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Abstract

In this work, we investigate a new geometric flow which consists of a coupled system of
the Ricci flow on a closed manifold M with the harmonic map flow of a map ¢ from M
to some closed target manifold N. It is defined via the following system of nonlinear
partial differential equations

{ %g = —2Rc+ 2aVp @ Vo,

9 4 _
oY — Tg¢7

where « is a (possibly time-dependent) coupling constant which plays an important
role in the analysis of the behavior of the flow. This system can be interpreted as the
gradient flow of an energy functional ¥, which is a modification of Perelman’s energy
J for the Ricci flow, including a Dirichlet energy type term for the map ¢.

Surprisingly, the coupled system may behave less singular than the Ricci flow or the
standard harmonic map flow alone. In fact, we can always rule out energy concentra-
tion of ¢ a-priori without any assumptions on the curvature of the target manifold N
whenever « is chosen large enough. Moreover, we prove that as long as « is bounded
away from zero it suffices to bound the curvature of (M, g(t)) to also obtain control of
¢ and all its derivatives — a result which is clearly not true for @« = 0. To obtain this
criterion for long-time existence, we need to derive interior-in-time gradient estimates
for the curvature of M and for the map ¢ along the flow.

Besides these new phenomena, the flow shares many good properties with the Ricci
flow. Making use of DeTurck’s trick, we obtain short-time existence for smooth initial
data. Moreover, we derive the monotonicity of an entropy functional W, — similar to
Perelman’s Ricci flow entropy W — which is built from F, by explicitly introducing a
scaling factor. With the monotonicity of energy and entropy, we are able to rule out
nontrivial generalised periodic solutions for the flow, so-called breathers. Finally, we
define so-called reduced volume functionals and prove their monotonicity along the flow.
This result holds for the more general case of a geometric flow %gij = —295;; in the
direction of a symmetric two-tensor S;; that satisfies a certain evolution inequality. In
view of the monotonicity in the case of our coupled flow, we conclude a non-collapsing
theorem in the spirit of Perelman’s result for the Ricci flow.






Zusammenfassung

Wir untersuchen einen neuen Geometrischen Fluss, bestehend aus einem gekoppel-
ten System aus dem Riccifluss auf einer geschlossenen Mannigfaltigkeit M und dem
Harmonischen Warmefluss fiir eine Abbildung ¢ von M in eine geschlossene Ziel-
mannigfaltigkeit N. Der Fluss ist durch folgendes System nichtlinearer partieller Dif-
ferentialgleichungen gegeben
{ 99 =—2Rc+2aVe® Vo,

0

0 — Tg¢7
wobei « eine (moglicherweise zeitabhéngige) Koppelungs-Konstante ist, welche bei der
Analyse des Verhaltens des Flusses eine wichtige Rolle spielt. Das Gleichungssystem
kann als Gradientenfluss eines Energie-Funktionals &, interpretiert werden, einer Modi-

fikation von Perelmans Energie F fiir den Riccifluss die einen zusatzlichen Dirichlet-
Energie Term fiir die ¢ enthélt.

Uberraschenderweise kann sich das gekoppelte System regulérer verhalten als der Ricci-
fluss oder der Harmonische Warmefluss alleine. Fiir gentigend grosse o konnen namlich
Energie-Konzentrationen von ¢ a-priori ausgeschlossen werden ohne zuséatzliche Bedin-
gungen an die Kriimmung von N zu stellen. Eine Kriimmungsschranke fiir (M, g(t))
reicht zudem aus, um auch die Abbildung ¢ und ihre Ableitungen zu kontrollieren,
falls @ von Null weg beschrankt ist. Um dieses Kriterium fiir Langzeit-Existenz zu
beweisen, bendtigen wir innere Gradientenabschatzungen fir die Kriimmung von M
und die Abbildung ¢ entlang des Flusses.

Neben diesen neuen Phanomenen teilt der Fluss viele gute Eigenschaften mit dem
Riccifluss. Mit Hilfe des DeTurck Tricks erhalten wir Kurzzeitexistenz fiir glatte An-
fangsbedingungen. Weiter beweisen wir die Monotonie eines Entropie-Funktionals
W, — ahnlich der Riccifluss-Entropie von Perelman. Mit Energie und Entropie ist
es moglich, nicht-triviale verallgemeinerte periodische Losungen, sogenannte breathers,
auszuschliessen. Schliesslich definieren wir sogenannte Reduzierte Volumina und be-
weisen die Monotonie dieser Funktionale. Dieses Ergebnis gilt im allgemeineren Fall
eines Geometrischen Flusses % gi; = —2S;; in Richtung eines symmetrischen 2-Tensors,
der eine bestimmte Evolutions-Ungleichung erfiillt. Mit der Monotonie fiir den Fall un-
seres gekoppelten Flusses folgern wir ein non-collapsing Theorem im Sinne von Perel-
mans Resultat fiir den Riccifluss.
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Introduction

Harmonic map heat flow and Ricci flow

Let (M™, g) and (N" ) be smooth Riemannian manifolds without boundary. Accord-
ing to Nash’s embedding theorem [46] we can assume that NN is isometrically embedded
into some Euclidean space (N",7v) — R? for a sufficiently large d. If ey : N — R4
denotes this embedding, we identify maps ¢ : M — N with ey 0 ¢ : M — R?, such
maps may thus be written as ¢ = (¢*);<x<4. Harmonic maps ¢ : M — N are extremal
maps (i.e. critical points in the sense of calculus of variations) for the energy functional

E(9) = /M VoPav. (0.1)

Here, |V¢|? := 2e(¢) = ¢V,;¢*V,;¢* denotes the local energy density, where we use
the convention that repeated Latin indices are summed over from 1 to m and repeated
Greek indices are summed over from 1 to d. Harmonic maps generalize the concept
of harmonic functions and in particular include closed geodesics (i.e. harmonic maps
from S* to a target manifold N) and minimal surfaces.

A basic existence problem for harmonic maps is the homotopy problem: is there a
harmonic map ¢ homotopic to a given map ¢g : M — N7 Unfortunately, the answer
may be negative, as the following counterexamples illustrate. Lemaire [38] proved that
if ¢ : B1(0) C R?* — S? is harmonic and @|gp, () = const., then ¢ has to be constant.
Eells and Wood [20] showed that if ¢ : T? — S? is harmonic, then it cannot have degree
+1. These examples indicate that the direct variational methods may fail, which is
why Eells and Sampson [19] proposed a different way to attack the homotopy problem
in 1964. They introduced the harmonic map heat flow, i.e. the L?-gradient flow of the
energy functional (0.1) above. Under this flow, a given map ¢o : M — N is deformed
according to the evolution equation

% = Tg¢7 ¢(0) = ¢0a (02>

where 7,¢ denotes the intrinsic Laplacian of ¢, often called the tension field of ¢. Using
their flow approach, they obtained an affirmative answer to the homotopy problem if
the target manifold N has non-positive sectional curvature. Indeed, in this situation,
there always exists a unique, global, smooth solution of (0.2) which converges smoothly
to a harmonic map ¢, : M — N homotopic to ¢y as t — oo suitably. On the other
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hand, as the counterexamples above indicate, there are initial data for which the flow
cannot both exist for all time and converge. In particular, the solution may blow up in
finite or infinite time. In dimension m = 2 for example, solutions that become singular
in finite time were first constructed by Chang, Ding and Ye [8] by assuming enough
symmetry to reduce the system to a scalar equation.

Important applications of harmonic maps are in understanding the Weil-Peterson met-
ric on Teichmiiller space (see for example Earle-Eells [16], Fisher-Tromba [22] and
Tromba [63]) or in proving rigidity results for Kéhler manifolds (see Mostow [44] and
Siu [57]). Comprehensive surveys about harmonic maps and the harmonic map heat
flow are given in Eells-Lemaire [17, 18], Jost [35] and Struwe [59]. The harmonic map
flow was the first appearance of a nonlinear heat flow in Riemannian geometry. To-
day, geometric heat flows have become an intensely studied topic in geometric analysis.

Another fundamental problem in differential geometry is to find canonical metrics on
Riemannian manifolds, i.e. metrics which are highly symmetrical, for example metrics
with constant curvature in some sense. Using the idea of evolving an object to such
an ideal state by a nonlinear heat flow, Richard Hamilton [23] invented the Ricci flow
in 1981. Hamilton’s idea was to smooth out irregularities of the curvature by evolving
a given Riemannian metric on a manifold M with respect to the nonlinear weakly
parabolic equation

where g denotes the Riemannian metric and Re its Ricci curvature. Unlike the har-
monic map flow above, the Ricci flow is not the gradient flow of any functional
F(g) = [,, F(9°9,0g,9)dV (see for example Miiller [45, Proposition 1.7]), but in 2002,
Perelman [48] showed that it is gradient-like nevertheless. Indeed, he presented a new
functional which may be regarded as an improved version of the Einstein-Hilbert func-
tional E(g) = [,, RdV, namely

Flg, f) = / (R+ |Vf|2)e_de. (0.4)
M
This new energy functional has the gradient flow system

%gij = —Q(Rij + Vzvjf):

ot

After a pull-back with the family of diffeomorphisms generated by V f, this gradient
flow system changes into the Ricci flow equation and the adjoint heat equation for e~/
under the Ricci flow. In this sense, the Ricci flow is a gradient flow modulo pull-back
with diffeomorphisms.

After developing a maximum principle for tensors, Hamilton [23, 24] showed that the
Ricci flow preserves the positivity of the Ricci tensor in dimension three and of the cur-
vature operator in all dimensions. Furthermore, he showed a pointwise pinching result
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for the eigenvalues of the curvature where the curvature is getting large. This result
allowed him to conclude that evolving metrics of positive Ricci curvature in dimension
three or positive curvature operator in dimension four converge (modulo scaling) to
metrics of constant positive curvature. In particular, a three-manifold with positive
Ricci curvature must be diffeomorphic to the three-sphere or a quotient of it by a fi-
nite group of isometries. But again, in the general case, the solution of the Ricci flow
(0.3) may behave much more complicatedly and develop singularities in finite time,
in particular the curvature may become arbitrarily large in some region while staying
bounded in its complement. In such a case, one often considers a blow-up of the so-
lution for times close to the singular time and at a point where the curvature is large.
Under the additional assumption that the injectivity radii of the blown up metrics are
bounded away from zero (i.e. if the solution is not geometrically collapsing), there exists
a blow-up limit according to a compactness result by Hamilton [26]. From a curvature
pinching theorem for three-manifolds by Ivey [34] and Hamilton [27], such a blow-up
limit must have non-negative sectional curvature. Using his Harnack inequalities for
the Ricci flow from [25], Hamilton [27] was able to classify all possible blow-up limits
for three-dimensional singularities — modulo the control of the injectivity radius.

The most natural example for a finite time singularity of a three-dimensional Ricci flow
is obtained if one starts with an almost round cylindrical neck connecting two large
pieces of low curvature. Then, one expects the neck to shrink and pinch off. An exis-
tence proof and detailed analysis of such neckpinches can be found in the book by Chow
and Knopf [9], the first rigorous examples were constructed by Angenent and Knopf
in [1]. In order to deal with such neckpinches, Hamilton [29] invented a topological
surgery where one cuts the neck open and glues small caps to each of the boundaries
in such a way that one can continue running the Ricci flow. Hamilton proposed a
surgery procedure for four-manifolds that satisfy certain curvature assumptions and
conjectured that a similar surgery would also work for three-manifolds with no a-priori
assumptions at all. This led him to a program of attacking the Poincaré conjecture
[51] and William Thurston’s geometrization conjecture [61], which states that every
closed three-manifold can be decomposed along spheres S? or tori T2 into pieces that
admit one of eight different geometric structures. In this context, neckpinch surgery
corresponds to the topological decomposition along two-spheres into such pieces. A
good source for Hamilton’s program is his survey [27] from 1995. It is not surprising
that obtaining control of the injectivity radius turned out to be one of the most se-
vere problems. Fortunately, Perelman [48] was able to rule out geometric collapsing
using the monotonicity of a so-called reduced volume quantity, which he defined with
the help of a special length functional £ on Ricci flow space-times. In [49], Perelman
developed a surgery procedure for the Ricci flow of three-manifolds under which the
curvature pinching conditions mentioned above, as well as the monotonicity of his re-
duced volume were preserved. This led to a completion of Hamilton’s program and a
complete proof of Thurston’s geometrization conjecture and (using a finite extinction
result from Perelman [50] or Colding and Minicozzi [13, 14]) of the Poincaré conjecture.
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Introductory surveys on the Ricci flow and Perelman’s functionals can be found in the
books by Chow and Knopf [9], Chow, Lu and Ni [12], Miiller [45] and Topping [62].
More advanced explanations of Perelman’s proof of the two conjectures are given in
Cao and Zhu [5] Chow et al. [10, 11}, Kleiner and Lott [36] and Morgan and Tian
[42, 43]. A good survey on Perelman’s work is given in Tao [60]. From Hamilton’s
original sources, we particularly recommend [23, 24, 27].

The coupled system (RH), and our main results

The goal of this thesis is to study a coupled system of the two flows (0.2) and (0.3).
Again, we let (M™ g) and (N" ) be smooth manifolds without boundary and with
(N™ ~) — R?. Throughout this thesis, we will assume in addition that M and N are
compact, hence closed. However, many of our results hold for more general manifolds.

Let g(t) be a family of Riemannian metrics on M and ¢(¢) a family of smooth maps
from M to N. We call (g(t), ¢(t))icpp,r) @ solution to the coupled system of Ricci flow
and harmonic map heat flow with coupling constant a(t), the (RH), flow for short, if
it satisfies

{ 29 =—2Rc+2aVep® Ve, (RH),,

% = T40.
Here, Re is the (time-dependent) Ricci curvature of (M, g), 7,¢ denotes the tension field
of the map ¢ with respect to the evolving metric ¢, and o denotes a (time-dependent)
coupling constant «(t) > 0. Finally, V¢ ® V¢ has the components (V¢ @ V¢);; =
Vi¢*V;¢*. In particular, |[V¢|? as defined above is the trace of V¢ ® V¢ with respect
to g.

In Chapter 1 of this thesis, we prove, using techniques of Perelman [48] for the Ricci
flow, that for constant coupling functions a(t) = a > 0 the (RH), flow can be inter-
preted as a gradient flow for the energy functional

Falg, 6, f) = /M (R+ Wik —a|V¢|2)e_de

modified by a family of diffeomorphisms generated by V f. Proposition 1.1 states that
if (g(t), ¢(t))sepo,ry solves (RH), and e~/ is a solution to the adjoint heat equation
under the flow, then

d

ZFa = / (2 IRe — aVe ® Vo + Hess(f)[? + 2a |7,6 — (Vo, V1) )e—fdv,
M

in particular &, is non-decreasing and constant if and only if (g(t), ¢(t)) is a steady

gradient soliton (as introduced in Chapter 4). In the more general case where «(t) is

a positive function, we can still show that the above functional ¥, = F(«, g, ¢, f) is

monotone non-decreasing along the flow whenever «a(t) is non-increasing.
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In the second chapter, we prove short-time existence for the flow again using a method
from Ricci flow theory known as DeTurck’s trick (cf. [15]), i.e. we transform the weakly
parabolic system (RH ), into a strictly parabolic one by pushing it forward with a fam-
ily of diffeomorphisms. As for the Ricci flow, one needs to break the symmetry of the
equation since the invariance of the flow under diffeomorphisms makes it degenerate.
Moreover, we also compute the evolution equations for the Ricci and scalar curvature,
the gradient of ¢ and combinations thereof. In particular, the evolution equations for
the symmetric tensor S;; := R;; — aV,;¢V ;¢ and its trace S = R — a|V¢|? will be very
useful. Using the maximum principle, we show that min,cy, S(z,t) is non-decreasing
along the flow. This has some rather surprising consequences for the existence or non-
existence of certain types of singularities. In particular, we see in Corollary 2.8 that if
IVo|*(z, tr,) — oo for t, /T, then R(xy,t;) blows up as well, i.e. g(tx) must become
singular as t,, / T. Conversely, if [Rm| stays bounded along the flow, |[V¢|* must stay
bounded, too. This leads to the conjecture that a uniform Riemann-bound is enough
to conclude long-time existence. This conjecture is proved in Theorem 3.12.

In Chapter 3, we study the short-time smoothing effect of the flow. To this end, we first
compute estimates for the Riemannian curvature tensor, its derivatives and the higher
derivatives of ¢. Using these estimates, we follow Bando’s [3] and Shi’s [55] results
for the Ricci flow (based on Bernstein’s principle for parabolic equations, cf. [4]) to
derive interior-in-time gradient estimates for Rm and ¢ along the (RH), flow. These
then yield the desired long-time existence result for the case where the Riemannian
curvature tensor stays bounded, Theorem 3.12 mentioned above.

The fourth chapter is devoted to the study of explicit examples of solutions (g(t), ¢(t))
evolving under the (RH ), flow as well as soliton solutions which are generalised fixed
points of the flow modulo diffeomorphisms and scaling. The stationary solutions of
(RH), satisfy Rc = aV¢ ® V¢, where ¢ : (M, g) — (N,~) is a harmonic map. Then
either Vo = 0, i.e. ¢ is constant in space, or else «(t) = « is constant in time. To
prevent (M, g(t)) from shrinking to a point or blowing up, it is convenient to introduce
a volume preserving version of the flow.

In Chapter 5, we introduce an important monotone quantity for (RH),, the entropy
functional

Walg.6.0.7) = |

<7‘(R + |V fI* - 04|V¢|2) + f - m) (4nr) "™/ 2e=1qV,
M

which corresponds to Perelman’s shrinker entropy for the Ricci flow [48, Section 3].
Here 7 = T — t denotes a backwards time. Similarly to the result in Chapter 1, we
prove that for a(t) = a > 0 our flow can be interpreted as the gradient flow of W,.
The entropy functional is non-decreasing (Proposition 5.1) and constant exactly on
shrinking solitons. Again, the entropy is monotone if we allow non-increasing positive
coupling functions «(t) instead of constant ones. Furthermore, we introduce the notion
of a breather, that is a generalised periodic solution of (RH ), modulo diffeomorphisms
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and scaling. Using F, and W, we can exclude nontrivial breathers, i.e. we show in
Theorem 5.4 that a breather has to be a gradient soliton as defined in Chapter 4. In
the case of a steady or expanding breather the result is even stronger, namely we can
show that ¢(¢) has to be harmonic in these cases for all t.

Finally in the last chapter, we prove the monotonicity of a forwards and a backwards
reduced volume quantity for the (RH), flow with positive non-increasing «(t). The
monotonicity result, Theorem 6.4, is proved in a more general context, for geometric
flows of the form % gi; = —25;; with a symmetric tensor 5;; that satisfies the evolution
inequality

DS — AS —2[Sy1* + 4(ViSi)X; — 2(V;8)X; + 2R X X; — 25;X;X; > 0

for all vector fields X € I'(T'M) along the flow. Other examples where the monotonic-
ity holds (for example the mean curvature flow on Lorentzian manifolds) are collected
in the appendix. For the (RH), flow, we apply the monotonicity result to deduce a
local non-collapsing result, Theorem 6.13.

The appendix contains a short collection of important facts from Riemannian geome-
try and analysis. In addition to the standard formulas like Bianchi identities for the
curvature tensor of M and commutator identities for tensors in (T*M)®P @ (T'M)®1,
we also compute the commutator identities for sections of bundles like T*M ® ¢*T'N.
We also state the weak maximum principle in the simplest form that is still general
enough for the purpose of this thesis. Moreover, some of the less important proofs
are collected in the appendix to make the main body of this work more readable and
compact.

Relation to other extended Ricci flow systems

The idea of coupling the Ricci flow with another flow is not new. However, Perelman’s
work provoked intense new studies of such coupled systems. Here are a few old and
new related flow systems.

i) Relation to the Ricci-DeTurck flow if &« = 0. In the case a(t) = 0, the above

system reduces to
&l
=g = —2Rec,
o (RH),
a? — Tg¢7
which — under the additional assumption that ¢(0) is a diffeomorphism from M to
N — was studied for example by Hamilton [27] and Simon [56]. In particular, if one
looks at the push-forward of the evolving metric with maps ¢ satisfying the second
equation, one gets the so-called dual Ricci-Harmonic map flow for which it is easy to

show short-time existence since it is strictly parabolic. This result implies short-time
existence and uniqueness for the first equation of (RH )y, which is simply the Ricci flow
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equation. In the special case where N = M and ¢(0) = id, the dual Ricci-Harmonic
map flow is known as Ricci-DeTurck flow (see DeTurck [15] and Simon [56]). We will
use similar ideas to show short-time existence for arbitrary N and «(t) in the second
chapter of this thesis.

ii) Relation to the Ricci flow of warped products if N = R. Let M be the
product space M = S' x M™, where (M™, g;;) is a smooth Riemannian manifold and

St denotes a circle. Then the Ricci flow equation %g = —2Rc(g) for the warped
product metric § = ¥?(dz°)? + g;; dz* @ daz? on S x M™, where 0 < ¢ € C*°(M), can

be written as ) )
79 = —2Rc+ > Hess(v)),
%¢ = Ag7vba

see Lemma A.2 in the appendix. Modulo the action of a family of diffeomorphisms, if
one sets ¢ = eﬁ‘f’, this system is equivalent to

{ 2g=—2Re+4Vop® Ve,
%¢ = Ag¢a

ie. (RH), with @ = 2and N = R (and thus 7, = A is the Laplace-Beltrami operator),
see appendix, Lemma A.3, for a proof. The system (0.6) was studied in detail by
List in his dissertation [41] for complete manifolds M. However, the behavior of our
system (RH), may look different from that of warped products or List’s flow when the
assumption N = R is dropped — even for constant a. On the one hand, the class of
singularities caused by a concentration of the energy density |[V¢|? at a point can be
excluded for List’s flow but not for (RH),, on the other hand, the two flows may also
behave rather differently in the case where no singularities occur. In fact, if a solution
of (0.6) exists for all time, the function ¢ : M — R must converge to a constant and
the expression V¢ ® V¢ vanishes asymptotically. Thus, for large times ¢, the behavior
of the first equation is controlled by the behavior of the Ricci flow. In our case where
the target manifold N may have nontrivial topology, the map ¢ may converge to a
nontrivial harmonic map; in particular the expression V¢ ® V¢ does not have to go to
7Z€ero.

(0.5)

(0.6)

iii) Relation to the Ricci Yang-Mills flow. Let E — M be a vector bundle with
a connection A and curvature 2-form F = dA + A A A. The Ricci Yang-Mills flow,
introduced by Streets in [58], is the system

{ %gij = —2R;; + glez’ijl,

] (0.7)
SA=—d'F.

This system has a very similar structure to the system (RH), and indeed the flow can
also be interpreted as the gradient flow of an energy functional which looks similar to
our energy, namely

F(g, A, f) =/

(R+ IV f]? - in|2)6—de
M
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Therefore, it is not surprising that the two flows share many common properties. How-
ever, there are also major differences. Indeed, since R and }L|F ? scale differently, a
direct analogue to the entropy functional W, does not exist for the Ricci Yang-Mills
flow. Also, the monotonicity of the reduced volume formulas fails if these formulas are
defined in an analogous way as for our flow. Moreover, the Ricci Yang-Mills flow on
a surface M? is a conformal flow (and hence the evolution of the metric reduces to a
scalar evolution equation for the conformal factor) while the (RH), flow on surfaces is
not conformal unless ¢(t) is a conformal map for all times ¢.

iv) Relation to problems in physics. Systems similar to (RH), may arise natu-
rally in physical problems. We illustrate this with two particular examples.

a) List’s motivation to study the system (0.6) was the following connection to general
relativity. Let (L, h) be a Lorentzian 4-manifold solving the Einstein vacuum equations
and let M3 be a spacelike slice of L. If (L, h) is static, there exists a timelike Killing
field K and L satisfies the Frobenius integrability condition. In local coordinates this
is equivalent to h taking the simple form

3
h=—[)dt* + ) gij da’ & da’ (0.8)

=1

in a neighborhood of any point p € M?, where g;; is a Riemannian metric on M? and
1 = \/—|K|? is the so-called lapse function that measures the speed of the evolution
of the slice M? in time direction. The Einstein vacuum equations Rc(h) = 0 are
transformed to the constrained equations for the induced Riemannian metric ¢

{ Re(g) = 2Vo ® Vo, (0.9)
Aggb =0,

where ¢ denotes the logarithm of the lapse function 1. Clearly, these equations are
solved by stationary solutions of the system (0.6) above. Getting (0.9) from the (non-
compact Lorentzian) warped product structure (0.8) is analogous to the derivation of
(0.6) for the (compact Riemannian) warped product metric ¢ as in Lemma A.3. See

[41] for details.

b) In quantum field theory, one may consider the so-called renormalization group (RG)
flow. In the special case of a worldsheet nonlinear sigma model with purely gravitational
target space, the 1-loop (order ) approximation of the RG flow is simply the Ricci
flow for the target space metric. In the more general case, the RG flow also depends
on a 2-form field B. Writing its 1-loop approximation in Hamilton gauge and denoting
H = dB, the evolution equations read

o] _ o kL
{ o (0.10)

I5) _ad
EH - ?AQH’
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where A, now denotes the Laplace-Beltrami operator acting on the 3-form H, see
Oliynyk, Suneeta and Woolgar [47]. Since these equations (and other RG flow type
evolution systems) have a structure similar to (RH), and similar to the Ricci Yang-
Mills flow above, we hope our system can be used as a basic model for the behavior
of this type of equations. However, as for the Ricci Yang-Mills flow above, the lack of
scaling covariance makes it impossible to construct a W,-type entropy for (0.10) and
it seems necessary to invent new tools to study these flows.






