
filled the resulting distribution Y is called a compound distribution. As this
method is only applicable for the evaluation of measurement uncertainty in
very special cases, it is not elaborated here; it is just mentioned for the sake
of completeness and to bridge between the measurement and the risk assess-
ment community. For further information on quantitative methods used in
reinsurance see, for example, the lecture notes of Antal [Ant03].

3.3.1.3 Numerical integration

It was shown in Section 2.3, that the probability density functions of the
N input quantities X1, . . . , XN are propagated through the equation of the
measurand f(ξ) by computing the multiple integral

gy(η) =

∫
gX(ξ) · δ(η − f(ξ))dξ,

i.e. the Markov formula. One way to approximate gy(η) was presented in
Section 3.2 using the Monte Carlo method, which is a numerical integration
method. In this section, a “classical” integration rule, the cubature formula,
is elaborated.

A weighted sum of integrand evaluations

Q[f ] :=
N∑
j=1

wjf(yj) with yj ∈ Ω

is typically used to approximate an integral

I[f ] :=

∫
Ω

w(x)f(x)dx, Ω ∈ Rd, w(x) ≥ 0 for all x ∈ Ω.

If the dimension of the integral is one (d = 1), the approximation Q is
called a quadrature formula. If d ≥ 2, the approximation Q is called a
cubature formula. Cubature formulas can be divided into two main classes,
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depending on the way they select the points yj and the weights wj. On the
one hand, there are polynomial-based methods, which are designed to be exact
for some set of polynomials. The second class selects the points and weights
based on number theoretic methods which results in rules based on uniformly
distributed points. As pointed out by Cools [Coo02], the polynomial-based
methods received most attention during the past century. There, he also
points out, that the three dimensional ranges

Range I: integrals of dimension 3 to about 6 or 7,

Range II: dimensions 6 or 7 to about 15, and

Range III: dimensions greater than 15,

given by Davis and Rabinowitz in [DR07], apply almost unchanged today.
They consider the situation for two dimensions satisfactory. For integrals
in the Range I, adaptive methods based on rules exact for polynomials are
considered as the most important tools. Integrals in Range II are there con-
sidered to be in the borderline range, where much depends on the smoothness
of the integrand. Integrands in Range III were considered as “really high”
dimensional and Monte Carlo and quasi-Monte Carlo methods were recom-
mended to compute them.

As the dimensionality of the Markov formula is given by the number of
input quantities, cubature formulas can be used to evaluate measurement
uncertainty with at most 15 quantities. But even with 8 input quantities,
the Markov formula needs to be smooth. The only way to reduce the mea-
surement uncertainty of a measurement is by adding additional knowledge
during the modeling phase. As information is expressed in terms of PDFs,
each additional piece of information will result in a new input quantity in the
Markov formula. Therefore, a limitation of 8 input quantities is only possi-
ble for simple measurement scenarios, and thus also the usage of cubature
formulas to compute the Markov formula.

3.3.2 Alternative expressions of lack of knowledge

We have seen in Section 2.1, that it is reasonable to express the lack of
knowledge, which must be placed on every measurement result, by a PDF.
But there are also alternatives in use to express the missing knowledge about
the outcome of the measurement. Some of them are outlined in the following.
As nearly every scientific community has their own method of expressing lack
of knowledge, the given list is by far not complete. It should just give an
overview of ways to evaluate the doubt of a result which are related to the
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measurement community. It is also elaborated, why the methods are not
applicable for the calculation of measurement uncertainty in metrology, or
at least their disadvantages compared to MCM are pointed out.

Lack of 
knowledge

Probability
distribution

Error

Interval

Fuzzy set

Figure 3.8: Approaches to describing lack of knowledge that must be placed
on each measurement result.

3.3.2.1 Error analysis

Error analysis is the classical, formerly used approach to quantify uncertainty
in measurements. Some of the most relevant publications on error analysis
were written by Eisenhart [Eis68, Eis63]. The measurand is assumed to have
an unknown, constant value y, called true value. Every result of a measure-
ment ỹ is seen as an estimation of the true value in error analysis, where
the difference between the true value and its estimation y− ỹ is called error.
The ideas of error and uncertainty were mixed up before the clarification of
the term uncertainty in the GUM. For a discussion about the terms error
and true value and the reason why they cannot be known nor measured, see
[IIB+95, Annex D].

Error analysis is based on the idea, that in ordinary measurements, the
result of a measurement ỹ is the arithmetical mean of a series of n replicate
measurements q1, . . . , qn. Furthermore, the current measurements q1, . . . , qn
are assumed to be a random sample from a fixed sampling probability dis-
tribution, which is formed by all possible measurements. Similar as in the
GUM, in error analysis the error y − ỹ is separated into two parts, the ran-
dom error e(y) = y − µ and the systematic error β = µ− ỹ, where µ is the
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expected value of the sampling probability distribution. The result of the
measurement is thus given as

y = ỹ + β + e(y), (3.16)

where neither the true value y nor the bias β can be known exactly. Also
in error analysis, the sample estimate s2(y) =

∑
i(qi − y)2/(n − 1) of the

variance is used as a measure of the precision. If the quantity of interest is
determined from measurements of one or more other quantities, the law of
error propagation (3.17)

s2(y) =
N∑
i=1

c2
i s

2(xi) (3.17)

is used to estimate s2(y) for independent quantities xi. The sensitivity coef-
ficients ci in Formula (3.17) are given by

ci =
∂f(X1, . . . , XN)

∂Xi

, (3.18)

where y = f(x1, . . . , xN) defines the functional relationship between the
quantities xi and the quantity of interest y. The law of propagation of errors
can also be used for correlated quantities (see for example [Eva84]), which
will result in the same formula as given in Section 3.1 for the uncertainty
propagation.

Although the formulas of the error analysis and the GUF are the same,
the concepts behind them vary fundamentally. In fact, the principles pre-
sented in the GUM initiate a paradigm shift in the determination of the
measurement uncertainty. The GUF considers random and systematic ef-
fects in the same way, while error analysis treats them differently. Before
the publication of the GUM, there was also no guideline for the classification
of random and systematic effects. The concept of a measurement equation
to quantify the result of a measurement was also unknown. The GUM le-
gitimizes scientific judgment to evaluate components of uncertainties, and
gives a generally accepted approach to quantify a realistic expression of un-
certainty for systematic effects. Therefore, non-statistical information can be
considered using the GUF, where in error analysis just statistical information
can be used. For a detailed comparison between error analysis and the GUM
uncertainty framework see for example the paper by Kacker et al. [KSK07].
This paper also details the logical development of the concept of uncertainty
in measurement from error analysis to the GUM.
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3.3.2.2 Interval arithmetic

Interval mathematics is a theory introduced by R. E. Moore [Moo59] and T.
Sunaga [Sun58] in the late 1950’s. The intention of both was to give control
of errors in numeric computations in the solution of problems concerning real
numbers, i.e. to answer questions about accuracy and efficiency. The use of
intervals to express uncertainties mainly dates back to the publications by
Burke et al. [BMS+88] and Matthews et al. [MBL90].

The main assumption with interval mathematics is, that all possible val-
ues for an input quantity must lie somewhere within the assumed interval for
the parameter. If this assumption is satisfied for the input quantity, then the
result must lie somewhere between the lower and upper bound of the solution
interval. In the interval mathematics approach, input quantities are assumed
to be unknown but bounded, and each of them has upper and lower limits
without a probability structure, i.e. every input quantity is described by an
interval. If an input quantity xi of a measurement function f(x1, . . . , xN) is
known to be between x̄i − εi and x̄i + εi, the interval representation of xi is
given by

[x̄i − εi, x̄i + εi]. (3.19)

The basic operations on such a representation of uncertainty are, for two
intervals [a, b] and [c, d], given as

[a, b] + [c, d] = [a+ c, b+ d], (3.20)

[a, b]− [c, d] = [a− c, b− d], (3.21)

[a, b] ∗ [c, d] = [min(ac, ad, bc, bd),max(ac, ad, bc, bd)] and (3.22)

[a, b]/[c, d] = [min(a/c, a/d, b/c, b/d),max(a/c, a/d, b/c, b/d)]. (3.23)

A problem with implementing interval mathematics is, that some calcula-
tions produce solutions with conservative bounds, as demonstrated by Moore
et al. [Moo59]. The usage of interval arithmetic for the estimation of mea-
surement uncertainty will therefore in general overestimate the measurement
uncertainty, which should be avoided as mentioned in the GUM [IIB+95, An-
nex E]. Also correlations between input quantities cannot be handled using
this approach.

3.3.2.3 Fuzzy set theory

Using the fuzzy set theory, uncertainty is seen more as vagueness or “fuzzi-
ness” rather than a random event. The fuzzy set theory is an extension of
the conventional (Boolean) logic such that partial trueness can be handled.
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Partial truth means, in this context, that all values between “completely
true” and “completely false” are allowed. It was used for the first time in
1965 by Zadeh [Zad65], to apply more human-like thinking in the program-
ming of computers. Fuzzy logic is basically a multivalued logic that allows
intermediate values to be defined. Therefore, it is possible to mathematically
formulate notations like “rather than” or “almost”, and process them on a
computer. For a historical review of fuzzy set theory and especially its origin
see for example the dissertation of Pešl [Pes05].

Statements are described in terms of membership functions in the fuzzy
theory, where such a membership function can take values between 0 and
1. If we think back to the definition of the event freezing and unfreezing of
water in the probability theory, we can define a corresponding membership
function in the context of fuzzy logic. This function defines the degree of
truth, that the water with the measured temperature is frozen or unfrozen,
based on a measured value.

A fuzzy variable X is defined by its membership function µX(x), where
x ∈ R, and defines the fuzzy set also denoted byX. The membership function
of a fuzzy variable satisfies the properties

0 ≤ µX(x) ≤ 1 and (3.24)

µX(x) is normal, (3.25)

where normal means that at least one element x needs to exist for which
µX(x) = 1. A membership function can also be described in terms of α-cuts
at different vertical levels α. An α-cut Xα is defined as

Xα = {x|µX(x) ≥ α}. (3.26)

We can use, for example, a membership function that describes a triangular
membership function by

µX(x, a, b, c) =


0, x ≤ a
(x−a)
(b−a)

, a ≤ x ≤ b
(c−x)
(c−b) , b ≤ x ≤ c

0, c ≤ x.

(3.27)

An α-cut can, for example, be defined at a level α = 0.3 based on this
membership function. In doing so, an interval [xα1 , x

α
2 ] is defined where xα1 ≤

xα2 holds for the α-levels xα1 and xα2 . Figure 3.9 illustrates the triangular
membership function and the two α-cuts X0.3

1 and X0.3
2 at an α-level of

0.3. The parameters for this membership function are a = 1, b = 1.5 and
c = 2. If a fuzzy variable is defined by its α-cuts, the corresponding levels
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Figure 3.9: Triangular membership function with an α-cut at a level of 0.3.

α can be considered as a set of intervals of confidence and associated levels
of certitude. The level of certitude contains information about how certain
a person is about his knowledge. The representation of a fuzzy variable in
terms of a membership function and by means of its α-cuts is equivalent,
as the α-cuts can be determined starting from the membership function and
vice versa [Sal07]. The support of a fuzzy set X is given by supp(X) = {x ∈
R|µX(x) > 0}. For the triangular membership function defined above, the
support is hence given by all values between 1 and 2. Under the assumption
of a finite support, it is possible to fully represent each fuzzy variable by its
α-cuts, where each α-cut is a closed interval of real numbers. Therefore, it
is possible to define arithmetical operations on fuzzy numbers in terms of
arithmetic operations on their α-cuts, i.e. on closed intervals. Hence, we can
use the same operations for the interval arithmetic as presented in Section
3.3.2.2.

One of the disadvantages of the fuzzy logic approach is that correlations
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cannot be considered. As we will see in Chapter 5, correlations exist in nearly
every measurement, and can be represented in a very natural way using
the Monte Carlo method. Also, the expression of measurement uncertainty
differs from the standard way presented in the GUM. There are several ways
to define a region of confidence for a membership variable. Mauris et al.
[MLF01] identifies, for example, each confidence interval level of 1− α, with
each α-cut of a fuzzy subset. But this definition of a coverage region does
not lead to the same estimates as given in the GUM. We will use in the
following the Matlab Fuzzy Logic Toolbox [Mat08], to generate a Gaussian
membership function with a mean value of 0 and standard deviation of 1.
Afterwards, we calculate an α-cut at a level of 0.05 to receive the confidence
interval with a confidence level of 95% for this variable using the Matlab
code given in Listing 3.1.

Listing 3.1: Generate a standard normal membership function and recalcu-
late a confidence interval with a confidence level of 95%.

1 x = -10:0.0001:10;
2 gt = gaussmf(x, [1 0]);
3 plot(x,gt);
4 [l, estindex] = min(abs(gt -1));
5 est = x(estindex)
6 [l, muindexlow] = min(abs(gt(1: estindex) - 0.05));
7 mulow = x(muindexlow)
8 [l, muindexhigh ]= min(abs(gt(estindex:size(x,2)) -0.05));
9 muhigh = x(muindexhigh+estindex)

In doing so, we obtain a coverage interval of [−2.448, 2.448]. We can use
the probability density function of the standard Gaussian distribution to
demonstrate, that this coverage region contains more than 95% of all possible
values. The PDF of the standard normal distribution is given as

gN(x) =
1√
2π

exp

(
−x

2

2

)
. (3.28)

The interval [−2.448, 2.448] contains therefore according to Section 2.1.1

2.448∫
−2.448

1√
2π

exp

(
−x

2

2

)
dx = 0.9856, (3.29)

i.e. more than 98% of the possible values instead of 95%.
The reason for the larger confidence interval using fuzzy logic can be found

in the information theory; to be more precise, in the transformation between



56 CHAPTER 3. EVALUATION METHODS

possibility and probability. The idea of relating fuzzy sets to nested confidence
sets via a probability-possibility transformation was first proposed by Dubois
and Prade [DP92]. It is pointed out by Dubois et al. [DFMP04], that the
probabilistic representation and the possibilistic ones are not just two equiv-
alent representations of uncertainty. Furthermore, it is mentioned, that the
possibilistic representation is weaker because it explicitly handles imprecision.
In fact, a possibility distribution is an upper bound of a family of probability
distributions, and therefore possibility can be seen as an upper probability. A
probability measure describes therefore precise but varied knowledge, while
a possibility measure reflects an inexact but coherent knowledge. Herein lies
the main reason why the propagation of distributions seems to be a more
powerful tool to evaluate measurement uncertainties than the approach via
fuzzy logic.

3.4 Comparing the approaches using an ex-

ample

It was shown in the previous sections, how measurement uncertainty can be
evaluated, and that it is reasonable to represent input quantities in terms
of probability density functions (PDFs). Alternative approaches to express
lack of knowledge were also presented. This section will use a practical
example from analytical chemistry, the determination of lead in water with
the specification given in Figure 2.4 on page 19, to compare some of the
different uncertainty expressions, and also different methods of evaluating
measurement uncertainty based on the probabilistic approach.

The determination of lead in water consists of two separate parts. First, a
reference lead dilution needs to be prepared and the concentration of this di-
lution, in the following called the reference, determined. In the second stage,
the reference dilution is compared with the water sample and the amount of
lead in the sample is thereby determined. This comparison is done using In-
ductively Coupled Plasma-Optical Emission Spectrometry (ICP-OES). For
a detailed description of this method and the evaluation of measurement
uncertainty for such a measurement, see Chapter 7 of this thesis. For the
sake of simplicity, we use at this point the preparation of the reference lead
dilution to compare the different evaluation methods and hide details on the
comparison of the sample and the reference.

Section 2.2 demonstrates, how the measurement model for the alignment
of a lead dilution is built and delivers

c =
pur ·m
V

, (3.30)
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where c is the concentration of the dilution, pur the purity of the reference
material, m the determined mass of the used reference material and V the
volume up to which the reference material is diluted.

All the presented ways to express measurement uncertainty are based on
given knowledge about the input quantities. Therefore, we need to clarify
first, what kind of knowledge is available for the three input quantities pur,
m and V . The purity of the reference material pur is given in a certificate
by the manufacturer of the reference material and usually stated like: “the
reference material has a purity of 99% ± 1%”. We choose a rectangular
distribution to represent the purity of the reference material with a lower
limit of 98% and an upper limit of 100%, i.e. a value for the lower limit of
0.98 and a value of 1 for the upper limit, based on this information. The
mass m of the diluted reference material is determined by a balance. The
balance indicates, on the one hand, a value for the mass. This value is
afflicted with measurement uncertainty depending on the type of balance,
the metrologist doing the measurement and also environmental influences
like the air pressure or the humidity. The determination of the mass of
the reference material is also influenced by the repeatability of the balance,
usually given as a Gaussian distribution, and the calibration, represented by
a rectangular distribution. We use, as an approximation for the combination
of the repeatability and the calibration, a trapezoidal distribution, as this
thesis does not concentrate on the modeling of measurements. For details
on models with high resolutions, see the paper by Wolf, Müller, Rösslein
and Gander [WMRG07]. The dissertation by Wolf [Wol09] also gives models
in high resolutions for a mass determination. The mass of the reference
material is taken as 100 mg for the calculation example. The lower bound a
of the trapezoidal distribution representing the mass is chosen as 99.8 mg, the
upper bound b as 100.2 mg and the beta as 0.5. For details on the trapezoidal
distribution and the beta parameter see Table 4.2 on page 83 where Table
3.2 on page 67 shows a plot of the histogram representing this distribution
in row 2, column 2.

Also the representation of the volume V is based on available knowledge.
The volume of the aligned sample is again given by an indicated value of
the flask that is used to dilute it. Such a volumetric flask is usually built to
determine volumes of 100 ml. The flask is filled up by the bench chemist to
the given mark on the flask. Depending on the angle of view, the filled volume
can vary, which leads to a first uncertainty source. Of course, the temperature
also influences the volume significantly. Again, the submodel of the volume
measurement is not elaborated here, and the interested reader is referred to
[Wol09] for a highly resoluted model of the volume. We combine here the
influence of the repeatability, which is given as a Gaussian distribution, the
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temperature, given as a rectangular distribution, and the precession of the
production process of the flask used, which is represented by a triangular
distribution, and receive again a trapezoidal distribution. We take a volume
of 100 ml as given by the flask for the calculation example. The lower bound a
of the trapezoidal distribution representing the volume is chosen as 99.88 ml,
the upper bound b as 100.12 ml and the beta as 0.1.

The following sections use this information to express the knowledge in
different ways and calculate the uncertainty of the dilution process.

3.4.1 GUM uncertainty framework

All involved quantities pur, m and V need to be expressed by their first
two moments, the mean value and the standard deviation, for the GUM
uncertainty framework. The purity pur of the reference material is given in
terms of a rectangular distribution with a lower bound of 98% and an upper
bound of 100%, i.e. a value of 0.98 and 1. The midpoint 0.99 of the interval
is the expected value with an associated variance of

u2(pur) = (1− 0.98)2/12 = 3.3̇e-5,

in accordance with [BIP08a, 6.4.2.3].
The available knowledge about the mass m is given as a trapezoidal dis-

tribution with a lower bound a of 99.8 mg, an upper bound b of 100.2 mg
and a beta of 0.5. The expected value of this distribution is 100 mg where
the variance is, according to [BIP08a, 6.4.4.3], given as

(b− a)2

24
(1 + β2),

which is

u2(m) =
(100.2 mg − 99.8 mg)2

24
(1 + 0.25) =

0.16 mg2

24
1.25 = 0.0083̇ mg2.

The standard uncertainty u(m) of the input quantity m is therefore u(m) =√
0.0083̇ mg2 = 0.0912 mg. The knowledge about the input quantity V

representing the volume is also given as a trapezoidal distribution. The best
estimate for this quantity is 100 ml and the standard uncertainty

u(V ) =

√
(100.12 ml− 99.88 ml)2

24
(1 + 0.12)

=

√
0.0576 ml2

24
1.01 = 0.0492 ml.



3.4. COMPARING THE APPROACHES USING AN EXAMPLE 59

Input quantity best estimate uncertainty sensitivity

Purity pur = .99 u(pur) = 0.005774 cpur = 1 mg/ml
Mass m = 100 mg u(m) = 0.0912 mg cm = 0.0099 ml−1

Volume V = 100 ml u(V ) = 0.0492 ml cV = 0.0099 mg/ml2

Table 3.1: Input quantities with their best estimate and associated standard
uncertainty for the measurement uncertainty calculation according to GUF.

Next, we need to build the sensitivity coefficients of the measurement
function

f(pur,m, V ) =
pur ·m
V

,

in order to calculate the estimate of the resulting concentration c and its
associated uncertainty u(c), i.e. we need to calculate the partial derivation
of f with respect to pur, m and V . The partial derivative of f with respect
to m, i.e. the sensitivity coefficient cm of f according to m, is for example
given by

cm =
∂

∂m

pur ·m
V

=
pur

V
=

0.99

100 ml
= 0.0099 ml−1.

The sensitivity coefficients cpur and cV are calculated in the same way and
given in Table 3.1. The squared standard uncertainty of the concentration
u(c) is therefore, according to the GUM uncertainty framework, given as

u2(c) =u2(pur) · c2
pur + u2(m) · c2

m + u2(V ) · c2
V =

=0.0057742 · 12 mg2

ml2
+ 0.09122 mg2 · 0.00992 1

ml2

+ 0.04922 ml2 · 0.00992 mg2

ml4
(3.31)

=3.439e-5
mg2

ml2
,

which is a standard uncertainty of

u(c) =

√
3.439e-5

mg2

ml2
= 5.86e-3

mg

ml
. (3.32)

The estimate of c is calculated by evaluating the measurement function for
the best estimates of the input quantities which results in

c =
pur ·m
V

=
0.99 ∗ 100 mg

100 ml
= 0.99

mg

ml
.
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3.4.2 Monte Carlo method

The measurement uncertainty calculation of the dilution process using MCM
can be done using the software package MUSE . For a detailed description
of the software package see Appendix A. We can define there the derived
distributions for the input quantities as they are. Hence, we use a rectan-
gular distribution with a mean of 0.99 and a width of 0.01 for the purity,
a trapezoidal distribution with a lower limit of 99.8 mg, an upper limit of
100.2 mg and a beta of 0.5 for the mass, and also a trapezoidal distribution
with a lower limit of 99.88 ml, an upper limit of 100.12 ml and a beta of
0.1 for the volume. Listing 3.2 shows one way to calculate the measurement
uncertainty for the dilution process using MUSE . The involved quantities
are defined as variables in this listing. Therefore, no initialization section is
needed, and also no basic models.

Listing 3.2: Simulation description of the software package MUSE for the
determination of the concentration of a lead reference dilution.

1 <simulation>
2 <calculation calcGUF="on">
3 <analyse mode="on" histbars="100"/>
4 <variable name="pur">
5 <distribution>
6 <rectangle>
7 <mean>.99</mean>
8 <width>.01</width>
9 </rectangle>

10 </distribution>
11 </variable>
12 <variable name="m">
13 <distribution>
14 <trapez>
15 <lower>99.8</lower>
16 <upper>100.2 </upper>
17 <beta>0.5</beta>
18 </trapez>
19 </distribution>
20 </variable>
21 <variable name="V">
22 <distribution>
23 <trapez>
24 <lower>99.88 </lower>
25 <upper>100.12 </upper>
26 <beta>0.1</beta>
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Figure 3.10: Resulting PDF of the concentration calculated using MUSE .

27 </trapez>
28 </distribution>
29 </variable>
30 <uncertainty >
31 <formula name="pur">pur</formula>
32 <formula name="m">m</formula>
33 <formula name="V">V</formula>
34 <formula name="conc">pur * m / V</formula>
35 </uncertainty>
36 </calculation>
37 </simulation>

The evaluation of the simulation description given by Listing 3.2 using MUSE
delivers the approximated PDF as printed in Figure 3.10. The number of
Monte Carlo runs for this simulation is set to 106. If not explicitly specified,
MUSE performs always 106 Monte Carlo runs. For the remaining parts of
this thesis always 106 simulations are performed by MUSE , unless otherwise
noted. The best estimate of this PDF is 0.99 with an associated standard
uncertainty of 5.864e-3. The parameter calcGUF="on" in the calculation tag
tells MUSE to evaluate the measurement uncertainty also according to GUF.
In doing so, it is possible to verify the results of the GUF calculation done
in the section above. The mean value of the resulting approximated PDF as
well as the calculated standard uncertainty are the same for the GUF and
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MCM in this example. Using MCM, an approximation of the resulting PDF
results which can be used to calculate additional parameters.

3.4.3 Interval calculation

We need to express the knowledge about our input quantities in terms of
intervals for the estimation of the measurement uncertainty using interval
arithmetic. Therefore, we assume for the purity an interval of pur = [0.98, 1].
We choose the limits of the lower and upper bounds of the trapezoidal dis-
tribution, i.e. m = [98.8, 100.2] for the interval representing the mass of the
reference material, and V = [98.88, 100.12] for the volume.

The package intpakX [Krä06] from the software tool Maple can be used
in order to calculate the resulting interval representing the concentration c.
The calculation of the interval for the concentration of the lead dilution can
be done with intpacX by the lines given in Listing 3.3, and delivers the
interval c = [0.977, 1.003].

Listing 3.3: Calculation of the interval representing the concentration of the
lead sample using interval arithmetic.

1 pur := [0.98 ,1.0];
2 m := [99.8 ,100.2];
3 V := [99.88 ,100.12];
4 c := (pur &* m) &/ V;

If we like to compare this result with the result of the uncertainty propagation
or the MCM, we take the midpoint 0.977 + (1.003 − 0.977)/2 = 0.99 as
the estimate of this interval. The squared standard uncertainty u2(c) is
calculated in the same way as the standard uncertainty of a rectangular
distribution. Therefore, we take the square of the difference between the
upper and the lower bound of the interval and divide it by 12, which yields

u2(c) = (1.003− 0.977)2/12 = 5.63̇e-5,

and therefore u(c) = 7.506e-3. The interval arithmetic delivers for this ex-
ample a standard uncertainty which is about 40% larger than the standard
uncertainty calculated by the propagation of distributions. Note, that the
overestimation of the uncertainty budget using the interval arithmetic will
get worse if more input quantities are considered in the measurement model.
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Figure 3.11: Membership function of a standard Gaussian distribution gen-
erated with the Matlab Fuzzy Logic Toolbox.

3.4.4 Fuzzy set

We can use, for example, the Matlab Fuzzy Logic Toolbox [Mat08] to calcu-
late the uncertainty that must be placed on the concentration c of the lead di-
lution using fuzzy logic. There, it is possible to define the needed membership
functions on a specified range by different functions like trapmf(x,[abcd])

for a trapezoidal with the feeds a and d and the shoulders b and c. The
function gaussmf(x,[ab]) defines a Gaussian shaped membership function
with a mean value of b and a standard deviation of a. Both functions need
a range x on which they are defined. This range is given as a vector of
points. We can, for example, define the membership function mygauss by
the statement mygauss=gaussmf(x,[10]) where the range x is given by the
statement x=linspace(-5,5,1001), i.e. a vector starting at position −5 and
ending at 5 containing 1001 points. The resulting plot of the vector mygauss
is given in Figure 3.11.

For details on the available membership functions and their parameters
see [Mat08]. The membership functions can, after their definition, be com-
bined via the function fuzarith(x,A,B,operator). The vector x is again
the range on which the operation is done, A and B the membership functions
to be combined and operator the operator to be used. The operator can
take the value sum for the addition, sub for a subtraction of A and B, prod for
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the multiplication, or div for the division. One problem that occurs using
the Matlab Fuzzy Logic Toolbox for fuzzy arithmetic is, that it is neces-
sary to “predict” the range of the outcome of the operation done. But as
the toolbox calculates on intervals, we can easily use the upper and lower
bounds of the used membership functions to do this prediction.

We can do, in a first step, the division of the mass m and the volume v

for the determination of the sample concentration using the Matlab code
given in Listing 3.4.

Listing 3.4: Division of mass and volume using fuzzy logic.

1 point_n = 1001; % this determines MF ’s resolution

2 min_x = 99.6; max_x = 100.4; % universe

3 x = linspace(min_x , max_x , point_n) ’;
4 mass = trapmf(x, [99.8 99.9 100.1 100.2]);
5 v = trapmf(x ,[99.88 99.988 100.012 100.12]);
6 quo = fuzarith(x, mass , v, ’div’);

The resulting membership functions for the mass m and the volume v are
plotted on page 67 in Table 3.2 row 4, columns 2 and 3. Unfortunately, this
code delivers an empty vector for the quotient quo, as all the values of the
resulting function will be outside of the defined range. Therefore, we need
to expand the range x by adding the region between the minimum of the
outcome of the division min(mass/v) and the maximum max(mass/v), i.e.
the interval[

min(mass)

max(v)
,
max(mass)

min(v)

]
= [99.8/100.12, 100.2/99.88] = [0.9968, 1.0032].

(3.33)

If we do so, we can calculate the membership function representing the con-
centration c of the dilution using Listing 3.5.

Listing 3.5: Calculate the membership function representing the concentra-
tion of the lead dilution.

1 % Set the MF’s resolution

2 point_n = 100001;
3 % range of mass and purity is [min_x , max_x]

4 min_x = 99.6; max_x = 100.4;
5 % Generate the range for purity and mass

6 x = linspace(min_x , max_x , point_n);
7 % add the range for pur , also mass/v will

8 % be in this range
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9 xpur = linspace(0.5, 1.5, point_n);
10 x = [xpur x];
11 % trapezoidal fuzzy set mass

12 mass = trapmf(x, [99.8 99.9 100.1 100.2]);
13 % trapezoidal fuzzy set volume

14 v = trapmf(x ,[99.88 ,99.988 ,100.012 ,100.12]);
15 % quotient = mass / v

16 quo = fuzarith(x, mass , v, ’div’);
17 % rectangular fuzzy set purity

18 pur = trapmf(x, [0.98 0.98 1 1]);
19 % c = pur * mass / v = pur * quo

20 c = fuzarith(x, pur , quo , ’prod’);
21 plot(x,c); xlim ([0.94 ,1.04]);
22 % Calculate best estimate and measurement uncertainty

23 [l, estindex] = min(abs(c-1));
24 elemeq1 = size(c(c -1==0) ,1);
25 if elemeq1 > 1
26 % more than one element with value = 1,

27 % so take the midpoint

28 estindex = estindex + round(elemeq1 / 2);
29 end

30 est = x(estindex)
31 % get the value next to 67% on the left side of the

32 % estimate

33 [l, muindexlow] = min(abs(c(1: estindex) - 0.33));
34 mulow = x(muindexlow)
35 % get the value next to 67% on the right side of the

36 % estimate

37 [l, muindexhigh] = min(abs(c(estindex:size(c)) -0.33));
38 muhigh = x(muindexhigh+estindex)
39 % the measurement uncertainty is taken as

40 % the upper - the lower bound

41 mu = (muhigh - mulow)/2

The resulting membership function is plotted in Figure 3.12.

The estimate of the resulting membership function, the concentration,
can be taken as the maximum of the membership function. As a membership
function needs to be normal, we can take the element with minimal distance
to 1 of the resulting fuzzy set. The midpoint of the resulting interval is
taken as the estimate (see line 23 to 28 of Listing 3.5) if there is more than
one element equal to 1. This procedure delivers 0.99 as the estimate of the
concentration.

The α-cut at a level of 0.33 identifies a confidence interval with a level of
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Figure 3.12: Membership function representing the concentration of the lead
dilution.

confidence of 1−0.33 = 0.67 according to Mauris et al. [MLF01]. We can use
this α-cut, to calculate a confidence interval which can be compared to the
standard uncertainty according to GUM and GS1, as they use the standard
deviation of the result as a measure of the uncertainty. The region covered
by the expectation value minus the standard deviation respectively plus the
standard deviation of a Gaussian shaped distribution covers approximately
67% of all possible values. The half of the resulting interval of the α-cut at a
level of 0.33 can therefore be used as a measure of the standard uncertainty
of the resulting membership function. The lower bound of the interval is
calculated by line 33 of Listing 3.5. This command searches the index in the
resulting discrete fuzzy set, which corresponds to the left α-cut at a level
of 0.33. The next line saves the lower α-cut in the variable mulow. The
upper α-cut is calculated in the same way in lines 37 and 38. Listing 3.5
delivers an estimate for the concentration of 0.99, and an interval containing
approximately 67% of all possible values of [0.9775, 1.0025]. The half interval
width is therefore 0.0125. The reason for the larger uncertainty using fuzzy
sets can be found in the transformation between possibility and probability,
as shown in Section 3.3.2.3.
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The results of the four methods are summarized in Table 3.2. The first
three columns visualize the three input quantities representing the purity pur,
the mass m and the volume V . The input values for the GUM uncertainty
framework are visualized by Gaussian distributions with the given mean value
as expectation, and the standard uncertainty as the standard deviation. The
input quantities for the Monte Carlo method in row two are visualized by
normalized histograms, i.e. the sum of the area covered by the histogram
bars is scaled to one. This facilitates the comparison between the densities
of the input quantities. The resulting maximum height of the histogram
bars is reached for the input quantity representing the purity, as well as for
the resulting concentration. The input quantities representing the mass and
the volume are broader and therefore less high. The information about the
height cannot be used in the interval arithmetic, nor in the calculation using
fuzzy sets. The calculated mean value of the concentration is 0.99 for all
four methods, but the standard uncertainty differs significantly. The GUF
as well as MCM delivers 5.86e-3. The interval calculation delivers a standard
uncertainty of 7.51e-3, and the calculation using the fuzzy set approach even
1.25e-2, i.e. a standard uncertainty that is twice as much as MCM calculates.
The shapes resulting from MCM and the fuzzy set approach differs just in the
height, as the membership function representing the concentration is normed
to one. Herein lies one reason for the overestimation of the uncertainty using
fuzzy set theory. Another one can be found in the possibility-probability
transformation. But even if the calculation using fuzzy sets would deliver the
same estimation for the standard uncertainty as MCM, there would remain
the problem of taking correlations between the input quantities into account.
As Chapters 5 and 7 will demonstrate, correlations can be represented and
also propagated in a very natural way using MCM, which is one big advantage
compared to all other methods of evaluating measurement uncertainties.

3.5 MCM: the method of choice

The information about a quantity that influences the result of a measure-
ment needs to be represented in an adequate way. As such information can
rarely be complete, the lack of knowledge about the quantity also needs to
be expressed. It was demonstrated in Section 2.1, that it is reasonable to
describe the incomplete knowledge about an input quantity in terms of a
probability density function (PDF). Lack of knowledge can also be described
in terms of an interval by providing a lower and upper bound for the value
of a quantity. This representation leads in general to an overestimation of
the measurement uncertainty, which should be avoided [IIB+95, Annex E].
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The representation of an input quantity using a fuzzy membership function,
as outlined in Section 3.3.2.3, means to express the lack of knowledge in
terms of possibility theory, rather than in terms of probabilities as done by
a PDF. As the possibilistic representation is weaker than the probabilistic
representation, the fuzzy set approach also overestimates the measurement
uncertainty compared to the probabilistic approach. The consideration of
correlations between input quantities also causes problems using the interval
representation or the fuzzy representation. The most natural and powerful
way to describe lack of knowledge of measurements is therefore the proba-
bilistic representation, i.e. the expression of each input quantity in terms of
a probability density function.

