DISS. ETH NO. 20749

NON-CONCAVE UTILITY MAXIMIZATION:
OPTIMAL INVESTMENT, STABILITY AND APPLICATIONS

A dissertation submitted to

ETH ZURICH

for the degree of

Doctor of Sciences

presented by
CHRISTIAN ROCHUS AUGUST REICHLIN

MSc ETH Mathematics
born April 25, 1984
citizen of Schwyz, Switzerland

accepted on the recommendation of

Prof. Dr. Martin Schweizer examiner
Prof. Dr. Rose-Anne Dana  co-examiner
Prof. Dr. Thorsten Hens co-examiner
Prof. Dr. Mikl6s Rasonyi co-examiner

2012






Abstract

In this thesis, we study optimal investment problems for agents with a non-
concave utility function and distorted beliefs. The main motivation for such
optimization problems comes from behavioural finance and is to understand
the implications of several psychological effects on portfolio optimization and
the ensuing consequences for the financial markets. Our results can also be
used for other applications in finance, such as manager compensation and
portfolio delegation. We present three types of results. We first analyze op-
timal investment problems for an (exogenously) fixed financial market. For
various levels of generality, we provide conditions such that the optimization
problem is well posed and admits a solution. We derive fundamental eco-
nomic properties of the maximizer and analyze the sensitivity of the indirect
utility with respect to the initial capital. For a broad class of models, we
solve the optimal investment problem explicitly. Secondly, we perform a sta-
bility analysis for optimal investment problems. This allows us to analyze
the impact of drift misspecification or changing time horizon on the opti-
mal investment. We also use these results to provide numerical procedures
for the explicit computation of the optimal investment. Finally, we study
implications of behavioural effects on a financial market equilibrium where
prices are determined endogenously by (behavioural) demand and supply.
We mainly focus on the empirically well-studied relationship between the
pricing density and the aggregate endowment and compare the results with
empirical estimates from the S&P 500. Throughout, we also provide sev-
eral examples illustrating our results and exhibiting a number of new and
unexpected phenomena.






Kurzfassung

Diese Dissertation beschiftigt sich mit Entscheidungsproblemen fiir Agen-
ten mit nicht-konkaven Nutzenfunktionen und nicht-linearen (verzerrten)
Erwartungen. Diese Optimierungsprobleme sind motiviert durch die Er-
kenntnisse der Verhaltensékonomie und dienen dazu, Auswirkungen von ver-
schiedenen psychologischen Effekten auf die Portfoliooptimierung sowie die
Finanzmairkte zu untersuchen. Die Resultate kdnnen auch auf andere kono-
mische Fragestellungen wie zum Beispiel die Analyse von erfolgsbezogenen
Anreizsystemen angewendet werden. Die Resultate kénnen in drei Klassen
eingeteilt werden. Erstens betrachten wir nicht-konkave Nutzenmaximie-
rungsprobleme fiir einen (exogen) fixierten Finanzmarkt. Wir geben Bedin-
gungen fiir die Existenz einer Lésung und analysieren die Eigenschaften des
Maximierers. Weiter untersuchen wir den indirekten Nutzen als Funktion
des Startkapitals. Fiir verschiedene Modellklagssen kann das Optimierungs-
problem explizit geldst werden. Der zweite Teil umfasst Resultate iber die
Stabilitét der oben beschriebenen Optimierungsproblemen. Damit kann zum
Beispiel der Einfluss von fehlerhafter Modellspezifikation auf die Entschei-
dungen untersucht werden. Die Stabilitdtsresultate konnen auch fiir die nu-
merische Berechnung der optimalen Strategie verwendet werden. Schliesslich
untersuchen wir die Konsequenzen von risikosuchendem Verhalten und ver-
zerrten Erwartungen fiir ein Finanzmarktgleichgewicht, in welchem die Preise
endogen durch Angebot und Nachfrage bestimmt werden. Wir untersuchen
hauptséchlich die Beziehung zwischen der Preisdichte und dem gesamtwirt-
schaftlichen Vermogen und vergleichen diese mit den empirischen Schit-
zungen fiir den S&P 500. Die verschiedenen Resultate dieser Arbeit werden
durch konkrete Beispiele illustriert.
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Chapter 1

Introduction

How do we make decisions under risk? This is a central and fundamental
question in financial economics. Expected concave utility reigned for several
decades as one dominant theory for decision making under uncertainty. This
theory assumes that agents are risk-averse and that they evaluate possible
outcomes linearly with respect to a prior subjective probability. However,
there is considerable empirical evidence that agents tend to switch between
risk-averse and risk-seeking behaviour depending on the context, and that
they overweight extreme events having small probabilities. The impact of
these behavioural effects and the resulting theory is exemplified by the award
of the Nobel Prize in economics to Daniel Kahneman in 2002 for “having inte-
grated insights from psychological research into economic science, especially
concerning human judgment and decision-making under uncertainty”E]

In the literature, there are several different approaches to model alter-
native decision criteria accounting for the behavioural effects observed in
psychological research. In this thesis, we focus on preference functionals
that assign to a positive random payoff f the value

Vi) = [omnirer) = [Crewn > a0

for a non-concave and non-smooth utility function U on R, and a strictly
increasing function 7:[0, 1] — [0, 1] representing the probability distortion of
beliefs. The non-concave utility function allows us to generate risk-seeking
behaviour; particular forms of the distortion T lead to overweighting of
extreme events. From a theoretical point of view, arises naturally as a
representation for preference functionals satisfying a certain comonotonicity
condition (see, for instance, Schmeidler [100]). In applications, they also
serve as the main building block for several behavioural theories such as rank-
dependent expected utility (RDU or RDEU; see Quiggin [89]) or cumulative
prospect theory (CPT; see Tversky and Kahneman [105]). If we set T'(p)=p,
then covers the classical expected utility functional as well.

'Excerpt from the official press release of The Royal Swedish Academy of Sciences.
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Having specified the decision criteria, one important task is to understand
how agents described by these preferences behave. This gives an idea whether
one can model the decisions observed in empirical experiments. A first step
in this direction is to study the demand problem

maximize V(f) over all f € LY satisfying Eg[f] <z (1.2)

for some probability measure @ ~ P. We refer to Q as the pricing measure.
One possible interpretation of is as follows: There are two periods.
At the first date 0, there is uncertainty about which state of the world will
occur at the second date T. An agent having initial capital x and preferences
over date T outcomes, represented by the preference functional V', buys at
date 0 for the price Eg[f] a nonnegative contingent claim f for date T.
When choosing f, the agent maximizes the value V' (f) of future outcomes
subject to the constraint that his expenditure should not be larger than =z.
In Chapters |II| and we study the demand problem in detail.
While problem is formulated for an abstract setting, the second
step is to study the problem in a more concrete situation, such as a financial
market. In this way, one can understand the consequences for portfolio
selection of behavioural effects as well as of the associated theories. To
formalize this, we assume that a risk-free bank account yielding zero interest
and risky assets with price process S are available on the financial market,
and that the agent is “small” in the sense that his actions do not influence
the financial market. The agent starts at time 0 with initial capital z and
trades in a self-financing way along a strategy ¢. We denote the resulting
final position at time T by X::ﬁ’ﬂ. The portfolio selection problem is then to

maximize V(X:gﬁ’ﬂ) over all admissible trading strategies 9. (1.3)

In the special case that the financial market is complete, the two problems
and are directly related; but otherwise they differ. In Chapter
we examine the portfolio optimization problem in the general case.

In order to also examine the consequences for financial markets of be-
havioural effects as well as of the associated theories, one finally studies the
implications of behavioural portfolio selection for a financial market equilib-
rium where prices are determined by demand and supply. The prices (and
the price functional) are therefore not exogenously given as in the problems
and , but are determined endogenously from the interactions of
the agents. This allows us to understand how behavioural effects aggregate
from an individual level to the market level. In Chapter [V] we take a step
in this direction.

Problems and and the study of the resulting equilibrium are (or
lead to) economically meaningful and mathematically challenging stochastic
optimization problems. The overall goal of this thesis is to improve the un-
derstanding of these non-standard optimization problems and their resulting
economic implications.
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I.1 Existing literature

There is a vast literature on the empirical evidence as well as the axiomatic
foundations for preferences described by V. We refer to Wakker [106] for an
overview on the former and to Quiggin [89] for an overview on the latter. We
focus here on the literature about optimization problems involving V' and its
consequences for financial market equilibria. Some results in the literature
are formulated for related, but slightly different, preference functionals. Our
literature review also includes these results; most of them also hold (with
some minor modifications) for our setting.

Results on the demand problem (|1.2). There are two main approaches
to deal with the demand problem (1.2). One of them is to study in the
special case without distortion (i.e., T'(p) = p) and to use the idea of Fried-
man and Savage [45] and Aumann and Perles [4] to study the non-concave
utility maximization problem by reducing it to the classical concave case.
Bailey et al. [5], Hartley and Farrell [53] and Rieger [94] use this idea to
provide some basic intuition about non-concavities in the utility function.
Berkelaar et al. [13] and Carassus and Pham [29] examine the portfolio se-
lection problem for a complete financial market in continuous time,
rewrite it in the form and solve it by reducing it to a concave one. The
same technique appears also in a slightly different context: Carpenter [32]
and Larsen [77] apply it to study the impact of option compensation and
portfolio delegation on portfolio selection problems, and Basak and Makarov
[9] analyze performance based salary systems within a bank. In all three
articles, the key optimization problem is of the form in the special case
without distortion, and the problem is solved by reducing it to a concave
one. In general, this concavification idea is very useful — if it can be applied.
It then easily gives the existence and several properties of a solution, all in
a simple way via classical concave utility maximization. In Section [[L.5] we
present an easily verifiable structural assumption on the model under which
this concavification approach can indeed be applied.

The second main approach to (which works also for the case with
distortion) is to exploit the law-invariance of the functional V. This allows
one to split the problem into two subproblems: One step is to optimize
the functional over all payoff distributions, and the second step is to choose
the cheapest final position with a given distribution. Jin and Zhou [64]
use this idea, but their assumptions on the coordination between the model
and the preference parameters are restrictive and somewhat ad hoc. Carlier
and Dana [31I] then study the problem more systematically and use a weak
convergence approach via Helly’s selection principle to show the existence of
a maximizer. While these results still rely on some extra assumptions on the
underlying model, we prove the existence of a maximizer for a general model
(under some very mild technical growth conditions imposed on U and 7).
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Results on the portfolio selection problem ([1.3). In the finance lit-
erature, one finds several studies on the one-period model with emphasis on
qualitative properties and empirical experiments; see, for instance, Benartzi
and Thaler [II], Shefrin and Statman [102], Levy and Levy [80], Gomes
[50] and De Giorgi and Hens [34]. A more rigorous mathematical analysis
of the problem has started only recently. Bernard and Ghossoub [15], He
and Zhou [57] and Pirvu and Schulze [84] study the one-period setting more
thoroughly. Carassus and Résonyi [30] examine a related problem in a multi-
period setting; similarly to mixed strategies in game theory, they allow the
trading strategies to depend on an external source of randomness. Bichuch
and Sturm [I7] study the case without distortion (i.e., T'(p) = p) and give ad
hoc assumptions under which the problem can be solved by reducing it
to a suitable concave utility maximization problem. Résonyi and Rodrigues
[00] use the law-invariance of the functional V' and extend the approach of
Carlier and Dana [31] to a class of incomplete markets. In Chapter we
follow a slightly more abstract approach and give sufficient conditions for the
existence of a maximizer in terms of a closedness assumption (under weak
convergence) on the set of final position generated by allowed trading.

Results on the implications for the financial market equilibrium.
All existing results in the literature on this topic are based on a one-period
setting. Shefrin [I0I] explains intuitively the effect on the equilibrium of non-
concave utility functions and distortions. Polkovnichenko and Zhao [86] and
Dierkes [41] consider a representative agent economy and study empirically
whether a representative agent with a concave utility function and distorted
beliefs can explain the observed asset prices. Xi [109] and De Giorgi and Post
[35] analyze a complete market economy with finitely many agents; Xi [109]
uses the concavification idea to establish the existence of an equilibrium, and
De Giorgi and Post [35] derive sufficient conditions on the preferences such
that the resulting pricing density (or pricing kernel) dQ/dP in equilibrium
is a decreasing function of the aggregate endowment. De Giorgi et al. [30]
study more thoroughly whether there exists an equilibrium; in particular,
they show that an equilibrium exists if there is a continuum of agents. In
Chapter [V] we consider a setup similar to the one in De Giorgi and Post [35]
and study whether behavioural effects can lead to a (partially) increasing
relation between the pricing density d@)/dP and the aggregate endowment.

1.2 Overview of the thesis

The results are divided into four chapters, three of which correspond essen-
tially to the articles [91], [92] and [58]. To ensure that the chapters can
be read independently from each other, we have deliberately allowed some
duplication of terms and ideas.
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Non-concave utility maximization with a given pricing measure.
Chapter [[1| essentially consists of the article [91]. Here we consider the de-
mand problem in the special case without distortion (i.e., T'(p) = p).
The preference functional V' therefore reduces to an expected non-concave
utility functional V(f) = E[U(f)]. We first show necessary and sufficient
conditions for the existence of a maximizer by using Fatou’s lemma in sev-
eral dimensions. In particular, this requires an adaptation to the non-concave
case of the notion of asymptotic elasticity. This can be defined via the conju-
gate of the non-concave utility function. We then present a detailed analysis
of how the optimal expected non-concave utility (indirect utility), denoted
by u(x,U), depends on the initial capital x. This is a comparative static
analysis to investigate the sensitivity of the indirect utility with respect to
the key exogenous variable “initial capital” . The optimal expected non-
concave utility is, as a function of x, again increasing and non-concave. We
show that its concave envelope coincides with the optimal expected utility
u(z,U.), where U, is the concave envelope U, of U. This explains the gen-
eral relation between the non-concave problem u(z, U) and the “concavified”
problem u(x,U.). While u(z,U) and u(x,U.) may differ in general, we are
then interested in a characterization of models for which u(x, U) and u(x, U.)
coincide. For this, we specialize the setup to the case that the underlying
probability space is atomless. Using rearrangement techniques, we show that
the two value functions then coincide, and we give a characterization of the
maximizer. We also show that this atomlessness assumption is essentially
necessary to have u(xz,U) = u(x,U.) for all non-concave utility functions
U and for each pricing measure (). We use our results to discuss explicit
examples exhibiting a number of new and unexpected phenomena.

Stability of the demand problem. The analysis in Chapter [[Tl and all
results in the literature are for a fixed underlying model. Since one is never
exactly sure of the accuracy of a proposed model, it is important to know
whether the behavioural predictions generated by a model change drastically
if one slightly perturbs the model. The main purpose of Chapter [[II] (which
corresponds to the article [92]) is to study this issue in detail. Formally, we
consider a sequence of models, each represented by some probability space
(Q™, F™, P™) and some pricing measure Q", and we assume that this se-
quence converges weakly in a suitable sense to a limit model (Q°, F°, P9, Q°).
For each model, we consider the demand problem

V() = sup{Vu(f) | f € LL(Q" F* PY), Bgu[f] <}, (2.1)

where the functional V,, is defined by . We are interested in the asymp-
totics of the value v™(z) and its maximizer f™ = arg max V,,(f), and we want
to compare them with the analogous quantities in the limit model.

In concave utility maximization, the (essentially) sufficient condition
for such stability results is the weak convergence of the pricing densities
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dQ"/dP™ to dQ°/dP° (see, for instance, He [55] and Prigent [88]). However,
in our non-concave setting, we present an example of a sequence of financial
markets for which (dQ"/dP™) converges weakly to dQ°/dP°, but where the
limit lim,, o v™(x) and vo(x), as well as the corresponding final positions,
differ substantially. We discuss these new effects in detail and give sufficient
conditions to prevent such unpleasant phenomena.

In order to illustrate the main results, we provide several applications.
First, we consider a sequence of binomial models approximating the Black—
Scholes model; this is the typical example for the transition from discrete- to
continuous-time models and allows one to determine numerically the optimal
expected utility for the (computationally difficult) continuous-time models
via the one for (computationally tractable) discrete-time models. We also
apply our results to study the stability with respect to perturbations of a
model’s parameters such as drift, volatility and time horizon.

Some examples in incomplete markets. In Chapter [[V] we study the
portfolio selection problem . We first give sufficient conditions for the
existence of a maximizer in terms of a closedness assumption (under weak
convergence) on the set of final positions generated by allowed trading. This
enables us to tackle the problem in a systematic and unified way, which allows
us to explain the results on the existence of a maximizer obtained previously
in more specific frameworks. We also verify the closedness assumption in
some models that are not covered by the existing literature thus far. While
we formally only prove the existence result for the special case without distor-
tion, we explain how the same assumption can be used to prove the existence
of a maximizer for the functional defined in (1.1) with distortion. For the
second part, we then restrict ourselves to the case without distortion, and
we study the properties of the maximizer and the optimal expected utility
more thoroughly. We start with models on a finite probability space in order
to bring out the intuition and structure, eliminating the need for technical
complexities. We show that the optimal final position satisfies, as in the
classical concave case, the first order condition for optimality in the sense
that the marginal utility of the optimal position defines (up to a constant)
a local martingale measure. But we also illustrate with a counterexample
that the classical interpretation of the resulting martingale measure as least
favourable completion does not carry over to the non-concave case.

While the optimal expected utility is in general a non-concave function of
the initial capital, we next present sufficient conditions for a general model
such that the optimal expected non-concave utility is concave in the initial
capital. These conditions involve the wutility price introduced in Jouini and
Kallal [66] and can be seen as a natural generalization of the results from
Chapter [[Il To round off the chapter, we illustrate the use of our results with
a number of explicit examples.
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Equilibrium. In Chapter [V] we finally study some implications of be-
havioural effects on the financial market equilibrium. This chapter is based
on the article [58]. The main focus lies on the relation between the pricing
density d@Q/dP and the aggregate endowment in the economy. In a complete
market equilibrium with risk-averse agents, these two quantities are anti-
comonotonic. However, this decreasing relation is often seen or claimed to
be violated in empirical studies; this observation is called the pricing kernel
puzzle. We study whether behavioural effects can explain this observation.
We consider a one-period setting and show that allowing the agents to be
(partially) risk-seeking (in the sense that U is (partially) convex) can lead
to a non-decreasing relation between the pricing density d@Q/dP and the ag-
gregate endowment. But we also argue that this is a rather pathological
phenomenon. We also analyze the effect of the distortion on that relation.
For non-concave utility functions as well as for distortions, we compare the
resulting pricing densities with the empirical estimates from the S&P 500.
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Demand problem with a given
pricing measure

In this chapter, which corresponds to [91], we study the demand problem
for a general model with fixed pricing density. We show the existence
of a maximizer, discuss its properties and analyze the optimal expected non-
concave utility (indirect utility).

I1.1 Introduction

For an increasing and upper-semicontinuous function U on R satisfying a
mild growth condition, we study in this chapter the demand problem

u(z,U) = sup{E[U(f)] | f € C()}, (1.1)

where C(z) := {f € LY | Eglf] < =} for a (pricing) measure Q ~ P.
As outlined in Chapter , one can interpret problem as abstract de-
mand problem or as non-concave utility maximization problem in a financial
market. For the latter interpretation, the function U can be seen as a (non-
concave) utility function describing the preferences of an agent in a financial
market who is dynamically trading in the underlying discounted assets S.
The random variable f can be seen as the final position x + fOT JdS resulting
from a strategy ¢ with initial capital . In complete markets where there
is a unique equivalent martingale measure @ for S, the elements in C(x)
are those non-negative positions that can be associated to a trading strategy
starting from an initial capital less than or equal to x. Then is an
abstract version of the utility maximization problem of choosing a trading
strategy such that the terminal value f* of the corresponding wealth process
maximizes E[U(f)] over all final outcomes of competing strategies. The idea
for this reduction from a dynamic to a static problem can be traced back
to Pliska [85]. The key advantage of the static formulation is that it de-
scribes in a simple and transparent way the fundamental economic problem.
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Moreover, it allows us to consider continuous- and discrete-time models in a
unified way.

In the classical case where U is concave (which means that the agent is
risk-averse) and smooth (e.g. in C!), problem and its solution are well
known and we do not try to survey it here; see Biagini [16] for an attempt
in that direction. For a non-concave utility function, problem is more
involved. There is a broad class of models in which the non-concave problem
has been studied by reducing it to the classical concave case; see for instance
Aumann and Perles [4], Carpenter [32], Berkelaar et al. [13], Larsen [77],
Carassus and Pham [29], Rieger [94], Basak and Makarov [9] and Bichuch and
Sturm [I7]. At the other end of the scale, there are results on the existence
of a solution in a number of (incomplete) discrete-time settings where one
does not necessarily have a fixed pricing density, but the structure of the
setup allows one to optimize directly over the set of strategies; see Benartzi
and Thaler [I1], Bernard and Ghossoub [15], He and Zhou [57] and Carassus
and Résonyi [30]. These two approaches provide fundamental results for a
particular type of setting, but their economic implications are surprisingly
varying

The goal of this article is therefore to analyze in a unified setting
with one pricing density. From an economic point of view, this allows us to
understand the behavioural predictions of non-concave parts in the utility
function independently of the model-specific assumptions. In this way, we
can explain and generalize in a systematic way the results obtained previously
by other authors via ad hoc methods in specific frameworks. We also study
an example in continuous time with jumps in the price process where the
problem cannot be reduced to a concave one. We therefore not only unify
but also extend the previous results in the literature. In contrast to the
existing literature, we also present a detailed analysis of the value u(z,U)
as a function of the initial capital . This is a comparative static analysis
to investigate the sensitivity of the optimal value with respect to the key
exogenous variable “initial capital”.

We present three main results. We first show necessary and sufficient con-
ditions for the existence of a maximizer for u(x,U), by using Fatou’s lemma
in several dimensions due to Balder [6]; we also describe several fundamen-
tal properties of the maximizers. In particular, this requires the notion of
asymptotic elasticity adapted to the non-concave case. We then study the
value function u(x, U). This is again an increasing and non-concave function,
and its concave envelope is shown to coincide with w(z,U,), which explains

!One example is the relation between the optimal final position and the pricing density.
While they are anti-comonotonic in the typical complete models in continuous time with
continuous paths (Theorem B.1 in Jin and Zhou [64]), they are not necessarily anti-
comonotonic in complete models in discrete time. Non-concave utility functions might
thus explain the pricing kernel puzzle in discrete time, but cannot do so in continuous
time (see Section for a detailed discussion).
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the general relation between the non-concave problem u(x,U) and the con-
cavified problem w(z,U.). In the third part, we specialize the setup to the
case that the underlying probability space is atomless. Using rearrangement
techniques, we show that u(z,U) and u(z,U.) then coincide and we give a
characterization of the maximizer for u(z,U). We use our results to discuss
explicit examples exhibiting a number of new and unexpected phenomena.

Besides the articles already mentioned above, there is another important
branch of the literature that deals with non-concave problems. For more
general preferences than expected utility, Jin and Zhou [64], Carlier and
Dana [31] and He and Zhou [56] have developed (under the assumption
that the distribution of d@Q/dP is continuous) an approach via quantiles to
obtain the existence (and in some cases also the structure) of a maximizer.
This approach provides interesting new results for a specific setting, but the
techniques do not apply to our general unified setup.

This chapter is structured as follows. We start in Section with a pre-
cise definition of the non-concave utility function and its concave envelope.
We then formulate the optimization problem and give an illustrative example
which provides some basic intuition. In Section [[L.3] we prove the existence
and several properties of a maximizer. The value function is analyzed in
Section Section [[I.5| contains a detailed analysis of the case that the
underlying probability space is atomless. Finally, the appendices contain a
number of well-known results from convex analysis and non-smooth utility
maximization which are used in the body of the text.

I1.2 Problem formulation and intuition

This section introduces the non-concave utility function, describes the frame-
work and formulates the optimization problem we are interested in. For a
probability space (Q, F, P), let L°(Q, F, P) (and L'(Q, F, P)) be the space
of (equivalence classes of) F-measurable (and integrable) random variables.
The space LY (Q,F, P) (and L. (2, F, P)) consists of all non-negative ele-
ments of L°(Q, F, P) (and L' (92, F, P)). Sometimes, we drop the dependence
on the probability space if it is clear from the context. For a random variable
f, we use f* = max(£f,0) to denote the positive and negative parts of f.

Definition 2.1. A non-concave utility is a function U : (0,00) — R with
U(oo) > 0, which is non-constant, increasing, upper-semicontinuous and
satisfies the growth condition

lim Ulz)

T—00 I

= 0. (2.1)

We only consider non-concave utility functions defined on the positive
axis. To avoid any ambiguity, we set U(z) = —oo for z < 0 and define
U(0) := limy\oU(x) and U(oo) := limg 2o U(z). Note that we do not
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assume that U is concave, continuous or strictly increasing. In particular,
this also allows us to analyze goal-reaching problems initiated by Kulldorff
[76]. In the concave case, condition is equivalent to the Inada condition
at oo that U’(c0) = 0. The assumption U(oo) > 0 is technical but completely
harmless, because adding a constant to U does not change the preferences
described by U.

Definition 2.2. The concave envelope of U is the smallest concave function
Uec: R — RU{—00} such that U.(z) > U(z) holds for all z € R.

In order to formulate the optimization problem, we fix a probability space
(Q, F, P) and consider a probability measure ) equivalent to P with density
¢ :=dQ/dP. We refer to Q as pricing measure and to ¢ as pricing density
(or pricing kernel). The set C(x) is defined by

C(z):={feLl | Eglf] < x}.

In this chapter, we study the problem

u(z,U) :=sup{E[U()] | f € C(z)}, (2.2)

where we define E[U(f)] := —oc if U(f)~ ¢ L'. To exclude the trivial case

we impose
Assumption 2.3. u(xz,U) < oo for some x > 0.

An element f € C(z) is optimal if E[U(f)] = u(z,U). By a mazimizer
for u(xz,U), we mean an optimal element for the optimization problem ([2.2)).
The function u(-,U) is called the value function of the problem ({2.2).

Remark 2.4. A financial interpretation is as follows. We fix a time horizon
T€(0,00) and let t=0 be the initial time. Elements in L°(£2, F, P) describe
random payoffs at time 7. The price of a discounted payoff f at time 0 is
Eg[f]. Problem can then be seen as the (non-concave) utility maxi-
mization problem faced by an agent with initial capital less than or equal
to x and preferences described by U, of choosing a final payoff f that maxi-
mizes the expected (non-concave) utility among all those payoffs whose price
EqQlf] is at most x.

To explain the motivation for this static formulation, we recall the clas-
sical formulation of the utility maximization problem: Given a financial
market, find a strategy ¥ whose resulting gains from trade G (1) maximize
E[U(z+G7(9))] over all admissible ). Instead of maximizing over strategies,
it is also possible to maximize over attainable payoffs, i.e., final positions that
can be generated by suitable self-financing strategies starting at t = 0 from
initial capital x. In the special case of a complete market, there is a unique
equivalent martingale measure @ and the set of attainable (non-negative)
payoffs is given by C(z). In the general case, the set of attainable payoffs
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is more complicated; however, in concave utility maximization, one central
property is that the solution to the original problem can be obtained by work-
ing with only one well-chosen dual object. See Kramkov and Schachermayer
[73] for details. <&

Remark 2.5. In behavioural finance, payoffs are often evaluated with re-
spect to a (possibly stochastic) reference point R, which means that the
agent evaluates U(f — R) rather than U(f). If the reference point is de-
terministic, this can be embedded in our analysis by defining a new utility
Ui(z) := U(xz — R) and slightly modifying the arguments to account for the
new domain of the utility. If the reference point is stochastic, one has to
think carefully about the correct notion of allowed payoffs. Jin et al. [63]
allow all payoffs f with Eg[f] < « and f — R > L for a fixed constant
L. One can then solve the problem by maximizing first E[U(g)] subject to
the constraint Eglg] < = — Eg[R] to get a maximizer g* and then choose
f*:= g+ R. In the setting of a complete financial market, in particular,
this has a clear economic interpretation: the agent uses the amount Eqg[R]
to replicate the stochastic reference point R and invests the remaining part
x — Eg[R] as if he had a deterministic reference point Eg[R]. <&

Remark 2.6. While several applications in finance use a non-concave utility
defined on Ry, there are also interesting examples where the non-concave
utility is defined on R. This case is surprisingly different from our analysis.
A first problem is that the concave envelope (which plays a key role in our
analysis) might not be defined. The problem then might easily be ill-posed;
see Theorem 3.2 of Jin and Zhou [64]. If, however, the concave envelope
U, is well defined, then several arguments of our analysis carry over to the
non-concave utility functions defined on R; see Remark below. <

I1.2.1 Examples and intuition

We present here three representative models to illustrate how the pricing
density and the underlying probability space look in explicit settings.

Example 2.7 (Black-Scholes model). We fix some time horizon T' € (0, 00),
a probability space (Q, F, P) on which there is a standard Brownian motion
W = (Wi)i>0 and a (discounted) market consisting of a savings account
B =1, assumed to be constant, and one stock S described by

dS; = St(,utdt + Utth)7 So=59>0,0>0,

in the augmented filtration generated by W. The drift p and the volatility o
are assumed to be adapted and the market price of risk A := u /0o is assumed
to satisfy fOT Ads < oo P-a.s. The unique martingale measure, if it exists,

is defined by ¢ := dQ/dP = exp (— [ AsdW, — L [ X2ds).
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Example 2.8 (Geometric Poisson process). We consider some time horizon
T € (0,00) and a probability space (2, F, P) on which there is a Poisson
process N = (N;)¢>o with constant intensity A > 0. Let (F;)o<i<7 be the
augmented filtration generated by N. We consider a (discounted) market
consisting of a savings account B = 1 and one risky stock S described by

dS; = aSydt + 0S;_dN;, So=1s50>0,0>—1,0#0, ajo <\,

where N, := N, — Mt is the compensated Poisson process. The unique mar-
tingale measure is defined by ¢ := dQ/dP = e(/\*’\)T@)NT for A\ :=\—a/o.

Example 2.9 (Complete model in discrete time). The classical example in
discrete time is the binomial model consisting of a savings account B = 1,
assumed to be constant, and one stock S described by

S,}/, _y - 1+ wu with probability p
Sty 14+ d with probability 1 —p

for k=1,...,T in the filtration generated by Y. For u>0>d > —1, this model
is complete; the underlying probability space consists of finitely many atoms.

The utility functions studied in this chapter are non-concave. In order
to provide some intuition for these non-classical utility functions, we start
with a motivating example in which we compare Example for p =0 and
T =1 and Example foru=—d <1 and T'= 1. In both cases, it follows
that ¢ = 1; in the first case, the underlying probability space is atomless;
in the second case, the underlying probability space consists of two atoms.
Example shows that the two optimization problems are fundamentally
different even though the pricing densities are equal: the underlying prob-
ability space crucially affects the optimization problem u(x,U). Example
is of course pathological, but it is nevertheless the simplest possible set-
ting demonstrating both intuition and structure and abstracting them from
technical complexities.

Example 2.10. We consider the non-concave utility function U defined by

Ulz) = {O, T <1,

1, =z>1.

This function is increasing and upper-semicontinuous; the concave envelope
is given by U.(z) = x on (0,1) and U.(x) = 1 for x > 1; the optimization
problem is therefore to maximize P[f > 1]. Moreover, we set ¢ = 1.

For the (concave) utility maximization problem wu(zg,U,), the random
variable f = x( is optimal (as can be seen by Jensen’s inequality, because
¢ = 1) and gives u(xo, U.) = Uc(z0) = 0. The maximizer for u(xo, U.) and
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the value function u(zg,U,) are independent of the underlying probabilistic
structure.

For u(zg,U) and xg € (0, 1), the payoff f = z( is not optimal; it is better
to have 1 with probability z¢ while having 0 with probability 1 — xg. If the
probability space is atomless, one can generate any probability distribution;
this allows us to choose A € F with P[A] = xg. The element f = 14 gives
the expected utility U (0)P[A°] + U(1)P[A] = xo which is equal to u(zg, U).
This shows that f is also a maximizer for u(xg,U), since U. > U.

To illustrate the other extreme case, take Q := {wy,wq}, F := 2% and
P[{w1}] := P[{ws}] := 5. In this model, a set A with P[4] =z € (0,1)\ {3}
cannot be generated since the elements in L9 (2, F) take at most two values,
each with probability 1/2, and so u(z,U) = 1izen/2,111/2 + 1{z>1)-

The important ingight from this example is that the underlying probabil-
ity space crucially affects the optimization problem w(z,U). In the atomic
case, the value function u(z,U) is non-concave and (for some x) strictly be-
low u(z, U.). In the atomless case, the value function u(z, U) is concave and
equal to u(x,U.). Note that this has nothing to do with whether or not the
pricing density ¢ has a continuous distribution.

I1.2.2 Some tools from convex analysis

Example already highlights the importance of the concave envelope U..
This section summarizes several results which will be used throughout the
chapter. The proofs can be found in Appendix [[I.7]

Lemma 2.11. The concave envelope U, of U is finite and continuous on
(0,00). The set {U < U} :={x € R |U(x) < Uc(x)} is open and can be
written as a countable union of finite disjoint open intervals. Moreover, U,
is locally affine on the set {U < U.}, in the sense that it is affine on each of
the above intervals.

A key tool to study the relation between U and U, is the conjugate of U
defined by

Jy) = sup{U(x) —zy}.

Because of the non-concavity of U, the conjugate J is no longer smooth; we
therefore work with the subdifferential which is denoted by 0.J for the convex
function J and by 0U, for the concave function U, (for precise definitions,
see Appendix [[L.7). The right- and left-hand derivatives of J are denoted by
J, and J’. The next lemma summarizes several properties, whose proof is
deferred to Appendix

Lemma 2.12. The function J is convez, decreasing, finite on (0,00) and
satisfies J(x) = oo for © < 0. The non-concave utility U and its concave
envelope U, have the same conjugate. Moreover, it holds that

Uecz) —ay =J(y) <= x € —0J(y) <= y € U, (x). (2.3)
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In classical concave utility maximization, the asymptotic elasticity (AE)
of the utility function is important. In particular, many results impose an
upper bound on AE(U). Deelstra et al. [37] showed that this condition may
also be formulated for the asymptotic elasticity of the conjugate. This turns

out to be useful for extending asymptotic elasticity to the non-concave case.
We define

AE((J) :=limsup sup m
y—0 ¢edJ(y) J(?J)
The condition AEy(J) < oo has useful implications, which are summarized

in the next lemma. The equivalence is proved in Lemma 4.1 of Deelstra et al.
[37]. The proof of the second part is presented in Appendix

Lemma 2.13. The asymptotic elasticity condition AFEy(J) < oo is equivalent
to the existence of two constants v > 0 and yg > 0 such that

J(py) < w7 J(y)  for all p € (0,1] and y € (0, yo].

Moreover, if AEy(J) < oo is satisfied, then there are xg > 0 and k > 0 such
that 0 < U.(x) < kU(x) on (xg,00).

In most applications, the non-concave utility U is strictly concave and
differentiable on (z,00) for x large enough. For such utilities, the required
asymptotic elasticity condition could also be formulated in the classical way
in terms of AE(U) or AE(U,), and the classical interpretation of the condition
via risk aversion then still applies.

I11.3 Existence and properties of a maximizer

The goal of this section is to prove the existence of a maximizer for u(x,U).
We also discuss several properties such as uniqueness, first order condition for
optimality, and the relation between the maximizer and the pricing density.

Recall that the only assumption we made so far is Assumption that
u(z,U) < oo for some x > 0. Even in the case of concave utilities, this is
not sufficient to guarantee the existence of a maximizer; see Examples 2.3
and 3.1 in Jin et al. [62]. We introduce a stronger assumption, see Remark

8.3 below.
Assumption 3.1. E[J(Ag)] < oo for all A > 0.

In the case that U = U,, sufficient conditions for this assumption are
u(z,U.) < oo for some x > 0 and AEq(J) < co. The next lemma extends
this to the non-concave case.

Lemma 3.2. AFEy(J) < oo and Assumption imply Assumption [3.1]
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Proof. Tt is known from concave utility maximization that AEq(J) < oo
and u(z,U.) < oo for some z > 0 imply Assumption (see for instance
Lemma 5.4 of Westray and Zheng [107]). It is therefore sufficient to show
that AE(J) < oo and Assumption [2.3| imply u(x,U,) < oo for some x > 0.
For this, let 29 > 0 and k be as given in the second part of Lemma S0
that
0 <U.(x) <kU(x) on (x,00). (3.1)

If U is positive on (0,00), then fix some f € C(x) and apply on the
set {f > xo}. This gives E[U.(f)] < Us(xo) + EE[U(f)] and taking the
supremum over all f € C(z) implies u(z,U:) < Uc(zo) + ku(z,U). So if
u(z, U) is finite for some = > 0, then u(z, U.) is also finite.

If U(0) < 0, we choose € small enough such that z—e > 0, fix f € C(z—¢)
and apply the above argument to f. := f + ¢ and U(z) — U(e). This gives

ElU(f)] < E[Uc(fe)]
c(0) + kE[(U(fe) = U()1{f.520)) + EEU(€)1(s, 5p)]
c(x()) + kE[U(fE) - U(E)] + kE[U(e)l{era:o}]

C($O) + k:u(:c, U) + k|U(6)|7

-

IAIAIA A
-

-

where f. € C(z) is used in the last step. Taking the supremum over all
f € C(x —¢) then gives u(x —¢,U.) < ku(x,U) + k for some constant k and
the result follows. ]

Remark 3.3. Conversely, Assumption [3.I]also implies Assumption [2.3]since
E[U(f)] < E[Uf)] < E[J(Ap)] + Az for f € C(zp) and A > 0. <&

We now turn to the main result of this section. In Section [V.2.2] and
TV.5] we prove a similar result for the preference functional with distortion.
We will discuss there also the relation to the present theorem.

Theorem 3.4. Suppose that Assumption 1s satisfied. Forallzy € (0, 00),
there exists some f € C(xg) such that u(xo,U) = E[U(f)].

Because of the non-concavity of U, proving the existence in the usual
way via a dual problem is not possible. We work directly with a maximiz-
ing sequence (f™) and try to get a suitable subsequence. Due to the lack
of concavity of U, Komlos-type arguments (see, for instance, Lemma 5.5 in
Westray and Zheng [107]) also do not work. Instead, we consider the se-
quence (—=U(f"),¢f™) and look, in the spirit of Fatou’s lemma, for some
two-dimensional “lim inf” (g1, g2). The random variable =g /¢ is then a
natural candidate for a maximizer. This idea and the kind of Fatou-type re-
sult in several dimensions needed to get a two-dimensional “lim inf” already
exist in the literature. They were originally developed to prove the exis-
tence of equilibria for economies with a measure space of economic agents.
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Balder and Pistorius [7] also apply them to demand problems. The con-
dition needed for this approach is a lower closure result for the sequence
(=U(f"),f™). This boils down to showing, as in the concave case, that
(U(f™)") is uniformly integrable. For later applications, we prove a more
general statement.

Proposition 3.5. Suppose that Assumption [3.1] is satisfied. Consider a
sequence x, — x > 0 and a sequence (f™) with f* € C(x,). There is some

f € C(x) such that hzn—ilip E[U(f™)] < BU(f)].

Proof. 1) In the first part, we show that the family (U (f™)")nen is uniformly
integrable. If U is bounded from above, this is clear. Hence, we may assume
U(oo) = oo. The sequence (z,,) is bounded by zg, say, and it follows that

EU™")  Luryrsay] < E[(TO@)T + "0A) Lyt >ay]
< E[J(A90)+1{U(fn)+>a}] + Azo.

Therefore, it is sufficient to show that for any A > 0, we have

O}i_{goS%PE[J()\@)+1{U(f7l)+>a}] = 0.
Since the single random variable J(Ap)™ € L' is trivially uniformly inte-
grable, we only need to show that sup,, P[U(f™)" > a] — 0 for a — co. For
this, fix a sequence o; — oo and let Z := inf{z > 0| U(z) > 0} denote the
first point where the utility becomes positive. By the definition of £ and x,
we have U(f")" < U(z + f") and f* + 2 € C(zo + Z). And since we have
by Remark [3.3| that u(z,U.) < oo for all z > 0, we get

BUG™] _ ulwo +7,U)

= — 0,

sup P[U(f™)* > o] < sup
n n a; 67
which completes the proof of the first part.

