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Summary

T  is concerned with several problems in the area of computational systems biology.
Many of the problems addressed in this thesis have a common aspect: finding results indepen-

dent of parameter values. e thesis is structured in three parts. e first part is mainly concerned
with structural models of cell metabolism and its (transcriptional) regulation. In the second part,
the focus lies on chemical reaction network theory. e final part contains a statistical and compu-
tational analysis of a large biological experiment.

e contributions of this thesis are the following. In Chapter 2, we propose an equivalent to sen-
sitivity analysis for stoichiometric network models. We develop the theory based on linear algebra,
give an efficient implementation using matrix downdating techniques and show the applicability of
the method using two biological examples.

Chapter 3 is devoted to a reverse-engineering method for inferring interaction structures of tran-
scription factors and metabolic genes. To this end, we formulate an optimal control problem which
is computationally hard to solve and propose a solution method. To demonstrate the feasibility of
the approach, we test the method on a network of B. subtilis and compare the solution to already
known interactions.

In the context of chemical reaction network theory, we first give a computationally more efficient
way of solving the deficiency one problem by reformulating it as a mixed-integer linear feasibility
problem (Chapter 5). Furthermore, in Chapter 6, we analyze a special class of reaction networks that
we call degenerate. To this end, we introduce the concept of generic deficiency which has potential
applications for the analysis of large-scale biochemical networks arising in biology.

Chapters 7-9 give a comprehensive analysis of a large nutrient shi experiment that was done
within the BSB project. In particular, we give a regression analysis of the physiological rates
of B. subtilis under transient conditions; we develop and identify a model able to reproduce the mea-
sured data; and we use this model to do a simulation study for giving computational support of the
hypothesis that the observed behavior is advantageous for B. subtilis under evolutionary competition
in its natural environmental conditions.
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Zusammenfassung

D D beschäigt sich mit mehreren Problemen in der Systembiologie. Viele der
emen, die behandelt werden, haben einen gemeinsamen Aspekt: es geht darum, Aussagen

über Systeme zu machen ohne deren genauen Parameterwerte zu kennen. Die esis ist in drei Tei-
le gegliedert. Der erste Teil beschäigt sich mit strukturellen Modellen des Zellmetabolismus und
seiner (transkriptionellen) Regulation. Im zweiten Teil liegt der Fokus auf der eorie chemischer
Reaktionsnetzwerke. Der letzte Teil besteht aus einer statistischen und computerunterstützten Ana-
lyse eines grossen biologischen Experiments.

Die Beiträge dieser esis sind die folgenden. Im zweiten Kapitel schlagen wir eine Analyse
analog der Sensitivitätsanalyse vor, die auf stöchiometrische Netzwerkmodelle angewendet werden
kann. Wir entwickeln die eorie basierend auf linearer Algebra, geben eine effiziente Methode zu
deren Berechnung und wir demonstrieren die Anwendbarkeit der Methode anhand zweier biologi-
scher Beispiele.

Das dritte Kapitel widmet sich einer Methode zur Rekonstruktion von Interaktionen zwischen
Transkriptionsfaktoren und Genen metabolischer Reaktionen. Dazu formulieren wir ein optimales
Regulationsproblem, das schwierig zu lösen ist und schlagen eine Methode zu dessen Lösung vor.
Um die Praktikabilität unseres Ansatzes zu zeigen, benutzen wie ein Netzwerk von B. subtilis und
vergleichen unsere gefundenen Lösungen mit schon bekannten Interaktionen.

Im Kontext der eorie chemischer Reaktionsnetzwerke präsentieren wir als erstes einen Weg,
das Defizienz-eins-Problem effizienter zu lösen indem wir es als gemischt-ganzzahliges Erfüllbar-
keitsproblem neu formulieren. Ausserdem analysieren wir eine spezielle Klasse von Netzwerken, die
wir “degeneriert” bezeichnen. Dazu führen wir das Konzept der generischen Defizienz ein.

Kapitel 7-9 geben eine umfassende Analyse eines Experiments zur Untersuchung des Verhaltens
von B. subtilis, wenn die Nahrungsquelle gewechselt wird. Dazu führen wir eine Regressionsanalyse
zur Ermittlung der physiologischen Raten durch; stellen ein Modell auf, das die gemessenen Werte
reproduzieren kann und identifizieren dessen Parameter; und wir benutzen dieses Modell für eine
Simulationsstudie umzuUntersuchen, ob dasModell unter evolutionärenWettbewerbsbedingungen
das beobachtete Verhalten bestätigen kann.
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Preface

S  is an interdisciplinary research field in the intersection of mathematics, com-
puter science, and biology. To the novice, the breath of the field may seem overwhelming. No-

body is an expert in all three areas and it takes some time to familiarize oneself with the necessary
knowledge to get a grip on systems biology. To me, this was not different. Having had a classical
education in computational science and control engineering, the language of biologists was difficult
to understand at first, even cryptic. is fact shines through in this thesis as the focus will lie in the
“silicon” part of modeling and computational methods rather than the “wet” part of executing actual
biological experiments. But what do systems biologists actually do, then?

Researchers in this field aim to analyze and understand complex biological organisms at the sys-
tem level. ismeans that instead of the traditional approach of dissecting a system and analyzing its
parts in detail, systems biology tries to understand the entirety of a system. In the context of biology
this is a formidable goal, since biological systems have a complex, multiscale structure and involve
noise and other sources of stochasticity. at this undertaking is not futile show various success sto-
ries in systems and synthetic biology. ere are two main directions how insight is gained in systems
biology, the experimentalist and the theoretical. Of course, none of these approaches alone could
succeed on its own; a collaborative and iterative working style between experiment and theoretical
analysis is required.

I was in the lucky position to experience this first hand. My PhD work was integrated in the
BSB European research project [1] which focused on the model organism B. subtilis. e
project itself was a fully integrated systems biology project that involved both data generation by
conducting biological experiments and data analysis – includingmodeling and development of novel
theoretical methods. is required interdisciplinary collaboration between research groups with ex-
pertise in a wide range of different experimental and computational topics. erefore, besides all the
scientific experience I gained during this time (the results of which are the topics of this thesis), a con-
siderable part also falls on “so skills” experience about how scientists with different backgrounds
can communicate successfully (and less so, for that matter).

I hope you, the reader, may have asmuch pleasure reading this thesis as I hadworking andwriting
on it during my time at ETH Zurich.
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1

Mathematical Modeling of Biological Systems

A   of every computational task in systems biology is a mathematical model represent-
ing the system under consideration. A crucial aspect of system biology is therefore to choose

the right level of abstraction for modeling a given system. is first chapter is intended to briefly
review and familiarize the reader with modeling approaches relevant for understanding this thesis.

Biological systems form complex interaction networks on several levels of abstraction. From
a practitioner’s point of view, each level of detail must be traded against the breadth of coverage
to contain experimental complexity and achieve computational tractability (see Fig. 1.1). One can
identify roughly three levels at which chemical and biological processes take place that are relevant
for this thesis. Each level leads to its specific kind of model that is able to represent the relevant
processes while parametrizing or simplifying effects from other system scales. In the following, we
will introduce the corresponding three modeling approaches.

size of
biological
model

level of
detail

kinetic
models

structural
models

interaction
networks

Figure 1.1: Illustration of trade-off between level of detail and size of systemswhenmodeling biological systems.
On the right, the three modeling approaches are listed in relation to the modeling trade-offs they make.
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1. Mathematical Modeling of Biological Systems

1.1 Biochemical Reaction Networks

At the lowest level (meaning the level with the least abstraction), every process that happens in a cell
is a chemical reaction. In principle, if all possible interactions and all their parameters were known,
one could model a cell as one huge chemical factory in which ten-thousands of reactions take place.
is is of course an illusionary undertaking; in practice suchmodeling attempts are limited to specific
parts of a cell (such as a metabolic or signaling pathway).

e states of such a biochemical system are the concentrations of its chemical species. at is,
we assume that the system consists of a finite set of chemical compounds with concentrations x i ,
i = , . . . ,m. en, a chemical reaction is the process of interconverting molecules from one (or
several) species into other species, thereby changing the concentrations x i . What we are interested
in is how the concentrations evolve over time.

e mathematical tool to represent the effect of chemical reactions on species concentrations are
ordinary differential equations (ODEs). If we collect the concentrations x i in the vector x ∈ Rm , we
have

dx
dt
= f (x). (1.1)

e system (1.1) can be classified according the form of the function f (⋅) which is called the kinetic
of the system.

Mass Action Kinetics

emost basic of all possible kinetics is the so-calledmass action kinetic. eunderlying assumption
here is that a reaction between two chemical species can only happen when two of their molecules
collide. erefore, the rate at which a reaction occurs is proportional to the collision probability of
two molecules of the involved species. is probability, in turn, is proportional to the product of the
species concentrations.

Example 1.1. Consider a system with three species A, A, A and the reaction

A + A → A .

If we denote the concentrations of A i with x i , we get

ẋ = −kxx
ẋ = −kxx
ẋ = kxx ,

where the proportionality constant k is a parameter of the system called rate constant.

e general form of mass action kinetics for a system of m species and n reactions is

ẋ l = ∑
j∈P(l)

k j

m

∏
i=

x y i j
i − ∑

j∈S(l)
k j

m

∏
i=

x y i j
i , l = , . . . ,m. (1.2)

2



1.1. Biochemical Reaction Networks

Above, we have used the expression P(l) to denote the (index-)set of all reactions having species l
as a product and S(l) for all reactions having l as a substrate. e exponents y i j are themolecularity
coefficients of species i in reaction j. e coefficients y i j are non-zero only if species i is a substrate
of reaction j.

Part II of this thesiswill focus exclusively on biochemical reactionnetworks that havemass-action
kinetics. ere, we will discuss a more detailed way of modeling such networks and establish facts
about their qualitative behavior irrespective of specific values of the rate constants.

Enzyme Kinetics

An important characteristic of biochemical networks is that basically all reactions are catalyzed by
enzymes. ismeans that the species in biochemical systems can be categorized into smallmolecules
(so-called metabolites) and enzymes (which are macro molecules consisting of amino acid chains).

Because of this difference in the participating species, reaction rates can oen differ by several
orders of magnitude, which means that the system evolves at different time scales. Consider the
following prototypical enzyme-catalyzed reaction system (assuming mass action kinetics):

S + E
k⇄
k−

S−E k→ P + E .

e first forward and reverse arrows denote the reversible binding of the substrate (S) to the enzyme
(E) and the second arrow denotes the irreversible conversion of the substrate into the product (P).
Note that the enzyme is not “wasted”, i.e. aer each reaction step it can be reused to convert another
substrate compound.

e usual assumptions are that (1) the binding parameters k , k− are much larger than the rate
constant k (implying that association and dissociation of substrate and enzyme is much faster than
conversion of substrate S to product P) and that (2) the total concentration of S is much higher than
the total concentration of E. Because of the first assumption, we can assume a quasi steady-state of
the two enzyme-binding reactions, i.e.

kxSxE = k−xSE . (1.3)

If we denote the total concentrations of S and E as xSt and xEt we have

xSt = xS + xSE ≈ xS (1.4a)
xEt = xE + xSE . (1.4b)

e first approximation (1.4a) follows from the assumption that the total concentration xSt ≫ xEt ,
that is, only a small fraction of S can be bound to E.

Using Eqs. (1.4b) and (1.3) together with Km ≜ k−/k we get

xSE = xEt


Km/xS + 

= xEt

xS
Km + xS

. (1.5)

3



1. Mathematical Modeling of Biological Systems

Plugging this into the ODE for xP yields

ẋP = kxSE (1.6a)

= kxEt

xS
Km + xS

(1.6b)

≈ kxEt

xSt
Km + xSt

(1.6c)

e resulting rate law (1.6c) is calledMichaelis-Menten kinetic. It is fundamentally different from
the mass action kinetics above. For example, it has a saturation property: if the concentration of S
tends to infinity the rate (1.6c) will saturate to the value kxEt . is system behavior is not obvious
from the mass action formulation.

e derivation of this enzymatic rate law reduced a system of three differential equations to only
one differential equation. If a biochemical system consists of many enzyme catalyzed reactions, this
can simplify the network complexity considerably. Similar laws can be derived for example for re-
versible reactions and reactions with more than one substrate. Also, regulatory effects such as al-
losteric inhibition and activation can be modeled within this framework [48].

Typical models where this approach is used are single pathways of metabolic reaction networks.
It is difficult, however, to apply suchmodels at a large scale since for each reaction one needs to know
the specific reaction mechanism and enzyme kinetic as well as specific parameter values.

1.2 Structural Models of Cell Metabolism

At an intermediary level, one uses a second kind of so-called structural models. In this context, struc-
turalmeans that these models are free of any kinetic information of a biochemical reaction network.
ey only contain the topological information of biochemical networks. Justification for this tremen-
dous simplification is again a time-scale separation argument. e structure of metabolic networks
allows to separate the effects of metabolite concentrations from the effects of enzyme concentrations.
e evolution of metabolite concentrations is governed by enzyme kinetic rate laws, which are much
faster than processes affecting enzyme concentrations such as transcription/translation and protein
degradation. us, with respect to the “enzyme time-scale”, it is reasonable to assume a quasi steady
state of the cell’s metabolites.

Stoichiometry of Metabolic Networks

To capture the network topology of a metabolic system we rewrite the fundamental system equa-
tion (1.1) as follows

ẋ = f (x) = Nv(x). (1.7)

e stoichiometric matrix N ∈ Rm×n is a systems invariant that describes how the chemical reactions
interconvert species into each other. e rates at which the reactions occur are captured by the vector
v(x) ∈ Rn . e key point here is that the stoichiometric matrix N depends only on the topology
whereas the metabolite concentrations x only affect the reaction rates v.

4



1.2. Structural Models of Cell Metabolism

1

2

3

4

Figure 1.2: Illustration of the network in Example 1.2. e dots symbolize themetabolites (numbers aremetabo-
lite indices) and the arrows denote the reactions.

Example 1.2. Consider the example network fromFig. 1.2. e stoichiometricmatrix of this network
is

N =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

 −   
  −  
    −
   − 

⎤⎥⎥⎥⎥⎥⎥⎥⎦

.

e columns of the matrix N give the stoichiometry of the network reactions. Taking the inner
product of the ith row of N with a rate vector v(x) gives the infinitesimal concentration change of
the ith metabolite.

Quasi steady state of the metabolic part of a biochemical system can easily be modeled based on
formulation (1.7). We simply require that the metabolite concentrations x to not change over time,
i.e.

Nv = . (1.8)

In structural models based on Eq. (1.8), the objects of interest have shied from the species concen-
trations x to the reaction rates v. Indeed, there is not much to say about the species any more, since
the time derivatives have been explicitly set to zero. e consequences of these simplifying assump-
tions are vast. To analyze structural models, one can not rely on techniques from classical control
theory any more and has to design new analysis methods. e promise of this modeling technique
is that analysis methods for structural networks are more likely to scale to large (e.g. genome-scale)
models than more traditional system theoretic approaches. Oen, for large-scale cellular networks
targeted by systems biology, the stoichiometric matrix N is the only available information.

e objects studied on this level of modeling are solution spaces, i.e. the feasible values of the
fluxes v. e hope is that one can deduce system properties based on the shape of these spaces. To
this end, a useful strategy is to further constrain the solution space with additional knowledge. For
example, one usually augments the constraints (1.8) with reversibility constraints to reflect whether
a reaction is irreversible or not. For this reason, structural modeling is also known as constraints
based modeling.

Elementary FluxModes

One possibility of describing the feasible flux space of constraint based models are elementary flux
modes (EFMs). Assume we are given the stoichiometric matrix N ∈ Rm×n of a metabolic network

5



1. Mathematical Modeling of Biological Systems

Figure 1.3: Illustration of a polyhedral cone in R . e black arrows are the minimal generators (EFMs) of the
cone. (Picture adapted from [58].)

and that all reactions are irreversible (if necessary, one introduces an auxiliary reaction in the reverse
direction for each reversible reaction). en, the set of feasible fluxes v can immediately be written
as

P = {v ∈ Rn ∣ Nv = , v ≥ }. (1.9)

e set P of all feasible fluxes is a pointed polyhedral cone, and from the above description one can
see that it is finitely constrained. By the Minkowski-Weyl theorem [64], polyhedral cones are also
finitely generated (see Fig. 1.3). at is, the set P can equivalently be written as

P = {v ∈ Rn ∣ v = Eα, α ≥ } (1.10)

for somematrix E ∈ Rn×q . It is possible to compute theminimal generatingmatrix E whose columns
are called elementary flux modes.

One can show that aminimal generator e ofP , i.e. a column of thematrix E, hasminimal support
in the following sense. Let the support of a vector e be

supp(e) = {i ∣ e i ≠ }.

en, a ray e of the cone P is a minimal generator if and only if for any vector e′ ∈ P

supp(e′) ⊆ supp(e) Ô⇒ supp(e′) = supp(e).

us, the supports of EFM vectors denote the minimal sets of reactions necessary for a metabolic
network to operate in steady state.

Both the finitely constrained and finitely generated representations of P are dual to each other
and there exist algorithms to go from one description to the other. However, given the stoichiometric

6



1.2. Structural Models of Cell Metabolism

matrix N , computing the EFM-matrix E ∈ Rn×q is nontrivial but possible for many networks with
practical relevance [58]. emain difficulty of computing thematrix E is that the number of columns
q can grow exponentially with the number of reactions n in the network.

edescription of feasible fluxes by EFMs ismostly used tomake high-level analyzes of networks.
For example, one can study statistics such as the number of reactions per EFM, or the minimal func-
tional units needed to produce all of a cell’s biomass components. ey prove furthermore useful in
generating random feasible fluxes, since it is easy to sample multipliers α ∈ Rq according to a pre-
scribed probability distribution, which can be multiplied by E (or some subset of it) to get a feasible
random flux distribution v. Metabolic pathway analysis [44], which is based on the decomposition
of large metabolic networks into smaller functional units induced by EFMs, is oen employed for
answering questions from metabolic engineering.

We will also encounter EFMs later in § 6.2 where they are used to analyze multistationarity of
EFM-induced subnetworks of a given network. is is related to a method originally described
in [12].

Optimality Assumptions

Finding answers to problems such as predicting flux phenotypes or flux adjustments to disturbances
is not possible by studying the shape of the flux space alone. A useful tool for arriving at meaningful
flux predictions is to make additional optimality assumptions. Justification for these assumptions
comes from the theory of evolution, i.e. the selection of individuals in a population according to a
fitness criterion. is hypothesis could be experimentally verified in Ibarra et al. [36] who were able
to show that the model organism E. coli evolves towards an optimal glycerol phenotype when put
under appropriate selective pressure.

e first and probably most widely used approach in constraint-based structural models is flux
balance analysis (FBA) [62] for making predictions on the flux distributions in cell metabolism. is
method is based on the assumption that an organism is using its growth substrates in an optimal
manner, i.e. to produce as much biomass as possible. e basic skeleton for FBA can thus be written
as a standard linear program

max
v

cTv

s. t. Nv = 
v ≥ .

(1.11)

As in the definition of EFMs, we assume irreversibility of the reactions (without loss of general-
ity). e direction of optimization c is usually aligned with the biomass reactions. Note that the
system (1.11) is in itself not a useful optimization problem since one can readily observe that is is
unbounded (assuming the equality constraints are consistent). us, useful formulations rely on ad-
ditional physiological constraints, such as different growth conditions and flux limitations. In this
scenario, one replaces the non-negativity constraints v ≥  with generalized box constraints

lv ≤ v ≤ uv .

Alternatively, it is possible to generalize the objective function to maximize biomass production per
substrate consumption, i.e. biomass yield. is case leads to a so-called linear-fractional program
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1. Mathematical Modeling of Biological Systems

with an objective function

max
v

cTv
dTv

.

e objective vectors c and d define the problem. ese problems can still be solved using linear
programming [10]. Depending on whether the denominator of the objective dTv can be negative or
not, two or one linear programs must be solved.

Several other biological problems also fit within the constraints-based modeling framework and
hence can be solved by linear programming approaches similar to FBA.Among these applications are
the prediction of mutant phenotypes, outcomes of evolution, and the analysis of structural couplings
in large networks [42].

A more involved generalization of flux balance analysis is to study multiple (non-)linear objec-
tive functions simultaneously [47]. e motivation of this approach comes from the fact that the
“true” objective function of evolutionary processes is not known, may depend on environmental
conditions or can change over time. Potential alternative objectives proposed in the literature are
the maximization of ATP yield or the minimization of a cell’s redox potential. e result of studying
multiple optimality criteria simultaneously is not an optimal solution but a so-called optimal Pareto
front that describes the set of non-dominated solutions for all possible weightings of the different,
conflicting objective functions.

Another potential application of optimality assumptions lies in predicting metabolic flux adjust-
ments. ere, one is usually in the comfortable position to know the (wild-type) flux distribution
and the problem is to make predictions of flux adjustments when the organism is subjected to dis-
turbances, for instance by knocking out a gene or changing growth conditions. is is of particular
interest in studying genetically engineered organisms. Such organisms were usually not exposed to
natural evolutionary pressure and the assumptions underlying FBA may not apply. Instead of di-
rectly optimizing the flux distribution, it turns out that minimizing the flux difference between the
wild-type and a mutant is a good approach in predicting new fluxes. Two methods are published,
MOMA (minimization of metabolic adjustments) [49] using the Euclidian norm of flux adjustments
as optimization criterion and ROOM (regulatory on/offminimization) [51] using a discretemeasure
by minimizing the number of nonzero adjustments.

In the next chapter, we will expand on ideas of optimal adjustments by generalizing the basic
ideas of MOMA to a sensitivity analysis method for structural networks.

1.3 InteractionModels for Transcriptional Regulation

At the highest level of abstraction (for the scope of this thesis) are general interaction models that
specify in a qualitative way which parts of a system interact with each other. Such models are used
for the description of large (cell-wide) networks including protein-protein interactions (such as in
signaling cascades) and gene-protein interactions, also known as genetic regulatory networks.

Experimental data for networks at this level comes mostly from high-throughput methods, for
instance high-throughput proteomics (such as yeast two-hybrid ormethods based onmass spectrom-
etry) or tiling arrays for gene expression. Such methods deliver experimental evidence that allows
for reconstructing network interactions at a global qualitative level of abstraction.
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1.3. Interaction Models for Transcriptional Regulation

Such models are mostly used for answering biological questions in a qualitative way: whether a
target protein is or is not functional; whether a chemical reaction can or cannot take place; whether
the expression of a gene is switched on or turned off.

In the following, we will briefly review two modeling formalisms: Boolean networks and graph-
based descriptions of interaction networks.

BooleanModels of Metabolic Enzymes

e motivation to use Boolean functions for describing interactions of proteins comes from satura-
tion properties of chemical reactions. Oen, protein interactions can be described by Hill kinetics
with a sigmoid shape. In a first approximation, the properties of sigmoid functions can be under-
stood as high/low states indicating whether genes are on/off (and thus whether a gene product is
present/absent). Such binary system states, depending in a combinatorial fashion on other states,
lead to a description using Boolean formulas.

Functional enzymes that catalyze metabolic reactions are oen composed of several subunits.
Only when all subunits are assembled to form a complex is the enzyme functional. Should one unit
be absent because the encoding gene is not transcribed, an enzyme cannot become functional and the
chemical reaction will not occur. e requirement that all subunits of a protein complex be present
can be encoded by a logical “” operator.

For certain metabolic reactions, there exist isoenzymes, i.e. enzymes composed of different sub-
units catalyzing the same metabolic reaction. In this situation, a chemical reaction occurs whenever
at least one of the isoenzymes is functional. is fact can be encoded using a logical “” operator.
It is sometimes the case that a subunit is part of several enzymes which leads to more complicated
Boolean expressions (although every Boolean formula can be brought into disjunctive normal form,
of course).

In coarse-grained metabolic models, some metabolic steps are lumped, e.g. in linear pathways
without branches. In these cases, the overall reaction from the substrate to the final product takes
place only when all intermediate steps a functioning, thus leading to an  connection between all
Boolean formulas of the individual steps.

To summarize, the relation between genetic expression of enzyme subunits and the occurrence of
a biochemical reaction in a cell can be described as a Boolean formula. In fact, mostmetabolicmodels
are augmentedwith such information, e.g. the genome-scalemodels ofE. coli [25] andB. subtilis [41].

Interaction Networks of Transcriptional Regulation

Some of a cell’s proteins have an effect on the transcription rates of genes. Proteins whose sole
purpose is modulating gene expression are called transcription factors. Interactions between tran-
scription factors and their target genes leads to a network model where proteins induce forward or
feedback control on gene expression.

A convenient tool to capture the topology of interactions between transcription factors (TFs) and
genes are graph-based models. e edges of the graphs are directed, pointing from the effector (TF)
to the affected gene. Furthermore, the edges are labeled to indicate whether a TF has an activating
(+) or inhibiting effect (-).

9



1. Mathematical Modeling of Biological Systems

Such graph-based models have very little predictive power. us, they are either used in top-
down analyzes to make general statements about a network (such as whether it is scale-free or mea-
suring the average connectedness of its nodes). Or they serve as a first model in reverse engineering
problems, where the task at hand is to infer the interactions based on empirical data (such as genome
sequences).

In this vein, interaction graphs are useful for studying transcriptional control effects on cell
metabolism (e.g. switching/regulation of biochemical reactions). e regulated genes of interest are
those encoding the enzymes for catalyzing metabolic reactions. is setting leads to a simple case
of regulation with only feed-forward signals. In fact, the resulting graph is bipartite with one part
being the TFs and the other part consisting of metabolic genes.

Knowledge about such interactions is oen collected and stored in publicly accessible databases.
For B. subtilis, the standard reference of transcriptional interaction networks is DBTBS [52].

In Chapter 3, we will propose a reverse engineering method that is capable to infer potential
interaction structures between transcription factors and metabolic genes with high probability. e
novelty of this method is that it is based solely on the network structure of cell metabolism.
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Part I

Structural Modeling and Inference
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2

Structural Sensitivity

F   is a well-established tool for analyzing the influence of perturba-
tions and of control structures on systems behavior. For the area of systems biology, the former

type of analysis is mainly concerned with characterizing the overall robustness of biological circuits.
e latter can be employed to investigate design principles underlying complex networks in biol-
ogy [55]. ese approaches in general require dynamic, for instance, ODE-based system models.
However, establishing realistic and predictivemathematicalmodels for biological circuits is currently
a major bottleneck for the field. For most biological systems of interest, our knowledge of control
structures and associated kinetic parameters is insufficient for mechanistic modeling. Correspond-
ingly, identification of nonlinear biochemical systems is a challenge [26].

One possible alternative to analyzing the detailed system dynamics is to focus on the set of pos-
sible behaviors that is consistent with structural constraints, in particular, reaction stoichiometries
and reversibilities. is type of ‘constraints-based’ approaches has been particularly successful for
analyzing metabolic networks. For one reason, reaction stoichiometries are well-characterized for
metabolic networks such that genome-scale models could be established for several organisms [6].
Also, metabolism operates on faster time-scales than cellular processes such as genetic control sys-
tems, which allows for focusing the analysis on the steady-state behavior [42]. Flux-balance analysis
(FBA) makes use of this time-scale separation to compute flux distributions in metabolic networks
that are optimal in terms of a given objective function by solving a linear optimization problem [62].
Among its many applications, FBA has been used to predict mutant phenotypes, outcomes of evolu-
tion, and to analyze structural couplings in large networks [42]. Metabolic pathway analysis, which
is based on decomposition of large networks into smaller functional units such as elementary flux
modes (EFMs), can be employed for the same purposes. In contrast to FBA, it characterizes the com-
plete solution space of a stoichiometric network model in a generative way instead of a constraints-
based way (cf. § 1.2); as a drawback, the determination of elementary pathways is a computationally
hard problem. Although some algorithmic progress has been made towards application to genome-
scale networks [58], the required computational resources and the sizes of the resulting datasets pose
still a challenging problem.

While methods for the analysis of metabolic networks – the controlled system – exist, it is largely
unclear how the available biological knowledge could be employed to understand the corresponding
control structures. In particular, the genetic control at slow time-scales that establishes different
network operation modes is of interest. For instance, by comparison of computational predictions

13
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derived from metabolic network structures alone with experimental data on gene expression, the
existence of correlations betweenmetabolic fluxes and genetic control has been demonstrated [56, 5].
An apparent path to integrated network representations is the design of hybridmodels that represent
genetic control in an abstracted form such as Boolean logic models. Such models allow for more
accurate predictions [3], but they are of limited use in reverse-engineering of control circuits.

Reverse-engineering of the associated controllers appears feasible because the effective dimen-
sion of the control problem may be much smaller than suggested by the complexity of metabolic
networks [4]. Several approaches to identify closed-loop reactions to perturbations, or to pinpoint
control mechanisms from the structure of the controlled network have been proposed. ey rely
on assumptions on optimal rejection of perturbations in the sense of a minimal deviation from a
given operating point, using continuous (‘minimization of metabolic adjustment’, MOMA; [49]) or
discrete (‘regulatory on/off minimization’, ROOM; [51]) distance metrics to quantify the deviation
between original and perturbed state. Alternatively, ‘structural kinetic modeling’ makes use of ran-
domly parametrized Jacobians for a given, generic systems model for the same purpose [57].

Despite these advances, an equivalent to formal sensitivity analysis for dynamic systems is lack-
ing. Here, we propose an approach to sensitivity analysis that uses the network structure only and is
based on an analytical solution of a least-squares optimization problem (§ 2.2).

