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Optimization in the presence of uncertainty ?

Technical report Nr. 755, Department of Computer Science, ETH Zurich

Joachim M. Buhmann, Matú² Mihalák, Rastislav �rámek, and Peter Widmayer

Department of Computer Science, ETH Zurich, Zurich, Switzerland,
e-mail: {jbuhmann,mmihalak,rsramek,widmayer}@inf.ethz.ch

Abstract. We study optimization in the presence of uncertainty such as noise in measurements,
and advocate a novel approach to deal with it. The main di�erence to any existing approach is
that we do not assume any knowledge about the nature of the uncertainty (such as for instance a
probability distribution). Instead, we are given several instances of the same optimization problem
as input, and, assuming they are �typical� w.r.t. the uncertainty, we make use of it in order to
compute a solution that is good for the sample instances as well as for future (unknown) expected
instances.
We demonstrate our approach for the case of two �typical� input instances. We �rst propose a
measure of similarity of instances with respect to an objective. This concept allows us to assess
whether instances are indeed �typical�. Based on this concept, we then choose a solution randomly
among all solutions that are near-optimum for both instances. We show that the exact notion of
near-optimum is intertwined with the proposed measure of similarity. Furthermore, we will show
that our measure of similarity also allows us to make formal statements about the expected quality
of the computed solution: If the given instances are not similar, or are too noisy, our approach will
detect this. We demonstrate for a few optimization problems and real world data that our approach
not only works well in theory, but also in practice.

? This work was supported by the Swiss National Science Foundation (SNF) under the grant 200021_138117/1.



1 Introduction

Inaccuracy and uncertainty of data in input instances of optimization problems are a curse, but
a reality. How can we even hope to solve a problem optimally if the input data are noisy? So
much for the traditional opinion.

In this paper, we argue that the opposite is often true: Uncertainty can be a blessing that
allows us to reach meaningful solutions. In reality, it is mostly an illusion that input data are
accurate or that solutions can be implemented accurately. For instance, edge weights of a graph
might represent travel time measurements. A shortest path from a start vertex to a target is
used to indicate the fastest trip, but might turn out not to be the best choice if the trip is
taken in the future, or if the measurements were noisy. For real world problems, this questions
the standard approach of optimizing for a certain objective: Why should it be best to �nd an
optimum solution for an input instance whose data come from measurements that we cannot
realistically assume to be exact?

In this paper, we advocate an approach that attempts to extract information from data, to
eliminate noise, and thereby to reach a typical solution rather than a solution that is geared far
too strongly towards a noisy input. Our approach has the following four key properties: (1) It
is based on a few input samples only (at least two), (2) it needs no tweaking of parameters, (3)
it needs no knowledge on probability distributions of input instances, whether systematic (like
travel times that depend on weather) or random, and (4) it provides a self-assessment of how
typical and meaningful its solution is. We reach our goal through a notion of information with

respect to an objective, through a measure that we call the problem-based similarity of instances.
Our approach at the same time provides for a purely algorithmic justi�cation of a pioneering
information theoretic method [1, 2], as well as for a re�nement of this method for optimization
problems that exhibit structure in the solution space.

For a few examples of optimization problems, we demonstrate what it means to use our ap-
proach in solving their uncertain versions. It turns out that on one hand, interesting algorithmic
problems arise. On the other hand, we get solutions that tend to be only a few percentage points
from optimum for real world input instances, and that are better than any competing method
that we could imagine.

Related work. Noisy inputs received attention in a variety of ways. Stochastic optimization [3, 4]
handles the lucky situation in which a distribution of input data is known, and it mostly aims at
the optimum in expectation. Info-gap decision theory is peculiar in that it models uncertainty
as an information gap rather than a probability [5]. Robust optimization [6] explicitly describes
the uncertainty that is inherent in the input data. In the discrete version, we get a discrete set of
input instances for which the structure of a solution must be chosen (such as a path from start
to target vertex), and after this choice, one of the given instances is revealed as the true one. A
worst case perspective in which an adversary will reveal the worst possible instance, given the
chosen solution, is far too pessimistic for real world situations. Recoverable robust optimization

[7] takes this approach one step further and allows the proposed solution to be modi�ed after
the true instance has been revealed. This adaptation enables us to at least generate a feasible
solution in all cases, while for robust optimization in general, feasibility cannot be guaranteed.
Optimization for stable inputs attempts to understand when and how small changes in the input
data a�ect the solution [8�11].

2 A bird's eye view of our approach

Generator. We are given two input instances of an optimization problem. The two instances
are related in an unknown way, like two travel time measurements of the same set of routes
at di�erent times. We will consider them to be generated by some abstract generator. Given
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Fig. 1: A fastest path from s to t

both generated instances, the goal is to compute a good solution for the next (unknown) gen-
erated instance. The generator induces noise that we do not know how to predict or eliminate.
Speci�cally, we do not postulate any characteristics of the noise (such as additive, Gaussian, or
independent on di�erent parts of the input instance). We assume that the generated instances
have the same structure, and di�er only in measured values (in our example: the same graph,
but di�erent edge weights).

Optimization problems. In our setting, an uncertain minimization problem is given by (I, S, c),
where I is the set of all instances (e.g., all edge-weighted graphs of the same topology), S is
the set of all feasible solutions of any instance I ∈ I, i.e., we assume that a solution s ∈ S is a
feasible solution for every instance I ∈ I (e.g., all simple paths from vertex s to vertex t), and
c(s, I) is the cost of solution s ∈ S in an instance I ∈ I (e.g., the sum of the edge-weights in
instance I along a path s). Given an instance I of a (standard) minimization problem, the goal
is to �nd a feasible solution s∗ of minimum cost c(s∗, I); we call such a solution a minimum of I.
The goal of our approach for an uncertain minimization problem, however, is to �nd a feasible
solution that is close to optimum for a typical instance of the given minimization problem. We
de�ne an uncertain maximization problem analogously, and by optimization we refer to either
minimization or maximization. Note that in our de�nition, we look at a class of instances of
�xed size only. Whenever we argue about problem complexity, we will therefore consider the
union of problems of all topologies and sizes, as usual.

Two instances. By looking at one single input instance we cannot hope to separate the noise
from the information: the input could be fully determined by noise and we wouldn't be able to
tell that it is so. We therefore assume that several instances are given as input � these instances
are considered to be representative, typical instances of the problem. In this paper we explain
our approach for two instances.

Example. Consider the problem of driving from town s to town t in the road network G = (V,E)
of Figure 1a. The path through a2 and b2 is a highway, while the other edges are local roads.
The edge weights in Figures 1b and 1c are driving times. Driving on the highway is usually fast.
Due to maintenance, however, edges a2 and b2 are prone to tra�c jams. A feasible solution is an
s-t path. In total, there are eleven s-t paths (the nine paths using at least partially the highway,
and the two paths through local roads c1 and c2). An optimum solution is a path of smallest
driving time. In case of no tra�c jam the highway is the (only) optimum solution. We focus our
investigation on the situation where congestion appears. Figures 1b and 1c are two instances I1
and I2 for two consecutive days where congestion appears on the �rst and the second part of
the highway, respectively. The question is now how to drive on the third day.

Similarity of instances. Given two typical instances, we aim at extracting the relevant infor-
mation and at discarding the irrelevant noise. Since we lack any other knowledge, we look for
common features with respect to the goal of close to optimum solutions. We de�ne closeness to
optimum by means of an approximation ratio ρ: A near optimum solution for an instance I is a
ρ-approximate solution, i.e., a solution s ∈ S with cost(s, I) ≤ ρ · cost(s∗, I), where s∗ ∈ S is an
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optimum solution for instance I. The appropriate ρ is problem and generator dependent and un-
known to us. We will call the set of all ρ-approximate solutions of an instance I a ρ-approximation

set of I, and denote it by Aρ(I).
Thus, the common features of instances I1 and I2 (with respect to our optimization goal) are

feasible solutions that lie in the intersection Aρ(I1) ∩ Aρ(I2) of the respective ρ-approximation
sets. While one might further investigate the structure of this intersection to capture the informa-
tion contained in it, we will see that already the number of solutions in this intersection provides
a considerable amount of information. Naturally, we expect that for approximation ratio close to
1, the approximation sets even for unrelated instances and in particular their intersection tend
to be small, while for approximation ratio far from 1, they tend to be large. When the size of
the intersection of both approximation sets is farthest from this expectation, we learn the most
from it. Therefore, we choose the value of ρ accordingly. The following de�nition summarizes
this intuition.

