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Abstract. The study of electrical currents in a regime where a description as a continuous flow

fails and the particle nature becomes important, but where notions such as particle density or currents

continue to be meaningful, will be at the heart of the present dissertation. Given such a mesoscopic

system through which electrons flow, either actively through quantum pumping or passively due to a

potential difference, we investigate quantities such as transferred charge, noise, current fluctuations,

and relations between them. More generally we shall examine the statistics of particle transport.

All discussions will concentrate on compact devices transferring charge between two one-dimensional

reservoirs (the leads) of independent electrons.

Firstly, we consider the generating function of the moments of transferred charge and we prove

that it is given by the determinant of a single-particle operator. It is formally equivalent to a formula of

Lesovik and Levitov, but is shown to be well-defined in the situations under consideration, whereas the

former is not, in general. The mechanism leading to regularization is typical for mesoscopic systems:

we consider a limiting case that reveals the fundamental structure of the problem. In fact, as suited

for an open system, the leads contain an infinite number of charges. It follows mathematically that the

second quantization ought to be carried out upon the Fermi sea and not upon the vacuum, a procedure

known as the GNS construction.

We shall rely heavily on operator algebraic techniques. The set of observables, the C*-algebra

of canonical anticommutation relations, admits different representations for systems in the thermody-

namic limit, which are described by their reduced one-particle density matrix. An important question

will be the existence of operators such as the charge or the time evolution in a given representation,

which induce so-called Bogoliubov transformations. These prerequisites at hand, we shall pose the

problem of counting statistics clearly, prove that the regularized determinant emerges naturally, and

show that it describes the transport of integer charges with non-negative probabilities.

Secondly, we introduce a model of instantaneous scattering in which various examples can be

computed explicitely. In particular, we show that the above theorem applies for scattering through a

smoothly operating pump over a finite time interval. We also exhibit situations where the propagator

does exist but the generating function is ambiguous.

In a more computational approach, we then turn to the relation of individual moments of transferred

charge to current correlators. It turns out that the former can indeed be expressed as integrals of the

latter over time, provided the current operators are ordered according to Matthews’ T∗ ordering. It

is given by first arranging the charge operators according to their time indices, and only then taking

the time derivatives, which induce contact terms whose singular support lies along time coincidences.

We shall give two derivations of this result, because the first one is transparent, and the second one is

related to contradictory computations in the literature where the system is considered to be measured

by an external spin.

In the model of constant instantaneous scattering, we then argue from the Lesovik-Levitov deter-

minant that the transport can be interpreted in terms of a binomial process in the long time limit.

In a parallel computation, we concentrate on the third cumulant as defined by integration of current

correlators and show how the contact terms of the T∗ ordering play an essential role in providing the

expected binomial result, too.

To close this thesis, we suggest an algebraic framework that lays the foundations for a rigorous

discussion of the Casimir effect. The problem of infinites arising in the comparison of two physical

situations for a bosonic field is interpreted as the non-equivalence of states on the algebra of canonical

commutation relations. We exhibit sufficient conditions on the one-particle Hamiltonians which ensure

that the Casimir energy is finite and give an expression for it. We discuss its formal equivalence with

the result obtained from the standard mode summing method.
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Résumé. Cette thèse se propose d’étudier les courants électriques à une échelle où la description

par un flux continu n’est plus valable et où la nature corpusculaire des porteurs de charge devient

importante. Une échelle cependant où des notions telles que la densité de particules ou le courant

continuent d’avoir un sens. Etant donné un tel système mésoscopique traversé par un flux d’électrons,

que ce soit activement par pompage quantique ou passivement par une simple différence de potentiel,

nous allons étudier le transport de charge, le bruit, les fluctuations du courant et les relations entre

ces quantités, et plus généralement la statistique du transport de charge. Dans le présent travail,

nous nous concentrerons toujours sur des dispositifs compacts qui tranfèrent des charges entre deux

réservoirs unidimensionnels (les fils) qui contiennent des électrons indépendants.

Dans un premier temps, nous allons considérer la fonction génératrice du transfer de charge et

prouver qu’elle est égale au déterminant d’un opérateur à une particule. Ce dernier est formellement

équivalent à une formule de Lesovik et Levitov, mais nous allons montrer qu’il est bien défini dans le

type de situations qui nous intéressent alors que le second ne l’est en général pas. Le mécanisme qui

sous-tend la régularisation est typique des systèmes mésoscopiques: on considère un cas limite qui met

en évidence la structure fondamentale du problème. Dans ce cas, et comme il est de mise pour un

système ouvert, les fils contiennent un nombre infini de charges. D’un point de vue mathématique, ceci

implique que la seconde quantification doit être construite à partir de la mer de Fermi et non à partir

du vide, une procédure que l’on appelle la construction GNS.

Nous allons faire appel aux techniques d’algèbres d’opérateurs. L’ensemble des observables, la

C*-algèbre des relations d’anticommutation canoniques, admet des représentations différentes pour des

systèmes dans la limite thermodynamique. Elles sont caractérisées par leur matrice de densité à une

particule. Un problème important qui se pose alors est celui de l’existence, dans une représentation

donnée, d’opérateurs comme la charge ou l’évolution temporelle, qui induisent ce que l’on appelle des

transformation de Bogoliubov. Une fois ces notions de base à notre disposition, nous pourrons poser

clairement le problème de la statistique du transport, prouver que le déterminant régularisé émerge

naturellement, et montrer qu’il décrit le transfer de charges entières avec probabilités non-négatives.

Dans un second temps, nous allons introduire un modèle de diffusion instantanée qui nous servira

d’illustration. En particulier, nous allons montrer que le théorème que nous venons d’évoquer peut

s’appliquer à la diffusion par une pompe travaillant de manière lisse et pour un temps fini. Par

opposition, nous allons mettre en évidence des situations où le propagateur existe bel et bien mais où

la fonction génératrice parâıt ambiguë.

Dans une approche plus calculatoire, nous allons par la suite porter notre attention sur la relation

des moments du transfer de charge aux fonctions de corrélations du courant. Il s’avèrera que l’on

peut exprimer les premiers comme des intégrales sur le temps des seconds, à condition de placer les

opérateurs de courant dans l’ordre T∗ de Matthews, c’est-à-dire de d’abord fixer l’ordre chronologique

des opérateurs de charge, avant de prendre les dérivées temporelles, ce qui produit des termes de

contacts singulièrement supportés sur des coincidences temporelles. Nous donnerons deux dérivations

de ce résultat, la première parce qu’elle est particulièrement transparente et la seconde pour ses liens

avec des calculs contradictoirs dans la littérature où la charge est mesurée à l’aide d’un spin externe.

Dans le cadre d’un modèle de diffusion instantanée et constante, nous argumenterons enfin que le

transport de charge constitue un processus stochastique binomial dans la limite des grands temps, en

partant du déterminant de Lesovik et Levitov. Parallèlement, nous concentrerons notre attention sur

le troisième cumulant, tel qu’il est défini par intégration de fonctions de corrélations du courant. Nous

dériverons le résultat binomial attendu, ce qui mettra en évidence le rôle prépondérant que jouent les

termes de contacts.

En guise de conclusion, nous allons proposer une formulation algébrique de l’effet Casimir qui

permettra une discussion rigoureuse. Nous interprèterons le problème des divergences qui apparaissent
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lorsque l’on compare deux situation physiques différentes pour un champ bosonique comme une non-

équivalence de deux états sur l’algèbre des relations de commutations canoniques. Nous trouverons alors

des conditions suffisantes sur les Hamiltoniens à une particule qui assurent que l’énergie de Casimir

soit finie et nous en donnerons une expression explicite. Nous clorons par une courte discussion de

l’equivalence formelle de cette dernière avec les résultats obtenu par la méthode standard de sommation

des modes.
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CHAPTER 1

Introduction

In a historical perspective, the present thesis must be traced back to Georg Simon Ohm

and Gustav Kirchhoff who studied laws of electric circuit dynamics in the first half of the

nineteenth century. Ohm concluded that the current in a conductor responds proportionally

to the applied voltage difference and Kirchhoff understood how currents split when they reach

a node in an electrical circuit. Their work thus dealt with average currents transferring charge

across conductors and contacts. Fifty years later, Walter Schottky was the first to consider and

study the shot noise and to show that the variance is proportional to the charge transported

itself. Shot noise arises when the flux is small enough to make the particle nature of the

current apparent. It is an experimentally measurable evidence that currents in an electrical

circuit are carried by particles with a quantized charge. A renewed interest in these questions

has flourished recently, with parallel works, but three different approaches, of Thouless, of

Büttiker and finally of Lesovik and Levitov at the beginning of the nineties. Understanding

and measuring shot noise in particular allowed for a direct evidence of fractional charge in the

quantum Hall effect. The present thesis is embedded for the most part in the line of research

originated by the Lesovik and Levitov, usually referred to as full counting statistics.

More precisely, this work was born from the need to better understand the mathematics

of specific aspects of transport phenomena. Quite generally, one strives to understand the

behaviour of a relatively small system connected to thermodynamic reservoirs. Temperature

and chemical potential differences induce a flow of particles - a current - through the system.

Thermal and quantum fluctuations produce noise in the current or in the charge transport.

Thouless’s approach to compute the average charge transport turns out to have a strong topo-

logical flavour and relates it to the Chern number of a fibre bundle, thus proving quantization

of transport. In a parallel development, Büttiker, Brouwer and their collaborators study par-

ticle transfer through conductors by considering the scattering of asymptotically incoming

or outgoing currents, therefore building a theory based in an essential way on the scattering

matrix and its variation. Charge transport is then quantized only in certain specific cases. Fi-

nally, in a more abstract setting, Lesovik and Levitov consider the full statistics by computing

the characteristic function of the process, which generates all moments by differentiation.

However, the determinant used to express the generating function cannot in general be

endowed with mathematical meaning. The physical reason being that the charge transport

is deduced from counting the electrons in the reservoir before and after the operation of

the quantum pump, both measurements producing an infinite result. Whence the need for

mathematical regularization. The whole discussion may arguably be pointless because any

physical system actually contains only a finite number of particles and no real divergence does

occur. In particular, the Fermi sea has only a finite depth characterized by the Fermi energy

EF . It is nevertheless important to question the limiting case. The physical cutoff parameter

(the depth of the Fermi sea, or the number of particles) being large, its exact value should

1



2 1. INTRODUCTION

not affect the result. In the case of interest, transport occurs only close to the Fermi surface

and therefore does not see the depth of the Fermi sea. The existence of a well-defined limit

to the system is the mathematical formulation of this statement. Moreover, the construction

of the limiting cases sheds light onto the fundamental mathematical structures underlying the

problem.

The case of the Lesovik-Levitov determinant that we shall present shortly carries these

general features. The regularization needed will rely on operator algebraic techniques based

on the physical fact that the number of electrons is very large. The key element we want to

point out is that the study of the problem in Fock space is not appropriate. The description

of many-particle systems in Fock space is usually referred to as Fock-Cook quantization and

its mathematical foundations were laid in particular by Friedrich in the fifties. The structure

of Fock space has a simple physical interpretation. It has a distinguished vector describing

the vacuum where no particles are present. The whole space is generated by the action

of creation and annihilation operators acting on the vacuum which, as their denomination

suggests, create or annihilate particles with a given wavefunction. This simple description

suffices to understand the origin of the ill-posedness of the transport problem in Fock space.

The state of a thermodynamical reservoir at non-zero density and therefore having an infinite

number of particles simply does not exist as a vector in this Hilbert space.

The algebraic answer is to consider the problem from a more abstract point of view. One

retains only the algebraic relations between creation and annihilation operators and defines

an abstract C*-algebra of observables, of which the set of operators on Fock space operators

is only one possible representation. An adequate Hilbert space for the open system at hand is

then found as another representation space of the algebra. In fact, to each state (positive linear

functional) on the algebra corresponds an essentially unique representation. Importantly, for a

system with an infinite number of degrees of freedom, there do exist genuinely non-equivalent

representations. In other words, given a particular Hilbert space carrying a representation of

the algebra, the set of states given by vectors or density matrices does not contain all possible

states on the abstract algebra.

Thus, in order to describe a thermodynamic reservoir, one uses a representation in which

the ‘vacuum’ vector corresponds to the already filled Fermi sea and from which electrons or

holes can be created and annihilated. Correspondingly, operators such as the particle number

defined in that representation are normal ordered with respect to that vector, and not with

respect to a vacuum state (the word vacuum taken literally here, as a no particle state). Hence,

the expectation value of the charge operator in that state is zero and as the time evolution

proceeds, one counts only the extra particles added by transport. Building the construction

of the generating function upon the Fermi sea results in a regularized determinant with a

well-defined meaning, which reduces only formally to the original one by Lesovik and Levitov.

Moreover, one can prove a posteriori that it describes indeed the transport of integer charges

with non negative probability.

Having an abstract and quite general result at hand, one can apply it to explicit examples

and compute the average charge transported, its variance and higher order cumulants. One

possible way to do so is, vaguely speaking, by integrating the current that flowed through the

quantum pump, a procedure much closer to experimental reality than by measuring directly

the total charge in a reservoir. Charge fluctuation is then induced by current fluctuations
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and moments of charge transport can be deduced from moments of the current. As pointed

out by many authors, current operators at different times do not commute in general and a

meaningful computation requires a definite ordering of them under the time integral. Indeed,

various methods have been proposed which give in general different results and the debate

had focused on the calculation of the third cumulant of charge transport at zero temperature.

In the absence of thermal fluctuations, the Pauli principle dominates the arrangement of the

electrons in the incoming wire, leading to a very ordered arrival of successive electrons in each

channel. The corresponding process thus reduces to a coin tossing process where the success

probability is the transmission probability and the number of attempts is proportional to the

time interval considered and to the number of open channels. This intuition can be shown

to be valid in the long time limit directly from the regularized determinant. However, the

standard time ordering of currents stands in disagreement with those results.

A careful analysis can be carried out, with a resulting time ordering that bear a strong

similarity to those used in causal quantum field theory. Just like there, the ordering of opera-

tors that are themselves time derivatives of fundamental observables contains additional terms

with support on the boundary of the time simplex, which tend to be neglected in traditional

Dyson-type expansions. Equality between moments of transferred charge and time-ordered

integrals of current correlators is restored and a binomial third cumulant proved in a model

of instantaneous scattering.

Operator algebraic methods have already been used quite extensively for regularization

purposes in quantum field theory. Among the many divergences that plague all kinds of

QFT’s, the problem of the vacuum energy is probably the most simple one, but also one of

the most interesting since it has an experimental impact: the Casimir effect. This force that

acts on conducting boundaries or objects in vacuum arises from the formal dependence of the

vacuum energy on the geometry of space. The standard computation involves summing the

energy of all modes of the field in a given configuration and subtracting the similar sum for

the case where no boundaries are present. Although both sums diverge, they can be compared

after introducing a regularizing cutoff function. The limit of the difference is defined as the

Casimir energy of the configuration.

Mathematically, the Casimir problem shows strong similarities with the computation of

charge transport by subtracting two infinite number of charges. Here again, divergences

can be traced back to inequivalent representations of the algebra of observables, now the

algebra of canonical commutation relations since we ultimately want to deal with the bosonic

electromagnetic field. Given a field configuration, its vacuum energy can in principle be set

to zero by normal ordering w.r.t. to the corresponding vacuum vector. However, this simple

procedure is not sufficient when one wants to compare two states: The twisting between

two normal orderings gives rise to infinities if the states are not unitarily equivalent. We

shall propose an abstract formalism based on these ideas and define the Casimir energy in a

mathematically controlled way.

Organization of the thesis and summary of results

Since a large part of this work relies on operator algebras, we shall begin with a short review

chapter on the algebraic formulation of quantum mechanics. The abstract set of observables is

provided the structure of a C*-algebra U on which states ω are positive normalized functionals.
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The GNS theorem establishes a one-to-one correspondence between states and representations

π on a Hilbert space through

ω(A) = (Ωω, πω(A)Ωω) ,

for all A ∈ U . We then concentrate on the structure of the two specific C*-algebras that

describe bosons and fermions, the algebras of canonical commutation and anticommutation

relations generated by creation and annihilation operators a∗±(f) and a±(f). We introduce

the set of gauge invariant quasi-free states and show their correspondence to the two point

functions,

ω(a∗±(f)a±(g)) = (g, ρ±f) .

A well-known example is the Fock state, ρ± = 0 and its associated Fock space representation.

We are then equipped enough to introduce the important results about equivalence of quasi-

free states and about the implementability of Bogoliubov transformations that are of primary

importance in the subsequent chapters. Precisely, we shall identify necessary and sufficient

conditions for two states to be related by a unitary transformation and for a Bogoliubov

mapping

a(f) 7−→ a(Uf) + a∗(V f)

to be unitarily implementable in a given representation.

The first part of Chapter 3 will address in quite informal terms the problem of transport

in quantum pumps, which are compact devices operating smoothly between thermodynamic

reservoirs. In the linear response regime, two types of noise can be identified, both at the clas-

sical and at the quantum level: the thermal noise, and the shot noise which is a manifestation

of the particle nature of the electric flow. Classical shot noise can be interpreted in terms of

a Poisson process, its quantum counterpart of a binomial process.

We shall then present briefly the results of the three approaches to quantum transport

already mentioned. Since the states we shall consider are quasi-free, all constitutive elements

of the models and all results can be formulated in terms of one-particle operators. The basic

blocks are the time evolution operator U to which one may associate a scattering matrix

S, a state ρ and a projection Q defining the charge. Full counting statistics describes the

generating function of charge transport for a finite time interval in terms of the Lesovik-

Levitov determinant. In the scattering approach, the instantaneous current is computed in the

adiabatic approximation. Finally, Thouless’s topological result relates the charge transported

in a cycle to the first Chern number of a certain fiber bundle over the torus.

First, from a two measurement procedure, we derive the Lesovik-Levitov formula

χ(λ) = det(1 − ρ+ U∗eiλQUe−iλQρ) .

Understanding the origin of the observed divergences, we propose a heuristic regularization

(1.1) χ(λ) = det(U∗e−iλρQUρ′eiλρQ + U∗eiλρ′QUρe−iλρ′Q) ,

where ρ′ = 1 − ρ, a formula we can then state as a theorem. In particular, we prove that

the regularized determinant is well-defined and that the Bogoliubov automorphisms U and

exp(iλQ) are implementable in the representation defined by ρ. As a corollary, we show

that the result makes sense as the characteristic function of a probability distribution. This

holds for both zero temperature and for thermal states. To close this chapter, we present

a couple of examples, both being a special choice of a simple model of energy independent,
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instantaneous scattering. In the first one, the assumptions of the theorem hold, whereas only

weaker hypotheses do in the second example.

Chapter 4 is devoted to the problem of time ordering of currents and the relation to the

statistics of transferred charge. Quite generally, we prove that the ordering implied by (1.1),

T∗ , is obtained by taking the derivatives outside the standard time ordering T , i.e.

T∗
(
Î(t1) · · · Î(tk)

)
=

∂

∂tk
· · · ∂

∂t1
T
(
Q̂(t1) · · · Q̂(tk)

)
,

from which the k-th moment of charge transported over time t, 〈Qk(t)〉, is obtained in a

natural way,

〈Qk(t)〉 =

∫ t

0
dkt

〈
T∗
(
Î(t1) · · · Î(tk)

)〉
,

where dkt = dt1 · · · dtk and the ·̂ denotes second quantization. The T∗ ordering differs from

T by terms supported singularly on the time coincidences ti = tj in the integral above

and which are products of multiple commutators of the charge and the current of the form

[Q̂, [Q̂, · · · [Q̂, Î]·]]. We illustrate these abstract results in the model already introduced. In

fact, on the one hand we argue directly from the Levitov-Lesovik determinant that the sta-

tistics at zero temperature corresponds to a binomial process, on the other hand we compute

the third cumulant of charge transport and obtain the expected binomial result again. The

necessity of taking contact terms into account is made explicit and it turns out that they take

the guise of Schwinger terms related to the infinite depth of the Fermi sea. In this context,

we also note that T∗ is equivalent to yet another time ordering T̃ that places the incoming

part of asymptotic currents to the right of the outgoing parts, independently of the time index

they carry.

We conclude this thesis in Chapter 5 with a remark about the Casimir problem, which

we treat with methods similar to those of quantum transport. We identify the pure states

of the bosonic field algebra associated with the two physical situations that need to be com-

pared. They can be constructed from the classical dynamics defined on phase space. Sufficient

assumptions on the classical Hamiltonians, denoted h2
0 and h2, can then be identified which en-

sure the equivalence of the associated states and therefore the possibility of comparing them.

In case they are satisfied, we propose a natural definition for the Casimir energy E in the

representation associated with h2, namely

E = (ΩJ , V dΓ0(H0)V∗ ΩJ) ,

where V dΓ0(H0)V∗ is the suitable energy operator and ΩJ the vacuum state defined by h2 in

the presence of boundaries. Finally, we prove that it is finite under one extra assumption. To

conclude, we express E in terms of the classical Hamiltonians,

E =
1

4
tr(h− 2h0 + h0h

−1h0) ,

and show that this formula can be understood formally as a regularization of the standard

mode summing definition, Ẽ = 1/2 tr(h− h0).





CHAPTER 2

Bosonic and fermionic quasi-free systems: an overview

1. Observable algebras, states and representations

The algebraic approach to quantum mechanics is in a sense the one that appeared first in

the early days of the theory, in Heisenberg’s matrix mechanics. It is a simple observation that

the set of bounded operators on the Hilbert space of states forms a C*-algebra, the algebra

of observables. However, the real need for an abstract algebraic framework became manifest

only in the sixties and seventies in the realm of constructive field theory (see e.g. [33]). The

two fundamental sets of operators describing bosons and fermions, the algebras of canonical

commutation relations and of anticommutation relations, were introduced and defined inde-

pendently of any explicit representation (see [41] for bosons, [7] for fermions). Much effort

was then made in understanding the structure of representations of these algebras and classify

them ([2, 5] among others). In particular, Stone and von Neumann showed that all represen-

tations of the bosonic algebras with a finite number of degrees of freedom are equivalent [20],

in particular equivalent to the standard Schrödinger picture of quantum mechanics. The prob-

lem of the unitary equivalence of states is dual to the question of unitary implementability of

basic automorphisms of the algebra in quasi-free representations. These so-called Bogoliubov

transformations include in particular gauge automorphisms and the unitary time-evolution.

In the latter case, it is thus the question of the existence of unitary dynamics which is posed.

There is a vast literature on these matters, among others [58, 4, 53, 67, 3, 54, 66].

In recent years, the use of C*-algebraic techniques to study non-equilibrium statistical

physics in open systems has been advocated by Jakšić and Pillet, see e.g. [38]. Typical

questions are heat and charge transport through potential barriers or small systems, entropy

production and large deviations [37, 61], return to equilibrium [10, 26]. The advantage of the

algebraic method is that it bypasses the tedious construction of the thermodynamic limit and

provides the possibility of starting directly with a state for the infinite system. The downside

being that the methods are in general less constructive, and that explicit computations in

particular systems are usually difficult. That this is not always the case will be illustrated in

this work where concrete results will be worked out from the abstract framework.

Our purpose here is to give a self-contained set of results that we shall use later in this

thesis, without claiming to be exhaustive on any aspect. For a complete exposition of these

matters, we refer to [19, 20].

1.1. C*-algebras and von Neumann algebras. In elementary quantum mechanics, a

system is described by a set of operators, the observables, acting on a fixed Hilbert space. The

algebraic approach starts a level higher and postulates merely that the set of observables for

the system is an abstract C*-algebra U not yet represented as a set of operators on a Hilbert

space. This opens the possibility of constructing inequivalent representations. Let U∗ be its

7
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algebraic dual, i.e. the set of bounded linear functionals µ : U → C, equipped with the norm

‖µ‖ = sup{|µ(A)| : ‖A‖ = 1}. The physical notion of a state has an abstract definition.

Definition 1. A state ω over U is a positive normalized element of U∗, i.e.

ω(A∗A) ≥ 0 ,

for all A ∈ U , and ‖ω‖ = 1.

Positivity implies an abstract Cauchy-Schwarz inequality which is of essential importance

for the construction of representations in Section 1.2: for any A,B ∈ U ,

ω(A∗B) = ω(B∗A) ,

|ω(A∗B)|2 ≤ ω(A∗A)ω(B∗B) .

It is a direct consequence of the positivity of the quadratic function λ 7→ ω((λA+B)∗(λA+B)).

The set of states on U is a convex subset of U∗, whose extremal points are the pure states. In

other words, a state ω is said to be pure if ω = λω1 + (1 − λ)ω2 implies ω = ω1 = ω2

Definition 2.

(i) A representation (π,K) of the C*-algebra U in a Hilbert space K is a *-morphism

π : U → B(K), not necessarily onto, where B(K) is the algebra of bounded operators

on K.

(ii) Two representations (π1,K1) and (π2,K2) of U are unitarily equivalent if there exists

a unitary operator U : K1 → K2 intertwining them,

Uπ1(A) = π2(A)U ,

for all A ∈ U . We shall then write π1 ≃ π2.

A representation is non-degenerate if there does not exist a subspace of K on which it acts

trivially, namely,

{ψ ∈ K : π(A)ψ = 0 ∀A ∈ U} = ∅ .
In particular, if 1 ∈ U , then all representations (apart from the trivial one, π = 0) are

automatically nondegenerate. In such a representation, any normalized vector Ω ∈ K defines

a state over U , called a vector state, through

ωΩ(A) = (Ω, π(A)Ω) .

