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Summary

A model is developed for the behavior of slender concrete beams under static

load. It is valid for any given combination of longitudinal reinforcement, pre¬

stressed or non-prestressed, bonded or unbonded, provided the distance

between the centroid of a given element of reinforcement and the top surface of

the concrete section remains fixed as load is increased. The flow of internal forces

is represented by a truss composed of concrete compression members and ten¬

sion members corresponding to bonded steel reinforcement. The uniform com¬

ponent of force in prestressing steel is modeled by equivalent loads. The

arrangement of members is chosen to satisfy equilibrium, the plane sections

hypothesis, and suitable stress-strain laws for the given materials. The generality
of this model is achieved through consideration of inclination of the compres¬

sion chord, which is the direct result of a component of flexural tension that is

independent of the state of strain at a given concrete section. The profile of the

compression chord can be calculated with reasonable aecuracy by neglecting
axial force due to shear in the web.

At and near ultimate load, the model is divided into uncracked, cracked-elas-

tic, and cracked-plastic regions, defined by the state of strain in bonded longitu¬
dinal reinforcement. Each is distinguished by the way in which shear force is

resisted. In cracked-elastic regions, shear resistance is provided jointly by incli¬

nation of the compression chord of the truss and by diagonal web members. In

uncracked regions, it is resisted entirely by inclination of the compression chord.

In cracked-plastic regions, shear is resisted entirely by inclination of the com¬

pression chord, except for a transition region near the boundary of the neighbor¬

ing cracked-elastic region, in which shear is progressively transferred to the

web.

Elongation of unbonded prestressing steel is calculated as the integral of

strains in the concrete at the level of the unbonded tendons. Shear deformations

can be neglected without signifieant impact on safety or aecuracy. Deformations

are obtained from forces given by the model and from relations between

moment, axial force, curvature, and depth of neutral axis derived for individual

cross-sections. An approximate procedure for caiculating elongation, given
external load and force in unbonded prestressing steel, is proposed.

The most important factors effecting behavior are arrangement of load, rela¬

tive proportions of bonded and unbonded longitudinal reinforcement, and



arrangement of bonded longitudinal reinforcement in the span. Their effect is

reflected primarily in the rate of change of force in bonded reinforcement with

deflection at midspan. The relation between elongation of unbonded prestress¬

ing steel and deflection at midspan is approximately linear and relatively insen¬

sitive to these parameters.
The proposed model and method of calculation are verified experimentally

using results obtained from load tests of eight concrete girders reinforced longi¬

tudinally with unbonded prestressing steel and bonded mild reinforcement.

Load-deflection curves are approximately trilinear, with changes of slope corre¬

sponding to initial cracking at midspan and initial yielding of bonded reinforce¬

ment at midspan. In all cases, predicted and observed response are in good

agreement.
The concepts presented have general validity and can be adapted to the anal¬

ysis of girders prestressed with external, unbonded tendons. Suggested proce¬

dures for design calculations involving external tendons are presented in an

appendix.



Zusammenfassung

In der vorliegenden Arbeit wird ein Modell zur Beschreibung des Verhaltens

von schlanken Betonträgern unter statischen Lasten entwickelt. Das Modell

behält seine Gültigkeit für beliebige Kombinationen der Längsbewehrung, vor¬

gespannt oder schlaff, in Verbund liegend oder ohne Verbund, vorausgesetzt,
dass der Abstand zwischen der Bewehrung und der Betonoberfläche bei einer

Laststeigerung konstant bleibt. Der Verlauf der inneren Kräfte wird durch ein

Fachwerkmodell beschrieben, bestehend aus Betondruckgliedern und Zugstä¬
ben, die der in Verbund liegenden Bewehrung entsprechen. Der gleichmässig
verteilte Anteil der Vorspannkraft wird durch equivalente Lasten modelliert.

Der innere Kraftfluss wird so gewählt, dass die Gleichgewichtsbedingungen
und die Hypothese vom Ebenbleiben der Querschnitte eingehalten sind. Für die

gegebenen Materialien werden dabei angemessene Stoffgesetze verwendet.

Durch die Berücksichtigung der Neigung des Druckgurtes, die aus einem vom

Dehnungszustand unabhängigen Anteil der Biegezugkräfte resultiert, erreicht

das Modell allgemeine Gültigkeit. Der geometrische Verlauf des Druckgurtes
kann mit einer vernünftigen Genauigkeit auch unter Vernachlässigung der

Längskräfte infolge des Schubes berechnet werden.

In Bruchnähe und im eigentlichen Bruchzustand wird der Träger in ungeris¬

sene, gerissen-elastische und gerissen-plastische Bereiche unterteilt, die auf¬

grund des Dehnungszustandes im Bewehrungsstahl definiert werden. Die

einzelnen Bereiche unterscheiden sich in der Art wie die Schubkräfte abgeleitet
werden. In gerissen-elastischen Bereichen werden Schubkräfte gemeinsam vom

geneigten Druckgurt des Fachwerkes und von den diagonalen Stegelementen

abgetragen. In ungerissenen Bereichen werden diese vollständig durch den

geneigten Druckgurt aufgenommen. In gerissen-plastischen Zonen, mit Aus¬

nahme der Übergangsbereiche zu den gerissen-elastischen Bereichen, wo die

Schubkräfte zunehmend durch den Steg abgeführt werden, wird der Schub

ebenfalls vollständig durch den geneigten Druckgurt aufgenommen.
Die Verlängerung des verbundlosen Spanngliedes wird als Integral der

Betondehnungen auf der Höhe des Spannstahles berechnet. Schubdeformatio¬

nen können dabei ohne Einbusse an Genauigkeit oder Verminderung der Sicher¬

heit vernachlässigt werden. Die Verformungen ergeben sich aus den Kräften im

Modell und den Beziehungen zwischen Momenten, Normalkräften, Krümmun¬

gen und der Lage der neutralen Achse, die für beliebige Querschnitte berechnet
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werden können. Schliesslich wird ein Näherungsverfahren zur Ermittlung der

Spanngliedverlängerung bei gegebener Belastung und Vorspannkraft vorge¬

schlagen.
Die wichtigsten Faktoren, die das Verhalten beeinflussen sind die Lastanord¬

nung, die relativen Verhältnisse zwischen in Verbund liegender und verbundlo¬

ser Längsbewehrung sowie die Abstufung des Bewehrungsstahles über die

Spannweite. Ihr Einfluss spiegelt sich primär in der Veränderung der Kräfte im

Bewehrungsstahl bei Steigerung der Mittendurchbiegung. Die Beziehung zwi¬

schen der Verlängerung des verbundlosen Spanngliedes und der Mittendurch¬

biegung ist näherungsweise linear und relativ unempfindlich auf Variationen

der obigen Parameter.

Die vorgeschlagenen Modelle und Berechnungsverfahren sind durch Resul¬

tate von Grossversuchen experimentell verifiziert. Es handelt sich hierbei um

acht Betonträgern mit verschiedenen Kombinationen von verbundloser Vor¬

spannung und schlaffer Bewehrung. Die Last-Durchbiegungs-Kurven sind

näherungsweise trilinear, wobei die Steifigkeitsänderungen einerseits der Risse¬

bildung und andererseits dem Hiessbeginn des Bewehrungsstahles entsprechen.
In allen Fällen stimmen die Voraussagen mit dem beobachteten Verhalten gut
überein.

Die aufgezeigten Konzepte sind allgemeingültig und können auf die Berech¬

nung von extern vorgespannten Trägern übertragen werden. Ein mögliches Vor¬

gehen für die rechnerische Behandlung einer externen Vorspannung ist in einem

Anhang aufgezeigt.
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1 Introduction

The widespread use of unbonded tendons for prestressed concrete construction

has been impeded by many factors, not the least of which has been a lack of

understanding of how unbonded prestressing steel affects structural behavior at

ultimate limit State. This Situation exists in spite of the favorable qualities of

unbonded tendons which, when properly used, can simplify construction, facili-

tate inspection and maintenance, and improve overall durability. Although this

problem has been the focus of mueh research over the past forty years, none of

the solutions proposed have been entirely satisfactory. In this thesis, the problem
is addressed by taking a "back to basics" approach, based on: (a) recognition that

complexity of analytical models and methods of calculation should be compati¬
ble with complexity of structural behavior, (b) identification of aspects of behav¬

ior held in common by structures prestressed with unbonded tendons and

structures with bonded reinforcement, and (c) consistent application of princi¬

ples that have proven themselves in the analysis and design of concrete struc¬

tures with bonded reinforcement. The result is a rational model of the behavior

of girders with any given combination of bonded reinforcing steel, bonded pre¬

stressing steel, and unbonded prestressing steel, and simple procedures for cai¬

culating ultimate resistance of these structures.

By way of introduction, this chapter defines the objectives of the study and

situates the approach taken within past and current State of the art. It begins
with a brief description of the problem, followed by a review of the history of

prestressing with unbonded tendons. Important developments in construction

technology, research, and design Standards are highlighted. The effect of aecu¬

racy of calculations on economy of materials is briefly discussed. The chapter
concludes with a Statement of the goals of this research project.

1.1 Statement of Problem

The behavior of structures with unbonded prestressing steel is inherently more

complex than the behavior of structures with bonded steel only. This is because

the assumption that sections plane before deformation remain plane after defor¬

mation, a cornerstone of flexural analysis of slender members with bonded rein-



forcement, is no longer valid when unbonded steel is used. This is illustrated in

the following figure. Longitudinal reinforcement consists entirely of a single pre¬

stressing tendon, either bonded or unbonded:

Elevation Strains in concrete

(prestressing steel bonded) (prestressing steel unbonded)

—i-

Centroid of prestressing steel

Plane strains assumption and unbonded prestressing steel

The state of strain at a given cross-section is shown. For both cases, the plane
strains assumption is satisfied by strains in the concrete. When bonded pre¬

stressing steel is used, the increase in strain in prestressing steel AeP beyond
strain due to initial prestress is equal to strain in the concrete at the same level.

The plane sections assumption is thus satisfied by the cross-section (concrete

plus steel) as a whole. When unbonded prestressing steel is used, however, pre¬

stressing steel is free to displace tangentially relative to the concrete at the same

level, which implies that AeP is not equal to strain in the neighboring concrete.

The plane sections assumption is thus not satisfied by the cross-section as a

whole. Strain in unbonded prestressing steel, constant over the entire length of

the tendon between anchors, can only be calculated when the State of strain is

known everywhere over this interval.

It follows that, when steel is bonded to concrete, reinforcement can be

designed at a given section based on the State of strain at that particular section

only. When some of the reinforcement consists of unbonded tendons, however,

this "sectional" approach is no longer valid. The force in prestressing steel corre¬

sponding to ultimate limit state must be computed from deformations in the

entire structure. The use of unbonded tendons generally results in a reduetion in

ultimate load for identical reinforcement.

Further complexity arises when unbonded prestressing steel is not placed in

ducts cast into concrete but rather is connected to the concrete only at discrete

locations (anchors and possibly points of deviation). For such "external" ten¬

dons, distance dp between extreme compressive fiber and centroid of prestress¬

ing steel is no longer constant but rather decreases as deflection of the structure

increases. This is illustrated in the following figure. The tendons shown are

unbonded and are connected to the girder only at the anchors and at the two

deviation points. The loss of lever arm results in a further decrease in ultimate

load. The reduetion in dp can be calculated from the difference in deflection at

midspan and at the adjacent deviation point. This also requires knowledge of the

State of deformation at all locations along the span.
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External, unbonded tendons: reduetion of effective depth of reinforcement

In this thesis, scope is limited to internal, unbonded tendons, for which dp
does not change as load is increased. Except where spedfieally stated otherwise,
the term unbonded is used to denote prestressing steel that is both internal and

unbonded. External tendons are discussed briefly in Appendix F.

1.2 Historical Perspective

The use of unbonded steel members to induce a State of pre-compression in con¬

crete members is as old as prestressed concrete itself. Indeed, external unbonded

tendons were used for the world's first prestressed concrete bridge, built in Ger-

many in 1939 (Schönberg and Fichtner 1939). In the late 1930s, German engineer
Dischinger patented a system of prestressed concrete using external unbonded

tendons. His knowledge of the undesirable effects of creep and shrinkage in con¬

crete may have led him to prefer unbonded prestressing steel, which can be re-

stressed during the service life of structures (Aeberhard et al. 1988). Dischinger
applied his system in the design of several bridges during the thirties and for-

ties.

In spite of these auspicious beginnings, bonded tendons soon became the pre¬

ferred way prestressing in most parts of the world. This was partly due to con¬

cerns regarding protection of prestressing steel against corrosion. Just as

important, however, was a pereeption among engineers that ultimate resistance

of structures with unbonded tendons was not only difficult to calculate, but was

also substantially smaller than the resistance of identically reinforced structures

with bonded reinforcement. This was supported by influential load tests of pre¬
stressed concrete girders made by Giehrach and Sattele (1954) and by Rüsch,

Kordina, and Zeiger (1959). As a result, contemporary Standards imposed con-

servative, empirically based design criteria for structures with unbonded ten¬

dons.

These criteria typically speeified the increase in stress in unbonded prestress¬

ing steel, Ao>, that could be used in caiculating flexural resistance at ultimate

limit state. Prescribed values of Ao> were usually obtained empirically. This sim-



plistic approach reeast the relative complexity of caiculating elongation of

unbonded prestressing steel based on deformations of the entire structure into a

problem that could be dealt with at a given cross-section independently from all

others. Almost magically, design Standards "bonded" the tendons to concrete for

the convenience of engineers. This philosophy has persisted to this day in sev¬

eral national Standards (ACI 318 (1989), CSAA23.3 (1984)).

Empirically based design speeifications may indeed have their place in struc¬

tural engineering, especially where quantities with high Statistical variability

(e.g. tensile strength of concrete) are relied on for safety. Punching shear in slabs

in one such case. Although empirical criteria often give accurate assessments of

whether or not a particular system is safe, they rarely provide insight into why
or why not. This drawback implies that empirical design speeifications usually
have limited or no validity outside of the ränge of parameters with which the

criteria were originally established. It would appear logical, therefore, to avoid

empirical procedures whenever rational models based on sound physical princi¬

ples are available.

These drawbacks were recognized by engineers over the past three decades.

Instead of moving towards rational models, however, research effort was prima¬

rily expended in refining empirical criteria and extending them to a greater vari-

ety of parameters. Extensive bibliographies of these contributions have been

prepared by Naaman and Alkhairi (1991a) and Vielhaber (1989). Recently pub¬
lished papers show that this approach has also persisted to this day (Naaman

and Alkhairi 1991b).

It is impossible to assess to what extent empirical criteria for design at ulti¬

mate limit State restricted the aeeeptance and widespread use of unbonded ten¬

dons. It may not be merely coincidental, however, that the countries in which

successful applications of unbonded tendons were pioneered (U. S. A. and

France) have until recently allowed only fully prestressed structures. Füll pre¬

stressing imposes severe restrictions on tensile stresses in concrete under service

conditions. The amount of prestressing steel required to satisfy this requirement
is often more than suffieient to guarantee safety at ultimate limit State, even

when no increase in stress is assumed in the calculation of flexural resistance.

The use of unbonded tendons for post-tensioning flat slabs in buildings, intro¬

duced in the U. S. A., is now widely aeeepted throughout the world. Unbonded

tendons, factory-assembled from a single seven-wire Strand and a greased plas¬
tic duct, eliminate several labor-intensive Operations at the construction site. In

France, external tendons have been applied in the construction of new bridges

composed of precast concrete Segments (Virlogeux 1983). This technique is now

widely used, especially in France and the U. S. A. It has led to signifieant

improvements in prestressing technology, particularly regarding protection

against corrosion of external tendons.

Nonlinear finite-element methods have been recently developed for caiculat¬

ing ultimate resistance of structures with unbonded tendons (see, for example,



Kreger, Fenves, and El-Habr 1990). These procedures, which make intensive use

of digital Computers, eliminate the need for empirical formulas. They share the

inherent disadvantage, however, of giving engineers solutions without necessar-

ily requiring them to understand underlying structural behavior. In the hands of

competent engineers, these computer-based procedures can help eliminate

mueh of the tedium associated with analysis and design of complex structures.

The credibility of Computer analysis is severely jeopardized, however, when no

acceptable procedure for checking Output by hand is available. The Computer
has thus by no means eliminated the need for rational models of structural

behavior.

Recent years have seen a greater use of unbonded prestressing steel in con¬

junetion with bonded steel. Particularly in segmental bridge construction, it has

been recognized that the inherent advantages of both types of reinforcement can

be combined to good effect (Virlogeux 1990). In addition, external unbonded

tendons are being increasingly being used as an important means of strengthen-

ing existing bridges, where they partieipate jointly with existing reinforcement,

which is often bonded. As the ränge of application of unbonded tendons gradu-

ally expands away from traditional areas (füll prestressing with only minimal

bonded reinforcement), there will be a greater need for models of behavior valid

for the füll ränge of combinations of reinforcement, prestressed and non-pre-

stressed, bonded and unbonded.

1.3 Aecuracy and Economy

For most analytical problems in structural engineering, several different meth¬

ods of Solution are possible. For obvious reasons, all must guarantee a minimum

speeified margin of safety. Apart from this, however, there can be considerable

Variation among methods, particularly for complex problems. Greater economy

of materials can often be achieved through greater computational effort.

This is indeed the case for girders prestressed with unbonded tendons. Safe

designs can be obtained with a minimum of calculation by simply neglecting the

increase in stress in unbonded prestressing steel at ultimate limit State. The con¬

tribution of unbonded tendons to flexural resistance is computed using the fol¬

lowing equation: Pu = Apa ,
where o>q is long-term stress in prestressing steel

after deduetion of all losses. This approach normally underestimates ultimate

load or, equivalently, overestimates the required area of prestressing steel.

By caiculating the actual stress in unbonded prestressing steel based on defor¬

mations of the structure, these estimates can be improved. Very rough calcula¬

tions of deformation are often all that is needed for accurate computations of

ultimate load and required area of unbonded prestressing steel, especially when

most of the flexural reinforcement is bonded and when initial prestress is high.



This is illustrated in the following figure, which gives flexural tensile force at

ultimate limit State, divided by (Apfp^+AJ' ), as a function of the ratio of yield
force of unbonded prestressing steel to maximum flexural tensile force,

ß - Apfpy/^pfpy+Amfjy). (It is assumed that longitudinal reinforcement con¬

sists of bonded reinforcing steel and unbonded prestressing steel only.)

ForceHAJsy+Affpy) 10

Range of subsequent elongation of prestressing steel

0.0 0.5 1.0 ß

Flexural tensile force versus ratio of unbonded prestressing steel

Flexural tensile force at ultimate limit State has been divided into three com¬

ponents: yield force in bonded mild steel 7^, initial prestress P0, and additional

force due to elongation of prestressing steel under load AP. The actual ultimate

flexural tension lies somewhere in the white region of the diagram. For a given
structure and arrangement of reinforcement, refinement in calculation can

increase only AP. This component, however, is always less than half the total

force and can be mueh less.

It is clear from the figure that change in AP results in a smaller relative change
in total force in prestressing steel and in an even smaller change in total flexural

tension. For example, it is assumed that a more refined analysis improves the

calculated increase of strain in prestressing steel, AeP, from O.le^ to 0.26p,,, where

Spy is yield strain in prestressing steel. This is a 100% increase. For a given design
load and assuming a linear stress-strain diagram, this corresponds to a decrease

in required area of prestressing steel of (O.le^ ) /(epo + 0.2ep), where £po is ini¬

tial pre-strain. If Spo = 0.7epy, then the decrease is only 11 percent. For a given Ap,

ß = 0.5, and £po = 0.7Epy, ultimate load increases by only 5.5 percent.
The effect of change in AeP on change in required area of prestressing steel

decreases with increasing initial pre-strain. The effect of change in AeP on change
in ultimate load decreases with increasing pre-strain and with decreasing ß.

Aecuracy in calculation of structural deformations, from which AeP is computed,
is thus most important when only small amounts of bonded reinforcement are

used. Conversely, when a large proportion of bonded reinforcement is used,

rough calculations of AeP can still provide accurate calculations of AP and ulti¬

mate load.



1.4 Objectives

This thesis has two main objectives: (a) to develop a model for the static behavior

of girders prestressed with unbonded tendons, valid for any given combination

of longitudinal reinforcement, prestressed or non-prestressed, bonded or

unbonded; and (b) based on this model, to develop procedures for calculations

commonly encountered in design practice.
The approach taken can be described as "back to basics". It is based on the

recognition that the behavior of structures prestressed with unbonded tendons is

inherenüy more complex than that of structures with only bonded steel, and the

conviction that the complexity of models and methods of calculation should

match the complexity of the structural behavior with which they are associated.

Consequently, design calculations are based on an explicit computation of elon¬

gation of unbonded prestressing steel. This computation is in turn based on a

dear description of the flow of internal forces and consistent application of

moment-curvature relations. The result is a method of calculation that respects
the complexity of the underlying structural behavior without being overly com¬

plicated.
The thesis is divided into two main parts. The first, Chapter 2, develops a

model for girders with unbonded tendons under static load. It begins with a

description of the flow of internal forces using truss models. It is shown that,

near ultimate limit State, girders can be subdivided into regions of three types:

uncracked, cracked-elastic, and cracked-plastic. Each of these regions has its

own particular deformation characteristics. Moment-curvature relations are then

developed for individual cross-sections. These two components are then com¬

bined into a proposed procedure for caiculating elongation of unbonded pre¬

stressing steel. The chapter continues with an analytical study of behavior, a

discussion of ultimate limit State and ductility, and a brief look at the additional

complexities resulting from external tendons.

The second part, Chapter 3, gives experimental verification of the concepts

proposed in Chapter 2. It is based on large-scale load tests of eight simply sup¬

ported concrete girders.
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2 Analysis

In this chapter, a model of the static behavior of girders prestressed with

unbonded tendons is developed from basic physical principles. It is used to

identify factors affecting structural response and to establish procedures for cal¬

culations required in design practice. The proposed model represents the flow of

internal forces with concrete compression members and steel tension members.

It is distinguished from truss models commonly used in the design of reinforced

concrete beams in that it explicitiy considers inclination of the compression
chord. Inclination oceurs when at least some portion of flexural tensile force is

independent of the state of strain in the adjacent concrete section. This key con¬

cept makes possible a unified treatment of girders longitudinally reinforced with

any given combination of bonded reinforcing steel, bonded prestressing steel,
and unbonded prestressing steel. Structural deformations, from which elonga¬
tion of the unbonded prestressing steel is calculated, are obtained from the states

of strain corresponding to the internal forces in the truss at any given section.

Because the model has no basis other than equilibrium, the plane sections

hypothesis, and well-established stress-strain laws, it is valid for any combina¬

tion of longitudinal reinforcement, bonded or unbonded, prestressed or not pre¬

stressed.

The chapter begins with a description of the states of internal equilibrium in

girders, i.e., the admissible arrangements of members in the truss model. This is

followed by a discussion of the relation between elongation of unbonded pre¬

stressing steel, deformations of the remaining structure, and sectional forces. On

this basis, procedures for typical design calculations are developed. These con¬

cepts are then used in developing nondimensional curves of structural response

for various combinations of parameters. The suitability of current criteria defin¬

ing limits of flexural reinforcement at ultimate limit State is examined.

For clarity, the scope of this chapter has been limited to simply supported

girders of constant depth. Unbonded tendons are assumed to be located in per¬

fectly frictionless ducts cast into the girder. This implies that the force in

unbonded prestressing steel is constant along its entire length and, at any given
section, the distance between the centroid of steel and the top surface of the

girder does not change as load is increased. Longitudinal reinforcement in the

flexural compression zone is not considered. All loads are static and are applied
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in the vertical plane containing the longitudinal axis of the girder. Abrief discus¬

sion of girders with external, unbonded tendons is given in Appendix F.

The model proposed in this chapter is based on flexural theory. It assumes

validity of the plane sections hypothesis and of moment-curvature relations

obtained from flexural equilibrium of individual cross-sections. Consequenüy, it

should only be applied to slender flexural members.

2.1 Internal Equilibrium

An accurate description of the State of internal equilibrium, or equivalently, of

the flow of internal forces, is of obvious importance to the dimensioning of rein¬

forcement in concrete structures. Knowledge of the flow of forces can also yield
valuable insights into factors affecting the State of deformation, which is of par¬

ticular interest in the design of structures with unbonded tendons. In this sec¬

tion, a truss model valid for girders with any given combination of longitudinal
reinforcement (bonded or unbonded, prestressed or not prestressed) is devel¬

oped. Only the forces transferred to steel through bond are assigned to tension

members in the model. The uniform component of force in prestressing steel is

modeled as an equivalent load corresponding to deviation and anchor forces.

The actual profile of the compression chord is taken into account by satisfying
the plane sections hypothesis and appropriate stress-strain laws for concrete,

reinforcing steel, and prestressing steel. The most important features of this

model are described for the following cases of longitudinal reinforcement: (a)

bonded reinforcing steel only, (b) bonded reinforcing steel and bonded prestress¬

ing steel, and (c) bonded reinforcing steel and unbonded prestressing steel. A

comparison of these three cases reveals that the presence of unbonded prestress¬

ing steel induces no qualitative changes in the State of internal equilibrium.
Indeed, a girder reinforced with a given combination of bonded reinforcing
steel, bonded prestressing steel, and unbonded prestressing steel and subjected
to a given load can be transformed into a statically equivalent girder with identi¬

cal load, reinforced only with bonded reinforcing steel and unbonded prestress¬

ing steel.

2.1.1 Truss Models: Background

As their name implies, truss models describe the flow of forces in reinforced con¬

crete structures using a truss composed of concrete compression members and

steel tension members. The consignment of all tensile forces to steel members is

consistent with concrete's negligible capacity to resist tension. The criteria gov¬

erning the arrangement of members in the truss are simple: (a) tension members

must correspond to the actual reinforcement provided; (b) forces in the members
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must satisfy equilibrium, the plane sections hypothesis, and stress-strain laws

for the materials used; and (c) the State of deformation corresponding to the

member forces must not exceed the available ductility of the structure.

The use of truss models in describing the flow of forces in concrete structures

dates back to the turn of the Century and is now well established in engineering

practice. Current theory and application of truss models in reinforced concrete

design are thoroughly discussed in a comprehensive treatise by Schlaich and

Schäfer (1989,563-715).

In contrast, the use of truss models in connection with structures prestressed
with unbonded tendons has been given litüe attention in the literature. Among
research efforts published to date, a model proposed by Ritz (1978) for slab strips
with unbonded prestressing and bonded mild reinforcement comes close to a

truss model in the commonly understood sense.

Spring, typ.

Rigid link, typ.

Concrete arch

Unbonded tendon

Beam

Model for slab strips with unbonded tendons and bonded mild reinforcement (Ritz 1978)

Ritz's model idealizes structures as three Systems coupled by vertical rigid
links: an unbonded tendon and a concrete arch, the action of which is primarily
axial, and a beam. The beam element accounts for the action of bonded rein¬

forcement, friction in the duct of the unbonded tendon, and flexural stiffness of

the concrete arch. Specific geometrical shapes (sinusoidal, triangulär, or para-

bolic) are assumed for concrete arch and unbonded tendon. The Springs at either

end represent the boundary conditions, assuming the System shown is part of a

continuous structure. Ritz studied the response of this model under static load¬

ing for various combinations of elastic, elastic-plastic, and rigid-plastic stress-

strain laws for concrete, reinforcing steel, and prestressing steel.

The coupled arch-tendon Subsystem hints at a general relation between pre¬

stressing and inclination of the compression chord. In this simple case, it is evi¬

dent that the compression chord isolated as a free body must act as an arch to

maintain equilibrium. Since horizontal forces can only be exchanged between

tendon and compression chord at the ends of the structure, the horizontal com¬

ponent of compression in the chord must be constant. Equilibrium at a given

point of application of load thus requires a change in slope in the member.

