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Abstract

The manufacturing and downstream processing of single enantiomer drugs and

therapeutic biopharmaceuticals requires advanced separation and purification

techniques in order to meet the stringent requirements imposed by the regulatory

agencies such as the Food and Drug Administration (FDA) or the European

Medicines Agency (EMEA). Multi-column chromatographic processes, like simu-

lated moving bed (SMB) and multi-column solvent gradient purification (MCSGP)

processes, have attracted interest in the fields of fine chemicals, pharmaceuticals

and biotechnology for this task. Multi-column chromatographic processes can be

rapidly and reliably scaled up from drug development to industrial production, a

rather important feature in industries where time-to-market is crucial.

However, optimal operation of multi-column chromatographic processes is still

an open and challenging issue. This is because of the uncertainty involved in

determining the physical data that is used in the process models. The models

describing the dynamics of such processes are rather complex, due to their cyclic and

hybrid nature, with inlet/outlet port switching, strong nonlinearities and delays.

The full economic potential of the multi-column chromatographic processes can be

realized by using a feedback control scheme that will guarantee the fulfilment of

product constraints while respecting process limitations in the face of uncertainty.

The current work deals with different aspects of the optimization and control of

multi-column chromatographic processes.

The main contributions made by this thesis can be put into three categories:

(1) Systematic methods to build reduced order linear models. (2) Application of

optimizing model predictive control to multi-column chromatographic processes.

(3) Development and implementation of online monitoring techniques for chiral

SMB separations and experimental work to validate the control concepts for the

SMB process.

(1) Systematic methods to build reduced order linear models: This

thesis proposes a ′cycle to cycle′ optimizing control scheme based on linear model

predictive control (MPC). A fundamental part of this approach is the linear

dynamical model that describes the evolution of the process on a cycle to cycle basis.
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iv Abstract

Two different approaches to build the linear models are presented. The first is a

modeling framework that describes multi-column chromatographic processes with

nonlinear and hybrid first principle models that can be cast in a general formulation.

This formulation is then simplified in a number of steps that yield a reduced order

linear model that captures the most important features of the process. These

reduced order linear models are then used in the MPC formulation effectively.

The second approach is a system identification method developed in the course

of this thesis that can be used to build linear dynamical models of low order from

input/output data. The system identification method, called NucID, is shown to be

superior to common system identification techniques when applied to sets of data

with missing entries, which is often the case in the process industry. The NucID

method allows one to build reduced order models from data sets with missing

entries or identification experiments, where the outputs do not have to be sampled

as frequently as the inputs can be changed. This will lower the cost and waste of

the products during the identification experiment.

(2) Application of optimizing model predictive control to multi-column

chromatographic processes: The cycle to cycle controller was implemented for

the MCSGP process and its performance was assessed through simulations on a

virtual MCSGP plant. Two different mixtures to be separated were considered: an

antibody variant separation case taken from the literature and a peptide mixture

separation case as an industrial example. The controller was able to fulfill the

purity requirements while increasing the productivity of the process with respect

to the current practice reported in literature. This represents the first automatic

control scheme developed for the MCSGP process.

The performance of the cycle to cycle controller for the SMB process was assessed

both through simulation studies and experiments. The simulations evaluate the

performance of the controller under a wide range of nonlinear chromatographic

conditions described by the generalized Langmuir isotherms. The results showed

that even without the knowledge of the underlying nonlinear adsorption behavior,

it is possible to operate an SMB at maximum productivity while fulfilling

purity constraints by using the cycle to cycle control schemes. This is a major

breakthrough since the time consuming task of determining the complete adsorption

isotherm of a new mixture to be separated becomes redundant.

The simulation studies also showed that the cycle to cycle controller can

effectively use the five degrees of freedom of the SMB unit, i.e the four sectional

flow rates and the switch time, as manipulated variables in order to further increase

the productivity of the process.

In the case of chiral SMB separations it can be advantageous to combine
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different monitoring techniques to get a better control performance. This thesis

proposes also a multi-rate control scheme that extends the capability of the cycle

to cycle controller to make use of additional measurements that may work at widely

varying time scales, e.g. HPLC analysis and UV detectors. Its performance

was assessed through simulations on the chiral separation of the guaifenesin

enantiomers. The biggest advantage of this approach is demonstrated by the results:

it is possible to detect regeneration problems of the liquid and solid phase in the

SMB process, which cannot be done with average concentration measurements

alone.

(3) Development and implementation of online monitoring techniques

for chiral SMB separations and experimental work to validate the control

concepts for the SMB process: Experimental implementation of the cycle to

cycle controller has been carried out for achiral (mixture of uridine and guanosine)

and chiral (a mixture of Guaifenesin enantiomers) separations in an eight-column

laboratory scale SMB unit. The experimental runs were designed to challenge

the performance of the controller under linear and nonlinear chromatographic

conditions, with uncertainties in the system and major disturbances to be rejected.

The controller was able to fulfill the purity constraints while maximizing the

productivity in the wide variety of experiments and scenarios that were investigated.

In the frame of the chiral SMB separations two different monitoring techniques

were developed and implemented. The first technique combines a UV detector

and a polarimeter that measure the absorbance of UV light and the rotation

angle of polarized light, respectively. Even though the controller fulfilled the

purity constraints within the experimental accuracy relying on this monitoring

technique, the performance of the controller was hindered by the low accuracy

of the polarimeter. Therefore, a further analytical technique was developed and

implemented. The second monitoring technique was an HPLC online monitoring

system to analyze the average concentration of the product streams from cycle

to cycle. This monitoring system overcomes the limitations imposed by optical

detectors to monitor the concentrations of chiral species. Its accuracy and reliability

are superior to the previous monitoring technique and are entirely satisfactory. The

HPLC monitoring system represents a valuable contribution to monitor and control

SMB separations, especially in the frame of the cycle to cycle optimizing controller.

The experimental and simulation results presented in this thesis clearly validate

the most valuable asset of the SMB cycle to cycle controller: the controller can

deliver the specified purities and maximize the productivity even if the isotherm

governing the separation is unknown and despite disturbances in the SMB unit.

The time consuming task of determining the complete adsorption isotherm of a
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new mixture to be separated becomes redundant. The controller and the approach

presented in this thesis offer a fast and reliable way to set up chiral SMB separations

in a shorter time.



Zusammenfassung

Die Herstellung und Weiterverarbeitung von chiralen Medikamenten und thera-

peutischen Biopharmazeutika erfordert fortgeschrittene Trennung und Aufreini-

gungstechniken, um die strengen Spezifikationen zu erfüllen, die von den Reg-

ulierungsbehörden, wie der Food and Drug Administration (FDA) oder der

Europäische Arzneimittel-Agentur (EMEA) auferlegt werden. Mehr-Kolonnen

chromatographische Prozesse, wie Simulated Moving Bed (SMB) Chromatographie

und Multi-column solvent gradient purification (MCSGP) Prozesse haben das

Interesse im Bereich der Feinchemie, Pharma- und Biotechnologie für diese Aufgabe

geweckt. Mehr-Kolonnen chromatographische Prozesse können in sämtlichen

Massstäben angewendet werden. Aus diesem Grund gilt Chromatographie als

gute Wahl zur Entwicklung neuer Medikamente, da es in der Pharmaindustrie von

entscheidender Bedeutung ist, dass die Produkte schnellstmöglich auf dem Markt

gebracht werden können.

Der optimale Betrieb von Mehr-Kolonnen chromatographischen Prozessen ist

noch eine offene Frage und Herausforderung. Dies vorallem aufgrund der Unsicher-

heiten bei der Bestimmung der physikalischen Daten, die in den Prozess-Modelle

zur Optimierung verwendet werden. Die Modelle zur Beschreibung der Dynamik

dieser Prozesse sind sehr komplex. Die Modelle sind zyklisch und hybrid, mit starke

Nichtlinearitäten und Verzögerungen. Das wirtschaftlichen Potenzial der Mehr-

Kolonnen chromatographischen Prozesse kann durch die Benutzung angemessener

Ansätze zur Regelung erschlossen werden. Diese Arbeit befasst sich mit der

optimierenden Regelung von Mehr-Kolonnen chromatographischen Prozessen.

Diese Arbeit schlägt eine cycle to cycle optimierende Regelung vor, welche auf

einem linear Model predictive Controller (MPC) basiert ist. Ein wesentlicher Teil

dieses Konzepts ist das lineare dynamische Modell zur Beschreibung der zeitlichen

Entwicklung des Prozesses. Zwei verschiedene Ansätze für den Aufbau solcher

linearen Modelle werden vorgestellt. Der erste Ansatz ist ein Modellierungsrahmen

zur Beschreibung der Mehr-Kolonnen chromatographischen Prozesse mit voller

Ordnung, einem nichtlinearen, hybrides Modell, das auf Grundprinzipien bassiert

ist. Diese Modelle werden in eine allgemeine Formulierung gebracht. Diese

Formulierung wird dann vereinfacht in einer Reihe von Schritten, um ein lineares

vii
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Modell reduzierter Ordnung zu erstellen, das im MPC benutzt werden kann.

Der zweite Ansatz ist eine System-Identifikationsmethode, dass in dieser Thesis

entwickelt worden ist, um lineare dynamische Modelle geringer Ordung aus Input

/ Output-Daten zu bilden. Die System- Identifikationsmethode, NucID genannt,

zeigt eine bessere Leistung als gewöhnliche System-Identifikationsmethoden, wenn

es sich um Datensätze mit fehlenden Angaben handelt, wie es normalerweise der

Fall in der Prozessindustrie ist. Die NucID Methode ermöglicht auch Modelle

reduzierter Ordnung aus Identifizierungsexperimenten zu erstellen, in denen die

Ausgänge nicht so oft wie die Eingänge abgetastet werden können. Dies erniedrigt

die Kosten und Abfälle der Produkte während Identifizierungsexperimente.

Der cycle to cycle Regler wurde für den MCSGP Prozess implementiert.

Seine Leistung wurde durch Simulationen auf einer virtuellen MCSGP Anlage

bemessen. Zwei verschiedene, zu trennende Mischungen wurden berücksichtigt:

eine Antikörper Varianten Trennung aus der Literatur und eine Mischung von

Peptiden als industrielles Beispiel. Der Regler ist in der Lage, die Reinheiten

zu erfüllen und gleichzeitig die Produktivität des Prozesses zu maximieren. Die

Leistung des Reglers ist in der Simulation zufrieden stellend, es gibt aber immer

noch eine Lücke zu füllen, nämlich die experimentellen Umsetzung.

Der cycle to cycle Regler wurde für den SMB Prozess implementiert und durch

Simulationen und experimentelle Arbeiten studiert. Die Simulationen bewerten

die Leistung des cycle to cycle Reglers über ein breites Spektrum von linearen

und nichtlinearen chromatographischen Bedingungen, die von der generalisierten

Langmuir Isotherme beschrieben werden können. Die Ergebnisse zeigten, dass es

auch ohne die Kenntnis des zugrunde liegenden nichtlinearen Adsorptionsverhalten

möglich ist, mit dem cycle to cycle Regler den Betrieb eines SMB Prozesses

bei maximaler Produktivität und unter Erfüllung der Reinheitsspezifikationen

zu erreichen. Die Simulationensstudien zeigten auch, dass der Regler die vier

Flussraten und die Switchzeit vom SMB Prozess effektiv als Eingangsgrössen

benutzen kann. Dies erlaubt eine zusätzliche Steigerung der Produktivität.

Die Effektivität des cycle to cycle Reglers wurde experimentell für chirale und

achirale Trennungen bestätigt. Die Experimente sollten die Leistung des Reglers

unter linearen und nichtlinearen chromatographische Bedingungen testen. Als

achriale Trennung wurde in einer SMB mit acht Kolonnen und vier Sektionen

die Separation einer binären Mischung von Nukleosiden (Uridin und Guanosine)

durchgeführt. Als online Überwachungssystem wurden UV-Detektoren verwendet.

Dies erlaubte es sehr genaue Messungen der durchschnittlichen Konzentration der

Produktströme zu machen. Der cycle to cycle Regler erreichte einen Betrieb

des SMB Prozesses mit maximaler Produktivität und unter Erfüllung der Rein-
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heitsspezifikationen.

Im Rahmen der SMB chiralen Trennungen wurde eine razemische Mischung

aus die Guaifenesin Enantiomeren betrachtet. Im Laufe der Experimente wur-

den zwei verschiedenen Überwachungstechniken entwickelt, die mit dem Regler

getestet worden sind. Die erste Technik kombiniert einen UV-Detektor und

ein Polarimeter, dass die Absorption von UV-Licht bzw. den Rotationswinkel

von polarisiertem Licht misst. Eine erhebliche Arbeit musste investiert werden,

um die Beschränkungen des Polarimeters umzugehen. Der Regler erfüllte die

Reinheitsspezifikationen innerhalb der experimentellen Genauigkeit, aber seine

Leistung wurde durch die geringe Genauigkeit des Polarimeters behindert. Die

zweite Technik war ein HPLC online Überwachungssystem um die durchschnittliche

Konzentration der Produktströme in jedem Zyklus zu messen. Das HPLC online

Überwachungssystem überwindet die Grenzen, die durch optische Sensoren gesetzt

werden. Die Genauigkeit und Zuverlässigkeit sind sehr zufriedenstellend und der

Regler konnte eine gute Leistung erbringen, um einen Betrieb des SMB Prozesses

mit maximaler Produktivität und unter Erfüllung der Reinheitsspezifikationen zu

erreichen. Das HPLC online Überwachungssystem stellt einen wertvollen Beitrag

zur Überwachung und Regelung der SMB Prozesse, insbesondere im Rahmen der

cycle to cycle optimierende Regelung.

Im Fall von chiralen Trennungen kann es von Vorteil sein, die Kombination

verschiedener Überwachungstechniken zu kombinieren um eine bessere Leistung

des Reglers zu erreichen. Diese Arbeit stellt einen Multi-Takt Regler vor, der

die Fähigkeit hat, zusätzliche Messungen zu nutzen, die auf sehr unterschiedlichen

Zeitskalen abgetastet werden können, z.B. HPLC-Analyse und UV-Detektoren.

Der Multi-Takt Regler basiert auf Modell-prädiktiver Regelung und erfordert ein

lineares Modell. Das Multi -Takt lineare Modell für den Regler wurde aus der

allgemeinen Modelformulierung für Mehr-Kolonnen chromatographische Prozesse

gebildet und auf das SMB-Prozess implementiert. Seine Leistung wurde durch

Simulationen mit der chiralen Trennung der Guaifenesin Enantiomere getestet.

Der grösste Vorteil dieses Ansatzes ist, dass es möglich ist Regenerationsprobleme

der flüssigen und der festen Phase im SMB-Prozess zu erkennen, was aus der

durchschnittlichen Konzentrationsmessungen allein nicht möglich ist.

Die Simulationen und experimentellen Ergebnisse dieser Arbeit validieren deut-

lich den wertvollsten Vorteil des SMB cycle to cycle Reglers: Der Regler kann

die angegebenen Reinheiten erbringen und Produktivität steigern, auch wenn

die betrachtete Trennung durch eine unbekannte nichtlineare Adsorptionisotherme

charakterisiert wird. Dies ist ein entscheidender Durchbruch, da die zeitaufwändige

Aufgabe der Feststellung der vollständigen Adsorptionsiotherme einer neuen Mis-
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chung damit überflssig wird. Der vorgestellte Regler und die Vorgehensweise zur

Modelbildung in dieser Arbeit bieten eine schnelle und zuverlässige Art und Weise,

SMB chirale Trennungen innert kürzester Zeit zu optimieren.
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1

Introduction

The presence of single enantiomer drugs and therapeutical biopharmaceuticals, such

as recombinant proteins, monoclonal antibodies and nucleic-acid based products

has significantly increased in the drug market in the last years [1–3]. Single

enantiomer drugs and therapeutic biopharmaceuticals target conditions like cancer

prevention or treatment, high cholesterol levels, clot formation and hereditary

genetic conditions among others. The top four drugs Lipitor, Zocor, Plavix and

Nexium sold in 2004 were all single enantiomers [3].

The manufacturing and downstream processing of single enantiomer drugs and

biopharmaceuticals requires advanced separation and purification techniques in

order to meet the stringent requirements imposed by the regulatory agencies such

as the Food and Drug Administration (FDA) or the European Medicines Agency

(EMEA). For instance, in the early 1990s the FDA required a pharmacokinetic

evaluation of the different enantiomers already in the early drug development

phases. The pharmacologic, toxicologic and clinical effects of each enantiomer have

to be studied individually and understood before approving the drug for market

release. These regulations on the study and manufacture of single enantiomer

drugs had a major impact in the pharmaceutical industry: the percentage of single

enantiomeric drugs in the market increased from 10% before the 1990s to about 37%

in 2005 when the total sale of single enantiomer drugs amounted around 225’000

million USD [4].

Chromatographic processes allow the purification of high-value molecules under

non-disruptive, mild thermal and chemical conditions. Chromatographic processes

have attracted the interest in the field of fine chemicals, pharmaceuticals and

biotechnology where time to market is the decisive criterion [5, 6]. The growing

interest in this technology has led to the development of multi-column chromato-

graphic processes.

There are two striking advantages of multi-column chromatographic processes.

First multi-column chromatographic processes can be rapidly and reliably scaled

1
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up from drug development to industrial production scale and therefore enable a

shorter time to market. Second compared to single-column batch chromatography,

they have a higher productivity and lower solvent consumption, which results in

lower production costs.

Nevertheless, the full exploitation of the economic advantages of multi-column

chromatographic processes has been hindered mainly by two factors. On the

one hand, the higher degree of complexity of multi-column chromatographic

processes and the uncertainty in physical properties of the mixture has been

a limiting factor in the optimal design and operation of the multi-column

chromatographic processes. On the other hand, the regulatory agencies like FDA

and EMEA are dictating increasingly stricter regulations on the manufacturing

and purity of chiral drugs and biopharmaceuticals. These requirements enforce

the selection of operating conditions that will guarantee the fulfillment of the

purity specifications in the face of uncertainty. In multi-column chromatographic

processes these regulations translate into conservative operation conditions that

guarantee the necessary robustness, at the price of sacrificing productivity.

Furthermore, the FDA and EMEA have been rather skeptical about such complex

processes, which makes the approval procedure extremely lengthy and expensive.

Thus, the regulatory issues on top of the lack of appropriate schemes to guarantee

the fulfillment of the specifications has slowed down industrial penetration of multi-

column chromatographic processes despite increasing interest. The full economic

potential of multi-column chromatographic processes can be gained by using a

feedback control scheme that will guarantee the fulfillment of product constraints

while respecting process limitations.

This thesis deals with the feedback control and optimization of multi-column

chromatographic processes. Two multi-column chromatographic processes are

considered: the simulated moving bed (SMB) process and the multi-column solvent

gradient purification (MCSGP) process.

1.1 Contribution of this work

In the case of the SMB process, several control approaches have been proposed

[7–14] and detailed reviews may be found in the literature [4, 15, 16]. In general,

the bottleneck of those approaches is the need for accurate data on the adsorption

behavior. In the case of the MCSGP process, no feedback control schemes have

been reported in the literature at this point.
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In the past years, researchers at the ETH Zurich proposed and verified experi-

mentally an SMB control scheme which guarantees the fulfillment of product and

process specifications, such as minimum purities and maximum allowable pressure

drop, while optimizing the economics of the process [17]. It is noteworthy that

this controller requires only minimal information on the adsorption behavior of the

components to separate, i.e., only the linear adsorption isotherm and the average

porosity of the beds, which can be determined experimentally in a straightforward

and reliable manner. The feedback information used by this control scheme was

measured by online optical detectors, i.e. detectors measuring the absorbance of

light such as UV detectors. The high sensitivity of the optical detector’s accuracy

to experimental factors, like impurities in the system or pressure fluctuations in the

measuring cell, has a direct impact on the performance of the controller and limits

its applicability.

To improve on these results, meet industrial needs and widen the applicability

of this control scheme to single enantiomer drug purification, an SMB control

concept is presented in this thesis. The proposed approach is called ′cycle to

cycle′ optimizing control [18] and overcomes the limitations imposed by the optical

detectors while providing the flexibility to apply the controller to a wider range of

separation tasks including chiral mixtures. This comes from the fact that the cycle

to cycle optimizing control scheme relies on feedback information obtained by more

accurate analytical methods that can be applied to a broader range of mixtures,

i.e. by high performance liquid chromatography (HPLC) measurements.

The cycle to cycle control scheme is based on linear model predictive control

(MPC). A fundamental part of this approach is therefore a linear dynamical model

that describes the evolution of the process on a cycle to cycle basis. In this thesis,

first principle models are presented for the SMB and MCSGP processes. It is shown

how these models can be cast in a general formulation that allows to describe

any multi-column chromatographic process. A simplification methodology is

presented and applied to this general formulation of multi-column chromatographic

process models in order to build a reduced order linear model of a multi-column

chromatographic process, needed for the cycle to cycle controller.

Alternatively to building the reduced order linear models for the cycle to

cycle controller via simplification of first principle models, this thesis presents a

novel system identification method that can be used to build linear dynamical

models of low order from input/output data. The system identification method,

called NucID, addresses the problem of identifying models from sets of data with
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missing entries, as is usually the case in the process industry [19].

The performance of the cycle to cycle controller for the SMB process is assessed

both through simulations studies and experimental works. The simulations evaluate

the performance of the controller under a wide range of nonlinear chromatographic

conditions described by the generalized Langmuir isotherms [20]. It is investigated if

it is possible to operate an SMB optimally by using the cycle to cycle control scheme

even without the knowledge of the underlying nonlinear adsorption behavior. The

capabilities of the cycle to cycle controller were extended to use the five degrees of

freedom of the SMB unit, i.e the four sectional flow rates and the switch time, as

manipulated variables in order to further increase the productivity of the process.

Experimental implementation of the cycle to cycle controller is carried out for

achiral (mixture of uridine and guanosine) and chiral (a mixture of Guaifenesin

enantiomers) separations in a laboratory scale SMB unit. In the frame of the chiral

separation two different monitoring techniques are presented. The first technique

combines a UV detector and a polarimeter that measure the absorbance of UV light

and the rotation of polarized light, respectively. The second is an HPLC online

monitoring system to analyze the average concentration of the product streams.

In the case of chiral separations it can be advantageous to combine different

monitoring techniques to get a better control performance. This thesis proposes

also a multi-rate control scheme that extends the capability of the cycle to

cycle controller to make use of additional measurements that may work at widely

varying time scales, e.g. HPLC analysis and UV detectors. The multi-rate

controller is based on MPC and requires a linear model as well. The model needed

is derived from the general model formulation for multi-column chromatographic

processes and applied to the SMB process. Its performance is assessed through

simulations on the chiral separation of the guaifenesin enantiomers.

The cycle to cycle controller is implemented for the MCSGP process as well.

Its performance is assessed through simulations on a virtual MCSGP plant. Two

different mixtures to be separated are considered: an antibody variant separation

case taken from literature [21] and a peptide mixture separation case.

The main contributions of this thesis can be put into three categories and

summarized as follows

• Modeling:

– General modeling framework to describe multi - column chromato-

graphic processes with full order first principle models and a simplifica-

tion procedure for such models in order to build cycle to cycle or multi-
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rate reduced order linear models for control and estimation purposes.

(Chapter 3)

– NucID. System identification method to build linear dynamical models

of low order from input/output data. NucID is an attractive option

when the sets of data have missing entries, as is usually the case in the

process industry [22, 23]. (Chapter 4)

• Optimizing model predictive control:

– ′Cycle to cycle′ optimizing controller developed and implemented on the

SMB and MCSGP processes [18, 24, 25]. (Chapters 5 and 8)

– Multi-rate optimizing controller developed and implemented for the

SMB process [26]. (Chapter 6)

• Experimental work:

– Experimental implementation and validation of the cycle to cycle control

concept for SMB separations of achrial and chiral mixtures [18, 27, 28].

(Chapter 7)

– Prototype of an HPLC online monitoring system for SMB processes [29].

(Chapter 7 - Section 7.1)

– First chiral separation using an automatic control scheme [27]. (Chapter

7 - Section 7.3)

Note that the different results contained in this thesis are the outcome of a close

collaboration with different groups. All research related to SMB control was carried

out as a collaboration among three institutes at ETH Zurich, namely the Institute

of Process Engineering (Prof. Marco Mazzotti and PhD students Mohammad

Aman Ullah and Christian Langel), the Institute of Chemical and Bio-Engineering

(Prof. Massimo Morbidelli) and the Automatic Control Laboratory (Prof. Manfred

Morari and myself). The development of the cycle to cycle control concept

and its first experimental implementation on the achiral SMB separation was

carried out by Mohammad Aman Ullah, Gültekin Erdem and myself. Mohammad

Aman Ullah and I were equally involved in the experimental implementation of

the first chiral SMB separation of the guaifenesin enantiomers using the cycle

to cycle controller and optical detectors as measurement technique. We also

assessed the performance of the cycle to cycle controller on SMB subject to

nonlinear chromatographic conditions and started the conceptual development of
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the HPLC online monitoring system. Christian Langel joined the team during

the final development, procurement and installation phase of the HPLC online

monitoring system. Christian Langel and I were then equally involved in the

control experiments for the chiral separation using the new HPLC online monitoring

system. The extension to use the switch time as a manipulated variable and the

multi-rate controller for SMB processes was developed at the Automatic Control

Laboratory by myself.

The project to develop and implement the cycle to cycle controller for the

MCSGP process was the outcome of a close and fruitful collaboration of Guido

Ströhlein, Prof. Massimo Morbidelli, Prof. Manfred Morari and myself. The

MCSGP project was also the motivation to come up with the formulation and

general modeling framework to describe multi-column chromatographic processes,

build reduced order linear models, and cycle to cycle controllers in a systematic

manner.

The system identification technique NucID was developed at the Automatic

Control Laboratory by Colin N. Jones and myself, led by the advice and guidance

of Prof. Morari.

Not all of the results which were obtained during my PhD are incorporated in

this thesis, e.g. the application of the cycle to cycle controller to other multi-

column chromatographic processes, such as different operation modes of SMB like

VARICOL and Intermittent-SMB (I-SMB).

1.2 Outline

This thesis is organized into nine chapters. The publication(s) produced from each

chapter is/are mentioned in the footnote of the first page of every chapter. A list

of references is included at the end of the thesis. The symbols are explained in the

text throughout the thesis. A list of symbols is supplied at the end of the thesis.

Chapter 4 contains its own list of symbols at the end of the chapter.

Chapter 2 presents the multi-column chromatographic processes that this thesis

is focused on, namely the SMB and MCSGP processes and their mode of operation.

In the case of the SMB process, a summary of the triangle theory is given in Section

2.1.2.

Chapter 3 is devoted to the modeling of the SMB and MCSGP processes based on

first principles. A general modeling framework for multi-column chromatographic

processes is presented and it is shown how to derive reduced order linear models

suited for control and estimation purposes from first principle models. Linear
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models for cycle to cycle and multi-rate control are derived.

Chapter 4 presents a novel system identification method that can be used to

build linear dynamical models of low order from input output data, called NucID.

The NucID method is applied to the SMB process and compared to the models

obtained by simplifying the first principle models of Chapter 3.

Chapter 5 reports the performance assessment of the cycle to cycle controller un-

der nonlinear chromatographic conditions, for the generalized Langmuir isotherm.

The case where the cycle to cycle controller uses the switch time as manipulated

variable is presented as well for linear and nonlinear chromatographic conditions.

Chapter 6 shows the implementation an optimizing control scheme for SMB

processes that allows multi-rate sampled measurements to be incorporated into the

control and estimation problem in a clear and straightforward manner. The multi-

rate control problem means that the online monitoring requires the combination of

various analytical techniques that may operate on widely varying time scales.

Chapter 7 is devoted to the experimental implementation of the cycle to

cycle control concept on a laboratory scale SMB unit. The separation of an achiral

mixture of nucleosides and a chiral racemic mixture of the guaifenesin enantiomers

is considered. Emphasis is given to the online monitoring techniques that played a

central role in this thesis.

Chapter 8 presents the implementation of the cycle to cyclecontroller to the

MCSGP process. The controller is tested on two different mixtures; an antibody

variant system and a peptide mixture.

Chapter 9 concludes the thesis and discusses the research outlook.
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2

Multi-column chromatographic

processes

Chromatography is a powerful separation technique that has been used in chemical

and biological sciences for almost a century [30]. In chromatography a mixture

of components is separated based on their affinity to a solid phase. The wide

spectrum of separation problems to which chromatography can be applied has

motivated its development and understanding [4, 30]. Chromatographic processes

have attracted the interest in the field of fine chemicals, pharmaceuticals and

biotechnology because they allow purifying high-value molecules under non-

disruptive, mild thermal and chemical conditions. The growing interest in this

technology and the objective to increase the productivity of classical single-column

batch chromatography has led to the development of multi-column chromatographic

processes that can be operated continuously or semi-continuously.

A multi-column chromatographic process is a cyclic process where a number of

chromatographic columns are connected with each other as well as with the inlet

and outlet streams in an initial specific configuration. This initial configuration

changes at discrete points in time giving rise to new configurations. The multi-

column chromatographic process undergoes a finite number of configurations that

build up one cycle. These different configurations are repeated over time giving rise

to the cyclic nature of these processes.

This chapter presents two important classes of multi-column chromatographic

processes that this thesis is primarily concerned with.

1. Multi-column chromatographic processes that separate a mixture into two

fractions, i.e. that perform a binary separation.

2. Multi-column chromatographic processes that separate a mixture into three

fractions, i.e. that perform a ternary separation.

9
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The first class of multi-column chromatographic processes is represented in

this thesis by the simulated moving bed (SMB) chromatography. A prominent

example of the application of SMB technology is the separation and purification of

enantiomers [4, 31].

The process considered under the second class is the multi-column solvent

gradient purification (MCSGP) process. The MCSGP process has its main field

of application in the separation of therapeutical biopharmaceuticals, such as

recombinant proteins, monoclonal antibodies and nucleic-acid based products for

which the market has significantly increased in recent years [2, 3]. Both, the SMB

and MCSGP processes are introduced in this chapter.

2.1 Simulated moving bed (SMB)

The SMB technology was invented and patented by researchers at UOP in the

1960s [32]. The first application reported was the parex process for the separation

of paraxylyene from mixed xylenes [33]. SMB technology was applied from the

1960s to the 1980s in the hydrocarbon and sugar industry, processing several tens

of thousands of tons per year [34]. In the 1990s SMB found its first applications

for the separation of enantiomers in racemic mixtures [5, 31].

There are two main advantages of the SMB process. Firstly, compared to batch

chromatography it has a high productivity and low solvent consumption, which

results in lower production costs. Secondly, SMB allows for a fast and reliable scale

up of separations from analytical chromatography to production scale and therefore

a shorter time-to-market.

These economical advantages have firmly established SMB in recent years as the

state of the art technology for complex separation tasks in the areas of chiral

pharmaceutical compounds and fine chemicals. Currently, SMB is the method

of choice for the purification of species characterized by low selectivities such as

chiral molecules for single enantiomer drug development [31].

In the following the operation mode of SMB units that this thesis is mainly

concerned with is presented. Then a well established shortcut design tool for SMB

units, the triangle theory, is described. The reader with no prior knowledge of the

principles of SMB is referred to the excellent review on chiral SMB technology by

A. Rajendran et al. [4].
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2.1.1 SMB process

SMB is a continuous chromatographic process to separate mixtures into two

fractions. The separation principle is the different affinity to the solid phase of

the components in the fluid phase. The key idea to achieve a continuous separation

of the mixture is to generate a countercurrent contact between the solid phase and

the fluid phase. Such a process is called true moving bed (TMB). The generation

of a real countercurrent flow between a solid and a fluid phase is impractical

to implement and operate. An approximation of the continuous countercurrent

contact between fluid and solid phase is achieved in the SMB process. An SMB

unit consists of a loop of ncol fixed-bed columns where the fluid circulates in one

direction. The desired countercurrent flow is achieved by periodically switching

the inlet and outlet streams in the direction of the fluid flow, which results in a

”simulated” countercurrent movement of the solid phase with respect to the fluid,

see Fig. 2.1. A detailed analysis of the equivalence of TMB and SMB has been

extensively reported [4, 17, 35].

For instance, an SMB unit with ncol = 8 columns for the separation of a binary

mixture, A and B is shown Fig. 2.1. The component A is assumed to have more

affinity to the solid phase, i.e. to be the more adsorbable component, while B is

the less adsorbable component. The SMB process has two inlet streams, feed and

desorbent; and two outlet streams extract and raffinate, where the purified products

A and B are collected, respectively. The SMB unit can be divided into four different

sections that are delimited by the inlet and outlet streams. Each section has two

columns and the SMB unit is said to have a 2 − 2 − 2 − 2 arrangement. The

separation of the two species A and B takes places in sections II and III, the so-

called central sections. Sections I and IV are intended to regenerate the solid and

the liquid phase, respectively. Each section has a different flow rate, which is called

sectional flow rate Qj for j = I, ..., IV . The flow rates QF , QD, QE and QR of the

inlet and outlet streams will be referred to as external flow rates.

The inlet and outlet ports of the SMB unit are switched simultaneously every t∗

seconds in the direction of the fluid. We will refer to t∗ as the switch time. Shifting

all the ports by one position in an SMB unit with ncol = 8 columns gives rise

to eight different inlet/outlet configurations. These ncol configurations constitute

one cycle and are repeated over time during the operation of the unit. Hence the

cyclic nature of the process. Note that due to the cyclic nature of the process

the definition of where the cycle starts or ends is rather arbitrary. Here we define

the process to start the cycle when the desorbent port is connected immediately

upstream of column 1, i.e. in the configuration shown in Fig. 2.1.
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Figure 2.1: Scheme of a simulated moving bed. Dash arrows indicate the inlet-
outlet position after the first switch.



2.1 Simulated moving bed (SMB) 13

A convenient way of representing the different configurations that the SMB unit

in Fig. 2.1 undergoes during one cycle is given in Fig. 2.2. The columns are placed

one after the other along the space coordinate z. The vertical axis is the time

coordinate and is divided in ncol periods with the duration of the switch time t∗,

which makes up one cycle. The configuration that the unit takes up during each

period is shown in the (z, t) plane. We define the indices p = 1, ..., ncol to denote the

eight different configurations that the SMB process undergoes during one cycle, as

seen on Fig. 2.2. For instance, the first configuration of the cycle as seen on Fig. 2.1

during t ∈ [0, t∗) is denoted as p = 1.

The diagram in Fig. 2.2 is useful for representing cyclic processes like the SMB

process in a straightforward way. It is also the starting point to build dynamical

models of multi-column chromatographic processes as we will see in the next

chapter. A different dynamical model will describe the time evolution of the unit

during each configuration p.

For illustration Fig. 2.3 shows the concentration profiles of both components

along the SMB unit. The solid lines represent the internal profiles along the unit

at t = 0, and the dashed ones at t = t∗.

Once the total number of columns and the number of columns in the different

sections has been fixed, the SMB unit has five operating parameters to be chosen.

The five operating parameters are the four sectional flow rates Qj for j = I, ..., IV

and the switch time t∗. The choice of the sectional flow rates and the switch time

is a crucial step in the design of a SMB units that will determine the quality of

the separation. Criteria to asses and design these operating parameters are given

in the next section.
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Figure 2.2: Inlet / outlet configurations of an eight column SMB unit during one
cycle.
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2.1.2 Triangle theory

The equilibrium theory is a powerful tool to analyze and understand chromato-

graphic processes in a simplified framework allowing though a very deep insight.

The equilibrium theory assumes thermodynamic equilibrium between the fluid and

solid phase at every point of the column and neglects mass transfer and axial

mixing resistances. In the frame of the equilibrium theory it can be demonstrated

that at steady state conditions the key design parameters influencing the separation

performance of an SMB unit are the dimensionless flow rate ratios mj [36]:

mj =
net fluid flow rate

solid flow rate
=

Qjt
∗ − V ε

V (1 − ε)
j = I, . . . , IV (2.1)

where V and ε are the column volume and the overall bed void fraction,

respectively. An equilibrium theory based analysis of an SMB separation yields

constraints for the choice of the flow rate ratios mj , which if fulfilled lead to complete

separation. This is the so-called triangle theory. These constraints will depend on

the adsorption behavior of the mixture to be separated. For a rather broad class

of adsorption behaviors described by the generalized Langmuir isotherm, these

constraints can be given analytically as a function of the isotherm parameters [4,20].

The generalized Langmuir isotherm is a powerful though simple model to

capture a large variety of different nonlinear retention behaviors, including different

combinations of adsorption and desorption composition fronts. There are four

different isotherms, for which in the case of binary systems and in the frame of

equilibrium theory, it has been possible to derive analytical constraints for complete

separation in an SMB process. The general isotherm form is given by

qi =
Hici

1 + p1KAcA + p2KBcB
i = A, B (2.2)

where qi and ci are the solid and fluid phase concentrations, respectively; Hi

and Ki are the Henry and equilibrium constants for component i, respectively.

Component A is assumed to be more retained than component B, i.e. HA >

HB. The parameters p1 and p2 can take the values ±1, and their combination

characterizes the retention behavior of the four isotherms that are shown in

Table 2.1.

The necessary and sufficient conditions for the complete separation of any of the

four adsorption behaviors can be cast in the following general form [20,36]:
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Type of isotherm p1 p2

Langmuir (L) 1 1
Anti-Langmuir (A) -1 -1
Mixed Langmuir (M1) -1 1
Mixed Langmuir (M2) 1 -1

Table 2.1: The four generalized Langmuir isotherms.

mI,min < mI (2.3)

mII,min < mII < mII,max (2.4)

mIII,min < mIII < mIII,max (2.5)

mIV < mIV,max (2.6)

The upper and lower bounds for the sectional flow rate ratios depend on

the specific isotherm and are given as functions of mII , mII , the adsorption

isotherm parameters and the feed composition. A detailed analysis, derivation

and description of these bounds may be found in the literature [4, 20].

The separation conditions can be graphically represented in two different planes

combined in the same plot for convenience. The first plane is spanned by the flow

rate ratios mII and mIII and it will be referred to as the (mII , mIII) plane. Since

mIII is always larger than mII (because QIII = QII + QF ) all feasible operating

points of the (mII , mIII) plane lie above the diagonal of the plane in Fig. 2.4.

Therefore, the (mII , mIII) plane is confined to the top left part of this kind of

diagrams. The second plane is spanned by the flow rate ratios mI and mIV , i.e.

the (mI , mIV ) plane. Since mI > mIV all feasible operating points lie below the

diagonal of the plane of horizontal coordinate mI and of vertical coordinate mIV .

The (mI , mIV ) plane is confined to the lower right part of this kind of diagrams.

