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Chapter 1

Introduction

Systems biology is a relatively recent field of life sciences which aims to look at biological

systems in a holistic way and understand how interactions between the components of a bio-

logical system give rise to its behaviour. Even though biologists have always been interested in

the coordinated functioning of the multitude of components in biological systems, the field of

systems biology came into its own very recently [49]. The field of systems biology is comprised

of two equally important subspecialities. The first subspeciality, experimental systems biology,

is concerned with quantifying biological systems through the collection of high throughput data.

It is complemented by computational systems biology which tries to collect and organize the

huge amount of experimental data into models which capture the functionality of biological

systems. They interact in an iterative cyclic manner [34] - the data gathered from experiments

is used to create models to represent biological hypotheses and then experiments are conducted

to test the adequacy of these models. Using this new data, current models can be refined and

the inadequate ones can be removed altogether. If required, newer models might be proposed in

light of the new data. This is followed by another cycle of experimentation and data acquisition.

The selection of an adequate parametric model can itself be divided into two phases, firstly

the selection of the right structure of the model, and secondly the estimation of the parameters

associated with these models. Biological systems, at the molecular level, are represented by

chemical reaction networks which are usually described using a system of ordinary differential

equations (ODEs) [24, 48]. The estimation and determination of the parameters, usually kinetic

rate constants, associated with these dynamical models plays an important role, both from the

point of view of analysis as well as understanding of the underlying biological system. The

problem of parameter estimation is exacerbated by noisy data and partially observable state

variables. This can make traditional statistical approaches inefficient or even usable.

Traditionally, the problem of parameter estimation has been treated as an optimization

problem of fitting the model to experimental data as closely as possible while avoiding over

fitting. Regression, gradient descent, simulated annealing, particle swarm optimization and

evolutionary computing based approaches have been widely used [38]. In general, Bayesian

approaches have an advantage when the data, and in this case the system itself, is subject to

uncertainty and noise - both aleatory and epistemic. Bayesian approaches treat data, noise and

unknowns in the same way - through the means of probability distributions. These methods

then, instead of giving point estimates, try to quantify the knowledge in terms of posterior

probability distributions which can then be adapted as and when new data is available. Recently,

Bayesian approaches have become more popular for solving biological problems. Most of these

approaches are based upon exploring the posterior distributions through Markov Chain Monte

Carlo (MCMC) methods and more recently Sequential Monte Carlo filters [5].
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Biological systems can range from the simple to the extremely complex, and frequently

modeling requires estimating a large number of parameters. Current approaches can be highly

inefficient when dealing with high dimensionality, suffering from the curse of dimensionality. In

this thesis, we use a sparse grid in a Bayesian framework. Sparse grids are used to discretize

high dimensional parameter spaces while mitigating the curse of dimensionality to a certain

extent. Likelihood values for the data are calculated at these grid nodes and then interpolated

over the whole parameter space. Thus, we can efficiently calculate the posterior distribution for

the parameters to be estimated.

A brief overview of the current approaches and other related work is presented in next sec-

tion. It is followed by a short introduction to biological dynamical systems and probability

theory in Chapter 2. Sparse grids are described and their general properties are stated in Chap-

ter 3. Next, our approach based on sparse grids is presented and the various variants thereof

are described in Chapter 4 accompanied by a brief description of the comparative approach of

Sequential Monte Carlo filtering. These methods are tested first on Lotka Volterra model and

the results presented in Chapter 5. Then, they are applied on a published biological model and

the results presented in Chapter 6.

1.1 Related Work

The problem of parameter estimation is an essential one in systems biology and usually a hard

one both from a statistical as well as computational point of view [34]. A lot of effort has

gone in this direction and a variety of approaches have been developed to tackle it. We can

broadly divide them into Bayesian and frequentist approaches. Frequentist approaches often

take the form of maximum likelihood estimation requiring a search through the parameter

space for the optimal point. Global optimization techniques include simulated annealing, genetic

algorithms [47][32] and particle swarm optimization [33]. Local optimization has been done with

direct search methods of Hooke-Jeeves[26] or Downhill Simplex Method [39] or gradient based

methods like steepest descent or Newton’s method. A few hybrid approaches which combine

global optimization with local search have also been proposed [42][43]. Comprehensive reviews

of frequentist methods could be found in Moles et al. [38] and Ashyraliyev et al. [1].

Over the past few years, there has been a surge in research into Bayesian methods in systems

biology [51]. The development of a range of techniques based on Markov chain Monte Carlo

(MCMC) have made many previously intractable problems feasible. MCMC, with roots in

statistical physics, uses a Markov chain to generate samples from the posterior distribution

of parameters and uses these samples to calculate moments of interest [7]. Lately, a whole

new class of alternative Monte Carlo simulation techniques, called Sequential Monte Carlo

(SMC) methods, has come into prominence [11][6]. These methods can be seen as a sequential

analogue of MCMC and can be computationally much less intensive. Sequential Monte Carlo

methods sample an initial set of particles which are then iteratively resampled and augmented

by combining importance sampling/resampling with MCMC sampling [2][5]. Among other

Bayesian approaches, Extended Kalman filters [35] have also been used for parameter estimation

in biological systems but they have severe limitations because of linearization.

Sparse grids try to tackle the curse of dimensionality by deterministically choosing minimal

number of points using tensor product rules [4][14]. Originally developed to solve partial differ-

ential equations [55][19], they have been applied to a host of different problems including uncer-

tainty propagation [53][52], classification [15], semi-supervised learning [16] and quadrature [17]

among others. Recently, they have been used for Bayesian inference for inverse problems [37].
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Chapter 2

Background Material

In this chapter, we aim to give a brief overview of the basics of biological dynamical systems

and probability theory to give a background to the problem. We also describe the Fokker Planck

equation which acts as the starting point to our Bayesian approach. We do not delve into the

topics in much detail here and the purpose is to just give a short introduction. A separate

chapter is devoted to a detailed treatment of sparse grids later on.

2.1 Biological dynamical systems

In this thesis, we are interested in systems, defined as a collection of interacting entities,

which are dynamic in nature, i.e. systems which evolve with time. Formally, a dynamical system

is a mathematical concept where a fixed rule determines the future values of the state variables

modulo aleatory effects. The rules are captured in the form of coupled differential equations or

difference equations.

Dynamical systems abound in nature and they can range from the very simple to the very

complex. A simple example is the exponential growth observed in many microorganisms when

they have sufficient nutrients available.

dx

dt
= kx where k > 0 and x represents population at time t.

Biological systems are inherently dynamical and we can find dynamic behaviour from the

sub-cellular level to interaction between populations of different species. A cell is the unit of all

living beings and cellular processes are governed by interaction between macromolecules such as

genes, proteins, RNA etc. The interaction between these macromolecules is essentially a set of

chemical reactions. Such a set of reactions and the macromolecules together form a molecular

interaction network.

The first step in the modeling of biochemical systems is to identify the species involved and

create a putative model for the interactions between them, forming a biochemical reaction net-

work. These interactions are informally represented in the forms of graphical wiring diagrams

and are often mathematically approximated by systems of nonlinear ordinary differential equa-

tions. These approximations are made under certain assumptions. It is assumed that we have

knowledge of the interacting species and the time scales involved. Also, the system is assumed

to be a well-stirred memoryless system under thermodynamic equilibrium.

These reaction networks can generally be broken down into simple motifs which when

brought together give rise to complex behaviour. Some of these simple motifs are described

in the following sections.
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2.1.1 Mass Action Kinetics

The Law of Mass Action is used to explain and predict the behaviour of a reaction mixture

at a dynamic equilibrium. It governs the kinetics of elementary reactions where chemical species

react to form a product in single reaction step and states that the rate of elementary reactions

is directly proportional to the active masses of reactants. For example, given the reaction,

aA+ bB −→ cC

the rate is given by,
dC

dt
∝ [A]a[B]b

It also gives the equilibrium constant for reversible reactions. Given the reaction below with

forward reaction rate k1 and backward reaction rate k−1

A+B
k1
⇋
k−1

A′ +B′

the equilibrium constant is given by

Keq =
k1
k−1

=
[A′][B′]

[A][B]

2.1.2 Michaelis-Menten Kinetics

Michaelis-Menten kinetics is one of the simplest models of enzyme kinetics. It is used to

describe reactions where an enzyme E reversibly binds to a substrate S to form a complex ES

which then in a rate determining enzymatic step irreversibly breaks down into product P and

the enzyme. This can be represented in the form of following wire diagram

E + S
k1
⇋
k−1

ES
k2−→ E + P

where k1, k−1 and k2 are the kinetic parameters.

Under the assumptions that the substrate concentration is much more than that of the

enzyme, that the enzyme concentration remains effectively constant and that the substrate

reaches equilibrium on a much faster time scale than product formation, the rate of product

formation given by the Michaelis-Menten equation is

dP

dt
=

k2ES

Km + S
where Km =

k−1 + k2
k1

2.2 Probability Theory

Probability, depending on the interpretation, can be used to describe the frequency of occur-

rence of a random event “in the long run” [23] or as a degree of belief [9] or as “a measure of a

state of knowledge” [27]. In biology, a lot depends on chance, from the movement of molecules

in cells to gene mutations and evolution itself. Also, in natural environment or while conducting

experiments, stochastic noise is all pervading. For these and other reasons, it is beneficial to

treat biological problems in a probabilistic manner.

In the coming sections, we first formally define some properties of random variables. Later

we go in detail into the Bayesian view of probability and Bayesian inference on which our

methods are based.
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Let (Ω,A,P) be a well defined probability space, whose event space is Ω and is equipped

with a σ-algebra A and probability measure P. Also, let (R,B) denote the set of real numbers

together with the Borel σ-algebra. Let X = (X1, · · · , Xn) : Ω → R
n, n ≥ 1, be a (possibly

multivariate) random variable. Then its expectation value is denoted by

E[X] :=

∫

Rn

xdPX(x),

where PX is the probability measure induced by X on R
n. For n = 1, the variance of X is

Var(X) := E[(X − E[X])2] = E[X2]− E[X]2,

for n > 1, its covariance is

Cov(X) := E[(X − E[X])(X − E[X])T ].

In case of discrete random variables, the integration in the definition of expectation changes to

a sum. If we want to denote the expectation with respect to a specific random variable, the

variable is specified as a subscript, e.g. as EX [X].

2.2.1 Multivariate Random Variables with Independent Components

Let X = (X1, · · · , Xn) be a n-variate random variable with independent components in the

probability space (Ω,A,P). Also, let ρi : Γi → R+ be the probability density function of the

random variable Xi whose image is Γi , Xi(Ω) ⊂ R for i = 1, · · · , n. Then,

ρ(X) =
n
∏

i=1

ρi(Xi),

is the joint probability density of X with the support

Γ ,

n
∏

i=1

Γi ⊂ Rn.

2.2.2 Gaussian Distribution

Gaussian (or normal) distribution is a widely used continuous probability distribution to

describe real-valued random variables. The associated probability density function forms the

famous bell curve. Gaussian distributions arise when a number of random variables with finite

means and variances are summed and hence are a natural simple choice to represent uni-modal

random variables describing complex phenomenon arising from multiple unknown factors. Gaus-

sian distributions are suitable if we know that we do not have many outliers and the random

variable tends to cluster around the mean.

If X : Ω → R is a uni-variate random variable, we say it is normally distributed with the

parameters µ = X and σ2 = Var(X), denoted as X ∼ N (µ, σ2), if its probability density is

given by

pX(x) :=
1√
2πσ

e−
(x−µ)2

2σ2 .

Similarly, for a multivariate random variable X : Ω → R
n, it is normally distributed with

parameters µ = X and non-singular Σ = Cov(X), if the probability density is given by

pX(x) :=
1

(2π)n/2|Σ|1/2 e
− 1

2
(x−µ)TΣ−1(x−µ) (2.1)
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2.3 Bayesian Inference

The aim of conducting experiments and gathering empirical data is to increase our knowledge

about the underlying system and refine our hypotheses. Statistical inference is the process of

deriving conclusions and making statistical propositions about the system of interest from a set

of observed data subject to stochastic variations. Depending on the underlying interpretation

of probability, there are two widespread approaches of statistical inference.