The combination of more than one input quantity described by a PDF us-
ing the measurement model leads to a multiple integral, the Markov formula.
Evaluating the Markov integral means calculating analytically the PDF of
the output quantity, which holds all available knowledge about the measure-
ment. The resulting PDF representing the measurand can afterwards be used
to calculate all necessary statistical information about the measurand, like
the estimate or the measurement uncertainty. Unfortunately, the Markov
formula is only computable analytically in simple instances. Hence, it is nec-
essary in most cases, to find an approximative solution. One method to do
so is the GUM uncertainty framework (GUF). This approximation is based
on two main assumptions. First, the measurement model needs to behave
linear in the region of interest, i.e. the first order Taylor series needs to be an
adequate approximation. Second, all input quantities need to be completely
describable by their first two moments, the mean value and the standard
deviation. If one of these assumptions is not fulfilled, the GUF can lead to
senseless results. Special algorithms like the Fourier transform or the Panjer
recursion can also be used to compute an approximation of the Markov for-
mula, as demonstrated in Section 3.3.2. The Fourier transform can be used
for additive models, whereas the Panjer recursion computes the Markov for-
mula for compound distributions. Numerical integration using the cubature
formula was also discussed to calculate measurement uncertainty. As the
computational complexity grows exponentially for this technique with the
dimension of the integral, i.e. the number of input quantities, this approach
is only applicable for simple models with a small number of influences.

Table 3.3 summarizes the presented methods and reduces the ability of
the methods to the four points: Model, Input quantities, Correlations and
Uncertainty. The entries for the columns Model and Input quantities can be
all or limited according to the ability of the methods to use all given infor-
mation, or just a part of it. The entry limited in the Model column for the
GUF results, for example, from the fact that the given information about the
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Method Model Input quantities Correlations Uncertainty

Fuzzy all all not possible overestimated
Interval all limited not possible overestimated

GUF limited limited all adequate
Panjer limited limited not possible adequate
Fourier limited all not possible adequate
MCM all all possible adequate

Table 3.3: Summarization of the presented methods for measurement uncer-
tainty evaluation.

measurement function is reduced by a linear approximation using the GUF.
The ability of the methods to use given information about the correlation of
the input quantities is stated in column three. The values not possible, pos-
sible or all can be set here. The GUF is able to handle correlations between
all types of input quantities in the same way and therefore the value in the
correlation column is set to all. As Chapter 5 will show, MCM can handle
correlations between special distributions in a direct way, while for arbitrary
distributions the correlation needs to be treated in a special way. Therefore,
the entry for the correlations using MCM is set to possible, indicating that
correlations can be considered, but that some effort is necessary in some
instances. The column Uncertainty indicates the ability of the methods to
calculate an “adequate” estimate for the measurement uncertainty or not,
i.e. an uncertainty budget similar to the budget that arises by computing
the Markov formula. This value is based on the limitations given in columns
one to three. The GUF delivers, for example, just adequate results, if the
measurement function behaves linear in the region of interest and all input
quantities can be described by their first two moments, i.e. the limitations
stated in columns two and three are fulfilled.

All the given drawbacks can be avoided using the Monte Carlo method to
propagate distribution functions through the measurement model. Moreover,
MCM can be seen as a virtual repetition of the measurement operation and
is therefore a quite intuitive method to calculate the PDF representing the
measurand. Compared to the representation of lack of knowledge using in-
tervals or fuzzy membership functions, MCM is based on probability theory
and do not overestimate the resulting measurement uncertainty. It can be
used for any kind of measurement model and is not limited to special types,
like the Fourier transform or the Panjer recursion. It is possible to use every
kind of distribution to represent an input quantity using MCM, as long as
it is possible to draw random numbers from this distribution. Also, corre-
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lations between input quantities can be treated in a very natural way using
MCM. Another advantage of MCM compared to the GUF is, that the result
of the method is not just an estimate and the corresponding measurement
uncertainty, but the whole approximated PDF representing the measurand.
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Chapter 4

Computational aspects of
MCM

The Monte Carlo method (MCM) provides a general method to propagate
the PDFs representing the input quantities of a measurement through the
measurement function as elaborated in Chapter 3. The resulting PDF holds
all available information about the measurand and can be used to calculate
all statistical parameters of interest, e.g. the measurement uncertainty. The
Monte Carlo method is based on three main steps:

• Repeated sampling from the PDFs representing the input quantities
Xi,

• evaluation of the measurement function f(Xi) for each randomly gen-
erated set of values and

• the summarization of the resulting set of values representing the mea-
surand Y .

Each of these steps need to be optimized in the sense of speed and memory
efficiency in order to end up with a suitable MCM implementation.

The following sections demonstrate how sampling from the PDFs assigned
to the input quantities is performed in an adequate way. Furthermore, a
special implementation of the evaluation of the measurement function is pre-
sented where a block-by-block evaluation, the Monte Carlo block design or
just MC block design, is used to propagate the generated random draws
through the measurement function. Finally, it is shown how to calculate
statistical parameters and build up histogram data out of the resulting data
based on these blocks. Some parts of this section are published by Müller,
Wolf and Rösslein [MWR08].

73
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4.1 Sampling from probability distributions

The first step of MCM is to generate a set of randomly generated values
x = (x1, . . . , xN) by sampling from the assigned PDFs as realizations of the
input quantities Xi, i = 1, . . . , N . As a computer is a deterministic machine,
and therefore each step is reproducible, there is no way to generate real ran-
dom numbers on a computer. In the following section we show, how pseudo
random numbers are produced, i.e. a sequence of numbers that approximate
the properties of random numbers. A detailed discussion on randomness,
pseudo random numbers and the history of pseudo random number gener-
ators can be found in Donald E. Knuths textbook The Art of Computer
Programming [Knu97].

The usual way to draw from a PDF of non-uniform shape is to draw from
a uniform distribution and map this random draw to the desired distribution.
The first challenge lies therefore in the generation of uniform random numbers
with a high speed of generation and a high quality of the generated numbers.

4.1.1 Generation of uniform random numbers

All the distributions available in MUSE are produced by mapping one or
more uniformly distributed random numbers by a specific function to the
desired shape. One of the key parts of the software is therefore the uniform
random number generator, i.e. the function U(0, 1) that delivers randomly a
number from a uniform distribution over the unit interval [0, 1]. There exist
numerous pseudo random number generators based on different mathematical
theories. By far the most popular random number generators in use today
are special cases of the following scheme introduced by D. H. Lehmer in 1949
[Leh51]. If we choose four integers m, a, c and z0 we can build a sequence of
random numbers zi, i = 1, . . . , n setting

zn+1 = (azn + c) mod m, n ≥ 0.

This is called a linear congruential sequence. The four integers are called

the modulus 0 < m,
the multiplier 0 ≤ a < m,
the increment 0 ≤ c < m and
the starting value 0 ≤ z0 < m.

A linear congruential sequence is not “random” for all choices of m, a, c, and
z0. Although there is a ultimately cycle of numbers that is repeated endlessly.
This property is common to all sequences generated form a recursion zn+1 =



4.1. SAMPLING FROM PROBABILITY DISTRIBUTIONS 75

f(zn), when f transforms a finite set into itself. The repeating cycle is called
the period of the generator. Choosing the multiplier a and also the other
parameters of a linear congruential generator is a science in its own right and
would go beyond the scope of this work. For details and further information
see for example [Knu97] or [Gen03].

While a lot of software packages and nearly each programming language
offer a pseudo random number generator, by far not all implementations
available are fit for purpose to be used in a professional Monte Carlo sim-
ulation system. As Knüsel demonstrates in [Knü02], the random number
generator provided by Microsoft Excel XP is of rather poor quality and Pa-
terno and Brown [PB04] show, that also the function rand implemented in
the programming language C and C++ should be used with care. To de-
termine the quality of a pseudo random number generator a whole set of
statistical tests have to be used as elaborated in Section 4.1.3. Beside the
fact that the random number generator needs to pass such statistical tests the
most important property of it is the speed, i.e. the ability to produce a large
amount of random numbers as rapid as possible. MUSE implements two
different generators, the Mersenne Twister (MT) [MN98] and the enhanced
Wichmann–Hill (WH) [WH82]. Both produce pseudo random numbers of
high quality, i.e. their generated sequences pass the standard statistical tests,
but they vary in the speed of the random number generation as well as in
their capability to produce random numbers in parallel, which is elaborated
in the following.

4.1.1.1 Mersenne Twister

The Mersenne Twister (MT) is a pseudo random number generator algorithm
developed in 1997 by Makoto Matsumoto and Takuji Nishimura [MN98].
It has a period of 219937 (that is a decimal number with more than 6000
digits) passes numerous tests for statistical randomness and has a very high
overall performance. The Mersenne Twister combines the linear congruential
method with binary operations, resulting in linear-feedback shifting registers
and matrix calculations. It is therefore a variation of a generalized feedback
shift register generator and based on the following linear recurrence

xn = xn−(N−M) ⊕
(
xUn−N |xLn−N+1

)
A (4.1)

where xi is a w-bit word for all i. The operator ⊕ is the bit-wise XOR
operation and | the bit-wise or, xUn−N denotes the upper (w−R) bits of xn−N
and xLn−N+1 the lower R bits of xn−N+1 where R is a parameter to be set.



76 CHAPTER 4. COMPUTATIONAL ASPECTS OF MCM

The twist transformation matrix A is a w-by-w bit array of the form(
0 Iw−1

aw−1 (aw−2, . . . , a0)

)
(4.2)

where Iw−1 denotes the (w − 1)-by-(w − 1) identity matrix. The values
aw−1 and (aw−2, . . . , a0) are given by one w-bit word denoted by α. An
implementation of the generator in C can be found on the inventors homepage
[Uni07]. The parameters of the generator are in this implementation set to
N = 624, M = 397, R = 31, w = 32 and α = 9908B0DF in hexadecimal.

4.1.1.2 Enhanced Wichmann-Hill

The enhanced Wichmann-Hill (WH) generator is based on a generator pub-
lished 1982 as algorithm AS183 in Applied Statistics by B. A. Wichmann and
I. D. Hill [WH82]. The original algorithm combines three linear congruential
generators and has been designed for 16 bit arithmetic. As this generator
had a rather small period of 7×1012 and also failed at some tests of TestU01
the authors revised the algorithm to fulfill today’s requirements.

The enhanced version combines four linear congruential generators and
has approximately a period of 2121. It passes the standard statistical tests
and is constructed in such a way that the generation of random numbers
in parallel can be easily implemented. A Matlab implementation of the
enhanced WH is given in Listing 4.1.

Listing 4.1: Enhanced Wichmann-Hill pseudo number random generator im-
plemented in Matlab.

1 function out = randwh(L)
2 ix = 2; iy = 76573; iz = 2746; it = 58743;
3 out = zeros(L,1);
4 for i=1:L
5 ix =11600* mod(ix ,185127) -10379*floor(ix /185127);
6 iy =47003* mod(iy ,45688) -10479*floor(iy /45688);
7 iz =23000* mod(iz ,93368) -19423*floor(iz /93368);
8 it =33000* mod(it ,65075) -19423*floor(it /65075);
9 if ix <0

10 ix=ix -2147483579;
11 end

12 if iy <0
13 iy=iy -2147483543;
14 end

15 if iz <0
16 iz=iz -2147483523;
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17 end

18 if it <0
19 it=it -2147483123;
20 end

21 w=ix /2147483579+ iy /2147483543+ iz /2147483523+ it
/2147483123;

22 w = w-floor(w);
23 out(i)=w;
24 end

For reasons we will see later in this chapter the function randwh produces L
pseudo random numbers with one call.

4.1.1.3 Comparison

Beside the fact that the random number generator needs to be able to gener-
ate sequences of numbers which pass the standard statistical tests, the most
important attribute is the speed or efficiency of the generator. In computer
science, a widely used measure of the efficiency of an algorithm is the Big-
O notation [Knu76]. Because Big-O is not concerned with constant factors
which do not change when the input increases the Mersenne Twister as well
as the Wichmann-Hill have a run-time complexity of O(n) where n denotes
the number of requested random numbers. Hence, another measure is needed
to compare the two algorithms. Therefore, we will compare the amount of
generated numbers per second on three specified reference systems in order to
compare the efficiency of the two generators. Wichmann and Hill performed
similar tests in [WH82].

The first reference system (RF) is a desktop computer (PC) with a Pen-
tium 4, 3 GHz single core processor. The second system is a IBM subnote-
book X31 with a 1.4 GHz Pentium M processor (X31) and the third one
a MacBook Pro with a Intel Core 2 Duo processor with 2.33 GHz (MAC).
In the following tests just one processor of the RSs is used, as the parallel
behavior of the generators is not considered here.

As MUSE is actually available for Microsoft Windows XP SP2, SUSE
Linux 10.3 and Mac OS X 10.5 all these operating systems (OS) have been
tested. To compare the two generators, the part of MUSE where the random
numbers are produced is compiled as a stand-alone application using the same
software tool as for building MUSE , i.e. gcc 4.2.1 on Linux, Microsoft

Visual C++ 2003 on Windows and g++ 4.0.1 on Mac OS X.
Table 4.1 lists the number of millions of generated random numbers per

second on the reference systems and the operating system. The last column
MT/WH is the ratio between the generators, i.e. a factor that summarizes how
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RS OS MT WH MT/WH

X31 Linux 38 1.3 29
XP 34 1.2 28

MAC OS X 94 3.6 26
XP 79 4.8 16

PC Linux 34 2.4 14
XP 59 2.9 20

Table 4.1: Millions of generated random numbers per second by Mersenne
Twister (MT) and Wichmann-Hill (WH) on different hardware (RS) and
operating systems (OS). The last column displays the speed ratio of MT and
WH.

much faster MT is on the given setup compared to WH. The results of the
performance test in Table 4.1 shows, that for the IBM subnotebook each gen-
erator performs with a similar speed on the tested operating systems. Here,
MT has a speedup of nearly 30 compared to WH. The results of the PC as
well as of the MacBook differ quite a bit. The speed advantage on the desk-
top of MT on Microsoft’s XP is about 20, but on Linux it generates just 14
times more random numbers per second than WH. Also the MacBook deliv-
ers varying results. Comparisons using other reference systems and Matlab
seem to suggest that the performance of the generators strongly depends
on the used hardware as well as the operating system. Altogether MT has
a speed advantage of at least 14 compared to WH on the tested systems
and also the integrated random number generator rand of C++ is slower by
a factor of approximately 5 than MT. But of course this speedup cannot
be observed in MUSE to this extent as there are a lot of other steps to be
performed during the propagation of distributions which reduces the speed
advantage of MT considerably. The impact of the used generator onto the
overall needed time to calculate the PDF of the output quantity depends also
heavily on the complexity of the used equation of the measurand, the chosen
PDFs of the input quantities and indeed on their number. However, using a
pseudo random number generator with a high performance helps to speed up
the overall system and is, of course, an important part of an efficient MCM
implementation.

Chapter 4.2.2 introduces the Monte Carlo block design which is used to
propagate blocks of random numbers through the measurement model. Using
this design, it is necessary to generate a vector of random numbers at once.
Different approaches for pseudo random vector generation are elaborated by
Niederreiter [Nie92] but these methods need some further studies. Therefore,
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they are not implemented in MUSE and the needed vectors are filled using
MT or WH.

Also WH is less efficient compared to MT it is also implemented in MUSE
as it is recommended by the GUM supplement 1 [BIP08a, C3.3]. In order
to choose the uniform random number generator the attribute rngenerator

of the calculation element need to be set. Possible values are wh for the
Wichmann-Hill generator respectively mt for the Mersenne Twister. If this
argument is not set, the Mersenne Twister is used by default. A possible
calculation section using the enhanced Wichmann-Hill generator is therefore
given by Listing 4.2.

Listing 4.2: Structure of a MUSE simulation file using the enhanced
Wichmann-Hill pseudo random number generator.

1 <simulation>
2 <instances>
3 ...
4 </instances>
5 <calculation rngenerator="wh">
6 ...
7 <calculation>
8 </simulation>

4.1.2 Non-Uniform random number generation

As not all input quantities can be represented by rectangular distributions,
procedures are needed to map the generated uniform random numbers to
the PDF which represents the knowledge about the input quantity best.
Basically two methods are used for this purpose, the inverse CDF and the
acceptance/rejection method. The inverse CDF method uses the fact that
if a random variable X has the cumulative distribution function GX(x) =
Pr(X ≤ x) a new draw x of this random variable can be generated using a
draw u from a standard uniform distribution U(0, 1) calculating x = G−1

X (u).
The new random draw x is therefore distributed according the distribution
function GX(x) as illustrated in Figure 4.1. Unfortunately, the calculation
of the inverse of some distribution functions is quite difficult and therefore
there is a need for other methods like the acceptance/rejection method. The
acceptance/rejection method generates a draw x of a random variable X with
the PDF gX(ξ) using a random variable Z with PDF gZ(ξ). The PDF gZ(ξ)
should be as similar as possible to gX(ξ), i.e. gZ(ξ) can be scaled to majorize
gX(ξ) using some constant c. To produce gX(ξ) out of gZ(ξ) the constant c
need to be chosen such that c · gZ(x) ≥ gX(x) for all x. A random draw x
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Figure 4.1: Generating a random draw x according the random variable X
using the inverse CDF method. G−1

X (u) denotes the inverse of the distribution
function GX(ξ) representing all available knowledge about the input quantity
X.

from the PDF gX(x) is produced using the Matlab function given in Listing
4.3.

Listing 4.3: Acceptance/rejection method implemented in Matlab. New
random draws u and x are produced until gx(x)<c*u*gu(x). gx(x) denotes
the PDF of the random variable X, gz(x) the PDF of the random variable
Z where gzrnd() delivers a random number from the PDF representing the
random variable Z.

1 function x = accrejrnd(gx ,gz ,gzrnd ,c)
2 u = rand();
3 x = gzrnd();
4 while gx(x) < c*u*gz(x)
5 u = rand();
6 x = gzrnd ();
7 end
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First, a uniform distributed random number u is generated as well as a draw
x is taken from the majorizing PDF gZ(ξ). If

gX(x) ≥ c · u · gZ(x) (4.3)

x is taken as a representative of gX . Otherwise, a new draw u from U(0, 1)
and x from gZ is taken until Equation (4.3) is fulfilled. The method can be

x

g (x)X

c u g (x)Z? ?

c?g (x)Z

A

B

Figure 4.2: Generating a random draw x according of the random variable
X using the acceptance/rejection method. The point A is rejected where the
point B is accepted.

seen as drawing randomly points into the Cartesian coordinate system where
the abscissa is given by the draw x taken from gZ(ξ) and the ordinate by u ·c ·
gZ(x). If the ordinate of the point is below gX(x) x is taken as a representative
of the random variable X. Figure 4.2 visualizes the acceptance/rejection
method and shows two draws A and B, where A is rejected and B accepted.
For details on non-uniform random variate generation, the different mapping
techniques and their efficiency see for example the textbooks of Wolfgang
Hörmann [HLD86], Luc Devroye [Dev86] or James Gentle [Gen03].
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GS1 contains procedures for some of the most common distributions. A
table of these distributions is given in [BIP08a, Table 1]. These procedures
are directly implemented in MUSE and accessible via the distribution

tag. This tag can be used inside a basic model but also inside a variable. For
details on basic models and variables see Appendix A. Inside a distribution
tag an element defining the distribution to be used need to be specified. The
implemented standard distributions together with the element to be set in
the distribution tag are given in Table 4.2. The figures in the third column
illustrate the distribution together with the parameters to be set. For the
first six distributions the parameters can be explained via these figures. The
seventh distribution given in Table 4.2, the exponential distribution, needs
the parameter <lambda>. This tag defines λ of the exponential PDF

gexp(x) = λe−λ·x. (4.4)

The parameters <alpha> and <beta> of the distribution gamma define the
parameters of the PDF of the gamma distribution

ggamma(x) =
βα

Γ(α)
xα−1e−βx, for x > 0. (4.5)

The Student’s t-distribution (in the following also called t-distribution) can
be defined in two different ways. On the one hand, the distribution can be
defined by the parameters xbar defining the midpoint of the distribution,
std defining its width and dgf defining the degrees of freedom. The second
possibility to define a t-distribution is by providing single values. Listing 4.4
gives a definition of a t-distribution in MUSE with four points.

Listing 4.4: Definition of a Student’s t-distribution using four single values.

1 <distribution>
2 <studentt>
3 <values>
4 <value>2.0</value>
5 <value>3.0</value>
6 <value>4.0</value>
7 <value>9.0</value>
8 </values>
9 </studentt>

10 </distribution>

Beside the distributions given in Table 4.2 MUSE is able to handle files with
density definitions of distributions and interpret them as a given distribution.
The files need to consist of a list of numbers and MUSE interprets them as
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Distribution MUSE syntax Parameters

Rectangular <rectangle>
<lower> <upper>

Gaussian <gauss>

<sigma>

<mu>

Triangular <triangle>

<upper><lower>

Trapezoidal <trapez> ë1

<lower> <upper>

ë2

<beta> = ë2

ë1

Curvelinear trapezoid <cltrapez> <inexactness>

<upper><lower>

Arcsine (U-shaped) <arcsine>

<upper><lower>

Exponential <exponential> <lambda>

Gamma <gamma>
<alpha>
<beta>

t-distribution <studentt>

<xbar>
<std>
<dgf>

<values>

Table 4.2: Implemented distributions in MUSE accessible via the
distribution tag.

representations of a PDF. The numbers stored in such a file are read in
by MUSE one after each other and used as a representation of the PDF.
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Also GS1 recommends the usage of probability distributions from previous
uncertainty calculations in [BIP08a, 6.5], but it does not recommend an
implementation. The method implemented in MUSE is one way to realize
such a density distribution. Another one would be to build an approximation
of the CDF and use the inverse of this CDF to sample from it.

Using the density distribution, it is possible to define input quantities
by distributions which are not directly implemented in MUSE . The density
distribution provides an interface to different software packages like OpenBUGS
[THLS], which are capable to produce random numbers. Also results from
previous calculations can easily be re-used and the reevaluation of some parts
of the model can therefore be avoided.

Listing 4.5: Import externally generated random numbers using the density
distribution. The values stored on the disk in the file path/density.bin are
used as a density definition.

1 <distribution>
2 <density startvalue="1000" filetype="binary" dimension

="2">
3 <filename>path/density.bin</filename>
4 </density>
5 </distribution>

Listing 4.5 imports random numbers stored in the file named path/density.

bin where the values are stored in binary mode. The argument startvalue=
"1000" tells MUSE to start the resampling at the position 1000 of the density
definition where the argument dimension is necessary for files generated by
MUSE . For details on the dimension argument and the output format of
MUSE see Section 4.2.2.

A distribution for generating multivariate Gaussian distributed random
numbers as recommended by GS1 [BIP08a, 6.4.8] is also implemented in
MUSE and described in Chapter 5 as well as a distribution for generat-
ing random numbers representing a complex-valued quantity, elaborated in
Chapter 6.

4.1.3 Quality of generated PDF

The quality of the generated PDF depends on the one hand on the quality
of the used uniform random number generator and on the other hand on the
algorithm used to transform the generated numbers to the desired shape.
The quality of uniform random number generators is determined using so-
called test batteries. Well known and generally accepted test batteries are for
example the DIEHARD test [Mar96] or the test suite TestU01 [LS07]. These
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test batteries work on sequences of generated random numbers and perform
a lot of statistical tests on these sequences like The Binary Rank Test or The
DNA Test. Also, the correlation coefficient (see Chapter 5) of these sequences
is calculated in order to check if the random number generator is able to
produce uncorrelated random numbers. The Wichmann-Hill pseudo random
number generator as well as the Mersenne Twister pass these statistical tests
and can therefore be mentioned as random number generators of high quality.
In order to avoid mistakes during the implementation there are realizations in
different programming languages available which can be downloaded [Uni07,
Lab08].

As all mapping algorithms implemented in MUSE are directly adapted
from GS1 they are of high quality. Different techniques were used to avoid
mistakes during the implementation phase to guarantee the correctness of the
adaptation such as code reviews, built-in test cases and the application of a
version control system. Additionally, two so-called Goodness-of-Fit tests, the
Kolmogorov-Smirnov and the Chi-Square test (for a comparison of the tests
see [Sla65]) were applied to the generated sequences. These tests are used to
decide if a sample comes from a population with a specific distribution. In
our case, if a generated sequence does match the desired PDF. In order to
check the random number generators on a specific computer system, the so-
called validation module of the software tool MUSE can be activated inside
the calculation element as demonstrated in Listing 4.6.

Listing 4.6: Activate the self validation module of MUSE . If this module is
activated, all important parts of the software tool are checked.

1 <calculation>
2 <validation mode="on" output="on" path="validate"/>
3 ...
4 </calculation>

In doing so, all the implemented distributions are generated with predefined
parameters and the resulting statistical values compared with saved values.
Activating the validation module causes also tests of all other components
of MUSE like the mathematical operators, the module for parsing the mea-
surement function and the summarization module.

4.2 Evaluation of the measurement function

The previous section demonstrates, how to generate PDFs representing the
input quantitiesXi of the measurement function f(X1, . . . , XN) in an efficient
way. The next step of MCM as an implementation of the propagation of
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distributions is the evaluation of the measurement function for each randomly
generated set (x1, . . . , xN). Although this task seems to be quite simple, there
are some important issues to consider for an efficient implementation.

4.2.1 Parsing of the measurement function

The equation of the measurand is given as a sequence of characters, a string.
This string needs to be parsed, which includes the identification of the input
quantities and the mathematical operators. Different representations of a
formula as a string need different methods to do this parsing process and are
therefore more or less suitable. A simple equation is used in the following in
order to demonstrate the differences between two different representations.
Let therefore be

(X1 +X2) ∗X3 (4.6)

the measurement function given in the so-called infix notation with X1, X2

and X3 being the input quantities influencing the measurand. The opera-
tors are written between the operands in this commonly used representation.
Unfortunately, this representation is quite hard to parse for a computer be-
cause of operator precedences and considering brackets. The so-called post-fix
notation (also called Reverse Polish notation) does fit much better for compu-
tation, but it takes some effort to provide formulas in this notation. Formula
(4.6) in post-fix notation is given by

X1 X2 +X3 ∗ . (4.7)

Parsing post-fix notation is much less time consuming as parsing infix nota-
tion. Operators can be applied as they appear in the formula and also the
parser does not need to care about bracketing. For this reason, MUSE uses
this notation to represent the different formulas internally. To enhance the
usability, MUSE accepts formulas in infix notation and transforms the given
formula in a preprocessing step into the post-fix notation. For details on this
parsing process and the implementation in MUSE see the semester thesis of
Hassan Karahan [Kar07].

4.2.2 Monte Carlo block design

In principle, it is necessary to parse the measurement function for each trial
of a Monte Carlo simulation. MUSE does internally a block-by-block evalua-
tion of the measurement function called Monte Carlo block design or just MC
block design in order to avoid this. The principle of this design is visualized in
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Figure 4.3: Visualization of the Monte Carlo block design. One evaluation
of the measurement function yields L possible values y(K) of the block K
representing the output quantity Y .

Figure 4.3. Instead of evaluating the measurement function f(X1, . . . , XN)
for one single set of values (x1, . . . , xN) representing the input quantities

(X1, . . . , XN), a whole set of vectors (x
(K)
1 ,x

(K)
2 , . . . ,x

(K)
N ), in the following

called blocks, is evaluated resulting in a vector y(K). The elements of the
Kth block representing the ith input quantity Xi are denoted by x

(K,j)
i ,

j = 1, . . . , L where the jth element of the Kth block representing the mea-
surand Y is given by yK,j. To accomplish the MC block design, the random
number generator, the mapping to the desired PDFs as well as all internal
structures need to be optimized to handle operations on this blocks efficiently.
Using an object-oriented programming language like C++ a data structure
can be defined representing such a block. Encapsulating this structure in a
class allows defining all the needed operators and functions on these blocks.
Therefore, it is possible to work on the blocks like they were an internal data
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type.
As one block is propagated through the equation of the measurand, the

calculated values of such a block need to be stored to calculate appropriate
statistical parameters and to create a histogram as a discrete representation
of gY (η) at the end of the evaluation. The most obvious way to do this
would be to hold all the calculated values in memory. This is not possible
for a large number of simulations. MUSE avoids from the beginning the
usage of exhaustive amounts of memory by saving the obtained values onto
disk after each calculation of a block using one of the two following formats.
The first one saves the values in plain text. These files can be opened with
usual text editors and directly imported into other programs to analyze the
data. But the writing process is very slow, there is loss of precision and the
saved data need a lot of disk space. The second format stores the generated
numbers binary. The writing process is faster and the data require less disk
space. But importing data into statistical software packages may necessitate
import filters. To store the data in binary form, the flag -b needs to be set
on the command line starting MUSE . A file containing M possible values
of the measurand results from a MUSE simulation. The format of this file
is as given in Table 4.3. Once the values representing the measurand are

Position in file Interpretation of value

1 Number M of MC trials stored in file.
2 Number d of dimensions used in file.

3 . . . (M + 2) · d Alternating values of all dimensions.

Table 4.3: Format of the output file generated by MUSE for M values and
d dimensions.

stored, they need to be summarized in order to calculate the statistical pa-
rameters of interest like the measurement uncertainty or an approximation of
the PDF, a histogram. The following section illustrates, how the statistical
parameters can be built based on the introduced MC block design and that
the parameters calculated in that way converges in probability to the “true”
statistical parameters.

4.3 Summarizing the result

The third stage of the uncertainty evaluation, the summarization of the gen-
erated values, is described in GS1 starting at clause 7.6. There, the two
formulas for the calculation of the mean value ỹ and the standard deviation
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u(ỹ) of the measurand Y are given by

ỹ =
1

M

M∑
r=1

yr (4.8)

u2(ỹ) =
1

M − 1

M∑
r=1

(yr − ỹ)2, (4.9)

where yr, r = 1, . . . ,M , is the set of all resulting values. A direct imple-
mentation of these two formulas would result in an algorithm that needs to
iterate twice through all values. This can be avoided using an algorithm given
in Knuths The Art of Computer Programming [Knu97, Vol. 2, 3rd edn., p.
232]. The algorithm presented there adapts the mean value and the standard
deviation in each iteration and is based on the two recursion formulas

ỹk = ỹk−1 +
(yk − ỹk)

k
(4.10)

u2(ỹ)k = u2(ỹ)k−1 + (yk − ỹk−1) · (yk − ỹk). (4.11)

After iterating through all values yk, k = 1, . . . ,M , the standard uncertainty
u(ỹ) is given by

u(ỹ) =

√
u2(ỹ)M
M − 1

. (4.12)

As mentioned above, MUSE calculates the statistical parameters based on
the introduced MC block design. The algorithm for calculating the mean
value and the standard uncertainty for one block is given as Matlab script
in Listing 4.7. The block size is L and the array yb holds the values of the
current block.

Listing 4.7: Iterative calculation of mean value mi and standard deviation
si for one block i of size L.

1 mi = 0; si = 0;
2 for j=1:L
3 delta = yb[j] - mi;
4 mi = mi + delta/j;
5 si = si + delta*(yb[j] - mi);
6 end

7 si = si / (L-1);
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The estimate of the ith block ỹi is therefore given as

ỹi =
1

L

L∑
j=1

yi,j, (4.13)

where yi,j denotes the jth element of the ith block.

The overall mean value is afterwards calculated as the mean value over
the K single blocks, K = M/L, which yields

ỹ =
1

K

K∑
i=1

ỹi =
1

K

K∑
i=1

1

L

L∑
j=1

yi,j

=
1

K · L

K∑
i=1

L∑
j=1

yi,j =
1

M

M∑
r=1

yr, (4.14)

i.e. Formula (16) from GS1 [BIP08a, 7.6] where yr is again the rth element
of all generated values. The estimate ỹ calculated as the mean value over all
estimates of the single blocks ỹi delivers therefore the same value as calculated
over all values.

This is not true for an estimator u(ỹ) of the standard uncertainty calcu-
lated in the same way. Averaging over the blocks, we can either use

u∗(ỹ) =
1

K

K∑
i=1

√
u2(ỹi) =

1

K

K∑
i=1

u(ỹi) (4.15)

(averaging the sample standard deviation), or

u∗∗(ỹ) =

√√√√ 1

K

K∑
i=1

u2(ỹi) (4.16)

(averaging the sample variance and take the root). Irrespective of whether
we use Equation (4.15) or (4.16), the outcome will generally differ from the
sample standard deviation calculated over all generated values. Note that
(4.15) will be in general larger than (4.16) as a result of the inequality of
Jensen [CB01] which states, that

ϕ

(
1

K

K∑
i=1

zi

)
≤ 1

K

K∑
i=1

ϕ (zi) (4.17)
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for continuous, concave functions ϕ, which results for Formula (4.15) and
(4.16) and ϕ(.) =

√
. in√√√√ 1

K

K∑
i=1

u2(ỹi) ≤
1

K

K∑
i=1

√
u2(ỹi). (4.18)

Using the displacement law for variances, which states for arbitrary samples
z = (z1, ..., zM) that

1

M − 1

M∑
r=1

(zr − z̃)2 =
1

M − 1

(
M∑
r=1

z2
r −Mz̃2

)
(4.19)

we get for each block

u2(ỹi) =
1

L− 1

L∑
j=1

(yi,j − ỹi)2

=
1

L− 1

(
L∑
j=1

y2
i,j − Lỹ2

i

)
which delivers

(L− 1)u2(ỹi) =
L∑
j=1

y2
i,j − Lỹ2

i

and therefore
L∑
j=1

y2
i,j = (L− 1)u2

i (ỹ) + Lỹ2
i .

Hence, we can calculate the same estimator for the overall standard uncer-
tainty as given by Equation (4.9) based on the statistical parameters of the
single blocks as

u2(ỹ) =

1

M − 1

(
M∑
r=1

y2
r −Mỹ2

)
=

1

M − 1

(
K∑
i=1

L∑
j=1

y2
i,j −Mỹ2

)
=

1

M − 1

(
K∑
i=1

[
(L− 1)u2

i (ỹi) + Lỹ2
i

]
−Mỹ2

)
. (4.20)
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The block-by-block evaluation uses the mean values over the lower and upper
bounds of the coverage intervals of the single blocks ỹilow and ỹihigh

to estimate
the coverage interval for the PDF of the output quantity gY (η). The following
section demonstrates that this estimation of the coverage intervals converges
in probability.

