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Abstract—The Schmidt–Sidorenko–Bossert scheme extends a
low-rate Reed–Solomon code to an Interleaved Reed–Solomon
code and achieves the decoding radius of Sudan’s original list
decoding algorithm while the decoding result remains unam-
biguous. We adapt this result to the case of Generalized Reed–
Solomon codes and calculate the parameters of the corresponding
Interleaved Generalized Reed–Solomon code. Furthermore, the
failure probability is derived.

Index Terms—Failure Probability, (Interleaved) Generalized
Reed–Solomon Codes, Multi–Sequence Shift–Register Synthesis

I. INTRODUCTION

Two approaches to decode an Reed–Solomon (RS) code of
length n and dimension k beyond half the minimum distance
�(n−k)/2� with polynomial time and space complexity exist.
The first one — formulated by Guruswami and Sudan (GS,
[1], [2]) — considers the decoding problem of an RS code
as interpolation problem and returns a list of all possible
candidates within the increased decoding radius. The second
one — invented by Schmidt, Sidorenko and Bossert (SSB, [3])
— extends an RS code virtually to an Interleaved RS code [4]–
[8] and achieves the same decoding radius as Sudan’s original
approach, where a multiplicity one [1] for the interpolation
is used. The decoding result is unambiguous and therefore it
is interesting to investigate its failure probability. For further
parallels between these two schemes see [9], [10].

While the GS approach was formulated for Generalized RS
(GRS) codes, the SSB adaption for GRS codes is still missing.
We fill the lack in this contribution by giving an explicit ex-
pression for the virtually generated Interleaved Generalized RS
(IGRS) code. Furthermore, we bound the failure probability
for this unique decoding approach.

Our contribution is organized as follows. In Section II, Inter-
leaved Generalized Reed–Solomon (IGRS) codes are defined
and basic properties are discussed. The joint decoding of IGRS
codes is explained in Section III. The parameters and the
technique of a virtual extension of an low-rate GRS to an IGRS
codes is explained in Section IV. The failure probability for

This work has been supported by DFG, Germany, under grants BO 867/22-1
and BO 867/21-1.

this particular IGRS case is derived in Section V. Section VI
concludes our contribution.

II. INTERLEAVED GENERALIZED REED–SOLOMON CODES

Let L = {α1, α2, . . . , αn} denote a set containing n non-
zero distinct elements (code locators) of the finite field F =
GF(q) of cardinality n < q. Let V ′ = {ν′1, ν′2, . . . , ν′n} be a
set of non-zero elements of F. Denote

f(V ′,L) = (ν′1f(α1), ν
′
2f(α2), . . . , ν

′
nf(αn)) (1)

for a given polynomial f(x) over F.
An GRS code GRS(V ′;n, k) of length n and dimension k

over F with n < q is given by

GRS(V ′;n, k) = {c = f(V ′,L) : f(x) ∈ Fk[x]}, (2)

where Fk[x] denotes the set of all univariate polynomials with
degree less than k and indeterminate x. The generator matrix
G of the GRS code is:

G =

⎛
⎜⎜⎜⎜⎜⎝

1 1 · · · 1
α1 α2 · · · αn

α2
1 α2

2 · · · α2
n

...
...

...
...

αk−1
1 αk−1

2 · · · αk−1
n

⎞
⎟⎟⎟⎟⎟⎠

·

⎛
⎜⎝
ν′1 0

. . .
0 ν′n

⎞
⎟⎠ ,

and the parity check matrix H is given by:

H =

⎛
⎜⎜⎜⎝

1 1 · · · 1
α1 α2 · · · αn

...
...

. . .
...

αn−k−1
1 αn−k−1

2 · · · αn−k−1
n

⎞
⎟⎟⎟⎠ ·

⎛
⎜⎝
ν1 0

. . .
0 νn

⎞
⎟⎠ .

