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Abstract

In this thesis, the multiscale finite-volume (MSFV) method for the solu-
tion of elliptic problems is extended to an efficient iterative algorithm that
converges to the fine-scale numerical solution. The localization errors in the
MSFV method are systematically reduced by updating the local boundary
conditions with global information. This iterative multiscale finite-volume
(i-MSFV) method allows the conservative reconstruction of the velocity field
after any iteration, and the MSFV method is recovered if the velocity field
is reconstructed after the first iteration. Both the i-MSFV and the MSFV
methods lead to substantial computational savings, where an approximate
but locally conservative solution of an elliptic problem is required. In contrast
to the MSFV method, the i-MSFV method allows a systematic reduction of
the errors in the multiscale approximation. Numerical convergence of the
method is verified for various test cases. To demonstrate the efficiency of
the method for multiphase transport in porous media, it is shown that it is
sufficient to apply the iterative smoothing procedure only infrequently, i.e.
not every time step. This result shows that the overall efficiency of the i-
MSFV algorithm is comparable with that of the original MSFV method. At
the same time, the solutions are significantly improved. Next, the MSFV
method which was originally developed for the solution of heterogeneous el-
liptic problems is extended for parabolic problems arising from compressible
flows. The proposed general MSFV method, opposed to previous methods, is
constructed based on the basis and correction functions which are solutions
of full governing equations in localized domains. At the same time, to en-
hance the computational efficiency of the scheme, the basis functions are kept
pressure independent in a consistent way. This general approach requires no
additional assumptions and its high efficiency and accuracy is demonstrated
for various challenging test cases. In addition, to improve the quality of
the results and also to extend the scheme for highly anisotropic heteroge-
neous problems, it is combined with the iterative MSFV (i-MSFV) method
for parabolic problems. As one iterates, the i-MSFV solutions of compress-
ible multiphase problems (parabolic problems) converge to the corresponding
fine-scale reference solutions in the same way as demonstrated previously for
incompressible cases (elliptic problems). Studies of its efficiency are also pre-
sented for many test cases. Furthermore, an i-MSFV method is devised for
the simulation of multiphase flow in fractured porous media in the context
of a hierarchical fracture modeling framework. Motivated by the small pres-
sure change inside highly conductive fractures, the fully coupled system is
split into smaller systems, which are then sequentially solved. This splitting
technique results in only one additional degree of freedom (DOF) for each
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connected fracture network appearing in the matrix system. For the solution
of the resulting algebraic system, an i-MSFV method is introduced. In ad-
dition to the previously developed local basis and correction functions, local
fracture functions are introduced to accurately capture the fractures at the
coarse scale. In this multiscale approach there exists one fracture function
per network and local domain, and in the coarse scale problem there appears
only one additional DOF per connected fracture network. Numerical results
are presented for validation and verification of the method and to investigate
its computational efficiency. Finally, it is demonstrated that the new method
is an effective, efficient multiscale approach to simulate realistic multiphase
flows in fractured heterogeneous porous media. Also, the MSFV and i-MSFV
methods are extended to account for non-matching coarse grids arising from
faulted porous media. To obtain accurate quantities at the coarse scale, basis
and correction functions are computed in extended local domains near the
fault regions. With the new framework it is shown that the MSFV results
are very close to the fine-scale reference solutions. Convergence histories of
the new i-MSFV method are also shown for different test cases. In addi-
tion to the above mentioned developments, a space-time adaptive i-MSFV
(ai-MSFV) method is introduced. It is shown how to improve the MSFV
results adaptively in space and simulation time. The fine-scale smoother
in the i-MSFV framework is also applied locally. Also, for multiphase flow
problems, two criteria are investigated for adaptively updating the MSFV in-
terpolation functions: (1) a criterion based on the total mobility change for
the transient coefficients and (2) a criterion based on the pressure equation
residual for the accuracy of the results. For various challenging test cases it is
demonstrated that iterations are required only in small sub-domains and not
everywhere. Finally, the i-MSFV method is extended to sequential implicit
simulations of time dependent problems. To control the error of the cou-
pled saturation-pressure system, the transport error due to an approximate
velocity field is analyzed. Based on the analysis, an error control strategy
is proposed which is based on the residual of the pressure equation. At the
beginning of simulation the i-MSFV iterations are employed until a specified
accuracy is achieved. To minimize the number of iterations in a multiphase
flow problem, the solution at the previous time step is utilized to improve the
localization assumption at the current time step. Additional iterations are
employed only when the residual becomes larger than a specified threshold
value. Numerical results show that only few iterations in average are nec-
essary to improve the MSFV results significantly even for very challenging
problems.
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Zusammenfassung

Diese Arbeit stellt einen effizienten iterativen Algorithmus der Multi-
skalen Finite Volumen (MSFV) Methode für elliptische Probleme vor, welcher
numerisch zur feinskaligen Referenzlösung konvergiert. Hierbei wird der
Fehler der feinskaligen Lösung in der MSFV Methode systematisch reduziert.
Dies wird mittels iterativer Aktualisierung der lokalen Randbedingungen
der des globalen Problems erreicht. Diese iterative Multiskalen Finite Vol-
umen (i-MSFV) Methode erlaubt die Rekonstruktion eines konservativen
Geschwindigkeitsfeldes nach jeder Iteration, wobei eine Rekonstruktion nach
der ersten Iteration der ursprünglichen MSFV Methode entspricht. Sowohl
die i-MSFV als auch die MSFV Methode bieten substantielle Einsparun-
gen des Rechenaufwands für Probleme, in denen approximative aber lokal
konservative Lösungen für elliptische Probleme gesucht sind. Im Gegensatz
zur MSFV Methode, erlaubt die i-MSFV Methode eine systematische Re-
duktion des Fehlers in der Multiskalen Approximation. Die Konvergenz des
numerischen Verfahrens wurde durch verschiedene Testfälle verifiziert. Um
die Effizienz der Methode für Mehrphasen Transportprobleme in porösen
Medien zu demonstrieren, wird gezeigt, dass eine vereinzelte Anwendung des
iterativen Glätter ausreichend ist. Diese Tatsache zeigt, dass die Gesamt-
effizienz vergleichbar mit derjenigen der ursprünglichen MSFV Methode ist;
bei gleichzeitiger signifikanter Verbesserung der Lösung. Als Weiteres wurde
die MSFV Methode, welche ursprünglich für die Lösung elliptischer Probleme
entwickelt wurde, auf parabolische Probleme erweitert, wie sie in kompress-
iblen Strömungen auftreten. Diese hier vorgestellte generelle MSFV Methode
funktioniert, im Gegensatz zu bisherigen Methoden, basierend auf Basis- und
Korrekturfunktionen, welche Lösungen der gesamten Grundgleichungen im
lokalen Gebiet sind. Gleichzeitig wird die Recheneffizienz des Verfahrens
durch eine konsistente druckfreie Formulierung der Basisfunktionen erhöht.
Dieser generelle Ansatz kommt ohne weitere Annahmen aus und seine hohe
Effizienz und Genauigkeit werden in verschiedenen anspruchsvollen Testfällen
nachgewiesen. Als Erweiterung wurde diese Methode mit der i-MSFV Meth-
ode kombiniert, um sowohl die Qualität der Resultate zu verbessern als auch
das Schema auf stark anisotrope, heterogene Probleme anwenden zu können.
Durch die Iteration in der i-MSFV Methode für kompressible Mehrphasen-
strömungen (parabolisches Problem), erreicht man dieselbe Konvergenz zur
feinskaligen Referenzlösung wie bei der i-MSFV Methode für inkompress-
ible Strömungen (elliptisches Problem), welche vorhergehend aufzeigt wurde.
Entsprechende Studien zur Effizienz werden für verschiedene Testfälle präsen-
tiert. Darüber hinaus wird eine i-MSFV Methode im Kontext eines hier-
archischen Rissmodellierungssystems für die Simulation von Mehrphasen-
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strömungen in geklüfteten porösen Medien vorgestellt. Die Tatsache aus-
nutzend, dass der niedrige Fliesswiderstand von Rissen zu sehr kleinen Druck-
unterschieden über den Riss führt, wird das voll gekoppelte System in kleinere
Subsysteme geteilt und diese dann sequentiell gelöst. Diese Aufteilung führt
zu einem weiteren Freiheitsgrad (DOF) pro verbundenem Rissgefüge, welches
im System auftritt. Zur Lösung des resultierenden algebraischen Gleichungssys-
tems wird eine i-MSFV Methode vorgestellt. Zusätzlich zu den vorhergehen-
den entwickelten lokalen Basis- und Korrekturfunktionen, werden nun lokale
Rissfunktionen eingeführt, um den Effekt des Rissgefüges auf den grossen
Skalen getreu abzubilden. Dieser Multiskalenansatz benötigt eine Rissfunk-
tion pro Rissgefüge und lokalem Gebiet, während auf den grossen Skalen, nur
ein DOF pro verbundenem Rissgefüge auftritt. Zur Validierung und Ver-
ifikation der Methode und zur Demonstration ihrer numerischer Effizienz,
werden verschiedene numerische Resultate präsentiert. Schliesslich wird an-
hand eines Beispiels demonstriert, dass diese neue Methode einen effizien-
ten Multiskalenansatz zur Simulation von realen Mehrphasenströmungen in
geklüfteten porösen Medien darstellt. Des Weiteren werden Erweiterungen
der MSFV und der i-MSFV Methode zur Behandlung von nichtkonformen
Gittern diskutiert, wie sie für gestörte poröse Medien verwendet werden.
Um die Präzision auf den grossen Skalen zu erhalten, werden Basis- und
Korrekturfunktionen in erweiterten lokalen Gebieten um das nichtkonforme
Gebiet des Rechengitters herum ausgewertet. Mit dieser neuen Struktur
wurde der Nachweis erbracht, dass die MSFV Resultate der feinskaligen
Referenzlösung sehr nahekommen. Es werden auch hier Konvergenzstu-
dien dieser neuen i-MSFV Methode für verschiedene Testfälle vorgestellt.
Zusätzlich zu den den oben erwähnten Entwicklungen, wurde auch eine räum-
lich und zeitlich adaptive Variante der i-MSFV Methode (ai-MSFV) en-
twickelt und demonstriert, wie die Resultate der MSFV Methode adaptiv
in Raum und Zeit verbessert werden können. Hierfür wird ebenfalls der
Feinskalenglätter lokal in der i-MSFV Struktur angewendet. Zwei Krite-
rien zur Verwendung der adaptiven Aktuallisierung der MSFV Interpola-
tionsfunktionen in Mehrphasenströmungsproblemen wurden untersucht: (1)
Ein Kriterium basierend auf dem totalen Mobilitätswechsel der transienten
Koeffizienten. (2) Ein Kriterium basierend auf dem Residuum der Druck-
gleichung. Anhand verschiedener Testfälle wird gezeigt, dass Iterationen
nur in kleinen Teilgebieten notwendig sind. Zum Abschluss wird eine Er-
weiterung der i-MSFV Methode für sequentielle implizite Simulationen tran-
sienter Probleme vorgestellt. Um eine Kontrolle des Fehlers in gekoppelten
Sättigungs- und Drucksystemen zu entwickeln, wurde der Fehler im Sätti-
gungssfeld in einem angenäherten Geschwindigkeitsfeld analysiert. Basierend
auf dieser Analyse wurde eine Fehlerkorrekturstrategie entwickelt, welche auf
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dem Residuum der Druckgleichung beruht. Zu Beginn der Simulation wer-
den i-MSFV Iterationen durchgeführt, bis ein spezifisches Residuum erreicht
wird. Um die Anzahl der Iterationen in einem Mehrphasenströmungsprob-
lem zu reduzieren, wird die Lösung des vorhergehenden Zeitschritts für die
Lokalisierungsannahme des aktuellen Zeitschritts benutzt. Zusätzliche Itera-
tionen werden damit nur nötig, wenn das Residuum den spezifischen Grenzw-
ert übersteigt. Numerische Ergebnisse zeigen, dass im Mittel nur wenige Iter-
ationen notwendig sind, um die MSFV Resultate auch für sehr anspruchsvolle
Probleme zu verbessern.
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Part I

Introduction

1 Multiphase Flow in Porous Media

In many practically important processes flow and transport through con-
nected pores inside a medium play an important role. Such fluid mechanics
phenomena, i.e. flow in porous media, can be observed in, e.g. underground
water flow, food drying processes, and petroleum reservoirs.

A single-phase flow problem describes the flow of a fluid (component) at a
given thermodynamic condition (phase) [11]. In this case, the only resistance
for the flow is due to the interaction (momentum exchange) of the fluid with
the medium (rock) at interfaces. For oil reservoirs, which are the main focus
of the present thesis study, the case is typically more complex. In this case,
the fluid mainly consists of three fluid components of water, oil, and gas in
three different phases of aqua, liquid, and gaseous, respectively [6].
The phases are usually compressible and also there exist mass exchange be-
tween them due to dissolution and flow dynamics such as pressure drop. The
term ”phase” generally denotes a fraction of a fluid filling the void volume
of the porous media at a specific thermodynamic state which describes its
unique physical parameters such as density, viscosity, compressibility, etc. In
a multiphase flow system, flow resistance is larger than that of the single
phase flow because a phase interacts not only with the medium but also with
other existing phases.

Based on the mentioned statements, oil reservoir simulations generally
involve multiphase flow problems with different types of physical assumptions
based on the nature of the reservoir and its phases. For a water flooding
problem, e.g., which consists of water and oil phases, the compressibility of
phases (which are in aqua and liquid state) does not play a major role and
therefore can be neglected. As a result, many works in the literature do
not involve compressibility effects in their water flooding studies [6]. For
depletion of a reservoir which contains gas (highly compressible), however,
the compressibility plays a major role. Moreover, to describe the enhanced
recovery techniques for a reservoir which consists of water, oil, and gas with
mass exchange, a black-oil model has been proposed [6]. In this model,
compressibility of the phases are accounted in a weak form, i.e. a linear
relation is used to describe compressibility effects due to the fact that the
phases are slightly compressible [6].

Hence, to understand and manage the performance of a reservoir it is an
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important factor to use proper constitutive relations to describe the physics
and properties of the phases in the formation.

Description of the flow and transport in a porous medium entails proper
mathematical formulations. These mathematical formulations are governed
based on the mass, momentum, and energy conservation equations [6]. The
result of this approach is a set of partial differential equations (PDEs) de-
scribing the flow and transport with physical properties appearing as coeffi-
cients. Unfortunately, the extremely complicated geometry of the pores and
large length scales of the problem make the solution beyond the scope of any
analytical and numerical approach. Therefore, a simplified equation is com-
monly employed as a replacement to the momentum conservation equation,
i.e. the Darcy’s law [11, 6].

The Darcy’s law introduces a linear relationship between the velocity
and the pressure gradient with experimentally obtained modeling parame-
ters. The law makes the governing equations much simpler, but at the same
time, however, it adds parameter complexities into the framework. It is very
important to note that the Darcy’s law is a valid equation for some certain
range of scales (field scales) and flow dynamics. Other extensions to this
law have been proposed which are classified as the non-Darcy’s laws [6]. In
this work the length scales and the dynamics of the flow allow the Darcy’s
law be employed. The final governing PDEs (using the Darcy’s law) do not
have general analytical solutions, therefore, numerical solutions are required
to solve them in order to describe and predict a reservoir dynamics.

The numerical complexities associated with the governing PDEs are due
to the complexity of the coefficients introduced in the equations along with
the large length scales and complex geometries of the domain. More precisely,
the permeability factor which is a measure of the hydraulic conductivity of a
reservoir rock is highly heterogeneous, anisotropic tensor. Note that honoring
the integrated field data provided by geoscientists is important to obtain
accurate simulations such that the performance of the reservoir is correctly
understood and predicted.
Therefore, many numerical approaches have been devised during the past
decades aiming to reduce computational complexity of the problem.
In this PhD thesis, one of these appealing approaches is considered and
extended to be applicable for reservoir simulations with realistic physics and
geometry.

Next the mathematical formulations describing the flow and transport
in porous media is described. Then, the numerical simulation strategies are
discussed. An overview of the present thesis is also provided at the end of
this section.
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1.1 Mathematical Formulations

In this subsection, first the governing equations for a compressible multiphase
flow problem are reviewed. Then, as a simplified case, the incompressible
multiphase flow equations are discussed.

1.1.1 Compressible Flow

For simplicity, no dissolution and no capillary effects are considered here. In
this case, Darcy’s formulation of multiphase flow in porous media leads to
the mass conservation law

∂

∂t
(φραSα)−∇ ·

(
ραλα · (∇p− ραg∇z)

)
= ραqα ∀α ∈ {1, ..., γ} (1)

of phase α, where φ denotes the porosity, ρα the density, Sα the satu-
ration, g the gravitational acceleration, and qα source terms. Moreover,
λα = Kkrα/µα is the phase mobility with the positive definite permeability
tensor K, the relative permeability krα, and the phase viscosity µα. Porosity,
density and viscosity are given as algebraic functions of the pressure p and
krα is a function of the saturations. Phase saturations are subject to the
constraint

γ∑

α=1

Sα = 1. (2)

Note that Eqs. (1) and (2) form a system for γ + 1 unknowns (S1, ..., Sγ, p)
[6].

Implicit Euler time integration leads to

φn+1ρn+1
α Sn+1

α − φnρnαSnα
∆t

−∇ ·
(
ρn+1
α λα · (∇pn+1 − ρn+1

α g∇z)
)

= ρn+1
α qα,

(3)
which is now divided by the density ρn+1

α in order to obtain a decoupled
pressure equation. This is achieved by then taking the sum over all phases
α resulting in

φn+1

∆t
− φn

∆t

γ∑

α=1

Bn+1
α ρnαS

n
α −

γ∑

α=1

Bn+1
α ∇ ·

(
ρn+1
α λα · (∇pn+1 − ρn+1

α g∇z)
)

= q,

(4)
where q =

∑γ
α=1 qα denotes the total volumetric source term and Bα = 1/ρα

is the volume formation factor. Linearization of this equation results in the
iterative linear pressure equation

C

∆t
(pν+1 − pν)−

γ∑

α=1

Bν
α∇ · (ρναλα · ∇pν+1) = Rν , (5)
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where

Rν = − φ
ν

∆t
+
φn

∆t

γ∑

α=1

Bν
αρ

n
αS

n
α + q −

γ∑

α=1

Bν
α∇ · (ρνα2λαg · ∇z) (6)

which converges to Eq. (4) as ν →∞. The superscripts ν and ν + 1 denote
quantities at the old and new iteration levels, respectively, and

C =
∂φ

∂p
|ν −φn

γ∑

α=1

∂Bα

∂p
|ν ρnαSnα (7)

is the compressibility coefficient. Note that the coefficients Bα and ρα in the
convective and gravitational terms lag one iteration behind. This discretized
formulation was already used in previous studies to solve the fine-scale prob-
lem (see e.g. [89, 60]).

In this PhD research work, it will be explained later how a new consistent
formulation for the discrete form of the compressible flow is devised which is
suited for the multiscale simulations.

1.1.2 Incompressible Flow

Governing equations for incompressible flow can be simply derived by con-
sidering phase densities as constant pressure independent values. The mass
conservation equation for each phase α can be then normalized by its asso-
ciate density ρα. Therefore a volume balance equation is considered for the
phases which reads

∂

∂t
(φSα)−∇ ·

(
λα · (∇p− ραg∇z)

)
= qα ∀α ∈ {1, ..., γ} (8)

To obtain the pressure equation, the same procedure as the compressible
problem is taken. Here, however, the conservative equations are already
normalized by the phase densities. This results in the pressure equation

−∇ · (λt · ∇p) = q, (9)

where no gravity effects are considered. This elliptic pressure equation is se-
quentially coupled with the (γ−1) transport equations for phase saturations.
The saturation of the γ-th phase is explicitly obtained by the constraint (2).
Note that the transport equations can be solved implicitly or explicitly. In
the case of implicit integration, the pressure equation can be solved with the
new converged saturation values and the procedure can be repeated until the
full convergence is achieved.



1.2 Numerical Simulation Strategies 5

For most part of this PhD work, a higher order TVD explicit time integra-
tion scheme [62] is used for the saturation transport equation. Therefore an
implicit pressure explicit saturation (IMPES) strategy is followed and ex-
plained in the next subsection for the fine-scale reference approach. Also, an
overview and literature survey for the upscaling and multiscale approaches
for pressure equations are presented in separate subsections.
Note that a sequentially fully implicit strategy is also used in a section where
error estimate and control is presented. The discretization of this approach
is therefore explained in that section where this strategy is used.

1.2 Numerical Simulation Strategies

The governing equations described in the previous section do not have a gen-
eral analytical solutions. Therefore, a numerical method is required to solve
them in order to predict and manage the performance of a reservoir [6]. Here,
the discretization and IMPES simulation strategy is briefly reviewed. Details
of numerical discretization techniques suitable for these type of problems can
be found in many books, e.g. [6, 18].

1.2.1 Reference Fine-Scale Approach

In an IMPES flow-transport coupling strategy, first the pressure equation is
solved with all saturation dependent coefficients explicitly calculated based
the old time step values. As explained before, depending on the physical
assumptions the pressure equation is either elliptic, i.e. Eq. (9), or parabolic,
i.e. Eq. (4). A discretization technique which provides mass conservative
velocity fields is required to be used for the solution of the pressure equation.
This is an important constraint because transport errors highly depend on
the mass conservation errors of the velocity field. Detailed discussions of this
important dependency is presented in this thesis later in section 10. Once
the pressure solution is obtained, phase velocities uα, i.e.

uα = −λα · (∇p− ραg∇z). (10)

are required to solve transport equations. This is achieved by first computing
the total velocity ut from the pressure equation, i.e.

ut = −
γ∑

α=1

λα · (∇p− ραg∇z). (11)

Then by using fractional flow functions

fα =
λα
λt

(12)
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the phase velocity uα for a two-phase system {α, β} reads

uα = fα(ut + λβ g (ρα − ρβ)︸ ︷︷ ︸
∆ρ

∇z). (13)

Once the phase velocities are obtained, the transport equations can be solved
using a higher order TVD or first-order upwind scheme [62].

1.2.2 Why Multiscale Methods?

As explained before, mathematical formulations of multiphase flow in porous
media lead to partial differential equations of different types with highly het-
erogeneous anisotropic tensorial factors λ representing the physical proper-
ties of the domain. The highly detailed information provided by geoscientists
for these factors should be fully taken into account for accurate simulations
and investigations of flow and transport. Unfortunately, with respect to the
computational cost, it is not possible to use classical simulation techniques
for this type of problems.
To reduce the computational complexity, various multiscale methods have
been developed during the past decade [44, 46, 45, 24, 3, 4, 17, 47, 26, 1,
32, 2, 53]. The aim of these methods is to reduce the computational com-
plexity by incorporating the fine-scale variation of the coefficients into the
coarse-scale operator; similar to upscaling methods [87, 80, 28, 15, 14, 21].
Upscaling methods aim at coarse-scale descriptions based on effective, ten-
sorial coefficients [20]. In addition, multiscale methods allow to reconstruct
a fine-scale velocity field from a coarse-scale pressure solution [30].
In the multiscale methods, the reduction in the computational cost is achieved
by introducing sets of basis functions, which are numerically computed on lo-
cal small domains, and by mapping the fine-scale coefficients into the coarse
scale operator (restriction step). The approximate fine-scale solution is then
constructed from the coarse scale solution using the basis functions for in-
terpolation (prolongation step). It has been demonstrated that for a wide
range of test cases the solution obtained by multiscale methods is in good
agreement with the results obtained by solving the global fine-scale system.
While the multiscale solutions differ from the reference solutions computed
with the same standard numerical scheme on the fine grid, convergence with
respect to coarse-grid refinement was proved for permeability fields char-
acterized by two separable scales [17, 32, 45]. On the other hand, it was
shown that MSFE methods do not converge for problems without scale sep-
aration [32, 45, 73, 24].
Note that since the basis functions are locally computed, they are locally
updated during a multiphase flow simulations. In another words, the basis
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functions are computed at the beginning of the simulation and are updated
only in local domains with large total mobility changes [47, 48, 83, 50]. This
is the main reason why multiscale simulations are more efficient than fine-
scale simulations.
Among the proposed multiscale methods the Multiscale Finite Volume (MSFV)
[47, 48, 83, 50] and the Mixed Multiscale Finite Element (MMSFE) [17, 1, 2,
4] methods provide locally conservative velocity fields. As mentioned before,
conservative velocity fields are crucial for accurately solving the saturation
transport equations. Note that the MSFV method constructs smaller coarse
systems than the MMSFE method.

1.3 Motivation and outline of this Thesis

Several studies have extended the MSFV method to involve more physics,
i.e. capillary, gravity, compressibility, etc. [68, 88, 51, 66, 89, 60, 36, 37]. The
extensions were shown effective for many applications. They, however, entail
limitations in terms of accuracy and applicability. For example, it is known
that the MSFV method fails to provide good results in presence of highly
anisotropic heterogeneous permeability field (see e.g. [57]). Also, all of the
previously introduced extensions of the MSFV method for compressible prob-
lems cannot correctly capture the transient state described by the nonlinear
pressure equation (see e.g. [89]). Moreover, it is known that about %60 of
the oil reservoirs are fractured [33]. At the beginning of this project, there
existed no MSFV method capable of solving fractured porous media [51].
Above all, the MSFV method has always been implemented on Cartesian
rectangular coarse grids. No strategy for non-matching coarse grids which
can be of interest due to faulted reservoirs was proposed previously. All these
limitations motivated the present PhD project. Detailed studies of these pre-
viously introduced MSFV methods will be discussed later during this thesis.
Therefore, for the sake of short manuscript and avoiding redundancy, their
advantages and limitations are not discussed more her.

