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Abstract

Experiments on separated particles reveal correlations which cannot be
explained by information the particles have shared before they parted.
This property of quantum mechanics is known as nonlocality and mani-
fests itself in the violation of Bell inequalities. In the present thesis we
study open questions about nonlocality.

First, we explore nonlocality distillation. In many contexts nonlocal cor-
relations are more useful when they are stronger. It is thus natural to ask
whether weak nonlocality can be amplified. We give an affirmative an-
swer by presenting the first protocol for distilling the violation of a Bell
inequality. Our protocol works for both quantum correlations and gen-
eral correlations that cannot be measured on a quantum state. This shows
that the extent to which a single instance of a correlation violates a Bell
inequality is not always a good measure for the usefulness of nonlocal-
ity. A more meaningful formulation, termed distillable nonlocality, follows
from our results. The distillable nonlocality of a given resource is diffi-
cult to determine exactly due to the dimension of the parameter space.
Therefore, we provide relief in terms of reasonable upper bounds that are
exponentially easier to compute.

Second, we study units of nonlocality. Imagine a task in which sepa-
rated players aim at simulating a statistic that violates a Bell inequality.
Given measurement choices they shall choose an output based solely on
the results of local operations, which they can discuss before the sepa-
ration, on a shared random variable and shared copies of a unit correla-
tion. We review that the simulation of any bipartite correlation, not con-
taining the possibility of signaling, can be made arbitrarily accurately by
deploying finitely many Popescu-Rohrlich boxes. Our proof offers the
derivation of an upper bound on the number of required unit correlations.
Concluding, we analyze whether a bipartite unit may exist for the gen-
eral (multipartite) case. This extension is shown to be impossible when
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the players are restricted to use nonadaptive strategies and nontrivially
bounded otherwise.
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Zusammenfassung

Experimente an Paaren von separierten Partikeln lassen Korrelationen
erkennen, welche durch Information, die die Partikel vor der Separation
geteilt haben, nicht erklärbar sind. Diese Eigenschaft der Quantenmecha-
nik ist bekannt als Nichtlokalität und manifestiert sich in der Verletzung
von Bellschen Ungleichungen. In der vorliegenden Arbeit behandeln wir
offene Fragen zu Nichtlokalität.

Als Erstes erkunden wir die Destillation von Nichtlokalität. In vielen Zu-
sammenhängen sind nichtlokale Korrelationen nützlicher je stärker sie
sind. Es ist deshalb natürlich zu fragen, ob schwache Nichtlokalität ver-
stärkt werden kann. Wir bejahen diese Frage durch die Angabe eines ers-
ten Protokolls, das die Verletzung einer Bellschen Ungleichung destilliert.
Unser Protokoll verstärkt sowohl Quantenkorrelationen als auch allge-
meinere Korrelationen, welche nicht an einem Quantenzustand gemes-
sen werden können. Dies zeigt, dass das Ausmass mit dem eine einzelne
Instanz einer Korrelation eine Bellsche Ungleichung verletzt, nicht im-
mer ein geeignetes Mass für den Nutzen von Nichtlokalität ist. Eine aus-
sagekräftigere Formulierung, genannt destillierbare Nichtlokalität, folgt aus
unseren Ergebnissen. Die genaue Bestimmung der destillierbaren Nicht-
lokalität einer gegebenen Ressource ist rechenmässig zu aufwändig we-
gen der Dimension des Parameterraumes. Deshalb bieten wir Abhilfe in
Form von oberen Schranken, die einfacher berechnet werden können.

Als Zweites studieren wir mögliche Einheiten von Nichtlokalität. Dazu
stelle man sich separierte Spieler beim Versuch vor, eine Statistik zu si-
mulieren, die eine Bellsche Ungleichung verletzt. Zu jeder Messentschei-
dung sollen diese, alleinig abhängend von lokalen Operationen auf einer
verteilten Zufallsvariable und auf Einheitskorrelationen ein Messergebnis
ausgeben. In diesem Kontext zeigen wir, dass eine beliebig präzise Simu-
lation jeder zweiteiligen Korrelation, welche nicht die Möglichkeit von
Kommunikation beinhaltet, erreicht werden kann durch eine endliche
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Anzahl eingesetzter Popescu-Rohrlich Boxen. Unser Beweis erlaubt die
Herleitung einer oberen Grenze für die Anzahl der benötigten Einheits-
korrelationen. Zum Schluss untersuchen wir die Frage, ob zweiteilige
Einheiten für die Simulation von allen allgemeinen (mehrteiligen) Kor-
relationen existieren. Diese Erweiterung stellt sich als unmöglich heraus
wenn die Spieler nichtadaptive Strategien ausführen und ist nicht trivial
begrenzt im Allgemeinen.
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“How the hell are we going to do that?”

“Just like the cow jumped over the moon.”

“I like this. Count me in.”

[Fitzcarraldo, 1982]
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Chapter 1

Introduction

We introduce the notions of nonlocality distillation and unit of nonlocality,
discuss their background, their motivation and outline the chapters and
main results of this thesis.

1.1 Background and Motivation

We understand the essence of an experiment as a collection of pairs of em-
pirical data. On one side are the measurement parameters. These encode
the decision of which quantity is measured. To each measurement deci-
sion the experiment’s outcome is assigned. Thus, on the opposite side
are the values of the quantities that have been measured. The acquisi-
tion of such data pairs is repeated as often as the experiment is carried
out. We refer to the empirical data collected in a repeated experiment as
its statistic. The predictions of a correct physical theory do not disagree
with statistics that are gathered in present-day experiments. Conversely,
a physical theory can also predict statistics for which it is not yet known
how a corresponding experiment might be arranged.

In 1935, Einstein, Podolsky, and Rosen (EPR) argued that quantumme-
chanics predicts statistics which expose an incompleteness in its descrip-
tion of the physical reality [EPR35]. Informally speaking, they came up
with a theoretical experiment setting that exhibits a correlation between
measurement outcomes which contradicts completeness and the simulta-
neous fulfillment of some classical assumptions. These counterintuitive
predictions of quantum mechanics threatened its acceptance and thus
worried the community. In the following three decades the matter could
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2 Chapter 1. Introduction

not be settled entirely. The turn came in 1964, when John Bell showed that
the EPR thought experiment is not exposing an incompleteness of quan-
tum mechanics but rather highlights the power of a fundamentally new
kind of correlation that is an integral part of this physical theory. Bell
proposed a linear constraint, the first of many so-called Bell inequalities,
which any statistic predicted by a classical theory (including any inter-
pretation based on the assumptions made by EPR) must satisfy [Bel64].
Remarkably, quantum mechanics is not such a theory. In the years fol-
lowing Bells theoretical findings a number of experiments have been car-
ried out to demonstrate their correctness [FC72, AGR81, AGR82, WJS+98,
TBZG98, TBGZ99]. The collected empirical data confirmed the existence
of quantum nonlocality, that is, of correlations among separated parts of
entangled quantum states that violate Bell inequalities. An often-used
generalization of Bell’s original inequality in this context is the Clauser-
Horne-Shimony-Holt inequality [CHSH69] (CHSH).

With skepticism dwindling and computer science rising the commu-
nity’s perspective on quantum nonlocality became much more pragmati-
cal. When nonlocal correlations are deployed as a resource shared between
different players new opportunities for information-processing appear. A
prominent example is quantum key distribution [BB84, Eke91]. Nonlo-
cal quantum correlations differ significantly from local (classical) correla-
tions in their usability for the secrecy of key distribution but coincide in
the impossibility to be used for transmitting a signal faster than with the
speed of light. One usually refers to the latter property as nonsignaling.
Stronger correlations, that violate the CHSH inequality more than possi-
ble with quantum states1 but are also nonsignaling, can be distinguished
from quantum correlations in other information-theoretic terms. This dis-
crimination motivates the study of nonlocal correlations in general with
quantum correlations belonging to a special case [BLM+05, Bar07].

Popescu and Rohrlich (PR) introduced a hypothetical device in this
context that contains an extreme nonlocal behavior – the PR box [PR94].
The underlying correlation attains the maximal violation of a CHSH in-
equality [KT85]. Its statistic can be approximated with entangled quan-
tum states to an accuracy of (2 +

√
2)/4 [Tsi80], whereas 3/4 is the clas-

sical limit. Despite its intriguing simplicity, the PR box is a surprisingly
powerful resource. When shared in sufficient numbers by two players, it
allows for evaluating every Boolean function, with the inputs distributed
between two players, with just one bit of communication [van05]. With

1Therefore, these correlations cannot be predicted or realized according to the present-
day physical theory.
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a supply of approximations to the PR box that are not too faulty and one
communicated bit, two players can still calculate the result correctly with
a probability strictly greater 1/2 [BBL+06]. This cannot be achieved with
quantum states as shared resources [CDNT98]. See [Sca06] for a summary
of findings involving the PR box. In general, Linden et al. have shown
that quantum correlations do not provide an advantage over classical cor-
relations in the nonlocal computation of Boolean functions, whereas some
non-quantum correlations do [LPSW07].

Nonlocality Distillation

A reason for the usefulness of some quantum and non-quantum corre-
lations originates in the fact that they cannot be described with shared
variables. This property is known as nonlocality andmanifests in the viola-
tion of Bell inequalities. But given the description of a certain correlation
how can we quantify its nonlocality? There has been a number of ideas
concerning a measure of nonlocality in the past. We can refer, for exam-
ple, to [EPR92, CR08, FHSW10]. However, emphasizing the usefulness
of nonlocality for solving information-theoretic tasks one potential mea-
sure stands out. The violation of a CHSH inequality gives a lower bound
on the uncertainty of a third party about the output bits of a shared sys-
tem, which is better the stronger the violation is [AGM06]. Also, the sup-
posed availability of shared devices exhibiting correlations that violate a
CHSH inequality significantly more than possible with quantum states
would have drastic consequences for communication complexity [van05,
BBL+06, BS09] and for the nonlocal computation of some Boolean func-
tions [LPSW07]. Arguably the most straightforward approach is, there-
fore, to take the extent by which a Bell inequality is violated by a correla-
tion as a measure for its nonlocality. Not surprisingly, in many contexts
nonlocality is a more useful property, the stronger it is. Therefore, one
needs to know if it can be amplified using a number of weaker nonlocal
correlations. Adopting the violation of a Bell inequality as a nonlocality
measure we want to understand if separated players, sharing a supply of
correlations exhibiting such a violation, can execute a protocol to obtain a
higher violation. The question is formulated in terms of general nonlocal
correlations [Bar07] and, therefore, the players are allowed to carry out
arbitrary local, classical operations, but cannot communicate. Successful
protocols are said to achieve nonlocality distillation. The distillability of
a nonlocality measure under local operations can be problematic if not
incorporated when using the measure and, thus, needs to be understood.
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A second impulse to study nonlocality distillation comes fromPopescu
and Rohrlich’s question why quantum correlations are more limited than
by the impossibility of instantaneous signal transmission alone [PR94].
For example, Tsirelson’s bound [Tsi80] separates quantum correlations
from correlations that violate the CHSH inequality more than possible
with quantum states, e.g., PR boxes or close approximations. There is an
ongoing effort to identify an explanation for the bound on correlations
obtainable within quantum mechanics that is formulated in information-
theoretic terms. An approach which drew attention recently is the adop-
tion of information causality – a generalized form of the impossibility
of instantaneous signal transmission – as a physical principle [PPK+09].
A part of the quantum boundary emerges from it [ABPS09]. Another
promising candidate is the (particularly among computer scientists) rec-
ognized principle that communication complexity [Yao79, KN97] is not
trivial, that is, that the communication required for evaluating certain dis-
tributed functions depends on the size of the inputs. Interestingly, van
Dam has proven that the availability of maximal nonlocality as a resource
collapses this principle [van05]. If one chooses to believe that any reason-
able physical theory shall not contain the theoretical possibility of com-
munication complexity being trivial, then one also must conclude that
such super-strong correlations remain impossible in any future physical
theory that predicts measurement statistics2. In this context, the set of un-
reasonably strong correlations does not yet include all non-quantum cor-
relations but rather a subset characterized by a minimal CHSH violation
significantly greater than Tsirelson’s bound. The situation might change
when the nonlocality of non-quantum correlations can be amplified by
nonlocality distillation protocols.

We demarcate protocols for distilling nonlocality from entanglement
distillation: There, the inputs and outputs are weakly and strongly, re-
spectively, entangled quantum states, and allowed are classical commu-
nication and local quantum operations [BBPS96].

Unit of Nonlocality

Thought of as points in a high dimensional space, nonsignaling correla-
tions can be represented, when measurement and outcome dimensions

2Such assumptions are common in science although difficult to motivate beyond the
field. As another example consider the belief of a few cryptologists in the impossibility of
an efficient algorithm decomposing large numbers into their prime factors. An assumption
that rules out the construction of quantum computers as a reasonable ambition [Sho97].
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are fixed, by so-called nonsignaling polytopes [Pit89] of which quantum
correlations are a proper subset [Tsi80]. As mentioned before, some el-
ements in these convex sets are more useful for distributed tasks than
others [van05, BBL+06, LPSW07, BS09]. Thus, a number of theoretical
questions on the relationship and possible reductions between different
nonsignaling correlations have emerged.

In the context of quantum entanglement the singlet (also known as
EPR state, or EPR pair) has been established as the unit of entanglement: A
supply of singlets can be transformed into any other bipartite state, and
a supply of bipartite pure states can be transformed into singlets by local
quantum operations, and with, in the former case, classical communica-
tion [BBPS96]. This reversibility only holds asymptotically and is not true
in general, that is, for multipartite states. But still, the singlet is a univer-
sal resource, that is, any entangled state can be obtained from sufficiently
many copies of the singlet state.

Analogous questions, when the objects are not quantum states but gen-
eral nonlocal correlations, require the identification of a unit of nonlocality.
As a first step towards this goal, one needs to find a set of nonsignal-
ing correlations that is first, reasonably simple3 and second, sufficient for
simulating any other nonsignaling statistic by local, classical operations
on shared randomness and copies of its elements [BLM+05, JM05, BP05,
DGH+07]. The following game illustrates the problem:

In the initial phase a group of players is given a description of a certain
input-output correlation. They are allowed to agree on a common strat-
egy and to share an arbitrary random variable. In the following test phase
the players cannot communicate. Each one of them receives an input and
announces an output. This is repeated many times independently. The
objective of the players is to minimize the distance of their input-output
distribution from the described target correlation.

Any local correlation can be simulated perfectly by the players if they
share the right classical information. However, the game becomes more
challenging if the described target correlation is nonlocal, that is, if it vio-
lates a Bell inequality. In this case any simulation must be faulty [Bel64]. It
is then natural to ask which minimal set of nonlocal resources the players
additionally require to win the game. If such a set allows for simulating
any nonsignaling correlation, it can be considered as a candidate for a
unit of nonlocality.

3Preferable is a single system that is well understood, such as the PR box. However, if
this is not achievable then the characterization depends on the context in which the unit will
be used. Often, a small set of systems with simple descriptions is reasonable.
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Besides the motivation which is inherent in all yet unanswered theoret-
ical questions, finding a unit of nonlocality yields a number of practical
advantages. Universal sets of correlations simplify the identification of
equivalent types of nonlocal resources. Also, they offer the possible defi-
nition of nonlocality measures that incorporate a notion of cost, that is, the
amount of required units to simulate a given correlation analogue to the
entanglement of formation [BBPS96]. And finally, the decision whether a
given distributed task can be solved with a supply of nonsignaling corre-
lations may be simplified: It is always sufficient to restrict the analysis to
the special case when only units are available as shared resources.

1.2 Outline

In Chapter 2 the reader is introduced to the basic notions of systems, sim-
ulation protocols, Bell inequalities and a number of other definitions.

Part I: Nonlocality Distillation

The first part’s main results can be distinguished by, first, positive find-
ings in Chapter 3, which demonstrate the distillation of nonlocality by
an explicit protocol and distillable nonlocal resources, and, second, nega-
tive findings in Chapter 4, where new limits for distillation protocols are
presented.

Distilling CHSH Nonlocality

In Chapter 3 we show that the violation of the CHSH inequalities – a set
of generalized Bell inequalities in minimal dimensions – is distillable.

In Section 3.2.1 we state a first nonlocality distillation protocol and dis-
tillable resource correlations by an explicit construction. When executed
by two players, the protocol amplifies the violation of a CHSH inequality
significantly (see Theorem 3.1). Our protocol can also be used to distill
the CHSH nonlocality of correlations measurable on quantum states (see
Theorem 3.2). Furthermore, we analyze the given distillation protocol in
terms of its effect on two-parameter resource correlations in the asymp-
totic limit. In Section 3.2.2 a number of improved distillation protocols
for the CHSH inequality are briefly described. We conclude the chapter
with some remarks and problems that remain open in Section 3.3.



1.2. Outline 7

Bounds for Distillation Protocols

In Chapter 4 we derive new limits, other than Bell inequalities and the
bound of Tsirelson, which hold for nonlocality distillation. Given a num-
ber of shared devices exhibiting a certain nonlocal correlation, so-called
nonlocal systems, as a resource, there is a maximal violation of a CHSH
inequality that can be reached by the best possible distillation protocol.
We refer to this value as the distillable nonlocality of a resource.

In Section 4.2.1 we state an upper bound on the distillable nonlocality
of isotropic systems (see Corollary 4.1). Its value can be computed ex-
ponentially faster than finding the exact value with an exhaustive search
through all potential protocols. A generalization of the upper bound to
arbitrary correlations (see Corollary 4.2) is given in Section 4.2.2. Sec-
tion 4.2.3 states explicit upper bounds on the distillable nonlocality of
exemplary isotropic instances and hints on possible applications of the
findings. We close the chapter with some concluding remarks and open
problems in Section 4.3.

Part II: Units of Nonlocality

The second part’s content can again be distinguished by, first, positive
findings in Chapter 5, where a candidate for a unit of bipartite nonlocality
is established and, second, negative findings in Chapter 6, which include
new limits for a bipartite unit in the multipartite setting.

A Unit of Bipartite Nonlocality

In Chapter 5 we provide evidence that suggests the Popescu-Rohrlich box
as a possible unit of bipartite nonlocality and quantify the corresponding
reductions.

In Section 5.2.1 we review a combination of simulation protocols on
a finite supply of PR boxes that, when executed by two players, approx-
imates any bipartite nonsignaling correlation arbitrarily well (see Corol-
lary 5.1). A natural distance measure for the simulation of systems is in-
corporated in the proofs. Based on this, in Section 5.2.2, we complement
the results with an upper bound on the number of PR boxes required to
simulate an arbitrary bipartite target correlation to any distance greater
zero (see Theorem 5.3). Concluding remarks and open questions are clos-
ing the chapter in Section 5.3.
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A Bipartite Unit of Nonlocality

Chapter 6 is devoted to the theoretical extension of the findings of the
preceding chapter to the multipartite case where the target correlations
have more than two ends. Here, we study whether there may exist a set
of bipartite correlations that is sufficient for simulating any nonsignaling
target correlation arbitrarily closely.

First, in Section 6.2.1, we prove that when the players are restricted
to use nonadaptive protocols then such an extension is impossible (see
Corollary 6.1). Second, in Section 6.2.2, we study the general situation
when the players are free to execute any (adaptive) simulation protocol.
In this case the negative result is weaker: We derive a lower bound of
c/n, for a constant c, on the simulation distance that holds for any simula-
tion attempt on n bipartite resource correlations aiming at approximating
a certain target correlation (see Theorem 6.2). Section 6.3 concludes the
chapter with some remarks and open problems.



Chapter 2

Preliminaries

In this chapter we fix the notation, some basic definitions and terms used
throughout this work. Additional notational details and specialized defi-
nitions of limited scope are introduced as needed at the beginning of the
respective chapters.

2.1 Miscellaneous Definitions

Definition 2.1. For any integer n > 0we denote the set {1, . . . , n} by [n].

Definition 2.2. Suppose a finite set S. A permutation f of S is a bijective
self mapping f : S → S.

Equivalently, a permutation is an injection from S to S. Therefore, any
function f : S → S is a permutation if for all inputs s, s′ ∈ S we have the
implication f(s) = f(s′)⇒ s = s′.

Definition 2.3. A Boolean function f is defined as the mapping of any set
S to binary values, for example to {0, 1}. Then, f : S → {0, 1}.

2.1.1 Probability Theory

The outcome of a discrete random experiment is called an event. The chance
with which an event occurs is termed its probability.

Each discrete random experiment has a finite or countably infinite set
of possible elementary events or sample points s, called the sample space Ω.
The probability of any elementary event in the sample space is a number

9
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between 0 and 1, assigned by a function P : Ω→ [0, 1], such that

∑

s∈Ω

P (s) = 1.

An event is any set of elementary events, that is, any element of the power
set of Ω. We extend the probability measure as P : P(Ω) → [0, 1]. For
example, the event A ⊆ Ω has the probability

P (A) =
∑

s∈A

P (s).

For the trivial events it holds that P (∅) = 0 and P (Ω) = 1. Consider two
events A,B. The probability that either event A or event B happens or
both happen is P (A ∪ B) = P (A) + P (B) − P (A ∩ B), where P (A ∩ B)
is the probability that events A and B happen simultaneously. We will
often use the shorter version P (AB) for P (A∩B). Furthermore, A and B
are independent events if and only if P (A ∩B) = P (A)P (B).

The conditional probability expresses the chance that an event A hap-
pens, given that event B happened. For event B having a non-zero prob-
ability assigned, it is defined as

P (A|B) =
P (A ∩B)

P (B)
.

A random variableX maps a sample space Ω to some set of values X . We
denote the probability distribution of X as a function PX : X → [0, 1].
The probability of X taking the value x ∈ X is then defined as

PX(x) =
∑

s∈Ω:X(s)=x

P (s).

The joint probability distribution of two random variables X,Y is de-
noted by the function PXY : X × Y → [0, 1] and is directly defined as

PXY (x, y) =
∑

s∈Ω:X(s)=x,Y (s)=y

P (s).

Given the joint distribution PXY , the marginal distribution of the random
variableX alone is obtained by

PX(x) =
∑

y

PXY (x, y).
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The conditional probability distribution of the random variable X given
that Y = y happened and has a non-zero probability, is given by the func-
tion PX|Y : X × Y → [0, 1] that is defined as the conditional probability
PX|Y (x|y) = P (X = x|Y = y). For any y ∈ Y it holds that

∑

x

PX|Y (x|y) = 1.

Two random variables X,Y are independent if PXY (x, y) = PX(x)PY (y)
for all x ∈ X and all y ∈ Y .

We will usually denote random variables by capital letters, such as
X , the range of random variables by calligraphic letters, such as X , and
the value a random variable has taken by lower-case letters, such as x.
Sometimes we will drop the index in a distribution when the correspond-
ing random variable is clear from the context. That is, we write P (x) for
PX(x) if X is obvious.

The expectation value of a random variableX is denoted by E [X ] and
is given by the formula

E [X ] =
∑

x∈X

xPX(x),

where we assume any set of values X ⊆ R.

2.1.2 Preorder

In mathematics, preorders are binary relations that are reflexive and tran-
sitive. We will formulate the main results of the present work in this
compact notion.

Definition 2.4. Consider the binary relation ≺ on the elements of a set S.
Then, ≺ is a preorder over S if for all a, b, c ∈ S we have

• a ≺ a (reflexivity),

• if a ≺ b and b ≺ c then a ≺ c (transitivity).

If ≺ is a preorder on S then we say that S is a preordered set.

One can also define an extremum for preorders.

