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 Abstract 

With strong resemblance to the way people perceive space, 3D maps (commonly 
known as landscape panoramas or bird’s-eye views) offer an effective and aesthetic 
means to communicate spatial circumstances. Traditionally, 3D maps are published by 
skiing and hiking resorts to promote their region’s touristic facilities and natural 
assets: 3D maps are printed on the back of resort maps, placed as large color plates 
at the beginning of trails or on vantage points and are used as eye-catchers on 
touristic web sites. Yet, their application is not limited to tourism, but can also serve 
in other contexts, e.g. news media, to clarify topography. 

As the use of such representations is established, it may surprise that the majority of 
3D maps is still painted by hand, and digital means are rarely used for their creation. 
One reason for this imbalance between manual and digital production is that 
techniques applied by panorama painters to create high-quality 3D maps are not 
available in algorithmic form to digital mapmakers. Intentional deformation of 
landscape geometry is such a technique used by painters to effectively improve the 
legibility of 3D maps. This dissertation project focuses on developing new methods to 
interactively deform digital elevation models for 3D map creation. The devised 
methods are inspired by manual techniques of panorama painters. 

Panorama painters apply local as well as global deformation to depict the landscape. 
When important map elements in oblique view are occluded, strongly foreshortened 
or shown from an inopportune angle, local scaling, rotating or moving of landscape 
objects is used to improve map readability. The progressive projection, a global 
deformation technique, allows for showing a horizon, for gaining in image space and 
for combining an unoccluded, almost orthogonal foreground with a three-
dimensional background. 

A number of cartographic representations use spatial deformation to express an 
additional parameter or to make better use of image space, including cartograms, 
schematic network maps and “focus+context” visualizations. While digital algorithms 
for the aforementioned deformations are available, digital tools for geometric 
deformation of terrain are missing. The present dissertation project closes this 
research gap by providing methods and a software framework to deform digital 
elevation models for 3D map creation. The developed algorithms are specially tailored 
to terrain data models and exchange formats used in cartography and GIScience. 
Local deformation is achieved using inverse distance interpolation and moving least 
squares minimization; global progressive views are created by applying a surface- 
bending approach. With the resulting software Terrain Bender, cartographers can 
interactively adapt deformation by drag-and-drop operations and can preview 
different deformation variants in a 3D display at interactive speed. Oblique views can 
be displayed in various projections. Above-average artistic talent, mathematical 
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expertise or experience with computer rendering systems is not required from the 
user. 

To demonstrate the deformation methods developed in this dissertation project, a 
number of deformed 3D maps were created by digital means, imitating hand-painted, 
deformed panorama paintings of the same region. The deformation algorithms were 
also successfully applied to straighten curved travelling routes for the purpose of 
digitally creating panoramic strip format maps.  

With the deformation methods developed in this dissertation project, modern 
cartographers working with digital means can create 3D maps of improved quality. By 
formalizing the deformation concepts of panorama painters as algorithms, the 
painters’ knowledge is preserved in the form of digital tools. It is hoped that such 
tools also promote rare representations like the panoramic strip format map by 
facilitating their revival in digital form. 
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Zusammenfassung 

3-D-Karten (oft auch Landschaftspanoramen oder Vogelschaukarten genannt) stellen 
die Umgebung so dar, wie Menschen sie mit ihren Augen wahrnehmen, und sind 
daher ein effektives und ästhetisches Mittel, um räumliche Gegebenheiten zu vermit-
teln. Traditionell publizieren Ski- und Wanderorte 3-D-Karten, um die natürliche 
Umgebung und touristische Einrichtungen zu vermarkten. 3-D-Karten finden sich auf 
der Rückseite von Ortsplänen, werden als grosse Farbtafeln am Beginn von 
Wanderwegen oder an Aussichtspunkten aufgestellt und dienen als Blickfang auf 
Tourismuswebseiten. Ihre Anwendung beschränkt sich jedoch nicht nur auf den 
Tourismus, sondern kann auch in anderen Zusammenhängen z. B. in Nachrichtenme-
dien zur Verdeutlichung der Topografie dienen. 

Da ein etabliertes Anwendungsgebiet für solche Darstellungen existiert, mag es 
überraschen, dass die Mehrheit der 3-D-Karten noch von Hand gemalt wird und digi-
tale Mittel bei ihrer Herstellung selten eine Rolle spielen. Dass 3-D-Karten eher manu-
ell als digital hergestellt werden, ist auch darin begründet, dass hochwertige 3-D-
Karten nur mit speziellen Techniken der Panoramamaler erstellt werden können. 
Diese Techniken stehen bisher nicht in algorithmischer Form für die digitale Herstel-
lung zur Verfügung. Eine dieser Techniken, mit denen man die Lesbarkeit von 3-D-
Karten deutlich verbessern kann, ist die absichtliche Deformation der 
Landschaftsgeometrie. Diese Dissertation beschäftigt sich mit der Entwicklung von 
neuen Methoden zur interaktiven Deformation digitaler Höhenmodelle im Rahmen 
der Herstellung von 3-D-Karten. Bei der Entwicklung dieser Methoden dienen manu-
elle Techniken der Panoramamaler als Inspirationsquelle. 

Panoramamaler verwenden sowohl lokale als auch globale Deformation in der Land-
schaftsdarstellung. Werden wichtige Kartenelemente in einer Schrägansicht verdeckt, 
stark verkürzt oder von einer unvorteilhaften Seite gezeigt, verwenden Panoramama-
ler lokale Skalierung, Rotation oder Verschiebung von Geländeelementen, um die 
Kartenlesbarkeit zu verbessern. Mit der progressiven Perspektive, einer globalen 
Deformationstechnik, kann der Maler die Karte mit einem Horizont versehen, an 
Bildfläche gewinnen und eine unverstellte Aufsicht auf den Vordergrund mit einer 
plastischen Darstellung des Hintergrundes verbinden. 

Eine Reihe kartografischer Darstellungen verwendet räumliche Deformation gezielt, 
um einen zusätzlichen Parameter darzustellen oder die Bildfläche optimal zu nutzen. 
Dies sind z.B. Kartenanamorphosen, schematische Netzwerkkarten und „focus+ 
context“-Visualisierungen. Während Algorithmen für diese Darstellungen zur Verfü-
gung stehen, fehlen digitale Werkzeuge zur Deformation von Geländegeometrie. Die 
vorliegende Dissertation schliesst diese Forschungslücke, indem sie Methoden und 
Software zur Deformation digitaler Höhenmodelle im Rahmen der Herstellung von 3-
D-Karten bereitstellt. Die entwickelten Algorithmen sind speziell zugeschnitten auf die 
von Kartografie und Geoinformation verwendeten Geländedatenmodelle und 
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Austauschformate. Lokale Deformation wird durch den Einsatz von inverser 
Distanzwichtung und „moving least squares“-Minimierung erreicht. Globale progres-
sive Schrägansichten werden mittels Oberflächendeformation erzeugt. Mit der Soft-
ware „Terrain Bender“ können Kartografen die Deformation durch „drag-and-drop“-
Bedienung anpassen und unterschiedliche Deformationsvarianten in einer 3D-Vor-
schau betrachten. Für Schrägansichten können verschiedene Projektionen gewählt 
werden. Künstlerische Fähigkeiten, mathematisches Spezialwissen oder Erfahrung mit 
3-D-Rendersystemen werden nicht vom Benutzer vorausgesetzt. 

Zur Veranschaulichung der entwickelten Methoden wurden erfolgreich mehrere digi-
tale deformierte 3-D-Kartenreihen erstellt, die handgemalte deformierte 3-D-Karten 
imitieren. Die Deformationsalgorithmen konnten auch bei der Erstellung von 
Streifenpanoramakarten eingesetzt werden. Dort werden sie für die Begradigung 
gekrümmter Reiserouten verwendet. 

Die Verwendung der in dieser Dissertation entwickelten Deformationsalgorithmen 
ermöglicht es modernen Kartografen, die mit digitalen Mitteln arbeiten, bessere 3-D-
Karten zu produzieren. Indem die Deformationskonzepte der Panoramamaler als 
Algorithmen formalisiert wurden, kann althergebrachtes Wissen bewahrt werden. Es 
bleibt zu hoffen, dass solche digitalen Werkzeuge auch seltene Darstellungsformen 
wie z.B. die Streifenpanoramakarte fördern und eine Wiederentdeckung in digitaler 
Form ermöglichen. 
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1 Introduction 

Geometric deformation of terrain for the digital design of 3D maps has received very 
little attention from the cartographic community. This dissertation project aims to 
close the resulting research gap by developing digital methods that allow 
cartographers to redesign the geometry of terrain models for the creation of static 3D 
maps. It finds inspiration in the manual deformation techniques of panorama 
painters, who apply geometric deformation to improve the legibility of important 
landscape elements as well as the quality of the entire representation. 

This introductory chapter discusses the terminology of oblique map representations 
and defines the 3D map in the context of this dissertation project. To position 3D 
map deformation in its cartographic context, an overview of deformations commonly 
used in cartography is provided and related digital algorithms are presented. The 
advantages of applying local and global geometric landscape deformation as 
practiced by panorama painters are subsequently reviewed. An observation of current 
workflows reveals that most deformed 3D maps are still created manually and that 
existing digital approaches are very limited, thus confirming the need for research in 
the area of 3D map deformation. The detailed objectives and methodological 
approach of this dissertation project are subsequently outlined and a structural 
overview of the thesis is given.  

Terminology – the 3D map and related terms 

A number of cartographic terms describe obliquely viewed, three-dimensionally 
perceived cartographic representations of topography. For this dissertation project, 
the bird’s eye-view, the panorama, the block diagram, and the regional view are of 
relevance. 

Depending on the author, the definitions of these terms vary. Differentiation between 
them is based on the projection geometry (central perspective, parallel or cylindrical) 
and on the angle of the projection plane (vertical or tilted) (Hake et al., 2002); on the 
map scale (global, regional or large scale) (Robinson et al., 1984; Hölzel, 1963; 
Patterson, 2005); and on the map format (Hölzel, 1963). Other definitions put more 
emphasis on the purpose or appearance of the perspective representation (Slocum et 
al., 2005).  

The bird’s-eye view 

The bird’s-eye view shows the landscape obliquely from an elevated point and usually 
does not take into account the curvature of the earth’s surface. The projection plane 
of the bird’s-eye view can be tilted (Berann and Neugebauer, 1987). Patterson (2005) 
considers bird’s-eye views most suitable for very large-scale representations. Other 
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authors suggest representing bird’s-eye views at smaller scale in progressive 
projection to show a horizon (Hake et al., 2002 after Hölzel, 1963). Hölzel (1963) 
notes that a bird’s-eye view may not only be shown in central perspective, but also in 
parallel projection.  

The panorama or panoramic map  

Imhof (1986) describes the panorama as the view or 360° view of the surrounding 
landscape from an elevated point. Slocum et al. (2005) characterize it as a 
combination of painting and geographic depiction with realistic appearance. Hake et 
al. (2002) define the panorama as an oblique view in central perspective projection 
where the projection rays are projected onto a vertical plane or onto a 360° cylinder. 
They note that the geometric construction constraints are often relaxed, so that the 
construction of the panorama corresponds to the more general case of the bird’s-eye 
view. For Hölzel (1963) a panorama is a bird’s-eye view in landscape orientation 
format, where the width is larger than the height. 

The block diagram 

Block diagrams are projections onto tilted projection planes in central perspective or 
parallel projection. They are represented as a block cut out of the earth’s crust and 
are usually accompanied with cross sections of the geological underground on the 
sides of the block (Hake et al., 2002). By showing geological structures, the block 
diagram differs in purpose from the two aforementioned oblique map 
representations (Slocum et al., 2005). Yet, several authors mention that it is optional 
for the block diagram to show such rock structures (Robinson et al., 1984; Hölzel, 
1963). Typically, the block is shown from a greater viewing distance and is rotated 
horizontally to better show the block’s faces. 

The regional or global view 

Regional views (Robinson et al., 1984) or global views (Hölzel, 1963) show large 
sections of landscape or entire continents. The earth’s curvature is visualized, 
sometimes exaggerated, by a bent horizon. Important landscape features usually 
need to be exaggerated vertically to receive the necessary attention by the map-
reader. 

These definitions of oblique terrain representations originated in the pre-digital era of 
cartography. Rigid differentiations may not be helpful anymore when creating such 
representations using digital means. Using 3D rendering software, the cartographer 
can move from one perspective map representation to another by adapting the 
parameters of the virtual camera. As the affinity of the bird’s-eye view, the panorama, 
the block diagram (without geological cross sections) and the regional view becomes 
apparent, a broader, all-encompassing term is required.  

While categories describing oblique views as a group were suggested in the pre-
digital era (e.g. perspective maps (Hölzel, 1963), map-related representations (Imhof, 
1963) or perspective pictorial maps (Robinson et al., 1984)), they either exclude 
certain oblique views or include additional representations that are not oblique. For 
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the oblique views addressed in this dissertation project, the encompassing term 3D 
map is considered to be the most appropriate. 

In the context of this dissertation project, the 3D map is defined as an obliquely 
viewed, three-dimensionally perceived cartographic representation of a part of the 
earth’s surface. This definition largely corresponds to definitions given by Häberling 
(2003) and Terribilini (2001). In contrast to the definition of the 3D map by Döllner et 
al. (2003), digital production, interactivity or dynamic content are not considered 
prerequisites for the term 3D, because a definition based on state-of-the-art 
technology may quickly become outdated. In Papers I to IV (Chapters 2 to 5) the term 
panorama is used as a synonym for the 3D map. 

Deformation in cartography 

A number of geometric deformations have found entry into textbooks and scientific 
literature of cartography and related disciplines, including cartograms, schematic 
network maps and “focus+context” visualizations; spatial deformation is also a result 
of cartographic projection. Digital algorithms to generate deformed cartographic 
representations have been made available. 