De�nition 1 (Problem based similarity of input instances). Let I1 and I2 be two input

instances of an uncertain combinatorial optimization problem P = (I, S, c). For a given ρ, let
Aρ(I1) and Aρ(I2) be ρ-approximation sets for I1 and I2. Further, let Es(ρ, a, b) be the expected

size of the intersection of two ρ-approximation sets of sizes a and b of two arbitrary instances

Ia, Ib ∈ I. Then, the expression

Uρ(I1, I2) :=
|Aρ(I1) ∩Aρ(I2)|

Es(ρ, |Aρ(I1)|, |Aρ(I2)|)
(1)

is the unexpected similarity of I1 and I2 at value ρ (with respect to the optimization problem

P), and the expression

U(I1, I2) := max
ρ
Uρ(I1, I2) (2)

is the unexpected similarity of I1 and I2 with respect to the optimization problem P.

We call U(I1, I2) the unexpected similarity due to the fact that we normalize the absolute
similarity, expressed as the number of solutions in Aρ(I1)∩Aρ(I2), with the expected similarity,
expressed as the expected size of the intersection. Note that U(I1, I2) ≥ 1 as we can always set
ρ so that both approximation sets contain all solutions.

We also note that the numerator and the denominator of Uρ(I1, I2) can be seen as the
alternative and the null hypothesis, respectively, in statistical hypothesis testing � the likelihood
ratio test. Often, the logarithm of the likelihood ratio is used to ensure asymptotic normality of
estimators in the case of weak coupling. For the exposition in this paper, using logarithm has
no direct implications, and we therefore do not use it in the de�nition of Uρ.

Example (continued). In our examples in Figures 1b and 1c, the optimum paths for the two
instances are di�erent, but both have the same travel time, namely 1. For ρ = 1.1 we get two
paths in Aρ(I1), namely the path through a3 and b2 and the path through a1 and b2. Similarly,
Aρ(I2) contains paths through a2 and b3 and through a2 and b1. These approximation sets have
no path in common. For ρ = 1.2, only the highway through a2 and b2 is in both Aρ(I1) and
Aρ(I2). Observe that ρ = 1.2 is the smallest value for which Aρ(I1) ∩ Aρ(I2) 6= ∅. This may
appear to be a natural choice of ρ: Pick the smallest ρ for which Aρ(I1) ∩ Aρ(I2) 6= ∅. Then,
pick a path from the intersection Aρ(I1) ∩ Aρ(I2) � the highway in our case. In our example,
this path is risky: It will reach a cost of 2.4 if tra�c jams appear in both parts of the highway.
Instead, one should also consider to drive on the local roads only (the paths through c1 and
c2), resulting in a driving time of 1.25. We will see that our method will choose ρ = 1.25 as the
approximation ratio that maximizes Uρ(I1, I2).

3



opt1 opt2

S

ρ1
ρ2

s ∈ S

(a) Placing a solution s

opt1 opt2

S

ρ̄

(b) Aρ̄(I1) ∩Aρ̄(I2)

opt1 opt2

S

ρ̂

(c) Aρ̂(I1) ∩Aρ̂(I2)

Fig. 2: Approximation sets for similar instances I1 and I2. (a): We place the respective optimum solutions opt1
and opt2 on a horizontal line at an arbitrary distance. Each remaining point s ∈ S is then placed above the
horizontal line at distance ρ1 from opt1 and ρ2 from opt2, where ρ1 and ρ2 are the corresponding approximation
factors that solution s achieves. (b) and (c): Examples of approximation sets Aρ(Ii), i = 1, 2, ρ = ρ̄, ρ̂. Warning:
distances between solution points other than those to opti are meaningless.

Computing a solution. We choose a solution from the intersection of the two approximation sets
uniformly at random. This is a natural choice and follows Laplace's principle of indi�erence, as
we do not have further information about the generator. Naturally, we want to choose ρ so that
the chance of getting a good solution is maximized.

Choosing ρ. When the two instances are indeed similar, they have many good solutions in
common. Some solutions in the intersection Aρ(I1)∩Aρ(I2), however, are present simply because
ρ is large. Let us call such solutions expected. The good solutions are then the ones in addition
to the expected ones � the unexpected solutions. Now the goal is to �nd the value of ρ that will
maximize the proportion of good (unexpected) solutions in the intersection, since this maximizes
the chances to draw a good solution at random. Figure 2 illustrates these ideas.

We have no direct way of counting the number of unexpected solutions in Aρ(I1) ∩ Aρ(I2),
but we can try to compute an expectation of the size of the intersection of any two feasible

approximation sets A and B of the same sizes as Aρ(I1) and Aρ(I2), respectively. Here, a feasible
approximation set X ⊂ S is a ρ′-approximation set of I ′ for some instance I ′ and some value ρ′.

Given ρ and the sizes |Aρ(I1)| =: k(ρ) and |Aρ(I2)| =: l(ρ), let Es(ρ, k(ρ), l(ρ)) denote the
expected size of the intersection of two feasible approximation sets A and B of sizes k(ρ) and
l(ρ), respectively. If the intersection of Aρ(I1) and Aρ(I2) is larger than the expected number
Es(ρ, k(ρ), l(ρ)), then it contains some unexpected solutions.

Denoting the number of unexpected solutions in the intersection with u(ρ), we want to �nd
ρ that maximizes u(ρ)

u(ρ)+Es(ρ,k(ρ),l(ρ)) . This is the same as maximizing the ratio

u(ρ) + Es(ρ, k(ρ), l(ρ))

Es(ρ, k(ρ), l(ρ))
=
|Aρ(I1) ∩Aρ(I2)|
Es(ρ, k(ρ), l(ρ))

= Uρ. (3)

Thus, the value of ρ that maximizes the chances of picking a good solution is the same as the
value that de�nes the unexpected similarity of instances.

Example (continued). Recall that the �rst non-empty intersection Aρ(I1)∩Aρ(I2) appears for ρ =
1.2 and contains the path through a2 and b2. The unexpected similarity is U1.2 =

1
6219/872 ≈ 1.217

(one can check this for instance by brute-force enumeration). For ρ = 1.25, the approximation
sets get larger by the two paths through c1 and c2. The unexpected similarity is then U1.25 =

3
71307/1772 ≈ 1.318. Tedious calculations show that this maximizes Uρ. We therefore pick one of
the three s-t paths from the intersection A1.25(I1) ∩ A1.25(I2) uniformly at random, arguably a
good choice.

Self-assessment. If the unexpected similarity is near 1.0, we know that the two instances are not
unusually similar. This may be because the noise level is very high, or the instances are actually
unrelated. On the other hand, if the unexpected similarity is large, then the instances are similar,
i.e., the noise level is low and the intersection contains good solutions for a third instance,
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generated by the same generator. Unexpected similarity is thus at the same time the key to
choosing a good solution with the highest probability, and the measure of the expected quality
of the chosen solution. Both are rare properties among known generalization and prediction
methods.

Generic formula for unexpected similarity. Recall that the unexpected similarity Uρ of instances
I1 and I2 at value ρ is the ratio of |Aρ(I1) ∩ Aρ(I2)| to the expected size of the intersection of
two feasible approximation sets of the corresponding sizes. Here, the expectation is w.r.t. the
problem speci�c probability distribution over the approximation sets in F|Aρ(I1)| and F|Aρ(I2)|,
where Fk denotes the set of all feasible approximation sets of size k. Whenever this distribution is
di�cult to get, we may follow Laplace's principle of indi�erence and use the uniform probability
distribution. In this case, we call Uρ the generic unexpected similarity at value ρ. The generic
form of Uρ can then be expressed as:

Uρ =
|Aρ(I1) ∩Aρ(I2)|

EA∈F|Aρ(I1)|,B∈F|Aρ(I2)| |A ∩B|
. (4)

Recapitulation of the general approach

For an uncertain optimization problem (I, S, c), proceed as follows:

1. Determine the domains Fk of feasible approximation sets of size k and if possible the under-
lying probability distribution.

2. Provide a mathematical analysis or an algorithm ALGE that computes the expected size of
the intersection of two approximation sets of given sizes k and l.

3. Provide an algorithm ALG∩ that computes the size of the intersection Aρ(I1)∩Aρ(I2), given
ρ and two instances I1 and I2.