Any set of flow rate ratios describing an operating point of the SMB unit can

be represented as two points, one in the (mII , mIII) plane and the other one in

the (mI , mIV ) plane. Fulfilling the constraints of Eqs. (2.3) and (2.6) would place

the operating point in the ”complete regeneration” region of the (mI , mIV ) plane

and implies that the solvent is fully regenerated when leaving section IV and being

recycled to section I, and that the adsorbent in section I is fully regenerated too.

When this is the case, the position of the operating point in the (mII , mIII) plane

allows one to make a prediction of the separation performance. The triangular

region defined by Eqs. (2.4) and (2.5) represents the set of operating points for
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Figure 2.4: Separation regions for a linear isotherm

which, in the frame of equilibrium theory, a complete separation of the mixture is

achieved, it is labelled as the ”complete separation” region. Note that the point

on the (mII , mIII) plane with maximal feed throughput, which is proportional to

the difference between mIII and mII , at complete separation is the vertex of the

complete separation region.

According to the Eq. (2.2) the behavior of the four isotherms under dilute

conditions reduces to the same linear behavior, i.e. qi = Hici for small ci. Fig. 2.4

shows the (mII , mIII) and (mI , mV I) planes for a mixture under dilute conditions.

The constraints in Eqs. (2.3) - (2.6) are given by the Henry constants HA and HB.

On the contrary, at higher feed concentrations the constraints give rise to different

shapes of the complete separation and regeneration regions for the four isotherms
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Figure 2.5: Separation regions for the four Generalized Langmuir isotherms L, A,
M1 and M2

L, A, M1 and M2. Fig. 2.5 shows the (mII , mIII) and (mI , mV I) planes for a system

with HA = 2, HA = 1, KA = KB = 0.1 and a feed concentration of cF
A = cF

B = 1.5

g / L for the four different isotherms.

The SMB performance is usually assessed by the productivity PR and the

desorbent requirement DR. The productivity PR is defined as the amount of

pure product recovered per unit time and amount of solid phase. The desorbent

requirement DR is defined as the mass of desorbent required to recover a unit mass

of product.
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PR =
mixture mass flow

mass of solid phase
=

QF cF

ncolV ρs(1 − ε)
=

(mIII − mII)cF

ncolt∗ρs
(2.7)

DR =
desorbent consumption

mixture mass flow
=

(QD + QF )ρD

QF cF
=

ρD

cF

(

1 +
mI − mIV

mIII − mII

)

(2.8)

where ρs and ρD are the solid bulk and solvent density, respectively. The total feed

concentration is cF .

The triangle theory is a widely used tool in academia and in industry to design

and assess SMB operating conditions. In this thesis it will be used to interpret the

controller actions in simulations and experiments.

2.2 Multi-column solvent gradient purification

(MCSGP)

The MCSGP process is a continuous chromatographic process specifically designed

for the three fraction separation of proteins and peptides. The process was invented

and patented by researchers of the ETH Zurich in 2005 [37]. The MCSGP

process exploits the same principles as SMB, i.e. to simulate a countercurrent

flow of a solid and a fluid phase by periodically switching the inlet and outlet

ports of fixed-bed columns. The MCSGP process represents an attractive

alternative to batch chromatography for the separation problems that arise in

the biopharmaceutical industry since it performs three fraction separations, allows

the use of solvent gradients and offers the advantages of continuous processes,

i.e. low solvent consumption and high productivity. In terms of capital cost

in the case of a monoclonal antibody separation, MCSGP uses as a stationary

phase for the separation ion-exchange resins and avoids the expensive affinity

chromatographic stationary phases which makes up a considerable capital cost

in batch chromatography. A number of studies regarding this process have

been recently reported. Superior productivity of the MCSGP process over batch

chromatography has been demonstrated under given purity constraints, e.g. for

peptide purification on reversed phase resins [38]. The MCSGP process has

been experimentally implemented for the separation of three monoclonal antibody

variants [21] and an industrial polypeptide purification problem where experimental

work showed that the MCSGP process could raise the productivity by a factor of

25, compared to the current batch chromatographic step in production [39].
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2.2.1 MCSGP process

The general separation problem addressed by the MCSGP process is represented by

a mixture of three components: weakly adsorbing impurities lumped together into

the component W, the target product T and strong adsorbing impurities lumped

into the component S. In a single column batch chromatography the weak adsorbing

impurities W elute first out of the column followed by the target product T and

finally the strong adsorbing impurities S elute. For the sake of generality, it is

assumed that the separation of these three components requires the use of solvent

or salt gradients as is often the case in biopharmaceutical separations. The challenge

in the ternary separations is to recover the product T in a continuous fashion.

The MCSGP process allows to continuously separate T from the mixture within

a single unit operation. Same as in the SMB process, the key idea here is to

mimic a countercurrent operation between a solid and a liquid phase. From the

concentration profiles along the MCSGP unit one can withdraw at the correct

points of time and space the pure product T. A detailed description of the principle

and concept behind the MCSGP process has been extensively reported [40]. In the

following a description of the working mode relevant for the modelling and control

of the MCSGP process is given.

The MCSGP process considered in this work consists of ncol = 3 chromatographic

columns [21]. The three columns undergo a finite and fixed number of inlet/outlet

configurations, six in the present example, which build up one cycle and are repeated

over time during the operation of the unit. Hence the cyclic nature of the process.

Furthermore, the process consists of six inlet pumps P1, ..., P6 that are used at

different periods of time during one cycle. See Fig. 2.6.

To better understand how the different configurations arise during one cycle of

the MCSGP process, the operation can be conceptually divided in two alternating

operation modes: the countercurrent (or interconnected) operation mode and the

batch operation mode. Note that due to the cyclic nature of the process the

definition of where the cycle starts or ends is again arbitrary. Here we define

the process to start at t = 0 in the countercurrent operation mode.

The process spends the first t∗cc seconds of the cycle in the countercurrent

operation mode, where the three columns are connected in series as presented in

Fig. 2.6 between t ∈ [0, t∗cc). Pumps P1, P2 and P3 are connected to the inlet of

each of the three columns, respectively. During the countercurrent operation mode

the only outlet is stream Q3.

After concluding the countercurrent operation mode the configuration of the unit

is switched to the batch operation mode. The batch operation mode has a duration
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of t∗batch seconds and the columns are operated individually as single batch columns

as in Fig. 2.6 between t ∈ [t∗cc, t
∗

batch + t∗cc). During this time the pumps P4, P5 and

P6 are connected to the inlets of the columns. The pump P6 is the feed pump that

will inject the mixture to be separated into the process. There are three different

outlet streams, Q4, Q5 and Q6 of the process at the end of each column. The three

separated components S, T and W are collected in the streams Q4, Q5 and Q6,

respectively.

Once the process has undergone the two operation modes the inlet and outlet

connections are shifted by one column in the direction of the fluid. For instance, the

pump P1 that was connected to column one during the countercurrent operation

mode will be connected to column two. The same holds true for all six pumps used

in the countercurrent and batch operation mode. After repeating this procedure

three times the inlet and outlet connections reach the same position as at t = 0

and one cycle has been completed. Fig. 2.6 shows the process flow sheet for one

complete cycle.

We define the indices p = 1, ..., 6 to denote the six different configurations that

the MCSGP process undergoes during one cycle, as seen on Fig. 2.6. For instance,

the first countercurrent operation mode during t ∈ [0, t∗cc) is denoted as p = 1, the

batch operation mode during t ∈ [t∗cc, t
∗

batch + t∗cc) is denoted as p = 2. A different

system of equations will be derived in the following chapter describes the time

evolution of the unit during each configuration p.

2.2.2 Design of an MCSGP process

The optimal design of MCSGP processes is still an open challenge. In order to

select the flow rates, switch times and modifier gradient concentrations there are

two approaches reported in literature. The first approach is an empirical design

procedure that uses a batch chromatogram of the mixture to be separated in order

to find operating conditions of the MCSGP unit that will have the same internal

concentration profile as the batch chromatogram [41]. The second approach uses

an equilibrium theory based approach to derive working conditions similar to the

triangle theory for the SMB [42]. This criteria has been developed for a 5 column

MCSGP unit for a model system different than the ones treated here.

In this work the operating conditions of the MCSGP unit have been taken from

literature or found via empirical design as reported in the different cases.
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Figure 2.6: The MCSGP process undergoes alternatingly the countercurrent and
the batch operation modes.
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3

Modelling multi-column

chromatograhpic processes via

first principles

This chapter is devoted to introducing the modelling framework used to describe

multi-column chromatographic processes. A simplification procedure that can be

applied to the models formulated within this framework are then simplified to derive

linear dynamical models that will be used for control purposes in the next chapters.

Multi-column chromatographic processes are used for a wide spectrum of

separation problems, e.g. for binary and multi-component separations, using

isocratic conditions or gradients in the solvents or modifiers. These different

separation problems give rise to a wide variety of operating policies, i.e. the timely

order of the different inlet/outlet configurations during one cycle. The operating

policies can span from keeping all the columns connected in a loop during the whole

operation, breaking the loop during certain periods of time at a specific location or

alternatingly operating the columns individually and interconnectedly.

The variety of multi-column chromatographic processes and hence of the models

that describe them are illustrated here by the SMB and MCSGP processes. On the

one hand the SMB unit performs binary separations under isocratic conditions; it

can have typically five to eight columns that are interconnected in a loop during

the operation and only the inlet and outlets ports are periodically switched in

the direction of the liquid by one position. On the other hand, the MCSGP

process performs ternary separations using gradients of a modifier species; it has

typically three columns that are alternatingly operated as individual columns and

by interconnecting them in series. These differences can be clearly observed in

Figs. 2.2 and 2.6.

Furthermore, a full description of such multi-column chromatographic processes

based on first principles yields a complex dynamical model that involves nonlinear

25
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interactions of two or more species in the mixture, time delays, and switching

configurations of the unit that give rise to the cyclic operation.

Considering the immense variety of separation problems that multi-column

chromatographic processes solve and the diversity of the models that can arise, the

need for a systematic way of describing, modelling and simplifying these models

for control purposes becomes evident. This chapter presents a general modelling

framework that is applicable to any multi-column chromatographic process and

yields a linear model that can be easily incorporated and used for control and

optimization purposes. The modelling framework is illustrated for the SMB and

MCSGP process. In the following the first principle models of the SMB and

MCSGP processes are presented and brought into the same general form. Then

a simplification procedure yielding a linear time invariant reduced order model is

explained. Finally, a periodic linear time varying model is derived for multi-rate

control.

3.1 First principles, nonlinear hybrid models

The first step is to derive first principle models for the SMB and MCSGP process.

These models are in general systems of nonlinear partial differential equations

(PDEs) with switching behavior, i.e. hybrid models. The degree of detail that

is incorporated into the first principle model is dependent on the multi-column

chromatographic process considered. Nevertheless, the same framework can be

used to describe, capture and simplify these models. The SMB and MCSGP first

principle models are brought to a general form where the relevant variables for

control, i.e. the state, input and measured variables can be explicitly defined.

3.1.1 SMB model

The SMB unit that was used for experiments and simulations in this work, is a

closed-loop four section SMB system with two columns in each section, i.e. in

a 2-2-2-2 arrangement, with a total of ncol = 8 columns, see Fig. 2.2. In this

section the modelling of such a unit is presented but it can be easily extended

to any operation mode of SMB processes. The dynamics can be modelled with

different degrees of complexity depending on the different physical phenomena that

are taken into account. The equilibrium dispersive model (EDM) imposes local

equilibrium between the solid and the fluid phase. It has proven to be a good

compromise between model accuracy and computational efficiency [43,44] and will
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be the method used here.

We start by considering Fig. 2.2 where the indices p = 1, ..., 8 denote the eight

different configurations that the SMB process undergoes during one cycle. A

different model consisting of a system of PDEs will describe the time evolution

of the unit during each configuration p. These models are built by considering the

dynamics of a single column and interconnecting them with the corresponding node

balances that will dictate the boundary conditions for the column downstream.

In the case of SMB we build a dimensionless model, thus we define the

dimensionless concentration (c̄i), time (τ) and position (η) variables

c̄i =
ci

cF
i

τ =
t

t∗
η =

z

L
(3.1)

where cF
i , t∗ and L are the feed concentration of component i, the switch time, i.e.,

the period of time between two successive switches, and the length of the column,

respectively. The equilibrium dispersive model for a single column is

εh
∂c̄i,h

∂τ
+

(1 − εh)

cF
i

∂q∗i,h
∂τ

+
Qj(h,p) t

∗

AcrL

∂c̄i,h

∂η
=

t∗εhDap,i

L2

∂2c̄i,h

∂η2
(3.2)

for i = A, B

h = 1, ..., ncol

p = 1, ..., ncol

In the above equation, Dap,i is the apparent axial dispersion coefficient lumping

the mass-transfer resistance and axial dispersion; εh is the total packing porosity

in the hth column; q∗i is the adsorbed phase concentration of component i; Acr

is the column cross-section area. The variable Qj(h,p) is the flow rate in section j

of the SMB unit. The index j(h, p) represents the section that column h belongs

to during the configuration p and is explicitly given in Table 3.1. In this way it

becomes evident how the dynamics of the system will depend on the switching

configuration p.

The first and second term in Eq. (3.2) represent the accumulation of mass in the

solid and fluid phase, respectively. The last term on the left hand side accounts for

the convective transport. The term on the right hand side lumps the mass-transfer

resistance and axial dispersion in the fluid phase.

The equilibrium relationship in Eq. (3.2) is given by the term q∗i,h, which can be any
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p h = 1 h = 2 h = 3 h = 4 h = 5 h = 6 h = 7 h = 8

1 I I II II III III IV IV
2 IV I I II II III III IV
3 IV IV I I II II III III
4 III IV IV I I II II III
5 III III IV IV I I II II
6 II III III IV IV I I II
7 II II III III IV IV I I
8 I II II III III IV IV I

Table 3.1: Index j(h, p) of the sectional flow rate Qj(h,p) as a function of the
configuration p for the different columns h.

function describing the the adsorption behavior of component i in the solid phase.

It can take the form of any of the four isotherms described by the generalized

Langmuir isotherm described in Eq. (2.2). In order to build a model that can be

used for control purposes, we assume that only the linear adsorption isotherm of

the mixture to be separated is known and the equilibrium relationship is given by

q∗i,h = Hici,h for i = A, B (3.3)

where Hi is the Henry constant of component i. The term q∗i,h in Eq. (3.2) can

be replaced by the expression Eq. 3.3. In this way the only dependent variable in

Eq. (3.2) is the fluid phase concentration c̄i,h.

In order to build the full model of the SMB unit, the set of Eqs. (3.2) of the

different columns h has to be interconnected, taking proper care of the boundary

conditions and the node balances of the different configurations p.

Boundary conditions:

The switching mechanism of the SMB unit is reflected in the periodically changing

boundary conditions at the inlet of the columns as well. The boundary conditions

for every configuration p are enforced as follows

c̄i,h

∣
∣
η=η+

h,in

= c̄in
i,h,p ∀ τ for h = 1, . . . , ncol p = 1, ..., ncol

∂c̄i,h

∂η

∣
∣
η=ηh,out

= 0 (3.4)
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where the positions ηh,in and ηh,out denote the inlet and outlet points of column

h along the space axis η, respectively. The inlet concentration c̄in
i,h,p fed into column

h depends on the configuration of the unit p and is determined by the node balances.

Node Balances:

In order to compute the inlet concentration of the columns a material balance for

each component can be written between each pair of subsequent columns. For this

purpose we introduce the internal flow rate Qh of column h. Note that the internal

flow rates Qh for h = 1, ...8 are not to be confused with the sectional flow rates Qj

for j = I, II, III, IV . Depending on the configuration p, column h will belong to

section j. The relationship between these indices is explicitly given in Table 3.1.

The node balances can be written in the general form

Q1 = Q8 + Q
I/O
1,p (3.5)

Q1 c̄in
i,1,p = Q8 c̄out

i,8 + Q
I/O
1,p c̄

I/O
i,1,p (3.6)

Qh+1 = Qh, +Q
I/O
h+1,p for h = 1, . . . , 7 (3.7)

Qh+1 c̄in
i,h+1,p = Qh c̄out

i,h + Q
I/O
h+1,p c̄

I/O
i,h+1,p for h = 1, . . . , 7 (3.8)

where c̄out
i,h is the concentration of component i at the outlet of column h. Q

I/O
h,p

identifies the flow rate of the stream entering or leaving the SMB loop just before

column h and c̄
I/O
i,h,p is the concentration of component i in the same stream, both

values depend on the configuration of the unit p and can be explicitly defined as in

Table 3.2 for the first two configurations.

Summarizing, the SMB unit can be described by first principles models. These

models are systems of partial differential equations (PDEs), describing the behavior

of the two enantiomers inside each chromatographic column as a function of

position, η, and time, τ . To complete the mathematical model, the PDEs are

combined with algebraic equations (AEs) that account for the node balances. Note

that every t∗ seconds, the input/output ports are switched and the configuration

p of the unit changes, giving rise to a new system of PDEs and AEs that describe

the dynamics of the SMB unit. Therefore, there are the same number of systems

of equations, as the number of configurations that the unit undergoes during one

cycle, i.e. ncol switches, ncol systems of PDEs and AEs.
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p = 1 p = 2

h Q
I/O
h,p c̄

I/O
i,h,p Q

I/O
h,p c̄

I/O
i,h,p

1 QD c̄D
i 0 0

2 0 0 QD c̄D
i

3 −QE c̄out
i,2 0 0

4 0 0 −QE c̄out
i,3

5 QF c̄F
i 0 0

6 0 0 QF c̄F
i

7 −QR c̄out
i,6 0 0

8 0 0 −QR c̄out
i,7

Table 3.2: Flow rates and concentration of component i of the inlet/outlet streams
entering and leaving the SMB loop for the configurations p = 1, 2.

Shorthand notation of the first principles, hybrid nonlinear PDE model

A compact notation for the set of PDEs in Eqs. (3.2), boundary conditions (3.4)

and (3.4) and the algebraic equations from the node balances in Eqs. (3.5) - (3.8)

can be formulated for every configuration p

0 = F p(c̄,
∂c̄

∂t
,
∂c̄

∂z
,
∂2c̄

∂z2
,Q, t∗) for p = 1, .., ncol (3.9)

The variable c̄ is the fluid phase concentration of components i = A, B along the

columns h = 1, ..., ncol as a function of space and time (η, τ). The four sectional flow

rates QI , QII , QIII and QIV are concatenated in the vector Q. The five operating

parameters of the SMB unit are explicitly given in Q and t∗. In the following we

define the states, inputs and outputs of the nonlinear hybrid system (3.9) from a

control systems point of view. This represents only a rearrangement of the variables

in Eq. (3.9).

3.1.2 Variables for the control problem formulation

The variables needed to formulate the model in a control framework are the state

X̂, input û and measured variables Ŷ .
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State variables X̂

The state variable X̂ in the case of the SMB process contains the fluid phase

concentration c̄ of all components along the eight columns as a function of space

and time. The state is defined as

X̂ = c̄ (3.10)

Input variables û

The manipulated or input variables û are the four sectional flow rates QI , QII , QIII

and QIV unless otherwise stated

û =
[

QI QII QIII QIV

]T
∈ R

nu (3.11)

where nu = 4 is the number of inputs. In this case the switch time t∗ remains

as constant parameter. Nevertheless the switch time can be incorporated in the

manipulated variables as shown in section 5.3, where the vector of inputs is

û =
[

QI QII QIII QIV t∗
]T

∈ R
5 (3.12)

Measured variables Ŷ

The variables that will be measured, controlled and used as feedback information

are the average concentrations over one cycle of the two compounds A and B in the

extract and raffinate stream. We define the average concentration of component

i, c̄ave
i,l in the stream leaving the SMB unit Ql, where l = E, R, over the period of

time τ as

c̄ave
i,l =

∫

τ
c̄i,l Ql dt

∫

τ
Ql dt

for i = A, B

l = E, R (3.13)

where τ = ncol t
∗ is the cycle time.

The vector of measurements that will be used as feedback information contains

the four different average concentrations

Ŷ ave =
[

c̄ave
A,E c̄ave

B,E c̄ave
A,R c̄ave

B,R

]T
∈ Rnyave (3.14)
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where nyave = 4 is the number of average concentration measurements.

We additionally define a vector with the time-varying concentrations of the

individual components needed to compute the average concentrations Ŷ ave over

one cycle as in Eq. (3.13)

Ŷ =
[

c̄A,E c̄B,E c̄A,R c̄B,R

]T
∈ Rny (3.15)

Note that these values are given by the outlet concentrations of the column

immediately upstream of the extract and raffinate outlet streams and depend

therefore on the configuration of the unit p. The vector Ŷ will be called primary

or controlled outputs and can be compactly written as

Ŷ = Ĝp(X̂)

for p = 1, .., ncol (3.16)

In the SMB multi-rate controller presented in Chapter 6 a secondary mea-

surement variable will be included in the feedback information. The secondary

measurement corresponds to the sum of the concentrations at the outlet of column

8, as measured by a UV spectrometer.

Ŷ s = kuv(c̄
out
A,8 + c̄out

B,8) = Ĝs(X̂) (3.17)

where Ŷ s is the secondary output and kuv the calibration factor of the UV

spectrometer. Note that in this case Ĝs does not depend on the switching

configuration p since the measurement is located at a fixed column position.

Shorthand notation

Using the definition of the variables above, the set of system of equations in (3.9)

and the primary outputs can be rewritten as

0 = F̂ p(X̂,
∂X̂

∂t
,
∂X̂

∂z
,
∂2X̂

∂z2
, û)

Ŷ = Ĝp(X̂)

for p = 1, .., ntot (3.18)

where ntot = ncol in the SMB process presented here.
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3.1.3 MCSGP model

We now develop the first principles model of the MCSGP process. Consider the

indices p = 1, ..., 6 to denote the six different configurations that the MCSGP

process undergoes during one cycle, as seen on Fig. 2.6. For instance, the first

countercurrent operation mode during t ∈ [0, t∗cc) is denoted as p = 1, the batch

operation mode during t ∈ [t∗cc, t
∗

batch + t∗cc) is denoted as p = 2. A different system

of equations will describe the time evolution of the unit during each configuration

p.

In order to build the first principles model for each configuration p, the behavior

of each component i in column h was described by the lumped kinetic model [44].

The mass balance for the mobile and stationary phases in each column are

∂ci,h

∂t
+

(1 − εh)

εh

∂qi,h

∂t
+

Qj(h,p)

Acrεh

∂ci,h

∂z
= Dap,i

∂2ci,h

∂z2
(3.19)

∂qi,h

∂t
= kM(q∗i,h − qi,h) (3.20)

for i = W, T, S, M

h = 1, ..., ncol

p = 1, ..., 2 · ncol

where ci,h and qi,h are the mobile and solid phase concentrations of component i

in column h as a function of space and time (z, t), respectively. The parameter Dap,i

is the apparent axial dispersion coefficient, εh is the total porosity in column h. The

variable Qj(h,p) is the internal flow rate in column h and is computed from the node

balances described in the next section. The index j(h, p) in Qj(h,p) depends on the

column h under consideration and on the switching configuration p and is defined

explicitly in Table 3.3.

The mass transfer to the solid phase is given by Eq. (3.20) where kM is the

lumped mass transfer coefficient. The solid phase concentration at equilibrium q∗i,h
is given for i = W, T, S by a Langmuir-competitive adsorption isotherm of the form

q∗i,h =
Hici,h

1 +
∑

l=L,T,H

(
Hl

qsat,l

cl,h)
(3.21)
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p h = 1 h = 2 h = 3

1 1 2 3
2 4 5 6
3 3 1 2
4 6 4 5
5 2 3 1
6 5 6 4

Table 3.3: Index j(h, p) of the internal flow rate Qj(h,p) as a function of the
configuration p for the different columns h.

where qsat,i is the saturation concentration of component i on the solid phase. The

Henry constant of species i, Hi depends on the local modifier concentration cM .

Both quantities can be described as in [21]

Hi = αi cβi

M (3.22)

qsat,i =
γi

1 + e(δcM +ξ)
(3.23)

where αi, βi and γi are component dependent constants, whereas δ and ξ are

modifier dependent constants.

Node Balances

The node balances will be used to determine the boundary conditions at the inlet of

the columns and the internal flow rates. The node balances are formulated for the

general case where the pump Pj is connected to column h. We define the flow rate

and concentration of component i exiting pump Pj as QP
j and cP

i,j, respectively, see

Fig. 3.1. The internal flow rate of the column connected downstream of pump Pj

is denoted as Qj and the corresponding concentration of component i at the inlet

of the same column will be cin
i,j.

From Fig. 2.6 one can recognize two types of pump connections that are

schematically presented in Fig. 3.1. In the first case, Fig. 3.1(a), the pump is

directly connected to the column as is the case for pumps P1, P4, P5 and P6. In the

second case the flow delivered by pumps P2 and P3 is mixed with the flow exiting

the column upstream. The node balances for the two cases are given by
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h

Pj

Qj-1

i,j-1c
out

Qj

i,jc
in

Qj i,jc
PP

h

Pj

Qj

i,jc
in

Qj i,j

P P
c

j = 1, 4, 5, 6 j = 2,3

( a ) ( b )

Figure 3.1: Node balances for the different pumps

Qj = QP
j

cin
i,j = cP

i,j for j = 1, 4, 5, 6 (3.24)

Qj = Qj−1 + QP
j

Qj cin
i,j = Qj−1 cout

i,j−1 + QP
j cP

i,j for j = 2, 3 and all i = W, T, S, M

where cout
i,j−1 is the concentration of component i exiting from the column upstream

from the node considered. The inlet concentrations cin
i,j will determine the boundary

conditions at the inlet of the columns.

It is assumed that the pumps P1 to P5 deliver only modifier M and none of the

three components to be separated W , T and S. Only pump P6 will deliver the feed

mixture with concentrations of each component cF
i .

cP
i,j = 0 for j = 1, .., 5 and i = W, T, S

cP
i,6 = cF

i for i = W, T, S (3.25)

Boundary conditions

The boundary condition at the inlet of column h, ci,h

∣
∣
z=z+

h,in

depends on the

configuration p of the process. The boundary conditions can be written in the

general form
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ci,h

∣
∣
z=z+

h,in

= cin
i,j(h,p) for h = 1, . . . , ncol p = 1, ..., 2 · ncol

∂ci,h

∂z

∣
∣
z=zh,out

= 0 ∀ t for i = W, T, S, M (3.26)

where the positions zh,in and zh,out denote the inlet and outlet points of column h

along the space axis z. The inlet concentration cin
i,j(h,p) is determined by the node

balances and the present configuration of the unit p. Table 3.3 gives explicitly the

index j in cin
i,j(h,p) as a function of the configuration p and the column h. Note that

the same table can be used to determine cin
i,j(h,p) and the internal flow rates Qj(h,p)

as a function of the configuration p and the column h. The variables cin
i,j(h,p) and

Qj(h,p) for j = 1, ..., 6 and i = M are concatenated in the vector π.

Shorthand notation of the first principles, hybrid nonlinear PDE model

A compact notation for the set of PDEs and ODEs in Eqs. (3.19) and (3.20),

isotherm information in Eqs. (3.21)-(3.23), algebraic equations from the node

balances in Eqs. (3.24) and (3.25) and boundary conditions (3.26) can be formulated

for every configuration p as follows

0 = F̂ p(c, q,
∂c

∂t
,
∂c

∂z
,
∂2c

∂z2
,
∂q

∂t
, π) for p = 1, .., ntot (3.27)

where ntot = 2ncol. The variables c and q are the fluid and solid phase

concentrations of all components i = W, T, S, M along the three columns h = 1, 2, 3

as a function of space and time (z, t). In the following we define the states, inputs

and outputs of the nonlinear hybrid system (3.27) from a control systems point of

view. This represents only a rearrangement of the variables in Eq. (3.27).

3.1.4 Variables for the control problem formulation

The variables needed to formulate the model in a control framework are the state

X̂, input û and measured variables Ŷ . The remaining variables that are fixed once

and for all are grouped in r̂.

State variables X̂

The state variable X̂ contains c and q, the fluid and solid phase concentrations of

all components along the three columns as a function of space and time (z, t). The
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state is defined as

X̂ =

[
c

q

]

(3.28)

Input variables û

The variables to be manipulated by the optimizing controller, in this work referred

to as inputs û, are a subset of the variables in π. The input variables are the

internal flow rates Qj and the modifier inlet concentrations cin
M,j for j = 1, 2, 3, 5.

This corresponds to the internal flow rates and inlet modifier concentration of the

three columns during the countercurrent operation mode, and the internal flow rate

and modifier concentration delivered by pump P5 during the batch operation mode.

Note that the modifier concentration cin
M,j allows generating the modifier gradients

needed in the process.

The input variables for j = 1, 5 can be directly manipulated with the pumps P1

and P5. On the contrary, for j = 2, 3 they cannot be manipulated directly with the

pumps P2 and P3 since there is a stream coming from the column upstream, see

Fig. 3.1(b). Using the model of the node balances one can compute the necessary

values of the concentrations and flow rates in pumps P2 and P3.

The concatenated vector of inputs reads

û =
[

Q1 Q2 Q3 Q5 cin
M,1 cin

M,2 cin
M,3 cin

M,5

]T
∈ R

nu (3.29)

where nu = 8 is the number of inputs.

Measured variables Ŷ

The variables that will be measured and used as feedback information are the

average concentrations of the three compounds W , T and S over one cycle. We

define the average concentration in the stream Qj over the period of time τ as

ĉi,j =

∫

τ
cout
i,j Qj dt

∫

τ
Qj dt

for i = W, T, S (3.30)

The streams Q4, Q5 and Q6 are collected during the three batch operation modes

of one cycle, i.e. τ = τbatch, where τbatch are the time segments corresponding to the

batch operation mode. The stream Q3 is collected during the three countercurrent
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operating modes and τ = τcc, where τcc are the time segments corresponding to the

countercurrent operation mode. In the MCSGP process considered in this work,

the streams Q3 and Q6 are collected in the same recipient, that means that for

these two streams the average concentrations is computed as

ĉi,6 =

∫

τcc
cout
i,3 Q3dt +

∫

τbatch
cout
i,6 Q6dt

∫

τcc
Q3dt +

∫

τbatch
Q6dt

for i = W, T, S (3.31)

The vector of measurements that will be used as feedback information contains

nine different average concentrations as

Ŷ ave =
[

ĉW,4 ĉT,4 ĉS,4 ĉW,5 ĉT,5 ĉS,5 ĉW,6 ĉT,6 ĉS,6

]T
∈ Rnyave (3.32)

where nyave = 9 is the number of average concentration measurements.

We additionally define a vector with the time-varying concentrations of the

individual components needed to compute Ŷ ave over one cycle from Eqs. (3.30)

and (3.31).

Ŷ =
[

cout
W,3 cout

T,3 cout
S,3 cout

W,4 cout
T,4 cout

S,4 cout
W,5 cout

T,5 cout
S,5 cout

W,6 cout
T,6 cout

S,6

]T
∈ Rny

(3.33)

where ny = 12 is the number of components needed to compute Ŷ ave. The vector

Ŷ can be compactly written as

Ŷ = Ĝp(X̂)

for p = 1, .., ntot (3.34)

Definition of the remaining fixed variables r̂

The set of remaining variables of π that were not used as manipulated variables

nor defined in Eq. (3.25) are grouped in r̂ and will be fixed throughout this work.

The vector r̂ is defined as

r̂ =
[

Q4 Q6 cin
M,4 cin

M,6

]T
∈ Rnr (3.35)

The length of the countercurrent and batch operation modes, called switch times
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t∗batch and t∗cc, respectively, are kept constant in this work. From now on the variables

that remain fixed r̂ will be omitted since they can be considered as constant

parameters in the system.

Shorthand notation

Using the definition of the variables above, the set of system of equations in (3.27)

can be rewritten as

0 = F̂ p(X̂,
∂X̂

∂t
,
∂X̂

∂z
,
∂2X̂

∂z2
, û)

Ŷ = Ĝp(X̂)

for p = 1, .., ntot (3.36)

Note that both, the SMB and MCSGP first principle models can be written in

the form of Eqs. (3.18) and (3.36). Once the first principle models are written in

such a form, the following simplification procedure can be applied to get a linear

reduced order model (ROM) for control and optimization purposes.

3.2 ′Cycle to cycle′ model formulation

We consider a first principle model as derived in the previous section in the general

form

0 = F̂ p(X̂,
∂X̂

∂t
,
∂X̂

∂z
,
∂2X̂

∂z2
, û) (3.37)

Ŷ = Ĝp(X̂) (3.38)

for p = 1, .., ntot

where ntot is the total number of different configurations during one cycle. The

procedure described below simplifies the model (3.37) to a linear ROM suitable for

control and optimization purposes.

3.2.1 Hybrid nonlinear ODE model

The simplification procedure starts by applying the method of lines to the system

of equations in (3.37). Each column is discretized in ng grid points as shown in



40 3 Modelling multi-column chromatograhpic processes via first principles

0

1 Cycle

n

k+1

p = 1

p = 2

p = ntot

1 2 ... ncol

... h = ncolh = 1
Space z

Time t

ng grid points

...

...

N time steps

k

n+1

Figure 3.2: Space-time plane. Each of the ncol columns is discretized in space in
ng grid points. The time axis is discretized during one cycle in N time
steps.
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Fig. 3.2. In this way the first and second order spatial derivatives of the state X̂ are

approximated by finite differences and we define the new state vector x̂ containing

the grid points in spatial direction.

The ntot systems of PDEs in (3.37) can then be simplified to ntot systems of

nonlinear ordinary differential equations (ODEs). Each system of ODEs can be

recast in the following compact form where the time derivative of the state, dx̂
dt

can

be explicitly written as

dx̂

dt
= fp(x̂, û)

ŷ = gp(x̂) p = 1, . . . , ntot (3.39)

After discretization of the space coordinate the state vector x̂ is a finite

dimensional vector of length neq. In general, a system with ncol columns, ns

species, nph phases and discretized in ng grid points per column, gives rise to

neq = ng · ns · ncol · nph ODEs per configuration p. Note that the outputs of the

model are ŷ and not Ŷ as in Eq. (3.38) since they are a function of the state vector

x̂ and not X̂, respectively.

The system dynamics fp for every switching configuration p is a vector-valued

function

fp = (f p
1 , . . . , f p

neq
)T (3.40)

fp : R(neq+nu) −→ Rneq p = 1, . . . , ntot

where f p
1 , f p

2 , . . . , f p
neq

are scalar-valued functions. gp is another vector-valued

function relating the state variables x̂ to the measurements ŷ

gp = (gp
1, . . . , g

p
ny

)T (3.41)

gp : Rneq −→ Rny p = 1, . . . , ntot

where gp
1, g

p
2, . . . , g

p
neq

are scalar-valued functions.

3.2.2 Periodic linear time-varying model

The ODE systems in (3.39) is a nonlinear model that can be linearized. It is

common to linearize dynamical systems around a steady-state value to get linear

dynamical models. However, multi-column chromatographic processes do not reach

a steady-state but rather a cyclic steady-state, where the concentration profiles for
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all components along the unit show a time dependent but cycle-invariant behavior.

Hence the linearization can be performed around a cyclic steady-state profile. For

this purpose, the duration of a complete cycle is divided into N sample points

τs = 0, ..., N − 1 as shown in Fig. 3.2. The nonlinear ODE systems in Eq. (3.39)

are linearized at each sample point τs using the corresponding cyclic steady-state

concentration profiles x̂ref(τs) and inputs ûref(τs). In the case of the SMB process,

the linearization point is chosen as described in the Appendix A.1

The linearized set of equations can be written in the standard continuous time

state-space form.

dx

dt
= Ac(τs) x(t) + Bc(τs) u(t)

y(t) = Cc(τs) x(t)

for τs = 0, . . . , N − 1 (3.42)

where x(t) = x̂(t)− x̂ref(τs), u(t) = û(t)− ûref(τs) and y(t) = ŷ(t)− ŷref(τs) for

t ∈ [τs, τs+1) are deviation variables for the state, inputs and outputs, respectively.

The matrices Ac and Bc correspond to the Jacobian matrices of fp with respect

to x̂ and û, respectively. The matrix Cc corresponds to the Jacobian matrix of gp

with respect to x̂. The matrices are evaluated at each sample time τs, i.e. one

ends up with N different model equations constituting a continuous time linear

time-varying (LTV) system.

The model (3.42) can be transformed into a discrete time state-space LTV model.

A zero order hold is assumed in general for the inputs. In the particular case of the

MCSGP process, where a subset of the manipulated variables represents gradients

of solvent in the process, a first order hold was used for the inputs. The sampling

time was taken to be the cycle time divided by the number of sample points.

The continuous time state-space system matrices in Eq. (3.42) are assumed to be

constant over the sampling time ∆τs. The resulting discrete time, state-space, LTV

model has the following structure

xk(n + 1) = A(n)xk(n) + B(n)uk(n) x ∈ Rneq , u ∈ Rnu, y ∈ Rny

yk(n) = C(n)xk(n) for n = 0, . . . , N − 1 (3.43)

Here, k is the cycle index and n is the time index running within the cycle index

as shown in Fig. 3.2. For the transition from one cycle to the next, we impose the
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continuity requirement

xk+1(0) = xk(N) (3.44)

3.2.3 Linear time-invariant model

The output yk(n) of the LTV model in Eq. (3.43) describes the instantaneous

concentrations of both components in the two outlets streams for each time step n

within the cycle k. In the cycle to cycle control concept the measured variables

are the concentration of the species to be separated averaged over one cycle as

defined in (3.15) and (3.33). Therefore, the LTV model has to be modified such

that the required average concentrations are directly given by the model output,

i.e. a cycle to cycle model. This procedure is described in the following two sections.

Lifting the LTV Model

The first step towards a cycle to cycle model is to relate the initial states of two

consecutive cycles, xk(0) and xk+1(0). Note that the LTV model in Eq. (3.43)

relates two time steps within the same cycle, i.e. xk(n) and xk(n+1). By successive

substitution of Eq. (3.43) for N time steps, i.e. by lifting the LTV model, the

desired relationship is obtained. The time-invariant cycle to cycle model can be

written as

xk+1(0) = Φxk(0) + ΓUk x ∈ Rneq , U ∈ R(N ·nu)

Yk = Πxk(0) + GUk Y ∈ R(N ·ny) (3.45)

where Φ,Γ,Π and G are

Φ = A(N − 1)A(N − 2) · · ·A(0) (3.46)

Γ =
[ (

A(N − 1) · · ·A(1)B(0)
) (

A(N − 1) · · ·A(2)B(1)
)

· · · B(N − 1)
]

(3.47)

Π =








C(0)

C(1)A(0)
...

