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Point Formation on a line:

Contraction Functions and Weber point

Konrad Schlude∗

July 2, 2003

Abstract

In [Sch03], we introduced the concept of Contraction Functions and
Contraction Points to solve the point formation problem. We derived
several interesting properties and showed that the Weber point is a con-
traction point. It is an open question, whether there are contraction points
besides the Weber point.

Here we modify the problem to point formation on a line. We show
that in this case, the Weber point is a possible contraction point, but there
are other contraction points as well. In contrast to the Weber point, these
other points can be computed efficiently.

1 Introduction

Point formation is the problem that n mobile robots in the plane should meet
in one destination point. This destination point should be independent of coor-
dinate systems, and it should not rely on an ordering of the robots, especially,
there is no leader among the robots. The question is the following: Which
distributed algorithm can the robots use to complete the task?

In [Sch03], we introduced and discussed the concept of contraction functions
and showed that with this concept, the point formation problem can be solved
easily. A rough outline of this solution is as follows: Every robot takes a
snapshot and detects the multi set of positions of the robots. This multi set
is the input for a contraction function, and this function gives the destination
point. Due to the definition of contraction functions, the destination point is
independent of coordinate systems and invariant under straight line movement
towards the destination point. All the robots have to do is to compute the
destination point and move towards it. This solution works in an asynchronous
model, where the robots take their snapshots independently and there is no
global clock. Moreover, in contrast to other proposals, the methods and proofs
are simple and easy to understand. Interestingly, the discussion of contraction
functions led to the Weber point, which plays an important role in the field of
facility location.

∗Institut für Theoretische Informatik, ETH Zürich, schlude@inf.ethz.ch
The results in this paper are part of the author’s PhD thesis [Sch02]
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In order to get a better insight as to show how broadly the concept of
contraction functions can be applied, we add a new structure to the problem:
In addition to the points, a straight line l ⊂ IR2 is given, and the goal is to
find a contraction point on l. This line l is only a point set and has no inner
structure, e.g., there are no emphasized points or directions. The additional
straight line is a natural extension of the model. For a circle, this does not
hold, because the center of the circle is defined uniquely. In this report, we
discuss contraction functions for points and a line. Therefore, we call this the
P(oints)L(ine)–problem.

One important result of this paper is the following. Whereas in [Sch03] it is
not clear whether there are contraction points beside the Weber point, we will
show that for the PL–problem, there are several contraction points.

This paper has the following structure. After having defined contraction
functions in section 2, we discuss their properties and compare these with results
from [Sch03]. In section 3, a modified definition of Weber point is given and
properties are presented. Section 4 shows two additional contraction functions
and presents efficient algorithms to compute these functions. The paper is
concluded by section 5.

1.1 The Model

We consider the following model. There are n mobile robots in the plane. The
robots are anonymous in the sense that they all execute the same algorithm and
they are identical copies of each other. The robots have no access to a common
coordinate system. There is no way for the robots to communicate.

A robot is able to take snapshots of the whole plane. With a snapshot,
the robot is able to detect the other robots and their positions and the line l,
and it can measure distances and angles. It is possible that any two robots use
different unit lengths.

The robots are assumed to be moving points, and two or more robots can
occupy the same position simultaneously. The robots are able to detect mul-
tiplicity, i.e., for every point in the plane, the robots can count the number of
robots on this point.

Initially, all robots are sleeping. Every robot will awake eventually, indepen-
dent of the others. Then, the robot can look around (i.e., it takes a snapshot),
it computes the destination point and moves towards this. The robot can do
the same several times, but we do not specify this. Furthermore, it is possible
that the robot has breaks, i.e., for some time, it does nothing. Each robot has
its personal speed, but it is assumed that every robot will reach a computed
destination point, i.e., the robot needs finite time to travel a finite distance.

1.2 Mathematical Concepts

This section presents some mathematical concepts that will be used in this
paper. The first such concept is the concept of multi set.