4.3.1 Coverage intervals

A coverage interval is an interval containing the value of a quantity with a
stated probability. It should not be termed “confidence interval” to avoid
confusion with the statistical concept. In order to calculate a coverage inter-
val for the measurand Y some terms and definitions need to be introduced.
Let therefore p ∈ [0, 1] be the required coverage probability, i.e. the proba-
bility that the value of a quantity is contained within a specified coverage
interval. Let furthermore α ∈ [0, 1 − p] be an arbitrary value defining the
lower α-quantile G−1

Y (α) respectively the upper α-quantile G−1
Y (p+α) of the

distribution function GY representing the measurand Y . The endpoints of a
100p % coverage interval for Y are therefore G−1

Y (α) and G−1
Y (p+α) and the

100p % coverage interval [G−1
Y (α), G−1

Y (p+α)]. Using MCM, the distribution
function GY (α) is approximated via a discrete representation G containing
all generated values y = (y1, . . . , yM). These values need to be sorted in
increasing order to receive the order statistic (y(1), ..., y(M)) first. To this end,
a standard sorting algorithm such as quicksort [Hoa62] can be used. The
rth order statistic is then given by y(r) where y(1) ≤ y(2) ≤ · · · ≤ y(M). For
details on order statistics see for example the textbook Order Statistics and
Inference [BC91] by Balakrishnan and Cohen. The lower bound ylow of the
symmetric coverage interval is therefore given by y(M(1−p)/2) and the upper
bound yhigh by y(M(1+p)/2). If the computed indices are non-integers they are
rounded to the next integer. The symmetrical coverage interval is there-
fore [y(M(1−p)/2), y(M(1+p)/2)]. The distance between the lower and the upper
endpoint of the interval has to be minimized

imin := argmin
i=1,...,M−s

{
y(i+s) − y(i)

}
(4.21)

for the shortest coverage interval where s = round(M · p). The shortest
coverage interval is hence [y(imin), y(imin+s)]. Searching the minimum index
imin can be implemented for all resulting values y in a loop as shown in
Listing 4.8.

Listing 4.8: Calculate the index imin for the shortest coverage interval for
all values y.
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1 curmin = y[s] - y[1]; curdist = 0; imin = 1;
2 for j=1:M-s
3 curdist = y[j + s] - y[j];
4 if(curdist < curmin)
5 curmin = curdist;
6 imin = j;
7 end

8 end

This algorithm calculates the index imin that represents the first element
y[imin] from where the shortest coverage interval starts. Figure 4.4 dis-
plays the two different types of coverage intervals for the resulting PDF
calculated in Section 2.3, the distance of a point to the origin. MUSE also

0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
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x 10
4

 
shortest

symmetrical

Figure 4.4: Symmetrical and shortest 95% coverage interval for the distance
of a point to the origin. The definition of the two input quantities as well as
the measurement function can be found at the end of Chapter 2.

uses the MC block design for the estimation of the coverage intervals due
to computational reasons. This method avoids sorting all generated values
by calculating the coverage intervals again for blocks containing L elements.
The estimate of the overall coverage interval is calculated as the mean value
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over the coverage intervals of the single blocks. As this procedure differs from
the implementation given in GS1, we need to demonstrate that it delivers
suitable estimators, which is done by proving Theorem 1. The proof follows
the paper published by Müller and Rink [MR09] with slightly changes in the
notation and the organization.

Theorem 1 (Convergence of coverage intervals in the MC block design).
Let y = (y1, ..., yM) be a vector of M random draws representing the PDF

gY (η). Let furthermore G̃−1
Y (α) be an estimator of the α-quantile of GY (η)

that converges in probability to G−1
Y (α). If y is partitioned into a fixed number

of K equal sized blocks and G̃−1
Yi

(α), i = 1, . . . , K, is the estimator of the α-
quantile of block i, then

G̃−1
Y (α) =

1

K

K∑
i=1

G̃−1
Yi

(α)

converges in probability to G−1
Y (α) as M →∞.

Proof. The estimation of the quantiles using the order statistic of all M
generated values converges in probability for M →∞ as a result of Lemma
1, proved in [GC03, Page 63] or [SW86].

Lemma 1. Let y(r) denote the rth order-statistic of a random sample of size
M from any continuous CDF GY representing the random variable Y . Then,
if r

M
→ α ∈ [0, 1] as M →∞, the distribution of[

M

α(1− α)

] 1
2

gY (q) · (y(r) − q)

tends to the standard normal, where q = G−1
Y (α) is the α-quantile of GY .

Hence, y(r) tends to be N

(
q,

([
α(1−α)
M

] 1
2 1
gY (q)

)2
)

-distributed. The vari-

ance of this normal distribution tends to zero forM →∞ and the expectation
is q which directly implies the convergence in probability

lim
M→∞

Pr(|y(r) − q| < ε) = 1.

Using this result, we can prove the convergence of the estimation of the
coverage intervals in the MC block design. The algorithms presented above
deliver an estimate G̃−1

Yi
(α) = y

(i)
(L·α) for the true lower α-quantile G−1

Yi
(α) and

an estimate G̃−1
Yi

(p+α) = y
(i)
(L·(p+α)) for the true upper α-quantile G−1

Yi
(p+α)

for each single block i, i = 1, . . . , K. Again the superscript (i) denotes the
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index of the block. These estimates of the quantiles are used to estimate the
quantiles G−1

Y (α) and G−1
Y (p+α) of the measurand building the mean values

over them as

G̃−1
Y (α) =

1

K

K∑
i=1

G̃−1
Yi

(α) (4.22)

and

G̃−1
Y (p+ α) =

1

K

K∑
i=1

G̃−1
Yi

(p+ α). (4.23)

In the following we prove, that the estimated α-quantile G̃−1
Y (α) calculated

as the mean value over the estimated α-quantiles of the K blocks G̃−1
Yi

(α)

converges in probability to the true α-quantile G−1
Y (α) of the CDF GY (η).

As the proof holds for all α we omit the parameter α to improve readability.
The conclusion after Lemma 1 states, that for all estimated quantiles

G̃−1
Yi

, i = 1, . . . , K, and all ε > 0

lim
L→∞

Pr
(
|G−1

Y − G̃
−1
Yi
| < ε

)
= 1 (4.24)

holds, where L denotes again the number of elements in one block. Note
that L → ∞ as M → ∞, because of L = M

K
with K fixed. Let in the

following imax be the index of the block with the largest distance between
the estimated α-quantile G̃−1

Yi
and the true α-quantile G−1

Y , i.e.

∀i ∈ {1, ..., K} : |G−1
Y − G̃

−1
Yimax
| ≥ |G−1

Y − G̃
−1
Yi
|. (4.25)

Then, for any ε > 0

Pr

(∣∣∣∣∣G−1
Y −

∑K
i=1 G̃

−1
Yi

K

∣∣∣∣∣ < ε

)
=

Pr

(∣∣∣∣∣
∑K

i=1(G−1
Y − G̃

−1
Yi

)

K

∣∣∣∣∣ < ε

)
≥

Pr

(
K∑
i=1

|G−1
Y − G̃

−1
Yi
| < K · ε

)
≥

Pr
(
K · |G−1

Y − G̃
−1
Yimax
| < K · ε

)
=

Pr
(
|G−1

Y − G̃
−1
Yimax
| < ε

)
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which is

Pr
(
|G−1

Y − G̃
−1
Y | < ε

)
≥ Pr

(
|G−1

Y − G̃
−1
Yimax
| < ε

)
. (4.26)

We can state that

Pr
(
|G−1

Y − G̃
−1
Yimax
| < ε

)
=

Pr
(
|G−1

Y − G̃
−1
Y1
| < ε ∧ · · · ∧ |G−1

Y − G̃
−1
YK
| < ε

)
=

K∏
i=1

Pr
(
|G−1

Y − G̃
−1
Yi
| < ε

)
taking the independence of G̃−1

Yi
into account1 and thus

lim
L→∞

Pr
(
|G−1

Y − G̃
−1
Yimax
| < ε

)
=

lim
L→∞

K∏
i=1

Pr
(
|G−1

Y − G̃
−1
Yi
| < ε

)
=

K∏
i=1

lim
L→∞

Pr
(
|G−1

Y − G̃
−1
Yi
| < ε

)
= 1. (4.27)

The last equation follows from the law of products in limits (see for ex-
ample [Kön04]). Combining Formula (4.26) and (4.27) we conclude the con-

vergence in probability of G̃−1
Y :

lim
L→∞

Pr
(
|G−1

Y − G̃
−1
Y | < ε

)
= 1. (4.28)

Note that this proof can be applied to any estimator that converges in
probability. Thus we can state

Corollary 1 (Convergence of estimators in the MC block design). Let Y =
(Y1, ..., YM) be a vector of M independently and identically distributed random
variables of a PDF gY (η). Let further θ̃(Y ) be an estimator that converges in

1∧ denotes the logical conjunction
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probability to a parameter θ of gY (η). If Y is partitioned into a fixed number
of K equal sized blocks and θ̃(Yi), i = 1, . . . , K, is the estimator applied to
the block i, then

1

K

K∑
i=1

θ̃(Yi)

converges in probability to θ as M →∞.
The implementation of the MC block design in MUSE uses blocks with a

fixed size and increases the number of blocks whereas the proof given above
only works for a fixed number of blocks K and an increasing number L of
elements in one block. At first glance this seems contradictory, but it is
coherent with the common usage of consistent estimators. In practice, the
number of samples is chosen to be fixed but sufficiently large. Here, the
number of elements per block has to be chosen fixed but sufficiently large. A
similar procedure to the MC block design is used in the adaptive Monte Carlo
procedure given in GS1 [BIP08a, 7.9] for carrying out an increasing number
of Monte Carlo trials until the various results of interest have stabilized in
a statistical sense. The block size used there is 104 and it is stated in Note
2, that this choice is arbitrary, but has been found suitable in practice. The
same is true for the calculation of the overall statistical parameters using the
MC block design. A block size of 104 delivers in most cases suitable estima-
tors and should be used as the default size of the blocks. For measurement
scenarios resulting in a PDF where this does not hold, the block size should
be increased.

The probability of large deviation can be bounded using Chebyshev’s
inequality which states that

Pr(|X − µ| ≥ k · σ) ≤ 1

k2
,

which can equivalently be stated as

Pr(|X − µ| ≥ ε) ≤ σ2

ε2
.

This inequality is a loose bound for the probability, that a random draw
of the arbitrary random variable X lies outside the interval [µ − k · σ, µ +
k · σ] where X has finite expectation µ and variance σ2. Using Chebyshev’s
inequality on the distribution of quantile estimation given in Theorem 1 yields

Pr
(
|G−1

Y − G̃
−1
Y | ≥ ε

)
≤
[

α(1− α)

L · (gY (q) · ε)2

]K
,

with gY (q) being the PDF of the random variable Y .
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4.3.2 Create a PDF for the output quantity

GS1 describes how to produce a discrete representation of the distribution
function GY (η) for the output quantity Y by sorting all values received from
the evaluation of the measurement function. It is stated, that an approxima-
tion of the PDF gY (η) can be generated assembling the received values into a
histogram. Also for the generation of the histogram MUSE avoids sorting all
generated values and uses blocks of length L to build it. Again, all generated
values yi,j, i = 1, . . . , L, j = 1, . . . , k of the k blocks need to be sorted first.
The resulting minimum value is

ymini = min
j=1,...,L

(yi,j) (4.29)

and the maximum value

ymaxi = max
j=1,...,L

(yi,j) (4.30)

for each block i, i = 1, . . . k. Using these minima, the minimum of all gener-
ated values ymin is given by

ymin = min
i=1,...,k

(ymini) (4.31)

and the overall maximum by

ymax = max
i=1,...,k

(ymaxi). (4.32)

The width of one histogram bar (bw) is calculated based on this two margins
and a specified number h of histogram bars as

bw =
ymax− ymin

h
. (4.33)

Based on the sorted elements yb of a block, the overall minimum ymin, the
overall maximum element ymax and the bar width bw the number of elements
assigned to a histogram bar can be updated in a loop as demonstrated in
Listing 4.9.

Listing 4.9: Build histogram data for one block with elements yb. This
procedure is called for each block.

1 curbar = 1;
2 limit = ymin + bw;
3 for i=1:L
4 while(yb[i] > limit)
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5 curbar = curbar + 1;
6 limit = limit + bw;
7 end

8 bar[curbar] = bar[curbar] + 1;
9 end

Of course the sorting of one block to build the coverage intervals and the sort-
ing to build the histogram data is done just once in MUSE and implemented
in the so-called analyze module. This module can be activated using the el-
ement analyze in the calculation section of a MUSE simulation description
as demonstrated in Listing 4.10.

Listing 4.10: Activating the analyze module in the MUSE simulation de-
scription.

1 <simulation>
2 ...
3 <calculation rngenerator="wh">
4 <analyze mode="on" histbars="60"/>
5 ...
6 <calculation>
7 </simulation>

The possible attributes of the tag analyze together with a short description
are given in Table 4.3.2. Possible values given by strings and separated by |

Argument Possible values Description

mode (on|off) Turning the module on or off.
histbar # Number of histogram bars.
datafiles (delete|keep) Delete/keep the data files after an-

alyzing.
covtype (symmetric|shortest) Type of coverage interval.
histcut (95|99|999) Limits the range of the histogram

to 95%, 99% or 99.9% of the re-
sulting PDF.

Table 4.4: Possible attributes for the element analyze. Values separated by
| are choices.

are choices. Therefore, the value on or off can be set for the element mode.
For the element histbar an integer can be set which is implied by #.

Turning on the analyze module produces a summarizing file that includes
the best estimate ỹ of Y , the associated measurement uncertainty u(ỹ) as
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well as the 95%, 99% and 99.9% coverage intervals. All these values come
with their standard deviation, i.e. a value that describes how much the sta-
tistical values of the single bocks disperse. Beside these statistical values, the
description of the histogram is stored in the statistical output file. In order
to visualize the output of MUSE an external tool like MUSEview [Kar07],
which is distributed with MUSE , can be used. Alternatively, the generated
output files can be processed in a statistical software package like R [R D08].
But be aware that not all software packages are able to handle the huge
amount of data MUSE is able to produce.

4.3.3 Reproducibility of the result

Once in a while it may be necessary to run a simulation done in the past a
second time. There is a chance that the result of the second run will cause
some confusions as the resulting parameters as well as the histogram data
may slightly differ compared to the first run. The reason for this difference
can be found in the initialization of the uniform pseudo random number
generator. As described above, MUSE uses two different generators both of
them base on a linear recurrence. The state of such generators is defined by
their parameters. Setting the parameters of a generator causes the generator
to produce a pseudo random number according to these parameters. The
following numbers generated depends all on this initial value, called seed. As
mentioned above, each linear congruential generator has a maximum num-
ber p of elements which can be produced, called the period of the generator.
The numbers produced by the generator repeat therefore after p elements
irrespectively how the generator is initialized. Also, the random number
generator will produce different sequences for different seeds. This behav-
ior is illustrated in Figure 4.5 for three sequences each with a length of M
elements. For a discussion on how to assure that the generated sequences
do not overlap see for example [Knu97]. MUSE uses the system clock to
initialize the pseudo random number generator by default. If a simulation
should result in reproducible values, some predefined numbers to initialize
the selected generator can be used setting the element staticseed="on" in
the calculation tag. In doing so, MUSE will produce exactly the same results
for each new run.

4.3.4 Accuracy of the result

The accuracy of the resulting parameters delivered by a Monte Carlo sim-
ulation depends on the number M of trials done as well as on the variance
u2(ỹ) of the PDF representing the output quantity Y . The approximation
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Figure 4.5: Visualization of the cycle of a pseudo random number generator
with period p. Setting the seed forces the generator to jump at a certain
position into the circle. Repeated calling of the generator after setting the
seed yields a sequence of random numbers visualized as bars on the cycle for
three sequences Si, . . . , Si+M , Sj, . . . , Sj+M and Sk, . . . , Sk+M .

error ỹerror of the calculated mean value is for example given by

ỹerror ∝
σ√
M

=

√
u2(ỹ)

M
. (4.34)

Thus, the approximation error of the calculated mean value is proportional
to the square root of the ratio of the variance u2(ỹ) and the number of
Monte Carlo runs M . This error bound also applies to the other parame-
ters calculated like the standard uncertainty and the coverage intervals. For
details and a proof of this error bound see for example the textbook of J.
M. Hammersley and D. C. Handscomb [HH64]. The only way to improve
the accuracy of the result is therefore to perform more trials, because the
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variance of the resulting PDF is stated by the input quantities used and how
they are connected. Formula (4.34) implies, that the rate of convergence of

the Monte Carlo method is of order M− 1
2 . So, adding one significant digit of

accuracy requires increasing M by a factor of 100.
But how can we determine the needed MC trials to reach a result with

a desired accuracy? The answer to this question is as simple as disappoint-
ing. There is no direct way to calculate the needed number of trials in
advance, because the variance of the result is not known in the beginning of
the simulation. GS1 describes a way out delivered by an adaptive procedure
[BIP08a, 7.9]. It runs until the parameters of interest have stabilized in a
statistical sense. MUSE provides this procedure to support the user with a
tool that allows obtaining results of specified accuracy. The adaptive Monte
Carlo procedure can be activated by setting the number of Monte Carlo trials
to the non-numerical value a either in the calculation element or via the
command line.



Chapter 5

Correlations in Measurements

Correlations in measurements occur as a result of mutual dependencies of
quantities and parameters. They arise in general, if two input quantities
depend on at least one shared quantity. Correlations appear hence, if for
example the same measurement equipment, the same standard or the same
reference value is used in one measurement. Correlations also arise by the
usage of more than one reference standard, if they have been calibrated in
one and the same experiment. Therefore, we need to model correlations if
we use one and the same reference material to produce several reference lead
solutions with different concentrations as demonstrated in the example given
in Section 5.2.

Correlations between input quantities affect the measurement uncertainty
in a direct way. If two positively correlated input quantities are combined
via a sum or a product, the resulting uncertainty of them increases. If they
are subtracted or divided, the uncertainty will be reduced. Therefore, it
is possible to affect the resulting measurement uncertainty by choosing for
example the same measurement device at different steps of the measurement
or use a different one. The metrologist can hence reduce the uncertainty of
a measurement via rearranging the experiment.

The degree of correlation between two input quantities Xi and Xj is
characterized in the GUM [IIB+95], and also in its supplemental guide GS1
[BIP08a], by the estimated covariance Cov(Xi, Xj), i.e. the relative mutual
dependency of two variables. This value describes a statistical property of
the two input quantities Xi and Xj and is given by

Cov(Xi, Xj) = E{[Xi − E(Xi)][Xj − E(Xj)]}.

Chapter 2.1 has demonstrated, that it is reasonable to describe the in-
put quantities that affect the outcome of the measurement, the measurand

103
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Y , in terms of probability density functions (PDFs). If more than one in-
put quantity occurs in the measurement function, the information given for
these input quantities is described via a multidimensional PDF, i.e. a joint
PDF. The joint PDF, representing all available and relevant information
D = (D1, . . . , DN)T about the input quantities X = (X1, . . . , XN)T , is given
by

gX1,...,XN
(ξ1, . . . , ξN |D1, . . . , DN) = gX(ξ|D). (5.1)

If the involved input quantities are statistically independent, the joint PDF
can be built as the product of the single distributions of the input quanti-
ties, the marginal distributions. The joint PDF for two independent input
quantities X1 and X2 is therefore

gX1,X2(ξ1, ξ2) = gX1(ξ1)gX2(ξ2). (5.2)

If the input quantities depend on each other, Equation (5.2) gets

gX1,X2(ξ1, ξ2) = gX1(ξ1|ξ2)gX2(ξ2), (5.3)

where gX1(ξ1|ξ2) denotes the conditional density forX1 under the assumption,
that the value of X2 is ξ2. The joint PDF gX1,X2(ξ1, ξ2) can also be written
in terms of a conditional density for X2

gX1,X2(ξ1, ξ2) = gX1(ξ1)gX2(ξ2|ξ1). (5.4)

The marginal distributions can be reconstructed out of the joint PDF by
integration with respect to one quantity. The PDF representing the quantity
X1 is hence

gX1(ξ1) =

∞∫
−∞

gX1,X2(ξ1, ξ2)dξ2 =

∞∫
−∞

gX1(ξ1)gX2(ξ2|ξ1)dξ2. (5.5)

The covariance between two input quantities X1 and X2 represented by PDFs
is therefore

Cov(X1, X2) =E{[X1 − E(X1)][X2 − E(X2)]}

=

∞∫
−∞

∞∫
−∞

[ξ1 − E(X1)][ξ2 − E(X2)]gX1,X2(ξ1, ξ2)dξ1dξ2, (5.6)
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i.e. the formula given in the first supplement to the GUM [BIP08a, 3.10].
Based on this formula, the uncertainty matrix 1 UX is defined as

Ux =

 u(x1, x1) · · · u(x1, xN)
...

. . .
...

u(xN , x1) · · · u(xN , xN)

 , (5.7)

where u(xi, xi) = Cov(Xi, Xi) = u2(xi) is the variance (squared standard
uncertainty) associated with xi and u(xi, xj) = Cov(Xi, Xj) the covariance2

associated with Xi and Xj. The correlation coefficient r is defined based on
the covariance as

r(xi, xj) =
u(xi, xj)

u(xi) · u(xj)
, (5.8)

which is a dimensionless coefficient with a value always in the interval [−1, 1].
The combination of N input quantities X1, . . . , XN via the mathematical

model of the measurement, the measurement function f(ξ) = f(ξ1, . . . , ξN),
yields the Markov formula

gy(η) =

∞∫
−∞

gX(ξ) · f(ξ)dξ, (5.9)

as deduced in Section 2.3. Chapter 3 demonstrates that the Monte Carlo
method (MCM) is the method of choice to evaluate the Markov integral, i.e.
propagating PDFs through the measurement function by taking randomly
samples of the input quantities and evaluating the measurement function for
these values. If the involved input quantities are uncorrelated, the algorithms
given in GS1 [BIP08a, 6.4] can be used to generate the random numbers
according to the PDFs of the input quantities. These algorithms generate
in a first step uniformly distributed, uncorrelated random numbers and map
these numbers to the desired PDF. It is essential for the algorithms presented
there, that the uniform distributed random numbers are uncorrelated. If
the input quantities are correlated, we need to generate correlated random
numbers in order to fulfill the correlations between them.

1The term uncertainty matrix is equivalent to the term covariance matrix, u(xi, xj)
equivalent to Cov(Xi, Xj) and Cov(Xi, Xi) equivalent to u2(xi). In order to be consistent
with GS1 we use in the following the terms Ux, u and u2.

2Consider that an upper case variable Xi denotes a random variable representing an
input quantity where the lower case symbol xi is the estimate (expectation) of the random
variable Xi.
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The information provided by the metrologist to build a model with corre-
lated input quantities is, according to GUM and GS1, a marginal distribution
for each input quantity Xi and the covariance between all combinations of
input quantities u(Xi, Xj), i = 1, . . . , N , j = 1, . . . , N . Based on this infor-
mation, the joint PDF gX(ξ) needs to be approximated generating M vectors
(ξ1,k, . . . , ξN,k), k = 1, . . . ,M , s.t. on the one hand

qi,j =
1

M − 1

M∑
k=1

(ξi,k − x̃i)(ξj,k − x̃j) (5.10)

estimates u(Xi, Xj) and holds for all possible combinations of input quanti-
ties Xi and Xj. The element ξi,k denotes the kth element of the vector ξi
representing the quantity Xi, i.e. ξi = (ξi,1, . . . , ξi,M)T . If Equation (5.10)
holds, the specification given by the metrologist regarding the covariance is
fulfilled. The matrix

(ξ1, . . . , ξN) =

 ξ1,1 · · · ξN,1
...

. . .
...

ξ1,M · · · ξN,M

 , (5.11)

is a realization of the joint PDF specified by the metrologist if in addition
the vectors ξi = (ξi,1, . . . ξi,M)T , i = 1, . . . , N , follow the distribution of the
input quantity Xi.

Unfortunately, a joint PDF can in general not completely be described by
their marginal distributions and the correlation between them. In fact, the
marginal distributions can be derived from the joint PDF by integration (5.5)
and also the covariance can be determined using (5.6), but the reconstruction
of the joint PDF is in general not possible as shown in the following. To this
end, we will generate two different approximations of a joint PDF described
by the marginal distributions and the correlation. One approximation will
be generated using an algorithm based on the Cholesky factorization of the
uncertainty matrix. The second approximation is generated via an algorithm
that mixes random numbers which are correlated with 100% and indepen-
dent, uncorrelated random numbers. Let us assume in the following, that
the measurement model contains two normal distributed input quantities X1

and X2, both with a standard deviation of 1 and a mean value of 0. Let us
furthermore assume a correlation of 50%, i.e. r(x1, x2) = 0.5, between the
two input quantities, where again x1 is the estimate of the random variable
X1.

Listing 5.1: Generate correlated random numbers using the Cholesky factor-
ization with a correlation of 50%.
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Figure 5.1: Histograms of marginal distributions representing the input quan-
tities X1 and X2 together with the contour plot generated by Listing 5.1.

1 u = [1 .5; .5 1];
2 n = 1000000;
3 x1 = randn(1,n);
4 x2 = randn(1,n);
5 r = chol(u);
6 x1x2 = r’*([x1; x2]);
7 % give out the covariance between x1 and x2

8 cov(x1x2 (1,1:n), x1x2 (2,1:n))

The Matlab code given in Listing 5.1 generates in a first step 106 indepen-
dent Gaussian distributed random numbers representing the random vari-
ables X1 respectively X2. Afterwards, the uncertainty matrix (u) is decom-
posed into an upper right triangular matrix. This matrix is used to build the
approximation of the two-dimensional PDF requested by the specifications
through mixing the random numbers representing each input quantity. Af-
ter the generation of the joint PDF in line 6, the covariance is recalculated,
which delivers

UX1,X2 =

(
1 .5
.5 1

)
,
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Figure 5.2: First 104 pairs (ξ1,k, ξ2,k), k = 1, . . . , 104, generated by Listing
5.1. The correlation coefficient is achieved using a matrix factorization of the
uncertainty matrix.

i.e. the uncertainty matrix demanded by the specification. For details and
a formal proof of generating correlated Gaussian shaped random numbers
using matrix factorization see Section 5.1.1. Figure 5.1 displays the two
Gaussian shaped marginal distributions together with the contour plot re-
sulting from Listing 5.1. This plot does not contain any information about
the correlation between the marginal distributions but demonstrates that
the marginal distributions generated in this way fulfill the specification. To
visualize the correlation between the marginal distributions, a plot of single
values of the generated random sample can be given. Figure 5.2 shows the
first 104 points generated by Listing 5.1. Each point in the plot identifies one
element of the random sample representing the input quantity X1 together
with the corresponding element of the random sample representing the input
quantity X2. Therefore, we can see the linear relationship between the two
input quantities that is caused by the correlation coefficient. Defining the
relation between two input quantities using the correlation coefficient implies
a special behavior of these two quantities. For a positive correlation, i.e. a
correlation coefficient r greater than 0, the values of the quantities are con-
nected in a “positive” way. If the value of the first quantity is in the upper
range of the possible values of that quantity, the corresponding value of the
correlated quantity has to be also somewhere in the upper range. For a nega-
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tive correlation coefficient, the values of the quantities behave in the opposite
way around. A correlation of 100% between two quantities is hence given, if
the quantities behave in exactly the same way. A plot similar to Figure 5.2
for two quantities that are correlated with a correlation coefficient of 1 would
therefore be a line from the lower left corner to the upper right one. Zero
correlation would result in a plot where no structure is observable. As the
correlation coefficient is a value that is averaged over all random samples, it
is easy to construct an algorithm based on these considerations which fulfill
the specification given above. The Matlab algorithm given in Listing 5.2
mixes two types of random samples. On half of them has a correlation of
100%, i.e. the values are in this example the same, where the second half has
a correlation of 0%.

Listing 5.2: Generate correlated random numbers by mixing 100% and 0%
correlated numbers.

1 n = 1000000;
2 x1 = randn(1,n);
3 x2 = x1(1:n/2);
4 x2 = [x2 randn(1,n/2)];
5 % give out the uncertainty matrix

6 cov(x1, x2)

In doing so, we get two Gaussian shaped marginal distributions. The contour
plot of this two distributions is equivalent to that one generated by Algorithm
5.1 and visualized in Figure 5.1. Also, the correlation between the two ran-
dom samples x1 and x2 is 0.5 as demanded by the specification. A plot of
the first 104 points generated for X1 and X2 as pairs is given in Figure 5.3.
The two partitions of the generated random samples x1 and x2 can easily
be distinguished in this plot. The pairs with a correlation coefficient of 1
define the line from the lower left to the upper right where the pairs with a
correlation of 0 do not have an observable structure. Although the correlated
random numbers generated in this way meet the requirements given by the
specification, they define a dependency between the two quantities X1 and
X2 that is totally different compared to that one given in Figure 5.2. In fact
it is possible to generate an arbitrary number of random samples which are
distributed according to two given marginal distributions and have a defined
correlation coefficient as mentioned by Haas [Haa99]. Therefore, it is neces-
sary to describe the dependency between input quantities in more detail to
be able to generate correlated random numbers which build up the depen-
dency between them in an adequate way. To this end, we will distinguish
in the next section between two types of correlation, the statistical correla-
tion and the logical correlation as recommended by Sommer, Kochsiek and
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Figure 5.3: First 104 pairs (ξ1,k, ξ2,k), k = 1, . . . , 104, generated by Listing
5.2. The correlation coefficient of 0.5 is achieved mixing random draws with
a correlation coefficient of 1 with random draws with a correlation coefficient
of 0.

Siebert in [SKS06]. Depending on the type of correlation, different methods
are presented to generate correlated random samples and build an adequate
approximation of the joint PDF that represents all the available and relevant
knowledge about the input quantities.

5.1 Logical and statistical correlation

Two quantities are correlated, if there is at least one other quantity that
influences both of these two quantities. Unfortunately, the identification of
such a shared quantity that causes the correlation can be very difficult. If the
shared quantity is unknown, the correlation can be determined by repeated
measurements of the quantities for which a correlation is assumed. Let in
the following Q1 and Q2 be two influence quantities affecting the random
variable Y representing the outcome of a measurement. Let furthermore q̃1

and q̃2 be the arithmetic means of the quantities estimating the expectation
q1 and q2 calculated from n independent pairs of simultaneous observations
of Q1 and Q2. The covariance u(q̃1, q̃2) between q̃1 and q̃2 can, according to
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the GUM [IIB+95, 5.2.4], be estimated by

u(q̃1, q̃2) =
1

n(n− 1)

n∑
k=1

(q1,k − q̃1)(q2,k − q̃2), (5.12)

where q1,k and q2,k, k = 1, . . . , n, are the individual observations of the quan-
tities Q1 and Q2. As the correlation coefficient determined by Formula (5.12)
is based on repeated observations and the statistical analysis of these obser-
vations, it is called statistical correlation [SKS06]. If a correlation between
two quantities is determined using Formula (5.12), the information about
the mutual dependencies of the influence quantities is rather limited. The
information about the input quantities is in such instances usually evaluated
as a type A standard uncertainty [IIB+95, 4.2]. Therefore, the best estimate
of the input quantity Q is given by the arithmetic mean

q̃ =
1

n

n∑
k=1

qk (5.13)

and the squared standard uncertainty u2(q) is estimated by the variance

u2(q̃) =
1

n− 1

n∑
k=1

(qk − q̃)2, (5.14)

in accordance to the GUM. The standard uncertainty evaluated using Equa-
tion (5.14) is in the GUM called the experimental standard deviation or Type
A standard uncertainty. This procedure of quantifying two input quantities
Q1 and Q2 results in five characteristic values, the best estimates q̃1 and
q̃2, their associated standard uncertainties u2(q̃1) and u2(q̃2) and the covari-
ance between the quantities u(q̃1, q̃1). Based on this information, a scaled
and shifted t-distribution should be assigned to the input quantities [BIP08a,
6.4.9]. The given information about the input quantities is therefore com-
pletely described by a multivariate t-distribution. In order to generate ran-
dom samples which fulfill the given conditions in an effective way and also to
be consistent with the first supplement to the GUM, it is recommended to
transform the t-distributions of the marginal distributions representing the
input quantities into Gaussian distributions. The expectation value of the
resulting Gaussian distributions is the expectation value of the t-distribution
where the variance V is calculated using

V (q̃) =
n− 1

n− 3

u2(q̃)

n
, (5.15)
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where n is again the number of repeated measurements. In doing so, the
information about the input quantities is transformed into a multivariate
Gaussian distribution. The generation of random samples for such a distri-
bution is elaborated in Section 5.1.1. It is also recommended to transform
the involved marginal distributions into normal distributions if there is in-
formation available that implies, that they are of Non-Gaussian shape. The
fact that the correlation between the marginal distributions is determined
using repeated observations implies that there is a large part of the measure-
ment which is not completely described by the measurement specification.
If so, the statistical correlation will overlap and hide the “real” connection
between the input quantities which is caused by, at least one, additional influ-
ence that affects the correlated influences. If the origin of the correlation can
be identified and assigned to an influence quantity, the resulting correlation
is, in accordance with [SKS06], called a logical correlation. Statistical corre-
lation can be converted into logical correlation adding input quantities to the
measurement function on which other input quantities relate. Section 5.1.2
illustrates how a refinement of the model can help dissolving correlations and
demonstrates the influence of such a transformation.

5.1.1 Considering statistical correlation

The first supplement to the GUM gives a procedure for the generation of
multivariate Gaussian random numbers [BIP08a, Section 6.4.8.4] based on a
matrix factorization of the uncertainty matrix Ux (5.7), which is also rec-
ommended by Barr and Slezak [BS72]. This method is used to build up
statistical correlation between input quantities defined by a mean value of
each quantity, an associated standard uncertainty and the covariance be-
tween the input quantities. Let R be the Cholesky factor of the uncertainty
matrix , i.e. Ux = RTR. In order to build an approximation of the joint
PDF

(ξ1, . . . , ξN) =

 ξ1,1 · · · ξN,1
...

. . .
...

ξ1,M · · · ξN,M

 (5.16)

representing the N input quantities X1, . . . , XN , a vector z = (z1, . . . , zN)
containing N independent, standard Gaussian distributed random numbers
must be created in a first step. The vector

ν = RT · z (5.17)
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is then a sample of a standardized N -dimensional Gaussian distribution as

E(ν) = E(RTz) = RTE(z) = 0 (5.18)

and therefore

Cov(ν) = E(ννT ) = E(RTzzTR) = RTE(zzT )R. (5.19)

As E(zi, zk) = 1 if i = k and E(zi, zk) = 0 otherwise, E(zzT ) is the identity
matrix and therefore

Cov(ν) = RTR = Ux, (5.20)

as demonstrated by Cox [MNM00, Appendix 3]. It is also mentioned there,
that there are several possible factorizations of the uncertainty matrix Ux of
the form Ux = RTR and that the Cholesky factorization [GV96, page 143]
should be selected for reasons of simplicity, efficiency, numerical stability and
availability of algorithms.

Based on this results, the numerical approximation of the joint PDF (5.16)
can be built following the step by step procedure given in Algorithm 3. As the

Algorithm 3 Generation of a multidimensional Gaussian distribution using
the Cholesky factorization. Ux denotes the uncertainty matrix and x holds
the expectation values.

Calculate the Cholesky factorization of Ux, such that Ux = RTR
for i = 1 to M do

Generate a vector z of N normal variates
ν = x + RTz
(ξ1,i, . . . , ξN,i) = (ν1, . . . , νN)

end for

addition of the constant vector x representing the expectations of the random
variables X does not affect the variance of the marginal distributions nor the
covariance between them, the resulting approximation of the joint PDF will
fulfill the given specifications.

The Cholesky factorization requires the uncertainty matrix to be positive
definite. Usually, that is the case due to its definition, but in cases where the
input quantities are highly correlated and rounding errors have been com-
mitted in formatting Ux, the matrix can get indefinite. In such an instance,
a minimal correction can be made to Ux based on the eigendecomposition
as elaborated in [MNM00].