In § 2.5, we apply ourmethod to predict control points in themetabolic network of the bacterium
E. coli as a model system and validate the predictions with published experimental data onmetabolic
gene expression for a wide range of experimental conditions and perturbations.

2.1 Metabolic Network Fundamentals

Nutrient molecules are taken up by the cell and converted by chemical reactions to intermediary
metabolites and finally to components of biomass to enable life. One possibility to model the bio-
chemical processes in a bacterium is to look at the stoichiometry of the chemical reactions occurring
in that organism. e interconversion of the different molecules can be modeled as a reaction net-
work. e nodes of this network represent the metabolites that are part of cell metabolism and the
edges represent the chemical reactions.

Mathematically, the network structure can be represented as amatrix N , called the stoichiometric
matrix. emetabolites in a reactionnetwork form the rows ofN and the reactions build the columns
of the matrix. In a column of the stoichiometric matrix, a negative entry denotes a substrate of the
reaction and a positive entry denotes a reaction product. Zero entries indicate that a metabolite is
not affected by a reaction.

e stoichiometric matrix is a systems invariant that relates the rates v of the reactions (fluxes)
to the concentrations x of the metabolites. If a metabolic reaction network has m metabolites and n
reactions (usually, m < n), then N ∈ Rm×n and

dx
dt
= N ⋅ v . (2.1)

Equation (2.1) is an ordinary differential equation and states that the changes of metabolite concen-
trations are a linear function of the reaction rates v. Note that the fluxes v generally depend on the
concentrations x.

14



2.2. Definition of Structural Sensitivity

e assumption that the system is in quasi-steady state can be represented as

N ⋅ v = , (2.2)

meaning that the flux distribution in the metabolic network lies in the nullspace of N such that
metabolite concentrations x do not change. is is the reason why the quantities of interest in
metabolic modeling are the fluxes v and not the metabolite concentrations x.

2.2 Definition of Structural Sensitivity

e concept of structural sensitivity is based on a least-squares assumption of metabolic adjustments
in biological systems [49]. at is, the structural sensitivity of a metabolic reaction is defined as the
“size” of the adjustment required to bring a disturbed flux distribution in steady-state again.

Consider a metabolic network characterized by its stoichiometric matrix N ∈ Rm×n . A flux
v ∈ Rn is in steady-state if Nv = . Assuming an additive disturbance δ ∈ Rp of this flux in a set of p
reactions, we split the flux vector as v = [v v], where v ∈ Rn−p are the undisturbed and v ∈ Rp

the disturbed reactions. e stoichiometric matrix is split analogously in N = [N N]. We require
adjustments d such that the disturbed flux is in steady-state again

[N N] [
v + d
v + δ

] = . (2.3)

It is possible that there exist infinitely many possible adjustments d to bring the overall flux
in Eq. (2.3) in steady state. We look for optimal adjustments d∗ in the sense that their weighted
norm ∥Wd∗∥ is minimal, where W = diag(w) ∈ Rn−p×n−p is a diagonal matrix with positive
elements on its diagonal. For symmetry reasons we also consider weighted disturbances Wδ with
W = diag(w) ∈ Rp×p which is also a positive definite diagonal matrix.

In order to find the minimal adjustments d∗ of the independent reactions, the following mini-
mization problem must be solved

min 
 ∥Wd∥ (2.4a)

s.t. Nd = −Nδ. (2.4b)

For practical applications, we are usually not interested in the additive adjustments d directly
but rather in the vector y ≜ Wd. Also, it is more interesting to see how y behaves as a function of
γ ≜Wδ. Substituting y and γ in (2.4) yields

min 
 y

Ty (2.5a)

s.t. NW−
 y = −NW−

 γ. (2.5b)
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2. Structural Sensitivity

We can write down an analytical solution for the optimizer of problem (2.5) using the singular
value decomposition (SVD) of the matrix NW−

NW− ≜ U ΣVT = [U U] [
Σ 
 ] [

VT


VT

] . (2.6)

e splitting of the SVD is according to the rank r ≜ rank(N) = rank(NW−) of the constraint
matrix, i.e. Σ ∈ Rr×r . en, the solution is

y∗ = −VΣ− U
T
 NW−

 γ. (2.7)

e important point of Eq. (2.7) is that the adjustments y∗ are a linear function of the distur-
bances γ. us, we define the matrix of this linear function as the sensitivity to disturbances in the
affected reactions.

Definition 2.1 (Structural Sensitivity). Consider a stoichiometric network defined by its stoichiometric
matrix N = [N N] and a positive definite diagonal weighting matrix W = diag(W ,W). If we
further have the SVD of the matrix NW−

 as in Eq. (2.6), then we define the structural sensitivity of
the reactions associated with block N as a function of disturbances in reactions associated with block
N as

S ≜ −VΣ− U
T
 NW−

 . (2.8)

e sensitivity S captures the possible adjustments for all directions γ and is therefore an n− p× p
matrix. For an explicitly given disturbance γwe can compute a sensitivity vector s = Sγ ∈ Rn−p which
is oen easier to interpret.

e sensitivity matrix S depends on the choice of the weighting matrices W, W. ere are two
canonical cases for defining W, W which are described below.

Absolute Sensitivities

If we choose the identity for both matrices, i.e. matrix W = I and W = I, we get the well-known
2-normminimization problem. In this case, we call the sensitivities absolute sensitivities, because the
objective depends on the absolute values y i = d i of the adjustment vector.

Relative Sensitivities

e second important choice for W and W can be made if a reference flux distribution vref =
[vref vref ] is known (for example experimentally measured), where the splitting of the vector is
according to the (un-)disturbed fluxes. Setting W = diag(vref )− and W = diag(vref )− leads to
minimizing the relative adjustments with respect to the given reference flux. at is, the objective
function depends on the relative adjustments y i = d i/vrefi . erefore, the resulting sensitivities are
called relative sensitivities.
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Scaled Absolute Sensitivities

Historically, the relative sensitivities were defined differently [60]. Instead of minimizing the relative
residuals directly, the absolute sensitivity was first computed and then scaled using a given reference
flux. is led to various complications in defining the sensitivity properly when a concrete distur-
bance was given. us, we consider this definition to be obsolete.

2.3 Feasibility Test

It is important to see that the computation of the sensitivity matrix S is based on the evaluation of
formula (2.8) which always yields a solution. However, the actual optimization problem (2.5) that
we are trying to solve might be infeasible.

Because theweightingmatricesW andW have both full rank, they do not change the dimension
of the subspaces that wewill examine below. It is therefore enough to determine feasibility conditions
for problem (2.4) or, equivalently, assume w. l. o. g. that W and W are the identity matrices. is
will simplify the notation considerably.

If we select p reactions to be disturbed, we can in principle choose any vector δ ∈ Rp as a possible
disturbance. To test whether problem (2.4) has a feasible solution for all δ ∈ Rp , we have to verify
that

range(N) ⊆ range(N), (2.9)

i.e. whether all disturbances can be “absorbed” by some adjustments d.
Condition (2.9) is equivalent to

range(N)⊥ ⊥ range(N) (2.10)

that is readily verified by testing the condition

UT
 N = , (2.11)

where in (2.11),  ∈ Rn−p−r×p is a zero matrix.
If condition (2.11) is notmet, it is possible to give an orthonormal basis for the subspace of feasible

δ. All feasible δ must lie in the null space of UT
 N. Assume that the columns of a matrix Z ∈ Rp×q

are a basis of this null space, where p is the number of disturbed reactions and q = dim null(UT
 N).

en, all δ = Z δ̂ are feasible for any δ̂ ∈ Rq .
When a concrete disturbance δ is given, we can use a less strict test that only verifies whether a

feasible adjustment d exists for the given disturbance. at is, we only require δ ∈ null(UT
 N), or

equivalently,

UT
 Nδ = , (2.12)

with  ∈ Rn−p−r .
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2.4 Efficient Computation

Every computation of the structural sensitivity involves a singular value decomposition which is an
O(n) operation (assuming a square matrix). In many applications, it is necessary to compute the
sensitivity for many different disturbances which can become a computationally expensive task. It is
thus desirable to speed up the computation of the sensitivity values.

Usually, the number of simultaneously disturbed reactions p is small (oenwe have p = ). In this
case, if we are given nd disturbances, we need to compute the SVD of nd very similar matrices: the
matrices N(i) from Eq. (2.3) derived for the disturbances i = , . . . , nd differ in at most p columns.
Instead of computing the SVD for all matrices N(i) , we could compute the SVD of the complete
stoichiometric matrix N and then try to modify this factorization to get factorizations for the N(i) .

e crucial observation is that we do not need the SVD for computing the structural sensitivities:
any complete orthogonal factorization will do [30]. A complete orthogonal factorization of a matrix
A ∈ Rm×n is given as

A ≜ URVT = [U U] [
R 
 ] [

VT


VT

] (2.13)

As for the SVD, the matrices U and V are orthonormal. e matrix R ∈ Rr×r is upper triangular,
with r being the rank of A. For the special case of the SVD, R would be diagonal.

Downdating a Complete Orthogonal Factorization

It is much easier to remove rows from a factorization (2.13) than it is to remove columns. erefore,
we will focus only on row-downdating.

e core of the downdating method is to remove the first row of the matrix. at is, if we are
given a matrix

A = [a
T


A
] = URVT

we want to compute the factorization of A = URVT
 .

To get the factorization of A, we define a sequence of m −  Givens rotations G i that annihilate
the elements in the first row of the matrix U . Consider the following example with m = , n =  and
r =  aer the first three rotations:

(UGT
 G

T
 G

T
 )(GGGR) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

× ⊠ ⊠   
× × × × × ×
× × × × × ×
× × × × × ×
× × × × × ×
× × × × × ×

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

× × × × 
 × × × 
  × × 
  ⊗ × 
   ⊗ 
    

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(2.14)

e circled crosses in the R matrix are fills from the second and third rotations. e two highlighted
crosses in U determine the next Givens rotation such that the right element gets annihilated. Aer
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all m −  rotations are applied, we have

Ũ R̃VT = (UGT
 ⋯GT

m−)(Gm−⋯GR)VT = [  
 Ũ Ũ

]
⎡⎢⎢⎢⎢⎢⎣

r̃T 
R̃ 
 

⎤⎥⎥⎥⎥⎥⎦
VT . (2.15)

If the rank of A is equal to the rank of A we are done aer these m −  Givens rotations. We can
identify

U ≜ [Ũ Ũ] (2.16a)

R ≜ [
R̃ 
 ] (2.16b)

VT
 ≜ VT . (2.16c)

Note that R̃ is upper triangular. Even though the multiplications with the G i yield an upper Hes-
senberg matrix in the upper le block, aer removing the top row we have again a triangular r × r
matrix.

A problem arises if rank(A) = r − . In this situation, we need to “shrink” R̃ by one row and
column. It is possible to implement this operation efficiently using Givens rotations since the diago-
nal of R̃ contains a zero. We first shrink the rows by moving the zero on the diagonal to the bottom
row. Consider the previous example, where we assume that the second element of the diagonal of R̃
is zero:

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

× × × × 
  ⊠ × 
  ⊠ × 
   × 
    

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
AGivens rotation that annihilates the lower of the two highlighted elements produces no fill. A series
of such rotations can thus be used to zero out all elements on the diagonal aer the zero position.
is effectively shrinks R̃ by one row.

In the general case, assume that the zero in the diagonal sits at position l (l ≤ r). We then need
r − l −  rotations to achieve the desired result. Aer applying the rotations, we have

A =
⎛
⎝
ŨGT

 ⋯GT
r−l−
⎞
⎠
⎛
⎝
Gr−l−⋯G [

R̃ 
 ]

⎞
⎠
VT (2.17a)

= Ū [R̄ r̄ 
  ]V

T (2.17b)

with R̄ ∈ Rr−×r− upper triangular (it has all zeros in the lower part of the diagonal).
e second step is two shrink the columns, i.e. to zero out the vector r̄. is is achieved by

r −  Givens rotations applied to the columns of (R̄, r̄). In the example, aer having applied the first
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rotation, the situation is
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

× × × × 
 ⊠ × ⊠ 
  ⊗  
    
    

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
e circled element is a fill from the first rotation. e two boxed elements are used to determine
the next Givens rotation such that the right element is annihilated.

We then have the final result

A = Ū
⎛
⎝
[R̄ r̄ 
  ]G

T
 ⋯GT

r−
⎞
⎠
⎛
⎝
Gr−⋯GVT⎞

⎠
(2.18a)

= Ū [R̂ 
 ] V̄

T (2.18b)

= URVT
 . (2.18c)

If wewant to remove a row other than the first from amatrix A, the procedure above is still useful.
We only have to apply a row permutation P to A that moves the desired row to the top.

PA = [a
T


A
] = (PU)RVT (2.19)

e matrix PU is still an orthonormal matrix and therefore the result will be correct.

Application to Structural Sensitivity

Applying the matrix downdating technique for computing the structural sensitivity is not entirely
straightforward since we only know how to remove rows but for the application to structural sensi-
tivity we are actually interested in removing columns. is is why we first need to derive a formula
for the structural sensitivity if we are given a factorization of (NW−)T =W−TNT.

Assume that we have

W−TNT = URVT = [U U] [
R 
 ] [

VT


VT

] . (2.20)

Aer removing p rows from the factorization (which is equivalent to removing p rows from NT

and the corresponding rows and columns from W−T since W−T is a diagonal matrix) we get the
factorization

W−T
 NT

 = Ū R̄V̄T = [Ū Ū] [
R̄ 
 ] [

V̄T


V̄T

] . (2.21)

en, analogously to (2.7) and (2.8), we have for the optimal adjustments y∗

y∗ = −ŪR̄−T V̄T
 NWT

 γ (2.22)

and the sensitivities
S = −ŪR̄−T V̄T

 NW−
 . (2.23)
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Performance Evaluation

Consider the extreme case if we are given a m× n matrix N and we want to compute the sensitivities
for univariate disturbances in all n reactions. To simplify the following calculations, we assume that
m = O(n)which is a reasonable assumption for stoichiometricmatrices where we oen findm ≈ 

n.
We further assume that the rank of the matrix r = O(n) since oen r ⪅ m.

en, a straightforward implementationwould compute n SVDs of allm×n− sub-matrices. e
FLOP count of this algorithm is O(n). e downdating approach, however, requires only O(n)
FLOPs since one downdating step is of order O(n) which is asymptotically much cheaper than a
full SVD.

To demonstrate the superiority of the downdating technique, we solved a small benchmark prob-
lem using an implementation in Matlab. We computed the sensitivities of random m × n matrices
with m ≈ . ⋅ n and coefficients in [, ]. For each matrix, we considered univariate disturbances in
all reactions , . . . , n.

e running times for both the straightforward implementation and the downdating algorithm
are shown in Fig. 2.1. As one can see, the asymptotic advantage ofmatrix downdating starts to pay off
atmatrix sizes around n = . is includes virtually all medium and large scalemetabolic networks
of biological organisms. For genome-scale networks with n > , the downdating technique is the
only practically feasible algorithm since computation times for the slower implementation would go
into hours.

matrix size [-]

tim
e 

[s
]
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10-3
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Figure 2.1: Comparison of running times for computing all structural sensitivities based on univariate distur-
bances. “L2” line denotes running time of straightforward implementation; “DD” line denotes running time of
matrix downdating algorithm. Matrix size corresponds to the number of columns n of the m × n test matrices.
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2. Structural Sensitivity

2.5 Application: Analysis of E. coliMetabolism

e first application of structural sensitivity is based on a stoichiometric model of E. coli. It was
published originally in [60] as a proof of concept together with introducing the theory. It starts from
the hypothesis that structural network sensitivities are related to variability in gene expression data
because if a reaction is very sensitive it requires regulation. us, if there are disturbances in the
network, sensitive reactions need stronger regulation than insensitive reactions, which should be
reflected by high variability of gene expression in the sensitive reactions.

To test this hypothesis, we need a stoichiometric model and a set of gene expression data. For the
model, we use a medium scale model of central carbon metabolism of E. coli from [56]. Such models
capture the basic properties of cell metabolism but have only reduced demands for computational
power as compared to full genome-scale models. e model has 97 metabolites and 118 reactions
(i.e. the stoichiometric matrix N ∈ R×). An interesting property of this network is that the
stoichiometric matrix has full row rank, which means that there is no redundancy in the compact
stoichiometric model.

For gene expression data, we compiled a set of experimental data from the Many Microbe Mi-
croarrays Database (http://m3d.bu.edu) [19] that includes 507 experimental conditions among
which are different genetic perturbations (knockouts and overexpression), growth conditions (vari-
ous carbon and nitrogen sources), stresses (antibiotics, heat) and environmental changes (pH, oxy-
gen concentration). Overall, these conditions make up a representative set of random perturbations.

Computation of Network Sensitivities

To be able to analyze the relative sensitivities, we first generate reference fluxes. To this end, we use
elementary flux modes (EFMs) of the E. coli metabolic network. Elementary flux modes represent
independentminimal subsets of reactions that permit steady-state fluxes. Moremathematically, they
are the minimal generators of the so called “flux cone”

null(N) ∩R≥ ,

which is the set of all feasible fluxes under the steady state assumption and irreversibility constraints
(see also the subsection about EFMs in § 1.2). EFMs are unique up to a scaling factor. Building
nonnegative linear combinations of EFMs allows for computing all feasible flux distributions, that is,
a flux v can be expressed as

v =∑
j
ξ je j (2.24)

where ξ j is a non-negative scaling factor for the jth EFM e j [46].
For the computation of reference fluxes, we consider all EFMs of the E. coli model with glucose

uptake (and no use of any other substrate) as well as biomass production. is simulates growth of
E. coli on minimal medium with glucose as its only nutrient source. For the × model, there are
roughly 27 000 EFMs with these properties [56].

EFMs for generating a reference flux are selected according to their biomass yield. is is the
ratio of biomass production flux to glucose uptake flux, which is a linear fractional function. Fluxes
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Table 2.1: EFM selection for reconstruction of a flux operating point.

α # EFMs

0.01 21 592
0.1 20 996
0.5 8841
0.9 1425
0.95 708
0.97 400
0.99 90
0.995 35
1 2

with optimal yield ymax are nonnegative linear combinations of the EFMs with highest yield value.
e selection of EFMs employs a parameter α such that only EFMs e j with yield y j ≥ α ⋅ ymax are
used to generate a reference flux. e values for α and corresponding numbers of EFMs used here are
compiled in Table 2.1. To find nonnegative linear combinations of the EFMs, we draw the coefficients
randomly from a uniform distribution in the interval (, ).

Given the randomized reference fluxes, we are now able to compute the relative sensitivities. We
compute the relative sensitivities for a univariate disturbance in every reaction of the network and
then take the average over all disturbances. Because the generation of reference fluxes is done by
a randomized method, the fluxes might have errors compared to wild-type fluxes. erefore, we
sample 20 different reference fluxes for each disturbance and take the average.

Comparison with Gene Expression Data

For comparing the network sensitivities with gene expression data, we focus on those 42 metabolic
genes that are included both in the stoichiometricmodel and in the data set of experimental data. e
experimental data show only small (< 2-fold) variability in average gene expression levels (Fig. 2.2A),
but distinctions in the variances. However, as shown in Fig. 2.2B, variability is not related to average
expression levels. We find no statistically significant correlation between the coefficient of variation
(CV) and the average expression (r = . and p = . for Spearman’s rank-order correlation),
indicating that prediction of a flux distribution alonewill not yield insight into control of the network.

Average structural network sensitivities, in contrast, can show a high correlation with the experi-
mentally determined CV of gene expression, depending on the choice of α (Fig. 2.3). With increasing
the threshold α and a corresponding decrease of the share of EFMs used in generating the reference
flux distributions, Spearman’s rank-ordered correlation coefficient r increases. e two scenarios
with r ≈ . (Fig. 2.3A) correspond to α > ., that is, reference flux distributions with close-to-
optimal yield.

To assess the significance of these correlations, we computed the corresponding p-values under
the null hypothesis that no correlation exists. As shown in Fig. 2.3B, only the predictions for high
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Figure 2.2: Experimentally determined variability inmetabolic gene expression for 42 genes in E. coli that are in-
cluded in the stoichiometric model. (A) Average gene expression and standard deviation of expression. (B) Co-
efficient of variation as a function of the normalized expression level.
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Figure 2.3: Correlation between structural network sensitivities and experimentally observed variation of gene
expression for metabolic genes. (A) Spearman’s rank correlation coefficient r depending on the share of EFMs
with highest biomass yield (number of α-optimal EFMs divided by the total number of EFMs) used for calculat-
ing the flux operating point. (B) Statistical significance of the correlations evaluated by the associated p-values;
the dashed line indicates a significance level of p = ..
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2.5. Application: Analysis of E. coliMetabolism

α are statistically significant in contrast to, for instance, negative correlations for low α that would
contradict our starting hypothesis. is is in accordance with previous findings (e.g. from FBA) that
optimal biomass yield is an appropriate objective function to predict fluxes in metabolic networks of
microbes [42, 47]. Note also that the correlation coefficients for gene expression variability are higher
than those obtainedwith a simple flux variability score (as defined by the difference betweenmaximal
and minimal flux through each reaction) in a previous analysis of a yeast network (r = .) [5];
higher p-values compared to that study result froma smaller sample size (number ofmetabolic genes)
considered here.

For practical applications of the approach, a ranking of most sensitive – and, hence, most likely
regulated – genes could be useful because this would allow a more targeted, detailed experimental
analysis of potential key control points in metabolic networks. Next, we therefore investigated how
well structural network sensitivities could identify those genes with most variable expression. More
specifically, we rank-ordered the experimental data according to their CV, generated corresponding
lists of rank-ordered sensitivities with different lengths, and evaluated the overlap between both.

e null model for statistical evaluation of prediction results follows a hypergeometric distri-
bution. It captures the number of successes in L draws from a finite population of size N without
replacement. In our setting, N is the total number of genes and L is the number of most variable
genes to be predicted. e expected value for the ratio of correct to total predictions for the null
model, ϕ, and the corresponding variance, σ 

 , are given by

ϕ =
L

N
and σ 

 =
L(N − L)

N(N − )
. (2.25)

With this, we can calculate the 95% confidence intervals for the null model as ϕ ± . ⋅ σ.
Simulation results for different values of α are shown in Fig. 2.4. e share of sensitive genes

equals L/N and the prediction accuracy refers to the relative overlap between top-variable genes
from the experimental data, and predicted genes with highest structural sensitivity. In agreement
with the correlation studies above, we find that the flux operating point has a large influence if the
predictions are significantly different from the null model, that is, a random selection of genes. In
particular, when only EFMs with highest biomass yield are used for constructing the reference flux
distributions, we find an ≈4-fold enrichment of sensitive genes in the predicted lists compared to the
null model for the top 10-60% genes (Fig. 2.4D).

Note that these predictions are not perfect; for instance, only in the scenario with α = .
(Fig. 2.4A) the genes with highest expression variability are identified correctly. A possible reason
for these mismatches between predictions and experimental observations is that the stoichiometric
model used here covers only a small core of themetabolic network currently known in E. coliwhereas
the gene expression database contains mostly data collected from stress experiments that affect cell
metabolism in peripheral regions. We address the fact that we do not know the resulting disturbance
patterns on central carbon metabolism from these experiments by averaging the sensitivities based
on univariate perturbations. is lack of detailed knowledge might be another reason for some of
the prediction errors.

Figure 2.5 visualizes the correspondence between the reactions’ sensitivities with the expression
variability of their encoding genes in most of central carbon metabolism. e reactions are divided
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Figure 2.4: Prediction of gene expression variability. Prediction accuracy is determined as the number of genes
that show highest experimental variability (CV) and are identified as most sensitive by structural sensitivity
analysis divided by the number of most variable genes considered for different shares of top-sensitive genes. e
panels refer to different scenarios for constructing (random) flux operating points: (A) α = ., (B) α = .,
(C) α = ., and (D) α = .. Circles refer to structural sensitivity predictions, while the solid line and the
dashed lines denote predictions and approximate 95% confidence intervals for the random model, respectively.

into four categories according to their sensitivity and gene variability, showing matches and mis-
matches of our method. Note that not all reactions could be uniquely assigned to encoding genes.
ese reactions were not considered in our analysis.

2.6 Application: Analysis of Transcription Transients

e characteristic of the previous application of structural sensitivity analysis was that experimental
data was gained under exponential-phase growth conditions. In this last application, we are aiming
at analyzing two dynamic growth experiments, where a second carbon substrate was added while the
bacteria were growing in exponential phase. e overall goal of the experiments was to gain insight
into the biochemical processes involved in adapting to a new carbon substrate. In the first experi-
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Figure 2.5: Correspondence between structural sensitivity of reactions and gene variability of encoding genes
for part of the CCM network of E. coli used in this analysis. e reactions are classified as highly sensitive
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ment, B. subtilis was disturbed by a malate pulse while it was growing on glucose and in the second
experiment, it received a glucose pulse while growing on malate. For a more detailed description
and analysis of this experiment see Chapter 7.

e hypothesis drawn from a general analysis of experimental data (exchange rates and internal
metabolite pools) was that transcriptional control is only involved in adaptation to glucose, whereas
for malate adaptation it only plays a minor role. In the same experiment, intracellular protein con-
centrations and gene expression profiles were also measured.

erefore, our aim is to test this hypothesis using structural sensitivity. To this end, recall that the
definition of structural sensitivity is based on the assumption that the flux through metabolic reac-
tions adjusts to a new steady-state in response to disturbances. Furthermore, the common approach
of modeling the rates v i of metabolic reactions is using enzyme kinetics of the form

v i = e i ⋅ h(x),

where e i is the concentration of the catalyzing enzyme and h(x) captures the dependence on the
metabolite concentrations x. As a first approximation, one can thus assume that the rate changes
∆v i are linear in the enzyme concentration changes ∆e i . Because of the close relation of a reaction’s
sensitivity and rate change, we are interested in identifying correlations between enzyme concen-
tration changes of metabolic reactions and the structural sensitivities. In that way, it is possible to
further support or falsify the above hypothesis that transcriptional control is only involved in one of
the nutrient adaptation processes.

Even though we are aiming at analyzing a dynamic experiment, it is valid to use structural sen-
sitivities since we have separation of time scales between metabolic adjustments and transcriptional
effects. e latter are the focus of this study and while they might exhibit transient trajectories over
the time scale of interest, cell metabolism is always in quasi-steady state.

As already mentioned, for this analysis we are in the comfortable situation of having time course
data of intracellular protein concentrations as well as gene expression profiles. We will base our anal-
ysis on the protein concentrations, since they are “closer” to the reaction rates and should therefore
correlate better with measured flux profiles (given that a flux is mainly transcriptionally regulated,
that is). e protein concentrations were measured shortly before and at nine time points aer the
second substrate was added. e measurements were taken at t = , , , , , , , , , 
minutes aer addition of second substrate, where the measurement at t =  is the reference sam-
ple taken during exponential growth. By comparing the other time points with the reference it is
possible get estimates of the protein adjustments.

Network Sensitivities

We have used an older version of the medium-scale stoichiometric network of B. subtilis with 200
reactions and 186 metabolites. It is missing some uptake reactions that were added at a later point
in time. But these are not relevant when B. subtilis is growing on glucose and malate as they are
neither present in the medium nor can the organism excrete them. Since this network contains a
good representation of central carbon metabolism, it is well suited to represent the disturbances of
the nutrient shi experiments and thus for this analysis.
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Table 2.2: List of reactions that are considered disturbed for computing the network sensitivities. Some reactions
were not measured directly but can be assumed to be zero during the course of the experiment. is are the
reactions that make up the disturbance vector δ.

reaction disturbance

Glc transport measured
Fru transport assumed zero
Glcn transport assumed zero
Glu transport assumed zero
Mal transport measured
Succ transport measured
Glyc transport assumed zero
Pyr transport measured
Ac transport measured
Actn transport assumed zero
growth rate measured

By design of the experiment, the disturbances affect only the glucose andmalate uptake reactions;
all other uptake reactions remain undisturbed. We are furthermore in the comfortable situation of
knowing the physiological growth rate and exchange rates. is allows not just for indicating the
disturbed reactions, but for computing actual disturbance vectors. When splitting the stoichiometric
matrix N according to the disturbed and undisturbed reactions, we consider all exchange reactions
and the biomass reaction as disturbed and only let internal reactions adjust freely (see Tbl. 2.2). Since
we are able to compute an explicit disturbance vector δ, the resulting sensitivities are also vectors (and
not matrices), which makes any further analysis easier.

Using this data, we compute absolute structural sensitivities for the given directed disturbances
δ for all time points where measurements have been taken in the experiment.

Comparison with Protein Abundances

e protein data set consists of more than 1100 absolute protein quantities in both shi experiments.
Because of the technology used, protein detection was not 100% reproducible and not all proteins
could be measured in each replicate. We were able to identify over 400 proteins that are related to
reactions in the stoichiometric model, e.g. enzymes catalyzing the biochemical reactions.

To compare the sensitivities with the protein data, we have computed the fold-changes of enzyme
concentrations for all measured time points, where we took the time point before injection of the sec-
ond carbon substrate at time t =  as the baseline concentration. Scatter plots of reaction sensitivities
and fold-changes of the corresponding enzymes are shown in Figs. 2.6 and 2.7. Each subplot depicts
a measurement sample at a time point aer the addition of the second substrate. As a summary of
these results, the correlation values (Pearson correlation coefficients) between the sensitivities and
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the fold-changes are plotted in Figure 2.8. As can be seen, we find significant correlation between
the reaction sensitivities and enzyme concentration changes only in the MG shi experiment.

