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Abstract

Light-emitting diodes (LEDs) have become one of the great hopes
of the beginning 21st century. With their longevity, superior energy
efficiency and impeccable color characteristics, LEDs have replaced
conventional light sources in many applications ranging from displays
to automotive forward lighting and are also starting to penetrate the
general lighting market. They are expected to make a substantial con-
tribution to the reduction of the worldwide consumption of electrical
energy.
This thesis deals with the modelling and simulation of nanostruc-
tured semiconductor LEDs. A microscopic analysis of their operation
requires the understanding of a plethora of physical processes. One
of the most challenging issues therein is the spatially dependent loss
of coherence in the carrier system. Two electroluminescence models
are presented which tackle this phenomenon from different points of
view. Both are illustrated with examples.
The first, semiclassical model is based on a partitioning of carriers
into bound and unbound populations and assumes that bound car-
riers retain their coherence in the quantized directions, whereas un-
bound carriers are completely incoherent. Transport is possible in the
unquantized directions and governed by classical drift and diffusion.
Luminescence is calculated in a semiclassical treatment. The resulting
implementation, named tdkp/AQUA, has the capability to investigate
nanostructures of any dimensionality. Two examples are considered:
an AlGaAs-based quantum wire LED and an InGaN-based nanocol-
umn LED.
The second model employs the quantum-statistical nonequilibrium
Green’s functions formalism to investigate planar optoelectronic struc-
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viii ABSTRACT

tures. This approach permits deep physical insight into energy-resol-
ved carrier distributions, scattering, carrier capture and coherence loss
mechanisms. However, enormous computational costs put restrictions
on the application examples. The model is applied to a unipolar re-
sistive structure for a detailed validation and analysis of scattering ef-
fects, and to an AlGaAs-based single quantum well structure, therein
highlighting differences and similarities to the semiclassical model of
tdkp/AQUA.



Zusammenfassung

Leuchtdioden (LEDs) sind eine der grossen Hoffnungen des beginnen-
den 21. Jahrhunderts. Dank ihrer langen Lebensdauer, hoher Ener-
gieeffizienz und brillianten Farben ersetzen LEDs herkömmliche Licht-
quellen in vielen Bereichen wie etwa bei Displays, Autoschweinwerfern
oder Verkehrssignalen und werden in naher Zukunft auch in der nor-
malen Raumbeleuchtung Verwendung finden. Ferner verspricht der
Einsatz von LEDs eine markante Reduktion des weltweiten Energie-
verbrauchs.
Diese Arbeit beschäftigt sich mit der Modellierung und Simulation
von nanostrukturierten LEDs aus Halbleitermaterialien. Eine mikro-
skopische Betrachtung der Funktionsweise erfordert das Verständnis
mannigfaltiger physikalischer Prozesse. Einer der herausfordernsten
Aspekte ist dabei der ortsabhängige teilweise Verlust der Kohärenz
im Elektronensystem. Zwei Modelle für Elektrolumineszenz werden
zusammen mit Beispielen vorgestellt, welche dieses Phänomen in un-
terschiedlicher Weise berücksichtigen.
Das erste, semiklassische Modell beruht auf einer Unterteilung des
Teilchensystems in an die emittierende Region gebundene und un-
gebundene Populationen und nimmt an, dass gebundene Träger ihre
Kohärenz in der Quantisierungsrichtung behalten, währenddem un-
gebundene Teilchen völlig inkohärent behandelt werden. Transport in
den unquantisierten Richtungen erfolgt in einem Drift-Diffusionsbild.
Lumineszenz wird in einem semiklassischen Bild berechnet. Die nume-
rische Implementation dieses Modells, tdkp/AQUA, eröffnet die Mög-
lichkeit, Nanostrukturen jeglicher Dimensionalität zu untersuchen. Als
Beispiele werden eine AlGaAs-basierte Quantendraht-LED und eine

ix



x ZUSAMMENFASSUNG

InGaN-basierte Nanosäulen-LED untersucht.
Das zweite Modell benützt den quantenstatistischen Nichtgleichge-
wichts-Greensfunktions-Formalismus zur Untersuchung von planaren
optoelektronischen Strukturen. Dieser Ansatz erlaubt grundlegende
physikalische Einsichten in die Energieverteilung der Teilchen, Streu-
mechanismen, Einfangmechanismen und den Kohärenzverlust. Der
immense numerische Aufwand beschränkt die Anwendungen jedoch
auf vergleichsweise kleine eindimensionale Strukturen. Als Beispie-
le dienen ein unipolarer Resistor für eine detaillierte Untersuchung
einzelner Streumechanismen und eine AlGaAs-basierte Quantentopf-
Struktur, wobei sowohl auf Ähnlichkeiten als auch auf Unterschiede
zum semiklassischen Modell von tdkp/AQUA eingegangen wird.
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Chapter 1

Introduction

“We ought then to regard the present state of the universe as the effect of

its anterior state and as the cause of the one which is to follow. Given for

one instant an intelligence which could comprehend all the forces by which

nature is animated and the respective situation of the beings who compose

it - an intelligence sufficiently vast to submit these data to analysis - it

would embrace in the same formula the movements of the greatest bodies

of the universe and of the lightest atom; for it, nothing would be uncertain

and the future, as the past, would be present to its eyes.”

Pierre-Simon, marquis de Laplace, A philosophical note on probabilities,
1820

Ever since the recognition of thermodynamic irreversibility and
the development of quantum mechanics, the causal determinism ad-
vocated by Laplace in his famous demon has been rebutted. And
yet the world is more mechanistic than ever! The baffling speed of
miniaturization has enabled the high-tech industry to advance to the
control of matter on the scale of individual atoms. Nanotechnology
has penetrated people’s lives in a profound way, having transformed
the way we live, communicate and work.
Laplace’s mechanistic view of the world, translated to the field of
optoelectronics, gives a broader perspective on the present work. Pre-
dictive modelling of semiconductor devices goes beyond a purely de-
scriptive task in that it seeks to establish causalities between device
characteristics and fundamental physical processes. Such findings can

1



2 CHAPTER 1. INTRODUCTION

be exploited to predict and engineer key features of novel devices,
thereby cutting back on expensive manufacturing runs. Even though
the field has seen a tremendous decay in the cost of individual devices
thanks to economies of scale, increasingly stringent requirements on
manufacturing processes have raised production plant costs into the
billions. Computer-aided design therefore plays an important part in
the optimization of device performance and robustness.
This thesis deals with the simulation of semiconductor light-emitting
diodes (LEDs) [1]. The first visible LEDs in the early 1960s used
GaAsP grown by vapor-phase epitaxy [2], emitted in the deep red
and had a luminous efficacy of about 0.01 lm

W [3]. During the past
45 years, massive improvements in the growth of active materials
and substrates, carrier confinement, thermal management and light
extraction designs have boosted this figure to over 160 lm

W for white
light [4], a value which is higher than in incandescent, halogen or
sodium discharge lamps and which lies within a factor of two of the
theoretical efficiency limit [5]. Advances in the growth of nitride ma-
terials over the past decade have enabled the fabrication of blue LEDs
and now promising attempts are made to close the “green gap”, lead-
ing to white-light devices with superior color rendering. The usage of
LEDs, which started out as a niche product for indicator lights, has
extended to a large range of applications such as back-illumination
of displays, projectors, traffic lights and automotive forward lighting.
LEDs are now even starting to enter the large market of general illumi-
nation. According to [3], lighting accounts for 19% of global electricity
consumption and gives rise to CO2 emissions equivalent to 70% of the
world’s light-duty vehicles. LEDs have a far higher energy efficiency
than today’s light sources. Estimates [5] project energy savings of 93%
and 70% for future LEDs compared to incandescent light bulbs and
compact fluorescent lamps (CFLs), respectively. If solid-state lighting
would achieve a market penetration of 80% worldwide, CO2 emissions
could be reduced by roughly a gigaton per year and about 280 power
plants could be saved [6].
The main objective of this thesis is, however, not the accurate simu-

lation and optimization of industrial devices. It is instead mainly con-
cerned with the development of models which are able to adequately
describe the fundamental physical processes governing LED opera-
tion. It does so from two rather separate points of view. A first part
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Figure 1.1: Historical evolution of LEDs (© 2007 IEEE, reprinted
with permission from [7]).

is devoted to the development of a comprehensive simulation frame-
work aimed at describing complex three-dimensional nanostructures
which are possible candidates for future generations of LEDs. Such
a task needs to be concerned with a vast amount of physical effects
such as piezoelectricity and strain, built-in fields, quantum confine-
ment in one to three dimensions, optical luminescence spectra, and
three-dimensional carrier transport through nanostructures. In con-
junction with another thesis [8], the work presented here has resulted
in a state-of-the art simulation tool which is able to comprehensively
capture all the relevant physics in these devices: tdkp/AQUA.
The theory level on which carrier transport can be treated ranges
from full quantum to purely classical formalisms (Fig. 1.2). Ideally, a
simulator should rely only on the geometrical specification of the de-
vice and fundamental material parameters to calculate relevant quan-
tities like the current, internal carrier distributions and fields. The
semiclassical picture employed in the first part of the thesis is neces-
sary to keep computational costs at a manageable level even for large
three-dimensional structures. This however comes at the expense of
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introducing ad hoc assumptions, such as energetic quasi-equilibrium
carrier distributions, and phenomenological input parameters such as
capture times and mobilities. The second part of the thesis tries to
lift these limitations by relying on a full quantum formalism in which
fundamental scattering mechanisms are part of the theory. The key
in bridging the gap between quantum-mechanical uncertainty and the
mechanistic picture of a simulation is to rely on a nonequilibrium
quantum statistical theory, namely nonequilibrium Green’s functions,
which considers ensemble averages of single-particle quantities.
The thesis is organized as follows. Chap. 2 explains in detail the con-

Figure 1.2: Transport theories and their relation.

cept behind tdkp/AQUA and some implementational issues. On the
way it provides a tour d’horizon of classical device physics, which has
been used so successfully in the past, and focuses on points where the
standard model was extended to include quantum-mechanical effects.
The theory is then applied to two examples in Chap. 3. The first exam-
ple of a quantum wire LED illustrates that the concept of bound and
unbound populations can be applied to structures containing multiple
regions of quantization with different dimensionalities, namely a ver-
tical quantum well and a quantum wire in the present example. The
second example, a state-of-the-art nanocolumn LED, is at the heart
of current research in novel optoelectronic devices and offers a lot of
potential for future investigations. Both examples feature nonplanar
devices governed by complex physical mechanisms and illustrate the
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versatility and comprehensiveness of the developed simulator.
Chap. 4 switches gears in that it abandons the semiclassical concept of
the previous chapters and instead establishes a comprehensive quan-
tum many-body theory of transport, scattering and light emission.
This however comes at the expense of the restriction to small, planar
devices and, even so, an inflationary computational cost. The theory,
which is mainly based on the seminal work of [9], is kept general in
the sense that the employed band structure model can be exchanged
within envelope function theory. The first example in Chap. 5 then
examines in detail the results obtained for a simple unipolar resistor.
Certain numerical aspects are highlighted and individual scattering
mechanisms investigated in order to verify the implementation. As
a second example serves an AlGaAs-based single quantum well LED
which is studied in a two-band effective mass model. To the knowledge
of the author, the presented work is the first time that spontaneous
emission was included self-consistently in a quantum transport simu-
lation. Energy-resolved results allow for a discussion of carrier capture
and scattering from a microscopic point of view. Furthermore, light
emission spectra, current and output power characteristics are com-
pared to results obtained with tdkp/AQUA and differences as well as
similarities are highlighted.





Chapter 2

AQUA:
Electroluminescence in
Nanostructures of any
Dimensionality

In the following sections the semiclassical model behind the devel-
oped three-dimensional optoelectronic simulation tool tdkp/AQUA is
described with an emphasis on the carrier transport part AQUA. The
physics as well as the numerical calculation of strain, quantum states
and luminescence is described in detail in [8]. The transport model
presented here has similarities to other simulators [10, 11] but, as
briefly discussed in Subsec. 2.1.1, is to some extent more general and
has subtle differences, thus rendering it unique.

2.1 Physical idea

The starting point of the physical model behind AQUA is the funda-
mental assumption that electrons and holes located in the material
with the lowest band gap, henceforth called quantum region, can be
partitioned into two different kinds: a population which is energeti-

7



8 CHAPTER 2. AQUA

cally bound to that material, and a population which has sufficient
kinetic energy to escape into the surrounding barrier regions. The
behaviour of these populations is fundamentally different, since the
different degree of confinement has an impact on the experienced scat-
tering as well as possible locations of a carrier.
For any bound population, it is further assumed that the confine-
ment is sufficiently strong that a fully coherent quantum-mechanical
description of localization in the confinement directions is adequate
even at room temperature and high densities. This hypothesis seems
reasonable for there has been vast experimental evidence in agree-
ment with associated spectral properties such as the quantization
energy (i.e. the distance of the first confined quantum state to the
band edge), a low-dimensional density of states or exciton energies.
Transport of bound carriers is absent in the confined directions since
the states are localized and stationary. On the other hand, coherence
cannot be expected to be preserved over the entire extension of the re-
maining directions, which can be microns or even millimetres. A more
adequate picture of a carrier in these directions is to be particle-like,
with the possibility of being transported along the quantum region.
At this point the simplification is made that the carrier is completely
incoherent and transport is governed by a classical picture of drift and
diffusion.

For the unbound population, which extends to the contacts, co-
herence is also assumed to be completely lost on the relevant length
scales and carrier movement is described by drift and diffusion. When
entering a quantum region, a carrier sink exists where carriers are
transferred to the bound population of the quantum region. This
mechanism, called carrier capture, has the same effect as an additional
recombination mechanism for the unbound population and as a gener-
ation term for the bound population. The energetic boundary between
unbound and bound carriers lies at the barrier band edge (more pre-
cisely, at the minimum of the surrounding barrier band edges). This
gives rise to a maximum possible amount of bound carriers. Further-
more, the energy of an unbound carrier must by definition exceed the
barrier band edge. In practice this is achieved by substituting the
band edge of the quantum region with the band edge of the barrier
region in the equations for the unbound density.
So far, a fundamental concept of carriers in heterostructures as well as
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Figure 2.1: Populations in a bulk-QW-QWR structure. Yellow : one-
dimensional population confined to the wire. Black : two-dimensional
population confined to the well. Blue: bulk population.

a model for their transport was described. To calculate spectrally re-
solved luminescence, a standard gain and spontaneous emission model
is used [12] in which quantum-mechanical carriers interact with a clas-
sical light field. This model employs the densities and the potential
profile as an input to calculate the band structure of confined car-
riers, electron and hole wavefunctions and spectrally resolved lumi-
nescence assuming quasi-equilibrium distributions in energy. A kp
Hamiltonian [8] is employed to accurately model the valence bands
in the wavevector range relevant to optoelectronics. The resulting
photon generation acts as an electron and hole recombination term
which must be brought to self-consistency with the transport equa-
tions. Furthermore, the distribution of bound carriers in the directions
of confinement is given by their wavefunctions and the resulting space
charge must be consistent with the potential profile.
To account for the variation of band edges, potential profiles and
densities along the unconfined directions of a quantum region, lumi-
nescence spectra are calculated at several points along the quantum
regions, called kp slices (see Fig. 2.2 for a graphical illustration). The
luminescence model implicitly assumes that carriers are completely co-
herent also in the unconfined directions and that the density as well as
the potential are homogeneous in these directions. These assumptions
are inconsistent with the transport model which inherently assumes
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a classical two-band parabolic band structure and allows for spatially
varying bound densities. As a consequence, the same density corre-
sponds to different quasi-Fermilevels in the transport equations and
the luminescence equations. However, it is believed1 that the lumi-
nescence model is still locally (that is, around a kp slice) valid and
that there are more severe obstacles than the aforementioned incon-
sistency when comparing simulations with measurements.
The beauty of the described approach is that no assumption about

Figure 2.2: The idea of kp slices illustrated in a quantum well struc-
ture. Black : population confined to the well. Blue: bulk population.
Green: kp slices at which band structure calculations are carried out.

the dimensionality of the quantum region was made. This permits a
general treatment also in the numerical implementation and the cre-
ation of a simulator which is able to calculate electroluminescence in
nanostructures of any dimensionality, be it quantum wells, wires or
dots. Table 2.1 summarizes the encountered problem dimensionalities
depending on the degree of quantization. The example in Sec. 3.1 will
illustrate that even combinations of wells, wires or dots in the same
structure can be treated in principle. As with all numerical simulation
though, the devil is in the details. The following sections will provide

1The same inconsistency arises in the very successful model of [11].
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bulk well wire dot
transport 3D 2D 1D -
wavefunction - 1D 2D 3D

Table 2.1: Problem dimensionalities for different nanostructures.

a collection of most of the involved equations and highlight some of
the specialities of the current approach. Before doing so, a few words
need to be spent on the limitations of the model:

• The division between bound and unbound populations as well
as the assumption of energetic quasi-equilibrium distribution
within a population is fundamental.

• The entire formalism is restricted to type-I quantum regions
such that both electrons and holes are confined. Furthermore,
quantum regions are defined by their material and not electri-
cally.

• Only steady-state equations at a constant, globally defined tem-
perature were implemented. Both limitations could be lifted at
a later stage.

• No experimental structures containing quantum dots were in-
vestigated, resulting in a partial lack of functionality of the sim-
ulator in this area.

2.1.1 Comparison to other work

It seems appropriate to put the proposed transport model in perspec-
tive with models of other simulators. The following comparison is
incomplete and also likely to be inaccurate, since the author is not
completely familiar with the details of many of the mentioned simu-
lators.
The carrier model in AQUA is probably closest to the two-dimensional
laser simulator Minilase-II [10] in the case of quantum wells. Minilase-
II also partitions carriers into bound and unbound populations, with
drift-diffusion movement of bound carriers restricted to the lateral di-
mension. As an additional feature, bound carriers are energy-resolved,
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thus allowing for a more refined capture model and the description
of spatial hole burning, hot phonon and hot electron effects. The un-
bound population is assumed to be in quasi-equilibrium and the QFLs
for both populations are spatially constant within the QW. The laser
field is described by a photon rate equation and the optical mode is re-
solved spatially by solving the scalar Helmholtz equation. AQUA has
additional functionality in the unified treatment of nanostructures in
three dimensions as well as the ability to describe nitride structures.
Sentaurus Device [11] of Synopsys Inc. is a commercial three-dimensio-
nal simulator for many applications including transistors, lasers and
LEDs. Compared to AQUA, it comprises additional features such
as raytracing and optical mode calculation, a lasing model and the
possibility to do transient simulations at a nonconstant temperature.
However, the applicability of Sentaurus Device to nanostructures is
limited to quantum wells. It also requires a special one-point meshing
of the well which inherently restricts the resolution of the electrostatic
potential and unbound carrier densities within the active region. The
distinction between bound and unbound carriers as well as capture
and luminescence models are similar to AQUA.
Another commercial simulator is Apsys/Quantum-MOS from Cross-
light Software Inc.2, which has roughly the same features as Sentaurus
Device for optoelectronic applications. To the author’s knowledge,
transport is modelled within a drift-diffusion picture with a quantum
potential accounting for corrections in active regions. Luminescence
however is calculated from an eight-band kp model. No distinction
between bound and unbound carrier densities is made.
SiLENSe by STR, Inc. [13,14] is a 1D simulator for calculating drift-
diffusion transport and radiative emission, the latter by an eight-
band kp Hamiltonian. The coupling between transport and lumi-
nescence is not self-consistent and spectral properties are calculated
in a bulk treatment rather than with quantum confinement in the
wells. Furthermore, no distinction between bound and unbound car-
riers is made.
Nextnano [15] is a 3D code initially developed by TU Munich and
recently commercialized. It has a vast range of capabilities including
three-dimensional calculations of strain and wavefunctions, magnetic

2www.crosslight.com



2.2. DEVICE EQUATIONS 13

effects, and transport in many kinds of electronic and optoelectronic
devices. The physical picture of transport in two and three dimen-
sions is based either on a quantum-drift-diffusion method or on purely
ballistic transport. The former is based on occupying fully coherent
states with a Fermi-Dirac occupation number with spatially varying
quasi-Fermipotential. Both approaches are quite different from this
work, where unbound states are not described by wavefunctions and
bound states have a spatially constant quasi-Fermilevel in the direc-
tions of quantization.
Last but not least, TiberCAD [16] is a versatile three-dimensional sim-
ulator developed by the University of Rome able to calculate strain
and piezoelectric effects, self-heating and thermal transport, carrier
and exciton/polariton transport, quantum confinement, tunneling and
ballistic transport. Drift-diffusion transport seems to be solved for a
single population type where no quantum effects are taken into ac-
count, and it is not clear to the author to what extent the result is
coupled with luminescence.

2.2 Device equations in the drift-diffusion
model

2.2.1 Electrostatic potential

The electrostatic potential is determined by the Poisson equation.
Besides describing external fields by the application of appropriate
boundary conditions, it marks the lowest-order approximation to the
Coulomb interaction between the carriers:

∇ · (ε∇φ) = e(n(tot) − p(tot) −Nd). (2.1)

Here φ denotes the electrostatic potential, e > 0 is the elementary
charge, eNd = e(ND −NA) is the net ionized dopant charge density,
ε = εsε0 is the static permittivity and n(tot), p(tot) are the total carrier
densities, i.e. the sum of unbound and bound carrier densities:

n(tot)(x3D) = n3D(x3D) +
∑

d

ndD(x3D), (2.2)
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and analogously for holes.
Incomplete dopant ionization is modelled in a standard way, found
e.g. in [17]. The amount of ionized donors and acceptors is given by

ND =
ND0

1 + gD exp
(

EF n−(Ec−eφ−∆ED)
kT

) , (2.3a)

NA =
NA0

1 + gA exp
(

(Ev−eφ+∆EV )−EF p

kT

) . (2.3b)

Here ND0,A0 is the dopant concentration, EA,D the dopant levels,
∆ED,V the (positive) relative position of the dopant levels to the
band edges, and gA,D are degeneracy factors.
The most common discretization method of the Poisson equation is
the finite-element method. Although this discretization is available,
AQUA uses a finite volume method [18] by default. The equation for
the potential at a given vertex i of the discretization grid reads

∑

j(i)

εij
sij

xi − xj
(φi − φj)− Vie(pi − ni +Nd,i) = 0, (2.4)

where j(i) denotes a vertex connected to i by an edge, Vi is the volume
of the Voronoi cell around vertex i, sij is the surface of the Voronoi
cell belonging to edge ij and εij is an average dielectric constant cal-
culated from the materials surrounding the edge ij.
In the presence of sheet charges at material interfaces due to sponta-
neous or piezoelectric polarization, the finite-element discretization is
employed.

2.2.2 Quasi-Fermilevels

In equilibrium, it can be shown rigorously that the energetic distribu-
tion of carriers is given by a Fermi-Dirac distribution function:

neq =

∫ ∞

Ec

dE N(E)
1

1 + exp
(

E−(Ec−eφ)−EF

kT

) , (2.5a)

peq =

∫ Ev

−∞
dE N(E)



1− 1

1 + exp
(

E−(Ev−eφ)−EF

kT

)



. (2.5b)
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Here neq and peq are equilibrium electron and hole densities, Ec and
Ev are the conduction and valence band edges, kT is the tempera-
ture in energetic units and N(E) stands for the density of states. In
nonequilibrium, the quasi-Fermilevels (QFLs) EFn, EFp are defined
by substituting EF in Eqns. (2.5). For parabolic bands and d dimen-
sions these formulas reduce to

n = N (d)
c F(d−2)/2

(

EFn −Ec + eφ

kT

)

, (2.6a)

p = N (d)
v F(d−2)/2

(

Ev − eφ−EFp

kT

)

, (2.6b)

where Fν is the Fermi integral of order ν,

Fν(x) =
1

Γ(ν + 1)

∫ ∞

0

xd/2−1

1 + exp(x − ν) dx, (2.7)

and

N (d)
c,v = S(d)Γ(d/2)

(

√

2me,hkT

2π~

)d

(2.8)

is the d-dimensional effective density of states. In (2.7) and (2.8),
S(d) stands for the volume of the d-dimensional sphere and Γ is the
Gamma function. Explicitly,

N (1)
c,v =

√

me,hkT

2π~2
, N (2)

c,v =
me,hkT

π~2
, N (3)

c,v = 2

(

me,hkT

2π~2

)3/2

.

(2.9)
These factors include a factor of 2 for the spin-degeneracy.

2.2.3 Drift-diffusion current, generalized Einstein
relation

A fundamental observation is that current is driven by drift in an
electric field and diffusion from carrier concentration inhomogeneities:

Jn = n∇φ−Dn∇n, (2.10a)

Jp = −pµp∇φ−Dp∇p. (2.10b)
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Here Jn and Jp are the electron and hole particle current densities,
µn,p are the mobilities and Dn,p are the diffusion constants. For the
electrical current, the RHS needs to be multiplied by ∓e.
Two different models of the mobility are implemented in AQUA: A re-
gionwise constant mobility and a temperature- and doping-dependent
model originally due to Arora [19, 20]:

µn,p = AminT̃
αm +Ad

T̃αd

1.0 +
(

Nd

AN T̃ αN

)AaT̃ αa
. (2.11)

Here T̃ ≡
(

T
300K

)

and Nd is the total doping concentration. The
remaining parameters are material constants.
In equilibrium and in a bulk material, EFn,Fp = EF and ∂EF

∂x = 0.

Using
∂Ec,v

∂x =
∂Nc,v

∂x =0, one arrives at a generalized Einstein relation
for 3D carriers which is also valid for degenerate situations [17, 21]:

Dn,p = µn,p
kT

e

F1/2 (νn,p)

F−1/2 (νn,p)
, where (2.12a)

νn =
EFn −Ec + eφ

kT
and νp =

Ev − eφ−EFp

kT
. (2.12b)

In the low-density, nondegenerate limit νn,p� 1, Fermi statistics re-
duce to Boltzmann statistics and

Fd/2−1

(

EF −Ec + eφ

kT

)

∼ exp

(

Ec − eφ−EF

kT

)

, (2.13)

independent of dimensionality. In this case the ordinary Einstein rela-
tion Dn,p = µn,p

kT
e is retrieved for carriers in one to three dimensions.

