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About the cover 

X-ray Laue microdiffraction pattern from a polycrystalline thin silver film 
sputter deposited on a silicon substrate. The synchrotron x-ray beam is 
focused to a micrometer spot size and intercepts the sample in a back-
diffraction geometry. Indexing the Laue microdiffraction pattern allows to 
determine the crystallographic orientations and lattice strains within the 

micrometer size diffraction volume allowing to probe mesoscale deforma-
tion mechanisms. The experiment was conducted at the microdiffraction 

beamline at the Advanced Light Source in Berkeley, California.  
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Summary   
 

A fundamental understanding of the mechanical response and deformation mechanism in 

small scale structures is crucial for the design and fabrication of microelectronic devices 

by the control of microstructure. It is the dimensional and microstructural constraints in 

operating microelectronic devices such as conductor lines in integrated circuits or thin 

film material systems in transistor technology that are known to lead to relatively high 

intrinsic stresses and a correspondingly high probability of stress induces failure 

mechanisms. To date, a fundamental understanding of the plastic deformation 

mechanisms and mechanical response of polycrystalline thin metal films on the 

mesoscopic scale (1-20 μm) is still missing.  

The first objective of the dissertation is to understand the fundamentals of mesoscale 

plasticity by implementing novel synchrotron microdiffraction experiments to measure 

the in-situ evolution of local strains and crystallographic orientations over biaxially 

strained polycrystalline ensembles. A top-down approach is employed in which the 

experimental observations provide the necessary boundary conditions and level of 

idealization in the development of a multi-scale model of polycrystalline plasticity. In 

situ synchrotron microdiffraction experiments conducted at the Swiss Light Source have 

demonstrated a stress driven dislocation transport mechanism where the stress relaxation 

is accompanied by cooperative transport of dislocation density leading to plastic 

deformation heterogeneities. A disclination model is proposed in which the system of 

rotational incompatibilities as experimentally measured is represented by a multipole 

wedge disclination configuration. It is demonstrated that the change in the total Frank 

vector corresponding to a Burgers circuit around the multipole disclination configuration 

describes the observed stress driven rotational mechanical response. The Burgers circuit 

construction is further generalized in a Riemann-Cartan geometry to demonstrate that the 

micro-rotation is captured by the change in the Riemann curvature and represents higher 

order gradients in a micropolar continuum theory.  

In situ synchrotron microdiffraction experiments have been conducted at the Advanced 

Light Source in Berkeley on polycrystalline thin silver films. The experimental results 
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demonstrate a similar mechanism of stress driven cooperative microstructural evolution 

leading to a subgrain structure formation. An analogy to Ampère’s circuit law of 

electromagnetic field theory is proposed in which the analogue to the steady conduction 

current generating a circulating magnetic field are disclination lines generating a 

circulating curvature tensor field.          

In the second part of the dissertation fundamental open questions as to the mechanics of 

materials on the atomistic scale at the theoretical limit of material strength are 

investigated. Since Griffith first provided a qualitative discussion on the influence of the 

general stress state on the ductile-to-brittle response of crystalline materials at the limit of 

material strength, an open question remains as to the orientation dependency of the 

ductile-to-brittle deformation at the limit of material strength. Is there a critical length 

scale at which materials deform at the theoretical limit of strength independent from the 

presence of flaws? In Chapter 4 the concept of ductile-to-brittle isolines in orientation 

space is introduced as based on the intersection of  a strength surface with a project shear 

strength surface. The embedded atom method is employed together with elastic instability 

criteria to define an orientation dependent theoretical strength for a range of body 

centered and face centered cubic materials. For the bcc metals Nb, V, Ta and Fe the 

ductile-to-brittle isolines are similar, tracing close to the set of <151> poles while for fcc 

Aluminum the isolines trace around the <111> poles. From these results an orientation 

dependent critical length scale has been defined below which the corresponding materials 

are expected to sustain stresses at the theoretical limit of material strength despite having 

flaws. For Al and Mo this length scale was found to be around 10 nm and below.        

 

 



Zusammenfassung 
 

Ein fundamentales Verständnis der mechanischen Eigenschaften und der 

Deformationsmechanismen in Materialien auf kleinem Maßstab ist entscheidend für die 

Fabrikation von mikroelektronischen Bauteilen über die Kontrolle der Mikrostruktur. 

Dimensionale und mikrostrukturelle Zwänge in mikroelektronischen Bauteilen, wie zum 

Beispiel auf Leiterbahnen in integrierten Schaltkreisen, führen zu relativ hohen 

Spannungen und damit zu einer erhöhten Wahrscheinlichkeit von spannungsinduziertem 

Versagen. Ein fundamentales Verständnis der plastischen Deformationsmechanismen und 

der mechanischen Antwort auf externe Kräfte in polykristallinen dünnen Metallfilmen 

auf der mesoskopischen Skala (1-20 μm) fehlt bisher.  

Die erste Zielsetzung dieser Arbeit ist zu einem fundamentalen Verständnis der Plastizität 

in dünnen polykristallinen Metallfilmen beizutragen. Der experimentelle Teil der Arbeit 

besteht in der Implementierung von neuen Synchrotron-mikrodiffraktionsexperimenten 

zur in-situ Messung lokaler Gitterdehnungen und kristallographischen Orientierungen in 

polykristallinen dünnen Metallfilmen. In-situ Synchrotron-mikrodiffraktionsexperimente 

wurden an der Swiss Light Source an polykristallinen dünnen Goldfilmen und an der 

Advanced Light Source in Berkeley durchgeführt. Die Experimente zeigen einen 

spannungsgetriebenen kooperativen Transportmechanismus von polarer 

Versetzungsdichte der zu einer Strukturrotation führt. Es wird ein Disklinationsmodell 

von geschlossenen Versetzungswänden entwickelt in dem das System von 

Inkompatibilitäten von Keildisklinationsdipolen repräsentiert wird. Es wird gezeigt dass 

die Änderung des gesamten Drehfehlers über einen geschlossenen Burgersumlauf um das 

System der Keildisklinationsdipole der gemessenen Strukturrotation entspricht. Das 

Konzept wird in einer Riemann-Cartan Geometrie weiterentwickelt um zu zeigen dass 

die Mikrorotation Gradienten höherer Ordnung in einem mikropolaren Kontinuum 

entspricht. Es wird eine Analogie zu dem Gesetz von Ampère der Elektrodynamik 

entwickelt in der die magnetische Flussdichte dem Krümmungstensorfeld und die 

Stromlinien den Disklinationslinien entspricht. 



Im zweiten Teil der Arbeit werden fundamentale Fragen der Mechanik von Materialen an 

der theoretischen Grenze der Festigkeit auf der atomistischen Skala untersucht. Seit 

Griffith eine qualitative Diskussion der Abhängigkeit des duktil oder spröden Versagens 

von kristallinen Materialien von dem internen Spannungszustand begann, bleibt eine 

offene Frage die Orientierungsabhängikeit eines duktil oder spröden Versagens an der 

Grenze der theoretische Festigkeit. Gibt es eine kritische Längenskala auf der Materialien 

an der theoretischen Grenze der Festigkeit versagen unabhängig von der Existenz von 

Gitterfehlern, Versetzungen und Rissen? Im vierten Kapitel der Dissertation wird das 

Konzept eines orientierungsabhängigen duktil-spröd Überganges an der theoretischen 

Grenze der Festigkeit entwickelt. Das Konzept basiert auf dem Schnitt zweier Flächen im 

Orientierungsraum, die theoretische Zugfestigkeitsfläche und die theoretische 

Scherfestigkeitsfläche. Der Schnitt der Flächen generiert duktil-spröd isolinien im 

Orientierungsraum welcher duktile von spröden Bereichen des Orientierungsraumes 

trennt. Die embedded atom Methode (EAM) wird zusammen mit elastischen 

Stabilitätskriterien formuliert um die duktil-spröd isolinien für flächenzentiert und 

raumzentiert kubische Kristalle atomistisch zu berechnen. Für die kubisch raumzentierten 

Kristalle Nb, V, Ta und Fe verhalten sich die duktil-spröd Übergänge ähnlich, verlaufend 

um die <151> Orientierungen, während für fcc Al die isolinien um die <111> 

Orientierungen in der stereographischen Projektion verlaufen. Es wird eine 

orientierungsabhängige kritische Längenskala definiert unter der kristalline Materialien 

Spannungen im Bereich der theoretischen Festigkeit aushalten unabhängig von der 

Existenz von Gitterfehlern und Rissen. Für Al und Mo befindet sich die kritische 

Längenskala unterhalb von etwa 10 nm.                     
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Chapter 1  
 

1.1 Introduction  
 

The science of materials is to a large extent dominated by understanding and controlling 

scale effects, that is the interaction of a physical deformation mechanism with a 

dimensional and microstructural length scale. Examples range from the grain size effect 

in magnetism as manifested by the dependence of the coercive field on grain size [1], to 

the classical mechanical strengthening of materials by grain size refinement [2, 3]. These 

effects become ever more important in the field of microelectronics and micromechanics 

of thin metal films due to the continuing miniaturization of such devices as in integrated 

optoelectronics, transistor technology, integrated circuit conductor lines and micro-

electro-mechanical devices. Understanding and controlling the deformation mechanism 

in thin metal films on substrates is crucial to the reliable engineering of such devices.        

Classical continuum mechanics is founded on the idea of a continuous mass density 

distribution and that all material points obey the laws of motion and constitutive axioms 

[4, 5]. Plotting the mass density (or in general a physical property) as a function of a 

characteristic length scale (corresponding to the volume of the mass density) for a general 

crystalline material, it is observed that there exists a characteristic length scale which is 

on the order of the mesoscopic scale (1-10 µm) where fluctuations in the mass density 

become significant such that the continuum hypothesis ceases to give an adequate 

description of the mechanical response of materials. Another important reason for the 

breakdown of the continuum hypothesis is the overlapping of a characteristic dimensional 

length scale (such as the film thickness of thin film systems) with the characteristic 

microstructural length scale. Studying the mechanical response of a solid or fluid to an 

external physical effect on a length scale comparable to a characteristic microstructural 

length scale, such as the grain size in a polycrystalline material, or the mean free path of 

dispersed microscopic elements in a complex fluid, it is apparent that the mechanical 

response is strongly dependent on the intrinsic mechanics of the constituents and cannot 
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be understood adequately by classical continuum mechanics due to a missing intrinsic  

length scale. It is this defect in classical continuum mechanics that has led to the 

development of the non-local field theories of continuum mechanics starting with the 

pioneering work on the micropolar and couple stress theories of elasticity originating 

with Toupin [6], Mindlin [7] and Eringen [8, 9]. Mindlin [7] demonstrated that the 

inclusion of independent microstructural degrees of freedom in elasticity theory in terms 

of a unit cell yields wave-dispersion relations with acoustic and optical branches as 

predicted by crystal lattice theories of phononic excitations and by neutron scattering 

experiments. The ranges of applications and developments of these concepts have been 

enormous in the past half century ranging from understanding the mechanics of complex 

fluids [10] to understanding localized failure phenomena such as the generation of shear 

bands by the inclusion of higher order displacement gradients in the energy density 

function [11, 12].  

As in elasticity theory, classical plasticity theory cannot account for the observed size 

effects in the mechanical response of materials such as the increase in torsional hardening 

with decreasing specimen dimensions [13] or the increase in measured indentation 

hardness with decreasing indentation depth [14, 15]. It is generally acknowledged that in 

experiments which have demonstrated size effects, there are large strain gradients 

associated with the overall deformation field [13, 16]. These observations together with 

the mentioned couple stress theories in elasticity theory and the concept of geometrically 

necessary dislocations (GND) as introduced by Nye [17] provided the basis for the 

development of strain gradient plasticity theory [13, 18-21]. To date, there remain 

considerable problems related to understanding size effects using strain gradient plasticity 

theory. Most problematic is the phenomenological mechanism of a superposition of 

statistically stored and geometrically necessary dislocation density in the derivation of a 

strain gradient flow stress [13] which does not seem to be justified as purely based on 

dimensional consistency and not on a dislocation mechanism. The second problem is 

related to the physical meaning of the internal length scale and the relation to a 

microstructural length scale which to date remains vague [22]. Although strain gradient 

plasticity theory has been physically motivated by the developments in both dislocation 

theory and the non-local field theories of elasticity as mentioned before, its formulation 
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rests upon the phenomenological treatment of plasticity theory and is based on an 

enhancement of classical J2-flow theory with the physical role of GNDs loosely 

interpreted. In contrast to strain gradient plasticity theory, the continuum theory of 

dislocations which started with Kröner’s pioneering work [23, 24], was formulated with 

the promise to understand the fundamental physics of plasticity from the perspective of 

the transformations of the geometric state of a dislocated crystalline material. The 

importance of the latter methods of differential geometry to include higher order 

gradients in deformation kinematics to understand scale dependent mechanical responses 

has been demonstrated in the work of Clayton [25, 26].  

Until recently, in most engineering applications, the deformation involved has not been 

sufficiently inhomogeneous at a sufficiently small length scale, such that scale effects 

remained of interest to the theorist only. Historically probably most exemplarily is the 

development of the classical Hall-Petch scaling of polycrystalline materials yielding an 

increasing yield stress and cleavage strength with decreasing grain size [2, 3]. Indeed, the 

classical Hall-Petch scaling law is as a manifestation of cooperative dislocation effects, 

for this case the pile-up of dislocations of the same sign against grain boundaries and the 

associated inhomogeneous deformation due to strain localization. Cooperative dislocation 

effects are the manifestation of new physical properties of an ensemble of dislocations of 

the same sign at some critical density and geometric configuration. The strong 

cooperative effects of dislocations are a direct result of configurational forces (arranging 

dislocation ensembles into low energy dislocation structures) arising due to a strong 

dependence of the total dislocation energy on the geometric configuration. The 

development of deformation heterogeneity by the self-organization of dislocation 

substructures in polycrystalline materials is a primary example of cooperative dislocation 

effects. The development and evolution of plastic deformation heterogeneities, that is 

microstructure, is a phenomena driven far away from thermodynamic equilibrium [27]. 

As is the case with other cooperative effects in physics [28], such as the phenomenon of 

magnetization due to the parallel alignment of magnetic dipoles in a ferromagnet due to 

an external magnetic field, the deformation mechanism of polycrystalline materials on the 

mesoscopic scale is expected to be a consequence of the collective structural 

transformations of the dislocation substructures.  
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The foregoing review suggests several fundamental open questions. To date, an 

understanding of the deformation mechanism of polycrystalline materials on the 

mesoscopic scale is still missing. As will be discussed in section 1.2.3, current models of 

polycrystalline plasticity as based on discrete dislocation dynamics presume dislocation 

mechanisms (like the activation of randomly distributed Frank Read sources) while the 

effect of microstructure is not implicitly taken into account. While mainly transmission 

electron microscopy (TEM) studies have been performed on single crystal and bulk 

polycrystalline materials to demonstrate that processes of dislocation substructure 

evolution significantly affects strain hardening, slip system activity and the overall 

texture evolution [29, 30] and demonstrated a scaling behavior in both, the spacing of 

misorientation angles between geometrically necessary dislocation boundaries (GNBs) 

and accumulated plastic strain [31, 32], an understanding of the deformation mechanism 

due to cooperative dislocation substructure evolution is still missing.  

Although much progress has been made in understanding the relationship between an 

increase in yield stress and constrained dislocation mechanisms by discrete dislocation 

dynamics (section 1.23), a quantitative experimental study and corresponding 

development of a physical model to understand polycrystalline plasticity on the 

mesoscopic scale is still missing.    

The experimental difficulties are related to obtaining quantitative in-situ strain and 

crystallographic orientation data on the mesoscopic scale. The development of high 

brilliance third generation synchrotron x-ray sources [33] together with advances in x-ray 

optics [34] resulted in the recent development of the Laue microdiffraction technique [35, 

36] making it possible to obtain high precision crystallographic orientation and strain 

information on multiple length scales. The first objective of this dissertation is to 

contribute to a fundamental understanding of polycrystalline plasticity on the mesoscopic 

scale by measuring local strain tensors and crystallographic orientations over biaxially 

strained polycrystalline thin films by the synchrotron x-ray microdiffraction technique. 

This experimental technique has been implemented at the Swiss Light Source in the 

present work using a novel experimental setup and equipment (Section 1.2.1). 

Synchrotron microdiffraction experiments have also been conducted at the dedicated 

microdiffraction beamline of the Advanced Light Source in Berkley (Chapter 3). The 
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second objective is to formulate a mesoscale model of plasticity, in which the 

experimental observations provide the boundary conditions and level of idealization in 

the model development. On the mesoscopic scale, inhomogeneities in plastic deformation 

patterns and internal stress and displacement gradients are so large that the continuum 

hypothesis ceases to give an adequate description of the mechanical response. For the 

latter reasons it has been generally acknowledged that the appropriate methodology must 

involve a multiscale approach [37, 38] with different physical descriptions on different 

scale levels. The concept of disclinations is motivated in this work from this perspective 

while the methods of differential geometry are motivated to include microstructure in a 

continuum description (section 1.24).  

There is a physical limit to material strength that cannot possibly be exceeded by any 

strengthening mechanism, which is determined by the cohesive strength of the atomic 

bonds constituting the material. Starting in the mid 1920s with the pioneering work of 

Frenkel [39], Schmid [40] and Polanyi [41] on the theoretical strengths of perfect single 

crystalline materials, the foundation was laid for the later development of the dislocation 

hypothesis by Taylor, Orowan and Polanyi [42, 43] to explain the discrepancy in strength 

as predicted by theory and experiment. With the advent of both, nanostructured 

engineering materials and preparation methods which may yield nearly perfect defect free 

crystalline materials on the micrometer scale, a renewed interest has emerged in the past 

decade in understanding the fundamentals of material failure at the limit of strength. To 

date, there remain fundamental open questions related to the influence of the general 

internal stress state (as induced by the loading mechanism) on the ductile-to-brittle 

deformation behavior. Indeed, Griffith first posed this question back in 1920 [44] 

providing a qualitative discussion of how a change in the general internal stress state 

might influence the ductile-to-brittle fracture response of a crystalline solid. It was not 

until much later, that progress was made in understanding the theoretical strength from 

the perspective of the elastic instability by advancing Gibb’s thermodynamic stability 

criteria [45] and Max Born’s stability analysis of a crystalline solid [46] for the case of 

finite strains [47, 48]. Particular questions to be asked are: Given a defect free crystalline 

solid or equivalently considering the deformation of a crystalline solid on a length scale 

at which the strength approaches the theoretical strength, does there exist an orientation 
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dependent ductile-to-brittle transition and what is this critical length scale? What are the 

particular factors from the standpoint of the elastic instability that induce such a 

transition? In chapter 3 the embedded atom method (EAM) as well as elastic stability 

criteria as developed in section 1.2.6 are employed to investigate these questions.   

 

1.1 Thesis guide                        
 

This dissertation is of cumulative nature consisting of full length journal publications. 

Each main chapter may be read independently from each other. The methodological 

chapter (Chapter 1), appendices and complementary publications (page 154) provide 

additional contributions.  

 

 Nyilas, R.D., M. Kobas, R. Spolenak, Synchrotron x-ray microdiffraction  reveals  

rotational plastic deformation mechanisms in polycrystalline thin films Acta 

Materialia, 2009. 57(13): p. 3738-3753: Chapter 2 

 Nyilas, R.D., Spolenak R., Tamura N., Mesoscale plastic deformation 

mechanisms in polycrystalline thin films as revealed by synchrotron x-ray 

microdiffraction, Journal of Materials Research, to be submitted: Chapter 3 

 Nyilas, R.D. and R. Spolenak, Orientation-dependent ductile-to-brittle transitions 

in nanostructured materials. Acta Materialia, 2008. 56(19): p. 5627-5639.: 

Chapter 4    

 

1.2 Experimental and theoretical development    
 

In this chapter the fundamentals of synchrotron x-ray microdiffraction are explained with 

a focus on the development of the x-ray microdiffraction technique at the MicroXAS 

(X05LA) beamline at the Swiss Light Source (SLS) in this work. The performance of the 

microdiffraction technique as developed at the SLS is contrasted with microdiffraction 

experiments performed at the dedicated microdiffraction beamline of the Advanced Light 

Source in Berkeley.  
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In the second part the theoretical methods are motivated and current state of the art in the 

understanding of polycrystalline plasticity reviewed. The concept of disclinations and the 

continuum theory of dislocations is motivated in section 1.2.4 to include microstructural 

degrees of freedoms in a continuum description.  

 

1.2.1 Synchrotron x-ray Laue microdiffraction as developed at the 

SLS and motivation of photon counting detector technology  

 

The development of third generation synchrotron x-ray sources [33, 49] and advances in 

the development of x-ray optics [34] have made it possible to use x-ray probes with 

micron spatial resolution to study mesoscale deformation mechanisms. It has been amply 

demonstrated that this experimental technique allows to study mesoscale distributions of 

crystallographic orientation, lattice strain and plastic deformation patterns [36, 50-53]. 

The most exemplary example of the promise of this technique to understand mesoscale 

deformation mechanisms has been demonstrated in research on electromigration 

phenomena in conductor lines [54, 55]. To date, there exist only few dedicated Laue 

microdiffraction beamlines at third generation synchrotron sources around the world. The 

MicroXAS beamline (X05LA) at the Swiss Light Source was developed primarily for X-

ray absorption spectroscopy (XAS) and X-ray fluorescence (XRF) experiments with a 

characteristic brilliance spectrum (Photon flux versus Photon energy) emerging from an 

undulator insertion device. In this work, the relative disadvantage of the latter brilliance 

spectrum for x-ray microdiffraction compared to the superconducting bending magnet at 

beamline 12.3.2 at the Advanced Light Source (ALS) has been compensated for by the 

use of second generation photon counting detector technology. 

In Figure 1.1 the principles of a bending magnet insertion device (c) such as the 

superconducting bending magnet at the Advanced Light Source (ALS) is contrasted with 

the undulator insertion device (b) at beamline (X05LA) at the SLS. The electrons in the 

storage ring circulate with frequency  and are kept in a circular path by the magnetic 

field B of the bending magnets (pointing in the plane of the paper). Since the electron 

acceleration is experienced in the plane of the paper, the electromagnetic field with 
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electric field vector E as observed along a tangent line to the storage ring is linearly 

polarized in the plane of the storage ring  

         

                                          )(exp),( tiEt 0  rkεrE        (1.1) 

 

where k is the wavevector pointing in the direction of propagation of the electromagnetic 

wave, r the position vector, ε the unit vector along the polarization direction (along the 

electric field vector) and E0 the maximum electric field strength amplitude.  

  

                   
 

Figure 1.1 : Schematic illustration of the working principles of the insertion devices at the SLS (b) (undulator) and at the 

ALS (c) (superconducting bending magnet). The electrons cycle with frequency in the storage ring and are forced on a 

circular path by the magnetic field B of the bending magnets. In the undulator insertion device (b) the electrons are 

forced on circular paths by the alternate arrangement of magnetic dipoles (100 periods). The emerging cone of 

electromagnetic waves is compressed by a factor of 1/√N relative to the opening angle 1/γ of the storage ring. (a) 

Schematic side view of the key beamline components at the microdiffraction beamline at the SLS. The synchrotron beam 

of 140x70 micron FWHM (250x40 micron at the ALS) passing through the undulator insertion device (1) is refocused 

using a toroidal mirror and passes through a monochromator (3) allowing to tune the energy of the beam. The beam is 

micron-focused in horizontal and vertical directions (0.14 mrad convergence) using a pair of Kirkpatrick-Baez [56] 

mirrors (4 and 5 ). Position 6 and 7 show the sample stage mounted on a goniometer and the detector plane.        
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In the undulator insertion device the electrons are forced on periodic paths by alternating 

magnetic dipoles as illustrated in Figure 1.1(b). The opening angle of the cone of 

electromagnetic radiation emerging from the undulator is compressed by a factor of about 

1/√N (where N are the number of alternating magnetic dipoles) relative to the natural 

opening angle of the storage ring 1/γ as illustrated in Figure 1.1. Figure 1.1(a) shows a 

schematic side view of the key beamline components (at beamline X05LA at the SLS) to 

focus the synchrotron beam to a micron spot size. 

 

        a                             b 

   

 

Figure 1.2 : Photon flux at 0.1% bandwidth for a micron beam spot size versus photon energy as measured 

by tracking the photocurrent of a silicon pin diode (a) for the superconducting bending magnet at the 

dedicated microdiffraction beamline 12.3.2 of the Advanced Light Source. The photon flux from the 

undulator insertion device at beamline X05LA at the Swiss Light Source is shown in (b) for different gap 

spacings (a smaller gap gives a larger photon flux). The disadvantage of the non-constant photon flux for 

the undulator is offset by photon counting detector technology as implemented in this work.     

 

The photon flux incident from the micron focused x-ray beam has been measured as a 

function of photon energy for the superconducting bending magnet insertion device at the 

ALS (beamline 12.3.2) and estimated for the undulator insertion device at the SLS 

(beamline X05LA) (Figure 1.2). The comparison of the synchrotron brilliance spectra 

shows a constant photon flux in the energy range between 5-20 keV for the 

superconducting bending magnet while for the undulator insertion device the photon flux  
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shows a variation on the order of two magnitudes. To measure the deviatoric strain tensor 

from an indexed Laue microdiffraction pattern (section 1.2.2) requires a sufficient 

number of indexed Bragg reflections. Comparing the Laue diffraction patterns originating 

from a synchrotron source from the superconducting bending magnet insertion device at 

the ALS with the undulator insertion device at the SLS, a significant reduction in 

experimental Bragg reflection density is expected. In a novel microdiffraction 

experiment, we implemented a single photon counting area detector at beamline X05LA 

at the SLS with an unprecedented dynamic range of 20 bit. This detector was developed 

by the detector group of the Swiss Light Source [57, 58] and is based on the CMOS 

hybrid pixel array technology operating in single photon counting mode. X-Rays are 

directly transformed into electric charge and amplified and processes in the CMOS 

readout chips. 

  

1.2.2 Fundamentals of x-ray Laue microdiffraction      

 

In an elementary scattering event the incident electromagnetic wave Ein forces electrons 

of atoms to experience an acceleration. The forced electron vibrations act as small 

antennas radiating a scattered electromagnetic wave. Classical electromagnetic field 

theory shows the radiated electromagnetic field to be inversely proportional to the 

distance R to the observation point [33, 59] 

 

        
   cos

)(exp
),(

R

kRi
rEt 0inrad RE                   (1.2) 

 

where r0 is the Thomson scattering length and ψ the scattering angle. The negative sign in 

(1.2) gives a phase shift of π while the complex phase factor determines the relative phase 

shift. Consider first the scattering geometry from the crystal structure as illustrated in 

reciprocal space in Figure 1.3. For the monochromatic case the incoming x-ray beam 

with wavevector kin and the scattered beam with wavevector kout determine the scattering 

vector q assuming elastic scattering as the corresponding vector difference as illustrated. 