At this point, it is important to recall that this analysis was motivated by the hypothesis that
transcriptional control is important to the metabolic adjustment for glucose but not for malate. e
findings of the sensitivity analysis are in strong agreement with and thus support this hypothesis.

To verify that these findings are not determined by the enzyme measurements alone, we com-
pared the distributions of enzyme fold-changes (see Figure 2.9 for the fold-change histograms). ere
is no obvious difference in the distributions between the two shi experiments. erefore, we can
conclude that protein measurements alone could not have revealed these findings.

2.7 Conclusion

We have shown a procedure to identify highly sensitive reactions in metabolic networks. It makes
use of stoichiometric information of metabolic networks alone, which is data that is oen available
early in the investigation of biological organisms. On one hand, this allowed us to neglect the kinetics
of the biochemical reactions. On the other hand, this required that we had to make the assumption
of least adjustments to disturbances [49]. As a result, the interpretation of the computed sensitivities
was possible only in a statistical sense.

Because all computations rely on standard procedures fromnumerical linear algebra, themethod
is easy to implement and applicable to larger metabolic networks. Genome-scale models have been
established for many model organisms such as E. coli [43], B. subtilis [41] and could be employed
in future work. In particular, calculating structural network sensitivities scales well with network
size because the main computational burden lies in the computation of the SVD, which is an O(n)
process, where n is the number of reactions in a metabolic network. If many sensitivity vectors
have to be computed from the same network matrix, improving on this computational complexity is
possible. However, for these larger networks, EFMs cannot be computed yet; for specifying the flux
operating point, experimental data are needed or sampling methods such as those described in [4]
could be employed instead.

We demonstrated the usefulness of the method first in a proof-of-concept application with a
model of central carbon metabolism of E. coli and experimental data of metabolic gene expression
(cf. § 2.5). We were able to show significant correlation between the predicted sensitivities and the
variation of gene expression even with such a limited model.

In the final application of § 2.6, we were able to support a hypothesis grounded on the observa-
tion of experimental data using computational methods in combination with structural modeling.
Because of the good separation between metabolic and transcriptional timescales, it was possible to
apply structural sensitivities to the analysis of a dynamic nutrient shi experiment.

Altogether, thus, validation of the structural sensitivity approach with medium-scale stoichio-
metric models was successful in two cases. It is to say that all presented applications were analysis
problems. In combination with the method’s scalability, one could further try to make this a useful
tool for experimental design to uncover control structures that impinge on metabolic networks.
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Figure 2.6: Scatter plots of structural sensitivities vs. absolute protein differences at different measurement time
points aer addition ofmalate in GM experiment. Numerical correlation values (Pearson correlation coefficient
ρ), p-values and number of data points are also given.

31



2. Structural Sensitivity

-0.5 0 0.5 1
-4

-2

0

2

4

sensitivity

ab
s. 

pr
ot

. c
ha

ng
e

 ρ = 0.13 (p-val = 3.5e-01, n = 56)

t = 5 min

-0.5 0 0.5 1
-4

-2

0

2

4

sensitivity
ab

s. 
pr

ot
. c

ha
ng

e

 ρ = -0.26 (p-val = 6.7e-02, n = 49)

t = 10 min

-0.5 0 0.5 1
-4

-2

0

2

4

sensitivity

ab
s. 

pr
ot

. c
ha

ng
e

 ρ = 0.13 (p-val = 3.6e-01, n = 54)

t = 15 min

-0.5 0 0.5 1
-4

-2

0

2

4

sensitivity

ab
s. 

pr
ot

. c
ha

ng
e

 ρ = 0.34 (p-val = 5.8e-03, n = 63)

t = 25 min

-0.5 0 0.5 1
-4

-2

0

2

4

sensitivity

ab
s. 

pr
ot

. c
ha

ng
e

 ρ = 0.39 (p-val = 4.1e-03, n = 53)

t = 45 min

-0.5 0 0.5 1
-4

-2

0

2

4

sensitivity

ab
s. 

pr
ot

. c
ha

ng
e

 ρ = 0.42 (p-val = 6.8e-04, n = 61)

t = 60 min

-0.5 0 0.5 1
-4

-2

0

2

4

sensitivity

ab
s. 

pr
ot

. c
ha

ng
e

 ρ = 0.44 (p-val = 8.0e-04, n = 56)

t = 90 min

-0.5 0 0.5 1
-4

-2

0

2

4

sensitivity

ab
s. 

pr
ot

. c
ha

ng
e

 ρ = 0.49 (p-val = 6.0e-05, n = 61)

t = 120 min

-0.5 0 0.5 1
-4

-2

0

2

4

sensitivity

ab
s. 

pr
ot

. c
ha

ng
e

 ρ = 0.51 (p-val = 6.5e-05, n = 55)

t = 150 min

Figure 2.7: Scatter plots of structural sensitivities vs. absolute protein differences at different measurement time
points aer addition of glucose inMGexperiment. Numerical correlation values (Pearson correlation coefficient
ρ), p-values and number of data points are also given.
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Figure 2.9: Histograms of protein concentration differences at measurement time points. Differences are taken
in reference to concentrations at time t = . Both shi experiments (GM, MG) show a similar spread in the
distribution over time.
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3

Inference of Transcriptional Control Design of Metabolic
Networks

O   central questions in systems biology is the description and understanding of control
in biological systems. e complex architecture of the underlying system and the nonlinear

behavior make this task seem difficult. us, there exist a wide range of well-established tools for
analyzing and describing structures of transcriptional control in biological systems.

However, establishing realistic and predictivemathematical models for biological control circuits
is currently amajor bottleneck for the field. Formost biological systems of interest, our knowledge of
control structures and associated kinetic parameters is insufficient for mechanistic modeling. ere-
fore, identification of nonlinear biochemical systems is a challenge [26]. To cope with current lim-
itations, qualitative and statistical tools are oen employed to describe and analyze transcriptional
control circuits [37].

Despite this, methods for analyzing metabolic networks – the controlled system – exist. How-
ever, it is largely unclear how the available biological knowledge could be employed to understand
the corresponding control structures. Methods from bioinformatics that try to infer the structures
directly from data (e.g. gene interaction, protein-protein interaction) are oen not integrated with
the analysis of the controlled system and do not allow conclusions with respect to control aspects.
An apparent path to integrated network representation is the design of hybrid models that represent
genetic control in an abstracted form such as Boolean logic models. Such models allow for more
accurate predictions [3], but are of limited use in reverse engineering control circuits.

Nevertheless, reverse engineering of associated controllers appears feasible because the effec-
tive dimension of the control problem may be much smaller than suggested by the complexity of
metabolic networks [4]. Several approaches to identify closed-loop reactions to perturbations, or
to pinpoint control mechanisms from the structure of the controlled network have been proposed.
ey rely on assumptions on optimal rejection of perturbations in the sense of a minimal deviation
from a given operating point, using continuous [49] or discrete [51] distance metrics to quantify the
deviation between original and perturbed state. However, they do not allow to make predictions on
the structure of the controller.

Here, we propose an approach that tries to infer possible structures of control mechanisms for
metabolic networks directly by analyzing different design principle hypotheses. To this end, we for-
mulate a discrete optimization problem with a control objective and compute the optimal realization
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3. Inference of Transcriptional Control Design of Metabolic Networks

of such a controller. We demonstrate the feasibility of the approach with a medium-scale model of
central carbon metabolism of the bacterium B. subtilis.

Parts of this chapter are based on work presented at the 18th IFAC World Congress 2011 [61].

3.1 Formulation of Inference Problem

Metabolic NetworkModel

Mathematically, the structure of a metabolic network with m metabolites and n reactions can be
represented as a matrix N ∈ Rm×n , called the stoichiometric matrix. e metabolites in a reaction
network form the rows of N and the reactions build the columns of the matrix. In a column of
the stoichiometric matrix, a negative entry denotes a substrate of the reaction and a positive entry
denotes a reaction product. Zero entries indicate that a metabolite is not affected by a reaction.

e stoichiometric matrix is a systems invariant that relates the rates v of the reactions (fluxes)
to the concentrations c of the metabolites. If a metabolic network has m metabolites and n reactions
(usually, m < n), then N ∈ Rm×n and

dc
dt
= Nv . (3.1)

Equation (3.1) is an ordinary differential equation and states that the changes of metabolite concen-
trations are a linear function of the reaction rates.

In the following, we assume that the system is in quasi steady-state, that is, the fluxes in the
metabolic network are such that metabolite concentrations do not change. Mathematically, this as-
sumption can be represented as

Nv = . (3.2)

e validity of this assumption follows from the fact that we are interested in the effects of transcrip-
tional regulation which evolve on a much slower time scale than the metabolic effects. Hence, the
quantities of interest are the reaction rates and not the metabolite concentrations.

Genetic Controller Model

To estimate the structure of genetic controllers for a metabolic network, we use a simplified system
to model the effects of transcription factors (TFs) on reaction rates. We assume that a change in
transcription factor concentration has a monotone influence (via regulation of enzyme production,
considering that fluxes depend linearly on enzyme concentrations) on the reaction rates.

For a metabolic network with n reactions, we use a matrix Q ∈ {−, , }n×n to encode the inter-
action between transcription factors and reactions. An element q i j of Q is nonzero if reaction i is
affected by TF j, otherwise it is zero. e sign of q i j determines the effect of the interaction, which is
either activating (q i j = ) or inhibiting (q i j = −). If there ismore than one nonzero entry in a column
of Q, the corresponding TF regulates more than one reaction. It is also possible that a reaction may
be affected by more than one transcription factor resulting in multiple nonzeros per row. Since the
matrix Q captures the whole structure of the interaction of the genetic controller with the metabolic
network, it is the decision variable of the inference problem.
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3.1. Formulation of Inference Problem

Note that thematrixQ may not be quadratic. In fact, biological systems usually havemuch fewer
transcription factors than metabolic reactions. Introducing a quadratic Q has practical reasons: to
start the optimization, we need a feasible solution, and the (quadratic) identity matrix is trivially
feasible. e estimated control matrix, however, should have many zero columns.

DisturbanceModel

To infer the structure of an optimal controller, we need a model of disturbances that such a con-
troller must cope with. For computational tractability, we assume a finite set of disturbances ∆ =
{δ() , . . . , δ(p)} with δ(i) ∈ Rn . Each disturbance vector δ ∈ ∆ has small support, i.e.

∣supp(δ)∣≪ n,

where the support of a vector is the set of indices of its nonzero components and ∣ ⋅ ∣ denotes set
cardinality. In practice, disturbances usually have only one or two nonzero components.

A disturbance δ ∈ ∆ is assumed to introduce an additive offset to the fluxes of all reactions in its
support. Furthermore, we assume that the reactions affected by δ (i.e., the reactions i ∈ supp(δ))
remain fixed at v i + δ i . erefore, the controller is only allowed to act on the “free” reactions
{, . . . , n} ∖ supp(δ). Note that this restriction is necessary (except for some small, pathological
example networks). If a controller could counteract also the disturbed reactions, an optimal control
structure would have the same structure as the disturbances to neutralize them directly.

Range Space Constraint

e general goal is to find a controller that accounts for all predefined disturbances ∆. Specifically,
the steady state condition (2.2) must hold both before and aer a disturbance of the network. e
assumed operating point of the network before a disturbance is a steady-state flux distribution v.
Now, the questions are what are the effects of a disturbance on this flux and how does it look like
aer the disturbance has happened. Since the disturbed fluxes are fixed to new values defined by the
disturbance vector δ, the undisturbed fluxes have to adjust accordingly to achieve a new steady-state.
We assume that both the disturbance δ and the “control action” g ∈ Rn (via the control structure Q)
act additively on the fluxes v, such that the flux distribution aer perturbation fulfills

N(v + δ + IδQg) = .

Here, Iδ is a diagonal matrix with ones in the rows not affected by δ and zeros otherwise. Hence,
with fixed rates of the disturbed reactions, we need to ensure that we can find a compliant vector g
for each δ ∈ ∆.

Defining nδ ≜ Nδ implies that the existence of a feasible control action g is equivalent to

nδ = −NIδQg ∀δ ∈ ∆. (3.3)

It is only possible to find a feasible g if nδ ∈ range(NIδQ) for all δ ∈ ∆, which is why (3.3) is called
range space constraint. Note that feasibility of this condition depends crucially on the control struc-
ture Q.
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3. Inference of Transcriptional Control Design of Metabolic Networks

Biological Constraints and Objective Function

It is very unlikely that a gene is controlled by a high number of transcription factors. For instance, at
most 4 transcription factors control the vast majority of genes in yeast [32]. erefore, we constrain
the number of TF interactions per metabolic reaction to exclude possible, but biologically unrealis-
tic solutions. e maximum number of possible interactions nmax is treated as a parameter in the
specification of the optimization problem, modeled as

∑
j
∣q i j ∣ ≤ nmax ∀ i = , . . . , n.

To goal of an optimal robust controller is to minimize the control action required to account for
the worst case disturbance. us, the objective function of the problem can be written as

min
Q

max
δ

min
g
∥g∥ . (3.4)

e choice of the 2-norm for measuring the size of the control action g is analogous to the well-
established MOMA method [49], and it has favorable implications for the implementation of the
solution algorithm (cf. § 3.2).

e “pure” objective function (3.4) leads to solutions that have many interactions between genes
and transcription factors. Comparing such solutionswith known interactions gives poor results (data
not shown), implying that some sort of regularization is required. Wehypothesize that biological cells
have to find a compromise between two different (conflicting) objectives:

1. Maximum robustness, that is, minimal flux variations induced by disturbances in the reaction
fluxes; and

2. Minimum control effort in terms of the number of interactions required to compensate for the
changes.

To account for the second objective, we model the number of interactions as the number of
nonzero columns in Q (i.e. the number of active transcription factors) which we denote as nc(Q).

Since the two objectives are conflicting, we can add the function nc(⋅) as a regularization (or
penalization) term. It turns out that adding the square of nc(Q) gives better results. We also penalize
the total number of nonzero elements, i.e. the number of gene–transcription factor interactions,
which is ne(Q).

e complete optimization problem is then

min
Q

max
δ

min
g
∥g∥ + k ⋅(nc(Q) + k ⋅ ne(Q))

s. t. ∑ j ∣q i j ∣ ≤ nmax ∀ i = , . . . , n
nδ = −NIδQg
Q ∈ {−, , }n×n

δ ∈ ∆.

(3.5)
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3.2. Optimization Procedure

e parameters k, k determine the trade-off between the two objectives. Good values for these
problem-specific tuning parameters have to be found through a “calibration” procedure. Overall,
thus, we specify the input by a stoichiometricmatrixN of ametabolic network, the set of disturbances
∆, and a choice of the parameters k i and nmax. e output is a robust optimal control structure Q.

3.2 Optimization Procedure

e complete objective function (3.5) of the inference problem consists of three nested optimiza-
tions. To solve the optimization problem, we split it into an outer (master) problem consisting of the
minimization over Q and an inner problem of evaluating the objective for a fixed Q.

Solving theMaster Problem

To solve the master problem, we employ a two-stage procedure. In the first burn-in phase, we try to
find a good initial feasible solution by running several optimization procedures with nmax =  and
different combinations of the regularization parameters k, k. For the second optimization phase,
we employ several solutions from the previous step for initialization and nmax = . is procedure
yields a set of possible solutions. ey are evaluated as explained in § 3.3, and the best combination
of values for k, k is determined.

To solve the actual problem, we used an optimization algorithm inspired by Variable Neighbor-
hood Search (VNS). VNS is a metaheuristic developed in recent years that has been successfully
applied to integer optimization problems in different fields [34]. It performs a local search by evalu-
ating the objective function around an incumbent solution, and repeats the procedure visiting differ-
ent neighborhoods to locate different local optima, among which the global optimum is expected to
be found. A key point of the algorithm is the strategy for changing the current neighborhood. VNS
usually seeks a new neighborhood by perturbing a set of decision variables using a distance criterion
(e.g. using the Hamming distance), followed by a local search in the new neighborhood. Typically,
VNS visits proximal neighborhoods (i.e. perturbing a small set of solutions), until no further im-
provement is achieved. en, more distant neighborhoods are explored. e alternation between
local and global search in VNS may accelerate the convergence to optimal solutions with a reduced
risk of getting stuck in local optima.

Here, we implemented advanced strategies to avoid cycles in the search, to increase the efficiency
when dealing with large-scale problems, and to modify the search aggressivity to locate high quality
solutions (even if not the global optimum) efficiently. Other heuristics, like the “go-beyond” strategy,
to exploit promising directions during the local search were adapted from other metaheuristics for
continuous optimization [18].

Solving the Inner Problem

e inner problem consists of two optimization tasks, the minimization of the adjustments g and
the maximization over the set of disturbances ∆ for a fixed control structure Q. erefore, the penal-
ization term nc(Q) is constant and immaterial for this problem.
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3. Inference of Transcriptional Control Design of Metabolic Networks

We discuss first the minimization problem, i.e. the choice of the optimal control action g for a
fixed disturbance δ:

min
g
∥g∥

s. t. nδ = −NIδQg .

Note first that g obeys only a set of equality constraints, i.e. finding the minimizer g∗ is an equality
constrained quadratic optimization problem. us, to compute the optimal g∗, we use the singular
value decomposition (SVD) of the constraint matrix NIδQ:

NIδQ = UΣV T = [U U] [
Σ 
 ] [

V T


V T

] .

en, we have g∗ given as
g∗ = −VΣ− U

T
 nδ .

is calculation always yields a value for g∗. To check whether the problem is feasible, we also
have to compute the residual

r = UT
 nδ .

and check if
r = .

In practice, since we are computing with finite precision, we check whether ∥r∥ (where the norm
can be arbitrary) is smaller than a specified tolerance. If the norm is larger, we declare the problem
infeasible for the given Q and δ.

e second problem is the maximization over a given set of disturbances ∆. Since we restrict our
analysis to a finite set, we solve this problem by enumeration. at is, if we have p disturbances δ(i),
i = , . . . , p, we compute the p optimal adjustments g∗(i) for each disturbance and select the largest
one

max
i
∥g∗(i)∥.

is involves p SVDs of the matrices NIδ(i)Q, which becomes computationally expensive for large
p.

3.3 Model Evaluation and Predictions

Ultimately, wewant to predict possible interactions of transcription factors andmetabolic genes. As a
control, we first evaluate the quality of our resulting optimal controllers by comparing the predicted
controllers with a random model of controllers (the null model). A database of known TF-gene
interactions serves as a reference for this comparison. rough this randomized procedure we are
able to compute the p-value of the optimal controller under the null hypothesis that it comes from
the random model. In other words, we want to find out whether the optimal controller does not
predict known interactions better than the random model. e goal, of course, would be to reject
the null hypothesis at a high confidence level.
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Figure 3.1: Illustration of model comparison procedure. e numbers in parentheses indicate the processing
steps – (1) filtering, (2) matching, (3) randomization, (4) computing the p-values – as described in the main
text.

Applications for this evaluation procedure are twofold. First, it allows to test whether the mod-
eling assumptions and optimization strategies are able to yield a prediction of practical relevance.
Second, we can use this evaluation for “calibrating” the tuning parameters in the model. In particu-
lar, it can be used to select the regularization parameters k and k according to the lowest p-values
of the solution, as well as the maximum number of TFs per reaction, nmax.

Comparison with null model

e “pipeline” of the comparison procedure consists of four steps: (1) filtering, (2) matching, (3)
randomization, and (4) computing the p-value. Figure 3.1 gives an overview of how these steps are
related to each other. e previous section already explained how to arrive at a prediction Q∗ from
a stoichiometric matrix N by formulating and solving an optimization problem. is step is repre-
sented by the “prediction” box in the figure. e first step (filtering) is to create a control structure
Q from prior knowledge stored in databases. en, the matching step follows to compare two con-
trol matrices Q, indicated by the “compare” box in the figure. e resulting score is what we will
compare to the null model. us, the third step is to randomize Q∗ and to repeat the comparison for
many random structures Q̃, yielding a null-distribution of scores. e final step is then to compute
the p-value of the score from Q∗.

Filtering. First, we have to filter the database for reactions that are present in themetabolic network
model as represented by the stoichiometric matrix N . It is possible that some transcription factors
have no interactions with the reactions in the model, and therefore those transcription factors have
to be removed.
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3. Inference of Transcriptional Control Design of Metabolic Networks

Optionally, one could also consider to filter the reactions further to only include those that ap-
pear in the model and have an interaction in the DB because, to evaluate the quality of a predicted
structure, we can only check whether the already known interactions are reproduced well. Predicted
interactions in rows with no known interaction add no information and can be neglected. Filtering
this way results in smaller matrices where each row has at least one interaction.

Doing the filtering either way, we obtain a reference interaction matrix Q analogous to the
predicted (optimal) controller structure Q∗.

Matching. e matching step solves the following problem: in contrast to the structure Q ex-
tracted from a database, the matrix Q∗ has no transcription factor labels associated with it. ere-
fore, to be able to compare these two matrices, we need to compute these labels. Since transcription
factors are associated with matrix columns, we want to find a correspondence between the columns
in Q∗ and those in Q such that the “most similar” columns are matched with each other, in a sense
to be made precise. is requires the definition of a score function to measure the “similarity” of two
columns of the matrices.

Assume we are given twomatricesQ(),Q(). Let q(a)i denote the ith column ofmatrixQ(a), a ∈
{, }. en, we define the column scores scol(q()i , q()j ) as the sum of an element-wise comparison
of the column vectors, i.e.

scol(q()i , q()j ) =∑
k
sel(q()ki , q

()
k j ).

e elemental scores sel(q()ki , q
()
k j ) are given as

sel(q()ki , q
()
k j ) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

 if q()ki = ± and q()k j = ±
 if q()ki = ± and q()k j = ∓
 if q()ki =  and q()k j = 
− if q()ki = ± and q()k j = 
− if q()ki =  and q()k j = ±.

Note that these element scores are not symmetric, i.e.

scol(q()i , q()j ) ≠ scol(q
()
j , q()i )

in general. e score function is defined such that when we set Q() = Q∗ and Q() = Q we
get following properties. True positives are scored  or  depending on correctness of the sign pre-
diction. False positives are less penalized (−) than false negatives (−) because interactions in the
database have been inferred from experimental evidence and a prediction missing such an interac-
tion is clearly incorrect. On the other hand, a predicted interaction not present in a database does
not prove absence of such an interaction and is therefore not necessarily wrong. In particular, our
goal is to find interactions that are not yet discovered.

Assume matrices Q() and Q() with n and n columns, respectively. To compute the optimal
matching between their columns, we model the problem as an assignment problem [8]. To this end,
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3.3. Model Evaluation and Predictions

we define the following bipartite graph G = ((V ,V), E) with vertex set Va being the columns of
matrix Q(a), a ∈ {, }, and a complete edge set E = V×V that connects every node in V with each
node inV. e edges areweightedwithweights defined by the above column scoring function. Since
we have a complete bipartite graph, the edge weights can be arranged as a “score-matrix”W ∈ Rn×n

with elements
(W)i j = scol(q()i , q()j ).

en, the best column assignment corresponds to finding a maximum weight matching M∗ ⊂ E in
this bipartite graph. We implemented a variant of the Hungarian algorithm [39] that is able to solve
the problem for weighted bipartite graphs with negative weights and different numbers of nodes in
its two node sets (cf. Appendix D).

Given a maximum weight matching M∗, we construct a similarity measure (score) between two
matrices Q() and Q() as

s (Q() ,Q()) =∑
i
scol (q()m i() , q

()
m i()) .

e sum in the above equation goes over the edges in the optimal matching and the column indices
m i() and m i() are the node indices from the edges in the matching M∗, i.e.

(m i(),m i()) ∈ M∗ .

Randomization. is step yields the baseline to which we can compare the score of the predicted
controller. It is based on randomized variants of Q∗ obtained by random row permutations. We
consider matrices of the form

Q̃ = PQ∗ ,
where P is a random permutation matrix. is approach preserves the distribution of nonzero el-
ements per column and the signs. Given a random matrix Q̃, we can repeat the matching of the
previous step, which gives a random score. Computing the distribution of these random scores
exactly is of course impossible for even a moderate number of rows n in Q∗. We estimate this distri-
bution by computing a large number r of randomly modified control structures Q̃( j), j = , . . . , r to
approximate the distribution of scores for all Q̃( j) (matching for each Q̃( j)).

Computing the p-value. Since we now know the distribution of scores under a random model,
we can compute the p-value of the optimal controller under the assumption that it comes from the
randommodel. To this end, we use the standard, nonparametric rank-estimate for the p-value. Recall
that we have constructed r random matrices Q̃(i). Define q to be the number of matrices Q̃(i) with
score equal or higher than the score s∗ of the optimal matrix Q∗. en, the estimated p-value p̂ is

p̂ = q
r
.

e value p̂ indicates the prediction quality in the sense that the smaller it is, the less likely it is that
the prediction Q∗ is just a “random result” (see Fig 3.3 for an example outcome using the network
from § 3.4).
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3. Inference of Transcriptional Control Design of Metabolic Networks

Table 3.1: Systematic evaluation of the influence of the regularization parameters used in the two stages of the
optimization procedure (k and k). e table shows the p-values of the optimal controllers compared to a
random model. e rows (columns) correspond to different values of k (k).

k/k . . . .

. . . . .
. . . . .
. . . . .

Probabilistic predictions

Since themethod to compute the optimal controllers is based on a randomizedmetaheuristic search,
there is no guarantee of finding the globally optimal solution aer a fixed running time. A good
strategy to deal with this problem is thus to start the optimization procedure several times and treat
the outcome as a random variable.

Assume we performed n optimizations, resulting in a set of n predicted optimal controllers
Q() , . . . ,Q(n). If we treat each element q(k)i j of a solution Q(k) as an independent Bernoulli vari-
able, we are interested in estimating the interaction probability p i j of a metabolic reaction i with a
TF j, given the n realizations from the optimization process.

Note that because of the matching process for identifying the TFs in the solution matrices, not
all TFs have the same frequency. Let n j denote the number of how oen TF j was identified. en,
the minimax estimator [63] for an interaction between reaction i and TF j is

p̂ i j =
∑k q

(k)
i j +

√n j/
n j +
√n j

.

In our context, there are two reasons for choosing the minimax estimator over the standard maxi-
mum-likelihood (ML) estimator. With a relatively low number of observations, minimax estimates
are usuallymore robust thanML estimates. e second reason is based on the following observation:
Assume we have two transcription factors, TF1 and TF2 which are matched once and twice in the
computed solution matrices, respectively. If we find an interaction of the TFs with a gene (twice for
TF1 and once for TF2), which interaction should be ranked higher? Intuitively, one would say that
the interaction of TF1 should be ranked higher since we have observed it twice and the interaction
of TF2 only once. But the ML-estimator gives p̂ =  for both cases, i.e. they are ranked equally. is
is different for the minimax estimator, which ranks TF1 higher than TF2 (p̂ = . vs. p̂ = .), in
agreement with intuition.

3.4 Application Example

To establish a proof-of-principle, we used amedium-scalemetabolicmodel ofB. subtiliswith roughly
200 reactions which is based on the genome-scale model of Oh et al. [41]. Since many of the biomass
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3.4. Application Example

Table 3.2: Outcomes of 8 independent optimization runs with optimal regularization parameters k = .,
k = ., nmax = . e column “p-val” denotes the p-value of the comparison with the score of a randomized
controller; “#TF” is the number of TFs in the optimal solution; “#matches” is the subset of TFs for reactions
with at least one known interaction; “obj” is the objective value.

job p-val #TF #matches obj.

 .   .
 .   .
 .   .
 .   .
 .   .
 .   .
 .   .
 .   .

synthesizing reactions are within linear pathways and could be lumped, we considered only a subset
of 62 reactions of central carbonmetabolism. is led to a significant speedup of the computations. It
also improved the quality of the solutions because the level of detail in the “outer” parts of themodel is
much lower and gavemany false predictions. Note that the alternative of using a genome-scalemodel
could not be pursued because the resulting problem size would have rendered it computationally
intractable.

To define the disturbance set, we focused on 7 uptake reactions of possible carbon nutrient
sources of B. subtilis (glucose, succinate, glycerol, malate, fructose, gluconate and glutamate). We
only considered univariate disturbances in these uptake reactions, which corresponds to adding or
removing the respective carbon source.

For evaluating the predicted optimal structure, we compared it with already known TF-gene
interactions from a database BSBDB (P. Noirot, personal communication) that comprises a superset
of the interactions in DBTBS [52]. It contains 1237 interactions between 76 transcription factors and
516 reaction genes. Out of the 76 transcription factors, 24 have interactions with the 62 reactions in
our model (with 68 interactions in total, see Fig. 3.2 (right)).

We first “calibrated” the objective function using the evaluation procedure described in § 3.3. We
performed a parameter sweep over the regularization parameters k and k of the objective function
for both the burn-in phase and the optimization phase, with one run per (k , k) pair. e respective
p-values resulting from a comparison of the optimal solution with the randomized structures are
shown in Table 3.1. is allowed us to identify an optimal reference set of tuning parameters, namely
k = . and k = ..