Stricüy speaking, Ritz's model is not a truss model in the commonly under¬

stood sense, since the structure is not completely resolved into tension and com¬

pression members. The State of internal equilibrium is thus not completely
defined. Admittedly, the beam element could itself be transformed into a truss.

Ritz gives no indication, however, of how its members would be arranged.
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I A I I I I External load 9W
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A, Force in links gM
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F

-
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Equilibrium of point A

I (?(*a)+9d(**))Ax

i_*
Horizontal component
remains constant

Free-body diagram of concrete arch from Ritz's model

When used as Ritz intended, i.e., as a model for slabs primarily reinforced with

unbonded prestressing steel, this is not a major problem. Its use as a general
model, is restricted by this shortcoming. Whatever clarity the model achieves (to

its credit) by distinguishing between the contributions of unbonded prestressing
steel and bonded mild steel through the coupled tendon-arch and beam Systems
is obtained at the cost of a loss of clarity in the flow of forces.

A true truss model for girders prestressed with unbonded tendons has been

proposed by Schlaich and Schäfer (1984, 995-97). The unbonded prestressing
steel is replaced by its deviation and anchor forces. The State of internal equilib¬
rium in the remaining structure (concrete plus bonded reinforcement), corre¬

sponding to external load plus equivalent load due to prestressing, can be

depicted in the usual manner using steel tension members and concrete com¬

pression members.
Elevation

1 A-

X ^
Unbonded tendon X

Upper kern of cross-section

Truss model

MD M,-. M„ MD

Unbonded tendon as free body

Compression Tension

Truss model of girder with unbonded prestressing steel and bonded reinforcing steel

(Schlaich and Schäfer, 1984)

The model shown in the preceding figure is adapted from an example given

by Schlaich and Schäfer. The regions of cracked and uncracked concrete can be

readily identified from the arrangement of the members. The presence of a bot¬

tom tension chord (extending from Mcr to Mcr in the figure) indicates that rein¬

forcement is active in this area, and, hence, that concrete is cracked. (Although
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not spedfieally mentioned by the authors, it is obvious from the figure above

that vertical stirrups and bonded longitudinal reinforcement have been pro¬

vided.) In the remaining (uncracked) portions of the structure, equilibrium is

maintained by indination of the resultant compressive force. The secondary flow

of forces near the supports represents a local State of stress, assuming linear elas¬

tic behavior, and may be of use in detailing of reinforcement. These forces are

not required, however, for overall equilibrium of the structure.

Alternate truss model satisfying overall equilibrium

This model is a clear improvement over Ritz's proposal because it describes

the flow of internal forces unambiguously in terms of concrete compression
struts and bonded steel tension ties. With appropriate modifications, it can be

made valid for a wide ränge of situations, induding arbitrarily chosen combina¬

tions of bonded and unbonded reinforcement. For these reasons, the model will

be retained for further discussion and development.
Schlaich and Schäfer give no guidance regarding the profile of the compres¬

sion chord in the cracked region. Furthermore, it is not self-evident that the hori¬

zontal top chord shown in their example satisfies the plane sections hypothesis
and stress-strain laws for the materials used, espedally since nothing is known

of the relative ratios of bonded and unbonded reinforcement. In the limiting case

of a girder longitudinally reinforced with unbonded prestressing steel only, for

example, a different profile for the compression chord would be required to sat¬

isfy equilibrium.

Profile of top chord
from example shown above

Truss model for girder longitudinally reinforced with unbonded prestressing steel only

This defidency of Schlaich and Schäfer's model is addressed and corrected in

the remainder of this section. StricÜy speaking, the familiär truss with parallel
chords is valid only when longitudinal reinforcement consists wholly of bonded,

nonprestressed steel in the elastic State. (As stated previously, discussion is

restricted to prismatic girders with bonded mild reinforcement arranged hori¬

zontally.) In all other cases, at least some shear will be carried by indination of

the compression chord and/or of prestressing steel. Proper consideration of this
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share of the load through an accurate description of the profile of the compres¬

sion chord will lead direcüy to models valid for the füll ränge of combinations of

longitudinal reinforcement

To assist in this task, ratio Cfjc) is defined as follows:

_

r(*)-W>
feW "

V(x)

where V(x) is shear due to external load and V^Ot) is shear resisted by diagonal
web members of the truss. £is thus the proportion of shear resisted by inclina¬

tion of the compression chord and of prestressing steel. It is shown in the follow¬

ing subsections that the Single parameter £is a convenient quantitative measure

of the effect of three parameters — area of bonded mild reinforcement, area of

bonded prestressing steel, and area of unbonded prestressing steel— on the flow

of forces. As a result, it can be used as a means of achieving order among the

possible combinations of longitudinal reinforcement.

2.1.2 Truss Models for Girders Reinforced Longitudinally with Bonded

Reinforcing Steel

The relations linking the flow of forces to equilibrium, compatibility, and stress-

strain laws are common for all girders, regardless of the type of reinforcement.

These relations are first described in the familiär setting of prismatic girders rein¬

forced longitudinally with bonded reinforcing steel only. This limiting case of

reinforcement is characterized by the following two extreme states of equilib¬
rium:

1. For loads ß ranging from zero to ßjy(the load at which reinforcement begins
to yield at the section of maximum moment), the flow of forces corresponds to

a truss with parallel chords, concrete diagonal web members, and steel verti¬

cal web members. Ratio £is 0 at all locations along the girder.
2. For loads between Q^ and ultimate load, Qu, the girder is divided into two

regions. Where the longitudinal steel is still elastic, the flow of forces remains

essentially unchanged from the previous State and £=0. Near the section of

maximum moment, where longitudinal steel has yielded, the web members

of the truss gradually vanish. In the immediate vicinity of the section of maxi¬

mum moment, equilibrium is achieved by indination of the compression
chord and £=1.

These concepts are illustrated using the example of a simply supported

girder. Longitudinal reinforcement in the flexural tensile zone consists of

bonded reinforcing steel. Longitudinal reinforcement in the compression flange
is neglected. Bonded vertical stirrups are provided along the entire length of the
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Elevation
Cross-section

il

T t:
Bonded reinforcing steel T

fl W

-Stirnip

Simply supported girder longitudinally reinforced with bonded reinforcing steel

girder. The ratio of span to overall depth is at least 10, to ensure validity of the

plane sections hypothesis.
The flow of forces is modeled by a truss composed of concrete compression

members and steel tension members. Many different arrangements of truss

members can equilibrate sectional forces M and V due to load Q. One possibility
is a truss with parallel top and bottom chords.

1
ß

T T
mwmwww» Compression Tension

One possible flow of forces in equilibrium withM and V

The forces in the chords vary along the length of the girder. The pattern of forces

is regulär everywhere except near the supports and the concentrated load. At

these locations, the local flow of forces is called a fan, after the spreading com¬

pression diagonals. Fans are described in further detail by Marti (1985,49-53).

Another arrangement that equilibrates the sectional forces is a simple triangu¬
lär truss.

Ü
...nmwr«^'

TT
AWtWMMNVt» Compression Tension

Another possible flow of forces in equilibrium withM and V

Here, force in the bottom chord is constant along the span. The profile of the top
chord follows the funicular shape of the given loads and reactions.

Away from fans, the conditions of equilibrium at a given section are

expressed algebraically as follows:

M V-z'(M/z)

z 2tan0-*'
_

M
t
V-z' (M/z)

z 2tan0-z'
D

2 V-z'(M/z)
web cos0 2tan0-z'
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where C and Tdenote the forces in the top and bottom chords, respectively, and

z denotes the flexural lever arm. (Throughout this section, it is assumed that, for

all x, the angle of inclination cc of the compression chord is suffidently small to

ensure that sina = tana = a, and cosa = 1.) Since the longitudinal tensile rein¬

forcement is horizontal, the indination of force C is equal to z'=dz/dx. Force Dweb
is the sum of the forces in the web diagonals, which are assumed uniformly dis¬

tributed over depth z and indined at angle 0. In fans, member forces can nor¬

mally be calculated assuming that the vertical components of force in the

diagonals radiating outward from the given load or reaction are equal.

Sectional forces Internal forces

U

o

Equilibrium at a given cross-section outside of fans: sectional forces {M, V> and internal forces

For a truss with horizontal top chord (z'=0), these expressions reduee to the fol¬

lowing well-known equations:

C=M V_
z 2tan0

r=M+ "

z 2tan0 web sin0

These relations are depicted schematically in the following diagram.

H

T
ß/2 Tß/2

Force in chord n

Truss with parallel chords: forces in chords

For the simple truss without web members and funicular top chord, the expres¬

sions can further be simplified to T-C-Mlz and Dweb-0.
In addition to satisfying equilibrium, the forces in the truss must satisfy the

plane strains hypothesis at each cross-section and appropriate stress-strain laws
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for steel and concrete. The truss without web members and funicular top chord

is thus not a valid model of the simply supported beam with bonded longitudi¬
nal reinforcement.

r ry

T TLL,

Cross-section Strain at Section A Strain at Section B

Truss model implies tension is constant along span; states of strain imply tension varies along
span

This Situation is illustrated above for the simplified case of a rectangular cross-

section and a linear stress-strain law for concrete. Load ß is assumed to be less

than Q^. The truss model implies the force in the compression chord, C, is con¬

stant along the span. States of strain corresponding to the actual magnitude and

location of C are shown for two locations. The strains e. in the longitudinal rein¬

forcement, and hence the tensile forces, are not equal. This contradicts the inter¬

nal forces calculated from the truss model, for which tension in the bottom chord

is constant along the span.

Truss models that satisfy equilibrium, the plane sections hypothesis, and

stress-strain laws for the materials used are now developed for simply sup¬

ported girders. The mathematical Solution of the governing equations

M V-z'(M/z)

z 2tan0-z"

M V-z'(M/z)

z 2tan0-z'
DwmU

—

2 V-z' (M/z)
web cos0 2tan0-z*

given the constraints of the plane strains hypothesis and the stress-strain laws of

concrete and steel is not attempted. Rather, it is assumed that z(x) can be approx¬

imated by zq(x), the profile of the top chord obtained from a purely flexural anal¬

ysis, i.e., neglecting the effects of shear. For this case, the corresponding internal

forces are:

C
-*

r0 =
M

The internal forces for a given value of 0can therefore be written as follows:
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C_C°
2tan0-z'o

V-z'oQ
r"C°+2tan0

n
2 V-^'oCp

wc* cos0 2tan0-z'r

The validity of this assumption is demonstrated in Appendix C. The relative

error induced in the profile of the compression chord, (z-~q)/z, is at most 8 per¬

cent for the most extreme combinations of cross-section dimensions and rein¬

forcement encountered in bridge design practice and can in fact be mueh less.

The actual value of (z-Zo)/z does not affect external equilibrium.
The arrangement of truss members is thus obtained by determining first z0(x),

which is independent of 0, and then 6(x). Angle 00t) is a function of reinforce¬

ment, properties of the concrete cross-section, and sectional forces. A workable

procedure for caiculating 0, proposed by Kupfer (1964) is discussed in Appendix
E. In this section, however, the focus of attention remains the profile of the com¬

pression chord, which completely determines how shear is apportioned between

chord and web. Once this is known, the actual arrangement of members in the

web can be obtained without further reference to Zq.

Values of zq can be obtained numerically, for a given moment M, from equilib¬
rium and compatibility of strains in a given cross-section. Function zo(M) yields
the profile of the compression chord corresponding to a given beam geometry
and loading through the transformation zo(M(x)). This exercise is carried out here

for a small but comprehensive set of parameters to obtain a general description
of the compression chord in girders reinforced with bonded mild steel.

The stress-strain diagrams described in Appendix A are used.

Concrete Reinforcing steel

0.0 "2.0 "3.5 0 e»>

(Strain is given in millistrain)

22.0

Notation and stress-strain diagrams used for the analysis of reinforced concrete sections

Three concrete cross-sections are considered:

1. bw/b=0.1 and tf/d=0.l, a typical cross-section from bridge practice
2. bw/b=0.l and tf/d=0.2, an extreme yet realistic section from bridge practice1
3. bw/b=1.0 and tf/d=1.0, a rectangular section of primarily theoretical interest

1. The Felsenau bridge in Berne, Switzerland, one of the longest-spanning and widest cantilever-

construeted bridges, has tfid=0.18 at the Supports of the main spans.
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Three values are considered for reinforcement ratio ods (=A/sy/bdfc): 0.1, 0.2, and

0.4. The modulus of rupture, fct, is zero and the yield strain of reinforcing steel,

£^,is 0.00238.

The following diagrams show zo/d plotted as a function of M/Mu:

095 bJb=Q.\,t/d=0.\-^

0.90

0.85

^
bjb-0.1, tjd-ü.1

bjb=..0,t/d=x.0

0.0 0.2 0.4 0.6

«4-0.1

—i—

0.8

—i

1.0

0.95

0.90

0.85

0)^0.1-N
/

ov=0.2 -*

).0 0.2 0.4 0.6

i

0.8

i

1.0

b,/b-4.l, t/d-O.2

0.95

0.90

0.85

0.80

0.75

©,=0.1

1 1 1 1 1

0.0 0.2 0.4 0.6 0.8 1.0

bjb-1.0, y</-i.o

Zcjd versus MIMU for T and rectangular sections reinforced with bonded mild steel

Each curve slopes genüy downward from Af=0 to a moment roughly 95% of Mu

and then rises steeply from this point to M=MU. The sudden change of slope cor¬

responds to Mmy, the moment at which the reinforcement begins to yield. The

gently sloping portion of the curve thus represents the elastic response of the

section (e^ßjj,) and the steep portion represents plastic response (e^e^).
The profile of the compression chord in a loaded girder can be readily

obtained from the location of the resultant compression in individual cross-sec¬

tions subjected to increasing moment, i.e., from the zq-M curve. The governing
relations are shown in the following diagram.

In the elastic ränge, deviation of zo away from horizontal increases with

increasing cos and, albeit to a lesser degree, with increasing tf. For realistic cross-

sections (tf/d<0.2) however, this deviation is small enough to justify considering
function zo(M) as constant for MkM^ . In the extreme case of bw/b=0.1, tf/d=0.2,
and cd. = 0.2, for example, the difference between Zrßi^ and zo(0) is at most 2

percent. Even for the most highly reinforced rectangular section (bw/b=l.0, tf/
d=1.0, and cds = 0.4), the total change in zo/d in the elastic region is only 6 percent.
It can thus be concluded that when longitudinal reinforcement is in the elastic
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Resultant compression of cross-sections Compression chord of girder

t f"
zo a zo

M

< i.

/

J
Relations between Zo-Af diagram for cross-sections and compression chord of girder

ränge, the flow of forces in girders reinforced with bonded mild steel is ade-

quately described by a truss with horizontal compression chord.

Horizontal compression chord

required for internal equilibrium

Truss model of girder reinforced with bonded mild steel: ß<öry

The entire shear force is carried by the webs. It follows that £(*)=0 for all x. More-

over, the entire flexural tensile force at a given location is completely determined

by the strains in the adjacent concrete at the same location.1

The zo-M diagrams also show that, as M is increased beyond M^, the flexural

compressive force is driven upward. This portion of the diagram is linear, since

M=Afsyz0 for M>M.y ? Upward movement of the flexural compressive force is

necessary to maintain equilibrium after yielding of the reinforcement. The fol¬

lowing figure shows that, since the flexural tensile and compressive forces must

remain constant as e. is increased beyond e^, increases in curvature are possible

only with an upward displacement of the neutral axis and hence of the flexural

compressive force.

In an isolated cross-section, the only apparent consequence of the upward
movement of the flexural compressive force is a slight increase in moment from

Mry to Mu. The relative difference in these two quantities increases with decreas-

1. It is assumed that local concentrations of strain at cracks are averaged (smeared) over a finite

length.
2. It is assumed that steel does not enter the strain-hardening ränge.
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Strain diagrams

M—mm, M>M„ M>M„

Neutral axis

moves upward

Resultant compression increases:

equilibrium not satisfied
Resultant compression constant:

equilibrium satisfied

Upward displacement of neutral axis after yielding of longitudinal reinforcement

ing (0S; for öl,=0.1, Mu is roughly 4 percent greater than M^. In a reinforced con¬

crete beam, however, upward movement of the flexural compression also

changes the flow of forces near the section of maximum moment.

This change is described for the case of pure flexure using the example of a

simply supported beam with constant reinforcement along the span. A Single
concentrated load acts at midspan. The moment at midspan lies between M^ and

Mu. A simplified zq-M curve is used.

Resultant compression of cross-sections Compression chord of girder

r
Jl.

ZO
, zo

Ä.

JC, x2

Upward movement of flexural compression force near midspan

Points xx and x2, either side of midspan, are defined such that M(xx)=M(x2)=Mmy.
Flexural tensile force is constant between xx and xt. Within this interval, equilib¬
rium is satisfied by the increase in lever arm.

In actual girders, however, pure shear is the exception rather than the rule. To

describe the flow of forces near the section of maximum moment, the effect of

axial force due to shear on z must now be considered. The following diagram
gives a family of z-M curves for bjb = 0.1, tf/d = 0.1, and cos = 0.1. Each corre¬

sponds to states of equilibrium under variable moment and constant axial ten¬

sion, Nv. (In this diagram, moment is not normalized relative to Mu.)
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z/d-M/ilbcff.) diagram for several states of uniform axial tension

Fans can be regarded as regions in which axial force due to shear gradually
increases with increasing distance from the section of maximum moment. In the

z-M plane, this represents a gradual shift from the curve corresponding to Nv = 0

to the curve corresponding to Nv for the appropriate values of Vand 0outside of

the fan. As stated previously, for reinforcement in the elastic phase, this transfor¬

mation has no signifieant effect on the location of the flexural compression.

AL = 0

Effect of Nv on z: reinforcement elastic

After yielding of reinforcement, upward movement of the flexural compres¬

sive force results in inclination of the compression chord near the section of max¬

imum moment. As a result, shear force is gradually transferred away from the

diagonals to the chord. In the immediate vidnity of the section of maximum

moment, the transfer of force can be suffident to unload some diagonals entirely.
The corresponding flow of forces is shown in the following figure. The interval

over which reinforcement is yielding, called the cracked-plastic region, exhibits

two types of behavior and can be subdivided into: (a) a central region, in which

the entire shear force is carried by inclination of the compression chord; and (b)

two transition regions, in which shear is gradually transferred from the chord to

the diagonals.
The length of a transition region is roughly z/tan0, where z and 0 are taken

from the section at which e.=e-y. Within the central portion of the cracked-plastic
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Inclined compression chord

jVv = 0

Effect of Nv on z: reinforcement plastic

region, z(x) = 1. The profile of the compression chord is obtained from the z-M

curve corresponding to Nv = 0. In the transition portions, z(x) increases fro 0 to 1.

The profile of the compression chord is obtained from a family of z-M curves

ranging from Nv = 0toNv = NV(V,6), corresponding to 0and Vat the section where

As load is increased beyond ß^ and the flexural compressive force is driven

upward at midspan, the cracked-plastic region grows outward. The length of the

region is a function of angle 0 in the adjacent cracked-elastic regions (which

determines the length of the transition region) and of the arrangement of load

(which determines the length of the central region).
ß

Truss model of girder reinforced with bonded mild steel: Q>Q^

Bending moment diagrams with shallow slope near midspan correspond to

longer cracked-plastic regions. Since the slope of the bending moment diagram
in the central portion is equal to shear force, it follows that the length of the

cracked-plastic region, Lp, will be shorter in cases where the critical section for

bending is in a region of high shear, as caused by a concentrated load or reaction,

and Lp will be longer when maximum moment oceurs where shear is low, as
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caused by a distributed load. When load is concentrated at midspan, transition

regions may make up the larger share of the cracked-plastic region.

-i i

L VO
< r-

Mv ¦^y^~M(Q)
X

M M(q)~-Y

Effect of arrangement of load on length of cracked-plastic region

These insights into the length of the cracked-plastic region can be used in

assessing the capadty for plastic deformation of girders reinforced with bonded

mild steel. They take on even greater signifieance when extended to girders with
unbonded tendons, where the State of structural deformation determines force

in the prestressing steel. To bridge the gap between these two cases, the flow of

forces is first described for girders with bonded prestressing steel.

2.1.3 Truss Models for Girders Reinforced Longitudinally with Bonded

Prestressing Steel and Bonded Reinforcing Steel

In girders reinforced with bonded prestressing steel and bonded reinforcing
steel (sometimes referred to as partially prestressed girders), the compression
chord is generally indined over the entire length of the structure. This implies a

Joint contribution of compression chord and web to shear resistance. The inclina¬

tion is due to the presence of a component of flexural tensile force independent
of the State of strain in the adjacent concrete. As in the previous section, a

description of the profile of the compression chord is obtained from the condi¬

tions of equilibrium and the plane sections hypothesis.
To aecommodate the peculiarities of prestressed concrete, a slight modifica¬

tion of the truss models developed in the previous subsection is required. Truss

models valid for any combination of longitudinal reinforcement and consistent

with models for reinforced concrete are obtained when tension members resist

only the force transferred to steel through bond. The force due to initial prestress
is implidüy modeled as a load, equal to its deviation and anchor forces. Mild

steel is treated in the usual way, since (except at hooks and anchorages) its entire

tensile force is reeeived from concrete through bond. When this Convention is

followed, tension members appear only where concrete is cracked. This con-

forms with the familiär understanding of concrete behavior and yields a clear

visual image of the flow of forces.

When deviation and anchor forces due to initial prestress (also called equiva¬
lent loads due to prestress) are used, sectional forces are defined according to the

following Convention:
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Definition of sectional forces when equivalent loads due to prestressing are used

The girder is loaded by external load q, anchor forces P, and deviation forces qP.

At a given location x along the girder, forces M(x), V(x), and N(x) are required for

equilibrium. The value of M(x) depends in part on the location of N(x), indeed,

the location of N can be chosen so that Af=0. In this thesis, N(x) will always be

placed at the centroid of the uncracked concrete section, regardless of the State of

stress in the structure. Equivalent loads due to prestressing are discussed further

in Appendix B.

It is emphasized that the use of equivalent loads is merely a matter of conve-

nience, to ensure consistent truss models for reinforced and prestressed concrete.

Although tius is a valid approach, it is not the only one. It is also possible to con¬

sider the structure under the action of external loads only and to treat the entire

force in the prestressing steel as contributing to the resistance of a given cross-

section. This approach will also be used where appropriate. To avoid confusion,

the following Conventions, valid for both approaches, are adopted:

1. P(x) always denotes the total force in the prestressing steel. It can be decom¬

posed into the following sum: P(x) = P0+Pl+P2(x)
2. P0 is the initial prestress after deduction of all losses. It is assumed constant

along the length of the girder
3. Pu nonzero only for unbonded tendons, is the increase in force due to external

load corresponding to uniform elongation of the prestressing steel. It is

assumed constant along the length of the girder
4. P2(x) is the additional force in the prestressing steel due to external load,

transferred through bond and, where applicable, friction. In general, P2(x)
varies along the length of the girder. This force is modeled explicitiy in the

bottom chord of truss models

5. Subscript ß refers to effects of external load only; subscript net refers to effects

of external load plus equivalent load due to prestressing

Truss models are now developed for a simply supported, partially prestressed

girder. As in all of the truss models developed in this chapter, local disturbances

in the flow of forces due to concentrated loads and reactions are not shown.

The prestressing steel consists of a single straight tendon. Its eccentridty, defined

as the distance from the centroid of the gross concrete section to the centroid of

prestressing steel, is denoted by e0- Longitudinal bonded reinforcing steel, con¬

stant along the length of the girder, is located at the same level as the centroid of
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Centroid of uncracked section

Elevation

ß

Cross-section

^h^^fc^a^«< ¦

a==
«0

ß

2

l8.

Bonded mild steel and
bonded prestressing steel

ß

2

(T

j^
•Stirrup

Tendon

Simply supported girder reinforced with bonded prestressing steel and bonded mild steel

prestressing steel. Bonded vertical stirrups are provided along the entire length
of the girder. Longitudinal reinforcement in the top flange is neglected. For sim-

plidty, it is assumed that prestressing steel and mild steel yield simultaneously
at the section of maximum moment, i.e., epo+e^Epy. This is a reasonable assump¬

tion compatible with current prestressing practice.1
Before any external load is applied (ß=0), the girder is loaded by anchor

forces P0. The prestressed girder is in a self-equilibrating State, i.e., no reactions

are induced at the Supports.

Xm

g=0: loading and bending moments

It is assumed that the concrete in this State is linear, elastic, and uncracked.

Moment /Vo and axial force P0 thus induce a linear State of stress. The statically

equivalent force corresponding to these stresses is located at the centroid of pre¬

stressing steel. The flow of forces satisfying equilibrium is thus a constant com¬

pressive force following the profile of the tendon.

Centroid of uncracked section

'o-»

3t
.Resultant compression

*o

ß=0: flow of forces

For the general case of a non-straight tendon, the State of equilibrium is

expressed algebraically as Afß/>0c)=/Vo(*)/ where QP denotes the deviation forces

due to prestress and e0(x) is the profile of the centroid of prestressing steel mea¬

sured relative to the centroid of the gross concrete section.

1. For/^1500N/mm2,/^N/mm2, and £,=210 000N/mm2, yielding oceurs simultaneously
when oP(ßß.67fpy.
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Load ß is now applied at midspan and gradually increased. Anchor forces P0

remain unchanged. (This is because the uniform component of force in the pre¬

stressing steel remains constant. In the general case of a non-straight tendon,

both anchor forces and deviation forces would remain unchanged.) Provided the

concrete remains uncracked, the net moment due to external load plus equiva¬
lent load due to prestress is also equilibrated by a linear, elastic State of stress. At

any given section, the corresponding resultant force is P0-1* *s located at distance

z(x)=MQ(x)/P0 from the centroid of prestressing steel.

0<Q<Qcr now °f forces and net bending moments

In the general case of a non-straight tendon, the resultant compressive force is

located at a distance z(x)-eo(x) from the reference line defined above. Since z(x)-

e0(x)=[MQ(x)-MQp(x)]/P0, it follows that the resultant compressive force follows

the funicular shape of the external load plus the deviation forces due to initial

prestress. At this stage of loading, the entire shear force is carried by the inclined

resultant compressive force: V(x)=Pqz'(x). Hence, £U)=1 for all x. The flexural ten¬

sile force required to equilibrate moments due to external load is constant and

thus is independent of the strains in the adjacent concrete.

Since anchor forces P0 remain unchanged as ß is increased, equilibrium is

maintained by upward displacement of the resultant compressive force, which

continues to follow the funicular curve of the net load. Assuming the modulus of

rupturefcl is zero, cracks will first be forrned at midspan when the resultant com¬

pressive force intersects the upper kern point. (Distance k from the centroid of

the gross concrete section to the upper kern is the lower section modulus

divided by area of the gross concrete section). The corresponding external load is

denotedby Q„.

Further increases in load produce additional cracks, which appear on either

side of midspan. It follows that for a given load ß>ßcr, the girder is divided into

a central cracked region and two uncracked regions near the supports. At the

boundaries of the uncracked regions, M^^PrJc. Provided the longitudinal rein¬

forcement at midspan remains elastic, the cracked region grows with increasing

ß.

In the uncracked regions, equilibrium is maintained as in the fully uncracked

girder, by indination of the resultant compressive force according to the funicu¬

lar curve of the net load. Ratio £thus remains 1 in the uncracked regions.
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Cracked region due to ß2

Cracking
moment

QCT<Q.<Q.' growth of cracked region

In the cracked region, equilibrium is maintained by a truss composed of a

concrete compression chord, concrete diagonals in the web, a steel tension

chord, and vertical steel members in the web.