C(N − 1)A(N − 2) · · ·A(0)








(3.48)
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G =










0 0 · · · 0 0

C(1)B(0) 0 · · · 0 0

C(2)A(1)B(0) C(2)B(1) · · · 0 0
...

...
...

...
...

(C(N − 1)A(N − 2) · · ·A(1)B(0)) · · · · · · C(N − 1)B(N − 2) 0










(3.49)

The inputs and outputs of one cycle are grouped in Uk and Yk, respectively

Uk =
[

uT
k (0) · · · uT

k (N − 1)
]T

(3.50)

Yk =
[

yT
k (0) · · · yT

k (N − 1)
]T

Note that Yk contains the concentrations of all considered species for every time

step n = 0, ..., N − 1 of cycle k.

Transformation of the Model Output

The last step to obtain the cycle to cycle model is to compute the average of the

time-varying concentrations contained in Yk

yk,ave =

∑N−1
n=0 yk(n)

N
= CYk (3.51)

Under the assumption of constant flow rates within one cycle, the desired average

concentrations yk,ave are a linear combination of the output vector Yk. C is the

transformation matrix relating these two vectors. By inserting the model output

expression from Eq. (3.45) into Eq. (3.51) we get

yk,ave = C(Πxk(0) + GUk) = CΠ
︸︷︷︸

Π̄

xk(0) + CG
︸︷︷︸

Ḡ

Uk (3.52)

Finally, the cycle to cycle model providing the average concentrations as output

can be cast as

xk+1(0) = Φxk(0) + ΓUk x ∈ Rneq , U ∈ R(N ·nu)

yk,ave = Π̄xk(0) + ḠUk yave ∈ Rnyave (3.53)
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Reduction of the Model Order

For the systems considered in this thesis the models have at this stage around

1000 states. This may lead to a very big computational load. Fortunately, well

established model reduction techniques are available. Here, the balanced model

order reduction was used [45–47]. The number of states in Eq. (3.53) can be

reduced from neq ≈ 1000 to ñeq ≈ 20 in order to get a cycle to cycle ROM.

3.2.4 Disturbance modelling

The system is subjected to various types of disturbances which have to be

handled by the controller. Therefore, accounting for the combined overall

effect of all possible disturbances on the plant output is a critical issue for the

control performance. The disturbances affecting multi-column chromatographic

processes can be divided into two categories. The first one are periodic disturbances

with period of one cycle, e.g., changes in the feed concentration during operation

due to different feed batches of the mixture to be separated. The second category

consists of random disturbances, which do not repeat every cycle.

The effect of unknown model errors and both type of disturbances are incorpo-

rated into the outputs of the ′cycle to cycle′ ROM as a residual term hk

x̃k+1(0) = Φ̃x̃k(0) + Γ̃Uk x̃ ∈ Rñeq , U ∈ R(N ·nu) (3.54)

yk,ave = Π̃x̃k(0) + GUk + hk yave ∈ Rnyave , h ∈ Rnyave (3.55)

where x̃ is the state vector of the ′cycle to cycle′ ROM, and Φ̃, Γ̃, Π̃ and G are

the corresponding state-space matrices. The residual term hk is modelled with the

stochastic difference equation

h̄k+1 = h̄k + wk (3.56)

hk = h̄k + vk (3.57)

Here, wk represents the effect of model errors and periodic disturbances and is

integrated from cycle to cycle in the term h̄k. The vector vk can be interpreted

as the part that represents the effect of random disturbances. Both wk and vk

are zero-mean white-noise sequences with respect to the cycle index and covariance

matrices Rw and Rv, respectively.
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3.2.5 Estimation of the state and disturbances

So far, a ′cycle to cycle′ ROM that incorporates the effects of model errors and

disturbances has been developed. In this section it is reformulated such that the

states and disturbances can be estimated based on the available measurements. The

idea is to augment the state vector of the ′cycle to cycle′ ROM with the disturbances

such that the augmented vector is estimated with a Kalman filter. In the following

we present the estimation model and the Kalman filter.

Estimation model

For the sake of clarity in the index notation, it is important to note that the earliest

measurement of the average concentrations for cycle k−1, yk−1,ave, can be completed

at the end of cycle k − 1, that formally corresponds to the sampling performed at

time instance k. This represents an inherent time delay in the system. The same

applies to the noise sequences wk−1 and vk−1 that are sampled at time k. Thus,

we define for estimation purposes

ȳk , Π̃x̃k−1(0) + ḠUk−1 + h̄k−1

w̄k , wk−1

v̄k , vk−1 (3.58)

the newly defined output ȳk represents the average concentrations of cycle k − 1,

yk−1,ave according to Eq. (3.55), plus the integrated effect of model errors and

periodic disturbances h̄k−1 from Eq. (3.56). The effect of random disturbances is

incorporated with the term v̄k. Eq. (3.55) can be written in terms of the new

variables to define

yk , ȳk + v̄k (3.59)

where yk are the model outputs that will be measured at time k. Using these

definitions, Eqs. (3.54) and (3.55) can be rewritten in terms of incremental

changes by differencing the model equations for two successive cycles. Augmenting

the states with the persistent part of the disturbances to be estimated from the

measurements we get
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[
∆x̃k+1(0)

ȳk+1

]

︸ ︷︷ ︸

zk+1

=

[
Φ̃ 0

Π̃ I

]

︸ ︷︷ ︸

Ā

[
∆x̃k(0)

ȳk

]

︸ ︷︷ ︸

zk

+

[
Γ̃

Ḡ

]

︸ ︷︷ ︸

B̄

∆Uk +

[
0

I

]

︸ ︷︷ ︸

L̄

w̄k

(3.60)

yk =
[

0 I
]

︸ ︷︷ ︸

C̄

[
∆x̃k(0)

ȳk

]

︸ ︷︷ ︸

zk

+
[

0
]

︸ ︷︷ ︸

D̄

∆Uk +
[

I
]

︸ ︷︷ ︸

H̄

v̄k (3.61)

where ∆x̃k(0) = (x̃k(0) − x̃k−1(0)), ∆Uk = (Uk − Uk−1). In this way, the ROM
′cycle to cycle′ model can be cast in the following compact form which constitutes

the basis for the formulation of the estimation problem

zk+1 = Āzk + B̄∆Uk + L̄w̄k z ∈ Rñeq+ny , U ∈ RN ·nu

yk = C̄zk + D̄∆Uk + H̄v̄k y ∈ Rnyave (3.62)

When the measurements have a delay due to analysis time, the model equations

are easily extended as to cover this case in section 3.2.6.

Kalman filtering

A linear time-invariant Kalman filter is found to serve us best for linear optimal

state estimation [48].

The state estimate of cycle k−1, ẑ(k−1|k−1), is used to predict the state estimate

of cycle k

ẑ(k|k − 1) = Āẑ(k − 1|k − 1) + B̄∆Uk−1 (3.63)

ŷ(k|k − 1) = C̄ẑ(k|k − 1) (3.64)

where ẑ(k|k − 1) and ŷ(k|k − 1) denote the estimate of zk and yk, respectively,

based on information available up to time k− 1. The state estimate ẑ(k|k− 1) can

be corrected given the measurements of the plant ymeas(k)

ẑ(k|k) = ẑ(k|k − 1) + M [ymeas(k) − ŷ(k|k − 1)] (3.65)
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where M represents the filter gain matrix that is computed from the steady state

solution of the Riccati difference equation [48]. Inserting Eq. (3.63) into Eq. (3.65)

yields the state update equation.

ẑ(k|k) = Āẑ(k − 1|k − 1) + B̄∆Uk−1 + M [ymeas(k) − ŷ(k|k − 1)] (3.66)

3.2.6 Time Delay in the Measurements

A time delay in the measurements is unavoidable whenever these are performed by

devices that involve analysis times in the range of minutes, e.g. HPLC. The cycle

to cycle ROM can be extended to account for this fact.

For the sake of generality, it is assumed that the measurements are delayed by

ntd cycles, i.e. the average concentrations of cycle k are available at time instance

k+1+ntd, where the 1 comes from the inherent time delay of the system discussed

in section 3.2.5. We generalize the definition in Eq. (3.59) to

yk , ȳk−ntd
+ v̄k−ntd

(3.67)

Note that ȳk−ntd
is contained within the state zk−ntd

, see Eq. (3.60). Therefore,

the state zk is augmented with the past states [zT
k−1 . . . zT

k−ntd
]T and inputs

[∆UT
k−1 . . . ∆UT

k−ntd
]T

Z
(ntd)
k =

[

zT
k

︸︷︷︸

ñeq+ny

zT
k−1 . . . zT

k−ntd
︸ ︷︷ ︸

ntd·(ñeq+ny)

∆UT
k−1 . . . ∆UT

k−ntd
︸ ︷︷ ︸

ntd·(N ·nu)

]T

(3.68)

Furthermore we define:

¯̄wk , wk−1−ntd

¯̄vk , vk−1−ntd
(3.69)

Analogous to Eq. (3.62), the cycle to cycle ROM for the case of ntd cycles of time

delay in the measurements can be written as

Z
(ntd)
k+1 = Ā(ntd)Z

(ntd)
k + B̄(ntd)∆Uk + L̄(ntd) ¯̄wk

yk = C̄(ntd)Z
(ntd)
k + D̄(ntd)∆Uk + H̄(ntd)¯̄vk (3.70)
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For ntd = 0, Eq. (3.70) corresponds to Eq. (3.62). For ntd > 0, a detailed

description to build the matrices Ā(ntd), B̄(ntd), C̄(ntd), D̄(ntd), L̄(ntd) and H̄(ntd) is

provided in the Appendix A.2

3.3 Multi-rate model formulation

This section presents the development of a linear model suitable for control of multi-

rate sampled-data systems, i.e. when a second measurement, Ŷ s is included in the

estimation and the control problem, additionally to the primary measurements of

average concentrations, Ŷ ave. The two measurements are collected at different

sampling rates. By definition, the sampling rate of the primary measurements

is lower than the sampling rate of the secondary measurements. Using the time

indexing defined in the previous section, we say that the primary measurements are

available only at the beginning of the cycle, i.e. at every n = 0 of cycle k, whereas

the secondary measurements can be sampled at every n = 0, ...N − 1 of cycle k.

We consider a first principle model in the general form

0 = F̂ p(X̂,
∂X̂

∂t
,
∂X̂

∂z
,
∂2X̂

∂z2
, û) (3.71)

Ŷ = Ĝp(X̂) (3.72)

Ŷ s = Ĝs,p(X̂) (3.73)

for p = 1, .., ntot

where Ŷ contains the primary measurements and Ŷ s represents the secondary

measurements. For the case of multi-column chromatographic processes the

primary measurements can be the average concentrations of the components to

be separated. The secondary measurement can be UV signals to infer something

about the internal profiles of the species the unit.

The first steps of the simplification procedure are similar to the ones presented

in the cycle to cycle model formulation in sections 3.2.1 - 3.2.4, simply extended

to encompass the secondary measurements. Therefore only the main results steps

will be summarized here. The way the cycle to cycle and multi-rate models are

formulated for state estimation is where the two formulations diverge. Section

3.3.1 presents in detail the formulation of the multi-rate model.

The ntot systems of PDEs in (3.71) can be discretized in space by the method of

lines to get ntot systems of ODEs in the form
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dx̂

dt
= fp(x̂, û)

ŷ = gp(x̂) p = 1, . . . , ntot (3.74)

ŷs = gs,p(x̂) (3.75)

where ŷs represents the secondary measurements based on the discretized state

vector x̂. The ODE systems in (3.74) are linearized around a cyclic steady state

profile and subsequently discretized in time. The resulting discrete time, state-

space, periodic LTV model has the following structure

xk(n + 1) = A(n)xk(n) + B(n)uk(n)

yk(n) = Cc(n)xk(n)

ys
k(n) = Csxk(n) (3.76)

for n = 0, . . . , N − 1

x ∈ Rneq , u ∈ Rnu, y ∈ Rny , ys ∈ Rnys

The variables x and u are the state and input vectors comprising the internal

concentration profiles and the sectional flow rates, respectively. The primary and

secondary outputs are y and ys, respectively. We add the superscript (c) and (s)

to denote the system matrices corresponding to the primary or controlled outputs

and the secondary outputs, respectively. The state, input and output vectors are

defined in terms of deviation variables with respect to the reference cyclic steady

state profiles used for linearization. Here, k is the cycle index and n is the time

index running within the cycle; N is the number of time steps within a cycle used

for time discretization. In the equations above, ny, nys and nu are the number of

primary and secondary measurements and manipulated variables, respectively. For

the transition from one cycle to the next, we impose the continuity requirement

xk+1(0) = xk(N) (3.77)

Lifting the model (3.43) and transforming the outputs as in section 3.2.3 results in

a cycle to cycle model providing the average concentrations for one cycle as primary
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output and all secondary measurements of cycle k as secondary outputs we get

xk+1(0) = Φxk(0) + ΓUk

yk,ave = Πcxk(0) + GcUk

Ys
k = Πsxk(0) + GsUk (3.78)

U ∈ R(N ·nu), yk,ave ∈ Rnyave , Ys ∈ R(N ·nys)

where the state space matrices are built in the same way as Eqs. (3.46) - (3.49) for

primary and secondary outputs. The inputs are grouped as in Eq.(3.50) and the

secondary outputs

Ys
k =

[

ysT

k (0) · · · ysT

k (N − 1)
]T

(3.79)

At this point, the order of the model can be reduced via balanced model reduction

for a more efficient online implementation. The effects of unknown model errors

and disturbances are incorporated into the primary and secondary outputs of the

reduced-order cycle to cycle model as residual terms hc
k and hs

k, respectively. It is

worth noting that we did not add any noise to the states because we found that

this additional degree of freedom does not improve the performance. The linear

ROM can be cast as

x̃k+1(0) = Φ̃x̃k(0) + Γ̃Uk

yk,ave = Π̃
c
x̃k(0) + GcUk + hc

k

Ys
k = Π̃sx̃k(0) + GsUk + hs

k (3.80)

where x̃ is the state vector of the ROM with ñeq states. The matrices Φ̃, Γ̃, Π̃
(·)

and G(·) are the corresponding state-space matrices of appropriate dimensions.

In the following, the superscript (·) stands for both primary, (c), and secondary

measurements, (s). Both residual terms h
(·)
k

are modelled with the stochastic

difference equation

h̄
(·)
k+1 = h̄

(·)
k + w

(·)
k (3.81)

h
(·)
k = h̄

(·)
k + v

(·)
k (3.82)

Here, w
(·)
k represents the effect of model errors and periodic disturbances and is

integrated from cycle to cycle in the term h̄
(·)
k , (3.81). The vector v

(·)
k can be

interpreted as the effect of the random part of the disturbances in (3.82). Both w
(·)
k
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and v
(·)
k are zero-mean white-noise sequences with respect to the cycle index and

covariance matrices R
(·)
w and R

(·)
v , respectively.

3.3.1 Estimation of the state and disturbances

So far, a multi-rate ROM that incorporates the effects of model errors and

disturbances has been developed. In this section it is reformulated within the

repetitive model predictive control framework [49].

The lifted model in (3.80) can be used to develop a feedback formulation, that

utilizes the secondary measurements as they become available. For this purpose

the system needs to be unlifted. The unlifting procedure to obtain a reduced order

periodically LTV (PLTV) model is given below. This procedure has also been

applied in [15].

Notice that the cycle to cycle description of the ROM in (3.80) can be expressed

in terms of incremental changes by differencing the model for two successive cycles

as follows

∆x̃k+1(0) = Φ̃∆x̃k(0) + Γ̃∆Uk (3.83)

ȳk,ave = ȳk−1,ave + Π̃
c
∆x̃k(0) + Gc∆Uk + ∆hc

k
︸︷︷︸

wc
k−1

Ȳs
k = Ȳs

k−1 + Π̃s∆x̃k(0) + Gs∆Uk + ∆hs
k

︸︷︷︸

ws
k−1

yk,ave = ȳk,ave + vc
k

Ys
k = Ȳs

k + vs
k

Here, ∆ indicates the backwards difference with respect to the cycle index, e.g.,

∆Uk = Uk −Uk−1 and ∆xk(0) = xk(0)− xk−1(0). Note that ȳk,ave and Ȳs
k involve

the persistent part of the disturbance effects w
(·)
k , while yk,ave and Ys

k incorporate

the effect of random disturbances for primary and secondary measurements v
(·)
k .

To unlift the model let us define

δk(n) , ∆x̃k+1(0)

ȳc,ave
k (n) , ȳk,ave

ȳs
k(n) , Ȳs

k,

with ∆uk(j) = 0 for j ≥ n (3.84)
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This implies that the same input as for cycle k− 1 is implemented starting at time

n of the cycle k. Using these definitions, (3.83) can be rewritten as

δk(n) = Φ̃∆x̃k(0)

+
[

Γ̃0 · · · Γ̃n−1

] [
∆uT

k (0) · · · ∆uT
k (n − 1)

]T

ȳc,ave
k (n) = ȳk−1,ave + Π̃

c
∆x̃k(0)

+
[
Gc

0 · · · Gc
n−1

] [
∆uT

k (0) · · · ∆uT
k (n − 1)

]T

+ wc
k−1

ȳs
k(n) = Ȳs

k−1 + Π̃
s
∆x̃k(0)

+
[
Gs

0 · · · Gs
n−1

] [
∆uT

k (0) · · · ∆uT
k (n − 1)

]T

+ ws
k−1 (3.85)

where Γ̃n and G
(·)
n are the nth columns of the matrices Γ̃ and G(·), respectively,

corresponding to the input at time n. Note that δk(N) = ∆x̃k+1(0), ȳc,ave
k (N) =

ȳk,ave and ȳs
k(N) = Ȳs

k by definition (3.84). The model in (3.85) can be written for

two consecutive time steps, i.e., for time n and n+1, and taking the difference, one

obtains





δk(n + 1)

ȳc,ave
k (n + 1)

ȳs
k(n + 1)





︸ ︷︷ ︸

z̄k(n+1)

= I
︸︷︷︸

Ā





δk(n)

ȳc,ave
k (n)

ȳs
k(n)





︸ ︷︷ ︸

z̄k(n)

+





Γ̃n

Gc
n

Gs
n





︸ ︷︷ ︸

B̄(n)

∆uk(n) (3.86)

From the last two lines in (3.83) and definition (3.84) we can write the outputs as

yk(n) =

[
0Hc(n) 0

0 0 Hs(n)

]

︸ ︷︷ ︸

C̄(n)





δk(n)

ȳc,ave
k (n)

ȳs
k(n)





︸ ︷︷ ︸

z̄k(n)

+

[
Hc(n) 0

0 Hs(n)

]

︸ ︷︷ ︸

H(n)

[
vc

k

vs
k

]

︸ ︷︷ ︸

vk

where,

Hc(n) =I for n = 0 (3.87)

Hc(n) =0 for n = 1, . . . , N − 1

Hs(n) =

[
0

︸ ︷︷ ︸

nys×n·nys

I
︸ ︷︷ ︸

nys×nys

0
︸ ︷︷ ︸

nys×(N−1−n)·nys

]

Note that the output vector y comprises the primary and secondary process outputs
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at time n. The primary measurements though, are available only at the beginning

of the cycle, i.e. the matrix Hc(n) = I only for n = 0. The transition from

cycle-to-cycle completes the time-varying description of the system.





δk+1(0)

ȳc,ave
k+1 (0)

ȳs
k+1(0)





︸ ︷︷ ︸

z̄k+1(0)

=





Φ̃ 0 0

Π̃c I 0

Π̃s 0 I





︸ ︷︷ ︸

Ψ̄





δk(N)

ȳc,ave
k (N)

ȳs
k(N)





︸ ︷︷ ︸

z̄k(N)

+





0

wc
k

ws
k





︸ ︷︷ ︸

wk

(3.88)

The PLTV model in (3.86) - (3.88) can be written in the following compact form

z̄k(n + 1) = Āz̄k(n) + B̄(n)∆uk(n)

yk(n) = C̄(n)z̄k(n) + H(n) vk

for n = 0, . . . , N − 1 (3.89)

z̄k+1(0) = Ψ̄z̄k(N) + wk

z̄ ∈ R(ñeq+ny+Nnys), y ∈ Rny+nys

which constitutes the basis for the formulation of the state estimation filter

presented next.

Time-varying periodic Kalman filtering

The Kalman filter, which is based on the minimization of the variance of the

estimation error, has been accepted as the standard linear optimal state estimator.

A periodically time-varying Kalman filter is found to be best suited for a recursive

correction of the model errors by combining the model estimation and the available

measurements. The one-step-ahead correction for the time-varying system in (3.89)

is given by

z̄k(n + 1|n) = Āz̄k(n|n − 1) + B̄(n)∆uk(n) (3.90)

+ Kk(n)
[
ymeas

k (n) − C̄(n)z̄k(n|n − 1)
]

z̄k+1(0| − 1) = Ψ̄z̄k(N |N − 1) n = 0, . . . , N − 1

where z̄k(n + 1|n) denotes the prediction of z̄k(n + 1) based on measurements

available up to time n. Kk(n) is the periodic time-varying Kalman filter gain

matrix. Given the covariance matrices Rv and Rw of vk and wk, respectively; then
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the filter gain is given by

Kk(n) = Pk(n)C̄T (n)[H(n)RvH
T (n) + C̄(n)Pk(n)C̄T (n)]−1 (3.91)

where Pk(n) is the covariance matrix of the estimate.

Pk(n + 1) = Pk(n) − Pk(n)C̄T (n)[H(n)RvH
T (n) + C̄(n)Pk(n)C̄T (n)]−1C̄(n)Pk(n)

Pk+1(0) = Ψ̄Pk(N)Ψ̄T +
[

0 I
]T

Rw

[
0 I

]

for n = 0, . . . , N − 1 (3.92)

Instead of using (3.91) and (3.92) at each time step, one can, a priori iterate on the

periodically time-varying Riccati difference (3.92) until it converges to a periodic

“steady-state” solution, i.e., Pk(n) −→ P∞(n) with n = 0, . . . , N − 1, and obtain

the periodic steady-state gain matrices, i.e., K∞(0), · · · , K∞(N − 1), according to

the filter gain (3.91).
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4

System identification via nuclear

norm regularization - NucID

One approach to build reduced order models (ROMs) for control, estimation and

optimization is to simplify full order, nonlinear models based on first principles

as presented in Chapter 3. An alternative and very attractive approach to obtain

ROMs for complex systems and processes is to use system identification methods,

i.e. to identify a dynamical model based on empirical input/output data sets. This

approach is investigated here. The goal of this chapter is to present a system

identification method developed in the frame of this thesis that effectively yields

ROMs.

A noteworthy feature of the identification method developed in this chapter is

that it is also demonstrated to be superior and suitable for the identification of

dynamical models from data sets with missing entries, i.e. for the so-called missing

data problem, than commonly used system identification tools. The missing data

problem is rather common in the process industry and recognized to be a major

issue when building ROMs from empirical data sets [19].

This chapter1 presents the missing data problem and develops the proposed

system identification method, that will be referred to as NucID. NucID is applied to

the SMB process and compared favorably to both benchmark system identification

methods and first principle models. Furthermore, NucID was tested on a number

of examples taken from the identification database DAISY [50] which are presented

in the Appendix B.

1 [22]: C. Grossmann, C.N. Jones, M. Morari. System identification via nuclear norm

regularization from incomplete data sets, 10th European Control Conference, Budapest,
Hungary, 2009.
[23]: C. Grossmann, C.N. Jones, M. Morari. System identification via nuclear norm

regularization for simulated moving bed processes from incomplete data sets, 48th IEEE
Conference on Decision and Control, Shanghai, China, 2009.

57
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4.1 Introduction

The need to identify a dynamic system from an incomplete data set is a rather

common situation in practice [19]. There are different reasons that lead to missing

entries in the data sets available for identification, such as: Sensor failures, outliers

or plant shutdowns, which generate missing entries in the data set at random and

multi-rate sampling or periodic disturbances that create patterns of missing data.

In the process and chemical industry samples might have to be collected manually

and the off-line analysis can be lengthy, expensive, and wastes the valuable product

as well, which makes the measurements rather sparse. Over the last three decades

a number of researchers from various fields have recognized the need for systematic

methods to exploit incomplete data sets for system identification. Among the most

mature approaches that have been proposed one can find maximum likelihood

estimation (MLE) [51–55], prediction error methods (PEM) [56] and subspace

identification techniques [57].

The proposed method NucID identifies a non-parametric multiple-input multiple-

output (MIMO) linear model and incorporates the minimization of the order of the

identified system in a straightforward way by approximating it with the nuclear

norm, i.e. by the sum of the singular values of the Hankel matrix built from finite

impulse response (FIR) coefficients. The resulting nuclear norm regularization

for the rank of a matrix is the analogue to the l1 regularization for vector

cardinality, which is a well-known heuristic that produces sparse solutions. These

regularization methods have been studied in detail by a number of researchers and

set the foundation of the recently developed compressed sensing frameworks for

measurement, coding and signal estimation [58–60].

The proposed technique minimizes the nuclear norm of the Hankel matrix of

FIR coefficients while constraining the fitting error between model and data to

a desired level of accuracy. This method allows one to directly choose a desired

accuracy and then poses a convex optimization problem to find the lowest order

model that achieves it, rather than iteratively tuning the order of the model, as is

common practice [19].

Nuclear norm regularization has been recently suggested by [58, 61] as a way to

promote the identification of low order models out of complete data sets. This work

shows how the nuclear norm regularization is especially attractive when the data

sets have missing entries, i.e. for the missing data problem.

A sensitivity analysis of the identification algorithm is performed on different

structures of missing data in the outputs: structured missing data and randomly

distributed missing data. The randomly distributed missing data is relevant for the
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cases where the measurements are affected by unforeseeable failures and breakdowns

of certain sensors during the acquisition time, whereas the structured missing

data addresses the problem when inputs and outputs are collected at different

sampling rates or asynchronously, i.e., multi-rate sampled-data systems. The

proposed method is compared under these scenarios to commonly used methods

for identification with missing data. The identified models are compared to the

linear model derived from first principles modelling of the SMB process as shown

in Chapter 3.

NucID is found to consistently identify systems from complete data sets or data

missing at random within the imposed error tolerance, a task for which the standard

methods sometimes fail. In the case of structured missing data, NucID is shown

to be particularly effective and to clearly outperform existing procedures. This

demonstrates that NucID is an attractive tool for the identification of multi-rate

sampled-data systems.

In the following, the general identification problem and the identification problem

with missing data are defined in Section 4.2 and 4.4, respectively. Section 4.3

describes the nuclear norm regularization. The methods for comparison and the

results of the identification of the SMB data sets are presented in Sections 4.5 and

4.6. Finally, conclusions are drawn.

4.2 Problem formulation

The identification problem is first formulated for the case where no data is missing

in the outputs, before being extended in Section 4.4 to the general case of missing

data.

The goal is to identify a discrete-time linear time-invariant model of the lowest

possible order that can explain a sequence of input u(t) ∈ R
m and output

measurements ymeas(t) ∈ R
p over an observation window t = 0, . . . , N − 1. We use

the shorthand matrix notation for inputs U ∈ R
N×m and outputs Y meas ∈ R

N×p

by stacking the vectors ymeas(t) and u(t) rowwise. No assumptions on the specific

structure or order of the model are made and the output i at time instance t, i.e.,

yi(t), is represented as a linear combination of the impulse responses of the inputs

j = 1, . . . , m, i.e., through a finite impulse response (FIR) model

yi(t) =

m∑

j=1

t∑

τ=t−r

hij(t − τ)uj(τ) + vi(t) i = 1, . . . , p (4.1)

The values hij are the FIR coefficients from input j to output i and the zero-
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mean white-noise vi(t) captures the unmeasurable disturbance affecting output i

at time t. The sequence of FIR coefficients for channel i, j has length r, which

is a parameter that must be chosen large enough to describe the dynamics of the

system to be identified.

The total squared error in the identification procedure eN can be quantified by the

sum of the squared differences between the measurements Y meas and the outputs

Y predicted by model (4.1) over the N samples:

eN :=
N∑

t=0

(ymeas(t) − y(t))2 = ‖Y meas − Y ‖2
F , (4.2)

where ‖ · ‖F is the Frobenius norm.

The FIR coefficients hij(t) for t = 0, . . . , r of each of the i · j channels of

model (4.1) are the variables to be estimated in order to describe the set of data

Y meas within a given error bound eN ≤ γ. The order of the resulting model is given

by the rank of the Hankel matrix Hh formed from the impulse response coefficients

hij

Hh :=










h(0) h(1) · · · h(r − nH)

h(1) h(2) · · · h(r − nH + 1)

h(2) h(3) · · · h(r − nH + 2)
...

...
...

h(nH) h(nH + 1) · · · h(r)










(4.3)

where each entry h(t) is a matrix in R
p×m containing the coefficients hij(t) of all

channels for the corresponding time step t, nH := r/2 and r is assumed to be

even. Note that as long as r is long enough compared to the system dynamics, the

order of the identified model is independent of r. The order of model (4.1) can be

understood as the number of states of the corresponding state-space model.

The search for a model of the lowest order that satisfies the error bound eN ≤ γ

can be posed as the following optimization problem:

min
h

rank (Hh) (4.4)

s.t. ‖Y meas − Y ‖2
F ≤ γ
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Alternatively, problem (4.4) can be written as

min
h

‖Y meas − Y ‖2
F + α rank (Hh) (4.5)

in which the trade-off between the quality of fit and the order of the model is made

explicit i.e., a Pareto curve can be obtained by varying α.

4.3 Minimum-rank models via nuclear norm

minimization

Minimizing the rank of a matrix A ∈ R
n×n is a nonconvex problem and is in general

NP-hard. The nuclear norm is a convex heuristic for rank minimization that was

proposed in [62] and shown in [58] to be the convex envelope, or the closest convex

function to the rank operation:

‖A‖∗ :=

n∑

i=1

σi(A) (4.6)

where σi(A) is the ith singular value of A.

In the last few years, minimization of the l1 norm has been used as a

convex approximation of cardinality minimization, or to maximize sparsity in the

decision vector of optimization problems, in fields ranging from statistics [63] to

communications [60]. Since the singular values of a matrix are all positive, the

nuclear norm of A is equal to the l1 norm of the vector formed from the singular

values of A. As a result, minimizing the nuclear norm (4.6) will lead to sparsity in

the vector of singular values, or equivalently to a low-rank matrix A.

We now turn to the optimization problem (4.4) and relax the non-convex rank

to a nuclear norm minimization:

min
h

‖Hh‖∗ (4.7)

s.t. ‖Y meas − Y ‖2
F ≤ γ
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The above optimization problem can be re-cast as a semidefinite program (SDP) [62]

min tr (V1) + tr (V2) (4.8)

s.t.

[
V1 HT

h

Hh V2

]

� 0

‖Y meas − Y ‖2
F ≤ γ

where we introduce the symmetric matrices V1, V2 ∈ R
nH ·p×nH ·p as decision

variables. Optimization problem (4.8) can therefore be posed and solved using

standard SDP software (e.g., [64–68]).

Computational complexity The SDP (4.8) has a large number of variables due

to the introduction of the matrices V1 and V2, which limits the scale of problems

that can be solved. In [61] a custom interior point solver for a related class of SDPs

was proposed that offers speed improvements of orders of magnitude over previous

algorithms and should be applicable to the SDP (4.8) with minor modification.

The method [61] was used for system identification without missing data, but the

technique is based on minimizing the nuclear norm of Y measU⊥, which requires a

significantly larger number of optimization variables than the proposed cost ‖Hh‖∗.

4.4 System identification with missing data

4.4.1 Problem formulation with missing data

We assume that all inputs have been sampled at a constant rate and that they are

all available, i.e., we have N inputs u(t) for t = 0, . . . , N − 1 that, as before, can

be collected in a matrix U ∈ R
N×m. Given the FIR model h, we can then write

a linear function of h and U (4.1) to compute the matrix Y ∈ R
N×p, which is the

predicted output of the model at all sample points t = 0, . . . , N − 1.

In the case of missing data not all samples ymeas
i (t) will be measured. The

available outputs are recorded rowwise in a measurement output matrix Y meas ∈

R
Ñ×p. Note that Y meas contains fewer entries than Y , i.e., Ñ < N , because only the

points in time with available measurements of the predictions Y are stored in Y meas.

In order to make these two matrices comparable, we define a measurement matrix

M ∈ R
Ñ×N that maps the predictions onto the space of available measurements,

M : R
N×p 7→ R

Ñ×p. In the case where all measurements are available, M is simply

the identity matrix I.
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As before, the error eMD under missing data is defined as the sum of the squared

differences between the predictions MY at the points in time where data is available,

and the measurements Y meas

eMD := ‖Y meas − MY ‖2
F . (4.9)

Standard approaches for fitting models with missing data first generate the missing

measurements by interpolating the available data Y meas and then use regular model

identification techniques. The limitation of these approaches is that they must

make an assumption on how this data is to be interpolated. Here, we make no

such assumptions and consider fitting the data only at the measured points. The

minimization of the nuclear norm can then be thought of as an interpolation method

for the missing data where the interpolation is done by fitting a function in the class

of low-rank dynamic systems. Identifying a low-order model of the form (4.1) within

a given error bound γMD from the incomplete data set U and Y meas can now be

cast as the convex optimization problem

min
h

‖Hh‖∗ (4.10)

s.t. ‖Y meas − MY ‖2
F ≤ γMD

A sensitivity analysis was carried out on problem (4.10) to investigate the effect

on the identified dynamical model of different measurement matrices M , i.e.,

different patterns and amounts of output missing data. Two cases were investigated:

(a) The missing output entries repeat themselves with the same pattern along the

output matrix Y meas and, (b) The missing output entries are randomly distributed

along the output matrix Y meas. In both cases we assume that all inputs are

available.

Remark 1 The measurement matrix M as defined above assumes that all the

outputs j = 1, . . . , p will be missing at the same time instance t . This rather

restrictive and unrealistic assumption can be dropped in a straightforward way by

defining a measurement matrix Mj for each output channel j = 1, . . . , p. The

formulation remains as in problem (4.4) by redefining the errors as

eMD :=

p
∑

j=0

‖Y meas
j − MjY ‖2

F (4.11)
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4.4.2 Structured missing data

Sensors and actuators can have different rates at which they acquire data or

take setpoints, respectively. In this work we consider the case where sensors and

actuators work synchronously but at different rates. This can be interpreted as a

multi-rate process between inputs and outputs, or amongst different outputs. This

case corresponds to building the measurement matrix M by retaining only every

nth row of an identity matrix. Note that multi-rate scenarios lead very quickly to

high percentages of missing data MD%, e.g., the simplest case where every second

measurement of the outputs is not recorded corresponds to a percentage of missing

data of MD% = 50%.

For instance, in the case of the SMB process, where average concentrations of two

components in two outlet streams are measured, there will be four different outputs

as defined in Eq. (3.15). Out of the four outputs measured in the SMB process,

Y meas
1 and Y meas

2 come from the analysis of the extract stream and are available

always at the same time instant, whereas Y meas
3 and Y meas

4 come from the raffinate

stream and are available together as well. Fig. 4.1 illustrates a scenario where

samples of the extract and raffinate stream are taken and analyzed alternatingly

every 3 cycles.

Y meas∗
1 = [•◦◦◦◦◦ • ◦◦◦◦◦ • ◦◦◦◦◦ • ◦◦◦◦◦ • ◦◦◦◦◦]T

Y meas∗
2 = [•◦◦◦◦◦ • ◦◦◦◦◦ • ◦◦◦◦◦ • ◦◦◦◦◦ • ◦◦◦◦◦]T

Y meas∗
3 = [◦◦ • ◦◦◦◦◦ • ◦◦◦◦◦ • ◦◦◦◦◦ • ◦◦◦◦◦ • ◦◦]T

Y meas∗
4 = [◦◦ • ◦◦◦◦◦ • ◦◦◦◦◦ • ◦◦◦◦◦ • ◦◦◦◦◦ • ◦◦]T

Figure 4.1: Structured missing data pattern. Full black dots and open red circles
indicate measurements and missing data, respectively.

4.4.3 Randomly missing data

Problems in sensors during acquisition can lead to loss in the measured data at

random points in time. Different percentages of missing data MD% have been

considered, ranging from no missing data, MD% = 0% to MD% = 60%. The

measurement matrix M in this case is built by randomly dropping rows from an

identity matrix with a uniform distribution. The pattern in this case can be pictured
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as in Fig. 4.1, but with the black dots and red circles distributed randomly according

to the percentage of missing data MD% simulated. In the compressed sensing

framework this scenario can also be though of as taking samples randomly from

the outputs and building a dynamical model with that data set [60].

4.5 Identification of an SMB process

Identification of SMB models has been presented in the literature using ARX, state

space models and neural networks [14, 16, 69, 70]. Nevertheless it has never been

considered when the data sets contain missing entries and what the least amount

of measurements can be, in order to still identify a reasonable model. This is

relevant for SMB separations where the measurements to be performed can be

rather expensive and time consuming and one wishes to take as few measurements

as possible, while on the other hand, inputs can be changed more often than the

measurements can be taken.

For this purpose, the proposed identification method NucID, was compared

with standard system identification methods. Different simulation studies were

performed to check the performance of the identification method:

1. No missing data. The complete data sets were used to identify a linear

dynamic model.

2. Structured missing data. The outputs are sampled at a lower rate than the

inputs.

3. Random missing data. Some percentage MD% from the output measurements

is lost at random.

SMB Virtual Plant

A racemic mixture of the Tröger’s base enantiomers (A and B) is to be separated in

a four-section SMB unit with ncol = 6 columns arranged in a 1-2-2-1 configuration.

The SMB system considered in this example has four inputs that are the sectional

flow rates QI , QII , QIII , QIV and four outputs that are the average concentrations

of the two components A and B in the extract (E) and raffinate (R) streams

averaged over one cycle, cave
A,E , cave

B,E , cave
A,R, cave

B,R as described in Eq. (3.13) and (3.14).

The inputs were changed only at the beginning of every cycle and held constant

throughout a cycle in order to identify a cycle to cycle model that describes the

input output relationship as in (3.54) and (3.55). The inputs were generated by
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adding zero-mean 1% standard deviation gaussian noise to the reference sectional

flow rates, Qref . Note that Qref was used for the linearization of the first principle

model as well.

The data sets used in the identification procedure and for validation were

generated by computing 250 data points with an SMB nonlinear model. The

dynamical model for simulation of the SMB unit is obtained as described in

Section 3.1.1, i.e. by interconnecting the dynamical models of each chromatographic

column. The single-column dynamics are modelled with the equilibrium dispersive

model in Eq. (3.2) and the adsorption behavior of both components inside the

columns is described by a linear adsorption isotherm in Eq. (3.3), with Henry’s

constants HA and HB. The mathematical model is completed by considering the

corresponding node balances between the columns and the proper boundary and

initial conditions. The parameters of the system under consideration are reported

in Table 4.1.