It is commonly postulated that the generalized Einstein relation also
holds at nonequilibrium. In this case, the drift-diffusion current can
be expressed as

Jn = µnn∇EFn, (2.14a)

Jp = µpp∇EFp. (2.14b)
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2.2.4 Continuity equation, treatment of heteroin-
terfaces

The electron and hole densities are determined by the continuity equa-
tion:

∇ · Jn −
∂n

∂t
= Rn −Gn, (2.15a)

∇ · Jp −
∂p

∂t
= Rp −Gp. (2.15b)

These relations can be derived as the zeroth moment of the micro-
scopic Boltzmann transport equation in an isothermal situation using
appropriate definitions. Rn,p and Gn,p are the total recombination
and generation terms, i.e. carrier sinks and sources.
Due to the exponential behaviour of the densities, care has to be taken
when discretizing Eqns. (2.15). The quasi-Fermilevels or related quan-
tities like Slotboom variables [18] could be chosen as solution variables
instead of the densities; however, they all involve a trade-off with nu-
merical problems on a different side, such as the recombination rates.
The Scharfetter-Gummel finite volume (box) discretization [22] has
been proven both mathematically and empirically in the past to yield
robust results and good convergence in Newton iteration schemes.
This discretization rests on the assumption of exponentially varying
densities between vertices of the discretization grid (see App. B). The
resulting equations read

∑

j(i)

sijµ
ij
n

kT
e

Lij

(

niB

(

e(φi−φj)

kT

)

− njB

(

e(φj−φi)

kT

))

+Vi(Rn,i −Gn,i) = 0, (2.16a)

∑

j(i)

sijµ
ij
p

kT
e

Lij

(

−piB

(

e(φj−φi)

kT

)

+ pjB

(

e(φi−φj)

kT

))

+Vi(Rp,i −Gp,i) = 0. (2.16b)

See Eqn. (2.4) for a definition of j, sij and Vi. Lij is the length
of edge ij, µij

n,p are electron and hole mobilities determined from an
average of the materials surrounding edge ij and B(x) ≡ x

ex−1 is the
Bernoulli function. Written in this form, the equations are applicable
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to problems of any dimensionality.
Eqns. (2.15) already include a natural treatment of heterointerfaces,
i.e. spatially varying band edges and effective masses. A change in
the latter quantities leads to currents in addition to drift and diffusion
currents. AQUA models band edges and masses in a continuous way,
with the discretization determining the sharpness of the transition.
The continuity equations then read

∇· µn

(

n∇(Ec−eφ−
d

2
kT logme) + kT∇n

)

= −e(Rn−Gn), (2.17a)

∇· µp

(

p∇(Ev−eφ+
d

2
kT logmh)− kT∇p

)

= e(Rp−Gp). (2.17b)

In (2.16), the arguments of the Bernoulli function need to be adjusted
accordingly. An alternative way of treating interfaces involves substi-
tuting Eqns. (2.15) by an equivalence of thermionic emission currents
on both sides of the heterojunction [23]. For the electron current this
amounts to

J2→1 = J1→2, (2.18a)

J2→1 = vn2(Tn2)n2 −
m2

m1
vn1(Tn1)n1e

− ∆Ec
kTn1 . (2.18b)

Here ∆Ec is the change in conduction band edge, vni =
√

2kTni

πme,i
and

Tni is the electron temperature on side i, taken to be the same as
the lattice temperature. This model, though implemented in AQUA,
is inherently restricted to planar structures and fails to give an ap-
propriate description of unbound carriers when entering a quantum
region.

2.2.5 Recombination and generation

Three standard recombination mechanisms have been implemented.

Shockley-Read-Hall (SRH) recombination This nonradiative,
trap-related recombination dominates at low carrier densities since it
behaves linearly in the minority carrier concentration. A standard
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microscopic model [11, 24] yields

RSRH =
np− n2

i

τSRH
p (n+ n1) + τSRH

n (p+ p1)
, (2.19a)

τSRH
n,p (Ndop, T ) =

τSRH,max
n,p

1 + (
Ndop

NSRH
ref

)γ
·
(

T

300K

)Tα

, (2.19b)

{n, p}1 = Nc,v exp

(

∓Ec,v − Et

kT

)

. (2.19c)

Here Et is the energy of the trap level and Ndop is the total doping.
For simplicity n1 = p1 = ni was implemented, where ni is the intrinsic
density.

Auger recombination This nonradiative recombination dominates
at very high carrier densities and is related to three-body interactions
between the carriers [24]:

RAug = (Cnn+ Cpp)(np− n2
i ). (2.20)

Radiative recombination Most simulators [11,14,24] use a mate-
rial parameter to model the influence of spontaneous emission on the
device equations:

R′
rad = B(np− n2

i ). (2.21)

AQUA also implements this possibility; however, a more consistent
approach is to calculate radiative recombination by the spectrally
resolved quantum-mechanical luminescence model, as described in
Sec. 2.3:

Rrad =

∫ ∞

0

d(~ω) L(x, ~ω), (2.22)

where L is determined from Eqn. (2.28). This recombination mecha-
nism has to be brought to self-consistency with the Schrödinger cal-
culation needed for L in an outer loop.
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Impact ionization AQUA also features an implementation of the
Overstraeten-de Man model for avalanche generation [25]:

GOdM = αnn|µn∇φ|+ αpp|µp∇φ|, (2.23a)

αn,p = γae−
γb

Fav , γ =
tanh

(

~ωop

2kT0

)

tanh
(

~ωop

2kT

) , Fav = |∇EFn,p|. (2.23b)

Here GOdM is the local avalanche generation term entering (2.16),
a, b, ~ωop and T0 are material constants and Fava is the field driving
the avalanche generation.

2.2.6 Carrier capture

Capture acts as a recombination term in the continuity equation of the
unbound population and as a generation mechanism in the continuity
equation of the bound population. Depending on the nanostructure,
capture can happen between any combination of bulk, well, wire and
dot populations. AQUA employs a model which has been developed
for quantum wells [10, 26, 27] using equilibrium scattering rates, but
the derivation can be straightforwardly extended to wires and dots.
The net capture rate is then given by

Rcn =
nd

τ

(

1− nd-1
Nd-1

)(

1− exp

(

EFn,d-1 −EFn,d

kT

))

, (2.24a)

Rcp =
pd

τ

(

1− pd-1
Pd-1

)(

1− exp

(

EFp,d −EFp,d-1
kT

))

. (2.24b)

nd and pd herein denote the unbound carrier densities while nd−1

and pd−1 are the bound low-dimensional densities. EF{n,p}{d,d−1} are
the QFLs of the corresponding populations. Nd−1 and Pd−1 are the
maximum bound electron and hole densities which are determined by
integrating the low-dimensional density of states obtained from the
band structure calculation up to the barrier band edge.
Capture is hence proportional to the unbound carrier density, de-
creases with the filling of the bound states and increases with QFL
separation. Net capture vanishes in the case of a completely filled
bound population and for equal QFLs of both populations. Vanish-
ing net capture is the situation demanded by a vanishing current in
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equilibrium. Omission of the exponential term would mean that in
equilibrium either the bulk density has to vanish within the nanos-
tructure or the bound population must be completely filled up, both
of which are not reflecting the physical situation.
The complex physics of scattering between bound and unbound states
is contained in the rates 1

τ(x) [10]. Scattering is believed to be domi-

nated by optical phonon and electron-electron scattering. Microscopic
approaches to calculate these rates include Fermi Golden Rule ma-
trix elements using fully coherent states [28] and semi-coherent mod-
els [27, 29]. AQUA does not have a microscopic model and instead
relies on input parameters. The spatial dependence is either mod-
elled in a step-function manner, where the only nonzero part is within
the quantum region, or by multiplying the input parameter with the
wavefunction-distributed shape of the bound density. Schematically,

(

1

τ

)

1

(x) = Θ

(

|x⊥|−
d

2

)

1

τ
, (2.25a)

(

1

τ

)

2

(x) = |ψ(x⊥)|2 1

τ
, (2.25b)

where x⊥ denotes the direction(s) of confinement, Θ is a step function
and |ψ(x⊥)| some spreading of the quantized density in the confine-
ment direction (see the next section).

2.3 Calculation of quantum properties of
bound states using tdkp

Quantum mechanics influences the present model in two ways:

• The bound carrier density is spread out in the directions of con-
finement according to an energy-weighted sum of wavefunctions:

nd(x�, x⊥) = nd(x�)
∑

nk

fFD(Enk, E
kp
Fn)|ψnk(x⊥)|2, (2.26)

and similarly pd (d = 0, 1, 2). Here the three-dimensional co-
ordinate x is split tensorially into coordinates x� of the low-
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dimensional transport grid and x⊥ of the low-dimensional Schrö-
dinger grid. fFD is a normalized Fermi-Dirac factor:

fFD(Enk, E
kp

Fn) =
1

nd(x�)

1

1 + exp
(

Enk−Ekp

F n

kT

) . (2.27)

Alternative weightings were implemented to facilitate conver-
gence. One variant considers only the lowest-lying state |ψ00|2
whereas another one replaces the wavefunction with a Gaussian
altogether. A fourth possibility is to pre-calculate the lowest
wavefunction using flat-band (zero potential) conditions and use
the resulting shape |ψFB

00 |2 for the entire simulation. This ap-
proach had to be taken for the simulation presented in Sec. 3.1;
however, in the vast majority of cases the fully self-consistent
inclusion of all bound wavefunctions was feasible. The spread
low-dimensional density directly affects the potential profile via
(2.4) as well as the capture rate (2.25b).

• Luminescence, and hence the radiative recombination term in
(2.15), is calculated from a semiclassical theory [12, 30] where
carriers are treated quantum-mechanically but the light field
remains classical.

Quantum-mechanical calculations usually distinguish themselves by
the choice of band structure and the treatment of scattering. The
popular kp multiband formalism [31] was selected as band structure
model due to a favourable trade-off between numerical expense and
accuracy in modelling the complex valence-band structure. In bulk
kp theory, the electronic single-particle Hamiltonian is expanded into
powers of k around the Γ-point and Löwdin-renormalized [30] to a
finite number of bands of interest. By choosing a basis of zone-centre
Bloch functions, the Hamiltonian becomes a matrix which is nondi-
agonal for nonzero k due to band-coupling. In a nanostructure, the
operator ∂

∂xi
must be recuperated from the quantum number ki in the

directions where the translational invariance is broken. This leads to
questions regarding operator ordering [32–34].
The calculation of luminescence from a given density and band struc-
ture is strongly influenced by carrier-carrier interactions. The sim-
plest approximation neglects these interactions (except for the Hartree
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term) and can be calculated analytically. The energy-resolved spon-
taneous emission rate in free-carrier theory is given by [30]

L(x�, ~ω) =
e2nr~ω

π~2c3m2
0ε0

1

(2π)d

∑

m,n

∑

k

Mnm(k) (2.28)

·Γ(~ω,Enk−Emk) fFD(Enk, E
kp

Fn) (1−fFD(Emk, E
kp

Fp)).

Here ~ω is the emission energy, nr is the background refractive in-
dex, m0 is the bare electron mass, m and n denote electron and hole
subband indices, and Γ is a normalized line shape function centred
around Enk−Emk which is chosen to be of cosh−1-type. Mnm(k) is
the momentum matrix element between electron state nk and hole
state mk. The spin is included in the subband indices. Ekp

Fn,p are the
kp QFLs calculated from

ndD(x�) =
∑

nk

fFD(Enk, E
kp
Fn), (2.29)

and analogously for holes. As mentioned in Sec. 2.1, Ekp
Fn,p do not

coincide with the QFLs EFn,p entering the transport equations due
to different band structures.
A commonly used higher-order approximation is called screened Har-
tree-Fock approximation (see also Subsec. 4.5.5). Here a selection
of bubble-type interaction diagrams is summed up to yield a non-
divergent correction to the free-carrier result which accounts for screen-
ing and exchange effects [35]. This level of theory is able to describe
excitonic effects as well as band gap renormalization. Additional in-
clusion of all remaining second-order interaction diagrams leads to the
(screened) second-Born approximation.
The robust [36, 37] numerical calculation of kp band structures and
luminescence up to the screened Hartree-Fock interaction picture is
described in [8] and [38]. The result of this work, a software called
tdkp, implements zincblende and wurtzite materials, all common kp
models from 2 to 8 bands, and any kind of confinement from quan-
tum dots to bulk. Moreover, additional functionality allows for the
computation of strain and associated piezoelectric fields.
AQUA employs the tdkp-library for its purposes via an interface. To
avoid excessive computational cost, the self-consistent iteration be-
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tween luminescence and transport equations is restricted to the free-
carrier level.

2.4 Simulation flow

Fig. 2.3 gives a detailed view of the simulation flow. Simulations
are voltage-steered. For a given voltage setting, convergence must
be achieved in an inner loop containing the Newton solution of all
involved device equations and in an outer loop between the converged
device equations and the Schrödinger solutions for the bound state
energy dispersions and wavefunctions. Both loops are described in
more detail in the following section.

2.4.1 Alternative operation modes

Though being laid out for the simulation of electroluminescence in
nanostructures, AQUA can also be used in the absence of any quantum
region in which case it reduces to an ordinary 1D-3D drift-diffusion
simulator. As an example, Fig. 2.4 shows the current flow and electro-
static potential in a bipolar transistor. Comparisons with simulations
performed using Sentaurus Device [11] show perfect agreement.
In the Schrödinger-Poisson operation mode, the continuity equations

for the densities are replaced by fixed densities such that only the
nonlinear Poisson equation needs to be iterated with the Schröding-
er solutions. The implemented predictor-corrector approach ensures
convergence in this case.

2.5 Implementation

2.5.1 Interpolation between different grids

Transport of bound carriers is restricted to the directions perpendic-
ular to the confinement. As a direct consequence, Eqns. (2.15) for
the bound carriers are solved on a different, lower-dimensional grid
compared to unbound carriers. This necessitates the interpolation of
a number of quantities:
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Figure 2.3: Simulation flow in AQUA.
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Figure 2.4: Silicon-based bipolar transistor at Vc = 3 V, Vb = 1 V.
Left : electrostatic potential. Right : electrical electron current density.

• The electrostatic potential, solved on the bulk grid, must be
interpolated onto the low-dimensional (low-D) grids. To do so,
the position of each low-D vertex within the high-dimensional
(high-D) grid is determined and interpolated linearly from the
vertices constituting the high-D element it lies in:

φ(x
(i)
(d−1)D) =

∑

j

λijφ(x
(j)
dD),

∑

j

λij = 1. (2.30)

The coefficients λij are purely geometrical and need to be com-
puted only once.

• For the capture rates (2.24), low-D quantities like the maxi-
mum bound density or the QFL of the bound population must
be given on high-D vertices. The value at a high-D vertex is de-
termined by projecting it orthogonally onto the low-D grid and
writing the projection as a linear combination of low-D vertices.
The value on the high-D vertex is the corresponding weighted
sum of low-D values. For example:

Nd-1(x
(i)
dD) =

∑

j

λ′ijNd-1(x
(j)
(d-1)D),

∑

j

λ′ij = 1. (2.31)

• The captured high-D density must be generated on the low-D
grid. It is important to generate the density homogeneously and
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ensure particle conservation:
∑

i

V
(i)
d−1G

(j)
d−1(i) = V

(j)
d Rd(j), (2.32)

where i and j are low-D and high-D vertices, V
(i,j)
d the respec-

tive Voronoi cell sizes and G
(j)
d−1(i) the generation at vertex i

arising from capture Rd(j) at vertex j. A proper treatment
would involve highly nontrivial projections of high-D Voronoi
cells onto low-D Voronoi cells and corresponding intersection cal-
culations. Instead the following approach is used which turned
out to work well for similar degrees of refinement of both grids.
First a high-D vertex j is projected onto the low-D grid. Then
all low-D vertices i′ which are closer to the projection than to
any other projected high-D vertex are determined, and the cap-
tured density is distributed between these vertices according to
their Voronoi cell size:

G
(j)
d−1(i) =

V
(i)
d−1

∑′
i V

(i′)
d−1

· V
(j)
d

V
(i)
d−1

Rd(j). (2.33)

In cases where there are no low-D vertices closer to the projected
point than to any other projected point, the captured density
is given to the vertices constituting the low-D element in which
the projection is located. The total generation at a vertex i is
the sum over all high-D vertices j.

• In Eqn. (2.26), the low-D density is spread out in the quantized
directions with a weighted sum of wavefunctions in order to be
included in the Poisson equation. The low-D transport grid and
the wavefunction grid constitute a tensorial grid having the same
dimension but not being equivalent to the high-D grid. High-D
grid vertices can be written as a linear combination of tensorial
vertices and receive density with the corresponding coefficients:

nd−1(x
(i)
dD) =

∑

j

λ′′ijnd−1((x�, x⊥)(j)),
∑

j

λ′′ij = 1. (2.34)

• The magnitude of the radiative recombination must be interpo-
lated from kp slices onto all remaining drift-diffusion vertices
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of the low-D grid. Depending on the dimension d of the grid,
either the two (d = 1) or three (d = 2) nearest kp slices are
taken for any drift-diffusion vertex and the quantity is linearly
interpolated with the relative distances as weights.

2.5.2 Correction of band edges near quantized re-
gions

When an unbound carrier enters a quantized region, it should not
be subjected to the jump of the heterointerface because the transfer
to lower energies is already modelled by carrier capture. Moreover,
the energies of unbound carriers must by definition exceed the barrier
band edge and a corresponding QFL must be measured relative to
the barrier band edge. In practice this is achieved by substituting the
band edge of the quantized region in the high-D grid by the minimum
of the surrounding barrier band edges. The gain in kinetic energy
upon entrance of the quantized region as well as the altered three-
dimensional density of states due to a shifted onset are neglected.
A subtle complication arises when strain corrections are applied to the
band edges, as is the case in the second example of Chap. 3. In this
case, the energetic landscape must be considered in detail to ensure
that no well remains in the high-D grid after the correction. AQUA
provides three options to the user in which the strain correction of
the high-D grid is either completely neglected, completely included
(except for the quantized region) or only included some distance away
from any quantized region.

2.5.3 Newton solver with automatic differentiation

Eqn. (2.4) and the 2q + 2 Eqns. (2.16), where q is the number of
quantum regions, can be solved by a standard Newton procedure.
The roots of a set of nonlinear equations F(x) = 0 are therein found
by iteratively updating a guess according to

x(k+1) = x(k) −
(

dFµ(x(k))

dxν

)−1

F(x(k)). (2.35)
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Here x(k) = (φ(k),n
(k)
3D, ...) ≡ (x

(k)
a ,x

(k)
b , ...) is a guess to the solution

and
(

dFµ(x)
dxν

)

≡ J is the Jacobian. k is called the timestamp.

Automatic chain-rule differentiation

Eqns. (2.4) and (2.16) are implicit in the sense that they cannot be
transformed to the form xa = f(xb,xc, ...). Equations of the lat-
ter type are termed explicit and have many examples, such as (2.20),
(2.24) or even a simple assignment ε = 13.5. The solution quantities in
the Newton procedure are related to each other through a plethora of
explicit equations scattered all over the present chapter. In principle
all explicit relationships could be substituted. However, substitution
by hand gets cumbersome and error-prone very quickly; moreover, it
does not allow for a quick exchange of employed models.
The vast number of involved equations provided sufficient motivation
for the development of a Newton solver which automates the substi-
tution. Consider the case where x(k) is known and x(k+1) needs to be
determined. The Newton function F consists of individual equations
Fa,Fb, ... which are themselves vectorial (e.g. the Poisson equation
is a set of separate equations for each grid vertex). Such an equa-
tion depends on xa,xb, ... both directly and indirectly, the latter via
additional explicit equations:

Fa = Fa (xa,xb, ...,ya(xa,xb, ...),yb(xa,xb, ...), ...) . (2.36)

Even explicit equations yi can relate to the Newton solution variables
xi via other explicit equations. However, by keeping track of the
timestamp all variables yi can be brought to the same timestamp as
the Newton solution variables xi by direct computation in a recursive
way (if yi directly depends on yj and yj still has timestamp k−1,

then compute y
(k)
j first before computing y

(k)
i ). Once this is achieved,

the Jacobian can be determined by application of the chain rule:

dFµ

dxν
=
∂Fµ

∂xν
+
∑

i

∂Fµ

∂yi

dyi

dxν
. (2.37)

The term dyi

dxν
possibly has to be expanded further in a recursive

way. Newton variables xi must be treated as being independent
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(

dxi

dxj 6=i
= 0
)

.

Such an approach has the advantage that only formulas and deriva-
tives with respect to direct dependencies need to be implemented, and
individual models can be readily exchanged and debugged. The ana-
lytical form of the derivatives together with a sparse Jacobian matrix
handling lays the groundwork for a fast and concise implementation
of models as well as fast computation times.
The developed Newton solver is independent of any physical model
and therefore could be used for other problems in which a large num-
ber of nonlinear equations with nontrivial dependencies is encoun-
tered.

Convergence criteria

Convergence is achieved when the update of the guess becomes suf-
ficiently small. AQUA has several convergence criteria implemented.
The one used by default is analogous to [11]:

|x(k+1)
i −x

(k)
i |

|x(k+1)|+ nix
ref
i

< ε ∀i. (2.38)

Here xi is a part of the Newton solution variable vector correspond-
ing to some physical quantity, e.g. the bulk electron density. ni is
the number of variables for that quantity, such as the number of bulk
vertices in the case of a bulk density. xref

i is a reference size which is
typically chosen to be 0.1 V for potentials, 1018 cm−3 for bulk densi-
ties, 1013 cm−2 for 2D densities and 107 cm−1 for 1D densities. ε is a
mixture of absolute and relative error and is typically chosen in the
range 10−5−10−7 depending on the complexity of the structure.

Achieving convergence

During the development, some key factors were identified in the New-
ton iteration scheme to achieve convergence:

• A line search algorithm (see Sec. 3 in [39]) scales down the up-
date vector ∆x by a factor α when needed such that the norm
|F(x(k) +α∆x)| of the newly obtained right-hand side is smaller
than the old one |F(x(k))|. The minimum scale is αmin = 10−5.
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However, especially far away from the solution this criterion is
not always met. In this case, the minimum scale is taken.

• Densities are kept above some positive minimum value at all
stages. While this does not change the device behaviour, it
drastically improves convergence at low voltages. Typical min-
imum densities are 10−2 cm−3 for 3D densities, 10−6 cm−2 for
2D densities and 10−12 cm−1 for 1D densities.

• The electrostatic potential, kp QFLs, bulk and quantized densi-
ties all possess a maximum update which is typically very high.
This may help prevent overshoot during the first Newton itera-
tions. The maximum density updates should exceed the maxi-
mum doping density of the structure.

• The exponential factor in (2.24) is limited to e10.

• In the case of low-temperature simulations, the temperature
must be ramped down from 300 K at the first computed voltage
(see Sec. 2.4).

• In the case of built-in fields due to spontaneous and piezoelectric
polarization, the fields typically have to be ramped up starting
at zero in the beginning (see Sec. 2.4).

2.5.4 Self-consistency between transport and kp
equations

Once the solutions of (2.4) and (2.16) for each population are found,
they need to be brought to self-consistency with the kp eigenvalue
calculations. The fundamental problem in doing a Gummel iteration
between the two problem sets is the lack of prediction how the energy
levels of the quantized density change with potential. In [40] it was
shown that a predictor-corrector approach dramatically improves con-
vergence in Schrödinger-Poisson simulations, in which the magnitude
of the density is found from equilibrating the doping in the Poisson
equation rather than from any transport equation.
The quantized density is determined from the relations (2.26), (2.27)
and (2.29). However, the only dependency on the potential would
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enter through the quantity nd(x�) which is a solution variable of the
low-dimensional continuity equation but which cancels out when com-
bining Eqns. (2.26) and (2.27). To include the potential dependence
in the spirit of [40], two attempts were undertaken:

• In Eqn. (2.27), Enk was replaced by Enk − e(φ(x�)−φ(k)(x�)),

where φ(k) is the potential of the last converged Newton solution.
In case of self-consistency between Newton and Schrödinger so-
lutions, φ−φ(k) vanishes and the correct result is retrieved. On
the other hand, the change of energy levels with the potential is
now predicted both in the Newton function and in its Jacobian.

• Due to the normalization in Eqn. (2.27), the sum in (2.26) equals
unity when being integrated over the directions of confinement
x⊥. The shape of the spreading was henceforth assumed to
have no dependency on any quantity, such that nd(x�, x⊥) =
nd(x�)f(x⊥) linearly depends on the Newton solution variable
nd(x�) and hence indirectly on the potential.

Both approaches yielded big convergence improvements over conven-
tional Gummel iteration or underrelaxation schemes. At high densi-
ties, multiple subbands become populated and the approximation of
an independent spreading shape gets inferior to the predictor-corrector
approach.

2.5.5 A QUAntized structure solver

The comprehensive treatment of electroluminescence outlined in this
chapter was implemented numerically in form of a highly object-
oriented C++ program. After three years of development, AQUA
has grown to over 60’000 lines of code. During the development, fo-
cus was put on user-friendliness, sustainability, clarity, extendability
and documentation. Most performance-critical sections, such as the
Jacobian and RHS assembly in the Newton iteration, the solution of
large sparse linear systems, and the solution of the eigenvalue prob-
lems, were shared-memory (OpenMP) parallelized. Top-level program
steering is done in the scripting language Python into which AQUA
is loaded as a shared library.
AQUA is a pure device simulator and does not contain any meshing
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or visualization routines. Two possible input and output file formats
are supported: the popular DF-ISE format, for which a stand-alone
library for reading and writing is supplied, and the open-source for-
mat VTK for which an advanced visualization program exists3.
The user is also flexible in the choice of linear solver for the Newton it-
eration: currently supported solvers are the open-source solver UMF-
PACK4, the freely available PARDISO5, the MPI-parallelized solvers
Petsc6 and MUMPS7, and the proprietary OpenMP-parallelized solver
ILS [41].
For further information on program handling and internals of the sim-
ulator, the interested reader is referred to [42].

3www.vtk.org, www.paraview.org
4www.cise.ufl.edu/research/sparse/umfpack/
5www.pardiso-project.org
6www.mcs.anl.gov/petsc/
7mumps.enseeiht.fr





Chapter 3

AQUA Simulation
Examples

3.1 AlGaAs-based quantum wire LED

The investigation of the structure experimentally characterized in [43]
provides an example of the versatility of AQUA towards structures
containing multiple quantum regions which exhibit quantization in a
varying number of dimensions. Some of the key results of the investi-
gation were published in [44, 45].

A schematic of the simulated structure is shown in Fig. 3.1. The
experimental device consists of a GaAs quantum wire (QWR) embed-
ded in a series of Al0.2GaAs quantum wells (QWs), two of which are
contacted electrically. The latter are termed vertical QWs (VQWs).
The remaining QWs are omitted in the simulation since they are not
expected to participate in the device operation. The barrier material
consists of Al0.32GaAs. All these entities are assumed to have con-
stant mole fractions, although TEM investigations showed a slightly
more complicated material composition [43]. The quantum regions
are self-formed by Ga segregation during material deposition on V-
patterned substrates.
The suggested device operation mode is to inject carriers through the
VQWs and capture them in the QWR where radiative recombination

35
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Figure 3.1: Schematic of the QWR LED.

takes place. The VQWs therefore act as efficient injection channels
which collect carriers supplied by the contacts and transfer them to
the QWR. As shown below, simulation supports this picture.

3.1.1 Simulation methodology

Well-established material parameter sets from [20,46] were employed
unless stated in Table 3.1. The dielectric permittivity was modelled
as regionwise constant, and the Arora model (see Sec. 2.2.3) was em-
ployed for the doping- and temperature-dependent mobility. The
transport simulation uses Boltzmann statistics. Eqns. (2.24) were
taken for bulk-well, bulk-wire and well-wire capture. Renormaliza-
tion of band gaps due to many-body effects was not included. For
the temperature dependence of the alloy band gap, the Varshni band
gaps of the constituting binary materials were interpolated with a
temperature-independent bowing parameter, thus not relying on in-
terpolations of the Varshni parameters (the same methodology is used
in [15]). The entire bowing takes place in the conduction band. For
the calculations of bound energy dispersions and wavefunctions, the
eight-band kp model was used with 12 k-points between k = 0 and
k= 1.5 nm−1. The QW band structure was solved in radial approx-
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parameter value (Al mole fraction x < 0.4)
mh/m0 0.4809 + 0.29x
εs 12.9−2.84x−0.625x(1−x) [20, 47]
EP [eV] 18.0 + 3.1x [36, 46]
τmax
n,p 10−9 s; wire: 10−10 s
NSRH

ref 1016 cm−3

cAug
n,p 10−30 cm6 s−1

τbulk→well see text
τbulk→wire 10−6 s
τwell→wire see text

Table 3.1: Simulation parameters unless listed in [20, 46].

imation. 17 points of the drift-diffusion grid of the two-dimensional
bound QW carriers were selected along the transport direction where
a kp problem was solved. For the wire, only one kp slice was needed
due to the translational invariance of the structure in the wire trans-
port direction. A maximum of 28 bound valence subbands and 8
bound conduction subbands was encountered in the QW. The QWR
displayed 12 bound electron subbands and over 30 bound valence sub-
bands between the band edge of the quantized region and the barrier
region.
To have a coherent methodology for the determination of unknown
system parameters, I-V characteristics of a planar QW diode [43]
were used to check the literature parameters and determine the tem-
perature-dependent bulk-well capture times. Then the QWR diode
was simulated and the well-wire capture times fitted to experimen-
tal results. An additional series resistance of 10 Ω (compared to a
diode turn-on resistance of 500-800 Ω) was included. From this proce-
dure, bulk-well capture times of {3·10−12, 8·10−12, 2·10−11, 8·10−11} s
and well-wire capture times of {3·10−13, 2·10−12, 8·10−12, 4·10−11} s
were deduced for temperatures of {300, 240, 175, 90}K. There is lit-
tle discussion of the temperature dependence of such parameters in
literature. However, an increase of the capture time at lower temper-
atures is plausible due to the freeze-out of both electron-electron and
electron-phonon scattering mechanisms.
Using Fermi statistics or incomplete dopant ionization as well as dif-
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ferent kp models and mobilities had almost no effect on the QW diode
simulation. The parameters governing the I-V characteristics below
turn-on are the capture time, which determines how efficiently carri-
ers are transferred into the bound population, and the SRH lifetime.
Current is limited by the recombination of the lowest-dimensional
population rather than by the mobility.
As illustrated in Fig. 2.3, the system was first solved without low-
dimensional densities and then ramped from 300 K down to the desired
temperature in steps of 50 K. Then the voltage was ramped starting
from equilibrium up to 1.6-2.0 V depending on the temperature.
Attempts to include the bound QW density in the electrostatics ac-
cording to (2.26) in the QWR diode were unsuccessful because of the
high occupation in the doped zones even at equilibrium. Instead the
lowest flat-band state was employed for the transversal distribution of
the well carriers. For the luminescence and all wire-related quantities
the full kp results were used.