Sectional forces Internal forces

NM,{x)

l 3
MJW

External equilibrium (net loads) at a given cross-section in the cracked region outside of fans

The force in the bottom chord, T(x), is the sum of the total force in the reinforcing
steel, Ts(x), and the increase in force in prestressing steel transferred by bond,

P2W-
The profile of the compression chord (equal in this case to the flexural lever

arm z(x)), must satisfy equilibrium consistent with the stress-strain laws of the

materials used and the plane sections hypothesis. Profile z(x) and the inclination

of the diagonal web members, 00t), are in general interdependent. As was done

for girders with bonded mild steel, z(x) is approximated by function zo(x), the

profile of the compression chord obtained from a purely flexural analysis. The

validity of this approach is confirmed in Appendix C. Values of Zo are obtained

numerically for given values of M from equilibrium in pure flexure of cracked

prestressed concrete cross-sections, in a similar manner to the zo
- M curves of

Section 2.1.2. The stress-strain laws given in Appendix A are used. The modulus

of rupture of concrete, fct, is zero. The yield strains of reinforcing steel and pre¬

stressing steel are 0.00238 and 0.00714 respectively. The initial pre-strain in pre¬

stressing steel is 0.00500.

Three cross-sections are considered: a T-section with bw/b=0.1 and tf/d=0.l, a

T-section with bJb=Q.\ and tf/d=0.2, and a rectangular section with bw/b=l.O
and tf/d=l.0. Reinforcing steel and prestressing steel are located at the same

level. The following parameters are defined:
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A, andAB are at same level

Notation for the analysis of prestressed concrete sections

Aßfpy
"> =

W
ü)= G>,+ ö/fl ß =

CD

Parameters (os and g% are reinforcement ratios for bonded mild steel and bonded

prestressing steel, respectively. Their sum od is the total reinforcement ratio.

Three values are considered for cor. 0.1,0.2, and 0.4. Ratio ß, a measure of the rela¬

tive contribution of prestressing steel to flexural resistance, is varied between 0

and 1 to cover the füll ränge between reinforced and fully prestressed concrete.

The diagrams below give the computed values of zo/d as a function of M/Mu.
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Zijd versus MIMU for rectangular and T sections reinforced with bonded mild steel and

bonded prestressing steel: co=02
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z^d versus MIMU for a rectangular section reinforced with bonded reinforcing steel and

bonded prestressing steel: <o=0.4

Each curve has a sudden change of slope at M=My, the moment at which rein¬

forcement begins to yield. In the elastic ränge (to the left of M=My), zo increases

with increasing Af. The slope of zo is greatest for small Af and gradually decreases

as Af approaches Afr For given cross-section dimensions and reinforcement, the

curves become steeper with increasing ß; in the limiting case of ß=0 (bonded

reinforcing steel only), the curves are practically horizontal.

In an actual girder subjected to a given load, the corresponding profile of the

compression chord is obtained from the transformation zo(Af(jc)), using the rela¬

tions developed for girders with bonded reinforcing steel only.1 (Variation of As
with x and drape of prestressing steel must be considered in calculation of the z0-

Af diagrams.) In regions where Af increases with x, zq increases with x. In general,
therefore, the compression chord is indined in the cracked region, with maxi¬

mum slope at the boundary with the uncracked region. For a given value of x,

indination increases with increasing ß. In this sense, the slope of the compres¬

sion chord can be said to be increased by prestressing.
The effect of initial prestressing force P0 on the zq

- M curves is demonstrated

using a rectangular section in pure flexure, reinforced with bonded prestressing
steel and bonded reinforcing steel. The total reinforcement ratio, od, is fixed. For

simplieity, concrete is assumed to have a linear stress-strain law. If P0=Q, the dis¬

tance between the extreme compressive fiber and the neutral axis, c0, is constant,

provided the reinforcement remains elastic. For a nonzero value of P0, equilib¬
rium requires

Ci = Ti = P0 + (AB+A,)E& = po+T(es)

This equation is represented graphically by the right-hand strain diagram in

the following figure. Straight line AOS intersects steel strain es, the point (e=0,

c=c0) (i.e., the neutral axis corresponding to P0=0), and the top surface of the sec¬

tion. The compressive force corresponding to triangle AOB is thus equal to T(e.).

1. For simplieity, the zoid-M/Mu diagrams shown above were obtained from flexural equilib¬
rium due to external load only. A consistent set of moments (net load or external load) must be

used to match values of Zq obtained from the zi)id-M/Mu to a given structure.
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Flexural equilibrium of a rectangular section with bonded prestressing steel and bonded

mild steel

For equilibrium, the plane of strain must be rotated about point S so that the

additional force corresponding to area AOED is equal to P0. The neutral axis thus

moves down to point E, which induces a downward displacement of the total

flexural compressive force. It is apparent from the diagram that the required dis¬

placement of the neutral axis away from c0 increases with increasing P0 and

decreases with increasing e.. The inclination of the compression chord can thus

be regarded as a direct consequence of the axial force due to prestressing, i.e., of

the component of flexural tension independent of the State of strain in the adja¬
cent concrete.

The Zo
- Af diagrams also show that flexural compression is driven upward

after yielding of reinforcement. To the right of Afy, the curves are linear. For a

given combination of cross-section dimensions and cd, the plastic portions of the

curves are identical for all ß, due to the choice of EprßEpy-Esy. It can thus be

inferred that the flow of forces in this region is independent of P0 and identical to

the flow of forces in the cracked-plastic region of a girder of equal yield force

with bonded mild reinforcement only. As for girders with bonded mild steel

only, this segment implies the existence of a cracked-plastic region with transi¬

tion portions and a central portion. In the central portion, diagonal members in

the web vanish and the entire shear force is carried by the inclined compression
chord.

Truss models can now be established for the cracked State. Provided the longi¬
tudinal reinforcement remains elastic, the example girder is divided into a cen¬

tral cracked-elastic region and two uncracked regions near the supports. This is

shown in the following figure.
In the uncracked regions, the resultant compressive force is indined accord¬

ing to the funicular shape of the net load. In the cracked-elastic region, the pro¬

file of the compression chord is determined by the zo-Af diagrams corresponding
to the given reinforcement and concrete cross-section. The compression chord is

thus also inclined and is steepest at the boundary with the uncracked region. It

follows that, throughout the cracked-elastic region, at least a portion of the shear

force can be carried by indination of the compression chord. Change in slope of

the compression chord is accomplished by transfer of shear from web to chord.
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Truss model of girder reinforced with bonded prestressing steel and bonded mild steel:

Qcr<Q<Qy

Ratio £(x) is 1 at the boundaries with the uncracked regions. Moving towards

the section of maximum moment, the portion of shear carried by the webs

increases, resulting in a decrease in £Ct). Its minimum value reaches 0 only if the

compression chord becomes perfecüy horizontal.

After yielding of longitudinal reinforcement, a cracked-plastic region is

formed around the section of maximum moment. As confirmed by the zo
- Af

diagrams, zo is independent of P0 in this region. It follows that the structure of

the cracked-plastic region is identical to those previously discussed for girders
with bonded mild reinforcement only, i.e., a central portion in which web mem¬

bers vanish and shear is carried entirely by inclination of the compression chord,

and a transition portion in which shear is transferred back to the diagonals. As ß
is increased from Qy to ß„, member forces in the cracked-elastic regions change

only slightiy. Over the entire span, therefore, £(*) remains essentially unchanged.
The remarks made previously regarding the length of the cracked-plastic

region, Lp, are also valid in this Situation, namely, Lp is largely determined by the

shape of the bending moment diagram near the section of maximum moment.

The plastic region thus grows outward as load is increased from Qy to ß„. Fur-

thermore, Lp increases with decreasing shear in the region of maximum moment.

The flow of forces in girders longitudinally reinforced with bonded prestress¬

ing steel and bonded reinforcing steel is therefore distinguished by inclination of
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Truss model of girder longitudinally reinforced with bonded prestressing steel and bonded

mild steel: Qy<Q<Qu

the compression chord in all three regions: uncracked, cracked-elastic, and

cracked-plastic. This is the direct result of a component of flexural tensile force,
in Ütis case P0, that is independent of the State of strain in the adjacent concrete

section.

2.1.4 Truss Models for Girders Longitudinally Reinforced with Unbonded

Prestressing Steel and Bonded Reinforcing Steel

Equilibrium of girders reinforced with unbonded prestressing steel and bonded

mild steel is also characterized by uncracked, cracked-elastic, and cracked-plas¬
tic regions, all of which require inclination of the compression chord for equilib¬
rium. In this sense, the flow of forces can be considered identical to the flow of

forces in prestressed girders with bonded steel. The absence of bond between

concrete and prestressing steel implies, however, that the uniform component of

force in the prestressing steel (and hence the component of flexural tension inde¬

pendent of strain in the concrete) increases with increasing load. This induces
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the following differences in the flow of forces of girders with unbonded tendons

relative to similarly reinforced girders with bonded tendons1:

1. Longer uncracked regions at a given load

2. A greater share of shear carried by inclination of the compression chord in the

cracked-elastic regions, i.e., greater values of £(x) for a given load

3. A longer cracked-plastic region at a given load

The example of a simply supported girder is used to illustrate the behavior of

girders prestressed with unbonded tendons.

Elevation
Cross-section

Centroid of gross q

concrete
section

' v

m

ete
section

^
I

\..*.__

^

Tif

ß V~- Bonded mild steel

2~ and unbonded prestressing steel

FT

m

StÜTUp

Unbonded
tendon

Simply supported girder reinforced with unbonded prestressing steel and bonded mild steel

The prestressing steel consists of a Single straight tendon in a frictionless duct

cast into the concrete. Its eccentricity e0 is constant along the length of the girder
and remains unchanged at all stages of load. Longitudinal bonded reinforcing
steel, constant along the length of the girder, is at the same level as the centroid

of prestressing steel. Bonded vertical stirrups are provided along the entire

length of the girder. Longitudinal reinforcement in the top flange is neglected.
The girder is initially free of cracks. The modulus of rupture, fct, is zero.

The flow of forces at the most signifieant stages of load is again described

using truss models. As in the models developed in the previous section, only the

force transferred to steel through bond is represented expliciüy by members of

the truss. Since the tendon is perfectiy unbonded, the tension chord of the truss

corresponds exactly to the force in the bonded reinforcing steel. The entire force

in the prestressing steel, constant along the length of the girder, is modeled

implidüy as equivalent loads corresponding to deviation and anchor forces.

(These forces are discussed further in Appendix B.) At a given stage of load, the

force in the prestressing steel is given by P=P0+Pi(Q), where P0 is the force due to

initial prestress and PX(Q) is the force due to additional uniform elongation of the

tendon.

For loads up to cracking load ßcr, the State of internal equilibrium is essen-

tially the same as that of a similarly reinforced girder with bonded prestressing
steel.

1. In this context, girders 1 and 2 are similarly reinforced when A,(1)=A,(2), AB(l)=Ap(2), Ap(l)=0,
AB(2)=0, and o>o(l)=o>o(2).
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'ß/2

0<Q<Qcr flow of forces

The resultant compressive force is constant along the girder. Its profile, z(x), fol¬

lows the funicular curve of the net load. Ratio £0c)=l for all x.

Contrary to the previous case of girders with bonded tendons, the anchor

forces are no longer constant, but rather increase with deformations of the struc¬

ture. Although the resultant compressive force must follow a funicular curve, its

exact height at any given point depends on the actual value of P. As will be

shown in Section 3.2, increases in P beyond Po are small in the uncracked girder
and can be neglected. It follows that the resultant compressive force is steadily
driven upward in proportion with ß.

Cracking begjns as the resultant compression comes in contact with the upper

kern of the section. As with its counterparts with bonded tendons, the girder is

divided into a cracked region at midspan, which grows outward with increasing

load, and two uncracked regions near the supports. The stiffness of the structure

is reduced by cracking. Deformations of the girder thus increase more sharply
and the component of prestressing force due to additional elongation, Pv

becomes signifieant.
The increase in P results in longer uncracked regions for a given external load

compared to a similarly reinforced girder with bonded tendons. Both girders
have identical force due to initial prestress P0. In the uncracked regions, the

resultant compression is P0 for the girder with bonded tendons and Po+Pi for the

girder with unbonded tendons. The funicular curve equilibrating the given
loads is flatter for P0+^i than for P0 alone. It follows that the funicular curve for

Po+Pi intersects the upper kern point doser to midspan than the curve for P0,

thus redudng the length of the cracked region.

Equilibrium in the cracked region is normally maintained by a truss with

indined compression chord, vertical and diagonal web members, and a tension

chord corresponding to the bonded longitudinal mild steel only. As the propor¬

tion of unbonded prestressing steel to bonded mild steel increases, so does the

proportion of shear carried by the inclined compression chord. In the limiting
case of girders reinforced with unbonded prestressing steel only, equilibrium is

achieved wholly by inclination of the resultant compression at all stages of load,

regardless of the State of cracking or stress. For a given load, the flow of internal

forces is thus completely determined from equilibrium provided P is known.

In general, however, the plane sections hypothesis and stress-strain laws for

the materials used must be explidüy applied in determining the profile of the

compression chord. Calculations can be simplified by assuming that the com-
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Upper kern, k

Centroid of

reinforcement"

1
ß

Po (bonded prestressing steel)

Pq+P\ (unbonded prestressing steel)

t;

bonded prestressing steel

Qa<Q'. profiles of resultant compressive force in uncracked regions, z(x)

Equilibrium in a girder reinforced with unbonded prestressing steel only

pression chord, z(x), is independent of 0. z(x) can thus be approximated by z0(x),
the profile corresponding to a purely flexural analysis. The validity of this

approach is confirmed in Appendix C.

Zo-Af curves were obtained numerically for common combinations of cross-

section dimensions and reinforcement from equilibrium in pure flexure of

cracked prestressed concrete cross-sections. Force in the unbonded tendon, P, is

considered as a parameter. It is held constant for given cross-section and rein¬

forcement as Af is increased from 0 to Af„.

Strains Internal forces

A,andArare
at same level

zo

P Ue,)

Analysis of concrete sections reinforced with unbonded prestressing steel and bonded mild

steel

The stress-strain laws given in Appendix A are used. The modulus of rupture
of concrete,/rt, is zero. The yield strains of reinforcing steel and prestressing steel

are 0.00238 and 0.00714 respectively. Two cross-sections are considered: a T-sec¬

tion with bw/b=0.l and tf/d=0.1, and a T-section with bJb=Q.\ and tf/d=0.2. For
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simplieity, reinforcing steel and prestressing steel are located at the same level.

The following parameters are used:

»,=
bdfc

(Op =
_

Apfpy
bdfc

CD = CD.+ CDp ß =

co
_p

CÜ
Y =

pfpy

Two values are considered for the total reinforcement ratio ox 0.1 and 0.2. Ratio ß
is a measure of the relative proportions of bonded mild steel and unbonded pre¬

stressing steel according to yield force. For a given value of cd, three values of ß
are considered: 0.25,0.50, and 0.75. Ratio yis a measure of the actual force in the

unbonded prestressing steel, relative to yield force. For a given value of ß, three

values of yare considered: 0.6,0.8, and 1.0. The computed values of zo/dare plot¬
ted as functions of M/Mu on the following page. Numbers beside the curves are

the corresponding values of y

The curves shown are similar in appearance to those given in the previous
subsection for cross-sections reinforced with bonded prestressing steel and

bonded reinforcing steel. In both cases, the curves are composed of a curved seg¬

ment and a straight segment, corresponding to the elastic and plastic ranges,

respectively, of bonded reinforcement. The Segments intersect at the moment at

which bonded reinforcement begins to yield. Regardless of the bond characteris¬

tics of the prestressing steel, a decrease in the relative proportion of prestressing
steel to reinforcing steel (parameter ß) Stretches the elastic portion of the curves,

moving the rapid change in slope to the left of the diagram. In both cases, there¬

fore, a decrease in prestressing steel results in a shorter uncracked region and a

smaller share of shear carried by inclination of the compression chord in the

cracked-elastic region.
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Zo/d versus MIMU for T sections reinforced with bonded mild steel and unbonded prestressing
steel: bw/b = 0.1, tfl d - 0.2
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The following figure illustrates the principal changes to the Zo-Af diagrams

resulting from the use of unbonded prestressing steel. (The horizontal coordi¬

nate of the curves is the actual bending moment and is not normalized relative

toAf„.)

i.o-,

0.9 -

0.8

ZopW): unbonded prestressing steel, y= 0.8

.- Zoißt): bonded prestressing steel, y= 0.7

0)'0.1

0-0.5

tfld-0.1

*w/* = 0.1

0.00 0.02 0.04 0.06 0.08 0.10

Zo/d versus M

Each of the curves was obtained from a T-section with cd.=cop=0.05. It is assumed

that initial prestressing force is 70% of Py in both cases. Curve zqp(M) thus corre¬

sponds to a girder with unbonded tendons that has undergone suffident defor¬

mation under load to increase P to 80% of Py. The actual load corresponding to

Ulis choice of ydepends on the deformation characteristics of the structure.

In the leftmost portion of the diagram, zqp(M) < zqB(M) and dz0p(M)/dM >

dzm(M)ldM. This is because the force in the unbonded prestressing steel is

greater than the uniform component of force in the unbonded prestressing steel.
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The implication is that, for a given moment, flexural compression is greater for

the section with unbonded prestressing and that the compression chord of the

girder with unbonded tendons is more steeply inclined man the compression
chord of its counterpart with bonded tendons. In the central portion of the dia¬

gram, zop(M) and zob(M) are practically identical. It follows that, in the elastic

ränge of bonded reinforcement, the use of unbonded prestressing steel increases

the portion of shear carried by the compression chord. Ratio i-Xx) for girders with

unbonded tendons is thus equal to or greater than £(*) for similarly reinforced

girders with bonded tendons.

The following figure is obtained from the same two cross-sections. Moments

have been normalized by Mu. The plastic region of the section with unbonded

prestressing steel is slighüy longer man its counterpart with bonded prestress¬

ing steel. This implies that the cracked-plastic region of girders with unbonded

tendons is longer than for similarly reinforced girders with bonded tendons. The

difference is greatest when dM/dx is small near the section of maximum

moment.

It was shown for girders with only bonded reinforcement that the ratio M^l
Mu increased with increasing ca The essence of this Statement is not that the

length of the cracked-plastic region is determined by the yield force of the rein¬

forcement, but rather that it is determined by the flexural tensile force in the

region at ultimate load. (When all reinforcement is bonded, these two forces are

one and the same.) The proposition is generalized for girders with unbonded

reinforcement as follows: the ratio Msy/Mu increases with increasing cos + ycoP at

ultimate load, regardless of the State of strain in the reinforcement. The sum cds +

ycDp is a nondimensional measure of flexural tensile force at ultimate load and

reflects the fact that P can be less than Pv.
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Unbonded prestressing steel, y- 0.8
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Bonded prestressing steel, y= 0.7
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o-O.l

0-05

tf/d* 0.2

*„/*-0.1

Zo/d versus MIMU (after yielding of bonded reinforcement)

Apart from these differences, the members in truss models for girders with

unbonded prestressing steel are arranged in essentially the same way as simi¬

larly reinforced girders with bonded reinforcement at all stages of loading.
When unbonded prestressing steel is used, larger differences between ulti¬

mate load ß„ and ß^ can be expected. In girders with bonded reinforcement

only, an increase in load beyond Q^ is only possible with upward displacement
of the flexural compression force at the section of maximum moment. Since
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growth in z is limited to roughly 5%, the increase in load is slight. When

unbonded prestressing steel is provided, increase in load beyond ß^ oceurs not

only due to a larger lever arm, but also due to an increase in flexural tensile force

due to increasing P.

W«* 1.0 n /-At first yield of bonded reinforcement

At ultimate load (after increase in P)

0.9

0.8

0.00 0.02 0.04 0.06 0.0B:

x j I

M

0.10

- Increase in Af due to increase in P

tf Increase in Af due to increase in

flexural lever arm

Mgm Mu

Increase in load from Q^ to Qu

In the cracked-elastic regions, the additional shear force corresponding to the

increase in load from ß^ to Qu is carried in part by the web and in part by incli¬

nation of the compression chord. Since the force in bonded longitudinal steel at

midspan cannot be increased beyond yield force, the additional shear that can be

carried by the web is limited.

The following figure summarizes the main features of the flow of forces in

girders in terms of £(*). All girders have identical total reinforcement ratio ox

Unbonded prestressing i
steel only

Unbonded prestressing -i

steel and bonded

reinforcing steel

Bonded prestressing steel

and bonaed reinforcing steel

Qßf

kH

K

»C

Bonded reinforcing steel

only

1

JL

ni

Qn

Comparison of #r) for various types of longitudinal reinforcement at ultimate limit State

(schematic)
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It is apparent that increasing the proportion of prestressing steel (bonded or

unbonded) increases the proportion of shear carried by inclination of the com¬

pression chord. As demonstrated in the previous subsection, the compression
chord becomes more steeply inclined as the proportion of flexural tension inde¬

pendent of the state of strain at a given section to total flexural tension increases.

Higher values of £ are therefore obtained when prestressing steel is unbonded,

since increases in strain at a cross-section increase only the force in mild rein¬

forcement as opposed to mild reinforcement plus bonded prestressing steel.

By separating out the contribution of flexural tension independent of strains

at a given section, it is possible to transform a girder with any given combination

of bonded mild reinforcement, bonded prestressing steel, and unbonded pre¬

stressing steel into a girder with only bonded mild reinforcement and unbonded

prestressing steel with the same State of internal equilibrium and consistent with

the original State of deformation. This proposition is confirmed by examining
the State of equilibrium due to external load only (considering prestressing as

part of the structure) at a given cross-section. For simplidty, it is assumed that

the distance from the extreme compression fiber to the centroid of steel is identi¬

cal for all types of steel. In the elastic State, flexural tensile force is written as

Tt0, = po + pi + pbo + pb2^ + Ts(^

where P0 and Pt are initial prestress and uniform increase in force due to load,

respectively, in unbonded prestressing steel, Pßo and P^te.) are initial prestress
and increase in force transferred by bond, respectively, in bonded prestressing
steel, and Ts(e.) is force (transferred by bond) in bonded reinforcing steel. The last

two terms are expressed in terms of an equivalent area of bonded mild steel, A*:

PB2(e.)-rT.(Em) = AbE.e_+A.E.e. = A*E.e. = T*(e.)

where A*=AB+AS. The first three terms in the original equation, independent of

the state of strain at the given cross-section, are converted into a force due to ini¬

tial prestressing and a force due to an elongation AlP identical to the one produc¬

ing Pi.

P0 + Pl+PB0 = AP
( Mp\

V lP )

+ ABeB0 \Ap*Es = P0*+P1*

where lP is the original length of the unbonded prestressing steel and

eßo
AP* -AP+ABep^Alp/lp

The flexural tensile force can thus be rewritten as:

Tm = P0 + Pl+PB0 + PB2^ + Ts(^ = V+V+W)
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This transformation maintains the value of £.
Transformed areas A* and AP* can also be used to describe the State of equi¬

librium after yielding of bonded steel. It is assumed for simplidty that bonded

mild steel and bonded prestressing steel yield simultaneously. Flexural tensile

force can thus be written as

Ttn, = Pn
+

Pi+Pltot 0

+

P1+ PB0 + PB2(£.) + T.(e.) = P0*+Pl*+Tsy

Again, the value of £is maintained by the transformation.

The unity of behavior described here implies that the Statements made in the

previous subsection regarding the effect of parameters cd and ß on the profile of

the compression chord are also valid for girders prestressed with unbonded ten¬

dons. A given structure, however, cannot in general be replaced outright with a

single combination A* and AP* valid for all loads. This is because AP* is not a

constant but rather a function of elongation AlP, which varies with ß. The trans-

formations described above must thus be made separately for each particular
load of interest.

2.1.5 Summary

This section has presented a truss model for the flow of forces in slender girders,
valid for any combination of longitudinal reinforcement: prestressed or non-pre-

stressed, bonded or unbonded. Its generality is achieved through consideration

of inclination of the compression chord, which is the direct result of a component
of flexural tension that is independent of the State of strain in a given concrete

section. Parameter £(*), the ratio of shear resisted by inclination of the compres¬

sion chord and of prestressing steel to total shear, is introduced as a quantitative
measure of the relative contributions of bonded and unbonded reinforcement.

The relation between indination of compression chord and unbonded prestress¬

ing steel was established by study of states of equilibrium in cross-sections sub¬

jected to flexure and axial load, under assumption of the plane strains

hypothesis and appropriate stress-strain laws for concrete and steel.

As high levels of load (suffident to induce yielding in bonded longitudinal
reinforcement), girders are divided into regions of the following three types: (ä)

uncracked, in which shear is carried entirely by inclination of the resultant com¬

pressive force; (b) cracked-elastic, in which bonded longitudinal reinforcement

has not yielded and shear is carried in part by inclination of the compression
chord and prestressing steel and in part by diagonals in the web; and (c)

cracked-plastic, in which bonded reinforcement is yielding. A given cracked-

plastic region is further subdivided into a central portion, in which shear is

resisted entirely by indination of the compression chord and prestressing steel,

and two flanking transition portions, in which shear is gradually transferred to

the web.
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2.2 Elongation of Unbonded Prestressing Steel

In addition to satisfying equilibrium with external loads, internal forces must

correspond to deformations that satisfy conditions of geometrical compatibility

appropriate to the materials and structural components used. In the previous
section, these prindples were used to determine the profile of the compression
chord in truss models of concrete girders. The same prindples are now applied
to the calculation of elongation in unbonded tendons.

In concrete girders reinforced entirely with bonded steel, internal forces at a

given cross-section can be computed using the compatibility conditions at that

section only. For beams of dimensions commonly used in bridge design practice,

compatibility is defined by the assumption that plane sections remain plane after

deformation and orthogonal to the deformed member axis, and that perfect
bond exists between bonded steel and concrete. In girders prestressed with

unbonded tendons, however, the plane sections hypothesis is no longer valid for

the structure as a whole, since the unbonded prestressing steel is free to displace
longitudinally relative to the surrounding structure. Calculation of force in

unbonded prestressing steel thus requires an alternate compatibility condition.

This section describes the relation between elongation of unbonded prestress¬

ing steel and the sectional forces in girders with unbonded tendons. It begins
with a mathematical formulation for the compatibility condition linking elonga¬
tion of unbonded tendons and deformations in the remaining structure (concrete

and bonded reinforcement). This is followed by a description of the relation

between deformations and sectional forces of individual cross-sections, which is

subsequentiy extended to similar relations for the entire girder. The section con-

cludes with a discussion of the implications of these relations and identification

of the most important parameters affecting structural deformations and elonga¬
tion of unbonded prestressing steel.

2.2.1 Elongation of Unbonded Prestressing Steel and Deformations of the

Remaining Structure

Elongation of an unbonded tendon is the difference between its deformed length
Ipi and its original length Ipo. In general, unbonded prestressing steel is physi-

cally constrained in some way to the remaining structure. A relation between lPl
and deformations in the remaining structure can be obtained from a mathemati¬

cal formulation of these constraints, commonly referred to as compatibility con¬

ditions. This enables calculation of ln from the states of strain in the remaining
structure, for which the plane strains hypothesis remains valid. This computa¬
tion depends implidüy on the existence of a reference State of deformation in the

remaining structure, corresponding to /M, and relative to which deformations of

the structure are defined. Generally speaking, this state can be freely chosen,

provided the corresponding length of the unbonded tendons is taken as Ipo.
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Computational effort can be reduced, however, by an appropriate choice of ref¬

erence state that accounts for construction sequence and deformations due to

creep and shrinkage. The same State must be used consistently in all calcula¬

tions.