In cartographic projection, geometric distortion is the result of representing the 
surface of the globe on a planar medium. By selecting the most appropriate 
projection for a particular visualization, the cartographer strives to minimize distortion 
while preserving the desired metric properties of the projected sphere on the map. As 
all metric characteristics cannot be preserved at the same time, the cartographer 
always has to settle for a compromise, resulting in distortion. Map projections have a 
long history in cartography  (Snyder, 1997), and standard GIS offer functionalities to 
transform spatial datasets into a variety of projections. 

In cartograms, space is distorted according to the variation of a statistical attribute 
(Slocum et al., 2005). In area cartograms, regions are scaled in proportion to the 
value of another parameter. Among others, Gastner and Newman (2004), Keim et al. 
(2004) and Henriques et al. (2009) suggested digital methods for the semi-automatic 
or automatic creation of cartograms. 

Schematic network maps, e.g. the London tube map, are very abstract cartographic 
representations where the geometry is often adapted to convey dense information on 
limited map space. Usually, the topology of the network is preserved, while the 
positional accuracy of stations and connections is compromised to make room for 
labeling and to straighten tracks for improving readability. While the first metro maps 
were drawn by hand, a number of algorithms and design suggestions to compute 
such distorted schematic maps automatically exist today, e.g. by Ware et al. (2006), 
by Nöllenburg and Wolff (2011) and Avelar (2002). Wolff (2007) gives an overview of 
various subway network-drawing methods. 
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Cartographic magnification lenses or “focus+context” visualizations (Björk and 
Redström, 2000) combine an area of primary interest depicted in detail (the lense) 
with a more generalized surrounding or context area. This way, detailed spatial 
information can be embedded into a more global structure.  At the transition from 
one scale to the other, the geometry of the spatial representation often needs to be 
distorted to fit onto the limited map space. The first computer-based “focus+context” 
visualizations using different magnification factors for different areas can be traced 
back to the fish-eye representations of the 1970s (Hauser, 2006). The deformation 
concept of “focus+context” was also applied in map algorithms, e.g. by Yamamoto et 
al. (2009) and Harrie et al. (2002). 

While digital methods for all of the aforementioned cartographic deformations are 
available, algorithms for the deformation of terrain, tailored to the needs of 
cartographers, are currently missing. 

Terrain deformation 

Panorama painters deliberately apply deformation to landscape geometry when 
confronted with a number of specific problems. Such challenges occur when creating 
3D maps manually as well as digitally. However, with the exception of Patterson‘s 
contributions (2000; 2001), deformation techniques for 3D maps have so far received 
little attention by cartographic literature and by cartographic research groups.  

Panorama painters apply local and global landscape deformation to improve map 
legibility. When important map elements in oblique view are occluded, strongly 
foreshortened or presented from an inopportune angle, local scaling, rotation or 
translation of landscape elements are applied to mitigate the situation  (Patterson, 
2000; Premoze, 2002; Ribas Vilas and Nuñez Guirado, 1990). For example, panorama 
painters move and reduce occluding objects, widen valley floors, straighten rivers, 
enlarge landmarks and level terrain to make essential map elements visible (Patterson, 
2000). They may also rotate reference landmarks to create a specific mountain 
silhouette or guide the observer’s attention by enlarging an important mountain in a 
range of equally high mountain tops (Patterson, 2000).  

In contrast to local deformation, global deformation is applied to the entire landscape 
to improve overall map readability. Showing the landscape in central perspective 
projection, where distant landscape parts are depicted smaller, is a standard form of 
global deformation that imitates how the human eye perceive the world. Panorama 
painters use specialized global deformation or projection techniques in combination 
with standard projections. Among these specialized projections, the progressive 
projection receives particular attention in this dissertation project. In progressive 
projection, the landscape is depicted from a steep viewing angle in the foreground, 
fading into a flat viewing angle towards the background. This technique is applied in 
combination with central perspective projection by many panorama painters, e.g. 
Heinrich C. Berann (Patterson, 2000), Max Bieder (Maggetti, 2000), and Hal Shelton 
(Tait, 2008), and Winfried Kettler (Kettler, 1986). The progressive projection permits 
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to increase the three-dimensional appearance of the landscape in the background 
and to convey the impression of a real horizon (Hölzel, 1963; Hake et al., 2002). In 
contrast, the foreground is shown almost orthogonally from above, which minimizes 
occlusion. A gain in display depth can also be achieved so that an entire country or 
continent can be depicted on a single map sheet with distinguished three-
dimensional appearance (Patterson, 2000). Panorama painters combine local and 
global deformation (Ribas Vilas and Nuñez Guirado, 1990) to profit from the 
advantages of both techniques.  

Contemporary approaches of 3D map creation and deformation 

In the following section, it is examined how geometrically deformed 3D maps are 
created today. Three current approaches are reviewed: manual creation supported by 
digital drawing tools and digital post-processing; generation with standard 
commercial software packages; and (semi-)automatic approaches. 

The majority of contemporary professional panorama painters create 3D maps 
manually and use standard software for reference purposes, for pre-print color 
corrections and to add type and vector features (Kettler, 1986; Maia, 2006; Holzgang 
et al., n.d.; Rowat, 2011). The 3D map is first pencil-sketched and then painted using 
brush or airbrush, acrylic or oil paints, among others. For global deformation, a 
construction grid may be sketched. Digital renderings of terrain models of the region 
to be displayed are used as visual reference, e.g. Google Earth. After scanning the 
manual art, vector information is added and color corrections are made using 
standard raster and vector graphics software. Few panorama painters go beyond this 
application of digital tools by also drawing textures directly in raster graphics 
software (e.g. Adobe Photoshop). Rohweder (Holzgang et al., n.d.) relates cutting an 
image of a rendered terrain into landscape sections and scaling them using a 
commercial graphics editor to create a collage that simulates local deformation of the 
3D map to be painted. Vielkind (Maia, 2006) reports that the creation of a single 
hand-painted 3D map takes two to 24 months.  

While undeformed digital terrain rendering is commonplace, few cartographers have 
tried to deform terrain models using commercial software. Namely Patterson (2001) 
applies progressive bending by importing a digital elevation model as a greyscale 
image into a raster graphics editing program, fusing it with a greyscale image with a 
progressive gradient and reimporting it into a standard 3D renderer. As Patterson 
notes, this approach may introduce terracing artifacts, is not intuitive, does not allow 
previewing and requires multiple importing and exporting steps. Deforming terrain 
models using interactive commercial 3D-rendering and editing software is difficult if 
not impossible as such software programs cannot handle the large number of vertices 
of terrain models and are not designed for the needs and formats of cartography 
including geo-referenced geo-datasets. 

Selected aspects of terrain deformation have received the attention of computer 
graphics research and were implemented in prototype systems in automatic or semi-
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automatic form. Falk et al. (2007) proposed an interactive projective ray-curving 
approach to reduce local occlusions in obliquely viewed terrain. It requires the user to 
paint influence textures on the terrain model to guide the projection rays. Degener 
and Klein (2009) automatically deform a terrain using a variational approach to 
surface deformation based on feature importance and feature visibility. Both 
implementations are not publicly available and appear to include only a subset of the 
local deformation techniques of the panorama painters. It is also unclear whether the 
average cartographer would have the background knowledge to manipulate these 
lab systems by painting influence textures and editing importance maps; how many 
steps are required for terrain editing; and whether a preview of the deformation is 
available. Degner and Klein (2009) and Bratkova et al. (2009) are aware that global 
progressive bending is applied by panorama painters but do not allow for its 
interactive design. 

Research objectives and methods of this dissertation project 

After reviewing the advantages of geometric deformation techniques and in light of 
the current absence of satisfying digital methods for their application, it appears 
logical that the cartographic community would profit from research in this area. This 
dissertation project focuses on the development of digital local and global terrain 
deformation methods for the creation of 3D maps. Such deformation methods serve 
two major purposes: (1) to promote the creation of digital 3D maps that are more 
legible and aesthetically appealing by allowing their landscape geometry to be 
deformed where appropriate; (2) to make the deformation algorithms available as 
user-friendly digital tools so that they can be applied and mastered by the average 
modern mapmaker. To reach these goals, the following steps are required: 

Identification of local and global deformation concepts in hand-painted 3D maps 

The refined deformation techniques that panorama painters developed in the pre-
digital era are especially well suited as a source of inspiration for the improvement of 
the digital design of 3D maps. Observing how and when panorama painters apply 
deformation as well as reviewing available literature describing their techniques 
provides valuable insights. 

Formalization of these concepts as computer graphics algorithms 

The observed deformation concepts need to be translated into transformations of the 
terrain geometry from original to target shape. Suitable mathematical methods need 
to be identified, taking into account implementation complexity and algorithmic 
performance requirements. 

Tailoring of algorithms to comply with characteristics of cartographic terrain 
representations 

Cartography and GIScience use specific data structures for terrain models that differ 
from the 3D model representations used in computer graphics, architecture and 
product design. Typically 2.5D digital elevation models are favored, which are easily 



 

 7 

combinable with thematic grids, but exhibit some limitations concerning the 
geometry to be represented. Also, the potentially very large number of elevation 
values of digital elevation models can overstrain general-purpose 3D rendering 
programs. The deformation algorithms developed in this dissertation project are 
specifically adapted to the characteristics of cartographic data structures and support 
established exchange formats. Thus the cartographer can apply the deformation 
methods to any region for which a suitable terrain model is available.   

Design of the user interface and functionalities to suit the needs of modern 
cartographers 

Modern cartographers need interactive methods for terrain deformation that do not 
require above-average artistic talent, or advanced mathematical expertise or 
experience with rendering systems. They should also not be burdened with a large 
number of complicated parameters or algorithmic details of the implementation. 
Instead, they should be allowed to concentrate on high-level design tasks when 
creating 3D maps using digital means. The handling of the user interface and its 
functionalities should be quick to master and as intuitive as possible. This requires for 
example three-dimensional previews at interactive speed to test different deformation 
variants as well as deformation by drag-and-drop operations. 

Exploration of the suitability of the developed deformation methods for other 
cartographic representations  

It would be a gain for the cartographic community if the developed deformation 
methods could also be applied to additional cartographic representations for which 
currently no digital creation methods exist. The usefulness of the developed 
algorithms for the creation of panoramic strip format maps will be evaluated. 

Structure of the dissertation thesis 

This cumulative dissertation is structured into 6 chapters.  

Chapter 2 (Paper I) deals with developing global deformation methods for digital 3D 
map creation. The progressive projection, a manual deformation technique often 
encountered in hand-painted 3D maps, serves as a source of inspiration for global 
digital algorithms. After reviewing manual construction, different possible and 
existing digital implementation approaches are presented and a new interactive 
deformation algorithm is suggested and implemented in a user-friendly software 
application.   

Digital local deformation methods are the topic of Chapter 3 (Paper II). Local 
deformation applied by painters in manually created 3D maps serves as role model. It 
is explored when such deformations can be useful for cartographers, and related 
digital methods are reviewed. The painters’ manual techniques are translated into 
digital geometric transformation algorithms and are implemented in a user-friendly 
way. 
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Chapter 4 (Paper III) is concerned with the combined application of local and global 
deformation and presents the combined results of Chapters 2 and 3. Elements of the 
combined interactive user-interface are discussed. 

As defined in the objectives of this dissertation project, the identification of additional 
cartographic application areas for the developed deformation methods is of interest. 
In Chapter 5 (Paper IV) the local deformation method developed in Chapter 3 is used 
to assist in the process of creating panoramic strip format maps, focusing on the task 
of deforming curved panoramic travelling routes into approximately straight lines. 

Chapter 6 gives a summary of the achievements of this dissertation project, explains 
its scientific relevance and gives an outlook on future work. 
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2 Paper I – Interactive design of 3D maps with 
progressive projection 

Co-authors: Bernhard Jenny and Lorenz Hurni 

Abstract 

The progressive projection is by origin a manual cartographic technique, traditionally 
used by panoramic landscape painters; however, it is rarely encountered in digitally 
created three-dimensional (3D) maps. In this article, the advantages of this specific 
projection when designing 3D maps are presented, and the processes involved in its 
manual construction, as well as the existing and potential digital implementation 
approaches, are reviewed. A new algorithmic solution is described, allowing for 
user-friendly interactive bending of a terrain model into a progressive view, with 
options to add a curved horizon, to vertically exaggerate the terrain, and to create a 
360° strip panorama. The resulting software, Terrain Bender, is freely available for 
download. 

Keywords: panorama, terrain bending, surface deformation, cylindrical projection, 3D 
cartography 

Introduction 

This article focuses on progressive projection, a specific projective construction 
technique traditionally encountered in hand-painted cartographic panoramas, and on 
its value and application to digital three-dimensional (3D) map design. This special 
technique depicts the panorama foreground in a two-dimensional (2D) map-like way 
as if looking straight down on the landscape from a high point of view; in contrast, 
the background is portrayed as if gazing towards the distant horizon from a low point 
of view; the midground is a transitional zone (Figure 1). Such a progressive view, 
resembling the way an airplane passenger perceives the landscape, can also be 
imagined as the result of combining a sequence of merged standard perspective 
views. This is in contrast to a standard central perspective projection with a single 
static camera where an often unsatisfactory compromise between the optimal display 
of the foreground and the best display of the background has to be found. The 
progressive projection thus extends the range of standard viewing possibilities. 

In the context of this article, we understand ‘3D map’ as an obliquely viewed, three-
dimensionally perceived cartographic representation. We include in this definition the 
cartographic panorama and the bird’s-eye view, which show the landscape’s features, 



 

 10 

its topography and proportions in a topologically correct way. In hand-painted 
landscape panoramas, artists have used a number of refined construction techniques. 
They may, for example, select a specific projection in order to bring important 
landscape elements or regions to the viewer’s attention by showing them from an 
optimal viewing angle. Yet, in digitally created 3D maps, this variety of available 
projections is missing since the projection options offered by standard rendering 
software are usually very limited, and are often not geared towards the needs of 
cartographers. The hand-painted cartographic panorama can therefore serve as a 
source of inspiration for the design of digital 3D maps. Progressive projection is such 
a traditional projective technique, which is rarely encountered in digital maps, but has 
been widely used by well-known painters of panoramic maps, such as Heinrich C. 
Berann (Patterson, 2000), Max Bieder (Maggetti, 2000), Winfried Kettler (Kettler, 
1986), James Niehus or Hal Shelton (Tait, 2008). 

