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Abstract. Competitive analysis is the established tool for measuring the output
quality of algorithms that work in an online environment. Recently, the model
of advice complexity has been introduced as an alternative measurement which
allows for a more fine-grained analysis of the hardness of online problems. In this
model, one tries to measure the amount of information an online algorithm is
lacking about the future parts of the input. This concept was investigated for a
number of well-known online problems including the k-server problem.
In this paper, we first extend the analysis of the k-server problem by giving both
a lower bound on the advice needed to obtain an optimal solution, and upper
bounds on algorithms for the general k-server problem on metric graphs and the
special case of dealing with the Euclidean plane. In the general case, we improve
the previously known results by an exponential factor, in the Euclidean case we
design an algorithm which achieves a constant competitive ratio for a very small
(i. e., constant) number of advice bits per request.
Furthermore, we investigate the relation between advice complexity and random-
ized online computations by showing how lower bounds on the advice complexity
can be used for proving lower bounds for the competitive ratio of randomized
online algorithms.

1 Introduction

Since many algorithmic setups deal with an environment where algorithms are needed
which have to permanently produce chunks of output depending on an input they read
continuously, we are interested in designing high-quality so-called online algorithms.
These algorithms aim at having a high output quality without knowing the whole input
at specific time steps, i. e., they may merely base their computations on the input they
have read so far.

At first, we formally define the terms of an online algorithm and its competitive
ratio which is usually used to measure the algorithm’s output quality on some input.

Definition 1. Consider an input sequence I = (x1, . . . , xn) for some minimization
problem U . An online algorithm A computes the output sequence A(I) = (y1, . . . , yn),
where yi = f(x1, . . . , xi) for some function f . The cost of the solution is given by
cost(A(I)). By SolA = A(I) we denote a solution computed by A on I. An algorithm A

is c-competitive, for some c ≥ 1, if there exists a constant α such that, for every input
sequence I, cost(A(I)) ≤ c · cost(Opt(I)) + α, where Opt is an optimal offline algorithm
for the problem. If α = 0, then A is called strictly c-competitive. Finally, A is optimal
if it is strictly 1-competitive.



Note that Definition 1 can be easily adapted to include the case of maximization
problems. The concept of the competitive analysis was introduced in [7] by Sleator and
Tarjan. For a more detailed introduction to it and online algorithms in general, we refer
to the standard literature, e. g., [2, 5].

However, comparing online algorithms to optimal solutions, which may only be con-
structed if the whole input is known in advance, does not seem very realistic because,
by the nature of many real-world online scenarios, optimal results can never be reached.
We want to get a deeper understanding of what online algorithms really lack, i. e.,
investigate what additional information we need to supply these algorithms with to
increase their performance. The idea of online algorithms with advice was proposed in
[3]. However, the original model used advice over a two letter alphabet {0, 1} and an
additional delimiter $. In [1], a new model was introduced to prevent the hidden en-
coding of information by implicitly using the delimiter symbol. In this new model, such
online algorithms are considered that are allowed to access an advice tape φ, which has
an infinite number of bits written on it. These advice bits are calculated by an oracle
which has access to the whole input before the online algorithm gets the first part of
it. At any time step, an online algorithm A may then read, together with the chunk of
input it gets, as many advice bits as needed. We use the same model in this paper.

Definition 2. An online algorithm A with advice computes the output sequence SolφA =
Aφ(I) = (y1, . . . , yn) such that yi is computed from φ, x1, . . . , xi, where φ is the content
of the advice tape, i. e., an infinite binary sequence. A is c-competitive with advice com-
plexity s(n) if there exists a constant α such that, for every n and for each input sequence
I of length at most n, there exists some φ such that cost(Aφ(I)) ≤ c · cost(Opt(I)) + α
and at most the first s(n) bits of φ have been accessed during the computation of Aφ(I).

Emek et al. [4] proposed a different way to fix the model from [3] by restricting the
online algorithm to read a fixed number of advice bits in every time step. With such
an approach, it is not possible to analyze sublinear advice complexity, what is a serious
issue for many online problems [1]. It is easy to simulate the model from [4] with our
model, which is more general in this sense, and all lower bounds in our model directly
carry over to the model from [4]. On the other hand, the upper bounds carry over from
the model from [4] to our model. Furthermore, the model presented in [4] captures
the idea that the advice is not available from the start, but comes gradually as more
and more of the input is revealed. Although it seems that for concrete problems some
bootstrapping techniques may be used to transform upper bounds from our model to
the model from [4], the two models seem to be incomparable in general.

Our interest focuses on the number of advice bits s(n) that are necessary [sufficient]
to achieve optimality or a specific competitive ratio.

In this paper, we consider the problem k-server in which k agents (so called servers)
move in a metric space satisfying requests which appear in an online fashion. More
formally, we look at the following problem.