The algorithm to generate correlated, Gaussian distributed random num-
bers given in Algorithm 3 is implemented in MUSE and accessible via the



114 CHAPTER 5. CORRELATIONS IN MEASUREMENTS

distribution correlated. This distribution needs the definition of the mean
values of the involved quantities muvec and the uncertainty matrix. Listing
5.3 generates a two-dimensional Gaussian distribution where both marginal
distributions have a mean value of 1 where the correlation between them is
0.9.

Listing 5.3: Generation of correlated random numbers based on the Cholesky
factorization in MUSE .

1 <simulation>
2 <calculation>
3 <analyze mode="on" histbars="60" cormatrix="on"/>
4 <variable name="corr1">
5 <distribution>
6 <correlated id="d1" slot="1">
7 <cholesky>
8 <muvector length="2">
9 <element>1</element>

10 <element>1</element>
11 </muvector>
12 <uncertaintymatrix size="2">
13 <row>
14 <cell>1</cell>
15 <cell>.9</cell>
16 </row>
17 <row>
18 <cell>.9</cell>
19 <cell>1</cell>
20 </row>
21 </uncertaintymatrix>
22 </cholesky>
23 </correlated>
24 </distribution>
25 </variable>
26 <variable name="corr2">
27 <distribution>
28 <correlated equals="d1" slot="2"/>
29 </distribution>
30 </variable>
31 <measurand>
32 <formula name="corr1">corr1</formula>
33 <formula name="corr2">corr2</formula>
34 </measurand>
35 </calculation>
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Figure 5.4: Resulting marginal distributions and contour plot of the MUSE
simulation description given in Listing 5.3.

36 </simulation>

The distribution correlated is accessed via the variable corr1. The distri-
bution of this variable is given by the tag <correlated id="d1" slot="1">

where the attribute slot="1" assigns the first marginal distribution to the
variable. The second marginal distribution is accessed via the variable corr2,
which distribution is also of type correlated. The attribute equals="d1"

assigns the previous declared two-dimensional distribution d1 to the variable
where the attribute slot="2" selects the second marginal distribution. The
attribute cormatrix="on" of the analyze tag tells MUSE to calculate the
correlation matrix between all given formulas, in the given example corr1

and corr2. The histograms of the marginal distributions as well as the con-
tour plot of them are displayed in Figure 5.4. There we can see, that the two
marginal distributions are Gaussian shaped. Also the first two moments of
them are as given by the specification in Listing 5.3, i.e. both distributions
have an estimate of 1 with an associated standard uncertainty of 1. The
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Figure 5.5: First 104 pairs (ξ1,k, ξ2,k), k = 1, . . . , 104, generated by MUSE
using Listing 5.3, represented as points.

correlation between them is also as specified and hence 0.9.

In order to visualize the correlation between the distributions, the first
104 points of corr1 are plotted together with the first 104 points of corr2
in Figure 5.5. This figure demonstrates that the correlated random numbers
generated by MUSE delivers a reasonable approximation of a multidimen-
sional PDF specified by the mean values of the marginal distributions, their
standard uncertainty and the uncertainty matrix.

Due to the ability of MUSE to read in previously generated random num-
bers it is also possible to use correlated random numbers which are produced
in a different way. In order to do so, the correlated random numbers need to
be saved on the disk using one file for each input quantity. Using the density
distribution described in Section 4.1.2 these files can be read in by MUSE
and the values stored are used as representatives of input quantities.

5.1.2 Considering logical correlation

Correlations arise from the usage of equal measurement equipment, reference
materials or environment influences in different input quantities. If we take
these equal influences in the measurement function into account, the involved
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input quantities of the model function are no longer correlated. In general,
we can write, without the loss of generality, two correlated quantities X1 and
X2 as two functions f1 and f2 of L uncorrelated quantities Q = (Q1, . . . , QL).
The quantities X1 and X2 depend on some, or maybe all, quantities in Q
and are given as

X1 = f1(Q) and X2 = f2(Q). (5.21)

To illustrate the nature of logical correlations and the effect of neglecting
correlations, we compare in the following the length expansion of a gauge
aluminum rod and an aluminum rod workpiece, both with a nominal length
of 1 m. The expansion in the length ∆lw of the working rod with a measured
temperature Tw is, according to [Sch99], given as

∆lw = l · αw · (Tw − 20 ◦C), (5.22)

where αw = 22e-6 K−1 is the expansion coefficient. The length expansion of
the gauge is given as

∆lg = l · αg · (Tg − 20 ◦C), (5.23)

with an expansion coefficient of αg = 10e-5 K−1. The subtraction of 20 ◦C
implies that the length of the rods have been measured at a temperature
of 20 ◦C. For the sake of simplicity it is assumed in the following, that the
uncertainty of the expansion coefficients αm and αg, as well as the uncertainty
associated with the length l can be neglected. Based on the two formulas for
the length expansion of the aluminum work piece and the aluminum gauge,
we can determine the difference of the expansion as

∆l(Tm, Tg) = ∆lm −∆lg

= l · αm(Tm − 20 ◦C)− l · αg(Tg − 20 ◦C). (5.24)

As the mean value of the measured temperature of the work piece and the
gauge do not influence the resulting uncertainty, we can assume a tempera-
ture of 20 ◦C for both. The standard uncertainty of the measured tempera-
ture of the work piece and the gauge is, in accordance with [Sch99], assumed
to be 0.1 K, i.e. u(Tm) = u(Tg) = 0.1 K. In order to calculate the PDF rep-
resenting the difference of the expansion, we use the software package MUSE
with the simulation description given in Listing 5.4.

Listing 5.4: Simulation file for the determination of the difference between
the length extension caused by the temperature. The two measured temper-
atures of the work piece Tm and the gauge Tg are assumed to be statistically
independent and therefore uncorrelated.
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1 <instances>
2 <instance name="T_m" model="gaussparam">
3 <parameters>
4 <parameter id="#1">0</parameter>
5 <parameter id="#2">.1</parameter>
6 </parameters>
7 </instance>
8 <instance name="T_g" model="gaussparam">
9 <parameters>

10 <parameter id="#1">0</parameter>
11 <parameter id="#2">.1</parameter>
12 </parameters>
13 </instance>
14 </instances>
15 <calculation calcGUF="on">
16 <analyze mode="on" histbars="60" cormatrix="on" />
17 <variable name="d_l_m"> 22e-6 * T_m </variable>
18 <variable name="d_l_g"> 1e-5 * T_g </variable>
19 <measurand> 22e-6 * T_m - 1e-5 * T_g </measurand>
20 </calculation>

The simulation of this file results in a Gaussian shaped approximation
of the PDF of the difference with an associated standard uncertainty of
2.4e-6 m. The MUSE code given in Listing 5.4 assumes, that the mea-
sured temperatures Tm and Tg do not depend on each other, i.e. that they
are statistical independent. That is a rather unrealistic assumption as both
aluminum pieces are measured in the same environment. Therefore, Tm and
Tg will be correlated over the environmental temperature. The resulting un-
certainty for a correlation of 100% between Tm and Tg (r(Tm, Tg) = 1) is
1.2e-6 m as demonstrated by Schwenke [Sch99]. But also a complete corre-
lation between the two measured temperatures is not really lifelike as there
will be influences that will change from one measurement of the temperature
to the other one. Let us therefore assume in a first approximation a correla-
tion between the temperatures Tm and Tg of 80 %, i.e. r(Tm, Tg) = 0.8. The
covariance Cov(Tm, Tg) is therefore, according to Formula (5.8),

Cov(Tm, Tg) = r(Tm, Tg) · u(Tm) · u(Tg) = 0.8 · 0.1 · 0.1 = 0.008 (5.25)

and the uncertainty matrix

UTm,Tg =

(
0.1 0.008

0.008 0.1

)
. (5.26)

Using the distribution correlated described in Section 5.1.1, this depen-
dency can be modeled in MUSE using Listing 5.5.



5.1. LOGICAL AND STATISTICAL CORRELATION 119

Listing 5.5: MUSE code for the determination of the difference between the
length extension caused by the temperature. The two measured temperatures
of the work piece Tm and the gauge Tg are assumed to be correlated with a
correlation coefficient of 0.8.

1 <calculation>
2 <analyze mode="on" histbars="60" cormatrix="on"/>
3 <variable name="T_m_c">
4 <distribution>
5 <correlated id="corr" slot="1">
6 <cholesky>
7 <muvector length="2">
8 <element>0</element>
9 <element>0</element>

10 </muvector>
11 <uncertaintymatrix size="2">
12 <row>
13 <cell>.01</cell>
14 <cell>0.008 </cell>
15 </row>
16 <row>
17 <cell>.008</cell>
18 <cell>.01</cell>
19 </row>
20 </uncertaintymatrix>
21 </cholesky>
22 </correlated>
23 </distribution>
24 </variable>
25 <variable name="T_g_c">
26 <distribution>
27 <correlated equals="corr" slot="2"/>
28 </distribution>
29 </variable>
30 <measurand>
31 22e-6 * T_m_c - 1e-5 * T_g_c
32 </measurand>
33 </calculation>

The uncertainty resulting from Listing 5.5 is 1.52e-6. The uncertainty re-
duces therefore by a factor of 1.5 if the correlation between the measured
temperatures is taken into account. Using the distribution correlated, and
hence a correlation based on the mixing of Gaussian distributed random num-
bers, implies a statistical correlation. The correlation coefficient between the
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involved quantities has to be determined therefore by repeated observations.
Unfortunately, that is not possible in every instance and also the relationship
between the quantities does not need to be linear as indicated by a correlation
coefficient. For this reason, the relationship between the involved quantities
should be described by a refinement of the measurement function whenever
possible. The most prominent, joint influence of the two temperatures Tm
and Tg is the environmental temperature Te. The temperature of the rods
can be expressed using Te as

Tm = Te + ∆Tm and (5.27)

Tg = Te + ∆Tg, (5.28)

where Te has an associated uncertainty of u(Te) = 0.1 K and u(∆Tm) =
u(∆Tg) = 0.05. The measurement model for the difference in the length
enlargement expands therefore to

∆l(Tm, Tg) = ∆lm −∆lg

= l · αm(Te + ∆Tm − 20 ◦C)− l · αg(Te + ∆Tg − 20 ◦C). (5.29)

The simulation description given in Listing 5.6 implements Formula (5.29).
The keyword static in the initialization of the instance T_e representing
the environmental temperature tells MUSE to use the same values for both
elements T_e in the measurement function. For details on static instances
see Appendix A. The resulting uncertainty is 1.7e-6 m and the correlation
between the two resolved quantities Tm and Tg 0.8.

Listing 5.6: Simulation file for the determination of the difference between
the length extensions caused by the temperature. The two measured temper-
atures of the work piece Tm and the gauge Tg are assumed to be correlated
over the environmental temperature Te.

1 <instances>
2 <instance name="d_T_m" model="gaussparam">
3 <parameters>
4 <parameter id="#1">0</parameter>
5 <parameter id="#2">.05</parameter>
6 </parameters>
7 </instance>
8 <instance name="d_T_g" model="gaussparam">
9 <parameters>

10 <parameter id="#1">0</parameter>
11 <parameter id="#2">.05</parameter>
12 </parameters>
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r(Tm, Tg) 0 1 0.8 (statistical) 0.8 (logical)
u(∆l) 2.4e-6 m 1.2e-6 m 1.52e-6 m 1.7e-6 m

Table 5.1: Resulting uncertainty u(∆l) of the difference between the length
extension of two aluminum rods caused by the temperature. In the first
column the correlation is neglected where the second column assumes a cor-
relation of 100%. The third column uses a statistical correlation of 0.8 and
the fourth the same correlation coefficient, but with a logical correlation.

13 </instance>
14 <instance name="T_e" model="gaussparam" mode="static">
15 <parameters>
16 <parameter id="#1">0</parameter>
17 <parameter id="#2">.1</parameter>
18 </parameters>
19 </instance>
20 </instances>
21 <calculation>
22 <analyze mode="on" histbars="60" cormatrix="on" />
23 <measurand>
24 22e-6 * (T_e + d_T_m) - 1e-5 * (T_e + d_T_g)
25 </measurand>
26 </calculation>

Table 5.1 summarizes the resulting uncertainties for the four calculations
done. The refinement of the model function converts a statistical correlation
into a logical correlation that reflects the “real” dependence of the involved
quantities on each other. Although the correlation between the subtractive
terms in Listing 5.6 and 5.5 is the same, the resulting uncertainty is more
than 10% bigger if the correlation is resolved and reproduced by the mea-
surement function. Using statistical correlation delivers therefore a wrong
uncertainty in this example. The refined model reflects the physics behind
the two temperature measurements Tm and Tg where the description of the
dependency of them using the correlation coefficient does not. The refine-
ment of the measurement function to build up correlations between input
quantities is therefore the way to go whenever it is applicable as stressed by
Schwenke [Sch99] and also by Sommer and Siebert [SS06]. Moreover, Som-
mer and Siebert call the treatment of correlations via a refinement of the
measurement function the “clean” way and achieve, that not refined corre-
lations point to a lack of knowledge about the measurement, i.e. that the
measurement process is not completely understood.
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5.2 Example: Establishing reference solutions

In order to demonstrate the principles of logical correlations the example
of preparing a reference lead solution, introduced in Chapter 2, is taken up
again here. Section 2.2 derives the measurement model for the dilution of a
reference solution, also called stock solution, based on a given specification
and delivers

cstock = f(pur,m, V ) =
pur ·m
V

. (5.30)

The process of generating a lead stock solution is shown in Figure 5.6. The

Reference materialReference material

RM

Stock solution (St)Stock solution (St)

purpur

mm

VV

Figure 5.6: Preparation of a lead stock solution. The reference material with
the purity pur is scaled with a certain mass m and diluted up to the volume
V .

reference material with the purity pur is weighted in with an appropriate
balance to receive the amount of pure lead pur ·m. Afterwards, the lead is
dissolved and diluted up to V = 100 ml to receive a stock solution with a
given concentration cstock. In Section 3.4.2, the approximated PDF of the
resulting concentration has been calculated using MUSE which results in a
mean value for the concentration of the stock solution of c̃stock = 0.99 mg/ml
with an associated standard uncertainty of u(c̃stock) = 5.86e-3 mg/ml. The
type of distributions representing the given knowledge about the input quan-
tities together with their parameters are given in Table 5.2. The histogram
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Quantity Distribution Parameters

Purity rectangular mean = 0.99, width = 0.01
Mass trapezoidal lower = 99.8, upper = 100.2, beta = 0.5

Volume trapezoidal lower = 99.98, upper = 100.12, beta = 0.1

Table 5.2: Input quantities for the preparation of a lead stock solution with
the distributions representing the given knowledge about the input quantities
and their parameters.

of the resulting concentration as well as the histograms representing the dis-
tributions of the three input quantities are plotted in Table 3.2 of Section
3.4. The preparation of a stock solution is the first step in determining the
lead of a given sample, for example the amount of lead in drinking water.
The concentration of a given sample is determined by a comparison of the
amount of emitted radiation of the sample and the reference solutions us-
ing an ICP-OES measurement. For details on this measurement and the
comparison see Chapter 7. In order to do this comparison in an adequate
way, reference solutions with different concentrations need to be created. To
this end, a specified volume Vpip of the stock solution with the concentration
cstock is filled into a volumetric flask using a pipette. Afterwards, the flask is
filled with distilled water up to the defined level of the flask Vflask, usually
to 100 ml. Figure 5.7 visualizes this procedure. The concentration of the
generated reference solution cref is therefore given by

cref =
cstock · Vpip

VFlask
. (5.31)

The PDF of the concentration of the stock solution cstock is approximated
using the model function (5.30). The PDF representing the volume Vflask
up to which the flask is filled up is modeled, as elaborated in Section 2.2,
as a trapezoidal distribution with a best estimate of 100 ml, a lower bound
of 99.88 ml, an upper bound of 100.12 ml and a beta parameter of 0.1.
For the sake of simplicity, we hide details on taking the stock solution with
the pipette Vpip and assume a Gaussian distribution with an uncertainty of
0.2 % of the mean value. As we like to build several reference solutions with
different concentrations cref , we can build a basic model which returns the
PDF of the corresponding concentration. The only parameter that changes
for different concentrations is the amount of stock solution taken by the
pipette Vpip. Hence, we build a basic model which allows to set the mean
value #vpipmu and the standard uncertainty #vpipsigma of the Gaussian
distribution representing the amount of stock solution taken as shown in
Listing 5.7.
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H O2StSt SolSol

Vflask
cstock

Vpip

Figure 5.7: Generate a lead solution with a concentration given by the pro-
portion between the stock solution (left) and the amount of water (right).

Listing 5.7: Basic model for determining the concentration of a reference
solution refsol. The concentration depends only on the amount of stock
solution taken (Vpip) which can be set as a parameter.

1 <influence name="refsol" comment="Result">
2 <formula> cstock * Vpip / Vflask </formula>
3 <influences>
4 <!-- Pippet -->
5 <influence name="Vpip">
6 <distribution>
7 <gauss>
8 <mu parameter="#vpipmu">10</mu>
9 <sigma parameter="#vpipsigma">0.02</sigma>

10 </gauss>
11 </distribution>
12 </influence>
13 <influence name="Vflask">
14 <distribution>
15 <trapez>
16 <lower>99.88 </lower>
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17 <upper>100.12 </upper>
18 <beta>.1</beta>
19 </trapez>
20 </distribution>
21 </influence>
22 </influences>
23 </influence>

The measurement function given in Section 2.2 is used inside this model in
order to calculate the PDF for the concentration of the stock solution. The
preparation of the stock solution is modeled inside a second basic model
cstock given in Listing 5.8.

Listing 5.8: Basic model for determining the concentration of the stock so-
lution cstock.

1 <model name="cstock" targetname="cst">
2 <influence name="cst" comment="Result">
3 <formula>pur * m / V</formula>
4 <influences>
5 <influence name="pur" comment="Purity of reference

material">
6 <distribution>
7 <rectangle>
8 <mean>.99</mean>
9 <width>.01</width>

10 </rectangle>
11 </distrinion>
12 </influence>
13 <influence name="m" comment="Mass of the lead

weighted in">
14 <distribution>
15 <trapez>
16 <lower>99.8</lower>
17 <upper>100.2</upper>
18 <beta>0.5</beta>
19 </trapez>
20 </distribution>
21 </influence>
22 <influence name="V" comment="Volume of the flask">
23 <distribution>
24 <trapez>
25 <lower>99.88 </lower>
26 <upper>100.12 </upper>
27 <beta>.1</beta>
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28 </trapez>
29 </distribution>
30 </influence>
31 </influences>
32 </influence>
33 </model>

For a description of the three influence quantities, the purity of the reference
material pur, the scaled mass m and the volume of the flask V see Section
3.4. Using the basic model refsol, we can calculate the concentration of
reference solutions with different concentrations by setting the amount of
stock solution via the parameters #vpipmu and #vpipsigma. Please note,
that cstock is used in the formula tag, but not defined in the model. As
the stock solution is the same for each reference material, we need a global
instance of the stock solution which is also static as given in Listing 5.9.

The whole process of generating reference solutions with different concen-
trations is shown in Figure 5.8. In the following, the PDFs representing the

stst

ReferenceReference
materialmaterial

RMRM

cNc1 c2 c3

Figure 5.8: Preparation of lead reference samples out of a stock solution. The
stock solution st is produced according to the specification given in Section
2.2.

two reference solutions c1 and c2 are approximated. Therefore, 1 ml is taken
from the stock solution for c1 and 2 ml for c2. The uncertainty of taking
the stock solution with the pipette is in both instances 0.2 % of the volume
taken, i.e. u(V

(1)
pip ) = 0.002 ml and u(V

(2)
pip ) = 0.004 ml, where V

(1)
pip is the PDF
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representing the process of taking 1 ml and V
(2)
pip is the PDF representing the

process of taking 2 ml. The MUSE code given in Listing 5.9 implements
this procedure and calculates the histograms representing the concentration
of the two reference solutions ref1 and ref2.

Listing 5.9: Simulation description for calculating two approximated PDFs
c1 and c2 representing reference lead solutions with different concentrations.
The concentration of the stock solution is the same for both results, defined
in the simulation description but used in the basic model refsol.

1 <instances>
2 <instance name="cstock" model="cstock" mode="static"/>
3 <instance name="ref10" model="refsol">
4 <parameters>
5 <parameter id="#vpipmu"> 1 </parameter>
6 <parameter id="#vpipsigma"> 0.002 </parameter>
7 </parameters>
8 </instance>
9 <instance name="ref20" model="refsol">

10 <parameters>
11 <parameter id="#vpipmu"> 2 </parameter>
12 <parameter id="#vpipsigma"> 0.004 </parameter>
13 </parameters>
14 </instance>
15 </instances>
16 <calculation>
17 <analyze mode="on" histbars="60" cormatrix="on"/>
18 <measurand>
19 <formula name="ref10"> ref10 </formula>
20 <formula name="ref20"> ref20 </formula>
21 </measurand>
22 </calculation>

The resulting PDFs are plotted in Figure 5.9. The mean value c̃1 of the ap-
proximated PDF representing c1 is 9.9e-3 mg/ml with an associated standard
uncertainty of u(c̃1) = 6.2e-05 mg/ml where c2 has a mean of 19.80e-3 mg/ml
with an associated standard uncertainty of u(c̃2) = 12.4e-05 mg/ml. The re-
sulting uncertainty matrix is

Uc1,c2 =

(
3.85e-9 6.86e-9
6.86e-9 1.54e-8

)
, (5.32)

which implies a correlation coefficient between the two quantities of r(c1, c2) =
0.89. This coefficient can also be observed in the plot given in Figure 5.10,
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Figure 5.9: Resulting histograms of the simulation described in Listing 5.9.
c1 is the concentration resulting from taking 1 ml from the stock solution
where c2 is generated with 2 ml.

where the first 104 pairs of points are plotted. This procedure of establish-
ing two lead reference solutions out of one stock solution demonstrates the
nature of logical correlations and the way how they should be build up in
MUSE . If the correlation is not taken into account via the measurement
model, the correlation coefficient needs to be determined by measurements.
In the example given, the correlation between the concentration of the two
reference dilutions would be determined by repeated measurements of the
concentrations c1 and c2 by an ICP-OES device which would cause a lot of
problems in practice. In Section 7, the models presented above will be re-
used in order to determine the lead of a drinking water sample in such a
ICP-OES measurement.
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Figure 5.10: First 104 pairs of c1 and c2 represented as points.
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Chapter 6

Complex-valued quantities

There exist physical phenomena which cannot be described by a single, one-
dimensional quantity, but by a multidimensional quantity. A lot of physical
behavior like ocean waves, sound waves or light waves can for example be
described by a harmonic function

f(t) = r · cos(ω · t+ ϕ0), (6.1)

where r is the amplitude of the function, ϕ0 the phase and ω = 2·π
T

the
angular frequency.

t

r

T

f(t)

ö0

Figure 6.1: Graphical representation of a harmonic function f(t).

Figure 6.1 displays the function f(t) and the involved values r, T and ϕ0.
The phase free form

f(t) = a · cos(ω · t)− b · sin(ω · t) (6.2)

of Equation (6.1) results from the addition theorem for trigonometric func-
tions [VH03, Chapter 4]. The two amplitudes a = r · cosϕ0 and b = r · sinϕ0

131
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can be considered as a vector in the two dimensional plain where b is as-
signed to the ordinate and a to the abscissa in the Cartesian plane. The
length of this vector is therefore the amplitude r and the angle between the
abscissa and the vector the phase ϕ0 of Equation (6.1). An equivalent repre-
sentation of the two-dimensional plane is the complex plane, where the two
amplitudes of the harmonic function f(t) are described by the complex num-
ber z = a+ i · b. Figure 6.2 illustrates the complex number z in terms of the
amplitude and the phase as well as in terms of the real and imaginary part.

Re

Im

r

ö

b=r*sin( )ö

a=r*cos( )ö z

Figure 6.2: Complex number z represented in the polar form z = r · ei·ϕ and
in the trigonometric form z = r · (cos(ϕ) + i · sin(ϕ)).

The figure implies the conversion between the two representations

zre := a = r · cos(ϕ), (6.3)

zim := b = r · sin(ϕ), (6.4)

r = abs(z) =
√

(z2
re + z2

im), (6.5)

ϕ = arg(z) = atan(zim/zre), (6.6)

where r is the amplitude and ϕ the phase in the polar representation, zre the
real part and zim the imaginary part in the trigonometric form.

A two-dimensional value given in terms of an amplitude corresponding to
a phase defines therefore a complex number in the polar coordinate system
and can be written as z = r · ei·ϕ, which is called the exponential form. It is
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equivalent to z = r · (cos(ϕ) + i · sin(ϕ)), which is called the trigonometric
form and represents the complex number in the Cartesian coordinate system.
The imaginary unity i =

√
−1 appears in both representations and divides

the number into two components, the real part and the imaginary part. A
measured quantity resulting in an angle and a magnitude or in a real and
imaginary part, is called a complex-valued quantity.

A lot of highly accurate measurements, which results in complex-valued
quantities occur for example in the field of electrical engineering. Therefore,
we concentrate in the following on such measurements. Of course the pre-
sented principles can be adapted to each other technical area which demands
measurements resulting in such quantities. In electrical engineering, the har-
monic function is used to describe the voltage curve over time. An example
of a measurement in high frequency engineering is the measurement of the
reflection of such a voltage wave. The principle of such a measurement is
illustrated in Figure 6.3. On the one hand, the difference between the ampli-

a

b

Äö

Incoming signal

Phase shift

Reflected signal

Figure 6.3: The reflection of a voltage wave is determined by the quotient
between the amplitude before (a) and after (b) the reflection and the phase
shift ∆ϕ.

tude of the wave before and after the investigated device is determined. On
the other hand, the measurand is defined by the difference1 between the two
angles |ϕ1 − ϕ2| := ∆ϕ. The reflection is therefore completely described by

1The angle ϕ1 before respectively ϕ2 after the reflection is not known but the difference
∆ϕ between them can be measured.
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Figure 6.4: Reflection of a voltage wave described in the polar as well as in
the trigonometric representation.

the complex number z displayed in Figure 6.4. The amplitude of z is hence
the quotient of the two amplitudes b/a. The phase of z represents the needed
time to reflect the wave and is called phase shift.

Although the polar form and the trigonometric form are equivalent, the
magnitude and phase representation is generally preferred in engineering ap-
plications as it is often a more natural description of the measured phe-
nomenon and allows a more intuitive interpretation. However, the scales of
the amplitude and the phase do not behave in the same way as the scales
of the Cartesian coordinate system as they have special characteristics. The
amplitude of the signal cannot be less than zero as the amplitude is the length
of a vector. On the other hand, the phase is represented on a scale which
is cyclical and can for example take values between −180◦ and 180◦ where
−180◦ = 180◦. The peculiarities in both scales can cause difficulties when us-
ing statistics to summarize the data of a complex-valued quantity as demon-
strated in Section 6.1.2. Therefore, Ridler and Salter recommend in [RS00]
to transform all complex-valued quantities into the trigonometric form before
performing any arithmetic operation. They also recommend to transform the
calculated values into the polar representation after all computations have
been performed. This recommendation is based on the GUM uncertainty
framework in which the consideration of physical limits is hard, or even im-
possible. The software package MUSE uses the Monte Carlo method to
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propagate the PDFs representing the input quantities through the measure-
ment model as recommended by the first supplement to the GUM [BIP08a].
As the consideration of physical limits is straightforward using MCM, MUSE
does not restrict the user in the calculation using complex-valued quantities.
It is possible to define a complex-valued quantity in terms of the real and
imaginary part as well as in terms of the magnitude and the phase. Also,
calculations in both representations are possible using the software package.
The decision of performing the operations in the trigonometric or in the polar
representation is left to the user in order to maximize the flexibility of the
system. Beside the ability of MUSE to perform calculations in both repre-
sentations, it is also possible to convert from the polar into the trigonometric
representation and visa verse.

The following sections describe, how complex-valued quantities can be de-
fined, which operations can be used on them and how the conversion between
the two representations can be performed. The measurement uncertainty of
a VNA measurement is evaluated at the end of this chapter in order to
demonstrate the abilities of MUSE to do uncertainty calculations including
complex-valued quantities.

6.1 Uncertainty of complex numbers

Each complex number consists of two components regardless whether it is
represented in the Cartesian or the polar form. As both components are
usually determined by a measurement, both are afflicted with measurement
uncertainty and are input quantities of the measurement model. The analysis
of the basics of measurement uncertainty calculation in Chapter 2 delivers
as the most reasonable description of the state of knowledge about an input
quantity the probability density function (PDF). Hence, a complex-valued
quantity is defined by two PDFs, each representing one component of the
complex number. If the marginal distributions representing the complex-
valued quantity depend on each other, they should be generated as described
in Chapter 5. A complex-valued quantity is therefore defined by one PDF
for the real and a second one for the imaginary part in the Cartesian system
or one PDF for the phase and a second one for the amplitude in the polar
representation. The result of an uncertainty calculation including complex-
valued quantities is therefore also a two-dimensional PDF. The interpretation
of such a quantity can be done by analyzing the two resulting PDFs separate
or by analyzing joint attributes of them like the correlation between the
PDFs. A counterpart to the coverage interval of a scalar output quantity
is a coverage region for a complex-valued quantity. The determination of
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coverage regions for complex-valued output quantities is not straightforward
[BIP08b]. Some approaches have been proposed by Barnett [Bar76]. As
no official recommendation exists for the time being to calculate coverage
regions, it is not implemented in MUSE . The user is advised to calculate
a coverage region using the data generated by MUSE in cases where the
computation of a coverage region makes sense and is applicable.

A two-dimensional PDF can be visualized by a so-called contour plot, i.e. a
graphical representation of the relationships among three numeric variables.
The phase is in the following plotted on the ordinate and the amplitude
on the abscissa for the representation of a complex-valued quantity in the
polar coordinate system. For a complex-valued quantity represented in the
Cartesian coordinate system, the imaginary part is plotted on the ordinate
of the contour plot where the real part is plotted on the abscissa.

The following sections show, how complex-valued quantities are defined
in MUSE , which operations and functions can be used on them and how
a quantity represented in the Cartesian system can be transformed into a
quantity represented in the polar representation and vice verse. To this end,
an easy example, the multiplication of two reflection coefficients, is used
to demonstrate the ability of MUSE to do calculations including complex-
valued quantities. A reflection coefficient is described by the ratio between
the amplitude of the reflected signal and the incident signal and the phase
shift between them (see Figure 6.3).

Let in the following z1 be a complex-valued quantity describing a re-
flection coefficient. The amplitude of z1 is given in terms of a Gaussian
distribution with a mean value of 0.01 and an associated standard uncer-
tainty of 0.1. The argument of z1 is described by a mean value of 5 · π/180
with an uncertainty of π/180. The magnitude of the second reflection coef-
ficient z2 has a mean value of 0.02 with a standard deviation of 0.1, where
the argument is Gaussian distributed with a mean of 2 · π/180 and an as-
sociated standard uncertainty of π/180. This specification of the quantities
allows, if used without due care, negative distances for the amplitude of both
quantities z1 and z2. Although such a definition is not very common in
practice, it is used here to demonstrate the difficulties that can arise using
the GUM uncertainty framework and how these difficulties can be avoided
using the Monte Carlo method. To this end, the multiplication z1 · z2 is
performed in three different ways. First, z1 and z2 are transformed from the
polar into the Cartesian representation using the GUM uncertainty frame-
work. Afterwards, the resulting mean values and standard uncertainties are
used to define z1 and z2 in the Cartesian representation using Gaussian dis-
tributed input quantities in MUSE and the multiplication is performed. In
the end, the resulting quantity represented in the Cartesian system is back-
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transformed into the polar representation using again the GUF. This process
is illustrated in Figure 6.5. Using the transformation from the polar into the

z1Pol

z2Pol

GUF

z2Cart

z1Cart

MCM

z1 *Cart z2Cart

GUF

z1 *z2Polpol

Figure 6.5: Multiplication of two complex-valued quantities z1 and z2 defined
in the polar representation, transformed into the Cartesian representation
using the GUF, multiplied using MCM and back-transformed using again
the GUF.

Cartesian representation via the GUF also allows us to demonstrate how a
complex-valued quantity can be defined in the Cartesian representation in
MUSE and is elaborated in Section 6.1.1. The second way to multiply z1

and z2 is completely based on the Monte Carlo method. The transforma-
tion from the polar into the Cartesian and also the back transformation is
there done using MCM as illustrated in Figure 6.6. Hence, the definition of
a complex-valued quantity in the polar representation in MUSE is needed,
which is elaborated in Section 6.1.2. In the end, the multiplication is per-
formed completely in the polar representation which results in the same as
transforming the quantities using MCM.

z1Pol

z2Pol

MCM

z2Cart

z1Cart

MCM

z1 *Cart z2Cart

MCM

z1 *z2Polpol

Figure 6.6: Multiplication of two complex-valued quantities z1 and z2 defined
in the polar representation, transformed, multiplied and back-transformed
using MCM.



138 CHAPTER 6. COMPLEX-VALUED QUANTITIES

6.1.1 Cartesian definition

A complex-valued quantity given in the Cartesian coordinate system is de-
fined by a PDF for the real and a second PDF for the imaginary part. If
there exists correlations between the two components, they should be treated
as described in Chapter 5. There exists two equivalent ways to define such a
quantity in MUSE . The first one uses a special distribution called <complex>.
Listing 6.1 defines a complex-valued quantity with one Gaussian distribution
for the real and a second one for the imaginary part within a basic model,
which can afterwards be instantiated in a simulation description.

Listing 6.1: Complex-valued quantity represented in Cartesian coordinates
defined via the distribution complex.

1 <model name="Complex" targetid="s">
2 <influence id="s" name="Complex">
3 <distribution id="c">
4 <complex>
5 <realpart>
6 <distribution>
7 <gauss>
8 <mu parameter="#m1">1</mu>
9 <sigma parameter="#s1">1</sigma>

10 </gauss>
11 </distribution>
12 </realpart>
13 <imaginarypart>
14 <distribution>
15 <gauss>
16 <mu parameter="#m2">1</mu>
17 <sigma parameter="#s2">1</sigma>
18 </gauss>
19 </distribution>
20 </imaginarypart>
21 </complex>
22 </distribution>
23 </influence>
24 </model>

The second way to define a complex-valued quantity in the Cartesian coor-
dinate system is using the function complex.

Listing 6.2: Complex-valued quantity represented in Cartesian coordinates
defined using the function complex.
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Operation Description

z = a+ b Addition
z = a− b Subtraction
z = a · b Multiplication
z = a/b Division
z = abs(a) Absolute value of a (|a|)
z = arg(a) Argument of a
z = exp (a) Exponential function (ea)
z = log (a) Natural logarithmic function
z = sqrt(a) Square root of a (

√
a)

z = pow(a, b) Complex power function (ab)
z = sin(a) Sine of complex number a
z = cos(a) Cosine of complex number a
z = tan(a) Tangent of complex number a

Table 6.1: Operations defined in MUSE on two complex-valued quantities
a = (are + i · aim) and b = (bre + i · bim).