CHAPTER 1

The (RH), flow as a gradient flow

In this chapter, we introduce an energy functional ¥, for the (RH), flow, which cor-
responds to Perelman’s F-energy for the Ricci flow introduced in [48, Section 1]. For a
detailed study of Perelman’s functional, we refer to Chow et al. [10, Chapter 5], Miiller
[45, Chapter 3|, or Topping [62, Chapter 6]. The corresponding functional for the flow
(0.6), which is a special case of (RH),, was introduced by List [41]. Since there is
almost no difference between the calculations in the case where ¢ is a function and the
more general case where ¢ : M — N is a map, we will follow List’s work closely in the
first part of this chapter.

The energy functional and its first variation

Let g = gij € F(Symi(T *M )) be a Riemannian metric on a closed manifold M,
f: M — R asmooth function and ¢ € C*°(M,N) := {¢p € C(M,R?) | ¢(M) C N}.
For a constant a(t) = a > 0, we set

Fulgs6 )= [ (Byt V1 = al Vo) e fav,, (1)
M
Take variations
95; = 9ij + €hij, hi; € T'(Sym*(T*M)),
fo=fet, (€ (M),
¢° = mn(p + ), ¥ € C®(M,R?) with J(x) € Ty)N,

where 7wy is the smooth nearest-neighbour projection defined on a tubular neighbour-
hood of N C R?. Note that we used the identification T,N C T,R? = R?. We denote
by ¢ the derivative § = d%| i.e. we have dg = h, §f = { and d¢ = (dmy o )9 = V.

Our goal is to compute

e=0’

d
5gja’g’¢7f(h, 19, £> = d_

Folg +eh,mn(o+ev), f+el)

e=0

:5/ (R+|VfP)e dv — a-é/ Vol2e7dV .

-~

~~
= I = II
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For the first integral, we know from Ricci flow theory that
I= / ( — W9 (Rij + Vi Vif) + (S trgh = 0) (20 f — [V f]? + R))e—fdv,
M

see Perelman [48, Section 1.1], or Miiller [45, Lemma 3.3], for a detailed proof. We
continue by computing the variation of the second integral

=94 / gV j0re T dV
M

= / 29"V’ ;9 e T dV + /
M

M

(= Vi V6" + (Vo2 try b — ) ) e av.,

=: IIT

where a partial integration yields
1T = —/ 20N (D g — <V¢A,Vf>g)e‘fdv.
M
Hence, by putting everything together, we find

0F a,g.6, (s 0, 0) = / —h" (R + V;V;f — avid)VﬂS)e—de
M

+/ (Atryh— ) (20F — VI + R—a|V[)e Vv  (1.2)
M
+/ 20419(qu5— (qu,Vf))e_de,

M

since 9A;¢ = I1,¢, where 7,0 := Ay — A(¢)(Vp, Vo) y denotes the tension field of
¢. Here, we used the definition

A@)(Ve, Vol = Y g7A%()(Vid, Vid)(vs 0 9),

p=n+1

where V11 . . ., v4 denotes a local orthonormal frame for (T, N)* C R? and A%(X,Y) =
(—(V%dug)T, Y') denotes the second fundamental form of N with respect to vg. For
more background on the harmonic map heat flow, see for example Struwe’s survey [59].

Gradient flow for fixed background measure

Now, we fix the measure du = e~ /dV, ie. let f = —log (j—"j), where s—"j denotes the
Radon-Nikodym differential of measures. Then, from 0 = ddu = (% trg h — @) du we
get ( = %trg h. Thus, for a fixed measure p the functional &, and its variation 0F,
depend only on g and ¢ and their variations dg = h and d¢ = ¢. In the following we
write

Fh(9,0) = Falg, 6, —log (54)) (1.3)
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and
oFH

a,g,¢

(h,9) == 0F

aagv¢77 log(%) (

h,d, %ty h).

Equation (1.2) reduces to

0T} 4 o(h ) = / —h(Ryy + ViV, f — aV,0V,;¢)dp
M (1.4)

—l—/ 2000 (140 — (V, V f) )dp.
M

Let (g,¢) € T'(Sym? (T*M)) x C*°(M, N) and define on H := H, 4 = I'(Sym*(T*M)) x
T4C>(M,N) an inner product depending on « and the measure p by

<(kij7 ¢)a (hij’ 19)>H,047# = \/J\/[ (%hwk‘ﬁ + 20477@79) d:u

From 6F*

a,g,¢

(h, ) = (grad F4(g, ¢), (h,9)) 4 ., We then deduce

grad F(g, 0) = (= 2(Ry; + ViV, f — aVigV,0), 6 — (V6. Vf)). (L)

Let 7, mo denote the natural projections of H onto its first and second factor, respec-
tively. Then, the gradient flow of F* is

2 g5 = m(grad F(g, ¢)),
%¢: Wz(gradgg<ga¢))'

Thus, recalling the equation g f=L= % trg(% gij), we obtain the gradient flow system

%gij = —2(Ri; + ViV, f — aVi¢V;9),
26 =10~ (Vo.V1). (16)
2f = _R—Af+alVe|

Pulling back with diffeomorphisms

As one can do for the Ricci flow (see Perelman [48, Section 1], or Miiller [45, page 52]),
we now pull back a solution (g, ¢, f) of (1.6) with a family of diffeomorphisms generated
by X = Vf. Indeed, recalling the formulas for the Lie derivatives (Lvrg);; = 2V,;V; f,
Lorp=(Ve,Vf) and Lysf = |V [f|?, we can rewrite (1.6) in the form

%g = —2Rc+2aVp @ Vo — (vag),
% = Tg¢ - (LVfgb)u
Df— —Af+|Vf? - R+alVe] — (Lysf).
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Hence, if 1; is the one-parameter family of diffeomorphisms induced by the vector
field X(t) = Vf(t) € D(TM), t € [0,T), i.e. if 24 = X(t) o1y, tho = id, then the

pulled-back quantities g = 9} g, b= Vi, f= ) f satisty

%g = —9Rc + 2aVo @ Vo,
50 =150,
Df=—-0f+|VfZ - R+a|Vel:

Here, Rc and R denote the Ricei and scalar curvature of g and A, 7 and the norms are
also computed with respect to g. In the following, we will usually consider the pulled-
back gradient flow system and therefore drop the tildes for convenience of notation.

Note that the formal adjoint of the heat operator [J = % — A under the flow %g =his
O = —% A %trg h. Indeed, for functions v,w: M x [0,T] — R, a straightforward
computation yields

/OT/M(EIv)w dV dt = UMW dV]TJr/OT/MU(D*w) dv dt.

In our case where h;; = —2R;; + 2aV;0V ¢, this is [J* = —% — A+ R—a|V¢|? and
thus the evolution equation for f is equivalent to e~/ solving the adjoint heat equation
O*e~f = 0. The system now reads

59=—2Rc+2aVo® Vo,
g (1.7)
0=0"e.

This means that our system (RH ), can be interpreted as the gradient flow of F# for
any fixed background measure p. Moreover, using (1.4), (1.5) and the diffeomorphism
invariance of F,, we get the following.

Proposition 1.1

Let (g(t), ¢(t))ico,ry be a solution of the (RH), flow with coupling constant a(t) =
a > 0 and let e~/ solve the adjoint heat equation under this flow. Then the energy
functional Fo (g, ¢, f) defined in (1.1) is non-decreasing with

dg _ / (2 IRe — aVe ® Vo + Hess(f)|? + 2o |7,6 — (Vo, V)| )e*fdv >0,
M

dt
(1.8)

Remark. In the fourth chapter of this thesis, we will introduce soliton solutions of the
(RH), flow and we will see that &, is constant if and only if (g(t),¢(t)) is a steady
soliton. An entropy functional W, which is constant on shrinking solitons will be
defined in Chapter 5.
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Allowing also time-dependent coupling constants a(t), we obtain the following.

Corollary 1.2
Let (g(t), ¢(t))tepo,r) solve (RH), for a positive coupling function a(t) and let e solve
the adjoint heat equation under this flow. Then Fou(g(t), (1), f(t)) satisfies

ifﬂy = / (2 [Rc — aVop @ Vo + Hess(f)|2 +2a |7, — (Vo, Vf>|2 _ d|V¢|2>e_de,
dt o

in particular, it is non-decreasing if a(t) is a non-increasing function.

Conformal invariants on a Riemannian measure space

In the following section, we rewrite the energy functional J# and its time-derivative
%3’5 under the flow by means of conformal invariants and conformally covariant oper-
ators associated to the measure pu.

Generally, a Riemannian measure space (M™, g, 1) consists of a smooth manifold M,
a Riemannian metric ¢ and a smooth measure g on M, which is related to dV by
the density function f defined by du = e=/dV. A conformal invariant is a quantity
depending on ¢ and p which is insensitive to conformal changes of the metric g. In
particular, there is a (dimension-dependent) notion of conformally invariant curva-
tures introduced by Chang, Gursky and Yang in [6]. The conformally invariant Ricci
curvature of (M™ g, u) is

m— 2

m2

Reth (9) = Relg) + "= Hess(f) & — (B )g + "= (V © V. ~ %),

the conformally covariant scalar curvature is the trace of Reh (g), i.e. the function

(m—1)(m — 2)

2(m —1)

IV fI?.

Ry,(9) = R(g) + Dgf =

Under a conformal change of the metric, these curvatures satisfy
Reh,(¢29) = Rep(9),  Ri(€*g) = e >Ry (9).

Moreover, for du = dV, the curvatures reduce to the standard Ricci and scalar curva-
ture. Letting m — oo formally, one obtains

lim Rc” (g) =: Re#(g) = Re(g) + Hess(f),

Tim_ R (g) =: B(g) = Rlg) +20,f — [V 1] -

i.e. the Ricci curvature defined by Bakry and Emery [2] and the scalar curvature de-
fined by Perelman [48]. The process of letting the dimension go to infinity can be made
more concrete as follows. Take M* = M™ x T*™ where (T*~™, ds?) denotes the flat



16 1. The (RH), flow as a gradient flow

(¢ — m)-dimensional torus and (M™, g, 1) is a Riemannian measure space. Then look
at the conformally invariant curvatures of (M*, § = g + ds?, ji = p x dV(ds?)) and
let ¢ — co. The computation of the above limits (1.9) using this construction can be
found in [6].

A differential operator L = L, on (M, g) is called conformally covariant of bi-degree
(a,b) if under a conformal change of the metric it transforms by

Lezug () = e " L, (e™9).
A well known example is the conformal Laplacian L, = A, — %Rg, which is
conformally covariant with a = mT_Z and b = mT” In [6, Theorem 3.1], Chang, Gursky
and Yang construct a large family of such operators on a Riemannian measure space
of dimension m > 3. Using their construction, we find in particular the operator

L) = Dyt — (V6. V) + (B, + Ry, (1.10)

m —
which is conformally covariant with a = —1 and b = 1; see the appendix for a proof.
Letting again m — oo in the above sense, we find the dimension-independent operator
LH() = Ay(y) — (V, V f). Motivated by this, we define an operator L#(¢) for maps
Y : M — N by

LE () = 100 — (V, V f). (1.11)
Using the notation of (1.9) and (1.11), we can rewrite our energy and its derivative in
the form
F2g.0) = [ (B alVoP)dn.
M
; (1.12)
0.0 =2 [ (IR = Vo Vol +a L) )du
M

This shows that the quantities appearing in the definition of the entropy functional
and in its time derivative are natural quantities on a Riemannian measure space. In a
last step, we also want to get rid of the chosen background measure p.

Minimizing over all probability measures

Following Perelman [48], we define

Aalg, @) = inf{?g(g,qs)|M(M):1}:inf{?a(g,¢,f)‘ /Me—fdvz1}. (1.13)

The first task is to show that the infimum is always achieved. Indeed, if we define
V= e‘f/Q, we can write the energy as

Fulg, d,v) = /

(Rv2 +4|Vol? - a|v¢\%2)dv - / ’U(RU —AAv— ayv¢|%)dv.
M M
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Hence

Aa(g, @) = inf {/ v(Rv —4Av — a]V¢|2v)dV ' / v?dV = 1}
M M

is the smallest eigenvalue of the operator —4/A + R — «|V¢|? and v is a correspond-
ing normalized eigenvector. Since the operator (for any time ¢ and map ¢(t)) is a
Schrodinger operator, there exists a unique positive and normalized eigenvector v, (%),
see for example Reed and Simon [52] or Rothaus [53]. From eigenvalue perturbation
theory, we see that if g(t) and ¢(t) depend smoothly on ¢, then so do A, (g(t), ¢(¢)) and
Upnin ().

Proposition 1.3
Let (g(t), ¢(t))icpo,r) be a smooth solution of the (RH ), flow with constant o(t) = o > 0.
Then \o(g, ¢) as defined in (1.13) is monotone non-decreasing in time and it is constant

if and only if
{ 0 =Rc — aVe® V¢ + Hess(f), (1.14)

0= ngb - <v¢7 Vf)a

for the minimizing function f = —210g Vymin.

Proof. Pick arbitrary times ti, to € [0,7) and let v, (t2) be the unique positive
minimizer for \,(g(t2), ¢(t2)). Put u(ts) = v2,,(t2) > 0 and solve the adjoint heat
equation *u = 0 backwards on [t1,3]. Note that u(2’,t') > 0 for all 2’ € M and
t' € [t1,t2] by the maximum principle and the constraint [, u dV = [,,v* dV = 1is
preserved since

a udV:/ (gu)dv+/u(gdv):—/ Au dV = 0.
dt M M M M

Here, we used 2dV = —1try(2g)dV = (—R+ a|V¢|*)dV and _%u = (-A+R -
a|Vé|*)u, the latter following from [0*u = 0. Thus, with u(t) = e=/® for all t € [t t,],
we obtain with Proposition 1.1

Aa(9(t1), ¢(t1)) < Falg(tr), o(tr), f(t1)) < Falg(ta), d(ta), F(L2)) = Aa(g(ta), d(t2)).

The condition (1.14) in the equality case follows directly from (1.8). O

Again the monotonicity of A\,(g,¢) is preserved if we allow positive non-increasing
families of coupling constants «(t) instead of a single time-independent positive a.






CHAPTER 2

Short-time existence and evolution equations

Due to diffeomorphism invariance, our flow is only weakly parabolic. In fact, the prin-
cipal symbol for the first equation is the same as for the Ricci flow since the additional
term is of lower order. Thus, one cannot directly apply the standard parabolic exis-
tence theory. Fortunately, shortly after Hamilton’s first proof of short-time existence
for the Ricci flow in [23] which was based on the Nash-Moser implicit function theo-
rem, DeTurck [15] found a substantially simpler proof which can easily be modified
to get an existence proof for our system (RH),. Note that we only consider the case
where M is closed, but following Shi’s short-time existence proof in [55] for the Ricci
flow on complete noncompact manifolds, one can also prove more general short-time
existence results for our flow. We first recall some results for the Ricci flow, following
the presentation of Hamilton [27] very closely.

Since some results strongly depend on the curvature of (N,~) it is more convenient
to work with ¢ : M — N itself instead of ey 0 ¢ : M — R? as in the first chapter.
Therefore, repeated Greek indices are summed over from 1 to n = dim N in this
chapter.

Dual Ricci-Harmonic and Ricci-DeTurck flow

Let g(t) be a solution of the Ricci flow and ¢(t): (M,g) — (M, h) a one parameter
family of smooth maps satisfying the harmonic map heat flow equation %@Z) = 7,9 with
respect to the evolving metric g. Note that this is (RH)a=o. If ¢(¢) is a diffeomorphism
at time ¢t = 0, it will stay a diffeomorphism for at least a short time. Now, we consider
the push-forward g := 1,g of the metric g under ¥. The evolution equation for g reads

%gij = _2Rij + (LVf?)ij = —2]%- + @1‘/_] + §j‘/;'7 (2.1)

where V denotes the Levi-Civita connection of g and %@D = —V o). One calls this the
dual Ricci-Harmonic flow or also the h-flow. An easy computation (see DeTurck [15]
or Chow and Knopf [9, Chapter 3|) shows that V' is given by

Vi= gV (T = '), (2.2)
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the trace of the tensor which is the difference between the Christoffel symbols of the
Levi-Civita connections of g and of h, respectively. Note that the evolution equation
of § involves only the metrics § and h and not the metric ¢, and since it involves "T’
for the fixed background metric h it is no longer diffeomorphism invariant. Indeed, one
can show (see Hamilton [27, Section 6]) that

%gzj S A (2.3)

where V denotes the Levi-Civitd connection of the background metric h. Since V is
independent of § and V only involves first derivatives of § this is a quasilinear equa-
tion. Its principal symbol is o(§) = §¥&;&; - id, where id is the identity on tensors g.
Hence this flow equation is strictly parabolic and we get short-time existence from the
standard parabolic theory for quasilinear equations.

Now, one can find a solution to the Ricci flow with smooth initial metric g(0) = go
as follows. Chose any diffeomorphism ¢ (0): M — M. Since g(0) is smooth, its push-
forward g(0) is also smooth and equation (2.3) has a smooth solution for a short time.
Next, one computes the vector field V' with (2.2) and solves the ODE system

S ==Voy.

One then recovers ¢ as the pull-back ¢ = 1*g. This method also proves uniqueness
of the Ricci flow. Indeed, let ¢g*(t) and ¢g?(t) be two solutions of the Ricci flow equa-
tion for ¢t € [0,T) satisfying ¢'(0) = ¢*(0). Then one can solve the harmonic map
heat flows Dyt = 7t i € {1,2} with ¢'(0) = ¢?*(0). This yields two solutions
g' = .g" of the dual Ricci-Harmonic map flow with the same initial values, hence they
must agree. Then the corresponding vector fields V' agree and the two ODE systems
Syt = —V' o' with the same initial data must have the same solutions ¢! = 2.
Hence also the pull-back metrics g* and g* must agree for all t € [0, 7).

If we additionally assume that (M,h) = (M, go) and (0) = idy,, the flow § which
has the same initial data g(0) = go as ¢ is called the Ricci-DeTurck flow. This flow
was introduced by DeTurck in [15] and written term by term in Shi’s paper [55] to
compute the evolution equations in coordinate form using only the fixed connection V.
For the more general case of the dual Ricci-Harmonic flow, the evolution equations in
coordinate form have been derived by Simon [56]; they read

~

2515 = §"ViVeGi; — 3 Giph" Rigge — 7" Gjph" Ringe

T T . .. L. (2.4)
+ 15557 (VigoViGoe + 2VidipVadje — 2V kGipVebia — AVipkVedjq) s

where V denotes the Levi-Civita connection with respect to the fixed background met-
ric h as above, and R;j = (Rm(h));jx denotes the Riemannian curvature tensor of h.

Recent work of Isenberg, Guenther and Knopf [33], Schniirer, Schulze and Simon [54]
and others shows that DeTurck’s trick is not only useful to prove short-time existence
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for the Ricci flow, but is also useful for convergence results. Their results show that
the h-flow itself is also interesting to study. In this thesis however, we only use it as

a technical tool. More details for the results mentioned here are found in Chow and
Knopf’s book [9, Chapter 3].

Short-time existence and uniqueness for (RH),

Let (g(t), #(t))ico,ry be a solution of the (RH), flow with initial data (g(0),#(0)) =
(9o, ¢o). As for the Ricci-DeTurck flow above, we now let ¢ (t): (M, g(t)) — (M, go) be
a solution of the harmonic map heat flow %@ZJ = 7,4 with ¢(0) = idy; and denote by

(§(t), 6(t)) the push-forward of (g(t), ¢(t)) with 1. Analogous to formula (2.1) above,
we find

G0y = 0(59)y + (Lv)y = —2Ry; +2aVidV;0 + V,V; + V, Vi, (2.5)
%¢ = w*(ag(b) + LV(b - Tg¢ + <V¢7 >7
where V¢ = g (9%, — %9T%,) and V denotes the covariant derivative with respect to g.
Note that viévﬂz} = (dgg ® d(ﬁ),-j as well as (V(;;, V) = dqg(V) are independent of the
choice of the metric. Using (2.3), we find
%gi]’ = flkﬁ@k@@ij +20(Vo® vq;)ij; (2.6)
which is again quasilinear strictly parabolic. The explicit evolution equation involv-

ing only the fixed Levi-Civita connection V of gy can be found from (2.4) by adding
20V, QZSV ¢ on the right and replacing h by go.

The evolution equation for &(t) in terms of V can be computed as follows. Using
normal coordinates on (N, ) we have NF’\ = 0 at the base point and thus Tg¢ Ag<;5
We find

D% = Nyt + (VM V) = §"(0k0e” — T, V;0) + V6™V
= *(ViVed + 9T}, V0" — T1,V;0%) + V6t - g (T4, — *T7,)  (2.7)
= GV, V.

Putting these results together, we have proved the following.

Proposition 2.1

Let (g(t), ¢(t)) be a solution of the (RH ), flow with initial data (g(0),$(0)) = (go, ¢Po)-
Let (t): (M, g(t)) — (M, go) solve the harmonic map heat flow 21 = 7,0 with ¢(0) =
idy and let (§(t), d(t)) denote the push-forward of (g(t),(t)) with 1. Let V be the
(fized) Levi-Civita connection with respect to go. Then the dual (RH)q flow (§(t), ¢(t))
satisfies

2.3 = 3"ViVidi; — 3 G Rikge — 5% Gip9" Rikge + 20V :0V ;6
+ 255 (VigpeV Gae + 2ViGipVadic — 2VkGipVedjq — 4ViGpkVediq)
8 N gkgv vf(b)\ + gke(NF;);u o ¢)Vk¢ﬂve¢y
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In particular, the principal symbol for both equations is o(§) = §&¢&; - id, i.e. the
push-forward flow is a solution to a system of strictly parabolic equations.

Short-time existence and uniqueness for the dual flow (and hence also for the (RH ),
flow itself) now follow exactly as in the simpler case of the Ricci and the dual Ricci-
Harmonic flow described in the previous section.

The Bochner identity

We will now reprove a well-known identity (cf. Jost [35, Section 8.7]) for the energy

1

density e(¢) := §|V¢|§ of a harmonic map ¢. This provides a good exercise for compu-

tations with connections and commutator identities on more complicated bundles like
T*M ® ¢*T'N. Readers who are not familiar with this should consult the first section
of the appendix.

For the remainder of this chapter, we denote the Riemannian curvature tensor on
(N,~) by “Rm and let Rm, Rc and R be the Riemannian, Ricci and scalar curvature
on (M, g). Finally, we also use the fact that 7,9 = V,V,¢ for the covariant derivative
Von T*M ® ¢*TN (cf. Jost [35, Section 8.1]).

Proposition 2.2
If € C*°(M, N) is a harmonic map, then

—Age(d) +|V?¢)* + (Re, Vo @ Vo) = <NRm(Vi<b, V,;0)V,o, Vi¢> , (2.8)
where the curvature terms are given in coordinates by

(Re, Vo @ V@) := R;; V0"V 0",
(PRan(Vi, V,6)V,6, Vi) i= Mo, Vid"V,6#Vid V6.