To make the actual predictions, we started 8 new optimization runs with the regularization pa-
rameter values determined by the “calibration”. e results summarized in Table 3.2 clearly indicate
that a probabilistic estimation of interactions is needed, given the variability in optimization results.

To examine the potential of predicting true interactions between transcription factors and meta-
bolic reactions, we rank-ordered all interaction pairs according to their minimax score. We labeled
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Figure 3.2: Le: Example of an optimal predicted interaction structure Q∗. Middle: Structure Q of known
interactions in BSBDB reduced to the 62 reactions in the metabolic network model. In both plots, black dots
denote inhibition, red dots activation. Right: Optimal matching of Q∗ and Q. e colors indicate values of
elemental scores (dark green: correct prediction including sign; light green: correct prediction, wrong sign;
light red: predicted but not in DB; dark red: not predicted but in DB).

each interaction as known or unknown depending on evidence from the database, and analyzed the
distribution of labels in the first k elements of this list. e null model of this statistical evaluation
follows a hypergeometric distribution with parameters k (number of drawn samples), n (length of
list, here: n = ) and p (number of known interactions; here: p = ). e mean and variance of
this distribution are

µ =
kp
n

and σ 
 =

kp(n − k)(n − p)
n(n − )

,

and we can compute (approximate) 95% confidence intervals for the null model as

µ ± . ⋅ σ .

Figure 3.4 plots the recovery rate for the B. subtilis model and the BSBDB database. In addition,
the first 24 interactions are listed in Table 3.3. e predictions are significantly different from the
random model, and the top-ranked TF–gene interactions are predicted with high confidence. From
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Figure 3.3: Example scores histogram of randomized control structures Q̃(i) of 10000 random permutations.
e score of the optimal solution Q∗ (red line) can be compared to the empirical distribution. Estimating its
p-value (here: p̂ = .) gives an indication of the quality of the solution.

this, we conclude that the optimal-control approach to predict genetic control structures is promising
for future applications.

3.5 Summary and Conclusions

We developed a method for predicting cellular control structures which is only based on the well-
characterized structures of the controlled (metabolic) network. is type of predictions is not possi-
ble with previous methods. For the example application in B. subtilis, the predictions resulting from
computing optimal control structures reproduce known interactions well. e results not only pre-
dict known interactions, but also suggest a number of interactions that had not been reported in
the literature yet. Experiments are currently being carried out in order to determine whether these
previously unknown interactions exist (see also Tbl. 3.3 for one preliminary result).

In terms of application, we note that there are not many new interactions expected in the central
carbon part of cell metabolism. It seems promising to extend the model and the set of disturbances
to include, e.g., reactions for modeling cell stress responses. is would be interesting because many
transcription factors have interactions inmore peripheral parts of cellmetabolism. However, our pre-
diction method is computationally demanding. An extension to significantly larger network models
would either require recasting the optimization problem into a form that can be solved more effi-
ciently or additional improvements in the implementation, in particular with respect to paralleliza-
tion of the code.
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Figure 3.4: Recovery rate of known TF interactions. e x-axis shows the length of the list as a fraction of
the total length (k/n). e y-axis shows the percentage of recovered known interactions. e ‘x’-line is the
actual recovery rate and the solid and dashed lines are the mean and 95% confidence intervals of the null model,
respectively.

Table 3.3: List of highest-ranked gene–TF interactions. Gray shaded rows are recovered from BSBDB. Blue row
was additionally verified experimentally by P. Noirot et. al (personal communication).

probability reaction TF probability reaction TF

0.863 PGM GlpP 0.750 PFK Spo0A
0.855 GLYCt FruR 0.750 FBA Spo0A
0.845 SUCCt DctR 0.707 PGI CcpC
0.833 O2t CggR 0.667 FRUpts CcpB
0.833 NH3t CggR 0.667 TPI CcpN
0.833 PGK ResD 0.552 PDH AnsR
0.833 ACt SigH 0.500 GLCNt2ir ASN
0.817 CS GlnR 0.500 PYRt2 CcpN
0.793 PYK Rex 0.500 PYRt2 CggR
0.793 PPS Rex 0.500 GLCNt2ir CodY
0.793 MALt2 TnrA 0.500 GLUt2 CodY
0.750 PYRt2 GUA 0.500 PYRt2 Rex
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4

Introducing Chemical Reaction Network Theory

T  intends to familiarize the reader with chemical reaction network theory ()
and to introduce its notation and concepts. Originally,  was developed as a branch of

chemical engineering with the intension to discriminate reaction mechanisms based on qualitative
observed properties. e main emphasis of  lies on proving the impossibility of a reaction
network to have multiple steady states for any set of rate constants. e goal is to find certificates
of non-multistationarity (or construct counterexamples) for reaction networks without making any
assumptions on the reaction parameters.

Systems biology quickly gained interest in  since it faces similar problems. Oen, exact
mechanisms in metabolic and signaling pathways are unknown and taking measurements in living
cells is technically challenging and laborious. It is thus of great interest to the systems biology commu-
nity to discriminate reactionmechanisms andmake qualitative predictions based only on topological
properties of reaction networks. Chemical reaction network theory is therefore a tool with potential
for applications in systems biology.

ere are, however, differences between networks arising in chemical engineering and biology.
In particular, the structure of biological networks can become much larger and more complex. is
fact can be a stepping stone when applying algorithms from  to such networks since they scale
poorly with increasing size of the networks. Furthermore, with increasing complexity of reaction
networks, preconditions for applying theorems and algorithms are likely not fulfilled anymore. Both
problem areas require advances in  – either algorithmic or theoretical.

Part II of this thesis proposes two extensions to  in the hope to bring it closer to the needs
of systems biology. In the next chapter we present a reformulation of the so-called deficiency one
algorithm with tools from discrete optimization. We demonstrate that solving the reformulated ver-
sions of the resulting feasibility problems scales much better with increasing network size than naive
implementations. In Chapter 6 we present novel ideas for studying networks that are excluded as
irregular from analysis in . From a historical perspective, it was feasible to exclude this class
of networks since they seldom appeared in chemical engineering applications. For biological net-
works however, it is much more likely to encounter such a network; in particular when dealing with
subnetworks resulting from a decomposition procedure proposed by Conradi et al. [12].

In this chapter, we will introduce the modeling concepts and notation used in  to describe
chemical reaction networks. For an introduction with more thorough exposition of the theory and
many more examples see either of Feinberg’s review articles [22, 20].
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4. Introducing Chemical Reaction Network Theory

4.1 Modeling of Reaction Networks

e core theory of  focuses on the description of mass-action reaction networks. It models
such networks using three sets of chemical species S , of reaction complexes C and of reactions R.
roughout this report, we assume a fixed ordering of the elements in S , C andR and denote by

m = ∣S ∣
p = ∣C∣
n = ∣R∣

the number of species, complexes, and reactions of a network, respectively. Note that  only
deals with sets of finite cardinality.

In chemical reaction systems, one is primarily interested in the time-evolution of species con-
centrations x i . We therefore identify the species with their concentrations and with slight abuse of
notation we write S = {x , . . . , xm}.

e key modeling step of  is to give the substrates and products of chemical reactions their
own notion, called complexes. A complex c j ∈ C, thus, associates a molecularity coefficient to each
species which could be thought of as a map c j ∶ S → R≥. However, since S is finite and ordered,
we identify the jth complex c j with its molecularity vector y j = (y, j , . . . , ym , j)T ∈ Rm

≥, where the
element y i , j = c j(x i) is the molecularity of species i in complex j.

In this setting, the ith reaction r i ∈ R is a triple (k i , ys(i) , yp(i)) ∈ R>×C×C where k i is called rate
constant, s(i) denotes the index of its substrate complex and p(i) the index of its product complex.
Since we assume a fixed ordering of the species, complexes and reactions, the two functions s(⋅) and
p(⋅)mapping a reaction index to the corresponding index of its substrate and product complex are
well defined.

Symbolically, a reaction (with index j) is written as

∑
i
y i ,s( j)x i

k jÐ→ ∑
i
y i ,p( j)x i .

Example 4.1 (Network (4.1) from [21]). As an example to illustrate the above modeling concepts of
, consider the following reaction network.

x
k⇄
k

x

x + x
k→ x

x
k⇄
k

x

(4.1)

Network (4.1) has species S = {x , x , x}, complexes

C = {y , . . . , y} =
⎧⎪⎪⎪⎨⎪⎪⎪⎩
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4.2. Derivation of Mass-action Equations

and reactionsR = {(k , y , y), (k , y , y), (k , y , y), (k , y , y), (k , y , y)}.

Since all reactions in the framework of  are unidirectional, the next definition gives the
“ equivalent” of a reversible reaction.

Definition 4.1 (Reversible Reaction Pair). Two reactions i, j are called a reversible reaction pair if
p(i) = s( j) and s(i) = p( j). If a reaction is not part of a reversible reaction pair, it is called irreversible.

In example network (4.1), the reactions (, ) and (, ) are reversible reaction pairs and reaction
 is irreversible.

4.2 Derivation of Mass-action Equations

In , a reaction network is an autonomous dynamical systemwhose state variables are the species
concentrations x(t) ∈ Rm . For notational convenience, we will drop the time index and write x
instead of x(t). Symbolically, one can thus write

ẋ = f (x , k), (4.2)

where the time derivatives ẋ depend on the species concentrations x and the unknown rate constants
k. e question, then, is how the right hand side f ∶ Rm ×Rn → Rm of the ODE system is derived
from the structure of a reaction network.

In this thesis, we always assume that the chemical reactions have mass action kinetics. erefore,
the network structure together with the rate constants k ∈ Rn

> are sufficient to derive the system of
differential equations (4.2) for x. To do this, we first write down the expression of reaction rate v j of
the jth reaction (k j , ys( j) , yp( j)) as

v j(x , k j) = k j ⋅ x ys( j) = k j ⋅
m

∏
i=

x y i ,s( j)
i . (4.3)

For each reaction jwith ys( j) → yp( j), we define a reaction stoichiometry vector n j ≜ (yp( j)−ys( j)) ∈
Rn . By collecting all rates v j in a vector v = (v , . . . , vn)T and all stoichiometry vectors n j in the
stoichiometric matrix N = [n; . . . ; nn] ∈ Rm×n , one obtains the following ODE system describing
the concentration dynamics:

ẋ = f (x , k) = Nv(x , k). (4.4)

A key observation of  is that the dynamics f (x , k) = Nv(x , k) can be further decomposed
according to Figure 4.1 (cf. [28]). On one hand, since the stoichiometric matrix N is constructed as
the difference of molecularity vectors y i , it is possible to factor it into a product

N = YM

whereY = [y; . . . ; yp] ∈ Rm×p
≥ is the concatenation of themolecularity vectors andM ∈ {−, , }p×n

“selects” the substrate and product vectors of the reactions. Note that M has exactly one − element
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Figure 4.1: Commutative diagram of the different decompositions of ẋ = f (x , k). (H.-M. Kaltenbach, personal
communication.)

and one  element per column and all other elements are zero. It can thus be interpreted as the
incidence matrix of a (directed) graph (cf. Definition 4.5).

On the other hand, the flux vector v(x , k) can also be further decomposed as

v(x , k) = U(k)ψ(x) = diag(k)Uψ(x).

To this end, one first builds the products ψ(x) ∈ Rp with

ψ i(x) = x y i i = , . . . , p.

which are sometimes referred to as “complex potentials”. en, it is possible to find a matrix U ∈
{, }n×p that “selects” the substrate complexes of the reactions. Note that the matrix U has exactly
one non-zero entry per row. Aermultiplyingwith the rate constants k, the decomposition of v(x , k)
is complete.

For the scope of this thesis, the most detailed decomposition of the right hand side f (x , k) of the
ODE system governing the time evolution of the concentrations x is

f (x , k) = YM diag(k)Uψ(x). (4.5)

It is important to note that although f (x , k) is non-linear in x, the only non-linearity occurring in
the decomposition (4.5) is the function ψ(⋅). A large part of the results of  is based on exactly
this fact.

Example 4.2 (continued from Example 4.1). Consider again example network (4.1). e complete
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4.2. Derivation of Mass-action Equations

decomposition of this network’s equations is

Y =
⎡⎢⎢⎢⎢⎢⎣

    
    
    

⎤⎥⎥⎥⎥⎥⎦

M =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−    
 −   
  −  
   − 
    −

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

U =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

    
    
    
    
    

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

Since the stoichiometric matrix N = YM plays a crucial role in the analysis of chemical reaction
networks, the following two definitions give the network properties related to N .

Definition 4.2 (Stoichiometric Subspace; — Compatibility). e stoichiometric subspace of a reac-
tion network is defined as

S ≜ range(N).

Two concentration vectors x and x are said to be stoichiometrically compatible if

x − x ∈ S .

Definition 4.3 (Rank of Reaction Network). e rank of a reaction network is defined as

s ≜ rank(N).

Example 4.3 (continued fromExample 4.2). In our example network (4.1), the stoichiometricmatrix
is

N =
⎡⎢⎢⎢⎢⎢⎣

 − −  
  −  −
   − 

⎤⎥⎥⎥⎥⎥⎦
.

e rank of the network is therefore
s = rank(N) = .
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4. Introducing Chemical Reaction Network Theory

4.3 More CRNT Concepts and Notation

e main goal of chemical reaction network theory is to predict the capability of a reaction network
to have multiple positive steady states without making any assumptions on the rate constants k. To
be able to do this, we first need a precise notion of what constitutes multistationarity in the sense of
.

e following observation motivates the definition of multistationarity adopted in  (other
definitions are used, e.g., when discussing absolute concentration robustness [50]). Consider a tra-
jectory x(t) that is the solution of

ẋ = f (x , k)

with initial condition x() = x. Because of the special form of the right hand side

f (x , k) = Nv(x , k),

the trajectory x(t) lies in an affine subspace x + S parallel to the stoichiometric subspace S. is
fact leads to the following natural definition of multistationarity.

Definition 4.4 (Multistationarity, cf. [20]). Consider a reaction network and associated ODEs as de-
scribed in Eq. (4.4). We say that the network admitsmultistationarity if there exist at least two distinct,
positive vectors x and x that are stoichiometrically compatible and a positive vector k such that

f (x , k) =  (4.6a)
f (x , k) =  (4.6b)
x − x ∈ S . (4.6c)

Since  treats the reaction rates k as unknowns, the network topology becomes the crucial
object for analyzing multistationarity properties of reaction networks. e following two definitions
introduce the elements that characterize the topology of a network in the notation of .

Definition 4.5 (Network Graph). e network graph of a chemical reaction network (S , C ,R) is the
weighted, directed graph (C ,R) with the complexes as vertices, the reactions as edges (with orientation
from substrate to product complexes) and the rate constants as edge weights.

Sometimes, it is convenient to consider an undirected network graph. In this case, we assume
that each reversible reaction pair and irreversible reaction induces a single, undirected edge.

Definition 4.6 (Linkage Classes). e (strongly) connected components of the network graph are called
(strong) linkage classes.

A strong linkage class and its complexes are called terminal if there exists no reaction having a
substrate complex within this class and a product complex outside of this class.

Because of their outstanding importance in , the linkage classes and the terminal strong
linkage classes are denoted as

Li , i = , . . . , l and Ti , i = , . . . , t,
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4.3. More CRNT Concepts and Notation

where l denotes the number of linkage classes and t the number terminal strong linkage classes.
Note that the connected components are a feature of the undirected network graph whereas the

strongly connected components are defined with respect to the directed graph.
If, for a given network, the linkage classes and the terminal strong linkage classes coincide, the

network is called weakly reversible.

Example 4.4 (continued from Example 4.3). e network graph of example network (4.1) is

x // xoo

x + x // x // xoo

is graph has l =  connected components (linkage classes)

L = {x , x}
L = {x + x , x , x}.

Furthermore, the network graph has three strongly connected components of which the following
t =  are terminal

T = {x , x}
T = {x , x}.

e central element for classifying reaction networks in  is the deficiency. In this thesis, we
adopt the following definition of this concept.

Definition 4.7 (Deficiency Space; Deficiency). e deficiency space of a reaction network is the linear
subspace given by

G ≜ null(Y) ∩ range(M).

e deficiency δ is the dimension of this subspace:

δ ≜ dim(G).

e deficiency space of a network is a subspace ofRp that appears aer the multiplication of the
fluxes v(x , k)with M and before the multiplication with Y . In Fig. 4.1, this corresponds to the space
in the upper le corner. e elements in this space are sometimes referred to as “complex potential
changes”.

Note that the definition of the deficiency depends only on the completely known network ma-
trices Y and M. It is therefore possible to compute a basis of the deficiency space G and, hence, the
network’s deficiency without knowing the rate constants. For calculating only the deficiency of a
network, it is not necessary to compute a full basis of the deficiency subspace. e following Lemma
shows how.
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4. Introducing Chemical Reaction Network Theory

Lemma 4.1 ([33], Proposition 5.1). e deficiency δ satisfies the relation

δ = p − l − s, (4.7)

where p is the number of complexes, l the number of linkage classes and s is the rank of the reaction
network.

We do not give a proof of this basic lemma. But we remark that p − l = rank(M), which can
be seen, for example, by recalling the properties of incidence matrices of directed graphs. Since we
also have s = rank(YM) it is quite easy to see that the difference p− l − s can never become negative
(which it should not as δ is the dimension of a linear subspace).

Interestingly, in Feinberg’s original publication [20], Eq. (4.7) is taken as the definition of the
deficiency of a reaction network. Clearly, the motivation behind this is coming from considerations
that led us to Definition 4.7. Other authors (e.g. Gunavardena [33]) define the deficiency as

dim (Y ∩ A(k)) .

is, however, makes the deficiency a function of the rate constants k. We will come back to this
particular subspace in Chapter 6.

For our purposes, Definition 4.7 is most suitable in that it allows to study multistationarity in re-
action networks by applying tools from linear algebramore directly andwithout imposing additional
assumptions on the network.

Example 4.5 (continued from Example 4.4). e deficiency space of example network (4.1) is

G = span

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣


−


−

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

erefore, the deficiency of the network is δ = . is is consistent with Lemma 4.1 as

p − l − s =  −  −  = .
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5

The Deficiency One Problem

T    is a clever formulation of the question of multistationarity for a
certain class of reaction networks with deficiency one called regular networks. For these net-

works, it can be regarded as a feasibility problem that asks for the existence of two concentration
vectors x, x ∈ Rm and a parameter vector k ∈ Rn that satisfy the conditions of multistationarity in
Definition 4.4. In particular, we are looking for a feasible triplet (x , x , k) ∈ Rm × Rm × Rn such
that

f (x , k) = 
f (x , k) = 
x − x ∈ S ∖ {}

x , x , k > .

Note that positivity of concentration and rate vectors are always component-wise. In the following,
functions such as log(x), when applied to a vector x, are understood as component-wise application
of the function to the vector elements. e same holds for “vector division” x/y when both x and y
are vectors.

Assuming that the function f describes the kinetics of amass-action networkwith deficiency one,
one can derive a reformulation of the above problem that works around the nonlinearities in f and
always finds a set of feasible vectors (x , x , k) or proves that no such vectors exist. e underlying
idea is to derive feasibility conditions for two proxy quantities z ∈ Rm and s ∈ Rm defined as

z ≜ log(x
x
)

s ≜ x − x ,

from which it is possible to recover a feasible set of vectors (x , x , k).

5.1 Regular Networks

e conditions of the deficiency one problem apply only to a certain subset of reaction networks
with deficiency one. ese networks are called regular. For a network to be regular it must fulfill
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5. The Deficiency One Problem

three regularity conditions. is section will state these three conditions and briefly review their
implications with respect to the formulation of the deficiency one problem.

(R1) e first condition is called positive dependency. is means that there must exist positive
reaction rates v in the nullspace of the stoichiometric matrix, i.e.

Nv = 
v > .

It is clear that this condition is necessary for a network to have any positive steady state. at is, if
there exists no v satisfying this condition it is not possible to find a positive concentration vector x
with f (x , k) = .

Testing for this condition can be done using linear programming. Since the constraints are ho-
mogenous, one could, for example, solve the following linear feasibility problem:

Nv = 
v ≥ e ,

where e ∈ Rn is a vector of all ones.
e reason for having this condition is that for formulating some of the feasibility constraints

of the deficiency one problem, one implicitly assumes that one can compute such a v. One could
also opt to augment the feasibility constraints with this condition but since this is an easy to check,
necessary precondition it was historically formulated as a regularity condition.

(R2) e definition of the second regularity condition involves the reaction graph of a network.
Recall that l denotes the number of linkage classes and t the number of terminal strong linkage
classes in the network graph. Clearly, each linkage class has at least one terminal component. en,
the condition is

t = l ,
meaning that each linkage class must have exactly one terminal strong linkage class.

e point of this condition is related to the definition of multistationarity. It holds that

range(A(k)) ⊆ range(M)

with equality exactly when t = l since the dimension of the nullspace of A(k) is equal to the number
of terminal strong linkage classes in a network (cf. [24]). us, if t > l for a network with deficiency
one, exactly one of the following two conditions

null(Y) ∩ range(A(k)) = G range(YA(k)) ⊂ S (5.1a)
null(Y) ∩ range(A(k)) = {} ⊂ G range(YA(k)) = S (5.1b)

is true, which depends on the values of the rate constants k. is inherent dependency on the position
of the rate constants k is not taken into account by the deficiency one problem. Such networks are
thus excluded from consideration.
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5.2. Conditions for Multistationarity

(R3) e last condition is called cut-pair property. It is defined on subgraphs of the network graph
given by the terminal strong linkage classes Ti , i = , . . . , t. A terminal strong linkage class is said
to have the cut-pair property if, when one removes any of its reversible reaction pairs or irreversible
reactions, it becomes disconnected.

An immediate consequence of condition (R3) is that terminal strong linkage classes cannot have
irreversible reactions. e importance of this condition with respect to the deficiency one problem is
that the structure of the nullspace of thematrixM simplifies dramatically. Under (R3), the dimension
of the nullspace ofM is equal to the number of reversible reaction pairs in the terminal strong linkage
classes and the nullspace basis vectors of M have support in the reactions of these pairs. In other
words, any complex balancing flux v (i.e. a flux with Mv = ) is detailed balancing in its terminal
reactions (i.e. v i = v j if (i, j) are a reversible reaction pair).

e reason for including this condition is that, although the constraints of the deficiency one
problem are sufficient for all deficiency one networks, only for networks with the cut-pair property
they are also necessary.

5.2 Conditions for Multistationarity

As already alluded in the introduction of this chapter, the goal is to find equivalent conditions for
multistationarity of (x , x , k) in two proxy variables

z = log (x/x)
s = x − x .

e reason for doing this is of course to get conditions that are computationally better tractable than
the original system of nonlinear equations. In fact, it will turn out that the new conditions in (z, s)
involve only linear (in-)equalities. However, the problem itself is not a linear programming problem
since the sense of the inequalities is not fixed.

e intention of this section is to give a new derivation of the conditions for the deficiency one
problem that allow a transformation into the framework ofmixed integer linear programming. ere
are in total three kinds of conditions which will be derived in the following subsections.

Sign Compatibility Condition

efirst set of feasibility conditions for the vectors z and s results from the problem of reconstructing
two feasible concentration vectors x, x from a given vector z. e difficulty lies in the condition that
x and x must be stoichiometrically compatible. Hence, theremust exist a vector s = x−x ∈ S∖{}.
Since z = log (x/x), we find that

s = x − x = x ○ (exp(z) − e) , (5.2)

where e is a conforming vector of all ones and “○” denotes the Hadamard product (i.e. element-wise
multiplication). Since we want x to be positive, we can choose s ∈ S ∖ {} only with the same sign
structure as the expression exp(z) − e. Since we have

sgn(exp(z) − e) = sgn(z),
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5. The Deficiency One Problem

the condition can be propagated to z, i.e. we require

sgn(s i) = sgn(z i) ∀i = , . . . ,m. (5.3)

Constraints (5.3) are related to step 8 of the deficiency one algorithm as presented in [21].

Complex Inequalities

e second set of constraints applies at the level of “complex potentials”. It is clear that if x is a
stationary point then ψ(x) must lie in the null space of YA(k) (cf. Fig. 4.1). If a network exhibits
multistationarity, we must be able to find two vectors ψ(x) and ψ(x) for which this is true. To see
when this is possible one has to study the nullspace structure of YA(k).

For regular deficiency one networks, the dimension of null(YA(k)) is equal to l +  (= t+ ). e
nullspace of the kineticmatrix A(k) is known to be t-dimensional and decomposes into t orthogonal
one-dimensional subspaces with support in the complexes of the terminal strong linkage classes [24,
27, 33]. at is, one can find positive vectors b() , . . . , b(t) with

nullA(k) = span {b() , . . . , b(t)} =
t
⊕
i=

span b(i) .

us, there exists exactly one additional vector c ∈ null(YA(k)) with A(k)c ≠ . It is also known
that if one can find a steady-state concentration x with A(k)ψ(x) = , the network cannot be
multistationary in the sense of  [33]. is fact allows to conclude that if x is one of multiple
stationary points, one can choose c = ψ(x) as the additional basis vector of null(YA(k)).

Since ψ(x) must also lie in null(YA(k)), it can be written as a linear combination of the basis
vectors chosen above. A necessary condition for x to be a stationary vector is therefore

ψ(x) = αc + λb() + . . . + λtb(t) . (5.4)

To derive the final complex inequalities, we have to find another expression for the “complex
potentials” ψ(x) in terms of the concentrations x and z. For each complex i = , . . . , p it holds that

ψ i(x) = x y i


= (x
x
)
y i
x y i


= exp(log((x
x
)
y i
)) x y i



= exp(yTi log(
x
x
)) x y i

 .

Using the definition z = log (x/x), we get

ψ i(x) = exp(yTi z)ψ i(x) i = , . . . , p. (5.5)
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e conditions (5.4) and (5.5) can be combined into a system of linear inequalities for the vector
z. e sense of the inequalities is determined by the signs of the coefficients λ , . . . , λt (which is a
degree of freedom in the feasibility problem). Looking at the complexes i = , . . . , p individually, we
have

ψ i(x) = exp(yTi z)c i = αc i + λτ(i)b
(τ(i))
i if λτ(i) ≠  (5.6a)

ψ i(x) = exp(yTi z)c i = αc i if λτ(i) =  or τ(i) = ∅ (5.6b)

Here, we have introduced the notation τ(i)which associates a complex iwith the index of its terminal
strong linkage class (we write τ(i) = ∅ if complex i is nonterminal, i.e. if there is no association).
Note that each complex is affected by at most one of the basis vectors b(i) since they have disjunct
support defined by the terminal strong linkage classes (as noted above).

Dividing each equality i by c i and forgetting about the first equality yields

exp(yTi z) = α + λτ(i)b̃
(τ(i))
i if λτ(i) ≠  (5.7a)

exp(yTi z) = α if λτ(i) =  or τ(i) = ∅ (5.7b)

where we have made the substitution b̃(τ(i))i = b(τ(i))i /c i . Equation (5.7b) implies equality between
the expression exp(yTi z) and some arbitrary reference value α with α >  (cf. Proposition A.1 in [23]
for why α must always be larger than zero). Equation (5.7a) implies an inequality between the ex-
pressions exp(yTi z) and α where the sense of the inequality depends on the sign choice of λτ(i).

Since exp(⋅) is a strictly monotone function, these considerations directly apply to its argument,
i.e. the expressions yTi z. More precisely, we have the following system of linear equalities and in-
equalities (with a = log(α)):

yTi z > a if λτ(i) >  (5.8a)

yTi z = a if λτ(i) =  or τ(i) = ∅ (5.8b)

yTi z < a if λτ(i) <  (5.8c)

e inequality system (5.8) is equivalent to the conditions of steps 4 and 5 of the deficiency one
algorithm as presented in [21].

Connection to Upper-Middle-Lower Partitions

e original formulation [21] of the algorithm eliminates the variable a from the system of inequali-
ties (5.8) and yields what is called an upper-middle-lower partition of the complexes. To derive it, we
partition the complexes into three sets U , M, L as follows:

i ∈
⎧⎪⎪⎪⎨⎪⎪⎪⎩

U if λτ(i) > 
M if λτ(i) = 
L if λτ(i) < .
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5. The Deficiency One Problem

en, we can derive from system (5.8) the following pairwise (in-)equalities between the expressions
yTi z in the different sets U , M and L:

yTi z > yTj z if i ∈ U , j ∈ M

yTi z = yTj z if i ∈ M , j ∈ M

yTi z < yTj z if i ∈ L, j ∈ M

Although this is mathematically appealing, it is an inefficient transformation from a computational
point of view. In particular, it is cumbersome to model set membership and pairwise inequalities in
a mixed integer programming framework. It is much easier to carry over the value a in Eq. (5.8) as
an additional degree of freedom.