Definition 2.5. The greatest element of a preordered set S is any element
g ∈ S such that for every element s ∈ S we have the relation s ≺ g.
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2.2 Systems

Within this thesis we are interested in the relationship between the statis-
tics occurring in different (possibly hypothetical) quantum experiments
and beyond. We call the abstractions representing these statistics systems.
A system reproduces the statistic, or, in the asymptotic limit, the distri-
bution of the outcomes of an experiment if fed with the desired measure-
ment parameters. Roughly speaking, one may think of a system as an ex-
periment setting encapsulated in a box that restricts the access to it. The
interface with the outside world consists only of a possibility to choose
between a set of measurement parameters and to read the outcome of
the experiment, both encoded in some fixed alphabet. As a simple ex-
ample consider the space-like separated measurement of two entangled
particles emitted from a common source (see Figure 2.1).

☼

a

x

b

y

Figure 2.1: Here, encapsulated in an imaginary box, two entangled pho-
tons in the Bell state (|01〉 + |10〉)/

√
2 leave a source in opposite direc-

tions and are then measured at the same time (that is, in a causally
disconnected manner) in separate installations of polarizers and detec-
tors [MI00]. The restricted access to the experiment is such that two labs
can independently choose from a range of polarizer orientations (the in-
puts x and y into the system) and are informed about which detectors the
particles hit (the outputs a and b of the system).

In such an experiment1, the actions on a particle in one lab cannot in-
fluence the measurement of the other particle. Also, the entangled state
will be destroyed after the particles have beenmeasured. The experiment
statistics can only be reproduced with a new pair of entangled particles.
Since systems shall represent the statistical behavior of encapsulated ex-

1Actual settings of this kind are used to confirm the existence of nonlocal correlations
experimentally. For some sets of polarizer orientations, the maximal violation of the CHSH
Bell inequality with quantum states is obtained [Tsi80].
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periments we define them such that they preserve some important com-
mon properties. Therefore, when using an end of a system, one receives
its output after giving an input, independently of whether an input has
been provided to any other end of the system. And each system can only
be used once since the corresponding experiment requires a new pair of
entangled particles to reproduce the same statistics.

Reducing experiments to a minimal representation they have in com-
mon, namely an output distribution that depends on the measurement
choices, we consider all correlations in the joint behavior of the ends of
an input – output system, defined as follows:

Definition 2.6 (System). Anm-partite system PA is characterized by joint
probability distributions P x

A on m random variables A = (A1, . . . , Am)
that map to the value space A1 × · · · × Am, representing the outputs of
the system, conditioned on m inputs x = (x1, . . . , xm) ∈ X1 × · · · × Xm.
Therefore, any system satisfies positivity:

P x
A(a) ≥ 0 for all a, x,

and normalization:
∑

a

P x
A(a) = 1 for all x.

x1 ∈ X1 x2 ∈ X2 xm ∈ Xm

a1 ∈ A1 a2 ∈ A2 am ∈ Am

Figure 2.2: Schematic representation of the ends of an m-partite system.
The system outputs a = (a1, . . . , am) on inputs x = (x1, . . . , xm) with the
probability P x

A(a).

It is important to note that we do not restrict each system to have a
certain experiment assigned but rather use this image as a motivation. In
fact, only a fraction of all systems considered here can be simulated with
an actual experiment2.

2According to present-day physics all systems that cannot be obtained within quantum
mechanics are excluded.
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2.2.1 Nonsignaling Systems

In the setting sketched in Figure 2.1 the measurements are assumed to be
simultaneous and, thus, causally disconnected. Hence, the corresponding
system does not offer the possibility to transmit a signal.

Definition 2.7. In order for an m-partite system PA to be nonsignaling it
is required that no subset of players can team up and signal to another
disjunctive subset by their choice of inputs to the shared system PA and
vice versa. Therefore, for any subset of players S ⊆ [m],

∑

aS

P
xS,xS̄

A (aS , aS̄) =
∑

aS

P
x′
S,xS̄

A (aS , aS̄)

must hold for all output strings aS̄ and all input strings xS , x
′
S and xS̄ .

Here, we have that xS = {xi : i ∈ S}, aS = {ai : i ∈ S} and consequently
xS̄ = {xi : i /∈ S} and aS̄ = {ai : i /∈ S}.

When thought of as points in a high-dimensional space, nonsignaling
systems offer a nice geometrical interpretation. If we fix m, the number
of ends, and the input and output alphabet cardinalities |Xi| and |Ai| for
all i ∈ [m], then the nonsignaling systems falling into this category form
a convex set with a finite number of extremal points or vertices – a so-
called nonsignaling polytope [Pit89]. These polytopes are constrained by
linear (in)equalities that correspond to positivity, normalization and the
nonsignaling conditions. We will often refer to the infinite set of systems
that is obtained from the conjunction of all nonsignaling polytopes, that
is, to the set of all nonsignaling systems.

Definition 2.8. LetN denote the set of all nonsignaling systems.

2.2.2 Bipartite Systems

In the case m = 2 we call a system bipartite3 because it describes the cor-
relation between two ends. Two parties are the minimum required to
define correlations that cannot be explained by shared random variables
(see Section 2.4.1). Therefore, and for their relative simplicity, bipartite
systems have been studied mostly and many results are only proven in
this restricted setting. In this thesis we will often work with bipartite sys-
tems. It will therefore be convenient to have a slightly adapted notation
available.

3Here, bipartite simply means consisting of two parts, in contrast to the more technical
graph-theoretic definition of the word.



2.3. Simulation Protocols 15

Definition 2.9. Let PAB denote a bipartite system. Alice’s output is asso-
ciated with the random variable A and Bob’s with B. A can take values
a ∈ A and B can take values b ∈ B. The joint distribution of A and B
depends on the inputs x ∈ X to Alice and y ∈ Y to Bob.

A number of results in this work are restricted to the infinite set of
bipartite nonsignaling systems.

Definition 2.10. Let N2 denote the set of bipartite nonsignaling systems.

If appropriate we represent a bipartite system by its probability distri-
butions P xy

AB arranged in matrix form as shown in Figure 2.3.

PAB =







P 00
AB P 01

AB

P 10
AB P 11

AB






=





















P 00
AB(00) P 00

AB(01) P 01
AB(00) P 01

AB(01)

P 00
AB(10) P 00

AB(11) P 01
AB(10) P 01

AB(11)

P 10
AB(00) P 10

AB(01) P 11
AB(00) P 11

AB(01)

P 10
AB(10) P 10

AB(11) P 11
AB(10) P 11

AB(11)





















Figure 2.3: A bipartite system with A,B,X ,Y = {0, 1} in matrix form.

2.3 Simulation Protocols

As a preparation for introducing simulation protocols formally, consider
the following game:

In a first phase, a group of m players is given a description of a sys-
tem T ∈ N , called the target system. Furthermore, the players can share
a value λ drawn from some probability distribution PΛ and any collec-
tion of copies of resource systems from a predefined set R ⊆ N . They are
allowed to agree on a common strategy but cannot communicate in the
following test phase. Then, the players are given inputs x = (x1, . . . , xm),
such that each one of them learns only its own input and has no infor-
mation about the other inputs. Finally, each player determines an output
ai resulting in an overall output string a = (a1, . . . , am), such that, after
an arbitrary number of independent rounds, the simulated system S is as
close as possible to T .

This means they aim at minimizing the following measure:
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Definition 2.11 (Simulation distance). A simulated system S approxi-
mates a target system T with distance

δ(S, T ) = max
x

1

2

∑

a

|Sx
A(a)− T x

A(a)|.

For any inputs x the outputs of the simulated system and the outputs
of the target system are distributed according to Sx

A and T x
A, respectively.

The distance between the two distributions can be quantified by their to-
tal variation distance 1

2

∑

a |Sx
A(a)−T x

A(a)|. Informally speaking, the sim-
ulation distance δ(S, T ) expresses the worst total variation distance that a
tester may reveal between the simulated system and the target system.

Definition 2.12. We denote a simulation game as described above by the
tuple (T,R) fixing the game parameters, that is, the target system T and
the set of available resource systems R.

The strategy on which the players of a simulation game agree is called
simulation protocol. It typically includes a plan of which shared probability
distribution is required and how the shared resource systems are used
by each one of them to help in the simulation. The players can apply
any classical circuitry to their local parts of the shared systems. Such a
local input-output strategy is called a wiring [BLM+05, SPG06]. A wiring
consists of choices for system inputs and the relabeling of system outputs.
However, there is no possibility to communicate. These restrictions are in
contrast to many simulation tasks for quantum states where one usually
allows local quantum operations and classical communication. It is easy to
see that all conversions between systems become trivial when the players
are allowed to communicate4.

Given inputs x1, . . . , xm and a global random value λ the players exe-
cute their local protocols on the shared resource systems and finally de-
termine their outputs. We identify two classes of simulation protocols by
distinguishing the players’ local strategies.

The first class allows each player’s wiring to consist of arbitrary local,
classical operations on the inputs and outputs of the shared resource sys-
tems. This is the most general description of a simulation protocol and
we shall call such strategies adaptive. Suppose that player i ∈ [m] shares
the resource systems R1, . . . , Rn with other players.

4The task to minimize classical communication to achieve certain conversions is studied
in the field of communication complexity and not the focus of this thesis.
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Definition 2.13. In an adaptive simulation protocol, given an input xi and
the shared random value λ, player i’s, for all i ∈ [m], possibilities consist
of the following parts:

1. Player i inputs f1(xi, λ) to the shared system Ri1 , where the index
i1 is determined by the function i1(xi, λ). System Ri1 outputs bi1 to
player i.

2. Player i then inputs f2(xi, λ, bi1) to Ri2 , where the index of the sec-
ond system to use is determined by the function i2 = i2(xi, λ, bi1).
System Ri2 outputs bi2 to player i.

...

n. Player i continues doing so until all n systems have provided an
output. In the end the local variables b = (b1, . . . , bn) are completely
assigned. The final output of player i is then given by the result of
the local output function fxi(λ, b).

Concluding, any adaptive wiring for player i is determined by the input
functions f1, . . . , fn, the ordering functions i1, . . . , in and the final output
function fxi .

Locally, an adaptive simulation protocol may consist of as many as n
dependent blocks of classical operations, or rounds, generating inputs to
and obtaining outputs from the shared systems.

The second class imposes the natural restriction of parallelism to the
set of adaptive protocols. Each player is limited to execute a single block
of classical operations. Thus, this class includes only those protocols in
which each player determines the inputs into all shared resource systems
solely from its initial input and λ.

Definition 2.14. In a nonadaptive simulation protocol, the wiring of player
i, for all i ∈ [m], is such that no input into a resource system depends on
the output of another. Therefore, there is no order in using the systems
– all ends can be evaluated immediately after having learned xi and λ.
Concluding, any nonadaptive wiring for player i is determined by the
input functions f1, . . . , fn and the final output function fxi .

In both protocol classes, each player has the freedom to define its own
collection of local functions and, therefore, an individual wiring of the
respective kind.
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2.3.1 Conversions

We investigate the relation between different systems in terms of conver-
sions among them. Informally speaking, there is a conversion from a set
of resource systems to a set of target systems if for any system in the tar-
get set there is an arbitrarily good simulation protocol, as defined above,
on the systems in the resource set.

For any set of systems, the existence of conversions among its subsets
is a preorder (see Definition 2.4).

Definition 2.15. For two subsets R, T ⊆ N , we have the relation T ≺ R
if for every T ∈ T and any δ > 0 there exists a simulation protocol for the
game (T,R) with simulation distance at most δ.

Then, it is easy to verify that ≺ is a preorder on the power set of N .
Reflexivity holds trivially and transitivity is also fulfilled:

Lemma 2.1. For any R,S, T ⊆ N , if T ≺ S and S ≺ R then T ≺ R.
Proof. For arbitrary R,S, T ⊆ N , we assume T ≺ S and S ≺ R. There-
fore, for each system in T , we can assume a simulation protocol reaching
any desired simulation distance δ on resources from S, that is, on error-
free resource systems. For an arbitrary target T ∈ T and any given δ we
fix the corresponding protocol. If the resource systems are faulty, which
happens if S is simulated onR, then the distance δ cannot be guaranteed
anymore. However, we can boost the distance obtained with the original
protocol on faulty resources asymptotically close to the desired distance δ
by lowering the probability that the resource systems differ from their de-
scription arbitrarily close to zero. The second assumption S ≺ R assures
that such protocols on R exist for each system in S.

Therefore, P(N ) is a preordered set.

Definition 2.16. For two sets T ,R ⊆ N , we say that there is a conversion
fromR to T if and only if T ≺ R.

If we restrict the conversions among subsets of N to nonadaptive sim-
ulation protocols another preorder on P(N ) emerges.

Definition 2.17. For any sets R, T ⊆ N , we have the relation T ≺NA R
if for every T ∈ T and any δ > 0 there exists a nonadaptive simulation
protocol for the game (T,R) with simulation distance at most δ.

In the subsequent chapters we will make use of the notions introduced
above to state further definitions and the main results of this thesis.
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2.4 Local Systems

To define the class of local systems it is convenient to first define a re-
stricted class of local systems that are obtained when players execute non-
probabilistic local strategies. This kind of a simulation protocol involves
no local or shared random values and no shared resource systems. The
players simply decide on a certain output based only on the obtained in-
put. Formally, this means the following:

Definition 2.18. Anm-partite system PA is local deterministic if

P x
A(a) =

m
∏

i=1

1(ai, f
xi),

for all x and all a. Here, 1(·, ·) denotes the Kronecker function, that is,

1(i, j) =

{

1, if i = j,

0, else.

and for all i ∈ [m], fxi is player i’s constant output function on input xi

associating a particular ai ∈ Ai.

Definition 2.19. Let Ld denote the set of local deterministic systems.

A group of players that aim at simulating a local system can only rely
on deterministic strategies and random values to minimize the simula-
tion distance. It is easy to see that any supposed local random values
used by the players can be absorbed into the shared random variable Λ.
Therefore, the players are limited to execute local deterministic simula-
tions conditioned on a shared value λ.
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Figure 2.4: A bipartite, local system with binary alphabets. Here, we as-
sumed the simple case λ ∈ {0, 1} and p = PΛ(λ = 0).

This results in simulating arbitrary convex combinations of local de-
terministic systems: For each obtained global value λ each player locally



20 Chapter 2. Preliminaries

decides on a certain deterministic output strategy (see Figure 2.4). Con-
cluding, all local systems can be expressed as probabilistic mixtures of
local deterministic systems.

Definition 2.20. Let L denote the set of local systems.

Therefore, L satisfies the relation L ≺ Ld and, conversely, any system
simulated solely on resources fromLd is called local. Thus, the set of local
systems is the largest subset L ⊆ N for which L ≺ Ld holds.

One can make the definition precise by capturing the existence of a
simulation protocol from scratch – a probabilistic mixture of local deter-
ministic systems – in an explicit requirement.

Definition 2.21. Anm-party system PA is called local if and only if

P x
A(a) =

∑

λ

PΛ(λ)

m
∏

i=1

1(ai, f
xi(λ))

for all a, x and with
∑

λ PΛ(λ) = 1. Again, 1(·, ·) denotes the Kronecker
function. For all i ∈ [m], fxi : R → Ai is player i’s output function on
input xi, associating an output ai with each λ.

A system that cannot be decomposed in such a way is called nonlocal.
For any nonlocal system P the relation {P} ≺ L does not hold. This
statement has been made precise in John Bell’s seminal work.

2.4.1 Bell Inequalities

For any fixed integer m and fixed alphabet cardinalities |Xi|, |Ai| for all
i ∈ [m], the set of all local systems, each one represented by a point in
a high-dimensional space, is convex with a finite number of extremal
points. We call such sets local polytopes. Each local polytope is bounded by
positivity conditions and a finite number of additional facets. The latter
are linear constraints also known as Bell inequalities [Bel64].

Definition 2.22. For a fixed number of ends and fixed alphabet cardinali-
ties a Bell inequality is of the form

∑

x,a

q(x, a)P x
A(a) ≤ c,

such that it is satisfied by all local systems PA in the corresponding local
polytope. Here, c ∈ R and the function q : X × A → R maps each input-
output pair x, a to a real number.
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Any given system implies a fixed number of ends and fixed input and
output alphabet cardinalities. It therefore associates a convex set of lo-
cal systems. Some hyperedges of this polytope are Bell inequalities. If
the given system violates at least one of these, then it lives outside the
corresponding local polytope and is therefore called nonlocal.

Definition 2.23. A system violating at least one of the Bell inequalities
constraining its local polytope is called nonlocal.

This is equivalent to saying that a nonlocal system cannot be decom-
posed into a convex combination of local deterministic systems as re-
quired in Definition 2.21 and implies that there is no conversion from Ld
to the system.

2.5 The Binary Nonsignaling Polytope

The so-called binary local polytope contains all bipartite local systems
with binary input and binary output alphabets. The set of binary local
systems is a strict subset of the set of binary nonsignaling systems.

Definition 2.24. LetNb denote the binary nonsignaling polytope, that is, the
set of all bipartite systems, with binary input alphabets and binary output
alphabets, satisfying nonsignaling.

See [BLM+05] for a comprehensive discussion of this set. In an eight
dimensional space Nb forms a convex polytope with 24 vertices. Its max-
imal local subset claims 16 vertices corresponding to local, deterministic
systems (see Definition 2.18). So, there are eight extremal systems left,
which means eight nonlocal vertices.

2.5.1 Popescu-Rohrlich Boxes

The nonlocal vertices of the binary nonsignaling polytope are also known
as Popescu-Rohrlich (PR) boxes, named after the scientists who proposed
these systems in the present context [PR94]. The underlying correlation
has been formulated before in [KT85]. A PR box can be described as fol-
lows: On inputs x, y ∈ {0, 1}, the system returns outputs a, b ∈ {0, 1},
such that a and b alone are uniform and independent of (x, y), but the
correlation xy ≡ a+ b (mod 2) always holds.
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Definition 2.25. A PR box is a bipartite system with binary input alpha-
bets X = Y = {0, 1} and binary output alphabetsA = B = {0, 1} and the
joint probability distributions

P xy
PR(a, b) =

{

1
2 , if a+ b ≡ xy (mod 2),

0, otherwise.

Any PR box maximally violates a corresponding Bell inequality. The
correlation of any PR box violates Tsirelson’s bound, that is, it cannot be
simulated arbitrarily well by two parties performing measurements on
quantum states [Tsi80]. However, it can be approximated with a simula-
tion distance of (2 −

√
2)/4, whereas 1/4 is the minimal distance achiev-

able with local systems.
As mentioned before, there are eight versions of the PR box. However,

the difference between them is only superficial. It is easy to verify that
they are equivalent under local relabellings of outputs. Therefore, we
have for any pair of PR boxes, PPR and PPR

′, the relations {PPR} ≺
{PPR

′} and {PPR
′} ≺ {PPR}. The disposability of copies of a certain PR

box in a simulation game can thus be interpreted as an available supply
of copies of all eight versions.

PPR =





P 00
PR P 01

PR

P 10
PR P 11

PR



 =















1
2 0 1

2 0

0 1
2 0 1

2

1
2 0 0 1

2

0 1
2

1
2 0















Figure 2.5: The distributions of a PR box in matrix representation.

2.5.2 CHSH Inequality

An often used generalization of the original Bell inequality is the CHSH in-
equality, named after its authors Clauser, Horne, Shimony and Holt. They
proposed the inequality in 1969 to advance the experimental detection of
quantum nonlocality [CHSH69].

The CHSH inequality and relabeled versions of it are facets of the bi-
nary local polytope. The set of all eight symmetric versions of the CHSH
inequality is complete in the sense that if a system violates none of them
it is local. Each PR box uniquely identifies a CHSH inequality which it
violates to the algebraic maximum. A CHSH inequality can be stated in



2.5. The Binary Nonsignaling Polytope 23

different ways, depending on the encoding of the input and output alpha-
bets. In the original language of Bell inequalities it is the following linear
constraint.

Definition 2.26. Any local system P ∈ Nb with inputs X = Y = {0, 1}
and outputs A = B = {−1, 1} satisfies

∑

x,y,a,b

(−1)xyabP xy
AB(a, b) ≤ 2.

Any CHSH inequality is also a Bell inequality as formulated before in
Definition 2.22. To obtain the expression above we set c = 2 and use the
function q(x, y, a, b) = (−1)xyab.

Another representation of the CHSH inequalities, with a different en-
coding of system outputs, can be formulated with the correlation func-
tions of a system.

Definition 2.27. Given any system P ∈ Nb with inputs X = Y = {0, 1}
and outputs A = B = {0, 1}we have the set of four correlation functions:

Xxy(P ) = P xy
AB(0, 0) + P xy

AB(1, 1)− P xy
AB(0, 1)− P xy

AB(1, 0),

for xy = 00, 01, 10, 11.

Then, the local subset of Nb is bounded by the following constraints.

Definition 2.28 (CHSH inequality). Any system P ∈ Nb with alphabets
X = Y = A = B = {0, 1} is local if and only if its correlation functions
satisfy

|Xxy(P ) +Xxȳ(P ) +X x̄y(P )−X x̄ȳ(P )| ≤ 2,

for xy = 00, 01, 10, 11. Here, we use x̄ to indicate bit flips, that is, 0̄ = 1
and 1̄ = 0.

In this work we will only use the latter definition.

2.5.3 Measuring CHSH Nonlocality

Nonlocality in Nb manifests in the violation of the CHSH Bell inequality.
This yields the possibility of a straightforward measure. Thus, in order
to quantify the nonlocality of a binary nonsignaling system, the maximal
violation of a CHSH inequality is adopted.
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Definition 2.29. We define the CHSH value as a functionNL : Nb → [0, 4].
For a system P ∈ Nb it is given by

NL(P ) := max
x,y
|Xxy(P ) +Xxȳ(P ) +X x̄y(P )−X x̄ȳ(P )|,

where x, y ∈ {0, 1}.
Note that NL(P ) > 2 indicates that the system P violates at least one

CHSH constraint and is therefore called nonlocal. Based on the one-to-
one relation of PR boxes and CHSH inequalities one can also take the
minimal distance to a PR box that can be reached with any simulation
protocol on a single copy of a given system as ameasure for its nonlocality
(see Lemma A.1). It is easy to see that this representation is equivalent to
the one given above.

2.5.4 Isotropic Systems

A particularly interesting class of systems in Nb are called isotropic5. To
define them we need the following:

Definition 2.30. Given any PR box PPR we obtain its opposite counterpart
P̄PR by assigning P̄ xy

PR(a, b) = 1/2− P xy
PR(a, b) for all x, y, a, b.

Note that P̄PR can be simulated on a shared system PPR by local op-
erations on either side. These local operations correspond to the transfor-
mation















0 1 0 0

1 0 0 0

0 0 0 1

0 0 1 0















PPR = P̄PR.

Here, the systems PPR and P̄PR are assumed to be given in matrix
form. The first matrix encodes Alice’s local relabeling of the obtained
outputs that transforms the shared system PPR into its counterpart P̄PR.

Probabilistically mixing a PR box with its counterpart yields a family
of isotropic systems.

5Isotropic, from the Greek iso (equal) and tropos (direction), means uniform in all ori-
entations; in the context of nonsignaling systems this suggests equal correlation function
moduli and uniform marginal distributions.
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Definition 2.31. A system is called isotropic if can be decomposed into a
convex combination of opposite PR boxes.

An isotropic system is, for example, obtained by any superposition of
the PR box PPR, as given in Definition 2.25, and its counterpart P̄PR on
the opposite side of the binary nonsignaling polytope, that is, the system
defined by the distributions

P̄ xy
PR(a, b) =

{

1
2 , if a+ b + 1 ≡ xy (mod 2),

0, otherwise.