The converse is also true: Given a state ω, one can construct a non-degenerate representation

(πω,Hω) and find a vector Ωω ∈ Hω such that ω is precisely the vector state associated with

Ωω. In other words,

Theorem 1 (Gelfand-Naimark-Segal). Let ω be a state over a C*-algebra U . There exists

a cyclic representation (πω,Hω,Ωω) of U such that

(2.1) ω(A) = (Ωω, πω(A)Ωω) ,

for all A ∈ U . Moreover, the representation is unique up to unitary equivalence.

Cyclicity means that the set {πω(A)Ωω : A ∈ U} is dense in Hω. We shall call this

representation either the GNS or the cyclic representation associated with ω. Note that

‖Ωω‖ = ‖ω‖ = 1 .
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A proof can be found in Appendix 1. This result makes the connection between the algebraic

approach, where expectation values of observables are computed as the value of a linear

form on the abstract element of the algebra (the l.h.s of (2.1)), and the elementary quantum

mechanics, where they are derived from matrix elements of operators on a Hilbert space (the

r.h.s. of (2.1)). Vectors ψ 6= Ωω in the GNS Hilbert space Hω represent the local perturbations

of ω.

Concepts defined for representations are often extended to states through the GNS con-

struction. In particular, two states are unitarily equivalent if their associated cyclic represen-

tations are equivalent.

To close this section, we present elementary definitions and results about von Neumann

algebras. Let H be a Hilbert space and S a subset of B(H). Its commutant S ′ is the set

S ′ = {O ∈ B(H) : [O,A] = 0 ∀A ∈ S} .

The bicommutant S ′′ is defined analogously. A von Neumann algebra on H is a *-subalgebra

S of B(H) such that S ′′ = S. Its center is the set Z(S) = S ∩ S ′ = S ′ ∩ S ′′. We shall use the

following structural result about von Neumann algebras [19]

Proposition 2. If U is a nondegenerate *-algebra of bounded operators on H, then U is

dense in U ′′ in both the weak and strong operator topologies.

The subalgebra of operators obtained by the GNS construction is norm closed, because it

is a C*-subalgebra, but needs not be weekly or strongly closed. However, by the proposition

above, its double commutant is and represents the actual physical algebra of all observable

(for a discussion of the meaning of the C*-algebra w.r.t. its closure, see [68]).

Definition 3.

(i) A von Neumann algebra is called a factor if it has a trivial center, i.e.

S ∩ S ′ = C · 1 .

(ii) A state ω on an abstract C*-algebra U is called a factor state if its GNS representation

is a factor, i.e.

πω(U)′ ∩ πω(U)′′ = C · 1 .

Finally, we note that in the context of von Neumann algebras, a weaker notion of equiva-

lence of representations than the one of Definition 2 must sometimes be used. Two represen-

tations π1 and π2 are quasi-equivalent if there exists a ∗-automorphism φ of the von Neumann

algebras π1(U)′′ onto π2(U)′′ such that φ(π1(A)) = π2(A). For pure states, quasi-equivalence

implies unitary equivalence.

1.2. The algebras CAR and CCR, quasi-free states. We now introduce the two

central algebras describing physical systems.

1.2.1. Abstract algebras. The CAR A−(H), resp. CCR A+(H), are the algebras of

fermionic, resp. bosonic observables. They describe physical systems of an arbitrary and

variable number of particles. H is interpreted as the Hilbert space of a single particle and

for each f ∈ H, a∗±(f) ∈ A±(H) adds a particle with wavefunction f to the system, whereas

a±(f) ∈ A±(H) annihilates it. Let us give a more complete definition.
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Definition 4. Let H be a Hilbert space and D ⊆ H a (not necessarily closed) linear

subspace of H.

(i) The abstract algebra of canonical anticommutation relations (CAR) over D is the

unital C*-algebra A−(D) generated by the elements a−(f) and a∗−(f), (f ∈ D), such

that

• the map f 7−→ a(f) is antilinear

• a∗−(f) = a−(f)∗, where the ∗ on the right denotes the C*-involution

• these elements satisfy the following relations

(2.2) {a−(f), a∗−(g)} = (f, g) · 1 ,

where {A,B} = AB + BA for A,B ∈ A−(D). All anticommutators between

creation and annihilation operators which are not of this form do vanish.

(ii) The abstract algebra of canonical commutation relations (CCR) over D is the unital

C*-algebra A+(D) generated by the elements W (f), (f ∈ D), such that

• the map f 7−→W (f) is linear

• W (−f) = W (f)∗, where the ∗ on the right denotes the C*-involution

• these elements satisfy the following relations

(2.3) W (f)W (g) = e−
i
2
Im(f,g)W (f + g) .

Remark. 1. The W (f)’s are called the Weyl operators and A+(D) is also referred to as the

Weyl algebra.

2. In the CCR case, a regular representation is defined to be a (π,K) such that the map

R ∋ t 7→ π(W (tf)) ∈ B(K) is strongly continuous for all f ∈ H. Then, by Stone’s theorem,

there exists a densely defined generator ϕπ(f) = ϕπ(f)∗ on the representation space K, i.e.

π(W (f)) = exp(iϕπ(f)). In that case, the creation and annihilation operators can be defined

through ϕπ(f) = 1/
√

2 (aπ(f) + a∗π(f)), i.e.

aπ(f) :=
1√
2
(ϕπ(f) + iϕπ(if)) , a∗π(f) :=

1√
2
(ϕπ(f) − iϕπ(if)) .

Let ψ be in a common dense domain of the ϕπ(·). By taking the derivative of W (tf)W (sg)ψ =

exp(−ist Im(f, g)) ·W (sg)W (tf)ψ at t = s = 0, one obtains

(2.4)
(
ϕπ(f)ϕπ(g) − ϕπ(g)ϕπ(f)

)
ψ = iIm(f, g)ψ ,

from which the standard form of the canonical commutation relations follows, namely

(2.5) [aπ(f), a∗π(g)] = (f, g) · 1 ,

all other commutators vanishing. Just like (2.4), this equation is to be understood in the

strong sense on an appropriate dense domain.

3. A regular state over the CCR is a state whose GNS representation is regular. Further-

more, an analytic state is such that the map R ∋ t 7→ πω(W (tf)) ∈ B(Hω) is analytic in a

neighbourhood of 0, for all f ∈ H.

4. Strictly speaking, the bosonic creation and annihilation operators do not belong to the CCR

and can only be defined in a regular representation. We shall however often forget this fact

and allow us to talk about the CCR algebra as being generated by the a#(f). In particular,

we will often write abusively ω(a∗(f)a(g)) instead of (Ωω, a
∗
ω(f)aω(g)Ωω).



1. OBSERVABLE ALGEBRAS, STATES AND REPRESENTATIONS 11

5. From the definition, (a∗−(f)a−(f))2 = a∗−(f){a−(f), a∗−(f)}a−(f) = a∗−(f)a−(f)‖f‖2 and

by the C*-property of the norm, this implies ‖a#
−(f)‖2 = ‖f‖2. The creation and annihilation

operators are bounded in the fermionic case. This property fails however in the bosonic case.

6. We shall drop the indices ± in the following when the context is evident.

Finally, the following theorem states that both algebras are unique up to isomorphisms.

Theorem 3. Let D ⊆ H be fixed.

(i) Let A(1)
− (D) and A(2)

− (D) be two CAR over D, generated resp. by a
(i)
− (f), a

(i)
− (f)∗,

i = 1, 2. There exists a unique *-isomorphism α : A(1)
− (D) → A(2)

− (D) such that

α(a
(1)
− (f)) = a

(2)
− (f) for all f ∈ D.

(ii) Let A(1)
+ (D) and A(2)

+ (D) be two CCR over D, generated resp. by W (i)(f), i = 1, 2.

There exists a unique *-isomorphism β : A(1)
+ (D) → A(2)

+ (D) such that β(W (1)(f)) =

W (2)(f) for all f ∈ D.

Note that this theorem postulates the existence of the isomorphisms, but leaves open the

question whether they are inner or not, i.e. whether there exists an operator O such that

a(2)(f) = Oa(1)(f)O−1 for all f ∈ H.

There is an important difference between the CAR and CCR w.r.t. completion of the

underlying subspace. For the former, one namely has that A−(D) = A−(D). For the latter

however, this is not the case. In fact, if S is a subspace of D, then A+(D) = A+(S) if and

only if D = S. See [20] for a proof of these statements.

1.2.2. General quasi-free states. On both the CAR and the CCR algebras, there is a

family of very simple states, the gauge invariant quasi-free states, that represent essentially

non-interacting particles. Most of the following work will consider only this class of states.

The algebra automorphism αλ : a#(f) 7→ a#(eiλf) is called a global gauge transformation and

a state is said to be gauge invariant if ω(αλ(A)) = ω(A) for all A in the algebra. In particular,

a state is called even if it is invariant under απ. In order to define the quasi-free property, we

need the notion of a truncated function. Let J be an index set and F : P(J ) → C a function

from the non-empty ordered finite subsets of J to the complex numbers. The bosonic, resp.

fermionic, truncation F±
T of F is defined recursively by

F (I) =
∑

PI

ǫ±(PI)
∏

J∈PI

F±
T (J) ,

where the first sum is over all partitions PI of I into non-empty ordered subsets {J1 , . . . , Jn},
Ji ∩ Jj = ∅ for i 6= j and

⋃n
i=1 Ji = I, the Ji’s retaining the order of I. ǫ+(PI) = 1 in the

bosonic case and for fermions, ǫ−(PI) is the signature of the permutation I 7→ (J1 , . . . , Jn).

In the following definition, the index set is given by the elements of the one-particle Hilbert

space.

Definition 5. Let ω be an even state over the CAR or an analytic state over the CCR.

(i) ω is a quasi-free state of the CAR if

ωT (a#(f1) · · · a#(fn)) = 0

for all n > 2, where fi ∈ H, i = 1 , . . . , n.
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(ii) ω is a quasi-free state of the CCR if

ωT (ϕ(f1) · · ·ϕ(fn)) = 0

for all n > 2, where fi ∈ H, i = 1 , . . . , n.

In other words, only the one- and two-particle reduced correlation functions can be non zero, all

others vanish in a quasi-free state. At the level of truncated n-point functions, gauge invariance

yields ωT (a∗(f1) · · · a∗(fn)a(gm) · · · a(g1)) = 0 if n 6= m. Hence, gauge invariant quasi-free

states are completely defined by their two-point functions ωT (a∗(f)a(g)) = ω(a∗(f)a(g)).

They define a positive (by the positivity of ω) quadratic form q± on the one-particle Hilbert

space H,

q±(g, f) := ω(a∗±(f)a±(g)) .

By the first representation theorem [42], there exists a positive self-adjoint operator ρ± associ-

ated to the form q± such that q±(g, f) = (g, ρ±f). Moreover, since (f, ρ±f) = ω(a∗±(f)a±(f)) =

±ω(a±(f)a∗±(f))+‖f‖2, the fermionic operator ρ− is bounded by 1. This proves the first part

of the following lemma. This inverse implication follows from the explicit construction of the

GNS representation of the state associated to ρ±, which go by the name of Araki-Wyss and

Araki-Woods. They can be found in Appendix 2.

Lemma 4. Gauge-invariant quasi-free states are in one-to-one correspondence with reduced

one-particle density matrices ρ± = ρ∗± through

(2.6) ωρ±(a∗±(f)a±(g)) = (g, ρ±f) ,

where 0 ≤ ρ− ≤ 1 in the fermionic case and 0 ≤ ρ+ for bosons.

Remark. 1. Every gauge invariant quasi-free state is a factor state.

2. Expectation values of arbitrary polynomials in the a#
±(f), f ∈ H, can be derived by

linearity, the (anti-)commutation relations and the quasi-free property. This is also known as

Wick’s lemma.

3. For fermions, an equivalent characterization of gauge-invariant quasi-free states is

(2.7) ωρ(a
∗(fn) . . . a∗(f1) a(g1) . . . a(gm)) = δnm det(gi, ρfj) ,

1.2.3. The Fock representation. The special case ρ± = 0 corresponds to the familiar Fock

representation that we shall recall momentarily. Define the Hilbert space

F(H) =

∞⊕

n=0

H⊗n ,

on which the creation and annihilation operators have a simple action. Each vector in F(H) is

of the form Ψ = (Ψ(0) ,Ψ(1) , . . .). The set of finite particle vectors Ffin(H) is Ffin(H) = {Ψ ∈
F(H) : ∃n0 Ψ(n) = 0 ∀n > n0} and it is dense in Fock space. Define a(f) : H⊗p → H⊗(p−1)

and a∗(f) : H⊗p → H⊗(p+1) through

a(f)(ψ0 ⊗ ψ1 ⊗ . . .⊗ ψp) =
√
p (f, ψ0) · ψ1 ⊗ . . .⊗ ψp ,

a∗(f)(ψ0 ⊗ ψ1 ⊗ . . .⊗ ψp) =
√
p+ 1 f ⊗ ψ0 ⊗ ψ1 ⊗ . . .⊗ ψp ,

and a(f)Ω0 = 0 for Ω0 ∈ H0 = C. They define closable operators on Ffin(H) and we shall

denote their closure by the same notation. Moreover, a∗(f) = a(f)∗.
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The group Sp of permutations σ acts on H⊗p through

Pσ(ψ0 ⊗ ψ1 ⊗ . . .⊗ ψp) = ψσ−1(0) ⊗ ψσ−1(1) ⊗ . . . ⊗ ψσ−1(p)

and defines the symmetric H⊗p
+ , resp. antisymmetric H⊗p

− , subspaces through

H⊗p
± = {Ψ ∈ H⊗p : PσΨ = (±1)ε(σ)Ψ} ,

where ε(σ) is the signature of the permutation σ. Let P± be the orthogonal projection on

these subspaces, i.e. H⊗p
± = P±H⊗p. They define the fermionic and bosonic Fock spaces,

namely

F±(H) =
∞⊕

n=0

H⊗n
± .

We restrict the creation and annihilation operators to these subspaces,

a#
±(f) = P±a

#(f)P±

so that a#
±(f) : F±(H) → F±(H), and observe that they satisfy the canonical commutation,

resp. anticommutation, relations, thus building a representation of the CCR, resp. CAR, with

cyclic vector Ω0. It is quasi-free and trivially satisfies (Ω0, a
∗
±(f)a±(f)Ω0) = 0.

Let the particle number operator be NΨ = pΨ if Ψ ∈ H⊗p. In other words, F±(H) is

constructed as the direct sum of eigenspaces of N , the p-particle spaces. Furthermore, for

operators A,U on H, let dΓ(p)(A) and Γ(p)(U) act on H⊗p as

dΓ(p)(A) = A⊗ 1 ⊗ · · · ⊗ 1 + 1 ⊗A⊗ · · · ⊗ 1 + · · · + 1 ⊗ · · · ⊗ 1 ⊗A ,(2.8)

Γ(p)(U) = U ⊗ · · · ⊗ U ,(2.9)

and dΓ(0)(A) = 0. If A is self-adjoint on D ⊂ H, then dΓ(A) :=
∑∞

n=0 dΓ(n)(A) is essentially

self-adjoint on D = {Ψ ∈ Ffin(H) : Ψ(n) ∈ ⊗n
i=1D}. Its self-adjoint closure will also be

denoted by dΓ(A). For example, N = dΓ(1). A similar construction holds for Γ(U), which is

a unitary operator if U is. Furthermore, we note that dΓ(A) is the generator of the unitary

group Γ(exp(itA)), in other words,

(2.10) Γ
(
eitA
)

= eitdΓ(A) .

Finally, it follows immediately from (2.8) that

(2.11) [dΓ(A),dΓ(B)] = dΓ([A,B]) .

2. Equivalence of states and Bogoliubov transformations

Classical many-body quantum statistical mechanics with a finite number of particles can

be worked out in the Fock representation. As we have already seen, Fock space is intimately

related to the existence of the number operator. In fact, every state Ψ ∈ F has only a finite

number of particles, in the sense that the probability of finding n particles |Ψ(n)|2 tends to 0

as n → ∞. This follows immediately from ‖Ψ‖2
F < ∞, which implies

∑
n ‖Ψ(n)‖2

H⊗n < ∞.

Hence, there is no vector in Fock space that can possibly describe a gas of particles with

finite density and extended over all space. Therefore, if a state exists that describes such a

thermodynamic limit, it cannot be equivalent to the Fock state and it becomes natural to

study the classification of (gauge invariant) quasi-free states, namely to try and understand

the conditions under which two states are equivalent. The problem was solved in full generality
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in [58, 4] for the CAR and in [25, 3] for the CCR. We shall treat the two cases separately

here.

The Schatten trace ideals Bp, 1 ≤ p < ∞, will play an important role here, so we recall

their definition:

(2.12) Bp = {A ∈ B(H) : tr|A|p <∞} .

Bp are naturally equipped with a norm

‖A‖p = (tr|A|p)1/p ,

and form Banach spaces. However, they are not closed under the operator norm ‖ · ‖. They

are two-sided ideals in B(H), namely if A ∈ Bp and B ∈ B(H), then AB and BA are in Bp.

Moreover, A ∈ Bp implies that A is compact. Hence, the finite rank operators are ‖ · ‖p-dense

in Bp. The case p = ∞ corresponds to compact operators and the ‖ · ‖∞-norm is the standard

operator norm. B1 is called the trace class, B2 the Hilbert-Schmidt class.

2.1. Fermion algebra. Gauge invariant quasi-free states on the CAR are characterized

by their one-particle density matrix 0 ≤ ρ ≤ 1. It turns out that such a state is pure iff its

density matrix is an orthogonal projection, ρ = ρ2 = ρ∗. Moreover, they enjoy the property

of being irreducible, i.e. πρ(A(H))′ = {c · 1 : c ∈ C}, which is far from being the case

for mixed states as we shall see in the next chapter. In particular, πρ(A(H))′′ = B(Hρ), so

that all bounded operators on the GNS Hilbert space of a pure state are observables. The

classification is fully carried out by the following lemma, [2].

Lemma 5. Two pure states of the CAR associated to single-particle density matrices ρ1

and ρ2 are unitary equivalent iff ρ1 − ρ2 ∈ B2.

A rigorous study of the general case requires a complete analysis of the structure of the

representation algebras and we shall not enter into details here. However, we point out that

given ρ 6= ρ2, one can introduce on H⊕H the operator Pρ,

(2.13) Pρ =

(
ρ ρ1/2(1 − ρ)1/2

ρ1/2(1 − ρ)1/2 (1 − ρ)

)
= P 2

ρ

which is a projection and thus defines a pure state ωPρ on A(H⊕H) called the purification of ωρ.

Therefore, questions concerning mixed states can be reduced to their pure case counterpart,

and we shall proceed so in Chapter 3.

Definition 6. Let U be a bounded linear and V a bounded antilinear transformation on

H satisfying

V ∗U + U∗V = UV ∗ + V U∗ = 0 ,(2.14)

U∗U + V ∗V = UU∗ + V V ∗ = 1 .(2.15)

They define a *-automorphism αU,V of the CAR algebra, called a Bogoliubov automorphism:

(2.16) αU,V (a(f)) = a(Uf) + a∗(V f) .

Remark. 1. For an antilinear operator, the adjoint is defined through (f, V g) = (V ∗f, g) =

(g, V ∗f).
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2. The conditions (2.14, 2.15) imply the canonical anticommutation relations for the new

operators αU,V (a(f)) and their adjoints. The existence of the automorphism αU,V is then a

consequence of the uniqueness of the CAR, Theorem 3.

An essential issue for Chapter 3 is to determine whether a Bogoliubov transformation is

unitarily implementable in a given representation, i.e. whether there exists a unitary operator

U ∈ B(Hρ) such that πρ

(
αU,V (a(f))

)
= Uπρ(a(f))U∗. A proof of the following condition can

be found in Appendix 3.

Theorem 6 (Shale-Stinespring, [67]). Suppose U is invertible. The fermionic Bogoliubov

transformation (2.16) is unitarily implementable in the Fock representation π0 iff U−1V ∈ B2.

An important corollary concerns the special case of the implementation of a unitary trans-

formation such as the free evolution of quasi-free fermions. For a system of particle evolving

independently of each other, the multiparticle evolution operator factorizes as the product of

single-particle transformation, i.e. a(f) 7→ a(Uf), where U is the one-particle evolution. This

corresponds to choosing V = 0 in (2.16). In particular, U is unitary, hence invertible. We

have

Corollary 7. Let P = P 2 define a pure quasi-free state of the CAR. The Bogoliubov

transformation αU (a(f)) = a(Uf) is unitarily implementable in the representation πP iff

PU(1 − P ) and (1 − P )UP are Hilbert-Schmidt.

Proof. We firstly note that b(f) := a0((1 − P )f) + a∗0(Pf) gives a representation of the

CAR on Fock space and that (πP (a(f)),HP ,ΩP ) can be identified with (b(f),F−(H),Ω0).

The Bogoliubov transformation b(f) 7→ b(Uf) thus yields a transformation

a0(f) 7−→ a0(Lf) + a∗0(Af) ,

in the Fock representation, where L = (1−P )U(1−P )+PUP and A = (1−P )UP+PU(1−P ).

Since L has a bounded inverse, this transformation is unitarily implementable iff A ∈ B2 by

Theorem 6 �

Remark. 1. An equivalent condition is

(2.17) [P,U ] = PU(1 − P ) − (1 − P )UP ∈ B2 .

2. The representation b(f) has a physical interpretation in the flavour of Dirac’s particle-hole

picture: The range of P is the subset of the occupied states, i.e. the Fermi sea (at temperature

0, since we are considering pure states). Hence, Ran(1 − P ) contains the available states for

particles and Ran(P ) is the set of non-occupied states for holes. A creation operator with

one-particle wavefunction f thus creates a particle or annihilates a hole, depending on where

supp(f) lies.

3. A proof of lemma 5 can be based on these results [4] since ωρ(αU (A)) = ωU∗ρU (A), so that

the problem of the implementation of Bogoliubov transformations and the unitary equivalence

of representations are dual to each other. They stand in a relation similar to the Heisenberg

and Schrödinger pictures in quantum mechanics.

4. In order to make contact with the repeatedly cited articles [2, 4] we recall that a self-

dual CAR-algebra A(H̃,Γ) is given in terms of a separable Hilbert space H̃ equipped with a

conjugation Γ. Its generators B(h) are linear in h ∈ H̃ and the relations are B(h)∗ = B(Γh)
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and {B(h), B(h′)∗} = (h′, h)1. A projection P̃ on H̃ satisfying P̃ + ΓP̃Γ = 1 defines a pure

state ω on the algebra through

ω(B(h)∗B(h)) = 0 , (P̃ h = 0) .

The algebra A(H) is connected to the above by picking a conjugation C on H and by setting

H̃ = H⊕H , Γ(f ⊕ g) = Cg ⊕ Cf , B(f ⊕ g) = a∗(f) + a(Cg) .

States defined by P and P̃ then agree if P̃ (f ⊕ g) = (1 − P )f ⊕ CPCg.

2.2. The Schwinger term. With the above results, we have concentrated on the mere

existence of Bogoliubov implementers, without trying to construct them in any way. In order to

do computations however, we shall need some explicit operators defined in the representation.

More generally, the question arises of the construction of a linear map (a ‘second quantization’)

A 7→ Â from one-particle operators on H to possibly unbounded operators on the GNS Hilbert

space Hπ. The mapping dΓ(·) generating operators on Fock space, eq. (2.8), is an already

encountered example.

One possible handle to the problem is to first define a linear map q from (a subset of)

the bounded operators on H to elements of the abstract CAR, q : B(H) → A(H) and that

shares with the Fock space dΓ(·) the essential property of being an infinitesimal Bogoliubov

transformation,

(2.18) [q(A), a∗(f)] = a∗(Af) .

In that case, there exists a natural second quantized operator Â for A ∈ B(H) in every

representation, namely Â = π(q(A)) ∈ B(Hπ). We shall follow this route, which originates

from [7], in the proof of Theorem 12. The domain of q must however be restricted to the

finite-rank operators on H, and extended by density to all trace class operators.

A similar mapping can be proved to exist for a more general class of operators if the second

quantized operator is only required to exist in the GNS representation of a given quasi-free

state ωρ. For a finite-rank operator, define on Hρ the normal ordered operator

Â = πρ(q(A)) − ωρ(q(A)) · 1 ,

which has by construction a zero expectation value in the vacuum state defined by ωρ,

(Ωρ, ÂΩρ) = 0. Since the additional term is a number, eq. (2.18) is preserved. The following

proposition exhibits the largest class of single-particle operators to which this definition can

be extended.

Proposition 8 (Lundberg). The mapping A 7→ Â, from bounded self-adjoint operators

on H to operators on Hρ can be extended to {A ∈ B(H) : A = A∗ , tr(ρA(1− ρ)Aρ) <∞}. Â
is a self-adjoint operator on Hρ and there exists a common core Dρ ⊂ Hρ for all Â. Moreover,

the following properties hold

(Ωρ, ÂΩρ) = 0 ,(2.19)

(Ωρ, ÂB̂Ωρ) = tr(ρA(1 − ρ)Bρ) ,(2.20)

[Â, B̂] = [̂A,B] +
(
tr(ρA(1 − ρ)Bρ) − tr((1 − ρ)AρB(1 − ρ))

)
· 1 ,(2.21)
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For the proof of this theorem, see [53]. The last term in (2.21) is usually referred to as the

Schwinger term. It vanishes in the Fock representation ρFock = 0, where Â can be taken as

dΓ(A), see (2.11). In the case of a pure state, the condition of implementability can be recast

as

(2.22) ρA(1 − ρ) ∈ B2

and the Schwinger term as

(2.23) tr([ρ,A](1 − ρ)[B, ρ]) − tr([(1 − ρ), A]ρ[B, (1 − ρ)]) .