Compared to the elementary scattering event as given in expression (1.2), for the 



 11

scattering event illustrated in Figure 1.3, all the phase factors corresponding to the lattice 

sum (and unit atom cells) have to be considered in determining the scattered 

electromagnetic field.  The lattice vectors in real crystallographic space satisfy the 

principle of translational periodicity 

 

332211n nnn aaaR               (1.3) 

 

where Rn are the position lattice vectors from a defined lattice origin, a1 a2 a3 are the 

lattice crystallographic base vectors and n1, n2, n3  integers. The complex phase factor due 

to scattering events comprising the total lattice sum is    

 

     
n

niF
R

Rqq exp         (1.4) 

 

As illustrated in Figure 1.3 the phase factors are unit vectors in the complex plane and the 

condition for constructive interference is that the scattering vector q be equal to a 

reciprocal lattice vector G yielding the Bragg condition (as illustrated in Figure 1.3) 

 

                 (1.5) 
***

321 lkh aaaGq 

 

The Laue condition for constructive interference is constructed geometrically in Figure 

1.3. For a monochromatic incident x-ray beam with wavelength λmax, the Bragg condition 

is satisfied for any reciprocal lattice points falling on the Ewald sphere with radius 1/λmax. 

In the polychromatic case, for an x-ray beam with a bandwidth between λmin and λmax the 

Bragg condition is satisfied for any reciprocal lattice points in the volume between the 

two spheres spanned by radii 1/λmax and 1/λmin. The advantage of the method compared to 

the monochromatic case is that with a single incident x-ray pulse multiple reflections can 

be captured without requiring any rotation of the crystal relative to the incident beam.  
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Figure 1.3 : Ewald reflecting sphere construction showing the Laue condition for constructive interference. 

The incident x-ray beam with wavevector kin is scattered on a crystal lattice shown in reciprocal space. The 

condition for constructive interference is that the scattering vector q is equal to a reciprocal lattice vector as 

illustrated. Also shown are the phase factors in the complex plain illustrating that for a phase factor 

 n2  the magnitude of the phase factor sum in the lattice sum (1.4) adds up to N, i.e. the total number 

of lattice points within the diffraction volume. All lattice points lying on the surface of the Ewald sphere 

with radius 1/λmax satisfy the Laue condition for constructive interference. In the polychromatic case, all 

reciprocal lattice points in volume of the spheres of radii 1/λmax to 1/λmin satisfy the Laue condition making 

it possible to record multiple reflections with a single incident x-ray pulse without rotating the crystal 

structure relative to the incident beam.  

 

To index a Laue diffraction pattern the geometry of the incoming wavevector relative to 

the detector plane and position of the illuminated volume must be calibrated. In practice a 

calibration sample such as silicon is used giving a large number of reflections for the 

given energy bandpass. The number of independent calibration parameters is five, two for 

the detector center position, one for the distance between the illuminated volume to the 

detector plane and two additional angles describing the tilts of the detector with respect to 

the incoming beam. After calibration of the geometrical parameters, the scattering vectors 

qi corresponding to each reflection i on the detector plane are determined assuming 

elastic scattering  

 

         inout kkq exp          (1.6) 

 

Effective indexing algorithms have been developed to compare the experimental 

scattering vectors with the theoretical ones given the energy bandpass, geometric 
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parameters and detector plane dimensions [35, 60]. The deviatoric strain tensor is 

determined by the experimentally determined transformation matrix t transforming 

unstrained crystal vectors to the strained ones :  

 

  ijjiij
D

ij tt
2

1            (1.7)   

 

where ij  is the Kroenecker delta. Note that that the dilatational component of the general 

strain tensor cannot be obtained as only the relative lattice constants can be determined. 

Experimental determination of the dilatation would require an additional energy 

measurement of a Laue reflection. For example, if the energy of the incident x-ray beam 

is tuned, the outer Ewald sphere (Figure 1.3) moves through reciprocal space. The 

wavelength bounds for which a Laue reflection disappears is the characteristic energy of 

the corresponding Laue peak.    

The influence of the dislocated state on the scattered intensity distribution I(q) in 

reciprocal space is described by an additional phase factor depending on the local 

displacement field u (compare to Figure 1.3 and expression (1.4)) in the kinematical 

treatment of x-ray diffraction [53, 61-63] 

 

( ) ( )( ) (
,

exp exp2
kj

k j

)I f i= ⋅åq q R P-      (1.8) 

      
t

jtkti1cP uuQexp       (1.9) 

 

where the first complex phase factor in (1.8) depends on the equilibrium (unstrained) 

distance vector between two scattering cells, whereas the second phase factor (1.9) 

depends on the displacement field in the lattice sum at sites k and j at position t. The pre-

factor in (1.9) depends on the total dislocation density within the scattering volume. 

Three cases are distinguished : (i) the scattered intensity distribution from a diffraction 

volume with statistically stored dislocations (i.e. an equal number of positive and 

negative dislocations) (ii) the scattered intensity distribution from a volume with an 
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excess number of dislocations of one sign leading to local lattice curvature (geometrically 

necessary dislocations) (iii) from geometrically necessary dislocation boundaries (i.e. 

dislocation arrangements into dislocation walls). For case (i) the average net 

displacement field as summed over the diffraction volume is negligible and the phase 

factor in (1.9) has a real part only. The broadening of the diffuse scattering is for this case 

due to local changes in the lattice spacing and orientations and the full width half 

maximum (FWHM) is proportional to the square root of the total dislocation density ρT. 

For geometrically necessary dislocations the phase factor in (1.9) has a non-vanishing 

imaginary part leading to a streaking of the intensity distribution (i.e. the classical 

asterisms). For geometrically necessary dislocation boundaries the misorientation 

between the crystalline domains is large enough to lead to a discontinuous split of the 

intensity distribution. The angular distance between the characteristic intensity maxima 

corresponds to the misorientation angle between the crystalline domains.           

 

1.2.3 State of the art in understanding polycrystalline thin film 

plasticity  

 

Understanding the deformation mechanism of polycrystalline thin metal film on silicon 

substrates subject to changing biaxial strains is of crucial importance for both, the further 

technological development of microelectronic material systems and to understand the 

fundamentals of scale dependent plasticity. The technological importance is due to the 

wide range of implementations of such material systems under these loading conditions 

such as for example for CMOS transistor systems, magnetic disk materials and conductor 

lines on integrated circuits. The biaxial strains in these systems are usually thermally 

induced due to differences in the thermal expansion coefficient between film and 

substrate and the frequent rise in temperature during operation or the residual mismatch 

strain between substrate and film arising during manufacturing. It is both, the 

dimensional and microstructural constraints in such systems which result in film stresses 

during operation usually about more than an order of magnitude higher than in bulk 

materials. The associated relatively high failure potential of such devices such as for 
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example passivation cracking [64] and hillock formation [65] have motivated a vast 

research during the past decade dedicated to understanding constrained plasticity on the 

mesoscopic scale. While important progress has been made in understanding the inverse 

scale dependence of yield stress on film thickness in epitaxial thin films, there remains a 

large degree of uncertainty as to the operating deformation mechanism in polycrystalline 

thin films. Figure 1.4 illustrates the past different modeling approaches in trying to 

understand the observed macroscopic scaling behavior from a locally constrained 

dislocation mechanism. In Figure 1.4(a) the interaction between the two relevant length 

scales, i.e. the film thickness h (dimensional) and the grain size d (microstructural) is 

illustrated.  

 

 

 

Figure 1.4 : (a) Schematic illustration of the interaction between a dimensional length scale h and a 

microstructural length scale d in a polycrystalline thin film. Also illustrated is the dislocation mechanism of 

a propagating misfit dislocation on a glide plane inclined to the film plane (angle Φ) to explain the inverse 

scaling of yield stress with film thickness in epitaxial thin films. (b) Dislocation dynamics model of the 

multiple activation of a Frank-read source constrained by both a relevant grain size and film thickness [66] 

.(c) Illustration of the 2D Dislocation dynamics model of Nicola et al. [67, 68] of a random distribution of 

edge dislocations on glide planes inclined to the film plane and constrained by the microstructural length 

scale d.   

 

The inverse scaling of the yield stress with film thickness in epitaxial thin films has been 

related to the propagation of a misfit dislocation extending from the substrate to the free 

surface of the film and gliding subject to the induced biaxial film stress [69-71]. Equating 

the work done by the biaxial stress as the dislocation moves a unit distance (Figure 

1.4(a)) with the work required to lay down a unit length of misfit dislocation at the 

film/substrate interface determines an inverse scaling relation between the local yield 
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stress and film thickness [64, 71]. While such a scaling law could be experimentally 

verified for epitaxial thin Cu and Al films, it has been demonstrated that such a scaling 

law is inadequate for polycrystalline thin films due to the additional microstructural 

strengthening as present [72]. To date, various dislocation dynamics models have been 

formulated postulating the constrained activation of Frank-Read sources to constitute the 

dominating dislocation mechanism contributing to the additional strengthening 

contribution. While the 3D dislocation dynamics model of Blankenhagen et al. [73, 74], 

based on the multiple activation of a Frank-Read source in a constrained thin film 

geometry (Figure 1.4(b)), has shown the yield stress to scale with both, film thickness 

and grain size, the 2D dislocation dynamics model of Nicola et al. [67, 68, 75] as based 

on a random distribution of Frank-Read sources (Figure 1.4(c)) and on solving the 

thermo-elastoplastic boundary value problem, has not shown such an inverse scaling with 

film thickness and grain size although demonstrating a combination of thickness 

dependent and grain-size dependent hardening. Although the formulation in the latter 

discrete dislocation dynamics models has been different, the fundamental dislocation 

mechanism as assumed, i.e. the activation of Frank-Read sources as well as impenetrable 

passive grain boundaries has been similar.    
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1.2.4 Motivation of the continuum theory of dislocations and the 

development of a continuum with microstructure in a Riemann-

Cartan geometry      

 

Conventional dislocation mechanics relies on classical elasticity theory to derive the 

displacement and stress tensor fields of a dislocated solid while it is the motion of 

dislocation lines (or line singularities in elasticity theory) which accumulate plastic strain 

[76]. As will be demonstrated the main motivation of the methods of differential 

geometry for the present work is to include independent microstructural degrees of 

freedom in a continuum description. It is first demonstrated (to make the presentation 

most clear in linear approximation) that the field equations of defect theory correspond to 

the important tensor fields describing a non-Euclidian geometry. The concept of 

disclinations, i.e. defects of the rotational type, is motivated to include rotational 

incompatibilities in elastoplasticity. The incompatibility tensor fields corresponding to 

both, translational (dislocations) and rotational (disclinations) defects are shown to define 

a Riemann-Cartan geometry. In classical elasticity theory the geometry is Euclidian and 

the compatibility relations satisfy the requirement of single valued continuous 

displacement fields. In contrast, the geometry of a dislocated solid is in general non-

Euclidian and the classical Saint-Venant compatibility relations have to be extended to 

satisfy the requirement that the dislocated solid be simply connected1. In the absence of 

disclinations, this requirement is that the curl of the displacement gradient tensor be equal 

to Nye’s dislocation density tensor [23, 24].  

Consider the deformation of an elastic continuum subdivided into four elements. The 

deformation from the initial state (a) to the deformed state (b) is reached by a 

homogenous uniaxial total strain as shown in Figure 1.4. The displacement field 

corresponding to the deformed state (b) is such that all four elements fit together without 

any holes or tears. In state (c), two of the elements have been subject to independent 

plastic strains only, such as for example due to individual dislocation glide in the 

                                                 
1 In simply connected geometries all closed curves are reducible, i.e. can be shrunk to a point. Examples 
include the Euclidian plane or the geometry of the sphere. An example of a multiply-connected geometry is 
the torus, i.e. a geometry with holes in it. A cracked solid would constitute a multiply-connected geometry. 
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elements, creating a tear in the material. The resulting displacement field is 

discontinuous. Elastic strains have to be superimposed on state (c) to preserve material 

continuity (state (d)). A necessary and sufficient condition for a continuous single-valued 

displacement field in simply connected regions is the Saint-Venant compatibility 

condition on the elastic strain tensor field ε [77]   

     

             0εε  jlikikjlklijijklInk       (1.10) 

 

where Ink is the incompatibility operator for small elastic strains. The deformations are 

compatible if the incompatibility vanishes as in expression (1.10). In elastoplasticity, the 

plastic strain tensor field εp and elastic strain tensor field ε do not separately satisfy the 

compatibility condition whereas the total strain tensor field εT = εp + ε does. The 

incompatibility tensor Ink(εp) is the deviation of the plastic strain from compatibility and 

hence a measure of the amount of defect left in the solid while Ink(ε) = - Ink(εp) since the 

total deformation is compatible. Consider the transformation of an area element from the 

distorted compatible state (d) in Figure 1.5(d) to the relaxed state (c) which could be 

obtained by introducing a cut along the dashed line allowing relaxation of the material 

elements and hence relaxation of the elastic strains.  

              

 
 

Figure 1.5 : Physical interpretation of strain compatibility. Illustrated is the independent transformation of 

the geometry of four discretised elements within an elastic solid. State (a) is the initial undeformed 

configuration while the state in (b) is reached by a homogenous transformation of all four elements. 

Illustrated is the case of a homogenous uniaxial total strain deformation (b). The displacement field u in the 

deformed state (b) is continuous along contour c as illustrated. In the deformed state (c) the individual 

elements 1 and 2 have been deformed by independent plastic shear strains leading to a discontinuous 
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displacement field. Material continuity is preserved by superimposing an elastic strain tensor field (d). The 

compatibility condition (1.10) on the strain tensor field can be understood by the requirement that the 

displacement at point P in state (b), i.e. uP can be expressed by a path independent integral involving the 

displacement fields along contour c1 or c2.    

 

 

 

 

Figure 1.6 : Four characteristic Volterra distortions (b-e) starting from an initially undeformed hollow 

cylinder (a). The first two types of Volterra distortions (b-c) are characterized by a translational closure 

failure, i.e. the Burgers vector b. The distortion state (b) is that of a screw dislocation. The Burgers vector b 

is parallel to the disclination line ξ bounding the two displaced sides of the cut plane A-B. The displacement 

field of distortion state (c) is that of an edge dislocation with Burgers vector orthogonal to the disclination 

line. Distortion states (d-e) are characterized by a rotational closure failure and corresponding rotational 

displacements between adjacent volumes of material. Distortion state (d) is obtained by removing a wedge 

of material from the cylinder and rotating the opposite cut faces to establish material continuity. In analogy 

to the Burgers vector, the Frank vector ω is the corresponding rotation angle and characterizes the 

disclination strength. Distortion state (d) is a wedge disclination with the Frank vector ω parallel to the 

disclination line, whereas distortion state (e) is a twist disclination with Frank vector orthogonal to the 

disclination line.         

 

The metric tensor gij defining the transformation of the squared line element dSd  in the 

deformed reference state (d) separated by infinitesimal distance dxi to the relaxed state 

with squared distance dSr (introducing a cut along the dashed line Figure 1.5 (d) and 

relaxing the elastic strains of the individual elements such that only plastic strains 

remain) is  
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ii
2

d dxdxdS             (1.11) 

jiij
2

r dxdxgdS             (1.12) 

The elastic strain tensor ε is directly related to the metric tensor gij by (1.13) where 

expression (1.14) follows by partial differentiation of (1.13) 

 

 ijijij g
2

1
         (1.13)  

ijmijm 2g         (1.14) 

   

In what follows, the equivalence between the incompatibility tensor (1.10) and the 

Riemann-Christoffel (Appendix 1-2) curvature tensor of space is demonstrated in linear 

approximation. The Riemann-Christoffel curvature tensor of space is a condition on the 

metric tensor and its vanishing is a condition for space to be Euclidian. In Appendix 1-2 

this tensor is constructed from first principles while numerical example calculations are 

given for the geometry of a torus in Appendix 2 to make the notation transparent. From 

now on, the standard physicists’ notation is used in which the covariant order (or valence) 

of a tensor field is denoted by lower indices while upper indices denote the contravariant 

components (Appendix 1). The Einstein summation convention is not altered in this 

notation with a repeated index held to be summed over the components. In Appendix 1 

covariant and contravariant tensors are introduced from first principles. For a general 

reference on the physics of tensor analysis reference is made to the work of Schouten [78, 

79], Roger Penrose [80] and Aris [4]. The Riemann-Christoffel curvature tensor (1.15) is 

expressed in terms of the Christoffel symbols of the first and second kind, i.e. expression 

(1.16) and (1.17). 
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where  are the Christoffel symbols of the second kind and [mlk] the Christoffel 

symbols of the first kind. In linear approximation only the first two terms in (1.15) 

remain as all quadratic terms in the Riemann curvature tensor (i.e. the second and third 

term in (1.15)) vanish. Substitution of the elastic strain tensor (1.14) for the metric tensor 

in (1.15) yields  

i
jk

 

  ( )nmlk nl km ml kn mk ln nk lmR Ink   =-¶ +¶ -¶ +¶ =- ε    (1.18) 

 

Expression (1.18) shows that for the elastoplastic deformation considered, the metric 

tensor describes a Riemannian geometry and as (1.18) does not vanish the space is non-

Euclidian. Further, expression (1.18) shows the equivalence between the incompatibility 

tensor and the Riemann curvature tensor in the linear approximation. For the special case 

of a vanishing plastic strain or equivalently a compatible plastic deformation (Figure 

1.4(b)), the geometry is Euclidian and as a consequence it is possible to define a 

displacement vector field which transforms material points from the initial to the 

deformed state, satisfying the compatibility relations of classical elasticity theory (1.10). 

In contrast, the geometry of a dislocated body is in general non-Euclidian and the 

displacement and rotation fields have to be related to density tensor fields characterizing 

the dislocated state. Nye’s dislocation density tensor αij (with the diagonal components of 

i=j denoting screw dislocations with dislocation line and Burgers vector along direction i 

and the off-diagonal elements edge dislocations) is a measure of the net Burgers vector of 

a distribution of dislocations penetrating surface element dS [17, 23, 81]  

 

       p

S C

d d= =-òò òb α S u                    (1.19) 

 

The second equality follows directly from the continuum definition of the Burgers circuit 

with the plastic displacement vector dup as integrand in the closed loop integral (see the 
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translational closure failures in Figure 1.5(b-c)). Since the total displacement field uT is 

compatible: 

                                       (1.20) p

C C

d d=-ò òu u 

 

where u is the elastic displacement vector field. Defining the displacement gradient 

tensor βij
T=∂jui

T as the relative change in position vector r (connecting points P0 and P in 

Figure 1.4(b)) upon a general elastoplastic deformation  
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where the displacement gradient tensor is shown in a Cartesian coordinate system with 

displacement components u, v and w in (1.22). The symmetric part of the displacement 

gradient tensor is the strain tensor while the antisymmetric part is referred to the rotation 

tensor. From the Burgers circuit construction in (1.19) it follows that Nye’s dislocation 

density tensor α is the rotation of the elastic displacement gradient tensor β   

 

αβ           (1.23) 

  

Consider the four elementary distortion operations on a hollow cylinder as originally 

introduced by Volterra [82] in Figure 1.6. The first two operations (b-c) involve a cut 

along plane A-B and a subsequent translational displacement of the two opposite sides of 

the cut. For the dislocation line ξ parallel to the Burgers vector b, the resulting 

displacement field is that of a screw dislocation while for ξ orthogonal to b it is that of an 

edge dislocation (Figure 1.6 (b-c)). The Volterra distortions of the rotational type involve 

rotational displacements of adjacent volumes of materials. Figure 1.6(d) shows the 

distortion operation for a wedge disclination (disclination line parallel to the rotation 

vector) while Figure 1.6(e) shows that of a twist disclination (disclination line orthogonal 
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to the rotation vector). While a Burgers circuit around the dislocation line of distortions 

(b-c) yields a translational closure failure, the strength of a disclination is characterized 

by a rotational closure failure, i.e. the Frank vector strength ω. As the dislocation density 

tensor α is related to the total translational closure failure in (1.19), it is expected that 

(1.23) has to be extended to account for a disclination density. It is the objective of the 

last part of this section to demonstrate that the general disclinated and dislocated state of 

a crystalline solid is represented in a Riemann-Cartan geometry constituting a continuum 

with microstructure. 

Two important notions of non-Euclidian geometry are discussed: First, the notion parallel 

transport in a non-Euclidian geometry and its relation to the covariant derivative of a 

vector field and second the physical interpretation of torsion and curvature on manifolds. 

In Figure 1.7(a) the principle of parallel transport is demonstrated for the simplest case of 

the geometry on the surface of a sphere. Parallel transport of the tangent vector at the 

pole P along path 1 involves constantly projecting the vector on the local tangent plane 

with respect to the path. Arriving at point q via path 1 yields a different transported 

vector than arriving via paths 2 and 3 illustrating the path dependence of parallel 

transport in a non-Euclidian geometry. Figure 1.7(b) gives a geometric interpretation of 

the dislocation density tensor (i.e. the torsion tensor) in a non-Euclidian geometry by 

considering the construction of a parallelogram out of geodesics (i.e. curved paths of 

shortest distance between two points). Path a (l) in Figure 1.7(b) constitutes a geodesic 

path, i.e. the shortest path distance between points p and r ( p and q). The covariant 

derivative of vector a with respect to path l describes parallel transport of a along path l 

( ) as illustrated. The translational closure failure of the parallelogram (ks) is 

related to Nye’s dislocation density tensor. In Figure 1.7(c) the concept of curvature on a 

manifold is illustrated and related to the disclination density tensor. A vector at point P 

transported along paths a-b is rotated with respect to the same vector transported along 

path l-q-k. The vector difference between the two vectors at point k is a measure of the 

disclination density and described by the Riemann curvature tensor. The Riemann 

curvature tensor is an intrinsic measure of curvature which is measured on the manifold 

by parallel transport of vectors (for example by transporting a gyroscope along the path).       

0a
l
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Figure 1.7 : Geometric construction of the concepts of parallel transport (a), torsion (b) and Riemann 

curvature (c) on manifolds. (a) Parallel transport of tangent vectors on the simplest non-Euclidian 

geometry, i.e. the surface of a sphere. Compare the parallel transport of the tangent vector at the pole 

(arrow at point p) from point p to point q along path 2-3 with transport along the direct path 1. The notion 

of parallelism in non-Euclidian space is different from the Euclidian notion and is constructed in (a) by 

constantly projecting the vector starting from point p to the tangent plane along the path. The transported 

vectors at point q (i.e. via path 2-3 and via path 1) will be different showing that parallel transport is path 

dependent in non-Euclidian space (b) Geometric interpretation of torsion on a general Riemannian 

manifold . A Riemannian manifold may be thought of as coordinate patches (glued together) 

constituting local tangent spaces, in which a local vector field y operates in a locally Euclidian flat 

geometry. A relevant example is the configuration space of a rigid body substructure which is a 6-manifold, 

i.e. 3 degrees of freedom for the vector position of the center of gravity and three for the rotational 

configuration. Consider the geodesics (curved paths of shortest distance) between points p and r (a) and 

between p and q (l). Try to make a parallelogram out of the geodesic lines (i.e. transport vector a along 

vector l by parallel transport and vector l along vector a). The translational closure failure b is the physical 

interpretation of non-vanishing torsion (i.e. a non-vanishing dislocation density tensor) and a generalization 

of the Burgers circuit construction. (c) Physical interpretation of a rotational closure failure and the 

presence of a disclination density. The vector difference between the vector at point k obtained by 

transporting vector n by parallel transport along path a-b and that obtained by transporting vector n along 

path l-h is a measure of the rotational closure failure and the geometric interpretation of the Riemann 

curvature tensor.   
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The geometric construction in Figure 1.7(b-c) shows that the covariant derivative assigns 

a local structure to the manifold. To assign a crystalline structure to the manifold, it is 

required that the lattice vectors be constant everywhere (i.e. no changes in lattice spacing 

and orientation) which is equivalent to the statement that the lattice structure be 

constructed by creating parallelograms out of geodesics (compare to Figure 1.7(b)). This 

statement is expressed by a vanishing covariant derivative of the metric tensor 

 

mklmlklkmlk
m

gg        (1.24) 

      

0glk
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                    (1.25) 

 

The physical meaning of a vanishing covariant derivative of the metric tensor is that at 

any point on the manifold a coordinate system can be found such that the metric tensor is 

locally spatially constant with respect to the coordinate system (i.e. a locally Euclidian 

flat geometry). This is illustrated in Figure 1.7(b) by means of Euclidian coordinate 

patches on the manifold. Note that the connection coefficients ( mlk ) in (1.24) differ in 

general from the Christoffel symbols in (1.16). The space so defined is more general than 

Riemannian spaces and is called a space of linear or affine connection. The physical 

meaning of a vanishing covariant derivative of the metric tensor (1.25) is the construction 

of a deformed crystal lattice from a rectilinear lattice in the relaxed configuration. A 

limiting example demonstrates this point. Consider a purely elastic deformation of a 

perfect crystal for which the spatial derivative of the metric tensor (first term in (1.24)) in 

general does not vanish (such as the deformation from state (c) to state (d) in Figure 1.5). 

The elastic strain tensor field yields a non-vanishing spatial gradient of the metric tensor. 

As the lattice planes have become curved upon the deformation, the non-Euclidian notion 

of parallel transport has to be employed which is equivalent to the statement that the 

covariant derivative of the metric tensor ( lk
m

g ) be different from the spatial derivative of 

the metric tensor ( ). The difference is provided by the linear connection coefficients 

(i.e. the second and third terms in (1.24)). In the linear approximation, expression (1.14) 

is recovered.  

lkm g
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To include the effect of defects on the crystal structure of the manifold, both the violation 

of translational (dislocations) and rotational (disclinations) symmetry has be considered. 

Figure 1.7(b) shows the attempt to construct a parallelogram out of geodesics on the 

manifold in the presence of torsion (i.e. a dislocation density). Analogous to the Burgers 

vector, parallel transport of vector a along path l ( ) and vector l along path a 

( ) yields the pentagon as illustrated with the corresponding translational closure 

failure b. This closing vector is related to the torsion tensor S  [24, 78] as                

0a k 
l

0l k 
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where the edge brackets in the indices denote that only the antisymmetric part of the 

linear connection coefficients contributes to the closure failure. The antisymmetric part of 

the linear connection  is equivalent to Nye’s dislocation density tensor.  [ ]
k

ij

Figure 1.7(c) illustrates a non-vanishing Riemann curvature on the manifold 

characterized by a rotational closure failure v 

 

           (1.27) mnlk
nml

k dldanRdv 

 

where v is the vector difference between vector n as transported along path ab and along 

path lh. While the Riemann curvature tensor in (1.27) is interpreted as the disclination 

density tensor, the torsion tensor in (1.26) is equivalent to the dislocation density tensor. 