In the frequentist approach, the probability of an event is defined as the limit of its relative

frequency in an infinitely large number of trials. Unknown parameters are treated as having

fixed values and probabilities cannot be associated with them. The result of frequentist inference

is generally a ”true or false” conclusion about a hypothesis or that the true value is covered

within certain confidence interval. Statistical tests and maximum likelihood estimation are the

frequently used methods to derive these conclusions.

On the contrary, Bayesian interpretation of probability is an epistemological one. Proba-

bility can be assigned to observations, noise, parameters and hypotheses. At the start of the

process of inference, we quantify our knowledge and uncertainty about a parameter to be deter-

mined or a hypothesis to be tested in the form of a prior probability distribution. The evidence

collected through experiments. In the light of this new evidence, we update our knowledge

about the uncertain quantities in the form of a posterior probability distribution. This process

can go on iteratively. Once we gather more evidence, our current posterior becomes the new

prior which can then be updated to a new posterior distribution.

The above process of inference is rooted in an iterative application of Bayes’ Theorem.

2.3.1 Bayes’ Theorem

If A,B ∈ A are events in the probability space (Ω,A,P), and X : (Ω,A)− > (R,B) be a

continuous random variable, then the following formulae hold.

For the discrete case,

P (A|B) =
P (B|A) · P (A)

P (B)
. (2.2)

Similarly, for the continuous case, it holds that

ρ(X|B) =
P (B|X) · ρ(X)

P (B)
. (2.3)

The derivation of this theorem follows directly from the definition of conditional probability.

If our unknown parameters are represented by a multivariate probability distribution X =

(X1, · · · , Xn) and the observed data by D, we have

ρ(X|D) =
P (D|X) · ρ(X)

P (D)
. (2.4)

Here, ρ(X) encapsulates our prior knowledge about the parameters, P (D|X) is the like-

lihood of observing the data given the parameters and ρ(X|D) is the updated posterior

distribution after taking the observed data into account. P (D) is the a priori probability of

observing the data over the whole parameter space, and is formally called the evidence.
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2.4 Fokker-Planck Equation

The Fokker-Planck equation, also known as the Kolmogorov forward equation is used to

describe the evolution of the probability density function of the position of a particle over time.

In the general case, this can be extended to any observable [8]. If the observables are represented

by vector x = (x1, · · · , xn), the probability density function p for this vector is given by

∂p

∂t
= −div(Fp) +

n
∑

i=1

n
∑

j=1

∂2

∂xi∂xj
D2

ijp (2.5)

where

ẋ = F (x) and D is the diffusion tensor.

Suppose the state variables for our dynamical system are represented by z = (z1, · · · , zp),
the parameters by k = (k1, · · · , kq) and F (z) := (f1, · · · , fp), we can augment the state vector

with the parameters to get the joint state variable-parameter vector

x = (z1, · · · , zp, k1, · · · , kq)
≡ (x1, · · · , xn) where n = p+ q.

The joint rate of change of variables and parameters then becomes F (x) = (ż1, · · · , żp, 0, · · · , 0).
The components in F corresponding to the parameters are 0 since we assume the parameters

do not change over time.

Also, let p0(x) = (p0(z1), · · · , p0(zp), p0(k1), · · · , p0(kq)) be the probability density function

for the variables and parameters at time t = 0. If we then assume that there is no stochastic

time evolution in our system, we can set the diffusion tensor D to zero, and (2.5) then reduces

to

∂p

∂t
+ div(Fp) = 0 (2.6)

where p represents the joint probability density of the state variables and the parameters.

The above equation can then be used to propagate the uncertainty in initial values and param-

eters over time.

2.5 Monte Carlo Sampling

For our benchmarking, we use a Sequential Monte Carlo method based on importance

sampling and resampling. All SMC methods follow a Monte Carlo sampling approach where

the moments of a probability distribution are approximated using a large cloud of N(N >> 1)

random samples. The approximation properties are independent of the number of dimensions.

The mean, for example, converges with 1/
√

(N) [2][13]. If f is the moment being approximated,

Monte Carlo sampling gives

f̄ =

∫

f(x)ρ(x)dx ≈ 1

N

N
∑

i=1

f(xi) (2.7)

where xi are sampled independently from ρ(x).
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2.6 Importance Sampling

The above method of Monte Carlo sampling depends on our ability to sample from the

distribution in question. This is possible only in a few cases where ρ has a nice analytical

form. In general, we cannot sample directly from the distribution ρ. This problem is solved by

sampling from another distribution q, referred to as an importance distribution, with a support

larger than ρ. We draw N samples from q and the required expectation f̄ is calculated as

f̄ =

∫

f(x)ρ(x)dx =

∫

f(x)
q(x)ρ(x)

q(x)
dx

=

∫

f(x)r(x)q(x)dx

≈
N
∑

i=1

∼
ω
i

∑N
i=1

∼
ω
i
f(xi) (2.8)

∼
ω
i ≡ r(xi) = ρ(xi)

q(xi)
are called the unnormalized importance weights. Using normalized im-

portance weights, the above equation reduces to

f̄ =
N
∑

i=1

ωif(xi), where ωi =

∼
ω
i

∑N
i=1

∼
ω
i
, i = 1, · · · , N.
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Chapter 3

Sparse Grids

The problem of Bayesian parameter estimation for a system of ODEs requires us to calculate

likelihoods for observed data points given a set of parameters. This entails calculation of

likelihood over the whole parameter space. A first and natural choice would be to discretize

the parameter space and calculate the likelihood for each grid point. Then we can perform

an interpolation through a suitable interpolation technique to find the likelihood for any given

combination of parameters. If the number of parameters to be determined is n and assuming

that we discretize the space for each parameter equally in N parts, this full grid discretization

scheme results in O(Nn) nodal points while the accuracy is of O(N−2). This exponential

dependence on the number of dimensions, generally referred to in the literature as the curse of

dimensionality, makes it infeasible to apply this naive method for anything other than trivial

problems.

A similar problem is faced in other high dimensional problems, for example numerical

quadrature, multidimensional interpolation, solving partial differential equations etc. Smolyak,

in 1963 [46], developed a method to generate quadrature points in high dimension which miti-

gates the curse of dimensionality to an extent. Smolyak’s algorithm involves taking the tensor

product of one-dimensional quadrature rules but instead of taking the full tensor product, rules

are used to restrict the nodal points.

A similar sparse grid approach was developed by Zenger [55] and Griebel [19] for the solution

of PDEs. This was followed by a host of work on solving problems in various fields [17][3][21]

and improving the performance [22][20]. These methods were inspired by the previous work of

Peano [40], Zienkiewicz et al.[56] and Yserntant [54] on using hierarchical bases for discretization

of PDE problems. Hierarchical bases and closely related techniques have much older history.

Archimedes performed a hierarchical quadrature of 1− x2 on [−1, 1]. Smolyak’s algorithm also

has a hierarchical form. Other techniques include Babenko’s hyperbolic crosses and Boolean

methods of Delvos et al.

The basic idea behind sparse grids is to restrict the function evaluation to spaces which

are important. The notion of importance will become clearer when we discuss hierarchical

subspace splitting and hierarchical surpluses. In general, sparse grid approaches are applicable

to functions residing in spaces with bounded mixed derivatives. For such functions, Smolyak’s

algorithm gives us sparse grids which have a complexity of O(N · log(N)n−1) and accuracy of

O(N−2 · log(N)n−1) with respect to L2− norm.

In the sections below, we describe in detail Smolyak’s algorithm and the construction of

hierarchical sparse grids with piecewise linear functions, and the properties of such grids.

11



3.1 Tensor Rule

Given the nodal points for each dimension in our n-dimensional space Γ,

Uqi
i [f ] =

qi
∑

j=1

αj
if(x

j
i ), (3.1)

based on nodal sets

Θi = (x1i , · · · , xqii ) ⊂ Γi. (3.2)

the multidimensional nodal set generated by full tensor product will be

UQ[f ] ≡ (Uq1
1 ⊗ · · · ⊗ Uqn

n ) [f ]

=

q1
∑

j1=1

· · ·
qn
∑

jn=1

f(xj11 , · · · , xjnn ) · (αj1
1 ⊗ · · · ⊗ αjn

n ). (3.3)

The above formula will generate a n-dimensional nodal set which has Q =
∏n

i=1 qi nodal

points. If we choose the same number of points q in every dimension, the total number of points

would be Q = qn. We can clearly see that the number of nodal points will grow very quickly

for higher dimensions.

Figure 3.1: Sparse grid of level 5 in 2-D space overlaid on top of a regular grid. The regular grid has

1089 nodes, whereas the sparse grid has only 145 nodes.

3.2 Smolyak’s Algorithm

Smolyak’s algorithm aims to minimize the number of nodal points used by the full tensor

product in multi-dimensional space while maintaining the error to a logarithmic factor. This

subset of the full tensor nodal points is referred to in the literature as sparse grids and can

12



reduce the number of nodes by orders of magnitude. The algorithm combines the specially

chosen tensor products in such a way that the interpolation properties are conserved in higher

dimensions.

Starting with one-dimensional cubature rules (3.2), the Smolyak algorithm is given by

UQ[f ] ≡ A(J, n) =
∑

J−n+1≤|i|1≤J

(−1)J−|i|1 ·
(

n− 1

J − |i|1

)

·
(

U i1
1 ⊗ · · · ⊗ U in

n

)

, (3.4)

where i = (i1, · · · , in) ∈ N
n and |i|1 = i1 + · · · + in, the discrete L1-norm of i. Clearly, ik can

be seen as the level of interpolation in k-th dimension.

Finally, to calculate the interpolant, we need to evaluate our function on the following sparse

set of nodal points only

Θ ≡ H(J, n) =
⋃

J−n+1≤|i|1≤J

(Θi1 × · · · ×Θin) . (3.5)

The above interpolant can also be constructed in an incremental manner. If we denote the

incremental interpolant in dimension k as ∆k, then

U0 = 0, ∆i
k = U i

k − U i−1
k (3.6)

The interpolant can then be written as

A(J, n) =
∑

|i|1≤J

(∆i1 ⊗ · · · ⊗∆in)

= A(J − 1, n) +
∑

|i|1=J

(∆i1
1 ⊗ · · · ⊗∆in

n ). (3.7)

If the interpolation points for different levels are nested Θi−1 ⊂ Θi, the incremental subset

of interpolation points for any dimension will be Θ∆
i = Θi\Θi−1. Now, increasing the level of

our interpolation would require us to evaluate the function only on incremental nodal set given

by

∆H(J, n) =
⋃

|i|1=J

(Θ∆
i1 ⊗ · · · ⊗Θ∆

in). (3.8)

3.3 Piecewise Linear Interpolation on Sparse Grids

To use sparse grids, we need to make a choice for the underlying one-dimensional grid and

the one-dimensional function basis. In general, the sparse grid method allows any quadrature

rule or any method of grid division to generate the nodal sets, for example equidistant mesh,

Clenshaw-Curtis quadrature rules or Gauss quadrature rules. Similarly, even though piecewise

linear functions were used in the original papers, later more sophisticated function basis like

higher order polynomials, interpolets, prewavelets and wavelets have also been used.
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For the purpose of this thesis, we have decided to use piecewise linear functions and an

equidistant mesh, albeit with different mesh sizes in each dimension. We made this choice

considering their sufficiency for the problem at hand as well as ease of implementation.

We now introduce some notation which we will be using to describe sparse grids with a

piecewise linear basis. The notation as well as the exposition below follows the excellent tutorial

on sparse grids by Garcke [14]. Continuing with the notation above, i = (i1, · · · , in) ∈ N
n

denotes a multi-index with ik denoting the level of interpolation in the k-th dimension. The

equidistant anisotropic grid is denoted by Θi ⊂ Γ, the n-dimensional bounded parameter space.

Θi has mesh sizes hi := (hi1 , · · · , hin) := (2−i1 , · · · , 2−in). Thus the meshes in each dimension

are equidistant but not necessarily of the same size. For ease of exposition, we assume that our

parameter space is bounded on [0, 1]n, but this can be easily changed to any other bounded

domain by rescaling and translation.