In particular, we recover the conditions of Corollary 7. For a purely algebraic discussion of

these matters, we refer to [32].

2.3. Boson algebra. The complete discussion can be carried out for the CCR with

similar results. We shall give here only a very selective set of results needed in Chapter 5. In

particular, we concentrate on pure quasi-free states.

Firstly, let us introduce an equivalent formulation of the CCR in which the discussion of

Bogoliubov automorphisms becomes more natural. Let D be a real vector space equipped

with a symplectic structure σ, i.e. a nondegenerate antisymmetric bilinear form σ(·, ·). The

Weyl relations (2.3) are W (f)W (g) = exp(−i/2σ(f, g))W (f + g) for all f, g ∈ D.

A complex structure on D is an everywhere defined operator J such that

J2 = −1 ,

σ(Jf, Jg) = σ(f, g) ,

− σ(Jf, f) > 0 .

The two first conditions imply J+ = −J , where J+ is the adjoint of J w.r.t. σ. D becomes a

real, resp. complex, pre-hilbert space when equipped with the scalar products

(2.24) sJ(f, g) := σ(f, Jg) , resp. (f, g)J := sJ(f, g) + iσ(f, g) ,

and henceforth, we shall denote its complex completion w.r.t. ‖ ·‖J by H, the Hilbert space of

one-particle wavefunctions. Note that for any complex structure, σ(f, g) = Im(f, g)J , which

is what appears in the more familiar form (2.3) of the Weyl relations.

The set of pure quasi-free states on A(D) is in one-to-one correspondence [55] with the

set of complex structures J on D through

ωJ(W (f)) = e−
1
4

sJ (f,f) = e−
1
4
‖f‖2

J .(2.25)

Since they are regular states, there exist field operators ϕJ(f) acting on the GNS Hilbert space

HJ , as well as operators aJ(f) = 1/
√

2 (ϕπ(f) + iϕπ(Jf)) satisfying the usual commutation

relations with their adjoints, where the scalar product is of course (·, ·)J . Moreover, and to

make contact with our initial definitions of quasi-free states, we compute

ωJ(ϕπ(f)ϕπ(g)) = − ∂2

∂t∂s

∣∣∣∣
t=s=0

ωJ(W (tf)W (sg))e−
ist
2

Im(f,g) =
1

2
(f, g) ,

ωJ(a∗π(f)aπ(g)) = 0 ,

so that the pure state associated with J corresponds to the one-particle matrix ρ+ = 0 on H.

In particular, ‖aJ(g)ΩJ‖2 = 0 for all g ∈ H. Hence, HJ is (isomorphic to) the bosonic Fock
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space built upon H, and ΩJ is its vacuum vector:

HJ ≡ F+(H) .

We can now state the theorem about equivalence of pure quasi-free states, [3].

Theorem 9. Two pure quasi-free states ωJ and ωJ ′ on the CCR A(D) are unitarily

equivalent iff the following conditions hold:

(i) The norms ‖ · ‖J and ‖ · ‖J ′ induce equivalent topologies on D,

(ii) J − J ′ ∈ B2 .

The latter property is w.r.t. sJ , or equivalently sJ ′.

In particular, condition i. implies that the one-particle Hilbert spaces associated to J

and J ′ are equal as sets, but with different inner products. Moreover, there exists a bounded

operator α in H such that (f, g)J = (αf, αg)J ′ . This is again related to the problem of

Bogoliubov transformations:

Definition 7. Let T be a real linear, symplectic, invertible operator on H, i.e.

σ(Tf, Tg) = σ(f, g) ,

for all f, g ∈ H. T induces a *-automorphism βT of the CCR algebra,

(2.26) βT (W (f)) = W (Tf) .

In the cyclic representation of a regular state, a Bogoliubov transformation can also be

written in a form more common to the physics literature. Indeed, the field operator corre-

sponding to βT (W (f)) is βT (ϕ(f)) = ϕ(Tf), so that the associated βT (a(f)) reads

(2.27) βT (a(f)) = a(Lf) + a∗(Af) ,

where T = L+A, L = 1/2 (T −JTJ), resp. A = 1/2 (T +JTJ) are the linear, resp. antilinear

part of T. The slightly abusive notation used here is to emphasize the analogy with (2.16).

We close this chapter with the Shale criterion for implementability of a Bogoliubov trans-

formation in the bosonic Fock space, the proof of which can be found in Appendix 3.

Theorem 10 (Shale, [66]). A bosonic Bogoliubov transformation (2.27) is implementable

in the Fock representation π0 iff L−1A ∈ B2.

Note that in the bosonic case, the property (f, g)
!
= [βT (a(f)), βT (a∗(g))] = (f, L∗Lg) −

(f,A∗Ag) implies L∗L = A∗A+ 1 so that Ker(L) = ∅ and L is always invertible.



CHAPTER 3

Counting statistics and Fredholm determinants

1. Elements of quantum transport

We shall now study some aspects of charge transport, charge and current fluctuations

in a quantum pump. It is a compact device, possibly time dependent and usually cyclic,

connected to several leads, which are one-dimensional semi-infinite ideal wires populated by

quasi-free fermions. Apart from the Pauli repulsion, the evolution in the wires is free and

interaction occurs only inside the pump. Quite generally, the system depends on a number

of control parameters V = (V1 , . . . , Vn) ∈ Rn, V = 0 corresponding to the equilibrium state.

They describe thermodynamical and mechanical forces, typically a temperature or a potential

difference between the leads. Let us keep only one of them for simplicity. The response of the

system is characterized by a (generalized) current I, which for small V satisfies

(3.1) 〈I〉V = GV ,

where G = ∂〈I〉V /∂V |V =0 is the (generalized) conductance. In the following, we shall mostly

refer to the case where V is a potential difference between the left and right leads, I the

induced electric current and G the electric conductance of the pump. In this case, (3.1) is the

well-kown Ohm’s law.

We do not a priori assume adiabatic evolution of the scatterer (typically, one of our main

results, Theorem 12, does not need any adiabatic behaviour), although most of the concrete

examples correspond to the description of real systems in the adiabatic limit. The time interval

under consideration is also compact, of length t0, e.g. a pump cycle or a few of them. Our

main focus is to compute integrated transport properties of these systems, i.e. expected charge

transport, fluctuations of charge and current, and higher order moments of these quantities

over the complete time interval. This approach was initiated in [51] and further developed

in [50, 36] and is usually referred to as full counting statistics (FCS). It stands in contrast

to the scattering approach (SA), initiated in [23], which concentrates on quantities that are

pointwise in time. There, the focus is on the instantaneous scattering off the conductor of

asymptotically incoming currents, see e.g. [24, 22, 9]. It requires the adiabatic approximation

of a slowly varying scatterer. Finally, [69] studied adiabatic transport on more topological

grounds, we shall call it the topological approach (TA).

1.1. Informal presentation of classical results. To get started, let us concentrate

on the simplest problem of a quantum pump connected to two one-dimensional leads and

consider the average charge transported 〈Q〉 over time t0 and the variance 〈〈Q2〉〉 = 〈Q2〉−〈Q〉2;
equivalently the average current 〈Q〉/t0 and the noise 〈〈Q2〉〉/t0. There are two types of noise.

19
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Firstly, thermal noise occurs in the absence of any driving force (hence it is an equilibrium

noise) and at positive temperature β−1 > 0. Then

(3.2) 〈Q〉 = 0 ,
〈Q2〉
t0

=
2

β
G .

(Johnson [39], Nyquist [57]), where G is the conductance of the system. This is an early

instance of the fluctuation-dissipation theorem (see Appendix 5), those words being here

represented as noise and conductance.

Secondly, shot noise occurs in the reverse situation: β = ∞ but in the presence of a

driving force. For a steady current, Ohm’s law states 〈Q〉/t0 = GV , while for the noise

different expressions (corresponding to different situations) are available:

(a) Classical shot noise

(3.3) 〈〈Q2〉〉 = e〈Q〉

(Schottky [64]), where e is the charge of the carriers, say electrons. The result is interpreted

on the basis of the Poisson distribution

pn = e−λλ
n

n!
, (n = 0, 1, 2, . . .)

of parameter λ, for which

〈n〉 = λ , 〈〈n2〉〉 = λ .

Assuming that electrons arrive independently of one another, the number n of electrons col-

lected in time t0 is so distributed, whence (3.3) for Q = en.

(b) Quantum shot noise. Consider the leads and the resistor as modelled by a one-dimensional

scattering problem with matrix

(3.4) S =

(
r t′

t r′

)
,

where r, t (resp. r′, t′) are the reflection and transmission amplitudes from the left and from

the right. Then

(3.5) 〈〈Q2〉〉 = e〈Q〉(1 − |t|2)

(Khlus [43], Lesovik [49]). In this case the result may be attributed to a binomial distribution

with success probability p and with N attempts:

pn =

(
N

n

)
pn(1 − p)N−n ,

〈n〉 = Np , 〈〈n2〉〉 = Np(1 − p) .

This yields (3.5) for p = |t|2 being the probability of transmission. For small p it reduces

to (3.3).

It should be noticed that in the case of thermal noise, the origin of fluctuations is in the

source of electrons, or in the incoming flow, depending on the point of view. By contrast, in the

interpretation of the quantum shot noise the flow is assumed ordered, as signified by the fixed

number of attempts, and fluctuations arise only because of the uncertainty of transmission

described by the scattering amplitudes.
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1.2. The different approaches to quantum transport. In this section, we briefly

review the main results of the different approaches mentioned in the introduction to this

chapter.

1.2.1. Full counting statistics. The FCS is the only approach where the results can be

phrased as identities and not as adiabatic approximations. Assume that the pump operates

for a finite time before and after which it is disconnected from its feeding wires. It could be

a finite number of cycles or a voltage pulse of finite width. The initial state is described by

the density matrix ρ, the one-particle evolution for the time considered by U and the charge

by an orthogonal projection Q, typically the projection onto the states in the right lead. We

shall assume that the charge in the initial state is a well-defined quantity, i.e.

(3.6) [Q, ρ] = 0 .

In other words, the initial state of the system is an eigenstate of the charge Q on the right

(or an incoherent superposition thereof). The purpose of full counting statistics is to compute

the characteristic function of charge transport

(3.7) χ(λ) =
∑

n∈Z

pneiλn ,

where pn is the probability that n particles have been transferred during the process. It yields

the moments 〈Qk〉 and cumulants 〈〈Qk〉〉 of charge transported by differentiation, namely

〈Qk〉 =
(1

i

d

dλ

)k
χ(λ)|λ=0 ,

〈〈Qk〉〉 =
(1

i

d

dλ

)k
log χ(λ)|λ=0 .

The central result of FCS expresses the characteristic function of transferred charge as the

determinant of a certain one-particle operator. The Lesovik-Levitov formula [51] reads

(3.8) χ(λ) = det(1 − ρ+ eiλU∗QUρe−iλQ) .

We shall discuss the derivation and mathematical fine points of (3.8) in the upcoming sections.

This formula yields for the expectation value of transported charge and its variance

〈Q〉 = tr
(
Q̃ρ
)
,(3.9)

〈〈Q2〉〉 = tr
(
ρQ̃(1 − ρ)Q̃

)
= tr

(
ρ(1 − ρ)Q̃2

)
+

1

2
tr
(
[ρ, Q̃][Q̃, ρ]

)
,(3.10)

where Q̃ = (U∗QU −Q). In the light of the discussion in Section 1.1, the two positive terms

in the splitting of the variance can be interpreted as thermal and shot noise respectively.

If ρ = ρ(β) is the family of thermal states at temperature β−1, the first trace is indeed

proportional to the temperature, whereas the second one vanishes in the semi-classical limit

since the commutator is proportional to ~.

1.2.2. Scattering approach. In the scattering approach to pumping, the main focus of the

study differs essentially from FCS. In the latter, as we have seen, the results are global in

time and consider moments of arbitrary high order. In the former however, one considers the

instantaneous transport of particles in the adiabatic limit where each particle only sees the

pump in a frozen state. The local current (in space and time) can then be integrated along
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a closed path (a cycle of the pump) to give the charge transport. The physical system is

appropriately described by a family of non-autonomous Hamiltonians of the form

(3.11) H(s) = H0 + V (x, s) ,

whereH0 describes the free motion of the charge carriers, V (x, s) has compact support in space

and is periodic in time. The exact dynamical scattering matrix is given by the comparison

of the full dynamics U(s2, s1) generated by H(s) to the free U0(s2, s1) = exp(−iH0(s2 − s1))

through

Sd(s) = s− lim
s±→±∞

U0(s, s−)U(s−, s+)U0(s+, s) ,

provided the limit exists and H0 has only absolutely continuous spectrum. If the scatterer

changes slowly in time, the Hamiltonian appears frozen to an incoming particle and one can

pretend that it is blocked at its value at the time of passage. In other words, the particle

sees only the frozen scattering matrix Sf (s) obtained from the time-independent Hamiltonian

at fixed time s. Conservation of energy means that Sf (s) exp(−iH0t) = exp(−iH0t)Sf (s),

which is not the case for the dynamical Sd(s). In the direct decomposition H =
∫ ⊕HEdE,

the frozen scattering operator is described by a family of matrices S(E, t), the scattering

matrices. This definition coincides with the more physical one based on amplitudes of reflected

and transmitted plane waves of energy E, eq. (3.4), see [8].

Quite generally, the expectation value for the current in lead j (in this case, j = 1, 2) in

the adiabatic limit is given by the BPT formula [24]

(3.12) 〈Q̇〉j(s) = − i

2π

∫
dE

dρ

dE

(
Ṡ(E, s)S∗(E, s)

)
jj
,

where the matrix Ṡ(E, s)S∗(E, s) is usually referred to as the matrix of energy shift. At zero

temperature, eq. (3.12) reduces to 〈Q̇〉j(s) = i
2π

(
Ṡ(EF , s)S

∗(EF , s)
)

jj
since ρ(E) is then a

step function at the Fermi energy EF . The total charge transported is thus

(3.13) 〈Q〉j =
i

2π

∫

S1

ds
(
Ṡ(EF , s)S

∗(EF , s)
)

jj
=

i

2π

∮

Γ

(
dSS∗

)
jj
,

where Γ is the closed path followed by the scattering matrix in a pump cycle. Eq. (3.12) can in

fact be stated as a theorem under minor changes if all elements are considered in the adiabatic

limit, see [9]. Generically, there is no quantization of charge transport in the sense that the

BPT formula does not have a topological flavour so that 〈Q〉 does not need to be an integer.

Optimal pumping, i.e. transport without noise over a cycle, is attained iff the scattering

matrix is of the form S(s) = diag(exp(iφ1(s)), exp(iφ2(s))) ·S0, where S0 is a constant unitary

matrix. It that case, 〈Q〉 is a winding number, therefore an integer. Note however that a

small deformation of the path S(s) drives the transport away from optimality.

1.2.3. Topological approach. We now consider the Hamiltonian (3.11) but drop the re-

striction on the support of V (·, s). A heuristic physical understanding can be developed if

one assumes that the potential is also spatially periodic, as was originally done in [69]. Then,

transport occurs if the potential returns to its initial value in the time domain having been

simultaneously translated by a one or more spatial periods. In the adiabatic regime and if

the Fermi energy remains at all times in a spectral gap, the electrons filling the Fermi sea

are simply dragged along, resulting in a net charge transport. In contrast to the previous
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approach, the transport is thus attached to all filled bands of the system, not only to the

surface of the sea.

As shown in [21], spatial periodicity is not needed mathematically. The only necessary

features are firstly that σ(H(s)) has a gap, and secondly that the Fermi energy EF lies in

the resolvent set for all s. Let P0(s) be the spectral projection of H(s) up to EF , which

corresponds to Fermi projection associated with H(s). As a consequence of the adiabatic

theorem,

(3.14) U(s, s0)P0(s0)U(s0, s) = P0(s) + ǫP1(s) +O(ǫ2) , (ǫ→ 0)

where s = ǫt,

(3.15) P1(s) = − 1

2π

∮

γ
dz R(z, s)

∂

∂s
R(z, s) ,

with R(z, s) the resolvent of H(s) at z, and where the complex contour γ = γ(s) encircles the

part of the spectrum of H(s) lying below EF , the charge transported in a cycle is given by

(3.16) 〈Q〉 =

∮

S1

ds tr(IP1(s)) ,

where I is the current operator. In particular, there are no persistent currents, tr(IP0(s)) = 0.

Combining this with (3.15), it can be noted that (3.16) is the first Chern number of a fibre

bundle over the torus T = S1×γ, see [21] for explicit constructions. The topological character

of this result proves directly that transferred charge is quantized.

Remark. These approaches address mostly different questions and different regimes. Never-

theless, they agree when they can be compared: A discussion of the relation between FCS and

SA can be found in [8] and in Chapter 4, the rigorous equivalence of SA and TA in [30, 21].

2. Measuring charge transport

In order to develop a sensible theory of quantum charge transport and counting statistics,

we must address the question of measurement. The two procedures to infer charge transport we

are going to present yield two characteristic functions which agree only under condition (3.6).

In the first one, the charge transport is the difference of two measurement outcomes of charge

in the lead before the pumps starts to operate and after it has been disconnected, i.e. at

times 0 and t0. In the second one, the pump is coupled to an auxiliary system whose evolu-

tion continuously encodes the charge transported. A single, well-chosen measurement on the

‘external’ system at the end of the process yields the information.

In the following, we present these procedures in detail and compute the associated χ(λ).

Let H be the one-particle Hilbert space of the system, U(t2, t1) the unitary evolution oper-

ator, and A = A∗ the observable to be measured. Assume for simplicity that its spectral

decomposition is A =
∑

i αiPi. Let ρ ≥ 0 be the density matrix representing a mixed state.

2.1. Two-steps measurement and the Lesovik-Levitov determinant. We consider

a pump originally disconnected from the leads, hence (3.6) holds. Then,

(i) A first measurement of A induces a collapse of the state ρ to
∑

i PiρPi;

(ii) Connect the pump and let it operate for a certain time, say U = U(t0, 0);

(iii) Measure A again. The final density matrix reads
∑

i,j PjUPiρPiU
∗Pj ;
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Each ordered pair (αj , αi) describes one possible measurement history, with correspond-

ing probability pji = tr(PjUPiρPiU
∗Pj) = tr(U∗PjUPiρPi). Thus, the characteristic func-

tion (3.7) is given by χ(λ) =
∑

ij pji exp(iλ(αj − αi)), i.e.

(3.17) χ(λ) =
∑

j

tr(U∗eiλAUPiρPi)e
−iλαi = tr

(
U∗eiλAUe−iλAρ

)
= 〈U∗eiλAUe−iλA〉ρ ,

where we used the commutation of ρ and A in the second equality. 〈·〉ρ is the expectation

value in the state defined by ρ.

2.1.1. Second quantization. In fact, this one-particle formalism is not quite adapted to

an open system where the number of particles is not fixed and where fermionic exchange

interaction cannot be neglected. Hence, let us formally ‘translate’ this result on Fock space

as in [46]. This amounts to the following replacements:

H  F−(H) ,

A  dΓ(A) ,(3.18)

U  Γ(U) ,(3.19)

where dΓ(A) and Γ(U) are the Fock space multiparticle operators defined in (2.8, 2.9).

Related to these operators, we also have

Definition 8. Let A ∈ H be a trace-class operator, A ∈ B1. The Fredholm determinant

of 1 +A is defined by

(3.20) detH(1 +A) = TrF−(H)Γ(A) ≡
∞∑

n=0

tr ∧n A ,

where ∧nA = A⊗n ↾ ∧nH and ∧nH = P−H⊗n.

This extends the usual definition of the determinant in the finite dimensional case and is

well-defined:

Lemma 11. If A ∈ B1,
∑∞

n=0 tr ∧n A converges absolutely and

detH(1 +A) ≤ e‖A‖1 .

Proof. First of all, ∧nA ∈ B1(∧nH) since |∧nA| = ∧n|A|. Let (µi) be the singular values

of A. Then,

tr| ∧n A| =
∑

i1<...<in

µi1(A) · · · µin(A) ≤ (n!)−1
∑

i1,...,in

µi1(A) · · · µin(A) =
(tr|A|)n
n!

.

Hence,
∞∑

n=0

|tr ∧n A| ≤
∞∑

n=0

‖A‖n
1

n!
= e‖A‖1 .

�

Last but not least, we need to lift the density matrix ρ on Fock space. This is done by

identifying ρ with the reduced one-particle density matrix defined through

(3.21) trH(Aρ) = TrF−(H)(dΓ(A)P ) .
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Hence,

(3.22) P =
Γ(ρ(1 − ρ)−1)

TrF−(H)Γ(ρ(1 − ρ)−1)
= Z−1Γ(ρ(1 − ρ)−1) .

Eq. (3.21) follows formally from

Tr
(
eiλdΓ(A)P

)
= Tr

(
Γ(eiλA)P

)
=

Tr
(
Γ(eiλAρ(1 − ρ)−1))

)

det(1 + ρ(1 − ρ)−1))
= det(1 − ρ+ eiλAρ)

by taking the derivative at λ = 0. A physical example of this is the Fermi-Dirac density

operator

ρ = (1 + eβH)−1 ,

which corresponds to P = Z−1 exp(−βH), the canonical thermal state at temperature β−1.

2.1.2. The Lesovik-Levitov determinant. To conclude, we plug (3.18, 3.19, 3.22) into (3.17)

to get

χ(λ) = Z−1Tr(Γ(U)eiλdΓ(A)Γ(U)∗e−iλdΓ(A)Γ(ρ(1 − ρ)−1))(3.23)

= Z−1 det(1 + UeiλAU∗e−iλAρ(1 − ρ)−1)

= det(1 − ρ+ UeiλAU∗e−iλAρ) =: detD(λ) ,

where we used (2.10, 3.20) in the second equality. This is the Lesovik-Levitov formula (3.8):

Given a state and the time evolution for a fixed time interval, it encodes the average transport

of A, the noise and all higher cumulants of the statistics.

2.2. One-step measurement by external coupling. In principle, one could envisage

a single measurement of the difference U∗AU − A. On the basis of the above section, its

generating function is

χ(λ) = tr(eiλ(U∗AU−A)ρ) .

It remains however unclear how to realize a von Neumann measurement for this observable,

since its two pieces are associated with two different times. Moreover, its second quantized

version

χ(λ) = det(1 − ρ+ eiλ(U∗AU−A)ρ)

generates cumulants which, as a rule beginning with n = 3, differ from those of (3.23).

A physically more promising experimental setup was proposed in [50] and generalized

in [44]. Here neither (3.7) nor (3.6) is assumed a priori. The system is coupled to a spin-1
2

resulting in a total state space H ⊗ C2. As current flows through the pump, it generates a

magnetic field in which the spin precesses. The charge transported can be deduced from the

total precession angle. The obvious advantage of this procedure is that the auxiliary system

integrates the charge transported directly, and a single measurement of the spin angle suffices.

As we shall see in (3.24), the spin even gives an immediate access to the full generating function

itself.

Specifically, in first quantized formalism, the total Hamiltonian is obtained by conjugating

the system Hamiltonian by e−i λ
2
A⊗σ3, where λ is a coupling constant and σ3 a Pauli matrix;

equivalently, the same holds true for the evolution U , which becomes

Ũ = e−i λ
2
A⊗σ3(U ⊗ 1)ei λ

2
A⊗σ3 .
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We note that

Ũ(ψ ⊗ φσ) = (Uσ·λψ) ⊗ φσ , (σ = ±1) ,

where σ3φσ = σφσ and Uλ = e−i λ
2
AUei λ

2
A. The joint initial state is assumed of product form

ρ⊗ ρi with ρ being that of the system and

ρi =
(
(φσ , ρi φσ′)

)
σ,σ′=±1

=

(
ρ++ ρ+−

ρ−+ ρ−−

)

that of the spin. The final state is Ũ(ρ⊗ ρi)Ũ
∗ and, after tracing out the system,

ρf = trH
(
Ũ(ρ⊗ ρi)Ũ

∗
)

with matrix elements

(φσ, ρf φσ′) = tr(UσλρU
∗
σ′λ)(φσ, ρi φσ′) .

In other words,

(3.24) ρf =

(
ρ++ ρ+−χ(λ)

ρ−+χ(−λ) ρ−−

)

with

χ(λ) = tr(ei λ
2
AU∗e−iλAUei λ

2
Aρ) = 〈ei λ

2
AU∗e−iλAUei λ

2
A〉ρ .

We now recall that the action of a rotation of angle θ around ~e is given by U(θ,~e) = cos θ/2−
i(~σ · ~e) sin θ/2 in the spin-1

2 representation. Thus, the rotation U(θ) = exp(−iθ/2) along ~e3,

yields the following transformation of a density matrix,

U(θ)ρU(θ)∗ =

(
ρ++ ρ+−e−iθ

ρ−+eiθ ρ−−

)
,

which clarifies the interpretation of χ(λ). It can thus be determined from the average spin

precession, since (φσ, ρf φσ′) reflects that measurement. We remark that χ(λ) agrees with

(3.17) under the assumption (3.6) of the latter. On the other hand no probability interpreta-

tion, cf. (3.7), is available for χ(λ), since its Fourier transform is non-positive in general, see

[44, 15].