Definition 1.1 A mapping X : IR2 → IN is called a multi set of points. For
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a point p ∈ IR2, we define the corresponding multi set

{p} := 1lp where 1lp(q) =
{

0 if q 6= p

1 if q = p

Throughout this paper, we only consider finite multi sets, i.e., the cardinality

|X | :=
∑

p∈IR2

X(p)

is finite.
Let X, X ′ be two multi sets, we define the following operations.

• Union ]: (X ] X ′)(p) := X(p) + X ′(p)

• Intersection ∩: (X ∩ X ′)(p) := min{X(p), X ′(p)}
• Setminus \: (X \ X ′)(p) := max{X(p)− X ′(p), 0}

X is called a set, iff X(p) ≤ 1. Given a multi set X , uniq(X) denotes the set
resulting by removing multiplicities, i.e., p ∈ uniq(X), iff X(p) ≥ 1.

For a multi set X of points, we define the convex hull CH(X) as the smallest
convex set K ⊂ IR2 with uniq(X) ⊂ K.

Sometimes, we will use the more familiar notation X = {p1, . . . , pn}, where
it is possible that pi = pj for i 6= j. We have to mention that the enumeration in
this notation is not a part of the structure of the multi set X , the enumeration
is arbitrary and only a help to handle multi sets.

Multi sets of collinear points will play an important role. For such a multi
set, it will be crucial, whether it has a median or not. Therefore, we give a
formal definition of median.

Definition 1.2 Let X = {p1, . . . , pn} be a multi set of collinear points, i.e.,
there is a straight line l such that pi ∈ l for all i. A point q ∈ l is called a
median of X , iff ∣∣∣∣∣∣∣∣

n∑
i=1

pi 6=q

pi − q

|pi − q|

∣∣∣∣∣∣∣∣ < X(q)

For our robot model we need to define distance preserving functions.

Definition 1.3 A function o : IR2 → IR2 is called isometric, if for all pairs of
points p, q ∈ IR2, |o(p)− o(q)| = |p − q| holds.

In this paper, we use several isometric functions:
Rotation: For an angle ϕ ∈ [0o, 360o] and for a point p ∈ IR2, Rϕ,p denotes a
rotation by ϕ around p.
Mirroring or Reflection: Given a straight line l, Ml is the mirroring about l.
Translation: Let v ∈ IR2, the translation Tv is defined as Tv(z) := z + v.
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2 Contraction Functions and Their Properties

For the PL–problem, we extend the definition of contraction functions from
[Sch03]. We add the property that the contraction point is on the given line.
Furthermore, the line has no emphasized directions and no emphasized points.

Definition 2.1 Let n ∈ IN be fixed, let C be a function that maps a multi set
X = {p1, . . . , pn} and a straight line l to a (contraction) point c := C(X, l) ∈
IR2. C is called a Contraction Function for the PL–problem if the following
properties are fulfilled for every multi set X and every straight line l.

1. The contraction point is on the line l, i.e., C(p1, . . . , pn, l) ∈ l.

2. There is no ordering among the points: For every permutation π : {1, . . . , n} →
{1, . . . , n}, it holds:

C(pπ(1), . . . , pπ(n), l) = C(p1, . . . , pn, l)

3. The robots do not have a common coordinate system: For every isometric
function o : IR2 → IR2, it holds:

C(o(p1), . . . , o(pn), o(l)) = o(C(p1, . . . , pn, l))

Furthermore, the line has no emphasized points: If o is a translation
parallel to l, then

C(o(p1), . . . , o(pn), l) = o(C(p1, . . . , pn, l))

The line has no emphasized direction: If o is a mirroring perpendicular
to l, then

C(o(p1), . . . , o(pn), l) = o(C(p1, . . . , pn, l))

4. Linear movement towards the contraction point does not change it: Let
c := C(X, l), for every vector t = (t1, . . . , tn) ∈ [0, 1]n, it holds:

C(. . . , (1− ti)pi + tic, . . . , l) = c

If C(X, l) = c for a contraction function C, then c is called a Possible Contrac-
tion Point for X, l.