Proof. We compute, using (A.10),

Nge(9) = V,V, (V6" V,¢%) = V, V"V, Vi¢" + V,V,V,¢"V,¢"
=V,V0"V,V,¢" + V,V,V,0"V,0"
+ Rpipk V9" Vi0" + Rpm,\vavz‘(?ﬁ
=V, Vi¢"V,Vid" + V;(140) V0"
+ RipyVp¢"V;¢" + NR,U,Z/K)\VP¢HVZ'¢VVP¢/\VZ'¢N
= |V?¢|* + (Re, Vo @ Vo) — ("Rm(V;0, V,0) V0, Vo) .

Here, we used the fact that ¢ is harmonic, i.e. 7,¢ = 0, in the last step. O
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Evolution equations for R, Re, |V¢|? and V¢ ® Vo

We start with the evolution equations for the scalar and Ricci curvature on M.

Proposition 2.3
Let (g(t), ¢(t)) be a solution to the (RH), flow equation. Then the scalar curvature
evolves according to

9 R = AR+ 2Rc|* — 4a(Re, Vo ® V) + 2a|7,0” — 2a|V?¢|?

2.9
+ 20é <NRHI(V1¢, Vj¢)de), VZ¢> ( )

and the Ricci curvature evolves by
9 Ri; = ARij — 2RiqRjq + 2RipjqRpq + 20750V, V¢ — 20V, V0V, V ;¢ (2.10)

+ 20 R,ij VoV 40 + 20 ("Rm(V;0, V,0) V0, Vo) .

Proof. We know that for % gi; = hij the evolution equation for the Ricci tensor is given
by

DRy = AV, V,hiy +5V,Vihy, —sAhy —1V,V,(try h), (2.11)
. ~ J -~ Y e\ -~ s
=1 =:1I =: 11 =: IV

see for example Miiller [45, Proposition 1.4] for a proof of this general variation formula.
We compute the four terms on the right hand side separately for our case where h;; is
given by h;; = —2R;; + 2aV;0V ;0.

I = %vaj‘hip == %Vij(—QRZ‘p + QCVViQS“vabM)
= —V,V,Ri, +aV,(V,;V, 'V, + V0"V ;V,0")
= _%VjViR + RjpigRpg — RigRjq + a(V, Vi V0"V, 0" + V,;V ;0" (1,0)")
+a(V, Vo'V, V0" + V0"V, V, V"),
where we used
VpVjRip = ViV Ry — RipiqRep — RjppgRig
= %VjviR — RjpiqRpg + RjqRiq

for the last step. Here, the first identity is the commutator rule for 2-tensors, the
second one follows from the twice contracted second Bianchi identity V,R;, = %VZR.
Finally, dropping the indices for the summation over ¢ if clear from the context, we
can write I in the form

I'= _%VjviR + RjpigRpg — RigRjq
+ a(V,V; VoV, + V.V,07,0 + V, V0V, V0 + V0V, V,V,0).

Interchanging the indices ¢ and j, we get

II'= _%vjviR + RipjqRpg — RigRjq
+a(V,V;V;0V,0 + Vi V07,0 + V, V0V, V0 + V0V, V,V,0).
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For the third term in (2.11) we find

III = —3Ahij = —3V,V,(=2R;; + 2aV,;¢"'V;¢")
= AR;; — aV,(V,V.¢"V;¢" + V0"V, V ;")
= AR;; — a(V,V,Vi¢V,;6 + V9oV, V, V¢ + 2V, V0V, V,;0),

and for the last term we obtain

IV = —-1IV,V;(tr, h) = =1V, V;(=2R + 2aV,¢"V,¢")
= VZVJR - a(QVZV]Vpgprqb + 2V,VP¢VJV,,¢)

If we plug the formulas for I — IV into (2.11), a lot of cancellations occur and we obtain

%RZ’J’ = ARU — 2Riquq + 2R¢ququ -+ 2c quﬁvivjqb — QOzVPVigprde)
+ 20V, V,V;¢"V,¢" — 2aV,;V;V,¢"V,¢".

Note that the last line is exactly the commutator

20V, V, V05V, 6" — 2aV;V, V6"V, ¢"
= QQRpiquqQﬁﬁvp(bK + 2@Ruu/€)\vp¢uvi¢yvj¢)\vp¢ﬂ'

This proves (2.10). For the evolution equation for R, we simply have to take the trace
of (2.10). Indeed, we compute

R =5(9"Rij) = 9" (5 Rij) + 2Ry — 2aVipV ;) R;;
= AR — 2|Rel* + 2|Re|* + 2a|7,6|* — 2a| V6|
— 20 RV y0V 10 + 20 "R ,1ira V gV " V "V
‘|‘ 2|RC|2 — 2aRz~jVi¢ngb,
and equation (2.9) follows. O

Next, we compute the evolution equations for [V¢|* and Vo @ V.

Proposition 2.4
Let (g(t),o(t)) be a solution of (RH),. Then the energy densily of ¢ salisfies the
evolution equation

5IVo|* = AV —2a|Ve @ Ve|* = 2|V?6|* + 2 ("Rm(Vi, V;0) V6, Vig) . (2.12)
Furthermore, we have

%(Vz’¢vj¢) = A(V@Vj@ o 2vpvz¢vpvj¢ - Rz’pvp¢vj¢ - ijvp¢vi¢

+2("BRm(V;¢, V,0)V,0,V;0) . (2.13)
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Proof. We start with the second statement. We have
2(VipV;0) = (ViVig)Vio + (ViVi0) Vo,

where the meaning of the covariant time derivative V, is explained in the first section
of the appendix. For the first term on the right hand side, we compute

(ViVip) V0 = (ViVid) V6 = Vi(50)"V ;0" = V;V,V,0"V ;0"
= vaiquﬁﬁvj(b” + Rippqqubnvjﬁbn + Ripm\vp(b)\vjébn
= VyVypVidVi6 — RigVodV 6 + "Ruva VidH V"V, V0"
= AV;¢V ;¢ — Ri;V,0V,;0 + ("Rm(V,0, V,0)V,0, V;0) .

For the second term, we get the same expression with indices ¢ and j interchanged.
With the symmetries of the Riemann tensor and the equation

A(V9V,0) = AV,¢V ;¢ + AV ;0,0 + 2V, V0V, V ;0

we get the desired evolution equation (2.13). Then, we obtain (2.12) from (2.13) by
simply taking the trace. Indeed

ZIVOP = (597)VipVi¢ + 7 5 (VipV,0)
= (2R;; — 2aV;¢V;0)Vi0V ;0 + AVo|* — 2|V2¢|?
— 2R, VioV,¢ + 2 R0, Vi ViV 7V 00"
= —2a|Vo ® Vo[> + A|Ve|* — 2|V?¢|* + 2 ("Rm(V;¢, V;0)V;¢, V¢) .0

Evolution of 8 = Rc — aV¢ ® V¢ and its trace
If we define the symmetric tensor 8 := Rc — aV¢ ® V¢ with components
Sz'j = Rz’j - avi¢vj¢ (2-14)

and let S = tr,; 8 = ¢¥S;; = R — a|V¢|* be its trace, we can write the (RH), flow as

9
51917 = —254j,
%Qb = ngba

and the energy from Chapter 1 as
Fulg.0nf) = [ (S+IVIR)e v, (2.15)
M

It is thus convenient to study the evolution equations for § and S. Indeed many terms
cancel and we get much nicer equations than in the previous section.
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Theorem 2.5
Let (g(t), ¢(t)) solve (RH), with a(t) =a > 0. Then S and S defined as above satisfy

the following evolution equations

%S = AS + Q‘SUP + 2&’7'9¢’2,

5 (2.16)
ESU = ALSij + 2c0 quﬁvingb,

where Ay, denotes the Lichnerowicz Laplacian, introduced in [40], which is defined on
symmetric two-tensors t;; by

ALtij = Atlj + 2Riqutpq — Riptpj - Rj tm'.

Proof. This follows directly by combining the evolution equations from Proposition 2.3
with those from Proposition 2.4. ]

Remark. Note that in contrast to the evolution of Re, R, V¢ ® V¢ and |Vo|* the
evolution equations in Theorem 2.5 for the combinations Re—aV¢®@ V¢ and R—a|Ve|?
do not depend on the intrinsic curvature of V.

Corollary 2.6
For a solution (g(t), (t)) of (RH), with a time-dependent coupling function a(t), we
get

55 = NS+ 2S5 + 2alr,0* — |Vl

5 , (2.17)
ESU = ALSij —+ 2c0 Tg¢viVj¢ — Oévlgﬁv](b

First results about singularities

An immediate consequence of Corollary 2.6 is the following.

Corollary 2.7
Let (g(t),o(t)) be a solution to the (RH), flow with a nonnegative, non-increasing
coupling function o(t). Let S(t) = R(g(t)) — a(t)|Vo(t) g(t) as above, with initial data
S(0) > 0 on M. Then Ry,(t) := mingey R(z,t) — oo in finite time and thus g(t)
must become singular in finite time Ty;ng < m < 00.
Proof. Since a(t) > 0 and &(t) <0 for all ¢ > 0, Corollary 2.6 yields

985> NS +2|S4* > AS+ 252 (2.18)

and thus by comparing with solutions of the ODE %a(t) = %a(t)2 which are
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the maximum principle from the appendix, Proposition A.1, yields

Sin(t) > —2min(®)

= % (2.19)

for all ¢ > 0 as long as the flow exists. In particular, if S,,;,(0) > 0 this implies that
Smin(t) — 00 in finite time Ty < 557 < oco. Since R = 5§ + a|Vo|* > S, we find
that also R (t) — oo before T and thus g(t) has to become singular in finite time

TsingSTOS#,n(O)<OO- [

As a second consequence, we see that if the energy density e(¢) = $|V¢|* blows up at
some point in space-time while «(t) is bounded away from zero, then also g(t) must
become singular at this point.

Corollary 2.8

Let (g(t), ¢(t))icp,ry be a smooth solution of (RH ), with a non-increasing coupling
function a(t) satisfying a(t) > a > 0 for allt € [0,T). Suppose that |V ¢|*(xy, tx) — 00
for a sequence (x, ty)ken with t, /" T. Then also R(xy,ty) — oo for this sequence and
thus g(tx) must become singular as ty, approaches T

Proof. From (2.18) we obtain S > S,,;,(0) and thus
R=a|Vo]*+ S > alVe|]* + Spnin(0), V(z,t) € M x [0,T). (2.20)

Hence, if |V|?(zx, tr) — oo for a sequence (zy, ty)ren C M x [0,T) with ¢, /T then
also R(xy,tx) — oo for this sequence and g¢(t;) must become singular as ¢, /' T. O

Remark. The proof shows that Corollary 2.8 stays true if a(t) \, 0 ast /T as long
as |Vo|*(zy, ty) — oo fast enough such that a(tz)|Ve|?(x, ) — oo still holds true.

Now, we derive for ¢ > 0 an improved version of (2.20) which does not depend on the
initial data S(0). Using (2.18) and the maximum principle, we see that if S, (0) >
C € R we obtain

m
(>—1—%0—> ot

(€ — —o0)

and thus S(t) > —# for all £ > 0 as long as the flow exists, independent of S(0). More
rigorously, this is obtained as follows. The inequality (2.18) implies

2(tS) = S +t(28) > AtS) + S(1+ 28).

If (zo,to) is a point where ¢S first reaches its minimum over M x [0,7 — 6], 6 > 0

arbitrarily small, we get S(zo,t0)(1 + 225 (z0,%9)) < 0, which is only possible for

toS(wo,tg) > —%. Hence tS > —7 on all of M x [0,T — ¢]. Since § was arbitrary, we

obtain the desired inequality S(t) > —%; everywhere on M x (0,T). This yields
R>alVoP— 2 > alVof — 2, V(r,t) € Mx (0,7),

— 5

which immediately implies the converse of Corollary 2.8.
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Corollary 2.9

Let (g(t), o(t))icpo,r) be a smooth solution of (RH), with a non-increasing coupling

function a(t) > a >0 for all t € [0,T). Assume that R < Ry on M x [0,T). Then
Ro

Vo]? < — + 2— Y(z,t) € M x (0,T). (2.21)

Singularities of the type as in Corollary 2.8, where the energy density of ¢ blows up,
can not only be ruled out if the curvature of M stays bounded. There is also a way
to rule them out a-priori. Namely, such singularities cannot form if either N has non-
positive sectional curvatures or if we choose the coupling constants «(t) large enough
such that

N
K(y) <
max K@) <

3.

where VK denotes the sectional curvature of N. In fact, we have the following estimates
for the energy density |V¢l|2.

Proposition 2.10
Let (g(t), &(1))cjory be a solution of (RH ), with a non-increasing coupling function
a(t) > 0 and let the sectional curvature of N be bounded above by NK < cq. Then

i) if N has non-positive sectional curvatures or more generally if co — % <0, the
enerqgy density of ¢ is bounded by its initial data,

V(e )] < max|Ve(y, 0)°, V(w.t) € M x[0,T). (2.22)

ii) if N has non-positive sectional curvatures and a(t) > o« > 0, we have in addition
to (2.22) the estimate

IVo(z, )2 < % V(z,t) € M x (0, T). (2.23)

ii1) in general, the energy density satisfies

Vola. ) < 2max|Vo. 0P, Vw0 € M x 0,17, (224)
y
where T* := min {T, (4co max,ec|V(y,0)*) 7 }.

Proof. This is a consequence of the evolution equation (2.12) and the Cauchy-Schwarz
inequality

LIVgl* = LgIVi6V [ < [Vig V56 < Vol (2.25)

i) If N has non-positive sectional curvatures, <NRm(Vz¢, V,0)V;o, V¢¢> < 0, the
evolution equation (2.12) implies

GIVol* < AlVel. (2.26)
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i)

iii)

If ¢g — 29 < 0, we have 2("Rm(V,¢, V;0)V;0, Vip) < 2¢)|Vo|* < 22|Vo|* <
2a|V;9V;¢|?, and we get again (2.26) from (2.12). The claim now follows from
the maximum principle applied to (2.26).

If ("\Rm(V;9,V;0)V;6,V;¢) <0, (2.12) and (2.25) imply
SIVo|* < AIV]? —2a|VipV;0> < AV — 22|Vl
We obtain
S(tIVe?) = [Vl + t(&IVel*) < A(tVe]*) + Vo[> (1 — 2t 2|V e[?).

At the first point (zg,ty) where t|V¢|? reaches its maximum over M x [0,T — 4],
6 > 0 arbitrary, we find 1 — 2652 |Vo|*(zq,t9) > 0, i.e.

m

to|Vo|*(zo,t0) < — < 20

m
200
which implies that t|Ve|* < 2 for every (z,t) € M x [0,T —6]. The claim
follows. 7

From (2.12), we get
5|V < AV + 26|Vl

By comparing with solutions of the ODE £a(t) = 2coa(t)?, which are

B a(0) 1
alt) = 1 — 2¢9a(0)t’ = 2cpa(0)’

the maximum principle (Proposition A.1) implies

Voo ) < — DeXueul Vo, OF

2.27
= 1 — 2¢omaxyen|Vo(y, 0)2t ( )

for all z € M and t < min {T, (2¢o max,ecr/|Vé(y,0)*)7'}. In particular, this
proves the doubling-time estimate that we claimed. O]






CHAPTER 3

Gradient estimates and long-time existence

For solutions (g(t),(t)) of the (RH), flow with non-increasing a(t) > a > 0, we
have seen in Corollary 2.9 that a uniform bound on the curvature of (M, g(t)) implies
a uniform bound on |V@|%. Therefore, one expects that a uniform curvature bound
suffices to show long-time existence for our flow. The proof of this result is the main
goal of this chapter.

Evolution equations for Rm and V?¢

We start this section with the computation of the evolution equation for the Christoffel
symbols. With %92] = hij = —QRZJ + 204Vigb“ngzS“, we find

5% = 39" (Viljg + Vjhig = Vihij)
= 9"(=ViRjq = V;Rig + V,Iij)
+ a(Vi(ngb"qub“) + Vj(Vigb“Vpgb“) - VP(VZQS“VJQS"))
= gpq(—Viqu — VjRiq + VqRZ'j) (31)
+ oz(VNjgsz% + VoV, VP + Vjvigzﬁvp(b)
+a(VigV;VP¢ — VPV,0V ;¢ — V,0VPV;0)
= ¢"(=V,;Rjq — V;jRiy + V Ri;) +2aV,;V,;oV?¢

Again, where clear from the context, the summation indices for ¢ have been dropped.
Lowering the index p, equation (3.1) becomes

gpa(5TE) = =ViRj, — VRip + VRij + 20V, V0V, (3.2)

There is also another way of writing such equations, using the following useful conven-
tion.

Definition 3.1

For two quantities A and B, we denote by A x B any quantity obtained from A ® B
by summation over pairs of matching (Latin and Greek) indices, contractions with the
metrics g and vy and their inverses, and multiplication with constants depending only
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onm =dim M, n=dim N and the ranks of A and B. We also write (A)*' := 1% A,
(A)*2 = Ax A, etc.

This notation allows us to write (3.1) in the short form
OT = (VRm)*' + aV?¢ * V. (3.3)

We are now ready to compute the evolution of the Riemann curvature tensor. Knowing
the formula %Rm = ARm + Rm * Rm for the Riemannian curvature under Ricci flow,
one can guess the formula (3.7) below. However, in order to obtain a clean proof of
this formula we cannot use the x-notation directly.

Proposition 3.2
Let (g(t), ¢(t))icio,r) be a solution of (RH)s. Then the Riemann tensor satisfies

S Rijre = ViViRjo — ViViRjx — V;ViRig + V;ViRir. — Rijoe Rig — RijigReg

+20(ViVidV; Vi — ViVipV;Vip — ("Rm(Vig, V;0)Vid, Vo) ).
(3.4)

Proof. Remember that the Riemannian (3, 1)-tensor is given by
R, = (0%, + 19,10 ) — (9;T%, + TT% ).
From (3.1), we obtain

%RZZ - Vz’(%ﬂ;ﬂ) - Vj(%rfe)
= ¢"Vi(=V,;Ry — ViRjg+VRjs) — ¢"'"V;(=ViRy — ViRig + V,Ri)
+20(Vi(V;VepVP9) — Vi(V,Vi6VP0))
= ¢""(-V,V,;Ryy — V:ViR;; + V.V Ry +V;ViRy, + V,;ViRiy — V;V,Ri)
+20(V,V;VoVP ) + V,; VoV, VP — V;V, Vi 0VPp — V; V10V ; VP 0).
The first equality is easily justified using normal coordinates. From the two equations
V,’Vijq - VjViqu = Rijgrqu + RiquRgr and
ViV;VioVPh — V;V;V,9pVP ¢
= RijerV,¢"VPP" + Rz‘jmveﬁﬁ)‘va
= Rijfrvrqsvpgb + NRHVHAqusAqusnvigb#vquy
= RijuV,: VP — ("Rm(Vip, V;0) VP, Vi) ,

which follow from (A.7), (A.10), we find

%Rfﬂ = gpq(VdiRjg - Vngqu - Vjquie + VjvéRiq - Rijerrq - RiquRZT‘)
+2a(V;V 9V VPG — ViVidV,;VP0 + Rij0r V, VP 0)
—2a ("Rm(V;¢, V;0)V?$, Vo) .
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Finally, we lower the upper index to get the evolution equation of the (4, 0)-Riemannian
curvature tensor

g Rine = 5 (9o 2550) = (5:980) Bl + 900 (5 R050)
= —2R;jpeRyp + 20 RV oV
+ (ViViRje — ViViRji, — V;V Ry + V VR, — Rijor Rier — Rijin Rer)
+20(ViVidV; Vi — ViVidV;Vid + Rijor Vo0V i)
— 20 ("Rm(V;0, V;0)Vid, Vi) .

After relabeling some indices, a few terms cancel and we find (3.4). O

Remark. Taking the trace of (3.4), we get

SR = (59") Rijee + 9" (5 Rijre)
= 2RikRz‘jk€ - QQRijkévi¢Vk¢
+ ARjZ — VngRjk — Vjkakg + VszR - RpijRkp - RJ'PRKP
+20(1, 0V, Vi — ViV,;6V Ve — (Rm(Vi6, V) Vi, Vi) ),

from which we obtain (2.10), using the twice traced second Bianchi identity (A.5),
which yields

—VkVeRjk — Vijng + VngR
= —Ve(53VR) = RuejpRip — RepRjp — V;(5VeR) + V;VeR
= = RijpBip — RepRjp.

This gives an alternative proof of Proposition 2.3.

If we set = 0 in (3.4), we obtain the evolution equation for the curvature tensor under
the Ricci flow. It is well-known that this evolution equation can be written in a nicer
form, in which its parabolic nature is more apparent. In [23, Lemma 7.2], Hamilton
proved

ViViRje — ViV Rj, — V;Vi Ry + V;V Ry,
= ARijke + 2(Bijre — Bijor — Bigji + Bikje) (3.5)
- RpijRpi - Rz’kaRpja

where Bjjie := RipjqRipeq- Plugging this into (3.4) yields the following corollary.

Corollary 3.3
Along the (RH), flow, the Riemannian curvature tensor evolves by

%Rijké = AR;jie + 2(Bijie — Bijer — Bieji, + Bikije)
- (RijRpi + Ripkprj + Rijprpk + RijkpRpf) (3-6)
+2a(V,; V¢V Vi — ViV9V;Vip — ("Rm(Vi¢, V;0)Vio, Vo) ).
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The notation introduced in Definition 3.1 allows us to write (3.6) in the short form
9Rm = ARm + (Rm)** + a(V?¢)** + a "Rm * (V¢)*". (3.7)

It is now easy to compute the evolution of the length of the Riemann tensor. Together
with %gil = (Rm)*! + a(V¢)*?, the above equation yields

%|Rm|2 = aﬁ(girgjsgkpgeqRijkerqu)
(

t
297") %« Rm « Rm + 2R;j5e (2 Rijie)
(Rm)** + a(Rm)*? % (V)*?
+ 2Rijke( AR jke) + aRm * (V2¢)*2 + aRm * “Rm * (V)™
= ARm|* — 2|VRm|* + (Rm)** 4+ o(Rm)** x (V¢)**
+ aRm * (V2¢)** + aRm * "Rm * (V¢)**.

We get the following corollary.

Corollary 3.4
Along the (RH),, flow, the Riemannian curvature tensor satisfies

2 Rm|* < A|Rm|* — 2|VRm[* + C|Rm[* + aC|V¢|*Rm|?

3.9
+aC|V?*¢|*|Rm| + aCc|Vé|*|Rm], (3:9)

for constants C' > 0 depending only on the dimension of M and ¢y = co(N) > 0
depending only on the curvature of N. If N 1is flat, we can choose cq = 0.

Proof. Follows directly from (3.8) and the fact that |"Rm]| is bounded on the compact
manifold N. O

For the evolution equation for the Hessian of ¢, it would again be easiest to work with
the notation introduced in Definition 3.1. But again, it is important that we do not
use it directly. Indeed, we will see that all the terms containing derivatives of the
curvature of M cancel each other (using the second Bianchi identity), a phenomenon
which cannot be seen when working with the *-notation.

We start by computing the commutator [V,;V;, Al¢* = V,V;7,0* — AV, V;¢*. Using
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(A.7), (A.8) we get

ViV;i7e0" = Vi(ViV; Vi + RjipVpd™ + Ry, Vid"™)
= V.V ViV;¢* — V,R;,V,0* — R;,V; V¢
+ ViR Vg™ + R}, ViV
= ViViViV,;6* + Ry V, V6" + RiripVi Vo™ + R, Vi V6"
— ViR;pVpd™ — RjpViV,d™ + ViR, Vid”® + R}, ViV id”
= Vi(ViViV;o* + Ry V0™ + R}V i¢")
+ Rinjp ViVt — R,V V0™ — ViR,V 0™ — R, ViV o0
+ ViR3, Vid" + R, ViVid® + R, Vi V0"
= AV V0" + Vi RjpirV,d + 2Rty Vi Vo™ — R,V V007
— ViRV, 0" — Rj,ViV, 0" + ViR, V0" + R, ViV;¢"
+ ViRY, Vid® + R, ViVid® + Ry, ViV 0"

and hence the commutator satisfies

ViV, A¢* = ViR Vpd™ + 2R ViV,
— R, V;V, 0" — ViR, V0" — R, ViV 0" (3.10)
+ ("Rm x V2 (Vo)™ + (0" Rm) * (Vo)™) .