3. Divergences and regularization of the Lesovik-Levitov formula

3.1. Two sources of divergences in infinite systems. The formal derivation of sec-

tion 2 would be rigorous if the one-particle Hilbert space were finite dimensional. However,

as already noted early in the development of the theory of FCS (for example in [36]), the LL

determinant is in general ill-defined. In (3.23), let us choose A = Q, where Q = Q∗ = Q2 is the

projection onto the states in the right lead. Naturally, dΓ(Q) counts the number of particles

in that lead, just as N = dΓ(1) is the number operator on the full Fock space. We want to

point out that dΓ(Q) does not exist in the situation at hand because the number of particles

is infinite for all practical purposes. There are two sources for this divergence. As appropriate

for an open system in the thermodynamic limit, the leads are spatially infinitely extended

(x-divergence). Moreover, the Fermi sea may be very deep. In fact, since transport occurs

essentially in the vicinity of the Fermi surface, it is customary to linearize the dispersion rela-

tion E(p) around the Fermi momentum ±pF . Accordingly, the Fermi sea must be considered

as infinitely deep (p-divergence). Although this might seem like an artifact of the model, the

existence of a regularized formula in this limiting case is the mathematical formulation of a
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physical fact, namely that the exact value of the parameter EF does not matter for the ques-

tion at hand, as long as it is large compared to the bottom of the energy spectrum. Therefore,

the question we want to address here is what is the correct replacement for D(λ) when ρ

describes an infinitely extended (in phase space) system. The spatial divergence appears to

affect only the derivation, but not the result, eq. (3.23). However, by the infinite depth of the

Fermi sea, D(λ) differs from the identity by more than a trace class operator, as would be

required by the definition of a Fredholm determinant (3.20). A manifestation thereof (and in

a sense the only one) is that the expected charge transport (3.9) involves an operator which is

not trace class in the stated situation. These statements are illustrated (in the β = ∞ case)

in Figure 1 representing the phase space of a single particle moving freely. The Fermi sea ρ
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Figure 1. Left: dispersion relation E(p) of free particles, and its linearization.

Right: phase space (coordinates x, p) with regions selected by ρ, Q and QU .

corresponds to |p| < pF , pF being the Fermi momentum, and similarly the right lead Q to

x > 0. The free evolution, which we take as a simple example for U , is a horizontal shear, so

that QU −Q, QU = U∗QU is associated with two sectors, labelled + and −. Their intersection

with the horizontal strip associated with ρ delineates the phase space support of (QU −Q)ρ.

Its area, which is a rough estimate of the trace class norm of the operator, is proportional to

the depth of the sea. If the dispersion relation is conveniently linearized at ±pF , the depth

becomes infinite, implying that the operator is not trace class. As a remedy, we note that the

expression

tr (Qρ−QUρU ) = 0 ,

vanishes by splitting the trace, though only suggestively so, because the traces fail to exist

separately due to the infinite spatial extent of the leads. Adding nevertheless that expression

to (3.9) yields

(3.25) 〈Q〉 = tr (QU (ρ− ρU )) ,

which vanishes in the special case of the free evolution, ρU = ρ, and is expected to be finite in

others. This way of renormalizing the expression is actually declaring that the Fermi sea does

not contribute to the current, instead of relying on a compensation between left and right



28 3. COUNTING STATISTICS AND FREDHOLM DETERMINANTS

movers, as indicated by + and − in the figure. In other terms used earlier, regularization is

obtained by normal ordering w.r.t. ρ instead of 0.

This heuristic manipulation motivates the following regularization of the Lesovik-Levitov

determinant. Replacing D(λ) by

D̃(λ) = e−iλρU QUD(λ)eiλρQ

should not change the value of the determinant, since formally

(3.26) det(e−iλρU QU ) · det(eiλρQ) = eiλ tr(Qρ−QUρU ) = 1 .

Incidentally, this regularization affects only the first cumulant of the statistics, i.e. the average

charge transfer, since the full set of cumulants is generated by log det D̃(λ) which differs from

log detD(λ) by an additive term linear in λ. We are thus led to recast (3.23) as

χ(λ) = det D̃(λ) ,(3.27)

D̃(λ) = e−iλρUQUρ′eiλρQ + eiλρ′
U

QUρe−iλρ′Q ,(3.28)

where ρ′ = 1 − ρ and therefore represents in the Dirac point of view the density matrix for

holes. In fact, one expects that the counting can equivalently rely on negatively charged

particles or on positively charged holes. Interestingly, this representation of χ(λ) is indeed

particle-hole symmetric:

(3.29) χρ(λ) = χρ′(−λ) .

It is also 2π-periodic in λ, though manifestly so only at β−1 = 0 since ρQ, ρ′Q etc. are all

projections (the case of finite temperatures is treated in Corollary 13). For these pure states,

eq. (3.28) reduces to

D̃(λ) = 1 +QU (ρ− ρU )
(
(eiλ − 1)ρ− (e−iλ − 1)ρ′

)
,

which shows that the generating function χ(λ) is well-defined whenever its first cumulant

(3.25) is. As we shall see, a slightly weaker result holds at positive temperature.

Remark. Let us clarify the construction of the derivative of a determinant. The derivative of

the function f : B1 → C, A 7→ f(A) = det(1 +A) is

DfA = (1 +A)−1 det(1 +A)

at any point A such that 1 /∈ σ(A). This defines an operator in B∗
1 = B(H), thus acting on

T ∈ B1 through DfA(T ) = tr(DfAT ). Hence, given an operator valued function A(λ), its

derivative reads

d

dλ
det(1 +A(λ)) = det(1 +A(λ)) tr((1 +A(λ))−1A′(λ)) .

In particular, if A(0) = 0, then

d

dλ

∣∣∣∣
λ=0

det(1 +A(λ)) = trA′(0) ,

a result we have already used a number of times.
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3.2. A rigorous approach. We are now ready to state an important theorem about

the Lesovik-Levitov approach to counting statistics. Its essence is that the above regularized

determinant is obtained without heuristic arguments if the second quantization is built upon

the initial state ρ and not upon the vacuum 0, as long as the evolution does not perturb

the state too much. Moreover, Corollary 13 will show that the characteristic function given

by the regularized Lesovik-Levitov determinant can indeed be associated with a well-defined

probability distribution over integers. Precisely,

Theorem 12. Assume that

[Q, ρ] = 0 ,(3.30)
√
ρ−

√
UρU∗ ∈ B1 ,

√
(1 − ρ) −

√
U(1 − ρ)U∗ ∈ B1 .(3.31)

(Pure state) Suppose ρ = ρ2. Then we have

(i) D̃(λ) − 1 ∈ B1, where D̃(λ) is given in (3.28).

(ii) The Bogoliubov automorphisms induced on A(H) by the unitary operators U and

exp(iλQ) are implementable on Hρ: There exist a unitary operator Û and a selfadjoint

Q̂ on Hρ such that

Ûπρ

(
a#(f)

)
Û∗ = πρ

(
a#(Uf)

)
,(3.32)

eiλ bQπρ

(
a#(f)

)
e−iλ bQ = πρ

(
a#(eiλQf)

)
,(3.33)

for all f ∈ H.

(iii) eiλ bQ ∈ πρ

(
A(H)

)′′
. More generally, f(Q̂) ∈ πρ

(
A(H)

)′′
for any bounded function f .

(iv) The above properties define Û uniquely up to left multiplication with an element

from πρ

(
A(H)

)′
, and Q̂ up to an additive constant. In particular, Û∗eiλ bQÛe−iλ bQ is

unaffected by the ambiguities.

(v) The expectation value of the latter operator is the regularized determinant,

(3.34) (Ωρ, Û
∗eiλ bQÛe−iλ bQΩρ) = det D̃(λ) .

(Mixed state) The above conclusions hold also for 0 < ρ < 1 if, in addition,

(3.35) Q
√
ρ(1 − ρ) ∈ B1 .

Remark. 1. Eq. (3.31) demands that the evolution U preserves ρ, except for creating excita-

tions within an essentially finite region in space and energy, as can be seen from the phase

space picture given above. This assumption is appropriate for the evolution induced by a

compact device operating smoothly during a finite time interval. Moreover, in the pure state

case, both conditions reduce to the first one with the square roots dropped.

2. Furthermore, the same conditions imply that the states ρ and ρU are equivalent, although

they are stronger than needed since the weaker Hilbert-Schmidt norm would suffice for quasi-

equivalence. It turns out that a B2 condition would be sufficient for parts (ii)-(iv) of the

theorem. In Section 4, we will exhibit a model where the difference occurs.

3. The operators Û , Q̂ in (ii) are replacements for the non-existent Γ(U) and dΓ(Q) used in

the heuristic computations. Eqs. (3.32, 3.33) state that any additional particle in the system

evolves by U , resp. contributes to the charge as described by Q.
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4. If the state is pure, property (iii) holds trivially, since B(Hρ) = πρ(A(H))′′, the bounded

operators on Hρ. Moreover, Û is unique up to a phase. Incidentally, condition (3.35) would

be trivial in this case.

5. Property (iii) states that Q̂ is an observable, and the same is true for Û∗Q̂Û , because of

Û∗πρ(A(H))Û ⊂ πρ(A(H)), see (3.32). Thus, the total charges before and after the evolution

are separately bestowed with physical meaning.

6. The physical origin of the extra assumption (3.35) needed in the mixed state case is a

remnant of the x-divergence problem. In both cases, the expected charge contained in a

portion of the lead is of order of its length L, or zero if renormalized by subtraction of a

background charge. In the pure case however, the Fermi sea is an eigenvector of the charge

operator, while for the mixed state, the variance of the charge must itself be of order L,

because the occupation of the one-particle states is fluctuating, since ρ(1 − ρ) 6= 0. Hence, in

this latter situation, the measurement of the renormalized charge yields finite values only as

long as L is finite, of which eq. (3.35) is a mathematical abstraction. This condition, while

unnecessary for property (ii), is essential for (iii). Without the latter, the l.h.s. of (3.34)

appears to be ambiguous. On the other hand, the weaker condition

(3.36) (QU −Q)
√
ρ(1 − ρ) ∈ B1 ,

is sufficient for property (i) and to ensure that the difference Q̂U −Q is an observable.

7. The theorem does not apply to the general case 0 ≤ ρ ≤ 1. The two cases considered suffice

for thermal states with β = ∞ and 0 < β <∞.

Finally, we show the consistency of this result with the construction of Section 2.

Corollary 13. The spectrum of Q̂ consists of integers, up to an additive constant. The

generating function is

(3.37) χρ(λ) = (Ωρ, Û
∗eiλ bQÛe−iλ bQΩρ)

and describes the transport of integer charges n with non-negative probabilities:

χρ(λ) =
∑

n∈Z

pneiλn ,

pn ≥ 0 ,
∑

n∈Z

pn = 1 .

Moreover, the particle-hole symmetry (3.29) holds true.

We note that (3.37) has exactly the same form as (3.17), since all states are vector states

in their GNS representation.

Before we give the proofs of these results, we emphasize that among the different formulaes

that have been proposed for the generating function, (3.37) is the only one whose Fourier

transform always defines a probability distribution over integers.

Proof of corollary 13. From (3.33) and e2πiQ = 1, we see that e2πi bQ ∈ πρ(A(H))′,

while by (iii) we have e2πi bQ ∈ πρ(A(H))′′. Thus, since quasi-free states are factor states,

e2πi bQ = c, (|c| = 1) and we may assume c = 1 by adding an additive constant to Q̂, see (iv).

The spectral representation of Q̂ is then of the form

(3.38) Q̂ =
∑

n∈Z

nPn .
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We note that

(3.39) (Ωρ, e
iλ bQAe−iλ bQ Ωρ) = (Ωρ, AΩρ)

for A ∈ πρ(A(H))′′. Indeed, for A = πρ(a
∗(f) a(g)), we have eiλ bQAe−iλ bQ = πρ(a

∗(eiλQf)

a(eiλQg)) by (3.33). The expectations (3.39) agree because of (eiλQg, ρeiλQf) = (g, ρf) by

[Q, ρ] = 0. The same holds true by (2.7) for arbitrary products of a∗(fi), a(gi), and by

density, for A ∈ πρ(A(H))′′. By (iii) we may apply (3.39) to Aeiλ bQ instead of A, and ob-

tain (Ωρ, PnAΩρ) = (Ωρ, APn Ωρ); then this to APn ∈ πρ(A(H))′′ instead of A, and get

(Ωρ, APn Ωρ) = (Ωρ, PnAPn Ωρ). Moreover, we have Û∗eiλ bQÛ ∈ Û∗πρ(A(H))′′Û ⊂ πρ(A(H))′′

by (3.32). Hence, using (3.38), we see that

(Ωρ, Û
∗eiλ bQÛe−iλ bQ Ωρ) =

∑

n∈Z

(Ωρ, PnÛ
∗eiλ bQÛPn Ωρ)e

−iλn

=
∑

n,m∈Z

(Ωρ, PnÛ
∗PmÛPn Ωρ)e

iλ(m−n)

is of the stated form since (Ωρ,Ωρ) = 1. �

Proof of Theorem 12.

3.2.1. Part (i). Since the projection Q commutes with ρ, see (3.30), we have

eiλρQ = 1 + (eiλρ − 1)Q ,

e−iλρU QU = 1 +QU (e−iλρU − 1) .

We insert these equations in the definition (3.28) of D̃(λ). Moreover,

(3.40) ρU − ρ = ρ1/2(ρ
1/2
U − ρ1/2) + (ρ

1/2
U − ρ1/2)ρ

1/2
U ∈ B1 ,

so that

e−iλρ − e−iλρU = i

∫ λ

0
ds e−i(λ−s)ρU (ρU − ρ)e−isρ

also belongs to the trace class ideal. Rather than proving D̃(λ) ∈ 1 + B1 for D̃(λ) we may

thus do so for the expression

[1 +QU (e−iλρ − 1)]ρ′[1 + (eiλρ − 1)Q] + [1 +QU (eiλρ′ − 1)]ρ[1 + (e−iλρ′ − 1)Q]

= ρ′ + ρ+QU [(e−iλρ − 1)ρ′ + (eiλρ′ − 1)ρ] + [ρ′(eiλρ − 1) + ρ(e−iλρ′ − 1)]Q

+QU [(e−iλρ − 1)ρ′(eiλρ − 1) + (eiλρ′ − 1)ρ(e−iλρ′ − 1)]Q

= 1 +QU

[
(cos(λρ) − 1)ρ′ + (cos(λρ′) − 1)ρ− i sin(λρ)ρ′ + i sin(λρ′)ρ

]

+Q
[
(cos(λρ) − 1)ρ′ + (cos(λρ′) − 1)ρ+ i sin(λρ)ρ′ − i sin(λρ′)ρ

]

+ 2QUQ
[
(1 − cos(λρ))ρ′ + (1 − cos(λρ′))ρ

]

= 1 + (Q2
U +Q2 − 2QUQ)[(cos(λρ) − 1)ρ′ + (cos(λρ′) − 1)ρ]

+ i(Q−QU )[sin(λρ)ρ′ − sin(λρ′)ρ] .

With the help of the functions f(x) = (cos x− 1)/x and g(x) = (sinx)/x, which are bounded

also at x = 0, the expression is rewritten as

1 + [(Q−QU )Q−QU (Q−QU )]ρρ′λ(f(λρ) + f(λρ′)) + i(Q−QU )ρρ′λ(g(λρ) − g(λρ′)) .
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Besides of Q
√
ρρ′ ∈ B1, see (3.35), we have QU

√
ρρ′ = U∗Q

√
ρU∗ρ′U∗U ∈ B1 by (3.31), and

hence (Q−QU )
√
ρρ′ ∈ B1, cf. (3.36). This makes the claim manifest. �

In the zero temperature case, where ρ is a projection, the above proof simplifies consider-

ably due to ρρ′ = 0.

The rest of the proof has two main ingredients. Firstly, we shall use general theorems

on the existence of Bogoliubov implementers like the Shale-Stinespring criterion and gener-

alizations to prove (ii)-(iv) for pure states. The general case will be handled through the

purification (2.13). Secondly, for the proof of the main part (v), we will approximate Q̂ by a

sequence of operators dΓ(Fn) which exist at the level of the abstract algebra, therefore also

in all representations, and which can be explicitly constructed. Moreover, they will share

most of the properties of their Fock space counterparts so that the main ingredients of the

computations of Section 2.1 and of the heuristic regularization will go through, although now

based on rigorous grounds. It will remain to prove that the determinant does not converge to

the LL form (3.23), but rather to its regularized form (3.28) as n→ ∞.

We start by a few more preliminaries about Bogoliubov transformations and their imple-

menters.

3.2.2. Preliminaries. First of all, following [7], we carry out the construction of a quan-

tization map announced in Chapter 2. Given a finite rank operator A on H, we define Γ(A)

and dΓ(A) as elements of the CAR A(H).

• For rank one operators Ai = |fi〉〈gi|, (i = 1, . . . , n), we set

(3.41) dΓ(A1, . . . , An) = a∗(fn) · · · a∗(f1) a(g1) · · · a(gn) .

The definition is extended by multilinearity to operators Ai of finite rank. The result

is independent of the particular decomposition into rank one operators.

• For U − 1 of finite rank, we set

Γ(U) =

∞∑

n=0

1

n!
dΓ(U − 1, . . . , U − 1︸ ︷︷ ︸

n

) ,

where the term n = 0, in which no arguments are present, is read as dΓ = 1. The

sum is finite, because the terms with k > rank(U − 1) vanish.

The elements of A(H) just defined indeed share the properties of the operators on Fock space

known by the same notation.

Lemma 14. Let U − 1 be of finite rank. Then

Γ(U)a∗(f) = a∗(Uf)Γ(U) ,(3.42)

Γ(U1U2) = Γ(U1)Γ(U2) .(3.43)

In particular, Γ(U) is unitary if U is.

Proof. We have

(3.44) dΓ(A1, . . . , An)a∗(f) = a∗(f)dΓ(A1, . . . , An) +
n∑

i=1

a∗(Aif)dΓ(A1, . . . , Âi, . . . , An)



3. DIVERGENCES AND REGULARIZATION OF THE LESOVIK-LEVITOV FORMULA 33

where the hat indicates omission. In the rank one case, Ai = |fi〉〈gi|, this follows from (3.41)

and from (gi, f)a∗(fi) = a∗(Aif), in the general case, by multilinearity. Thus,

Γ(U)a∗(f) = a∗(f)Γ(U) + a∗((U − 1)f)

∞∑

n=1

1

(n− 1)!
dΓ(U − 1, . . . , U − 1)

= a∗(f)Γ(U) + a∗((U − 1)f)Γ(U) = a∗(Uf)Γ(U) ,

since we applied (3.44) with n equal entries Ai = U − 1. This should be compared to (2.18).

Furthermore,

dΓ(A1, . . . , An)dΓ(B1, . . . , Bm) =

=

min(n,m)∑

l=0

∑

Cl

dΓ(Ai1Bj1, . . . , AilBjl
, A1, . . . , Âis , . . . , An, B1, . . . , B̂js , . . . , Bm) ,

where the second sum runs over all l-contractions (i1, j1), . . . , (il, jl) with i1 < . . . < il, jis 6= jir .

In the rank one case, which implies the general one, this is just Wick’s lemma for normal

ordered products. Thus

Γ(U1)Γ(U2) =

∞∑

n=0

1

n!
dΓ(U1 − 1, . . . , U1 − 1) ·

∞∑

m=0

1

m!
dΓ(U2 − 1, . . . , U2 − 1)

=

∞∑

n,m=0

min(n,m)∑

l=0

1

l!(n− l)!(m− l)!
dΓ((U1 − 1)(U2 − 1), . . . , U1 − 1, . . . , U2 − 1, . . .)

with entries repeated l, n− l, m− l times. In fact, the number of l-contractions is

1

l!

n!

(n− l)!

m!

(m− l)!
.

Setting n− l =: s, m− l =: t, l + s+ t =: r, we have

Γ(U1)Γ(U2) =

∞∑

r=0

∑

l,s,t
l+s+t=r

1

l! s! t!
dΓ((U1 − 1)(U2 − 1), . . . , U1 − 1, . . . , U2 − 1, . . .)

=
∞∑

r=0

1

r!
dΓ((U1 − 1)(U2 − 1) + (U1 − 1) + (U2 − 1), . . .)

since there are r!/l! s! t! ways to pick terms from each entry of the last line. Since (U1−1)(U2−
1) + (U1 − 1) + (U2 − 1)) = U1U2 − 1, the proof is complete. �

On top of purely algebraic properties, the expectation values of these operators in a quasi-

free state ωρ also bear an analogy to their Fock space counterparts in a state given by a

reduced one-particle density matrix ρ, eq. (3.21).

Lemma 15. Let A be a finite rank operator, and 0 ≤ ρ ≤ 1. Then

ωρ(dΓ(A, . . . , A︸ ︷︷ ︸
k

)) = tr ∧k (Aρ) .

Moreover, if U is such that U − 1 is of finite rank, then

(3.45) ωρ(Γ(U)) = det((1 − ρ) + Uρ) .
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Proof. The trace of a finite rank operator A =
∑m

i=1 fi(gi, ·) is trA =
∑m

i=1(gi, fi). By

the same token, that of

∧kA =

m∑

i1,...ik=1

1

k!

∑

σ∈Sk

(−1)σ ⊗k
α=1 fiσ(α)

(giα , ·)

is

tr ∧k A =
∑

1≤i1<...<ik≤m

det(giα , fiβ)kα,β=1 .

Since the a#(f) anticommute, we have

dΓ(A, . . . , A) =
∑

1≤i1<...<ik≤m

a∗(fi1) · · · a∗(fik) a(gik) · · · a(gi1) ,

whose expectation value is computed by (2.7) as

ωρ(dΓ(A, . . . , A)) =
∑

1≤i1<...<ik≤m

det(ρgiα , fiβ )kα,β=1 = tr ∧k (Aρ) ,

because the decomposition of Aρ differs from that of A by ρgi in place of gi. This proves

the first part of the lemma. The second part is now an application of the definition of the

determinant, eq. (3.20). Indeed, ωρ(Γ(U)) = 1 +
∑∞

k=1 tr∧k ((U − 1)ρ) = det(1 + (U − 1)ρ).�

Remark. The mapping A 7→ dΓ(A) could in fact be extended to all trace class operators on

H, but we shall not need this generalization in the following. We however point out that

the lemma shows that the trace class is a necessary condition for an extension of dΓ(·). Since

ωρ(dΓ(A)) needs to be finite in all representations, tr|Aρ| has to exist for all bounded operators

ρ, whence A ∈ B1.

We now complement the fundamental results of Section 2. Each new particle in the system

evolves with U , resp. adds a charge Q. Thus, the induced Bogoliubov automorphisms are of

the simplest form, a(f) 7→ a(V f), V = U , resp. V = exp(iλQ). The first proposition is about

implementers of a group of such Bogoliubov automorphisms [4]

Proposition 16. Let P be a projection and Vτ (τ ∈ R) one parameter unitary group

such that Vτ is norm continuous and PVτ (1−P ) is continuous in the B2-norm. Then Vτ has

an implementer of the form V̂λ = exp(iτ v̂), where v̂ is a self-adjoint operator on HP . The

requirement

(3.46) (ΩP , v̂ΩP ) = 0

may be imposed, in which case v̂ is unique.

An equivalent condition is Vτ = exp(iτv) with v a bounded, selfadjoint operator on H,

and Pv(1 − P ) ∈ B2.

The next result is about the continuity of the implementation, see [4].

Proposition 17. Let v and vn, (n = 0, 1, . . .), satisfy the hypotheses of Proposition 16,

and let v̂, v̂n satisfy the normalization (3.46). If

(3.47) vn
s−→ v , and ‖P (vn − v)(1 − P )‖2 → 0 ,

as n→ ∞, then

s− lim
n

eiλbvn = eiλbv .
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These implementers actually commute with the parity operator: Let Λ̂ : HP → HP be the

unitary implementation of the *-automorphism a(f) 7→ a(−f) which is uniquely determined

by Λ̂ΩP = ΩP .

Lemma 18. Let V̂τ be as in the above proposition. Then

(3.48) [V̂τ , Λ̂] = 0 .

Proof. Since [Vτ ,−1] = 0, the operators Λ̂V̂τ and V̂τ Λ̂ implement the same Bogoliubov

automorphism, whence Λ̂V̂τ = cτ V̂τ Λ̂ with |cτ | = 1. From (ΩP , V̂τΩP ) = (Λ̂ΩP , Λ̂V̂τΩP ) =

cτ (ΩP , V̂τΩP ) we find cτ = 1 for small τ , because (ΩP , V̂τΩP ) → 1, (τ → 0). The conclusion

extends to all τ by the group property. �

More generally, one can prove that all implementers V̂ from Corollary 7 commute with

parity, see [4].

The last preliminary is concerned with the twisted duality of CAR algebras. Let P be an

orthogonal projection on H, K ⊂ H a closed subspace, and K⊥ its orthogonal complement.