Definition 2.1 is very similar to the corresponding definition in [Sch03].
Therefore, one can expect similar results. The following is a modification of
lemma 2.2 in [Sch03].

Lemma 2.2 If X = {p1}, then the only possible contraction point is the per-
pendicular projection of p1 onto l.
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Proof: Let q be the perpendicular projection of p1 onto l. It is obvious, that
q is a contraction point. Therefore, we only have to show uniqueness.

Let C be a contraction function, let l⊥ be the straight line through p1 and
perpendicular to l, let o be the mirroring about l⊥. For this, we obtain

C(p1, l) = C(o(p1), l) = o(C(p1, l))

This can only be fulfilled for C(p1, l) = q. 2

However, there are differences between the two definitions, too. The con-
traction problem was not solvable for the case of two different points (lemma
2.3, [Sch03]). The line l as a additional geometric entity does not help to solve
the problem for two different points, if both points are on l. But there is a
solution, if this is not the case.

Lemma 2.3 The PL–problem for two different points is solvable with a unique
solution, if not both points are on l.

Proof: First, we regard the case where one of the points is on l, wlog. p1 ∈ l.
In this situation, c := p1 is a contraction point. Let C be a contraction function,
then

c′ := C(p1, p2, l) = C(c, c′, l)

But c, c′ are points on l. If c 6= c′, then the problem is not solvable. Therefore,
c′ = c.

c l

p2

p1

c l

p2 p1

αα

Figure 1: Contraction point c

Now, we can assume that both points are not on l. The line l divides the
plane in two half planes, see Figure 1.

If the two points are in different half planes, we define c as the intersection
of l with the straight line through p1, p2. To show uniqueness, we assume, that
both points have the same distance from l. Let R be the rotation by 180o

around c , let M be the mirroring with the straight line perpendicular to l and
through c as mirror axis. For this and an arbitrary contraction function C′ we
obtain

C′(p1, p2, l) = C′(p1, p2, M(l)) = C′(p2, p1, M(l)) = R(C′(p1, p2, l))
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This shows that C′(p1, p2, l) = c. The contraction property shows that this is
true for arbitrary distances from l.

If the two points are in the same half plane, we mirror one of the two points
into the other half plane and obtain c as before. To show uniqueness, we assume
that both points have the same distance from l. This is a symmetric situation
and allows only c as contraction point. Once again, the contraction property
shows the uniqueness for arbitrary distances from l. 2

Remark: The problem for 3 points has no longer a unique solution, as is
shown in Figure 2. Given are the points {p1, p2, p3} and the straight line l.

p2

p1

c2

p3

l

Figure 2: Example for non–uniqueness

The point p1 is the only point on l, therefore, c1 := p1 is a possible contraction
point. A second possible contraction point c2 is the orthogonal projection of p2

onto l.

We will show that some results from [Sch03] can be generalized. One of
these results is the majority lemma.

Lemma 2.4 (Majority) If there is a q ∈ l with X(q) =: k > |X |
2 , then q is

the only possible contraction point for X, l.

Proof: The property that more than half of the points have position q is
invariant under linear movement towards q. Therefore q is a possible contraction
point. Let C be a contraction function and c := C(X, l), then

c = C(q, . . . , q︸ ︷︷ ︸
k

, pk+1, . . . , pn, l) = C(q, . . . , q︸ ︷︷ ︸
k

, c, . . . , c︸ ︷︷ ︸
n−k

, l) = C(c, . . . , c︸ ︷︷ ︸
k

, q, . . . , q︸ ︷︷ ︸
n−k

, l)

= q

2

The following lemma shows that the extension property still holds.