The grid Θi then is comprised of the points

xi,j := (xi1,j1 , · · · , xin,jn), (3.9)

where xik,jk := jk · hik = jk · 2−ik and jk = 0, · · · , 2ik .

For each of these grid points in Θi, we also define an associated piecewise n-linear function

φi,j(x) :=
n
∏

k=1

φik,jk(xk), (3.10)

making up the function space

Vi := span{φi,j | jk = 0, · · · , 2ik , k = 1, · · · , n}. (3.11)

The one-dimensional functions are standard hat functions

φ(x) :=

{

1− |x|, if x ∈ [−1, 1],

0, otherwise.
(3.12)

which have been scaled and translated to have support only within [xik,jk −hik , xik,jk +hik ]∩
[0, 1], so that:

φik,jk(xk) :=

{

1− |xk/hik − jk|, if xk ∈ [(jk − 1)hik , (jk + 1)hik ] ∩ [0, 1],

0, otherwise.
(3.13)

The basis Vi is referred to in literature as nodal point basis. In the next section we introduce

the concept of hierarchical basis and hierarchical surplus.

3.4 Hierarchical subspaces

Similar to the incremental interpolants of Smolyak, we now introduce the concept of hierar-

chical difference space Wi defined as

Wi := Vi\
n
⊕

k=1

Vi−ek , (3.14)
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Figure 3.2: Hierarchical and nodal basis for V3. The nodal basis is at the bottom in dashed lines.

where ek is k-th unit vector. Before we go ahead, we should define an order on the spaces

Vi. We say that space Vp is smaller than space Vi if

∀k, pk ≤ ik and ∃ k : pk < ik. (3.15)

Wi, therefore, consists of all φp,j ∈ Vi which are not part of any of the spaces Vp smaller

than Vi. If we set Vi := 0 if at least one element of i is equal to -1, and use the definition of

index set as given below

Bi :=

{

j ∈ N
n

∣

∣

∣

∣

jk = 1, · · · , 2ik − 1, jk is odd , k = 1, · · · , n, if ik > 0,

jk = 0, 1, k = 1, · · · , n, if ik = 0.

}

(3.16)

we can write,

Wi = span{φi,j | j ∈ Bi}. (3.17)

Using these hierarchical difference spaces, we can now decompose the full space into a sum

of subspaces

Vi :=

i1
⊕

k1=0

· · ·
in
⊕

kn=0

Wk =
⊕

k≤i

Wk. (3.18)

If we consider the space Vd ≡ Vd, dk = d ∀k = 1, · · · , n, we will need (2d+1)n basis functions

to describe any function f ∈ Vd, and we face the curse of dimensionality. The trick behind

sparse grids is to use exclude those hierarchical basis functions which have a small support, and

therefore play a less important role in representation of the function f .

The sparse grid space V
s
d ⊂ Vd is defined as

V
s
d :=

⊕

|i|1≤d

Wi. (3.19)
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Figure 3.3: The hierarchical subspaces composing V
s

3
in two dimensions. The hierarchical subspaces

are shown with their domains and the supporting nodal points. Source: Garcke [14]

Now, any function f ∈ V
s
d can be represented as

f(x) =
∑

|i|1≤d

∑

j∈Bi

αi,j · φi,j(x). (3.20)

The coefficients αi,j ∈ R are referred to as the hierarchical surplus. They are named so

because they represent the amount to be added to the function representation when going from

a lower level to a higher level.

If we have fixed boundary conditions (for example, Dirichlet boundary conditions for PDE

problems), then we do not need to include the basis functions on the boundary. The sparse

grids, constructed from such one-dimensional basis functions, was used in the original papers

by Zenger and Griebel, and is defined as follows:
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V
s
0,d :=

⊕

|i|1≤n+d−1

Wi. (3.21)

We use the above definition to state the general properties of sparse grids like the original

publications. The properties, though, are applicable to V
s
d as well.

3.5 Properties of Sparse Grids

The following proofs for the properties of sparse grids follow [4]. First, we have a look at the

size of the sparse grid V
s
0,d.

Lemma 3.1. The number of grid points corresponding to the sparse grid space V
s
0,d, is given

by

|Vs
0,d| = O(h−1

d · log(h−1
d )n−1). (3.22)

Proof. Since we have removed the 0-th level, the number of points in any dimension at level k

will be 2k−1. Therefore, the number of points corresponding to hierarchical subspace Wi will

be 2|i−1|1 .

Using Eqn. 3.21 and 3.17, we get

|Vs
0,d| =

∣

∣

∣

∣

∣

∣

⊕

|i1|≤n+d−1

Wi

∣

∣

∣

∣

∣

∣

=
∑

|i1|≤n+d−1

2|i−1|1

=
n+d−1
∑

k=n

2k−d ·
∑

|i|=k

1

=
n+d−1
∑

k=n

2k−d ·
(

k − 1

n− 1

)

=
d−1
∑

k=0

2k ·
(

n− 1 + k

n− 1

)

,

since we can sum n positive integers to equal k in
(

k−1
n−1

)

ways. The above sum could be

calculated by taking the (n− 1)-th derivative of
∑d−1

k=0 x
k+n−1 and substituting x = 2.

d−1
∑

k=0

2k ·
(

n− 1 + k

n− 1

)

=
1

(n− 1)!

d−1
∑

k=0

(xk+n−1)(n−1)

∣

∣

∣

∣

∣

x=2

=
1

(n− 1)!

(

xn−1 · 1− xd

1− x

)(n−1)
∣

∣

∣

∣

∣

x=2

=
1

(n− 1)!

n−1
∑

k=0

(

n− 1

k

)

·
(

xn−1 − xn+d−1
)(k)

·
(

1

1− x

)(n−1−k)
∣

∣

∣

∣

∣

x=2
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= (−1)n + 2d ·
n−1
∑

k=0

(

n+ d− 1

k

)

· (−2)n−1−k.

The summand is largest for k = n− 1 and it holds,

2d · (n+ d− 1)!

(n+ 1)!d!
= 2d ·

(

dn−1

(n− 1)!
+O(dn−2)

)

.

This gives an order of O(2d · dn−1), which is equivalent to O(h−1
d · log(h−1

d )n−1), with hd =

2−d.

Next, we look at the interpolation error of sparse grids. The interpolation error of the sparse

grid interpolant fs0,n ∈ V
s
0,n of the function f is given by

f − fs0,n =
∑

i

fi −
∑

|i|1≤n+d−1

fi =
∑

|i|1>n+d−1

fi

For any norm ‖ · ‖, we now have,

‖ f − fs0,n ‖≤
∑

|i|1>n+d−1

‖ fi ‖ . (3.23)

Lemma 3.2. The interpolation error of a function f ∈ H2
0,mix in the sparse grid space V

s
0,d is

bounded by

‖ f − fs0,n ‖ ≤ O(h2d log(h−1
d )n−1).

Proof.

‖ f − fs0,n ‖ ≤
∑

|i|1>n+d−1

‖ fi ‖2

≤ C(n) · 2−2|i|1 · |f |H2
0,mix

Now, we use a result due to Bungartz et al.[4] without providing the proof here. For s ∈ N,

we have,

∑

|i|1>n+d−1

2−s|i|1 ≤ 2−s.n · 2−s.d · 2 ·
(

dn−1

(n− 1)!
+O(dn−2)

)

.

Using the above result, we get

C(n) · 2−2|i|1 · |f |H2
0,mix

≤ C(n) · 2−2.d.|f |H2
0,mix

·
(

dn−1

(n− 1)!
+O(dn−2)

)

≡ O(h2d log(h−1
d )n−1),

if we use the notation hd = 2−d.
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3.6 Adaptive Sparse Grids

The concept of adaptive sparse grids is based in the idea that a function is not equally smooth

over the whole space. Hence, when we discretize this space, each region does not require the

same granularity of discretization. Instead of refining the grid equally over the whole space, the

areas where the function has more variation and is less smooth can be refined finer than the

smoother portions. Hierarchical surplus can be considered a good measure for the smoothness

of the solution, and subspaces with high hierarchical surpluses can be locally refined before

subspaces with negligible surpluses.

If we consider the sparse grid without boundary functions, Vs
0,d in n dimensions, each grid

node can be considered to have 2n children nodes corresponding to hierarchical subspaces of

a higher level. Also, it should be noted that the calculation of hierarchical surplus for any

subspace requires the knowledge of all its parent subspaces, that is subspaces of a lower level. If

a subspace has level index i, there will be one parent subspace each with level index i−ek where

ek is the k-th unit vector. Hence the hierarchical surplus at each grid node directly depends

on n parent nodes. Thus when we want to refine a subspace further from level |i|1 to |i|1 + 1,

instead of doing a global refinement, we can just refine locally by calculating the surpluses for

the children subspaces.

This can be formalized in the form of the algorithm presented below. Two sets of nodes

are used. Processed set is used to keep track of all the nodes for which the surplus has been

calculated. Active set stores all the nodes which can be refined further.

Initialize: Calculate the surplus (=function value) for point (0.5, · · · , 0.5) and add it

to processed set and active set. Also choose the maximum level of refinement.

Repeat: Pick the node with the highest absolute value of hierarchical surplus.

Step 0 If the node cannot be refined further, GOTO Step 3.

Step 1 For each parent of the picked node which is not in processed set:

Step 1.1 Set this parent node to be the current node. GOTO Step 1.

Step 1.2 Calculate the surplus for this parent node and add it to processed set

and active set.

Step 2 Calculate the surplus for each child node and add them to processed set and

active set.

Step 3 Remove this node from the active set.

End
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Chapter 4

Methods

In this chapter, we present in detail some approaches that were used to estimate parameters

in dynamical biological systems. We first present our initial approaches and the problems

faced thereof. We then discuss our final approach. Lastly, we present the Sequential Monte

Carlo method used to benchmark our approach. The results of our final method and the SMC

approach on an ecological model and a published biological model are presented in Chapter 5

and 6 .

4.1 Problem Description

As stated before, the methods presented in this chapter aim to solve the problem of pa-

rameter estimation in biological systems, specifically biochemical processes, in a Bayesian

setting. The dynamics of the biochemical process under consideration is described through a

system of coupled ordinary differential equations.

Formally, we have n different homogeneously distributed chemical species {Ci}ni=1 in a set

of fixed finite volume compartments. These chemical species are interacting with each other

through a set of r chemical reactions {Ri}ri=1. Each reaction Ri is of the form

Nin
1iC1 + · · ·+Nin

niCn −→ Nout
1i C1 + · · ·+Nout

ni Cn

where Nin
ij is the stoichiometric coefficient of i-th chemical species in the j-th reaction from

the input stoichiometric matrix Nin ∈ N
n×r. Similarly, Nout

ij is the stoichiometric coefficient of

i-th chemical species in the j-th reaction from the output stoichiometric matrix Nout ∈ N
n×r.

Let θ ∈ R
m
≥0 be the vector of m rate constants associated with the reactions {R}. Then, the

dynamics of this biochemical system is described by

Ċ ≡ f(t,C, θ,Nin,Nout), C(t = 0) = C0. (4.1)

Here, C ∈ R
n
≥0 is a vector denoting the concentration of the involved chemical species. Our

aim is then to estimate the parameters of the underlying biochemical system, in our case the

rate constants θ given experimental data.

Initial Concentrations

We assume that the initial concentrations of the involved species at the start of experiments

cannot be determined due to experimental measurement errors. We assume that the initial

concentrations are normally distributed:
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C0 ∼ N (µC0 ,ΣC0)

where µC0 ∈ N
n is the vector for the means, and ΣC0 ∈ N

n×n is the covariance matrix

of the initial concentrations. In reality, ΣC0 is a diagonal matrix since we assume that the

measurement errors for each of the species is independent.

Prior probability distribution of rate constants

In theory, our methods allow any prior distribution over the unknown parameters. For our

experiments, though, we have chosen the prior distribution to be either a non-informative

uniform distribution over a certain range of the rate constants or a normal distribution. We

assume that the rate constants are uncorrelated, as normally the published values for the rate

constants are stated in terms of mean value and the standard deviation.