4. Find ρ∗ that maximizes the unexpected similarity Uρ, using ALGE and ALG∩.
5. Provide an algorithm ALGrand that picks a random solution from the intersection Aρ∗(I1)∩
Aρ∗(I2).

In Section 3 we discuss in more detail what it means to follow this approach, and in particular
how to determine the expectation in point 2.

3 Properties of unexpected similarity

In this section we investigate the generic unexpected similarity as de�ned by Equation (4). One
of the di�culties lies in the computation of the denominator. If each set of feasible solutions is a
ρ′-approximation set for some instance I ′ and some value ρ′, we can calculate the expected size
of the intersection easily, as the following theorem shows.

Theorem 1. Let P = (I, S, c) be an optimization problem with the property that for any subset

A of the set of all feasible solutions S there exists an input instance I and value ρ′ such that

Aρ′(I) = A. Then, the unexpected similarity of two instances I1, I2 ∈ I at value ρ is

Uρ =
|S||Aρ(I1) ∩Aρ(I2)|
|Aρ(I1)||Aρ(I2)|

. (5)

Proof. Let |Aρ(I1)| = k and |Aρ(I2)| = l. As every subset A of S is a ρ-approximation set of
some instance I, we get that Fk and Fl are the sets of all subsets of S of size k and l, respectively.
Therefore, EA∈Fk,B∈Fl |A∩B| is the expected overlap of two randomly chosen subsets A and B
of S of size k and l, respectively, which amounts to l k|S| , and the claim follows. ut
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As an example, the problem of clustering data points [1] satis�es this property.
When not every subset A ⊆ S is a feasible approximation set, the situation is more compli-

cated, and there is no general recipe for how to compute the expected size of the intersection.
Still, the right-hand side of Equation (5) is in some cases an upper bound on the unexpected
similarity, as we will later argue. Whenever |Aρ(I1)| = |Aρ(I2)|, this expression may be close to
the real value of the unexpected similarity.

The following equality will prove to be useful in arguing about the expected size of the
intersection of two unrelated feasible approximation sets.

Lemma 1. The expected size of the intersection of two approximation sets A ∈ Fk, B ∈ Fl for
the uniform probability distribution is

1

|Fk||Fl|
∑
F1∈Fk
F2∈Fl

|F1 ∩ F2| =
1

|Fk||Fl|
∑
s∈S
|{F ∈ Fk|s ∈ F}| · |{F ∈ Fl|s ∈ F}|.

Proof. It is easy to see that
∑

F1∈Fk
F2∈Fl

|F1 ∩ F2| =
∑

s∈S |{F ∈ Fk|s ∈ F}| · |{F ∈ Fl|s ∈ F}|

simply by summing up in two di�erent ways. ut

We now show that in some cases the expression in Equation (5) provides an upper bound on
Uρ.

Theorem 2. Let P = (I, S, c) be an optimization problem. If |Aρ(I1)| = |Aρ(I2)| for a given ρ,
then

Uρ ≤
|S||Aρ(I1) ∩Aρ(I2)|
|Aρ(I1)||Aρ(I2)|

. (6)

Proof. De�ne k := |Aρ(I1)| = |Aρ(I2)|. Recall that Fk is the collection of all feasible approxi-
mation sets that consist of k feasible solutions. Substituting k for |Aρ(I1)| and |Aρ(I2)|, we can
calculate the expected size of the intersection as:

1

|Fk|2
∑
F1∈Fk
F2∈Fk

|F1 ∩ F2|
(a)
=

1

|Fk|2
∑
s∈S
|{F ∈ Fk|s ∈ F}|2

(b)

≥
∑
s∈S

k2|Fk|2

|Fk|2|S|2
=
k2

|S|
=
|Aρ(I1)||Aρ(I2)|

|S|
(7)

Inequality (a) follows from Lemma 1. Inequality (b) is due to the fact that the sum of squares
of positive numbers

∑n
i a

2
i subject to

∑n
i ai = A is minimized when for all i, ai = A/n. Here,

obviously,
∑

s |{F ∈ Fk|s ∈ F}| = k|Fk|.
Dividing the expression |Aρ(I1) ∩Aρ(I2)| by the obtained lower bound on the expected size

of an intersection, we obtain the claimed upper bound on the unexpected similarity. ut

From the proof of Theorem 2 we immediately see that Equation (5) holds whenever every
feasible solution s ∈ S is part of the same number of approximation sets Fk. Generalizing this
observation, we obtain a lower bound on the unexpected similarity, as follows.

Theorem 3. Let a be a constant such that for each feasible solution s of some optimization

problem P = (I, S, c) it holds that |{F ∈ Fk|s ∈ F}| ≤ ak|Fk|/|S|. Then,

Uρ ≥
|S||Aρ(I1) ∩Aρ(I2)|
a|Aρ(I1)||Aρ(I2)|

(8)

Proof. The proof is similar to the proof of Theorem 2. The sum of contributions of a single
feasible solution is maximized when 1/a of the feasible solutions are in the maximum number of
approximation sets and the rest of the feasible solutions is in no approximation set. ut
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If instead of the best case situation in the proof of Theorem 2 we consider the worst case,
we get a lower bound on Uρ that is smaller by a factor |S| as compared with the derived upper
bound of Theorem 2.

Theorem 4. Let P = (I, S, c) be an optimization problem. Then,

Uρ ≥
|Aρ(I1) ∩Aρ(I2)|
|Aρ(I1)||Aρ(I2)|

(9)

Proof. We can construct an (arti�cial) optimization problem where all but one feasible solution
can only lie in a single approximation set of some �xed size k and the one last solution is
contained in all approximation sets. Then the expected size of the intersection attains the lower
bound we get by expecting the most uneven division of feasible solutions into approximation
sets. ut

The missing factor |S| in the lower bound would for small |Aρ(I1)| and |Aρ(I2)| often dom-
inate the whole expression and leaving it out makes for an extremely large gap between the
upper and the lower bound. This shows that the step of deriving the appropriate speci�c for-
mula or algorithm to calculate the expected size of the intersection is a necessary component
of the approach unless it is possible to show that for a concrete problem, the upper bound is
su�cient. One could hope that many typical combinatorial optimization problems have solution
spaces which are uniform, i.e., the constant a from Theorem 3 should be low and the upper
bound should be reasonably tight.

3.1 A note about indistinguishable solutions

We will show that there is a natural class of combinatorial optimization problems for which the
Theorem 3 holds with a = 1. To do this we need to de�ne �indistinguishable� solutions. We will
only consider problems that have a graph as an input but the analogy to other settings should
be clear.

De�nition 2 (Indistinguishable solutions for graph problems). Let I be an instance of

some combinatorial optimization problem P = (I, S, c) de�ned on a graph G with no edge labels

and let s1, s2 ∈ S be two feasible solutions de�ned via vertices and edges. We call s1 and s2
indistinguishable, if there exists a vertex homomorphism h such that s2 = h(s1) and G = h(G).

The number of approximation sets in which a given solution lies is a computable function
and thus we get a corollary of Theorem 3:

Corollary 1. Let P = (I, S, c) be a combinatorial optimization problem. If any two solutions

s1, s2 ∈ S are indistinguishable, then

Uρ =
|S||Aρ(I1) ∩Aρ(I2)|
|Aρ(I1)||Aρ(I2)|

(10)

.

For example, solutions of instances of the Traveling Salesman Problem (TSP) on a complete
graph are indistinguishable when edge weights and vertex labels are removed. Each TSP solution
thus lies in the same number of approximation sets and the upper and lower bounds for the
unexpected similarity match.
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3.2 A note about brute-force enumeration

If we want to calculate the expected intersection size EA∈Fk,B∈Fl |A∩B| by considering every pair
A,B explicitly, we need to determine for each subset of k and l feasible solutions if there exists
a instance that has it as an approximation set. We can often use an LP-solver to do this. For
each feasible solution we �nd an expression that describes its cost based on the input parameters
(edge weights, for instance). We then add a variable for each input parameter and an additional
variable t for the threshold that marks the maximum cost (if we consider a minimization problem)
of feasible solutions that belong to the approximation set. Expressions for the cost of the feasible
solutions will then form constraints as they need to be smaller or larger than t, depending on
if they should or should not belong to the approximation set. If the expressions describing the
cost of each feasible solutions are linear in the parameters, the result is a linear program and it
has a solution if and only if the considered approximation set is feasible.