Force in steel reinforcement of concrete structures can be expressed as

T(x) = Aa[e0 + Ae(x)]

where x is the coordinate along the length of the girder,A is area of steel, Eq is ini¬

tial strain in steel (=0 for mild steel), Ae is increase in strain due to external

actions and o[e] is the stress-strain function for steel. By an appropriate defini¬

tion of Ae(x)t the above expression can be adapted to bonded or unbonded steel.

The increase in strain in perfecüy bonded longitudinal reinforcement is equal
to the strain in the concrete at the same level, ea:

T(x) = Acr[e0 + eCm(x)]

Force in bonded reinforcement at a given section can thus be calculated from

deformations at that section only. (Throughout this thesis, strain ec in cracked

concrete is understood to mean an average quantity, defined relative to a finite

reference length. This eliminates discontinuities assodated with concentrated

deformations and disrupted bond at cracks.)

Force in perfectly unbonded prestressing steel P is constant along its length
between anchors. Since the steel is free to displace along its axis relative to the

surrounding concrete, there is no simple relation linking force in the steel at a

given section and longitudinal strains in the concrete at that same section. The

most general expression for P is thus the following:

P = A<-[e0 + Alp/lP0]

where Ae(x) has been replaced by a constant equal to the total change in length of

the steel, AlP, divided by its original length, /w.

Elongation AlP is, however, related to deformations of the surrounding con¬

crete. Assuming distance dP(x) between the top surface of the girder and the cen¬

troid of prestressing steel does not vary with external load, the total length of the

tendon Ipo + A/P is equal to the length of an imaginary curve S drawn on the sur¬

face of the concrete, such that the distance between S and the top surface is also

dP(x)} The calculation of AlP is thus transformed into a calculation of deforma¬

tion in the remaining system consisting of concrete and bonded reinforcement.

For girder dimensions commonly used in bridge design, the elongation of a

segment of curve S can be approximated by the produet Aa^Ax, where Ae^ is the

change in average longitudinal strain in the concrete at the level of the midpoint
of the segment and Ax is the original length of the segment projeeted onto a hor-

1. When external tendons are used, d/JU) varies with load. This case is dealt with briefly in

Appendix F.
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izontal axis. This proposition is confirmed by the change in length of the seg¬

ment when the surrounding concrete is subjected to uniform strains £,, e., and

7*-
Curve S-

Az=Ax

dfr) 4>

Initial geometry e. e. Yxx

Elongation of segment of curve S (profile of prestressing steel) due to uniform states of strain

The concrete is initially undeformed. The segment is considered initially

straight, with angle of indination oc relative to a horizontal axis. Angle oc is

assumed suffidently small so that cosa = 1. This assumption is indeed true for

commonly used bridge girders. For the extreme case of a parabolic tendon with

sag L/15, oc at the supports is 0.267 rad. This satisfies the approximate equation
with 3.5% error. For most other realistic arrangements, the error induced by the

approximations is even smaller. The original length of the segment, /0 = Ax/cosa,

is thus roughly equal to Ax.

The segment is deformed into another straight segment with inclination oc*

relative to the horizontal. Its length, lx, is the width of the deformed square

divided by cosa*. Since the deformations imposed on the square are considered

small relative to Ax, oc* satisfies cosa* = 1. It follows that lx = Ax(l + e,) for

imposed £*, and /i = Ax for imposed e. or y^. Deformations due to shear and ver¬

tical axial strain can thus be neglected; elongation due to a given state of defor¬

mation is thus ExAx, which confirms the proposition.
The total elongation of curve S (and hence of the unbonded prestressing steel)

is obtained by summing the elongations of the individual segments. This leads

to the following integral:

Alp = Elongation of S = \AecP(x)dx

where AecP(x) is change in average longitudinal strain in the concrete at the level

of the unbonded prestressing steel (i.e., distance dp(x) from top surface of girder),
and xt and x^ are the endpoints of the tendons. This equation has been proposed
as early as 1959 by Rüsch, Kordina, and Zeiger.

Implidt in this expression (and in equation P =APCp[epo + AlP/lpo]) is the exist-

ence of a dearly defined reference State of deformations, in which AlP = 0 and the

corresponding force in the unbonded prestressing steel (=APo>[£po]) is denoted

by Pq, the effective initial prestressing force. Changes in concrete strain at the level
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of unbonded prestressing steel AecP are defined relative to this State. The choice

of reference State must take actual structural behavior and, in particular, the con¬

struction sequence into account. How and when dead load is applied are two of

the most important questions in this regard. For example, when initial prestress
is suffident to lift a girder off its falsework (which is often the case), dead load is

applied during the actual stressing Operation. In such a case, it would be incor¬

rect to include deformations due to self-weight of the structure in the calculation

of Alp.
It is often convenient to define the reference State as the State of deformation

due to all long-term actions, including dead load, prestress, creep, and shrink¬

age. The effective initial prestressing force P0 is the sum of the force originally

jacked into the tendons, plus any increase due to dead load applied after ten¬

dons have been stressed, plus any loss of prestress due to creep and shrinkage.

According to this definition, therefore, the increments of deformation used to

calculate Alp are produced only by short-term (e.g. live) load.

This particular reference State is a reasonable choice since stresses and strains

due to long-term action are required anyway for verification of behavior under

service conditions. Furthermore, the corresponding value of P0 is also needed for

calculations at ultimate limit State of girders with unbonded prestressing steel.

This is in contrast to structures prestressed with bonded tendons, for which ulti¬

mate moment is typically insensitive to initial prestressing force. For common

reinforcement ratios, bonded prestressing steel can be brought to yield before

failure of the flexural compression zone, even when P0 = 0.1 Ultimate limit State

of girders with unbonded tendons, however, can be reached before yielding of

prestressing steel. When unbonded tendons are used, therefore, force P at ulti¬

mate limit State must be calculated from the sum P0 + AP. Since P depends

direcüy on the effective initial prestressing force, an accurate estimate of P0 is

required. In particular, neglecting long-term losses due to creep and shrinkage
leads to an overestimate of P at ultimate limit State and is thus not conservative.

The error is avoided by accounting explidtiy for these actions in the reference

state.

Calculation of P0 is straightforward for girders that are free of cracks under

long-term actions. (This is the most common Situation in bridge design practice.)
In such cases, instantaneous deformations and elongations due to dead load

applied after tendons have been stressed can be calculated assuming linear, elas¬

tic behavior. Additional deformations due to creep and shrinkage can be calcu¬

lated using any accepted method, provided compatibility conditions relating
deformations in unbonded prestressing steel to those in the remaining structure

are properly defined (see, for example, Appendix D).

1. For example, when co = 0.2, strain in reinforcement at ultimate limit State is (0.75/0.25) 0.0035
= 0.0105, which is greater than the yield strain of prestressing steel (0.0071). Bonded prestressing
steel could thus be brought to yield in this case regardless of initial prestress.
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In the less likely event that cracking is produced by long-term load, P0 can be

considered as the sum of the following components: (a) P,, the force jacked into

the tendons at initial stressing; (b) increase in force caused by deformations due

to load in the cracked portion; (c) increase in force caused by deformations due

to load in the uncracked portion; (d) decrease in force due to creep and shrinkage
in the uncracked portion. (Since strains ecP in the cracked portion are tensile,

they are not reduced by creep and shrinkage.) Deformations in the cracked por¬

tion (item (b)) can be calculated by applying the concepts presented in the fol¬

lowing subsections. In general, however, the loss of prestress due to creep and

shrinkage in the uncracked portion will be no larger than increases due to load

in both portions. In such cases, the effective initial force P0 can be conservatively

approximated by the force jacked into the tendons, P;-.
The equation relating AlP and AecP can thus be rewritten as

Mp = I [£c/>(*)-£c/>(/*)]dx
xl

where ecP0 is the reference strain in concrete at the level of unbonded prestressing
steel and ecP is the absolute strain. Although the plane sections hypothesis is not

valid for the structure as a whole (strains in unbonded tendons are independent
of strains in the concrete at a given section) it is valid for the system consisting of

concrete and bonded steel.1 The expression for AlP can therefore be convenienüy
transformed into:

*2
£ (x)

Alp = j ([c (x) - dP(x)]
*

.

- £cP0(x)) dx

or Alp = | { [dP(x)-c(x)]k(x)-ecP0(x)}dx
x\

where dp is distance from the top surface of the girder to the centroid of pre¬

stressing steel, c is distance from top surface to neutral axis, vis absolute curva¬

ture, and ecT is absolute longitudinal strain in the extreme compressive fiber.

For girders that remain uncracked under long-term actions, ecP0 will be insig-
nificant compared to ecP in cracked regions at or near ultimate limit State. In such

cases, corresponding values of AlP can be calculated using absolute strains only.
The total length of unbonded prestressing steel, lpo+AlP, must nevertheless be

computed using /w corresponding to the actual reference State.

1. It is assumed once again that the ratio of span to depth of the girder is at least 10, to ensure

validity of the plane sections hypothesis.
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Elevation

Centroid of prestressing steel

Notation: absolute State of strain

Zerit)

2.2.2 Flexural Deformations of Individual Cross-Sections

Use of equation Alp = J { [dP(x) - c (x) ] k(x) -ecP0(x)} dx requires knowledge
of curvature vand neutral axis c at all points along the girder. Functions kU) and

c(x) depend on many different factors, induding arrangement and magnitude of

load, arrangement of reinforcement, and force in unbonded prestressing steel.

Due to Ütis inherent complexity, a general quantitative description of k(x) and

c(x) suitable for design calculations is not attempted. Instead, the spatial dimen-

sion is temporarily eliminated from consideration by expressing curvature and

neutral axis as functions of M and N, rather man x. This approach provides a

clear picture of the relations linking sectional force and deformation, fadlitates

identification of the most important parameters affecting these relations, and

does not require complicated calculations. Information obtained in this way for

individual cross-sections is readily adapted to the larger structure through the

transformations k(M(x), N(x)) and c(M(x), N(x)).

It is obvious that k-M and c-M diagrams are easily generated by simple Com¬

puter programs.1 Indeed, for many practical applications, Ütis would be an effec¬

tive use of digital technology, eliminating tedious hand calculations without

sacrificing a clear picture of structural behavior. Nevertheless, a general descrip¬
tion of k(M) and c(M) and of the parameters affecting these functions is worth-

while for the following reasons: (fl) simplified k-M and c-M diagrams, suitable

for preliminary calculations and for checking Computer analyses, can be gener¬

ated when the relations between sectional force and deformation are under-

stood; and (b) the design of reinforcement can be done more effidently when its

effect on structural behavior has been dearly identified.

The subsection begins with a simplification of the sectional and internal forces

acting at a given cross-section, which reduces the number of parameters to be

considered. This is followed by a description of the load-deformation behavior

1. For that matter, the entire calculation of A1P could be accomplished directly by Computer with

relative ease. As explained in Chapter 1, however, this approach has its drawbacks and is not

pursued in this thesis.
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of cross-sections, with the help of k-M and c-M diagrams generated numerically
for constant values of N.

The right-hand side of the following figure shows a simplified State of equilib¬
rium for a cross-section taken from a girder reinforced longitudinally with

unbonded prestressing steel and bonded mild steel:

Actual State of equilibrium Simplified state of equilibrium

Internal forces Sectional forces Internal forces Sectional forces

d

dp
z

z/2

za

' 1

M

!£-. D
T, N=P-Ny

M

5

Simplified State of equilibrium at a cross-section

The idealization is based on the actual State of equilibrium shown on the left.

Sectional forces M and V are due to external load. The internal horizontal force

due to shear, Nv, is applied midway between the tensile force in bonded rein¬

forcement, Ts, and the flexural compression, C. The force in unbonded prestress¬

ing steel, P, need not be at the same level as T.. The following conditions of

equilibrium apply:

ZH: -C-Nv + P + Ts = 0

2V: Cz' + Vweb = V

IM: (C+Ts)(z/2)+P(dP-d'-z/2) =M

The idealized State shown on the right considers only equilibrium of horizontal

force and moment. (It was shown in Section 2.2.1 that the effect of shear defor¬

mations on elongation of unbonded prestressing steel could be neglected.)
Forces P and Nv have been transferred to the side of the sectional forces and have

been replaced by their sum N, located at a distance dNtrom the extreme compres¬

sive fiber, where

dN =

dpP-(d' + z/2)Nv

This definition of dN ensures that moment M acting in the idealized system
remains identical to the external moment from the actual system. The equations
of equilibrium are transformed into:

C-Ts = Nv-P = N

(C+T.) (z/2) = M- (dN-d'-z/2)N
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Since the simplified State of equilibrium maintains C and Ts, flexural deforma¬

tions are identical to those corresponding to the actual State of equilibrium. The

forces indudng flexural deformations in the cross-section are thus completely
described in terms of only three parameters: M, N, and dN.

General, closed-form expressions for vand c as functions of M, N, and dN are

not available for cracked cross-sections. The diagrams presented in the remain-

der of mis subsection were generated numerically for T-sections using the stress-

strain laws given in Appendix A. In all cases, the yield strain of reinforcement e^
was 0.00238 and modulus of rupturefcl was zero.

The following nondimensional parameters are defined:

1. cos=Af^/(bdfc)
2. n = N/(bdfc)
3. (ütot--(Ds + n

4. m = M/(b(Pfc)

>f J

Cross-section

L
b 1

t 1

d

• •

-

K
i 1 i-

Internal forces Sectional forces

äN

T,
N

M

Ö

Strain

Flexural deformations of a T-section

Curvature and neutral axis are plotted as functions of moment for the following
combinations of cds and n:

Values of a>,„, for Combinations of ft). and n

n (O,

0 0.033 0.067 0.100

0 — 0.033 0.067 0.100

0.033 0.033 0.067 0.100 —

0.067 0.067 0.100 — —

0.100 0.100 — — —

Parameter dN/d is first fixed at 1.0, i.e., n is applied at the level of the reinforce¬

ment. The effect of a change in dN is discussed later in this subsection.

The following diagram shows cid as a function of m. Each curve corresponds
to a different combination of cds and n from the preceding table. Curves corre¬

sponding to the same value of cos are drawn with the same type of line. Within

each set of curves thus defined, therefore, differences in behavior are due to

change in n.
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fl4=0.033

04=0.067

04=0.1
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0.00 0.02 0.04 0.06 0.08 0.10

cid versus m for a T-section with f/<f=0.1, bjb=0.1, and d^d=\

Each curve is composed of two segments. Short, steep segments AA', BB', and

CC correspond to the plastic phase of reinforcement. The remaining portions of

the curves correspond to the elastic phase of reinforcement.

When n=0, the elastic portion of the c/d-m curve is practically horizontal,

sloping genüy downward with increasing m. The actual shape of Ütis segment

depends primarily on the distribution of stresses in the flexural compression
zone. For low values of ö)^,, flexural compressive stresses dosely approximate a

linear function of the vertical coordinate. For concrete with a perfecüy linear

stress-strain diagram, equilibrium of horizontal force requires c to remain con¬

stant for all m less than m^. The observed deviation of the c/d-m curve away

from horizontal is a result of the nonlinear (softening) stress-strain diagram
used.

As n is increased beyond zero, the elastic portion of the c/d-m curve is trans¬

formed into a curved segment. This phenomenon is illustrated by the following
strain diagrams:

Simplified cross-section Strain (AM»
AT.-AC

n r

• •¦*—a,

Strain (N>0)

A7>AC

Force corresponding to shaded area=iV

Ae=0

Flexural deformations of a simplified cross-section

The cross-section has been simplified for convenience by removing the lower

portion of the web concrete as shown. Quantity c* is the neutral axis assuming
n-0 and a linear-elastic stress-strain law for concrete in compression. This defini¬

tion implies that, for n=0, horizontal equilibrium is maintained (AC=ATS) when

the plane of strain is rotated about a point on the vertical axis at a distance c*

below the extreme compressive fiber. The assumption of linear-elastic behavior

allows Ütis concept to be generalized to cases where n is greater man 0. Horizon¬

tal equilibrium in the simplified section is maintained (AC=A7p when the plane
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of strain is rotated about point (eD, c*), where eD is strain at decompression at a

distance c* below the extreme compressive fiber. Strain eD is an increasing func¬

tion of N.

It follows from the definition of the center of rotation of the planes of strain

that neutral axis c is a hyperbolic function of curvature: c = eD/K+ c*. This curve

has a horizontal asymptote at c=c*. The physical signifieance of the asymptote is

evident from the fact that with increasing k, the difference between C and Ts

gradually approaches zero. The neutral axis must therefore gradually approach

c*, for which C=TS. Since eD increases with N, the slope of c(k) decreases with

increasing N. When n=0, the equation for c degenerates to the constant function

c=c*. Provided vis an increasing function of M, c(M) maintains the "hyperbolic"
character of c(k), including the asymptote c*. If vis a linear function of M, then c

= eD/(ki+krM) +c*, where constants kx and k2 depend in part on N.

The elastic portion of a given c/d-m curve extends from mD to m^, where mD is

the decompression moment. Provided the compressive stress-strain diagram of

concrete is linear (a reasonable assumption at this level of load), mD is propor¬

tional to n. In addition, it is independent of cds since the cross-section is still

uncracked. This is borne out by the c/d-m diagram where, for example,

mD(n=0.067) = 2mD(n=0.033). All curves corresponding to the same value of n con¬

verge to the same point on the horizontal axis, which confirms the independence
of mD and cds. The difference m^-mo can be written as follows:

ZSy Zj) Zsy

\ZSy Zß)
i . \ •ry ~U ~sy .

msy-mD= ((0. + n)d~n~d
=

&'d +n

where Zsy and zD are flexural lever arms at initial yielding of reinforcement and

decompression, respectively. If Zs^zd (normally true for low values of tf, bw, and

OD«,,), then m^-mj)
= CD^/d. This approximation is confirmed in the c/d-m dia¬

gram.

The following figure shows Ki (a dimensionless expression for curvature) as a

function of m. Vertical scale has been selected to highlight behavior in the elastic

phase of reinforcement, represented by the curve segments below points A, B,

and C. Each curve corresponds to a different combination of a)s and n from the

preceding table. Curves corresponding to the same value of (os are drawn with

the same type of line. Within each set of curves thus defined, therefore, differ¬

ences in behavior are due to change in n.

The elastic segments of the curves exhibit a pronouneed linear trend. Devia¬

tion away from pure linearity increases with increasing cds and n. Both of diese

factors induce higher compressive stresses in concrete and hence a progressive

departure from the linear model defined by the tangent modulus of the stress-

strain diagram at £c=0. For low values of ffl^, bw, and tf, however, the linear

approximation does not differ appreciably from actual behavior.

For a given od., a change in n shifts the Kd-m curve upward and to the right,

essentially in proportion to An. It was shown in the context of the c/d-m diagram
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0.002

Kd (fine scale)
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Kd versus m for a T-section with (/<f=0.1, bjb=0.\, and d^d-1

that, when compressive stress in concrete is a linear function of strain, decom¬

pression moment mD is proportional to n. Using the same argument, it follows

that curvature at decompression, kd, is also proportional to n. Provided the con¬

crete continues to behave in an essentially linear manner as k is increased, the

difference Kmy-KD can be considered independent of n.

As previously mentioned, difference m^
-

mD is practically independent of n

for small values of tf, bw, and (0^. If there were no increase in flexural lever arm

between decompression and initial yielding, all curves corresponding to a given
cd. would be parallel. The slight flattening of the curves as n is increased oceurs

because z-y is greater man zD.

An important foundation of Ütis description of flexural deformations for the

elastic phase of reinforcement is the assumption of low values of tf, bw, and coM,

which implies a nearly linear relation between compressive stress and strain in

concrete. This assumption is normally valid for cross-sections encountered in

bridge design practice. Even in the extreme case of »y=0.2 and 2y=0.2, the curves

deviate only slighüy from the ideal behavior described above.

Kd (fine scale)

0.005

0.004

O4„=0.067 04^=0.133 0^=0.2
cid

0.003

0.002

0.001

0.000

0.00

-»=0.067

0.04 0.08

1.0
i

0.8 -

0.067

0.133

04,^0.067
ü4,,=0.133

»=0.133
n=

T1
'

04,,=0.2

0.6 -

0.4 -

0.2 -

0.0 -

02

l
fn=0.067

i— i

4.2 m

i 1

0.12 0.16 0.20 0.00 0.04 0.08 0.12 0.16 0.20

uf versus m and cid versus m for a T-section with f/rf=0.2, bjb=02, and d^d--l

After yielding of reinforcement, behavior of the cross-section is primarily
determined by ta^ = CDs+n. This proposition is demonstrated by the following

diagrams, in which curves of equal 0)M are drawn using the same type of line.

In all cases, the segments of the Kd-m and c/d-m curves corresponding to the

plastic phase of reinforcement are identical for identical values of co^,. This is

because, for ej>e-y, all cross-sections with the same cdm have the same flexural
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xd versus m (complete diagram) for a T-section with t/d=0.1, bjb=0.1, and df/d-1

compression C. Given this constraint, fixing any one of c, k, or M fixes the other

two.

As tü^ is increased, the length of the plastic portion of the Kd-m curve

decreases. For the concrete stress-strain diagram given in Appendix A,

*« =

0.0014

[l-Mu/(cototbd2fc)]d

Ultimate curvature is thus a hyperbolic function of ultimate moment.

For a given value of cd,^, the shape of the Kd-m and c/d-m curves depends pri¬

marily on the shape of the concrete stress-strain diagram. In the absence of a

detailed description of oie), it can at least be stated that the depth of the neutral

axis must decrease to produce the increase in lever arm necessary for an increase

in moment. For the cross-sections studied here, the increase is practically linear.

Curvature increases rapidly with moment to maintain constant the flexural com¬

pressive force. The curves of the previous figure exhibit a distinct hyperbolic
character, with ever-increasing slope. It is noted that for these cross-sections, lin¬

ear interpolation of the Kd-m diagram between m^ and mu would overestimate

the actual curvatures.

A given plane of strain (characterized by k and c) corresponds to a unique

pair of internal forces (C, Ts). The condition of horizontal equilibrium establishes

the corresponding value of N, independent of its location dN. Moment equilib¬
rium for the same plane of strain is expressed by the following equation, valid

for any value of dN:

M = Ts(d-dN) +C(dN- (d-z)) = Cz- (C-T.) (d-dN) = M0-N(d-dN)

where M0 is the moment when dN=d. Thus, for given values of cds, N, C, and Ts, M

is a linear function of dN. As dN is decreased below d, N moves upward and M is

decreased below Af0. A decrease in dN thus shifts the k-M and c-M curves to the

left in proportion with AdN; the shape of the curves is maintained intact. It is evi¬

dent from the following figure that a reduetion in dN results in a softer system

(higher xrfor a given M).
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M

dm=d

M

Mx M2

t

r* ./^f r
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dm<d/ Idmrd

%r

Asymptote

M

M, M-i

Horizontal shifting of k(M) and c(M) due a to change in dN (cos and N constant)

The effects of cds, N, od^,, and dN on flexural deformations in an isolated cross-

section can be summarized as follows. It is assumed that tf,bw, and od^ axe small

enough to ensure that compressive stress in concrete is approximately a linear

function of strain during the elastic phase of reinforcement. In all cases, a change
in one parameter is made keeping all others constant.

1. An increase in cds results primarily in changes in the elastic portion of the k-M

and c-M curves. It induces an increase in M^, leaving MD unchanged. The

slope of the elastic portion of the k-M diagram is thus decreased. The asymp¬

tote of the c-M curve is shifted downward.

2. An increase in N increases MD and kd in proportion to AN. Af^ and k^, are

increased by roughly the same respective amounts.

3. An increase in ö^ results in a decrease in k„, independent of the actual values

of cd. and N.

4. A decrease in dN results in a decrease in Af in proportion to AdN. The k-M and

c-M curves are shifted to the left with their shape maintained intact.

2.2.3 Effect of Shear on Flexural Deformations

The state of flexural deformation at any point along the girder can be obtained in

terms of k(x) and c(x) from the diagrams presented in the previous section, pro¬

vided the following quantities are known: tjix), bw(x), cds(x), M(x), N(x), and d^x).
Since values for the first four parameters are normally readily available, only
Mx) and d^,x) need be given special consideration. Force Mx) is equal to P-Nv(x),
where Nv(x) is the horizontal component of force in the diagonal web members of

the truss. In most practical cases, the value of P is known or can be assumed in a

cycle of iteration. Calculation of Mx) is thus primarily a matter of caiculating
Nv0c). (df^x), the distance from the centroid of Mx) to the extreme compression
fiber, is easily computed once Nv(x) and P have been determined.) This subsec¬

tion presents a brief, qualitative description of the relation between sectional

force and Nv(x), the relation between Nv(x) on flexural deformations, and the

effect of horizontal shear in wide tension flanges on flexural deformations.

1. Relation between Nv and sectional forces. Discussion is first restricted to the

case of girders with T cross-section. Since bonded longitudinal reinforcement is
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assumed to be concentrated along the vertical axis of the section, shear in a hori¬

zontal plane is not required to transfer force to the steel.

'/

Cross-section

L
* i

d

• • •- A,

-t 1 y-

Intemal forces

p 1
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i —————
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Sectional forces
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D

Equilibrium of a T cross-section

Nv(x) is the horizontal component of force in the diagonal web members of the

truss. It is expressed algebraically as

iVvW = Vweb(x)cot$(x) = {V(X) -C(x)^- -PJ-[dP(x)]} cotO(x)
dx dx

where Vweb(x) is shear force carried by the diagonal web members, C(x)dz(x)/dx

and Pd(dP(x))/dx are the shear forces carried by the inclined compression chord

and the unbonded prestressing steel, respectively, and 6(x) is the angle of inclina¬

tion of the diagonal members of the web. Using the notation defined in Section

2.1.2, this equation can be transformed into

Nv(x) = V(x)[l-r(x)]cot0(x)

where £(x) is the proportion of shear carried by indination of the compression
chord and the unbonded tendons.

It is readily apparent from the above two equations that prestressing induces

a reduetion in Vweb(x). This oceurs both direcüy, due to the vertical component of

prestressing force, and indirectiy, due to the accompanying inclination of the

compression chord. It follows that Nv(x) can be nonzero only in the cracked-elas¬

tic regions and in the transition portions of cracked-plastic regions. Elsewhere,

Vi«*0t) = 0, i.e., the entire shear is carried by the compression chord and the

unbonded prestressing steel. Within cracked-elastic regions and transition por¬

tions of cracked-plastic regions, the proportion of shear carried by the web for a

given V(x) decreases with increasing P. Since the compression chord must be con¬

tinuous across the boundary between uncracked and cracked-elastic regions,
VW€b(x) decreases sharply near the boundary as dz/dx, and hence £Cx), increase.

The second parameter affecting Nv(x) is the angle of inclination of diagonals in

the web, 6Xx). It is a function of the sectional forces, reinforcement, and dimen¬

sions of the cross-section. In dimensioning classical reinforced concrete girders
for shear resistance at ultimate limit State, 6 is normally chosen within a speei¬
fied ränge. Areas of longitudinal and transverse reinforcement (stirrups)
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required to maintain equilibrium, given Ütis value of 0, can then be calculated.

The assumption is that the capadty of the structure for plastic deformation is

suffident to reach the State of equilibrium corresponding to the assumed value

offt

By definition, however, such a redistribution of internal force does not occur

in cracked-elastic regions. Stricüy speaking, therefore, function 9(x) must be

evaluated for the conditions present at each given section under a given load. A

procedure for the calculation of 6Xx) has been developed by Kupfer (1964) and is

discussed briefly in Appendix E.

2. Relation between Nv and deformations. The effect of Nv(x) on flexural deforma¬

tions is illustrated schematically in the following diagram of curvature as a func¬

tion of moment for a cross-section.