Uniform Distribution:

ρ(θ) ∼
m
∏

i=1

ρi(θi),

ρi(θi) = U(ai, bi)

where U(ai, bi) is the uniform distribution over [a, b]. The vector θ resides in a m-

dimensional space Γ :=
m
⊗
i=1

[ai, bi].

Normal Distribution:

ρ(θ) ∼ N (µθ,Σθ),

whereN (µθ,Σθ) is am-variate normal distribution with mean vector µθ, and covariance

matrix Σθ, which is again a diagonal matrix. In this case, θ resides in the m-dimensional space

Γ := R
m
≥0.

Observation Time Points

The observed data is measured at certain experimentally interesting time points indicated

by the vector

t = (t1, · · · , td), t1 < t2 < · · · < td.

Observed Data Matrix

In biochemical systems, all the involved chemical species might not be directly measurable

and hence the experimental data might comprise of information about only some of the involved

species. Let {Mi}si=1 ⊂ {C} be the set of measured species and M ∈ R
s
≥0 denote the concentra-

tions of the measured species. The experimental time series data is collected for the time points

in t, and the experiment can be conducted more than once. The whole set of experimental data

D then forms a d× e× s matrix where e is the number of experiments conducted.

D :=











M11 M12 · · · M1e

M21 M22 · · · M2e

· · · · · · . . . · · ·
Md1 Md2 · · · Mde











where Mij is the measurement vector at time point i in the j experiment.
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We assume that measurements can be affected by independent additive Gaussian random

errors with mean zero and variance σ2:

Mmeasured = Mtrue + ξ,

where ξ ∈ R
s
≥0, ξi ∼ N (0, σ2), i = 1, · · · , s

After laying out the preliminaries, we now present our general approach to estimate the

undetermined parameter set θ in a Bayesian setting.

4.2 Bayesian Estimation with Sparse Grids

Our aim is to estimate a posterior probability distribution ρ(θ|D) for the undetermined rate

constants θ given data D obtained from the dynamic system of Equation 4.1, a probability

distribution over the initial concentrations C0 and a prior distribution over the rate constants

ρ(θ). It follows directly from Bayes’ Theorem that,

ρ(θ|D) =
P (D|θ)ρ(θ)
P (D)

=
P (D|θ)ρ(θ)

∫

Γ P (D|θ)ρ(θ)dθ

The denominator is in general intractable, and since we have a specific instance of data, it

can be considered a normalizing constant. The Bayes’ Theorem then reduces to

ρ(θ|D) ∝ P (D|θ)ρ(θ)

and, the normalized posterior distribution is given by,

ρ(θ|D) =
P (D|θ)ρ(θ)

∫

Γ P (D|θ)ρ(θ)dθ . (4.2)

In the above equation the only unknown is the likelihood of the data. Ideally, we need to

calculate this value over the whole parameter space. Let us denote the likelihood P (D|θ) by

L(θ) where L : Γ → R≥0. We want to have a representation for L over the parameter space

Γ. Also, if we assume that the measurement values are independent of each other, the above

equation reduces to

ρ(θ|D) =

∏d
i=1

∏e
j=1 P (Mij |θ)ρ(θ)

∫

Γ

∏d
i=1

∏e
j=1 P (Mij |θ)ρ(θ)dθ

. (4.3)

In our sparse grid approach, we discretize the parameter space Γ into a sparse grid with

nodal points Θl ⊂ Γ. Using Equation 3.5,

Θl ≡
⋃

l−m+1≤|i|1≤l

Θi (4.4)

where
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Θi = {θi,j}
θi,j := (θi1,j1 , · · · , θim,jm),

θik,jk = ak + (bk−ak) · jk · 2−ik , jk = 0, · · · , 2ik .

Here, l denotes the level of interpolation which we take to be the same in all dimensions. The

sparse grid so constructed has the associated sparse function space Vs
l composed of hierarchical

basis functions Wi:

V
s
l :=

⊕

|i|1≤l

Wi

and Wi is defined as in Equation 3.17. Thus the likelihood function L can now be written

as

L(θ) =
∑

|i|1≤l

∑

j∈Bi

αi,j · φi,j(θ) (4.5)

where the hierarchical basis functions φ over the parameter space Γ and the index sets B are

defined in the same way as in Section 3.4. α are the hierarchical surplus of likelihood for the

corresponding basis function. To find the interpolant in Equation 4.5 at level l, we just need to

find the likelihood for each set of rate constants θ ∈ Θl and calculate the hierarchical surplus.

It should be noted that if we want to increase the interpolant level for further refinement, we

do not need to calculate from scratch since our sparse grid points are nested and we just need

to calculate for θ ∈ Θl+1\Θl.

In the next few sections, we describe a few approaches to calculate the likelihood of data

given a set of parameters. In general, for each set of rate constants, we calculate the concen-

tration of the chemical species at required time points by solving the system in Equation 4.1.

While solving the system to find the probability distribution of the concentrations, we need to

take the uncertainty in initial concentrations into account, and calculate the likelihood of data

accordingly.

4.3 Solving the Fokker Planck Equation

Given our combined concentration parameter vector

ψ :=

(

C

θ

)

and the combined rate of change vector,

ψ̇ =

(

Ċ

0

)

=

(

f

0

)

the Fokker Planck equation states that,

∂ρ(t, ψ)

∂t
+ div(ψ̇ρ(t, ψ)) = 0
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=⇒ ∂ρ(t, ψ)

∂t
+

n
∑

i=1

∂

∂Ci
(ρ(t, ψ)fi) = 0

since the derivatives in the direction of the parameters are 0. Thus we get a first order

linear partial differential equation which will give the probability of a data point over the whole

parameter space. Numerically, since we lack derivatives in the direction θ, we can solve it by

discretizing over the parameter space, and repeatedly solving the above equation. We follow a

finite difference approach. In two dimensions, using a central finite difference scheme, the above

equation reduces to

ρ(t+∆t, C1, C2) = ρ(t, C1, C2)

−∆t

[

ρ(t, C1 +∆C1, C2)f1(C1 +∆C1, C2)− ρ(t, C1 −∆C1, C2)f1(C1 −∆C1, C2)

2∆C1

]

−∆t

[

ρ(t, C1, C2 +∆C2)f2(C1, C2 +∆C2)− ρ(t, C1, C2 −∆C2)f2(C1, C2 −∆C2)

2∆C2

]

We took the algorithm by Skeele et al. [45] being used in pdepe, PDE solver for parabolic

equations in one dimension from the MATLAB ODE suite and extended it to arbitrary dimen-

sions.

Discussion

Since the involved quantities in our partial differential equation are strictly non-negative,

we were required to pass the NonNegative option to our ODE solver. This deteriorated the

performance as well as it also led the ODE solver to fail in some situations. Moreover, we

also faced the problem of deciding the domain of concentrations for solving the PDE. Setting

the domain too big directly effects the efficiency, whereas setting it too small could lead to

the probability mass to flow out of our domain resulting in erroneous results. This problem

could be mitigated by monitoring the probability mass in our domain and changing the domain

dimensions accordingly. We, however, did not implement this approach because of the afore-

mentioned problem of the ODE solver failing in some situations and the lack of accuracy of

finite difference method when extrapolated to higher dimensions, and abandoned the attempts

to solve the Fokker Planck equation using a finite difference approach.

4.4 Unscented Kalman Filter Transform

Kalman filter [30] was originally developed to recursively estimate the internal state of a

linear dynamical system from a series of noisy measurements. It consists of two steps - a predict

step which performs uncertainty propagation to estimate the new predicted state and then an

update step to incorporate the measurement. The filter assumes that all the variables - observed

as well as latent follow a Gaussian distribution.

A lot of work has been done to extend the basic Kalman filter to work with non-linear

dynamical systems. The commonly used Extended Kalman Filter [29] linearizes the non-linear

model around the current mean and covariance matrix of the state variables. The linearization

is correct to the first order. However, it has a few drawbacks. It can be computationally

inefficient since one has to calculate the Jacobian matrices at every predict step for estimating
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the covariance matrix. Also, if the initial estimate of state variables is wrong, the solution can

quickly diverge.

A recent advance in filtering is the Unscented Kalman Filter [29]. Here, the means and

covariances are propagated through the non-linear system using a set of weighted sigma points.

The set of sigma points is deterministically chosen so that the first two moments of these

points matches that of the current distribution. Each point is then subjected to the non-linear

transformation and the transformed points are used to estimate the properties of the posterior

distribution. The advantage of this method is that we do not need to calculate any expensive

Jacobian matrices, and the number of sigma points is minimal.

With increasing number of dimensions, the original unscented transform would generate

sigma points increasingly distant from the mean. This would lead to the sampling of non-local

effects. To mitigate this problem, a scaled unscented transform [28] was proposed. Here, another

parameter is introduced which controls how distant the sigma points are from the true mean of

the current state while still preserving the first two moments.

For our purposes of calculating the likelihood of data, we only need to know posterior

distribution of concentrations post the non-linear transformation. Hence, we are only interested

in the the predict step of the Unscented Kalman Filter. Below we present the algorithm to

calculate the sigma points and mean and covariance matrix after the transformation.

At time t = 0, the concentrations of our chemical species are given by C0 ∼ N (µC0 ,ΣC0).

The approximation of their distribution at some later time point t > 0 is calculated by the

unscented transform in the following way:

Step 1:

Choose parameters α, κ and β. α is used to control the spread of sigma points and generally

set to be around 10−3. κ is used to fine tune the higher order moments of the approximation.

Since our distribution is Gaussian, we set n + κ = 3. β is another parameter which is set

depending on the initial distribution. For Gaussian distributions, β is set to 2. Also, let

L be the lower triangular matrix of the Cholesky decomposition of α2(n + κ)ΣC0 , that is

α2(n+ κ)ΣC0 = LL′.

Step 2:

Calculate the 2n+ 1 sigma points using:

χ0 = µ0

χi = µ0 + Li, i = 1, · · · , n
χi = µ0 − Li, i = 1, · · · , n

Here Li stands for the i-th column of L. The corresponding weights are given by:

Wm
0 = 1− n

α2(n+ κ)

W c
0 = 1− n

α2(n+ κ)
+ (1− α2 + β)

Wm
i =

1

2α2(n+ κ)
, i = 1, · · · , 2n+ 1

W c
i =

1

2α2(n+ κ)
, i = 1, · · · , 2n+ 1
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The weightsWm are used to calculate the mean, andW c are used to calculate the covariance

matrix.

Step 3:

Propagate each sample χi through our non-linear dynamical system given by 4.1 to obtain

the transformed points χ′
i.

Step 4:

Use the transformed sigma points χ′
i to calculate the updated mean and covariance:

µt =
2n
∑

i=0

Wm
i χ

′
i,

Σt =
2n
∑

i=0

W c
i [χ

′
i − µt][χ

′
i − µt]

T.

Using the so obtained mean and covariance matrix at the measurement time point, we can

now calculate the likelihood of our data.

Likelihood Calculation

For any set of rate constants θ, we calculate of the likelihood of measured data as follows:

Step 1:

For each data point Mij , i = 1, · · · , d, j = 1, · · · , e, measured at time t = ti, propagate µ0
and Σ0 till time ti to get µti and Σti .

Step 2:

We assume the resultant distribution as a multivariate Gaussian distribution and use Equa-

tion 2.1 and Equation 4.3 to get

P (D|θ) =
d
∏

i=1

e
∏

j=1

P (Mij |θ)ρ(θ)

=
d
∏

i=1

e
∏

j=1

N (Mij ;µti ,Σti)ρ(θ).

Thus, we can calculate the data likelihood for θ ∈ Θl, and build a sparse interpolant for

likelihood over our parameter space.

Discussion

The results obtained using the scaled unscented transform were mixed. For few test cases,

the method was able to estimate the parameters close to their true value, but in a lot of cases

it completely failed to do so. The method was tested with various values of the parameter α

to control the spread of sigma points. Many times, we faced the problem that the estimated

covariance matrix would be singular or close to singular leading to 0 likelihood values in most
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cases. We realize that this might also be the characteristic of the test system itself which

lends itself to such behaviour. Another problem we faced was due to our assumption that the

transformed sigma points are distributed normally. This assumption was not true all the time,

and often it led to the estimated mean having negative values which do not have a physical

meaning. For these reasons, we decided to abandon this approach in favour of a general noise

model detailed in next section.