In this thesis, a brief discretion of the MSFV method is presented first.
Then some limitations are discussed. These limitations motivate the intro-
duction of the iterative MSFV (i-MSFV) method which is explained and
discussed in detail in a following section. Then the MSFV and i-MSFV
methods are extended for the solution of compressible multiphase flow prob-
lems. In that chapter a discussion about failure of other methods are also
presented. Then the MSFV and i-MSFV methods are extended for the solu-
tion of fractured and faulted porous media, followed by a section where the
applicability of the i-MSFV method is addressed. In the applicability dis-
cussion an adaptive iterative MSFV (ai-MSFV) method is introduced which
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lead to local improvement of the i-MSFV results. Also in that chapter, the
necessity (frequency and number) of the i-MSFV iterations for obtaining a
good solution in a sequentially fully implicit framework is discussed. Finally,
the thesis is concluded with reviewing the main achievements and proposals
for future works.
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Part II

MSFV Method

2 MSFV Method for Elliptic Problems

In this section, the MSFV method for elliptic problems is presented. It is
explained how the fine-scale variations of the pressure equation coefficients
can be mapped onto a coarser level in the MSFV conservative framework.
The good quality of the MSFV result for a heterogeneous test case is also
illustrated. Finally, the limitations of the method are discussed which then
motivates the next section where the i-MSFV method is devised.

2.1 Algorithm

To explain the MSFV method, we consider the elliptic problem

−∇ · (λ · ∇p) = q (14)

on the domain Ω with the boundary conditions ∇p ·n = ζ1 and p(x) = ζ2 at
∂Ω1 and ∂Ω2, respectively. Note that ∂Ω = ∂Ω1∪∂Ω2 is the whole boundary
of the domain Ω and n is the outward unit normal vector. The mobility
tensor λ is positive definite and the right-hand sides (RHS) q, ζ1, and ζ2 are
specified fields.

The MSFV method is designed to efficiently compute approximate so-
lutions of problem (14) for highly heterogeneous coefficients λ and RHS q,
e.g. for mobility fields, which depict a high variance, complex correlation
structures and are governed by a large range of length scales.

The MSFV method relies on an imposed coarse grid (solid lines in Fig. 1)
and on a dual coarse grid (dashed lines in Fig. 1). The former is composed of
Nc control volumes Ω̆k (k ∈ [1, Nc]) and the latter of Nd cells Ω̃h (h ∈ [1, Nd]).
As illustrated in Fig. 1, each control volume Ω̆k contains exactly one node
xk of the dual coarse grid in its interior. Note that these two grids can be
much coarser than the underlying fine grid on which the mobility field is rep-
resented. It is also emphasized that the concept is not limited to the simple
grids shown in Fig. 1. In principle, very irregular grids or decompositions can
be employed. The reduction of degrees of freedom (restriction step) describ-
ing the fine pressure pf (pressure field on the fine grid) is achieved through



10 2 MSFV METHOD FOR ELLIPTIC PROBLEMS

Figure 1: A computational 2D domain Ω with a coarse grid (solid lines) and
a dual coarse grid (dashed lines); bold solid and bold dashed lines indicate
a selected coarse cell Ω̆k and a selected dual coarse cell Ω̃h, respectively. An
enlarged coarse cell, which contains 11× 11 fine cells, is shown on the right
side. Also shown on the left is an enlarged dual coarse cell. In the enlarged
figures, the fine-scale dual boundary cells are highlighted in grey.

the approximation

pf (x) ≈ p′(x) =

Nd∑

h=1

[ Nc∑

k=1

Φh
k(x)p̆k + Φh(x)

]
, (15)

where p̆k are the pressure values at the nodes xk. We refer to Φh
k as the basis

functions and to Φh as the correction function. Opposed to classical finite-
element methods, basis functions and correction functions are not analytical
functions, but local numerical solutions of problem (14) on Ω̃h without and
with RHS, respectively. Localization can be achieved by employing reduced
problem boundary conditions at ∂Ω̃h, which is equivalent to

(ñh · ∇)
(
(λ · ∇Φh

k) · ñh
)

= 0 (16)

and

(ñh · ∇)
(
(λ · ∇Φh) · ñh

)
= rh (17)

at ∂Ω̃h with ñh being the unit normal vector pointing out of Ω̃h and rh = 0.
At the dual-grid nodes xl which belongs to Ω̃h, Φh

k(xl) = δkl and Φh(xl) = 0.
By construction, outside Ω̃h the Φh

k and Φh values are set to zero. An illus-
tration of 2D basis and correction functions is shown in Fig. 2. In addition,
the stencil corresponding to the reduced problem boundary condition is il-
lustrated in Fig. 3. The solutions of the reduced problems at the boundaries
are used as Dirichlet condition for the internal cells of local problems.
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Figure 2: Illustration of the basis function Φh
1 (left) and the correction func-

tion Φh (right) for elliptic problems with a single fine-scale source term. The
permeability map for the corresponding localized domain Ω̃h is partly shown
on the base surfaces.
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Figure 3: The 2D original stencil (left) for a dual coarse cell boundary cells
based on 2-point-flux-approximation scheme. Arrows (interface fluxes) depict
interaction between neighboring cells. Also shown is the reduced problem
stencil (right) used for computation of basis and correction functions where
transversal fluxes are neglected and Dirichlet values are set at the corners.
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To derive a linear system for the coarse pressure values p̆k, one needs to
introduce the flux contributions between the neighboring coarse cells. There-
fore, we substitute expression (15) for p′ into Eq. (14) and integrate over Ω̆l

which leads to

−
∫

Ω̆l

∇ · (λ · ∇p′)dΩ = −
∫

Ω̆l

∇ ·
(
λ · ∇

( Nd∑

h=1

(
Nc∑

k=1

Φh
k p̆k + Φh)

))
dΩ

=

∫

Ω̆l

qdΩ. (18)

for all l ∈ [1, Nc]. With the Gauss theorem one obtains

−
∫

∂Ω̆l

(
λ ·

Nd∑

h=1

(
Nc∑

k=1

p̆k∇Φh
k +∇Φh)

)
· n̄ldΓ = (19)

Nc∑

k=1

p̆k

Nd∑

h=1

∫

∂Ω̆l

(−λ · ∇Φh
k) · n̄ldΓ +

Nd∑

h=1

∫

∂Ω̆l

(−λ · ∇Φh) · n̄ldΓ =

∫

Ω̆l

qdΩ,

which results in the linear system

Alkp̆k = bl (20)

for p̆k with

Alk =

Nd∑

h=1

∫

∂Ω̆l

(−λ · ∇Φh
k) · n̄ldΓ (21)

and

bl =

∫

Ω̆l

q dΩ−
Nd∑

h=1

∫

∂Ω̆l

(−λ · ∇Φh) · n̄ldΓ. (22)

The unit normal vector n̄l points out of Ω̆l. Note that the RHS bl also con-
tains the effects of the fine-scale fluxes across ∂Ω̆l induced by the correction
functions Φh.
With p̆k and the superposition (15) one obtains the fine-scale pressure p′

(prolongation step), which is an approximation of the fine-scale reference
solution pf .
An interesting property of this MSFV method is that the difference between
p′ and pf is solely due to the localization assumption (17) (see Fig. 3), i.e.
with

rh = (ñh · ∇)
(
(λ · ∇pf ) · ñh

)
at ∂Ω̃h ∀h ∈ [1, Nd] (23)
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the two fine-scale pressure fields pf and p′ become identical.
It has been shown for a wide range of test cases that the MSFV method with
rh = 0 leads to very accurate results. In other words: in general, the reduced
problem boundary conditions provide a good localization assumption.
An example for a heterogeneous problem is provided in Fig. 4, where no-flow
condition is applied on the whole boundary of the domain. Non-dimensional
pressures are set to 1 and 0 for the (1,1) and (44,44) cells, respectively. Fine-
scale reference solution and the MSFV results are obtained by employing
44× 44 fine and 4× 4 coarse grid cells, respectively.
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Figure 4: Fine-scale reference solution (left) of a heterogeneous problem with
44 × 44 grid cells. The MSFV approximate superposed solution (right) is
obtained by employing 4 × 4 coarse grid cells. The permeability map is
partly shown on the base surfaces. Also shown (right) is the coarse (solid
black) and dual coarse (solid white) grids.

For multiphase problems, a conservative fine-scale velocity field is required to
honor mass balance of the transported phase saturations. While the velocity

u′ = −λ · ∇p′ (24)

fulfills this requirement for each coarse volume Ω̆k, it is non-conservative at
the fine-scale. Therefore, if one is interested in solving saturation transport
on the fine grid, a further step is required.
To construct a conservative fine-scale velocity field u′′, which is consistent
with u′, the additional local problems

−∇ · (λ · ∇p′′k) = q on Ω̆k (25)
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with

(λ · ∇p′′k) · n̄k = (λ · ∇p′) · n̄k at ∂Ω̆k (26)

are solved. Note that the velocity field

u′′ =

{
−λ · ∇p′′k on Ω̆k

−λ · ∇p′ at ∂Ω̆k

(27)

for all k ∈ [1, Nc] is conservative (provided p′′ is obtained with a conserva-
tive scheme) and can be employed to solve transport equations on the fine
grid [47].

For multiphase subsurface flow problems, for example, saturation transport
may be calculated explicitly [49] or implicitly [50]. Since the mobility λ gen-
erally depends on the saturations, in the implicit version one has to iterate
between the pressure equation (14), which is solved with the MSFV method,
and the transport equations. Good efficiency is achieved, if the latter one
is solved implicitly on the individual domains Ω̆k. The local solutions are
then coupled by a simple Schwarz overlap scheme [50, 79]. With this tech-
nique, which is very efficient for hyperbolic problems, the low computational
complexity of the overall MSFV algorithm can be maintained for multiphase
flow.

An example of the implicit-pressure-explicit-saturation (IMPES) simulation
of a multiphase flow problem where injected phase is 10 times less viscose
than the residing phase is considered. No-flow condition is applied on the
whole boundary. The permeability field of the SPE 10 [19] top layer for a
domain of 220×55 with the natural logarithm mean and variance of 2.35 and
5.66, respectively, is used (Fig. 5). A 10 times less viscose phase is injected
with the non-dimensional total rate of 10 at cell (1,1) while production oc-
curs at constant pressure of 0 at cell (220,55). For the pressure equation,
the fine-scale and MSFV simulators employ 220 × 55 and 20 × 5 grid cells,
respectively. The transport equation is solved on fine scale for both simu-
lations. Results (pressure and saturation) after 0.132 Pore-Volume-Injection
(PVI) are depicted in Figs. 6 and 7.

An important property of the MSFV method is its adaptivity. For exam-
ple, the conservative velocity reconstruction described above is only required
in those coarse cells Ω̆k where fine-scale transport is of interest. Moreover,
very importantly, the basis and correction functions can be stored and reused
for subsequent time steps. They have to be recomputed only in those dual
cells Ω̃h where changes of the coefficient λ or (for the correction functions)
the RHS q exceed a specified limit [49, 50, 83].
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Figure 5: Natural logarithm of SPE 10 [19] top layer permeability field for a
domain of 220× 55 cells.
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Figure 6: Fine-scale (top) and MSFV (bottom) pressure fields for the SPE
10 top layer test case after 0.132 PVI. The fine-scale and MSFV solutions
are obtained by 220× 55 and 20× 5 grid cells, respectively.
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Figure 7: Fine-scale (top) and MSFV (bottom) saturation maps for the SPE
10 top layer test case after 0.132 PVI. The fine-scale and MSFV solutions
are obtained by 220× 55 and 20× 5 grid cells, respectively.
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2.2 Limitations

As mentioned before, in order to make the MSFV method applicable for
realistic problems, it was extended to include compressibility [66, 60, 89],
gravity [60, 68], and complex wells [88, 51]. All these extended versions
of the MSFV method proved to be effective for a wide range of cases for
which the multiscale and fine-scale solutions are in good agreement. There
exist scenarios, however, which demonstrate some limitations of the MSFV
method.

One involves extended structures with sharp mobility contrasts. Examples
are extended and almost impermeable shale layers [65], and meanders as they
exist in the bottom layers of the SPE comparative test case 10 [19].

Figure 8 depicts solutions (pressure and saturation) of the fine-scale and
MSFV simulations after 0.15 PVI for a 2D homogeneous test case, where
three shale layers exist. The permeability of the shale layers are 108 times
less than that of the domain. No-flow condition is applied on the whole
boundary of the domain. Gas which is 10 times less viscose than the residing
oil is injected at constant non-dimensional rate of 10 at cell (7,31) while
the production occurs at constant pressure of 0 at cell (55,55). The fine-scale
solutions are obtained using 55×55 cells while the MSFV results are obtained
using 5× 5 coarse cells. It is clear that the MSFV results are not acceptable
for this challenging problem. In fact, there exists no general localization
condition for problems with long coherent structures.

Another class of problems for which the MSFV method fails to give accurate
solutions are cases with large cell aspect ratios or highly anisotropic mobility
factors. As an example of these scenarios, a heterogeneous anisotropic test
case is considered. The permeability field of SPE 10 top layer as presented in
Fig. 5 is used, and no-flow condition is applied on the whole boundary of the
domain. Fine-scale simulator employs a 220× 55 grid cells while the MSFV
simulator uses 20× 5 coarse control volumes for the pressure equation. The
grid aspect ratio and viscosity ratio are both 10.
Figures 9 and 10 present pressure and saturation maps, respectively, after
0.165 PVI. It is clear that the MSFV results are not matching the reference
solutions. Although various ways to overcome this problem have been de-
vised so far [67, 43], there still exists potential for a systematic and general
improvement.

As the final test case, the permeability field of the SPE 10 [19] bottom layer is
considered and shown in Fig. 11. The dimensionless pressure is set to 1 and 0
at corner cells (1,60) and (220,1), respectively. No-flow condition is employed
at the whole boundary of the domain. The domain consists of 220× 60 fine
and 44×12 coarse control volumes with grid aspect ratio of 2. This is indeed
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Figure 8: Fine-scale (top) and MSFV (bottom) pressure (left) and saturation
(right) maps for a homogeneous test case with shale layers after 0.15 PVI.
The fine-scale and MSFV solutions are obtained by 55 × 55 and 5 × 5 fine
and coarse grid cells, respectively. Shale layers are 108 times less permeable
than the medium.
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Figure 9: Fine-scale (top) and MSFV (bottom) pressure fields for the
anisotropic SPE 10 top layer test case after 0.165 PVI. The fine-scale and
MSFV solutions are obtained using 220×55 and 20×5 grid cells, respectively,
with the grid aspect ratio of 10.
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Figure 10: Fine-scale (top) and MSFV (bottom) saturation maps for the
anisotropic SPE 10 top layer test case after 0.132 PVI. The fine-scale and
MSFV solutions are obtained using 220×55 and 20×5 grid cells, respectively,
with the grid aspect ratio of 10.
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a challenging problem for the MSFV method, since the permeability field is
anisotropic and entails nonlocal structures with high contrasts. Figure 12
shows the fine-scale and MSFV pressure fields. It is clear than nonphysical
peaks exist in the MSFV solution, which then result in inaccurate transport
problem.
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Figure 11: Natural logarithm of k in the bottom layer of the three-
dimensional SPE10 test case [19].
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Figure 12: Fine-scale (left) and MSFV (right) pressure maps for heteroge-
neous anisotropic problem. The permeability of the SPE 10 [19] bottom layer
with grid aspect ration of 2 is used. There exist 220 × 60 fine and 44 × 12
coarse control volumes.

Furthermore, for problems where the MSFV results are in good agreement
with the reference solutions, no control on the level of error introduced in
this multiscale framework is possible.
Finally, it is of great interest to have a method, which allows to improve the
solution iteratively to any desired level.
Next, we present an extension, which allows to iteratively improve MSFV so-
lutions and control the error introduced in this framework. It will be shown
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that the fine-scale reference solutions can be recovered even for those men-
tioned challenging cases, i.e. where the standard MSFV method experiences
difficulties.
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Part III

Iterative MSFV Method

3 I-MSFV Method for Elliptic Problems

As already pointed out, the difference between the MSFV solution p′ and the
fine scale reference pressure pf is solely due to the localization assumptions.
In another words, p′ and pf become identical if the boundary conditions
(17) are employed in fulfillment of requirement (23) for rh. Unfortunately,
Eq. (23) requires a priori knowledge of pf .
Existing methods of this type rely on an initial global fine-scale solution [2,
1, 57, 25]. However, for problems with high phase viscosity ratios, frequently
changing boundary conditions or varying well rates, the value of such an
approach is questionable.

Another possibility is to improve the coarse operator iteratively. The adap-
tive local-global (ALG) upscaling approach is based on global iterations to
obtain a self-consistent coarse-grid description [15, 14]. It was shown that
ALG leads to more accurate solutions than local upscaling methods. Re-
cently, ALG was employed to improve the local boundary conditions in the
multiscale finite volume element method (ALG-MSFVE) [21]. It was also
shown that the ALG leads to asymptotic solutions for large numbers of it-
erations, but typically these solutions are different from standard fine-scale
solutions and the error due to ALG is problem dependent [15].

In this section we device an iterative procedure for the rh which converges
to the exact expression (23).

In the next subsection, we present the i-MSFV algorithm where we explain
how an iterative procedure can be devised in the MSFV framework. The i-
MSFV method can be explained as a multigrid (MG) method [85] in the sense
that the restriction and prolongation steps are done using MSFV basis and
correction functions. The fine-scale smoother which is employed generally
a few times in each iteration step is used to resolve high frequency errors,
similar as in MG methods. The low frequency errors are resolved by solving
the multiscale coarse scale system. An interpretation of the i-MSFV method
as a multigrid method is also presented in this section. Finally, extensive
numerical studies are performed to test the efficiency of the presented i-
MSFV method.



22 3 I-MSFV METHOD FOR ELLIPTIC PROBLEMS

3.1 Algorithm

Here, we explain a convergent iterative procedure to improve the localization
boundary conditions, which does not depend on pf .
Instead of requirement (23), we consider the iterative improvement

rh,ν = (ñh · ∇)
(
(λ · ∇p′νs ) · ñh

)
at ∂Ω̃h ∀h ∈ [1, Nd] (28)

of rh. The superscript ν denotes the iteration level and

p′νs = Sns · p′ν + T = Sns ·
Nd∑

h=1

[ Nc∑

k=1

Φh
k p̆

ν
k + Φh,ν−1

]
+ T (29)

is the smoothed MSFV fine-scale pressure approximation, where here S is a
linear smoothing operator, T is the non-homogeneous part of the iterative
smoother, and ns the number of smoothing steps. Note that the correction
functions Φh,ν−1 are based on the local boundary conditions (17) with rh =
rh,ν−1.
Figure 13b illustrates an initial correction function Φh,ν=1 (with no itera-
tion), which is obtained by setting p′ν=1

s = 0. Moreover, Fig. 2c depicts an
improved correction function for the same local domain obtained after some
iterations, i.e. ν > 1. Note that the basis functions (e.g. Fig. 2a) are com-
puted once and do not contribute in the iterative procedure. Therefore, the
i-MSFV method is computationally more efficient than those methods which
correct the system matrix rather than the RHS vector (e.g. see [15, 14, 21]).
On top of that, in contrast to the ALG-MSFVE [21] the i-MSFV method
converges to the fine-scale reference solution.

For a more compact presentation of the iterative MSFV (i-MSFV) method,
we order the fine-grid values of p′s, p

′, Φh
k, and Φh in vectors p′s, p

′, Φh
k, and

Φh with entries [p′s]i, [p′]i, [Φh
k]i, and [Φh]i, respectively. We then express in

matrix form all linear equations involved in the iterative procedure described
above and write

[Φh,ν−1]i = Ch
ij[p
′ν−1
s ]j + Eh

i , (30)

Alkp̄
ν
k = Ql︸︷︷︸R

Ω̆l
qdΩ

+ Dli[Φ
h,ν−1]i︸ ︷︷ ︸

−
PNd
h=1

R
∂Ω̆l

(−λ·∇Φh,ν−1)·n̄ldΓ

, (31)

[p′νs ]i = [Sns ]ij

Nd∑

h=1

([Φh
k]j p̆

ν
k + [Φh,ν−1]j) + Ti. (32)

Equation (30) corresponds to the localized problems for the correction func-
tions Φh,ν−1, as following from the original elliptic equation (14) with the
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Figure 13: Illustration of the basis function Φh
1 (a), the initial (MSFV) cor-

rection function Φh,ν=1 (b), and the correction function after some iterations,
i.e. Φh,ν>1, for the same localized domain Ω̃h (c). The permeability map is
partly shown on the base surfaces and there exsists only a single source term
inside the Ω̃h.

boundary condition (17) defined according to (28). The terms on the right-
hand side express the linear dependence of Φh,ν−1 on the smoothed pressure
field p′ν−1

s at the previous iteration step (due to the iterative boundary con-
dition (28)) and on the source term q of the elliptic problem, respectively.
Equation (31) corresponds to the coarse-scale problem (18), and is equivalent
to Eqs. (20)-(22). Finally, Eq. (32) expresses the iterative reconstruction
formula (29). Combining Eqs. (30), (31), and (32) and indicating with I the
identity matrix, we obtain the linear relation

[p′νs ]i = [Sns ]ij

Nd∑

h=1

[
[Φh

k]jA
−1
kl

(
Ql +DlqE

h
q

)
+ Eh

j

]
+ Ti

︸ ︷︷ ︸
b∗i

+ [Sns ]ij

Nd∑

h=1

[
([Φh

k]jA
−1
kl Dlq + Ijq)C

h
qr

]

︸ ︷︷ ︸
A
∗(ns)
iq

[p′ν−1
s ]r (33)

between the smoothed fine-scale pressure fields p′ν−1
s and p′νs , at two consec-

utive iteration steps.
An algorithmic outline of the i-MSFV method is shown in Table 1. First,

the fine-scale pressure is initialized, e.g it is set to zero. Then, all basis func-
tions are computed and the right-hand side of the elliptic pressure equation
is integrated over each coarse volume. These steps have to be performed
only once and are followed by the main iteration loop. At the beginning of
each iteration, ns smoothing steps are applied and the smoothed fine-scale
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pressure is employed to compute the correction functions. These are required
to obtain the right-hand side of the linear system for the coarse pressure. At
the end of each iteration, the coarse system is solved and the new fine-scale
pressure approximation is reconstructed. Note that the components of the
vector p̆ are the actual pressure values at the dual coarse-grid nodes.

initialize p′ν=0

∀h : ∀k : compute basis functions Φh
k

calculate Q; Eq. (31)
for ν = 1 to number of i-MSFV iterations {
ps
′ν−1 = p′ν−1

for i = 1 to ns {
ps
′ν−1 = S · ps′ν−1 + T ; smoothing step

}
∀h : compute correction function Φh,ν−1; based on ps

′ν−1

calculate bν−1 = Q+DC · ps′ν−1 +DE; Eq. (31)
solve coarse system A · p̆ν = bν−1; Eq. (31)
reconstruct p′ν ; Eq. (15)

}

Table 1: Algorithmic outline of the i-MSFV method.

3.2 Interpretation as a Multigrid Method

The operations depicted in table 2 illustrate how the i-MSFV algorithm can
be interpreted as a multigrid method. First, ns smoothing steps (iterative
linear solver) are applied to improve the approximate fine-grid solution p′ν−1

by resolving high-frequency errors. A subsequent restriction step leads to the
right-hand side bν−1 of the coarse-grid system for the pressure values p̆ν at
the dual coarse-grid nodes. Note that this involves updating the correction
functions Φh,ν−1; the coarse-grid operator A on the other hand, which is
based on the basis functions Φh

k, has to be constructed only once at the
beginning. The coarse system can be solved with any suitable solver, but
due to the typically extreme coarsening factors, the coarse problem may be
small enough to be solved directly. The updated fine-grid solution p′ν is
obtained by prolongation, which is simply achieved by superimposing the
correction functions plus the basis functions weighted with the new coarse
pressure values. Note that this interpretation of the i-MSFV method as a
multigrid method is different than what is presented in [89], where neither
correction functions nor fine-scale smoother are considered there.
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Although only shown here for two grid levels, the i-MSFV method can be
extended for more complex cycles. Moreover, it can be seen from the abstract
operations in tables 1 and 2 that no assumptions regarding the topologies of
the fine- and coarse-scale grids are required. For example, the same method-
ology can be applied for unstructured fine grids, and instead of coarse grids
one can employ appropriate domain decompositions. In any case, however,
the smoothing scheme is critical for robustness and good convergence. For
all the cases we considered it was found that consistent line-relaxation works
very well (note that a different smoother would be required for unstructured
fine grids). This might be mainly due to the effectiveness of line-relaxation
to distribute the residual from the coarse dual-cell boundaries accross the
domain. Moreover, line-relaxation only depends weakly on the grid aspect
ratio and on the level of anisotropy [85]. Next, the line relaxation scheme
used for the studies presented in this paper is described.

smoothing: ν = ν + 1
p′ν−1

s = Sns · p′ν−1 + T ←− p′ν

↓ ↑
restriction: prolongation:

bν−1 = Q + DC · p′ν−1
s + DE p′ν =

∑Nd

h=1

[∑Nc

k=1 Φh
kp̄νk + Φh,ν−1

]

↘ ↗
solving:

p̄ν = A−1 · bν−1

Table 2: The i-MSFV algorithm interpreted as a multigrid method.