 

Figure 1 Panorama of central Switzerland with progressive projection (Max Bieder, 1938) 

This article explores the advantages of designing 3D maps in progressive projection, 
as well as conventional manual methods of its construction. Other related methods to 
digitally create 3D maps with progressive views are critically reviewed. A new 
algorithmic solution, developed by the authors, is then presented, which allows user-
friendly interactive bending of a terrain into a progressive view, with options to add a 
curved horizon, and to vertically exaggerate the terrain. We also introduce cylindrical 



 

 11 

progressive views, which combine a 360° cylindrical projection with a funnel-shaped 
deformation of the terrain. The Terrain Bender software, developed by the authors, 
implements these newly devised solutions and is freely available. 

Advantages of the progressive projection 

The progressive projection offers a number of advantages when designing a 3D map 
compared to using a standard central perspective projection. It enables the 
cartographer to create a ‘real’ horizon, to better convey the shape of the landscape, 
to focus user attention, to gain image display depth and to reduce occlusions. 

Many panorama painters, such as Heinrich C. Berann, prefer the view from lowlands 
to highlands, depicting a horizon with high mountainous terrain in the map 
background (Patterson, 2000). In standard central perspective projection, the 
background of the 3D map is simply cut off where the terrain ends, without 
conveying the impression of a real horizon (Hölzel, 1963) (Figure 2, left). This 
undesirable cut-off line is the result of looking at the terrain from a steep viewing 
angle (or a high viewpoint). When a central perspective projection with a flat viewing 
angle (or low viewpoint) is chosen, a horizon is formed by mountains in the 
background, but unfortunately, a uniform flat viewing angle flattens the entire terrain 
and, as a result, compresses the foreground. Progressive projection solves this 
problem by progressively varying the viewing angle from steep in the foreground to 
flat in the background (Figure 2, center). 

 

Figure 2 Lago di Como by Fritz Hölzel (1963) in central perspective projection (left) and progressive 
perspective projection (middle); construction grid for manual creation of progressive perspective 
added by Hans Kern (right) (1986) 

On many hand-painted panoramas, the mountains in the background are shown 
from a lower point of view. According to Hölzel (1963), and Berann and Neugebauer 
(1987), showing the background under a flat viewing angle allows a better portrayal 
of the characteristic shapes of mountain ranges. In large- and medium-scale maps, a 
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flat viewing angle for the background can also be used to draw the reader’s attention 
to certain elements within the landscape. 

By applying progressive projection, the image also gains display depth. A gain in 
display depth by means of the depiction of a horizon line is especially useful when 
portraying medium- and small-scale maps. This way, an entire country or continent 
can fit onto a single map sheet, while still retaining a pronounced 3D appearance 
(Figure 3). In the foreground and middle ground, landscape elements are depicted 
with a steeper viewing angle, which reduces the area of terrain features obstructed 
from view. 

Hand-painted techniques for the progressive projection 

Manual construction of the progressive projection 

In the past, when 3D maps in progressive projection were created manually, 
panorama painters drew a map construction grid on the canvas, which was then 
filled with horizontal strips of centrally projected landscape sections, with a gradually 
sinking horizon (Kern, 1986). Figure 2 shows the area of Lake Como in standard 
central perspective projection, in central perspective projection with progressive 
projection, and a construction grid for the latter. Hölzel (1963) observes that it is 
difficult to provide exact formulas for the manual construction of a progressive 
projection, since the construction grid, and the applied degree of foreshortening, 
need to be specifically adapted to the landscape situation that is to be displayed. He 
concludes that it is more convenient to customize the design of the progressive 
projection whilst sketching the panorama in order to avoid the intricacies of pre-
computations. 

Vertical exaggeration and curved horizon 

Small-scale hand-painted cartographic panoramas in progressive projection are 
sometimes enhanced by vertically exaggerating the terrain features, and by the 
curving of the horizon. The curved horizon adds more spatial depth to the map, 
complementing the effect of the progressive projection, and implying a globe-like 
shape (Figure 3).  

Without vertical exaggeration, mountain ranges on maps of very small scale are 
barely recognizable, since their altitude is very small in relation to the larger depicted 
area, so vertically exaggerating mountain ranges is a common means of giving the 
relief appropriate significance, especially on small-scale 3D maps and for low relief. 
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Figure 3 Small-scale depiction of southern Africa with curved horizon, progressive projection and 
vertical exaggeration of mountains (Heinrich C. Berann) 

From manual to digital construction 

When creating a progressive projection manually, most panorama painters have used 
a designing-while-painting’ approach, which is both time consuming and 
insufficiently formalized for easy automation. To digitally construct the effect, a 
specific mathematical and algorithmic framework needed to be developed, making 
use of computational power, and allowing the cartographer to inspect and adjust 
different variants quickly and easily. In this article, we present such a framework, 
together with a software implementation that allows the cartographer to concentrate 
on the design aspects of progressive terrain bending, without needing mathematical 
knowledge. By interactively manipulating different adjustment parameters, the 
cartographer can create a variety of panoramic views of a terrain model in 
progressive projection. Before describing this new method in the section on 
‘Interactive design of progressive bending for 2.5D terrain models’, however, the next 
section provides an overview of other possible digital approaches to digitally creating 
a progressive perspective, and previously implemented methods are critically 
reviewed. 
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Digital implementation approaches and previous work 

Rendering 3D maps in progressive projection involves projection methods that are 
unrelated to common 2D map projections, e.g. the Mercator or Mollweide projection. 
A projection in 3D computer graphics transforms a 3D model into a 2D image that 
can be visualized on a screen. Most images generated using computer graphics 
methods use central perspective projection, or a parallel projection. 

Central perspective projection corresponds roughly to the way in which the human 
eye perceives the world: parallel lines extending from the viewer into the image depth 
converge to a central vanishing point, while parallel lines which are perpendicular to 
the viewing direction, stay parallel. Thus objects of the same size appear larger in the 
foreground and are foreshortened in the background. When parallel projection is 
used, projection rays do not converge but stay parallel, and an object has the same 
size independently of its distance to the viewer. Each projection has clearly different 
applications. Cartographers also use the cylindrical projection, which generates a 
360° strip panorama. It is possible to modify any of these three projections to a 
progressive projection. 

When digitally implementing progressive projection, cartographers and computer 
scientists have drawn from two major groups of approaches. They either modify the 
camera projection (group 1), or they deform the shape of the 3D object before 
rendering it with a standard camera (group 2). The first group includes the ray-
curving approach, and the interpolated-camera approach; the terrain-bending 
approach is part of the second major group. Table 1 shows an overview of 
implementation approaches for progressive projection. 

 

Camera Modification Surface Deformation 

Ray-curving 2.5D terrain bending 
Interpolated-camera 3D free form deformation* 
Projection surface modification* 3D vector field deformation* 
Virtual projection lenses* 3D embedded deformation* 
 
Table 1 Different ways to render a terrain with progressive projection. Previously proposed 
(italics), and unexplored methods for terrain models (*) 

The ray-curving approach 

Whilst standard software in computer graphics uses straight projection rays for 3D 
representation, the ray-curving approach, as its name suggests, applies curved rays. 
Since only the projection and not the shape of the rendered terrain is altered, the 
geometry of the terrain model is preserved. The ray-curving approach is usually 
implemented using a ray tracer. Ray tracing is a technique for generating an image by 
means of tracing the path of light through pixels in an image plane. The pixel adopts 
the color of the object that is first hit by the light ray; secondary rays can be used to 
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add reflection, refraction or cast shadows. To create a progressive projection, the rays 
of light that intersect with the terrain are bent downwards in the foreground, 
resulting in a steep viewing angle, and upward in the background, resulting in a flat 
viewing angle (Figure 4). 

 

Figure 4 Curved rays for generating a progressive perspective image 

Falk et al. (2007) implemented a ray-curving approach using a force field. They 
applied progressive projection to skiing panoramas, and their ray-curving allowed 
them to avoid undesirable localized visual obstructions. Since the approach is 
computationally intensive, a GPU-accelerated implementation was deemed necessary. 
The algorithmic implementation is complex, since bent rays must not intersect; 
otherwise, the topology of the landscape can be falsified, and parts of the landscape 
could appear more than once in the rendered view. Interactively manipulating the 
rays in order to produce the desired effect demands a high level of abstract thinking 
from the user. An intuitive and easy-to-handle interface, one that gives the 
cartographer a proper level of control, seems to be difficult to develop for ray-curving 
approaches. 

The interpolated-camera approach 

The interpolated-camera approach implements progressive projection by interpolating 
between two imaginary cameras (Jenny, 2004). The user defines the geometry of two 
central perspective cameras (Figure 5). The first one is used for the bottom zone in 
the rendered image, i.e. for the foreground of the view; the second camera is used 
for the top-most zone of the image, i.e. for the background of the view. 

For each image zone in-between, separate intermediate camera parameters are 
interpolated. The user freely positions the two extreme cameras and adjusts their 
vertical inclination angles; the axis through the two camera centers defines the 
azimuthal direction of view. This approach also preserves the original terrain 
geometry. 

When testing this approach, we found it difficult for the user to foresee what effect 
the manipulation of the camera parameters would have on the resulting image. As 

image
plane
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with the ray-curving approach, giving the cartographer sufficient control to design 
the progressive projection poses a problem. 

 

Figure 5 Progressive perspective by camera interpolation: camera for bottom row showing the 
foreground (left), intermediate camera (middle) and camera for top row showing the background 
(right). To simplify this figure, camera positions only change vertically 

The terrain-bending approach 

The terrain-bending approach creates a progressive perspective view by means of 
surface deformation. Two approaches are possible: bending the foreground and 
applying a flat viewing angle (Figure 6), or bending the background and using a steep 
viewing angle. This approach manipulates the terrain geometry and usually uses 
either a central perspective or parallel projection for display. 

 

Figure 6 Progressive view by terrain bending 

Surface deformation methods have been devised for 3D models as well as for 2.5D 
models with regular grid structure. The regular 2.5D grid structure contains only one 
altitude value per grid cell. Some 3D shapes requiring two altitude values per cell (e.g. 
overhanging cliffs) cannot be represented with a 2.5D model. Yet, it is the preferred 
model in cartography since it is widely used and very easy to process. Degener and 
Klein (2009) automatically deform a 2.5D terrain surface in order to maximize the 
visibility of a specific set of features. Patterson (2001) works with commercial 
software applications, and uses a workaround to bend 2.5D terrain to create a 
progressive view. He first imports a digital elevation model as a greyscale image into a 
raster graphics-editing program, where it is merged with a greyscale gradient image 
representing an arc. The modified image is then written to a file and imported into a 
3D-rendering program to inspect the result. As Patterson (2001) observes, this 
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method contains some inconveniences: working with greyscale images may introduce 
terracing artifacts on the terrain, due to limited resolution of the greyscale image 
(especially when using 8-bit images); editing a greyscale image representing 
elevations is not intuitive; results cannot be immediately verified; and numerous 
conversions, and import and export procedures delay the work process. Nevertheless, 
the simplicity of deforming terrain by adding or subtracting elevation values is 
intriguing, because it is fast to apply, not algorithmically complex, and easy to grasp 
and control for the user. The new algorithm presented in the section on ‘Interactive 
design of progressive bending for 2.5D terrain models’ of this article uses the 
principle devised by Patterson without burdening the user with the previously 
mentioned inconveniences. 

Unexplored approaches 

A number of additional implementation methods from computer graphics exist that 
either modify the projection, or deform the shape of the object to be rendered. These 
methods have been implemented in experimental systems but are not available in 
standard rendering engines. We think that they could be applied to create a 
progressive projection (Table 1), but to our knowledge, they have not been used for 
this purpose. 

Among the first major group of approaches using modification of the camera 
projection are: Levene (1998), generating non-linear, non-realistic projections, 
allowing for user control of the projection surface’s shape; Yu and McMillan (2004), 
using non-planar projection surfaces; Yang et al. (2005), placing a virtual projection 
lens in front of a projection plane to alter the projection rays. 

The second group consists of methods for surface deformation. Within this group, 
methods for 3D shape deformation (in contrast to 2.5D) are numerous. Among the 
3D deformation methods are free form deformation (Sederberg and Parry, 1986) that 
applies coarse deformation to complex shapes, algorithms that use a vector field to 
deform objects (von Funck et al., 2006) and algorithms deforming space through the 
direct manipulation of objects embedded within it (Sumner 2007). We are not aware 
of surface deformation methods for 3D meshes that have been specifically developed 
to create specialized projections for cartographic landscape panoramas. 

Interactive design of progressive bending for 2.5D terrain models 

Our new approach of creating a progressive view shares the principle of manipulating 
the altitude values of a 2.5D elevation model with Patterson’s method (2001). 
However, unlike Patterson, we can create, adapt and evaluate the progressive view 
interactively, within a single software application. Our algorithm creates a terrain base 
that the user can interactively shape: the altitude values of the terrain model and 
those of the terrain base are combined by adding them together to create a 
deformed terrain model (Figure 7). 
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Figure 7 Deforming a terrain model (side view) by combination with a bent base; the camera for 
rendering the view is placed on the left looking towards the right 

Our application allows the user to preview the deformed terrain and to apply simple 
texturing and lighting options, and the deformed model can then be exported and 
rendered using a more sophisticated renderer, e.g. with a ray tracer. In the following 
sections, the different algorithmic steps and control options of our method are 
explained: constructing the terrain base, curving the horizon, and vertically 
exaggerating the terrain. We also explain how we deal with large terrain models, and 
compare our 2.5D terrain deformation method to 3D deformation methods. 

Terrain base construction 

A terrain base is constructed as a 2.5D grid that is independent of the original terrain 
model, the base grid having the same number of grid cells as the terrain model. The 
user can influence the degree of bending by interactively manipulating a bending 
curve. Control points can be added to the curve and dragged to form the curve into 
the desired shape. This interactive graph resembles the gradation curve for brightness 
correction in images, which is well known to cartographers from imaging 
applications, such as Adobe Photoshop. In our method, the curve diagram (Figure 8, 
left) corresponds to the profile of the bent terrain base, looking from the foreground 
(left) to the background (right) of the model. 