Flux Inequalities

e last set of constraints is necessary to ensure the existence of positive fluxes when reconstructing
two steady-state concentrations x, x from z and s. To derive these constraints, it is necessary to
study the nullspace structure of the matrix M. Assume we are given a fixed g ∈ G, a basis vector
of the deficiency subspace. e set of feasible fluxes v with Mv = g depends on the structure of the
nullspace of M, i.e. it can be parametrized as

v = v̂ +w ,

where v̂ is an arbitrary “test flux” with Mv̂ = g and w ∈ null(M). Note that since w lies in the
nullspace of M, it is a complex-balancing flux. e crucial observation is that for reaction net-
works with the cut-pair property, i.e. those satisfying regularity condition (R3), the flux w is not
just complex-balancing but in fact detailed-balancing in its terminal reactions. In other words, for
reactions in terminal strong linkage classes the flux through irreversible reactions and the net flux
through reversible reaction pairs is uniquely determined by the choice of g ∈ G. e only degree of
freedom for v is the “futile cycling” in its reversible reaction pairs. is means that if reactions (i,
j) are a reversible reaction pair, the components w i , w j of a vector w ∈ null(M) must be equal, i.e.
w i = w j .

is observation leads to an additional set of inequalities for the vector z. e derivation is
based on the fact that the fluxes v(x , k) can be written in terms of the concentrations x and z
in analogy to Eq. (5.4) for the complex potentials. e trick for doing this is to see that the product
U diag(exp(YTz)) “commutes” in the sense that

U diag(exp(YTz)) = diag(exp(UYTz))U .

We thus get for v(x , k):

v(x , k) = diag(k)Uψ(x) (5.9a)

= diag(k)U diag(exp(YTz))ψ(x) (5.9b)

= diag(exp(UYTz))diag(k)Uψ(x) (5.9c)

= diag(exp(UYTz))v(x , k). (5.9d)
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5.2. Conditions for Multistationarity

Assume that Mv(x , k) = g ∈ G. en, the following holds for v(x , k):

Mv(x , k) = M diag(exp(UYTz))v(x , k)
= αg
= Mαv(x , k).

e second equality above follows from (5.4). By equating the first and last line, we get

diag(exp(UYTz))v(x , k) − αv(x , k) ∈ null(M). (5.10)

is is the critical condition based on which one can formulate the flux inequalities.
First, note that for non-terminal reactions (i.e. reactions whose substrate complex is non-termi-

nal), condition (5.10) is fulfilled trivially if (z, α) satisfy the complex inequalities. For a non-terminal
reaction i it holds that

exp(yTs(i)z)v i(x , k) − αv i(x , k) = (exp(y
T
s( j)z) − α) v i(x , k) = .

erefore, we only need to consider reactions in terminal strong linkage classes. From the dis-
cussion above we know that for the expression (5.10) to lie in the nullspace of M it must be detailed-
balancing in its terminal reactions. Assume that v̂ i , v̂ j are the forward and backward fluxes of a re-
versible reaction pair of an arbitrary flux distribution v̂ with Mv̂ = g ∈ G. Since the net flux through
reactions (i, j) is fixed by the choice of g, we can parametrize all feasible fluxes with a parameter β
as v̂ i + β and v̂ j + β. Since the expression in Eq. (5.10) lies in the nullspace of M, its ith and jth
components must be equal, i.e. we get

exp(yTs(i)z)(v̂ i + β) − α(v̂ i + β) = exp(y
T
s( j)z)(v̂ j + β) − α(v̂ j + β)

or equivalently
(α − exp(yTs(i)z)) (v̂ i + β) = (α − exp(y

T
s( j)z)) (v̂ j + β). (5.11)

We need to study when conditions (5.11) have a solution with v̂ i + β and v̂ j + β positive. To do this,
note first that since (i, j) are a terminal reversible reaction pair, they belong to the same terminal
strong linkage class, say τ. For (z, α) satisfying the complex inequalities we know that the sign of the
factors α − exp(yTs(i)z) and α − exp(yTs( j)z)must be the same and depends on the choice of the sign
of λτ (the multiplier of the basis vector b(τ) ∈ null(A(k)) from Eq. (5.4)). erefore, finding positive
factors v̂ i + β and v̂ j + β for having equality in Eq. (5.11) is possible if and only if the following set of
conditions holds:

α − exp(yTs(i)z) = α − exp(y
T
s( j)z) if v̂ i = v̂ j or λτ = 

α − exp(yTs(i)z) > α − exp(y
T
s( j)z) if v̂ i > v̂ j , λτ >  or v̂ i < v̂ j , λτ < 

α − exp(yTs(i)z) < α − exp(y
T
s( j)z) if v̂ i > v̂ j , λτ <  or v̂ i < v̂ j , λτ > 
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5. The Deficiency One Problem

Aer eliminating α and using monotonicity of the function exp(⋅), this simplifies to

yTs(i)z = y
T
s( j)z if v̂ i = v̂ j or λτ =  (5.12a)

yTs(i)z < y
T
s( j)z if v̂ i > v̂ j , λτ >  or v̂ i < v̂ j , λτ <  (5.12b)

yTs(i)z > y
T
s( j)z if v̂ i > v̂ j , λτ <  or v̂ i < v̂ j , λτ >  (5.12c)

Assume that we have ordered all reversible reaction pairs (i, j) such that v̂ i > v̂ j for some v̂ > 
with Mv̂ ∈ G. If the reaction network contains an irreversible reaction, this ordering is fixed, i.e.
there is no flux v̂′ >  with Mv̂′ ∈ G and v̂′i < v̂′j . If the network contains only reversible reactions,
however, we can find such a flux v̂′. is is true because we can find β’s for each reaction pair such
that −v̂ i , j + β > . Hence, the case where v̂ i < v̂ j in (5.12) has to be considered only for reversible
networks.

Note that this “switch” between the two regimes v̂ i > v̂ j and v̂ i < v̂ j happens for all reaction
pairs simultaneously, not for each pair individually. is is because the relation between v̂ i and v̂ j is
determined by the vector g = Mv̂. If we choose a g′ pointing in the opposite direction of g, we will
find flux vectors v̂′ with all relations inverted.

e inequalities of system (5.12) are called the “preliminary inequalities” in step 2 in the defi-
ciency one algorithm as presented in [21].

Example 5.1 (Network (4.1)). As an example to illustrate the construction of inequalities for a defi-
ciency one network, we take again the reaction network (4.1) from the previous chapter. For conve-
nience of the reader, we reproduce the network here:

x
k⇄
k

x

x + x
k→ x

x
k⇄
k

x

We start with the complex inequalities. Recall that the network has two terminal strong linkage
classes (cf. Example 4.4). erefore, we have to choose a “reference value” a and the sign of two
multipliers λ, λ. For example, we can choose

a = .
sgn(λ) = 
sgn(λ) = −.
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5.2. Conditions for Multistationarity

is leads to the following set of (in-)equalities for z:

yT z > a z > a
yT z > a z > a
yT z = a or in components z + z = a
yT z < a z < a
yT z < a z < a

For the flux inequalities, we need to fix a “test flux” v̂ such that Mv̂ = g ∈ G. For example, we can
choose

v̂ = (, , , , )T

leading to
Mv̂ = (−, ,−, , )T

which lies clearly in the deficiency subspace. For the reversible reaction pair (, ) we have v̂ > v̂.
ese reactions are associated with multiplier λ > . us, condition (5.12b) applies, i.e.

yT z < yT z.

e second reversible reaction pair is (, ) where we have v̂ > v̂. But since the multiplier λ < ,
in this case condition (5.12c) applies, i.e.

yT z > yT z.

All in all, we get the following (in-)equalities for the vector z:

yT z > yT z > yT z = a > yT z > yT z

that are satisfied, for example, by
z = (.,−., )T .

e last step consists of checking the sign compatibility. To this end, we have to find an s ∈ S that is
sign compatible with z. In the present case this is possible. For example, choosing

s = (,−, )T

has the same sign structure as z and lies in range(N). erefore, we can conclude that network (4.1)
has the capability of admitting multiple steady states for certain rate constants k. Indeed, we can
reconstruct a pair (x, x) as

x = s/(exp(z) − ) ≈ (., ., .)T

x = x + s ≈ (., ., .)T .
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deficiency one
networks
with t=l

complex
inequalities

sign compatibility

�ux inequalities

(R3) not (R3)

multistationarity

Figure 5.1: Illustration of how the three types of constraints relate to multistationarity in deficiency one net-
works. e pink area is the set of all multistationary networks. e sign compatibility conditions and the com-
plex inequalities are both necessary conditions. e flux inequalities make the system sufficient (bold-bordered
area). For all networks for which regularity condition (R3) holds, the conditions are also necessary (dark pink
area).

Note that it could happen that s i = z i =  for some components of the vectors z and s. en, the
quotient s i/(exp(z i) − ) is not defined. But in this case, one can choose an arbitrary positive value
for x i , (see also Eq. (5.2)). en, one can find rate constants

k ≈ (., ., ., ., .)T

that yield

f (x , k) = f (x , k) = .
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Necessity and Sufficiency of the Conditions

e complete constraint system resulting from the reformulation of the deficiency one problem con-
sists of three types of conditions: the sign compatibility conditions (5.3), complex inequalities (5.8)
and flux inequalities (5.12). It is instructive to discuss necessity and sufficiency of these conditions
with respect to the regularity of a deficiency one network. See Figure 5.1 for an illustration of the
following arguments.

Clearly, feasibility of all three conditions together is sufficient for establishing multistationarity
in a deficiency one network. e sign compatibility condition as well as the complex inequalities
are both necessary. e sign compatibility condition ensures that the concentration vectors x, x
reconstructed from z and s are both positive. e complex inequalities are required for finding a
common set of rate constants k for both steady-state concentrations x and x.

e most interesting set of constraints are the flux inequalities. ey basically state that the ex-
pression

diag(exp(UYTz)) ⋅ v(x , k) − α ⋅ v(x , k)

must be a detailed-balancing flux. Together with the other two types of conditions, this is for gen-
eral deficiency one networks only a sufficient condition for having multistationarity. Only when the
network satisfies regularity condition (R3), the conditions are also necessary.

5.3 MILP Reformulation

In the previous section, we have derived feasibility conditions for vectors z and s that are mostly
linear but the sense of the linear (in-)equalities is an additional degree of freedom. Furthermore,
they rely on some sign conditions between the elements of z and s. Here, we show that it is possible
to formulate these conditions as a mixed integer linear program. As such, the feasibility problems
become amenable to all the efficient solution strategies developed for these kinds of problems.

Modeling Preliminaries

e most critical problem in modeling the constraints from the deficiency one problem using the
tools from integer and linear programming are the strict inequalities. Numerical algorithms are
only able to solve linear programs with equality and non-strict inequality constraints. It is thus not
possible to have strict inequalities in a MILP formulation directly. One has to aim at deriving an
equivalent problem that fits the framework of integer programming.

e relevant constraints (5.3), (5.8) and (5.12) allow to find such an equivalent formulation since
they are homogenous. at is, if (z, s) are a feasible solution, scaled versions (β ⋅ z, β ⋅ s) are also
feasible for all β > . For a variable x ∈ R, this allows to rewrite sign-conditions of the form

⎧⎪⎪⎪⎨⎪⎪⎪⎩

x < 
x = 
x > 

⎫⎪⎪⎪⎬⎪⎪⎪⎭
as

⎧⎪⎪⎪⎨⎪⎪⎪⎩

x ≤−ε
x = 
x ≥ ε

⎫⎪⎪⎪⎬⎪⎪⎪⎭
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–m∞ m∞1–1 0

Figure 5.2: Disjoint domain used for modeling the sign conditions.

for some ε >  in the sense that if the first set of constraints is feasible the second is so as well. Note
that this only holds because one can rescale the variables of homogenous constraints. For practical
proposes, one oen chooses ε =  (which we will do in the remainder of this section).

In essence, what this modeling approach does is to transform the original domain R of the vari-
able x with sign constraints

⎧⎪⎪⎪⎨⎪⎪⎪⎩

x < 
x = 
x > 

⎫⎪⎪⎪⎬⎪⎪⎪⎭
into a disconnected domain

{x ≤ −} ∪ {x = } ∪ {x ≥ }.

Unfortunately, it is not possible to model such a disconnected domain that is unbounded in the ±∞
directions by using binary variables and linear constraints. e best one can do is an approximation
of the form

{−m∞ ≤ x ≤ −} ∪ {x = } ∪ {m∞ ≥ x ≥ }

which is depicted in Fig. 5.2. e value m∞ is known as “big M” and represents an arbitrary large
but finite value. e restriction of x to one of the three feasible intervals is achieved by introducing
two binary auxiliary variables u , u ∈ {, }. en, we can write

x −m∞u + u ≤  (5.13a)
x − u +m∞u ≥  (5.13b)

u + u ≤  (5.13c)

which yields the desired result. e possible assignments for the variables u, u and the resulting
effects for x are listed in Table 5.1.

e problems with such a “big M” approximation are twofold. e first is of conceptual nature.
On one hand it is always possible to find anm∞ that is large enough for a given problem instance such
that the approximation and the original problem are equivalent. On the other hand, however, for any
fixed m∞ it is usually possible to find a problem instance where the approximation is infeasible but
the original problem is not. e second problem is more of practical nature. A large value for m∞
yields a high condition number of the constraint matrix, which might result in numerical difficulties
when solving the problem.

In practice, these issues with the “big M” approximation are not a problem in the context of the
deficiency one problem. An intuitive explanation for this is that we will use such “bigM” inequalities
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Table 5.1: Truth table of the auxiliary binary variables u , u used to model the sign of the continuous variable
x as well as the resulting lower (lb) and upper (ub) bounds of x. Note that the assignment u = u =  is not a
feasible assignment.

x u u lb ub

<    −m∞ −
=     
>     m∞

to enforce conditions on the variable z which is the logarithm of the concentration vectors. If m∞ is
chosen too small, it would mean that there exists no feasible solution x, x with

x
x
< em∞ .

From this point of view, one could expect the algorithm to work for fairly small values of m∞ when
applied to realistic, non-pathological networks. For example, all test networks fromTable 5.3 succeed
with a value of m∞ as small as 10. An interesting open problem would be to give a lower bound on
m∞ depending on the network data Y , M such that the feasibility problem is guaranteed to give the
correct answer.

Stoichiometric & Sign Compatibility

e condition that s has to lie in the stoichiometric subspace S is encoded using a matrix W ∈
R(m−s)×m , whose rows span S⊥, the orthogonal complement of the stoichiometric subspace. en,
we have

Ws = . (5.14)

e more complicated condition is the sign compatibility (5.3), which can be captured using
two vectors of binary variables u , u ∈ {, }m . We use them to enforce the sign condition as in
Eqns. (5.13) simultaneously on z and s. We thus have

z −m∞u + u ≤  (5.15a)
z − u +m∞u ≥  (5.15b)
s −m∞u + u ≤  (5.15c)
s − u +m∞u ≥  (5.15d)

u + u ≤ e (5.15e)

eT(u + u) ≥  (5.15f)

e last constraint (5.15f) is needed to enforce a non-zero solution. Otherwise, one could assign
z = s =  which would be feasible irrespective of multistationarity of the reaction network.
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Complex Inequalities

Formodeling the possible sign choices of the variables λ , . . . , λt in condition (5.8), we introduce two
more vectors with t binary variables v and v and use again the technique described in Eqns. (5.13)
to couple the sign of λ i with the values of v i , and v i ,. For associating the terminal strong linkage
classes with their complexes, we define a matrix T ∈ Rp×t with

(T)i j = {
 if τ(i) = ∅ or τ(i) ≠ j
 if τ(i) = j

is allows the constraints (5.8) to be written as

YTz − ae −m∞Tv + Tv ≤  (5.16a)

YTz − ae − Tv +m∞Tv ≥  (5.16b)
v + v ≤ e (5.16c)

eT(v + v) ≥  (5.16d)

v , v ∈ {, }t (5.16e)

Note that constraint (5.16d) is needed to make sure that not all λ i , i = , . . . , t, are zero at the same
time. Otherwise, z = , a =  would be a feasible solution and therefore feasibility of the inequality
system (5.16) would say nothing about multistationarity in the underlying reaction network.

Flux Inequalities

e flux inequalities are the most complicated constraints to be modeled in a MILP framework. is
is because if the network is reversible, the sense of the inequality signs depends on two preconditions.
One is the sign of multipliers λ i and the other is the direction of the deficiency vector g ∈ G.

For modeling the flux inequalities (5.12) we assume that we are given a feasible flux vector v̂ ∈ Rn

with v̂ >  and Mv̂ ∈ G. Such a vector could be computed, for example, by solving an auxiliary linear
program (see also the discussion of regularity condition (R1)). We further assume that all reversible
reaction pairs (i , j) in terminal strong linkage classes are ordered such that v̂ i ≥ v̂ j (for the given flux
v̂).

If the relation of the fluxes v̂ i , v̂ j would be fixed (as is the case for irreversible networks), the
constraints (5.12) could be written as

(ys(i) − ys( j))Tz =  if v̂ i = v̂ j
(ys(i) − ys( j))Tz −m∞vτ , + vτ , ≤  if v̂ i > v̂ j
(ys(i) − ys( j))Tz − vτ , +m∞vτ , ≥  if v̂ i > v̂ j

where we have used τ to denote the index of the terminal strong linkage class of the reaction pair
(i, j). For reversible networks this does not work, however. In this case, w i ≤ w j is also possible,
which could be modeled by interchanging the roles of the binary vectors v and v in the above
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Table 5.2: Truth table of the binary variables v , v, vs and the resulting lower and upper bounds of p . e
columns “(a)” and “(b)” denote the bounds resulting from constraints (5.18a) and (5.18b). e columns “max”
and “min” are the effective lower and upper bounds, respectively.

p lb p ub

v v vs (a) (b) max (a) (b) min

1 0 0 1 −1 1 1 1 1
0 1 0 0 0 0 0 2 0
0 0 0 0 −1 0 0 1 0

0 0 1 −1 0 0 1 0 0
1 0 1 0 0 0 2 0 0
0 1 1 −1 1 1 1 1 1

equations. To represent both cases in the same problem instance, we need a new binary variable vs
that determines in which regime we are (i.e. whether v̂ i ≥ v̂ j or v̂ i ≤ v̂ j). We further need auxiliary
variables p , p ∈ Rt that take on the roles of v , v if vs =  or v , v if vs = . at is, we write the
constraints as

(ys(i) − ys( j))Tz =  if v̂ i = v̂ j (5.17a)

(ys(i) − ys( j))Tz −m∞pτ , + pτ , ≤  if v̂ i ≠ v̂ j (5.17b)

(ys(i) − ys( j))Tz − pτ , +m∞pτ , ≥  if v̂ i ≠ v̂ j (5.17c)

e variables p and p obey the following conditions

v − vs ≤ p ≤ v + vs v − vs ≤ p ≤ v + vs (5.18a)
v − ( − vs) ≤ p ≤ v + ( − vs) v − ( − vs) ≤ p ≤ v + ( − vs) (5.18b)

at these constraints indeed yield the desired behavior of the variables p, p is shown in Table 5.2
(only for p). e important point to note is that p and p are fixed to integer values for all feasible
values of v, v, vs . It is therefore not necessary to declare them as binary variables.

Another important point to note is that if the network is irreversible, the “switching variable” vs
must be fixed to zero.

5.4 Numerical Computations

Todemonstrate the versatility of the approach of reformulating the deficiency one problemas amixed
integer linear program, we solve the example networks from the ERNEST toolbox [54]. e toolbox
contains in total 33 example networks collected from various references of which 18 networks have
deficiency one. We solve the deficiency one problems from these 18 networks both with the toolbox
and a state-of-the-art MILP solver using our reformulation and compare the solution times.
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For solving the integer programs, we have used the soware packageGurobi [31] which is free for
academic purposes. e test computer used for the comparison has an AMD Athlon X2 processor
with 2.8 GHz and 4GB of RAM running a 64 bit Linux operating system. e results are summarized
in Table 5.3.

e table reveals that the algorithm implemented in the ERNEST toolbox has most difficulties
in proving infeasibility of the constraints since it uses a brute-force method to enumerate and test
all combinations of sign conditions. Even for moderately sized reaction networks, solution times
can exceed 20 minutes. On the other hand, the MILP solver is able to solve all problems quickly
and without any problems. In fact, the solution times indicated in Table 5.3 are mostly dominated
by program startup overhead. e actual time spent for solving the problem is always below 0.05
seconds. is is confirmed by the low number of simplex iterations the solver needs to find a feasible
solution of prove infeasibility. Surprisingly, more than half of the problems can be solved by the
solver’s heuristics and no simplex iterations are necessary. is clearly demonstrates the power of the
reformulation technique which results in problems that are “easy” for state-of-the-art MILP solvers.

5.5 Discussion & Perspectives

As the examples solved in the previous section demonstrate, the reformulation of the feasibility con-
ditions as a mixed-integer linear program gives clear computational advantages compared to brute-
force enumeration of all combinations. However, the tested networks are all relatively small examples
and it would be interesting to run our reformulation on larger networks. e problem with larger
networks is that they oen have larger deficiency and thus the techniques from this chapter do not
apply.

Currently, two methods show potential for scaling the analysis of deficiency one networks to
larger networks. e first consists of restricting the analysis to subnetworks that are constructed in a
particular way involving elementary fluxmodes. We address certain aspects of this idea related to the
deficiency one problem in the following chapter (cf. § 6.2). e second method applies to a certain
class of networks with higher deficiency that is decomposable in the coordinates of the reactions into
deficiency one parts [17].

Another open problem is the choice of the constant m∞ as was already mentioned in the intro-
duction of the MILP reformulation. Although it seems not to be a problem for practical networks,
choosing m∞ a posteriori based on the network matrices Y and M would still be a final safeguard
for the correctness of our MILP approach.
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5.5. Discussion & Perspectives
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6

Analysis of Degenerate Reaction Networks

C   arising in biochemical applications oen fail to satisfy the reg-
ularity conditions stated in Section 5.1. Interestingly, it is oen the second condition that is

violated. Already in the early publications [21, 23] it was argued that such networks have “strange”
properties. is chapter is an attempt to put these arguments on a more solid mathematical founda-
tion and propose some ideas on how to proceed if such a network emerges in an application. e
following definition gives these networks a proper name.

Definition 6.1. A reaction network violating regularity condition (R2) is called degenerate. at is, a
degenerate network has at least one linkage class with more than one terminal strong linkage class.

An important motivation for doing this analysis comes from the EFM decomposition of reaction
networks [12]. is is a method of decomposing networks with high deficiency into subnetworks
with deficiency zero or one. In this process, it oen happens that the resulting subnetworks are
degenerate. Some of the material in this chapter that concerns degeneracy of EFM subnetworks is
discussed in [59].

6.1 Generic Network Rank and Deficiency

e main idea for the discussion of degenerate reaction networks is to use the notion of a generic
property. e following definition (adapted from [53]) makes precise what this means.

Definition 6.2 (Generic). A property P is said to hold generically on a set X if the set of points V on
which the property does not hold has measure zero.

Furthermore, the points X ∖ V on which the property holds are called generic points (with respect
to property P).

An example is in order to illustrate this concept.

Example 6.1 ([53]). Consider the function f (x , x) = xx and the set X = R. e property
f (x , x) ≠  does hold generically on X since the set V = {x =  ∨ x = } for which f (x , x) = 
has measure zero.
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6. Analysis of Degenerate Reaction Networks

e concept of a generic property can be applied to generalize the definitions of network rank
and deficiency. Recall the discussion of regularity condition (R2), where it was already indicated that
the definition of the deficiency δ is of limited use for degenerate networks because they have

range(Y ⋅ A(k)) ⊆ range(N),

whereas for non-degenerate networks these subspaces always coincide. For degenerate networks,
then, the object of interest becomes the “kinetic subspace”

range(Y ⋅ A(k)) ⊆ S

and – in analogy to the deficiency space G – the subspace null(Y)∩ range(A(k)). In fact, one could
argue that these are always the objects of interest, but for the special case of non-degenerate networks,
these two subspaces are identical to the stoichiometric subspace and the deficiency subspace. For
degenerate networks, however, they depend on the parameter vector k such that they are not an
invariant of the network topology any more.

e properties we are interested in are the dimensions of these subspaces. Since their orientation
depends on the rate constants k, their dimension is also a function of k. Recall that the rank of A(k)
equals p − t where p is the number of complexes in the network and t is the dimension of its null
space (equal to the number of terminal strong linkage classes [33]) and that the rank of the network
is rank(N) = s. A simple counting argument shows that

dim[rangeYA(k)] ∈ {max(s − (t − l), ), . . . , min(s, p − t)} = {smin , . . . , smax}
dim[null(Y) ∩ range(A(k))] ∈ {max(δ − (t − l), ), . . . , min(δ, p − t)} = {δmin , . . . , δmax}.

For defining the generic network rank, consider the following construction (based on [7]). Let
M j denote the set of all j × j minors of the matrix YA(k), for j = smin , . . . , smax. en,

p j(k) = ∑
M∈M j

(detM)

is a polynomial in the rate constants k. Using the polynomials p j(k), we can define the generic
network rank and generic deficiency as follows.

Definition 6.3 (Generic Network Rank and Deficiency). e generic network rank is defined as

s = max{ j ∶ ∃k ∈ Rn
> such that p j(k) ≠ }.

e generic deficiency is defined as
δ = p − t − s .

Note that the set of k for which rank(YA(k)) < s satisfies the algebraic condition ps(k) = .
us, the generic network rank and deficiency are indeed generic properties for the rate constants
k ∈ Rn

>.
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6.1. Generic Network Rank and Deficiency

epoint of this definition is that it is essentially an invariant for all networks, whether degenerate
or not. As one would expect from a generalization, it reduces to the traditional rank s and deficiency
δ for “well-behaved” (i.e. non-degenerate) networks.

e price one has to pay for this generalization is the restriction to “only” almost all k ∈ Rn
>.

is is not as problematic as it might first seem for one can safely argue that all physical realizations
of reaction networks have rate constants in general position. (At least, it is impossible to disprove
such a claim by trying to identify the rate constants using statistical methods in the presence of
measurement noise.)

It is possible to construct degenerate reaction networks whose generic ranks attain any value
between the lower bound smin and upper bound smax. We demonstrate this in the following example.

Example 6.2. We consider chemical reaction networks with the following network graph

y

~~||
|| 

  B
BB

B

y

~~||
|| 

  B
BB

B y

y
 ��

y
��

y
 ��

y
��

y y

(6.1)

andm =  different species. From the graph, we see that it has p =  complexes, n =  reactions, l = 
linkage class and t =  terminal strong linkage classes.

In the following, we will construct three networks, each having rank s =  and deficiency δ = ,
with different generic network rank s and deficiency δ.

1. By choosing the complex molecularity matrix Y as

Y() =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

  
  

 
 

 
   

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
the network has s =  and δ = .

2. By choosing the complex molecularity matrix Y as

Y() =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

  
   

 
 




⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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6. Analysis of Degenerate Reaction Networks

the network has s =  and δ = .

3. By choosing the complex molecularity matrix Y as

Y() =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

  
  

 
 




⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
the network has s =  and δ = .

Note that in the above example, the third network (with s =  and δ = ) does not satisfy
regularity condition (R1). It has no flux vector v ∈ Rn

> with Nv = . is is in fact generally true as
we show in the following

Lemma 6.1. For degenerate networks satisfying regularity condition (R1), it holds that

δ < δ.

Proof. First, note that degenerate networks satisfying (R1) must have δ > . For if δ = , we have
v ∈ null(M). is, however, implies a weakly reversible network contradicting the assumption that
the network is degenerate.

en, the proof goes by contradiction. e condition δ = δ implies that, for all k,

rankYA(k) = s = max(s − (t − l), ) = s − (t − l).

On the other hand, regularity condition (R1) implies the existence of some ṽ ∈ Rn−
< such that

n j = N(− j) ⋅ ṽ (6.2)

for all j = , . . . , n, where n j denotes the stoichiometry vector of reaction j and N(− j) is the stoichio-
metric matrix with the jth column deleted.

Let [n] denote the set {, . . . , n} and ([n]s ) the set of subsets of [n] with cardinality s. Further-
more, let Nρ ,σ denote the submatrix of N with rows ρ ⊆ [m] and columns σ ⊆ [n].

Now, because Eq. (6.2) holds for every j, we can always choose a reaction j at a branching point
for which we can find a set of reactions σ ∈ ([n]− js ) with

rankN[m],σ = s
rankUσ ,[p] > s − (t − l).

e important point here is to see that when reaction j is a branching reaction, the reactions in σ
have at least s − (t − l − ) different substrate complexes and thus the rank of Uσ ,[p] is larger than
s − (t − l). is, however, implies

rankN[m],σ ⋅ Kσ ,σ ⋅Uσ ,[p] > s − (t − l)

(where K = diag(k)), which contradicts the assumption that s = s − (t − l).
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6.2. Degenerate EFM Subnetworks

Degenerate Networks with Deficiency One

In view of the deficiency one algorithm, an important class of degenerate reaction networks are those
with deficiency one. If δ = , Lemma 6.1 specializes as

Corollary 6.2. For a reaction network satisfying regularity condition (R1) with δ =  and t > l the
property δ =  holds generically for k ∈ Rn

>.

Intuitively, one would expect networks with δ =  to have the same stationarity properties as
regular deficiency zero networks. e next lemma establishes that this is, at least for almost all rate
constants k, true.

Lemma 6.3. Degenerate networks with δ =  have no positive steady-state for almost all parameter
values k.

Proof. For reaction networks with δ =  and rate constants k in general position, the only possible
steady-states are complex-balancing steady-states, i.e. steady-states x with

A(k) ⋅ ψ(x) = .

A necessary condition for the existence of a positive complex-balancing steady-state is that the net-
work is weakly-reversible. is, in turn, implies that t = l which contradicts the assumption that the
network is degenerate.

us, degenerate networks with deficiency one aremore similar to deficiency zero networks with
respect to their stationarity properties. Such networks are never good candidates for finding multi-
stationarity. In fact, for all practical purposes, they will never exhibit multiple positive steady-states
in the same stoichiometric compatibility class.