3.3 Fine-Scale Smoothing

As already mentioned, line-relaxation (LR) is only one possibility to smooth
the approximate fine-grid solution p′ν−1. Here, we describe how LR is em-
ployed in our current i-MSFV implementation. Therefore, we consider the
fine-scale system

M · pf = R, (34)

which results from a conservative finite-volume discretization of Eq. (14) on
the fine grid. For simplicity we assume that the grid lines are parallel to
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the x-, y- and z-directions of a Cartesian coordinate system. The extension
of this algorithm to unstructured grids is a topic of future research and
not within the scope of this paper. Then we split the linear operator as
M = Mx+My+Mz, whereMx,y,z represent the discretizations of the elliptic
operator in the corresponding coordinate directions. If only one operator plus
the diagonal components of the other ones are treated implicitly, one obtains
the iterative scheme

(Mx + di(My +Mz)) · pv+1/3 = R− (My +Mz − di(My +Mz)) · pv,
(35)

(My + di(Mx +Mz)) · pv+2/3 = R− (Mx +Mz − di(Mx +Mz)) · pv+1/3,
(36)

(Mz + di(Mx +My)) · pv+1 = R− (Mx +My − di(Mx +My)) · pv+2/3,
(37)

where pv is the approximate solution after the v-th LR-step and di(Mx)
represents the matrix with the diagonal of Mx. This scheme, in which the
three linear systems (35)-(37) are solved sequentially each iteration, is a
slightly modified version of the alternating directions implicit (ADI) method
by Peaceman and Rachford [77]. For a two-point flux approximation, the lin-
ear operators Mx,y,z have a tri-diagonal structure and the systems (35)-(37)
can be solved with the Thomas algorithm [6], which has a linear complex-
ity. Moreover, these three operators can further be split into independent
linear systems for each grid line, which is an important property for massive
parallel computing. Note that this iterative LR solver is convergent, but for
big problems the rate is extremely slow. In our framework, however, only
very few LR-steps are required to smooth p′ν−1 sufficiently for an effective
improvement of the local boundary conditions. As demonstrated in the next
subsection, the optimum number of smoothing steps per i-MSFV iteration is
case dependent.

4 Numerical Results

4.1 Numerical Convergence Studies

Here, the convergence rate of the i-MSFV method is assessed. The first
set of studies is based on a test case consisting of a rectangular 2D domain
with constant pressure and no-flow conditions at the vertical and horizontal
boundaries, respectively. For the discretization, an equidistant Cartesian fine
grid with 44× 44 cells was used and in addition, for the i-MSFV method, a
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4× 4 coarse grid was employed (Fig. 14). Since each coarse cell is composed
of 11 × 11 fine cells, the upscaling factor is 11 in each coordinate direction.
For the following studies, homogeneous and heterogeneous mobility fields and
domains with different grid aspect ratios α (horizontal to vertical dimension)
are considered. The size of each fine cell is ∆x × ∆y with ∆x = α∆y =
1. Note that a case with isotropic mobility and ∆x = α∆y is numerically
identical to a case with ∆x = ∆y and a mobility which is larger by a factor
of α2 in the y-direction.

The homogeneous test cases with λij = δij also include a source with
q = 1/(∆x∆y) and a sink with q = −1/(∆x∆y) distributed over the fine cells
(13,13) and (32,32), respectively. For the heterogeneous cases, the mobility
field depicted in Fig. 14 with natural logarithm (ln) variance and mean of
6.66 and −0.29, respectively, which is a part of the top layer of the three-
dimensional SPE10 test case [19], was used.
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Figure 14: Natural logarithm of the heterogeneous mobility field with the
computational domain which consists of 44 × 44 fine and 4 × 4 (shown)
coarse cells. Also shown are the employed boundary conditions.

Figure 15 shows the base-10 logarithm (log) of the maximum error in the
domain, i.e. log(ε) with ε =‖ p′ − pf ‖∞, as a function of i-MSFV iterations
and smoothing steps (per iteration), ns, for the homogeneous (Figs. 15a and
15c) and heterogeneous (Figs. 15b and 15d) cases with α = 1 (Figs. 15a
and 15b) and α = 10 (Figs. 15c and 15d). For all cases there exists a
minimum ns, for which the i-MSFV method converges. The best convergence
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can be observed for the homogeneous isotropic (α = 1) case and the worst
convergence for the heterogeneous case with α = 10.
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Figure 15: Numerical convergence study with the first set of test cases; (a):
homogeneous - isotropic, (b): heterogeneous - isotropic, (c): homogeneous -
anisotropic (α = 10), (d): heterogeneous - anisotropic (α = 10).

Figure 16a shows the convergence histories for the heterogeneous test case
as a function of α with ns = 10. The slope decreases as α increases, but
eventually it approaches an asymptotic value. This observation is confirmed
by the plot in Fig. 16b, which shows the convergence rate (average slope
between log(ε) = −2 and log(ε) = −6) as a function of α and ns for the
heterogeneous-anisotropic case. For α ≥ 20, the convergence dependence
on the aspect ratio becomes negligible. This result is encouraging, since it
demonstrates that the i-MSFV method can be applied for cases with very
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large aspect ratios and/or extreme anisotropies. One reason for this is the
following property of the LR solver, which acts as a smoother in the i-MSFV
method. For comparison, Fig. 16b also shows the convergence rates (multi-
plied with 100) of the LR solver for cases with different aspect ratios. Note
that virtually no sensitivity on α can be detected.
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Figure 16: (a): convergence history of the i-MSFV method for the hetero-
geneous domain with ns = 10 and different aspect ratios; (b): convergence
rates of the pure LR solver (multiplied with 100) and the i-MSFV method
for the heterogeneous; anisotropic domain with different ns as a function of
the aspect ratio.

Figure 17a illustrates how the convergence rate increases with ns. To esti-
mate the optimal number of smoothing steps per iteration, we assume that
the amount of computational work to calculate the correction functions, to
solve the coarse problem, and to reconstruct p′ corresponds to β times the
computational work required for one smoothing step. This leads to the

Effective Convergence Rate =
Convergence Rate

1 + ns/β
. (38)

It is a measure for the error reduction, if the computational work equivalent to
one MSFV iteration (without smoothing nor reconstruction of a conservative
velocity field) is invested. Fig. 17b shows the effective convergence rates for
various aspect ratios α as functions of ns, where β is assumed to be one.
To analyze the computational cost associated with the i-MSFV method as
a function of the problem size, the number of fine cells in the homogeneous
isotropic test case was increased successively by adding coarse-grid cells with
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Figure 17: (a): effect of ns on the convergence rate of the i-MSFV method
for the heterogeneous domain with different aspect ratios; (b): effective con-
vergence rate for heterogeneous-anisotropic test cases.

11 × 11 fine cells each. Fig. 18 depicts the convergence rates for 2 × 2,
3 × 3, 4 × 4, 5 × 5, 6 × 6, 7 × 7, 8 × 8, 9 × 9, and 10 × 10 coarse grids,
and the log − log plot clearly shows (dashed line) that the convergence rate
(for constant ns = 10) is insensitive to the fine-grid size; opposed to the
convergence rate of the LR-solver (solid line). Moreover, all calculation steps
in the i-MSFV algorithm, except solving the global coarse-scale problem, can
be performed locally and independently. Therefore, since up to very large
cases the cost for solving the coarse system is virtually negligible, the i-MSFV
algorithm is a very efficient linear solver for large, stiff problems, and it is
ideally suited for massive parallel computing.

Another interesting parameter is the upscaling factor. Fig. 19 shows the
convergence rate for the heterogeneous case with upscaling factors Γ of 11×
11, 7×7, and 5×5. In Fig. 19a, the convergence rates are shown as functions
of α with constant ns = 10 and in Fig. 19b, they are depicted as functions
of ns with constant α = 5. Obviously, the optimal choice of Γ depends on
the size of the fine grid and on the computational cost of the individual
algorithmic components; in particular of the coarse-scale solver.

To complete our numerical investigations of the i-MSFV convergence behav-
ior, four sets of 20 realisations of log-normally distributed mobility fields
with spherical variogram and dimensionless correlation lengths ψ1 = 0.5 and
ψ2 = 0.02 are generated using sequential Gaussian simulations [16]. For each
set, variance and mean of ln(λ) are 2.0 and 3.0, respectively. As depicted in
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Figure 19: Convergence rate of the i-MSFV method for a heterogeneous do-
main versus aspect ratio (a) and number of smoothing steps (b) for different
upscaling factors.
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Fig. 20, the angles θ between the long correlation length and vertical domain
boundaries (or vertical grid lines orientation) are 0o, 15o, 30o, and 45o. For
each case, a 100× 100 fine and a 20× 20 coarse grid were employed. At the
boundaries of the quadratic domain, no-flow conditions were applied and at
the lower left and upper right corners (cells (3,3) and (97,97)), a source and
a sink of equal strength (q = ±1/(∆x∆y)) were imposed (Fig. 21). Figs. 22a
and 22b show the mean convergence rates as functions of θ for different ns,
α, and Γ. As one can see, there is a significant difference in the convergence
rates. However, in general the convergence rate decreases with increasing
layering orientation angle θ.

-1.7 3.3 8.3

Figure 20: Natural logarithm of one of the 20 different mobility field realiza-
tions used in this study (for different angles θ = 0o, θ = 15o, θ = 30o, and
θ = 45o from left to right).

4.2 Spectral Analysis of the i-MSFV Method

We conclude the convergence assessment of the i-MSFV method by analysing
the spectrum of the associated iteration matrix, i.e., according to Eq. (33),

of A∗
(ns)

in

p′νs = A∗
(ns) · p′ν−1

s + b∗. (39)

Clearly, the iteration procedure converges, if and only if all eigenvalues of
A∗

(ns)
lay within the unit-disc of the complex plane.

Various spectra of A∗
(ns)

for the homogeneous anisotropic test case with
no-flow conditions at all boundaries are depicted in Fig. 23. Fine and coarse
grids consist of 44× 44 and 4× 4 cells, respectively and the different figures
refer to iteration matrices based on different ns. These results confirm those
presented in Fig. 15-a , according to which at least two smoothing steps are
required for the homogeneous isotropic case. Notice that unlike the matrix
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Figure 21: Computational domain, which consists of 20 × 20 coarse cells
(shown); each coarse cell contains 5 × 5 fine cells (not shown). The black
squares mark the two wells with q = ±1/(∆x∆y) distributed over the fine
cells (3,3) and (97,97).
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M of the fine-scale problem (79), A∗
(ns)

is not symmetric and possesses non-

real eigenvalues. All eigenvalues of A∗
(ns)

are clustered around the negative
real axis, which implies that the approximate solution at successive iteration
steps oscillates around the exact one.
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Figure 23: Spectra of the iteration matrix A∗(ns) of i-MSFV method for the
homogeneous isotropic case with 44× 44 fine cells, 4× 4 coarse cells, no-flow
boundary conditions at ∂Ω and different values for ns; (a): ns = 0, (b):
ns = 1, (c): ns = 2, (d): ns = 5.

The eigenfunctions p̃ associated with the largest eigenvalues are plotted
in Fig. 24 together with the corresponding residual ρ = ∇ · λ ·∇p̃ in the
discrete fulfillment of Eq. (14) without right-hand side. Only the results
for ns = 0 (unstable) and ns = 2 (stable) are shown. In both cases, the
residuum is largest at the dual-cell boundaries and without smoothing it
is zero everywhere else. This is in agreement with the fact that any non-
smoothed solution p′ fulfills Eq. (14) exactly inside the coarse dual cells. The
smoothing steps efficiently redistribute the residuum and reduce its maximum
amplitude. Consequently, the eigenvectors of A∗

(ns)
get amplified for ns = 0

and damped for ns = 2.
In Fig. 25, similar spectra of the iteration matrix A∗

(ns)
can be observed

for cases with heterogeneous mobility fields. In Figs. 26a and 26b, the largest
values of the residua associated with the ten least stable eigenvectors for
ns = 0 and ns = 5, respectively, are presented. Notice the discontinuous
distribution in Fig. 26a for the case with ns = 0. Clearly, the residuum gets
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Figure 24: Eigenvectors associated to the largest eigenvalues of the spectra
from Fig. 23 (left) and corresponding residuum in the fulfillment of Eq. (14)
(right) without right-hand side; (a): ns = 0, (b): ns = 2. Eigenvectors and
residual are independently rescaled.
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distributed by the ns = 5 smoothing steps (Fig. 26b). Finally, Figs. 27a and
27b depict the least stable eigenvector for ns = 5 and its residuum.
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Figure 25: Spectra of the iteration matrix A∗(ns) for the heterogeneous
isotropic case with 44 × 44 fine cells, 4 × 4 coarse cells, no-flow boundary
conditions on ∂Ω and different values for ns; (a): ns = 0, (b): ns = 5.

4.3 Application to Subsurface Flow

In typical incompressible subsurface flow simulations, the pressure in the
porous media is governed by Eq. (14). As in the examples of section 4,
the mobility λ typically has a complex distribution with high variance and
sharp contrasts. It is a function of the rock permeability k, the fluid phase
saturations and the fluid viscosities. For single-phase flow of a fluid with
viscosity µ one can write λ = k/µ. The expression for multiphase flow is
based on the relative permeability concept and reads λ = k

∑np
j=1 krj/µj (np

is the number of fluid phases). The relative permeabilities krj [6] have to be
specified for each fluid phase j as functions of the saturations. While λ does
not change with time in single-phase flow simulations, it evolves if multiple
fluid phases are transported through the reservoir. For the following studies,
the right-hand side of Eq. (14) is non-zero only at the well, i.e. no capillary
pressure difference between the fluid phases and no gravity are considered.
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Figure 26: Residua in the fulfillment of Eq. (14) withought right-hand side
for the eigenvectors associated to the 10 largest eigenvalues of the spectra
from Fig. 25; (a): ns = 0, (b): ns = 5.
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for the largest eigenvalue of the spectrum from Fig. 25a for the procedure
with ns = 5. Eigenvector and residuum are independently rescaled.
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4.3.1 Single-Phase Flow

Here, in addition to the examples discussed in section 4, the convergence
behavior of the i-MSFV method for single-phase flow in particularly chal-
lenging reservoirs is investigated. The rectangular 2D domain is discretized
by a Cartesian, equidistant 220 × 55 fine grid. No-flow conditions are ap-
plied at the bottom and top walls; at the left and right boundaries, constant
dimensionless pressure values of 1 and 0 are applied, respectively. The con-
vergence histories for the permeability fields from the top and bottom layers
(Figs. 5 and 11) of the 3D SPE 10 test case [19] are shown in Figs. 28a and
28b, respectively, where a 20 × 5 coarse grid was employed. As previously,
the error is defined as the logarithm of the maximum absolute difference be-
tween the approximate i-MSFV and the reference fine-scale pressure values.
While for the top layer a good convergence rate is achieved with ns = 10
(Fig. 28a), approximately 250 smoothing steps are required for optimal con-
vergence with the bottom layer permeability field (Fig. 28b). However, also
in this case many more smoothing steps are necessary, if LR is employed as
an iterative linear solver (∼ 105 iterations are necessary in order to reduce
the error by 5 orders of magnitiude). Moreover, Fig. 29 illustrates that the
number of smoothing steps can be reduced dramatically, if a coarsening fac-
tor of Γ = 5× 5 (and fine grid of 220× 60) instead of Γ = 11× 11 (and fine
grid of 220× 55) is employed.
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Figure 28: Numerical convergence histories with the permeability field of
Fig. 11a (a) and Fig. 11b (b) for α = 1, Γ = 11 × 11, and a fine grid of
220× 55.
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Figure 29: Numerical convergence histories with the permeability field of
Fig. 11b with a fine grid of 220× 60 and Γ = 5× 5.

As a further test case, a rectangular domain with two almost impermeable
shale layers is considered (Fig. 30a); the mobility in the shale layers is 1010

times smaller than in the rest of the domain. The equidistant Cartesian fine
grid consists of 55 × 55 cells and the coarse grid for the i-MSFV method
contains 5× 5 volumes. Again, no-flow conditions are applied at the bottom
and top boundaries and at the left and right sides the dimensionless pressure
values are set equal to 1 and 0, respectively. Fig. 30b shows the convergence
histories with ns = 10 for different aspect ratios.

4.3.2 Multi-Phase Flow

As already pointed out, in multiphase flow simulations the mobility λ and
therefore the pressure field evolve with time as the phase saturations are
transported through the domain. Obviously, this also affects the localization
boundary conditions, which continuously experience changes in the whole do-
main, even where the mobility remains constant. Consequently, in a straight
forward application of the i-MSFV method for multiphase flow, all correction
functions have to be re-computed multiple times every time-step. Although
the number of i-MSFV iterations is reduced by the good initial condition
obtained from the previous time step, such an approach is significantly more
expensive than the original MSFV method. Here it is shown that only infre-
quently updating the localization boundary conditions for the re-computation
of the correction functions is sufficient to obtain highly accurate solutions.
While at the beginning of a simulation a converged solution is computed,
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Figure 30: (a): shale layer test case together with 5 × 5 coarse grid. Each
coarse cell contains 11×11 fine cells (not shown). The mobility in the domain
is 1010 times higher than in the shale layers. (b): numerical convergence
history of the test case for ns = 10 and different α.

the same localization boundary conditions are used for a number of subse-
quent time steps and are only updated infrequently, e.g. each 10th time step
by applying one iteration. Therefore, for the major part of the simulation
the original MSFV method with slightly modified correction functions is em-
ployed and both basis and correction functions need to be updated in regions
only where the total mobility changes are significant [49, 50]. The compu-
tational cost of this algorithm is comparable with the one of the original
MSFV method. But typically, as shown next, the accuracy of the solutions
is dramatically improved.

The i-MSFV method with infrequently updating the localization condi-
tions is tested for two two-phase flow scenarios whith a viscosity ratio µ2/µ1

of 10 and the relative permeabilities kr1,2 = S2
1,2 (S1,2 ∈ [0, 1] are the phase

saturations) for the first test case and kr1,2 = S1,2 for the second one. The
permeability fields of Figs. 11a and 30a are employed and the rectangular
domains are discretized by 220 × 55 and 55 × 55 fine grids, respectively. In
both cases, coarse grids consisting of volumes containing 11 × 11 fine cells
with an aspect ratio of 10 are used and no-flow conditions are applied at the
whole domain boundary. Initially, the domains are occupied with phase two
and the less viscous phase is injected into the fine cell (1,1). In the first sce-
nario, production occurs from cell (220,55) and in the second scenario from
cell (55,55). For the numerical solution of the phase transport equation, an
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explicit scheme was employed. Figs. 31 and 32 show the saturation maps for
the two test cases after 0.165 pore volume injected (PVI). One can observe
that the i-MSFV method with updating the correction function boundary
conditions every 10th time step leads to results, which are virtually identi-
cal with the fine-scale reference solutions. On the other hand, the MSFV
solutions of these challenging test cases show significant deviations from the
reference.
Note that the required frequency and minimum number of employed itera-
tions, which are required to obtain good solutions, are problem dependent.
Moreover, as mentioned before, here, an explicit integration scheme is used
for the transport problem. Particularly, for implicit simulations the numbers
are expected to be different. Here, it is emphasized only on the fact that the
old solution can be used to enhance localization condition for the next time
steps and iterations can be employed once needed. Also, it is very important
to illustrate that there is no need to converge in order to obtain conservative
solutions. As mentioned before, the i-MSFV solutions are conservative after
any iteration level. In section 9 an extensive study on the average number
of additional iterations required to obtain good solutions in the sequentially
fully implicit framework is presented. Also, of high applicability importance
of the method, an adaptive strategy (ai-MSFV) and error control study in
the i-MSFV framework will be presented in section 10.
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Figure 31: Two-phase flow saturation maps for the SPE10 top layer test case
with µ2/µ1 = 10, kr1,2 = S2

1,2, and α = 10 after 0.165 PVI; (a): fine scale,
(b): i-MSFV result with local boundary conditions updated every 10th time
step by applying 1 iteration, (c): standard MSFV result.
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Figure 32: Two-phase flow saturation maps for the shale layer test case with
µ2/µ1 = 10, kr1,2 = S1,2, and α = 10 after 0.165 PVI; (a): fine scale result,
(b): i-MSFV result with local boundary conditions updated every 10th time
step by applying 1 iteration, (c): standard MSFV result.
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Part IV

Compressible Multiphase Flows

5 A General MSFV Method for Compress-

ible Flows

In this section, first a general MSFV framework for parabolic problems (com-
pressible flows) is presented. This MSFV framework is based on a new for-
mulation of the flow problem which leads to a symmetric system matrix. As
a result, in this method the basis functions are kept independent of the pres-
sure field and are not required to be updated due to pressure change in the
domain. The devised approach involves minimal assumptions and the full
governing equations are solved in local domains with assumed localization
conditions. Such an approach is not only more general and accurate than
previous methods; at the same time it is also computationally more efficient.
Moreover, to construct the coarse system, exactly the same procedure applies
as for the incompressible (elliptic) MSFV method.
In the next section, the i-MSFV method for compressible multiphase flow
in porous media (parabolic problems) is presented. Similar to the i-MSFV
method for elliptic problems [34], the solution field is smoothed in each itera-
tion step and used to improve the localization condition for the next iteration
step. So far, only a limited set of smoothers has been explored. For highly
anisotropic heterogeneous problems (or for simulations with a stretched grid),
however, line-relaxation proved to be very effective [34] and hence was used
as a smoother for this work.

This section is organized as follows. First the devised MSFV and i-MSFV
methods are motivated by a brief discussion about limitations of the exist-
ing studies. Then, the new governing equations for compressible flows are
presented. Based on that, the new MSFV method for parabolic problems
is introduced. Numerical test cases are then presented for a wide range of
test cases, followed by a section where the i-MSFV method for compressible
multiphase flow is introduced. Finally, the numerical convergence of the i-
MSFV method and its efficiency for multiphase flow simulations are studied
for different test cases.

5.1 Limitations of the Existing Methods

The MSFV method has been extended for the solution of parabolic problems
arising from compressible multiphase flow in porous media through three
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major works [66, 89, 60]. The proposed approaches proved to be effective for
many cases, in other ones they fail to give good results, however.

In the first approach [66] compressibility effects inside the localized domains
are neglected in order to avoid frequent updates of the basis functions. In
this approach, only the coarse-scale system accounts for the compressibility
effects. This scheme is computationally efficient, but requires additional
assumptions.

Later, an improved approach where compressibility effects were considered
only in the elliptic part of the localized problems was introduced [89]. The ap-
proach was introduced in an algebraic framework called the Operator Based
Multiscale Method (OBMM). The accumulation terms only appeared in the
coarse-scale system. In some of the difficult cases, the results of this ap-
proach were in better agreement with the corresponding fine-scale solutions
than those presented in [66]. However, neither the OBMM can properly
capture the transient fine-scale behavior.

To illustrate the limitation of the previously devised MSFV methods a single
phase ideal gas injection problem in a 1D domain is considered. Note that for
1D test cases there exists no localization assumption for the MSFV method
and, therefore, the fine-scale and MSFV results should be identical. The
domain contains 100 fine and 5 coarse cells. The pressure initially is constant
and at non-dimensional time τ ∗ = 0 the pressure at cell (1) is raised to 10
times higher value. At cell (100) the pressure is constant with the value
equal to the initial pressure. The pressure field at different non-dimensional
times is plotted in Fig. 33; of the fine-scale reference solution and of the
previously devised MSFV approaches. It is clear from this figure that all
previous approaches fail to correctly represent the transient behavior of the
parabolic pressure equation. The OBMM [89], however, can capture correctly
the steady state solution while the FSA [66] also entails errors in the steady
state condition.

None of the above mentioned approaches involves correction functions.
Recently, correction functions were employed to account for the accumulation
terms in the localized domains [60]. Similar to the previous approach [89],
however, basis functions were still numerical solutions of the elliptic part
of the full parabolic problem and had to be recomputed in each iteration
step. Although updating the basis functions adaptively helps to improve
the computational efficiency of the scheme, it is favorable to keep the basis
functions pressure level independent. Next it is shown how this is achieved
in the new MSFV framework.
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Figure 33: 1D single phase ideal gas injection test case: pressure at three
different non-dimensional times. Shown are the fine scale reference and pre-
viously devised MSFV solutions [89] using 100 fine and 5 coarse cells using
100 fine and 5 coarse cells. FSA based multiscale method was developed in
[66] and OBMM method was developed in [89].
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5.2 A Consistent Reformulation of the Pressure Equa-
tion Suited for the MSFV Framework

As explained in the subsection 1.1.1 the mass conservation law for phase
α, i.e. Eq. (1), together with the

∑γ
α=1 Sα = 1 constraint constructs the

system for γ + 1 unknowns (S1, ..., Sγ, p) [6]. It was also explained in the
same subsection that the implicit Euler time integration of the conservation
equations divided by the density ρn+1

α after summation over all phases α
results in a decoupled pressure equation reading

φn+1

∆t
− φn

∆t

γ∑

α=1

Bn+1
α ρnαS

n
α −

γ∑

α=1

Bn+1
α ∇ ·

(
ρn+1
α λα · (∇pn+1 − ρn+1

α g∇z)
)

= q.