Since the V2¢ live in different bundles for different times, we need to work again with
the interpretation of V2¢ as a 2-linear T'N-valued map along gz~§ and with the covariant
time derivative V;, as we already did in Chapter 2. See appendix for details. At
the base point of coordinates satisfying (A.13), we find with (A.14) and the remark
following it

Vi(ViV;ot) = V,V; 2 6* — (2T5) V™ + "Rm(2 ¢, Vi) V0

J ot

= AV, V6 + [ViV, A6 — (ZT5) Vit + (YR V20 (V6)™2), ..

With (3.1) and (3.10) we continue

[ViV;, D¢t — (BT5)Vid = ViR Vpd + 2Rinjy ViV — RV, V00
— ViR;,V, 0" — R;j,ViV,¢* + ViR Vi
+ ViRix V¢ — ViR Vi — 20V, V¢V ¢V 0
+ ("Rm * V¢ * (V¢)** + (0"Rm) = (V¢)*4)ij
= (Rm = V?¢"),. — 2aV;V;¢V$V;6"
+ ("Rm V% % (V)™ + (0"Rm) = (V§)™), .,
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where we used the second Bianchi identity (ViR + V;Ripy — V,Ri;)V,0* = 0 to
cancel all terms containing derivatives of the curvature of (M, g). Thus

Vi(ViV;0) = AV, V0 + (Rm * V2¢Y); + aV,;V;¢ * Vo * Vo

+ (MRm * V2¢ * (V)™ + (0 Rm) (V¢)*4)ij' (3.11)
Furthermore, we have
AV2)? = AV V'V V00 = 2A(V, V6N ViV + 2|V3 6.
Together, we finally obtain
21V = B(g" g ViV,;0* ViV i)
= (897" * (V?¢)? 4+ 2V(Vi V0™V, V6™ (3.12)

= Rm * (V?¢)"? + a(Ve)? x (V?9)? + A[V29[* — 2| VP¢|?
+ MRm * (V2¢)™ % (Vo)™ + (0"Rm) * (V?¢) * (Vo)™

Since | MRm| and |0 ™Rm| are bounded on compact manifolds N, say by a constant c;,
this proves the following proposition.

Proposition 3.5
Let (g(t), o(t))icory be a solution of (RH),. Then the norm of the Hessian of ¢
satisfies the estimate

BIV26P < AT — 29 + ClRm|[ V0] 519

+ aC|Vo|* V26> + Cer[Vo| | V2P| + Cer [V o|* | V2 '
along the flow for some constants C' = C(m) > 0 and ¢; = ¢1(N) > 0 depending on the
dimension m of M and the curvature of N, respectively. If N is flat, we may choose
C1 = 0.

Remark. If we set o = 0, Corollary 3.4 and Proposition 3.5 yield the formulas for
the Ricci-DeTurck flow (RH)o, in particular (3.9) reduces to the well-known evolution
inequality

2 Rm|* < A|Rm|* — 2|VRm[|* + C|Rm/®

for the Ricci flow, first derived by Hamilton [23, Corollary 13.3]. Moreover, if a = 2
and N = R (and thus ¢y = ¢ = 0), the estimates (3.9) and (3.13) reduce to the
estimates found by List (cf. [41, Lemma 2.15 and 2.16]) for his flow (0.6).

Interior-in-time higher order gradient estimates

Using the evolution equations for the curvature tensor and the Hessian of ¢ from the
last section, we get evolution equations for higher order derivatives by induction.
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Definition 3.6

To keep the notation short, we define for k > 0
Iy, = Z V'Rm * V/Rm + aZ(@iNRm + 1)« Vigx... Vg
e o (3.14)
+a) Vg« VIigx VIRm,
By,

where the last two sums are taken over all elements of the index sets defined by

A ={0, 51,70 | 0<i<k+1,1<j,<k+2Vsand j1 + ...+ jo =k + 4},
Bk:{(jl,,jg)|1§]3<k—|—2vs<£,0§jg§k’andj1+—{—]g:k‘—FQ},

respectively.

Lemma 3.7
Let (g(t), o(t))icpo,r) be a solution to the (RH)q flow. Then for k > 0, with Ij, defined
as in (3.14), we obtain

2V"Rm = AV*Rm + . (3.15)

Remark. If (N,~) = (R,d), all terms in [}, containing 8°“Rm vanish, and the result
reduces to (a slightly weaker version of) List’s result [41, Lemma 2.19]. Note that we
do not need all the elements of A, here, but defining A, this way allows us to use the
same index set again in Definition 3.8.

Proof. From (3.7), we see that (3.15) holds for k = 0. For the induction step, assume
that (3.15) holds for some k£ > 0 and compute

IV"'Rm = 2(0V*Rm + I' * V"Rm)
= V(2V*Rm) + 2T « V*Rm
= V(AV*Rm) + VI + 2T x V*Rm.
Since VI is of the form [, and also the last term,
9T % V"Rm = (VRm + aV?¢ * V¢) * V Rm,

appears in I, 1, it remains to compute the very first term. With the commutator rule
(A.7), we get
V(AV*Rm) = AV*Rm + VRm * V*Rm + Rm * V¥"'Rm
= AV*Rm + I;,44. O

Similar to (3.8), we obtain
V"Rm|* = (2¢7") * V*Rm * V*Rm + 2V*"Rm (2 V*Rm)
= Rm * (V*Rm)*? + a (V¢)*? * (V*Rm)*?
+ 2VFRm(AVF Rm) 4+ VFRm * [,

&
ot
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Hence, using the fact that Rm*V*Rm as well as a (V¢)*?*V*Rm are already contained
in I, we find

2|V*Rm|* = A|V*Rm|* — 2|V*"'Rm|* + V"Rm * Ij,. (3.16)

Definition 3.8
To compute the higher order derivatives of ¢, we define

Jp = Z V'Rm * V2 ¢ + Z(@l Mm+ 1)« Vigx... xVigp

SR e (3.17)
+ ocz Vg x ... x Vi1 VIt g,
By

with Ay and By defined as in Definition 3.6.

Lemma 3.9
Let (g(t), ¢(t))icpo,r) be a solution to the (RH), flow. Then for k > 0, with Jy, defined
as in (3.17), we have

V (VF29) = AVF 26 + ;. (3.18)

Proof. For k = 0, the statement holds by (3.11). For the induction step, we use
again the interpretation of V¥¢ as a k-linear T'N-valued map along ¢ and compute
analogously to (A.14) and the remark following it

Vi(Vi39) = VV(VF20) + ST« V29 + "Rm(5 ¢, Vo) V6
= V(AV*20) + VI + 2T « V"¢ + "Rm « V2¢ * Vo + V20,

Again, we only have to look at the first term, since V.J;,, “Rm * V2¢ * Vo * VF*2¢ and
AT % V2¢ = (VRm + aV?¢ x Vo) x VF2¢
are obviously of the form Ji,;. With a higher order analog to (A.10), we obtain

V(AVF2¢) = V,VV, V26 + Rm + VF36 + MRm * VF36 « Vo * Vo
=V, (V,VV*2¢ + Rm * VF2¢ + R + V¢ % Vo + Vo)
+Rm * V*3¢ + "Rm « VEBp « Vo x Vo
=V, V,V*36 + VRm * V"¢ + Rm * V"¢
+ (8NRm) « vk+2¢ « (V¢)*3 + MRm x vk+3¢ " (V¢)*2
+ MRm * VB¢« V2p * Vo
= AV + Juia,

the claim follows. O
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As in (3.12), we compute

%|vk+2¢‘2 — (%gfl) * Vk+2¢ % vk+2¢ 4 2vk+2¢)\vt (vk+2¢)\)
— Rm x (Vk+2¢)*2 +a (V(b)*Q % (vk+2¢)*2
+ 2vk+2¢>\(Avk+2¢)\) + Vk+2¢ % Jk
_ 2vk+2¢k(&vk+2¢)\) + Vk+2¢ % Jk

For the last step, we used that Rm * V¥2¢ and o (V¢)*? x V¥2¢ are contained in J.
With
A|Vk+2¢|2 _ 2vk’+2¢)\(Avk+2¢)\) + 2|vk+3¢|2’

we finally find
SIVFEGP = AV 292 — 2]VE20)? + V20« . (3.19)

The next trick is to combine the two equations (3.16) and (3.19) to a single equation.
Remember that we already used a similar trick in Chapter 2, where we combined the
evolution equations of Rc and V¢ ® V¢ (respectively R and |V¢|?) to a single equation
for a combined quantity S;; (respectively S), which was much more convenient to deal
with. Here, we define the “vector”

T = (Rm, V?¢) € T((IT"M)®*) x T((T*M)** ® ¢*TN) (3.20)

with norm |T|?> = |[Rm|? + |V?¢|? and derivatives V*T = (V*Rm, V¥*2¢). Combining
the evolution equations (3.16) and (3.19), we get

DIVFTP = AVFTP = 2IVF T2 + Ly, (3.21)

where Ly, := V*FRm * I}, + V**2¢x J,,. We can now apply Bernstein’s ideas [4] to obtain
interior-in-time estimates for all derivatives |[V¥T|? via an induction argument. For the
Ricci flow, this was independently done by Bando [3] and Shi [55].

Theorem 3.10

Let (g(t), ¢(t))icjory solve (RH ), with non-increasing o(t) € [a,a], 0 < o < & < 00
and T < oo. Let the Riemannian curvature tensor of M be uniformly bounded along
the flow, |Rm| < Ry. Then there exists a constant K = K (a, &, Ry, T, m, N) < oo such
that the following two estimates hold

Vo> <X V(z,t) e M x (0,T), (3.22)
TP = [Rm|?* + |V2¢)* < & V(a,t) € M x (0, 7). (3.23)

Moreover, there exist constants Cy depending on k, &, m and N, such that

IVET2 = [VFRm|? + [VF2¢)% < CL () V(a,t) € M x (0, 7). (3.24)
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Proof. Using Corollary 2.9, we have

2
K
Vol < ==+~ < and |Rm| < 71 Y(z,t) € M x (0,T),

where 1 < K; = max{ MEW,ROT ) 1} < o00. For the following computations,
C denotes a constant depending only on Kj, &, m and the geometry of N, possibly
changing from line to line. With the estimates for [Rm| and [V¢|?, we obtain from
(3.13)
(5 — L)V < 2|V + SV + 5|V24),

for all (z,t) € M x (0,T). Using |V2¢| < 1 +t|V?¢|? for the last term, we get

(5 = D) (PIV?6P) < =26V + F(#IV21°) + , V(w,1) € M x (0,7). (3.25)
Similarly, (2.12) yields

(2 — A)(tVS]?) < —26|VZ6P + S, V(x,t) € M x (0,T). (3.26)

To get the desired estimate for the Hessian of ¢, we apply (3.25) and (3.26) to the
function f(z,t) := t?|V?¢[*(8K; + ¢|V¢|?). This implies

(5 —2)f = (5 — L) (BIVZ6F) - (8K +t|Ve]*) + (5 — L) (tIVe]?) - *| Ve[
— 26’V |V?¢|* - V|V¢|?
< 28| VPP (8K, + Vo) + £f + £ - 9K, — 26°|V2g[* + £ f
+ 8% | V29[| V¢l - V20|V

on M x (0, T). The very last term in this estimate can be absorbed by the two negative
terms as follows

8t V2ol V20|Vl = (8K1)' 22| V2¢| - (8K1) ™ /248% V29|V
< 3(8K1) (482[VP9)?) + 3(8K:1) T (16t V2¢[* [V |?)
= 202|V3g[? - 8K, + SUTEE . 202
< 28| VPP (8K + t|Vo[?) + ¢*| V39",
Here, we used % < 1 which motivates our choice of the constant 8K7 in the
definition of f. We continue

(5~ 8)f < GF +§ =PIV < @@gm (CF +C = 1) (3:27)

for all (z,t) € M x (0,T"). Let (zo,%o) be a point where f first reaches its maximum
over M x [0,T — 4], 06 > 0 arbitrary. Since f(-,0) = 0, we have ¢ty > 0 unless f =0
on M x [0,T — ¢], in which case we are done. At (xg,ty) we have %f >0, Vf=0,
Af <0 and from (3.27) we get —f? + C'f + C' > 0, which is only possible for f <
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1(C++/C?*+4C) =: D. Since § was arbitrary, we conclude that f < D on M x [0,T).
For positive ¢, this implies

Ly < < ()

VQ 2 — < <
VO = e+ ivep = sk =\

(3.28)

where Ky := /D /8K, < co. Setting K := K, + K5, we get (3.22) and (3.23).

Using a similar argument, we now prove (3.24) inductively. For k£ = 0 this is simply
(3.23) with Cp = 1. Hence we only need to prove the induction step. For the rest of
the proof, C' denotes a constant depending only on &, m, N and k (but not on K or
T), again possibly changing its value from line to line. We will need (3.21) together
with the estimate

Ly < c( D IVITIVITI+ D V6] Vgl + Y [V |VJ‘@-1¢||V”‘I|) VETI,
it+j=k AL B,
where the index set A} is defined by

Ay ={0,- - J0) |1 <js <k +2Vsand ji +...+jo =k +4}

and By, is the index set defined in Definition 3.6. This estimate follows immediately
from Definition 3.6 and Definition 3.8 together with the fact that all |9 Rm| are
bounded since N is compact. Now, assume that (3.24) holds for some fixed & > 0.
Then, we obtain for positive times (using the convention C_; = Cy = 1)

Mg{§:m%?w%é+zaﬂ%>

i+j=k Al

=

i1 Je-1) dgt2 k42
+Z@Juwmqu%2-%@w)@@w
By,

< C( Z C:C; + Z Cij—2-Cj_a+ Z Cjo-- Cj<z1)20je> Ck(%)]”g
By

i+j=k AL
and hence t"2L; < CK**3. From (3.21) we get for ¢ > 0

(% . A) (t’“+2|V’“T|2) < —2tk+2|vk+17|2 + %Kk—&-?) + %(tk+2|vk7|2). (329)
To obtain an analogous estimate for Ly, 1, we divide L;; into the part where |V*+17]
appears only linearly and the part which contains quadratic terms in |V***J|. Then,

we use
k+
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We obtain
Ly < CIVEHT) Y 7 [VIT(|VIT] + CIVFHT] Y 0 Vg [V
itj=k+1 At
’L>0,]>0 ]sSk'“rQ
+ CIVET Y D[V g - (VI 9| [VT] 4 CIVFTTP(|T] + [V + V29
Byy1
Je<k

< O(E) T | U] 4 CE gkt

< O(E)™ 4 oK |y,
and the evolution equation (3.21) yields for (z,t) € M x (0,7T)

(% . A) (tk+3|vk+17|2) S _th+3|vk+2rj~|2 + CTKtk+3|ka+1rI|2 + %Kk-‘rll‘ (330)

Similar to the function f above, we now define h(z,t) := tF*3|VFHT2 (X + th+2|VFT)?)
with A = 8C, K**2. Applying (3.29) and (3.30), we get
(2 = AVh = (2 — A) (HEHVEITPR) - (A + 542 VFTP2)
+ (2 = A)(HH2VETR) - i3 R
- 2t2k+5v|vk+17|2 . vlvk7|2
< 2RI (N 4 M2 VRTP) 4+ CE R CEFTY (N 4 R VET?)
. 2t2k+5’vk+17|4 + %h + %Kk‘+3tk+3‘vk+lj"2
+ 8t2k+5|vk+27||vk+17| . |Vk+1rj~|’vk7’

Since K > 1, we have %h < %h By the inductive assumption, we can estimate
C k44 k42| k|2 C jrk+4 k42 C 1-2k+6
CERFAN+"2|VAT?) < SRR (90, KM?) = S K0,

Moreover, we have

C 17k+31k+3 k+1q-2 2k+5 k+1a4 C 172k+6
O [CRF3R3|GRHLT|2 < Ly2kt5 gkl gt | O 20t

>
Plugging these three estimates into the evolution inequality for h, we find

(% _ A)h < _2tk+3‘vk+2fﬂ2(>\ i tk+2‘vk(ﬂ2) _ %t2k+5|vk+1j~|4
+ CEh 4 SR 4 g2 [ TMET| [ VTP VET .

As for the function f above, the very last term can be absorbed by the negative terms

k+3 3k+7

8t2k+5|vk+2‘3’||Vk+1rj~|2’vkzj~| _ )\1/22t7|vk+27| . )\—1/24t 5 |vk+lj’|2|vkg~|
S %)\(4tk+3|vk+27|2) + %)\71(16t3k+7|vk+17|4’vk7’2>
k+2)vk a2
_ 2tk+3|v1c+27|2 A4 B \AV 71 _t2k+5|vk+17|4
§ 2tk+3\Vk+2‘T\2(A + t’“+2|V’“T|2) + t2k+5\V’““‘I\4,
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which explains our choice of A. Now, we have
(% _ A)h < %h + %K%—&-G _ %t2k+5|vk+lg«|4
< . (OK2k+5h L ORI h2>.

1
— 2t(9C, Kk+2

(3.31)

Chose 6 > 0 small and let (zg,%) be a point where h first reaches its maximum over
M x [0, T —6]. Again, we have to > 0 unless h = 0 on M x [0, T — 6] and from 2h > 0,
Ah <0, we obtain

—h2 + CK2k+5h + C«K4k+10 > ()

at (to, ). This is only possible if h < $(C' + /C? + 4C)K**5 = DK***>_ Since 0
was arbitrary, we conclude that h < DK on M x [0,T) and thus for ¢t > 0

h DK?k+5 K\ Fk+3
k+1aq2 _ _
VI = am g ) S sca R Ck“(?) ’

where Cy11 := D/(8C%). This proves the induction step and hence the theorem.  [J

Long-time existence for (RH),

This section follows Section 6.7 about long-time existence for the Ricci low from Chow
and Knopf’s book [9]. We first need a technical lemma.

Lemma 3.11
Let (g(t), ¢(t))icpo,r) solve (RH ), with a non-increasing o(t) € [a,a], 0 < a < a < 00
and T < oco. Let the Riemannian curvature tensor of M be uniformly bounded along
the flow, |Rm| < Ry, and fix a background metric g. Then for each k > 0 there exists a
constant Cy, depending on k, m, N, T, a, &, Ry and the initial data (g(0), »(0)) such
that

IVFg(z,t)|2 + |VF Rm(z, t)|2 + [VF(z, t)|2 < Cy (3.32)

for all (z,t) € M x [0,T). Here, V = 9V denotes the Levi-Civita connection with
respect to the background metric g.

Proof. With Theorem 3.10, the proof becomes a straight forward computation, and we
therefore only give a sketch. In [9, Section 6.7], all the details are carried out in the case
of the Ricci flow and they can easily be adopted to our flow. Since M is closed, there
exists a finite atlas for which we have uniform bounds on the derivatives of the local
charts. Working is such a chart ¢ : U — R™, it suffices to derive the desired estimates
for the Euclidean metric § in U and the ordinary derivatives, since § and V are fixed.
In particular, we can interpret I' as a tensor, namely I' = I' — °I". On the compact
interval [0,7/2], all the derivatives |V*¢|2 and |[V*Rm|? are uniformly bounded. On
the interval [T'/2,T), Theorem 3.10 above yields uniform bounds for these derivatives.
Hence

V50|24 |V*Rm|? < Cy, (3.33)
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for some C), < co. In particular, § = Rec — aV¢ ® V¢ is uniformly bounded on [0, 7).
From [9, Lemma 6.49], we infer that all ¢g(¢) are uniformly equivalent on [0,7"), and
thus for some constant C'

C™§ < g(x,t) <CS, Y(x,t) €U x[0,T). (3.34)

With 2(9g) = 9(2g) = —208 = —2(VS8 +I' x §), we compute

t
128g]5 < C|20g] < C|VS| + C|T|[3]. (3.35)

From (3.2), we have

2T < C|VRe| + 23|V 6|72
which yields a bound for |I'| by integration. Together with the bounds for |§| and
|V8| that we obtain from (3.33), we conclude that |28g]s is uniformly bounded, and
hence — again by integration — |dg|s is uniformly bounded on U x [0,T"). Finally, using
a partition of unity for the chosen atlas, we obtain a uniform bound for |Vg|; on
M x [0,T). A short computation as for (3.35) yields

k k—1
5V gls < CIEV gl < D allI V8| + ) dloT||VF 78|, (3.36)

i=0 i=1

where the constants ¢;, ¢; only depend on m and k. From this formula, we inductively
obtain the desired bounds for |V¥g|;. Similarly, the estimates for [V* Rm(z,t)|; and
IVF¢(x,t)|; are obtained from (3.33) with a transformation analogous to (3.36). The
lemma then follows by plugging everything together. [

Finally, we obtain our desired criterion for long-time existence.

Theorem 3.12

Let (g(t), #(t))ico,r) solve (RH ), with non-increasing o(t) € [a,a], 0 < a < @ < 00
and T < oco. Suppose that T < oo is maximally chosen, i.e. the solution cannot be
extended beyond T in a smooth way. Then the curvature of (M, g(t)) has to become
unbounded fort /' T in the sense that

lim sup (maX|Rm(a:, t)]2> = 00. (3.37)
t /T xeM

Proof. The proof is by contradiction. Suppose that the curvature stays bounded
on [0,7), say |Rm| < Ryg. For any point + € M and vector X € T,M, define
g(z, T)(X,X) := limy_r g(z,t)(X, X). We estimate

\g(m,T)(X,X)—g(w,t)(X,X)]S/t ‘%g(%,T)(X,X)’dT

< /TQ\S(m,T)(X,X)\dT < CIXP(T - b),
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where we used again the fact that 8 is uniformly bounded on M x [0,7"). This shows
that the limit g(z, T)(X, X) is well defined and continuous in x. Hence, we obtain a
continuous limit g(-, T') € T'(Sym?(T*M)) by polarization. From [9, Lemma 6.49], all
metrics g(-, t) are uniformly equivalent — as in (3.34) — which implies that this limit must
be a (continuous) Riemannian metric. Moreover, we define ¢(z,T) := limy_7 ¢(x, 1),
where we use again the embedding ey : N < R? to interpret ¢ as a map into R%. We
estimate

16z, T) — o(z, )] < / |26z, 7)|dr < C(T — t),

since the bound on |V?¢| yields a bound on |2 | = |7y¢|. This implies that ¢(-,T) is
well defined and continuous in . The uniform bounds (3.32) from Lemma 3.11 then
also hold for the limit (¢(7"), (7)) and hence ¢(7T") and ¢(T") are smooth. Indeed, for
an arbitrary background metric g, we have

T
VH(T) = Va0l < [ 5V ()i < OT — o)
t

which follows from the uniform bound for |%@g|g that we have derived in the proof
above. To wit, the convergence g(t) — ¢(T) is smooth. With

FEH(T) — ()5 < / | 2546 (r)ydr < O(T — 1)

we see that also ¢(t) — ¢(T) uniformly in any C*-norm. Finally, restarting the flow
with (g(7"), #(T)) as new initial data, we obtain a solution (g(t), #(t))icir,r+e) by the
short-time existence result from Chapter 2. This yields an extension of our solution
beyond time 7" which is smooth in space for each time. From the flow equations and
the uniform bounds on |[V*Rm| as well as |V*¢|, the time derivatives (and hence also
the mixed derivatives) are smooth too, in particular near t = T'. To wit, the extension
of the flow is smooth in space end time, contradicting the maximality of T'. [






CHAPTER 4

Examples and special solutions

In this chapter, we only consider time-independent coupling constants «(t) = «. In
the first section, we study two very simple homogeneous examples for the (RH), flow
system. These examples will illustrate the different behavior of the flow for different
coupling constants «, in particular the existence or non-existence of singularities will
depend on the choice of . In the second section, we introduce gradient solitons and
derive equations which are satisfied by the potential of these solitons. The next section
is devoted to the study of the volume-preserving version of the flow. We say that
(g(t), ¢(t)) is a solution of the normalized (RH), flow, if it satisfies

%g:—QS%—%g]{/[SdV, %gb:f‘]gb. (4.1)

Here, {,,5 dV = [,, S dV/ [,,dV denotes the average of S = R — «|V¢|*. Finally,
the last section deals with the case where ¢ is a co-rotational map into a sphere. This
is the only example where a finite time blow-up was explicitly proved for the harmonic
map heat flow in dimension 2.