Parameter Value
Mixture to be separated Tröger’s Base enantiomers
Mobile phase Ethanol
Stationary phase Chiralcel OD
Henry’s constants HA = 5.0

HB = 1.9
Number of columns 6
Column distribution 1/2/2/1 Closed loop
Column diameter 0.46 cm
Column length 10 cm
Total packing porosity ε = 0.68
Switch time t∗ = 6.2 min
Ref. flow rates Qref in mL / min [0.600 0.321 0.631 0.351]
Theoretical plates per column 40

Table 4.1: Physical parameters of the system to be separated and the SMB unit
used for generation of the input output data sets.

4.5.1 Benchmark methods

Four different identification techniques were chosen for comparison with NucID.

The corresponding MATLAB toolbox is given in brackets.

1. N4SID: Estimate a state-space model using subspace identification tech-

niques. (n4sid)
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2. PEM: Estimate a state-space model using an iterative prediction-error

minimization method. (pem)

3. Subid: Estimate a state-space model [57]. (subid)

4. Expectation Conditional Maximization using Linear Regression (LR): Esti-

mate a FIR model using multivariate linear regression with missing data.

(ecmmvnrmle)

At this point it is important to note the way N4SID, PEM and Subid are used

when data is missing. In principle, there are two options: The missing entries can

be simply disregarded in the identification procedure or one can try to guess the

values of the missing entries, which is known as imputation. There are different

techniques to impute the values of the missing data, e.g., linear interpolation,

regression imputation, expectation maximization.

MATLAB offers the toolbox ‘misdata’ to impute the value of missing entries of

data sets. The algorithm alternates between estimating models with N4SID from

the available data and estimating missing data points. This iterative procedure is

repeated until a given relative tolerance is achieved (1%) or for a maximum number

of times (10 by default). The “reconstructed” data set can then be used with the

three identification methods N4SID, PEM, and Subid.

The LR method uses a so-called expectation conditional maximization (ECM)

algorithm which is a two step procedure as well [71].

These two step procedures of imputing values of missing entries and then

identifying a model does not apply for the NucID method, which is a one step

procedure that does not need any imputation of the missing values. This is one

of the key benefits of the proposed method, since the procedure of imputing the

data will often either cause a significant artificial increase in model order, or will

generate nonsensical results when large percentages of data are missing.

4.6 Numerical example

This section presents the identification of a dynamical model for SMB processes

comparing the proposed method NucID with four standard identification tools,

N4SID, PEM, Subid and LR and a first principles (FP) ROM obtained using the

simplification procedure described in Section 3.2.

The models are compared in terms of two different criteria: the first one being

the order of the identified model and the second one the normalized prediction error

on the validation set. To evaluate the first criteria, a singular value decomposition
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(SVD) of the Hankel matrix built from the FIR coefficients of the model at stake was

computed, the order of the corresponding model was then defined as the number of

singular values above 0.01% (10−4) of the first value. The error on the validation

set is defined as:

eV :=
‖Y pred

v − Yv‖F

‖Yv − Ȳv‖F

(4.12)

where Y pred
v are the outputs predicted by the model under consideration for the

validation inputs and Yv are the outputs of the validation set. The sum of the

squared errors has been normalized with the factor ‖Yv − Ȳv‖F , where Ȳv is the

mean of the samples.

In the case of the NucID method the only tuning parameter to be chosen is the

error bound γ. Fig. 4.2 illustrates the effect of γ on the order of the identified model

by NucID, where the SVD of the Hankel matrix built from the FIR coefficients Hh

for five different values γ is shown. It can be observed that by decreasing γ, the

number of non-negligible singular values (denoted with a star) increases, i.e., the

order of the identified model is higher the tighter the error bound is chosen.

The complete data set contains 250 sample points out of which 125 were used

for the identification procedure and the rest to validate the identified models. The

complete identification set has the same size in terms of cycles as in [14]. In the

first experiment all output data was considered while for the second and the third

experiments output data was dropped according to the strategy described.

Complete data set

In a first step, the complete data set was used to identify a dynamical model using

N4SID, PEM, SubID, LR and NucID, and compare them to the FP ROM.

The different approaches are compared by plotting for each method the order

of the identified model against the corresponding normalized validation error in

Fig. 4.3.

The FP ROM is mapped onto one point according to its validation error of 0.17

and order of the model of 11 since it is only one model and has no tuning parameters.

For the methods N4SID and PEM, models with fixed orders from 1 to 10 were

identified on the complete data set and their normalized validation errors computed.

Only the stable identified models are plotted in Fig. 4.3. The PEM method is able

to identify only models of order 1 and 5 with very high validation errors. N4SID on

the other hand is able to identify models of lower order and slightly lower validation
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Figure 4.2: SVD of the Hankel matrix Hh built from the FIR coefficients identified
with the NucID method for increasing error bounds γ. The stars define
the non-negligible singular values above the threshold of 10−4, that
define the order of the model.

errors.

The Subid method manages to identify models with validation errors below 0.1

for model orders between 9 and 12.

The LR method yields only one point, since there is no way to choose the order

of the identified model as in the other methods. The validation error corresponding

to this method is 0.28 but the order is of 68, hence cannot be seen in Fig. 4.3. It is

well known that LR gives a rather good fit, but with very high order models [19].

For the NucID method the tuning of the order is done by varying γ and the order

and validation errors of seven different values of γ are plotted in Fig. 4.3.

It is evident for the Subid and NucID methods, that there is a trade-off between

the order of the identified model and the validation error. The Subid, FP and

NucID models give lower validation errors than models identified with N4SID and

PEM with the same order.

We can conclude that when using the complete set of data the Subid and

NucID methods are able to identify dynamical models that are comparable to



70 4 System identification via nuclear norm regularization - NucID

the FP model in terms of model order and prediction error, and that outperform

N4SID, PEM and LR. Inspection of the impulse response of the Subid, NucID and

FP models confirm this conclusion. The next step is to assess the impact of missing

output data on the identified models with the different methods.
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Figure 4.3: Order of the identified model as a function of the normalized validation
error for NucID, N4SID, PEM and FP.

Structured missing data

This section presents the identification of the SMB process assuming that the output

data was collected at a slower sampling rate than the inputs. This is a situation

that arises commonly in SMB practice when samples of the extract and raffinate

stream have to be manually collected during operation for off-line analysis. It is

of great interest to minimize the number of samples to be taken since the off-line

analysis is lengthy and expensive and it represents a loss of the valuable product.

A scenario is presented here where samples of the extract and raffinate stream

are taken and analyzed alternatingly every three cycles. Out of the four outputs

measured in this approach, two of them come from the off-line analysis of the

extract stream and the other two from the raffinate stream, giving rise to a missing
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data structure as in Fig. 4.1. Note that compared to the previous example, where

the complete data set was used, in this case 87.5 % of the output data is missing.

The results of this scenario are presented in Fig. 4.4. It is evident that N4SID,

PEM and Subid methods suffer a severe deterioration in the quality of the model in

terms of both, the order and the normalized validation error. The models identified

by these methods cannot be used for predictive purposes. On the other hand, the

NucID method manages to identify models with low validation errors that are

comparable to the case with complete data. This example illustrates that the

NucID method is able to identify low order models from data sets with structured

missing data.
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Figure 4.4: Order of the identified model as a function of the normalized validation
error for NucID, N4SID, PEM and Subid identified models from
structured missing data.

Randomly missing data

In this example, an increasing percentage of the output entries is missing at random

throughout the measurements and the results are reported in Table 4.6, where each

row represents a different amount of missing data MD%. The measurements of
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the extract samples (output 1 and 2) and raffinate samples (output 3 and 4) were

independently and randomly dropped out according to the percentage of missing

data MD%.

The normalized validation errors eV for each of the methods is reported together

with the order n of the identified model. For NucID, N4SID and PEM the validation

error of the same order models are reported, whereas for Subid and LR the errors

correspond to different order models.

N4SID’s and PEM’s models give validation errors above 0.7 already with MD% =

10% and remains at high validation errors throughout the increase of missing data.

The Subid method shows a high sensitivity of the validation error to the percentage

of missing data, which increases from 0.23 to 0.51, a considerable deterioration in

the model’s performance. The LR method gives low validation errors up to MD% =

40%, nevertheless the orders are unreasonably high. For the last identification

instance with MD% = 60% the LR method has not enough data to identify a

model, indicated with a star *. NucID shows little sensitivity to the increase in the

percentage of missing data and has the smallest validation errors, i.e. between 0.17

and 0.20 which in the same range as in the case of the complete data set.

NucID N4SID PEM Subid LR
MD% n eV n eV n eV

10 7 0.17 0.71 1.00 9 0.23 47 0.09
20 7 0.18 0.72 0.73 9 0.26 48 0.10
30 7 0.18 0.71 0.80 9 0.28 48 0.12
40 7 0.18 0.73 0.74 9 0.37 48 0.18
50 7 0.20 0.76 0.81 9 0.50 48 0.69
60 8 0.20 0.81 0.80 9 0.51 * *

Table 4.2: Results for missing data at random

4.7 Conclusions

A system identification method, called NucID, based on nuclear norm regularization

has been presented and applied to SMB processes, modelled as a four-input four-

output system. The NucID method identifies a low order linear model from

input/output data, given an upper bound on the prediction error. NucID is

compared to standard identification techniques, like N4SID, prediction error min-

imization (PEM) and expectation conditional maximization via linear regression



4.7 Conclusions 73

(LR), subspace identification toolbox (Subid) and a first principles model (FP).

Simulated data sets were taken of the system identification to compare the methods

among themselves. Two different scenarios of missing data in the outputs were

studied. The multi-rate scenario, where the missing entries have a pattern along

the outputs due to differences in the sampling times of the outputs with respect to

the inputs. In the second scenario data is missing at random, e.g., when sensors

fail. From the results shown in this chapter, we can conclude that:

• The nuclear norm regularization is a heuristic that allows one to minimize the

order of the identified model. The identification problem can be posed as a

convex optimization problem that yields a low order model that explains the

experimental data within a given error bound.

• Normally, identifying a model form an incomplete data set involves two steps:

imputing the values of missing entries in the data set according to some criteria,

and then identifying a model from the “reconstructed” data set with standard

system identification techniques. In contrast to this two-step approach, the

NucID method involves only one step. It deals with missing data without having

to make any assumptions or having to impute in some way the values of missing

entries a priori.

• NucID can be used for system identification from complete and incomplete data

sets. When data is missing at random, the advantages become clear only at

high percentages of missing data. In the case of structured missing data, i.e.,

for multi-rate sampled-data systems, the NucID method clearly outperforms the

conventional two-step procedures and is able to correctly identify a model with

considerably lower sampling rates in the outputs.
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4.8 Notation

c concentration, [g/L]

e error in the identification procedure

h impulse response coefficient

HA, HB Henry’s constant of components A and B

Hh Hankel matrix formed from the impulse response coeffi-

cients

m number of inputs

M measurement matrix

nH number or rows of the Hankel matrix

N number of samples

p number of outputs

Q volumetric fluid flow rate, [mL/s]

r length of the FIR

t time

u vector of inputs at time t

U matrix of all inputs

v zero-mean white-noise

V auxiliary matrices for the SDP

y vector of outputs at time t

Y matrix of all outputs

Greek letters

α trade-off parameter

γ upper bound on the identification error

σ singular value

τ time index

Subscripts and superscripts

E extract

F Frobenius norm

i index of the outputs

j index of the inputs
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meas measurement

pred prediction

ref reference

R raffinate

v validation set
∗ nuclear norm

Abbreviations

ARX auto regressive model

ECM expectation conditional maximization

FIR finite impulse response

FP first principles

min minimum

LR linear regression

MD missing data

PEM prediction error minimization

N4SID ”enforce it” - subspace identification technique

NucID nuclear norm identification

ROM reduced order model

SDP semidefinite program

SMB simulated moving bed

SVD singular value decomposition

tr () trace of a matrix
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5

′Cycle to cycle′ optimizing control

of SMB processes

In the past years the SMB control group at ETH Zurich proposed and verified

experimentally an SMB control scheme which guarantees the fulfillment of product

and process specifications, such as minimum purities and maximum allowable

pressure drop, while minimizing the cost of the separation [17, 72–76]. It is

noteworthy that this controller requires only minimal information regarding the

system to be separated, i.e. only the linear adsorption isotherm and the average

void fraction of the columns in the SMB loop.

The first control scheme proposed at ETH Zurich was based on monitoring the

concentration levels of the two species to be separated at the extract and raffinate

streams with online optical detectors, i.e. devices measuring the absorbance of

light such as ultraviolet (UV) detectors [17]. This information was fed back to the

controller with a relatively high frequency, every fifteen seconds, in order to take

the appropriate control actions.

The accuracy of the optical detectors is highly sensitive to experimental factors,

like impurities in the system or pressure fluctuation in the measuring cell, had a

direct impact on the performance of the controller. Furthermore, optical detectors

available today for chiral mixtures do not have the required accuracy for online

control, which limited the applicability of this control scheme to achiral mixtures.

This chapter1 presents a control scheme called cycle to cycle control, that overcomes

1 [18]: C. Grossmann, G. Erdem, M. Morari, M. Amanullah, M. Mazzotti, M. Morbidelli ′Cycle

to cycle′ optimizing control of simulated moving beds, AIChE Journal, 54(1):194 - 208, 2008.
[25]: C. Grossmann, M. Amanullah, M. Morari, M. Mazzotti, M. Morbidelli Optimizing control

of simulated moving bed separations of mixtures subject to the generalized Langmuir isotherm,
Adsorption, 14:423-432, 2008.
[24]: C. Grossmann, M. Amanullah, M. Morari, M. Mazzotti, M. Morbidelli Optimizing control

of variable cycle time simulated moving beds, IFAC Symposium on Dynamics and Control of
Process Systems, Cancun, Mexico, 2007.

77
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the limitations imposed by the optical detectors, provides the flexibility to apply

the controller to a wider range of separation tasks, and is well suited for chiral

separations [18]. This comes from the fact that the cycle to cycle control scheme

uses less frequent feedback information obtained by more accurate analytical

methods that can be applied to a broader range of mixtures and chiral separations.

Furthermore, these kind of measurements are already available in industrial SMB

units since it is a common practice to collect samples of the outlet streams over a

cycle and determine its composition using an automated HPLC system to monitor

the quality of the product.

This approach has, on one hand, the advantage that the HPLC measurements

are straightforward, more accurate than online optical detectors, can handle

multicomponent systems and are not greatly affected by impurities. On the other

hand, these measurements are less frequent and provide only information about

the average concentration of the two species at the outlet streams. Moreover, the

analysis time may be in order of the cycle time, which would introduce a significant

time delay in the measurements. Hence, the controller relies on more accurate

information that is sampled at a lower rate, i.e. once every cycle, and can be

delayed.

This chapter is structured as follows. First the model predictive control (MPC)

framework for the cycle to cycle control concept is presented in detail [18].

The effectiveness of this control approach is assessed and demonstrated through

simulations on a virtual SMB unit. The separation of mixtures characterized

by nonlinear adsorption isotherms, i.e the generalized Langmuir isotherms, is

considered [25]. Then the use of the sectional flow rates and the switch time

as manipulated variables is demonstrated [24]. The simulations are chosen

to exemplify relevant scenarios in SMB practice that pose a challenge for the

performance of the controller and its robustness.

5.1 ′Cycle to cycle′ control concept

The core of the control concept is the integration of the optimization and control

of the SMB unit. The novel feature in this concept is that the formulation of the

control problem allows one to rely on accurate measurements taken at a rather low

rate, i.e. only once every cycle or on a cycle to cycle basis.

A scheme of the control concept is shown in Fig. 5.1. The control problem

is formulated as a constrained dynamic optimization problem within the MPC

framework [49]. The productivity and solvent consumption represent the cost
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Figure 5.1: Scheme of cycle to cycle control concept.

function to be optimized, while the hardware restrictions and product quality

specifications are imposed as constraints. The controller makes use of an SMB

reduced order model (ROM) built once and for all, to predict and optimize the

performance of the unit over a predefined number of cycles, the so-called prediction

horizon, np. The solution of the optimization problem yields a sequence of optimal

control actions for a chosen number of cycles, namely the control horizon nc. This

scheme is implemented according to a receding horizon strategy, i.e. the optimal

control input corresponding to the current cycle is implemented, and the remaining

calculated optimal inputs are discarded. The prediction horizon is shifted by one

cycle and an optimization problem based on the new estimate of the plant state

is solved. The new state estimate is calculated using a Kalman filter [48] and the

measurements as they become available.

The cycle to cycle approach allows to make use of the five operating parameters of

the SMB unit as manipulated variables, i.e. the switch time t∗ and the sectional

flow rates, QI , QII , QIII , QIV . First, the control problem is formulated for the

case where the switch time t∗ is fixed and only the sectional flow rates are used as

manipulated variables. In Section 5.3 the formulation is extended to include the

switch time in the set of manipulated variables. The measured variables are the

concentration levels in the extract (E) and raffinate (R) streams averaged over one

cycle, cave
A,E , cave

B,E , cave
A,R, cave

B,R as defined in Eq. (3.14).

In the following we present the two main parts constituting the cycle to cycle con-

troller, i.e. the system dynamics and the formulation of the optimization problem.
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5.1.1 System dynamics

In the cycle to cycle control concept the performance of the SMB unit is optimized

at the beginning of every cycle over the prediction horizon of np cycles and with

respect to a given cost function. An SMB ROM that maps the actions of the

controller onto the outputs to be controlled is used to predict the time evolution of

the SMB unit over the prediction horizon. There are two approaches to build the

SMB ROM.

The first approach was described in Section 3.2, where a full order, first principle

model is simplified to yield the SMB ROM. This approach has the advantage that

only the linear isotherm information of the system to be separated, HA, HB and the

average bed porosity of the columns, ε, is required to build the model. Note that the

parameters HA, HB and ε can be determined accurately and in a straightforward

way from pulse injections of the mixture to be separated under diluted conditions.

This approach is attractive when operating an SMB unit for the separation of

different mixtures in rather short separation campaigns where the time until the

production is running is critical.

The second approach is to use system identification techniques, e.g. as presented

in chapter 4. Here, no prior knowledge of the system to be separated nor first

principles of the process are required. An identification experiment would be

sufficient to build the SMB ROM. This approach could be more suitable for SMB

units dedicated for the separation of one specific mixture over longer periods of

time.

In any of the two cases, the cycle to cycle ROM can be written as described in

Section 3.2 as

zk+1 = Āzk + B̄∆Uk z ∈ Rñeq+ny , U ∈ RN ·nu

yk = C̄zk + D̄∆Uk y ∈ Rnyave (5.1)

where the state zk will be estimated by the Kalman filter based on the information

availble up to cycle k, ẑ(k|k). The cycle to cycle ROM is used to predict the

behavior of the plant for np steps ahead, as a function of the state estimate ẑ(k|k)

and nc future inputs

Ynp(k + np|k) = Szẑ(k|k) + Su∆Unc

k (5.2)

where ẑ(k|k) is the state estimate obtained from the observer in Eq. (3.66). The

prediction matrices Sz and Su are built by successive substitution of Eqs. (3.63)
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and (3.64) and have been reported in [17]. The vectors Ynp(k + np|k) and ∆Unc

k

concatenate the output predictions from k + 1 to k + np based on the information

up to time k, and the control inputs for the next nc time steps, respectively. The

latter one represents the optimization variable

Ynp(k + np|k) =






ŷ(k + 1|k)
...

ŷ(k + np|k)




 ∆Unc

k =






∆Uk

...

∆Uk+nc−1




 (5.3)

In this way, the dynamics of the process are incorporated into the control problem.

5.1.2 MPC Formulation

The controller has two main tasks. First, it should fulfill the product specifications

while respecting the process constraints. Second, the controller should optimize the

performance of the unit with respect to a given economic criterion. These tasks

can be cast as a linear program (LP), which will be described in this section. The

main idea is to incorporate the product specifications and process limitations as

constraints in the LP, while the economic criteria represent the objective function

for the optimization problem.

The product is required to have a minimum purity. The purity of cycle k is defined

as

P ave
E,k =

cave
A,E,k

cave
A,E,k + cave

B,E,k

(5.4)

P ave
R,k =

cave
B,R,k

cave
A,R,k + cave

B,R,k

(5.5)

Eqs. (5.4) and (5.5) are nonlinear functions of the concentration terms given by

Eq. (3.13) and have to be linearized to be compatible with the LP formulation.

The estimated outlet concentrations of cycle k are used as linearization points

for cycle k + 1, and can be updated every cycle according to the state estimate.

The constraints for minimum purity over the prediction horizon np, can then be

formulated as

P ave
E,l ≥ P min

E − s1 with s1 ≥ 0 (5.6)

P ave
R,l ≥ P min

R − s2 with s2 ≥ 0 (5.7)

for l = k + 1, ..., k + np
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where s1 and s2 are slack variables to avoid infeasibility problems. Note that P ave
E,l

and P ave
R,l for l = k + 1, ..., k + np are computed from the estimation of the future

output average concentration values ĉave
l = [ĉave

A,E,l, ĉave
B,E,l, ĉave

A,R,l, ĉave
B,R,l]

T . Here, ĉave
l

is directly obtained from the output predictions Ynp(k + np|k) over the prediction

horizon np in Eq. (5.2). We require the estimates of the future output average

concentration values ĉave
l to be nonnegative. Slack variables are added to soften

the constraints on the outputs

ĉave
l ≥ 0 − s3 with s3 ≥ 0 (5.8)

for l = k + 1, ..., k + np

Here we consider only the sectional flow rates as manipulated variables as defined

in Eq. (3.11). The sectional flow rates of cycle k, Qk = [QI,k, QII,k, QIII,k, QIV,k]
T

are constrained by lower and upper bounds. The maximum allowable pressure drop

consideration and a smooth operation of the plant in terms of maximum allowable

changes in the flow rates are formulated as inequality constraints of the following

form

Qmax ≥ Qi ≥ Qmin (5.9)

∆Qmax ≥ |∆Qi| (5.10)

for i = k, ..., k + nc − 1

where ∆Qi = Qi − Qi−1. Furthermore, the sectional flow rates are held constant

within a cycle. It is also advantageous to constrain the changes of each manipulated

variable with positive slack variables that are penalized in the cost function with

certain weights. On the one hand, this is a way to tune how ‘expensive’ it is for

the controller to undertake changes in the manipulated variables, i.e. how fast it

should perform the changes on the flow rates. On the other hand, these weights

allow expressing a possible preference for the use of one manipulated variable over

another

s4 ≥ |∆Qi| with s4 ≥ 0 (5.11)

for i = k, ..., k + nc − 1

Finally, the cost function is defined to maximize the productivity and minimize

the desorbent requirement as defined in Eqs. (2.7) and (2.8), respectively. This can

be achieved by maximizing the feed flow rate QF and minimizing the desorbent
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flow rate QD over a given control horizon nc.

min
∆U

nc
k

, s






k+nc−1∑

i=k

[λD,i QD,i
︸︷︷︸

QI,i−QIV,i

−λF,i QF,i
︸︷︷︸

QIII,i−QII,i

] + λT
s s




 (5.12)

where λD, λF and λs are the weights assigned to each term in the cost function.

The weights λD and λF reflect the importance given to the desorbent consumption

minimization and the feed throughput maximization, respectively; s is a vector

containing the slack variables used to soften the constraints.

The set of constrains (5.6) - (5.11), the system dynamics (5.2) and the cost

function (5.12) complete the formulation of the LP to be solved at every cycle for

the state estimate ẑ(k|k). It depends on the specific instance, but in general the

problem comprises around 300 variables, and 400 constraints. A commercial solver,

ILOG CPLEX 10.0 was used to solve the optimization problem. The maximum

computation time was found to be less than 0.1 s in a PC with a 3 GHz processor.
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5.2 Performance under nonlinear

chromatographic conditions

This section addresses the question whether the cycle to cycle optimizing controller

of SMBs works effectively whatever the nonlinear isotherm, which the species to

be separated are subject to. The SMB ROM used by the cycle to cycle optimizing

controller in this section was derived from the first principle model and is based only

on information about the linear retention behavior of the species to be separated, as

described in Section 3.2. This model has been proved to be effective in the control

of the SMB separation of species subject to the Langmuir isotherm [15,74, 76].

As far as the controller performance is concerned, this section aims at bridging

the gap between the Langmuir isotherm and any other nonlinear isotherm [25].

This is an important issue, since a controller whose model is based on only data

about the linear retention behavior of the species to be separated, i.e. under dilute

conditions, and whose performance is the same whatever the underlying nonlinear

isotherm would represent a major step forward in the potential and application

of SMB, particularly for pharmaceutical applications and chiral separations. This

would allow in fact avoiding the lengthy and cumbersome determination of the

adsorption isotherm and operating an SMB unit for a new separation in a very

short time.

A powerful, though simple, model to capture a large variety of different nonlinear

retention behaviors, including different combinations of adsorption and desorption

composition fronts, is provided by the generalized Langmuir isotherms in Eq. (2.2)

[20]. These are four different isotherms, for which in the case of binary systems

and in the frame of the equilibrium theory of nonlinear chromatography it has

been possible to derive exact criteria for complete separation in an SMB, i.e. the

so-called triangle theory, presented in Section 2.1.2. This is very practical in the

context of our study since it allows for a deeper understanding of the controller’s

behavior and for a direct comparison between the operating conditions predicted by

the triangle theory and achieved by the controller. Furthermore, the performance

of the online optimization performed by the controller was compared to an offline

optimization carried out on the same system.

5.2.1 Case study: Generalized Langmuir isotherms

Four different binary mixtures are to be separated in a closed-loop four-section

eight-column SMB unit arranged in a 2-2-2-2 configuration. The SMB unit is

operated in standard isocratic mode. The feed concentration of the mixtures to be
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separated is reported in Table 5.1, whereas the characteristics of the SMB unit,

the ROM and the controller are summarized in Tables 5.2 and 5.3. The retention

behavior of the species to be separated is described by the generalized Langmuir

isotherm in Eq. (2.2). The parameters p1 and p2 can take the values ±1, and their

combination characterizes the retention behavior of the four binary mixtures to be

separated as shown in Table 5.1. The first mixture, indicated in the following as

mixture L, is described by setting p1 = p2 = 1, which corresponds to the well-

known Langmuir isotherm. When p1 = p2 = −1 an Anti-Langmuir isotherm is

obtained for mixture A. The remaining two mixtures, M1 and M2, are described

by setting p1 = −1 = −p2 and p1 = 1 = −p2, respectively. It is worth noting that

not all fluid phase concentrations are allowed since the denominator in Eq. (2.2)

has to remain positive for any non-negative pair (cA, cB). For instance, considering

the allowed feed concentrations of our mixtures, where cF
A = cF

B in all cases, the

following inequality has to hold:

1 + p1KAcF
A + p2KBcF

B > 0 (5.13)

This constraint is redundant in the Langmuir case. However, in the other three

cases it poses an additional constraint to the positive orthant of the (cA, cB) plane

for the allowed feed concentrations. For a detailed discussion about the physical

consistency of the generalized Langmuir isotherm please refer to [20].

Note that according to the Eq. (2.2) the behavior of the four mixtures under

dilute conditions reduces to the same linear behavior, i.e. qi = Hici for small ci,

with the same values of the Henry constants. Since the controller uses the values

of the Henry constants only, this implies that exactly the same controller with

exactly the same parameters is used to control the SMB separation of all four

binary mixtures.

Type of isotherm (Mixture) p1 p2 HA HB KA = KB [L/g] cF
A = cF

B [g/L]
Langmuir (L) 1 1 2 1 0.1 1.5
Anti-Langmuir (A) -1 -1 2 1 0.1 1.5
Mixed Langmuir (M1) -1 1 2 1 0.1 1.5
Mixed Langmuir (M2) 1 -1 2 1 0.1 1.5

Table 5.1: Isotherm parameters of the four mixtures to be separated in the virtual
SMB plant.
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Parameter Value
Number of columns 8
Column distribution 2/2/2/2 Closed loop
Column diameter 1 cm
Column length 10 cm
Total packing porosity ε = 0.4
Theoretical plates per column 100
Switch time t∗ = 120 s

Table 5.2: Physical parameters of the virtual SMB plant used for simulation.

Optimization problem parameters
Parameter Value Parameter Value

Qmax [10.00 7.00 9.30 7.00]T λF 20
Qmin [0.60 0.60 0.60 0.60]T λD 2
∆Qmax [0.12 0.12 0.12 0.12]T λs1 = λs2 100
P min

E = P min
R 99.0% λs3 [1 1 1 1] · 104

nc 1 cycle λs4 [4000 400 400 4000]
np 8 cycles

SMB ROM parameters

Parameter Value Parameter Value

N 64 Rw diag[1000, 1000, 1000, 1000]
[ng , ñeq] [40 , 26] Rv diag[1, 1, 1, 1]
Qref [6.19, 3.88, 6.33, 4.02 ] HA, HB 2 , 1
t∗,ref 120 s ε 0.4

Table 5.3: The parameters used for the optimization problem and the ROM
building. All the flow rate parameters are given in [mL/min]
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Objective function minimize: λDQD − λF QF

Decision variables Q
Constraints P min

E = P min
R =99.0%

Table 5.4: Objective function, decision variables, and constraints for the off-line
optimization.

5.2.2 Off-line optimization

The performance obtained with the controller was compared with those attained

through off-line optimization. To allow for fair comparison, comparable objective

function and constraints were defined, as reported in Table 5.3. The cost function,

decision variables and constraints for the off-line optimization are reported in

Table 5.4. Note that at steady state, the slack variables in the cost function

are all zero. Hence they are not included in the objective function of the off-

line optimization. The objective function, while represents performance index PI,

reflects in a quantitative manner the performance of the SMB process and is used

as the basis for the comparison of the online and the off-line optimizations.

A non-sorting genetic algorithm (NSGA) is used as optimization algorithm,

whose detailed description may be found elsewhere [77].

5.2.3 Results

This section is devoted to the implementation of the control concept on the virtual

SMB plant. The goal is to demonstrate that supplying the Henry constants and

the average porosity of the SMB columns to the model of the controller is adequate

to meet the process and product specifications and to operate the unit optimally

whatever the nonlinear isotherm characterizing the mixture to be separated.

To assess the performance of the controller, all four generalized Langmuir

isotherms have been studied. In all cases, the same controller, and only the

linear adsorption isotherm information, are used to carry out the separation of

the binary mixtures characterized by the isotherms reported in Table 5.1 in an

SMB featuring the characteristics given in Table 5.2. All four operations have

been carried out with initially clean columns and from the initial operating point

as given in Table 5.5. The feed concentration of the two species to be separated

is in all four cases cF
A = cF

B = 1.5 g/L. The complete separation regions in the

operating parameter space in the four cases depend on the feed composition, as

well as on the isotherm parameters, and are plotted in Figures 5.2a, 5.3a, 5.4a, and
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5.5a. The controller is switched on at cycle 10 with the aim of fulfilling the process

Flow rates L A M1 M2

QI 6.34 7.11 7.11 6.48
QII 3.88 3.88 3.88 3.88
QIII 6.33 6.33 6.33 6.33
QIV 3.66 3.42 3.42 3.66

Table 5.5: Start-up flow rates [mL/min].

and product specifications and of optimizing the performance of the unit. It is

worth emphasizing here again that the controller has no information about what

adsorption isotherm the mixture to be separated is subject to. Only the feedback

information from the plant gives insight about to what extent and in which direction

the product purities deviate from the minimal required ones. Based on the feedback,

on the embedded SMB ROM and on the optimization problem the controller is able

to decide how to correct the operating conditions in all four cases.
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Figure 5.2: Langmuir isotherm: (a) trajectory of the operation for the separation
of mixture L. Upper left: (mII , mIII) plane. Lower right: (mI , mIV )
plane. Symbols; ◦: startup point, ◮: final operating point. �: optimum
found through off-line optimization. (b): purity of the product streams
and performance index during the controlled SMB operation.
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Figure 5.3: Anti-Langmuir isotherm: (a) trajectory of the operation for the
separation of mixture A. Upper left: (mII , mIII) plane. Lower right:
(mI , mIV ) plane. Symbols; ◦: startup point, ◮: final operating point.
�: optimum found through off-line optimization. (b): purity of the
product streams and performance index during the controlled SMB
operation.
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Figure 5.4: Mixed type 1 (M1) isotherm: (a) trajectory of the operation for the
separation of mixture M1. Upper left: (mII , mIII) plane. Lower right:
(mI , mIV ) plane. Symbols; ◦: startup point, ◮: final operating point.
�: optimum found through off-line optimization. (b): purity of the
product streams and performance index during the controlled SMB
operation.
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Figure 5.5: Mixed type 2 (M2) isotherm: (a) trajectory of the operation for the
separation of mixture M2. Upper left: (mII , mIII) plane. Lower right:
(mI , mIV ) plane. Symbols; ◦: startup point, ◮: final operating point.
�: optimum found through off-line optimization. (b): purity of the
product streams and performance index during the controlled SMB
operation.
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Figures 5.2b, 5.3b, 5.4b, and 5.5b show the evolution of the product purities

and of the performance indices with respect to time (units are the number of

cycles, a cycle being the time needed to switch the SMB inlet and outlet ports

a number of times equal to the number of columns in the unit). It can be observed

that the required purity specifications of 99.0% for both the extract and raffinate

streams are fulfilled in all cases. However, the time needed to fulfill the purity

requirements is different for the four different cases (L : 45, A : 130, M1 : 80, M2 : 25

cycles). This is because of the different dynamics of the SMB process in the

case of different isotherms characterizing the mixture to be separated and of the

different relative position of the initial operating point with respect to the optimal

operating point achieved by the controller. In all cases, a quicker fulfillment

of the purity requirements is followed by a slower optimization. This behavior

is a direct consequence of the way the weights in the cost function have been

chosen. The violation of the purity constraints is heavily penalized in the cost

function and therefore these requirements are quickly fulfilled at the beginning of

the operation. During the rest of the operation the controller aims at maximizing

the feed throughput, of course without violating the purity constraints, which gives

rise to the rather slow and cautious optimization.

The trajectories of the operating points in the operating parameter space are

shown in Figures 5.2a, 5.3a, 5.4a, and 5.5a. The values of the flow rates attained

by the controller at steady state are reported in Table 5.6, together with the

corresponding values calculated by off-line optimization. Note that in all cases,

the final operating point in the (mII , mIII) plane are located near the vertex of the

corresponding regions of complete separation. Note that in the case of the mixed

Langmuir isotherm M2, the initial operating point is by chance very close to the

optimal operating point in the (mII , mIII) plane.

On the contrary, the final operating points in the (mI , mIV ) plane are not optimal

as they are close to neither the vertex of the complete separation region predicted

by triangle theory nor the optimal point calculated by off-line optimization. This

is reflected by the larger amount of desorbent used by the controller than required

compared to the off-line optimization (see Table 5.6). Such behavior of the

controller is due to the presence of the slack variables in the cost function. It can be

argued that the cost function is flat with respect to the manipulated variables QI

and QIV . The slack variables help to guide and define the behavior of the controller

during the transient periods, i.e. while the flow rates are being manipulated. The

weights λs4
on the slack variables define how much and which flow rate is preferably

used for control purposes. In this study, it was preferred manipulating the flow rates

in the sections II and III rather than the ones in sections I and IV (λs4 = [4000
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400 400 4000]), which is also consistent with our objective of maximizing the feed

throughput (λF = 20) more than of minimizing the desorbent consumption (λD

= 2). On the other hand, λs1 and λs2 define how fast we would like to achieve

the specified purities or to minimize the off-spec production, which is in our case

the first priority (λs2 = λs3 = 100). The weights we have chosen are effective in

allowing for the feed throughput maximization and the minimization of the off-

spec production by fulfilling the specified purities relatively quickly, but they are

apparently less effective in minimizing the desorbent consumption. If priorities

were different, the weights could be tuned accordingly.

Flow rates L A M1 M2

[mL/min] c2c Off-line c2c Off-line c2c Off-line c2c Off-line
QI 6.54 6.34 7.52 7.21 6.91 6.93 6.45 6.34
QII 3.55 3.56 4.73 4.73 4.05 4.05 3.89 3.91
QIII 5.26 5.26 7.24 7.22 5.92 5.93 6.30 6.28
QIV 3.31 3.48 3.72 3.91 3.60 3.57 3.68 3.90
PI [-] -27.7 -28.2 -42.7 -43.3 -30.7 -30.8 -42.5 -42.5
△QF -0.6% -0.8% +0.5% -1.3%
△QD -12.9% -15.2% +1.5% -13.5%

Table 5.6: Flow rates and performance indices obtained for four different mixtures
from the ′cycle to cycle ′ online optimizing control runs (c2c) and the
off-line optimization algorithm (Off-line).

5.2.4 Concluding Remarks

The analysis and results presented in this section prove that the SMB optimizing

cycle to cycle controller presented here is capable of controlling and optimizing

SMB operation for systems subject to any type of generalized Langmuir isotherms.

The controller uses the same set of minimal information, namely the behavior of

the components to be separated in the linear range, i.e. at high dilution, in all

four cases of generalized Langmuir isotherms. Since these four isotherms cover

a range of retention behaviors that is rather broad, it can be argued that the

optimizing cycle to cycle controller will be able to control and to optimize the SMB

operation for systems subject to any isotherm based on information about the

retention behavior of the species to be separated under very dilute conditions only.

This capability of the controller makes it virtually no more necessary the costly

and lengthy determination of adsorption isotherms during the development of a

new SMB separation. Based on the experience that has been gained in transferring
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the controller from a virtual to a real, experimental environment in the case of

the linear and Langmuir isotherms, it can be expected that also in the case of the

other three isotherms discussed in this work the experimental performance of the

controller will be similar to the one obtained in simulations.

As far as the optimizing capabilities of the controller are concerned, the

separation performance attained by the online controller and those achievable as

calculated through off-line optimization have been compared. The two compare

very well, in terms of feed throughput, with the online controller. However, the

online optimizing controller is less effective in minimizing desorbent consumption.

An explanation for such behavior, based on the choice of the weighting factors in

the cost function used by the controller, has been presented and discussed.

5.3 Switch time as a manipulated variable

This section extends the cycle to cycle control concept presented in Section 5.1

in order to make use of all five operating parameters of the SMB unit, i.e. the

four sectional flow rates and newly, the switch time, as manipulated variables to

optimize and control the process. The advantages of using the switch time as a

manipulated variable can be seen from Eq. (2.7). Decreasing the switch time t∗

while keeping the term (mIII − mII) constant, e.g. at the vertex of the triangle of

complete separation, will increase the productivity due to the inverse proportional

relationship between the productivity and the switch time.