Definition 3. Let G = (V,E, d) be a complete undirected weighted graph, where V is
a (not necessarily finite) set of vertices, E = {{v, w} | v, w ∈ V, v 6= w} is the set of
edges, and d : E → R is a metric cost function, that is, d satisfies the triangle inequality
d({v, u}) ≤ d({v, w}) + d({w, u}) for every u, v, w ∈ V . Furthermore, we are given a
set of k servers, residing in some vertices of the graph. Let Ci ⊆ V be the multiset of
vertices occupied by servers at time step i: A vertex occupied by j servers occurs j-times
in Ci. We also call Ci the configuration at time step i. Then, a vertex vi is requested
and some servers may be moved yielding a new configuration Ci+1. The request vi is



satisfied if, after this movement of servers, some server resides in vi, i. e., if vi ∈ Ci+1.
The distance between two configurations C1 and C2 is given by the unique cost of a
minimum-weight matching between C1 and C2.

The k-server problem is the problem to satisfy all requests while minimizing the
sum of the distances of all consecutive configurations.

Although Definition 3 allows to place several servers to the same point, it is easy to
see that this is not necessary; it is easy to modify any algorithm for k-server such that
it never places more than one server to one vertex and such that this modification do
not increase costs of any solution produced by the algorithm.

The solution of k-server is a sequence of configurations, and between two configu-
rations, arbitrary number of servers can be moved. However, sometimes it is convenient
to restrict to so called lazy algorithms, which move at most one server in response to
each request. This can be done without loss of generality, as any algorithm for k-server
can be transformed to a lazy one without any increase in the costs of produced solutions
[2]. It is easy to see that, for the case of lazy algorithms, the produced solutions can be
uniquely described as a sequence of servers used to satisfy individual requests.

This paper is organized as follows: In Section 2, we give a lower bound on the
number of advice bits needed to achieve optimality. Section 3 is devoted to designing an
algorithm for the special case where the servers move on the Euclidean plane. The main
result is presented in Section 4 where we give an algorithm for the general case which
performs very well using only a constant number of bits per request. This algorithm is
also valid in the restricted model from [4] and exponentially improves over the k-server
algorithm presented there. In Section 5, we relate the advice complexity to the model of
randomized online algorithms and show how the advice complexity can be used to prove
lower bounds on the competitive ratio achievable by randomized online algorithms.

For the ease of presentation, throughout this paper, we denote log2 by log.

2 A Lower Bound on the Optimality

In this section, we focus on the number of bits needed to obtain an optimal solution.
Hence, we show that, if an online algorithmwith advice A is optimal, there exist instances
in which A needs to read large advice together with every request. First, we give a bound
for inputs of fixed length k which we extend afterwards to instances of arbitrary length.
Note that any graph with a cost function d that maps edges from V × V to values of 1
and 2 only, trivially respects the triangle inequality and is therefore a metric.

Lemma 1. For any k ∈ N, there exists an instance of the k-server problem with k
requests in total, for which any online algorithm A with advice needs at least k(log k− c)
bits of advice to be optimal for some constant c < 1.443.

Proof. Let k ∈ N and let G = (U ∪W,E) be a complete bipartite graph with a metric
cost function d : E → {1, 2}, where U = {u1, u2, . . . , uk} and W = {w1, w2, . . . , w2k}.
Since |W | = 2k, we can define a bijective mapping Set : W → 2U which maps every
vertex from W to a unique subset of vertices in U . We define the edge costs in G as
follows: for v ∈ U and w ∈ W , let

d({v, w}) =
{

2, if v ∈ Set(w)

1, otherwise.



Additionally, since formally the instance for the k-server problem has to contain a
complete weighted graph, we define the cost for all edges from (U × U) ∪ (W × W )
to be 2. A schematic view of the constructed graph for k = 4 is shown in Figure 1.
Let Gi ⊆ W denote the vertices from W corresponding to subsets of U with exactly i
elements, i. e., Gi = {w ∈ W | |Set(w)| = i}. Clearly,

|Gi| =
(

k

i

)

.

We construct a class of instances I ′ in the following way. An instance I ∈ I ′ consists of
a graph G as above, where each vertex of U is covered by a single server, and a sequence
(x0, x1, x2, . . . , xk−1) of requests such that

1. xj ∈ Gj and
2. Set(xj) ⊆ Set(xj+1).

Intuitively, the first requested vertex is the unique vertex from W with only cheap edges
to U . Every following request has exactly one more expensive edge, chosen in such a
way that the set of expensively connected vertices from U is extended by one vertex in
each time step.

Clearly, we may represent I as a permutation πI of {1, 2, . . . , k} in the following
way:

πI(j) = Set(xj) \ Set(xj−1) for j = 1, 2, . . . , k − 1, i. e., πI(j) = yj ∈ U,

πI(k) = U \ {πI(j) | j = 1, 2, . . . , k − 1}.