Lemma 2.5 (Extension) The following extension property holds for the PL–
problem. Let C be a contraction function and c := C(p1, . . . , pn, l). For a
t = (t1, . . . , tn) ∈ [−1,∞)n define p′i := pi + ti(pi − c). It holds

C(p′1, . . . , p
′
n, l) = c
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Proof: For t ∈ [−1, 0]n, the claim is the contraction property. To show the
claim for t ∈ [0,∞)n, we show that the lemma is true for t := (1, . . . , 1), i.e.,
the distance from c is doubled. Iteration and the contraction property show the
result for arbitrary t ∈ [0,∞)n.

Define p′i := pi + (pi − c) and for c′ := C(p′1, . . . , p′n, l), compute the vector
v := (c′ − c), see Figure 3. For the points p′′i := 1

2(p′i + c′), we obtain p′′i − pi =

c′
l

c

p′′i
1
2
v

v

pi

p′i

Figure 3: Extension property.

1
2 (c′ − c). This leads to

c′ = C(p′1, . . . , p
′
n, l) = C(p′′1, . . . , p

′′
n, l) = C(. . . , pi +

1
2
(c′ − c), . . . , l)

= C(p1, . . . , pn, l) +
1
2
(c′ − c) = c +

1
2
(c′ − c)

Since c′ = c + (c′ − c), this implies c′ − c = 0. 2

Theorem 2.7 in [Sch03] stated that a contraction point must lie in the convex
hull of the given multi set of points. In order to derive a similar result for the
PL–problem, we need the following lemma.

Lemma 2.6 Let l⊥ be a straight line perpendicular to l. If X ⊂ l⊥ then the
intersection point c := l ∩ l⊥ is the unique contraction point for X, l.

Proof: The point c is a possible contraction point because the geometric
property that all points are on l⊥ is invariant under movement towards c. Let
o : IR2 → IR2 be the mirroring about l⊥. For this we obtain

C(p1, . . . , pn, l) = C(o(p1), . . . , o(pn), l) = o(C(p1, . . . , pn, l))

Therefore, every contraction point must be on l⊥. 2

This lemma is a special case of the following theorem. We presented the
lemma, because we will use it to prove the theorem.

Theorem 2.7 Every possible contraction point lies in the interval I defined as
the orthogonal projection of the convex hull of X onto l.
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l

I

X

Figure 4: Orthogonal projection of the convex hull

Proof: Assume for contradiction that there is a possible contraction point
c outside of I . Let p ∈ X be a point such that the orthogonal projection of
p is the boundary point of I near c. Let g⊥ be the straight line through p

perpendicular to l. In order to move to c all points have to cross l⊥. Due to
the result in Lemma 2.6, this implies that c must be the orthogonal projection
of p, therefore c ∈ I . This is a contradiction. 2

3 Weber Point

The Weber point plays an important role in facility location. It is defined as the
point that minimizes the sum of distances to a given (multi) set of points. The
Weber point has a long history, and since many mathematicians worked on it,
it has many different names, too, e.g., Fermat–Torricelli, Fermat–Weber. For
simplicity, we avoid the discussion of this and refer to [Dör58, Wes93, Dre95,
KM97, DH02]. The Weber point is named after Alfred Weber, who did some
work on facility location [Web09].

It has been shown that the Weber point is a possible contraction point
[Sch03]. In order to get contraction functions for more than two points, we
modify the definition of Weber point in the following way.

Definition 3.1 Let X = {p1, . . . , pn}, l be a PL–instance. The Weber Point
W (X, l) is defined as the point w ∈ l that minimizes

z 7→ f|l(z) :=
∑

pi∈X

|pi − z| z ∈ l

The following theorem gives an exact characterization of the uniqueness of
the Weber point.

Theorem 3.2 Let X, l be a PL–instance. The Weber point W (X, l) is unique,
except in the case that X consists of collinear points without median and all
points are on l.

Proof: It is well known, that the function f(z) :=
∑n

i=1 |pi − z| is a convex
function on IR2, see [KM97].
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Assume that the points pi ∈ X are not collinear. Then f is strictly convex.
Therefore the restricted function f|l is strictly convex with a unique minimum.

