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Distributed Combinatorial Optimization – Extended Abstract

Fabian Kuhn, Roger Wattenhofer
{kuhn,wattenhofer}@inf.ethz.ch

Department of Computer Science, ETH Zurich, 8092 Zurich, Switzerland

Abstract

Approximating integer linear programs by solving a relax-
ation to a linear program (LP) and afterwards reconstruct-
ing an integer solution from the fractional one is a stan-
dard technique in a non-distributed scenario. Surprisingly,
the method has not often been applied for distributed al-
gorithms. In this paper, we show that LP relaxation is a
powerful technique also to obtain fast distributed approx-
imation algorithms. We present a novel deterministic dis-
tributed algorithm which computes a constant factor ap-
proximates for fractional covering and packing problems
in only log2 rounds, using messages of logarithmic size. If
messages are allowed to be larger, we show that a constant
approximation can be achieved in a logarithmic number
of rounds only. Finally, we show that by combining our
LP approximation algorithms with randomized rounding
techniques, we obtain efficient distributed approximation
algorithms for a number of combinatorial problems.

1 Introduction

Achieving a global goal based on local information
only is one of the key challenges when developing
fast distributed algorithms. In k rounds of commu-
nication, a network node can only gather informa-
tion about nodes which are at most k hops away.
Not surprisingly, many global criteria such as obtain-
ing a spanning tree cannot be met by a local algo-
rithm, i.e. by an algorithm whose time complexity is
much smaller than the diameter of the network graph.
However, for many interesting problems, there are
local algorithms. Probably the most prominent ex-
ample is an algorithm for 3-coloring a rooted tree in
O(log∗n) rounds only [3, 11].

In the present paper, we look at distributed approx-
imation algorithms for optimization problems with a

global objective function. We consider trade-offs be-
tween time complexity and approximation ratio. In
particular, we are interested in the approximation ra-
tios we can achieve using algorithms which are ex-
tremely fast. What can we achieve in a polylogarith-
mic or even in a constant number of rounds? In view
of recent trends in networking, focusing on locality
rather than on the quality of the solution has become
increasingly important. Peer-to-peer networks and
mobile ad-hoc networks have become popular re-
search areas. Both share the property that their struc-
tures are changing rapidly, calling for algorithms
which are fast enough to keep up with this dynamic
behavior. In peer-to-peer networks, changes of the
topology occur when nodes join and leave whereas
in ad-hoc networks, the mobility of nodes is the main
reason for the dynamic behavior. In ad-hoc net-
works, the scarceness of the resources energy and
bandwidth adds yet another need for low message
and time complexities.

For standard, non-distributed scenarios, LP relax-
ations are a widely used method to obtain approx-
imation algorithms for combinatorial optimization
problems. Surprisingly, in a distributed setting, LP
relaxation has not found many applications. The
only example we are aware of is a distributed dom-
inating set algorithm which approximates the LP
(fractional dominating set) and finds an integer so-
lution using randomized rounding [10]. In this pa-
per, we generalize and improve the results of [10],
showing that LP relaxation combined with random-
ized rounding can be an efficient means to break
symmetries. The main contribution of the paper
is a novel distributed algorithm to approximate the
LPs corresponding to fractional covering and pack-
ing problems, a.k.a. positive LPs. The algorithm is
deterministic and achieves an (1 + ε)-approximation
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in O
(

log(ρ∆d) log(ρ∆p)/ε4
)

rounds where ∆p and
∆d are the maximum number of times a variable oc-
curs in the inequalities of the primal and the dual LP,
respectively, and where ρ denotes the ratio between
the largest and the smallest non-zero coefficient of
the LP. For large (i.e. constant) ε this is at least by
a factor log(ρm) faster than a previously developed
algorithm which approximates the same class of LPs
in time O

(

log2(ρm) log(ρmn/ε)/ε3
)

[1]. Here, m
and n denote the number of primal and dual vari-
ables, respectively. Additionally, our algorithm al-
ready achieves a non-trivial approximation ratio if
the number of rounds is chosen to be constant.

In a second part, we show that if message size is
no issue, approximations for positive LPs can be ob-
tained even faster. Based on a randomized graph de-
composition algorithm developed by Linial and Saks
[12], we achieve a constant factor approximation in
O(log m) communication rounds. If the number of
rounds is fixed to O(k), the algorithm’s approxima-
tion ratio is still O

(

m1/k
)

.
Finally, in the third part of the paper, we show that,

combined with randomized rounding techniques, the
devised LP approximation algorithms can be used to
efficiently approximate a number of combinatorial
problems. We show that for a number of problems
our approach matches or outperforms the best known
problem-specific algorithms in terms of running time
and approximation quality.

The remainder of the paper is organized as fol-
lows. In Section 2, we give a summary on related
work. The technical part starts with a description of
the model and some notations in Section 3. Sections
4 and 5 discuss the two distributed LP approxima-
tions. They are combined with randomized rounding
in Section 6 to obtain distributed approximation al-
gorithms of integer linear programs. Finally, Section
7 concludes the paper.

2 Related Work

In the standard non-distributed setting, LP relaxation
is a widely used method to approximate combinato-
rial problems. For an introduction, we refer to [7]
or [20]. Integer covering and packing problems in
particular have been studied extensively since many
important optimization problems fall into this cate-

gory. In this context, the technique of randomized
rounding has been introduced [17, 18, 19].

As mentioned above, covering and packing prob-
lems occur in a variety of applications. It is there-
fore no surprise that there has been a considerable
effort to find algorithms for the corresponding LPs
which are faster than inner-point methods which can
be applied to general LPs (e.g. [4, 5, 6, 14, 16]). All
these algorithms need global information to work.
The distributed approximation of positive LPs has
been studied in [1], [10], and [15]. Our algorithm
builds on techniques developed in [4] and [10]. The
algorithms of [4], [10], and of this paper are all re-
lated to the classical greedy set cover algorithm [2].
[4] describes a (non-distributed) algorithm for the
fractional set cover problem. In [10], for the frac-
tional dominating set problem, a distributed imple-
mentation of greedy set cover is presented. In time
O
(

log2 ∆
)

, the algorithm achieves an approximation
ratio of O(log ∆) for this special linear program.