In other words, πI(j) denotes the index of that vertex from U which is connected to the
requested vertex via an expensive edge from request xj on. The unique optimal solution
SolI for I with cost of exactly k can also be described by πI in the following way. For
every j, SolI satisfies the j-th request xj−1 by moving one server from some vertex from
U , in particular the one in vertex πI(j), to the requested vertex from W , over a cheap
edge. It is easy to see that there is no solution with cost of less than k, since all the
servers start in U , all requests are unique vertices from W , and every edge has a cost
of at least 1. To see why SolI is indeed the unique optimal solution, consider an offline
environment where an optimal offline algorithm Opt receives the whole input at once
and may satisfy the requests in an arbitrary order. It does so in the opposite order the
requests are made: the last vertex requested is from the group Gk−1 and there is one
unique vertex vπI(k) connected to it with a cheap edge. The vertex that was requested
before is from Gk−2. Due to the construction, it also has a cheap edge to vπI (k) and to a
second vertex vπI (k−1), so that Opt now uses this second edge. Following this strategy,
it is immediately clear that Opt uses exactly k edges of cost 1 and that its strategy is
the only one being no more expensive than k.

Since we may represent every instance from I ′ by a unique permutation of {1, 2, . . . , k},
we need to distinguish k! different cases. It remains to show that we also need a unique
advice string for every input to be solved optimally by any online algorithm A with
advice. Towards contradiction, let I1 and I2 be two different inputs from I ′. Suppose
that A is optimal for both of these inputs. However, for the same advice string φ, the
algorithm A behaves deterministically. Let us take the algorithm’s point of view: In
time step 1, the only vertex from G0 is requested and A uses some server to satisfy this
request. Then, in time step 2 it is revealed whether this was a good choice, i. e., if the
server at πI(1) was used to serve the first request. After that, the algorithm chooses a



s1 s2 s3 s4

u1 u2 u3 u4

G1

G2

G3

G0

G4

Edge of cost 2

Edge of cost 1

Fig. 1. A sample instance for 4-server as used in the proof of Lemma 1. Note that, for the ease
of presentation, not all edges are shown completely.

second server to move and again, in time step 3, it is revealed whether this was a good
choice, and so on. Suppose that the corresponding permutations of I1 and I2 differ at
position j for the first time. This means that, in time step j − 1, the algorithm has to
make two different choices for the different inputs. But since it reads the same prefix
of the input up to this point and furthermore uses the same advice string, it has to act
the same way. But this directly implies that A cannot be optimal for both I1 and I2. We
conclude that we need a different advice string for every instance and therefore log (k!)
advice bits. Using Stirling’s Formula, we get

log (k!) ≥ log

(

√
2πk

(

k

e

)k
)

=
1

2
log 2π +

1

2
log k + k(log k − log e)

≥ k(log k − c),

where c = log e < 1.443, which concludes our proof.

We generalize this statement in the following theorem to an arbitrary number of
requests. The idea is to use two instances as in the proof of Lemma 1, which are con-
nected together. The optimal solution is forced to perform optimally within these two
instances in an alternating way and any wrong step within any instance cannot be com-
pensated later. We postpone the precise proof of the theorem to the appendix due to
space limitations.

Theorem 1. The number of bits necessary to enable A to be optimal can be bounded
from beneath by n

(

1
2 log k − 1

2c
)

for some c < 1.443, where n is the number of requests.

Please note that, if we allow the graph to have an unbounded size, it is easy to
construct a lower bound of n(log k − log e) by branching the graph infinitely often.

Note that all lower bounds presented in this chapter directly carry over also to the
model of [4]. Furthermore, [4] presents a very simple upper bound of log k bits per
request. Hence, the lower bound in Theorem 1 is tight up to a factor of 2.



3 An Upper Bound for the Euclidean Case

In this section, we restrict the k-server problem to the case where the underlying
metric space is the two-dimensional Euclidean plane. For this case, we propose a simple
algorithm that achieves a constant competitive ratio with an advice of linear size (in
particular, the algorithm reads a constant number of bits with every request).

Let us fix a parameter b such that the algorithm uses b bits of advice per request.
The algorithm A works as follows: if the requested point is r = (rx, ry), it divides the
plane into 2b disjoint segments S1, . . . , S2b with their origin in r, and angle 2π

2b
each.

Then it reads b bits of advice that identify a segment Si, and serves the request greedily
with the closest server from Si. We show that A has a constant competitive ratio with
linear advice.

Theorem 2. For a fixed b ≥ 3, A uses b bits of advice per request, and achieves a
competitive ratio of at most 1/

(

1− 2 sin
(

π
2b

))

.