N=P-Nv,df-dp—, V S-N=P,d-f-dP

Actual curvature

(induding effect ofAy

Moment-curvature diagram for a cross-section (elastic phase only): effect of Nv on flexural

deformation

The two solid lines represent the moment-curvature function for the elastic

phase of behavior. The solid line on the right corresponds to given values of

force in unbonded tendons and distance of the centroid of prestressing steel to

extreme compressive fiber. Adding Nv reduces axial compression. If this could be

accomplished without change in dN, curvature corresponding to a given
moment would be obtained from the solid line on the left, which corresponds to

the new value ofN and dn=dP. Curvature is increased as a result. Quantity dN can

only remain constant through Ütis process, however, when Nv and P act at the

same location, i.e., when the centroid of prestressing steel lies midway between

the flexural compressive and tensile forces. Otherwise, the solid line on the left

must be shifted horizontally to account for the new value of dN. Since prestress¬

ing steel is normally located farther away from the extreme compressive fiber as

Nv, the curve must be shifted to the right. This moves curvature back towards its

value for the fictitious case N=P and d^dp.
The effect of Nv on flexural deformations thus depends not only on the magni¬

tude of Ütis force, but also on its location relative to P. Since prestressing steel is

normally arranged as dose as possible to the extreme tensile fiber in regions of

high bending moment, it follows that the largest flexural deformations may be

increased only slightiy by Nv. As discussed in Section 2.4.2, this phenomenon can
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be suffident to reduee the effect of Nv on flexural deformations to a negligible
level.

Since jVv(x) is a compressive force, it must be equilibrated by tensile forces in

the top and bottom chords of the truss. An increase in jVv(x) thus induces an

increase in ecP(x). It is therefore conservative to neglect Nv(x) altogether. By this it

is meant that, for a given ultimate State of strain at the section of maximum

moment, the computed elongation of unbonded prestressing steel will be

smaller when Nv(x) is taken as zero. This leads to smaller computed values

(lower bounds) of P, Mu, and Qu. The aecuracy of this approach is best when flex¬

ural reinforcement consists predominanüy of unbonded prestressing steel, since

Vweb(x) is practically zero anyway. When only behavior at ultimate limit State is of

interest, this approach can also yield results of reasonable aecuracy when rein¬

forcement consists mainly of bonded steel. In this case, the component of AlP due

to plastic deformations of the structure (which are independent of Nv(x)) may be

large enough to outweigh any inaecuraey in the estimate of Nv(x).
3. Horizontal shear. When bonded longitudinal reinforcement is concentrated

along the vertical axis of the cross-section, shear in a horizontal plane is not

required to transfer force to this steel. When bonded longitudinal reinforcement

is distributed in a flange, however, the transfer of force from the flange-web

junetion to the reinforcement requires shear in the plane of the flange. The asso-

dated flow of forces can be described using a truss model.

Truss model Cross-section

3

Due to flexure only

Due to flexure and

shear in web

Due to flexure plus shear
web plus shear in flange

Shear lag in tension flange

The model shows that relocating longitudinal reinforcement away from the

plane of the web results in higher forces in the reinforcement at a given section.

This phenomenon is often referred to as "shear lag". It has been investigated

experimentally by Bacchetta and Bachmann (1979).

Shear in the flange can be regarded as a shifting of the longitudinal strain dia¬

gram at the reinforcement relative to the longitudinal strain diagram at the

flange-web junetion.
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Equivalence of force and strain at points xx and x2

The angle of indination of compression diagonals in the flange, 6f, is defined by
the segment joining two corresponding points of equal strain, xx and x2. Equilib¬
rium requires that the force transferred by the diagonal to the reinforcement be

equal to the force transferred from the web to the diagonal: dT^x^/dx - v(xj),
where v(x) is shear flow at the flange-web junetion. A given I-section can be

transformed to a T-section with identical flexural deformations by providing

longitudinal reinforcement A*(x) according to the following relation: A*(xi)

=As(x2), where As(x) is the original distribution of longitudinal reinforcement.

Flexural deformations of the girder thus transformed can be calculated using the

k-M and c-Af curves developed in Section 2.2.2.

It follows that when bonded longitudinal reinforcement is constant along the

length of the girder, shear lag in the tension flange induces no change in the State

of flexural deformation. A*(x) is thus always equal to As, regardless of the value

of Bf. When As(x) is not constant, function A*(x) must be evaluated for appropri¬
ate values of 0/x). In the absence of more accurate values, 6f can be assumed to

be 30° (Menn 1990a). For arrangements of reinforcement most commonly oceur¬

ring in bridge design practice, A*(x) will be less than or equal to As(x). Moving
reinforcement away from the axis of the girder thus results in an increase in flex¬

ural deformations.

Shear lag as described here oceurs only in cracked-elastic regions. Because it

increases flexural deformations, it is conservative to neglect shear lag for the cal¬

culation of Alp. This is accomplished by lumping the actual area of steel, As(x), at

the centerline of the section.

2.2.4 Flexural Deformations of Girders Prestressed with Unbonded Tendons

Based on the preceding discussion of flexural deformations of individual cross-

sections, some general conclusions can be drawn regarding the State of deforma¬

tion of entire girders. They are presented in Ütis subsection under the following

headings: (1) relative deformations in the uncracked, cracked-elastic, and

cracked-plastic regions; and (2) stiffening effect of P.
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1. Relative deformations. The relative size of flexural deformations in the

uncracked, cracked-elastic, and cracked-plastic regions can be assessed by com-

paring the maximum curvatures in each of these regions. The following table

gives ratios kJk^, kd/k,., and k^/k,, for a cross-section with tf/d=01, bw/b=0.1,
and dN/d=\. For the cross-sections without bonded reinforcement, k^ means cur¬

vature at which strain in the extreme tensile fiber is e^.

Curvature at Decompression and Initial Yield of Bonded Steel

a», n (O, KD'Kiy

0

Kd/k,

0

kv/k_
0.033 0 0.033 0.034

0.033 0.033 0 0.107 0.003 0.034

0.067 0 0.067 0 0 0.074

0.067 0.033 0.033 0.097 0.007 0.074

0.067 0.067 0 0.188 0.014 0.074

0.1 0 0.1 0 0 0.165

0.1 0.033 0.067 0.078 0.013 0.165

0.1 0.067 0.033 0.152 0.025 0.165

0.1 0.1 0 0.223 0.037 0.165

The table shows that the maximum curvatures in any two adjacent regions
(uncracked and cracked-elastic; cracked-elastic and cracked-plastic) can be of

comparable size (i.e., too large to be neglected). For example, when 0^=0.1, k^ is

roughly 17% of jcj when n=0.067 and 0^=0.033, kd is 15% of k^. When compared
to ku, however, curvatures in the uncracked region are negligibly small. For

n=0.1, for example, kd is only 4% of jc,. Ratio kd/ku is smaller than 4% for all

other tabulated combinations of parameters.
Menn (1990b) has proposed that curvature in the uncracked regions be

approximated by k=-0, with the implication that the contribution of uncracked

regions can be neglected in caiculating elongation of unbonded prestressing
steel. The first part of his assertion is certainly in agreement with the data con-

tained in the previous table. The condusion regarding the contribution of

uncracked regions to AlP, however, requires some clarification.

Neglecting deformations in uncracked regions simplifies calculations. It is

also a sensible practice since these deformations cannot normally be calculated

with acceptable reliability, due to self-equilibrating states of stress present in

uncracked concrete. An underestimate of ecP(x) always leads to a lower bound

for Alp and hence to an upper bound of AP (in design problems) or to a lower

bound of ultimate load (in review problems). The error induced by neglecting
deformations in the uncracked regions is therefore on the safe side.

Overly conservative estimates can, however, be uneconomical. Deformations

should be neglected only when the error induced in area of prestressing steel

((Ap(estimate)-Ap(true))/Ap(true)) or in ultimate load ((ß«(true)-ß„(estimate))/

ö„(true)) is less man an acceptable value. Assuming a linear-elastic stress-strain
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diagram for prestressing steel, these quantities can be transformed into the quo-
tient e=(A/P(true)-A/ri(estimate))/(/jJo+A/p(true)), where Ipo is the original length of

tendons. Elongations Alp are integrals of strains ecP(x) and may bear little resem-

blance to the maximum curvatures in a given region.1 No simple relation can be

established, therefore, between e and kdand ku.

An upper bound for e can, however, be determined from the limiting values

of ecP(x) in uncracked regions. These strains must be greater than some mini¬

mum compressive strain, often defined by design Standards, and, by definition,

less than maximum tensile strainfJEc. Typical values for the limits are -0.0005

(corresponding to a stress of approximately 50% offc) and 0.00005 (correspond¬
ing to/cr=2N/mm2). The maximum value of ecP(x) in uncracked regions is thus

0.00055. Assuming the entire girder is uncracked and ecP(x)=0.00055 for all x

yields the upper bound AlP=0.00055L. This leads to the following upper bound

for e, assuming an initial strain in the prestressing steel of 0.005: e<0.00055/

(0.005+0.00055)=0.1. Error induced by neglecting the contribution of uncracked

regions to elongation is thus at most 10%. Since this is a rather coarse bound, the

error will be mueh smaller in most practical cases. Deformations in the

uncracked regions can therefore be neglected without significanüy affecting

aecuracy. This is primarily due to limitations in ecP(x) in the uncracked region
and the high levels of initial strain normally used in prestressing steel.

2. Stiffening effect ofP. The k-M diagrams developed in Section 2.2.2 plot curva¬

ture as bending moment is increased from 0 to Mu for a given constant value of

axial force. They can be regarded as "static" portraits of the state of deformation

for a particular combination of Q and N. "Dynamic" behavior, i.e., behavior

under increasing load, cannot be represented by a single k-M curve. As Q is

increased to Q+AQ, moment, axial force, and curvature are increased by AM, AN,

and Akrespectively. Secant stiffness AAf/Ajfis represented by the slope of a line

segment joining points (Af, k, N) and (M+AM, k+Ak, N+AN) on two different

curves.

It is clear from the preceding figure that stiffness increases with increasing AN.

For suffidently large values of AN, the apparent stiffness of a cross-section can

become infinite (e.g. segment AqAi in the figure) or even negative.
This phenomenon is particularly evident at initial yielding of bonded rein¬

forcement at the section of maximum moment. The increase in prestressing force

due to a given increment of load, AP/Aß, must become larger once the force in

bonded reinforcement can no longer be increased. (The growth in AP/Aß is

greater for larger values of cds.) The resulting rise in stiffness in the cracked-elas¬

tic regions can be large enough to concentrate all subsequent deformations in the

cracked-plastic region (see Section 3.2).

1. This is particularly true when high values of o^ and n are combined with a concentrated load

at midspan. In such cases, the uncracked regions can oecupy up to 90% of the length of the girder
at ultimate limit State. The contribution of uncracked regions to AlP (small quantities integrated
over a long distance) divided by total elongation can be substantially greater than kdI"\..
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N0 ty AT2

Effect of AN on flexural stiffness

2.2.5 Summary

This section presented the theoretical foundations of the calculation of elonga¬
tion of unbonded prestressing steel, AlP. It established that, in practically all

cases, shear deformations can be neglected in the computation of AlP. Initial

strain in unbonded prestressing steel, Spo, must be clearly defined at the outset.

Calculation of AlP requires the Solution of the following integral:

AlP = \[ecP(x) -ecP0(x)] dx, where ecP(x) = [dP(x) - c(x)]k(x). Parameters c (depth
of neutral axis, and k(curvature) are described as functions ofM and Nfor T-sec-

tions. Axial force Af is the algebraic sum of P and Nv, the axial force induced by

diagonal members in the web of the truss. The effect of Nv on functions c(M) and

k(M) is examined. In addition, the effect of shear lag in wide tension flanges is

considered. It is shown that it is conservative to neglect the effects of shear in

webs and tension flanges when caiculating AlP. It is also conservative and rea-

sonably accurate to neglect the effect of deformations in uncracked regions on

elongation of unbonded prestressing steel.

The stiffness of cross-sections from girders with unbonded tendons increases

with increasing rate of change of P with ß. This Observation helps to explain the

lack of increase in deformations in cracked-elastic regions after yielding of

bonded longitudinal reinforcement.
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2.3 Procedures for Design Calculations

The preceding sections of this chapter have established that the differences in

behavior between girders with unbonded prestressing steel and those without

are due primarily to differences in the conditions of compatibility linking defor¬

mations in longitudinal steel to deformations in the remaining structure. When

only bonded steel is provided, compatibility is defined independently for each

location in the span by the plane sections hypothesis and the assumption of per¬

fect bond between concrete and bonded steel. The plane of strain corresponding
to flexural failure is convenienüy defined in terms of an ultimate compressive
strain and a rectangular stress block of depth equal to 0.8 times the depth of the

neutral axis. Dimensioning of reinforcement can therefore be based on a Single
standardized State of deformation, the properties of which are easy to calculate.

When unbonded prestressing steel is used, however, compatibility of deforma¬

tions in unbonded tendons and in the remaining structure cannot be defined at a

given cross-section, but must rather be defined in terms of the entire structure. A

single, standardized plane of ultimate strain is no longer suffident for a quanti¬
tative description of the State of deformation. Planes of strain below ultimate

limit State, for which no simple analytical definition exists, must be considered.

Herein lies the origin of computational complexity in girders prestressed with

unbonded tendons.

This complexity is an intrinsic characteristic of girders with unbonded pre¬

stressing steel. Design procedures that impose a "sectional" approach, by basing
the design of unbonded tendons on the State of equilibrium and deformation at

a single isolated section, must do so by sacrificing darity and generality. Com¬

plex structural behavior need not, however, imply complicated computations.
This proposition is confirmed by the design procedures presented in this section.

Based on the descriptions of equilibrium and deformations presented in Sections

2.1 and 2.2, these procedures respeet the compatibility of elongation in

unbonded tendons and deformations of the remaining structure. The following
situations are considered: (a) design of unbonded prestressing steel given
bonded reinforcement and design loads, (b) design of bonded mild reinforce¬

ment given unbonded prestressing steel and design loads, and (c) calculation of

ultimate load given unbonded and bonded reinforcement. At the heart of each of

these procedures is a calculation of AlP given external load and force in

unbonded prestressing steel. The bulk of the computational effort required is for

the generation of k-M and c-Af diagrams. These can be prepared beforehand in

nondimensional form for typical cross-sections, similar to the M-N interaction

diagrams used in the design of columns. All other calculations can be done by
hand or with an electronic spreadsheet program.
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2.3.1 Elongation of Unbonded Prestressing Steel

Regardless of whether flexural reinforcement is bonded or not, design calcula¬

tions must be based on a compatibility condition relating strain in steel to strain

in the surrounding concrete. When only bonded reinforcement is provided, this

condition is expressed simply as £.=£„, where e« is strain in the concrete at the

level of the reinforcement. The analog of this condition for girders with

unbonded prestressing is AlP = f [ecP (x) -ecP0(x)] dx, where ecP is actual strain

in concrete at the level of unbonded prestressing steel and £cP0 is initial strain at

the same location. The Solution of AlP using Ütis equation forms part of all design
calculations for girders prestressed with unbonded tendons. A procedure for

this computation is proposed here.

To calculate: elongation of unbonded prestressing steel AlP in a girder acted

upon by external load ß and force P in unbonded tendons. Quantities ß and P

are either known or are assumed in a cyde of iteration. They are considered

fixed for the calculation of A1P. The following additional quantities are given:

1. Effective area of bonded longitudinal reinforcement, As(x), which must

account for development of curtailed reinforcement and horizontal shear in

tension flanges
2. Area of shear reinforcement, Ay(x)
3. Profile of prestressing steel, dP(x)

It is assumed that charts of K-M, c-M, and Zo-M are available for the given cross-

sections. These can easily be generated using an electronic spreadsheet program
or, for rough calculations, by hand using the prindples derived in Section 2.2.2.

Calculation proceeds according to the following steps:

Step 1. Compute sectional forces due to Q. Since external load is given (known or

assumed in a cycle of iteration) this step is accomplished using the familiär

methods of structural analysis.

Step 2. Establish boundaries of uncracked regions. These are obtained from the

Solution of equation ab (x) = fct, where ob(x) is stress in the extreme tensile fiber

of the gross concrete section and/c, is modulus of rupture.

Step 3. Compute estimated profile of compression chord in cracked regions, zo(x). This

function is obtained from a cross-sectional analysis assuming N = P and neglect¬

ing axial force due to shear. The x-coordinates corresponding to the sudden

change of slope in the zq(M) diagram are estimates of the boundaries of the

cracked-plastic regions.

Step 4. Calculate axial force due to shear, Nv(x). No calculation is required for

uncracked regions, where Nv(x) = 0. In cracked-elastic regions (the extent of

which have been estimated in Step 3), Nv(x) = Vweb(x) cotft Depending on the

desired level of aecuracy and/or simplidty, several approaches can be taken in

determining Nv(x). These include, in order of increasing computational effort: (a)

neglect Nv(x) entirely; (b) calculate Vweb(x) from Vweb = V-Pdp-Cz^Q and

assume a conservatively high value for 8 (say 60°); and (c) calculate Vweb(x) from
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Vweb = V-Pd'p-Cz'o and calculate 6 using the procedure proposed in Appen¬
dix E. As demonstrated in Sections 2.4 and 3.2, approaches (a) and (b) are conser¬

vative and are usually suffidently accurate. Approach (c) need seldom, if ever,

be used.

Step 5. Generate corrected profile of compression chord in cracked regions, z(x). This

function is evaluated using total axial force, N(x) = P - Nv(x), instead of merely P.

It need be generated only to establish the boundaries of the cracked-plastic
region and of the internal boundaries between transition and central portions.

Step 6. Select values of k(x) and c(x) from k-M and c-M diagrams.
Step 7. Compute ecP(x) = [dP(x) - c(x)] k(x).

Step 8. Calculate Alp - \[ecP(x)-ecP0(x)]dx. The integration can be per¬

formed numerically. The choice of integration points should take account of the

shape of the integrand. In particular, at least one point should be evaluated in

the cracked-plastic region in addition to M^ and Mu, since a linear approximation
is not conservative. As demonstrated in Section 2.2.4, strains ecPo(x) are limited

above byfct and below by the maximum allowable compressive stress under Ser¬

vice conditions. It is thus normally small relative to ecP(x) in the cracked-plastic

regions. Although £cpoix) should be considered in determining the initial force in

prestressing steel, it can normally be set to zero in the integration for AlP at ulti¬

mate limit state.

These steps are summarized graphically in the following figure.

2.3.2 Design of Unbonded Prestressing Steel

The following procedure can be used to dimension unbonded prestressing steel

to resist speeified design loads in conjunetion with a known arrangement of

bonded reinforcement. This Situation arises, for example, when unbonded pre¬

stressing steel is provided to strengthen an existing girder or in new construction

when bonded reinforcement has previously been determined to satisfy other cri¬

teria.

To calculate: area of unbonded prestressing steel AP to ensure safety at ultimate

limit state. The following quantities are given:

1. Area of bonded longitudinal reinforcement, As(x)
2. Area of shear reinforcement, Ay(x)
3. Initial stress in prestressing steel, o>o

4. Factored load Qd

Calculation proeeeds according to the following steps:

1. Compute design moments due to factored load, M/x)
2. At the section of maximum moment, calculate force in unbonded prestressing

steel, P, required for equilibrium at ultimate limit State: Md = PzP+AJ' zs.
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Establish boundaries
of uncracked regions

Compute estimated profile
of compression chord in

cracked regions

Calculate axial force due
to shear

Generate corrected profile
of compression chord in

cracked regions

Estimated boundaries of cracked-plastic region

Evaluate curvature

Evaluate

neutral axis

Evaluate strains

at level of

prestressing steel

Calculation of AlP

The location of the flexural compressive force, which determines lever arms zP

and zs, is obtained from a rectangular stress block

3. Calculate elongation AlP induced by this combination of Qd and P using the

procedure described in Section 2.3.1

4. Calculate required area of prestressing steel:
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A =

p
<r[eP0 + AlP/lP0]

2.3.3 Design of Bonded Longitudinal Reinforcement

In another possible Situation, bonded longitudinal reinforcement must be

designed to ensure safety at ultimate limit State in conjunetion with a known

area of unbonded prestressing steel. This could occur in new construction, for

example, when unbonded tendons have been previously dimensioned to ensure

adequate behavior under service conditions.

To calculate: area of bonded longitudinal mild steel A.(x) to ensure safety at

ultimate limit State. The following quantities are given:

1. Area of unbonded prestressing steel, AP

2. Area of shear reinforcement, Ay(x)
3. Initial stress in prestressing steel, o>o

4. Factored load Qd

Calculation proeeeds according to the following steps:

1. Compute design moments due to factored load, Af^x)
2. Estimate As(x) at the section of maximum moment

3. At the section of maximum moment, calculate stress in unbonded prestress¬

ing steel, o>, required for equilibrium at ultimate limit State:

Md = ApopzP+Aj.yz.. The location of the flexural compressive force, which

determines lever arms zp and zs, is obtained from a rectangular stress block

4. Choose As(x) at other locations in the span to ensure

Md(x) <tApapzP(x) +A.(x)fsyzs(x) for allx

5. Calculate elongation AlP induced by this combination of ßd, P, and As(x), using
the procedure described in Section 2.3.1

6. Compute the stress in unbonded prestressing steel corresponding to AlP:

op = crp[epo + Alp/lPO]
7. If I ap* - 0p\ is less than an acceptable tolerance, stop. Otherwise, set o> equal

to a*P and calculate A. at the section of maximum moment to satisfy equilib¬
rium at ultimate limit State. Continue procedure from Step 4.

2.3.4 Ultimate Load

It may at times be necessary to calculate the load that can be safely carried by a

girder with a given combination of unbonded prestressing steel and bonded

mild steel. This may be the case, for example, when the capadty of an existing
structure is investigated to see if it is suffident to carry additional loads. By an

appropriate definition of the plane of strain at the section of maximum moment,
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this procedure can also be used to calculate the load corresponding to other

events, for instance initial yielding of bonded longitudinal steel.

To calculate: ultimate load ßH. The following quantities are given:

1. Area of bonded longitudinal reinforcement, As(x)
2. Area of shear reinforcement, ^(x)
3. Area of unbonded prestressing steel AP
4. Initial stress in prestressing steel, o>q

Calculation proceeds according to the following steps:

1. Estimate stress in unbonded prestressing steel at ultimate limit State, aPu,

which must lie between cTro and/py
2. Calculate ultimate load, ßH, from flexural equilibrium at ultimate limit State,

at section of maximum moment: Mu = ApaPuzP+Af.yzs
3. Calculate elongation AlP corresponding to Qu and Oft,, using the procedure

described in Section 2.3.1

4. Calculate stress in unbonded prestressing steel Oft,* corresponding to AlP:
O* = OplBpQ + Alp/lpQ]

If Opu*-oPu is within an acceptable tolerance, stop. Otherwise, set <rPu equal to Op„

and repeat procedure starting from step 2.

2.4 Study of Structural Behavior

The previous section laid the theoretical foundations of procedures for caiculat¬

ing the elongation of unbonded prestressing steel by describing functions c(x)

and k(x) required in the integral Alp = J { [dP(x) - c (x) ] k(x) -ecP0(x)} dx. This

was accomplished using auxiliary functions c(Af(x), N(x)) and k(M(x), Mx)),

which allowed computations to be made for isolated cross-sections. Although
the insights obtained from this exercise are of considerable value in streamlining
calculations according to the procedures given in Section 2.3, they do not lead

direcüy to general condusions regarding the relation between applied load and

stress in unbonded prestressing steel.

This relation is described in this section using results obtained from an analyt¬
ical study of a simply supported beam. The effects of the following parameters
are examined: arrangement of load, relative proportions of unbonded prestress¬

ing steel and bonded mild reinforcement, and angle of diagonal compression
members in the cracked-elastic regions. It is shown that arrangement of load is

the most important of the three, in that it produces the greatest ränge of Varia¬

tion in elongation of unbonded tendons at ultimate limit State. This Observation

brings into question existing provisions in design Standards, none of which con¬

sider the effect of arrangement of load. It is also shown that an increase in the

proportion of unbonded prestressing steel to bonded mild reinforcement results
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in a decrease in ultimate load. The angle of compression diagonals has only a

negligible effect on behavior. The rate of increase of elongation of unbonded pre¬

stressing steel relative to deflection at midspan is shown to be largely indepen¬
dent of all three factors.

2.4.1 Analysis

The elongation of unbonded tendons is affected by several factors, which were

identified in Sections 2.1 (using truss models) and 2.2 (using k-M and c-Af dia¬

grams). This study focuses attention on the following three: (a) arrangement of

load, (b) relative proportions of bonded and unbonded longitudinal reinforce¬

ment, and (c) angle of diagonal compression struts in cracked-elastic regions. All

other parameters (e.g. profile of unbonded tendons and total reinforcement

ratio) are held constant.

As discussed in Section 2.1, the way in which load is arranged in the span

determines the shape of the bending moment diagram, which in turn deter¬

mines the length of the cracked-plastic region.1 In a simply supported girder,

assuming a 4% difference in lever arms between initial yield of bonded rein¬

forcement and ultimate limit State, and a straight tendon at the same level as the

bonded steel, the length of the central portion of the cracked-plastic region can

vary between 8% and 20% of span length, depending on whether the load is con¬

centrated at midspan or uniformly distributed over the span. Since deformations

are largest in the cracked-plastic region, it is reasonable to infer that such an

increase in the length of the region will induce substantial changes in elongation
of unbonded prestressing steel.

The relative proportion of unbonded and bonded longitudinal reinforcement

is represented numerically by parameter ß, defined as follows:

ß =

Apfpy CDp

Apfpy+AJ... (Op+co.

It is a very rough approximation of the proportion of flexural tensile force in

unbonded prestressing steel at ultimate limit State. Nevertheless, it is a useful

means of comparing the relative contributions of bonded and unbonded rein¬

forcement to flexural strength.2 By varying ßbetween 0 and 1, the füll spectrum
of behavior between fully bonded (mild) reinforcement and fully unbonded

(prestressed) reinforcement is obtained.

The inclination of diagonal compression struts, 6, affects the total axial force

acting on cross-sections in the cracked-elastic regions. As discussed in Appendix

1. The length of the cracked-plastic region is also affected by the profile of unbonded prestress¬

ing steel, which is assumed not to vary among the examples considered in this study.
2. It is by no means intended to be used as a degree ofprestress, as proposed by various authors in

the context of partially prestressed design.



70

E, a rigorous calculation of 0can be tedious. Whether or not this effort is justified

by a commensurate increase in aecuracy cannot be assessed from individual

cross-sections.

The effect of ß, 6, and arrangement of load on the relation between applied
load and elongation of unbonded prestressing steel are described using data

obtained from an analytical study of the simply supported beam shown in the

following figure.

Elevation (vertical scale exaggerated)

20000

Cross-section
at midspan

1000

Unbonded prestressing steel

Girder used for analytical study (all dimensions in mm)

A single unbonded tendon is draped parabolically in the web. Bonded longitu¬
dinal mild steel is provided as tensile reinforcement and is located at the june¬
tion of the bottom slab and the web. The cross-sectional area of bonded mild

steel is constant over the span. Vertical stirrups, not shown, are provided over

the entire length of the girder.
The following values were chosen as parameters:

1. ß. 0,0.25,0.5,0.75, and 1

2. Arrangement of load: concentrated at midspan or uniformly distributed over

the entire span

3. 0: 26.7° and 45°, corresponding to cotö = 2 and 1 respectively, and hence to a

doubling of axial force due to shear for a given value of Vweb. These values

were simply chosen to represent a realistic ränge and were not calculated

from a given arrangement of longitudinal and shear reinforcement.