Two homogeneous examples with ¢ = id

First, assume that (M, g(0)) is a round two-sphere of constant scalar curvature 2.
Under the Ricci flow, the sphere shrinks to a point in finite time. Let us now consider
the (RH), flow, assuming that (V,v) = (M, ¢(0)) and ¢(0) is the identity map. We
make the ansatz g(t) = ¢(t)g(0), ¢(0) = 1. Since ¢(0) is harmonic for all g(¢), the map
¢(t) = ¢(0) will not change. Hence, the (RH), flow reduces to
%c(t) = -2+ 2a.

For a < 1, ¢(t) goes to zero in finite time. This means that (M, g(t)) shrinks to a
point, while the scalar curvature R and the energy density |V¢|? both go to infinity.
For o = 1, the solution is stationary. For o > 1, ¢(t) grows linearly and the flow
exists forever, while both the scalar curvature R and the energy density |V¢|* vanish
asymptotically. Instead of changing «, we can also scale the metric v on the target
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manifold. Mapping into a larger sphere has the same consequences as choosing a larger
a. On the other hand, scaling the initial metric g(0) on M does not have any conse-
quences. This example shows that for large «, the coupled flow system might have a
completely different singularity behavior than the Ricci flow. However, in this example
the volume-preserving version (4.1) of the flow is always stationary, as it is for the
normalized Ricci flow, too.

A more interesting example is obtained if we let (M*, g(t)) = (S? x L, c(t)gs: Dd(t)gz),
where (52, gg2) is again a round sphere with scalar curvature 2 and (L, g1.) is a surface
(of genus > 2) with constant scalar curvature —2. Under the Ricci flow, %c(t) = -2
and 2d(t) = +2. In particular, c(t) goes to zero in finite time while d(t) always
expands. Under the normalized Ricci flow % gij = —2R;; + %(f R dV')g;;, we have

Se=-24%Cc=-1-¢  Zd=424+L=41+d"
Again, c(t) goes to zero in finite time. At the same time, d(t) goes to infinity.

Now, let us consider the (RH), flow for this example, setting (N,~) = (M, g(0)) and
¢(0) = id. Making the same ansatz for ¢(t) as in the standard Ricci flow case above, we
first note that ¢(0) is always harmonic and thus ¢(t) = ¢(0) is unchanged. Note that
the identity map between the same manifold with two different metrics is not harmonic
in general, but in this case it is. This can be seen by choosing normal coordinates for
~ around some point: In these coordinates both the Christoffel symbols for the metric
v and for the metrics g(t) vanish. The flow equations reduce to 2c(t) = —2 + 2a and
2d(t) = +2 + 2a. While d(t) always grows, the behavior of ¢(t) is exactly the same
as in the first example above, where we only had a two-sphere. On the other hand, if
we consider the normalized flow %gij = —285;; + %(f S dV')g;j, we obtain with a short
computation
de=(a—1)—(a+1) dd=(a+1) - (a—1)d

In the case where a < 1, ¢(t) goes to zero in finite time, while d(¢) blows up at the
same time, similar to the normalized Ricci flow above. For a = 1, ¢(t) = (1 + 2¢t)~*
goes to zero in infinite time while d(¢) = (1 + 2t) grows linearly, i.e. we have long-time
existence but no natural convergence (to a manifold with the same topology). In the
third case, where oo > 1, both ¢(t) and d(t) converge with

c(t) — \/Z—jr}; d(t) — \/Z—ﬂ, as t — oo.

This example shows that also the normalized version of our flow can behave very dif-
ferently from the normalized Ricci flow, if « is chosen large.

The normalized (i.e. volume-preserving) version of the flow will be studied in more
detail in one of the sections below.
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Gradient solitons

A solution to (RH), which changes under a one-parameter family of diffeomorphisms
on M and scaling is called a soliton (or a self-similar solution). These solutions cor-
respond to fixed points modulo diffeomorphisms and scaling. The more general class
of periodic solutions modulo diffeomorphisms and scaling, the so-called breathers, will
be defined (but also ruled out) in the next Chapter.

Definition 4.1
A solution (g(t), ¢(t))co,r) of (RH)q is called a soliton if there exists a one-parameter
family of diffeomorphisms 1, : M — M, satisfying Vg = idys, and a scaling function
c:10,T) — Ry such that

1) = ()7 g(0),

¢(t) = 17 ¢(0).
0

The cases 5;¢c = ¢ <0, ¢=0 and ¢ > 0 correspond to shrinking, steady and expanding

solitons, respectively. If the diffeomorphisms 1, are generated by a (possibly time-
dependent) vector field X (t) that is the gradient of some function f(t) on M, then the
soliton 1s called gradient soliton and f is called the potential of the soliton.

Lemma 4.2
Let (g(t), #(t))ico,ry be a gradient soliton with potential f. Then for any ty € [0,T),
the solution satisfies the coupled elliptic system

{o = Rc — aVe ® Vo + Hess(f) + oy, (4.3)

0= Tg¢ - <v¢a vf)a
for some constant o(ty). Conversely, if we are given a function f on M and a solution
of (4.3) att =0, there exist one-parameter families of scalars c(t) and diffeomorphisms

Uy o M — M such that defining (g(t), ¢(t)) as in (4.2) yields a solution of (RH),.

Moreover, c(t) can be chosen linear in t.

Proof. Suppose we have a soliton solution to (RH),. Without loss of generality, assume
c(0) =1 and 1)y = idps. Thus, the solution satisfies

—2Re(g(0) +2a(Ve ® V§)(0) = 59()leo = 5 (c(t)¥g(0))]e=o
= ¢(0)9(0) + Lx(9(0) = ¢(0)g(0) + 2 Hess(f(-, 0)),

where X (t) is the family of vector fields generating ;. Moreover, we compute

(740)(0) = Z0(t)|i=0 = Lx(0)0(0) = (Vo, V).

Together, this proves (4.3) with o = %c'(()) for t, = 0. Hence, by a time-shifting ar-

gument, (4.3) must hold for any ¢y € [0,7). On can easily see that o(ty) = ¢(tg)/2¢(to)-
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Conversely, let (¢(0), ¢(0)) solve (4.3) for some function f on M. Define ¢(t) := 1+ 20t
and X (t) := V f/c(t). Let ¢4 be the diffeomorphisms generated by the family of vector
fields X (t) (with ¢o = idps) and define (g(t), ¢(t)) as in (4.2). For ¢ < 0 this is possible
on the time interval ¢ € [0, 52), in the case o > 0 it is possible for ¢ € [0, 00). Then

2 (1) = ¢t (g(0)) + ()7 (Lxryg(0) = %7 (20g(0) + Lyg(0))
= ;7 (209(0) + 2Hess(f)) = ¥; ( — 2Re(g(0)) + 2a(Ve @ V)(0))
= —2Re(g(t) +2a(Ve ® V) (1),

as well as
7 0(t) = ¥ (Lx(09(0)) = U (V(0), Vf/e(t)) = c(t) 4 (740)¢(0))
= c(t) Tuz0)9(t) = T @(1).
This means that (g(¢), ¢(t)) is a solution of (RH), and thus a soliton solution. O

By Lemma 4.2 and rescaling, we may assume that ¢(t) = T' — ¢ for shrinking solitons
(here T is the maximal time of existence for the flow), ¢(t) = 1 for steady solitons or
c(t) =t — T for expanding solitons (where 7" defines a birth time). An example for a
soliton solution is the first example from the last section, where (M, g(0)) = (N,~) =
(52, gs2) and ¢(0) = id. For o < 1, the soliton is shrinking, for a = 1 steady and for
a > 1 expanding. Since ¢; = idy, for all ¢ in all three cases, these are gradient solitons
with potential f = 0.

Let us derive more equations for gradient solitons! Taking the trace of the first equation
in (4.3), we see that a soliton must satisfy

R—a|Vé]* + Af +om =0. (4.4)
Taking a covariant derivative of the first equation in (4.3), we obtain
ViRij — aV(Vi¢V;¢) + ViV, V,f =0.
Subtracting the same equation with indices ¢ and k interchanged, we get
ViRij — ViR, — a(Vi¢ViVp — VoV, V,0) + Ry Vo f = 0.
We trace this with ¢* which yields
V;Rij — ViR — a(Vi¢1,0 — 2V |VS|*) + R,V f = 0.

Finally, we use the twice traced second Bianchi identity V;R;; = %VZ-R from (A.5) and
plug in both equations from (4.3) for R;, and for 7,¢ to obtain

—IVi(R—a|Ve]?+ |Vf? +20f) = 0.

This means that
R—a|Vo]* + |Vf|* +20f = const. (4.5)
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Finally, with f(-,t) = ¥;(f(-,0)), we get
il =Lxf =V (4.6)
Combining this with (4.4), we obtain the evolution equation
(& +A)f = IV = R+alVe|* —om. (4.7)

For steady solitons, this means that the formulas (4.3)-(4.7) hold with o = 0 and (4.7)
is equivalent to u = e~/ solving the adjoint heat equation

O'u = —2u— Au+ Ru — a|Ve[*u = 0. (4.8)

For shrinking solitons, (4.3)—(4.7) hold with o(t) = —1(T —¢)~! and (4.7) is equivalent
to u = (4m(T —t))"™2e~f solving the adjoint heat equation. Finally, for expanding
solitons, o(t) = +3(t —T)~' and (4.7) is equivalent to the fact that the function

= (47 (t — T))~™2e~/ solves the adjoint heat equation (4.8).

Volume-preserving version of (RH),

Here, we show that the unnormalized (RH ), flow and the normalized version are related
by rescaling the metric ¢ and the time, while keeping the map ¢ unchanged. Indeed,
assume that (g(t), ¢(t))icp,r) is a solution of (RH),. Define a family of rescaling factors

A(t) by o
A(t) = ( /M d\/;](t)) . tel0,T), (4.9)

and let g(t) be the family of rescaled metrics g(t) = A(t)g(t) having constant unit
volume

/ AV = / AT (t) dVypy =1, Vtel0,T).
M M

It is an immediate consequence of the scaling behavior of Re, R, V¢ ® V¢ and |Vol|?
that § = 8§ and S = A71S for g = \g. Note that A(¢) is a smooth function of time,
with

24+m
d —zm )
—A(t) = m(/ dVg> /(—S)dVg:%AJZdeg:%V][Sd%.
di M M M M

Now, we rescale the time. Put #(t) := f(f A(s)ds, so that g—f = A(t). Then, we obtain

|Q9

GI=2"509) = Gg+ (A\FGN)g =28+ %g][ S dv;,
M
(%(b =" ¢ = \"'1,0 = 150.

This means that (g(f), ¢(f)) solves the volume-preserving (RH), flow (4.1) on [0,T),
- T
where T' = [ A(s)ds.
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Co-rotational maps ¢ : D? — S?

In this section, we discuss the flow for the case where M = D? is a two-dimensional disc
of radius R and the target manifold N = S? is the round unit two-sphere embedded
in R®. Moreover, we assume that the initial metric gy on D? is rotationally symmetric
and the initial map ¢ is a co-rotational map, i.e. in polar coordinates (r,9) we can
write them as

g0(r) = ag(r)dr?® + by (r)dv?,
where ag, by : [0, R] — R, are functions with a(0) > 0, by(0) = 0 and

¢o(x) = (Ii_l sin (), cos ho(r)) = ((cos ¥ sin ho(r), sin ¥ sin ho(r), cos ho(r)),

where hg : [0, R] — Ry is a function with ho(0) = 0. Furthermore, we fix the values
of g and ¢ on the boundary OM of the domain manifold M. Note that so far we
always worked with closed M, but the results (in particular short-time existence and
uniqueness) hold for this setting, too. By uniqueness, the rotational symmetry of g
and the equivariance of ¢ are preserved and a solution (g(t), ¢(t)):co,r) can be written

in the form
( ) a(r,t)dr? + b*(r, t)dv?
) (4.10)
(m sin h(r, t), cos h(r,t))
with initial and boundary conditions
a(r,0) = ag(r), b(r,0) = bo(r), h(r,0) = ho(r), VOo<r<R,
a(R,t) =aog(R), b(R,t) =0by(R), h(R,t)="ho(R)=:d, VO<t<T,
a(0,t) > 0, b(0,t) =0, h(0,t) =0, Vo<t<T.

In the following, we denote %a by a, etc. A short computation shows that for r € (0, R)
the Christoffel symbols of g are given by

a, bb,

T roo__
Frr_;7 Fﬂﬁ—_CLQ’

by
b )
the other four Christoffel symbols vanish. Thus, the Ricci tensor is given by

9 _ ) _
Frﬁ_rﬁr_

R, = 1<arbr - brr)a Ryy = %(a;br - brr>7 Ry, = R,y =0,

b\ «a
the scalar curvature is 9 b
a
=L (* T—bM). 411
I a2b( a ( )
Furthermore, we have
V, oV, = h,%, VydVyo = sinh, V,¢pVyo =0, (4.12)

from which we obtain

1 1
IVo|2 = ?hf ﬁsm 2 h. (4.13)
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The Laplace-Beltrami operator applied to ¢ is given by
1 a, 1 bb,
86 = = (6 = Z0,) + 25 (000 + 501,

Thus, the harmonic map flow equation %gb— DNy = |V¢|3gb with respect to the evolving
metric is equivalent to the equation

by %) ho— sin(2h) (4.14)

1
= ?hrr + (aZb a3 20’

while the flow equation % g = —2Rc + 2aV¢ ® V¢ for the metric on D? is equivalent
to the system

1 1
%:h—@ﬂw+a@):—§+a(—ﬁ>
a a? 2 a? (4.15)
be = l(—RW + asin? h) = & —i—oz(lsirﬁh).
b b2 2 b2

Remark. Let us verify these formulas for an example which we have already studied:
Let R = 7 and let go(r) = dr? + sin®rdi?, (i.e. ap(r) = 1 and by(r) = sinr) such
that (D?, g) has the geometry of a round sphere. Moreover, let ¢y be the identity
map between these two spheres, i.e. ho(r) = r. We make the ansatz g(t,7) = c(t)go(r),
which means that a(r,t) = c(t)"2ag(r) and b(r,t) = c(t)*/?by(r). Equation (4.14) yields
hi =0, i.e. h(r,t) = ho(r) = r. With R = 2/¢, which follows from (4.11), the evolution
equation (4.15) reduces to

Qy . bt . Ct . 1 «
a b 2 ¢ ¢’
which justifies the ansatz. To wit, we found again 2c(t) = —2 4 2a, as in the first

homogeneous example at the beginning of this chapter.

The more interesting example which we want to study in this section is the example
where (D?, g) is a flat disc with radius R = 1 at time ¢ = 0. This means that ao(r) = 1,
bo(r) = r. For o = 0, the first equation of the (RH ), flow system is simply the Ricci
flow. But since Rc = 0, the metric g is unchanged and the second equation of the
(RH), flow system is simply the standard harmonic map heat flow between the fixed
manifolds M = D? and N = S?. Equation (4.14) simplifies to

sin(2h)
2r2

1
he = hyy + ~hy — (4.16)
T

We have the following results, due to Chang, Ding and Ye.
Proposition 4.3

Let h(r,t) be a solution of (4.16) with initial data ho(r) satisfying ho(0) = 0 and
ho(1) = d as above. Then

i) if |ho| < 7, the solution exists for all time.
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i) if |d| > m, the solution blows up in finite time.

Proof. The first statement is proved by Chang and Ding in [7], the second by Chang,
Ding and Ye in [8]. A short proof of both statements can be found in Struwe’s survey
[59]. ]

For the (RH), flow with a positive coupling constant a(t) = o > 0 one has to inves-
tigate the cases of small o and large « separately. We conjecture that in the case of
small « the behavior of the flow is similar to the case @ = 0 above, in particular in
the smooth case where |hy| < 7. For the case |d| > 7, we suspect to find a singularity.
However, we also know from Corollary 2.8 that if |V¢| blows up, then g has to become
singular as well. On the other hand, the behavior is completely different for large «,
since Proposition 2.10 rules out concentration of ¢ a-priori, and we suspect to obtain
a long-time existence result independent of the initial data hy.

Proving these conjectures is work in progress.



CHAPTER D

Monotonicity formula and no breathers theorem

The entropy functional W, introduced in this chapter is the analogue of Perelman’s
shrinker entropy for the Ricci flow from [48, Section 3]. It is obtained from the energy
functional F, from (1.1), (2.15) by introducing a positive scale factor 7 (later inter-
preted as a backwards time) and some correction terms. For detailed explanations of
Perelman’s result, we again refer to Chow et al. [10, Chapter 6] and Miiller [45, Chap-
ter 3]. Moreover for the special case (0.6) of the (RH), flow, the entropy functional
W, can be found in List’s dissertation [41].

The entropy functional and its first variation

Let again g = g;; € F(Symi(T*M)), ¢ € C°(M,N), f: M — Rand 7 > 0. For a
time-independent coupling constant «(t) = a > 0, we set

Walg, o, f,7) :i= /M (T(Rg + |Vf|§ — oz|V¢\§) +f— m) (47TT)_m/26_deg. (5.1)

As in Chapter 1, we take variations

95 = 9ij + €hij, hi; € F(Sme(T*]\@)7
S ) (e (),
¢5 — 7TN<¢ + 519), Ve C’OO(]\47 Rn) with 19({E) c Td,(x)N?

such that 6g = h, f = ¢ and d¢ = ). Here, mn denotes again the nearest-neighbour
projection on a tubular neighbourhood of N as in Chapter 1. Additionally, set 7 =
T + €0 for some o € R, i.e. 07 = 0. The variation

Wy = Wags (R, 0,0, 0) = dii

Waolg +eh,mn(p+el), f+el, 7+ e0)

e=0

is easiest computed using the variation of F, and

Walg. 0. f7) = (arr) ™ (5ulg.0.0) + [ (F=miefav). 52
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Using
(5/(f—m)e_de:/M<€+(f—m)(%trgh—€))e_fdv

and equation (1.2) for the variation of Fu(g, &, f), we get from (5.2)
W, / hij(Rij + ViV, f — aV,6V,0)dp
+ /]\/[T(Etrgh —6) (2Af — \Vf|2 + R — oz\VQﬁ]Q + f_Tm)d/L
+ [ e+ 00 =B+ [TFE = alTOP) - 32— m)d
- /M 210 (1,0 — (Vo, V f) )dp,

where we used the abbreviation du := (477)"™/2¢=fdV. Rearranging the terms and

using [, (Af — [V f[2)dp = —(dnr)™™2 [, A(e™T)dV = 0, we get
5Wa = / (—Thij + O'gij)(RZ‘j -+ VzVJf — onzqﬁngb) d,u
M
+/ m(gtrgh— 0= 52)(20F = VI + R = a| Vol + ) dp
M
—I—/ 14 du—i—/ 210 (1,0 — (Vo, V) )dp
M M
Finally, writing

ﬁ = (—Thij + O'gij)(;—jgij) + T(%trg h—¥¢— WQL:) (71),

we obtain
5Wa = / (—Thij + agij)(Rij + VZV]f — onlgbV]qzﬁ — %g”)d,u
M
+/ T(Atrgh— =22 2Af — |V + R —a|Ve]* + 2 N)du  (5.3)
M

+/ 27’()419(7'9@5 —(Vo,V[) )du
M

Gradient flow for fixed background measure

Similar to Chapter 1, we now fix the measure dy = (4n7)""/2e~fdV. To wit, we

have f = —log((47r7)m/2§—"j) and from 0 = ddp = (§trygh — € — 22)dp, we deduce
(= %trg h — %Z. Moreover, we require the variation of 7 to satisfy 67 = 0 = —1. This

allows us to interpret 7 as backwards time later. We then write

W (g, ¢, 7) == Wa(g, ¢, — log ((drr)™/24) 1) (5.4)
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and

SWE

,g,¢,T

. 1 m
<h" 19) T 6Wa,g,¢,f10g((4w7)m/2§—";),7 (h’ 19’ 2 tI'g h+ 277 _1) ’

The variation formula (5.3) reduces to

W, s (R 0) = /M(—Thij — 9i3) (Rij + ViV, f = aVipV;6 — 5-gi;) dp
(5.5)

+ / 2rad (1,0 — (Vo, V) )dp,
M
which is monotone under the gradient-like system of evolution equations given by

%gzj =—-2(R;; + V,V,f —aV,¢pV,0),
% :Tg¢_ <V¢,Vf>,

5.6
wf=—R=Of+alVoP' + 32, >0
%7‘ =—1.

As in Chapter 1, pulling back the solutions of (5.6) with the family of diffeomorphisms
generated by V f, we get a solution of

%g = —2Rc +2aVop ® Vo,

0

—_ = T ,

A (5.7)
o’ )

0 = O ((4rr) "™/ 2e7).
Since W,, is diffeomorphism invariant, we find the analogue to Proposition 1.1.

Proposition 5.1

Let (g(t), o(t))icjo,r) be a solution of (RH), with a(t) = a > 0, 7 a backwards time
with %7’ = —1 and (477)""2e~f a solution of the adjoint heat equation under the flow.
Then the entropy functional Wy (g, ¢, f,T) is non-decreasing with

d

dtWa - / 27 ’RC — OCV¢ X v¢ + Hess(f) _ %’2 (47TT>_m/26_de
M

(5.8)
+/ 2ra |10 — (V, Vf)|2 (47T7‘)_m/2€_de
M

Remark. As seen in Corollary 1.2 for the energy F,, the monotonicity of the entropy W,,
also holds true for non-increasing families of positive coupling constants «(t) instead
of a single positive a.
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Minimizing over all probability measures
Similar to A, (g, ¢) defined in (1.13), we set
pal(g, ¢, 7) = inf {Wh(g,¢,7) | u(M) = 1}

= inf {Wa(g, o, f,7) /M(47T7')_m/26_fd‘/ = 1} .

Our goal is again to show that the infimum is always achieved. Note that for g = 7¢

we have Ry = LRy, [Vf|2 = LV 2, |Vo|2 = L|V¢|2, dV; = 7/2dV, and thus

(5.9)

ﬂa(Tg7¢7T) = Ma(g7¢7 1)

We can hence reduce the problem to the special case where 7 = 1. Set v = (4r)~™/4e=1/2.
This yields

Walg.o.0.1) = [

(Rv2 +4|Vo|* — a|Ve|*v* — (2logv + 2 log(4m) + m)v2>dV
M

= / U(RU — 4/ — a|V¢|*v — 2vlogv — 22 log(47) — mv)dV,
M

and hence

fa(g, ¢, 1) = inf{Wa(g,ﬁb,% 1) ‘ / vV = 1}
M

is the smallest eigenvalue of the operator L(v) = —4Av + (R — Vo[> — 2 log(4m) —
m)v — 2vlogv and v is a corresponding normalized eigenvector. As in Chapter 1, a
unique smooth positive normalized eigenvector v, exists (cf. Rothaus [53] or List
[41]) and we get the following.

Proposition 5.2
Let (g(t), ¢(t)) solve (RH), for a constant a > 0 and let 27 = —1. Then pa(g,¢,7)
is monotone non-decreasing in time. Moreover, it is constant if and only if

0=Rc—aVo® Vo + Hess(f) — &,
0=10—(Ve, V).

for the minimizer f (that corresponds to Uy, ). As always, the monotonicity result stays
true if we allow a(t) to be a positive non-increasing function instead of a constant.

(5.10)

Proof. The proof is completely analogous to the proof of Proposition 1.3, using the
monotonicity of W, instead on the monotonicity of F,. ]

Non-existence of nontrivial breathers

Breathers correspond to generalised periodic solutions modulo diffeomorphisms and
scaling, similar to the notion of solitons defined in Definition 4.1. A-priori, this seems
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like a more general concept than the one of solitons. The goal of this section is to prove
that it is not.

Definition 5.3
A solution (g(t), d(t))icory of (RH)q is called a breather if there exists t1,t, € [0,T),
t1 < ts9, a diffeomorphism ¢ : M — M and a constant c € Ry such that

g(t2) = cpg(th),
{¢<t2> — yolt) o1

The cases ¢ < 1, ¢ = 1 and ¢ > 1 correspond to shrinking, steady and expanding
breathers.