Before proving Theorem 2, let us first show the following technical lemma which we
need in the analysis.

Lemma 2. For 0 < α ≤ π
4 , let C(α,R) be the region of the Euclidean plane C(α,R) =

{[r cosϕ, r sinϕ] | 0 < ϕ ≤ α, 0 < r ≤ R}. For any point p ∈ C(α,R) let

f(p) =
‖p‖

R − ‖[R, 0]− p‖ ,

where ‖v‖ is the Euclidean length of v. Then f(p) is maximized over region C(α,R) for
pmax = R · [cosα, sinα] and f(pmax) =

1

1−2 sin(α
2 )

.

‖p‖

p

‖[R, 0]− p‖

α

R

(a)

s1

s
′

d1

b

a

di

r1

(b)

Fig. 2. (a) Illustration of Lemma 2. (b) Illustration of the algorithm.



The situation described by the Lemma is illustrated in Figure 2(a). The proof of
the Lemma is very straightforward and is postponed to the appendix due to space
restrictions.

Now we are ready to analyze the competitive ratio of A. Let us adopt the following
notation: a configuration C is a multiset of k points that are occupied by the servers.
A configuration Cp1 7→p2 is obtained from C by moving a server from p1 ∈ C to p2.
An instance of the problem is a configuration, and a sequence of requests (points); the
length of the instance is the number of requests. We restrict ourselves to lazy algorithms,
hence, as already noted, a solution of an instance is a sequence of servers. To describe
a server used to satisfy certain request, it is sufficient to specify the point occupied by
this server, hence the solution can be described by a sequence of points as well. We
prove the following theorem:

Theorem 3. For any instance I = (C, r1, r2, . . . , rn), and a solution SolI , the cost of
A on I is at most q · cost(SolI) where q = 1

1−2 sin( π

2b
)
.

Proof. Let SolI serve the i-th request ri by a server located at si, with a cost of di =
‖si − ri‖. In the first request, A uses b bits to specify the segment of angle α = 2π

2b

around r1 in which s1 is located, and moves the closest server in this segment, s′ to
r1 incurring distance a ≤ d1. Hence, after the first request, SolI lead to configuration
Cs1 7→r1 , whereas A is in configuration Cs′ 7→r1 . This situation is illustrated in Figure 2(b).

The proof is done by induction on n. If n = 1, the cost of A is a ≤ d1 = cost(SolI).
Let n > 1, and let ri be the first request that is served by s′ in SolI . Consider

the instance I ′ = (Cs′ 7→r1 , r2, . . . , rn); the sequence (s2, . . . , si−1, s1, si+1, . . . , sn) is a
solution of I ′ with cost at most b+

∑n
i=2 di. By induction, the cost of A on I ′ is at most

q · (b+∑n
i=2 di), hence the cost of A on I is at most

a+ q ·
(

b+

n
∑

i=2

di

)

.

Due to Lemma 2, a ≤ q(d1 − b) and the result follows.

Theorem 3 immediately implies that A reaches competitive ratio q using b advice bits
per request. For 3, 4, and 5 bits per request, the corresponding ratios are 4.261972632,
1.639829878, and 1.243834129. With b 7→ ∞, the competitive ratio converges to 1.

4 An Upper Bound for the General Case

We now focus on the trade-off between the advice size and the competitive ratio achiev-
able in general metric spaces.

Theorem 4. For every b ≥ 2, there is an online algorithm solving the k-server prob-
lem that uses b · n advice bits for inputs with n requests and achieves competitive ratio

2
⌈

⌈log k⌉
b−1

⌉

≤ 4 + 2
b−1 log k.

Proof. At first, we fix the algorithm A. With each request, A reads one bit of advice
called a control bit. If this bit is zero, A satisfies the request greedily with the nearest
server. Afterwards, the used server is returned to its original position before the next
request.



If the control bit is one, A reads the next log k bits. These bits specify which server
should be used to satisfy the request. After the request is satisfied, the server is left at
its new position.

We prove that, for every input instance, there exists an advice such that A has

competitive ratio r := 2
⌈

⌈log k⌉
b−1

⌉

≤ 4+ 2
b−1 log k. Furthermore, A uses at most bi bits of

advice while processing the first i requests.
Consider any input instance I consisting of n requests r1, r2, . . . , rn. Let S

(0) be an
optimal solution of I; assume that S(0) satisfies request i with cost ci. We construct a
sequence S(1), . . . , S(n) of feasible solutions of I sequentially, together with a sequence
of advice tapes φ(1), . . . , φ(n), with the following properties:

1. Let j ≤ i. Solution S(i) satisfies the request j with cost c
(i)
j which is at most twice

the sum of some request costs of S(0), i. e.,

c
(i)
j ≤ 2

∑

k∈D
(i)
j

ck,

where D
(i)
j is some subset of {1, . . . , n}. We call the j-th step of solution S(i) dead

step. Similarly, we call the set D
(i)
j dead set, and the cost c

(i)
j dead cost.