3.1.2 Microscopic results at turn-on

The turn-on point of the diode is defined at Ito = 2.5 mA or 4 A
cm2 [43].

In Fig. 3.2 the densities of the bulk, QW and QWR populations are
depicted. Corresponding results for equilibrium look very similar, ex-
cept for the penetration of the QW density into the intrinsic region
and the magnitude of the QWR density. All of the bound populations
are determined from low-dimensional versions of (2.16) with capture
from higher-dimensional populations (Fig. 3.3) and spread out in the
quantized directions according to the wavefunctions determined from
kp theory. The relative magnitude of the populations and thus the
influence on the electrostatic potential becomes comparable at the
turn-on point. Below Ito bulk density dominates, whereas above Ito
the lowest-dimensional population has the biggest influence on the
electrostatic potential in the active region. The magnitude of the
bound QWR density is asymmetric at low voltages because of dif-
ferences in the distance to the p- and n-regions and hence different
potential barriers for incident carriers. Only at higher voltages do
electron and hole populations become comparable because the equi-
libration takes place via an influence of the net space charge on the
electrostatic potential which must be sufficiently strong.
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Figure 3.2: Carrier densities at turn-on. Left: Bulk density. Middle:
Density confined to the VQW. Right: Density confined to the QWR.

Figure 3.3: Bulk-QW and QW-QWR capture rates at turn-on.

The electrostatic potential, unbound and bound carrier densities
are plotted in Fig. 3.4. The flat-band situation is not yet reached at
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turn-on. The presence of the VQW effects the shape of the potential
in the doped regions because the filling of bound VQW states (ex-
tending in y-direction) does not exactly compensate the depletion of
the unbound carriers induced from the 3D→2D carrier capture. Thus
a net space charge exists, yielding the depicted potential. The disap-
pearance of carriers by capture into low-dimensional populations at
the very beginning of the VQW also manifests itself in the noncon-
served current density. Transport in the intrinsic region mainly occurs
along the VQW in the bound QW population. Since this current flows
on a different grid, it is not visible in Fig. 3.4.

Figure 3.4: Potential and bulk current density at turn-on.

3.1.3 I-V characteristics, emission spectra

A temperature variation of the I-V curve down to 90 K is shown
in Fig. 3.5. The typical exponential dependence arising from the
pn-junction potential barrier can be observed at low and moderate
currents, whereas the series resistance limits the current far above
turn-on. In the exponential region, the curves can be approximated
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Figure 3.5: I-V characteristics at different temperatures.

by

I = I0 exp

(

eV

nfkT

)

, (3.1)

I0 being the dark current and nf the ideality factor of the device [48].
A recombinationless pn-diode has an ideality factor of unity whereas
recombination currents from SRH, Radiative and Auger recombina-
tion typically have ideality factors of 2, 1 and 2/3, respectively. Choos-
ing nf ∼ 2 fits the simulation results best, which indeed reflects the
very high SRH recombination rates that had to be chosen to fit the
experiment (see Table 3.1).
A plot of the luminescence as a function of injection current is given
in Fig. 3.6(a). Though included in the figure, the luminescence from
the VQW is too weak to be seen. The emission saturates around the
turn-on voltage. Different peaks attributed to transitions of different
subbands are observed at this point. The spacing of around 30 meV
between the peaks qualitatively agrees with the experimental obser-
vations. It is determined by the conduction subbands which are much
wider spaced than the valence subbands. Contrary to the statement
in [43], transitions between subbands with different index numbers do
influence the emission spectrum. The FWHM of the spectrum is not
discussed here since it would be significantly modified by inclusion of
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many-body effects in the luminescence calculations. The temperature
dependence of the luminescence at turn-on (Fig. 3.6(b)) reflects the
different ratios of radiative to nonradiative recombination. At turn-
on, this ratio increases from about 1:25 to 1:1 as the temperature is
lowered. Given the uncertainty about the structure geometry and ma-
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Figure 3.6: Combined well-wire luminescence for different currents
at room temperature (left) and for different temperatures at turn-on
(right).

terial composition, these results fit the experimental findings in [43]
to a satisfying extent.

3.1.4 Comparison to QW and bulk devices

Historically, LEDs have improved their efficiency as they developed
from bulk to double-heterostructure, single- and multi-quantum well
devices and the size of a single active region got smaller. The ques-
tion arises immediately whether even stronger quantum-mechanical
confinement, i.e. the fabrication of quantum wire or even quantum
dot LEDs, increases efficiency even further.
To investigate this matter, the present QWR LED was compared to
bulk and QW devices which are made out of the same materials and
doping profiles, but with a smaller degree of quantization. The QW
LED features an Al0.2GaAs QW embedded in Al0.32GaAs roughly at
the same location as the wire in the QWR LED. The doping profiles
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are identical. The bulk device is identical to the QW LED except
for the absence of the QW. The SRH rates were set to 10−8 s for all
devices to obtain a reasonably high efficiency, thus abandoning the fit
to experiment.

Microscopic results for the bulk and QW devices

Figure 3.7: a) Band edges and QFLs of the bulk LED. b) Densities
and radiative recombination of the bulk LED. c) Band edges and QFL
of the QW LED. d) Densities of the QW LED.

In Fig. 3.7 the band edges, QFLs and densities of both the QW
LED and the bulk LED are plotted at turn-on. The bulk results cor-
respond to an ordinary short-channel diode with recombination. The
slow decay of radiative recombination in the doped regions stems from
the approximately linear behaviour of the minority carrier concentra-
tion. The 2D and 3D QFLs in the QW LED are virtually identical.
However, a small separation still exists such that the capture rates
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(2.24) do not vanish. The recombination of low-dimensional carriers
in the QW LED takes place on a different grid and is not shown.

When distributed over the well, a rate of 5 · 1024 cm−3

s is found which
is three orders of magnitude higher than in the bulk LED. However,
this increase partly comes at the cost of a smaller active region.

Comparison of I-V characteristics and luminescence spectra

A comparison of I-V curves and turn-on voltages is displayed in
Fig. 3.8(a). The QWR I-V curve is shifted by some 0.15 V, in agree-
ment with [43]. The luminescence at turn-on is depicted in Fig. 3.8(b).
The differing spectral positions reflect the different mole fractions of
the active region whereas the magnitude clearly increases with quan-
tization.
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Figure 3.8: Comparison between the QWR, QW and bulk LEDs.
Left: I-V characteristics and turn-on voltages. Right: Luminescence
spectra at turn-on.

Comparison and discussion of internal quantum efficiencies

The luminescence increase in Fig. 3.8(b) is consistent with an enor-
mous improvement in internal quantum efficiency (IQE), as shown in
Fig. 3.9. The IQE is defined as the fraction of injected carriers which
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Figure 3.9: Comparison of internal quantum efficiencies for the bulk,
QW and QWR LEDs.

recombine radiatively:

µi =
Irad

Icontact
. (3.2)

Irad is found from spatial and spectral integration of Eqn. (2.28). At
low voltages and currents, SRH recombination dominates. A maxi-
mum efficiency is reached when Auger recombination and carrier leak-
age are still weak and most of the carriers do not reach the opposite
contact. Far above Ito the validity of the model breaks down be-
cause of heating effects. Taking a thermal resistance of 50 K

W and a

dissipated power of roughly 0.2 W at 0.1 A (160 A
cm2 ) yields a temper-

ature raise of 10 K. Beyond this point thermal effects certainly need
to be taken into account. The IQE however starts to decrease below
this point for the quantized structures. Fig. 3.10 displays the relative
magnitudes of recombination currents of all populations as well as the
contact current and the leakage current of 2D carriers reaching the
opposite contact, labeled as “minority drain”. Apparently Auger re-
combination in the wire and SRH recombination in the VQW become
significant above turn-on. The latter can be attributed to an increase
of minority carrier densities, i.e. carrier leakage.
In Fig. 3.9, the maximal IQE increases with the dimension of quanti-

zation. The calculated B-coefficient at the maximum IQE, defined as

B = Rrad

np (see Sec. 2.2.5), amounts to 9 · 10−11 cm3

s in the bulk device

(here the turn-on value is taken), 2 · 10−4 cm2

s in the QW device and
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Figure 3.10: Relative magnitude of recombination currents in the
QWR LED.

5·101 cm
s in the QWR device. These values can be compared assuming

a typical extension of the carriers in the quantized directions, which is
taken to be L=20 nm in the QW case and A=220 nm2 in the QWR
case. This leads to

Bbulk =9·10−11 cm3

s , BQW =5·10−11 cm3

s , BQWR =10−10 cm3

s . (3.3)

The B-coefficients are of the same order of magnitude for all three de-
vices, suggesting that the superior performance of the QW and QWR
devices compared to the bulk device in terms of luminescence should
be attributed to higher carrier concentrations rather than bigger in-
dividual transition probabilities.
It is also observed that the current corresponding to maximal IQE
decreases with increasing quantization. This can be explained by the
observation that the density of states (DOS) decreases and so does
the maximum amount of bound carriers able to participate in the re-
combination. To quantify this effect, the DOS is integrated from the
band edge of the quantized region to the band edge of the barrier
for both the QWR device (1D-DOS) and the QW device (2D-DOS).
The resulting values are Nmax

1D =3.3 · 107 cm−1, Pmax
1D =1.2 · 108 cm−1
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and Nmax
2D = 3.3 · 1013 cm−2, Pmax

2D = 6.5 · 1013 cm−2 at the point of
maximal efficiency. Scaled to an extension of 0.5µm in y-direction,
the equivalent of a single wire stack, the maximum amount of bound
electrons amounts to

NQWR
max = 3.3 · 107 cm−1, (3.4a)

NQW
max = 0.5µm ·Nmax

2D = 1.7 · 109 cm−1 � NQWR
max . (3.4b)

The reduced DOS results in a faster filling of the QWR device com-
pared to the QW device. The bulk device experiences no filling as
there is no upper limit on bulk densities.

Comparison of total output power
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Figure 3.11: Comparison of total output power for the QWR, QW
and bulk LED.

In Fig. 3.11 the total output power is plotted for the three devices,
again illustrating that the magnitude of the maximum output power
of the QWR LED is limited by the 1D-DOS and the geometrical
factor of how tightly the wires are stacked. It should be noted that
the emission of a single QWR does not scale with the extension of
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the device in y-direction due to the fact that carriers get channeled
through the vertical QW in order to reach the active wire region. The
QWR LED emission can be enhanced by a tighter stacking of the V-
grooves, i.e. decreasing the distance between two wires. In order to
achieve the same order of magnitude in output power as for the QW
LED, the stacking distance of 0.5µm would have to be decreased by
a factor of 10-100. This is not feasible. An alternative would involve
deepening the wire by changing the material compositions. In this
case, the accumulation of larger densities in turn would influence the
potential shape and eventually the transition probabilities, calling for
a separate investigation.
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3.2 Nitride-based nanocolumn LED

III-nitride materials have evolved into one of the main research fields
in optoelectronics. The story behind the breakthrough of this material
system has been a Japanese one. In 1993 Nakamura et al. fabricated
the first nitride-based blue and green double-heterostructure LEDs
with surprisingly high quantum efficiencies [49], enabled by the avail-
ability of Mg p-doping first achieved four years earlier [50]. Only 15
years later, InGaN multi-quantum wells serve as the core of the most
powerful white LEDs available [4] which are within a factor of two of
the theoretically achievable efficiency limit [5].

3.2.1 Physical effects specific to nitride structures

III-nitrides have several unique properties distinguishing them from
other III-V materials. The room temperature band gap varies from
0.6 eV for pure InN to 3.4 eV for GaN and 6.0 eV for AlN [51] and
therefore easily covers the visible range between 1.5 eV and 3.2 eV. Un-
der normal growth conditions, III-nitrides crystallize in the wurtzite
(hexagonal) phase resulting in optical anisotropy and an extraordi-
nary axis, known as c-axis, in which the dielectric tensor differs from
the two other axis. Two “lattice constants” a and c describe the base
length and the height of the hexagonal unit cell. The crystallographic
nomenclature of hexagonal lattices [52] employs four basis vectors.
The c-axis along which most heterostructures are grown is represented
by [0001]. However, much attention has recently been drawn to growth
along the a-plane ([112̄0]) or m-plane ([101̄0]), mostly because of the
partial or complete suppression of internal fields (see below).
For a wurtzite material such as GaN, the arrangement of anions and
cations is in planes perpendicular to the c-axis. The ionicity of atomic
bonds results in microscopic electric fields and strong polarization,
termed spontaneous polarization, between these planes which is op-
posite when going from Ga- to N- and from N- to Ga-planes. At the
interface between two nitride materials, the change in spontaneous
polarization causes a sheet charge located at the interface which in
turn generates a macroscopic electric field, also termed built-in field.
In addition to spontaneous polarization, a dislocation of atoms due
to strain affects the bonds and gives rise to piezoelectric polarization.
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Figure 3.12: Model of a champagne-glass single quantum well nanocol-
umn LED and the simulated domain.

It should be noted that although both spontaneous and piezoelectric
polarization also occur in zincblende nanostructures depending on the
growth direction, the effect is much stronger and dominating in III-
nitrides.
The large lattice mismatch of 11.3% between InN and GaN prohibits
pseudomorphic growth of InGaN with arbitrarily large indium con-
tents and is the main reason why emission from InGaN quantum wells
has been restricted to green or shorter wavelengths so far. Corrections
of the band gap due to biaxial strain amount to an increase of several
hundred meV in planar GaN/InGaN devices [53].

3.2.2 Nitride-based nanocolumns

Since their accidental discovery in 1996, nitride-based nanocolumns,
also called nanorods, have been a promising new field of scientific
research. Their three-dimensional nanostructuring enhances light ex-
traction or collection efficiency. (111) Si can be used as a substrate
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which allows for a possible integration into conventional CMOS fab-
rication technology. Growth has been reported to be entirely disloca-
tion-free, thus decreasing nonradiative channels. Great progress has
recently been achieved in the control of the nanocolumn diameter and
location as well as the composition of the embedded quantum disks,
enabling homogeneous emission from arrays of nanocolumns at a well-
defined wavelength [54].
Electrical current injection into the top of the column and conse-
quently the manufacturing of an LED was only achieved as recently as
2004 [55–57]. One approach [55] gradually increased the column diam-
eter in the top p-region, leading to champagne-glass-shaped columns
(Fig. 3.12) which eventually coalesce at the top. The other approach
[56] buried the columns in spin-on-glass which allowed the contacting
of individual columns as well as the whole set. Emission was reported
to occur in the entire visible range, including the red, depending on
the column [57].
The impact of strain and polarization on AlGaN-based nanocolumns
was discussed from a simulation point of view in [58–60]. Relaxation of
the column in the lateral direction decreases strain near the surface.
One of the central points in the analysis is the relative importance
of strain-induced band edge changes compared to the polarization-
induced internal field. In [60], a 2D calculation of quantum states
found that holes can be located either in the centre or near the bound-
ary of the column depending on the well thickness, whereas electrons
are always located in the centre. These conclusions change when an-
alyzing an InGaN-based nanocolumn, as done in the present work,
because of a much larger lattice mismatch. In all previous works,
the electrostatic potential entering the wavefunction and emission en-
ergy calculations was chosen to be a superposition of the internal field
with a value obtained from appropriate boundary conditions in growth
direction. As shown below, lateral current flow as well as density-
induced screening effects might be essential in the understanding of
the operation of nanocolumn LEDs.

3.2.3 Investigated structure

The investigated structure [61] is a single InGaN nanocolumn grown
along [0001] which resembles the structures fabricated experimentally



52 CHAPTER 3. AQUA SIMULATION EXAMPLES

by the Kishino group [57]. Unfortunately, rather large uncertainty
exists about the exact material composition and crystal polarity of
these columns. Therefore the present analysis must be viewed more
as a qualitative than as a quantitative description of the experimental
devices. For simplicity, a single quantum well (SQW) with homoge-
neous mole fraction x = 0.4 and thickness 3 nm is considered in the
simulation. Previous analyses [62] showed that the strain distribution
for an individual well is not significantly influenced when simulating
SQW instead of MQW structures. The diameter of the column is
chosen to be 50 nm. A symmetric doping of 1018 cm−3 in the p- and
n-regions is assumed. The intrinsic region is chosen to have unin-
tentional 1017 cm−3 p-type doping. The hexagonal symmetry allows
for a reduction of the simulation domain to a sixth of the original
size (Fig. 3.12). An air region (not shown in Fig. 3.12) is attached
to account for the variation of the electrostatic potential outside the
column.
In Subsec. 3.2.6, some of the results are compared to a planar QW
LED. The latter device is chosen to have the same mole fraction,
thickness and doping profile, although the biaxial strain is too large
for the device to be experimentally realized.

3.2.4 Simulation methodology

The calculation of the three-dimensional strain distribution and the
resulting spontaneous and piezoelectric polarization was already dis-
cussed in [8, 53, 62] and is therefore not reiterated here. However,
as carrier transport is strongly influenced by these quantities, the
strained conduction and valence band edges including the polarization-
induced electrostatic potential are shown in Fig. 3.13. The depicted
quantity shows the lateral dependence 0.25 nm away from the mate-
rial interfaces. These are the positions in growth direction where the
wave functions of electrons and holes roughly reach a maximum.
Contrary to the approach of [60], bound carriers relevant for the lu-
minescence are assumed to be essentially quantum well-like, thus re-
taining their coherence and a wavefunction description only in growth
direction. This approach is motivated by the rather flat band edges
away from the surface and a high amount of suspected scattering at
operating conditions. Surface states are not considered in the simula-
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Figure 3.13: In-plane conduction and valence band edge 1.25 nm
above and below the well centre, including strain corrections and the
polarization-induced potential.

tion.

Lateral drift-diffusion potential for bound carriers

As explained in [8,62], the steep fall of the band edge towards the sur-
face induces heavy three-dimensional quantization effects. It would be
ill-advised to permit classical carrier motion without accounting for
these effects because this results in huge and unphysical carrier ac-
cumulations in the outermost pockets near the surface. Furthermore,
the polarization-induced potential vanishes in the exact middle of the
QW but is expected to significantly influence carrier motion because
the mean location of electrons and holes in growth direction is shifted
away from the middle. It appears that the classical lateral motion
assumed in the transport model of AQUA should occur in different
planes for electrons and holes. The question of lateral motion is there-
fore highly nontrivial.
The following methodology is adopted in an attempt to capture the
correct potential for lateral carrier motion. The band edges shown in
Fig. 3.13 are used for a 2D Schrödinger calculation to find the low-
est quantized electron and hole states near the column surface. Since
carriers are expected to retain their lateral coherence over the exten-
sion of the potential drop near the surface, this is the lowest possible
energy for any carrier in the vicinity. Above this energy, the density
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Figure 3.14: Corrected in-plane conduction and valence band edge
entering the drift-diffusion equations, including strain corrections but
excluding the polarization-induced potential. The column centre is
indicated by the red bars.

of states is approximately 2D-like [8, 62]. The potential entering the
drift-diffusion movement is then cut off at this energy near the periph-
ery as shown in Fig. 3.14. No electron state confined to the surface
was found and therefore the potential was cut off approximately at the
saddle energy. The energy scale for the conduction band in Fig. 3.14
is much smaller than in Fig. 3.13.

Numerical parameters

The 3D drift-diffusion grid for unbound carriers, 2D transport grid for
bound carriers and 1D kp grid contain 15’400 vertices, 8’500 vertices
and 290 vertices, respectively. A selection of material parameters is
listed in Table 3.2. Band, strain and Arora mobility parameters are
taken from [51]. Spontaneous and piezoelectric polarization was taken
to be 50% of the values given in [63]. Linear interpolation is used for
the ternary material except for the band gap. The anisotropy in the
dielectric tensor is unfortunately not yet accounted for in AQUA.
The convergence criterion (2.38) is used with ε= 5·10−6. The large

band gap prohibits convergence at low voltages such that voltage
ramping is started at 2.6 V with steps between 50 mV and 10 mV.
The structure is first solved in the absence of bound carrier densities
and polarization-induced fields to obtain initial guesses for the poten-
tial and bulk densities. Then the bound carrier densities are turned
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Quantity GaN InN
me 0.02m0 0.07m0

mh 1.486m0 1.486m0

τSRH 2·10−8 s 2·10−8 s

CAug 10−31 cm6

s 10−31 cm6

s
εs 9.5 15.3
τbulk→well 10−12 s

Table 3.2: Material parameters em-
ployed in the nanocolumn simulation.
me,h influence solely the effective den-
sity of states of the material.

Figure 3.15: Locations at
which kp calculations are
carried out (kp slices).

on and the polarization-induced field is ramped up in 10%-steps. Six-
band kp calculations with 40 k-points up to 2 nm−1 are carried out
at the 52 slices shown in Fig. 3.15. The slices were deliberately cho-
sen not to be too close to the column boundary because the quantum
well picture breaks down there, as mentioned above. Emission near
the boundary is instead approximated by the slices located roughly
2-3 nm away from the surface.

3.2.5 Microscopic results at turn-on

A turn-on point of the nanocolumn is defined at 2.2 A
cm2 (3.05 V). The

lateral QW electron and hole distributions at this point are shown in
Fig. 3.16. Both populations are concentrated near the centre and not
separated in lateral direction. The resulting space charge does not
suffice to screen the lateral dependence of the potential such that the
carriers remain at the column centre, which is also where most of the
radiative recombination of 2D carriers, shown in Fig. 3.17 together

with the band edges E
(2)
c,v −eφ governing lateral drift and diffusion,

takes place.

The band edges E
(3)
c,v−eφ which determine the carrier motion of un-

bound carriers are shown in Fig. 3.18 for distances of 0 nm and 23 nm
to the column centre. It should be noted that no heterointerface is
present for the 3D carriers. Transfer to the bound population hap-
pens via the carrier capture term in the continuity equation which is
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Figure 3.16: In-plane 2D electron an hole distribution at turn-on. The
column centre is located at (0,0).

Figure 3.17: Left: Conduction and valence band edges governing lat-
eral drift and diffusion at turn-on, including strain and the electro-
static potential (column centre is at the red bar). Right: Spatial
distribution of radiative recombination at turn-on (column centre is
at (0,0)).
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Figure 3.18: Cuts along the growth direction for the band edges gov-
erning 3D carrier motion at the column centre and near a corner of
the hexagonal column.

nonzero in the vicinity of the quantum disk. The polarization-induced
potential is lowered towards the column surface and therefore draws
the carriers to the periphery, as can be seen from the current density
depicted in Fig. 3.19. The strain-dependent band edge shift, which is
not taken into account for the 3D carriers, would even enhance this
effect.

3.2.6 I-V and P -V characteristics, emission spec-
tra

The I-V curve depicted in Fig. 3.20 has the exponential dependence
characteristic to all LEDs. The output power approximately follows
the current but increases faster at moderate and high voltages due
to an increase of the internal quantum efficiency (IQE), as shown in
Fig. 3.21. This is explained by the relative decrease of SRH recombi-
nation. At even higher voltages, the IQE diminishes due to increased
Auger recombination and electron leakage (efficiency droop). How-
ever, leakage does not play a role at the presented voltages (Fig. 3.21).

The spectra of the nanocolumn and QW LEDs have some resem-
blance because nanocolumn emission mainly stems from the column
centre where strain approaches the biaxial value. However, the nano-
column spectrum is a little broader. When plotting the spectra on a
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Figure 3.19: Electron (blue) and hole (yellow/red) electrical current
densities. The red line depicts the column centre.
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Figure 3.20: I-V and P -V characteristics for the nanocolumn LED
(blue) and the QW LED (red).
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Figure 3.21: Internal quantum efficiency and electron leakage for the
nanocolumn LED (blue) and the QW LED (red).

logarithmic scale, a long-wavelength emission tail can be seen extend-
ing down to 2.1 eV.
In Fig. 3.22, a blue shift of up to 50 meV can be observed at high

voltages both for the nanocolumn and for the QW LED. The nanocol-
umn blue shift happens at lower current densities because the density
is concentrated near the column centre. The spectral peak of emission
near the nanocolumn periphery exhibits no shift because densities are
significantly smaller.
The spectra presented so far are calculated in the absence of Coulomb
many-body corrections. A non-self-consistent screened Hartree-Fock
calculation using the same densities induces a red shift of roughly
the same order of magnitude than the screening-induced blue shift,
as shown in Fig. 3.23. Coulomb effects would dominate over screen-
ing effects for smaller indium contents since the many-body band gap
shift depends less on the mole fraction than the polarization-induced
internal field.
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Figure 3.22: Comparison of emission spectra for the nanocolumn LED
(solid) and the QW LED (dashed). Left: linear scale. Right: loga-
rithmic scale.

3.2.7 Comparison to experiment

The presented analysis, in conjunction with [8,62], draws the conclu-
sion that the peripheral states confined to the column boundary do not
contribute significantly because of reduced overlap and a small density
of states. Instead emission arises from the column centre where the
strain approaches the biaxial value of planar structures, an argument
also made for AlGaN/GaN nanocolumns [59]. Furthermore, the I-V
curve is shifted to lower voltages because of a reduced potential barrier
near the column periphery. Emission spectra are a little broader than
for planar devices and exhibit a long-wavelength tail of emission from
regions closer to the periphery. The dominating contribution however
has roughly the same peak wavelength as from a planar quantum well.
As long as the biaxial strain value is retained near the centre, a vari-
ation of the column diameter should not substantially influence the
emission spectrum.
Unfortunately, experimental observations have been somewhat con-
tradictory to these findings. The emission wavelength increases from
blue to red as the column diameter is enlarged [64]. Red emission
from a biaxially strained bulk region would require a mole fraction of
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Figure 3.23: Screening-induced blue shift and many-body red shift of
the emission peak wavelength.