Let Ã(K⊥) be the von Neumann algebra generated by Λ̂πP (a(f)), (f ∈ K⊥), where Λ̂ is again

the parity. Then [27, 12]

(3.49) πP (A(K))′ = Ã(K⊥) .

3.2.3. Parts (ii-iv).

Pure state: ρ = ρ2

Existence: In the case Vλ = exp(iλQ) we have [ρ, Vλ] = 0 by (3.30), so that existence of a

unitary implementer V̂λ = exp(iλQ̂) is trivial by Proposition 16. Similarly, in the case V = U

we have [ρ, U ] = (ρ− ρU∗)U ∈ B2 by (3.40). Hence it is also implementable by Proposition 7.

Uniqueness: Let V̂ denote either of exp(iλQ̂) or Û . Suppose V̂1 and V̂2 both implement

the same transformation. Then V̂1V̂
∗
2 πρ(a(V f)) = πρ(a(V f))V̂1V̂

∗
2 . Thus V̂1 = (V̂1V̂

∗
2 )V̂2 and

V̂2 differ by left multiplication with V̂1V̂
∗
2 ∈ πρ(A(H))′. In the pure case the cyclic represen-

tation is irreducible, whence Û is unique up to a phase and Q̂ up to an additive constant. As

mentioned in Remark 4, property (iii) is empty in this case.

Mixed state: 0 < ρ < 1

Here we shall use the concept of the purification of ωρ introduced in Section 2.1. The state

ωPρ on A(H⊕H) has a GNS representation (HPρ , πPρ ,ΩPρ). We can identify

A(H) ∼= A(H⊕ 0)

via a(f) ∼= a(f ⊕ 0), and

(3.50) Hρ ≡ πPρ(A(H⊕ 0))′′ΩPρ ⊂ HPρ , Ωρ ≡ ΩPρ , πρ(a) ≡ πPρ(a) ↾ Hρ ,

since these objects satisfy

(3.51) (ΩPρ , πPρ(a
∗(f ⊕ 0)a(g ⊕ 0))ΩPρ) = (g ⊕ 0, Pρ(f ⊕ 0)) = (g, ρf) ,

as required by (2.6). The reason why we cannot handle the most general mixed case, 0 ≤ ρ ≤ 1,

comes from the following lemma, whose proof is postponed till the end of the section.

Lemma 19. Assume 0 < ρ < 1 (strict inequality). Then ΩPρ is cyclic in HPρ for

πPρ(A(H⊕ 0)). In particular, we have equality in (3.50), Hρ = HPρ.
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A unitary V on H induces two automorphisms on A(H⊕H): (a) a(f ⊕ g) 7→ a(V f ⊕ g),

and (b) a(f ⊕ g) 7→ a(V f ⊕ V g), whose implementation may be envisaged:

(a) V̂ πPρ(a(f ⊕ g))V̂ ∗ =πPρ(a(V f ⊕ g)) ,(3.52)

(b) V̂ πPρ(a(f ⊕ g))V̂ ∗ =πPρ(a(V f ⊕ V g)) .

Both choices of V̂ would provide an implementation for V in the representation πρ on Hρ. Only

in the first case we have V̂ ∈ πρ(A(H))′′. Indeed, by (3.49) applied to H⊕ 0 ⊂ H⊕H instead

of K ⊂ H, we need to check V̂ ∈ Ã(0⊕H)′. This however follows from [V̂ , πPρ(a(0⊕ g))] = 0,

see (3.52), and from [V̂ , Λ̂] = 0, see (3.48).

In order to determine the existence of these implementations we compute
[
Pρ,

(
U1 0

0 U2

)]
=

(
[ρ, U1]

√
ρρ′ U2 − U1

√
ρρ′√

ρρ′ U1 − U2
√
ρρ′ [ρ′, U2]

)
,

and see that that of (a) (i.e. U1 = V and U2 = 1) is granted if

(3.53) [ρ, V ] ∈ B2 , (1 − V )
√
ρρ′ ∈ B2 ;

and that of (b) (U1 = V = U2) if

(3.54) [ρ, V ] ∈ B2 , [
√
ρρ′, V ] ∈ B2 .

We can now complete the proof of parts (ii) and (iii) of the theorem. For V = exp(iλQ),

we use (a). Then eqs. (3.53) hold true by eqs. (3.30, 3.35): (1 − eiλQ)
√
ρρ′ = (1 − eiλ)Q

√
ρρ′.

This also proves (iii). For V = U , we use (b), with conditions (3.54) holding by (3.31, 3.40).

Part (iv) is readily proven as follows. Like in the pure case, the implementers are unique

up to left multiplication by an element of πρ(A(H))′. Thus exp (iλQ̂) ∈ πρ(A(H))′′ still implies

its uniqueness up to a phase because the algebra of observables πρ(A(H))′′ is a factor. �

Remark. 1. The requirement that Q̂ be an observable is of evident physical importance (as

already noted in Remark 6), but as it came clear here, also mathematically necessary to ensure

uniqueness of the characteristic function. For pure states, the ambiguity on Q̂ is harmless by

the irreducibility of the GNS representation. However, the structure of the representation is

more complicated in the mixed state case. Indeed we have that πρ(A(H))′ ∼= πρ(A(H)), as

can be seen from Lemma 19 and [a#(f ⊕ 0), a#(0 ⊕ g)] = 0, which would ruin any attempt

of defining a sensible charge operator. Imposing the additional bicommutant condition on

exp(iλQ̂) reestablishes the necessary uniqueness by the factor property of quasi-free states.

2. If it were for property (ii) only, one could adopt method (b) also for V = exp(iλQ).

Proof of Lemma 19. The space HPρ is spanned by the vectors

(3.55)
n∏

i=1

πPρ(a
#(fi ⊕ gi))ΩPρ .

It suffices to show that they can be approximated arbitrarily well by a sum of such vectors

where, however, gi = 0. To this end, we first note that

πPρ

(
a∗(Pρ(f ⊕ g))

)
ΩPρ = 0 ,

πPρ

(
a(P ′

ρ(f ⊕ g))
)
ΩPρ = 0 ,
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where P ′
ρ = 1 − Pρ. This follows from (2.7) for Pρ instead of ρ, and implies in turn

‖πPρ(a
∗(f ⊕ g))ΩPρ‖ ≤ ‖P ′

ρ(f ⊕ g)‖ ,
‖πPρ(a(f ⊕ g))ΩPρ‖ ≤ ‖Pρ(f ⊕ g)‖ .

Let us first consider the case where the last factor in (3.55) is an annihilation operator and

set fn ⊕ gn =: f ⊕ g. We have

Pρ(f ⊕ g − f̃ ⊕ 0) =

( √
ρ√
ρ′

)(√
ρ(f − f̃) +

√
ρ′g
)
.

A vector f̃ ∈ H is well-defined by
√
ρf̃ :=

√
ρf +

√
ρ′F (ρ ≥ ǫ)g ,

where F (ρ ≥ ǫ) is the spectral projection for ρ on [ǫ,∞) and ǫ > 0. Thus,

‖Pρ(f ⊕ g − f̃ ⊕ 0)‖ ≤ ‖F (ρ < ǫ)g‖
can be made arbitrarily small because of Ker(ρ) = {0}. If the last factor is a creation operator,

the arguments proceed similarly using Ker(ρ′) = {0}. Hence the announced replacement can

be performed in the last factor. After anticommuting it to the left, the claim is reduced to

products with fewer factors, for which it holds by induction. �

3.2.4. Part (v). Approximating the Bogoliubov automorphism induced by eiλQ by means

of inner automorphisms, as introduced in the preliminaries, the generating function on the

l.h.s. of (3.34) then becomes computable by Lemma 15. We present separate proofs in the

pure and the mixed case. The second proof, while applying to both cases, is longer than the

one we give for pure states. Both depend on Proposition 17.

Pure state. Let F be a finite rank operator on H with [F, ρ] = 0. As such, it has an

implementation in the cyclic representation πρ; its non-uniqueness does not affect the l.h.s. of

(Ωρ, Û
∗eiλ bF Ûe−iλ bF Ωρ) = (Ωρ, Û

∗πρ(Γ(eiλF ))Ûπρ(Γ(e−iλF ))Ωρ)(3.56)

= (Ωρ, πρ(Γ(U∗eiλFUe−iλF ))Ωρ) ;

on the r.h.s. we used that πρ(Γ(eiλF )) is one possible implementation of eiλF by (3.42)

with eiλF in place of U ; the second line follows by (3.32), which implies Û∗πρ(Γ(eiλF ))Û =

πρ(Γ(U∗eiλFU)), and by (3.43). Another choice for F̂ is fixed by

(3.57) (Ωρ, F̂Ωρ) = 0 ,

and we may ask the same normalization for Q̂.

Lemma 20. There is a sequence of finite dimensional orthogonal projections Fn such that

(3.58) [Fn, ρ] = 0 , s− lim
n
Fn = Q .

Proof. We note that (ρQ)2 = ρQ, so that Q = ρQ+ ρ′Q is an orthogonal splitting of Q.

Let Fn = F
(1)
n + F

(2)
n , where F

(1)
n , resp. F

(2)
n , is a subprojection of ρQ (i.e. F

(1)
n ρQ = F

(1)
n ),

resp. of ρ′Q, with F
(1)
n

s→ ρQ, and F
(2)
n

s→ ρ′Q. Clearly, Fn
s→ Q and

[F (1)
n , ρ] = [ρ′, F (1)

n ] = ρ′F (1)
n − F (1)

n ρ′ = ρ′ρQF (1)
n − F (1)

n Qρρ′ = 0 ,

since ρρ′ = 0. The same holds for F
(2)
n , and thus for Fn. �
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By (3.58, 3.57) the assumptions of Proposition 17 are satisfied for the sequence (Fn) and

its limit Q. Therefore,

(3.59) (Ωρ, Û
∗eiλ bQÛe−iλ bQΩρ) = lim

n→∞
(Ωρ, Û

∗eiλcFnÛe−iλcFnΩρ) .

By (3.56, 3.45, 3.58) the inner product on the r.h.s. equals

det(ρ′ + eiλU∗FnUe−iλFnρ) = det(e−iλρU FnUρ′eiλρFn + eiλρ′U FnUρe−iλρ′Fn) ,

where we multiplied the determinant by

(3.60) 1 = det(e−iλρUFnU ) · det(eiλρFn) ,

like in the heuristic derivation (3.26); but unlike there, this step is now correct, since Fn is

of finite rank. We also used [Fn, ρ] = 0. Finally, we claim that the operator under the last

determinant converges to

(3.61) e−iλρUQUρ′eiλρQ + eiλρ′
U

QUρe−iλρ′Q = e−iλρUQUρ′ + eiλρ′
U

QUρ

in trace class norm, i.e. the same expression with Q in place of Fn. The r.h.s. is obtained

using exp(iλρQ) = 1 + ρQ(exp(iλ) − 1) and ρρ′ = 0. The convergence implies that of the

determinants: Indeed, for A− 1, B − 1 ∈ B1, we have [60]

|detA− detB| ≤ ‖A−B‖1e
(‖A−1‖1+‖B−1‖1+1) .

Upon conjugating with U , it is enough to show

‖(e−iλρFn − e−iλρQ)ρ′U∗‖1 −→ 0 ,

and similarly with ρ and ρ′ interchanged. This operator equals e−iλ − 1 times

ρ(Fn −Q)ρ′U∗ = (Fn −Q)ρρ′ + (Fn −Q)ρ(ρ′U∗ − ρ′) .

The first term vanishes, and the second tends to 0 in the trace class norm as n→ ∞, because

of

(3.62) Xn
s−→ 0 , Y ∈ B1 =⇒ ‖XnY ‖1 −→ 0 .

In fact for ǫ > 0, by the density of the finite rank operators in B1, there exists a finite-rank

projection Mǫ such that ‖(1 −Mǫ)Y ‖1 < ǫ. Hence,

‖XnY ‖1 ≤ ‖XnMǫ‖‖Y ‖1 + ‖Xn‖‖(1 −Mǫ)Y ‖1 .

The first term vanishes as n→ ∞ by the strong convergence to zero. The second is bounded

above by ǫ supn ‖Xn‖, which proves the result since ǫ is arbitrary. �

Mixed state. Let us start by proving a result analogous to Lemma 20:

Lemma 21. Let P , Q be orthogonal projections in a separable Hilbert space H with

(3.63) [Q,P ] ∈ B1 .

Then there are finite dimensional subprojections Fn of Q with

(3.64) ‖[Fn −Q,P ]‖1 −→ 0 , (n→ ∞) .
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Proof. We split Q as

(3.65) Q = QPQ+Q(1 − P )Q ≡ L1 + L0 ,

and observe that [Q,L1]=0 and

(P − 1)L1 ∈ B1 ,(3.66)

L2
1 − L1 = QP [Q,P ]Q ∈ B1 .

By the last property, the only possible accumulation points in the spectrum of L1 are 0 and

1. In particular, there is an x ∈ (0, 1) which is not in the spectrum. Let Q1 be the spectral

projection of L1 associated with (x,∞). It may be represented as

Q1 =
1

2πi

∮

C
(z − L1)

−1dz ,

where C ⊂ C is a contour encircling that part of the spectrum only. Using ointCz
−1dz = 0,

due to x > 0, we have

(P − 1)Q1 =
1

2πi

∮

C
(P − 1)

(
(z − L1)

−1 − z−1
)
dz(3.67)

=
1

2πi

∮

C
(P − 1)L1(z − L1)

−1z−1dz ∈ B1

by (3.66). On the subspace Ran(Q), the projection Q1, defined in terms of L1 and x is

complementary to the one, Q0, similarly defined by L0 and 1− x, see (3.65). Since 1− x > 0,

we have

(3.68) PQ0 ∈ B1

by analogy to (3.67). Let now F
(i)
n , (i = 0, 1), be a sequence of finite dimensional subprojec-

tions of Qi with F
(i)
n

s→ Qi. Then

[F (0)
n −Q0, P ] = (F (0)

n −Q0)P − P (F (0)
n −Q0) = (F (0)

n −Q0)Q0P − PQ0(F
(0)
n −Q0) ,

[F (1)
n −Q1, P ] = [F (1)

n −Q1, P − 1] = (F (1)
n −Q1)Q1(P − 1) − (P − 1)Q1(F

(1)
n −Q1) ,

are trace class by (3.67, 3.68), and converge to zero in the corresponding norm by (3.62) and

‖T ∗‖1 = ‖T‖1. Thus Fn = F
(0)
n + F

(1)
n is seen to have the stated properties. �

We apply the lemma to H ⊕H, Pρ and Q̃ = Q ⊕ 0 instead of H, P and Q; in this case,

subprojections of Q̃ are of the form F ⊕ 0, with F a subprojection of Q. Since

[Pρ, Q̃] =

(
[ρ,Q] −Q√

ρρ′√
ρρ′Q 0

)
,

the hypothesis (3.63) of Lemma 21 is fulfilled. The claim yields

(3.69) ‖[Fn −Q, ρ]‖1
n→∞−→ 0 ,

as well as ‖√ρρ′(Fn−Q)‖1 → 0, which however is already known by (3.35) and Fn = FnQ. We

thus have a sequence (Fn) of unitarily implementable transformations: the conditions (3.53)

are both fulfilled, the first one because [ρ, exp(−iλFn)] = [ρ, Fn](exp(−iλ)−1) and the second

because (1 − exp(−iλFn))
√
ρρ′ = (exp(−iλ) − 1)FnQ

√
ρρ′. Moreover, the assumptions of

Proposition 17 are satisfied, so that eqs. (3.59, 3.56) are true again.
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To complete the proof, it remains to show that

(3.70) det(ρ′ + eiλFnU e−iλFnρ) −→ det(e−iλρU QUρ′eiλρQ + eiλρ′
U

QUρe−iλρ′Q) .

To this end, we multiply the determinant by

(3.71) det(1 + FnU (e−iλρU − 1)) , det(1 + (eiλρ − 1)Fn) ,

from the left, resp. from the right. These factors would be identical to those in (3.60) if Fn

and ρ commuted, which is however no longer the case. Also, their product is not 1, but rather

equals

(3.72) det(1 + FnU (e−iλρU − 1)) · det(1 + (eiλρ − 1)Fn)

= det(1 + (eiλρ − 1)Fn) · det(1 + Fn(e−iλρ − 1))

= det(1 − Fn + eiλρFne−iλρ) ,

where

eiλρFne−iλρ − Fn = i

∫ λ

0
eisρ[ρ, Fn]e−isρds ∈ B1

and

(3.73) ‖eiλρFne−iλρ − Fn‖1
n→∞−→ 0

by [ρ,Q] = 0 and (3.69). Therefore, (3.72) converges to 1 and it suffices to prove (3.70) with

the l.h.s. multiplied by (3.71). The determinant becomes that of

(3.74) (1 + FnU (e−iλρU − 1))(ρ′ + eiλFnU e−iλFnρ)(1 + (eiλρ − 1)Fn) .

By means of

‖(1 + FnU (e−iλρU − 1))ρ′ − e−iλρUQUρ′‖1 −→ 0 ,(3.75)

‖e−iλFnρeiλFn − ρ‖1 −→ 0 ,(3.76)

which we shall prove momentarily, we may replace (3.74) by

e−iλρUQUρ′(1 + (eiλρ − 1)Fn) + (1 + FnU (e−iλρU − 1))eiλFnU ρe−iλFn(1 + (eiλρ − 1)Fn) .

The claim then follows from

‖ρ′(1 + (eiλρ − 1)Fn) − ρ′eiλρQ‖1 −→ 0 ,(3.77)

‖ρe−iλFn(1 + (eiλρ − 1)Fn) − ρe−iλρ′Q‖1 −→ 0 ,(3.78)

‖(1 + FnU (e−iλρU − 1))eiλFnU ρ− eiλρ′U QUρ‖1 −→ 0 .(3.79)

It remains to prove (3.75 - 3.79). The limit (3.76) follows like (3.73). The expression in (3.77)

is ρ′(exp(iλρ)− 1)(Fn −Q) = f(ρ) ρρ′Q(Fn −Q) where f(ρ) = ρ−1(exp(iλρ)− 1) is a bounded

operator; its convergence to zero follows from (3.35). As for (3.78) we have

e−iλFn(1 + (eiλρ − 1)Fn) = (1 + (e−iλ − 1)Fn)(1 + (eiλρ − 1)Fn)

= 1 + (e−iλeiλρ − 1)Fn + (e−iλ − 1)[Fn, e
iλρ]Fn ,

so that by using (3.73) it remains to show

‖ρ(1 + (e−iλρ′ − 1)Fn) − ρe−iλρ′Q‖1 −→ 0 .
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This, however, is just (3.77) with ρ and ρ′ interchanged. Finally, in (3.75, 3.79) we may,

by (3.31), replace ρ and ρ′ by ρU and ρ′U in those places where the subscript is not already

present. By passing to a unitary conjugate and adjoint, they reduce to (3.77, 3.78). �

4. The instantaneous scattering model

We now introduce a simple model of a pumping device for which various results of this

work can be explicitly computed. Although it is implicit in other works, its formalization

will allow us to apply the theorem just proven, to make comparisons with earlier results,

and in Chapter 4 to establish equivalence of counting statistics and the scattering approach.

As already discussed, we shall choose a free Hamiltonian which is linear in the momentum,

thereby implementing the infinitely deep Fermi sea directly into the model. Depending on

our purpose, we shall introduce different concrete examples which differ by the (effective)

description of the quantum pump. A detailed construction of the instantaneous scattering

Hamiltonian will be carried out later.

The two semi-infinite leads are represented by two infinite wires, which are however chiral.

Thus, the one-particle Hilbert space of the system is H = L2(R)⊕L2(R) ≃ L2(R; C2) and the

free Hamiltonian

(3.80) H0 = p⊕ p , p = −i
d

dx
.

Note in particular that all electrons have the same speed, since V = −i[x⊕ x,H0] = 1 which

can be thought of as the Fermi velocity. The initial state is

(3.81) ρ = ρL ⊕ ρR ,

where ρi, i = L,R, are bounded translation invariant operators. By a lemma of Schwartz,

there exits a unique tempered distribution, also denoted by ρi such that (ρif)(x) = (ρi ∗f)(x)

for all f ∈ S . The natural charge operator is the projection onto the right lead, Q = 0 ⊕ 1,

which trivially satisfies [Q, ρ] = 0.

x = 0
S

Left Right

yy = 0

Figure 2. A simple model with two infinite chiral leads

Remark. 1. The coordinates (x, p) represent the position and momentum in each chiral wire,

and are dual w.r.t. Fourier transform. However, x cannot be assigned the meaning of a global

position in physical space (y in the figure). This is obvious by noting that for a vector ψ ∈ H,

ψ(x) has components both on the left and the right leads. Rather, x < 0, resp. x > 0,

corresponds to incoming, resp. outgoing, subspaces.

2. A more general and phenomenologically richer charge operator may be given by Ql =

Q · θ(x ≥ l), representing a measurement device located a distance l > 0 away from the

scatterer. Although it has often appeared in the related works, we shall not consider it



42 3. COUNTING STATISTICS AND FREDHOLM DETERMINANTS

here, firstly because it does not satisfy the commutation condition (3.6), secondly and more

importantly because it would not be implementable in the cyclic representation associated

with ρ as we shall discuss in Chapter 4.

On an abstract level, any system in which the notions of incoming and outgoing subspaces

can be formalized is essentially the same as the instantaneous scattering model, as we shall

now show in the frame of the Lax-Phillips scattering theory, see [59]. These systems share

the property of carrying a well-defined ‘time of passage’ observable.

Definition 9. Let U(t) be a strongly continuous unitary group on a Hilbert space H. A

closed subspace H+ ⊂ H is said to be outgoing for U(t) if

(i) U(t)H+ ⊂ H+ for t ≥ 0,

(ii)
⋂

t U(t)H+ = {0} ,

(iii)
⋃

t U(t)H+ = H.

Similarly, if H− ⊂ H satisfies (ii), (iii) and U(t)H− ⊂ H− for t ≤ 0, then it is called an

incoming subspace.

If a system admits such subspaces, then it is essentially unique.

Theorem 22. Let U(t), H and H+ be as above. Then there is an auxiliary Hilbert space

K+ and a unitary map O of H onto L2(R,K+) so that OH+ = L2([0,+∞),K+) and U+(t) =

OU(t)O−1 is a translation to the right by t, (U+(t)f)(s) = f(s− t).

Similarly for H−, there exist K− and a unitary map I of H onto L2(R,K−) so that IH− =

L2((−∞, 0],K−) and U−(t) = IU(t)I−1 is a translation to the right by t.

These representations are unique up to isomorphisms of K±.

If the system has both incoming and outgoing subspaces, K+ and K− can be chosen the same.

For a vector ψ ∈ H, let ψ− = Iψ and ψ+ = Oψ. The scattering matrix S : L2(R,K) →
L2(R,K) describes how the incoming and outgoing parts are related, Sψ− = ψ+, i.e.

S = OI−1 .

It characterizes the non trivial embeddings of L2((−∞, 0],K) and L2([0,∞),K) in L2(R,K).

Thus, the model we have just presented is precisely the Lax-Phillips representation of any

U(t) which has both an incoming and an outgoing subspace with K± = C2. The scattering

matrix S̃ as defined in the original H would be S̃ = I−1SI = O−1SO = I−1O.

Interestingly, this theorem also shows that the infinite depth of the Fermi sea cannot be

avoided in such models since the existence of translation representations U±(t) of U(t) and

the unitarity of the maps I and O imply that the Hamiltonian must have purely absolutely

continuous spectrum on the whole real line.

Remark. The Stone-von Neumann uniqueness theorem for representation of the Weyl algebra,

briefly mentioned in Chapter 2, follows directly from the Lax-Phillips theorem. Suppose

{W (z) : z ∈ C} are a regular representation of the Weyl algebra over C. An equivalent

set of strongly continuous operators is given by U(t) = W (it) and V (s) = W (s), s, t ∈ R.

It turns out that the Schrödinger representation of the CCR corresponds to the translation

representation of U(t). U(t) and V (s) satisfy

U(t)V (s) = eistV (s)U(t)
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strongly on a dense set. Since the representation is regular, there exist densely defined oper-

ators Q and P such that U(t) = e−itP and V (s) = e−isQ. We claim that

H− := Ran(χ(−∞,0](Q)) ,

where χ(−∞,0](Q) is the spectral projection of Q on (−∞, 0], is an incoming subspace for U(t).

This follows by taking the derivative w.r.t. s of the Weyl relations at s = 0, U(t)QU(t)−1 =

Q− t, which implies for any µ ∈ R

U(t)χ(−∞,µ](Q)U(−t) = χ(−∞,µ+t](Q) .

Thus, if ψ ∈ H−, then U(t)ψ = χ(−∞,t](Q)U(t)ψ so that U(t)H− ⊂ Ran(χ(−∞,t](Q)). Re-

ciprocally, if φ ∈ Ran(χ(−∞,t](Q)), then there exists a ψ such that φ = χ(−∞,t](Q)ψ =

U(t)χ(−∞,0](Q)U(−t)ψ, i.e. Ran(χ(−∞,t](Q)) ⊂ U(t)H−. Hence,

U(t)H− = Ran(χ(−∞,t](Q))

for all t. That H− is an incoming subspace then follows from the general properties of spectral

projections. By the Lax-Phillips theorem, we conclude that U(t) is unitarily equivalent to a

translation operator by t on a space of square integrable functions on the real line. Moreover,

Iχ(−∞,0](Q)I−1 = χ(−∞,0] (the r.h.s. is the characteristic function as seen as a projection on

L2) implies that Iχ(−∞,x](Q)I−1 = χ(−∞,x] for all x. This means in turn that Q is unitarily

equivalent to the multiplication operator by x. We have thus proved that all regular repre-

sentations of the Weyl relations over C are unitarily equivalent to the standard Schrödinger

representation in quantum mechanics and therefore unitarily equivalent to each other.