2) By passing to a subsequence that realizes the lim sup, we can assume
that the sequence (E[U(f™)]) converges, and we denote the limit by ;. In
the same way, by passing to a further subsequence (again, relabelled as f")
that realizes limsup E[¢f"], we can also assume that (E[pf"]) converges
to some v < x. Define (¢") by ¢" := (=U(f"),pf") and denote the i-th
component of g" by g'. The sequence (E[U(f™)]) converges to 71, hence

Jim Blgr] = — lim EU(f")] = -,
and limy,_,o E[g5] = 72. Since gy > 0 P-a.s., the family (max(0, —g%))
is trivially uniformly integrable. Moreover, we have shown in 1) that the
sequence (max(0, —g7')) is uniformly integrable. By Corollary 3.9 of Balder
[6], it follows that there exists g € L' (€;R?) such that

Elj1] < —m and  E[g] < 7o, (3.2)
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and for a.e. w € €, there exists a subsequence ng(w) such that

lim 9 (W) = g1(w) and  lim g2*“ (W) = ga(w). (3.3)

k—00

Since ¢ > 0 P-as., we can define f(w) := g2(w)/p(w). This gives fo =g

and together with 1 , it follows that E[gof] = E[gg] < 79 < z, which
means that f € C(x). Moreover, it follows from (3.3) that

ng(w) N
lim ™) () = lim %2 () = g2 () = f(w).
dm [ ) = Jim == = ) — @

Together with upper-semicontinuity of U and (3.3 we obtain

U(f(w)) > lim U(f*) (@) = - lim g{*“) () = —; ().

k—o0 k—o0

Taking expectations and using 1’ gives E[U(f)] = E[—i1] > n. O

The proof of Theorem [3.4]is now a direct application of Proposition

Proof of Theorem[3.4 Consider a maximizing sequence (f™) in C(x() which
also satisfies E[pf"] = xo for each n € N. Proposition gives some
f € C(zo) such that E[U(f)] > lim, E[U(f")] = u(xo,U), which shows that

f is a maximizer. O

Remark 3.6. Balder and Pistorius [7] provide an existence result for a
multi-good consumption problem with a non-concave utility function on R}’
They impose on the utility function a growth condition that also involves
the pricing density. By exploiting convex duality, our Assumption [3.1]relaxes
their conditions and highlights that the classical assumptions via asymptotic
elasticity are sufficient for the existence of a maximizer also in the non-
concave case with one pricing measure. <&

Having clarified the existence of a solution to u(x,U), it is natural to
ask about uniqueness. Here the answer is negative: A mazimizer for u(z,U)
18 not necessarily unique. Similarly to the case of concave utilities which
are not strictly concave, we can manipulate the solution on those parts of
dom(U) where U, is locally affine. This is illustrated in the next example.

Example 3.7. Take a sufficiently rich model, ¢ = 1 and a utility function
satisfying {U < U.} = (a,b) U (b, c). Jensen’s inequality shows that f = b is
a maximizer for u(b,U). But on the other hand, for a set A € F satisfying
P[A] = (¢ —b)/(c—a) (which exists by the richness of the model), it follows
that ala + clae is in C(b) and satisfies E[U(ala + clac)] = U(b), which
means that f' = aly +cl gc is also a maximizer. Lemma below describes
mode] classes where the solution for u(z,U) is unique.
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For the economic interpretation, the mere existence result is not very
satisfying. In the sequel, our goal is therefore to describe the properties of
maximizers in more detail. We start with the first order condition for opti-
mality that the marginal utility U'(f*) of a maximizer f* is proportional to
the pricing density. In the classical case when U is concave, this property of
the optimizer is a by-product of the convex duality arguments. But in the
non-concave case, convex duality cannot be applied. Instead, we use a stan-
dard marginal variation argument. In order to avoid dealing with generalized
derivatives for non-concave functions, we impose here a slightly stronger as-
sumption on U. Corollary below gives a more general statement about
the first order condition for atomless models.

Lemma 3.8. Let U be continuously differentiable satisfying the Inada con-
dition lim, o U'(z) = 0 at OOEI and let f* be a mazimizer for u(x,U). Then
there is X > 0 such that f* satisfies U'(f*) = Ap on {f* > 0}.

Proof. Fix € > 0, define A, := {f* > €} and consider
max E[U(f)14,] subject to f € LY, E[fpla] < E[f*plal].  (3.4)

If there is some f in (3.4) with E[U(f)14.] > E[U(f*)14,], the candi-
date f' := flAe + f*14c is feasible for the problem wu(z,U) and satis-
fies E[U(f")] > E[U(f*)] which contradicts the optimality of f*. Hence
f* also solves . Now fix some uniformly bounded f € LY and define
="+ X(f—c)la, for c= E[pfla.]/FE[pla,]. First, note that

Elpfala] = Elpf la] + XN (Elpfla] —cE[pla,]) = Elpf 1]

holds for every A. Moreover, since f is uniformly bounded, it follows that
fr>0on A, for A small. Thus f) is a feasible candidate for (3.4) and this
yields

> ey ELO) ~ UG 14]
A—0 A
Since U is continuously differentiable and satisfies the Inada condition at co,
the derivative U’ is bounded on (€, 00), and using the mean value theorem,
we find that (U(fx) — U(f*))/X is bounded by a constant on A.. Hence we
may interchange limit and expectation to obtain 0 > E[U’ (f*) (f —¢)1a.].
Replacing f by —f shows that the expectation must vanish. Using the nota-
tion v := E[U'(f*)14.]/Elpla,], we thus see that E[(U'(f*) —¢7v)f1la.] =0
holds for all f € L*. This implies U'(f*) = ¢y on A.. The same approach
for € € (0,¢) gives U'(f*) = ¢ on Ag for some constant 4. Since A C Ag,
we have that U'(f*) = ¢y = ¢ on A and we infer v = 4. This can be done
for any € > 0 and we obtain U’'(f*) = ¢y on U,.gA4e = {f* > 0}, which
proves the assertion. O

20One sufficient condition for the Inada condition is that U satisfies l} and
{U<U}=U]_,(ai, b;) for some finite n.
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In financial economics, there is a broad strand of literature (see for in-
stance Jackwerth [59] and Beare [10]) that analyzes the pricing density in
financial markets. From an equilibrium perspective, this boils down to an
analysis of the relation between the pricing density d@/dP and the opti-
mal final position f* of a single agent. In the classical case where U is
concave, the marginal utility U’ is decreasing and the first order condition
U'(f*) = AdQ/dP hence gives a decreasing relation between f* and dQ/dP.
This means that f* and dQ/dP are anti-comonotonic (see Definition 4.82 in
Follmer and Schied [43]). Dybvig [42] considers a finite-dimensional setup
and shows, by using rearrangement techniques, that the decreasing relation
between f* and d@/dP also holds for non-concave utility functions if all
states w € () have the same probability. The economic intuition for this re-
sult is that it is (cost-)efficient to have a higher payoff in those states where
the pricing density is low. Jin and Zhou [64] and Carlier and Dana [31] show
that the decreasing relation between the optimal final position and dQ/dP
also holds for more general preferences if the pricing density has a continuous
distribution. However, this result cannot be generalized to an arbitrary com-
bination of pricing density and underlying probability space as we illustrate
in the next example.

Example 3.9. Take Q = {wy,wq}, F = 22, P[{w;}] = 2/3, define the pric-
ing measure by Q[{w1}] = 3/4 and consider the non-concave utility function

— 13 >1
U() = 7D, w2l
~(1—2)?3, z<1.

The problem u(1, U) can be solved explicitly for this function U (see Theorem
3.1 in Bernard and Ghossoub [I5]), and it turns out that f* defined by
f*(w1) :==10/9 and f*(we) := 2/3 is the optimal final position for u(1,U).
It follows that f* and ¢ are not anti-comonotonic.

Remark 3.10. 1) By extending, for the case of expected non-concave utility,
the results of Jin and Zhou [64] and Carlier and Dana [31], it is shown
below in Corollary that ¢ and the maximizer f* for u(x,U) are anti-
comonotonic if the probability space is atomless.

2) At first glance, Example seems to contradict the main result of
Rieger [93] who claims to generalize the above result in Dybvig [42] to a gen-
eral pricing density. However, a closer inspection of the setup and the results
in Rieger [93] shows that the optimization problem (Definitions 2.10 and 2.11
and Theorem 2.12 there) is not of the same classical form as our problem
(2.2). Rieger [93] considers probability distributions where the pricing den-
sity ¢ and the final payoff f may have any joint distribution (in contrast
to our setup, where only those joint distributions are allowed which can be
actually supported by the underlying probability space), and the constraint
is formulated in terms of the covariance between the payoff and the pricing
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density. In the context of Example [3.9] this allows one to choose a payoff f
via the joint distribution

Plp=3/4,f =10/9] = Plp =9/8,f =10/9] = Plp = 9/8, f = 2/3] = 1/3,

which is not possible in our framework.

One can think of the approach in Rieger [93] as allowing for randomized
payoffs. In the above example, instead of a fixed payoff f(w2), one is allowed
to choose a lottery with outcomes 10/9 and 2/3 with probability 0.5 each.
For mathematical purposes, having randomized payoffs is very useful since
it allows one to prove anti-comonotonicity of f* and ¢. But if the payoffs
must be generated by trading in a specified financial market, the underlying
probabilistic structure matters, and allowing randomized payoffs does not
match up well with the given financial problem.

3) Instead of the (primal) problem to maximize the expected (non-
concave) utility, one can also look at a dual problem of minimizing over
payoffs f the cost Eg[f] for a given value of E[U(f)]. Since the expected
non-concave utility depends only on the distribution of f, this problem is
closely related to finding the cheapest price to generate a given distribution.
In Dybvig [42], this is called the distributional price of f or of its distribu-
tion, and a payoff is called cost-efficient if any other payoff that generates
the same distribution costs at least as much. The ideas of Dybvig [42] have
recently been revisited, formalized and extended in Bernard and Boyle [14].
One central result there is to show that a payoff is cost-efficient if the pay-
off and the pricing density are anti-comonotonic. Example above shows
that the converse direction is not true in general: A pricing density ¢ and a
cost-efficient payoff are not necessarily anti-comonotonic. <&

We conclude this section with one clarification. Throughout, we have
focused on the problem wu(z,U) for a generic x > 0. For a particular
x, the arguments might simplify drastically because one might happen to
have more structure. As an example, fix A > 0 and A € F and consider
x = Elp(—J_(Ap)1a — JL (Ap)14¢)]. It then follows from classical convex
duality arguments that f* := —J" (Ap)1la — J| (Ap)l4e is a maximizer for
u(z,U.), and Lemma shows that P[f* € {U < U.}] = 0. This implies
that f* is a maximizer for u(z,U). In this way, the existence and several
properties of the maximizer follow here directly from the concave utility
maximization. But for arbitrary > 0, this simplification is not possible.

1.4 The value function

In Section we have considered u(x,U) for a fixed x > 0. This section
analyzes how the optimal value u(z,U) depends on x. Not surprisingly, the
value function u(z,U) is again increasing, upper-semicontinuous and non-
concave (upper-semicontinuity is proved below in Proposition . So the
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value function itself has similar properties as the utility U and, as in the
case of U, we are interested in the concave envelope of u(z,U). The first
important result is that the concave envelope of u(x, U) is (essentially) given
by u(z,U.). This gives a general relation between u(z,U) and u(z, U.).

Theorem 4.1. Take any non-concave utility function U with conjugate J. If
Assumption is satisfied, then the value function u(xz,U.) and the concave
envelope of u(z,U) coincide on (0,00) and we have

J(A) == E[J(\p)] = sup{u(z,U) —xzA}, A>0. (4.1)

x>0

The relation states that j is the conjugate of the value function
u(z,U). In the concave case, the corresponding result from the literature is
more general since j there is defined as an infimum (over pricing measures) in
a dual problem; see for instance Lemma 3.4 of Kramkov and Schachermayer
[73]. However, a closer inspection of that proof there shows that concavity
is not needed for our present case with a single pricing measure. More
precisely, Kramkov and Schachermayer [73] (or Westray and Zheng [107]
for the nonsmooth case) determine the conjugate of the value function in a
setting with infinitely many pricing measures. Then concavity of the utility
function U is (essentially) used to apply the minimax theorem in order to
exchange the supremum over (bounded) payoffs and the infimum over pricing
densities. In the present case with one single pricing density, this step is not
necessary and one can proceed without concavity. For completeness, we
carry out the details.

Proof of Theorem[{.1l 1) The main part of the proof is to show ([£.1)). Once
we have that, we note from Lemma that U and U, have the same
conjugate J so that applying for U and U, implies that j is the con-
jugate of both u(x,U) and u(x,U.). By the classical concave utility the-
ory and the assumption that u(xo,U.) < oo, the function x — wu(x,U,)
is finite and concave on (0,00), hence continuous. Applying part (iii) of
Lemma [7.1] to fi(z) := —u(—z,U.) then gives that fi* = fi on (—o0,0).
On the other hand, fa(z) := —u(—=z,U) is proper on (—o00,0) because
U(z) <u(z,U) <u(z,U,) < oo for all x > 0, and we have argued above
that f3 = f] due to so that f3* = fi* = f1 on (—o00,0). Moreover,
the convex envelope fa of fo is also proper on (—o0,0) since fo > f1, and
f2 is continuous on (—oc,0) since it is convex and finite like f; and U. So
applying part (iii) of Lemma now to fo (which is lower-semicontinuous
due to Proposition below) finally gives fo = f3* = f1 on (—00,0), as
claimed.
2) To show (f§.1)), we start with the claim that

lim sup E[U(f) — fAg] = sup{u(z,U) — xzA}, (4.2)

n=o0 feC, z>0
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where C,, := {f € LY | 0 < f < n} is the ball of radius n in the positive
orthant of L. For “<”, note that the left-hand side of (4.2)) is an increasing
limit in n; so we have to show that for each n and each f € C,,

EU(f) = fA¢] < i‘i‘é{“(x’ U) — zA}.

To do that, fix f and define z* := Elpf]. For * = 0, we get E[fy] = 0,
hence f = 0, and so E[U(f) — fAp] = U(0) < u(z,U) — zA + z for any
x > 0. This gives the above inequality, and so we consider the case where
x* > 0. By the definition of z*, we have f € C(z*) and it follows that

EU(f) = fAp] S u(a™,U) —2*A < ili%{U(x’ U) — A}

This proves (4.2)).

3) To get from , we now want to interchange supremum and
expectation on the left-hand side of and then let n — co. For each n, a
measurable selection argument (see Theorem 18.19 in Aliprantis and Border
[3]) shows that we can choose a measurable selector 2*(w) € LY such that

S {U(2) = 2Ap(w)} = U(a" (w)) — 2 (w)Ap(w)-

With J,(A) := supg<p<,{U(xz) — A} > U(n) — nA, it thus follows that we
have indeed -

sup E[U(f) ~ fxe] = BlO\0)] (4.3

feln
But J, is increasing in n and dominated by J, so in view of and ,
we have to show for that lim, oo E[J(Ap)] > E[J(Ap)]. Because of
J¥ — J* and Fatou’s lemma, it is sufficient to show that (J,(A@)™ )nen is
uniformly integrable. Since J,, is increasing in n, J,, is decreasing in n and
J1(Ap)~ < |U(1)|4 Ag is an integrable upper bound for J,(A¢) ", n € N. O

Example shows that the value function w(z,U) is not continuous
in general. If, however, the non-concave utility function is continuous, then
also the value function u(x,U) is continuous.

Proposition 4.2. Let Assumption|3.1] be satisfied. Then the value function
u(z,U) is upper-semicontinuous. If U is, in addition, continuous, then the
value function u(z,U) is continuous on (0,00).

Proof. For upper-semicontinuity, consider a sequence z,, \, z € (0,00) and,
using Theorem [3.4] denote the maximizer for u(zy,U) by f™. Proposition

gives f € C(x) satisfying

lim sup u(x,, U) = limsup E[U(f™)] < E[U(f)] < u(z,U),

n—oo n—oQ
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which completes the proof of upper-semicontinuity for 2 € (0, 00). For x = 0,
the upper-semicontinuity of u(x,U) follows from the one of u(z,U.) since
Uc(0) =U(0) <u(x,U) <u(z,U.) for all x > 0. The latter is proved (in
greater generality) in Theorem 6 of Siorpaes [103)].

It remains to show the lower-semicontinuity of u(z, U) if U is continuous.
Fix some fo € C(z) with E[U(fo)”] < oo and Eg|[fo] = « and consider some
sequence €; N\, 0. We define sequences f; := fol{f0<%} +(1- Gi)fol{fozg}
and € := x — Eg[fi]. Dominated convergence gives € ~\, 0, and continuity of
U gives U(fi) / U(fo) for i — oo. For ¢; small enough, we have f; > § on
{fo > §} for some 0 > 0. Thus, we have U(f;)~ < U(0)” on {fo > 5}, and
dominated convergence yields E[U(f;) " 1{,>21] = E[U(fo) 1{,>z}]- The
equality f; = fo on {fo < 3} gives E[U(fi) 1s,<zy] = E[U(fo) 1{f<23]-
Together with Fatou’s lemma for U(f;)", we obtain

liminfu(z — &,U) > llgng[U(fz)} > E[U(fo)]-

1—>00

The result follows by taking the supremum over fy € C(z). O

I1.5 Results for an atomless model

In this section, we specialize our setup to the case when the underlying prob-
ability space is atomless. This is equivalent to assuming that the probability
space supports a continuous distribution (see Definition A.26 and Proposi-
tion A.27 in Fo6llmer and Schied [43] for a precise definition and equivalent
formulations). One special example of this occurs when we have a pricing
density with a continuous distribution. This case often appears in the lit-
erature; see for instance Larsen [77]. It is shown there in the setting of the
Black—Scholes model that u(z,U.) = u(z,U) and that the non-concave util-
ity maximization problem u(z, U) can be reduced to the concavified problem
u(z,U.). However, the assumption that the distribution of ¢ is continuous is
not very satisfactory from an economic point of view since it does not provide
any structural explanation for the results. Also, from a mathematical point
of view, the assumption is not very elegant since it might be tedious or even
impossible to verify the continuity of the distribution. Carassus and Pham
[29] and Bichuch and Sturm [I7] use techniques from Malliavin calculus (and
additional assumptions) to show the continuity of the distribution of ¢ in
Example we also present an example with jumps in the price process
where the underlying probability space is atomless and the distribution of
the pricing density is not continuous.

The main result of this section is that u(z,U) = u(z, U.) already holds if
the underlying probability space is atomless. This unifies and generalizes the
existing results in the literature, and the proof also provides an economically
intuitive explanation. Note also that the assumption of having an atomless
probability space is easily verifiable in applications.
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Theorem 5.1. Let (0, F, P) be atomless. Then it holds that
u(z,U) =u(z,U.)  for all x > 0. (5.1)

The non-concave problem u(x,U) admits a mazimizer if and only if the con-
cavified problem u(x,U.) admits a mazimizer. Every mazimizer for the non-
concave problem u(x,U) also mazimizes the concavified problem u(z,U,).

While every maximizer for u(z,U) is also a maximizer for u(z,U,.), the
opposite conclusion is not true in general.

Example 5.2. A mazimizer for u(xz,U,.) is in general not a mazimizer for
u(z,U). Fix p =1 and z € {U < U.}. Doing nothing, i.e., f = z, is optimal
for w(z,U.), but is not optimal for w(z,U). Lemma below describes
model classes where a solution for u(x,U,) is also a solution for u(x,U).

As we see below in Lemma [5.7, Theorem is straightforward and (es-
sentially) known in the case in which the distribution of ¢ is continuous. In
general, it is therefore a natural idea to approximate possible mass points in
that distribution by continuous distributions. Such an approach is possible,
but it requires some new and involved convergence results as well as addi-
tional restrictive integrability conditions on ¢ (see Section . We use
another approach based on rearrangement techniques that works without
additional assumptions on ¢. This approach is based on a slightly stronger
result.

Proposition 5.3. Suppose that (0, F, P) is atomless. For any f € C(z),
there exists f* € C(x) satisfying {f* € {U < U.}} =0 and

E[U(f)] = E[U(f")] = ElU(f)] = E[U(f)], (5.2)
where the last inequality is strict if and only if P[f € {U < U.}] > 0.

This proposition is inspired by Rieger [94] who solved the case of a pricing
density with a continuous distribution. In addition to giving a rigorous
proof, our contribution compared to Rieger [94] is to prove the statement
without any assumption on the distribution of ¢. This is the crucial step
in extending the existing results in the literature. Let us first explain the
idea. Fix a non-concave utility U with {U < U.} = (a,b), choose = € (a,b)
and consider the random variable f = x. The idea is to use rearrangement
techniques to construct f* € C'(z) with the same expected concavified utility
and no probability weight in {U < U.}. The method to achieve this is to
concentrate all the weight on a and b (see Figure , i.e., to choose f* of
the form f* = alg + blac. The set A € F has to be chosen in such a way
that the agent can still afford the claim.

In the special case ¢ = 1, a feasible choice for A is any set satisfying

P[A] = g:—g. For an arbitrary ¢, the condition on A is a bit more involved;



I1.5 Results for an atomless model 27

Figure I1.1: concentrate all the weight in (a,b) on the corners a and b

in particular, we have to put the “expensive” states (p(w) high) on a and
the “cheap” states (p(w) low) on b. For a general non-concave utility U with
{U < Uc} = U;(as,bi) as in Lemma 2.11] every set {w € Q| f € (az,b;)} is
rearranged separately in a similar way by concentrating the weight on a; and
b;. For w e Q with f(w) € {U = U.}, the random variable f*(w) := f(w) is
not changed.

Proof of Proposition [5.5 We split the proof into several steps; the plan is as
follows. In the first part, we start with some preliminary remarks and define
the sets needed for the construction of f*. We then construct f* and show
that f* € C(z) in the second part. is shown in the third part. The
final “if and only if” statement is a direct consequence of .

1) It is shown in Lemma that the concave envelope U, is locally
affine on {U < U.} and that {U < U.} = |J,(as, b;) for some a; and b;. We
define

Si={weQ| f(w) € (a;i,b)}

and S := ;S = {f € {U < U.}}, which means that S contains all the
states where f takes values in the non-concave part of U. For w € 5,
the weight A(w) is defined by Aw) = (b; — f(w))/(bi — a;), and since
f(w) € (a;,b;) by the definition of S;, it holds that A(w) € (0,1). An el-
ementary calculation shows that for w € S;, we have (by construction)

fw) = AMw)a; + (1 — Mw))b;. (5.3)

The idea is now to decompose every set S; into two parts. Because of
the atomless structure of the probability space, there exist (Lemma A.28
in Follmer and Schied [43]) a random variable ¢ with a uniform distribution
on (0,1) and an increasing function g, such that ¢ = g, () holds P-a.s. (g,
is a quantile function of ). Since f;(s) := P[S; N {U < s}] is a continuous
function from [0, 1] to [0, P[S;]], we find s; such that f;(s;) = E[(1 — \)1g,].
We now define the disjoint sets

Si1:=5; N {U > Sz‘} and S;o := 5; N {L{ < Si}-
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Note that S;; U Sjo = S;, which gives P[S;;1] = P[S;] — P[Si2]. Moreover,
due to the definition of s;, we can express the probabilities of S;o and S;; in
terms of S; and A. More precisely, we have

P[SZQ] = fz(sz) = E[(l — )\)151.] and P[Sﬂ] = E[)\lgi]. (5.4)

Finally, note that & < s; on S;o and U > s; on S;; by definition. Since
¢ = q,(U) is an increasing function of U, we have

sup ¢(w) < inf p(w). (5.5)
WES;o wESi1

2) The modified random variable f* is defined by

fw), wese,
f* (w) = A, we Si17
b, w € Sjo.

The measurability of f implies that S; = {f € (a;,b;)} € F, and the
measurability of U implies that {{/ > s;} € F; so also the intersection
Sii=S;Nn{U > s;} isin F. Since {f* < x} can be written in terms of f
and S;1, we get measurability of f*. We show below in step 4) that

aiE[Splsu] + biE[SOISiQ] < E[‘P()‘ai + (1 - )\>bi)15i]’ (5'6)

which means that E[pf*lg,| < Elpfls,] holds for every i. Since f* = f on

= (U, Si)¢, the assumption f € C(z) then gives E[pf*] < Elpf] < z,
which means that f* € C(x).

3) For the first equality in that E[U(f*)] = E[Uc(f*)], note that
f* = f on S¢ by the definition of f*. On S = |J, S;, the definition of f*
gives f* € {a;,b;} on S;. By Lemma the constants a; and b; are also
in {U = U.}; hence we arrive at f*(w) € {U = U} for all w € Q. The
latter implies E[U(f*)] = E[U.(f*)]. For the second equality in that
E[U(f*)] = E[U(f)], we first show that E[U.(f)ls,] = E[Uc(f*)1s,] holds
for every ¢. This needs four ingredients. In the first step, we apply to
rewrite f in terms of a;, b; and A. Second, we use that the concave envelope
U, is affine on [a;, b;] and the fact that A(w) € (0,1). We then apply and
finally, we rewrite the resulting convex combination in terms of f*. Following
these steps, we obtain

ElU:(f)1s,] = E[Uc(Aai + (1 — A)bi)ls,]
= Uc(ai) E[M 5] + Uc(bi) E[(1 = M)1g)]
= Uc(ai) P[Si1] + Uc(bi) P[Si]

= E[U:(f")1s,]
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for every i. Recall that S = |J;S; holds by definition and that f = f* on
the complement S¢ by the definition of f*. Monotone convergence and the
above equality show that U.(f)* € L! if and only if U.(f*)* € L' and that

ElU(f)1s] = ZE[Uc(f)lsi] = ZE[Uc(f*)lsJ = E[Uc(f")1s]

if U.(f)* € L'. In all cases, we obtain E[U.(f)] = E[U.(f*)]. The inequality
in (5.2)) holds because U, > U, and the “if and only if” part is clear from the
definition of {U < U,}.
4) Finally, to show (5.6, recall that P[S;2] = E[(1 — \)1g,]. Subtracting
E[(1 — M)1g,,] on both sides gives
E[)\lsﬁ] = E[(l - )‘)1&‘] - E[(l - )‘)151'2} = E[(l - /\)15i1]'
This equality can be combined with (5.5)) to deduce

BlpAs,] < sup ¢(@) Bl < inf o@)B[(1-N1s,) < Elp(1-M1s,.

WES;2

and b; — a; is again positive, and this can be rewritten as
aiE[90(1 - )‘)151‘1] + biE[(p)‘lsm] < aiE[QO)‘lsﬁ] + biE[SO(l - /\)151'1]' (57)

Finally, rewriting a;E[¢lg,,] + biE[¢ls,,] in terms of A, applying (5.7) and
rewriting the resulting terms again in a compact form yields

aiE[QOLS'iJ + biE[Qplsm}

= aiE[@Alsﬂ] + aiE[@(l - /\)151'1] + biE[@Alsm] + biE[@(l - )‘)151'2]

< aiE[tp/\lgﬂ] + aiE[SOA]'SiQ] + biE[QO(l - )‘)152'1] + biE[‘aO(l - )‘)15i2]

= Elp(Aa; + (1 = A)bi)1g,],
which finishes the proof of (5.6]). O

Because a; < b;, the product of the positive terms E[p(1—\)1g, ]| —EpAls,,]

Theorem [5.1] follows now directly from Proposition as follows.

Proof of Theorem[5.1. The inequality “<” for follows from U < U..
For “>”, we start with some f € C(z). Proposition p.3|gives f* € C(z) with
E[U(f*)] = E[U.(f)]. The inequality “>" follows since f € C(z) is arbitrary.

For the second part, we first assume that there is a maximizer f € C(z)
for the non-concave problem u(x,U). Then gives

u(x’ U) = E[U(f)] < E[Uc(f)] < u($7 Uc) = u(:c, U),

which shows that f also maximizes u(z,U.). Conversely, assume that f
maximizes u(x,U.). Proposition gives a candidate f* € C(x) satisfying
ElU(f*)] = E[U(f*)] = ElUc(f)]. We deduce that

u(z,U) = u(z,Ue) = E[U(f)] = E[U(f)] = E[U(f)],

which shows that f* is a maximizer for u(z,U). O
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Remark 5.4. 1) Looking more closely at the proof of Proposition shows
that we have not directly used that U is defined on R;. The essential ingre-
dients are that U, exists and that {U < U.} can be written as a countable
(finite) union of finite intervals. The proof is also valid for non-concave
utilities defined on R if these two assumptions are satisfied.

2) Theorem shows that an atomless underlying probability space is
sufficient for u(x,U) = u(z,U.). Under the (harmless) Assumption an
atomless probability space is in fact also necessary for u(z,U) = u(z,U,) in
the following sense: if the underlying probability space contains (at least)
one atom {wj }, then we can choose a particular non-concave utility function,
a pricing density ¢ and an initial capital x such that u(z,U) < u(z,U,). In-
deed, fix U(x) := 1yz>13, € (0, P[{w1}]¢(w1)) and a pricing density ¢ in
such a way that p(w1) < inf,co\ (0} p(w) holds. The problem wu(z,U) ad-
mits a maximizer f due to Theorem If u(z,U) = u(x,U,) holds, then
f is also a maximizer for u(z,U.) and Proposition gives f € —0J(\p)
for some A > 0. It follows by part (iv) of Lemma that f and ¢ are
anti-comonotonic. But on the other hand, being a maximizer for u(z,U)
as well as for u(z,U,) implies that f satisfies P[f € (0,1)] = 0. This
gives f(wy) = 0 since f € C(x) and P[{w;}]e(wi) > 2. But this implies
(f(w) = f(w)(e(w) — p(w1)) > 0 for all w € Q where the inequality is strict
for some w. This means that f and ¢ are not anti-comonotonic giving the
required contradiction.

However, for a particular pricing density, it might be possible to obtain
u(x,U) = u(x,U.) for all x > 0 even for models where the underlying prob-
ability space is not atomless; see Example [[V] &

The first message of Theorem is that, in the atomless case, any so-
lution for the non-concave optimization problem also solves the concavified
one, which in turn is well understood (see, for instance, Bouchard et al. [22]
and Westray and Zheng [107]). In particular, the structure of the solution
for the concavified problem is known. In this way, Theorem can be used
to describe explicitly the structure of all solutions to the non-concave opti-
mization problem. Theorem also says that the existence of a maximizer
for the concavified optimization problem already guarantees the existence of
a maximizer for the non-concave problem. Since the conditions for existence
for the concavified problem are slightly weaker than those in Theorem
Theorem can be used to slightly relax the assumptions in the present
atomless case, as follows.

Corollary 5.5. Suppose that (Q, F, P) is atomless and Assumption 18
satisfied. Then there exists T € (0,00] such that for x € (0,), the problem
u(z,U) has a mazimizer and every mazimizer satisfies f* € —0J(\*p) for
some X* > 0. If Assumption is satisfied, then T = oo.

Proof. The argument is a combination of known results on non-smooth util-
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ity maximization, non-smooth versions of results of Jin et al. [62], and Theo-
rem For completeness, we summarize the material on non-smooth utility
maximization in Appendix [[L.§]

Proposition [8.1]shows that there is & € (0, o0] such that for z € (0, Z), the
concavified optimization problem u(z, Uc) has a maximizer. By Theorem 5.1}
the non-concave problem wu(x,U) then also admits a solution f* which also
maximizes u(z, U.). The particular form of f* then follows from Proposition
If Assumption is satisfied, the statements follow in much the same
way by using Proposition instead of Proposition O

For models with an atomless underlying probability space, Corollary
shows that any maximizer for u(x, U) satisfies f* € —0J(Ayp) for some A > 0.
But J is a convex function and the subdifferential is monotone in the sense
that J (21) < J.(z) < Ji(x) < J (22) when 21 < < 2 (see part (iv)
of Lemma . This implies that f* and Ap are anti-comonotonic. If U, is
strictly increasing, the first order condition implies A > 0 and we obtain:

Corollary 5.6. Let U, be strictly increasing, let (0, F, P) be atomless and
let f* be a mazimizer for uw(z,U) derived in Corollary[5.5. Then f* and ¢

are anti-comonotonic.

In some examples, the distribution of the pricing density ¢ is continu-
ous. This simplifies several arguments and allows for further results. Larsen
[77], Carassus and Pham [29] and Rieger [94] consider a framework with
{U<U.}= vazl(a,-, b;) for a fixed N and argue that a maximizer for u(z, U,)
also maximizes u(x,U). The arguments of Larsen [77] can easily be adapted
to our slightly more general case.

Lemma 5.7. Let ¢ have a continuous distribution and let f* € —0J(A) be
a mazimizer f* for uw(z,U.). Then f* is also a mazimizer for u(z,U).

Proof. Let f* be a maximizer for the concavified problem u(z, U,). If
P[f*e{U < U.}] =0, (5.8)

it follows that u(z,U) < u(z,U.) = E[U(f*)] = E[U(f*)] < u(x,U) which
means that f* is also a maximizer for u(z,U). To prove , note that
f* € —0J(Ap) for some A > 0. The case A = 0 gives f* = —J (0) and the
result follows from Lemma [7.2l So consider A > 0. It is shown in Lemma
that U, is locally affine on {U < U.}. So if f*(w) € {U < U.}, then
UL(f*(w)) = Mp(w) by Lemma [2.12] But if U, is affine on an interval (a, b)
with slope ¢, then it follows that .J is not differentiable in ¢ since z € —0.J(c)
for z € (a,b). This gives

{f*e{U<U:}} C{weN|Jisnot differentiable in Ap(w)}.

The conjugate J is finite and convex on (0,00) and thus differentiable there
except for at most countably many points y;,i € N. This yields (5.8)) since



32 II Demand problem with a given pricing measure

Pl[{w € Q| J(+) is not differentiable in Ap(w)}] = ZP[{/\@ =y} =0,

where continuity of the distribution of ¢ is used in the last equality. O

Remark 5.8. 1) If the distribution of ¢ is continuous, Theorem follows
directly from Lemma [5.7] Furthermore, note that in comparison to the
quantile approach developed in Jin and Zhou [64], Carlier and Dana [31] and
He and Zhou [56], we obtain more explicit results for the structure of the
maximizer by using the more explicit form of the preference functional.

2) Lemma is also useful for the more general case with more than
one pricing measure. It is mentioned in Remark that for the concave
utility function U, the solution to the problem with more than one pricing
measure also solves the problem for only one well-chosen (generalized) pricing
measure. If the distribution of the (generalized) pricing density is continuous,
it follows as in Lemma that the solution f* to the problem with this
pricing measure satisfies P[f* € {U < U.}] = 0. This implies that it is also
the solution to the non-concave problem with multiple pricing measures, see
also part 1) of Remark [[V]4.8]

This idea is used in He and Zhou [56] for one particular model. Bichuch
and Sturm [17] explore the idea more thoroughly and derive conditions under
which it can be applied for specific classes of models.

3) The case with (infinitely) many pricing measures having not neces-
sarily continuous distributions is more subtle. As in part 2), the solution f*
for U, satisfies f* € —0J(\*¢) and E[pf*] = x for a particular dual object
. However, Westray and Zheng [L08] show that these conditions are in gen-
eral not sufficient for optimality of f* in the concavified problem. This is in
contrast to the case with one pricing measure where these assumptions are
sufficient for optimality and this is the reason why the proof of Proposition
[.3] cannot be extended directly to the case with many pricing measures. <

In a similar way as in Lemma we also get uniqueness for the maxi-
mizer for u(z,U) provided that U, is strictly increasing.

Lemma 5.9. Let U, be strictly increasing, let ¢ have a continuous distribu-
tion and let f* be a mazimizer for u(x,U) derived in Corollary[5.5. Then

the mazimizer is P-a.s. unique.

Proof. Let f; € —0J(\ip) for i = 1,2 be maximizers for u(xz,U). If Ay > Ao,
it follows from part (ix) of Lemma [7.1] that f; < fo. Since f; € {U = U}
P-a.s. and U is strictly increasing there, we deduce that f; = fo P-a.s.
Suppose now A\; = Ag. If J is differentiable in Ajp(w), then 0J(A\1p(w)) is a
singleton and hence fi(w) = fo(w). But this implies

{fi # f2} C{w e Q| J(-) is not differentiable in \*p(w)},

and the latter has probability 0 since the distribution of ¢ is continuous. [
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We finally discuss one example which makes the advantages of Theorem
[.1] transparent.

Example 5.10. We consider some time horizon T € (0, 00) and a probability
space (§2, F, P) on which there are a Poisson process (N¢);>0 with intensity
A >0 and a Brownian motion (W;);>o. Let (Ft)o<i<r be the augmented
filtration generated by N and W. We consider a (discounted) market con-
sisting of a savings account B=1 and two risky stocks S!, S? described by

dS} = aStdt + oS AN, St =1,01> -1, 01 #0, afor < A,
dS? = 02 S2dW;, S2 =1, 09 > 0,

where N, := N, — At is the compensated Poisson process. This model defines
a complete financial market and the unique martingale measure is defined
by dQ/dP = e(’\_’\)T(g)NT for A := A — a/o (for details, see for instance
Section 10.6.1 in Jeanblanc et al. [61]). So instead of maximizing expected
utility over dynamic strategies in the market, we may as well solve for
¢ = dQ/dP. The underlying probability space is atomless, so it follows from
Theorem that u(z,U) = u(z,U.). However, the distribution of ¢ is not
continuous, so u(z, U) cannot be solved directly via Lemma

Note that the martingale measure here is the same as in Example [2.8|even
though the financial markets are not identical. Looking at the static problem
, the difference is reflected in the underlying probability space. Here it
is atomless while it is not atomless in Example the set {N7 = 0} is an
atom in that case. The economic interpretation is as follows. The market
from Example consisting only of B and S! defines a complete market
in continuous time in which one cannot generate an arbitrary probability
distribution. An agent having a non-concave utility U can therefore not
always generate the same expected non-concave utility as an agent with
the concave utility U.. Introducing as above the third asset S? does not
increase the optimal expected utility for the agent with the utility U, since
dQ@/dP does not change; his optimal final position is therefore the same as
before. However, the new asset increases the optimal expected utility for
the agent with the non-concave utility U. Because the underlying space
is now atomless and the financial market is complete, the agent is able to
generate by self-financing trading any distribution; in this way the agent
generates the same optimal expected non-concave utility as the agent with
the concave utility U..

To put the present section into perspective, let us finally briefly discuss
some results in the literature which belong to the class of models analyzed
here. Berkelaar et al. [13], Larsen [77], Carassus and Pham [29], Rieger
[04] and Basak and Makarov [9] consider non-concave utility maximization
problems under the additional assumption that ¢ has a continuous distribu-
tion and use (sometimes implicitly) the argument given in Lemma [5.7} In
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addition, Carassus and Pham [29] consider Example for ;1 = 0 and use
dynamic programming tools to show that a particular non-concave optimiza-
tion problem satisfies u(x,U) = u(z,U.). Our Theorem and Corollary
provide a unified derivation and perspective for these results. Moreover,
our result also allows us to deal with other examples, such as Example [5.10
that are not possible to solve with the existing results in the literature.

I1.6 Conclusion

In this chapter, we study the problem of non-concave utility maximization
from terminal wealth for a budget set given by a single pricing measure. In
the literature, the classical approach is to reduce the non-concave problem to
a concavified problem and to apply the classical techniques from the concave
case. While this approach is powerful for specific examples, it cannot be
applied in the general case.

The present chapter analyzes the non-concave utility maximization prob-
lem directly. We first show the existence and several properties of a maxi-
mizer for u(z,U). As in the classical concave case, this requires some addi-
tional assumptions that can be formulated in terms of the conjugate J of the
non-concave utility function U. In contrast to the literature, we also study
the value function u(z,U) in detail. In particular, we show that u(z,U.) is
the concave envelope of u(z,U), which gives the relation between the non-
concave maximization problem u(x,U) and the concavified problem u(zx, Ue).

In contrast to the concave case, the underlying probability space cru-
cially affects the non-concave optimization problem. While the value func-
tion u(x,U) is not necessarily concave in general, it is shown to be concave
and to equal u(z,U,) if the underlying probability space is atomless. This
also gives a structural, easily verifiable assumption under which one can use
the concavified problem u(z,U,) to analyze u(z,U).

The significant impact of the underlying probability space raises a natural
stability question: Do small deviations from the atomless structure change
the results in the atomless model drastically? As an example, take a sequence
of binomial models approximating the Black—Scholes model and for every
model, consider the non-concave utility maximization problem for a fixed
non-concave utility U. It is then shown in Chapter that the sequences
of value functions and optimal final positions converge to the corresponding
quantities in the limit model. These results complement the present chapter
and provide additional intuition for the optimal behaviour of agents with a
non-concave utility function.

Finally, we have to point out that our results depend crucially on the
setup with one single pricing measure. It remains an interesting and chal-
lenging problem to study the case with infinitely many pricing measures. We
take a step in this direction in Chapter [[V]
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I1.7 Appendix A: Facts from convex analysis

Let f : R — R = RU {£oc} be an extended real-valued function. The
effective domain of f, denoted by dom(f), consists of all z € R such that
f(z) < oo, and its interior is denoted by int(dom(f)). The function f is
called proper if both dom(f) # () and f(x) > —oco for all . The conjugate
of f is the extended real-valued function f* on R defined by

f(y) = sup (vy — f())

z€R

for all y € R. The biconjugate f** is defined by f** := (f*)*. If f is
proper, lower-semicontinuous and convex, then its subdifferential Of is the
multivalued mapping defined by df(z) = 0 if f(z) = oo and

of(x) ={yeR| f(§) > f(x) +y(§ —z) for all £ € R} if x € dom(f).
The convex envelope f of f is the largest convex function f < f.

Lemma 7.1. Suppose that f is proper and lower-semicontinuous and ils
convex envelope f is proper as well. Then:

(i) f* is convex, proper and lower-semicontinuous.
(ii) f and its convex envelope have the same conjugate.
(11i) f** is the lower-semicontinuous envelope of the convex envelope f.

(iv) Fiz xo € dom(f) and yo € Of**(xo). If f* is differentiable in yo, then
f(@o) = [ (x0).
Let f, in addition, be convex and extend the right and left derivative functions

fioand f. beyond the interval dom(f) by setting both = oo for points lying
to the right of dom(f) and both = —oo for points lying to the left. Then:

(v) y € Of(x) if and only if x € Of*(y).
(vi) y € Of () if and only if f(z) + f*(y) = zy.

(vii) Let x € dom(f). f has a unique subgradient at x if and only f is
differentiable at x.

(viii) 8f (z) = {y € R | [L(z) <y < fi(x)}.
(iz) fl(z1) < fl(z) < fli(z) < fL(22) when 21 < x < 2.