2. Let j > i. Similarly to the previous case, solution S(i) satisfies the request j with

cost c
(i)
j which is at most once the sum of some request costs of S(0), i. e.,

c
(i)
j ≤

∑

k∈D
(i)
j

ck,

where D
(i)
j is some subset of {1, . . . , n}. We call the j-th step of solution S(i) live

step. Similarly, we call the set D
(i)
j live set, and the cost c

(i)
j live cost.

3. Let i be arbitrary but fixed. For every j, request cost cj contributes to at most r/2

costs c
(i)
k , i. e., j belongs to at most r/2 sets D

(i)
k .

4. Let i be arbitrary but fixed. For every j, request cost cj contributes to at most one

live cost c
(i)
k , i. e., j belongs to at most one set D

(i)
k such that k > i.

5. Consider any live step j of S(i) (i. e., j > i). The request rj is satisfied by S(i) by
moving a single server to vertex rj , without any other moves (i. e., the moved server
is left at rj).

6. For any j ≤ k and any i, the sets D
(i)
j and D

(i)
k are either disjoint or D

(i)
j ⊆ D

(i)
k .

Note that disjointness of live sets is already guaranteed by Property 4.
7. Consider an arbitrary i. Algorithm A, given advice φ(i), processes the first i requests

identically as solution S(i).

It is not difficult to see that Properties 1–3 ensure that, for any i, the total cost
of S(i) does not exceed the total cost of S(0) multiplied by 2 · r/2. Property 7 ensures
that A, given the advice φ(n), processes all requests identically as S(n), hence A reaches
competitive ratio r. In the sequel, we show how to construct the sequence of solutions
S(1), . . . , S(n), as well as the sequence of advice tapes φ(1), . . . , φ(n). Afterwards, we
analyze how many advice bits are necessary for this construction.

We define S(i) and φ(i) inductively. Each φ(i) contains some finite defined prefix
followed by arbitrary (undefined) bits. For i = 0, the defined prefix of φ(0) is empty.



It is easy to see that S(0) and φ(0) satisfy Properties 1–7; it is sufficient to define

D
(0)
j := {j}.
Assume that S(i−1) and φ(i−1) are defined. We obtain S(i) by applying a few modifi-

cations to S(i−1). In particular, the first i−1 steps of S(i) are always identical to S(i−1).
The live i-th step of S(i−1) needs to be transformed into a dead i-th step of S(i). While
doing so, some other live steps might be changed as well. Advice tape φ(i) is obtained
by taking the defined prefix of φ(i−1) and appending the information necessary for A to
perform the i-th step in the same way as S(i) does.

We consider two cases:

Case 1 For any k ∈ D
(i−1)
i , there are less than r/2 sets D

(i−1)
j containing k. Assume

that request ri is satisfied in solution S(i−1) by moving a server from vertex v to
ri. (Property 5 ensures that this is always the case.) In S(i), we replace this step
by a greedy step, i. e., the request ri will be satisfied by the nearest server located
in vertex w, and the server will be returned to w afterwards. Because we took the

closest server, c
(i)
i ≤ 2c

(i−1)
i , hence it is sufficient to define D

(i)
i := D

(i−1)
i . The next

steps of S(i) can be defined to be identical to the steps of S(i−1), until the solution
S(i−1) uses the server located in ri to satisfy some request rj . Since there is no server
located in ri in S(i), we need to modify this step: In S(i), the request rj is satisfied
by moving the server from v into ri and then to rj . This is possible, because the

server at v was not used after request ri in S(i−1). The cost c
(i)
j of such move is at

most c
(i−1)
i + c

(i−1)
j , hence it is sufficient to define D

(i)
j := D

(i−1)
i ∪ D

(i−1)
j (note

that Property 4 applied for S(i−1) ensures that this union is disjoint). All remaining
steps of S(i) are the same as in S(i−1).
It is easy to see that Properties 1, 2, and 5 hold for S(i). After transforming S(i−1)

into S(i), only the elements in D
(i−1)
i occur in more sets. Hence, due to assumption

of this case, Property 3 holds. Since, due to Property 4 applied for S(i−1), no element

of D
(i−1)
i is in D

(i−1)
k for any k > i, and since D

(i)
i is not a live set, Property 4 holds

for S(i) as well. Since Property 4 holds for S(i), Property 6 could be violated only if

D
(i)
j was not superset of some D

(i)
k for k ≤ i. This, however, cannot happen because

D
(i)
j ⊆ D

(i)
i and Property 6 holds for S(i−1).

To satisfy Property 7, it is sufficient to extend the advice φ(i−1) by a single bit – a
control bit 0.