0.6 which is unlikely to occur in reality. Hence the long-wavelength
emission reported in e.g. [57] remains mysterious. However, it is only
recently that good control over the uniformity, diameter, location and
emission wavelength of nanocolumns was achieved. It can be hoped
that some issues will be elucidated by further experimental investiga-
tions.
Possible explanations for the disparities are indeed an extremely high
mole fraction enabled by lateral relaxation, different geometric shapes
or crystal orientations of the quantum region. Furthermore, different
diffusion lengths of Ga and In atoms may induce an inhomogeneous In
distribution. To the author’s belief, the theoretical model presented
here is sound and should capture all essential physics governing the
nanocolumn, such as the presence of 3D strain, polarization fields and
quantized states as well as partial decoherence and transport of car-
riers in the lateral directions. It can therefore be speculated that the
structural model may be more inaccurate than the theoretical model.





Chapter 4

Optoelectronics Using
Nonequilibrium Green’s
Functions

A detailed analysis of the internal processes taking place in optoelec-
tronic devices requires the understanding of a great deal of physical
aspects. The situation at hand can be thought of as an inhomoge-
neous system of carriers which interact with themselves, the lattice
and the light field. For some aspects, the quantum properties of the
carriers play a crucial role, whereas other aspects can be accurately
described by classical physics. A truly comprehensive simulation must
rely on a fundamentally strong theory which is able to accommodate
such partial coherence and treat the carriers as quantum many-body
system with all relevant scattering mechanisms. Such a picture is
particularly suitable for nanostructures. Tunneling processes in the
presence of band bending can be accommodated by classical theories
only in a simplified manner and with some arduousness. Moreover,
carrier capture and injection over heterojunctions may induce signifi-
cant departures from energetic quasi-equilibrium distributions.
To consistently describe spontaneous emission, the light field must
also be quantized. The correct description of the system would then
be given by the many-particle Schrödinger equation of the combined

63



64 CHAPTER 4. OPTOELECTRONICS USING NEGF

carrier-photon system. However, in many cases only statistical ensem-
ble averages of single-particle quantities such as density or current are
of interest. There are two developed formalisms which start from this
fundamental point of view [65, 66]. One is based on density matrices
and the related Wigner function. The latter follows a quantum Boltz-
mann equation which resembles its classical counterpart but with a
nonlocal potential. Including the light field on a semiclassical level in
form of a scattering mechanism for the single-particle carrier density
matrix results in the semiconductor Bloch equations [67]. The exten-
sion to a quantized light field then yields the semiconductor lumines-
cence equations [68]. One should note that as soon as inhomogeneities
are accounted for [69], the equations get quite involved [70, 71].
The other approach, and the one considered in this work, is based on
nonequilibrium Green’s functions (NEGF) [72]. Historically [73] this
formalism is an extension of finite-temperature equilibrium Green’s
functions [35]. It is only recently [74] that the immense numerical re-
quirements could be met. However, the fundamental strength of this
formalism has attracted a lot of research ever since and has become
the state of the art in the description of nano-electronic devices.
In NEGF, the complete information about single-particle properties
of quantum systems is contained in Green’s functions (GF). While a
single GF suffices to describe an equilibrium system, at least three
different GF are employed at nonequilibrium, differing by the time
ordering of the defining field operators.
In this chapter, a quantum-kinetic model to describe planar opto-
electronic devices is developed in the NEGF formalism. As with
tdkp/AQUA, only steady-state systems with a constant lattice tem-
perature are considered. Furthermore, the analysis is limited to the
electronic system in the sense that the phonon and photon systems
are assumed to be known and uninfluenced by the carriers.

Comparison to other work

The main difference between the present approach and other simu-
lations is the electronic single-particle Hamiltonian. Most work with
NEGF has been done using either a single-band effective mass model
to describe pure n-type devices [75–78] or atomistic models featuring
tight-binding [9, 79–81] or Kohn-Sham/DFT [82] Hamiltonians. This
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work is laid out to employ a kp Hamiltonian [8] which accurately mod-
els the complex valence-band structure within the region of interest
in III-V semiconductors, whilst not relying on an atomic discretiza-
tion which would overinflate the computational cost in bulk regions.
Ballistic transport simulations using kp Hamiltonians were already
reported in [83] using a quantum transmitting boundary method [84]
and in [85, 86] using NEGF. While scattering may be absent in next-
generation unipolar nanoelectronic devices, it is inherent to the func-
tioning of optoelectronic devices and thus cannot be neglected.
NEMO [9] and its successors NEMO-3D and OMEN [80] have been
the state of the art in NEGF simulation for more than a decade.
The theory in this chapter is mainly based on [9] and [74] but distin-
guishes itself by the inclusion of the electron-photon interaction. An
envelope-function basis is chosen here compared to a tight-binding
basis in [9, 74].
At the beginning of Sec. 5.2 a short overview is given on previous
applications of NEGF to optoelectronic structures. Though the func-
tionality is given, the simulation with realistic kp Hamiltonians will
be the scope of future work and the presented examples in Chap. 5
employs single- or two-band effective mass Hamiltonians.

4.1 Choice of basis, operator representa-
tion

With regard to the popularity of kp Hamiltonians in optoelectronics,
a real-space kp basis is adopted in which all quantities are expanded
into a finite amount of basis functions

φαk(r) =
1√
A
ti(x)e

ikr‖um0(r). (4.1)

Here α = (i,m) combines indices i for space and m for band, um0(r)
is the zone-centre Bloch function of band m and A denotes a cross-
section area for normalization. ti(x) is a one-dimensional shape func-
tion peaked at xi which may be chosen either to have a tent-shaped
form for a finite-element analysis or a step-like form to obtain an
orthogonal basis. The structure is assumed to be homogeneous in di-
rection r‖. Since in kp Hamiltonians the atomic resolution contained
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in the Bloch functions is lost by the restriction to envelope parts, any
dependence of operators on the transversal coordinates (r‖, r

′
‖) can be

Fourier-transformed to k. This basis coincides with [8] for the case of
finite-element shape functions.
An operator

G(xn, x′n′;k) =

∫ d(r‖−r′‖)

A
G(xn, x′n′; r‖−r′‖)e

ik(r‖−r′‖) (4.2)

can be expressed in a basis {φαk} in two ways [74]. The contravariant
representation is defined by a matrix G = (Gαβ), where

G(xn, x′n′;k) =
∑

αβ

Gαβ φ
∗
αk(r)φβk(r′). (4.3)

The covariant representation is given by a matrix G̃ = (G̃αβ), where

G̃αβ =

∫

drdr′φαk(r)G(xn, x′n′;k)φ∗βk(r′). (4.4)

In both representations, the k-dependence of the matrices was omit-
ted. The two representations are related by

G̃ = MGM, (4.5)

where the overlap matrix was introduced:

Mαβ ≡
∫

dr φ∗αk(r)φβk(r). (4.6)

With the basis (4.1) this matrix becomes

Mim,jn ≡ 1

A

∫

dr t∗i (x)tj(x)u
∗
m0(r)un0(r)

∼
∫

dxti(x)tj(x)δmn ≡Mijδmn. (4.7)

Here the standard coarse-graining assumption of kp theory was used:
∫

dr t∗i (x)tj(x)u
∗
m0(r)un0(r)

∼
∫

dx ti(x)tj(x) A
1

Ω

∫

Ω

dr′u∗m0(r
′)un0(r

′), (4.8)
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since all quantities apart from the periodically oscillating Bloch func-
tions vary slowly over an atomic unit cell Ω.
In the case of an orthonormal basis, M reduces to the unity matrix.
In this work, M carries the unit of a length. The contravariant repre-
sentation G carries two length units more than the original operator
G whereas G̃ carries four length units more. In accordance with [74]
the contravariant representation will be used for the GF and the co-
variant representation for the self-energies to minimize the amount of
matrix multiplications in the algorithms.

4.2 Quantum kinetic equations

The equation of motion for the electrons in a device is given by a
Dyson equation [35, 72]

GR(xn, x′n′;k, E) =
(

E −H(x, nn′;k)− ΣR(xn, x′n′;k, E)
)−1

.
(4.9)

Here GR(k, E) is the retarded Green’s function (occasionally called
the Green’s function) of the electrons for a given energy E and in-
plane wavevector k. The latter two quantities are independent in the
NEGF formalism. H is the Hamiltonian and ΣR is the total retarded
self-energy which contains all scattering mechanisms as well as the
coupling to the contacts. The contravariant representation of (4.9) in
the basis (4.1) is

GR(k, E) = (EM−H(k)−ΣR(k, E))−1, (4.10)

where ΣR is the covariant representation of the self-energy, as can
be proven by insertion of Eqns. (4.3), (4.4) and (4.5). Furthermore,
Hαβ ≡

∫

dxφ∗α(x)H(x)φβ(x). H =T+U is constituted by the kinetic
energy T , which in a multiband formalism is given by the kp matrix,
and the potential U(x) =

∑

α Uαφα(x). Noting that H also includes
the transversal energy of a carrier arising from a finite wavevector k,
it can be seen that E stands for the total, i.e. the sum of longitudinal
and transversal, energy of a carrier.
Closely related to the retarded GF is the advanced GF:

GA(k, E) =
(

GR(k, E)
)†
. (4.11)
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The retarded and advanced GF contain information about spectral
properties of the system. Information about the statistics of the sys-
tems is contained in the lesser GF G<, also called correlation function
or propagator. It obeys the Keldysh equation [87], which is only stated
in its discretized form:

G<(k, E) = GR(k, E)Σ<(k, E)GA(k, E). (4.12)

The set of GF is completed by the greater GF,

G>(k, E) = GR(k, E) −GA(k, E) + G<(k, E). (4.13)

4.2.1 Poisson equation

The potential U(x)=−eφ(x) entering the Hamiltonian is given by the
Poisson equation:

∂x (ε(x)∂xφ(x)) = e(n(x)− p(x) +Nd(x)). (4.14)

Nd herein denotes the net ionized doping concentration and ε the
static dielectric constant. Eqn. (4.14) describes the longitudinal part
of the electromagnetic field in the Coulomb or radiation gauge. It
needs to be iterated with a solution of the Dyson and Keldysh equa-
tions until the electrostatic potential is self-consistent with the density
derived from the Green’s functions. Like in the semiclassical approach
of AQUA, such a Gummel-type iteration converges rather poorly when
any dependency of the density on the potential is neglected, even when
an underrelaxation scheme of the form

φ(i+1) = λφnew + (1− λ)φ(i) (4.15)

(Kerker mixing) is carried out. Better results were achieved with a
predictor-corrector approach [9,40], where a nonlinear dependency of
the density on the potential of the form

n(x) ∼ NcF1/2

(

EFn(x)−Ec + eφ(x)

kT

)

(4.16)

(and analogously for holes) is predicted. This equation defines the
quasi-Fermilevel EFn. The nonlinear Poisson equation is then solved
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by Newton iteration (see Eqn. (2.35)). The predicted potential depen-
dency is inaccurate in quantum well regions because it severely mis-
estimates the density of states. Reasonable convergence was achieved
by a combination of (4.15) and (4.16).

4.3 Single-particle properties

4.3.1 Local density of states

The local density of states (LDOS) is defined as

LDOS(xi, E) ≡
∑

nk

LDOS(xi, n,k, E) ≡ − 1

πA

∑

nk

ImGR
in,in(k, E).

(4.17)
Since ImGR = −i

2 (GR − GA), the LDOS is related to the spectral
function A ≡ i(GR −GA) by LDOS = 1

2πAA.

4.3.2 Density

The spectrally resolved electron and hole densities are given by the
diagonal terms of the lesser and greater GF:

n(xi, E) =
1

A

∑

n∈CB,k

−iG<
in,in(k, E), (4.18a)

p(xi, E) =
1

A

∑

n∈V B,k

iG>
in,in(k, E). (4.18b)

Here CB and VB denote the conduction and valence bands, respec-
tively. The sum of electrons and holes in a band equals the local
density of states up to a factor of 2π:

−iG<
in,in(k, E) + iG>

in,in(k, E) = i(GR
in,in(k, E)−GA

in,in(k, E))

= 2πA LDOS(xi, n,k, E). (4.19)

The usual densities are obtained by integrating (4.18) over energy:

n(x) =

∫

dE

2π
n(x,E), p(x) =

∫

dE

2π
p(x,E). (4.20)
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4.3.3 Current

Several approaches exist to calculate the spatially resolved current
density. Here the one in [74], which was also derived in a non-
orthogonal basis, is adopted. The spectral electron particle current
density between xi and xi+1 is given by

Jn
i→i+1(E) =

1

~A

∑

n∈CB,k

(

(Hin,i+1n(k) −EMin,i+1n)G<
i+1n,in(k, E)

−(Hi+1n,in(k)−EMi+1n,in)G<
in,i+1n(k, E)

)

. (4.21)

This expression is valid for nearest-neighbour Hamiltonians. It is con-
sistent with a widely encountered expression of the divergence of the
electron current [72],

∂J

∂x
(xi, n,k, E) =

1

~A∆i

(

H(k)G<(k, E)−G<(k, E)H(k)
)

in,in
,

(4.22)
provided that H(k) → H(k) − EM and only nearest-neighbour cou-
pling exists. Here ∆i ≡ 0.5(xi+1−xi−1) was defined. A formula for
the hole current can be derived using the equations of motion for G>

instead of G<, leading to a form similar to (4.21) except that the sum
extends over the valence bands and G> is employed instead of G<.
The total electrical current density is found from

Ji→i+1 =

∫

dE

2π
(−eJn

i→i+1(E) + eJp
i→i+1(E)). (4.23)

Another expression for the divergence for the electron current is [74]

∂J

∂x
(xi, n,k, E) =

1

~A∆i

(

Σ<(k, E)G>(k, E) (4.24)

−G<(k, E)Σ>(k, E)
)

in,in
.

Since Σ is just the sum of the contact self-energy Σc and the self-
energies Σs of individual scattering mechanisms s, this form leads to
a natural definition of coherent and scattering currents:

∂Jc

∂x
(xi, n) =

1

~A∆i

(

Σc,<G> −G<Σc,>
)

in,in
, (4.25a)

∂Js

∂x
(xi, n) =

1

~A∆i

(

Σs,<G> −G<Σs,>
)

in,in
. (4.25b)
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Figure 4.1: Energy-resolved carrier density (left) and local density of
states (right) in a resonant tunneling diode near the bistability.

Note that (Σ<G>)in,in 6= (G>Σ<)in,in in general, thus care has to
be taken in the interpretation of the spatial dependency of (4.25).

4.4 Boundary Conditions

4.4.1 Self-energy

Coupling to contacts happens via the inclusion of self-energies in
Eqns. (4.10) and (4.12) determining the device Green’s functions.
Here a standard discretized deviation of the self-energies [88] is ex-
tended to a possibly non-orthogonal basis.
Defining t̃ ≡ EM−H−Σ, Eqn. (4.10) for the combined device-lead
(D-L) system splits into the relevant parts

t̃DDGR
DD + t̃DLGR

LD = 1DD, (4.26a)

t̃LDGR
DD + t̃LLGR

LD = 0DL. (4.26b)

The isolated retarded Green’s function gR
LL of the lead is defined by

t̃LLgR
LL = (EMLL −HLL −ΣR

LL)gR
LL = 1LL. (4.27)
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Substituting GR
LD from (4.26b) into (4.26a) and expressing t̃−1

LL by
(4.27) leads to (t̃DD −ΣRB

DD)GR
DD = 1DD, where

ΣRB
DD(k, E) ≡ t̃DL(k, E)gR

LL(k, E )̃tLD(k, E). (4.28)

The self-energy (4.28) is only nonzero in the immediate vicinity of
a contact. Once ΣRB

DD has been determined, the lesser and greater
self-energies can be easily found by the observation that the energetic
carrier distribution in a contact is by definition in equilibrium [72]:

Σ<B(k, E) = −fFD(EF , E)(ΣRB −ΣAB), (4.29a)

Σ>B(k, E) = (1−fFD(EF , E))(ΣRB−ΣAB)

= ΣRB−ΣAB+Σ<B . (4.29b)

Here ΣAB = (ΣRB)† and fFD(EF , E) =
(

1 + exp
(

E−EF

kT

))−1
is the

Fermi-Dirac distribution with the fixed contact Fermilevel EF .

Determination of the contact Green’s function

To proceed further, an expression for the isolated contact GF gR
LL

has to be found. In principle it is important to have a description
of contact scattering which is consistent with the device in order to
avoid unphysical jumps in the density of states and the potential at the
contact-device interface [89, 90]. A Büttiker-probe self-energy of the
form ΣR

LL,ij = iδijη, dubbed optical potential, was suggested in [9] to
mimic decoherence in the injected states. This work adopts the same
approach and determines gR

LL as in the absence of any scattering [79,
88]. In the following, index 0 denotes the last vertex (slab) within the
contact and index 1 the first vertex (slab) of the device. The contact
and the device are disjoint, with the boundary lying somewhere in
between vertices 0 and 1. As a consequence, gR

LL,00 6= 0 but gR
LL,11 =

0. Dropping the LL indices, the part of Eqn. (4.27) which is near the
contact-device interface reduces to

DgR
00 + T̃ug

R
−10 = 1, (4.30a)

DgR
−10 + T̃lg

R
00 + T̃ug

R
−20 = 0. (4.30b)

Here D≡EMii−Hii−ΣR
ii , T̃u≡EM0,−1−H0,−1 and T̃l≡EM−1,0−

H−1,0 are the same on the first and second line due to translational
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invariance of the Hamiltonian inside the contact.
The goal is to compute gR

00(E) from the travelling modes of the infinite
lead to the energy E, which are described in a Schrödinger picture by

the wavefunctions φ
(µ)
α ≡ φ(xi,m;E) obeying

Hφ(µ) = EMφ(µ) =⇒ Dφ
(µ)
−1 + T̃lφ

(µ)
0 + T̃uφ

(µ)
−2 = 0. (4.31)

Here µ designates one of Nµ modes to the energy E and α = (i,m)
combines space and band indices. From translational invariance, the
wavefunctions at different positions are connected via

φ
(µ)
i = φ

(µ)
0 eikµ

x (E)(xi−x0). (4.32)

Inserting this ansatz into (4.31), assuming T̃u = T̃l ≡ T̃ and x0−
x−1 = x−1−x−2 ≡ ∆x leads to

−T̃−1Dφ
(µ)
0 = 2 cos(kµ

x (E)∆x)φ
(µ)
0 . (4.33)

Hence kµ
x(E) and φ

(µ)
0 are connected to the eigenvalues and eigenvec-

tors of the matrix −T̃−1D.
The ballistic Green’s function can be constructed from the modes µ
by ([79] and [88], p.77)

gR
LL,ij = ΦP(i)g̃P(j)†Φ†, (4.34)

with the Nµ ×Nµ and Nn ×Nµ matrices

(P(i))µν = δµνe
−ikµ

x (E)xi , (4.35a)

(Φ)m,µ = φ
(µ)
0 (m;E). (4.35b)

This can be thought of as a transformation between mode space, in
which the Green’s function is the Nµ ×Nµ matrix g̃, and real space.
The ansatz fulfils (4.30b) for any choice of g̃. Insertion of (4.34) into
(4.30a) yields

g̃ =
(

Φ†DΦ + Φ†T̃uΦP(−1)
)−1

. (4.36)

The contact self-energy to the energy E is therefore found by 1. de-
termining the lead modes φ(µ) and longitudinal wavevectors kµ

x from
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the eigenvalue problem (4.33), 2. determining g̃ by (4.35) and (4.36),
3. determining gR

LL,00 in real space from (4.34) and 4. calculating
(4.28). The described methodology is independent of the chosen band
structure model.

Selection of longitudinal wavevectors For a given energy E let
there be Nkx possible wavevectors with longitudinal wavevectors kµ

x .
Only the states travelling into the device need to be selected. These
states are characterized by the property dE

dkx
> 0. In the case of mono-

tonic bulk dispersions along the transport direction, this property
is readily determined by the observation that in a conduction band
sgn(kx) = sgn( dE

dkx
) whereas in a valence band sgn(kx) = −sgn( dE

dkx
)

for both real and imaginary parts of kx. In the nonmonotonic case, the
group velocity of a mode may be determined by taking the derivative
of Eqn. (4.31) with respect to kx.

4.4.2 Electrostatic potential

Neumann-type (∂xφ = 0) boundary conditions for Eqn. (4.14) are
taken at both contacts. While it may be useful to have nonzero-
field situations near the contacts for some applications [76], this work
enforces a vanishing electric field at the contact-device boundaries.
The invariance with respect to a constant potential shift which nor-
mally arises in the case of pure Neumann boundary conditions is lifted
by the nonlinearity (4.16) introduced by the predictor-corrector ap-
proach. The potential is hence allowed to adjust its position relative
to the (fixed) Fermilevel at all contacts.
This approach has several advantages over the choice of Dirichlet-
type (φ = c) conditions at one or both contacts. First, the equality
of fields at the left and right contact ensures a situation of overall
charge neutrality inside the device. Second, the numerical discretiza-
tion introduces a density of injected states which is different from
the continuum value, and hence also the distance EF −eφ will dif-
fer from any analytical result for a fixed dopant density. Third, an
inconsistent treatment of contact and device scattering gives rise to
a potential shift near the contact-device interface in the solution. A
choice of Neumann conditions at all contacts allows the potential to
float to a position in which all these effects can be accommodated.
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4.5 Scattering

4.5.1 Phenomenological scattering models

Büttiker probes

One of the most widely used models of scattering involves the inclusion
of virtual contacts at each vertex, so-called Büttiker probes [75, 89,
91, 92]. The effect of these probes is to drain carriers, randomize
phase and momentum, and reinject them. The virtual Fermilevel
of each probe is determined from current conservation. In case of
a non-orthogonal basis, the self-energy becomes nondiagonal due to
multiplication with overlap matrices. Moreover, self-energies within
the band gap must be ensured to vanish. Implementational hassles
turned out to outweigh the relevance of the model to the present work
such that it was not pursued any further.

Golizadeh self-energies

An easier, yet more physical model connects the self-energies to the
Green’s functions. In [93] it was argued that first-order Born approxi-
mations of self-energies have the general form Σ·(i, j)=D·(i, j)G·(i, j),
whereD(i, j) can be viewed as a correlation between two local dephas-
ing potentials at sites i and j due to random fluctuations. The Fourier
transform of such a potential gives the possible momentum transfer
vectors. The two distinct choices

D(i, j) = dp ⇐⇒ D(q) ∝ dpδ(q), (4.37a)

D(i, j) = dmδij ⇐⇒ D(q) ∝ dm, (4.37b)

then describe purely phase-relaxing (p) and both phase- and momen-
tum-relaxing (m) situations. A natural extension of this idea to a
non-orthogonal basis yields

Σ(p)R = dpMGRM, Σ
(m)R
αβ = dm

∑

γ
MαγG

R
γγMγβ, (4.38a)

Σ(p)≷ = dpMG≷M, Σ
(m)≷
αβ = dm

∑

γ
MαγG

≷
γγMγβ. (4.38b)

The phenomenological scattering strengths dp,m have the unit of a
square energy.
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4.5.2 Electron-phonon scattering

The derivation of the electron-phonon scattering self-energy in the
case of a possibly non-orthogonal basis is very similar to the electron-
photon derivation given in App. C. Therefore only the result is stated
in the phonon case:

Σ≷(k, E) =

∫

dE′

2π

∑

qλ

|Uqλ|2D≷
qλ(E′)

·M(qx)G≷(k−q‖, E −E′)M(−qx), (4.39a)

ΣR(k, E) =
1

2
(Σ>(E)−Σ<(E))−iP

∫

dE′

2π

Σ<(E′)−Σ>(E′)

E−E′ (4.39b)

= i

∫

dE′

2π

∑

qλ

|Uqλ|2M(qx)
(

DR
qλ(E′)GR(k−q‖, E−E′) (4.39c)

+DR
qλ(E′)G<(k−q‖, E−E′) +D<

qλ(E′)GR(k−q‖, E−E′)
)

M(−qx).

Here D·
qλ are the GF for a phonon with wavevector q = (qx,q�) in

mode λ, Mαβ(qx) ≡
∫

dxti(x)e
iqxxtj(x) (α = (i,m), β = (j, n)), P

denotes the principal value and Uqλ is a scattering strength in ener-
getic units. The phonon system is now assumed to be in equilibrium
and not influenced by the electrons. Furthermore, a long-wavelength
approximation is made:

Mij(qx) ∼ eiqxxiMij ∼ eiqxxjMij , (4.40a)

(M(qx)GM(−qx))ij ∼ eiqx(xi−xj)(MGM)ij . (4.40b)

These assumptions lead to

Σ
≷
ij(k, E) =

∑

q

|Uq|2eiqx(xi−xj)
(

M(NqG
≷(k−q‖, E ± ~ωq)

+(Nq+1)G≷(k−q‖, E ∓ ~ωq))M
)

ij
, (4.41)

which is the generalization of Eqn. (27) in [74] for a non-orthogonal
basis. Two different types of approximations are commonly encoun-
tered for the retarded self-energy. A first form [74] is obtained by
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neglecting the principal part in (4.39b) to obtain

ΣR(k, E) ∼ 1

2
(Σ>(E)−Σ<(E)). (4.42)

It follows that ΣR = −(ΣR)† is anti-Hermitian and thus has a purely
imaginary diagonal such that renormalization effects are neglected in
this approximation. A second approach [81, 94] evaluates the phonon
GF in (4.39c) to arrive at

ΣR
αβ(k, E) =

∑

q

|Uq|2eiqx(xi−xj)

(

M

(

(Nq +1)GR(., E−~ωq)

+NqG
R(., E+~ωq) +

1

2
G<(., E−~ωq)−

1

2
G<(., E+~ωq)

+iP
∫

dE′

2π

(

G<(., E−E′)

E′ − ~ωq
− G<(., E−E′)

E′ + ~ωq

))

M

)

αβ

. (4.43)

The principal value integral may again be neglected to yield

ΣR
αβ(k, E) ∼

∑

q

|Uq|2eiqx(xi−xj)
(

M
(

(Nq +1)GR(., E−~ωq) (4.44)

+NqG
R(., E+~ωq) +

1

2
G<(., E−~ωq)−

1

2
G<(., E+~ωq)

)

M

)

αβ

.

Acoustic phonons

Acoustic phonon scattering dominates in nonpolar materials such as
Silicon. A common deformation-potential model [9] uses a linear

phonon dispersion ωq = csq and Uq =
√

~D2

2V ρcs
q, where cs is the speed

of sound in the material, D is the deformation potential constant, ρ
is the semiconductor mass density and V =L3 is a normalization vol-
ume.
Since ~ωq is small compared to kT , Nq = 1

e
~wq
kT −1

∼ kT
~wq
∼ Nq+1 and

G≷(k−q‖, E±~ωq) ∼G≷(k−q‖, E) such that scattering is essentially
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elastic. The self-energy (4.41) then reduces to

Σ
≷
αβ(k, E) =

1

∆ij

D2kT

V ρc2

∑

q‖

(MG≷(k−q‖, E)M)αβ , (4.45a)

ΣR
αβ(k, E) =

1

∆ij

D2kT

V ρc2

∑

q‖

(MGR(k−q‖, E)M)αβ . (4.45b)

The function

1

∆ij
≡
∑

qx

eiqx(xi−xj) =
L

π

sin
(

π
a (xi−xj)

)

xi − xj
(4.46)

is peaked around xi =xj with an FWHM of 1.2a, where a is the lattice
constant in transport direction. Approximating the self-energy as
diagonal therefore seems reasonable. In case of an axial approximation
of the band structure (H(k) = H(|k|), G·(k) = G·(|k|)), Eqn. (4.45)
reduces to

Σ·
αβ(E) =

1

∆ij

D2kT

2πLρc2

∫ q‖,max

0

q‖dq‖(MG·(q‖, E)M)αβ . (4.47)

With the approximation 1
∆ij
∼ δij L

a the results in [9] are retrieved.