The general framework presented previously allows to perform this extension in a

straightforward way. Only minor changes have to be made to the system dynamics

and the MPC formulation with respect to Sections 5.1.1 and 5.1.2, respectively,

and are pointed out here.

5.3.1 System dynamics

The set of manipulated variables is defined as the four sectional flow rates and the

switch time, Eq. (3.12). The model simplification is carried out as described in

Section 3.2 and yields an SMB ROM that has the five operating parameters of the

SMB process as inputs. Note that the SMB first principles model is formulated in a

dimensionless form and the switch time t∗ appears explicitly in the PDE describing

the column dynamics in Eq. (3.2). The prediction equations are the same as in

Eq. (5.2).
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5.3.2 MPC formulation

The same optimization problem as in Section 5.1.2 is considered here. Some

constraints are added and others are reformulated as described in the following.

The constraints (5.6)-(5.8) on the outputs to enforce the minimal purity and the

prediction of physically meaningful concentration are the same in this case. The

additional manipulated variable for cycle k, t∗k is constrained with upper and lower

bounds

t∗max ≥ t∗i ≥ t∗min (5.14)

for i = k, ..., k + nc − 1

Due to technical requirements, the switch time t∗ is restricted to take only integer

values which results in an mixed-integer linear program (MILP) formulation. This

assumption comes from implementation issues in the experimental SMB plant.

Nevertheless, the switch time t∗ can be relaxed to be continuous, which would

result in an LP formulation.

In the case where only the flow rates are used as manipulated variables the rate

of change in the inputs is bounded by (5.10) and minimized by (5.11). In contrast

to this, in the case where all five operating parameters are used as manipulated

variables the constraints on the maximal rate of change and the minimization of

the control inputs is formulated in terms of the mk values of cycle k, where mk =

[mI,k, mII,k, mIII,k, mIV,k]
T according to Eq. (2.1)

∆mmax ≥ |∆mi| (5.15)

s4 ≥ |∆mi| (5.16)

for i = k, ..., k + nc − 1

Eqs. (5.15) and (5.16) will replace (5.10) and (5.11), respectively, in the optimization

problem formulation. Nevertheless, the constraints cannot be implemented as

written in (5.15) and (5.16) since the mk values are proportional to the product

of the flow rates and the switch time, i.e. a nonlinear function of the inputs,

see Eq. (2.1). Therefore the constraints (5.15) and (5.16) are linearized around

the input of the previous cycle to be compatible with the LP formulation.

Constraint (5.15) can be interpreted as bounding the step length of the controller

on the (mII , mIII) and (mI , mIV ) planes or the combined action of flow rates
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and switch time. Bounding the combined action of the inputs was found to be

particularly useful to have a smooth operation of the controller as opposed to

bounding the rate of change of the flow rates and switch time individually.

The cost function of the MILP is defined in the same way as in Eq. (5.12).

The problem comprised 369 variables, and 462 constraints. A commercial solver,

ILOG CPLEX 10.0 was used to solve the optimization problem. The maximum

computation time was found to be less than 0.1 s in a PC with a 3 GHz processor.

5.3.3 Case study: Separation of nucleosides

The mixture of guanosine (A) and uridine (B) is to be separated in a closed-loop

four-section eight-column SMB unit arranged in a 2-2-2-2 configuration (Fig. 2.1).

The dynamical model for simulation of the SMB unit is obtained as described in

Section 3.1.1, i.e. by interconnecting the dynamical models of each chromatographic

column. The single-column dynamics are modelled with the equilibrium dispersive

model in Eq. (3.2). For the first two scenarios the adsorption behavior of both

components inside the columns is described by a linear adsorption isotherm in

Eq. (3.3), with Henry’s constants Hplant
A and Hplant

B . The third scenarios assumes

a Langmuir adsorption isotherm. The mathematical model is completed by

considering the corresponding node balances between the columns and the proper

boundary and initial conditions. The parameters of the system under consideration

are reported in Table 5.7.

Parameter Value
Mixture to be separated Guanosine and Uridine
Mobile phase 5% Ethanol in water
Stationary phase Source 30 RPC
Temperature, 23 ◦C

Henry’s constants Hplant
A = 2.14

Hplant
B = 1.32

Number of columns 8
Column distribution 2/2/2/2 Closed loop
Column diameter 1 cm
Column length 10 cm
Total packing porosity ε = 0.375
Theoretical plates per column 100

Table 5.7: Physical parameters of the system to be separated and the SMB unit
used for simulation.
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Optimization problem parameters
Parameter Value Parameter Value

Qmax [8.5 8.5 8.5 8.5]T λF 20
Qmin [1.5 1.5 1.5 1.5]T λD 1
∆mmax [0.1 0.1 0.1 0.1]T λs1 = λs2 100
t∗max , t∗min 140 s , 60 s λs3 [50 50 50 50]
nc 1 cycle λs4 [45 45 45 45]
np 8 cycles P min

E = P min
R 99.0%

SMB ROM parameters

Parameter Value Parameter Value

N 64 Rw diag[1000, 1000, 1000, 1000]
[ng , ñeq] [40 , 16] Rv diag[1, 1, 1, 1]
mref [2.28, 1.25, 2.29, 1.29] HA, HB 2.25, 1.30
t∗,ref 120 s ε 0.375

Table 5.8: Parameters used for the optimization problem and the ROM building in
the implementation of the controller. All the flow rate parameters are
given in [mL/min]

5.3.4 Results

In the following, three different scenarios are presented to illustrate the performance

of the controller when using the switch time as manipulated variable. The first

scenario shows how the controller can find the correct operating conditions to fulfill

the specified minimum purities by manipulating the four sectional flow rates and the

switch time regardless of the plant-model mismatch under linear chromatographic

conditions. The second scenario shows how the controller responds to a disturbance

to recover the required purities and to drive the operation of the plant to the new

optimal operating conditions, which were altered significantly by the disturbance.

Scenario three shows the startup of an SMB unit under nonlinear chromatographic

conditions

Table 5.7 and 5.8 report the parameters used for the simulations and the

development of the controller.

Scenario 1: Plant-model mismatch

The controller is developed using information from pulse injection under dilute

condition, i.e. only the Henry’s constants and the average porosity. However,



5.3 Switch time as a manipulated variable 99

1.2 1.4 1.6 1.8 2 2.2 2.4

1.2

1.4

1.6

1.8

2

2.2

2.4

P2

P1 P3

Plant

Model

Figure 5.6: Controller action represented in the (mII , mIII) operating parameter
space. Trajectory before the disturbance at cycle 150.

it is common to have uncertainties and errors in these measurements. Besides,

temperature deviations, plant dead volumes and aging of the solid phase affect the

retention behavior of the species. This may lead to a difference between the actual

Henry’s constants characterizing the plant and the ones provided to the model. In

order to demonstrate the controllers performance under such circumstances, the

model is developed based on HA = 2.25 and HB = 1.30 (triangle with solid lines in

Fig. 5.6), which are different from the Henry’s constants characterizing the plant,

namely Hplant
A = 2.14 and Hplant

B = 1.32 (triangle with dashed lines in Fig. 5.6),

i.e., 5% smaller and 1% larger, respectively.

The plant was started up at the reference flow rates and switch time reported in

Table 5.8, with initially clean columns and the controller was switched on at cycle 1.

The startup point (P1 in Fig. 5.6) falls within the region, where none of the outlets
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is pure. The controller fulfills the outlet purities within 20 cycles (Fig. 5.8) and

then takes the operating point to the vertex of the triangle of complete separation

regime (P2 in Fig. 5.6) which is the theoretical optimum. This demonstrates the

capability of the controller to fulfill the required purities and optimize the operation

under a plant-model mismatch scenario using the flow rates and the switch time

(Fig. 5.9). The optimal operating conditions are held constant until it is disturbed

at cycle 151 (P3 in Fig. 5.7).

Scenario 2: Disturbance rejection

This scenario addresses one of the common disturbances in a SMB unit, namely the

malfunctioning of a pump during the steady state operation of the unit. The results

are shown in the second part of Fig. 5.8, between cycle 151 and 250. The steady

state operation at cycle 151 was disturbed by increasing the flow rate delivered by

the pump before section I by 5%, thus affecting the rest of the sections as well. Note

that this change is unknown to the controller, and it only realizes the disturbance

from the measurements. The disturbance increases the flow rate in all four sections,

which can be represented in the (mII , mIII) plane as a shift of the operating point
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up to the right (P3 in Fig. 5.7). This point lies in the pure extract region making the

purity of extract and raffinate increase and decrease, respectively. Fig. 5.7 shows

the operating trajectory after the disturbance and how the controller brings back the

operating point to the vertex of the complete separation region (P4 in Fig. 5.7) in

order to fulfill again the minimum specified purities and optimize the performance.

It is interesting to observe how the controller, in order to recover as fast as possible

the low raffinate purity, first approaches the complete separation region until it

reaches the border. Once the minimum purity of the raffinate has been fulfilled,

the operation is optimized by moving the operating point towards vertex of the

triangle. In this way, the controller manages to reject the disturbance and the

operation reaches a steady state that fulfills the requested product specifications.

For comparison, a further run under was made, keeping the switch time fixed

throughout the operation of the plant. The same conditions and optimization

problem were considered in this case. For the interpretation of these results note

that the productivity is proportional to the feed flow rate QF = QIII − QII and

inverse proportional to the switch time for constant purities, i.e. when mj ∝ Qjt
∗

is constant. Fig. 5.9 shows that the flow rates in sections II and III are lower

when the switch time is fixed. This translates into a lower productivity than with

variable switch time, when keeping the purities constant.
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Scenario 3: Nonlinear chromatographic conditions

This scenario presents an SMB separation of a model mixture under nonlinear

chromatographic conditions, i.e. at high feed concentrations. The parameters are

reported in Table 5.7 and a Langmuir isotherm of the form in Eq. (2.2), with

p1 = p2 = 1, KA = 0.055, KB = 0.014 is assumed here. The mixture to be

separated has a feed concentration of cF
A = cF

B = 4 g/L. The plant was started

up at the reference flow rates and switch time reported in Table 5.8, with initially

clean columns and the controller was switched on at cycle 1.

Fig. 5.10 shows the (mII , mIII) and (mI , mIV ) planes for the system under

consideration. It can be observed how the controller drives the operation in the
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cycles for scenario 3.

(mII , mIII) plane to the vertex of the triangle of complete separation of the plant

(solid line). Fig. 5.11 shows the time evolution of the purities and the feed flow rate.

For comparison a run with fixed switch time t∗ was performed (dashed lines). The

minimal purities are reached within 10 cycles of operation. It is evident that when

the controller is allowed to use the switch time as manipulated variable, higher feed

flow rates can be achieved, i.e. higher productivity as seen from Eq. (2.7). Fig. 5.12

shows the inputs and their upper bounds for both cases, using t∗ as a manipulated

variable (MV) and when keeping t∗ fixed. Note that the switch time is decreased

and the flow rates are increased until QI hits the upper bound.

5.3.5 Concluding Remarks

In this section, an extension of the cycle to cycle control concept developed earlier

[15, 18] has been presented. This extension allows the controller to make use of

the full set of operating parameters, i.e. the four internal flow rates and the switch

time, to control and optimize the unit. Our control scheme is formulated within the

framework of MPC, thus providing the possibility to contemplate any economical

objective function or include any type of process or product requirement in a clean
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and straightforward manner.

Motivated by the future experimental implementation of this approach and

considering the software restrictions in our laboratory plant, the switch time was

restricted to be an integer value. This led to solving MILP when optimizing the

SMB unit at every cycle, contrary to the LP formulation presented in Section

5.1 [18]. This approach had been mentioned in the literature, though derived from

the idea of modelling SMB as a hybrid system [78]. In our formulation and from

a conceptual point of view, this constraint is not necessary and can be relaxed to

allow the switch time to be continuous.

The performance of the controller to find the optimum predicted by the triangle

theory has been illustrated through three case studies. The results have shown

that the controller can assure the product quality and optimize the performance

of the plant in terms of maximum feed throughput despite uncertainties in the

system parameters, major disturbances in the SMB operation and under linear and

nonlinear chromatographic conditions

The flexibility and potential of this controller resides in its ability to rely only on

the concentration of each solute at the outlet streams, averaged over one cycle, as

feedback information.

The ′cycle to cycle′ formulation allows all operating parameters of the SMB unit

to be used as the set of manipulated variables and provides the flexibility to apply

the controller to a wider range of separation tasks.
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6

Multi-rate optimizing control of

SMB processes

This chapter presents an optimizing control scheme for SMB processes that allows

multi-rate (MR) sampled measurements to be incorporated into the control and

estimation problem in a clear and transparent manner [26]. This is particularly

relevant for chiral separations where online monitoring requires the combination

of various analytical techniques that may operate on widely varying time scales.

Recently, multi-rate controllers and estimators have been presented in other

fields, ranging from polymerization processes [79] to hard disk drives head servo

positioning [80].

Our multi-rate model predictive controller combines UV optical detector signals

with HPLC measurements, i.e. ′fast′ and ′slow′ sampled data, in a systematic way.

In this way, the ′fast′ sampled data allows one to follow the cyclic time evolution of

the process, while the ′slow′ sampled data incorporates the information about the

product quality.

This chapter1 is structured as follows: Section 6.1 introduces the concept of MR

sampled measurements and its advantages for SMB processes. Section 6.2 presents

the MR control problem formulation. The effectiveness of this control approach

is assessed and demonstrated through simulations on a virtual SMB unit for the

separation of a racemic mixture of the guaifenesin enantiomers in Sections 6.3 and

6.4. The proposed multi-rate controller is able to deliver increased productivity

while respecting the process and product specifications. Finally, conclusions are

drawn.

1 [26]: C. Grossmann, C. Langel, M. Morari, M. Mazzotti, M. Morbidelli Multi-rate optimizing

control of simulated moving beds, 47th IEEE Conference on Decision and Control, Cancun,
Mexico, 2008.
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Figure 6.1: Scheme of an SMB unit. The primary, slow sampled measurements are
taken by the HPLC in the extract and raffinate ports. The secondary,
fast sampled measurements are recorded by the UV absorbance
detector.

6.1 Multi-rate sampled measurements in SMB

processes

The performance of any controller will greatly depend on the precision and accuracy

of the analytical methods it relies on to get the feedback information. In this

chapter, we consider two commercially available analytical methods that have a

very high accuracy and work at different time scales: UV absorbance detectors and

high performance liquid chromatography (HPLC) measurements. The UV-detector

is located within the loop of columns whereas the HPLC measurements are taken

at the extract and raffinate stream as shown in Fig. 6.1.
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Optical detectors: fast sampled measurements

Normally, UV absorbance detectors are used in combination with polarimeters to

determine the concentrations of the enantiomers in a stream j at a given time

t, cA,j(t) and cB,j(t) as presented in Section 7.1.2. Commercial UV absorbance

detectors give very accurate and reliable measurements, whereas the limiting factor

in this method is the very low accuracy of today’s commercially available online

polarimeters. Therefore, we refrain from their use in this control approach to avoid

a deterioration in the performance, and as a result the fast sampled measurements

from the UV absorbance detector will render only the sum of the concentrations

of A and B. In other words, it will not be possible to distinguish the individual

concentrations from the UV signal.

SUV,j(t) = kUV (cA,j(t) + cB,j(t)) (6.1)

where SUV,j is the signal read form the UV detector placed at stream j and kUV is

the calibration factor. The UV detector is placed at the end of column 8, therefore

j = 8, as depicted in Fig. 6.1. For the separation problem considered in this

chapter, the UV signal as a function of time for a typical startup of the unit is

exemplarily presented in Fig. 6.2. The time is given in cycles (1 cycle =ncolt
∗

= 704 s). Every 11 seconds, i.e. 64 times every cycle, a reading of this signal is

available for control, depicted with a square in the figure. These measurements are

the fast sampled measurements.

HPLC measurements: slow sampled measurements

It is possible to collect samples of the outlet streams over a period of time τ and

analyze them with an HPLC system. The HPLC technology is well established

and these measurements are highly accurate and reliable. HPLC measurements

are commonly used in industry for quality control purposes. These measurements

will deliver the average concentrations of both species, cave
A,l and cave

B,l as defined in

Eq. (3.13).

We collect samples of the extract and raffinate streams l = E, R, over a period

of time τ = ncol t
∗, i.e. the cycle time. Fig. 6.3 shows the average concentrations

of component A and B at the outlet streams for the same startup simulation as

presented in Fig. 6.2. The HPLC measurements are taken at rather low frequencies

as denoted by the markers and represent the slow sampled measurements. Note

that in contrast to Fig. 6.2, where 64 measurements are taken per cycle, only
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one average concentration measurement of each of the four concentrations to be

determined is taken per cycle, as shown in Fig. 6.3. Hence, the multi-rate nature

of this control problem.

The aim of this chapter is to present a framework to systematically combine fast

and slow sampled measurements. In this way, it is possible to make use of the two

most accurate monitoring systems for chiral separations, UV absorbance detectors

and HPLC measurements.

In the following we will elaborate two important concepts of the SMB operation

to understand the relevance of using MR sampled measurements for control. These

concepts can be best understood using the triangle theory developed in Section

2.1.2.

6.1.1 Incomplete separation in SMB processes

In this section we consider again the conditions developed in the triangle theory

to achieve complete separation in an SMB unit. This time we analyze the effect

of not fulfilling these conditions and how this is reflected on the MR sampled

measurements. We recall the definition of the flow rate ratios
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mj =
Qjt

∗ − V ε

V (1 − ε)
j = I, . . . , IV (6.2)

The necessary and sufficient conditions for the complete separation of any of the

generalized Langmuir adsorption behaviors of Eq. (2.2) can be cast in the following

general form [20,36]:

mI,min < mI (6.3)

mII,min < mII < mII,max (6.4)

mIII,min < mIII < mIII,max (6.5)

mIV < mIV,max (6.6)

Until stated otherwise, we assume that inequalities (6.3) and (6.6) are fulfilled,

i.e. the liquid and solid phases are fully regenerated. However, if mII or mIII do

not fulfill the lower and upper bound of inequalities (6.4) and (6.5), respectively, no

complete separation will be achieved. We will refer to this situation as a central −

section problem, since the drop of purities will be caused by section II or III,
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i.e. the central sections of the SMB unit. There are two types of central-section

problems:

• Incomplete separation in section II: mII does not fulfill the lower bound of

inequality (6.4), mIII fulfills inequality (6.5). This corresponds to operating

in the “pure raffinate” region of the (mII , mIII) plane in Fig. 2.4. As a

consequence the light component B will pollute the extract outlet stream

and its average concentration will increase.

• Incomplete separation in section III: mIII does not fulfill the upper bound

of inequality (6.5), mII fulfills inequality (6.4). This corresponds to operating

in the “pure extract” region of the (mII , mIII) plane in Fig. 2.4. As a

consequence the heavy component A will pollute the raffinate outlet stream

and its average concentration will increase.

A combination of both central-section problems will correspond to operating in

“no pure outlet” region of (mII , mIII) plane in Fig. 2.4, where both outlet streams

are contaminated.

At this point we drop the assumption that inequalities (6.3) or (6.6) are fulfilled.

This means that the SMB will undergo so-called regeneration problems. There are

two types of regeneration problems:

• Incomplete regeneration of the liquid phase in section IV : Caused when

the flow rate ratio mIV does not fulfill inequality (6.6). This corresponds

to operating in the upper right region of the (mI , mV I) plane in Fig. 2.4.

Consequently, the light component B will pollute the extract outlet stream

and its average concentration will increase.

• Incomplete regeneration of the solid phase in section I: Caused when the flow

rate ratio mI does not fulfill inequality (2.3). This corresponds to operating

in the lower left region of the (mI , mV I) plane in Fig. 2.4. As a consequence

the heavy component A will pollute the raffinate outlet stream and its average

concentration will increase.

From this classification we can see, that different operational problems can lead

to the same effect, i.e. that the average concentrations of the impurity in one

or the other outlet stream increases. It is important to be able to distinguish

between the different operational problems in order to take the proper actions. In

order to monitor the purities and the concentration of both components and be

able to distinguish between the different operational problems in the SMB unit a

combination of measurement devices and techniques is needed. In the following we

show how the MR sampled measurements help this purpose.
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Advantages of multi-rate measurements - detecting regeneration

problems

From the description above it was evident that different operational problems can

lead to the same effect, e.g. central-section problems in section II or regeneration

problems in section IV will lead to an increase of the average concentration of the

impurity B in the extract stream. This means that HPLC measurements alone will

not be able to distinguish where this increase in the average concentration of an

impurity comes from. However with the additional information obtained from the

UV signal, it is possible to distinguish between regeneration and central-section

problems.

To illustrate how regeneration problems can be distinguished from central-section

problems using a UV signal let us consider the base case example presented in

Fig. 6.4. Fig 6.4(a) is a snapshot of the internal concentration profiles at the

beginning of an arbitrary cycle k at steady-state operation. Fig. 6.4(b) and (c)

present the time evolution of the impurity concentrations in the outlet streams (B

in extract and A in raffinate) during 8 switches (1 cycle) at cyclic steady-state.

If the flow rates of extract and raffinate are held constant throughout the cycle,

an HPLC measurement of these streams according to Eq. (3.13) would yield the

surface underneath the curves. Fig. 6.4(d) is the UV signal recorded at the end

of column 8 over two cycles and corresponds to Eq. (6.1). The base case curves

presented in Fig. 6.4 are plotted in Figs. 6.5 and 6.6 with solid black lines for

reference.

Now consider two cases from the classification of central-section and regeneration

problems described before: (1) “incomplete separation in section II” and (2)

“incomplete regeneration of the liquid phase in section IV ”. Both problems lead

to an increase of the average concentration of the impurity B in the extract outlet

stream but have different sources and hence different actions to be undertaken.

In case (1), mII is lowered with respect to the base case. The corresponding

internal and outlet concentration profiles as well as UV signal are presented in Fig.

6.5. The left concentration front of component B is ‘pulled back’ with respect to

the base case as seen Fig. 6.5(a). This causes the concentration profiles of the

impurity in the extract in Fig. 6.5(b) to peak higher than in the base case. Note

that the baseline of the peaks is still at zero. An HPLC measurement of this stream

would give a higher average concentration of B in the extract stream than the base

case. This would be a typical central-section problem.

In case (2) a regeneration problem is illustrated. The flow rate ratio mIV is

increased with respect to the base case. The corresponding internal concentration
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profiles can be seen in Fig.6.6(a). It is evident how the profile of component B

is shifted forward with respect to the base case. Furthermore, the regeneration

problem comes from the fact that the base line of component B never goes to zero,

as seen on Fig. 6.6(b). An HPLC measurement of this stream would give a higher

average concentration of B in the extract stream than in the base case, same as in

the central-section problem of case (1).

This analysis shows that central-section and regeneration problems can lead to

the same increase of the average concentration of B in the extract stream. Hence,

from HPLC measurements alone these problems are not distinguishable. The UV

signals in Figs.6.5(d) and 6.6(d) show different patterns for these two problems.

The baseline of the UV signal in Fig. 6.5(d) however is not affected by the central-

section problem, whereas the UV signal in figure 6.6(d) does not go to zero anymore.

It is the baseline of the UV signal that allows us to discern between central-section

and regeneration problems.

Even though the fast sampled measurement obtained from the UV signal does

not allow to determine the individual concentrations of A and B, it contains enough

information to distinguish if the unit undergoes regeneration or central-section

problems.

The next section presents the mathematical framework required to combine the

two types of measurements generated at different time scales and rates and to

incorporate them in the estimation and control problem.
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Figure 6.4: Base case: Steady state operation of an SMB separation under linear
chromatographic conditions.
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Figure 6.5: Case (1): Central-section problem. Decrease of the flow rate of section
II w.r.t. the base case leads to an increase in the average concentration
of B in the extract stream.
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6.2 Multi-rate optimizing control concept

The core of the control concept is the integration of the optimization and control of

the SMB unit. The novel feature of the MR optimizing control concept is to combine

low frequency sampled-data as quality control information with high frequency

sampled-data from the UV signal as secondary measurements. A scheme of the

control concept is shown in Fig. 6.7.

The control problem is formulated as a constrained dynamic optimization

Objectives

Product / process specifications

Primary and

Secondary

measurements

Internal flow rates,
SMB PlantOptimizer

Kalman

Filter

SMB PlantOptimizer

Periodic
Kalman Filter

Purity

Productivity

Solvent

consumption

Figure 6.7: Scheme of the multi-rate control concept.

problem within the repetitive MPC (RMPC) framework [49]. The productivity

and solvent consumption represent the cost function to be optimized, while the

hardware restrictions and product quality specifications are imposed as constraints.

The controller makes use of the SMB periodically linear time-varying (PLTV)

reduced-order model (ROM) developed in Section 3.3 to predict and optimize the

performance of the unit over a predefined number of cycles, the so-called prediction

horizon, np. The SMB PLTV ROM requires only the average porosity of the

beds and the linear isotherm information, HA and HB, about the mixture to be

separated. The solution of the optimization problem yields a sequence of optimal

control actions over the prediction horizon. This scheme is implemented according

to a receding horizon strategy, i.e., the first element of the calculated optimal

control action sequence corresponding to the current cycle is implemented, and the

remaining calculated optimal inputs are discarded. The prediction horizon is shifted

by one time step and as new measurements become available; an optimization

problem based on the new estimate of the plant state is solved. The new state

estimate is calculated using a periodic Kalman filter developed in Section 3.3.1.
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The measurements, optimization and control actions are performed N times within

a cycle as opposed to the cycle to cycle control, where they were performed once

every cycle.

In this approach the switch time t∗ is fixed a priori. The sectional flow rates

of the unit, QI , QII , QIII , QIV , are used as manipulated variables as defined in

Eq. (3.11). The primary measurements are the concentration levels in the extract

(E) and raffinate (R) streams averaged over one cycle, cave
A,E, cave

B,E , cave
A,R, cave

B,R as

defined in Eqs. (3.13) and (3.14). The secondary measurement is the sum of the

concentrations of the enantiomers recorded by the UV detector fixed at the outlet

of column 8, i.e. (cA,8(t) + cB,8(t)) as in Eq. (3.17).

In the following we present the two main parts constituting the MR optimizing

controller, i.e. the system dynamics and the formulation of the optimization

problem.

6.2.1 System dynamics

The dynamics of the SMB process are included as in the cycle to cycle approach of

Section 5.1.1 in the form of a ROM. In this case it is not an LTI model as in the

cycle to cycle formulation but rather the PLTV model developed in Section 3.3 in

the form of

z̄k(n + 1) = Āz̄k(n) + B̄(n)∆uk(n)

yk(n) = C̄(n)z̄k(n)

for n = 0, . . . , N − 1 (6.7)

z̄k+1(0) = Ψ̄z̄k(N)

z̄ ∈ R(ñeq+ny+Nnys), y ∈ Rny+nys

This section explains how to incorporate the system dynamics of the SMB PLTV

ROM into the MR control problem formulation.

Recall that in the cycle to cycle formulation the model dynamics were included

in the form of the affine Eq. (5.2). Building the matrices Sz and Su requires

the successive substitution of the system matrices, i.e. a potentially long series of

matrix multiplications which can be numerically inefficient. It is well known, that it

is numerically efficient to have the input and state vectors of every time step of the

prediction horizon as decision variables of the LP and include the system dynamics

as equality constraints [81]. In this way the large number of multiplications of the

system matrices can be avoided. When following the modelling approach presented
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in Section 3.3, one faces a challenging trade-off when including the system dynamics

into the LP as equality constraints:

On the one hand, in order to have a “good” description of the SMB dynamics, one

would need a rather fine time griding during one cycle, i.e. a large number N of

grid points within a cycle, which would result in a large number of matrices in the

PLTV model in (6.7). The number of time grid points per cycle, N , generally lies

in the order of 102, in our specific case, it was chosen to be N = 64.

On the other hand, the SMB process exhibits slow dynamics, which forces one to

select rather long prediction horizons, generally, in the range of six to eight cycles,

to have “good” predictions. Therefore the total number of time steps one would

have to look into the future using model (6.7) to cover, for instance, six cycles,

would be, np = 6 · 64 = 384. Furthermore, recall that the number of states of the

model considered in (6.7) is 94 and we have 4 inputs. The LP would consist of

(94 + 4) · 384 = 37′632 decision variables.

In the following, we show how the number of decision variables was reduced by

one order of magnitude by considering a reformulation of the multi-rate model

developed in the previous section.

The model in Eq.(6.7) is a PLTV model, that maps the state z̄k(n) into the next

time step of the same cycle k, z̄k(n + 1). The key idea here, is to transform the

PLTV model in (6.7), which maps the states from time step to time step, into a

PLTV model that maps the states from ′cycle to cycle′, i.e. that maps the state

z̄k(n) into z̄k+1(n). To do so, starting at every time step n = 0, ..., N − 1 we lift the

model for one cycle as in Section 3.2.3. Note that this procedure had already been

discussed when transforming the PLTV model in (3.43) into the cycle to cycle model

in (3.45), nevertheless, there it had been applied only for one time step, namely

for n = 0, mapping xk(0) into xk+1(0). Now we do the same for every time step n.

This yields N cycle to cycle models, each one mapping the state at time step n of

cycle k into the time step n of cycle k + 1. This SMB PLTV cycle to cycle ROM

can be cast in the following compact form

z̄k+1(n) = Az̄k(n) + B(n)∆Uk(n) (6.8)

Yk(n) = C(n)z̄k(n) + D(n)∆Uk(n)

for n = 0, . . . , N − 1 Y ∈ Rnys ·N+nyc

These state-space matrices can be constructed through simple successive substitu-

tion of the models in (6.7). Note that the matrix A is not time dependent. From

(3.89) we see that Ā = I for all n, except for the cycle transition equation, therefore

A = Ψ̄. The inputs and outputs of the PLTV ′cycle to cycle′ SMB model are defined
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as

Yk(n) =
[
yT

k (n) ... yT
l (i) ... yT

k+1(n − 1)
]T

(6.9)

∆Uk(n) =
[
∆uT

k (n) ... ∆uT
l (i) ... ∆uT

k+1(n − 1)
]T

where i = n, n + 1, ...N − 1, 0, 1, ...n − 1

the cycle index l = k if n ≤ i ≤ N − 1 and l = k + 1 if 0 ≤ i ≤ n − 1.

This model is incorporated into the optimization problem solved at time step n.

For each time step n a set of equality constraints with the corresponding SMB

PLTV cycle to cycle ROM can be written over the prediction horizon to incorporate

the system dynamics. In this way, the initial number of decision variables that

would have been needed with the model in (3.89) of 37′632 has been reduced to

(94 + 256) · 6 = 2100, using the formulation in (6.8).

6.2.2 MPC formulation

The controller has the two same tasks as in the cycle to cycle control problem

formulation. First, it should fulfill the product specifications while respecting the

process constraints. Second, the controller should optimize the performance of the

unit with respect to a given economic criterion. These tasks can be cast as a

linear program (LP), which will be described in this section. The main idea is to

incorporate the product specifications and process limitations as constraints in the

LP, while the economic criteria represent the objective function of the optimization

problem.

The product specifications and process limitations are included in the same way

as in the cycle to cycle formulation, i.e. by including constraints (5.6) - (5.11)

into the LP with the appropriate modifications when using the model in Eq. (6.8).

These constraints involve only the inputs and the primary outputs. The secondary

outputs that will help avoiding regeneration problems are included as follows.

Avoiding regeneration problems using the UV signal

As explained in Section 6.1.1 one can avoid regeneration problems by making sure

that the baseline of the UV signal is at zero. This idea was implemented by selecting

the set of points IBL out of the N UV measurements per cycle that correspond to

the baseline, as seen in Fig. 6.2. A constraint was added to the LP which penalizes

the deviation of the base line points Si,l for i ∈ IBL from zero over the prediction
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horizon l = k + 1, ..., k + np

Si,l ≤ s5,i with s5,i ≥ 0 (6.10)

for l = k + 1, ..., k + np and i ∈ IBL

One positive slack variable s5,i is assigned to each base line point Si,l and penalized

in the cost function. It was found to be sufficient to choose IBL as the three first

UV measurement points of the cycle and drive them to zero as one can see in the

case study presented in the results section.

The cost function of the LP is defined to maximize the productivity, in this case,

by maximizing the feed flow rate QF and to minimize the desorbent consumption

QD over a given prediction horizon np starting at time step n of cycle k.

min
∆U

(np)

k
(n), Z̄

(np)

k
(n)



λD Q
(np)
D

︸ ︷︷ ︸

QI−QIV

−λF Q
(np)
F

︸ ︷︷ ︸

QIII−QII



 + λT
s s (6.11)

where Q
(np)
D and Q

(np)
F are the cumulative solvent consumption and feed throughput,

respectively, over the prediction horizon np. The weighting factors λD and λF reflect

the relative preference given to the desorbent consumption minimization and the

feed throughput maximization. The weighting factor λs penalizes the different

slack variables. ∆U
(np)
k (n) and Z̄

(np)
k (n) are the manipulated variables and states,

respectively, for the prediction horizon np, at time step n of cycle k.

The set of inequalities in (5.6) - (5.11), (6.10), equality constraints in (6.8) and

cost function (6.11) complete the formulation of the LP, which comprises 2200

variables, 10800 inequality and 3100 equality constraints. The software YALMIP

was used to formulate the optimization problem [82]. A commercial solver, ILOG

CPLEX 9.0 was used to solve the LP. The maximum computation time was found

to be less than 0.6 s in a PC with a 2.4 GHz Intel Core 2 Quad processor.

6.3 Case study: Separation of the guaifenesin

enantiomers

A racemic mixture of the guaifenesin enantiomers is to be separated in a four-section

SMB unit with ncol = 8 columns arranged in a 2-2-2-2 configuration as shown

in Fig. 6.1. The dynamical model for simulation of the SMB unit is obtained
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as described in Section 3.1.1, i.e. by interconnecting the dynamical models of

each chromatographic column. The single-column dynamics are modelled with

the equilibrium dispersive model in Eq. (3.2). The adsorption behavior of both

components inside the columns is described by a linear adsorption isotherm, with

Henry’s constants HA and HB, where A and B are the strong and weak adsorbed

components, respectively. The mathematical model is completed by considering

the corresponding node balances between the columns and the proper boundary

and initial conditions. The parameters of the SMB system under consideration are

reported in Table 6.1. The parameters corresponding to the optimization problem

and the model building are reported in Table 6.2.

Parameter Value

Mixture to be separated Guaifenesin enantiomers
Mobile phase Ethanol
Stationary phase Chiralcel OD
Number of columns 8
Column distribution 2/2/2/2 Closed loop
Column diameter [cm] 1
Column length [cm] 10
Nominal porosity ε 0.73
Switching time t∗, [s] 88
Henry constants reported in each scenario

Table 6.1: Physical parameters of the SMB virtual plant and the racemic
guaifenesin enantiomer mixture.

6.4 Results

In this section two scenarios are illustrated. First, a tracking scenario is presented

where the specifications are changed in the course of the operation to illustrate the

performance of the multi-rate controller to fulfill the specified minimum purities by

manipulating the four sectional flow rates. Then the use of the UV signal is shown

in a second example where the plant is started up with regeneration problems which

are then corrected by the controller.
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Optimization problem parameters
Parameter Value Parameter Value

Qmax [7.80 7.80 7.80 7.80]T λF 0.825
Qmin [3.91 3.91 3.91 3.91]T λD 0.2
∆Qmax [0.02 0.02 0.02 0.02]T λs1 = λs2 106

P min
E = P min

R 98.0% λs3 [10 5 5 10]
nc 6 cycles λs4 [2600 2600 2600 2600]
np 6 cycles λs5 [0.5 0.5 0.5]

SMB ROM parameters

Parameter Value Parameter Value

N 64 Rw diag[1000, 1000, 1000, 1000]
[ng , ñeq] [40 , 26] Rv diag[1, 1, 1, 1]
Qref [1.19, 0.60, 1.28, 0.64 ] HA, HB 1.25 , 0.61
t∗,ref 88 s ε 0.73

Table 6.2: The parameters used for the optimization problem and the ROM
building in the implementation of the controller. All the flow rate
parameters are given in [mL/min]

Scenario 1: Changing purity specifications

The adsorption behavior of the chiral mixture to be separated can be described by

a linear isotherm with Henry’s constants HA = 1.25 and HB = 0.61. The same

Henry constants are used for the model in the controller as well. The plant was

started up at the reference flow rate ratios reported in Table 6.2 with initially clean

columns and the controller was switched on at cycle 1. Note that no control action

at the startup conditions leads to low purities as shown in the uncontrolled run in

Fig. 6.8, the dynamics are rather slow and extract and raffinate reach purities of

92% and 87 %, respectively, after 30 cycles. When the controller is turned on, it

does not allow the purities to drop below the minimum specified purities of 98.0%

at the startup and reaches a steady state operation point at cycle 40. At cycle 70

the specifications are changed to 99.0% and the controller increases both purities

within 15 cycles.

To illustrate the optimality of the steady-state conditions for both specifications,

the results can be analyzed using the so called triangle theory, a rather standard

method for interpreting SMB results presented in Section 2.1.2.

The controller inputs during the SMB operation can be graphically represented
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using the flow rate ratios according to Eq. (6.2), where V = 7.84 mL is the volume

of one column, ε = 0.73 is the porosity of the columns and t∗ = 88 s is the switch

time. Note that the flow rate ratios mj are linear functions of Qj when the switch

time t∗ is fixed. The flow rate ratios can be presented in two plots. The first one

refers to the mII and mIII flow rate ratios; it is shown in the top left part of Fig.

6.9. The second plot refers to the flow rate ratios mI and mIV and is shown in

lower right part of Fig. 6.9.

The startup point P1 in Fig. 6.9 is located in the region, where none of the

outlets is pure as seen from the uncontrolled run in Fig. 6.8. The controller takes

the operating point inside the complete separation and regeneration region in the

(mII , mIII) and (mI , mIV ) plane, respectively. The operation is then driven in the

(mII , mIII) plane to the vertex of the triangle of the complete separation region

as it can be observed in the zoom of the vertex in Fig. 6.9. This demonstrates

the capability of the controller to fulfill the required purities and to maximize

the productivity since it goes to the vertex of the complete separation region.

This operating conditions are held constant until the minimal required purities

are changed to 99.0%. In this case, the controller moves the operating point in the

(mII , mIII) plane to P3 where the specified purities can be achieved again.
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Figure 6.9: Scenario 1: controller action represented in the flow rate ratios space.
P1, startup operating conditions; P2, steady-state operating conditions
at cycle 70; P3, operating conditions at cycle 120.