There have been distributed approximation algo-
rithms for a number of integer covering and pack-
ing problems such as (weighted) minimum dominat-
ing set [9, 10] or (weighted) maximum matching and
vertex cover [8, 13, 21].

3 Model and Notation

In this section, we give a formal description of the
model, as well as some definitions which will be used
throughout the paper. A fractional covering problem
is a linear program of the canonical form

min cTx

subject to A · x ≥ b

x ≥ 0.

(LP)

where all aij , bi and ci are non-negative. The dual
LP for (LP) has the form

max bTy

subject to AT · y ≤ c

y ≥ 0.

(DLP)

and is called a fractional packing problem.
Throughout the paper, we will use the term primal
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LP for the minimization and dual LP for the maxi-
mization problem. The number of primal and dual
variables are denoted by m and n, respectively. Let
amax := maxi,j{aij , bi, ci} be the maximum and
amin := mini,j{aij , bi, ci} \ {0} be the minimum
coefficient of (LP) and (DLP). ρ := amax/amin is
defined to be the maximum ratio between any two
coefficients.

Analogously to [1, 15], we consider the follow-
ing distributed setting. The linear program is bound
to a network graph G = (V,E). Each primal vari-
able xi and each dual variable yj is associated with a

node v
(p)
i ∈ V and v

(d)
j ∈ V , respectively. There are

communication links between primal and dual nodes
wherever the respective variables occur in the corre-
sponding inequality. Thus, (v

(p)
i , v

(d)
j ) ∈ E if and

only if xi occurs in the jth inequality of (LP). For-
mally, this means that v

(p)
i and v

(d)
j are connected if

and only if aji > 0. The degrees of v
(p)
i and v

(d)
j are

called δ
(p)
i and δ

(d)
j , respectively. ∆p := maxi δ

(p)
i

is called the primal degree and ∆d := maxj δ
(d)
j is

called the dual degree of the problem, i.e. ∆p and ∆d

are the maximum number of times a primal or dual
variable occurs in an inequality of (LP) or (DLP),
respectively. The set of dual neighbors of v

(p)
i is de-

noted by N
(p)
i , the set of primal neighbors of v

(d)
i by

N
(d)
i . Where convenient, N

(p)
i and N

(d)
j also denote

the sets of the indices of the respective nodes.
For simplicity, we assume a purely synchronous

communication model. In an asynchronous environ-
ment, the same approximation ratios and time com-
plexities can be achieved at the cost of a higher mes-
sage complexity.

4 LP Algorithm

We will now present the main result of this pa-
per: An efficient distributed algorithm to approxi-
mate positive linear programs. For our algorithm, we
need the LPs (LP) and (DLP) to be of the following
special form:

∀i, j : bi = 1, aij = 0 or aij ≥ 1. (1)

The transformation to (1) is done in two steps. First,
every aij is replaced by âij := aij/bi and bi is re-

procedure increase duals():
1: if wi ≥ 1 then
2: if fi ≥ f then
3: yi := yi + y+

i ; y+
i := 0;

4: ri := 0; wi := 0
5: else if wi ≥ 2 then
6: yi := yi + y+

i ; y+
i := 0;

7: ri := ri/Γ
bwic/kp
p

8: else
9: λ := max{Γ1/kd

d ,Γ
1/kp
p };

10: yi := yi + min{y+
i , riλ/Γ

ep/kp
p };

11: y+
i := y+

i − min{y+
i , riλ/Γ

ep/kp
p };

12: ri := ri/Γ
1/kp
p

13: fi;
14: wi := wi − bwic
15: fi

placed by 1. In the second step, the ci and âij are
divided by λi := minj{âji} \ {0}. The optimal ob-
jective values of the transformed LPs are the same.
A feasible solution for the transformed LP (1) can be
converted to a feasible solution of the original LP by
dividing all x-values by the corresponding λi and by
dividing the y-values by the corresponding bi. This
conserves the values of the objective functions. For
the rest of this section, we assume that the coeffi-
cients of the LP given are according to (1).

We start the description of the algorithm with a
general outline. At the beginning, all primal and
dual variables are set to 0. During the algorithm, pri-
mal and dual variables are gradually increased by the
same total amount. Primal nodes which have a high
degree and low cost ci increase their variables first.
At the end, each primal inequality is fulfilled f times
and the sums of the dual constraints are only f times
a small factor too high (f is to be determined later).
The algorithm builds on techniques developed in [4]
and [10].

Apart from the variable yi, each dual node v
(d)
i

needs a requirement ri ≤ 1 which is decreased every
time the corresponding primal constraint is achieved
and a variable fi which counts how many times the
primal constraint has been fulfilled. To measure the
efficiency per cost ratio of a primal node v

(p)
i , we
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LP Approximation LP Approximation
Algorithm for Primal Node v

( � )� : Algorithm for Dual Node v
( � )� :

1: xi := 0; 1: yi := y+
i := wi := fi := 0; ri := 1;

2: for ep := kp − 2 to −f − 1 by −1 do 2: for ep := kp − 2 to −f − 1 by −1 do
3: for 1 to h do 3: for 1 to h do
4: (∗ γ

� :=
�
max���

∑�
a

� �
r

�
∗) 4: r̃i := ri;

5: for ed := kd − 1 to 0 by −1 do 5: for ed := kd − 1 to 0 by −1 do
6: γ̃i := cmax

ci

∑

j ajir̃j; 6:

7: if γ̃i ≥ 1/Γ
ep/kp
p then 7:

8: x+
i := 1/Γ

ed/kd

d ; xi := xi + x+
i ; 8:

9: fi; 9:

10: send x+
i , γ̃i to dual neighbors; 10: receive x+

j , γ̃j from primal neighbors;
11: 11: y+

i := y+
i + r̃i

∑

j aijx
+
j /γ̃j ;

12: 12: w+
i :=

∑

j aijx
+
j ;

13: 13: wi := wi + w+
i ; fi := fi + w+

i ;
14: 14: if wi ≥ 1 then r̃i := 0 fi;
15: receive r̃j from dual neighbors 15: send r̃i to primal neighbors
16: od; 16: od;
17: 17: increase duals();
18: receive rj from dual neighbors 18: send ri to primal neighbors
19: od 19: od
20: od; 20: od;
21: xi := xi/min

j∈N
(p)
i

∑

` aj`x` 21: yi := yi/max
j∈N

(d)
i

1
cj

∑

` a`jy`

Algorithm 1: Distributed LP Approximation Algorithm

define γi as follows:

γi :=
cmax

ci

∑

j

ajirj .

For simplicity, we assume that all nodes know
cmax := max{ci} as well as two other global quan-
tities Γp and Γd which are defined as

Γp := max
i

cmax

ci
·

n
∑

j=1

aji and Γd := max
i

m
∑

j=1

aij .

We can get rid of this assumption by techniques sim-
ilar to the ones used in [10]. For details, we refer to
the full version of this paper. We can also assume that
instead of knowing the real values the nodes have up-
per bounds on the values cmax, Γp, and Γd. Time
complexity and approximation ratio are then also de-
pendent on the upper bounds instead of the real val-
ues.

The detailed algorithm is given by Algorithm 1
along with the procedure increase duals() which is
used by the dual nodes. The algorithm has two pa-
rameters kp ≥ 1 and kd ≥ 1 which determine the
trade-off between time complexity and approxima-
tion quality. The bigger kp and kd, the better the
approximation ratio of the algorithm. On the other
hand, smaller kp and kd lead to a faster algorithm.
Algorithm 1 also makes use of two values f and h
which are defined as follows:

f :=

⌈

kp + 1

Γ
1/kp
p − 1

⌉

and h :=

⌈

1 +
kp

Γ
1/kp
p ln Γp

⌉

.

In the following, we present a number of lemmas
which establish all the necessary details to analyze
Algorithm 1.

Lemma 4.1. For each primal node v
(p)
i , at all times
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during Algorithm 1,

γi ≤ Γ
(ep+2)/kp
p .

Proof. We prove the lemma by induction over the
iterations of the outer-most loop (ep-loop). For ep =
kp − 2, the lemma follows from the definitions of γi,
Γp, and rj .

To see how fast γi decreases, we have to look at
the behavior of the inner-most loop (ed-loop). The
value γi is cmax/ci times the the sum of the ajirj

of all dual neighbors v
(d)
j of v

(p)
i whereas γ̃i is the

same sum but only for the dual neighbors for which
the corresponding primal inequality has not been ful-
filled since the last time increase duals() was called
(wi < 1 and r̃i > 0). When increase duals() is
called (i.e. after the last iteration of the ed-loop) it

holds that γ̃i < Γ
ep/kp
p . If not, x+

i would have been
set to 1 in the last ed-loop iteration (ed = 0). Because
all aij ≥ 1 and all bj = 1, all dual neighbors v

(d)
j of

v
(p)
i would then have wj ≥ 1 and therefore r̃j = 0

after the last ed-loop iteration. Thus, if γ̃i ≥ Γ
ep/kp
p

before the last ed-loop iteration, γ̃i = 0 when in-
crease duals() is called.

All dual nodes v
(d)
j which set r̃j := 0 divide rj

by at least Γ
1/kp
p while executing increase duals().

Therefore, after the call to increase duals(), we have

γ′
i ≤ γ̃i +

γi − γ̃i

Γ
1/kp
p

≤ Γ
ep/kp
p +

γi − Γ
ep/kp
p

Γ
1/kp
p

where γi and γ′
i denote the values before and af-

ter executing increase duals(), respectively. Be-
fore going to the next ep-loop iteration, the ed-
loop/increase duals() part is executed h times. By

the induction hypothesis, γi ≤ Γ
(ep+2)/kp
p before the

h iterations of the inner part and therefore, after the
h iterations, we have

γi ≤ Γ
ep/kp
p +

Γ
(ep+2)/kp
p − Γ

ep/kp
p

Γ
h/kp
p

. (2)

We have to show that the right-hand side of Inequal-

ity (2) is at most Γ
(ep+1)/kp
p . Dividing the right-hand

side of (2) and Γ
(ep+1)/kp
p by Γ

ep/kp
p , this results in

(

Γ
1/kp
p − 1

)

·
(

Γ
1/kp
p + 1

)

≤
(

Γ
1/kp
p − 1

)

· Γh/kp
p

which is true for

h ≥
ln
(

Γ
1/kp
p + 1

)

ln
(

Γ
1/kp
p

) .

Because ln(x) is a concave function, ln(x + 1) ≤
ln(x) + 1/x and therefore

ln
(

Γ
1/kp
p + 1

)

ln
(

Γ
1/kp
p

) ≤ 1 +
1

Γ
1/kp
p ln

(

Γ
1/kp
p

)

= 1 +
kp

Γ
1/kp
p ln (Γp)

≤ h

by the definition of h.

Lemma 4.2. After line 12 of Algorithm 1, for each
dual node v

(d)
i , either r̃i = 0 or

w+
i :=

∑

j

aijx
+
j ≤ Γ

1/kd

d .

Proof. For the sake of contradiction, assume that
r̃i > 0 and w+

i > Γ
1/kd

d . Let w′+
i be the sum of

the aijx
+
j of the preceding iteration of the ed-loop.