Regard the collinear case. If there is a pi ∈ X, pi /∈ l we compute for
arbitrary q1, q2 ∈ l, q1 6= q2 and a q := (1 − t)q1 + tq2, t ∈ (0, 1)

|pi − q| = |pi − ((1− t)q1 + tq2)| = |(1 − t)(pi − q1) + t(pi − q2)|
< (1− t)|pi − q1| + t|pi − q2|

I.e., the function q 7→ |pi − q| is strictly convex on l. Since the restriction f|l
is a sum of convex functions and one of them is strictly convex, f|l is strictly
convex and has a unique minimum.

If X is collinear with a median and all points are on l, the median is the
unique Weber point for X, l.

If X is collinear without a median and all points are on l, the set of Weber
points consists of a line segment. 2

Similar to [Sch03], we show that the Weber point can be used as contraction
point.

Theorem 3.3 Let X, l be a PL-instance. If the Weber Point for X, l is unique,
then it is a possible contraction point.

Proof: We have to show, that linear movement towards the Weber point does
not influence it. Let w := W (X, l) be the Weber point for X = {p1, . . . , pn}, l.
For a t ∈ [0, 1] define p′ := (1− t)p1 + tw. Due to the definition, it holds

n∑
i=1

|pi − w| <
n∑

i=1

|pi − z| ∀z ∈ l \ {w}

This and the inequality |z − p1| ≤ |z − p′| + |p′ − p1| lead to

n∑
i=2

|pi − w|+ |p′ − w| <
n∑

i=2

|pi − z| + |p1 − z| + |p′ − w| − |p1 − w|︸ ︷︷ ︸
=−|p′−p1|

≤
n∑

i=2

|pi − z| + |p′ − z| + |p′ − p1| − |p′ − p1|

=
n∑

i=2

|pi − z| + |p′ − z|

This means that w is the unique Weber point for the multi set (X ]{p′})\{p1}
and l. 2

The methods used in [Sch03] can be used to give the following characteriza-
tion of the Weber point. To our knowledge, this characterization has not been
published before.
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Theorem 3.4 For a vector v ∈ IR2, let vl be the projection of v onto l. If the
Weber point w := W (X, l) is unique, then it has the following property.∣∣∣∣∣∣∣∣

n∑
i=1

pi 6=w

(pi − w)l

|pi − w|

∣∣∣∣∣∣∣∣ ≤ X(w)

Moreover, w is the only point with this property. Especially, if w 6∈ X , i.e.,
X(w) = 0, we obtain

n∑
i=1

(pi − w)l

|pi − w| = 0

Proof: Define g(z) := |p − z| for an arbitrary point p ∈ IR2. If z 6= p we
compute the derivative as

g′(z) =
(pi − z)l

|pi − z|
If z = p, for the partial derivation in direction v ∈ l ∩ S1, we obtain

gv(z) := lim
t↘0

g(z + tv) − g(z)
t

= 1

For the function

f̃(z) :=
n∑

i=1
pi 6=w

|pi − z| = f(z)− k|w − z|

and the partial derivation in direction v ∈ l∩S1 (i.e., v is a unit vector parallel
to l), we obtain

fv(w) =
〈
f̃ ′(w), v

〉
+ k =

〈
n∑

i=1
pi 6=w

(pi − w)l

|pi − w| , v

〉
+ k

Since f is minimized in w, fv(w) ≥ 0 holds. The theorem is true, if f̃ ′(w) = 0.
Therefore, we can assume that f̃ ′(w) 6= 0 and define v := − f̃ ′(w)

|f̃ ′(w)| . This leads
to

0 ≤ fv(w) = −

∣∣∣∣∣∣∣∣
n∑

i=1
pi 6=w

(pi − w)l

|pi − w|

∣∣∣∣∣∣∣∣ + k

On the other hand, assume that for ŵ ∈ l,∣∣∣∣∣∣∣∣
n∑

i=1
pi 6=ŵ

(pi − ŵ)l

|pi − ŵ|

∣∣∣∣∣∣∣∣ ≤ X(ŵ)

holds. For the function

f̂(z) :=
n∑

i=1
pi 6=ŵ

|pi − z| = f(z) − X(ŵ)|ŵ − z|
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we obtain that