Since GHT = 0, we obtain an explicit relation for the column
multipliers [11]:

n∑

j=1

νjν
′
jα

�
j = 0, 0 ≤ � ≤ n− 2. (3)

GRS codes are maximum distance separable (MDS), i.e., their
minimum Hamming distance is d = n−k+1. Analog to inter-
leaved RS (IRS) codes, we introduce interleaved generalized
RS codes as follows.
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Definition 1 (Interleaved GRS (IGRS) Code) Let the set

K = {k1, k2, . . . , ks},
consist of s integers, where all ki < n. Let M

M = (V ′
1,V ′

2, . . . ,V ′
s),

be a tuple of s sets of n non-zero elements in F.
An Interleaved Generalized Reed–Solomon code

IGRS(n,K,M, s) of interleaving order s is given by

IGRS(n,K,M, s) =⎧
⎪⎪⎪⎨
⎪⎪⎪⎩

⎛
⎜⎜⎜⎝

c(1)

c(2)

...
c(s)

⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎝

f (1)(V ′
1,L)

f (2)(V ′
2,L)

...
f (s)(V ′

s,L)

⎞
⎟⎟⎟⎠ : f (i)(x) ∈ Fk[x]

⎫
⎪⎪⎪⎬
⎪⎪⎪⎭

.

If ki = k ∀i = 1, . . . , s, then the IGRS code is called
homogeneous, otherwise heterogeneous.

Let the s codewords c(1), c(2), . . . , c(s) of an
IGRS(n,K,M, s) code be corrupted by s error words
e(1), e(2), . . . , e(s) of weight wt(e(i)) = ti. We denote each
received word by r(i) = c(i) + e(i) = (r

(i)
1 , r

(i)
2 , . . . , r

(i)
n ),

respectively each received polynomial by r(i)(x) =∑n
j=1 r

(i)
j xj−1, for all i = 1, . . . , s.

We assume (as usual for interleaved codes) that the channel
adds a so-called burst error of weight t, i.e., each of the s
codewords is affected by an error at the same t positions. Let
E(i) denote the set of error positions for the ith word. Since a
burst error occurred, the union of the i sets of error positions
E = {E(1) ∪ E(2) ∪ · · · ∪ E(s)} ⊆ {1, . . . , n} has cardinality
|E| = t.

III. JOINT DECODING OF IGRS CODES

Joint or collaborative decoding of IGRS codes makes use
of the special structure of the burst error. In the first step,
s syndrome polynomials S(1)(x), S(2)(x), . . . , S(s)(x) of de-
gree smaller than n − ki are calculated. The coefficients of
S(i)(x) =

∑n−ki

j=1 S
(i)
j xj−1 for a GRS code as defined in (1)

are calculated by:

S
(i)
j =

n∑

h=1

r
(i)
h ν

(i)
h αj

h, (4)

for all j = 1, . . . , n − ki and i = 1, . . . , s. These syndromes
provide s key equations with one common error-locator poly-
nomial Λ(x):

S(i)(x) · Λ(x) ≡ Ω(i)(x) mod xn−ki , for i = 1, . . . , s.

These s equations can be combined to one system of equations
S ·Λ = T with the coefficients of Λ(x) = Λ1 +Λ2x+ · · ·+
Λtx

t−1 + xt as unknowns:
⎛
⎜⎜⎜⎝

S(1)

S(2)

...
S(s)

⎞
⎟⎟⎟⎠ ·

⎛
⎜⎜⎜⎝

Λ1

Λ2

...
Λt

⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎝

T(1)

T(2)

...
T(s)

⎞
⎟⎟⎟⎠ , (5)

where each submatrix S(i) is a (n − ki − t) × t matrix and
each T(i) is a column vector of length n− ki − t:

S(i) =

⎛
⎜⎜⎜⎜⎝

S
(i)
t+1 S

(i)
t . . . S

(i)
2

S
(i)
t+2 S

(i)
t+1 . . . S

(i)
3

...
...

. . .
...

S
(i)
n−ki

S
(i)
n−ki−1 . . . S

(i)
n−ki−t+1

⎞
⎟⎟⎟⎟⎠

, (6)

T(i) =

⎛
⎜⎜⎜⎜⎝

−S
(i)
1

−S
(i)
2

...

−S
(i)
n−ki−t

⎞
⎟⎟⎟⎟⎠

. (7)

To obtain a unique solution of (5), the number of equations
has to be greater than or equal to the number of unknowns. By
counting both, we obtain the joint error–correcting capability
of a heterogeneous IGRS(n,K,M, s) code [7]:

τIRS =

⌊
s

s+ 1

(
n− 1

s

s∑

i=1

ki

)⌋
. (8)

An efficient solution of the system of equations (5) can be
obtained by multi-sequence shift-register synthesis as proposed
in [3], [12].

IV. VIRTUAL EXTENSION TO AN IGRS CODE

We extend the Schmidt–Sidorenko–Bossert scheme [3] to
the case of Interleaved Generalized Reed–Solomon codes (see
Definition 1) and give the corresponding parameters.