4.5 General Noise Model

In our final approach to calculate likelihood, we take a different model than the above meth-

ods of propagating uncertainty. Here, we use an additive model which combines the uncertainty

in the initial conditions with the error in measurement. We assume that the noise in observed

data comes from two sources - uncertainty in initial conditions which has been propagated over

time and systemic measurement errors.

Estimating Noise

We estimate the noise of our system using the measured data. Here, we have multiple time

series data, and that measurements have been made more than once. This is not an implausible

assumption since currently, it is easy to get high throughput data from biological experiments

[34]. Our aim is to obtain a noise covariance matrix Σnoise which is a s × s diagonal matrix

with entries σ2i , i = 1, · · · , s. Using the measured data D, we calculate the noise matrix in the

following way:

Step 1. Calculate the variance of measurements at each time point using multiple mea-

surements.

σ2i,j = variance({Mj1}i, · · · , {Mje}i), ∀ i = 1, · · · , s, ∀ j = 1, · · · , d. (4.6)

where Mj1}i is the concentration of i-th species in the measurement taken at time tj and e

is the number of experiments.

Step 2. Take the mean of the above covariances to get the entries for noise matrix.

σ2i =
d
∑

j=1

σ2i,j ∀ i = 1, · · · , s. (4.7)

Under a Gaussian noise model, we will have Mobserved ∼ N (Mtrue,Σnoise).

Likelihood Calculation

For a given set of rate constants θ, we consider the true state at the required time points

t = (t1, · · · , td) to be the one which is obtained by simulating the model of our dynamical

system with the initial concentrations equal to the mean µC0 . Let the measurements obtained

through the simulation at required time points be Mtrue
θ,k , k = 1, · · · , d. We take this “true”

time series data and then calculate the likelihood of our observed data using the above Gaussian

noise model:
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L(D|θ) :=
d
∏

i=1

e
∏

j=1

L(Mij |θ)

≡
d
∏

i=1

e
∏

j=1

L(Mij |Mtrue
θ,i )

∝
d
∏

i=1

e
∏

j=1

exp(−1

2
(Mij −Mtrue

θ,i )TΣ−1
noise(Mij −Mtrue

θ,i ))

=
d
∏

i=1

e
∏

j=1

exp

(

−1

2

s
∑

k=1

({Mij}k − {Mtrue
θ,i })2

σ2k

)

. (4.8)

4.6 Sequential Monte Carlo Approach

Sequential Monte Carlo (SMC) methods, also known as Particle Filters approximate a

probability density through a set of random samples with associated weights. Its modern

origins lie in the bootstrap filter for filtering nonlinear dynamical systems developed by Gordon

et al.[18] as an improvement over the Extended Kalman Filter. SMC methods can be used both

for Bayesian and non-Bayesian inference and filtering [31] and can be used for offline as well as

online problems.

A common approach, similar to Kalman filters, is to perform the filtering recursively using

a Prediction step followed by a Correction step [6].

Prediction:

ρP (xt|D0:t−1) := ρ(xt−1|Dt−1)T (xt|xt−1)

Correction:

ρ(xt|D0:t) ∝ L(Dt|xt)ρP (xt|D0:t−1)

where xt denotes the state variables at time t, D0:t denotes all the data observed till time

t, Dt denotes the data observed since the last correction step at time t − 1, T is a transition

probability function which governs the evolution of state variables, L is the likelihood of seeing

Dt at time t and ρP denotes the intermediate predicted probability distribution before observing

new data.

Using an importance sampling approach (Section 2.6), if we choose an importance distribu-

tion q which can be factorized q(xt|D0:t) = q(xt−1|D0:t−1)q(xt|xt−1,Dt), we will get unnormal-

ized importance weights of the following form:

∼
ω
i

t :=
ρ(xit|D0:t)

q(xit|D0:t)

∝ ∼
ω
i

t−1 ×
T (xit|xit−1)L(Dt|xit)
q(xit|xit−1,Dt)

If we choose q(xit|xit−1,Dt) = T (xit|xit−1), the above reduces to
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∼
ω
i

t ∝
∼
ω
i

t−1L(Dt|xit) (4.9)

Sampling Importance Resampling with Jitter

A normal importance sampling approach leads to particle degeneracy over time as a few

particles contain most of the probability mass, and the rest become insignificant [6]. To counter

this, an additional resampling step is added. This adds additional Monte Carlo variance, but

it leads to a more stable approximation. A naive solution is to perform resampling after every

importance sampling step, but advanced methods have been developed [5][41][10] to improve

the performance and reduce variance.

However, resampling can also lead to particle impoverishment, and in the worst case we

might end up with a single particle. Various schemes have been proposed to solve this problem.

For our comparative method, we chose a jitter scheme suggested in [18]. Here, after resampling,

a small Gaussian jitter is added to the particles. Finally, our algorithm for a bootstrap filter

with jitter is as follows:

Initialize. Choose N samples from the parameter space using the prior distribution,

assign the importance weights to 1/N and the initial concentrations to µC0 .

θi0 ∼ ρ(θ)

ωi
0 = 1/N, i = 1, · · · , N

Ci
0 = µC0

Repeat: For each measurement time point tk ∈ (t1, · · · , td):
Repeat: For each particle θitk−1

:

1. Propagate. Solve the dynamical system using Equation 4.1 from time tk−1 to

tk using concentrations Ci
tk−1

and parameters θitk−1
to obtain Ci

tk
.

2. Weigh. Calculate the unnormalised importance weights using likelihood of data

measured at time t:

∼
ω
i

tk
= ωi

tk−1

e
∏

j=1

L(Mkj |Ci
tk
)

End

Normalize. Calculate the normalized importance weights:

ωi
tk

=

∼
ω
i

tk
∑N

i=1

∼
ω
i

tk

Resample. Resample with replacement using the importance weights:

θitk ∼ Resample(θitk−1
, ωi

tk
)

ωi
tk

= 1/N

Jitter. Add a small Gaussian noise to each resampled particle:

θitk = θitk +N (0,Σjitter)

where Σjitter is a diagonal matrix with all entries σ2.

End
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It should be noted that estimation of various moments should be performed before the

resampling step using the weighted particles since resampling reduces the Monte Carlo error.

Also, the noise matrix has in general all entries equal, but if there is a huge difference in the

range of different parameters, the jitter matrix Σjitter can be modified to have appropriate

entries. Lastly, the likelihood is calculated the same way as in our general noise model of

previous section.
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Chapter 5

Testing and Evaluation on

Lotka-Volterra Equations

5.1 Overview

The Lotka-Volterra equations is a set of differential equations proposed independently by

Alfred Lotka in 1925 [36] and Vito Volterra in 1926 [50]. Volterra used them to explain the

populations of an ecosystem with one predator fish and one prey fish. Lotka, on the other hand,

used them to describe oscillatory chemical reactions. Commonly known as the predator-prey

equations, the first order non-linear differential equations are given by:

dx

dt
= x(α− βy)

dy

dt
= −y(γ − δx) (5.1)

where x is the number of prey, y is the number of predators, α is the per capita growth rate

of the prey, β is the rate of predation, γ is the per capita death rate of predators and δ is the

growth rate of predators, which is not necessarily equal to the rate of predation. The model as

such is a simplified version of the general Kolmogorov predator-prey model:

dx

dt
= xf(x, y)

dy

dt
= yg(x, y)

The Lotka-Volterra model can be derived from above by replacing f and g with linear per

capita growth rates.

Apart from its original application to ecological systems, Lotka-Volterra model has been

independently derived and used elsewhere in the fields of epidemics, chemistry and economics.

In biology, it has been generalized to serve as a paradigm for complex oscillatory systems like

autocatalytic reactions [25]. The historical significance and widespread usage of the model

combined with its simplicity makes it an interesting first model to test our Bayesian approach

of parameter estimation.

5.1.1 Simplified Lotka-Volterra Model

For the purpose of our experiments, we decided to simplify the model further so that we

have only two parameters to be estimated. We fixed β and δ to be 1 in Equation 5.1 and get
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Figure 5.1: Limit cycle behaviour displayed by Lotka-Volterra model. Initial value of Predator is 1.

Various cycles are shown for different initial values of Prey. The neutrally stable point is at (1, 1).

the following simplified version:

dx

dt
= αx− xy

dy

dt
= −γy + xy (5.2)

The above system has two fixed points - an unstable saddle point at x = 0, y = 0 where

both prey and predator go extinct, and a neutrally stable fixed point at x = γ, y = α. Starting

from any given non-zero population (not equal to the stable fixed point), the predator and prey

population oscillate around this fixed point and the system is an example of a limit cycle (Figure

5.1.

Objective

Experiments were conducted with this model with two main objectives. Our main aim was

to test the feasibility and effectiveness of a sparse grid based Bayesian inference approach. To

this end, selection of a simple model such as Lotka-Volterra equations is especially fruitful since

we can be fairly sure that the parameters can be inferred accurately enough. Our secondary

aim was to compare the performance of the full and adaptive sparse grid approaches among

themselves as well as with a Sequential Monte Carlo based approach, both in terms of accuracy

of estimation and the efficiency of the methods to reach that accuracy.

Ideally, we can be certain about the validity of any comparison between the accuracy and

efficiency of the different methods only if the experiments have been replicated with multiple

sets of data. This is necessary since the data itself is a random variable and the estimated
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parameters depend on both the data and the method, thus making the estimated parameters

themselves a random variable. However, due to time limitations, these experiments could not

be performed. The results in this chapter as well as the next chapter have been generated using

only one set of data each.

Method

To test our approach, we simulate data from the model trying to mimic experimental conditions.

The simulation data is generated using following steps:

Step 1: Choose the distributions for initial values of x and y. Since we assume the initial

values to have Gaussian distributions, we choose mean vector µ0 and a diagonal

covariance matrix Σ0.

Step 2: Choose the true values of parameters α and γ. These will be used to generate

the simulated data.

Step 3: Choose the number of times, e, the experiments are conducted, that is the num-

ber of time series data is collected. Also, choose the time points t = (t1, · · · , td)
at which to measure the data.

Step 4: To collect data for each time series, randomly sample the initial values of x

and y using the above selected distributions. Solve the simplified Lotka-Volterra

equations (Equation 5.2) and store the data at required time points.

Step 5: Add measurement noise to the collected data to get Mij , i = 1, · · · , d, j =

1, · · · , e. This will be our final observed data.

Step 6: Calculate the noise matrix Σnoise using Equation 4.6 and 4.7.

Once we collect the data and calculate the noise matrix using the observed data, we infer

the parameters with our sparse grid approach with increasing levels of sparse grids. Similarly,

for the particle filter based approach, we infer with an increasing number of particles. Since the

particle filter method is stochastic, we run it multiple times and calculate the variance of the

mean and variance estimated by the method.

We test our approach with two levels of signal to noise ratio (SNR) in initial values. First

we choose the standard deviation to be 20% of the initial values, and in our second experiment,

we set it to be 30%. The results are presented with the number of points used by the given

method. We assume that the number of points is a good approximation to the total time taken.

The most time consuming step of the presented methods is running the ODE solver for the

dynamic system. Since the ODEs are solved as many times as the number of points, it can be

safely assumed that the time taken is proportional to the number of points.

The dynamic system is solved using the MATLAB ODE suite. Specifically, ode16s is used

as the ODE solver.

For both experiments, a uniform prior distribution has been chosen for the parameters -

α ∼ (0, 10) and γ ∼ (0, 10).
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Figure 5.2: Data generate using initial values with low SNR has been plotted alongside the trajectory

of the system with initial values equal to the mean. The data was generated with µ = (1, 0.5) and

σ = (0.2, 0.1). Parameters were set to (1, 1).