The Riemann-Cartan geometry developed constitutes the most general form of a 

continuum with microstructure, characterized by the metric connection  with a total 

of fifteen degrees of freedoms, i.e. six incompatible elastic deformations and nine 

structure curvatures.           
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1.2.6 Elastic instability criteria and motivation of the embedded 

atom method (EAM) to determine the coordination dependent 

cohesive strength of crystalline materials   

 

In this chapter elastic instability conditions are developed to define the theoretical 

strength as the point on the deformation path at the onset of structural instability. The 

internal elastic stability condition for a crystalline material subject to an arbitrary finite 

strain requires that the total free energy change δF associated with the displacements be 

equal to or exceed the mechanical work done δW by the Cauchy stress τij (Figure 1.8). 

 

0WF                     (1.28) 

 

The onset of elastic instability (i.e. the rupture of the atomic bonds) is the point on the 

deformation path at which the work done by the applied stress exceeds the change in the 

total free energy leading to an unstable displacement growth. The latter thermodynamic 

elastic stability criterion allows to define the theoretical strength as the applied stress at 

the onset of an elastic instability. As first shown by Max Born [46] for the case of a 

vanishing applied load, the elastic stability criterion requires several constraints on the 

elastic stiffness constants of the material. However, as shown in the work of Morris [47] 

and Wang [48], Born’s stability criteria is not valid for the case of finite strains. In this 

case, the theoretical strength is not only a function of the intrinsic material properties (i.e. 

the stiffness constants), but also a function of the particular internal stress state and 

history of deformation (captured in the local stiffness constants). This analysis forms the 

framework in the investigation on the orientation dependency of ductile-to-brittle 

transitions in chapter 4. In this chapter the implementation of the elastic stability analysis 

in the EAM for the determination of the theoretical strength is demonstrated providing a 

relevant example at the end of this chapter.     

Figure 1.8 illustrates the formulation of the elastic stability criteria for a crystal subject to 

finite strain in continuum mechanics. The total change in free energy corresponding to a 
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reconfiguration (displacement u) is expanded in terms of the Green-Lagrange strain 

tensor E        

 

  
 

Figure 1.8 : (a) Schematic illustrating the principle of virtual reconfiguration (virtual displacement from 

configuration t0 to t ) used to obtain the elastic stability criterion of a crystalline structure at finite strain. 

The thermodynamic stability criterion requires that the total work done (W) by the Cauchy stress τij in the 

reconfiguration (i.e. displacement) cannot exceed the total change in the Helmholtz free energy (i.e. F-

W≥0). The elastic stability condition is obtained by expanding the free energy change F in the Green-

Lagrange strain as well as the virtual work W in terms of the surface forces fi acting on the system 

boundaries (normal vector n). (b) Schematic illustrating the transformation of the initial bcc crystal 

structure into an unstressed fcc structure at the Bain strain upon tension along [001] and corresponding 

contraction along [100] and [010]. The stable fcc structure at the Bain strain corresponds to a saddle point 

in the total free energy versus strain dependency.        
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where σij is the stress tensor in the reference state (corresponding to F0) and Cijmn the 

elastic stiffness constants. Evaluating the work done due to a virtual reconfiguration 

(displacement) of the system boundary (Figure 1.8(a))  
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Substituting the incremental change in the work done (1.30) and free energy change 

(1.29) into the stability condition (1.28) yields the elastic stability condition in terms of 

the stiffness coefficient matrix B   
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The elastic stability condition (1.31) requires all eigenvalues of the symmetric part of the 

stiffness coefficient matrix to be positive. The point of instability occurs where all 

eigenvalues in (1.31) vanish. The stiffness constants in (1.32) are local corresponding to a 

particular point on the deformation path (i.e. corresponding to reference stress tensor σij). 

The corresponding theoretical strength is not only intrinsic to the material but depends on 

the general internal stress state and deformation history.  

In what follows, the embedded atom method (EAM) is motivated to compute the 

potential energy of atomic configurations of fcc and bcc metals (Chapter 4). The EAM 

captures the most essential physics of metallic bonds, i.e. the delocalization of electrons 

and the associated coordination dependent cohesive energy and bond strength. As 

demonstrated by Daw [83, 84], the interatomic potentials of the EAM are directly derived 

from approximations within density functional theory (DFT). The functional form of the 

potential energy of an atomic configuration in the EAM is dependent on both, a two term 

electrostatic interaction and a many-body term depending on the energy required to 

embed an atom i into a environment with local electron density ρi.  
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where V is the potential energy,   the interaction energy, ri the atom positions and 

 iF   the embedding function depending on the energy required to embed atom i in an 

environment with electron density i . For the Finnis-Sinclair [85] potential (FS) the 

embedding function has the form    AF  . It is these many-body effects as 

captured in the embedding function which is most important for the coordination 

dependent strength of a crystalline material. For example, a potential model accounting 

for pair interactions only for a cubic crystalline structure gives rise to two stiffness 

constants being equal (C12/C44 =1) known as the Cauchy relation as well as a ratio of the 

vacancy formation energy to the cohesive energy of unity. It is the many-body effects in 

metals manifested by the delocalized atomic bonding which give rise to distinct stiffness 

constants. The elastic stiffness constants of cubic crystals can be directly determined by 

straining several unit cells (along normal and shear directions) subject to periodic 

boundary conditions in a MD model using the EAM potential model (1.33) (Appendix 3). 

The virial equation expresses the virial stress tensor as the average internal stress of the 

simulation cell under three dimensional periodic boundary conditions [86]. At 0K the 

kinetic terms vanish yielding the virial stress tensor σ in terms of the atomic forces and 

relative distance vectors 
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where N is the total number of atoms, Ω the occupied volume, fij and rij the force and 

relative distance vector between atoms i and j.   
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Synchrotron x-ray microdiffraction reveals rotational 

plastic deformation mechanisms in polycrystalline 

thin films  
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rotational plastic deformation mechanisms in polycrystalline thin films. Acta Materialia, 
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Abstract  
 

Understanding the mechanical response of polycrystalline materials on the mesoscopic 

scale remains a challenge as it is largely determined by grain to grain interactions and the 

discrete underlying microstructure. We conducted in situ synchrotron Laue 

microdiffraction experiments to map local strain tensors and orientations over 

polycrystalline thin gold films for different applied biaxial strain states. The experimental 

results demonstrate stress relaxation to be accompanied by cooperative transport of 

dislocation density leading to rotational plastic deformation heterogeneities. We propose 

a disclination model of closed dislocation walls and consider the geometry of 

transformations corresponding to a Burgers circuit enclosing the multipole disclination 

configuration. The observed stress driven rotational deformation of the grain is shown to 

be described by the change in rotational closure failure associated with a Burgers circuit 

around the multipole disclination configuration. This concept is further advanced in a 

non-Euclidian geometry to demonstrate that the observed micro-rotation is captured by 

higher order gradients in a micropolar continuum theory.  
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2.1 Introduction  
 

Understanding the deformation mechanisms in small scale structures, such as thin films 

on substrates, is crucial for the design and fabrication of microelectronic components [1, 

2]. As mechanical stresses increase with decreasing geometrical or structural dimensions, 

the probability of stress induced failure increases which in turn can lead to the failure of 

microelectronic devices such as for example manifested in the formation of voids and 

hillocks on conductor lines in semiconductor devices [3] or passivation cracking due to a 

pileup of dislocations at passivation layer interfaces [4]. 

On a more fundamental level, scaling in mechanical properties of thin metal films has 

been understood by geometric constraining effects on dislocation motion [4-8]. On the 

mesoscopic scale (0.1-10 micron) these size effects are associated with the inherently 

inhomogeneous nature of plastic deformation in both polycrystalline and single crystal 

materials. While the latter size effects in polycrystalline thin films could be captured by 

dislocation dynamics studies [6, 7], the operating deformation mechanism as postulated 

in these models, i.e. activation of random Frank-Read sources in the grain interior and 

passive, impenetrable grain boundaries, has not been experimentally verified. Electron 

back-scattering experiments on deformed aluminum crystals revealed inhomogeneous 

plastic deformation patterns between neighboring grains attributing grain boundaries an 

active role in the deformation mechanism [9, 10]. TEM studies on plastically deformed 

aluminum crystals demonstrated a scaling behavior in both the spacing between 

geometrically necessary dislocation boundaries as well as the corresponding 

misorientation angles with accumulated plastic strain [11, 12]. Recently, synchrotron 

microdiffraction experiments on polycrystalline thin aluminum films have shown large 

scale inhomogeneities in resolved shear stresses within individual grains suggesting to 

introduce an intragranular length scale determining the onset of plastic deformation [13]. 

It is the structural transformations of grain boundaries due to a stress field such as 

understood by a coupling of tangential translation and normal motion of the grain 

boundary [14-16] or by the concept of moving disclination dipoles [17, 18] which has 

been the subject of investigation to explain plastic deformation heterogeneities such as 
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rotational substructures. While the continuum theory of dislocations has been firmly 

established [19, 20], a challenge remains to date to understand the mechanical response 

of polycrystalline materials on the mesoscopic scale, as it necessitates to model explicitly 

grain-to-grain and grain boundary-dislocation interactions and to solve the corresponding 

boundary value problem [21, 22]. At the same time, the importance of the methods of 

differential geometry in including higher order gradients in deformation kinematics to 

describe scale dependent material behavior has been demonstrated [23, 24] starting with 

Nye’s [25] original tensorial description of geometrically necessary dislocation density 

(GNDs) and culminating in Kröner’s [19] demonstration of the equivalence of Cartan 

torsion and GND density. As cooperative dislocation effects (i.e. the manifestation of 

new properties of an ensemble of dislocations of the same sign at some critical density 

and geometric configuration), which arise due to a redistribution of polar (GND) 

dislocation density are expected to be dominant on the mesoscopic scale, the key to 

provide insight into the deformation mechanism of polycrystalline ensembles are local 

strain and orientation measurements on the latter length scale. Examples of cooperative 

effects include a pile-up of ensembles of dislocations of the same sign at grain boundaries 

leading to strain localization and consequently to inhomogeneous plastic deformation.  

The foregoing review suggests a fundamental open question addressing the role of the 

evolution of GND density and dislocation boundaries as sources and sinks of dislocation 

density for the mechanism leading to rotational plastic deformation patterns as 

deformation proceeds in a polycrystalline ensemble.  

The development of third generation synchrotron x-ray sources [26] together with 

advances in x-ray optics [27] have made it possible to use x-ray probes with micron 

spatial resolution to study mesoscale deformation mechanisms [28-31]. Polychromatic x-

ray probes have the unique advantage that mesoscale deformation mechanisms can be 

studied on multiple length scales as a scattered Laue beam is sensitive to crystallographic 

orientation, unit cell elastic distortion and plastic deformation patterns while requiring no 

sample rotations. We performed scanning Laue microdiffraction experiments with a 

novel type of photon counting x-ray area detector, the Pilatus 6M [32] which is the 

significantly improved successor of the Pilatus 1M prototype [33]. The model material 

system comprised thin polycrystalline gold films sputter deposited on Si/SiNx substrates. 
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The biaxial strains were thermally imposed by changing the mismatch strain between 

substrate and film. The local distribution of the strain tensors and orientations in 

conjunction with a detailed peak profile analysis allowed us to reconstruct the 

deformation mechanism in several individual grains. The experimental observations are 

discussed in Section 2.4.1 to idealize a mechanism explaining the observed rotational 

plastic deformation accompanying the stress relaxation. Further, the rotational 

mechanical response of the grain is rationalized as a manifestation of the change in the 

dislocated state comprising the coupled system of polygon and branching dislocation 

walls. The latter main ideas are further advanced in Section 2.4.2 to interpret the results 

in the framework of a micropolar continuum theory.   

 

2.2 Experiment and Methods 

 

2.2.2 Sputter deposition and biaxial stress measurements  

 

The polycrystalline gold films (1 micron film thickness) were DC magnetron sputtered on 

(001) oriented Si substrates coated on front and back with a 50 nm thick amorphous SiNx 

layer. Film deposition was carried out under high vacuum conditions (10-7 mbar) at a 

sputtering power of 360 W corresponding to a total deposition rate of 1.1 nm s-1 at room 

temperature. During deposition, the Ar+ pressure was maintained at 30 mbar. Prior to 

sputtering the substrates were radio frequency Ar+ sputter cleaned (Argon pressure ~ 30 

mbar) to remove carbon surface contaminants. Immediately after deposition, the films 

were annealed in the sputter chamber at a temperature of 550 °C. The evolution of the 

biaxial film stresses was measured during 3 temperature cycles by the wafer curvature 

method [4] using a multi-beam laser array to monitor the deflection of a 2D array of 

parallel laser spots (kSA multi-beam optical sensor technology). After annealing, the gold 

films showed a stable (111) fiber-textured columnar microstructure with an average grain 

size of several microns (Figure 2.10(a) and 2.10(b)).  
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Figure 2.10: (a) X-ray diffraction pattern from the polycrystalline thin gold film (1 micron thickness) as 

sputter deposited. The film shows a sharp (111) texture. (b) Scanning electron micrograph image of the 

polycrystalline gold film after annealing showing an average grain size of several microns. (c) Macroscopic 

biaxial film stress versus temperature evolution of the polycrystalline thin gold film as measured by the 

wafer curvature method. The biaxial tensile stresses decrease as the temperature increases as compressive 

stresses develop in the film. The biaxial film stress evolution is reproducible after the second temperature 

cycle. (d) Normalized average peak width of all indexed Laue peaks integrated over grain 1 as a function of 

the biaxial strain state. The normalized peak width decreases continuously during the heating cycle 

indicating a continuous decrease in the statistically stored dislocation density within the grain during 

heating.  
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Biaxial film stresses arise at deposition and during the temperature evolution due to 

differences in the thermal expansion between substrate and film. The equi-biaxial stress 

state is related to the substrate radius of curvature R  by Stoney’s equation [34, 35] 
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where   is the biaxial stress, R the substrate radius of curvature, MS the biaxial elastic 

modulus of the substrate (Ms = Es /(1-vs)), hs and hf the thickness of the film and substrate, 

Es and vs are the Young’s modulus and Poisson ratio of the substrate. Figure 2.10(c) 

shows the biaxial stress evolution for 3 temperature cycles as determined from the 

measured substrate curvature by (2.10). The first temperature cycle eliminates the fine 

grained microstructure in the as-deposited state. Consequently, the biaxial stress versus 

temperature behavior for this cycle is unique. After the first cycle the stress temperature 

history is reproducible. At room temperature the biaxial stress state of the film is tensile 

exceeding 100 MPa (positive substrate curvature). As the temperature increases, the 

biaxial stresses become more compressive. Up to about 100°C the macroscopic biaxial 

deformation is thermoelastic with the slope of the hysteresis curve in this regime equal to 

the product of biaxial modulus and thermal expansion coefficient (Figure 2.10(c)).   

 

2.2.3 Synchrotron x-ray Laue microdiffraction  

 

The microdiffraction experiment was conducted at the MicroXAS (X05LA) beam line at 

the Swiss Light Source (SLS) providing micron-focused x-rays from an undulator 

insertion device (photon beam energy of 2.4 GeV at a beam current of 400 mA) in the 

energy range between 5-18 keV. The pre-optics and KB mirrors [36] were optimized to 

achieve a beam spot size of 1.1x1.4 micron (horizontal x vertical). The Laue diffraction 

patterns were collected using the Pilatus 6M photon counting area detector (developed at 

the SLS) which is based on the CMOS hybrid pixel technology operating in single–

photon counting mode [32, 33]. X-rays are directly transformed into electric charge in the 
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silicon sensor. The signals are amplified and processed in the CMOS readout chips. This 

technology allows to collect noise free data with a maximum dynamic range of 20 bit at 

speeds ranging from 10-300 Hz. In comparison, area detectors based on charge coupled 

devices (CCDs) or imaging plates have a restricted dynamic range of <17 bit with a 

relatively high intrinsic background and long readout times. Pilatus detectors feature an 

adjustable lower energy threshold which allows for energy discrimination which is 

important for experiments where most of the desired information is within weak 

diffraction intensities.  

The experimental setup and geometry is illustrated in Figure 2.11. Using a fixed 

diffraction geometry (Ω=45° and 2θ=90°) the sample is translated relative to the beam to 

collect Laue diffraction frames at different sample positions over the polycrystalline 

ensemble.  
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Figure 2.11: (a) Experimental setup and diffraction geometry employed at the MicroXAS beamline of the 

Swiss Light Source. The incoming synchrotron x-ray beam (wavevector kin) from an undulator insertion 

device is micron-focused onto the sample (1) using a pair of KB mirrors (3). The diffracted x-ray beams 

(wavevector kout) are collected using the Pilatus 6M photon counting area detector (4). The sample holder is 

mounted on a step motor translation stage (2) to collect Laue frames over the polycrystalline ensemble. 

Also shown is the optical camera (5) and fluorescence detector (6). (b) Angular 2θ-Ψ space on the detector 

plane as specified by the experimental geometry. 
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The sample was strained in situ biaxially by heating the sample up to a temperature of 

about 220°C comprising a total of 10 temperature intervals (heating and cooling). To 

minimize thermal expansion effects the heat was transferred to the sample by a 

specifically designed conducting glass ceramic unit (Zerodur) with an extremely low 

thermal expansion coefficient (~ 10-7 K-1). The area of interest (21x21 micron over the 

polycrystalline ensemble) was marked by milling square shaped holes (5x5 micron) 

through the film by a focused ion beam (Appendix 5). At each temperature state a total of 

882 Laue diffraction frames (corresponding to 2 different exposures) were collected 

corresponding to a lateral step size of one micron. After each temperature step 2D 

fluorescence scans were taken over the area of interest to correct for sample drift due to 

minimal thermal expansion effects (Appendix 5).  

Prior to the in situ experiment, Laue diffraction patterns from a separate pure silicon 

sample have been collected to calibrate the five independent geometrical parameters that 

allow determination of the experimental scattering vectors q of the corresponding Laue 

peaks. These are the center channel position on the Pilatus detector, the distance of the 

diffraction volume to the center channel and two angles specifying the tilt of the detector 

with respect to the incoming beam with wavevector kin. The wavevectors of the scattered 

beams kout as specified by the Laue peak positions give the scattering vectors assuming 

elastic scattering  

 

inout kkq                                   (2.11) 

 

The Laue diffraction patterns have been indexed using the software package XMAS [37]. 

The software allows to index overlapping Laue patterns originating from different grains 

within the illuminated diffraction volume. Figure 2.12(a) shows the indexed Laue 

diffraction frame originating from the pure silicon sample at room temperature. Figure 

2.12(b) shows a representative indexed Laue diffraction pattern from the polycrystalline 

gold sample at a temperature of 60°C.  

The absolute peak positions show the strong <111> texture of the film and determine the 

crystallographic orientation while the deviation of the peak positions relative to that of 

the unstrained Laue pattern determine the deviatoric strain tensor [37]. The stress tensor 



 43

is derived from the elastic strain tensor by the stiffness tensor (3 independent components 

for cubic crystals).  
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where kl  denotes the elastic deviatoric strain tensor as measured,  the deviatoric 

stress tensor and  the stiffness tensor.  
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Figure 2.12: (a) Indexed Laue microdiffraction pattern from a Silicon (100) oriented calibration 

sample originating from a diffraction volume of about 1.1x1.4x1 micron. The black lines 

constitute the gaps between the individual detector modules. The average pixel deviation of all 

indexed Laue peaks is below 0.2 pixels.  
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Figure 2.12 (b) Indexed Laue microdiffraction pattern from the polycrystalline gold sample at a 

temperature of 60°C. The deviatoric strain tensor is determined by the deviation of the Laue spots from the 

unstrained positions. 

 

For the large solid angle subtended (~400x400 mm at a sample-detector distance of 330 

mm), and a pixel deviations of the indexed Laue patterns after strain refinement (~ 0.4), 

the strain sensitivity is about 2·10-4 while crystallographic orientations can be measured 

to a precision of 0.01°. 

From the measured local crystallographic orientations and deviatoric stress tensor (2.12), 

the resolved shear stresses acting on each of the 12 slip systems (of type <110> (111) for 

face-centered cubic) are determined through the Schmid tensor Pα 
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where s and n denote the slip direction and normal vector to the slip planes,  α the slip 

system and the components of the tractions projected along the slip directions. Given 

the local deviatoric stress tensor (2.12) and the crystallographic orientation in the sample 

reference frame, the slip direction corresponding to the maximum resolved shear stress is 

determined via (2.13) and (2.14).  

 ij

 

2.3 Results 
 

Figure 2.13 shows the deviatoric stress tensor maps over the scanned area as determined 

from the indexed Laue patterns from room temperature up to 150°C. Superimposed are 

contour plots illustrating the gradient in the in-plane crystallographic orientation as 

determined by the absolute Laue peak positions corresponding to each scanned 

diffraction volume. The polycrystalline ensemble of interest in this study is marked by 

numbers from 1-5. At room temperature the normal stresses in x and y within grain 1 

reach between 80-100 MPa and between 50-80 MPa while the grain is subject to a shear 

stress gradient between upper and lower boundaries (difference in the shear stress of 

about 120 MPa). In addition to the shear stress gradient, a gradient in the normal stress 

components develops as the temperature is increased to 60°C. The stress difference of the 

normal stresses in x and y reaches about 70 MPa and 80 MPa. Comparing the evolution 

of the normal stresses σyy and shear stresses τxy within the grain between room 

temperature and 90°C, it can be seen that both stress components within grain 1 relax. At 

a temperature of 90°C, the grain remains in a state of compression as shown by the 

compressive stress gradient acting on upper and lower boundaries (reaching a difference 

of ~ 80 MPa between grains 2 and 4). As the temperature increases further to 150°C, 

grain 1 is subject to a normal stress gradient in the x direction acting between grain 4 and 

grain 3, while the normal stress component σyy within the grain relaxes. 
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Figure 2.13: Deviatoric stress tensor maps over the polycrystalline ensemble from room temperature to 150°C. Superimposed are 

contour plots illustrating the gradient in the in plane orientations (smallest angle between the set of [100] crystallographic directions 

and the x-axis). At room temperature the central grain (grain 1) is subject to a shear stress gradient (between grains 4 and 2) on upper 

and lower boundaries (difference of ~120 MPa). Up to 90°C a normal stress gradient acts on the central grain reaching a stress 

difference of about 80 MPa (between grains 2 and 4).  
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Figure 2.14 illustrates the in-plane orientation map over the ensemble up to a temperature 

of 90°C. The central grain is surrounded by six grains of a different in-plane orientation. 

Comparing the indexed Laue patterns with the in-plane orientations we find that the grain 

boundaries correspond to large angle grain boundaries. Close to the boundaries of the 

central grain closed dislocation walls have formed as demonstrated by scanning the 

indexed Laue peaks both along and across the boundaries (Figure 2.14). Starting from 

within the central grain and scanning across the boundaries the Laue peaks split into two 

characteristic intensity maxima as the dislocation walls are passed and into three 

subpeaks at the triple junctions (Figure 2.14). The angular distance between the intensity 

maxima corresponds to the rotation of the Laue pattern and hence the misorientation 

between the crystal domains.   

Figure 2.15 shows the in-plane crystallographic orientation through the center of the 

grain volume (line p7-p8 in Figure 2.14) showing that the crystal volume of the grain 

rotates as the temperature increases from 60°C to 90°C. Note that the orientation change 

corresponds to a relative orientation change (i.e. with respect to the surrounding grains) 

as the crystallographic orientation of the neighboring grains (i.e. grains 3,4 and 5 in 

Figure 2.13) does not change from 60°C to 90°C to within the precision of the orientation 

measurement (0.01°). Similar observations of grain rotations have been made for other 

grains.   

Figure 2.16 shows vector field plots of the crystallographic slip directions corresponding 

to the maximum resolved shear stress among the 12 slip systems (of type <110>(111)) as 

determined from the measured deviatoric strain tensor and local crystallographic 

orientation by (2.12)-(2.14). The directions are projected onto the x-y sample plane 

(Figure 2.16). Figure 2.17 shows representative examples of the evolution of the intensity 

profiles through selected Laue peaks as scanned along the dislocation walls. A set of 

intensity profiles of the (-4-24) Laue peak along 2θ at constant Ψ as the peak is scanned 

starting within the grain and crossing the upper dislocation boundary at room temperature 

can be found in Figure 2.17(a). As the dislocation wall is approached, the Laue peak 

splits into two peaks while the intensity of the subpeak increases and the one of the 

primary peak decreases.  
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Figure 2.14: Smallest angle between the set of <100> crystallographic directions (projected onto the x-y plane) and the 

sample x-direction as computed from the absolute Laue peak positions corresponding to different temperatures. The 

dashed lines indicate the dislocation walls close to the grain boundaries within the grain. Illustrated is a representative 

example showing the characteristic peak splitting of the (-2-42) and (-4-22) Laue peaks at 90°C as scanned along and 

across the dislocation walls. a.) Laue peak (-2-42) scanned along the lower dislocation wall (3→2) passing the triple 

junction at 3. As the triple junction is passed two characteristic intensity maxima remain corresponding to a rotation of 

the Laue pattern by the corresponding misorientation angle of the dislocation wall. b.) Laue peak (-4-22) scanned across 

dislocation wall (1→2) towards the grain interior passing the triple junction at 2. As the dislocation wall is passed the 

subpeak vanishes corresponding to a rotation of the Laue pattern by the corresponding misorientation angle of the 

dislocation wall. 
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Figure 2.15: In-plane orientation change of the crystal volume within the grain (along profile p7-p8 (Figure 

5)) between 60° and 90°C. The in-plane orientation change is also relative to the surrounding grains (i.e. 

grains 3, 4 and 5 in Figure 5) as their crystallographic orientation is constant to within the precision of the 

orientation measurement (+/-0.01°).  
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Figure 2.16: Vector field plots of the crystallographic slip direction attaining the maximum resolved shear 

stress among the 12 slip systems (of type <110>(111)) projected onto the x-y sample plane. Shown is the 

central grain 1 from room temperature up to 150°C.  
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Figure 2.17: Representative examples of the intensity profiles of the (-4-24) and (-4-22) Laue peaks along 

2θ and Ψ as scanned across and along the misorientation walls. a.) Intensity profile of Laue peak (-4-24) 

versus 2θ at constant Ψ scanned across the upper misorientation wall at room temperature (along line p1-p3 

in Figure 5). The Laue peak splits into two peaks at the misorientation wall with the intensity of the 

primary peak decreasing. The angular distance between the intensity maxima corresponds to the rotation of 

the Laue pattern. The limits of angular 2θ-Ψ space on the contour plot corresponds to 65.8°<2θ<67.2°  and 

16.4°<Ψ <18°. b.) Intensity profile of the Laue peak (-4-22) scanned along the lower boundary (along line 

p4-p6 in Figure 5) at T = 90°C. The limits of angular 2θ-Ψ space on the contour plot corresponds to 

95°<2θ<97°  and -30°<Ψ <-38.5°. 
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Figure 2.17(b) shows the intensity profiles through the (-4-22) Laue peak as it is scanned 

along the lower dislocation wall (see Figure 2.14) at a temperature of 90°C. Table 1 

summarizes the measured misorientation angles of the dislocation walls (labeled as in 

Figure 2.14) from room temperature to 90°C.  