Proof. Most properties can be found in Rockafellar [95]; see Theorem 23.5
for (v) and (vi) Theorem 25.1 for (vii) and Theorem 24.1 and its discussion
for (viii) and (ix). Statements (i), (ii) and (iii) are part of Theorem 11.1
of Rockafellar and Wets [96]. Part (iv) can be found in a similar form in
Theorem 2 of Stromberg [104]. O
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We now apply Lemma with f(z) := —U(—=z) to prove Lemmas [2.11]
and and derive some additional properties. For convenience, we
write dom(f), dom(f**) and 0f** in terms of the concave envelope Uy, i.e.,
dom(U) :={x € R|U(z) > —o0}, dom(U,) := {x € R | Uc(z) > —o0} and

OU.(z) ={p e R|U.(2) < Uc(z) + p(z — x) for all z € R}

for x € dom(U.). The function U is finite and upper-semicontinuous on
(0,00), satisfies U(x) = —oo for x < 0 and U(0) = lim,\ o U(z). Hence
—U(—=x) is lower-semicontinuous on R and proper. Moreover, —U,.(—x)
is proper due to the growth condition and —U.(—z) is also lower-
semicontinuous on all of R. Indeed, in the case that U(0) > —oo, this is a
direct consequence of Corollary 17.2.1 of Rockafellar [95]; otherwise it results
from Corollary 17.1.5 of Rockafellar [95] together with lim,\ o U(z) = —o0
and the growth condition . For completeness, we provide the detailed
argument in Lemma [7.4] It therefore follows from part (iii) of Lemma
that —U.(—z) = f**(z). Finally, note that J(y) = f*(y); so the convexity
of J follows from part (i) of Lemma

Proof of Lemma[2.11]. U, is finite and continuous: The condition and
the assumption U(oco) > 0 imply that for any € > 0, there is g > 0 such
that U(z) < ex for all x > 9 and U(zg) > 0. Therefore, g(z) := U(xzg) + €x
dominates U. Clearly, g is finite and concave. Hence U, < g and we conclude
that U, is on (0, 00) finite and concave, hence continuous.

U, is locally affine on {U < U.}: If {U < U} is empty, there is nothing
to prove. Otherwise choose 9 € {z € Ry | U(z) < Uc(x)} and observe
that OU.(zp) is non-empty since U, is concave. Fix yo € 9U.(xp). Note
that z9 € —0J(yo) and yo € dom(J). Let us first consider the case that
yo € (0,00). By way of contradiction, assume that J is differentiable in yq.
By Lemma [7.1} (iv), it then follows that U(z¢) = Uc(zo). But zg is chosen
in such a way that U(xg) < U.(zg). So J is not differentiable in yg and it
follows from Lemma (vii), that 0J(yo) is multivalued. Thus, we have
yo € OU.(z) for all x € (—=J' (y0), —J" (y0)), which means that U, is affine
on that interval which also contains xy. The case yo € dom(J) \ (0,00)
corresponds to yg = 0 € dU.(xg), which means that U, is constant (hence
affine) on (—J/ (0),00) and —J' (0) < xo.

Structure of {U < U.}: Theset {U < U.} ={z € R} | U(z)—-U.(z) < 0}
is open since U — U, is upper-semicontinuous. It can therefore be written
as a union of disjoint open intervals. By way of contradiction, assume that
{U < U.} contains (xg,00) for some x¢ > 0. Then U.(z¢) = U(xg) and U,
is affine on (o, 00). This contradicts the growth condition (2.1). O

Proof of Lemma[2.13 Monotonicity of J as well as J > —oo on (0, 00) and
J = 00 on (—00,0) follow from the definition. To see that J < oo on (0, 00),
we fix some € > 0. The growth condition (2.1)) allows us to choose zg in such
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a way that U(x) < xe on (x9,00). This gives sup, >, (U(z) —ze) < 0 and so
J(€) <max(0,U(zp)). Thus J < oo on (0, 00) follows from the monotonicity
of J and since € was arbitrary. The equivalence follows from Lemma (v)
and (vi). Lemma [7.1] (ii) gives that U and U, have the same conjugate. [J

Lemma 7.2. U(—JL(y)) = U(—=J4%(y)) fory > 0. If —=J,(0) < oo, then
also U(~J},(0)) = Uul—}, (0)).

Proof. Recall that J is decreasing on (0,00) = int(dom(J)). So —J\ (y) is
positive and finite. By way of contradiction, assume that there is y > 0
with U(=J4(y)) < Ue(=J4(y)). By Lemma R.11} {U < U.} = U;(as, b;)
is open. Hence there are i, 21,22 such that a; < 21 < —J,(y) < 22 < b;.
By Lemma U, is affine on (a;, b;) and by Lemma we know that
Ul(—J.(y)) = y. This means that z; € —9.J(y) which contradicts Lemma [7.1
(viil). If —J/ (0) < oo, the same idea gives U(—J/ (0)) = U.(=J/(0)). O

Lemma 7.3. The conjugate J satisfies limy oo SUPc_g5(y) © = 0.

Proof. Since x < —J' (y) for all z € —9.J(y), it is sufficient to show that

: !
yli}rgc—J_(y) = 0. (7.1)
If § := limy—0 SUPyeoy, (z) ¥ < 00, We have that J(y) = U(0) for y > § and
this implies J(y) = 0 for y > §. If limy 0 Supyepy, (2) ¥ = o0, fix € > 0 and
Yo 1= SUPyear, (¢) Y- For ¢ € OU.(¢€) and y > yo, we have ¢ < yo < y. Lemma
2.12 gives —e € 0.J(q) and Lemma [7.1] (ix) implies —J" (y) < —J" (yo) < €,
which finishes the proof of . O

It remains to prove Lemma [2.13] The equivalence is proved in Lemma
4.1 of Deelstra et al. [37]. We only prove the second part.

Proof of Lemma[2.13. We argue that there are 2o > 0 and v < 1 such that
0 <Uqx) <U(x)+~U(x) on (xg,00). (7.2)

The result then follows for k = 1/(1 — 7).

Proposition 4.1. of Deelstra et al. [37] shows that AEq(J) < co and the
growth condition imply the existence of two constants xg and v < 1 such
that sup,cou, (z) ¥z < YUc(z) holds on (zg, 00). By moving xg to the right if
necessary, we may assume that U(zg) is positive. Moreover, recall that U,
is locally affine on {U < U.} = J;(as,b;). So, for x € (a;,b;) N (20, 00), we
rewrite Ug(x), use that U.(a;) = U(a;) < U(z) and apply for y = U/(z) the
above inequality U.(z)z < yU.(z) to get

Uc(z) = Uc(a;) + Ul(z)(x — a;) S U(z) + Ul(x)z < U(x) +yUc(x).

For x € {U = U.} N (x0,00), (7.2)) follows since U(z) = U.(z) is positive. [



38 1II Demand problem with a given pricing measure

Lemma 7.4. If U(0) = —oo, then lim,_,o U.(x) = —oc.

Proof. By way of contradiction, assume that a := lim,_,o Us(z) > —oc0. Fix
a sequence z, — 0. By Corollary 17.1.5 in Rockafellar [95], it follows that
there are sequences z7, 25, A" such that =7 <z, < z% and

Ty = N2l + (1 — \")ay, (7.3)
a—1<X\U(al)+ (1= A")U(zy). (7.4)

(7.3) gives 28 = (z, — A"2])/(1 — A™). If lim,, A" = 0, then it follows that
lim,, x5 = lim,, z,, = 0 and therefore AU (z})+ (1 —A")U(z5) — —o0, which
contradicts . Otherwise, consider a subsequence (again relabelled by n)
with lim, A" > 0. If limsup,, 5§ < b < oo, then it follows that

AU (7)) +(1=A")U (z3) < AU (27)+(1=A")U (b+1) < AU (a7)+[U(0+1)]

for n large enough, and this converges to —oo which again gives a contra-
diction. It remains to consider the case that limsup,, 5 = oco. Consider a
subsequence (again relabelled by n) with lim,, 5 = co. By the growth con-
dition (2.1), for every € > 0 we can find zg such that U(z) < ex on (zg, o0).
Fix ng such that 25 > z¢ for n > ng. For n > ng, we then get

AU (2f)+ (1 =AU (x5) < AU (2}) 4+ (1 — A")exh
Ty — A2}
—_\n n 1 \Mer _~ 1

AU (2]) 4+ (1 — A")e T

< N'U(2V) + exp.

The last part converges again to —oo since liminf A" > 0 and 27 — 0. This
gives the required contradiction. O

I1.8 Appendix B: Non-smooth utility maximization

This appendix contains the results on non-smooth (concave) utility maxi-
mization which are relevant for the proofs in Section It combines non-
smooth versions of results of Jin et al. [62] and known results on non-smooth
utility maximization as presented in Bouchard et al. [22] and Westray and
Zheng [107]. We use the same notation as in Sections [[I.3HII.4]

Theorem shows that Assumption is sufficient to guarantee the
existence of a maximizer for u(z, U.) for all z > 0. Under the slightly weaker
Assumption[2.3] the existence of a maximizer is still obtained for some z > 0.

Proposition 8.1. Assume that u(z,U.) < oo for some x > 0. Then there
exists & > 0 such that for x € (0,%), the problem u(x,U.) admits a mazi-
mizer. Every mazimizer f* is of the form f* € —0J(\*¢) for some \* > 0.
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This result as well as its proof are non-smooth versions of Corollary 3.1
and its proof in Jin et al. [62]. The proof is based on the following lemma
which is the non-smooth version of Theorem 3.1 of Jin et al. [62].

Lemma 8.2. If E[—J (Ap)y] = oo for some X > 0, there is some x > 0
such that u(z,U.) = co.

Proof. 1) We start with the case U,.(0) := limy_,o U.(x) > 0. Fix some Ag > 0
and z > 0. Since E[—J', (Aop)¢] = 0o, one can find a set A € F such that
E[=J (Mop)pla] € (x,00). Define h(A) := E[—J/ (Ap)pla] for X € [Ag, 00).
Since —J! is decreasing, the function h()) is decreasing. Moreover, the
monotone convergence theorem and Lemma yield limy o h(A) = 0.
Therefore, there is some A1 > Ag such that

E[=J, (Mp)pla] = h(A+) < @ < h(M—) = E[-JL(Ap)plal.

If the first inequality is an equality, define f* := —J! (A¢)14. If the second
inequality is an equality, define f* := —J" (A1p)14. If both inequalities are
equalities, the candidates are P-a.s. identical. If both inequalities are strict,
define
. xr — h()\l +)
H RO = )

and f* := (—pJ_ (M) —(1—p)JL(Ag))1a. In all cases, we have E[pf*] =«
and f* € —0J(A1p) on A (in the third case, this uses that the subdifferential
is a convex set). Lemma [2.12] gives U.(f*(w)) = J(A1p(w)) + f*(w)Aip(w)
for w € A and U.(f*(w)) = Uc(0) for w € A°. The assumption U. > 0
implies J > 0 and we conclude that

E[U(f")] > E[(J(A1p) + [ A190)1a] > ME[pf*1a] = Mz > Aoz

Since \g > 0 is arbitrary, we arrive at u(z, U.) > limy o0 Az = 00.

2) For the general case, define a shifted utility U (z) := U.(z¢ + x) on
R4, where z¢ := inf{z > 0 | U(x) > 0}, and denote the conjugate of UZ° by
J¥0. If we show (as we do below) that

El-J (Ap)p] =00 VA > 0= E[-(J™) (Ap)p] =co VA >0, (81)
we can use the fact that UF° > 0 and part 1) to see that
sup{E[UZ(f)] | f € L%, Elof] < 7 — 20} = oo
for z large enough. Rewriting U?° in terms of U, then gives
w(@,Ue) > sup{E[Uc(f)] | f € LY, f > w0, E[pf] < &} = o0,

which is the statement of the lemma.
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It remains to prove (8.1). In order to relate dJ* and 9.J, note that

J(y) — zoy = i‘iE{UC(mo +x) — (z +z0)y} < J(y) (8.2)

holds for arbitrary y > 0. For y < yo := inf chu, (z) ¢, fix some T € —0J(y)
and note that & > x¢ by Lemma [7.1], (ix). Together with the conjugacy
relation between & and y and the definition of J*, we obtain
J(y) = Ue(®) — 2y = Uc(20 + (& — 20)) — (& — x0)y — 20y < J™(y) — x0Y,
which implies that there is equality in (8.2]) for y < yo. We use this together
with the definition of (J*°)" and (8.2) (in this order) to see that for y < yp,
J(y) + ((J7)_(y) — z0) (z — y)
= J™(y) — oy + (J™)_(y)(2 — y) —xo(z —y) < J™(2) — 2oz < J(2)

holds for z > 0 which means that (J%)"(y) — xo € 9J(y) for y < yo. Since

E[=JL (M@)ol agsyoy) < —J% (1) < 00, the assumption E[—J) (Ap)g] = oo
for all A > 0 also implies

E[ = T (A0)¢Lpnesyor] = B[ = TLQ@)o(1 = Loy

E[=J (Mp)¢] = T (yo) = o0

for all A > 0. But then, plugging (J*°)" (y) — z¢ € 0J(y) into (8.3)) gives

00 = E[ = JL(A)elnp<yoy] < E[ = ((J™)2(Ap) — 20) plirp<yo}]
< E[ — (Jm)’_()\go)go} + zo

(8.3)

for every A > 0, which completes the proof of (8.1J). O]

Proof of Proposition [8-1] Assumption[2.3|and the concavity of u(-, U;) imply
that u(z,U.) < oo for all x > 0. Thus we apply Lemma to get Ag > 0
satisfying & := E[—J (Aop)yp] < oco. Similarly to the proof of Lemma
define h(A) := E[-J\ (Ap)¢p] for A € [Ag,00). Since —J/ is decreasing, the
function h(A) is decreasing. Moreover, the monotone convergence theorem
and Lemma yield limy_, h(\) = 0. Hence for all z € (0,Z], there is
some A1 > Ag such that

E[-J.(M@)g] = h(h+) <z < h(h—) = E[-J_(Aip)g)].

If one inequality is an equality, set f* := —J\ (A1) or f* := —J (\yp),
respectively. Otherwise, define p := (z — h(A1+))/(h(A1—) — h(A1+)) and
set f* = (—pJ (M) — (1 — p)J, (Mig)). In all three cases, f* satisfies
Elpf*] = = and f* € —0J(A1p). The conjugacy relation (Lemma
gives

Ue(f*(w)) = J(Mip(w)) + f* (@) Mp(w). (8.4)
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In order to show optimality of f*, consider f € C'(x) and note that E[pf] < z
by the definition of C(z). It follows from the definition of J, relation ({8.4))
and E[pf*] = x that

EU(N)] = E[Uc(f) = Mfel + EAfe]
< BLI(vg)] + Mz (8.5)
= E[Uc(f)] = E[f"eM] + Mz = E[U(f")].
Hence u(z,U.) = E[U.(f*)] since f € C(z) was arbitrary. Note that the
inequality in (8.5) is strict if f ¢ —0J (A1) on a set with strictly positive
measure. Thus any other maximizer f satisfies f € —0J(A1¢) as well. [

Under Assumption [3.1} Theorem 3.2 in Bouchard et al. [22] or Theorem
5.1 in Westray and Zheng [107] give that Proposition [8.1holds for any x > 0:

Proposition 8.3. Suppose Assumption is satisfied. Then the concave
problem u(x,U.) has a solution f* € C(z) for every x > 0. Every solution
satisfies f* € —0J(AN*@) for some \* > 0.






Chapter 111

Stability and asymptotics along
a sequence of models

This chapter corresponds to the article [92]. We consider a sequence of mod-
els, optimize behavioural preference functionals in each model and show that
key quantities of the demand problem converge to the corresponding
quantities in a limit model.

I11.1 Introduction

The analysis in Chapter |[| as well as all the work in the literature study the
demand problem for a fixed underlying model. Since one is never exactly
sure of the accuracy of a proposed model, it is important to know whether
the behavioural predictions generated by a model change drastically if one
slightly perturbs the modelE] To the best of our knowledge, results on the
stability of behavioural portfolio selection problems have not been available
in the literature so far, and the main purpose of this article is to study this
issue in detail. Formally, we consider a sequence of models, each represented
by some probability space (2", F", P") and some pricing measure Q", and
we assume that this sequence converges weakly in a suitable sense (to be
made precise later) to a limit model (Q°, 79, P°, Q°). For each model, we
are interested in the demand problem

v"(z) i=sup{V,(f) | f € LS(Q", F", P"), Egn[f] < =}, (1.1)
where the functional V,, : (Q", F", P") — R U {—o00} is defined by

Va(f) = / U(f)d(T o P?) (1.2)

!One motivating example is the pricing kernel puzzle. While non-concave utility func-
tions might explain the pricing kernel puzzle in discrete time, they cannot do so in several
continuous-time models (see Section [V.6|for a detailed discussion). This indicates that the
particular choice of the underlying model might fundamentally influence the behavioural
predictions of the model.
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for a non-concave and non-smooth utility function U on Ry and a strictly
increasing function T' : [0,1] — [0, 1] representing the probability distortion
of the beliefs. We are then interested in the asymptotics of the value (indi-
rect utility) v™(z) and its maximizer f™ = argmaxV,,(f), and we want to
compare them with the analogous quantities in the limit model.

The fundamental ingredients of each model are described by the quanti-
ties (", F™, P™", Q™). The assumption that the sequence of models converges
(in a suitable sense) to a limit model means that the economic situation de-
scribed by the n-th model is for sufficiently large n close (in a suitable sense)
to the one described by the limit model. Our main contribution is to give
easily verifiable assumptions such that similar economic situations also im-
ply similar behavioural predictions for the agent, in the sense that the values
v"™(x) as well as (along a subsequence) the optimal final positions f™ converge
to the corresponding quantities in the limit model.

In concave utility maximization, the (essentially) sufficient condition for
these stability results is the weak convergence of the pricing density (or pric-
ing kernel) dQ™/dP™ to dQ°/dP° (see for instance He [55] and Prigent [88]).
However, in our non-concave setting, we present an example of a sequence
of financial markets for which dQ™/dP" converges weakly to dQ°/dP", but
where the limit lim, o, v"(z) and v°(x) as well as the corresponding final
positions differ substantially. We discuss these new effects in detail and give
sufficient conditions to prevent such unpleasant phenomena.

In order to illustrate the main results, we provide several applications.
First, we consider a sequence of binomial models approximating the Black—
Scholes model; this is the typical example for the transition from discrete- to
continuous-time models. Apart from its purely theoretical interest, this ex-
ample is also of practical relevance since the discrete-time analysis provides
numerical procedures for the explicit computation of the optimal consump-
tion. This allows one to numerically determine the value function for (com-
putationally difficult) continuous-time models via the value functions for
(computationally tractable) discrete-time models. The second application
is motivated by the practical difficulties to calibrate an underlying model.
As one example, we therefore study whether a (small) misspecification of
the drift in the Black—Scholes model significantly influences the optimal be-
haviour of the agent. In both examples above, we use a fixed time horizon
T for the portfolio optimization problem. In practical applications, however,
the time horizon might be uncertain or changing. In the third application,
we therefore analyze whether or not a (marginal) misspecification of the in-
vestment horizon significantly influences the optimal behaviour of the agent.

These examples show the necessity of our analysis: Our models are at
best approximations to the reality, so if we perturb one model slightly in
a reasonable way and the behavioural predictions generated by the model
change drastically, we may suspect that the model cannot tell us much about
the real world behaviour. Our convergence results demonstrate that, for a
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fairly broad class of preference functionals and models, the optimal behaviour
is stable with respect to such small perturbations.

This chapter is structured as follows. In Section we abstractly
describe the sequence of models, preference functionals and optimization
problems. We also formulate and discuss the main result. In Section
we present three applications of the main result. This also allows us to
discuss the connections to the existing literature in more detail. In addition,
we provide a concrete numerical example to illustrate the results. We prove
the main result in Sections [IL4] and [ILA

II1.2 Problem formulation and main results

The following notation is used. If 2,y € R, we denote 2% = max{=+x,0},
z Ay = min{z,y} and z Vy = max{z,y}. For a function G and a random
variable X, we write G(X)¥ for the positive/negative parts (G(X))*. For
a sequence (f™) of random variables, we denote weak convergence of (f")
to fO by f* = f°. A quantile function qr of a distribution function F is a
generalized inverse of F', i.e., a function g : (0,1) — R satisfying

F(qr(s)—) <s<F(qr(s)) forallse(0,1).

Quantile functions are not unique, but any two for a given F' coincide a.e. on
(0,1). Thus, we sometimes blur the distinction between “the” and “a” quan-
tile function. A quantile function ¢; of a random variable f is understood to
be a quantile function g of the distribution F' of the random variable f. If
the sequence (f") converges weakly to f°, then any corresponding sequence
(ggn) of quantile functions converges a.e. on (0,1) to g0 (see for instance
Theorem 25.6 of Billingsley [19]). More properties of quantile functions can

be found in Appendix A.3 of Follmer and Schied [43].

I11.2.1 Sequence of models and optimization problems

We consider a sequence of probability spaces (2", F", P"),en,, where the
probability space (Q°, FY, P?) is atomless (see Definition A.26 and Proposi-
tion A.27 in Follmer and Schied [43] for a precise definition and equivalent
formulations). On each probability space, there is a probability measure Q™
equivalent to P" with density ¢™ = dQ"/dP"™ € L (Q", F", P"). We refer
to Q™ as pricing measure and to @™ as pricing density (or pricing kernel).
We assume that the sequence (™) converges weakly to the pricing density
in the atomless model, i.e., " = . To ensure that the atomic structure
tend to the atomless structure, we assume that the atoms disappear in the
following sense. Let G™ be the set of atoms in F™ (with respect to Q™).

Assumption 2.1. lim sup Q"[A] = 0.

n—o0 Aegn
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We impose the following integrability condition on (¢™),en.
Assumption 2.2. The family ((¢0™))nen is uniformly integrable for all € <0.

Having specified the sequence of models, we turn to the preference func-
tionals. One cornerstone is the concept of a non-concave utility function.

Definition 2.3. A non-concave utility is a function U : (0,00) — R, which
is strictly increasing, continuous and satisfies the growth condition

lim Ulz)

r—o00 I

= 0. (2.1)

We consider only non-concave utility functions defined on R;.. To avoid
any ambiguity, we set U(z) = —oo for < 0 and define U(0) := limg\ o U(x)
and U(oo) := limg_,oc U(x). Without loss of generality, we may assume that
U(oo) > 0. Observe that we do not assume that U is concave. In the concave
case, the growth condition not only implies, but is even equivalent to,
the Inada condition at oo that U’(c0) = 0.

Definition 2.4. The concave envelope of U is the smallest concave function
Uec: R — RU{—00} such that U.(z) > U(z) holds for all z € R.

Some basic properties of the concave envelope U, as well as of the set
{U < U} = {2 eRy|U(z) < U(x)} can be found in Lemma [IR.11] A
key tool to study the relation between U and U, is the conjugate of U defined
by

J(y) :=sup{U(x) - zy}.

Because of the non-concavity of U, the conjugate J is no longer smooth;
we therefore work with the subdifferential which is denoted by 0J for the
convex function J and by 9U, for the concave function U.. The right- and
left-hand derivatives of J are denoted by J', and J’. Our proofs (mainly in
the appendix) use the classical duality relations between U, J, 9J and 9U.,.
Precise statements and proofs can be found in Lemma

In classical concave utility maximization, the asymptotic elasticity (AE)
of the utility function is of importance. In particular, many results impose
an upper bound on AE(U). For a non-concave utility function, we impose a
similar condition via the asymptotic elasticity of the conjugate J,

. laly
AEy(J) :=limsup sup ——=.
y—0 gedJ(y) J(y)

In order to define our preference functionals, we introduce an additional
function T" which represents the distortion of the distribution of the beliefs.

Definition 2.5. A distortion is a function T : [0,1] — [0, 1] that is strictly
increasing and satisfies 7'(0) = 0 and 7'(1) = 1.
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In the literature, one can find several explicit functional forms for T'. The
most prominent example is
pOé
T(p) = (2.2)
(P + (1 —p)*)

suggested by Kahneman and Tversky [69]; they use the parameter o = 0.61.
For each model, we now define a preference functional V;, on (Q", F", P™).

Q=

Definition 2.6. We consider one of the following cases:

Case 1: The preference functional V,, is defined by

Vo(f) == /OOOT(P"[U(f) > z])da (2.3)

for a distortion 7" and a non-concave utility U satisfying U(0) > 0. We refer
to this case as rank-dependent expected utility (RDEU).

Case 2: The preference functional V,, is defined by

for a non-concave utility U, where we set E,[U(f)] :== —oco if U(f)~ ¢ L.
We refer to this case as ezpected non-concave utility (ENCU).

The functional V,, defined in (2.3) can be seen as a Choquet integral
JU(f)d(T o P™) with respect to the monotone set function T o P"; see
Chapter 5 of Denneberg [39] for an exposition of this concept. In the case
T(p) = p, the functional V,, in (2.3) coincides with the classical expected
utility E,[U(f)] in for a positive non-concave utility U. We distinguish
the two cases since the conditions for their treatments will be different.

Finally, we formulate the sequence of optimization problems. For a fixed
(initial capital) > 0, the (budget) set C™(z) in the n-th model is

C"(z):={f¢€ L(J)F(Q",]-'”,P”) | Egn|f] < x}.
For each model, we are interested in the demand problem
o"() = sup{Va(f) | f € C"(x)}. (2.5)
An element f € C"(x) is optimal if V,,(f) = v"(x). By a mazimizer for
v"(x), we mean an optimal element for the optimization problem (2.5)).

IT1.2.2 Main results

Even in the classical case of expected concave utility, the stability of the util-
ity maximization problem is only obtained under suitable growth conditions
on U (or its conjugate J). In the case of the RDEU functional in , the
corresponding assumption has to be imposed jointly on U and T.
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Assumption 2.7. We suppose that

U(z) < k12" + ko, (2.6)
T(p) < kap®, (2.7)
v <a (2.8)

with v, € (0,1] and ki, ko, k3 > 0. This allows us to find and fix X such
that Aa > 1 and Ay < 1.

This assumption is inspired by Assumption 4.1 in Carassus and Rasonyi
[30]. For the example distortion in (2.2)), condition is satisfied. In
the case without distortion, T'(p) = p, is satisfied for ks = o = 1. A
sufficient condition for is AEg(J) < oo (see Lemma [7.3). For later

reference, we summarize the case-dependent assumptions.

Assumption 2.8. We assume we have one of the following cases:

RDEU: Let V,, be defined as in . In this case, we suppose that the
distribution of 0 is continuous and that Assumption 15 satisfied.

ENCU: Let V, be defined as in , In this case, we suppose that Assump-
tion[2.1, U(oo) > 0 and AEy(J) < oo are satisfied.

We are now in a position to formulate the main result of this chapter.
Note that this covers simultaneously both cases.

Theorem 2.9. Let Assumptions and [2.8 be satisfied. Then

: n _,,0
nhﬁn;()v () =v (),
and for any sequence of mazimizers f" for v"(x), there are a subsequence
(nk) and a mazimizer f for v°(x) such that f™ = f as k — oo.

The maximizers for v°(z) are not necessarily unique (see Example ..
Weak convergence along a subsequence of maximizers is therefore the best we
can hope for. Moreover, note that for the second statement in Theorem
we start with a sequence of maximizers f" for v"(x). For the ENCU func-
tional in ([2.4), the existence of a maximizer f™ for v"(x) is guaranteed under
the present assumptions (see Theorem . For the RDEU functional in
([2.3), on the other hand, the existence of a maximizer for v"(z) has to be
verified in any given setting. One sufficient criterion is that (Q", F™, P™)
(or (™, F™, Q™) due to the equivalence of Q™ and P") is atomless (see Re-
mark below). Another sufficient criterion is that (Q", F", P™) consists
of finitely many atoms. The latter in fact implies that any maximizing se-
quence (f™) for v™(x) is bounded; this allows us to extract a subsequence a.s.
converging to some limit f, and arguments similar to the ones in Proposition
show that f is a maximizer for v™(x). These two criteria cover all the
examples discussed in Section [[TL.3]
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The assumption that U is strictly increasing and continuous is not strictly
necessary; it avoids some (more) technical details. Let us shortly discuss a
relevant excluded special case.

Remark 2.10. The ENCU functional defined in do not cover the
piecewise constant function U (z) := 1y,>1) which describes the goal-reaching
problem initiated by Kulldorff [76] and investigated extensively by Browne
[27, 28]. But under the assumption that ¢° has a continuous distribution,
one can slightly adapt the arguments in its proof to show that the results of
Theorem also hold for the goal-reaching problem. We provide a detailed
argument at the end of Section <&

I11.2.3 The need for Assumption [2.1

For expected concave utilities, Assumption is not necessary to obtain
Theorem see Proposition below. However, for non-concave utilities,
Assumption cannot be dropped. The difference between these cases can
be explained as follows. For a risk-averse agent with a concave U, the op-
timal final position is (essentially) o(y)-measurable, and so it is enough to
have convergence in distribution of the sequence of pricing densities. For risk-
seeking agents, the optimal final position is not necessarily o(p)-measurable.
Additional information (if available) is used by the agent to avoid the non-
concave part {U < U.} of U. In the atomless limit model, every payoff
distribution can be supported, and Assumption ensures that also the
models along the sequence become sufficiently rich as n — oo. More con-
cretely, Assumption excludes the (pathological) behaviour illustrated in
the next example.

Example 2.11. Consider a non-concave utility U with {U < U.} = (a,b)
which is strictly concave on (0,a) and (b,00). The initial capital x is in
(a,b), but not exactly in the middle of the interval (a,b). The probability
spaces (2", F™, P™),en are all given by the same probability space consist-
ing of two states with P*"[{w1}] = P"[{w2}] = 1/2; and (Q°, F°, PY) is an
arbitrary atomless probability space. Set ¢ = 1 for all n € Ny. Jensen’s
inequality and Theorem [[5.1] give v°(z) = Ue(z). On the other hand, we
have v"(x) = v!(z) for every n € N and we now show that v!(z) < Ue(w)
for x chosen above. First, note that v!(z) admits a maximizer f since the
model consists of two atoms (see the discussion following Theorem [2.9). The
maximizer f satisfies Eq] f] = z since U is strictly increasing, so we can

replace f(ws) by 22 — f(w;). We therefore get the inequality
o} 2)= U (Fon)) 45U a— Fwn) < Ul Fln) by U2 f(wn) <Uie).

The first inequality is an equality if and only if both values f(w;) and f(ws)
are not in {U < U.} = (a,b); the second inequality is an equality if and
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only if the two value f(w;) and f(ws) are in [a,b]. But these two conditions
cannot be satisfied at the same time by our choice of . This shows that
v(x) = vi(z) < Ue(z) = v°(x). We conclude that v"(x) converges as
n — oo (it is constant), but the limit is not v°(x).

111.2.4 Anti-comonotonicity of the optimal investment

In Theorem we describe the asymptotics of v™ and the corresponding
maximizer f" for v™(z). In some recent applications in financial economics
(see the discussion Chapter , however, one is interested in the relation
between f™ and ™. In the limit model, it turns out that every maximizer
f9 for v°(z) and the pricing density ¢ are anti-comonotonic, which is a very
strong form of dependence. The approximating models, however, are allowed
to contain atoms and for such models, the maximizer f™ for v"(z) and @™
are not necessarily anti-comonotonic (see Example . The goal of this
section is to introduce a measure 6(X, Y') to quantify the dependence between
two random variables X and Y and to show that ,(¢", f) converges to
do(#°, £°).

In order to define the measure §,,, let n € Ny be fixed and X and Y two
positive random variables on (Q", F", P") with quantiles ¢x and qy. We
define

1
n(X,Y):= E,[XY] - /0 gx(s)gqy (1 — s)ds.

If X and Y have finite mean, the measure 0,(X,Y) can be rewritten as
COV,(X,Y) — (fol qx(s)qy (1 — s)ds — E,[X]E,[Y]) which shows that up
to normalisation (and assuming that X and Y have strictly positive and finite
variance), 6, (X,Y) is equal to the difference between the correlation between
X and Y and the minimal attainable correlation between the laws of X and
Y (see Section 5.2 of McNeil et al. [83] for a definition and applications of the
minimal attainable correlation). Let us first formulate two useful properties.

Lemma 2.12. Let n € Ng be fired and X and Y two positive random vari-
ables on (Q", F", P™) with quantiles qx and qy. Then 6,(X,Y) > 0, and
equality holds if and only if X and Y are anti-comonotonic.

Proof. The inequality is proved in Theorem A.24 of Féllmer and Schied
[43]; the second part is a well-known property of anti-comonotonic random
variables (see, for instance, Theorem 5.25 of McNeil et al. [83]). O

The next result, a corollary of Theorem shows that the dependence
of ¢ and f™ in terms of &, converges to the dependence of ©° and f°.

Corollary 2.13. Under the assumptions of Theorem[2.9, we have that

Jim 6,(¢", /") = do(¢”, /) = 0. (2.9)
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Proof. The second equality follows from the “if and only if” part of Lemma
and anti-comonotonicity of f* and . The latter is proved in Corollary
for the preference functional in . For the one in , it essentially
follows from part (ii) of Theorem B.1 in Jin and Zhou [64]; Lemma 2.2 of
Carlier and Dana [31] provides a similar statement.

For the first equality in , the inequality “>” follows from Lemma
2121 We show below that

n—o0

1
lim inf/ gon (1 — s)qpn(s)ds > . (2.10)
0

We then get “<” in the first equality in since for every n € N, the
maximizer ™ for v"(z) satisfies E,[¢" f"] = x; this uses that U as well as
T are strictly increasing

We now show ([2.10). By passing to a (relabelled) subsequence that real-
izes the lim inf, we can assume that the sequence fo ¢ (1 —5)qpn(s)ds con-
verges. By assumption, we know that ¢™ = ¢°, hence also ggn(s) — guo(s)
a.e. Moreover, applying Theorem [2.9] to the relabelled subsequence yields
S = fO for a further subsequence (ng); this also gives ggni(s) — qpo(s)
a.e. Then we apply Fatou’s lemma on (gerk (1 — 5)ggmk (s))r to obtain

1 1
lim inf/ gon (1 — s)gn(s)ds = lim qorr (1 — s)qpmi (s)ds
0

n—00 k—oo Jo
1
>/ qp0 (1 — s)gqso(s)ds.
0

This completes the proof of (2.10]) since the last term is equal to Ey[@” f0] =
due to anti-comonotonicity of f and ¢" and Lemma m O

Remark 2.14. Let us mention one special case where our results yield
another property that can be interpreted as almost anti-comonotonicity.
We consider the case where the distribution of ¢° is continuous and the
preference functional is defined by V,,(f) := E,[U(f)] for a strictly in-
creasing and continuously differentiable non-concave utility function U with
limg\ o U'(z) = oo and {U < U.} = U2, (a;,b;) for some finite m. This
includes, for instance, the classical Friedman—Savage utility (Friedman and
Savage [45]). We now show that for each € > 0 and all n > ng(€), there exists
a set A" € F™ with P"[A"] > 1—¢ such that ©" and f™ are anti-comonotonic
on A™. We start with the observation that the maximizer f” for v is strictly
positive (because of the assumption that limg\oU’'(z) = oo) and satisfies
U'(f™) = A"¢™ for some A" > 0 (Lemma [[B.8). For f"(w) ¢ {U < U.},
we have that U'(f"(w)) = Ué(f”( )). Indeed, this is clear for the interior
of {U < U.} and extends to the boundary points by continuously differ-
entiability of U (and U.). But U is decreasing, so we find that f™ and
©™ are anti-comonotonic on A" := {f" ¢ {U < U.}}. We claim that P"[A"]
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converges to 1 as n tends to co. First, note that U’(f%) = A0 gives
{f0=a} c {\%" = U!(a)} for all @ > 0. Continuity of the distribution of
¢ therefore implies continuity of the one of f°. Theorem , the continuity

of the distribution of fO and P°[f° € {U < U.}] = 0 (see Theorem [[1lI5.1])
finally give

nlLIIéOP"[fn e{U < U} = Zlnlggo (pﬂ[fn <bj|—P"[f" < al})
<> PO <) - PU[f0 < ai] =0,
i=1
which shows that P"[A"] =1— P"[f" € {U < U.}] = 1 as n — <. &

I11.3 Applications

So far, our analysis has been conducted for an abstract sequence of models.
We now present three types of application to illustrate the main results. We
also provide a numerical example in Section [[TI.3.4] to visualize our results.

I11.3.1 (Numerical) computation of the value function

In recent years, there has been remarkable progress in the problem of be-
havioural portfolio selection. In particular, there are several new results for
complete markets in continuous time. Most of them give the existence of a
solution and describe the structure of the optimal final position as a decreas-
ing function of the pricing density. While these results are interesting from a
theoretical point of view, they are less helpful for explicit computations. In
this section, we show how Theorem can be used to determine the value
function numerically for a complete model in continuous time.

The idea is to approximate the (computationally difficult) continuous-
time model by a sequence of (computationally tractable) discrete-time mod-
els. We illustrate this for the Black—Scholes model which can be approxi-
mated by a sequence of binomial models. This is the typical example for
the transition from a discrete- to a continuous-time setting. In this example,
the limit model is atomless while the approximating models are not. He [55]
and Prigent [88] analyze the stability for expected concave utilities for this
setting by directly analyzing the sequence of optimal terminal wealths f"
as a function of ™. This is possible due to the concavity of their utility
function, but cannot be used here.

To fix ideas, we briefly recall the (classical) binomial approximation of the
Black—Scholes model to verify that our assumptions in Section are satis-
fied. We consider a time horizon T € (0, 00), a probability space (2°, 79, P?)
on which there is a standard Brownian motion W = (W)¢>0, and a (dis-
counted) market consisting of a savings account B = 1 and one stock S
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described by

d
%zudt—i—ath, So =50 >0,0 >0,
t

in the filtration generated by W. The pricing density is then given by

1 2
¥ = exp <—MWT - = (H) T) .
o 2 \o

For the construction of the n-th approximation, we start with a probability
space (", F™, P") on which we have independent and identically distributed
random variables (€)x=1,. , taking values 1 and —1, both with probability
%. For any n, we consider the n-step market consisting of the savings account

B =1 and the stock given by an) = 8o for t € [0, L) and

n

k
. uT [T _N\ kT (k+1)T
S =S [ (14 5+ oa). TSt < T k=t
j=1

n

This process is right-continuous with left limits. The filtration generated by
S™ is denoted by F" = (FI")o<i<r and we take F" := Fp = o (é1,...,&).
The market is active at the times 0, %, %, ..., T. It is well known that this
market is complete, and we denote by Q" the unique martingale measure.
The martingale condition implies that

Q" & = 1] <1+‘J+”>+(1—Q”[ek:1]) <1+‘;T_"\/g> =1,

1_M
ov/n

and we only consider such n from now on. The measures Q" and P™ are
equivalent on (2", ™) and we denote the pricing density by ¢" := dQ"™/dP".
It is shown in He [54], Theorem 1 that ¢" = ¢; this is a consequence of
the central limit theorem. The set G" of atoms in (2", F™) can be identified
with the paths of S . The Q™-probability for a path is of the form

(2) [-0%) [0

for some k € {0,1,...,n} (which is the number of up moves in the path). For
n large, we have |u/(cy/n)| < 4 and we see that sup4egn Q"[A] < (3/4)".
Taking the limit n — oo gives lim, oo SUp gegn @"[A] = 0, which means that
Assumption is satisfied. The distribution of ¢ is continuous if p # 0.
Finally, a proof of uniform integrability of ((¢™)¢),en for € < 0 can be found
in Prigent [88, Page 172, Lemma c|.

We conclude that all the assumptions of Section are satisfied. We
can therefore apply Theorem to relate the optimization problem in the

and solving gives Q"[é, = 1] = %( ). This is positive for n large enough
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Black—Scholes model with the sequence of optimization problems in the se-
quence of binomial models. More precisely, Theorem shows that the
sequence of value functions (v™) in the binomial models converges to the
value function v in the Black-Scholes model and that the sequence of maxi-
mizers converges along a subsequence. Particularly in the case of the prefer-
ence functional , this turns out to be useful for computational purposes:
While there are (abstract) results on the existence of a maximizer in the
Black—Scholes model in the literature, these results are less helpful to deter-
mine a maximizer and the corresponding value explicitly. In the binomial
model, however, the (numerical) computation of the value function and its
maximizers is straightforward since the model consists of a finite number of
atoms. In this context, Theorem [2.9 provides the insight that we can use the
value functions in the binomial model to approximate the value function in
the Black—Scholes model. This gives a method to determine numerically the
value function vg in the Black—Scholes model. Note that for rank-dependent
expected utility, we have no dynamic programming and hence no description
of vy9 by a (HJB) PDE we could solve numerically.

Remark 3.1. The Black—Scholes model can also be approximated by a
sequence of trinomial models. One possible choice for the approximating

sequence is to choose Si,; = S;'(1 + % + &) fork=1,...,n—1 and
independent and identically distributed random variables (£7, ..., &) which
assumes the three values

gr =2 3T Mi=0, D=7 37

Von V2n

each with a probability of 1/3. The subfamily of those equivalent martingale
measures Q" under which the process (S,?)k:lw.,n is again a homogeneous
trinomial model can be characterized by the probabilities

1-—-\" T 1-\" T
=)= - L g = p = 1Y

and Q"[ER = M™] = A" with 0 < A" < 1—2uv/T /o/6n. A sequence (Q") of
such martingale measures now corresponds to a sequence (A"). For a generic
sequence (A"), the associated sequence (dQ"/dP™) need not converge weakly
to the pricing density dQ°/dP° in the limit model.