Case 2 Some element of D
(i−1)
i is contained in r/2 sets D

(i−1)
j . In this case, the so-

lution S(i) is defined to be exactly the same as S(i−1). Hence, Properties 1–6 hold
trivially. In order to satisfy Property 7, we extend the advice φ(i−1) by 1 + ⌈log k⌉
bits: a control bit 1 followed by ⌈log k⌉ bits describing which server should be used

to satisfy request ri. Note that, in this case, no element k ∈ D
(i)
i occurs in any live

set D
(i)
j . Furthermore, k cannot reappear later, i. e., k does not occur in any D

(i′)
j

for i′ ≥ i, j > i.

Properties 1–7 ensure that A, given advice φ(n), solves I correctly with competitive
ratio r. It remains to analyze the length of the advice consumed by A.

The construction of the advice tapes easily implies that A, given advice φ(i), accesses
only the defined prefix of φ(i) during the first i steps of computation. Next, we show
that the defined prefix of φ(i) has length at most bi.

It is easy to see that φ(i) contains exactly i control bits. Consider any block of ⌈log k⌉
consecutive non-control bits appearing in φ(i). These bits were created in Case 2 when



performing the j-th step of induction (i. e., when S(j) and φ(j) were created). This,

however, means that some element of D
(j−1)
j occurs in r/2− 1 sets D

(j−1)
k (k < j). For

any such k, Case 1 occurred for the k-th step of induction (as noted in Case 2, if that

case occurred, no element of D
(k)
k = D

(j−1)
k would occur in D

(j−1)
j , a contradiction).

Hence, to any block of ⌈log k⌉ consecutive non-control bits appearing in φ(i), we can
injectively assign (r/2− 1) induction steps where no non-control bits were created. The
fact that the assignment is injective is guaranteed by Property 6 and the fact that

elements in a set D
(j−1)
j handled in Case 2 cannot reappear later. Equivalently, we can

injectively assign r/2 control bits to every block of ⌈log k⌉ non-control bits. Thus, there
are at most

i · ⌈log k⌉r
2

= i · 2⌈log k⌉
2
⌈

⌈log k⌉
b−1

⌉ ≤ i · ⌈log k⌉
⌈log k⌉
b−1

= i(b− 1)

non-control bits in φ(i). To sum up, φ(i) contains at most i(b− 1) + i = ib defined bits.

We have proven Theorem 4 in the model of an advice tape. Nevertheless, the result
of this theorem can be easily adapted to the model with fixed number of advice bits
received with each request, as used in [4]. In this case, consider the advice tape created
in the proof of Theorem 4. Separate this tape into two bit sequences, one containing
only control bits, the other containing non-control bits only. Afterwards, interleave these
bits, always taking b−1 non-control bits followed by a single control bit to create a single
b-bit advice message. Algorithm A then reads b− 1 non-control bits with every message
and stores them into a FIFO data structure. Afterwards, it reads the control bit; if this
bit is 1, ⌈log k⌉ bits are extracted from the FIFO. The proof of Theorem 4 ensures that
there are always enough bits stored in the FIFO when a control bit 1 arrives.

Note that Theorem 4 improves the result of [4] exponentially: With b bits per request,

a feasibility of competitive ratio of kΘ( 1
b
) was proven in [4], while Theorem 4 proves

competitive ratio of log
(

kΘ( 1
b
)
)

.

5 Relation Between Randomization and Advice

One intriguing aspect of the advice-based analysis of online problems is the relation-
ship of advice and randomization. Specifically, one can ask if there is some connection
between the existence of an efficient randomized algorithm and the existence of an effi-
cient algorithm with small advice. One can view the randomized algorithm as randomly
selecting one witness object from a universe of possible witnesses. To achieve a good
performance, the universe must be constructed in such a way that, for any input, there
are many reasonably good witnesses. On the other hand, the advice can be interpreted
as selecting a particular witness from a given universe. Hence, for algorithms with ad-
vice it is necessary to have a small universe such that for any input at least one good
witness exists.

From Yao’s minimax principle [8] it follows that, if there is a randomized algorithm
with a given expected cost, then there is a small universe of witnesses such that for each
input there is a reasonably good witness, as stated in the following theorem.

Theorem 5. Consider a minimization online problem P such that there are |I(n)| =
I(n) possible inputs of length n, where I(n) is the set of all possible inputs of length
n. Furthermore, let us suppose that there is a randomized algorithm R with worst-case
expected competitive ratio at most E(n). Then, for any fixed ε > 0, it is possible to



construct a deterministic algorithm A with advice logn+2 log logn+log
(

log I(n)
log (1+ε)

)

with

competitive ratio E(n)(1 + ε).