(40)
Linearization of this equation results in the convergent iterative linear pres-
sure equation which in brief reads

C

∆t
(pν+1 − pν)−

γ∑

α=1

Bν
α∇ · (ρναλα · ∇pν+1) = Rν . (41)

For a detailed explanation of the terms appearing in Eqs. (40) and (41)
readers are referred to the governing equation subsection of the introduction
part of this thesis.
As mentioned before, this discretized formulation was already used to con-
struct the MSFV framework in previous studies [89, 60].
Here, however, for the sake of a more efficient MSFV formulation, which will
be explained later, the convective term is consistently modified as

γ∑

α=1

Bν
α∇·(ρναλα·∇pν+1) ≈ ∇·(λt·∇pν+1)−∇·(λt·∇pν)+

γ∑

α=1

Bν
α∇·(ρναλα·∇pν),

(42)
where λt =

∑γ
α=1 λα is the total mobility. Note that ν = ν + 1 = n + 1, if

converged. It is worth mentioning that for black-oil models, which are more
realistic to describe multiphase flow in oil reservoirs [6], one can still use this
expression. Additional effects are e.g. capillary pressure differences and mass
exchange between phases, which are treated on the right hand side, i.e. the
implicit convection operator has the same structure as in Eq. (42) [60].
Finally, the newly devised convergent iterative procedure for the fine-scale
pressure equation reads

C

∆t
(pν+1 − pν)−∇ · (λt · ∇pν+1) = RHSν , (43)
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where

RHSν = Rν −∇ · (λt · ∇pν) +

γ∑

α=1

Bν
α∇ · (ρναλα · ∇pν). (44)

Here, λα is calculated based on Snα leading to an IMPES (Implicit in Pres-
sure, Explicit in Saturation) scheme. In other words, Eq. (43) is solved until
convergence occurs, then the new pressure field is used to solve the satura-
tion equation (3) explicitly using a second order upwind scheme. Note that
alternatively, Eq. (3) can be solved implicitly, thus leading to a sequentially
implicit scheme [66, 89, 60]. It is an important property of relation (43)
that except for the accumulation term its structure is the same as for elliptic
problems. Next, it is explained how one can solve this linearized pressure
equation for compressible flows accurately using the MSFV method.

5.3 Algorithm

For incompressible flow, as explained in the previous section, basis and cor-
rection functions are local numerical solutions of an elliptic problem with and
without right hand side, respectively. Here, this idea is consistently gener-
alized for compressible multiphase flow. Therefore, the basis and correction
functions are computed by solving the localized problems

C

∆t
Φh
k −∇ · (λt · ∇Φh

k) = 0 (45)

and

C

∆t
Φhν −∇ · (λt · ∇Φhν) = RHSν +

C

∆t
p′
ν

(46)

on the dual coarse cells Ω̃h; again subject to the reduced problem boundary
condition as in the previously explained elliptic case (Eqs. (16) and (17)).
In contrast to the previous works [89, 60], there is no iteration superscript for
the basis function calculations, i.e. they have to be computed only once while
the correction functions are computed iteratively and take care of all pressure
dependencies. Note that in 3D there exist 8 times more basis than correction
functions. When convergence occurs, the first term on the left hand side
of Eq. (43) cancels out. Hence, the specific value of C does not affect the
numerical value of the converged solution, but affects the convergence rate.
As C is a monotone function of the pressure, it can be computed based
on either p′ν or p′n (or some reference pressure). In this work, to keep the
basis functions totally out of the iteration loop, C is computed based on p′n.
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An illustration of the basis and correction functions for parabolic problems
(Eq. (45) and (46)) is given in Fig. 34. Moreover, Fig. 34 (left) emphasizes
the difference between a basis function, which is calculated based on the full
parabolic equation, i.e. Eq. (43), and the elliptic part of it, i.e. without the
C
∆t

Φh
k term (wireframe). Finally, the time size for calculation of basis and

correction functions are the same as that of the global parabolic problem.

0

0.5

1

x1
x3

x4

Ω h~

x2

Φh
1

x1
x3

Ω h~

x2

Φh

Figure 34: Illustration of the basis function Φh
1 (left) and correction function

Φh (right) for parabolic problems. The permeability map for the correspond-
ing localized domain Ω̃h is partly shown on the base surfaces. Also shown
(left) is the wire-frame of the basis function for the corresponding elliptic
problem, i.e. without first term on the left-hand-side of Eq. (45).

To derive a linear system for the coarse pressure values p̆k, we follow
exactly the described procedure for incompressible flow. Since the basis
and correction functions are solutions of the full parabolic problem in the
localized domains, no further consideration in the coarse scale system, such as
averaging the accumulation term, is necessary (opposed to [60]). Substituting
expression (15) into Eq.(43) and integrating over Ω̆l leads to

∫

Ω̆l

C

∆t

( N∑

h=1

(
M∑

k=1

p̆ν+1
k Φh

k + Φhν)− p′ν
)
dΩ −

∫

∂Ω̆l

(
λt ·

N∑

h=1

(
M∑

k=1

p̆ν+1
k ∇Φh

k +∇Φhν)
)
· n̄ldΓ =

∫

Ω̆l

RHSνdΩ +

∫

Ω̆l

qdΩ,

(47)
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which results in an iterative linear system

Alkp̆
ν+1
k = bνl (48)

for p̆n+1
k with

Alk =
N∑

h=1

( ∫

Ω̆l

C

∆t
Φh
kdΩ−

∫

∂Ω̆l

(λt · ∇Φh
k) · n̄ldΓ

)
(49)

and

bνl =

∫

Ω̆l

(
RHSν +

C

∆t
p′ν
)
dΩ −

N∑

h=1

( ∫

Ω̆l

C

∆t
ΦhνdΩ−

∫

∂Ω̆l

(λt · ∇Φhν) · n̄ldΓ
)
.

(50)

Using p̆ν+1 for p̆ in expression (15) gives the new fine-scale pressure field
p′ν+1. The iterative procedure is repeated until p′ converges, i.e. until
||p′ν+1−p′ν ||∞ < ε, where ε is a specified convergence parameter. As already
mentioned, a conservative velocity field must be reconstructed in order to
solve the saturation transport equations on the fine grid. We reconstruct
it by solving Eq. (43) locally subject to the Neumann boundary conditions
based on p′n+1; similar as in the incompressible case. The resulting pressure
field p′′n+1 is considered as the final solution at the time step n + 1. Fi-
nally, this conservative total velocity field is employed to explicitly solve the
saturation equation (3) using a second order upwind scheme.

From the parabolic basis function calculation (Eq. (45)) and the coarse-
scale matrix A (Eq. (49)) it is clear that the accumulation term (compress-
ibility coefficient) appears as a stencil in the coarse-scale system, and not
only as a diagonal contribution. This is an important factor for the high
accuracy of the method, which will be illustrated for several test cases in the
next section. An algorithmic overview of the proposed MSFV method for
compressible multiphase flow problems is presented in Table 3.

5.4 Numerical Results

5.4.1 Single-phase Flow

To analyze the performance of the new scheme compared to the previous
studies, first a one dimensional (1D) homogeneous single phase flow problem
is studied. No gravity effects are considered and the domain is initially filled
with ideal gas at atmospheric pressure (14.7psi). The right boundary is kept
at a constant pressure of 14.7psi and at time t = 0, the pressure at the left
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initialize p′(t=n)

∀h : ∀k : compute basis functions Φh
k; Eq. (45)

from ν = 1 to convergence {
∀h : compute correction functions Φhν ; Eq. (46)
solve coarse system A · p̄ν+1 = bν ; Eq. (48)
reconstruct p′ν+1; Eq. (15)
update properties
ν ←− ν + 1

}
reconstruct p′′n+1 and calculate conservative velocity field; Eq. (43)
solve saturation transport equations; Eq. (3)

Table 3: Algorithmic outline of one time step with the MSFV method for
compressible multiphase flow.

boundary is increased to 10atm (147.0psi). We recall the state equation of
ideal gas under isothermal conditions, i.e.

ρg
ρg0

=
p

p0

, (51)

where ρg0 is the density at atmospheric pressure p0. The computational
domain contains 105 fine cells and 5 coarse cells. Figure 35 shows results at
different non-dimensional times t∗ = t/τ , where

τ =
µφL2

k̄(pl − pr)
. (52)

In Eq. (52), k̄ is the average permeability in the domain, L is the length
of the domain, and (pl − pr) is the pressure difference between the left and
right boundaries. It can be observed that the new MSFV method (Fig. 35
(left)) leads to results, which are virtually identical to the fine-scale reference
solutions. It is remarkable that unlike in previous works [66, 89] (Fig. 35
(right)) no peculiarities in the results were observed for the early transient
phase.

Since no localization assumption is required for 1D problems, the MSFV
and fine-scale solutions are identical up to machine accuracy. Note that
in 2D or 3D, convergence of the MSFV solution can be achieved (even for
highly anisotropic heterogeneous problems) by iteratively improving the lo-
calization assumption, i.e. by improving the boundary condition of the local
problems [34].
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Figure 35: 1D single phase gas injection test case: pressure at three different
times. Shown are the new MSFV and fine scale reference solutions (left)
using 105 fine and 5 coarse cells together with previous multiscale solutions
presented in [89] (right) using 100 fine and 5 coarse cells. FSA based and
OBMM multiscale method was developed in [66] and [89], respectively.

5.4.2 Depletion in 1D and 2D

As a second test case, depletion of a liquid-gas reservoir is studied. No gravity
effects are considered and the reservoir pressure is initially at 10 atmosphere
(147.0 psi). At t = 0 the pressure at the right boundary is decreased to one
atmosphere (14.7 psi), while it is kept constant at the left boundary. At
top and bottom, no-flow boundary conditions are applied. The domain is
initially filled with 50% ideal gas and 50% water. Porosity of the medium
and viscosity ratio µg/µw are set to 0.1 and 1.8× 10−2 everywhere, and the
water compressibility is neglected. Water saturation Sw at the left boundary
is kept constant at 0.5. For all test cases presented in this paper, relative
permeability is modeled as a quadratic function of the corresponding phase
saturation.

First, a homogeneous 1D domain containing 105 fine and 5 coarse cells
is considered. Fig.36 shows the MSFV results (pressure and saturation) at
different times and it can be observed that they are in perfect agreement
with the fine-scale reference solutions.

Another study was considered with a 2D permeability field which was ex-
tracted from the top layer of the SPE comparative test case 10 [19] (Fig. 5).
The grid consists of 220 × 55 fine and 20 × 5 coarse cells. MSFV pressure
and saturation maps at t∗ = 10−4, t∗ = 10−3, and t∗ = 10−2 are depicted on
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the right of Figs. 37 and 38, respectively, and the corresponding fine-scale
reference solutions are shown on the left. For better comparison, the satura-
tion maps are only shown for x > 160. In addition, Figs. 39 and 40 show
results at t∗ = 10−1 and t∗ = 1, respectively. Again, the MSFV and fine-scale
solutions are in excellent agreement.
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Figure 36: Depletion of a homogeneous 1D domain: fine-scale solutions (using
105 cells) compared with the MSFV results (using 5 coarse cells); pressure
(left) and water saturation (right) at different non-dimensional times.

5.4.3 Five-spot problem: ideal gas injection

As another test case, the injection of an ideal gas into a 2D heterogeneous
domain with the same permeability as shown in Fig. 5 is studied. No-flow
boundary conditions are applied everywhere. The domain is initially filled
with oil at atmospheric pressure (14.7 psi) and no gravity effects are taken
into account. At t > 0, an ideal gas is injected at a constant volumetric
rate from the left-bottom corner (fine cell (1,1)) and production occurs at
the upper-right corner (fine cell (220,55)) at a constant pressure of 14.7psi.
The viscosity ratio is 10 and it is assumed that the oil density obeys the
isothermal linear equation of state, i.e. that

ρo
ρo0

= 1 + 10−3(p− p0), (53)

where ρo0 is the density at the reference pressure p0 = 14.7psi. Results
are shown in Fig. 41 after 0.132 PVI (Pore Volume Injected). For better
comparison, Fig. 42 shows the absolute pressure and saturation differences
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Figure 37: Heterogeneous 2D depletion test case: pressure filed obtained from
the fine-scale simulation using 220× 55 fine cells (left) and from the MSFV
simulation using 20 × 5 coarse cells (right) at t∗ = 10−4 (top), t∗ = 10−3

(middle), and t∗ = 10−2 (bottom).
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Figure 38: Heterogeneous 2D depletion test case: water saturation maps
obtained from the fine-scale simulation using 220 × 55 fine cells (left) and
for the MSFV simulation using 20× 5 coarse cells (right) at t∗ = 10−4 (top),
t∗ = 10−3 (middle), and t∗ = 10−2 (bottom). The results are only depicted
for x > 160.
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Figure 39: Heterogeneous 2D depletion test case: water saturation maps
obtained from the fine-scale simulation using 220 × 55 fine cells (left) and
from the MSFV simulation using 20× 5 coarse cells (right) at t∗ = 10−1.
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Figure 40: Heterogeneous 2D depletion test case: water saturation maps
obtained from the fine-scale simulation using 220 × 55 fine cells (left) and
from the MSFV simulation using 20× 5 coarse cells (right) at t∗ = 1.
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between the fine-scale and MSFV solutions. Again, a very good agreement
can be observed.
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Figure 41: Heterogeneous 2D gas injection test case: pressure field (left)
and gas saturation maps (right) obtained for the fine scale simulation using
220× 55 fine cells (top) and from the MSFV simulation using 20× 5 coarse
cells (bottom) at 0.132 PVI. The permeability field of Fig. 5 was employed.
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Figure 42: Heterogeneous 2D gas injection test case: absolute difference be-
tween the pressure (left) and saturation (right) fields obtained from the fine-
scale and MSFV simulations; corresponding to the results shown in Fig. 41.

As another test case, the SPE10 bottom layer [19] (Fig. 11) with the same
grid, phase properties and initial conditions as for the top layer test case is
considered. Again, no-flow boundary conditions are applied everywhere. Gas
is injected from the upper left corner (fine cell (1,55)) at a constant pressure
of 147.0psi and oil is produced at the bottom-right corner (fine cell (220,1))
at a constant pressure of 14.7psi. Fine and MSFV results are presented in
Fig. 43 after t = 0.189τ (based on oil viscosity µo = 1, Lx = 220, k̄ = 580.438,
and ∆p = (147.0psi − 14.7psi)). As for the previous test cases, a very
good agreement can be observed. For better comparison, absolute differences
between the fine-scale and MSFV pressure and saturation solutions are shown
in Fig. 44.
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Figure 43: Heterogeneous 2D gas injection test case: pressure field (left) and
gas saturation maps (right) obtained from the fine scale simulation using
220× 55 fine cells (top) and from the MSFV simulation using 20× 5 coarse
cells (bottom) at t∗ = 0.189; the permeability field of Fig. 11 was employed.
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Figure 44: Heterogeneous 2D gas injection test case: absolute difference be-
tween the pressure (left) and saturation (right) fields obtained from the fine-
scale and MSFV simulations; corresponding to the results shown in Fig. 43.
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5.4.4 Gas injection with gravity effects

As a final test case, the injection of an ideal gas into a vertical homogeneous
2D domain with strong gravity effects is considered. Initially, the domain is
filled with oil (Eq. (53)) at a pressure of 147.0psi. The problem is initialized
by setting at the upper boundary a constant pressure of 147.0psi (Fig. 45).
Then, an ideal gas (Eq. (51)) is injected with constant rate from the bottom
left corner (fine cell (1,1)), while production occurs from the top right of
the domain (fine cell (44,44)) at a constant pressure of 147.0psi. The density
ratio at STC (Stock Tank Condition) ρ0o/ρ0g is 100, the viscosity ratio µo/µg
is 5, and the porosity is 0.2. The grid contains 44 × 44 fine cells and 4 × 4
coarse cells with no-flow boundary condition everywhere (Fig. 45). Fine-scale
and MSFV pressure and saturation solutions are presented in Fig. 46 after
0.08 PVI .
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Figure 45: Homogeneous 2D gas injection with gravity effects: initialized
problem by setting at the upper boundary a constant pressure of 147.0 psi.
Also shown are 4× 4 coarse grid used in MSFV simulation.

For better comparison, Fig. 47 depicts the absolute differences between
the fine-scale and MSFV results. It can be observed that there is very good
agreement.

6 I-MSFV Method for Compressible Flows

6.1 Limitations of the MSFV method

As shown in the previous sub-sections, the MSFV method provides highly
accurate results for many challenging test cases. This is not always the case,
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Figure 46: Homogeneous 2D gas injection with gravity effects: pressure (left)
and gas saturation maps (right) obtained from the fine-scale simulation using
44 × 44 fine cells (top) and the MSFV simulation using 4 × 4 coarse cells
(bottom) at 0.08 PVI.
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Figure 47: Homogeneous 2D gas injection with gravity effects: absolute dif-
ference between the pressure (left) and saturation (right) fields obtained from
the fine-scale and MSFV simulations; corresponding to results of Fig. 46.

however, which is demonstrated for the following problematic test cases. The
first of these test cases employs the permeability distribution shown in Fig. 11
(from SPE10 bottom layer). The grids, initial, and boundary conditions
correspond to the previously shown quarter-five-spot test case, but here only
single phase gas flow is considered. Gas is injected at the upper-left corner
at a constant rate and production occurs at the bottom-right corner. A time
step size of ∆t = 2.657×10−3 PVI is chosen and Fig. 48 shows fine-scale and
MSFV pressure solutions after one time step. One can observe local pressure
peaks in both the non-conservative and conservative MSFV pressure fields
(p′ and p′′, respectively), which are unphysical. Moreover, the size of these
peaks grows with time.

The next test case is almost a copy of the previous one, except that the
permeability distribution shown in Fig. 5 is employed (from SPE10 top layer)
and that the grid aspect ratio α = ∆x/∆y = 5. Note that this results in an
effective increase and decrease of the transmissibilities by the factor α in y-
and x-directions, respectively. Fine-scale reference solutions along with the
results obtained with the new MSFV method are presented in Fig. 49 after
one time step ∆t = 0.011 PVI. Again, one can observe local pressure peaks
in the non-conservative and conservative MSFV pressure fields (p′ and p′′,
respectively), which are unphysical and the size of which grows with time.

The problem of the MSFV method with anisotropic permeability fields and
large grid aspect ratios has been studied previously for incompressible (ellip-
tic) cases [57, 67, 43, 34]. It was shown that this issue refers to an unstable
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Figure 48: Heterogeneous 2D single phase gas injection test case: pressure
fields obtained by (a): fine-scale reference approach pf ; (b): MSFV method
p′ (non-conservative); (c): MSFV method p′′ (conservative) after one time
step ∆t = 2.657 × 10−3 PVI. Fine-scale solution is obtained using 220 × 55
fine cells while the MSFV results are obtained using 20 × 5 coarse cells;
permeability of Fig. 11 is employed.
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Figure 49: Heterogeneous 2D single phase gas injection test case: pressure
fields obtained by (a): fine-scale reference approach pf ; (b): MSFV method
p′ (non-conservative); (c): MSFV method p′′ (conservative) after one time
step ∆t = 0.011 PVI. Fine-scale solution is obtained using 220× 55 fine cells
while the MSFV results are obtained using 20× 5 coarse cells. Permeability
of Fig. 5 and aspect ratio α = 5 are employed. For better comparison, results
in x-direction are shown for the first six coarse cells.
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localization assumption provided by the reduced problem boundary condition
[67]. From another point of view, for anisotropic problems the monotonicity
region of the MSFV coarse operator, which is based on a 9-point stencil, is
very limited [43]. Hence, a compact MSFV method was proposed, which
leads to better results [43]. Finally, an iterative MSFV method was devised
[34]. The i-MSFV method converges to the fine-scale reference and improves
the results of anisotropic cases dramatically after already a few iterations.
Next, it is explained how the new MSFV method for parabolic problems can
be extended to become a convergent iterative MSFV method.

6.2 Iterative MSFV method for parabolic problems

As mentioned before, while the MSFV method with reduced problem bound-
ary conditions proved to be very accurate for many challenging test cases, it
fails to give good results for problems with stretched grids, highly anisotropic
permeability fields or permeability fields with sharp contrasts. As shown pre-
viously in this thesis, such solutions can dramatically be improved by a few
iterations, in which the boundary conditions of the local problems leading
to the correction functions are updated based on the most actual fine-scale
pressure reconstruction [34].

The i-MSFV method [34] improves the boundary conditions of the local-
ized problems iteratively and the solutions converge to the fine-scale refer-
ence. It can either be used as a multiscale method (no iteration) or as an
efficient iterative linear solver (with enough iterations). In each iteration,
the boundary conditions of the localized problems leading to the correction
functions are updated based on a pressure field, which results from smooth-
ing p′νs , i.e. the reconstruction after the previous iteration. In other words,
the localization condition (23) is replaced by the iterative expression

rh,ν = (ñh · ∇)
(
(λ · ∇p′νs ) · ñh

)
at ∂Ω̃h ∀h ∈ [1, Nd]. (54)

Since in the new MSFV method for parabolic problems the correction
functions are recomputed anyhow after each iteration step due to the pressure
dependent parameters, little additional cost is involved to iteratively update
the localization boundary conditions at the same time as described above.
Note that no further modifications are necessary to apply the i-MSFV method
for compressible problems.

The smoother is essential for convergence and one can think of many vari-
ants. Here, line-relaxation (LR) is used, since it proved to be very effective
for cases with highly anisotropic permeability fields or stretched grids [34].
LR is applied ns times (inner loop) in all spacial directions. A pseudo code
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of the overall algorithm is presented in Table 4. Note that besides the lo-
calization boundary conditions, also the coefficients are updated based on
the latest smoothed pressure field p′ν+1

s . If the outer loop is repeated until
convergence is achieved, i.e. until ||p′ν+1 − p′ν ||∞ 6 ε, then there is no need
to reconstruct the conservative pressure field p′′n+1. On the other hand, if
only a few iterations are performed to improve the multi-scale solution, the
conservative reconstruction ensures that the reconstructed fine-scale velocity
field still is conservative, even for a solution far from the converged one.

initialize p′ν=1 = p′n

∀h : ∀k : compute basis functions Φh
k; Eq. (45)

from ν = 1 to number of i-MSFV iterations nν {
set p′νs,0 = p′ν

for i = 1 to number of smoothing steps ns {
apply line-relaxation [34] in all spacial directions on p′νs,i−1 ⇒ p′νs,i
update properties based on p′νs,i

}
∀h : compute correction functions Φhν with properties based on p′νs,ns ; Eq. (46)
solve coarse system A · p̄ν+1 = bν ; Eq. (48)
reconstruct p′ν+1; Eq. (15)
ν ←− ν + 1

}

Table 4: Outline of the i-MSFV method for compressible multiphase flow.

6.3 Numerical Results

6.3.1 Numerical Convergence study

The performance of the i-MSFV method for compressible multiphase flow
is studied for homogeneous-isotropic, heterogeneous-isotropic, homogeneous-
anisotropic, and heterogeneous-anisotropic problems. All domains are ini-
tially filled with an ideal gas at atmospheric pressure (14.7 psi) and no grav-
ity effects are considered. At t = 0, the pressure at the left boundary is
elevated to 147.0 psi, while it is kept constant at the right boundary. No-
flow boundary conditions are applied at the top and bottom walls. For the
homogeneous test cases, the permeability is equal to 1 and the heterogeneous
permeability fields are subdomains of the SPE10 [19] top layer (ln(k) mean
and variance are -0.29 and 6.66, respectively). The porosity φ is 0.3 for all
test cases. The fine and coarse grids contain 44 × 44 and 4 × 4 coarse cells
and to study the effect of anisotropy, a fine cell aspect ratio α (width over
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height) of 10 is employed. Figure 50 depicts the computational domain as
well as the natural logarithm (ln) of the heterogeneous permeability field.
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Figure 50: Test case for convergence study of the i-MSFV method: compu-
tational domain, which consists of 44 × 44 fine cells and 4 × 4 coarse cells
(left), and natural logarithm of the heterogeneous permeability field (right).

Figure 51 shows the pressure maps after one non-dimensional time step ∆t∗ =
∆t/τ (∆t∗ = 0.03 for the homogeneous and ∆t∗ = 0.01 for the heterogeneous
test cases). The time scale τ is computed based on Laniso. = αLiso., k̄hom. = 1,
and k̄het. = 11.2421.
Figure 52 shows the base-10 logarithm (log) of the maximum pressure error in
the domain normalized with the pressure difference between the left and right
boundaries, i.e. log(ε) with ε = ‖ p′ν+1 − pn+1

f ‖∞/(pl−pr), as a function of i-
MSFV iterations and smoothing steps (per iteration) ns for the homogeneous
(Figs. 52a and 52c) and heterogeneous (Figs. 52b and 52d) cases with α = 1
(Figs. 52a and 52b) and α = 10 (Figs. 52c and 52d).
The convergence rate of the i-MSFV method (average slope between log(ε) =
−3 and log(ε) = −9) as a function of ∆t∗ is shown in Fig. 53 for different
ns.
Note that the i-MSFV algorithm (Table 4) and the MSFV algorithm (Table
3) for compressible multiphase flow are iterative schemes converging to the
original non-linear pressure equation (Eq. (40)) exactly and approximately,
respectively. It is clear from Fig. 54 that the i-MSFV method converges to
the fine-scale reference solutions faster than the MSFV method to approx-
imate solutions. In other words, improvement of the localization condition
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Figure 51: Convergence study of the i-MSFV method: pressure maps
after one non-dimensional time step ∆t∗ = 0.03 and ∆t∗ = 0.01
for the homogeneous and heterogeneous cases, respectively. From left
to right: homogeneous-isotropic, heterogeneous-isotropic, homogeneous-
anisotropic (α = 10), heterogeneous-anisotropic (α = 10).
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Figure 52: Convergence study of the i-MSFV method: numerical convergence
history for the (a) homogeneous - isotropic (∆t∗ = 0.03), (b) heterogeneous -
isotropic (∆t∗ = 0.01), (c) homogeneous - anisotropic (∆t∗ = 0.03, α = 10),
and the (d) heterogeneous - anisotropic (∆t∗ = 0.01, α = 10) cases.
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Figure 53: Convergence study of the i-MSFV method: convergence rates as
a function of the non-dimensional time step size ∆t∗ for the (a) homogeneous
- isotropic, (b) heterogeneous - isotropic, (c) homogeneous - anisotropic (α =
10), and the (d) heterogeneous - anisotropic (α = 10) cases.
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not only improves the quality of the results, but also enhances the conver-
gence rate. The only additional cost for the i-MSFV method compared with
the MSFV method is due to the smoothing step.
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Figure 54: Convergence study of the i-MSFV and the MSFV methods: con-
vergence rates as a function of the non-dimensional time step size ∆t∗ for
the i-MSFV homogeneous-isotropic (left) and heterogeneous-isotropic (right)
test cases. Note that the MSFV does not converge to the fine-scale reference
solution.