 

Figure 8 Interactive curve diagram and its influence on the bending of the terrain base 

The vertical axis of the graph represents the base-bending factor: no bending 
(bottom) to maximum possible bending (top). The curve is interpolated through the 
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control points using Catmull-Rom splines, a type of smooth C1 continuous piecewise 
curve. For every value on the horizontal axis u, the corresponding vertical value 
v = g(u) can be computed with high precision, which avoids the creation of terracing 
artifacts, a problem that afflicts Patterson’s method. For each cell in the terrain base 
grid, the relative distance to the foreground is computed: u = x/xmax (Figure 8). The 
deformation value v is then derived from the curve: v = g(u) = g(x/xmax). Since the 
deformation value is a relative measure (e.g. between 0 and 1), it needs to be 
multiplied with a scaling factor sb. As the scaling factor, we chose the longer side 
(length or width) of the terrain model, in meters. This empirical scaling factor proved 
to be adequate for all models tested. The scaled value bxy is then stored in the terrain 
base grid: bxy = g(x/xmax) × sb with sb = max(xmax,2ymax). A 3D terrain model preview is 
computed on the fly whenever the user manipulates the curve graph, so that changes 
can be inspected and corrected immediately. 

Curved horizon 

An optional curved horizon can be added to the 3D map by bending the terrain 
model perpendicular to the progressive bending direction. The user can interactively 
select the amount of curvature for the horizon, which is fully applied to the 
background and fades out, linearly, towards the foreground. 

 

Figure 9 Scheme for adding a curved horizon to the terrain base (inverted view from background 
towards foreground) 

The algorithm progresses from background to foreground, and alters the terrain base 
values. The horizon curvature can be visualized as a tunnel, touching the terrain base 
in the middle along the x-axis, and becoming flatter from background to foreground 
(Figure 9). For each row of the terrain base, the radius r of the tunnel arc is computed 
as r = ymax/sin β. For each cell in the background row, the distance dy between the 
tunnel arc and the terrain base is calculated as 

dy =  r  –  h = r  –   (r2  –  y2).    

y

x dy

r

y

!

h

dxy

bxy

ymax

xmax
x

foreground

background



 

 20 

To let the curvature fade out linearly towards the foreground, the distance dxy 

between the tunnel arc and the terrain base is linearly interpolated for every elevation 
value as dxy = dy  × x/xmax. The distance dxy is then subtracted from the terrain base grid 
value, so that for every grid cell in the terrain base, the new value is 
bxy = [g(x/xmax) − dxy] × sb. Horizon curvature is only applied to the terrain base, which 
is in turn combined with the terrain model (Figure 10). 

 

Figure 10 Progressive perspective with curved horizon (south-oriented view of Switzerland) 

Vertical exaggeration of the terrain 

The terrain is vertically exaggerated by multiplying the altitude values of the terrain 
model with a user-defined factor between 0 (terrain base only, without terrain details) 
and 10. The user can set two exaggeration factors: sfg for the foreground and sbg for 
the background. The scale factor st is then linearly interpolated as 
st = (1 − x/xmax) × sfg + x/xmax × sbg (Figure 8) and applied to each cell txy of the terrain 
model: ts = st × txy. The exaggerated terrain model is then combined with the terrain 
base: cxy = bxy + ts = [g(x/xmax) − dxy] × sb + st × txy. 

Often, for large-scale 3D maps, no vertical exaggeration is needed. Larger 
exaggeration factors are appropriate for small-scale maps in order to increase the 
visibility of the proportionately small terrain elevations. 
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Dealing with large terrain models 

Large terrain models are memory intensive, and depending on the hardware 
available, they may take a long time to display, which can disturb the workflow. To 
allow the user to rapidly deform large terrain models, a Gaussian pyramid is 
constructed in our application. A Gaussian pyramid is a stack of downsampled terrain 
models consisting of successively smaller grids. The original terrain model can be 
imagined to be at the bottom of the pyramid, and every subsequent model is half as 
long and half as large as the previous level, its grid cell number being four times 
smaller. Each grid cell contains a local average that corresponds to a grid cell 
neighborhood on a more detailed level of the pyramid. The memory overhead needed 
to store the pyramid is only one-third of the original terrain model. To find a local 
average for the subsequent pyramid level, we use a 565 cell Gaussian convolution 
filter, which gives close cells a greater influence on the averaged value than cells that 
are further away. Gaussian filtering has the effect of removing fine (high-frequency) 
details from the terrain model, yielding a series of generalized models that are well 
suited for previewing. The user can choose the pyramid level to display. When 
exporting the bent terrain model, the deformations are executed on the original full-
resolution model, and written directly to the output file. 

2.5D versus 3D terrain deformation 

In contrast to a 3D terrain model, a 2.5D terrain model is somewhat limited in the 
landscape forms it can represent. For example, a 2.5D terrain model cannot 
accurately portray overhanging cliffs because it would need to store at least two 
altitude values per grid cell. Yet 2.5D regular elevation models are the structures that 
cartographers are most often confronted with when working with digital elevation 
models, and their simple structure facilitates many tasks. For this reason, our 
algorithm is specifically adapted to bending 2.5D terrain models. When bending 
terrain with our method, elevation values are shifted only vertically, hence 
overhanging formations, which would require a 3D terrain model format, cannot be 
created, and extreme bending of the horizon over 180°, as shown on Berann’s 
panorama in Figure 11, is not possible with a 2.5D model.  

However, we consider our algorithm to be suitable for most cases where 
cartographers need to apply progressive projection. Our algorithm offers the 
advantage of keeping the elevation model in geo-referenced form, i.e. the horizontal 
x–y position of each cell does not change, keeping the regular 2.5D grid structure 
intact. As a consequence, draping geo-referenced textures and vector data onto the 
terrain model as well as post-processing with other 2.5D specific software, can be 
done with ease. 
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Figure 11 Extreme deformation of the horizon in Heinrich C. Berann’s panorama 50 Jahre 
Dolomitenstrasse (excerpt, 1958) 

The progressive-cylindrical projection 

With our terrain-bending software, the user can preview the deformed model in both 
central perspective projection and parallel projection. Additionally, we developed a 
new type of progressive terrain rendering, by applying a funnel-shaped deformation 
to the terrain and rendering the deformed model using a cylindrical projection. The 
result is an unwrapped 360° strip panorama, where the landscape’s foreground is 
progressively bent towards the observer. 
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Cylindrical projection 

A standard cylindrical projection generates a 360° strip panorama by first projecting 
the surrounding landscape onto a virtual vertical cylinder, and then unwrapping the 
cylinder, generating a plane image (Figure 12). Cylindrical panoramas are often 
displayed on the summit of mountains frequented by tourists, giving information 
about the surrounding scenery. They can be constructed manually or can be rendered 
by specialized ray-tracing software. 

 

Figure 12 Cylindrical projection (Imhof, 1963) 

A new combination: the progressive-cylindrical projection 

To produce a cylindrical strip panorama with progressive view using our digital 
method, a funnel-shaped deformation is applied to the terrain model. The user selects 
a location for the funnel center on the terrain, which corresponds to the center of the 
projective cylinder. The user can adapt the bending of the terrain using the curve 
diagram, as described in the section on ‘Interactive design of progressive bending for 
2.5D terrain models’. The difference between this and the centrally projected model is 
that bending is not applied in one direction only. Instead, one could imagine standing 
in the center of the funnel and turning on the spot, while at the same time sweeping 
the curve diagram (or rather its impact on the terrain) in a full circle. The left-hand 
side of the curve diagram’s horizontal axis is placed at the center of the funnel, 
corresponding to the foreground or the lower part of the strip panorama; the right 
end of the horizontal axis is the point farthest away in the x–y plane, corresponding 
to the background or top of the image. 

Algorithmically, the funnel is created by applying a distance-weighting factor to the 
base grid values. First, the distance between the funnel center and the most distant 
cell in the x–y plane of the terrain base is evaluated: dref = max(d1, d2, d3, d4); in Figure 
13, the maximum distance is d3. Terrain parts that are equidistant from the funnel 
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center receive the same degree of bending. The distance-weighting factor f is 
calculated for each cell in the terrain base by dividing its distance to the funnel center 
by the maximum distance: f = d/dref. On the curve diagram, the user can then assign a 
deformation value v to cells with a certain distance-weighting factor f. Cells on the 
left of the horizontal axes are close to the funnel center, while cells on the right are 
located far from the funnel center. Figure 14 shows a terrain model with a funnel 
deformation (bottom), and the resulting panoramic view (top). 

 

Figure 13 Schema for computation of funnel deformation in the terrain base grid 

The user can slide the camera up and down on the z-axis in order to select an altitude 
for the point of view. The terrain model with the embedded funnel deformation can 
be exported for rendering with a ray tracer, offering more sophisticated cylindrical 
rendering. 

 

Figure 14 Panorama in progressive-cylindrical projection (top) derived from funnel deformation 
applied to the terrain model (bottom) 
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Terrain Bender software 

In this section, we briefly introduce Terrain Bender, the software that was developed 
by the authors, implementing the algorithms described above to create progressive 
views. Terrain Bender was written in Java and runs on Windows as well as on Mac OS 
X platforms (Figure 15). For rendering previews of the terrain model, Terrain Bender 
builds on JOGL, a Java implementation of OpenGL (JOGL, 2009). OpenGL is a 
standard specification, defining an application-programming interface for generating 
2D and 3D computer graphics (OpenGL, 2008). Terrain Bender is free open-source 
software, and can be downloaded from http://www.terraincartography.com/ 
terrainbender. 

Terrain Bender offers a user-friendly interface, allowing the cartographer to create 
progressive views from imported terrain models as intuitively as possible. Controlling 
the degree of bending by dragging and dropping points on the curve diagrams and 
inspecting on-the-fly generated previews of the bent terrain greatly facilitates this 
task. The user can choose to preview the bent terrain in central perspective 
projection, in parallel projection on inclined image plane, and in cylindrical projection. 

 

Figure 15 Screenshot of the Terrain Bender interface 

For previewing the terrain model in cylindrical projection, a workaround had to be 
implemented, since standard graphical rendering pipelines like OpenGL cannot readily 
generate images in cylindrical projection. Our software mimics a cylindrical panorama 
by creating eight images in central perspective projection, and stitching them 
together to a single 360° panorama strip. This workaround allows us to take 
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advantage of the faster rendering speed of the OpenGL pipeline. The eight image tiles 
connect seamlessly, but some distortions appear towards the image tile borders. 

Conclusions 

Our terrain-bending algorithm allows the user to intuitively create and manipulate a 
progressive view for a digital terrain model within a compact workflow. The 
cartographer can immediately assess and adapt the bending of the terrain. The results 
are rendered as a 3D view in real time. Trying out different parameter settings in 
order to show a landscape in an optimal way can therefore be done very quickly. The 
algorithm for terrain-bending is easy to implement and performs quite fast. For very 
large terrain models, Terrain Bender uses a downsampled version to compute a 
preview, but in the future, a GPU-accelerated version would be welcome, so that 
large terrain models can be previewed in their original resolution without too much 
delay. 

Our software is a specialized application for cartographic 3D mapping, permitting the 
user to import and export geo-referenced 2.5D terrain models. While the altitude 
values are altered to create a progressive projection, the x–y coordinates remain geo-
referenced, making it possible to combine the deformed model with textures or 
vector layers, using a GIS or standard rendering engine. 

A curved horizon and vertical exaggeration can be added to the terrain. In small-scale 
3D maps, this increases the impression of spatial depth and allows the cartographer 
to give certain landscape elements, e.g. high mountain ranges, the necessary weight. 
The progressive-cylindrical projection is a new type of projection that unwraps a 360° 
panoramic view as a 3D strip map, while still offering the advantages and design 
options of progressive projection. 

Our software builds on the manual techniques of the panorama painters. Yet with 
our digital solution, the cartographer is no longer burdened with the details of 
complicated computations, and can focus on the design of the 3D map projection. 
The Terrain Bender software is freely available for download at 
http://www.terraincartography.com/terrainbender. 
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3 Paper II – Interactive local terrain deformation 
inspired by hand-painted panoramas 

Co-authors: Bernhard Jenny, William E. Cartwright and Lorenz Hurni 

Abstract 

Painters of panoramic landscape maps use specific manual techniques to solve 
problems of occlusion, foreshortening and unfavorable orientation of landscape 
elements to the map viewer. Using digital means, the painters’ techniques may be 
translated into geometry deformation algorithms for digital panorama creation. This 
article explores the advantages and the suitability of applying local geometry 
deformation to digital panoramas and reviews existing methods to perform such 
terrain editing using digital means. A new algorithmic solution based on inverse 
distance interpolation and moving least squares specifically designed for regular 
2.5D elevation models is presented. It allows the user to position and drag control 
handles on a 3D representation of the model to interactively deform the terrain. 

Introduction 

Static panoramic maps commonly show the landscape from a specific point of view 
and usually in central perspective projection. No matter how thoughtfully the point of 
view is chosen, some important landscape elements will be foreshortened, occluded 
or shown from an unfavorable angle to the observer. Landscape artists have 
encountered such challenges by applying local deformation to map objects in hand-
painted hiking and skiing panoramas. In digitally created panoramic maps, local 
terrain deformation is largely absent, presumably because the functionality of 
standard 3D-rendering software does not sufficiently support the needs of 
cartographers. 

In the following article, we draw inspiration for digital cartographic terrain 
deformation from the works of panorama painter H. C. Berann (1915–1999) 
(Patterson, 2000). We explore the advantages of applying local deformation to digital 
panoramas and review existing methods to perform such terrain editing using digital 
means. A new algorithmic solution based on inverse distance interpolation and 
moving least squares is subsequently presented. The authors extended Terrain Bender 
(Jenny et al., 2010), a software for global terrain deformation, to include this new 
local method. The cartographer can locally deform a digital terrain model by 
intuitively manipulating the surface in a 3D display. We created a series of digital 
panoramic maps, with and without deformation, showing a region for which a hand-



 

 28 

painted panorama is available. Such a comparative series demonstrates well the 
effectiveness of our method and illustrates the terrain deformations applied by H. C. 
Berann in his work. 