Scenario 2: Correcting regeneration problems

This scenario confronts the controller with two different problems. Firstly, this

scenario shows the startup of the SMB unit under a plant-model mismatch, i.e.

the adsorption behavior included in the model used by the controller is different

from the one in the plant. Secondly, the startup conditions lead to regeneration

problems that have to be handled by the controller.

Fig. 6.10 shows the controller inputs for Scenario 2 in terms of the flow rate

ratios. Note that the boundaries for complete separation and regeneration have

changed to HA = 1.1 and HB = 0.5, as compared to the parameters used in the

model of Hmodel
A = 1.25 and Hmodel

B = 0.61. This is a common situation when

the plant is operated at a higher temperature than the one used to determine the

Henry constants for the model. The plant was started up with clean columns at

the point P1 with the conditions mI = 1.20, mII = 0.56, mIII = 1.30, mIV = 0.61,

and five cycles later the controller was turned on. Note that the startup point P1

in the (mII , mIII) plane is located in the region where the raffinate is expected to
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be impure, hence the initial drop of the raffinate purity in Fig. 6.11. In terms

of the (mI , mIV ) plane, P1 falls in the region where the liquid phase is not fully

regenerated, this causes the initial drop in the extract purities. The regeneration

problem can be seen in Fig. 6.12(a), where the UV signal is plotted from cycle 5

to 10 and the circles highlight the baseline not being at zero. Ten cycles later the

baseline of the UV signal in Fig. 6.12(b), has gone to zero due to the corrective

actions of the controller. After 25 cycles the controller has managed to bring both

purities within the specifications. The final operating point P2 is again at the vertex

of the complete separation region of the (mII , mIII) plane and the regeneration

problems have been successfully corrected by driving the operation to the complete

regeneration region in the (mI , mIV ) plane. Fig.6.12(c) shows the cyclic steady-

state profile of the UV signal, with the baseline going to zero at the beginning of

the cycle, i.e. without regeneration problems.

6.5 Concluding remarks

In this chapter an extension of the cycle to cycle control concept developed in

Section 5.1 has been presented. This extension allows the controller to make

use of multi-rate sampled-measurements, i.e. primary HPLC measurements and

secondary UV absorbance measurements to control and optimize the unit.

An SMB multi-rate periodic linear time-varying (MR-PLTV) ROM was developed

in order to handle in a clean and systematic way the multi-rate sampled-

measurements. The MR-PLTV ROM was incorporated into the repetitive MPC

framework to better exploit the cyclic nature of the process.

Two different formulations of the MR-PLTV model were presented. The first

formulation was for estimation purposes, which maps the states from time step

to time step, thus providing the necessary information to design a PLTV Kalman

filter. Nevertheless, this first formulation was not appropriate for predictive control

due to the large number of time steps within a cycle, which on top of the slow

SMB dynamics that require long prediction horizons, results in a prohibitively

large control problem. The model was then reformulated into a MR-PLTV model

that maps the states from cycle to cycle. This allowed the dynamics of the system

to be efficiently incorporated into the optimization problem.

The performance of the controller to find the maximum productivity point predicted

by the triangle theory was illustrated through simulations. The first case study

showed that the controller can assure the product quality and maximize the

productivity with changing specifications. In a second example, the capability
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of detecting and correcting a regeneration problem was proven, which is the most

valuable asset of the MR optimizing controller.
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Figure 6.12: Scenario 2: UV signals at different times of the operation
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Experimental implementation of

the ′cycle to cycle′ optimizing

control of SMB processes

Chapters 5 and 6 presented two different formulations of the optimizing control

concept. The main reasons for developing and formulating the control algorithm as

a cycle to cycle or multi-rate control problem are application-driven and come from

the experimental experience gained in the last years by the SMB control group at

ETH Zurich. We have realized that one of the main challenges when implementing

any SMB control concept in practice that is sometimes underestimated is the

tremendous effort needed to set up the monitoring system to take the measurements

needed for control. Furthermore, when the control concept relies on well established

monitoring techniques a substantial effort during the implementation can be

reduced. If on the contrary, the control concept requires monitoring techniques that

are not mature and reliable, a large effort needs to be invested into circumventing

these drawbacks and limitations.

A clear example of the importance and the impact of the monitoring technique

on the performance of the controller is presented by means of three experimental

separations in this chapter1. Each of the three experimental separations uses

a different monitoring technique. For the sake of comparison and because of

the central role that the online monitoring techniques played throughout the

1 [18]: C. Grossmann, G. Erdem, M. Morari, M. Amanullah, M. Mazzotti, M. Morbidelli ′Cycle

to cycle′ optimizing control of simulated moving beds, AIChE Journal, 54(1):194208, 2008.
[29]: C. Langel, C. Grossmann, M. Morari, M. Mazzotti, M. Morbidelli Implementation of

an automated on-line high-performance liquid chromatography monitoring system for cycle to

cycle control of simulated moving beds, J. of Chromatography A, In Press, Corrected Proof,
2009.
[28]: C. Grossmann, C. Langel, M. Morari, M. Mazzotti, M. Morbidelli Experimental

implementation of automatic cycle to cycle control to a nonlinear chiral SMB separation,
J. of Chromatography A, Submitted, 2009
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experimental works of this thesis, section 7.1 is devoted to present them. Then three

different experiments are reported. The first one in section 7.2 is the separation of

an achiral mixture of nucleosides, the monitoring technique is a UV-spectrometer

operated at different wavelengths. The example in section 7.3 is the chiral

separation of the guaifenesin enantiomers where the monitoring uses a combination

of a UV-spectrometer and a polarimeter. This was the first automatic control

application to an experimental chiral separation reported in literature [27]. Section

7.4 presents again the chiral separation of the guaifenesin enantiomers using an

automated HPLC monitoring system developed for the control of SMB units [28,29].

The results of different scenarios like startups under plant/model mismatch, pump

disturbances and changing feed concentration or purity specifications are presented

in detail for all three cases.

7.1 Online monitoring

This section presents the three different monitoring techniques that were used in the

experimental SMB plant to monitor the average concentrations of both components

in the extract and raffinate stream as defined in Eqs (3.13) and (3.14).

The first monitoring system, a UV-spectrometer, was used in the achiral sepa-

ration of a mixture of nucleosides that has been reported in previous publications

[17, 18, 74]. It was initially used to monitor the time-varying concentrations of

both components in extract and raffinate [17, 74]. For the purpose of the cycle to

cycle control scheme, the signal was recorded over one cycle and averaged at the

end of it to get the average concentrations [18].

The second monitoring technique is a combination of a UV-spectrometer and

a polarimeter used to determine the concentrations of the two enantiomers in a

chiral separation. The experimental setup and data processing was developed for

the cycle to cycle control of the chiral separation of the guaifenesin enantiomers in

the course of this thesis [27].

Finally the third monitoring system is an automated HPLC system that allows

to collect the extract and raffinate streams cyclewise and make an HPLC analysis

of the collected product. This monitoring system is a prototype build in the course

of this thesis for the cycle to cycle control of SMB units [29].
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7.1.1 Optical detectors for achiral separations:

UV-spectrometer

The main idea of this technique is to exploit the different absorbance of the two

achiral species, A and B, at different wavelengths to compute the concentration of

each species from the total absorbance measured by the UV-spectrometer (UV 2077,

Jasco). It is assumed that the UV signal is a linear superposition of the absorbance

of each species at that particular wavelength. Since there are two unknowns to be

determined at each point in time, cA(t) and cB(t), two UV measurements at two

different wavelengths, Sλ1(t) and Sλ2(t) are enough to solve the linear system

Sλ1(t) = kA,λ1cA(t) + kB,λ1cB(t) (7.1)

Sλ2(t) = kA,λ2cA(t) + kB,λ2cB(t) (7.2)

where k·,λi
are the calibration factors at the wavelength λi. For more robustness

not only two wavelengths were chosen, but rather four, which leads to an

overdetermined system that is solved via least squares. Two UV-detectors were

used, one for each outlet stream, i.e. one placed in the extract outlet stream

and the other in the raffinate outlet stream. The signals were recorded over one

cycle and at the end of it the average concentration was computed to be used as

feedback information. For more details on the monitoring system please refer to

earlier publications [17, 74].

7.1.2 Optical detectors for chiral separations:

UV-spectrometer and polarimeter

The current monitoring technique was implemented for the monitoring of chiral

mixtures where the concentration of each enantiomer is to be determined. For this

purpose, a combination of a multiwavelength UV-spectrometer (UV 2077, Jasco)

and polarimeter (PDR-Chiral, Lake Park, FL, USA) in series was used at each

of the product outlet streams for online monitoring. The UV detector alone does

not differentiate between the two enantiomers, and gives the absorbance of the

mixture, which is proportional to the sum of the concentrations cA(t) and cB(t) of

the two enantiomers. The polarimeter, which emits plane polarized light that is

rotated in opposite directions by the two enantiomers, provides a measurement that

is proportional to the difference of cA(t) and cB(t). With appropriate calibration

and signal processing, the absolute concentration of the two enantiomers can be

calculated [83]. Note that the two detectors are in series and the time needed for
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the product streams to go from one to the other has to be accounted for when

processing the signals. The processing of the online signals obtained by UV and

polarimeter involves the solution of the following system of linear equations:

SPOL(t) = kPOL(cA(t) − cB(t)) (7.3)

SUV (t + ∆t) = kUV (cA(t) + cB(t)) (7.4)

where the unknowns are the enantiomer concentrations cA(t) and cB(t). SPOL

and SUV are the measured polarimeter and UV signals respectively, and kPOL and

kUV are calibration factors. A given plug of product streams that reaches the

polarimeter at time t will reach the UV detector at time t + ∆t, due to the volume

of the line between the two sensors. The time delay, ∆t, is given by this volume

divided by the fluid flow rate which is a function of time and has to be determined

precisely to guarantee accurate concentration measurements. Depending on the

flow rates of the product streams, the time delay in the present work was from 5

to 8 seconds.

Eq. (7.4) assumes a linear calibration factor for the UV signals. However, the

UV response may not be linear at all wavelengths, as shown in Fig. 7.1a where the

ratio of the guaifenesin UV spectra for 1.0 g/l and 0.1 g/l at different wavelengths

is plotted. Based on these observations, the wavelength 240 nm, where the UV

response is linear (see Fig. 7.1b), was selected. The linear UV calibration factor

was 0.221 AU/(g/l) for guaifenesin enantiomers.

The polarimeter was calibrated using pure enantiomers of guaifenesin and the

optical rotation was found to be linear with a calibration factor of ±30 µdegree/(g/l)

of pure enantiomers, respectively.

The polarimeter, with the state of the art technology, does not produce stable

and reproducible base line signals over a period of time of the order of a usual SMB

operation. It shows high base line drift with irregular pattern as can be seen in Fig.

7.2. To circumvent this problem, the scheme shown in Fig. 7.3 has been adopted.

In this scheme, during the 1st switching period of every cycle, the polarimeter is

bypassed and the product stream flows through the UV detector only; at the same

time clean solvent is flowed through the polarimeter using the cleaning pump (see

Fig. 7.3(a)). During this period of time, the polarimeter signal that corresponds to

zero concentration, i.e. the base line, is recorded and stored. The product stream is

directed through the polarimeter and the UV detector for the rest of the switches,

seven in our case, during one cycle and the signals are recorded (see Fig. 7.3(b)).

To calculate the concentration profiles, the polarimeter signals are corrected by

subtracting the base line recorded during the first switching period. However,
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Figure 7.1: UV calibration. (a): ratio of UV signals of 1.0 g/l and 0.1 g/l at different
wavelengths. (b): Guaifenesin concentrations vs. UV signals at λ = 240
nm.
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Figure 7.2: Base line of the polarimeter with a flow rate of 2.0 ml/min of ethanol.

with this approach the product concentrations are not monitored during the first

switching period. Besides, due to the time delay between the two sensors, we

have only missing information about the concentration profiles during the last

switching period of a cycle. Consequently, average concentrations of the individual

enantiomers over six switch periods only are used as feedback information. This,

however, should not impair the performance of the controller since the measurement

error incorporated in this way at steady state is expected to be repeated over

successive cycles and therefore rejected by the controller. Besides, column to

column variation was negligible in this study. The polarimeter and the UV

detector are positioned between the plant outlet valve of extract or raffinate and

the corresponding pumps, as shown in Fig. 7.3. At this position, the sensors are

at high pressure. Hence they are equipped with high pressure flow cells for stable

and reliable monitoring.

The accuracy of the online monitoring system was checked by off-line HPLC

measurements and a maximum error of ± 1.5% in the product purities has been

observed. Such error is due to the combination of several effects, e.g. errors in

the calibration and noise of the sensors. Nevertheless, the effort to circumvent

the limitations placed by the polarimeter was considerable and the performance

still non-satisfactory, which led to the development of the following monitoring

technique.
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7.1.3 Automated HPLC monitoring system

The experimental implementation of an HPLC online monitoring system with low

sampling frequency and located outside the loop of columns to collect samples from

the extract and raffinate streams is presented. The use of HPLC guarantees reliable

and accurate concentration data which are essential for the controller’s performance.

The presented automated online HPLC monitoring system is custom made and

consists of two main parts, namely a standard HPLC unit combined with the

automated sample collecting system. A scheme of the automated sample collecting

system is shown in Fig. 7.4 (Joint analytical system, Moers, Germany), and picture

of it in Fig. 7.6. It consists of a collecting system for the two product streams and

a standard HPLC PAL system (CTC Analytics, Zwingen, Switzerland) used for

automated sample processing.

During each cycle of the process the product streams are collected in two of the

four glass tanks. Suppose at a given cycle k tanks E1 (Extract) and R1 (Raffinate)

are being filled with the product streams, whereas the other two tanks, E2 and

R2, have been filled with the streams of cycle k − 1. During cycle k a sample of

E2 and R2 is injected to the HPLC. The samples need to be injected with a time

delay to avoid overlapping of the peaks and assure baseline separation. A typical

chromatogram of the two successive product samples (extract and raffinate) can be

seen in Fig. 7.5.

Once the injections have been performed, tanks E2 and R2 are flushed and

cleaned to be ready to collect the product streams in the next cycle. The HPLC

automatically analyzes the samples and returns the concentration values of the two

species in both product streams, i.e. the feedback information for the controller. In

the next cycle the role of the tanks is switched. Note that this monitoring system

in Fig. 7.6 gives the flexibility to use different solvents and stationary phases for

the analysis in the HPLC and for the SMB unit, as it is the case in this work.

A detailed description of the method of operation of the online monitoring system

are reported in Appendix C.
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Figure 7.5: Typical chromatogram of the two successive product samples (Extract
and Raffinate).
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Figure 7.6: Automated HPLC monitoring system to collect product samples every
cycle.
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7.2 Separation of an achiral mixture using

optical detectors

This section is devoted to the implementation of the cycle to cycle control

concept on a laboratory SMB plant equipped with UV-sepctrometers as monitoring

devices. The first goal is to experimentally evaluate and demonstrate the capability

of the controller to deliver the products with the required specifications while

exploiting the full potential of the SMB process in terms of productivity and

solvent consumption. The second goal is to asses the controller performance under

uncertainties and disturbances.

7.2.1 Laboratory SMB unit

A summary of the SMB plant parameters and of the properties of the mixture to be

separated is given in Table 7.1, the controller parameters are given in Table 7.2. A

more detailed characterization of the SMB unit can be found in earlier studies [74].

Fig. 7.7 shows a scheme of the closed-loop four-section eight-column SMB unit

arranged in a 2-2-2-2 configuration used for the experiments. The unit is equipped

with two UV detectors (UV 2077, Jasco) at the extract and raffinate streams.

Desorbent Extract Feed Raffinate

Figure 7.7: Scheme of the laboratory SMB unit for an achiral separation equipped
with UV detectors for on-line concentration measurements in extract
and raffinate.

7.2.2 Materials and system characterization

The system to be separated is a mixture of nucleosides: guanosine (A) and uridine

(B). The feed concentration of each species is cF
A = 0.05 g/L and cF

B = 0.05 g/L.
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A linear adsorption isotherm describes the adsorption behavior accurately in the

range of feed concentrations investigated in this work. The outlet concentrations of

both species were measured as described in Section 7.1.1, with a UV-spectrometer

operated at four different wavelengths. The signals were averaged over one cycle

and used for control purposes. The use of the UV-spectrometer also implies for

the system studied in the following, that only the inherent cycle of delay in the

measurements introduced by the control problem formulation adopted, will be

present. Please refer to Section 3.2.6 for a detailed discussion on the time delay in

the measurements.

Parameter Value

Mixture to be separated Guanosine (A) and Uridine (B)
Mobile phase 5% ethanol in water
Stationary phase Source 30 RPC
Feed concentration, [g/L] 0.05 each
Temperature [◦C] 23

Number of columns 8
Column distribution 2/2/2/2 Closed loop
Column diameter [cm] 1
Column length [cm] 10
Nominal porosity ε 0.375
Switching time t∗, [s] 120
Theoretical plates per column 100
Henry constants HA = 2.14, HB = 1.32

Table 7.1: Physical parameters of the SMB laboratory plant and the nucleoside
mixture.

7.2.3 Experiment 1: Plant-model mismatch

The controller is developed using information from pulse injection under dilute

condition i.e., only the Henry coefficients, and average porosity of the columns.

However, it is common to have uncertainties and errors in these measurements.

Besides, temperature deviations, plant dead volumes and aging of the solid phase

affect the retention behavior of the species. This may lead to a difference between

the actual Henry constants characterizing the plant and the ones provided to the

model. In order to demonstrate the controller performance under such conditions,
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Optimization problem parameters
Parameter Value Parameter Value

Qmax [9.30 9.30 9.30 5.10]T λF 20
Qmin [5.11 1.50 1.50 1.50]T λD 4
∆Qmax [0.18 0.18 0.18 0.18]T λs1 = λs2 100
P min

E = P min
R 99.0% λs3 [10 5 5 10]

nc 1 cycle λs4 [200 20 20 200]
np 8 cycles

SMB ROM parameters

Parameter Value Parameter Value

N 64 Rw diag[1000, 1000, 1000, 1000]
[ng , ñeq] [40 , 26] Rv diag[1, 1, 1, 1]
mref [2.28, 1.25, 2.29, 1.29] HA, HB 2.25, 1.30
t∗,ref 120 s ε 0.375

Table 7.2: Parameters used for the optimization problem and the ROM building.
All the flow rate parameters are given in [mL/min]

the model is developed based on Hmodel
A = 2.25 and Hmodel

B = 1.30, which are

different from the Henry constants characterizing the plant, namely Hplant
A = 2.14

and Hplant
B = 1.32, i.e., 5% smaller and 1% larger, respectively. This specific

example might arise from the combination of two rather typical situations in SMB

practice, namely temperature deviations and measurement errors, and is aimed at

demonstrating the robustness of the controller under a plant-model mismatch.

The first experiment comprises two parts. The first part, i.e. up to cycle 70,

addresses the startup of the plant under the plant-model mismatch situation. Fig.

7.8 shows the evolution of extract and raffinate purities and of the cost function

defined for every cycle as λD QD − λF QF . The plant was started up with the

reference flow rates (mref
I = 2.28, mref

II = 1.25, mref
III = 2.29, mref

IV = 1.29) and

clean columns. The controller was switched on at cycle 1. The specified minimum

purities were 99.0% for both product streams. The startup point falls within the

region, where none of the product streams is pure, see Fig. 7.9. The controller’s

first priority is to fulfill the product purities, regardless of the operating cost. The

actions taken in the first 10 cycles increase the cost function until the specified

raffinate and extract product purities are achieved. Once the purity specifications

are fulfilled the action of the controller takes the operating point near the vertex

of the triangle of the complete separation regime as seen in Fig. 7.9. This clearly
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Figure 7.8: Performance of the controller on the laboratory SMB plant for
Experiments 1 and 2. Outlet purities and cost function vs time
measured in cycles. Feed pump delivers 10% more than its set point
after cycle 70.

demonstrates the capability of the controller to fulfill the required purities and to

optimize the operation under a plant-model mismatch scenario.

7.2.4 Experiment 2: Disturbance rejection, feed pump

malfunctioning

This experiment addresses one of the common disturbances in an SMB plant, the

malfunctioning of a pump. The results are shown in the second part of Fig. 7.8.

between cycle 70 and 120. The steady state operation at cycle 70 was disturbed

by increasing the feed flow rate by 10%. Note that this change is unknown to

the controller, and the controller only notices the disturbance by its effect on the

measurements. The disturbance increases the flow rates in section III and IV, which

can be represented in the mII−mIII plane as a shift of the operating point upwards,

as depicted in Fig. 7.9 for the operating point at cycle 71. This point lies in the

pure extract region, which makes the purity of the raffinate go down. Fig. 7.10

shows the operating trajectory after the disturbance and how the controller brings
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Figure 7.9: Inputs to the laboratory SMB plant represented in the mII −mIII plane
for Experiment 1. (a) Trajectory of the operation from the startup to
cycle 71. (b) Close up. The operating point is taken by the controller
from the startup point to the vertex of the complete separation region
and remains there until cycle 70. The operating point after the feed
pump malfunctioning (discussed in Experiment 2) is labelled as cycle
71.

back the operating point to the vertex of the complete separation region in order

to fulfill again the minimum specified purities and optimize the performance.

7.2.5 Experiment 3: Disturbance rejection, recycle pump

malfunctioning

A more challenging scenario of pump malfunctioning is presented in this exper-

iment. The recycle pump malfunctioning is a more severe disturbance for the

controller to reject, since such a disturbance affects the flow rates in all four sections

of the SMB plant. This experiment can be divided into two parts. Cycle 1 to 55

corresponds to the startup of the plant under a plant-model mismatch as discussed

in Experiment 1. The second part starts at cycle 56, when a 5% increase in the

recycle pump flow rate was artificially introduced. This again was unknown to the

controller. Fig. 7.11 shows the evolution of the outlet purities and cost function.

The plant was started at the reference flow rates, i.e., mref
I = 2.28, mref

II = 1.25,

mref
III = 2.29 and mref

IV = 1.29. The columns were clean initially and the controller

was switched on at cycle 1. The minimum required purities were 99.0% from both

product streams.
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Figure 7.10: Inputs to the laboratory SMB plant represented in the mII − mIII

plane for Experiment 2. The operating point after the feed pump
malfunctioning is labelled as cycle 71. The laboratory SMB plant is
brought back by the controller to the vertex of the complete separation
region within 15 cycles and remains there until the end of the operation
at cycle 121.

As depicted in Fig. 7.12, the disturbance can be represented as a shift up to

the right of the operating point at cycle 55 in the mII − mIII plane. This is due

to an increase of flow in section I, which is directly determined by the recycle

pump and makes the flow rates in section II, III and IV increase as well. The

operating point at cycle 56, after the disturbance, lies in the pure extract region

in the mII − mIII plane, making the purity of extract and raffinate increase and

decrease, respectively. The trajectory after the disturbance is depicted in Fig. 7.13.

It is interesting to observe how the controller, in order to improve the low raffinate

purity as fast as possible, first approaches the complete separation region until it

reaches its border. Once the minimum purity of the raffinate has been fulfilled,

the operation is optimized by moving the operating point towards the vertex of the

triangle. In this way, the controller manages to reject this major disturbance and

the operation reaches a steady state that fulfills the requirements for the product

specification.
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Figure 7.11: Performance of the controller on the laboratory SMB plant for
Experiment 3. Outlet purities and cost function vs time measured
in cycles. Recycle pump starts to deliver 5% more than its set point
at cycle 56.

7.2.6 Experiment 4: Change in the product purity

requirements

Another controlled SMB run is performed to assess the tracking performance of the

controller. This scenario addresses a case in which one of the product specifications

is changed during the operation. The SMB plant is started up with the same

operating parameters as in Experiment 1 and the controller is switched on cycle

1. The specified purity for both outlets streams is 98.5% at the beginning of the

operation. Fig. 7.14 shows the outlet purities and cost function for the entire

operation. It can be observed that the specified outlet purities are fulfilled within

20 cycles after the startup. The purity specification of the extract outlet is increased

from 98.5% to 99.0% after cycle 42, whereas the purity requirement of the raffinate

is kept the same, i.e. 98.5%. One can observe from Fig. 7.14 that the controller

fulfills the new extract purity requirement within 18 cycles at the expense of the

production cost, and it maintains the purity requirement of the raffinate for the

rest of the operation.
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Figure 7.12: Inputs to the laboratory SMB plant represented in the mII − mIII

plane for Experiment 3 from startup up to the malfunctioning of the
recycle pump. The steady state operating point reached after startup
is labelled as cycle 55. It is shifted by the recycle pump malfunctioning
to the operating point labelled as cycle 56.

7.2.7 Assessment of the performance of the controller with

time delay in the measurements through simulation

In the previous section, the suitability of the ′cycle to cycle′ controller has been

demonstrated experimentally for the separation of a mixture of nucleosides that

exhibit linear isotherm behavior. Previously it was underscored that a measurement

time delay would occur if HPLC were used for measurement of the outlet streams,

especially if the analysis time is longer than the cycle time. In this section, analysis

of controller performance under such a scenario for the same system is presented

using simulation studies.

The effect of a time delay in the measurements on the performance of the

controller is demonstrated through simulation of a pump malfunctioning scenario.

Fig.7.15 shows the simulation results of the same scenario presented in Experiment

3, i.e after reaching a steady operating point that fulfills the specified purities, the

recycle pump starts to deliver 5% more than its set point at cycle 56. In this case
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Figure 7.13: Controller inputs to the laboratory SMB plant represented in the mII−
mIII plane for Experiment 3 after the recycle pump malfunctioning.
The disturbed operating point at cycle 56 is brought back to the vertex
of the complete separation region.

the measurements have no time delay. The trajectory of the operating point in the

mII − mIII plane is also shown in this figure. These results have been discussed

in detail in Experiment 3 and it may be worth noting that an excellent agreement

is observed between the simulation (Fig. 7.15) and the experimental (Fig. 7.11)

runs. The same scenario is simulated again, but adding a time delay of 1 cycle

to the measurements, i.e. ntd = 1 according to the notation of Section 3.2.6. The

results are shown in Fig. 7.16. By comparing Figs. 7.15 and 7.16, a deterioration in

the performance can be observed, which is to be expected when the measurements

have a time delay. The startup takes 5 cycles more to achieve the specified purities

compared to the latter case. After the disturbance, the raffinate and the extract

take 5 and 15 cycles more, respectively, to recover. Despite the time delay in the

feedback information, the qualitative behavior in the mII − mIII plane described

in the case of no time delay also holds here.
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Figure 7.14: Performance of the controller on the laboratory SMB plant for
Experiment 4. Outlet purities and cost function vs time measured in
cycles. Initially, the specified purity for both outlet streams is 98.5%
for the first 42 cycles. At cycle 42 the purity specification for the
extract is changed to 99.0%, whereas the purity specification for the
raffinate remains 98.5%.
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Figure 7.15: Simulation results with no time delay in the measurements. Outlet
purities and cost function vs time measured in cycles. The left and
right boxes present the trajectory of the operation on the mII − mIII

plane before and after the recycle pump malfunctioning, respectively.
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Figure 7.16: Simulation results with a delay of 1 cycle in the measurements. Outlet
purities and cost function vs time measured in cycles. The left and
right boxes present the trajectory of the operation on mII −mIII plane
before and after the recycle pump malfunctioning, respectively.
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7.3 Separation of a chiral mixture using optical

detectors

This section presents the experiments performed for the separation of a racemic

mixture of the guaifenesin enantiomers using a combination of optical detectors

as monitoring system, i.e. a UV-detector and a polarimeter. These experiments

represent the first reported SMB chiral separation using an automatic controller

[27].

7.3.1 Laboratory SMB unit

The laboratory SMB unit comprises eight semi-preparative columns (10 cm × 1 cm

i.d.) with two columns in every section (2-2-2-2 configuration) and is located in a

room with climate control for isothermal operation at 23 ◦C. The unit is operated

in a closed loop mode. For the sake of comparison with the other separations a

summary of the SMB plant parameters and of the properties of the mixture to be

separated is given in Table 7.3, the controller parameters are given in Table 7.4.

Fig. 7.17 shows a scheme of the laboratory SMB unit. The unit is equipped with

a UV-spectrometer (UV 2077, Jasco) and polarimeter (PDR-Chiral, Lake Park,

FL, USA) in series at the extract and raffinate streams. The online monitoring is

performed as described in Section 7.1.2. The extra column dead volumes in the

SMB unit are: V D
1 = V D

3 = 0.401 mL, V D
2 = 0.442 mL and V D

4 = 0.417 mL. Eq.

(7.5) allows to calculate a dead volume correction for the flow rates, Qj , in terms

of the key operating parameters, i.e. the flow rate ratios, mj :

mj =
Qjt

∗ − V ε∗ − V D
j

V (1 − ε∗)
(j = I, . . . , IV ) (7.5)

A detailed description of the SMB unit and dead volume measurements can be

found in an earlier publication [84].

7.3.2 Materials and system characterization

The separation of guaifenesin (referred as G) enantiomers, a racemic mixture

of (+)-G and (-)-G, purchased from Fludan (Vankleek Hill, Canada), on the

Chiralcel OD (Chiral Technologies Europe, Illkirch Cedex, France), has been

considered. This cellulose based chiral stationary phase (cellulose tris (3,5-

dimethylphenylcarbamate) coated on silica) is designed for high performance

separations of racemic mixtures and has a particle size of 20 µm. This material was
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Desorbent Extract Feed Raffinate

Figure 7.17: Scheme of the laboratory SMB unit for a chiral separation equipped
with UV detectors and polarimeters for on-line concentration
measurements in extract and raffinate.

slurry packed into 8 standard stainless steel columns (10 cm × 1 cm I.D.) using a

mobile phase of HPLC grade ethanol with a flow rate of Q = 40 mL/min and 25

min packing time. The pressure drop across the column was 28 bar which is within

the maximum allowable pressure of 40 bar for this stationary phase.

As the first step of the system characterization, the effect of solvent composition

on the adsorption behavior of guaifenesin enantiomers was investigated under dilute

conditions, i.e. under linear chromatographic conditions.

Figure 7.18: Henry constants of the guaifenesin enantiomers in mixtures of different
ratios of heptane and ethanol at 22◦C.

Fig. 7.18 shows the Henry constants of the individual guaifenesin enantiomers in
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Parameter Value

Mixture to be separated Guaifenesin enantiomers
Mobile phase Ethanol
Stationary phase Chiralcel OD
Feed concentration reported in each experiment
Temperature [◦C] 23
Number of columns 8
Column distribution 2/2/2/2 Closed loop
Column diameter [cm] 1
Column length [cm] 10
Nominal porosity ε 0.73
Switching time t∗, [s] 88
Henry constants HA = 1.15, HB = 0.54

Table 7.3: Physical parameters of the SMB laboratory plant and the racemic
guaifenesin enantiomer mixture.

mobile phases with different heptane/ethanol ratios at 22◦C; the Henry constants

decrease with increasing ethanol content. For a good SMB separation, we look for

high selectivity, i.e. large region of complete separation, so that the separation is

easy and robust and moderate Henry constants so that a low switching time, t∗,

may be used to increase the productivity [36]. On the other hand, the lower the

switching time, the higher the internal flow rates; therefore, one needs to consider

the pressure drop limitations when choosing the switching time. Besides, a non

toxic and inexpensive mobile phase is preferable for any SMB operation. All these

conditions are fulfilled at 100% ethanol content, hence pure ethanol is used as

mobile phase.

All the columns were tested by injecting a dilute pulse of guaifenesin enan-

tiomers. Table 7.5 reports the overall void fraction and the Henry constants of the

guaifenesin enantiomers measured in the columns, together with the average values

that will be used in the following.

The effect of the fluid velocity on the pressure drop was measured. The pressure

drop is proportional to the velocity and the column length and was measured for

pure ethanol to be:

∆p

uL
= 0.0351

[
bar min

cm2

]

(7.6)

This completes all the needed information (the Henry constants, and average

void fraction) for operating the SMB unit with the cycle to cycle controller based
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Optimization problem parameters
Parameter Value Parameter Value

Qmax [7.800 7.000 9.300 4.700]T λF 20
Qmin [5.784 4.380 4.380 4.380]T λD 2
∆Qmax [0.024 0.024 0.024 0.024]T λs1 = λs2 100
P min

E = P min
R 98.0% λs3 [30 105 105 30]

nc 1 cycle λs4 [2000 300 300 2000]
np 8 cycles

SMB ROM parameters

Parameter Value Parameter Value

N 64 Rw diag[1000, 1000, 1000, 1000]
[ng , ñeq] [40 , 26] Rv diag[1, 1, 1, 1]
mref [1.27, 0.59, 1.27, 0.59] HA, HB 1.25, 0.61
t∗,ref 88 s ε 0.73

Table 7.4: Parameters used for the optimization problem and the ROM building.
All the flow rate parameters are given in [mL/min]

Column No. HB HA ε∗

1 0.56 1.18 0.74
2 0.54 1.15 0.73
3 0.55 1.17 0.73
4 0.53 1.11 0.73
5 0.53 1.11 0.73
6 0.55 1.18 0.74
7 0.54 1.16 0.73
8 0.54 1.14 0.74

average 0.54 1.15 0.73

Table 7.5: Column test with ethanol mobile phase at 22◦C; cA = cB = 0.01 g/l;
Vinj = 20 µl.
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on a SMB ROM.

7.3.3 Experiment 1: Plant-model mismatch

Uncertainty in the retention behavior of the species to be separated is very common

in SMB chromatography. This may result from measurement errors, temperature

deviations, dead volume, and changes in the packing characteristics. The controller

should be able to provide good separation performance under such conditions.

Therefore, a plant/model mismatch was deliberately introduced by designing the

controller on the basis of Henry constants that are different from the real ones in

the SMB plant. The following Henry constants were used to design the controller:

HA = 1.25, HB = 0.61. Note that these are different from those obtained

experimentally and reported in Table 7.5 i.e. HA = 1.15, HB = 0.54. This

experiment is aimed at demonstrating the performance of the controller in terms

of fulfilment of the required product specifications and achievement of optimal

separation performance despite uncertainties in the system behavior.

Figure 7.19: Product purities of extract and raffinate and the production cost (F).
Total feed concentration = 4.0 g/l. The controller is switched on after
cycle 5 in order to achieve a desired purity of minimum 98.0% for both
of the product streams.
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The plant was started up without the controller at an operating point correspond-

ing to the following operating conditions: mI = 1.39, mII = 0.59, mIII = 1.27,

mIV = 0.42. Total feed concentration of the racemate was 4.0 g/l and the

switching time was 88 seconds. The purity requirement was 98.0% for both product

streams. Fig. 7.19 shows the purities of extract and raffinate measured by the

online monitoring system, as well as the production cost, F, throughout the entire

operation. The production cost, F, is defined according to the cost function of the

optimization problem as:

F = λDQD − λF QF (7.7)

The controller is switched on after cycle 5 to fulfill the purity requirement and

to optimize the SMB process performance. The primary task of the controller is to

guarantee the product purities despite uncertainties and disturbances, i.e. to fulfill

process specifications, whereas the secondary task is to optimize the separation

performance in terms of productivity and solvent consumption, as reflected by the

minimization of the cost function F of Eq. (7.7) with λD = 2 and λF = 20. It

can be seen in Fig. 7.19 that the controller is able to fulfill the specified product

purities, on an average basis, through appropriate adjustments of the operating

conditions, despite the plant/model mismatch. However, locally the product

purities fluctuate around the set point. This is due to imprecise measurements of the

online monitoring system. If the products purities are above the specifications, there

is room for the controller to optimize the economics of the process. Nonetheless,

we observe in Fig. 7.19 that the production costs slowly increases. This is because,

the controller tries to fulfill the purity request by increasing the production cost

(i.e. by increasing the desorbent flow rate or decreasing the feed flow rate)when the

purity is slightly below the set value that results from the inexact measurements.

7.3.4 Experiment 2: Disturbance rejection, recycle pump

malfunctioning

The experimental run shown in Fig. 7.20 is divided in two parts. The first part,

i.e. from startup to cycle 83, aims to demonstrate that, for chiral separation,

the controller is able to fulfill the product specifications and optimize the process

performance also at a higher feed concentration (i.e. 6.0 g/l). To this aim, the

SMB unit is started up without controller under the same operating conditions

as in the previous experiment, i.e. mI = 1.368, mII = 0.590, mIII = 1.270,

mIV = 0.420. The controller is switched on after cycle 5 to fulfill a specified purity
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of P min ≥ 99.0% for both extract and raffinate. It can be readily observed from the

figure that the controller is able to meet the product specification although the low

accuracy of the online measurement lead to some fluctuations in the purity values

and to a suboptimal behavior of the cost function in this case.

The second part of the run, i.e. from cycle 84 to cycle 175, was aimed at

assessing the performance of the controller when the SMB plant is subjected to

disturbances. The most common SMB configurations require 4 to 5 pumps and

operational problems due to malfunctioning of the pumps are not uncommon.

Therefore, an evaluation of the performance of the controller when the recycle

pump starts to deliver 5% more flow from a certain time on, during the controlled

SMB operation, is of interest. Before investigating the behavior of the controller

under such circumstances, it is important to qualitatively understand the effect of

such a disturbance on an SMB plant operated without any controller. Note that

a 5% increase in the flow rate of section I leads to approximately, 7%, 6% and 8%

increase of the flow rates of section II, III and IV, respectively. Fig. 7.21 shows the

flow rates in the two central sections of the SMB unit as a function of time, thus

highlighting the sudden changes in the flow rates due to the disturbance occurring

at cycle 84. Qualitatively, this implies that the operating point shifts into the region

of the operating (mII , mIII) plane where only the extract is pure, thus leading to

a fast drop in the raffinate purity, which is clearly shown in Fig. 7.20. However,

the controller rejects the disturbance and recovers the product purity within 25

cycles, at the expense of the production cost which increases. Once the product

specifications are achieved, the cost is gradually optimized. Fig. 7.21 illustrates

that the implemented disturbance affects directly the flow rates in sections II and

III, which increase. One can see that after the disturbance the controller rapidly

decreases QII to fulfill the purity requirements (see Fig. 7.21-a). Then, the action of

the controller slowly optimizes the process performance by decreasing QIII (see Fig.