Time (secs) x y

1

2.0207 1.0037

1.0340 0.5669

1.2464 0.8850

3

0.4656 1.6483

1.4522 1.3737

1.0639 1.2457

5

0.5407 0.4838

0.5943 1.1607

0.7930 0.9641

7

1.7087 0.5663

0.7873 0.5779

1.1890 0.8240

9

0.9150 1.9164

1.5859 1.1036

1.0963 1.2527

Table 5.1: Simulation data generated with

x0 = 1, y0 = 0.5, σ = (0.2, 0.1) and measure-

ment noise ∼ N (0, 0.05).

Time (secs) x y

1

2.4657 1.1768

0.5527 0.3866

1.1918 0.3674

3

0.3000 1.5186

2.0195 0.5968

1.9374 1.8695

5

0.4207 0.3921

0.6596 1.9244

0.2853 1.0152

7

1.8564 0.3946

0.3777 0.6071

0.7265 0.3276

9

0.7686 2.4618

1.3378 0.2795

2.2750 0.5591

Table 5.2: Simulation data generated with

x0 = 1, y0 = 0.5, σ = (0.3, 0.15) and measure-

ment noise ∼ N (0, 0.05).
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Figure 5.3: Parameters α and γ as inferred by sparse grid and SMC methods. The simulations were

performed using data with low SNR from Table 5.1.

5.2 Low SNR Testing

In our first experiment, we generate observed data with low noise in the initial values. We

set the mean of initial concentrations to be x0 = 1, y0 = 0.5 and the standard deviation for x is

0.2 and for y, 0.1. The true value of parameters used to generate the data was α = 1, γ = 1. We

took 3 time series data and measurements were made at t = (1, 3, 5, 7, 9) secs. The noise added

to the measurements has a variance of 0.5. The generated data is presented in Table 5.1. For

a comparison with the “true” trajectory, the measurement points have been plotted in Figure

5.2.

The final variances for the measurement noise as calculated in Step 6 above is:

Σnoise =

[

0.1736 0

0 0.0846

]

The full sparse grid method was run for levels 5-11 and for adaptive sparse grid, runs were

performed with maximum number of points being used varied from 50 to 5000. For SMC,

number of particles was kept between 100 and 30000 and multiple runs for each. The number of

times SMC was run for a given number of particles was varied, assuming that the SMC method

will have low variance among multiple runs for higher number of particles. The results for both

parameters are plotted in Figure 5.3 and listed in detail in Table 5.3.
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Sparse Grids

Full Sparse Grids Adaptive Sparse Grids

Level # Points
α γ

# Points
α γ

Mean SD Mean SD Mean SD Mean SD

5 321 0.6316 0.2616 1.2500 0.5048 50 0.9333 0.1047 1.0001 0.1889

6 769 0.9375 0.1276 1.2500 0.5103 100 0.9106 0.0478 1.1258 0.1701

7 1793 0.9344 0.0442 1.2500 0.1767 200 0.9179 0.0450 1.0700 0.0725

8 4097 0.8945 0.0929 1.0468 0.3338 400 0.9240 0.0485 1.0674 0.0711

9 9217 0.9298 0.1136 1.0985 0.1006 1000 0.9240 0.0485 1.0674 0.0711

10 20481 0.9322 0.0682 1.0624 0.0788 2500 0.9240 0.0485 1.0674 0.0711

11 45057 0.9240 0.0485 1.0674 0.0711 5000 0.9240 0.0485 1.0674 0.0711

Sequential Monte Carlo

# Points # Iterations
α γ

Mean±σmean SD±σsd Mean±σmean SD±σsd
100 20 0.8921±0.1594 0.0729±0.0220 1.3472±0.4521 0.1157±0.0272

200 15 0.9394±0.0453 0.0799±0.0087 1.2023±0.1554 0.1431±0.0155

500 15 0.9585±0.0329 0.0824±0.0046 1.0922±0.0775 0.1254±0.0141

1000 10 0.9709±0.0131 0.0846±0.0021 1.0754±0.0368 0.1268±0.0097

2000 10 0.9667±0.0059 0.0845±0.0021 1.0608±0.0161 0.1265±0.0055

5000 10 0.9699±0.0036 0.0837±0.0012 1.0684±0.0096 0.1269±0.0021

10000 10 0.9686±0.0027 0.0837±0.0010 1.0633±0.0089 0.1265±0.0029

15000 8 0.9685±0.0015 0.0835±0.0005 1.0673±0.0044 0.1265±0.0010

20000 6 0.9679±0.0017 0.0837±0.0004 1.0677±0.0069 0.1269±0.0016

25000 4 0.9683±0.0012 0.0834±0.0008 1.0695±0.0054 0.1275±0.0016

30000 4 0.9692±0.0016 0.0836±0.0007 1.0684±0.0025 0.1274±0.0010

Table 5.3: Results for inference of parameters α and γ by sparse grid and SMC methods. The sim-

ulations were performed using data with low SNR from Table 5.1. The mean and standard deviation

inferred by SMC have associated errors listed along with.

Results

Good estimates of the true values were obtained by all the three methods. SMC performed

better in terms of estimation inferring the values to within approximately 3% for α and 7% for

γ. Sparse grid methods performed worse inferring α to only within 7%, but were equally good

at inferring γ. As far as the efficiency is concerned, level 10 regular sparse grids with ∼20000

points were required to reach the above mentioned level of accuracy and stabilize. On the other

hand, SMC performed much better needing only 2000 points to stabilize and reach errors of

less than 1% over multiple runs. Adaptive sparse grid method was the fastest requiring only
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Figure 5.4: Data generate using initial values with high SNR has been plotted alongside the trajectory

of the system with initial values equal to the mean. The data was generated with µ = (1, 0.5) and

σ = (0.3, 0.15). Parameters were set to (1, 1).

400 points to converge.

The small number of points required by adaptive sparse grid approach can be explained

by the narrow likelihood function. Since the support of the likelihood function is small, the

adaptive sparse grid needs to be refined only in a very small part of the parameter space, thus

needing few points. The small support of likelihood functions is also the reason that the full

sparse grid has to be generated for level 10 to achieve enough granularity to be stable.

5.3 High SNR Testing

In this experiment, we generate the observed data using higher level of noise in the initial

values. We set the mean of initial concentrations again to be x0 = 1, y0 = 0.5 but the standard

deviation for x is now 0.3 and for y, 0.15. The true value of parameters used to generate the data

was α = 1, γ = 1. Similar to previous experiment, we took 3 time series data and measurements

were made at t = (1, 3, 5, 7, 9) secs. The noise added to the measurements has a variance of

0.5. The generated data is listed in Table 5.2 and visually shown in Figure 5.4 where the true

trajectory is also shown for comparison.

The final variances for the measurement noise are:

Σnoise =

[

0.6202 0

0 0.5341

]

It can be clearly seen that we much more noise in our observed data as compared to the

previous experiment with low noise levels.
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Sparse Grids

Full Sparse Grids Adaptive Sparse Grids

Level # Points
α γ

# Points
α γ

Mean SD Mean SD Mean SD Mean SD

5 321 0.6251 0.2552 1.2500 0.5102 50 0.9094 0.1539 0.9807 0.1779

6 769 0.8178 0.1825 1.2533 0.2447 100 0.8075 0.1098 1.0705 0.2937

7 1793 0.7663 0.1130 1.1741 0.4130 200 0.8308 0.1014 0.9855 0.1336

8 4097 0.9004 0.1399 0.9890 0.1809 400 0.8406 0.0923 0.9850 0.1428

9 9217 0.8363 0.1043 0.9761 0.1608 1000 0.8405 0.0923 0.9849 0.1422

10 20481 0.8385 0.0918 0.9815 0.1454 2500 0.8405 0.0923 0.9849 0.1422

11 45057 0.8405 0.0923 0.9849 0.1422 5000 0.8405 0.0923 0.9849 0.1422

Sequential Monte Carlo

# Points # Iterations
α γ

Mean±σmean SD±σsd Mean±σmean SD±σsd
100 20 0.7770±0.1118 0.1288±0.0221 1.3244±0.4293 0.1759±0.0477

200 15 0.7894±0.1163 0.1460±0.0170 1.2269±0.3036 0.2043±0.0782

500 15 0.8363±0.0338 0.1443±0.0120 1.0677±0.0962 0.1885±0.0330

1000 10 0.8347±0.0370 0.1420±0.0076 1.0796±0.0690 0.2007±0.0336

2000 10 0.8628±0.0125 0.1433±0.0052 1.0254±0.0344 0.1917±0.0183

5000 10 0.8542±0.0096 0.1434±0.0031 1.0377±0.0176 0.1835±0.0100

10000 10 0.8556±0.0064 0.1425±0.0019 1.0328±0.0148 0.1842±0.0068

15000 8 0.8572±0.0086 0.1417±0.0007 1.0356±0.0143 0.1863±0.0090

20000 6 0.8550±0.0020 0.1427±0.0009 1.0329±0.0068 0.1868±0.0047

25000 4 0.8523±0.0024 0.1431±0.0013 1.0402±0.0092 0.1841±0.0023

30000 4 0.8555±0.0015 0.1422±0.0009 1.0301±0.0040 0.1822±0.0019

Table 5.4: Results for inference of parameters α and γ by sparse grid and SMC methods. The sim-

ulations were performed using data with high SNR from Table 5.2. The mean and standard deviation

inferred by SMC have associated errors listed along with.

Results

When the noise level in data is increased, the inference quality of all the three methods

decreases. As can be seen in Figure 5.5 and Table 5.4, α is affected worse and the best inferred

value has 15% error. The inference of γ is better with an error of less than 2% for both sparse

grid methods and 3% for SMC. The standard deviations increase slightly compared to the

experiment with low noise data. Sparse grid methods have a standard deviation of ∼10% for α

and ∼15% for γ whereas SMC has standard deviations of 15% and 18% respectively.

Here again the advantage of adaptive sparse grid can be seen over regular sparse grid as well

40



 0.6

 0.7

 0.8

 0.9

 1

 1.1

 100  1000  10000

M
ea

n 
- 

α
Full Sparse Grid

Adaptive Sparse Grid
SMC

True Value

 0.8

 1

 1.2

 1.4

 1.6

 100  1000  10000

M
ea

n 
- 

γ

Number of Points

Sparse Grid
Adaptive Sparse Grid

SMC
True Value

Figure 5.5: Parameters α and γ as inferred by sparse grid and SMC methods. The simulations were

performed using data with high SNR from Table 5.2.

as SMC method. SMC requires around 5000 points to have less than 1% error over multiple

runs, whereas regular sparse grids need around 10000 points to stabilize. Adaptive sparse grid

needs just 400 points to reach the same level of accuracy. It is quite evident that adaptive sparse

grids can give a huge advantage when the likelihood function has a reasonably small support.
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Chapter 6

Testing and Evaluation on Kinetic

Model for Nitric Oxide Synthase

6.1 Overview

Nitric Oxide(NO) plays an important role in variety of biological processes in mammals

including humans as a cellular signaling molecule [44]1. As a highly reactive and freely diffusing

molecule, it is an ideal intracellular as well as intercellular signaling agent. Some of the physio-

logical processes it helps mediate are vasodilation and neurotransmission and it also plays a role

in the immune system. NO is generated by NO synthases (NOSs) endogenously from oxidation

of L-arginine(Arg) to generate Nω-hydroxy-L-arginine (NOHA). Out of three isoforms of NOS

found in mammals, neuronal NOS (nNOS) is specially interesting since this is the only isoform

which has a fast and stable buildup of an observable ferrous heme-NO complex.

The buildup of a ferrous heme-NO complex, up to 80% of available nNOS, during steady

state catalysis leads to a decrease in the catalytic activity. It also leads to a significant increase

in the apparent Km,O2 (Michaelis constant) of the enzyme which has important implications on

cellular function. Santolini et al. proposed a 10 step kinetic model for this catalytic reaction

which has been shown to predict the behaviour of wild type and mutant nNOS correctly.

The complete reaction path can be divided into 3 parts - hydroxilation of Arg to NOHA

(Step 1-3), oxidation of NOHA to citrulline and a ferric heme-NO complex (Step 4-6), and

lastly two alternate paths of regeneration of ferric heme from ferric heme-NO complex. First

pathway involves a direct release of NO (Step 7), and the alternate pathway involves reduction

to a ferrous heme-NO complex (Step 8) followed by a slow breakdown to ferrous heme and NO

(Step 9) or oxidation to ferric heme (Step 10). The reactions are presented in Table 6.1.