Theorem 5.4
Let M and N be closed and let (g(t), ¢(t))icpo,r) be a solution of (RH), with a(t) = a.

i) If this solution is a steady breather, then it necessarily is a steady gradient soliton
solution. Moreover, ¢(t) is harmonic and Rc = aV¢ ® Vo, i.e. the solution is
stationary.

ii) If the solution is an expanding breather, then it necessarily is an expanding gra-
dient soliton. Again ¢(t) must be harmonic (and thus stationary, ¢(t) = ¢(0)),
while g(t) changes only by scaling.

iii) If the solution is a shrinking breather, then it has to be a shrinking gradient
soliton.

If we assume in addition that dim M = 2 or that (M, g(0)) is Einstein, then in the
first two cases above, ¢(t) is not only harmonic but also conformal, hence a minimal
branched immersion, provided that it is non-constant.

Proof. This is an application of the monotonicity results for A\, (g, ¢) from Proposition
1.3 and for 14(g, ¢, 7) from Proposition 5.2. Since the proof is very similar to the Ricci
flow case solved by Perelman in [48], we closely follow the notes from Kleiner and Lott
[36] on Perelman’s paper.

i) Assume (g(t), ¢(t))icpo,r) is a steady breather. Then there exist two times ¢y, ¢,
such that (5.11) holds with ¢ = 1. From diffeomorphism invariance of A\,(g, ¢)
defined in (1.13), we obtain A\, (g, ®)(t1) = Aa(g, ¢)(t2). From Proposition 1.3, we
get condition (1.14) on [tq, 5], which means that (g(t), #(t)) must be a gradient
steady soliton according to Lemma 4.2 and uniqueness of solutions. Moreover,
the minimizer f = —2log v, which realizes A, (g, ¢) is the soliton potential.
From (—4A + R — a|Vé|*)Vmin = Aa(g, @) Vmin =: AaVmin, We obtain

2Af —|VFf2+ R —a|Ve|]* = \,. (5.12)
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Since (g(t), ¢(t)) is a steady soliton, (4.4) holds with ¢ = 0. Plugging this into
(5.12) yields Af — |V f|* = Aq, and we obtain from [, e~ /dV =1

_ 7 — _ 2 —f N NIV —
Ao /M)\ae dv /M(Af IV f|?)efdv /MA(e )V = 0,

i.e. Af = |V f]2. Another integration yields

/M|Vf|2dV—/MAde—O,

and thus Vf =0, Hess(f) =0 on M x [0,7) and (1.14) becomes

0=Rc—aVo® Vo,
0 = 7140.

In particular, ¢(t) is harmonic and (g(t), ¢(t)) is stationary.

ii) The proof here is analogous to the case of steady breathers, but we first need to
construct a scaling invariant version of A\, (g, ¢). We define

30 6) = Aalg: ¢>( / dvg)wm- (5.13)

This quantity is invariant under rescaling g = cg. A proof of this fact is given in
the appendix.

Claim 1: At times where A, (t) := Aa(g, ¢)(t) < 0, we have 2, (t) > 0.

Proof. We compute, using the abbreviations dy := e~/dV and V (t) := fM AV
as well as the fact 2V (t) = — [,, S dVyu

93,(t) = (ZA(O)V(EX™ — 2 A, () (£)C/m /M S v
> VP [ (208 + Hes(7)F + 200 — (V0.VA)F)dn (.14
M
= 2VEPmLOVE [ S v,
M
where f is the minimizer of F, that realizes Ao(t). Note that f = log V()

satisfies f Iy e=fdV = 1 and is thus an admissible test function in the definition
of A\,. Hence,

A9, ®) < Fulg, &, log V(1) = /

Se eV gy = V(t)—l/ Sdv  (5.15)
M

M
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and since A\, (t) < 0 by assumption, =V (t)"'A\a(t) [, S dV > —A.(t)*. Plugging
this into (5.14), we find

SAa(t) = V(¥ ( /M (2|8 + Hess(f)[* + 2alry¢ — (V¢, Vf>\2)du - %Aa(tf) :

where f = —2log Ui, is again the minimizer realizing A, (g, ®). This can be
rewritten using

|8 + Hess(f)|* = |8 + Hess(f) — (S + Af)g]> + =(S+ Af)?

as well as

)\a(t):/M(5+|Vf|2)du:/M(S+Af)du, (5.16)

which gives

[2I\ 2/m
I, >2v¥ /M

+ %Vg/m(/M(SJrAf)?du— (/M(SJrAf)du>2).
(5.17)

The second line on the right hand side is nonnegative by Holder’s inequality,
which proves Claim 1. O

<|8 + Hess(f) — (S + Af)gl* + alry0 — (Vo, Vf>|2>d,u

Now, assume that (g(t), #(t)) is an expanding breather. Since A, (g, ¢) is invariant
under diffeomorphisms and scaling, we have A, (t;) = A (t2) for the two times ¢,
to that satisfy (5.11). Since V(t1) < V(t2), there must be a time ¢, € [ty, 2] with
2V (ty) > 0 and hence with (5.15)

Nalto) < V(to)l/ S AV = ~V(ty) " 2V (t) < 0.

Claim 1 applies and we obtain A\, (1) < Aa(tg) < 0 and since A, (t2) = Aa(t1), we
see that \,(t) must be a negative constant. Hence, both lines on the right hand
side of (5.17) have to vanish. This means that (S + Af) has to be constant in
space for all ¢ and because of (5.16) this constant has to be A\, (t). From the first
line of (5.17) we obtain

{ 0= Rec— aVé ® Vo + Hess(f) — 2ag, (5.18)

0 =790 —(Vo, V).

By Lemma 4.2, (g(t),¢(t))icjo,r) is an expanding soliton with potential f =
—210g Vynin. This means that we can use (5.12), which implies

0=20F = |Vf|+5 = Ao =2AF — |Vf|+ 8= (Af+8)=Af — |VSf] (5.19)
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and thus by integration Vf = 0, Hess(f) = 0. Plugging this into (5.18), the
second equation tells us that ¢(¢) is harmonic and the first equation yields

%g = —2Rc+2aVp @ Vo = —Z%g,

i.e. (M,g(t)) simply expands exponentially without changing its shape.

iii) If (g(t), ¢(t)) is a shrinking breather, there exist ¢y, t2 and ¢ < 1 which such that
(5.11) is satisfied. We define
tQ — Ctl

o= > ta, and 7(t) = 10 — t.

Note that 7(t) is always positive on [t;,ts]. Moreover, ¢ = (19 — t2) /(170 — t1) =
7(t2)/7(t1). Then, from the scaling behavior of p,(g, ¢, 7) and diffeomorphism
invariance we obtain

ta(g(t2), @(t2), 7(t2)) = palc™g(tr), ¥ ¢ (t1), cT(t1))
—ua(w*g(t ), 0 p(t1), T(t1)) (5.20)
ta(g(t1), o(tr), 7(t1))-

By the equality case of the monotonicity result in Proposition 5.2, (g(t), ¢(t))
must satisfy (5.10) and according to Lemma 4.2 thus has to be a gradient shrink-
ing soliton.

It remains to prove the additional statement in the cases where dim M = 2 or (M, g(0))
is Einstein. If (g(t), ¢(t)) is a steady or expanding breather, we have seen that &g = cg.
In particular, if (M, g(t)) is Einstein at ¢ = 0 it remains Einstein under the flow.
Moreover, since Rc = %g in these two cases, we get

(¢0"7)i; = VigV;o = 55 (atgw + QRU) = i@% + C)gij7

i.e. ¢ is conformal. It is a well-known fact that conformal harmonic maps have to be
minimal branched immersions (cf. Hartman-Wintner [30]). O



CHAPTER O

Reduced volume and non-collapsing theorem

Huisken [32] proved that if M™ C R™*! evolves by mean curvature flow,
V= / (—dmt) =™l gy
M

is monotone, where x € R™*!. The first goal of this chapter is to prove a similar
monotonicity formula in Theorem 6.4. Moreover, we prove a non-collapsing result for
solutions of the (RH ), flow which follows from this monotonicity theorem. Throughout
this chapter, we let M be a closed manifold with a time-dependent Riemannian metric
gi;(t) and S(t) a symmetric two tensor on (M, ¢g(t)) with components S;;(t) and trace
S(t) == trym 8(t) = ¢"(t)S;;(t). We assume that g(t) evolves according to the flow
equation

59:(t) = —25(t). (6.1)
In the case of (RH),, S;j(t) is given by (2.14), but the results of the fist three sections
of this chapter hold true in the general case of a flow of the form (6.1). Other examples
where the assumption from Theorem 6.4 below are satisfied are given in the appendix.

Reduced volume monotonicity: the statement

In analogy to Perelman’s L-distance for the Ricci flow defined in [48], we will now
introduce forwards and backwards reduced distance functions for the flow (6.1), as well
as a forwards and a backwards reduced volume.

Definition 6.1
Suppose that (6.1) has a solution for t € [0,T]. For 0 <ty < t; < T and a curve
n : [to, t1] = M we define the Ly-length of n(t) by

e = [ VE(SG0) + &) ar

to

For a fized point p € M and ty = 0, we define the forwards reduced distance

li(q, ) = 117I€1£ {Q\iﬁ /Ot1 Vit <S+ ’%nf) dt} , (6.2)
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where I' = {n : [0,t;] — M | n(0) = p, n(t1) = q}, i.e. the forwards reduced distance is
the Ly-length of a Ly-shortest curve times # Ezistence of such L ¢-shortest curves
will be discussed in the next section. Finally, the forwards reduced volume is defined to

be

Vi(t) == /M (4mt)~™/2eL @D qV (¢). (6.3)

In order to define the backwards reduced distance and volume, we need a backwards
time 7(t) with 27(t) = —1. Without loss of generality, one may assume (possibly after
a time shift) that 7 = —t.

Definition 6.2
If (6.1) has a solution for T € [0,7] (i.e. t € [—T,0]) we define the Ly-length of a curve
n: [ro, 7] — M by

) i= [ V7 (S0 + [ () )

70

Again, we fix the point p € M and 79 = 0 and define the backwards reduced distance by

o) =i {5 0= [7VE (54 [l ar, (6.4)

where now I' = {n : [0, 7] — M | n(0) = p, n(m1) = q}. The backwards reduced volume
is defined by

() = /M (4r7)~™2e=0D) 4 (g). (6.5)

Remark. Note that (477)~™/2dV, is scaling invariant. Moreover, in the static case, the
integrand of of the reduced volume is simply the heat kernel (which can be seen from
Lemma 6.7 below).

Next, we define an evolving quantity D associated to the tensor 8.

Definition 6.3
Let g(t) evolve by %gij = —25;; and let S be the trace of § as above. Let X € I'(T'M)
be a vector field on M. We set

D(8, X) = 45 — AS = 2|Sy" + 4(ViSy) X; — 2(V;59)X; (6.6)
+ 2R X; X; — 251, X: X, '
Remark. The term %S —AS -2 |S¢j|2 captures the evolution properties of S = ¢"/.S;;
under the flow (6.1), while 4(V;S;;)X; — 2(V;S)X}, is a multiple of the error term £
that appears in the twice traced second Bianchi type identity V;S;; = %V]S + L for
the symmetric tensor 8. Finally, the last line in (6.6) directly compares the tensor S;;
with the Ricci tensor. For the Ricci flow, we have D = 0.
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We can now state the monotonicity result.

Theorem 6.4

Suppose that g(t) evolves by (6.1) and the quantity D(8, X) is nonnegative for all vector
fields X € T(T'M) and all times t for which the flow ezists. Then the forwards reduced
volume f/f(t) s non-increasing in t along the flow. Moreover, the backwards reduced
volume ‘N/b(T) s non-increasing in T, i.e. non-decreasing in t.

In our case where S;; is given by (2.14), the evolution equation (2.16) for S;; together
with 4<szzj>X] - Z(V]S)X] = —4du T9¢Vj¢Xj ylelds

D(Si;, X) = 2a|1,6 — Vxo|* — a| V|

for all X on M. To wit, D(S;;, X) > 0 is satisfied for the (RH), flow with a positive
non-increasing coupling function a(t) and the monotonicity of the reduced volumes
holds.

A complete proof of the theorem (in the general case, not only for the (RH), flow) is
developed in the next two sections. It relies on the fact that D(8, X) is the difference
between two differential Harnack type quantities for the tensor 8§ defined as follows.

Definition 6.5
For two tangent vector fields X, Y € T'(T'M) on M, we define

H(S, X,Y) :=2(28)(Y,Y) +2[S(Y, )" — VyVyS + 18(V,Y)
—4(Vx8)(Y,Y) +4(Vy8)(X,Y) — 2(Rm(X,Y)X,Y),
H(S,X) :=25+15-2(VS5 X)+28(X, X).

Remark. For the Ricci flow, these are Hamilton’s matrix and trace Harnack expressions
from [25]. For the (RH), flow (with constant «), H(8, V f,-), H(8,Vf) and D(S, Vf)
vanish on gradient expanders.

Lemma 6.6

The quantity D(S, X) is the difference between the trace of H(S, X,Y") with respect to
the vector field Y and the expression H(8, X), i.e. for an orthonormal basis {e;}, we
have

D(S,X) =Y H(S, X, e;) — H(S, X).

Proof. This is just a short computation. First, note that since the metric evolves by
9 gij = —28;; its inverse evolves by 2 g% =25V := 2¢"*¢/‘S},. As a consequence

28 =2(g"Sy) =28y  + D _(28)(ei. ), (6.7)
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where {e;} is an orthonormal basis. Therefore, by tracing and rearranging the terms,
we find

Za{ 8, X, e;) = Z (2(28)(es, ei) +28(ei,)|* = Ve, Ve, S + 18(ei, e4))
+ Z A(Vx8)(ei,er) + 4(Ve,8)(X, ;) — 2 (Rm(X, e,) X, ;) )

= 2(@ —2185°) + 218y — AS + 1S
— 4(V;9) X, 4+ 4(V:Si) X; + 2Re(X, X)
=98 —2|8,[* = AS — 2(V;9)X; + 4(V,Si) X; + 2R; X; X,
— 28X, X, 4+ 25+ 18 —2(V;9)X; + 29, X; X
=D(8, X) + H(8, X).

This proves the lemma. O

Obviously, letting 7 play the role of the forwards time, the backwards reduced distance
as defined in Definition 6.2 corresponds to the forwards reduced distance for the flow
% gi; = +28;;. Thus the computations in the forwards and the backwards case differ
only by the change of some signs and we find it convenient to do them only for the
forwards case. However, we mark all the signs that change in the backwards case with
a hat. We illustrate this with an example. Equation (6.22) below reads

BRA(S + [X[7) = H2H(8, 2 X) - VA(S + X ),
with H(8, ~X) evaluated at time t. For the forwards case, we simply neglect the hats

and interpret H (8, —X) as in Definition 6.5. For the backwards case, we change all ¢,
% into 7, % etc. and change all the signs with a hat, i.e. the statement is

PRA(S X)) = —T2H(8, X) — VT (S + |X]?),
where H(8, X) is now evaluated at T = —t, i.e.
HS, X)=—-£2S5—15-2(VS, X) +28(X, X). (6.8)

Similarly, the matrix Harnack type expression H(S, X,Y) from Definition 6.5 has to
be interpreted as

H(S, X,Y) = —2(28)(Y, V) + 2|8(Y, ) — VyVyS — L8(V,Y)

A4VxS)(YVY) +4(Vy8)(X,Y) -2 (Rm(X,Y)X,Y) (6.9)

in the backwards case.
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L r-geodesics and L;-geodesics

For the Ricci flow, i.e. the case where S;; = R;; is the Ricci tensor, the monotonicity
of the backwards reduced volume was developed by Perelman in [48, Section 7]. There
exist various other references where the necessary computations can be found in detail,
for example Chow et al. [10], Kleiner and Lott [36] and Miiller [45]. The forwards case
for the Ricci flow can be found in Feldman, Ilmanen and Ni [21]. This and the following
section follow these sources closely.

First, we derive the geodesic equation. Let 0 <ty <t; < T and let 74(t) be a variation
of the path 7(t) : [to,t;] — M. Using Perelman’s notation, we set Y (t) = £n,(t)]s=o
and X (t) = 2n,(t)[s—0. The first variation of Ly(n) in the direction of Y(t) can then
be computed as follows.

t1
Sy Ly(n) = 2L (1) om0 = / VEL (S(na(t)) + (2110, 21, oo dt
to

:/tl ﬂ(vys+2<vyx,x>)dt:/h VE(VyS +2(VxY, X) )dt

to to

VAV VS) 422 (V. X) — 2 (Y, VaX) T AS(Y, X)) dt

to

=2Vt (Y, X) /f(sz X —2Vx X +48(X, ) dt,

using a partial integration in the last step. An L s-geodesic is a critical point of the L -
length with respect to variations with fixed endpoints. Hence, the above first variation
formula implies that the L ¢-geodesic equation reads

Gyp(X):=VxX —1VS+ X —28(X,:) =0. (6.10)

Changing the variable A = v/t in the definition of £ s-length, we get

Lhn) = [ RSO + 4 ] Jax

Ao
and the Euler-Lagrange equation (6.10) becomes
Gy(X) = VX —2)2VS Z4)8(X, ) = 0, (6.11)
where X = Zn(N) =2)X.
The next issue is the existence of L ;-geodesics. From standard existence theory for

ordinary differential equations, we see that for A\g = /o, p € M and v € T,M there
is a unique solution n(A) to (6.11) on an interval [\, A9 + €] with n()\g) = p and
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Zn(A)|r=x, = v. If C'is a bound for |8| and [VS| on M x [0, 7] and X (\) # 0, we find
for L s-geodesics
ZIX| = e IR P = 20X 8(£, &) + 202 (vs, &)
oA 2|X| OA X7 |X| 71X
< 2)\C|X| + 2)\%C.

Hence, by a continuity argument, the unique L ;-geodesic n(\) can be extended to the
whole interval [\, v/T], i.e. for any p € M and t; € [ty,T] we get a globally defined
smooth L j-exponential map, taking v € T,M to n(t;), where lim; 2\/¥%n(t) = 0.
Moreover, X = 2v/tX(t) has a limit as t — 0 for £ -geodesics and the definition of
L¢(n) can be extended to ¢ty = 0.

(6.12)

For all (g,t1) there exists a minimizing L -geodesic from p = n(0) to ¢ = n(t;). To
see this, we can either show that L ;-geodesics minimize for a short time and then use
the broken geodesic argument as in the standard Riemannian case, or alternatively we
can use the direct method of calculus of variations. There exists a minimizer of L;(n)
among all Sobolev curves, which then has to be a solution of (6.10) and hence a smooth
L -geodesic.

In the following, we fix p € M and to = 0 and denote by L¢(q,t1) the Ls-length of a
shortest L ¢-geodesic n(t) joining p = n(0) with ¢ = n(t1), i.e. the reduced length is

éf(‘b tl) = #HLJC<Q7 tl)'
Next, we prove lower and upper bounds for L(g,t;). Since M is closed, there is a

positive constant Cy such that —Cyg(t) < 8(t) < Cyg(t) (and thus —Cym < S(t) <
Com) for all t € [0,T]. We can then obtain the following estimates.

Lemma 6.7
Denote by d(p, q) the standard distance between p and q at time t = 0, i.e. the Rieman-
nian distance with respect to g(0). Then the reduced distance Ly(q,t1) satisfies

d2 (p7 Q) —2Cot1 QmCO 3/2 d2 (p7 q) 2Cht1 QmCO 3/2
3 24/t 3

2Vt
Proof. The bounds for 8(t) imply —2C,g(t) < —28(t) = 2g(t) < 2Cog(t) and thus
e™*Mg(0) < g(t) < *'g(0). (6.14)

Using A = v/t as above, we can estimate

Lsln) = / a (3 [ZnO[* +2X25(n(A)) ) dA

< L(g,t1) < (6.13)

~

Vi1
1_—2Cot o) 2 2 3|V
> Le=2Ch / |V ) A = 2mCoA?|Y
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With L¢(q,t1) = inf,epr L4(n) we get the lower bound in (6.13). For the upper bound,
let o()) : [0,+/t1]] — M be a minimal geodesic from p to g with respect to g(0). Then

N

Lifat) < 50 = [ (3100 + 208000 )

N
1,2Cot d 2 2 3|Vh
<l /0 | 5o gy AN+ ImCoX°]3
— d2(p7 q) 6200t1 + QmCO t§/27
2/t 3
which proves the claim. [

Lemma 6.8
The distance Ly : M x (0,T7) — R is locally Lipschitz continuous with respect to the
metric g(t) + dt* on space-time and smooth outside of a set of measure zero.

Proof. For any 0 < t, < T, q. € M and small € > 0, let t; < t3 be in (t. — &,t. + €)
and q1,q2 € By, (q,€) = {q € M | dg,)(gs,q) < €}, where dy,)(-,-) denotes the
Riemannian distance with respect to the metric g(¢.). Since

|Li(qr,t1) — Ls(qa, t2)| < |Lf(q1,t1) — Le(qr,t2)| + |L(qr, t2) — Lo, t2)],

it suffices for the Lipschitz continuity with respect to g(t) +dt* to show that L;(q1, ) is
locally Lipschitz in the time variable uniformly in ¢1 € By,)(¢«,€) and Ly(-, t) is locally
Lipschitz in the space variable uniformly in t € (¢, — ¢, t, + €). Our proof is related to
the proofs of [10, Lemma 7.28 and Lemma 7.30]. In the following, C' = C(Cy, m, t.,¢)
denotes a generic constant which might change from line to line.

Claim 1: Lf(ql,tQ) S Lf(ql,tl) + C(tg — tl).
Proof. Let n:[0,¢1] — M be a minimal L ;-geodesic from p to ¢; and define the curve

o :[0,t3] — M by
L U(t) if te [O7t1]7

We compute

to
Li(qi,ta) < Ls(o0) =Ls(n)+ | VitS(q,t)dt
t1
S Lf(ql,t1> + %mC’O <t3/2 — ti)/2>
< Li(qi, 1) + Clta — 1),

which proves Claim 1. n
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Claim 2: Lf(Ql,tl) S Lf(ql,tz) + C(tg - tl).

Proof. Let n:[0,t3] — M be a minimal L s-geodesic from p to ¢; and define the curve

o:[0,t;] — M by
o(t) = {n(t) if + € [0,2t; — to], (6.16)

where ¢(t) 1= 2t +ty — 2t >t on [2t1 — to,¢;] with £¢(t) = 2. We compute

to

Ly t1) < Ly(0) = L) — /

2t1—to

ﬂ(S(n(t),t) + |%n(t)‘2>dt
+/21 \/5(5(77(¢(t)),t) + ‘%n(qﬁ(t)) - %¢(7ﬁ)\2>dt

t1—t2

< L{gi,12) + 3mCo (tg/Q — (2t — t2)3/2> + 2mCy <t:15/2 — (2t; — t2)3/2>

to
2
+2/ VOO [En(@)] 1y At
2t1—to
to

< L{gi,ty) + Clta — t1) + 2 VorL(t) |4n(t) }i(qﬁfl(t)) dt.

2t1—to

Since ¢~ 1(t) < t and t — ¢ 1(t) < 2¢ on [2t; — Lo, 5], we can estimate the very last
term via (6.14) by

to

t2
- d 2 4C, d 2
/% t VO ) | n()] o1 At < € /2 VE[gn@)], dt.
1—t2

t1—t2

As a consequence of the upper bound from Lemma 6.7 and the growth condition (6.12),
‘%n(t)’z(t) must be uniformly bounded on [2t; — ts,t5] by a constant C;. Thus

to
/ Vo i(t) |%n(t)}j(¢,1(t)) dt < 00y (857 — (2t — 12)*?) < C(ta — 1)
2t1—to

Together with the computation above, this proves the claim. O

Claim 3: Ls(q1,t2) < Lf(qo,t2) + Cdg) (01, g2)-

Proof. Let n:[0,t3] — M be a minimal L #-geodesic from p to ¢ and define the curve
o+ [0, %2 + dyy) (g1, 2)] — M by
t if ¢ 0,¢
o(t) = 410 AL E (0., (6.17)
B(t) if t € [ta, o + dyuy) (@1, 32)],

where (3 : [ta, s + dgw,) (1, q2)] — M is a minimal geodesic of constant unit speed with

: < et | |

_ _4Cpe
a(t) o) = €

respect to g(t3), joining g to ¢;. Then, using |%ﬁ(t)’
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we obtain

Lf(ql, to + dg(tg)(Qla QQ)) < L‘f(o-)

tatdgsy)(q1,92)
L)+ [ VA(S((0.0) + | 4600 )d

to

< Lylast2) + §<O°m * 64005) (“2 + o) (@1, 42))*% — t§/2>
< Ly(g2, t2) + Cdgiy) (01, 2)-

Finally, using Claim 2 from above, we find

Li(qr,ta) < Ly(qu,ta + dga) (@15 42)) + Cldgier) (1, q2)
< Li(qa, t2) + Cdyy) (a1, 92),

which proves Claim 3. O

The Lipschitz continuity in the time variable follows from Claim 1 and Claim 2. The
Lipschitz continuity in the space variable follows from Claim 3 and the symmetry be-
tween ¢; and ¢s.