All primal variables which are increased in line 8
have also been increased in the preceding iteration
because the γ̃j of the primal neighbors of v

(d)
i can

only have decreased. Therefore

w′+
i ≥ w+

i

Γ
1/kd

d

> 1

which is a contradiction to r̃i > 0 because w′+
i >

1 implies that r̃i has been set to 0 in the preceding
iteration of the ed-loop. For the first iteration of the
ed-loop (ed = kd − 1), we have

w+
i ≤ Γdx

+
i =

Γd

Γ
(kd−1)/kd

d

which completes the proof.

Lemma 4.3. Each time a dual node enters in-
crease duals() in Algorithm 1,

y+
i ≤ ri ·

wi

Γ
ep/kp
p

and y+
i ≤ ri ·

Γ
1/kd

d + 1

Γ
ep/kp
p

. (3)
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Proof. We start by showing the left inequality. First,
we prove that the condition can only be violated in-
side increase duals(). Outside, ri is not changed and
y+

i and wi are always increased simultaneously in

lines 11 and 13. Because r̃i ≤ ri and γ̃j ≥ Γ
ep/kp
p ,

these increases do not violate Condition (3). De-
creasing ep increases the right-hand side of the in-
equality and therefore Condition (3) is not invali-
dated by this either.

Inside increase duals(), we consider the 3 cases
wi < 1, 1 ≤ wi < 2, and wi ≥ 2. If wi < 1, nothing
happens and we are done. If wi ≥ 2 or fi ≥ f , y+

i

is set to 0 and therefore the Condition (3) trivially
holds. The interesting case is when 1 ≤ wi < 2.

We assume that Condition (3) holds before enter-
ing increase duals(). We define w′

i := wi − 1 to
be the fractional part of wi. Inside increases duals()
riλ/Γ

ep/kp
p is subtracted from y+

i and ri is divided

by Γ
1/kp
p . If Condition (3) has to be true after in-

crease duals(), the following inequality must hold
(ri before the division):

ri
1 + w′

i − λ

Γ
ep/kp
p

≤ ri

Γ
1/kp
p

w′
i

Γ
ep/kp
p

.

This gives

λΓ
1/kp
p − Γ

1/kp
p − w′

iΓ
1/kp
p + w′

i ≥
Γ

2/kp
p − Γ

1/kp
p − w′

iΓ
1/kp
p + w′

i =
(

Γ
1/kp
p − 1

)

·
(

Γ
1/kp
p − w′

i

)

≥ 0,

which is true because λ ≥ Γ
1/kp
p ≥ 1 and w′

i < 1.
To prove the right inequality of Condition (3), note

that y+
i is only increased in the ed-loop as long as

wi < 1 before entering the loop. Otherwise, r̃i
would have been set to zero. The second inequality
of the lemma now follows from the first inequality
and from Lemma 4.2.

Lemma 4.4. Let v
(p)
i be a primal node and let Yi :=

∑

j ajiyj be the weighted sum of the y-values of its

dual neighbors. Further, let Y+
i be the increase of Yi

and γ−
i be the decrease of γi during an execution of

increase duals(). We have

Y +
i ≤ Γ

3/kp
p · max{Γ1/kp

p ,Γ
1/kd

d }
γi(Γ

1/kp
p − 1)

· ci

cmax
· γ−

i .

Proof. We prove the lemma by showing that the in-
equality holds for every dual neighbor v

(d)
j of v

(p)
i .

Let βj be the increase of yj and let r−j be the de-
crease of rj . We show that

βj ≤
Γ

1/kp
p · max{Γ1/kp

p ,Γ
1/kd

d }
Γ

ep/kp
p (Γ

1/kp
p − 1)

· r−j . (4)

The lemma then follows because γi ≤ Γ
(ep+2)/kp
p

(Lemma 4.1) and because

Y +
i =

∑

j

ajiβj and γ−
i =

cmax

ci

∑

j

ajir
−
j .

To prove Inequality (4), we again consider the cases
where wj ≥ 2 and where 1 ≤ wj < 2. If wj ≥ 2,

by Lemma 4.3, βj = y+
j ≤ rj(1 + Γ

1/kd

d )/Γ
ep/kp
p .

The requirement rj is divided by at least Γ
2/kp
p and

therefore r−j ≥ rj(Γ
2/kp
p − 1)/Γ

2/kp
p . Together, we

get

βj ≤ 1 + Γ
1/kd

d

Γ
ep/kp
p

· Γ
2/kp
p

Γ
2/kp
p − 1

· r−j

≤

(

1 + Γ
1/kp
p

)

Γ
1/kp
p max{Γ1/kp

p ,Γ
1/kd

d }

Γ
ep/kp
p

(

Γ
1/kp
p + 1

)(

Γ
1/kp
p − 1

) r−j .

For 1 ≤ wj < 2, the proof is along the same lines.

Here, βj ≤ rj max{Γ1/kp
p ,Γ

1/kd

d }/Γ
ep/kp
p and r−j =

rj(Γ
1/kp
p − 1)/Γ

1/kp
p . Again, we obtain Inequality

(4):

βj ≤ max{Γ1/kp
p ,Γ

1/kd

d }
Γ

ep/kp
p

· Γ
1/kp
p

Γ
1/kp
p − 1

· r−j .

We do not have to consider the case fj ≥ f explicitly
because the same analysis as for wj ≥ 2 applies in
this case.

Lemma 4.5. Let v
(p)
i be a primal node and Yi =

∑

j ajiyj be the weighted sum of the y-values of the

dual neighbors of v
(p)
i . After the main part of the

algorithm (i.e., after the loops at line 20),

Yi ≤
ci

cmax
(kp + f + 1)Γ

3/kp
p max

{

Γ
1/kp
p ,Γ

1/kd

d

}

.
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Proof. For simplicity, we define

Q :=
1

cmax
Γ

3/kp
p max{Γ1/kp

p ,Γ
1/kd

d }.