Bizid et al. [20], Jouini and Napp [67] and Jouini [65] suggest considering
only those martingale measures whose densities are “in reverse order” of the
total wealth of the economy since these martingale measures are consistent
with a “completion” of the market with assets that are in zero net supply
and whose prices are determined in a standard equilibrium framework. For
the above choice of the approximating sequence, this leads to the condition

1=\ /T can e LA uﬁ.
2 ovén — T 2 av/6n
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This implies A™ — 1/3 as n — oco. The corresponding one-step conditional

densities have mean 1 and variance £ z:nr + %()\" — %)2 If the convergence
A" — 1/3 is sufficiently fast (e.g. |\ —1/3| < C/nP for some p > 1/2 and
some constant C'), then one can check via the central limit theorem that the
associated sequence of martingale measures converges weakly to the pricing
density in the limit model. Similarly to the binomial case above, one can
also check that Assumption is satisfied for such a sequence.

The economic interpretation of this remark is as follows. We approximate
a complete financial market by a sequence of incomplete financial markets.
In every approximating model, there are infinitely many martingale measures
and any of these corresponds to a “completion” of the market. If we choose for
each approximating model an arbitrary “completion”, the resulting sequence
of models generally has bad convergence properties, in the sense that (not
surprisingly) the sequence of portfolio selection problems need not converge
in general. However, if one chooses an economically reasonable “completion”,
one does obtain good convergence properties for the sequence of portfolio
selection problems, in the sense that all of our results from Section can
be applied. <&

I11.3.2 Stability results

In this section, we use Theorem [2.9]to show, as explained in the introduction,
the stability of the portfolio choice results for a model with respect to small
perturbations. While Section can be seen as perturbation of the
underlying model itself, we are interested here in perturbations of a model’s
parameters.

111.3.2.1 Misspecifications of the market model

The first example is motivated by the practical difficulties one encounters
when trying to precisely calibrate an underlying model. In this section,
we analyze how the optimal final position and the corresponding value are
affected by a (small) misspecification of the underlying market model.

This question is well studied for expected concave utilities; see for in-
stance Larsen and Zitkovi¢ [79] and Kardaras and Zitkovi¢ [72]. Their se-
quence of model classes is very general in the sense that they need not restrict
the setup to a single pricing density. However, the key to solving their prob-
lem is the classical duality theory which can be applied since their utilities
are (strictly) concave. In our setting, this is not possible.

As one example in our framework, we can think of the Black—Scholes
model where it is generally difficult to measure the drift. To formalize this
situation, we fix some time horizon 7" € (0,00) and a probability space
(Q°, F°, P%) on which there is a Brownian motion W = (W});>0. We intro-
duce the sequence of probability spaces by (Q", F", P") := (Q°, F°, P%) for
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n € N. In order to define a sequence of price processes, we consider a se-
quence (u™) converging to some drift parameter u° € R in the limit model.
For each n, we consider a (discounted) market consisting of a savings account
B =1 and one stock S™ described by

sy

S—; = p"dt + odW;, Sy =s0>0,0>0,
in the filtration generated by W. The pricing density for the n-th model is
then given by

In this example, each model is atomless. Assumption is therefore triv-
ially satisfied. Moreover, looking at the explicit form of " shows that
©"(w) — @ (w) for all w € Q, so in particular " = ©°. In order to check
the uniform integrability of ((¢")¢) for any & < 0, we use

n

Bl = Bfesp (04 gewr — L (5 (14 06)°7)]

%(’L) (1+€)2€2 - (1+e)g))

= exp( (7) (1+ €27 =1+ €)5))

to obtain sup,, F,[|(¢™)¢]|'¢] < co. Hence Assumption is satisfied.

We conclude that the assumptions of Section are satisfied and we
can apply the results there. Theorem tells us that the value functions (as
well as the corresponding maximizers along a subsequence) for the model
with drift p™ converge to the corresponding quantities in the model with
drift °. The economic interpretation of this result is that the behavioural
prediction does not change drastically if we slightly perturb the drift.

It is also worth mentioning that the above arguments only use con-
vergence of the market price of risk p"/o to u’/o. If we consider more
generally a stochastic market price of risk A} = pup’/oj', then assuming
En[fOT()\?th} — Eo[fOT()\?)Zdt] gives weak convergence of the stochastic
exponential E( [y APdWy)r to E(fy AdWy)r (Proposition A.1 in Larsen and
Zitkovi¢ [79]). In addition, one then needs some integrability condition on
A" to ensure that the family ((€( [y A"dW¢)1)*)nen is uniformly integrable for

xexp(

¢ <0; for instance a nonrandom upper bound for all the fOT()\?)th is sufficient.

In the present setting, the limit model as well as the approximating
sequence are given by atomless models. For this class of models and for the
ENCU functional , the optimization problem v™ can be reduced to the
concavified utility maximization problem (see Theorem .. In this way,
the stability result can also be obtained via stability results for expected
concave utilities. For the RDEU functional with distortion, however,
the results are new.



IT1.3 Applications 57

111.3.2.2 Horizon dependence

In Section as well as in the first example in this section, we have
started with a fixed time horizon T'. In practical applications, however, the
time horizon might be uncertain or changing. The goal of this section is to
use Theorem to study whether a (marginal) misspecification of the in-
vestment horizon significantly influences the optimal behaviour of the agent.
For expected concave utilities, Larsen and Yu [78] analyze this question in
an incomplete Brownian setting. The key to solving their problem is again
the duality theory which cannot be used in our setup.

In order to formalize a similar situation in our framework, we start again
with a probability space (20, 70, P%) on which there is a standard Brownian
motion W = (W})>0, and we introduce the sequence of probability spaces
by setting (Q", F", P") := (Q0, F0, P%) for n € N. We now fix a sequence
T — TY € (0,00) representing the time horizons. For each n, we consider
the Black—Scholes model with time horizon T™ as described in Section [IL.3.1]
The pricing density for the n-th model is therefore given by

Assumption[2.1]is again trivially satisfied since each model is atomless. More-
over, adapting the arguments from Sectionshows that ¢" = ¢ and
Assumption [2.2] are satisfied as well. As in Section we can therefore
use Theorem to conclude that behavioural predictions of the model are
stable with respect to small misspecifications in the time horizon.

Remark 3.2. The examples so far constitute complete financial markets.
For these examples, it is well known that and how the portfolio optimization
problem can be reduced to a problem of the form . However, there are
also more general incomplete settings where our main result can be applied.
He and Zhou [56] analyze the portfolio optimization problem for an incom-
plete Brownian setting with a deterministic opportunity set and show that
the solution for the portfolio optimization problem can also be obtained by
only working with the density of the minimal martingale measure. The re-
sults of Sections [IT1.3.2.1] and [[T1.3.2.2] then carry over to the new setup as
soon as we have weak convergence of the densities of the minimal martin-
gale measure in the approximating model to the one in the limit model. In
particular, this shows that our main result is not limited to complete market
models. <&

I11.3.3 Theoretical applications

For the ENCU functional defined in (2.4) without distortion, the problem
v™ turns out to be very tractable if ¢™ has a continuous distribution. In
this section, we apply Theorem to approximate a pricing density with a
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general distribution by a pricing density with a continuous distribution. To
explain the idea in more detail, we use the notation

u(2,U) = sup{ E,[U()] | f € C"(x)}.

Every maximizer f" for u"(x,U,.) satisfies f* € —9J(A"¢") for some A";
see Proposition [7.I] If ¢™ has a continuous distribution, then we have
P f" e {U < U:}] =0 (see Lemma for details) and it follows that
u(z,U) = u"(x,U;). In this way, the existence of a maximizer as well
as several properties of u™(x,U) can be derived directly via the concavified
problem. If the limit model is atomless but the distribution of the pricing
density ¢ is not continuous, then this reduction does not follow directly.

The idea now is to construct a sequence (¢") weakly converging to ° for
which each ¢™ has a continuous distribution. For this approach, we assume
that Eo[(¢")7] < oo for all n < 0. Since (Q°, FV, PY) is atomless, we can find
a uniformly distributed random variable U such that g, (U) = ¢ PYa.s.
(Lemma A.28 in Follmer and Schied [43]). Moreover, we choose another
random variable Y > 0 with Ey[Y] = 1 having a continuous distribution
(e.g. Y =U +1/2). Now we define the sequence (¢™) by

= (1= Do) + oy @) = (L= )6+ ~ay (W),

Every element satisfies Eol¢"] = (1 — L)Eg[qu0(U)] + L Eolqy (U)] = 1 by
construction. Moreover, the function h,(x) := (1 — %)qwo (z) + Lgy (z) con-
verges pointwise to h(z) := qo(z). The set D of all points where h is
not continuous is at most countable since h is increasing; and U has a con-
tinuous distribution. So it follows that P°[/ € Dp] = 0 and we obtain
©" = hy(U) = h(U) = ¢°; see Theorem 5.1 of Billingsley [18].

With the arguments so far, we have a sequence of probability spaces
defined by (7, F, P*) := (QY, F°, PY) for n € N together with a sequence
of pricing measures (") weakly converging to ¢°. To verify Assumption
note that ¢" > ¢%(1 — 1) gives (¢")71F9 < (1 — 1)0)1+9 for every
1 < 0, which gives a uniformly integrable upper bound due to our assumption
that Ey[(¢%)"] < oo for all n < 0.

It remains to show that the distribution of ¢" = h,(U) is continuous.
Since h,, is increasing, it follows that h,(x1) = hy(z2) = k if and only if
qp0 (1) =qeo(r2) and qy (71) =qy (w2). But gy (-) is strictly increasing since
Y has a continuous distribution, so we infer that P°[h,,(U)=k]=0 for k € R.

Theorem now gives u"(z,U) — u%(z,U) as n — oo. Since the dis-
tribution of ™ is continuous for each n, we have that v"(z,U) = u"(x,U,)
for all n and we also get u’(x,U) = u%(z,U,) in the limit. In this way,
we recover Theorem under slightly less general assumptions, but with
completely different techniques. Instead of rearrangement techniques as in
Chapter , here we approximate the mass points in the distribution of °
by continuous distributions and apply Theorem [2.9]
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IT1.3.4 A numerical illustration

The goal of this section is to illustrate the convergence result numerically.
We consider the functional V,,(f) := E,[U(f)] (for a specific non-concave
utility) in the framework presented in Section where we can derive
v9(z) explicitly so that we can compare v"(x) with the value functions v™(z)
in the approximating models. As in Section we use the notation
u(x,U) :=v"(x).

The utility function in this example is given by

Inz, <1,
4 -1
U(z) := x——m(B;M, 1<z<2r+1,
27 4 In(z — 27), 2r+1<z.

This function is strictly increasing, continuous, in C' and satisfies the Inada
conditions at 0 and co. Its concave envelope is given by
Inz, x <1,
Ue(x) =z —1, 1<z<2r+1,
27+ In(x — 27), 27+ 1<z,

and the conjugate of U (and U,) is

{—lny—l—i—Qﬂ'(l—y), y <1,

J pr—
) —Ilny—1, y>1.

The conjugate satisfies AEy(J) < oo. On (0,1) U (1,00), the conjugate is
differentiable and 0J is a singleton. More precisely, we have

1
27 + —, y<l1,
Y
—0J(y) =< (1,1+27), y=1,
1
-, y > 1.
Y

Figure shows U and U, as well as the conjugate J.
Let us now determine u’(x, U). Recall from Section [IIL.3.1] that

©? = exp (=CWr — ¢°T/2),
where ( = p/o and T are fixed. For simplicity, we assume that p # 0. We
now consider some f € —9J(\¢?) for some A > 0. Plugging in the above

particular form of 9., using the fact that {\¢" = 1} has P%-measure 0 for
any A > 0, and doing some elementary calculations gives

1 1
EO [Qoof] = EO |:Q00 <1{>\900<1} (27[' + )\7900) + 1{)\@0:1}f -+ 1{>‘990>1}W):|

1
= X + 2w Ey [gool{w%l}]'
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Figure III.1: Panel (A) shows the non-concave utility U and its concave
envelope U, (the dotted line). Panel (B) shows the conjugate J of U and U.,.
The conjugate J has a kink in 1 which is the slope of the affine part in U,
in Panel (A).

In the next step, we rewrite the set {\¢? < 1} in a suitable way and use that
(W + Ct)>0 is a QV-Brownian motion (by Girsanov’s theorem) to obtain

Ey [8001{,\¢O<1}] = Q[N < 1]

R

_1_(I)<_g“\1/T<lnA ¢ >+gf>

where ®(-) denotes the cumulative distribution function of the standard nor-
mal distribution. From this explicit form, we see that Eo[gool{wod}] is a
continuous and decreasing function of A with limits 1 and 0 at 0 and oo,
respectively. The equation

:z:Eo[goof]:%—FQW <1—<I>(—C\}T(lni+cz2T>+C\/T))

therefore has a unique solution A*. Fix fe—aJ\ \ ©%). By the definition
of \*, f satisfies Eg[p°f] = x, which means that f € C%(z). Moreover, f
satisfies

Pfe{U<U}] =P [fe(l1+2m)] =P\ =1] =0,

and this gives Eo[U.(f)] = EO[U(f)] The conjugacy relation between U and
J and the explicit form of f give

)] = Eo[U(f)]

>

Eo[U(f)] < EolJ(X@")] 4 aX* = Eo[Ue(
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Figure 111.2: Value functions u"(z,U) for parameters T = 1, p = 5%,
0 =20% and n = 0,1,2,4. Recall that n = 0 is the limit case.

for all f € C%(x) which, together with f € C%(z), gives optimality of f for
u’(z,U). In order to determine u®(x,U) = Eo[U(f)], we recall the explicit
expression for 8J(y) and use the fact that {\*" = 1} has measure 0 to get

Eo[U(f)] = Eo[~In(A"¢")] + 27 P < 1].
Elementary calculations show that Eg[—In(A*¢%)] = —In A\* + ¢2T/2 and

1 1 2T
PN ? < 1] = P° [WT > —E(lnX + 42)]

—1-@(-(\1/T<1n;+CZT)>.

We conclude that
u(z,U) = Eo[U(f))]

:—ln)\*+C22T+27r <1—¢(—C;T(ln;+c2;))>.

In order to illustrate the convergence result, we determine the parameter
M\ for u%(x, U). For comparison purposes, we compute u™(x, U) numerically
for particular n € N by backward recursion. Figure shows the value
functions for some approximations as well as the value function for the Black—
Scholes model.
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II1.4 Stability of the demand problem for RDEU

In this section, we analyze the stability for the rank-dependent expected utility
for which the functional Vj, is defined in (2.3)) by

Vi(f) = /0 T(P(U(f) > 2])dx.
The goal is to prove Theorem for this case, that is, to prove that

lim v™(z) = v(x) (4.1)
n—oo
and to show that any given sequence of maximizers f” for v"(x) contains a
subsequence that converges weakly to a maximizer for v°(z).

111.4.1 Weak convergence of maximizers

We start with a convergence result for the maximizers. For later purposes,
we prove a slightly more general statement; in particular, our proof needs
no assumption on the distribution of ¢° so that we can use Proposition
also in Section [IL5l

Proposition 4.1. For every sequence (f") with f* € C"(x), there are a
subsequence (ny) and some f € C°(x) such that f™ = f as k — oo.

Let us outline the main ideas of the proof. We first use Helly’s selection
principle to get a limit distribution F. In order to find a final position
with distribution F, we then follow the path of Jin and Zhou [64], He and
Zhou [56], Carlier and Dana [3I] and define the candidate payoff in the
limit model as a quantile function gz applied to a uniformly distributed
random variable. This ensures that the distribution of this final position is
F. In order to find the cheapest final position with the given distribution F,
one has to choose the “right” uniformly distributed random variable. If the
pricing density ¢° has a continuous distribution (as assumed in [64, 56, 3]
mentioned above), then 1 — Fo(¢") turns out to be the good choice. In
the general case where the distribution of ¢° is not necessarily continuous,
one can work with a uniformly distributed random variable U satisfying
o = qpo(U) PY-a.s. and then proceed similarly as in the first case. We
also make use of the Hardy—Littlewood inequality, which states that any two
random variables f,g € L9 (Q, F, P) satisfy

1
Elfg] > /0 45()gy(1 — s)ds, (4.2)

see Theorem A.24 of Follmer and Schied [43] for a proof.

In the proof of Proposition we use the following tightness result
to apply Helly’s selection principle. Its proof is given at the end of this
subsection.
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Lemma 4.2. Let F™ be the distribution of f™. Then (F™)nen is tight, i.e.,

lim sup P"[f" > ¢] = 0.

=0 neN
We are now in a position to prove Proposition [{.1]

Proof of Proposition[{.1 Let F™ be the distribution function of f™. Since
the sequence (F™) is tight (Lemma [4.2), we may apply Helly’s selection
theorem (Billingsley [18, Theorem 6.1 and p.227]) to get a subsequence (ny)
and a distribution function F such that limy_,o, F™ (a) = F(a) holds for all
continuity points a of F.

Since (Q°, F°, PY) is atomless, it is possible to find on (Q°, F°, PY) a
random variable U uniformly distributed on (0,1) such that ¢° = g0
PYas. (Lemma A.28 in Féllmer and Schied [43]). Define f := qp(1 — U).
Since 1 — U is again uniformly distributed on (0,1), the candidate f has
distribution F' (Lemma A.19 in [43]). This gives f™ = f as k — oo.

The proof is completed by showing that f € C%(z), as follows. We
rewrite ¥ and f in terms of U, and combine Fatou’s lemma and the fact
that weak convergence implies convergence of any quantile functions to get
a first inequality. A second one follows by applying the Hardy—Littlewood
inequality (4.2)). Finally, we make use of f™ € C" (z). These steps together
give

1
Eo[] = Eola,0)ap(l —U)] = /O 40 (5)a7(1 — )ds

1
< lim inf/ qork (8)qpmk (1 — s)ds < lign inf E,, [p"* f"*] < z,
0 —00

k—o0
which proves that f € CO(x). O
It remains to give the
Proof of Lemma[{.2 We show below that

a = lim limsup P"[f" > ] = 0. (4.3)

C—=0 p—oo

This allows us for every e > 0 to choose ¢y and ng(cp) in such a way that
P"[f™ > co] < € for n > ng(cp). For any ¢ > ¢ and any n > ng(cp), we then
obtain 0 < P™[f™ > ¢] < P"[f™ > ¢o| < € and therefore

0< sup P"[f">c<e forc>cp.
n>no(co)

By increasing ¢g to ¢; to account for the finitely many n < ng(cp), we get

sup P"[f" > ] <€ forc>c.
neN
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Because € > 0 was arbitrary, this means that the family (F™),en is tight.
We now show . First, note that the assumption ©° > 0 implies
F,0(0) = 0 and, by the definition of a quantile function, that g0 is positive
and satisfies I,0(g.0(€)) > € > 0 for every e > 0. Thus, g, must be strictly
positive on (0, €) for € > 0 which implies that fo€ qpo (t)dt is strictly positive for
€ > 0. Assume by way of contradiction that o > 0. For € > 0 small enough,
choose a constant ¢g in such a way that limsup,, P"[f™ > c¢o] > o — € and
co OO‘*QE qpo(t)dt > z+1. Weak convergence gives convergence of the quantile
functions and so we have gyn (t) < g0 (a — 2¢€)+€ on (0, a—2e) for sufficiently
large n, so dominated convergence gives foa_Ze qon (t)dt — foa_2€ qyo(t)dt. Be-
cause the limit is strictly positive, this and the choice of ¢ allow us to choose

no in such a way that
a—2e
co/ qero (t)dt > x (4.4)
0

and P™[f™ > ¢g] > a — 2e. The latter implies P™0[f" < ¢p] <1 —a+ 2¢
which can be used to control ggno on (1—a+2¢,1). Indeed, the last inequality
and the definition of a quantile give F"0(co) < t < F™0(gsno(t)) for any
t € (1 — a+ 2¢,1) which implies that

qrro(t) > co (4.5)

on (1—a+ 2¢1). Finally, we use the Hardy—Littlewood inequality (4.2)
to rewrite Ep,[¢™ f™] in terms of quantiles, plug in (4.5) and use (4.4) to
obtain

a—2¢

1
ETLO [(pno fn()] Z / Qgp”O (t)anO (1 — t)dt 2 Co/ qspno (t)dt > Z,
0 0

which contradicts f™ € C™0(z). O

I11.4.2 Upper-semicontinuity of v"(x)
In this section, we prove the first inequality of (4.1, namely that

lim sup v"(z) < 0%(z). (4.6)
n—oo
Having proved weak convergence along a subsequence for any sequence (f")
with f € C"(x), the remaining step is to show that the corresponding
sequence of values V,(f") converges as well. For this, we use the growth
condition imposed on U and T as well as of the integrability condition im-
posed on (¢™)nen.
Throughout this section, we assume that Assumptions and
hold true.

Lemma 4.3. Let f € C"(x). Then the family (T(P"[U(f™) > y]))nen s
uniformly integrable.
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Proof. Since T(P"[U(f™) > y]) is nonnegative for every n € N, it is sufficient
to find an integrable upper bound independent of n. We first apply (2.7)), the
Chebyshev inequality and and then use that |z + y|" < ¢(n)(|z|" + |y|")
for some constant ¢(n) (Lemma to obtain

T(PMU(f™) > y]) < ks(P"[U(f™) > y))"
- kBW
k (6%
< yT?;En [CURETSR (4.7)

< SB[ (M + )]

k3

) (REL[M™] +83)"

<

where A is the one fixed in Assumption In the next step, we estimate the
term En[(f”)7’\]. Recall that vyA < 1 by Assumption so the conjugate
of the function z — 27 is y — ¢y’ A1
f™ e C™(x), this gives

for some constant c¢;. Since

En[(f"V?] < Bu[(f") = f10"] + 2 S e Bu[(" )V O] 2. (48)

Recall that @™ = ¢° by assumption, so also (™) A1) = (LO)IN (A=),
Since the family ()" 2=1 is uniformly integrable by Assumption
we therefore obtain E, [((p”)”\/w)‘*l)] — EO[(goo)"/’\/(V’\*l)} as n — 00. To-
gether with , this gives

En[(f")] < e1En [(go”)ﬁ} +a <k [(goo)w%)] fao+1= ks (4.9)

for sufficiently large n. Combining (4.7)) and (4.9) finally yields

n n k “
0<T(PU(") > 9]) < 5N (Kt +83) Lz + Ly,

which gives an integrable upper bound since Aa > 1 by Assumption 2.7 O

We now combine Proposition and Lemma to prove the upper-
semicontinuity of v™(z).

Proposition 4.4. Let (f") be a sequence with f* € C™(x) and (f™), f the
subsequence and its limit constructed in Proposition[{.1. Then we have

lim Vi, (™) = Vo(f°): (1.10)

Consequently, we have limsupv™(x) < v°(z).
n—oo
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Proof. Starting from an arbitrary sequence (f™) with f™* € C™(x), Propo-
sition gives a subsequence (n;) and a weak limit f such that f = f.
The function U is continuous, hence U(f™) = U(f") and therefore we get
P [U(f™) > y] — PO[U(f°) > y] for all points y where PO[U(f%) > y] is
continuous. But P[U(f?) > y] is a decreasing function of y; hence there
are at most countably many points where P°[U(f%) > %] is not continu-
ous, and we deduce that P™[U(f™) > y] — P[U(fY) > y] for a.e. y.
Moreover, T is increasing; hence it is continuous a.e. and we infer that we
have T(P™[U(f™) > y]) — T(P°[U(f°) > y]) for a.e. y. By Lemma
the family (T(P"[U(f") > y]))nen is uniformly integrable and we arrive at

[e.e]

i Vo (F7%) = lim [ T(PU[U(F™) > y))dy

k—o00 0

= [Ty > way
= Vo(f?).

For the proof of upper-semicontinuity of v™ (in n), assume by way of con-
tradiction that limsup,, v"(z) > v%(z). This allows us to choose a sequence
(f*) with f* € C™(z) and limsup,, V,,(f") > v%(z). We can then pass to
a subsequence realizing the lim sup and apply the first part of proof to the
subsequence to get a further subsequence (f™) and a weak limit f € C°(x)
with

(@) < limsup Va(f") = lim Vi, (/") = Vo(f),

n—o0

which gives the required contradiction. O

Remark 4.5. Proposition [4.4] can also be used to prove the existence of a
maximizer for v0(z), as follows. We formally introduce a sequence of models
by setting (7, F*, P") := (Q0, F9 PY) for all n € N and fix a maximizing
sequence (") for v°(z). Proposition then shows that the limit f con-
structed in Proposition is a maximizer. As a by-product, we also see
that v?(x) < co. Note that so far we have not used the assumption that ¢°
has a continuous distribution. Jin and Zhou [64] and Carlier and Dana [31]
prove the existence of a maximizer for v°(z) under the assumption that ¢"
has a continuous distribution. Proposition (together with Proposition
shows how to extend their results to an atomless underlying model with
a pricing density which is not necessarily continuous. <&

I11.4.3 Lower-semicontinuity of v"(x)

The purpose of this section is to show the second inequality “>” of (4.1
The natural idea is to approximate payoffs in the limit model by a sequence
of payoffs in the approximating models. For a generic payoff, this might
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be difficult; but we argue in the first step that it suffices to consider pay-
offs of the form h(¢") for a bounded function h. Those elements can be
approximated by the sequence (h(¢™)). Since h is bounded, the sequence
T(P[U(h(¢™)) > y]) as well as (¢"h(¢™)) have nice integrability properties,
so that one obtains the desired convergence results for (V,,(h(¢™))) as well
as for (En[¢"h(¢")]).

Proposition 4.6. Suppose that ©° has a continuous distribution. Then

liminf 0™ (z) > v%(z).

n—oo
Proof. 1) Reduction to a bounded payoff: Suppose by way of contradic-
tion that liminf,v"(z) < v°(x). In Lemma below, we show lower-
semicontinuity of the function v°(x). This allows us to choose € > 0 such that
lim inf,, v"(z) < v°(x —¢€). Therefore we can find and fix f € C%(z — €) satis-
fying lim inf,, v"(z) < Vo(f). Next we define an additional sequence (f™) by
fm=f Am. By construction, this sequence is increasing to f, and this gives
PO[U(f™) > y] 2 PO[U(f) > y] for all y. The function T is increasing, hence
continuous a.e., and we thus have T(PO[U(f™) > y]) » T(P°[U(f) > y]) for

a.e. y. Monotone convergence then yields Vp(f™) — Vo(f). This allows us
to find and fix mg such that liminf, v™(z) < Vo(f™).

2) Reduction to a payoff h(¢"): We define h(s) := jmy (1 = Fo(s)). By
the definition of a quantile, ¢ Fmo is increasing, so h is decreasing. Moreover,

since fmo is bounded by myg, the quantile ¢ Fmo is bounded by mg as well.

Recall now that the distribution of ¢ is assumed to be continuous. Thus
Flo(¢") as well as 1 — Fo(¢") are uniformly distributed on (0,1) and h(p?)
therefore has the same distribution as f™°. But the preference functional V

only depends on the distribution of its argument, and so we get

Vo(h(?)) = Vo(F™) > lim nf v"(z). (4.11)

Finally, we use the monotonicity of h together with 1} fmo < f and
f € C%x — €) to obtain

Eo[¢°h(¢")] < Eo[° f™] < B[’ f] <z —e.

This gives h(p°) € CO(x — ¢).

3) Convergence of (Vi (h(¢™))): Let Dy denote the set of all points
where h is not continuous. The function h is decreasing and so Dy is
at most countable; but ¢" has a continuous distribution and it follows
that P°[p" € Dj] = 0. Hence we get h(¢") = h(") which then im-
plies T(P"[h(¢") > y]) — T(P°[h(x°) > y]) for every y. By construc-
tion, h is positive and bounded by mg; hence 1y, <y, ) is an integrable up-
per bound for (T'(P"[h(¢™) > y]))nen and dominated convergence gives

Va(h(¢"™) = Vo(h(¢?)) = Vo(f™).
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4) Convergence of (En[¢"h(¢™)]): We define g(x) := xh(z) and note
that the set of points where g is not continuous is again Dj. As in step
3), we therefore have g(p") = g(¢°). Recall now that E,[¢"] = 1 and
" = ", This gives uniform integrability of (¢™),en which in turn implies
uniform integrability of (g(¢"))nen since 0 < g(¢™) < moe". Together with
h(©®) € C°(x — €) as proved in part 3), we obtain

Ep[¢"h(¢™)] = Eplg(¢™)] — Eolg(¢")] = Eol¢h(¢%)] < = — ¢

as n — oo. This implies h(¢™) € C™(x) (for sufficiently large n). But on the
other hand, (4.11)) and part 3) give

lim V,,(h(¢™)) = Vo(f™°) > liminf v"(z),

n—oo n—o0

which gives the required contradiction. 0
Lemma 4.7. Suppose that ©° has a continuous distribution. Then

lim inf v%(x) > v°(z).
x ,'xo

Proof. We assume to the contrary that liminf, .., v%(z) < v%(z). Fix
f9 € CO%axp) with liminf, ., v°(x) < Vo(fY) and define f€ := (1 —€)f°.
It follows that f¢ € C°((1 — €)xg) and f¢ A~ f° a.s. The latter implies
PO[U(f€) > y] / PU[U(f°) > y] for a.e. y as € — 0, and since T is increasing,
we have T(P°[U(f€) > y]) / T(P°[U(f°) > y]) a.e. Monotone convergence
then yields Vo(f€) / Vo(f°) as € — 0, which gives a contradiction. O

Proof of Theorem[2.9 for RDEU. 1t follows from Propositions and
that lim, v"(x) = v°(x). For the second part, we apply Proposition to
(f™). This gives a subsequence (f™*) weakly converging to some f € C%(z),
and Proposition implies that f is a maximizer for v°(x). O

II1.5 Stability of the demand problem for ENCU

In this section, we analyze the case that the functional V,, is defined by

Va(f) == EnU(f)]

for a non-concave utility function U. Except for non-concavity, this coincides
with the classical expected utility where the value function is usually denoted
by u™ instead of v". We follow that tradition and switch to ™ from now on.
Moreover, the analysis in Chapter [[I| particularly in Sections and
shows that the optimization problem for the non-concave utility function U
is closely linked to the optimization problem for its concave envelope U,, and
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both of them are useful for the analysis in this section. Therefore we use in
this section the notation

u"(x,U) :=v"(x)

for the value function. The goal is to prove Theorem [2.9]for the present case,
that is, to prove
lim u"(z,U) = u’(z,U) (5.1)

n—oo

and to show that a given sequence of maximizers f™ for u"(x,U) contains
a subsequence that converges weakly to a maximizer for u%(z,U). In con-
trast to Section we prove the stability results here without further
assumptions on the distribution of ©°. This is necessary for the theoretical
applications described in Section[[I.3.3] A model of an atomless limit model
with a unique (nontrivial) pricing density which does not have a continuous
distribution can be found in Example

Throughout this section, we assume that AEq(J) < co and that
Assumption is satisfied.

II1.5.1 Upper-semicontinuity of u"(z,U)

The main idea is similar to the proof of upper-semicontinuity of v"(z) in
Section [[TT.4.2] Starting from a sequence (f™) with f™ € C™(x), we use the
results of Section[[II.4.1]to obtain weak convergence along a subsequence (ny)
to an element f € C%(x). Using Fatou’s lemma for (E,, [U(f™)~]), the re-
maining step is then to show that the corresponding sequence (Ey, [U(f™)"])
converges as well. This requires the uniform integrability of the family
(U(f™)*))nen which can be proved with the help of the following lemma.

Lemma 5.1. Assumption and AEy(J) < oo imply the uniform integra-
bility of the family (J(A@™) ™ )nen for any X > 0.

Proof. We show below that Assumption and AE(J) < oo ensure that
the family (J(¢")")nen is uniformly integrable. (5.2)

The statement is then clear for A > 1 since J is decreasing. For A < 1, the
assumption that AEq(J) < oo (in combination with Lemma can be used
to obtain constants v > 0 and yo > 0 such that J(uy) < p=7J(y) for all
p € (0,1] and y € (0,yp]. Applying this estimate on the set {¢™ < yo} and
using monotonicity of J on the complement gives

JAQ") T < ATVT (™) T Lipn<yor +J (Ao) T Lipnsyey S AT7T(@"M) T +T(Ayo) ™.

The second term in the last line is constant, and uniform integrability of the

first one is due to (5.2)).
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It remains to prove . The second part of Lemmain the appendix
shows that AEq(J) < oo implies the existence of constants ki, ko and v < 1
such that U(x) < k1 + koz? for x > 0. Plugging this inequality into the
definition of J and doing some elementary computations gives

J(y) < ki +sup(kox” —zy) = k1 + Cy?/ 01
x>0

for some constant C. But then it follows that 0<.J (") <k +C (") 01,
and Assumption yields the uniform integrability of (J(¢")")nen- O

We now describe, as outlined above, the limit behaviour of (E,[U(f™)])n-
This gives upper-semicontinuity in n for u™(z,U) and it can also be used
(later) to deduce the optimality of f constructed in Proposition .

Proposition 5.2. The sequence (f") of mazimizers for u™(z,U) contains a
subsequence (") weakly converging to some limit f € CY(x), and it satisfies
limsup,, ,oo En[U(f")] < Eo[U(f)]. Consequently, we have

limsup u"(z,U) < u’(z, U).
n—oo
Proof. We consider a (relabelled) subsequence (f™) realizing the lim sup -,
say, for E,[U(f™)] (or equivalently for u"(z, U), since the f" are maximizers).
Proposition gives a further subsequence (f™) with weak limit f. Since
U, max(-,0) and min(-,0) are continuous, we infer that U(f™)* = U(f)*.
Fatou’s lemma then gives

FolU(f)"] < limin By, [U(£)7).

We show below that (U(f™)"),en is uniformly integrable, which implies that
(En, [U(f™)*]) converges to Eo[U(f)"] as k — oo. Combining this with the
inequality for the negative parts yields

EolU(f)] = Jim Ep, [U(f™)*] = liminf By, [U(f™)]
> T sup By, [U ()

k—o0
= limsupu"(z,U),
n—oo
where we use in the last step that the (f™) form a subsequence of the
sequence (f™) for which we have lim,, E,[U(f™)] = 7 from above.

It remains to show uniform integrability of (U(f")"),en. This family
is, by the definition of J, dominated by (J(e¢"™)™ + @™ f™)pnen. Uniform
integrability of the first summand family follows from Lemma[5.I] and since
(" f™")nen is bounded in L', the sequence (e¢"f™)nen can be made arbi-
trarily small in expectation by choosing € small. So uniform integrability of
(U(f™)")nen follows and the proof is complete. O
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I11.5.2 Lower-semicontinuity of v"(z,U)
The goal of this section is to show lower-semicontinuity in n for v"(x,U).

Theorem 5.3. Suppose that Assumption[2.1] holds true. Then

liminf u" (2, U) > u®(z, U).

n—oo

The approach to prove this statement is as follows. Observe that

liminf «™(z,U) > liminf («"(z,U) — u"(z,U.)) + liminf u"(z, U,).

n—0o0 n—oo n—o0

If one shows (as we do below in Section [I11.5.2.1)), that

lim inf u"(z,U.) = li_>m u(x,U,) = u®(z, U,), (5.3)

n—0o0

it only remains to show that
u"(z,Uc) —u"(x,U) — 0 asn — oo. (5.4)

While the proof of (5.3) follows (essentially) from non-smooth versions of
known stability results on concave utility maximization, the proof of (5.4))

requires a careful analysis of the non-concave problem which will be ex-
plained in detail in Section [[T1.5.2.2] Note that the additional Assumption

is only used to prove (5.4)). We start with the proof of (5.3]).

I11.5.2.1 Continuity in n of v"(x,U.,)
Instead of lower-semicontinuity, we prove slightly more than needed, namely
Proposition 5.4. lim, . v"(z,U.) = u’(z, U,).

In the case of strictly concave utility functions, this result follows by
directly analyzing the sequence of optimal terminal wealths f™ as a function
of ¢™. In the non-concave framework, U, is not strictly concave; hence its
conjugate J is non-smooth and f™ cannot be written as a function of "
(f™ only lies in the subgradient of —J at ¢™). Instead, we use the fact that
u™(x,U.) can be written (see Lemma [5.7| below) in a dual form as

W (@, U0) = inf Bald 00") + 2 = EalJ((A(0)") + ()]

for some dual minimizer A(n) > 0. Continuity in n of u™(z,U,) can then be
shown by proving that the sequence (A(n)) converges (along a subsequence)
to a dual minimizer in the limit model and that the sequence (E,[J(A(n)¢™)])
converges to the corresponding value in the limit model. The latter requires
uniform integrability of the family (J(A(n)¢™)nen. For the positive parts,
this can be proved via Lemma[5.1] We now show that the family of negative
parts is uniformly integrable as well.
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Lemma 5.5. For each s > 0, the family {J(A¢"™)™ | n € N, A € [0,s]} is
uniformly integrable.

Proof. The idea for this result goes back to Kramkov and Schachermayer [73];
the extension to the non-smooth case is proved in Lemma 6.1 of Bouchard
et al. [22]. A modified version of their proof works for our setup, as follows.
Since the conjugate J is decreasing, it is enough to check uniform in-
tegrability of (J(s¢™)7 )nen. If J(c0) > —o0, all the J(sp™)™ are bounded
by a uniform constant and the statement is clear. So assume J(0c0) = —o0.
To use the de la Vallée-Poussin characterization of uniform integrability,
we need to find a convex increasing function ® : [0,00) — R such that
limg 00 @ = oo and sup,, E,[®(J(s¢")7)] < co. The function J is con-
vex, decreasing and finite on (0, 00) (see Lemmal[[T2.12)); so for J(c0) = —oo,
J is strictly decreasing and J as well as —J have a classical inverse. Let
® : (—J(0),400) = (0,00) be the inverse of —J. Since —.J is increasing and

concave, its inverse ® is increasing and convex. In order to prove that
P(z)

oo = lim —* = lim Y ,
T—o0 I Y—00 —J(y)

note first that limy oo SUpge_g;(,) ¢ = 0 (see Lemma [LII7.3) implies

(5.5)

1 -1
liminf inf — =liminf ( sup q) = 00.
Y=o ge—9J(y) q Y=o N ge—aJ(y)

Hence for all M, there is yo such that infc_g7(y) % > M for all y > yo. Fix
some y1 and ys satisfying yo < y1 < y2 and set z := (J(y2) —J(y1))/(y2—y1)-

The mean value theorem gives 7 € [y1, y2] such that z € 9.J (7). This implies
by the definition of the subdifferential 0.J that

1 Y2 — Y T ~ T
M< inf =< e i R
Tqe-aJwo) ¢~ —J(y2) + (1) T 1+ %3

Taking the lim inf as yp — oo gives M < liminfy, o —y2/J(y2). The proof
of is complete since the constant M is arbitrary.

It remains to prove that sup,, E,[®(J(s¢™)7)] < oco. Recall that J is
convex and finite on (0, c0) and hence continuous, and that J(0) = U(oco) > 0
by the assumption on U. Moreover, J(0o) = —oo in the present case, so there
is a € (0,00) with J(a) = 0 and this implies ®(0) = a < co. By a direct
computation, we see that for s > 0,

EL[@(J(s¢")7)] = Ep[®(max{0, =J(s¢")})]
< E,[max{®(0), sp"}]
< ©(0) + En[s¢"] = ©(0) + s

which completes the proof. O
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We now show that weak convergence of A\,¢" to A" indeed implies
convergence of E,[J(An¢™)] to Eo[J(Ap?)].

Lemma 5.6. Let A\, — X\ € (0,00) be given. Then it holds thal
EnlT (™) — EolJ(M%)] as n — oco.

Proof. The continuity of J together with A, — A € (0,00) and ¢" = ¢°
imply J(A,¢") = J(Ap") as n — oo. Since the limit A is in (0, 00), the A,
lie eventually in a compact set B of the form [e, 5 with 0 < e < 1, and so
it is enough to show the uniform integrability of {J(ue™) | n € N,u € B}.
For the negative parts {J(u¢™)” | n € N, u € B}, this is a consequence of
Lemma [5.5] and for the positive parts, it follows by Lemma [5.1} O

For the n-th model, the classical dual representation of u"(z,U.) for
our setting with a fixed pricing density gives a dual minimizer A(n). The
sequence (A(n)) does not necessarily converge; however, every cluster point
vields a dual minimizer in the limit model.

Lemma 5.7. Given any n € Ny, the problem u"(z,U.) admits a mazimizer
fre —0J(A(n)g"), where A(n) € (0,00) is a minimizer for

inf B,[J (¢") + . (5.6)

Any cluster point X of the sequence (A(n)) is a minimizer for the problem
infyso Eo[J(A¢?) + 2] and satisfies A € (0, 00).

Proof. Lemmas and give Ep[J(A¢™)] < oo for all n € Ny and all
A > 0. The existence and the structure of the solution for u"(z, U.) and the
dual representation then follow by Proposition

For the second part, we use the notation

H™(\) i= En[J (A\g™)] + Az

for n € Ny. Convexity of J implies convexity of H". Fix a minimizer A(0) for
infy~g H°()\) and a cluster point \ of (A(n)). We show below that any values
between A and A(0) are minimizers for infy~o H°()\). Since by Proposition
the minimizers for infy~o H()\) are bounded away from 0 and co, we
therefore must have A € (0,00), and continuity of H? then implies that A is
also a minimizer.

We now argue that A(ny) — A implies

H(X\) = H°(A(0)) for any A € (A(0) A X\, A(0) V A).

By way of contradiction, we assume that HO(\) > H°(\(0)) + 2¢ holds for
some A € (A(0) A A, A(0) V A). Lemma with A, = A(0) implies that



74 III Stability and asymptotics along a sequence of models

H™(X\0)) — H°(\(0)) as k — oo. Thus, for € small enough, there is a
constant kg such that

H™ (X(0)) < H*(A(0)) +e< H(\) —e < H™ ())

for all & > ko. From the definition of the minimizer A(ng), it holds that
H™ (A(ng)) < H™(A(0)). Putting the two inequalities together gives

H™ (A(ng)) < H™ (A0)) < H™ (X) (5.7)

for k > kg. Since A(ng) — A, the number X is between A(ny) and A(0) for
large enough values of k. Thus, (5.7)) contradicts the convexity of H™. [

We finally have all the ingredients to prove the convergence of u™(z, U.).