A low-rate GRS code can be virtually extended to an IGRS
code. This IGRS code is denoted by VIRS(V ′;n, k, s), where
n, k and V ′ are the original parameters of the GRS(V ′;n, k)
code. The parameter s denotes the order of (virtual) interleav-
ing. Let the vector c = (c1, c2, . . . , cn) and let c(i) denote the
vector, where each coefficient is raised to the power i, i.e.,
c(i) = (ci1, c

i
2, . . . , c

i
n). The virtual IGRS code is defined as

follows.

Definition 2 (Virtual Extension to an IGRS code) Let
GRS(V ′;n, k) be an GRS code with the evaluation
polynomials f(x) as defined in (2). The virtually
extended Interleaved Generalized Reed–Solomon code
VIRS(V ′;n, k, s) of extension order s is given by

VIRS(V ′;n, k, s) =⎧
⎪⎪⎪⎨
⎪⎪⎪⎩

⎛
⎜⎜⎜⎝

c(1)

c(2)

...
c(s)

⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎝

f (1)(L,V ′
1)

f (2)(L,V ′
2)

...
f (s)(L,V ′

s)

⎞
⎟⎟⎟⎠ : f (i)(x) ∈ Fi(k−1)+1[x]

⎫
⎪⎪⎪⎬
⎪⎪⎪⎭

.

Through element-wise powering of the original received vector
r(1), we obtain a virtually created error in the received word
r(i) with non-zero values at the same positions as the original
one. Therefore, we create a virtual burst error. This fact can
be used to increase the error-correcting capability of low-rate
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GRS codes (see [3]). We obtain a heterogeneous Interleaved
Generalized Reed–Solomon code of order s, where s is chosen
s.t. s(k − 1) < n and the decoding radius is maximized. The
parameters of the IGRS code are:

ki = i(k − 1) + 1,

ν
′(i)
j = (ν′j)

i,
(9)

for i = 1, . . . , s and j = 1, . . . , n. The following theorem
shows the relation between the column multipliers ν

(i)
j and

ν
′(i)
j of the virtually created GRS code.

Theorem 1 (Column Multipliers for VIRS Code) Let an
GRS(V ′;n, k) code with evaluation polynomial f(x) as
defined in (2) be given and let νj , j = 1, . . . , n, be given,
such that (3) holds.

Furthermore, let the virtually extended Interleaved Gen-
eralized Reed–Solomon code VIRS(V ′;n, k, s) for a given
parameter s with ki and ν

′(i)
j be given as in (9). Then, the cor-

responding column multipliers of the ith subcode {f (i)(L,V ′
i)}

are given by
ν
(i)
j =

νj
(ν′j)

i−1
. (10)

Proof: With (3) we have for the ith subcode
{f (i)(L,V ′

i)}:
n∑

j=1

ν
(i)
j ν

′(i)
j α�

j =
n∑

j=1

νj
(ν′j)

i−1
(ν′j)

iα�
j

=
n∑

j=1

νjν
′
jα

�
j

= 0, 0 ≤ � ≤ n− 2.

The decoding radius of a VIRS(V;n, k, s) code is the same
as in [3]:

τV IRS =

⌊
s

s+ 1

(
n−

(
s+ 1

2
(k − 1) + 1

))⌋
, (11)

where we choose s, such that τV IRS is maximized. Note that
this decoding radius results from (8) using an IGRS code with
mean dimension

k =
1

s

s∑

1

ki =
1

s

s∑

1

(i(k − 1) + 1) =
(k − 1)(s+ 1)

2
+ 1.

Decoding can be done as for IGRS codes by solving (5) with
multi-sequence shift-register synthesis.

V. FAILURE PROBABILITY

Since the virtual extension searches a unique solution for
the error locator polynomial, a decoding failure occurs if the
system of equations (5) has more than one solution. In the
following, we derive an upper bound on the failure probability,
which is the same as for the virtual extension of the RS
codes used in [3] and therefore independent of the column
multipliers.

We bound the probability that the s(n − k − t) × t matrix
S does not have full rank t and denote the failure probability,
if t errors occurred, by:

Pf (t) ≤ P
(
(rank(S) < t)

∣∣ (|E| = t)
)
.

The following theorem states the failure probability.