Polar optical phonons

This type of scattering usually dominates in III-V materials at room
temperature. The standard Fröhlich model assumes an Einstein dis-
persion of longitudinal phonons with a constant energy ~ωLO and an

interaction strength Uq =
√

e2~ωLO

2V ( 1
ε∞
− 1

ε0
) q

q2+q2
0

, where ε0 and ε∞
are the static and optical dielectric constants of the material and q0
is the inverse Debye screening length (see (4.88) and [95]), which is
chosen to be (5 nm)−1 by default. In the axial approximation, the
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propagators reduce to

Σ
≷
αβ(k, E) =

e2~ω

2V

(

1

ε∞
− 1

ε0

)

V

(2π)3

∫ q′
‖,max

0

q′‖dq
′
‖

∫ π/a

−π/a

dqx

∫ 2π

0

dφ

·eiqx(xi−xj)
q2x + (q′‖)

2 + k2 + 2kq′‖ cosφ

(q2x + (q′‖)
2 + k2 + q20 + 2kq′‖ cosφ)2

(4.48)

·
(

M(NLOG≷(q′‖, E ± ~ωLO) + (NLO+1)G≷(q′‖, E ∓ ~ωLO))M
)

αβ
,

where the phonon occupation number NLO ≡ (e
~ωLO

kT −1)−1 was in-
troduced. The replacement q‖ → q′

‖ would have included a change

in integration boundary from the Brillouin zone (BZ) to k+BZ. How-
ever, the integrand is numerically only nonzero for k < kmax, where
kmax is a cut-off wavevector for the GF which is much smaller than
the extension of the BZ, such that the entire range of GF is covered
in the integration. Further simplification leads to the final form of the
lesser and greater self-energies,

Σ
≷
αβ(k, E) =

e2~ω

4π2

(

1

ε∞
− 1

ε0

)
∫ q‖,max

0

dq‖ q‖F (q‖,∆ij , k, q0) (4.49)

·
(

M(NLOG≷(q‖, E ± ~ωLO) + (NLO+1)G≷(q‖, E ∓ ~ωLO))M
)

αβ
,

where ∆ij ≡ xi−xj and F is the precomputable quantity

F (q‖,∆ij , k, q0) =

∫ π/a

0

dqx cos(qx∆ij)





1
√

(q2x+q2‖+q20+k2)2 − 4k2q2‖

−q20
q2x + q2‖ + q20 + k2

(

(q2x+q2‖+q20+k2)2 − 4k2q2‖

)3/2






. (4.50)

The function q‖F (q‖) goes to zero as q‖→0 and q‖→∞. In the case
q0 = 0 it has a singularity at ±k.
The retarded formula can be found from expressions of the form (4.42)
or (4.44). The final expressions for the propagators match the ones
given in [9].
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Figure 4.2: Energy-resolved current density (left) and the divergence
of the phonon-induced current (right) in a resonant tunneling diode
at the same voltage as in Fig. 4.1.

4.5.3 Electron-photon scattering

A detailed derivation of the self-energy for electron-photon scattering
is given in App. C. The result is

Σ≷(k, E) =
∑

qλ

|Cq|2Pγ
(

(Nqλ + 1)G≷(k, E + ~ωq)

+NqλG
≷(k, E − ~ωq)

)

Pγ,†, (4.51a)

ΣR(k, E) =
1

2
(Σ>(k, E) −Σ<(k, E))

−iP
∫

dE′Σ
>(E′)−Σ<(E′)

E − E′ . (4.51b)

Here λ stands for the two possible polarizations of a photon with
wavevector q, Nqλ and ~ωq are the population and energy of a specific

mode qλ, |Cq|2 = ~e2

2V ε0ωq
and

Pγ
αµ = Mij

eqλ · pmn

m0
≡MijΠmn(eqλ) (4.52)
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is connected to the bulk interband momentum matrix element pmn

between two zone-centre Bloch functions. α = (i,m) and β = (j, n)
embody space and band indices. This form of the self-energy is de-
rived using a kp Bloch coarse graining, the restriction to interband
transitions, the dipole approximation and negligence of the photon
momentum.
To gain insight into the interaction mechanism, it is instructional
to consider the coupling of a single empty (N = 0) photon mode

to an electronic two-band system in which Pγ =

(

0 A
B 0

)

and

G≷ =

(

G
≷
cc 0

0 G
≷
vv

)

. Then

Σ≷(E) ∝ MγG≷(E ∓ ~ω)Mγ,†

∝
(

|A|2G≷
vv(E ∓ ~ω) 0

0 |B|2G≷
cc(E ∓ ~ω)

)

. (4.53)

Electron inscattering in the valence band Σ<
vv(E) is thus induced

by the electron population in the conduction band at an energy ~ω
above, |B|2G<

cc(E + ~ω). On the other hand, hole inscattering in the
conduction band Σ>

cc(E) is induced by the valence band ~ω below,
|A|2G>

vv(E − ~ω). The two remaining terms, Σ<
cc(E) ∝ |A|2G<

vv(E +
~ω) and Σ>

vv(E) ∝ |B|2G>
cc(E − ~ω), will not contribute because the

density of states and thus also the population in the corresponding
bands vanishes at these energies.

Interband momentum matrix element

For an eight-band kp model of zincblende semiconductors [8, 96],
choosing a basis {S ↑, X ↑, Y ↑, Z ↑} leads to the form

ΠZB =
Mb

m0









0 ex ey ez

ex 0 0 0
ey 0 0 0
ez 0 0 0









, (4.54)

where Mb is connected to the Kane parameter by Mb =
√

m0EP

6 [30].

As the Hamiltonian is spin-independent, the same matrix holds for
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spin-down states whereas no coupling between spin-up and spin-down
states exists. In Eqn. (7’) of [96], additional terms are present which
are linear in the k-vector of the electron. These terms are due to
second-order differences in the Löwdin renormalization, i.e. the map-
ping of the interaction to a finite number of bands, and are believed
to be negligible [8].
For wurtzite semiconductors, a slightly different choice of basis yields
a coupling matrix of the form [8]

ΠWZ =









0 P2ex P1ey P1ez

P2ex 0 0 0
P1ey 0 0 0
P1ez 0 0 0









, (4.55)

where it was assumed that x is the extraordinary direction (c-axis) of
the crystal.
For a two-band effective mass model of the semiconductor, no funda-
mental theory exists as the valence band structure is oversimplified.
However, a toy model can assume an isotropic coupling of the same
order of magnitude:

ΠEM =
Mb√
3m0

(

0 1
1 0

)

. (4.56)

Spontaneous emission (luminescence)

When the light field is empty and the device cannot reabsorb any of
its own emission, Nqλ may be set to zero in all modes leading to

Σ≷(k, E) =
∑

λq

|Cq|2Pγ(eqλ)G≷(k, E ∓ ~ωq)Pγ(eqλ)†. (4.57)

Introducing spherical coordinates,

Σ
≷
ab(k, E) =

V

(2π)3

∞
∫

0

q2dq|Cq |2
∑

cd

G
≷
cd(k, E ∓ ~ωq) (4.58)

·
∑

λ

2π
∫

0

dφ

π
∫

0

sin θdθ Pγ
ac(θ, φ, λ)P

γ
bd(θ, φ, λ).



4.5. SCATTERING 83

Defining the precomputable quantity

P̃ γ
abcd ≡

∑

λ

2π
∫

0

dφ

π
∫

0

sin θdθ Pγ
ac(θ, φ, λ)P

γ
bd(θ, φ, λ) (4.59a)

= MikMjl

∑

λ

2π
∫

0

dφ

π
∫

0

sin θdθ Πmo(θ, φ, λ)Πnp(θ, φ, λ) (4.59b)

≡ MikMjlΠmnop, (4.59c)

the following form of the self-energy is obtained:

Σ
≷
ab(k, E) =

Emax
∫

Emin

d(~ω)

2π

e2ω

8π2ε0c3

∑

cd

P̃ γ
abcdG

≷
cd(k, E ∓ ~ω) (4.60)

≡
Emax
∫

Emin

d(~ω)

2π
~ωA≷(k, E ∓ ~ω), (4.61)

A
≷
ab(k, E) =

e2

8π2ε0~c3

∑

cd

P̃ γ
abcdG

≷
cd(k, E). (4.62)

Here minimum and maximum emission energies were introduced which
can be chosen according to the band gap of the emitting material. The
retarded self-energy can again be found by (4.51b) or its approxima-
tions (4.42) or (4.44). A current-conserving discretization of (4.61)
is

Σ
≷
ab(k, Ei) =

∑

j

∆Ej

2π
~ωijA

≷(k, Ej), (4.63)

where ~ωij ≡ |Ei − Ej | needs to lie within [Emin, Emax] and the
summation only includes energies below or above Ei depending on
whether the greater or the lesser quantity is computed.

Stimulated emission and absorption

In the case of a nonempty photon field, (4.51) must be retained for
the self-energies with a suitable expression of Nqλ. In [97], intraband
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photoabsorption from a single-mode photon field was investigated in
a resonant tunneling device. In [81], interband absorption was in-
cluded in a two-band simulation of a quantum well solar cell. Both
approaches use the basic idea that the photon population Nqλ is re-
lated to the incident flux by

φγ
qλ =

Nqλc

V
√
µrεr

, (4.64)

where φγ
qλ is the photon flux connected to the intensity by φγ

qλ =
Iγ
qλ

~ωq
and µr, εr are the relative permeability and dielectric constant.

The photon flux, or intensity, of an incident beam decays inside the
material according to

φγ
qλ(x) = φγ

qλ(0) exp



−
x
∫

0

α(~ωq, x
′)dx′



 , (4.65)

which results in a spatially dependent photon number Nqλ(x). As
an alternative the scalar Helmholtz equation could be solved with ap-
propriate boundary conditions and a complex refractive index related
to the absorption via (4.74). The resulting field should then lead to
a relation similar to (4.65). The absorption coefficient α, which is
the negative of the gain, can be determined self-consistently from the
imaginary part of the interband polarization (see below).

Luminescence spectra

Information about both luminescence and gain spectra is stored in the
electronic system, not in the light field. In the case of luminescence,
the emission spectrum is retrieved by integrating the corresponding
scattering current for each photon mode over space.
Recalling Eqn. (4.25) for the spectral current induced by an individual
scattering mechanism, the total radiative recombination current can
be written as

Rtot = A
∑

qλ

∑

i

Ri(~ωq)∆i

= A
∑

i

∆i

∫

d(~ω)
ω2

π2~c3
Ri(~ωq), (4.66)
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Ri(~ωq) =
1

A∆i

∫

dE

2π~

∑

k,n∈CB

(

Σγ,<
q (k, E)G>(k, E) (4.67)

−Σγ,>
q (k, E)G<(k, E)

)

in,in
.

Since outscattering from the CB equals inscattering in the VB,
∑

k,CB

could be replaced by−∑k,V B . Furthermore, the Σ<-term (Σ>-term)
will vanish in the CB (VB).
The change from q-integration to energy integration has introduced
the photon density of states in free space,

ργ(~ω) =
ω2

π2~c3
. (4.68)

ργ(~ω)Ri(~ωq) gives the amount of emitted photons per time per
photon energy in a volume located around xi. The spectrum and the
total output power are therefore related to this quantity via

P (~ω) = ~ωργ(~ω)
∑

i

Ri(~ωq)∆i, (4.69)

P =

∫

d(~ω)P (~ω). (4.70)

On the other hand, a spatially resolved radiative recombination rate
(units density−1 time−1) can be obtained as

Rrad(xi) =
∑

qλ

Ri(~ωq) (4.71)

=

∫

dE

2π
Rrad(xi, E), (4.72)

Rrad(xi, E) ≡ 1

~A∆i

∑

k,n∈CB

(

Σγ,<(k, E)G>(k, E) (4.73)

· −Σγ,>(k, E)G<(k, E)
)

in,in
.

The latter quantity can be interpreted as a spatially and spectrally
resolved recombination rate of the carriers.
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Gain spectra

Gain is defined as the exponential amplification of the intensity of an
incident light wave due to a complex refractive index [98]:

E(x) = E(0)ein ω
c x ⇒ |I(x)| ∝ egx where g(~ω) = −2

ω

c
Im n.

(4.74)
The imaginary part of the refractive index is related to the retarded
transverse susceptibility by

Im n = Im
√

εt,R(~ω) (4.75a)

' Im εt,R(~ω)

2
√

Re εt,R(~ω)
' − Im εt,R(~ω)

2
√
ε∞

= − Imχt,R(~ω)

2
√
ε∞

.(4.75b)

The retarded transverse susceptibility is related to the retarded trans-
verse polarization as [99]

χt,R(~ω) = − c
2

ω2
PR(~ω), (4.76)

and the imaginary part of the retarded transverse polarization is itself
related to the lesser and greater transverse polarization via

ImPR =
1

2i
(P> − P<). (4.77)

Analogous relations are encountered for electron GF or self-energies
because the transverse polarization acts as the self-energy of the pho-
ton field. Thus, in total,

g(~ω) = − c

2iω
√
ε∞

(P>(~ω)− P<(~ω)). (4.78)

In App. D it is shown that P≷ can be calculated from the electron
GF according to

P≷(xi, xj ,q, E) =
2πiµ0~e

2

m2
0

∑

c,c′,v,v′

∞
∫

0

kdk

∞
∫

−∞

dE′

2π~
(4.79)

·G≶
ic,jc′(k, E

′)G≷
iv,jv′ (k− q, E′ −E)pvc′pv′c.

Here c and v are indices for the conduction and valence bands. No
implementation of these formulas was carried out.
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4.5.4 Ionized impurity scattering

The following sketches the derivation of the elastic self-energy due
to ionized impurity scattering in a Brooks-Herring approach [9, 95,
100]. A random distribution of ionized impurities generates the static
potential

Vion(r) =
∑

c

v(r−xcêx−r‖,c, q0c) =
∑

cq

vc(x,q)eiq(r‖−rc,‖), (4.80)

where v is an individual screened potential of the Thomas-Fermi
(Yukawa) form

v(r, q0) =
e2e−q0r

4πεε0r
, (4.81)

and vc(x,q) is its Fourier transform in the transverse coordinate [9],
centred at some random ion position rc:

vc(x,q) =
e2

2εε0

exp
(

−
√

q20c + q2|x−xc|
)

√

q20c + q2
. (4.82)

The second-quantized Hamiltonian in the basis (4.1) then takes the
form

Hion =
∑

ijmk,cq

e−iqrc,‖Mij(c,q)b̂†imkb̂jm,k−q, (4.83)

with Mij(c,q) ≡
∫

dxti(x)tj(x)vc(x,q). During the derivation of the
self-energy, an impurity averaging over the transverse plane is per-
formed in which a term of the form

1

A

∑

c1c2q

Mα1β1
(c1,q)Mα2β2

(c2,−q)eiq(rc2,‖−rc1,‖) (4.84)

=
1

A

∑

c1xc2xq

Mα1β1
(c1x,q)Mα2β2

(c2x,−q)
∑

c1‖,c2‖

eiq(rc2‖,‖−rc1‖,‖)

simplifies to the expression

∑

c1xq

Mα1β1
(c1x,q)Mα2β2

(c1x,−q)nimp
c1x

. (4.85)
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In (4.84) and (4.85), the location rci of impurities was partitioned
into slabs in the transport direction. nimp

c1x
denotes the sheet density

of ionized impurities at location xc1x . This leads to the self-energy

Σ≷,R(k, E) =
1

2A

∑

cq

nimp
c M(c,k−q)G≷,R(q, E)M(c,k−q). (4.86)

With the additional approximations Mαβ(c,k−q) ∼Mijvc(x,k−q)
and G(q) = G(|q|) the following form is obtained:

Σ
≷,R
αβ (k,E) =

∫

qdq F imp
αβ (k, q)(MG≷,R(q, E)M)αβ , (4.87a)

F imp
αβ (k, q) =

e4

2(4πεε0)2

∑

c

nimp
c

∫ 2π

0

dφ (4.87b)

·
exp

(

−
√

q20c+k
2+q2−2kq cosφ (|xi−xc|+ |xj−xc|)

)

q20c+k
2+q2−2kq cosφ

,

which is in agreement with [9]. Here α = (i,m) and β = (j, n) were
again defined. The inverse Debye screening length q0a is connected to
the density. In a single parabolic band model [101],

q−1
0a =

√

εsε0kT

e2n(xa)λa
, λa =

νa

F−1/2(F−1
1/2(νa))

, νa ≡
n(xa)

Nc(xa)
,

(4.88)
where λ is a correction accounting for Fermi-Dirac statistics (see
Eqns. (2.7) and (2.9) for the definitions of F and Nc). This work
approximates the density in (4.88) by the doping concentration (and
uses Nv instead of Nc in the case of p-doping) such that the costly
computation of (4.87b) only has to be carried out once. As noted
in [95], the Brooks-Herring approach fails for very low densities. This
obstacle was circumvented by introducing a minimum screening wave-
length of 10 nm in the model.

4.5.5 Electron-electron scattering

The lowest-order (Hartree) term of the electron-electron interaction
was already discussed in Sec. 4.2. Here a brief summary of higher-
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order terms is given despite not having them included in the simula-
tions.

Screened Hartree-Fock approximation

The popular screened Hartree-Fock (SHF) approximation, also dub-
bed random-phase approximation (RPA) or GW approximation1, ta-
kes into account a selective number of bubble-type interaction dia-
grams as well as the first-order Fock term. Higher-order bubble dia-
grams remove the divergence which would occur if the second-order
bubble diagram alone were included. For an orthonormal basis, the
associated self-energy is time-local and has the form [103]

ΣR
ij(t) = iGR

ij(t)W
>
ij(t) + iG<

ij(t)W
R
ij(t), (4.89a)

Σ
≷
ij(t) = iG

≷
ij(t)W

≷
ij(t). (4.89b)

This form makes clear the origin of the name GW approximation. The
screened interaction W is found from the longitudinal polarization by

WR(E) = Ṽ(1−PR(E)Ṽ)−1, (4.90a)

W≷(E) = iWR(E)P≷(E)WR(E), (4.90b)

where the definition of Ṽ is given in [103]. The longitudinal polariza-
tion itself is related to the electron Green’s functions via

PR
ij(t) = −iGR

ij(t)G
<
ji(−t)− iG<

ij(t)G
A
ji(−t), (4.91a)

P
≷
ij(t) = −iG≷

ij(t)G
≶
ji(t). (4.91b)

The SHF approximation is able to describe the most important many-
body Coulomb effects such as band edge renormalization and excitonic
signatures in spectra.

1In fact, RPA stands for the approximation of the screened interaction W

in which the longitudinal polarization π is approximated by π·

∝ G·G·, thereby
neglecting any vertex corrections. GW is an approximation of the self-energy
in which Fock and direct collision terms, but not exchange collision terms, are
considered using a screened interaction. The interested reader is referred to the
excellent appendices E and F in [102].
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Second Born approximation and beyond

The second Born approximation (SBA), which should more adequately
be called screened SBA, takes into account all remaining second-order
interaction diagrams in addition to the ones accounted for in the
RPA. The associated self-energy, describing exchange-collision pro-
cesses [102], is of the form Σ· ∼ G·G·G·W ·W · [103].
Even higher order approximations, such as the T-matrix approach pre-
sented in [104], are necessary to describe systems with strong Coulomb
correlations. They involve Bethe-Salpeter equations for the transverse
polarization which look byzantine and appear to be numerically in-
tractable. However, the perturbative expansion of any interaction at
least conceptually permits the inclusion of such terms in the form of
self-energies which are obtained by matrix multiplications of Green’s
functions.

4.5.6 Further scattering mechanisms

Further scattering mechanisms may occur in a semiconductor, al-
though they were not considered in the present work.

• Neutral impurity scattering. This mechanism only matters at
very low temperatures [100] and can therefore be neglected in
optoelectronic applications.

• Alloy disorder scattering. The difference in core potentials of
the binary materials constituting an alloy induces an inherent
elastic scattering mechanism. An example of an NEGF model
for this effect applicable to planar nanostructures can be found
in [9].

• Interface roughness scattering. Statistical deviations from per-
fectly smooth material boundaries lead to static potentials and
scattering which is believed to be important in nanowires and
MOSFETs. In [9], the disorder arising at an interface was
modelled analogously to alloy disorder, leading to elastic self-
energies.

• Nonpolar optical phonon scattering. This deformation-potential
type mechanism becomes important for intervalley scattering in
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Si and Ge above room temperature [100].

• Piezoelectric scattering. In compound semiconductors with zinc-
blende or wurtzite structure, the ionicity of the bonds results
in microscopic electric fields induced by the piezoelectric effect,
leading to scattering with longitudinal acoustic phonons. This
mechanism is additional to the deformation potential scattering
discussed in section 4.5.2. At room temperature, it is believed
to be important only in II-VI materials [100].

• Dislocation scattering. Generally this mechanism only becomes
relevant for dislocation densities above 108 cm−2 [100].

4.6 Simulation flow

A top-level illustration of the simulation algorithm is shown in Fig. 4.3.
A simulation consists of an inner loop, in which the self-energies and
the GF are Gummel-iterated to self-consistency, and an outer loop in
which the converged densities are iterated with the electrostatic po-
tential in the manner described in Subsec. 4.2.1.
The simulation starts with an initial computation of the contact self-
energies and zero scattering. Subsequently, Eqns. (4.10), (4.11), (4.12)
and (4.13) are solved to determine the Green’s functions, giving in-
put to the following computation of scattering self-energies. Scatter-
ing strengths are ramped up in the beginning of a simulation, typi-
cally starting at 1 or 10 percent of the full strength and doubling the
strength in each step. Inner convergence is tested by a mixture of
relative and absolute magnitude of the density and current updates:

|x(k+1)−x(k)|
|x(k+1)|+Nxxref

< εinner ∀x, x = {n, p, Je, Jh}. (4.92)

The outer loop is converged when the change of the potential fulfils
(4.92) with a separately chosen error criterion εouter.

4.7 Implementation

The theory outlined in this chapter was numerically implemented in
form of a highly object-oriented, MPI-parallelized C++ code. All em-
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outer loop

inner loop

Start

Set up x-, k-, E-grid,
Set up options,

Set up materials,
Initial guess for φ

End

Set voltage,
Fermilevels

Compute spectrum,
output results

Determine new
E-grid, interpolate

G
·

Converged?
(φ)

Compute
Σ

R
i ,Σ<

i ,Σ>
i

Update φ by
nonlinear Poisson

equation

Compute
G

R,GA,G<,G>

Converged?
(n, p, J)

YesNo

Yes

No

Figure 4.3: NEGF simulation flow.

ployed libraries are freely available. FLENS2 is used as C++ wrapper
of LAPACK3 and BLAS routines for matrix and vector operations

2flens.sourceforge.net
3www.netlib.org
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involving full complex and real matrices. Routines for the storage
and handling of banded matrices were manually implemented. UMF-
PACK4 is employed as linear solver for the Newton iteration of the
Poisson equation which is discretized using finite elements. Structure
input happens in the DF-ISE format for which a stand-alone script
was created to set up planar structures. Output quantities are com-
patible with MATLAB. An interface exists to the tdkp library for the
employment of FEM-discretized kp Hamiltonians.

4.7.1 Computational cost

The computational burden in NEGF simulations is enormous. Given
a modest discretization of Nx = 100 space points, Nn = 2 bands,
Nk =100 k-points and NE =300 energy points, a single Green’s func-
tion or self-energy consists of (NxNn)2 · NkNE = 1.2 · 109 complex
numbers, an estimated 18 GB of memory. Given that at least GR, G<

and ΣR,Σ< for the contact self-energy and a couple of scattering
self-energies have to be stored, a memory consumption of 200 GB is
easily approached. Furthermore, G>, GA and Σ> should preferably
be stored as well to avoid multiple computations of the same quantity.
On the computational side, the solution of (4.10) involves NkNE ma-
trix inversions whose computational cost scales as (NxNn)ν , where
2<ν≤3. Estimating the time to invert a 200x200 complex matrix to
be 0.05 s, inversion of 30’000 such matrices already takes 25 minutes of
CPU time. Such a single computation of GR needs to be performed
many times to achieve self-consistency with the self-energies (inner
loop) and the potential (outer loop) — at a fixed voltage.
These simple considerations illustrate the necessity of a reduction of
computational burden as well as parallelization. Subsec. 4.7.2 de-
scribes a strategy for a sensible choice of the energy grid which adapts
to the energetic ranges most important for a device. In Subsec. 4.7.4
an outline is given on how the distribution onto multiple computers
is done. Despite these improvements, the memory and CPU require-
ments would still not be feasible with the use of full complex matrices
for every GF and self-energy. Historically, diagonal self-energies were
assumed which allow for the restriction of the GF computation to its

4www.cise.ufl.edu/research/sparse/umfpack/
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diagonal parts. In the case of GR, a forward-backward substitution
algorithm [105] was invented which reduces the computational cost of
its computation to O(NxNn).
The diagonal approximation of self-energies is not applicable to the
present formalism for two reasons. First, a non-orthogonal basis choice
introduces offdiagonal elements even if the self-energy were diagonal
in an orthogonal basis. Second and more importantly, while it may
be argued [106,107] over the locality of the optical phonon scattering
process, photon scattering is certainly nonlocal, as can be observed
both by numerical trial [108] and physical intuition considering the
wavelength of the photon.
In this work, self-energies as well as the lesser and greater GF were
implemented as banded matrices. The number of calculated offdiag-
onals varies for individual scattering mechanisms and ranges from 2
(acoustic phonons) up to 20 (photons). In the photon case it has to
be adjusted to the simulated structure and the discretization. In a
simulation where photon emission stems from a quantum well with
a discretization of NQW points, the photon energy should be chosen
to include NQW offdiagonals. GR is still calculated and stored as a
full matrix. The reduction of memory and communication achieved
by the use of such an approach is enormous.

4.7.2 Determination of the energy grid

As will become apparent by the simulation examples in Chap. 5, some
energetic ranges, such as near the Fermilevels of the injecting contacts
or the bound subbands in a quantum well, are far more important than
others. Thus a regularly spaced energy grid would be a poor choice
and display bad convergence in many cases. Adopting a simplified
version of the successful approach of [109], the energy grid is instead
determined by inversion of a monotonic function F :

Ei = F−1

(

Fmin+
i

NE−1
(Fmax−Fmin)

)

. (4.93)

Here Ei is point i of the energy grid and Emin, Emax denote the given
energy grid boundary. The range of F is [Fmin ≡ F (Emin), Fmax ≡
F (Emax)]. Graphically, this procedure amounts to plotting F (E) and
then finding the x-axis value for every point of the equally spaced
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partition of the range of F on the y-axis.
F is a weighted sum

∑

i xiFi of several monotonic functions describing
individual refinements. The standard linear distribution F0(E) =

E−Emin

Emax−Emin
is augmented with refinements of the form FL,R = 1 −

fFD(E,EL,R
F ) around the Fermilevels of the left and right contact,

where fFD is the Fermi-Dirac distribution function. For quantum
well simulations, further contributions of the form Fi = 1−fFD(E,Ei)
with bound subband energies Ei can be included. The inversion of F
is done using Newton’s method.
When quantum well resonances are included in the refinement, the
energy grid is freshly determined after every potential update. In the
other cases, the energy grid changes for each voltage. In case of a new
energy grid, the Green’s functions must be interpolated from the old
grid to have reasonable starting guesses for the self-energies.

Handling of divergences in the density of states

For planar structures, the contact self-energies (4.28) and (4.29) are
calculated separately for every transversal mode k. The one-dimen-
sional density of states resulting from an individual k-point has a 1√

E
-

dependence and hence a divergence at kx = 0. In the continuum limit,
superposition of all k-modes would recover the three-dimensional den-
sity of states of the form

√
E. In the discretized case, care must be

taken during the energy grid determination to ensure that no diver-
gence is accidentally hit, which would result in serious errors in the
numerical integration of the modes. As soon as the injected con-
tact states are broadened, e.g. by an optical potential as described in
Sec. 4.4, the divergences are removed.
The energetic position of the divergences is found by the observation
that they arise at energies Eµ(ki, kx = 0) of contact states φµ with
vanishing longitudinal wavevector. Using φµ

i = φµ
0 (see Eqn. (4.32)),

the lead Schrödinger equation (4.31) then reads

(H00(ki) + Hl(ki) + Hu(ki))φ
(µ)
0 = Eµ(ki)(M00 + Mu + Ml)φ

(µ)
0 .