To obtain a measure of the evolution of the defect density within the grain in 

consideration, the evolution of the peak width of all indexed Laue peaks integrated over 

the total diffraction volume of grain 1 is plotted as a function of the biaxial strain state in 

Figure 2.10(d). The integrated average peak width over the grain decreases continuously 

during the heating cycle while increasing during the cooling cycle from about 290°C to 

room temperature.     

 

2.4 Discussion  

 

2.4.1 Rotational plastic deformation as a manifestation of the 

transport of polar dislocation density  

 

Consider the evolution of the crystallographic directions corresponding to the maximum 

resolved shear stresses within the central grain as shown in the vector field plots in Figure 

2.16. At room temperature the maximum resolved shear stresses within the grain reach 

about 100 MPa while the crystallographic directions and corresponding planes yielding 

the maximum resolved shear stresses are aligned from upper and lower dislocation walls 

towards the grain interior when projected on the x-y sample plane (Figure 2.16 and 

Figure 2.18). Figure 2.18 shows a schematic summarizing the experimentally determined 

evolution of misorientation angles of the dislocation walls forming the polygon and of the 

other six branching walls as determined by the angular spread of the splitted Laue peaks 

along the boundaries and at the six junctions (Figure 2.14). Also illustrated is a projection 

of the dominant crystallographic slip systems within the central grain on the x-y sample 

plane. The misorientation angles of the corresponding dislocation walls along lower 

(1→2) and upper (4→5) boundaries decrease continuously from room temperature to 
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90°C (Table 1) while the net change of the misorientation angles corresponding to all 

other polygon dislocation walls is both positive and negative (i.e. -0.12° and +0.14° 

contributing about a zero net change in the polar dislocation density content of the system 

of boundaries forming the closed polygon) suggesting cooperative transport of polar 

dislocation density both among the dislocation walls and between the grain interior and 

the walls. Indeed, the decrease in the average peak width of all indexed Laue peaks from 

room temperature to 150°C suggests a continuous decrease in the statistically stored 

dislocation density within the grain (Figure 2.10(d)). The vector field plots (Figure 2.16) 

show that the vector directions within the grain change at 60°C from the room 

temperature state pointing along the positive x-direction while the resolved shear stresses 

reach a maximum along lower and upper dislocation walls (see the schematic in Figure 

2.18(a-c) and Figure 2.13).  

 

Table 1 : Misorientation angles (degree) of the misoriented domain walls within the central grain (Figure 

2.15) as determined by scanning the indexed Laue peaks across and along the misorientation walls. The 

angular distance between the discontinuously split intensity profiles along 2θ and Ψ determines the 

misorientation angle which corresponds to the rotation of the Laue patterns originating from the differently 

oriented domains. The misorientation angle corresponding to the lower and upper walls decreases 

continuously up to a temperature of 90°C. 
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Figure 2.18: Schematic showing an idealization of the experimental observations in terms of wedge disclination dipoles. 

Figures 2.18(a-c) show the evolution of the misorientation angles constituting both, polygon and branching boundaries 

together with the dominant glide directions corresponding to the maximum resolved shear stress within the grain interior. 

Also illustrated are shear and normal stress gradients the grain is subject to and the proposed mechanism of disclination 

motion. Figure 2.18(d) illustrates the geometry of transformations in terms of transformation matrices across the 

branching and polygon dislocation walls. The closure failure corresponding to the sequence of transformations 

AFEDCB around the polygon is equal to the sum of the Frank vector strengths constituting the disclination dipoles 

(Table 2). 
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Following the latter argument, it is both the transport of dislocation density by dislocation 

glide among the closed dislocation walls and between the walls and the grain interior 

which is responsible for the evolution of the misorientation angles and hence the 

rotational plastic deformation of the grain considered. In the present context, the concept 

of disclinations is motivated to connect structural transformations of dislocation walls (in 

terms of changes in misorientation angles) to the associated rotational deformation 

process. As the observed rotational deformation process is a mesoscale phenomena with 

an associated length scale equal to the grain size, the following disclination description 

aides in bridging the length scale from the microscopic to the mesoscopic level. For a 

review on current state of the art and theory of disclinations we refer to the work of 

Romanov and co-workers [38, 39]. In analogy to the Burgers vector b specifying the 

translational closure failure corresponding to a dislocation line ξ, the Frank vector ω 

specifies the rotational closure failure corresponding to a disclination, a defect of the 

rotational type leading to rotational displacements of adjacent volumes of the material 

(Figure 2.19(c)). Any disclination can be represented by the superposition of dislocations, 

the most simplest example the wedge disclination dipole (ω parallel to the disclination 

line) representing an edge dislocation tilt boundary.  

Figure 2.18(a-c) shows a schematic of the structural evolution of the dislocation walls in 

terms of a multipole wedge disclination configuration. Also indicated is the evolution of 

normal and shear stress gradients the grain is subject to. Disclinations can move 

conservatively by the emission or absorption of dislocations [40-42], the simplest case 

being the emission of edge dislocations from a moving perfect wedge disclination. 

Recently, such mechanisms have been first postulated to explain the experimentally 

observed grain rotations in fine-grained materials [18, 43]. It has been shown that the 

process of moving disclination dipoles by dislocation emission processes is energetically 

favorable if the grain size exceeds about 50 nm [18]. For thin film systems the free 

surface significantly reduces the strain energy of disclination structures [38] as well as 

the energy barrier for dislocation emission from the grain boundaries. In addition, in thin 

film systems the grain boundaries are in general attributed a greater role in plastic 

relaxation processes due to a lower density of dislocation sources within the grain 

compared to bulk systems. Nucleation of disclination dipoles has been studied in the 
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context of the formation and propagation of misorientation bands [39, 44], the majority of 

studies indicating nucleation at sites of inhomogeneous stress states such as occur at 

stress concentrators like triple junctions of grain boundaries [45]. 

Grain rotations in polycrystalline thin gold films have also been observed [46] at higher 

temperatures and smaller grain sizes where diffusional mechanisms become increasingly 

important. In the TEM studies, the grain rotation was indirectly measured by observing 

changes in inter-twin angles together with grain shape changes between successive long 

anneals. The kinetics of grain rotation could be understood by diffusive fluxes of material 

necessary to accommodate the measured shape changes of the grain. Diffusion controlled 

grain rotations have been described by grain boundary sliding mechanisms [47, 48] as 

well as by disclination models for the non-conservative climb of grain boundary 

dislocation walls [49]. As focus is placed in this study on the low temperature 

deformation mechanism as well as relatively large grain sizes within the macroscopic 

thermoelastic response of the film (Figure 2.10(c)), diffusion controlled mechanisms are 

not expected to operate. Compared to the mentioned experimental studies both, 

misorientation angles and crystallographic orientations within the grains could be 

unambiguously determined by in-situ microdiffraction allowing to relate the observed 

rotation to structural changes of the multifold branching dislocation walls.  

We propose the following mechanism leading to the observed rotational plastic 

deformation accompanying the stress relaxation of the grain. Consider the schematic in 

Figure 2.18(a) showing a  dipole of nucleated disclinations near the junctions of the upper 

and lower dislocation walls. As described in stress driven propagation of fragment 

boundaries by moving disclination dipoles [38, 43], the disclination dipole moves 

conservatively by attracting statistically stored dislocation density from the grain interior. 

In the present case, the driving force for such a conservative movement is the shear stress 

gradient the grain is subject to (Figure 2.13) while the process is initialized by a splitting 

of the statistically stored dislocation density within the grain into polar charges   and 

  which are subsequently transported to each of the dipoles. 

The evolution of the directions of the crystallographic slip systems yielding the maximum 

resolved shear stresses from room temperature to 90°C suggests that such a correlated 

supply of polar dislocation density can take place during the dipole movement. The main 
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characteristics of the latter mechanism are: (i) the splitting of statistically stored 

dislocation density into polar charges   and   (ii) the conservative movement of the 

nucleated disclination dipole along the dislocated boundaries by the action of the shear 

stress gradient and the attraction of the polar density charges (iii) the transport of polar 

dislocation density among the closed dislocation walls (iv) the continuous decrease of 

statistically stored dislocation density within the grain as experimentally observed (Figure 

2.10(d)). With the aid of the latter mechanism the observed rotational deformation is 

understood as a manifestation of structural changes of the dislocation walls constituting 

the coupled system of closed polygon and branching walls. The operating mechanism of 

the transport of polar dislocation density within the system of dislocation walls can be 

understood in terms of the propagation of a relaxation wave from the distorted core of a 

sink activity in the dislocation wall to the surrounding system of polygon and branching 

walls [50, 51]. 

In what follows our objective is to understand the observed rotational deformation in 

terms of the evolution of the disclinated state comprising the multipole disclination 

system (Figure 2.18). As the translational closure failure of each dislocation wall is 

conserved at the triple junctions, the sum of the corresponding Burgers vectors (with an 

associated dislocation line sense pointing into the triple junctions) is zero. In analogy to 

the translational closure failure in the case of dislocations, the rotational closure failure υ  

in the presence of disclinations is specified by a Burgers circuit around the corresponding 

disclination lines (in the present case pointing along +/- [001]T in Figure 2.18)  

 

j ij idx =ò
C

                                                 (2.15) 

where ij is the curvature tensor [25] relating infinitesimal changes in lattice rotations 

about an orthonormal vector basis to the corresponding displacement field  

(

jdx

ji dxd ij  ). In the present case, the rotational closure failure associated with the 

disclinations forming the dislocated polygon boundaries (Figure 2.18(d)) is evaluated by 

a closed Burgers circuit containing the multipole disclination configuration. This contour 

C is illustrated in Figure 2.18(d) as a closed circuit containing the mutipole disclination 
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configuration. Any rotation of the crystal volume inside the polygon results in a 

corresponding change in rotational closure failure in expression (2.15). Indeed, this result 

may also be understood a manifestation of the change in the surface density of the Frank 

vector field within a surface area bounded by contour C as is demonstrated in Section 

2.4.2. Since the contour path encircling the disclination multipoles is arbitrary, contour C 

in (2.15) can be decomposed into contour paths C1 + C2 + C3 + C4 + C5 + C6 encircling 

each of the disclinations forming the dislocated boundaries of the polygon where the 

contour paths connecting C1 to C2 (and the following sequence) do not contribute to the 

rotational closure failure (for example, for connecting paths tracing the polygon 

boundaries there is no change in crystal rotation with respect to the path and hence no 

contribution to the rotational closure failure). As a result, the rotational closure failure in 

(2.15) can be expressed in terms of the sum of Frank vector strengths of the multipole 

disclination configuration  

 

        (2.16) 
2 3 4 5 6

j ij i ij i ij i ij i ij i ij i i
i

dx dx dx dx dx dx      = + + + + + =åò ò ò ò ò ò ω     
1C C C C C C

 

where are the Frank vectors corresponding to each of the six triple junctions and we 

have used the result that for the Frank vector in the boundary plane and along +/-(0 0 1)T 

the curvature tensor has only 2 non-vanishing components, i.e. 

iω

013   and 023  .  

Consider a transformation matrix Aij transforming vector xj in a Cartesian reference 

system aligned with the crystallographic base vector system inside the polygon to vector 

yi as one of the dislocated boundaries in Figure 2.18(d) is crossed  

 

jiji xAy           (2.17) 

 

The disclinated state for a loop around a triple junction (for example loop C6) is specified 

by a tensor of rank 2 by the sequence of transformations in going around the loop [52]  

 

IUHGA 
6

1                  (2.18) 



 58

 

where  is the characteristic tensor of the disclination at triple junction 6 (Figure 

2.18(d)). Note that the sequence in the product in (2.18) goes from right to left (i.e. from 

G to A-1) and that the inverse of A has to be taken in this sequence considering the 

directional sense of the arrows in Figure 2.18(d). For the sequence of transformations 

around contour C (for the path from B to A)  
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For the Frank vector in the boundary plane and pointing out of (and in) the plane of the 

paper in Figure 2.18(d)), the transformation matrices for each wall are specified by the 

corresponding misorientation angle θ   
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For this case the product of the transformation matrices is commutative, i.e. does not 

depend on the sequence of rotations. The U-transformations in expression (2.19) can now 

be rearranged as  

 

  UIUUUUUUAFEDCB   1
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1
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1
21      (2.21) 

 

Indeed, relation (12) expresses the equivalence of (2.15) and (2.16), i.e. the sum of the 

Frank vector strengths of the disclinations forming the polygon must be equal to the 

product of transformations around the branching boundaries. Using the experimentally 

determined misorientations, all of the characteristic U-tensors of the disclinations at the 

six triple junctions (Figure 2.18(d)) as well as the product of the transformations around 

the branching boundaries (AFEDCB) have been calculated.  



 
Table 2 : Rotational closure failures corresponding to the closed transformation paths around the six triple 

junctions. For example for triple junction 1 in Figure 2.18(d) transformation path BHJ (following the 

sequence from J to H to B) yields a rotational closure failure of +0.16° at room temperature. Also shown is 

the rotational closure failure for a transformation path around the branching boundaries AFEDCB (i.e. 

from B to A in Figure 2.18(d)). The sum of the Frank vector strengths of the six triple junctions is 

equivalent to the product of transformations around the branching boundaries AFEDCB as required by 

(2.21) and (2.16). The rotational closure failure of the polygon increases continuously from room 

temperature to 90°. The difference in closure failures between 90° and 60° corresponds to the 

experimentally observed in-plane rotation of the grain (Figure 2.15). 
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The results are summarized in Table 2 showing that the requirement in (2.21) is indeed 

satisfied. The rotational closure failure corresponding to the path around the dislocated 

boundaries forming the polygon increases continuously from room temperature to 90°C. 

Of special interest is the change in rotational closure failure, as we expect following the 

previous geometrical arguments that it is directly related to the observed rotation. Taking 

the difference between the closure failures at 90°C and 60°C the change in closure failure 

is 0.83°-0.77° which corresponds to 0.06°. The rotation angle compares well with the 

experimentally observed in-plane rotation of the grain (Figure 2.15). The implication of 

this result is that it is the change in the dislocated state of the coupled system constituting 

both the polygon and branching boundaries which manifests itself in the rotational 

deformation of the grain. Further, the mechanism of disclination motion along the 

dislocated boundaries has to involve structural transformations of both, the polygon and 

branching boundaries. The latter can be achieved through transport of polar dislocation 

density among the dislocated boundaries as initiated by the attraction of polar density 

charges from the grain interior and the associated shear driven disclination motion.     

 

2.4.2 Polycrystalline rotational deformation as understood in a 

micropolar continuum theory through changes in the Riemann 

curvature tensor    

 

Our first objective is to demonstrate that the observed rotational deformation is directly 

related to the change in the surface density of the Frank vector field. As will be 

demonstrated this result is obtained by extending the concepts of Section 2.4.1 to a non-

Euclidian geometry. The second objective is to demonstrate that the observed 

deformation kinematics are understood in the framework of a micropolar continuum 

theory characterized by additional rotational degrees of freedom independent from the 

continuum deformation [19, 24, 53] as in a Cosserat continuum in which each material 

point is assigned a vector triad with independent rotational degrees of freedom (see 

Appendix 3 for the approximate methodology of including independent rotational degrees 

of freedoms in a dislocation dynamics model by the boundary conditions). 
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To date, mostly constrained formulations have been used in which the microscopic 

rotation is constrained to the macroscopic continuum rotation to incorporate higher order 

displacement gradient effects as in strain gradient plasticity theory [54] which was 

motivated by torsion experiments on thin copper wires [55] as well as by the couple 

stress theories of Toupin and Eringen [56-58]. In the present case, the latter constraint is 

relaxed and as will be shown the observed grain rotation is captured by higher order 

gradients which result from an independent microstructural rotation field. Following the 

original ideas of Kröner [19] and Bilby [59-61] we represent such a continuum with 

microstructure in the most general form in a Riemann1-Cartan2 affine geometry.  

Figure 2.19(b) illustrates an undistorted crystal lattice which is transformed into the 

dislocated state involving a distribution of GNDs (a) and a disclinated state showing as an 

example the distortion field of a 90° wedge disclination (c). As the continuum has been 

assigned a crystal structure (i.e. crystal lattice) the state in Figure 2.19(c) represents the 

configuration space of a Riemannian manifold. Similarly to the procedure in conventional 

continuum mechanics in which a deformation is decomposed into a lattice deformation 

gradient and plastic deformation gradient [62], the disclinated state in (c) may be 

generated by a plastic distortion and elastic distortion. The plastic distortion involves 

introducing a cut along line 0-5 in state (b) and a shear displacement of upper left (0-5-6-

7) and right (0-5-4-3) quadrants in opposite directions creating a tear in the material 

leaving the lattice base vectors unchanged. When elastic distortions are superimposed 

continuity is preserved (state (c)). The elastic metric tensor gij defines the transformation 

of an area element ds2 on the manifold from the distorted state (c) to the relaxed state 

which could be obtained by introducing a cut along line 1-0-9 in state (c) allowing 

relaxation of the material elements.  

 

                                                 
1 In Riemannian space there exists a metric tensor gij such that an area element ds2  in local tangent space is 
related to a geodesic (in general curvilinear) coordinate system xi as ds2 = gij dxi dxj. Spaces with non-
vanishing Riemann curvature are non-Euclidian as the shortest distance between two points is not a straight 
line. The general notion of parallelism (parallel propagation of vector fields) in Riemannian spaces is 
fundamentally different to the Euclidian notion. See Figure 2.19(c) as an example of parallel transport in a 
Riemannian space.    
2 More general than Riemannian spaces are spaces of linear or affine connection in which no metric tensor 
can be found. The space is then solely defined by covariant differentiation (equation (2.22)) which defines 
how a vector field is propagated along the structure of the manifold by parallel transport.  
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Figure 2.19 :  Illustration of parallel transport of vector c around a Riemann-Cartan circuit for a relaxed 

state (b), dislocated state (a) and the disclinated state (c). Parallel transport of vector c in state (b) shows 

that the state is characterized by a vanishing crystal connection  with a Euclidian flat geometry. 

Parallel transport of vector c in the dislocated state (a) yields a translational closure failure which is 

characterized by an affine geometry and zero Riemann curvature tensor while parallel transport of c in the 

disclinated state (c) along path 9-6-8-2-4-9 yields the rotational closure failure v. The geometry in this state 

is Riemannian with a non-vanishing Riemann curvature tensor. Also illustrated is the physical meaning of 

expression (16) in local form. The rotational closure failure v for transport of c along the sides of a small 

parallelogram is the difference between vector c1 and vector c2. Vector c1 is obtained by transporting vector 

c along n and g while vector c2 is obtained by transporting vector c along vectors m and f. The area element 

δSnm is spanned by bivectors m and n and the Riemann curvature tensor is a direct measure of the rotational 

closure failure (i.e. the vector difference between vectors c1 and  c2). 

i
jk
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The lattice connection (or Christoffel symbolsi
jk 3) specifies the non-Euclidian geometry 

constituting the lattice structure (i.e. the microstructure) of the manifold which is probed 

by parallel transport of arbitrary vector c with respect to the lattice structure [19, 63, 64]. 
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where (2.22) expresses parallel transport of vector c with respect to the connection  

in a tangent space defined in the local geodesic coordinate system xk of the distorted state 

(like in (c) which is in general curvilinear). The Christoffel symbols for the special case of 

a torsion

i
jk

4 free metric connection are given in equation (2.23). Parallel transport of c in 

the relaxed state (b) with = 0 in (2.22) yields the trivial result that vector c remains 

Euclidian parallel upon transport along line AD as illustrated in Figure 2.19(b). Figure 

2.19(c) illustrates the parallel transport of vector c in the disclinated state along path 9-8-

4-9 showing that the test vector rotates by 90° upon returning to the initial starting point 

(showing the equivalence between the Burgers circuit and the Riemann-Cartan circuit). 

As shown in Figure 2.19(a) parallel transport of vector c along line DA for the dislocated 

state as considered in state (a) illustrates the translational closure failure SB. The 

rotational closure failure in a non-Euclidian geometry for state (c) in Figure 2.19 can be 

i
jk

                                                 
3 We use standard physicists’ notation of upper indices representing the contravariant order of a tensor 
while lower indices represent the covariant order. As an example velocity v is a contravariant vector vj as it 
transforms upon change (from reference frame xj) to a curvilinear coordinate reference frame xi as vi =  
∂xi/∂xj vj whereas a covariant vector aj (for example the gradient of a scalar function) transforms as ai =  
∂xj/∂xi aj. The Einstein summation convention is not altered in this notation with a repeated index held to be 
summed over its components. The indices can be lowered or raised using the fundamental metric tensor gij, 
for example Rinml =  gij R

j
nml       

4 The antisymmetric part (denoted by indicies held in edge brackets) of the crystal connection, i.e.  is 

denoted  by Élie Cartan as torsion and is identical to the dislocation density tensor αjk
i as defined by Nye.   

 
i

jk
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expressed in terms of a surface integral bounding the circuit contour with the fourth order 

Riemann-Christoffel curvature tensor of space and test vector c as integrands [19, 65, 66]  
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where the physical meaning of vector vk is the rotational closure failure of vector c when 

transported around the Riemann-Cartan circuit by parallel transport as illustrated in 

Figure 2.19(c). Also illustrated in Figure 2.19(c) is the physical meaning of the integrand 

in expression (2.24) in local form. As suggested by the parallel transport considered in 

Figure 2.19, the geometry of state (c) is characterized by a non-vanishing Riemann 

curvature tensor whereas for states (a) and (b) Rnmlk = 0.  

Consider a Riemann-Cartan circuit around the multipole disclination configuration with 

boundary contour C in Figure 2.18(d). The changes in rotational closure failure δvk 

corresponding to the different temperature states and the associated changes in the 

direction of test vector c are shown in Figure 2.18(d) illustrating the equivalence of the 

Riemann-Cartan circuit (2.24) and the Burgers circuit in (2.15) corresponding to a closed 

loop around the multipole disclination configuration. The surface integral in (2.24) can be 

directly transformed to the contour integral of the form in (2.15) when the surface area S 

bounded by C is chosen perpendicular to the disclination lines using Stokes’ theorem. It 

follows that the observed rotational deformation of the grain is equally understood as the 

change in the surface density of the Frank vector field. In the present case, the surface 

density of the Frank vector field is defined as a fixed number density of disclination lines 

(i.e. six disclination lines) with an associated rotational strength piercing surface S 

bounded by C. The associated change in the surface density is described by the change in 

the Riemann curvature tensor. Note the analogy with Nye’s dislocation density tensor 

[25] which when integrated over a surface area gives the total Burgers vector of all 

dislocations penetrating the surface element [20].  
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Using the latter geometrical insight we inquire into the kinematics of the observed 

rotational deformation in the framework of a three-term decomposition of the 

deformation gradient as proposed in the work of Clayton [23, 24]. Starting point in this 

description is the additive decomposition of the lattice connection  into a part 

involving the lattice deformation gradient F with respect to the current deformed 

configuration and an additional term representing higher order gradients (not captured by 

the first order gradient in F ) due to a non-vanishing Riemann curvature tensor [23, 67].   

i
jk

 

                                                                                            (2.26) 
i

jk
s1

kj
i

s
i

jk FF   ˆ

 

where  is the crystal connection of a non-vanishing Riemann curvature (Figure 

2.19(c)) and the first term represents the crystal connection 

i
jk̂

i
jk  due to a distribution of 

geometrically necessary dislocations yielding the translational closure failure as in Figure 

2.19(a). In the present case, where we are interested in the change of the lattice 

connection, equation (2.26) is expressed in a finite difference form   
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As was demonstrated by the equivalence of the Riemann-Cartan circuit in (2.24) and the 

Burgers circuit in (2.15), the observed grain rotation could be directly related to the 

change in rotational closure failure as characterized by a change in Riemann-curvature 

(Figure 2.19(c) and Figure 2.18(d)) and is represented by the second term in (2.27). This 

shows that the observed micro-rotation evolves independently from the continuum 

deformation with additional microstructural rotational degrees of freedom as represented 

by the higher order gradient term  in (2.27). The first term in (2.27) is related to the 

transport of GND density with an associated change in the affine geometry (Figure 

2.19(a)). Associated with the transport of GND density are structural transformations of 

i
jk̂
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the dislocated boundaries comprising both the polygon and branching boundaries (Figure 

2.18(d)) which are captured in the second term in (2.27) on the sub-grain/grain length 

scale through the change in the disclinated state.  