1 <simulation>
2 <instances>
3 <instance name="a_real" model="gaussparam"/>
4 <instance name="a_imag" model="gaussparam"/>
5 </instances>
6 <calculation dimensions=" -1">
7 <analyze mode="on" histbars="60" histcut="999"/>
8 <measurand>
9 complex(a_real , a_imag)

10 </measurand>
11 </calculation>
12 </simulation>

Listing 6.2 shows a simulation description which uses two instances of a
Gaussian distribution to define a complex-valued quantity in this way. The
argument dimensions="-1" of the calculation tag tells MUSE , that the
output of the calculation will be a complex-valued quantity. It is necessary
to set this attribute in order to write the output in a specific format, which
allows MUSE to identify the output as a complex-valued quantity. The
available operations of MUSE on two complex-valued quantities a and b
defined in the Cartesian system are listed in Table 6.1. The operations and
functions given in Table 6.1 are implemented in MUSE by the standard C++

library complex. If the parser of MUSE detects a function call operating
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on a complex-valued quantity defined in Cartesian coordinates it calls the
corresponding function of this library. For implementation details of the
library see the technical memorandum of Rose and Stroustrup [RB84].

A complex-valued quantity defined in the Cartesian system is in the fol-
lowing visualized by a figure that displays the real part of the quantity on
the top, the imaginary part on the left hand side and the contour plot in the
middle. All the simulations are, as usual, performed with 10 million Monte
Carlo trials unless otherwise noted. The number of histogram bars is set in
the analyze tag to 60, the plotted region of the histogram is limited to a
coverage region of 99.9 % using the tag histcut="999" and the histograms
are normalized, i.e. the height of all histogram bars sums to 1. Figure 6.7
shows such a graphical representation of the complex-valued quantity which
results from Listing 6.2. We convert this complex-valued quantities from
the polar representation into the Cartesian representation using the GUF, as
we like to do the calculation this time in the Cartesian representation and
receive an expectation for the real part of z1

z1re = abs(z1) · cos(arg(z1)) = 0.01 · cos

(
5 · π
180

)
= 9.962e-3

and for the imaginary part

z1im = abs(z1) · sin(arg(z1)) = 0.01 · sin
(

5 · π
180

)
= 8.716e-4.

The uncertainties of the real and imaginary part of z1 are calculated using the
uncertainty propagation. To this end, we calculate the sensitivity coefficients
of the transformation of the real part and receive a sensitivity for the absolute
value of

cabs(z1re) =
∂abs(z1) · cos(arg(z1))

∂abs(z1)

= cos(arg(z1)) = cos
5 · π
180

= 0.9962.

The sensitivity with respect to the argument of the real part of z1 is given
by

carg(z1re) =
∂abs(z1) · cos(arg(z1))

∂arg(z1)

= abs(z1) · − sin(arg(z1)) = 0.01 · − sin
5 · π
180

= −8.7156e-4.
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Figure 6.7: Graphical representation of a complex-valued quantity in the
Cartesian system. The figure shows the contour plot with the marginal dis-
tribution representing the imaginary part on the ordinate. The marginal
distribution of the abscissa represents the normalized histogram of the real
part.

The squared standard uncertainty of the real part of the transformed complex-
valued quantity is therefore

u2(zre) = u2(abs(z1)) · cabs(z1re)
2 + u2(arg(z1)) · carg(z1re)

2

= 0.12 · 0.99622 + (
π

180
)2 · (−8.756e-4)2 = 9.9240e-3

and the standard uncertainty u(zre) = 9.9619e-2. The uncertainty for the
imaginary part can be evaluated in the same way which delivers u(zim) =
8.717e-3. The second complex-valued quantity z2 is also defined in the polar
representation with a mean value for the magnitude of 0.02 and an uncer-
tainty of 0.1. The phase of z2 has a mean of 2 · π/180 with an uncertainty
of π/180. The transformation into Cartesian coordinates delivers a mean
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abs arg re im
quantity val uc val uc val uc val uc

z1 .01 .1 8.73e-2 1.75e-2 9.96e-3 9.96e-2 8.72e-4 8.72e-3
z2 .02 .1 3.49e-2 1.75e-2 1.99e-2 9.99e-2 6.98e-4 3.51e-3

z1 · z2 1.95e-4 1.01e-2 0.12 7.34 1.94e-4 1.02e-2 2.42e-5 9.62e-4

Table 6.2: Values (val) and uncertainties (uc) of the two quantities z1 and
z2 describing a reflection coefficient in the polar and the Cartesian represen-
tation. The uncertainties in the polar representation are calculated using the
GUF. The last row shows the results of the multiplication z1 · z2 in terms of
real (re) and imaginary part (im) using MUSE . The transformation of the
result into the polar representation is again performed using the GUF.

value for the real part z2re of 0.02 and a mean value for the imaginary part
z2im of 6.979e−4. The uncertainty in the Cartesian representation is eval-
uated in the same way as for the quantities z1re and z1im. The standard
uncertainty for the real part is u(z2re) = 9.994e-2 and for the imaginary
part u(z2im) = 3.507e-3. The values for the amplitude, the phase as well as
for the real and the imaginary part of z1 and z2 are summarized in Table
6.2. The uncertainties of these quantities are also given there. The transfor-
mation from the polar into the Cartesian representation delivers physically
meaningless results using the GUF, as the input quantities z1 and z2 allows
negative values for the amplitude. Therefore, also the following calculations
deliver senseless results. Nevertheless they are elaborated in order to work
out the difficulties which can arise from the careless use of the uncertainty
propagation on complex-valued quantities and also to demonstrate how to
do calculations with complex-valued quantities represented in the Cartesian
plane in MUSE .

Using the values given in Table 6.2, we can define two complex-valued
quantities in the Cartesian coordinate system in MUSE as shown in Listing
6.3 and calculate the product z1 · z2 of them. The resulting histograms for
the real as well as for the imaginary part are plotted in Figure 6.8. The
contour plot of the resulting two-dimensional PDF is displayed in-between
the real and imaginary part.

Listing 6.3: MUSE simulation description for calculating the product of z1
and z2 in Cartesian coordinates.

1 <simulation>
2 <instances>
3 <instance name="z1c" model="complexgaussparam">
4 <parameters>
5 <parameter id="#m1">9.962e-3</parameter>
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Figure 6.8: Multiplication of two complex-valued quantities z1 and z2 de-
fined, calculated and visualized in the Cartesian representation. The input
quantities result from the transformation from the polar into the Cartesian
representation using the GUF. The values of the quantities are given in Table
6.2. The visualized area of the histograms is limited to the 95 % coverage
region.

6 <parameter id="#s1">9.962e-2</parameter>
7 <parameter id="#m2">8.716e-4</parameter>
8 <parameter id="#s2">8.717e-3</parameter>
9 </parameters>

10 </instance>
11 <instance name="z2c" model="complexgaussparam">
12 <parameters>
13 <parameter id="#m1">1.999e-2</parameter>
14 <parameter id="#s1">9.994e-2</parameter>
15 <parameter id="#m2">6.979e-4</parameter>
16 <parameter id="#s2">3.507e-3</parameter>
17 </parameters>
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18 </instance>
19 </instances>
20 <calculation dimensions=" -1">
21 <analyze mode="on" histbars="60" histcut="95"/>
22 <measurand>
23 z1c * z2c
24 </measurand>
25 </calculation>
26 </simulation>

The mean value of the resulting PDF representing the real part is 1.9365e-4
with an associated standard uncertainty of 1.0212e-2. The mean value of
the imaginary part is 2.4245e-05 with an associated standard uncertainty of
9.6196e-4. As recommended in [RS00] the result of the calculation in the
Cartesian representation, in the following denoted by r, is transformed back
into the polar representation. This transformation is again performed using
the GUF. The estimate for the amplitude is therefore

abs(r) =
√
r2
re + r2

im =
√

1.9365e-42 + 2.4245e-52 = 1.9516e-4

and the estimate for the phase

arg(r) = atan

(
rim
rre

)
= atan

(
2.4245e-5

1.9354e-4

)
= 0.1246.

The standard uncertainty of the amplitude abs(r) and the phase arg(r) of the
result are again calculated using the uncertainty propagation. The sensitivity
of the calculation of the phase arg(r) = atan (rim/rre) with respect to the
real part rre of the quantity r = z1 · z2 is

cre(arg(r)) =
∂atan

(
rim
rre

)
∂rre

= −rim
r2
re

· 1

1 + rim
rre

= − 2.4245e-5

1.9365e-42 ·
1

1 + 2.4245e-5

1.9365e-4

= −574.5892

and according to the imaginary part rim

cim(arg(r)) =
∂atan

(
rim
rre

)
∂rim

= − 1

rre
· 1

1 + rim
rre

= − 1

1.9365e-4
· 1

1 + 2.4245e-5

1.9365e-4

= 4589.3664.
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The sensitivity of the calculation of the absolute value abs(r) =
√
r2
re + r2

im

according to the real part is

cre(abs(r)) =
∂
√
r2
re + r2

im

∂rre
= 2 · rre ·

1

2 ·
√
r2
re + r2

im

=
rre√

r2
re + r2

im

=
1.9365e-4√

1.9365e-42 + 2.4245e-52
= 0.9923

and according to the imaginary part

cim(abs(r)) =
∂
√
r2
re + r2

im

∂rim
=

rim√
r2
re + r2

im

=
2.4245e-5√

1.9365e-42 + 2.4245e-52
= 0.1242.

The squared standard uncertainty of the calculation of the phase is therefore

u2(arg(r)) = cre(arg(r))2 · u2(rre) + cim(arg(r))2 · u2(rim)

= (−574.5892)2 · 1.0212e-22 + 4589.36642 · 9.6194e-42

= 53.9195,

which is a standard uncertainty of u(arg(r)) = 7.3430. The squared standard
uncertainty for the calculation of the amplitude is

u2(abs(r)) = cre(abs(r))2 · u2(rre) + cim(abs(r))2 · u2(rim)

= 0.99232 · 1.0212e-22 + 0.12422 · 9.6194e-42

= 1.02700e-04,

which is a standard uncertainty of u(abs(r)) = 1.0134e-2. The results are
again summarized in Table 6.2. The absolute value of the multiplication of
z1 and z2 results therefore in a Gaussian distribution with a mean value of
1.95e-4 and an associated standard deviation of 0.0101. Figure 6.9 displays
the histogram representing the magnitude of this calculation on the top.
There we can see, that this calculation of the magnitude allows negative
values. Also the resulting distribution for the phase is quite unnatural with a
mean value of 0.1246 and an associated standard uncertainty of 7.3430. This
two distributions result on the one hand from the fact, that all information
about the distribution, except the first two moments, is ignored using the
uncertainty propagation. Also the definition of the quantities itself accepts
negative values for the argument. If this definition of the input quantities
is taken as is, physical meaningless results can arise for the resulting PDF.
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Figure 6.9: Graphical representation of the multiplication of z1 and z2. The
result is represented in the polar plane where the uncertainties of the mag-
nitude and the phase are calculated using the uncertainty propagation.

Therefore, the conversion from the polar into the Cartesian representation in
the beginning of the calculation as well as the inverse transformation delivers
for this example senseless distributions using the GUF.

The following sections show, how a complex-valued quantity can be de-
fined in the polar representation and which operations are implemented on
such a quantity in MUSE . The multiplication of the two quantities z1 and
z2 is also performed in this representation.

6.1.2 The polar representation

To define a complex-valued quantity in the polar representation using MUSE ,
one PDF for the angle (argument) and a second one for the magnitude (ab-
solute value) must be defined. These two PDFs can afterwards be combined,
in order to receive a two-dimensional PDF using the function polar. List-
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ing 6.4 defines the quantity z1 via the function call polar(z1_abs,z1_arg)
for the reflection example introduced above in the polar representation. The
function polar takes as first argument the distribution representing the mod-
ulus of the complex-valued quantity and as the second one the distribution
representing the argument. The distributions in Listing 6.4 are defined as
instances of the basic model gaussparam.

Listing 6.4: Definition of the complex-valued quantity z1 (see Table 6.2) in
polar coordinates using the function polar.

1 <simulation>
2 <instances>
3 <instance name="z1_abs" model="gaussparam">
4 <parameters>
5 <parameter id="#1">0.01</parameter>
6 <parameter id="#2">0.1</parameter>
7 </parameters>
8 </instance>
9 <instance name="z1_arg" model="gaussparam">

10 <parameters>
11 <parameter id="#1">pi/180 * 5</parameter>
12 <parameter id="#2">pi/180</parameter>
13 </parameters>
14 </instance>
15 </instances>
16 <calculation dimensions=" -1">
17 <analyze mode="on" histbars="60" histcut="999"

datafiles="keep"/>
18 <measurand>
19 polar(z1_abs ,z1_arg)
20 </measurand>
21 </calculation>
22 </simulation>

The output of MUSE for a complex-valued quantity represented in the
polar coordinate system is again a two-dimensional PDF. The magnitude is
in the following plotted on the top, the argument on the left hand side and
the contour plot in the middle to visualize a complex-valued quantity given
in the polar representation. Figure 6.10 displays the plot of the quantity z1
defined in Listing 6.4. There we can see, that MUSE does not just assign
the given distributions to the magnitude and the phase, but converts the
distributions such that the physical limits of the axes are considered. Hence,
the argument of such a quantity has to be between−π and π and the modulus
has to be a positive value, as a distance can never be negative. The negative
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Figure 6.10: Graphical representation of the complex-valued quantity z1
from Listing 6.7 represented in polar coordinates. The figure shows on the
left hand side the argument, on top the magnitude and in the middle the
contour plot.

values for the magnitude arising from Listing 6.7 are therefore mapped to
the positive region. This mapping is performed using the absolute value of
the generated random number corresponding to the selected distribution, in
the example given in Listing 6.4 a Gaussian distribution with a mean value
of 0.01 with an uncertainty of 0.1. Of course that is not the only way to hold
the physical limit of the magnitude. Another possibility is to throw away
all generated values which are less than zero. The implemented method in
MUSE should give a basis for further discussions and point the user to the
problem of defining a magnitude with possibilities for negative distances.
Regardless of the method used, the input of the user will be adapted to the
physical circumstances and the distribution therefore changed. In doing so,
also the statistical parameters of the distribution will change. The mean
value of the magnitude defined in Listing 6.4 changes by the mapping of
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the negative values to 0.08 with an associated standard uncertainty of 0.06.
Also, the physical limits of the phase are considered using MUSE . Listing
6.5 defines a complex-valued quantity in the polar plane with a phase that
varies around the physical limit π.

Listing 6.5: Definition of a complex-valued quantity with a phase that varies
around the physical limit π.

1 <simulation>
2 <instances>
3 <instance name="a_abs" model="gaussparam">
4 <parameters>
5 <parameter id="#1">1</parameter>
6 <parameter id="#2">.1</parameter>
7 </parameters>
8 </instance>
9 <instance name="a_arg" model="gaussparam">

10 <parameters>
11 <parameter id="#1">pi</parameter>
12 <parameter id="#2">pi/10</parameter>
13 </parameters>
14 </instance>
15 </instances>
16 <calculation dimensions=" -1">
17 <analyze mode="on" histbars="60"/>
18 <measurand>
19 polar(a_abs ,a_arg)
20 </measurand>
21 </calculation>
22 </simulation>

Values larger than π are mapped to −π according to the limit of the axis
as illustrated in Figure 6.11. The mean value of such a distribution is thus
no longer a meaningful estimator as the distribution has a probability of
nearly 0 for the resulting mean value, i.e. gY (x̃) ≈ 0. The mean value of
the resulting, approximated PDF of Listing 6.5 is for example 0.08 instead
of π as suggested by the definition. This problem arises as a result of the
summarization of the resulting values using the tag

<analyze mode="on" histbars="60"/>.

MUSE is able to define how the phase shift of a complex-valued quantity is
proceeded while summarizing the data using the switch phaseshift="on".
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Figure 6.11: Complex-valued quantity resulting from Listing 6.5 with a phase
varying around π.

By turning on this argument in the analyze tag, all values ξ greater than π,
which have been mapped to −π+ξ are transformed back to π+ξ. Therefore,
it is possible to calculate a meaningful estimator of the approximated PDF
representing the argument of the output of the measurement. In doing so, an
approximation of the PDF representing the argument as displayed in Figure
6.12 arises with a mean value of 3.14 and an associated standard uncertainty
of 0.314, i.e. the values specified in Listing 6.5.

The physical limits of the axes are also considered while performing op-
erations on the complex-valued quantities. Listing 6.6 defines two complex-
valued quantities in the polar representation and perform a multiplication of
them. The magnitude of both quantities is 0.1 with an uncertainty of 0.1.

Listing 6.6: Multiplication of two complex-valued quantities in the polar rep-
resentation. The physical limits of the axes are considered for the magnitude
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Figure 6.12: Complex-valued quantity resulting from Listing 6.5 where the
argument phaseshift="on" is set.

as well as for the phase.

1 <simulation>
2 <instances>
3 <instance name="a_abs" model="gaussparam">
4 <parameters>
5 <parameter id="#1">.1</parameter>
6 <parameter id="#2">.1</parameter>
7 </parameters>
8 </instance>
9 <instance name="a_arg" model="gaussparam">

10 <parameters>
11 <parameter id="#1">pi/2</parameter>
12 <parameter id="#2">pi/10</parameter>
13 </parameters>
14 </instance>



152 CHAPTER 6. COMPLEX-VALUED QUANTITIES

15 <instance name="b_abs" model="gaussparam">
16 <parameters>
17 <parameter id="#1">.1</parameter>
18 <parameter id="#2">.1</parameter>
19 </parameters>
20 </instance>
21 <instance name="b_arg" model="gaussparam">
22 <parameters>
23 <parameter id="#1">pi/2</parameter>
24 <parameter id="#2">pi/10</parameter>
25 </parameters>
26 </instance>
27 </instances>
28 <calculation dimensions=" -1">
29 <analyze mode="on" histbars="60" histcut="999"/>
30 <measurand>
31 polar(a_abs ,a_arg) * polar(b_abs ,b_arg)
32 </measurand>
33 </calculation>
34 </simulation>

The distribution for the resulting magnitude will therefore has a mean value
of 0.01 with a standard uncertainty of

√
2/100 = 0.01414 without the con-

sideration of the physical limit. This would result again in a distribution
that allows negative values for the magnitude if these values are interpreted
according to the GUM. Figure 6.13 indicates, that MUSE takes the limits
of the axes also during the calculation into account and shows on the top
the resulting distribution for the magnitude. Also the limits of the phase are
considered and the resulting distribution is plotted on left hand side. MUSE
does all the operations defined on complex-valued quantities, which are rep-
resented in the polar plane, considering the physical limits. The implemented
operations are listened in Table 6.3. The number of operations on complex-
valued quantities in the polar representation is very limited compared to the
list of operators on quantities defined in the Cartesian representation. One
reason for that is, that some operations that are available in the Cartesian
representation are not defined in the polar representation like the addition
or the subtraction. On the other hand, the number of implemented opera-
tions is small to avoid ambiguous operators. To be able to use all operations
listed in Table 6.1 for quantities defined in the Cartesian representation also
in the polar representation, MUSE provides two conversion operators which
are elaborated in the following section. The standard operators in the po-
lar representation are implemented as the conversion can be time-consuming
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Figure 6.13: Graphical representation of the multiplication of two complex-
valued quantities defined by Listing 6.6. The physical limits are considered
for the magnitude as well as for the argument.

for large numbers of trials. If the input quantities are given in the polar
representation and the output should be interpreted also in the polar plane
computing time can be saved using these operations.

The multiplication of the two reflection coefficients z1 and z2 given in
Table 6.2 is in the following performed in the polar representation. In doing
so we will see, that there can arise a big difference between the definition and
multiplication of the reflection coefficients in the Cartesian representation
and the polar representation as in the polar representation the physical limits
of the input quantities are considered. Listing 6.7 gives the MUSE code for
this multiplication.

Listing 6.7: Definition and multiplication of the complex-valued quantities
z1 and z2 given in Table 6.2 in the polar representation.

1 <simulation>
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Operation Description

z = a · b Multiplication of a and b.
z = a/b Division of a and b.
z = abs(a) Absolute value of a. Result is a real number.
z = arg(a) Argument of a. Result is a real number.
z = sqrt(a) Square root of a.

Table 6.3: Operations defined in MUSE on two complex-valued quantities
a = abs(a) · exp(i · arg(a)) and b = abs(b) · exp(i · arg(b)) given in the polar
representation.

2 <instances>
3 <instance name="z1abs" model="gaussparam">
4 <parameters>
5 <parameter id="#1">0.01</parameter>
6 <parameter id="#2">0.1</parameter>
7 </parameters>
8 </instance>
9 <instance name="z1arg" model="gaussparam">

10 <parameters>
11 <parameter id="#1">pi/180 * 5</parameter>
12 <parameter id="#2">pi/180</parameter>
13 </parameters>
14 </instance>
15 <instance name="z2abs" model="gaussparam">
16 <parameters>
17 <parameter id="#1">0.02</parameter>
18 <parameter id="#2">0.1</parameter>
19 </parameters>
20 </instance>
21 <instance name="z2arg" model="gaussparam">
22 <parameters>
23 <parameter id="#1">pi/180 * 2</parameter>
24 <parameter id="#2">pi/180</parameter>
25 </parameters>
26 </instance>
27 </instances>
28 <calculation dimensions=" -1">
29 <analyze mode="on" histbars="60" histcut="95"

datafiles="keep"/>
30 <variable name="z1"> polar(z1abs ,z1arg) </variable>
31 <variable name="z2"> polar(z2abs ,z2arg) </variable>



6.1. UNCERTAINTY OF COMPLEX NUMBERS 155

32 <measurand>
33 z1*z2
34 </measurand>
35 </calculation>
36 </simulation>

Line 30 and 31 defines the variable z1 respectively z2. For details on variables
in MUSE see Appendix A. Both variables use the function
polar(abs, arg), which takes as first argument a distribution for the magni-
tude and as second one a distribution for the phase. The resulting histograms
for the modulus and the argument are displayed in Figure 6.14. The mean
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Figure 6.14: Resulting histogram for the magnitude (top) and the argument
(left) of the multiplication of the two reflection coefficients z1 and z2.

value of the resulting magnitude is 6.5280e-3 with an associated standard
uncertainty of 7.8988e-3. The mean value of the argument is 0.1221 with
a standard uncertainty of 2.4685e-2. These results differ significantly from
those calculated in the previous section, where the transformation from the
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absolute value argument
z1 · z2 val uc val uc

Cartesian 1.95e-4 0.0101 0.1246 7.3430
Polar 6.5280e-3 7.8988e-3 0.1221 2.4685e-2

Table 6.4: Values (val) and uncertainties (uc) of the multiplication of the
two reflection coefficients z1 and z2 defined in Table 6.2. The calculation
is performed only in the Cartesian representation and the conversion into
the polar representation is done using the uncertainty propagation in the
first line. The second line results from the calculation solely in the polar
representation.

polar into the Cartesian and also the back transformation was performed
using the uncertainty propagation. The results of both calculations are sum-
marized in Table 6.4.

The following sections show, how the conversion from the polar into the
Cartesian representation can be performed in MUSE and how the multipli-
cation of the reflection coefficients can be calculated using these functions.

6.2 Conversion

In the previous sections it was shown, how to define a complex-valued quan-
tity in two different ways, in the Cartesian coordinate system and in the polar
coordinate system. Also, the operations defined on a complex-valued quan-
tity given in one of these two representations were listed. If we do calculations
with numbers that are not afflicted with uncertainties, both representations
are equivalent. The conversion of a complex value z = zre + i · zim from the
Cartesian into the polar system is for numbers not afflicted with uncertainties
given by

r =abs(z) and (6.7)

ϕ =arg(z), (6.8)

where the back transformation is done by

zre =r · cos(ϕ1) and (6.9)

zim =r · sin(ϕ1). (6.10)

The magnitude is given by r and the angel by ϕ in the polar representation
where zre is the real part and zim the imaginary part in the Cartesian repre-
sentation. The calculation of the absolute value as well as of the argument is
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not straightforward. Due to numerical reasons the absolute value should for
example not be implemented via the function

√
z2
re + z2

im. For a theoretical
elaboration of these transformations see the textbook Computer Mathematik
by Walter Gander [Gan85, page 29-32]. The implementation of MUSE uses
the standard C++ library complex [RB84] which provides the functions abs

and arg.
These conversions can be performed in MUSE on complex-valued quanti-

ties using the function p2c to convert from the polar representation into the
Cartesian representation and c2p vice verse. Using these functions, also the
uncertainties afflicted with the quantities are transformed as the following
sections demonstrate.

6.2.1 Polar to Cartesian conversion

The resulting area of possible values of a complex-valued quantity defined
in the polar plane with rectangular distributed magnitude and argument is
visualized in the Cartesian plane in Figure 6.15. This area can also be created

Re

Im

r

ö

Figure 6.15: Area of possible values of a complex-valued quantity defined
in the polar plane with rectangular distributed phase ϕ and argument r,
visualized in Cartesian coordinates.

by the few lines of Matlab code given in Listing 6.8.
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Listing 6.8: Conversion of a complex-valued quantity defined in the polar
plane into the Cartesian plane using Matlab.

1 r = sqrt(2) + 0.1*rand(1 ,100000);
2 phi = (pi/4 - pi/20) + pi/10*rand(100000 ,1);
3 re1 = r*cos(phi);
4 im1 = r*sin(phi);
5 plot(re1 (1:1000) ,im1 (1:1000) ,’.’);

The resulting plot of this algorithm is shown in Figure 6.16. It is possible to
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Figure 6.16: Resulting plot of Listing 6.8. A complex-valued quantity is
generated in the polar representation with a rectangular distributed phase
and amplitude. Afterwards, each generated point is transformed into the
Cartesian plane and plotted.

plot the histograms of the marginal distributions of the resulting complex-
valued quantity using the two Matlab commands

[n1,xout1] = hist(re1,40)

[n2,xout2] = hist(im1,40).
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The command contour(n1’.*n2) plots the contour plot of the quantity as
shown in Figure 6.17 in the middle. The histograms result from scanning
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Figure 6.17: Marginal distributions representing the real and the imaginary
part resulting from the conversion of a complex-valued quantity defined in
the polar representation into the Cartesian representation (see Listing 6.8).
The same plot results from the simulation with MUSE and Listing 6.9.

Figure 6.16 for the real as well as for the imaginary part. The same marginal
distributions and contour plot results from the MUSE simulation file given in
Listing 6.9. This simulation file uses first the function polar(a_mod,a_arg)

to create a complex-valued quantity in the polar plane, where the modulus
is given by the quantity a_mod and the angle by a_arg.

Listing 6.9: Conversion of a complex-valued quantity defined in the polar
plane into the Cartesian plane using MUSE .

1 <simulation>
2 <instances>
3 <instance name="a_mod" model="openrect">
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4 <parameters>
5 <parameter id="#mean">sqrt (2)</parameter>
6 <parameter id="#width">.1</parameter>
7 </parameters>
8 </instance>
9 <instance name="a_arg" model="openrect">

10 <parameters>
11 <parameter id="#mean">pi/4</parameter>
12 <parameter id="#width">pi/10</parameter>
13 </parameters>
14 </instance>
15 </instances>
16 <calculation dimensions=" -1">
17 <analyze mode="on" histbars="60"/>
18 <measurand>
19 p2c(polar(a_mod ,a_arg))
20 </measurand>
21 </calculation>
22 </simulation>

Both, the modulus as well as the argument are rectangular distributed
and instances of the basic model openrect. The modulus has a mean value
of
√

2 and a width of 0.1 where the argument has a mean of π/4 and a width
of π/10. If we convert the mean values without taking the uncertainty of the
quantities into account, we would receive

√
2 ∗ cos

π

4
=
√

2 ∗ 0.7071 = 1

for the real part and

√
2 ∗ sin

π

4
=
√

2 ∗ 0.7071 = 1

for the imaginary part. This conversion can be performed in MUSE using
the function p2c. Therefore, the uncertainty of the quantities can also be
considered. This simulation results in the same plot as the Matlab calcula-
tion does. The resulting mean value for the real part is approximately 0.9836
and for the imaginary part also 0.9836. The uncertainty of both quantities
is approximately 0.184.

6.2.2 Cartesian to polar conversion

If we define a complex-valued quantity in the Cartesian plane with a rectan-
gular distributed real part and a rectangular distributed imaginary part, we
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receive an area of possible values of this quantity in the polar plane as shown
in Figure 6.18. This plot is produced by the few lines of Matlab code given
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Figure 6.18: Resulting plot of Listing 6.10. A complex-valued quantity is
generated in the Cartesian representation with a rectangular distributed real
and imaginary part. Afterwards, each generated point is transformed into
the polar representation and plotted.

in Listing 6.10.

Listing 6.10: Conversion of a complex-valued quantity defined in the Carte-
sian plane into the polar plane using Matlab.

1 n=1000;
2 z = 1+rand(1,n) + i*(1+ rand(1,n));
3 r = abs(z);
4 phi = angle(z);
5 plot(r,phi ,’.’);

Figure 6.18 displays the area of possible values which arises from the
transformation of a two-dimensional PDF defined by two rectangular distri-
butions, both with an upper limit of 2 and a lower limit of 1, into the polar
plane. The results of Figure 6.18 can be verified analyzing the transforma-
tion of the limits of the original square area. The square is given by the four
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lines

1 < rel < 2,

1 < reh < 2,

1 < iml < 2,

1 < imh < 2.

This four lines define a square in the Cartesian plane as plotted on the left
hand side of Figure 6.19. The Equations (6.9) and (6.10) can be used to
transform this lines into the polar plane, which delivers the four conversions
given by Equations (6.11) to (6.14).

rel = rrel
· sinϕ = 1⇒ rrel

=
1

sin(ϕ)
(6.11)

reh = rreh
· sinϕ = 2⇒ rreh

=
2

sin(ϕ)
(6.12)

iml = riml
· cosϕ = 1⇒ riml

=
1

cos(ϕ)
(6.13)

imh = rimh
· cosϕ = 2⇒ rimh

=
2

cos(ϕ)
. (6.14)

It is possible to calculate a value for the argument for each phase ϕ using
this four formulas. The range of the input variable ϕ is given by the vertices
of the lines in the Cartesian coordinates. The range of ϕ for the line rel
is for example given by [atan(1

2
), . . . , atan(1

1
)] = [0.4636, . . . , 0.7854]. The

resulting region of possible points is plotted on the right hand side of Figure
6.19, which verifies, that the points given by Figure 6.18 are reasonable. The
histograms for the magnitude and the argument as well as the contour plot
resulting from this conversion are given in Figure 6.20. This plot is generated
using the MUSE simulation file given in Listing 6.11.

Listing 6.11: Conversion of a complex-valued quantity defined in the Carte-
sian plane into the polar plane.

1 <simulation>
2 <instances>
3 <instance name="a_rp" model="openrect">
4 <parameters>
5 <parameter id="#mean">1.5</parameter>
6 <parameter id="#width">.5</parameter>
7 </parameters>
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Figure 6.19: Conversion of the four lines rel, reh, iml, imh into the polar
plane.

8 </instance>
9 <instance name="a_ip" model="openrect">

10 <parameters>
11 <parameter id="#mean">1.5</parameter>
12 <parameter id="#width">.5</parameter>
13 </parameters>
14 </instance>
15 </instances>
16 <calculation dimensions=" -1" >
17 <analyze mode="on" histbars="60"/>
18 <measurand>
19 c2p(complex(a_rp ,a_ip))
20 </measurand>
21 </calculation>
22 </simulation>

This listing defines a complex-valued quantity in the Cartesian plane using
the function complex(a_rp,a_ip), where the real part a_rp is rectangular
distributed with a mean value of 1.5 and a width of 0.5. The imaginary part
a_ip is also rectangular distributed with the same parameters. The function
c2p converts the complex-valued quantity from the Cartesian representation
into the polar representation.

It is possible to perform the multiplication of the two reflection coeffi-
cients given in Table 6.2 using the two conversion functions c2p and p2c. To



164 CHAPTER 6. COMPLEX-VALUED QUANTITIES

1.6 1.8 2 2.2 2.4 2.6 2.8

0

0.02

magnitude

0.5

0.6

0.7

0.8

0.9

1

1.1

00.02

ar
gu

m
en

t

0.
2

0.2

0.2

0.
2

0.2

0.2

0.4

0.4

0.4 0.4

0.6

0.6

0.6

0.
8

0.8

Figure 6.20: Histogram of the magnitude and the argument as well as the
contour plot of a complex-valued quantity resulting from Listing 6.11.

this end, we define two complex-valued quantities in the polar plane using the
statements polar(z1_abs,z1_arg) and polar(z2_abs,z2_arg). The dis-
tribution for the absolute value of the quantity z1 is according to Table 6.2
a Gaussian distribution with a mean value of 0.01 and an associated uncer-
tainty of 0.1 where the argument z1_arg is also Gaussian distributed with a
value of 5·π/180 = 8.73e-2 and an associated uncertainty of π/180 = 3.49e-2.
The absolute value z2_abs of the quantity z2 is also Gaussian distributed
with a mean of 0.2 and an uncertainty of 0.1 as well as the argument with
a mean of 2 · π/180 = 0.12 and an uncertainty of π/180 = 1.75e-2. The
quantities are converted into the Cartesian representation using the func-
tion p2c after the definition in the polar plane. The resulting normalized
histograms of the defined quantities are plotted in the first column of Table
6.6. The second column shows the resulting histograms together with the
contour plot after the conversion into the Cartesian plane. These converted
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complex-valued quantities are multiplied, which results in the plot shown in
the third column, first row. In the end, the resulting complex-valued quan-
tity is back-transformed into the polar plane using the function c2p. The
resulting quantity is visualized in the third column, second row of Table 6.6.

Listing 6.12: Definition of the two reflection coefficients z1 and z2 in the polar
plane. After the conversion into the Cartesian representation the multiplica-
tion and the back transformation into the polar representation is performed.

1 <simulation>
2 <instances>
3 <instance name="z1_abs" model="gaussparam">
4 <parameters>
5 <parameter id="#1">0.01</parameter>
6 <parameter id="#2">0.1</parameter>
7 </parameters>
8 </instance>
9 <instance name="z1_arg" model="gaussparam">

10 <parameters>
11 <parameter id="#1">pi/180 * 5</parameter>
12 <parameter id="#2">pi/180</parameter>
13 </parameters>
14 </instance>
15 <instance name="z2_abs" model="gaussparam">
16 <parameters>
17 <parameter id="#1">0.02</parameter>
18 <parameter id="#2">0.1</parameter>
19 </parameters>
20 </instance>
21 <instance name="z2_arg" model="gaussparam">
22 <parameters>
23 <parameter id="#1">pi/180 * 2</parameter>
24 <parameter id="#2">pi/180</parameter>
25 </parameters>
26 </instance>
27 </instances>
28 <calculation dimensions=" -1">
29 <analyze mode="on" histbars="60" histcut="999"/>
30 <measurand>
31 c2p(p2c(polar(z1_abs ,z1_arg))*p2c(polar(z2_abs ,

z2_arg)))
32 </measurand>
33 </calculation>
34 </simulation>
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absolute value argument
z1 · z2 val uc val uc

Cartesian 1.95e-4 0.0101 0.1246 7.3430
Polar 6.5280e-3 7.8988e-3 0.1221 2.4685e-2

Conversion 6.5280e-3 7.8988e-3 0.1221 2.4685e-2

Table 6.5: Values (val) and uncertainties (uc) of the multiplication of the
two reflection coefficients z1 and z2 defined in Table 6.2. The calculation
is performed only in the Cartesian representation and the conversion into
the polar representation is done using the uncertainty propagation in the
first line. The second line results from the calculation solely in the polar
representation. The third line results from a conversion into the Cartesian
representation, the multiplication in the Cartesian representation and the
back transformation into the polar representation.