From the definition of Ly : M x (0,7) — R, we see that it is smooth outside of the
set |J,(C(t) x {t}), where for a fixed time ¢; the cut locus C(t;) is defined to be the
set of points ¢ € M such that either there is more than one minimal L ;-geodesic
n:[0,t1] — M from p = n(0) to ¢ = n(t;) or ¢ is conjugate to p along 1. A point ¢ is
called conjugate to p along 7 if there exists a nontrivial L -Jacobi field J along 7 with
J(0) = J(t;) = 0.

As in the standard Riemannian geometry, the set C'y(¢1) of conjugate points to (p,0)
is contained in the set of critical values for the L j-exponential map from (p, 0) defined
above. Hence it has measure zero by Sard’s theorem. If there exist more than one
minimal L -geodesic from p to ¢, then L(q,t;) is not differentiable at ¢. But since
L(g,t1) is Lipschitz, it has to be differentiable almost everywhere by Rademacher’s
theorem and thus the set Cy(t1) consisting of points for which there exist more than
one minimal Ls-geodesic also has to have measure zero. Combining this, C(¢;) =
C1(t1) U Cs(t1) has measure zero for all ¢, € (0,7) and so |J,(C(t) x {t}) is of measure
zero, too. This finishes the proof of the lemma. m

Reduced volume monotonicity: the proof

Making use of Lemma 6.8, we first pretend that L;(g, ;) is smooth everywhere and

derive formulas for |V L;|?, B%L 7 and ALy under this assumption.
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Lemma 6.9
The reduced distance L¢(q,t1) has the gradient properties

IVLi(q,t)] = —4t,S + K+ 2Ly t), (6.18)
a-Li(g,t) =2vHS = LK — 5-Lg(q, 1), (6.19)

where

t1
K = / t32H(8, = X)dt
0

and H(8, —X) is the Harnack type expression from Definition 6.5, evaluated at time t.
Remember that in the backwards case we interpret H(8, X) as in (6.8).

Proof. A minimizing curve satisfies G(X) = 0, hence the first variation formula above
yields
by Lyl 1) = 2V (X(), Y (1) = (VLg(a, 1), Y (1)
Thus, the gradient of L; must be VL¢(q,t1) = 24/t1X (t1). This yields
IVLs|? = 4t | X" = —4t,S + 4t (S + | X*). (6.20)
Moreover, we compute
%Lf(% tl) = %Lf<% tl) - vXLf(Q7 tl) = \/t_l(S + ‘XF ) - <VLf(Q7 tl)v X>
= VI (S + [X]?) = 2vE [X[* = 2v0S — Vi (S + | X[7).

Note that denotes the partial derivative with respect to t; keeping the point ¢ fixed,

(6.21)

while d— refers to differentiation along an L-geodesic, i.e. simultaneously varying the

¢
time ¢; and the point q. Next, we determine (S + |X|2) in terms of Ly. With the

Euler-Lagrange equation (6.10), we get

L(SMt) +|X(W)*) =25+ VxS +2(VxX, X) = 28(X, X)
=28 +2(VS, X) - X" +28(X, X)
= (8, = X) — (S +|X").
From this we obtain
224 (S 4+ |X)?) = H2HS, 2 X) — V(S + |XIP) (6.22)

and thus by integrating and using the notation K = | " 4329((8, = X)dt, we conclude
ty
LK — Lg,th) :/ 24 (54| X[2)dt
0

= (St + X)) — [ 3VEs + X P )a

£52 (S + |XP) — 3Ly(q, ).
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Hence, we have
£S5+ |X[) = $K + LLy(g, th). (6.23)

If we insert this into (6.20) and (6.21), we get (6.18) and (6.19), respectively. O

To estimate the Laplacian ALy, we compute the second variation of Lf(n), using the
following claim.

Claim 1: Under the flow %gij = QQSij, we have

5t (VvY, X) = (Vx VY, X) + (VyY, VxX) = 28(Vy Y, X) (6.24)
—2(Vy8)(Y, X) + (Vx8)(Y,Y).

Proof. We start with

I(VyY, X) = (VxVyY, X) + (VyY,VxX) = 28(VyY, X) + (VyY, X),  (6.25)
where V := %V. From [45, page 21|, we know that under the flow %g = h, we have

VoV, W) = JTuh)(V,W) + L(Tvh) (U, W) = J(Twh) (U, V).
Hence, with U =V =Y, W = X and h = 28, we get
(VyY, X) = 22(Vy8)(Y, X) + (Vx8)(Y,Y).

Inserting this into (6.25) proves the claim. O
Using Claim 1, we can now write 2 (VyVxY, X) as

2(VyVxY, X) =2(VxVyY, X) +2(Rm(Y, X)Y, X)
=22 (VyY, X) — 2(VyY,VxX) +48(VyY, X)
F4(Vy8) (Y, X) = 2(Vx8)(Y,Y) + 2 (Rm(Y, X)Y, X),

and a partial integration yields
t1
/ W (VyVxY, X)dt = 2Vt (VyY, X) / VEH(VyY, X) dt
0
t1
—/ 2Vt (VyY,VxX = 28(X, ) dt
o (6.26)
i / VE(A(Ty8)(Y. X) — 2(Vx8)(Y,Y)) dt
0

+ / ' 2Vt (Rm(Y, X)Y, X) dt.

If the geodesic equation (6.10) holds, we can write the first two integrals on the right
hand side of (6.26) as

t1 t1
—2/ VE(VYY, X 4 VX 2 28(X,)) dt = —/ Vi(VyY,VS) dt,
0 0
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and equation (6.26) becomes
/t 2Vt (Vy VY, X) dt = 2Vt (VyY, X) | / VE(VyY,VS) dt
# [ Vi x) vy ya 620

+ / ’ 2Vt (Rm(Y, X)Y, X) dt.

We can now compute the second variation of L ¢(n) for L ;-geodesics n where G¢(X) =0
is satisfied. Using the first variation

Sy L(n / VH(VyS +2(Vy X, X))dt
from the last section, we compute
62L(n) = /Otl VEH(Z (VS Y) +2(VyVyX, X) +2|VyX|*)dt
— /Otl VE((VS,VyY) + VyVyS +2|VxY|? +2(VyVyY, X)) dt
= 2Vt (VyY, X) / Vit (VyVyS+2|VxY ) dt (6.28)
- /0 VIRV S)(Y,Y) — 4(Vy8)(Y, X))t
+ /Otl 2vt (Rm(Y, X)Y, X) dt,

where we used (6.27) in the last step. Now, choose the test variation Y'(¢) such that
VxY =+8(Y,-) +5.Y, (6.29)
which implies 4 V[P = 228(Y,Y) +2(VyY,Y) = %]Y!Q. Hence, if |Y(t1)] = 1, we
obtain |Y (¢)|> = t/t,, in particular Y'(0) = 0. We have
Hessy,, (YY) = VyVyL; = 6(Ly) — (VyY,VLy)
where the Y in Hessy,, (Y,Y) = VyVy Ly denotes a vector Y (t1) € T,M, while in 65.L
it denotes the associated variation of the curve, i.e. the vector field Y (¢) along n which

solves the above ODE (6.29). Note that (6.30) holds with equality if Y is an £ ;-Jacobi
field. We obtain

(6.30)

Hessy, (Y,Y) < / ’ VI(VyVyS 42|V + 2 (Rm(Y, X)Y, X) ) dt
- (6.31)
-~ / VIQ(VxS)(Y,Y) — 4(Vy8)(Y, X))dt.
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Lemma 6.10
For K defined as in Lemma 6.9, and under the assumption D(S,7) > 0, VZ € T(TM),
the distance function L¢(q,t1) satisfies

ALg(q, 1) < +2vHS — —K. (6.32)
i (6.33)

as well as

#SY (1), Y (1))

(28)(Y,Y) + (Vx8)(Y,Y) + 28(VxY,Y)

) ) (6.34)
(28)(Y,Y) + (Vx8)(Y,Y) + 18(Y,Y) + 2[8(Y,)|".

Slo o

Using (6.33), (6.34) and a partial integration, we get from (6.31)

t1
Hess, (Y,Y) < / VE(VyVyS + 2 (Rm(Y, X)Y, X) ) dt
0

~

- /tl VE2(VxS)(Y,Y) — 4(Vy8)(Y, X))dt
+/t1 VERIS(Y, )P+ 28(Y,Y) + 5 )dt
1 t1 N . 1 R 9
:ﬁ_/o \/ZfH(S,—X,Y)dH/O VE2(Vx8)(Y,Y) +4[8(Y, ) )dt
[ VAESLY) + 258 ()
1 t1 ) R t1 p )
:ﬁ_/o \/Z:H(s,—x,y)dH/O VE(2LS(Y,Y) + 18(Y,Y))dt

t1
-1z 2VH8(Y,Y) — / VEH(S, =X, Y)dt.
Vi 0

Here, H(8, ~X,Y) denotes the Harnack type expression from Definition 6.5 evaluated
at time t. Remember that in the backwards case H (8, X,Y") has to be interpreted as
n (6.9). Now let {Y;(¢1)} be an orthonormal basis of T,M, and define Y;(t) as above,
solving the ODE (6.29). We compute

2V, Y;) = “28(Y,Y)) + (Va Y Y)) + (¥, VaYy)

= 28( iy J +<+8 z;')+ 2tK7Y>+<K7+S<Y )+ Qt}/;>

t
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Thus the {Yi(t)} are orthogonal with (Yj(t),Y;(t)) = £ (Yi(t1),Y;(t1)) = £0;. In

particular, there exist orthonormal vector fields e;(t) along n with Y;(¢) = \/t/t1 e;(t).
Summing over {e;} yields

t1
Alyfa.n) <3 (= +2vasmy) - [ Viss, “X.v)ar)

m .
= — F 245 — — /)WZ H(S, =X, e;)dt
Vi 2 )

:1142¢ES—1/%ﬁ”@ﬂ&iX%HM&ﬁXDﬁ
Vi t1 Jo
m . 1

< —+2vVHhS — —K

<7 v il

using Lemma 6.6 and the assumption D(§, ~X) > 0. ]

The three formulas from Lemma 6.9 and Lemma 6.10 can now be combined to one
evolution inequality for the reduced distance function (g, t;) = #EL 7(q,t1). From
(6.18), (6.19) and (6.32), we get

1 1
|V@E:;EHVLH?_—S+ ef+ —K,

t3/2
1 1 1
) )
o4 :——L ——L :——E S——K
m .
Ay =—=ALy < +85 - —75
2¢_ 2t 2t/
and thus with a lot of cancellations
Al F by + VP~ S -2 <0, (6.35)
This is equivalent to
(5 +4 = S)vs(a.t) <0, (6.36)

where vy (g, t) := (4rt)~™/2e @1 is the density function for the reduced volume V(t).

Remember that so far we pretended that L;(g,?;) is smooth. In the general case it is
obvious that the inequality (6.35) holds in the classical sense at all points where L
is smooth. But what happens at the other points? This question is answered by the
following lemma.

Lemma 6.11

The inequality (6.35) holds on M x (0,T) in the barrier sense, i.e. for all (q.,t.) €
M x (0,T) there exists a neighborhood U of q in M, some € > 0 and a smooth upper
barrier (5 defined on U x (t, — €, t, + &) with £; > 0y and {5(gs,t.) = L5(q.,t.) which
satisfies (6.35). Moreover, (6.35) holds on M x (0,T) in the distributional sense.
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Proof. Given (g, t.) € M x (0,T), let n : [0,t.] — M be a minimal L -geodesic
from p to g., so that ¢;(q.,t.) = #ﬂﬁf(n). Extend 7 to a smooth L -geodesic 7 :
[0,t. + €] — M for some € > 0. For a given orthonormal basis {Y;(¢.)} of T, M, solve
the ODE (6.29) on [0,t. + €] and let 7;(s,t) be a variation of n(t) in the direction
of i, i.e. n;(0,t) = n(t) and %m(s,tﬂszo = Y;(t). Finally, for a small neighborhood
U of g. we choose a smooth family of curves o, : [0,t1] — M from o, (0) = p to
ot (t1) =q €U, t1 € (t, — e, t. + ¢), with the following property:

Ontstrt = Mi(S, )y, VL€ (ty —e,ti +¢) and [s] <e.

Define L;(q,t1) == Ly(o,,,) and £;(q,t,) = #Elif(q,tl). By construction, we have

Oq..t. = Njo,.) and hence f}f(q, t1) is a smooth upper barrier for L¢(q, t;) with flf(q*, t,) =
L¢(gs,t.). Moreover, Ly satisfies the formulas in Lemma 6.9 and Lemma 6.10. Thus
(¢(q,t1) is a smooth upper barrier for £;(q,t;) that satisfies (6.35).

To see that (6.35) holds in the distributional sense, we use the general fact that if
a differential inequality of the type (6.32) holds in the barrier sense and we have a
bound on |[VL¢|, then the inequality also holds in the distributional sense, see for
example [10, Lemma 7.125]. Using the same lemma, (6.18) and (6.19) also hold in the
distributional sense, since they hold in the barrier sense. Together, the claim from the
lemma follows. [l

Proof of Theorem 6.4. Since (6.35) and hence also (6.36) hold in the distributional
sense, we simply compute, using %dV = 25dV,

d ~
V) = / vr(g,t) AV +/ givs(a, t)dv
M M
< /vf(q,t) (=8)dV —P/ (S — AD)vs(g, t)dV (6.37)
M
= L/ Avs(g,t)dV = 0.
M
Thus, the reduced volume V}(t) is non-increasing in t. O

No local collapsing

The following section follows Perelman’s results for the Ricci flow from [48; Section 7],
as well as the notes on his paper by Kleiner and Lott [36] and the book by Morgan
and Tian [42]. We have seen in Chapter 3 that the metrics g(t) along the (RH), flow
are uniformly equivalent as long as the curvature on M stays uniformly bounded. But
it could happen that at a singularity (i.e. when Rm blows up) the solution collapses
geometrically in the following sense
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Definition 6.12

Let (g(t), #(t))iciory be a mazimal solution of (RH)a, or more generally of any flow
of the form %gij = —285;;. We say that this solution is locally collapsing at time T, if
there is a sequence of times t, /T and a sequence of balls By, :== By, )(xr, r) at time
tx, such that the following holds. The ratio r}i/ty is bounded, the curvature satisfies
IRm| < r.? on the parabolic neighborhood By, X [ty — r2,t;] and r;, ™ vol(By,) — 0 as
k — oo.

Using the monotonicity of the reduced volume, we obtain the following result.

Theorem 6.13
Let (g(t), o(t) )icior) be a solution of (RH ), with non-increasing o(t) € (o, @), 0 < o <
a < oo and T < oo. Then this solution is not locally collapsing at T'.

Remark. For the proof, we only need the interior gradient estimates from Proposition
A5 (a local version of Theorem 3.10) and the monotonicity of the backwards reduced
volume. Hence, every flow %g = —28 that satisfies the assumption of Theorem 6.4
and some interior estimates for 8, V.S in the spirit of Proposition A.5 will also satisfy
the non-collapsing result. Note that for the (RH), flow, it is possible to obtain a
slightly stronger result using the monotonicity of 1,(g, ¢, 7) from Chapter 5 instead of
the monotonicity of the backwards reduced volume. In the special case of List’s flow
(0.6), this can be found in List’s dissertation [41, Section 7]. The proof in the case of
(RH), is completely analogous. However, the result here is more general in the sense
that it may be adopted to other flows %g = —28 in the way explained above. This is
the reason why we prefer this proof here.

Proof. The proof is by contradiction. Assume that there is some sequence of times
t, /" T and some sequence of balls By, := Bg(tk)(xk,rk) at each time t;, such that r,%
is bounded, the curvature is bounded by |Rm| < 72 on the parabolic neighborhood
By, x [ty — r2,t) and r,™vol(By) — 0 as k — oo. Define g = r; ' vol(By)/™,
then g, — 0 for k& — oo. For each k, we set 74(t) = t; — ¢t and define the backwards
reduced volume Vj, using curves going backward in real time from the base point (g, tr),
i.e. forward in time 7, from 7, = 0. The goal is to estimate the reduced volumes
Vi(exr?), where 73, = 472 corresponds to the real time t = t;, — 477, which is very close
to tx and hence close to T'. We first prove

Claim 1: limy_o Vi(exr?) = 0.

Proof. As we have seen above, an Lj-geodesic n(7) starting at 7(0) = zj, is uniquely
defined through its initial vector v = lim, ¢ 2/7X = lim,_oX. We first show that
if Ju] < %5,;1/2 with respect to the metric at (zy,tx), then n(7) does not escape from

B;/Q := By, (Tk,71/2) in time 7 = g4, Write ¢, = ¢, — r2. Since |Rm| < r;? on
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By, x [ty, tx] by assumption, we obtain from Proposition A.5

C C C 1/2 -
VoP< ——, |[V2P< ——— |VRm[*< ———, on B/*x (b, ts),
VoI < T VRS (VRS o on B (k)
for some constant C' independent of k. Without loss of generality, e, <
t—1 > s whenever ¢ € [t — ejr7, tx). This means that

% so that

Vol < Cr.?, |V?¢| < Cr.? |VRm| < Cr;? on B;/Q X [te — exri, ).
Together with the assumption |Rm| < 7} %, this yields

8] < [Re| +|Vo|* < Cr,.?,

6.38
VS| < [VRI+ V6]V < Ori, (639

on B;/Q X [ty — erri, ty). Plugging this into the estimate (6.12), we get
21X| < AC|X|r2 + N20r% < C|X e Pt + Cepry (6.39)

for A = /7 < \Jerri = 5;1/27%- Since | X(0)] = |v| < %5,;1/2 we obtain the estimate

X\ < L2 gorall 7 € 0,exr?] if k is large enough, i.e. g, small enough. With an
1%k k

integration, we find

2

ERTY VEETE VER Tk 1
[l = [T R s [T 4 < b
0 0 0

Since the metrics g(7 = 0) and g(7 = gxr}) are close to each other, the length of the
curve 1 measured with respect to g(7 = 0) = g(¢x) will be at most ry /2 for large enough
k. This means that indeed

(7).t —7) € B x [t — e t), VO <7 <ewri. (6.40)
With the bounds from (6.38) and the lower bound in (6.13), we obtain
Ly(n) > —Cr2(epr})?? = —Cei/Qrk, ie. ly(q,epry) > —Cep

Thus, the contribution to the reduced volume f/k(ekr,%) coming from L;-geodesics with
initial vector |v| < %5;1/ ? is bounded above for large k by

/1/2 (dmer?) ™ 2eCmdy < Ce, ™ *r ™ vol(BY?) < Cel* = 0 (k — o).
Bk

Next, we compute the contribution of geodesics with large initial vector |v| > %5,;1/ 2

to the reduced volume Vk(gkr,%). To this end, we note that we can write the reduced
volume with base point (zy, %) as

Vk(ﬁ) :/ (4mry) ™2~ He™) gV (q) :/ (47r71)_m/26_€(ﬂbe"p;}c(”)’ﬁ)J(v,Tl)dv.
M Q(71,k)
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Here, Lyexp]! is the Ly-exponential map defined in a previous section, taking v to n(m)
with 7 being the L;-geodesic with initial vector v, J(v, 1) = det d(Lyexp]l) denotes
the Jacobian of Lyexp]l and (7, k) C T, M is a set which is mapped bijectively to
M up to a set of measure zero under the map Lyexp;!. We claim that the integrand

f(U, Tl) — (47T7—1)—m/2e—€(£bcxp;}g(v),Tl)J(U’ Tl) (641)

is non-increasing in 71 for fixed v and has the limit lim,, .o f(v,71) = /2=l To
prove this, let n(7) be an L,-geodesic with initial vector v. We note that by (6.21) and
(6.23) and the first variation formula

il Lo(0(7), 7) = /7S + |X[!) = =LK + 5 Ly(n(m), 1)

or equivalently
L] bm(r),m) = —nK. (6.42)

To estimate the Jacobian, let {Y;} be a basis for the Jacobi fields along 1 which vanish
at 7 = 0 and satisfy (Y;(m),Y2(m1)) = ¢;;. This yields

m
A - Jog J(v,7) 4 e log\/det = %Z%L .

=1

Next, note that for the family of geodesics n,(7) that corresponds to the Jacobi field
Y;, we find

Hess, (Yi(n1),Yi(n)) = L Ly(ns(n), 1) = 27 (VXY (7). Y (1)), (6.43)
and hence
e —r Yi|? = 28(Yi(m1), Yi(m)) + 2(VxY;, Vi) (1)

= 28(Yi(m),Yi(m)) + \/%T Hessy, (Yi(11), Yi(m1)). (6.44)

Let Y; be solutions of the ODE (6.29) which agree with Y; at time 7;. Then, completely
analogous to our computation of AL in the previous section, we have

50 &V = g 2 (2VAS(Yi(m). Yilr) + Hesse, (Yi(m). Yi(m)))

i=1

<L (L— VTH(S, X, Y;)dr)

< 1 (ﬂ_iK)Zﬂ_#K‘
1

271
From this estimate and the estimate (6.42), we conclude

4 log ((47r)m/2f(v, 7)) = _4d by(n(T),7) + L log J(v, T)

dr lr=71 271 dr lr=m, dr lt=7y
m 1 —
= " 27 + 3/2K+ (271 a QTf/QK) =9,

which proves the claimed monotonicity.
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Remark. Together with Q(7') C Q(7) for 7 < 7/ this yields an alternative proof of the
monotonicity of the reduced volumes.

The limit statement for f follows directly from the fact, that for 7 — 0 the reduced
volume approaches the reduced volume on Euclidean space. Thus, the contribution to
the reduced volume Vj,(e;r?) coming from L;-geodesics with initial vector |v| > %5;1/ 2

can be bounded by
/ a2 gy < Ce ®5% — 0 (k — o00), (6.45)
o> 1e, /2
which completes the proof of Claim 1. m

Claim 2: Vj(t;) is bounded below away from zero.