Painters of panoramic maps often use local deformation and global progressive 
bending of the terrain as complementary manual techniques. Figure 1 illustrates this 
combined approach described by contemporary panorama artist Juan Nuñez Guirado 
(Ribas Vilas and Nuñez Guirado, 1990). Progressive terrain-bending(Figure 1d) allows 
for landscape displays with varying viewing angles from steep in the foreground to 
flat in the background. As we have already provided a digital method to create 
panoramas with progressive bending (Jenny et al., 2010), the method for local terrain 
deformation (Figure 1c) presented here completes bringing the manual geometry 
deformations to the digital realm. 

 

Figure 1 Combination of local deformation and progressive bending in manual panorama creation: 
landscape in orthogonal view (A), in central perspective projection (B), with local deformations (C) 
and with local deformations and progressive bending (D) (Ribas Vilas and Nuñez Guirado, 1990, 
simplified, colors adapted) 

Representation challenges overcome by applying local deformation 

Experienced panorama painters apply local deformation to solve specific 
representation problems. The following overview of use cases is based on Patterson’s 
(2000) analysis of the works of H. C. Berann. Three problem groups can be 
recognized resulting from occlusion, foreshortening and orientation to the viewer. 

Occlusion: Panoramas show the landscape from an oblique viewing angle. As a 
consequence, map objects depicted in the foreground can partially or totally hide 
those located behind them. This can obviously be a problem on touristic maps, the 
major application field of panoramic maps: hiking and skiing trails may be hidden 
behind mountains or forest; important landmarks and touristic infrastructure are 
concealed behind river and valley bends. Panorama painters mitigate these occlusions 
by locally deforming the landscape, e.g. by moving occluding mountains, widening 
valley floors, straightening river bends, enlarging landmarks and leveling terrain. 

Foreshortening: Most panoramas are drawn in central perspective projection to mimic 
the way human eyes perceive the world. As a consequence, foreshortening in the 
background can reduce landscape parts beyond recognition. Touristic infrastructure, 
reference landmarks and trails may also not be discernable. In addition, the landscape 
panorama may lack in aesthetics and focus when well-known mountain ranges are 
shrunk. To accentuate important landscape features and to compensate for 
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foreshortening, panorama painters enlarge selected landscape elements that would 
otherwise receive too little attention from the observer. 

Orientation to the viewer: Selecting the observer position for a panorama is a 
challenging task. Even if it is well chosen, not all important landscape parts and 
landmarks will be shown from their most familiar or impressive side. Some mountain 
silhouettes have been used widely in touristic or commercial contexts (e.g. the Swiss 
Matterhorn) and may be recognized by the public only from this often-depicted side. 
Panorama painters rotate reference landscape elements to depict them from a 
better-known or more informative side. 

Modern mapmakers who use digital tools to create panoramic maps also encounter 
the described representation problems. We think that digital algorithms, which draw 
from the solutions of the panorama painters, would allow cartographers to create 
better digital panoramas. 

Requirements on local deformation method for digital panoramas 

Using digital means, the techniques applied by panorama painters may be translated 
into geometric transformations of the digital terrain surface. In the following section, 
we discuss what makes a good method for local terrain deformation and suggest a 
number of requirements. According to Botsch and Sorkine (2008), the quality of a 
surface deformation method depends on its intuitive handling, its flexibility and the 
quality of the shapes it produces. They suggest that an intuitive deformation behaves 
in some ways like a real-world object underlying physical principles. Yet, for design or 
visualization purposes as opposed to simulation, the results only need to be plausible, 
aesthetic and correspond to what the user would naturally expect. It is not necessary 
to consider every physical constraint or to permit arbitrary surface editing as this may 
make results difficult to control for the user. For the cartographer, it is also essential 
to inspect and adjust different deformation variants quickly and easily, since the 
evaluation of local deformation is mainly carried out visually. 

Based on these requirements, we suggest that a local deformation method for digital 
panoramas is sufficiently intuitive if the user can manipulate the terrain in 3D view; if 
deformations are computed and displayed immediately; if interactive deformation 
appears to work directly on the terrain surface; and if point-to-point correspondences 
between the original and the deformed model can be defined. Concerning flexibility, 
our method should allow for shifting landscape elements in the horizontal plane, and 
for rotating and scaling landscape elements. The shape of the landscape after 
deformation should still appear natural; characteristic details should be preserved; 
and transition zones between deformed and undistorted areas should look smooth 
and inconspicuous. 

Digital elevation models used in cartography often consist in millions of altitude 
values. Our method needs to be fast enough to compute deformation previews of 
such terrain data in real-time on desktop computers. It should also be possible to 
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export deformed terrain models to further process them with specialized software. 
Adapting the coordinates of an accompanying texture for export is also required, 
otherwise, the original texture would fit the deformed model no longer. Before 
describing our new method to design local terrain deformations, however, the 
following section reviews related work. 

Related work 

3D terrain cartography shares interests with geographic information science and 
computer graphics. The author of a panorama map requires methods that support 
handling geo-referenced, potentially large digital elevation models of real landscapes, 
while at the same time providing interactive freedom of design. We evaluate the 
potential of standard GIS and 3D-rendering software before giving an overview of 
terrain deformation implemented in research systems. 

Standard GIS and 3D-rendering software 

In standard GIS, terrain model editing concentrates on enforcing real geometry (e.g. 
roads and spot elevations) in geo-referenced terrain in a topologically correct way 
and on interpolating terrain models from surveying data. Since the user usually 
provides such real-world information as geo-referenced datasets, interactive editing is 
limited and provides little freedom of design. 

On the other hand, standard 3D-modeling and -rendering software offers a powerful 
range of interactive deformation and editing options for 3D meshes, many of them 
specialized (e.g. methods for character rigging and facial expression manipulation). 
Yet, these methods are not targeted at geo-referenced objects and often cannot 
handle terrains with millions of elevation values. Also, the learning curve is often 
steep, as experience is needed to predict the provided tools’ effect (e.g. paintbrush to 
edit elevations) and to switch between view and parameter windows. Software for 
3D-game creation usually offers diversified options to create artificial terrain, but 
provides only limited support for editing real terrain, as procedural terrain is often 
preferred for real-time games. 

Terrain editing 

Atlan and Garland (2006) describe a multi-resolution editing system for terrains with 
real-time display, based on wavelets. Editing tools use metaphors of landscape 
architecture, e.g. bulldozer and explosion tools. Bruneton and Neyret (2008) propose 
a method for blending vector data into height maps using shader programs running 
on graphics hardware. The height field is edited indirectly by adapting the vector 
data. Clark and Mauer (2006) propose reinterpolating terrain by integrating survey 
points and interactively moving height field points in vertical direction. 
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Digital panoramas 

Möser et al. (2008) propose multi-perspective and importance scaling techniques to 
increase visibility in 3D urban panoramas. Falk et al. (2007) implemented a projective 
ray-curving approach using a force field. Local occlusions in panoramic maps can be 
reduced by letting the user paint influence textures to modify the force field. 
Takahashi et al. (2006) reduce occlusions occurring along the route in a car 
navigation system by scaling the terrain vertically. Degener and Klein (2009) 
automatically deform a terrain surface using a variational formulation to maximize the 
visibility of a specific set of features. 

A method for local deformation of 2.5D terrain surfaces 

Digital elevation models used in cartography are often regular 2.5D models, also 
called functional surfaces. For every grid cell, only one elevation value is stored. Some 
3D shapes requiring more than one altitude value per cell (e.g. overhanging cliffs) 
thus cannot be represented in 2.5D. Yet, regular functional surfaces are widely used 
in cartography and GIS since they are easy to process and to combine with other 
gridded content like photogrammetric imagery or thematic grids. 

 

Figure 2 Examples of local deformations achieved with our method in the Yosemite Valley. Left 
pair: vertical scaling of Half Dome (orange), widening of a valley (green) and leveling of terrain 
(brown); right pair: control point location before and after deformation (based on USGS DEM) 

Our method for local terrain deformation is especially designed for such regular 2.5D 
elevation models. The user positions handles in the form of control points on the 
model, which can be dragged to deform the terrain. Our deformation functions 
provide a mapping for every grid point v in the original terrain model to a position in 
the deformed model, based on a set of control points p and their new positions q. 
Grid points coincident with control points p are coincident with positions q after 
deformation. The remaining terrain is deformed smoothly by computing a 
displacement vector for every grid point based on the displacement of the control 
points. Figure 2 shows example deformations achieved using our method by dragging 
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control points. Our deformation method allows varying the radius of influence of 
control points between more local and more global influence. 

We implemented two computational methods to locally deform a digital terrain 
model: inverse distance weighting (IDW) in three dimensions and, as an alternative, 
moving least squares minimization (MLS). 

Inverse distance weighted interpolation 

IDW as defined by Shepard (1968) is a multivariate interpolation method for scattered 
points. It assumes that the influence of the N control points to induce terrain 
deformation decreases with the distance between control points and grid points. The 
scaled position of an elevation point v is computed by moving it by the displacement 
vector !!, which is determined using equation (1)  

 

dv = 
ri(v)

rN
j=1 j

(v)

N

i=1

qi – pi  

where   ri v  = 1

!  –  !!
!   with   t  ≥  1   (1) 

The weight r in our algorithm is the inverse distance in the undistorted model 
between the grid point v and the control point pi. A faster rate of distance decay may 
be achieved by increasing t, giving more influence to the nearest control points and 
increasingly down-weighing points farther away. The grid points at control point 
position pi take on the location qi after deformation. 

MLS minimization 

In addition to the IDW method described in the previous section, we implemented 
another method for manipulations in the horizontal plane. It builds on an algorithm 
by Schaefer et al. (2006) who use MLS to apply affine transformations for 2D-image 
deformation. We use Schaefer’s rigid transformation for terrain deformation in the 
plane and combine it with IDW for vertical deformation. 

According to Schaefer et al. (2006), the plane is distorted by solving for the optimal 
affine transformation fv that is applied to all grid points v and minimizes 

wi fv pi  – qi
2

i  (2) 

This means that the weighted sum of squared distances between the desired control 
point positions q and their computed position using fv(p) is as small as possible. 
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The weights wi depend on the distance of the grid points to the control points, with 
small distances being of larger significance. As a consequence, the transformation is 
different at each grid point. The parameter α describes how strongly the influence of 
the control points diminishes with increasing distance:  

wi  =  
1

pi  –  v
2α  (3) 

Schaefer et al. (2006) propose three transformations: the affine, similarity and the 
rigid deformation. As they suggest that rigid deformation gives the best results for 
realistic shapes, we have used this warping function for our method. Schaefer et al. 
(2006) find the deformation function fv (equation (4)) for every grid point v, involving 
only small linear systems with closed-form solutions. 

The weighted centroids p* and q* of the sets of control points p and q as well as the 
deformation function fv are computed with 

p*  =   wipii

wii
   and   q*  =   wiqii

wii
 

fv = v – p* M + q* (4) 

For rigid deformation, M is 

M =   1
μ

wi

pi
–p

i

⊥i qi
T –  qi

⊥T                      (5) 

where  ⊥ is an operator that maps a vector (x, y) to (−y, x) 

and   pi   =  pi  –  p
*   and   qi   =  qi  –  q

*      

and   μ  =   wiqipi
T

i
2
+ wiqipi

⊥T
i

2
    (6). 

Integration into Terrain Bender 

Panorama painters apply local deformation of terrain often in combination with 
progressive bending. For this reason, we chose to extend the functionality of Terrain 
Bender, a software framework previously developed to apply progressive bending to 
digital elevation models (Jenny et al., 2010) with local deformation algorithms. 
Terrain Bender was written in Java and runs on Windows and Mac OS X platforms. 
For rendering previews of digital elevation models, Terrain Bender uses JOGL, a Java 
wrapper library for OpenGL (JOGL, 2009). OpenGL is a standard specification, 
defining an application-programming interface for generating 2D and 3D computer 
graphics (OpenGL, 2010). 
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Local terrain manipulation 

The cartographer can import a 2.5D digital terrain model into Terrain Bender, which 
is then displayed in a 3D preview. By clicking with the mouse on the rendered terrain 
surface, the cartographer can set control points and can apply local deformation by 
dragging the points to new positions. The number of elevations in the model does 
not change and intermediate deformation poses are not stored. Instead, to undo a 
deformation step, a control point can be deleted or deformation vectors can be reset, 
triggering a recomputation of the deformed grid. It is possible to add control points 
gradually to an already deformed grid. The resulting distorted grid is still topologically 
regular, but has irregular geometry. 

In our prototype, four types of control handles are available. Regular control points 
are symbolized as spheres (Figure 2, right image pair) and can be dragged in all three 
directions. If not moved, they act as counterweights to other dragged control points. 
Vertical handles represented by cones are restricted to movements in the vertical 
direction (Figure 2, red cones in right image pair). They do not act as counterweights 
to modifications in the horizontal plane and are ignored when horizontal 
displacements are computed. Circular belt symbols represent attracting or repelling 
handles that radially pull or push the surrounding grid points towards or away from 
them. One or several control points at a time can be selected and dragged as a group 
to deform the terrain. 

Large terrain models and graphics processing unit acceleration 

Standard 3D-modeling and -rendering software often cannot handle large, memory 
intensive terrain models. Terrain Bender builds a Gaussian pyramid from the original 
model made of successively smaller grids. Each grid cell contains a local average of 
cells from a more detailed level (Jenny et al., 2010). The user can choose a lower 
resolved pyramid level to speed up the previewing response. Local deformations are 
then applied to the downsampled grid. Since we store the displacement of control 
points to compute the deformation of the entire grid, it is straightforward to compute 
a deformation for a different resolution. To further improve performance, we use a 
graphics-processing-unit implementation where a vertex shader computes the 
deformed positions of the model to be displayed. The vertex shader is a processing 
function executed on graphics hardware, which is run for each elevation grid point. 
The original grid point positions need to be transferred only once to the graphics card 
and can then be modified using the vertex shader. This is a fast solution for rendering 
when only positions need to be modified without changing the number of vertices as 
in the case of our local deformation algorithm. 