Proof of Proposition[5.4. To obtain limsup,, u"(z,U.) < u%(z,U.), we ap-
ply Proposition to U.. For the other inequality, fix a relabelled se-
quence of maximizers (f") with v := liminf,, v (z, U.) = lim,, E,[U.(f™)].
We use Lemma to fix for each n € N a corresponding dual minimizer
A(n) € (0,00) for (5.6). By classical duality theory and Lemma [5.7, any
cluster point A of (A\(n)) satisfies

u(x,U,.) = inf Eo[J(A°) 4+ 2] = Eo[J(A°)] + Az
>

and A € (0,00). Fix one cluster point A and a converging subsequence
A(ng) — A. Tt follows from Lemmal 5.6 that E,, [J(A(ng)e™)] — Eo[J (A¢?)]
and we conclude again from the dual representation for u"*(x,U,) that
En, [Uc(f™)] = u™(z,U.) — u®(z,U,.). But the full sequence (E,[U.(f")])
converges to 7; so we obtain u°(x,U,.) = v = liminf,, u™(z, U.). This com-
pletes the proof. O

I11.5.2.2 Controlling the difference u"(z,U.) — u"(x,U)

Let us now turn to and prove that u™(z,U;) —u"(x,U) — 0. The idea
here is as follows. In general, u"(z,U) is smaller than u"(z,U.) since U,
dominates U. For some initial values x, however, the maximizer for v"(x, U,)
does not have probability mass in {U < U.}, i.e. P[f* € {U < U.}|] =0,
and thus also maximizes u"(z,U). Consequently, the values u"(z,U.) and
u"(x, U) coincide for such “good” initial values, and the key is to analyze the
complement of these x more carefully. For the n-th model, the “good” initial
values induce a (n-dependent) partition of (0, 00) and its (n-dependent) mesh
size, the maximal distance between two successive partition points, goes to
0 as n — oo thanks to Assumption The next result formalizes this idea.

Proposition 5.8. Let Assumption[2.1] be satisfied and let zo > 0 and 6 > 0
be fized. For every n € Ny, there is a set B" C (0,00) such that
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i) W (z,U) =u"(z,U.) for x € B" and
ii) there is ng such that B"™ N [xg — 6, x0] s non-empty for n > ny.

As a consequence, we have lim (u"(z,U.) —u"(z,U)) = 0.
n—oo

Let us first outline the two main ideas. The problem u"(x,U.) admits
(under our conditions) a maximizer " € —0J(A(n)e"™) for some A(n). The
right- and left-hand derivatives —J', satisfy —J\ ¢ {U < U.} (see Lemma
[7.2). So in order to have no probability mass in the area {U < U}, it
is sufficient if the maximizer value f™(w) is equal to —J" (A(n)p™(w)) or
—JL (A(n)¢"(w)). Therefore, the initial values given by

Egn [ — JL(AMn)¢™)1pe — J_ (A(n)¢™)1p] (5.8)

for D € F™ are good candidates for initial values satisfying property i).

In order to also have property ii), we need to control the distance between
any two points defined by . This boils down to controlling terms of the
form —J’ (y)+ J'.(y). These are non-zero if y is the slope of an affine part of
U.. The distance between the points defined by is therefore dominated
by the product of the length of the longest affine part and the Q™-probability
of the biggest atom in F". In the case of a single affine part in U,, this goes
to 0 by Assumption [2.1] In general, there is no upper bound for the length of
the affine parts, but we can estimate the tails with Lemma[5.9 below. Recall
that G™ is the set of Q™-atoms in F™ and that Assumption ensures that
the maximal Q"-probability of all elements in G goes to 0.

Proof of Proposition[5.8 In order to define the set B"™ for Proposition
we start with some preliminary definitions and remarks. For all n € N, fix a
maximizer f;: for u"(xo,U.) and the corresponding minimizer A(n) € (0, 00)
given in Lemma [5.7 This lemma also yields liminf,, oo A(n) > 0. So fix
€ > 0 such that A\(n) > e > 0 for all n. Using Lemma [5.9| below, we obtain

0< lim sup Ey [¢" (=JZ(A(m)¢") - (xmyer) 2]

a—0o0 neN

= lim sup WEn [cp A(n) (—J’, (AMn)e )) 1{_JL(>\(n)wn)2a}}

1. n n
< - lim sup E, [cp A(n) (—J’_ (A(n)p )) 1{,Jr_()\(n)wn)2a}] =0.

€ a—00 neEN

Hence we may choose ag such that

sup En[@" (=J- (A(n)e™) Li_y (\(n)pm)>aot] < 6 (5.9)

Define the set

D" i={we Q" [ =T, (An)¢" (W) < =T (An)¢"(w)) < an} € F".
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Now we are in a position to define the set B" by
B" := {Egn[— J.(A(n)¢™)1pe — J" (A(n)¢™)1p| | D € F*,D C D"} .

We claim that this B" satisfies the assumptions of Proposition [5.8]
1) Property i): For any n € N and x € B", there is some D € F™ such
that

g" = —=J . (A(n)¢™)1pe — J_(A(n)p")1p € C"(z).
Note that g" € —0J(A(n)e™) by definition and fix some f € C™(z). Apply-
ing the definition of J together with E,[¢" f] < x gives

Ey[Uc(f)] € E[J(An)e™)] + A(n)z = By [Ue(g™)],

where the equality follows from the classical duality relation between U, and
J. Taking the sup over all f € C™(x) gives optimality of ¢g" for u"(x,U.,).
Since J. do not take values in {U < U.} (see Lemma [II . ), g" satisfies
P"g" € {U < U.}] = 0 and it follows that

u(z,Ue) = En[Uc(9")] = En[U(g")] = u"(z,U)

because E,[U(¢g")] < u"(z,U) < u™(z,U,).

2) Property ii): For this part, we use Assumption to choose ng large
enough such that supcgn Q"[A] < 6/ag for n > ng. Fix some n > ng and
define the map x : F* — R4 by

2(D) = Egn [ = JLAm)¢") 1pe — J-(A()e™)1p].

Monotonicity of dJ (see Lemma [II||7.1]) implies z(0) < z(D™) < z(Q").
Moreover, recall that f;: and A(n) are fixed in such a way that

fro € =0T (Mn)e") = [=TL(A(n)¢"), =T (A(n)¢")]

satisfies Egn[f)!] = 0. This gives z(0) < zo < z(Q").

We first consider the case zp < z(D"™). In order to construct a grid
contained in B" N [z(0),z(D")], we decompose D™ into disjoint subsets
Dy, ..., Dy, such that Q"[D;] < 6/ag and |J;"| D; = D"; this uses that for
n > ng, the largest atom in F,, has Q"-probability at most 6 /ag. The values
:U(Ule D;),k =1,...,m, are contained in B", and since —J"_ (A(n)¢™) < ag
on Dy, C D" and J/. <0, these values satisfy

(U D;) - U Di) = B[ (JL(A(m)e") = I (A(m)e™) 1p,]

S OéoQ [Dk] S 040(5/040 =0

for k =1,...,m. We deduce that z(0) and z(J%_, D;), k = ,m, form a
grid with starting point 2(0) and endpoint z(UJ;~, D;) = (D ) Whose mesh
size is smaller than 9.
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It remains to consider the case xo € [x(D"),z(Q")]. Since z(D") € B",
it is sufficient to show z(Q") — 2(D") < §. Observe first that

(D) = {=J} (A(n)¢") = =J_ (An)¢") } U{=J" (A(n)¢") > ao}.

We rewrite 2(Q") —z(D") in terms of J, and (D™)¢ and use 0 < —J/ < —J.
to obtain

(") — z(D")
= Egn[ (—J_(A\(n
(

< Epe" (2 (M)¢™) Li— s (Am)gm)>a0}] < 6,

where the definition of ag in is used in the last step.

3) Proof of limy, oo (u™(z,U;) — u™(z,U)) = 0: Fix € > 0. Because
of the continuity of u®(z,U,) in = and Proposition , we can fix 6 > 0
and ny such that | —xo| < ¢ implies |[u™(z,U.;) — u™(zo,U.)| < € for all
n > n1. Applying the first part of this proof for § gives ng such that for all
n > ng, there is some set B"™ with property i) and ii). So for each n > ny,
there is some z(n) € B" N [zg — 0,x0|. By the definition of B", the rela-
tion u™(z(n),U.) = u"(xz(n),U) holds for all n > ng. Moreover, u"(z,U) is
increasing in z, so adding and subtracting v"(x(n),U.) = v"(x(n),U) and
using that x(n) € [zg — 0§, o] yields

u"(zo, Ue) — u" (20, U) < u"(x0,Uc) —u"(x(n),U,) <e.
With the arguments so far, we have shown that for every xg > 0 we have

lim sup (u”(wo, U.) — u"(xo, U)) <0.

n—oo

The result follows since u"(xo, Uz) > u™(zo,U) for each n € N. O

It remains to state and prove

Lemma 5.9. Let B be a compact set of the form [e,1] for € € (0,1). Then
{=J_(A¢™)¢" A | n € N,X € B} is uniformly integrable.

Proof. AEg(J) < oo implies by the definition of AEq(J) that there are a
constant M € (0,00) and yo > 0 such that we have

sup |qly < MJ(y)
q€dJ(y)
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for 0 < y < yo. An application of this inequality for y = A\¢™ and g = J (\p")
on {¢"A < yp}, some elementary calculations and A € [, %] yield

0< I (W) M prprcye)
< M |TA™)[ Lpagr <yo)
< MJ (cp”e)+ + MJ (" /€)™ .

The family (J(¢"€)*)pen is uniformly integrable by Lemmal5.1] and so is the
family (J (¢"/€)” Jnen by Lemma With the arguments so far, we have
shown that the family {—J" (A™)Ap" Lixpn<yoy | 7 € N, A € B} is uniformly
integrable. Now fix some zg € —0J(yo) and recall that any z € —9J(y) for
y > yo satisfies x < ¢ and thus also Ue(z) < U.(xg). The classical conjugacy
relation between 0J and 90U, gives

2y = Ue(x) = J(y) < Ue(wo) + J(y)~

for y > yo. Applying this inequality for y = A\p™ and =z = —J" (A¢™) on
{Ae™ > yo} shows that {=J_(A@™)Ap " 1ixm>yey | 0 € NoA € B} is dom-
inated by {(Uc(x0) + J(A¢™) ") 1agn>yoy | 7 € N;A € B} This completes
the proof since the latter family is uniformly integrable by Lemma O

The lower-semicontinuity in n of "™ (z, U) stated in Theorem [5.3|is now a
straightforward consequence of Propositions [5.4] and For completeness,
we formally carry out the argument.

Proof of Theorem[5.3 Since u™(x,U.) — u"(x,U) converges to 0 by Propo-
sition since u"(z,U,) converges to u’(x,U.) by Proposition and
because u"(x,U) < u"(x,U.) holds true for all n € Ny, we deduce from
liminf(a, + b,) > liminf a,, 4+ lim inf b,, that
liminf v"(z,U) > liminf (u"(z,U) — u"(z,U.)) + lim v"(z,U,)
n—oo n—oo

n—oo

>0+ Uo(xa Ue) > uO(x, U).

This completes the proof. O

I111.5.3 Putting everything together

On the way, we have separately proved the second case of Theorem [2.9] For
completeness, we summarize the main steps.

Proof of Theorem [2.9 for ENCU. Theorem [5.3] and Proposition [5.2] give the
convergence lim, u"(z,U) = u®(z,U). For the second part, fix a maximizer
f2 for u™(z,U) for every n. Proposition shows that the sequence (1)
contains a subsequence weakly converging to some f € C°(x). It then follows
from Proposition[5.2} the optimality of f? and lim,, u™(z,U) = u’(z,U) that

Eo[U(f)] > limsup E,[U(f)] = limsupu"(z,U) = u’(z,U).

n—oo n—o0
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This shows that f is a maximizer for u°(x, U) since f € C(x). O

It remains to give the proof for the stability of the goal-reaching problem.
Recall from Remark that this is the case where U(r) = 1y,>1y, so that
Uec(z) =2 A1 for z € (0,00). In particular, U, is strictly increasing on (0, 1)
and uniformly bounded by 1.

Proof of Remark[2.10 The statement is clear for z > 1 since u™(z,U) =1
there for each n € N; so we assume that € (0,1). In Section
strict monotonicity of U, is used via Proposition to show the existence
of the lower bound c}'. A closer inspection of the argument there shows
that we only need strict monotonicity of u"™(z,U.). But u™(z,U.) admits a
maximizer f" (see the discussion following Theorem and the constraint
E,l¢" f*] <z < 1implies P"[f"™ € [0,1)] > 0. This yields strict monotonicity
of u(x,U,) for x € (0,1) since U, is strictly increasing on [0,1) and we can
prove lim,, u"(x,U.) = u’(z,U.) for z € (0,1) as in Proposition [5.4f This
implies lim sup,, u"(x,U) < limsup,, u"(z,U.) = u’(x,U.). For the lim inf,
we first fix for each n € N a maximizer " € —9J(A(n)e") for u"(z,U.) and
recall that " € —0J(A(n)e") implies —J' (A(n)¢™) < f* < —J" (A(n)e™)
and that U(=JL(y)) = U.(=J%(y)) holds for y > 0 (Lemma [II[7.2). This
gives

lim inf " (2, U) > lim inf £, [U(f")] > lim inf £, [Ue(=T(A(n)¢™))]. (5.10)
We now fix a subsequence (ny) realizing the liminf, «"(z,U) and such that
the associated sequence (A(ny)) converges to A. As in Lemma (and
again using the modified version of Proposition , this gives A > 0.
The assumptions that ¢° has a continuous distribution and ¢" = ©° im-
ply then that U.(—J, (A(ng)¢™)) = U.(—J, (A¢?)). Moreover, as the func-
tion U, is uniformly bounded, the right-hand side of converges to
Eo[Uc(=J (ApY))]. But since ¢ has a continuous distribution, it follows
that —J\ (A¢") = —J_(A¢®) P-a.s. and applying similar arguments in the
reverse order, we find that

liminf u"(x,U) > liminf B, [U.( — J_(A(n)¢™))] > liminf u"(z, U,).

n—oo n—o0 n—o0

With the arguments so far, we have proved that

limsupu™(z,U) < u®(zx,U.) = limsupu™(z, U.) < liminf u" (2, U),
n—00 n—00 n—oo
which gives lim, u"(z,U) = u°(z,U.). But the limit model is atomless,
so we have u’(z,U) = u%(z,U,.) by Theorem . and the result follows.
Finally, the convergence of the maximizers along a subsequence follows as in

Proposition O
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I11.6 Conclusion

In this chapter, we study the stability along a sequence of models for a class
of behavioural portfolio selection problems. The analyzed preference func-
tionals allow for non-concave and non-smooth utility functions as well as for
probability distortions. While there are several explicit results in the litera-
ture for behavioural portfolio selection problems in complete continuous-time
markets, there are no comparable results for the discrete-time analogue.

Our convergence results demonstrate that the explicit results from the
continuous-time model are approximately valid also for the discrete-time
setting if the latter is sufficiently close to the continuous-time setting. As
illustrated by a counterexample, the required notion of sufficiently close is
slightly but strictly stronger compared to the stability results for concave
utility maximization problems. The convergence results can also be applied
to other situations such as (marginal) drift misspecification or changing time
horizons.

IT1.7 Appendix

I111.7.1 Non-smooth utility maximization

This appendix contains the results on non-smooth (concave) utility max-
imization which are relevant for the proofs in Section [[I.5] Following the
notation there, we use u"(z,U) := v"(x) to denote the value function. Recall
that J is the conjugate of U (as well as U,).

Proposition 7.1. Fiz n € No. Suppose that E,[J(A¢™)] < oo for all X > 0.
Then the concave problem u™(x,U.) has a solution f" € C™(x) for every
x > 0. Every solution satisfies f* € —0J(A\"p), where \" € (c},c5) is a
minimizer for

)1\1;% E,[J(Ae™) + )] (7.1)

and c' and c5 are strictly positive constants.

Most of the statements contained in Proposition are proved in greater
generality in Bouchard et al. [22] and Westray and Zheng [107]. For com-
pleteness, we include a proof. We make use of Lemma 6.1 in Bouchard et al.
[22] which reads in our setup as follows.

Lemma 7.2. There is a function ®" : (—=J(0),400) — (0,00) which is
convezr and increasing with lim, o, ®"(x)/x = oo and

E,[®" (J(ye™)")] <C"+y forally> 0. (7.2)

Proof of Proposition[7.1] 1) The existence of a maximizer f™ € C™(x) in the
present setting is shown in Theorem [[I[|3.4] Remark there also shows
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that E,[J(Ap™)] < oo for all A implies v"(z,U.) < oo for some x > 0 so that
we can use Theorem [[TH.1] there to get

En[J(Ae™)] = sup{u"(x,U.) — Az} for all A > 0.
>0

Moreover, u™(z,U.) is on (0, 00) finite and concave, hence continuous. This
implies that we also have u™(z,U.) = infxso{ En[J(A¢™)] + zA}. In order to
find the upper bound ¢4, we consider a minimizing sequence (\;) for (7.1)
and show that it is bounded by some constant. Since (\x) is minimizing, it
holds that

— Eu[J (Mk@™) ] 4+ 2 < Ep[J (A" + 22X < u(2,U)+1 (7.3)

for k large enough. We use the function ®” introduced in Lemma[7.2] Then
for all € > 0, there is some xy > 0 such that ®"(x)/xz > 1/e for x > ¢, and
then x < xg + €®™(7)1{z>4,1 < To + €®@"(z) for all x > 0. Using , we
compute that for some C™ > 0,

EnlJ (Me™) 7] < o+ €Ep [0 (J (Ar™) ) | < @o + e(C™ + Ap).

Combining this inequality and gives (z—e) A\, < u"(x,Us)+14+20+€C™.
Choosing € = /2 > 0 shows that (\x) is bounded by some constant.

In order to find the lower bound ¢}, we start with the case J(0) < oco.
Thanks to the existence of a maximizer for u"(x,U,) and the strict mono-
tonicity of U,., we also deduce strict monotonicity of u"(x,U.) and we in-
fer J(0) = Uy(00) > u(z,U.). Together with the continuity of the function
H™(\) := E,[J(A¢™)] + 2\ in 0, we can find ¢} such that the minimization
in can be reduced to A > ¢}'. In the case J(0) = oo, we can again find
c since E,[J(Ap™)] — oo for A — 0.

2) With the arguments so far, we find a maximizer f™ € C"(z) and some
parameter A" € (0, 00) satisfying

EnlUe(f")] = u™(2,Ue) = inf {Ea[J(AQ")] + 2A} = En[J(A"9")] + 22"
Suppose by way of contradiction that there exists a set A € F" satisfying
P"[A] > 0and f™ ¢ 0J(A"¢") on the set A. The conjugacy relation between

U, and J then implies u"(x,U.) = Ep[Uc(f™)] < En[J(A"¢™)] + xA™, which
is the required contradiction. ]

I11.7.2 Auxiliary results

Lemma 7.3. The asymptotic elasticity condition AEy(J) < oo is equivalent
to the ezistence of two constants v > 0 and yo > 0 such that

J(py) <p~7JI(y)  for all p € (0,1] and y € (0, yol.

Moreover, if AEy(J) < oo is satisfied, then there are ki, ko and v < 1 such
that U(z) < k1 + koz? for x > 0.
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Proof of Lemma[7.3 The equivalence is proved in Lemma 4.1 of Deelstra
et al. [37]. We only prove the last implication. Similarly to Lemma 4.1
of Deelstra et al. [37], we argue that U.(Az) < AU.(x) holds for z > =g
and A > 1. Note first that Proposition 4.1. of Deelstra et al. [37] shows
that AE(J) < oo and the growth condition imply the existence of two
constants xg and v < 1 such that

yr —yUc(z) <0 for x > z¢ and y € OU.(x). (7.4)

By moving xg to the right if necessary, we may assume that U(z¢) is positive.
Now choose some x > xg and observe that Az > xg for all A > 1. We want
to compare the functions U.(Ax) and A\'U.(z) for A > 1. Let F be the
concave function on [1,00) defined by F(\) := U.(A\x). Fix some ¢ € 9F ().
By definition, this implies U.(zx) < Uq(Ax) + ¢(z — A) and therefore that
4 € QU.(Ax). Thus, it follows from that

A —vF(A) <0 forall A>1andqgedF()). (7.5)

Set G(\) := AU,.(x). In order to complete the proof, we have to check that
(F —G)(A) <0 for all A > 1. Clearly, the function G satisfies the equation

AG'(\) — yG(A) =0 (7.6)

for all A > 1. Since G(1) = F(1), it follows from and that
0>q—~F(1)=q¢—~G(1) = ¢— G'(1). Hence we have ¢ < G'(1) for all
q € OF(1). Since G is continuously differentiable, there exists € > 0 such
that ¢ < G'(\) for all ¢ € OF(1) and X € [1,1 + ¢€). This gives

FO)<F(1)+qA—1) <G +G@NA-1)<GN) (7.7

for all ¢ € 9F(1) and A € [1,1+ ¢). To show that F(A) < G(X) holds for all
A> 1, let A :=inf{\ > 1:F(\) = G(\)} and suppose that A < co. By the
definition of X and (7.7)), we have (F —G) < 0 on [1,A) and (F — G)(\) = 0.
This implies that

g0 > G'(N) (7.8)
for some gy € OF (%) On the other hand, combining (7.5) and (7.6) gives
0> Ag—YF(A) = A\g —7G(\) = Ag — AG'(}) for all ¢ € OF(A). The latter
is equivalent to G’(\) > ¢ and gives the required contradiction to (7.8).

Above, it is proved that there exist v < 1 and xg > 0 such that we have
Uc(Az) < XNVU.(x) for x > x¢g and A > 1. This gives

51 ()5 (2) =i (2) =

for > . Thus, choosing k1 := U(zo) and ke := U.(zo) (1/x0)” gives
U(x) < k1 + koY which is the desired result. O
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Lemma 7.4. For all n > 0, there exists some constant c(n) > 0 such that
2+ y" < e(n)(|2]” + [y]").

Proof. For n € (0,1], we use 27 > z for z € (0, 1) to obtain

0 U
(P T L
[ + [yl =] + [y] [ +lyl - fal + 1yl
which is equivalent to |z|" + |y|7 > (|z| + |y|)" and the result follows since
(lzl + [y = [& + y|".

For n > 1, we rewrite (|x| + |y|)" as a suitable convex combination and
use the convexity of 2" for z > 0 to obtain

1 1 K 1 1
(ol + 1" =2 (glel + 1) <27 (Glal"+ 3lul") =207 ol + o).

The result follows since |z + y|7 < (|z| + |y[)". O






Chapter IV

Examples in incomplete
markets

In this chapter, we study the portfolio selection problem . in a general
financial market. We give sufficient conditions for the existence of an opti-
mal strategy, and study the associated optimal final position as well as the
optimal expected non-concave utility.

IV.1 Introduction

Expected utility maximization is the predominant investment decision rule
in financial portfolio selection. One standard formulation of this problem is
as follows: Given some discounted price process S, a (rational) agent with
initial capital x > 0 tries to find a portfolio ¥ that maximizes the expected
utility of terminal wealth, i.e.

E[U(x—k/OTﬁdS)} — max! (1.1)

The standard case is to assume that U is concave which corresponds to the
situation in which the agent is risk-averse. Compared to realistic applica-
tions, this formulation has two shortcomings. First, typical agents often do
not have time to manage their portfolio by themselves. Instead, an agent
often employs a portfolio manager to make financial investments on his be-
half. The manager invests the agent’s money in the financial market, and
in return he receives a compensation via a function g, depending on the
final position that he generates over some period of time. One prominent
example used in Carpenter [32] is to consider g(z) = a(x — K)* + F which
means that the salary of the manager consists of a fixed amount F' and a
variable part depending on his performance. The manager with utility U
is maximizing the expected utility of his own final wealth which is g(X7).
Therefore he solves the portfolio optimization problem for the utility U(g(-))



86 IV Examples in incomplete markets

of his compensation, which is usually non-concave. The second shortcoming
of the standard theory is, as discussed in detail in Chapter [, that people
(agents as well as managers) are not always risk-averse and rational.

We are therefore interested in the problem for a non-concave utility
function U (corresponding to U o g in the above notation). We formulate
the non-concave utility maximization problem in a general financial market
where the discounted asset prices are (locally bounded) semimartingales. We
first give sufficient conditions for the existence of a maximizer in terms of a
closedness assumption, under weak convergence, on the set of final positions
generated by allowed trading. This enables us to tackle the problem in
a systematic and unified way. In particular, this allows us to explain the
results on the existence of a maximizer obtained previously by other authors
in various specific frameworks. We also verify the closedness assumption in
some models that are not covered by the existing literature. Moreover, we
argue that the same assumption is also sufficient to prove the existence of
a maximizer for similar optimization problems for more general functionals
with distorted beliefs as employed in behavioural finance.

Having proved the existence of a maximizer, we then study its properties
and the resulting optimal expected utility more thoroughly. We start with
models on a finite probability space in order to bring out the intuition and
structure, abstracting them from technical complexities. We show that the
optimal final position satisfies, as in the classical concave case, the first order
condition for optimality in the sense that the marginal utility of the optimal
final position defines (up to a constant) a local martingale measure. We
also illustrate with a counterexample that the classical interpretation of the
resulting martingale measure as least-favourable completion does not carry
over to the non-concave case.

While the optimal expected utility, as a function of the initial wealth
x, is non-concave in general, we present sufficient conditions on a general
model such that this function is concave. These conditions involve the utility
price introduced in Jouini and Kallal [66] and can be seen as a natural
generalization of the results from the complete market to the general model.
To round off the chapter, we illustrate the use of our results with several
explicit examples and give further links to the literature.

This chapter is organized as follows. The next section specifies the opti-
mization problem and the notation. We also state the closedness assumption
and show the existence of a maximizer under this assumption. In Section
[IV.3] we analyze models on finite probability spaces in more detail. Section
gives sufficient conditions on the model such that the optimal expected
utility is concave. Finally, several examples are presented in Section
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IV.2 Problem formulation and existence

The following notation is used. If 2,y € R, we denote 2+ = max{=+z,0}. For
a probability space (Q, F, P), let LY(Q, F, P) (and L' (2, F, P)) be the space
of (equivalence classes of) F-measurable (and integrable) random variables.
The space LY (Q,F, P) (and L. (2, F, P)) consists of all non-negative ele-
ments of L°(Q, F, P) (and L'(Q, F, P)). We sometimes drop the dependence
on the probability space if it is clear from the context. By a distribution,
we always refer to the distribution under P. For a sequence (f™) of random
variables, we denote weak convergence of (f") to f° by f* = f%. We use ~
to denote equality in distribution. A quantile function qr of a distribution
function F' is a generalized inverse of F, i.e., a function ¢r : (0,1) - R
satisfying

F(qr(s)—) <s<F(qr(s)) forallse(0,1).

Quantile functions are not unique, but any two for a given F' coincide a.e. on
(0,1). Thus, we sometimes blur the distinction between “the” and “a” quan-
tile function. A quantile function ¢; of a random variable f is understood to
be a quantile function g of the distribution F' of the random variable f. If
the sequence (f") converges weakly to f°, then any corresponding sequence
(ggn) of quantile functions converges a.e. on (0,1) to g (see for instance
Theorem 25.6 of Billingsley [19]). More properties of quantile functions can

be found in Appendix A.3 of Foéllmer and Schied [43].

IV.2.1 The optimization problem

We cousider a model of a security market that consists of one bond and d
stocks. We denote by S = (S9%)1<;<q the price process of the d stocks and
suppose that the price of the bond is constant and equal to 1. The process
S is assumed to be a d-dimensional, locally bounded semimartingale on a
filtered probability space (2, F, (Ft)o<t<T, P), where the filtration (F;)o<i<T
satisfies the usual conditions. For simplicity, we assume that Fr = F. We
focus on portfolio processes with initial capital = and predictable and S-
integrable strategies 9. The value process of such a portfolio is then given
by

t
X, =X =X+ / 9ydSy, 0<t<T. (2.1)
0

For z > 0 we denote by X(x) the family of value processes X =(X;)o<t<r
with nonnegative capital at any time and with initial capital equal to z, i.e.,

X(x)={X >0 | X is defined by (2.1) with X¢ = x}. (2.2)

We denote the set of equivalent (resp. absolutely continuous) local martin-
gale measures for S by M€ (resp. M%) and require the no-arbitrage type
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assumption

ME £ ). (2.3)
For later purposes, we define the set of processes dual to (2.2) by

V() ={Y >0 | E[YX] <uzyforal X € X(z)}
as well as two sets of random variables related to X (x) and Y(y) by

)
C(z) = {f € LN, F,P)|0< f < Xr, for some X € X(z)},
D(y) :={h € LY(Q,F,P) | 0 < h < Yr, for some Y € Y(y)}.

Remark 2.1. Recall that for f > 0, it holds that

fel(zx) < sup Eg[f]<z<+= sup Eg[f]<= (2.6)
QeM:e QeMa
by the general duality relationships between the terminal position of strate-

gies and the densities of martingale measures; see, for instance, Section 11.3
of Delbaen and Schachermayer [38] for details. &

We consider an economic agent in our model who has a non-concave
utility function U : (0,00) — R for wealth, that is, an increasing and right-
continuous function satisfying and

lim M

r—00 I

=0. (2.7)

Observe that we do not assume that U is concave. To avoid any ambi-
guity, we set U(x) = —oo for < 0 and define U(0) := limg\ o U(x) and
U(o0) :=lim, oo U(z). Without loss of generality, we assume that U(oco) > 0.
The concave envelope of U is denoted by U,, the conjugate J of U (and U.,)
is defined by

J(y) := sup{U(z) — =y},
>0
and the asymptotic elasticity of J is defined by
: laly
AEy(J) :=limsup sup ——,
y—0  q€dJ(y) J(?/)

where 0J denotes the subdifferential of J; see Chapter [[I] for precise defini-
tions and several properties. We impose the following condition on J.

Assumption 2.2. AEy(J) < oo.

For a fixed initial capital x > 0, the goal of the agent is to maximize
the expected non-concave utility from terminal wealth E[U(X7)]. We are
therefore interested in studying the optimization problem

sup E[U(X7)]. (2.8)
XeX(x)
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In abstract notation, we can replace (2.8)) by the problem

u(z,U) = sup{E[U(f)] | f € C(x)} (2.9)

where we define E[U(f)] := —oo if U(f)~ ¢ L'. To exclude the trivial case
we impose

Assumption 2.3. u(z,U) < oo for some x > 0.

Remark 2.4. The arguments of Lemma show that Assumptions
and [2.3)imply u(z, U,) < oo for some x>0, which in turn implies u(z, U.) < oo
for all x > 0 by concavity of U.. <

Let us shortly discuss the relation between the problems (2.9)) and ([Il12.2]).
Recall from 1’ that a random variable f is in C(z) if and only if f € LY
and supge e EQlf] < @. In Chapter I we work with a fixed martingale
measure () &~ P and consider the set

Clz)=C(z;Q) = {f € L(jr ‘ Eqlf] < x}.

With this notation, (2.6) can be written in the form

cw)= [ C:Q).

QeMe

Problem ({2.9) can therefore be written as optimization problem

u(a:,U;Me):sup{E[U(f)}’feL?r(Q,}",P)with sup EQ[f]ga;} (2.10)
QeMe

with many (linear) constraints, one for each martingale measure ). Problem

. can be written as
u(e, U {Q}) = sup { EU(f)] | f € LY, F, P) with Eqlf] <}, (2.11)

Compared to (2.10), we consequently optimize in problem ([I}2.2)) over a
larger class of payoffs since they do not necessarily need to satisty Eq[f] < z

for all @ € M°. In the special case M¢ = {Q}, however, the problem
u(z, U, M} in reduces to u(z,U,{Q}) in and thus has the
same structure as the problem .. For the sake of brevity, we continue
in this section with the notation u(z,U) = wu(x,U, M®). Note that this
is a slight abuse of notation since u(x,U) defined in this chapter does not
necessarily coincide with u(x,U) defined in Chapter
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IV.2.2 Existence of a maximizer

The goal of this section is to prove the existence of a maximizer for the
problem u(x,U). Because of the non-concavity of U, proving the existence
via a suitable dual minimization problem (as, for instance, in Kramkov
and Schachermayer [73]) or via Komlos-type arguments (as, for instance,
in Kramkov and Schachermayer [74]) is not possible. Instead, we follow the
idea of Carlier and Dana [31I] (and later also applied in Rasonyi and Ro-
drigues [90]) and use Helly’s selection principle. In order to be able to use
that approach, the set C(x) essentially needs to satisfy a closedness assump-
tion under weak convergence as follows.

Assumption 2.5. If (™) is a sequence in C(x), F™ denotes the distribution
function of f* and F™ = F for some distribution function F, then there is
f* € C(x) with distribution F.

This assumption allows us to show the existence of a maximizer for several
models in a unified way. We discuss below in Sections [[V.3 sufficient
conditions for this assumption as well as several explicit examples where it
is satisfied.

Theorem 2.6. Let Assumptions and [2.5] be satisfied. Moreover, we
assume that we have one of the following cases:

Case 1: The non-concave utility function U is continuous.

Case 2: The non-concave utility function U is positive on (0,00) and uni-
formly bounded.

Then the problem u(z,U) admits a solution f* € C(x).

Proof. 1) We consider a maximizing sequence (f™) in C(z) and denote by
F™ the distribution function of f™. Let us fix some Q € M€. Every ele-
ment " satisfies E[%f"] < z; it thus follows from Lemma . that
the sequence (f™) is tight (with respect to the measure P). Helly’s selec-
tion principle then gives a subsequence (n) and a distribution F' such that
limg_y00 F™ (a) = F(a) holds for all continuity points a of F, i.e., F™ = F
as k — o0o. Due to Assumption[2.5 there is some f* € C(z) with distribution
F. We claim that this f* is a maximizer for u(z,U).

2) In order to prove the optimality of f*, we start with the observation
that E[U(f)*] = fol U(gs(s))*ds. To see this, let (€, F, P) be a probability
space that supports a random variable U with a uniform distribution on
(0,1). Then f := q7(U) has the same distribution as f and this gives

1
ElU(f)*] = BplU(f)F] = /O Ulas(s)) ds.

By construction, we have that (f™) converges weakly to f* and this implies
a.e. convergence of the associated quantile functions. If U is continuous,
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as assumed in case 1, max(£U(-),0) is continuous as well and we find that
Ulgpni(s))E — U(gp+(s))* a.e. For the negative part, Fatou’s lemma yields

1 1

liminf E[U(f™)7] = liminf/ Ulggrr(s)) ds > / Ulgp(s))"ds. (2.12)
k—oo k—oco  Jo 0

We show below in step 3) that the family (U(qsnx(s))")ken is uniformly

integrable; this exploits the asymptotic elasticity condition (2.2)). This gives

1 1
lim E[U(f™)%] = lim U(qfnk(s)ﬁds:/o Ulgs(s))Tds.  (2.13)

k—o0 k—oco Jo

Together with (2.12), we arrive at

lim E[U(f")] < lim E[U(f")"] - liminf E[U(f")7] = E[U(f")],
k—o0 k—o0 k—o0
which completes the proof for case 1 since (f™) (and thus also (f™)) is a
maximizing sequence for u(z,U).
If U is positive on (0,00) and bounded above by some constant U, as as-
sumed in case 2, right-continuity of U gives lim sup;, U(qsnk (s)) < U(gqs=(s))
and Fatou’s lemma (formally applied on (U — U(gs (s)))ken) vields

1 1
tiw EU(F)) = lin [ Ulap(s)ds < [ Ulay-(s))ds = U,
k—o0 k—oo Jo 0
which completes the proof for case 2 since (f™) (and thus also (f™)) is a
maximizing sequence for u(x,U).
3) It remains to show the uniform integrability of (U(gsn(s))")nen. We
define g(v) := 21,5k} and observe that

1
/0 U(qp () Lo (g o)+ 2x3d5=E[g(U(f") )] = E[U") Lumyr 2 i)

It is therefore sufficient to show uniform integrability of (U(f")"),en which
in turn is satisfied if the family (U.(f™)")nen is uniformly integrable since
0<U(f™)" <Uf™)*. But the latter is a consequence of u(z,U.) < oo
(obtained via Remark and AEq(J) < oo; see for instance Note 2 and
Lemma 1 in Kramkov and Schachermayer [74] or Lemma 5.5 in Westray and
Zheng [107] for the nonsmooth case. O

The two assumptions in Theorem imposed on U cover (to the best
of our knowledge) all the applications of expected non-concave utilities on
the positive half-line. Case 1 includes, for instance, the non-concave utilities
used in behavioural finance as well as situations in which risk-averse man-
agers obtain performance-based salaries (see, for instance, Carpenter [32] and
Basak and Makarov [9]). Case 2 covers the class of goal-reaching problems
initiated by Kulldorff [76] and investigated further by Browne |27, 2§].
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There are also interesting examples where the non-concave utility is de-
fined on R. A closer inspection of the proof of Theorem shows that the
domain of U is only used (indirectly) in part 3) to show uniform integrability
of (U(f™)" )nen- If one can obtain the latter property by a suitable argument
or assumption (e.g. if U is bounded by above), the proof of Theorem is
also valid for a non-concave utility defined on R. However, one has to think
carefully about the right notion of admissibility for the allowed strategies
such that one is still able to verify Assumption

The structure of the proof can also be applied on more general preferences
than expected (non-concave) utility. The essential ingredient of the prefer-
ence functional is law-invariance which allows for a quantile formulation. In
addition, one needs some structure ensuring uniform integrability of a maxi-
mizing sequence. As one possible extension, we discuss below rank-dependent
ezpected utilities (RDU or RDEU; see Quiggin [89]). More preference func-
tionals with a quantile formulation can be found in He and Zhou [56].

Remark 2.7. 1) In addition to a non-concave utility function, some models
in behavioural finance suggest using non-linear expectations to account for
the observation that people tend to overweight extreme events having small
probabilities (see, for instance, Kahneman and Tversky [69] and references
therein). The main building block for these models are functionals of the
form

1
V(f) ::/0 T(PU(f) > z])dx (2.14)

for a continuous non-concave utility U > 0 and a distortion T which is an
increasing and continuous function 7" : [0, 1] — [0, 1] satisfying 7'(0) = 0 and
T(1) = 1. Analogously to our problem (2.9)), one then is interested in

v(z) :=sup{V(f) | f € C(x)}. (2.15)

Assumption is (under suitable technical assumptions on U and T') also
sufficient for the existence of a maximizer f* for v(z). Indeed, as in part 1) of
the proof of Theorem [2.6] one starts with a maximizing sequence (f™) for v(x)
and extracts along a subsequence a weak limit f* € C(x). In order to show
the optimality of f*, one needs to show uniform integrability with respect
to the Lebesque measure dy on (0,1) of (T'(P[U(f™) > y]))nen. Imposing
some growth condition on U and T (see Assumption ., this reduces
to showing that sup,, E[(f")*] < oo for some x € (0,1) (Lemma [[T]}4.3).
The latter condition can be verified in a particular setting; a sufficient con-
dition is the existence of a martingale measure Q with (dQ/dP)*/(*~1) ¢ L1,
This criterion covers all the specific models (Examples and
discussed in this chapter.

2) In addition to non-concave utilities and non-linear expectations de-
scribed in part 1), some behavioural theories suggest using a stochastic ref-
erence point R, with respect to which payoffs at the terminal time 7' are
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evaluated. If the reference point is deterministic, this can be embedded in
our analysis by defining a new utility Uy (z) := U(x — R) and slightly mod-
ifying the arguments to account for the new domain of the utility. If the
reference point is stochastic, one has to think carefully about the correct
notion of admissible trading strategies. Jin et al. [63] allow strategies which
lead to final positions satisfying f— R > —L for a fixed (deterministic) maxi-
mal loss L. If we modify U such that it is defined on (—L, 00), we can use the
same notion of admissible trading strategies. For a general reference point,
this problem is rather involved. However, Kahneman and Tversky [69] claim
that for most decision problems, the reference point R is the status quo or a
particular asset position (e.g. all the money on the bank account). In both
cases, the agent can then replicate the (possibly stochastic) reference point
by some trading strategy with initial capital 2. In that case, the agent with
stochastic reference point R uses the amount z? to replicate R and invests
the remaining part  — 2 as if he had a deterministic reference point 2%; the
problem is ill-posed (for this notion of admissible strategies) if z — 2 < —L.
In summary, this remark shows that having a stochastic reference point is
either very delicate (and essentially an unsolved problem) or rather easy to
deal with. <&

IV.3 Models on finite probability spaces

The abstract analysis in Section[[V.2|gives the existence of a maximizer under
the rather abstract Assumption [2.5] The goal of this section is to focus on
finite-dimensional models for which Assumption is always satisfied (as
we shall see in Lemma below) and to present some elementary results
and examples in order to bring out the intuition and structure, abstracting
them from technical complexities.

Formally, consider an R%*!-valued process (S;)I_, = (S, S}, ..., SHL,
with SP =1, based on and adapted to the finite filtered probability space
(Q, F, (Ft)o, P), which we write as Q = {wi,...,wn}. Without loss of
generality we assume that Fy is trivial, that Fp = F is the power set of €2,
and that P[{w;}] > 0 for all 1 < i < N. The setup here is a special case
of the one introduced in Section in which the price process S is a pure
jump process with jumps occurring only at fixed dates.