6.3.2 Multiphase flow simulations

As described in the previous subsection, one may not be interested to use the
i-MSFV method as a linear solver, but as an algorithm to improve the quality
of the MSFV results. Therefore, in this subsection we consider the previously
described quarter-five-spot test case with the permeability of SPE10 top
layer (Fig. 5) and α = 10. Remember that for this test case the MSFV
method leads to unphysical solutions. Phase properties, initial and boundary
conditions are the same as for the previously described test case. Gas is
injected with a constant rate at the upper-right corner (fine cell (220,55))
and oil is produced from the bottom-left corner (fine cell (1,1)), where the
pressure is kept constant at 14.7psi (initial pressure). Here, only two i-
MSFV iterations (nν = 2) are performed in each time step with ns = 10.
The conservative pressure field p′′ is computed once at the end of each time
step. Fig. 55 shows the results after 0.2116 PVI. It is clear that results are
virtually identical. One could also employ the idea of infrequently updating
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the boundary conditions [34] to improve the computational efficiency, but
this is beyond the scope of this paper.
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Figure 55: i-MSFV method for multiphase flow with α = 10 and the perme-
ability field of Fig. 5: pressure field (left) and gas saturation maps (right)
obtained for the fine scale simulation using 220×55 fine cells (top) and from
the i-MSFV simulation using 20 × 5 coarse cells (bottom) at t = 0.2116
PVI. For the i-MSFV simulation, two iterations with ns = 10 per time was
employed.
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Part V

Fractured and Faulted Porous
Media

7 I-MSFV Method for Fractured Porous Me-

dia

7.1 Introduction

Mathematical formulations describing flow in natural porous media are typi-
cally governed by highly heterogeneous anisotropic tensorial coefficients (hy-
draulic conductivity) at different scales. Moreover, a considerable percentage
of natural formations, e.g. carbonate reservoirs, are fractured in the sense
that there exist highly conductive channels (with small apertures) at various
length scales acting as phase transport highways. In addition to the complex
geometries, the high contrast in the physical properties and length scales
(compared to those of the matrix) results in very expensive fine scale sim-
ulations. Therefore, there have been extensive studies during the past five
decades to reduce the problem complexity and as a result different modeling
approaches and numerical strategies suitable for different types of fractures
have been proposed [9, 86, 55, 56, 75, 8, 84, 7, 10, 59, 58, 64, 54, 72, 74, 33].

The dual porosity model approach and its devisions [9, 86, 55, 56] were
proposed for naturally fractured porous media with many small fractures.
More precisely, this method introduces effective coefficients for (n − 1) di-
mensional (D) fractures by mapping (upscaling) them into a continuum nD
domain. This upscaling based strategy results in reasonably efficient simula-
tions with the cost of additional assumptions. More specifically, this method
is appropriate for problems with only small scale fractures. For problems
with long scale fractures, however, this approach fails to provide good so-
lutions. This is due to the fact that in this approach no general upscaling
strategy is possible. To obtain more accurate simulations, the discrete frac-
ture modeling approach was devised; see e.g. [75, 7, 54]. In that approach,
geometry and locations of fractures are honored accurately by using complex
unstructured gridding techniques [72]. The grid is generated with the con-
straints that the fracture elements are located at the matrix cell interfaces
and that the matrix cells around fractures are small enough to capture the
correct fracture geometries. The latter constraint often results in very small
cells, especially near intersections. Besides the fact that small cells lead to
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big linear systems, they also impose time step restrictions for multiphase
transport simulations.
It is very important to keep in mind that this approach has limited applica-
bility for realistic scenarios due to the complex conforming grids. Moreover,
this approach is not suited for dynamic fracture network problems, as e.g.
in simulations of enhanced geothermal systems, where the grid has to be up-
dated frequently due to generations of new fractures. In such applications, it
is preferable to work with independent discretizations for the discrete large
fractures and the damaged matrix.

Motivated by the previously discussed issues, a hierarchical fracture mod-
eling approach was introduced [59, 58, 64]. In this approach, small scale
fractures are homogenized and treated as a continuous damaged matrix with
effective coefficients. Large-scale fractures, on the other hand, are explic-
itly represented by a coupled discrete fracture model. More precisely, simple
structured nD and (n − 1)D grids are independently generated for matrix
and fractures, respectively. Note that neither grid alignment nor any other
constraints apply.
In this work, a hierarchical fracture modeling approach which is suited for
multiscale methods [44, 46, 45, 24, 3, 4, 17, 47, 48, 26, 1, 32, 2, 50, 53] is intro-
duced. Moreover, as will be demonstrated later in this paper, for highly con-
ductive fractures the proposed strategy leads to enhanced convergence rates
independent of the MSFV method. One additional constraint per fracture
network is aded to the matrix equations, which is crucial to ensure enough
coupling to achieve good convergence rates. Combining a hierarchical frac-
ture model to a muliscale method for reservoir simulation is of interest, since
multiscale methods are capable of honoring fine-scale transmissibility varia-
tions with much fewer degrees of freedom (DOF) than classical simulators.
Such fine-scale variations become an even bigger issue in highly fractured
reservoirs. In order to properly deal with transport it is highly desirable to
work with a multiscale method, which delivers conservative fine-scale velocity
fields; see e.g. [41, 42]. Therefore, here the multiscale finite-volume (MSFV)
method is favored, which requires fewer DOFs than mixed multiscale meth-
ods and still is conservative opposed to e.g. the multiscale finite-element
methods. Moreoever, as shown recently, in this framework the error can sys-
tematically be reduced [34, 37, 12, 70, 13, 90]; adaptive in space and time
[38]. Opposed to classical iterative solvers like algebraic multigrid (AMG)
[85], conservative solutions can be constructed after any iteration, i.e. it is
not required to fully converge.

In this work, the i-MSFV method is extended for the solution of the
hierarchical fracture problem using the proposed sequential coupling strategy.
To capture fractures accurately at the coarse scales, local fracture functions
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are introduced. The fracture functions are solved as local problems, similar
to the basis and correction functions, based on the full governing equations
(with fracture-matrix couplings) subject to the reduced problem boundary
conditions. This results in only one additional coarse DOF per fracture
network. Inner and outer iterations are applied to enhance the correction
function boundary conditions and for the convergence of the sequentially-
coupled fracture-matrix system, respectively. A classical iterative fine-scale
solver is used as the smoother, which is necessary to guarantee convergence;
alternatively a Krylov sub-space method like GMRES [81] can be used to
stabilize the system [70]. Here we employ line-relaxation as a smoother,
since it is very robust for problems with stretched grids. The convergence
history of the new i-MSFV method for fractured porous media is tested for a
wide range of test cases. Moreover, the efficiency of the method is studied for
multiphase flow in heterogeneous and homogeneous fractured porous media.
Numerical results show that the i-MSFV method is a flexible iterative method
which is efficient for multiphase simulations in highly heterogeneous fractured
porous media.

The chapter is organized as following. Section 7.2 consists of two subsec-
tions. First, the governing equations for the hierarchical fracture modeling
approach together with the model parameters are introduced. Then, in the
second subsection, a previously proposed tightly coupled simulation strategy
is explained. The sequentially-coupled strategy is then introduced in section
7.3 followed by section 7.4, where the new i-MSFV method for the fractured
porous media is introduced. Numerical results for single and multiphase flow
scenarios are presented in section 7.5.

7.2 Hierarchical Fracture Modeling Approach

In this section the hierarchical fracture modeling approach is explained.
First, the governing equations together with the model parameters, and then
a previously presented fully coupled numerical simulation strategy [59, 58]
are explained.

7.2.1 Governing equations and modeling parameters

Here, Darcy’s law for incompressible multiphase flow without capillary nor
gravity effects is assumed. In that case total volume balance reads

−∇ · (λt · ∇p) = qt on Ω ⊂ Rn (55)

with ∇p · n = ζ1 and p = ζ2 at the boundaries ∂Ω1 and ∂Ω2, respectively.
Note that ∂Ω = ∂Ω1 ∪ ∂Ω2 is the whole boundary of the domain Ω and
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∂Ω1 ∩ ∂Ω2 = ∅. Moreover, n is the unit normal vector at ∂Ω pointing
outwards, p is the pressure, λt the total mobility, qt the total volumetric
source term, and ζ1 and ζ2 are specified quantities at the boundary. In a

system with Nph phases note that λt =
∑Nph

α=1 λα, where λα = Kkrα/µα
is the phase mobility with the positive definite permeability tensor K, the
saturation dependent relative permeability krα, and the phase viscosity µα.

In fractured porous media the length scales and permeability fields entail
high contrasts. Therefore, in the hierarchical fracture modeling approach
small scale fractures are homogenized and represented as part of the con-
tinuum described by the effective matrix coefficients Km ∈ Rn. For large
fractures a discrete lower dimensional representation with effective conductiv-
ities Kf ∈ Rn−1 is employed. Note that the effective conductivity is related
to the fracture aperture a asKf = a2/12 I, with I being the identity matrix.
Equation (55) is then separated for the matrix and long fractures, i.e.

−∇ · (λt · ∇p)m + Ψmf = qmt on Ωm ⊂ Rn (56)

and

−∇ · (aλt · ∇p)f + aΨfm = aqft on Ωf ⊂ Rn−1, (57)

where Ψmf and Ψfm are the flux interactions between large scale fractures
and matrix, and superscripts m and f denote matrix and fracture quantities,
respectively. Note that

∫

Ω

Ψmfdx =

∫

Ω

aΨfmδ(d)dx (58)

holds, where δ(d) is the Dirac delta.
It is worth re-emphasizing that the fracture equation is solved on the lower
dimensional fracture manifolds, while the homogenized small scale fractures
are treated by the matrix equation [64].
The flux interaction is modeled similar as in classical well models [78], e.g. in
a volume V intersecting with a fracture interface A one obtains the volume
averaged source

Ψmf
V = CIλmt (pm − pf )/V = ηm(pm − pf ) (59)

in the discretized matrix pressure equation and the areal averaged source

aΨfm
A = CIλmt (pf − pm)/A = ηf (pf − pm) (60)

in the discretized fracture pressure equation. Analogous to well productivity
indices [78], the connectivity index CI is a measure of the total flux between
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a fracture element of area A and a matrix element of volume V ; normalized
by the pressure difference and the matrix parameter λmt . By definition total
flux balance between fractures and matrix is guarantied, i.e.

∫

V

Ψmf
V dV = −

∫

A

aΨfm
A dA. (61)

Note that the connectivity indices CI ([CI] = L1) are grid dependent
quantities. To illustrate how they can be computed, a 2D problem with one
fracture network consisting of three connected fracture lines is considered
(see Fig. 56). The matrix is discretized by a Cartesian grid and the fractures
are independently divided into connected fracture segments. Obviously, Ψmf

V

is non-zero only in those matrix cells, which overlap with at least one fracture
segment, and the value of CIi−j can be calculated based on the area fraction
Ai−j of the fracture segmet i inside the matrix cell j, i.e.

CIi−j =
Ai−j
〈d〉 . (62)

The average distance between matrix cell j and fracture element i is denoted
by 〈d〉, which can be calculated as

〈d〉 =

∫
V
xn(x′)dx′

V
, (63)

where xn is the distance from the fracture [64]. For highly connected fractures
and matrix cells, the effect of 〈d〉 is small, as long as it is larger than a
minimal value. In general, 〈d〉 has to be computed numerically, in many
cases, however, analytical expressions exist; see some examples in figure 57.
Once the pressure equations are solved, the total velocity ut = −λt · ∇p
and the phase velocities uα = fαut are computed, where fα = λα/λt is a
fractional flow function.
The transport equations are solved either explicitly or implicitly. In this
work, an explicit scheme is employed leading to a sequential implicit-pressure-
explicit-saturation (IMPES) overall solution strategy, whereas the fractional
flow functions are interpolated to the cell interfaces using a second-order
TVD scheme [62].

7.2.2 Discretized linear system

A problem with Nfn disconnected fracture networks is considered. Each
fracture network may be governed by one or several connected fracture lines
(planes in 3D). Employing a computational grid, the matrix and the i-th
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Figure 56: 2D matrix with a 1D fracture network consisting of 3 connected
fracture lines. The matrix control volumes overlapping with fractures are
highlighted in grey.
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Figure 57: Analytical expressions of 〈d〉 for some selected 2D scenarios.
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fracture network consist of Nm and Nf,i grid cells, respectively. Note that
the computational grids for the matrix and each fracture network are all
totally independent. If a classical finite-volume scheme is used to solve the
coupled Eqs. (56) and (57) discretized on the computational grid, a system
of equations for fracture and matrix pressure vector P , i.e.

BP = Q, (64)

is obtained. Here, B and Q are the system matrix and the right-hand-side
(RHS) vector, respectively. Moreover, system (64) is ordered in a way that
first the matrix equations and then fracture network equations appear. More
precisely, for Nfn fracture networks, system (64) reads




BMM B1
MF · · · B

Nfn
MF

B1
FM B1

FF · · · 0
...

...
. . .

...

B
Nfn
FM 0 · · · B

Nfn
FF







pm

pf,1

...
pf,Nfn


 =




Qm

Qf,1

...
Qf,Nfn


 , (65)

where BMM = AMM + DMF and Bi
FF = Ai

FF + Di
FM . The matrices

AMM and Ai
FF account for matrix-matrix and fracture-fracture transmis-

sibilities, respectively, while DMF , Di
FM and Bi

MF = Bi
FM account for

matrix-fracture connections. The diagonal matrices DMF and Di
FM reflect

the matrix-fracture connections in the diagonal of the system.
The size of the problem is

Nt,tight = Nm +

Nfn∑

i=1

Nf,i, (66)

which can become huge and thus lead to expensive simulations. Moreover,
as explained before, the convergence rate of iterative linear solvers may be
negatively affected by the high contrast between matrix-matrix and fracture-
fracture connections. Therefore, it is a desirable goal to develop multi-scale
methods which allow to approach the global problem with much less degrees
of freedom. The next section is devoted to this goal, i.e. a consistent, but
alternative coupling strategy suited for the MSFV method is devised.

7.3 Consistent matrix-fracture coupling based on scale
separation

To make the hierarchical approach suitable for the MSFV method, a con-
sistent matrix-fracture coupling based on scale separation of the fracture
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pressure is devised here. For each fracture network, the pressure distribution
must ensure mass balance. In other words, for incompressible systems with-
out external source terms it has to be such that total volumetric exchange
rate with the matrix is zero. This can be achieved by adjusting the reference
pressure levels in each fracture network accordingly. Therefore, the pressure
distribution pf,i inside a network i is split into an average value p̄f,i plus a
remainder p̂f,i, i.e.

pf,i = (p̄f,i + p̂f,i1 , p̄f,i + p̂f,i2 , ..., p̄f,i + p̂f,iNf,i)
T . (67)

Equation (65) can then be reformulated as




BMM
cΣB1

MF · · · cΣB
Nfn
MF

rΣB
1
FM

c
rΣB

1
FF · · · 0

...
...

. . .
...

rΣB
Nfn
FM 0 · · · c

rΣB
Nfn
FF







pm

p̄f,1

...
p̄f,Nfn


 = Q, (68)

where

Q =




Qm − Σ
Nfn
i=1 (Bi

MF p̂f,i)

rΣQ
f,1

...

rΣQ
f,Nfn


 (69)

and the operators cΣ, rΣ and c
rΣ indicate summation over columns, rows and

both, respectively. Note that this is a system for matrix and mean fracture
network pressures only. To obtain the fracture pressure remainders, one also
has to solve the systems

Bi
FF p̂

f,i = Qf,i −
(
Bi
FM

cΣBi
FF

)( pm

p̄f,i

)
∀i ∈ {1, · · · , Nfn} (70)

for each fracture network independently. The systems (68) and (70) are then
solved sequentially until convergence. Note that the size of system (68) is

Nm,loose = Nm +Nfn, (71)

which generally is much smaller than that of system (65), since it only con-
tains one degree of freedom (DOF) per fracture network. This additional
DOF is essential, since it strictly ensures total mass balance for each fracture
network at any iteration level, which is an important property to achieve
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good convergence rates of the iterative solver. Note that this splitting ap-
proach can be refined by allowing for spatial variations of p̄f,i within network
i, which automatically results in additional DOFs; this, however, is subject
of future research. In general it can be stated that the smaller the p̂f,i contri-
butions the better the expected convergence rate of the sequential procedure.
As a direct consequence, as shown later in this paper, the approximation by
the mean fracture network pressure is better in cases with high fracture con-
nectivities (small pressure gradients). But we emphasize that this property
is not our main motivation for this approach; as already mentioned it was
our goal to extend our MSFV framework for hierarchical fracture modeling.

In the next section we devise an iterative MSFV (i-MSFV) method for Eq.
(68), which generally is the most expensive part of the proposed sequential
solution strategy.

7.4 I-MSFV method for hierarchical fracture modeling

As explained before, numerical simulation of flow and transport in natu-
ral porous media is a challenging problem due to the heterogeneous and
anisotropic properties of the formations at different scales. Fractures add
even more physical and computational complexities to the problem and there-
fore we devise an i-MSFV method, which can account for such scenarios. As
shown earlier for non-fractured problems, the i-MSFV method is conserva-
tive at any iteration level [34], allows to reduce errors and thus can be used
for efficient simulations of multiphase flow with rigorous local control of the
error [38, 42].

In this section, we first explain the new i-MSFV framework for fractured
reservoirs and then talk more specifically about the use of an iterative linear
solver to reduce high frequency errors and thus achieve convergence.

7.4.1 I-MSFV framework for fractured reservoirs

The i-MSFV method is based on the approximation

pm,ν+1 ≈ p′m,ν+1 =

Nd∑

h=1

( Nc∑

k=1

Φh
k p̆

ν+1
k +

Nfn∑

β=1

p̄f,β,ν+1Φh
f,β + Φh,ν

)
(72)
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as a solution of system (68), which can be written as

−∇ · (Kλt · ∇p)m,ν+1 +

Nfn∑

β=1

ηm,β(pm − p̄f,β)ν+1 = qmt +

Nfn∑

β=1

ηm,β p̂f,β,ν (73)

and

∫

Aβ

ηf,β(pm,ν+1 − p̄f,β,ν+1 − p̂f,β,ν)dx =

∫

Aβ

qf,βt dx. (74)

Here basis functions Φh
k, fracture functions Φh

f,β, and correction functions

Φh,ν , which are computed locally on dual coarse grid cells Ω̃h, are introduced.
Moreover, p̆ν+1

k is the pressure at the new iteration level ν + 1 in the center

of the k-th coarse grid cell Ω̆k.
Mathematically, in this framework the effect of fracture networks on the

matrix flow equations is very similar to that of rate constraint wells. Similar
to the recently developed MSFV method for complex wells [51], here we
integrate fractures into the MSFV framework by introducing local fracture
functions. Therefore, the basis, fracture and correction functions belonging
to Ω̃h are numerically computed by solving the local problems

−∇ · (Kλt · ∇Φh
k)
m +

Nfn∑

β=1

ηm,βΦh
k = 0, (75)

−∇ · (Kλt · ∇Φh
f,γ)

m +

Nfn∑

β=1

ηm,β(Φh
f,γ − δβγ) = 0, (76)

and

−∇ · (Kλt · ∇Φh,ν)m +

Nfn∑

β=1

ηm,βΦh,ν = qmt +

Nfn∑

β=1

ηm,β p̂f,β,ν , (77)

where δβγ is the Kronecker delta. Equation (75) is solved for all overlapping

coarse cells, i.e. ∀k ∈ {1, ..., Nc}|Ω̆k ∩ Ω̃h 6= ∅, and similarly Eq. (76) for all
overlapping fracture networks, i.e. ∀γ ∈ {1, ..., Nfn}|Ωf

γ ∩ Ω̃h 6= ∅. Note that

if the dual coarse cell Ω̃h does not overlap with the primary coarse cell Ω̆k,
i.e. if Ω̆k ∩ Ω̃h = ∅, then Φh

k = 0; and also if it does not overlap with the γ-th
fracture network, i.e. if Ωf

γ ∩ Ω̃h = ∅, then Φh
f,γ = 0. Equations (75) and (76)

are solved subject to reduced problem boundary conditions, while Eq. (77)
is solved using an iteratively improved boundary condition, i.e.

−(∇ · nh)((Kλt · ∇Φh,ν)m · nh) = −(∇ · nh)((Kλt · ∇p′νs )m · nh), (78)
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Figure 58: Illustration of all 4 basis functions belonging to a 2D homogeneous
dual coarse cell Ω̃h with a partially overlapping fracture line.

where p′νs
m is the matrix pressure field at the previous iteration level ν, which

is smoothed (improved) using a classical global or local iterative scheme
[34, 37, 38].
An illustration of four basis functions associated to a homogeneous dual cell
partially perforated by a fracture line is shown in Fig. 58. Furthermore,
Fig. 59 illustrates a fracture and a correction function. Also shown is the
summation of all basis and fracture functions inside the dual cell, which
equals one. Note that the number of fracture functions associated with a
dual cell is equal to the number of disconnected fracture networks overlapping
with that cell.

7.4.2 Use of an iterative linear solver to reduce high frequency
errors

As can be seen from Eq. (78), the localization boundary conditions for the
correction functions in the i-MSFV method can iteratively be improved using
the fine-scale solution p′m,νs from the previous iteration ν, which is obtained by
applying ns iterations of a consistent linear solver starting with p′m,ν . More-
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Figure 59: Illustration of a fracture (a) and a correction (b) function in 2D
belonging to a homogeneous dual coarse cell with a partially overlapping
fracture line. Also shown is the summation of all 4 basis functions (c) and
of all basis and fracture functions (d). Note that the correction function is
plotted for ν > 0, where already an improved solution is used to enhance the
localization condition.
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over, the overall convergence rate of the sequential solution strategy can be
improved by also updating the fine-scale fracture pressure values by the iter-
ative solver (smoother). Note that generally the smoothed (not converged)
solution obtained by such an iterative fine-scale solver is not conservative,
which would have a negative impact on the convergence rate. Therefore,
after each iteration an additional step is required to ensure correct total flux
balance for each fracture network.

Here, we chose a line-relaxation (LR) method to smooth the matrix pres-
sure field; similar as presented in [34]. The smoothing procedure can be
summarized as follows:

1. One LR iteration is applied on the matrix pressure pm, whereas p̄f is
treated explicitly on the RHS.

2. The reference pressures p̄f in each fracture network is adjusted such
that total mass balance is honored.

3. The fluctuating pressure values p̂f are improved either with a direct
solver (for small fracture network systems) or iteratively, e.g. by a few
LR iterations.

4. Steps 1-3 are repeated ns times.

Note that LR is only one possible option to reduce high frequency errors
in the MSFV solution and indeed other methods can be applied to achieve
convergence [70, 90], which is beyond the scope of this paper.

7.5 Numerical results

In this section, first the hierarchical fracture modeling approach is validated,
i.e. comparison is made with a simulation in which the fractures are resolved
by a very fine grid. Second, consistency between the new i-MSFV method and
a fine-scale hierarchical fractured reservoir simulator is demonstrated. Third,
convergence rates of the new i-MSFV method and a fully coupled fine-scale
solver using an algebraic multi-grid (AMG) method are compared. Finally,
the performance of the i-MSFV method is investigated for a wide range of
heterogeneous fractured problems. For all test cases isotropic permeabilities,
i.e. Km = kmI and Kf = kfI, are used.

7.5.1 Validation of the hierarchical approach

Although it is not the main scope of this paper, in this subsection the
quality of the hierarchical fracture modeling approach is demonstrated for
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Figure 60: Illustration of the geometry of a 2D problem with a ′′+′′-shaped
fracture network at the center.

a single phase flow test case. For this reason, a homogeneous 2D prob-
lem is considered (see Fig. 60), where a ′′+′′-shaped fracture network with
k∗ = kf/km = 105 located at the center of the quadratic L × L domain.
No-flow boundary conditions are applied at the top and bottom, while the
pressure values are set to p = 1 and p = 0 at the left and right bound-
aries. According to the length scales specified in Fig. 60 (i.e. with aperture
a = L/225), a fully resolved fracture simulation can be achieved by employ-
ing 225 × 225 grid cells. For the simulation with the hierarchical approach
27×27 matrix grid and 32 fracture segments are used. Note that the effective
conductivity ratio (kf × a)/(km × L) is 105/225.

Figure 61 illustrates the solutions from the fully resolved simulation and
the hierarchical approach. Note that the role of the vertical fracture is less
important than that of the horizontal line one. Compared to the fully resolved
fine-scale solution, the total flow rate in the hierarchical fracture modeling
framework is under-predicted by only 1.6%.