 

2.5 Summary and Conclusions  

 

Synchrotron microdiffraction experiments have been conducted to investigate mesoscale 

deformation mechanisms in individual grains within a polycrystalline ensemble. The 

experimental observations demonstrated that the rotational relaxation mechanism is a 

manifestation of stress driven cooperative transport of dislocation density. We proposed a 

mechanism in the framework of disclination theory to explain the observed rotational 

deformation in terms of moving disclination dipoles. By considering the geometry of 

transformations involving the multifold branching boundaries the rotational relaxation of 

the crystal volume has been understood as the resulting change in rotational closure 

failure of a Burgers circuit around the multipole disclination configuration. We have 

given an equivalent description of the rotational deformation in terms of the change in the 

surface density of the Frank vector field. The latter extension to a non-Euclidian 

geometry was used to show that the observed rotational deformation is captured by 

higher order gradients and represents additional rotational degrees of freedom in a 

micropolar Cosserat continuum.  
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Chapter 3  
 

Mesoscale grain rotations and subgrain structure 

formations in polycrystalline thin films as revealed 

by synchrotron x-ray microdiffraction experiments   
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Abstract  
 

Understanding the development of plastic deformation heterogeneities in polycrystalline 

thin films on the mesoscopic scale is crucial for the further development microelectronic 

materials by the control of microstructure. Synchrotron x-ray microdiffraction 

experiments on polycrystalline thin silver films have been conducted to investigate 

mesoscale deformation mechanisms within individual grains for different applied biaxial 

strain states. The evolution of the local deviatoric stresses and crystallographic 

orientations demonstrate a stress driven crystal structure rotation prior to a subgrain 

formation. The rotational deformation process leading to the subgrain structure is 

understood by considering the rotational closure failure corresponding to a closed 

Burgers circuit enclosing the system of rotational incompatibilities in a multipole 

disclination configuration. An interesting analogy to Ampère’s circuit law of 

electromagnetic field theory is suggested. The analogy to the steady conduction current 

generating a circulating magnetic field are disclination lines generating a circulating 

curvature tensor field. The analogy to Ampère’s circuit law conveys that the observed 

mechanical response is due to cooperative dislocation effects as manifested through 

changes in the integrated properties of the curvature tensor field in the analogous way in 

which any change in the local current density within a contour path results in a change in 

the corresponding circulation of the magnetic vector field in electromagnetism.  
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3.1 Introduction 
 

With the continuing miniaturization of microelectronic devices, a fundamental 

understanding of size effects associated with the mechanical response of polycrystalline 

thin film materials on the mesoscopic scale (1-10 micron) is crucial to ensure mechanical 

and electronic reliability by the control of microstructure [1]. Both, the dimensional and 

microstructural constraints in operating microelectronic devices such as for example in 

conductor lines of integrated circuits or thin film materials in CMOS transistors are 

known to lead to high intrinsic stresses and an associated high probability of stress 

induced failure by such mechanisms as passivation cracking [1], hillock formation [2, 3] 

or electromigration [4, 5].  

While the classical scaling relationship [6, 7] of an increasing strength with decreasing 

microstructural or sample dimensions could be related to constraining mechanisms on 

dislocation motion in polycrystalline thin films [8-10], the operating deformation 

mechanism as postulated in these models [9, 11] has not been experimentally verified. 

Transmission electron microscopy (TEM) studies have shown that the evolution of 

misorientation angles of geometrically necessary dislocation boundaries (GNBs) and 

incidental dislocation boundaries (IDBs) are directly correlated with the macroscopic 

applied strain deformation [12, 13] and revealed a scaling behavior in both the spacing 

between GNBs and the corresponding misorientation angles with accumulated plastic 

strain [14, 15]. To include cooperative dislocation effects, i.e. the effect of the collective 

evolution of dislocation substructures and lattice incompatibilities on multiple length 

scales, the importance of the concept of disclinations has been generally acknowledged 

[16-18]. It has been shown that partial disclination multipoles may be formed during 

polycrystalline deformation due to incompatibilities in both, plastic strain and rotations of 

adjoining crystalline domains [19, 20].    

It is generally acknowledged that experiments which have demonstrated size effects [21, 

22] have large strain gradients associated with the overall deformation field such that 

classical continuum mechanics cannot describe the observed phenomena due to a missing 

dependence on an internal length scale [23]. In elasticity theory, enhancements to 
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describe scale effects and the influence of microstructure include the non-local 

continuum and couple stress theories of Eringen [24, 25], Toupin [26] and Mindlin [27] 

providing the basis for strain gradient plasticity theory [21, 28]. There remains a 

considerable difference in opinions as to the appropriate formulation of a continuum 

theory which is able to predict the mentioned scale dependent mechanical response of 

both single crystal and polycrystalline materials. While in strain gradient plasticity theory 

[21] microstructural rotations are constrained to the macroscopic continuum rotation, the 

micropolar continuum theories of Kröner [29] and Clayton [18, 30] involve an 

independent microstructural rotation field. One of the important open questions to date is 

the operating deformation mechanism of polycrystalline thin films on the mesoscopic 

scale and the appropriate formulation of a multiscale model of plasticity.   

In this work, in situ synchrotron microdiffraction experiments have been conducted to 

investigate mesoscale grain deformations in thin silver films sputter deposited on Silicon 

substrates. This paper is organized as follows: In section 3.2, the sample preparation and 

experimental procedure at the microdiffraction beamline at the Advanced Light Source 

(ALS) is briefly described. The observed mesoscale grain deformation is understood in 

section 3.4.1 by considering the structural transformations of the coupled system of 

closed dislocated walls in a multipole disclination representation. In section 3.4.2 the 

observed cooperative effects leading to the rotational mechanical response are illustrated 

by providing an analogy to Ampère’s circuit law of electromagnetism.   
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3.2 Experiments and Methods  

 

3.2.1 Sputter deposition and biaxial stress measurements                 

 

The polycrystalline thin Ag-films (1 μm film thickness) were DC magnetron sputter 

deposited on (001) oriented Si substrates coated on front and back with an amorphous 

SiNx diffusion barrier. The sputter deposition was carried out under high vacuum 

conditions (~ 10-7 mbar) at a sputtering power of 200 W. The Ar+ pressure during sputter 

deposition was maintained at 30 mbar yielding a total deposition rate of 1.7 nm s-1. After 

deposition, the films were annealed in the sputter chamber at high vacuum conditions for 

two cycles starting from room temperature to about 450°C. The biaxial stresses were 

measured during the two hysterises cycles by the wafer curvature method [1]. The 

deflection of a 2D array of parallel laser spots has been monitored (kSA multi-beam 

optical sensor technology) to determine the evolution of the substrate radius of curvature 

R from which the equi-biaxial stress state σ is determined by Stoney’s equation 
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                                             (3.10) 

 

where σ is the biaxial stress, R the substrate radius of curvature, MS the biaxial elastic 

modulus of the substrate (Ms = Es /(1-vs)), hs and hf the thickness of the film and substrate, 

Es and vs are the Young’s modulus and Poisson ratio of the substrate. Figure 3.10(a) 

shows the measured biaxial stress evolution for two hysteresis cycles showing that the 

biaxial stress versus temperature evolution is reproducible. At room temperature the film 

is in a state of biaxial tension reaching about 70 MPa. As the temperature increases, 

compressive stresses develop in the film reducing the biaxial stress state. Up to about 

150°C from the room temperature state, the biaxial stresses follow the thermoelastic 

slope until the film yields at a zero biaxial stress state. The Ag-films showed a stable 

columnar (111) texture after annealing with an average grain size of a few microns. 

Figure 3.10(b) shows a SEM image of the microstructure. The area of interest has been 
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marked by depositing platinum by a Focused Ion Beam (FIB Zeiss NVision system) on a 

rectangular area of 10x5 µm2 as shown in Figure 3.10(a).   

  

   a      b 

 

    

10µm 

 

Figure 3.10: (a) Equibiaxial stress evolution of the thin (1µm thickness) Ag films sputter deposited on 

Si/SiNx substrates as measured by the wafer curvature method over two hysteresis cycles. At room 

temperature the equibiaxial stress state in the film is about 70 MPa in tension. Up to the macroscopic yield 

point (~150°C) the tensile stresses decrease linearly following the thermoelastic slope. (b) Scanning 

electron micrograph of the Ag film after annealing showing the microstructure within the polycrystalline 

ensemble of interest. The film shows a stable columnar microstructure with a (111) texture. The 

micrograph shows the platinum FIB depositions (10x5µm) marking the edges of the area of interest. 

 

 

3.2.2 Synchrotron x-ray microdiffraction experiments at the 

Advanced Light Source  

 

The microdiffraction experiment was conducted at the microdiffraction beamline (12.3.2) 

of the Advanced Light Source at the Lawrence Berkeley National Laboratory. The 

beamline provides micron focused x-rays (vertical and horizontal FWHM of 1µm) from a 

superconducting bending magnet (with a bending magnetic field of 5 Tesla) in the energy 
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range between 5-20 keV (Figure 1.1(a) and (c)). Details of the beamline setup, optics and 

in-house analysis software are given elsewhere [31, 32]. The experimental setup and 

diffraction geometry is illustrated in Figure 3.11(a-b). Figure 3.11(b) shows the ranges of 

solid angles subtended on the detector plane in terms of θ-ψ angular coordinates. The 

Laue back-diffraction geometry (2θ=90°) as shown in Figure 3.11 remained unchanged 

during the in-situ experiment. The sample was strained in-situ by heating the sample in 

four intervals up to a temperature of about 150°C. After each temperature interval 

fluorescence scans over the area of interest were taken to locate the fiducial platinum 

markers (Figure 3.10(a)). At each temperature state, the sample was translated relative to 

the incoming x-ray beam (wavevector kin) with a lateral step size of 0.5 µm to scan over 

the polycrystalline ensemble of interest (20x20 µm2) corresponding to a total of 1600 

Laue diffraction frames per temperature.  

         a         b 
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6 

3 
4 5 

kout 
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 ψ = -30° ψ = 0° ψ = 30° 
 

Figure 3.11: (a) Experimental setup at the microdiffraction beamline (12.3.2) of the Advanced Light 

Source. The sample holder is mounted on a translation stage (1) allowing positioning with four degrees of 

freedom. The microfocusing KB mirror optics are shown in (2). The sample holder comprises the resistive 

heating unit (5) and cooling element (3) together with a Zeodur glass ceramic unit (4) with an extremely 

low thermal expansion coefficient (~10-7 K-1) to which the sample is screwed. The fluorescence detector is 

labeled shown in (6). Also illustrated is the diffraction geometry showing incoming and diffracted 

wavevectors. (b) Angular θ-ψ space on the detector plane as defined by the experimental geometry.       
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The Laue diffraction patterns have been indexed using the software package XMAS [31] 

which allows to index overlapping Laue patterns originating from different crystalline 

orientations within the illuminated diffraction volume. Figure 3.12 shows a representative 

indexed Laue diffraction frame originating from the thin silver film. While the absolute 

Laue peak positions determine the crystallographic orientation, the deviation of the Laue 

peak positions relative to the unstrained positions determine the deviatoric strain tensor 

[31].   
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Figure 3.12: Representative indexed Laue microdiffraction pattern from the thin Ag film (60°C) showing 

the strong (100) Silicon signal from the substrate. The absolute peak positions determine the 

crystallographic orientations while the relative peak positions from an unstrained Laue pattern determine 

the deviatoric strain tensor. Intensity counts in arbitrary units.  
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3.3 Results 
 

Following the evolution of both crystallographic orientations and the deviatoric stress 

state from room temperature to 150°C, we observe stress driven grain rotations and 

subgrain dislocation structure formations (such as GNBs and IDBs) leading to plastic 

deformation heterogeneities. Figure 3.13 shows contour maps of both, the in-plane 

crystallographic orientation and the deviatoric stress tensor components over the 

polycrystalline ensemble of interest for different applied biaxial strain states (i.e. sample 

temperatures). As the temperature increases from 60°C to 85°C the crystal volume of the 

grain of interest (numbered as 1) rotates relative to the fixed sample reference frame (as 

verified by tracking the orientation of silicon reference pattern) as shown by the evolution 

of the in-plane orientation along a profile through the grain (Figure 3.14). As the 

temperature increases to 85° the grain is subject to a shear stress gradient (corresponding 

to a shear stress difference of 100 MPa) while the grain is subject to a stress gradient in 

the normal stress component as illustrated in Figure 3.13. Upon a further increase in 

applied biaxial strain to 115°C a subgrain structure forms within the grain as shown in the 

in-plane orientation contour in Figure 3.13. The in-plane misorientation between the 

corresponding crystalline domains of the subgrain is about 1.4° (Figure 3.14). The shear 

stress gradient within the grain relaxes upon the substructure formation (Figure 3.13).  

Figure 3.15 (a) shows a vertical scan (along 2 µm) of the indexed (001) Laue diffraction 

peak along profile T2-T4 (Figure 3.13). The sequence of images shows the discontinuous 

split of the Laue peak into two intensity maxima along the profile. The angular spread 

between the intensity maxima (Figure 3.15(b)) corresponds to the rotation of the Laue 

pattern and hence the misorientation between the crystalline domains. As the junction at 

position T4 is reached the Laue peak splits into characteristic three intensity maxima. 

Figure 3.16 and 3.17 show the evolution of the intensity profiles through the (001) Laue 

peak as scanned across junction T2 and T3. The angular spread between the intensity 

maxima corresponds to the rotation of the Laue pattern and hence the misorientation 

between the corresponding crystalline domains.            
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Figure 3.13 : Contour maps of the in-plane orientation (angle between the <100> crystallographic axis and the reference x-

axis) as well as normal and shear deviatoric stress tensor components. The grain of interest within the polycrystalline ensemble 

is numbered as 1. As the temperature increases from room temperature to 115°C, the grain is subject to a normal shear stress 

gradient of about 100 MPa while a shear stress gradient develops within the grain at 85°C. As the temperature increases to 

115°C a subgrain formation within the grain is observed corresponding to two misoriented crystal volumes of an in-plane 

misorientation of about 1.4° (Figure 3.14). The crosses in the contour plot at 85°C indicate the location of the four triple 

junctions within the grain.    
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Figure 3.14 : In-plane crystallographic orientation plotted along the profile through the center of grain 1 for 

different temperatures. The plot shows the misorientation between the two misoriented crystalline volumes 

(1.4°) within the grain at a temperature of 115°. Prior to the subgrain division the crystal volume of the 

grain rotates between the 60°C and 85°C (mean in-plane rotation of 0.13°).       
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Figure 3.15 : (a) Indexed (001) Laue diffraction peak  as scanned along the dislocated wall T2-T4 at 85°C 

(Figure 3.13) corresponding to a step size of 0.5 µm. The images from p4 to p8 correspond to a 2 µm 

profile along T2-T4 in Figure 3.13. Along the dislocation wall, the (001) peak splits into two intensity 

maxima with a corresponding misorientation angle of 0.95°. (b) indexed (001) Laue peak scanned along 

dislocation wall T1-T2. The peak splits into characteristic subpeaks along the dislocation wall (i.e. 2 peaks) 

and into three peaks at the junctions (T1 and T2). The limits of angular 2θ-ψ space in the contours 

corresponds to 100°<2θ<105° and 20°< ψ<24°.  Intensity counts in arbitrary units.  

 

            a                                                b 

 
Figure 3.16 : Intensity profile of the indexed (001) Laue peak along 2θ (b) and ψ (a) as scanned across the 

branching dislocated walls along profile T2-T4 at 85°C. As the junction at T2 is passed the intensity of the 

primary peak decreases while the one of the secondary peak increases. The angular distance through the 

centroid of the peak (0.68°) corresponds to the rotation of the Laue pattern and hence the misorientation 

angle between the misoriented crystalline domains. Intensity counts in arbitrary units.    
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       a                                             b 

  

Figure 3.17 : Intensity profile of the indexed (001)Laue peak along 2θ (b) and ψ (a) as scanned across the 

branching dislocated wall along profile T1-T3 at 85°C (0.5 μm profile steps). As the junction at T3 is passed 

the intensity of the primary peak decreases while the one of the secondary peak increases. The angular 

distance through the centroid of the peak (0.36°) corresponds to the rotation of the Laue pattern and hence 

the misorientation angle between the crystalline domains corresponding to the branching dislocation wall. 

Intensity counts in arbitrary units.       

 

 

3.4 Discussion  

 

3.4.1 Subgrain structure rotation as a manifestation of the 

structural change in the coupled system of multifold branching 

dislocated walls   

 

To understand the observed mesoscale rotational deformation of the grain, the plastic 

deformation heterogeneities comprising the system of polygon and branching dislocation 

walls are idealized by wedge disclination dipoles as illustrated in Figure 3.18(b). Figure 

3.18(a) illustrates the transformation paths across the branching dislocated walls of the 

system of polygon dislocation boundaries. The measured misorientation angles for the 

corresponding transformation paths are summarized in Table 3.  
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 a                                                       b 

                                     

 

Figure 3.18 : Representation of the system of closed dislocated walls in terms of partial wedge disclination 

multipoles (b). Transformation paths (in red) around the disclination multipoles (a). The arrows indicate the 

directional sense of the transformations of a vector as the dislocation wall is crossed and the bold letters the 

corresponding transformation matrices. The product of transformations corresponding to a transformation 

path around the branching dislocation walls (DCBA) is equal to the rotational closure failure corresponding 

to a Burgers circuit around contour C. 

 

 

Table 3 : Misorientation angles corresponding to the transformation paths in Figure 3.18 as determined 

experimentally by scanning the indexed Laue peaks across and along the dislocation walls. The rotational 

closure failure corresponding to a loop around the multipole disclination configuration increases from 60°C 

to 85°C. The rotation of the crystal volume of the grain (Figure 3.14) agrees well with the change in 

rotational closure failure.  

Transformations A 
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H 
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60°C 

Rotation angle [°] 

 

 

+1.14° 

 

-0.78° 

 

+0.98° 

 

-0.60° 

 

+1.09° 

 

-1.10° 

 

0.74° 

85°C 

Rotation angle [°] 

 

 

0.69° 

 

-0.36° 

 

+1.25° 

 

-0.68° 

 

+1.00° 

 

 -0.95° 

 

0.90° 
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 In analogy to the Burgers vector specifying the translational closure failure of a Burgers 

circuit around a dislocation line, the Frank vector specifies the rotational closure failure 

of a Burgers circuit around a disclination line leading to rotational displacements of 

adjacent volumes of material. Any disclination may be represented by a superposition of 

dislocations, the simplest example the wedge disclination dipole (in which the Frank 

vector is parallel to the disclination line). For review on current state of the art and theory 

of disclinations we refer to the work of Romanov and co-workers [16, 17].      

Consider a Burgers circuit around the multipole disclination configuration as illustrated 

by the contour path C in Figure 3.18(a). The rotational closure failure  for this contour 

path is specified by the closed loop integral of the local curvature tensor 

υ

 

j ijdx = iò
C

                  (3.11) 

 

where ij is the curvature tensor [33] relating infinitesimal changes in lattice rotations 

about an orthonormal vector basis to the corresponding displacement field  

(

jdx

ji dxd ij  ). For wedge disclination dipoles, the Frank vector is in the boundary plane 

and parallel to the disclination lines such that the curvature tensor has only two non-

vanishing components, i.e. 013   and 023  . For this case (3.11) can be expressed in 

terms of the sum of the Frank vector strengths of the disclinations comprising the 

polygon of closed dislocation walls. The transformation matrix Aij specifies the 

transformation of a vector xj to yi as one of the dislocation walls is crossed  

 

jiji xAy                                                           (3.12) 

 

where the transformation matrix is specified by the corresponding misorientation angle θA 

as  
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The rotational closure failure in (3.11) is determined by the product of the transformation 

matrices corresponding to a transformation path around the multipole disclination 

configuration (DCBA). The rotational closure failure corresponding to this closed path as 

determined from the measured misorientation angles is summarized in Table 3. The 

rotational closure failure increases from 60°C to 85°C by 0.90°-0.74° = 0.16°. The 

rotation angle compares well with the in-plane rotation of the grain between 60°C and 

85°C (Figure 3.14). This result suggests that the rotational deformation of the grain is a 

manifestation of the change in the rotational incompatibilities comprising the coupled 

system of multifold branching dislocation walls. Most interesting, the observed 

mesoscale rotational deformation of the grain can be directly related to structural 

transformations of the dislocation substructure heterogeneity. Synchrotron experiments 

conducted at the Swiss Light Source on polycrystalline thin gold films revealed stress 

driven rotational plastic deformation mechanisms similar to the ones reported here [34]. 

It is important to note the difference in the stacking fault energies between the gold (55 

mJm-2) and silver (17 mJm-2) films as investigated. A partial disclination dipole may be 

represented as a mesoscopic partial dislocation with an effective Burgers vector 

dependent on the length of the dipole arm and the Frank vector strength. Analogous to the 

partial dislocation bordering a stacking fault for which the partial Burgers vector is not a 

translational symmetry operation, the Frank vector of a partial disclination is not a 

rotational symmetry operation. It is expected that the generation and structural evolution 

of the disclination multipoles in a stress field is dependent on the dislocation core 

properties in terms of the generalized stacking fault energy surface. Despite the relatively 

wide range of the stacking fault energies between gold and silver, the mechanical 

response could in both cases be understood from the structural evolution in the system of 

incompatibilities as represented by the system of partial disclination multipoles.   
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3.4.2 Analogy to Ampère’s circuit law of electromagnetism  

 

In the development of the continuum theory of dislocations [29, 35] important analogies 

have been drawn to electromagnetic field theory. Examples include the analogy of the 

Biot-Savart law of the induced magnetic field of a current carrying loop to the force on a 

dislocation line segment in a stress field [36, 37]. The analogous solenoidal field 

quantities as noted are the magnetic induction field and the stress tensor field. Using the 

concept of Nye’s dislocation density tensor α [33], Kröner developed an extension to the 

Saint-Venant compatibility relations for a dislocated solid captured in the statement that 

the curl of the elastic displacement gradient tensor F be equal to Nye’s dislocation 

density tensor [29, 35]. The integral form of the latter compatibility requirement (i.e. for 

the dislocated body to remain simply-connected) is  

 

                 (3.14) T

C S

d d⋅ = =ò òòF x α S b
 
where bT is the total Burgers vector and C denotes the closed contour bounding the open 

surface S. The differential form follows directly from Stokes’ theorem with the tensor 

field α solenoidal (i.e. zero divergence)  

 
 αF          (3.15) 
  
      0α         (3.16) 

 

Comparing expressions (3.14) to (3.16) to Ampère’s law of electromagnetism involving 

steady currents in the static case (i.e. zero Maxwell displacement current) :  
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Figure 3.19 : Illustration of the analogy between Ampère’s circuit law relating the circulation of the magnetic field vector 
B to the total current penetrating the open surface bounded by the circuit contour and the circulation of the curvature tensor 
field κ around the multipole disclination configuration. Compared is the case of current lines penetrating the open surface 
of the solenoid (a) and disclination lines penetrating the open surface bounded by the circuit contour C which encloses the 
disclination multipoles. The circulation of the curvature tensor field around contour C is related to the disclination density 
and total Frank vector. The analogy to current lines in electromagnetic theory are disclination lines penetrating the open 
surface as illustrated. The differential and integral forms of the field equations representing the disclinated state (b) is 
compared to Ampère’s circuit law (a).
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where expression (3.17) states that the circulation of the magnetic field B around contour 

C be equal to total net current Ic (multiplied by the vacuum permeability μ0) penetrating 

the open surface S bounded by contour C. The integrand in the surface integral is the 

current density vector field  j projected along surface normal n (Figure 3.19(a)).    

The comparison of the electromagnetic field equations (3.14)-(3.16) with (3.17)-(3.19) 

suggests the following analogous quantities: total net enclosed electric current Ic and total 

Burgers vector magnitude bT, current density vector j and dislocation density tensor α, 

magnetic field vector B and displacement gradient tensor F. While the circulation of the 

displacement gradient tensor is equivalent to the total number of dislocations penetrating 

the corresponding bounding surface, the circulation of the magnetic field B is equal to the 

total net current Ic penetrating the open surface bounding the circuit contour.  

For the present case of a multipole disclination configuration representing the system of 

rotational incompatibilities (Figure 3.18) it is the circulation of the curvature tensor field 

around the contour containing the disclination multipoles which determines the total 

rotational closure failure or net rotational strength of the disclination lines penetrating the 

corresponding open surface (Figure 3.19(b)). The analogous field equations for the 

disclinated state are:  

 

T

C S

d d⋅ = =ò òòκ x ω S Ω       (3.20) 

 
   ωκ          (3.21) 
 

 
       0ω         (3.22) 

  

where (3.20) states that the circulation of the curvature tensor κ be equal to the total 

Frank vector ΩT corresponding to disclination lines penetrating the open surface bounded 

by contour C (Figure 3.19(b)). Also illustrated in Figure 3.19(b) is the physical meaning 

of the circulation of the curvature tensor field κ around the multipole disclination 

configuration (compare to Figure 3.18).  
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Analogous to the two cases before, (3.21) follows directly from Stokes’ theorem. The 

total rotational closure failure around the multipole disclination configuration (Figure 

3.18) has been determined from the experiment and represents the total Frank vector for a 

circuit contour around the disclination multipoles (Figure 3.19(b)). The surface density of 

the Frank vector field ω (or disclination density tensor field analogous to Nye’s 

dislocation density tensor) is the total net density of disclination lines (with an associated 

rotation strength. i.e. Frank vector) penetrating the open surface bounding the circuit 

contour as illustrated in Figure 3.19(b). The important conclusion for the present case is 

that any change in the net disclination density (i.e. due to a change in the Frank vectors at 

the triple junctions) is manifested by a corresponding change in the circulation of the 

curvature tensor field and hence the total Frank vector.  

The analogous quantities to (3.17)-(3.19) are total electric current I and total Frank vector 

magnitude ΩT, current density vector j and disclination density tensor ω, magnetic vector 

field B and curvature tensor field κ. As shown in section 3.4.1, it is the structural changes 

in the coupled system comprising the system of dislocation walls within the grain which 

determines the mechanical response of the system (i.e. the structure rotation and subgrain 

structure formation in the present case). The analogy to Ampère’s circuit law illustrates 

that any change in the local source terms such as the local current density in 

electromagnetism or the Frank vector of one of the partial wedge disclinations of a triple 

line in the present case leads to a response of the coupled system as manifested by the 

change in the integrated property of the corresponding field (i.e. the circulation) 

Any change in the current density, i.e. current lines penetrating the open surface of the 

solenoid illustrated in Figure 3.19, leads to a corresponding change in the magnetic field 

and total net current I . In analogy, any change in the disclination density, i.e. a change in 

the rotational strength of the disclination lines penetrating the open surface (Figure 3.18 

(b)) must lead to a change in the circulation of the curvature tensor field and total Frank 

vector ΩT. The change in the total Frank vector is hence a manifestation of the response 

of the coupled system of dislocated walls.     
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3.5 Summary and Conclusions  
 

Synchrotron x-ray Laue microdiffraction experiments on thin polycrystalline silver films 

have been conducted at the Advanced Light Source to study mesoscale deformation 

mechanisms within individual grains for different applied biaxial strain states. The 

evolution of the local strains and crystallographic orientations allowed us to reconstruct 

the mechanism leading to subgrain structure formations. Prior to the subgrain formation 

large shear stress gradients act within the grain which relax upon the subgrain formation. 

The observed rotational deformation of the grain prior to the subgrain formation is 

understood as a manifestation of the evolution of the dislocation substructure 

heterogeneity. The observed rotational mechanical response has been understood as the 

change in the total rotational closure failure corresponding to a Burgers circuit containing 

the system of rotational incompatibilities as represented by partial wedge disclination 

multipoles. An analogy to Ampère’s circuit law of electromagnetic theory is considered 

in which disclination lines are analogous to current lines in electromagnetic theory. This 

analogy illustrates the role of cooperative dislocation effects leading to deformation 

structure heterogeneity.    
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Chapter 4  
 

Orientation dependent ductile to brittle transitions in 

nanostructured materials     
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Abstract  
 

Strengths of materials close to the upper theoretical limit have been observed in a number 

of recent experimental studies. The dimensions of the samples have been on the micron 

length scale and the strength is conferred by the absence of flaws. Below a critical length 

scale crystalline materials can sustain stresses near the theoretical strength despite being 

imperfect. We develop the concept of a ductile-to-brittle transition in orientation space 

based on the intersection of two surfaces in orientation space: A theoretical tensile 

strength (TS) and a projected shear strength (SS) surface. The intersection of the two 

surfaces generate isolines which separate ductile from brittle regions in orientation space. 