For instance, for the problem of shortest paths, each edge weight wi would be a variable and
the constraint for a path that should lie in the approximation set would be

∑
wi < t with the

sum running over all edges of the path. Sums of edge weights of paths not in the approximation
set need to be larger than t. We can use this method for all problems mentioned in the paper.

4 Finding a maximum in an array

We illustrate the approximation-set based approach at an arguably simplest possible example,
the (trivial) optimization problem of �nding the index i of the largest element of a sequence of n
elements. Since we are looking for a maximum instead of minimum, we will be using ρ between
0 and 1 instead of 1 and∞. The problem is algorithmically trivial, as it can be solved optimally
by a single pass through the array. In the case when the elements of the array are subject to
uncertainty, the answer to the problem becomes more interesting.

We are given two instances I1 and I2 of the problem, i.e., two arrays of n numbers. A solution
to our problem is an index i, and thus S, the set of all feasible solutions (which is the same for
both instances) is just the set of the n array positions. We will denote by OPTI1 and OPTI2 the
values of the largest elements in the respective arrays I1 and I2. For a given threshold ρ ≤ 1,
the ρ-approximation sets Aρ(I1) and Aρ(I2) are the sets of all positions in the arrays I1 and I2
with values at least ρOPTI1 and ρOPTI2 , respectively. Any set F ⊆ S of indices is a feasible
approximation set. Thus, given a value ρ, we can calculate the unexpected similarity Uρ of the
two arrays I1 and I2 using the expression in Equation (5).

On alternative approaches

Intuitively, the approximation-set based approach should return a position in the array that
represents a quite good solution. An alternative way of attacking the problem that one might
consider is to create one single array by averaging the two given ones, and �nd the position of
a maximum in this averaged array.

If the noise in the system is simple and a�ects every position in the array independently
of all others, this may be a very good approach. But the situation is di�erent if the noise can
be complex and we do not know anything about it. Let us illustrate it on the following simple
example. Suppose that, without us knowing it, the generator generates data that are (discretized)
Gaussians with the same variance σ2 but varying mean µ. Suppose that the random variable µ
is normally distributed with the center in µ∗. In our two instances I1 and I2 we now have two
Gaussians with centers in µ1 and µ2 and our problem is to guess µ∗, which is also the expected
center µ3 of the third curve (Figure 3). If we knew the setting, our best guess would clearly
be to pick the value right between, (µ1 + µ2)/2. However, this insight requires that the data
have a meaningful order, such as some spatial or temporal relationship. We however cannot
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Fig. 3: Two input sets are denoted by green (light gray) and red (dark gray) values. Black shows the average set
value and the values belonging to the intersection of the approximation sets are marked with blue rectangle on
the bottom. Values in the plot (b) are the same as in the plot (a), but they are permuted in order by a random
but same permutation. The topological notion of the �center� between the two sequences disappears.

exploit properties that are not part of the problem setting. If, for instance, the data sets have
been permuted by the same unknown permutation (as shown in Figure 3b), we cannot draw the
conclusion above, although the actual data has not changed.

Let us now consider two attempts at identifying µ∗ without relying on the implicit order.
The �rst attempt is to choose a point from the intersection of A(1)

ρ∗ and A
(2)
ρ∗ . In our example

from Figure 3, the points in the intersection are shown as blue squares on the x-axis. The
second attempt is to compute the average values of the two input sequences, denoted by the
black values in Figure 3. We see that if the distance of µ1 and µ2 is su�ciently large, the average
will be maximized at µ1 and µ2, which then will be further away from µ∗ than the randomly
chosen point from the intersection. Moreover, the solution choosing a point from the intersection
has allowed us to �nd the �center� of the two sequences without relying on the implicit order
information present in the data.

An experimental evaluation

We have experimentally evaluated the quality of the solutions suggested by our method. In
particular, we have focused on the self-assessment. For this reason, we have plotted the quality
of the computed solution against the computed unexpected similarity. As input data, we used
daily temperature measurements from the National Oceanic and Atmospheric Administration
(NOAA) [12], and hourly power consumption measurements from Duke Energy [13].

Temperature-measurement data. We have divided the temperature measurements into years,
each year constituting a separate input instance to our max-�nding problem. The question we
ask is thus: given temperature measurements for year x and y, predict what is the warmest day
in a usual year.

Power-consumption data. We have �rst divided the power load measurements into di�erent
days of the week. An instance of our problem is then an array representing the hourly power
consumption of a �xed day in a week. The question we ask is thus of the type: given the
hourly power consumptions on two di�erent Mondays, what hour will have the maximum power
consumption on any Monday?

Experiments. For every two instances I1 and I2 (the possible inputs for our uncertain optimiza-
tion problem) we have run the approximation-set based algorithm to compute the optimum value

9



ρ∗. We have compared these two instances with a di�erent third instance I3 (the possible true
instance). For these three chosen instances, we calculated the average rank (k-th best solution
having the rank of k) of the randomly chosen solution from the intersection Aρ∗(I1) ∩ Aρ∗(I2)
when evaluated on the third instance I3. We have then averaged the resulting plots. The obtained
results are shown and described in Figure 4.

Commenting on the results. The rank of the predicted solution is well-aligned with the curve of
unexpected similarity. This shows that in this case we are indeed well o� choosing the solution
from the intersection at random. For instance, the smallest ρ with a non-empty intersection of
Aρ(I1) and Aρ(I2) is not optimal.

5 Finding a sub-array of maximum sum

The classical textbook optimization problemMaximumSubarraySum takes an array (a1, a2, . . . , an)
of n integers and asks for a contiguous sub-array for which the sum of its elements is maximum.
A linear time solution of the problem is attributed to Jay Kadane [14]. Despite its general im-
portance, �nding the k best sub-arrays has been studied only recently [15�17]. The optimal
algorithm runs in time O(n+ k).

Uncertain optimization. In the uncertain optimization version of this problem, we are given
I1 and I2, two integer arrays of size n each. The set of all feasible solutions consists of all the
n(n+1)

2 +1 sub-arrays, including the empty sub-array whose sum is zero. Given an approximation
ratio ρ, in order to determine Uρ we need to compute: (i) the size of the intersection Aρ(I1) ∩
Aρ(I2), and (ii) the expected size of the intersection A ∩ B of any two feasible approximation
sets A and B of sizes |A| = |Aρ(I1)| and |B| = |Aρ(I2)|.

The size of the intersection. The size of the intersection Aρ(I1) ∩ Aρ(I2) can be computed as
follows. First, note that from a given approximation ratio ρ, a threshold t = ρ · OPTI for the
sub-array sum approximation follows immediately from the optimum OPTI of a given instance
I. We scan through the array and maintain for scanning position j an auxiliary array auxj [i] of
sub-array sums of elements from position i to j. It is not necessary to maintain this explicitly,
since at each position in the scan we only need to know how many of the entries of aux are
greater than t. Therefore, instead of updating all entries in aux when a new position with
element x is scanned, we decrease the threshold by x. It is then enough to maintain a data
structure that supports a query for the number of elements above a threshold, in addition to the
insertion of new elements. A balanced search tree with aggregates at inner vertices can service
both in time O(log n). This allows to compute the size of an approximation set for a given value
of ρ in time O(n log n). The intersection of two approximation sets can be found similarly, by
maintaining a 2-dimensional range tree with aggregates at inner vertices, and by querying it
with a 2-dimensional threshold at each scan position. Hence, we proved the following theorem.

Theorem 5. Let I1 and I2 be two arrays of size n. Given ρ, the size of the intersection of the

ρ-approximation sets Aρ(I1) and Aρ(I2) can be found in time O(n log2 n).

The expected size of the intersection. Here we face the problem that not every set of sub-arrays
is a feasible approximation set, and thus we cannot use Theorem 1. To see this, consider an
example with the set of sub-arrays F = {(a, c), (b, d)}, where a < b < c < d are array positions
and (i, j) denotes the sub-array from position i to position j. Recall that a sub-array (i, j) is
in an approximation set Aρ if and only if ai + . . . + aj ≥ ρ · opt. Thus, F cannot be a feasible
approximation set: it would also need to contain one or both of the sub-arrays (a, d) and (b, c).