Before γi is decreased for the last time, we have
γi ≥ 1/Γ

(f−1)/kp
p because at least one rj in the

dual neighborhood of v
(p)
i has to be greater than 0.

If we assume that the last time γi is decreased it
is only reduced to γi = 1/Γ

(f+1)/kp
p , Lemma 4.4

still holds. The analysis is exactly the same as for
the case wj ≥ 2 in Lemma 4.4. By Lemma 4.4,
Yi is therefore bounded by the area under the curve

ciQ/(Γ
1/kp
p −1)·1/x for x between 1/Γ

(f+1)/kp
p and

Γp:

Yi ≤ ciQ

Γ
1/kp
p − 1

·
∫ Γp

1

Γ
(f+1)/kp
p

1

x
dx

=
ciQ ln

(

Γ
(kp+f+1)/kp
p

)

Γ
1/kp
p − 1

=
ci(kp + f + 1)Q ln

(

Γ
1/kp
p

)

Γ
1/kp
p − 1

≤ ci(kp + f + 1)Q.

The last inequality follows from ln(1 + t) ≤ t.

Lemma 4.6. At the end of Algorithm 1, we have

∀i : ri = 0 and fi ≥ f.

Proof. When entering the ep-loop for the last time,
by Lemma 4.1,

Γ
(−f+1)/kp
p ≥ γj ≥

∑

i

aijri ≥
∑

i∈N
(p)
j

ri.

γj can only be greater than 0 if there is exactly one ri

in the dual neighborhood of v
(p)
j which is greater than

zero. If ri is still greater than 0 when ed = 0, xj will
be increased by 1 which makes wj ≥ 1 and therefore
ri = 0 after the next call to increase duals().

fi counts the number of times the ith constraint of
(LP) is satisfied. It is increased together with wi in
line 13 of Algorithm 1. Every time the integer part of

wi is increased, ri is divided by Γ
bwic/kp
p and wi is set

to wi − bwic. Therefore, ri = 0 implies fi ≥ f .

Lemma 4.7. After the main part of Algorithm 1 (i.e.,
after the loops at line 20), we have

m
∑

i=1

cixi = cmax

n
∑

j=1

yj .

Proof. Let v
(p)
i be a primal node which increases xi

by x+
i (line 8). All dual neighbors v

(d)
j of v

(p)
i in-

crease y+
j by ajir̃jx

+
i /γ̃i. Hence, the sum of the y+

j -

increases over all dual neighbors of v
(p)
i is

x+
i

γ̃i

∑

j

ajir̃j = x+
i

∑

j ajir̃j

cmax
ci

∑

j ajir̃j
=

ci

cmax
x+

i .

By Lemma 4.6, all y+
j are 0 in the end and thus yj is

equal to the sum of all increases of y+
j .

Theorem 4.8. For arbitrary kp, kd ≥ 1, Algorithm 1
approximates (LP) and (DLP) by a factor

Γ
4/kp
p max

{

Γ
1/kp
p ,Γ

1/kd

d

}

.

The time complexity of Algorithm 1 is

O

(

kdkp

(

1 +
1

Γ
1/kp
p − 1

)(

1 +
kp

Γ
1/kp
p log Γp

))

.

For kp ∈ O(log Γp), this simplifies to O(kdkp).

Proof. For the approximation ratio, we have to look
at line 21 of Algorithm 1 where all x and y values are
divided by the largest possible values to keep/make
the primal/dual solution feasible. By Lemma 4.6,
each primal constraint is satisfied at least f times.
Therefore, all primal variables are divided by at least
f . According to Lemma 4.5, for each primal node,
the sum of the y values of its dual neighbors is at
most ci(kp + f + 1)Q for Q as defined in Lemma
4.5. Dividing all dual variables by (kp + f + 1)Q
therefore makes the dual solution feasible. Thus, us-
ing Lemma 4.7, the ratio between the objective func-
tions of the primal and the dual solutions becomes
∑m

i=1 cixi
∑n

j=1 yi
≤ cmax

kp + f + 1

f
Q

≤ cmax

kp +
kp+1

Γ
1/kp
p −1

+ 1

kp+1

Γ
1/kp
p −1

Q

= cmaxΓ
1/kp
p Q

= Γ
4/kp
p max

{

Γ
1/kp
p ,Γ

1/kd

d

}

.
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Because of the duality theorem for linear program-
ming, this ratio is an upper bound on the approxima-
tion ratio for (LP) and (DLP).

To obtain the time complexity of Algorithm 1,
note that the number of rounds is proportional to
the number of iterations of the inner-most loop (ed-
loop). Each iteration of the inner-most loop takes
two rounds. Hence, the algorithm has time com-
plexity O(kd(kp + f)h). Substituting the actual val-
ues for f and h, we obtain the desired expression.

For the case kp ∈ O(log Γp), Γ
1/kp
p − 1 is a con-

stant and therefore the time complexity simplifies to
O(kdkp).

Collorary 4.9. For sufficiently small ε, Algorithm
1 computes a (1 + ε)-approximation for (LP) and
(DLP) in O

(

log Γp log Γd/ε4
)

rounds. In particu-
lar, a constant factor approximation can be achieved
in time O(log Γp log Γd).

Proof. We choose kp and kd such that Γ
1/kp
p =

Γ
1/kd

d = 1 + ε′. By this, we get

kp =
log Γp

log(1 + ε′)
and kd =

log Γd

log(1 + ε′)
.

For constant ε′, we then have kp = O(log Γp) and
kd = O(log Γd). For small enough ε′, using first or-
der Taylor approximations, we can estimate the ex-
pressions as kp ≈ log Γp/ε′ and kd ≈ log Γd/ε′. For
ε ∈ Θ(ε′), the Corollary then follows by plugging in
the values for kp and kd in the expressions of Theo-
rem 4.8.