The reaction constants used by Santolini et al. in their model have either been taken from

literature or fitted to experimental data. The experimental data was obtained in the form of

spectra recorded for the various products. It should be noted that the ferric heme can either

have Arg or NOHA in the substrate binding site, but both are measured together as a combined

entity. These combined Fe-III and Fe-III∗ measurements are denoted as FE-III t in the rest of

the chapter. Santolini et al. had not included the concentration of O2 in the rate constants but

they have been included in the curated model on Biomodels Database [12]. This was required

to reproduce the graphs presented in the paper and later confirmed by the authors. The same

rate equations are used in this thesis and are presented in Table 6.2.

1Please note that this section has been heavily paraphrased from Santolini et al.[44].
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Reactions Rate Constants

Fe(III) + NADPH −→ Fe(II) + NADP+ k1 = 2.6

Fe(II) + O2 −→ Fe(II)O2 k2 = 0.9

Fe(II)O2 −→ Fe(III)∗ k3 = 26

Fe(III)∗ + 1
2NADPH −→ Fe(II)∗ + 1

2NADP+ k4 = 2.6

Fe(II)∗ + O2 −→ Fe(II)O∗
2 k5 = 0.9

Fe(II)O∗
2 −→ Fe(III)NO + citrulline k6 = 26

Fe(III)NO −→ Fe(III) + NO k7 = 5

Fe(III)NO + 1
2NADPH −→ Fe(II)NO + 1

2NADP+ k8 = 2.6

Fe(II)NO −→ Fe(II) + NO k9 = 0.0001

Fe(II)NO + O2 −→ Fe(III) + NO3 k10 = 0.0013

Table 6.1: Reactions and Rate Constants for the kinetic model of NO Synthase Catalysis. Note: Species

marked with * contain NOHA in substrate binding site instead of Arg.

d[Fe(III)]
dt = -k1[Fe(III)] + k7[Fe(III)NO] + k10[Fe(II)NO]

d[Fe(II)]
dt = k1[Fe(III)] + k9[Fe(II)NO] - k2[Fe(II)][O2]

d[Fe(II)O2]
dt = -k3[Fe(II)O2] + k2[Fe(II)][O2]

d[Fe(III)∗]
dt = -k4[Fe(III)

∗] + k3[Fe(II)O2]

d[Fe(II)∗]
dt = k4[Fe(III)

∗] - k5[Fe(II)
∗][O2]

d[Fe(II)O∗

2]
dt = k5[Fe(II)

∗][O2] - k6[Fe(II)O
∗
2]

d[Fe(III)NO]
dt = k6[Fe(II)O

∗
2] - k7[Fe(III)NO] - k8[Fe(III)NO]

d[Fe(II)NO]
dt = k8[Fe(III)NO] - k10[Fe(II)NO][O2] - k9[Fe(II)NO]

d[NADPH]
dt = -k1[Fe(III)] -

1
2k4[Fe(III)

∗] - 1
2k8[Fe(III)NO]

d[O2]
dt = -k2[Fe(II)][O2] - k5[Fe(II)

∗][O2] - k10[Fe(II)NO][O2]

d[citrulline]
dt = k6[Fe(II)O

∗
2]

d[NO3]
dt = k10[Fe(II)NO][O2]

d[NO]
dt = k7[Fe(III)NO] + k9[Fe(II)NO]

Table 6.2: Rate Equations for the kinetic model of NO Synthase Catalysis

Methods

In all the experiments conducted with the above biochemical model, we chose two parameters

to be undetermined and the rest to be fixed. Also, instead of using all the products and reactants

for our observed data, we decided to choose only three measurable entities - ferrous heme-NO

complex (Fe(II)NO), citrulline and ferric heme (Fe(III) t). This decision was made so as to see

how the availability of measurement data effects the inference of uncertain parameters. These
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Figure 6.1: Observation data generated from initial concentrations with low SNR (10%). True trajec-

tories where the initial concentration is set to be equal to mean are plotted alongside.

specific species were chosen because of their importance in the biochemical pathway.

For the experiments, we assume that all the species apart from ferric heme (Fe-III), NADPH

and O2 start with 0 concentration. As can be seen from Table 6.2, none of the rate equations

involve NADPH, and since NADPH is not being used as a measurement species, it was decided

not to introduce noise in its initial value. Hence, we have two species with noise in their initial

concentrations - FE-III and O2. The mean values of initial concentration for these species were

chosen to be the same as used in the published paper.

The data collection methodology follows the same steps as for the experiments conducted

with Lotka-Volterra model in Chapter 5. Two sets of data were collected where the signal to

noise ratio was kept 10% and 20% respectively. For both sets of data, results are presented for

experiments with two set ups each - firstly, parameters k4 and k8 were varied, and in the second

set up k1 and k7 were varied.

The prior distributions in both set ups were chosen to be uniform - k1 ∼ U(0, 10), k4 ∼
U(0, 10), k7 ∼ U(0, 20) and k8 ∼ U(0, 10). The lower range of the parameters was chosen to

be 0 since any negative value is physically irrelevant. The upper range was so chosen to be

approximately 4 times the true value of the parameter so that a varied range of behaviour can

be covered.

As noted in the previous chapter, the number of points used acts as a surrogate for the actual

time taken for the purpose of comparing the speed of different methods. It is a fair assumption

since the step of solving the ODEs representing the system is the most time consuming part

for all three methods and the ODEs need to be solved as many times as the number of points

being used.
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Time Fe(II)NO citrulline Fe(III) t

1

0.2203 0.6067 0.5347

0.2595 0.9643 0.7822

0.1778 0.6540 0.6998

3

0.4803 1.6954 0.3243

0.6731 2.4198 0.4634

0.4716 2.0181 0.3973

5

0.4933 2.4157 0.3127

0.7637 3.6419 0.3761

0.6320 2.8518 0.2602

7

0.5172 2.9162 0.2469

0.7681 4.4650 0.2055

0.7604 3.4693 0.1865

9

0.5467 3.3549 0.1979

0.7739 5.3523 0.3610

0.6722 4.0805 0.2515

Table 6.3: Observation data generated with

low SNR (10% of published initial values of

concentrations)

Time Fe(II)NO citrulline Fe(III) t

1

0.1466 0.6448 0.6099

0.2828 0.9752 0.8413

0.1750 0.5528 0.4078

3

0.4916 1.6735 0.2400

0.6238 2.5304 0.4284

0.4434 1.6399 0.3748

5

0.6115 2.2342 0.1689

0.8089 3.7069 0.4932

0.4375 2.2912 0.2305

7

0.6641 2.7791 0.1164

0.7696 4.8098 0.4726

0.5290 2.8986 0.1749

9

0.7084 3.2418 0.1030

0.8593 5.7171 0.4793

0.4867 3.4851 0.1711

Table 6.4: Observation data generate with

high SNR (20% of published initial values of

concentrations)

6.2 Low SNR Testing

The data for low SNR experiments was generated with mean and standard deviation of

Fe-III and O2 equal to (1, 140) and (0.1, 14) respectively. The parameters were set to their true

values (given in Table 6.1). Three time series data were collected and measurements made at

t = (1, 3, 5, 7, 9) secs each. Measurement noise was added in the form of Gaussian noise with

standard deviation 0.05. The generated data is presented in Table 6.3 and a comparison with

true trajectories is shown in Figure 6.1.

The final variance matrix for the noise in observed data is:

Σnoise =





0.0132 0 0

0 0.4388 0

0 0 0.0064





Results for Parameters k4 and k8

As can be seen from results listed in Table 6.5 and plotted in Figure 6.2, both the variants of

sparse grid method as well as SMC are able to infer the parameters k4 and k8 reasonably well.

The final inferred values are within less than 10% of the true values and the standard deviations

are approximately 15% of true values. The true values lie within one standard deviation for all

the methods.

The full sparse grid approach fluctuates till ∼4000 points and then it stabilizes. SMC method

performs twice as well and requires about 2000 points to reach within 1% of the value obtained

with 30000 particles. Adaptive sparse grid approach performs much better compared to the

other methods and requires only ∼200 points to reach similar the accuracy obtained with full
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sparse grid method.
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Figure 6.2: Results for inference of parameters k4 and k8 when observed data is generated with low

SNR in initial concentrations.
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Figure 6.3: Results for inference of parameters k1 and k7 when observed data is generated with low

SNR in initial concentrations.
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Sparse Grids

Full Sparse Grids Adaptive Sparse Grids

Level # Points
k4 k8

# Points
k4 k8

Mean SD Mean SD Mean SD Mean SD

5 321 2.6204 0.3075 2.8215 0.2774 50 2.5387 0.1829 2.8431 0.3061

6 769 2.4725 0.3728 2.8113 0.2575 100 2.4222 0.2426 2.8639 0.2964

7 1793 2.4442 0.3470 2.8389 0.3221 200 2.4345 0.3556 2.8130 0.3634

8 4097 2.4360 0.3539 2.8298 0.3300 400 2.4263 0.3461 2.8284 0.3421

9 9217 2.4360 0.3554 2.8297 0.3318 1000 2.4354 0.3557 2.8285 0.3330

10 20481 2.4361 0.3558 2.8298 0.3321 2500 2.4359 0.3561 2.8302 0.3364

11 45057 2.4360 0.3559 2.8298 0.3321 5000 2.4361 0.3561 2.8297 0.3320

Sequential Monte Carlo

# Points # Iterations
k4 k8

Mean±σmean SD±σsd Mean±σmean SD±σsd
100 20 2.4399±0.2843 0.3691±0.1783 3.0183±0.4049 0.3495±0.1140

200 15 2.4456±0.1841 0.3921±0.1034 2.9325±0.1590 0.4061±0.1114

500 15 2.5317±0.1125 0.3947±0.0611 2.8572±0.1241 0.3534±0.0621

1000 10 2.4464±0.0806 0.3420±0.0431 2.8750±0.0481 0.3334±0.0337

2000 10 2.4561±0.0575 0.3721±0.0438 2.8616±0.0515 0.3483±0.0398

5000 10 2.4632±0.0194 0.3820±0.0153 2.8508±0.0321 0.3626±0.0181

10000 10 2.4643±0.0135 0.3757±0.0124 2.8477±0.0200 0.3561±0.0106

15000 8 2.4536±0.0095 0.3749±0.0108 2.8459±0.0132 0.3561±0.0070

20000 6 2.4640±0.0163 0.3728±0.0076 2.8552±0.0094 0.3515±0.0092

25000 4 2.4729±0.0124 0.3837±0.0108 2.8460±0.0137 0.3643±0.0094

30000 4 2.4603±0.0097 0.3727±0.0062 2.8519±0.0071 0.3599±0.0083

Table 6.5: Results for inference of parameters k4 and k8 when observed data is generated with low

SNR in initial concentrations.

Results for Parameters k1 and k7

Compared to inference of k4 and k8, all the methods are able to infer k1 and k7 much better.

The inferred means are within 2% for all methods, with sparse grid methods performing slightly

better than SMC. The standard deviations are similar to the previous set up and within 15%

of the true values.