The concept is first demonstrated using the simplest possible analytic potential models 

and further advanced using the embedded atom method (EAM) for a range of bcc and fcc 

materials. The results define an orientation dependent critical length scale below which 

material strength is determined by the theoretical strength and is independent of flaws.   
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4.1 Introduction 
 

With the continuing downscaling of feature sizes in microelectronics and microsystems 

the question arises, how the mechanical properties of materials scale with the external 

dimension and whether the theoretical strength of a material can be reached. In perfect 

single crystals this theoretical limit has been thoroughly explored from the mid of the last 

century [1-5] with a continuous effort to make this strength available for structural 

materials. With recent advances in experimental analysis methods [6] and techniques [7], 

confidence has been gained that the limit of material strength has been experimentally 

attained. In principle, materials can fail at their theoretical limit in two different modes, 

namely in a tensile fracture-like mode or in a shear mode. In the following the strength 

limits of these two failure modes will be discussed.  

Classical fracture mechanics is founded on the hypothesis of preexisting cracks and the 

condition of their initiation, growth and arrest is studied based on Griffith’s criterion for 

fracture. Below a critical length scale, materials can sustain stresses near the theoretical 

tensile strength of the solid despite having crack-like flaws. As different phenomena 

dominate the fracture process on the nanoscale, in particular the effect of free surfaces 

and interfaces, there has been a continuing interest in extending classical fracture 

mechanics [8]. 

Several experiments and theoretical studies were performed to investigate the nature of 

the orientation dependency on the strength of crystalline materials [9-11]. MacMillan and 

Kelly made the first theoretical study to understand the anisotropy of the theoretical 

tensile strength of argon and sodium chloride using simple two body potential models 

[11]. Although the theoretical strength was computed only along few directions, they 

postulated it to be a smooth function in orientation space.  

In his work on the theory of the elastic limit of crystalline solids, Frenkel derived general 

solutions for the theoretical tensile  and shear strength  of crystalline solids by 

determining the change in both elastic energy and electric potential as the crystal is 

deformed [12]. The general functional form is   

th th
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        ,,, 21
th ccdkE                                                (4.10) 

 

where E is Young’s modulus, c1 and c2 are the lattice constants in the separation plane, d 

the separation of the atomic planes and   the Poisson ratio. Comparing Frenkel’s 

solution for  with Griffith’s criterion for the critical stress required for unstable crack 

growth in a plane stress opening mode problem   

th

 

     
a
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                                                                 (4.11) 

 

where   is the surface energy of the separation plane and a the Griffith crack length, it is 

evident that both expressions for  are orientation dependent. The surface energy is a 

function of the orientation of the separating plane and E is in general anisotropic. Indeed, 

in an atomistic approach (4.11) may be interpreted as the maximum cohesive strength of 

the crystal with 

th

 2/ad   as the separation of atomic planes along the deformation 

axis [13].  

The Orowan-Polanyi [14] estimate for the theoretical shear strength shows  to be 

related to the separation distance d between shear planes, the shear modulus G and 

corresponding Burgers vector b.  

th

 

d2

bGth


                                                             (4.12) 

 

Griffith first introduced thoughts about the influence of the general stress state in a 

crystalline solid on the expected ductile versus brittle deformation behavior [15]. A 

similar approach was taken by Kelly and co-workers [16] who rationalized that a material 

should be ductile or brittle as a result of the competition between two processes: (i) 

extension of a crack by the creation of free surfaces (ii) nucleation of dislocations from a 

crack tip. In the latter study, the simple criterion for the ductile versus brittle response 

based on the relative magnitudes of theoretical tensile  and shear strength  was th th
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first advanced. 

The foregoing review suggests two important questions: First, given that the strength of a 

crystal is determined by the theoretical strength, does there exist a ductile versus brittle 

transition in orientation space and what are the intrinsic factors inducing such a 

transition? Second, is there an orientation dependent critical length scale below which 

materials deform at the theoretical strength limit independent from the presence of flaws? 

This paper is organized as follows: In section 4.2.1 we introduce the concept of ductile-

to-brittle isolines based on the intersection of two surfaces in orientation space. The 

method is first demonstrated developing the simplest possible analytic model. In section 

4.2.2 these concepts are employed in molecular dynamics simulations using many-body 

potential models and elastic stability criteria. Our results are discussed by comparison to 

ab initio calculations and by analyzing the structural stability of the crystals in orientation 

space in section 4.4.1. The results indicate an orientation dependent critical length scale 

below which material strength is determined by the theoretical strength.      

 

4.2 Methodology  

4.2.1 An orientation dependent ductile-to-brittle transition  

 

Consider a cubic crystal on a scale at which its strength is determined by the theoretical 

strength subject to a tensile stress along arbitrary direction vi (Figure 4.10). In spherical 

coordinates with azimuthal angle   and polar angle     

 

                           T
ii )cos(),sin()sin(),cos()sin( vv                         (4.13) 

 

Keeping   constant and changing   great circles are traced out in orientation space 

(Figure 4.10(a)). Increasing the tensile stress to  the maximum cohesive strength of 

the crystal is attained leading to brittle fracture across separating plane with normal vi. 

The condition for this to occur is that the maximum resolved shear stress acting on the 

slip planes is below . If the reverse is true, the theoretical shear stress on the relevant 

th
i

th
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slip system is attained leading to shear failure as manifested by the shearing of both 

halves of the relevant slip planes past one another (Figure 4.10(b)).  

    

a           b   

               

      

 

 

 

 
 

brittle fracture shear failure 

Figure 4.10: (a) Schematic illustrating the construction of orientation space in a spherical coordinate 

system with azimuthal angle   and polar angle  .  A cubic crystal is subject to a tensile stress along 

direction vi. The tensile axis specifies separating plane with normal vi and base vectors si and hi as 

illustrated. If the tensile stress attains the cohesive strength of the crystal along vi brittle fracture across the 

separating plane is expected (b). If the maximum resolved shear stress is attained on the relevant slip 

system, shear failure is expected (b).   

 

Note that in deriving expressions (4.10) and (4.11) the elastic strain energy has been 

expanded in the isotropic case. As a first approximation we retain the functional form of 

Frenkel’s solution (4.10) for the theoretical strength in the anisotropic case by using the 

directional Young’s modulus in (4.10) and treating k as an unknown orientation factor. 

Generalizing the condition for shear failure we require 
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where k1 and k2 are unknown general functions of orientation,  iE v  the anisotropic 

Young’s Modulus,  the anisotropic shear modulus restricted by crystallographic 

constraints and  the maximum Schmid factor for all possible slip systems. As 

 is a measure of the resistance of the crystal to shear deformation, a state of pure 

shear has to be imposed on the relevant slip plane to determine its magnitude. 

Accordingly, the strain tensor in the local coordinate reference frame spanned by base 

vectors vi, si and hi (Figure 4.10) is  

)(hkluvwG 
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where 12  is the applied shear strain. In the crystal coordinate reference frame spanned by 

base vectors a1, a2, a3 along the [100], [010] and [001] directions, the strain tensor is 

given by 

 

                                  (4.16) 
Tlc RεRε 

 

where R is the rotation matrix corresponding to rigid body rotation between the local and 

crystal coordinate reference frames. For the case of vi and si coinciding with the set of 

<111> and <110> crystallographic directions (as valid for fcc and bcc systems), the 

resistance to shear deformation is  

 

        441211111110
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3

1
G   )(

                                            (4.17) 

 

where C11, C12 and C44 are the three independent stiffness constants for cubic crystals as 

determined in the crystal coordinate reference frame. By coordinate transformation, 
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Young’s Modulus can be expressed as a general function of unit direction iv  

 

                      1222222
44121111i SSS2SE


 v               (4.18) 

 

where  ,  and   are the direction cosines of iv  with the [100], [010] and [001] 

directions and S11, S12 and S44  are the compliance constants as evaluated in the crystal 

reference frame. We state the following proposition regarding the orientation factors in 

(4.14) 
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                                                         (4.19) 

 

This approximation will be examined in section 4.4. For now it can be inferred as an 

approximation of dE01.0~ in (4.11) and   1.0~2 1db   in (4.12) [12, 13]. Note 

that the quantities on right and left hand side of inequality (4.14) have both, magnitude 

and direction. Hence, they are interpreted as surfaces in orientation space. Requiring 

equality in (4.14) is equivalent to solving for ductile-to-brittle isolines by the intersection 

of the two surfaces. Given a cubic crystal structure the task to evaluate  is to 

search for the maximum absolute Schmid factor for the set of directions vi. Given the 

stiffness constants in the crystal reference frame together with the crystallographic slip 

system constraints the surface on the left hand side of equation 4.14 is specified 

(invoking (4.19)). We call this surface the minimum projected critical shear stress surface 

(SS), the surface points of which determine the minimum tensile stress to be applied in 

the specified direction to produce the theoretical shear stress on one of the slip planes. 

The surface as given on the right hand side of (4.14) specifies magnitude and direction of 

the theoretical tensile strength (TS). Throughout this paper, the azimuthal stereographic 

projection is used to analyze the 3D surfaces in orientation space as illustrated in Figure 

4.11(a). As a representative example, the SS surface of Mo (to be scaled by k1(vi)) is 

illustrated in Figure 4.11(a). 

 iS vmax
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Figure 4.11: (a) Azimuthal stereographic projection convention used showing several crystallographic poles. 

Superimposed is a stereographic contour plot of the SS surface of Mo (to be scaled by k1(vi)) as calculated by the 

method described in section 4.2.1. Assuming k1 constant and on the order of 0.1, a tensile stress of 46 GPa along the 

<111> direction is required to produce a maximum resolved shear stress equal to the theoretical shear stress. At the 

<111> poles the surface goes through a maximum as the Schmid factor is a minimum for all 12 slip systems. (b) 3D 

surface plot of the SS and TS surfaces of Fe as calculated by the MD approach explained in section 4.2.2. The TS 

surface shows a global minima along the set of <100> poles (TS<SS) which would lead to brittle failure along [100]. 

For the deformation axis along the [111] direction (SS<TS) shear failure is expected.     
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            Nb                                                     V                                                      Mo 

       0.49                            0.78                 0.91 

       

GPa GPaGPa 

  

       W                        Al                                              Ta 

       1.01              1.22      1.56 

    

GPa GPaGPa

         

       Si                 Fe                 Cu 

       1.56                 2.41                                        3.21                    

    

GPaGPaGPa 

Figure 4.12: Stereographic contour plots of ivE  for selected fcc and bcc metals sorted by increasing anisotropy 

factors A = ( 2 (S
11 

– S
12 

) / S
44 ). Scaling the magnitudes by k2(vi) the strength surfaces are obtained. Superimposed is the 

numeric solution for the isolines of intersection of the TS with the SS surfaces (blue lines). For Nb (A=0.49) the set of 

<111> poles are included in the brittle region while the <100> poles are in the ductile region. For 2>A>0.5 brittle regions 

enclose the set of <111> directions. As A increases above 2 (Cu, Fe) the brittle regions shift towards the <100> poles.  
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The geometric characteristic of this surface is unchanged for different fcc or bcc crystals 

scaling linearly in the magnitude of the shear modulus. Along the set of <111> directions 

the surface is at a maximum. As the tensile axis rotates along the <110> zone axis the 

surface goes through a local maxima at the <100> poles. Figure 4.11(b) shows 3D 

surface plots of the TS and SS surface of Fe showing the intersection of the two surfaces 

which generate the ductile-to-brittle transition isolines. In Figure 4.12 the surfaces 

corresponding to the right hand side of inequality (4.14) (to be scaled by k2(vi )) are 

plotted as stereographic contour plots for selected fcc and bcc crystals. Superimposed is 

the analytic solution for the isolines of intersection invoking equality in (4.14). The 

experimentally determined stiffness constants  as summarized in Table 4.1 have been 

used for the calculations. For Nb with an anisotropy factor of 0.49, the set of <111> and 

<110> poles are included in the brittle region while the <100> poles are in the ductile 

region (SS<TS). For V, Mo, W, Al and Ta brittle regions (TS<SS) are included around 

the set of <111> directions, where the size of the brittle region decreases with increasing 

anisotropy factor. For Cu and Fe with significantly higher anisotropy factors, the brittle 

regions are shifted towards the <100> poles. For Si, the brittle regions include the set of 

<111> and <100> directions.  

 

4.2.2 Ductile-to-brittle isolines by Molecular Dynamics   

 

In analogy to the analytic procedure, the principle of computing the brittle to ductile 

isolines involves construction of the SS and TS surfaces. In the analytic case, the 

theoretical strengths were computed as a constant fraction of the anisotropic elastic 

constants (i.e. assuming constant orientation factors). In the following, this concept is 

refined constructing the TS surface by straining the crystal along the set of vectors vi in a 

MD model, tracking the virial stress tensor as the crystal is deformed. Using symmetry, 

the orientation space is discretized along quarters of great circles (Figure 4.10). Imposing 

a set of stability criteria along the deformation path allows defining the theoretical 

strength. The geometry of the SS surface remains unchanged, scaled by the theoretical 

shear stress magnitude which is obtained from the maximum gradient in the misfit 

potential energy surface (  surface or generalized stacking fault energy surface).   



Table 4.1: Stiffness constants of the selected fcc and bcc crystals as determined from MD simulations at 0 

K by straining the simulation cell in shear and normal directions. Also shown are the experimentally 

determined stiffness constants at room temperature [42]. The maximum gradient in the   surface is 

compared to ab initio and semi-empirical calculations from literature. All units are in GPa.   

 
 
 
  

Al 
fcc 

 
Mo 
bcc 

 
Nb 
bcc 

 
Ta 
bcc 

 
V 
bcc 

 
W 
bcc 

 
Fe 
bcc 

 
Si 
fcc 

         
Potential  EAM  FS FS FS FS FS FS SW 
         
C11  (calc) 117.4 464.1 246.3 265.7 227.6 521.7 151.7 160.4 
C12  (calc) 60.12 161.3 133.0 161.0 118.6 204.1 86.09 59.80 
C44  (calc) 33.06 108.8 28.06 82.29 42.55 160.4 76.10 79.90 
         
C11  (exp) 107.3 440.8 240.2 260.2 228.0 522.4 231.4 

151.91  
166.2 

C12  (exp)  60.90 172.4 125.6 154.5 118.7 204.4 134.7 
86.201 

64.40 

C44  (exp)  28.30 121.7 28.20 82.60 42.60 160.8 116.4 
76.201 

79.80 

         

   maxu   4.93 
<110> 

12.74 
<111> 

10.54 
<111> 

13.10 
<111> 

11.37 
<111> 

11.23 
<111> 

9.20 
<111> 

9.55 
shuffle 
set  

th   
AI or SE  
 
Slip direction 

3.30 
AI [33] 
 
 
<112> 

16.1 
AI 
[32] 
 
<111> 

7.60 
AI 
[32] 
 
<111> 

11.70 
SE [39] 
 
 
<112> 

9.72 
SE 
[39] 
 
<111> 

18.2 
AI [29] 
 
 
<111> 

11.5 
SE [40] 
 
 
<111> 

9.51 
SE 
[27] 
shuffle 
set 

         

 100th   

 

13.44 22.05 22.96 25.08 21.05 24.38 17.52 47.80 

 110th  

 

9.140 28.21 44.79 51.90 44.65 59.12 40.92 42.10 

 111th  

 

9.012 50.82 48.02 51.78 46.25 52.90 37.31 36.80 

 
1 stiffness constants as extrapolated to 0K [41].    
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To include many body effects in the physics of atomic cohesion while retaining 

computational simplicity, the embedded atom potential model is used for the range of fcc 

and bcc metals investigated  

 

      
 i

i
ji

jii FV  rrr                                               (4.20) 

 

where V is the potential energy,   the interaction energy, ri the atom positions and 

 iF   the embedding function depending on the energy required to embed atom i in an 

environment with electron density i . For the bcc materials investigated, the modified 

Finnis-Sinclair (FS) potential has been used in which a core term is added to the 

repulsive part of the original FS formulation [17, 18]. For fcc aluminum Ercolessi’s glue 

potential model has been used as obtained from the force matching method [19]. The 

Stillinger-Weber potential model has been used for the covalently bonded semiconductor 

materials such as Si in which the three body potential term depends on the bond angles 

[20].    

The boundary conditions for computation of the TS surface are schematically illustrated 

for a unit cell in Figure 4.13. The simulation cell of 7x7x7 unit cells is subject to periodic 

boundary conditions along repeat vectors a1, a2 and a3. Since in the present problem, 

elastic properties are investigated starting with a perfect (i.e. defect free) crystal, the size 

of the simulation cell is large enough to eliminate artifacts caused by using periodic 

boundary conditions on a small number of atoms as verified by a sensitivity analysis. The 

simulation cell is strained in the crystal reference frame such that the strain tensor in the 

local reference frame attains only one non-zero component corresponding to pure tensile 

strain along vi 

T
i

l
i

c
i RεRε                                                    (4.21) 

 

where subscript i denotes dependence on the local base vector system corresponding to 

each direction vi. The strain tensor component   is increased starting with a strain 

increment of 10-4. After each strain step the structure is allowed to relax to a local energy 

l
11
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minimum using the conjugate gradient relaxation algorithm. The virial stress tensor (at T 

= 0 K) is evaluated after each relaxation step in the crystal reference frame as  

 

          



N

ij
ijij

1

)(

rfσ                                                (4.22) 

 

where N is the total number of atoms, Ω the total volume of the simulation cell, fij and rij 

the force and relative distance vector between atoms i and j. Verification of the potential 

models included determination of the elastic stiffness constants by straining the 

simulation cell in normal and shear directions (Appendix 3). Table 4.1 summarizes the 

elastic stiffness constants and maximum gradient in the misfit potential surface (  

surface) as determined from the MD simulations at 0 K. The authors are aware that 

verification of potentials is limited to small strains and an extrapolation to large strains is 

required in the current context.  

 

                            
Figure 4.13 : Schematic illustration of the boundary conditions used to compute the TS surface. Illustrated is a 

projection of the (100) plane of a bcc unit cell. The simulation cell is subject to periodic boundary conditions 

along repeat vectors a1, a2 and a3. Illustrated is the case of rhombohedral distortion along the <110> direction 

(atoms are marked as solid white). 
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As first shown by Born, structural stability of a crystal lattice requires a set of stability 

constraints on the elastic constants of the crystal [21]. The latter concept was advanced 

using Gibb’s thermodynamic stability criteria for an elastic solid subject to finite strain 

[22]. For a crystal strained infinitesimally by a general strain tensor ij
~  from its reference 

configuration (associated with local stress state ij ), the Cauchy stress  is  ijs

 

klijklijijs  ~                                                         (4.23) 

 

with the stiffness coefficient matrix ijkl  a function of the stress tensor ij  and the local 

stiffness constants  ijklC

 

 jlklikjljkililjkjlikijklijkl 2
2

1
C                     (4.24) 

 

A necessary condition for internal stability of the crystal requires all eigenvalues of ijkl  

to be positive [22, 23]  

 

  0
2

1 T ωω                                                 (4.25) 

 

Note that the point of instability along the deformation path as determined by equality of 

(4.25) does not necessarily correspond to the first point of inflection in the energy versus 

strain dependence. Indeed, if the latter is true it is an indication for a change in the 

deformation path as the crystal is strained. As the stiffness coefficient matrix ijkl  

depends on the local stress state, material strength is not only an intrinsic material 

property, but also a function of the particular internal stress state. The stiffness coefficient 

matrix ijkl  has been computed by introducing six independent small strain deviations 

away from the original deformation path after each strain step. Tracking the 

corresponding reference stress tensor for each point along the deformation path then 
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allows calculation of the stiffness coefficient matrix for each point along the deformation 

path. Strains with order of magnitude 10-8 were found to satisfy the condition that the 

original deformation path remains unchanged by calculating the stiffness coefficient 

matrix after each strain step. All models have been implemented using MD++ in 

conjunction with the tcl script language [24].    

To define the theoretical shear strength, consider the Peierls-Nabarro model relating the 

total energy of a dislocation to the sum of a misfit and elastic energy term [25] 

 

    u
u 





'

'

' xx

dx

dx

d
K                                         (4.26) 

 

where K is an elastic constant, 
'dx

du
 the density of the misfit distribution of infinitesimal 

dislocation segments between positions x’ and x’ + dx’. The right hand side of (4.26) 

represents the gradient in the misfit potential which is periodic in the displacement. The 

left hand side represents the gradient in the elastic energy associated with the local elastic 

stress field. As discussed in previous work, the theoretical shear stress is interpreted as 

the maximum gradient of the   surface along displacement vector u (see Table 4.1) [26]. 

To compute the   surface, the method of Cai is followed [27]. For the bcc crystals, 

repeat vector a3 initially aligned along the fault plane normal direction [10-1] is allowed 

to tilt incrementally towards [111]. The boundary conditions comprise periodicity along 

the repeat vectors. As repeat vector a3 is tilted the real coordinates of the atoms remain 

fixed. As a result a gap between the periodic image and the simulation cell is created 

simulating the generation of a stacking fault. 

 

4.3 Results    
 

Figure 4.14 shows representative curves of the virial stress tensor component along the 

main crystallographic directions [hkl] versus applied strain  for Mo, W, Al and Fe. 

While the first local maxima in the tensile stress is largest for the deformation axis along 

l
11



 109

the [100] direction in fcc Al, it is lowest for the same direction in the bcc metals Mo, W 

and Fe. Figure 4.15 shows a 2D cross cut through the misfit potential surface of Fe, V 

and Ta. The maximum slopes in the misfit potential energy and hence the theoretical 

shear strengths decrease in the order Ta, V and Fe. In Table 4.1 the maximum gradient of 

the misfit potential    maxu is compared to ab initio and semi-empirical calculations 

from literature. The ratio of the shear moduli to the corresponding calculated theoretical 

shear stresses fall in the expected range between about 2π and 10. The TS surfaces as 

computed from the first local maxima in the stress versus strain dependence 

corresponding to a total of 104 directions vi in a quadrant of orientation space are 

projected onto stereographic contour maps in Figure 4.16. 

Let us first investigate the TS surfaces in comparison to the analytic estimates. While the 

analytic estimates predict the minima in the TS magnitude around the <111> poles for Nb 

and V, the MD results show an inversion such that the minima in tensile strength are 

around the <100> poles (with the maxima around the <111> poles). Such an inversion is 

also observed for Al were the analytic estimates show a minimum in tensile strength 

around the <100> poles while the MD results predict minima around <111> and <110> 

poles and maxima around the <100> poles (Figure 4.16) 

The isolines of intersection between the TS and SS surfaces are superimposed in the 

stereographic projection in Figure 4.16 (compare to Figure 4.11(a)). The SS surfaces for 

Nb, V, Ta and Fe intersect the TS surfaces along isolines tracing around the <100> poles. 

The analytic estimates for Ta and Fe show similar isolines with additional ones around 

the <111> poles in the case of Ta. Note that despite the inversion in the strength surface 

(TS) for Al compared to the analytic estimate, the ductile-to-brittle isolines for Al are 

comparable. The set of <111> poles are included in the brittle region while the set of 

<110> and <100> poles are included in the ductile region. The ductile and brittle areas 

remain unchanged. The MD results for the case of Si show that the TS surface encloses 

the SS surface such that no intersections occur. The distance between the TS and SS 

surfaces for this case is a minimum along the set of <111> poles.  
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             Mo                      W 

     

 

 

    Al           Fe 

 

 

Figure 4.14: Virial Stress tensor component along direction [hkl] as a function of the accumulated strain tensor 

component . Representative curves for the [100], [110] and [111] directions of applied strain for Mo, W, Al 

and Fe. As Mo and Fe are deformed along the [100] deformation path the crystal structure stabilizes at the Bain 

strain (point P). The symmetry of the local stiffness matrix at point P is tetragonal. 
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Figure 4.15: Two dimensional cross cut through the misfit potential surface for Fe(bcc), V and Ta. For the 

bcc crystals, repeat vector a3 initially aligned along the fault plane normal direction [10-1] is allowed to tilt 

incrementally towards [111]. The generalized stacking fault energy as obtained for Fe (~ 0.64 J m-2) agrees 

well with ab initio calculations by Yan (~ 0.45 - 0.6 J m-2).  

 

4.4 Discussion  
 

So far, it has been shown that for a perfect crystal two deformation modes are expected 

depending on the loading direction in uniaxial tension. The change between these two 

modes strongly depends on the anisotropy factor in the elastic properties. For some cases, 

there are discrepancies in the ductile-to-brittle transition isolines between the simple 

analytic estimates and the MD results. As will be demonstrated, these differences are 

understood as arising from both, the  deviation of the ratio of the orientation factors in 

(4.19) from unity and the setting of the correct stability criteria in the tensile failure 

mode. Finally, length scales will be defined in which the scenario described above is 

expected to be valid, even in the presence of flaws. Following the general argument up to 

this point, the latter length scales are also expected to be orientation dependent. 
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4.4.1 Orientation dependent ductile-to-brittle transitions  

 

As the MD calculations predict an inversion in the weak directions when comparing fcc 

aluminum with the bcc metals (Figure 4.16 and Figure 4.14), it is instructive to compare 

the ductile-to-brittle transitions among the bcc metals (Nb, V, W, Ta and Fe) with fcc 

aluminum. 

The weak directions in the bcc metals comprise the set of <100> directions where the TS 

surfaces go through a global minimum (Figure 4.16). To understand this characteristic of 

the bcc crystals consider the corresponding [100] deformation path. As the bcc structure 

is deformed along [100], it is carried into an unstressed fcc structure upon contraction 

along [010] and [001]. Hence, the virial stress is expected to go through a maximum 

along the deformation path from the bcc structure (at zero strain) to the stable fcc 

structure (at the Bain strain of 0.26). The stress versus strain curves for Mo and Fe in 

Figure 4.14 show the stable tetragonal structure at point P and the local stress maximum 

at point S. Ab initio calculations on the theoretical strength of W demonstrate the strength 

along [110] to exceed the strength along [100] by a factor of about 1.9 (28.9 GPa along 

[100] and 54.3 GPa along [110]) [28, 29]. The TS surface for W in Figure 4.16 agrees 

well with this observation. For Fe, ab initio calculations show the strength along [111] to 

exceed the strength along [100] by a factor of about 2 [30] being consistent with the TS 

surface for Fe in Figure 4.16. The ductile-to-brittle isolines for the bcc metals (Figure 

4.16) trace close to the set of <115> poles with the set of <100> directions included in the 

brittle region. With the exception of Nb which is shown to fail in shear on the 

<111>(112) system upon [100] loading, all bcc metals investigated fail in tension (brittle) 

across the (100) planes upon [100] loading and are expected to fail in shear (ductile) 

along the <111> and <110> directions  [31, 32]. It is evident that for Nb the brittle 

regions are closer to the <100> poles in comparison to Fe, Ta and V.  