7.21-b). A combined effect of disturbance rejection and optimization is reflected in

the feed flow rate QF (see Fig. 7.21-c). These results demonstrate that the cycle

to cycle controller can assure product quality and optimize the performance of the

SMB unit in spite of major disturbances in the operation.
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Figure 7.20: Evolution of product purities of extract and raffinate and production
cost (F). Total feed concentration = 6.0 g/l. The controller is switched
on after cycle 5 in order to achieve a desired purity of above 99.0% for
both of the product streams. The disturbance on the recycle pump
(unknown to the controller) is implemented at the end of cycle 83 and
recycle pump delivers 5% more than it should do.
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Figure 7.21: Trajectory of the controller′s action in terms of flow rates in the central
two sections of the SMB unit throughout the operation.
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7.4 Separation of a chiral mixture using the

automated HPLC monitoring system

This section is devoted to the experiments performed for the separation of a racemic

mixture of the guaifenesin enantiomers using an automated HPLC monitoring

system [29].

7.4.1 Laboratory SMB unit

The same SMB unit as reported in Section 7.3.1 was used for these experiments.

The plant parameters of the SMB plant and of the properties of the mixture to

be separated is given in Table 7.6, the controller parameters are given in Table

7.7. The difference resides in the monitoring system as seen in Fig. 7.22. The

online monitoring system in this case is the automated HPLC monitoring system

presented in Section 7.1.3.

HPLC HPLC

Desorbent Extract Feed Raffinate

Figure 7.22: Scheme of the laboratory SMB unit for a chiral separation equipped
with an HPLC on-line monitoring system in extract and raffinate.

7.4.2 Materials and system characterization

The materials and characterization of the mixture to be separated, stationary phase

of the columns and solvent composition are the same as reported in Section 7.3.2.

The columns had to be repacked and characterized as reported in Table 7.8.

As presented in the past two sets of experiments, the first thing to investigate was

the plant/model mismatch scenario. For this purpose the controller was developed

using Henry constants even further away from the measured ones than in the
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Parameter Value

Mixture to be separated Guaifenesin enantiomers
Mobile phase Ethanol
Stationary phase Chiralcel OD
Feed concentration reported in each experiment
Temperature [◦C] 23
Number of columns 8
Column distribution 2/2/2/2 Closed loop
Column diameter [cm] 1
Column length [cm] 10
Nominal porosity ε 0.73
Switching time t∗, [s] 120
Henry constants HA = 1.15, HB = 0.54

Table 7.6: Physical parameters of the SMB laboratory plant and the racemic
guaifenesin enantiomer mixture.

previous cases (see Table 7.8). For the design of the controller the following Henry

constants were used: HA = 1.25 and HB = 0.61. The difference corresponds to

an error of 13% and 22%, respectively, and is well above the typical measurement

error for these physical properties. Note that the complete adsorption behavior

of the system to be separated has neither been measured, nor is known from the

literature.

7.4.3 Experiment 1: Set point tracking with different

initial conditions

The aim of this section is to demonstrate the ability of the controller to fulfill

the product specifications and to improve performance independently of the initial

conditions of the plant. To this aim runs A to D were carried out, where the plant

was started up from four different operating points, the controller was switched on

at cycle 5, the total feed concentration of guaifenesin was 0.75 g/L, the switch time

was 2.00 min and the purity specifications were 98.5% for both product streams.

Fig. 7.23 reports the operating trajectories in the (mII , mIII) plane, and shows

that for all four runs the final operating points reached by the controller are very

close, as demonstrated also by the final mII and mIII values listed in Table 7.9;

they deviate by less than 1.5% from each other. Fig. 7.24 and 7.25 show the time

evolution of extract and raffinate purities and of the performance indexes P.I. as

a function of the time, measured in cycles. The performance index P.I. reflects
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Optimization problem parameters
Parameter Value Parameter Value

Qmax [5.00 5.00 5.00 5.00]T λF 20
Qmin [0.00 0.00 0.00 0.00]T λD 4
∆Qmax [0.06 0.06 0.06 0.06]T λs1 = λs2 100
P min

E = P min
R 98.5% λs3 [30 60000 60000 30]

nc 1 cycle λs4 [1000 500 500 1000]
np 8 cycles

SMB ROM parameters

Parameter Value Parameter Value

N 64 Rw diag[10, 10, 10, 10]
[ng , ñeq] [40 , 20] Rv diag[1, 1, 1, 1]
mref [1.27, 0.59, 1.27, 0.59] HA, HB 1.25, 0.61
t∗,ref 120 s ε 0.73

Table 7.7: Parameters used for the optimization problem and the ROM building.
All the flow rate parameters are given in [mL/min]

Column No. HB HA ε

1 0.51 1.10 0.75
2 0.49 1.10 0.75
3 0.50 1.10 0.74
4 0.48 1.06 0.75
5 0.52 1.12 0.75
6 0.51 1.10 0.75
7 0.48 1.08 0.74
8 0.51 1.10 0.74

average 0.50 1.10 0.75

Table 7.8: Column test with ethanol as mobile phase at 23◦C; cA = cB = 0.01 g/L;
Vinj = 20 µl.
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Figure 7.23: Trajectories of the operating points for runs A to D of Experiment 1.
The zoom illustrates the position of the final operating points indicated
with the filled markers.

the process performance in terms of solvent consumption and productivity and is

defined as P.I. = (λD QD − λF QF ), with λD = 4 and λF = 20.

From Figs. 7.23 - 7.25, it is apparent that the controller first drives the operation

towards the region of complete separation to fulfill the product purities. Once the

product specifications are achieved, within less than 20 cycles for all four runs, the

performance index is gradually decreased by increasing the feed flow rate and by

reducing the solvent consumption. For all four runs the controller achieves almost

the same performance index (see Table 7.9), however the number of cycles needed

to do so varies with the location of the start up point in the (mII , mIII) plane, as

shown in Fig. 7.24 and 7.25 . Taking into account the non-ideality of the system,

e.g. axial dispersion, mass transfer resistance and differences among the columns, it

can be concluded that the final operating points of our experiments are close to the

point of maximum productivity predicted by the ”triangle theory”, i.e. the vertex

of the triangle of complete separation [36]. This set of experiments proves that the

final operating point reached by the controller is unique and does not depend on

the initial operating conditions.

7.4.4 Experiment 2: Disturbance rejection, recycle pump

malfunctioning

The following experiments address one of the common problems observed in SMB

separation, namely the malfunctioning of pumps during operation, in this case the
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Figure 7.24: Purities of the product streams and performance index (P.I.) as a
function of time measured in cycles for the operating points A and B
shown in Fig. 7.23. Total feed concentration cF= 0.75 g/L.
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Figure 7.25: Purities of the product streams and performance index (P.I.) as a
function of time measured in cycles for the operating points C and D
shown in Fig. 7.23. Total feed concentration cF = 0.75 g/L.
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Initial values Final values
Run mI mII mIII mIV mI mII mIII mIV P.I.
A 1.210 0.233 1.231 0.284 1.333 0.460 0.960 0.222 -5.46
B 1.210 0.437 1.231 0.284 1.367 0.466 0.967 0.234 -5.39
C 1.199 0.233 1.036 0.272 1.282 0.455 0.959 0.163 -5.46
D 1.210 0.436 1.048 0.284 1.251 0.458 0.953 0.213 -5.64

Table 7.9: Initial and final operating conditions for runs A to D in terms of mj

(j = I, . . . , IV ) and the final value of the P.I.

malfunctioning of a recycle pump is studied here. This is a challenging scenario since

the recycle pump is located before section I and therefore affects the flow rates in all

four sections of an SMB. The disturbances is introduced by changing the calibration

of the corresponding pump during the ongoing experiment. As a consequence, the

flow rates dictated by the controller differ from the ones implemented in the SMB

unit. Therefore, after introducing these permanent disturbances the controller is

confronted with an SMB unit governed by different dynamics than before. Note

that these disturbances are unknown to the controller and the controller experiences

their effect only through the feedback information from the plant. The operating

conditions in terms of total concentration, switch time and purity requirement are

the same as in the previous case study.

The disturbance was introduced by changing calibration of the recycle pump at

cycle 62 so as to increase the flow rate delivered by the recycle pump by 4%. The

time evolution of the purities and the performance index can be seen in Fig. 7.26.

In order to analyze the performance of the controller under such circumstances, it

is important to qualitatively understand the impact of such a disturbance on the

SMB separation. If the recycle pump starts to deliver higher flow rates, the flow

rates in all four sections of the SMB are increased and the operating point is shifted

up to the right in the (mII , mIII) plane (see Fig. 7.27). Again, the operating point

is shifted towards the region of pure extract, which makes the purity of the raffinate

go down but within less than 20 cycles the controller recovers the specifications, as

shown in Fig. 7.26. From Fig. 7.28, it is apparent that the flow rate in section II is

affected by the recycle pump disturbance. In order to recover the raffinate purity

as fast as possible the controller decreases the feed flow rate and in the second step

of the disturbance rejection it slowly increases the feed flow rate to improve the

process performance.

At the end of this experiment the flow rates QII and QIII as well as the feed flow

rate are almost the same as before the disturbance, as it can be seen in Fig. 7.28.

Note that the value of the performance index at the end of the disturbance rejection
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performance index (P.I.) as a function of time measured in cycles.
After 62 cycles the recycle pump delivers 4% more than its set point.
Total feed concentration cF = 0.75 g/L.

differs from the one present before the disturbance. This difference comes from the

fact that the operation does not reach the same flow rates QI and QIV before and

after the disturbance. The difference between the optimal and actual flow rates

attained by the controller in section I and IV had also been observed in simulations

of various SMB separations as presented in Section 5.2 [26].
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mIIII

mII

Figure 7.27: Recycle pump disturbance. Shift of the operating point in the
(mII , mIII) plane due to the recycle pump disturbance: trajectory
of the operating conditions before (– –) and after(—) the disturbance;
operating point before and after the disturbance (▽).
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II
II
I

Figure 7.28: Internal flow rates for the central sections of the SMB plus the feed
pump flow rate for the rejection of the recycle pump disturbance. The
dotted lines indicate the occurrence of the disturbances.
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7.4.5 Experiment 3: Impact of total feed concentrations on

the final operating point

The aim of this section is to demonstrate that the controller can deliver the specified

purities and maximize the process performance only with the knowledge of the

linear adsorption behavior, even if the separation under investigation is governed

by an unknown nonlinear adsorption isotherm.

Six different experiments were carried out with total feed concentrations of 0.75,

4.0, 8.0, 10.0, 14.0, and 18.0 g/L. For all the runs the same minimal purity

requirements were specified for both product streams, namely 98.5%. This allows

to track the final operating point of each control run and eases the comparison

among them. The unit was always started up with initially clean columns, i.e.

before each experiment the unit is carefully flushed with pure solvent to completely

remove any adsorbed compound. All experiments were carried out at a constant

switch time of t∗ = 2.00 min, and the initial and final operating conditions in

terms of mj (j = I, . . . , IV ) are listed in Table 7.10. The same configuration of the

controller was used in all six experiments with the controller switched on at cycle 5.

Fig. 7.29 a-f show the time evolution of extract and raffinate purities, and of the

performance index (P.I.) as a function of the cycle number together with the

trajectories of the operating conditions in the (mII , mIII) plane for the six runs

A to F. The performance index to be minimized is the same for all the cases, with

λF = 20 and λD = 4.
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Figure 7.29: Purities of the product streams and performance index (P.I.) as a
function of time measured in cycles together with the trajectories in
the (mII , mIII) plane for runs A and F of Section 7.4.5.
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Run Feed Initial values Final values PR
[g/L] mI mII mIII mIV mI mII mIII mIV [g/(min L)]

A 0.75 1.199 0.233 1.048 0.272 1.272 0.458 0.954 0.174 0.023
B 4.0 1.212 0.334 1.097 0.303 1.229 0.447 0.916 0.192 0.117
C 8.0 1.212 0.334 1.04 0.303 1.235 0.422 0.884 0.189 0.231

C(2) 8.0 1.243 0.414 0.876 0.182 1.243 0.421 0.883 0.182 0.231
D 10.0 1.211 0.334 0.996 0.303 1.243 0.414 0.876 0.182 0.289
E 14.0 1.211 0.334 0.975 0.232 1.180 0.401 0.844 0.105 0.388
F 18.0 1.211 0.334 0.955 0.303 1.312 0.396 0.833 0.123 0.492

Table 7.10: Total feed concentrations of runs A to F together with the initial and
final operating conditions for runs A to F in terms of mj (j = I, . . . , IV )
and the final value of the productivity PR. The initial values of run
C(2) correspond to the final values of run D.

From Fig. 7.29, it is apparent that for all experiments the minimum purity

specification is fulfilled within less than 40 cycles and even faster in the cases of

A, B, C and D. Nevertheless, a correlation between the time needed to fulfill the

minimum purity constraints and the total feed concentration can not be established

for the runs A to F, since the position of the initial operating point in the (mII , mIII)

plane affects the time required to fulfill the minimum purity specifications.

The final operating points, which correspond to the points of maximal productivity

that fulfill the purity specifications of 98.5%, are shown in the (mII , mIII) plane of

Fig. 7.29 and are denoted with a different marker for each of the runs. Plotting all

the final operating points of runs A to F in one (mII , mII) plane as done in Fig. 7.30,

it is easy to identify a trend among them: with increasing feed concentration the

final operating point that maximizes the productivity and minimizes the solvent

consumption for a given purity shifts down to the left. This is the same trend

predicted by the ”triangle theory” for the point of maximal productivity and

complete separation ”W”, for systems with Langmuir-type adsorption behavior as

shown in Fig. 7.31. The productivity values reported in Table 7.9 were calculated

using Eq. 2.7, together with the final values for mII and mIII . From Table 7.9,

it is apparent that the productivity PR at steady state conditions increases with

the total feed concentration from run A to F. This result is expected for a system

following a Langmuir-type adsorption behavior [36].

Two important conclusions can be drawn from this set of experiments. Firstly, these

results clearly demonstrate the capability of the controller to fulfill the process

and product specifications whatever the feed concentration is and regardless of
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the adsorption behavior that governs the SMB process. Secondly, the impact

of increasing the feed concentration on the final operating point has been

demonstrated experimentally and is consistent with the one predicted by the

”triangle theory” for systems governed by a Langmuir-type adsorption isotherm.

The results presented here represent a major improvement compared to previously

presented experimental results where the operation at high feed concentrations was

infeasible due to limitations of the monitoring device [27].

7.4.6 Experiment 4: Change of feed mixture during

operation

An important fact to be demonstrated about the controller is, whether the final

operating point reached by the controller in the (mII , mIII) plane is unique or

not. To address this question one of the runs presented in the previous case study,

namely run D, was disturbed after reaching the final operating point. The following

paragraph describes the exact experimental procedure and analyzes the results.

The steady state operation of run D was disturbed by reducing the concentration of

the feed at cycle 105 from 10 g/L (run D) to 8 g/L (run C). Fig. 7.32 (a) shows the

time evolution of the extract and raffinate purities and the performance index P.I.

as a function of the cycle number. Fig. 7.32 (b) reports the corresponding operating

trajectory for experimental run D. As a result of the change in feed concentration,

the extract purity drops below the specifications but is recovered within less than

20 cycles, whereas the raffinate purity increases (see Fig. 7.32 (a)). The difference

between the raffinate purity and the minimum specified purity reflects the gap that

can be exploited by the controller for optimization.

In the first part of experimental run D, the controller drives the operation from

the initial point to the final operating point indicated with D, as can be seen in

Fig. 7.32 (b). Once the feed concentration has been changed to cF = 8 g/L, the

controller successfully rejects the disturbance and moves the operation to the point

denoted with C(2). For comparison the end point of experimental run C, i.e. for

the experiment where the SMB unit was started up with clean columns and a feed

concentration of cF = 8 g/L from the beginning, is plotted as well and is denoted

as C. The two final operating points C and C(2) lie virtually on top of each other, as

demonstrated also by the final mII and mIII values listed in Table 7.9. Furthermore,

the final operating point C(2) fits very well into the general trend of final operating

points for increasing total feed concentrations presented in Fig. 7.30. This result

proves that the final operating point guaranteeing a minimal specified purity and at

the same time maximizing the process performance is unique and can be reached
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by the controller independently of the initial conditions within the experimental

accuracy.
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ized by a Langmuir adsorption isotherm as a result of increase in the
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Figure 7.32: Change of feed concentration during operation. (a) Purities of
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time measured in cycles. After 105 cycles the feed concentration is
reduced from 10 g/L to 8 g/L. (b) Trajectory of the operating points
for experimental run D. Final operating points C and C(2) for the
Experiments 3 and 4, respectively.
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7.4.7 Experiment 5: Purity requirements above 99%

The on-line monitoring system used in this work is based on HPLC measurements.

This analytic technique allows for precise and accurate determination of the

impurities. The following case study presents a scenario that exploits this advantage

of the automated on-line HPLC monitoring system and specifies rather high

minimal purities for the two product streams, namely 99.25%. A feed mixtures

of cF = 4 g/L was fed to the SMB unit with initially clean columns. The evolution

of the purities and the performance index are shown in Fig. 7.33. The controller

was turned on at cycle 10 and within 30 cycles the purities are brought to the

specified level and are held constant for the rest of the operation.

From Fig. 7.33 it is apparent that the controller manages to fulfill the purity

specifications and the final value of the performance index is P.I. = −4.65. This

value is higher than the final value of the performance index of experimental run B

with a purity specification of 98.5% (see Fig. 7.29), i.e. P.I. = −5.13. This was to

be expected since the feed flow rate has to be reduced to achieve higher purities,

which in turn results in an increase of the performance index.
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and purity specification 99.25 %.



7.5 Concluding remarks 185

7.5 Concluding remarks

In this chapter we have presented the experimental implementation of the cycle to

cycle optimizing controller in a laboratory scale SMB unit for achrial and chiral

separations under linear and nonlinear chromatographic conditions. The achiral

separation of the nucleosides uridine and guanosine and the chiral separation of a

racemic mixture of the guaifenesin enantiomers were considered.

Three different online monitoring techniques were presented. The first online

monitoring technique based on UV-detectors was used for the achiral separation

of the nucleosides. The control runs achieved satisfactory performances as it can

be exemplarily seen in Fig. 7.8. The second online monitoring technique used for

the chiral separation of the guaifenesin enantiomers was based on the combination

of a UV-detector and a polarimeter. The performance of the controller was not

satisfactory due to the limitations imposed by the accuracy of the polarimeter. As

a third monitoring technique, a new automated on-line HPLC monitoring system

was effectively developed and used to measure the average concentration of the

product streams. This monitoring system overcomes the limitations imposed by

optical detectors used in the previous case to monitor the concentrations of chiral

species. Its accuracy and reliability are evident from the quality of the purity

measurements presented along this chapter and from the 900 cycles of experiments

reported in the experiments, which correspond to 10 days of non-stop operation.

For the sake of comparison, the experimental SMB separation of the guaifenesin

enantiomers using the optical monitoring system and the HPLC monitoring system

from sections 7.3.3 and 7.4.5, respectively, are plotted in the same scale in Fig.

7.34. Both experiments correspond to the SMB separation of a mixture with total

feed concentration of 4 g/L of the racemic mixture of guaifenesin enantiomers. The

accuracy of the measurements and improvements of the control performance by

using the HPLC monitoring system becomes evident from these two plots.

The experimental runs were designed to challenge the performance of the con-

troller under linear and nonlinear chromatographic conditions. The experimental

results have clearly validated the most valuable asset of the cycle to cycle controller:

the controller can deliver the specified purities and maximize the productivity

with the knowledge of the linear adsorption behavior only, even if the separation

at stake is governed by an unknown nonlinear adsorption isotherm and despite

major disturbances in the SMB unit. This is a major breakthrough since the time

consuming task of determining the complete adsorption isotherm of a new mixture
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to be separated becomes redundant. The controller and the approach presented

in this thesis offer a fast and reliable way to set up chiral SMB separations in a

shorter time.
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8

′Cycle to cycle′ optimizing control

of MCSGP processes

The determination of the physical properties and adsorption behavior of biomole-

cules can be considered in the general case to be more complex than for small

molecules. Effects like conformational changes of the biomolecules and molecular-

size dependent porosities affect the adsorption behavior of the mixture and can

be accounted for to a limited extent in the models. The uncertainty related to

these phenomena impacts the design and operation of the MCSGP process. It is

of great interest to have an automatic control scheme, similar to the SMB cycle to

cycle controller, that would guarantee the fulfillment the process specifications while

improving the economic performance of the unit. The experience gained during the

development of the optimizing control of SMB processes and the tools developed

for it motivated us to consider the optimal operation of the MCSGP process as the

next challenging problem to tackle. This chapter is devoted to presenting the first

automatic control scheme applied to the MCSGP process.

This chapter1 is structured as follows. First the model predictive control (MPC)

framework for the cycle to cycle control concept is presented in detail. Then

the effectiveness of this control approach is assessed and demonstrated through

simulations on a virtual MCSGP unit for the separation of two mixtures, a

monoclonal antibody variant mixture and a peptide mixture. Finally, conclusions

and outlooks are discussed.

8.1 Control concept

The core of the control concept is the integration of the optimization and control of

the MCSGP unit. A scheme of the control concept is shown in Fig. 8.1. The

1C. Grossmann, G. Ströhlein, M. Morari, M. Morbidelli Optimizing control of MCSGP processes,
J. Process Control, in preparation, 2009

189
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control problem is formulated as a constrained dynamic optimization problem

within the MPC framework [49]. The productivity represents the cost function

to be optimized, while the hardware restrictions and product quality specifications

are imposed as constraints. The controller makes use of a ROM to predict and

optimize the performance of the unit over a predefined number of cycles, the so-

called prediction horizon, np. The solution of the optimization problem yields a

sequence of optimal control actions over the prediction horizon. This scheme is

implemented according to a receding horizon strategy, i.e., the first element of

the calculated optimal control action sequence corresponding to the current cycle

is implemented, and the remaining calculated optimal inputs are discarded. The

prediction horizon is shifted by one time step and as new measurements become

available; an optimization problem based on the new estimate of the plant state

is solved. The new state estimate is calculated using a Kalman filter. The

measurements, optimization and control actions are performed at the beginning

of every cycle. The manipulated and measured variables are defined in detail in

Section 3.1.4.

Kalman

Filter

Kalman

Filter

Controller
Manipulated

Variables U

Purity

+ productivity

Measurements y

Kalman Filter

Objectives
MCSGP Process

1 2 31 2 31 2 3

1 2 31 2 3

Figure 8.1: MCSGP cycle to cycle control concept.

8.1.1 System dynamics

An MCSGP ROM is used for the cycle to cycle control concept and can be cast

as in Eq. (5.1). For numerical efficiency the system dynamics are incorporated as

equality constraints where the states and inputs will be the decision variables of

the optimization problem described in the following [81].
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8.1.2 MPC formulation

Similar to the case of the SMB process, the controller has two main tasks. First,

it should fulfill the product specifications while respecting the process constraints.

Second, the controller should optimize the performance of the unit with respect

to a given economic criterion. These tasks can be cast as a linear program (LP),

which will be described in this section. The main idea is to incorporate the product

specifications and process limitations as constraints in the LP, while the economic

criteria represent the objective function of the optimization problem. Furthermore

the system dynamics are included as equality constraints of the LP for numerical

efficiency [81]. Each one of these points is discussed and presented in the following.

Product specifications and process limitations

The target compound T is required to have a minimum purity. The average purity

over cycle k of the outlet stream Q5 is defined as

P ave
k =

ĉT,5,k

ĉS,5,k + ĉT,5,k + ĉW,5,k
(8.1)

where each one of the average concentrations can be computed according to Eq.

(3.30) for all components in stream Q5 collected during cycle k. Eq. (8.1) is a

nonlinear function of the concentration and flow rates and has to be linearized to

be compatible with the LP formulation. The average purity function is linearized

around the value of the previous cycle. The constraints for minimum purity over

the prediction horizon np, can then be formulated as

P ave
l ≥ P min − s1 with s1 ≥ 0 (8.2)

for l = k + 1, ..., k + np

where s1 is a slack variable to soften the output constraint and avoid infeasibility

problems. To account for the process limitations the manipulated variables are

constrained with lower and upper bounds.

Qmax
j ≥ Qj,l ≥ Qmin

j

cmax
j ≥ cin

M,j,l ≥ cmin
j for j = 1, 2, 3, 5 (8.3)

l = k + 1, ..., k + np
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In this work the inputs are cycle-wise constant, i.e. we assume that the same

flow rates and modifier concentration profiles will be implemented during the

countercurrent operation of a given cycle k, i.e. Qj,k and cin
M,j,k for j = 1, 2, 3

will be the same for the switching positions p = 1, 3, 5. The same holds true for

the inputs during the batch operation of cycle k, Q5,k and cM,5,k will be the same

for the switching positions p = 2, 4, 5. Furthermore, only linear modifier gradients

are allowed.

A smooth operation of the plant in terms of maximum allowable changes in the

flow rates are formulated as inequality constraints of the following form

∆Qj
max ≥ |∆Qj,l| (8.4)

∆cmax
j ≥ |∆cin

M,j,l| for j = 1, 2, 3, 5 (8.5)

l = k + 1, ..., k + np

where ∆Qj,k = Qj,k −Qj,k−1 and ∆cin
M,j,k = cin

M,j,k − cin
M,j,k−1. It is also advantageous

to reduce the changes of the controller inputs by penalizing them in the cost function

via non-negative slack variables.

sQ
j ≥ |∆Qj,l| (8.6)

sc
j ≥ |∆cin

M,j,l| for j = 1, 2, 3, 5 (8.7)

l = k + 1, ..., k + np

Cost function

The economic objective considered here is to maximize the productivity Pr.

Prk = Load · Yk (8.8)

The productivity Pr is the product of the load and the yield, which are defined as

Load =
Q6 cFeed

T t∗batch

V (t∗batch + t∗cc)
(8.9)

Yk =
ĉT,5,k

cFeed
T

(8.10)

where V is the volume of one column. The load is the amount of target compound

T per column volume loaded in the unit per time unit. We define the yield of cycle
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k, Yk as the ratio between the average concentration of component T at the outlet of

the column downstream of pump P5, ĉT,5,k and the feed concentration of component

T , cFeed
T . Note that only the term ĉT,5,k depends on the cycle number k and can

be manipulated by the controller in order to maximize the productivity. ĉT,5,k can

be computed with Eq.(3.32), which is a nonlinear function of the input Q5 and

the output cout
T,5. In order for the economic objective to be compatible with the LP

formulation adopted in this work, the productivity term is linearized around values

of the previous cycle.

The cost function is defined to maximize the productivity over a given prediction

horizon np

min
∆U

(np)

k
Z̄

(np)

k

− Pr(np) + λT
s s (8.11)

where Pr(np) is the cumulative productivity over the prediction horizon np. Note

that minimizing −Pr(np) is the same as maximizing Pr(np). The slack variables are

concatenated in vector the vector s. The weighting vector λs penalizes the different

slack variables. ∆U
(np)
k and Z̄

(np)
k are the manipulated variables and states over the

prediction horizon np, respectively, to be chosen by the optimizer .

The set of inequalities in (8.2) - (8.7), the system dynamics incorporated as

equality constraints and the cost function (8.11) complete the formulation of the LP,

which comprises 8950 variables, 10753 inequality and 12680 equality constraints.

The software YALMIP was used to formulate the optimization problem [82]. A

commercial solver, ILOG CPLEX 10.0 was used to solve the LP. The maximum

computation time was found to be less than 1 s in a PC with a 2.4 GHz Intel Core

2 Quad processor.

8.2 Simulation results

This section is devoted to asses the performance of the controller on a virtual

MCSGP plant. The separation of two different systems has been considered. The

separation of a mixture of monoclonal antibody (MAb) variants is compared with

experimental data from literature in case study 1 [21]. Case study 2 considers the

separation of a peptide mixture.
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Parameter W T S

αi [-] 6.17 · 106 2.03 · 107 1.29 · 108

βi [-] -8.02 -8.58 -9.51
γi [g/L] 35 35 35

Table 8.1: Isotherm parameters of the model mixture

Parameter Value

t∗cc [min] 35
t∗batch [min] 10
Q4 [mL/min] 0.75
Q6 [mL/min] 1.00
Gradient of cin

M,4 [g/L] 9.0-9.0
Gradient of cin

M,6 [g/L] 4.0-4.0

Table 8.2: Fixed operation parameters

8.2.1 Case Study 1: Monoclonal antibody variant system

This case study considers the separation of three antibody variants reported in

[21]. The experimental results are used as a benchmark for this case study. The

experimental results for the purification of the three antibody variants in single-

column batch chromatography achieved a purity of less than 80% and a yield of

10%. A 3-column lab-scale MCSGP unit described in Section 2.2 was used for the

same task and tuning the operating parameters manually increased the purity to

93% and the yield to 93%. Therefore the controller is required to achieve a purity

of at least 93% and maximize the yield.

The isotherm parameters and the values that remain fixed throughout the control

runs as introduced in Section 3.1.3 are reported in Tables 8.1 and 8.2, respectively.

The operating conditions used for the linearization of the full order model are

reported in Table 8.3. Note that the modifier gradients cM,j contain always two

values, which report the initial and the end concentration of the modifier’s linear

gradient that is repeated every cycle.

The MCSGP unit is started up and operated for 100 cycles at the conditions

given in Table 8.3. Fig. 8.2 shows the time evolution of the yield and the purity

for this case study. At cycle 100 and before turning on the controller, the purity

value is P = 24.15% while the yield value is Y = 49.58% and the operation is

at steady state. When turned on, the controller manages to bring the operation

to the specified purity of 93% within 15 cycles. The actions of the controller are
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Parameter Value

Q1 [mL/min] 1.00
Q2 [mL/min] 1.60
Q3 [mL/min] 1.80
Q5 [mL/min] 0.22
Gradient of cin

M,1 [g/L] 4.6 - 5.6
Gradient of cin

M,2 [g/L] 3.7 - 4.4
Gradient of cin

M,3 [g/L] 5.8 - 5.8
Gradient of cin

M,5 [g/L] 5.0 - 5.0

Table 8.3: Reference and start-up operation parameters

reported in Fig. 8.3. At the beginning of every cycle the controller is allowed to

change all 12 inputs, i.e. the four flow rates, the four initial and four final points

of the linear modifier gradients reported in Table 8.3. The controller chooses to

manipulates only the flow rates Q1, Q2 and Q5 and the modifier gradients at the

inlet of column 1 and 2. There is a period of time, between cycle 100 and 160

where the yield values is above 100 %. This is a transient effect caused by the

controller’s actions that disappears after some cycles. After 80 cycles the operation

reaches a new steady state where the purity value is P = 95.36% and the yield

value Y = 99.99%. Figs. 8.4(a)-(c) show the average concentration of the three

components W , T and S at the outlet streams Q5. It can be observed that before

the controller is turned on at cycle 100, the concentration of the impurity S in the

product stream Q5 is cS,5 = 0.2850 g/L and makes up for the low initial purity of

P = 24.15%. Once the controller is turned on, the concentration of this component

is driven to cS,5 = 0.0028 g/L. The concentration of the component W in the

same stream after the controller actions is cS,5 = 0.0073 g/L, which gives the final

purity of P = 95.36%. Figs. 8.4(d) and (e) show the concentration of the target

component T in the outlet streams Q4 and Q6, respectively. During the whole

operation no target compound is lost in the stream Q4. In the outlet stream Q6

some target compound is lost before the controller is switched on, but rapidly after

the controller’s actions, the concentration cT,6 drops towards zero increasing the

yield to Y = 99.99%.

This case study shows that the optimizing controller is able to meet the

specifications in terms of required purity and to maximize the productivity, which

can only be achieved by increasing the yield, since the load is fixed, see Eq. (8.8).
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Parameter Value

t∗cc [min] 7
t∗batch [min] 2
Q4 [mL/min] 4
Q6 [mL/min] 1.10
Gradient of cin

M,4 [g/L] 400 - 200
Gradient of cin

M,6 [g/L] 160 - 160

Table 8.4: Fixed operation parameters

8.2.2 Case Study 2: Peptide system

This case study considers the separation of a mixture of peptides. The system

is classified and the form of the isotherm cannot be disclosed. The values that

remain fixed throughout the control runs are reported in Table 8.4. The operating

conditions used for the linearization of the full order model are reported in Table

8.5.

The MCSGP unit is operated at the startup conditions for 50 cycles until steady

state is reached. The initial purity of the mixture is of 96.6% and is required to

remain higher than 95% as shown in Fig. 8.5. The initial operating point of the

MCSGP point reaches a yield of 72.8% that is to be increased. The controller is

turned on at cycle 51. The controller decreases slightly the flow rate Q2 at the

beginning of the operation and increases over a longer period of time the flow rate

Q5 as seen in Fig. 8.6. The average concentrations of the three components in the

outlet stream Q5 are reported in Fig. 8.7. It can be seen in Figs. 8.7(a) and (c)

that the concentration of the two impurities, W and S in the product stream Q5

are decreased after the concentration of the target component is decreased in Fig.

8.7(b). This makes the final purity to be roughly the same as the initial one, i.e

96.7%. On the other hand, the biggest loss of target compound at cycle 50 happens

in the outlet stream Q4 as seen on Fig. 8.7 (e), where the concentration of the target

is cT,4 = 0.23 g/L. This amount of target compound is decreased to cT,4 = 0.005

g/L by cycle 150. The concentration of the target compound in outlet stream Q6

is decreased from cT,6 = 0.06 g/L in cycle 50 to cT,6 = 0.01 g/L at the end of the

operation. The final yield is 97.5 % which represents a substantial improvement of

the initial value of 72.8% while keeping the same purity of 96.7%
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Parameter Value

Q1 [mL/min] 1.22
Q2 [mL/min] 2.22
Q3 [mL/min] 2.32
Q5 [mL/min] 0.80
Gradient of cin

M,1 [g/L] 215 - 250
Gradient of cin

M,2 [g/L] 210 - 210
Gradient of cin

M,3 [g/L] 150 - 150
Gradient of cin

M,5 [g/L] 230 - 230

Table 8.5: Reference and start-up operation parameters
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8.3 Concluding remarks

This chapter presented an optimizing controller for the MCSGP process based on

linear model predictive control (MPC). A 3-column MCSGP process is considered

for the separation of two different systems: an antibody variant separation and a

peptide separation. The 3-column MCSGP process was described and presented

in a framework suitable for describing multi-column chromatographic processes in

Chapter 2.

A fundamental part of the proposed control concept is the linear dynamical

model that describes the evolution of the process on a cycle to cycle basis. A first

principles model describing the dynamics of the MCSGP process was derived and

cast in a general formulation in Chapter 3. The full order, nonlinear, hybrid, first

principle model is then simplified in a number of steps that yield a reduced order

linear model to be used in the MPC formulation.

The optimization problem solved in the MPC problem at every cycle aims at

maximizing the productivity of the process while respecting the process limitations

and product specifications. The optimization problem is formulated as a linear

program (LP) where the cost function considers the maximization of the yield, since

the load was fixed in this case. The process limitations and product specifications

given in terms of minimal purity of the target compound are considered as

constraints of the LP.

The simulation results for the monoclonal antibody variant separation are

consistent with the experimental works previously reported in the literature [21].

An improvement in terms of yield and purity were observed in the simulations as

compared to the experiments. A purity of 95% and a yield of 100% were achieved

by the controller, while the manually tuned operating conditions achieved a purity

of 93% and a yield of 93%.

The controller was able to improve the separation of the peptide system. The

initial operating point that achieved a purity of 96% and a yield of 73% was moved

to an operating point, where the purity remained at 96% and the yield was increased

to 97%.

These results open up interesting research questions for the experimental imple-

mentation of optimizing model predictive controllers in continuous chromatographic

processes. The main challenge will be the online monitoring of the process in

order to be able to measure accurately the information needed as feedback for

the controller. This is not a trivial task at all for bio-molecules. It is reasonable

to think about using a combination of analytical techniques in order to gain the

information needed online. Different analytical techniques for the online monitoring
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of bio-molecules may work at widely varying time scales, e.g. HPLC analysis and

UV detectors, which would require an optimizing model predictive controller for

multi-rate sampled-data systems similar to the one presented for the SMB process

in Chapter 6. Solid theoretical works set the foundation for the control of multi-rate

sampled-data systems [85] and the first applications of multi-rate process control

have been reported recently in the literature [26, 79].
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9

Conclusions and Outlook

This thesis presented optimizing control schemes for multi-column chromatographic

processes. Two multi-column chromatographic processes have been considered in

the frame of this work: the simulated moving bed (SMB) process and the multi-

column solvent gradient purification (MCSGP) process.

The cycle to cycle optimizing control scheme presented in this thesis is based

on linear MPC, hence a fundamental part of this approach is the linear model

that describes the time evolution of the process on a cycle to cycle basis. Two

different approaches to building the linear models have been discussed. The first

is a modeling framework to describe multi-column chromatographic processes with

full order, nonlinear, hybrid, first principle models that can be cast in a general

formulation. This formulation is then simplified in a number of steps that can be

automated in a software to yield a reduced order linear model for use in the MPC

formulation.

The second approach is a system identification method that can be used to

build linear dynamical models of low order from input/output data. The system

identification method, called NucID, is shown to be superior to common system

identification techniques when applied to sets of data with missing entries, as

is usually the case in the process industry. The NucID method allows one to

build reduced order models from data sets with missing entries or identification

experiments, where samples do not have to be taken at every point in time where

the inputs are changed. This would lower the cost and waste of the products during

the identification experiment. The reduced order models identified with the NucID

method had a lower order and lower prediction error than the reduced order first

principles models built from the simplification procedure presented in Chapter 3.

The performance of the cycle to cycle controller for the SMB process was assessed

both through simulation studies and experimental works. The simulations evaluate

the performance of the controller under a wide range of nonlinear chromatographic

conditions described by the generalized Langmuir isotherms. The results showed

205
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that even without the knowledge of the underlying nonlinear adsorption behavior,

it is possible to operate an SMB at maximum productivity while fulfilling purity

constraints by using the cycle to cycle control schemes. The cycle to cycle controller

was found to be less effective in the minimization of the desorbent consumption.

However, the main interest in SMB practice is the quick fulfillment of the purity

constraints and the maximization of the feed throughput, while the desorbent

consumption is usually not the decisive criterion. It can be concluded that the

benefits gained by using the cycle to cycle controller in terms of reliable fulfillment

of the purity requirements and increased productivity are worth the suboptimal

level of desorbent consumption. The simulation studies also showed that the cycle

to cycle controller can effectively use the four sectional flow rates and the switch

time of the SMB unit as manipulated variables in order to further increase the

productivity of the process. It depends on the specific instance, but the productivity

can be improved by up to 20 % as reported in the simulation results.

Experimental implementation of the cycle to cycle controller has been carried

out for achiral (mixture of uridine and guanosine) and chiral (a mixture of

Guaifenesin enantiomers) separations in an 8-column laboratory scale SMB unit.

The monitoring technique used for the achiral separation, a multiwavelength UV

absorbance detector, allows one to perform very accurate measurements of the

average concentration of the product streams needed as feedback information.