(4.94)
The divergences are consequently the eigenvalues of the matrix (M00+
Mu +Ml)

−1(H00(ki)+Hl(ki)+Hu(ki)). In practice, an energy grid
point determined from (4.93) which is close to a divergence (typically
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less than 1 meV) is replaced by an energy grid point just below the
divergence (typically 0.1 meV).

4.7.3 Current conservation

All presented scattering mechanisms conserve the number of electrons,
and any discretization should do the same. This amounts to the equal-
ity of current at the left and right boundary, as can be seen e.g. from
Eqn. (125) in [74]. Using formula (4.25) for the divergence of individ-
ual scattering currents, the following condition must be satisfied:
∑

ija

∆Eiwj

(

Σs,<(kj , Ei)G
>(kj , Ei)−G<(kj , Ei)Σ

s,>(kj , Ei)
)

aa
=0,

(4.95)
where ∆Eiwj is the numerical weight of point (Ei,kj) and a = (i,m)
stands for space and band indices. In the case of the discretized
Golizadeh (Eqns. (4.38)), acoustic phonon (Eqn. (4.47)) and photon
(Eqn. (4.63)) self-energies it can be proven that this relationship is
indeed fulfilled. For the polar optical phonon self-energies (4.49), care
has to be taken in the Green’s function interpolation and in the choice
of real-space basis. The energy Ei ± ~ωLO needed in (4.49) does in
general not lie on the energy grid and the corresponding GF needs to
be interpolated linearly from surrounding energy grid points:

G≷(q, Ei − ~ω) =
∑

j

λijG
≷(q, Ej), (4.96a)

G≷(q, Ei + ~ω) =
∑

j

µijG
≷(q, Ej), (4.96b)

with some interpolation coefficients (λij ) and (µij). Expressing the
self-energy in terms of these interpolations, the following necessary
(but not sufficient) condition is obtained in order for (4.95) to be
fulfilled:

∆Eiλij = ∆Ejµji ∀i, j, (4.97)

i.e. the down- and upcoupling interpolation coefficients cannot be cho-
sen independently. In this work, the coefficients λij were obtained by

partitioning the interval [
Ej+Ej−1

2 +~ω,
Ej+Ej+1

2 +~ω] into contribu-

tions of intervals [Ei+Ei−1

2 , Ei+Ei+1

2 ] and then µij were determined
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according to (4.97).
Given that the choice of energy interpolation is made according to
(4.97), some algebra yields the remaining condition

FadMabMcd = FbcMabMcd, (4.98)

which must be fulfilled for all a, b, c, d. Evidently this relation can
only be fulfilled iff Mab ∝ δab and Mcd ∝ δcd, i.e. for an orthogonal
basis. Numerical calculations indeed show that current conservation
is strongly violated whenever (4.97) or (4.98) is not respected.
In the case of ionized impurity scattering, no energy interpolation is
needed but a similar condition to (4.97) is obtained in order for the
current to be conserved. As both these mechanisms are detrimental in
optoelectronic devices, one concludes that the forms (4.49) and (4.87)
cannot be used in conjunction with a finite-element basis.

4.7.4 MPI-parallelization

Inclusion of the message-passing protocol MPI [110] enables the use
of high-performance computing clusters which is of paramount im-
portance to multiband simulations with scattering. In this work,
the computation and storage of Green’s functions and self-energies
was distributed on clusters by partitioning the energy grid. For a
given energy point, all k are stored in the same computing process.
Eqns. (4.10), (4.12), (4.28) and elastic self-energies are energy-local
such that the parallelization scales well with the number of cores.
Apart from a minimal amount of communication needed to trans-
mit the single-particle quantities described in Sec. 4.3 to the master
process, the main factor limiting scalability is the GF interpolation
between old and new energy grids described in Subsec. 4.7.2. Such an
interpolation usually involves heavy MPI communication.
For inelastic scattering mechanisms such as described by Eqns. (4.49)
and (4.60), the self-energies for an energy E couple to the GF at ener-
gies E±~ω. For optical phonons, this energy is fixed at ~ωLO, but for
photons it varies over the entire range of photon energies. Whenever
Green’s functions needed for self-energies are not stored by the same
computing process, they need to be sent over the network. MPI com-
munication for the determination of electron-photon self-energies has
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turned out to be the crucial factor limiting the speed of luminescent
simulations.
The involved communication is decentralized in the sense that sev-
eral send-receive operations can take place at the same time because
a given process does not need information from all other processes.
The following home-grown algorithm tries to exploit this fact:

1. Each process compresses its data such that a single zipped array
containing all k-values of a Green’s function or self-energy is
available for a given energy.

2. Mark the first process which has not yet been receiving as re-
ceiver.

3. Mark all processes on which the receiver relies as sender.

4. Out of the remaining processes which have not yet been receiv-
ing, check if there is one which does not rely on the processes
marked so far and mark it as receiver; mark all the senders to
this process as sender.

5. Repeat the previous step until no more receiver can be found.

6. Each process determines the amount of data needed for commu-
nication and broadcasts this information. In the case of anti-
Hermitian matrices, only half the data has to be sent.

7. Transmit the data by a nonblocking send method (MPI_Bsend).

8. Repeat steps 2 to 7 until every process was marked as receiver.

In the case of optical phonon scattering the received data can be
stored for further processing until all MPI communication has been
completed. For spontaneous emission self-energies however, a process
may couple to hundreds of other processes leading to huge amounts of
needed storage space. Instead the data is processed immediately after
it is received, resulting in a slow-down of the communication because
a process is not available for send operations as long as it processes
the received data.
Fig. 4.4 shows performance benchmarks for a GaAs p-i-n diode (1018

cm−3 p- and n-doping, 10 nm intrinsic region) in the case of ballistic
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transport, optical phonon scattering and spontaneous emission. The
benchmark shows the normalized wall clock time needed to compute
a single voltage step at 1.0 V, computed with Nk =40, NE =375. At
higher voltages the spontaneous emission simulation would slow down
even more because more emission takes place and consequently more
data needs to be sent around.
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Figure 4.4: Performance benchmarks for a p-i-n diode.

4.7.5 Choice of numerical parameters

Several numerical parameters must be chosen sensibly to get con-
verged results at a manageable computational cost. They are the
maximum wavevector kmax, the amount of wavevector points Nk,
the amount of energy points NE , the grid discretization Nx and the
amount of computed offdiagonals in the self-energies.
The choice of kmax depends on the doping. A good choice is kmax =
1.5max(kFe, kFh), where the quasi-Fermi wavevectors kFe,h in the

doped regions are determined from kFe,h =
√

2me,h∆Ee,h

~2 , ∆Ee,h =

kTF−1
1/2

(

Nd

Nc,v

)

. In the limitNd � Nc,v, F1/2

(

Nd

Nc,v

)

∼ 4
3
√

π

(

Nd

Nc,v

)3/2

and with the help of (2.9) the approximation kFe,h =
(

3π2Nd

2

)1/3

is

obtained, independent of me,h.
Choosing the remaining parameters is a matter of experience. A grid
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Figure 4.5: Left: Convergence of the ballistic current at 0.1 V of the
structure presented in Sec. 5.1 with middle length 60 nm for different
choices of Nk and NE (dx=0.8 nm, kmax = 1.5 nm−1). Right: Conver-
gence of the same quantity as a function of dx (Nk = 80, NE = 300).

spacing which is too coarse results in spatial density and LDOS oscil-
lations and hinders convergence. The choice of Nk is visible in form of
ripples in the spectral quantities (see Sec. 5.1) and together with NE

also influences convergence. However, the required computation time
and memory is linear in these quantities, as opposed to Nx. The self-
energies displayed in Sec. 5.1 give indications for reasonable choices
of the number of included offdiagonals.
Fig. 4.5 illustrates the convergence of the ballistic current at 0.1 V
for the structure investigated in Sec. 5.1. For dx=0.8 nm and a mid-
dle length of 60 nm, the obtained current for different Nk and NE is
compared to the value with the highest discretization in Fig. 4.5(a).
The comparatively small relative magnitude of the error even at low
discretization hints that energy-integrated quantities are not as sen-
sitive to these discretization parameters as might be expected from
the spectrally resolved results. n-type devices typically need a large
energy range while k- and x-discretization can be modest, whereas p-
type devices need both fine k- and x-discretization but not such a fine
energy discretization due to the large effective mass. In Fig. 4.5(b) the
relative change in current is displayed as a function of x-discretization
for fixed Nk = 80, NE = 300. The magnitude of the change is signifi-
cantly larger than in the variation of Nk and NE.



Chapter 5

NEGF Simulation
Examples

5.1 Individual scattering mechanisms in a
resistor

The investigation of a simple resistive structure such as the one de-
picted in Fig. 5.1 has multiple purposes. First, it is well under-
stood [111–113] and has been studied also within the NEGF formal-
ism [85, 92, 114], permitting a validation of the simulations. Second,
the potential profile resembles that of a MOSFET along the chan-
nel [75] and therefore also has some technological relevance. Third,
the unipolarity of the device and relatively slack discretization re-
quirements ease the simulations from a numerical point of view.
The chosen structure resembles that of [92]. The small effective mass
in GaAs of 0.067m0 permits a much larger discretization spacing for
converged results compared to the Si case. This allows for simulations
of longer structures and hence the doping of the centre region can be
chosen to be smaller than in [92] due to the relative size of the screen-
ing length which is induced in a self-consistent way by the Poisson
equation.
The discretization parameters were chosen to be a uniform grid spac-

101
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ing of ∆x =1.2 nm,Nk =80, kmax =1.5 nm−1, NE =300, Emin =1.2 eV
and Emax =2.1 eV. The energy grid is nonuniform and changes after
every potential update with relative weights of the determining mono-
tonic function contributions (see Subsec. 4.7.2) of x0 = 1, xL = 2 and
xR = 1. The potential update was damped with λ = 0.1 (see Sub-
sec. 4.2.1). Inner and outer convergence (see Sec. 4.6) were tested
with error criteria of εinner =10−6, εouter =3·10−5 and reference sizes
of nref =1016 cm−3, Jref

e =1 A
cm2 and φref =1 V. Unless stated other-

wise, an optical potential of 1 meV was taken to broaden the injected
contact states (see Sec. 4.4). All simulations were performed for a
voltage range of 0–0.2 V with 50 mV steps, and at room temperature.

n+
2·1019cm−3

n
2·1018cm−3

n+
2·1019cm−3

� �

Figure 5.1: Schematic of the resistive structure.

5.1.1 Ballistic transport

Fig. 5.2 shows the results of a ballistic simulation for a central region
length of 96 nm. Convergence was achieved in 12 or less outer itera-
tions for all voltages. Figs. (a) and (b) depict the electron density at
0 and 0.2 V as calculated from Eqn. (4.18), Figs. (c) and (d) show the
local density of states (4.17) at the same voltage points, Fig. (e) shows
the spectrally resolved current (4.21) at 0.2 V and Fig. (f) plots the
I-V curve. The band edge Ec−eφ(x) is also shown. Contrary to most
literature [75, 81], k 6= 0 contributions are included in the plots. The
energy axis denotes the total carrier energy. Hence the plotted po-
tential shape only appeals to carriers with no transverse momentum.
Carriers with k 6= 0 experience a potential barrier shifted upwards by
~
2k2

2me
.

The spectral shape of the electron density in the highly doped n+ re-



5.1. SCATTERING IN A RESISTOR 103

x[nm]

E
[e

V
]

20 40 60 80 100
1.2

1.3

1.4

1.5

1.6

1.7

1.8

1.9

2

x[nm]

E
[e

V
]

20 40 60 80 100
1.2

1.3

1.4

1.5

1.6

1.7

1.8

1.9

2

x[nm]

E
[e

V
]

20 40 60 80 100
1.2

1.3

1.4

1.5

1.6

1.7

1.8

1.9

2

x[nm]

E
[e

V
]

20 40 60 80 100
1.2

1.3

1.4

1.5

1.6

1.7

1.8

1.9

2

x[nm]

E
[e

V
]

20 40 60 80 100
1.2

1.3

1.4

1.5

1.6

1.7

1.8

1.9

2

0 0.05 0.1 0.15 0.2
0

2

4

6

8

10

12

14

16
x 10

6

V [V]

J 
[A

/c
m

2 ]

(a) (b)

(c) (d)

(e) (f)

Figure 5.2: Top: Spatial and spectral electron distribution (a) in
equilibrium and (b) at 0.2 V. Middle: Local density of states (c) in
equilibrium and (d) at 0.2 V. Bottom: (e) spectral current distribution
and (f) I-V curve at 0.2 V.
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Figure 5.3: Left: Comparison of analytical and numerical LDOS.
Right: Density profile for equilibrium and at 0.2 V.

gions departs from the Fermi distribution even at equilibrium. This is
due to the coherent superposition of incident and reflected waves near
the potential barrier which results in energy-dependent interference
effects. The spatial extension of the potential transition near the n+
/ n interfaces is related to the doping concentration. The potential
flattens out towards the centre of the structure both in equilibrium
and at a finite applied voltage, which is a result of the absence of
scattering.
The ripples observed in the LDOS and to a smaller extent also in
the density are an artifact of the discretization. As pointed out in
Sec. 4.7.2, the discretization of k-space has the effect of injecting a
finite number of one-dimensional modes, each with a characteristic

1√
E

-dependence of the DOS, whose superposition would lead to the

3D-DOS in the limit Nk → ∞. In Fig. 5.3(a), the equilibrium lo-
cal density of states at x=36 nm is compared to the analytical value

ρ3(E) = 2 m3/2

√
2π2~3

√

E − (Ec−eφ(x)). Since k is discretized in a lin-

ear fashion, the energetic spacing ∆En between modes behaves like
((n+1)∆k)2 − (n∆k)2 = (2n+1)∆2

k.
Looking at Fig. 5.2(e), the spectral current is constant throughout the

entire structure and no energetic redistribution of the carriers takes
place. Conduction arises from thermionic emission over the potential
barrier rather than tunneling. From Fig. 5.2(f) it is evident that the
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Figure 5.4: Top: Spectral electron density at 0.2 V for n+ region
lengths of (a) 6 nm and (b) 24 nm. Bottom: Electron density at 0.2 V
for different n+ region lengths.
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(c)

structure essentially behaves as an Ohmic resistor. The finite bias
induces an imbalance in the population of left- and right-travelling
states, and the approximately linear relationship between current and
voltage is expected from results using e.g. the Landauer-Büttiker for-
malism.

Influence of the highly doped region length

In Fig. 5.4 the spectral density is plotted for n+ region lengths of
6 nm and 24 nm, respectively. The change in ballistic current in these
two settings is less than 0.3% and therefore insignificant. However,
Fig. 5.4(c) illustrates that for very short n+ extensions the density
is unable to attain its equilibrium value near the contacts due to the
finite screening length.
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Figure 5.5: Spectrally resolved density near the left contact for contact
states broadened by (a) 0.1 meV and (b) 10 meV.

Influence of contact state broadening

The influence of contact broadening on the obtained results is mi-
nor. The ballistic results presented here using an optical potential of
1 meV were compared to results using 0.1 meV and 10 meV optical po-
tential. Calculated currents differ by less than 0.1%. Density changes
are also insignificant and only visible in the immediate vicinity of the
contacts. The effect on the spectrally resolved density in a ballistic
simulation at 0.2 V is displayed in Fig. 5.5. Superposition of broad-
ened 1D-modes leads to an aggregate density of states which more
closely resembles the analytical 3D shape. This effect may sometimes
facilitate convergence.

5.1.2 Influence of acoustic phonon scattering

Acoustic phonon scattering only has a small impact on the poten-
tial profile, spectrally resolved densities and currents. Most of the
obtained spectral results are hardly distinguishable from the ballis-
tic case (Fig. 5.2) and therefore not shown. A slight difference can
be seen in the LDOS at 0.2 V, displayed in Fig. 5.6(a). The self-
consistent band edge (black line) is compared to the ballistic case
(red line). A minuscule increase in the slope of the potential in the
centre of the structure can be spotted. Furthermore, the ripples in
the LDOS slightly decrease due to phonon-induced broadening. The
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Figure 5.6: Microscopic results for a simulation including acoustic
phonon scattering. Left: Local density of states. Right: Scattering
self-energy

∫

dk
(2π)2 Σ

<(k, E=1.75 eV) at 0.2 V.

self-energy
∫

dk
(2π)2 Σ

<(k, E) is depicted in Fig. 5.6(b) for the current-

carrying states at E = 1.75 eV and 0.2 V, illustrating that acoustic
phonon scattering is essentially local.

5.1.3 Influence of polar optical phonon scattering

Polar optical phonons (POPs) have a stronger impact. In Figs. 5.7(a-
c), the ripples in spectral quantities have smoothed out due to broad-
ening. Also displayed in Fig. 5.7(c) is the ballistic potential profile
which is clearly distinguishable from the profile obtained when scat-
tering is included. The linear drop in the centre of the structure
hints that dissipation takes place by the emission of optical phonons.
Fig. 5.7(d) illustrates that vertical transport occurs in which a frac-
tion of the injected source carriers are relaxed to lower energies by
phonon emission before reaching the drain.
Fig. 5.7(e) displays the aggregate POP self-energy

∫

dk
(2π)2 Σ

<(k, E=

1.75 eV). POP scattering is not as local as acoustic phonon scatter-
ing. Some degree of nonlocality persists over the range of the screening
length. Lastly, in Fig. 5.7(f) I-V curves obtained for different choices
of the inverse screening length q0 are compared to the ballistic simu-
lation, illustrating that the scattering strength is scaled by the choice
of this parameter. The density profile is virtually identical to the bal-
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Figure 5.7: Microscopic results for a simulation including polar opti-
cal phonon scattering. Top: Spatial and spectral electron distribution
(a) in equilibrium and (b) at 0.2 V. Middle: (c) LDOS and (d) spec-
tral current distribution at 0.2 V. Bottom: (e) Scattering self-energy
∫

dk
(2π)2 Σ

<(k, E=1.75 eV) at 0.2 V. (f) Comparison of I-V curves for

different choices of q0.
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Figure 5.8: Microscopic results for a simulation including ionized
impurity scattering. Left: Scattering self-energy

∫

dk
(2π)2 Σ

<(k, E =

1.75 eV) at 0.2 V. Right: Comparison of I-V curves for Boltzmann
screening, Fermi screening and the ballistic result.

listic case and not shown. Convergence of the inner loop was typically
achieved in less than 15 iterations for all voltages.

5.1.4 Influence of ionized impurity scattering

While the LDOS, spectral density and spectral current look very sim-
ilar to other elastic scattering mechanisms, the self-energy depicted
in Fig. 5.8(a) deserves some discussion. Clearly visible is the differ-
ent degree of nonlocality in the middle and contact regions. This
reflects the differing inverse screening length (4.88) which amounts to
3.4 nm−1 and 0.5 nm−1 for the given doping levels, respectively. The
inclusion of the Fermi-Dirac correction factor λ in (4.88) is important
not only for the (non-)locality but also for the overall strength of the
scattering mechanism. In Fig. 5.8(b), the I-V curve is compared to
the ballistic current and to a simulation where this correction was ne-
glected. Convergence for these simulations was typically achieved in
10-20 inner iterations.
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Figure 5.9: Microscopic results for a simulation including Golizadeh
momentum relaxation. Left: Local density of states. Right: Scatter-
ing self-energy

∫

dk
(2π)2 Σ

<(k, E=1.75 eV) at 0.2 V.

5.1.5 Influence of Golizadeh-type scattering

The momentum- and phase-relaxing scattering mechanism Σ(m) (see
Eqn. (4.38)) is investigated in Fig. 5.9 for a strength of dm = (20 meV)2.
Scattering is local by construction. Convergence is generally poor for
Golizadeh-type scattering mechanisms and can reach up to 50 needed
inner iterations. Every update of the electrostatic potential shifts the
injected 1D-modes by a small amount which may result in a signifi-
cantly altered density of states at a given energy. In the phonon and
photon case, this alteration is compensated by a mixture of k-vectors
which renders the self-energies insensitive to this discretization effect.
Due to the absence of such a compensation, the initial guess for the
Golizadeh self-energies obtained from the previous loop may be poor
and the self-energies at individual discretization points can take an
entirely different shape.

5.1.6 Approximate mobilities of individual scat-
tering mechanisms, Matthiessen rule

The influence of the device length on the current can be modelled as

R(L) = Rball +
L

A
ρ, (5.1)
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µe(
cm2

V s ) @ 50 mV
Ballistic 3.3·105

Acoustic phonons 3.1·104

Polar optical phonons (q0 = (5 nm)−1) 9.5·103

Polar optical phonons (q0 = (100 nm)−1) 7.8·103

Ionized impurities 1.9·104

Ionized impurities (λ = 1 in (4.88)) 1.1·104

Golizadeh momentum relax. (dm = (20 meV)2) 4.9·103

Golizadeh momentum relax. (dm = (10 meV)2) 1.1·104

AC + POP + II 5.9·103

Table 5.1: Approximate mobilities of individual scattering mecha-
nisms (n=2·1018 cm−3). The ballistic value should approach infinity.

where R(L) is the resistance of the device with a middle region length
L and ρ is the resistivity induced by scattering which is related to the
mobility by

ρ =
1

σ
=

1

neµ
. (5.2)

Table 5.1 lists the mobilities obtained from a linear fit of simulations
with L= {60, 72, 84, 96, 108, 120}nm to Eqn. (5.1), where R(L, V ) =

V
I(L,V ) was computed at V =50 mV and only a single scattering mech-

anism was included. Values obtained from fits at higher voltages lie in
the same range in the case of phonon scattering but differ significantly
in the case of ionized impurity and Golizadeh-type scattering. Also
shown is the ballistic mobility [115], which is one order of magnitude
larger than all scattering mobilities, and the value of a simulation in-
cluding acoustic phonon, polar optical phonon and ionized impurity
scattering. The obtained values for phonon scattering are generally
a little lower than expected from literature (see Fig. 4.11 in [101]),
whereas ionized impurity scattering is a little weaker than expected.
However, these calculations should only be seen as rough estimates.
Fig. 5.10 displays the resistance as a function of L and all voltages
in the ballistic case and for polar optical phonon scattering. The fact
that graphs for different voltages do not coincide reflects a departure
from an ideal Ohmic resistance which is inconsistent with the pedes-
trian approach presented here to calculate mobilities. Nevertheless,
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Figure 5.10: Resistance R as function of middle region length L the
cases of ballistic transport (black) and transport with polar optical
phonon scattering (left, blue) and ionized impurity scattering (right,
blue).

the relative strengths of the scattering mechanism as well as the order
of magnitude of the absolute strength seem to be reasonable.
The mobility calculated from simulations with polar optical phonon,

acoustic phonon and ionized impurity scattering amounts to µtot =

6.063·103 cm2

V s at 50 mV. According to the Matthiessen rule [101], this
mobility can be approximated from the individual scattering mobili-
ties

1

µM
=
∑

s

1

µs
, (5.3)

where s runs over all included scattering mechanisms. In the present

example µM = 5.223 ·103 cm2

V s , which differs by more than 10% from
the simulated value [101].
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5.2 Single quantum well LED

The previous section has laid the groundwork on which more sophisti-
cated simulations can be built. The mobilities in Table 5.1 show that
the strength of the implemented scattering models is on a reasonable
scale. Moreover, physical understanding of effects such as broadening
and relaxation was obtained. Armed with these tools, an investiga-
tion of the single quantum well light-emitting diode (LED) depicted
in Fig. 5.11 is carried out [116].

p
1019cm−3

i
QW

n
1019cm−3

� �

Al0.3GaAs GaAs Al0.3GaAs

Figure 5.11: Schematic of the single quantum well LED.

The structure consists of an 8.4 nm wide GaAs quantum well (QW)
embedded in an Al0.3GaAs p–i–n junction with symmetric doping of
1019 cm−3 on both sides. The doped region length of 10 nm suffices
to sustain a flat-band situation near the contacts. The total length of
the i-region including the QW is 24.8 nm.
To the author’s knowledge, the present simulation marks the first
time that spontaneous emission was considered in a quantum trans-
port simulation using the NEGF framework, and thus also the first
investigation of an LED in this context. Absorption calculations in
the NEGF picture have been more prominent historically. Ref. [97],
which looked at the photocurrent response in resonant tunneling de-
tectors, was the basis for photocurrent investigations in nanotubes
[117, 118] and quantum well solar cells [81]. Gain and absorption
spectra in quantum cascade structures were calculated in a linear re-
sponse picture in [76, 94]. Green’s functions were also employed to
calculate gain, absorption and luminescence spectra in QW structures
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in [99,104,119]. The employed basis, however, consisted of the single-
particle eigenstates of the QW and no transport was considered. All
this work expanded upon earlier research on light-matter coupling in
the NEGF formalism which may have historically originated in the
work of DuBois [120].

5.2.1 Choice of physical and discretization param-
eters

As for the QWR LED in Chap. 3, the choice of an AlGaAs-based
device facilitates the analysis in that the system is free of strain and
material parameters are well-known. Standard room temperature pa-
rameters, shown in Table 5.2, are employed with two exceptions: The
optical matrix parameter is chosen to be EP = 18 eV [36], i.e. slightly
lower than literature values, and the hole effective mass is set to 0.2m0.
The artificial choice of the latter eases numerical requirements because
a higher effective mass needs finer spatial discretization. The p- and
i-regions of the structure are discretized using a grid spacing of 0.5 nm
whereas the n-region has a discretization of 1 nm. In the vicinity of
a heterojunction, the discretization is set to 0.1 nm to obtain sharp
interfaces. In total, the device consists of Nx = 77 spatial grid points.
Using (4.88), the Debye screening length which enters the ionized im-
purity self-energy is 0.8 nm in the p-region and 0.6 nm in the n-region
under the assumption that the carrier density equals the doping. In
the i-region it is set to 5 nm to avoid massive long-range effects.
Further discretization parameters include Nk = 80, kmax = 1.5 nm−1

and NE = 400. Spontaneous emission spectra are computed in a win-
dow between 1.32 eV and 1.82 eV. Contact states are broadened with
an optical potential of 1 meV. The inner and outer convergence cri-
terion (4.92) is tested with εinner = 10−4 and εouter = 3 · 10−5. The
algorithm given in Fig. 4.3 was slightly altered in that a new simu-
lation was started for each voltage point and scattering was ramped
up for each voltage. The simulation was run on 100 cores and needed
several days to complete.
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Quantity Al0.3GaAs GaAs
Ec 1.682 eV 1.422 eV
Ev -0.159 eV 0 eV
me 0.092m0 0.067m0

mh 0.2m0 0.2m0

ε0 11.92 13.1
ε∞ 9.93
~ωLO 36.15 meV
a 5.656 Å
DCB , DV B 7 eV, 3.5 eV
ρ 4900 kg m−3

cs 5500 m s−1

EP 18 eV

Table 5.2: Physical parameters in the QW-LED simulation. Empty
entries mean that this quantity is not needed in the simulation.