Lemma 3.1. Assumption 1s satisfied in the setup described above. The-
orem |2.6] can therefore be applied.

Proof. Let us fix a sequence (f™) in C(x) converging weakly to some dis-
tribution F. Let us fix some equivalent martingale measure ¢ € M¢°.
The condition Eg[f"] < x implies f™"(w;) < z/Q[{w;}] for all1 < i < N
since f™ > 0. The sequence (f™) is thus uniformly bounded above by
x/min; Q[{w;}], and we can extract a subsequence (f™*) converging (a.s.)
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to some f*. This implies that f* has distribution F. Fatou’s lemma gives
EqQ[f*] < liminfy Eg[f™] < x for every Q € M*® and it follows from (2.6])
that f* € C(x). O

The existence of a maximizer for the problem w(z,U) in the finite-
dimensional case can of course also be proved directly (with the same ar-
gument as for Lemma and without Assumption We have verified
Assumption in order to give a better understanding for that condition.

For an economic interpretation, a mere existence result is not very satis-
fying. In the sequel, our goal is therefore to describe the first order condition
for optimality in more detail. In the classical case when U is concave, this
property of the optimizer is a by-product of convex duality arguments. But
in the non-concave case, convex duality cannot be applied. Instead, we use
a standard marginal variation argument. In order to avoid dealing with
generalized derivatives for non-concave functions, we impose here a stronger
assumption on U. Recall that € is finite.

Proposition 3.2. Let U be differentiable and strictly increasing and let f
denote a solution for u(xz,U). There exist a martingale measure Q € M?*

and some X > 0 such that U'(f}) = )\% on the set {fi > 0}.

Proof. The equivalent formulation of u(z,U) in shows that u(x,U)
can be seen as optimization problem with infinitely many constraints (one
for each @ € M°€). The idea is to rewrite these infinitely many constraints in
terms of finitely many constraints by passing to extreme points. This allows
us to use the classical tools from finite-dimensional optimization theory. Note
first that M*“ can be identified with a bounded, closed, convex set in R” and
is therefore the convex hull of its finitely many extreme points {Q?,..., Q™}.

Set A := {f> > 0} and note that P[A] > 0 since U is strictly increasing
and x > 0. We show below that

Egilfla] <Ofori=1,...,m = E[U(f5)f1a] <0 (3.1)

holds for every f € L°. Applying Farkas’ lemma (Corollary 22.3.1 in Rock-
afellar [95]) to (3.1)) then gives

Z)\ e on A (3.2)

for some Ai,..., Ay, € Ry. Weset A := 31" \; and note that A > 0 by (3.2)
since U is strictly increasing and P[A] > 0. We now define Q via

dQ =N dQ'
ap = 2N ap
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The measure Q is again in M since it is a convex combination of (finitely
many) elements of the convex set M. In terms of A and Q, reads as
U(fr = )\% on A which was the claim.

It remains to show . For this, we fix some f € L with Egi[f14] <0
for all ¢ = 1,...,m and define f(t) := f* +tfls for ¢ > 0. For ¢ small
enough, it holds that f(t) > 0 because f* > 0 on A, and by construction, we
have Eqi[f(t)] < = for all i =1,...,m. Since any Q € M°® can be written
as a convex combination of the m extreme points {Q1,...,Q™}, it follows
that Eg[f(t)] < x for any Q € M® which gives by that f(t) € C(x).
Therefore, we find from the optimality of f* = f(0) that

1

S(BIU(@)] - BIU(/(0))]) <0 (3.3)

for ¢ small enough. We now analyze in the limit for ¢ going to 0. The
expectation is, in the present setting, a sum of a finite number of terms, so
that we can interchange limit and expectation (sum). On the set A, we
have f(t) = f(0), so the term U(f(t)) — U(f(0)) vanishes there. On the set
A, we use that U is differentiable on (0,00) to deduce that

L U(f2@) ) ~U(f2()

R
lim t U (£ @) 1)
for each w € A. Inequality (3.3 therefore yields E[U’(f2)f14] < 0, which
completes the proof of (3.1)). O

If U is concave, the martingale measure Q derived from the first order
condition for optimality as in Proposition has a clear economic meaning
as the “least favourable market completion” with “fictitious securities” (see
for instance Karatzas et al. [70] for detailed explanations of that concept
in a slightly different setting; similar ideas also apply for our present finite-
dimensional setup); moreover, it also plays a crucial role for the duality
approach. In the next remark, we show that these properties do not carry
over to the non-concave case.

Remark 3.3. Let f! be a maximizer for uﬁm, U) and let Q € M® be the

martingale measure derived in Proposition that satisfies U'(f¥) = )\%
on {f¥ > 0} for some A > 0. Let us compare the problems u(z,U) and

u(@, Ui {Q}) := sup{E[U(f)] | f € LL(Q, F, P) with Ep[f] <z} (3.4)

defined in (2.11). The maximizer f for u(z,U) is in C(z), so it satis-
fies Eplfy] < @ and it follows that f} is also a candidate for the prob-

lem u(z,U; {Q}). Example below illustrates that the maximizer f; for
u(z,U) is in general not optimal for the problem u(z,U;{Q}) and that we
may have

u(z,U) < (2, U;{Q}) < u(z,U;{Q}) (3.5)

inf u
QeMa
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for particular initial capitals . The economic interpretation is as follows. If
we use Q to define a pricing rule f — Eg [f] (“pricing by marginal utility”),
then an economic agent with initial capital x, non-concave utility function U
and investing optimally is indifferent (of first order) towards small changes
of the final position in a cost-neutral way (i.e., with respect to the pricing
rule defined by Q) However, if we consider as in arbitrary contin-
gent claims (not only those which can be generated by trading) and look
only at the price EQ[f], then there can be another payoff f with the same

“price” EQ[ f] =FEq [f+] and a higher expected non-concave utility. However,

this payoff f cannot be generated by allowed trading. The inequality
shows that this result even does not change if we choose our pricing rule
via another martingale measure. This is in marked contrast to the classi-
cal concave utility maximization where the solution to the original problem
can also be obtained by working with only one (well-chosen) pricing rule
defined via the marginal utility. This implies that the idea of introducing
“fictitious securities” cannot be used to solve non-concave utility maximiza-
tion problems. &

It remains to give an explicit example for which one can verify (3.5]).

Example 3.4. Weset T=1,d=1,n=4, P[{w;}] = 1/4 and S} (w;) = a;
for a1 = 3/2, aa = 5/4, a3 = 3/4 and a4 = 1/2. Consider the non-concave
utility function on R, defined by

—1)¥3 > 1
—(1—2)?3 <1

The problem u(1,U) can be solved explicitly; Theorem 3.1 in Bernard and
Ghossoub [I5] shows that the optimal risky holding is

s L2 /e’
C 23\ (1/2)28 4 (1/4)2/3 )

The resulting optimal final position f; = 1 + ¥*(S{ — 1) > 0 is strictly
positive and satisfies P[f; = 1] = 0. It follows that the martingale measure

defined by g—g = ];{l}ﬁi{jﬁ;)} is equivalent to P.
We now show (3.5)) for # = 1 which, in particular, implies that f; is not
optimal for u(z, U;{Q}). The key insight for this is that f;(ws3) and fi(wa)

are in {U < U} :={x € Ry | U(z) < Uc(z)} and we have

U(fi(ws)) + U(fi (wa)) < U(0) + U(ff (ws) + f7 (wa))- (3.6)

We will see below in Theorem . that such a candidate payoff f* (for
which two states have payoff values in the part where U is strictly convex)
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cannot be optimal for the problem u(1,U;{Q}) (where one optimizes over
payoffs that are not necessarily attainable by trading). In the present setting,
all the quantities are explicitly determined and we can also directly show
that f; is not optimal for w(1,U;{Q}). More precisely, we shall show below
that we can find for each Q € M® a random variable f% € Lg satisfying
Eg[f@ <1, fi(wi) = f9(w;) for i=1,2 and

P[f? =0]=P[f? = fi(ws) + fi(ws)] = 1/4.

This then gives E[U(f})] < E[U(f9)] because of . Since the distribution
of f@ (under P) is independent of Q, E[U(f?)] is also independent of @ and
follows.

It remains to show how to construct f@. Since f;(ws) and f(ws) are in
{U < U.}, the idea is to rearrange the payoff in the states ws and wy in such
a way that the spread between the values is maximal. In order to also satisfy
the budget constraint Eg[f%] < 1, we choose the higher payoff value in the
cheaper state (in the sense that dQ/dP is lower) and the lower payoff value
in the more expensive state. Formally, if Q[{ws}] < Q[{w4}], we define a
modified payoff by f@(w;) := ff(w;) for i = 1,2, fQ(w3) := ff(w3) + fi(ws)
and f9(wy4) := 0. Using that f; and f9 coincide for w; and wo, plugging in
the explicit definition of @ and using that Q[{ws}] < Q[{w4}], we obtain
that

EQlfi]=EqQlf? = QUws} (/i (ws) = f?(ws)) + QUwa}] (fi (wa) = f%(wa))
= —QUws /1 (wa) +Q{wa}] f1 (wa) (3.7)
= J1 (W) (Q[{wa}] - Q[{ws}]) = 0,

which implies Eqg[f%] < Eg[f;] < 1. The conditions P[f? = 0] = 1/4 and
P[f9 = f{(w3)+ff(ws)] =1/4 are also satisfied since P[{w;}]=1/4 for i=3, 4.
If Q[{ws}] > Q[{w4}], we define a modified payoff by f9(w;) := fi(w;) for
i=1,2, f9ws) :=0and f@(wy) := fi(w3) + fi(ws). A calculation similar
to that in yields Eg[f%] < 1. This ends the example.

The attentive reader might object that Proposition is proved for a
differentiable function U, while the function U used in Example is not
differentiable in 1. But it is obvious that one can slightly change the function
U around 1 to “smooth out” the kink in 1 so that f{ is still optimal.

IV.4 A sufficient condition for u(z,U) = u(x,U,)

The analysis for models on finite probability spaces in Section shows
that the problems w(z,U) and u(x,U,.) are not directly linked in general.
In the special case M® = {Q}, the problem u(z,U) = u(z,U; M®) reduces
to u(z,U;{Q}) defined in (2.11). For that problem, it is known from Sec-
tion that there is a large class of models for which u(z,U;{Q}) and
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u(z, Ue; {@Q}) coincide. The goal of this section is to describe a subclass of
our general (not necessarily complete) financial market for which u(x,U; M*®)
and u(x,U.; M€) coincide as well.

In the analysis in Section [[I.5] there are two essential ingredients lead-
ing to u(z,U; {Q}) = u(x, Us; {Q}). The first (explicit) one is that one can
generate any payofl distribution. A second (implicit) one is that one can
generate a given distribution for a reasonable price. In order to make this
precise and to motivate an analogous assumption in the present setting, we
first introduce some additional notation.

Dybvig [42] considers the setting of a complete market and defines the
distributional price of a distribution F' to be the lowest initial capital such
that there is a strategy leading to a final payoff with the distribution F'. Note
that although completeness allows one to generate by trading any payoff
on the given underlying space (€2, Fr), it depends on the structure of that
space which distributions F can actually be obtained from random variables
on (2, Fr). The natural analogue in our general setting is to define the
distributional price to be

DP(F) ::inf{ sup Eglf] ‘ f € L%.(Q, Fr, P) with fNF}. (4.1)
QeMe

Besides the obvious drawback that the set {f € L9F(Q,]-"T,P), f ~ F}
might be empty, it may also happen that DP(G) < DP(F') for a distribution
G dominating the distribution F' in some stochastic order. This indicates
that the definition has economically unreasonable consequences. One
alternative is therefore to consider the price

inf{ sup Eglf] ‘ f e LY (Q Fr, P) with f ~ G and G =2 F}, (4.2)
QeMe

where =9 denotes second order stochastic dominance. As noticed in Jouini
and Kallal [66], this is also the minimal amount for which a risk-averse agent
can attain the same utility level as with a payoff with distribution F'. They
therefore refer to the above expression as the utility price. It is shown
in Theorem 4 of Jouini and Porte [68] that the expression can also be
written equivalently in terms of quantiles as follows. Recall the notation

D(y) from (2.3).

Definition 4.1. For a distribution F' on Ry, the utility price is defined as

UP(F) = sup) { /01 qr(s)qn(1 — S)ds}.

heD(1

If M¢ = {Q} is a singleton and the probability space (2, Fr, P) is atom-
less, we can fix a uniformly distributed random variable ¢ on (0, 1) satisfying
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qaq(U) = % a.s. For an arbitrary distribution F on R, there is then a self-
dP
financing strategy starting from the initial capital Xo = Eglqr(1 —U)] and

leading to the final position X7 = ¢p(1 — U) with distribution F. Since
99 ¢ D(1), we find that

1
UP(F) > [ aug (5)ar(1 = 5)ds = Eolar(1 ~t0)] > DP(F)

and we even obtain equality since the wtility price is always smaller than
the distributional price; see part 1) of Remark below. This line of argu-
ments shows that in the case M® = {@Q} with an atomless probability space
(Q, Fr, P), the distributional price is equal to the utility price. The natural
analogue in our general setting is as follows.

Assumption 4.2. For any distribution F on Ry with UP(F) < oo, there
exists f € C(UP(F)) with f ~ F.

Let us shortly summarize the above motivation.

Remark 4.3. If M¢ = {Q} and (Q, Fr, P) is atomless (as in the typical
complete Brownian models; see Example , then Assumption is
satisfied. &

Before we discuss Assumption in more detail, we briefly comment on
the relation between UP(F') and DP(F') and show that the wtility price is
lower-semicontinuous with respect to weak convergence. The latter property
is used later to compare Assumptions and

Remark 4.4. 1) We always have UP(F) <DP(F). To see this, fix f~F
with 2 := supge e Eqlf] < 005 by and the definition of C(x), this im-
plies that there is some X € X'(x) with f < Xp P-a.s. The distribution G of
X7 therefore dominates F' stochastically in the second order and it follows
from the Hardy-Littlewood inequality and the definition of D(1) that

1
/0 q6(8)qn(1 — s8)ds < E[hX7) < x

holds for every h € D(1). The result then follows since f ~ F was arbitrary.
If one defines the utility price in terms of , it is sufficient to notice that
every candidate for is also one for (4.2)).

2) Every sequence (F™) of distributions with F™ = F satisfies

UP(F) < liminf UP(F"). (4.3)

n—oo

Indeed, assume by way of contradiction that there is € > 0 such that
UP(F) — e > liminf,, UP(F™). By definition, there exists h € D(1) with
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UP(F)—e< fol ¢;,(8)qr(1—s)ds. Recall that F" = F implies qpn(s) —qr(s)
a.s. Using Fatou’s lemma and the definition of the utility price, we obtain

1
UP(F) — e <lim inf/ ¢;,(8)qrn (1 — s5)ds < liminf UP(F™),
0

n—oo n—oo
which is the required contradiction. &
Let us briefly discuss direct consequences of Assumption [£.2]

Remark 4.5. 1) Let F be the uniform distribution on (0,1). It follows from
the definition of a quantile function that ¢p(s) < 1 for all s € (0,1). This
yields

1 1
/ qr(s)gn(1 —s)ds < / gn(l —s)ds = E[h] <1
0 0

for every h € D(1), where we used in the last step the definition of D(1).
Taking the supremum over all h € D(1) gives UP(F) < 1 < co. We thus
can apply Assumption for F to obtain f € C(UP(F)) with f ~ F. This
shows that the probability space (2, Fp, P) supports a continuous distribu-
tion which implies that (Q, Fr, P) is atomless.

Remark shows that under the additional assumption M® = {Q}, we
also have the converse direction in the sense that an atomless underlying
probability space implies Assumption However, this does not hold for
general models as we see below in Example [5.11

2) Assumption implies Assumption [2.5; Let us fix a sequence (f™)
in C(x) with f* ~ F™ and F™ = F. For fixed n € N and fixed h € D(1),
the Hardy-Littlewood inequality and f" € C(z) imply

1
/0 qgrn(8)gn(l — s)ds < E[hf"] < =z,

and taking the supremum over h € D(1) gives UP(F™) < z. But the utility
price is lower-semicontinuous with respect to weak convergence by part 2) of
Remark [£.4] so that we obtain UP(F) < liminf,, UP(F") < z. Assumption
then yields f* € C(z) with distribution F. <&

Our main result of this section now relates u(z,U) and u(x,U.). In
particular, it implies that the maximizer for u(x,U) also maximizes u(zx, Ue).
Note that this allows one to describe the maximizer for u(z,U) in the same
way as one can describe the maximizers for a concave utility maximization
problem; see for instance Theorem 3.2 of Bouchard et al. [22].

Theorem 4.6. Suppose that Assumptions and [{.9 are satisfied.
Then the non-concave problem u(x,U) admits a mazimizer and it holds that

u(z,U) =u(z,U.)  for all x > 0. (4.4)
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The proof is based on (a modification of) Proposition [[I5.3] For com-
pleteness, we include the modified version we use here. As in the previous
chapters, we use the notation {U < U} :={x € Ry | U(z) < Uc(z)}; it is
shown in Lemma [[2.11] that {U < U.} can be written as a countable union
of finite disjoint open intervals {U < U.} = |J;(as, b;) for some a; and b;.

Proposition 4.7. Let (2, Fr, P) be atomless and let f € C(x) be fized.
Then there is a distribution F* such that for each h € D(1), there exists
fi € LY.(Q, Fr, P) with f; ~ F* such that E[hf;] < E[hf] and

EU(f;)] = ElUAf)]-

Proof. This result is a slight modification of Proposition For the
convenience of the reader, we include the argument. We first consider the
case that E[h] > 0. We applyﬂ Proposition . to f for the pricing density
¢ := h/Eh] to obtain a modified payoff f; € LY (Q, Fr, P) satisfying

Elhfp] < E[hf], (4.5)

and P[ff € {U < U.}] =0. We show below that the distribution F}, of f;
constructed in Proposition [[I[5.3] is independent of the particular choice of
h € D(1) which then yields the desired result by choosing F* = Fj, for the
case E[h| > 0. If E[h] = 0, we choose an arbitrary f ~ F* which is possible
since (2, Fr, P) is atomless. Condition is satisfied since h = 0 a.s.

In order to show that F}, is independent of h, we express F}, in terms of
the distribution I of f. A closer inspection of the construction of f; in part
2) of the proof of Proposition shows that f; := fon {f € {U =U.}}
and that

{fn € lai bil} = {f € la;, bil} (4.7)

for all i. For s & |J,[a:, b;), we now show {f; < s} = {f < s} as follows. For

w e {f & U;lai, b}, we have U(f(w)) = Ue(f(w)) so that f(w) = fr(w).
This implies

Usspn{reUablp =i <sn{reUabl}. @8

For the part {f < s} N{f € U;la;, bi]}, recall first that s & (J,[a;, ;).
Therefore there is a subset I € N (depending on s) such that

{g<sin {9 € U[ai,bi]} = {9 € U[@i,bz’]} (4.9)

i i€l

'In Proposition [[I5.3] it is assumed that h > 0. However, this property is not used in
the proof there.
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holds for any random variable g. Applying (4.9) for f, using (4.7), applying
(.9 for f; and using again (4.7)) give

U <syn{reUnnl} = {r e Jlabi]

% el

= {ff{ S U[%bi]}
el (4.10)
= (i < sy { i € Ulas.bi}

{
={fr <s}n {f € U[ai,bi]}-

Combining and yields {f < s} = {fy < s} and we deduce
Fy(s)=F\(s) for all s & | J,[as, b;). For s € |J;[ai, b;), note that Fj,(s)=Fp(a;)
for all s € (a;,b;) since fi & {U < U.}. The proof is therefore completed by
showing that Fj(a;) is independent of h. In part 3) of the proof of Proposi-

tion , it is shown that E[Uc(f)l{fe(ai,bi)}] = E[Uc(f}t)l{fe(ai,bi)}] which
together with f; = f on {f € {U = U.}} gives
ElU(f) Y refaspit] = EUfi) 1 pefas bint]- (4.11)
Because of f; & {U < U.}, equality can be rewritten as
ElU(H) 1 rejavpy] = Plfn = ailUc(ai) + Pfy, = bi]Uc(bi),
where P[f} = a;] + P[f; = bj] = P[f € [a;, b;]]. Solving for P[f} = a;] gives

UC(bZ)P[f c [ai, bz]] - E[Uc(f)l{fe[ai,bi]}]
Uc(bl) - Uc(ai)

Plfy = ai] = :
Note that the right-hand side is independent of the particular choice h € D(1).
Hence also

Fp(ai) = lim Fy(z) + P[f, = ai] = lim F(z) + P[f;, = ai]

x a; x a;
is independent of the particular choice h € D(1). O
Theorem follows now from Proposition as follows.

Proof of Theorem[{.6 It is argued in part 2) of Remark [4.5]that Assumption
implies Assumption the existence part of Theorem therefore
follows from Theorem . The inequality “<” for follows from U < U.,.
For “>” we start with some f € C(z). The payoff f satisfies E[hf] < x
for all h € D(1) by the definition of D(1) and Y(1). Moreover, it is argued
in part 1) of Remark that the probability space (2, Fr, P) is atomless.
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This allows us to apply Proposition [.7to f for an arbitrary h € D(1). This
gives a modified payoff f; € LY (2, Fr, P) satisfying

Elhf;] < Elhf], (4.12)
BU(f;)] = ElU(f)], (4.13)

and such that the distribution of f; is independent of the choice of h € D(1).
We denote this distribution by F™* and infer that g (s) = gr+(s) a.s. for each
h € D(1). Using the Hardy-Littlewood inequality (Theorem A.24 in Follmer
and Schied [43]), and f € C(z), we obtain

1 1
/0 qr+(s)qn(1—s)ds :/0 qr: (8)an(1—s)ds < E[hfy] < Elhf] < x. (4.14)

Taking the supremum over h € D(1) in therefore gives UP(F*) < z.
Finally, we use Assumption to obtain f* € C(UP(F*)) C C(z) with
[* ~ F*. The payoff f* has by construction the same distribution as f; (for
an arbitrary h € D(1)), and together with (4.13)), we therefore arrive at

E[U(f)] = E[U(fp)] = E[U(f)] < u(x,U).
The inequality “>" in (4.4)) follows since f € C(x) is arbitrary. O

At this point, it seems appropriate to comment on other assumptions in
the literature leading to u(x,U) = u(z, Ue).

Remark 4.8. 1) It is known from the literature on non-smooth (concave)
utility maximization that the problem u(x,U.) = u(x,U.; M€) has (under
the Assumptions [2.2| and a maximizer f* € 0J(Y}) for some (dual) ele-
ment Y* € ) (y) which can be determined via a dual problem of minimizing
E[J(YT)] over the set Y € V(y) and a suitable y > 0 (see for instance Theo-
rem 3.2 of Bouchard et al. [22]). If Y has a continuous distribution, it follows
from subdifferential calculus that P[f* € {U < U.}] = 0, and this implies
in turn that f* is also a maximizer for u(x,U.) and that u(x,U) = u(z, U,);
see for instance Lemma for detailed arguments. This line of argument
shows that the continuity of the dual minimizer is another sufficient criterion
for w(z,U) = u(x,U,). Bichuch and Sturm [17] explore this more thoroughly
and show that some classes of incomplete market models such as the lognor-
mal mixture models of Brigo and Mercurio [24] satisfy this criterion. Like
our Assumption [d.2] their criterion is relatively difficult to verify. In contrast
to our Assumption however, their criterion cannot be used to show the
existence of a solution for the behavioural portfolio selection problem
with distorted beliefs as discussed in part 1) of Remark In Example
below, we present a model in which u(x,U) and u(x,U,.) coincide on
(0, 00), our Assumption is satisfied and the dual minimizer always has a
discontinuous distribution.
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2) Rasonyi and Rodrigues [90] study the problem ({2.15)) for functionals
on the whole real line (similar to the one discussed in part 1) of Remark
and allowing for a stochastic reference point R. They assume that

(1) there exists Q* € M€ such that p := dQ*/dP has a continuous distri-
bution and satisfies E[pP] < oo for all (positive and negative) p,

(ii) there exists an Fp-measurable random variable U* uniformly distributed
on (0,1) and independent of p, and

(iii) every o(p, R,U*)-measurable random variable f (integrable with re-
spect to Q*) is hedgeable in the sense that there exists a self-financing
strategy ¥* such that X% = f holds and (X?*)te[o,T} is a martingale
under Q*.

Under these assumptions (and some growth conditions imposed on T and U),
they prove the existence of a maximizer for their optimization problem. In
order to relate their assumptions to our Assumption (and therefore also
Assumption [2.5)), fix a distribution F on R, with UP(F) < oo and suppose
that (i)—(iii) above are satisfied. The distribution of the random variable
defined by f := qr(1 — F,(p)) is F since F,(p) is uniformly distributed
on (0,1). Moreover, f is hedgeable by (iii) since it is a function of p. This
means that f is the final position X%* of a self-financing strategy 9¥* such that
(X?*)tE[O,T] is a martingale under Q*. We deduce that XV € X(X¢") since
f = XY is nonnegative. We infer from the definition of UP(F), the Hardy—
Littlewood inequality and the martingale property of (X} *)te[o,T} that

1
UP(F) > /0 4p(8)qr(1 — s)ds = Eg-[X¥ | = XJ".

We conclude that f € C(XJ) € C(UP(F)) which means that Assump-
tion (and therefore also Assumption are satisfied. This implies that
u(x,U) = u(x,U.) holds for the model class discussed in Rasonyi and Ro-
drigues [90]. While they focus on general functionals allowing for distorted
beliefs and show the existence of a maximizer, our result shows that by re-
stricting oneself to standard beliefs, one additionally gets a description of
the function u(x,U) and the optimal final position associated to u(z,U). <

While Assumption as well as the assumptions in Bichuch and Sturm
[I7] and Rasonyi and Rodrigues [90] are sufficient for u(z,U) = u(z, U.),
they are not necessary. This is illustrated below in Example[5.3] It would be
interesting to see a necessary and sufficient condition for u(z,U) = u(x, U,)
in the general case.
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IV.5 Examples

In Section we have discussed models on finite probability spaces. In
that case, Assumption [2.5]is satisfied and the underlying probability space is
atomic which implies, by part 1) of Remark , that Assumption always
fails to hold. The goal of this section is to discuss several model classes in
continuous time.

IV.5.1 Special case M°® = {Q}

In the special case M® = {Q}, the problem u(z,U) can be rewritten as
optimization problem with only one constraint. For that problem,
the existence of a maximizer for u(z,U) is proved in Theorem The
proof there uses Fatou’s lemma in several dimensions in a version proved
in Balder [6]. The drawback of the proof of Theorem [[I3.4]is that it only
works for preference functionals with standard beliefs and cannot be applied
for the preference functionals with distortion of the form . In this
section, we verify that Assumption is satisfied. This gives, via Theorem
an alternative proof for the existence of a maximizer for u(x,U) with
the advantage that one can apply the same proof for preference functionals
with distorted beliefs, as discussed in part 1) of Remark .

Proposition 5.1. Let the financial market satisfy M(S) = {Q}. Then
Assumption is satisfied.

For later use, we formulate (and prove) the following abstract version of

Proposition

Lemma 5.2. Let (0, F,P) and Q ~ P be fized. Let (f™) be a sequence of
nonnegative random variables with lim sup,, Eq[f™] < co. Let F™ denote the
distribution of f™ and assume that F™ = F for some distribution function
F. Then there is f with distribution F and Eg[f] < linrggéf Eq[f"].

Proof. The probability space (2, F, P) can be decomposed into an atomic
part QP? which consists of (at most countably many) P-atoms and an atom-
less part Q" = Q\ QP? which contains no atoms. The main idea is to prove
the statement on both of the parts separately. We work directly with a (re-
labelled) sequence realizing the lim inf of (Eg[f"]) and we assume, without
loss of generality, that P[Q"?] > 0 and P[QP?] > 0.

1) We start with the atomic part QP?* which consists of at most count-
able many atoms wi,wo, ..., and we use the Arzela—Ascoli diagonalization
argument to extract a subsequence (ng) and a limit element fP? such that
f™ — fP2 a8 on QP? as follows. Let us first consider the sequence
(f™(w1)). Since P-atoms are (Q-atoms and vice versa, we find that the se-
quence (f™(w1)) is bounded above by x/Q[{wi}]. Hence we can extract
a converging subsequence (f"¢(wy)) converging to some fP*(w;) > 0 as
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¢ — oo. Now let us do the same with the sequence (f™¢(ws))sen. This gives
a further subsequence (f"2:¢)ycy. We proceed in this way and consider the
diagonal sequence (f™¢¢)scy. One easily verifies that (f™¢(w;)) converges to
fP?*(w;) as £ — oo for every i = 1,. .., which means that on QP? the sequence
(f™et) converges pointwise to fP? as £ — oo. In particular, this gives

Jim P[f" < a| Q%) = P[f** < a| Q7). (5.1)
— 00

2) We now consider the subsequence (f"4¢)sen constructed in part 1) as
a sequence on the atomless probability space (Q"*, FNQ", P[- | Q"]). Note
that the random variable

pd@ 1
@ B33 [

is a strictly positive random variable on (Q"#, F N Q" P[- | Q"?]) with ex-
pectation 1. Moreover, we have that

dQ rng, na
Elpfm 1 9% < E[dpg,’;” R 5 =: 1,
Blgs | ]~ PlmIE[gp | @]

where we used in the second inequality that Eg[f™+¢] < z holds for all
¢ since f™¢ € C(z). It then follows from Lemma [[IJ}4.2] that the sequence
(f™0)pen is tight (with respect to P[- | 2"#]). This allows us to apply Helly’s
selection theorem (Billingsley [18, Theorem 6.1 and p.227]) to get a further
subsequence (which by a slight abuse of notation is denoted by) (n¢)sen and
a distribution function F' such that limy ., P[f™ < a | Q"] = F(a) holds
for all continuity points a of F.

Since (Q"&, F N Q"2 P[- | Q")) is atomless, it is possible to find on it a
random variable ¢ uniformly distributed on (0,1) such that ¢ = g, qna(U)
P[- | Q"*]-a.s. (Lemma A.28 in Follmer and Schied [43]), where we use g ona
to denote the quantile function of the distribution function Plp < a | Q"?].
Define the random variable ™ := gpjgna(1 — U). Since 1 — U is uniformly
distributed on (0, 1), the distribution of f™® on (Q"*, F N Q"2 P[- | Q"]) is

F (Lemma A.19 in [43]). With the arguments so far, we have shown that

lim P[f™ < a| Q"] = P[f" < a| Q") (5.2)

{—00

holds for all continuity points a of F.
We now show that

Eq[f™1gna] < lim inf Fq [f™1gna]. (5.3)
—00

For this, we rewrite the first expectation in terms of ¢ and E[- | Q"?], which
allows us to rewrite it in terms of /. We then combine Fatou’s lemma and the
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fact that weak convergence implies convergence of any quantile functions to
get a first inequality. A second one follows by applying the Hardy—Littlewood
inequality (Theorem A.24 in [43]). These steps together give

Eg[f™1gu] = E[pf™ | Q™| E[9 | Q"] P[Q"?]
= B[qpjom (U)apon(1 - U) | Q] E[52 | Q"] P[Q"]

1
_ /0 Gojome (8)q710ma (1 — 8)ds E[23 | Q] P[002]

{—

< lim irolf /01 Gplama (8)qpne|ona (1 — S)dSE[% ‘ Qna}P[Qna]
< limint B[ | 0] B[99 | 0] p[0]
< lifn_1>(i>13f Eq[f™1gna],
which finishes the proof of .
3) We define a random variable f* on (Q, Fr, P) by
£ = M gn + P10,

In order to determine the distribution of f*, we decompose the distribution
function of f* into the one on the atomic part and the one on the atomless

part and use (5.1) and (5.2). This gives
PIf* < a) = PIf* < a | 9]P[0%] + PIf* < a| 0] P[5
= ehm P[f™ < a | QP?|P[QP? —i—elim P[f™ < a| Q" P[Q"
— 00 — 00

= lim P[f" < d]
= F(a)

for all continuity points a of F.

4) The proof is completed by showing that f* € C(x). Recall that on QP?,
the sequence (f™)pen converges pointwise to f*. Fatou’s lemma therefore
gives Eq[f*1gra] < liminfy Eq[f™ 1gpa]. Together with (5.3), we arrive at

EQ[f*] = EqQlflana] + Eq[f o]
< liminf Eg[f™1gna] + liminf Eg[f™ 1qpa]
£—r00 f—r00

<liminf Eg[f™] <
< liminf Eg[f™] < z,
where we used f™ € C(z) for all £ € N in the last step. O

For completeness, we show how Proposition [5.1] follows from Lemma [5.2

Proof of Proposition[5.1l Let us fix a sequence (f") in C(x), let F™ denote
the distribution of f™ and assume that F™ = F for some distribution func-
tion F. It follows from (2.6) that each f" satisfies Eg[f"] < x. Lemma[5.2)
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therefore yields some f with distribution F' and Eg[f] < z. This implies,
again by (2.6) because M®¢ = {Q}, that f € C(x). O

We conclude this section with a model where the underlying probability
space (€, Fr, P) is neither purely atomic nor atomless. We then choose the
model’s parameters in such a way that the relation u(z, U)=u(z, U,) is satis-
fied. This shows that Assumption[d.2]is not necessary for u(z, U) =u(z, U,).

Example 5.3. Consider some time horizon 7" € (0,00) and a probability
space (€2, F, P) on which there is a Poisson process (N;)¢>o with intensity
v. Let (Ft)o<t<r be the filtration generated by the Poisson process. We
consider a (discounted) market consisting of a savings account B = 1 and
one risky stock S described by

dS; = aSydt + 0S;_dN;, So=1>0,0>—1,0#0, ajo <~

where N; := N; — ~t is the compensated Poisson process The unique martin-
gale measure is defined by dQ/dP = e(r=NT (7) NT for 7 :=~—a«a/o. Note

also that dQ/dP satisfies (dQ/dP)*/(*~1) ¢ L' for k € (0,1), so the mo-
ment condition discussed in part 1) of Remark is satisfied. This model
is not atomless; it thus follows from part 1) of Remark that Assump-
tion is not satisfied. However, we now show that w(z,U) = u(z,U,)
is satisfied for « = 0 and Ty > In(2). Note first that &« = 0 implies
4 = 7 and hence dQ/dP = 1. The statement is therefore obvious for
x & {U < U} = {x € Ry | U(x) < Ug(x)} since U < U, Jensen’s in-
equality and P = Q give

E[U(f)] < E[U(f)] < Uc(E[f]) < Ue(z) = U(z) (5.4)

for all f € C(x ) For x € {U < U.}, there are constants a and b with
a<xz<b, Ula) =U.(a) and U(b) = U.(b) such that U is affine on (a,b)
(Lemma [II] . The idea is now to choose f*:=aly + blac for A € Fr
Wlth P[A _m. Note that the choice of A is possible since Fp contains
only one atom {NT:0} whose probability is P[N7 = 0] = exp(—T") < 0.5;
the last inequality uses the assumption Ty > In(2). It follows from the
definition of f* that Eg[f*] = E[f*] = = and a slight modification of
yields optimality of f*. This ends the example.

IV.5.2 Weakly complete models

We now consider a class of models for which the set M€, not necessarily a
singleton, contains a martingale measure ) € M whose density dQ/dP
dominates all the other martingale densities stochastically in the second
order (see Definition 2.55 and Proposition 2.57 in Féllmer and Schied [43]
for a definition and equivalent formulations). This condition appeared in
Kramkov and Sirbu [75] and Schachermayer et al. [99]; the latter referred to
it as weak completeness assumption.
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Proposition 5.4. Suppose that there is a measure Q € M€ such that for all
Q € M®, dQ/dP dominates dQ/dP stochastically in the second order, i.e.

t t
/OP[‘;g<u]du</O P[g%ﬁu]du for each t > 0. (5.5)

Moreover, assume that the distribution of dQ/dP is continuous. Then As-
sumptions [2.5] and [{.9 are satisfied.

Proof. We only verify Assumption Assumption then follows from
part 2) of Remark [4.5] So we fix a distribution F on R} with UP(F) < oc.

We denote by G the distribution of dQ/dP and define f := qp(1 — (A}(%)).
By assumption, the distribution of dQ/dP is continuous. Hence C’(%) (and

then also 1 — G’(g—g)) are uniformly distributed on (0, 1) and it follows that
f ~ F. Tt remains to show that f € C(UP(F')). For this, we note first that
dQ/dP € D(1); therefore

0P > [ ar(6)ag1 - s
= /01 qr(1 —s)qp(s)ds
= EQ [qp<1 — G(%))} =z,

where in the last step we used that qG(G(dQ)) = % a.s. The proof is
therefore completed by showing that f € C(x) which is, by (2.6), equivalent
to showing that Eg[f] < x for all Q € M®. We define a negative, convex
and decreasing function g : (0,00) — R by g(z) := —fo qF(l — é(y))dy.
The stochastic dominance of Q then gives (see, for instance, Theorem 2.57
of Follmer and Schied [43])

Elg(75)] < E[g(73)] forall Q € M". (5.6)

The inequality (5.6)) finally implies (Theorem 5 of Riischendorf [98])
E[g(42) (42 — 99)] > 0 for all Q € M, (5.7)
which gives Eg[f] < x for all Q € M® since —¢g'(dQ/dP) = f. For the
convenience of the reader, we briefly show how to deduce (5.7)) from (5.6)).

We fix an arbitrary @ € M€ and define Q¢ := €@ + (1 — €)Q. The function
€ g(dQe) is convex on [0, 1], and so

79U — o (i)
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is increasing in e and decreasing to Zy = g'(%)(% — %) as € N\, 0. Since
g < 0is convex and dQ./dP € L', it follows that g(%) € L' for any e€|0, 1].
This implies Z. € L' and gives E[Z,] > 0. Monotone convergence finally
gives Zy € L' and E[Z] > 0, which is equivalent to (5.7). O

One example for the setup described in Proposition is an Itd process
model with deterministic coefficients as described in the next example. See
also Section 4 of He and Zhou [56].

Example 5.5. We consider a probability space (2, F, P) on which there is
an n-dimensional Brownian motion W = (W}, ..., W/*);>0 in the augmented
filtration generated by W. We consider the asset prices S = (S',...,59)
given by

50 _ iar + En:a”'dwj Si=s">0

S; = t to 0—

j=1

fori=1,...,d and d < n. The processes u and o describe the apprecia-
tion rates and volatilities of the d discounted stocks and are assumed to be
progressively measurable processes valued respectively in R? and R4*" with

. 12
fOT | k| dt + f(;f Py az]‘ dt < oo a.s. for all i = 1,...,d. We assume that

for all ¢ € [0, 7], the matrix oy is of full rank equal to d. The square d x d
matrix oyo}" is thus invertible, and we define the progressively measurable
process v valued in R™ by

Ye = O'gr(O'tO';Er)illu,t, 0 <t< T.

Moreover, we assume that 0 < fOT y2dt < oo a.s. and that v is deterministic.

This market satisfies condition and it can be incomplete (since
d < n is allowed). It is shown in the second part of the proof of Theorem
6.6.4 of Karatzas and Shreve [71] (starting from equation (6.34) there) that
dQ/dP := exp(— fOT ydW — f(;[ ~2dt) satisfies E[g(dQ/dP)] < E[g(dQ/dP)]
for every convex and decreasing function g : (0,1) — R and every Q € M°.
This is equivalent toA by Theorem 2.57 in Follmer and Schied [43].

The distribution of d@/dP is continuous since the distribution of [~dW is
continuous; in fact, the latter is normal with mean 0 and variance fOT y2dt.

Note also that dQ/dP satisfies (dQ/dP)*/("~1) € L' for k € (0,1), so the
moment condition discussed in part 1) of Remark is satisfied.

Note that in Example[5.5] only the market price of risk « is deterministic;
drift and volatility may be stochastic. The following special case of Example
[5.5] with stochastic drift and volatility appears in German [47).

Example 5.6. Set d = 1 and n = 2 and fix a process V defined by
dVi = n(t, Vi) 4+ v(t, V;)dW; for Wy := pW,} + /1 — p2W72, 0 < p < 1 and
n(t, V;) and v(t, V) such that V is strictly positive and well defined. We now
define p} := vV, o} = /V; and 02 =0 for v € R\ {0}.
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The next example is discussed in detail in Kramkov and Sirbu [75].

Example 5.7. Let W = (W})o<t<1 and B = (B¢)o<t<7 be two independent
Brownian motions on a filtered probability space (Q, F, Fo<i<T, P), where
the filtration is generated by W and B. There is one traded asset S' de-
scribed by

ds} = S} (udt + odWy)

and one nontraded, but observable asset S? described by

dSE = SE(vdt + n(pdWy + /1 — p2dBy))

for constants v € R, p € R\ {0}, 0 > 0,7 >0and 0 < p < 1. It is shown
in Section 7 of Kramkov and Sirbu [75] that for all @@ € M€, the martingale
density dQ/dP := E(—yW)r for v = /o dominates dQ/dP stochastically
in the second order. The distribution of dQ /dP is continuous.

The three examples mentioned in this section so far explicitly exclude
the case v =0, in which the measure P is already a martingale measure.
In this case, the fluctuation of the price already follows a martingale which
can be seen as a strong version of the efficient market hypothesis in the
sense that there is no self-financing strategy with a positive expected gain;
see Remark 5.15 of Follmer and Schied [43]. In that case, the density of
the measure P (i.e. the constant 1) satisfies E[g(dQ/dP)] > ¢g(1) for any
convex function g : (0,1) — R and any other martingale measure Q € M°
by Jensen’s inequality. The density of the measure P (i.e. the constant 1)
therefore satisfies by Theorem 2.57 in [43]. However, its distribution is
obviously not continuous. In the next example, we show that Assumption[d.2]
(and therefore also Assumption are also satisfied in the case v=0. We
focus on the one-dimensional case and allow the volatility coefficient to be
more general. The extension to the multidimensional case is straightforward.