Model export and textures 

After deformation, the elevation model still has the same number of grid quads, but 
the geometry of these quads is no longer regular. In Terrain Bender, the user has the 
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option to drape a texture on the elevation model. The deformed model can then be 
exported for further processing and rendering in triangulated form together with 
texture coordinates. 

Imitation of a hand-painted panorama 

We demonstrate our local deformation method by imitating a manual panorama by 
H. C. Berann (Figure 3). Berann’s panorama was painted in 1947 and shows the 
Jungfrau region with hiking trails, cable cars and other touristic infrastructure. Figures 
4–6 show the digital panorama at different deformation stages and permit 
comparisons between the painted panorama, our deformed digital result and the 
undeformed digital model. Please note that we only intend to imitate the geometry 
deformation; panorama texture generation is not in the scope of this article and we 
only apply standard texturing techniques to add a simple land cover texture. 

Figure 4 shows a digital rendering of approximately the same region as in the hand-
painted panorama in central perspective projection without any alteration to the 
elevation model. In Figure 5, we applied progressive bending and little vertical 
background scaling with Terrain Bender. We used a swisstopo digital elevation model 
with 25 m resolution and a land use texture. The foreground lakes are presented 
from a steep viewing angle and are less occluded compared to the undeformed 
rendering in Figure 4. In the background, the mountain ranges, which are depicted 
from a flat viewing angle, now form a horizon. Yet, this mountainous horizon 
appears unstructured: many peaks have similar elevation and higher peaks have small 
width, which does not give them enough weight to dominate the landscape. In 
Figure 6, we combined progressive bending and vertical background scaling with 
local distortion. The Eiger, Mönch and Jungfrau mountains were scaled vertically and 
horizontally to give the panorama a visual focus. The Fiescherhörner and the 
Finsteraarhorn to the left of Eiger (still visible in Figure 5) were rotated clockwise to 
bring them behind Eiger so that they would not appear on the panorama. A small 
folding at the mountain base where Eiger meets the Schreckhorn remains. The 
observer can now see the valley floors in Figure 6, which are mostly occluded in 
Figures 4 and 5. This was achieved by either broadening the valleys or by lowering 
the terrain in front of them. The lakes were also rotated so that they would be more 
parallel to the lower panorama border imitating the lakes’ positions in Figure 3. 

Rotation of a mountain range using IDW and MLS minimization 

The Greater Yellowstone panorama (Figure 7) by H. C. Berann is a convenient test 
case to compare the results of rotating a mountain range with the IDW and MLS 
methods. As Patterson (2000) pointed out, Berann rotated the Teton Range in the 
background of the Greater Yellowstone panorama by about 55°. 

In Figure 8, we show the Teton Range in the Yellowstone region in their original 
shape and location and rotated with IDW and MLS. We imitate only the background 
of the painted  panorama  concentrating  on  the Tetons (Figure 7, red box). The thick  



 

 36 

 

Figure 3 Jungfraubahn (Heinrich C. Berann, 1947). Hand-painted panorama showing the Jungfrau 
region in Switzerland 

 

Figure 4 Undeformed digital rendering with central perspective projection of the Jungfrau region 
depicted in Figure 3 
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Figure 5 Digital panorama of the Jungfrau Region with central perspective projection, vertical 
exaggeration in the background, and progressive bending applied 

 

Figure 6 Digital panorama with additional local deformation applied, IDW method with 71 control 
points 
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arrow on the orthogonal representation of the region (Figure 8, top left) shows the 
approximate viewing direction of the panorama.  

 

Figure 7 Greater Yellowstone. Hand-painted National Park panorama by Heinrich C. Berann, 1991. 
The region to be imitated depicting the Tetons is marked with a red box 

In the digital panorama without rotation (top right), the Tetons are only visible as a 
stub in the background and a flat area forms the center of the background. In the 
middle and bottom representations, we rotated the Tetons to imitate Berann’s 
representation using six control points shown in red. Only the top-most control point 
was dragged in the horizontal plane to apply deformation, while the other control 
points acted as counterweights. To visualize the deformation, we added vector fields 
to the orthogonal representation of the test area (middle left and bottom left). They 
confirm that the deformation produced with MLS resembles more closely a rotation 
than the deformation computed with IDW. The characteristic shape of the Tetons is 
better preserved with MLS compared to IDW, where self-intersecting geometry is 
created by the deformation. In the digital IDW panorama, the degenerate geometry is 
visible as grey artifacts in the left background.  

Often, we have found that for less extreme deformations, oblique views generated 
with IDW and MLS are of equal visual quality. In the previous example, if the rotation 
angle is reduced only by a few degrees, no self-intersections are created with IDW 
and one cannot visually tell the difference between the IDW and the MLS panoramas. 
Yet, the orthogonal views still show obvious differences, with the MLS representation 
performing better. This may be because detailed differences cannot be well discerned 
in the background of the panoramas, but the general shape is preserved with both 
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methods. With very large rotation angles, the MLS method also creates geometric 
overlaps. 

 

Figure 8 Rotation of the Tetons: original region (top), deformed region using IDW (middle), 
deformed region using MLS (bottom); orthogonal views (left column), panoramic views (right 
column); control points in red 
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Discussion and future work 

A shortcoming of our method is the possibility to create geometrically degenerate 
models, corresponding to self-intersections of the terrain caused by extreme 
deformation. Such degenerate geometry is most often produced when rotating 
landscape elements or strongly compressing the panorama background. Larger areas 
of degenerate geometry are usually easy to spot. Schaefer et al. (2006) suggest that 
fold-backs caused by their 2D deformation function could be mitigated by applying 
an approach by Tiddeman et al. (2001) which was implemented for metro map 
warping by Böttger et al. (2008). Such measures to avoid creating degenerate 
geometry may also be helpful for our method. 

Another problem is inherent to weighted distance-based approaches. When 
Euclidean distances are used for deformation, the shape of the object is not 
considered. As an example, if we imagine mountains in the shape of two very close 
tall spikes, manipulating one mountaintop has a stronger influence on the other 
mountain’s top than on its base. Yet, the user would expect the influence to be 
greater on the base because the distance to the base within the hull of the terrain is 
smaller than the distance to the next top. Cuno Parari et al. (2009) use an approach 
based on a skeleton, and Zhu and Gortler (2007) use a vertex visibility-based 
approach to measure inner distance in moving least squares methods. Our algorithm 
could benefit from such an inner distance measure for elevation models. 

Various approaches exist for improving Shepard’s inverse distance method. For 
example, Franke and Nielson (1980) improve the interpolation results by reducing the 
impact of control points on far away samples. For our application of terrain 
deformation, it would be interesting to find out if setting a maximum influence radius 
of the control points would improve the surface shape. We found that our global 
method handles transition zones well, yet, a global algorithm has the disadvantage of 
shifting all points when a control point is added or moved, even if this influence is not 
desired. 

Our method is also not aware of landscape units and their characteristics. A deformed 
lakeside may therefore locally shift in vertical direction and appear to wander up a 
hill, or a deformed river may appear to flow upwards. It would be interesting to 
derive additional constraints from land-use datasets to automatically avoid such 
disturbing effects. More user-friendliness and better results could be achieved by 
including control lines in the method in addition to control points. 

We also found that it is much easier to imitate hand-painted panoramas where the 
observer looks up towards the mountains with only one or two ranges dominating 
the background view (e.g. Figure 6). Panoramas where the observer looks towards 
the horizon from an airplane-like perspective often show many consecutive mountain 
ranges in the background. Since in a central perspective view these ranges are 
displayed on comparatively small image space, it is difficult to edit the control points 
and often requires switching between different inclination angles and viewing 
distances. The possibility to view the terrain model simultaneously in additional 
windows with different viewing parameters would facilitate this task. Also, 
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compressing the background ranges as strongly as the painters did was often 
impossible without creating degenerate terrain geometry. A multi-scale grid or terrain 
generalization approach where the background has a lower resolution than the 
foreground would be helpful to reduce disturbing geometric detail if necessary. 

Conclusion 

Our method for local terrain deformation allows the cartographer to solve typical 
problems occurring when creating panoramic maps. The algorithm to mitigate 
problems related to occlusion, foreshortening and orientation of landscape elements 
was inspired by hand-painted panoramas. Yet, with our algorithm, the cartographer 
does not need the artistic talent of the panorama painters. Terrain deformations can 
be intuitively achieved by placing and dragging control points on a 3D terrain display. 
Results are immediately generated for visual evaluation by the mapmaker. In contrast 
to standard 3D-rendering and -modeling software, our software for local terrain 
deformation is targeted specifically at large 2.5D terrain surfaces. Deformed terrain 
models with textures can be exported for further processing and rendering. The 
manipulation of the graphical user interface, based on control points placed directly 
onto the model, is also user-friendly and quick to master. 

A better digital imitation of the techniques of panorama painters would be achieved if 
in addition to our geometry deformation algorithms, specialized panorama textures 
and terrain generalization dependent on the viewing distance could be included. It 
would be interesting to combine our local terrain deformation and progressive 
bending algorithms with painterly rendering methods for panoramas by Bratkova et 
al. (2009) and terrain geometry generalization methods. With such a combination, it 
would be possible to evaluate how digital panorama creation methods, including 
generalized terrain and texture, compare to hand-painted panorama techniques. 
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4 Paper III – Geometric design alternatives for 
topographic 3D maps inspired by hand-painted 
panoramas  

Co-authors: Bernhard Jenny, William E. Cartwright and Lorenz Hurni 

Abstract 

When creating digital topographic 3D maps, mapmakers encounter a number of 
challenges related to occlusion, foreshortening and viewpoint selection. In this 
paper, we present methods to geometrically deform 2.5D digital elevation models to 
mitigate such problems. Our methods are inspired by manual techniques of 
panorama painters. Our algorithms allow the cartographer to interactively apply 
global progressive and local deformation to a digital terrain model. To demonstrate 
our methods, we present a series of digital 3D maps that imitate a hand-painted 
panorama. 

Introduction 

With strong resemblance to the way we perceive and mentally picture space, the 3D 
map harbors great potential to become a very effective and entertaining medium to 
clarify spatial circumstances. Yet, cartographers struggle with a number of problems 
when digitally creating and designing 3D maps. Such challenges include for example 
occlusion of important landscape elements or reduction of essential map objects due 
to perspective foreshortening. We hope to help establish and promote this promising 
type of cartographic representation by improving its geometric design and production 
process with unconventional solutions. Our approach to finding these solutions is to 
deduce them from the techniques used in hand-painted panoramas. Panorama 
painters often apply geometric distortions when designing skiing and hiking maps. In 
digital 3D maps created with standard 3D-rendering and -modeling software, such 
geometric deformations are largely absent. Such software packages do not 
sufficiently support the specialized deformation and rendering functionalities needed 
by cartographers. 

In this contribution, we identify the challenges encountered by digital 3D mapmakers 
that can be solved by applying geometric terrain distortion. Our digital deformation 
methods are inspired by analyzing the techniques of panorama painters and bringing 
them to the digital realm. The resulting prototype software Terrain Bender is 
especially targeted at deforming 2.5D digital elevation models and allows the 
cartographer to interactively apply global and local surface bending. The user can also 
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add horizon bending and generate bent cylindrical projections. Our methods can be 
applied to arbitrary regions, perform at interactive speed and do not require artistic 
talent or knowledge on rendering systems.  

Typical 3D map making challenges and manual solutions  

In the following section, we have a closer look at typical problems encountered by 
authors of oblique cartographic representations. Such challenges occur when creating 
panoramas manually as well as digitally. To find inspiration for geometric deformation 
algorithms, we observe how panorama painters master these challenges in their 
hand-painted works. 

An often-encountered problem is that the perfect point of view for displaying a 
landscape is difficult to select and often cannot be found at all. In an oblique view, 
some important landscape objects are usually partly or totally occluded by others. 
Due to perspective foreshortening, they are also sometimes reduced beyond 
recognition or are not shown from their publicly-renowned side. 

As Patterson (2000) and Premoze (2002) point out, panorama painters like H.C. 
Berann creatively remodel the terrain to mitigate these problems: they enlarge 
important and shrink unimportant landscape elements; they move and reshape lakes 
to better portray them; they rotate famous mountains to depict them from their 
familiar side; they push valley shoulders apart to make rivers and valley floors visible; 
and they distort the terrain to give the painting artistic focus.  

Apart from the aforementioned techniques that mitigate local challenges concerning 
specific landscape elements, panorama painters like H.C. Berann, Max Bieder 
(Maggetti, 2000), and Hal Shelton (Tait, 2008) also gradually apply deformation to 
the entire landscape along the viewing direction. The landscape is deformed globally 
so that the foreground is represented in a close to orthogonal view and gradually 
changes into a perspective view towards the panorama background. Patterson (2000) 
compares this sometimes-called ‘progressive projection’ to the experience of 
observing a landscape from an airplane – with a steep viewing angle when looking 
directly on the ground and a flatter viewing angle when gradually looking towards 
the horizon (Figure 1D). When applying a global progressive deformation, foreground 
objects are less occluded and are depicted on more image space compared to a 
standard perspective view. Towards the background, the characteristic shape of the 
landscape is well discernable, as it appears three-dimensional. Also, a better horizon 
impression is created with a flat compared to a steep background-viewing angle. On 
medium- to small-scale maps, entire countries or continents can be depicted with 3D 
appearance using progressive projection. 
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Figure 1 Combination of local deformation and progressive bending in manual panorama creation: 
landscape in orthogonal view (A), in central perspective projection (B), with local deformations (C), 
with local deformations and progressive bending (D) (according to Ribas Vilas and Nuñez Guirado, 
1990, simplified, colors adapted) 

As contemporary panorama painter Juan Nuñez Guirado (Ribas Vilas and Nuñez 
Guirado, 1990) explains, panorama painters often combine local and global 
progressive deformation (Figure 1). We suggest that when working with digital 
elevation models, these manual techniques can be translated into algorithms that 
apply geometric transformations globally and locally to selected regions to solve the 
aforementioned challenges of 3D map creation. 