6.2 Degenerate EFM Subnetworks

As many reaction networks arising in applications have δ > , applying the deficiency one algorithm
to these networks is not possible. Because of this, a decomposition of networkswith deficiency higher
one was suggested in Conradi et al. [12] that yields subnetworks that always have deficiency δ ≤ .

Elementary FluxMode Decomposition

e decomposition is based on the elementary flux modes (EFMs) of a reaction network. EFMs are
flux vectors v ∈ Rn in the nullspace of N with minimal support (cf. the subsection on EFMs in § 1.2).
Recall that the support of a vector is the set of indices of its nonzero elements

supp(v) = {i ∣ v i ≠ },

and denote the number of nonzero elements of a vector v as

nz(v) = ∣supp(v)∣.
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6. Analysis of Degenerate Reaction Networks

en, we define the restriction of a matrix A = [a , . . . , an] ∈ Rm×n to the support of a vector v ∈ Rn

as
A∣v = [a i , . . . , a inz(v)] ∈ R

m×nz(v) with ik ∈ supp(v).
en, EFMs can be defined in the following, equivalent way.

Definition 6.4 (EFM; Stoichiometric Generator). e minimal generators of the pointed polyhedral
conenull(N)∩Rn

≥ are called elementary fluxmodes (EFMs). In particular, an EFM is a vector v ∈ Rn
≥

that satisfies

Nv = 
rank(N ∣v) = nz(v) − .

A stoichiometric generator is an EFM v that additionally satisfies

Mv ≠ . (6.3)

From this definition of elementary flux modes, it becomes immediately clear that EFM subnet-
works have deficiency one if they are induced by stoichiometric generators and deficiency zero oth-
erwise.

Subnetwork Regularization

Subnetworks defined by stoichiometric generators are guaranteed to satisfy regularity conditions
(R1) and (R3) but not necessarily condition (R2) [12]. In this section, we will explain how to analyze
degenerate subnetworks (i.e. those failing condition (R2)). Because the nullspace of the stoichiomet-
ric matrix N ∣v is exactly one dimensional, the ratio between any two steady-state fluxes is known.
is allows to rewrite two reactions with a common substrate complex as one reaction. e following
degenerate network fragment illustrates the procedure:

C

A
k 99rrrr

k
&&LL

LL

D

(6.4a)

can be rewritten as
A

k+k // k
k+k C +

k
k+k D. (6.4b)

e following lemma establishes the equivalence of the dynamics of the two systems.

Lemma 6.4 (Regularization Lemma). e networks (6.4a) and (6.4b) have the same dynamics.

Proof. e first network (6.4a) has the following dynamics:

f(6.4a)(x , k) = [y y y] ⋅
⎡⎢⎢⎢⎢⎢⎣

−k − k  
k  
k  

⎤⎥⎥⎥⎥⎥⎦
⋅
⎡⎢⎢⎢⎢⎢⎣

x y

x y

x y

⎤⎥⎥⎥⎥⎥⎦
= y(−k − k)x y + ykx y + ykx y .
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6.2. Degenerate EFM Subnetworks

e second network (6.4b) has the following dynamics:

f(6.4b)(x , k) = [y k
k+k y +

k
k+k y] ⋅ [

−k − k 
k + k ] ⋅ [

x y

x(⋯)]

= y(−k − k)x y + ( k
k+k y +

k
k+k y) (k + k)x

y .

Since the function f (x , k) is not modified when rewriting network (6.4a) into (6.4b), this step
can be repeated at every branching point in an EFM subnetwork that is a source of degeneracy. If
there are more than two reactions emanating from a substrate, it can also be applied recursively.
In the end, an EFM network becomes regular, i.e. will also satisfy regularity condition (R2). Note
that it is indeed enough to focus on motives (6.4a) for making EFM subnetworks regular deficiency
one networks, since their network graphs do not contain any cycles. e only exception to this are
reversible reaction pairs, which are themselves EFM subnetworks and thus never degenerate.

is rewriting procedure is in general applicable to any reaction network. e problem is that it
makes thematrix Y and the functionψ(x) depend on the rate constants k. For EFM-induced subnet-
works this problem can be overcome, however. Consider again network (6.4a). We can immediately
write down a necessary condition on the rate constants k, k for the network to have a steady state,
namely

k
k
= v
v
= const. (6.5)

where v and v are the coefficients of an arbitrary nullspace flux vector (whose direction is unique
for EFM networks). erefore, it is possible to replace the coefficients k/(k + k) and k/(k + k)
in (6.4b) by v/(v + v) and v/(v + v) which are known quantities.

us, the network (6.4a) has a steady state if and only if the network

A k∗ // v
v+v C +

v
v+v D (6.6)

has one, where the new rate constant k∗ = k + k captures the remaining degree of freedom.
Note that this is only guaranteed to work in EFM networks since the nullspace of N ∣v has such a

simple structure. General networks can have more complex sources of degeneracy where this simple
procedure can not be applied. For example, take the following network

C Aoo // Boo // D. (6.7)

Since the complexes C and D are connected by a non-singleton strongly connected component, the
procedure fails.

Multistationarity

In the course of regularizing a degenerate EFM subnetwork, even though the network dynamics
f (x , k) are not modified, the same is not true for the stoichiometric matrix N . Since, by assumption,
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6. Analysis of Degenerate Reaction Networks

G6P
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Figure 6.1: Simplified illustration of a mass-action model for the upper part of glycolysis and the pentose phos-
phate pathway. Black reactions form an EFM subnetwork that can be analyzed with the deficiency one algo-
rithm. Gray reactions are inactive in the EFM subnetwork.

the original network is degenerate it can only exhibit multistationarity if the rate constants k satisfy
the conditions implied by the direction of the EFM nullspace vector.

Under these conditions, we have the following relation between kinetic and stoichiometric sub-
spaces with respect to multistationarity.

Lemma 6.5. e kinetic subspace of the original network is equal to the stoichiometric subspace of the
regularized network if the rate constants satisfy the conditions implied by the EFM nullspace vector.

Proof. Since both networks have the same dynamics f (x , k), the kinetic subspaces of the networks
coincide. In the regularized network, it further holds that the stoichiometric and kinetic subspaces
are the same.

Application Example

We use the upper part of glycolysis (including the pentose phosphate pathway) as an application
example for EFM-based analysis ofmultistationarity. e corresponding network shown in Fig. 6.1 is
an important part in bacterial metabolism. It is the central pathway for growing onmonosaccharides
(e.g. glucose) and for producing energy for the cell. It is also important for the synthesis of precursors
for amino acids and nucleotides. Notably, even for such well-characterized pathways the dynamic
features are not fully understood.
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6.3. Conclusions and Perspectives

Our network model consists of 4 uptake reactions, 7 outflows, and 13 enzyme-catalyzed reac-
tions. When converted to mass-action kinetics, this results in a model with 53 species, 79 complexes
and 78 reactions. e network deficiency is 8, which hampers -based analysis without prior
network decomposition. In analyzing the model, we found 123 EFMs and 88 of these EFMs were
stoichiometric generators. e subnetworks that correspond to these generators have between 19
and 34 reactions (see Fig. 6.1 for an example) and they all are degenerate. However, the only degen-
erate linkage class is that containing the uptake reactions with the zero complex as their substrate.

We regularized the subnetworks to enable analysis with the deficiency one algorithm. Interest-
ingly, none of the subnetworks corresponding to an EFM can admit multiple steady states. However,
as an EFM-based analysis only provides sufficient conditions for multistationarity of the entire net-
work, multistationarity of the overall network is still possible [12]. Moreover, multistationarity in
the overall network seems very likely, given its complex structure, which contains several feedback
loops (e.g. via the energy carrier ATP).

6.3 Conclusions and Perspectives

e application of some of the main methods and theorems of CRNT (in particular the deficiency
one algorithm) is currently restricted to regular reaction networks, which limits their applicability
to real-world problems. In this chapter we proposed a generalized notion of network deficiency –
generic deficiency – that broadens the applicability of existing results to a broader class of reaction
networks including degenerate ones.

Furthermore, we developed and applied a regularization method for EFM subnetworks to cir-
cumvent the limitations of the deficiency one algorithm with respect to those networks. Again, this
broadens the class of networks for which the preconditions in [12] are fulfilled.

Future generalizations ofmore elements of CRNT, for instance of the deficiency one theorem, are
interesting and preliminary results indicate that such extensions of the theory are feasible. Finally,
our case-study of a medium-sized network model indicates that this is a promising approach, for
instance, to understand the remarkable robustness of biological systems [55].
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Part III

eBig Experiment
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7

Data Analysis of the Big Experiment

I    of the thesis, we describe the analysis of a series of experiments where B. subtilis
cells were subjected to nutrient source shis (referred to colloquially as the Big Experiment for

brevity) conducted under the umbrella of the BSB project [1]. e experiment was a consor-
tium-wide undertakingwith the aimof gaining a comprehensive understanding of system adaptation
during the transient phase at all levels of the cellular network. Specifically, the focus of the experi-
ment was to identify the key regulatory effects and their interplay among the metabolic and tran-
scriptional levels. To achieve this ambitious goal, measurement data was acquired at several omics
levels including transcripts, proteins and metabolites.

More specifically, the experiment was designed to expose the cells to shis between a glycolytic
(glucose) and a gluconeogenic (malate) carbon substrate. ese substrates were chosen because it is
known that B. subtilis can consume both substrates simultaneously. For most other substrate combi-
nations, one can commonly observe two sequential growth phases where one substrate is inhibiting
uptake of the other until it is exhausted (diauxic shi).

e present study is a contribution to the data analysis of thisBig Experiment and as such, its aims
are more modest. Of particular interest in our analysis are the physiological rates, i.e. the growth
rate and metabolite exchange rates of B. subtilis during the different phases of the experiment. By
means of a general regression analysis, we will first focus on the statistical estimation of the transient
trajectories of the physiological quantities during the second phase of the experiment. Based on
the conclusions from the regression analysis – and supported by other experimental evidence not
presented here – one can hypothesize about the transcriptional adaptation strategies of B. subtilis
with respect to the nutrient shis. e description of all this work will be the contents of the present
chapter.

Aer that, we will present a “maximally reduced” parametric model that is able to reproduce the
observed data and mimic the hypothesized adaptation strategies. e main challenges are to derive
model equations that are plausible, particularly with respect to mass/energy conservation, and to
identify the model parameters based on themeasurement data (Chapter 8). rough insights gained
from the analysis of thismodel, it is then possible to study the adaptation strategies in an evolutionary
context (Chapter 9).
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Figure 7.1: Outline of the Big Experiment.

7.1 Outline of the Experiment

e data underlying the Big Experiment was acquired in six nutrient shi experiments. e outline
of these experiments is as follows. Starting at time t, the cells were initially grown in a bioreactor on
a single carbon substrate (either glucose,G, or malate, M). During this first phase of the experiment,
they were in exponential growth, i.e. their cell metabolism was in steady-state. When they reached
a certain concentration, say at time t, a certain amount of the second substrate was added to the
bioreactor. Figure 7.1 shows an outline of this experimental setup. e experiment was done in both
directions, referred to as the G → M shi (for first growing on glucose, then adding malate) and the
M → G shi (for first growing on malate, then adding glucose). Each shi experiment was repeated
three times yielding three biological replicates, referred to as BR 1-3.

For each biological replicate, times series data was collected by measuring the optical density
(proportional to cell concentration in the reactor) andmetabolite concentrations in the reactor broth
at 5-6 time points in phase 1 (before addition of the second substrate) and at 9-10 time points in phase
2 (aer addition).

7.2 Measurement Data Analysis

e goal of this section is to survey the physiological data acquired during the Big Experiment to
get a first idea of what processes are involved in the nutrient shi adaptations. at is, we want to
derive the physiological rates (i.e. growth and exchange rates) by formulating and solving a regression
problembased on the noisymeasurements of the experiment. Sincewe have no general idea yet of the
system’s behavior, we try to make as modest assumptions as possible about the underlying biological
processes and, thus, the regression model.
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Because of the experimental design we know that in phase 1, the bacteria are growing in (quasi)
steady-state conditions. at is, we assume constant growth and metabolite exchange rates. In phase
2, however, the system is in a transient phase where we have no a priori knowledge about its behavior.
e safest way to proceed is thus to use a nonparametric regression technique during phase 2.

In the next section, we derive a regression framework that allows for doing parametric (during
phase 1) and nonparametric (phase 2) regression simultaneously. In the two following sections, we
will explain how this is applied to estimate the biomass trajectories (§ 7.3) and substrate concentra-
tions (§ 7.4). is way, the notation can be kept simpler and the exposition of the basic ideas should
become clearer.

General Regression Setting

e goal is to estimate a function ȳ(t) of time representing the evolution of a physiological quantity
in the bioreactor, e.g. the biomass concentration. As hypothesis space, we choose p basis functions
b i(t), i = , . . . , p such that a linear combination

∑
i
α ib i(t) ≈ ȳ(t)

is able to approximate the underlying function ȳ(t) closely over the time interval [t , t]. By “closely”,
we mean that if we knew the function ȳ(t) we could choose the parameters α i such that the approx-
imation error

∣ ȳ(t) −∑
i
α ib i(t)∣ t ∈ [t , t]

would be negligible for practical purposes. Because of the special protocol of the Big Experiment,
the basis functions b i(t) should have the following characteristics: for t < t < t (phase 1) we have
steady-state growth and thus know the parametric form of the trajectory ȳ(t); for t < t < t (phase
2) we face unknown system behavior and thus have to use a rich hypothesis space (i.e. nonparamet-
ric regression). Furthermore, the transition from phase one to phase two has implications on the
regularity of the function ȳ(t) (i.e. its continuity and differentiability properties) at switching time
t.

e regression problem is based on noisymeasurements y i of the trajectory at known time points
t i , i = , . . . , n with (unknown) standard deviation σ :

y i = ȳ(t i) + σ ⋅ ε i

where ε i are i.i.d. N (, ) random variables.
Using the noisy measurements y i , we can estimate the parameters α i by minimizing the residual

sum of squares. Because of the rich hypothesis space over the time interval (t , t), we need to
include a regularization of function complexity over this interval. A standard technique is to penalize
the second derivative of the trajectory ŷ(t) which leads to a linear function in the limit of infinite
penalization. e regression problem thus becomes

min
α


∑i
(y i − ŷ(t i)) +

λ
 ∫

t

t
( ŷ′′(τ))dτ

91



7. Data Analysis of the Big Experiment

where we have introduced a penalization parameter λ > . In the limit λ →∞ the problem reduces
to a standard linear regression problem.

It is convenient to rewrite the regression problem in matrix form which is also useful for a
computationally efficient implementation. To this end, we collect the measurements in a vector
y = (y , . . . , yn)T and the parameters in α = (α , . . . , αp)T. Define the basis matrix B ∈ Rn×p with
elements

(B)i j = b j(t i)

and the penalty matrix R ∈ Rp×p with elements

(R)i j = ∫
t

t
b′′i (τ)b′′j (τ)dτ.

Using this notation, we can rewrite the regression problem as the following least-squares problem

min
α



∥y − Bα∥ + λ


(αTRα) .

It has a well-known solution
α̂ = (BTB + λR)

−
BTy.

To reconstruct the function estimates ŷ(t) at arbitrary time points t we define the vector

b(t) = (b(t), . . . , bp(t))
T

which allows for writing ŷ(t) as

ŷ(t) = bT(t) (BTB + λR)
−
BTy.

Of particular interest are the estimated values at the measurement time points t i . When collected in
a vector ŷ = ( ŷ(t), . . . , ŷ(tn))T ∈ Rn , we get the regression values as

ŷ = B (BTB + λR)
−
BTy,

which shows that they depend linearly on the measured sample points y. e matrix

H = B (BTB + λR)
−
BT

projects the measured data points y into the p-dimensional linear subspace spanned by the columns
of the basis matrix B. e matrix H is called hat matrix, because applying it to the measured data y
yields the regression estimates which are commonly denoted with a hat symbol ( ŷ). In the “paramet-
ric” case (i.e. when λ = ), this projection is orthogonal which implies that the sum of the eigenvalues
of H equals p. is fact can be used to extend to the general case λ > , leading to the concept of
effective degrees of freedom peff , defined as the sum of the eigenvalues of the hat matrix, i.e.

peff = trH.
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For λ = , i.e. the “parametric” case, this yields peff = p. e peff are used for estimating the unknown
variance σ̂ . Define the residuals r as

r = y − ŷ = (I −H)y.

en, the variance estimate becomes (cf. Appendix A)

σ̂  = 
n − peff

rTr.

Derivatives

e purpose of solving the above regression problem in the context of the Big Experiment is to get
the physiological rates ofB. subtilis during the experiment, i.e. the growth rate and the specific uptake
rates (where “uptake” also includes substrate excretion). ese rates are the time derivatives of the
regression trajectories ŷ(t) (see the following §§ 7.3-7.4 for a discussion of the exact details). Because
of the chosen ansatz for ŷ(t), the time derivative d/dt ŷ(t) is

d
dt

ŷ(t) =∑
i
α̂ i ⋅ b′i(t),

where b′i(t) is the time derivative of the ith basis function.

Choosing the Penalization Parameter

enext questionwewill address is how to choose the penalization parameter λ. Usually, one defines
a “prediction risk” and then tries to choose a λ such as to minimize it. A typical choice is the squared
error loss

min
λ

E[∑
i
( ȳ(t i) − ŷ(t i)) ].

Of course, it is not possible to minimize this quantity directly without knowing the true trajectory
ȳ(t). What one can do, however, is to choose an information criterion that approximates this prob-
lem. A famous choice is leave-one-out cross validation for selecting the penalization parameter λ:
choose λ such that

CV = 
n∑i

(y i − ŷ−i(t i))


is minimized, where ŷ−i(t) denotes a fit by leaving out data point i. Instead of recomputing the fits
ŷ−i for all i = , . . . , n, there is a formula for ŷ−i involving only values computed by the original fit ŷ,
i.e.

CV = 
n∑i

( y i − ŷ(t i)
 − h i i

)


,

where h i i is ith diagonal element of the hatmatrixH (seeAppendixB for a derivation of this formula).
We use a slight modification called generalized cross validation (GCV) [15]. e motivation to use
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generalized cross validation is that it is better behaved when the variance is unknown. It is also
believed to be less susceptible to overfitting. e definition of the GCV score is

GCV = 
n∑i

( y i − ŷ(t i)
 − peff/n

)


.

e difference to leave-one-out CV is that it uses the average peff/n for each i instead of the specific
diagonal elements h i i . Note that in the sum over all i = , . . . , n they are equal, i.e.

∑
i
h i i =∑

i

peff
n
= peff .

Outlier Detection

e data of the Big Experiment is noisy and some measurements seem to have very large deviations
that could be interpreted as outliers. To detect and assess the “extremity” of such measurements, we
use Studentized residuals. at is, we analyze the ith residual when data point i was not used in the
fitting procedure. As for leave-one-out cross validation, there is a formula for computing the residual
r−ii of data point i from a fit with omitted measurement i without recomputing the regression:

r−ii =
r i

 − h i i
.

e Studentized residual τ i is defined as

τ i =
r i

σ̂−i
√
 − h i i

,

where σ̂−i is the estimated standard deviation when point i is omitted. It can be computed efficiently
from the following relation

(n − peff − ) (σ̂−i)
 = (n − peff)σ̂  −

ri
 − h i i

.

In parametric regression, i.e. when peff = p holds, the residuals τ i follow a Student’s t-distribution
with n − p −  degrees of freedom. Extreme events (i.e. outliers) could thus be detected using the
critical value of a t-distribution. When using penalized estimates with λ > , this is not true but still
useful as an approximation. A detailed derivation of these formulas can be found in Appendix B.

Confidence Intervals

Define in analogy to the hat matrix H the “hat function”

h(t) = B(BTB + λR)−b(t)

such that we can write the function value estimate at time t as

ŷ(t) = hT(t) ⋅ y.
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We would like to specify a confidence interval of the form

P [∣ ȳ(t) − ŷ(t)∣ ≤ zδ σ̂
√
hT(t)h(t)] =  − δ,

where δ is the desired confidence level and zδ is a critical value to be determined. It turns out that in
the linear, non-penalized case zδ is the critical value of a Student’s t-distribution with n − p degrees
of freedom (cf. Appendix A), i.e.

zδ = t(n − p,  − δ/).

We use the above confidence intervals also as an approximation in the penalized case. However,
this neglects any bias in the estimates. e reason for doing this is that bias estimation (e.g. using
bootstrapping) proved to be very unreliable in numerical experiments with synthetic data, therefore
we refrained from including it in confidence interval estimates. In effect, confidence intervals are
correct over phase 1 of Big Experiment and approximate over phase 2.

7.3 Biomass Regression

We now turn to applying the regression to the biomass measurements of the Big Experiment. Let
us denote the biomass in the reactor at time t as m(t). e relation between the biomass and the
growth rate is given by the following ordinary differential equation

ṁ(t) = µ(t)m(t)

where µ(t) is the growth rate. e solution of this ODE is

m(t) = m ⋅ exp(∫
t

t
µ(τ)dτ)

where m = m(t) is the initial condition. Since we have heteroscedasticity in the biomass measure-
ments, we continue to work with the logarithm

logm(t) ≜ ℓ(t).

is makes the biomass measurements and residuals look more equally distributed (see Figs. 7.2
and 7.3). We thus have:

ℓ(t) = ℓ + ∫
t

t
µ(τ)dτ.

When the actual experiments were conducted, the switching time t was extrapolated for each
replicate based on previously taken OD measurements. is makes the initial condition ℓ replicate
dependent. us, biomass trajectories must be estimated per replicate e = , . . . , r, (where r is the
number of replicates). We make the following ansatz for the log-biomass trajectory ℓe(t) of replicate
e as

ℓe(t) = ℓe +∑
i
α ib i(t) ∀e = , . . . , r.

e basis functions b i(t) and parameters α i are the same for all replicates, whereas the replicate spe-
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Figure 7.2: Biomass measurements of Big Experiment (three replicates BR 1-3). Le column shows the mea-
surements on log-scale, right column shows measurements in absolute scale.
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Figure 7.3: Residuals of biomass regression (three replicates BR 1-3). Le column shows residuals on log-scale,
right column shows residuals in absolute scale. In the right column, one can see some indication of heteroscedas-
ticity. e residuals are computed based on a regression of the log-measurements.
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cific initial conditions ℓe capture the differences between the replicates. e actual basis functions
used for fitting ℓe(t) are depicted in Fig. 7.4. During phase one, from t = − to t = , the basis
functions are linear. In phase two, from t =  to t = ., we use cubic splines with natural bound-
ary conditions. e spline knots are non-uniformly spaced according to the planned measurement
time points of the Big Experiment (note that the actual measurements were not taken exactly at these
points). Close to the switching time t, the knot spacing it denser than towards the end of the exper-
iment. At the ith knot position, the ith basis function equals 1 and all other functions are 0. e
only exception is the very first knot at t = −, where all basis functions are zero. is is an arbitrary
normalization of the basis functions needed because of the replicate-specific initial conditions. Fail-
ing to normalize the basis functions would result in an additional degree of freedom rendering the
regression model unidentifiable. In total, we have p =  basis functions together with r =  initial
conditions, resulting in a total of 13 degrees of freedom.

is replicate-specificity makes the formulation of the regression problem slightly more compli-
cated. Concatenate the measurements ℓ , . . . , ℓr into one large measurement vector

y ≜
⎡⎢⎢⎢⎢⎢⎣

ℓ
⋮
ℓr

⎤⎥⎥⎥⎥⎥⎦
∈ R(r⋅n) .

e dimension r ⋅n of this vector stipulates that in all replicates the same number of nmeasurements
was taken. is is an idealization to keep the notation simple. In reality, we would need to intro-
duce replicate-specific numbers n i , i = , . . . , r and the dimensions of y would be ∑i n i and even
the measurement time points t i would need be represented per-replicate. It is straight-forward to
incorporate this in an actual implementation.

Next, we also need to assemble the “basis matrix” as

A ≜
⎡⎢⎢⎢⎢⎢⎣

B 1 ⋯ 
⋮ ⋮ ⋱ ⋮
B  ⋯ 1

⎤⎥⎥⎥⎥⎥⎦
∈ R(r⋅n)×(p+r)

which implies an augmented “parameter vector” with added initial conditions

x = (α , . . . , αp , ℓ , . . . , ℓ
r
)T ∈ Rp+r .

Finally, we need to adjust the dimension of the regularization matrix with zeros as

Ω ≜ [R 
 ] ∈ R

(p+r)×(p+r) .

e simultaneous regression estimate x̂ of the trajectory parameters and initial conditions is

x̂ = (ATA+ λΩ)−ATy.

Applying this procedure to the biomass measurements y of the Big Experiment yields the result plot-
ted in Fig. 7.5.
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Figure 7.4: e basis functions for fitting the biomass trajectories in the reactor. Le column shows the values
of the basis functions, the right column the derivatives. Phase one extends from t = − to t = . In this phase,
the basis is a linear function. In phase two, from t =  to t = ., we use cubic splines. e red bullets indicate
the location of the spline knots which are non-uniformly placed at the planned measurement time points of the
Big Experiment. Note that the ith basis function is 1 at knot i and 0 at all other knots. e regularity condition
at switching time t is that the function be continuous.
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Figure 7.5: Regression of biomass. Red crosses are measured data points used for fitting, red circles are mea-
surements classified as outliers. Blue solid line is regressed biomass trajectory, blue dashed lines denote (point
wise) confidence intervals.

As already hinted earlier, the actual biological quantity of interest is the growth rate µ(t). We
have

µ(t) = ℓ̇(t) =∑
i
α ib′i(t),

where b′i(t) is the time derivative of basis function i. As assumed, the growth rate is the same for
all replicates since the replicate-specific initial conditions ℓe drop out. e actual estimate µ̂(t) is
plotted in Fig. 7.6.

7.4 External Metabolite Regression

Estimation of external metabolite concentrations works basically analogous to biomass estimation.
ere is, however, one main complicating factor: the estimate depends intrinsically on the amount
of biomass in reactor. To accommodate for this we plug in the biomass estimate m̂(t) of the previ-
ous section. Taking into account the uncertainty associated with m̂(t) for the metabolite regression
would lead to an error-in-variables model that is beyond the scope of this study. e proposed ap-
proach is feasible because the uncertainty in m̂(t) is significantly smaller than the variation in the
concentration measurements.
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Figure 7.6: Regression of growth rate, derived from biomass fits. Note that there is only one (consensus) growth
rate for all three replicates of the Big Experiment.

Let c(t) denote the (true) concentration of an external metabolite in the reactor at time t. en,

ċ(t) = −v(t) ⋅m(t) + u(t),

where v(t) is the specific uptake rate and u(t) is the external input (needed since during the Big
Experiment there is input applied to the system for some substrates). e minus sign is chosen such
that substrate uptake leads to a positive rate v(t). e solution of c(t) can be directly written down

c(t) = c + ∫
t

t
−v(τ)m(τ) + u(τ)dτ.

Due to the experimental setup and the dependence onm(t), not only the concentration c(t) but also
the initial condition c is replicate dependent. Because of this, and the experiment-specific input
function u(t), the strategy of specifying a common basis for the concentration trajectories of all
replicates does not work, i.e. it is not possible to make a replicate-agnostic ansatz for c(t). However,
the uptake rate v(t) is again assumed to be the same for all replicates. us, in analogy to the growth
rate µ(t), we can make an ansatz for v(t) with the same regularity properties, i.e.

v(t) =∑
i
α ib′i(t).

For the concentrations c(t) we thus get

c(t) = ∫
t

t
(∑

i
α ib′i(τ))m(τ) + u(τ)dτ =∑

i
α i ∫

t

t
b′i(τ)m(τ)dτ + ∫

t

t
u(τ)dτ.
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7.4. External Metabolite Regression
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Figure 7.7: Regression of external metabolite concentrations. Red crosses are measured data points used for
fitting, red circles are measurements classified as outliers. Blue solid line is regressed concentration trajectory,
blue dashed lines denote (point wise) confidence intervals.

One can see that the regression is still linear in α, but the elements (i , j) of the basis matrix

∫
t i

t
b′j(τ)m(τ)dτ

are now replicate-specific and must be computed numerically. e input function u(t) is

u(t) =
⎧⎪⎪⎨⎪⎪⎩

w ⋅ δ(t − t) for the switching substrate
 otherwise,

where δ(⋅) is the Dirac function andw is a weight indicating the amount of substrate added at time
point t. Similar to the unknown initial condition c, the pulse weight w must also be assumed
unknown, thereby adding another degree of freedom in the regression problem.

Using this approach, the basis functions b i(t) from biomass regression can also be used for
metabolite regression. Indeed, we have the same requirements for the basis functions in both cases.
e uptake rates are also assumed to be constant during phase 1 (exponential growth on one sub-
strate) and the metabolite concentration trajectory is continuous at switching time t, except for
the substrate that is added. But this jump is due to the user input function u(t), and not the “au-
tonomous” part related to substrate uptake that is captured by the basis functions b i(t). Further-
more, there is no reason why we should choose different knot positions of the spline functions in
phase 2.