Example 1. As an example, we can define a family of isotropic systems
by

Pδ := δPPR + (1− δ)P̄PR,

where δ ∈ [0, 1] and we assume that PPR, P̄PR, and Pδ are written in
matrix form.

Obviously, isotropic systems need not be nonlocal. For the family de-
fined above (see also Figure 2.6) we have NL(Pδ) = |8δ − 4|. It is easy
to see that the local isotropic systems of this family are within the bound-
aries 1/4 ≤ δ ≤ 3/4.

Pδ =





P 00
δ P 01

δ

P 10
δ P 11

δ
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2
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2
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Figure 2.6: An isotropic system Pδ in matrix form. As its name suggests
all marginal probabilities are equal, that is 1/2, and the moduli of the four
correlation functions coincide.

Nonlocal isotropic systems are interesting because for any system in
the binary nonsignaling polytope, there is a conversion to an isotropic sys-
temwith the same CHSH value. The simulation protocol achieving this is
known in the literature as depolarization or twirling (see Lemma A.1). This
special property of isotropic systems will be important in Part I where we
reason about amplifying the CHSH value of systems by conversions.





Part I

Nonlocality Distillation
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Chapter 3

Distilling CHSH Nonlocality

Since nonlocal correlations are more useful if they are stronger, it is nat-
ural to ask whether weak nonlocality can be amplified. In this chapter,
we give an affirmative answer by presenting the first simulation protocol
for distilling the CHSH value of general nonlocal correlations. Our non-
adaptive protocol works for both, quantum correlations and correlations
which cannot be measured on quantum states. This result motivated the
construction of more sophisticated distillation protocols aiming at, for ex-
ample, the collapse of communication complexity in the presence of non-
quantum correlations. Also, the distillability of nonlocal resources shows
that in many contexts the extent to which a single instance of a system
can violate a CHSH inequality is not a good measure for the usefulness of
nonlocality. A more meaningful formulation – called distillable nonlocality
– follows from our results.

Chapter Outline

Section 3.1 introduces definitions of limited scope, states selected families
of systems andmentions on a few preparatory insights. The results of this
chapter are presented in Section 3.2. In Section 3.2.1 we describe a simula-
tion protocol which, when executed by two players, amplifies the CHSH
value of nonlocal resource systems. Then, in Section 3.2.2, we mention a
few distillation protocols that are further developments of the initial one
and perform better in selected tasks. Remarks on the results and impli-
cations for measuring nonlocality as the violation of a CHSH inequality
are given in Section 3.2.3. We close the chapter with open questions and
concluding remarks in Section 3.3.
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Related Work

There are several known impossibility results on nonlocality distillation.
First, it is not possible to create nonlocality from locality, that is, to pass
one of Bell’s linear bounds [Bel64]. Second, there exists no nonlocality
distillation which can pass Tsirelson’s bound [Tsi80] if the nonlocal sys-
tems can theoretically be simulated in quantum mechanics. Third, a sim-
ple inductive argument demonstrates that a system which exhibits the
maximal possible CHSH violation cannot be obtained from weaker ones.
Fourth, it has been shown recently that the CHSH value of two copies of
an isotropic system cannot be distilled [Sho09]. Fifth, Dukaric and Wolf
prove that there exist infinitely many isotropic quantum systems which
are not distillable [DW08]. In the same work it is shown that the dis-
tillability of all isotropic systems, which are theoretically measurable on
quantum states, is at most very limited.

Our Contribution

We explicitly construct the first simulation protocol that increases the
CHSH value of shared copies of a weakly nonlocal system (see Theo-
rem 3.1). Our distillation protocol is deterministic, that is, it requires
no shared random variable, and it is nonadaptive. As a resource, we
introduce a class of two-parameter systems of which some members can
be distilled using our protocol. We show that the distillable region in-
cludes systems which are theoretically obtainable by measurements on
quantum states (see Theorem 3.2). Furthermore, we analyze and illus-
trate our distillation protocol based on the fixed points of its parameter
mapping and their stability properties. Motivated by the possibility of
distilling the CHSH value we propose an alternative nonlocality measure
that is meaningful when more than one copy of a nonlocal correlation
is available as a resource. These positive results on nonlocality distilla-
tion have been published in a joint work with SeverinWinkler and Stefan
Wolf [FWW09] and were part of a presentation with the same coauthors
and Dejan Dukaric [DFWW09].

3.1 Additional Definitions

Here, we state a number of specific definitions and insights with scopes
limited to the present chapter.
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3.1.1 Selected Systems

Definition 3.1. Let PS ∈ Nb denote the system that returns perfectly cor-
related random bits on any input.

We have the CHSH value NL(PS) = 2 and, therefore, PS is a local
system (see Figure 3.1).

PS =
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2 0 1
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2 0 1
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2 0 1
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2 0 1
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Figure 3.1: The local system PS represented in matrix form.

Definition 3.2. Let PF ∈ Nb denote the system that, on any inputs, re-
turns perfectly uncorrelated random bits.

Obviously we have NL(PF ) = 0 and, therefore, PF is also a local sys-
tem (see Figure 3.2).
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Figure 3.2: The local system PF represented in matrix form.

Note that we have PF = 1/2PPR + 1/2P̄PR, where PPR is the PR box
from Definition 2.25 and P̄PR its counterpart as given in Definition 2.30.
Hence, PF is an isotropic system (see Definition 2.31). Furthermore, we
define the following set of one-parameter resource systems.

Definition 3.3. For any 0 ≤ ε ≤ 1 let Pε denote the system

Pε := εPPR + (1− ε)PS .
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With probability ε this system behaves like a PR box and with prob-
ability 1 − ε it outputs perfectly correlated random bits independent of
the inputs (see Figure 3.3). By Definition 2.29 the system Pε has a CHSH
value of NL(Pε) = 2 + 2ε and is therefore nonlocal for all 0 < ε ≤ 1.

Pε =
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Figure 3.3: The resource system Pε in matrix form.

Next, we introduce a slightly more general parametrized family of re-
source systems.

Definition 3.4. For any parameters ε, δ ≥ 0, satisfying ε + δ ≤ 1, let Pε,δ

denote the system

Pε,δ := εPPR + δPS + (1− ε− δ)P̄PR,

where P̄PR is the opposite counterpart of the PR box PPR.

Pε,δ =
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Figure 3.4: The resource system Pε,δ in matrix form.

Any Pε,δ has a CHSH value ofNL(Pε,δ) = |3(2ε+2δ−1)−(1−2ε)|and
it is easy to see that its outputs are locally uniform. By setting δ = 1 − ε
we recover Pε.
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3.1.2 Quantum Systems

Quantum mechanics predicts violations of the CHSH inequalities up to
the value 2

√
2. However, this bound is only necessary. The necessary and

sufficient condition for a set of four numbers to be reached by measure-
ments on quantum states was found by Landau [Lan88] and Tsirelson
[Tsi93] (see also Masanes [Mas03]).

Lemma 3.1. A set of correlation functions Xxy (for xy = 00, 01, 10, 11, see
Definition 2.27) can be reached by a quantum state and some local observables if
and only if they satisfy the following four inequalities:

| arcsinX00 + arcsinX01 + arcsinX10 − arcsinX11| ≤ π, (3.1)

| arcsinX01 + arcsinX00 + arcsinX11 − arcsinX10| ≤ π, (3.2)

| arcsinX10 + arcsinX11 + arcsinX00 − arcsinX01| ≤ π, (3.3)

| arcsinX11 + arcsinX10 + arcsinX01 − arcsinX00| ≤ π. (3.4)

Note that any quantum system can be turned into a system with uni-
form marginal distributions while preserving its correlation functions by
local operations and shared randomness (see also Section 3.2.3). There-
fore, any system Pε,δ is quantum-mechanically realizable if its correlation
functions satisfy (3.1) – (3.4).

3.1.3 Nonlocality Distillation

In this chapterwe study the question if the violation of a CHSH inequality
can be distilled. Formally, by interpreting conversions among systems in
Nb as a preorder≺ on the power set P(Nb) (see Definition 2.15), we mean
the following:

Definition 3.5. A system P ∈ Nb is distillable if there is at least one system
T ∈ Nb such that NL(T ) > NL(P ) and {T } ≺ {P}.

If we can find a nonlocal system which is distillable then we have gen-
erated a positive answer to the distillation question.

Definition 3.6. The violation of a CHSH inequality is distillable if there
is at least one distillable system P ∈ Nb such that NL(P ) > 2.

A simulation protocol that achieves the conversion from a weakly non-
local system P to another system T which violates a CHSH inequality
more, is called a nonlocality distillation protocol.
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3.2 Results

We state a distillation protocol for the CHSH value and discuss implica-
tions of this finding.

3.2.1 A Distillation Protocol

Let the simulation protocol DP⊕ be executable on n ≥ 1 copies of a re-
source system P ∈ Nb by two players, henceforth called Alice and Bob.
Furthermore, it shall be defined as follows:

On inputs x to Alice and y to Bob the parties input x and y, respectively
to all n systems simultaneously and receive outputs a = (a1, . . . , an) and
b = (b1, . . . , bn), respectively. The parties then locally compute their out-
put bits as

fx(a1, . . . , an) =
n
⊕

i=1

ai

for Alice1 independently of her input x and

gy(b1, . . . , bn) =

n
⊕

i=1

bi

for Bob independently of his input y. Note that the output functions are
symmetric, that is, for all a, b, we have the implication a = b ⇒ fx(a) =
gy(b). The entire protocol on n copies of the resource system P ∈ Nb is
illustrated in Figure 3.5.

We will now prove that DP⊕ is a distillation protocol for the violation
of a CHSH inequality.

Theorem 3.1. Pε is distillable for 0 < ε < 1/2.

Proof. From Definition 3.3 it holds that NL(Pε) > 2 for ε > 0. We show
that for any integer n > 1 and parameter 0 < ε < 1/2, the protocol DP⊕

on n copies of the system Pε simulates a system S ∈ Nb, thus {S} ≺ {Pε},
with NL(S) > NL(Pε).

Obviously,DP⊕ includes only classical, local operations on Alice’s and
Bob’s ends of the shared systems and is, therefore, a proper simulation
protocol in accordance with Definition 2.14.

1The binary operation ⊕ returns the sum of the input bits modulo 2.
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ALICE BOB

x ∈ {0, 1} inputs y ∈ {0, 1}

x1 = x y1 = y
a1 ← P x1y1

AB → b1

x2 = x y2 = y
a2 ← P x2y2

AB → b2

...
...

...

xn = x yn = y
an ← P xnyn

AB → bn

⊕n
i=1 ai outputs

⊕n
i=1 bi

Figure 3.5: The protocol DP⊕. Its outputs are a simple XOR of all the
outputs obtained from a nonadaptive usage of the available nonlocal re-
source systems.

Then, it is straightforward to understand that DP⊕ on two resource
systems Pε simulates the new system

2ε(1− ε)PPR + (ε2 + (1− ε2))PS .

The resulting system is a member of the same family as the resources. It is
defined by the parameter ε′ = 2ε(1− ε). From this, one can easily derive
that DP⊕ executed on n resource systems simulates a resulting system S
with CHSH value

NL(S) = 3− (1− 2ε)n.

For 0 < ε < 1/2 and any n > 1, we can thus guarantee an increase of
the CHSH value, that is, 3 − (1 − 2ε)n > 3 − (1 − 2ε)n−1, which directly
implies NL(S) > NL(Pε).
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In the limit we have limn→∞ NL(S) = limn→∞ 3 − (1 − 2ε)n = 3 for
0 < ε < 1. That means we approach the nonlocal system P1/2 in the
asymptotic limit (see Figure 3.6). Interestingly, DP⊕ amplifies the CHSH
value of resource systems with 0 < ε < 1/2 and reduces it in the interval
1/2 < ε < 1. Concluding, P1/2 is an attracting system.

P 1
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Figure 3.6: The attracting system P1/2 in matrix form.

Note that, according to the criterion in Lemma 3.1, the distillable sys-
tems Pε cannot be obtained from measurements on quantum states. This
allows our protocol to pass Tsirelson’s bound [Tsi80] using Pε, with pa-
rameter 0 < ε ≤

√
2 − 1, as resource systems. In the following we show

that nonlocality distillation is also possible for quantum systems.

Theorem 3.2. There exist parameters ε, δ and an integer n > 1 such that Pε,δ

is a quantum system and is distillable.

Proof. We show that there is an integer n > 1 and parameters ε, δ such
that the protocol DP⊕ on n copies of the quantum system Pε,δ simulates
a certain system S ∈ Nb with NL(S) > NL(Pε,δ).

We demand δ > 1 − 2ε and follow a similar reasoning as in the proof
of Theorem 3.1. DP⊕, executed on n copies of Pε,δ , simulates a system S
with CHSH value

NL(S) = |3(2ε+ 2δ − 1)n − (1 − 2ε)n|. (3.5)

We can find values n and parameters ε and δ (for example, n = 2, ε =
1/100, δ = 1− 1/80) such that Pε,δ is at the same time nonlocal and distil-
lable by DP⊕, that is,

|3(2ε+ 2δ − 1)n − (1− 2ε)n| > |3(2ε+ 2δ − 1)− (1− 2ε)| > 2

and a quantum system, that is,

|3 arcsin(2ε+ 2δ − 1)− arcsin(1− 2ε)| ≤ π,

| arcsin(2ε+ 2δ − 1) + arcsin(1− 2ε)| ≤ π.
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Lemma 3.1 only guarantees that the correlation functions of Pε,δ are ob-
tainable by quantum mechanics. But Alice and Bob can make their out-
puts locally uniform such that the correlation functions are preserved
using shared randomness (see Section 3.2.3). Therefore, we can achieve
NL(S) > NL(Pε,δ) with Pε,δ representing a quantum system.

A natural follow up question concerns the maximum nonlocality our
protocol can distill to using the quantum systems of the family Pε,δ.

Optimal choices for parameters n, ε, δ maximize (3.5) with respect to
the conditions that NL(S) > NL(Pε,δ) and that Pε,δ is a nonlocal quan-
tum system (see Lemma 3.1). We found analytically with Maple [Map10]
that the maximal CHSH value that can be reachedwithDP⊕ on n∗ copies
of Pε∗,δ∗ is 1 +

√
2. The assignments n∗ := 2 and

ε∗ :=

√

2 +
√
2

4

(

1−
√
2
)

+
1

2
; δ∗ :=

√
2
√

2 +
√
2

4
.

do the job2.
Note that we have chosen the two example resource systems because

of their simplicity. This should not suggest that these systems are the only
ones distillable by our protocol. As explained in more detail in Section
3.2.3, the distillability of a system with the presented protocol does only
depend on its correlation functions and not on the marginals.

Analysis

For the analysis of nonlocality distillation protocols we will first deter-
mine the protocol’s map which takes the parameters of the resource sys-
tems to the parameters of the simulated system which is obtained by one
application of the protocol. Then, the fixed points of this map can be com-
puted. If the map is continuously differentiable, their stability properties
can be determined based on the eigenvalues of the Jacobian matrix of the
map at the fixed points.

Let us now apply this analysis to gain deeper insights into the simu-
lation protocol DP⊕ on two-parameter resource systems Pε,δ. First, we
derive the map

F⊕(ε, δ) =

[

ε′(ε, δ)
δ′(ε, δ)

]

2Intuitively, two copies are sufficient to find the maximum here because the XOR opera-
tion is associative.
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that describes the transformation of DP⊕ taking two copies of Pε,δ to a
resulting system S = Pε′,δ′ . Its fixed points represent systemswith special
properties relative to DP⊕ in the asymptotic limit.

Some simple manipulations yield that DP⊕ executed on two copies of
Pε,δ simulates the system

Pε′,δ′ = (ε2 + δ2 + (1− ε− δ)2)PS

+ 2ε(1− ε− δ)(PPR + P̄PR − PS)

+ 2δ(1− ε− δ)P̄PR + 2εδPPR.

We get the function F⊕(ε, δ) with components

ε′(ε, δ) = 2ε− 2ε2,

δ′(ε, δ) = 1− 4ε+ 4ε2 + 4εδ − 2δ + 2δ2.

This map has the fixed points (0, 1), (1/2, 0), and (1/2, 1/2) corresponding
to the systems P0,1 = PS , P1/2,0 = 1/2PPR+1/2P̄PR = PF and P1/2,1/2 =
1/2PPR + 1/2PS . By computing the Jacobian of the functions ε′(ε, δ) and
δ′(ε, δ) we can derive the stability of these points. We have that

JF⊕ =

[

2− 4ε 0
8ε− 4 + 4δ 4ε− 2 + 4δ

]

.

The eigenvalues of JF⊕ at the point (1/2, 1/2) are 0, 2 and indicate that
P1/2,1/2 (with the CHSH value NL(P1/2,1/2) = 3) is a saddle point of
F⊕. Since the eigenvalues of JF⊕(0, 1) are 2, 2 the system PS is a repellor
and from the eigenvalues 0, 0 for JF⊕(1/2, 0), we conclude that PF is an
attractor. Setting δ = 1 − ε reduces one dimension of the map and an
analysis of the fixed points shows that P1/2 is an attractor and PS is a
repellor. These reasonings agree with Theorem 3.1.

To illustrate these findings visually, one can calculate and plot the vec-
tor field given by

v(ε, δ) =

[

ε′(ε, δ)
δ′(ε, δ)

]

−
[

ε
δ

]

in the two dimensional plane spanned by ε ∈ [0, 1] and δ ∈ [0, 1]with the
constraint ε+ δ ≤ 1 (see Figure 3.7).

An analysis by Høyer and Rashid [HR10] shows that DP⊕ is optimal
among all nonadaptive simulation protocols for distilling CHSH nonlo-
cality. Optimality is established in the sense that no nonadaptive simu-
lation protocol, on any number of copies of a resource system in Nb, can
overstep the maximal CHSH value distillable with DP⊕.
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ε

δ

PPR

PS

PF

P̄PR

P 1
2 ,

1
2
= P 1

2

Figure 3.7: The plot shows the vector field of the protocol DP⊕. The
system P1/2 is attracting systems which are combinations of PS and PPR.
However, inner systems arbitrarily close toP1/2 are attracted by PF . Thus,
P1/2 is a saddle point. PF is attracting all systems in its neighborhood and
is, therefore, an attractor. In contrast, any system in the periphery of PS

is repelled away from PS , which makes this system a repellor.

3.2.2 Improved Protocols

Although DP⊕ successfully distills the CHSH value of resource systems,
it is simple enough and can be improved in many ways. A number
of more sophisticated protocols for distilling the CHSH value of nonlo-
cal systems have been proposed in the literature [BS09, ABL+09, HR10].
Those contributions are all based on adaptive strategies and are improve-
ments over DP⊕ in different aspects.

Collapsing Communication Complexity

In [PR94] Popescu and Rohrlich raised the question of why quantum
correlations are more limited than by the nonsignaling conditions alone.
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Ever since there has been an ongoing effort to identify an explanation
for the quantum bound formulated in information-theoretic terms that
separates correlations measurable on quantum states from non-quantum
correlations. A candidate is the common assumption that evaluating cer-
tain distributed Boolean functions correctly with a probability greater 1/2
requires a number of communicated bits that depends on the size of the
smallest input. If one chooses to believe that no physical theory allows
the theoretical possibility of breaking this assumption, then one must con-
clude that certain non-quantum systems are not realizable in any post-
quantum theory [BBL+06]. In this context Brunner and Skrzypczyk have
constructed a distillation protocol for the CHSH value that extends the
set of unreasonably powerful systems significantly.

Theorem 3.3 (see [BS09]). For any 0 < ε ≤ 1 we have {PPR} ≺ {Pε}.

We recapitulate their adaptive simulation protocol and a short analy-
sis of its properties in Section A.2 of the Appendix. When executed on
copies of the system Pε, for any 0 < ε ≤ 1, their protocol simulates a
system S = PPR in the asymptotic limit. Concluding, the protocol’s sim-
ulation approaches a system with a CHSH value of 4 while the resources
may violate a CHSH inequality arbitrarily little. This has dramatic im-
plications for probabilistic communication complexity, which collapses if
the players share systems with a CHSH value above 3.266 [BBL+06].

Further Protocols for Distilling CHSH Nonlocality

Allcock et al. propose a third distillation protocol that, very similar to
the protocol in [BS09], reaches the PR box in the asymptotic limit when
applied on nonlocal copies of Pε [ABL+09]. Finally, in an analysis and
comparison of different CHSH nonlocality distillation protocols [HR10],
Høyer and Rashid state their own adaptive distillation protocol. Their
three-copy protocol distills the CHSH value of resource systems which
have not been known to be distillable by any preceding protocol.

These findings underline that the space of possible protocols is very
rich and far from understood. Due to the freedom when choosing the
local Boolean functions which define a simulation protocol, we have that
the possibilities grow doubly exponentially in the number of deployed
resource systems. Since the scientific value of specialized protocols, that
is, more efficient or of broader applicability, is unclear to us, we leave the
discovery of such protocols to possible future work.
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3.2.3 Remarks

Given any system P ∈ Nb, Alice and Bob can depend a simultaneous
local switch of P ’s outputs (which results in the system P ′) on a shared
random bit λ that is distributed uniformly. This protocol simulates the
mixture 1

2P + 1
2P

′ as illustrated below.

1

2









p1 p2 p5 p6
p3 p4 p7 p8
p9 p10 p13 p14
p11 p12 p15 p16









+
1

2









p4 p3 p8 p7
p2 p1 p6 p5
p12 p11 p16 p15
p10 p9 p14 p13









=









p1+p4

2
p2+p3

2
p5+p8

2
p6+p7

2
p3+p2

2
p4+p1

2
p7+p6

2
p8+p5

2
p9+p12

2
p10+p11

2
p13+p16

2
p14+p15

2
p11+p10

2
p12+p9

2
p15+p14

2
p16+p13

2









By first applying this simple protocol, any system P ∈ Nb, for which there
is a system Pε,δ with the same correlation functions (see Definition 2.27),
that is,

Xxy(P ) = Xxy(Pε,δ)

for all xy = 00, 01, 10, 11, can be distilled by the same protocols as Pε,δ .

Implication for Measuring Nonlocality

The existence of distillable systems in Nb motivates the definition of a
new measure for CHSH nonlocality, namely the maximal CHSH value
achievable from many realizations of a given system by any distillation protocol.
This alternative formulation, henceforth called distillable nonlocality, will
be studied in the next chapter.

As an example application, consider the computation of the nonlocally
distributed version of the AND function: Two separated parties are given
inputs x1, x2 and y1, y2, respectively, and have to find outputs a and b,
such that the probability of obtaining

a+ b ≡ (x1 + y1)(x2 + y2) (mod 2) (3.6)

is maximal. Quantum mechanics allows no advantage over the optimal,
classical strategy [LPSW07]. Rearranging (3.6) yields a strategy with a
success probability directly related to the CHSH violation of a given re-
source system. By running the protocol DP⊕ on copies of an arbitrarily
weakly nonlocal member of the family Pε a higher success probability
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above the quantum bound can be reached. This illustrates that distill-
able systems like Pε – although located arbitrarily “close” to the classical
bound – are a stronger computational resource than any quantum sys-
tem. Therefore, we obtain a separation of quantum and non-quantum cor-
relations below the Tsirelson bound in terms of information-processing
power. It is thus obvious that the CHSH value of Pε is misleading con-
cerning the usefulness of Pε as an information-theoretic resource whereas
the proposed alternative measure is more meaningful in this context.