7.5.2 Verification of the i-MSFV method for fractured reservoirs

The second test case is to verify the consistency of our proposed i-MSFV
framework for fractured reservoirs with a fully coupled hierarchical fine scale
model. This time, an ”X”-shaped fracture network at the center of the same
2D domain as in the first test case with the same boundary conditions and
k∗ = 103 is considered. For the matrix, a 99 × 99 equidistant Cartesian
grid is employed at the fine-scale (misaligned with the fractures). For the
i-MSFV method also a 9 × 9 equidistant coarse grid is used and for both
simulations the fractures consist of 141 segments. Note that the i-MSFV
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Figure 61: Pressure maps corresponding to the problem set up of Fig. 60
obtained by a fully resolved simulation with a 225 × 225 grid (a) and the
hierarchical fracture modeling approach using a 27 × 27 matrix grid and 32
fracture segments (b), respectively. Note that results are matching well and
the total flow rate discrepancy is only 1.6%.

method is applied only for the matrix equation and it is re-emphasized here
that no grid alignment is necessary. Figure 62 illustrates that the converged
i-MSFV and fine-scale results are identical.

7.5.3 Convergence studies

The reference results shown in Fig. 62a are obtained by applying an AMG
solver of Sandia National Lab. [31]. The convergence histories of the i-MSFV
method and the fine-scale simulation with AMG corresponding to the results
of Figs. 62a and 62b are presented in Fig. 63a. Note that the sequential
strategy used by the i-MSFV method results in much smaller global sys-
tems. Convergence histories for k∗ = 10 are shown in Fig. 63b, which clearly
demonstrates that the convergence rate of the sequential strategy decreases
as the conductivity of the fractures is reduced, which is confirmed by the
convergence histories shown in Fig. 64. In fact, the lower the fracture con-
ductivity, the higher the pressure gradient. Hence, the remainder p̂f of the
fracture pressure, which is updated sequentially, becomes more important
and more outer iterations are required to achieve convergence.

Note that the devised i-MSFV method can be interpreted as a domain
decomposition method [82, 76] with the important property that conserva-
tive velocity fields can be obtained after any iteration. Latter can be of great
importance for practical applications, where one may be only interested in
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Figure 62: Pressure maps obtained by a classical tightly coupled hierarchical
fracture model using a 99× 99 cells (a) and the i-MSFV method using 9× 9
coarse scales (b) for k∗ = 103. Also shown on the i-MSFV result map is
the coarse- (black line) and the dual coarse grid (light grey). Results are
matching to the machine accuracy.

improved MSFV results rather than in fully converged solutions. The reason
why this i-MSFV method is so efficient for highly conductive fractures is also
due to the fact that the representation of individual fracture networks by
single average (coarse-scale) pressure values corresponds to extreme coarsen-
ing, or in AMG terminology to agglomeration of highly connected DOFs [85].
However, it is not our main intention here to compare convergence rates of
AMG, i-MSFV and other domain decomposition methods.

Finally, a test case with the same setup as for the previous one, but a
heterogeneous permeability field (see Fig. 65a) is considered. The solution for
k∗ = kf/k̄m = 103, where k̄m is the average matrix permeablity, is shown in
Fig. 65b, and convergence histories (for i-MSFV simulations) with different
k∗ are depicted in Fig. 66.

7.5.4 Multiphase flow problems

Here results of two phase flow in homogeneous and heterogeneous porous
media obtained with the devised i-MSFV method are presented. First, a
homogeneous domain with one fracture line is considered. A fracture element
is 3×103 more conductive than the porous media per unit area. The fracture
contains 57 segments and matrix grid 99 × 99 fine cells; for the i-MSFV
method a 9×9 coarse matrix grid is employed. No-flow conditions are applied
at all boundaries, an injector well with a constant rate of 1 is located in fine
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Figure 63: Convergence histories of the fine-scale simulation using AMG and
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Figure 65: Heterogeneous test case: natural-logarithm of permeability with
an ”X”-shaped fracture at the center (a) and the pressure solution for k∗ =
103 (b).
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Figure 67: Simulations of two phase flow in a homogeneous matrix with one
fracture: pressure (a) and saturation (b) maps after 0.04 PVI obtained with
the i-MSFV method using a 9× 9 coarse matrix grid.

cell (1, 1) and production occurs out of fine cell (99, 99), where the pressure
value is kept constant at 0. The injected phase is 10 times less viscous than
the displaced one. Quadratic relative permeabilities, i.e. kr = S2/µ, are
used for flow in the matrix; in the fracture on the other hand, kr = S/µ is
employed. Figure 67 shows pressure and saturation maps obtained with the
i-MSFV method after 0.04 PVI (pore volume injection).

Finally, results of a similar test case with a heterogeneous matrix (see Fig.
65a) are shown in Fig. 68.

Note that for both of the previous test cases fine-scale and multiscale results
are virtually identical, since here i-MSFV iterations were applied until the
maximum fracture pressure change becames extremely small (10−4 in the
homogeneous and 10−7 in the heterogeneous case).

8 I-MSFV Method for Faulted Porous Media

8.1 Introduction

So far, the MSFV and i-MSFV methods have been implemented for problems
with regular geometries and conforming coarse grids. In practical applica-
tions, however, reservoirs entail complex geometries. Of particular interest
is the extension of the method for faulted reservoirs with non-conforming
coarse grids. In this work, the MSFV and i-MSFV methods are extended
to account for faulted reservoirs [35]. The concept of locally computed basis
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Figure 68: Simulations of two phase flow in a heterogeneous matrix with one
fracture: pressure (a) and saturation (b) maps after 0.09 PVI obtained with
the i-MSFV method using a 9× 9 coarse matrix grid.

and correction functions is generalized and adjusted for the fault region by
introducing extended local domains, which overlap with all coarse control
volumes adjacent to the fault region. Numerical results ranging from homo-
geneous isotropic to heterogeneous anisotropic problems are presented and
it is shown that the new i-MSFV method is very flexible and can deal with
faults efficiently.

The description of the new MSFV method for faulted reservoirs are pre-
sented in the next subsection. Then numerical results for some selective test
cases are presented.

8.2 The i-MSFV Method for Non-Conforming Coarse
Grids

As mentioned before, so far the MSFV method has been used for elliptic and
parabolic problems on regular conforming coarse grids. The method, how-
ever, is not suited for faulted reservoirs and therefore it was the motivation
for the present work to generalize the concept accordingly and also allow for
non-matching coarse grids. In the following we avoid any discussion about
fine-scale discretization across the fault and rather discuss how it is possible
to account for non-conforming coarse grids in the i-MSFV method. Figure 69
depicts an example of the kind of faulted reservoirs which are considered in
this study. Obviously, in order to apply the MSFV method, it is required to
allow for irregular coarse cells near the fault region. Here, we devise a MSFV
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method with the same superposition (15), but with generalized dual coarse
cells covering the fault region. Basis and correction functions in these local

Figure 69: Illustration of a faulted reservoir with 2 faults, where extended
dual cells are highlighted in red. The coarse cells with red nodes are adjacent
to the faults, while the green nodes belong to the other coarse cells. Note that
there exist eight and seven basis functions associated to the left and right
extended dual coarse cells, respectively, and only one correction function for
each dual coarse cell including the extended ones.

domains are obtained in the same way as in regular dual coarse cells, but
there may exist more than four (eight in 3D) nodes per dual coarse cell and
thus accordingly many basis functions. To compute the basis function Φk

h,
for example, the value at node k is set to one and at all other nodes to zero;
at the boundary between nodes reduced problem boundary condition is ap-
plied. For the correction function Φh, at all nodes the values are set to zero.
Figure 70 shows basis and correction functions associated with a dual coarse
cell covering a fault region; shown are a basis function for a homogeneous,
one for a heterogeneous, and a correction function for a homogeneous per-
meability distribution. As clearly shown in Fig. 70, the correction functions
take care of the source term and improved localization condition. Once basis
and correction functions are computed, the rest of the i-MSFV procedure is
identical as explained above.

8.3 Numerical Results

As a first test case, a homogeneous problem is considered. The domain
contains 220 × 55 fine cells and is divided into 20 × 5 primary coarse cells
for the i-MSFV. Two source terms cover the fine cells (10, 10) and (210, 45),
no-flow conditions are applied at the top and bottom boundaries, and the
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dimensionless pressure is set to one and zero at the left and right boundaries,
respectively. A fault, which is shifted by 15 fine cells, is located at x = 110.
Figure 71 depicts the problem geometry along with the fine-scale and MSFV
(without iterating) solutions. Convergence histories of the i-MSFV method
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Figure 71: Fine-scale reference (left) and original non-iterative MSFV (right)
pressure fields. The fine-scale solution is obtained using 220 × 55 grid cells,
while the MSFV result is obtained using 20× 5 coarse cells. Also shown on
the base plane is the homogeneous permeability field and the geometry of
the problem.

for different line-relaxation smoothing steps ns (per multiscale iteration) are
shown in Fig. 72 for an isotropic and an anisotropic permeability. Note that
the anisotropic problem is equivalent to the homogeneous one with a fine-cell
aspect ratio α = ∆x/∆y = 10 opposed to α = 1.

The second test case is a heterogeneous problem with same geometry,
same fine grid, same coarse grid and same boundary conditions as in the
first test case, but without sources. The permeability field is taken from
the top layer of the SPE 10 comparative test case presented by [19]. Fine-
scale reference and MSFV (without iterations) solutions are shown in Fig.
73. Also shown on the base surfaces is the permeability field. Moreover,
Fig. 74 shows the convergence history of the i-MSFV method for different
line-relaxation smoothing steps ns (per multiscale iteration).
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Figure 72: Convergence histories of the i-MSFV method for the homoge-
neous isotropic (left) and anisotropic (right) test case corresponding to Fig.
71. Grid aspect ratio, i.e. α = ∆x/∆y, for the isotropic and anisotropic
case is 1 and 10, respectively. Results are shown for different line-relaxation
smoothing steps ns (each iteration).
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Figure 73: Fine-scale reference (left) and original non-iterative MSFV (right)
pressure fields for the heterogeneous test case. The fine-scale solution is ob-
tained using 220 × 55 grid cells, while the MSFV result is obtained using
20 × 5 coarse cells. Also shown on the base plane is the SPE 10 top layer
permeability field ([19]) used for this test case and the geometry of the prob-
lem.
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Figure 74: Convergence histories of the i-MSFV method for the heteroge-
neous isotropic (left) and anisotropic (right) test cases corresponding to Fig.
73. For the isotropic heterogeneous case (α = 1) results are shown for dif-
ferent line-relaxation smoothing steps ns (each iteration). For anisotropic
heterogeneous problems, results are presented for different grid aspect ra-
tions α = ∆x/∆y and ns = 10.
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Part VI

Applicability of the i-MSFV
Method

9 Adaptive i-MSFV Method

9.1 Introduction

In this section, we introduce an adaptive iterative MSFV method (ai-MSFV)
as an efficient way to improve MSFV results by applying i-MSFV iterations
adaptively in space and time. This is motivated by the fact that MSFV
results are usually acceptable except in some small local sub-regions, where
the reduced problem boundary condition does not adequately honor the fine-
scale pressure variations. Such areas are typically found near wells, long
coherent structures with high permeability contrast and nearly impermeable
shale layers.

With the ai-MSFV method we show that the error introduced in the
MSFV method can be reduced by applying i-MSFV iterations only in small
sub-regions, where the residual corresponding to the global fine-scale system
is too high. For multiphase flow problems, the interpolation functions are lo-
cally (and infrequently) updated during the simulation based on two criteria:
one criterion is based on the total mobility change due to changing coeffi-
cients [48, 83, 50] and the second criterion is based on the residual in fulfill-
ment of the fine-scale system to improve the localization boundary conditions
for the correction function calculations. Moreover, due to local improvement
of the results, the ai-MSFV method is as good as the i-MSFV method for
parallel processing, expect that load balancing becomes more challenging.
Latter is due to the fact that the sub-domain, where the correction functions
have to be updated by the ai-MSFV method changes dynamically. Regarding
the residual as an error indicator turns out to be reasonable and efficient.
Reasonable, since the residual is a direct measure of the local divergence er-
ror and efficient since the fine-scale transmissibilities are available and the
residual is obtained by local matrix-vector multiplication.

The chapter is organized as follows. In section 9.2, the ai-MSFV method
is introduced and strategies to efficiently improve the results are explained.
Numerical studies are presented in section 9.3, which is divided into two
subsections. In the first subsection performance tests for single-phase flow
scenarios are presented and in the second subsection the approach is illus-
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trated for multiphase flow problems.

9.2 The ai-MSFV algorithm

Initially, the fine-scale solution p′ is estimated by applying the MSFV method
without iterating. Then, based on any desired error criterion, which will be
discussed in the next subsection, critical fine cells are detected and all dual
volumes overlapping with coarse volumes containing at least one critical fine
cell are declared as critical. Finally, ns smoothing steps are applied to p′

within the small critical sub-domain S consisting after critical dual volumes
and this smoothed field is then used to improve the correction functions. An
illustration of the strategy is shown in Fig. 75.

Critical fine cells

Boundary cells where boundary 
conditions will be improved.

Critical  coarse  cells

Critical sub-domain S 

Figure 75: Illustration of the strategy for finding critical sub-domain S.
Two critical fine-cells are found based on the residual criterion (grey filled
cells). Then, the critical coarse cell (solid bold line) is found, and finally its
adjacent dual cells construct the critical sub-domain S (dashed bold line),
where the smoother is applied, and the boundary conditions are improved
(hashed cells).

The improved correction functions result in a change of the coarse system
(right-hand side), which is solved again leading to an improved MSFV solu-
tion. If the residual now is small enough, a conservative fine-scale solution
is constructed and used for saturation transport; else further improvement
steps have to be performed. A flowchart of the described ai-MSFV method is
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shown in Fig. 76. Moreover, in the chart it is shown that after recalculating
the critical correction functions a new sub-domain S is determined and again
the smoother is applied locally to improved the boundary conditions for the
correction function calculations in the next time step.

It is clear that total additional cost of the ai-MSFV method with respect

to the MSFV non-iterative method is mainly due to
ni−1∑
i=1

fi ·M recalculation

of correction functions, ni − 1 coarse system recalculations, and
ni∑
i=1

fi · ns
times smoothing the pressure field. Here, M is the number of dual coarse
cells, fi is the area fraction of the critical sub-domain and ni is the number
of iterations. For the studies presented in this chapter, mostly at ni = 3 the
f3 becomes zero. Therefore, here ni is set to 2, i.e. the correction functions
in the critical sub-domain are recalculated only once. It is worth mentioning
that in general, there is no need for setting a ni value; the iterations terminate
once the residual is bellow the specific threshold value and fi = 0.

         {whole domain} and    

construct fine, coarse, and dual coarse grids

compute basis functions     !h
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Figure 76: Flowchart overview of the ai-MSFV method for single-phase flow
problems.

In the following subsection it is explained how to identify critical fine cells
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as well as strategies for multiphase flow simulations.

9.2.1 Identification of critical fine cells

The fine-scale system

M · pf = F (79)

is considered, which originates from a conservative finite-volume discretiza-
tion of Eq. (55). By substituting the MSFV solution p′ for pf in Eq. (79),
one obtains the residual

R = F −M · p′ (80)

and can identify all critical fine cells i as

|ri|
||R|| > εa (81)

where ri is the corresponding component of the vectorR, εa is a critical value
and ||R|| is some norm of the residual vector (in this paper, the infinity norm
is considered). Eq. (81) is checked during the simulation and the localization
condition is improved inside the adaptive critical sub-domain S only. It is
also shown in the next section that with this criterion the MSFV method
leads to very accurate results.

Besides adaptively improving the localization conditions, basis and cor-
rection functions also have to be updated (locally and periodically) due to
changing coefficients λt and right-hand-sides q [48]. Therefore, during sim-
ulations two criteria are decisive for adaptively updating the interpolation
functions at the end of a time step:

• All basis and correction functions in dual volumes containing at least
one fine cell violating the criteria

1

1 + εb
<
λnt
λ∗t

< 1 + εb (82)

or

1

1 + εb
<
qn

q∗
< 1 + εb, (83)

where εb is a threshold value, are updated.

• All correction functions in the critical sub-domain S are updated with
improved boundary conditions.
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The superscripts n and ∗ denote the current state and the values em-
ployed for the last basis and correction function update. Note that only the
correction functions have to be recomputed with the improved localization
condition, which is illustrated in Fig. 76. It is worth mentioning that if the
mobility tensor λt inside a dual coarse cell is a constant which changes (for
the whole cells) after a time step, there is no need to update the basis func-
tions. However, correction functions for those dual cells with non-zero RHS
or non-zero improved boundary conditions should still be recalculated.

9.3 Numerical Results

To study the performance of the ai-MSFV method, first incompressible single
phase flow and then also multiphase flow are considered. It is shown that
with the ai-MSFV method one can locally reduce the error introduced by the
MSFV localization assumption.

9.3.1 The ai-MSFV method for single-phase flow

For the first test case, a homogeneous isotropic domain with some nearly
impermeable shale layers is considered. The grid contains 220× 55 fine cells
and 20×5 coarse cells. No-flow conditions are employed at the whole domain
boundary. Figure 77 shows the domain with the coarse grid and the shale
layers. The permeability in the domain is 108 times larger than that of the
shale layers. An injector with constant injection rate of 1/(∆x∆y) is located
at the fine cell (1,1) and a producer with constant pressure p = 0 is located
at the fine cell (220,55).
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Figure 77: Homogeneous isotropic problem with shale layers (black rectan-
gles) and the 20 × 5 grid. The fine grid contains 220 × 55 cells and the
permeability of the shale layers is 108 times smaller than that of the remain-
ing domain. Also shown on the right are the indexes of the fine cells located
at the corners of the shale layers.

The fine-scale reference pressure (normalized by the injector pressure) is
shown in Fig. 78a and the residual R of the MSFV solution is plotted in Fig.
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78b. Since the superposition of basis and correction functions is a numerical
solution of the governing equation inside the dual coarse cells, residual are
only non-zero at the dual cell interfaces N , where the localization assumption
is applied. The infinity norm and the root-mean-square (RMS) average, i.e.

||R||rms =

√∑
(ri − r̄)2

N
, (84)

of the MSFV residual vector are 0.1053 and 0.0126, respectively. The aver-
age residual r̄ in Eq. (84) is always zero in the MSFV framework. Critical
sub-domain S, which is shown in Fig. 78c, is obtained based on the thresh-
old parameter εa = 0.5 and it is 11.2% of the whole domain. One ai-MSFV
iteration (ni = 2) is now applied on S only (i.e. one re-calculation of the
correction functions), which involves ns = 10 smoothing steps. The residual
map of the ai-MSFV result is plotted in Fig. 78d and one can observe sig-
nificant local improvements compared to Fig. 78b. The infinity norm and
RMS of the ai-MSFV residual vector are 0.0299 and 0.0074, respectively.
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Figure 78: Homogeneous isotropic problem with shale layers: (a) normalized
fine-scale reference pressure field, (b): residual map of the MSFV result, (c):
the critical sub-domain S for εa = 0.5, (d): residual map of the ai-MSFV
method with ni = 2 and ns = 10.

Figure 79a shows the RMS norm of the ai-MSFV residual vector versus
the area fraction of the critical sub-domain S, i.e. f1, for ni = 2 and different
number of smoothing steps ns. Different areas of S are obtained by employing
different values for εa. The MSFV result corresponds to the area fraction
equal to 0 and the i-MSFV for two iterations, i.e. ni = 2, corresponds to
that of 1. Moreover, Fig. 79b depicts the RMS of the residual vector versus
the total area fraction of the critical sub-domain, i.e.

∑
fi. The iterations

are employed until no critical sub-domain is detected.
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Figure 79: Homogeneous isotropic problem with shale layers: (a) RMS of
residual vector versus area fraction of the critical sub-domain S, i.e. f1 for
ni = 2 and different ns. Values of the corresponding threshold parameter εa
are also shown next to the symbols. (b) RMS of residual vector versus total
area fraction of the critical sub-domain, i.e.

∑
fi for ns = 10. The ai-MSFV

iterations are employed till no critical cells exist in the domain. Also shown
in colorful bars are the critical area fractions at each iteration level fi. The
iteration level at which no critical cell is detected with the corresponding εa
are also shown in brackets [ni, εa].
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As another test case, a 2D heterogeneous isotropic domain is considered.
The permeability field is extracted from the top layer of the SPE compara-
tive test case 10 [19] (Fig. 5). The fine and coarse grids and the boundary
conditions are the same as for the previously studied test case.

The fine scale reference solution normalized by the pressure at the injec-
tion cell (1,1) is shown in Fig. 80a. The infinity and RMS norm of the MSFV
residual (Fig. 80b) are 0.1762 and 0.0217, respectively. Based on εa = 0.5,
29% of the domain is selected as the critical sub-domain S, which is shown
in Fig. 80c. Applying the ai-MSFV method with ni = 2 and ns = 10 results
in a residual with infinity and RMS norms of 0.0853 and 0.0132, respectively
(Fig. 80d). Similar to the previous test case, results are improved where the
ai-MSFV iterations are employed.
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Figure 80: Heterogeneous isotropic SPE10 top layer problem: (a) normalized
fine-scale reference pressure field, (b): residual map of the MSFV result, (c):
the critical sub-domain S for εa = 0.5, (d): residual map of the ai-MSFV
method with ni = 2 and ns = 10.

Figure 81a shows the RMS norm of the residual versus the area fraction
of the critical sub-domain S for different number of smoothing steps ns.
The different area fractions are obtained by setting different values for the
threshold parameter εa. Again, the original MSFV (no improvement) and
the i-MSFV (improvement for all dual cells once) results correspond to the
area fraction of 0 and 1, respectively. Moreover, Fig. 81b depicts the RMS
of the residual vector versus the total critical area fraction, i.e.

∑
fi. The

iterations are employed until no critical sub-domain is detected.

9.3.2 The ai-MSFV method for multiphase flow

As illustrated in the previous sub-section, it is possible to improve MSFV
results locally. In this section, the ai-MSFV method for multiphase flow
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Figure 81: Heterogeneous isotropic SPE10 top layer problem: (a) RMS of
residual vector versus area fraction of the critical sub-domain S for different
ns. Values of the corresponding threshold parameter εa are also shown next
to the symbols. (b): RMS of residual vector versus total area fraction of the
critical sub-domain, i.e.

∑ni
i=1 fi, for ns = 10. The ai-MSFV iterations are

employed till no critical cells exist in the domain. Also shown in colorful bars
are the critical area fractions at each iteration level fi. The iteration level at
which no critical cell is detected with the corresponding εa are also shown in
brackets [ni, εa].
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problems is studied. In i-MSFV method with infrequently updated bound-
ary conditions [34], the i-MSFV iterations are applied at the beginning of the
simulation to provide the exact localization condition, and then during the
multiphase simulation, the localization conditions are infrequently updated
for the whole domain. Here, a value for threshold parameters εa and εb are
set and the basis and correction functions are updated in those local domains
where the criteria (81) and (82) are not satisfied. In addition, only the cor-
rection functions inside the sub-domain S are recomputed periodically. For
the following test cases ni and ns are set to 2 and 10, respectively, and resid-
ual vectors are computed based on the adaptively updated transmissibility
field which is used to calculate basis and correction functions. Moreover,
the RMS norm of the initial MSFV residual vector is used to normalize the
residual vectors during the simulation. The next test case is the same as
the previously studied homogeneous shale layer problem, but this time gas
is injected to displace oil. The viscosity ratio (µo/µg) is 10 and the reservoir
is initially filled with oil. Figures 82a and b show the gas saturation maps
after 0.25 PVI of the fine-scale reference and the original MSFV simulations
(εb = 0), respectively.
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Figure 82: Homogeneous isotropic problem with shale layers: fine-scale (a)
and MSFV (b) saturation maps after 0.25 PVI.

For better comparison, Fig. 83a shows the absolute saturation error of
the MSFV result obtained by setting εb = 0.02 which results in 37.5% update
of basis and correction functions due to transient mobility coefficients. Note
that the value of εb could be increased; e.g. for practical applications choose
it between 0.1 and 0.2, which leads to virtually the same results as those
without adaptivity, but dramatically reduces the updating frequency of basis
and correction functions. With the same εb = 0.02, Figs. 83b, c, and d depict
the absolute saturation error of the ai-MSFV results obtained with εa = 0.08
(area fraction is 0.28%), 0.05 (area fraction is 0.84%), and 0.02 (area fraction
is 3.3%), respectively. By comparing Figs. 83a and d, one finds that little
additional cost for adaptive improvement leads to much better results.

As another test case, the permeability field of the SPE10 top layer of
Fig. 5 is used. The injection and production conditions are the same as in
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Figure 83: Homogeneous isotropic problem with shale layers: absolute satu-
ration (left column) and pressure (right column) error maps after 0.25 PVI:
(a) MSFV result εb = 0.02, (b) ai-MSFV result εb = 0.02, εa = 0.08, (c) ai-
MSFV result εb = 0.02, εa = 0.05, (d) ai-MSFV result εb = 0.02, εa = 0.02.
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previously studied test case. The fine-scale reference solution together with
the original MSFV saturation map (εb = 0) after 0.18 PVI are presented in
Figs. 84a and b, respectively.
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Figure 84: Heterogeneous isotropic problem of SPE10 top layer: fine-scale
(left) and MSFV saturation maps after 0.18 PVI.