101
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−2 −1 0 1 2

time [h]

0

1

2

3

4

5

6

7

8

gl
c 

[m
m

ol
/g

/h
]

GM

−2 −1 0 1 2

time [h]

−10

−5

0

5

10

15

m
al

 [m
m

ol
/g

/h
]

GM

−2 −1 0 1 2

time [h]

−12

−10

−8

−6

−4

−2

0

2

4

py
r [

m
m

ol
/g

/h
]

GM

−2 −1 0 1 2

time [h]

−1

0

1

2

3

4

5

6

7

gl
c 

[m
m

ol
/g

/h
]

MG

−2 −1 0 1 2

time [h]

−10

0

10

20

30

40

50

m
al

 [m
m

ol
/g

/h
]

MG

−2 −1 0 1 2

time [h]

−12

−10

−8

−6

−4

−2

0

2

4

py
r [

m
m

ol
/g

/h
]

MG

Figure 7.8: Regression of uptake rates, derived from concentration fits. Note that there is only one (consensus)
uptake rate for all three replicates of the Big Experiment.
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7.5 Conclusions & Perspectives

Using penalized splines for solving the regression problems proved flexible enough to account for
some of the characteristics of the Big Experiment. In particular, the combination of parametric and
non-parametric estimation within the same framework is possible by appropriate choice of basis
functions and limiting the penalization to a subset of the time interval. Furthermore, the dependen-
cies of the exchange rate on the biomass content required numerical computation of the regression
coefficients.

Because of this non-standard use of penalized spline regression, a few open problems remain.
For one, the given confidence intervals are only approximate and it is open how one could combine
parametric estimates of uncertainty with more advanced methods from non-parametric regression
(such as those presented in [63]). A second open problem is how to account for the uncertainty in the
biomass estimates used for exchange rate regression. At the moment, this information is neglected
and current state of errors-in-variables theory is limited for advanced regression settings such as the
Big Experiment.

By looking at the regression results, the most striking observation is the different behavior of
the cell with respect to the added substrate. If malate is added to cells growing on glucose, malate
uptake rate jumps immediately up to its final level (Fig. 7.8, le column, middle row). In the reverse
case, however, when glucose is added to cells growing on malate, the uptake rate is only gradually
increasing, reaching its final level aer about 1.5 hours (Fig 7.8, right column, top row).

is is strong support for the hypothesis that B. subtilis employs different control strategies for
growth on these substrates. e machinery for malate, it seems, is maintained throughout, but its
glucose capabilities can be switched on and off based on external conditions (i.e. glucose availability).

Another interesting observation comes from the relation ofmalate and pyruvate. WhenB. subtilis
is growing on malate, a lot of the taken up substrate is excreted as pyruvate. In the MG shi exper-
iment one can see that the malate concentration goes to zero around time t = .h (Fig. 7.7, right
part, middle rows) and hence the uptake rate also drops to zero (Fig. 7.8, right column, middle row).
At that time, the accumulated external pyruvate starts to be used as substrate. e exchange rate
of pyruvate crosses zero at about the same time (Fig. 7.8, right column, lower row), indicating that
uptake of pyruvate is setting in.
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8

Single Strain Model

T  we seek to build and analyze in this chapter has to reproduce the growth curves and
the physiological substrate uptake rates of the Big Experiment as shown in Fig. 8.1. In particu-

lar, it should account for the findings of the previous regression analysis saying that it has different
strategies for adapting to glucose and malate. For glucose, it should have slowly increasing uptake
whereas malate uptake should be high from the start.

Furthermore, B. subtilis exhibits an effect of mutual uptake inhibition when it grows on both sub-
strates simultaneously. To understand this effect, consider the data in Tbl. 8.1. One can see that the
substrate uptake rates are smaller when both substrates are present than when only one substrate is
available. Note that this data was acquired from shake-flask experiments [38] and the measured val-
ues are not compatible with the Big Experiment data. It is only shown to demonstrate the effect. e
cause for this is not known precisely, but it is commonly believed that metabolic jamming between
glycolytic and gluconeogenic pathways is the reason. Clearly, the model should also take this effect
into account.

8.1 Building theModel

Wenow turn to themodeling ideas behind the parametric model. To explain the nutrient adaptation
between two different carbon/energy sources, the simplest conceivablemodelmust have at least three
states: one for the (generic) biomass in the reactor (x) and two for the nutrient subsystems (e, e)

Table 8.1: Growth rate and specific substrate uptake rates of B. subtilis in exponential phase. When growing on
both substrates simultaneously, all rates a inhibited compared to their steady-state values on a single substrate.
Data taken from [38].

condition growth rate Glc uptake Mal uptake

G . . 
M .  .

G & M . . .
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Figure 8.1: Measurement data of the “Big Experiment” relevant for the single strain model. Top row shows
the replicates of the G → M shi, bottom row shows the M → G replicates. Le column are the biomass
measurements in log-scale. Right column are the external substrate concentrations.

that enable the cell to grow on the respective substrates. e basic idea behind these subsystems is
that if a state e (where S ∈ {G ,M}) is “high”, the cell has the ability to take up and grow on substrate
S (if it is available, that is). If this state is “low”, however, the cell is missing this capability (even if
the substrate is present). A schematic picture of such a model is shown in Fig. 8.2. e units of the
state variables e and e are “absolute concentrations” in the reactor, not specific concentrations per
biomass.

As already mentioned in the previous paragraph, the model depends on the concentrations of
the external substrates. is introduces another two states x and x needed to describe the whole
system in the reactor. e complete system has therefore five states

(e , e , x , x , x).

In the remainder of this section, we will give a detailed description and analysis of the mathemat-
ical equations that govern the dynamics of these five states.
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G

M

x

e

e

Figure 8.2: Schematic of the cell model. e “generic” biomass in the reactor is given by the state x and the
substrate-specific subsystem concentrations are denoted e and e. e subsystems facilitate growth on the
respective substrates G and M (indicated by the labeled arrows).

Subsystem Cost

e two substrates glucose (G) and malate (M) serve as raw material for assembling biomass compo-
nents as well as an energy source for catalyzing the chemical reactions. us, in our model the cell
has to divide the energy/mass of the substrates on the generic biomass x, and the two subsystems
e, e.

Assume that the cell divides the substrate according to theweightsw,w andw on the biomass
production, and the two subsystems, respectively. en, the amount of substrate that is spent on the
production of the three systems is

BM ∶ w

w +w +w

G ∶ w

w +w +w

M ∶ w

w +w +w
.

We assume that the wild-type B. subtilis cell spends a constant amount of energy for biomass
production, i.e. w = const. However, the amount of energy it spends on the expression of its
subsystems is not constant over time but depends on external conditions such as substrate availability.
To account for this in the model, the cost factors w, w become functions of the external substrate
concentrations. We propose an ansatz like

w(x) = wmax
 λ(x)

w(x) = wmax
 λ(x),
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high induction

low induction

log x
λ(
x
)

Figure 8.3: Shape of λ(⋅) function.

where we introduce a “modulation function”

λ ∶ R≥ → [, ]

that determines howmuch of themaximal possible resources is spent on the subsystem S, depending
on the external substrate concentration x. As ansatz for this function, we choose

λ(x) = aλ + ( − a

λ)

x
Kλ + x

.

If the external substrate concentration x is low (i.e. x ≪ Kλ) the expression of the subsystem is close
to the baseline expression aλ . If the concentration is high (i.e. x ≫ Kλ), the value of the modulation
function is close to 1, which means that the cell fully expresses the subsystem. Cross-over between
these two extremes happens around Kλ (see Fig. 8.3).

With the parameter aλ it is possible to describe different control strategies of the cell with respect
to subsystem expression. If aλ ≪ , we say that the cell regulates the subsystem, since the value of λ
clearly depends on the concentration x. On the other hand, if aλ ≈ , the value of λ depends only
slightly on the concentration x and we say that the cell expresses the subsystem constitutively. Note
that the parameter aλ must lie in the interval [, ] so that the function λ takes values in [, ] as
required.

With this ansatz for the subsystem weight we get

BM ∶ w

w +wmax
 λ(x) +wmax

 λ(x)

G ∶ wmax
 λ(x)

w +wmax
 λ(x) +wmax

 λ(x)

M ∶ wmax
 λ(x)

w +wmax
 λ(x) +wmax

 λ(x)
.
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e scaling of the weights w, wmax
 , wmax

 is arbitrary, i.e. choosing weights c ⋅ w, c ⋅ wmax
 ,

c ⋅wmax
 yields the same division of resources to subsystems. is is a degree of freedom that we can

use to our advantage. A particularly useful scaling is to choose c = /w which effectively measures
all quantities in units of “generic biomass”. For the subsystem weights we get

wmax
 /w ≜ ρmax



wmax
 /w ≜ ρmax

 .

We call the factors ρmax
 , ρmax

 the (maximum) costs of the two subsystems, since they measure how
much energy is spent on the subsystems in relation to the biomass of the cell.

For simplicity, we assume throughout the remainder of this report that the maximum costs for
the subsystems are equal, i.e.

ρmax
 = ρmax

 ≜ ρ.

For the expressions that determine how the resources are spent on the three systems, we finally
get

BM ∶ 
 + ρλ(x) + ρλ(x)

G ∶ ρλ(x)
 + ρλ(x) + ρλ(x)

M ∶ ρλ(x)
 + ρλ(x) + ρλ(x)

.

Specific Uptake Rates

To derive an expression for the specific uptake rates v of the cell, we have to make certain assump-
tions. For the lack ofmore detailed knowledge, wemake a simpleMichaelis-Menten ansatz assuming
that substrate uptake is similar to an enzyme-catalyzed reaction

v = k ē
x

Kv + x
,

where k is a rate constant, ē ≜ e/x is the specific concentration of the subsystem S (in analogy
to an enzyme) and the last term describes the binding of the substrate molecules to the transport
proteins.

Since we also want to include the effect of mutual inhibition when both substrates are present,
we include an inhibition factor

γ ∶ R≥ → [, ]

that represents the strength of the uptake rate “damping” and depends on the alternate substrate
concentration ē (we use the superscript T to denote the alternate of substrate S, e.g. if S = G then
T = M and vice versa). e formulas for the substrate uptake reaction rates thus become

v = k ēγ(ē)
x

Kv + x
.
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e mechanism that causes this inhibition is not known. For this analysis, we assumed an al-
losteric effect on the protein levels. is means that the concentration of the internal subsystems ē
affects the functionality of the other enzymes ē, lowering the flux v. Note that this mechanism has
no direct effect on the expression of the subsystem ē.

Another open problem is the choice for an ansatz of γ. It is not possible to derive the shape of γ
from first principles. ere are, however, two properties that any such function should have. First,
if the uptake flux of the other substrate, v, is zero, γ(e) should be 1, i.e. there is no inhibition
of the flux v. Second, the function should be monotonically decreasing. A simple possible choice
satisfying these properties is a linear function

γ(e) = ( − aγ)( −
ē

ēmax
) + aγ

where aγ ∈ [, ] is a parameter that determines the maximum possible inhibition. e quantity
ēmax is a property of the system independent of the choice of γ(⋅) and also of the subsystem S (cf.
subsection on subsystem concentrations in § 8.1 for how it is calculated).

Subsystem Yields

e previous sections discussed the distribution of the resources available to the cell on the three
biomass components BM, G, and M. Here, we describe the efficiency of conversion (yields), i.e. how
much biomass the cell can get in return of the invested resources.

We denote the biomass yields for glucose and malate as η and η, respectively. In general, the
yields of the three biomass components could be different whichwould result in three different values
for η and η each. To simplify model analysis (and to facilitate parameter identification later on),
we make two assumptions. First, we assume that the yields for the G and M subsystems are equal
(analogous to the assumption that the cost parameter ρ is the same). Second, we assume that the
yield ratios between glucose and malate are equal, i.e.

η
η
= η
η

where the superscript E denotes the yields for the enzyme subsystems. Equivalently, we can also
write

η
η
= η
η
≜ c .

At this point, we thus introduce three parameters η, η, and c to describe all yields of the system.

110



8.1. Building the Model

System Equations

For completeness, we state the full system of ODEs for the five states of the single strain model.

ẋ = η


 + ρλ(x) + ρλ(x)
vx + η


 + ρλ(x) + ρλ(x)

vx − dx (8.1a)

ė = cη
ρλ(x)

 + ρλ(x) + ρλ(x)
vx + cη

ρλ(x)
 + ρλ(x) + ρλ(x)

vx − de (8.1b)

ė = cη
ρλ(x)

 + ρλ(x) + ρλ(x)
vx + cη

ρλ(x)
 + ρλ(x) + ρλ(x)

vx − de (8.1c)

ẋ = −vx (8.1d)
ẋ = −vx (8.1e)

e first three equations (8.1a)-(8.1c) describe the growth of biomass and the subsystems. e
first terms give the growth for glucose and the second terms give the growth for malate. Note that we
have added a generic degradation term d to these biomass components. is is mainly for the later
use of the model to study evolutionary aspects of adaptation strategies to nutrient shis.

e last two equations (8.1d)-(8.1e) denote the dynamics of the external substrate concentrations.

Specific Subsystem Concentration

e biologically relevant quantity is not the subsystem concentration e directly, but the specific sub-
system concentration ē = e/x. For example, the specific uptake rates v are proportional to ē.
e differential equation for ē is

˙̄e = ėx − e ẋ

(x)
.

To understand the asymptotic behavior of ē, it is instructive to look at this quantity under spe-
cific physiological conditions. Consider, for example, exponential growth on only one substrate S.
is condition means basically that x ≫ Kv ,Kλ and x = . We can thus make the following simpli-
fications for the λ-functions

λ(x) ≈  λ(x) = aSλ
and for the specific uptake rates

v ≈ k ē v = .

en, we get for ē

˙̄e = cη
ρ

 + ρ
k (ē)

 − η


 + ρ
k ē

which has an analytic solution

ē(t) = cρ

 + C exp (−cη ρ
+ρ kt)
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8. Single Strain Model

where the constant C depends on the initial conditions. From the above equation, it can be seen that
the maximal specific concentration ēmax of the two subsystems is subsystem independent and given
by

ēmax = cρ.

Using this scaling, we can rewrite the equations of the specific uptake rates v as

v = vmax
ē

cρ
γ(ē) x

Kv + x

where we have replaced the original rate constant k with the expression vmax/cρ. e parameter
vmax has an immediate interpretation as themaximal possible uptake rate of substrate S that is nearly
attained under the conditions above (exponential growth on single substrate).

8.2 Identifiability Analysis

Now that we have described the mathematical structure of the model, the next step is to identify its
parameters. We will first give a theoretical identifiability analysis of the model based on results of
observability of nonlinear systems [35]. Aer that, we will explain how to solve the actual parameter
estimation problem.

Observability

For discussing observability of nonlinear systems, consider the following general autonomousmodel
(i.e. a model with no inputs):

Σ ∶ ẋ = f (x)
y = h(x)

where x is the state variable and y are the output variables. e functions f ∶ Rn → Rn and h ∶ Rn →
Rm are assumed to be smooth.

Two initial conditions x′ and x′′ are called indistinguishable over a time interval [t , t] if their
system output is equal, i.e. if

y(x′ , t) ≡ y(x′′ , t) ∀t ∈ [t , t].

e set of initial conditions indistinguishable from x is denoted I(x).
Using this concept of indistinguishability, we are able to state the first two of the four commonly

used definitions of observability [35].

1. Observable. A system is observable at the point x if I(x) = {x}. It is observable if I(x) =
{x} ∀x ∈ Rn .

2. Weakly observable. A system isweakly observable at x if there exists a neighborhoodU around
x with I(x) ∩U = {x}. It is weakly observable if I(x) ∩U = {x} for every x ∈ Rn .
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Note that the “weak” version of observability can only discriminate a point x from its neighbors,
but not from points far away. Both concepts are global in the sense that it might be necessary to go
far away form x or to wait a long time until discrimination is possible.

It is oen convenient to have a stronger, “localized” notion of observability. To state this, we
first need a stricter definition of indistinguishability. Two initial conditions x′ and x′′ in an open set
U ⊂ Rn are U-indistinguishable over the time interval [t , t] if ∀t ∈ [t , t]

x(x′ , t) ∈ U
x(x′′ , t) ∈ U
y(x′ , t) ≡ y(x′′ , t).

e set of initial conditions U-indistinguishable from x is denoted as IU(x).
We are now in the position to state the “localized” versions of observability.

3. Local observability. A system is locally observable at the point x if for every neighborhoodU of
x it holds that IU(x) = {x}. It is locally observable if it is locally observable at every x ∈ Rn .

4. Local weak observability. A system is locally weakly observable at x if there exist a neighbor-
hoodU of x such that for every neighborhood V ⊂ U it holds that IV(x) = {x}. It is locally
weakly observable if it is so at every x ∈ Rn .

For the last definition of observability (local weak observability), there exists a well-known, suf-
ficient condition called the observability rank condition (O.R.C) [35, eorem 3.1]. Let the observ-
ability distribution σ be the smallest algebra over C∞(R) containing the output functions h i (i =
, . . . ,m) that is closed under Lie-differentiation along f . Let further denote

Ωσ = span{dλ∣λ ∈ σ}

the associated observability co-distribution of the system Σ. en, Σ satisfies the O.R.C at x if

rank Ωσ(x) = n.

e reverse is “almost” true in the following sense [35, eorem 3.11]. If the system Σ is locally
weakly identifiable then the O.R.C holds generically (i.e. for almost all x ∈ Rn). is is a useful
theorem for practically checking whether a given system is locally weakly observable or not.

Observability theory can be used for identifiability as follows. Consider a family of nonlinear,
autonomous systems, parameterized by a vector θ ∈ Rp :

Σθ ∶ ẋ = fθ(x)
y = hθ(x).

By augmenting the state vector x with the parameters θ as constant states in a vector ξ = (θ , x) ∈
Rp+n , we get an augmented system

ΣA ∶ ξ̇ = fA(ξ)
y = hA(ξ).

If the O.R.C is satisfied generically for the augmented system ΣA, the parameters and the initial
conditions are distinguishable simultaneously.
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8. Single Strain Model

Observability of the Single Strain Model

To fit the single strain model into the framework described above, we collect the states into a vector

x = (e , e , x , x , x)T ∈ R

and analogously for the parameters

θ = (η , η , c , ρ, d , k , k , aλ , a

λ , a


γ , a


γ ,Kλ ,Kv)T ∈ R .

us, the augmented single strain model has a state vector ξ ∈ R (i.e. n = ).
Checking observability of the augmented system completely symbolically is not possible. How-

ever, it is possible to compute all Lie-derivatives

Lk
f h i(x) i = , . . . ,m

up to order k =  as well as their partial derivatives symbolically (using a computer algebra system)
to construct a test matrix of size × . Aer that, the rank computation must be done numerically
for a randomly chosen x. It turns out that

rank ΩA
σ (x) = n − ,

i.e. the O.R.C is not satisfied (generically). It is thus instructive to compute (numerically) a nullspace
vector of the test matrix and inspect the pattern of the non-zeros. As it turns out, the orthogonal
complement (ΩA

σ )⊥ contains an algebraic relation between c, e and e. is is directly related to
the choice of units in which the subsystem states are represented. Since these subsystem states cannot
be measured, the choice of units is arbitrary and should not affect the overall system behavior. is
is exactly why the system is not locally observable.

To remedy this problem, we have to fix the units of the subsystems. A particularly convenient
choice would be if ēmax, the maximum specific concentration of the subsystems, would be one. As
was shown in § 8.1 (in the subsection about specific subsystem concentrations), this can be achieved
by

c ≡

ρ
. (8.2)

Using this scaling, the model equations simplify considerably. Note that this is not a constraint in
the sense that the model becomes more “rigid”. It simply fixes the (arbitrary) units of the subsystems.

8.3 Parameter Identification

is section describes the regression problem that we have built around the single strain model (8.1)
for estimating its parameters and initial conditions as well as the methods used to solve it.

e experimental setting for acquiring the data was as follows: there were two nutrient shi
experiments (G → M and M → G), each with three biological replicates (BR 1-3), see Fig. 8.1. We
will therefore use two indices s (shi index) and r (replicate index) to denote the time series data
measured during an experiment.
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8.3. Parameter Identification

As in the previous section, we collect the five system states in state vector

x = (e , e , x , x , x)T .

However, the parameter vector also has to include those initial conditions that weremeasured, which
makes it experiment dependent. Assume that the system is initially growing on substrate S and at
switching time t substrate T is added. In this case, the uncertain initial conditions are x , x, and
w (pulse weight of added substrate). e initial value x, of substrate T is zero and the “internal
states” e , e are at their maximum and minimum value, since the system is initially evolving under
single-substrate conditions. erefore, the parameter vector for describing shi experiment S → T
is denoted

θ̃ = (η , η , c , ρ, d , k , k , . . . , x , x, ,w)T ∈ R .

We abbreviate the system (8.1) as

ẋ = f (x , θ̃) (8.3a)
y = h(x), (8.3b)

where the system outputs y = (y , y , y)T correspond to the measured data: y ≡ x (biomass),
y ≡ x (external glucose concentration) and y ≡ x (external malate concentration).

Since the Big Experiment data set consists of two shi types and three replicates, the complete
parameter vector θ to be estimated has 31 dimensions (13 system parameters, 6 initial biomass con-
centrations, 6 initial substrate concentrations and 6 pulse weights).

Objective Function

e objective function of the regression problem is the residual sum-of-squares between the model
trajectory and the measurement points. e first problem is that the measured quantities have dif-
ferent physical units (biomass concentration in [g/l], metabolite concentrations in [mmol/l]). As
we want to combine all measurements in one objective function, we need to get comparable values.
To achieve this, we scale the residuals by their standard deviation. Assuming normally distributed
errors, this leads to dimensionless, standard normal random numbers. Since we have three system
outputs, we assume that the errors come from three measurement processes with different variance
(σ 

, σ 
 , σ 

). For the biomass measurements, as discussed in Chapter 7 (and shown in Figs. 7.2
and 7.3), we can find heteroscedasticity in the residuals. We thus use the logarithm of the biomass
measurements and the scaling σ 

 is applied to the log-values.
We define the residuals including the scalings as

rs ,r , i ≜
log ys ,r , i − log ys ,r (t i , θ)

σ

rs ,r , i ≜
ys ,r , i − ys ,r(t i , θ)

σ

rs ,r , i ≜
ys ,r , i − ys ,r(t i , θ)

σ

115



8. Single Strain Model

such that the objective function becomes

min
θ

fobj(θ) ≜

∑s
∑
r
∑
i
(rs ,r , i)

 + (rs ,r , i)
 + (rs ,r , i)


. (8.4)

Gradient Computation

To solve the optimization problem efficiently, it is necessary to compute the gradient∇ fobj(θ) of the
objective function. In our case, this leads to computing the derivatives of state trajectories defined
by the ODE system (8.3). is can be achieved numerically by employing specialized ODE solvers
that can compute ODE sensitivities, such as  [11].

e problem for computing the gradient of the objective function is that it is defined for the
optimization vector θ, but the ODE system (8.3) is defined in terms of a different parameter vector
θ̃. We assume that there exists a differentiable function a ∶ θ ↦ θ̃ that maps θ to θ̃. Since θ̃ also
contains some initial conditions, this function is parametrized by the shi index s and the replicate
index r, i.e. we have

θ̃ = as ,r(θ).

To get the gradient of fobj(θ), we clearly need the ODE sensitivities ∂x/∂θ. Since the ODEs are
defined in terms of their “system parameters” θ̃, a solver returns the solution to

ẋ = f (x , θ̃)
x() = x(θ̃)

with the associated sensitivities

d
dt

S̃ = ∂ f
∂x

S̃ + ∂ f
∂θ̃

S̃() = ∂x
∂θ̃

.

To come back to the desired sensitivities, we can apply the chain rule for which we need the Jacobian
of the parameter map ∂a/∂θ. e solution x(t) in terms of the parameter vector θ is

x(t, a(θ)) = x(a(θ)) + ∫
t


f (x(s, a(θ)), a(θ)) ds.

e sensitivities with respect to the parameters θ are thus

∂x(t, a(θ))
∂θ

= ∂x(a(θ))
∂θ

+ ∫
t



∂ f
∂x

∂x(s, a(θ))
∂θ

+ ∂x
∂θ

ds.

Applying the chain rule yields

∂x(t, θ̃)
∂θ̃

∂a
∂θ
= ∂x(θ̃)

∂θ
∂a
∂θ
+ ∫

t



∂ f
∂x

∂x(s, θ̃)
∂θ̃

∂a
∂θ
+ ∂x
∂θ̃

∂a
∂θ

ds.
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8.3. Parameter Identification

We thus see that the sensitivities S can be computed from S̃ as

S = ∂x
∂θ
= S̃ ∂a

∂θ
.

We finally arrive at the following expression of the gradient

∇ fobj(θ) = −∑
s
∑
r
∑
i

r
σ


ys ,r
[
∂ys ,r
∂θ
]
T

+ r
σ
[
∂ys ,r
∂θ
]
T

+ r
σ
[
∂ys ,r
∂θ
]
T

(8.5)

where the sensitivities can be computed as

∂ys ,r
∂θ
=
∂ys ,r
∂x

∂xs ,r
∂θ̃

∂as ,r
∂θ

∂ys ,r
∂θ
=
∂ys ,r
∂x

∂xs ,r
∂θ̃

∂as ,r
∂θ

∂ys ,r
∂θ
=
∂ys ,r
∂x

∂xs ,r
∂θ̃

∂as ,r
∂θ

.

We transpose the sensitivities in (8.5) since we interpret the expressions ∂ys ,r /∂x, ∂ys ,r/∂x, and
∂ys ,r/∂x as row vectors, selecting effectively the respective rows of the sensitivity matrix S̃ that is
returned by the ODE solver. Transposing makes the gradient a column vector, which is the common
convention.

Estimating Parameter Uncertainty

Once problem (8.4) is solved, we have to assess the “quality” of its minimizer θ̂. is is usually
done by specifying confidence intervals in which the true parameter value is to be found with high
probability.

It is generally only possible to give exact confidence intervals for linear problems. Since we are
dealing with a highly nonlinear problem, we have to accept approximate intervals. ere are several
approaches available for deriving approximations of confidence intervals. To simplify exposition,
collect all residuals rs ,r , i , r


s ,r , i , and rs ,r , i in one large vector r ∈ Rn and rewrite objective (8.4) as

fobj(θ) =


rTr.

We assume further that the scalings σ, σ, and σ are chosen such that the variance estimate at the
optimal θ̂ is equal to one, i.e.

rT(θ̂)r(θ̂)
n − p

= . (8.6)

e problem here is that the residual scalings σ̂i cannot be chosen independently from θ̂ to make
the above equation hold. is means that we would need to solve the problem for σ̂i and θ̂ simulta-
neously. A simpler alternative is to fix some σ̂i , then solve for θ̂. Once we have a value for θ̂, we can
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8. Single Strain Model

adjust the σ̂i such that Eq. (8.6) holds. en, we can iterate by computing a new θ̂. In practice, this
works very well, and we find that 2-3 iterations suffice to satisfy Eq. (8.6) “well enough” (i.e. such
that the σ̂i before and aer reoptimization differ by less than 2%).

When Eq. (8.6) holds, the two most widely used approximations for the parameter covariance
can be written as

V̂ ≜ ((∇r(θ̂))
T
(∇r(θ̂)))

−

V̂ ≜


(∇ fobj(θ̂))

−
.

e former estimate V̂ is based on applying linear least-squares directly to a first-order approxima-
tion of the objective function around θ̂. e latter approximation V̂ can be derived from maximum-
likelihood considerations [16]. Both estimates are identical if the underlying model is linear.

Sincewe already knowhow to compute the gradients of the residual, using the first approximation
V̂ is more convenient. For V̂, we would need to derive second order information, which is much
more involved algorithmically as well as numerically. Also, in [16], the authors claim that

“among the variants of the linearization method, the one using V̂ is the best choice
because it is the cheapest, and for each dataset tested it gives results that are never con-
siderably worse and are sometimes considerably better than the other variants.”

Using the covariance estimate V̂, it is possible to specify approximate confidence intervals for
the parameters θ i of the form

P [∣θ i − θ̂ i ∣ ≤ zδ
√
(V̂)i i] =  − δ

where δ is the desired confidence level. e value zδ is the critical value t(n − p,  − δ/) from a
Student’s t-distribution with n−p degrees of freedom (see Appendix A for amore detailed derivation
in the linear case).

Issues & Discussion

Solving the regression problem numerically turned out to be difficult. We experimented with differ-
ent non-linear solvers (fminunc and fmincon from the Matlab optimization toolbox [40] and K-
 [9]). e ODE sensitivities were always computed using .

An obvious problem is the unidentifiability of the system (cf. § 8.2). is implies that the Hessian
∇ fobj(θ) is singular at a local optimum making it more difficult for solvers to converge. Using the
scaling (8.2) for the parameter c, the system becomes locally identifiable and the objective function
of the resulting regression problem should thus have unique (local) minima.