3.3 Conclusions

In this chapter we have shown that the nonlocality of systems in the bi-
nary nonsignaling polytope, measured by the CHSH value, can be ampli-
fied with simulation protocols. In particular, we have defined resource
systems Pε ∈ Nb that violate a CHSH inequality arbitrarily little but are
nevertheless notmeasurable on quantum states, and proved the existence
of a system S ∈ Nb such that {S} ≺ {Pε} and NL(S) > NL(Pε). Further-
more, we showed that the CHSH value of certain two-parameter systems
measurable on quantum states can also be distilled.

The existence of distillable systems in Nb motivates the definition of
an alternative measure for CHSH nonlocality. Clearly, this is significant
in any context where the violation of a CHSH inequality is used as a
resource for information-processing, and where the number of systems
available is not limited to one.

The results of this chapter complement previous ones, stating that no
simulation protocol exists that amplifies the CHSH value of two copies
of any nonlocal isotropic system [Sho09] and that distilling isotropic sys-
tems is at most very limited and impossible for infinitely many instances
in the quantum region [DW08]. Therefore, our results show that there
cannot be a conversion from infinitely many isotropic quantum systems
to distillable systems with the same CHSH value rendering such pairs
non-equivalent resources.

It remains to identify the boundaries of the distillable subset of Nb

for more than two-copy distillation and in the asymptotic limit. [Sho09]
and [DW08] support the believe that the distillable set does not include
isotropic systems. Isotropic systems are an important special case because
they are the worst case with respect to distillation (see Lemma A.1). A
study of the alternative nonlocality measure introduced in this chapter
might provide additional evidence (see Chapter 4).



Chapter 4

Bounds for Distillation
Protocols

Motivated by the discovery of distillation protocols for the CHSH value
an alternative measure has been proposed. The distillable nonlocality ex-
presses the maximal CHSH value achievable with any distillation proto-
col on a given resource. Today our knowledge about such protocols is still
very limited. Although tools and techniques to analyze fixed protocols ex-
ist (for example by discrete maps [BS09, ABL+09]), difficulties arise and
the lack of a neat framework becomes obvious when attempting to cal-
culate the distillable nonlocality of a fixed resource. Besides what results
from trivial symmetries, not much is known to simplify the task. It usu-
ally requires an exhaustive search over all possible simulation protocols.
The fact that the search space grows doubly exponentially in the number
of involved copies of a resource system represents a serious problem for
the usefulness and understanding of this alternative nonlocality measure.
Therefore, as recently suggested in [BCSS11], meaningful bounds on dis-
tillable nonlocality that can be derived more efficiently are a reasonable
compromise. In this chapter we state such upper bounds. They are ex-
ponentially easier to compute than the exact value and are shown to be
meaningful in general and tight in some cases.

Chapter Outline

Section 4.1 introduces definitions of limited scope and mentions on a few
preparatory insights. Themain results of this chapter are presented in Sec-

43
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tion 4.2. We start with analyzing the freedom one has when constructing
distillation protocols on fixed resource systems. Solutions to the result-
ing optimization problem for fixed parameters are used to state upper
bounds on the distillable CHSH nonlocality of isotropic systems defined
by the same parameters (see Section 4.2.1). In Section 4.2.2, we gener-
alize the upper bounds to the distillable nonlocality of arbitrary binary
systems. Also, we provide an illustration of our findings by calculating
a number of explicit bounds and hint on applications of the results in
Section 4.2.3. We close the chapter with open questions and concluding
remarks in Section 4.3.

Related work

In a recent development, a number of distillation protocols for the CHSH
nonlocality have been constructed. As an initial step, it has been shown
in [FWW09] that the CHSH value is distillable in general (see also Chap-
ter 3). An improved protocol [BS09] manages to distill an arbitrarilyweak
nonlocal correlation, that is still outside the quantum set, to the extent
where communication complexity collapses. Allcock et al. propose an-
other distillation protocol that behaves similarly [ABL+09]. Høyer and
Rashid analyzed different distillation protocols, proved optimality in re-
stricted classes and discovered a strong dependence between the optimal
protocol and the parameters of the resource that it distills [HR10]. These
results confirm that the CHSH value is indeed a problematic measure for
nonlocality in contexts where a supply of more than one copy of a nonlo-
cal system is available as a resource. An alternative measure, which is by
definition undistillable, is the maximal CHSH violation achievable from
many realizations of a given nonlocal resource by any distillation proto-
col [FWW09]. Brunner et al. [BCSS11] recently compared the distillable
nonlocality to the EPR2 (named so after Elitzur, Popescu, and Rohrlich)
decomposition approach [EPR92, FHSW10]. The authors discovered ex-
amples of bound nonlocality and activation – the analogues to bound en-
tanglement and its activation for general nonlocal correlations.

Our contribution

In this chapter we state nontrivial limitations, other than the Bell and
Tsirelson bounds, that restrict nonlocality distillation. We derive an up-
per bound to the CHSH value distillable from a number of copies of an
isotropic system (see Corollary 4.1). It relies on a recursive optimization
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problem that has a strong connection to the process of optimizing pro-
tocols for distilling the nonlocality of isotropic systems. Solved with a
dynamic-programming approach our bound yields an exponential gain
in the runtime compared to an exhaustive search (see Lemma A.3). The
efficiency advantage enables one to analyze instances computer-assisted
with the number of available correlations limited by nine. To demonstrate
this we calculated the bounds to the distillable nonlocality of a set of fixed
isotropic systems and found that, for these instances, our bounds rule
out distillation and are therefore tight. Furthermore, we present an idea
how to extend isotropic bounds to the general case (see Corollary 4.2 and
Lemma A.4). The main contributions of this chapter have recently been
published in [For11].

4.1 Additional Definitions

Here, we complement the preliminary chapter with a number of addi-
tional definitions and explanations.

4.1.1 Sufficiency of Deterministic Simulation Protocols

It is easy to see that simulation protocols designed for distilling CHSH
nonlocality need not use a shared random value. The system that is sim-
ulated by a protocol conditioned on shared randomness is a convex com-
bination of systems simulated by deterministic protocols. Therefore, and
due to the linearity of the correlation functions (see Definition 2.27), the
CHSH value achieved by the best deterministic strategy is at least as high
as the probabilistic mixture of CHSH values. Concluding, we assume any
nonlocality distillation protocol to be deterministic and, therefore, skip
the shared random value λ from this chapter’s notation.

4.1.2 The Simulated CHSH Value

For systems in Nb nonlocality can be decided based on the CHSH value.
To measure the CHSH value of a system which is emulated by a simula-
tion protocol we use a slightly different representation.

Suppose a simulation protocol executed by two players, Alice and Bob,
on n bipartite resource systems that simulates a system S ∈ Nb. For all
inputs x, y we have a probability distribution, denoted W xy

AB , on the pos-
sible pairs of outputs from the shared resource systems that are obtained
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by Alice and Bob. These bit strings are denoted by a = a1, . . . , an for Al-
ice and b = b1, . . . , bn for Bob, respectively. On inputs x, y they obtain the
pair (a, b) with probability W xy

AB(a, b). Therefore, the systemWAB and the
final output functions fx, gy represent the simulation protocol completely.
IfWAB is given in matrix form, then the probabilityW xy

AB(a, b) is stored at
the index (xa, yb). Sometimes it is appropriate to represent the functions
fx and gy as binary vectors.

For each input pair x, y the corresponding correlation function (seeDef-
inition 2.27) of the simulated system S can be described by the following
inner product:

〈fx, gy〉 = E[fx(a) = gy(b)]− E[fx(a) 6= gy(b)]

=
∑

a,b

W xy
AB(a, b)(1− 2fx(a))(1 − 2gy(b))

= (1− 2fx)TW xy
AB(1− 2gy).

The two expectation values are calculated over all pairs (a, b) ∼W xy
AB . The

nonlocality of a simulation protocol is the maximal violation of a CHSH
inequality by the simulated system S.

Definition 4.1. The CHSH value of the system S which is simulated by a
protocol can be measured by

NL(S) := max
xy

∣

∣〈fx, gy〉+ 〈f x̄, gy〉+ 〈fx, gȳ〉 − 〈f x̄, gȳ〉
∣

∣ ,

where we use x̄ and ȳ to indicate bit flips, that is, 0̄ = 1 and 1̄ = 0. Obvi-
ously, NL(S) > 2 indicates that the protocol simulates a nonlocal system.

Note that Definition 4.1 is a generalization of Definition 2.29, which is
recovered for WAB ∈ Nb and the output functions being the identity for
all inputs.

4.1.3 Distillable Nonlocality

The results of Chapter 3 motivate the proposal of an alternative nonlo-
cality measure that expresses the maximal CHSH value achievable with
any simulation protocol on a given resource. Brunner et al. have recently
formally defined and analyzed distillable nonlocality in comparison with
the EPR2 decomposition [BCSS11]. Here, we use a slightly different nota-
tion that expresses the same idea.
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Definition 4.2. For a system P ∈ Nb and an integer n > 0, the distillable
nonlocality, denoted D(n, P ), is the maximal CHSH value of any system
S such that there is a conversion from n copies of P to S.

D(n, P ) := max
S:{S}≺{P}

NL(S). (4.1)

For determining the distillable nonlocality of a system P precisely, by
an exhaustive search over the space of all possible simulation protocols
on n copies of P , one is required to test roughly

(

n
∏

i=0

22
i+1

)2

= 2
∑n

i=0 2i+2 ∈ 22
O(n)

instances, calculated as the product of all involved Boolean functions fix-
ing a simulation protocol (see Definition 2.13). Because this is infeasible
with normal hardware already for n > 2 resource systems, giving a bound
to D(n, P ) instead, which can be computed more efficiently, is a reason-
able compromise.

Additionally, we will require the following grouping of Boolean func-
tions.

Definition 4.3. For any number k, the set Ck includes all Boolean func-
tions f : {0, 1}n → {0, 1}, for some fixed n, which have the same output
balance, that is, we define Ck := {f : |f−1(1)| = k}.

4.2 Results

First, in Corollary 4.1, we state an upper bound to D(n, P ) if P is an
isotropic system (see Definition 2.31) and generalize this result to arbi-
trary systems afterward in Corollary 4.2.

4.2.1 Isotropic Case

As a preparative step we manipulate (4.1) to reveal the core of the task.
One can group the search space of all simulation protocols on n resource
systems into protocols that have the same output function balances, fixed
by the four integers 0 ≤ k0, k1, l0, l1 ≤ 2n. Then, we can rewrite (4.1) as

D(n, P ) := max
k0,k1,l0,l1

max
S:{S}≺{P}

NL(S),
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where the inner maximization is over all simulation protocols on n copies
of P with output functions f0 ∈ Ck0 , f1 ∈ Ck1 , g0 ∈ Cl0 and g1 ∈ Cl1 .

Assuming fixed values k0, k1, l0, l1 we now concentrate on determin-
ing the value

max
S:{S}≺{P}

NL(S)

under this condition. According to Definition 4.1, this subproblem boils
down to finding a simulation protocol for Alice and Bobwith output func-
tions f0 ∈ Ck0 , f1 ∈ Ck1 , g0 ∈ Cl0 and g1 ∈ Cl1 , such that the term

〈f0, g0〉+ 〈f1, g0〉+ 〈f0, g1〉 − 〈f1, g1〉

is minimal/maximal. Here, we assumed that the maximum in Definition
4.1 is attained at xy = 00. Our reasoning can easily be extended to all four
cases. For any x, y we have

〈fx, gy〉 = (1− 2fx)TW xy
AB(1 − 2gy)

= 1− kx/2n−1 − ly/2n−1 + 4fxTW xy
ABg

y.

Therefore, for given kx and ly , upper and lower bounds on the inner prod-

uct 〈fx, gy〉 can be derived from optimizing the value fxTW xy
ABg

y.
For fixed inputs x, y the task is straightforward: Generally speaking,

given integers n > 0 and 0 ≤ k, l ≤ 2n, we seek a probability distribution
WAB , on pairs of bit strings of length nwhich Alice and Bob can establish
by executing a simulation protocol on n copies of P , and output functions
f ∈ Ck, g ∈ Cl such that the product fTWABg is optimal. We will derive
bounds on fTWABg by partly ignoring the restriction that WAB needs to
be simulated by Alice and Bob. This relaxation has the following back-
ground:

Suppose fixed f ∈ Ck, g ∈ Cl and a fixed WAB . Let (a1, b1) be the out-
puts of the first system Alice accesses when executing her local strategy
of the corresponding protocol. The k preimages of 1 under f are split
into two parts with reference to the output bit a1 and the l preimages of 1
under g are split into two parts according to b1, that is, we have

k = |{f−1(1) : a1 = 0}|+ |{f−1(1) : a1 = 1}|

and
l = |{g−1(1) : b1 = 0}|+ |{g−1(1) : b1 = 1}|.

WAB provides a probability distribution on the pair (a1, b1), possibly con-
ditioned on outputs of other shared systems. Roughly speaking, we will
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find the optimal splitting of f, g and the optimal distribution for the out-
put pair (a1, b1) by considering the optimal splittings and optimal distri-
butions in the four subproblems, where the pair (a1, b1) is assumed to be
assigned deterministically. In this way we obtain a recursive n-level hier-
archy of optimization problems. The following definition makes this idea
precise.

Definition 4.4. A problem instance is given by the tuple (P, n, k, l), with a
system P ∈ Nb and integers n > 0 and 0 ≤ k, l ≤ 2n. To solve the instance
(P, n, k, l) we fix the parameter p = P 00

AB(0, 0) and determine the values

δ+n (k, l) =











maxij p
[

δ+n−1(i, j) + δ+n−1(k − i, l − j)
]

+
(

1
2 − p

) [

δ+n−1(i, l− j) + δ+n−1(k − i, j)
]

, if n > 0,

kl, else,

and

δ−n (k, l) =











minij p
[

δ−n−1(i, j) + δ−n−1(k − i, l − j)
]

+
(

1
2 − p

) [

δ−n−1(i, l − j) + δ−n−1(k − i, j)
]

, if n > 0,

kl, else,

where we optimize over the ranges k −min(k, 2n−1) ≤ i ≤ min(k, 2n−1)
and l−min(l, 2n−1) ≤ j ≤ min(l, 2n−1) in order to guarantee well defined
subproblems.

Solutions δ+n (k, l) and δ−n (k, l) to the instance (P, n, k, l) capture the pos-
sibilities we have when constructing a distribution WAB and functions
f ∈ Ck , g ∈ Cl, such that the product fTWABg is optimal. Since in the
above optimization the subproblems on the same level are handled inde-
pendently we get better solutions than with distributions that are simu-
lated by two players, where this independence is not given.

Theorem 4.1. Let P ∈ Nb be any isotropic system and suppose integers n > 0
and 0 ≤ k, l ≤ 2n. For any joint distribution WAB simulated by Alice and Bob
on n copies of P and output functions f ∈ Ck, g ∈ Cl, we have

δ−n (k, l) ≤ fTWABg ≤ δ+n (k, l),

where δ−n (k, l) and δ
+
n (k, l) are the solutions to the instance (P, n, k, l).

Proof. The main idea for proving these bounds is to decomposeWAB into
four submatrices and f, g into two functions/vectors each. On these four
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parts one can then inductively prove the statements. The decomposition
is done with reference to the first shared resource system Alice accesses
in the protocol simulating WAB . We shall call this system P1 and denote
its output pair by (a1, b1).

Wewrite a1̄ for the string (a2, . . . , an) and b1̄ for (b2, . . . , bn) and accord-
ingly we will use the sequences of random variables A1̄ = (A2, . . . , An)
and B1̄ = (B2, . . . , Bn).

First, we fix the parameter p = P 00
AB(0, 0) and introduce the Boolean

function h : {0, 1}n−1 → {0, 1} that determines a bit depending on Bob’s
local outputs b1̄ = (b2, . . . , bn) of the n− 1 systems P2, . . . , Pn shared with
Alice, such that

WA1B1|B1̄
(0, h(b1̄)|b1̄) = p

for all b1̄ ∈ {0, 1}n−1. Note that if P1 is also the first system Bob accesses,
then Alice’s and Bob’s inputs into the first system are constant and, thus,
h is also constant. Otherwise, only Alice’s input is guaranteed to be con-
stant. In this case h is used to react to possible changes caused by Bob’s
input into the first system. h always exists since isotropic systems have
symmetric output distributions, and, therefore, for any b1̄ the first system
P1 outputs either (0, 0) or (0, 1)with probability p.

According to the result of h we split WAB into four parts by grouping
all probabilities WAB(a, b) by four possible outcome pairs of the first sys-
tem. Figure 4.1 illustrates this idea. In the same manner we split the func-
tions f, g into the subfunctions f ′(a1̄) = f(0, a1̄) and f ′′(a1̄) = f(1, a1̄) for
all a1̄ and g′(b1̄) = g(h(b1̄), b1̄) and g′′(b1̄) = g(h̄(b1̄), b1̄) for all b1̄. Applied
to fTWABg we can identify four parts as follows.

fTWABg =
∑

ab

f(a)WAB(a, b)g(b)

=
∑

a1̄b1̄

[ f ′(a1̄)WAB(0a1̄, h(b1̄)b1̄)g
′(b1̄)

+ f ′′(a1̄)WAB(1a1̄, h̄(b1̄)b1̄)g
′′(b1̄)

+ f ′′(a1̄)WAB(1a1̄, h(b1̄)b1̄)g
′(b1̄)

+ f ′(a1̄)WAB(0a1̄, h̄(b1̄)b1̄)g
′′(b1̄)

]

.

Now, as an example, observe the probability WAB(0a1̄, h(b1̄)b1̄). By the
definition of the function h we can derive

WA1B1(0, h(b1̄)) =
∑

b1̄

WB1̄
(b1̄)WA1B1|B1̄

(0, h(b1̄)|b1̄) = p
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WAB

a1, b1 = h(b1̄) ā1, b1 = h̄(b1̄) a1, b1 = h̄(b1̄) ā1, b1 = h(b1̄)

WA1̄B1̄

(1) WA1̄B1̄

(2) WA1̄B1̄

(3) WA1̄B1̄

(4)

p
p

1
2 − p

1
2 − p

Figure 4.1: The distribution WAB is decomposed according to the func-
tion h such that the distribution of the first output pair (a1, b1) can be fac-

tored out. The four resulting distributions WA1̄B1̄

(1),WA1̄B1̄

(2),WA1̄B1̄

(3),

andWA1̄B1̄

(4) are then obtained from simulation protocols on n−1 shared
resource systems. In each one of them the first output to Alice, a1, is fixed
from the beginning (either a1 or ā1) and the output to Bob, b1, is deter-
mined by his local function h as soon as Bob has collected enough outputs
from the subsequent systems P2, . . . , Pn.

and therefore, if we factor out the probability of the first output pair
(a1, b1) we get

WAB(0a1̄, h(b1̄)b1̄) = p WA1̄B1̄|A1B1
(a1̄, b1̄|0, h(b1̄)).

The claim is now that for all pairs a1̄, b1̄ and any fixed function h the prob-
abilityWA1̄B1̄|A1B1

(a1̄, b1̄|0, h(b1̄)) is determined by a distribution that can
be obtained from a simulation protocol on n− 1 resource systems. To see
this consider the decomposition

WA1̄B1̄|A1B1
(a1̄, b1̄|0, h(b1̄))
= WB1̄|A1,B1

(b1̄|0, h(b1̄))WA1̄|A1,B(a1̄|0, h(b1̄)b1̄)
= W (b1̄)WA1̄|A1,B1B1̄

(a1̄|0, h(b1̄)b1̄).

A simulation protocol reproducing the same distribution is obtained from
the original protocol by fixing a1 = 0 and b1 = h(b1̄) for any a1̄, b1̄ instead
of consulting P1. Therefore, there exists at least one simulation protocol
on n − 1 systems determining a distribution WA1̄B1̄

such that for each
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a1̄, b1̄ we have

WAB(0a1̄, h(b1̄)b1̄) = p WA1̄B1̄
(a1̄, b1̄).

Since from the definition of h we also haveWA1B1|B1̄
(1, h̄(b1̄)|b1̄) = p and

WA1B1|B1̄
(0, h̄(b1̄)|b1̄) = WA1B1|B1̄

(1, h(b1̄)|b1̄) = 1/2−p the above reason-
ing can be applied to all four parts of fTWABg implying the existence of

four distributions WA1̄B1̄

(1),WA1̄B1̄

(2),WA1̄B1̄

(3) andWA1̄B1̄

(4) such that

fTWABg = p
(

f ′TWA1̄B1̄

(1)g′ + f ′′TWA1̄B1̄

(2)g′′
)

+
(

1
2 − p

)

(

f ′′TWA1̄B1̄

(3)g′ + f ′TWA1̄B1̄

(4)g′′
)

.

To prove the upper bound we assume the induction hypothesis that for
any joint distribution WA1̄B1̄

simulated by Alice and Bob on n− 1 copies
of an isotropic system and output functions f, g : {0, 1}n−1 → {0, 1} we
have the upper bound

fTWA1̄B1̄
g ≤ δ+n−1(|f−1(1)|, |g−1(1)|).

Since the basis fTPA1B1g ≤ δ+1 (|f−1(1)|, |g−1(1)|) trivially holds, we can
conclude

fTWABg ≤ p δ+n−1(|f ′−1(1)|, |g′−1(1)|)
+ p δ+n−1(|f ′′−1(1)|, |g′′−1(1)|)
+
(

1
2 − p

)

δ+n−1(|f ′−1(1)|, |g′′−1(1)|)
+
(

1
2 − p

)

δ+n−1(|f ′′−1(1)|, |g′−1(1)|)
≤ δ+n (k, l).

Here, we used that 0 ≤ |f ′−1(1)|, |f ′′−1(1)| ≤ min(k, 2n−1) and also 0 ≤
|g′−1(1)|, |g′′−1(1)| ≤ min(l, 2n−1) holds.

To prove the lower bound we assume the induction hypothesis that for
any joint distribution WA1̄B1̄

simulated by Alice and Bob on n− 1 copies
of an isotropic system and output functions f, g : {0, 1}n−1 → {0, 1} we
have the lower bound

fTWA1̄B1̄
g ≥ δ−n−1(|f−1(1)|, |g−1(1)|).

Also, we assure that the basis fTPA1B1g ≥ δ−1 (|f−1(1)|, |g−1(1)|) holds.
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We can conclude

fTWABg ≥ p δ−n−1(|f ′−1(1)|, |g′−1(1)|)
+ p δ−n−1(|f ′′−1(1)|, |g′′−1(1)|)
+
(

1
2 − p

)

δ−n−1(|f ′−1(1)|, |g′′−1(1)|)
+
(

1
2 − p

)

δ−n−1(|f ′′−1(1)|, |g′−1(1)|)
≥ δ−n (k, l).

We used again that 0 ≤ |f ′−1(1)|, |f ′′−1(1)| ≤ min(k, 2n−1) and also 0 ≤
|g′−1(1)|, |g′′−1(1)| ≤ min(l, 2n−1) holds.

The shown bounds on fTWABg yield the following bound to the dis-
tillable nonlocality of isotropic systems:

Corollary 4.1. Let P be an isotropic system; then we have

D(n, P ) ≤ max
k0,k1,l0,l1

2− (k0 + l0)

2n−2

+ 4 [δ+n (k
0, l0) + δ+n (k

0, l1) + δ+n (k
1, l0)− δ−n (k

1, l1)],

where for all x, y the values δ+n (k
x, ly) and δ−n (k

x, ly) are solutions to the prob-
lem instance (P, n, kx, ly).