We derive an asymptotic substitute for the exact expected intersection size, given the sizes
of the feasible approximation sets, as expressed in the following theorem. We postpone the proof
till the end of the section (see Section 5.1).
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Fig. 4: Merged plots showing average relationship between unexpected similarity (solid red line) and the rank
of the solution chosen at random from the intersection in the testing dataset (dashed blue line). Plots (a) and
(b) are calculated on the historical daily temperature records for Zurich (1955�2010) and the Amundsen-Scott
station (1957�1986), plots (c) and (d) are calculated on hourly power load data for a powerplant (data from year
2009). Plot (c) uses as dataset Mondays. Plot (d) uses as inputs all di�erent weekdays. We can see that for ρ
close to 0, unexpected similarity drops to 1.0 and rank of the chosen solution grows to the average rank among
all feasible solutions. The results of plot (d) are poorer than for plot (c) since there is little correlation between
power consumption on di�erent days of the week and the average unexpected similarity thus barely rises above
1.0 and the average rank of the chosen solution oscillates more. Note that temperature data from (a) and (b) are
more stable than power load data from (c) and (d): the hottest day of the year has almost no chance of being
in December, but industry can cause high power load during the night. The unexpected similarity re�ects this
di�erence.

Theorem 6. The expected size of an intersection of two randomly picked feasible approximation

sets of sizes k and l on two arrays of length n each equals

4k2l2 − 2kl

2k + 2l − 3
· 1

n2
+O(n−3). (11)
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An experimental evaluation with real world data. Our problem has a natural interpretation when
array elements are price di�erences, such as day-to-day stock price �uctuations: A maximum
sub-array is then a single best interval of buying, keeping and selling a stock (where instead of the
price di�erence, we naturally took the ratio of stock prices, calculated as maximum sub-array
sum for logarithms of factors). We thus based our experiments on the historical daily prices
of a variety of stock indices (BEL-20, Dow Jones, Hang Seng, Nikkei, AEX, CAC-40, DAX,
Eurotop100, FTSE100, JSX, Nasdaq, AS30, RTSIndex, and SMI) from 1999 to 2010, adjusted
for in�ation [18].

In an attempt to assess how well our approach works in comparison with potential competing
approaches, we came up with a number of algorithms that, when provided with two instances,
return a (hopefully good) sub-array. We then evaluated the sum of this predicted sub-array on
a third instance. The �rst algorithm, denoted by Random, picks a random sub-array and is
used simply to illustrate that the results of following algorithms are not caused by excessive
growth of the markets. The less naïve algorithm PickOne randomly chooses one of the input
instances and returns an optimum solution for this instance. Algorithm Average averages the
two instances day by day and returns an optimum sub-array for the averaged instance. Algorithm
UpperBound maximizes the upper bound on Uρ given by Theorem 2 and picks a random
solution from the generated intersection. Algorithm FirstIntersection �nds the smallest ρ
that results in a non-empty approximation set intersection and returns a random solution from
it (in case there is more than one). Algorithm Asymptotic is similar to UpperBound, but
uses the asymptotic estimate given by Theorem 8 for the expectation in Uρ to choose the correct
approximation ratio. Finally, algorithm OptimalOffline returns a sub-array that maximizes
the average gain over all instances of the given year � the best one one can possibly get.

We considered each year as a separate class of instances, and we used each pair of input
instances as an input to each algorithm. We then evaluated the output of the algorithm on all
(di�erent) instances from that year. The table below shows the average gain (over all years)
achieved by each method, where ρ was determined by checking values with a step size of 0.01.
The results are in the second column. Algorithm Asymptotic performs best here at 87% of the
optimal o�-line algorithm. In the fourth column we used only those pairs of instances that had
unexpected similarity higher than 5.0, and we evaluated those on all third instances of the same
year. This corresponds to the idea that instance pairs of low unexpected similarity have little
predictive capability. We chose 5.0 so that roughly 50% of all triples of instances were left after
the �ltering (6048 out of 12012). Choosing higher threshold would decrease the number of chosen
triples and thus the relevancy of our results. The performance of Asymptotic increased to 96%
of the optimum o�-line solution. Note that all other algorithms (except Random) bene�t from
the instance similarity calculated by our method as well. It is, however, that the performance of
Asymptotic increases the most.

Algorithm U > 0.0 % of opt U > 5.0 % of opt
Random 1.11 4.4% 1.28 4.4%
PickOne 21.04 83.3% 26.85 92.4%
Average 21.23 84.0% 26.94 92.7%
UpperBound 20.99 83.1% 27.67 95.2%
FirstIntersection 21.81 86.3% 27.76 95.5%
Asymptotic 21.92 86.8% 27.91 96.0%
OptimalOffline 25.25 100.0% 29.07 100.0%

5.1 Deriving an asymptotic substitute for Uρ

To compute the unexpected similarity at value ρ, i.e., the expression Uρ =
|Aρ(I1)∩Aρ(I2)|

EF1∈Fm1 ,F2∈Fm2
|F1∩F2| ,

where m1 = |Aρ(I1)| and m2 = |Aρ(I2)|, we need to compute the denominator, which poses the
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main challenge. Let us denote this value as g(m1,m2, n), i.e., g(m1,m2, n) denotes the expected
size of the intersection of two feasible approximation sets of sizes m1 and m2 on arrays of length
n each.

In this subsection we investigate how to lower the computational overhead by e�ciently
computing an approximate value of g(m1,m2, n). We concentrate on the asymptotic behaviour
where m1,m2 � n. More precisely, we will observe that g(m1,m2, n) can be expressed as a
function g2n−2+g3n−3+g4n−4+ · · · , and we will express the coe�cient g2 in a closed form, and
subsequently, based on the fact that g(m1,m2, n) = g2n

−2 +O(n−3), we use the term g2n
−2 as

the approximation for g(m1,m2, n) to compute Uρ.
We proceed as in Theorem 2, and express g(m1,m2, n) as a sum over the solutions s ∈ S

instead of over the approximation sets:

E
F1∈Fm1 ,F2∈Fm2

|F1 ∩ F2| =
1

|Fm1 | · |Fm2 |
∑

F1,F2∈Fm1 ,Fm2

|F1 ∩ F2| =∑
s∈S |{F ∈ Fm1 |s ∈ F}| · |{F ∈ Fm2 |s ∈ F}|

1
m1

∑
s∈S |{F ∈ Fm1 |s ∈ F}| 1

m2

∑
s∈S |{F ∈ Fm2 |s ∈ F}|

. (12)

We see that the numerator and denominator both contain expressions related to |Fmi | =
1
mi

∑
s∈S |{F ∈ Fmi |s ∈ F}|, i = 1, 2. Obviously, |Fmi | is at most

(|S|
m1

)
≤ n2mi . At the

same time, every set F of mi disjoint, non-adjacent sub-arrays is a feasible approximation
set in Fmi and therefore |Fmi | ≥ b n

2mi
c2mi (i.e., the number of sets of mi disjoint, non-

adjacent, sub-arrays where the i-th end-point from the 2mi sub-array end-points lies in the
range aibn/mic+1, . . . , a(i+1)bn/mic, i = 0, 1, 2, . . .). We see that |Fmi | is a polynomial f2min

2mi +
f2mi−1n

2mi−1+ · · ·+f1n+f0 bounded between b n
2mi
c2mi and n2mi . We are only interested in the

asymptotic form f2min
2mi +O(n2mi−1) of |Fmi |, i.e., in the coe�cient f2mi . We will determine

this in the following theorem. For its purpose, we de�ne f(m,n) to be the cardinality of Fm
when considered on an array of n elements. In the proof we use auxiliary combinatorial identities
that are stated and proved in Lemmas 2, 3, and 4 at the end of this subsection.

Theorem 7. The leading coe�cient of f(m,n) is 1
(2m)! , i.e.,

f(m,n) =
1

(2m)!
n2m +O(n2m−1).

Proof. We will prove the claim using induction on m. For m = 1, f(1, n) is just |S|, i.e.,
f(1, n) =

(
n+1
2

)
+ 1 = 1

2n
2 + 1

2n + 1, and therefore the leading coe�cient of f(1, n) is 1
2! as

claimed. For technical reasons, we set f(0, n) = 1.
To compute the leading coe�cient of f(m,n) for m > 1, we express f(m,n) by summing

over every sub-array (i, j) the number of ways in which we can add m − 1 sub-arrays to (i, j)
to form a feasible approximation set of m sub-arrays: for this, we will inductively use the values
f(k, i) and f(m− 1− k, n− j). At the end, we divide the sum by m since we count each feasible
approximation set F ∈ Fm m-times � once for each of the sub-arrays (i, j) ∈ F . We will denote
by [na]f(m,n), for any integer a, the coe�cient of the polynomial f(m,n) by na.