Even though the MSFV solution seems to be in a good agreement with
that obtained by fine-scale simulation, Fig. 85a shows that there exist big
errors, especially near the saturation front. Figures 85b and c depict absolute
errors of the ai-MSFV simulations with εa = εb = 0.05 and εa = εb =
0.02, respectively. The result of Figs. 85b and c are obtained by applying
smoothing-iterations for 5.2% and 6.97% of the domain with recalculation of
3.5% and 4.97% of the correction functions, respectively. From these figures
one finds that applying space-time ai-MSFV iterations leads to considerable
improvements of the results with very little additional computational cost.
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Figure 85: Heterogeneous isotropic problem of SPE10 top layer: absolute
saturation (left column) and pressure (right column) error maps after 0.18
PVI: (a) MSFV result εb = 0, (b) ai-MSFV result εb = εa = 0.05, (c) ai-
MSFV result εb = εa = 0.02.
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To emphasize again that the presented improvements are obtained by
reducing the residual, Fig. 86 depicts the residual maps of the MSFV (εb =
0.02) and the ai-MSFV (εa = εb = 0.02, corresponding to Fig. 85c) at 0.18
PVI after injection.
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Figure 86: Heterogeneous isotropic problem of SPE10 top layer: residual of
the results of the MSFV with εb = 0.02 (a) and the ai-MSFV (b) with εa =
εb = 0.02, corresponding to Fig. 85c, at 0.18 PVI after injection. Residual
maps are calculated using the fine-scale system derived based on adaptively
updated saturation field which is used for calculation of the interpolation
functions.

Figures 87a and 87b depict the second norms of the saturation errors for
different εa values (area fraction of the critical sub-domain) corresponding to
the previous 2 test cases.

So far, the performance of the ai-MSFV method has been investigated
for heterogeneous test cases, where the original MSFV method results are
acceptable. It was shown how to reduce the error locally by improving the
localization condition only where the residual is high. For anisotropic het-
erogeneous problems, however, the original MSFV method fails to give ac-
ceptable results [57, 67, 43, 34, 37]. As an example, the SPE10 top layer test
case of Fig. 5 with the same boundary conditions, but with a grid aspect
ratio α = ∆x/∆y of 10 is considered. Figures 88a and 88b show the stream-
lines obtained by fine-scale and MSFV simulations for single phase flow and
huge artifacts in the MSFV results can be observed almost everywhere in the
domain.

For these test cases, the ai-MSFV method starts with the exact solution
by applying enough i-MSFV iterations. Then, during the simulation, the
localization conditions will be enhanced only for those dual cells, where the
residual is not acceptable.

As a further test case, the same SPE10 top layer with a grid aspect ratio
of 10 is considered. Gas with 10 times less viscosity than oil at a constant
rate of 1/(∆x∆y) is injected from cell (1,1), while oil is produced from cell
(220,55) at a constant pressure of 0. Figure 89 shows the fine-scale and
MSFV results (pressure and saturation maps) after 0.18 PVI. It is clear from
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Figure 87: Second norm of the saturation error for the MSFV and ai-MSFV
methods corresponding to the previously studied test cases: shale layer after
0.25 PVI (a) and SPE10 top layer after 0.18 PVI (b). Results are presented
for εb = 0.02 and different εa which results in different area fraction of critical
sub-domain.
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Figure 88: Heterogeneous anisotropic problem of SPE10 top layer with a grid
aspect ratio of 10: fine-scale (a) and MSFV (b) streamlines for a single phase
oil flow problem.
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this figure that the MSFV solutions are not acceptable due to inappropriate
localization provided by the reduced problem boundary conditions.
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Figure 89: Heterogeneous anisotropic problem of SPE10 top layer with grid
aspect ratio of 10 after 0.18 PVI: (a) fine-scale reference saturation map, (b):
fine-scale reference pressure field, (c): MSFV saturation map, (d): MSFV
pressure field.

For better comparison, Fig. 90a shows the error, i.e. the difference be-
tween saturation and pressure of the MSFV and fine-scale reference solu-
tions. In addition, results of the ai-MSFV are shown in Figs. 90b - d for
εa = εb = 0.02 (critical area fraction is 0.36%), εa = εb = 0.01 (critical area
fraction is 0.8%), and εa = εb = 0.005 (critical area fraction is 1.52 %). It is
clear from Fig. 90d that applying smoothing-iterations in only 1.52% of the
domain and recalculating only 1.21% of the correction functions significantly
improves the quality of the MSFV results. Figure 91 depicts the fine-scale
and ai-MSFV saturation and pressure maps for εa = εb = 0.005 correspond-
ing to the result of Fig. 90d. The second norm of the saturation errors versus
percentage of area fraction of critical sub-domain are shown in Fig. 92.

As the final test case, the permeability field of the SPE10 bottom layer is
considered. The first grid contains 220× 55 fine and 20× 5 coarse cells (Fig.
11) and the second one consists of 220×60 fine and 44×12 coarse cells. The
grid aspect ratios of these test cases are 1 and 2 respectively. The viscosity
ratio and the boundary conditions are the same as in the previously studied
test cases. Gas is injected at the upper left fine cell at a constant pressure of
1, while oil is produced from the lower right cell at a constant pressure of 0.

The dimensionless time t∗ = t/τ , where

τ =
µφL2

k̄(pi − pp)
, (85)
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Figure 90: Heterogeneous anisotropic problem of SPE10 top layer: absolute
saturation (left column) and pressure (right column) error maps after 0.18
PVI: (a) MSFV with εb = 0, (b) ai-MSFV with εb = εa = 0.02, (c) ai-MSFV
with εb = εa = 0.01, (d) ai-MSFV with εb = εa = 0.005.
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Figure 91: Heterogeneous anisotropic problem of SPE10 top layer with grid
aspect ratio of 10 after 0.18 PVI: (a) fine-scale reference saturation map,
(b): fine-scale reference pressure field, (c): ai-MSFV saturation map, (d):
ai.MSFV pressure field. The ai-MSFV results are obtained by applying
smoothing-iterations for %1.52 of the domain and recalculation of %1.21
of the correction functions.
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Figure 92: Second norm of the saturation errors for the MSFV and ai-MSFV
methods. The first 4 symbols correspond to results of Figs. 90a - d, respec-
tively, and the last one is obtained by setting εa = εb = 0.002.

is introduced, where k̄ is the average permeability in the domain, φ is the
porosity, L a reference length, and (pi−pp) is the pressure difference between
injection and production points.

Figure 93 shows solutions (pressure and saturation) obtained from the
fine-scale and MSFV (εb = 0.05) simulations for the first problem after t∗ =
1.0 with τ computed based on Lx = 220, µo = 1, and (pi − pp) = 1.

Figures 94a and 94b shows the absolute difference between the MSFV
and fine-scale results corresponding to the results of Figs. 93c and 93d. In
addition, Figs. 94c and 94d depict the error of the ai-MSFV results obtained
with εa = εb = 0.025, which leads to 2.8% average area fraction of the
critical sub-domain and recalculation of 1.24% of the correction functions.
The number of smoothing steps used for this test case is ns = 250, which
is relatively large. This is required due to high permeability contrasts at
the dual cell boundaries [34]. For these type of problems, one can employ a
modified version of to the i-MSFV method [12], which converges with only
a few smoothing steps. However, applying ns = 250 line relaxation steps in
only 2.8% of the domain is not expensive.

Figure 95 shows the residual of the MSFV (εb = 0.05) and the ai-MSFV
(εa = εb = 0.025) corresponding to the results of Fig. 94. The fine-scale sys-
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Figure 93: Heterogeneous SPE10 bottom layer with grid aspect ratio of 1
after t∗ = 1.0: (a) fine-scale reference saturation map, (b): fine-scale reference
pressure field, (c): MSFV saturation map, (d): MSFV pressure. The MSFV
results are obtained based on εb = 0.05
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Figure 94: Heterogeneous SPE10 bottom layer with grid aspect ratio of 1
after t∗ = 1.0: error map of the (a) MSFV saturation, (b): MSFV pressure,
(c): ai-MSFV saturation, (d): ai-MSFV pressure. The MSFV results are
obtained based on εb = 0.05 and the ai-MSFV results with εa = εb = 0.025.
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tem used to calculate the residual maps are based on the adaptively updated
mobility field, which is used to calculate the basis and correction functions.
This leads to a non-zero residual only at the boundary of the dual coarse
cells.

0 50 100 150 200
0

20

40

2

1

0
0 50 100 150 200

0

20

40

2

1

0

(a) (b)

Figure 95: Heterogeneous isotropic problem of SPE10 top layer: residual
of the results of the MSFV with εb = 0.05 (a) and the ai-MSFV (b) with
εa = εb = 0.025 corresponding to the results of Fig. 94.

Figure 96 shows solutions (pressure and saturation) obtained from the
fine-scale and the MSFV (εb = 0.02) simulations for the second problem
after t∗ = 0.5 with τ computed based on Lx = 440, µo = 1, and (pi−pp) = 1.
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Figure 96: Heterogeneous SPE10 bottom layer with grid aspect ratio of 2
after t∗ = 0.5: (a) fine-scale reference saturation map, (b): fine-scale reference
pressure field, (c): MSFV saturation map, (d): MSFV pressure. The MSFV
results are obtained based on εb = 0.02.

Figures 97a and 97b show the absolute difference of the MSFV and the
fine-scale results corresponding to the results of Figs. 96c and 96d. In ad-
dition, Figs. 97c and 97d depict the error of the ai-MSFV results obtained
with εa = εb = 0.02, which leads to 4.6% average area fraction of the crit-
ical sub-domain and recalculation of 1.9% of the correction functions. The
number of smoothing steps used for this test case is ns = 30.
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Figure 97: Heterogeneous SPE10 bottom layer with grid aspect ratio of 2
after t∗ = 0.5: error map of the (a) MSFV saturation, (b): MSFV pressure,
(c): ai-MSFV saturation, (d): ai-MSFV pressure. The MSFV results are
obtained based on εb = 0.02 and the ai-MSFV results with εa = εb = 0.02.

Figure 98 shows the residuals for the MSFV (εb = 0.02) and the ai-MSFV
(εa = εb = 0.02) methods, corresponding to the results of Fig. 97.
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Figure 98: Heterogeneous SPE10 bottom layer with grid aspect ratio of 2
after t∗ = 0.5: residual of the results of the MSFV with εb = 0.02 (a) and
the ai-MSFV (b) with εa = εb = 0.02, corresponding to results of Fig. 97.

10 Error Control in the i-MSFV Framework

10.1 Introduction

In this chapter, the i-MSFV method is adaptively employed to solve the
flow (pressure) equation in the sequentially fully implicitly coupled flow-
transport systems [50]. For simplicity we study incompressible multiphase
flow in porous media that is similar to the case studied in [41]. First we
analyze the saturation error introduced by the approximate but locally con-
servative MSFV (and adaptive i-MSFV) velocity field; then we illustrate the
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importance of a conservative velocity field to obtain an accurate solution of
the transport problem. Numerical test cases are also presented to illustrate
the conclusions which are made in this regards.
In investigating the accuracy-cost trade-off in numerical simulations, the
transport error term is correlated with an a priori measurable residual in the
original pressure equation. With several numerical test cases it is demon-
strated that the MSFV pressure residual is a reliable measure to control
saturation errors and that this error control strategy is very efficient in solv-
ing flow-transport equations. In the conservative MSFV framework, only a
few iterations are applied to keep the residual norm below a threshold value,
which results in very efficient simulations of multiphase flow in heterogeneous
reservoirs. It is also studied how the saturation error depends on the resid-
ual threshold value in the pressure equation and on the number of additional
iterations employed during the simulations.

The chapter is constructed as follows. In section 10.2 the discretization
and the simulation strategy is explained. In section 10.3 the i-MSFV method
in domain decomposition (DD) notations is presented, followed by section
10.4 where the i-MSFV method for sequentially fully implicit simulations
of multiphase problems is introduced. Error analysis is presented in section
10.5, where also the importance of conservative velocity field is also discussed.
Finally, numerical results are provided in section 10.6.

10.2 Discretization and Sequential Implicit Coupling

For simplicity, a two-phase system is considered such that only one transport
equation needs to be solved and the mobility is a function of the saturation
of one phase only, i.e. of Sα. The discrete form of Eq. (9) can be written as

Ap = r, (86)

where p and r are the pressure and right-hand-side (RHS) vectors, respec-
tively. On a rectangular two-dimensional (2D) Cartesian grid the coefficient
matrix A is a penta-diagonal matrix (seven diagonal for 3D problems) if a
two-point flux approximation is used and the equations are appropriately
ordered. Note that the coefficient matrix depends on saturations via phase
mobilities.

For the time-dependent saturation equation an implicit scheme is em-
ployed:

φ

∆t
(Sn+1

α − Snα) +∇ · (fn+1
α ut)− qn+1

α = 0, (87)
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where n and n + 1 denote the properties at the old and new times steps,
respectively, and ∆t is the time increment. Since the fractional flow function
is a nonlinear function of the saturation, fn+1

α is linearized as

fn+1
α ≈ fσα +

dfα
dSα

(Sσ+1
α − Sσα), (88)

which leads to the Newton scheme:

φ

∆t
(Sσ+1

α − Snα) +∇ ·
([
fσα +

dfα
dSα

(Sσ+1
α − Sσα)

]
ut

)
= qσα. (89)

Here, σ denotes the iteration level and dfα
dSα

is evaluated at Sσα.
Equations (86) and (89) are coupled by a sequential fully implicit scheme

[6, 50]. In this coupled scheme, first the pressure equation is solved. From
the pressure solution the total velocity and upwind direction are calculated,
and then the saturation equation is solved with a Newton scheme (inner-
loop). The new saturation is then used to update the matrix A and the
RHS r and the pressure equation is solved again. This procedure is repeated
(outer-loop) until convergence is achieved.

10.3 I-MSFV Method in Domain Decomposition For-
mulation

As explained in the previous section, Eq. (9) has to be solved frequently in
multiphase flow simulation as saturation changes modify the total mobility
and the source term. In this situation it is crucial to use an efficient pressure
solver because a large elliptic problem (or a parabolic problem in case of
compressible flow) must be solved several times each time step in a sequential
implicit scheme. As mentioned before, to reduce this computational cost, the
MSFV method provides an approximate solution of Eq. (9) rather than a
fully converged one.
The MSFV method can be described as a domain decomposition (DD) method
[82] as explained in [76], where no correction functions are considered, how-
ever. Here, the formulation presented in [69] with the correction functions is
reviewed.
First, Eq. (86) is re-ordered according to the dual coarse grid such that Ni

internal-cell (i) equations appear first, then the Ne equations for edge cells
(e), and finally the Nn equations for node cells (n) (see Fig. 99). With this
ordering, Eq. (86) can be written as




Aii Aie 0
Aei Aee Aen

0 Ane Ann






pi
pe
pn


 =




ri
re
rn


 . (90)
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Figure 99: Illustration of a 2D domain with 10×10 fine (light lines) and 2×2
coarse grids (bold lines). In the partition introduced by the dual grid, fine
cells are labeled as internal (white), edge (light-blue), and node (dark-blue)
cells. Arrows represent the stencils used in the fine-scale (left) and MSFV
systems (right): an arrow indicates that the pressure value of the starting
point affects the mass balance of the end point.

Note that the dimension of the whole system is N which is equal to Ni +
Ne +Nn.
The MSFV pressure solution, i.e. Eq. (15), can be written in the DD form,

p̃ = Bp̃n + Cr, (91)

where B is the basis-function operator (anN×Nn matrix), which interpolates
the node pressure (or coarse pressure) pn; and C the correction-function
operator (an N × N matrix), which describes the fine-scale effects of the
source term r The edge pressure pe is computed by solving reduced (one-
dimensional) problems along the edges with the node pressure as boundary
condition and appropriate source terms, i.e. Eqs. (16) and (17).
Once the edge pressure is obtained, the pressure in the internal cells, pi, can
be calculated by using pe as boundary condition. This procedure yields the
following operators:

B =




A−1
ii AieM

−1
ee Aen

−M−1
ee Aen

Inn


 and C =




A−1
ii −A−1

ii AieM
−1
ee 0

0 M−1
ee 0

0 0 0


 ,

(92)

where Mee = Aee + diag(
∑

i Aei) is the reduced-problem operator and Inn is
the Nn ×Nn identity matrix.
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The coarse-pressure problem is constructed using the primal coarse cells
as control volume. If χ is the integral operator that sums up all the values
pertaining to fine-scale cells that belong to the same primal coarse cell (an
Nn ×N matrix), the coarse scale problem (Eq. (20)) can be written in DD
notation as

Mnnp̃n = (χAB)p̃n = (χ− χAC)r (93)

where Mnn = χAB is the coarse scale operator. Consequently, the approxi-
mate pressure solution can be represented as the solution of the problem

Mp̃ = Qr, (94)

where M is the multiscale operator and Q is the operator that constructs
the MSFV right hand side. The inverse of M and the operator Q are given
by

M−1 = BM−1
nnR + C, (95)

Q = I−RTR + RT (χ− χAC). (96)

Here, R is a restriction operator defined by R = [0 0 Inn] to yield pn = Rp.
As described earlier, the error introduced in the approximate Eq. (94)

is only due to the localization assumption introduced to solve the reduced
problems along the edges, i.e. Eq. (17). The reduced-problem operator,
Mee, neglects the fluxes transversal to the dual boundaries. To reduce the
localization error and improve the quality of MSFV results, several iterative
MSFV (i-MSFV) schemes have been proposed. The first i-MSFV method
devised for incompressible and compressible problems (see sections 3 and
6) used multiscale operator in combination with a fine-scale iterative solver
(smoother) [34, 37]. Later, another class of i-MSFV method was introduced
[70], where the MSFV operator was used as a preconditioner for a Krylov
subspace method [81]. Recently, the MSFE operator has also been consid-
ered in combination with the MSFV operator for more robust iterations in
the presence of a challenging permeability fields [13, 90]. Here, the i-MSFV
procedure based on Krylov iterations is reviewed which employs the Gener-
alized Minimal Residual (GMRES) method [81], i.e.

p̃ν+1 = p̃ν + wνM−1Q(r−Ap̃ν), (97)

where the vector of the relaxation parameters wν is computed by the GMRES
method [70].

The iterative scheme above converges to the fine-scale reference solution,
if enough iterations are employed. However, with respect to other iterative
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methods, the i-MSFV method has a particular property that a conservative
velocity field can be constructed after any iteration step. This allows the
iterative scheme to be interrupted before convergence and still obtain a ve-
locity field that can be safely used in a transport problem.
To obtain an approximate conservative velocity field, the approximate pres-
sure from Eq. (97), i.e. p̃, is used to compute the Neumann boundary
conditions that are used in solving local problems on primal-coarse cells (see
Eq. (25)). The Nf fine-scale faces at which one has to compute the velocity
can be divided into Nb faces belonging to the boundary of the primal coarse
cells and Nh faces that do not belong to the coarse boundaries. The conserva-
tive velocity at the boundaries of the primal coarse cells, ũb, is then obtained
from the gradient of the approximate pressure, p̃; whereas elsewhere the con-
servative velocity, ũh, is obtained from the gradient of the newly computed
pressure solution.

Therefore, if H is the operator that solves the localized problems in the
primal-coarse cells the conservative velocity (Eq. (27)) in the DD notation
is given by

ũ =

[
ũb
ũh

]
=

[
Db

−DhH
−1(A−H)

]
p̃ +

[
0

DhH
−1

]
r (98)

where Db is the Darcy operator that computes the velocity at the boundary
of the primal coarse grids and Dh the Darcy operator that computes the
velocity at the other faces of the fine-scale cells; the pressure is obtained
from Eq. (97). Defining the Nf × Nb restriction operator Rb such that
ũb = Rbũ, one can write Eq. (98) in the form

ũ = RT
b RbDp̃ + (Iff −RT

b Rb)DH−1[r− (A−H)p̃] (99)

where D is the exact Darcy operator (an N×Nf matrix), and Iff is Nf×Nf

the identity operator for the fine-scale faces.
Here, the MSFV and i-MSFV methods in DD notation were briefly reviewed
because in the next subsection an adaptive strategy for employing the i-
MSFV iterations is devised for the sequential fully implicit coupling ap-
proach. This adaptive strategy involves improving the MSFV system based
on the old solution which is also presented in the DD notation. More in-
formation and discussion about the DD notation of the MSFV method falls
beyond the scope of this thesis and can be found in [69].

10.4 I-MSFV Method for Time Dependent Problems

In case of time dependent problems, the pressure equation has to be solved
several times because of the coupling between pressure and saturation equa-
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tions. Therefore, it is important that the iterative scheme, proposed to im-
prove the localization condition in the MSFV method, does not deteriorate
the efficiency of the MSFV method by requiring a large number of iterations
during the simulation.

This can be achieved by using the solution at the previous time step,
i.e. pn, to provide the first estimate of the fluxes transversal to the dual-cell
boundaries as explained in [34]. Hence, the first MSFV solution at the new
time step, i.e. pn+1,0, is obtained by solving

Mn+1p̃n+1,0 = Qn+1rn+1 + Qn+1(Mnp̃n −Qnrn), (100)

where the second term on the RHS computes the estimate of transversal
fluxes from the old pressure solution, and the superscripts n and n+1 denote
the operators at old and new time steps, respectively. The p̃n+1,0 will be used
as an initial pressure estimate for the time step n+1 in the iterative procedure
of Eq. (97): i.e.,

p̃n+1,ν+1 = p̃n+1,ν + wν(Mn+1)−1Qn+1(rn+1 −An+1p̃n+1,ν). (101)

10.5 Solution Error due to Approximate Velocity Field

For efficient simulations of multiphase flow, a minimum number of i-MSFV
iterations should be applied to generate an approximate but locally conserva-
tive velocity field that is within the desired error tolerance. In the sequential
fully implicit framework, the transport equations at the fine-scale are solved
accurately by a Newton scheme. The only source for the saturation error is,
therefore, the approximate velocity field that is computed from the incom-
pletely converged i-MSFV solution.

To analyze the effect of inaccurate velocity fields on the saturation solu-
tion, the approximate velocity is written as

ut = u∗t + δut, (102)

where the superscript ∗ denotes the exact variable and the symbol δ denotes
the error component. Eq. (8) is then rewritten as

φ
∂Sα
∂t

+ u∗t · ∇fα − qα = −fα∇ · δut − δut · ∇fα, (103)

where the conservation property of the exact velocity, i.e. ∇ · u∗t = 0, is
employed. In Eq. (103) one can identify two terms that contribute to the
saturation error, i.e.,

ζ = fα∇ · δut (104)
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and

η = δut · ∇fα = δut ·
γ∑

i=1

dfα
dSi
∇Si. (105)

The velocity error incurs two different types of errors in the transport
equation: (1) the ζ in Eq. (104) is due to the total mass conservation error
and (2) the η in Eq. (105) is proportional to the total velocity error, δut,
and represents an advection of the phase with a wrong velocity.

Equations (104) and (105) clearly indicate the dependence of saturation er-
rors on fα. The term ζ occurs in a relatively large region in which the
fractional flow function fα is significant; this region grows with the injection
time. The term η, however, is localized only in regions where large gradients
of the fractional flow function exist.

Both the original MSFV and the adaptive i-MSFV methods deliver a conser-
vative velocity field such that ∇ · δut = 0, and the term ζ always vanishes.
However, in non-conservative methods, such as the Multiscale Finite Element
method (MSFE) (see e.g. [26]) or Algebraic Multigrid method (AMG) ([85])
with incomplete convergence, saturation errors can be generated in regions
in which ζ 6= 0. A non-physical source term, as a result, will appear in the
saturation transport equations which may lead to a non-physical saturation
solution with numerical values less than 0 or larger than 1. Note that, if
a general linear solver such as AMG is used, only the fully converged solu-
tion is mass conservative, and the intermediate solutions do not honor the
local mass conservation exactly. In fact, the level of total mass conservation
discrepancy in the solution of these solvers after any iteration level can be
computed by the residual, i.e. (r−Ap̃ν). As explained before, to construct
the conservative approximate velocity field in the MSFV method, an addi-
tional step is taken by solving local problems on coarse grid cells subject to
the Neumann boundary conditions based on the primal pressure field , i.e.
Eq. (99).

In the MSFV framework one needs to estimate the value of δut · ∇fα
in order to control the saturation error during a simulation. Unfortunately,
direct computation of δut is not possible, since it entails a priori knowledge
of the fine-scale reference solution. On the other hand, the quality of the
conservative velocity ut depends only on the quality of the local Neumann
boundary conditions provided by the non-conservative i-MSFV velocity field,
(−λt ·∇pν). As mentioned before, the error in pν is only due to the neglected
transversal fluxes, which are equivalent to unphysical source terms at the
boundaries of dual coarse cells. Hence, the evolution of saturation errors in
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the MSFV conservative framework becomes

η = δut · ∇fα ≈ {−λt · ∇δpν} · ∇fα. (106)

This expression results in

η ≈
{
−λt · ∇

[(
−∇ · (λt · ∇)

)−1(
qt +∇ · (λt · ∇pν)

)]}
· ∇fα. (107)

which can concisely be written in the DD form as:

η ≈ [DM−1Q(r−Ap̃ν)]T F, (108)

where D is the Darcy operator and F is the vector containing the discrete
gradient of the fractional flow function, ∇fα. In addition, the A−1 is replaced
by the MSFV operator M−1Q for the sake of computational efficiency. Since
the pressure residual is the only pressure dependent term in Eqs. (107) and
(108), in this work, the saturation error is controlled by keeping the residual
`-th norm (2nd in this work) below a specified threshold value, i.e.

||r−Ap̃ν ||`
||r||`

< ε. (109)

Note that the residual is a measure of total mass balance for the MSFV
dual pressure field, i.e. (r − Ap̃ν), which affects the saturation solution.
Therefore, keeping the residual norm below a specified threshold value does
not necessarily result in small pressure errors δp̃ν . In fact, in very low per-
meability (transmissibility) regions δpν can be large, but with a small effect
on the residual (r−Ap̃ν) = Aδpν . On the other hand, there will be low flow
rates in those regions with minimal influence on the quality of the transport
solution. This justifies the residual based error control strategy.