As the maximum gradient in the misfit potential for Nb as calculated approaches the ab 

initio value of the theoretical shear stress (3.3 GPa), the SS surface decreases shifting the 

brittle regions further towards the <100> poles until shear failure on the <111>(112) 

system is predicted over all orientations.  
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    Nb                         V        W 

   0.49             0.78      1.01 
 

 

GPa GPa GPa

     Al                           Ta                    Si 

                          1.22           1.56               1.56       

 

GPa GPa

Figure 4.16: Stereographic contour plots of the strength surfaces (TS) as computed from the MD simulations at 0 K. Superimposed 

are the ductile-to-brittle isolines (cyan lines) as computed by intersecting the TS and SS surfaces. The TS surfaces are obtained 

from the first local maxima in the stress strain curve which is verified to be close to the first point of the breakdown of stability 

condition (4.25) over all orientations for Nb, V, Al, Ta and Fe. For the bcc crystals the set of <100> poles are included in the brittle 

regions while the ductile-to-brittle isolines trace close to the set of <115> poles. For Al the set of <100> and <110> poles are 

included in the ductile region with the <111> directions included in the brittle region.  
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In contrast to the bcc metals, the TS surface of Al shows an inversion in strength such 

that the set of <111> and <110> directions comprise the weak directions. Indeed, first 

principle calculations of Al show the strength along [100] to exceed the one along [111] 

with the first maxima in the stress versus strain curve at about 13 GPa along [100] and 

about 11 GPa along the [111] direction [33]. Despite the inversion in the tensile strength 

surface as compared to the analytic estimate, the ductile-to-brittle isolines for Al are 

directly comparable (compare Figures 4.12 and 4.16). The set of <111> poles are 

included in the brittle region while the <110> and <100> poles are in the ductile region.   

As elastic and phonon instabilities may occur before reaching the first point of inflection 

in the energy versus strain dependence, the consequential change in geometry of the TS 

surfaces in Figure 4.16 may also significantly influence the ductile-to-brittle isolines. 

Consider the stress strain curve for Fe in Figure 4.14. As the crystal is strained along 

[100], the eigenvalues of the stiffness coefficient matrix attain the first zeros at point S 

which corresponds to an accumulated strain of 0.18. Note that this point corresponds to 

the first point of inflection in the energy versus strain curve. The symmetry of the local 

stiffness constants at the Bain strain of about 0.26 (point P) shows tetragonal symmetry 

with C11=C12 , C33 ≠ 0, C12 ≠ 0, C13=C23≠ 0, C44 ≠ 0 , C55=C66≠ 0 and all other Cij =0. 

Indeed, substituting a uniaxial stress state for the stress tensor into (4.24), that is 

33 jiij    and invoking (4.25), yields four stability criteria to be satisfied  
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C2CCC 12332211                      (4.27) 

                                     (4.28) 2322 CC 

     
2

1
C55                    (4.29) 

             (4.30) 0C44 

 

At point S, stability condition (4.27) breaks down yielding a negative determinant of the 

stiffness coefficient matrix. For strain along [111] and [110] the point of instability 

occurs at larger accumulated strains, i.e. 0.32 and 0.29. Generalizing the stability analysis 

for all points in orientation space requires evaluation of the stiffness coefficient matrix 
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ijkl  for all points along the deformation path corresponding to each strain direction vi. 

We introduce the normalized instability strain in a first attempt to analyze the occurrence 

of the first point of instability in orientation space.  Consider the following ratio of strains  
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v
v




                                             (4.31) 

 

where f is the strain which corresponds to the first point of inflection in the energy 

versus strain dependence and S  the strain at which stability condition (4.25) breaks 

down. In the case where no instabilities such as phase transformations occur before 

reaching the first point of inflection in the energy versus strain dependence, the 

normalized instability strain is unity. In the case where phase transformations change the 

deformation path before reaching the first point of inflection, the normalized instability 

strain is larger than unity. Hence n  is interpreted as a measure of the extent to which the 

TS value is reduced due to prior instabilities. Figure 4.17 shows stereographic contour 

plots of the normalized instability strain for Mo, Fe, W and Nb. In the case of Mo, the 

normalized instability strain changes from unity around the <100> poles to about 2 at the 

<110> poles. In contrast to Mo and W, the normalized instability strain does not change 

significantly for the case of Fe, Nb, V, Ta and Al. While Mo shows no significant 

deviation from its original deformation path within regions around the <100> poles, there 

is a discontinuous change in the normalized instability strain as the deformation axis 

rotates towards the <110> poles reaching a maximum around the set of <103> poles. The 

accumulated strain for which condition (4.25) breaks down is significantly decreased to 

about 0.07 at the <110> poles. Comparing Mo with Nb, it is evident that for Nb the 

region from the <100> up to the <110> poles corresponds to the maximum in the 

normalized instability strain (Figure 4.17). This is consistent with ab initio calculations 

which demonstrate that Nb deviates from the tetragonal Bain path towards an 

orthorhombic path for the load axis along the [100] direction [32]. For the case of Mo, 

ductile regions include the set of <111> and <110> poles while the set of <100> poles are 

included in the brittle regions (Figure 4.18). Using the stiffness constants for Mo as 
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determined from MD simulations at 0 K evoking proposition (4.19) the ductile-to-brittle 

isolines for Mo were recalculated using the method explained in section 4.2.1. Note that 

although the strength surface shows an inversion for Mo compared to the analytic 

estimate, the ductile-to-brittle isolines remain comparable while the ductile and brittle 

regions are inverted (Figure 4.18).  

 

    Mo                        Fe 

                

 W                         Nb 

            
Figure 4.17: Stereographic contour plots of the normalized instability strain for Mo, Fe, Nb  and W. For W 

and Mo the normalized instability strain is close to unity around the set of <100> poles showing that the 

strain at which stability condition (4.25) breaks down is close to the first point of inflection in the energy 

versus strain dependence. As the deformation axis rotates towards the <111> poles there is marked 

decrease in the strength due to a shift of the instability strain away from the point of inflection. For W this 

results in a large decrease in strength around the <111> poles such that the ductile-to-brittle isolines enclose 

the set of <111> poles (blue lines). 
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      a                               b 

     
Figure 4.18 : (a) Stereographic contour plot of the strength surface (TS) of Mo from the MD calculations 

using stability criterion (4.25). Superimposed the ductile-to-brittle isolines (blue lines). The <110> and 

<111> directions are included in the ductile regions while the <100> directions are included in the brittle 

region. (b) Stereographic map of the brittle regions (filled) in Mo as calculated using the analytic procedure 

using the stiffness constants for Mo at 0K and proposition (4.19). Although the strength surface is inverted, 

the ductile-to-brittle isolines are comparable to the MD results.   

 

 

 

           
Figure 4.19: Problem formulation of a cracked plate of infinite lateral dimension constrained by dimension 

h and subject to a normal stress on upper and lower faces. Also illustrated is the contour path (dashed) 

around the crack singularity to evaluate the J-integral.  
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For W the normalized instability strain deviates significantly from unity around the set of 

<111> poles (Figure 4.17). This leads to a reduction in the strength around the <111> 

poles such that the SS surface is larger around the <111> poles leading to a shift of the 

ductile-to-brittle isolines from the <100> poles to the <111> poles as shown in Figure 

4.17 (compare Figures 4.16 and 4.17 for W). In contrast to Mo, the brittle regions in W 

are included around the set of <111> poles while the set of <100> and <110> poles are 

included in the ductile regions. The analytic estimates for W predict ductile-to-brittle 

isolines around the <111> poles with a characteristic isoline geometry as shown in Figure 

4.12. It is evident that the isolines as obtained from the two methods are directly 

comparable for W. It is important to note that Al, W and Mo have anisotropy factors 

close to unity. Hence small changes in the TS surfaces lead to significant changes in the 

ductile-to-brittle isolines.  

 

4.4.2 An orientation dependent critical length scale  

 

It is insightful to investigate, whether the ideas presented above are only valid for perfect 

crystals, or if they may be universally valid for small scale materials. Consequently, we 

need to compare the theoretical tensile and shear strengths (depending on the direction) to 

the corresponding scaling laws in mechanical properties. 

We relate an external dimension of a characteristic length h  to the critical stress required 

for unstable crack growth. Equating the critical stress with the theoretical strength allows 

to define an orientation dependent length scale hc  below which material strength is given 

by the theoretical strength. Imagine a cracked plate of infinite extent in the lateral 

direction and thickness h subject to a uniform load at upper and lower boundaries (Figure 

4.19). The energy release rate is equal to the J-integral traversed around the contour path 

 excluding the crack singularity  

k
K

u
J dy T ds

x




¶
= -

¶ò                     (4.32)   

 

where   is the elastic energy density, TK  the tractions on boundary   and uk the 

displacement components. Since only path bc contributes to the J-integral, (4.32) reduces 
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to  

c
2
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2 2
 = = =ò S h                                         (4.33) 

 

where   is the normal stress component along y and S22 the compliance constant 

component for a cubic crystal. We introduce an orientation dependent critical length scale 

hc  by setting J equal to the energy release rate and the critical stress equal to the 

theoretical strength  
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                       (4.34) 

 

As the crystal orientation changes relative to the reference axis (Figure 4.19), the 

magnitude of the compliance constant, the theoretical strength and surface energy change 

as indicated in (4.34). The orientation dependency of S22 with the principle axis of the 

fourth order compliance tensor is determined by transforming the compliance tensor 

along all principle directions vi  

 

mnsttlsknjmiijkl SRRRRS                                   (4.35) 

 

The quantity  is plotted in a stereographic projection for the case of 

Mo and Al in Figure 4.20. Consider the set of <100> , <111> and <110> directions for 

Mo for which the surface energies 

     12

22



i
th

iS vv  

100 , 111  and 110  are 3.81 J m-2, 4.62 J m-2 and 3.20 

J m-2 [34]. The corresponding critical length scales hc for this set of directions are 12.2, 

7.4 and 5.1 nm (Figure 4.20). For the case of Al where 100 , 111  and 110  are  1.68 J m-2, 

1.45 J m-2 and 1.84 J m-2, the critical length scales are estimated as 3.4, 6.4 and 8.1 nm. 

The two cases demonstrate that the critical length scale hc depends significantly on the 

crystallographic orientation changing by more than a factor of two between the <100> 

and <110> directions.     
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                   Mo                        Al GPa-1 

            

Figure 4.20: Stereographic contour plot of       12

22



i
th

iS vv   for Mo and Al. Scaling the magnitude 

by  iv4  gives the critical length scale at which material strength is determined by the theoretical 

strength.  For Mo the critical length scale is largest along <100> (i.e. 12 nm) while for Al it is largest for 

the <110> directions (i.e. 8 nm). 

 

Along directions, in which the SS surface has lower magnitudes than the TS surface 

(SS<TS), the expected failure mode is by shear and hence the strength needs to be 

compared to a scaling law for plastic deformation. Consequently, the length scale hc 

should be compared to the critical length scale hd at which the dislocation nucleation 

stress approaches the theoretical shear stress. The observation of deformation twins in 

nanocrystalline Al as well as synchrotron experiments on thin Au films have suggested 

the transition from full to partial dislocation nucleation below a critical length scale  

[35, 36]. Equating the nucleation shear stress of a perfect dislocation (for fcc )  

with the one required for nucleation of a Shockley partial dislocation (

fph 

1105.0

 11261.0 ), the 

transition length scale for full to partial dislocation transitions is estimated as in [35, 37] 
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where the parameter   changes with the angle between line direction and Burgers vector 

(0.5 and 1.5 for edge and screw dislocation), bN and bp  are the Burgers vectors of the full 

and Shockley partial dislocation and SF  the stacking fault energy. For Al with a shear 

modulus of 35 GPa and a stacking fault energy of 0.142 J m-2, the transition length scale 

hp-f is estimated as ~10 nm. The corresponding nucleation stress of the Shockley partial 

dislocation approaches the theoretical shear stress (3.3 GPa) at a length scale hd of about 

5 nm. As the latter critical length scale is below hc for the <111> and <110> directions, it 

sets a lower bound on the characteristic length for which an imperfect Al crystal could 

show an orientation dependent brittle-to-ductile transition as shown in Figure 4.16. 

Perfect crystals containing essentially no inclusions, cracks and dislocations on a scale of 

a micron have been realized as shown by compression tests on molybdenum alloy pillars 

[7] as well as in extensive studies conducted in the 1950s [1-5]. However, our results 

demonstrate that the constraint on crystals to be perfect in order to possibly attain the 

theoretical strength can be relaxed for nanostructures with a characteristic length below 

approximately 10 nm.  

 

4.5 Summary and Conclusions  
 

The concept of an orientation dependent ductile-to-brittle transition was introduced based 

on the intersection of two surfaces in orientation space: A theoretical tensile strength (TS) 

and a projected shear strength surface (SS). The concept was developed using the 

simplest possible analytic models. The analytic estimates suggested that there exist closed 

isolines separating ductile from brittle regions in orientation space. The concept was 

further advanced using the embedded atom method (EAM) in a molecular dynamics 

model. For the bcc metals Nb, V, Ta and Fe the ductile-to-brittle transition isolines are 

similar, tracing close to the set of  the <151> poles while for fcc Al the isolines trace 

around the set of <111> poles.  

The normalized instability strain has been introduced to analyze the elastic stability of the 

crystals in orientation space. For Fe, Ta, V, Nb and Al the deviation of the instability 

strain away from the point of inflection is not considered significant contrary to the case 
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for Mo and W with anisotropy factors close to unity. For W, the decrease in strength 

along <111> is rationalized as a shift of the normalized instability strain to large values 

suggesting a significant change in the deformation path. This decrease in strength leads to 

characteristic ductile-to-brittle isolines around the <111> poles which are consistent with 

analytic estimates. 

A critical length scale for the validity of the ductile-to-brittle transitions for materials 

including flaws has been defined by comparison to scaling laws for strength. For Al and 

Mo this length scale was found to be on the order of 10 nm and below. Consequently, 

materials have to be either flawless or extremely small to maximize strength. In the latter 

case, the failure mode depends on the orientation of the deformation axis with respect to 

crystal orientation.  
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Chapter 5 

 

5. Conclusions 
 

In this chapter the main conclusions of the dissertation are summarized. An overview of 

proposed future projects as based on the contributions in this work is suggested in Section 

5.2. Several open questions and some of the limitations of this work are discussed. 

 

5.1 Summary  
 

Novel synchrotron microdiffraction experiments have been conducted on polycrystalline 

thin film systems to understand the mechanical response of polycrystalline thin film 

materials on the mesoscopic scale. In a novel experimental setup and instrumentation the 

synchrotron Laue microdiffraction technique has been implemented at beamline X05LA 

at the Swiss Light Source. The model material system comprised polycrystalline thin 

gold films (1 μm) magnetron sputter deposited on Si/SiO2 substrates. Synchrotron 

microdiffraction experiments have also been conducted on thin polycrystalline silver 

films at the Advanced Light Source in Berkley employing a synchrotron source from a 

superconducting bending magnet.   

The experimental results have demonstrated a stress driven deformation mechanism as 

based on cooperative transport of GND density. The driving force for the latter 

mechanism is a shear stress gradient and the transport of polar dislocation density. The 

experimentally observed mechanical response could be understood from the structural 

evolution in the coupled system of rotational incompatibilities as represented in a 

multipole disclination configuration. The experimental results have demonstrated that the 

measured structure rotation is described by the change in rotational closure failure 

corresponding to a Burgers circuit around the multipole disclination configuration. The 

concept has been further generalized in a non-Euclidian geometry by constructing a 



 125

Riemann-Cartan circuit around the multipole disclination configuration. It is 

demonstrated that the rotational mechanical response is understood as the change in the 

Riemann curvature tensor and represents higher order gradients in the framework of a 

micropolar continuum theory. The first order gradient of elastic or plastic parts of the 

total deformation gradient as used in traditional geometrically necessary dislocation 

theory is not sufficient to capture the observed micro-rotation. As demonstrated, it is the 

observed cooperative phenomena, i.e. the collective evolution of the coupled system of 

rotational incompatibilities which determines the mechanical response. An analogy to 

Ampères circuit law of electromagnetic theory was proposed in the second part of this 

work, where the analogy to current lines and the circulation of the magnetic vector field 

are disclination lines and the corresponding circulation of the curvature tensor field.  

The second topic of the dissertation concerned the mechanics of materials at the 

theoretical limit of material strength. Since Griffith first introduced thoughts about the 

influence of the general stress state in a crystalline material on the brittle versus ductile 

deformation behavior, there has been a continuing interest to understand material 

deformation at the upper limit of material strength. Several fundamental open questions 

have been investigated in this work, the two most important concerned the existence of 

ductile-to-brittle transition regions in orientation space at the theoretical limit of strength 

and the second the existence of a critical length scale below which materials may deform 

at theoretical strength despite having cracks or flaws. The concept of ductile-to-brittle 

transition regions in orientation space was first introduced in this work and constructed 

from the intersection of two surfaces in orientation space. In the subsequent part of this 

work, the embedded atom method was employed in molecular dynamics models for a 

range of fcc and bcc materials to define the theoretical strength as the first point of the 

onset of an elastic instability along the corresponding deformation path. The results show 

that for the bcc metals Nb, V, Ta and Fe the ductile-to-brittle transition isolines trace 

close to the set of <151> poles with the <100> poles included in the brittle region while 

for fcc Al the isolines trace around the set of <111> poles with the <111> directions 

included in the brittle region. A critical length scale has been defined below which the 

strength of materials including flaws is expected to be determined by the theoretical 
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strength by comparison to scaling laws for strength. For Al and Mo this length scale was 

found to be around 10 nm and below.                    

 

5.2 Outlook and limitations  
 

In contrast to phenomenological approaches, this work started with the premise to 

employ fundamental physical principles, centered on methods of differential geometry 

and the continuum theory of dislocations, to gain a fundamental understanding of plastic 

deformation on the mesoscopic scale. The strategy was to employ a “top-down” approach 

in which the experimental observations provide the boundary conditions and necessary 

level of idealization in the model development. Several limitations of this work have to 

discussed. The dislocation dynamics leading to the change in the geometric state could 

only be discussed to a first order as based on the experimental observations. A first step 

to gain insight into the dislocation dynamics and in particular to understand the 

relationship between the boundary conditions and the microstructural degrees of freedom 

in conventional continuum mechanics has been undertaken in this work (Appendix 4). 

Considering again the proposed analogy to Ampère’s circuit law, perhaps the dynamic 

effects can be captured by introducing an analogue to Maxwell’s corrections of Ampère’s 

circuit law by a displacement current (i.e. time rate of change in the electric field). In 

future work, several of the experimental methods and instrumentations have to be further 

developed to study the dynamic effects. In particular, the readout and exposure times of 

the detector are a limiting factor in this respect.   

Several further developments of the experimental methods in this work has been 

experimented on. One idea concerned measuring the energy of a single Laue reflection by 

means of which the dilatational component of the strain tensor is measurable. Using the 

Pilatus detector module, the setting of energy thresholds above which incoming photons 

are not counted is equivalent to moving the Ewald sphere through reciprocal space. 

Theoretically, from the characteristic energy at which a Laue peak disappears on the 

detector plane the dilatational component of the strain tensor is measurable (by measuring 

absolute values of the lattice constants). This has been attempted at the SLS using the 
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Pilatus 6M detector in conjunction with a small Pilatus 1M module. Although an effect 

was measurable, the statistically relevant energy resolution of the detector module of 1 

keV together with the relatively large variation of photon flux with photon energy (i.e. 

characteristic from the undulator insertion device) lead us to the conclusion that the 

observed effects were most probably artifacts. Most promising for the future would be to 

attempt to tune the energy of the synchrotron x-ray beam. This idea has been considered 

to be implemented at the SLS in the present work. However, first calculations 

considering the optics of the beamline showed it to be difficult in practice as switching 

from the polychromatic to monochromatic mode would result in a lateral shift of the 

synchrotron microbeam by 5-10 μm. 

A further experiment that is envisioned in the future is an in situ tensile microdiffraction 

experiment of copper thin films sputtered on Kapton substrates conducted in a 

transmission geometry. The advantage of such an experiment is that first the transmission 

geometry is more advantageous and second that larger strains can be imposed on the 

films.    

In the second topic of this work, the embedded atom method was employed to investigate 

ducile-to-brittle transitions at the theoretical limit of strength. The embedded atom 

method was motivated from the coordination dependent physics of metallic bonds. A key 

limitation of semi-empirical potential models is the problem of transferability, i.e. the 

ability to predict material behavior outside the applicability range of the semi-empirical 

potentials. As most interest in this work focused on the coordination dependent material 

strength, the physical parameters of the potentials that matter the most for this study are 

the stiffness constants and stacking fault energies. However, transferability to large strain 

behavior is by no means guaranteed. It would be most interesting to use first principle 

methods in the framework of density functional theory (DFT) to compute the ductile-to-

brittle isolines. To date, research focused on the first principle computation of the 

theoretical strength only along one or two common crystallographic directions. In 

principle, it should be possible, albeit computationally expensive, to construct the 

strength surfaces by first principle calculations. Further, an in-depth analysis on the 

elastic and phonon instability ranges corresponding to the deformation paths along the 

isolines of intersection would be most interesting.   
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Appendix 1       

Covariant and contravariant tensor fields and the relation to 

parallel transport  

 

In what follows, a geometrical interpretation of covariant and contravariant tensors is 

developed starting first with a formal definition. Consider the transformation between 

two coordinate systems which are in general curvilinear, i.e. coordinate system dxi and 

dyj on different local coordinate patches of the manifold in Figure A1. For curvilinear 

coordinate systems (such as spherical polars) the transformation is in general non-linear 

and hence dxi and dyj are related by the laws of partial differentiation 
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A contravariant vector ai is defined if under change from coordinate reference frame dxi 

to dyj it transforms to aj according to (A 1.1) 
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Examples of contravariant vectors is the acceleration and the velocity vector. In particular 

the velocity vector of a moving material point at xi(t) is  
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showing that velocity is a contravariant vector. In contrast to contravariant vectors, the 

gradient of a scalar function transforms to the new coordinate system xi as,  ),,( 321 yyyf
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where the lower indicial denotes that the vector transforms as a covariant vector, i.e. 

according to (A 1.4) as the gradient of a scalar function. The physical meaning of the 

contraction  
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is to take the rate of change of the gradient of the scalar function (A 1.5) along the vector 

field ai (where c is a constant). For the case where  constant on the manifold,   along 

directions ai define  local tangent planes or coordinate patches as illustrated in Figure A1. 

Hence the manifold in Figure A1(a) may be thought of as glued together from local 

coordinate patches as illustrated. Contravariant and covariant tensors (or 1-forms for 

vectors) are dual objects and the contraction (A 1.6) is interpreted as the action of the 

contravariant vector field on the covariant vector field to produce a scalar (extension of 

the dot product of vectors). For an n-dimensional manifold, the covector field defines a 

set of (n-1) dimensional hyperplanes.  

Consider a contravariant vector field Di in a Cartesian coordinate system yi. In a general 

curvilinear coordinate system xi  
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      (A 1.7) 

 

where Aj is the corresponding contravariant vector field in the curvilinear coordinate 

system xi. For parallel propagation of the vector fields along the arbitrary space curves 

xi(t) and yi(t) (i.e. for example along the unit circle and along a straight line in Figure 

A1(b)) the condition for contravariant vector field Di to remain parallel is  
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Figure A1 : (a) Illustrated is a 2-manifold surface composed of local coordinate patches. The contravariant 

vector field (A 1.2) is the extension of the concept of a vector field on a manifold, where the transformation 

law between the coordinate patches is given by (A 1.2). The 1-forms or covector fields are dual objects and 

the contraction (A 1.6) defines a set of parallel hyperplanes on the manifold. For the case of the covector 

field, i.e. the gradient of the scalar field   constant on the surface, the contraction or dot product with the 

covariant vector field ai defines local tangent planes to the manifold. (b) Illustration that constancy of 

vector components along a curve in non-Euclidian geometries is not a condition for parallelism (or the 

parallel propagation of vector fields along a curve). Illustrated is the unit vector  (1 0 0)T  in spherical polar 

coordinates with constant components along the unit circle. As shown constancy of the components along a 

curve does not imply that the vector field remains parallel to itself. The physical implementation of parallel 

transport in a non-Euclidian geometry would be to transport a gyroscope along a curve on the surface.      
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Multiplying (A 1.8) by ∂yp/ ∂xi and summing over index p gives  
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where the metric tensor gij relates distance to infinitesimal coordinate increments  
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The Christoffel symbols of the first and second kind naturally emerge by expressing the 

sum term in (A 1.9) first in terms of the derivative of the metric tensor  
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The Christoffel symbols of the first kind are denoted by [jk,i] while the Christoffel 

symbols of the second kind are denoted by  and defined as  i
jk
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The expression for parallel transport (A 1.9) is now expressed in terms of the Christoffel 

symbol of the second kind as 
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Since the space curve is arbitrary writing for d/dt = (∂/ ∂xk ) dxk/dt yields  
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In Euclidian space, the Christoffel symbols are zero (i.e. all 27 independent components) 

yielding the requirement that the partial derivative of the vector field with respect to the 

space curve be zero at each location for the vector field to remain parallel (in this sense 

Euclidian parallel). Parallel propagation of vector fields is different from the Euclidian 

notion in general non-Euclidian spaces as given by (A 1.17) suggesting that (A 1.17) is 

the generalization of partial differentiation in non-Euclidian space, denoted as the 

covariant derivative of the contravariant vector field Ai.  
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Note the difference to the usual partial differential operator in Euclidian space. The 

Christoffel symbols of the second kind itself do not have the transformation properties of 

a third order tensor. The combination of the Christoffel symbols and their derivatives 

define the Riemann curvature tensor.      
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Appendix 2       

The Riemann-Christoffel curvature tensor of space  

 

The metric tensor was defined before from the Cartesian definition of a squared length 

segment as transformed to a general non-Euclidian space. A Riemannian space is one 

where there exists a metric tensor such that the general squared line segment dS2 may be 

constructed from the metric tensor 

 

                    (A 2.11) ji
ij

2 dxdxgdS 

 

Hence a Euclidian space is a special case of a Riemannian space since the metric tensor 

can be constructed. Riemannian spaces are more general and include non-Euclidian 

spaces. An important measure of the non-Euclidian character of space is the Riemann 

curvature tensor. A continuous covariant vector field Ai in Cartesian coordinates has the 

property  
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Since relation  (A 2.12) must hold in any Euclidian reference frame we obtain from the 

principle of covariant differentiation  
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Covariant differentiation of the second and third term as well as an analogous procedure 

for the right hand side of (A 2.12) yields  
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where Rijk
r is the Riemann-Christoffel curvature tensor of space and its vanishing is a 

condition for (A 2.12) to be satisfied and hence a condition for space to be Euclidean. 