Consider thus one �xed sub-array (i, j). This divides the whole array of n elements into
three parts: the left part (0, i − 1), the sub-array (i, j) and the right part (j + 1, n). Consider
an integer k ≤ m − 1, and consider a feasible approximation set FL of k intervals in the left
part, and a feasible approximation set FR of m − k − 1 intervals in the right part. Obviously,
the union of FR, FL, and (i, j) forms a feasible approximation set F ∈ Fm. Therefore, there are
at least

∑m−1
k=0 f(k, i − 1) · f(m − k − 1, n − j − 1) feasible approximation sets F ∈ Fm that

contain the sub-array (i, j). Actually, we can extend the left part (0, i− 1) by the element j: one
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can easily convince oneself that any feasible approximation set F ′L of k intervals that have their
endpoints in (0, i−1)∪(j) forms together with the interval (i, j) a feasible approximation set (of
k + 1 intervals). One can argue similarly for the right part and conclude that there are at least∑m−1

k=0 f(k, i) ·f(m−1−k, n− j) feasible approximation sets F ∈ Fm that contain the sub-array
(i, j). Let ∆(i, j) be such that there are exactly ∆(i, j)+

∑m−1
k=0 f(k, i) ·f(m−1−k, n−j) feasible

approximation sets F ∈ Fm that contain the sub-array (i, j). Recall that we are only interested
in the leading coe�cient of f(n,m), i.e., [n2m] 1m

∑
(i,j)(∆(i, j)+

∑m−1
k=0 f(k, i)·f(m−1−k, n−j)).

For this purpose, we do not need to know the whole polynomials f(k, i) and f(m− 1−k, n− j),
but only the leading terms there (as only those will contribute to the leading term of f(n,m))
� these we know by induction hypothesis. Furthermore, we will argue (at the end of the proof)
that ∆(i, j) is a polynomial of degree less then the polynomial

∑m−1
k=0 f(k, i) ·f(m−1−k, n−j)),

and therefore we can omit this from the computation of [n2m]f(n,m) as well.
We thus obtain

[n2m]f(m,n) = [n2m]
1

m

∑
s∈S
|{F ∈ Fm|s ∈ F}|

= [n2m]
1

m

n∑
i=0

n∑
j=i+1

m−1∑
k=0

f(k, i)f(m− k − 1, n− j)

= [n2m]
n∑
i=0

n∑
j=i+1

m−1∑
k=0

i2k

m(2k)!(2m− 2k − 2)!

2m−2k−2∑
l=0

(
2m− 2k − 2

l

)
(−1)lnlj2m−2k−l−2

= [n2m]
m−1∑
k=0

2m−2k−2∑
l=0

1

m(2k)!(2m− 2k − 2)!

(
2m− 2k − 2

l

)
(−1)l

n∑
i=0

n∑
j=i+1

i2kj2m−2k−l−2nl

(a)
=

m−1∑
k=0

2m−2k−2∑
l=0

1

m(2k)!(2m− 2k − 2)!

(
2m− 2k − 2

l

)
(−1)l 1

(2m− l)(2k + 1)

=

m−1∑
k=0

1

m(2k + 1)!(2m− 2k − 2)!

2m−2k−2∑
l=0

(
2m− 2k − 2

l

)
(−1)l 1

(2m− l)

(b)
=

m−1∑
k=0

1

m(2k + 2)!(2m− 2k − 2)!

1(
2m

2m−2k−2
) =

1

(2m)!
,

where Equalities (a) and (b) are due to Lemmas 2 and 3.
To �nish the proof, we need to argue that ∆(i, j) is a polynomial of degree less then 2m− 2,

which is the degree of the polynomial
∑m−1

k=0 f(k, i) · f(m − 1 − k, n − j)). It follows that the
degree of

∑m−1
k=0 f(k, i) · f(m− 1− k, n− j)) is 2m− 2 because choosing the 2m− 2 endpoints

�freely� results into θ(n2m−2) ways to do it. ∆(i, j) counts those feasible approximation sets F
containing a sub-array (a, b) that intersects the sub-array (i, j) in one of the following way: (i)
a = i or b = j, (ii) a < i and i < b < j, (iii) i < a < k and j < b, (iv) a < i and j < b, or
(v) i < a < b < j. We see that in the case (i), we cannot choose all end-points of the 2m − 2
sub-arrays freely � here, at least one end-point is �xed to be equal to i or j. This is, however,
also true for the cases (ii)-(v): In each of the cases, the sub-arrays (a, b) and (i, j) alone do not
form a feasible approximation set; a con�guration of (a, b) and (i, j) in a feasible approximation
sets as in one of the cases illustrated in Figure 5 implies an existence of a third interval (f, g) of
�xed form � we lose the freedom to choose the endpoints for f and g. ut

Using Theorem 7, we can express the leading coe�cient of the denominator of g(m1,m2, n) =∑
s∈S |{F∈Fm1 |s∈F}|·|{F∈Fm2 |s∈F}|

f(m1,n)·f(m2,n)
. We are left to express the leading coe�cient of the numerator

of g(m1,m2, n). We will handle this in the following theorem.
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a b ca b dca b dc

(a) (b) (c)

Fig. 5: Any feasible approximation set F that contains the depicted sub-arrays (illustrated as thick line-segments)
must also contain a third �xed-shape sub-arrary; Case (a): sub-array (a, d) or (b, c) is in F ; Case (b): sub-array
(a, c) or (b, d) is in F ; Case (c): sub-array (a, c) is in F .

Theorem 8. Let g(m1,m2, n) be the expected size of the intersection of two randomly picked

feasible approximation sets of sizes m1 and m2 on an array of length n. Then

g(m1,m2, n) =
4m2

1m
2
2 − 2m1m2

2m1 + 2m2 − 3
· 1

n2
+O(n−3). (13)

Proof. We will consider g(m1,m2, n) in the form of Equation (12) and evaluate the numerator
of the equation, i.e., the expression

∑
s∈S
|{F ∈ Fm1 |s ∈ F}| · |{F ∈ Fm2 |s ∈ F}|.

For this purpose, we will use the knowledge of [n2m]f(m,n) and its derivation from the proof
of Theorem 7. We again sum over all sub-arrays (i, j) and obtain

∑
s∈S
|{F ∈ Fm1 |s ∈ F}| · |{F ∈ Fm2 |s ∈ F}| =

=
∑
(i,j)

(
∆(i, j,m1) +

m1−1∑
k=0

f(k, i)f(m1 − k − 1, n− j)

)
(
∆(i, j,m2) +

m2−1∑
k=0

f(k, i)f(m2 − k − 1, n− j)

)
,

where ∆(i, j,mi), i = 1, 2, is de�ned analogously as ∆(i, j) in the proof of Theorem 7. We
are only interested in the leading coe�cient of the above polynomial, and we therefore omit
∆(i, j,mi) from the further computation, as this term does not contribute anything to the
leading coe�cient. Obviously, as we have a double sum (over i and j) and we multiply two
polynomials of degree 2m1 − 2 and 2m2 − 2, the leading coe�cient will be at the monomial
n2m1+2m2−2. We thus obtain that the leading coe�cient is
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[n2m1+2m2−2]
∑
s∈S
|{F ∈ Fm1 |s ∈ F}| |{F ∈ Fm2 |s ∈ F}|

= [n2m1+2m2−2]
n∑
i=0

n∑
j=i+1

(
m1−1∑
k=0

f(k, i)f(m1 − k − 1, n− j)

)
(
m2−1∑
k=0

f(k, i)f(m2 − k − 1, n− j)

)

= [n2m1+2m2−2]
n∑
i=0

n∑
j=i+1

(
m1−1∑
k=0

1

(2k)!
i2k

1

(2m1 − 2k − 2)!
(n− j)2m1−2k−2

)
(
m2−1∑
k=0

1

(2k)!
i2k

1

(2m2 − 2k − 2)!
(n− j)2m2−2k−2

)

= [n2m1+2m2−2]
n∑
i=0

n∑
j=i+1

m1−1∑
k=0

m2−1∑
l=0

1

(2k)!(2l)!(2m1 − 2k − 2)!(2m2 − 2l − 2)!
i2k+2l

(n− j)2m1+2m2−2k−2l−4

= [n2m1+2m2−2]
n∑
i=0

n∑
j=i+1

m1−1∑
k=0

m2−1∑
l=0

1

(2l)!(2l)!(2m1 − 2k − 2)!(2m2 − 2l − 2)!
i2k+2l

2m1+2m2−2k−2l−4∑
p=0

(
2m1 + 2m2 − 2k − 2l − 4

p

)
(−1)pnpj2m1+2m2−2k−2l−4−p

(a)
=

m1−1∑
k=0

m2−1∑
l=0

1

(2k)!(2l)!(2m1 − 2k − 2)!(2m2 − 2l − 2)!