Proof. It follows from an easy observation (see Lemma A.2) that we can
omit the modulus in the CHSH value and get

D(n, P ) = max
k0,k1,l0,l1

max
S:{S}≺{P}

NL(S)

= max
k0,k1,l0 l1

max
S:{S}≺{P}

〈f0, g0〉+ 〈f1, g0〉+ 〈f0, g1〉 − 〈f1, g1〉,

where the second maximum is over simulation protocols with fx ∈ Ckx

and gy ∈ Cly for all x, y. To complete the proof, use 〈fx, gy〉 = 1 −
kx/2n−1 − ly/2n−1 + 4fxTW xy

ABg
y for all x, y and apply Theorem 4.1.

Bounding D(n, P ) for an isotropic system P by Corollary 4.1 yields an
exponential speedup compared to the naive search through all protocols.
The idea is to use dynamic programming [Bel66] to solve the problem in
Definition 4.4 in run-time 2O(n) (see Lemma A.3).
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4.2.2 General Case

From the bound to distillable nonlocality of isotropic resource systems we
now derive a general bound.

Corollary 4.2. For any P ∈ Nb and any n > 0, we have D(n, P ) ≤ D(n, P̂ )

where P̂ ∈ Nb shall be isotropic and minimize NL(P̂ ) under the constraint

P = qP̂ + (1− q)L for any q ∈ [0, 1] and any local system L ∈ Nb.

Proof. This can easily be proved by deriving a contradiction from the as-

sumption D(n, P ) > D(n, P̂ ). Assume n copies of P can be distilled to

a value higher than D(n, P̂ ). Given n copies of P̂ ’s we can construct a

distillation protocol as follows: Combine each of the n P̂ ’s with one local

system L to get the nmixturesP = qP̂+(1−q)L. Since we assumed that n

P ’s can be distilled above the valueD(n, P̂ ) we constructed a simulation
protocol on n isotropic systems P̂ that achieves the same.

Bounding D(n, P ) for an arbitrary system P by Corollary 4.2 requires

finding the least nonlocal isotropic system P̂ , such that P can be obtained

from a convex combination of P̂ and a local system L. This can be done
efficiently using a linear program (see Lemma A.4). Finally we calculate

a bound to D(n, P̂ ) as described in Corollary 4.1 to obtain the wanted
general bound to D(n, P ).

To compare the results, an exhaustive search to determine D(n, P ) ex-

actly requires an effort of 22
O(n)

– an exponential increase to our solution.

4.2.3 Application

Here, we illustrate Corollary 4.1 and Corollary 4.2 on example applica-
tions. For this purpose consider again the family of two-parameter sys-
tems Pε,δ for ε, δ ≥ 0 and ε+ δ ≤ 1. As a reminder, we have defined

Pε,δ := εPPR + δPS + (1 − ε− δ)P̄PR

with NL(Pε,δ) = |3(2ε+ 2δ − 1) + 2ε− 1| in Definition 3.4.
By setting δ = 0 and constraining ε to the interval (1/2, 1] we obtain

the nonlocal isotropic systems P̂ε := Pε,0 with the CHSH valueNL(P̂ε) =

4(2ε− 1). Note that P̂ε is nonlocal for ε ∈ (3/4, 1].
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Are Isotropic Systems Distillable?

Isotropic systems are special when it comes to distillation because any
system can be turned into an isotropic system while preserving nonlocal-
ity (see Lemma A.1). It is a long standing conjecture that the CHSH value
of isotropic systems cannot be distilled.

Conjecture 1. For all isotropic P̂ ∈ Nb, we haveD(∞, P̂ ) = NL(P̂ ).

Strong evidence to its support has first been provided by Dukaric and
Wolf [DW08], showing that infinitely many examples of isotropic systems
obtainable from quantum states exist that cannot be distilled by any pro-
tocol. In general, they proved that the distillable nonlocality of isotropic
quantum systems is at best very limited. Using a completely different
technique, Short [Sho09] gave a proof for two-copy impossibility, that is,

he showed that D(2, P̂ ) = NL(P̂ ) holds for any isotropic system P̂ ∈ Nb.
With the new bound at hand we can deliver additional evidence. We

found that the isotropic bound in Corollary 4.1, calculated exactly for ra-
tional instances with Maple [Map10], confirms

D(n∗, P̂ε) = 4(2ε− 1) = NL(P̂ε)

for systems on the isotropic line separated with the step length α in all
tested cases:

α 2−10 2−9 2−8 2−7 2−6 2−5 2−4

n∗ 3 4 5 6 7 8 9

More precisely, we calculated the bounds on D(n∗, P̂ε) for all instances

of the system P̂ε varying the parameter ε by increasing it stepwise by the
value α starting from ε = 3/4 + α up to ε = 1 − α. See Appendix A.4 for
the corresponding Maple worksheet.

An immediate consequence is that for these instances our bound is

tight, the optimal protocol simply imitates one shared copy of P̂ε. In-

terestingly, the calculated bounds drop significantly below NL(P̂ε) if we
force the simulation protocol to use unbalanced functions, that is, if we
demand k0 6= 2n−1 and k1 6= 2n−1 for example. Intuitively, this follows
from the drawback that the simple imitation of a single shared resource
system is not possible anymore. Figure 4.2 illustrates the isotropic bound
and this effect with an example calculation.
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Figure 4.2: Plotted are the calculated bounds on D(6, P̂1/5) (z-axis) for
0 ≤ k0 + k1 ≤ 27 (x-axis) and 0 ≤ l0 + l1 ≤ 27 (y-axis). The peak in the
center of the plot is the CHSH value of a fully balanced protocol, that is,
|fx−1(1)| = |gy−1(1)| = 25 for all x, y. It’s the only class that reaches 12/5

– exactly the value NL(P̂1/5). Trivial protocols that ignore 5 of 6 systems
achieve this value.

A Pattern in the Distillation Potential

Departure from the isotropic line yields another observation based on the
calculated isotropic bounds. Let ε ∈ (1/2, 1] be fixed for the moment. By

combining P̂1/4(3+ε) in a convexwaywith Pε,1−ε – a systemwith the same
CHSH value but located on the nonsignaling facet which is known in the
literature as correlated nonlocal box [FWW09, BS09] – we get the family of
systems

Pq := (1− q)P̂1/4(3+ε) + qPε,1−ε

with q ∈ [0, 1]. The bound in Corollary 4.2 allows more distillation on Pq

the closer the system approaches the nonsignaling facet. Starting with
q = 0 and no distillation potential, the difference between the bound
and NL(Pq) grows with increasing weight q until D(n, Pε,1−ε) ≤ 4 – an
asymptotically tight bound for any Pε,1−ε with ε > 0 as confirmed by
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the distillation protocol in [BS09]. Therefore, our calculations support a
suspected property of distillation protocols, namely that, geometrically
speaking, distilling a system pushes it closer towards the isotropic line.
The longer this distance is, the better the system can potentially be dis-
tilled (see Figure 4.3). This is a property inherent in all bipartite nonlo-
cality distillation protocols [FWW09, BS09, HR10, ABL+09] known to the
authors.

CHSH inequality

nonsignaling
facet

iso
tro

p
ic

lin
e

PNL

PF PC

D(n, P1/5)
D(n, P2/5)

D(n, P3/5)

D(n, P4/5)

D(n, P1)

P1/5 P2/5

P3/5 P4/5 P1

Figure 4.3: Here, we illustrate the idea behind the general distillation
bound of Corollary 4.2 in a two dimensional wedge of Nb. The distill-
able nonlocality of Pq (for q = 1/5, 2/5, 3/5, 4/5, 1) is shown to be limited

by the bound to the weakest isotropic system P̂ , such that Pq can be ex-

pressed as a convex combination of P̂ and PC .

Closure Under Conversions

Another implication of the calculated isotropic bounds and Corollary 4.2
is the existence of many sets closed under (n < 10)-copy wirings. The
closure of sets under simulation protocols is studied and defined in more

detail in [ABL+09]. Here, we have established the following: Let S(P̂ ) de-
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note the set of systems that are convex combinations of a certain isotropic

P̂ ∈ Nb and any local system in Nb. Then D(n, P̂ ) = NL(P̂ ) implies

the existence of another set S′(P̂ ), where we have S(P̂ ) ⊆ S′(P̂ ), that is
closed under n-copy conversions of systems in S(P̂ ).

Note that the consequences of Corollary 4.2 are independent of how
the isotropic bounds are derived. Since the corollary expresses a generic
dependency between the distillable nonlocality of isotropic systems and
the general case, any bounding statement about isotropic systems has di-
rect implications in the general case. Therefore, we can use known asymp-
totic distillation bounds to generalize the above reasoning:

SinceD(∞, P̂ ) = NL(P̂ ) holds for infinitely many isotropic systems in
the quantum region of Nb [DW08], the existence of infinitely many sets,
each with a different nonlocality limit, that are closed under conversions
follows directly. This answers an open question posed in [ABL+09].

4.3 Conclusions

In some situations distillable nonlocality as a measure for the nonlocality
of a given set of correlations is preferable. In the present chapter, we de-
rived bounds on the distillable nonlocality. Bounding distillable nonlocal-
ity is useful if the bound can be calculated more efficiently than the exact
value and is tight enough to be meaningful. We showed both properties:
An increased efficiency is achieved by a dynamic-programming approach
exploiting the recursive structure of a closely related optimization prob-
lem. The bound for isotropic systems is tight for the tested set of resources.
It can be used to rule out distillation of up to nine fixed copies support-
ing the long standing conjecture of the impossibility of distillation in the
isotropic case. The second bound establishes an efficient and generic con-
nection between the distillable nonlocality of isotropic systems and the
general case. It explains the increasing distillation potential when depart-
ing from the isotropic line, that has been observed in many distillation
protocols, and is tight for correlated nonlocal boxes (Pε).

The presented bounds are based on solutions to a recursive optimiza-
tion problem that is new in this context. We believe that this abstraction
can help answering more general distillation questions and contributes
to a deeper understanding of the possibilities of such protocols. It would
be very interesting to find an efficient algorithm or an explicit solution
or bound for the defined problem. This could be important for proving
general asymptotic (n→∞) bounds in the future.
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Chapter 5

A Unit of Bipartite
Nonlocality

Imagine a task in which not communicating players have to simulate a
statistic that violates a Bell inequality. Given measurement choices the
players choose an output based solely on the results of local, classical
operations on a shared random value and shared copies of systems from
a predefined set. In the present chapter, we review that in such a setting
the simulation of any bipartite correlation, not containing the possibility
of signaling, can be achieved arbitrarily accurately by deploying a finite
number of shared PR boxes. This suggests the PR box as a possible unit
of bipartite nonlocality. Our proof of this result offers the statement of an
upper bound on the number of PR boxes that is sufficient to carry out the
corresponding protocol.

Outline

Section 5.1 introduces specific definitions and states selected classes of
systems. Themain results are presented in Section 5.2. In Section 5.2.1, we
describe a combination of simulation protocols which allows two players
to approximate any bipartite target system. The construction consists of
three reductions with a finite supply of PR boxes as the final ingredient.
An upper bound on the number of PR boxes required in this construction
is derived in Section 5.2.2. We close the chapter with open questions and
concluding remarks in Section 5.3.

61
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Related Work

The PR box has been successfully used as a resource for achieving vari-
ous distributed simulation tasks. One copy is sufficient to reproduce all
correlations arising from arbitrary projective measurements on the sin-
glet state [CGMP05]. The simulation of pseudo-telepathy games with PR
boxes is described in [BM05]. Furthermore, a supply of PR boxes has been
shown to be sufficient to simulate all bipartite systems restricted to binary
outputs [JM05, BP05] and, in the converse situation, all bipartite systems
restricted to binary inputs [BLM+05]. In the latter case the simulation can
be made arbitrarily close but not error-free. Counter-examples show that
sometimes such an error cannot be avoided [DGH+07].

However, the study of a unit of nonlocality is motivated by the anal-
ogous results in entanglement theory that establish the singlet as a unit
of entanglement [BBPS96, BPR+00]. Some of the corresponding transfor-
mations hold only in an asymptotic sense. In the underlying simulation
game (see Definition 2.12), as well as in real-world experiments, a suffi-
ciently small simulation error can be hidden from the tester. Also, in the
context of information-processing tasks, asymptotic reductions between
different nonlocal resources are often satisfying. It is, therefore, both nat-
ural and meaningful to seek candidates for a unit of nonlocality that al-
low for arbitrarily accurate simulations which are only error-free in the
asymptotic limit. This objective has been achieved with PR boxes in for
bipartite nonlocality [For08, FW09].

Our Contribution

We review the combination of simulation protocols that allows two play-
ers to transform a finite supply of PR boxes into an arbitrarily close ap-
proximation of any desired bipartite nonsignaling correlation. Our proof
of this statement (see Lemma 5.1, Lemma 5.2, and Corollary 5.1) is an im-
provement over the original one [For08] in readability and concision of
the statements. Also, by incorporating the simulation distance (see Def-
inition 2.11) as a natural distance measure between the simulated and
the objective system, we simplify the analysis of the simulation’s perfor-
mance in terms of its resource demand. Based on this, an upper bound on
the number of PR boxes, which is sufficient to approximate any bipartite
nonsignaling system, is derived and stated in Theorem 5.3. Part of the
contributions in this chapter have recently been published in [FW11].
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5.1 Additional Definitions

Here, we complement our preliminary chapter with a number of specific
definitions and preparatory insights of limited scope.

5.1.1 Selected Systems

We define classes of systems that will be used in intermediate simulation
results when we later reduce arbitrary bipartite systems stepwise to the
PR box.

The following class of resource systems essentially calculates any deci-
sion problem with the input distributed between two parties.

Definition 5.1. Let the set C include all bipartite systems CAB with binary
output alphabetsA = B = {0, 1}, and the joint probability distributions

Cxy
AB(a, b) =

{

1
2 , if a+ b ≡ g(x, y) (mod 2),

0, otherwise,

where g : X ×Y → {0, 1} represents an arbitrary Boolean function on the
input sets.

The next special class of bipartite systems generalizes the class C to an
arbitrary output alphabet size.

Definition 5.2. Let the set D include all bipartite systems DAB with out-
put alphabetsA = B = [d], for any integer d > 1, and the joint probability
distributions

Dxy
AB(a, b) =

{

1
d , if fxy(a) = b,

0, otherwise,

where fxy : [d] → [d] are permutations (see Definition 2.2) on the output
set indexed by the inputs x, y.

Every system D ∈ D can equivalently be described by input alphabets
X ,Y , an integer d > 1 and a set of permutations {fxy : x ∈ X , y ∈ Y} on
[d]. It is easy to see that the marginal probabilitiesDx

A(a) as well asDy
B(b)

are both uniform for all x, y. Therefore, the relation D ⊂ N2 holds.
Obviously, we have the relationship C ⊂ D with any system in C being

uniquely identified by X ,Y , the integer d = 2 and the set of permutations
{g(x, y) + a (mod 2) : x ∈ X , y ∈ Y}. We refer to the PR box as the most
prominent member of C .
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5.1.2 Unit of Bipartite Nonlocality

In the present chapter, we seek systems or sets of systems which, when
shared as a resource between players, are sufficient to allow the execution
of simulation protocols approximating any wanted bipartite nonsignal-
ing system. In other words, we want to identify certain elements of the
power set P(N2) such that there is a conversion from this set to any sys-
tem in N2.

By interpreting conversions among systems in a set S as a preorder ≺
on the power set P(S), as described in Definition 2.15, we can define a
necessary condition for a unit as follows.

Definition 5.3. The unit of bipartite nonlocality is a greatest element of the
power set P(N2) with preorder≺.

We are now sufficiently equipped to start with the statement of this
chapters contributions.

5.2 Results

As the main results, we will show that the PR box (see Definition 2.25)
is a greatest element of P(N2) and we will derive an upper bound on
the number of required PR boxes which depends on the parameters of a
given target system and the desired simulation distance.

5.2.1 The Universality of the PR Box

Van Dam [van05] has given a construction of arbitrary Boolean functions
distributed between two parties, which coincide with our class C, with
shared PR boxes. His protocol achieves error-free simulations on a finite
number of resources. We will use this result later. In an intermediate
step, we prove the existence of simulation protocols converting C to D
asymptotically (see Theorem 5.1). This insight will then be generalized
by an explicit, asymptotic conversion of arbitrary bipartite nonsignaling
systems to D (see Theorem 5.2). The main result (see Corollary 5.1) is
a consequence of these three parts as illustrated by the following proof
outline.

Theorem 5.2 Theorem 5.1 [van05] Corollary 5.1

N2 ≺ D, D ≺ C, C ≺ {PPR} ⇒ N2 ≺ {PPR}
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In other words, with Corollary 5.1we establish the set {PPR} as a great-
est element of P(N2).

First Reduction

As a first step we concentrate on the slightly simpler situation where we
seek conversions taking resources from C to any target system in D. The
proof idea is as follows: We argue inductively, over the size of the out-
put alphabets, by constructing a simulation protocol that approximates
a system D ∈ D, with output sets A = B = [d], from shared random-
ness and a finite number of copies of a certain system D′(D) ∈ D with
A′ = B′ = [d− 1]. Roughly speaking, the protocol uses appropriately cho-
sen permutations on the smaller output set of the resource system D′(D)
to approximate the permutation distributions of D. For d = 2 we recover
the resource set C and, by the transitivity property of conversions, the
relation D ≺ C follows.

Suppose we are given the system D ∈ D with input sets X and Y and
output alphabet [d]. Then, let the system D′(D) be defined by the set

{

f (x,â)(y,b̂) : (x, â) ∈ X × [d], (y, b̂) ∈ Y × [d]
}

of functions. Each f (x,â)(y,b̂) : [d − 1] → [d − 1] is constructed from the
set of permutations defining D, that is from {fxy : x ∈ X , y ∈ Y}, by the
following rule.

f (x,â)(y,b̂)(a) =

{

r−1

b̂
(fxy(â)) if fxy(a) = b̂, a 6= â,

r−1

b̂
(fxy(râ(a))) otherwise,

(5.1)

where râ : [d − 1] → [d]\{â} and rb̂ : [d − 1] → [d]\{b̂} are the simple
bijections

râ(a) =

{

d if a = â,
a otherwise,

(5.2)

and

rb̂(b) =

{

d if b = b̂,
b otherwise.

(5.3)

For any given D ∈ D this construction yields a new system D′(D) that
depends on the permutations definingD and has an output alphabet that
lacks one element compared to D. As promised, we can show that D′(D)
is also in D.
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Lemma 5.1. If D ∈ D, thenD′(D) ∈ D.
Proof. Wewill show that for all (x, â) ∈ X × [d] and all (y, b̂) ∈ Y × [d], the

function f (x,â)(y,b̂) is a permutation on the set [d − 1]. For all inputs a ∈
[d− 1]we have râ(a) 6= â by (5.3). Therefore, we need only to distinguish
two cases from (5.1). First,

∀a, a′ ∈ [d− 1] : f (x,â)(y,b̂)(a) = f (x,â)(y,b̂)(a′)

⇒ r−1

b̂
(fxy(â)) = r−1

b̂
(fxy(â))

⇒ fxy(a) = b̂, fxy(a′) = b̂,

a 6= â, a′ 6= â

⇒ fxy(a) = fxy(a′)

⇒ a = a′,

where we used that D ∈ D and, therefore, implicitly that for any x, y the
function fxy is a permutation. Second,

∀a, a′ ∈ [d− 1] : f (x,â)(y,b̂)(a) = f (x,â)(y,b̂)(a′)

⇒ r−1

b̂
(fxy(râ(a))) = r−1

b̂
(fxy(râ(a

′)))

⇒ a = a′,

since r−1

b̂
and râ are defined as bijections, and we have that fxy is a per-

mutation. Thus, f (x,â)(y,b̂) is injective (one-to-one) from a finite set to itself
| a permutation on [d− 1].

Now we describe the classical, local operations on which two players,
called Alice and Bob, can agree and which will allow them to simulate
any wanted D ∈ D from a finite supply of shared copies of the system
D′(D) ∈ D to an arbitrary simulation distance. The simulation protocol
consists of a finite number of rounds. Each round includes four steps to be
subsequently executed by Alice and Bob.

1. The first step is different in the initial round than in subsequent
rounds.

In the initial round Alice draws the local value â ∼ U[d] and Bob

draws b̂ ∼ U[d], that is, uniformly at random from the set [d].

Otherwise, in any subsequent round of the simulation, Alice uses the
already obtained local value at ∈ [d], and Bob uses bt ∈ [d], respec-

tively, to assign â = at and b̂ = bt.
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2. Alice and Bob obtain the shared random bit λ, which is distributed
as PΛ(λ = 0) = 1/d and λ = 1 otherwise.

3. The resource systemD′ gets inputs (x, â) from Alice and (y, b̂) from
Bob and outputs a ∈ [d− 1] to Alice and b ∈ [d− 1] to Bob.

4. Alice and Bob then process the obtained local data to derive the
values at ∈ [d] and bt ∈ [d] as

at =

{

â if λ = 0,

râ(a) otherwise,

and

bt =

{

b̂ if λ = 0,

rb̂(b) otherwise.

The next round of the protocol starts with assignments â = at, b̂ = bt in
a first step and proceeds according to the second step as described above,
and so on. Figure 5.1 illustrates a subsequent round. After the last round,
the parties output at and bt as the final outputs of the simulation.

x, â = at . y, b̂ = bt

D′(x,â)(y,b̂)
AB

at = â at = râ(a) . bt = r
b̂
(b) bt = b̂

(x, â) (y, b̂)

a b

λ = 0 λ = 1 λ = 1 λ = 0

Figure 5.1: One round of the simulation protocol. On local data x, at and
y, bt, Alice (left side) and Bob (right side) decide to use the outputs of D′

on inputs (x, â) and (y, b̂)with a probability of PΛ(λ = 1) and to continue

with the original pair â, b̂ otherwise.

Figure 5.2 illustrates the simulation of a system D with n rounds, i.e.,
on n shared resource systems D′(D).

The relabeling functions râ, rb̂ are required because the set [d − 1], on

which the permutation f (x,â)(y,b̂) is defined, obviously lacks the element
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ALICE BOB

x ∈ X inputs y ∈ Y

1st round

â ∼ U[d] b̂ ∼ U[d]
x1 = (x, â) y1 = (y, b̂)
a ← D′x1y1

AB → b
λ ← PΛ → λ

at =

{

â, if λ = 0

râ(a), else
bt =

{

b̂, if λ = 0

rb̂(b), else

2nd round

â = at b̂ = bt
x2 = (x, â) y2 = (y, b̂)
a ← D′x2y2

AB → b
λ ← PΛ → λ

at =

{

â, if λ = 0

râ(a), else
bt =

{

b̂, if λ = 0

rb̂(b), else
...

...
...

nth round

â = at b̂ = bt
xn = (x, â) yn = (y, b̂)
a ← D′xnyn

AB → b
λ ← PΛ → λ

at =

{

â, if λ = 0

râ(a), else
bt =

{

b̂, if λ = 0

rb̂(b), else

at ∈ [d] outputs bt ∈ [d]

Figure 5.2: The approximate simulation of D by local operations on
shared randomness and n copies of the system D′(D).



5.2. Results 69

d which is one the outputs required in a simulation of D. On the other

hand, we have already correlated the outputs â and b̂ in the case λ = 0.
Therefore, this pair of outputs can serve as a substitution for the values d
and fxy(d), respectively.

We prove two lemmas expressing useful properties of the presented
protocol. Given are inputs x, y. At the beginning of every round, after

having executed the first step, Alice and Bob hold the pair â, b̂ of values. If

fxy(â) 6= b̂, then we have a certain probability with which the simulation
of D fails in that round.