The mean value of the absolute value of this distribution is 6.5280e-3 with an
associated standard uncertainty of 7.8988e-3. The mean value of the resulting
argument is 0.1221 with an uncertainty of 2.4685e-2. Table 6.5 summarizes
the results of the multiplication of the two reflection coefficients performed
in the three different ways. The first row gives the results for the calculation
in the Cartesian form. The conversions between the polar and the Cartesian
representation are performed using the uncertainty propagation from the
GUM. The second row gives the results of the calculation solely done in the
polar representation. The third row displays the results, if the conversions
are performed using MUSE .

The result of row two and three are the same. That implies, that it does
not make a different if the calculations are performed in the Cartesian or
in the polar representation using MUSE . This is caused by the fact, that
the peculiarities of the scales in the polar plane are considered by the oper-
ation defined on them in the software package. As just view operations are
implemented on complex-valued quantities in the polar representation, it is
recommended to transform the quantities into the Cartesian representation
before performing the operations using the function p2c as recommended in
[RS00]. The resulting complex-valued quantity can be transformed into the
polar representation for their interpretation afterwards using the function
c2p.



6.2. CONVERSION 167
T

ab
le

6.
6:

S
te

p
s

of
th

e
m

u
lt

ip
li
ca

ti
on

of
tw

o
co

m
p
le

x
-v

al
u
ed

q
u
an

ti
ti

es
d
efi

n
ed

in
th

e
p

ol
ar

p
la

n
e,

co
n
ve

rt
ed

in
to

th
e

C
ar

te
si

an
p
la

n
e,

m
u
lt

ip
li
ed

an
d

b
ac

k
-t

ra
n
sf

or
m

ed
in

to
th

e
p

ol
ar

p
la

n
e.

D
efi

n
it

io
n

C
on

ve
rs

io
n

M
u
lt

ip
li
ca

ti
on

z
1

p
2
c
(
z
1
)

p
2
c
(
z
1
)
*
p
2
c
(
z
2
)

0.
05

0.
1

0.
15

0.
2

0.
25

0.
3

0

0.
02

0.
04

m
ag

ni
tu

de

0.
04

0.
05

0.
06

0.
07

0.
08

0.
090.

1

0.
11

0.
12

0.
13

0.
14

0
0.

02
0.

04

argument

0.
2

0.
2

0.
2

0.
4

0.4

0.
4

0.
6

0.
6

0.
8

0.
1

0.
2

0.
3

0.
4

0.
5

0

0.
05

re
al

 p
ar

t

0

0.
01

0.
02

0.
03

0.
04

0.
05

0.
06

0
0.

05

imaginary part

0.
2

0.
2

0.
4

0.
40

.6
0.

8

0.
01

0.
02

0.
03

0.
04

0.
05

0.
06

0

0.
1

0.
2

re
al

 p
ar

t

12345678

x 
10

−
3

0
0.

1
0.

2

imaginary part

0.
2

z
2

p
2
c
(
z
2
)

c
2
p
(
p
2
c
(
z
1
)
*
p
2
c
(
z
2
)
)

0.
05

0.
1

0.
15

0.
2

0.
25

0.
3

0.
35

0

0.
02

0.
04

m
ag

ni
tu

de

−
0.

01

0

0.
01

0.
02

0.
03

0.
04

0.
05

0.
06

0.
07

0.
08

0.
09

0
0.

02
0.

04

argument

0.
2

0.2

0.
2

0.
4

0.4

0.
6

0.
60.

8

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0

0.
1

0.
2

re
al

 p
ar

t

−
0.

01

−
0.

00
50

0.
00

5

0.
01

0.
01

5

0.
02

0.
02

5

0.
03

0.
03

5

0.
04

0
0.

1
0.

2

imaginary part

0.
2

0.
20

.4
0.

6
0.

8

0.
00

5
0.

01
0.

01
5

0.
02

0.
02

5

0

0.
050.

1

m
ag

ni
tu

de

0.
08

0.
090.

1

0.
11

0.
12

0.
13

0.
14

0.
15

0.
16

0.
17

0
0.

05
0.

1

argument

0.2

0.2

0.4

0.4

0.60.8



168 CHAPTER 6. COMPLEX-VALUED QUANTITIES

6.3 Example: VNA measurements

The Vector Network Analyzer (VNA) is a measurement device for determin-
ing characteristic parameters of n-port devices, for example an electric at-
tenuator. The VNA uses the so-called scattering parameters (S -parameters)
to describe the electrical behavior of an unknown multiport device. It allows
us to measure the magnitude and phase of S -parameters of the device under
test (DUT) as a function of the frequency. VNAs provide a signal source for
stimulus, signal separation hardware, several receivers for signal detection
and finally a processing unit to present the results. Figure 6.21 illustrates
these components and the way they are connected in a block diagram. The

Incident

Reflected

Transmitted

Source

DUT

Signal
Separation

Receivers / Detectors

Processor / Display

Figure 6.21: Block diagram of a Vector Network Analyzer. Figure adapted
from [Jue07].

first step in a VNA measurement is the determination of error2 terms to
correct systematic deviations of the measurement device, also called the cal-
ibration of the VNA. To this end, we will use the so-called Short-Open-Load-
Through (SOLT) calibration. This method is a two-port error correction
and yields the most accurate results because it accounts for all of the major

2The term error mentions here again a deviation and not a fault. For details see
Chapter 2.
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sources of systematic errors. This calibration method uses nearly perfectly
built short, open and load terminations and a through standard to charac-
terize 12 error terms E∗∗. The first ∗ of an error term E∗∗ is an element
of {D,X, S, L, T,R} defining the error term. The second ∗ is out of {F,R}
defining the forward (F ) or the reverse (R) direction. The short standard
hot-wires the VNA where for the determination of the open the wire is unaf-
filiated. Both, the open and the short have therefore a entire reflection. The
load standard is a 50 Ω resistor which yields absorption of the signal where
the through standard does not reflect nor absorb the signal. The specified
S -parameters S∗∗ of the four standards must be measured with the VNA
which allows the characterization of the systematic errors as the differences
between the specified and the measured S -parameters of the standards. The
subscript of S∗∗ identifies one of the four parameters S11, S12, S21 or S22. The
4 measurement standards are measured in two ways. The forward direction
and the reverse direction (see Figure 6.22). Using Mason’s Rule [Mas53],
four equations can be derived for the measured S -parameters MS 11, MS 21,
MS 12 and MS 22:

MS 11 =
b1

a1

= EDF +
S11 · ERF · (1− S22 · ELF )

N1

+
S21 · ELF · S12 · ERF

N1
(6.15)

MS 21 =
b2

a1

= EXF +
S12 · ETF

N1
(6.16)

MS 12 =
b2

a2

= EXR +
S12 · ETR

N2
(6.17)

MS 22 =
b1

a2

= EDR +
S22 · ERR · (1− S11 · ELR)

N2

+
S12 · ELR · S21ERR

N2
(6.18)

where N1 and N2 are given by

N1 = 1− S11 · ESF − S22 · ELF − S12 · ESF · S21 · ELF

+S11 · ESF · S22 · ELF (6.19)

N2 = 1− S11 · ELR · −S22 · ESR − S12 · ELR · S21 · ESR

+S11 · ELR · S22 · ESR. (6.20)

The terms E∗∗ are the error terms calibrating the VNA according to the
actual environmental conditions. For a detailed description of these terms see
[Jue07]. We can now perform a calibration of the VNA using the formulas
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Figure 6.22: Vector Network Analyzer (VNA) flow chart for forward and
reverse error model. a1 and a2 are the input and b1 and b2 the output
power waves on the transmission lines which connect the two ports of the
VNA. The terms S∗∗ are the so-called scattering parameters (S-parameters)
of a device under test (DUT). The terms E∗∗ are the error terms which
calibrate the VNA.

given above by measuring the short, the open, the load and the through
standard. A measured scattering parameter is thereby given by S∗∗∗ where
the subscript identifies again the scattering parameter and the superscript
is out of {s, o, l, t} identifying the measured standard. Measuring the short
standard in the forward direction delivers the equation

MSS
11 = EDF +

SS11 · ERF

1− SS11 · ESF
(6.21)

out of Equation (6.15) as the terms S22, S21 and S12 are all zero in that case.
The measurements of the remaining standards deliver the terms given in the
List of formulas (6.1). The 12 error terms are extracted converting the 12
equations given in the List of formulas (6.1). This conversion is performed
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MS11O�EDF+ERFS11O

1-ESFS11O

MS11S�EDF+ERFS11S

1-ESFS11S

MS11L�EDF+ERFS11L

1-ESFS11L

MS22O�EDR+ERRS22O

1-ESRS22O

MS22S�EDR+ERRS22S

1-ESRS22S

MS22L�EDR+ERRS22L

1-ESRS22L

MS11T�EDF+
ELF ERFS12TS21T+ERFS11T 1-ELFS22T

1-ESFS11T-ELF ESFS12TS21T-ELFS22T+ELF ESFS11TS22T

MS21T�EXF+ ETFS21T

1-ESFS11T-ELF ESFS12TS21T-ELFS22T+ELF ESFS11TS22T

MS12T�EXR+ ETRS12T

1-ELRS11T-ELR ESRS12TS21T-ESRS22T+ELR ESRS11TS22T

MS22T�EDR+
ELR ERRS12TS21T+ERR 1-ELRS11T S22T

1-ELRS11T-ELR ESRS12TS21T-ESRS22T+ELR ESRS11TS22T

MS21X�EXF

MS12X�EXR

List of formulas 6.1: 12 equations resulting from the measurement of the four
reference standards open, short, load and through.

using the software tool Mathematia [Wol08] which yields the formulas given
in the List of formulas (6.2). The error terms given in the List of formulas
(6.2) can be modeled in MUSE as processes (see Appendix A for details).
The process for the error term ERF is for example modeled by the lines of
MUSE code given in Listing 6.13.

Listing 6.13: Error term ERF modeled via a process in MUSE .

1 <process name="ERF">
2 <formula>
3 (( MS11L - MS11O)*( MS11L - MS11S)*
4 (MS11O - MS11S)*(S11L - S11O)*(S11L - S11S)*
5 (S11O - S11S))/(MS11L*S11L*(S11O - S11S) +
6 MS11S *(S11L - S11O)*S11S + MS11O*S11O*
7 (-S11L + S11S))/(MS11L*S11L*(S11O - S11S) +
8 MS11S*(S11L - S11O)*S11S + MS11O*S11O*
9 (-S11L + S11S))

10 </formula>
11 </process>

The terms SS∗∗, S
O
∗∗, S

L
∗∗ and ST∗∗ are given by the manufacturer of the cali-

bration standards. These nominal values with their associated uncertainties
are given in Table 6.7 for a measurement of 10 MHz. The terms MS ∗∗∗ in the
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MS22THS11T+ESRS12T S21T-ESRS11T S22T).where TMP=

ERF®MS11L-MS11O MS11L-MS11S MS11O-MS11S S11L-S11O S11L-S11S S11O-S11S

MS11LS11L S11O-S11S +MS11S S11L-S11O S11S+MS11OS11O -S11L+S11S 2

EDF®MS11OMS11SS11L -S11O+S11S +MS11L MS11SS11O S11L-S11S +MS11O -S11L+S11O S11S

MS11LS11L S11O-S11S +MS11S S11L-S11O S11S+MS11OS11O -S11L+S11S

ESF®
MS11S S11L-S11O +MS11L S11O-S11S +MS11O -S11L+S11S

MS11LS11L S11O-S11S +MS11S S11L-S11O S11S+MS11OS11O -S11L+S11S

ERR®
MS22L-MS22O MS22L-MS22S MS22O-MS22S S22L-S22O S22L-S22S S22O-S22S

MS22LS22L S22O-S22S +MS22S S22L-S22O S22S+MS22OS22O -S22L+S22S 2

EDR®MS22OMS22SS22L -S22O+S22S +MS22L MS22SS22O S22L-S22S +MS22O -S22L+S22O S22S

MS22LS22L S22O-S22S +MS22S S22L-S22O S22S+MS22OS22O -S22L+S22S

ESR®MS22S S22L-S22O +MS22L S22O-S22S +MS22O -S22L+S22S

MS22LS22L S22O-S22S +MS22S S22L-S22O S22S+MS22OS22O -S22L+S22S

ETF®
ERF MS21T-MS21X S12T

ERF S12TS21T-S11TS22T -EDF-MS11T ESFS12TS21T+S22T-ESFS11TS22T

ETR®
ERR MS12T-MS12X S21T

ERR S12TS21T-S11TS22T -EDR S11T+ESRS12TS21T-ESRS11TS22T +

EXF®MS21X
EXR®MS12X

ELR® EDR+ERRS22T-EDR ESRS22T+MS22T -1+ESRS22T

-ERRS12TS21T+ERRS11TS22T+EDR S11T+ESRS12TS21T-ESRS11TS22T -

ELF® EDF+ERFS11T-EDF ESFS11T+MS11T -1+ESFS11T

ERF -S12TS21T+S11TS22T +EDF-MS11T ESFS12TS21T+S22T-ESFS11TS22T

TMP

TMP

List of formulas 6.2: 12 error terms resulting from the conversion of the 12
equations given in the List of formulas 6.1. The transformation is performed
using Mathematia.

Real part Imaginary part Uncertainty (both)
SO11 0.999969165 −0.007852798 0.00435
SS11 −0.999676793 0.008210488 0.0029
SL11 0 0 0.00065
SO22 0.999993761 −0.003532466 0.00435
SS22 −0.999837122 0.003669267 0.0039
SL22 0 0 0.00065
ST11 0 0 0.00005
ST21 1 0 0.00005
ST12 1 0 0.00005
ST22 0 0 0.00005

Table 6.7: Nominal values with their associated uncertainty for the open O,
short S, load L and through T standards given by the manufacturer.
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List of formulas (6.1) are determined measuring the calibration standards.
Thanks to the Metas [Met], and especially to Marco Zeier, Michael Wol-
lensack and Jürg Rüfenach, it is possible to calculate the uncertainty of a
measurement really performed in practice. The results of the measurements
are given in Table 6.8. It is important to notice, that for this measurement

Real part Imaginary part

MSO
11 0.930236816 −0.367370606

MSS
11 −0.917236328 0.391906738

MSL
11 −0.003397942 0.006238461

MSO
22 0.926696777 −0.366821289

MSS
22 −0.916442871 0.381530762

MSL
22 −0.001293302 0.002191424

MST
11 −0.005807400 0.003774166

MST
21 0.925781250 −0.370666504

MST
12 0.924255371 −0.372558594

MST
22 −0.003475189 0.003431797

MSX
21 0.000000138 0.000000990

MST
12 0.000000500 0.000000042

Table 6.8: Measured values of the short, open, load and through standard.

the results determined for the standards are assumed to be exact, i.e. we do
not model the uncertainty concerned with them.

The error terms are now determined and the VNA calibrated. These
terms are used below in order to measure the device under test (DUT), here
a 30 dB attenuator. Such a device is characterized by four quantities SD11,
SD22, SD12 and SD21. SD11 characterizes the reflection at the input a1 and SD22 the
reflection at the input a2. The transmission between the input a2 and a1 is
determined by the term SD12 where SD21 characterizes the transmission between
the input a1 and a2. The DUT is plugged into the VNA which delivers the
four complex-valued quantities MSD

11, MSD
22, MSD

12 and MSD
21.

The error corrected values SD11, SD21. SD12 and SD22, i.e. the scattering param-
eters characterizing the DUT, are afterwards calculated using the formulas
given in the List of formulas (6.3). The MUSE code given in Listing 6.14
calculates an approximation of the PDFs representing the four scattering pa-
rameters S11D, S21D,S12D and S22D of the 30 dB attenuator. To minimize
the length of the listing, just one definition of a nominal value (SO11) is com-
pletely printed. The other nominal values S∗∗∗ are also modeled using the
basic model complex given in Listing 6.1 with the parameters given in Table
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S11D®

ELF ERF ERR EXR-MS12D EXF-MS21D

-ETF ETR MS11D ERR-EDR ESR+ESR MS22D

+EDF ETF ETR ERR+ESR -EDR+MS22D

ESF ETF ETR EDF-MS11D ERR+ESR -EDR+MS22D

-ERF ERR ETF ETR-ELF ELR EXR-MS12D EXF-MS21D

+ESR ETF ETR -EDR+MS22D

S21D®-

ERF ETR EXF-MS21D ERR+EDR ELF-ESR

+-ELF+ESR MS22D

-ESF ETF ETR EDF-MS11D ERR+ESR -EDR+MS22D

+ERF ERR ETF ETR-ELF ELR EXR-MS12D EXF-MS21D

+ESR ETF ETR -EDR+MS22D

S12D®-

ERR ETF ERF+EDF ELR-ESF

+-ELR+ESF MS11D EXR-MS12D

-ESF ETF ETR EDF-MS11D ERR+ESR -EDR+MS22D

+ERF ERR ETF ETR-ELF ELR EXR-MS12D EXF-MS21D

+ESR ETF ETR -EDR+MS22D

S22D®

EDR ETF ETR ERF+ESF -EDF+MS11D

+ELR ERF ERR EXR-MS12D EXF-MS21D

-ETF ETR ERF-EDF ESF+ESF MS11D MS22D

ESF ETF ETR EDF-MS11D ERR+ESR -EDR+MS22D

-ERF ERR ETF ETR-ELF ELR EXR-MS12D EXF-MS21D

+ESR ETF ETR -EDR+MS22D

List of formulas 6.3: Error corrected scattering parameters of the device
under test (DUT), for the given example a 30 dB attenuator. The error
terms E** are given by the List of formulas (6.2) where the values resulting
from the measurement of the standards are given in Table 6.8.

6.7.

Listing 6.14: MUSE code for the calculation of the four scattering parameters
SD11, SD21,SD12 and SD22 of the 30 dB attenuator. The error correction terms
E∗∗ are given in the List of formulas (6.3) where the measured scattering
parameters of the standards MS∗∗∗ are given in Table 6.8.

1 <simulation>
2 <initialization>
3 <!-- defined values of the standards -->
4 <instance name="S11O" model="complex">
5 <parameters>
6 <parameter id="#m">0.999969165 </parameter>
7 <parameter id="#s1">0.0087 </parameter>
8 <parameter id="#m2"> -0.007852798 </parameter>
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9 <parameter id="#s2">0.0087 </parameter>
10 </parameters>
11 </instance>
12 <instance name="S11S" model="complex">
13 ...
14 <instance name="S22T" model="complex">
15 </initialization>
16 <processes>
17 <process name="ERF">
18 <formula>
19 ((MS11L - MS11O)*( MS11L - MS11S)*
20 (MS11O - MS11S)*(S11L - S11O)*(S11L - S11S)*
21 (S11O - S11S))/(MS11L*S11L*(S11O - S11S) +
22 MS11S *(S11L - S11O)*S11S + MS11O*S11O*
23 (-S11L + S11S))/(MS11L*S11L*(S11O - S11S) +
24 MS11S*(S11L - S11O)*S11S + MS11O*S11O*
25 (-S11L + S11S))
26 </formula>
27 </process>
28 <process name="EDF">
29 ...
30 <process name="ELF">
31 </processes>
32 <calculation dimensions=" -1">
33 <analyze mode="on" histbars="60" histcut="on"/>
34 <variable name="MS11O">
35 complex (0.930236816 , -0.367370606)
36 </variable>
37 <variable name="MS11S">
38 ...
39 <variable name="MS22D">
40 <uncertainty>
41 <formula name="S11D">
42 (ELF*ERF*ERR*(EXR -MS12D)*(EXF -MS21D)-ETF*ETR*
43 MS11D*(ERR -EDR*ESR+ESR*MS22D)+EDF*ETF*ETR*
44 (ERR+ESR*(-EDR+MS22D)))/
45 (ESF*ETF*ETR*(EDF -MS11D)*(ERR+ESR*(-EDR+MS22D))-
46 ERF*(ERR*(ETF*ETR -ELF*ELR*(EXR -MS12D)*
47 (EXF -MS21D))+ESR*ETF*ETR*(-EDR+MS22D)))
48 </formula>
49 <formula name="S21D">
50 (ERF*ETR*(EXF -MS21D)*(ERR+EDR*(ELF -ESR)
51 +(-ELF+ESR)*MS22D))/(-ESF*ETF*ETR*(EDF -MS11D)*
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52 (ERR+ESR*(-EDR+MS22D))+ERF*(ERR*(ETF*ETR -ELF*
53 ELR*(EXR -MS12D)*(EXF -MS21D))+ESR*ETF*ETR*
54 (-EDR + MS22D)))
55 </formula>
56 <formula name="S12D">
57 (ERR*ETF*(ERF+EDF*(ELR -ESF)+(-ELR+ESF)*MS11D)*
58 (EXR -MS12D))/(-ESF*ETF*ETR*(EDF -MS11D)*(ERR+ESR*
59 (-EDR + MS22D))+ERF*(ERR*(ETF*ETR -ELF*ELR*(EXR -
60 MS12D)*(EXF -MS21D))+ESR*ETF*ETR*(-EDR+MS22D)))
61 </formula>
62 <formula name="S22D">
63 (EDR*ETF*ETR*(ERF+ESF*(-EDF+MS11D))+ELR*ERF*ERR
64 *(EXR -MS12D)*(EXF -MS21D)-ETF*ETR*(ERF -EDF*ESF+
65 ESF*MS11D)*MS22D)/(ESF*ETF*ETR*(EDF -MS11D)*
66 (ERR+ESR*(-EDR+MS22D))-ERF*(ERR*(ETF*ETR -ELF*
67 ELR*(EXR -MS12D)*(EXF -MS21D)))+ESR*ETF*ETR*
68 (-EDR+MS22D))
69 </formula>
70 </uncertainty>
71 </calculation>
72 </simulation>

Also, just one measured standard MS11O is completely described using a
variable. The other values are modeled in the same way using the val-
ues given in Table 6.8. The simulation of this MUSE code results in four
complex-valued quantities, each representing one scattering parameter of the
measured attenuator as displayed in Figure 6.23. All resulting PDFs are
quite symmetric and Gaussian shaped. The mean values together with the
associated standard uncertainties are given in Table 6.9.

real part imaginary part
S-Parameter val uc val uc

S11D −8.74e-3 6.49e-4 2.14e-4 6.49e-4
S21D −3.28e-2 1.82e-6 2.55e-3 1.82e-6
S12D −3.28e-2 1.72e-6 2.55e-3 1.72e-6
S22D −7.36e-3 6.49e-4 −6.29e-5 6.49e-4

Table 6.9: Resulting values and uncertainties of the four scattering parame-
ters SD11, SD21, SD12 and SD22 using the SOLT calibration.
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Figure 6.23: Approximated PDFs of the resulting scattering parameters of
the 30 dB attenuator. The S-parameters are corrected using the formulas
given in the List of formulas (6.3) where the VNA is calibrated using the
SOLT-method with a 10 dB standard.
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Chapter 7

Calibration

Many experiments are influenced by unpredictable or stochastic temporal
variations which effect their outcome. They are usually based on the use of
instruments or measuring systems that measure values of a response variable
corresponding to given values of a stimulus variable. The unknown concen-
tration of a lead solution is for example determined comparing the intensity
of emitted photons with the intensity of emitted photons of a previously mea-
sured reference solution using an ICP-OES device. The calibration of such
instruments is the operation that establishes in a first step a relation between
quantity values provided by calibration standards (also called reference mate-
rials) that stimulate the measuring system and the corresponding indications,
the response of the system. This operation requires a set of measurements of
stimulus and response variables, along with their associated uncertainties, to
determine estimates of the parameters of a function that describes the rela-
tionship between them, the regression curve (also called calibration curve),
along with their associated uncertainty. The determination of the parameters
is called regression. Once the estimates of the parameters are determined,
the information provided by them is used in a second step to establish a
relation for obtaining a measurement result from an indication. In doing so,
the indication of the measurement device is corrected for variations which
cannot be taken into account via the measurement function.

In cases where the measurements of the stimulus variable can be consid-
ered to be accurate compared with those of the response variable, ordinary
least squares can be used to calculate the parameters of the calibration curve.
However, in many instances, the uncertainties associated with the measure-
ments of the stimulus variable can be considerable and taking into account
these uncertainties will lead to better calibrations as pointed out by Chinel-
lato, Achermann and Bröker in [CAB05]. Also Cox, Forbes and Harris note
in the NPL report on the classification and solution of regression problems

179
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for calibration [CFH04] that ignoring the uncertainties associated with the
stimulus can yield invalid results and unreliable uncertainties associated with
the calibration curve. In such instances, generalized distance regression can
be used to estimate parameters of the calibration curve which fit the given
stimulus and response variables best. The NPL report categorizes regression
problems with different uncertainty structures and gives solution algorithms
in accordance with the GUM. As pointed out in Chapter 3, the Monte Carlo
method is the way to go for the calculation of measurement uncertainty for
general problems and should therefore also be used to calculate the uncer-
tainty, or even better, the approximation of the probability density function,
associated with the parameters of the regression function which is elaborated
in the following. The mathematical formulation of the calibration problem is
given in Section 7.1 where Section 7.2 shows, how a calibration is defined in
MUSE . Section 7.2.1 displays, how the parameters of the calibration curve
and their associated standard uncertainty are calculated using ordinary least
squares where Section 7.2.2 elaborates generalized distance regression.

The consideration of correlations between the single stimulus as well as
the single response variables can be a difficult task in the calibration process
using the GUM uncertainty framework. Correlations between the stimulus
variables arise from the usage of nominal values produced by one manufac-
turer where correlations in the response variables result from measurements
using the same measurement equipment. Even if the correlations in the re-
sponse values can have an influence the stimulus values depend usually more
on each other and the consideration of this correlation is therefore quite im-
portant. In order to receive reliable estimators for the parameters of the
regression curve both types of correlation should be taken into account. Us-
ing the Monte Carlo method for the estimation of the approximated PDFs
of the parameters of the regression curve provides a natural consideration of
these correlations as demonstrated in the example given in Section 7.3.

7.1 Mathematical formulation

Let in the following denote v the response of a metrological experiment for
a given stimulus variable t. The functional relationship

v = h(t, a)

between these two variables is called the calibration curve (also called cali-
bration function) where the vector a holds the calibration coefficients (also
called model parameters), i.e. the parameters defining the calibration func-
tion. These parameters are determined using measurement standards with
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v

t

h(t,a)

Figure 7.1: Calibration curve v = h(t, a) defining for each stimulus value t a
response value v.

different nominal values t = (t1, . . . , tm)T , the stimulus values. The nominal
values are measured using the device to be calibrated which results for each
stimulus value ti in one response value vi. The response variables together
with the stimulus variables yield the measurement vector

x =

(
v
t

)
. (7.1)

If the reading vi induced by the quantity to be measured ti, i = 1, . . . ,m, as
well as the parameters ai, i = 1, . . . , n, are exact, any measurement can be
exactly expressed by means of the measurement function1 g(vi, a1, . . . , an).
The measurement function g = h−1 is thus the inverse of the calibration
function h and after the determination of the parameters used to correct the
indicated value of the measurement system. Since both, the reference data ti
and the readings vi are usually afflicted with uncertainties and therefore not

1Please notice that the lower case symbols m and n are used for the number of data
points and parameters where the upper case symbols M and N are used to identify the
number of Monte Carlo runs respectively the number of input quantities. Also the symbol
g is used twice, on the one hand to identify the measurement function g = h−1 and on
the other hand for the PDF gX(ξ) representing a quantity X, but a PDF has always the
random variable as index.



182 CHAPTER 7. CALIBRATION

known exactly, the points (ti, vi), i = 1, . . . ,m, defined by the measurement
vector x will in general not lie on the calibration curve. Let r = (r1, . . . , rm)T

and s = (s1, . . . , sm)T defining points (si, ri) on the calibration curve given
by the model parameters a and

e =

(
e(v)

e(t)

)
=

(
r− v
s− t

)
(7.2)

a vector defining the difference between the measurement vector and the
points on the calibration curve as illustrated in Figure 7.2. The objective of

vi

ti

h(t,a)

si

ri

(v)ei

(t)ei

Figure 7.2: Difference between one measured point (ti, vi) and the point
(si, ri) lying on the calibration function h(t, a). The figure is adapted from
Chinelatto et al. [CAB05].

the determination of the model parameters a of the calibration curve is to
sought estimates â, r̂ and ŝ such that r̂ and ŝ are “close to” the measured
values v and t and are constrained to lie on the calibration curve defined by
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â. The solution of the minimization problem

min
r,s,a

(
r− v
s− t

)T (
r− v
s− t

)
(7.3)

is a reasonable way to select the parameters a that causes the sum of squares
of the orthogonal distances from the points to the curve to be minimized
as pointed out by Boggs et al. [BBS87]. This type of regression is in the
literature called orthogonal distance regression (ODR), regression with errors
in variables [DS98] or generalized distance regression. As the term generalized
distance regression is used by NPL it is also used in this work due to have
a unique nomenclature within the metrological community.

If the uncertainty associated with the measurement vector x is given by
an uncertainty matrix Ux (see Formula (5.7) in Chapter 5), the uncertainty
associated with the parameter vector a can be computed solving the opti-
mization problem

min
r,s,a

(
r− v
s− t

)T
Ux
−1

(
r− v
s− t

)
(7.4)

subject to the constraints

ri = h(si, a), i = 1, . . . ,m, (7.5)

as demonstrated by Milton et al. [MHS+06]. The minimization problem (7.4)
represents the maximum likelihood estimation for measured values constitut-
ing realizations of normally distributed quantities and solution algorithms for
uncertainty matrices with different structures can be found in [CFH04].

As the Monte Carlo method is not limited to distributions which are
completely describable by the mean value and the associated standard un-
certainty, a different approach is needed in order to propagate the uncer-
tainties associated with the measurement vector x through the calibration
process. The uncertainty in the parameter vector a results from the uncer-
tainty associated with the single points (ti, vi) and it is reasonable to describe
the state of knowledge about one stimulus value ti via a probability density
function as demonstrated in Section 2.1.1. As the state of knowledge about
the response value vi is also described via a PDF, the state of knowledge
about the point (ti, vi) is described by a two-dimensional PDF gti,vi

(ξ1, ξ2).
The PDFs representing the state of knowledge about the measurement data
need to be propagated through the calibration process in order to receive the
PDFs representing the state of knowledge about the parameter vector a and
the Monte Carlo method is a powerful implementation of this propagation
as demonstrated in Chapter 3.
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Using the Monte Carlo method to solve the calibration problem is based
on generating randomly one sample (ti, vi) out of gti,vi

(ξ1, ξ2) for each point
and solve the minimization problem (7.3) for these values. In repeating this
procedure M times, an approximation of the joint PDF ga1,...,an(ξ1, . . . , ξn)
representing the parameter vector a results. The PDFs of the parameters
can afterwards be used to evaluate the measurement function g(r, a) for an
indicated value r of the calibrated measurement device. Also the indicated
value r of the measurement device is usually afflicted with measurement
uncertainty and hence described via a PDF (gr(ξ)). Using MCM for solv-
ing the regression problem and also for the evaluation of the measurement
function allows to take the complete information about the response and
stimulus values as well as about the indicated value r into account and is
thus implemented in the software tool MUSE . As the calibration process is
a two step process we need also to define two separate steps in the software
tool. One part is used to define the measurement vector of the calibration
together with the calibration function and some additional information, the
calibration definition. The second part defines how to apply the measure-
ment function. The following section gives an overview of the definition of a
calibration in MUSE and how to use the measurement function in the calcu-
lation section. Also different calibration methods and the way to select them
are presented.

7.2 Calibration using MUSE

MUSE uses the Monte Carlo method to propagate the information given
through the calibration process. Therefore, it is necessary to define several
parameters in the simulation description in order to calculate an approxi-
mation of the joint PDF ga(ξ) representing the parameter vector a of the
calibration function h(t, a). For details on simulation descriptions and gen-
eral modeling aspects of MUSE see Appendix A. For a complete language
description of the software tool see [Wol09]. The two mayor parts needed for
determining the approximated PDFs of the calibration parameters are the
definition of

• the response and stimulus values and

• the calibration function.

The definition of these parameters is done in a separate tag delimited by
<calibration>. This tag is on the same level as the tags <instances>,
which is used for initialization purposes, and <calculation>, where the
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measurand is defined. A general structure of a simulation file including a
calibration is therefore given by Listing 7.1.

Listing 7.1: General structure of a MUSE simulation description including a
calibration.

1 <simulation>
2 <instances>
3 ...
4 </instances>
5 <calibration>
6 ...
7 </calibration>
8 <calculation>
9 ...

10 <calculation>
11 </simulation>

The pairs of stimulus and response values are defined inside the
<calibration> tag encapsulated by a <data> tag as <points>. The defini-
tion of a calibration using three pairs of response and stimulus values (ti, vi),
i = 1, . . . , 3 can therefore be done as demonstrated by Listing 7.2.

Listing 7.2: Definition of a calibration with three calibration points (t1, v1),
(t2, v2) and (t3, v3).

1 <calibration name="myLQ1" type="lsline2d">
2 <data>
3 <point>
4 <stim>t1</stim>
5 <resp>v1</resp>
6 </point>
7 <point>
8 <stim>t2</stim>
9 <resp>v2</resp>

10 </point>
11 <point>
12 <stim>t3</stim>
13 <resp>v3</resp>
14 </point>
15 </data>
16 </calibration>

The stimulus values t1, t2 and t3 as well as the response values v1, v2 and v3

can be instances of basic models or variables. The attribute name="myLQ1"

identifies the calibration and allows to use it as a built in function. Therefore,
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it is possible to propagate the PDF of a possible indication of a measurement
device gr(ξ), through the measurement function via the statement myLQ1(r)
as demonstrated in Listing 7.3.

Listing 7.3: Usage of a defined calibration as a build in function in the
calculation definition.

1 <simulation>
2 <instances>
3 ...
4 </instances>
5 <calibration name="myLQ1" type="lsline2d">
6 ...
7 </calibration>
8 <calculation>
9 <measurand>myLQ1(r)</measurand>

10 </calculation>
11 </simulation>

The type of calibration, i.e. the calibration function, is selected via the at-
tribute type associated with the element calibration. In the example given
in Listing 7.2 the type is set to lsline2d, which indicates, that a straight line
is fitted in the two dimensional plane using an ordinary least squares fit. It
is possible to select between three groups of calibration functions in MUSE .
The first group includes three hard coded, linear calibration functions which
are quite common in metrology, where the parameters of the functions are
calculated using ordinary least square regression (see Section 7.2.1.1). Also
the second group, elaborated in Section 7.2.1.2 uses ordinary least squares,
but the calibration function as well as the measurement function can be an
arbitrary function. Therefore, it is possible to calibrate non-linear calibration
functions and calculate the parameters of the functions in the sense of ordi-
nary least squares. The last group for defining a calibration function is the
most general one and enables the general distance regression of an arbitrary
calibration function. This type of calibration is elaborated in Section 7.2.2.