2m1+2m2−2k−2l−4∑
p=0

(
2m1 + 2m2 − 2k − 2l − 4

p

)
(−1)p 1

(2m1 + 2m2 − 2− p)(2k + 2l + 1)

(b)
=

1

(2m1 + 2m2 − 2)!

m1−1∑
k=0

m2−1∑
l=0

(2m1 + 2m2 − 2k − 2l − 4)!(2k + 2l)!

(2k)!(2l)!(2m1 − 2k − 2)!(2m2 − 2l − 2)!

=
1

(2m1 + 2m2 − 2)!

m1−1∑
k=0

m2−1∑
l=0

(
2k + 2l

2l

)(
2m1 + 2m2 − 2k − 2l − 4

2m2 − 2l − 2

)
(c)
=

1

(2m1 + 2m2 − 2)!

(
m1

2

(
2m1 + 2m2 − 3

2m1 − 1

)
− 1

4

(
2m1 + 2m2 − 4

2m1 − 1

)
+

1

4

(
2m1 + 2m2 − 2

2m1 − 1

))
=

1

(2m1 − 1)!(2m2 − 1)!

(
m1(2m2 − 1)

4(m1 +m2 − 1)
− (m2 − 1)(2m2 − 1)

4(2m1 + 2m2 − 3)(m1 +m2 − 1)
+

1

4

)
=

=
2m1m2 − 1

(2m1 − 1)!(2m2 − 1)!(4m1 + 4m2 − 6)

Equalities (a), (b), and (c) are due to the Lemmas 2, 3, and 4, respectively. After plugging
into Equation 12 we get
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g(m1,m2, n) =

(
1

(2m1)!
n2m1 +O(n2m1−1)

)−1( 1

(2m2)!
n2m2 +O(n2m2−1)

)−1
(

2m1m2 − 1

(2m1 − 1)!(2m2 − 1)!(4m1 + 4m2 − 6)
n2m1+2m2−2 +O(n2m1+2m2−3)

)
=

4m2
1m

2
2 − 2m1m2

(2m1 + 2m2 − 3)n2
+O(n−3)

ut

Proofs of auxiliary identities

Lemma 2. The leading coe�cient of
∑n

i=0

∑n
j=i+1 i

ajb is ((a+ b+ 2)(a+ 1))−1.

Proof. The leading coe�cient will be the coe�cient by na+b+2 due to the double summation.

[na+b+2]
n∑
i=0

n∑
j=i+1

iajb =
n∑
i=0

ia(
n∑
j=0

jb −
i∑

j=0

jb)

(a)
= [na+b+2]

n∑
i=0

ia
1

b+ 1

∑
k=0

(
b+ 1

k

)
Bk

(
nb+1−k − ib+1−k

)
= [na+b+2]

n∑
i=0

ia
1

b+ 1

(
nb+1 − ib+1

)
(b)
= [na+b+2]

1

b+ 1

(
nb+1 n

a+1

a+ 1
− 1

a+ b+ 2
na+b+2

)
=

1

b+ 1

(
1

a+ 1
− 1

a+ b+ 2

)
=

1

(a+ b+ 2)(a+ 1)

Equalities (a) and (b) use the Bernoulli formula and the Bernoulli number B0 is equal to 1. ut

Lemma 3.
n∑
k=0

(−1)k 1

m− k

(
n

k

)
=

(−1)n

(m− n)
(
m
n

)

Proof. This is a combinatorial identity that can be derived for instance from Equation 9.2 in
the collection of combinatorial identities by H.W. Gould[19]. ut

Lemma 4.

o∑
k=0

p∑
l=0

(
2(k + l)

2l

)(
2(o− k) + 2(p− l)

2(p− l)

)
=

1

4

(
2(o+ 1)

(
2o+ 2p+ 1

2o+ 1

)
−
(
2o+ 2p

2o+ 1

)
+

(
2o+ 2p+ 2

2o+ 1

))
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Proof.

o∑
k=0

p∑
l=0

(
2(k + l)

2l

)(
2(o− k) + 2(p− l)

2(p− l)

)
(a)
= [x2p]

o∑
k=0

1

4

(
1

(1− x)2k+1
+

1

(1 + x)2k+1

)(
1

(1− x)2o−2k+1
+

1

(1 + x)2o−2k+1

)

= [x2p]
1

4

o∑
k=0

(
1

(1− x)2o+2
+

1

(1 + x)2o+2
+

1

(1− x)2k+1(1 + x)2o−2k+1

+
1

(1− x)2o−2k+1(1 + x)2k+1

)
(b)
= [x2p]

(
o+ 1

4

(
1

(1− x)2o+2
+

1

(1 + x)2o+2

)
−(x2 − 2x+ 1)(1− x)2o − (x2 + 2x+ 1)(1 + x)2o

8x(1− x)2o+1(1 + x)2o+1

)
= [x2o]

(
o+ 1

4

1

(1− x)2o+2
+
o+ 1

4

1

(1 + x)2o+2
+

1

8

x

(1 + x)2o+2

−1

8

x

(1− x)2o+2
+

1

8

1

x(1− x)2o+2
+

1

8x
− 1

8x
− x

8(1− x)2o+2

)
(c)
=
o+ 1

4

(
2o+ 2p+ 1

2o+ 1

)
+
o+ 1

4
(−1)2p

(
2o+ 2p+ 1

2o+ 1

)
− 1

8

(
2o+ 2p

2o+ 1

)
−1

8

(
2o+ 2p

2o+ 1

)
+

1

8

(
2o+ 2p+ 2

2o+ 1

)
+

1

8

(
2o+ 2p+ 2

2o+ 1

)
=

1

4

(
2(o+ 1)

(
2o+ 2p+ 1

2o+ 1

)
−
(
2o+ 2p

2o+ 1

)
+

(
2o+ 2p+ 2

2o+ 1

))
To get equality (a) we �rst add up power series

∑∞
k

(
n+k
k

)
zk = (1−z)−n−1 and

∑∞
k

(
n+k
k

)
(−1)kzk =

(1 + z)−n−1 to get a series for
∑∞

k

(
n+2k
2k

)
z2k = 1

2((1− z)
−n−1 + (1 + z)−n−1). We then use the

fact that the convolution of two generating functions F (x) =
∑∞

k akx
k and G(x) =

∑∞
k bkx

k is
F (x)G(x) =

∑∞
k

∑∞
l albk−lxk to derive the identity

∑∞
k

∑∞
l

(
n+2l
2l

)(m+2(k−l)
2(k−l)

)
zk = (1/4)((1−

z)−n−1 + (1 + z)−n−1)((1− z)−m−1 + (1 + z)−m−1).
The second sum in equality (b) was eliminated in a similar manner to the �rst one by

adding
∑∞

k (1 − z)−k = (z − 1)/z and
∑∞

k (1 − z)−k(−1)k = (z − 1)/(z − 2), dividing by
(1 − z) and convolving with the sum of

∑∞
k (1 + z)−k = (z + 1)/z and

∑∞
k (1 + z)−k(−1)k =

(z + 1)/(z + 2) divided by (1 + z). For equality (c) we used shifted variants of the in�nite sum∑∞
k=0

(
n+k
n

)
zk = (1 − z)−n−1:

∑∞
k

(
2n+k
2n+1

)
zk = z(1 − z)−2n−2,

∑∞
k (−1)k

(
2n+k
2n+1

)
zk = −z(1 +

z)−2n−2,
∑∞

k

(
2n+k+2
2n+1

)
zk = z−1(1− z)−2n−2 − z−1, and

∑∞
k (−1)k

(
2n+k+2
2n+1

)
zk = z−1 − z−1(1 +

z)−2n−2. ut

6 Other uncertain optimization problems

In this section we brie�y discuss our approximation-set based approach on other optimization
problems: the problem of �nding a shortest path, and the problem of �nding a minimum spanning
tree. We will see that computing the size of the intersectionAρ(I1)∩Aρ(I2) is an NP-hard problem
(in contrast to the maximum sub-array sum problem); similarly, we point out some di�culties in
computing the expected size of the intersection of two approximation sets. These di�culties pose
interesting challenges, for which we do not o�er de�nitive solutions, and leave them open for
further research. Instead, we apply our method in a computationally straightforward, brute-force
manner to demonstrate its capabilities.
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6.1 Finding a shortest path

We consider the uncertain optimization problem of �nding a shortest s-t path in an edge-weighted
graph G = (V,E). Thus, in our setting, the two instances I1 and I2 are given by two sets of edge
weights. There are two main computational di�culties in applying our approach. We address
them in the following, and then present our experimental results.