Lemma 5.2. In a round initialized with â and b̂ such that fxy(â) 6= b̂, Alice and
Bob generate outputs at and bt that do not agree with the required correlation in
Dxy

AB with probability 2/d.

Proof. After initializing â and b̂ the second step of the simulation round
follows. The possible events are:

If λ = 0, where PΛ(0) =
1
d , then Alice and Bob assign at = â, bt = b̂, which

is an incorrect correlation (because we assumed fxy(â) 6= b̂).

If λ = 1, where PΛ(1) = 1 − 1
d , then Alice and Bob assign at = râ(a),

bt = rb̂(b). By (5.1), the definition of f (x,â)(y,b̂), we have that the output

pair a, b obtained from D′ satisfies f (x,â)(y,b̂)(a) = b. In this case we must
distinguish three situations:

(1) If Alice gets a such that fxy(a) = b̂, which happens with probability
1

d−1 , then an error occurs because the round finishes with the pair

at = râ(a) = a,

bt = rb̂(f
(x,â)(y,b̂)(a)) = rb̂(r

−1

b̂
(fxy(â))) = fxy(â) 6= b̂.

(2) If Alice gets a = â, which can only happen if â 6= d, then the round
finishes with the correctly correlated pair

at = râ(â) = d,

bt = rb̂(f
(x,â)(y,b̂)(â)) = rb̂(r

−1

b̂
(fxy(râ(â)))) = fxy(d).

(3) If Alice gets any other a ∈ [d − 1], then the round finishes with the
correctly correlated pair

at = râ(a) = a,

bt = rb̂(f
(x,â)(y,b̂)(a)) = rb̂(r

−1

b̂
(fxy(râ(a)))) = fxy(a).
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Therefore, the round conserves the initial “bad” pair if λ = 0. Other-
wise, if λ = 1, then only one pair of outputs from D′ yields an incorrect
correlation. We get an overall probability for a final pair at, bt, that does

not satisfy fxy(at) = bt, of PΛ(0) +
PΛ(1)
d−1 = 2

d .

See Figure 5.3 for an illustration of Lemma 5.2. The next lemma assures,
that once a pair at, bt, such that fxy(at) = bt, is found by Alice and Bob,
all following rounds will simulate exactly the distribution Dxy

AB .

Lemma 5.3. In a round initialized with â and b̂, such that fxy(â) = b̂, Alice
and Bob generate outputs at and bt according to the required distribution Dxy

AB .

Proof. After initializing â and b̂ the second step of the simulation round
follows. The possible events are:

If λ = 0, where PΛ(0) =
1
d , then Alice and Bob assign at = â, bt = b̂, which

is a correct pair (because we assumed fxy(â) = b̂).

If λ = 1, where PΛ(1) = 1− 1
d , then Alice and Bob assign at = râ(a), bt =

rb̂(b). By (5.1), we have that the output pair a, b obtained from D′ obeys

the permutation f (x,â)(y,b̂)(a) = b. We must distinguish two situations:

(1) If Alice gets a = â, which can happen with probability 1
d−1 only if

â 6= d, then the round finishes with the correctly correlated pair

at = râ(â) = d,

bt = rb̂(f
(x,â)(y,b̂)(â)) = rb̂(r

−1

b̂
(fxy(râ(â)))) = fxy(d).

(2) If Alice gets any other a ∈ [d − 1], then the round finishes with the
correctly correlated pair

at = râ(a) = a,

bt = rb̂(f
(x,â)(y,b̂)(a)) = rb̂(r

−1

b̂
(fxy(râ(a)))) = fxy(a).

Thus, the round finishes with at, bt for which fxy(at) = bt holds. Each
pair is equally probable, that is, is selected with probability 1

d . Therefore,
the round simulates the distribution Dxy

AB correctly.

See Figure 5.4 for an illustration of Lemma 5.3. We now prove that
with the presented protocol Alice and Bob can achieve an arbitrarily good
simulation of any D ∈ D with a finite supply of systems from C as a
resource.
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a\b 1 2 3 4 5

1 × X

2 � XA ×

3 ×X

4 XA ×A

5 ×A

Figure 5.3: An illustration of Lemma 5.2: Suppose a round initialized

with â = 2 and b̂ = 1 such that fxy(â) 6= b̂ (�). Such a permutation on the
set [d = 5] is indicated with crosses (×). The corresponding permutation

f (x,â)(y,b̂) is shown with check-marks (X). The relabelings râ=2 and rb̂=1

correlate (5, 2)with (2, 2) and (4, 5)with (4, 1) (indicated byA). Therefore,
this round ends with an incorrect pair if λ = 0 or if Alice gets a = 1, which
happens with a probability 2/5.

a\b 1 2 3 4 5

1 ⊠ XA

2 ×X

3 ×X

4 XA ×A

5 ×A

Figure 5.4: An illustration of Lemma 5.3: Suppose a round initialized

with â = 1 and b̂ = 1 such that fxy(â) = b̂ (�). Such a permutation on the
set [d = 5] is indicated with crosses (×). The corresponding permutation

f (x,â)(y,b̂) is shown with check-marks (X). The relabelings râ=1 and rb̂=1

correlate (5, 2)with (1, 2) and (4, 5)with (4, 1) (indicated byA). Therefore,
this round ends with only correct pairs that occur uniformly at random.
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Theorem 5.1. D ≺ C.

Proof. The proof is straightforward. We will show that for any target
system Dd in D with output alphabet [d], where d > 2, the presented
simulation protocol on a finite number of copies of a resource system
Dd−1 = D′(Dd), with output alphabet [d − 1], approximates the target
system to any desired simulation distance. The claim then follows from
the transitivity property of conversions.

Given the description of any Dd ∈ D, the two players have a supply
of n resource systems Dd−1 = D′(Dd) at their disposal. By executing the
presented protocol for Dd they simulate the system S as shown in Fig-
ure 5.2. We measure the precision of their approximation by the distance
δ(S,Dd) which has been introduced in Definition 2.11.

When the players use n error-free resource systems of the kind Dd−1,
then, in each round, Theorem 5.2 and Theorem 5.3 imply a probability of
1 − 2/d to reach a zero-error simulation of Dd. Therefore, the probability
that a wrong correlation (a pair of outputs not according to Dd’s permu-
tations) remains after n subsequent rounds is at most (2/d)n. So, we have

δ(S,Dd) <

(

2

d

)n

, (5.4)

where we obtain a strict upper bound because we omitted the non-zero
probability to guess a correct pair in the first step of the initial round.

We conclude that, for any desired δd with d > 2, there is always a
number n (which must simply be greater of equal to log2/d δd) of resource
systems Dd−1, such that our protocol achieves the simulation of Dd in
the required precision. Therefore, for all Dd ∈ D, where d > 2, there is
a Dd−1 ∈ D such that {Dd} ≺ {Dd−1} holds. Since any finite amount
of copies of any resource system D2 ∈ C is available to the players, the
statement in the theorem follows directly from the transitivity property
of the relation ≺ (see Lemma 2.1).

Second Reduction

It is the purpose of the next part to close the gap between the set of per-
mutation systems D and the set of all bipartite nonsignaling systems N2.

We show that two players, having the complete set D available as a
resource, can simulate any bipartite nonsignaling system to an arbitrarily
small distance. For any given P ∈ N2, we construct a single resource
D(P ) ∈ D on which Alice and Bob can perform this task.
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Theorem 5.2. N2 ≺ D.

Proof. Suppose we are given a target system P ∈ N2 with input sets X ,
Y and output sets A, B. The task is to find an integer d and a system
D(P ) ∈ D with the output set [d] or, equivalently, a set of permutations
{fxy : x ∈ X, y ∈ Y } on [d] such that, for all inputs x, y, Alice and Bob
can reproduce the distribution P xy

AB by local operations on D(P ).
If P contains any irrational probabilities, then we proceed with a suffi-

ciently close approximation to P that is defined by rational probabilities
only. In this special case the simulation will necessarily deviate from the
specification and, therefore, the relation N2 ≺ C is generally established
in an approximate sense. Besides this, we can construct exact protocols,
that is, we can prove the existence of zero-error conversions from C to
rational target systems (with all probabilities in Q).

We construct the resource D(P ) ∈ D as follows. First, we choose d to
be the least common denominator (lcd) of all probabilities described by the
system P . It is calculated as the smallest positive integer that is a multiple
of all denominators. Therefore, we define

d := lcd {P xy
AB(a, b) : x ∈ X , y ∈ Y, a ∈ A, b ∈ B} .

Second, we fix local relabelings for given inputs x, y, that map all pairs
(a, b) of outputs from D(P ), identified through fxy(a) = b, to a certain
correlation according to P xy

AB . For any given x, let Alice’s local relabeling
function be

rxA : [d]→ A.
On input x, the function rxA maps, for each a ∈ A, exactly d ·P x

A(a) unique
elements of the set [d] – the output set of D(P ) – to the value a. And
similarly for Bob. For any given input y, let the function

ryB : [d]→ B

be Bob’s local relabeling of outputs from D(P ). On input y, the func-
tion ryB maps, for each b ∈ B, exactly dP x

A(a) unique elements of the set
[d] to the value b. Once the relabelings rxA, r

y
B are fixed for all x, y, we

can directly design matching permutations fxy for any x, y in such a way
that the corresponding system D(P ) is transformed into P by the proto-
col consisting of the predefined local relabelings of outputs. This idea is
illustrated on a simple example in Figure 5.5.

Assume fixed inputs x, y. For each pair (a, b) ∈ A×B in the support of
the distribution P xy

AB , let f
xy pair off exactly d·P xy

AB(a, b) unique outcomes
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a\b 1 2 3 4

1 1
4

2 1
4

3 1
4

4 1
4

= D(P )xyAB  P xy
AB =

a\b 1 2

1 1
4

2 1
4

3 1
2

Figure 5.5: Here, we illustrate the simulation of an example distribu-
tion P xy

AB by local relabelings on the outputs of the distribution D(P )xyAB

when given fixed inputs x, y. Alice relabels local outputs from D(P )xyAB

as rxA(1) = 1, rxA(2) = 2, rxA(3) = 3, and rxA(4) = 3. Similarly, Bob relabels
according to ryB(1) = 1, ryB(2) = 1, ryB(3) = 2 and ryB(4) = 2. Doing so, the
players reproduce P xy

AB exactly.

a′, b′ ∈ [d] (hence fxy(a′) = b′) such that rxA(a
′) = a and ryB(b

′) = b.
Since each output is correlated only once, it follows directly that fxy is a
permutation and that, after the relabeling, all probabilities P xy

AB(a, b) are
recovered. Therefore, we can simulate any wanted P ∈ N2 to an arbitrary
precision by a simulation protocol (here, given by the local functions rxA
and ryB) on the system D(P ) ∈ D.

Combination

Putting the three pieces together, we are now ready to state the first main
result of this section.

Corollary 5.1. N2 ≺ {PPR}.

Proof. First, consider that from a finite supply of PR boxes, any system in
C can be simulated perfectly [van05]. Thus, C ≺ {PPR} holds. Second,
we gave a simulation protocol on a finite supply of copies of a certain
resource system in C that simulates an arbitrary system in D up to any
desired maximal distance from the specification. Therefore, D ≺ C holds
(see Lemma 5.1). Third, any bipartite nonsignaling system can be simu-
lated byAlice and Bob using a certain system fromD and local operations.
The simulation is not perfect if the target system contains irrational prob-
abilities. Nevertheless, this establishes N2 ≺ D (see Lemma 5.2). Finally,
since ≺ is a transitive relation we conclude that Alice and Bob can agree
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on a simulation protocol on a sufficiently large number of PR boxes, imi-
tating any wanted bipartite nonsignaling system arbitrarily well.

With the above corollary we have proven that the set {PPR} is a great-
est element of the preordered set P(N2).

5.2.2 Performance

We finish the section with some remarks concerning the efficiency of the
shown procedure.

First, we analyze the resource requirement of the simulation protocol
achieving D ≺ C in terms of deployed resource systems from C. In con-
trast to the straightforward proof of the existence of the conversions from
C to D given for Lemma 5.1 this analysis is more subtle. We have to care-
fully analyze the situation when the players execute the simulation pro-
tocol on n approximations (denoted Sd−1) to the resource Dd−1 = D′(Dd).
Therefore, the simulation error δd−1 = δ(Sd−1, Dd−1) must be taken into
consideration.

In each round, the simulated resource system Sd−1 returns a pair of
outcomes not according to its definition with a chance of at most δd−1. In
this case the round can terminate with an incorrect pair. If the resource
system returns a pair to the players as its specificationDd−1 dictates, then
an incorrect pair remains with probability 2

d . Thus, on inputs x, y, an
incorrectly initialized round fails to simulate the distribution Dxy

AB with a
probability of at most

δd−1 +
2
d (1− δd−1)

(see Figure 5.6, left-hand side). A round starting with a correct pair can
still be disturbed by the faulty simulation ofDd−1. Therefore, with amaxi-
mal probability of δd−1, the initially correct pair gets corrupted (see Figure
5.6, right-hand side).

Let δ
(n)
d denote the final simulation error if we run the simulation pro-

tocol for Dd on exactly n > 0 resource systems, that is, for n subsequent
rounds. Then, for any d > 2, one can derive the recurrence

δ
(n)
d < δ

(n−1)
d

(

δd−1 + (1− δd−1)
2
d

)

+
(

1− δ
(n−1)
d

)

δd−1

= δ
(n−1)
d (1− δd−1)

2
d + δd−1 (5.5)

with the initial cases δ2 = 0 and δ
(0)
d = 1. For the simplicity of the formula,

we assume that the initial pair is wrong – ignoring the fact that with a
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/

/ , ,

/ ,

δd−1 + (1− δd−1)
2
d

(1− δd−1)
d−2
d

δd−1 1− δd−1

Figure 5.6: The left tree shows the transition probabilities in the case
where the round starts with a faulty pair (/), and the tree on the right
side illustrates the transitions in the case of a correct starting pair.

non-zero probability the initial guess is correct – which results in a strict
upper bound. The explicit form of the right-hand side of (5.5) can be
found easily and turns out to be

δ
(n)
d <

(

2
d (1− δd−1)

)n
+ δd−1

(

(

2
d(1 − δd−1)

)n − 1
2
d (1− δd−1)− 1

)

(5.6)

with the straightforward limiting expression

lim
n→∞

δ
(n)
d <

dδd−1

d− 2 + 2δd−1
, (5.7)

for large n. This expresses the intuitive fact that the distance of the actual
simulated resource systems from their specification restricts the success
of the shown simulation protocol.

We will now calculate a finite number of resources, departing from
their specifications with a certain non-zero distance δd−1, that suffices for

simulating Dd to any desired quality δd > limn→∞ δ
(n)
d .

First, it follows from (5.6) that the simulation of any system D3 ∈ D
within the maximal distance δ3 > 0 can be achieved with n3 = log2/3 δ3
copies of the resource system D′(D3) ∈ C. Generally, it is convenient for
the following analysis and in accordance with the limit (5.7) to choose,
for any d > 3, the number of rounds in the simulation protocol (which is
equal to the number of used resources) as

nd =
⌈

log 2
d
(1−δd−1) δ3

⌉

, (5.8)
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where δ2 = 0. With this choice of nd, the upper bound on the distance

δd = δ
(nd)
d becomes

δd < δ3 +
δd−1d(1− δ3)

d− 2 + 2δd−1
. (5.9)

This recursive distance bound yields, after some simplifications, the ex-
plicit bound

δd < δ3d
2, (5.10)

which is greater or equal to limn→∞ δ
(n)
d if δd−1 ≤ 1. So, an initial distance

of

δ3 =
δd
d2

(5.11)

is sufficient to guarantee a final distance below δd. From (5.9) and (5.10),
with fixed values δd and δ3, the existence of a sufficiently small, non-zero
distance δd−1 is implied. This confirms the correctness of Theorem 5.1.

To reach the target Dd, the simulation protocol is used d − 2 times to
increase the size of the output alphabet from 2 to d in each stage by 1. In
this stepwise procedure the simulation distance grows according to (5.9)
and reaches a distance bounded as in (5.10) after d− 2 steps.

Thus, with

d
∏

i=3

ni ≤
⌈

log 2
3
δ3

⌉d

=

⌈

log 3
2

d2

δd

⌉d

(5.12)

resources from C our protocol simulates a system with a distance of at
most δd > 0 from the targetDd.

Combining the results

Van Dam’s construction implies that for a target system in C with input al-
phabets X and Y , where we assume |X | ≥ |Y|, one requires a supply of at
most |X | PR boxes. It follows from the simulation protocols establishing
the relationD ≺ C that for simulating a target systemDd ∈ Dwith output
alphabet size d and input sets X and Y , we require a number of systems
from C with input set cardinalities d!|X |/2 and d!|Y|/2. Therefore, using
(5.12), the simulation of Dd to the maximal distance δd, costs at most

⌈

log 3
2

d2

δd

⌉d

· d!
2
max [|X |, |Y|]
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PR boxes. The final protocol for establishing N2 ≺ D requires only one
copy of a certain chosen resource system. We simulate any P ∈ N2 with a
related system Dd(P ) ∈ D to a maximal distance of δd + (1− δd)δR. Here,
δR stands for the simulation distance implied by the replacement of all
probabilities in P with rational approximations. Therefore, with the input
sets X and Y untouched by this reduction and letting δ = δd + (1− δd)δR,
we get that

⌈

log 3
2

d2(1− δR)

(δ − δR)

⌉d

· d!
2
max [|X |, |Y|] (5.13)

PR boxes are sufficient to ensure a simulation distance of at most δ. The
choice for δR < δ is arbitrary but if P contains any irrational probabilities
it must be greater than zero. For simplicity we demand that δR > 0 al-
ways holds which implies a certain minimal value for the parameter d. If
we set d = |A||B|/δR for a given P ∈ N2 with output setsA and B, then δR
can be guaranteed1. To simplify (5.13) we set δR = δ/2 and use Stirling’s
approximation2.

Theorem 5.3. Any system P ∈ N2 can be simulated by two players within any
distance δ > 0 on

max [|X |, |Y|]
( |A||B|

δ

)O( |A||B|
δ )

copies of a PR box and shared randomness.

None of the shown simulations claims to be optimal in the consump-
tion of resources, and neither does vanDam’s construction. To our knowl-
edge, it is an open question whether the simulation can be improved to
run on a number of PR boxes which is of a smaller order.

5.3 Conclusions

In this chapter we proved and analyzed a possible way for two parties to
transform a supply of shared PR boxes into any desired bipartite system.
The simulation can be carried out arbitrarily accurately on a finite num-
ber of resource systems. This suggests the PR box as a possible unit of

1This follows from the simple observation that |α− p
d
| < 1

d
holds for any number α and

any rational approximation p
d
.

2For any d ∈ Nwe have d! =
√
2πd

(

d
e

)d (

1 + 1
O(d)

)

.
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bipartite nonlocality. In an analysis of our scheme’s efficiency we show
that reducing the output alphabet is particularly expensive in terms of
required resource systems.

Nonlocality distillation protocols have been introduced in Chapter 3.
Here, we want to point out an interesting implication of these conver-
sions. The distillation protocol in [BS09] achieves an asymptotic simula-
tion of a PR box through processing a finite supply of resource systems
that live on the hull ofNb. It follows from Theorem 5.1 and the transitivity
of conversions that each nonlocal system of this family (Pε with ε ∈ (0, 1],
see Definition 3.3) is also a greatest element of P(N2) and can, therefore,
be considered as a unit in the same sense as the PR box.

One may ask if inner points of the polytope of binary nonsignaling sys-
tems could also serve as a unit. We cannot yet give a final answer to this
question. However, strong oppositional evidence exists. If it holds true
that there is no nonlocality distillation protocol for isotropic systems, as al-
ready shown for infinitely many examples in the quantum region [DW08]
and supported by our findings in Chapter 4, then a negative answer fol-
lows directly: To see this we assume two statements. First, there is a sys-
tem P ∈ Nb which is not part of the hull of Nb and is a greatest element
of P(N2). Second, the CHSH value of isotropic systems in Nb cannot be
distilled. It follows that {PPR} ≺ {P}which contradicts the bound on the
distillable nonlocality of P as given in Corollary 4.2. As a consequence at
least one of the assumptions must be abandoned.





Chapter 6

A Bipartite Unit of
Nonlocality

As a natural follow up question we now try to extend the findings of the
previous chapter to the case of target systems with more than two ends.
More generally, we ask if it is possible for separated players to asymp-
totically reproduce any nonsignaling statistic by executing a simulation
protocol on bipartite systems. We demonstrate that nonadaptive strate-
gies are limited by a constant accuracy and that arbitrary strategies on n
systems from the resource set C make a mistake with a probability greater
or equal to c/n, for some constant c.

Outline

Section 6.1 introduces definitions of limited scope and mentions on a few
preparatory insights. The main results of this chapter are given in Sec-
tion 6.2. In Section 6.2.1, we prove the impossibility of asymptotically
error-free simulations based on nonadaptive strategies. In Section 6.2.2,
a lower bound to the simulation distance possible with general protocols
in terms of deployed resources is formulated. We close the chapter with
open questions and concluding remarks in Section 6.3.

Related Work

In [BLM+05], the authors describe the simulation of some tripartite sys-
tems using PR boxes as shared resources. The existence of a bipartite

81
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system that allows the zero-error simulation of any target correlation has
been ruled out by a five-partite counter-example [BP05] and later even
for the bipartite case [DGH+07]. In the former work, it is also shown that
with PR boxes one can simulate a class of multipartite systems that con-
stitute a possible generalization of the PR box to more than two ends1. As
already discussed in Chapter 5, the PR box has been successfully used as
a resource for various bipartite simulation games [CGMP05, BM05, JM05,
BLM+05] and has finally been established as a possible unit of bipartite
nonlocality in [For08].

Our Contribution

The possibility in principle of a bipartite unit for multipartite nonlocal-
ity is studied. We will demonstrate two limitations. Inspired by [BP05],
we construct an instance of a simulation game that can provably not be
won arbitrarily often with nonadaptive protocols even if the players have
access to any finite supply of bipartite nonsignaling resources (see Corol-
lary 6.1). Also, we will show that if the parties are allowed to run any
protocol, then the simulation error of the same multipartite simulation
game is connected with the balance of the players’ output decisions. As
a consequence we calculate a linear rate at which the simulation distance
maximally declines when increasing the number of shared resource cor-
relations from the class C (see Theorem 6.2). The findings of this chapter
have recently been published in [FW11].

6.1 Additional Definitions

First, let us introduce some additional definitions that will be used only
throughout this chapter.

6.1.1 Selected Systems

In Section 2.3 we define an instance of a simulation game by the tuple
(T,R), with T denoting the target system andR a set of resource systems
(see Definition 2.12). Such an instance is of interest only if the set of re-
source systems the players are allowed to use is restricted and the target

1An m-partite member of this class is defined as follows: The input sets X1, ...,Xm are
arbitrary and the output sets are binary, that is, A1, ...,Am = {0, 1}. On input x it outputs
a ∈ {0, 1}m uniformly at random such that

⊕m
i=1 ai = f(x) for some Boolean function f .
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system is nonlocal. We propose a multipartite target system for which the
simulation game turns out to be particularly hard.

The following system is inspired by a GHZ quantum correlation (after
the authors of [GHZ89], Greenberger, Horne, and Zeilinger) exhibiting
quantum nonlocality [DP97]. See also [BP05], which introduces this target
system in the present context of simulation games.