One important attribute of a calibration to be set is the mode of the cali-
bration. Using the calibration module of MUSE means to calculate approxi-
mations of the PDFs representing the parameters of the calibration function.
The straightforward approach to achieve this would be to generate one esti-
mation of the calibration function h for each evaluation of the measurement
function g = h−1. Thereby, long simulation times can arise as a result of
the needed time for one regression. There are three possibilities to choose
the way how the parameters of the measurement function are generated to
overcome this problem which are listed in Table 7.1. It is necessary to spec-
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Mode Number of MC trials for estimating the model parameters

1 Generate a defined number of possible values for each parame-
ter and use the mean value of each parameter to evaluate the
measurement function.

2 Generate a defined number of possible values for each parameter
and resample randomly out of these values for the evaluation of
the measurement function.

3 Generate one possible outcome for each parameter for each eval-
uation of the measurement function.

Table 7.1: Possible modes to be selected in the calibration tag. The mode
configures how the sampling from the resulting values representing the pa-
rameters is performed.

ify the number of Monte Carlo trials if mode 1 or 2 is chosen. To this end,
the attribute mctrials can be set in the calibration tag. The default value
of this attribute is 10000, i.e. the parameters of the calibration function are
calculated 10000 times. The measurement function is afterwards evaluated
using these precalculated parameter estimates by randomly sampling out of
them. A calibration tag using mode=2 and 100000 Monte Carlo trials for
the approximation of the PDF representing the parameters of the calibration
function is given by

<calibration name="myLQ" mode="2" mctrials="100000">

and can be used for the evaluation of the measurand by

<measurand> myLQ(15) <measurand/>

which evaluates the measurement function for a constant value of 15. Using
the attribute mode="1" the mean value of the resulting parameters is used
to evaluate the measurement function. In doing so, the influence of the
uncertainty of the parameters can be analyzed.

Once in a while, the approximated PDFs of the calibration function itself
can be of interest. In order to analyze the parameters, it is possible to activate
the analyze module of MUSE by adding the element

<analyze mode="on" filename="parameters"/>

inside the calibration tag. In doing so, a file named according to the attribute
filename containing the statistical parameters of the PDFs representing the
parameters of the calibration function will be stored in the global output
directory of MUSE .
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7.2.1 Ordinary least squares

Ordinary least squares can be used to determine the parameters a of the cali-
bration function h(t, a) whenever the measurements of the stimulus variables
ti, i = 1, . . . ,m are assumed to be accurate relative to the measurements of
the response variables vi, i = 1, . . . ,m. The general minimization problem
(7.3) reduces therefore to

min
a

(h(t, a)− v)T (h(t, a)− v) = min
a

m−1∑
i=1

(h(ti, a)− vi)2 , (7.6)

i.e. the sum of squares of the vertical distances between the response values
vi and the value of the calibration function h(ti, a) for the given stimulus
value ti is minimized. Two different solution algorithms are presented in the
following where the first one, elaborated in Section 7.2.1.1 is applicable just
for linear calibration functions. The second algorithm presented in Section
7.2.1.2 is a more general solution and suitable for arbitrary functions.

7.2.1.1 Linear functions

Linear functions are functions which are constructed as the sum of parameters
ak multiplied by arbitrary, fixed functions Xk(t), the basis functions. The
general form of a linear calibration function is therefore

h(t, a) =
n−1∑
k=0

ak ·Xk(t) (7.7)

and the corresponding minimization problem

min
a

m−1∑
i=i

(
n−1∑
k=0

ak ·Xk(ti)− vi

)2

. (7.8)

Let in the following denote A ∈ Rm×n a matrix constructed from the n basis
functions evaluated at the m stimulus values ti. This matrix is called the
design matrix of the fitting problem and the single elements are given by

Ai,j = Xj(ti). (7.9)

Using the design matrix, Equation (7.8) can be written as

min
a

(
(Aa− v)T (Aa− v)

)
(7.10)
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and the least squares solution satisfies the normal equations

ATAa = ATv (7.11)

as for example demonstrated in [Bjö96]. As the direct solution of Equation
(7.11) is rather susceptible to roundoff errors as the condition number of ATA
is the square of the condition number of A, the singular value decomposition
(SVD) is used in MUSE to solve (7.10). The implemented procedure is given
in Listing 7.4 as Matlab code.

Listing 7.4: Solution of the linear least squares problem Aa ≈ v using Mat-
lab. A denotes the design matrix, a the parameter vector of the calibration
function and v the stimulus values.

1 function a=llssvd(A,v)
2 [n,m] = size(A);
3 [U S V] = svd(A); s=diag(S);
4 gap = n*eps*s(1);
5 r = sum(s>=gap);
6 d = U’*v;
7 a = V*(d(1:r)./s(1:r));

The function llssvd returns the minimum norm solution of the parameter
vector a if the design matrix A is rank deficient. Calling a=llssvd(A,v)

delivers the same results as the Matlab-command a=A\v. The listing is
given to explain the solution of the linear least squares problem in MUSE .
For details on linear least squares problems and their solution using the SVD
see for example the textbook Matrix Computation by Golub and van Loan
[GV96].

In order to solve the minimization problem (7.10) using MUSE one of
the three calibration functions given in Table 7.2 need to be selected via the
attribute name of the element calibration. The element

<calibration name="myLQ1" type="lspoly2d" degree="3">

can therefore be used to define a calibration which fits a polynomial of degree
3 in the least squares sense to the given data. As the rank of the design
matrix is given by the selected calibration function, the rank decision given
in Listing 7.4 line 4-7 can be omitted. The values of the design matrix are
generated by randomly sampling from PDFs representing the stimulus and
response values. Hence, the design matrix can get rank-deficient. MUSE
performs a check of the true rank of the design matrix after each calculation
of a set of parameters and compares this rank with the expected rank. If
they do not agree, a new set of random draws is generated and the procedure



190 CHAPTER 7. CALIBRATION

Function name Calibration
function

Description

lsline2d h(ti, a0, a1) =
a0 + a1 · ti

Fitting a straight line with intersect a0

and gradient a1.
lsline2dnop h(ti, a0) = a0·ti Fitting a straight line with gradient a0

without an intersect.
lspoly2d h(ti, a) = a0 +

a1 · ti + a2 · t2i +
. . .+ al · tli

Fitting a polynomial of degree l with
parameters a = (a0, a1, . . . , an)T . The
degree of the polynomial is set via the
attribute degree="l".

Table 7.2: Implemented calibration functions for linear least squares in
MUSE . To fit given data points in the sense of least squares use the function
name as attribute name in the calibration tag.

is repeated. As it is possible to define constant values, this procedure can fail
and get stuck in an infinite loop. Therefore, this process is repeated 5 times in
a row and if the calculation delivers a rank-deficient matrix in each instance,
the calculation of the parameters is aborted with an error message. Using the
design matrix, which is also called the Vandermonde matrix, to compute an
estimate of the set of parameters can be an ill-conditioned problem for higher
degrees of polynomials. Therefore, MUSE computes the condition number
of the Vandermonde matrix. If the condition number exceeds 103 a warning
is given with the amount of possible loss in precision. The implementation
of Listing 7.4 is done in MUSE using the function DGELSS from the linear
algebra package LAPACK [ABB+99].

A huge amount of possible values representing the parameters of the cal-
ibration function results when calling this procedure for randomly generated
values for the stimulus and response values. These values can be used to
build statistical parameters but also to evaluate the inverse of the calibra-
tion function, the measurement function. The way how the measurement
function is evaluated depends on the selected mode of the calibration which
is elaborated above.

7.2.1.2 Non-linear functions

The method described above cannot be used for arbitrary calibration func-
tions as the calibration function h(t, a) can in general not be described using
Equation (7.7). In order to solve calibration problems including non-linear
calibration functions some terms and definitions are necessary which are given
in the following.
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Let therefore f : Rn → Rm be some non-linear function with n ≤ m
defined as

f(a) := h(t, a)− v. (7.12)

In order to calculate the least squares solution for non-linear functions we
need to minimize the 2-norm of f

||f(a)||22 =
m∑
i=1

fi(a)2 = min . (7.13)

A necessary condition for minimizing

Φ(a) :=
1

2
||f(a)||22 = min (7.14)

is grad Φ = 0 or expressed in terms of f

grad Φ(a) = J(a)T f(a), (7.15)

where J(a) denotes the m× n Jacobian matrix

J(a) =

 grad fT1
...

grad fTm

 =


∂f1
∂a1

. . . ∂f1
∂an

...
. . .

...
∂fm

∂a1
. . . ∂fm

∂an

 (7.16)

with

∂fi
∂aj

=
∂ (hi(ti, aj)− vi)

∂aj
=
∂hi(ti, aj)

∂aj
. (7.17)

Therefore, we need the derivatives of the calibration function in order to solve
Equation (7.14). As MUSE is designed as a system for experts, maximal
flexibility of the software should be provided. Therefore, the calibration
function can be arbitrarily defined. In order to do so, a predefined C++ file
can be used to define this function and also the inverse as demonstrated in
Listing 7.5 for the example h(t, a) = a0 + a1 · exp (a2 · t).

Listing 7.5: Definition of the exponential function and its inverse as an ex-
ternal calibration function using C++.

1 bool exponential(double * a, double * ft, int n, int m,
double * t) {

2 // y = a[0] + a[1]* exp(a[2] * t)

3 for(int k=0;k<m;k++) {
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Parameter Description

double * a Vector of parameters to be fitted (input).
double * ft Vector of function values evaluated at the stimulus values

t.
int n Number of parameters to be fitted.
int m Number of stimulus values and function values to be cal-

culated.
double * t Vector of stimulus values for which the function should

be evaluated.

Table 7.3: Parameter list of external defined calibration function. The mea-
surement function takes the same set of parameters.

4 ft[k]=a[0] + a[1]* exp(a[2]*t[k]);
5 }
6 return true;
7 }
8 bool exponential_inv(double * a, double * ft, int n, int

m, double * t) {
9 // x = ln((t - a[0])/a[1])/a[2]

10 for(int k=0;k<m;k++) {
11 ft[k]=log((t - a[0])/a[1])/a[2];
12 }
13 return true;
14 }

The external defined calibration function and its inverse take both the
same parameters which are described in Table 7.3. It is possible to generate
whole vectors of values in one call using this type of definition. As MUSE is
optimized to work on such vectors as described in Section 4.2, these blocks
can directly be used with optimized operators and functions in the software
package. It is also possible to define more than one calibration function in
one C++ file. Such a file is called a library and the function is identified
via its function name. Once such a calibration function together with the
inverse is defined, it can be used for a calibration as demonstrated in Listing
7.6.

Listing 7.6: Definition of a calibration using an external defined calibration
function.

1 <calibration name="myLQ1" type="ordlqreg" mode="2">
2 <initguess>
3 <value> 2 </value>
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4 <value> 4 </value>
5 <value> 10 </value>
6 </initguess>
7 <regfunction>
8 <library path="calibration/lib/lib">
9 <function name="exponential" parameters="3"/>

10 </library>
11 </regfunction>
12 <data>
13 <stim>1</stim>
14 <resp>10</resp>
15 <stim>2</stim>
16 <resp>18</resp>
17 <stim>3</stim>
18 <resp>35</resp>
19 <stim>4</stim>
20 <resp>100</resp>
21 </data>
22 </calibration>

The type ordlqreg of the calibration tag tells MUSE to use ordinary least
squares regression and an external defined calibration function. The element
regfunction is used to select the calibration function from a given library

where the data tag defines again the response and stimulus values. For the
calibration using non-linear functions the element initguess, defining the
initial guesses for the parameter vector a, is necessary due to the solution
algorithm elaborated in the following.

There are different solution algorithms available which can be used to
solve Equation (7.6) most of them based on the derivatives of f(a) := h(t, a)−
v. These algorithms are iterative. Starting from an initial guess a0 a series
of vectors a1, a2, . . . , ak is produced which (hopefully) converges to a local
minimum a of the function. To construct this series we can expand f at some
approximation ak

f(a) ≈ f(ak) + J(ak)s, with s = a− ak (7.18)

and solve the linearized system

f(ak) + J(ak)s = 0 (7.19)

in order to receive a new approximation

ak+1 = ak + s = ak − J(ak)
−1f(ak). (7.20)
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This correction step is the basis of the Gauss-Newton method to solve non-
linear least squares problems which is given in Listing 7.7 as a Matlab
implementation.

Listing 7.7: Solution of the non-linear least squares problem using the method
of Gauss-Newton implemented in Matlab. f is a function handle to the
calibration function, p the parameter vector containing the initial guesses,
resp holds the response values and stim the stimulus values.

1 function [pls , res , iter , h] = ordlqgn(f,p,resp ,stim)
2 tol = norm(p)*eps*1e5; pls = p;
3 itermax = 100; iter = 1;
4 res = f(pls ,stim) - resp; h = res;
5 while ((norm(h) > tol) && (itermax >iter))
6 jac = dfdif_forw_jac_approx(f,pls ,stim);
7 h = -jac\res;
8 pls = pls + h;
9 res = f(pls ,stim) - resp;

10 iter = iter +1;
11 end

The calculation step of the correction calculated in line 7 needs to solve a
system of linear equations. This step is performed again using the SVD
in MUSE . For details on the Gauss-Newton method, their convergence and
other methods to solve non-linear least squares problems see for example the
lecture notes of Gander [Gan07] or Madsen [MNT04].

The Jacobian jac in Listing 7.7 is approximated using finite forward dif-
ferences. Therefore, it is not necessary to support MUSE with the derivatives
of f . The function dfdif_forw_jac_approx calculating the Jacobian using
finite forward differences is given as Matlab code in Listing 7.8.

Listing 7.8: Numerical approximation of the Jacobian matrix for ordinary
least squares using finite forward differences.

1 function [jac] = dfdif_forw_jac_approx(f,p,stim)
2 n = length(p); % number of parameters

3 m = length(stim); % number of values

4 delta = 1e-6;
5 jac = zeros(m,n); % preallocate jac

6 resold = f(p,stim);
7 for j=1:n
8 d = abs(1e-4*p(j));
9 if d<delta

10 d=delta;
11 end
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12 tmp = p(j);
13 p(j) = p(j) + d;
14 resnew = f(p,stim);
15 p(j) = tmp;
16 d = 1.0/d; % * is faster than /

17 jac(:,j) = (resnew (:)-resold (:)).*d;
18 end

For details on building numerical derivatives see for example the text book
Numerical Recipes [PTVF07, 5.7].

MUSE performs an ordinary least squares regression based on the algo-
rithms given in the Listings 7.7 and 7.8 for the calibration definition given in
Listing 7.6. Therefore, the stimulus and response data are varied according
to their probability density functions and the least squares problem is solved
for each instance. In doing so, a set of possible values representing the pa-
rameters a of the calibration function results which can be analyzed in order
to calculate the statistical parameters, e.g. the measurement uncertainty.

7.2.2 Generalized distance regression

The previous section treats calibration problems where the stimulus values
can be assumed to be accurate relative to the response. This assumption does
not need to hold for all calibration problems. If the uncertainty associated
with the stimulus data, i.e. the uncertainty of the calibration standards,
cannot be ignored, a different regression method need to be used in order
to take this uncertainty into account. Such calibration problems can be
solved using generalized distance regression which minimizes the orthogonal
distance of the calibration points to the calibration function. The distance
to be minimized using generalized distance regression is illustrated in Figure
7.3 as a solid line between the two points (ti, vi) and (si, ri). This distance
takes its minimum for

min
si,ri,a

(
(ri − vi)2 + (si − ti)2

)
(7.21)

which is

min
si,a

(
(h(si, a)− vi)2 + (si − ti)2

)
(7.22)

as ri is determined by the calibration function h(si, a).
The minimum of the generalized distance regression given m calibration

points (ti, vi), i = 1, . . . ,m and an arbitrary calibration function h(s, a) is
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ti

vi

ri

si

h(t,a)

Figure 7.3: Distance to be minimized using generalized distance regression.

therefore given by

min
s,a

(
h(s, a)− v

s− t

)T (
h(s, a)− v

s− t

)
(7.23)

as elaborated in detail in [BBS87], [Bjö96, 9.4.3] and also [RR95].
The minimization problem (7.23) is a non-linear minimization problem

even if the calibration function h(s, a) is linear and can for example be solved
using the Gauss-Newton method. Let therefore be

f(s, a) :=

(
h(s, a)− v

s− t

)
. (7.24)

In order to minimize f(s, a) we use the Gauss-Newton method for solving

Φ(s, a) :=
1

2
||f(s, a)||22 = min (7.25)
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which is again a minimization in the sense of least squares and minimizes
the orthogonal distances of the calibration points to the calibration function.
Again we need to compute the Jacobian of f(s, a) to apply the Gauss-Newton
method for solving Equation (7.25). Differentiating fi(si, a) with respect to
aj yields

∂fi
∂aj

=

(
∂h(si,aj)

∂aj

0

)
(7.26)

and with respect to si

∂fi
∂si

=

( ∂h(si,aj)

∂si

1

)
. (7.27)

The Jacobian J(s, a) can therefore be written as

J(s, a) =

 K1 J1

. . .
...

Km Jm

 (7.28)

with

Ki =

( ∂h(si,aj)

∂si

1

)
(7.29)

respectively

Ji =

( ∂h(si,aj)

∂a1
· · · ∂h(si,aj)

∂an

0 · · · 0

)
(7.30)

as elaborated in [CFH04]. Again the Jacobian is approximated using finite
forward differences in MUSE . The implemented algorithm is given as Mat-
lab code in Listing 7.9.

Listing 7.9: Numerical approximation of the Jacobian matrix for generalized
distance regression using finite forward differences.

1 function [jac] = dfdif_forw_jac_approx_gendist(f,p,stim ,
resp)

2 n = length(p); % number of parameters

3 m = length(stim); % number of values

4 delta = 1e-6;
5 jac = zeros(2*m,n); % preallocate jac

6 resold = minfunc_gendist(f,p,stim ,resp);
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7 % first the K_i

8 for j=1:m
9 d = abs(1e-4*p(j));

10 if d<delta
11 d=delta;
12 end

13 tmp = p(j);
14 p(j) = p(j) + d;
15 resnew = minfunc_gendist(f,p,stim ,resp);
16 p(j) = tmp;
17 jac (2*j-1, j) = (resnew (2*j-1)-resold (2*j-1))/d;
18 jac(2*j, j) = 1;
19 jac = jac;
20 end

21 % now J_i

22 for j=m+1:n
23 d = abs(0.0001*p(j));
24 if d<delta
25 d=delta;
26 end

27 tmp = p(j);
28 p(j) = p(j) + d;
29 resnew = minfunc_gendist(f,p,stim ,resp);
30 p(j) = tmp;
31 jac (1:2:2*m,j) = (resnew (1:2:2*m) - resold (1:2:2*m))

./d;
32 end

This method of fitting an arbitrary function by minimizing the orthogonal
distances is accessible in MUSE via the calibration type gendistreg.

7.2.2.1 Fitting a line

Orthogonal distance regression of a straight line can be done in explicit form.
Each straight line can be expressed in the plane by

c+ n1s+ n2r = 0,

where (n1, n2) is orthogonal to the line and n2
1 + n2

2 = 1. The distance e of a
point (t, v) not lying on the line is therefore given by

e = |c+ n1t+ n2v|.

Again we like to minimize the sum of squares of the distances of given points
(ti, vi), i = 1, . . . ,m to the line which yields the constrained least squares
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problem
1 t1 v1

1 t2 v2
...

...
...

1 tm vm


 c

n1

n2

 ≈


0
0
...
0

 , subject to n2
1 + n2

2 = 1. (7.31)

This problem can be solved using a combination of the QR- and the SVD-
decomposition as demonstrated in Listing 7.10. For a theoretical elaboration
of this algorithm see the textbook of Gander and Hřeb́ıček [GH98, page 81-
83].

Listing 7.10: Computation of the constrained least squares problem fitting a
straight line to given points (ti, vi), i = 1, . . . ,m.

1 function [c,n1 ,n2] = gendistline(ti,vi)
2 A = [ones(length(ti) ,1), ti, vi];
3 [Q,R] = qr(A);
4 rs = R(2:3 ,2:3);
5 [U,S,V] = svd(rs ,0);
6 c = -(R(1,2)*V(1,2) + R(1,3)*V(2,2))/R(1,1);
7 n1 = V(1,2); n2 = V(2,2);

This method of fitting a line is also implemented in MUSE and accessible
via the calibration type gendistline. This solution of the general distance
regression is no longer an iterative algorithm which saves computational time
and delivers more accurate estimates as demonstrated in the following.

7.2.3 Comparing the methods

In order to compare ordinary least squares and generalized distance regression
an easy regression problem is solved in the following using MUSE . Therefore,
a straight line is fitted using four calibration points. As we just like to
see the difference between the resulting fit using ordinary least squares and
generalized distance regression, we assume constant values for the response
as well as for the stimulus values. The definition of the calibration is given
in Listing 7.11.

Listing 7.11: Definition of three calibrations of a straight line given four
calibration points. The first calibration named ordls uses ordinary least
squares where the calibration named gendist uses generalized distance re-
gression and minimizes the orthogonal distances. The third calibration also
uses generalized distance regression but calculates the explicit solution of the
problem.
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1 <calibration name="ordls" type="lsline2d" mode="2">
2 <data>
3 <stim>0</stim><resp>2</resp>
4 <stim>1</stim><resp>1.25</resp>
5 <stim>2</stim><resp>4</resp>
6 <stim>3</stim><resp>3</resp>
7 </data>
8 </calibration>
9 <calibration name="gendist" type="gendistreg" mode="2">

10 <initguess>
11 <value>1</value>
12 <value>0</value>
13 </initguess>
14 <regfunction>
15 <library path="calibration/lib/lib">
16 <function name="line" parameters="2"/>
17 </library>
18 </regfunction>
19 <data>
20 <stim>0</stim><resp>2</resp>
21 <stim>1</stim><resp>1.25</resp>
22 <stim>2</stim><resp>4</resp>
23 <stim>3</stim><resp>3</resp>
24 </data>
25 </calibration>
26 <calibration name="gdln" type="gendistline" mode="2">
27 <data>
28 <stim>0</stim><resp>2</resp>
29 <stim>1</stim><resp>1.25</resp>
30 <stim>2</stim><resp>4</resp>
31 <stim>3</stim><resp>3</resp>
32 </data>
33 </calibration>

This MUSE simulation file contains three definitions of a calibration. The
first one named ordls uses the built in calibration function for solving re-
gression problems fitting a straight line. The second one named gendist

uses generalized distance regression as described in 7.2.2. Therefore, initial
guesses for the resulting parameters of the calibration function are defined
inside the <initguess> element. Also, the calibration function needs to be
defined which is done inside the tag <regfunction>. The third calibration
named gdln uses also generalized distance regression but with the explicit
solution for a straight line. The resulting estimates for the ordinary least
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squares fit are 0.575 for the gradient and 1.7 for the intersect. The result-
ing estimates using generalized distance regression and the iterative solution
are 0.885 for the gradient with an intersect of 1.235. The estimates calcu-
lated by the explicit solution using the calibration type gendistline are the
same except the last digit. The two lines defined by these parameters are

0 0.5 1 1.5 2 2.5 3 3.5
1

1.5

2

2.5

3

3.5

4

4.5

stimulus t

re
sp

on
se

 v

Figure 7.4: Resulting line from the ordinary least squares fit (chain dotted
line) together with the line resulting from the generalized distance regression
(solid line).

plotted in Figure 7.4 where the ordinary least squares fit is plotted with a
chain dotted line and the generalized distance fit with a solid line. This plot
demonstrates, that even if we use a simple calibration function the two used
calibration methods can deliver considerably different results.

Even if the two methods used for the generalized distance regression de-
livers nearly the same parameters they differ in the evaluation speed. The
calibration functions defined in the listing uses all 10000 mctrials. Therefore,
the regression problem is solved 10000 times. Using ordinary least squares
and the explicit solution of orthogonal distance regression is faster by a factor
of more than 100 compared to the general solution using generalized distance
regression with an external defined regression function. The reason for this
difference can be found in the method used to solve the problem. Using the
calibration type gendistreg solves the regression problem using an iterative
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algorithm which needs to solve linear systems in each iteration. Also the
derivatives of the regression function needs to be calculated using finite dif-
ferences. This method should therefore only be used if no build-in function
is available in MUSE to solve the given calibration problem.

The following section elaborates the influence of neglecting uncertain-
ties and/or correlations in the stimulus values using the calibration of an
ICP/OES measurement device.

7.3 Example: Inductively Coupled Plasma -

Optical Emission Spectrometry (ICP-OES)

The determination of lead in drinking water was used first to illustrate in
Section 2.2 how to build a measurement function out of a measurement spec-
ification. There, the formula

cstock =
pur ·m
V

(7.32)

to assemble a reference lead solution, the stock solution, with a concentration
cstock was derived given the purity pur of a reference lead material, its mass
m and the volume of the used flask V . This formula was taken up again
in Chapter 5 to demonstrate the principles of logical correlations generat-
ing reference solutions with lower concentrations. These reference solutions
with different concentrations are now used to determine the amount of lead
contained in a water sample using an Inductively Coupled Plasma-Optical
Emission Spectrometry (ICP-OES) analysis. The liquid sample, here water,
is introduced into the inductively generated argon plasma through a nebu-
lizer system in ICP-OES analysis where it is stimulated by a set of quantity
of energy (i.e. light of a given wavelength). Figure 7.5 illustrates the principle
of this technique. The spectrum emitted is transferred into a spectrometer
where it is decomposed into the individual wavelengths and evaluated. The
concentration of the measurand is proportional to the intensity of the emit-
ted photons. In the following, we will compare three different scenarios of
one calibration of an ICP-OES measurement device. First, we will ignore
the uncertainties in the stimulus values, i.e. we will assume fix values for
the diluted reference solutions. In the second step, all the stimulus values
are assumed to be afflicted with a given measurement uncertainty where in
the last calculation the whole process of dissolving and diluting the reference
samples is modeled.

The concentration of the reference standards c
(i)
ref , i = 1, 2, 3, 4, 5, for the

calibration of the ICP-OES device are assembled in accordance with Section
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water
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Figure 7.5: Principle of ICP-OES. The water sample is pumped through the
nebulizer into the spray chamber. There, it rises to the tail-flame where it
is stimulated. The emitted light is separated into its specific wavelength by
a special grating. The intensity of the detected substance is proportional to
the concentration. Figure adapted from www.cleanwatertesting.com.

5.2 by

c
(i)
ref =

cstock · V (i)
pip

VFlask
(7.33)

where the amount of stock solution taken with the pipette Vpip, the result-

ing mean value c̃
(i)
ref of the concentration as well as the associated standard

uncertainties u(c̃
(i)
ref) are given in Table 7.4. The ICP-OES device delivers for

each stimulus value an intensity of emitted energy Ei, i = 1, . . . , 5, the re-
sponse. The intensities together with their associated standard uncertainties
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Stimulus Vpip (l) c̃
(i)
ref (µg/l) u(c̃

(i)
ref) (µg/l) Response Ei u(Ei)

c
(1)
ref 1e-6 9.9 0.062 E1 1300 6

c
(2)
ref 2e-6 19.80 0.124 E2 1800 12

c
(3)
ref 3e-6 29.70 0.186 E3 2500 18

c
(4)
ref 4e-6 39.6 0.248 E4 4700 25

c
(5)
ref 5e-6 49.5 0.310 E5 5400 31

Table 7.4: Best estimates c̃ref and associated standard uncertainties u(c̃
(i)
ref)

of the dissolved and diluted reference samples c
(i)
ref representing the stimulus

values. The response values E1, . . . , E5 are also given together with their
uncertainty.

are also given in columns 7 and 8 of Table 7.4. The used calibration function
for the ICP-OES device is a straight line and the fitting method ordinary
least squares in a first assumption. Therefore, the vertical distance of the
measurement points to the calibration function are minimized. This allows
to illustrate the differences between the three different models. The MUSE
code for the calibration using static values for the stimulus values is given in
Listing 7.12. The response values E1, E2, . . ., E5 are modeled as Gaussian
distributions in the <instances> section using the values given in Table 7.4.

Listing 7.12: MUSE simulation file defining a calibration using the five re-
sponse and stimulus values given in Table 7.4. In this simulation, stimulus
values are assumed to be constant, i.e. the uncertainties associated with them
are ignored.

1 <simulation>
2 <instances>
3 <instance name="E1" model="gaussparam">
4 <parameters>
5 <parameter id="#1">1300</parameter>
6 <parameter id="#2">6</parameter>
7 </parameters>
8 </instance>
9 <instance name="E2" model="gaussparam">

10 <parameters>
11 <parameter id="#1">1800</parameter>
12 <parameter id="#2">12</parameter>
13 </parameters>
14 </instance>
15 <instance name="E3" model="gaussparam">
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16 <parameters>
17 <parameter id="#1">2500</parameter>
18 <parameter id="#2">18</parameter>
19 </parameters>
20 </instance>
21 <instance name="E4" model="gaussparam">
22 <parameters>
23 <parameter id="#1">4700</parameter>
24 <parameter id="#2">25</parameter>
25 </parameters>
26 </instance>
27 <instance name="E5" model="gaussparam">
28 <parameters>
29 <parameter id="#1">5400</parameter>
30 <parameter id="#2">31</parameter>
31 </parameters>
32 </instance>
33 </instances>
34 <calibration name="myLQ1" type="lsline2d" mode="2"

mctrials="100000">
35 <data>
36 <stim>9.9</stim><resp>E1</resp>
37 <stim>19.8</stim><resp>E2</resp>
38 <stim>29.7</stim><resp>E3</resp>
39 <stim>39.6</stim><resp>E4</resp>
40 <stim>49.5</stim><resp>E5</resp>
41 </data>
42 <analyze mode="on" filename="parameters" />
43 </calibration>
44 <calculation>
45 <analyze mode="on" histbars="60"/>
46 <measurand>
47 <formula name="lq1">myLQ1 (500) </formula>
48 <formula name="lq2">myLQ1 (1000) </formula>
49 <formula name="lq3">myLQ1 (1500) </formula>
50 <formula name="lq4">myLQ1 (2000) </formula>
51 <formula name="lq5">myLQ1 (2500) </formula>
52 <formula name="lq6">myLQ1 (3000) </formula>
53 <formula name="lq7">myLQ1 (3500) </formula>
54 <formula name="lq8">myLQ1 (4000) </formula>
55 <formula name="lq9">myLQ1 (4500) </formula>
56 <formula name="lq10">myLQ1 (5000) </formula>
57 <formula name="lq11">myLQ1 (5500) </formula>
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58 </measurand>
59 </calculation>
60 </simulation>

The calibration is defined in the lines 34-43 using these instances as response
and constant values as stimulus. The evaluation of the measurement function
is done in the lines 47-57 using eleven formulas which evaluates the mea-
surement function for the values 500,1000,. . .,5500. In order to compare the
different calibration methods we use in the following a plot where the 95%
coverage region of the resulting approximated PDFs of these evaluations are
plotted together with the mean value of them. The plot contains for each
evaluation of the measurement function two points representing the lower
and upper bound of the 95% coverage interval. The abscissa is given by the
mean value of the approximated PDF for each evaluation. The points of
the upper and lower bounds of the different evaluations are connected which
yields a plot as shown in Figure 7.6. This plot demonstrates, that the con-
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Figure 7.6: Resulting trumpet from the calibration defined in the MUSE
simulation file 7.12. The uncertainties of the stimulus variables are ignored
in this model.

fidence region of the resulting calibration is small for evaluated values close
to the midpoint of the used calibration points where it increases for values
left and right of it.
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The stimulus values are assumed to have approximately an uncertainty
of 0.6 % as given in Table 7.4 in the second scenario. The stimulus values
are therefore instantiated by the MUSE code given in Listing 7.13.

Listing 7.13: Define the stimulus values ci with an uncertainty of approxi-
mately 0.6 % of the mean value. The values are given in Table 7.4 and result
from the dissolving process of the reference solutions.

1 <instance name="c1" model="gaussparam">
2 <parameters>
3 <parameter id="#1"> 9.9 </parameter>
4 <parameter id="#2"> 0.062 </parameter>
5 </parameters>
6 </instance>
7 <instance name="c2" model="gaussparam">
8 <parameters>
9 <parameter id="#1"> 19.8 </parameter>

10 <parameter id="#2"> 0.124 </parameter>
11 </parameters>
12 </instance>
13 <instance name="c3" model="gaussparam">
14 <parameters>
15 <parameter id="#1"> 29.7 </parameter>
16 <parameter id="#2"> 0.186 </parameter>
17 </parameters>
18 </instance>
19 <instance name="c4" model="gaussparam">
20 <parameters>
21 <parameter id="#1"> 39.6 </parameter>
22 <parameter id="#2"> 0.248 </parameter>
23 </parameters>
24 </instance>
25 <instance name="c5" model="gaussparam">
26 <parameters>
27 <parameter id="#1"> 49.5 </parameter>
28 <parameter id="#2"> 0.31 </parameter>
29 </parameters>
30 </instance>

The remaining part of the MUSE simulation description does not change and
is therefore the same as in Listing 7.12. If we plot the 95 % coverage regions
again for all evaluated values we receive the chain dotted line given in Figure
7.7. The 95% coverage region considering the uncertainty afflicted with the
stimulus values expands compared to the model where the stimulus values
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Figure 7.7: Resulting trumpet as chain dotted line from the calibration using
stimulus values defined by Listing 7.13. The uncertainties of the stimulus
variables are considered, but the correlations between them ignored. The
dashed line is again the trumpet resulting from ignoring the uncertainties of
the stimulus values.

are assumed to be constant values (dashed line). In order to demonstrate
the influence of correlations between the stimulus values in a calibration
we will use Formula (7.33) to build the reference solutions c1, c2, . . ., c5,
the stimulus values of the calibration process. The instantiation of these
references is given in Listing 7.14, where the model refsol is given in Chapter
5 Listing 5.7. Please note, that the parameter #vpipmu given to the model
refsol is the volume taken from the stock solution. This volume is taken
in liters and the resulting concentration should be in micro grams per liter
(µg/l). Therefore, the parameters of the used basic models cstock and
refsol need to be modified such that they deliver their concentrations also
in µg/l. If we do so, the calibration process also results in µg/l and can be
calculated using the definition of the stimulus values as given in Listing 7.14.

Listing 7.14: Definition of the stimulus values ci using the basic model refsol
for taking the reference solution. The resulting concentrations are given in
µg/l.