4.1. A smooth adiabatic pump. In a first example, let the quantum device be rep-

resented by an energy independent scattering matrix S(t) as in (3.4), allowing particles to

scatter between the leads at a single point x = 0. This ought to be seen as an effective rep-

resentation of the pump in the adiabatic limit of a more physical description, see [9]. Here

however, we take it as such and shall not refer to the underlying details at all. The scattering

happens locally and instantaneously, i.e.

(3.82) (U(t)ψ)(x) =

{
S̃(t− x)ψ(x− t) , t > 0 ,

S̃∗(t− x)ψ(x − t) , t < 0 ,

because s = t − x corresponds to the time of passage at 0 for that part of the wavefunction

which is at x at time t. Generically, S̃(s) = 1 + S(s) with S(s) compactly supported. In

the following proposition, we show that for leads being pure Fermi seas at the same chemical

potential, and if the switching-on of the pump is smooth, then Theorem 12 applies.

Proposition 23. Let t > 0 be fixed. Suppose U = U(t) is of the form (3.82), with

S(·) ∈M2(C
∞
0 (R)). Let ρ̂L(p) = ρ̂R(p) = θ(−p). Then [ρ, U ] ∈ B1.

Here, M2(X) is the set of 2 × 2-matrices with entries in X.

Proof. Since the initial state ρ is invariant under the free evolution, we may consider

the problem in the interaction picture where (UI(t)ψ)(x) = S(−x)ψ(x). Moreover, we may

rename U − 1 by U without loss. By the assumption now, we may write S = ξS, where

ξ = ξ(x) satisfies ξ ∈ C∞
0 (R), too. Then [ρ, U ] = ξ[ρ, S] + [ρ, ξ]S, with

ξ[ρ, S] = ξ(p+ i)−1 · (p+ i)[ρ, S] ,
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and similarly for the second term. We claim that both factors are Hilbert-Schmidt and hence

their product trace class. The first one is, because the functions ξ and g(p) ≡ (p+ i)−1 are in

L2(Rx), resp. L2(Rp), and because ‖ξg‖2 = (2π)−1/2‖ξ‖2‖g‖2 where the l.h.s. is the Hilbert-

Schmidt operator norm and the r.h.s. the L2 norms of the functions ξ, g. As for the second

one, we note that [ρ, S] has matrix entries [θ(−p), Sij] that lead to integral operators K acting

merely on L2(Rp) with kernels

K(p, p′) = (p + i)Ŝij(p
′ − p)

(
θ(−p)− θ(−p′)

)
.

They are supported where sgn p = −sgn p′ and satisfy
∫∫

|K(p, p′)|2dp dp′ =

∫ ∞

0

∫ ∞

0
|p′′ + i|2

(
|Ŝij(p

′ + p′′)|2 + |Ŝij(−p′ − p′′)|2
)
dp dp′′ ,

which is finite for a smooth S. Thus, the corresponding operator is in B2. �

Remark. Under the same assumption as in the proposition, the operator (QU −Q)ρ may fail

to be trace class. By (3.9), this shows the need for regularizing (3.23). Indeed, we may arrange

for a ψ ∈ H and U such that (QU −Q)ψ 6= 0. On the one hand, the sequence ψn = exp(inx)ψ

tends to zero weakly. On the other hand, using θ(−p) exp(inx) = exp(inx)θ(n − p) and

θ(n − p)
s→ 1, we have ‖ρψn − ψn‖ → 0 and, since Q, U are multiplication operators in

x, (QU − Q)ρψn converges in norm to (QU − Q)ψ 6= 0. As a result, (QU − Q)ρ is not even

compact. The argument just given may be summarized in physical terms as follows: Whatever

contribution to transport, as signified by (QU −Q)ρ, comes from one energy in the Fermi sea,

it is repeated at all such energies, because the free evolution proceeds with the same velocity

1 at all energies.

4.2. Hamiltonian perturbation. Here we specify a time-dependent potential pertur-

bation of the free Hamiltonian in the spirit of the examples of Section 1. In order to have a

good position operator, we however switch variables and write H0 = q ⊕ −q, so that the two

components of H refer to right, resp. left movers and ρ(q) = θ(−q) ⊕ θ(q). Now,

(3.83) H(t) = H0 + V (t) ,

where V (t) is multiplication by a 2 × 2 matrix V (y, t), where y is the physical position. Let

U = U(t2, t1) be the propagator for H(t) between times t1 and t2.

Proposition 24. Suppose V (·, t), ∂tV (·, t) ∈M2(C
∞
0 (R)). Then [ρ, U ] ∈ B2.

Note that the commutator is claimed to be Hilbert-Schmidt only, which solely covers the

statements (ii-iv) of Theorem 12.

Proof. By [65], Lemma 4 or [62], Theorem 2.8, it suffices to show that the statement

holds true for the first term in the Dyson expansion of U , i.e. for

(3.84) Ũ(s2, s1) = −i

∫ s2

s1

eiH0tV (t)e−iH0tdt ,

with estimates uniform in the sub-interval [s1, s2] ⊂ [t1, t2]. By writing

V (t) =

(
V++(t) V+−(t)

V−+(t) V−−(t)

)
,
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the kernel of [ρ, V (t)] in momentum space becomes

̂[ρ, V (t)](q, q′) =

(
V̂++(t, q − q′)(θ(−q) − θ(−q′)) V̂+−(t, q − q′)(θ(−q) − θ(q′))

V̂−+(t, q − q′)(θ(q) − θ(−q′)) V̂−−(t, q − q′)(θ(q) − θ(q′))

)
.

The diagonal contributions are in B2 without recourse to the integration (3.84) by the same

argument as in the previous example. For instance,
∫∫

dqdq′ |V̂−−(t, q − q′)|2|θ(q) − θ(q′)| =
(∫ ∞

0

∫ 0

−∞
+

∫ 0

−∞

∫ ∞

0

)
dqdq′ |V̂−−(t, q − q′)|2

=

∫ ∞

−∞
du |u||V̂−−(t, u)|2 <∞ .

The off-diagonal contributions improve once the time integral is performed. We compute it

by parts and obtain, for instance, the kernel

−i

∫ s2

s1

V̂+−(t, q − q′)ei(q+q′)tdt(3.85)

= −ei(q+q′)t − 1

q + q′
V̂+−(t, q − q′)

∣∣∣
s2

s1

+

∫ s2

s1

ei(q+q′)t − 1

q + q′
∂tV̂+−(t, q − q′)dt ,

times θ(−q)−θ(q′). The boundary terms are separately in B2, since their corresponding square

norm is

4

∫∫
dqdq′

sin2((q + q′)si/2)

(q + q′)2
|V̂+−(si, q − q′)|2|θ(−q) − θ(q′)|

= 4
(∫ ∞

0

∫ ∞

0
+

∫ 0

−∞

∫ 0

−∞

)
dqdq′ |sin

2((q + q′)si/2)

(q + q′)2
|V̂+−(si, q − q′)|2

= 4

∫ ∞

−∞
du

sin2(usi/2)

u2

∫ |u|/2

−|u|/2
dv |V̂+−(si, v)|2 ≤ π|si|‖V+−(si)‖2

2 .

By the same estimate, but with ∂tV+−(t) in place of V+−(si), also the integrand in (3.85) is

in B2. �

Thus, for a Hamiltonian (3.83) with a sufficiently smooth, time-dependent potential in

one dimension, the time evolution is implementable at zero temperature. We recall that in

[65, 62] the implementation of the propagator of a time-dependent Dirac Hamiltonian was

studied, of which (3.83) is the one-dimensional version. In larger dimensions, as considered

there, the implementability is ensured only in some cases.





CHAPTER 4

The problem of time ordering

The protocol used for deriving the regularized determinant refers only to the charge,

measured at two distinct instants, and not to the current at all. It was thereby possible to

derive a closed form for the generating function of transferred charge

(4.1) χ(λ, t) =
∞∑

k=0

(iλ)k

k!
〈Qk〉 .

We now discuss the relation between χ(λ, t) and the time ordering of current correlators. The

issue was addressed in the scattering approach [14] by using the T̃ ordering that relies on the

definition of asymptotic in/out currents. It places incoming currents at the right of outgoing

ones independently of their time index. In a separate development, the introduction of the

second measurement paradigm in the counting statistics approach, where the transported

charge is indirectly measured by observing an auxiliary system weakly coupled to the current

in the conductor, used the implicit definition

(4.2) 〈Q〉 =

∫ t

0
ds 〈I(s)〉 ,

which naturally leads to computing the moments of transferred charge using time-ordered

products of the current. We want to point out here that some care is to be exercised when

expressing the moments 〈Qk〉 in terms of time-ordered current correlation functions. It turns

out that the time ordering abstractly induced by the generating function differs as a rule from

the conventional one, T , and is given by the Matthews’ T∗ ordering [56].

In a model of energy independent scattering, both approaches can be applied and com-

parisons made. In particular, the notion of incoming and outgoing currents being clearly

formalized, the T̃ ordering can be explicitly computed. Its equivalence to the T∗ ordering

will be established both at the first and second quantized levels, showing the equivalence of

the scattering approach and the counting statistics in this framework.

We should notice that the equivalence between in/out and the standard T ordering has

been shown before [14, 63] under the assumption that the scattering matrix, which in general

acts in the time domain by convolution, satisfies

S(t) = θ(t)S(t) .

The assumption, there called causality, should be called strict causality, as it e.g. rules out the

limiting, but simple case of instantaneous, S(t) ∝ δ(t), or equivalently, energy independent

scattering. Actually, in the latter case, disagreement between the two orderings was found [13].

Our observation that T∗ rather than T matters explains this difference, in that only for strictly

causal scattering the two orderings agree. It turns out that the difference between T and T∗

orderings takes the guise of a Schwinger term related to the infinite depth of the Fermi sea,

at least at the lowest order cumulant where the difference matters, i.e. the third.

47
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1. The T∗ ordering of current correlators

In this section, we show that the T∗ ordering of current correlators naturally arises from

the expression

χ(λ, t) = 〈eiHteiλQe−iHte−iλQ〉
for the moment generating function. A similar construction could naturally be done for

〈e−i λ
2
QeiHteiλQe−iHte−i λ

2
Q〉 obtained from spin coupling, but we shall stick to the first one

for simplicity. If the necessary care is taken throughout the computations, the individual

moments of charge transport are expressed by

(4.3) 〈Qk〉 =

∫ t

0
dkt 〈T∗

(
I(t1) · · · I(tk)

)
〉 ,

where I(t) = dQ(t)/dt, Q(t) = exp(iHt)Q exp(−iHt), and T∗ means that the derivative has

to be taken after the time ordering:

T∗
(
I(t1) · · · I(tk)

)
=

∂

∂tk
· · · ∂

∂t1
T
(
Q(t1) · · ·Q(tk)

)
.

It is known and will be shown below that this construction differs from T
(
I(t1) · · · I(tk)

)
by

contact terms supported at coinciding times but agrees with it if [Q, I] = 0. We note that

T∗ was originally introduced by Matthews [56] in the context of quantum field theory. It

is one example of what is known as causal field theory, the purpose of which is to construct

a well-defined evolution operator U given a Lagrangian L through a Dyson-Schwinger type

of expansion with an unknown time ordering T∗ . The symmetries of the theory, in partic-

ular causality and gauge invariance, constrain the choice of T∗ and allow for an inductive

construction of the Dyson series, order by order [29].

Either side of

(4.4)
〈(

eiHteiλQe−iHt
)

e−iλQ
〉

=
〈
eiHt

(
eiλQe−iHte−iλQ

)〉

is an expression for χ(λ, t) and may serve as a starting point for the derivation of (4.3). We

will follow both avenues, because the l.h.s. leads to a simple proof, while the r.h.s. has often

been considered in the literature [50].

The l.h.s. yields

χ(λ, t) = 〈eiλQ(t)e−iλQ〉 = 〈T eiλ(Q(t)−Q)〉 ,
where Q(t) = exp(iHt)Q exp(−iHt) is the charge at time t. Hence

〈Qk〉 = 〈T (Q(t) −Q)k〉 = 〈T
(
(Q(t1) −Q) · · · (Q(tk) −Q)

)
〉
∣∣
t1=...=tk=t

.

We note that the expression in brackets vanishes if ti = 0 for some i = 1 , . . . , n. By repeated

use of the fundamental theorem of calculus we obtain

(4.5) 〈Qk〉 =

∫ t

0
dkt

∂

∂tk
· · · ∂

∂t1

〈
T
(
(Q(t1) −Q) · · · (Q(tk) −Q)

)〉
.

Expanding the correlator in Q(ti) and −Q, the resulting second term is independent of ti and

does not contribute to the derivative. This proves (4.3).

Remark. The observable Q(t) at any time t is bestowed with meaning, independently of

Q = Q(0). In particular, Q(t)−Q is considered as made of two parts, rooted at times 0 and t

respectively, and not as a single observable Q(t) at time t as suggested by (4.2). It represents

a major difference in the evaluation of (4.5). This coincides with Remark 6 of Theorem 12
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and underlines again the necessity of having a well-defined second quantized charge operator

at any time t.

Let us now turn to the r.h.s. of (4.4):

χ(λ, t) := 〈eiHte−iH(λ)t〉 ,

where

H(λ) = eiλQHe−iλQ =

∞∑

j=0

(iλ)j

j!
adj

Q(H)

with multiple commutators defined by ad0
A(B) = B, adj

A(B) = [A, adj−1
A (B)], (j ≥ 1). There-

fore, eiHte−iH(λ)t is the propagator in the interaction picture for H with interaction

(4.6) W = H(λ) −H = i
∞∑

j=1

(iλ)j

j!
adj−1

Q (I) ,

because I = −i [Q,H]. It is expressed by the Dyson expansion

eiHte−iH(λ)t =

∞∑

n=0

(−i)n

n!

∫ t

0
dntT

(
W (t1) · · ·W (tn)

)
,

with W (t) = exp(iHt)W exp(−iHt). The term of order λk in the expansion is obtained by

picking the power λji from W (ti) through (4.6), in such a way that
∑n

i=1 ji = k:

〈Qk〉 =
∑

n,(j1,...jn)P
i ji=k

k!

n!j1! · · · jn!

∫ t

0
dnt 〈T

(
ad

(j1−1)
Q (I)(t1) · · · ad(jn−1)

Q (I)(tn)
)
〉 .

The domain of integration is invariant under permutations of the times and the integrand

under those of its factors. Thus, n-tuples (j1 . . . , jn) differing only by order may be binned

together. To this end, let

(4.7) nj = ♯{l | jl = j}

be the number of times the power λj has been picked. Each bin then consists of

n!

n1! · · · nk!

tuples, since permutations among equal ji’s do not generate new tuples. Thus,

(4.8) 〈Qk〉 =

∑

(n1,n2,...)P
j jnj=k

k!(∏∞
i=1 ni!

)(∏∞
j=1 j!

nj

)
∫ t

0
dnt 〈T

(
ad

(j1−1)
Q (I)(t1) · · · ad(jn−1)

Q (I)(tn)
)
〉 ,

where n =
∑

j nj and the jl’s satisfy (4.7). The products are finite because of the condition∑
j jnj = k.

The equality between this expression and (4.3) can be established independently of the

above derivation. For that we need to first expand (4.3) in contact terms.



50 4. THE PROBLEM OF TIME ORDERING

Lemma 25.

T∗
(
I(t1) · · · I(tk)

)
=

∂

∂tk
· · · ∂

∂t1
T
(
Q(t1) · · ·Q(tk)

)
(4.9)

=
∑

P∈Pk

T
( ∏

C∈P

ad
n(C)−1
Q (I)(tC)δC

)
,

where the sum runs over all partitions P of {1 . . . , k} into nonempty disjoint subsets C. By

δC we understand a product of δ-functions collapsing the times ti, (i ∈ C) to a single time

tC = ti. More precisely, for C consisting of n(C) elements, C = {i1 , . . . , in(C)}, we set

δC =
∏n(C)−1

j=1 δ(tij − tij+1); in particular δC = 1 for n(C) = 1.

Remark. We shall refer to the subsets C as the clusters of the partition. The partition into

single-element clusters contributes T
(
I(t1) · · · I(tk)

)
.

Proof. We claim the slightly more general statement for 0 ≤ l ≤ k:

(4.10)
∂

∂tl
· · · ∂

∂t1
T
(
Q(t1) · · ·Q(tk)

)
=
∑

P∈Pl

T
(( ∏

C∈P

ad
n(C)−1
Q (I)(tC)δC

)
·Q(tl+1) · · ·Q(tk)

)
,

where the sum now runs over Pl instead of Pk. This is trivially true for l = 0 and identical

to (4.9) for l = k. To run the induction in l, we note that for operators Ai associated with

times ti,

(4.11)

∂

∂tj
T (A1 · · ·Ar) = T (A1 · · · Ȧj · · ·Ar) +

r∑

i=1,i6=j

δ(tj − ti)T ([Aj , Ai]A1 · · · Ǎi · · · Ǎj · · ·Ar) ,

where ·̌ denotes omission. Using this with j = l + 1 on (4.10) we observe that δ(tl+1 −
ti)[Q(tl+1), Q(ti)] = 0. The other commutators so generated are

δ(tl+1 − tC)[Q(tl+1), ad
n(C)−1
Q (I)(tC)] = δ(tl+1 − tC)ad

n(C)
Q (I)(tC ) ,

so that
∂

∂tl+1
· · · ∂

∂t1
T
(
Q(t1) · · ·Q(tk)

)

=
∑

P∈Pl

T
(( ∏

C∈P

ad
n(C)−1
Q (I)(tC)δC

)
· I(tl+1)Q(tl+2) · · ·Q(tk)

)

+
∑

P∈Pl

∑

C′∈P

T
(
ad

n(C′)
Q (I)(tC′)δC′δ(tl+1 − tC) ·

( ∏

C∈P
C 6=C′

ad
n(C)−1
Q (I)(tC)δC

)

·Q(tl+2) · · ·Q(tk)
)
.

This agrees with (4.10) for l+1 in place of l. In fact, partitions of {1 . . . , l+1} are distinguished

by whether the cluster C̃ containing l + 1 is C̃ = {l + 1} (first line) or C̃ = C ′ ∪ {l + 1} with

C ′ ∈ P ∈ Pl (second line); in this case, n(C̃) − 1 = n(C ′). �

We can now verify the stated equality. After inserting (4.9) in (4.3), partitions P ∈ Pk

can be binned according to the numbers nj, (j = 1, 2, . . .) of their clusters of size j (hence∑
j jnj = k). Each bin consists of

k!(∏∞
i=1 ni!

)(∏∞
j=1 j!

nj
)
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partitions. In fact, permutations of k elements permuting or preserving clusters do not gen-

erate new partitions. Since in (4.9),
∑

C n(C) = k and
∑

j nj = n, the equality between (4.8)

and (4.3) is established.

The T∗ ordering given explicitly in this lemma consists of the standard time ordering plus

a sum of (products of) multiple commutators of the charge with the current supported on

some time coincidences defined by δC . We have therefore exhibited the contact terms and

shown that they vanish as soon as [Q, I] = 0, as announced.

2. Comparison of time orderings

In a version of the model described in Chapter 3, we compare the above result with the

ordering, T̃ , introduced in the scattering approach for in/out currents. We shall present the

model in a first quantized fashion and prove equivalence of time orderings, and then promote

it to second quantization and show that the appearance of Schwinger terms (2.21) does not

blur the picture.

2.1. Constant scattering. We will specify the resulting Hamiltonian at the end of this

section. First however, we simplify further the evolution (3.82) by choosing a scattering matrix

which is constant over the operating time of the pump, namely

(4.12) (U(t)ψ)(x) =

{
ψ(x− t) + (S − 1) θ(0 < x < t)ψ(x − t) , (t > 0) ,

ψ(x− t) + (S∗ − 1) θ(t < x < 0)ψ(x − t) , (t < 0) ,

and is motivated by the idea that the part of the freely evolved wave function ψ(x− t) which,

say for times t > 0, has crossed the scatterer between times 0 and t gets replaced by Sψ(x− t).
One readily verifies that U(t) is a strongly continuous 1-parameter group.

Letting U(t) act on the charge operator, we get

(4.13) Q(t) = U(t)∗QU(t) =

{
Q(θ(−x− t) + θ(x)) + S∗QS θ(x+ t)θ(−x) , (t > 0) ,

Q(θ(−x) + θ(x+ t)) + SQS∗ θ(−x− t)θ(x) , (t < 0) ,

or equivalently

(4.14) Q(t) =
(
Qθ(−x− t) + S∗QS θ(x+ t)

)
θ(−x) +

(
SQS∗ θ(−x− t) +Qθ(x+ t)

)
θ(x) ,

which yields the current

(4.15) I(t) =
dQ(t)

dt
=
(
(S∗QS −Q) θ(−x) + (Q− SQS∗) θ(x)

)
δ(x+ t) .

It is well-defined as a distribution in t.

We now come to the description of the generator H, a self-adjoint operator by Stone’s

theorem. To this end, let

D+ = {ψ+ ∈ L2(R+; C2) : ψ′
+ ∈ L2(R+; C2)} ,

where the derivative is that of a distribution on R+ = (0,∞). Any function ψ ∈ D+ is

continuous up to the boundary x = 0, and let ψ+(0) be its boundary value. Any function in

L2(R+; C2) may be seen as a distribution on R. In this sense, the derivative of ψ+ ∈ D+ is

(4.16)
d

dx
ψ+ = ψ′

+(x) + ψ+(0)δ(x) .
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We may similarly define ψ− ∈ D− based on R− = (−∞, 0). Then,

(4.17)
d

dx
ψ− = ψ′

−(x) − ψ−(0)δ(x) .

Given ψ ∈ L2(R; C2), let ψ± be their restrictions to the half-lines R±.

Proposition 26. The generator H of U(t) has domain

D(H) = {ψ ∈ H : ψ± ∈ D± , ψ+(0) = Sψ−(0)}

and is given by

(Hψ)(x) = −i(ψ′
+(x) + ψ′

−(x)) .

We recall that D(H) consists of states ψ ∈ H for which the limit limt→0 t
−1(U(t)− 1)ψ =

−iHψ exists, thereby defining Hψ.

Proof. Let first t > 0. Then

(U(t)ψ)(x) = ψ+(x− t) + ψ−(x− t) + (S − 1)θ(x)ψ−(x− t) .

Using (4.16, 4.17), we find

U(t) − 1

t
ψ

t↓0−→− d

dx
ψ+ − d

dx
ψ− + (S − 1)ψ−(0)δ(4.18)

= −(ψ′
+ + ψ′

−) + (Sψ−(0) − ψ+(0))δ(4.19)

in the sense of distributions if ψ± ∈ D±. Actually, this last condition is implied by the

requirement ψ ∈ D(H). In fact, by using t−1(φ, (U(t) − 1)ψ) = t−1((U(t) − 1)φ,ψ) on a test

function φ supported away from x = 0, we obtain in the limit −i(φ,Hψ) = (φ′+ + φ′−, ψ) and

hence ψ′
± ∈ L2(R±,C

2). At that point ψ ∈ D(H) further implies Sψ−(0) = ψ+(0). Moreover,

the convergence (4.19) is attained in H. The same conclusion in reached for t < 0, whence

(4.19) is −iHψ. �

More casually, the Hamiltonian can also be written as

(4.20) H = H0 + i(S − 1) · δ− = H0 − i(S∗ − 1) · δ+ = H0 + 2i
S − 1

S + 1
· δ ,

with quadratic forms δ± on D+ ∩D− defined as

(δ±ψ)(x) := δ(x)ψ(0±)

and δ = 1/2 (δ+ + δ−). The first expression in (4.20) corresponds to (4.18) and the remaining

ones follow from the boundary condition.

Remark. 1. Heuristically, the Hamiltonian (4.20) is well-defined on its domain because the

singularity arising from the derivative at the discontinuity of the wave function is cancelled

by the δ-operator:
∫ ǫ

−ǫ
(Hψ)(x) dx = −i(ψ(ǫ) − ψ(−ǫ)) + i(S − 1)ψ(0−)

ǫ↓0−→ 0 .

2. Eq. (4.15) may alternatively be understood as a quadratic form on D(H) for fixed t. The

expression is unambiguous even at t = 0, because (S∗QS−Q)δ− and (Q−SQS∗)δ+ are equal

as a result of the boundary condition.
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2.2. Equivalence in first quantization. The T∗ ordering of currents is identical to

the in/out ordering, T̃ , whose definition [14] we shall recall momentarily. For the time being,

we establish the equivalence at the level of first quantization. The current (4.15) may be split,

I(t) = I+(t) + I−(t), into outgoing and incoming parts,

(4.21)
I+(t) =

(
S∗QS θ(−x) +Qθ(x)

)
δ(x+ t) ,

I−(t) = −
(
Qθ(−x) + SQS∗ θ(x)

)
δ(x+ t) .