Example 2. Let T ∈ N be any five-partite system with binary inputs
X1 × · · · × X5 = {0, 1}5 and binary outputs A1 × · · · × A5 = {0, 1}5,
fulfilling the following six correlation conditions:

If x1 = 0, x2 = 1, x3 = 0,

then a1 + a2 + a3 = 0 (mod 2). (6.1)

If x2 = 0, x3 = 1, x4 = 0,

then a2 + a3 + a4 = 0 (mod 2). (6.2)

If x3 = 0, x4 = 1, x5 = 0,

then a3 + a4 + a5 = 0 (mod 2). (6.3)

If x4 = 0, x5 = 1, x1 = 0,

then a4 + a5 + a1 = 0 (mod 2). (6.4)

If x5 = 0, x1 = 1, x2 = 0,

then a5 + a1 + a2 = 0 (mod 2). (6.5)

If x1 = x2 = x3 = x4 = x5 = 1,

then a1 + a2 + a3 + a4 + a5 = 1 (mod 2). (6.6)

For measurement outcomes of the corresponding quantum state, we ad-
ditionally have that all output bits and the parities of all subsets of output
bits that are not specified above, are uniformly random.

In this chapter, we will also use the set C, a class of systems that has
been introduced in the previous chapter (see Definition 5.1).

6.1.2 Partial Assignments

Definition 6.1. Let a (partial) assignment of values to a set of n variables
be denoted by ρ ∈ (R∪ {∗})n, where ρ[v] = ∗ indicates that the variable v
remains unassigned by the partial assignment ρ.

If convenient, we sometimes write ρ(V ) for any assignment of values
to the specified set V of variables, while leaving the rest unassigned (∗).
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An example: For n = 3, we understand the assignment ρ = (0, 1, ∗) as the
mapping from the variables (v1, v2, v3) to (0, 1, ∗), that is, v1 = 0, v2 = 1,
and v3 unassigned. Equivalently, we can write ρ(v1, v2) = (0, 1).

Definition 6.2. For any (partial) assignment ρ, let l(ρ) denote the number
of variables that are fixed by ρ. Formally, we define

l(ρ) := |{v : ρ[v] 6= ∗}|.
For the two following definitions, we suppose the arguments of some

function f : X → Y to be drawn from a probability distribution.

Definition 6.3. For any (partial) assignment ρ of values to the inputs of f ,
let f |ρ denote the random variable for the result of f under the condition
on ρ. The probability distribution for all y ∈ Y is

P (f |ρ = y) = P (f = y|ρ).
Definition 6.4. For any Boolean function f and any (partial) input assign-
ment ρ, let µ(f |ρ) denote the probability that f evaluates to the minority
decision conditioned on the assignment ρ. Formally,

µ(f |ρ) := min(P (f |ρ = 0), P (f |ρ = 1)).

For Definition 6.5, we assume a fixed adaptive simulation protocol (see
Definition 2.13) in which an arbitrary player j ∈ [m] shares n resource
systems R1, ..., Rn with the rest of the parties.

Definition 6.5. For any input xj ∈ Xj and any index i ∈ [n], let the set
Si(xj) include all those partial assignments ρ to the shared variable λ and
the binary variables b1, ..., bn that, according to player j’s wiring, imply i
as the index of the next system to use. Formally, we define

Si(xj) := {ρ ∈ R× {0, 1, ∗}n : il(ρ)(xj , ρ) = i}.

6.1.3 Bipartite Unit of Nonlocality

We seek sets of bipartite systems that, when shared as a resource between
separated players, are sufficient to permit the execution of simulation pro-
tocols approximating any wanted nonsignaling system. In other words,
we want to identify an element of the power set P(N2) such that there
exists a conversion from this set to any system in N .

By interpreting conversions among systems of some set S as a preorder
≺ on the power set P(S), as described in Definition 2.15, we can define a
necessary condition for a bipartite unit as follows.
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Definition 6.6. The bipartite unit of nonlocality is a greatest element of the
power set P(N ) with preorder≺ that is an element of P(N2).

We are now sufficiently equipped to start with the statement of this
chapter’s contributions.

6.2 Results

We show limits for any hypothetical bipartite unit of nonlocality, first, un-
der the restriction to use nonadaptive protocols only (see Corollary 6.1),
and second, in general (see Theorem 6.2).

6.2.1 Nonadaptive Protocols

In what follows, a counter-example is established. We consider the sim-
ulation of the target system T (see Example 2) when the five involved
players run nonadaptive simulation protocols (see Definition 2.14) only
and have the resource set N2 available. As the main result of this sec-
tion, it will be shown in Corollary 6.1 that the minimal distance δ(S, T )
of any system S, simulated under these conditions, from the target T ,
is bounded away from zero. In other words, we prove that no greatest
element of P(N ) is an element of P(N2) with the preorder≺NA (see Def-
inition 2.17).

We will use the following notation: Player i ∈ [5] shares n resource
systems in total, and of these nj ≤ n, denoted R1, ..., Rnj

, with player
j ∈ [5]\{i}. During the simulation protocol, player i is given input xi

and the shared random value λ, drawn from some distribution PΛ. The
outputs of the resource systems shared with player j are assigned to the
local variables b1, ..., bnj

which are part of the total sequence b1, ..., bn. The
output of player i is determined by the function fxi(λ, b1, ..., bn).

For Lemma 6.1 and Theorem 6.1 we consider a simulation game with
a reduced resource set, namely the game instance (T, C). The results will
be generalized to the game (T,N2) played with nonadaptive protocols in
Corollary 6.1. Also, we slightly relax the restriction to nonadaptive sim-
ulation protocols. Instead, we suppose any simulation protocol executed
by five players with the following input-dependence constraint:

Each player determines the inputs into systems shared with player j
independently of the outputs obtained from systems shared with player
j′, for all distinct j, j′ ∈ [5].
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Lemma 6.1 expresses the fact that the dependence of a player’s output
on the local outputs of the resource systems shared with another player
implies a violation of T ’s correlation conditions and, therefore, a certain
related simulation distance. It is an adaptation of Barrett and Pironio’s
second Theorem in [BP05] to approximate conversions.

Lemma 6.1. Take any pair of distinct players i, j ∈ [5]. Any simulated system
S departs from the target T with distance

δ(S, T ) ≥
∑

ρ

P (ρ)µ(f0|ρ),

where f0 is player i’s output function on input 0, and where we sum over all
partial assignments ρ = ρ(λ, bnj+1, . . . , bn) to player i’s local variables.

Proof. We prove the statement for an exemplary pair of players. The rea-
soning extends to any other pair by a simple argument, as explained later.

Let us choose the pair i = 1, j = 2 and analyze the situation from
player 1’s perspective on input x1 = 0. Note that from the definition of the
target system and the resources, it follows that the sequence b1, . . . , bn is
a uniformly distributed random binary string of length n and f0 – player
1’s local output function on input 0 – is a Boolean function.

Since x1 = 0, we have that if x4 = 0 and x5 = 1, then correlation (6.4)
of Example 2, that is,

a4 + a5 + a1 ≡ 0 (mod 2) (6.7)

needs to be fulfilled by the final outputs of the players. Conditioned on
any assignment ρ = ρ(λ, bn2+1, . . . , bn), the result of f0 depends solely
on the remaining variables b1, . . . , bn2 . In other words, it depends on the
outcomes of systems shared with player 2, whose output is irrelevant as
far as correlation 6.7 is concerned. If player 2’s actions on these systems
would influence the simulation of (6.7), then players 1, 4, and 5 could
team up and receive signals from player 2. Since C ⊂ N holds, this is
impossible. We can thus assume that player 2 does not provide inputs to
the systems shared with player 1 while sustaining the original simulation
of (6.7). Therefore, conditioned on x1 = 0 and any ρ, player 1’s output can
be interpreted as a local random bit that is 1 with probability P (f0|ρ = 1).

Let ρi denote an assignment of values to all outputs of resource sys-
tems that are received by players [5]\{i}. If we fix their inputs, the shared
random value λ and ρi, then the outputs of these players are determined.

Suppose now fixed inputs x1 = 0, x2, x3, x4 = 0, x5 = 1, and a fixed
shared value λ. Conditioned on any ρ1, player 1’s only correct output is
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given by (6.7), the other output implies a violation of this correlation. For
any ρ and ρ1, the correlation (6.7) is thus violated with a probability of
at least µ(f0|ρ). In all protocols considered here, player 1’s inputs into
systems Rn2+1, . . . , Rn are independent of b1, . . . , bn2 . Therefore, the dis-
tribution of the random variable f0|ρ is independent of ρ1. The convex
combination of all possible events ρ and ρ1 yields

δ(S, T ) ≥
∑

ρ,ρ1

P (ρ, ρ1)µ(f
0|ρ)

=
∑

ρ

P (ρ)µ(f0|ρ).

This argument extends to any pair of players because one can always
find a correlation among (6.1)–(6.6) in which only one of the players is
involved on input 0.

We have shown that the use of resource systems from C in a simulation
of T guarantees a distance related to the players’ output functions. When
a player only considers its initial input and the shared random value for
a final output decision, we expect the simulation distance to be higher.
However, this increase might still be within a constant factor of the lower
bound derived above. This idea leads to Theorem 6.1.

Again, we consider simulation protocols for the game instance (T, C)
executed by five separated players that fulfills the input-dependence con-
straint introduced before.

Theorem 6.1. From any simulation protocol achieving the simulation distance
δ, the existence of a local system with distance at most 225δ follows.

Proof. The initial protocol simulates a system S which approximates T
with distance δ(S, T ).

Consider player 1 first. We build a new protocol by changing player
1’s local output function as follows: Conditioned on input x1 = 0 and
any assignment ρ = ρ(λ, bn2+1, . . . , bn), the new function shall constantly
output the majority of the outputs of the original function under the same
condition, that is,

f̂1|ρ = f1|ρ,

f̂0|ρ =

{

1, if P (f0|ρ = 1) ≥ 1
2 ,

0, otherwise.
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Obviously, f̂0 is independent of the values b1, . . . , bn2 – the actual system
outputs correlated with player 2 – for it depends only on the related out-
put distribution. One can calculate the increase in the simulation distance
that is implied by this change. Assume a choice of inputs with x1 = 0
that demands a certain correlation with player 1 involved. Conditioned

on any ρ, replacing f0 by f̂0 can increase the chance of violating this cor-
relation by at most the probability that the minority output is generated
by the original function, hence µ(f0|ρ). Otherwise, player 1’s output be-
havior has not changed at all. So, summing over all possible ρ, the change
increases the simulation distance by at most

∑

ρ

P (ρ)µ(f0|ρ).

Lemma 6.1, with parameters i = 1, j = 2, implies that the distance δ(S, T )
of the original simulation protocol is already at least as high. Therefore,
our change doubles the simulation distance in the worst case. Thus, the
new simulation protocol approximates T with a distance within 2δ(S, T ).

With the same argument on different pairs of players, always involv-
ing player 1, we change the protocol another three times. We sequentially
free player 1’s output function on input x1 = 0 from the dependence
on outputs of shared resource systems. Doing so, we obtain a new sim-
ulation protocol for T with a simulation distance bounded by 24δ(S, T ).
Then, we extend this procedure to all players. Finally, we reach a protocol
where each player’s output is independent of the outputs of its shared re-
source systems if getting input 0. The new simulation distance is at most
220δ(S, T ).

We continue the reasoning with the new simulation protocol. Now
assume player 1 gets input x1 = 1. If x2 = x5 = 0, then correlation (6.5)
of Example 2, that is,

a5 + a1 + a2 = 0 (mod 2), (6.8)

needs to be fulfilled by the outputs of the players. In the current ver-
sion of the protocol, all players base their outcome solely on the shared
value λwhen getting the input 0, as do players 2 and 5. Conditioned on a
λ, player 1’s output function f1 will, therefore, determine an output not
satisfying (6.8) with a probability of at least µ(f1|λ). Therefore, the simu-
lation distance of the new protocol is bounded from below by the convex
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combination of these values, that is, by
∑

λ

PΛ(λ)µ(f
1|λ). (6.9)

For each λ, f1 is now replaced by a function evaluating to the majority
decision of f1|λ, similarly to the modifications made earlier. This change
establishes that player 1’s output function is independent of the outputs
of all shared resource systems R1, . . . , Rn. For each λ, which is the shared
valuewith chance PΛ(λ), this causes a simulation distance increase which
is maximally as large as the probability of player 1’s minority output
given x1 = 1 and λ, namely µ(f1|λ). The total increase is then maxi-
mally as large as (6.9). Therefore, the new protocol, in which player 1’s
strategy relies only on shared randomness, is at most twice as faulty as
the previous one.

With the same argument we handle player 2, 3, 4 and 5’s dependence
on resource system outputs. As seen above we pay these changes with a
factor of at most 24 in the simulation distance. Therefore, the final proto-
col for T relies only on shared randomness and simulates a certain local
system S′ with δ(S′, T ) ≤ 225δ(S, T ).

It is now straightforward to show that bipartite nonsignaling systems
are not a greatest element ofN under nonadaptive conversions.

Corollary 6.1. There is at least one multipartite system that cannot be approxi-
mated arbitrarily well with a nonadaptive protocol on bipartite systems.

Proof. An example is T . Assume for a moment that {T } ≺NA N2 holds.
This implies that there is a nonadaptive simulation protocol on bipartite
resource systems that approximates the target T to any distance greater
zero. We replace all bipartite systems used in this protocol by simulations
on the resource set C. This can be achieved asymptotically error-free by
a combination of simulation protocols as demonstrated with Lemma 5.1
and Lemma 5.2 in the previous chapter. Note that the intermediate con-
versions establishing D ≺ C are achieved via adaptive protocols. How-
ever, since these simulations are bipartite, the nonadaptive nature of the
assumed protocol for {T } ≺NA N2 translates into the constrained input
dependence as required in Lemma 6.1 and Theorem 6.1.

It then follows directly from Theorem 6.1 that there is a simulation pro-
tocol which uses only shared randomness and still manages to approxi-
mate T to an arbitrary precision. However, the just established relation
{T } ≺ L contradicts the fact that T violates a Bell inequality [DP97] and,
therefore,N ≺NA N2 cannot hold.
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6.2.2 Adaptive Protocols

Next, we consider the general case where the players of the simulation
game agree on adaptive simulation protocols (see Definition 2.13). We
will show that the same example target which was impossible to approx-
imate in the restricted setting, is a hard instance in the general case as
well. The statement will be demonstrated by deriving a lower bound on
the simulation distance that occurs when five players aim at winning the
simulation game instance (T, C). We find a distance lower bound that can
theoretically reach any small value greater than zero but decreases rather
slowly, that is, reciprocally in the number of shared resources.

As a first step into this direction, we show a weaker lower bound that
has not yet the required property but will be useful later.

Suppose player j shares n resource systems with the rest of the players.
For any i ∈ [n], let δ(S, T |i) denote the simulation distance of a protocol
conditioned on the assumption that player j’s variable bi is determined
locally and uniformly at random.

Lemma 6.2. Suppose any choices j ∈ [5], xj ∈ {0, 1}, and i ∈ [n]. In a
simulation protocol for (T, C) in which player j’s binary variable bi is assigned
the result of a local fair coin toss, we have that

δ(S, T |i) ≥
∑

ρ∈Si(xj)

P (ρ)
[

µ(fxj |ρ)− 1
2µ(f

xj |ρ,bi=0)− 1
2µ(f

xj |ρ,bi=1)
]

.

Proof. Informally speaking, for each partial assignment on player j’s local
variables and any fixed inputs, the conditional distance δ(S, T |i) is at least
half the minimal probability that player j’s output changes depending on
his local bit bi, while the outputs of the other players remain constant.

For the rest of the proof we fix the players’ inputs such that their out-
puts have to satisfy a correlation from (6.1) – (6.6) with player j involved.
Let ρj denote an assignment of values to all outputs of resource systems
that are received by players [5]\{j}. Fixing ρj and the shared random
value λ determines the output of these players. If player j’s output re-
mains variable, then a violation of the required correlation occurs. Given
xj and an assignment ρ ∈ Si(xj) (see Definition 6.5), it is convenient to in-
troduce the random variables ξ = fxj |ρ,bi=0 and ζ = fxj |ρ,bi=1. We have
P (ξ = a) = P (fxj = a|bi = 0, ρ) and P (ζ = a) = P (fxj = a|bi = 1, ρ) for
all outputs a ∈ {0, 1}. The probability of the described violation can then
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be stated as

δ(S, T |i) ≥
∑

ρ∈Si(xj)

∑

ρj

P (ρ, ρj)
1
2P (ξ 6= ζ|ρj). (6.10)

Here, P (ξ 6= ζ|ρj) denotes the probability that player j’s output when
obtaining ρ and then bi = 0 differs from the output in the case ρ and bi = 1,
conditioned on ρj . See Figure 6.1 for an illustration of this arrangement.

x1 x2, x3, x4, x5

ρ ∈ Si(x1) ρ1

ξ = fx1 |ρ,bi=0 ζ = fx1 |ρ,bi=1 a2, a3, a4, a5

bi = 0 bi = 1

Figure 6.1: Here, let j = 1. For fixed inputs x1, . . . , x5 and fixed assign-
ments ρ ∈ Si(x1) and ρ1, the output a1 of player 1 is determined by the
random variable ξ if bi = 0, and by ζ otherwise, while the outputs of the
other players are fixed to be a2, a3, a4, a5.

Assume ρ to be fixed for the moment. Since fxj is a Boolean function,
P (ξ 6= ζ|ρj) can be decomposed into two basic cases.

P (ξ 6= ζ|ρj) = P (ξ = 0, ζ = 1|ρj) + P (ξ = 1, ζ = 0|ρj). (6.11)

Next, we observe that for all a the events ξ = a and ζ = ā, conditioned
on ρj , are independent because bi = 0 and bi = 1 are mutually exclusive
conditions. Therefore,

P (ξ = a, ζ = ā|ρj) = P (ξ = a|ρj)P (ζ = ā|ρj) (6.12)

holds for any ρj . From now on let a be such that µ(fxj |ρ) = P (fxj = a|ρ),
that is, a is the least probable output under the condition ρ. It is easy to
see that (6.12) can be rewritten to

P (ξ = a, ζ = ā|ρj) = P (ξ = a|ρj)− P (ξ = a|ρj)P (ζ = a|ρj)
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and, therefore, applied to (6.11), we get the equality

P (ξ 6= ζ|ρj) = P (ξ = a|ρj) + P (ζ = a|ρj)− 2P (ξ = a|ρj)P (ζ = a|ρj)
= 2P (fxj = a|ρ, ρj)− 2P (ξ = a|ρj)P (ζ = a|ρj).

Now choose bi such that
∑

ρj
P (ρj |ρ)P (fxj = a|ρ, bi, ρj) is minimal. One

easily obtains the lower bound

P (ξ 6= ζ|ρj) ≥ 2P (fxj = a|ρ, ρj)− 2P (fxj = a|ρ, bi, ρj)
for any ρj . Let ρ̄ denote any assignment of the remaining variables in
b1, . . . , bn not fixed by ρ. Observe that for any assignments ρ, ρj we have

P (fxj = a|ρ, ρj) =
∑

ρ̄

P (ρ̄, fxj = a|ρ, ρj)

=
∑

ρ̄

P (ρ̄|ρ, ρj)1fxj=a(ρ, ρ̄),

where 1fxj=a(ρ, ρ̄) ∈ {0, 1} indicates whether fxj (ρ, ρ̄) evaluates to a. For
any fixed ρ this implies
∑

ρj

P (ρj |ρ)P (fxj = a|ρ, ρj) =
∑

ρj

P (ρj |ρ)
∑

ρ̄

P (ρ̄|ρ, ρj)1fxj=a(ρ, ρ̄)

=
∑

ρj ,ρ̄

P (ρj , ρ̄|ρ)1fxj=a(ρ, ρ̄)

=
∑

ρ̄

P (ρ̄|ρ)1fxj=a(ρ, ρ̄)

= P (fxj = a|ρ).
Thus, (6.10) becomes

δ(S, T |i) ≥
∑

ρ

P (ρ)P (fxj = a|ρ)−
∑

ρ,ρj

P (ρ, ρj)P (fxj = a|ρ, bi, ρj).

This is almost the representation we look for. Now, as a last step, we will
get rid of the second dependence on ρj by using the initial assumption
on bi. Let now ρ̄ stand for any assignment of the remaining variables
in b1, . . . , bn not fixed by ρ, and not equal to bi. Observe that for any
assignments ρ, ρj and any bi, it holds that

P (fxj = a|ρ, bi, ρj) =
∑

ρ̄

P (ρ̄, fxj = a|ρ, bi, ρj)

=
∑

ρ̄

P (ρ̄|ρ, bi, ρj)1fxj=a(ρ, bi, ρ̄).
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Using the equality P (ρj |ρ) = P (ρj |ρ, bi) – which holds only because bi
is assumed to be determined locally at random, meaning that P (bi) =
P (bi|ρ) = P (bi|ρ, ρj) – yields

∑

ρj

P (ρj |ρ)P (fxj = a|ρ, bi, ρj) =
∑

ρj ,ρ̄

P (ρj , ρ̄|ρ, bi)1fxj=a(ρ, bi, ρ̄)

=
∑

ρ̄

P (ρ̄|ρ, bi)1fxj=a(ρ, bi, ρ̄)

= P (fxj = a|ρ, bi).

Therefore, we can further reformulate (6.10) to

δ(S, T |i) ≥
∑

ρ

P (ρ)[P (fxj = a|ρ)− P (fxj = a|ρ, bi)].

Remember that the variable bi has been assigned in such a way that for
each ρ, the probability P (fxj = a|ρ, bi) is less than or equal to P (fxj =
a|ρ, b̄i). Therefore, with µ(fxj |ρ) = P (fxj = a|ρ) it is easy to derive the
equality P (fxj = a|ρ, bi) = µ(fxj |ρ,bi). Also, µ(fxj |ρ,bi) ≤ µ(fxj |ρ,b̄i)
holds since otherwise µ(fxj |ρ) = P (fxj = a|ρ) would not be satisfied.
From this, one can conclude

δ(S, T |i) ≥
∑

ρ

P (ρ)[µ(fxj |ρ)− 1
2µ(f

xj |ρ,bi=0)− 1
2µ(f

xj |ρ,bi=1)],

which finishes the proof.

For any fixed index i, the lower bound on the simulation error as given
in Lemma 6.2 is independent of the number of resource systems used in
the simulation and can be trivial, that is, equal to zero. The argument may
be boosted by calculating a lower bound to the sum of all conditional dis-
tances. As we will see now, this approach finally yields the linear depen-
dence on the number of used resource systems.

Suppose again any simulation protocol for (T, C) where each player
uses at most n resource systems.

Lemma 6.3. For any choices of j ∈ [5] and xj ∈ {0, 1}, there is at least one
index i ∈ [n] such that

δ(S, T |i) ≥ 1

n

∑

λ

PΛ(λ)µ(f
xj |λ).



94 Chapter 6. A Bipartite Unit of Nonlocality

xj

ρ ∈ Si(xj)

ξ = fxj |ρ,bi=0 ζ = fxj |ρ,bi=1

aj = 0 aj = 1

1
2

1
2

µ(ξ)
1− µ(ξ)

µ(ζ)
1− µ(ζ)

1− µ(fxj |ρ) µ(fxj |ρ)

Figure 6.2: Here, we illustrate the statement of Lemma 6.2. For input xj

and any assignment ρ ∈ Si(xj) if player j obtains bi = 0, then the output
is aj = 0 with probability µ(fxj |ρ,bi=0), and aj = 1 otherwise. If, on
the other hand, player j obtains bi = 1, then the output is aj = 1 with
probability µ(fxj |ρ,bi=1) and aj = 0 otherwise. While, for the same xj

and ρ, the overall probability to output aj = 1 is given by µ(fxj |ρ). For
each ρ, Lemma 6.2 bounds the conditional distance by half the probability
that the output differs in the events bi = 0 and bi = 1, a value that can be
derived directly from the given probabilities.