1 <instance name="c1" model="refsol">
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2 <parameters>
3 <parameter id="#vpipmu"> .000001 </parameter>
4 <parameter id="#vpipsigma"> .000000002 </parameter>
5 </parameters>
6 </instance>
7 <instance name="c2" model="refsol">
8 <parameters>
9 <parameter id="#vpipmu"> .000002 </parameter>

10 <parameter id="#vpipsigma"> .000000004 </parameter>
11 </parameters>
12 </instance>
13 <instance name="c3" model="refsol">
14 <parameters>
15 <parameter id="#vpipmu"> .000003 </parameter>
16 <parameter id="#vpipsigma"> .000000006 </parameter>
17 </parameters>
18 </instance>
19 <instance name="c4" model="refsol">
20 <parameters>
21 <parameter id="#vpipmu"> .000004 </parameter>
22 <parameter id="#vpipsigma"> .000000008 </parameter>
23 </parameters>
24 </instance>
25 <instance name="c5" model="refsol">
26 <parameters>
27 <parameter id="#vpipmu"> .000005 </parameter>
28 <parameter id="#vpipsigma"> .00000001 </parameter>
29 </parameters>
30 </instance>

Again the measurement function is evaluated at eleven points using the
<calculation> section of Listing 7.12. The resulting curve is given as solid
line in Figure 7.8. Even if the uncertainty of the stimulus value in the region
with low concentrations is the same, the confidence region is smaller com-
pared to the model where the correlations are not concerned. This results
from the fact, that the covariance between two stimulus values Cov(ci, cj)
increases the more solution is taken from the stock solution. The correlation
between all the reference solutions is about 0.89. The uncertainty matrix for
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Figure 7.8: Resulting trumpet as solid line from the calibration using stimulus
values defined by Listing 7.14. The uncertainties of the stimulus variables
as well as the correlations between them are considered. The chain dotted
line is again the trumpet resulting from ignoring the correlations where the
dashed line results from ignoring the uncertainties of the stimulus values.

the five reference solutions is therefore

Uc1,c2,c3,c4,c5 =


3.85e-03 6.86e-03 10.29e-03 13.72e-03 17.15e-03
6.86e-03 15.42e-03 20.58e-03 27.45e-03 34.31e-03
10.29e-03 20.58e-03 34.69e-03 41.17e-03 51.46e-03
13.72e-03 27.45e-03 41.17e-03 61.68e-03 68.62e-03
17.15e-03 34.31e-03 51.46e-03 68.62e-03 96.37e-03


(7.34)

which illustrates this behavior as the higher the indexes of the references
ci gets, the higher the covariance between them is. Thus, the correlation
increases for higher concentrations which expands the confidence region.

Let us recall the example given in the introduction where the limit of lead
in one liter of drinking water was given as 25 micro grams. If we take a sample
and use the ICP-OES measurement device to get an intensity of emitted
photons corresponding to the lead in the sample, we can use the calculated
calibration coefficients in order to correct the value indicated by the device.
Let us assume an indicated intensity of the ICP-OES device of 2540 with an
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associated standard uncertainty of 19. Based on this information we use a
Gaussian distribution to model the indication of the device and evaluate the
measurement function for this distribution as demonstrated in Listing 7.15.

Listing 7.15: Evaluate the measurement function for a Gaussian distributed
indication with a mean value of 2540 and an associated standard uncertainty
of 19.

1 <instances>
2 ...
3 <instance name="ind" model="gaussparam">
4 <parameters>
5 <parameter id="#1">2540</parameter>
6 <parameter id="#2">19</parameter>
7 </parameters>
8 </instance>
9 ...

10 </instances>
11 <calibration name="ordls" type="lsline2d" mode="2"

mctrials="20000">
12 <data>
13 <stim>c1</stim><resp>E1</resp>
14 <stim>c2</stim><resp>E2</resp>
15 <stim>c3</stim><resp>E3</resp>
16 <stim>c4</stim><resp>E4</resp>
17 <stim>c5</stim><resp>E5</resp>
18 </data>
19 </calibration>
20 <calculation>
21 <analyze mode="on" histbars="60"/>
22 <measurand>
23 <formula name="ordls">ordls(ind)</formula>
24 </measurand>
25 </calculation>

The resulting histogram is given in Figure 7.9 where the mean value is 24.35
µg/l and the standard uncertainty 0.23 µg/l. The aim of the measurement
was to determine if the amount of lead in the given water sample is below 25
µg/l. Based on the resulting distribution we can state, that the amount of
lead in the sample is below this limit with a probability of 99%, as the upper
99% coverage interval is 24.93 µg/l.

All the calibrations done so far have used ordinary least squares to fit the
parameters of the measurement function. Therefore, the vertical distance
of the calibration points to the calibration function is minimized in each
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Figure 7.9: Resulting histogram of Listing 7.15 evaluating the measurement
function for an indicated value of the ICP-OES device represented by a Gaus-
sian distribution with a mean of 2540 and an uncertainty of 19.

evaluation step. In order to minimize the orthogonal distance we can use the
generalized distance regression as given in Listing 7.16.

Listing 7.16: Evaluate the measurement function for a Gaussian distributed
indication with a mean value of 2540 and an associated standard uncertainty
of 19. The used fit to build the parameters of the measurement function is
generalized distance regression.

1 ...
2 <calibration name="gendist" type="gendistreg" mode="2"

mctrials="20000">
3 <initguess>
4 <value>0</value>
5 <value>100</value>
6 </initguess>
7 <regfunction>
8 <library path="eval/lib/lib">
9 <function name="line" parameters="2"/>

10 </library>
11 </regfunction>
12 <data>
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13 <stim>c1</stim><resp>E1</resp>
14 <stim>c2</stim><resp>E2</resp>
15 <stim>c3</stim><resp>E3</resp>
16 <stim>c4</stim><resp>E4</resp>
17 <stim>c5</stim><resp>E5</resp>
18 </data>
19 <analyze mode="on" histbars="60" filename="pgendist"/>
20 </calibration>
21 <calculation>
22 <analyze mode="on" histbars="60"/>
23 <measurand>
24 <formula name="gendist">gendist(ind)</formula>
25 </measurand>
26 </calculation>

The resulting histogram looks quite similar to that one printed in Figure 7.9
which results for the ordinary least squares but the statistical parameters
differ. The resulting mean value is 24.68 µg/l where it was before 24.35 µg/l.
Even worse is the fact that the upper limit of the 99% coverage interval
has changed to 25.24 µg/l and also the 95% coverage interval is above the
specified limit of 25 µg/l with a value of 25.11 µg/l. If we use the model
given in Listing 7.13 for the calibration, i.e. we do not take the correlation
between the stimulus values into account, the resulting parameters are as
given in third row of Table 7.5. Row 4 shows the result if the uncertain-
ties of the stimulus values are neglected. In the 5th row the resulting mean
and the upper bounds of the coverage intervals are given if we use the pa-
rameter "mode=1" for the calibration with constant stimulus values. Using
this parameter forces the evaluation of the measurement function with the
mean values of the calculated parameters. Hence, the uncertainty of the pa-
rameters is also not taken into account evaluating the measurement function.
This example demonstrates, that ignoring uncertainties in the stimulus values
can lead to wrong estimates of the resulting confidence regions and also the
consideration of correlations between the stimulus values yields significantly
different estimations of the resulting uncertainties and coverage regions. If
all the information given is taken into account and the generalized distance
regression is used, all the calculated upper limits of the coverage regions lie
above the given limit of 25 µg/l. The more information is neglected using
an ordinary least squares fit, leaving away the existing correlation between
the stimulus values or even ignore the uncertainties of them yields estimates
which will result in the acceptance of a sample of drinking water which can
have a lead concentration above the specified limit. Of course the influence
of the different regression methods and also neglecting correlations and un-
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mean value 95% 99% 99.9%

gendist 24.68 25.11 25.23 25.37
ordls 24.35 24.79 24.92 25.07

nocorr 24.35 24.73 24.84 24.98
nouc 24.35 24.70 24.81 24.93

mode1 24.35 24.68 24.78 24.89

Table 7.5: Mean value and upper bounds of coverage intervals resulting from
the generalized distance regression (gendist), the ordinary least squares fit
(ordls) and the model which does not take the correlation of the stimulus val-
ues into account (nocorr). The resulting values for neglecting the uncertainty
of the stimulus values is given in row 4 (nouc) where the last row (mode1)
shows the values if the evaluation of the measurement function is done using
the mean values of the parameters, i.e. the uncertainties of the parameters
are neglected.

certainties will differ in other experiments. But this example demonstrates,
that different calibration methods and also different models can yield differ-
ent estimations of measurement results. Therefore the calibration process
need to be well understood and the different methods compared.

Using MUSE , and therefore MCM as an implementation of the propa-
gation of the PDFs representing the response and stimulus values through
the calibration process, all the information provided can be used in order to
calculate approximations of the parameters of the calibration function. As
different calibration methods are implemented the influence of them can be
analyzed. Using the calibration module of MUSE allows to take the uncer-
tainty associated with the stimulus values and the correlation between them
into account which yields more reliable estimations of the parameters of the
calibration function.



Chapter 8

Conclusion

At the beginning of this thesis, the GUM uncertainty framework (GUF) was
the common method for the calculation of measurement uncertainty. As
this calculation method is limited to linear measurement functions and in-
put quantities which can adequately be described by their first two moments,
there was a need in different metrological fields for a method which overcomes
these drawbacks. The goal of this thesis was the development of a measure-
ment uncertainty calculator which is able to handle all different kinds of
measurements in the field of physics, chemistry and biology. This includes
not only each kind of operator or function to build a connection between the
different influence quantities, but also the treatment of complex-valued quan-
tities and calibration problems. The method to calculate the measurement
uncertainty has to use the complete knowledge given about the input quan-
tities, as well as the complete knowledge about the measurement function.
Based on the analysis of different methods to express the state of knowledge
about an input quantity, probability density functions (PDFs) are used to
express all available and relevant information about the quantities. The com-
bination of the PDFs representing the input quantities via the measurement
function yields the Markov formula. This multiple integral is computed via
the Monte Carlo method (MCM). Using MCM is more than evaluating the
Markov formula by numerical integration; it is a virtual repetition of the
measurement process and is therefore a very intuitive method for the metrol-
ogist. The fact that MCM is recommended by an official supplement to the
GUM (GS1) emphasizes its choice even more. MCM overcomes the draw-
backs of the GUF and results in an approximation of the PDF representing
the measurand, which holds all available information about the measurement.

MCM is computationally intensive, as the quality of the approximation of
the resulting PDF depends on the number of Monte Carlo trials. In order
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to add one significant digit of accuracy we need to increase the number of
Monte Carlo trials by a factor of 100. The implementation of MCM necessi-
tates therefore a detailed analysis of the single steps to end up with a suitable
software tool. Chapter 4 reviews all the steps to propagate the PDFs of the
input quantities through the measurement function with respect to memory
efficiency and computational speed. The Monte Carlo block design, which
propagates whole vectors through the measurement function instead of single
values, results from this work. Using this design, the computational time can
dramatically be reduced. The block design allows also the calculation of the
statistical parameters of the resulting PDF based on the statistical parame-
ters of the individual blocks. A formula to calculate the standard uncertainty
based on these blocks is given as well as a theorem which demonstrates that
the overall statistical parameters can be calculated as the mean value over
the statistical parameters of the individual blocks. Using this result, it is
no longer necessary to store all generated values and calculate the statistical
parameters over them. Instead, they can be calculated based on the statisti-
cal parameters of the single blocks. Sorting all generated values can thus be
avoided.

Metrologists are used to describing the dependencies occurring in their mea-
surement using the correlation coefficient, but they are often not aware of
the fact, that this coefficient implies a linear relationship. Chapter 5 demon-
strates, that the description of the dependency between two input quan-
tities using the correlation coefficient admits an arbitrary number of joint
probability density functions. Therefore, we distinguish between statistical
correlation, resulting from repeated measurements, and logical correlation,
resulting from a refinement of the measurement function. The preparation of
reference lead samples out of a stock solution demonstrates the importance of
using the refined measurement function to build up correlations in a correct
manner. On the one hand, it is for this measurement not possible to de-
scribe the resulting correlation correctly by a correlation coefficient. On the
other hand, it would be very difficult, or even impossible, to determine the
correlation coefficient using repeated observations. The chapter concludes,
that the refinement of the measurement function by the metrologist to build
up correlations between input quantities is the way to go whenever it is ap-
plicable. Not refined correlations indicate that the measurement process is
not completely understood. If so, it is up to the metrologist to resolve this
problem by collecting more knowledge about the measurement in order to
build up the correlation in an adequate way.

The calculation of the measurement uncertainty including complex-valued
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quantities using the GUF can deliver physically senseless results. The com-
plete information about such a quantity can be propagated using the prin-
ciples elaborated in the first five chapters which overcome these problems.
Starting with the definition of a measurement resulting in a complex num-
ber a two-dimensional probability density function is used to express the
knowledge about the outcome of such a measurement. The calculation with
complex-valued quantities in the Cartesian representation is straightforward
but representing such a quantity in the polar representation can cause some
problems as the physical limits of the magnitude as well as of the phase
need to be considered. Considering the physical limits at the definition may
change the given parameters of the PDF. Considering the physical limits dur-
ing the propagation of distributions may result in a distribution where the
statistical parameters no longer need to be meaningful estimators. Concepts
have been presented to overcome these difficulties. The ability of MUSE
to do uncertainty calculations including complex-valued quantities has been
demonstrated using a measurement from radio frequency engineering. The
determination of the measurement uncertainty associated with the scattering
parameters of an electrical attenuator needs to propagate a huge amount of
PDFs through a lot of measurement functions. As a result of the efficient
implementation of the Monte Carlo method, this propagation can be per-
formed in MUSE with a minimum of time and computational resources.

A lot of measurements demand the calibration of the measurement equip-
ment. This process establishes a relation between known quantity values,
the stimulus values, and the indications of the measurement device, the re-
sponse values, in a first step. The information about the stimulus as well as
about the response values is usually not complete. Therefore, it is necessary
to propagate the available knowledge, again described by PDFs, through the
calibration. In doing so, approximations of the PDFs representing the state
of knowledge about the model parameters of the calibration function are cal-
culated. Different methods to calculate these estimates have been elaborated
where, on the one hand, linear and non-linear calibration functions are distin-
guished. On the other hand, ordinary least squares and generalized distance
regression have been analyzed in order to compare different minimization
criteria within the regression. Using generalized distance regression together
with an arbitrary calibration function allows taking all uncertainty sources
into account and can therefore be referred to as the most general method to
build the model parameters of a measurement device. This method allows
also the consideration of logical correlations within the calibration process.
Once the model parameters of the calibration function are defined, the indica-
tion of the measurement device is corrected using the measurement function.
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The information about the indication is again described via a PDF, which
allows propagating the complete knowledge through the entire calibration
process and takes all uncertainty sources into account. As the calculation of
the model parameters can get computationally expensive, it is essential to
build such a calibration module on a sound basis, which is optimized with
respect to computational time and memory efficiency.

All the deduced results have been integrated into the development of the
software tool MUSE which allows an application of the - at least sometimes
theoretical - results in practice. Therefore, the metrological community can
apply the concepts presented in this thesis which has a considerable advan-
tage compared to the GUM uncertainty framework in many instances. The
determination of lead in drinking water was used throughout the whole doc-
ument in order to give a proof of concept of the elaborated results. Starting
with the derivation of the measurement function based on the measurement
specification, the principles of logical correlations have been demonstrated.
In the end, the influence of neglecting these naturally given correlations dur-
ing a calibration process has been shown as well as of ignoring uncertainties
associated with the stimulus values. Using incomplete knowledge for the
determination of the measurement uncertainty results here in too small cov-
erage intervals. This means accepting a drinking water sample which may
have a too big lead concentration. Using MUSE , all the available and rel-
evant information about the measurement can be used which yields more
reliable estimates of a measurement. This allows on the one hand a better
understanding of the measurement. On the other hand, it is possible to come
to more reliable decisions based on given information, which can help to save
time, money or even human life. The calculation of measurement uncertainty
should therefore not be seen as a necessary evil, but more as a tool which
enhances and puts additional value onto the result of a measurement.



Appendix A

MUSE

The software package MUSE is the result of this thesis. All the theoretical
results have been implemented in the software and are ready for use. In
order to define a measurement in MUSE , a special language, the modeling
language, has been developed in a second thesis by Marco Wolf [Wol09].
He elaborates the modeling aspects of measurement uncertainty calculation,
explains the basic concepts of the developed language and gives a complete
language definition. This appendix provides a short introduction into the
basics of the modeling language in order to facilitate the modeling of simple
measurements and understand the concepts used in the examples given in
this document.

MUSE uses an XML-based language for the description of measurements.
There are two different types of XML files in MUSE to specify a measure-
ment. Basic models describe on the one hand input quantities whereas the
simulation description defines how the basic models interact. The specifica-
tion of the measurement in MUSE starts with the measurement function

Y = f(X1, . . . , XN) (A.1)

where Y is the measurand and Xi, i = 1, . . . , N , the input quantities. In
the following we show the possible elements of the hierarchical structure of
a model description and a simulation description. To this end, we use a
rather simple example to show the different aspects of MUSE where the
measurement function is given by Y = f(X1, X2) =

√
X2

1 +X2
2 , i.e. the

calculation of the distance of a point to the origin introduced in Chapter 2.
The input quantities are both described by Gaussian distributions where X1

has a mean value of 0, X2 a mean of 1 and both a standard deviation of 1,
i.e. X1 ∼ N(0, 1) and X2 ∼ N(1, 1).
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A.1 Basic Models

MUSE allows a structured modeling of the measurement function using so
called basic models. The root element of a model description file needs to
be the XML element <model name="gauss" targetid="g"> where the at-
tributes name and targetid must be set. The attribute name identifies the
model whereas the attribute targetid specifies the resulting influence, i.e.
the return value of the model. The main idea behind basic models is to
define all of the input quantities in separate files and reuse these files in the
simulation description. An input quantity of Formula (A.1) is either given
by a single probability density function (PDF) or by a combination of PDFs.
A model description with one influence described by a single PDF is defined
as shown in Listing A.1.

Listing A.1: Model description using one input quantity named gauss which
is Gaussian distributed.

1 <model name="gauss" targetid="g">
2 <influence id="g" name="gauss">
3 <distribution>
4 <gauss>
5 <mu>1</mu>
6 <sigma>1</sigma>
7 </gauss>
8 </distribution>
9 </influence>

10 </model>

The element <influence> contains just one element <distribution> defin-
ing a single PDF for the influence. It is possible to access all PDFs imple-
mented in MUSE using such a model description. This is done by changing
the element <gauss> to the element that corresponds to the designated dis-
tribution and adapting the parameters. A list of all available distributions is
given in Chapter 4.1, Table 4.2.

MUSE allows the combination of PDFs within a model description using
so called subinfluences. Subinfluences are defined in a section delimited by
the element <influences> as shown in the second model description given
in Listing A.2.

Listing A.2: Model description combining two influences via the tag
formula.

1 <model name="x12" targetid="g">
2 <influence id="g" name="x12">
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3 <formula>pow(X1 ,2) + pow(X2 ,2)</formula>
4 <influences>
5 <influence id="X1" name="X1" model="gauss"/>
6 <influence id="X2" name="X2" model="gauss"/>
7 </influences>
8 </influence>
9 </model>

This basic model reuses the basic model gauss defined in Listing A.1. The
element <formula> in a model description defines the relation between the
defined influences. Inside this tag all available functions and operators of
MUSE can be used.

To reuse basic models with different parameters without touching the
model definition file directly MUSE allows to set parameters of a model
from outside. To this end, the attribute parameter needs to be added to the
parameter to be set. In order to set the parameters mu and sigma in Listing
A.1 they need to be defined as demonstrated in Listing A.3.

Listing A.3: Definition of Gaussian distribution where the parameters mu and
sigma can be set via parameters from outside.

1 <gauss>
2 <mu parameter="#mu">0</mu>
3 <sigma parameter="#sigma">1</sigma>
4 </gauss>

A.2 Simulation Description

The input quantities of the measurement function are modeled in MUSE
using basic models which are defined in model description files as shown in
the previous section. The measurement function needs to be specified after
defining the input quantities of a measurement. This is done in a separate
XML file, the simulation description. There, so called instances of basic
models are defined. An instance of a model represents an influence quantity
with individual setups. The attribute name of the instance is used to access
this instance. The simulation description given in Listing A.4 instantiates
the model x12 defined in Listing A.2 via the element

<instance name="X12" model="x12"/>.

The measurement function is built based on this instance using the element
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<measurand>sqrt(X12)</measurand>

encapsulated in the element calculation.

Listing A.4: Simulation description using instances of the basic model given
in Listing A.2.

1 <simulation>
2 <instances>
3 <instance name="X12" model="x12"/>
4 </instances>
5 <calculation>
6 <measurand>sqrt(X12)</measurand>
7 </calculation>
8 </simulation>

The root element of the simulation description is the element <simulation>
followed by an initialization section starting with the element <instances>.
Inside this tag, all instances of the used basic models are defined and the
parameters of the models can be set. In order to set the parameters of a basic
model from the simulation description, the element parameters is used inside
the instance element where the parameters are defined as demonstrated in
Listing A.5.

Listing A.5: Setting the parameters of a basic model from the simulation
description via the element parameters.

1 ...
2 <instances>
3 <instance name="x1" model="gaussparam">
4 <parameters>
5 <parameter id="#mu">0</parameter>
6 <parameter id="#sigma">1</parameter>
7 </parameters>
8 </instance>
9 </instances>

10 ...

The calculation section follows specifying the relation between the in-
stances of the basic models after the initialization section. The calculation
section starts with the element <calculation>. A lot of attributes can be set
to control the calculation for this element which are listed in Table A.1. The
measurement function is specified via the element <measurand>. The mea-
surement function is defined as a string using all functions and operators of
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Attribute Possible values Description

mcsimulations (#|a) Set the number of MC trials (a -
adaptive, # - number * 10000).

rngenerator (mt|wh) Uniform random number genera-
tor the be used (mt - Mersenne
Twister, wh - Wichmann-Hill).

dimensions # Number of output dimensions.
Negative numbers are complex-
valued quantities.

staticseed (on|off) Initialization of the pseudo ran-
dom number generator with a
static seed (on).

formulaformat (infix|postfix) Formula format of the whole cal-
culation.

outputdigits # Number of digits to be stored in
the output file (plain text mode
only).

Table A.1: Possible attributes of the calculation element. Values separated
by | are choices.
.

MUSE given in Table A.2 and A.3. Using the basic model x12 from above
we can hence define the simulation of the example with the measurement
function given by Y = f(X1, X2) =

√
X2

1 +X2
2 building an instance of this

model and taking the square root of this instance. As the model x12 returns
pow(X1,2)+pow(X2,2), where X1 and X2 are Gaussian distributions, we end
up with the overall measurement function sqrt(pow(X1,2)+pow(X2,2)).

Operation Description

z = a+ b Addition of a and b
z = a− b Subtraction of a and b
z = a ∗ b Multiplication of a and b
z = a/b Division of a and b

Table A.2: Operations defined in MUSE on two quantities a and b.
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Function Description

sqrt(a) Square root of a
pow(a,b) a to the power of b (ab)
exp(a) Calculates ea where e is Euler’s number
log(a) Natural logarithm of a
log10(a) Logarithm to the base of 10 of a
sin(a) Sine of a
cos(a) Cosine of a
tan(a) Tangent of a
asin(a) Arc sine of a
acos(a) Arc cos of a
atan(a) Arc tangent of a
sinh(a) Hyperbolic sine of a
cosh(a) Hyperbolic cosine of a
tanh(a) Hyperbolic tangent of a

Table A.3: Functions defined in MUSE on two quantities a and b.

A.3 Variables

Beside the possibility to define the influence quantities Xi via instances of
basic models it is also possible to define them using variables. Such variables
need to be declared inside the calculation tag and can access all the imple-
mented distributions. Listing A.6 defines the two input quantities X1 and
X2 via variables and perform the calculation using them.

Listing A.6: Calculation of the distance of a point to the origin using two
variables.

1 <simulation>
2 <calculation>
3 <analyze mode="on" histbars="60"/>
4 <variable name="x1">
5 <distribution>
6 <gauss>
7 <mu>0</mu>
8 <sigma>1</sigma>
9 </gauss>

10 </distribution>
11 </variable>
12 <variable name="x2">
13 <distribution>
14 <gauss>
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15 <mu>1</mu>
16 <sigma>1</sigma>
17 </gauss>
18 </distribution>
19 </variable>
20 <uncertainty >
21 sqrt(pow(x1 ,2) + pow(x2 ,2))
22 </uncertainty>
23 </calculation>
24 </simulation>

A.4 Static influences

MUSE assumes instances of a simulation description as independent if they
are used at different positions. If we define an instance of a measurement
device, for example a thermometer, and use this thermometer at different
positions in the measurement function, the values generated for the ther-
mometer will not be correlated. Sometimes it is necessary to model a dis-
tribution which delivers exactly the same value at different places in the
measurement function. If so, the attribute mode="static" need to be set
inside the <instance> tag. In doing so, each occurrence of this instance will
get the same value in one trial and the resulting distributions will therefore
be completely correlated.
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Appendix B

Terms and definitions

This appendix lists frequently used terms and definitions. The introduced
term is followed by the reference document where it is given. We try to
refer to the GUM [IIB+95] or its first supplement [BIP08a] (GS1) whenever
possible. If metrological terms are used that are not defined in one of these
two documents, we refer to the International Vocabulary of Metrology (VIM)
[III+08]. If terms are defined in more than one document the first document
which is referenced to is the GUM, followed by its supplement and the VIM.

measurement [IIB+95, B.2.5]

set of operations having the object of determining a value of a quantity

NOTE The operations may be performed automatically.

method of measurement [IIB+95, B.2.7]

logical sequence of operations, described generically, used in the performance
of measurements

NOTE Methods of measurements may be qualified in various ways such
as:

• substitution measurement method

• differential method

• null method.
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measurement procedure [IIB+95, B.2.8]

set of operations, described specifically, used in the performance of particular
measurements according to a given method

NOTE A measurement procedure is usually recorded in a document that
is sometimes itself called a “measurement procedure” (or a measurement
method) and is usually in sufficient detail to enable an operator to carry out
a measurement without additional information.

measurand [IIB+95, B.2.9]

Particular quantity subject to measurement

EXAMPLE Vapour pressure of a given sample of water at 20 ◦C

NOTE The specification of a measurand may require statements about
quantities such as time, temperature and pressure.

influence quantity [IIB+95, B.2.10]

quantity that is not the measurand but that affects the result of the mea-
surement

EXAMPLE 1 temperature of a micrometer used to measure length;

EXAMPLE 2 frequency in the measurement of the amplitude of an al-
ternating electric potential difference;

EXAMPLE 3 bilirubin concentration in the measurement of haemoglobin
concentration in a sample of human blood plasma.

Guide Comment The definition of influence quantity is understood to
include values associated with measurement standards, reference materials,
and reference data upon which the result of a measurement may depend, as
well as phenomena such as short-term measuring instrument fluctuations and
quantities such as ambient temperature, barometric pressure, and humidity.
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measured quantity value[III+08, 2.10]

measured value of a quantity
measured value
quantity value representing a measurement result

NOTE 1 For a measurement involving replicate indications, each indica-
tion can be used to provide a corresponding measured quantity value. This
set of individual measured quantity values can be used to calculate a result-
ing measured quantity value, such as an average or median, usually with a
decreased associated measurement uncertainty.

NOTE 2 When the range of the true quantity values believed to represent
the measurand is small compared with the measurement uncertainty, a mea-
sured quantity value can be considered to be an estimate of an essentially
unique true quantity value and is often an average or median of individual
measured quantity values obtained through replicate measurements.

NOTE 3 In the case where the range of the true quantity values believed
to represent the measurand is not small compared with the measurement
uncertainty, a measured value is often an estimate of an average or median
of the set of true quantity values.

NOTE 4 In the GUM, the terms “result of measurement” and “estimate
of the value of the measurand” or just “estimate of the measurand” are used
for “measured quantity value”.

result of a measurement [IIB+95, B.2.11]

value attributed to a measurand, obtained by measurement

NOTE 1 When a result is given, it should be made clear whether it refers
to:

• the indication

• the uncorrected result

• the corrected result

and whether several values are averaged.



230 APPENDIX B. TERMS AND DEFINITIONS

NOTE 2 A complete statement of the result of a measurement includes
information about the uncertainty of measurement.

accuracy of measurement [IIB+95, B.2.14]

closeness of the agreement between the result of a measurement and a true
value of the measurement

NOTE 1 “Accuracy” is a qualitative concept.

NOTE 2 The term precision should not be used for “accuracy”.

uncertainty (of measurement) [IIB+95, B.2.18]

parameter, associated with the result of a measurement, that characterizes
the dispersion of the values that could reasonably be attributed to the mea-
surand

NOTE 1 The parameter may be, for example, a standard deviation (or a
given multiple of it), or the half-width of an interval having a stated level of
confidence.

NOTE 2 Uncertainty of a measurement comprises, in general, many com-
ponents. Some of these components may be evaluated from the statistical
distribution of the results of series of measurements and can be character-
ized by experimental standard deviations. The other components, which can
also be characterized by standard deviations, are evaluated from assumed
probability distributions based on experience or other information.

NOTE 3 It is understood that the result of the measurement is the best
estimate of the value of the measurand, and that all components of uncer-
tainty, including those arising from systematic effects, such as components
associated with corrections and reference standards, contribute to the dis-
persion.

error (of measurement) [IIB+95, B.2.19]

result of a measurement minus a true value of the measurand
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NOTE 1 Since a true value cannot be determined, in practice a conven-
tional true value is used.

NOTE 2 When it is necessary to distinguish “error” from “relative error”,
the former is sometimes called absolute error of measurement. This should
not be confused with absolute value of error, which is the modulus of the
error.

measurement model [III+08, 2.48]

model of measurement
model
mathematical relation among all quantities known to be involved in a mea-
surement

NOTE 1 A general form of a measurement model is the equation
h(Y,X1, . . . , XN) = 0, where Y , the output quantity in the measurement
model, is the measurand, the quantity value of which is to be inferred from
information about input quantities in the measurement model X1, . . . , XN .

NOTE 2 In more complex cases where there are two or more output quan-
tities in a measurement model, the measurement model consists of more than
one equation.

measurement function [III+08, 2.49]

function of quantities, the value of which, when calculated using known quan-
tity values for the input quantities in a measurement model, is a measured
quantity value of the output quantity in the measurement model

NOTE 1 If a measurement model h(Y,X1, . . . , XN) = 0 can explicitly be
written as Y = f(X1, . . . , XN), where Y is the output quantity in the mea-
surement model, the function f is the measurement function. More generally,
f may symbolize an algorithm, yielding for input quantity values x1, . . . , xN ,
a corresponding unique output quantity value y = f(x1, . . . , xN).

NOTE 2 A measurement function is also used to calculate the measure-
ment uncertainty associated with the measured quantity value of Y .
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input quantity in a measurement model [III+08,

2.50]

input quantity
quantity that must be measured, or a quantity, the value of which can be
otherwise obtained, in order to calculate a measured quantity value of a
measurand

EXAMPLE When the length of a steel rod at a specified temperature
is the measurand, the actual temperature, the length at that actual tem-
perature, and the linear thermal expansion coefficient of the rod are input
quantities in a measurement model.

NOTE 1 An input quantity in a measurement model is often an output
quantity of a measuring system.

NOTE 2 Indications, corrections and influence quantities can be input
quantities in a measurement model.

reference measurement standard [III+08, 5.6]

reference standard
measurement standard designated for the calibration of other measurement
standards for quantities of a given kind in a given organization or at a given
location
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Statistical concepts

This appendix gives an overview of the used statistical terms and concepts.
As not all statistical terms are defined in the first supplement to the GUM
[BIP08a], the ISO norm 3435 [VIM93] (ISO3534) is used in addition to define
the needed terms. A definition of a term my be followed by a shortcut which
is used in this theses.

random variable (RV) [VIM93, 1.2]

random variate
a variable that may take any of the values of a specified set of values and
with which is associated a probability distribution.

NOTE 1 A random variable that may take only isolated values is said to
be “discrete”. A random variable which may take any value within a finite
or infinite interval is said to be “continuous”.

NOTE 2 The probability of an event A is denoted by Pr(A)

probability distribution [BIP08a, 3.1]

function giving the probability that a random variable takes any given value
or belongs to a given set of values.

NOTE 1 A probability distribution is termed univariate when it relates
to a single (scalar) random variable, and multivariate when it relates to a
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vector of random variables. A multivariate probability distribution is also
described as a joint distribution.

NOTE 2 A probability distribution can take the form of a distribution
function or a probability density function.

(cumulative) distribution function (CDF) [BIP08a,

3.2]

function giving, for every value ξ, the probability that the random variable
X be less than or equal to ξ:

GX(ξ) = Pr(X ≤ ξ)

probability density function (PDF) [BIP08a,

3.3]

derivative, when it exists, of the distribution function

gX(ξ) = dGX(ξ)/dξ.

normal distribution

Gaussian distribution
probability distribution of a continuous random variable X having the prob-
ability density function

gX(ξ) =
1

σ
√

2π
exp

(
−1

2

(
ξ − µ
σ

)2
)
,−∞ < ξ <∞

NOTE µ is the expectation and σ the standard deviation of X.

standard normal distribution

standard Gaussian distribution
Normal distribution with mean value µ = 0 and standard deviation σ = 1.
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expectation (E) [BIP08a, 3.6]

expectation value
property of a random variable, which, for a continuous random variable X
characterized by a PDF gX(ξ), is given by

E(X) =

∞∫
−∞

ξgx(ξ)dξ (C.1)

NOTE 1 Not all random variables have an expectation.

NOTE 2 The expectation of the random variable Z = F (X), for a given
function F (X), is

E(Z) = E[F (X)] =

∞∫
−∞

F (ξ)gX(ξ)dξ (C.2)

variance (V ) [BIP08a, 3.7]

property of a random variable, which, for a continuous random variable X
characterized by a PDF gX(ξ), is given by

V (X) =

∞∫
−∞

(ξ − E(X))2gX(ξ)dξ (C.3)

NOTE Not all random variables have a variance.

covariance [BIP08a, 3.10]

property of a pair of random variables, which, for two continuous random
variablesX1 andX2 characterized by a joint (multivariate) PDF gX(ξ), where
X = (X1, X2)T and ξ = (ξ1, ξ2)T , is given by

Cov(X1, X2) =E{[X1 − E(X1)][X2 − E(X2)]}

=

∞∫
−∞

∞∫
−∞

[ξ1 − E(X1)][ξ2 − E(X2)]gX1,X2(ξ1, ξ2)dξ1dξ2 (C.4)
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uncertainty matrix [BIP08a, 3.10]

matrix of dimension N × N , containing on its diagonal the squares of the
standard uncertainties associated with estimates of the components of an N -
dimensional vector quantity, and in its off-diagonal positions the covariances
associated with pairs of estimates

Note 1 An uncertainty matrix Ux of dimension N×N associated with the
vector estimate x of a vector quantity X has the representation

Ux =

 u(x1, x1) · · · u(x1, xN)
...

. . .
...

u(xN , x1) · · · u(xN , xN)

 , (C.5)

where u(xi, xi) = u2(xi) is the variance (squared standard uncertainty) as-
sociated with xi and u(xi, xj) is the covariance associated with xi and xj.
u(xi, xj) = 0 if elements Xi and Xj of x are uncorrelated.

Note 2 Covariances are also known as mutual uncertainties.

Note 3 An uncertainty matrix is also known as a covariance matrix or
variance-covariance matrix.

standard deviation [BIP08a, 3.8]

positive square root
√
V (X) of the variance

NOTE Not all pairs of random variables have a covariance.

moment of order r [BIP08a, 3.9]

expectation of the rth power of a random variable, namely

E(Xr) =

∞∫
−∞

ξrgX(ξ)dξ (C.6)

NOTE 1 The central moment of order r is the expectation of the random
variable Z = [X − E(X)]r.
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NOTE 2 The expectation E(X) is the first moment. The variance V (X)
is the central moment of order 2.

coverage interval [BIP08a, 3.12]

interval containing the value of a quantity with a stated probability, based
on the information available

NOTE 1 A coverage interval is sometimes known as a credible interval or
a Bayesian interval.

NOTE 2 Generally there is more than one coverage interval for a stated
probability.

NOTE 3 A coverage interval should not be termed “confidence interval”
to avoid confusion with the statistical concept
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