0 ≤ −
〈

f̂ ′(ŵ),
f̂ ′(ŵ)
|f̂ ′(ŵ)|

〉
+ X(ŵ)

Since for every unit vector ~v parallel to l,〈
f̃ ′(ŵ),

f̂ ′(ŵ)
|f̂ ′(ŵ)|

〉
≥

〈
f̃ ′(ŵ), v

〉

holds, it follows that fv(ŵ) ≥ 0. This means that f is minimized in ŵ, and
since w is unique, ŵ = w. 2

Remark: Since for n = 2 the contraction point is unique, in this case the
Weber point can be constructed very easily.

The new geometric entity l cannot help to compute the Weber point for
n ≥ 5: [CM69] presents an example for a not solvable instance of 5 points.
Although we know that the Weber point for this set must lie on the x–axis, it
cannot be constructed by compass and ruler. If we take these 5 points and define
l as the x–axis, we obtain a PL–instance which is not solvable. Furthermore,
in [Baj88] it is shown that the Weber point cannot be constructed by compass
and ruler for n ≥ 3.

4 Additional Solutions

As we have seen, the solution for the PL–problem is not unique in the general
case. In this section, we present two contraction points different from the Weber
point. Furthermore, we show that there are fast algorithms to compute these
points, whereas the Weber point cannot be constructed by compass and ruler.

4.1 Median

If n is odd, the orthogonal projection of X onto l can be used to define a median
of X . To be more precise, the contraction point c is defined as the median of
the projected points. Let qi be the projection of pi onto l. Since qi−c = (pi−c)l

and c is the median, we compute

|{i ∈ {1, . . . , n}|qi = c}| Def.

>

∣∣∣∣∣∣∣∣
n∑

i=1
qi 6=c

qi − c

|qi − c|

∣∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣∣
n∑

i=1
qi 6=c

(pi − c)l

|(pi − c)l|

∣∣∣∣∣∣∣∣
Compared to theorem 3.4, this inequality shows an interesting similarity be-
tween the median and the Weber point. However, there are important differ-
ences as well. If the median exists, it can be computed efficiently. Since this
does not hold for the Weber point, the median is different from the Weber point.
The projection of n points can be computed in O(n) time. The median of the
projected points can be computed in O(n) time, too, see [BFP+73]. Therefore
the algorithm needs O(n) time.
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4.2 Max–Cone

If n is even, the median of the projected points may not exist. In order to obatin
a contraction function for this case, we restrict the input in the following way.
We regard the situation in which no point is on l or all points on l have the
same position. In this situation, a contraction point different from the Weber
point can be computed. In contrast to the non constructible Weber point, this
solution can be computed in O(n logn) time.

In a first step, it is assumed that all points p ∈ X are in one of the two
half-planes defined by l.

Definition 4.1 Let q ∈ l be an arbitrary point, let α ∈ [0o, 90o]. The set

C(q, α) := {x ∈ IR2 | angle((x− q), l) ≥ α}

is called a cone.
For q ∈ l, we define

αq := max
q∈l

{α ∈ [0o, 90o]|X ⊂ C(q, α)}

Since X is finite, this maximum exists. qmax ∈ l is defined as the point that
maximizes the function q 7→ αq.

To simplify notation, Cmax := C(qmax, αqmax) is called the maximum cone.