5.2.2 Choice of scattering mechanisms

Scattering with ionized impurities, optical and acoustic phonons, an
empty free-space photon field and a Golizadeh-type phase and mo-
mentum relaxation mechanism (see Sec. 4.5.1) is taken into account.
The latter mechanism is introduced with dm = (7 meV)2 in order to
obtain additional broadening particularly in the QW. Results omitting
the Golizadeh-type self-energy showed that the reduced broadening in
the QW restores the sharp artifact oscillations associated with numer-
ical discretization of k-space, leading to bad convergence. Inclusion
of Golizadeh broadening may be justified by the absence of electron-
electron interactions in the simulation apart from the Hartree term,
which are likely to have a similar effect.
To ease memory requirements, self-energy matrices are considered as
banded where the number of nonzero offdiagonals is chosen indepen-
dently for each scattering mechanism in order to reflect the different
degrees of nonlocality. Twenty nonzero offdiagonals are chosen for
ionized impurity, polar optical phonon and spontaneous photon scat-
tering which amounts to a maximum nonlocality of 5 nm in the QW
and p-barrier regions. Acoustic phonons as well as the Golizadeh
self-energy have three nonzero offdiagonals.
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5.2.3 Microscopic results

Local density of states and spectral densities
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Figure 5.12: Local density of states at turn-on (1.5 V).

The local density of states (LDOS) at 1.5 V is shown in Fig. 5.12.
Contrary to other work [81], the aggregate LDOS of all k-vectors (and
not only k = 0) is plotted against the total carrier energy E. In the
barrier regions it essentially follows the

√
E-dependency of bulk car-

riers in parabolic bands. The decrease far below the valence band
edge stems from the wavevector cut-off at 1.5 nm−1 and does not
influence the results. In the QW the behaviour is different. The en-
ergetic dependence there resembles a step function and reflects the
two-dimensional nature of the states. The onset of the first and sec-
ond bound subbands is clearly visible for both electrons and holes.
The different spatial shape of these subbands agrees with expected
results from a simple Schrödinger equation which leads to the conclu-
sion that coherence is essentially preserved in the well.
The energetic distribution of electrons and holes (Figs. 5.13 and 5.14)
reflects the different effective masses. Defining a turn-on point at
6 A

cm2 , which is reached around 1.5 V as Fig. 5.19 will show, the sit-
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Figure 5.13: Spectral electron and hole density below turn-on (1.4 V).

Figure 5.14: Spectral electron and hole density above turn-on (1.6 V).

uations above and below turn-on differ. Below turn-on (Fig. 5.13)
the well density does not significantly alter the electrostatic potential
such that a quantum-confined Stark effect [30] is present. At higher
voltages (Fig. 5.14) this effect diminishes and higher subbands get
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Figure 5.15: Spectral current at 1.6 V (linear-scale plot).

populated.

Spectral current

The spectrally resolved current at 1.6 V is displayed in Fig. 5.15 on
a linear scale and in Fig. 5.16 on a logarithmic scale. The injected
near-coherent density of states is quickly broadened due to the present
scattering mechanisms. This adaptation manifests itself in large spec-
tral currents near the contacts. Furthermore, sharp spectral features
are encountered within the energy ranges of the bound states. The
origin of these features remains obscure, but they may be attributed
to the preserved coherence in the well and thus enhanced discretiza-
tion effects. Several physical effects can be observed in the logarithmic
plot. Above the barriers an electron leakage current flows which, at
higher voltages, is the reason for a decline in the internal quantum ef-
ficiency. Other important effects for such a decrease, namely SRH and
Auger recombination as well as lattice heating, are absent from the
simulation and therefore the efficiency is unity at low and moderate
voltages. The disappearance of current at energies above the barrier
band edge within the QW is interpreted as carrier capture mediated
by optical phonons. This effect can be justified in a plot of the op-
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Figure 5.16: Spectral current at 1.6 V (logarithmic plot).

tical phonon scattering current (not shown), although the situation
is again complicated by the influence of numerical discretization and
broadening effects. Looking at Fig. 5.15, an important mechanism for
the transfer between bulk and confined carriers appears to be direct
tunneling. This effect decreases at higher voltages when the flat-band
situation is approached. However, a small potential step remains even
in high-power LEDs such that tunneling could prevail. This effect is
not taken into account in semiclassical models.

Radiative recombination

Band-to-band recombination is illustrated in Fig. 5.17, where the di-
vergence of the scattering current (4.25) is plotted for the electron-
photon interaction. The spatial dependence of this quantity should
be interpreted with caution because only the sum of (4.25) over all
vertices is invariant with respect to the ordering of the matrices but
not necessarily the individual, spatially resolved quantities. This ob-
servation may be of particular importance for nonlocal interactions
such as the spontaneous emission.
The quantum-mechanical penetration of states into the band edge
permits radiative transitions below the band gap. This effect, known
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Figure 5.17: Divergence of the photon scattering current at 1.5 V.

as Franz-Keldysh effect [30], results in a shift of the emission spec-
trum at low voltages and can be substantial in NEGF simulations of
pn-junctions which are not further discussed here [121]. As illustrated
in Fig. 5.17, the effect is also potentially present in a QW-LED with
an internal field but is usually covered by the confinement energy.
The spatially resolved emission spectrum, as a function of the photon
energy ~ω, is plotted in Fig. 5.18. The spatial asymmetry at 1.5 eV
is due to emission from the second valence subband which is also vis-
ible in Fig. 5.17. Vertical oscillations are artifacts from the numerical
discretization of k-space (see Subsec. 4.7.2).

5.2.4 I-V and P -V characteristics, emission spec-
tra

Current and output power essentially display the exponential depen-
dence on the applied voltage expected from the p-n junction (see
Fig. 5.19). At low and moderate voltages, all injected carriers re-
combine radiatively and the shape of the spectrum is essentially in-
dependent of the voltage. Therefore the current and output power
are connected by multiplying the former with the average emission
energy which roughly amounts to 1.5 eV. At high voltages, two effects
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Figure 5.19: Comparison between NEGF (solid) and AQUA (dashed)
P -V and I-V curves.

contribute to the departure from this simple relationship. First, the
spectral shape changes due to state filling and the influence of higher
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spectra. The legend displays the corresponding output power in W

cm2 .

valence subbands. Second, electron leakage lets electrons traverse the
entire structure without getting captured by the QW. As already de-
scribed in Sec. 5.1 and also noted in [121], scattering is generally low
for these states such that most of the leakage current is coherent. The
physical picture therefore should be that leakage arises from carriers
injected at high energies which directly traverse the structure, rather
than motion of carriers along the band edge driven by inelastic scat-
tering or insufficient capture into the QW.
A series of spectra calculated from (4.69) is depicted in Fig. 5.20.
Since carrier-carrier scattering is only included on the Hartree level,
these free-carrier spectra exhibit no many-body features.

5.2.5 Comparison to tdkp/AQUA

For comparison the same structure was simulated using the semi-
classical model tdkp/AQUA. Parameters include Fermi statistics, a
QW carrier capture time of 10−13 s and a six-band kp band structure
model with 7 meV homogeneous broadening for the free-carrier opti-
cal spectra. Furthermore, the hole effective mass was set to 0.2m0 like
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Figure 5.21: Spatially resolved radiative B-coefficient in the NEGF
simulation for various voltages.

in the NEGF case to obtain the same effective density of states and
similar boundary conditions for the electrostatic potential.
Results, also displayed in Figs. 5.19 and 5.20, indicate qualitative
agreement. The difference in the spectral shape of the emission (see
Fig. 5.20) mainly originates from the assumed single parabolic va-
lence band, the isotropic coupling (4.56) and the artificially low hole
mass. An indication of the strength of radiative transitions is the
B-coefficient which was introduced in Subsec. 2.2.5. Approximating
R∼Bnp in the QW, the calculated B-coefficient at 1.5V amounts to

6·10−5 cm2

s or, when being multiplied with the QW width, 5·10−11 cm3

s
in the AQUA simulation. In the NEGF simulation, radiative recom-
bination is also resolved in the direction of quantization. The spatial
dependence of the resulting B-coefficient is shown in Fig. 5.21. Within

the QW, B ∼ 1−2·10−11 cm3

s . This discrepancy to the semiclassical
value mainly arises from the oversimplified valence band structure, in-
dicating that the radiative transition strength for the two-band effec-
tive mass model given by Eqn. (4.56) should be scaled up by a factor
of approximately 3. The decrease of the coefficient with increasing
carrier density is expected from both experimental and theoretical
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Figure 5.22: Comparison between NEGF (solid) and AQUA (dashed)
band edge profiles and densities at 1.6 V.

considerations [122].
The remaining discrepancy between radiative currents in both simu-
lations, as displayed in Fig. 5.19, can be attributed to differing carrier
densities inside the QW and, consequently, fundamental disparities
in the transport model. Two effects stand out in this respect. First,
the n region length is comparable to the Debye screening length. As
a consequence, the density at the device boundary does not exactly
equal the doping value in the NEGF case (Fig. 5.22). This affects the
potential shape on which the QW densities depend exponentially. Sec-
ond, tunneling is absent in the semiclassical simulation whereas it is
prominent at low and moderate voltages in the NEGF case, facilitated
by the choice of an artificially low hole mass. Both effects increase
the QW density and thus also radiative recombination. AQUA re-
sults could be adjusted by variation of capture times or mobilities.
However, such a procedure has little significance unless experimental
measurements are available for the simulated structure.



Chapter 6

Conclusion and Outlook

6.1 Conclusion

In this thesis, two distinct approaches were presented to understand
semiconductor LEDs from a microscopic point of view. Both have
their strengths and weaknesses. The semiclassical simulation frame-
work tdkp/AQUA is able to self-consistently calculate electrolumi-
nescence in nanostructures of any dimensionality. It captures the
complex physics of transport in strained nitride-based structures con-
taining large internal fields as well as lateral motion and capture
through quantum wire structures, as demonstrated in Chap. 3. It
computes current-voltage characteristics, luminescence spectra and
microscopic carrier and current distributions in state-of-the-art and
next-generation multidimensional LEDs. tdkp/AQUA has the po-
tential to provide manifold and accurate physical insight into the
operation of real-world structures. It does however rely on param-
eters about which uncertainty exists, such as capture times, low-
dimensional mobilities and recombination parameters.
The fundamentally strong theoretical framework on which the NEGF
part is based opens up new possibilities to investigate the physical pro-
cesses governing optoelectronic nanostructures. It does so by relying
only on well-known fundamental material constants and by minimiz-
ing the amount of needed approximations. The involved computa-
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tional burden however puts severe restrictions on the geometric sizes
of investigated structures and the employed band structure models.
With the advent of larger computer clusters, some of these limitations
will be lifted. It is however unlikely that NEGF can be employed for
regular design optimization of real-world optoelectronic devices, at
least not in its fully self-consistent version with fundamental physical
scattering mechanisms. Nevertheless, as the two examples in Chap. 5
have shown, NEGF is an intriguing tool for academic research to gain
deep insight into capture and decoherence mechanisms in nanostruc-
tures and may help to determine unknown parameters in simulators
like AQUA.

6.2 Future improvements

AQUA

A lot of possible extensions can be envisioned for coupled transport
and luminescence simulations using tdkp/AQUA. So far, free-space
photon modes were assumed and no model for outcoupling the radi-
ated light exists. Inclusion of an electromagnetic solver and/or ray-
tracing would enable the calculation of external quantum efficiencies
in industrial devices. Furthermore, carrier and lattice heating as well
as a density-dependent renormalization of the band gap could be in-
cluded in the transport model. Models for optical generation would
enable the simulation of solar cells. An extension beyond steady-state
could also be envisioned. On a more theoretical side, self-consistent
luminescence spectra are currently calculated on a free-carrier level.
Although the self-consistent inclusion of many-body corrections would
slow down computations too severely, they could be computed as a
post-processing step.

NEGF

In order to compare measured luminescence and gain spectra to results
obtained using NEGF, the valence band structure must be modelled
more accurately. Although the inclusion of kp Hamiltonians in the
presented simulator is possible, computations will slow down consid-
erably. Some speed up could be achieved by introducing an energy-
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dependent k-discretization and fine-tuning the iteration scheme.
The inclusion of many-body corrections to the spectra induced by
electron-electron interactions is straightforward. In contrast, models
for nonradiative recombination seem to be nonexistent. Auger and
impact ionization processes could probably be treated as high-order
electron-electron interactions, but it is questionable whether the cal-
culation of these diagrams would be possible in a finite amount of
time.
Future work could also involve multi-physics simulation where NEGF
is coupled to classical formalisms in order to reduce the computational
burden. Such approaches are still in their infancy.

Closing remarks

The NEGF simulator and tdkp/AQUA have evolved into software
projects consisting of over 40’000 and 100’000 lines of code, respec-
tively. A vast variety of interesting questions could now be inves-
tigated. The future success of these tools crucially depends on their
widespread use, the continuous maintenance of existing models as well
as the extension of the capabilities. It is the author’s desire and hope
that these challenges can be met.





Appendix A

Fourier Transforms,
Integrals and Units

A.1 Units

AQUA

Unit handling in AQUA is versatile: units throughout the simulator
are set by four constants describing length, time, energy and charge.
Converged results of AQUA were checked to be invariant with respect
to a change in units; however, the choice of units influences the conver-
gence of a simulation. De Mari units [123], as employed in [11], are not
a good choice because nano-optoelectronic length scales are typically
much smaller than the diffusion length. Most results were obtained
with the choice eV-10nm-ps-e, where e=1.602·10−19 C. Temperatures
are always used in conjunction with the Boltzmann constant, such
that the temperature unit is fixed by the unit of energy. The fol-
lowing table gives conversion factors for the unit system eV-nm-ps-e,
whose correctness is of utmost importance. An important semantic
observation is that there is a difference between the value in a certain
unit and the value per unit!
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Quantity SI-unit New unit x[AQUA] =?·x[SI]

time s ps = 10−12 s 1012

length m nm = 10−9 m 109

charge C [e] = e C e−1

energy J eV = e J e−1

potential J C−1 eV [e]−1 1

~ J s eV ps 1012
· e−1

mass kg=J s2

m2 eV ps2

nm2 1024
· 10−18

· e−1

dielectric const. F
m

= C2

Jm

[e]2

eV nm
e−1

· 10−9

electric curr. C
s

[e]
ps

e−1
· 10−12

mobility m2

V s
nm2

V ps
1018

· 10−12

dD-density m−d nm−d 10−9d

dD-recombination m−d

s
nm−d

ps
10−9d

· 10−12

dD rad. coeff. (B) m3

s
nmd

ps
109d

· 10−12

dD Auger coeff. m2d

s
nm2d

ps
1018d

· 10−12

Table A.1: Conversion factors between SI and AQUA units.

NEGF

The units of discretized NEGF quantities differ from their continuum
counterpart, as seen in Table A.2. Transport is assumed to occur in
d directions, such that the k-vector in the remaining directions has
dimension length−(3−d).

Quantity Discr. quant. Discr. quant. unit

Overlap matrix M lengthd

Hamiltonian H energy · lengthd

Green’s functions G
· energy−1

·length−d

Self-energies Σ
· energy · lengthd

Spectral density ni(Ej) energy−1
·length−3

Spectral current Ji(Ej)
charge

energy·time · length−(3−d)

Table A.2: Units of discretized NEGF quantities.



A.2. SPACE AND WAVEVECTOR DOMAINS 131

A.2 Space and wavevector domains

The following conventions for d-dimensional quantities are adopted
([12], p.108):

f(k) =

∫

ddr

Ld
f(r)e−ikr, f(r) =

∑

k

f(k)eikr = Ld

∫

ddk

(2π)d
f(k)eikr,

∫

ddr

Ld
eikr = δ(k),

∑

k

eikr = Ld

∫

ddk

(2π)d
eikr = Ldδ(r), (A.1)

∑

k

δ(k)f(k) = f(0k),

∫

dr δ(r)f(r) = f(0r).

A Fourier-transformed quantity therefore has the same units as the
original quantity. Note that δ(k) is unitless whereas δ(r) carries units
1

Ld .

A.3 Time and frequency/energy domains

The following conventions hold (non-unitary Fourier transform):

f(t) =

∫

dω

2π
f(ω)e−iωt =

∫

dE

2π~
f(E)e−iEt/~, (A.2)

f(ω) =

∫

dtf(t)eiωt, f(E) =

∫

dtf(t)eiEt/~.

Hence f(t) and f(ω), f(E) do not have the same units: [f(E)] =
[f(ω)] = [f(t)]·s. Furthermore,

∫

dte−iωt = 2πδ(ω),

∫

dωδ(ω)eiωt = 1,

∫

dtδ(t)e−iωt =
1

2π
. (A.3)

According to these rules, the Fourier transform of F (t) ≡ f(t)g(−t) is

given by F (E) =
∫

dE′

2π~
f(E′)g(E+E′). Another example is c(t−t′) =

∫∞
−∞ dt1a(t− t1)b(t1 − t′), which transforms into c(E) = a(E)b(E).





Appendix B

Scharfetter-Gummel
Discretization of the
Continuity Equation

The Scharfetter-Gummel discretization is a special case of finite-vol-
ume (box) discretization applicable to the continuity equation, where
the density is expected to vary exponentially rather than linearly be-
tween the vertices. In the box discretization approach, space is divided
into Voronoi cells Vi around each vertex i. Vi is defined by the set of
points which are closer to xi than to any other mesh point. The sur-
face of a Voronoi cell is a polyhedron whose surfaces (2D: edges) are
perpendicular to the grid edges. Vi is further partitioned by the faces
(2D: edges) of the original grid. For further information see Chap. 2
of [18].
Box discretization of the drift-diffusion equations

∇ ·
(

µ(n)n∇φ−D(n)∇n
)

= G(n) −R(n), (B.1a)

∇ ·
(

−µ(p)p∇φ−D(p)∇p
)

= G(p) −R(p), (B.1b)
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yields
∑

E(i)

∑

j(E,i)

sijE

xj − xi

(

µ
(n)
ijEnijE(φj − φi)−D(n)

ijE(nj − ni)
)

(B.2a)

+VijE(R
(n)
i −G(n)

i ) = 0,
∑

E(i)

∑

j(E,i)

sijE

xj − xi

(

−µ(p)
ijEpijE(φj − φi)−D(p)

ijE(pj − pi)
)

(B.2b)

+VijE(R
(p)
i −G(p)

i ) = 0.

Here i and j are vertex indices, E(i) denotes an element around vertex
xi, j(E, i) is a corner vertex of element E connected to i by an edge,
and VijE is the volume of a piece of the Voronoi cell around xi which
is located in E and adjacent to the edge ij. sijE is the Voronoi cell
surface of this piece.

Electrons

Consider the electron density n(x ∈ [xi, xj ]) along a certain edge
connecting points i and j. The potential is assumed to vary in a
linear fashion, and the drift-diffusion current shall be conserved along
the edge:

J
(n)
i→j = µ

(n)
ij n

φj − φi

xj − xi
−D(n)

ij

∂n

∂φ

φj − φi

xj − xi
= const. (B.3)

Here µ
(n)
ij and D

(n)
ij are appropriate averages from elements surround-

ing the edge. Condition (B.3) determines the density on the edge.

Using a ≡ µ(n)
ij

φj−φi

xj−xi
, b ≡ −D(n)

ij
φj−φi

xj−xi
and c ≡ const., it reads

an+ bn′ = c.

Such a differential equation has the general solution

n(φ) = n0e
−a

b φ +
c

a
.

Substituting n(φi) = ni and n(φj) = nj gives

n(φ) =
ni − nj

e−
a
b φi − e−a

b φj
e−

a
b φ +

nje
− a

b φi − nie
− a

b φj

e−
a
b φi − e−a

b φj
. (B.4)
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Using (B.3) and some tedious algebra, this gives a (constant) particle
current

J
(n)
i→j =

µ
(n)
ij

xj − xi

(

−ni
φj − φi

e−
a
b (φi−φj) − 1

+ nj
φj − φi

1− e−a
b (φj−φi)

)

=
µ

(n)
ij

xj − xi
γ−1

(

niB(γ(φi − φj))− njB (γ(φj − φi))
)

, (B.5)

where γ ≡ −a
b and the Bernoulli function B(x) ≡ x

ex−1 were in-
troduced. Employing the generalized Einstein relation (2.12), γ =
e

kT

F−1/2(νn)

F1/2(νn) where νn ≡ EF n−Ec+eφ
kT . The derivation can still be car-

ried out in the degenerate case under the assumption that the ratio
of Fermi integrals does not change significantly along a single edge.
In the nondegenerate limit, γ = e

kT and the box-discretized electron
drift-diffusion equation becomes

∑

j(i)

µ
(n)
ij

xj − xi

kT

e

(

niB

(

e(φi − φj)

kT

)

− njB

(

e(φj − φi)

kT

))

(B.6)

+Vi(R
(n)
i −G(n)

i ) = 0.

Holes

Instead of (B.3), the hole current reads

J
(p)
i→j = −µ(p)

ij p
φj − φi

xj − xi
−D(p)

ij

∂p

∂φ

φj − φi

xj − xi
= const. (B.7)

This condition can be solved analogously to the electron case, except

that now −a = µ
(p)
ij

φj−φi

xj−xi
and b = −D(p)

ij
φj−φi

xj−xi
. Instead of (B.5) one

arrives at

J
(p)
i→j = −

µ
(p)
ij

xj − xi

(

−pi
φj − φi

e−
a
b (φi−φj) − 1

+ pj
φj − φi

1− e−a
b (φj−φi)

)

=
µ

(p)
ij

xj − xi
γ−1 [−piB (γ(φi − φj)) + pjB(γ(φj − φi))] , (B.8)
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where γ = − e
kT

F−1/2(νp)

F1/2(νp) and νp ≡ Ev−eφ−EF p

kT . In the nondegenerate

case, γ = −kT
e and the box-discretized hole drift-diffusion equation

becomes

∑

j(i)

sij

µ
(p)
ij

xj − xi

kT

e

(

piB

(

e(φj − φi)

kT

)

− pjB

(

e(φi − φj)

kT

))

(B.9)

+Vi(R
(p)
i −G(p)

i ) = 0.



Appendix C

NEGF-Derivation of the
Electron-Photon
Interaction

The derivation presented here is done in analogy to the derivation
of the polar optical phonon self-energy in [74], with the extension to
possibly non-orthogonal basis systems.

C.1 Coupling Hamiltonian

The interaction of a plane-wave multi-mode photon field in the Cou-
lomb gauge with a system of electrons can be in first order [97] de-

scribed by a coupling of the form e
m0

Â · p̂, where Â is the quantized
vector potential and p̂ an electron momentum operator. The con-
nection to interaction terms of the form r · E and the difference is
discussed in Chap. 5 of [124]. In second quantization, this coupling
may be described by the interaction potential [97]

Ve−γ =
∑

qλ

Cq(ĉqλe
i(qr−ωqt) + ĉ†qλe

−i(qr−ωqt))
eqλ · p̂
m0

. (C.1)
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Here eλq is the polarization direction of the photon mode (q, λ), ĉqλ

is a photon annihilator, m0 is the bare electron mass and

Cq ≡ e
√

~

2V ωqε0
(C.2)

is a coupling constant. The electron-photon interaction Hamiltonian
in second quantization is found by use of the electron field operator

ψ̂(r) =
∑

αk

φαk(r)b̂αk =
∑

k

∑

αβ

φαk(r)M−1
αβ âβ,k. (C.3)

Here α = (i, n), φαk(r) is given by (4.1), b̂αk is an annihilator in the
biorthogonal basis [74] of the possibly non-orthogonal basis, in which
an annihilator is termed âαk. The interaction Hamiltonian is given
by

He−γ =

∫

drψ̂†(r)Ve−γ (r)ψ̂(r) (C.4)

=
∑

qλ

Cq

∑

k,k′

∑

αβµν

M−1
βαM−1

µν â
†
β,kâν,k′ (C.5)

·
∫

drφ∗αk(r)(ĉqλe
i(qr−ωqt) + ĉ†qλe

−i(qr−ωqt))
eλq · p̂
m0

φµk′(r)

=
∑

qλ

Cq

m0

∑

k,k′

∑

βν

(

M−1Pγ(k,k′,q, eλq)M−1
)

βν
â†β,kâν,k′

·(ĉqλe
−iωqt + ĉ†−qλe

iωqt), (C.6)

where Pγ
αµ(k,k′,q, eλq) ≡ 〈αk|eiqreλq · p̂|µk′〉. Here eλq = eλ,−q

and ωq = ω−q were used.

C.2 Interband momentum matrix element

The interband momentum matrix element (see also e.g. [8, 96]) will
serve as an ingredient to the self-energy formula. We first consider
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the case eλq ‖ ẑ. The task is to calculate

Pγ
αµ(k,k′,q, ẑ) = 〈αk|eiqrp̂z|µk′〉 (C.7)

=
1

A

∫

dr t∗i (x)e
−ikr‖u∗n0(r)e

iqrp̂ztj(x)e
ik′

r‖um0(r)

=
1

A

∫

dr t∗i (x)e
iqxxtj(x)e

i(k′+q‖−k)r‖u∗n0(r)

(

~k′z +
~

i

∂

∂z

)

um0(r).

At this point a coarse graining is performed to lose the resolution of
the Bloch functions and mangle them into material parameters. The
applicability of this approach is the fundamental assumption of kp
theory.

Pγ
αµ(k,k′,q, ẑ) ∼ 1

A

∫

dr t∗i (x)e
iqxxtj(x)e

i(k′+q‖−k)r‖ (C.8)

·
∫

Ω

dΩ

Ω
u∗n0(r

′)

(

~k′z +
~

i

∂

∂z′

)

um0(r
′)

=
1

A

∫

dx t∗i (x)e
iqxx1 tj(x)

∫

dr‖ e
i(k′+q‖−k)r‖ (~k′zδmn + pz

mn)

= Mij(qx)δ(k′ + q‖ − k) (~k′zδmn + pz
mn)

≡ δ(k′ + q‖ − k)Pγ
αµ(k,q, ẑ). (C.9)

Here the momentum matrix element between two zone-centre Bloch
functions was defined:

pmn ≡
∫

Ω

dΩ

Ω
u∗n0(r)

~

i
∇ um0(r). (C.10)

A completely analogous derivation yields

Pγ
αµ(k,k′,q, ŷ) ∼ Mij(qx)δ(k′ + q‖ − k)

(

~k′yδmn + py
mn

)

≡ δ(k′ + q‖ − k)Pγ
αµ(k,q, ŷ). (C.11)

Lastly, polarization in transport direction gives (noting that eλq ⊥
q ⇒ qx = 0 and that t′j(x) vanishes outside [xj−1, xj+1] and is
constant-antisymmetric around xj)

Pγ
αµ(k,k′,q, x̂) ∼Mijδ(k

′ +q‖−k)px
mn ≡ δ(k′ +q‖−k)Pγ

αµ(k,q, x̂).
(C.12)

In total, Pγ
αµ(k,k′,q, e) ≡ δ(k′ + q‖ − k)Pγ

αµ(k,q, e).
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C.3 Self-energy

Using the above results, the Hamiltonian (C.6) becomes

He−γ =
∑

qλ

Cq

m0
(ĉqλ(t) + ĉ†−qλ(t)) (C.13)

·
∑

k,βν

(M−1Pγ(k,q, eλq)M−1)βν â
†
β,kâν,k−q‖

,

where ĉqλ(t) ≡ ĉqλe
−iωqt was defined.

The path-ordered Green function is given by [74]

GP
ij(k; t, t′) ≡ −i〈Pe− i

~

∫

c
dsH′(s)b̂i,k(t)b̂†j,k(t′)〉. (C.14)

P is the path-ordering operator. Expanding up to second order yields
the interactionless term, a vanishing first-order term and

−i〈P −1

2~2

(∫

c

ds1

∫

c

ds2H
′(s1)H

′(s2)

)

b̂i,k(t)b̂†j,k(t′)〉 (C.15)

=
i

2~2m2
0

∑

q1λ1q2λ2

Cq1
Cq2

∑

k1k2

∑

β1ν1β2ν2

(C.16)

·(M−1Pγ(k1,q1, eλ1q1
)M−1)β1ν1

(M−1Pγ(k2,q2, eλ2q2
)M−1)β2ν2

·
〈

P

∫

c

ds1

∫

c

ds2(ĉq1λ1
(s1) + ĉ†−q1λ1

(s1))(ĉq2λ2
(s2) + ĉ†−q2λ2

(s2))

â†β1,k1
(s1)âν1,k1+q1‖

(s1)â
†
β2,k2

(s2)âν2,k2+q2‖
(s2)b̂i,k(t)b̂†j,k(t′)

〉

.