The controller was able to fulfill the purity constraints while maximizing the

productivity. Unfortunately the monitoring technique is not applicable to chiral

mixtures since enantiomers have the same absorbance spectrum and cannot be

distinguished by this technique alone.

In the frame of the chiral SMB separations two different monitoring techniques

were developed and implemented. The first technique combines a UV detector

and a polarimeter that measure the absorbance of UV light and the rotation of

polarized light, respectively. Substantial effort had to be invested in circumventing

the limitations imposed by the polarimeter. Even though the controller fulfilled

the purity constraints within the experimental accuracy, the performance of the

controller was hindered by the low accuracy of the polarimeter. The second

monitoring technique was an HPLC online monitoring system to analyze the

average concentration of the product streams from cycle to cycle. This monitoring

system overcomes the limitations imposed by optical detectors to monitor the

concentrations of chiral species. Its accuracy and reliability are evident from the

quality of the purity measurements presented by this thesis. The HPLC monitoring

system represents a valuable contribution to monitor and control SMB separations,

especially in the frame of the cycle to cycle optimizing controller.
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The experimental runs were designed to challenge the performance of the con-

troller under linear and nonlinear chromatographic conditions. The experimental

results have clearly validated the most valuable asset of the cycle to cycle controller:

the controller can deliver the specified purities and maximize the productivity even

if the separation at stake is governed by an unknown nonlinear adsorption isotherm

and despite major disturbances in the SMB unit. This is a major breakthrough

since the time consuming task of determining the complete adsorption isotherm of

a new mixture to be separated becomes redundant. The modeling framework and

controller approach presented in this thesis offer a fast and reliable way to set up

chiral SMB separations in a shorter time.

Going a step further, in the case of chiral separations it can be advantageous to

combine different monitoring techniques to get a better and more robust control

performance. This thesis proposes also a multi-rate control scheme that extends the

capability of the cycle to cycle controller to make use of additional measurements

that may work at widely varying time scales, e.g. HPLC analysis and UV detectors.

The multi-rate controller is based on MPC and requires a linear dynamical model

as well. The multi-rate linear model needed for the controller was derived from

the general model formulation for multi-column chromatographic processes and

applied to the SMB process. Its performance was assessed through simulations on

the chiral separation of the guaifenesin enantiomers. In this scheme the controller

gets feedback information from the UV signal and can manipulate the variables

also within the cycle, therefore a better performance and faster response times as

compared to the single-rate cycle to cycle controller can be achieved as shown in the

results. The biggest advantage of this approach is the ability to detect regeneration

problems in the fluid and solid phase of the SMB process, which cannot be done

with average concentration measurements alone.

The cycle to cycle controller was implemented for the MCSGP process as well.

Its performance was assessed through simulations on a virtual MCSGP plant. Two

different mixtures to be separated are considered: an antibody variant separation

taken from literature [21] and an industrial example which is a classified mixture of

peptides. The controller was able to fulfill the purity requirements while increasing

the productivity of the process with respect to the current practice reported in

literature. This represents the first automatic control scheme developed for the

MCSGP process. A considerable gap in terms of monitoring is still to be filled

for its experimental implementation though. A big effort has to be undertaken to

develop the correct analytical methods and monitoring techniques to analyze from

cycle to cycle the biopharmaceutical products and use this as feedback information.

The HPLC online monitoring system accordingly adapted could be a very good
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candidate for this task.

9.1 Outlook

The results presented in this thesis open up interesting questions for the implemen-

tation of optimizing model predictive controllers in continuous chromatographic

processes. In the case of the MCSGP process I think that the main challenge will

be the online monitoring of the process in order to be able to measure accurately

the information needed as feedback for the controller. This is not a trivial task

at all for bio-molecules. It is reasonable to think about using a combination of

analytical techniques in order to gain the information needed online. Different

analytical techniques for the online monitoring of bio-molecules may work at widely

varying time scales, e.g. HPLC analysis and UV detectors, which would require an

optimizing model predictive controller for multi-rate sampled-data systems similar

to the one presented for the SMB process in Chapter 6. Solid theoretical works

set the foundation for the control of multi-rate sampled-data systems [85] and the

first applications of multi-rate process control have been reported recently in the

literature [26, 79].

In the case of the cycle to cycle optimizing controller for SMB processes the

gap until its industrial implementation is smaller as compared to the MCSGP

process. On the one hand the technology in terms of control schemes and monitoring

techniques is well-founded, solid and experimentally validated in academia. On the

other hand, one can identify two different types of needs in the SMB community.

First there is a growing interest by SMB producers to incorporate such controllers

as a built-in feature of commercial SMB units of different scales. This will ease

the operation of lab- and preparative-scale SMB units to users without a deep

knowledge about SMB technology. Furthermore this could increase the penetration

of production-scale SMB units in industry. Second, there is also a need by

companies using SMB technology for campaign separations for tools that will allow

them to find an ’optimal’ operating point for their separations in a shorter time.

I think further research to develop more ’complex’ control schemes for SMB

processes would only bring incremental improvements. Having this in mind, the

biggest challenge and where our major efforts should be focused on from now

on is the transfer and condensing the knowledge and experience gained during

the development of the cycle to cycle optimizing controller into suitable tools or

products that cover the needs mentioned above. These products should make our

control schemes more accessible, user-friendlier and assist SMB operators to set up
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and get SMB separations up and running within a short time, maybe hours. The

transfer of advanced control schemes to practice is no easy task at all. The tools,

software and interfaces have to be carefully designed to be robust with respect to

the various uncertainties one might encounter while setting up an SMB separation.

Another very important part of this technology transfer is the schooling for the

use of such tools, i.e. to make sure that the operators feel familiar and confident

with such tools. Only this will guarantee the acceptance and wide use of our tools.

Finally, I would expect to see the first control schemes for SMB processes in the

market in the next three to five years.

Another thinkable direction can be identified when considering the current

practice of SMB campaign separations. When a new mixture is to be separated

a good educated guess is taken as initial operating point. It is common to take

sparse samples of the product streams for a number of cycles, i.e. not for every

single cycle of an SMB run. These samples are analyzed and processed off-line and

their results are available with a considerable time delay. Given these results, the

SMB operators take a decision on where to move the operating point to in order

to improve the performance of the separation. The SMB unit is operated at the

new operating point and some sparse samples are taken again. This procedure

is repeated until a good operating point is achieved and it is held for the rest of

the separation campaign. One could think of developing a control scheme that is

based only on these sparse measurements. The system identification tool NucID

developed in this Thesis could serve to identify a dynamical model from the sparse

measurements, i.e. from the data sets with missing entries for which it has been

proven to be effective. Rather than a Kalman filter, an estimation tool based on

moving horizon estimation (MHE) could be used for state estimation given the

measurements at a non-periodic intervals. Finally, this information can be used in

an MPC framework to come up with a new operating point.

The methods, concepts and problem formulations of the cycle to cycle controller

have been presented in a general framework applicable to multi-column chromato-

graphic processes. This framework allows the possibility to even extend it to other

cyclic multi-column processes such as pressure swing adsorption which is receiving

increasing attention in connection with CO2 capture and sequestration.

Finally, the cycle to cycle controller was proven to be effective in optimizing

and controlling other multi-column chromatographic processes such as different

modifications of the SMB process, such as VARICOL and Intermittent-SMB (I-

SMB). Preliminary results showed that using an SMB model with the same

number of columns as the VARICOL or I-SMB plant at stake yields an acceptable

performance. This leaves room for improvement in terms of the model used in the
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control algorithm. The general modeling framework presented in this thesis allows

to develop controllers better suited for these processes.



Notation

A, B, C discrete time state space matrices

Ā, B̄, C̄, H , Ψ̄ state space matrices of the multi-rate model

Ā, B̄, C̄, D̄, L̄, H̄ state space matrices of the augmented ′cycle to cycle′ model

Ā(ntd), B̄(ntd),

C̄(ntd), D̄(ntd),

L̄(ntd), H̄(ntd)

state space matrices of the augmented ′cycle to cycle′ model

in the case of time delay in the measurements

Ac, Bc, Cc continuous time state space matrices

Acr column cross-section area, [cm2]

c concentration, [g/L]

c̄ dimensionless concentration variable

ĉ estimate of the concentration values

C Transformation matrix to compute the average concentra-

tions

DR SMB desorbent consumption: desorbent consumption per

mixture mass flow

Dap apparent axial dispersion coefficient, [cm2/s]

h residual term in the model equations

Hi Henry’s constant of component i

Ki equilibrium constant in the denominator of the generalized

Langmuir isotherm

ki is the mass transfer coefficient of component i, [cm/s]

L column length, [cm]

m flow rate ratio [-]

m vector of flow rate ratios

M Kalman filter gain matrix

n time index within a cycle

nc control horizon

ncol number of columns constituting the multi-column chro-

matographic process
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neq number of ODEs constituting the multi-column chromato-

graphic processes model

ñeq number of states of the reduced-order lifted model

ng number of grid points defined along the column

np prediction horizon

nph number of phases

ns number of species

nu number of inputs

ntd number of cycles of time delay

ny number of outputs

N number of time steps per cycle

p1,2 parameters in the denominator of the generalized Langmuir

isotherm

PR SMB productivity: mixture mass flow per mass of solid

phase

P1,...6 Pumps of the MCSGP process

PE purity of extract outlet

PR purity of raffinate outlet

q adsorbed phase concentration, [g/L]

Q volumetric fluid flow rate, [mL/s]

Q vector comprising the four sectional flow rates of the SMB

unit

Rv covariance matrix of the noise sequence v

Rw covariance matrix of the noise sequence w

s slack variable

s vector of slack variables

S prediction matrices

t time, [s]

t∗ switch time, [s]

u vector of manipulated variables in terms of deviation

variables

û vector of manipulated variables

U vector grouping the input values for one cycle

Unc vector grouping the input values for nc cycles

vk zero - mean white-noise sequence

v̄k zero - mean white-noise sequence

V volume of one column, [mL]

VD,j dead volume per column in section j, [mL]
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Vinj injection volume, [µL]

wk zero - mean white-noise sequence

w̄k zero - mean white-noise sequence

W, S, T weak, strong adsorbing species and target, respectively.

x state vector in terms of deviation variables

x̂ discretized state vector

x̃ state vector of the reduced order model

X̂ full dimensional state vector

y vector of outputs in terms of deviation variables

ŷ vector of outputs

ȳ(k|k − 1) estimate of the state at cycle k with information up to cycle

k − 1

ȳ vector of outputs with redefined cycle index

yk vector of outputs with redefined cycle index

Ŷ full dimensional vector of output concentrations

Y vector grouping the output values for one cycle

Ynp vector of np-step future outputs

z axial coordinate, [cm]

zk state vector of the augmented time discrete model

z̄(k|k − 1) estimate of the state at cycle k with information up to cycle

k − 1

Z(ntd) state vector of the augmented ′cycle to cycle′ model in the

case of time delay in the measurements

Greek letters

∆ backwards difference with respect to the cycle index k

ε bed void fraction

Φ, Γ, Π, G state space matrices of the lifted model

Φ̃, Γ̃, Π̃, G state space matrices of reduced-order lifted model

η dimensionless position variable

λ vector consists of the weighting factors

λ weighting factors in the cost function

ρ density [kg / m3]

τ dimensionless time variable

τs sample points within a cycle



214 Notation

Subscripts and superscripts

ave average

batch batch operation mode of the MCSGP process

c controlled outputs in the multi-rate controller

cc countercurrent operation mode of the MCSGP process

D desorbent

E extract

F feed

h column position index, (h = 1, .., ncol)

i component index

I/O inlet/outlet stream

in column inlet

j section index, (j = I..IV )

k cycle index

max maximum

meas measurement

min minimum

out column outlet

p index for different input/output configuration

R raffinate

ref reference values used for linearization

s secondary outputs in the multi-rate controller

Abbreviations

EDM equilibrium dispersive model

LP linear program

LTV linear time varying

MCSGP multi-column solvent gradient purification

MILP mixed integer linear program

MPC model predictive control

MV manipulated variable

ODEs ordinary differential equations

PDEs partial differential equations

PI performance index

ROM reduced order model
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SMB simulated moving bed

TMB true moving bed

UV ultra violet
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A

′Cycle to cycle′ model

A.1 Linearization of the SMB model

Making use of the only available information about the mixture to be separated, i.e.

the Henry constants HA and HB and the average bed porosity εave, the linearization

point is chosen with help of the triangle theory to fulfill the following conditions

[36]

0 < mref
I < HA (A.1)

0 < mref
II < HB (A.2)

HA < mref
III < ∞ (A.3)

HB < mref
IV < ∞ (A.4)

where mref
j are the flow rate ratios for sections j = I, . . . , IV

mref
j =

Qref
j t∗ − V εave

V (1 − εave)
(A.5)

It is important to chose the mref
j values in the conditions (A.1) - (A.4) to lie

close to their boundaries with respect to the Henry constants, though fulfilling the

inequalities strictly. In our case a margin of 5% of the respective Henry constant was

chosen. The reference internal flow rates Qref
j can be computed from the conditions

(A.1) - (A.4) once the switch time t∗ has been fixed. Note that according to the

triangle theory, these conditions will cause incomplete separation of the species in

both outlet streams as well as regeneration problems in the solid and liquid phase.

Nevertheless, this is a good choice for the linearization point because the effect of

the manipulated variables will be clearly seen in all measured variables. In contrast,

choosing a linearization point that guarantees complete separation of the species

and no regeneration problems, would give a poor linear model since some of the

input-output sensitivities become zero under these conditions.
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A.2 ′Cycle to cycle′ model with time delay in the

output

In this section, general expressions for the matrices Ā(ntd), B̄(ntd), C̄(ntd), D̄(ntd),

L̄(ntd) and H̄(ntd) in the ′cycle to cycle′ model are derived

Z
(ntd)
k+1 = Ā(ntd)Z

(ntd)
k + B̄(ntd)∆Uk + L̄(ntd) ¯̄wk

yk = C̄(ntd)Z
(ntd)
k + D̄(ntd)∆Uk + H̄(ntd)¯̄vk (A.6)

In the case of ntd cycles of delay, the measured output yk at time k is the sum

of the average concentrations of cycle k − 1 − ntd, ȳk−ntd
(according to definition

(3.58)) and the effect of random disturbances v̄k−ntd
, as defined in Eq. (3.67)

yk , ȳk−ntd
+ v̄k−ntd

(A.7)

Furthermore, the augmented state Z
(ntd)
k in the case of a time delay is defined as

Z
(ntd)
k =

[

zT
k

︸︷︷︸

ñeq+ny

zT
k−1 . . . zT

k−ntd
︸ ︷︷ ︸

ntd·(ñeq+ny)

∆UT
k−1 . . . ∆UT

k−ntd
︸ ︷︷ ︸

ntd·(N ·nu)

]T

(A.8)

where zT
k = [∆x̃k(0)T ȳT

k ]T . Note that the first term in Eq.(A.7), ȳk−ntd
, is

contained within zT
k−ntd

.

The dimension of the state Z
(ntd)
k is nZ = (ntd + 1) · (ñeq + ny) + ntd · (N · nu).

The key idea to arrive to a general expression of the matrices in the Eq.(A.6), is

to describe ȳk+1, contained in the state Z
(ntd)
k+1 , as a function of ȳk−ntd

, contained in

Z
(ntd)
k . For this purpose a register to keep track of the states and inputs between

cycle k − ntd and k is needed.

The following derivation leads to a general expressions for Ā(ntd), B̄(ntd) and L̄(ntd).

The last row of Eq.(3.60) is written for ntd + 1 time steps

ȳk+1 = ȳk + Π̃∆x̃k(0) + Ḡ∆Uk + w̄k

ȳk = ȳk−1 + Π̃∆x̃k−1(0) + Ḡ∆Uk−1 + w̄k−1

...
...

ȳk−ntd+1 = ȳk−ntd
+ Π̃∆x̃k−ntd

(0) + Ḡ∆Uk−ntd
+ w̄k−ntd

(A.9)
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Successive substitution of the last equation into the previous one, until the first

one, gives

ȳk+1 = ȳk−ntd
+ Π̃

ntd∑

j=0

∆x̃k−j(0) + Ḡ

ntd∑

j=1

∆Uk−j + Ḡ∆Uk +

ntd∑

j=0

w̄k−j(A.10)

Writing this relationship in matrix form for the augmented state Z
(ntd)
k leads to the

desired expressions. Let Ā(ntd) be a nZ × nZ block matrix of the form

Ā(ntd) =








Ā
(ntd)
1

Ā
(ntd)
2

Ā
(ntd)
3

Ā
(ntd)
4








(A.11)

Ā
(ntd)
1 represents the first row of the matrix Ā in Eq. (3.60) extended for the

augmented state and is given by

Ā
(ntd)
1 =

[

Φ̃ 0
︸︷︷︸

ñeq×(nZ−ñeq)

]

(A.12)

Ā
(ntd)
2 corresponds to the second row of the matrix Ā in Eq. (3.60) extended for the

augmented state, i.e. the first three terms on the RHS of Eq. (A.10). It is given by

Ā
(ntd)
2 =

[

Π̃ J1 . . . J1
︸ ︷︷ ︸

ny×ntd·(ny+ñeq)

I
︸︷︷︸

ny×ny

Ḡ . . . Ḡ
︸ ︷︷ ︸

ny×ntd·(N ·nu)

]

(A.13)

with J1

J1 =

[

0
︸︷︷︸

ny×ny

Π̃
]

(A.14)

Ā
(ntd)
3 and ā

(ntd)
4 build a register to keep track of the past states and inputs,

respectively. They are given by

Ā
(ntd)
3 =

[

I
︸︷︷︸

ntd·(ñeq+ny)×ntd·(ñeq+ny)

0
︸︷︷︸

ntd·(ñeq+ny)×(ñeq+ny)+ntd·(N ·nu)

]

(A.15)

Ā
(ntd)
4 =

[

0
︸︷︷︸

ntd·(N ·nu)×(ñtd+1)·(ñeq+ny)

J
(ntd)
2 0

︸︷︷︸

ntd·(N ·nu)×(N ·nu)

]

(A.16)
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with J
(ntd)
2

J
(ntd)
2 =

[
0

I

]

(A.17)

where the 0 matrix in J
(ntd)
2 has dimensions of (N ·nu)× (ntd − 1) · (N ·nu) and the

identity I matrix has dimensions of (ntd − 1) · (N · nu) × (ntd − 1) · (N · nu). For

the case ntd = 0, J
(ntd)
2 is an empty matrix.

The matrix B̄(ntd) is given by

B̄(ntd) =










Γ̃

Ḡ

B̄
(ntd)
1

I

B̄
(ntd)
2










(A.18)

The first two rows of B̄(ntd) correspond to the matrix B̄ in Eq. (3.60). The last

three rows serve to store the input ∆UT
k in the state Z

(ntd)
k+1 . B̄

(ntd)
1 and B̄

(ntd)
2 are

zero matrices with dimensions ntd ·(ñeq+ny)×(N ·nu) and (ntd−1)·(N ·nu)×N ·nu,

respectively.

The matrix L̄(ntd) is given by

L̄(ntd) =








L̄
...

L̄

0








(A.19)

The matrix L̄ is contained (ntd + 1) times in L̄(ntd) to add the noise term ¯̄wk to

all the terms ȳk+1 ...ȳk−ntd
contained in Z

(ntd)
k+1 . The zero matrix in the last row of

L̄(ntd) has dimensions ntd · ny × ny.

The matrix C̄(ntd) can be expressed as

C̄(ntd) =

[

0
︸︷︷︸

ny×(ntd+1)·(ñeq+ny)

I
︸︷︷︸

ny×ny

0
︸︷︷︸

ny×ntd·(N ·nu)

]

(A.20)

D̄(ntd) is a zero matrix with dimensions of ny × (N ·nu). H̄(ntd) is an identity matrix

with dimensions ny × ny.
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SMB EDM

PDE system

Nonlinear

SMB model

ODE system

Continuous

time state-

space LTV

model

Discrete time

state-space

LTV model

Space

discretization

Linearization

Time discretization

“Cycle to

cycle" SMB

model

Lifting (*)

Transformation of

the Model Output (*)

Reduction of the

Model Order (*)

Disturbance Modelling (*)
Simplified

“cycle to

cycle" SMB

model

“Cycle to

cycle" SMB

controller

RMPC Formulation (*)

Time Delay in the

Measurements (*)

Kalman Filter (*)

Prediction (*)

Optimization of the

performance (*)

Figure A.1: Flow chart summarizing the steps in the development of the ′cycle to
cycle′ controller.
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B

NucID method

B.1 Numerical examples from DaISy

The NucIDidentification method was compared with standard toolboxes available

in MATLAB using real experimental data from the DaISy Database [50]. The

following identification experiments were performed:

1. No missing data. The complete data sets were used to identify a linear

dynamic model.

2. Structured missing data. The outputs are sampled at a lower rate than the

inputs.

3. Random missing data. Some percentage MD% from the output measurements

is lost at random.

The outputs from the data sets were removed according to the pattern chosen

for each experiment and are specified in each case.

B.1.1 Benchmark methods

Three different identification techniques were chosen for comparison with NucID.

The corresponding MATLAB toolbox is given in brackets.

1. N4SID: Estimate a state-space model using subspace identification tech-

niques. (n4sid)

2. PEM: Estimate a state-space model using an iterative prediction-error

minimization method. (pem)

3. Expectation Conditional Maximization using Linear Regression (LR): Esti-

mate a FIR model using multivariate linear regression with missing data.

(ecmmvnrmle)
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At this point it is important to note the way these methods are used when data

is missing. In principle, there are two options: The missing entries can be simply

disregarded in the identification procedure or one can try to guess the values of

the missing entries, which is known as imputation. There are different techniques

to impute the values of the missing data, e.g., linear interpolation, regression

imputation, expectation maximization.

MATLAB offers the toolbox ‘misdata’ to impute the value of missing entries of

data sets. The algorithm alternates between estimating models with N4SID from

the available data and estimating missing data points. This iterative procedure is

repeated until a given relative tolerance is achieved (1%) or for a maximum number

of times (10 by default). The “reconstructed” data set can then be used with the

three identification methods N4SID, PEM and LR.

This two step procedure of imputing values of missing entries and then identifying

a model does not apply for the NucID method, which is a one step procedure that

does not need any imputation of the missing values. This is one of the key benefits

of the proposed method, since the procedure of imputing the data will often either

cause a significant artificial increase in model order, or will generate nonsensical

results when large percentages of data are missing.

B.2 Results

This section presents the identification of several dynamical systems comparing

the proposed method NucID with three standard identification tools, N4SID, PEM

and LR, presented in the previous section. First the identification problem of a

CD player arm is presented and discussed in detail to highlight the advantages of

NucID over N4SID, PEM and LR. Then the same detailed analysis for a number

identification problems is summarized in section B.2.2.

B.2.1 Identification of a CD player arm

The experimental data from a mechanical construction of a CD player arm is

considered here. The system has two inputs that are forces of the mechanical

actuators and two outputs that are related to the tracking accuracy of the arm.

The data set contains 2, 000 sample points out of which 400 were used for the

identification procedure and the rest to validate the identified models. In the first

experiment all measurements were considered while for the second and the third

experiments data was dropped from the outputs according to the strategy described.
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The error presented in this paper has been normalized with the factor |YI − ȲI |2,

where YI is the complete set for identification and ȲI the mean of the samples.

Complete data set

The complete data set was used to identify a dynamical model using N4SID, PEM,

LR and NucIDand the resulting impulse responses are presented in Figure B.1. For

the sake of clarity, the impulse responses for LR were not plotted since they are

of high order and make the figure unclear, as illustrated further on. The models

identified with N4SID and PEM have an order of two and are in general in good

agreement with the FIR coefficients identified by NucID.
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Figure B.1: FIR coefficients of the identified dynamical system for NucID, N4SID,
PEM using the complete data set.

In order to provide an overview of the order of the model identified by NucID,

a singular value decomposition (SVD) of the Hankel matrix built from the FIR

coefficients Hh was computed and inspected. The order was then defined as the

number of singular values above 0.01% (10−4) of the first value. Figure B.2 shows

the SVD of Hh for five NucID identification procedures using different values for

the error bound γ. It can be observed that by decreasing γ, the number of non-
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negligible singular values (denoted with a star) increases, i.e., the order of the

identified model is higher.
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Figure B.2: SVD of the Hankel matrix Hh built from the FIR coefficients
identified with the NucID method for different error bounds γ =
2.32, 2.35, 2.45, 2.75, 7.8. The stars define the non-negligible singular
values above the threshold of 10−4, that define the order of the model.

The four approaches are compared by plotting for each method the order of the

identified models against the corresponding normalized error in Figure B.3. For the

methods N4SID and PEM, models with fixed orders from 1 to 10 were identified

and their normalized errors computed. The LR method yields only one point, since

there is no way to choose the order of the identified model as in the other methods.

For the NucID method the tuning of the order is done through varying γ and the

order and errors of five runs presented in Figure 4.2 for different values of γ are

plotted in Figure B.3.

It is evident for N4SID, PEM and NucID, that there is a trade-off between the

order of the identified model and the prediction error. The NucID method is able to

identify models that give lower prediction errors than models identified with N4SID

and PEM with the same order. It is well known that LR gives a rather good fit,

but with very high order models, as illustrated in Figure B.3.
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We can conclude that when using the complete set of data the NucID method

is able to identify dynamical models that are comparable to the other methods in

terms of model order and prediction error, and that in this specific case slightly

outperforms N4SID, PEM and LR. Similar results for the identification of low-order

models from complete data sets had also been observed by [61]. The next step is to

assess the impact of missing output data on the identified models with the different

methods.
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Figure B.3: Order of the identified model as a function of the normalized prediction
error for NucID, N4SID, PEM and LR.

Structured missing data

This section presents the identification of the CD player arm example assuming

that the output data was collected at a slower sampling rate than the one of the

inputs, as encountered in a multi-rate sampled-data process. In the first example,

we consider four experiments, runs (a) – (d), where the measurements of only the

first output is sampled at a lower frequency than the inputs, and therefore the

percentage of missing data in the outputs does not exceed 50%. Note that for the

first example, the second output of runs (a) – (d) is sampled at the the same rate
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Table B.1: Multi-rate identification experiments of the CD player arm

Run Normalized sampling time of MD%

Input 1 Input 2 Output 1 Output 2
(*) 1 1 1 1 0 %

(a) 1 1 2 1 25.00%
(b) 1 1 3 1 33.33%
(c) 1 1 4 1 37.50%
(d) 1 1 8 1 43.75 %

(e) 1 1 2 8 68.75 %
(f) 1 1 8 2 68.75 %
(g) 1 1 3 8 77.08 %
(h) 1 1 8 8 87.50 %

as both inputs, i.e., the data set still contains all the output measurements of the

second output. In a second example, runs (e) – (h), both channels are sampled

at lower rates, which results in higher percentages of missing data. The sampling

rates that were analyzed are reported in Table B.1. The last column of Table B.1

is the percentage of missing data in the outputs MD% compared to run (*), that

corresponds to the case analyzed in the previous section, where the entire data set

is available for identification.

The results for runs (a) – (d) are plotted in Figure B.4. The NucID and the

LR method identify models with rather small prediction errors, around 0.2 for runs

(a) – (c). These values are comparable with the ones from run (*) in Figure B.3.

For run (d) the performance of the LR method deteriorates considerably while the

model identified with the NucID method is the same as before. The order of the

identified models by LR are substantially higher (11th order) than the ones from

NucID (4rd order).

Models of different orders identified with N4SID and PEM in each run are

connected with a line in Figure B.4. We can observe how their performance greatly

deteriorates as the amount of missing data increases from MD% = 25% (run (a),

solid line —) to MD% = 33.3% (run (b), dotted line · · ·) and MD% = 43.75% (run

(d), dashed line - - -). For the sake of clarity, run (c) has not been shown, but it

follows the same trend.

In a second example, we consider the case were both outputs are sampled at

lower rates than the inputs. Four different scenarios are studied. Runs (e) and

(f) have the same amount of missing data, but the sampling rates are exchanged
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Figure B.4: Runs (a)-(d): Order of the identified model as a function of the
normalized prediction error for NucID, N4SID, PEM and LR for
structured missing data. Models of different orders identified with
N4SID and PEM in the same run are connected with a line; Run (a):
solid (—). Run (b): dotted (· · ·). Run (d): dashed (- - -). For the sake
of clarity, run (c) has not been shown.

between the outputs to test the sensitivity of the identified model to the output

with more or less missing data. In runs (e) and (f) the measurements of the outputs

are collected synchronously, but the sampling rates differ by a factor of four. Runs

(g) and (h) investigate rather high percentages of output missing data.

The results for the second example are presented in Figure B.5. Note that the

scale on the x-axis has changed from Figure B.4 to Figure B.5. Only LR and

NucID were able to find a solution in all runs. LR identified high order models

(11th) with larger errors than in the previous examples. In runs (e) and (f),

N4SID and PEM identified models that predicted unacceptably large errors. These

methods are also sensitive to the output with higher or lower sampling rates, since

the models identified in run (e) (solid line —) have much smaller errors than in run

(f) (dashed line - - -). For runs (g) and (h), N4SID and PEM were not able to find

stable models. The NucID method consistently identified in runs (e) –( h) the same
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model as in all the previous runs, with the same order (4th order) and prediction

error (approx. 0.2). A good consistency of NucID is was observed throughout the

runs (a) – (h) where the identified FIR coefficients were virtually identical to those

identified from the complete set of data in run (*).

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5
0

2

4

6

8

10

12

Normalized Prediction error

O
rd

er
 o

f t
he

 m
od

el

 

 
NucID
LR
PEM
N4SID

(e)−(h)

(f) (e),(g)

(f)(e)

(h)

Figure B.5: Runs (e) – (h): Order of the identified model as a function of the
normalized prediction error for NucID, N4SID, PEM and LR for
structured missing data. Models of different orders identified with
N4SID and PEM in the same run are connected with a line; Run (e):
solid (—). Run (f): dashed (- - -). N4SID and PEM did not identify a
stable model for runs (g) and (h).

Randomly missing data

In this example, an increasing percentage of the output entries MD% is missing at

random throughout the measurements and the results are reported in Table 4.6,

where each row represents a different amount of missing data. The normalized

errors eI for each of the methods is reported together with the order n of the

identified model. For NucID, N4SID and PEM the identification error of the same

order models are reported, whereas for LR the errors correspond to higher order
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Table B.2: Results for missing data at random

NucID N4SID PEM LR
MD% n eI n eI

10 3 0.1965 0.2490 0.2062 11 0.2042
20 3 0.1995 0.5682 0.2054 11 0.2066
30 3 0.1970 0.7576 0.2119 11 0.2080
40 5 0.1912 0.2265 0.2025 11 0.2134
50 4 0.1934 * * 11 0.2571
60 4 0.1935 * * 11 0.2900
70 3 0.2303 * * 11 0.3867

models. After 50% of missing data N4SID and PEM fail to identify a model,

indicated by a star *. Only NucID and LR are able to identify a model when more

than 40% of the data is missing, although only NucID finds a model of a reasonable

order.

NucID, PEM and LR give normalized errors in the same range for up to 45% of

missing data, although of course the order of the LR models is much higher. The

performance of N4SID is acceptable only for some specific instances and after 50% of

missing data, N4SID and PEM fail to identify a model at all. The NucID method

is able to identify the system with up to 75% of missing data with rather small

errors.

B.2.2 System identification from DaISy database

In this final section we present selected scenarios from the previous analysis applied

to different systems taken from the database for system identification (DaISy) [50].

Due to space restrictions, we present only the main results in Table B.3. The

type of system, reference number and the number of inputs and outputs (Inputs

x Outputs) can be found in the first column. In all the results of this section,

two scenarios for each system are presented, one with the complete data set and

one multi-rate scenario as presented in section B.2.1, where inputs and outputs

are sampled at different rates. The second column gives the sampling time of the

output or outputs with respect to the sampling time of the inputs. For example

[8 1] means that the first output is sampled eight times slower than the inputs

while the second output is sampled with the same sample time. The rest of the

columns present the order of the identified system and the normalized error using

the validation and identification data set.
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Table B.3 shows that NucID is able to identify with rather small errors all

the examples presented using the complete data set. The orders and errors

are comparable to the other methods except for LR, where the order of the

models is known to be high. Little performance degradation can be seen for the

NucID method for all multi-rate scenarios, whereas N4SID and PEM fail for three

scnearios, indicated by a star *. For the last example, the stirred tank the state

space methods give very similar results to NucID, slightly outperforming it.
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Table B.3: Identification of experimental data from DaISy database

System norm. NucID N4SID PEM LR
(In x Out) Ts n eV eI n eV eI n eV eI n eV eI

Hair dryer (1x1) 1 4 0.1319 0.1387 4 0.1081 0.1222 4 0.1010 0.1219 43 0.1091 0.1171
96-006 8 4 0.1382 0.1437 * * * * * * 43 0.1889 0.1729
Heat flow (2x1) 1 5 0.2168 0.1902 3 0.2989 0.2573 3 0.3305 0.2955 26 0.7476 0.1233
96-011 4 5 0.2881 0.2578 * * * * * * 26 0.7545 0.1738
Heat exchanger (1x1) 1 4 0.3263 0.2130 3 0.5086 0.3742 2 0.7005 0.5245 21 0.3110 0.2059
96-002 5 5 0.3312 0.2208 * * * * * * 21 0.3525 0.2286
Stirred tank (1x2) [ 1 1 ] 4 0.1018 0.1511 4 0.099 0.170 3 0.143 0.1861 21 1.000 0.1487
98-002 [ 8 1 ] 3 0.1038 0.1524 4 0.0990 0.1458 3 0.0929 0.1497 * * *
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HPLC online monitoring system

The process flowsheet for the automated sample collecting system is shown in

Figure 7.4. The main components are four air-actuated 4-port 2-position valves W1

to W4 (VICI, Schenkon, Switzerland), eight magnetic electrically-actuated on-off

valves V1 to V8 (Kuhnke, Malente, Germany), one magnetic electrically-actuated 3-

way 2-position valve T1 (Kuhnke, Malente, Germany), one solvent pump (Pump1),

three vessels for product collection and solvent storage, and four custom made glass

tanks (E1, E2, R1, R2) to collect the product fractions over a defined period of time.

Because of its good chemical resistance and ease of operation PEEK material was

used for the connections. Note that in Fig. 7.4, the thick lines represent the fluid

streams and the thin ones the gas streams (from the nitrogen cylinder).

The HPLC PAL system used for the sample injection is equipped with an

electrically-actuated 6-port 2-position injection valve (VICI, Schenkon, Switzer-

land), a washing station for the syringe, and is connected to an HPLC unit(Agilent

LC 1200, Santa Clara, USA). The automated sample collecting system is operated

through the PAL Cycle Composer Control software (CTC Analytics, Zwingen,

Switzerland).

In the following, the mode of operation of the automated online HPLC monitoring

system (referred as AMS system) is explained for two consecutive cycles. The two

cycles are divided in 10 different steps and for each step (S1 to S10) the specific

configuration of the valves is listed in Fig. C.1. For instance, S1 in Fig. C.1 refers

to the step where sample is injected from E2 and R2 and product collected in E1

and R1. The AMS system fulfills two different tasks that are always performed

in parallel; namely collecting the extract and raffinate stream of the ongoing cycle

and analyzing the product streams of the previous cycle. During the process cycles

with odd index (W1 to W4 in ”Position 1”) the product streams are collected in

the glass tanks E1 (Extract) and R1 (Raffinate), whereas for analysis from tanks

235
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E2 and R2 a sample is injected to the HPLC (see Fig. 7.4). In the following the

different steps of the analyzing procedure are explained briefly; details about the

configuration of the valves are shown in Fig. C.1. For explanation, the valves V1

to V8 are closed in ”off” position and if valve T1 is in position ”1” the solvent is

circulated back to the storage tank, as shown by a dashed line in Fig. 7.4.

At first samples from E2 and R2 are injected to the HPLC; the extract sample is

always injected first. In the next step the two tanks are pressurized with nitrogen

so as to speed up the draining. Before being used for another collecting period E2

and R2 need to be cleaned with pure solvent, see step S3 in Fig. C.1. In the last

two steps (S4 and S5) the tanks are emptied and then depressurized to be ready

for the next collecting period. In the meantime, the HPLC automatically analyzes

the samples from E2 and R2 and returns the composition of the product streams in

terms of peak area. Making use of an experimentally determined calibration curve

the areas are converted into concentrations, required as feedback information by

the controller.

For the next process cycle (even index) the situation is vice versa, the products

are now collected in E2 and R2 and samples are taken from E1 and R1 (W1 to

W4 in ”Position 2”). The valve settings for the next steps are listed in Fig. C.1

and together with Fig. 7.4 one can easily follow the different steps. The process

described, for collecting and sampling over two consecutive cycles, can be repeated

for the desired amount of process cycles.

The time required for HPLC analysis of the samples needs to be smaller than the

cycle time of the SMB process, otherwise the HPLC would not be ready for the

next sample injection at the beginning of a new cycle. Moreover, the time between

the sample injection from the extract and raffinate tanks needs to be chosen long

enough to assure baseline separation. Hence, the injection procedure needs to be

tuned to fulfill these constraints. A good compromise between retention time and

peak resolution for the guaifenesin enantiomers was found at a solvent composition

of 60/40 vol. % ethanol and heptane using an analytical Chiralcel OD column (25

cm × 0.46 cm).
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Step E1 E2 R1 R2 W1 W2 W3 W4 V1 V2 V3 V4 V5 V6 V7 V8 T1

S1 sample Inj. sample Inj. 1 1 1 1 off off off off off off off off 1

1 1 1 1 off on off on off on on off 1

fill fill 1 1 1 1 off on off on off on on off 1

with fill with fill 1 1 1 1 off off off off on off off on 2

extract with raffinate with 1 1 1 1 off off off off on off off on 2

product solvent product solvent 1 1 1 1 off off off off on off off on 2

S4 draining draining 1 1 1 1 off on off on off on on off 1

S5 wait wait 1 1 1 1 off off off off on off off on 1

S6 sample Inj. sample Inj. 2 2 2 2 off off off off off off off off 1

2 2 2 2 on off on off off on on off 1

fill fill 2 2 2 2 on off on off off on on off 1

fill with fill with 2 2 2 2 off off off off on off off on 2

with extract with raffinate 2 2 2 2 off off off off on off off on 2

solvent product solvent product 2 2 2 2 off off off off on off off on 2

S9 draining draining 2 2 2 2 on off on off off on on off 1

S10 wait wait 2 2 2 2 off off off off on off off on 1

draining draining

draining draining

S2

S3

S7

S8

Table C.1: Control board for the valve positions of two consecutive cycles.
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