Example: In Figure 5, an example is given. Since angle((pq − q), l) = αq, for
every α > αq, X 6⊂ C(q, α) holds.

q

αqαq

pq

l

Figure 5: Cone for a given q ∈ l

Theorem 4.2 Let X be a multi set, such that there is at most one q ∈ l with
X(q) > 0. Then the point qmax exists, it is well defined, and it is a possible
contraction point.
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Proof: If there is a point q ∈ l with X(q) > 0, then αq > 0 and for every
q′ 6= q, αq′ = 0 holds. Therefore, qmax = q is defined uniquely and it is a
possible contraction point.

If no point is on l, the function q 7→ αq is continuous and αq > 0. For
every unit vector ~v parallel to l and for every point O ∈ l, it holds that
limt→∞ α(O+t~v) = 0. Therefore, at least one qmax exists.

For every qmax, there are at least two points pl, pr ∈ X such that

angle((pl − qmax), l) = angle((pr − qmax), l) = αqmax

and angle((pl − qmax), (pr − qmax)) = 180o − 2αqmax . This means that there are
points on every straight line that bounds the maximum cone Cmax. Assume
for contradiction that this is not true. Due to the definition of αq there is at
least one point of X on the boundary of C(q, αq). Since there is no point on
one straight line, there is a q′ ∈ l on the other side with αq′ > αqmax , which is
a contradiction.

Since there are points on each straight line of the cone, the movement to
the left or the right to a point q′ ∈ l decreases the corresponding angle αq′ .
Therefore, qmax is unique.

If a point p ∈ X moves towards qmax, the angle αqmax remains constant or is
increased. For every other q ∈ l the angle αq remains constant or is decreased.
This shows that qmax is a possible contraction point. 2

Since there is exactly one solution when n = 2, the Weber point and qmax

are equal if X consists of two points. This is not true for more than two
points, which can be seen as follows. Let X = {p1, p2} be a multi set with
p1 6= p2, then W (X, l) = qmax(X) holds. But for the multi set X ′ := X ] {p1},
qmax(X) = qmax(X ′) holds, while the Weber points are different.

Furthermore, this shows that qmax depends only on two points pl, pr ∈
X , while all other points can move inside the maximum cone Cmax without
influencing qmax. In order to compute qmax, one can search for a pair pl, pr that
is on both straight lines bounding Cmax. This leads to the following simple
algorithm to compute qmax, the notation is taken from Figure 1.

Point q := undef

Angle αmax := 0
For every pair (pi, pj)

Compute c, α for (pi, pj).
If X ⊂ C(c, α)

If α > αmax

αmax := α
q := c

qmax := q
αqmax := αmax

It takes O(n) steps to check, whether a given cone contains all points. Since
there are O(n2) many pairs of points, the algorithm needs O(n3) time. The
running time can be reduced by some pre–processing, which we will describe
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later, but this does not change the worst case analysis. Nevertheless, the search
for a “good” pair (pi, pj) can be done in a more efficient way.

Theorem 4.3 The point qmax can be computed in O(n logn) time.

To prove the theorem, we present the following algorithm.

Max–Cone Algorithm
For a pair (pi, pj), we can compute c, α. If one of the points is not on the
boundary of the convex hull of X then X 6⊂ C(c, α). Therefore, only points p ∈
X that lie on the boundary of the convex hull have to be regarded. Computing
the convex hull of n points takes O(n logn) time, [Ede87]. In the following, it
is assumed that X is a convex (multi) set.

We introduce the coordinates l(x) := (x, 0) and pi = (xi, yi) for i ∈ {1, . . . , n}.
Because of the assumption that all points are in one of the two half planes, it
can be assumed that yi ≥ 0. Then X is sorted in x–direction in O(n logn)
time, such that x1 ≤ x2 ≤ . . . ≤ xn. This implies an orientation, we say that
x1 is at the left side and that xn is at the right side. Every cone is bounded
by 2 straight lines, a left one and a right one. Let us look at the left line. The
point p1 can be on the left line of the maximum cone Cmax. But if y1 < y2,
then p2 can not lie on the left line of Cmax. To be more precise, let pi, pi+k be
two points, if yi < yi+k, then pi+k cannot be on the left line of the maximum
cone. A similar result holds for the right line of the cone: If yi > yi+k, then pi

cannot be on the right line of the maximum cone.
With this, we define two lists L, R: L contains all points which are possibly

on the left line, R contains all points which are possibly on the right line. The
computation is done due to the following schemes.