Analogous to [74], the photon bracket leads to

〈P (ĉq1λ1
(s1) + ĉ†−q1λ1

(s1))(ĉq2λ2
(s2) + ĉ†−q2λ2

(s2))〉
= 〈P ĉq1λ1

(s1)ĉ
†
−q2λ2

(s2)〉+ 〈P ĉq2λ2
(s2)ĉ

†
−q1λ1

(s1)〉. (C.17)

The terms involving two destructors or two creators do not contribute.
Noting that [74]

〈P ĉq1λ1
(s1)ĉ

†
q2λ2

(s2)〉 ∝ δq1,q2
δλ1λ2

, (C.18)
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because the operators are evaluated in the absence of interactions
such that the photon modes need to be conserved, the condition q1 =
−q2 ≡ q is enforced. This permits the use of the path-ordered photon
Green’s function:

DP (qλ, s1, s2) ≡ 〈P ĉqλ(s1)ĉ
†
qλ(s2)〉+ 〈P ĉ−qλ(s2)ĉ

†
−qλ(s1)〉. (C.19)

For the electron operators, a transformation from the contravariant
to the covariant basis is made:

â†β âν =
∑

pj

MβpMjν b̂
†
pb̂j . (C.20)

Therefore

〈P â†β1,k1
(s1)âν1,k1−q1‖

(s1)â
†
β2,k2

(s2)âν2,k2+q‖
(s2)b̂i,k(t)b̂†j,k(t′)〉

=
∑

p1j1p2j2

Mβ1p1
Mj1ν1

Mβ2p2
Mj2ν2

(C.21)

·〈P b̂†p1,k1
(s1)b̂j1,k1−q‖

(s1)b̂
†
p2,k2

(s2)b̂j2,k2+q‖
(s2)b̂i,k(t)b̂†j,k(t′)〉.

There are two equivalent ways of factoring the 6-operator term, lead-
ing to a canceling of the factor 1/2. In addition, a bubble diagram
exists which would be nonzero in heterostructures [125] but is not
considered here. The factorization reads (5-1-2-3-4-6)

〈P b̂i,k(t)b̂†p1,k1
(s1)〉 〈P b̂j1,k1−q‖

(s1)b̂
†
p2,k2

(s2)〉 〈P b̂j2,k2+q‖
(s2)b̂

†
j,k(t′)〉

= δk,k1
gP

ip1
(k; t, s1) δk1−q‖,k2

gP
j1p2

(k2; s1, s2) δk2+q‖,k gP
j2j(k; s2, t

′).

(C.22)

Here gP is the path-ordered electron Green’s function without inter-
action. Inserting everything back and evaluating the delta functions
gives

G
P (2)
ij (k; t, t′) =

i

~2

∑

qλ

CqC−q

∑

k

∫

c

ds1

∫

c

ds2D
P (qλ, s1, s2)

·
∑

β1ν1β2ν2
p1j1p2j2

Mβ1p1
Mj1ν1

Mβ2p2
Mj2ν2

(M−1Pγ
1M

−1)β1ν1
(M−1Pγ

2M
−1)β2ν2

·gP
ip1

(k; t, s1)g
P
j1p2

(k− q‖; s1, s2)g
P
j2j(k; s2, t

′).
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Here Pγ
1 ≡ Pγ(k,q, eqλ) and Pγ

2 ≡ Pγ(k−q‖,−q, eqλ) were defined.
Inspection of the index ordering in the third line and noting that
MT = M, the overlap matrices cancel out:

GP (2)(k; t, t′) =
i

~2

∑

qλ

CqC−q

∑

k

∫

c

ds1

∫

c

ds2D
P (qλ, s1, s2)

·gP (k; t, s1) Pγ
1 gP (k− q‖; s1, s2) Pγ

2 gP (k; s2, t
′). (C.23)

The self-energy is defined by the equation

GP (k; t, t′) = gP (k; t, t′) (C.24)

+

∫

c

ds1

∫

c

ds2 gP (k; t, s1)Σ
P (k; s1, s2)g

P (k; s2, t
′).

Comparison thus yields the contour-ordered form

ΣP (k; s1, s2) = i
∑

qλ

|Cq|2DP (qλ; s1, s2)P
γ
1G

P (k− q‖; s1, s2)P
γ
2 ,

(C.25)
using C−q = (Cq)∗. Note that the self-consistent part lies in taking
the dressed Green’s function G instead of the bare g.
To obtain Σ<,Σ> and ΣR from the path-ordered form, the Langreth
rules [102] can be employed. Furthermore, steady state allows trans-
formation to energy domain. The results are

Σ≷(k, E) =

∫

dE′

2π

∑

qλ

|Cq|2D≷(qλ,E′)Pγ
1G

≷(k−q‖, E−E′)Pγ
2 ,

(C.26a)

ΣR(k, E) =
1

2
(Σ>(E)−Σ<(E)) − iP

∫

dE′Σ
<(E′)−Σ>(E′)

E−E′

(C.26b)

= i

∫

dE′

2π

∑

qλ

|Cq|2Pγ
1

(

DR(qλ,E′)GR(k−q‖, E−E′) (C.26c)

+DR(qλ,E′)G<(k−q‖, E−E′) +D<(qλ,E′)GR(k−q‖, E−E′)
)

Pγ
2 .
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At this stage a free-space photon field is assumed. The photon prop-
agators then become

D>(qλ; t1, t2) = 〈ĉqλĉ
†
qλ〉e−iωq(t1−t2) + 〈ĉ†qλĉqλ〉e−iωq(t2−t1)

= (Nqλ+1)e−iωq(t1−t2) +Nqλe
−iωq(t2−t1),

D>(qλ;E) =

∫

d(t1−t2)D>(qλ; t1, t2)e
i E

~
(t1−t2)

= (Nqλ+1)δ(E−~ω) +Nqλδ(E+~ω), (C.27a)

D<(qλ; t1, t2) = 〈ĉqλĉ
†
qλ〉e−iωq(t2−t1) + 〈ĉ†qλĉqλ〉e−iωq(t1−t2)

= (Nqλ+1)e−iωq(t2−t1) +Nqλe
−iωq(t1−t2),

D<(qλ;E) =

∫

d(t1−t2)D<(qλ; t1, t2)e
i E

~
(t1−t2)

= (Nqλ+1)δ(E+~ω) +Nqλδ(E−~ω). (C.27b)

Substituting into (C.26a) yields

Σ≷(k, E) =
∑

qλ

|Cq|2Pγ
1

(

(Nqλ + 1)G≷(k−q‖, E + ~ω)

+NqλG
≷(k−q‖, E − ~ω)

)

Pγ
2 . (C.28)

Remember that Pγ
αµ(k,q, e) ∼ Mij(qx) e ·

(

~

m0
(0,k−q‖)δmn + pmn

m0

)

.

For interband transitions, i.e. m 6= n, one then finds

Pγ,1,2
αµ = Mij(±qx)

eqλ · pmn

m0
. (C.29)

Now the dipole approximation can be applied since eiqr does not
change significantly over the extension of one of the localized basis
functions, such that M(±qx) ∼M(0) ≡M. Furthermore, k−q‖ ∼ k

because a typical photon wavevector is smaller than ~ω
~c = 1eV

~c =
5 ·106 m−1. Even a very fine k-discretization of 1

100 nm−1 = 107 m−1
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would still be above this number. This yields the final result:

Σ≷(k, E) =
∑

qλ

|Cq|2Pγ
(

(Nqλ+1)G≷(k, E+~ω) (C.30)

+NqλG
≷(k, E−~ω)

)

Pγ,†,

Pγ
αµ = Mij

eqλ · pmn

m0
. (C.31)



Appendix D

NEGF-Derivation of the
Transverse Polarization

This derivation is in the spirit of [99] and restricts itself to an RPA
approximation of the transverse polarization, i.e. the electronic polar-
ization induced by interaction with the transversal part of the electro-
magnetic field. The two-time, continuum expression reads in SI-units

←→
P ≷(1, 2) =

iµ0~
3e2

4m2
0

(

(∇1 −∇1′)G≷(1, 2)∇2G
≶(2, 1′)

)

1=1′
. (D.1)

G≶(1, 2) has units J−1m−3s−1 and the 3x3 tensor
←→
P ≷ has units

s−1m−5. The following analysis considers a linear polarization in the
direction y perpendicular to the transport direction. The contravari-
ant representation of G in the basis (4.1) is given by

G≷(r1, r2, t1 − t2) =
∑

αβk

G
≷
αβ(k, t1 − t2) (D.2)

· 1
A
ti(x1)tj(x2)e

ik(r1‖−r2‖)un(r1)u
∗
m(r2),
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with α = (i,m) and β = (j, n). This leads to

P≷
yy(1, 2) =

iµ0~
3e2

4m2
0A

2

∑

α1β1k

α2β2k′

G
≷
α1β1

(k, t1−t2)G≶
α2β2

(k′, t2−t1) (D.3)

·ti1(x1)tj1(x2)ti2 (x2)tj2(x1′)
(

(∂y1
−∂y1′

)eik(r1‖−r2‖)

·un1
(r1)u

∗
m1

(r2)∂y2
eik′(r2‖−r1′‖)un2

(r2)u
∗
m2

(r1′)
)

1=1′
.

Propagating the exponential terms in the parentheses to the left gives

(

eik(r1‖−r2‖)(iky + ∂y1
− ∂y1′

)un1
(r1)u

∗
m1

(r2)e
ik′(r2‖−r1′‖)

·(ik′y + ∂y2
)un2

(r2)u
∗
m2

(r1′)
)

1=1′

∼
(

ei(k−k
′)(r1‖−r2‖)(iky − ik′y + ∂y1

− ∂y1′
)un1

(r1)u
∗
m1

(r2)

·(ik′y + ∂y2
)un2

(r2)u
∗
m2

(r1′)
)

1=1′ .

Now a first kp coarse graining (see Sec. C.2) is performed in the
coordinate r2. Using the momentum matrix element (C.10), this gives

(

ei(k−k′)(r1‖−r2‖)(iky − ik′y + ∂y1
− ∂y1′

)un1
(r1)

·(ik′yδm1n2
+
i

~
pm1n2

)u∗m2
(r1′)

)

1=1′

∼ ei(k−k′)(r1‖−r2‖)(ik′yδm1n2
+
i

~
pm1n2

)

·
(

un1
(r1)(iky − ik′y − ∂y1

)u∗m2
(r1) + (∂y1

un1
(r1))u

∗
m2

(r1′)
)

.

A second kp coarse graining in the coordinate r1 then yields

ei(k−k
′)(r1‖−r2‖)(ik′yδm1n2

+ i
~
pm1n2

)(i(ky−k′
y)δn1m2

− i
~
pn1m2

+ i
~
p∗m2n1

)

= ei(k−k′)(r1‖−r2‖)(ik′yδm1n2
+
i

~
pm1n2

)(i(ky−k′y)δn1m2
−2

i

~
pn1m2

).

Noting that P≷(..., r1‖, r2‖) = P≷(..., r1‖−r2‖), a Fourier transform

in this coordinate gives ei(k−k′)(r1‖−r2‖) → δ(k′ − (k−q)) without
changing the units of P≷. Furthermore, P≷ is evaluated at grid points
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x1 =xi, x2 =xj such that the tent or step functions t yield δi1j2δi2j1 .
In total,

P≷
yy(xi, xj ,q, t1−t2) =

iµ0~
3e2

4m2
0A

2

∑

n1,m1,n2,m2,k

G
≷
in1,jm1

(k, t1 − t2) (D.4)

·G≶
jn2 ,im2

(k−q, t2−t1)(i(ky−qy)δm1n2
+
i

~
pm1n2

)(iqyδn1m2
−2

i

~
pn1m2

).

The interband polarization part is proportional to p2
mn. Hence three

of the four terms in the second line are dropped to arrive at

P≷
yy(xi, xj ,q, t1−t2) =

iµ0~
3e2

4m2
0A

2

∑

n1,m1,n2,m2,k

(D.5)

·G≷
in1,jm1

(k, t1−t2)G≶
jn2 ,im2

(k−q, t2−t1)
2

~2
pm1n2

pn1m2
.

In energy space, this equation reads (f(τ)g(−τ) →
∫

dE′

2π~
f(E′)g(E +

E′))

P≷
yy(xi, xj ,q, E) =

iµ0~e2

m2
0A

2

∑

n1,m1,n2,m2,k

∫

dE′

2π~
(D.6)

·G≷
in1,jm1

(k, E′)G≶
in2,jm2

(k−q, E+E′)pm1n2
pn1m2

.

Note that P≷(..., E) has a time unit more than P≷(..., t).
To be nonzero, one of the indices of pmn must lie in the CB and

the other one in the VB. Furthermore, G
≷
m=n is much bigger than

G
≷
m6=n if the latter is nonzero at all. According to [99], interband

components Gcv are proportional to the mean field 〈A〉 which is zero
in the used approach. Taking into account these two conditions,
only two out of the 16 possible combinations for the indices remain:
(m1, n1,m2, n2) = (c, c′, v, v′) or (m1, n1,m2, n2) = (v, v′, c, c′). How-
ever, the terms P>(E) ∝

∫

dE′G>
cc′(E

′)G<
vv′ (E + E′) and P<(E) ∝

∫

dE′G<
cc′(E

′)G>
vv′ (E + E′) vanish because there is no VB-DOS at

an optical energy E = ~ω above the CB-DOS. Thus only the second
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combination contributes and

P≷
yy(xi, xj ,q, E) =

iµ0~e
2

m2
0A

2

∑

c,c′,v,v′,k

∫

dE′

2π~
(D.7)

·G≷
iv,jv′ (k, E

′)G≶
ic,jc′(k− q, E +E′)pvc′pv′c.

It is evident from this form that the difference q between the electron
momenta in the CB and VB is the wavevector of the photon. This
wavevector can be neglected (see the end of App. C), such that P≷

becomes independent of q.
From (4.78) it is clear that P≷ must have the unit length−2, whereas
the polarization considered so far has units length−5. By looking
at Eqn. (31a) in [99] and Eqn. (42) in [81], it is apparent that the
difference comes from the two space arguments taken into account

so far and that for the gain actually A∆iP
≷
yy(xi, xi(,q), E) must be

taken, where ∆i = xi+1−xi−1

2 . This argument leads to the final result

P≷
yy(xi, ~ω) =

iµ0~e
2∆i

m2
0A

∑

c,c′,v,v′,k

∫

dE′

2π~
(D.8)

·G≷
iv,iv′ (k, E

′)G≶
ic,ic′(k, E

′ + ~ω)pvc′pv′c.
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[18] B. Schmithüsen, Grid Adaptation for the Stationary Two-
Dimensional Drift-Diffusion Model in Semiconductor Device
Simulation (Hartung-Gorre, Konstanz, 2002).

[19] N. D. Arora, J. R. Hauser, and D. J. Roulston, IEEE Trans.
Electr. Dev. 29, 292 (1982).

[20] M. Sotoodeh, A. H. Khalid, and A. Rezazadeh, J. Appl. Phys.
87, 2890 (2000).

[21] E. Spenke, Elektronische Halbleiter (Springer, Berlin, 1965).

[22] T. Kerkhoven, in Simulation of Semiconductor Devices and
Processes, Vol. 5, edited by S. Selberherr, H. Stippel, and E.
Strasser (Springer, Berlin, 1993), p. 237.

[23] D. Schroeder, Modelling of Interface Carrier Transport for De-
vice Simulation (Springer, Berlin, 1994).



BIBLIOGRAPHY 153

[24] J. Piprek, Semiconductor Optoelectronic Devices: Introduction
to Physics and Simulation (Academic Press, USA, 2003).

[25] R. van Overstraeten and H. de Man, Sol. St. Electr. 13, 583
(1970).

[26] G. A. Baraff, Phys. Rev. B 55, 10745 (1997).

[27] G. A. Baraff, Phys. Rev. B 58, 13799 (1998).

[28] J. A. Brum and G. Bastard, Phys. Rev. B 33, 1420 (1986).

[29] L. Register, Int. J. of High Speed Electron. and Sys. 9, 1211
(1998).

[30] S. L. Chuang, Physics of Optoelectronic Devices (Wiley, New
York, 1995).

[31] E. O. Kane, in Handbook on Semiconductors Vol. 1, edited by
W. Paul (North Holland, Amsterdam, 1982), pp. 194–217.

[32] B. A. Foreman, Phys. Rev. B 56, R12748 (1997).

[33] B. A. Foreman, Phys. Rev. B 76, 045327 (2007).

[34] R. Rhyner, Ab-initio Simulations for Constructing Envelope
Theories in Nanostructures, Master’s thesis, ETH Zurich, 2008.

[35] G. D. Mahan, Many-Particle Physics, 3rd ed. (Kluwer Academic
/ Plenum, New York, 2000).

[36] R. G. Veprek, S. Steiger, and B. Witzigmann, Phys. Rev. B 76,
165320 (2007).

[37] R. G. Veprek, S. Steiger, and B. Witzigmann, Optical and Quan-
tum Electronics (available online) (2009).

[38] R. G. Veprek, S. Steiger, and B. Witzigmann, J. Comput. Elec-
tron. 7, 521 (2008).

[39] R. E. Bank and D. J. Rose, Numer. Math. 37, 279 (1981).

[40] A. Trellakis, A. T. Galick, A. Pacelli, and U. Ravaioli, J. Appl.
Phys. 81, 7880 (1997).



154 BIBLIOGRAPHY

[41] S. Roellin, Parallel Iterative Solvers in Computational Electron-
ics (Hartung-Gorre, Konstanz, 2005).

[42] S. Steiger, AQUA User and Developer Manuals, ETH Zurich,
2009.

[43] H. Weman, E. Martinet, A. Rudra, and E. Kapon, Appl. Phys.
Lett. 73, 2959 (1998).

[44] S. Steiger, R. G. Veprek, and B. Witzigmann, J. Comput. Elec-
tron. 7, 509 (2008).

[45] S. Steiger, R. G. Veprek, and B. Witzigmann, Proc. SPIE 7211,
72110O (2009).

[46] I. Vurgaftman, J. R. Meyer, and L. R. Ram-Mohan, J. Appl.
Phys. 89, 5815 (2001).

[47] S. Adachi, Properties of Group-IV, II-V and II-VI Semiconduc-
tors (Wiley, New York, 2005).

[48] S. M. Sze, Physics of Semiconductor Devices (Wiley, New York,
1981).

[49] S. Nakamura, M. Senoh, and T. Mukai, Jap. J. Appl. Phys. 32,
L8 (1993).

[50] H. Amano, M. Kito, K. Hiramatsu, and I. Akasaki, Jap. J. Appl.
Phys. 28, L2112 (1989).

[51] J. Piprek, Nitride Semiconductor Devices: Principles and Sim-
ulation (Wiley, New York, 2007).

[52] H. Morkoc, Nitride Semiconductors and Devices (Springer,
Berlin, 1999).

[53] R. G. Veprek, S. Steiger, and B. Witzigmann, Phys. Stat. Sol.
C 6, S506 (2009).

[54] K. Kishino, H. Sekiguchi, and A. Kikuchi, J. Cryst. Growth
311, 2063 (2009).



BIBLIOGRAPHY 155

[55] A. Kikuchi, M. Kawai, M. Tada, and K. Kishino, Jap. J. Appl.
Phys. 12A, L1524 (2004).

[56] H.-M. Kim, Y.-H. Cho, H. Lee, S. I. Kim, S. R. Ryu, D. Y. Kim,
T. W. Kang, and K. S. Chung, Nano Lett. 4, 1059 (2004).

[57] K. Kishino, A. Kikuchi, H. Sekiguchi, and S. Ishizawa, Proc.
SPIE 6473, 64730T (2007).

[58] M. Povoloskyi and A. Di Carlo, J. Appl. Phys. 100, 063514
(2006).

[59] J. Ristic, C. Rivera, E. Calleja, S. Fernandez-Garrido, M. Po-
voloskyi, and A. Di Carlo, Phys. Rev. B 72, 085330 (2005).

[60] C. Rivera, U. Jahn, T. Flissikowski, J. L. Pau, E. Munoz, and
H. T. Grahn, Phys. Rev. B 75, 045316 (2007).

[61] C. Boecklin, R. G. Veprek, S. Steiger, and B. Witzigmann,
manuscript in preparation (2009).

[62] C. Boecklin, Simulation of InGaN/GaN Nanocolumn LEDs,
Master’s thesis, ETH Zurich, 2008.

[63] F. Bernardini, in Nitride Semiconductor Devices, edited by J.
Piprek (Wiley, New York, 2007), Chap. Spontaneous and Piezo-
electric Polarization: Basic Theory vs. Practical Recipes.

[64] K. Kishino, private communication.

[65] R. Binder and S. W. Koch, Prog. Quant. Electron. 19, 307
(1995).

[66] K. Hannewald, S. Glutsch, and F. Bechstedt, Topics Appl. Phys.
92, 139 (2004).

[67] W. W. Chow and S. W. Koch, Semiconductor - Laser Funda-
mentals (Springer, Berlin, 1999).

[68] M. Kira, F. Jahnke, W. Hoyer, and S. W. Koch, Prog. Quant.
Electron. 23, 189 (1999).



156 BIBLIOGRAPHY

[69] R. P. Zaccaria, R. C. Iotti, and F. Rossi, J. Comput. Electron.
2, 141 (2003).

[70] O. Hess and T. Kuhn, Phys. Rev. A 54, 3347 (1996).

[71] P. Weetman and M. S. Wartak, J. Appl. Phys. 93, 9562 (2003).

[72] S. Datta, Electronic Transport in Mesoscopic Systems (Cam-
bridge University Press, Cambridge, 1995).

[73] L. Kadanoff and G. Baym, Quantum Statistical Mechanics
(W. A. Benjamin, New York, 1962).

[74] R. K. Lake and R. R. Pandey, arXiv:cond-mat/0607219v1
(2007).

[75] Z. Ren, R. Venugopal, S. Goasguen, S. Datta, and M. S. Lund-
strom, IEEE Trans. Electr. Dev. 50, 1914 (2003).

[76] T. Kubis, C. Yeh, and P. Vogl, Phys. Stat. Sol. C 5, 232 (2008).

[77] A. Martinez, M. Bescond, J. R. Barker, A. Svizhenko, M. P.
Anantram, C. Millar, and A. Asenov, IEEE Trans. Electr. Dev.
54, 2213 (2007).

[78] S. Jin, Y. J. Park, and H. S. Min, J. Appl. Phys. 99, 123719
(2006).

[79] M. Luisier, A. Schenk, W. Fichtner, and G. Klimeck, Phys. Rev.
B 74, 205323 (2006).

[80] G. Klimeck and M. Luisier, in Proc. IEDM (PUBLISHER, AD-
DRESS, 2008).

[81] U. Aeberhard and R. H. Morf, Phys. Rev. B 77, 125343 (2008).

[82] D. Zhang and E. Polizzi, J. Comput. Electron. 7, 427 (2008).

[83] Y. X. Liu, D. Z. Y. Ting, and T. C. McGill, Phys. Rev. B 54,
5675 (1996).

[84] W. R. Frensley, Rev. Mod. Phys. 62, 745 (1990).



BIBLIOGRAPHY 157

[85] H. Minari and N. Mori, J. Comput. Electron. 6, 223 (2007).

[86] M. Shin, in International Workshop on Computational Electron-
ics (IWCE) (IEEE, Beijing, 2009), Vol. 13, pp. 185–188.

[87] H. Haug and A.-P. Jauho, Quantum Kinetics in Transport and
Optics of Semiconductors (Springer, Berlin, 2008).

[88] M. Luisier, Quantum Transport Beyond the Effective Mass Ap-
proximation (Hartung-Gorre, Konstanz, 2007).

[89] M. Frey, A. Esposito, and A. Schenk, in International Workshop
on Computational Electronics (IWCE) (IEEE, Beijing, 2009),
Vol. 13, pp. 17–20.

[90] T. Kubis, private communication.

[91] J. Knoch, M. Zhang, J. Appenzeller, and S. Mantl, Appl. Phys.
A 87, 351 (2007).

[92] S. Datta, Superlattices Microstruct. 28, 253 (2000).

[93] R. Golizadeh-Mojarad and S. Datta, Phys. Rev. B 75,
081301(R) (2007).

[94] S. C. Lee and A. Wacker, Phys. Rev. B 66, 245314 (2002).

[95] B. K. Ridley, Quantum Processes in Semiconductors, 4th ed.
(Oxford University Press, Oxford, 1999).

[96] P. Enders, A. Barwolff, M. Woerner, and D. Suisky, Phys. Rev.
B 51, 16695 (1995).

[97] L. E. Henrickson, J. Appl. Phys. 91, 6273 (2002).

[98] W. Schaefer and M. Wegener, Semiconductor Optics and Trans-
port Phenomena (Springer, Berlin, 2002).

[99] M. F. Pereira Jr. and K. Henneberger, Phys. Rev. B 53, 16485
(1996).

[100] S. S. Li, Semiconductor Physical Electronics (Plenum Press,
New York, 1993).



158 BIBLIOGRAPHY

[101] M. Lundstrom, Fundamentals of Carrier Transport (Cambridge
University Press, Cambridge, 2000).

[102] M. Luisier, Quantum Transport in Nanostructures (ETH Zurich,
available on www.nanohub.org, 2007).

[103] K. Thygesen and A. Rubio, Phys. Rev. B 77, 115333 (2008).

[104] M. F. Pereira Jr. and K. Henneberger, Phys. Rev. B 58, 2064
(1998).

[105] A. Svizhenko, M. P. Anatram, T. R. Govindan, B. Biegel, and
R. Venugopal, J. Appl. Phys. 91, 2343 (2002).

[106] T. Kubis and P. Vogl, J. Comput. Electron. 6, 183 (2007).

[107] T. Kubis, A. Trellakis, and P. Vogl, Springer Proceedings in
Physics (Proc. HCIS-14) 110, 369 (2005).

[108] M. Pourfath, O. Baumgartner, and H. Kosina, in Numerical
Simulation of Optoelectronic Devices (NUSOD) (IEEE, Notting-
ham, 2008), Vol. 8, pp. 99–100.

[109] G. Klimeck, R. Lake, C. Bowen, C. Fernando, and W. Frensley,
VLSI Design 6, 107 (1998).

[110] P. S. Pacheco, Parallel Programming with MPI (Morgan Kauf-
mann, San Francisco, 1997).

[111] K. Lee and M. S. Shur, J. Appl. Phys. 54, 4028 (1983).

[112] C. Jacoboni and P. Lugli, The Monte Carlo Method for Semi-
conductor Device Simulation (Springer, Berlin, 1989).

[113] M. Nekovee, B. J. Geurts, H. M. J. Boots, and M. F. H. Schu-
urmans, Phys. Rev. B 45, 6643 (1992).

[114] H. Jiang, S. Shao, W. Cai, and P. Zhang, J. Comp. Phys. 227,
6553 (2008).

[115] I. Saad, M. L. P. Tan, I. H. Hii, R. Ismail, and V. K. Arora,
Microelectr. J. 40, 540 (2009).



BIBLIOGRAPHY 159

[116] S. Steiger, R. G. Veprek, and B. Witzigmann, in International
Workshop on Computational Electronics (IWCE) (IEEE, Bei-
jing, 2009), Vol. 13, pp. 61–64.
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