The performance of the various methods is again similar to the previous experiment and

adaptive sparse grid approach outperforms the other methods. A full sparse grid requires ∼4000

points to stable value whereas SMC requires around 2000 points to stabilize but ∼5000 points

are needed for the error over multiple runs to go below 2%. Adaptive sparse grid method needs
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Sparse Grids

Full Sparse Grids Adaptive Sparse Grids

Level # Points
k1 k7

# Points
k1 k7

Mean SD Mean SD Mean SD Mean SD

5 321 2.3738 1.0467 5.1681 1.5691 50 2.6239 0.9494 5.1007 2.1773

6 769 2.5448 0.2630 4.8880 0.4025 100 2.4978 0.3388 4.8515 0.4709

7 1793 2.5509 0.3425 4.9526 0.4608 200 2.5420 0.3609 4.9259 0.5744

8 4097 2.5435 0.3593 4.9335 0.5005 400 2.5398 0.3634 4.9322 0.5175

9 9217 2.5434 0.3650 4.9337 0.5074 1000 2.5441 0.3685 4.9353 0.5008

10 20481 2.5435 0.3665 4.9337 0.5091 2500 2.5436 0.3675 4.9337 0.5092

11 45057 2.5435 0.3668 4.9337 0.5096 5000 2.5435 0.3668 4.9337 0.5096

Sequential Monte Carlo

# Points # Iterations
k1 k7

Mean±σmean SD±σsd Mean±σmean SD±σsd
100 20 2.5400±0.4611 0.3997±0.2156 4.8986±0.6845 0.7030±0.3755

200 15 2.6543±0.2683 0.3244±0.1263 5.0534±0.3886 0.5550±0.1144

500 15 2.5582±0.1279 0.3794±0.0732 4.9355±0.1308 0.5917±0.1270

1000 10 2.6531±0.1620 0.4141±0.0601 4.9295±0.1471 0.5886±0.0558

2000 10 2.5799±0.0445 0.3650±0.0475 4.8644±0.1217 0.5769±0.0296

5000 10 2.5728±0.0471 0.3817±0.0278 4.8783±0.0860 0.5695±0.0219

10000 10 2.5698±0.0186 0.3848±0.0115 4.8790±0.0371 0.5769±0.0155

15000 8 2.5615±0.0190 0.3765±0.0184 4.8820±0.0221 0.5697±0.0190

20000 6 2.5698±0.0200 0.3887±0.0092 4.8887±0.0221 0.5820±0.0136

25000 4 2.5688±0.0091 0.3886±0.0158 4.8879±0.0360 0.5812±0.0123

30000 4 2.5797±0.0206 0.3926±0.0060 4.8751±0.0172 0.5768±0.0068

Table 6.6: Results for inference of parameters k1 and k7 when observed data is generated with low

SNR in initial concentrations.

∼1000 after which it fluctuates within 1% of the estimated values. The results are presented in

Figure 6.3 and Table 6.6.

6.3 High SNR Testing

The data for high SNR experiments was generated with mean of Fe-III and O2 again equal

to (1, 140) but the standard deviation was set to 20% ≡ (0.2, 14) this time. The parameters

were set to their true values (given in Table 6.1. Three time series data were collected and

measurements made at t = (1, 3, 5, 7, 9) secs. Measurement noise was added in the form of
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Figure 6.4: Observation data generated from initial concentrations with high SNR (20%). True trajec-

tories where the initial concentration is set to be equal to mean are plotted alongside.

Gaussian noise with standard deviation 0.05. The generated data is presented in Table 6.3 and

a comparison with true trajectories is shown in Figure 6.1.

The final variances for the measurement noise is of the estimated values:

Σnoise =





0.0196 0 0

0 0.8320 0

0 0 0.0326





Results for Parameters k4 and k8

It is to be expected that the estimation accuracy as well as efficiency should be worse for

observation data with high signal to noise ratio. Whereas parameter k4 was inferred to within

less than 1% of the true value, k8 could only be inferred to within 15% of the true value

irrespective of the method used. Expectedly, the standard deviation of the inferred distribution

also increases as compared to experiments with low SNR data and it has almost doubled to be

around 25% of the true values.

Both the sparse grid methods perform equally well taking around 1000 points to be within

1% of final value. On the other hand, SMC takes 2000 points to stabilize and achieve error of

less than 2% over multiple runs.

It should be noted that as the likelihood function is now more spread out and has a larger

support as compared to previous experiments, the adaptive sparse grid method starts using a

similar number of points as the regular sparse grid. This is expected as a bigger percentage of

the parameter space needs to be covered now and the adaptive grid starts resembling the full

grid more and more. Results can be seen in Figure 6.5 and Table 6.7.
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Figure 6.5: Results for inference of parameters k4 and k8 when observed data is generated with high

SNR in initial concentrations.
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Figure 6.6: Results for inference of parameters k1 and k7 when observed data is generated with high

SNR in initial concentrations.
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Sparse Grids

Full Sparse Grids Adaptive Sparse Grids

Level # Points
k4 k8

# Points
k4 k8

Mean SD Mean SD Mean SD Mean SD

5 321 2.6101 0.6388 3.0647 0.5171 50 2.6247 0.7046 3.1389 0.7300

6 769 2.5802 0.6651 3.0363 0.5157 100 2.5435 0.6198 3.1066 0.7430

7 1793 2.5825 0.6645 3.0373 0.5221 200 2.5691 0.6677 3.1016 0.7582

8 4097 2.5824 0.6649 3.0373 0.5230 400 2.5610 0.6612 3.1106 0.7624

9 9217 2.5825 0.6650 3.0373 0.5232 1000 2.5701 0.6495 3.0349 0.5166

10 20481 2.5824 0.6650 3.0373 0.5232 2500 2.5807 0.6609 3.0348 0.5161

11 45057 2.5824 0.6650 3.0373 0.5232 5000 2.5819 0.6635 3.0371 0.5226

Sequential Monte Carlo

# Points # Iterations
k4 k8

Mean±σmean SD±σsd Mean±σmean SD±σsd
100 20 2.6419±0.2830 0.7061±0.1806 2.9927±0.2144 0.5188±0.1605

200 15 2.6119±0.1892 0.6430±0.1122 3.0721±0.1903 0.5152±0.0799

500 15 2.6343±0.1781 0.6832±0.0635 3.0291±0.1202 0.5195±0.0373

1000 10 2.6283±0.0935 0.6243±0.0534 3.0143±0.0696 0.5223±0.0403

2000 10 2.5860±0.0540 0.6557±0.0319 3.0444±0.0438 0.5477±0.0299

5000 10 2.5921±0.0409 0.6765±0.0262 3.0253±0.0155 0.5353±0.0197

10000 10 2.5916±0.0320 0.6736±0.0200 3.0407±0.0186 0.5391±0.0099

15000 8 2.6064±0.0325 0.6910±0.0174 3.0453±0.0208 0.5383±0.0123

20000 6 2.5884±0.0209 0.6802±0.0120 3.0555±0.0175 0.5435±0.0098

25000 4 2.5870±0.0154 0.6812±0.0072 3.0558±0.0213 0.5473±0.0122

30000 4 2.5956±0.0249 0.6767±0.0107 3.0335±0.0222 0.5348±0.0058

Table 6.7: Results for inference of parameters k4 and k8 when observed data is generated with high

SNR in initial concentrations.

Results for Parameters k1 and k7

The inference quality for k1 and k7 deteriorates as the noise is increased. k1 could only

be inferred within 4% of the true value with a standard deviation of ∼25%. Similarly k7 was

inferred to within 8% with a standard deviation of 15%. As seen in the inference of k4 and k8
with high SNR data, the standard deviations again show a steep increase as compared to the

standard deviations observed with low SNR data. The observed increase is approximately 50%.

Both regular sparse grids and SMC take around 2000 points to reach within 2% of their final

value. However, SMC needs ∼5000 points before the error over multiple runs can go below 2%.

Adaptive sparse grids again perform better requiring only 1000 points to stabilize.
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Sparse Grids

Full Sparse Grids Adaptive Sparse Grids

Level # Points
k1 k7

# Points
k1 k7

Mean SD Mean SD Mean SD Mean SD

5 321 2.7478 0.6129 4.5625 0.5993 50 2.7884 0.6018 4.4250 0.7453

6 769 2.6871 0.6674 4.5809 0.6746 100 2.7068 0.6610 4.5966 0.6654

7 1793 2.6957 0.6757 4.5888 0.6970 200 2.7032 0.6742 4.5960 0.6775

8 4097 2.6950 0.6782 4.5880 0.7019 400 2.6869 0.6628 4.5835 0.6695

9 9217 2.6950 0.6788 4.5879 0.7031 1000 2.6788 0.6436 4.5840 0.6914

10 20481 2.6950 0.6790 4.5878 0.7034 2500 2.6942 0.6763 4.5886 0.7031

11 45057 2.6950 0.6790 4.5879 0.7035 5000 2.6944 0.6770 4.5878 0.7030

Sequential Monte Carlo

# Points # Iterations
k1 k7

Mean±σmean SD±σsd Mean±σmean SD±σsd
100 20 2.9555±0.5893 0.6753±0.3725 4.5779±0.5114 0.6781±0.1824

200 15 2.8734±0.2314 0.7225±0.1732 4.6658±0.2617 0.7301±0.1733

500 15 2.7831±0.1850 0.7048±0.1372 4.6560±0.1619 0.7588±0.1241

1000 10 2.6785±0.0898 0.6880±0.0870 4.5289±0.1326 0.7616±0.0581

2000 10 2.6794±0.0761 0.6856±0.0450 4.5489±0.0964 0.7492±0.0222

5000 10 2.7005±0.0546 0.6819±0.0410 4.5639±0.0502 0.7496±0.0275

10000 10 2.6948±0.0396 0.6831±0.0268 4.5628±0.0488 0.7549±0.0252

15000 8 2.7153±0.0295 0.6830±0.0216 4.5715±0.0402 0.7575±0.0184

20000 6 2.7049±0.0229 0.6795±0.0166 4.5711±0.0281 0.7535±0.0095

25000 4 2.7011±0.0089 0.6931±0.0254 4.5677±0.0377 0.7548±0.0117

30000 4 2.7078±0.0237 0.6995±0.0154 4.5663±0.0088 0.7541±0.0065

Table 6.8: Results for inference of parameters k1 and k7 when observed data is generated with high

SNR in initial concentrations.
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Conclusion

In this thesis we have tackled the problem of estimation of parameters in biological models

using a sparse grid based Bayesian inference approach. Sparse grids are used to calculate an

interpolation of likelihood function over the parameter space. Once the likelihood is calculated,

the priors can be updated using Bayes’ theorem. Two sparse grid methods are introduced and

compared against a Sequential Monte Carlo method. The SMC method is set in a Sequential

Importance Resampling framework where jitter is used to solve the sample impoverishment

problem. The presented methods are tested on a simplified Lotka-Volterra model and a 10 step

model catalysis of neuronal Nitric Oxide Synthase (nNOS). For the nNOS model, subsets of

parameters are estimated while keeping the rest fixed.

Experiments were conducted with above models using varying levels of signal to noise ratio

in initial values. Experimental results show that all the three methods under comparison are

able to infer the parameters with similar accuracy. The estimation quality varies from within

1% to 15% of the true value and can be highly dependent on the observation data. However, the

computational cost required by adaptive sparse grid method is significantly less in most cases

as compared to other methods. In the worst case scenario, when the likelihood function has a

broad support, the whole parameter space needs to be sampled equally well to obtain stable

estimates. In these cases, the grid used by adaptive sparse grid approach becomes increasingly

equivalent to those used by full sparse grid approach. Adaptive sparse grids are shown to be

most useful when the support of likelihood function is small and only a small portion of the

parameter space is “interesting”.

Despite showing significant advantage over SMC, our adaptive sparse grid method suffers

from certain limitations. Firstly, sparse grids with piecewise linear hat functions as function

basis can be used only on a finite rectangular domain. If we have a prior with an infinite

support, it needs to be truncated with to a finite domain incurring additional error. Secondly, if

we have hierarchical subspaces with a very small hierarchical surplus but which contain smaller

subspaces with much more variation, such superficially smooth subspaces can be ignored by the

adaptive sparse grid method while it keeps going into much smaller spaces. This can lead to

erroneous estimates. In such a scenario, whole regions of the parameter space might be ignored

for quite long or never sampled at all. We have tried to mitigate this problem by limiting the

smallest size of subspaces by restricting the grid to a certain level. In the worst case the final

grid will be the same as the full sparse grid for that level. A future direction can be to try a

metric which combines the size of the subspace with the associated hierarchical surplus as a

measure of the interestingness of a subspace.

Future work will require the adaptive sparse grid method to be tested comprehensively

against SMC method using multiple sets of data to get a true comparison of the two methods.

A final test for the presented approach will be its application to the problem of parameter

estimation of models in development (YeastX and LiverX) by incorporating experimental data.
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