The following quantities were held constant: tf/d=0.l, bw/b=0.1, ö^=0.1, /c=40

N/mm2 and /c,=0. Stress-strain diagrams for all materials were taken from

Appendix A.

Structural response was calculated using the procedure proposed in Section

2.3.4. An electronic spreadsheet program was used to expedite computations.
The relations between load, elongation of unbonded prestressing steel, and

deflection at midspan are assumed to be piecewise linear between the following
states: unloaded, decompression at midspan, initial yield of bonded reinforce¬

ment at midspan, and ultimate limit State. It is also assumed that, prior to

decompression at midspan, concrete behavior is linear-elastic and deformations

of the structure induce no elongation in the unbonded tendons.
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2.4.2 Structural Response

The following figure shows load plotted as a function of deflection at midspan
for all cases with concentrated load at midspan. Deflections are considered rela¬

tive to the unloaded, prestressed girder.

1600-,

-i 1 1

50 100 150 0 50 100 150

Concentrated load at midspan: load [kN] versus deflection at midspan [mm]

Consistent with the assumption of piecewise linear behavior, each curve is char-

acterized by the following four points, illustrated here for the case of /M).5 and

0=45°: the origin of coordinates (point O), decompression at midspan (point A),

initial yield of bonded steel (point B), and ultimate limit State (point O. (For oc=0,

the point corresponding to "initial yield of bonded steel" is defined by a concrete

strain of e^ at midspan at a distance d below the extreme compression fiber.)

Stiffness decreases with increasing load; pronouneed decreases in slope are visi¬

ble at decompression and at initial yield of bonded reinforcement.

An increase in orproduces the following changes in load-deflection behavior:

1. The load producing decompression at midspan is increased due to the

increased initial prestress P0. Since concrete is assumed to be linear-elastic

prior to decompression, the set of all points {(6^,ßD)} defines a straight line.

2. The load and deflection corresponding to initial yield of bonded reinforce¬

ment are decreased. The maximum values of k^ and ecPsy are essentially
unchanged by a change in ß. The drop in ß^ and 8-y is primarily due to a

shortening of the cracked-elastic region. The slope of the elastic portion of the

Effect of change of aon deformations in cracked-elastic region

Q-8diagram is a function of the slope of the M-kdiagrams for each cross-sec¬

tion (which in turn depends on the ratio of bonded reinforcement, cos) and of



72

the rate of increase of P with 8. This interaction was described in Section +++.

The parallel curves between QD and ß^ are not evidence of a fundamental

aspect of behavior, but are rather due to a particular choice of parameters.
3. Ultimate load and deflection are decreased. This is also primarily due to the

smaller contribution of the cracked-elastic regions to both AlP and 8. The

length of the cracked-plastic region is not changed by ß. Indeed, since ulti¬

mate curvature decreases with increasing flexural tension, the contribution of

the cracked-plastic region to Alp and 8is greater for larger values of ß. The dif¬

ference Qu-Qsy, for example, is 29 kN for ß=0 and 93 kN for ß=l (0=45° for

both). This increase is not suffident, however, to overcome the defidt in load

caused by the smaller contribution of the cracked-elastic regions.

The length of the "yield plateau" beyond ß^ has been made artificially short

by the choice of a truly concentrated load, applied over an infinitesimally short

length. In reality, such loads are always applied over some finite length. This

extends the cracked-plastic region, thus increasing the difference 8U - 8^. The

length of the yield plateau increases due to the increase in k_. made possible by
the lower flexural tension with decreasing ß.
A comparison of the Q-8 curves for 0=45° and 0=26.7° reveals only slight dif¬

ferences in behavior. Small increases in ß^, 8^, Qu, and 8U are produced when 0

is decreased from 45° to 26.7°, due to increases in x(x) and ecP(x) in the cracked-

elastic regions. The change in behavior is small because (ä) axial force due to

shear Nv is applied roughly at the center of the cross-section, thus indudng pri¬

marily a horizontal shift of the plane of strain without major change in curva¬

ture; and (b) when the potential for change in AlP is greatest (high values of ß), Nv
is considerably reduced by shear carried by inclination of prestressing steel and

of the compression chord.

The latter proposition is illustrated by the following figures.

Effect of shear in cracked-elastic regions on elongation of unbonded prestressing steel

The above diagram shows, schematically, the contribution of iVv to ecP(x). Two

extreme values of ß are represented. The diagram confirms that, for large values

of ß, the relative change in area under the ecP diagram is greater for larger values

of ß. In Ütis sense, the potential for change in AlP due to Nv is greatest when ß is

high. The next figure plots Vweb as a function of x.
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„ .ß

0.0 2.0 4.0

Computed V^ versus x: concentrated load

6.0 8.0

—, x[m)

10.0

The curves correspond to initial yield of bonded steel (ß^). In all cases, 0=45°.

The fan region, extending approximately 1 meter either side of midspan, is not

induded. It is dear from the diagram that, as ß is increased, the shear force car¬

ried by the web decreases. For a given value of 0, Ütis implies a proportional
decrease in Nv. For )3=0.75, Vmb is reduced immediately at the boundary of the

fan, due to the inclined compression chord, and falls off sharply with increasing
distance from midspan.

It can thus be conduded that, when the reduetion in Vweb is minimal (low ß),

Alp is suffidenüy large relative to the change in elongation due to Nv. When Nv

could contribute a substantial increment of AlP (high ß), it is sharply dampened
out by shear carried by inclination of unbonded tendons and compression
chord.

The load-deflection curves shown in the following figure were computed for

the example girder subjected to a uniformly distributed load.

I601 flb45°

50

-i 1 1

100 150 200 250 300

-i r

100 150 200 250 300

Distributed load at midspan: load [kN/m] versus deflection at midspan [mm]

Generally speaking, the effects of ß and 0 are essentially as described above for

girders with concentrated load. In particular, a change in 0 induces only a slight

change in behavior.

The change in arrangement of load, however, induces striking changes in

behavior. Under distributed load, deformation is better spread throughout the

girder, rather than concentrated near midspan. For a given State of strain at mid¬

span, Ütis results in higher deflection, greater elongation of unbonded prestress-
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ing steel, and hence higher load. This is reflected in the above diagrams, which

exhibit higher load and deflection at initial yield of bonded steel as well as

higher ultimate load and longer "yield plateau". In the plastic phase, this behav¬

ior is primarily due to the length of the cracked-plastic region and the distribu¬

tion of curvature within it, both of which are direct consequences of the

arrangement of load.

i

:«y
YKY

Concentrated load

--

Distributed load
i >—

Change in curvature in cracked-plastic region due to arrangement of load (ultimate limit

state)

This effect alone results in increases in elongation from initial yield to ultimate

limit State by a factor of up to 22. As shown in the q-8 diagrams, this increase is

suffident to bring prestressing steel to within 96% of yield for all values of ß.
As shown in the following figure, the computed rate of change of stress in

unbonded prestressing steel with deflection at midspan is essentially indepen¬
dent of ß, 0, and arrangement of load.

1500

1400 -

1300

1200

1100

1000

»•*" .•••**"

Concentrated load

Distributed load

100 200 300

Stress in unbonded prestressing steel [N/mm2] versus deflection relative to initial decompres¬
sion [mm] (based on a linear stress-strain diagram)

Provided prestressing steel is remains elastic, difference o>
-

o>o is proportional
to elongation AlP. The contributions of element dx to elongation of unbonded

prestressing steel, (dP(x) - c(x))k(x), and deflection, A/0(x)k(x), are both functions

of curvature. (Af0(x) is bending moment due to a unit load at midspan.) As load is

increased, both contributions increase, although not necessarily at the same rate

for all points in the span.
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1. Elastic phase. Prior to yielding of bonded reinforcement, the value of A/p cor¬

responding to a given 8 depends primarily on the shape of functions dP(x), c(x),

and k(x). Bounds can be established, however, on the slope of the secant joining a

given point to the point corresponding to decompression.

Definition of secant OA

1 i

1

M0*-

K*m-y*/ /yMt?K+
n

11 Upper bound for (dp- c)* k*-

*d L/2

Bounds for (dP -c)k. bonded reinforcement elastic

XD

Range ci(dP-c)* K-*

Auxiliary functions, bounded by 0 and 1, are defined by normalizing relative to

the maximum value:

ic*(x) =

*(*)

K(L/2)

„,
_

Af0(x)
M° (X) "

M0(L/2)

# dP(x) -c(x)
(^W"CW) =

dp (L/2)-c (L/2)

These functions are shown in the preceding figure.
As established in Section 2.2.2, c can be approximated by a hyperbolic func¬

tion of k which has negative second derivative (convex upward). For tendon

profiles typically used in bridge design, (dp (x) -c(x))* will thus also be con¬

vex upward. The function is therefore bounded above by 1 and below by a

straight line joining (xD, 0) and (L/2,1). The following bounds can therefore be

established for the slope of secant OA:

1. Upper bound:



76

L/2

f [dp (x) - c (x) ] k(x) dx

L/2

\ M0(x)K(x)dx

2[dP(L/2) -c(L/2)]

where xK is the centroid relative to x=0 of the area under k*(x)

2. Lower bound:

L/2

J [dP(x)-c(x)]K(x)dx

ie
L/2

f M0(x) K(x)dx

xKD 2[dp(L/2)-c(L/2)]

2 XD

where xKD is the centroid relative to x=xD of the area under k*(x)

*\ L

K
entre

1

xkD
jf ^¦j

*
X* J7 A.

'

jß.".t"m*

i

0 — /, i m-

Centroidal axis of shaded area

XD L/2

Centroids of area under normalized curvature diagram

The following table gives values of upper and lower bounds for the slope of

secant OA for several values of xD, for parabolic and triangulär curvature distri¬

butions:

Upper and Lower Bounds for Slope of Secant OA for Unit </P(L72) - c(L/2) and Unit Girder

Span

xD/L k(x) Parabolic nix) Triangulär

Upper Bound Lower Bound Upper Bound Lower Bound

0 6.40 4.00 6.00 4.00

0.1 5.71 3.57 5.45 3.64

0.2 5.16 3.23 5.00 3.33

0.3 4.71 2.94 4.61 3.08

0.4 • 4.32 2.70 4.29 2.86

0.5 4.00 2.50 4.00 2.67

(Values from the table must be multiplied by the actual value of

dp (L/2) - c (L/2) and divided by L.) The bounds corresponding to initial yield
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of bonded reinforcement for the example girders analyzed in this study are as

follows:

Slope of Secant OA at Initial Yield of Bonded Reinforcement for Example Girders:

Concentrated Load, dP(L/2) - eil/2) = 0.65 m

a xD/L Upper Bound Lower Bound Computed
0.25 0.06 0.19 0.12 0.18

0.50 0.14 0.18 0.11 0.19

0.75 0.27 0.16 0.10 0.17

1.00 0.43 0.14 0.09 0.11

Slope of Secant OA at Initial Yield of Bonded Reinforcement for Example Girders:

Distributed Load, d^Lll) - c(U2) = 0.65 m

a xD/L Upper Bound Lower Bound Computed
0.25 0.03 0.20 0.13 0.19

0.50 0.07 0.19 0.12 0.21

0.75 0.12 0.18 0.11 0.17

1.00 0.27 0.16 0.10 0.15

(Values from these tables are given for a parabolic curvature diagram.) Quantity
dP (L/2) - c (L/2) at initial yield of bonded reinforcement is practically inde¬

pendent of ß. An average value of 0.65 m is used.

Given the rather coarse assumptions underlying their calculation, the bounds

are reasonably accurate. They bracket the computed slope in 5 of 8 cases. In the

remaining three, the computed slope exceeds the upper bound by only a slight
amount. In these cases, the assumption of a parabolic curvature distribution is

perhaps inadequate. A more "rectangular" curve, i.e, one with smaller ratio

xKD/ (-xd + L/2), would result in higher upper bounds.

The data show that the upper bound is a reasonably accurate estimate of the

slope in the elastic region for girders analyzed in this study. Its aecuracy

depends primarily on c(x) being reasonably close to a straight line over most of

its length in the cracked-elastic region. Draped tendons, curtailed bonded mild

steel, low values of ß, and uniformly distributed load increase the straightness of

c(x).

2. Plastic state. A mueh simpler relation between elongation of unbonded pre¬

stressing steel and deflection at midspan can be formulated after yielding of

bonded mild reinforcement. This is demonstrated by considering the slope of

secant OA at ultimate limit State. The following figure shows normalized func¬

tions k*(x), Af0*(x), and (dP(x) - c(x) )*. Wim its pronouneed peak, curvature

effectively dampens out all of Af0*(x) and (dp (x) - c (x) )* except in the imme-

diate vicinity of midspan. The following approximation for the slope of secant

OA is therefore valid:
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*«y L/2

Normalized functions at ultimate limit state

L/2

J [dp(x)-c(x)]K(X)dx

fo
L/2

J M0(x) jc(x) Jx

dp (L/2) -c(L/2)

M0 (L/2)

which is equal to 4 [dp (L/2) - c (L/2) ] /L. This expression depends only on

the properties of the cross-section at midspan. For the examples analyzed in this

study, dP(L/2) = 1.0 m and c(L/2) = 0.875 m at ultimate limit State. The expres¬

sion thus yields a slope of 0.175 for all combinations of parameters.
The following figure shows the computed o> - 8curves, along with the secant

at ultimate limit State from the equation above and the greatest and least upper

bounds of the secants joining points from the preceding tables.

Concentrated load

Distributed load

o> = 1050 + 1.75(5- So)
(from ultimate limit state)

Greatest and least upper bounds
at initial yield of bonded steel

Stress in unbonded prestressing steel [N/mm2] versus deflection relative to initial decompres¬
sion [mm]

The diagram shows that the straight line joining (8D, o>o) and the point obtained

from the simplified calculation at ultimate limit State is a reasonable approxima¬
tion to all of the curves, regardless of the actual parameters. Care must be exer-

dsed, however, in applying these findings to other cases. Although
4 [dp (L/2) - c (L/2) ] /L is a robust approximation to the secant at ultimate

limit State, bounds for behavior in the elastic phase are not as easily obtained. In
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particular, spedal attention may be required for girders with straight tendons,

constant bonded mild steel, high values of ß, and concentrated load.

If the relation between AlP and 8 is linear and insensitive to ß and arrange¬

ment of load, then the differences in load-deflection behavior induced by these

parameters must be due, at least in part, to assodated changes in strain in

bonded longitudinal steel. To maintain a given deflection at midspan, curvature

at midspan must change when changes in ß and/or arrangement of load are

imposed.
"

k
High ßand/or concentrated load

Low ß and/or uniform load

Effect of change in or or arrangement of load on curvature (constant deflection at midspan)

The curvature diagram is narrower for higher values of ß and/or concentrated

loads. To keep the area under the Af0(x) k(x) diagram constant, curvature at mid¬

span must increase. This implies higher strains in bonded longitudinal reinforce¬

ment at midspan.
The effect of Ütis phenomenon on flexural tensile force at midspan is shown in

the following figure (deformations prior to initial cracking are neglected and

infinite rotational capadty at midspan is assumed):

7\ i

1

M<

Py

Po Lr—* '

P

,

' '

T 4 /de,/d8identia&to diagram on left

ri

More "uniform" load

H
7 ^ <te,/<i5identical to diagram above

Decrease in/?

de,/dS identical to diagram above

Flexural tensile force at midspan versus deflection at midspan
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Each horizontal pair of diagrams represents an identically reinforced girder;
each vertical pair represents an identical arrangement of load. The same value of

CDtot is used in all cases. The rate of change of elongation of unbonded prestress¬

ing steel with deflection at midspan is also assumed constant. It follows that dP/

d8is proportional to area of prestressing steel.

The diagrams on the right represent a more "uniform" load. For a given
deflection, therefore, curvature at midspan (and hence strain in bonded longitu¬
dinal steel) is less for these diagrams man for their counterparts on the left. In

the elastic phase of bonded steel, Ütis results in a decrease in dTs/d8 and hence

also in the rate of increase of total tensile force with deflection. The rate of

change of P with 8 remains constant. Changes in load-deflection response
caused by a change in arrangement of load are thus entirely due to changes
induced in the rate of change of strain in bonded reinforcement with 8.

An increase in curvature at midspan also oceurs when deflection is held con¬

stant and a decrease in ß is imposed. In the lower pair of diagrams, therefore,

des/d8 is less than for their counterparts above. This also implies a decrease in

slope of the 7-5 diagram prior to yielding of bonded reinforcement. In addition,

however, a decrease in dP/d8 oceurs due to the reduetion in area of prestressing
steel. Changes in load-deflection response caused by a change in ß are thus due

changes both in dP/d8 and in dTs/d8.

2.4.3 Implications for Design Standards

The results of this study can be used to evaluate criteria speeified for the design
of girders prestressed with unbonded tendons. Canadian, U. S., and Swiss Stan¬

dards are considered. These provisions are of dubious reliability for girders since

none of them considers the effect of arrangement of load.

1. CSAA23.3 (1984). This Standard speeifies that stress in unbonded prestress¬

ing steel at ultimate shall be calculated using the following equation (notation

has been adapted):

5000
, ,

aPu = apo + -j— («/»-*)

where dp and c are taken at the section of maximum moment, c is distance from

extreme compressive fiber to neutral axis corresponding to yield force in

unbonded prestressing steel, constant 5000 carries units of N/mm2, and le is

length of tendons between anchors divided by the number of plastic hinges

required to develop a failure mechanism in the span under consideration.

This equation is aetually a spedfication of a limit on deflection at ultimate

limit State. It can be rearranged as follows (for a simply supported girder, le =

span length L):
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5000,, , AI
5000L

Aap =

—j- (dP
-

c) Alp
=

4£

4

LL
-f(dp-c)

(Prestressing steel is assumed to behave elastically.) Making the Substitution

A/£

mid

4

L
= T(dp-c)

derived in the previous subsection, the equation from CSA A23.3 (1984) is trans¬

formed into

mid 160

where EP is taken as 200 000 N/mm2. For simply supported girders, therefore,

dimensioning at ultimate limit State is based entirely on a maximum allowable

deflection at midspan. The spedfied deflection is independent of any parameters
of the structure, with the exception of span length.

For the examples considered in this subsection, L/160 is 125 mm. The load-

deflection curves are shown here once again with Ütis limit.

ßlkN]1600 q [kN/m] 160

150

, Snülnun]

Load-deflection curves for examples studied and deflection criterion obtained from CSA

A23.3 (1984)

The diagrams show that the equation provided in CSA A23.3 (1984) is unsatis-

factory as a design criterion. It is overly conservative for girders subjected to uni¬

formly distributed load and unsafe for girders subjected to sharply concentrated

loads. Its inadequacy is not surprising, considering it does not take any proper¬

ties of the structure into account.

2. ACI 318-89 (1989). This Standard stipulates that stress in unbonded tendons

at ultimate limit State shall be calculated according to the following formula

(notation has been adapted and metric units have been used):

flr/»-ff«+®+ife- fpy
" °>o + 69+ 100«.
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(Constant 69 bears units of N/mm2.) In addition, o>„ - o>q shall not exceed 414

N/mm2. Allowable increase in stress is plotted in the following figure as a func¬

tion of (Op:

aP -Opo [N/mm2] 500
-|

.

^--Computed examples (distributed load)

400

Computed examples (concentrated load)

1 1 (Op

0.00 0.05 0.10 0.15 0.20

Increase in stress in unbonded tendons as a function of coP

To its credit, the ACI equation identifies a decrease in o>„ - o>o with increasing
ratio of prestressing steel. It is, however, overly conservative compared to the

increase in stress computed for the examples with distributed load, and unsafe

compared to the increase in stress computed for the examples with concentrated

load.

The ACI equation was developed empirically by Mattock, Yamazaki, and Kat-

tula (1971), based on tests of simply supported and two-span continuous beams.

In all cases, load was applied passively, using concrete blocks to simulate dead

load, and actively, using four hydraulic jacks per span. The resulting load closely

approximates a uniformly distributed load. Considering first only the simply
supported beams tested by these authors, it is clear that their results would lead

to a fitted curve that departs significanüy from girders subjected to concentrated

load.

What is not dear, however, is what exactly happened at the intermediate sup¬

port of the continuous beam specimens. These are regions of high shear and high
moment, which implies a narrow cracked-plastic region and hence a substan-

tially smaller contribution to total elongation. Furthermore, tendons were

anchored only at the ends of the girders, which would imply that a given elonga¬
tion would only be half as effective in increasing stress as in a simply supported

girder of equal span. One would therefore expect a considerably lower increase

in stress for the continuous specimens as opposed to the simply supported ones.

It is possible that strains in excess of 0.0035 were reached in the extreme com¬

pressive fiber at the intermediate support. This would increase stress in

unbonded prestressing steel beyond the stresses computed for the example gird¬
ers (concentrated load) analyzed in this section. The compression zone at Ütis

location is indeed confined by closed stirrups. To what extent Ütis increased £„,,

however, cannot be ascertained. The authors unfortunately give no strain data.

Lacking this Information, it is difficult to draw any conclusions in this matter.

The fact that the foundations of a design criterion are unclear to such an extent,

however, is in itself cause for concern.
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3. SIA 162 (1989). This Standard spedfies that, in the absence of a refined cal¬

culation, the flexural resistance of beams shall be calculated neglecting the

increase in stress in unbonded tendons. In addition, it spedfies that design of

slabs prestressed with unbonded tendons shall be based on an allowable mid¬

span deflection at ultimate limit State of L/40. Whether or not this criterion is

adequate for slabs is beyond the scope of this thesis. It is noted, however, that

SIA 162 (1989) dearly states that this criterion is spedfieally for slabs. Engineers
should heed this advice and not be tempted to use the limit for girders. For the

examples considered in this subsection, L/40 is 500 mm, which is well in excess

of the ultimate deflection of all of the girders analyzed.
In conclusion, it can be stated that a maximum deflection at ultimate limit

state, valid for all cases, is not adequate as a design criterion. In fact, any equa¬

tion that does not account for effects of arrangement of load will be unsatisfac-

tory. It is preferable to define ultimate limit State in the same way as for girders
with bonded reinforcement, i.e., with a maximum usable compressive strain,

and to calculate the corresponding stress in unbonded tendons using the meth¬

ods proposed in Section 2.3. This leads to a consistent treatment of safety valid

regardless of the bond characteristics of reinforcement.

2.4.4 Summary

This section presented the results of an analytical study of behavior of simply

supported girders reinforced longitudinally with unbonded prestressing steel

and bonded mild steel. Its purpose was to investigate the effects of the following

parameters: (ä) arrangement of load, (b) ratio ß of yield force in bonded pre¬

stressing steel to total longitudinal reinforcement, and (c) angle of inclination 8

of compression diagonals in the web.

The study showed that, for the examples considered, the effect of 8 is small

and can be neglected. The increase of elongation of unbonded prestressing steel

with deflection at midspan was approximately linear and relatively insensitive

to the values used for the parameters. Changes in ß and in arrangement of load

resulted primarily in the rate of change of bonded steel with deflection at mid¬

span. The most signifieant changes in structural response occur due to change in

arrangement of load, which produces the largest changes in the length of the

cracked-plastic region.
The findings of this study are applied to a critical review of speeifications for

structures with unbonded tendons from current design Standards. It is shown

that speeifications of an allowable increase in stress at ultimate limit State are, in

general, inadequate. This is because arrangement of load, the factor most affect¬

ing structural response, is not considered.
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2.5 Ultimate Limit State and Ductility

In designing structures to be safe, it is not suffident merely to demonstrate that

ultimate resistance is greater man design loads. It is accepted practice also to

insist that structures be ductile and that ultimate strength be insensitive to those

properties of concrete that are subject to considerable variability. Both of these

requirements are easily satisfied in structures where all reinforcement is bonded

to concrete. This is a direct result of the yield plateau, a characteristic of concrete

structural Systems reinforced with bonded steel, within which flexural tensile

force is constant. In girders prestressed with unbonded tendons, however, a

yield plateau normally cannot be reached since ultimate limit State is usually
reached while unbonded prestressing steel is still elastic. Ductility and sensitiv¬

ity to properties of concrete of such structures must therefore be given spedal
consideration.

This section examines the behavior of girders reinforced with unbonded pre¬

stressing steel at and near ultimate limit State. The focus is on ways of ensuring
that such structures can be made to satisfy Standards of Performance equal to

those demanded by Standards for conventional structures. It begins with a dis¬

cussion of ductility under static and dynamic loads. This is followed by a look at

the increase in force in unbonded steel from initial yield of bonded reinforce¬

ment to ultimate limit State. It is shown that, when the compression zone is not

confined by bonded reinforcement, it may be necessary to adopt slighüy more

conservative criteria for girders with unbonded prestressing steel.

2.5.1 Ductility

Cross-sections reinforced with bonded mild steel exhibit a distinct yield plateau,
within which the moment-curvature diagram is practically horizontal. This phe¬
nomenon endows reinforced concrete structures with several favorable qualities,

induding the ability to give warning of impending collapse through large
deflections and wide cracks, the capadty to redistribute sectional forces in stati¬

cally indeterminate structures, and the capacity to dissipate energy through elas¬

tic deformation. Since all of these aspects of behavior are direcüy related to the

yield plateau of the moment-curvature diagram, they are commonly referred to

collectively as ductility. Their interdependence is evident from the following fig¬
ure.

Plastic

Dissipated energy

Moment-curvature diagram for a concrete cross-section with bonded mild reinforcement
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The rotational capacity of the section corresponds to the length of a segment of

the moment-curvature diagram over which the change in M with Kis negligible.
Suffident rotational capacity ensures adequate warning of imminent failure and

suffident ability to redistribute sectional forces. In the preceding diagram, rota¬

tional capadty corresponds to the length of segment AB, which is assumed hori¬

zontal. Modern design Standards (SIA 162, 1989; CSA A23.3, 1984) typically
define minimum rotational capadty by a spedfication of the maximum depth of

flexural neutral axis at ultimate limit State. SIA 162, for example, stipulates that

c/d shall not exceed 0.5. Assuming the stress-strain diagrams given in Appendix
A, Ütis limiting value of c/d corresponds to a minimum acceptable yield plateau

K^-Kmy equal to 38% of elastic curvature k^.

Energy dissipated by a cycle of loading and unloading is represented graphi-

cally by the area enclosed by the moment-curvature diagram, in Ulis case quadri¬
lateral OABC. Since the cross-section under consideration is reinforced entirely
with bonded mild steel, segment AB corresponds in its entirety to plastic defor¬

mation of the reinforcement. The unloading portion of the curve, BC, is thus par¬

allel to OA. Since the entire plateau of low dM/dK is caused by plastic strain in

the reinforcement, the dissipation of energy increases in proportion with the

length of AB. For dassical reinforced concrete structures, therefore, it can be

inferred that rotational capadty and dissipation of energy are two consequences

of the same phenomenon.
The Situation changes, however, when unbonded prestressing steel is brought

into discussion. Spedfieally, it is possible to "simulate" a yield plateau, with

which suffident rotational capacity can be ensured, without dissipating energy.