Proof. Let us remark that 7 = ¢, corresponds to real time t = 0. We assume that k
is large enough, so that ¢, > T/2. The idea behind the proof is to go from (zy,t;) to
some point g at the real time T'/2 (i.e. 7 = t;, —T/2) for which the reduced L;-distance
Co(qy, tr, — T'/2) is small. From the upper bound on L, from Lemma 6.7 we see that
for small 7 it is possible to find a point g;(7) such that ¢,(gx(7),7) < %. On the other
hand, combining the evolution equations for 8%&, and A/, we obtain

165 + Al < —%Eb + = (646)

or ‘T:T 271

(in the barrier sense) and hence for the minimum of ¢,,,;,(7) = mingeas €p(q, 7)

T1

8‘1’ T=T1 27’1

(in the sense of difference quotients). The latter is obtained by applying the maximum
principle to a smooth barrier. The inequality (6.47) shows that there is some point g (7)
with £4(qr(7),7) < % for every 7. As mentioned above, we choose g at the real time
T/2 with ly(qe, t,—T/2) < 5. Let n: [0,t,—T/2] — M be an L;-geodesic realizing this
length. Moreover, let n, : [ty — T'/2,t;] — M be g(t = 0)-geodesics (i.e. a g(T = tj)-
geodesic) from ¢ at time 7 =t —T'/2 to p € B% := By(;—¢,)(qk, 1) = By=0)(qx, 1) at
time 7 = t;. Since |Rm| is uniformly bounded for ¢ € [0,7/2] (i.e. 7 € [ty —T'/2,tx]), we
get a uniform bound for S along this family of g(7 = ¢;)-geodesics. Since all the metrics
g(T) with 7 € [ty —T/2,t| are uniformly equivalent, we get an uniform upper bound for
the Lp-length of all ,. From this, we see that the concatenations (n—mn,) : [0,t] — M
connecting z, to p € B% have uniformly bounded L;-length, independent of p and k.
This gives a uniform bound ¢,(p,t;) < C, for all p € B% and k € N large enough. We
can then estimate

Ti(ty) = / (dty) e 0@ qy (g)
M

> / (4rty,) "™ e~ CdV (6.48)
Bk

> C inf vol(B*),
qrEM

which is bounded below away from zero, independently of k. This proves Claim 2. [
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Since the backwards reduced volumes Vj, are non- increasing in 7 (i.e. non-decreasing in
real time ¢) according to Theorem 6.4, we obtain Vi(tx) < Vi(epr?) for k large enough.
But since V() is bounded below away from zero by Claim 2 while Vj,(gx?) converges
to zero with k& — oo by Claim 1, we obtain the desired contradiction that proves the
theorem. [



Appendix

Background material from geometric analysis

i) Basic Riemannian geometry. Let TM and 7*M denote the tangent and co-
tangent bundle of a manifold M, respectively. Then a (p, ¢)-tensor B is a smooth section
of the bundle (T*M)®P®(T'M)®4. In a system of local coordinates (z!, ..., z"), induced
by a chart ¢ : U — R", U C M, the tensor B has the coordinate representation

B=B " d"®.. . @d"® 5 .. @5

dzk1 dxka?
with
ki..kq _ el ) k1 k
Bél...ep = B(axgl,...,axgp,d:p oo, dx q).
Slightly abusing this notation, we often write B = Bgll_._gp" as an abbreviation. In
particular, we write v* for vectors and v; for co-vectors, meaning v* a‘; and v;da?, re-

spectively. We also abbreviate the derivative a%k by 0.

The Riemannian metric on M is denoted by g;; = g, its inverse by ¢*, so that
9i;g’F = 0F. For the induced measure on M we write dV = /det(g;;) dv. We write
(X)Y) :=g(X,Y) = g;; XY for the induced inner product of the metric g. We always
use the extended Einstein summation convention, where X*Y; means Y ;_, X*Y}, and
XY}, denotes ¢" XY, = D hi—t g XYy

The Levi-Civita connection Vo* = &-vk—kffjvj is determined by the Christoffel symbols

1
Il = éng(ai gje + 0; Gie — ¢ Gij), (A1)
and the Riemannian curvature tensor

Rm(X,Y)Z = VxVyZ —VyVxZ —Vixy)Z = R}, XY Z*

ig4

has the local representation
Ry = 0,15, — 0; Ty + Ty I}, =T TG (A.2)
h

If we lower the upper index to the third position, we get R;ji = gthw, a tensor which
is anti-symmetric in (7, j) and (k, ), and symmetric in the interchange of these pairs,
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Rivij = Rijre. The Ricci tensor Re is defined by R, = gﬂRijkg, the scalar curvature as
its trace R = g* Ry, = g*¢’* Rije. It is easy to see that
Ry = Rir, = 0" Ry = 9" g0, R, = lek

It is a standard fact that in Riemannian normal coordinates (induced by the exponential
map) we have

1(2) = 8 = 5 Rapiga?a? + O(Jaf’), (A3)
see for example [45, Lemma 1.1]. In particular, this implies
9i;(0) = 0ij, Ok gi;(0) =0, T5(0) =0.
Another important symmetry of the curvature tensor is the first Bianchi identity
Rm(X,Y)Z +Rm(Y,Z)X + Rm(Z, X)Y = 0.

The Levi-Civita connection V = V™ on the tangent bundle TM over (M, g) induces

a connection V™™ on the co-tangent bundle T* M via
(VEM)(Y) = X () —w(VE'Y), XY eD(TM), we (T*M).

With the product rule and compatibility with contractions we obtain natural connec-
tions V on all bundles (7% M)®P ® (T'M)®? which we call again Levi-Civita connections.
In particular, we obtain covariant derivatives of the Riemannian metric (which always
vanish, Vig;; = 0 Vi, j,k) and of the different curvature tensors. The Riemannian
curvature tensor satisfies the second Bianchi identity

(VxRm(Y, Z)V, W) + (VyRm(Z, X)V, W) + (VzRm(X,Y)V, W) = 0,
which implies the formula
ViRijre + ViRijen + ViRijne =0 (A4)
in coordinates. Tracing this with ¢ yields
ViRijke = §"V i Rijke = —g" Vi Rijon — 9"V i Rijnk = ViRje — ViR
By tracing again with ¢/, we get
ViR, = gﬂviRz‘jké = gjekajz - gjeszjk = ViR — VjRjk'
By changing the indices in the last term, this implies
VR, = 1V,R. (A.5)

From the definition of the Riemannian curvature tensor, we see that for a vector field
X in local coordinates

[Vi’ vj]Xk - Vivak - VjviXk - RF

ijm

X™ = g"Rijpm X™. (A.6)
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The commutator for a co-vector field 6 can then be obtained by using the metric dual,
[VZ-, Vj]eg = VZV] 9@ — V]VZ (9( gkgR”m( mqeq) = Rijngm.

Similarly, for a general (p, q)-tensor B, we find the commutator identity
k k grAeimky gk ¢ ki..k
kr_1mkyyq...
[vlv V 1 Z Rzym le..fp ' Tt Z RijésmBéll...Zsi1m€s+1...€p' (A7)
s=1

ii) Connections and commutator identities on more complicated bundles.
Assume that we have given Levi-Civita connections for all (p,q) tensors over (M, g)
and over (N,v). In particular, they satisfy Vg = 0 and Vy = 0. For a map ¢ :
(M,g) — (N,7), there is a canonical notion of pull-back bundle ¢*T'N over M with
sections ¢*V =V o ¢ for V € I'(T'N). The Levi-Civita connection VI on TN also
induces a connection V"7V on this pull-back bundle via

V™V =91 (VINV), X eD(TM), V eT(TN).

Again, we obtain connections on all product bundles over M with factors TM, T*M,
¢*T'N and ¢*T*N via the product rule and compatibility with contractions. Defining
the metric 4 := v o ¢, then these connections satisfy V4 =0 = Vg.

Take coordinates x on M, k= 1 ;m=dimM,andy*on N, u=1,...,n=dim N,
and write 0y, for 8 5.5 and 0, for 5= The curvature tensor on ¢*T'N is given by

Rm(X,Y)V = VxVyV = VyVxV = Vixy)V = R, XYV

for X = X'0;,,Y =YJ9; € I(TM) and V = V*¢*(9,) € ['(¢*TN). To lower the index
r, we need the metric ¥ =y o ¢,

Rijun = Yun B
With this definition, we obtain the commutator rule
ViV,;Vi, = V,;ViVi = RijaVi.
Let us compute R;j.\ now. In the coordinates z*, y*, this is

Rijua(x) = (Rm(0;, 0;)6" (01) . 6" (0x) ) o ()
= ("R (.0;, $.0;) O, O ), (9(2))
= "Ryuer(0(2))VigH () V0" (x),
where we used ¢.0; = V,;¢* 0,. We can then extend (A.7) to mixed tensors, for example

Vi, V,1BES = RE B + Rije, BEY + RE,BiE + Rijno Bl (A.8)

wp e
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The standard example that will be used quite often is the following. The derivative V¢
of  : M — N is a section of T*M ® ¢*T'N. Thus, the intrinsic second order derivative
is built with the connection on this bundle, i.e.
ViV = 9,0;0" — TL,000 + *T7,0,040;0" (A.9)
and similar for higher derivatives. Using (A.8), we obtain
ViV;Vid’ =V, ViV’ = Rijo, V¢’ + R\ Vg
= Ry, V0’ + "R\ Vi ViV 6"
There is also a different way to obtain these formulas, which is especially useful when
¢ is evolving and we also want to include time derivatives. We learned this from [37].
Here, we interpret V*¢ as a k-linear T'N-valued map along ¢ € C*°(M, N) rather than

as a section in (T*M)®* @ ¢*T'N. To obtain the desired formulas, let w be any such
k-linear T'N-valued map along ¢, i.e.

w(x) : (T,M)** — Ty N.

(A.10)

The covariant derivative Vw is a (k + 1)-linear T'N-valued map along ¢, defined by
k
(Vw)(Xo, .., Xi) = Xo(w(X1, ..., Xp)) = D w(Xi, ..., Vi Xo, o, Xi)
s=1

This is analogous to the definition of the covariant derivative of a 1-form above. The
curvature tensor *Rm for the k-linear map w is defined by

"Rm(X,Y)w = VxVyw — VyVxw — Vixyw (A.11)
and can be computed using
(FRm(X, Y)w) (X1, ..., X;) = "Rm(Vo(X), V(Y ))w(X1, ..., X)
— iw(Xl, L LRmM(X, )X, LX), (A.12)
s=1

Of course, this agrees with the definition above, where we used the bundle interpre-
tation. If ¢ is time-dependent, we simply interpret it as a map ¢ : M x I — N and
interpret V¢ as k-linear TN-valued maps on M x I along ¢. The formalism stays
exactly the same.

Note that % induces a covariant time derivative V; (on all bundles over M x I) that

agrees with % for time-dependent functions. Choose coordinates z* for M with
Vi(2)=V,i(0;) =Vi(0) =Vi(Z) =0, Vij=1,...,m (A.13)
at some base point (p,t) in M x I. Then, from (A.11) and (A.12), we obtain for w = V¢
Vi(ViV;0) = Vi((Viw)(9))) = (ViViw)(9;) = (ViViw + 'Rm(g, 9,)w)(9))
= Vi((Vw)(9))) + "Rm(5;6, Vio)w(0;) — w(*'Rm(5;,0,)9;) (A.14)
= ViV 506+ "Rm(56, Vig) V0.
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Remark. 1f we also vary the metric ¢ on M in time, we will get an additional term
from the evolution of V,;V,. From (A.9), we see that this additional term must be

—(%F%)ngb. Note that %F is a tensor, while I' itself is not.

iii) The maximum principle. The weak maximum principle for parabolic partial
differential equations with a nonlinear reaction term states that a solution of the corre-
sponding ordinary differential equation yields pointwise bounds for the solutions of the
PDE. Since we work on an evolving manifold, we need a slightly generalised version.
The following result is proved in [9, Theorem 4.4].

Proposition A.1
Let u: M x [0,T) — R be a smooth function satisfying

it > Dgyu+ (X (1), Vi) gy + Flu), (A.15)

where g(t) is a smooth 1-parameter family of metrics on M, X (t) a smooth 1-parameter
family of vector fields on M, and F' : R — R is a locally Lipschitz function. Suppose
that u(-,0) is bounded below by a constant Cy € R and let ¢(t) be a solution to

50=F(@), 6(0)=0.
Then u(z,t) > ¢(t) for allz € M and allt € [0,T) for which ¢(t) exists.
Similarly, if (A.15) is replaced by
%u < Dgwu+ (X (1), Vu) gy + F(u)

and u(-, 0) is bounded from above by Cy, then u(z,t) < ¢(t) forallz € M and ¢t € [0,7T)
for which the solution ¢(t) of the corresponding ODE exists.

Collection of some additional proofs

i) The Ricci flow of warped products. This paragraph closely follows a result
by Li [39]. Let (M™, g;;) be a Riemannian manifold and let (M, g) be the product

M = S'' x M™ of M™ and a circle S*, equipped with the warped product metric
g = 1*(dz®)? + g;; da’ ® da?, where 0 < ¢p € C=(M).

Lemma A.2 )
The Ricci flow %g = —2Re(g) on M is given by the system of equations

o, _ 2
{ 519 = —2Ry + FViV, (A.16)

%w = Agw-
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Proof. Since the components

of the Riemann curvature tensor of (]\Zf , §) obviously agree with the components RZ]- of
the curvature tensor of (M, g) if all indices differ from zero, it is convenient to consider
the other components separately. Let ¢ # 0 and 57 # 0. Then we find for the Ricci
tensor of (M, §)

Roj = Rip =0, Roo = Ry, Rij = Ry + Ry

0ij
and the Ricci flow takes the form (using gy = ¥?)

{ oihs ST (A.17)

We compute, using goo = 92,

Rgij - (aof?j + f‘%fgp) - (aifgj + fgjf?p)
= (0+ %Ffjﬁooapgoo) — (20:(3™0;300) + 1(3°°0;300) (3”°0G00) )
= 52 L5 0p0? — 501 (20,4°) — 700 0;0°
= AT0,0 — (10,000 — HOWO) — L0,
= -1v. vy,
as well as
Rioo = (aiféo + fgofip) - (9on0 + ffofgp)
= (_%ai (gie{?@go) - };(gpéa@oo) (gikapgik)) - (0 - }1(9008@00) (gwa@oo))
= —1 (9000900 — (9" 9" Digpr. — 59" 9™ Opgir) Oeioo) + $3°° (9" DiG000edon)
= —%(Qwaiazﬁoo — gikrfkazf]oo) + %QOO]V§00]2
= 300 + 7| VY??
= _@DAgw- u

Lemma A.3
If we define ¢ := \/Lilog Y, such that ¢ = e‘/%, the Ricci flow of the warped product

metric g on M s equivalent to

9g=—2Rc+4Vp® Vo,
{f’tg cHaVed Ve (A.18)

%Qb - Ag¢7

modulo the action of a family of diffeomorphisms. This is a special case of (RH), with
N =R and o = 2.
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Proof. Using Lemma A.2, we obtain
591 = —2Rij + 2V;V¢
= —2R;; +4V,6V;6 + 2V2V,V 0,
as well as

20 = J5e VP By = e VPN (V) = Ngd+ V2V

Let X = —/2V¢. Then we find for the Lie derivatives (Lxg)i; = —2v2V;V,¢ and
Lx¢ = —v/2|V|*>. Thus the Ricci flow of the warped product metric may be written
as

{ 2g=—2Re+4Vd ® Vo — (Lxg). (A.19)

50 = D90 — (£x).
Therefore, if W, denotes the family of diffeomorphisms generated by X, then the pull-
backs Urg, U;¢ satisfy (A.18). O

ii) Conformal covariance of the operator L¥. In (1.10), we introduced the op-
erator

Ly(08) = Lio(08) = Db — (9, V g+ o (B + Ry}t

where f is the density function with du = e~fdV,. If we change the metric conformally,
h = e?**¢ while keeping the measure p fixed, the operator becomes

L) = B0 = (T, V i)+ ——=(Duf + R,

where f is the density function with duy = e*deh. Since e*deh =dpu = e 1dV, =
e~ Te™™dV;, the density functions are related by f = f + mw. The goal of this
paragraph is the following proposition.

Proposition A.4
L, is conformally covariant with bi-degree (—1,1), i.e. e™“Ly(e 1) — Ly(¢) = 0.

Proof. First, we note that
Dptp = e_m“’ﬁ&-( m2e g [1gl0) = e (Agih + (m — 2)(Vi), Vw),)  (A.20)
and by the product and chain rule
e Dg(e7 ) = e (= Lgw + VW)Y — 2(Vw, V), + Agh).
Thus, the difference of the leading order terms of the two operators is

e N (e7Y) — Aptp = e (=D gw + V| — m(Vy, Vw),). (A.21)
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Next, we deal with the first order terms. An easy computation shows that

(Vi V )n—e (Ve ™), V ),
=e 2 ((VU, V) +m(VY,Vw)y — (VU,V g+ (Vw, V f))
= e 2 (m(V, Vw), + (V f, Vw)1).
(A.22)
Then, we observe that with (A.20), we get
Anf = e 2(Dgf + (m — 2)(V ], Vw),)
= e 2 (Dgf +mAgw + (m —2)(Vf,Vw), +m(m — 2)|Vwl]?),
and hence the last difference becomes
e L (Nyf + Ry)e™t — L (Anf + Ry (A.23)

= (= 2500w = (VI Vw)y = mIVelj + 755 (Ry — ¢ Ra)) ¢

m

Adding (A.21), (A.22) and (A.23), we arrive at
e Lyle ) — Lu(®) = e (= 2D A — (m— DIVl + 55 (R, — > Ri))o.
Hence, in order to prove the proposition, we need to show that
e® Ry = R, —2(m — 1)Agw — (m — 1)(m — 2)|Vw|.

But this is simply the Gauss equation

Ry =u"m> (Ryu — m__Ql)Agu) (A.24)
for h = u* (M2 g = e2¥¢, rewritten in terms of w. O

iii) Scaling invariance of the functional )\,(g,#). We prove that the functional

Aalg: )(1) = V(0™ Nalg. 6)(1) = V(1) int {ffa(g, 0. f) \ /M e /dV, = 1}

is scaling invariant with respect to the scaling § = cg. Here, V(t) := [ 1 @V 18 the
volume of M at time ¢ and F,(g, ¢, f) is the energy functional from (1 1).

To this end, define for every f with fM e~ fdV, = 1 a function f=r+ % logc, and
note that )

e vy = e e 2 losecm2qy, = e 1AV, (A.25)
This means that for every admissible test function f in the definition of A, (g, ¢), f

is an admissible test function for A\,(g,¢) and vice versa. With the scaling behavior
Sy =18, V2 =LV [f[2 dV; = c™/2dV, and

2/m 2/m
%2/771 _ (/ d‘/;}) _ </ Cm/Qd‘/g> — C‘/QQ/WL7
M M
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we obtain
Mo, ¢) = V™ inf S: + VIR e dv; “Tqv, =1
a(g7¢) g m ( 9+’ f|g>€ g € g
f M M

/ e_de;, = 1}
M
/Me_deg 1}

= cV;/minf {/ (S; + |V f2)e” av,
f M

:cvj/mmf{/ L(Sy+ VL) av,
f M

iv) A local version of the gradient estimates from Theorem 3.10. Here, we
prove a corollary to Theorem 3.10, in which we only assume a curvature bound in some
set B x[0,T") for T" < T < oo and allow T to be a singular time. The setting is made
in such a way to perfectly fit for the proof of the non-collapsing result in Chapter 6.

Proposition A.5
Let (g(t), #(t))ieo,ry solve (RH ), with non-increasing o(t) € [a,a], 0 < a < & < 00
and T" < T < oo. Let B := By (x,r) be a ball around x with radius r, measured
with respect to the metric at time T'. Assume that |[Rm| < Ry on the set B x [0,T").
Then there exist constants K = K(a, @, Ry, T,m,N) < oo and Cy = Ci(k,a,m,N)
for k € N, Cy =1, such that the following estimates hold for k > 0

Vo> <X and |Rm| <X, V(z,t) € BY? % (0,T), (A.26)

t

IVET2 = [VFRm? + [VF2¢)% < () V(a,t) € BY> % (0,T'),  (A.27)
where BY? := By (x,7/2) is the ball of half the radius and the same center as B.

Proof. The statement (A.26) follows exactly as in Theorem 3.10. Then, we can simply
continue to follow the proof of this theorem, except if we need to apply the maximum
principle. For these cases we need a cut-off function to ensure that the maxima are
attained in the interior of our set B. Indeed, let us fix a smooth cut-off function
n : B — [0,1] with the properties n = 1 on BY2, n = 0 in a neighborhood of the
boundary 0B and |Vnl,|An| < L for some constant L < co. From (3.27), we get

(& = D)nf) <n(§f+$ = 2IV|") —2(Vn, V) + Lf.

Since (nf) vanishes near the boundary of B, a maximum can only be attained in the
interior, and we can again apply the maximum principle, Proposition A.1, to obtain
some bound (nf) < D. Since n = 1 on BY2, we obtain f < D on B2 x [0,7") and
hence we get (3.28) on this set.

Then, in each inductive step, we follow the proof of Theorem 3.10 until we arrive at
(3.31). Here we use again our cut-off function and apply the maximum principle to
(nh) instead of h. Repeating this argument, the corollary follows. O]
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Geometric flows with monotone reduced volumes

For the Ricci flow coupled with harmonic map heat flow, we have seen in Chapter 6
that

D(Sij, X) = 2a|7y0 — Vx| — 2e(9) (A.28)
for all X on M. Hence, we can apply Theorem 6.4 if «(¢) is positive and non-increasing.
In this short section, we list a few other examples of flows % gij = —28,j, or special cases

of (RH), for which the quantity D(S;;, X) from Definition 6.3 is nonnegative for all
vector fields X and where Theorem 6.4 can hence be applied to obtain a monotonicity
result.

i) Bernhard List’s flow. Since List’s flow (0.6) is a special case of our flow (RH ),
with o = 2 and N = R (thus 7,¢ = A\;¢), we immediately obtain

D(Sij, X) = 4|Ap = Vx> > 0 (A.29)

for all vector fields X on M. Thus, the backwards and forwards reduced volume
monotonicity results hold for List’s flow without any further assumptions. This result
was first developed in a joint work of the author of the present thesis together with
Valentina Vulcanov. This was part of Vulcanov’s Master’s thesis [64].

ii) The Ricci flow. This is again a special case of (RH), with a = 0. Thus,
D(Re, X) vanishes identically on M, a fact which can also easily be seen from the evo-
lution equation %R =AR+2 |Rij|2 for the scalar curvature under Ricci flow together
with the twice traced second Bianchi identity V,;R;; = %VJR. Hence the conclusion
of the theorem follows again without any further assumptions. Note that H(Rc, X,Y")
and H(Re, X) from Definition 6.5 denote Hamilton’s matrix and trace Harnack quan-
tities for the Ricci flow from [25]. The backwards reduced volume corresponds to the
one defined by Perelman in [48], the forwards reduced volume and the proof of its
monotonicity were developed by Feldman, Ilmanen and Ni in [21].

iii) The static case. Let (M, g) be a Riemannian manifold and set S;; = 0 so that
g is fixed. Then the quantity D reduces to D(0, X) = 2R;; X; X, = 2Rc(X, X), i.e. the
conclusion holds true if M has nonnegative Ricci curvature. This means for example
that the backwards reduced volume

Vi(T) :/ (471'7')_”/26_@1’((1’7—)6”/
M

is non-increasing in 7 if Rc > 0, where

. 1 n 9 2

Note that the assumption Rc > 0 is necessary for the monotonicity, a result which we
already proved in [45, page 72].
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iv) The mean curvature flow. Let M"(¢t) C R""! denote a family of hypersurfaces
evolving by mean curvature flow. Then the induced metrics evolve by % gi; = —2HA;;,
where A;; denote the components of the second fundamental form A of M and H =
g A;; denotes the mean curvature of M. Letting S;; = HA;; with trace S = H?, the
expression H(8, X) from Definition 6.5 becomes

H(8,X) =5 H*+1H>—2(VH* X) + 2HA(X, X)
=2H(2H + #H —2(VH, X) + A(X, X)),

that is 2H times Hamilton’s differential Harnack expression for the mean curvature
flow defined in [28]. Moreover, the quantity D(8,X) again has a sign for all vec-
tor fields X, but unfortunately the wrong one for our purpose. Indeed, one finds
D(S,X)=—-2|VH — A(X, )]2 <0,VX € I'(TM), and Theorem 6.4 can’t be applied.
But fortunately the sign changes if we consider mean curvature flow in Minkowski
space, as suggested by Mu-Tao Wang. More general, let M™(t) C L™ be a family
of spacelike hypersurfaces in an ambient Lorentzian manifold, evolving by Lorentzian
mean curvature flow. Then the induced metric solves %gij = 2HA,;j, i.e. we have
Sij = —HA;; and S = — |H|?. Marking the curvature with respect to the ambient
manifold with a bar, we have the Gauss equation

Rij = Rij — HAjj + A Ayj + Rigjo,

the Codazzi equation )
ViAji — Vi Aij = Rojki,

as well as the evolution equation for the mean curvature
P
9H = AH — H(|A]" + Re(v, v)),

cf. Holder [31, Section 2.1 and 4.1]. Here, v denotes the future-oriented timelike normal
vector, represented by 0 in the index-notation. Combining the three equations above,
we find

D(8,X) =2|VH — A(X,)|* + 2Re(Hv — X, Hv — X) + 2(Rm(X, v)r, X ). (A.30)

In particular, if L™ has nonnegative sectional curvatures, we get D(8, X) > 0 and
Theorem 6.4 yields a monotonicity result in this case.
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