Example 5.8. We consider the stochastic volatility model

dS; = o (t, Sy, Vi) Spd W},

5 (5.8)
dVy = n(t, Si, Vi) + v(t, S, Vi)dWy,
where W' and W? are standard Brownian motions and o, n and v are sup-
posed to be such that has a unique strong solution and that o is strictly
positive. As filtration, we take the P-augmentation of the filtration gener-
ated by W' and W2. One explicit example is to choose o(t, S;, Vi) = Vi,
n(t, S, Vi) = k(8 — Vi) and v(t, S, Vi) = £\/V; for 268 > €2, which describes
the Heston model satisfying the Feller condition.
In order to verify Assumption (and therefore also Assumption ,
we fix a distribution F' on Ry with UP(F) < oco. We denote by G the
(normal) distribution of W1. The function G is continuous, hence G(W1) is
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uniformly distributed on (0,1), and it follows that f := qp(G(W})) ~ F. It
remains to show that f € C(UP(F)). Since P € M¢, we find that

1 1
z = E[qr(GW}))] = /0 qr(s)ds = /0 qr(s)q1(1 — s)ds < UP(F) < .

The martingale representation property therefore gives a process ¥ such that
0 < qr(G(WE)) = Elgr(GW)] + [ 9:dW}. Defining 9, := 0,/ (S} o), we
finally obtain f = x + fOT ¥;dS} which shows that f € C(x) C C(UP(F)).

Remark 5.9. 1) He and Zhou [56] solve directly the portfolio optimization
problem for the preference functional with distortion in the model
described in Example [5.5] In contrast to their proof, we use the properties
of the model to show Assumptionwhich, by part 2) of Remark , implies
Assumption and which eventually gives the existence of a maximizer via
Theorem and part 1) of Remark [2.7

2) Examples all belong to the class of weakly complete financial
markets introduced in Schachermayer et al. [99]. Although all examples
come to the same conclusion that Assumption is satisfied, the argument
to verify Assumption [.2]in the Examples differs from the argument
in Example 5.8 It would be interesting to see a unified argument for all
weakly complete financial markets. <&

IV.5.3 Black—Scholes model in a random environment

We finally discuss another class of models where Assumption is satisfied
but Assumption need not be. We consider a probability space (€2, F, P)
on which there are a Brownian motion W = (W})o<¢<7 and a random vari-
able 7, independent of W, taking the finitely many values 0,..., N with
probabilities p; > 0 and Ef\; oPi = 1. The filtration will be the one gener-
ated by W and augmented at time 0 by the complete knowledge of n. We
define the price process S by

dSy

< = ar(n) (’yt(n)dt + th), So = s9 > 0, (5.9)
t

where the market price of risk v,(7), 7 = 0,..., N and the volatility o4(:) > 0,
1 =1,..., N are deterministic and bounded functions. Moreover, we assume

that 04(0) = 0. This market is arbitrage-free and and there is more than one
martingale measure.

The process S models the following situation: At time 0, we roll a dice
with N+1 possible outcomes and according to the result, we start a geometric
Brownian motion with mean (7)o (i) and volatility o4(i). With probability
po, the price process remains constant on [0, 7.

Proposition 5.10. Suppose that S is defined by . Then Assumption
1s satisfied.
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Proof. Let us fix a sequence (f") in C(x) such that the sequence (F"™) of
distribution functions of (f™) converges weakly to F for some distribution
function F. The goal is to construct a payoff f € C(z) with distribution F.
The method to achieve this is to decompose the probability space (Q, Fr, P)
into N+1 parts (QN{n =i}, Frn{n =i}, P[- | n = i]) and to argue on each
part separately. Conditionally on {n = i} and i = 1,..., N, the market is
complete. Thus for every @) € M¢, the conditional expectation Eq[f | n = i
is independent of @ € M*® and given by

Eqlf | n =1 = ElZpf | n =1, (5.10)

for Z} := &(— fo vs(1)dWs); and i = 1,..., N. On each part, we then apply
Lemma [5.21

1) We first assume that f" is the final value X7 of a nonnegative pro-
cess X" € X(z) and consider the sequence (f"),en as a sequence on the
probability space (2N {n =1}, FrN{n =1}, P[- | n=1]). We define

Zy
Q= L
E[Z} | n=1]

and observe that ¢ is a strictly positive random variable with expectation 1
on (N {n=1},Frn{n=1},P[ | n=1]). Moreover, we have that

ny - Eelf In=1] x =
E[Spf |77_1]_E[Z%|77:1]SP[n=1]E[Z71<|77:1]_'x’

where we used that Eg[f"] < x holds for all n since f* € C(x). It then follows
from Lemma [[T][4.2] that the sequence (f™) is tight (with respect to the mea-
sure P[- | n = 1]). This allows us to apply Helly’s selection theorem (Billings-
ley [18, Theorem 6.1 and p.227]) to get a subsequence (f"1¢)sen and a distri-
bution function F'' such that lim, ., P[f™¢ < a|n = 1] = F!(a) holds for
all continuity points a of F'. We now apply Lemma (with the measure
defined by ¢) to construct f' on (QN{n =1}, Frn{n =1} P[ | n=1])
satisfying f' ~ F' and

Blef! | n=1] < tmint Blpfe | 5= 1].

The latter inequality implies, via equality and the definition of ¢, that
Eqlf! | n=1) <liminf, Eg[f™ | n = 1] holds for each Q € M°.

2) We now iteratively apply the same arguments again for (f™i¢)scn as
a sequence on (QN{n =i+ 1}, FrNn{n =i+ 1},P[ | n =i+ 1]) and
i =1,...,N — 1. This allows us for all 4 = 1,..., N to construct f on
QN {n=1i}, Frn{n =i}, P[- | n = i]) satisfying

Jim Plfrt <a|n=i] =P[f <a|n=i (5.11)
— 00
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and
EQ[f’ ‘ 77:1'] gligninfEQ[f”M ‘ n:i]. (5.12)
—00

For n = 0, recall that f" is by the assumption in 1) the final position X7
of a nonnegative value process X™ € X(x). Since S remains constant on
{n = 0}, it follows that f™ = x holds there. This is the only place where
f" = X7 is being used. We thus define f° = 2 and observe that f° trivially
satisfies (5.11)) and (5.12)) for n = 0 and the sequence (ng)sen defined by
noe := ny, for all £ € N.

3) The candidate f on (Q, Fr, P) can now be defined by

F=> Iy
=0

In order to verify that the distribution of f is F', we decompose the distribu-
tion function F into N + 1 conditional distribution functions, use and
recall that the sequence (ny)ren is a subsequence of any other sequence
(ne)een for i =0,..., N. This gives

N
P[f<a] =) Plf'<a|n=iP[=i
2;0
= Jim P[f"* <a|n=ilPly=1
1=0

= lim P[f™ < q
f—00

= F(a)

for all points a that are continuity points of P[f' < a | n = i] for each
i =0...,N as well as of F. But this means that the right-continuous
functions P[f < a] and F(a) coincide Lebesgue-a.e., so they are in fact
identical.

4) In order to show f € C(z), we fix some Q € M¢, rewrite Eg[f] in
conditional terms and use to obtain

N
Eq[fl =) _Eq[f | n=1]Qn =1l
=0

N
< D liminf Eq[f™ | n=1]Qln = i]
=0

<liminf Eg[f"*] < x,
f—00

where we used f"N.¢ € C(x) for all £ € N.
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5) So far, we have shown the claim for a sequence (f™) where f™ is
the final position ™ = X7 of a nonnegative value process X" € X(x).
For an arbitrary sequence (f") with limit distribution F and f" € C(x),
there is, by the definition of C(x), a value process X" € X(z) satisfying
f™ < X7 Applying the above argument for the sequence (X7) yields a ran-
dom variable f € C(z) with distribution F such that we have X2 = f along
a subsequence. Weak convergence implies a.e. convergence of the quan-
tiles, so we have qxn(t) — qz(t) for a.e. t € (0,1) and g (t) — qp(t)
for a.e. t € (0,1). The relation f" < X7 gives g () < gxn(t) and this
yields then ¢p(t) < gz(t). Finally, we choose a uniformly distributed ran-
dom variable U satisfying f = qJ;(Z/{) which is possible since (2, Fr, P)
is atomless. We define f := ¢z(U) and conclude that f € C(x) since
f = ap(th) < g5 U) = f € Cla). O

We conclude this section with an example which shows that u(x,U) may
be strictly smaller than u(z,U.), even if the underlying probability space
(Q, Fr, P) is atomless.

Example 5.11. Let N =1, pg =p1 =1/2, 7(i) =1 for i = 0,1, o4(1) = 1,
and sp = 1. The asset S is therefore defined by

Sy = 1{77:0} + exp (Wt + t/2)1{77:1}'

On the set {n = 0}, the price process S remains constant. So any self-
financing trading strategy ends up with the initial capital there. This allows
us to write E[U(X7)] = Pln = 0]U(z) + E[U(Xr)l{=1y] for any value
process X € X(x). Taking the supremum over f € C(x) yields

w(,U) = 2U@) + sup BU(f)1pn)
2 fec(a)

The analogous argument for U, gives

1
u(z,Uc) = SUec(w) + sup E[Uc(f)1{=13)-
2 fec(a)

An initial capital x € {U < U,.} satisfies U(z) < Uq(x) and this finally gives
u(z,U) < u(x,U,) because of U < U.. Theorem therefore implies that
Assumption [£.2)is not satisfied in this example.

Remark 5.12. A similar example (with pg = 0) appears in Bichuch and
Sturm [I7]. They impose additional assumptions on (;) such that the dis-
tributions of all martingale densities d@)/dP have a continuous distribution
and then proceed as described in part 1) of Remark above. O
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IV.6 Conclusion

In this chapter, we study the problem of non-concave utility maximization
from terminal wealth in a general financial market. Our general formulation
allows us to analyze the problem in a unified way and enables us to work out
more systematically the impact of the non-concavity in the utility function
on the portfolio choice. This chapter is clearly just a first step, and there
are many open and interesting problems. To name a few, we could mention:

(i) Are there general and easily verifiable structural assumptions on the
price process S such that Assumption is satisfied?

(ii) Are there a model and a non-concave utility U such that there is a
maximizer for u(x,U,.) but none for u(z,U)?

(iii) Does the first order condition for optimality (proved for the case of
finite probability spaces in Proposition also hold for the general
setting?

(iv) Are there (easily verifiable) necessary and sufficient conditions such
that u(x,U) = u(z, U.) holds for any x > 07

The present chapter gives answers to the above questions for a particular
choice of the model. It will be interesting to see more answers.



Chapter V

Implications for a financial
market equilibrium: The
pricing kernel puzzle

This chapter is a modified version of the article [58]. We study implications
of behavioural portfolio selection for a general financial market equilibrium.
We focus on the relation between the pricing kernel(s)ﬂ (or pricing densities)
and the aggregate endowment.

V.1 Introduction

A pricing kernel is the Radon—Nikodym derivative of a risk-neutral probabil-
ity (or martingale) measure with respect to the objective probability mea~
sure. In equilibrium models, this is an important quantity since it provides
the connection between asset prices and fundamental economic principles
such as the scarcity of endowment and the decreasing marginal utility of
wealth. In standard models of financial economics, risk-averse agents with
correct beliefs trade in a complete market. In these models, the pricing kernel
is a positive and decreasing function of the aggregate endowment. However,
some empirical studies claim to show that this function is positive and gen-
erally decreasinf] but also has increasing parts. The latter is known as the
pricing kernel puzzle.

In order to explain the pricing kernel puzzle (in the sense that one can
generate examples with a (locally) increasing relation between the pricing
kernel and the aggregate endowment), one needs to relax at least one of the
assumptions of the standard model. This, in principle, leads to (at least)

In this chapter, it is more convenient to refer to dQ/dP as the pricing kernel rather
than pricing density in order to be in line with the literature.

2A sufficiently smooth function h on Ry is said to be generally decreasing if
limgz 0 h(z) > limg 7oo h(x).
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three routes for explaining the pricing kernel puzzle. The first task is to
understand the resulting economic mechanisms that lead to an increasing
relation between the pricing kernel and the aggregate endowment. The sec-
ond task is then to understand whether the relaxations of the standard model
lead to pricing kernels that are consistent with the empirical findings.

While the main branch of the pricing kernel literature is focusing on the
second task, we are also interested in the first one. For a good understanding
of the pricing kernel, it is necessary to understand the mechanism of how dif-
ferent deviations from the standard assumptions influence the pricing kernel.
For this, we consider a simple and unifying setup where possible deviations
from the standard model can be analyzed and compared. Given the three
main assumptions of the standard model, we explore three possible reasons
for the pricing kernel puzzle: non-concave utility functions, distorted (and
incorrect) beliefs, and incomplete markets.

Non-concave utility functions refer to risk-seeking behaviour. While rigk
aversion is a standard assumption in finance, there is considerable empirical
evidence that agents might show risk aversion for some ranges of returns and
risk-seeking behaviour for others (examples can be found in Kahneman and
Tversky [69]). Formally, risk-seeking behaviour is described by a partially
convex utility function, and the convexity in the utility can, in principle, lead
to a non-decreasing relation between the pricing kernel and the aggregate en-
dowment. However, we show in Theorem that the agent chooses a final
position which for at most one state takes values in the area where his utility
is strictly convex. This allows us to conclude that non-concave utility func-
tions as an explanation is rather a pathological phenomenon of theoretical
interest and not a reasonable explanation for the empirical findings.

Incorrect beliefs refer to situations where the subjective belief(s) of the
agent(s) do not coincide with the objective probability measure. Reasons for
such settings are misestimation (by the agent or the statistician), heteroge-
neous beliefs, ambiguity aversion or behavioural biases such as distortion. In
such models, a non-decreasing relation between the pricing kernel and the
aggregate endowment can be viewed as a difference between the belief that
determines the equilibrium and the estimated probability. Taking a specific
model for beliefs or distortions (depending on some parameters), the pric-
ing kernel is a parametric function of the aggregate endowment (depending
on the model parameters) and one can check whether reasonable choices of
the parameters lead to reasonable pricing kernels. We find that even with
unrealistic parameter values, distorted and misestimated beliefs in isolation
are not sufficient to explain the empirical results. A combination of mises-
timated and distorted beliefs can reproduce the empirical results, but the
implied parameters are not realistic.

A third relaxation of the standard model is to consider an incomplete
market. While the market spanned by an index (e.g. S&P 500) and its op-
tions is usually assumed to be complete, background risk (in a sense to be
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made precise later) and market frictions can lead to situations where the
agents face a portfolio optimization problem in incomplete markets. In such
a setting, the pricing kernel that is relevant for the agents is not necessarily
unique and the final positions chosen by different agents correspond to dif-
ferent pricing kernels. The aggregation becomes sometimes impossible, the
representative agent may fail to exist and the decreasing relation between the
pricing kernels and the aggregate endowment may be violated. In particular
the (heterogeneous) background risk (such as labour risk or housing risk not
captured by an index) leads to very flexible pricing kernels. The challenge is
then to give plausible restrictions such that the pricing kernel is a generally
decreasing function of the aggregate endowment with increasing areas.

In the literature, one finds many (specific) models providing many possi-
ble explanations for the pricing kernel puzzle; see Section for a detailed
review. One goal of this chapter is to analyze and classify these explanations
more systematically and to explain the economic mechanism leading to a
non-decreasing relation between the aggregate endowment and the pricing
kernel(s). In particular, this includes a detailed analysis of the pricing ker-
nel(s) in incomplete markets as suggested in the conclusion of Ziegler [I11].

The chapter is organized as follows. In Section [V.2] we review the liter-
ature on the pricing kernel puzzle. In Section we introduce the model
and we define our notion of a financial market equilibrium. Section con-
siders the case of risk-averse agents having common beliefs in a complete
market. The boundary behaviour of the pricing kernel is analyzed in Section
Section is devoted to the study of the case of partially risk-seeking
agents. Section provides a detailed exposition of the case where risk-
averse agents have incorrect beliefs. In Section [V.8] we look more closely at
the pricing kernels in incomplete markets. Finally, Section summarizes
the main results. In an effort to keep clear the main lines of the argument,
some of the more technical mathematical calculations are placed in appen-
dices. For standard results in financial economics, the corresponding results
in Magill and Quinzii [82] are cited as one possible reference.

V.2 Related literature

In the literature, the pricing kernel(s) is mainly analyzed from the econo-
metric viewpoint. The main part of the literature is focusing on a setting
where the aggregate endowment is equal to (a multiple of) an index (such
as the S&P 500 or the DAX; plus a deterministic constant) and where the
market spanned by the index and the options written on the index forms a
complete market (we will explain this type of setting in detail in Remarks
and . For this type of setting, researchers have taken great interest
in estimating the pricing kernel. One often-used approach relies on a model
of a representative agent in which the (unique) pricing kernel is a paramet-
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ric function of the aggregate endowment. Market data are then used to
estimate the parameters. Two among numerous examples are Brown and
Gibbons [25] and Hansen and Singleton [52]. Both use a pricing kernel im-
plied by a power utility. Due to the parametric form, the pricing kernel is
necessarily a decreasing function of the aggregate endowment. Another ap-
proach is based on the no-arbitrage principle. While the techniques of this
method have become more and more sophisticated, the basic approach has
remained the same. Along the lines of Breeden and Litzenberger [23], option
data are used to estimate the martingale measure (or risk-neutral distribu-
tion). Other methods (and historical data) is used to determine an estimated
probability measure which is seen as a proxy for the objective probability
measure. Some examples are Jackwerth and Rubinstein [60], Ait-Sahalia
and Lo [I], Jackwerth [59], Ait-Sahalia and Lo [2], Brown and Jackwerth
[26], Rosenberg and Engle [97], Yatchew and Hérdle [I110] and Barone-Adesi
et al. [8]. The most robust observation in that part of the literature is that
the pricing kernel is a generally decreasing function of the underlying index.
Often, but not always, there is an interval, usually in the area of zero return
of the index, where the pricing kernel is an increasing function of the index.
Note that this area is highly relevant since most of the monthly returns of
the indices are between —4% and +2%.

In the papers mentioned above, one finds many hypotheses which are
invoked to explain the pricing kernel puzzle. Many empirical studies (see,
for instance, Rosenberg and Engle [97], Detlefsen et al. [40] and Golubev
et al. [49]) consider the pricing kernel as marginal utility of the represen-
tative agent and state that the non-decreasing relation between the pricing
kernel and the aggregate endowment is evidence for risk-seeking behaviour
of the representative agent. Assuming complete markets, this argument is
questionable since an agent with such a utility chooses a final position which
is different from the index (see Theorem [6.2).

Chabi-Yo et al. [33] and Benzoni et al. [I2] consider a representative
agent having a state-dependent utility in an incomplete market specified via
a latent state variable. In both cases, the models are also calibrated to the
empirical data and can capture the stylized facts of the data. Grith et al.
[51] consider agents with a state-dependent utility in a complete market
setup. The state-dependence is specified in such a way that the risk aversion
depends on the wealth level. In all these articles, the mechanism leading
to a non-decreasing relation between the pricing kernel and the aggregate
endowment is (somehow) hidden in advanced models. The present chapter
works out explicitly the fundamental economic principle leading to this non-
decreasing relation.

Explanations regarding incorrect beliefs appear in various forms in the
literature. Shefrin [101] explains the puzzle with heterogeneous beliefs. Jack-
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werth [59] examines whether a Peso problemﬁ could explain the puzzle and
concludes that this is not the case. Ziegler [I11] considers risk-averse agents
in complete markets and compares different explanations regarding hetero-
geneous and wrong beliefs. He comes to the conclusion that the degree
of pessimism needed is implausibly high. More recently, Dierkes [41] and
Polkovnichenko and Zhao [86] analyze the pricing kernel in a setup with
distorted beliefs but do not connect this systematically to the pricing kernel
puzzle. Gollier [48] uses ambiguity aversion to explain the puzzle, but he does
not calibrate the model to the empirical data. On an abstract level, all these
explanations are related and our analysis provides a unified perspective.
Given the huge variety of all these efforts, we thought that it is time to
give a unifying and simple framework of a financial market in which all of
these hypotheses can be analyzed and compared. This simple setup allows us
to describe in a transparent way the fundamental economic problem as well as
the principles leading to a non-decreasing relation between the pricing kernel
and the aggregate endowment. But of course, there is a price to pay; there
are also some explanations which cannot be classified in our framework. Most
important seem to be statistical problems and challenges in the estimation
procedures; see, for instance, Jackwerth [59] for several useful comments.

V.3 Setup

We consider a one-period exchange economy. Let Q = {w1,...,wn} denote
the states of nature at time 1. The set F = 29 is the power set on €, i.e.,
the set of all possible events arising from (2. Uncertainty is modeled by the
probability space (£2, F, P), where the objective probability P on € satisfies
P{wn}] > 0 for n = 1,...,N, ie., every state of the world has a strictly
positive probability to occur.

There are d 4+ 1 assets, whose payoffs at date ¢t = 1 are described by
St € RY. The asset 0 is the risk-free asset with payoff S = 1. The price of
the i-th asset at date t = 0 is denoted by S. The risk-free asset supply is
unlimited and the price 5’8 is exogenously given by 1. The latter assumption
does not restrict the generality of the model as we always may choose the
bond as numeraire. In other words, the payoffs are already discounted.
The prices of the other assets are endogenously derived by demand and
supply. The marketed subspace X is the span of (S%);— 1. 4. Without loss
of generality, we assume that no asset is redundant, i.e., dim(X)=d+1, and
that d + 1 < N holds. The market is called complete if d + 1=N holds.

We consider a finite set Z of agents. Agent j has a stochastic income
W; € ]Rf at date 1. This summarizes the initial capital and the value

3A Peso problem arises when the estimated probability is not an accurate estimate of
the objective probability (for instance, since the sample is too short or some events are
unlikely to be observed) but the agents are cognizant of the objective probability.
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of the initial holdings in stocks at date 1. The sum over W; is called the
aggregate endowment. The variable 9; = (19?,...,19?) € R4 denotes the
j-th agent’s portfolio giving the number of units of each of the d+ 1 securities
purchased (if ﬂ;- > 0) or sold (if 19} < 0) at time 0 by agent j. Buying and
selling these d + 1 securities is the only trading opportunity available to
agent j. Thus, given the available securities, agent j can generate any payoff
f= Wj+2?:0 Swé-, where 1, satisfies the budget restriction Z?:o 56192. <0.
Moreover, we assume that the resulting income must be non-negative in all
states of nature, i.e., f > 0. The subset of payoffs in X that are positive and
can be generated by trading for agent j is denoted by C;(Sp), i.e.,

Ci(So):= {feM

d d
f§Wj+Z Siﬂ; for some 9; € R st Z 5’619; SO} .
i=0 i=0

Every agent has his own (subjective) belief about the future; the belief of
agent j is represented by a probability measure P; =~ P. The preferences of
agent j are described by a strictly increasingf] functional V; : X — R. This
functional summarizes the utility function U; as well as the belief P; of the
agent j. We often use the expected utility functional V;(f) := Ep,[U;(f)],
where Ep; denotes the expectation with respect to P;. We will explicitly
define functionals in the next sections. In order to optimize the preference
functional, agents may want to buy and sell assets. An allocation (f;);ez is
called feasible if the resulting total demand matches the overall supply (i.e.,
the sum over the initial holdings in the stocks). Formally, this means that
the market clearing condition

> 9;=0 (3.1)
JET

has to be satisfied. Note that the market clearing conditions for the financial
contracts imply that the final positions (f;);ez satisfy

S =)W (3.2)
JjET JjET

In a financial market equilibrium, the prices of assets are derived in such a
way that the resulting total demand matches the overall supply.

Definition 3.1. A price vector Sy = (1, T ,Sg) together with a feasible
allocation (f;);ez is called a financial market equilibrium if each f; maximizes
the functional Vj over all f € C;(So).

Since the preference functional is strictly increasing, the agents would
exploit arbitrage opportunities in the sense of a sure gain without any risk.

“A functional V is called strictly increasing if fi(w) > fa(w) for all w € Q and
fi(wn) > fa(wn) for at least one wy, € 2 implies V(f1) > V(f2).
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This means that if there were such an opportunity, every agent would rush
to exploit it and so competition will make it disappear very quickly. Thus,
we conclude that the condition

{fe]Rf

d d

F< 80 for 9; e RM st Y Spoh < 0} = {0}
i=0 i=0

is satisfied in equilibrium. This implies (Theorem 9.3 in Magill and Quinzii
[82]) the existence of a martingale measure @ ~ P such that S} = Eg[S}]
holds for all assets i. The @Q-probabilities Q[{w,}], n = 1,..., N are also
called state prices or risk-neutral probabilities. A pricing kernel is the Radon—
Nikodym derivative of an equivalent martingale measure Q with respect to
P, denoted by d@Q/dP. Note that in the present setting of this chapter, it

follows that p
d%(wn): % forn=1,...,N.

In the next sections, we sometimes consider other probability measures
R~ P. One example is the belief P; ~ P (of agent j). Another is the
estimated probability measure P ~ P (of the statistician); this object will
be defined and explained in detail in the next section. In order to distin-
guish different cases, we use the following notion. For a probability measure
R =~ P, a pricing kernel with respect to R is the Radon—Nikodym derivative
of a martingale measure @) with respect to R, denoted by d@Q/dR. With
this notion, a pricing kernel can equivalently be defined as a pricing kernel
with respect to the objective probability measure P. Note that a pricing
kernel (with respect to any R) is not unique if the market is incomplete;
each martingale measure ) defines one.

Remark 3.2. 1) In order to illustrate our abstract setting, we finally explain
one specification of our abstract setting commonly used in the empirical
literature. One first fixes some initial date ¢y and some maturity 7. The
set Q is given by possible values of an index (e.g. S&P 500 or Dax) at time
to + T. The first asset S' then describes the index; S} describes the value
of the index at time ¢y and Sll describes the index at time tg + 7. The other
assets S2,...,8% describe call options (or put options) on the index with
maturity 1" for different strike prices K. The maturity T is usually chosen
to be 1 or 3 months since the options for these maturities are traded most
frequently.

In practice, for each seller of a call option there is also a buyer and
vice versa. Therefore, the call options are usually assumed to be in zero
net supply and it follows that the call options do not have any impact on
the aggregate endowment. The aggregate endowment is therefore equal to
(a multiple of) the index S! (plus some deterministic constant). One tacit
motivation for this particular setting is that (changes in) an index is a good
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proxy for (changes in) the aggregate endowment in the economy represented
by the index.

2) In the setting described in part 1), completeness of the financial market
is ensured if there are sufficiently many options. More precisely, it is sufficient
to have N — 2 call options (for well-chosen strike prices). In a more general
infinite-dimensional (but still one-period) setting, one essentially needs to
have call options for all strike prices (see for instance Lemma 7.23 in F6llmer
and Schied [43] for a precise result in this direction).

3) In practice, the number of different values of an index (equal to the
number of states in the present setting) may be assumed to be finite (but very
large). However, the number of strike prices for which the call options are
traded is much smaller. This leads to an incomplete market. In the empirical
literature, one then often interpolates the (traded) call option prices (for
different strike prices) to obtain call option prices for all strike prices. This
means that one singles out one particular martingale measure and considers
a complete market with this particular martingale measure. <&

V.4 The pricing kernel puzzle

In this section, we assume that P; = P for all j and that the preference func-
tional V; of agent j is given by V;(f) := Ep,[U;(f)] = E [U;(f)] for a strictly
increasing, strictly concave and differentiable utility function U; : Ry — R
satisfying the Inada conditions

U;(0) :== il{f(l) Ui(x) = 400, (4.1)
Ui(o0) := Il;rgo Uj(x) = 0. (4.2)

This means that all agents have the same belief which coincides with the
objective probability measure P and that each agent is risk-averse in the
sense that his utility function is concave. These preference functionals are
well known; see for instance Section 2.3 of Féllmer and Schied [43] for a
discussion and an axiomatic foundation.

Moreover, we assume that the financial market is complete. In particular,
this implies that the pricing kernel is unique. Under these assumptions, there
is a decreasing relation between the (unique) pricing kernel and aggregate
endowment.

Theorem 4.1. Consider a financial market satisfying dim(X) = N and let
the preference functionals V; be given as above. If (So, (fj)jez) is a financial
market equilibrium with pricing kernel dQ/dP, then there exists a strictly
decreasing function g : Ry — Ry, such that

aQ _ Q{wn}] _ _
d?(wn) = Pl gW(wn)), n=1,...,N.
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A formal proof is given in Theorem 16.7 of Magill and Quinzii [82]. Intu-
itively, every agent forms his portfolio according to the first order conditions
for optimality. Since the financial market is complete, there is a unique mar-
tingale measure ) and it follows that the requested final position has the

form
e = (@) (Gt

for a suitable Lagrange parameter A\;. Because of the decreasing marginal
rate of substitution (or in other words, because UJ’. is decreasing since Uj is
concave), this final position is a decreasing function of the pricing kernel.
The same holds true for the sum of all final positions of the agents. Due
to the market clearing condition and its consequence , this sum
is equal to the aggregate endowment. This implies that in equilibrium the
aggregate endowment is a decreasing function of the pricing kernel.

Remark 4.2. An equivalent way of demonstrating Theorem goes via
aggregation. Since markets are complete, equilibrium allocations are Pareto-
efficient and can therefore be supported by the maximization of an aggregate
utility, which as a positive weighted sum of the individual utilities inherits
concavity. Thus the pricing kernel, being proportional to the gradient of
the aggregate utility, is a decreasing function of aggregate endowment. For
details, see Chapter 16 in Magill and Quinzii [82]. <&

Remark 4.3. The assumptions of Theorem 4.1| can be relaxed. It is enough
to assume that the utility functions U; are increasing and concave (i.e., not
necessarily strictly concave and not necessarily satisfying the Inada condi-
tions). Indeed, Theorem 1 of Dybvig [42] and its generalization in Appendix
A there show that the final position f; of agent j and the pricing kernel are
anti—comonotonic.[ﬂ Hence, this also holds for the sum over all agents. Using
the market clearing condition, it follows that the sum W = 3" jeT f; and the
pricing kernel are anti-comonotonic. <

Remark 4.4. If we restrict ourselves to mean-variance type preferences, we
end up in the CAPM which is the traditional example in finance. There, the
pricing kernel is an affine decreasing function of the aggregate endowment
(see Theorem 17.3 in Magill and Quinzii [82]). <&

Remark 4.5. For the specific setting described in Remark [3.2] the prob-
ability space is given by possible values of some index and the aggregate

5Comonotonicity of two random variables intuitively means that their realizations have
the same rank order. In our setup, two random variables X! and X? are called comono-
tonic if (X' (wn) — X (wnr)) (X (wn) — X*(wnr)) >0 for all n,n’ € {1,..., N}. Random
variables X' and X? are called anti-comonotonic if X' and —X? are comonotonic. See
Follmer and Schied [43] for a general definition (Definition 4.82) and equivalent formula-
tions (Lemma 4.89).
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Figure V.1: The pricing kernel with respect to the estimated probability
measure in Rosenberg and Engle [97][]

endowment is given by the index. Moreover, we explained there how addi-
tional assumptions on non-traded call options lead to a complete market.
Following this path, Theorem then tells us that the (unique) pricing ker-
nel is (under the assumptions in Theorem imposed on the preferences)
a decreasing function of the index. It is tempting to verify this decreasing
relation in the empirical data. The (unique) martingale measure can be
determined via the second derivative of the prices of the call options with
respect to the strike price (see Breeden and Litzenberger [23] for details).
In contrast, the objective probability measure P cannot be determined from
the data. Instead, a statistician determines an estimated probability measure
P~ Pasa proxy for the objective probability measure P (based on his
favourite statistical model/data set). One can think of P as a subjective be-
lief P (of the statistician) about the future. In this setting, one can therefore
only determine the pricing kernel with respect to the estimated probability
measure ]5, but not the pricing kernel (with respect to the objective proba-
bility measure P). In the empirical literature, one often tacitly assumes that
P = P. However, for a good understanding, a distinction between these
objects is necessary.

In the empirical literature, the exercise to determine () and P depend-
ing on an index is executed for several indices, several different dates and
several specific methods (both for Q and for P). The results are always sim-
ilar. One typical graph is shown in Figure [V.1l The z-axis is given by the
S&P 500 return (which is up to normalization equal to the S&P 500). The
y-axis describes the pricing kernel with respect to P. The figure shows two
functions (together with confidence bands), each of which corresponds to a
different (statistical) method. In particular the non-monotonic line is exem-

"Reprinted from Journal of Financial Economics, Vol. 64, Rosenberg, J. and Engle
R.F., Empirical pricing kernels, p. 361, ©(2002) with permission from Elsevier.
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plary for the findings in the empirical literature; the left end of the function
is much higher than the right end of the line, but it also has some increas-
ing parts. Assuming (as it is usually done in the empirical literature) that
the interpolation of the call option prices is harmless and that P = If’, this
means that the empirical observation is not consistent with the theoretical
statement in Theorem and some of the more fundamental assumptions
(imposed on the preferences or on the general setting) seem to be violated.
This empirical observation as well as the associated line of arguments goes
back to Jackwerth [59] and Brown and Jackwerth [26]. They refer to it as
the pricing kernel puzzle. O

Motivated by the findings and arguments in the empirical literature re-
garding the pricing kernel puzzle, we find it important to understand the
relation between the pricing kernel and the aggregate endowment in our
slightly more general setting. In the following section, we first explain the
global behaviour of the pricing kernel as a function of the aggregate en-
dowment. We then alternately omit one of the three main assumptions of
complete markets, risk aversion, and correct beliefs (i.e. P; = P for all j) and
try to understand how the freedom gained may generate a non-decreasing
relation between the pricing kernel(s) and the aggregate endowment.

V.5 Boundary behaviour of the pricing kernel

The preceding section showed that in a complete market, the (unique) pricing
kernel is a monotonically decreasing function of the aggregate endowment if
the agents are risk-averse and have correct beliefs in the sense that P; = P
for each j. As we show later, as soon as we drop one of the assumptions, the
statement does not hold anymore. The goal of this section is to show that
even without those assumptions, the values of the pricing kernel are higher
for the states with very low aggregate endowment compared to the values
of the pricing kernel for the states with very high aggregate endowment. In
between, the decreasing relation may be violated.

Formally, the preference functionals are defined by V;(f):=Ep, [U;(f)]-
The probability measure P; represents the belief of agent j. We assume
the following boundary behaviour of the utility functions: For sufficiently
small and large arguments, the utility function U; : R — R of agent j is
strictly increasing, concave and continuously differentiable, and it satisfies
the Inada conditions and . Observe that we do not assume that
Uj is concave. Moreover, we do not impose any further assumptions on the
financial market, i.e. the market can be complete or incomplete which means
that there may be multiple pricing kernels. In order to be able to apply our
statement on the empirical application explained in Remarks [3.2)and [£.5], we
formulate the statement for the pricing kernel with respect to the estimated
probability measure P ~ P. Recall from Remark that P should be
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interpreted as a (subjective) belief of a statistician used as a proxy for the
(possibly unobservable) objective probability measure P. Note that except
for the assumption P~ P, we do not impose any assumption on f’; this
means that the statement is also valid for the pricing kernel (with respect
to the probability measure P) if we (formally) set P = P. Recall that the
aggregate endowment is denoted by

w=>) "W

jE€T

Without loss of generality, we assume that 0 < W (w1) <W(we) < <W(wn).
The next theorem states that if W(wy) — W (wy) is sufficiently large, then
the value of the pricing kernel (with respect to 15) in state w; is much larger
than the one in state wy.

Theorem 5.1. Let V; be defined as above. For P~P and A>1, there is a
constant p (depending on P, (Pj,Uj)jez, W(wi) and A) with the following
property: If W(wn)—W (w1)> p, then for every equilibrium there is a pricing

kernel with respect to P satisfying

Qlwr)] - QUewn]
Plwi}] ~ Pliw}

In particular, the measure Q) can be chosen to be proportional to some agent
j’s marginal utility, i.e., Q[{wn}] = \Ui(fj(wn)) Pj[{wn}], n=1,..., N.

(5.1)

Note that p does not depend on W (wy); we can therefore choose W (wy)
in such a way that W(wx)—W (w1) > p is satisfied. The proof of Theorem
can be found in Appendix Less formally, the statement of Theorem
5.1] can be explained as follows: We fix the preferences of the agents, a
belief P and W satisfying W (wy)—W (w1) > p. Every equilibrium in that
economy supports at least one martingale measure for which the value of the
pricing kernel (with respect to P) in the state with low values of aggregate
endowment is much higher than the value of the pricing kernel (with respect
to ]5) in the state with high values of aggregate endowment. Moreover,
the associated martingale measure is a reasonable one; there is at least one
agent such that his utility gradient is proportional to the pricing kernel. If
the market is complete, there is only one pricing kernel (with respect to P)
and consequently holds for this unique one.

Let us finally discuss two illustrative special cases. In the case of a single
agent with P, = P = P, the first order condition for optimality and the Inada
conditions guarantee that the values of the pricing kernel are high for the
states with very low aggregate endowment and low for those with very high
aggregate endowment. If there are two or more agents with P; = P =P,
the final positions of the agents are small in the states with low aggregate
endowment since all agents have positive final positions. Moreover, there is
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at least one agent who has a high final position in a state where there is
high aggregate endowment (due to the market clearing condition). For this
agent, we can again look at the first order condition for optimality and use

the Inada condition to deduce 1' In the case P # P P;, the arguments
are slightly more technical, but conceptually very similar.

V.6 Non-concave utility

In this section, we consider agents with non-concave utility functions and
true beliefs (in the sense that P; = P for all j) in a complete market.
Formally, the preference functional Vj is described by V;(f) = E[U;(f)],
where U; : Ry — R is strictly increasing. Hence, the main difference to
the situation of Theorem is that U; is not necessarily concave. In the
literature, the most prominent examples of non-concave utilities are the one
suggested by Friedman and Savage [45] and the one arising in prospect theory
suggested in Kahneman and Tversky [69].

Before we analyze whether risk-seeking behaviour (in the sense that Uj is
not necessarily concave) is a possible reason for the findings in the empirical
literature, we want to ensure that risk-seeking behaviour can, in principle,
induce an increasing relation between the pricing kernels and the aggregate
endowment. In Section[V.4] we argued that if the final positions of all agents
are decreasing functions of the pricing kernel, the aggregate endowment is
one as well. So, in order to have a non-decreasing relation between the pricing
kernel(s) and the aggregate endowment, it is necessary that at least one agent
has a final position which is not a decreasing function of the pricing kernel.
Therefore, the main point is to show that for some agent, the decreasing
relation between the pricing kernel and the optimal final position may be
violated.

Example 6.1. We consider an economy with two states, two assets and a
single (representative) agent. The underlying probabilities are defined by
P[{w1}] = 2/3 and P[{w2}] = 1/3. The asset prices at time 1 are given by

0 ol 1 2
Sl:(slasl): 1 2

where the first (second) column describes Sy (S1). The utility function of
the agent is given by

Uia) = (r—1)3, x>,
T @ -2)i, z<l

The parameter A describes the loss aversion of the agent and 1 can be in-
terpreted as his reference point. The agent is risk-seeking on the interval
(0,1) and risk-averse on (1,00). The stochastic income W of the agent is
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Figure V.2: The pricing kernel for Example for a representative agent
having a non-concave utility in an economy with two states. The dashed line
shows the pricing kernel implied in the data in Figure 2 of Jackwerth [59].

Wi = (1.0098,0.9707). It is shown in Appendix[V.10.2)that the price vector
So = (S9,88) = (1,1) together with the allocation f = W forms an equilib-
rium. In order to analyze the pricing kernel, note first that the martingale
measure () defined by the equation (1,1) = (Eg[SY], Eg[Si]) is given by
Q[{w1}] = 3/4 and Q[{w2}] = 1/4. Hence, the resulting unique pricing
kernel is given by Z—g(wl) = 9/8 and Z—g(wg) = 3/4. The pricing kernel of
this example is shown in Figure We conclude that there is no decreas-
ing relation between the pricing kernel and the final position of the single
representative investor.

Example has implications for related questions in portfolio optimiza-
tion. Dybvig [42] shows that the optimal final position and the pricing kernel
are anti-comonotonic if all states have the same probability. This result is
then generalized to more general setups and/or more general preferences;
see, for instance, Carlier and Dana [3I] and He and Zhou [56]. Example
shows that one cannot drop all assumptions. For general probabilistic
structures and a general utility function, the optimal final position and the
pricing kernel are not necessarily anti-comonotonic.

While the above example and its implications are of theoretical interest,
risk-seeking behaviour is not a reasonable explanation for the empirical find-
ings. In order to justify this doubt, we next show that risk-seeking behaviour
on the aggregate level (i.e. a representative agent with a non-concave utility)
can be excluded as an explanation for the pattern found in the economic
literature. For this we use the next theorem proved in Appendix

Theorem 6.2. Suppose that dim(X) = N and let U be an increasing, dif-
ferentiable non-concave utility function. Let C' denote the interior of the
interval where U is strictly convex. Moreover, let f* be the optimal final po-
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sition for the pricing kernel dQ/dP and stochastic income W. Then, there
ezists at most one state n € {1,..., N} with f*(w,) € C.