This is illustrated by the following figure which shows, schematically, the actual

moment-curvature diagram (including the effects of increase in P) of the cross-

section at midspan of a girder reinforced longitudinally with a single unbonded

tendon.

r B

i
«

1 fjf-Z-m-^' -

Dissipated energy
T [ f

Moment-curvature diagram for a concrete cross-section from a girder prestressed with
unbonded tendons

Although the slope of segment AB is not zero, it can be suffidently low to give

adequate warning of impending failure. Most important in this regard is not that

deformations are plastic, but rather that the increase in load for a given incre-

ment of deformation is suffidently small. Whether or not rotational capadty is

adequate depends on the length and slope of AB, which in turn are determined

by the values of P at decompression and at ultimate limit state. Applying the

curvature criterion derived from the limits on c/d given in SIA 162 (1989), the
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length ofAß can be considered suffident when the length of the plastic branch of

M(k) is at least 38% of curvature at decompression.

ml

Conservative estimateof K.-KJ)

Actual curve (including increase in P)

kd

Moment-curvature diagrams for a section reinforced with unbonded prestressing steel only

As shown in the figure above, a conservative estimate of this length is the length
of the plastic branch of the M-kdiagram assuming P=Py. The length of segment
AB can thus be considered adequate if c/d is less than 0.5, assuming all reinforce¬

ment is yielding. The slope of segment Aß increases with increasing Pu-Pr>. This

difference is usually small enough to ensure that the character of the plateau is

still one of minimal increase in moment over a large ränge of curvature. Current

Standards give no indication of how mueh increase in moment is tolerable over

segment Aß. The following limits on the slope of (secant) AB are proposed:

1. When no bonded longitudinal reinforcement is provided: slope should not

exceed 0.05M / ( ku
- kd)

2. When bonded longitudinal reinforcement is provided in addition to

unbonded prestressing steel: slope of AB should not exceed 10% of slope of

tangent to M(k) immediately before yielding of bonded steel

These limits are not overly restiictive and can be satisfied by a wide ränge of

girders with unbonded tendons. If secantAß is steeper man these limits, then the

design deviates from the aeeepted and proven philosophy established for struc¬

tures with bonded reinforcement. Redistribution of moments should not be

relied on without a more detailed investigation and additional measures should

be considered to ensure protection against failure without warning.

Simulating a plateau in Ütis way to ensure rotational capadty does not guar¬

antee that the system is capable of dissipating energy.

r

Dissipated energy

Moment-curvature diagram for a concrete cross-section from a girder prestressed with
unbonded tendons
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The preceding figure represents the extreme case of a girder with no bonded

reinforcement. Although segment AB may be suffidently long and suffidently
flat, the area enclosed by OABCD is small. Since the deformations of the structure

are insuffident to bring the unbonded prestressing steel to yield, only a limited

amount of energy can be dissipated through plastic deformations of the con¬

crete.

Although the simulated "yield plateau" may ensure suffident rotational

capadty under static loads, it can exist with only minimal dissipation of energy.

When dissipation of energy is necessary for safety (e.g. in structures subject to

strong seismic action) the use of unbonded prestressing steel should be carefully
evaluated. Provision of bonded mild reinforcement at hinges is strongly recom¬

mended in such cases.

2.5.2 Definition of Ultimate Limit State

Menn (1990b; 1990c) has proposed an alternate definition of ultimate limit state

for structures with unbonded tendons, in which maximum usable compressive
strain in concrete, £„., is taken as 0.002. This is a particularly conservative depar-
ture from conventional practice. SIA 162 (1989), for example, spedfies £cu as

0.0035; CSA A23.3 (1984) spedfies it as 0.003. Two reasons are given for Ütis

restriction: (a) due to the large amount of elastic energy stored in girders with

unbonded tendons, failure will in some way be more sudden or catastrophic
than in similarly reinforced girders with only bonded reinforcement; and (b)

since flexural tensile force normally continues to increase from initial yield of

bonded reinforcement up to ultimate limit State, ultimate resistance is a function

of £cu, which is a quantity subject to considerable variability. This proposition

requires some clarification.

The amount of elastic energy stored in structures with unbonded tendons is

not necessarily greater than what is stored in similarly reinforced counterparts
with only bonded steel. This is confirmed by the following simple example.

i

-

f
T(x) k Bonded prestressing steel—-\

f r~~ Unbonded prestressing steel

... .«T-
*""

» ¦.!_—*

Tension in prestressing steel: bonded and unbonded

Considering only energy stored in longitudinal steel, strain energy per unit

length along the girder can be written u (x) = (T(x)) -/ (2A (x) E.), where T(x)

is tension in steel, A(x) is area of steel, and Es is modulus of elastidty of steel.

Total strain energy is the integral of u(x) over the entire length of the girder. In a
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girder reinforced only with unbonded prestressing steel, u (x) = P2/(2ApEs), a

constant. Energy per unit length u(x) is greater for the unbonded tendon in the

uncracked regions and greater for the bonded tendons over most of the cracked

regions. There is no marked difference in the total energy of either system.

«(*)"

u(x) i Bonded prestressing steel

Maximum energy that can be released at failure

p Unbonded prestressing steel

Strain energy per unit length in longitudinal prestressing steel

There is a signifieant difference, however, in the amount of energy that can be

released at ultimate limit State. After unloading, force in the bonded prestressing
steel is reduced to its initial force over the entire length of the girder. Greater

reductions in tensile force are only possible in the immediate vicinity of the point
of failure, where the failed compression zone may no longer be capable of equil-
ibrating the initial prestress. After the girder with unbonded tendons is

unloaded, force in the prestressing steel will be reduced at least to a level

roughly equal to its initial value. It is also possible, however, for this force to be

reduced to zero over the entire length of the girder. The point of flexural failure

effectively divides the girder into two halves, which are held apart only by the

flexural compression zone. If Ütis critical element loses its integrity, the

unbonded prestressing steel can pull the two halves of the girder together,
releasing in this way a large portion of its stored energy.

Although it is dear from the preceding figure that substantially more energy

can be released at ultimate limit State by girders with unbonded prestressing
steel, it is not immediately dear what effect, if any this has on safety of the struc¬

ture. By definition, ultimate load is the absolute maximum load that can be car¬

ried. Any attempt to add increment of load Aß to Qu will result in loss of internal

equilibrium and immediate collapse. Hence, if ultimate limit State is reached

under load control, i.e., under a load increasing independenüy of deformations

in the structure, then failure cannot be other man catastrophic. The amount of

energy released would appear to be of secondary importance compared to the

fact that the structure now lies on the ground or in the water, having possibly
caused loss of property or life.

Release of elastic energy in unbonded prestressing steel is thus primarily of

signifieance to behavior after ultimate load has been reached, i.e., only under
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displacement control. Structural response can be characterized by the shape of

the descending branch of the moment-curvature diagram at the critical section,

which is represented schematically in the following figure.

Moment-curvature at critical section (displacement control)

The slope of M(k) beyond ultimate limit State gives some measure of the rate at

which energy is released; the steeper the curve, the more sudden the release. In

Ütis sense, the dashed segment in the preceding figure would be most desirable

under displacement control, since load could be brought gradually down to zero

with progressively increasing displacement.
For most practical purposes, however, this ränge of behavior is of little inter¬

est. If a structure is brought to ultimate limit State, it will most likely be due to

load rather than due to an imposed deformation. Standards speeifying accept¬
able Performance beyond ultimate load do not exist, even for conventional struc¬

tures with bonded reinforcement. Moreover, the shape of the descending branch

of a load-displacement curve is determined by many factors, including the rate

at which displacement is imposed. Steeply descending load-displacement
curves are also possible for structures reinforced only with bonded steel.

Girders prestressed with unbonded tendons can satisfy identical require¬
ments regarding safety and warning of impending collapse as those speeified for

structures with only bonded reinforcement. The definition of ultimate limit State

need not be altered, therefore, due to the potentially large release of energy at

ultimate limit state.

When reinforcement consists entirely of bonded steel, ultimate load varies

only negligibly with the value of maximum usable concrete strain £cu (Blume,

Newmark, and Corning, 1961). This is because ultimate limit State is preceded

by a yield plateau, in which the flexural tensile force is constant. Any increase in

moment within Ütis region of the M-k diagram is due to upward movement of

the flexural compressive force. As established in Section 2.5.1, the corresponding
AAf is limited to roughly 5%. If ultimate limit State is reached before the assumed

value of £cu, no error will be induced in the value of flexural tension, which

remains at yield force. The error in lever arm (and hence in Af„), while on the

unsafe side, will therefore be at most 5%.

A slighüy different Situation exists when at least some of the longitudinal
reinforcement consists of unbonded prestressing steel. As stated in Section 2.5.1,

the segment of the M-k diagram between initial yield of bonded reinforcement

and ultimate load is not a proper yield plateau, since it is assodated with a
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steady increase in flexural tension. In such cases, an underestimate of £„, results

in an underestimate not only of flexural lever arm, but also of flexural tension.

The overall error in Af„ is thus potentially larger.
The difference between ultimate moments computed using £„, (as spedfied)

as opposed to £cu* (the actual, smaller value) depends on (£„, - £„*) and on the

rate of increase of Af with extreme fiber compressive strain. Data obtained from

compression zones of reinforced concrete beams by Hognestad (1951) and Billet

and Appleton (1954), and compiled by Mattock, Kriz, and Hognestad (1961)

indicate that, of 111 spedmens tested, only 6 reached ultimate limit State with eCtt

less than 0.003.
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The smallest value of eCM measured was 0.0027. It can thus be concluded that

0.003 is a conservative lower bound for ec„. This value is high enough to ensure

that failure oceurs within the "simulated" yield plateau. If the guidelines pro¬

posed in Section 2.5.1 regarding the slope of the Af-»cdiagram between k^ and ku

are adhered to, the error in moment induced by an error in maximum usable

concrete strain will normally not exceed 5%, which is no greater than the margin
of error tolerated for structures with bonded reinforcement.

It would therefore appear that Menn's recommendation to use 0.002 as a

design value of maximum usable compressive strain is overly conservative. Fur-

thermore, since the increase in moment after yielding of bonded reinforcement is

small, the error induced is also small. The effect of a reduetion in e^ on the

length of the yield plateau should nevertheless be assessed to ensure that suffi¬

dent warning of failure is still available.

The preceding remarks are valid primarily for girders in which the flexural

compression zone is not laterally confined with bonded reinforcement. When

adequate confinement is provided, the length of the "simulated" yield plateau
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can be substantially extended. (Experimental evidence of this phenomenon is

given in Section 3.2.) Properly designed lateral reinforcement largely eliminates

problems with sensitivity of ultimate load on the value of £„,. Mander, Priesüey,
and Park (1988a and 1988b) provide guidance on the dimensioning of lateral

reinforcement for compression zones. Although not normally possible in bridge

girders, it is recommended that the use of lateral confinement be seriously con¬

sidered, whenever feasible, for girders prestressed with unbonded tendons.
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3 Experiment

This chapter gives experimental confirmation of the theoretical propositions and
the associated method of calculation presented in Chapter 2. This is accom¬

plished by comparing the structural behavior predicted by the proposed models

to the behavior observed in large-scale load tests conducted at the Federal Insti¬

tute of Technology in Zürich. Tests were designed to produce a wide but realistic

ränge of states of deformation and to ensure positive identification of factors

causing changes in behavior among specimens. The following parameters were

considered: (fl) arrangement of load, (b) relative proportions of bonded and

unbonded longitudinal reinforcement, (c) vertical stirrups, and (d) arrangement
of bonded longitudinal reinforcement along the span.

The chapter begins with a Statement of the purpose of the experimental work

and a description of the parameters selected for study. This is followed by a brief

summary of the test program itself, induding descriptions of the test spedmens,

procedures, and Instrumentation. The next section gives a description of behav¬

ior as observed in the tests, focusing on effects of the experimental parameters
and on ways in which structural response deviates from the ideal behavior

assumed in the previous chapter. This is followed by a section comparing
observed and predicted behavior.

3.1 Test Program

Eight concrete girders prestressed with unbonded tendons were load-tested at

the Institute of Structural Engineering of the Federal Institute of Technology in

Zürich during the summer and autumn of 1991. A complete record of the test

program, induding descriptions of test specimens, procedures, instrumentation,

and all observations and measurements made during each test, has been pre-

pared by Gauvreau (1992). This section summarizes those aspects of the test pro¬

gram required to fit the experimental work into the framework of Ütis thesis and

to enable, in the following sections, a comparison of predicted and observed

behavior.
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3.1.1 Purpose

The experimental program was undertaken to provide not only solid verification

of the calculation procedure developed in Section 2.3, but also comprehensive
confirmation of the underlying models of behavior.

3.1.2 Parameters

Experimental parameters were chosen to produce a variety of states of deforma¬

tion. As established in Section 2.4, arrangement of load and the relative contribu¬

tions of bonded and unbonded longitudinal reinforcement (ratio ß) are

espedally important in this regard.
Particular attention was given to factors affecting deformations in cracked-

elastic regions. These portions of the girder can contribute a signifieant share of

Alp and are relatively complex computationally due to the presence of diagonal

compression members in the web. The analyses described in Section 2.4.1

showed that calculations of ultimate load were insensitive to changes in inclina¬

tion of compression diagonals. This Observation motivated a more detailed look

into other factors affecting the State of deformation in cracked-elastic regions
and led to the following choice of parameters: (fl) shear reinforcement (vertical

stirrups), (b) distribution of longitudinal reinforcement along the span (constant

or curtailed), and (c) distribution of longitudinal reinforcement within the cross-

section (at centerline of section or at outer edges of tension flange).
The parameters are summarized in the following table. Actual values used

differ slighüy from the target values given, due to limitations on possible

arrangements of reinforcing steel. For all girders, a target value of 0.15 was

selected for total reinforcement ratio gdm . This would fadlitate comparisons of

results among all spedmens.
Girders Sl and S7 were reinforced identically and thus serve to compare the

effects of arrangement of load. Girders S7 and S9 highlight the effect of ß. Gird¬

ers Sl through S4 are intended to demonstrate the effects of vertical shear in the

web on deformations of the cracked-elastic region. Shear reinforcement varies

by a factor of roughly 4 (target value) to induce changes in the angle of inclina¬

tion of the compression diagonals. In addition, bonded longitudinal reinforce¬

ment is curtailed in girders S3 and S4, further increasing deformations. Girders

S5 and S6 focus on the effects of horizontal shear in the tension flange. In girder
S5, bonded longitudinal reinforcement is placed at the outer edges; in girder S6,

it is placed as dose as possible to the web.
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Qualitative Summary of Parameters

Girder3 Loadb P Stirrupsd Longitudinal rein¬

forcement in span

Longitudinal rein¬

forcement in section

Sl 4 0.5 A/s Constant Distributed

S2 4 0.5 0.25A/* Constant Distributed

S3 4 0.5 A/s Curtailed Distributed

S4 4 0.5 0.25A/S Curtailed Distributed

S5 4 0.5 A/s Constant Outer edges

S6 4 0.5 A/s Constant Centerline

S7 444444 0.5 A/s Constant Distributed

S9 444444 0.25 A/s Constant Distributed

a. Girder identification number "S8" was not used

b. 4: load concentrated at midspan; 444444: uniformly distributed load

c. Target values (see Section 3.1.3 for actual values used)

d. Target values (see Section 3.1.3 for actual values used)

3.1.3 Specimens

Eight precast, simply supported concrete girders were tested. Exterior dimen¬

sions, identical for all spedmens, are shown in the following figures.

1

500

m 10000

.iQQi

5ÜQ.

11000

Elevation of test girder (identical for all specimens)

Webs were widened at the ends of girders to form rectangular end blocks, 350

mm wide and 700 mm deep. Each girder was post-tensioned using a single inter¬

nal, unbonded tendon, draped parabolically.
Centroid of prestressing steel

-^

45

Tendon layout
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The BBRV system was used for all prestressing hardware. Prestressing steel con¬

sisted of 7 mm diameter smooth wires, furnished in accordance with SIA 162

(1989). Speeified yield strength was 1500 N/mm2. Properties of tendons used are

given in the following table.

Prestressing Steel

Girder Number Ap PoA <?P0 pb

of wires [mm2] [kN] [N/mm2] [kN]

Sl 14 539 555 1030 839

S2 14 539 579 1074 839

S3 14 539 586 1087 839

S4 14 539 579 1074 826

S5 14 539 579 1074 826

S6 14 539 578 1072 826

S7 14 539 575 1067 839

S9 7 270 278 1030 420

a. Actual force jacked into tendon immediately prior to load test, measured by
load cell at fixed anchor

b. Area of prestressing steel times yield stress measured from tensile tests

In this thesis, modulus of elasticity EP is taken as 205 000 N/mm2. Prestressing
steel was enclosed in smooth plastic ducts, which were injeeted with grease

before stressing.

Reinforcing steel was furnished in accordance with SIA 162 (1989), grade
S500. Spedfied yield strength was 460 N/mm2. Over the entire series of eight
girders, all bars in a given diameter originated from the same heat. Average

yield strengths from tensile tests are given in the following table.

Reinforcing Steel: Average Yield Strength [N/mm2] from Tensile Tests

Diameter [mm] 6 8 10 12 14 16 20

fv [N/mm2] 628 533 567 529 498 508 540
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The following figure shows the arrangement of tensile reinforcement in the

bottom flange and stirrups:
Distance from

0123456789 10 eenterlineofleft

bearing [m]

Sl

S2

S3

S4

S5

S7

S9

I 1 1 1 ' ' 1 H:10mmdia.atl50

________^___ i i
D&Z: 4-14 mm dia.

E: 6-12 mm dia.

F: 2-16 mm dia.

A^250mro H At2Tmm H /ft25°n^ fH=6mmdia.
i i . .

i i , ,

D&Z: 4-14 mm dia.

E: 6-12 mm dia.

F: 2-16 mm dia.

-j H10 mm dia. at 150

D: 2-14 mm dia.

Z: 2-14mm dia.

i E: 6-12 mm dia.

F: 2-16 mm dia.

A^250mm ff At2f """
¦ \\

At250m<n
fH:6mmdia.

¦ D: 2-14 mm dia.

Z: 2-14 mm dia.

E: 6-12 mm dia.

F: 2-16mm dia.

-| H: 10 mm dia. at 150

E: 4-20 mm dia.

-\ H: 10 mm dia. at 150

S6 ¦

, i 1 1 D: 2-20mm dia.

. E: 2-20 mm dia.

-| H: 10 mm dia. at 150

— D&Z: 4-14 mm dia.

_, E: 6-12 mm dia.

F: 2-16 mm dia.

-| H: 10 mm dia. at 150

_, D, Z, & E: 6-16mm dia.

E&F: 6-16 mm dia.

Arrangement of tensile reinforcement in bottom flange and stirrups
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The single-letter labeis used for bars refer to the following cross-sections:

Girder S5

All girders except S5 and S6 Bars H rjJ"1

KT

Bars H Hp
i i

J

Bars D Bars D

Bars Z ^A ii^ Bars Z

Bars E ff J3|i
U-fJ

\.f

Bars F

Bars E Ä
Girder S6

Bars

Arrangement of reinforcing steel: typical cross-sections

The top flanges of all girders were confined laterally with closely spaced, 8

mm diameter ties. Spadng near midspan was 200 mm for girders S2 and S4, and

150 mm for all other girders. It was expected that nominal ultimate limit State

(Ect = -0.0035) would be reached before yielding of unbonded prestressing steel.

By extending rotational capadty in this way, the amount of deformation neces¬

sary to bring the prestressing steel to yield could more likely be determined.

Concrete was furnished in accordance with SIA 162 (1989), grade B65/55.

Speeified average and minimum cube compressive strengths were 65 N/mm2

and 55 N/mm2, respectively. Mean measured properties of concrete are given in

the following table:

Measured Properties of Concrete [N/mm2]

Girder Cube compressive
strength/w

Prism compressive
strength 4

Modulus of rup¬

ture/,*

Hexural com¬

pressive
strength/c

Sl 75.4 60.4 6.2 51.3

S2 77.6 70.4 8.9 59.8

S3 71.9 69.8 7.3 59.3

S4 57.0 47.0 5.3 40.0

S5 60.0 49.6 5.3 42.2

S6 62.9 50.3 6.3 42.8

S7 51.1 41.3 6.0 35.1

S9 49.8 40.1 5.2 34.1

Flexural compressive strength, fc, is taken as 0.85fcp.
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The following table summarizes the actual values of reinforcement parame¬

ters used, based on measured material properties.

Summary of Parameters Based on Measured Material Properties

Girder ö, 0)P (»tot ß Stirrups: AJ^js
[kN/mm]

Sl 0.076 0.073 0.15 0.51 0.54

S2 0.065 0.063 0.13 0.49 0.18

S3 0.065 0.063 0.13 0.49 0.54

S4 0.097 0.092 0.19 0.49 0.18

S5 0.072 0.087 0.16 0.55 0.54

S6 0.071 0.086 0.16 0.55 0.54

S7 0.111 0.107 0.22 0.49 0.54

S9 0.160 0.055 0.22 0.26 0.54

Target values for ß and for stirrups were achieved within acceptable margins. In

girders S5 and S6, the choice of bar diameters was restricted by detailing require¬
ments. This resulted in slighüy higher values of ß for girders S5 and S6. Due to

unexpected variations in measured concrete compressive strength, <%, varies

considerably from the target value of 0.15. This Variation must be considered in

the Interpretation of data obtained from the load tests.

3.1.4 Procedures

Each girder underwent a static load test. Displacement control was used, i.e.,

load was continually adjusted to maintain a desired vertical deflection at mid¬

span.

Two separate test rigs were used, one for concentrated load at midspan and

one for a simulated uniform load. In the former case, load was applied using a

single hydraulic jack. The top surface of the girder at midspan was leveled using
a 10 mm-thick mortar bed, upon which was placed a 2 mm-thick steel plate, 200

mm by 200 mm. A cylindrical load cell, diameter approximately 190 mm,

received the load from the jack and transferred it to the girder. Uniform load was

simulated using equal loads applied by hydraulic jacks at nine equally spaced

points in the span.
10000

520 8 Spaces at 1120 = 8960 <a0

-A. * -V k v * * * y

T

Simulated uniform load (girders S7 and S9)
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Testing of each girder extended over three consecutive days. A typical pro¬

gram of loading is shown schematically in the following figure:

Day 1 Day 2

Load versus deflection at midspan (schematic)

Day 3

On the first day, the girder was loaded beyond cracking load into the cracked-

elastic State and then unloaded for the night. On the second day, load was

increased past initial yielding of bonded longitudinal steel, into the plastic state,

and then brought back down to zero. On the final day, load was increased to ulti¬

mate load. Deflection at midspan was then increased until longitudinal rein¬

forcement in the top flange buckled. The girder was then unloaded.

Throughout each load test, values of load, deflection, and force in unbonded

prestressing steel were recorded automatically. Force in the unbonded tendon

was measured using a load cell installed at one of the anchors. In addition,

strains on the surface of the concrete were measured and recorded at several cru-

dal occasions during the test. These measurements were used with a hand-held

strain gage made up of a linear variable differential transformer in a suitable

housing. The relative displacement between metal strain targets glued to the

concrete surface was converted to strain by an electronic data acquisition Sys¬

tem. A füll set of such measurements consisted of 387 readings for girders Sl

through S6, and 327 readings for girders S7 and S9. Deflection at midspan was

held constant while these readings were in progress. Load tests for girders S2

through S9 induded 7 füll sets of measurements; 8 füll sets were made for Sl.

3.2 Observed Behavior

This section describes structural behavior as observed in the load tests. Its main

focus is on the effects of the experimental parameters. In addition, spedal atten¬

tion is given to ways in which observed behavior differs from the "ideal" behav¬

ior assumed in Chapter 2. "Ideal" girders with unbonded tendons satisfy the

following assumptions: (1) unbonded prestressing steel is enclosed in perfectly
frictionless ducts, and (2) stress-strain diagrams for reinforcing steel and pre¬

stressing steel are bilinear with horizontal yield plateau. Identification of these

differences will assist in the comparison of observed and predicted behavior.

The following relations between observed quantities are considered:
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1. Longitudinal strain in the bottom flange and position along the span. This relation

yields a convenient spatial description of the State of deformation, relying
only on direcüy measured quantities.

2. Load and deflection at midspan. This relation illustrates the development of

structural behavior during the course of the load test. As discussed in Chapter
2, the visible effects of the experimental parameters are diminished by the

yield force in bonded reinforcement and initial force in prestressing steel.

3. Elongation of unbonded prestressing steel and deflection at midspan. It was shown

in Section 2.4.2 that, for a wide ränge of cases, this relation is linear and insen¬

sitive to arrangement of load and relative proportions of bonded and

unbonded reinforcement.

4. Inclination of diagonal compression members in the web and deflection at midspan.
This relation shows to what extent the choice of bonded reinforcement for

girders Sl through S4 was successful in indudng change in 8.

5. Force in unbonded prestressing steel and deflection at midspan. The focus is on dif¬

ferences between force measured at the load cell at one end of the girders,
force calculated from measured elongations, and force required for flexural

equilibrium at midspan.
6. Longitudinal strains in bottom flange along centerline of girder and at outer edge.

This relation is investigated for girders S5 and S6 only.

3.2.1 Relation Between Longitudinal Strain in Bottom Flange and Position

Along the Span

The following figure shows measured longitudinal strain in the bottom flange
(50 mm above soffit) plotted as a function of x. (All load cases are shown.) The

three regions defined in Chapter 2 are immediately visible. In the uncracked

region, strains are so small relative to strains in the other regions that they do not

appear in the diagram. Points in the cracked-elastic regions have strain greater
man zero and less man yield strain of mild steel, shown above as a thin dotted

line. The central portion of the diagram, where strain is greater than e^, is the

cracked-plastic region.
Tensile tests of the reinforcing steel used showed that strain hardening begins

at strains between 22 and 25 millistrain (Gauvreau 1992, 233). This ränge of

strain is shown in the diagram as a shaded bar. This level is exceeded in the last

two measured load cases. It is thus apparent that the assumption of a bilinear

stress-strain diagram for reinforcing steel is not valid in the latter phases of the

load test.

The following observations are made:

1. The uncracked regions are shorter and the cracked-plastic region is longer for

the girders with uniform load (S7 and S9) than for the girders with concen-
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Longitudinal strain [millistrain] in bottom flange (50 mm above soffit) versus x [m] (dotted
line and shaded bar denote yield strain and onset of strain hardening, respectively)

trated load (Sl through S6). This is a direct consequence of the shape of the

bending moment diagram due to net load.

2. Girders Sl and S3 are identical in construction except that bonded longitudi¬
nal reinforcement is curtailed in girder S3. The same is true for girders S2 and

S4. The effect of curtailed reinforcement is visible in the £-x diagrams. In gird¬
ers S3 and S4, strains remain practically constant over most of the cracked-

elastic regions. In their counterparts, Sl and S2, strains decrease more or less

linearly between the boundaries of the cracked-plastic region and the



103

uncracked region. The short peaks (at x = 3.2 m for S3 and at x = 6.2 m for S4),

at which strain is greater than e^, correspond to locations at which bars have

been cut off.

3. Girders Sl and S2 are identical in construction except that the area of stirrups

per unit length of girder is roughly 3.7 times more for Sl (10 mm dia. at 150

mm versus 6 mm dia. at 200 mm). The same is true for girders S3 and S4. No

signifieant difference in steel strains between Sl and S2 or between S3 and S4

can be observed.

4. Girders S5 and S6 are identical in construction except for the location of

bonded reinforcing steel in the bottom flange. Cracks are better distributed in

girder S5, for which steel is placed at the outer edge of the flange. Its strain

diagram is less jagged than that of S6. Otherwise, no signifieant difference in

behavior can be observed.

5. Girder S9 has a lower value of ß man S7. The decrease in ß results in a

decrease in length of the uncracked regions.
6. In all girders, once bonded reinforcing steel begins to yield, there is little

change in strains in the cracked-elastic regions.
7. In all girders, bonded reinforcing steel enters the strain hardening ränge dur¬

ing the load test.

A doser look at the relation between strain in bonded longitudinal steel and x

reveals that the cracked-plastic region grows longer as the load test progresses.

Longitudinal strain in bottom flange [millistrain] versus x [m]: growth of cracked-plastic
region, girder Sl (note expanded horizontal scale)

The behavior shown in this figure is typical of all girders and is consistent with

behavior predicted by the truss models developed in Section 2.1.