Remark 1: Recall that ρ := amax/amin has been
defined to be the ratio between the largest and the
smallest coefficient of (LP) and (DLP). By the def-
initions of Γp and Γd, we have Γp ≤ ρ∆p and
Γd ≤ ρ∆d, i.e. the running time and the approxi-
mation ratio are dependent on the values of the co-
efficients. It is possible to get rid of this dependence
by using methods which are described in [1, 14].

Remark 2: Algorithm 1 can be implemented
such that all messages are of size O(kp) or
O(kd). Thus, message sizes are O(log(Γp + 1/ε))
or O(log(Γd + 1/ε)) if (1 + ε) is the approximation
ratio achieved.

5 Fast LP Algorithm

In the last section, we presented a distributed algo-
rithm to efficiently (in terms of time and communi-
cation) approximate positive LPs. In this section,
we show that if message size does not have to be
bounded, there are faster algorithms to approximate
(LP) and (DLP). In [12], Linial and Saks presented
a randomized distributed algorithm to decompose a
graph into sub-graphs of limited diameter. We use
their algorithm to decompose the linear program into
sub-programs which can be solved locally. We only
give a broad overview here, for details we refer to
Appendix B. Using the algorithm of [12], we can se-
lect connected components of G with the following
properties.

(I) Different components are far enough from each
other such that we can define a local linear pro-
gram for each component in a way in which the
LPs of any two components do not interfere.

(II) Each node belongs to one of the components
with probability at least p where p depends on
the diameter we allow the components to have.

Because of the limited diameter, the LPs of each
component can then be computed locally. In parallel,
the described decomposition is applied often enough
such that w.h.p. each node has been selected a loga-
rithmic number of times. Theorem 5.1 summarizes
the results which can be achieved.

Theorem 5.1. Using the network decomposition al-
gorithm of [12], in only O(k) rounds (LP) and
(DLP) can be approximated by a factor O

(

m1/k
)

w.h.p. For k ∈ Θ(log m), this gives a constant fac-
tor approximation in O(log m) rounds.

6 Randomized Rounding

In the following, we apply our distributed LP ap-
proximation algorithms together with standard ran-
domized rounding techniques to obtain distributed
approximation algorithms for a number of combina-
torial problems. In particular, we give algorithms for
integer covering and packing problems for which the
matrix elements aij ∈ {0, 1} and where the compo-
nents of the solution vectors are restricted to integers
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(i.e., x′ ∈ � m and y′ ∈ � n ). In the sequel, the so-
lution vectors for the integer program are denoted by
x′ and y′ whereas the solution vectors for the corre-
sponding LPs are called x and y.

We start with the consideration of covering prob-
lems (problems of the form of (LP)). Because the
aij and the xi are restricted to integer values, w.l.o.g.,
we can round up all bj to the next integer value. Af-
ter solving/approximating the LP, each primal node
v
(p)
i executes the following algorithm (λ to be de-

fined later):

1: if xi ≥ 1/(λ ln ∆p) then
2: x′

i := dxie;
3: else
4: pi := xi · λ ln∆p;
5: x′

i := 1 with prob. pi and 0 otherwise;
6: fi;

The expected value of the objective function is
E[cTx′] ≤ λ ln∆p · cTx. But, no matter how we
choose λ, there remains a non-zero probability that
the obtained integer solution is not feasible. To over-
come this, we have to increase some of the x′i. As-
sume that the jth constraint is not satisfied. Let aj be
the jth row of the matrix A and let b′j := bj − aT

i x′

be the missing weight to make the jth row feasible.
Further, let ijmin

be the index of the minimum ci for
which aji = 1. We set x′

ijmin
:= x′

ijmin
+ b′j . Ap-

plied to all non-satisfied primal constraints, this gives
a feasible solution for the considered integer cover-
ing problem. Theorem 6.1 shows that the approxima-
tion ratio of the described algorithm is O(log ∆p).

Theorem 6.1. Let IPc be an integer covering prob-
lem with aij = {0, 1}, bj ∈ � , and x′

i ∈ � . Fur-
thermore, let x be an α-approximate solution for the
LP relaxation of IPc. The described algorithm com-
putes an O(α log ∆p)-approximation x′ for IPc in a
constant number of rounds.

Proof. As stated above, the expected approximation
ratio of the first part of the algorithm is λ ln∆p.
In order to bound the additional weight of the sec-
ond part, where x′ijmin

is increased by b′j , we de-

fine dual variables ỹj := b′jcijmin
/bj . For each un-

satisfied primal constraint, the increase cijmin
b′j of

the primal objective function is equal to the increase
bj ỹj of the dual objective function. If the jth con-
straint is not satisfied, we have b′j ≥ 1. Therefore,

E[ỹj] ≤ qjcijmin
, where qj is the probability that the

jth primal inequality is not fulfilled.
In order to get an upper bound on the probability

qj , we have to look at the sum of the x′i before the
randomized rounding step in line 5 of the algorithm.
Let βj := bi − aT

i x′ be the missing weight in row
j before line 5. Because the x-values correspond to
a feasible solution for the LP, the sum of the pi in-
volved in row j is at least βjλ ln∆p. For the follow-
ing analysis, we assume that ln∆p ≥ 1.1 Using the
Chernoff bound of Appendix A (Theorem A.1), we
can bound qj :

qj < e−βjλ ln ∆p(1−1/(λ ln ∆p))2/2

≤
(

1

∆p

)λ(1−1/λ)2/2

≤ 1

∆p
.

In the second inequality, we use that βj ≥ 1. For
the last inequality, we have to choose λ such that
λ(1 − 1/λ)2/2 ≥ 1 (i.e., λ ≥ 2 +

√
3). Thus, the

expected value of ỹj is E[ỹj] ≤ cijmin
/∆p. Hence,

by definition of cijmin
, in expectation the ỹ-values

form a feasible solution for (DLP). Therefore, the
expected increase of the objective function cTx′ in
the last step after the randomized rounding is upper
bounded by the objective function of an optimal so-
lution for (LP).