Before combining the theorem and the puzzle, we explain this theorem
in a broader context. In Corollary [I[5.6] we have seen that on an atomless
probability space, the optimal final position f* and the pricing kernel are
anti-comonotonic and that f* satisfies P[f* € C] = P[f* € {U < U.}| = 0.
This implies that on an atomless probability space, non-concave utility func-
tions cannot generate a non-decreasing relation between the pricing kernel
and the aggregate endowment. For probability spaces which are not atom-
less (as in the present setting), this may happen as we have seen in Example
Theorem [6.2] then provides the insight that even in a general model, it
is optimal to choose a final position in such a way that at most one state lies
in the set {f* € C}. In the case that there are a lot of states, the influence
of a single state becomes small.

Let us now analyze the implications of Theorem in the context of
Remarks and Recall that this means that the aggregate endowment
is equal to S, that the market is complete, that P = P and that the relation
between the (unique) pricing kernel and the aggregate endowment W = S! is
defined by the non-monotonic function shown in Figure [V.I We now argue
that this situation cannot be explained by a representative agent having
a non-concave utility function. The utility function implied in the pricing
kernel (formally by integrating the pricing kernel) in Figure is concave
for low and high values and convex in the middle part. In particular, the
utility function is strictly convex in the area between —4% and 2% return
of the aggregate endowment. However, a representative agent with such a
utility function would, as shown in Theorem choose a final position f*
in such a way that at most one state lies in the set where the aggregate
endowment has a return between —4% and 2%. But claims to payoffs in
these states have to be held by someone. Hence, prices need to adjust such
that the pricing kernel is a decreasing function of the aggregate endowment
and it becomes more attractive again to hold the assets which provide payoffs
in those states. This shows that the pricing kernel shown in Figure [V.1]is
not consistent with a representative agent having a non-concave utility.

We conclude that non-concave utilities can, in principle, be seen as a pos-
sible argument for a non-decreasing relation between the pricing kernel and
the aggregate endowment. However, it only works for pathological examples
with few states and, in our setup, it is not an explanation for the pattern
found in the empirical literature.

One other way of generating a non-decreasing relation between the pric-
ing kernel and the aggregate endowment is to generalize the utility function
to be state-dependent, i.e., V(X) := SN P[{w,}JU(f(wn),wn) where the
utility U(+,wy,) is concave for every n = 1,..., N. Then for any pricing ker-
nel dQ/dP there exist a state-dependent utility function U(-,w,) such that
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the first order condition for optimality

M =\U'(f(wn),wn),n=1,...,N

Pl{wn}]

holds. In particular, no robustness problem arises. Assuming for example
that the degree of risk aversion is state-dependent, i.e.,

U(z,wy) = n=1,...,N,

1—ay,’
one can generate the typical form of the pricing kernel by assuming that for
small losses the investors are less risk-averse than for large gains or losses.
Since state-dependent utilities are so flexible, the challenge is to give plausible
restrictions such that the pricing kernel is a generally decreasing function of
the aggregate endowment with increasing areas. Attempts in this direction
are done in Chabi-Yo et al. [33] and Benzoni et al. [I2] by generalizing the
model to multiple periods.

V.7 Incorrect beliefs

We now analyze settings where the belief P; of agent j may differ from the
objective probability P (and also from the beliefs P; of the other agents).
There are several different motivations for such a setting. One is to account
for the fact that each agent in an economy may have a different view about
the future. But even in a setting where there is only one agent knowing P
(e.g. in an experiment) it might be that the agent distorts probabilities. This
leads to P # P; again, but refers to a bias in decision making (we explain
this in more detail in Section . We first analyze the utility maxi-
mization problem for general incorrect beliefs, then analyze the phenomena
independently, and finally combine them in the last part of this section.

In order to formally describe the different phenomena in a unified way,
we assume that the preferences of agent j € 7 are described by the functional

N
Vi(f) = Ep, [U;(N)] = Y Pil{wnJU; (£ (wn),

where P; is a set function on F Iﬂ The set function P; represents the (sub-
jective) belief of agent j about the future. In order to isolate the effect
of incorrect beliefs, we consider again the case of a complete market and
strictly concave utility functions satisfying the Inada conditions. In equilib-
rium, each agent j maximizes his preference functional V; over the set C;(Sp)

8 A set function P; on F is a function P; : F — [0, 1] satisfying P;[0] = 0 and P;[Q] = 1;
see Chapter 2 in Denneberg [39] for a detailed discussion. In particular, a probability
measure as well as a distorted probability measure are set functions.
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and the final position f; of agent j solves the maximization problem
maximize Ep, [U;(f)] over f € C;(So). (7.1)

By the definition of C;(Sp), each final position f is of the form Wj+2§l:0 Sfﬁ?,
where 9; satisfies the budget restriction Z?:o 58193 < 0. Since the prices
St = Eg[S]] can be written in terms of the martingale measure @, the con-
straint Z?:O Séﬂ;- < 0 can be rewritten as Eq[f] < Eq[W;] (for details see
Magill and Quinzii [82, Page 83ff]). This modification allows the Lagrange
method to be used and we conclude that the final position of agent j has the

o Qlfisn)
N —1 Wn,

i (wn) (UJ) ()‘J P; [{WnH>
for a suitable Lagrange parameter A\;. Note that the objective probability
P does not appear in the final position of agent j. The final position f;
of agent j is a decreasing function of the pricing kernel with respect to P;.
However, it is not necessarily a decreasing function neither of the pricing
kernel (with respect to P) nor of the pricing kernel with respect to another
Pj. Thus, in a model with a single (representative) agent, a non-decreasing
relation between the pricing kernel (with respect to P) and the aggregate
endowment can be viewed as a difference between the objective probability
P and the belief P; of the representative agent. In order to relate incorrect
beliefs and the pattern found in the empirical literature, we now analyze
different sources of incorrect beliefs in the context of Remarks and
in the following sense: We assume that the aggregate endowment is equal
to S!, that the market is complete and that there is a representative agent.
Moreover, we fix an estimated probability measure P.

V.7.1 Distorted beliefs

In this section, we consider distortions (in isolation) as a special case for
incorrect beliefs, i.e., we assume, in addition, that P = P. Kahneman and
Tversky [69] show that agents tend to overweight extreme events which occur
with small probability. In order to make this idea precise, we fix a payoff f
which is ordered in an increasing way and we fix an increasing and continuous
function T : [0, 1] — [0,1] with 7'(0) = 0 and T'(1) = 1. The preferences are
defined by

N

V(f) =Y U(f(wn)) <T(P[ Q{wk}]) - T(P[Dl{wk}]))an =1,...,N.

n=1
(7.2)
Note that T is applied to the cumulative distribution rather than the de-
cumulative distribution functionP] In the classical case without distortion

“We follow here the approach of Polkovnichenko and Zhao |86] and Dierkes [41]. This
has the advantage that one can compare our results with theirs.
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Figure V.3: Distortion implied in the data in Figure 2 of Jackwerth [59]
and the parametric form of Prelec [87] for v = 0.7.

function (i.e. T(p) = p), the term T(P[Up_{ws}]) — T(P| Z;ll{wk}])
reduces to P[{wy,}] and we recover the classical expected utility functional.
The term T'(P[Up_ {wr}]) — T(P| Z;ll{wk}]) is bigger than P[{w,}] if
T' > 1 between P[{J;_;{wr}] and P[UZ;%{wk}] and it is smaller than
P[{w,}] if T < 1 between P[Up_,{wy}] and P[UPZ{{wx}]. If T has a
concave-convex form as the dashed line in Figure the distortion 7" sat-
isfies 77 > 1 close to 0 and 1. Consequently, the functional given in (7.2)
overweights the influence of the extreme events on the payoff f as observed
in the experimental literature. One widely used parametric specification of
the weighting function, due to Kahneman and Tversky [69], is

pV
T(p) = T (7.3)
(P’ + (1 =p))~

Another widely used specification, due to Prelec [87], is

T'(p) = exp (—(—log(p))7) - (7.4)

Experimental studies find v € [0.5,0.7] for (7.3) as well as for (7.4). The
function T described in (7.4) is shown in Figure[V.3|for v=0.7 (dashed line).
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If the different values of f occur with small probabilities (as in the case
when f describes (the return of) an index such as the S&P 500), we have

r(p1 ) - 7P U fer)]) = Pl (e sl

Denoting the distribution function of f by F, we can therefore write the
resulting first order condition for optimality approximately as

U'(f (wn)) P[{wn T (F(f (wn)) = AQ[{wn}; (7.5)

for details, see Polkovnichenko and Zhao [86]. If there is no distortion (i.e.
T(p) = p), it follows that T’(p) = 1 and coincides with the first order
condition for optimality for the classical expected utility functional. Note
that the first order conditions are necessary, but not sufficient for optimality
in the present case. By writing down , we thus implicitly assume that
there exists a representative agent with preferences described by and
that the payoff f is his optimal final position for (7.1). These assumptions
are restrictive.

In the literature, the relation is used to deduce the probability
distortions implied by the prices of the S&P 500 index and the associated
options. Dierkes [4I] assumes a parametric form for the utility and the
distortion and calibrates yielding parameters that are comparable to
the ones suggested in the experimental studies. In addition, Polkovnichenko
and Zhao [86] use to estimate the distortion non-parametrically. They
find that the distortion functions are time-varying. For some years, the
form is concave-convex as suggested in the experimental literature; for other
years, the form is slightly different. For comparison, we apply a similar
approach here. We set U(z) :=log(z), fix P = P, Q and f as given in
Figure 2 of Jackwerth [59] and determine 7' in such a way that is
satisfied. Note that the (discretized) lognormal distribution fitted to P has
parameters g = 0.0029 and ¢ = 0.0388. The implied distortion 7" is shown
in Figure (solid line). While the form of the implied distortion is similar
to the one suggested by experimental studies (dashed line) for low values,
the form is substantially different for high values. So even if the restrictive
assumptions held true, the empirical implications would not be reasonable.
We conclude that a distortion, in isolation, is not a good explanation for the
pattern found in the empirical literature. One reason for this, we believe, is
that P is a bad proxy for the probabilities P perceived by the agent. In the
next subsection, we therefore analyze the case P # P in more detail and we
then combine distortions and P # P in Subsection

Remark 7.1. Recently, Gollier [48] has used ambiguity aversion to explain
the pricing kernel puzzle. In his model, the agent faces a finite set of beliefs
and he assigns a probability to each of these beliefs. The pricing kernel is
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then defined with respect to a weighted belief. It is then argued that the
aversion to ambiguity of the representative agent affects the equilibrium in
a way that is observationally equivalent to a distortion in our framework. <

V.7.2 Misestimated beliefs

In the analysis in Section we have assumed that P = P| = P. This
means that a statistician may observe the objective probability measure P as
well as the belief P; of the representative agent. However, these assumptions
are questionable. In practice, the procedure for the estimation uses past data,
whereas the belief(s) of the agent(s) are forward-looking. In this section, we
therefore analyze the case P = P, # P in more detaﬂ We refer to this
situation as misestimated beliefs since the estimated belief P is a bad proxy
for the belief P;.

In the present representative agent economy, equilibrium asset prices re-
flect the agent’s preferences and beliefs. More precisely, any two of the
following imply the third: the martingale measure, the belief of the represen-
tative agent and the preferences of the representative agent. One approach
to explore misestimated beliefs is therefore to set up a model for the belief
and the preferences of the representative agents and to verify whether or not
such a model can explain the estimates for the martingale measure in the
data. This is done in detail in Ziegler [I11]. In the simplest case, this boils
down to fixing a parametric utility function (e.g., log-utility, power utility or
exponential utility) and specifying the belief P;. Recall that in the present
setting the probability space is given by the values of S'. The belief P
can thus be specified via the distribution of Si. One tractable way is to
assume that the distribution of S} is given by a discretized (and renormal-
ized) lognormal distribution with parameters p and o. This determines the
martingale measure via the first order condition

U (SHwn)) P [{wn}] = A\Q[{wn}], for n=1,...,N. (7.6)

We refer to () defined via as implied martingale measure. A calibration
analysis then shows whether or not this implied martingale measure ) can
reproduce the (empirical) martingale measure Q estimated in the data. As
explained in Ziegler [I11], the advantage of this approach (compared to the
calibration of the pricing kernel) is that the tails are less important. As an
illustration for the calibration, we set U(z) = log(x) and choose the empirical
martingale measure Q to be the one given in Figure 2 of Jackwerth [59]. Note
that the implied martingale measure now depends on three parameters A,
and 0. We now fit this implied martingale measure to @ using nonlinear
least-squares. This procedure yields the parameters A = 1.0398, p = 0.0061

1°0n the first point of view, the assumption P = P; may still appear restrictive. How-
ever, note that in a setting with P # Pi, the role of P is somewhat artificial since P is
not relevant for the equilibrium. We therefore directly start with P = P;.
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and ¢ = 0.0341. Even though these parameters seem to be reasonable,
the comparison of the implied and the empirical martingale measure (the
probabilities Q[{w;}] and Q[{w;}] of the implied as well as of the empirical
martingale measure are depicted in Figure shows that the probability
weights of the implied martingale measure (dotted line) misses some essential
features of the probability weights of the estimated martingale measure (solid
line). This is in line with the results of Ziegler [I11]. He also checks whether
mixtures of lognormal beliefs or the extension to several agents give better
results and concludes that the degree of pessimism required to explain the
puzzle is implausibly high. This leads to the conclusion that misestimated
beliefs, in isolation, are not sufficient to explain the puzzle.

Remark 7.2. The approach used here is conceptually similar to Bliss and
Panigirtzoglou [21]. They also form a subjective distribution based on the
implied martingale measure via the first order condition for optimality. In
contrast to our calibration, they use power utilities and fit the risk aversion
coefficient in order to explain the observations. As in our approach in this
subsection, this implicitly assumes a decreasing relation between the pricing
kernel and the aggregate endowment. <&

V.7.3 Combination of distortion and misestimation

We now combine the arguments of the preceding subsections. As in Section
[V.7.2], we assume that the belief of the representative agent is specified via a
discretized (and renormalized) lognormal distribution about (the return of)
the index S} with parameters y and o. As in Section , the agent distorts
the perceived distribution in the way described in Polkovnichenko and Zhao
[86]. Following them, we also make the (tricky) assumption that the index
is the optimal final position for the representative agent. As described in
Section [V.7.1] the latter leads to the first order condition

U' (S} (wn)) Pr[{wn}] T (Fp, (f (n)) = AQ[{wn}), form=1,....N, (7.7)

where Pj[{wyn}] and Fp, are the weights and the cumulative distribution
function of the belief. For the distortion T, we fix the parametric form
given in (7.4 which has some computational advantages compared to .
For the utility, we set U(z) = log(z). For this reperesentive agent, the
implied martingale measure @ (determined via (7.7)) depends on the four
parameters A, pu,0 and y. We then calibrate to the estimate of the
martingale measure given in Figure 2 of Jackwerth [59] using nonlinear least-
squares yielding the parameters A = 1.0177, u = —0.0015, 0 = 0.0207 and
v = 0.5401. The implied martingale measure for this representative agent
(and the estimated values for A, u, 0 and ) is also depicted in Figure
On the one hand, we see that the model with distortion (dashed line)-in
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Figure V.4: The solid line shows the probability density (weights) of the
martingale measure estimated in Figure 2 of Jackwerth [59]. The proba-
bility density (weights) of the fitted martingale measure with distorted be-
liefs (dashed line) closely reproduces the solid line. The probability density
(weights) of the fitted martingale measure in the model without distortion
(dotted line), on the other hand, misses some essential features of the data.

contrast to the model without distortion (dotted line)—closely reproduces
the probability density (weights) of the empirical martingale measure (solid
line). It captures well the essential features well, in particular its thick left
tail, and the parameter v for the distortion is comparable to experimental
studies. But on the other hand, we also observe that p is negative which is
not plausible.

To highlight the main insight of our analysis, let us recall the findings
of Ziegler [I1I]. The most promising attempt to explain the puzzle there is
to consider two groups of agents with heterogeneous beliefs. He finds that
the pessimism required to explain the puzzle is implausibly high. A closer
inspection of the result shows that the pessimism is necessary to generate
the fat left tail of the probability density function of the empirical martin-
gale measure. In our case with distortion, the agents overweight the extreme
events and this leads to a fat left tail in the probability density of the im-
plied martingale measure. This allows us to closely reproduce the empirical
martingale measure density with only one (group of) agent(s).
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V.8 Incomplete markets

Up to now, we have restricted ourselves to the case of a complete market
economy, i.e. dim(X) = N. In this section, we want to analyze the case
dim(X') < N. To understand the impact of market incompleteness on the
shape of the pricing kernel, we isolate this extension in the sense that we
keep the other two assumptions that agents are risk-averse and that all the
agents have common beliefs equal to the objective probability measure P,
ie. P; = P for all j.

In equilibrium, every agent maximizes his preference functional subject
to his budget set. This means that each agent solves a problem of the form

max E[Uj(f)] over f € C](SO) (8.1)

for the equilibrium asset prices Sy. In incomplete markets, there are infinitely
many probability measures () ~ P satisfying the equation S} = Eg[S1] for
each ¢ = 0,...,d and hence there are also infinitely many pricing kernels.
The constraint Zf‘l:o Séﬁ; < 0 can be rewritten using the pricing kernels, and
writing down the first order conditions for optimality for that optimization
problem, it turns out (Theorem 10.4 in Magill and Quinzii [82]) that every
solution for has the same form as in the complete market case for a
particular pricing kernel. More precisely, for every agent j with optimal final
position f;, there is a martingale measure ); such that his final position is

of the form a0
fi= o)) ( jdpj> : (8:2)

This shows that every final position is a decreasing function of some pricing
kernel. Put differently, if f; is the optimal final position of an agent with a
concave utility Uy, then Uj(f;)/E[U}(f;)] is a pricing kernel. Hence, if there
is a single representative agent, there exists some pricing kernel such that
the final position of the representative agent (which is equal to the aggregate
endowment by the market clearing condition) is a decreasing function of that
pricing kernel. However, the assumption of a representative agent in an in-
complete market is a delicate one. To substantiate this, consider an economy
with heterogeneous agents. For every agent j, U(f;)/E[U;(f;)] is a pricing
kernel. However, due to the incompleteness, the different pricing kernels are
not necessarily the same. This can be used to give an example in which no
pricing kernel is a decreasing function of the aggregate endowment. That is
to say, in our example we have a unique equilibrium allocation and whatever
martingale measure we select out of the continuum of martingale measures
supporting it, the resulting pricing kernel is not a decreasing function of the
aggregate endowment. If one now assumes that there is a risk-averse repre-
sentative agent, one cannot explain the asset prices even though they result
from a (classical) financial market equilibrium with risk-averse agents having
correct beliefs P; = P for all j. This is illustrated in the next example.
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Example 8.1. We consider an economy with three states, two assets and
two agents. The underlying probabilities are defined by P[{w,}] = 1/3 for
n =1,2,3. The prices of the assets at time 1 are given by

1 13

0 1 145

S1= (SlaSI) = 1 3
1 B

15

There are two agents. Both of them have utility U; (z) = Ua(x) = log(z) and
they have common and true beliefs, i.e., they evaluate utilities according to
the probabilities P[{wy}] = 1/3 for n = 1,2,3. The stochastic incomes are
given by W; = (Z—g, 22y and W, = (418,28 382) Tt is shown in Appendix
V.10.4| that Sp = (S0,58) = (1,1), fi = (§',3,14) and fo = (28,7, %)
is the unique financial market equilibrium. In order to analyze the pricing
kernels, note first that every martingale measure @) satisfies the equation
Ql{wi }E + Q[{wa2}]3 + Q{ws}]12 = 1. 1t follows that all these probability
measures can be written as a convex combination of the two extreme points

(0,2,5) and (2,2,0). We infer that Q[{w2}] < max(Q[{w1}], Q[{ws}]) holds
for every martingale measure ). Because of P[{w,}] = 1/3 for n = 1,2,3,

the same holds true for all pricing kernels, i.e.,

Qliwl] __(Qlfwn)] Qlfws)]
Pl <™ (o] Pliey])

for all martingale measures ). We infer that no pricing kernel is a decreas-
ing function of the aggregate endowment since the aggregate endowment

W=fi+fo= (2%6, 7, %) has the lowest value in state 2.

In order to decide whether incomplete markets provide an explanation
for the pattern found in the empirical literature, we have to specify the rea-
son(s) for the incompleteness. In the remainder of this section, we separately
consider the effect on the pricing kernel of illiquid options for extreme strikes
as well as of heterogeneous background risk.

V.8.1 Incompleteness due to a lack of options

Recall from Remark that in the empirical literature, one usually assumes
that there are sufficiently many call options ensuring completeness of the
market. This assumption is questionable; in particular for extreme strike
prices, there are not many liquid call options. We therefore shortly discuss
one related special case of our setup. As in Remark we assume that
the probability space is given by the values of “an index” S' and that the
aggregate endowment is equal to this index (plus a deterministic constant).
We assume that there are sufficiently many call options with strike prices be-
tween —5% and 5% return of the index such that the martingale probabilities
for these states are uniquely determined. For the “extreme” states (below
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—5% and above 5% return of the index), there are not sufficiently many call
options and the martingale probabilities for these states are not uniquely de-
termined. Formally, this means that for any two martingale measures ) and
Q’, we have Q[{w}] = Q'[{w}] for the “middle” states w where the index is
between —5% and 5% return of the index. For the other states w, Q[{w}] and
Q'[{w}] might differ. Tt then follows from that for the “middle” states,
the final position f; of agent j is a decreasing function of dQ/dP (which is
unique for these states). Thus also the aggregate endowment (which is by
the sum over f;) is for these “middle” states a decreasing function of
dQ/dP. However, recall from Figure [V.1] that the violation of the decreasing
relation between d@/dP and the aggregate endowment is in this middle part.
We conclude that a lack of call options for extreme strike prices (in the sense
specified above) is not a reasonable explanation for the pattern found in the
empirical literature.

V.8.2 Incompleteness due to background risk

A second main assumption in the setting described in Remark is that
the probability space is defined by the values of the index. This means that
the different values of the index reflect all the uncertainty in the economy.
In reality, however, there can be other risks such as labour risk or housing
risk which is not necessarily captured by the index (see Franke et al. [44] and
references therein for detailed explanations). So even if the market spanned
by the index and its options is complete, there can be other risks which
cannot be insured completely by the agents. The goal of this section is to
explain this form of incompleteness in detail and relate it to the empirical
pattern in the literature. We consider four states and three assets. For
simplicity, we agsume that P[{ws}] = P[{ws}]. The matrix of the assets at
time 1 is given by

S1=(51,51,51) =

e S Sy
QO oo Q
o QL Qo

for values 0 < a < 1 < b < cand 0 < d < e such that arbitrage is
excluded. We assume that asset S is in zero net supply. For the prices
So = (S, 58, 82) := (1,1,1), this market is incomplete and there are in-
finitely many martingale measures ) ~ P, each of which can be written
as a convex combination of two extreme points Q = (q1,923,0,q4) and
Q = (q1,0,q23,q4). However, given the information of the three assets, we
cannot separate state 2 and state 3. In this sense, the market spanned by the
bank account, the “index” (asset 1) and the call option written on the index
(asset 2) has only 3 observable states and the market which can be observed
from the prices is complete. Hence there is a unique set of state prices for
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- data n PHwn} Si(wn) SFwn) Wilwn) Walwn)
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Figure V.5: Panel (A) shows the (unique) pricing kernel for the market with
respect to the filtration generated by the assets. For comparison, the dashed
line shows the pricing kernel implied in the data in Figure 2 of Jackwerth [59].
Panel (B) shows the corresponding values for risky probabilities, the payoffs
for assets Sll and S% and the stochastic incomes Wy and Ws5. The stochastic
income W; and the parameter e are chosen as described in Appendix [V.10.5

this marketed subspace which means that Q[{w1}], Q[{w2}] + Q[{ws}] and
Q[{w4}] are uniquely defined. But, on the other hand, the individual agents
may face risks which are not captured by the index. In our example, this
means that the stochastic income does not necessarily lie in the marketed
subspace. For illustrative purposes, we consider the (extreme) case that the
background risk only matters on the individual level, i.e., the aggregate en-
dowment lies again in the marketed subspace. In this way, we can construct
a situation where the index is equal to the aggregate endowment (plus a
deterministic constant); the market with respect to the filtration generated
by the assets is complete and admits a unique pricing kernel. However, the
agents face a portfolio selection problem in the (incomplete) market with
respect to another (larger) filtration. It is shown in Appendix that
for all parameters values a,b, c,d, P[{w1}], P[{w2}] = P[{ws}] and P[{w4}],
we can choose a parameter e, and stochastic incomes W; and Wy such that
the aggregate endowment W; + Wy is equal to the first asset S and that
(W;)j=1.2 together with the prices Sy = (SJ, S¢,52) = (1,1,1) form an equi-
librium for two agents having logarithmic utility functions. We choose the
parameters a, b, ¢, d, P[{w1}], P[{w2}] = P[{ws}] and P[{w4}] in such a way
that we can capture the essential features of the pricing kernel of Figure 2 in
Jackwerth [59]. The corresponding values and the pricing kernel are shown
in Figure [V.5| The constructed example has only three observable states,
but the same idea can easily be extended to arbitrarily many states. We also
made the rather restrictive assumption that background risk only matters
on the individual level. Relaxing this assumption as well gives additional
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freedom. Everything being so flexible, the challenge is then to give plausible
restrictions such that the pricing kernel is a generally decreasing function of
the aggregate endowment which may have increasing areas. One frequently
used method to specify background risk on the aggregate level in combi-
nation with state-dependent utilities is to introduce a second state variable
(Garcia et al. [46], Chabi-Yo et al. [33] and Benzoni et al. [I2]). In those
models, the pricing kernel is not only a function of the aggregate endowment
but also of other state variables. Considering the pricing kernel only as a
function of aggregate endowment, the other state variables can be seen as
background risk which is not captured by the aggregate endowment.

V.9 Conclusion

In the present chapter, we finally study the implications of behavioural effects
such as risk-seeking behaviour and distorted beliefs on the financial market
equilibrium. We focus on the relation between the pricing kernel (or pricing
density) d@Q/dP and the aggregate endowment in the economy.

In an economy with complete markets and risk-averse investors having
correct beliefs, the pricing kernel is a monotonically decreasing function of
aggregate endowment. As soon as we relax at least one assumption, one can
construct examples where the decreasing relation between the pricing kernel
and the aggregate endowment is violated. Non-concave utility functions
and distorted beliefs can therefore lead to an increasing relation between
the pricing kernel and the aggregate endowment. In this sense, behavioural
effects can explain the pricing kernel puzzle in empirical finance. In order to
check whether the behavioural effects can explain the empirical findings, we
compare the resulting pricing kernel with the empirical estimates from the
S&P 500. We conclude that risk-seeking behaviour as well as distorted beliefs
are, in isolation, not satisfying explanations for the empirical estimates.

V.10 Appendix: Proofs

V.10.1 Proof of Theorem [5.1]

Proof. We fix some probability measure P~ Pand A > 1. We want to
show that we can find p and some martingale measure @) = P such that

Wiow) - W) >p = o], Qo]
P{wi}] — Pwn}]
holds in equilibrium. The idea is as follows: In equilibrium, every agent j is
optimizing his expected non-concave utility. Hence his final position satisfies
the first order condition for optimality

i[{wnt]

Q
U]’-(fj(wn)):Aij foralln=1,...,N,

i[{wn}]
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for a particular martingale measure @); as described in Proposition
Solving for A\; and setting the term for state 1 equal to the term for state N
gives
Pj[{w1 U (fi(w1)) - Qj[{w1}]
Pil{wn HU(fij(wn))  Qj[{wn}]

Since the final positions have to be positive, it follows from the market
clearing condition that f;(wi) < W{(wq) holds for all agents j. The term
Uj(fj(w1)) is therefore large as W (w:) is small because of the Inada condi-
tion at 0. On the other hand, if W(wx) — oo, the market clearing
condition W(wn) = >_;c; fj(wn) implies that at least one agent (say i) has
an arbitrarily large final position in state N. It follows then from the In-
ada condition at oo, that U/(fi(wn)) is arbitrarily small. The term
Ui(fj(w1))/U(fj(wn)) is therefore arbitrarily large if W(wn) — W(w1) is
sufficiently large.

Let us now be precise. Recall that W(w;)>0. The strict monotonicity
of Uj, continuous differentiability of Uj;, and the Inada condition at
0 imply that z :=infzc(ow(w,) Uj(Z) >0 is attained. Because of the Inada
condition at oo, there is z; such that

(10.1)

) z Pi[{wi}] P{wn}]
Vi@ <3 Pi[{wn}] P[{w:}]

for all z > x;. This gives

Pillw}linfreoww Ui(@) _ Pilfwile Pl{wn}] (10.2)
Pil{wn HUj () Pil{wn U} (x) ~ P[{wn}]
for all z > z;. We fix p := |Z|max;x;, where |Z| denotes the number

of agents in the economy. The condition W (wy) — W(wy1) > p then gives
W(wn) > W(w1) +p > p = |Z|max; z;. In the equilibrium, the market
clearing condition W(wn) = >~ fj(wn) implies that there is at least one
agent (say ¢) whose final position in state N satisfies f;(wn) > W(wn)/|Z|.
Putting together (10.1), the inequalities f;(wy) > W (wy)/|Z| > max; z; and
Ul/(fi(w1)) > z, as well as , we obtain

Qil{w}] _ Bl{wUi(fi(wr)) Bil{wi}]z < {5[{601}]A

Qil{wn}  Pil{wn}Ui(fiwn)) — B{wn Ui (filwn)) — Plwn}]

Qulfwn)] < Qilfwn]]
Pllan)] = Pllom]l =

which is equivalent to

V.10.2 Example

Before formally verifying the equilibrium conditions, let us shortly explain
how we have constructed this example. We first fixed the prices Sp = (1,1)
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and the initial capital 1. We then solved the non-concave utility maximiza-
tion problem for fixed prices. Setting the stochastic income Wi to be equal
to the optimal final position, it then follows by construction that W; and
So = (1,1) form an equilibrium.

Let us now formally verify that the above approach indeed gives an
equilibrium. The market clearing condition is trivially satisfied; we only
need to verify that f; = W; maximizes V; over Ci1(Sp). The martingale
measure for Sy = (53,598) = (1,1) is Q{w1}] = 3/4 and Q[{w2}] = 1/4
and it follows that Eg[W;] = 1. It is therefore sufficient to show that

~ o~

(f(w1), f(w2)) ~ (1.0098,0.9707) solves the problem
max E[U(f)] over f >0, Eg[f] <1,

where the inequality constraint Eg[f] < 1 can be replaced by an equality con-
straint Eg[f] = 1 since U is strictly increasing. In order to prove optimality
of f, we consider the three cases f(w1) = f(w2) =1, f(w1) > 1> f(w2) and
f(w1) <1< f(wz) independently. In the case f(w1) > 1> f(w2), plugging
in the constraint Eg[f] = 1, differentiating

1— Q[{m}]f(aq))
Q{{w2}]

with respect to f(w;) and setting the result equal to 0 gives

Floy =1+ ( Plen]] ]>3 (@[{m}])i

B[U(f)] = PHwt U (F(wn) + Pl{wa}U

oPlen)]) \ Qo))
S 1=QUwillfw) . ( PHwi}] \? [ QUwa}
fen) = =0y <2AP[{W2}1> <Q[{w1}]>'

~

Plugging the candidate f (w1) into the second derivatives shows that the final
position (f(wy), f(w2)) is a local maximum. The expected utility is

Pl{wn}2Qlfwn})s
AAPH{w2}]Q[{w1 5

The same procedure for the case f(wi) > 1> f(w1) shows that

flon) =1~ (Q[{wl}]) ( Pl{ws}] }>3’

Qw231) \2AP[{wr}
s 1-QUellfw) [ QUi [ Plw] \?
fwd) =—0way — 'Y (Q[MH) (m[{wl}])

is a local maximum. The expected utility is

P{w2}]?Q[{w1}]5

NP }1QHws}]s
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Comparing the above two local maxima and U(1) resulting from the final

position f(w1) = f(ws) = 1 shows that (f(w1), f(w2)) = (1.0098,0.9707) for
P{wi}] =2/3 and Q[{w1}] = 3/4 is optimal.

V.10.3 Proof of Theorem

Proof. The idea for this proof is as follows. By way of contradiction, we
assume that there is an optimal final position f with two states w, and wy,,
having values in C'. We now rearrange the payoff in the states w, and w, in
a cost-efficient way (in the sense that the Q-expectation remains constant) to
(strictly) increase the expected non-concave utility. In Example [V]3.4] we
explicitly specified the rearrangement for a particular setting. In the present
more general case, we use the strict convexity of U on the open set C to
obtain the same result.

We define a := Q[{wn }]f(wn) + Q[{wn }] f(wns) and consider the function

a— Q[{wn}]m>

(o) i= PHan)U (@) + Pl U (2,

on the open set

o= el G

Since U is strictly convex on (', the same holds true for h on C*. Maximizing
the convex function % on the closure of C* gives a solution on the boundary.
Thus, there is £ € C* such that h(Z) > h(f(wy)) is satisfied. We define f by

f(wn) = T,

; a — Q[{wn}lz

) = Gy

flwpr) = flwpr) forn” e{l,...,N}and n#n',n#n".

ect.

By construction, we have that EQ[f] = Eqlf], so f can be generated with
the same stochastic income. Moreover, we have E[U(f)] > E[U(f)] since
h(f(wn)) > h(f(wy)). This gives a contradiction to the optimality of f. O

V.10.4 Example

In order to show that the final position f; = (%4, %, 14) and fr = (28,%,328)
together with the prices Sp = (S§, S}) = (1,1) form a financial market equi-
librium, we have to check feasibility of the allocation (f;) ez and optimality
of f; for the utility maximization problem of agent j. This can be easily done
by verifying that the first order conditions for optimality for the agents’ op-
timization problems are satisfied. However, since we also want to show the

uniqueness of the equilibrium, we have to determine all possible equilibria.
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We first solve the utility maximization problem of the agents for a general
price S} and we then solve the market clearing condition to determine S}.
We finally check that the optimal allocation (f;);jez forms a feasible alloca-
tion.

In order to maximize the expected utility, the agent j chooses a strategy
v = ('ﬁ?,ﬁ;), i.e., agent j buys 19;'» units of asset i subject to his budget
condition. Formally, this can be described by the optimization problem

3
maximize Z Pl{wn}]log (Wj(wy) + 19? + 19}511 (wn))
n=1

subject to 99 +9jS5 < 0 and W; + 9 + ;5] > 0

for agent j. In this optimization problem, the stochastic income W;, the price
So = (S0, S3) and the probabilities are fixed. Due to the monotonicity of the
log function and the positivity of asset payoffs, we can replace the inequality
in the constraint 199 —1—19}56 < 0 by equality and hence replace 192 by —19} -S3.
This simplifies the problem to a maximization of a function depending on
05. The boundary restriction W + 99 + ;5] = W; + 9;(S] — S§) > 0 has
to be satisfied for every state n. The price S} is determined in such a way
that arbitrage is excluded; it follows that S} — S} is both positive and nega-
tive for at least one state. We conclude that the boundary condition defines
a bounded interval of possible values for 19}. The property log(0) = —o0
implies that a candidate that satisfies W;(wy,) +199 +19}Sll(wn) =0 in at
least one coordinate cannot be optimal. Hence, a solution exists and sat-
isfies the first order conditions for optimality. Differentiating the function
Zi:l Pl{w,}] log(W;(wn) +19]1<(S% (wn) —S3)) with respect to 'ﬁ} and setting
the resulting term equal to 0 gives

Si(wi) — Sg Si(w2) — Sp
Wi(wr) — Sg0% + 9851 (wi) — Wi(wz) — S§91 + 91T (wn)

Si(ws) — S5
Wj(wg) — 5%19]1 + 19]1511(003)

0=
(10.3)

for agent j = 1,2. Plugging in the explicit numbers for the payoffs and the
stochastic income and solving the equations for 19} gives multiple solutions
91T and 91~ for j = 1 and 93+ and 93~ for j = 2 (depending on S}). Thus
there are four possible combinations and every combination determines an
equilibrium price S} via the market clearing condition > jeT 1931- =0:

e Case +/+: The market clearing condition gives the price S§ = 1. Tt
follows that ¥ = 1 and ¥4 = —1. We see that the boundary condition
W; + 19} (S} — S}) > 0is satisfied. The market clearing condition holds
by construction.
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e Case —/+: The market clearing condition gives the price S} ~ 1.2461.
It follows that 9] ~ 23.07, and 99 = —S}9} ~ —28.7527. This implies
Wi+ 99+ 9151 < 01in state 1, i.e., the boundary condition is violated.
Hence, this cannot be an equilibrium.

e Case +/—: The market clearing condition gives the price S} ~ 0.3412.
It follows that ¥] ~ —18.99, ¥4 = —9} and V9 = —S}9} ~ 6.4834. This
implies Wi + 99 + 995} < 0 in state 1, i.e., the boundary condition is
violated. Hence, this cannot be an equilibrium.

e Case —/—: The market clearing condition has no solution.

We conclude that the +/+-combination leads to the unique equilibrium.

V.10.5 Calculations for the equilibrium in Section [V.8.2]

We consider a setting with four states, three assets and two agents with loga-
rithmic utility functions. Recall from Section that P[{w2}]=P[{ws}].
We define pog := 2P[{w2}] = 2P[{ws}]. The payoff matrix of the assets is
given by

S1= (5?7511753%) =

— = =
o oo
o QKO

fora <1 <b<cand 0 <d < esuch that arbitrage is excluded. We now
show that for each a, b, ¢, d, p1, p23 and pg, we can choose e, W1 and Wy such
that the aggregate endowment 232:1 W; is equal to asset St and (W) j=1.2
and Sp = (S),55,593) = (1,1,1) form an equilibrium for the two agents.
Before we formally prove this claim, let us shortly explain the (heuristic)
arguments for the construction of e,W; and Ws. If we fix the prices of the
assets to be Sy := (57, 58,52) = (1,1,1), we can explicitly parametrize the
martingale measures as convex combinations of the two extreme points

Q = (q1,¢23,0,q4) and Q = (q1,0, 23, q4)

where

be —cd—e+c—b+d

n= ad —ae+be —cd
B e—ae+a—c
s = ad — ae + be — cd’
—a+b—d+ad
q4s =

ad — ae + be — cd’

An agent with utility U; and stochastic income W = (Uj{)_l(Adej/dP) for
Qj = 1;Q + (1 — p;)Q will then not trade at all since the stochastic income
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is already optimal. This type of stochastic income together with the prices
So = (1,1,1) thus form an equilibrium. By setting p := p1 := 1 — o and
A := A1 = Ao, choosing the stochastic incomes W7 and Wa (of the above
type) reduces to choosing the two values A and u. On the other hand, the
required condition W7 +Ws = S leads to three equations since the equation
in state we and wg are identical. Since we can also choose the parameter e,
we finally have a system of three equations and three unknowns e, A\ and pu,
which can be solved explicitly.
These arguments and the associated calculations motivate to define

_ cP[{wi}|(~a+b—d+ad) - aP[{wi}](~ed +c—b+d)
aP[{wa}](b—1) ’

e

_ 2P[{wi}]
cqa

A

1 D23Cq4

1
“:fﬁ‘mp[{wm@g

-1 (4 Qil{wn}]

witen) = ) (Vi)
for Q1 := pQ+(1—p)Q and Q2 := (1—p)Q+pQ. Let us now formally verify
that (W;);=12 and Sp = (59, S§, S2) = (1,1,1) form an equilibrium and that
Wi+ W = S} holds. By construction, the allocation (W;);ez is feasible and
we claim that W; is optimal for (8.1) and Sy = (S, S§, 52) = (1,1,1). This
can be seen as follows. If we introduce an additional (fictitious) asset in such
a way that @); is the unique martingale measure, then the final position W;
generated by no trading at all satisfies the first order conditions for optimality
for the problem

and

max E[U;(f)] over f >0, Eq, [f] < EQ],[W]-].

Recall that U; is concave and satisfies the Inada conditions and .
The first order conditions for optimality are thus also sufficient for optimality.
But since W can also be generated by (no) trading in the incomplete market,
it follows that W is also optimal for the utility maximization problem in the
incomplete market.

It remains to show that Wi + Ws is equal to Sll. We start with state wy.
It follows from the definition of U; and A that

=1 [ Q1[{ws}] =1 [ Qa2[{ws}] _2P[{W4}]_C
o0 (Vi) + @7 (o) = Pt e a0y

For state 1, note that definition of e implies

cP{wi}](—a+b—d+ ad) = aP[{ws}|(be —cd —e+c—b+d)
= aP{ws}](—cd +c—b+d) + eaP[{ws}](b—1)
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or, putting it differently,

. aP[{ws}](be —cd —e+c—b+d) aqP[{wi}]

Pwi}l(ma+b—d+ad)  Pl{wita (10.5)

Using the definition of W}, (10.4)) and (10.5)) yields

9P[{w)] 2P{wnYleas  2P[{wr}laq Pl{w)la
Wilen) Wl == = Pl 2P[{wa} s Pl s

For states 2 and 3, note first that for n = 2,3 we have

Wi () + Wa ()
=) (W) oy (WGl

Pl{wn}] Pl{wn}]
_ D N 5 (10.6)
pQHwn}t] + (1 — WQ{wn}t (1 —p)Q[{wn}] + pQ{wn}]

= +
Augas Al — p)qos
since Q[{ws}] = 0 and Q[{w2}] = 0. It follows from the definition of ;1 that

-2 = P23Cqy _ b2
b4P[{w4}]Q23 QbQQg)\ ’

This gives
20 111 2 B
=T+ =242
P23 p—p?  p l—p Mgz A1 — 1)q23
which, together with (10.6)), finally yield Wi (wy,) + Wa(wy,) = b for n = 2, 3.
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