In particular, [I±(t), I±(s)] = 0.

Lemma 27. We have

(4.22) T∗ (I(t1) · · · I(tk)) = T̃ (I(t1) · · · I(tk)) ,
where the ordering T̃ places any I−(t) to the right of any I+(t′), regardless of t ≷ t′ (the order

of currents of the same type is irrelevant), and extends by linearity to I(t) = I+(t) + I−(t).

Before giving the proof, let us make an observation. The proof of (4.9) was based on

(4.23)
∂

∂s
T (I(t)Q(s)) = T (I(t)I(s)) + δ(t− s)[Q(s), I(t)] ,

which is a sensible equation in the context of our model. The formal analogue

(4.24)
∂

∂s
T (I+(t)Q(s)) = T (I+(t)I(s)) + δ(t − s)[Q(s), I+(t)]

is meaningless on its r.h.s., and should not be used. These claims are based on the commutators

(4.25)

[Q(s), I+(t)] = θ(t− s)δ(x+ t)
(
[Q,S∗QS] θ(−x) + [SQS∗, Q] θ(x)

)
,

[Q(s), I−(t)] = θ(s− t)δ(x + t)
(
[Q,S∗QS] θ(−x) + [SQS∗, Q] θ(x)

)
,

[I(s), I+(t)] = −δ(t− s)δ(x+ t)
(
[Q,S∗QS] θ(−x) + [SQS∗, Q] θ(x)

)
,

which can be obtained from (4.14 - 4.21). The first commutator is discontinuous at t− s = 0,

hence its multiplication with δ(t − s) in (4.24) is ambiguous. Also the first term there is

seen to exhibit an ambiguity proportional to δ(t − s). By contrast, the sum of the first two

commutators,

(4.26) [Q(s), I(t)] = δ(x + t)
(
[Q,S∗QS] θ(−x) + [SQS∗, Q] θ(x)

)
,

is independent of s, whence the r.h.s. of (4.23) is well-defined.

Proof of the lemma. The inductively stable generalization of (4.22) is

(4.27)
∂

∂tl
· · · ∂

∂t1
T
(
Q(t1) · · ·Q(tk)

)
= T̃ (I(t1) · · · I(tl);Q(tl+1) · · ·Q(tk)) , (0 ≤ l ≤ k) ,

where, on the r.h.s., the Q’s are time-ordered and the I− (resp. I+) are placed to their

right (resp. left). Upon differentiating the r.h.s. w.r.t. tl+1, eq. (4.11) generates equal time

commutators only among Q’s, which vanish. Thus,

∂

∂tl+1
T̃ (I(t1) · · · I(tl);Q(tl+1)Q(tl+2) · · ·Q(tk)) = T̃ (I(t1) · · · I(tl); I(tl+1)Q(tl+2) · · ·Q(tk)) ,

indicating that I(tl+1) is still subject to time ordering relative to Q(tl+2) · · ·Q(tk). After

splitting it, I(tl+1) = I+(tl+1) + I−(tl+1), the incoming part I−(tl+1) commutes with the

earlier Q’s on its right by (4.25); similarly, I+(tl+1) with those on its left. The result is (4.27)

with l + 1 instead of l. �
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2.3. Equivalence in second quantization. Eq. (4.22) does persist upon replacing the

currents I(tj) by their second quantized counterparts, Î(tj):

Lemma 28. With T∗ and T̃ defined as in Lemma 27,

T∗
(
Î(t1) · · · Î(tk)

)
= T̃

(
Î(t1) · · · Î(tk)

)
.

Remark. Let us note that Q̂ does exist because [Q, ρ] = 0. Hence, Î = i[Ĥ, Q̂] = [̂H,Q]

(no Schwinger term) by (2.21) and ρ = ρ2, and it is well-defined as an unbounded operator.

By the same token, [Q̂, Î ] = [̂Q, I], where [Q(t), I(t)] 6= 0 is given by (4.26), indicating the

importance of the contact terms. Incidentally, the conditions for the implementability of

Bogoliubov transformations show that the attempt of avoiding contact terms by regularizing

Q through Ql = Q · θ(|x| ≥ l), (l → 0) is fallacious. In physical terms, this corresponds

to placing the ammeter a distance l > 0 away from the scatterer: Though Il = i[H,Ql] =

Q[δ(x − l) − δ(x + l)] commutes with Ql, seemingly suppressing the contact terms, it has to

be noticed that [Ql, ρ] /∈ B2 in the first place, so that Ql does not have an implementer in the

GNS space of ρ.

Proof. Inspection of the proof of Lemma 27 shows that we need to establish [Q̂(s), Î+(t)] =

0, t < s and a similar property for Î−(t). Since by (4.25) we have

(4.28) [Q(s), I+(t)] = 0 (t < s)

at the level of first quantization, we have to make sure that the property is not destroyed by

the Schwinger term,

(4.29) tr
(
ρQ(s)ρ′I+(t)ρ

)
− tr

(
ρ′Q(s)ρI+(t)ρ′

)
= 0 .

To this end, we approximate Q by orthogonal finite rank projections Fn with [Fn, ρ] = 0

and Fn
s→ Q, (n → ∞), see Lemma 20. Then (4.28) remains true if Q is replaced by Fn in

Q(s) = U(s)∗QU(s), with no need for doing so in I+(t), too. As a result, the corresponding

Schwinger term vanishes, because the terms obtained by expanding ρ′ = 1−ρ are individually

trace class and cancel one another by cyclicity of the trace. As seen from (2.23) and ‖AnB‖1 ≤
‖An‖2‖B‖2, eq. (4.29) is obtained in the limit n → ∞, provided [U∗FnU, ρ] → [U∗QU, ρ] in

the Hilbert-Schmidt norm. Since, similarly to (3.62),

(4.30) Xn
s−→ 0 , Y ∈ B2 =⇒ ‖XnY ‖2 −→ 0 ,

the convergence holds true by

[U∗(Fn −Q)U, ρ] = U∗[Fn −Q, ρ]U + U∗(Fn −Q)[U, ρ] − [ρ, U∗](Fn −Q)U

and [U, ρ] ∈ B2. �

3. Binomial statistics

To close this chapter, we discuss the long time behaviour of the instantaneous scattering

model with constant scattering. In this limit, the system attains a stationary state indepen-

dently of the way the scatterer has been switched on. We shall first discuss the applicability

of the Lesovik-Levitov determinant and argue that the generating function so obtained is that

of a binomial process. Second, the T∗ ordering will be applied to compute the third cumulant

of transferred charge, a quantity that has raised a number of controversies in recent literature.
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3.1. Discussion of the determinant. We evaluate the Lesovik-Levitov determinant of

the instantaneous scattering model and we shall find, as in [51, 34], that it is associated to

a binomial process in the long time limit. Since the only other time variable in the problem,

~/EF ∼ 1, is fixed, the large time asymptotics also corresponds to a semi-classical limit. We

consider the situation at zero temperature, where a potential difference V is applied between

the left and right leads during a long time t0. The initial state ρ is given by (3.81), where

(4.31) ρi = θ(µi − p) , (i = L,R) ,

describing two Fermi seas at chemical potentials µL > µR, where V = µL − µR. The com-

putation is best carried out if we start from the original expression (3.8) and choose an ad

hoc semi-classical regularization. It is given by pretending that there are no states below the

open energy band [µR, µL], whence ρ = ρ̃L ⊕ 0, where ρ̃L is the projection onto µR < p < µL.

Therefore, Qρ = 0 and

(4.32) 1 − ρ+ eiλQ(t0)e−iλQρ = 1 + (eiλ − 1)Q(t0)ρ = 1 +A ,

where A = (eiλ − 1)S∗QSθ(−t0 < x < 0)ρ. 1 +A acts as a truncated convolution operator on

H(t0) = L2([−t0, 0]; C2), namely

(4.33) 1 +A : ψ(x) 7−→ ψ(x) + (eiλ − 1)S∗QS

∫ 0

−t0

dy ρ(x− y)ψ(y)

whose determinant in the limit t0 → ∞ can be computed using a result of Kac [40] and

Akhiezer [1],

1

t0
log detH(t0)(1 +A) −→ 1

2π

∫ ∞

−∞
log det 2×2(1 + (eiλ − 1)S∗QS ρ(p)) dp

=
µL − µR

2π
log(1 + (eiλ − 1)T ) ,

where det 2×2 means the determinant of a 2 × 2 matrix, and because

S∗QSρ =

(
T 0

r′t 0

)
ρ̃L .

We want to point out that the conditions necessary for the existence of the regularized

Lesovik-Levitov determinant are not satisfied in the instantaneous scattering model. We recall

that U is implementable in the GNS representation of the pure state ρ iff [ρ, U ] ∈ B2 and that

the same commutator needs to be trace class for the validity of Theorem 12. These conditions

reduce here to [θ(−p), χt0(x)] ∈ B1 on L2(R), where χt0(x) is the characteristic function of the

interval [−t0, 0].

Lemma 29. K = [θ(−p), χt0(x)] /∈ B2 .

Proof. Let us translate and rescale χt0(x) to the characteristic function χ0(x) on the

interval [−1, 1] for simplicity. Then K has integral kernel

K(p, p′) = (θ(−p)− θ(−p′)) χ̂0(p− p′) ,

where χ̂0(q) = π−1 sin(q)/q. Since χ̂0(q) is not square integrable, the corresponding operator

is not in B2. �
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It follows that K /∈ B1 either. This can also be proved directly by noting that for the

bounded operator B = Pf(x), where f is any bounded function and (Pf)(x) = f(−x), trKB

does not exist. In fact, B has kernel B(x, x′) = δ(x+ x′)f(x′), so that
∫ ∞

−∞
(KB)(x, x)dx =

∫ ∞

−∞
K(x, x′)B(x′, x)dx′dx =

∫ ∞

−∞
K(x,−x)f(x)dx

= − 1

π

∫ ∞

−∞

sin 2x

2x
(sgn(x))f(x)dx ,

which cannot exist for all bounded f since (sinx)/x is not absolutely summable.

Therefore, not only is the determinant ambiguous, but there does not even exist a well-

defined propagator Û in the GNS Hilbert space. The failure is however of minor importance.

It can be traced back to the discontinuities of (U(t0)ψ)(x) at x = 0 and x = t0 introduced

by U , as seen in (4.12). Technically, the hypothesis could be met by making the scattering

matrix time-dependent with S(s) = S for most of the relevant time interval s ∈ (0, t0) but

= 1 near its ends, as in Proposition 23. The particular choice of rounding would affect the

determinant only to subleading order in t0 (cf, e.g. a log t0 contribution to χ(λ) in [47]). We

neglect such contributions from

D̃(λ) = 1 +QU (ρU − ρ)
(
ρ′(e−iλ − 1) − ρ(eiλ − 1)

)

and proceed somewhat formally. First, ρU = (χt0S
∗+(1−χt0))ρ(χt0S+(1−χt0)) and similarly

for Q yield

QU (ρU − ρ)ρ′ = QUρUρ
′ = χt0S

∗QρSχt0ρ
′ + (1 − χt0)Qρ(1 − χt0)ρ

′ .

Since the projection Q selects the ρR part of ρ, the possible terms appearing are ρRχt0ρ
′
L

and ρRχt0ρ
′
R. But ρRρ

′
L = ρRρ

′
R = 0, so that both terms vanish if the contribution of the

commutator [ρR, χt0 ] can be neglected in the long time limit. More precisely, let us consider

a rounded step function χ̃t0 for which [ρR, χ̃t0 ] ∈ B1 and such that t−1
0 ‖[ρR, χ̃t0 ]‖1 → 0 as

t0 → ∞. Its contribution vanishes for large times since, by Lemma 11,

1

t0
| log det(1 +B + C) − log det(1 +B)| =

1

t0

∣∣∣log det(1 + (1 +B)−1/2C(1 +B)−1/2)
∣∣∣

≤ 1

t0
‖(1 +B)−1/2C(1 +B)−1/2‖1 ≤ 1

t0
‖(1 +B)−1/2‖2‖C‖1

t0→∞−→ 0 ,

if ‖(1 +B)−1/2‖ is uniformly bounded in time. Second, −QU (ρU − ρ)ρ = QUρ
′
Uρ contributes

the non-negligible term

χt0S
∗Qρ′Sρ = χt0

(
T 0

r′t 0

)
ρ′RρL ,

which corresponds to A in (4.33) since ρ′RρL = ρ̃L.

We so obtain

(4.34) χ(λ, t0) = ((1 − T ) + eiλT )V t0/2π · (1 + o(t0)) , (t0 → ∞) ,

where T is the transmission probability of the scatterer. The generating function of the

cumulants of transferred charge is that of a binomial process with success probability T , and a

number of attempts proportional to the potential difference V and the total time of operation

t0. The result corresponds indeed to a semi-classical picture where free electrons, ordered

in the lead by the Pauli exclusion principle, regularly reach the scatterer where they are
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instantaneously transmitted or reflected according to the scattering probabilities. Similarly,

the semi-classical approximation to the number of open channels in the energy band [µR, µL]

is precisely V/2π.

To conclude, let us emphasize that ρ̃L arises naturally from the regularized determinant.

The reason for this is to be found once again in the quantization upon ρ rather than upon the

vacuum, producing the factor ρU − ρ in D̃(λ), which does not appear in (3.8).

3.2. The third cumulant. In this section, we apply the expansion in contact terms,

eq. (4.9), in order to compute the third cumulant of the transported charge. To allow compar-

ison with the binomial results of the previous section, the currents will have to be understood

as second quantized operators, which we emphasize again by adding a hat. Eq. (4.3) reads

(4.35) 〈〈Q3〉〉ρ =

∫ t0

0
d3t 〈〈T∗

(
Î(t1)Î(t2)Î(t3)

)
〉〉ρ

and the result to be derived is

(4.36) 〈〈Q3〉〉ρ =
V t0
2π

T (1 − T )(1 − 2T ) .

It agrees with the binomial statistics just found, eq. (4.34), and derived also in [51], as well as

with the result [63] based on the T̃ ordering; on the other hand, it should be contrasted with

(4.37)

∫ t0

0
d3t 〈〈T

(
Î(t1)Î(t2)Î(t3)

)
〉〉ρ = −V t0

2π
2T 2(1 − T )

which is the result obtained for 〈〈Q3〉〉ρ in another scheme [52]. The difference is accounted for

by contact terms. Indeed, in (4.9) with k = 3, the partitions P are (1)(2)(3), (12)(3), (23)(1),

(31)(2), (123), which yield

〈〈Q3〉〉ρ =

∫ t0

0
d3t 〈〈T Î1Î2Î3〉〉ρ + 3

∫ t0

0
d2t 〈〈T Î1[Q̂2, Î2]〉〉ρ(4.38)

+

∫ t0

0
dt1 〈〈[Q̂1, [Q̂1, Î1]]〉〉ρ ,

where Q̂i = Q̂(ti), Îi = Î(ti). Besides of (4.37), we will show that the two further integrals

are 0, resp. (V t0)/(2π) · T (1 − T ), resulting in

〈〈Q3〉〉ρ =
V t0
2π

(−2T 2(1 − T ) + 0 + T (1 − T )) =
V t0
2π

T (1 − T )(1 − 2T )

as announced.

We now turn to the computation of the integrals in (4.38). The integrands may be com-

puted using eqs. (2.19 - 2.21). The translation invariant density matrices ρ and ρ′ have integral

kernels

ρ(x, y) =
1

2πi

1

x− y − i0
·D(x− y) ,

ρ′(x, y) =
1

2πi

1

y − x− i0
·D(x− y) ,

with

D(z) =

(
eiµLz 0

0 eiµRz

)
.
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We compute the first integrand (4.38) by temporarily dropping the time ordering.

〈〈Î1Î2Î3〉〉ρ = tr(I1ρ
′I2ρ

′I3ρ) − tr(I1ρ
′I3ρI2ρ)

=
1

(2πi)3
tr
(
A(t2 − t1)A(t3 − t2)A(t1 − t3)

)
− tr

(
A(t3 − t1)A(t2 − t3)A(t1 − t2)

)

(t1 − t2 − i0)(t2 − t3 − i0)(t1 − t3 − i0)

with

(4.39) A(ti − tj) = (S∗QS −Q)D(ti − tj) =

(
T r′t

r′t −T

)
D(ti − tj) ,

from (4.15), resulting in

(4.40) 〈〈Î1Î2Î3〉〉ρ =
−4T 2(1 − T )

(2π)3
sinV (t1 − t2) + sinV (t2 − t3) + sinV (t3 − t1)

(t1 − t2 − i0)(t2 − t3 − i0)(t1 − t3 − i0)
.

In fact, the first trace equals

2iT 2(1 − T ) sinV (t3 − t1) + (cyclic)

by the following argument. It may be expressed as
∑

i,j,k=L,R = AijAjkAki. The word

ijk = LLL involves a single diagonal entry of (4.39) with overall compensating phases. Its

contribution, T 3, cancels an opposite contribution from the similar term RRR. For LRR we

find

r′teiµR(t2−t1) · (−T )eiµR(t3−t2) · r′teiµL(t1−t3) = −T 2(1 − T )e−iV (t3−t1)

which can be combined with T 2(1 − T )eiV (t3−t1) from RLL. The remaining words provide

the cyclic permutations. To conclude, it suffices to note that the second trace is obtained by

exchanging 2 ↔ 3, which induces an overall change of sign.

We now note that (4.40) is locally integrable and drop the regularizations. Eq. (4.37) then

follows from

∫ t0

0
d3t

sin(t2 − t3) + sin(t1 − t2) − sin(t1 − t3)

(t1 − t2)(t2 − t3)(t1 − t3)

=

∫ t0

0
dt

∫ ∞

−∞
dxdy

sin(y − x) + sinx− sin y

x(y − x)y
+ o(t) = 2π2t+ o(t0) , (t0 → ∞) .

Remark. 1. The time ordering is superflouous since the expression is permutation symmetric.

2. The asymptotic result above can be derived by reinstating the regularizations −i0; then the

integral can be broken into three terms, the first two of which vanish in the limit of large t. In

fact, the first term has poles at t3 = t2− i0 , t1 − i0 which do not pinch the real axis. The same

applies for the second and the t1-integration. Using
∫
dt2(t1 − t2 − i0)−1 · (t2 − t3 − i0)−1 =

2πi(t1 − t3 − i0)−1, one is left with

2πi

∫ t

0
dt1dt3

sinV (t3 − t1)

(t1 − t3 − i0)2
= 2πV t+ o(t)

because the odd part of (x− i0)−2 is πiδ′(x).

We next consider the middle integral in (4.38). First, we compute

S∗QS =

(
T r′t

r′t 1 − T

)
, [Q,S∗QS] =

(
0 −r′t
r′t 0

)
.
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We then find

〈〈Î1[Q̂2, Î2]〉〉ρ = tr
(
I1ρ

′[Q2, I2]ρ
)

=
1

(2πi)2
1

(t1 − t2 − i0)2
· tr
(
A(t2 − t1)[Q,S

∗QS]D(t1 − t2)
)

=
1

(2πi)2
1

(t1 − t2 − i0)2
· sinV (t1 − t2) ,(4.41)

and the same result for 〈〈[Q̂2, Î2]Î1〉〉ρ except for +i0 instead of −i0. Thus, 〈〈T Î1[Q̂2, Î2]〉〉ρ is

odd in t1 ↔ t2, and the integral vanishes.

Finally, the last integrand in (4.38), being the expectation value of a commutator, reduces

to its Schwinger term

〈〈[Q̂1, [Q̂1, Î1]]〉〉ρ = tr(ρQ1ρ
′[Q1, I1]ρ) − tr(ρ′Q1ρ[Q1, I1]ρ

′) .

Using (4.26, 4.13) it equals

1

(2πi)2

∫ 0

−t1

dy

(
1

(y + t1 + i0)2
− 1

(y + t1 − i0)2

)
tr(S∗QSD(t1 + y)[Q,S∗QS]D(−t1 − y))

=
−2i

(2πi)2
T (1 − T )

∫ 0

−t1

dy sinV (y + t1)

(
1

(y + t1 + i0)2
− 1

(y + t1 − i0)2

)
,

where we noted that additional contributions from y < −t1 and y > 0 vanish because of

tr(QD(t1 +y)[Q,S∗QS]D(−t1−y)) = 0. After changing the integration variable to x = y+ t1,

both factors are odd, whence the integral equals

1

2

∫ t1

−t1

dx sinV x

(
1

(x+ i0)2
− 1

(x− i0)2

)
= −V

2
· 2πi ,

because of (x+ i0)−2 − (x− i0)−2 = 2πiδ′(x). We conclude that

(4.42)

∫ t0

0
dt1 〈〈[Q̂1, [Q̂1, Î1]]〉〉ρ = T (1 − T )

V t0
2π

,

as claimed.

Although the result does not come as a surprise since it is a corollary of the direct evalu-

ation of the determinant, we hope that it lifts some of the controversy surrounding the third

cumulant by illustrating the relation between the various results from the literature. More-

over, it emphasizes the role of the contact terms and shows their relation to Schwinger terms

in the cumulant expansion, a connection which has already been noted, e.g. in [28].

To conclude, let us recall that, in Chapter 3, the use of the GNS representation associated

with the infinitely extended and infinitely deep fermionic reservoir allowed us to identify a

regularized version of the Lesovik-Levitov formula. We insisted in particular on the existence,

at any time, of the second quantization of the charge operator as an observable, not only of

an operator of transferred charge. The computation of the third cumulant of charge transport

in the present chapter has illustrated the same features at a more down-to-earth level. Here,

the GNS construction and the unboundedness of the energy spectrum manifest themselves

through the Schwinger term, which is the main component of the contact term. In turn, the

appearance, in general, of the contact terms relies on the existence of the charge operator as

rooted separately at the two different measurement times.





CHAPTER 5

A remark on the Casimir energy

The problem of regularization is at the heart of the question we want to address in this

final chapter. The ground state energy of a free bosonic field can always be renormalized

to zero by normal ordering w.r.t. the vacuum. However, the issue of divergences resurfaces

when two different states need to be compared, as in the Casimir problem. The Casimir effect

manifests itself through a force induced on boundaries of cavities due to the dependence of the

energy on the background geometry, see [48] for a brief summary of experimental evidence. Its

simplest theoretical explanation can be made through the mode summing procedure in which

the ground state energy is essentially the sum of the frequencies of field. Both in absence and

presence of the cavity, the sum is in general infinite, but may be regularized by an exponential

cutoff at high frequencies, in which case the two situations can be compared.

There is a vast theoretical literature about various aspects of the problem, but very few

rigorous results. The case of an electromagnetic field in an arbitrary smooth cavity was studied

in [17] using a heat kernel expansion. The finiteness of the Casimir energy appears to rely on

a subtle cancellation which is quite specific to this case. In [11] it is shown, using reflection

positivity, that the force between a mirror pair of charge conjugate compact bodies is always

attractive.

We present here a tentative abstract treatment of the Casimir situation based on algebraic

ideas. Both physical situations are understood as two quasi-free states on the CCR algebra,

and a comparison between them is only possible if they are equivalent. The question of

the Casimir energy can then be formulated in a clear mathematical setting, its finiteness for

different situation studied. For a similar approach, see [35].

1. States associated to a quadratic classical dynamics

Before addressing the Casimir question itself, this section reviews the construction of pure

quasi-free states of a bosonic field from classical Hamiltonian flows on a phase space. Let S

be a real pre-Hilbert space with scalar product 〈·, ·〉. A preliminary phase space is D = S ⊕ S

with symplectic form given by

σ((φ,ψ), (χ, ξ)) = 〈φ, ξ〉 − 〈χ,ψ〉 ,

for any φ,ψ, χ, ξ ∈ S. Let the classical evolution be given by a strictly positive symmetric

operator h2 > 0 through

∂t(φ,ψ) =

(
0 1

−h2 0

)
(φ,ψ) .

Equivalently, the classical energy function is H(φ,ψ) = 1
2〈ψ,ψ〉 + 1

2〈φ, h2φ〉.
61
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Let A(D) ∋ W (f) be the Weyl algebra on the phase space D. A natural pure state

associated to the classical dynamics is formally associated to the complex structure

J =

(
0 −h−1

h 0

)
,

where h is the positive square root of h2. In order to make this operator an everywhere

defined bounded operator, let us introduce the scale of spaces associated to h2. It is the

family of spaces (Sp)p∈Q, where Sp is the completion of ∪n∈ND((h2)n) with respect to the

norm ‖ψ‖p = ‖hpψ‖. Firstly,

(5.1) . . . ⊂ S2 ⊂ S1 ⊂ S ⊂ S−1 ⊂ S−2 ⊂ . . .

where we identified S0 with the completion of S. Secondly, the operator hn can be continuously

extended to an isometric mapping from Sp onto Sp−n, denoted by the same letter. Thirdly,

Sp and S−p are naturally dual, the pairing being given by (φ|ψ) = 〈hpφ, h−pψ〉 for φ ∈ Sp and

ψ ∈ S−p. The Weyl algebra can then be constructed on the Hilbert space H = S1/2 ⊕ S−1/2

on which J is a well-defined operator by the above remarks. The symplectic form now reads

σ((φ,ψ), (χ, ξ)) = (φ|ξ) − (χ|ψ) = 〈h1/2φ, h−1/2ξ〉 − 〈h1/2χ, h−1/2ψ〉 .
The inner product sJ in (2.24) is the natural real scalar product on H,

sJ((φ,ψ), (χ, ξ)) = 〈h1/2φ, h1/2χ〉 + 〈h−1/2ψ, h−1/2ξ〉 ,
all of which being trivially well-defined by construction. In this context, the classical evolution

is given by a Schrödinger-type equation, namely

(5.2) J∂tf = Hf ,

where H = h⊕ h and f ∈ D(H) = S1 ⊕ S1 ⊂ H.