However, evenwith this improvement, the systemparameterswere difficult to identify practically.
erefore, we assigned to parts of the parameters fixed values shown in Tbl. 8.2. is reduces the
dimension of the optimization parameter to 22 (4 system parameters, 18 initial conditions).
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8.3. Parameter Identification

Table 8.2: Fixed system parameters.

parameter value parameter value

η/η 5 aγ 0.1
c /ρ aγ 0.1
d 0.1 Kλ 0.1
aλ 0.1 Kv 0.1
aλ 0.8

Table 8.3: Estimated system parameters. Note that the ratio η/η was held fixed during the optimization. e
confidence interval is with respect to a confidence level of 5%.

parameter value confidence interval

η 0.1285 ± 0.0203
η 0.0257 ± 0.0041
ρ 0.0611 ± 0.0977
k 6.3103 ± 0.2102
k 38.9689 ± 1.2336

We give the following justification for fixing these system parameters to the proposed values.
Fixing c goes without loss of generality, as shown in § 8.2. We approximated the ratio of η/η as
well as the values of aλ , a


λ , a


γ and aγ from uptake measurements of independent steady-state batch

culture experiments [38] (see also Tbl. 8.1). edissociation constantsKλ andKv were fixed to values
small enough such that high external glucose andmalate concentrations drive the kinetic expressions
into saturation. e exact value of these parameters has basically no influence on the regression
estimates of the system trajectory. From the Big Experiment data, the ratio between the maximum
uptake speeds k, k and the degradation rate d is practically not identifiable. We therefore fixed d
to an arbitrary value of ..

In Fig. 8.4, we show the system trajectories of a simulation using the parameter values of Tbls. 8.2
and 8.3 for reproducing the measurement data of the Big Experiment. e model is able to explain
the data relatively well, except for the biomass trajectory in the M → G shi aer around 1.5h from
addition of the second substrate. ere, the simulation predicts a slowdown in growth whereas the
measured data does not indicate such an effect. e likely reason for this is the depletion of malate in
the reactor. In the experimental data, one can see at the same time beginning uptake of pyruvate (cf.
Figs. 7.7 and 7.8), acting as a replacement of malate for keeping the growth rate at a constant level.
Since this effect is not modeled in the simulated system, the observed discrepancy occurs.
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Figure 8.4: Simulated model trajectories for reproducing the measured data.
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9

Evolutionary Analysis

T   from the data analysis of the Big Experiment so far are: B. subtilis is pre-
pared for malate substrate where we can observe immediate uptake upon addition, but not for

glucose where we see a gradual increase in uptake speed over time. We attribute this difference to
two distinct control strategies of its subsystems. A natural question to ask is whether this difference
is just a whim of nature or whether there is a deeper biological reason for this.

e goal of this section is to derivemodel based support for the hypothesis that the observed con-
trol strategy is advantageous in an evolutionary context. To test this, we need to define alternative
strategies to be compared with the wild-type strategy. As described in the discussion of the single
strain model, the subsystem control strategies are directly related to the parameters aλ in the λ(⋅)
functions. Since we have two subsystems (glucose and malate) and two control strategies (constitu-
tive expression and regulated expression), a natural way to create alternative strategies is to assign
the control strategies to subsystems in different combinations. is leads to four in silico strains in
total, shown in Tbl. 9.1.

Using these strains, we can test their fitness by letting them compete for limited nutrient re-
sources. To keep the evaluation tractable, we will only look at two strains competing directly. To
this end, we need to be able to simulate two strains growing in a bioreactor at the same time, which
will be the topic of the following subsection. en, we need to define a simulation scenario that al-
lows us to evaluate the strain fitness. Finally, we will need to aggregate the results of the pairwise
comparisons to an analysis encompassing all four strains.

Table 9.1: Four in silico strains of B. subtilis with alternate strategies for substrate uptake. Note that strain 2
corresponds to the wild-type strategy.

subsystem strain 1 strain 2 strain 3 strain 4

Glc regulated regulated constitutive constitutive
Mal regulated constitutive regulated constitutive
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9. Evolutionary Analysis

G

M
x1 x2

Figure 9.1: Conceptual setting for simulating strain fitness. Two different strains (x , x ) are competing for
the available substrate (G, M).

9.1 Double Strain Model

We want to derive the system equations for two strains growing in a bioreactor simultaneously.
Each strain will be characterized by three states; the two subsystems for growth competence and the
biomass. To differentiate between the two stains in the reactor, we introduce indices i , j ∈ {, , , }.
erefore, the state vector of the double strain model has eight states

(ei , ei , xi , ej , e

j , x


j , x , x)T .

We assume that the strains grow independently from each other, i.e. there is no direct interaction
between the quantities (ei , ei , xi ) and (ej , ej , xj ) for any i ≠ j. Of course, the available substrate
(x, x) is used by both strains.

For completeness, we give the full set of equations for two strains i, j. Note that we have included
the scaling ρ = /c which simplifies the equations a bit.

ẋi = η


 + ρλ(x) + ρλ(x)
vi x


i + η


 + ρλ(x) + ρλ(x)

vi x

i − dxi (9.1a)

ėi = η
λ(x)

 + ρλ(x) + ρλ(x)
vi x


i + η

λ(x)
 + ρλ(x) + ρλ(x)

vi x

i − dei (9.1b)

ėi = η
λ(x)

 + ρλ(x) + ρλ(x)
vi x


i + η

λ(x)
 + ρλ(x) + ρλ(x)

vi x

i − dei (9.1c)

ẋj = η


 + ρλ(x) + ρλ(x)
vj x


j + η


 + ρλ(x) + ρλ(x)

vj x

j − dxj (9.1d)

ėj = η
λ(x)

 + ρλ(x) + ρλ(x)
vj x


j + η

λ(x)
 + ρλ(x) + ρλ(x)

vj x

j − dej (9.1e)

ėj = η
λ(x)

 + ρλ(x) + ρλ(x)
vj x


j + η

λ(x)
 + ρλ(x) + ρλ(x)

vj x

j − dej (9.1f)

ẋ = −vi xi − vj xj (9.1g)

ẋ = −vi xi − vj xj (9.1h)
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9.2. Testing Strain Fitness

9.2 Testing Strain Fitness

For designing an “experimental” setup to test the strains’ fitness, we need to consider that the main
difference between strains is their uptake strategy. e goal is to find a setup that exhibits these
differences. is is possible by making the strains switch between the two substrates, analogous to
the Big Experiment. erefore, we need to make sure that there are periods during the simulation
when substrate is available, and periods with no substrate.

Furthermore, we want to test strain fitness in an evolutionary setting. is means that we need
repeated switches between substrates, akin to repeated games in a game theoretic sense. It is then
possible to study the behavior of the system in the long run: will there emerge certain patterns such
as cooperation, limit cycles, extinction of one (or possibly both!) strains?

A solution to all these considerations is to simulate the system under periodic pulses of substrate
where the kind of substrate is chosen randomly (the probability of choosing one or the other substrate
is a simulation parameter). In this setting, there are periods of substrate availability (shortly aer a
substrate pulse) and substrate scarcity (shortly before the next pulse). e cells will have to adjust
to the added substrate repeatedly whenever the newly added substrate is different from the previous
pulse.

Figure 9.2 displays an example trajectory of the system simulated under these conditions. In this
example, the pulse period is three hours and substrate probabilities are equal between glucose and
malate. e pulse weights of glucose and malate are chosen inversely proportional to the yields such
that the same amount of biomass results from each pulse (modulo the resources spent on the subsys-
tems). One can see that the amount of biomass in the reactor grows to a value where all substrate is
used quickly and most of the time, the cells are starved (this is a general observation, not just valid
for this example).

9.3 Strain Dominance

Since we are interested in testing the different strains’ fitness, a natural question to ask is: when is a
particular strain fitter than all other three strains? We call this situation strain dominance.

To answer this question, we conducted a systematic study of all 6 pair-combinations of the 4
strains. For each combination, we simulated their behavior under different conditions. In particular,
we were interested in the influence of three parameters: the subsystem cost ρ for maintaining the
competence of growing on a substrate (because the control strategies of these subsystems are the
main distinguishing features of the strains), the probability for choosing a substrate when adding
a pulse, and the pulse period itself. We divided the parameter space in a grid of 11 points for the
cost factor ρ (from factor 1/100 to 100 of estimated (“true”) cost ρ), 11 points for the substrate
probability (from 0% chance of adding malate to 100%) and 3 points for the pulse period (1, 3 and 6
hours). Doing this for all 6 pairs of strains results in a total of 2178 different configurations. Because
of the randomized substrate selection, we have to run multiple simulations for each configuration to
make conclusions of the “expected” behavior. To keep the computational workload manageable, we
repeated each configuration 30 times.
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Figure 9.2: Example trajectory of strains 1 and 2 growing. Upper panel shows biomass, middle panel specific
subsystem “concentration”, lower panel external substrate concentration. Pulse period is 3h, substrate probabil-
ity is equal between glucose and malate. Total simulated time is 400 hours.
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Figure 9.3: Plots showing strain dominance across the examined parameter region. Colored areas denote re-
gions with single strain dominance (small gray areas mean no dominance). Dashed lines are demarcation lines
between strain pairs.

e evaluation consisted of averaging the biomass contents of the reactor over the last 200h of a
1000h simulation and then taking the mean over all 30 repetitions. Because of the oscillating behav-
ior of the system caused by the periodic excitations of the substrate pulses, taking just the biomass
contents aer 1000 hours would increase the variance of the result.

To decide about strain dominance, we looked at the ratio xi /xj of the averaged biomass con-
tents. If the ratio is larger than 1, we say that strain i dominates strain j; if the ratio is smaller than 1,
we say that strain j dominates strain i.

e results are shown in Fig. 9.3. e colored areas of the plot denote the regions with strain
dominance, i.e. where one strain performs consistently better than the other three (the small gray
areas denote areas with no dominance). e boundaries of the colored regions are defined by the
lines xi /xj = . e color pattern of the dashed lines indicate which strains are involved. Note
that these lines are approximate in two ways. First, they are random because they are based on the
average of 30 random simulations and second, they are bilinearly interpolated from the grid points
where the fitness function was actually evaluated.

A curious phenomenon happens for subsystem costs ρ/ρ ≳ . In this case, the denominator
in Eqs. (9.1a)-(9.1f) becomes so large that the resources spent on generic biomass cannot account
for the degeneration rate d. is means that xi , xj →  as t → ∞ implying that both strains
get extinct. We call a cost causing this effect lethal cost. Because of that, in regions of Fig. 9.3 with
ρ/ρ ≳  the system behavior is qualitatively different than what the colors might imply and must
be interpreted with care. In particular, these regions are not biologically meaningful.

9.4 Conclusions

e first and most obvious conclusion of this analysis is probably that the success of the switch-
ing strategy depends mostly on the ratio of glucose/malate probability. e other parameters pulse
period and subsystem cost are not (period) or much less (cost) influential on strain dominance.
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9. Evolutionary Analysis

Only a significant increase in subsystem cost can affect strategy 4 (both subsystems constitutively
expressed).

A more interesting observation is that in most regions, one strategy dominates the other three.
is is a surprising result as it could have been that there are large indeterminate areas with no domi-
nance. is is a strong hint that only one strain is possible in nature, if the ecosystem of the bacterium
is not changing. Of course, this is not a mathematically rigorous claim; but then, it is difficult to see
how one could arrive at this without a large computational study.

e most reassuring observation is that the wild-type strategy dominates in regions that are sim-
ilar to B. subtilis’ natural habitat. is is a clear indication of consistency of evidence gathered in the
Big Experiment.
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A

Linear Regression

I  , we derive many probability theoretic properties of regression problems when
the problems are linear and the nuisance variables are i. i. d. normally distributed. In this case, the

results are exact. Most of the results presented here are used in the main text.
Assume the following “true” linear process

ȳ(t) =∑
k
αkbk(t)

with known basis functions bk(t) but unknown parameters αk , k = , . . . , p and n noisy measure-
ments

y i = ȳ(t i) + σε i =∑
k
αkbk(t i) + σε i i = , . . . , n.

We assume that the noise variables ε i are i. i. d. N (, ) distributed. Using matrix notation, we can
collect the measurements in a vector y = (y , . . . , yn)T, the parameters in α = (α , . . . , αp)T and
the error terms in ε = (ε , . . . , εn)T ∼ N (, In), which have a multivariate normal distribution with
covariance matrix In (the n-dimensional identity matrix). Define further the basis matrix B ∈ Rn×p

with elements
(B)i j = b j(t i).

is lets us rewrite the above equation as

y = Bα + σε.

We assume that the system is identifiable, i.e. that rank B = p.
e standard least-squares estimate for the parameters α is

α̂ = (BTB)−BTy.

e estimate α̂ is a random variable that has a normal distribution. In particular, we have

α − α̂ ∼ N (, σ (BTB)−).

e estimated value ŷ(t) of the function at arbitrary time t is therefore given as

ŷ(t) = bT(t)α̂.
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A. Linear Regression

If we define the hat matrix H as
H = B(BTB)−BT

we can write the function estimates ŷ = ( ŷ(t), . . . , ŷ(tn))T at the measurement time points t i as

ŷ = Hy.

e hat matrix is an orthogonal projection from Rn to the p-dimensional subspace spanned by the
range of B. Since the parameter vector α̂ is a normal random variable, so is the prediction ŷ(t). We
have

ȳ(t) − ŷ(t) ∼N (, σ bT(t)(BTB)−b(t))

At the measurement time points t i , we get

ȳ(t i) − ŷ(t i) ∼ N (, σ h i i),

where h i i is the ith diagonal element of the hat matrix H. e residual vector r is defined as the
difference between the measurements and the predicted values, i.e.

r = y − ŷ

which can be written using the hat matrix as

r = (I −H)y.

Since H is a projection matrix, I −H is also a projection into the orthogonal complement of range of
B, which is an n − p dimensional subspace. e residual vector r is thus also a random variable with
distribution

r ∼ N (, σ (I −H)) .

Note that even though r is an n-dimensional vector, the covariance matrix (I − H) only has rank
n − p. Since the vectors ŷ and r lie in orthogonal subspaces, they are independent random variables.
Using the residuals r, we can get an estimate for the variance σ  of the process as

σ̂  = 
n − p∑i

ri =


n − p
rTr.

To find the distribution of σ̂ , we have to analyze the hat matrix H and the residual vector in more
detail. We have for the residuals

r = (I −H)y = (I −H)( ȳ + σε) = σ(I −H)ε.

We know that H is an orthogonal projection matrix into a p-dimensional subspace. erefore, the
Eigendecomposition of H has the following form

H = UΛUT = [U U] [
I 
 ] [

UT


UT

]
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where U is orthonormal and the splitting is such that U ∈ Rn×p and U ∈ Rn×(n−p). We thus get

rTr = σ εT [U U] ([
I 
 I] − [

I 
 ])[

UT


UT

] ε

= σ εTUUT
 ε.

Since the columns of U are orthonormal, the value UT
 ⋅ ε ∈ Rn−p has a distribution

UT
 ⋅ ε ∼ N (, In−p).

is shows that summing up the squared residuals is equivalent to summing n − p i. i. d. standard
normal random variables. One can thus directly see that

(n − p) σ̂


σ  ∼ χ

n−p ,

i.e. it is χ-distributed with n − p degrees of freedom.
Using the knowledge about the distributions of the parameters α̂ and the residuals r, it is possi-

ble to specify confidence intervals. Of interest are single parameter confidence intervals for α̂ i and
simultaneous confidence regions of the whole parameter vector α̂.

For the parameter α̂, we want to specify the region for which

P [(α − α̂)TBTB(α − α̂) ≤ zδ pσ̂ ] =  − δ,

where α is the true parameter value, p is the dimension of the parameter vector and zδ is a critical
value to be determined. Dividing both sides of the inequality with σ  yields

P [ 
σ  (α − α̂)

TBTB(α − α̂) ≤ zδ p
σ̂ 

σ  ] =  − δ.

Making the substitutions

u ≜ (α − α̂)T B
TB
σ  (α − α̂)

v ≜ (n − p) σ̂


σ 

lets us rewrite the condition as

P [ u/p
v/(n − p)

≤ zδ] =  − δ.

Since we know that
u ∼ χp and v ∼ χn−p

we see that
u/p

v/(n − p)
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A. Linear Regression

is the definition of an Fp ,n−p-distributed random variable. Wemust therefore choose zδ as the critical
value F(p, n − p,  − δ) of an F-distribution with parameters p and n − p.

We turn now to the second problem of giving confidence intervals for a single parameter α̂ i .
However, we give a more general derivation of intervals for arbitrary linear combinations wTα̂ for a
fixed vector w ∈ Rp of which a single parameter interval is just a special case (by choosing w = e i ,
the ith canonical basis vector). It is possible to give a confidence interval of the form

P [∣wT(α − α̂)∣ ≤ zδ σ̂
√
wT(BTB)−w] =  − δ.

Dividing by σ and rearranging yields

P
⎡⎢⎢⎢⎣

∣wT(α − α̂)∣
σ
√
wT(BTB)−w

≤ zδ
σ̂
σ

⎤⎥⎥⎥⎦
=  − δ.

Making substitutions

u ≜ wT(α − α̂)
σ
√
wT(BTB)−w

∼ N (, )

v ≜ (n − p) σ̂


σ  ∼ χn−p

leads to

P [∣u∣ ≤ zδ
√

v
n − p

] =  − δ.

Using symmetry of the normal distribution, we can remove the absolute value and rewrite this as

P [u ≥ zδ
√

v
n − p

] = δ

.

Since u√
v/(n − p)

is the definition of a tn−p-distributed random variable, we must choose zδ as the critical value t(n −
p,  − δ/) of a Student’s t-distribution with n − p degrees of freedom.
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Leave-one-out Formulas in Linear Regression

I   of regression, e.g. in cross-validation or outlier detection, it is important
to find the statistical quantities discussed in the previous appendix while leaving out point i in the

estimation. Usually, one is interested in all n regression estimates when each sample i has been le
out in turn. When implemented in a naive way, the statistical estimations have to be repeated n times
using n −  sample points, which is an expensive process.

e central concern of this appendix is to find formulas of the statistical quantities when the ith
sample point has been removed, based on an estimate taken over all n points. is can potentially
save a lot of computational workwhen the calculation is to be repeated n times. e general approach
for deriving the formulas is to understand the removal of a sample point as a rank one modification
of basis matrix B and to apply the Sherman-Morisson formula to the inverses (BTB)−.

We begin with the parameter estimates α̂. Let denote α̂−i the estimate when point i has been
removed from estimation. en, we have

α̂−i = (BTB − bTi b i)−(BT − bTi e i)y

= (B+ +
B+bTi b iB

+

 − bTi B+b i
)(BT − bTi e i)y,

where we have written B+ = (BTB)−. e vector b i ∈ Rp is the ith row of the basis matrix B, under-
stood as a column vector, and e i ∈ Rn denotes the ith canonical basis vector. Note that bTi B

+b i = h i i
is the ith diagonal element of the hat matrix. Factoring out we get

α̂−i = B+BTy − B+b i eTi y +


 − h i i
B+b ibTi B

+BTy − 
 − h i i

B+b ibTi B
+b i eTi y

= α̂ − B+b i ⋅ y i +


 − h i i
B+b ibTi α̂ −


 − h i i

B+b i ⋅ h i i y i

= α̂ − B+b i (y i −


 − h i i
ŷ i +

h i i

 − h i i
y i)

= α̂ − B+b i


 − h i i
(y i − ŷ i)

= α̂ − B+b i
r i

 − h i i
.
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B. Leave-one-out Formulas in Linear Regression

Note that all quantities α̂, r i , and h i i in the final expression are based on the estimate with all n points.
erefore, we can compute α̂−i as a simple modification of the original estimate α̂.

Using α̂−i , we can compute the function estimates ŷ−i(t) without point i as

ŷ−i(t) = bT(t)α̂−i .

Of particular interest is the ith residual r i when point i was not used in the estimation process. We
have

r−ii = y i − ŷ−i(t i)

= y i − b i (α̂ − B+b i
r i

 − h i i
)

= y i − ŷ i + h i i
r i

 − h i i

= r i
 − h i i

.

e most complicated update is the estimate of the standard deviation σ̂ . To derive a formula for
it, we have to analyze the updating of the residual vector r−i :

r−i = y − ŷ−i = y − Bα̂−i

= y − B (α̂ − B+b i
r i

 − h i i
)

= y − ŷ + BB+b i
r i

 − h i i

= r + BB+b i
r i

 − h i i
.

Note that this includes the residual r−ii of the omitted sample point i. e inner product of this vector
is thus

(r−i)Tr−i = rTr + r i
 − h i i

(rTBB+b i + bTi B+BTr) +
ri

( − h i i)
bTi B

+BTBB+b i

= rTr + h i i

( − h i i)
ri .

e middle term in the upper line is zero since the residual vector r is orthogonal to the range of the
basis matrix B. We therefore get for the updated estimate of the standard deviation σ̂−i

(n − p − ) (σ̂−i) = (r−i)Tr−i − (r−ii )

= rTr + h i i

( − h i i)
ri −


( − h i i)

ri

= (n − p)σ̂  −
ri

 − h i i
.
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Application: Derivation of Studentized residuals

One application of the leave-one-out update formulas is outlier detection. A robust way to assess the
quality of data point i is to look at the residual when the point has not been used for the regression.

From the covariance matrix σ (I −H) of the residuals r one sees that

Var r i = σ ( − h i i).

erefore, the residual r−ii has

Var r−ii =
σ 

 − h i i
.

Furthermore, the distribution of the updated standard deviation is given as

(n − p − )
(σ̂−i)

σ  ∼ χn−p− .

e ratio

τ i =

√
−h i i
σ r−ii√
(σ̂−i)
σ 

=
√
 − h i i

r i
−h i i

σ̂−i

= r i
σ̂−i
√
 − h i i

is called Studentized residual and has a Student’s t-distribution with n − p degrees of freedom.
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C

Pearson’s Correlation Coefficient

F  the dependence of two random quantities, one oen uses correlation. In many
cases, one is not only interested in the magnitude of the correlation, but also whether the corre-

lation is statistically significant. In this appendix, we give a derivation of the confidence intervals of
Pearson’s correlation coefficient ρ.

e definition of Pearson’s correlation coefficient ρ between two samples x i and y i , i = , . . . , n
is

ρ =∑
i

x i − x̄√
∑k xk − x̄

⋅ y i − ȳ√
∑k yk − ȳ

,

where the bar over the symbols x, y denotes the sample mean

x̄ = 
n∑i

x i .

Assuming that the samples x i and y i are n realizations of two normal random variables X and
Y it is possible to derive p-values for the null hypothesis that they are uncorrelated. To save some
notation, we collect the sample points in vectors x , y ∈ Rn and introduce the residual vectors

rX = x − x̄
rY = y − ȳ.

By the same reasoning as in Appendix A on linear regression, the residual vectors can be thought of
as an orthogonal projection into an n −  dimensional subspace and the residual sum of squares is
thus χ-distributed with n −  degrees of freedom.

Using the residuals, we can write the squared correlation coefficient more compactly as

ρ =
(rTXrY)

(rTXrX)(rTY rY)
.

To arrive at an expression for the p-values, we have to study the projection of one residual vector, rX
say, on the second residual vector. To this end, we can rewrite the expression for ρ as

ρ =
(rTX

rY√
rTY rY
)


(rTXrX)
.
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C. Pearson’s Correlation Coefficient

enumerator is the square of the projection of rX on rY . Sincewe assume, under the null hypothesis,
that X and Y are independent we can invoke the same arguments as above for the samplemean. at
is, the squared projection is χ-distributedwith one degree of freedom. Todealwith the denominator,
we have to look at the residual vector of the projection, i.e.

rX −
⎛
⎝
rTX

rY√
rTY rY

⎞
⎠

rY√
rTY rY

.

e sum of squares of this vector is

⎡⎢⎢⎢⎢⎣
rX −
⎛
⎝
rTX

rY√
rTY rY

⎞
⎠

rY√
rTY rY

⎤⎥⎥⎥⎥⎦

T ⎡⎢⎢⎢⎢⎣
rX −
⎛
⎝
rTX

rY√
rTY rY

⎞
⎠

rY√
rTY rY

⎤⎥⎥⎥⎥⎦

= rTXrX − 
(rTXrY)



rTY rY
+
(rTXrY)



rTY rY

= rTXrX
⎛
⎝
 −

(rTXrY)


(rTXrX)(rTY rY)
⎞
⎠

= rTXrX( − ρ).

Since this is a projection into an n −  dimensional subspace, this sum is χ-distributed with n − 
degrees of freedom. us, the expression

(n − ) ρ

 − ρ
∼ F(, n − )

has an F-distribution with parameters  and n − . Taking the square root yields

ρ
√

n − 
 − ρ

∼ t(n − ),

a Student’s t-distribution with n −  degrees of freedom.
Note that throughout the derivation, we have only used the normality assumption for X and

independence of X and Y . us, the requirement that both random variables must be normally
distributed can be relaxed.
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D

MaximumWeight Matching

T  details the implementation of the algorithm to compute maximum weight match-
ings in bipartite graphs (also known as assignment problems). It follows the description in [29].

For simplicity of exposition, assume that the bipartite graph is balanced (i.e. has the same number
of nodes in both its node sets), complete and has positive integer weights. All of these requirements
go without loss of generality, or – in other words – all problems can be reduced to this case (see
comments at the end of this appendix chapter).

e actual algorithm that we describe is based on the dual formulation of the problem. at is,
instead of iteratively increasing the weight of amatching it decreases a so-called labeling of the nodes.
Consider a complete bipartite graph with node sets X and Y and weights w ∶ X × Y → N. A labeling
is a function

ℓ ∶ X ∪ Y → R.

A labeling is feasible iff
ℓ(x) + ℓ(y) ≥ w(x , y) ∀ x ∈ X , y ∈ Y .

e difference ℓ(x) + ℓ(y) −w(x , y) is called the slack of the edge (x , y).
To state the algorithm we need one more definition. e equality graph of a labeling is the graph

Gℓ = (X ,Y , Eℓ) with edges

Eℓ = {(x , y) ∣ ℓ(x) + ℓ(y) = w(x , y)}.

Given all these definitions, the following property establishes the connection between a labeling and
a matching of a weighted bipartite graph.

eorem D.1 (Kuhn-Munkres). If a labeling ℓ is feasible and a matching M on Eℓ is perfect, then M
is also a maximum weight matching of the original graph.

is theorem suggests the following combinatorial procedure for finding a maximum weight
matching.

Find feasible labeling ℓ.
Set matching M = ∅.
while M is not perfect do

1. Find augmenting path in Eℓ and increase matching M.

139



D. MaximumWeight Matching

2. If M is maximal in Eℓ improve ℓ → ℓ′ such that Eℓ ⊂ Eℓ′ .
end while
e crucial point of this overall procedure is to see that whenever M is maximal but not yet

perfect, there always exists an improvement in the labeling ℓ → ℓ′ with the property Eℓ ⊂ Eℓ′ , i.e.
Eℓ′ is strictly larger than Eℓ . To establish this fact, we need the neighbor set of a node x and a subset
S ⊆ X:

Nℓ(x) = {y ∣ (x , y) ∈ Eℓ}
Nℓ(S) = ⋃

x∈S
Nℓ(x).

en, for any S ⊆ X such that T = Nℓ(S) ≠ Y , we can find

αℓ = min
x∈S ,y∉T

ℓ(x) + ℓ(y) −w(x , y)

and set

ℓ′(v) =
⎧⎪⎪⎪⎨⎪⎪⎪⎩

ℓ(v) − αℓ if v ∈ S
ℓ(v) + αℓ if v ∈ T
ℓ(v) otherwise.

It is easy to see that ℓ′(⋅) is also a feasible labeling. Furthermore, edges in Eℓ are also in Eℓ′ and at
least one additional edge is in the new equality graph (namely the one that attains the minimum αℓ).

e key to an efficient implementation is to find augmenting paths in Eℓ quickly. To achieve
this, the algorithm maintains a tree of alternating paths in Eℓ rooted at a free node x ∈ X. e
tree is represented using two sets S ⊆ X and T ⊆ Y . For each element x ∈ S, we store its parent
element pred(x) ∈ T (except for the root element) and, likewise, for each y ∈ T we store pred(y) ∈ S.
Our implementation uses breadth-first search to build this tree. Two situations can occur during
this exploration phase. First, if we find an augmenting path, we can increase the matching M in Eℓ ,
choose a free vertex as a new root node and start building a new augmenting tree (step 1 of algorithm
outline above). e second possibility is that we have constructed a spanning tree in the connected
component of Eℓ containing the root node x. en, to continue the search for an augmenting path,
we have to increase the equality graph by improving the labeling ℓ → ℓ′ using the procedure described
above. is yields at least one new edge, which allows to continue the breadth-first search in the new
equality graph Eℓ′ (step 2 of algorithm outline).

To initialize the algorithm, finding an initial feasible labeling is trivial. One can put all the
“weight” of the labeling on the nodes x ∈ X, i.e.

ℓ(v) = { maxy∈Y w(v , y) if v ∈ X
 if v ∈ Y .

is construction assures that each node is adjacent to at least one opposite node in the initial equality
graph Gℓ since for each node x ∈ X there is at least one edge with zero slack.

For the matching M, one can start with the empty matching M = ∅, or slightly more efficient,
one can add zero-slack edges from the initial labeling if their end nodes y ∈ Y are not yet matched.
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If the bipartite graph is not complete one can add “dummy edges” with weight zero between
unconnected nodes. If the algorithm terminates with such a dummy edge in the matched edges, one
simply removes that edge from the final matching. If the graph is not balanced one can add “dummy
nodes” which have only zero-weight edges. It is also straightforward to implement the algorithm for
unbalanced graphs. e stopping criterion must then be modified to terminate the algorithm when
all nodes of the smaller node set are matched.

Dealing with negative weights is possible by making them positive before starting the algorithm.
To this end, one can add a large enough value w to the weights such that all “shied” weights
are (strictly) positive. When the algorithm terminates, the constant w is subtracted again and all
matched edges with a non-positive weight are removed from the final result.
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