Computing the expected size of the intersection. The main di�culty in computing EA∈Fk,B∈Fl |A∩
B| lies in understanding the structure of Fk, which is much more complicated than it was in
Section 5. For example, having k s-t-paths, can they form a ρ′-approximation set for our problem?
Already the structure of the full set S of all s-t-paths is quite complicated for non-trivial graphs.

In our experiments, due to lack of computational power and e�cient algorithms, we do not
compute the value EA∈Fk,B∈Fl |A ∩ B| at all. Therefore, we do not compute the value ρ which
maximizes Uρ. Instead, we simply take the smallest ρ for which Aρ(I1) ∩Aρ(I2) is not empty.

Computing the size of the intersection. Computing |Aρ(I1) ∩ Aρ(I2)| is not easier than the
weakly NP-hard bi-criteria shortest-path problem [20]: setting I1 to represent the �rst criterion
and I2 the second criterion of the bi-criteria shortest-path problem, and setting ρ appropriately,
�nding the size of the intersection Aρ(I1) ∩ Aρ(I2) implicitly answers whether the intersection
is non-empty, and thus whether the bi-criteria shortest-path problem has a solution. We thus
have to resort to pseudo-polynomial algorithms at best if we want to compute the size of the
intersection Aρ(I1)∩Aρ(I2) exactly. One may aim to design good approximation algorithms for
this computational problem in the future.

In our experiments, we use the straightforward brute-force approach that enumerates s-t
paths in exponential time and checks their presence in Aρ(I1) and Aρ(I2). With this, we obtain
the set Aρ(I1) ∩Aρ(I2) and thus its size, too.

Experimental results. We used road networks found at the Transportation Test Problems web
page [21]. These networks include trip data � lists of the start and end points of trips taken
by cars. A provided solver for the Tra�c Assignment Problem (implementing the Origin-Based
Assignment Algorithm [22]) can be used to compute the actual travelled path for each trip.
Given these paths, the supplied model can compute the time necessary to traverse each edge of
the graph.

For our setting, we need to have several instances with various (but typical) travel times.
For this purpose, for every pair of nodes A and B, we slightly perturbed the number of cars
traveling from A to B, and used the above process to obtain the travel time for every edge. We
used a straightforward approach to obtain typical instances � we multiplied the number of cars
traveling from A to B by a random variable picked from a normal distribution with center at
1.0.

In particular, we used the network mitte_center [21], describing a part of Berlin with 398
nodes and 871 links. Due to a lack of e�cient algorithms, we only compared two algorithms:
Average picks the s-t-path that minimizes the travel time on a graph with averaged edge-travel
times; FirstIntersection computes the smallest ρ for which Aρ(I1) ∩ Aρ(I2) 6= ∅ and picks
a random path from the intersection Aρ(I1) ∩ Aρ(I2). In most of the cases, the solution found
by Average was identical to the solution found by FirstIntersection; when the solutions
di�ered, however, the solution found by FirstIntersection were on average 2.5% better.

6.2 Finding a minimum spanning tree

In this section we consider the problem of �nding a minimum spanning tree. In our setting we
are given a (�xed) graph G = (V,E) and two instances I1 and I2 de�ned by the edge-weights of
G. The set S of feasible solutions is the set of all spanning trees in G.
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Similarly to the shortest path problem, the problem of computing the size of the intersection
Aρ(I1) ∩ Aρ(I2) is weakly NP-hard by a straight-forward reduction from the weakly NP-hard
bi-criteria spanning tree problem [23].

In our experiments, we used networks generated in the same way as for shortest paths. For
performance reasons we used a smaller network of Sioux Falls with 24 vertices and 38 edges [21]
and perturbed the corresponding trips as before. The rationale behind using a shortest path
problem instance and calculating spanning trees on it is that traveling along the spanning tree
from any point A to any point B minimizes the length of the longest edge of the trip.

We used the straightforward approach and implemented the computation of Aρ(I1)∩Aρ(I2)
via enumeration of all spanning trees. For di�culties similar to those described for shortest
paths, we did not compute ρ for which Uρ is the unexpected similarity. We compared only the
two algorithms Average and FirstIntersection that work analogously to their versions for
shortest paths.

The experiments show a slightly di�erent behavior than for shortest paths. The solutions of
Average were on average 0.1% better than the solutions of FirstIntersection. Thus, from
this, it is not clear how good our approach can be. To judge the potential of our approach, we
additionally performed the following experiment: Knowing the instance I3 on which the provided
solution will be tested, compute ρ̂ such that the average quality of the solutions in Aρ̂(I1)∩Aρ̂(I2)
is maximized (the quality is measured on the edge-weights of instance I3). The experiments
show that for ρ = ρ̂, the solutions were on average 2.5% better than the solutions of Average.
Interestingly, when compared with the algorithm OptimalOffline that calculates the weight
of the spanning tree that is optimal in expectation over all instances, FirstIntersection is
only 0.5% and Average only 0.3% worse.

7 Conclusion

Our proposed optimization methodology in the presence of noise requires more experiments with
real data, but it also invites a number of variations. We point out some of the most immediate
questions that need to be addressed.

How exactly should we choose approximation sets? We should study optimizing the size of the
intersection for a variety of choices of approximation sets. It may be useful to pick approximation
sets parametrized by their size k instead of quality ρ. We chose to optimize ρ because this leads
to some pleasant properties. For instance, a feasible solution belongs to the approximation set
only because of its quality, regardless of other solutions. But it might be worth giving up pleasant
properties for others, and for computational ease.

Furthermore, we chose a single value of ρ for both instances. It might be worth to study
what happens for two independent approximation factors ρ1 and ρ2, or two independent sizes
k1 and k2.

In our normalization, we took all topologically di�erent approximation sets to be equally
likely. We might, however, have expectations about the generated instances. For shortest paths
in a tra�c network, for instance, we might expect edge weights to lie in some �xed range. Expec-
tations like these might be factored into the expected size of the approximation set intersection.

Is it bene�cial to use di�erent notion of �approximation� sets? There are various di�erent no-
tions for an instance to be near-to-optimum. For example, motivated by the goal of computing
�feasible� optimum solutions only, we may de�ne Aρ(I) only via solutions that are optimum for
instances that are not too di�erent from I: Aρ(I) includes all those solutions s ∈ S for which
there exists an instance I ′ such that s is an optimum solution of I ′ and I ′ is a ρ-perturbation
of I, i.e., if we talk about instances with weights, every weight of I ′ is at most ρ times the
corresponding weight of I.

20



Are all solutions in the intersection created equal? Our method expects all solutions in the best
approximation set intersection to be equally desirable (e.g., equally good for a third, unknown
instance). In some cases, it might be useful to choose the solution based on some problem speci�c
criterion.

Will more input lead to better results? We studied two input instances because they are the
minimum number necessary to distinguish information from noise. Our approach lends itself
easily to an input of more than two instances. We need to �nd out under which conditions we
can achieve more than the straightforward adaptation.

Can we �nd e�cient algorithmic solutions? Even though it appears that our approach leads
to high-quality solutions, it does not lead to e�cient algorithms easily. Quite the opposite: It
generates a family of algorithmic problems, namely to compute the intersection size of approx-
imation sets, and to pick a solution at random from this set. Ideally, we would want to avoid
the explicit computation of the set, and get hold of a random solution from it more directly.
For some problems, such as the MaximumSubarraySum, the intersection can be found and
handled e�ciently. In many cases, though, the sizes of the approximation sets are exponential.
The problem of exact enumeration is often computationally hard, even if the underlying prob-
lems themselves are solvable in polynomial time. A way out may be to resort to approximation
algorithms for these counting and enumeration problems.

In spite of the need to study all these variations, we believe that the �eld of optimization in
the presence of noise still had not found its proper methodology, and we trust that the proposed
approach has the potential to serve this purpose.
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