Theorem 2 (Upper Bound on the Failure Probability)
Let a codeword of an GRS(V ′;n, k) code be corrupted
by an error of weight t ≤ τV IRS (11). Let the GRS code
be virtually extended to an IGRS code VIRS(V ′;n, k, s)
of extension order s with the dimensions ki and the set of
column multipliers V(i), for i = 1, . . . , s as in (9).

Assume, for decoding we solve the system of equations from
(5). The probability for a decoding failure is upper bounded
by:

Pf (t) ≤
(

q

q − 1
+

1

q

)t

· q
−3(τV IRS−t)

q − 1
. (12)

Proof: As in the proof of [3, Theorem 3], this is equiv-
alent to the case that there exists a vector u 
= 0 of length t,
such that

∃ u 
= 0 : S(i) · uT = 0, ∀i = 1, . . . , s. (13)

Each syndrome matrix can be decomposed into five matrices
(in [3], the decomposition consists only of four matrices):

S(i) = H(i) · ν′(i) · F(i) ·D ·V, (14)

where D and V are the same full-rank t× t matrices as in [3,
Proof of Theorem 3] and

H(i) =
(
α(μ−1)jν

)
μ=1,...,n−ki−t, ν=1,...,t

ν′(i) = diag
(
ν′

(i)
j1 , ν

′(i)
j2 , . . . , ν

′(i)
jt

)
,

F(i) = diag
(
e
(i)
j1
, e

(i)
j2
, . . . , e

(i)
jt

)
,

where E = {j1, j2, . . . , jt} denotes the union of the error
positions and e

(i)
jν

denotes the error value at the jν th position of
the ith received word. Since ν′(i) and F(i) are both diagonal
matrices, we can switch their order. Since ν′(i), D, V are
nonsingular, there is a one-to-one mapping from u to v, where
vT = ν′(i) ·D ·V · uT = (v1, v2, . . . , vt)

T . Hence, (13) is
equivalent to

∃ v 
= 0 : H(i) · F(i) · vT = 0, ∀i = 1, . . . , s. (15)

This is the same as [3, Proof of Theorem 3, Equation (22)]
and using Lemma 1 in the appendix for arbitrary q, the rest
of the proof is analog.
Thus, the upper bound on the failure probability is independent
of the column multipliers and in particular independent of
using GRS codes or the RS codes from [3].

Note that this upper bound generalizes [3, Theorem 3] from
RS to GRS codes and also to arbitrary q (in [3, Theorem 3] it
was only shown for q = 2). Moreover, the bound does not only
hold for s = 2 (as indicated in [3]), but also upper bounds the
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cases with s > 2, although the bound is not very tight then.
This is due to the fact that we can upper bound the probability
that all sub-matrices are singular by the probability that some
sub-matrices are singular.

VI. CONCLUSION

We considered unambiguous decoding of low-rate GRS
codes beyond half the minimum distance. For this purpose,
the received word of a usual GRS codeword was virtually
extended to an interleaved GRS code, similar to the Schmidt–
Sidorenko–Bossert scheme. We derived the parameters of the
extended code and proved that the failure probability is the
same as for the RS codes from [3]. Moreover, we generalized
the known bound on the failure probability to arbitrary fields.
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APPENDIX

In the following, we extend [3, Lemma 4] to arbitrary fields.

Lemma 1 Let (v, e, c) be three non-zero elements from a field
F = GF(q). Then, the set

V =

{(
v· e

v· e(2)
)

: v, e ∈ F \ {0}
}

with e(2) = 2c · e+ e2 forms the set of all full weight vectors
of length 2, i.e.

V =
{
v ∈ F2 : wt(v) = 2

}
= [F \ {0}]2 .

Proof: It is sufficient to show that all (q − 1)2 possible
vectors v ∈ V are pairwise different. For any fixed c, consider
two vectors v, ṽ ∈ V , and assume that v = ṽ, then

v· e = ṽ· ẽ, (16)

v· e(2) = ṽ· ẽ(2). (17)

Dividing (17) by (16) yields

2c· e+ e2

e
=

e(2)

e
=

ẽ(2)

ẽ
=

2c· ẽ+ ẽ2

ẽ
.

Therefore, 2c + e = 2c + ẽ and hence, e = ẽ. Inserting this
into (16), we obtain v = ṽ. Thus, for any c, two different pairs
(v, e) 
= (ṽ, ẽ) always result in two different vectors v, ṽ.
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