The Riemann-Christoffel curvature tensor is the generalization of curvature on manifolds. 

Consider as an example the determination of the Riemann curvature of the simplest 

multiply-connected body, the non-Euclidian geometry of a torus. As will be demonstrated 

calculation of the Christoffel symbols allows to determine the geodesic paths on the torus 

by inspection. This example also serves to make the notation more transparent. Figure A2 

shows the geometry of a torus to be parameterized by the local geodesic coordinate 

system (u,v) with major radius c and minor radius a as parameters. The geodesic equation 

shown in the Figure describes the geodesic paths, i.e. the series of paths between two 

points on the torus of the shortest distance.    

          
Figure A2 : Geodesic paths on the torus connecting point A and B. The unbounded geodesics cross inner 

and outer equators. Also shown on the right hand side the Cartesian reference frame for unit speed 

parameterization in terms of surface coordinates (u,v). The geodesic differential equation (second order in 

time) shown on the top involves the Christoffel symbols of the second kind giving as the general solution 

the geodesic paths. A vector triad (bright arrows on the torus in Figure A2) transported along the outer 

equator of the torus by parallel transport does not experience a rotation while transport along the top of 

torus (v=π/2 as measured from the y1 axis) for example yields a rotation of the vector triad by 2π upon 

reaching the original starting point. The dots above the geodesic equation represent derivatives with respect 

to parameterized time.     
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A surface point x on the torus is parameterized by x(u,v) with reference to Figure A2,  
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The metric tensor gij (A 1.10) defines the transformation of a squared line segment from 

the Euclidian reference frame to the surface coordinates x(u,v)  
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Forming all partial derivatives of the metric tensor with respect to the surface coordinates 

(u,v) determines the Christoffel symbols of the second kind from (A 1.14). Only three 

components of the Christoffel symbols are non-zero given the metric tensor in (A 2.19). 

For example  since  0u
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and the three non-zero components :  
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To determine the Riemann curvature, the partial derivatives of the remaining components 

of the Christoffel symbols have to be evaluated  
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Only two components of the Riemann curvature tensor are non-zero  
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By inspection of the geodesic equation (Figure A2) which determines the paths of 

shortest distance between two points, it can be shown that there are a range of different 

geodesics ranging from the obvious meridian geodesic (along v for constant u) to 

unbounded geodesics crossing inner and outer equators as shown in Figure A2. A vector 

triad (bright arrows on the torus in Figure A2) transported along the outer equator of the 

torus by parallel transport does not experience a rotation while transport along the top of 

torus (v=π/2 as measured from the y1 axis) for example yields a rotation of the vector 

triad by 2π upon reaching the original starting point.        
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Appendix 3 

Determination of elastic stiffness constants using the EAM 

potential models      

 

As an example, the determination of two independent stiffness constants (C11 and C44) for 

Al (fcc) and Fe (bcc) are shown. For aluminum, the EAM glue potential model as 

obtained from the force-matching ab-initio method (Chapter 3), while for Fe the Finnis-

Sinclair potential model has been used. The simulation cell constituted 5x5x5 unit cells 

and was subject to 3D periodic boundary conditions. The reference coordinate system is 

aligned along the crystallographic base vector (a1, a2, a3). In each model, the simulation 

cell was strained along one of the normal directions (i.e. along one of the crystallographic 

base vectors) as well as in shear directions using a strain increment of 10-4 up to a total 

strain of 0.01. After each strain step the crystal structure was relaxed using the conjugate 

gradient relaxation algorithm. Similarly to the steepest decent method, conjugate gradient 

relaxation uses the atomic forces F (at position vectors R) as determined from the 

gradient in the potential energy F=∂V(R)/∂R to search for a local energy minimum.    

The virial stress tensor σ and strain energy density W of the system are evaluated after 

each relaxation step. At 0K the kinetic terms in the virial equation vanish yielding the 

virial stress tensor σ in terms of the atomic forces and relative distance vectors 
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where N is the total number of atoms, Ω the occupied volume, fij and rij the force and 

relative distance vector between atoms i and j. The 4th order stiffness tensor relates the 

virial stress tensor σ to the applied strain tensor ε as  
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klijklij C                  (A 3.12) 

  

The independent stiffness constants may be either determined by the dependence of the 

virial stress on the relevant strain component or the strain energy on the square of the 

strain component. For example, the dependence of the normal virial stress component σ11 

on the applied strain component ε11 (and all other components zero) yields the stiffness 

constant C11. Similarly, fitting the dependence of the strain energy density W on the strain 

component ε11  with a parabola yields the stiffness constant C11. Figure A.3.1 shows the 

dependence of the virial stress component σ11 and σ12 on the corresponding applied strain 

components for Al and Fe yielding the two stiffness constants C11 and C44.     

 

          a       b 

      

 

Figure A.3.1 : Virial stress tensor component σ11 and σ12 as a function of applied strain ε11 and ε12 for (a) Fe 

(bcc) and (b) Al (fcc). The simulation cell comprises 5x5x5 unit cells and is subject to periodic boundary 

conditions along the crystallographic base vectors (a1, a2, a3). The two independent stiffness constants C11 

and C44 are directly determined by the slope of the curves. The two stiffness constants as determined from 

the slopes are: C11=147 GPa, C44=75 GPa for Fe (bcc) and C11=116 GPa, C44=33 GPa for Al(fcc).   
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Appendix 4       

Microstructural degrees of freedom in a discrete  

dislocation dynamics model – model formulation and a 

relevant case study  

 

It is demonstrated using the concept of the lattice spin tensor that by using selected 

boundary conditions in a discrete dislocation dynamics model, microstructural rotational 

degrees of freedom may be accounted for to a first order approximation. A relevant case 

study and model formulation is given here.    

The constitutive formulation involves to connect the fundamental mechanism of plastic 

deformation, i.e. in this case the conservative motion of dislocations, to the macroscopic 

plastic strains and rotations. Following this concept, the model is first formulated in an 

infinite continuum using classical isotropic elasticity theory neglecting image forces 

acting on the dislocation structure due to image tractions on the free surface and other 

boundary constraints. Idealized boundary conditions are imposed by continuum 

mechanics, while a specific simple annihilation mechanism of the transported polar 

dislocation density from the grain interior is postulated (i.e. the annihilation of perfect 

edge dislocations of opposite sign (representing statistically stored dislocation density 

within the grain interior) as shown in Figure A.4.2). For the present problem, the effects 

of the auxiliary fields (i.e. the fields satisfying the boundary conditions) on the evolution 

of the dislocation structure are neglected as they are not expected to constitute the 

dominant effect  on the rotational deformation. 

Using the disclination concept, the polar dislocation density to be annihilated is assumed 

to be determined by the change in the polar dislocation density content of the system of 

dislocated walls. The closure failure of the dislocation wall (resultant Burgers vector of 

the boundary) is given by the Frank relations as the vector cross product of the Frank 

vector ω and vector t crossing all dislocations in the boundary plane.  
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                                                 (A 4.11) ωtb  r

 

For the simplest case of a perfect low angle tilt boundary, the magnitude of br is equal to 

the Frank vector strength ω while the direction of br is perpendicular to the boundary 

plane.    

The driving force for the motion of dislocation lines is a local force field acting on each 

line segment due to a stress tensor field. The Peach-Koehler force expresses the force 

acting on each line segment with Burgers vector b in terms of the local stress tensor field 

σ arising from both externally applied stresses as well as the self stress tensor field from 

the superposition of all dislocation lines. 

 

  ξbpσf  )(                    (A 4.12) 

 

where f denotes the Peach-Koehler force and σ the stress tensor at field point p. 

Analogous to probing an electric field by determining the force on a test charge in 

electrostatics, a point force is used to determine the displacement field from which the 

self stress tensor field is determined using Green’s function method in isotropic elasticity. 
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where C denotes the closed contour path along the dislocation loop, G the shear modulus, 

v the Poission ratio,  im the permutation tensor, δαβ the Kronecker delta and R the 

magnitude of the field point vector all symbols being defined in Figure A4(a). Closed 

form solutions of the contour integrals in (A 4.14) exist only for special cases like for a 
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dislocation loop with Burgers vector normal to the plane of the loop. For the general case 

of an arbitrary distribution of curved dislocation lines, the self-stress field in (A4.13) is 

solved numerically in a dislocation dynamics simulation by approximating the 

dislocations by straight line segments performing the line integration piecewise over all 

dislocation lines. Figure A4.1(b) compares the analytic solution for the normalized stress 

component (σzz/bzG) of a circular dislocation loop for different heights above the plane of 

the loop with the numeric solution approximating the loop by a polygon consisting of 16 

dislocation line segments. Even for a very coarse mesh, the field point stresses can be 

determined very accurately. 

 

    a          b  

  

y 

p 

r 

R 

x 

Figure A4.1 : Representative example of the calculation of the stress tensor field of a Volterra dislocation 

loop (a) approximation of a circular dislocation loop by straight dislocation line segments. The field vector 

R is defined by node vector r and field point vector p. In this example the Burgers vector is normal to the 

plane of the loop (along the z-direction). The radius of the loop is chosen as 1000 bz (b) comparison of the 

normalized stress component σzz/bzG along x for different heights above the loop plane (corresponding to a 

coarse mesh consisting of 16 dislocation segments) with the analytic solution which is given in terms of 

complete elliptic integrals of the first and second kind. The numbers in the legend indicate the height above 

the plane of the loop (1-3 for the heights 100 bz, 600 bz and 1100 bz). 
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To describe the dynamics of the dislocation lines for the face-centered-cubic material the 

simplest type of mobility law is used in which the nodal velocity is linear in the local 

driving force (Peach-Koehler force f).  

 

 i
i

i M
dt

d
f

r
v                           (A 4.14) 

 

where ri are the position vectors of each node point i, vi the velocity vectors and M the 

mobility function. The implicit Euler backward integration scheme is employed to 

determine the nodal velocities from (A 4.14). As each dislocation line segment moves, 

the continuum is plastically distorted. The rate of distortion is in general decomposed into 

a plastic strain rate tensor and a plastic rate of rotation (spin tensor) Wp.  pε
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                          (A 4.16) 

 

where ξs denotes the dislocation segment length, the magnitude of velocity of the 

segment, V the total volume and ns the normal vector of the glide plane. The plastic strain 

rate in (A 4.15) is the sum of the differential areas swept by each line segment per unit 

volume.  

sv

Assume the grain to be subject to a rotational constraint in the direction of the Burgers 

vector (Figure A4.2) due to for example the compressive stress gradient the grain is 

subject to. Imagine the continuum to be composed of material filament vectors aligned 

along direction b= e2. The constraint imposed by the compressive stress gradient forces 

all the filament vectors aligned along e2 (or material fibers) to remain aligned along 

direction b. In what follows this boundary condition is formulated providing a connection 

between the plastic spin tensor Wp and the spin of the underlying crystal microstructure Ω 

(lattice spin tensor). The total deformation gradient F is given in terms of a purely plastic 

deformation gradient Fp, the elastic strain tensor Ue and a rotation tensor R. 
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                 (A 4.17) peFRUF 

 

The plastic deformation gradient arises due to dislocation motion and is directly related to 

the plastic strain rate (A 4.15) and plastic spin tensor (A 4.16)   

 

    pp1pp WεFF 
                          (A 4.18) 

 

The elastic strain tensor arises due to reversible elastic stretching of the lattice while the 

rotation tensor R is determined by the geometric constraints as given by the boundary 

conditions. For the present case, where the elastic contribution to the rotation is 

negligible, the plastic spin is interpreted as the spin of the continuum W for an observer 

spinning instantaneously with the lattice spin Ω.  

 

                             (A 4.19) pWΩW 

 

Referring to Figure A4.2 we require the rate of rotation of material fibers along base 

vector e2=b (along the compression axis) to vanish  

 

                                                     0eWΩWΩee  2
pp

22             (A 4.20) 

 

As the plastic spin tensor is the skew-symmetric part while the elastic strain rate tensor is 

the symmetric part of the velocity gradient, the lattice spin can be expressed in terms of 

the strain rate tensor  and the plastic spin tensor Wp. pε

 

                                               0eεeeeeεΩW  2
p

2222
pp                (A 4.21) 

 

he lattice spin tensor Ω is related to three scalars defining the rate of rotations around T

the base vector triads e1, e2 and e3  
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 12213 eeee                                                                                         (A 4.22)                          

here

 

w  1 , 2  and 3  are the rates of rotation around the corresponding base vector axis 

ra th ce

                      (A 4.23) 

 

As the plastic spin and strain rate tensor components are proportional to the line length 

the annihilation reaction of edge 

to gene te e latti  spin. Substitution for the lattice spin tensor (A 4.22) into relation 

(A 4.20) yields the three solutions for the rates of lattice spin rotation in terms of the 

plastic spin tensor and strain rate tensor components   
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per unit volume, the representative volume element should be chosen such that the polar 

line length per unit volume annihilating is consistent with the net change in the polar 

dislocation density content of the dislocation walls.   

From the model description (Figure A4.2), it is 

dislocations within the grain interior which is responsible for the net change in the polar 

dislocation density content constituting the system of dislocation walls. Assuming a 

perfect tilt boundary consisting of pure edge dislocations which lie on one of the set of 

{111} planes inclined to about 70° to the free surface (for the present case of a <111> 

textured film), the change in dislocation spacing ∆D is estimated as 1.7 nm (for a lattice 

spacing of 4 Å and a change in the Frank vector strength of 0.17°).  

          



b

D ~                                 (A 4.24)    

                                   

The corresponding total dislo ation lume annihilating is estimated 

      

 

c line length per unit vo

from the total grain volume as   
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                (A 4.25)                
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Using the disclination concep lar line density nnih ting i repres

edge dislocations with the Burgers vector proportional to the change in the Frank vector 

strength  

t, the po  a ila s ented by single 

          b42r ~ωtb                (A 4.26)   

 

                            

From the model description the statistically stored dislocation density within the grain is 

represented by edge dislocation dipoles. The dipoles have line direction 

mitted edge dislocations) but corresponding Burgers vectors br of opposite sign.  The 

ξ (equal to the 

e

externally applied stresses which make a contribution to the Peach-Koehler force are 

determined from the resolved shear stresses acting within the grain (~ 100 MPa). In the 

initial dislocation line configuration the statistically stored dislocation density may be 

placed at different distances to the primary dislocation lines (i.e. the emitted dislocation 

density). The dimensionless length h/d (distance between primary and secondary 

dislocation lines/film thickness) constitutes the sensitivity parameter for the accumulated 

macroscopic plastic strain rate (A 4.15) and plastic spin tensors (A 4.16). Figure A 4.2 

shows the initial configuration of the dislocation structure comprising the two primary 

edge dislocations with opposite Burgers vector strength and the edge dislocations 

representing the statistically stored dislocation density. The edge dislocations are pinned 

at the substrate film interface and at the free surface of the film. As the leading line 

segments approach the statistically stored dislocation lines the corresponding interaction 

force increases until an annihilation reaction occurs within a short range distance of 10b. 

The annihilation reaction includes a topological merge rearrangement between primary 

and secondary dislocation lines ((b) and (c)) leading to a net repulsive force between each 

pair of dislocation line. In subsequent time steps the line density decreases further leaving 

dipoles of perfect screw dislocations in the final configuration (d). In Figure A4.3 the 

accumulated plastic spin tensor components (Wp
12 and Wp

23) are plotted versus the time 

steps for different dimensionless lengths showing a continuous increase in the 

magnitudes until a plateau is reached (corresponding to the final configuration of perfect 

screw dislocation dipoles). For the given Burgers vector directions and glide plane 

normal (111) the strain rate tensor component p
12  vanishes while the spin tensor 

 



 146

component Wp
23 is equal to the strain rate tensor component p

23 . From the boundary 

constraints the substructural spin component 1 is zero while the component 3 is equal 

to the plastic spin tensor component Wp
12.  

 

        a        b 

 
 
 

c        d 

 
 
Figure A 4.2 : Discrete dislocation dynamics simulat he annihilati ion betw primary 

edge dislocation dipoles and statistically stored disl  density. The st of the Bur  vectors i

ual to the change in the disclination strength (~ 45 d the direction i ong the +/  0] glide 

ion of t

ocation

b) an

on react

rength 

s set al

een the 

gers

- [1 -1

s 

eq

direction (dashed line). The elastic constants of gold (v = 0.44 and G = 27 GPa) have been used for the 

dislocation dynamics simulation. The glide plane is the (111) plane which is inclined 54° to the z-axis. (a)-

(d) sequence from the initial (a) to the final (d) configuration. Length units in the figure are in Burgers 

vectors.                                    
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Figure A 4.3: Accumulated plastic spin tensor components as a function of time steps during the 

Shown is the evolution of the two plastic spin tensor components W
p

and W for different 

e

increases continuously until the final configuration is reached comprising the p islocation 

simulation. 
p

12 23 

dimensionless lengths h/d. As the dislocation structure evolves the plastic spin t nsor component W
p

12 

erfect screw d

dipoles.  
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Appendix 5       

IB) sample preparation and 2D 

he principle of sample positioning at the synchrotron microdiffraction beamlines 

arks which were milled or deposited on the thin films prior to 

       b 

Focused Ion Beam (F

fluorescence mapping at the synchrotron microdiffraction 

beamlines  

 

T

involved tracking fidicual m

the microdiffraction experiments. For the experiments conducted at the MicroXAS 

beamline (X05LA) at the Swiss Light Source, rectangular 5x5 μm sized shapes were 

milled through the film to the substrate by a Focused Iron Beam (FIB). Figure A5.1(a) 

shows a scanning electron micrograph of the fidicual marks. For the experiments 

conducted at the microdiffraction beamline of the Advanced Light Source (ALS) 

(beamline 12.3.2) the fidicual marks comprised 10x5 μm shaped Platinum depositions 

(FIB deposited) as shown in Figure A5.1(b).   

 

a  

                    
 

Figure A5.1: (a) SEM micrograph sh rks of the thin gold films produced by milli  

e gold material (rectangular 5x5 μm) by a focused ion beam. The contrast shows that the gold has been 

owing the fidicual ma ng

th

removed up to the Silicon substrate. (b) SEM micrograph showing the 1 μm thick Platinum depositions 

(5x10 μm ) to mark the thin silver films for the experiments conducted at the ALS.    
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nce scans over the 

 

The markers have been located during the microdiffraction experiments by performing 

2D fluorescence scans over the polycrystalline ensemble. The fluoresce

area of interest allowed to track and correct for changes in the reference scan coordinates 

during heating. For the case of the FIB milled squared holes though the gold film, the 

contrast in the fluorescence signal could be detected with micron spatial resolution 

(limited by the beam spot size) allowing to track the reference markers. Figure A5.2 

shows a sample series of fluorescence scans as conducted at the MicroXAS beamline 

(X05LA) over the fidicual marks at two different temperatures.       

 

         a              b 

            
 
 
Figure A5.2: Sample series of 2D fluorescence s er the  marks to track the reference scan 

oordinat g the deformation. The fluorescence contrast  the gold film and the rectangular 

cans ov

-8.760 

0.543 0.542 

-8.760

fidicual

betweenc es durin

shaped milled holes allows to correct the reference coordinates for sample translation due to for example 

the minimal thermal expansion effects. (a) Reference coordinates (in mm) at 60°C (b) Reference 

coordinates at 90°C. Intensity counts in arbitrary units.      
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Notation 
 

The Einstein summation convention (or index notation) is used from the onset to identify 

the particular coordinate basis used making the tensor operations most transparent. This 

notation is almost universally preferred by physicists in the field of differential geometry 

as calculus operations depend on the particular coordinate basis employed in non-

Euclidian geometries. The dyadic notation of bold face symbols for vectors and tensors is 

used when emphasis is placed on the type of the particular operation. A vector a in a 

Cartesian basis {e1, e2, e3} is written as  

 

                                   (N 1.1) ii

3

1i
ii332211 aaaaa eeeeea  



 

where the sum sign in (N 1.1) is dropped and the repeated index i denotes the summation 

over all components. Vector field a is then written as ai where the index specifies in this 

case the particular Cartesian basis chosen. Indices not to be summed are denoted as free 

indicies and take all possible values. The scalar dot product between two vectors a and b 

is written in index notation as  

 

      iiijjijijijjiiii bababababa  eeeeba       (N 1.2) 

 

where ei ·ej = δij is the identity tensor which is 1 for i=j and 0 otherwise. The curl 

operation between two vectors a and b in index notation is  

 

     jijijjii baba eeeeba      (N 1.3) 

    kijkji eee         (N 1.4) 

 
where εikl is the Levi-Civita symbol , a permutation symbol which takes the value 1 (-1) 

for i, j, k an even (odd) permutation of 123 and vanishes for i, j, k equal to zero.      
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The tensor product between two second order tensors A and B in index notation is   

 

ijkjik CBA    ABC      (N 1.5) 

he product between a second order and a first order tensor is  

 

 

T

ikik cbA    Abc        (N 1.6) 

nsor product between two first order tensors gives a second order tensor and 

 written as 

  

 

The dyadic te

is

jiba  ba       (N 1.7) 

 of a scalar function f in a Cartesian orthonormal basis is written in index 

otation as  

 

 

The gradient

n

  iii
i

f
x

f
f ee 




        (N 1.8) 

ector field v and the curl of the vector field v in a Cartesian 

rthonormal basis are  

 

 

The divergence of a v

o

      iijijijjii vvv  eeeev   (N 1.9) 

 

        kjiijkjijijjii vvv eeeeev                     (N 2.0) 

notation the partial der  to the space 

coordinates is used, i.e. 

 

where the short hand  for ivative with respect

i
ix

¶
¶ = and 

¶ i j
i jx x¶ ¶

¶ ¶
¶ ¶ =  (for i and j=1,2,3).   
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The curl of a symmetric second order tensor field A is similarly defined 

 

jklilk A A      (N 2.1) 

rtesian basis (i.e. ai) transforms to a 

ifferent Cartesian basis {p,q,r} to vector field ap  

 

 

A general vector field a in an orthonormal Ca

d

  iippp aa eeae                  (N 2.2) 

 tensor field is an entity which transforms upon 

hange to a different Cartesian basis as  

 

 

where ea ·ei = lij is the corresponding transformation matrix between the two basis. A 

vector field with Cartesian basis may be defined from the transformation property in (N 

2.2). Similarly, a second order Cartesian

c

ijjqippq AllA                  (N 2.3)  

 A 

ontravariant vector field ai transforms between two coordinate patches (xi and yj) as   

 

 

For non-Euclidian geometries calculus operations are dependent on the local geometry 

necessitating an extension of the calculus operations as well as the transformation 

property of a tensor field (see Appendix 1 for a geometrical interpretation). For a general 

transformation between two coordinate patches (which are in general curvilinear) there is 

no linear transformation necessitating to introduce covariance and contravariance.

c
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j
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       (N 2.4) 

hile a covariant vector field ai transforms as  
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ji
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i a
x

y
a




       (N 2.5) 



 153

 to partial 

ifferentiation. The covariant derivative of the contravariant vector field ai is   

 

 

In the Einstein summation convention a repeated index on upper and lower position in a 

product of terms is held to be summed over its components while the free index may take 

any value. The upper index denotes the contravariant component while the lower the 

covariant (see Appendix 1). As differential operators in non-Euclidian space are path 

dependent (Appendix 1) the covariant derivative is introduced as an extension

d

ji
jkk

i
i

k
a

x

a
a 




                               (N 2.6) 

 vanish and the Euclidian notion of the 

        

 

Note the difference in the notation between the Euclidian partial differentiation operator 

and the one in (N 2.6). The crucial difference is the path dependence denoted by lower 

index k on the 
k
  operator and the Christoffel symbols jk  (Appendix 1) in (N 2.6). For a 

Euclidian flat geometry the Christoffel symbols

i

partial derivative (∂k) is recovered.       
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Epilogue 
 
I want to close the dissertation by discussing some interesting thoughts in a wider context 

going beyond material science. The concept of path dependence of parallel transport of 

vector fields and intrinsic curvature on Riemannian manifolds has proven to be 

fundamental in understanding the physical world since the work of the pioneers in field 

of mathematical physics and differential geometry, Carl Friedrich Gauss and his doctoral 

student Bernhard Riemann. These concepts paved the way to the Einstein field equations 

in general relativity and continue to be further developed in modern gauge theories of 

quantum mechanics. The path dependence of parallel transport of vector fields shows up 

in a striking way in a different experimental situation known as the Aharonov-Bohm 

effect. The Aharonov-Bohm effect demonstrates that the interference pattern of two 

electron beams originating from two Huygens sources (i.e. a grating) and passing next to 

a solenoid depends on the magnetic flux through the solenoid even though the electrons 

pass through a field free region (where there is no electric and magnetic field); a 

groundbreaking and paradoxical fact. This effect can be understood by generalizing the 

Maxwell field equations in covariant form in terms of the Maxwell field tensor as the 

curvature of a gauge connection. It is the path dependence of the magnetic vector 

potential in the field free region that is responsible for the shift in the interference pattern 

once the solenoid is turned on and the curvature of the gauge connection provides the 

interaction between the Maxwell field and the Schrödinger wavefunction. In an 

analogous way, the intrinsic geometry (as measured by parallel transport) of a dislocated 

crystalline solid has fundamentally changed from the perfect reference lattice even 

though the crystal distortion is centered within the dislocation core (analogous to the 

solenoid as discussed in which the magnetic field is concentrated in the solenoid core but 

changes the topology of the field free region around the core). Since the spatial operator 

of the Schrödinger equation is dependent on the metric of space (through the Laplace-

Beltrami operator), the corresponding wavefunction of the electron is altered in the 

presence of dislocations. We see not only a most beautiful correspondence in the physical 

description by which the source terms (current density and dislocation/disclination 

density) relate to their corresponding field quantities (Maxwell field tensor and 

displacement gradient/curvature tensor field) but also in the interaction of the fields with 

a charged quantum particle.      
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