We now turn our attention to integer packing prob-
lems. We have an integer LP of the form of (DLP)
where all aij ∈ {0, 1} and where y′ ∈ � n . We can
assume that the cj are integers as well because round-
ing down each cj to the next integer has no influence

on the feasible region. Each dual node v
(d)
i applies

the following algorithm.

1: if yi ≥ 1 then
2: y′i := byic;
3: else
4: pi := 1/(2e∆d);
5: y′i := 1 with prob. pi and 0 otherwise;
6: fi;
7: if y′i ∈ ‘non-satisfied constraint’ then
8: y′i := byic;
9: fi

1If ln∆p < 1, applying only the last step of the described al-
gorithm gives a simple distributed 2-approximation for the con-
sidered integer program.
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Clearly, this yields a feasible solution for the prob-
lem. The approximation ratio of the algorithm is
given by the next theorem.

Theorem 6.2. Let IPp be an integer covering prob-
lem with aij = {0, 1}, cj ∈ � , and y′i ∈ � . Fur-
thermore, let y be an α-approximate solution for the
LP relaxation of IPp. The given algorithm computes
an O(α∆d)-approximation y′ for IPp in a constant
number of rounds.

Proof. After line 6, the expected value of the objec-
tive function is bTy′ ≥ bTy/(2e∆d). We will now
show that a non-zero y′i stays non-zero with a con-
stant probability in line 8. Let qj be the probability
that the jth constraint of the integer program is not
satisfied given that y′i has been set to 1 in line 5. For
convenience, we define Y ′

j :=
∑

i aijy
′
i. If cj ≥ 2,

we apply the Chernoff bound of Appendix A (Theo-
rem A.2):

qj = Pr
[

Y ′
j > cj

∣

∣ y′i = 1
]

≤ Pr
[

Y ′
j > cj − 1

]

<

(

ee∆d−1

(e∆c)e∆d

)cj/(2e∆d)

<
1

∆d
.

If cj = 1, we get

qj ≤ 1 − Pr
[

Y ′
j = 0

]

= 1 −
∏

i∈N
(p)
j

(1 − pi)

≤ 1 −
(

1 − 1

2e∆d

)

=
1

2e∆d
.

The probability that all dual constraints containing
y′i are satisfied is lower bounded by the product of
the probabilities for each constraint [19]. Therefore,
under the natural assumption that ∆d ≥ 2:

Pr
[

y′i = 1 after line 8
]

≥
(

1 − 1

∆d

)∆d

≥ 1

4
.

Thus the expected value of the objective function of
IPp is E[bTy′] ≥ 8e∆d · bTy.

Remark: Using more elaborate randomized
rounding techniques, it would be possible to get
slightly better result (cf. [18, 17, 19]). However,
the objective of this section is to show that the
techniques can be applied in a distributed scenario

and not to find the best possible constants. Note
that the derandomization techniques introduced
in the context with randomized rounding cannot
be applied because it can be shown that it is not
possible to approximate general integer covering
and packing problems by a distributed algorithm
which is deterministic and local.

7 Conclusion

We have presented two approximation algorithms
for fractional covering and packing problems. The
first algorithm is deterministic, uses only small mes-
sages, and achieves a constant approximation ratio
in O(log(ρ∆d) log(ρ∆p)) rounds. Furthermore at
the cost of a factor 1/ε4, the algorithm computes a
(1 + ε)-approximation. With the second random-
ized algorithm, a constant-factor approximation can
be achieved in O(log m) rounds where m is the num-
ber of primal variables. Both algorithms show that
even in a constant number of rounds, positive linear
programs can be approximated by a non-trivial fac-
tor.

Combining the randomized rounding techniques
of Section 6 with the presented LP approximation
algorithms, we improve the results of [10] for the
minimum dominating set (MDS) problem. Using
small messages, the results of this paper give rise
to a O(log ∆)-approximation of the MDS problem
with time complexity O

(

log2 ∆
)

. By this, our ap-
proach matches the results of [9] for MDS and also
for weighted MDS. If message size in unbounded,
the time complexity goes down to O(log ∆). For
the minimum vertex cover problem, Algorithm 1
alone (with kd = 1) can be used to obtain a
constant factor approximation in O(log ∆) rounds.
Maximum matching (the dual of minimum vertex
cover) can also be approximated by a constant fac-
tor in O(log ∆) rounds using our approach. For the
weighted version of vertex cover and matching, the
time complexity goes up to O(log(∆wmax)). For
matching, our results meet the results of [8, 13, 21].
Note that we also show that all the above problems
have non-trivial constant-time distributed approxi-
mations.
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Appendix

A Chernoff Bounds

The Chernoff bounds describe the tail behavior of the
distribution of the sum of independent Bernoulli ex-
periments.

Theorem A.1. (Lower Tail) Let X1,X2, . . . ,XN be
independent Bernoulli variables with Pr[Xi = 1] =
pi. Let X :=

∑

i Xi denote the sum of the Xi and
let µ := E[X] :=

∑

i pi be the expected value for X .
For δ ∈]0, 1],

Pr[X < (1 − δ)µ] <

(

e−δ

(1 − δ)(1−δ)

)µ

< e−µδ2/2.

Theorem A.2. (Upper Tail) Let X1,X2, . . . ,XN be
independent Bernoulli variables with Pr[Xi = 1] =
pi. Let X :=

∑

i Xi denote the sum of the Xi and
let µ := E[X] :=

∑

i pi be the expected value for X .
For δ > 0,

Pr[X > (1 + δ)µ] <

(

eδ

(1 + δ)(1+δ)

)µ

.

B Fast LP Approximation Algo-
rithm – Details

For the decomposition of (LP) and (DLP), we need
the following lemma.