L := (p1) R := (pn)
YL := y1 YR := yn

For k := 2 to n For k := (n − 1) to 1
If yk < YL If yk < YR

L := L.append(pk) R := R.append(pk)
YL := yk YR := yk

Next k Next k

After this step, it can be assumed that X = L ] R has a “bowl form” as
indicated in Figure 6, which shows the pre–processed set of points from Figure
5. In this example L = (p1, p2, p3, p4) and R = (p6, p5, p4).

Let pi, pi+1 be two successive points from list L, and let qi,i+1 be the inter-
section from the straight line through pi, pi+1 with l. If qi,i+1 = qmax then both
points are on the left line bounding the maximum cone. If qi,i+1 < qmax then
pi can not be on the boundary, and if qi,i+1 > qmax then pi+1 can not be on the
boundary. An analogous result holds for two points pi, pi−1 ∈ R.

Let qi be the perpendicular projection of pi onto l. Generate a list I of
interval boundaries as follows:
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p5

l

p2

p3

p4

p6

p1

Figure 6: The pre–processed set from Figure 5

I := (q1)
For every pair pi, pi+1 ∈ L

If qi,i+1 ∈ [q1, qn]
I := I.insert(qi,i+1)

I := I.insert(qn)
For every pair pi, pi−1 ∈ R

If qi,i−1 ∈ [q1, qn]
I := I.insert(qi,i−1)

Sort I

p5

l

p3

p5

p2

p2

p3

p4

L

R

p1

p6

p6

p1

Figure 7: Computing the intervals

Figure 7 shows the computed intervals for the example from Figure 5. For
the following part, the algorithm needs two variables pl, pr; pl ∈ L indicates the
“important” point on the left side, pr ∈ R indicates the “important” point on
the right side. For a point q ∈ l and a point p ∈ IR2, 6 (q, p) denotes the angle
between p− q and l. It is assumed that 0o ≤ 6 (q, p) ≤ 90o.

pl := p1
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pr := pj , where j := min{ν|qν+1,ν ∈ [q1, qn], qν, qν+1 ∈ R}
q := q1

αl := 90o

αr := 6 (q, pr)
While αl > αr

q := I.successor(q)
If q = qi,i+1

pl := pi+1

If q = qi+1,i

pr := pi+1

αl := 6 (q, pl)
αr := 6 (q, pr)

If q = qi,i+1

pl := pi

If q = qi+1,i

pr := pi

pl, pr are on the boundary of the maximum cone

Example: For the example from Figure 7 we obtain that p2 and p5 are on
the boundary of the maximum cone.

So far, we assumed that X is in one of the two half planes defined by l.
If this is not the case, the coordinates of the points in one half plane can be
mirrored into the other half plane. The computation is not influenced by the
choice of the half plane.

5 Conclusion

We discussed a modified point formation problem and showed that modified
contraction functions can be used to solve this problem. This shows that the
concept of contraction functions is broadly applicable.

It turned out that there are many similarities to the results in [Sch03], but
there are differences as well. This shows that in some cases, the line helps to
solve the point formation problem.

The notion of Weber point has been modified, too. The modified Weber
point is a possible contraction point, but for three or more points, this Weber
point is not constructible by compass and ruler.

In the original problem, it is not clear whether the Weber point is the only
contraction point. Here, we showed that there are several possible contraction
functions, and that these functions can be computed efficiently. Whereas the
Weber point is not constructible by compass and ruler, the median of the pro-
jected points can be computed in linear time. With a small restriction, the
Max–Cone algorithm can be applied to compute a different contraction point
in time n logn.
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