Terrain Bender software and terrain deformation methods 

Terrain Bender is an implementation of our deformation algorithms. It was written in 
Java and uses JOGL, a Java implementation of OpenGL, to render 2D and 3D 
graphics. The user can select a 2.5D digital elevation model to be loaded and 
rendered in the Terrain Bender preview window. Geo-referenced, regular 2.5D terrain 
models are common data structures in cartography and GISciences as they are easy to 
process and to combine with other raster data. In contrast to full 3D models, 2.5D 
terrain models store only one altitude value per grid cell. Landscape forms that 
require more than one altitude value, e.g. arcs, thus cannot be represented using 
2.5D models.  

To apply global progressive deformation, the user can deform a curve graph 
representing the terrain base profile in the viewing direction (Figure 2 right). The left 
end (labeled ‘Front’) of the curve controls the deformation applied to the altitudes of 
the grid cell closest to the viewer; the right end (labeled ‘Back) steers the elevation 
deformation of the grid cell farthest away from the viewer.  

By clicking on the curve to add points and dragging them, the user can create a 
deformation profile. The terrain base (Figure 3 middle) shares the same number of 
grid cells with the model. The deformation selected with the interactive deformation 
curve graph is translated to the terrain base by adapting its elevation values. The 
altitudes of the undeformed terrain model and of the deformed base are summed up. 
Combined, they form the altitudes in the resulting deformed elevation model (Figure 
3 right). The grid cell positions in the horizontal plane remain unchanged and the 
model’s regular structure is unaffected. This principle was first suggested by Patterson 
(2001) who edits elevation models as greyscale images in a graphics editor. Please 
refer to Jenny et al. (2010) for a detailed mathematical description of the global 
progressive deformation method. 
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Figure 2 User interface of the Terrain Bender sofware: preview of the terrain with global 
progressive bending (left), interactive curve graph for selecting a deformation profile (right) 

 

 

Figure 3 Concept of the global progressive bending method: altitudes in the undeformed elevation 
model (left) are combined with a bent terrain base (middle) into a bent elevation model (right)  

To apply local deformation, the user can add control points (Figure 8 red spheres) in 
the area of interest by clicking directly on the model preview. The control points can 
then be dragged to new positions. At the control point positions, the deformed 
terrain assumes the location of the dragged points; the rest of the model is smoothly 
interpolated. Control points, which are not moved, act as counterweights to the 
deformation and keep the region in place. Local deformation can be applied in 
vertical (altitude) as well as in horizontal direction. To compute the displacement 
vectors for each grid cell from the control point movements, we use two distance-
weighting methods. The closer a landscape region is to the summed influence of the 
control points, the stronger it is deformed. Far-away landscape regions are barely 
influenced and transition zones between deformed and mostly undeformed areas 
look smooth. For deformation in the horizontal plane, we use a moving least squares 
approach based on an image deformation method by Schaeffer et al. (2006). For 
deformation in the vertical direction (altitudes) we use inverse distance interpolation 
(Shepard, 1968). Please refer to Jenny et al. (in print) for a detailed mathematical 
description of the local deformation method. After local deformation the geometry of 
the digital elevation model is no longer regular.  
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The two deformation modes can be applied in combination. In the preview, the 
model is deformed at interactive speed. For large terrain models, the user can choose 
to work with a downsampled version for display while adjusting the deformation and 
switch back to the original resolution for final rendering or export.  

In addition to global progressive and local deformation, vertical background and 
foreground scaling can also be added. It fades off progressively towards the opposite 
model end. Vertical scaling is also a technique often used by panorama painters, e.g. 
to let background mountain ranges appear more impressive or to make the relief 
better discernable on small-scale maps. The user can also curve the background of 
the terrain to form a curved horizon. This can be imagined as gripping the 
background corners of the terrain and pulling them downwards while the middle of 
the background is held in place, so that left, middle and right form an arc 
perpendicular to the viewing direction. The bending also fades out towards the 
foreground. 

Progressive-cylindrical strip panorama 

Another option in Terrain Bender is an extension of the global progressive bending. 
Instead of applying bending in only one direction along the deformation profile, one 
can imagine the viewer to turn 360° around the vertical axis. The deformation profile 
is applied in all viewing directions, so that the viewer stands at the center of a 
deformation funnel. To represent this 360° view, we create a cylindrical projection of 
the progressively-bent view and render it as a strip panorama (Figure 4). 

 

Figure 4 Progressive-cylindrical projection (top) of the Vierwaldstätter See, Switzerland, derived 
from funnel deformation (bottom) 

Examples of deformed digital 3D maps 

To demonstrate our deformation methods, we created a series of panoramas 
imitating an excerpt of the Greater Yellowstone panorama by H.C. Berann (Figure 5). 
The excerpt is marked with a yellow rectangle. In Figure 6, a digital panoramic view 
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of the Yellowstone region is shown without deformation. Note that the Tetons 
appear only as a stub in the background. In Figure 7 we added strong vertical 
background and light vertical foreground scaling as well as global progressive 
bending. The Yellowstone Lake area in the foreground appears less foreshortened. It 
assumes more image space, thus providing more room to add, for example, 
additional information on touristic infrastructure and landmarks in the lake area. We 
also locally deformed the globally-bent elevation model to imitate the Teton Range 
position on the hand-painted panorama. Figure 8 shows an orthogonal view of the 
Yellowstone region. In the left image, the positions of the control points (red spheres) 
in Terrain Bender are shown before local deformation and in the right image after 
local deformation. Note that only the top-most control point was dragged to rotate 
the Tetons in the horizontal plane. Figure 9 shows the panoramic view after 
deformation. The famous peaks of the Tetons, Grand Teton and Mount Moran, are 
now better recognizable after rotating the Teton Range. The image composition also 
appears more pleasing with a mountain background in Figure 9 compared to a flat 
area in the center of the image background in Figure 7.  

 

Figure 5 Greater Yellowstone National Park, hand-painted panorama by Heinrich C. Berann 
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Figure 6 Digital panoramic view of the Yellowstone region 

 

Figure 7 Digital panorama of the Yellowstone region with global progressive bending and vertical 
scaling 

Conclusion 

Our methods for global progressive and local deformation allow the cartographer to 
solve typical challenges encountered when creating topographic 3D maps. Our 
algorithms were inspired by observing the manual techniques of panorama painters. 
With the Terrain Bender software, which implements these new methods, the 
cartographer can interactively deform a 2.5D digital elevation model. Special artistic 
talent and knowledge on rendering systems is not required. Creating a geometrically 
deformed panorama map with our software is also much faster compared to 
sketching or painting by hand. We also hope that by formalizing the panorama 
painters’ approaches in algorithmic form, we will contribute to preserving their 
knowledge developed over centuries and to make it available to modern 
cartographers. 
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Figure 8 Orthogonal view of the Yellowstone region: before local deformation (left), after 
deformation (right). The interactive control points are represented by red spheres. 

 

Figure 9 Digital panoramic view of the Yellowstone region with local and global bending. The 
Teton Range in the background was rotated about 50°. 
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5 Paper IV – Creating panoramic strip format 
maps using interactive terrain deformation 

Co-authors: Bernhard Jenny, William E. Cartwright and Lorenz Hurni 

Abstract 

While digital panoramic photography taken along travelling routes is very popular, 
digital panoramic strip maps are virtually non-existent. In this article, we explore the 
characteristics of panoramic strip maps and provide an interactive method for their 
digital creation, focusing on the challenge of straightening curved routes. The 
resulting software Terrain Bender implements a geometric deformation method for 
2.5D digital elevation models based on moving least squares minimization. To 
demonstrate our method, we create a digital panoramic strip map. 

Introduction 

Panoramic maps in strip format are a rare form of cartographic route representation. 
They show panoramic depictions of the landscape along a linear, often straightened 
path. Although they have found virtually no entry into cartographic literature, 
panoramic strip maps have been produced by landscape painters throughout 
recorded history. For example, the painting from 12th century China in Figure 1 (left) 
showing urban panoramic views along a river and the leporello (folding map) of 
Moselle river from about 1900 created for steamboat tourism (see Figure 1 right) can 
be considered early examples of panoramic strip maps. These examples though are 
often unique specimens that are difficult to classify clearly as maps in the traditional 
sense. 

With the advent of railway travel, hand-painted panoramic strip maps of train routes 
were published (see Figure 2). These railway panoramas were created by different 
authors of train routes in different countries, often commissioned by railway 
authorities. They share common cartographic construction techniques and 
characteristics, including oblique mountain representations and the design of travel 
routes as central straight lines (see Figure 2).  

Considering the time and effort needed to paint a single cartographic panorama, it 
does not astonish that hand-painted panoramic strips corresponding to sequences of 
panoramas are rarely encountered today. However, the complete absence of digitally 
created panoramic strip maps in contrast to the abundance of panoramic 
photography on the Internet is striking. The public obviously enjoys representing 
excerpts of travelling routes in strip format. The limitations of panoramic leisure 
photography though are clear: it is usually restricted to very large scales, limited to 
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photorealism, dependent on real-world conditions (e.g. vantage points and lighting), 
and requires physical presence. The panoramic photograph can serve as a piecewise 
document of a travelled route, but does not provide a continuous, generalized 
regional panoramic overview that could be used for orientation while travelling. We 
assume that limited awareness among cartographers of the panoramic strip map as 
well as lack of specialized 3D software to create such maps are responsible for their 
absence in computer-generated form.  

 

Figure 1 `Along the River During Qingming Festival’ by Chinese painter Zhang Zeduan, 12th century 
(left); Leporello of the Moselle river, Bremer (publisher), author unknown, about 1900, height 160 
cm (right) 

This article explores the characteristics of panoramic strip maps taking panoramic 
railway route maps as a model. Specific to this map type is the challenge to represent 
curved routes as approximately straight lines. We review the possible approaches for 
digitally creating distorted panoramic landscape representations. An algorithm based 
on moving least squares minimization is presented, which allows the cartographer to 
interactively deform a 2.5D digital elevation model in the process of creating 
panoramic strip maps.  

 

Figure 2 Leporello of the Tauernbahn, Österreichisches Verkehrsbureau [Railway of the Tauern 
Range, Austrian Transportation Department], 1933, length 90 cm 
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We also give a pseudo code version of the algorithm in Appendix A to facilitate 
reproduction by the reader. To demonstrate our approach, we create a digital 
panoramic strip map using Terrain Bender, a user-friendly software implementation of 
our algorithm. Our digital method takes only a fraction of the time necessary to 
manually paint a strip panorama and does not require any artistic talent. 

Characteristics of the panoramic strip format map 

Taking railway route panoramas as model, we observe that the panoramic strip map 
consists of three components: an (approximately) linear center feature representing a 
schematic route with stops and two panorama strips showing the immediate 
landscape along the route.  

The viewing directions of the panorama strips are perpendicular to the tracks. One 
panorama is mirrored around the travelling direction, so that the traveller can follow 
the route along the stops and can identify the landscape seen through the left and 
right windows by tracing perpendicularly from a point on the tracks. If one rotates 
the map in such a way that the mountain tops point up, the travelling direction is 
from left to right in one panorama strip and from right to left in the other (see Figure 
3), an unfamiliar task for the Latin alphabet reader. The panoramic strip map can thus 
serve in both travel directions.  

 

Figure 3 Assuming the travel direction represented by the thick arrow, the top panorama is read 
left to right and the bottom panorama right to left. 

Panoramic strip maps can be considered a special 3D type of strip map sharing a 
number of characteristics with 2D strip maps (MacEachren, 1986; MacEachren and 
Johnson, 1987). Like their 2D equivalent, they focus on a linear geographic feature 
(e.g. railway, river, road, coastal border) and may lack attention to cardinal directions. 
If the linear feature is not straight, it may be deformed and straightened out, giving 
the map an elongated shape. In contrast to routing applications, the strip map is 
user-centered: it shows only the immediate surroundings of the travelling route and 
thus cannot serve for route planning and selection. Though it was used in the past for 
navigation with additional symbols (e.g. Ogilby’s strip maps (Hüttermann, 2002)), the 
deformation of an otherwise curved route may be misleading. Like the 2D strip map, 
the panoramic strip map is well suited for sequential route following, similar to 
following a travel narrative where the route to be taken is clearly lined out. Like the 
panorama map, it can immerse the map-reader in the landscape, giving a preview of 
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what one may see when travelling along the depicted route. The panoramic strip map 
is therefore most suitable for information on landscape appearance before travel (e.g. 
touristic promotion) and for orientation during travel along a given route. It could 
also provide the basis for personalized documentation of a trip.  

A method for digital generation of strip format panoramas 

Approaches for deforming panoramic strip maps 

To our knowledge, no specific digital method of creating panoramic strip maps has so 
far been suggested. As the rendering of panoramic maps in general can be achieved 
using standard 3D-modeling and -rendering software, we focus on terrain 
deformation necessary to straighten curved routes for panoramic strip map creation. 
Two major approaches to achieve such deformed panoramic representations can be 
identified: camera parameter modification for rendering and surface deformation 
before rendering. 

Camera parameter modification is used by computational photography working with 
images, as well as by computer graphics working with models. Methods from 
computational photography assemble a multi-perspective photographic panorama by 
taking pictures or filming along a curved route (Roman et al., 2004 and 2006; Zheng, 
2003). Methods aim at minimizing distortion by adapting camera parameters, ray 
sampling and image-mapping procedures when reassembling the final panoramic 
image. Methods from computer graphics working with 3D models modify ray 
geometry (Falk et al., 2007) to reduce local occlusions in panoramas and combine 
different projections (Möser et al., 2008) of a model in a single image. Surface 
deformation is an alternative when creating distorted panoramic views. The geometry 
is first deformed and then rendered in standard perspective or parallel projection. 
While surface deformation has been intensively researched by computer graphics, to 
our knowledge, it has not been specifically applied to strip panoramas. To 
interactively deform an elevation model for panoramic strip map creation, we build 
on a method, which we originally developed to solve conflicts in panorama design 
(Jenny et al., in print). It is based on an algorithm by Schaefer et al. (2006) who used 
moving least squares minimization for 2D image deformation. In contrast to 
interactive camera modification, control of interactive surface deformation with our 
software is mastered easily as the cartographer does not need to acquire in-depth 
concepts of scene rendering. 