Proof. Let us suppose that R uses r(n) random bits, so there are R(n) = 2r(n) possi-
bilities for a random string, which is the only source of randomness used by R. Let us
construct a matrix A with I(n) rows and R(n) columns such that Ax,q is the compet-
itive ratio of R on input x with random string q. We show how to construct a set of

strings W containing log I(n)
log (1+ε) elements such that, for each input x, there is a string

w ∈ W such that the competitive ratio of R on input x with random string w is at
most (1 + ε)E(n). The first part of the advice used by A is the number of requests n
encoded in a self-delimited form using log n+ 2 log logn bits. Such an encoding can be
achieved by writing the value of log logn in unary base, extending it by the value of
logn in binary base, which uses log logn digits, and finally extending it by the value of
n in binary base, which uses logn digits. Algorithm A knows a-priori the set W , since it
depends on n only. The second part of the advice for a given input is the index of the
particular string w ∈ W .

Since the expected competitive ratio of R for any input is at most E(n), we have

∀x ∈ I(n) : 1

R(n)

∑

q

Ax,q ≤ E(n).

Hence, the overall sum in the matrix is at most R(n) · I(n) · E(n), and

∃w :
∑

x∈I

Ax,w ≤ I(n) ·E(n). (1)

This w will be included in W , and will be used as advice for any input x where Ax,w ≤
(1 + ε)E(n); let us call such x a hit for w. We argue that w has many hits: for a given
number s of hits we have

∑

x∈I

Ax,w > (I(n)− s) (1 + ε)E(n). (2)

From (1) and (2) we get s > I(n) ε
1+ε . Now we have covered I(n) ε

1+ε inputs by one
string w. Consider the sub-matrix of A obtained by removing the column w and the
rows corresponding to the already covered inputs. Since, for all remaining I(n) 1

1+ε
inputs, the string w contributed more than E(n) to the row-sum, the average of any
row in the sub-matrix is still at most E(n).

We can repeat the above argument, every time covering a fraction of ε
ε+1 of the

inputs. Hence, after log I(n)
log(1+ε) steps, all possible inputs are covered by some w ∈ W .

Please note that the algorithm constructed in the previous example is not polyno-
mial: in order to decode the advice, the algorithm has to construct the dictionary W
by simulating the randomized algorithm on all inputs of length n.

In general, this bound cannot be extended to the case ε = 0, as can be seen by the
following (rather artificial) “winner-takes-all” problem:

Definition 4 (Winner-takes-all problem). The input consists of a sequence of re-
quests x1 = 0, x2, . . . , xn+1, where xi ∈ {0, 1}. The solution is a sequence yi ∈ {0, 1}.
The cost of a given solution is 1, if yi = xi+1 for all i ∈ {1, . . . , n}, and 2 otherwise.
Hence, the optimal solution has cost 1 and all other solutions pay an extra penalty of 1.



It is easy to show that the best possible randomized algorithm is to guess each bit
with equal probability, so the expected cost is 2 − 1

2n . Obviously, any algorithm with
advice less than n bits has worst-case performance 2, so n bits are needed to be on par
with randomization.

Theorem 5 relates the advice and randomization in such a way that lower bounds on
advice complexity can be used to deliver lower bounds on randomization. Specifically,
for the k-server problem, the famous “randomized k-server” conjecture (RKSC) (for a
survey see, e. g., [6]) states that, for any metrical space, there is a randomized online
algorithm with competitive ratio O(log k). This would imply that for a (discrete) metric
space with M elements, there is an algorithm with advice O(log n+ log log logM) that
is O(log k)-competitive. Our results, however, grant the O(log k) competitive ratio only
by using O(n) advice bits. Hence, if one believes the RKSC, the upper bound is still
exponentially far from the optimum. On the other hand, any lower bound of the form
ω(logn) would disprove the RKSC. Compare this to the specific case of k-server [1] in a
space where all distances are 1 (i. e., the paging problem) where it is known that linear
advice is needed for optimality, and constant (i. e., independent of n) advice is sufficient
for being O(log k)-competitive.
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Appendix

Proof (Theorem 1). We now create the class of instances I. Suppose we take two disjoint
graphs (U1 ∪ W1, E1) and (U2 ∪ W2, E2) as used for constructing instances of I ′ in
the proof of Lemma 1. We then connect all vertices from W1 to the vertices of U2 =
{u2,1, u2,2, . . . , u2,k} such that, for 1 ≤ j ≤ k, the edges from Gj to u2,j+1 have costs 1
and all other edges have costs 2. The vertices from W2 are connected to the vertices of
U1 in the same manner. All other newly added edges are assigned costs 2. Let there be n
requests in total and let n be a multiple of 4k. At the beginning, the servers are located
at the vertices from U1. For any instance from I, the first k requests are vertices from
W1 that correspond to a permutation π1 as in the proof of Lemma 1. After that, there
are k consecutive requests from U2 where each of the vertices is requested exactly once.
Next, k vertices from W2 are requested according to some permutation π2 followed by
k requests of the k vertices from U1. We continue in this fashion until we have made n
requests in total. Each such input can be written as