Proof. For any player j, we will show a lower bound on the sum of con-
ditional distances, assuming for each summand a protocol in which the
variable bi is determined locally and uniformly at random.

We will use f for fxj to avoid unnecessary lengths in the formulas.
After fixing the inputs for the rest of the players accordingly, Lemma 6.2
implies

n
∑

i=1

δ(S, T |i) ≥
n
∑

i=1

∑

ρ∈Si(xj)

P (ρ)[µ(f |ρ)− 1
2µ(f |ρ,bi=0)− 1

2µ(f |ρ,bi=1)].

Introducing player j’s local function î = il(ρ) that, based on current local
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assignments xj , ρ, decides the index of the next (the l(ρ)th) system to use,
we replace the right-hand side by

∑

ρ∈S(xj)

P (ρ)[µ(f |ρ)− 1
2µ(f |ρ,bî=0)− 1

2µ(f |ρ,bî=1)],

where the set of all assignments is denoted by S(xj) =
⋃n

i=1 Si(xj). Ob-
serve now that for any ρ ∈ Si(xj) and any assignment to bi, which means
for all (ρ, bi = 0), (ρ, bi = 1) ∈ S(xj), we have

P (ρ, bi)µ(f |ρ,bi) = 1
2P (ρ)µ(f |ρ,bi)

since P (ρ, bi) = P (ρ)/2. Furthermore, we will make use of the fact that
for all ρ ∈ S(xj), which fix n − 1 local variables from b1, . . . , bn and the
shared value λ, we have µ(f |ρ,bi=0) = µ(f |ρ,bi=1)) = 0. Therefore, all
summands cancel each other out except for the ones corresponding to
initial assignments that fix only λ. Thus,

n
∑

i=1

δ(S, T |i) ≥
∑

λ

PΛ(λ)µ(f |λ),

which completes the proof.

For any j ∈ [5] and any xj ∈ {0, 1} the sum
∑

λ

PΛ(λ)µ(f
xj |λ) (6.13)

expresses the balance of player j’s output on input xj averaged over all
possible values of the shared random variable Λ. It seems natural that
expression (6.13), for at least one player j, cannot be smaller than some
constant related to the distance between T and the closest local system.
Otherwise, this local system would conflict with the fact that T violates a
Bell inequality. This intuition is formulated and confirmed by the follow-
ing theorem.

Theorem 6.2. Any simulation protocol for (T, C) in which each player shares
maximally n resources with the rest of the players simulates a system S with

δ(S, T ) ∈ Ω(n−1).
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Proof. We take the perspective of player j ∈ [5], such that the sum
∑

λ

PΛ(λ)µ(f
xj=0|λ)

is maximal. Player j shares nj ≤ n systems with the rest of the players.
According to Lemma 6.3, there exists an index i ∈ [nj ] identifying one of
player j’s local variables, such that

δ(S, T |i) ≥ 1

n

∑

λ

PΛ(λ)µ(f
0|λ).

The system Ri is shared with another player. It follows directly from T ’s
correlation conditions (Example 2) that, for xj = 0, it is always possible
to choose inputs to the rest of the players such that player j is involved
in the required correlation, whereas the player with which system Ri is
shared is not. By the nonsignaling principle, we can assume that the other
player with access to Ri completely ignores its end of the system while
sustaining the original simulation of the required correlation. Therefore,
player j’s variable bi – the output of Ri – can be interpreted as a local,
uniformly random bit. Thus, we obtain a lower bound to the simulation
distance:

δ(S, T ) ≥ δ(S, T |i). (6.14)

As in the nonadaptive case, we change the local output functions of all
players to depend only on shared randomness λ when given 0 as the in-
put. Now, each player decides on the outcome with the greater probabil-
ity when conditioning its corresponding output function on λ. Thus, for
each value of λ, a departure from the original protocol is as probable as
a change in a player’s outcome behavior – the probability of the minority
decision under λ. It follows that they now simulate a system S′ with

δ(S′, T ) ≤ δ(S, T ) + 5
∑

λ

PΛ(λ)µ(f
0|λ).

Suppose this change has been adapted and the new simulation protocol is
now executed instead. In a situation where player j′ is given xj′ = 1, and
the two other players also involved in the required correlation receive the
input 0 (there is such a correlation condition for each choice j′ ∈ [5]), the
correct output of player j′ is determined as soon as λ is fixed. Therefore,

δ(S′, T ) ≥ max
j′∈[5]

∑

λ

PΛ(λ)µ(f
xj′=1|λ).
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If we change the players’ output functions again in such a way that they
depend only on shared randomness given input 1 as well, then they sim-
ulate a local system Sc ∈ L with a simulation distance of

δ(Sc, T ) ≤ δ(S, T ) + 5
∑

λ

PΛ(λ)µ(f
0|λ) + 5 max

j′∈[5]

∑

λ

PΛ(λ)µ(f
xj′=1|λ)

≤ δ(S, T ) + 5
∑

λ

PΛ(λ)µ(f
0|λ) + 5δ(S′, T )

≤ 6δ(S, T ) + 30
∑

λ

PΛ(λ)µ(f
0|λ),

which is at least as high as the minimal distance δc that is achieved by
the closest local system. We conclude that either the original simulation
protocol’s distance is bounded away from 0, for example by δ(S, T ) >
δc/12, or otherwise, if δ(S, T ) ≤ δc/12, then we have

δc
2
≤ 30

∑

λ

PΛ(λ)µ(f
0|λ).

Using inequality (6.14), this yields that any simulation protocol for T on
resources from C has a distance from the specification of

δ(S, T ) ≥ 1

n

∑

λ

PΛ(λ)µ(f
0|λ) ≥

1

n
· δc
60

.

This completes the proof of the theorem.

6.3 Conclusions

Stated were limitations which question the existence of any bipartite unit
in the multipartite setting. We show that the approximation of certain
nonsignaling systems is impossible for players restricted to nonadaptive
strategies. In the general case, we derive a lower bound to the simula-
tion distance that drops reciprocally in the number of deployed resources
from C. Note that PPR ∈ C and C ⊂ N2. Therefore, the lower bound also
holds for PR boxes as resources. A possible generalization to arbitrary
bipartite resource systems is a task left for future work. Informally speak-
ing, this does not prevent adaptive protocols from reaching any small sim-
ulation distance but restricts to trading half the distance off at least twice
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as many resources. Hence, no simulation with finitely many bipartite re-
source systems can be error-free – a fact that has already been proved in
[BP05].

It follows from the upper bound on the simulation of bipartite sys-
tems (see Theorem 5.3) that cutting in half a simulation distance can be
achieved with a number of PR boxes which is roughly twice the original
amount squared. Thus, there is a significant gap between this result and
our lower bound stated in Theorem 6.2. However, we do not know of any
nontrivial lower bounds on the simulation distance in the bipartite case.
The findings of this chapter can, thus, be interpreted as indicators that
the approximation of some multipartite target systems, such as T , with
bipartite resources, is a substantially harder task than approximating any
bipartite correlation.

It still remains to identify a set of nonsignaling correlations that could
serve as a unit of multipartite nonlocality in the sense adopted in this
work. We tend to believe that such a system has more than two ends.
A promising candidate that comes to mind is the multipartite version of
systems characterized by permutations – a generalization of the set D.
However, the bipartite simulations derived in Chapter 5 seem to be unfit
for a direct extension.
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Appendix

A.1 Depolarization Protocol

Lemma A.1. For any system P ∈ Nb there is an isotropic system T ∈ Nb with
NL(T ) = NL(P ) such that {T } ≺ {P} holds.

Proof. We state the simulation protocol proposed by Masanes [MAG06]
achieving a zero-error conversion from P to T . The following local re-
labellings of inputs and outputs, with the shared value λ = (α, β, γ) ∈
{0, 1}3 distributed uniformly at random, do the job.

Alice inputs

x := x⊕ α

into her end of P and relabels the output a as

a := a⊕ βx ⊕ αβ ⊕ γ.

On the other side, Bob inputs

y := y ⊕ β

into his end of P and relabels the obtained output b as

b := b⊕ αy ⊕ γ.

It is easy to check that with these operations the players simulate an
isotropic system T such thatNL(T ) = NL(P ).
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A.2 An Improved Distillation Protocol

Below we state the adaptive distillation protocol introduced in [BS09].

ALICE BOB

x ∈ {0, 1} inputs y ∈ {0, 1}

x1 = x y1 = y
a1 ← P x1y1

AB → b1

x2 = a1x y2 = b1y
a2 ← P x2y2

AB → b2

a1 ⊕ a2 outputs b1 ⊕ b2

Figure A.1: The protocol DPBS on two copies of a resource system.

Analysis

We provide a short analysis of the protocols behavior following the find-
ings of [BS09]. For the two-parameter resource system Pε,δ the map FBS

of DPBS is given by the components

ε′(ε, δ) = ε2 + 3
2εδ +

1
2 (1− ε− δ),

δ′(ε, δ) = ε2 + 2δ2 + 5
2εδ − 3

2 (ε+ δ) + 1
2 .

The corresponding fixed points are (1, 0), (0, 1) and (1/2, 0) identifying
the systems P1,0 = PPR, P0,1 = PS and P1/2,0 = PF .

According to the eigenvalues of the Jacobian of FBS at the fixed points,
PPR turns out to be a saddle point, PS a repellor and PF an attractor. For
δ = 1 − ε the analysis of JFBS

at the fixed points shows that PPR is an
attractor and, therefore, DPBS executed on an infinite number of copies
of Pε,1−ε with 0 < ε ≤ 1 simulates PPR.
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The vector field of its map illustrates the behavior of DPBS visually
(see Figure A.2). For a more detailed discussion of this protocol and its
implications we refer to the main article [BS09].

ε

δ

PPR

PS

PF

P̄PR

P 1
2 ,

1
2
= P 1

2

Figure A.2: The plot shows the vector field of the protocol DPBS .

A.3 Some Lemmas

Lemma A.2. For any n > 0 and any system P it holds that

max
S:{S}≺{P}

∣

∣〈f0, g0〉+ 〈f0, g1〉+ 〈f1, g0〉 − 〈f1, g1〉
∣

∣

= max
S:{S}≺{P}

〈f0, g0〉+ 〈f0, g1〉+ 〈f1, g0〉 − 〈f1, g1〉

Proof. This can easily be verified by observing that for any vectors f, g ∈
{0, 1}2n and any joint distribution WAB , obtained from a simulation pro-
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tocol on n systems, we have the simple correspondence

〈f, g〉 = (1− 2f)TWAB(1− 2g)

= −(1− 2(1− f))TWAB(1− 2g)

= −(1− 2f̄)TWAB(1− 2g)

= −〈f̄ , g〉.
Here, we use f̄(a) = 1− f(a) for all a ∈ {0, 1}n. Applied on the definition
of the CHSH value of the simulated system S,

∣

∣〈f0, g0〉+ 〈f0, g1〉+ 〈f1, g0〉 − 〈f1, g1〉
∣

∣ ,

we can immediately conclude that it is sufficient to consider positive val-
ues only to find the maximum.

Lemma A.3. Given numbers n > 0 and 0 ≤ k, l ≤ 2n, the values δ+n (k, l) and
δ−n (k, l) can be calculated in 2O(n) steps.

Proof. For given parameters n > 0 and 0 ≤ k, l ≤ 2n the problem of calcu-
lating δ+n (k, l) is a combination of “smaller” subproblems of that require
calculating δ+n−1(i, j), δ

+
n−1(k− i, l− j), δ+n−1(i, l− j) and δ+n−1(k− i, j) for

all possible decompositions in the ranges

k −min(k, 2n−1) ≤ i ≤ min(k, 2n−1)

and
l −min(l, 2n−1) ≤ j ≤ min(l, 2n−1).

Once the solutions to all δ+n−1(i, j), δ
+
n−1(k − i, l − j), δ+n−1(i, l − j) and

δ+n−1(k−i, j) are known, we can calculate δ+n (k, l) efficiently (inmaximally
kl tests) by selecting the decomposition with themaximal total score. This
is known as the optimal substructure property.

The second condition that a problem needs in order to be solvable with
dynamic programming, namely overlapping subproblems, is also fulfilled
by the problem δ+n (k, l), since the overlaps of subproblems increase on
every level until we have to solve only two trivial base cases on the last
stage when n = 0. For these reasons we will use dynamic programming
to calculate the values δ+n (k, l) and δ−n (k, l).

The procedure is illustrated on a simple example in Figure A.3 and
now described in more detail.

Taking advantage of the recursive structure of δ+n and δ−n we build the
two tables

D+
n = {δ+n (i, j)}0≤i,j≤2n and D−

n = {δ−n (i, j)}0≤i,j≤2n
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δ+2 (1, 2)

δ+1 (0, 0) δ+1 (0, 1) δ+1 (0, 2) δ+1 (1, 1) δ+1 (1, 2)

δ+0 (0, 0) δ+0 (0, 1) δ+0 (1, 1)

0 1

Figure A.3: Dependency graph of the exemplary problem instance
δ+2 (1, 2). The simplest instances are at the bottom of the graph. An ar-
row indicates a subproblem → problem dependence. A problem node
can be solved efficiently if all subproblems pointing to it provide solu-
tions. Obviously, many subproblems are equal and need only be solved
once.

recursively from the tables D+
n−1 and D−

n−1. By reading out from D+
n−1

andD−
n−1 the best of all possible decompositions of D+

n (i, j) andD−
n (i, j)

for all 0 ≤ i, j ≤ 2n one can fill the tables D+
n and D−

n element-wise. The
base tables are given by D+

0 (k, l) = 1 andD−
0 (k, l) = 1.

To save even more effort some simple reduction rules derivable from
the inner product definition and the trivial symmetries δ+n (i, j) = δ+n (j, i)
and δ−n (i, j) = δ−n (j, i), which hold for each i, j, can be used here – only
an eighth of the table’s entries must actually be calculated.

It requires roughly
n
∑

i=2

22i−2 ∈ 2O(n)

steps to fill the tables in this way – a workload that is feasible for n < 10
on a normal PC. Once the tables are filled for the nth level the values
δ+n (k, l) and δ−n (k, l) for any 0 ≤ k, l ≤ 2n can be read out directly.
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LemmaA.4. Given a system P ∈ Nb one can efficiently determine the isotropic

system P̂ ∈ Nb, such that NL(P̂ ) is minimal under the constraint

P ≡ qP̂ + (1 − q)L

for any q ∈ [0, 1] and any local system L ∈ Nb.

Proof. The system P identifies a particular CHSH inequality, now called
CHSHP , and, therefore, a certain family of isotropic systems denoted

P̂ε := εPPR + (1− ε)PF

with ε ∈ [0, 1] and PPR denoting the nonlocal vertex corresponding to
CHSHP and the isotropic system PF = 1/2PPR + 1/2P̄PR.

To find the optimal ε that determines P̂ we first calculate the local part
of P [EPR92] with the linear program defined in [FHSW10]. The local part
of P is the optimal value of the following linear program:

maximize:
∑

i pi
such that:

∑

i piLi
xy
AB(a, b) ≤ P xy

AB(a, b),
pi ≥ 0.

Here, the Li’s denote the 16 vertices of the local subset of Nb. Since the
value

∑

i pi is maximal and there is only one nonlocal vertex violating
CHSHP we have the convex combination

P =
∑

i

piLi +

(

1−
∑

i

pi

)

PPR.

Now, we decompose the local system

L∗ =
1

∑

i pi

(

P −
(

1−
∑

i

pi

)

PPR

)

=
1

∑

i pi

∑

j

pjLj (A.1)

into the convex combination

L∗ = pfPF + (1− pf )L (A.2)



A.4. Implementations 105

of any local system L ∈ Nb and PF . By the local version of Lemma
1 in [FHSW10], which holds since normalization and locality are linear
properties, the maximal pf possible is given by

pf := min
a,b,x,y

L∗xy
AB(a, b)

PF
xy
AB(a, b)

.

Therefore, the parameter ε fixing the optimal P̂ε can easily be constructed
via the reformulations

P =
∑

i

piLi +

(

1−
∑

i

pi

)

PPR

(A.1)
=
∑

i

piL
∗ +

(

1−
∑

i

pi

)

PPR

(A.2)
=
∑

i

pi(pfPF + (1− pf )L) +

(

1−
∑

i

pi

)

PPR

=
∑

i

pi(1− pf )L+
∑

i

pipfPF +

(

1−
∑

i

pi

)

PPR.

From this and the definition of P̂ε we can deduce the equality

P =
∑

i

pi(1− pf )L+

(

1−
∑

i

pi(1− pf )

)

P̂ε,

with

ε =
1−∑i pi

∑

i pipf + 1−∑i pi
.

Therefore, since the initial linear program can be solved efficiently, the
wanted parameter ε can also be determined efficiently.

A.4 Implementations

Here, we give an implementation for calculating the upper bounds to
the distillable nonlocality of n copies of a given isotropic system P ∈ Nb

(see Theorem 4.1). Note that for any rational parameter p = P 00
AB(0, 0) ∈

Q, the calculated bounds are free of rounding errors. The following code
can be executed as a maple worksheet with [Map10].
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The first procedure calculates δ+n (k, l) on inputs p = P 00
AB(0, 0) and S, rep-

resenting the matrixD+
n−1.

maxdelta := proc(p, k, l, S) :: rational;
local x1, x2, x3;
x1 := seq(max(seq(pS[i+ 1, j + 1] + pS[k − i+ 1, l− j + 1]

+(1/2− p)S[k − i+ 1, j + 1] + (1/2− p)S[i+ 1, l − j + 1],
j = 1..l− 1)), i = 1..k − 1);

x2 := seq(pS[k + 1, i+ 1] + (1/2− p)S[k + 1, l− i+ 1], i = 1..l);
x3 := seq(pS[i+ 1, l+ 1] + (1/2− p)S[k − i+ 1, l+ 1], i = 1..k);
returnmax(x1, x2, x3);

end proc;

The next procedure calculates δ−n (k, l) on inputs p = P 00
AB(0, 0) and S, rep-

resenting the matrixD−
n−1.

mindelta := proc(p, k, l, S) :: rational;
local x1, x2, x3;
x1 := seq(min(seq(pS[k − i+ 1, j + 1] + pS[i+ 1, l− j + 1]

+(1/2− p)S[i+ 1, j + 1] + (1/2− p)S[k − i+ 1, l − j + 1],
j = 1..l− 1)), i = 1..k − 1);

x2 := seq((1/2− p)S[k + 1, i+ 1] + pS[k + 1, l− i+ 1], i = 1..l);
x3 := seq((1/2− p)S[i+ 1, l+ 1] + pS[k − i+ 1, l+ 1], i = 1..k);
returnmin(x1, x2, x3);

end proc;

The next procedure calculates D+
n and D−

n on inputs p = P 00
AB(0, 0), the

level n, and Smax, Smin, representing the matrices D+
n−1 and D−

n−1.

maketable := proc(p, n, Smax, Smin) :: Matrix;
local S, S1, S2, i, j,ma,mi, x1, x2, x3;
S1 := Matrix(2n + 1, 2n + 1);
S2 := Matrix(2n + 1, 2n + 1);
for i to 2n−1 do

for j to i do
ma := maxdelta(p, i, j, Smax);
S1[i+ 1, j + 1] := ma;
mi := mindelta(p, i, j, Smin);
S2[i+ 1, j + 1] := mi;
S1[2n − i+ 1, j + 1] := j/2n −mi;
S2[2n − i+ 1, j + 1] := j/2n −ma;
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S1[2n − j + 1, i+ 1] := i/2n −mi;
S2[2n − j + 1, i+ 1] := i/2n −ma;
S1[2n − j + 1, 2n − i+ 1] := (2n − i− j)/2n +ma;
S2[2n − j + 1, 2n − i+ 1] := (2n − i− j)/2n +mi :

end do;
end do;
S1[2n + 1, 2..2n + 1] := Matrix([seq(i/2n, i = 1..2n)]);
S2[2n + 1, 2..2n + 1] := Matrix([seq(i/2n, i = 1..2n)]);
S1 := S1 + Transpose(S1−DiagonalMatrix(Diagonal(S1)));
S2 := S2 + Transpose(S2−DiagonalMatrix(Diagonal(S2)));
S := ‘ < | > ‘(S1, S2);
return S;

end proc;

The next procedure calculates D+
n and D−

n on inputs p = P 00
AB(0, 0) and

the level n.

getTable := proc (p, n) :: Matrix;
local i, Smax, Smin, Smaxmin;
Smax := ‘ < | > ‘(‘ <,> ‘(0, 0), ‘ <,> ‘(0, 1));
Smin := ‘ < | > ‘(‘ <,> ‘(0, 0), ‘ <,> ‘(0, 1));
for i to n do

Smaxmin := maketable(p, i, Smax, Smin);
Smax := Smaxmin[1..2i + 1, 1..2i + 1];
Smin := Smaxmin[1..2i + 1, 2i + 2..2i+1 + 2];

end do;
return Smaxmin;

end proc;

The next procedure calculates the upper bound on D(n, P ), where P is
represented by the parameter p = P 00

AB(0, 0).

getBound := proc(p, n) :: rational;
local Smaxmin, Smax, Smin, x, y;
Smaxmin := getTable(p, n);
Smax := 4Smaxmin[1..2n + 1, 1..2n + 1];
Smin := 4Smaxmin[1..2n + 1, 2n + 2..2n+1 + 2];
x := seq(max(seq(max(seq(max(seq(abs(2 − (2k0 + 2l0)/2n−1

+Smax[k0 + 1, l0 + 1] + Smax[k1 + 1, l0 + 1]
+Smax[k0 + 1, l1 + 1]− Smin[k1 + 1, l1 + 1]),
l1 = l0..2n)), k1 = k0..2n)), l0 = 0..2n)), k0 = 0..2n);
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y := seq(max(seq(max(seq(max(seq(abs(2− (2k0 + 2l0)/2n−1

+Smin[k0 + 1, l0 + 1] + Smin[k1 + 1, l0 + 1]
+Smin[k0 + 1, l1 + 1]− Smax[k1 + 1, l1 + 1]),
l1 = l0..2n)), k1 = k0..2n)), l0 = 0..2n)), k0 = 0..2n);

returnmax(x, y);
end proc;

The last procedure simply uses the functions defined above to determine
whether distilling the CHSH value of a given resource is impossible.

test := proc(e, n)
local p, d, c;
for p from 3/8 + e by e to 1/2− e do

d := getBound(p, n);
if is(16p− 4 < d) then

print(”dist possible!”, p, n);
return d;

end if;
end do;
print(”dist impossible!”, e, n);

end proc;

How to use

The stated program can be used by running the routine test(e,n) with ar-
guments e (a rational number determining the step size with which in-
stances of isotropic systems are distinguished) and an integer n > 0. For
example, the call

>> text(1/32,3);

calculates the bounds to the distillable nonlocality of three copies of the

isotropic systems P̂3/4+1/16, P̂3/4+1/8 and P̂3/4+3/16 and decides in each
case if nonlocality can potentially be distilled.

The program can also be used directly via getBound(p,n). For example,
the call

>> getBound(3/8+1/16,4);

calculates the bound for four copies of the isotropic system P̂3/4+1/8.
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