Interactive route straightening using moving least squares minimization 

With our Terrain Bender software, the cartographer can import terrain models and 
deform them interactively. Our deformation algorithm is especially geared at regularly 
spaced 2.5D elevation models, where for every grid cell only one elevation value is 
available. Representation of certain landforms requiring two or more altitude values 
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per grid cell (e.g. overhanging cliffs or arcs) is not possible with this data structure, 
yet, 2.5D elevation models are standardly used by cartography, GIS and surveying 
institutions as they are easy to process and can be combined with other raster 
datasets. 

Terrain Bender was written in Java and uses JOGL, a Java implementation of OpenGL 
to render a 3D preview of an imported digital elevation model. Terrain Bender runs 
on Windows and Max OS X platforms. The user can add deformation handles in the 
form of control points by clicking on the rendered terrain. By dragging the control 
points to a new position, the model can be deformed.  Based on the displacement of 
the control points, a displacement vector is computed for every grid cell in the 
elevation model and the deformed model is rendered. The number of elevation values 
in the model does not change. For interactive display, the user can select a 
downsampled elevation grid. As we only store the displacement of the control points, 
it is easy to recompute the deformation for different model resolutions.  

To straighten a curved route usually following a valley, we only need to deform the 
model in the horizontal plane. To compute a horizontal displacement vector for each 
grid cell, we use a moving least squares minimization approach based on Schaefer et 
al. (2006). We solve for the optimal warping function for all elevation model points 
that minimizes the weighted sum of squared distances between the control points’ 
mapped and dragged positions. As the weights depend on the distance between 
control point and elevation grid point, the mapping function is different at every grid 
point and small distances have larger impact. For a mathematical formulation of the 
algorithm, please refer to Jenny et al. (in print). An application oriented pseudo code 
version is given in Appendix A. After deformation, the elevation model still has the 
same number of grid cells, but the cells’ geometry is not necessarily square anymore. 
Extreme distortion can lead to degenerate geometry, but usually this is easily spotted 
in the 3D preview.  

The deformed model is rendered in Terrain Bender with parallel oblique projection. In 
parallel oblique projection, the projector rays are parallel, but other than 
perpendicular to the plane of projection. Equally large objects are displayed at the 
same size at different distances. We chose this projection because we consider it 
adequate to represent the center of view of a moving person and best for a 
panoramic strip format.  

An example of a digital railway strip panorama 

To demonstrate our method, we created a panoramic strip map along the railway 
route from Thun to Kandersteg (Switzerland).  In Figure 4 (left) the curved shape of 
the original railway path is marked. We used our deformation algorithm to 
interactively distort an elevation model of the region so that the railway route formed 
an approximate straight segment (see Figure 4 right). We then rendered panoramic 
views perpendicular to the travel direction in parallel oblique projection and 
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assembled them into a strip panorama, adding a schematic central piece representing 
the railway tracks (see Figure 5).  

 

Figure 4 Orthogonal view of the test region: undeformed (left), deformed (right) using our 
algorithm with six control points (grey spheres) 

Conclusion and outlook 

To this date, panoramic maps in strip format have not received any attention by 
digital cartography. We hope to promote the production and circulation of such 
maps with our method for interactive creation of panoramic strip maps. As we 
identified straightening curved routes as one of the major challenges in the creational 
process, we focused in this article on the interactive terrain deformation step. Digital 
panoramic strip maps could become valuable for touristic promotion of famous hiking 
trails (e.g. Camino de Santiago) or popular public transportation overland routes. For 
the hobby cartographer, they could also serve as digital basis for personalized or 
collective travel documentation. 

Extreme terrain deformation can produce degenerate geometry using our method. 
Control lines or curves instead of control points may yield better results. While 
improving our method in this regard, it would be also interesting to explore whether 
extreme deformations (e.g. circle to straight line) are reasonable for panoramic strip 
map creation or if other specialized representation forms may be better suited. Future 
work could also focus on vertical terrain leveling for panoramic strip maps. The few 
exemplars of hand-drawn panoramic strip maps available to us do not show a 
mountain profile when the terrain rises; instead, the landscape base is level. Leveling 
the terrain perpendicular to the viewing direction may be an interesting extension to 
our method. Also, a fully automatic approach to route straightening should be 
considered. However, the interactive version has the advantage of visually controlling 
distortion. 
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Figure 5 Digital panoramic strip map of the railway route from Thun to Kandersteg created with 
our algorithm and textured with Landsat images 
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It would also be interesting to find out how the deformation affects the viewer’s 
understanding of the depicted landscape. To our knowledge, there are no studies 
focusing on the perception of distorted landscapes. D’Angelo et al. (2010) suggest a 
method for assessing the perceptual quality of geometrically distorted images, which 
may provide some input for a perceptual analysis of landscape deformation. 

Appendix A – pseudo code 

To facilitate reproduction of our algorithm based on Schaefer et al. (2006), we 
provide a pseudo code version of the deformation algorithm. We use a vertex- 
shading approach where we pass the positions of the elevation model grid cells as 
vertices to the vertex processor. The vertex processor is a programmable unit that 
operates on incoming vertex values, which define the geometry of the rendered 
object. The vertex processor usually performs vertex transformation (i.e. the vertex 
geometry is manipulated), normal transformation (the normal is used for subsequent 
shading), texture coordinate manipulation, and lighting and colour application (Rost 
et al., 2010). For the purpose of terrain deformation, we focus on the manipulation 
of the vertex geometry.  

Vertex shaders are programs that run on the vertex processor. A vertex shader can 
only access the geometry of a single vertex, i.e. the other vertices defining the rest of 
the object geometry are not simultaneously accessible. This allows for the concurrent 
processing of multiple vertices, and is not a limitation for our application. The vertex 
shader for the 2D deformation of terrain models using the moving least squares 
method receives a single undeformed vertex, a set of control points in the 
undeformed terrain p, as well as a set of corresponding control points defining the 
deformed positions q. In our implementation, the main function of the vertex shader 
calls the warp method, passing the undeformed x/y position of the vertex: 

function warp(vertex) 

 [pCentroid, qCentroid] := calculateCentroids(vertex) 

 m := calculateM(vertex, pCentroid, qCentroid) 

 displacedVertex:= qCentroid + m * (vertex - pCentroid) 

 return displacedVertex 

The warp method first computes the weighted centroids pCentroid and qCentroid of 
the two point sets p and q by calling calculateCentroids. In a second step a rigid 
transformation matrix m is computed by calling the method calculate, which could be 
replaced to use a different affine transformation. 

The method calculateCentroids uses the function weight to compute a distance- 
dependent weight between the vertex position and each control point in p. 
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function calculateCentroids(vertex) 

 pCentroid := 0 

 qCentroid := 0 

 weightSum := 0 

 for each control point p and q 

  w := weight(vertex, p) 

  weightSum:= weightSum + w 

  pCentroid:= pCentroid + w * p 

  qCentroid:= qCentroid + w * q 

 return pCentroid / weightSum and qCentroid / weightSum 

 

function weight (vertex, control_point) 

 l := length of vector between vertex and control_point 

  return 1 / (l * l) 

 

The matrix m for a rigid transformation is finally computed. For the two-dimensional 
case m is a square 2 × 2 matrix: 

function calculateM (vertex, pCentroid, qCentroid)  

 m11 := 0 

 m12 := 0 

 for each control point p and q 

  w := weight(vertex, p) 

  dp := vector from pCentroid to p 

  dq := vector from qCentroid to q 

  m11 := m11 + w * (dp.x * dq.x + dp.y * dq.y) 

  m12 := m12 + w * (dp.y * dq.x - dp.x * dq.y) 

 mu := sqrt(m11 * m11 + m12 * m12) 

 m11 := m11 / mu 

 m12 := m12 / mu 

 elements of matrix m := m11, m12, -m12, m11 

 return m 
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6 Concluding remarks 

Summary of achievements 

The overall goal of this dissertation project was to enable cartographers to design 
better legible and aesthetically-appealing topographic 3D maps using digital means. 
Painters of panoramic maps remodel the geometry of the displayed landscape, where 
appropriate, to improve map communication. Such techniques are also needed for 
digital 3D map making, yet, digital geometric deformation tools, geared at the needs 
of cartographers, had hitherto not been made available. In this dissertation project 
global and local terrain deformation methods were developed and implemented in a 
user-friendly way, tailored specifically to the needs of cartographers. The deformation 
concepts of the panorama painters were an important source of inspiration for the 
development of these digital methods. 

Global deformation methods can improve the overall legibility of 3D maps. A specific 
mathematic and algorithmic framework for progressive bending of digital elevation 
models was developed in Paper I. It was modeled on the manual progressive 
projection technique applied by panorama painters. A surface-bending approach was 
chosen for implementation. The user can interactively shape a terrain base by 
manipulating a bending curve graph. This graph represents the bending profile and 
can be easily shaped by clicking and dragging using the computer cursor. The curved 
terrain base is then combined with the original elevation model to build the deformed 
terrain model. It is also possible to combine a standard 360° cylindrical strip 
panorama with progressive bending. 

Local deformation methods can mitigate spatial conflicts that affect specific 
landscape elements. These problems are typically caused by occlusion, foreshortening 
and unfavorable orientation of landscape elements to the viewer. In Paper II, 
algorithms for local deformation of digital elevation models were created based on 
inverse-distance interpolation and moving least squares minimization. After 
deformation, the shape of the landscape appears natural and transition zones 
between deformed and undistorted areas look smooth. The user can interactively 
position and drag control handles on a 3D representation of the model to 
interactively deform the terrain.  

The developed global and local deformation methods were implemented in the 
software Terrain Bender to allow for a combined application of both methods. This 
allows digital mapmakers to profit from the combined advantages of global and local 
deformation, which is common practice among panorama painters (discussed in 
Paper III). Terrain Bender was specifically designed to accommodate the modern 
cartographer. This consideration was expressed in the design of the user interface 
and functionalities as well as in the processing of exchange formats and data models 
commonly used in cartography and GIScience. The user can immediately assess and 
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adapt the applied deformation in a 3D preview that updates at interactive speed. As 
large terrain models can be memory intensive, a fast preview was made possible by 
showing the models at selectable degrees of resolution using a Gaussian pyramid. 
Terrain Bender can import geo-referenced regular 2.5D digital elevation models and 
export in this format if only global deformation was applied. If the model was also 
deformed locally, it could be exported as an irregular grid together with texture 
coordinates. Terrain Bender offers simple texturing and lighting options and can 
display panoramic views in central perspective, parallel and cylindrical projection. The 
camera parameters can be easily adapted by dragging the 3D model preview or 
manipulating sliders. Functionalities to add a bent horizon or to vertically scale the 
terrain were also added so that aesthetically-pleasing panoramas of local, regional 
and continental scale could be created. Above-average artistic talent, mathematical 
knowledge of surface deformation or knowledge on computer rendering systems is 
not required from the user. 

The developed global and local deformation methods were successfully demonstrated 
by imitating a number of hand-painted deformed panoramas. Panoramic strip format 
maps were identified as another area of application. This type of perspective 
cartographic representation shows panoramic depictions of the landscape along a 
linear, often straightened travel route. In Paper IV the global deformation method 
developed in Paper II was applied to straighten curved travelling routes for creating 
panoramic strip format maps. An example of a digital panoramic strip format map 
was generated. As analogue panoramic strip format maps have become extremely 
rare, it is hoped that the developed deformation methods will contribute to their 
revival in digital form. 

Relevance to society and science 

Up until now, the creation of geometrically-deformed 3D maps was reserved to a few 
artists and experts who followed approaches requiring a large time investment and a 
profound involvement in the topic. The deformation methods and software 
developed in this dissertation project allows the modern cartographer to deform 
terrain models in a fast and user-friendly way. The global deformation methods are 
freely available for download and have already been used by cartographers. For 
example, National Geographic Magazine published a map of Mount St. Helens in the 
May 2010 issue using Terrain Bender. As very few artists only exercise the profession 
of cartographic panorama painter today, this dissertation project contributes to 
preserving essential elements of their traditional knowledge as cultural heritage in 
algorithmic form. With the developed deformation methods, digital topographic 3D 
maps of higher quality can be produced and rare cartographic representations, like 
the panoramic strip format map, may experience a revival in digital form. 
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Outlook 

While the software developed in this dissertation project allows cartographers to 
deform terrain models, the user still has to decide what, how much and for what 
purpose deformation should be applied. Visibility and importance of landscape 
elements and areas, but also aesthetic design to capture the mapreader’s attention 
play a role. It would be helpful to better understand how panorama painters apply 
deformation and to find out if general deformation patterns could be formulated. 

One challenge is to recognize exactly what was deformed by visually comparing 
deformed and undeformed representations of the same region. For example, when 
selecting a hand-painted 3D map to demonstrate the local deformation method 
developed in this dissertation project, several attempts with different hand-painted 
3D maps had to be made as many maps were only progressively deformed (and not 
locally), which was not recognized at the outset. A digital tool that allows the user to 
establish correspondences between the painted landscape and a digital terrain model 
of the same region and then computes a digital deformed model may help in the 
process of analyzing how painters apply deformation.  

This dissertation addresses manipulating the geometry of terrain models. The 
appearance of terrain models, i.e. texturing, is another research area where modern 
cartographers could profit from the techniques of panorama painters. The 
appearance of hand-painted 3D maps is a fascinating combination of cartographic 
abstraction and natural appearance. Bratkova et al. (2009) developed stroke-based 
methods that imitate some elements of manual summer style 3D maps by H.C. 
Berann and J. Niehues. More research would be worthwhile in this area, e.g. for the 
digital creation of winter-style 3D maps. A digital 3D map editor combining geometry 
deformation and the described texture styles would certainly be a valuable tool for 
the modern cartographer. 
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