π1 · (a1, a2, . . . , ak) ·π2 · (b1, b2, . . . , bk) ·π3 · (a1, a2, . . . , ak) ·π4 · . . . ·πn/(2k) · (b1, b2, . . . , bk)

where π2i−1 is a subset of vertices from W1, π2i is a subset of vertices from W2, and
{a1, a2, . . . , ak} = U2, {b1, b2, . . . , bk} = U1. Let us call the 4k consecutive requests from
W1, U2, W2, and U1 a round. These instances have an optimal solution SolOpt which,
whenever moving servers from U1 to W1 [U2 to W2], acts according to the corresponding
permutation, and moves the unique server residing in Gj to u2,j+1 when moving servers
from W2 to U1 [W1 to U2].

Let us now show that SolOpt is the unique optimal solution. Towards contradiction,
suppose that there exists solution SolA that differs from SolOpt and is not worse than
SolOpt. Clearly, SolOpt has costs of 1 in every time step. Let us first show that there are
no time steps in which SolA may have costs 0, i. e., in which it does not move any server.
By the construction of the inputs, the same vertex is not requested twice within the
same round. This means that, if in some round a server already resides at some vertex
that is now requested, this server was not moved since the last round (Note that, due to
the triangle inequality, it is never helpful to move a server without satisfying a request
with this move.) Without loss of generality, suppose that this server is positioned at
some vertex from W1. We know that SolOpt used this server to satisfy a request from
U2, W2, and U1 afterwards which each causes cost 1. Instead, SolA uses a server that
already is located at some vertex from U2 to satisfy some request from U2 yielding cost
2 in this time step, because all vertices from U2 to U2 are connected by edges of costs
2. The same applies for at least one request from W2 and U1 and therefore, SolA saved
cost 1, but therefore paid 6 instead of 3 after one round is over. For SolA, it therefore
follows that it also moves exactly one server per time step which causes it to pay costs
1. Now let i denote the first time step in which SolA’s strategy deviates from SolOpt.

For the ease of presentation, we only consider the following two cases. All other
possible cases are handled analogously.

Case 1 SolOpt moves a server from U1 to W1 at time step i. If SolA uses a server
from W1 to satisfy this request, SolA pays 2 instead of 1 which, as we just showed,
cannot be compensated afterwards. Due to Lemma 1, we already know that, if SolA
chooses a server from U1 other than the one taken by SolOpt, this also causes costs 2
eventually. Since i is the first time step in which the two solutions differ, it follows
that no servers are located at U2 and W2. Thus, this case leads to a contradiction
to the optimality of SolA and hence cannot occur.



Case 2 SolOpt moves a server from W1 to U2 at time step i. Using a server located at
U2 again causes cost 2. Moreover, observe that there is only one unique group Gj in
W1 which is connected to u2,j+1 with edges of costs 1. Since SolA and SolOpt acted
identically up to this point, before the first request from U2 arrived in this round,
they both positioned exactly one server at each group Gk. It directly follows that,
if SolA uses a different server than SolOpt, it again pays 2 instead of 1. Similarly as
above, no servers may be located at U1 or W2.

Since there is one unique optimal solution which needs to act according to the
permutations π1, π2, . . . , πn/(2k), by the same argumentation as in the proof of Lemma 1,
it directly follows that at least

n

2k
log (k!) ≥ n

2
(log k − c)

bits of advice are necessary in total to be optimal for c = log e. It directly follows that
at least

1

2
log k − 1

2
c

bits of advice are necessary in every time step.

Proof (Lemma 2). Consider any point p ∈ C(α,R) such that p = [r sinϕ, r cosϕ]. Then

f(p) =
r

R−
√

(R− r cosϕ)2 + (r sinϕ)2
=

r

R−
√

r2 − 2Rr cosϕ+R2
.

For 0 < α ≤ π
4 , f(p) is increasing in ϕ, and the maximum is attained for ϕ = α. For

the rest of the proof, let us treat f(p) as a function of r only. Since the zeroes of the
denominator are {0, 2R cosα}, and 0 < α ≤ π

4 , f(p) is continuous for r ∈ 〈0, R〉. Taking
the derivative one gets

f ′(p) = R
X + r cosα−R

X(R−X)2

where X =
√
r2 − 2Rr cosα+R2. The denominator is always positive, hence it is suf-

ficient to prove

X =
√

r2 − 2Rr cosα+R2 > R− r cosα

which holds, since r2(1 − cos2 α) > 0. Hence, f(p) is increasing in r, and the lemma
follows.