From now on, we shall always consider H as a complex linear space and refer to it as the

one-particle Hilbert space. ωJ being a pure state, its GNS representation lives on a bosonic

Fock space HJ , equipped with the usual creation and annihilation operators a#
J (f), f ∈ H.

The free evolution U given by (5.2), which is unitary if seen in the complex space H, gives rise

to a simple Bogoliubov transformation aJ(f) 7→ aJ(Uf), where the antilinear part vanishes.

Hence it is implementable. Since HJ is a Fock space, the generator of Û is given by dΓJ(H),

defined by eq. (2.8) or equivalently

(5.3) dΓJ(H) =

∞∑

i=1

a∗J(H1/2fi) aJ(H1/2fi) ,

for any ON basis (fi)i of H, where fi ∈ D(H) for all i. Note that (ΩJ ,dΓJ(H)ΩJ) = 0. We

keep the notationally heavy indices J everywhere for clarity.

2. The Casimir energy

2.1. Algebraic definition. As mentioned in the introduction to this chapter, we shall

now compute the Casimir energy by considering two states, J0, resp. J , arising from two

classical dynamics generated by h2
0, resp. h2. Although this is not required for the following,

we shall think of h2
0 as being a second order differential operator, typically −∆+1 sitting in a

large box Λ = [−L/2, L/2]n ⊂ Rn. Consequently, h2 is a perturbation of h2
0 that describes the
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presence of an extra smooth boundary ∂S of an open domain S ⊂ Λ as shown schematically

in Figure 1.

S

Λ

Figure 1. A typical Casimir setting.

As in standard mode summing computations of the Casimir effect, and because the states

under consideration are quasi-free, we shall express the Casimir energy directly in terms of

the single-particle operators h2
0 and h2. In fact, the only combination in which they actually

appear is through the operator R := h1/2h
−1/2
0 . Note that by (5.1), R is a densely defined

operator on S.

In order to compare the ground state energies of the two states, we first need to ensure

that they are equivalent.

Lemma 30. If

(i) R extends to a bounded operator with bounded inverse,

(ii) R− (R∗)−1 ∈ B2,

then the pure states associated with h2
0 and h2 are unitarily equivalent.

Proof. The proof proceeds by showing that the two conditions of the lemma imply the

hypotheses of Theorem 9 for the states ωJ0 and ωJ , and therefore their equivalence.

(i) Recall that the norm of f = (φ,ψ) ∈ H reads

‖f‖2
J = ‖h1/2φ‖ + ‖h−1/2ψ‖ .

Thus, we need to prove, e.g.

c1‖h1/2
0 φ‖ ≤ ‖h1/2φ‖ ≤ c2‖h1/2

0 φ‖

for some positive constants c1, c2. Rewriting the second inequality for ξ = h
1/2
0 φ ∈ S yields

‖h1/2h
−1/2
0 ξ‖ ≤ c2‖ξ‖2, which holds if R is bounded. Similarly, the boundedness of R−1

implies the second inequality.

(ii) The family (fn)n = (2−1/2(ψ+
n , ψ

−
n ))n is an ON basis of H if (ψ±

n )n form ON bases of

S±1/2. Furthermore, (φn)n = (h1/2ψ+
n )n and (ξn)n = (h−1/2ψ−

n )n are ON bases of S by the
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isometry property of the hp’s. To prove that J − J0 is Hilbert-Schmidt, we compute

trsJ

(
(J − J0)

∗(J − J0)
)

=
∑

n

‖(J − J0)fn‖2
sJ

=
1

2

∑

n

‖
(
(h−1

0 − h−1)ψ−
n , (h− h0)ψ

+
n

)
‖2

sJ

=
1

2

∑

n

‖h1/2(h−1
0 − h−1)ψ−

n ‖2 + ‖h−1/2(h− h0)ψ
+
n ‖2

=
1

2

∑

n

‖h1/2(h−1
0 − h−1)h1/2ξn‖2 + ‖h−1/2(h− h0)h

−1/2φn‖2

=
1

2

(
‖(R− (R∗)−1)R∗‖2

B2
+ ‖(R − (R∗)−1)R−1‖2

B2

)
,

which is finite if (ii) holds. Exceptionally, and to avoid confusion with the norm on S2, we

denoted the Hilbert-Schmidt norm on S by ‖ · ‖B2 . �

We now assume that the conditions of the lemma hold and let V : HJ0 → HJ be the

unitary intertwiner between the two states, namely,

(5.4) VπJ0(W (f)) = πJ(W (f))V ,

for all f ∈ H.

Definition 10. If the states given by J0 and J are unitarily equivalent, then the Casimir

energy E is defined as

(5.5) E = (ΩJ , V dΓ0(H0)V∗ ΩJ) .

Let us point out that in general, operators in two different representations cannot be

compared, precisely because they live in different spaces. However, if the states are equivalent,

then there is a natural pullback from HJ to HJ0 that represents ΩJ ∈ HJ , namely V∗ ΩJ . In

other words, E is the expectation value of the second quantized Hamiltonian in the vacuum

state ΩJ .

There is an ambiguity about Definition 10. Since dΓ0(H0) is a well-defined but unbounded

operator on Fock space, V∗ ΩJ might be outside its domain. In that case, we shall say that

the Casimir energy is infinite. The follwing proposition establishes a sufficient condition for

it to by finite.

Proposition 31. Assume the conditions of Lemma 30 are satisfied. Suppose moreover

that (R − (R∗)−1)h
1/2
0 ∈ B2. Then E <∞.

Proof. Under the unitary mapping V, the annihilation operators transform according to

VaJ0(f)V∗ =
1√
2

(
ϕJ(f) + iϕJ (J0f)

)
(5.6)

=
1

2

(
aJ(f) + a∗J(f) + iaJ(J0f) + ia∗J (J0f)

)
= aJ(Lf) + a∗J(Af) ,

where L = 1/2 (1−JJ0) and A = 1/2 (1+JJ0). We simply substitute this in the definition (5.3)

of dΓ0(H0) and evaluate (5.5),

E =
1

4

∑

n

(ΩJ , aJ ((1 + JJ0)H
1/2
0 gn) a∗J((1 + JJ0)H

1/2
0 gn)ΩJ) =

1

4

∑

n

‖(J0 − J)H
1/2
0 gn‖2

J
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exactly in the same way as in the proof of Lemma 30, but the basis (gn)n is now ON w.r.t.

(·, ·)J0 . Thus, gn = 2−1/2(h
−1/2
0 χn, h

1/2
0 ζn), where (χn)n and (ζn)n are ON bases of S. As a

result,

E =
1

8

∑

n

(
‖h1/2(h−1

0 − h−1)h0ζn‖2 + ‖h−1/2(h− h0)χn‖2
)

=
1

4
‖(R − (R∗)−1)h

1/2
0 ‖2

B2
,

which is finite. �

To conclude, we expand the Hilbert-Schmidt norm ‖A‖B2 = tr(A∗A)1/2 to obtain an

explicit expression in terms of the classical one-particle Hamiltonians:

(5.7) E =
1

4
tr
(
h

1/2
0 (RR∗ − 2 − (RR∗)−1)h

1/2
0

)
=

1

4
tr(h− 2h0 + h0h

−1h0) ,

where the trace is taken in the original space S.

At this point, we thus have a reasonable definition for the Casimir energy and explicit

conditions for it to be well-defined. All of this expressed in terms of the underlying classical

dynamics. The abstract formalism at hand, it remains to apply it to a concrete problem, e.g.

a non interaction scalar field, or the electromagnetic field. This implies choosing an operator

h2
0 and characterizing its perturbation h2, for example by adding a strong potential localized

on ∂S, in such a way that they induce equivalent states. As for quantum pumping when

the determinant formula is proven, the problem is then reduced to operations on one-particle

operators. In particular, since (R− (R∗)−1)h
1/2
0 is Hilbert-Schmidt, it is given by an integral

kernel, the L2-norm of which is the Casimir energy.

Two limits will then be of interest: The first one as h2 converges to h2
0 with perfect

Dirichlet boundary conditions on ∂S, and the second one as the spatial cutoff imposed by the

large box Λ is removed.

2.2. Formal manipulations. To close this chapter, let us show that under formal ma-

nipulations, eq. (5.7) is equivalent to the standard mode summing definition of the Casimir

effect. In particular, we shall assume that H is finite dimensional, as in a one-dimensional

chain of N particles linked by ideal springs, among which two fixed boundaries can be added.

The mode summing definition, formally Ẽ =
∑

n ωn/2 −∑m ω0
m/2 can also be written

as Ẽ = 1/2 tr(h − h0). Let PS = P ∗
S = P 2

S be the orthogonal projection on the subspace of

vectors in S with support in S, the interior of the cavity. Let us assume that the boundary

conditions on ∂S are ideal. Then, h2 commutes with PS and therefore factorizes with respect

to the splitting S = PSS ⊕ P ′
SS, whereas h2

0 does not. Here we again denoted (1− PS) = P ′
S .

Suppose moreover that

PS(h2 − h2
0) = (h2 − h2

0)P
′
S .

The operator h2 − h2
0 is thus off-diagonal with respect to the splitting induced by PS , which

roughly speaking amounts to pretending that the two operators differ only across the boundary,

but act indistinguishably on vectors that live only on one side of ∂S. Then,

tr(h0h
−1h0 − h) = tr(h−1(h2

0 − h2)) = tr(h−1PS(h2
0 − h2)P ′

S) + tr(h−1P ′
S(h2

0 − h2)PS) = 0 ,

where we used cyclicity in the first equality, the commutativity of PS with h and again cyclicity

to conclude that both terms vanish separately. Hence,

1

4
tr(h0h

−1h0 − 2h0 + h) =
1

4
tr(h− 2h0 + h) =

1

2
tr(h− h0) .
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We point out in particular that the use of cyclicity for the projection PS , which is perfectly

correct in a finite dimensional space, is a delicate issue in infinite dimensional traces. Typically,

the Shale criterion depends precisely on whether or not the off-diagonal part of the Bogoliubov

transformation is Hilbert-Schmidt. In the present case, one could imagine defining a trace by

considering only the diagonal terms, a choice that has been made e.g. in [31].

As in the similar computations of Chapter 3, the above is therefore not meant as a proof,

but rather as a hint that the a priori very different expression obtained here is loosely equivalent

to the traditional approach. In this sense, it ought to be seen as a regularized version of Ẽ .



APPENDIX A

Some proofs and auxiliary results

1. GNS theorem

We assume here that the algebra U has an identity. Given a state ω, 〈A,B〉 := ω(A∗B)

defines a positive, but not positive definite, bilinear form on U . The set N := {B ∈ U :

ω(B∗B) = 0} is a left ideal by the Cauchy-Schwarz inequality. Indeed, for B ∈ N and A ∈ U ,

|ω((AB)∗(AB))|2 ≤ ω(B∗B)‖A‖2 = 0, so that AB ∈ N . On the quotient space U/N with

elements denoted by ψA, the form (ψA, ψB) := 〈A,B〉 is a positive definite scalar product and

is independent of the choice of representative for each class ψA , ψB

(ψA+I1 , ψB+I2) = ω(A∗B) + ω(B∗I1) + ω(A∗I2) + ω(I∗1I2) = ω(A∗B) = (ψA, ψB)

for all I1, I2 ∈ N . The GNS Hilbert space is defined as

Hω := U/N ,

where the closure is in the norm induced by the scalar product.

The representation map πω(A) is defined through its action on vectors ψB by

(A.1) πω(A)ψB = ψAB .

This is well-defined since independent of the choice of representative for ψB , by the ideal

property. One checks that πω(A) defines a linear operator on Hω,

πω(A)(αψB + ψC) = πω(A)ψαB+C = αψAB + ψAC = απω(A)ψB + πω(A)ψC ,

which admits a bounded closure since ‖πω(A)ψB‖2 = ω(B∗A∗AB) ≤ ‖A‖2‖ψB‖2. The mor-

phism properties are also satisfied, namely

πω(αA+B)ψC = ψαAC+BC = αψAC + ψBC = απω(A)ψC + πω(B)ψC ,

(πω(A)∗ψB , ψC) = (ψB , ψAC) = ω(B∗AC) = (ψA∗B , ψC) = (πω(A∗)ψB , ψC) ,

πω(A)πω(B)ψC = ψABC = πω(AB)ψC .

Finally, the vector Ωω is identified with ψ1 because (ψ1, πω(A)ψ1) = ω(A). Since {πω(A)Ωω :

A ∈ U} = U/N is dense by construction in Hω, Ωω is cyclic.

The uniqueness is established by constructing explicitly the unitary operator intertwining

between two such cyclic representations. Let U : Hω → H′
ω be defined through

Uπω(A)Ωω = π′ω(A)Ω′
ω .

It is an isometric mapping

(Uπω(A)Ωω, Uπω(B)Ωω) = (π′ω(A)Ω′
ω, π

′
ω(B)Ω′

ω) = ω(A∗B) = (πω(A)Ωω, πω(B)Ωω)

for which UΩω = Uπω(1)Ωω = π′ω(1)Ω′
ω = Ω′

ω. Hence,

Uπω(A)πω(B)Ωω = π′ω(AB)Ω′
ω = π′ω(A)π′ω(B)Ω′

ω = π′ω(A)Uπω(B)Ωω ,

67
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so that U satisfies all required properties on the dense set {πω(B)Ωω : B ∈ U} ⊂ Hω and its

closure is the unitary operator we are looking for. �

2. Araki-Wyss and Araki-Woods representations

2.1. CAR [7]. We want to prove that given a self-adjoint operator 0 ≤ ρ ≤ 1, there

exists a state such that (2.6) holds. We construct the following Araki-Wyss representation of

the CAR. Let Hρ = F−(H) ⊗F−(H), Ωρ = Ω0 ⊗ Ω0 where Ω0 is the Fock vacuum, and

aρ(g) := a(
√

1 − ρg) ⊗ 1 + Θ ⊗ a∗(
√
ρg) , a∗ρ(f) := a∗(

√
1 − ρf) ⊗ 1 + Θ ⊗ a(

√
ρf) ,

where ·̄ denotes the complex conjugation and Θ = (−1)N , N being the number operator.

A direct computation then shows that these operators satisfy the correct anticommutation

relations and that indeed

(Ωρ, a
∗
ρ(f)aρ(g)Ωρ) = (Ωρ,

(
Θ ⊗ a(

√
ρf)
)(

Θ ⊗ a∗(
√
ρg
)
Ωρ) = (a∗(

√
ρf)Ω0, a

∗(
√
ρg)Ω0)

= (
√
ρf,

√
ρg) = (g, ρf) .

Together with (Ωρ, a
#
ρ (f)Ωρ) = 0, this shows that the triple (Hρ, a

#
ρ (·),Ωρ) defines the gauge

invariant quasi-free state on the CAR we seek.

2.2. CCR [6]. Similarly for bosons, given a self-adjoint operator ρ ≥ 0, we set Hρ =

F+(H) ⊗F+(H), Ωρ = Ω0 ⊗ Ω0 and define the Araki-Woods operators by

aρ(g) := a(
√

1 + ρg) ⊗ 1 + 1 ⊗ a∗(
√
ρg) , a∗ρ(f) := a∗(

√
1 + ρf) ⊗ 1 + 1 ⊗ a(

√
ρf) .

The two point function of field operators reads

(Ωρ, ϕρ(f)ϕρ(g)Ωρ) = Re(f, ρg) +
1

2
(f, g) .

By gauge invariance and the quasi-free property, we note that

(Ωρ, ϕρ(f)2kΩρ) =
(2k)!

k!2k
(Ωρ, ϕρ(f)2Ωρ)

k

and (Ωρ, ϕρ(f)2k+1Ωρ) = 0. Hence, the expectation value of a Weyl operator is

ωρ(W (f)) =
∑

k

i2k

(2k)!
(Ωρ, ϕρ(f)2kΩρ) =

∑

k

(−1)k

k!2k
(Ωρ, ϕρ(f)2Ωρ)

k

= exp
(
− 1

2
(Ωρ, ϕρ(f)2 Ωρ)

)
= exp

(
− 1

2
(f, ρf) − 1

4
‖f‖4

)
,

where the sum converges because [20] a state ω is analytic iff Ωω is an analytic vector for all

ϕω(f).

3. Shale-Stinespring and Shale criteria

3.1. Shale-Stinespring (CAR). Let us denote αU,V (a(f)) ≡ α(f). By a theorem of

Berezin [16], it is sufficient to show that there exists a vector Ωα ∈ F(H) such that α(f)Ωα = 0

for all f ∈ H. Let (fn) be an ON basis in H and denote a#
n = a#(fn). Since U is invertible,

the condition for Ωα reads

(A.2) (ai +Mija
∗
j )Ωα = 0 , for all i ,
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where M = U−1V . By the antilinearity of V , its matrix form satisfies (V ∗)ij = Vji, so that

(2.14) yields V tU + U∗V = UV t + V U t = 0. Multiplying the second equality by U−1 on the

right and (U t)−1 on the left, we get M = −M t. Hence, M can be block diagonalized by an

orthogonal transformation O,

OMOt =




0 m1

−m1 0

0 m2

−m2 0
. . .



.

The proof now proceeds by claiming that Ωα = ÛΩ0, with Û = exp(−1/2 a∗Ma∗), up to

normalization. In particular, Ωα formally satisfies condition (A.2) since [a, exp(−1/2 a∗Ma∗)] =

−Ma∗ exp(−1/2 a∗Ma∗). The Shale-Stinespring condition is equivalent to the existence of Ωα

in Fock space, i.e. ‖Ωα‖ < ∞. This is most easily proven in the above block diagonal

representation, namely,

‖Ωα‖2 =
(
Ω0, exp(−1/2 aM∗a) exp(−1/2 a∗Ma∗)Ω0

)

=

∞∏

i=1

(
Ω0, exp(−mia2ia2i−1) exp(−mia

∗
2i−1a

∗
2i)Ω0

)

=
∞∏

i=1

∞∑

k=0

|mi|2k

(k!)2
(
Ω0, (a2ia2i−1)

k(a∗2i−1a
∗
2i)

kΩ0

)
=

∞∏

i=1

(1 + |mi|2) = det(1 +M∗M)1/2 ,

where we used in the third equality that vectors with a different particle number are orthogonal

to each other and in the fourth that the sum is truncated at k = 1 by the anticommutation

relations (Pauli principle). Finally, although each eigenvalue value of M∗M has multiplicity

2, it comes only once in the product, whence the square root. By definition, M∗M ∈ B1 iff

M ∈ B2. Hence, the determinant is well-defined iff U−1V ∈ B2. �

3.2. Shale (CCR). The proof follows essentially the same lines as above. Eq. (A.2)

holds, but with a matrix M = L−1A which is now symmetric, L(M−M t)Lt = ALt−LAt = 0,

by the analogue condition as in the CAR case. As such, it can be orthogonally diagonalized.

Again, we let Ωβ = ÛΩ0, with Û = exp(−1/2 a∗Ma∗), up to normalization, and compute the

square norm of Ωβ:

‖Ωβ‖2 =
(
Ω0, exp(−1/2 aM∗a) exp(−1/2 a∗Ma∗)Ω0

)

=

∞∏

i=1

(
Ω0, exp(−1/2miaiai) exp(−1/2mia

∗
i a

∗
i )Ω0

)

=
∞∏

i=1

∞∑

k=0

|mi|2k

4k(k!)2
(
Ω0, a

2k
1 (a∗1)

2kΩ0

)
=

∞∏

i=1

∞∑

k=0

|mi|2k(2k)!

4k(k!)2

=

∞∏

i=1

(1 − |mi|2)−1/2 = det(1 −M∗M)−1/2 .

Hence, the Ωβ exists on Fock space iff L−1A ∈ B2.
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4. The Kac-Akhiezer theorem

The Akhiezer-Kac formulae describe the asymptotic behaviour of determinants of trun-

cated Wiener-Hopf operators. Let H = L2(R), and let A be a translation invariant operator.

It is given by convolution with a kernel a ∈ L1(R), so that ψ ∈ L2(R) implies Aψ ∈ L2(R) by

Young’s inequality. A Wiener-Hopf operator W (a) is the restriction of A to L2(R+), i.e.

(W (a)ψ)(x) =

∫ ∞

0
a(x− y)ψ(y)dy ,

and we shall consider its truncations Wt(a) : L2([0, t)) → L2([0, t))

(Wt(a)ψ)(x) =

∫ t

0
a(x− y)ψ(y)dy .

If a ∈ L2(R), then W (a) is Hilbert-Schmidt. An application of Mercer’s theorem shows that

if a is continuous, Wt(a) is trace class, too. Thus, det(1 +W (a)) is well-defined. Let ǎ be the

inverse Fourier transform of a.

Theorem 32. If

(i)
∫∞
−∞(1 + |x|)|a(x)|2dx <∞,

(ii) 1 +W (a) is invertible,

(iii) ǎ ∈ L1(R),

then, as t→ ∞,

log det(1 +Wt(a)) =
t

2π

∫ ∞

−∞
log(1 + ǎ)(k)dk +

∫ ∞

0
x ̂log(1 + ǎ)(x) ̂log(1 + ǎ)(−x)dx+ o(1)

The condition (ii) on the invertibility of 1+W (a) can be rephrased in terms of the function

ǎ. We suppose that ǎ is piecewise continuous on R. If we join two of its successive pieces by

a line (in C), the curve {1 + ǎ(x) : x ∈ R}, is closed because 1 + ǎ(−∞) = 1 = 1 + ǎ(+∞) so

that it has a well-defined winding number, Ind(1 + ǎ).

Lemma 33. 1 +W (a) is invertible iff 0 /∈ 1 + ǎ and Ind(1 + ǎ) = 0.

This is related to the fact that the index of the function 1 + ǎ is the opposite of the

index of the operator 1 + W (a) if it is Fredholm. There is a vast literature (see [18] and

references therein) on similar results that deal with various technicalities about invertibility

conditions for Wiener-Hopf operators with arbitrary functions a and asymptotic formulae for

their determinant.

In particular let us state, without technicalities, the theorem for higher dimensions. Con-

sider a translation invariant operator W (a(n)) on L2(R; Cn) with Fourier transform â(n)(k).

For its truncation to [−t, 0], one has

log det(1 +Wt(a
(n))) −→ t

2π

∫ ∞

−∞
dk log det n×n(1 + â(n)(k)) + o(t) , (t→ ∞) ,

where the determinant on the r.h.s is that of an n× n matrix.



5. THE FLUCTUATION-DISSIPATION RELATION 71

5. The fluctuation-dissipation relation

The purpose of this section is to give a sketch of the derivation of the fluctuation-dissipation

theorem. Let (Γ,U , τt) be a classical dynamical system, i.e. a phase space Γ ∋ x, an abelian

algebra of observables U = C0(Γ), the set of continuous functions over Γ that vanish at infinity,

and a flow τt on Γ, x 7→ τt(x) describing the time evolution. A state µ0 is a probability measure

on Γ. Observables evolve according to U ∋ f 7→ ft = f ◦ τt and states are pulled back along

the flow µt = µ ◦ τ−t. The expectation value of an observable f in a state µ is 〈f〉 = µ(f) =∫
dµ(x)f(x). The history of the system is given by a path X = {Xt = τt(x) : t ∈ R}. Time

reversal flips the direction of the flow, thus acting on paths by (θX)t = X−t. Finally we lift

observables, F (X) = {ft(x) : t ∈ R} and assume that µt has an extension to a well-defined

measure µ on path space.

The essential hypothesis for the following is that the (unique) equilibrium state, ω0, is

time reversal invariant. Let the system be subject to a generalized force V ∈ R such that

equilibrium is attained if V = 0. For each value of V , let ωV be the corresponding (unique)

stationary state and assume it is absolutely continuous w.r.t. the equilibrium measure, namely

(A.3)
dωV

dω0
(X) = eLV (X) .

In particular, L0 = 0 and we shall assume that the Lagrangian LV is continuous in V . It can

be decomposed into two observables, one of which is odd under time reversal, the other being

even,

LV (X) = σV (X) +RV (X) ,

and we shall identify the antisymmetric observable σV with the entropy production. Eq. (A.3)

combined with the identification of σV (X) is sometimes called the fluctuation theorem.

To conclude, we assume that

σV (X) = κV · I(X)

for a real constant κ that depends on the equilibrium state and compute the expectation value

of the current I for small V ,

〈I〉V = ωV (I) =

∫
dω0(X)eLV (X)I(X) = 〈I〉0 + 〈LV I〉0 +O(V 2) = 〈I〉0 + κV 〈II〉0 +O(V 2) ,

where the last equality holds because the equilibrium state is time reversal invariant and I is

odd under time reversal. Hence,

G :=
∂

∂V
〈I〉V

∣∣∣∣
V =0

= κ 〈I2〉0 .

This is the fluctuation-dissipation relation. The generalized conductance G, which is the linear

response coefficient associated with the current, is proportional to the fluctuation of I in the

equilibrium state.
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