Lemma B.1. Let {x′
1, . . . , x

′
m′} be a subset of the

primal variables of (LP) and let y′1, . . . , y
′
n′ be the

dual variables which are adjacent to the given sub-
set of the primal variables. Further let LP′ and
DLP′ be LPs where the matrix A′ consists only of the
columns and rows corresponding to the variables in
x′ and y′. Every feasible solution for LP′ makes the
corresponding primal inequalities in (LP) feasible
and every feasible solution for DLP′ is feasible for
(DLP) (variables not occurring in LP′ and DLP′

are set to 0). Further, the values of the objective
functions for the optimal solutions of LP′ and DLP′

are smaller than the the optimal values for (LP) and
(DLP).

Proof. The feasibilities directly follow from the def-
inition of LP′ and DLP′. The optimal values for the
objective functions of LP′ and DLP′ are smaller than
the optimal values for (LP) and (DLP) because of
the (DLP)-feasibility of a dual feasible solution for
DLP′.

We call LP′ and DLP′ the sub-LPs induced by the
subset {x′

1, . . . , x
′
m′} of primal variables. We ap-

ply the graph decomposition algorithm of [12] to ob-
tain LP′ and DLP′ (as in Lemma B.1) which can be
solved locally. For a general graph G = (V, E) with
m nodes, the algorithm of [12] yields a subset S ⊆ V
of V such that each node u ∈ S has a leader `(u) ∈ V
and such that the following properties hold2.

(I) ∀u ∈ S : d(u, `(u)) < k

(II) ∀u, v ∈ S : `(u) 6= `(v) −→ (u, v) 6∈ E.

(III) S can be computed in k rounds.

(IV) ∀u ∈ V : Pr[u ∈ S] ≥ 1
em1/k .

d(u, v) denotes the distance between two nodes u
and v on G. In order to apply this to decompose the
linear program, we define G as follows. The node set
V is the set of primal nodes of the graph G as defined
in Section 3. The edge set E is

E :=
{

(u, v)
∣

∣ u, v ∈ V ∧ dG(u, v) ≤ 4
}

.

By this, we can guarantee that non-adjacent nodes
in G do not have neighboring dual nodes in G whose
variables occur in the same constraint of (DLP). Fur-
ther, a message over an edge of G can be sent in 4
rounds on the network graph G. The basic algorithm
for a primal node v to approximate (LP) and (DLP)
then works as follows:

1: Run graph decomposition of [12] on G;
2: if v ∈ S then
3: send IDs of dual neighbors to `(v).
4: fi;
5: if v = `(u) for some u ∈ S then
6: compute local LP/DLP (cf. Lemma B.1)

of variables of u ∈ S for which v = `(u).
7: send resulting values to nodes holding the

respective variables.
2We use p = 1/m1/k in the algorithm of Section 4 of [12],

the properties then directly follow from Lemma 4.1.
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8: fi
The dual nodes only forward messages in steps 1, 3,
and 7 and receive the values for their variables in step
7. We now have a closer look at the locally computed
LPs in line 6. By Property (II) of the graph decom-
position algorithm, primal variables belonging to dif-
ferent local LPs cannot occur in the same primal con-
straint (otherwise, the according primal nodes had to
be neighbors in G). The analogous fact holds for dual
variables since primal nodes belonging to different
local LPs have distance at least 6 on G and thus dual
nodes belonging to different local LPs have distance
at least 4 on G. Therefore, the local LPs do not inter-
fere and together they form the sub-LPs induced by
S (cf. Lemma B.1).

The complete LP approximation algorithm now
consists of N independent parallel executions of
the described basic algorithm. The variables of
the N sub-LPs are added up and in the end, pri-
mal/dual nodes divide their variables by the maxi-
mum/minimum possible value to keep/make all con-
straints they occur in feasible (as in line 21 of Algo-
rithm 1). The following theorem states how N has to
be chosen such that the obtained approximation ratio
is best possible.

Theorem B.2. Let N = αem1/k lnm for α ≈ 4.51.
Executing the basic algorithm N times, summing up
the variables of the N execution and dividing these
sums as described in line 21 of Algorithm 1, yields
an αem1/k approximation of (LP)/(DLP) w.h.p. The
algorithm needs O(k) rounds to complete.

Proof. We begin the proof with the running time.
The N executions can be done completely in par-
allel, we therefore only have to care about one in-
stance of the basic algorithm. By Property (I), the
topology collecting and variable distribution in lines
3 and 7 can be done in O(k) time. By Property (III),
the graph decomposition in line 1 can be computed
in the same time.

For the approximation ratio, we have to bound the
ratio of the factors by which the primal and the dual
variables are divided in the end. By Lemma B.1, the
dual variables of each of the N sub-LPs constitute
a feasible solution for (DLP). Therefore, the sums
of the dual variables of the sub-LPs have to be di-
vided by at most N to obtain a feasible solution for

(DLP). For the primal variables, we have to count
the number occurrences in sub-LPs for each primal
constraint. This is lower-bounded by the number of
times each primal node has been chosen to be in S .
By (IV), for each primal node, the probability in each
of the N executions is at least 1/(em1/k). We use
the Chernoff bounds to obtain an upper bound on
the probability that primal node v occurs in less than
lnm sub-LPs. Let X denote the number of times, v
is chosen by the graph decomposition algorithm of
[12]:

Pr[X < lnm] <

(

α1/α

e1−1/α

)α lnm

=
eln α ln m

e(α−1) ln m
=

1

mα−1−ln α
<

1

m2

for α > 4.51. Thus, with probability at least 1−1/m
all primal variables can be divided by lnm.

Remark 1: Choosing k ∈ O(log m), the above
algorithm approximates all fractional covering and
packing problems with a constant factor in O(log m)
rounds.

Remark 2: If n < m, G can be defined such that
the node set V consists of the dual nodes. We can
then obtain a similar algorithm, which computes a
αen1/k-approximation in O(k) rounds.
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