10.6 Numerical Results

To test the performance of the adaptive i-MSFV method for time-dependent
problems with residual-based error control, three challenging problems were
constructed from the SPE 10th Comparative Problem by [19]: (1) the SPE 10
top layer with ky = kx, (2) the SPE 10 top layer with ky = 10 kx, and (3) the
SPE bottom layer which includes a channelized permeability field with high
contrast. No-flow boundary condition is applied at the boundaries of all the
test cases. Gas is injected from cell (1, 60) at the constant, non-dimensional
rate of 10, while oil is produced from cell (220, 1) at the fixed dimensionless
pressure 0. The viscosity ratio µo/µg is 10. A grid with 220 × 60 cells was
employed for the fine-scale simulations and 20 × 12 coarse control volumes
for the MSFV method.
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Figure 100: SPE 10 [19] top layer permeability distribution (ln(kx)). The
fine-scale simulator uses a 220× 60 grid while the MSFV method employs a
20× 12 coarse grid.
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10.6.1 Case 1

For a wide range of heterogeneous test cases the original MSFV results (with
no iterations) are in good agreement with the fine-scale reference solutions.
As discussed earlier in this thesis, one needs to control the level of accuracy
of the MSFV results by the proposed adaptive error control strategy. In
this first test case the SPE 10 top layer with isotropic permeability field, i.e.
kx = ky, is considered. The permeability distribution is depicted in Fig. 100.
Fine-scale reference solutions (pressure and saturation) are presented at 0.2
PVI in Fig. 101 together with the original non-iterative MSFV results and
absolute error maps.
The MSFV error maps are shown again in Fig. 102 with a smaller interval
for the contour color map. The proposed error control strategy in the i-
MSFV framework is used to adaptively employ iterations. The quality of
the adaptive i-MSFV results clearly depends on the threshold values used to
control the pressure residual. For ε = 10−2 and 5 × 10−3 the error maps of
i-MSFV solutions (pressure and saturation) are also depicted in Fig. 102 at
the same scale of the MSFV error plots. The i-MSFV results for ε = 10−2 and
5× 10−3 are obtained by only 0.56 and 0.97 additional iterations in average
per pressure solver call, respectively.
Figure 103 shows the history of the second norm of the saturation error dur-
ing the simulation for the MSFV and i-MSFV results obtained with different
values of ε. Moreover, to illustrate the importance of the reconstruction step
to obtain conservative fine-scale velocity fields, the error histories for ε = 10−3

without and with reconstruction step are depicted in Fig. 104. Note that if
the reconstruction step is skipped, the i-MSFV solution is conservative only
at the coarse scale. The nonconservative i-MSFV result for ε = 10−3 is ob-
tained by employing 3.46 iterations in average in the simulation, while the
conservative i-MSFV solution for the same value of ε is obtained by 2.2 ad-
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Figure 101: Fine-scale reference results at 0.2 PVI (gas injection) obtained
on a grid with 220 × 60 cells: pressure (top-left) and saturation (top-right)
maps. Also shown are the original non-iterative MSFV results at 0.2 PVI
using a 20 × 12 coarse grid: pressure (middle-left) and saturation (middle-
right) maps and the absolute differences: pressure error (bottom-left) and
saturation error (bottom-right) maps. (Case 1)
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Figure 102: Pressure (left) and saturation (right) error plots for the MSFV
(top) and i-MSFV with ε = 10−2 (middle) and ε = 5 × 10−4 (bottom) at
0.2 PVI (gas injection). Note that the i-MSFV results for ε = 10−2 and
ε = 5 × 10−3 are obtained with only 0.56 and 0.97 additional iterations in
average, respectively. (Case 1)
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Figure 103: Saturation error histories for the i-MSFV simulations with ε =
1× 10−2, ε = 5× 10−3, and ε = 1× 10−3 which result in 0.56, 0.97, and 2.2
additional iterations per pressure solver call, respectively. (Case 1)

ditional iterations in average. From the saturation error plots it is also clear
that the reconstruction step improves the quality of the results significantly.
In other words, even with a similar pressure residual norm, the reconstruction
step in the MSFV framework improves the saturation solutions significantly.
Also, the error of conservative i-MSFV solutions (with reconstruction step)
for ε = 10−2, which is obtained by only 0.56 additional iterations, is shown
again in this figure. Note that the quality of the conservative i-MSFV so-
lutions with ε = 10−2 is comparable with that of the nonconservative one
with ε = 10−3. It is also worth to be mentioned that the nonconservative
simulation experiences a stability limitation in the flow-transport coupling
for the cases of ε = 5−3 and 10−2.

The iteration history of the i-MSFV results for different values of ε is pre-
sented in Fig. 105. Also, the iteration history of the nonconservative simula-
tion for ε = 10−3 is shown in this figure. Note that more outer iterations are
employed by the nonconservative simulation due to the stability limitations
mentioned above, which exist even for a low pressure residual norm.

The aim of this chapter is to optimize the cost-accuracy trade-off in mul-
tiphase flow simulations. The smaller the threshold value ε, the higher the
accuracy (lower error) and bigger the computational cost. Figure 106 illus-
trates the dependency of the average saturation error during the simulation
on the numerical values of ε (residual norm) and on the average number of
employed additional iterations. In this figure, a wider range of ε values are
used.
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Figure 104: Saturation error histories for the i-MSFV simulations with and
without including the reconstruction step. The result for ε = 1×10−3 without
including the reconstruction step (nonconservative at fine-scale) is obtained
by employing 3.46 additional iterations while that obtained with reconstruc-
tion step (conservative at fine-scale) is obtained by 2.2 additional iterations.
Note that non-conservative simulations did not converge for ε = 5 × 10−3

and 10−2 due to stability limitations. Also, the quality of the i-MSFV result
(conservative) for ε = 10−2, which is obtained by only 0.56 additional itera-
tions in average, is comparable to the quality of nonconservative simulations
with a 10 times lower threshold value, i.e. ε = 10−3 . (Case 1)
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Figure 105: I-MSFV iteration histories (number of iterations employed in
each pressure solver call, i.e. outer loop) for different values of ε. The results
corresponding to the nonconservative simulation, i.e. without reconstruction
step, with ε = 10−3 is also shown (bottom-right). This figue clearly shows
that more outer iterations are employed by the nonconservative simulator due
to stability limitations even for such a low pressure residual norms. (Case 1)
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Figure 106: Average saturation error during the simulation versus ε (left) and
the corresponding plot for average number of employed additional iterations
(right). Note that 0 additional iterations corresponds to the non-iterative
MSFV method. (Case 1)

10.6.2 Case 2

In the second test case, the kx permeability distribution of the SPE 10 top
layer is used (see Fig. 100); like in the previous case. However, in contrast to
the previous case, an anisotropic permeability field with ky = 10 kx is con-
sidered. This anisotropic heterogeneous field makes the problem challenging
for the original non-iterative MSFV method. In general, the MSFV method
exhibits large inaccuracies in the pressure solution in the presence of highly
anisotropic heterogeneous permeability fields. This fact was observed and
studied in several previous works, e.g. see [57], [67], and [43]. To resolve
this limitation of the original MSFV, the i-MSFV method was devised to im-
prove the localization assumptions systematically in a convergent iterative
procedure; e.g. see [34] and [70].

Reference solutions (pressure and saturation) from fine-scale simulation
are presented in Fig. 107 together with the original, non-iterative MSFV
results. As mentioned before, for this highly anisotropic heterogeneous prob-
lem, the original MSFV methods unfortunately fails to provide accurate re-
sults.

The i-MSFV method is used to improve the original MSFV results at the
beginning of the simulation until the residual is below 10−2, i.e. ε = 10−3.
Then, for the subsequent time steps, the error control approach is used to
adaptively apply iterations once the normalized residual becomes larger than
a specified value, i.e. ε. Note that number of the additional MSFV iterations
can be reduced by using the solution from the previous time step as an initial
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Figure 107: Fine-scale reference results at 0.2 PVI (gas injection) obtained on
a grid with 220×60 cells: pressure (top-left) and saturation (top-right) maps.
Also shown are the original non-iterative MSFV results at 0.2 PVI using a
20 × 12 coarse grid: pressure (bottom-left) and saturation (bottom-right)
maps. (Case 2)

guess for the new time step solution.
Figure 108 shows saturation and pressure error maps of the i-MSFV results
obtained with ε = 4 × 10−2, (i.e. the 2-norm norm of the residual is below
0.4), and 2×10−2, (i.e. the 2-norm of the residual is below 0.2). The error is
defined as the absolute differences between the MSFV (or i-MSFV) and fine-
scale reference solutions. For the two threshold values, the i-MSFV results
are obtained by applying only 0.7 and 1.4 additional iterations in average
per pressure solver call, respectively.

Figure 109 shows the 2-norm of the saturation error for MSFV and i-
MSFV simulations with different ε values. It was noted that the big satura-
tion errors in the original MSFV results are due to the non-physical circula-
tions in the velocity field resulting from inaccurate localization conditions in
the presence of highly anisotropic heterogeneous permeability fields.
A nonconservative simulation with controlled pressure residual norm is also
considered for this test case; like in the previous test case. The noncon-
servative solutions are obtained by skipping (excluding) the reconstruction
of a conservative velocity field in the MSFV method. Therefore, the solu-
tions satisfy the local mass conservation only at the coarse scale, but not at
the fine-scale. The nonconservative solutions with controlled residual norm
suffer from instability of the coupled flow-transport system. Therefore, the
nonconservative simulation with small ε = 10−3 required an additional outer
loop convergence criterion; the outer loop stops once the number of iterations
exceeds 5. The saturation error histories of the nonconservative and conser-
vative i-MSFV simulations with the same ε are compared in Fig. 110. The
error histories for conservative simulations with different ε are also included
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Figure 108: Error maps of the MSFV results corresponding to the results
of Fig. 107: pressure error (top-left) and saturation error (top-right) maps.
Also shown in the middle and bottom rows are the error maps of the i-MSFV
results with ε = 4×10−2 and 2×10−2, respectively: pressure errors (left) and
saturation errors (bright) maps. Note that the error is defined as absolute
difference with respect to the fine-scale reference solution. (Case 2)
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Figure 109: 2-norm of saturation error for the MSFV and i-MSFV simulations
with ε = 4 × 10−2, ε = 2 × 10−2, and ε = 1 × 10−2 which result in 0.7, 1.4,
and 2.3 additional iterations per pressure solver call, respectively. (Case 2)
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Figure 110: Saturation error history for the i-MSFV simulations including
(conservative) and excluding (nonconservative) the reconstruction step. The
nonconservative solutions are obtained by employing 10.2 additional itera-
tions while the i-MSFV results are obtained by applying 8.14, 3.6, and 2.3
additional iterations for ε = 10−3, 5× 10−3, and 10−2, respectively. (Case 2)

in the figure. The nonconservative simulator employed 10.2 additional it-
erations while the conservative i-MSFV simulator 8.14 additional iterations.
Clearly the quality of the results is significantly improved once a conservative
velocity field is reconstructed to solve transport equations. Figure 111 depicts
the history of iterations employed in the conservative and nonconservative
simulations.
Finally, the average saturation error as a function of ε and additional number
of iterations are depicted in Fig. 112. Note that for practical applications
the i-MSFV with less than 1 additional iteration improves the solution sig-
nificantly.

10.6.3 Case 3

For the last test case, the permeability field of SPE 10 bottom layer presented
by [19] is used (Fig. 11). This permeability field includes long coherent
structures with high permeability contrasts. Therefore, it is a challenging
test case for MSFV simulation. Fig. 113 depicts the fine-scale and MSFV
solution maps (pressure and saturation). The figure clearly indicates the
non-physical pressure errors in the low permeability areas. In addition, Fig.
114 shows the MSFV and i-MSFV solution error maps. The i-MSFV results
are obtained by setting ε = 5× 10−2 which leads to 2.1 additional iterations
per pressure call during the simulation. It is clear that these 2.1 (in average)
additional iterations yield a significantly improved solution. The i-MSFV
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Figure 111: I-MSFV iteration histories for different values of ε. Note that
with the outer loop convergence criterion ||Sv+1 − Sv||∞ < 10−3 loosening
the ε value results in more outer iterations. This effect becomes minimal if
slightly looser convergence criteria are used. Also shown (bottom-right) is
the iteration history for a nonconservative (excluding the reconstruction step)
i-MSFV simulation showing that much more outer iterations are employed
due to lack of stability. (Case 2)
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Figure 112: Average saturation error as a function of ε and additional itera-
tions. (Case 2)
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Figure 113: Fine-scale (top) and MSFV (bottom) pressure (left) and gas sat-
uration (right) maps. The non-physical peaks in the MSFV pressure solution
mainly occur in low permeability regions. (Case 3)
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Figure 114: Pressure (left) and gas saturation (right) error maps for the
MSFV and i-MSFV simulations. The i-MSFV results are obtained with
ε = 5×10−2 leading to 2.1 additional iterations per pressure solver in average.
(Case 3)

solution, however, still contains small pressure peaks in low permeability
regions. Nevertheless, the adaptive i-MSFV successfully removes most pres-
sure and saturation errors. Obviously one can further improve the quality
of solutions by tightening the residual tolerance criterion. It was found that
ε = 5×10−2 tends to produce solutions that are accurate enough for practical
applications.
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Part VII

Conclusions

11 Conclusions

In this thesis, an iterative multiscale finite-volume (i-MSFV) method was
devised. In each iteration, the MSFV pressure solution gets improved by a
number of smoothing steps. The new approximation is then used to obtain
better local boundary conditions for the new correction functions, which are
required for the RHS of the coarse system. The smoother removes high-
frequency errors which in combination with the MSFV operator (resolves
low-frequency errors) leads to an efficient scalable iterative multiscale solver.
It is demonstrated for a wide range of difficult test cases that the i-MSFV
method combined with a simple line-relaxation (LR) smoother works well,
especially for cases with high grid aspect ratios. In each LR step, an inde-
pendent tri-diagonal system has to be solved for each grid line, e.g. with the
Thomas algorithm which scales linearly with the problem size. Moreover,
as shown earlier, LR is insensitive to the grid aspect ratio and the level of
anisotropy, which is the reason that the i-MSFV method is very efficient even
for highly anisotropic problems.

The number of iterations required by the overall solution algorithm is prob-
lem size independent, i.e. the i-MSFV method is a scalable iterative linear
solver similar to multigrid methods [85]. On the other hand, more i-MSFV
iterations are required as the coarse-grid-cell aspect ratio increases. The
number of iterations, however, reaches an asymptotic value beyond an as-
pect ratio of approximately 20.
A further favorable property of the i-MSFV algorithm is that it can be op-
erated anywhere between a multiscale method (without iterating it becomes
identical to the MSFV method) and an efficient linear solver. For example,
if the iteration procedure is terminated before full convergence is achieved,
the method still delivers a conservative fine-scale velocity field. This is of
relevance, e.g. if transport is solved on the fine grid.
It was also shown that the i-MSFV method can be interpreted as a multigrid
method which allows for extreme coarsening factors. An important property
here is that no explicit upscaling is required. In other words, MSFV basis
and correction functions are used for the restriction and prolongation steps.

Convergence studies with test cases involving shale layers, high coarse-cell
aspect ratios, and layered permeability fields with high contrasts demonstrate
the robustness and efficiency of the new method.
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Another important result is related to multiphase flow, where the mobility ex-
periences changes due to evolving phase saturations. As a preliminary study,
for the examples considered in section 4.3.2 the i-MSFV method with one it-
eration every 10th time step leads to accurate solutions that are in very good
agreement with the corresponding fine-scale solutions. This indicates that
the cost of the i-MSFV method is similar to that of the MSFV method for
complex two-phase flow problems. However, the i-MSFV solutions are more
accurate and problems with high coarse-cell aspect ratios, strong anisotropy,
and shale layers are avoided. More investigations for a wider range of multi-
phase flow scenarios with implicit time integration schemes are also consid-
ered in section 10.

For compressible problems, a new iterative formulation for the linearized
pressure equation is proposed,. The system matrix is symmetric and can
very easily be implemented.
In addition, based on this new formulation a general MSFV method for
compressible problems was devised. In this scheme, the basis and correction
functions are calculated based on the full governing equation, and not just
based on its elliptic part.
At the same time, the coefficients appearing in the basis function equations
are pressure independent (due to the new formulation). This is crucial for
high computational efficiency, since it allows to keep the basis functions for
multiple iterations and time steps.
During the iterative solution of the linearized pressure equation, only the
correction functions have to be updated (in 3D, there exist 8 times more
basis functions than correction functions).
It is shown for highly compressible scenarios that the new scheme leads to
results which are in very good agreement with those obtained with a classical
fine-scale solver (reference solutions).
In particular, during transient phases the new method outperforms existing
multiscale methods. The reason for the high accuracy of the proposed MSFV
method is due to the minimal assumptions that are made, i.e. the full gov-
erning equation is solved at the fine-scale to obtain the correction functions.
The only assumption applied in this framework is the localization condition,
which is trivial and inevitable for multiscale methods. Therefore, for 1D
problems, where no localization assumptions are required, results of the pro-
posed MSFV method and the reference fine-scale solutions are identical at
any time, i.e. during transient and steady states.
Further, an i-MSFV method for compressible problems is described. The
i-MSFV method ensures that the multiscale solution converges to the fine-
scale reference. Numerical convergence of the method is demonstrated for
many test cases for different numbers of smoothing steps ns and different
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non-dimensional time step sizes ∆t∗. It is shown that the i-MSFV method
(converging to fine-scale reference solutions) is more efficient than the MSFV
method (converging to approximate solutions). The only additional cost is
due to the smoothing step, which is minimal and can be reduced by updating
the boundary conditions only infrequently, i.e. not every time steps.
Furthermore, an i-MSFV method for the solution of fractured porous media
using a hierarchical fracture modeling approach is presented. The fracture
modeling approach was extended to become suitable for the MSFV frame-
work. This extension involves splitting of the fracture pressure into an av-
erage value and a deviation. This splitting technique results in only one
additional DOF for each connected fracture network being implicitly cou-
pled with the matrix system. This results in much smaller coupled systems
compared to those resulting from the previously proposed hierarchical ap-
proach. For the fracture deviation pressure a classical solver is employed,
since the corresponding systems tend to be much smaller than the globally
coupled one.
To reduce the computational cost required for the solution of the global
system with its additional DOFs, an i-MSFV is devised. Local fracture
functions are introduced to accurately capture fractures at the coarse scale;
similar as well functions in [51]. In each coarse dual cell there exists only one
local fracture function per overlapping network and one DOF per fracture
network is added to the coarse scale system.
Efficiency and accuracy of the proposed i-MSFV approach for fractured
porous media was assessed for a wide range of test cases and corresponding
results are documented in this thesis. These demonstrate that the combina-
tion of the new i-MSFV method with sequential coupling of the global coarse
system with the small systems for the fracture deviation pressure is very
effective; especially for highly conductive fractures. Improving the overall
convergence rate for problems with less conductive fractures will be subject
of future research.

The MSFV method is also extended to account for non-matching coarse
grids arising from faulted reservoirs. The devised extension is based on more
general local domains to accommodate the fault regions. These new do-
mains are obtained by agglomerating neighboring regular dual control vol-
umes overlapping with a fault, which leads to an extended dual coarse cell
with typically more than four (eight in 3D) associated nodes and equally
many associated basis functions. The rest of the steps are the same as in
the MSFV method for conforming grids. Numerical results show that this
extended MSFV method is suitable for practical problems involving complex
geometries, e.g. faulted reservoirs.
Moreover, to improve the quality of the results and to extend the applicabil-
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ity of the method for highly anisotropic heterogeneous problems, the i-MSFV
method as in [34] is extended for non-matching coarse grids. Numerical re-
sults are presented for different test cases and it is demonstrated that this
i-MSFV method is a convergent iterative solver with the advantageous prop-
erty that a conservative velocity field can be recovered after any multiscale
iteration.
It is also worth mentioning that the new MSFV method can deal with non-
matching fine grids, provided the fine-scale solver employed to compute basis
and correction functions has this capability.

In this thesis, also a space-time adaptive iterative multiscale finite-volume
(ai-MSFV) method is devised. It is shown that the error introduced by the
MSFV framework can locally be reduced by applying i-MSFV iterations in
small critical sub-domains. The critical sub-domains are found based on
residual maps, which is a computationally cheap task and results in an effi-
cient improvement of the results.
Numerical studies with a wide range of test cases demonstrate the efficiency
of the ai-MSFV method for single phase flow, where an elliptic problem is
solved once, and for multiphase flow scenarios, where elliptic problems are
solved several times with different coefficients. Furthermore, for anisotropic
heterogeneous problems, where the standard MSFV method leads to unphys-
ical results, the ai-MSFV method proved to be very efficient.

Moreover, the ai-MSFV method is employed to optimize the accuracy-
cost trade off in the i-MSFV framework. Clearly, the optimum value of the
parameter εa is application dependent. Based on the presented test cases, it
was found that generally the choice of εa ≈ 0.01 leads to good results and effi-
cient simulations; i.e. localization conditions are improved only infrequently
and adaptively.
Further error criteria based on different parameters such as permeability, flow
field, vorticity, etc., which are common in the upscaling community (see e.g.
[29, 63, 23, 22, 71, 5]) are also applicable in the ai-MSFV context. A very
important advantage of the ai-MSFV framework with respect to upscaling
techniques is that here the results are improved via the boundary condi-
tions for the correction function calculations. Neither local grid refinement,
nor coarse grid adjustment, nor any other grid-based treatments, which are
common in the upscaling literature, are applied here. Hence, this adaptive
strategy has no effect on the time-step size, which is a drawback of classical
local grid refinements, when IMPES schemes are employed. The strategy
of the space-time ai-MSFV method is the same for compressible multiphase
flow scenarios. However, further studies for the optimum error criterion in
these cases are necessary, which is a topic of future research.

An efficient adaptive strategy in the i-MSFV framework is devised for
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sequential implicit simulation of multiphase flow. The saturation errors due
to an inaccurate velocity field are analyzed. We also showed the importance
of the conservative velocity field obtained from the MSFV method; in com-
parison with nonconservative velocity fields. Based on the analysis of the
saturation error estimate, a residual-based strategy for adaptive iterations is
introduced. Its performance was validated for a numerically difficult problem
(heterogeneous anisotropic multiphase flow with high viscosity ratio). Fur-
ther it is shown how the previous solution can be used to improve the initial
estimate of the i-MSFV result at the new time. This strategy minimizes the
number of i-MSFV iterations required to obtain good solutions. Numerical
results showed that the residual-based error control strategy in the i-MSFV
framework leads to an adaptive solver that greatly improves the accuracy
with a small increase of the computational cost.

Note that this part of the present work was aimed to optimize the accuracy-
cost trade off in multiphase flow simulations. The overall efficiency of the
strategy could further be improved by also solving the transport equations
with a MSFV method [61], and by using the adaptive MSFV residual im-
provement [38]. In the latter case, based on the analysis presented in this
work, one should define more strict threshold values near front regions and
moderate ones for the rest of the domain.

Finally, the reader should note that the proposed MSFV methods are
applicable not only for porous media problems, but in all other fields where
linear and non-linear elliptic problems are to be solved.

12 Closing Remarks and Future Works

When this PhD project started, i.e. in June 2007, the MSFV method could
not be used for realistic problems. This is due to the fact that no error
control and reduction was possible at that time. In the first step of this PhD
project, the i-MSFV method was devised. The i-MSFV method opened a
new chapter in the applicability of the MSFV method. With the i-MSFV
method, a general systematic reduction of MSFV errors became possible.
Dealing with more realistic phase and reservoir behavior, motivated the next
steps of this work, where the i-MSFV method was extended for the solution
of compressible problems with fractures and faults. To close the loop, an
extensive study for adaptive error reduction and error analysis was done.
Finally, to the author’s understanding, the whole package is ready to be
implemented in a commercial reservoir simulator. This step is in progress by
the main financial supporter of this PhD work, i.e. Chevron/Schlumberger
Intersect Alliance Technology.



142 12 CLOSING REMARKS AND FUTURE WORKS

There exist many possibilities to extend the current work, which are mainly
concerned with the efficiency of the proposed method. Several i-MSFV meth-
ods have been proposed after the publication of the one presented in this the-
sis; most of them employ GMRES [81] to enhance the convergence rate. So
far, no method has been devised, which exploits permeability data for error
reduction and quality optimization. In other words, the coarse grid and dual
coarse grid cells may be utilized in a way that the reduced problem boundary
conditions are very accurate. This step is very important and subject of the
future research.
So far, the coarse scale MSFV problem has been solved using a direct (or
iterative) numerical solver (to machine accuracy). For very large problems,
however, the coarse problem may be huge itself. This is a good motivation to
develop a multilevel MSFV method similar to multigrid methods [85] which
allows to solve larger problems.
There is potential to improve the efficiency of the i-MSFV method for frac-
tured porous media with low conductive fractures [40, 39]. As mentioned
earlier, an improvement may be achieved by introducing more than one DOF
per fracture network to capture the gradient of the pressure. The fracture
basis functions are multiplied with additional DOFs at the coarse scale which
leads to enhanced coarse scale systems. A similar approach could be applied
to enhance the coarse scale condition number in a consistent way. Opposed
to the previously developed strategies [27], sum of basis and additional local
functions (which have to be scaled with a DOF) is one.
As a general closing remark, one should aim for a multiscale framework
which can honer different physics at different scales. There exist scenarios, in
which the physical assumptions and mathematical formulations are different
depending on the length scales of observation. For example, one cannot
employ Darcy’s law at the pore scale. Coupling pore-scale and the Darcy
scale simulations in a multi-scale multi-physics framework could be of great
importance for the community.
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