3.2.2 Relation Between Load and Deflection at Midspan

This relation is plotted in the following figure for the girders subjected to con¬

centrated load at midspan (Sl through S6). Each curve has two distinct changes
in slope, corresponding to initial cracking at midspan and initial yielding of

bonded longitudinal steel at midspan. The corresponding loads are denoted Qcr
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and Qsy, respectively. The intervals (0, Qcr), (Qcr, Qsy), (Qsy, QJ divide each curve

into segments that are approximately linear.

Girders S5 and S6 had less longitudinal reinforcement than Sl through S4.

This difference is reflected in the lower Q-8 curves for these two spedmens.
Girders S5 and S6 exhibit essentially identical behavior. Girders Sl and S2 are

slighüy stiffer man S3 and S4 for loads between Qcr and ß^. This is consistent

with differences in construction between the two pairs of girders; bonded longi¬
tudinal reinforcement is constant for Sl and S2, and curtailed for S3 and S4.

There is no apparent change in behavior resulting from differences in shear rein¬

forcement between girders Sl and S2, and S3 and S4.

-20 0 50 100 150 200

Load [kN] versus deflection at midspan [mm]: girders with concentrated load (Sl through S6)

A similar diagram for girders subjected to uniform load (S7 and S9) is shown

on the left in the following figure.

50 -i 9 [kN per jack]

40

1.0 -, ß/ß.

-20 0 50 100 150 200

Load versus deflection at midspan [mm]

-20 0 200

Girder S9 has a lower cracking load man girder S7 due to smaller force in the

prestressing steel. S9 is also stiffer man S7 in the for loads between QCT and ß^,
due to the larger area of bonded longitudinal reinforcement in S9.

The diagram on the right in the preceding figure illustrates the change in

behavior due to arrangement of load. The vertical axis is load normalized rela-
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tive to ultimate load. Since both girders are identically reinforced, they should

have nearly identical values of ß„. For girder S7 (uniform load), initial yield of

bonded reinforcement at midspan corresponds to a substantially higher deflec¬

tion and a slightly higher load compared to Sl. These observations are consistent

wim behavior described in Section 2.4.2.

In the following figure, two important milestones are shown with the load-

deflection curves. The first is nominal ultimate limit State, which corresponds to

500-,

400

300

200-1

100

0

Sl

First yielding
at midspan -,

Nominal ultimate limit State

y- Onset of strain

•Y hardening

-20 0

Measured load [kN] versus deflection at midspan [mm]

a strain at extreme compressive fiber of -0.0035. The second is the onset of strain
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hardening in bonded longitudinal reinforcement, which, as previously stated,

corresponds to a strain in bonded steel of roughly 0.022. Deflections correspond¬

ing to these two events were obtained from the relations between measured

deflection at midspan and measured longitudinal strain at midspan at the top
surface of the girder and at 50 mm above the soffit (Gauvreau 1992). Since com¬

pressive strains were measured not at midspan but rather over an interval cen-

tered at 150 mm either side of midspan, the deflections shown corresponding to

nominal ultimate limit State are possibly slighüy overestimated.

The diagrams confirm that, in all of the test spedmens, bonded longitudinal
steel entered the strain hardening region. In all cases, the onset of strain harden¬

ing occurred after nominal ultimate limit State was reached. The deflection corre¬

sponding to the onset of strain hardening is greater for girders S7 and S9

(uniform load) man for girders Sl through S6 (concentrated load).

The effect of the lateral confinement provided for the compression zone is

demonstrated by the difference in deflections corresponding to actual and nomi¬

nal ultimate limit states. In all cases, ultimate limit State is reached at deflections

significanüy greater man the corresponding deflection at nominal ultimate limit

State. Deflections corresponding to nominal ultimate limit State are greater for S7

and S9 than for girders Sl through S6. This phenomenon was predicted analyti-

cally in Section 2.4.2. The difference in nominal ultimate deflections of girders S7

and Sl is roughly 35 mm. As stated in Section 2.2.2, deformations at ultimate

limit State decrease with increasing total reinforcement ratio, cd^.. This ratio is

0.15 and 0.22, respectively, for Sl and S7. The difference in nominal ultimate

deflections would thus probably have been greater if cd^ for S7 had also been

0.15, as was originally intended.

3.2.3 Relation Between Elongation of Unbonded Prestressing Steel and

Deflection at Midspan

It was stated in Section 2.4.2 that the rate of change of AlP with 8mid can be

approximated by a constant that is relatively insensitive to changes in arrange¬

ment of load, inclination of compression diagonals, and relative proportions of

bonded and unbonded longitudinal reinforcement. This proposition is now re-

examined using experimental data.

Longitudinal strains at the level of unbonded prestressing steel, ecP ,
are cal¬

culated by linear interpolation of measured strains. The values of £cP thus

obtained are then multiplied by the measurement interval, 300 mm, and

summed over the length of the girder to obtain elongation AlP. The resulting
relations between elongation and deflection at midspan are shown in the follow¬

ing figure.
The curves exhibit a high degree of similarity. All can be approximated as

straight lines. These observations are consistent with propositions made in Sec¬

tion 2.4.2. In that section, the expression 4(dp-c)/L was proposed as an
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approximation for the slope of the Alp-8^ curves, where dP is depth of prestress¬

ing steel at midspan and c is depth of neutral axis at nominal ultimate limit State,

at the same location. For the material properties given in Section 3.1 and assum¬

ing a concrete stress-strain diagram as given in Appendix A, computed values of

4 (dP - c) /L vary between 0.19 and 0.22. These values are taken as slopes for the

dashed straight lines shown in the preceding figure. The approximations agree

well with the experimental data.

S7 and S9 (uniform load)

_____ Highest and lowest

values of 4 (dp - c)/L

Sl through S6 (concentrated
load)

Elongation of unbonded prestressing steel (computed from measured strains) [mm] versus

deflection at midspan [mm]

Observed Variation in the relation between elongation and deflection at mid¬

span is small. For example, at 8mid = 100 mm, the average of the highest and low¬

est elongations among girders Sl through S7 is 20 mm. (The curve for S9 is

shifted slighüy to the left relative to the others due to lower initial force in pre¬

stressing steel and is thus not considered.) The respective differences between

Ütis "average" and the highest and lowest values are only ±6%.

The corresponding differences in structural response are even smaller.

Assuming prestressing steel is elastic, the 6% Variation in elongation induces a

change in stress, Ao>, of 22 N/mm2, which is 1.5% offpy. The associated Varia¬

tion in flexural tensile force is only 0.7% of Py + 7^.
It was proposed in Section 2.4.2 that changes in behavior induced by changes

in arrangement of load, relative proportions of bonded and unbonded reinforce¬

ment, and arrangement of bonded reinforcement in cracked-elastic regions were

primarily due to changes in the relation between strain in bonded longitudinal
steel at midspan and deflection at midspan. As shown in the following figures,
Ütis proposition is also supported by experimental evidence. Strain in bonded

longitudinal steel was calculated as the arithmetic mean of strains measured

over intervals centered at 75 and 225 mm either side of midspan, 50 mm above

soffit. (Using the notation of Gauvreau (1992), these would be readings 709,710,

711, and 712.) Only the elastic ränge of bonded steel is shown.

The diagrams show that, although Aep varies hardly at all with changes in

reinforcement in the cracked-elastic regions, Variation in e, is considerable. The

greatest changes in es are produced by curtailment of longitudinal reinforcement

(Sl compared to S3 and S2 compared to S4). Change in £. induced by Variation in
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Sl through S4

Measured increase in strain [millistrain] versus deflection at midspan [mm]: bonded reinforc¬

ing steel at midspan (left diagram) and prestressing steel (right diagram)

stirrups (Sl compared to S2 and S3 compared to S4) is mueh smaller in compari¬
son and may not be signifieant.

That curtailment of reinforcement causes a reduetion in £s for a given o^ is

consistent with the predictions of Section 2.4.2. As shown in the following figure,
curtailment "spreads out" the curvature diagram. To maintain constant deflec¬

tion at midspan (i.e. constant area under the M0(x) k(x) diagram), the girder with

constant reinforcement requires a higher curvature at midspan and hence higher
strains in bonded steel at midspan.

Reinforcement not curtailed

Reinforcement curtailed

Effect of curtailment of bonded longitudinal reinforcement on curvature (for constant deflec¬

tion at midspan)

The following figure shows the effect of arrangement of load on e. and Aep.

2.6 -, Sl y 2.6 -,

2.0-

1.0

0.0

¦-' S7

20 40 60

Measured increase in strain [millistrain] versus deflection at midspan [mm]: bonded reinforc¬

ing steel at midspan (left diagram) and prestressing steel (right diagram)

Again, differences in AeP are small in comparison to differences in e. due to dif¬

ferences in the shape of the curvature diagram for a given deflection at midspan.
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The final figure in Ütis series shows the effect of the relative proportions of

bonded in unbonded steel, ß:

2.6

2.0

1.0

0.0

20

—i—

40

—i

60

Measured increase in strain [millistrain] versus deflection at midspan [mm]: bonded reinforc¬

ing steel at midspan (left diagram) and prestressing steel (right diagram)

The rate of increase of AeP with deflection is practically identical for girders S7

and S9. The Asp-S^ diagram for S9 is shifted slighüy to the left to account for an

earlier onset of cracking. Greater differences are observed for strains in bonded

longitudinal steel, although not as large as differences between Sl and S7. Since

both S7 and S9 are loaded uniformly, their curvature diagrams wül be similar in

shape, espedally near midspan where M0(x) is greatest. As a result, a smaller dif¬

ference in midspan curvature is required to achieve identical deflections at mid¬

span. The steeper slope in the elastic ränge of the Q-8 diagrams observed for S9

is thus primarily due its greater area of bonded longitudinal steel.

On Ütis basis of these observations, it can be stated that the experimental

parameters had only a slight effect on the relation between elongation and

deflection at midspan. These changes induced only negligible Variation in load-

deflection behavior. The relation between strain in bonded longitudinal rein¬

forcement at midspan and deflection, however, was affected by the parameters.
The greatest changes were observed between Sl and S7 (due to arrangement of

load) and between Sl and S3, and S2 and S4 (curtailment of bonded steel). Varia¬

tion in shear reinforcement induced no signifieant effect.

3.2.4 Relation Between Indination of Diagonal Members in the Web and

Deflection at Midspan

The observed relations between ß and 5wW, Alp and £„_¦, and e. at midspan and

8.^ show little change in behavior induced by change in shear reinforcement.

This does not immediately imply, however, that the angle of inclination of com¬

pression diagonals in the web, 8, has litüe effect on behavior. To reach Ütis con-

clusion, it must be shown that the changes in reinforcement did indeed induce

substantial change in 8.

This proposition is confirmed by the following figure, which shows inclina¬

tion of prindpal compressive strain in the web as a function of deflection at mid¬

span. This angle was calculated from measured horizontal, vertical, and
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diagonal strains (Gauvreau 1992, 237-39). Each diagram represents a different

location along the girder, beginning at 150 mm from centerline of span ix = 5.15

m) and progressing towards the nearest support at 300 mm intervals. Girders Sl

through S4, which were designed to yield a ränge of angles 8, are compared.
Generally speaking, the curves consist of a descending portion (diagonals
becoming steeper) and a portion that is practically horizontal.

It is apparent from the diagrams that Variation of reinforcement in this set of

girders was indeed effective in achieving a ränge of values for the inclination of

prindpal compressive strain in the web. The highest values of 8 were found in

girder Sl, followed by S2, S3, and S4, which had the lowest. This pattern is visi¬

ble in many of the diagrams, particularly in the descending portions (for exam¬

ple, x = 5.75 m, x = 6.05 m, x = 6.35 m, and x = 6.65 m). For the pair Sl and S2,

with identical longitudinal reinforcement, the difference in 8 can be as large as

10 to 20 degrees, corresponding to a Variation in cot0 by a factor of roughly 2.

Similar Variation is observed for the second pair with (practically) identical lon¬

gitudinal reinforcement, S3 and S4.

Observed Variation in 0is thus suffidently large to support the Statement that

the relations between ß and 8näd, Alp and 8^, and e, at midspan and $„_. are rel¬

atively insensitive to 8. This is consistent with Statements made in Section 2.4.2.

3.2.5 Relation Between Force in Unbonded Prestressing Steel and Deflection

at Midspan

The calculation of predicted behavior is based on the assumption that prestress¬

ing steel is located in perfecüy frictionless ducts. To clear up possible differences

between predicted and observed response, this assumption must be verified.

This is accomplished by comparing the following forces:

1. Force measured by load cell at one of the anchorages, PA. This was the only
direct measurement of force in prestressing steel.

2. Force at midspan, P^, computed from PA assuming a coeffident of friction, ß,

of0.2.

3. Force at midspan, PEL, computed from the elongation of unbonded prestress¬

ing steel, which in turn is calculated from measured longitudinal strains.

Actual stress-strain diagrams from tensile tests are used in the calculation. Ini¬

tial prestressing force is taken as PA at initial cracking.
4. Force at midspan, P-£ß, required for flexural equilibrium. This force is

defined for loads greater man Qsy. It is computed from the known moment

due to dead load and load applied by the hydraulic jacks, and the known

yield force of bonded steel. It is assumed that the distance from the extreme

compression fiber to the flexural compression force varies from roughly 60

mm at initial yield to roughly 40 mm at ultimate limit State.

For a perfectly frictionless tendon, all of these forces are equal.
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Regardless of the distribution of force in prestressing steel due to initial stress¬

ing, subsequent deformation of the girder due to external load re-orients fric¬

tional forces, resulting in a function P(x) that is greatest at midspan and

decreases gradually towards the anchors. As shown in the following figure,

given two points with identical initial position, one on the tendon and the other

in the surrounding concrete, the relative displacement of the point on the pre¬

stressing steel will be towards midspan.

rr\
Centerline of spanipan->

Undeformed, developed tendon' ~-i-

After deformation: Displacement of prestressing steel relative to concrete

Surrounding concrete

Prestressing steel

Points previously with identical position ¦

Relative deformation of prestressing steel and surrounding concrete

This is because strain in prestressing steel is assumed uniform along the length
of the tendon and strain in concrete is greatest at midspan and decreases

towards the ends of the girder.
It is assumed that, for a given half span, P(x) can be calculated using the well-

known expression P (x) = PAe/ia(*), where PA is force at one anchor, ß is the

coeffident of friction between prestressing steel and duct, and oix) is the change
in angle in the tendon between point x and the anchor. Taking PA as the force

measured during the load tests, P^ can thus be computed using equation

PmA ~ PAe^a<i where cc(L/2) is the change in angle between anchor and mid¬

span.

Coeffident ß is taken as 0.2, which has been recommended by ACI 343R-88

(1988) as an upper limit for friction in greased plastic ducts. Angle oc(L/2) has

two components. The first, due to initial drape of the tendon, is constant and

roughly equal to 0.15 radians. The second is due to deformation of the girder. It

is calculated here from deflections 0*1400 measured 1400 mm from centerline of a

support (using the notation of Gauvreau (1992), these are readings 17 and 40).

Assuming the slope of the deflected girder is zero at midspan, total angle change
is given by cc (L/2) = 0.15 + 51400/1400.

Forces PA, P^, P„el, and PmEQ are compared in the following figure. In all

cases, agreement is good between force calculated from elongation, PEL, and

force measured at the load cell, PA. Force P^ is slightly larger than PA. The maxi¬

mum difference between these two forces is roughly 4%. After bonded reinforce¬

ment begins to yield at midspan, the force required for equilibrium at midspan
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Force in prestressing steel [kN] versus deflection at midspan [mm]

increases more rapidly man the other forces as a function of deflection at mid¬

span. This force is limited by the stress-strain characteristics of prestressing steel.

As an approximation, it can be assumed that it does not exceed the dotted hori¬

zontal line, which corresponds to Py. To satisfy equilibrium, therefore, additional

flexural tensile force is required after Ütis line is crossed by P„eq. The diagrams
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show that this event roughly coinddes with the onset of strain hardening in

bonded reinforcing steel, which enables a further increase in force.

For most of the girders, the computed effect of friction is not quite suffieient to

provide the füll value of force required for equilibrium. The maximum differ¬

ence between PmEQ (with limit Py) and P^ is roughly 5%. This is small enough to

be considered acceptable, given the assumptions underlying the calculation of

these forces. It is recalled that both P^q and P^ are not direcüy measured quan¬
tities. Their computation depends on the value of yield force in bonded reinforc¬

ing steel, location of flexural compressive force, aecuracy of measurement of

applied load, and coeffident of friction between prestressing steel and duct.

Of greater importance than the numerical agreement of PmEQ and P^ are the

following qualitative observations: (fl) force was transferred by friction between

the "unbonded" tendon and its enclosure, (b) the force corresponding to a per¬

fectly frictionless tendon was, strieüy speaking, insuffident to satisfy flexural

equilibrium at midspan, and (c) after yielding of prestressing steel, further

increase in load was possible by strain hardening of bonded reinforcing steel.

The discrepancy between P^q and the force corresponding to a perfectly fric¬

tionless tendon is nevertheless small (at most 8%). Error induced by neglecting
the effects of friction is always on the conservative side.

3.2.6 Relation Between Longitudinal Strains in Bottom Flange Along
Centerline of Girder and at Outer Edge

The relations considered in this section thus far have not revealed any signifieant
difference in behavior between girders S5 and S6. These spedmens were identi¬

cal in construction except for location of bonded longitudinal reinforcement for

flexural tension. In S5, two 20 mm diameter bars were placed at each outer edge
of the bottom flange. In S6, two 20 mm diameter bars were placed in the bottom

flange on either side of the web, as dose to the web as possible.
These arrangements were chosen to highlight the action of horizontal shear

on strain in longitudinal reinforcement. It was expected that for a given deflec¬

tion at midspan, strain at the outer edge of the flange in girder S5 would "lag"
behind strains at the centerline of the girder by roughly 100 mm. This would

yield, for a given location in the cracked-elastic regions and for a given deflec¬

tion at midspan, higher strains in reinforcement for girder S5.

A direct comparison of strains in girders S5 and S6 is complicated by the fact

that detailed measurements were made for different values of deflection at mid¬

span. It is possible, however, to assess the effect of horizontal shear in girder S5
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(in which Ütis effect should be more visible) by comparing strains measured at

two different locations in the cross-section.

Girder S5

(Centerline of girder

Bars H TJ»

Bars E

150

Girder S6

fiö

Bars H rjf
Bars D

Bars E __b
«- Longitudinal strain measured along

centerline and at 150 mm from centerline

Reinforcement and measurement of strain: girders S5 and S6

The following figure shows longitudinal strain in girder S5 as a function of

position along the girder. Strains were measured on the soffit, along the center¬

line of the girder (row I) and at 150 mm from the centerline (row H). The lack of

signifieant difference between the two sets of measurements confirms that hori¬

zontal shear was did not induce any signifieant lag in flexural tensile force. The

only condusion that can be drawn from this Observation, however, is that the

bottom flange was probably too narrow to make this effect visible. It would be of

interest to investigate experimentally the effect of shear lag using girders with

suitably wide flanges.

3.2.7 Summary

The effects of the experimental parameters can be summarized as follows:

1. Variation in shear reinforcement sueeeeded in changing the inclination of

compression diagonals in the web. Increasing the amount of shear reinforce¬

ment results in steeper diagonals. This had no signifieant effect, however, on

the relations between ß and 8m, AlP and £„,_¦, and £s (strain in bonded steel at

midspan) and 8^.
2. Curtailment of bonded longitudinal reinforcement had no effect on the rela¬

tion between Alp and 6^. It did, however have a signifieant effect on the rela¬

tion between e, and £„_¦. Curtailment spreads out deformations in the

cracked-elastic regions; for a given value of £„,#, strains at midspan £s are

decreased when reinforcement is curtailed. This induces a slight change in the

relation between ß and 8^, curtailment makes the slope of the elastic phase
of the Q-8„jd diagram less steep.

3. No effect of location of bonded longitudinal reinforcement in the cross-section

could be discerned. This is most likely due, however, to the relatively narrow

tension flange used.
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4. The relative proportion of bonded and unbonded longitudinal reinforcement

had only slight effects on the relations between AlP and 8nud, and £. and 8^.
For constant tau, increasing the proportion of bonded reinforcement lowered

the cracking load and made the elastic phase of the Q-&md diagram steeper.
The latter effect is primarily due to the increase in area of bonded reinforce¬

ment as opposed to a change in the relation between £s and 8md.
5. Arrangement of load had a noticeable effect on behavior. Concentrated loads

produce deformations that are concentrated; uniform loads spread deforma-
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tions out. This has litüe effect on the relation between Alp and 6^. For a given

~*mid, higher values of e, are obtained for concentrated loads. Consequenüy, the

slope of the elastic phase of the Q-8nüd diagram is less steep for distributed

loads. For a given tendon profile, distributed loads also lead to longer

cracked-plastic regions.

The tests also revealed that force had been transferred between unbonded pre¬

stressing steel and concrete by friction after yielding of bonded reinforcement.

Bonded longitudinal reinforcement entered the strain hardening ränge in all

girders.

3.3 Comparison of Observed and Predicted Behavior

The preceding section established the validity of the qualitative description of

behavior proposed in Sections 2.1 and 2.4. In mis section, validity of the quanti¬
tative description of behavior is addressed. This is accomplished by comparing

predicted and observed relations between the following quantities:

1. Load (Q ox q) as a function of deflection at midspan, 8^
2. Force in unbonded prestressing steel, P, as a function of 8näd
3. Elongation of unbonded prestressing steel, AlP, as a function of 5^
4. Lengüi of uncracked and cracked-plastic regions at initial yield of bonded

reinforcement and at nominal ultimate limit State

5. Curvature k{x) at initial yield of bonded reinforcement and at nominal ulti¬

mate limit State

6. Neutral axis c(x) at initial yield of bonded reinforcement and at nominal ulti¬

mate limit state

Items (5) and (6) are not direcüy measured, but must rather be computed from

measured longitudinal strains.

Calculations were made according to the methods proposed in Section 2.3.4

and were based on the following assumptions:

1. Unbonded prestressing steel is enclosed in perfectly frictionless ducts.

2. Stress-strain laws for all materials are as given in Appendix A. In particular,
behavior of both prestressing and reinforcing steel is bilinear. No strain hard¬

ening is considered.

3. Material strengths are taken from the tables given in Section 3.1.3.

4. In all cases, the angle of indination of compression diagonals in cracked-elas¬

tic regions is taken as 45°.

5. Concentrated load is not applied at a point, but is rather distributed over a

length of 300 mm, centered at midspan.
6. Deformations in uncracked regions are not considered.
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Load, elongation of prestressing steel, force in prestressing steel, and deflec¬

tion at midspan are calculated for the following events: (fl) prestressed, unloaded

girder; (b) initial cracking at midspan; (c) initial yielding of bonded reinforce¬

ment at midspan; and (d) ultimate load, defined by a strain of -0.0035 in the

extreme compression fiber at midspan. Curvature and depth of neutral axis are

calculated as functions of x at initial yielding of bonded reinforcement at mid¬

span and at ultimate limit State.

As discussed in Section 2.3, calculations of these quantities at initial yielding
of bonded reinforcement and at ultimate load were based on an iterative compu¬

tation of elongation of prestressing steel. In all cases, however, only a single cycle
of iteration was used. The predicted behavior shown in the following figures
thus represents the results of highly simplified calculations.

3.3.1 Selected Comparisons

1. Relation between load and deflection at midspan. The following figure shows the

predicted (solid line) and observed (dotted line) relations between load and

deflection at midspan.
The dotted vertical line represents deflection at observed nominal ultimate

limit State, 5*^,. It corresponds to a measured strain of -0.0035 at midspan.

Beyond this deflection, structural integrity is maintained in large part by con¬

finement of the flexural compression zone at midspan, which was not consid¬

ered in calculations of predicted behavior. Comparisons of predicted and

observed structural response are thus valid only for the portions of the diagrams
to the left of 8*m. Deflection at predicted ultimate limit State is denoted by 8^.

For a given deflection at midspan, predicted and observed values of load are

in good agreement. At 8^, the maximum difference between ß(predicted) and

ß(observed) for a given girder is roughly 4%. Differences between predicted
ultimate load (at 8^) and observed nominal ultimate load (at &*„,) are slightly

greater. This is primarily due to the shorter plastic segment of the predicted
curves. The maximum difference is roughly 10%. In all cases, predicted values

are less than observed values.

Deflection at predicted ultimate load, 8^, is 15 to 30 mm less man 8*m. Since

strains were not measured exacüy at midspan but rather over 300 mm intervals

centered at 150 mm either side of midspan, 8*m probably overestimates the

deflection at which nominal ultimate limit State oceurs. The vertical lines can

thus be considered as upper bounds for midspan deflection at nominal ultimate

limit State. This implies that agreement between predicted and observed nomi¬

nal ultimate load is probably better than what is shown in the diagrams.
Good agreement of predicted and observed slope of the Q-8 diagrams in the

elastic phase is also apparent. For the girders subjected to concentrated load (Sl

through S6), predicted slope is slightly greater man observed slope. This is pri-
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Predicted and observed load [kNl versus deflection at midspan [mm]: loads for S7 and S9 are

1/18 of total load (i.e., load in one of 18 jacks)

marily due to differences between predicted and observed relations between

elongation of prestressing steel and deflection at midspan.
2. Relation between force in prestressing steel and deflection at midspan. These dia¬

grams are given in the following figure. Agreement between predicted and

observed behavior is good.
Between initial cracking at midspan and initial yielding of bonded reinforce¬

ment, the slope of the predicted curves is slighüy greater than the slope of the
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850 -i

Predicted and observed force in prestressing steel [kN] versus deflection at midspan [mm]

observed curves. This is due in part to an underestimate of force at initial crack¬

ing, which was assumed equal to initial prestress. For the girders subjected to

concentrated load (Sl through S6), it is also due to an overestimate of the slope
of the Alp-8diagram.

Although computed deformations were suffident in some cases (e.g. girders
S7 and S9) to move prestressing steel into the nonlinear ränge of the stress-strain
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diagram, predicted force in prestressing steel at nominal ultimate limit state was

in all cases less man yield force.

3. Relation between elongation of prestressing steel and deflection at midspan. This

relation is depicted in the following figure. (Horizontal scale is expanded rela¬

tive to the two previous figures.) For all girders, the predicted relation between

Predicted and observed elongation of prestressing steel [mm] versus deflection at midspan
[mm]

Alp and 6*is a straight line. Agreement between predicted and observed behavior

ranges from excellent for girders S7 and S9 to fair for girders Sl, S2, and S3. At

8„p for girder Sl, for example, predicted elongation exceeds observed elongation

by roughly 20%.
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The differences between computed and actual behavior of girders Sl, S2, and

S3 may be due to differences between the actual stress-strain diagram of con¬

crete and the diagram assumed for calculation. This issue is discussed further in

the context of the relation between depth of neutral axis and x.

4. Relation between curvature and x. This relation is depicted in the following
two figures. The first shows curvature at initial yielding of bonded longitudinal
steel at midspan; the second shows curvature at nominal ultimate limit State.
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Observed curvature was calculated from measured longitudinal strains. For a

given value of x, it is defined as the difference between strain at the top surface

of the girder and strain 50 mm above the soffit of the girder, divided by the verti¬

cal distance between the two readings, 0.65 m. (Using the notation of Gauvreau

(1992), these are readings from rows B and G, respectively.)
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The dotted curves representing observed behavior were chosen to ensure that

the observed midspan deflection to which they correspond matched as dosely as

possible with the predicted midspan deflection for the given event (initial yield-
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ing of bonded reinforcement or ultimate load). When two dotted curves are

given in a diagram, the corresponding observed midspan deflections bracket the

predicted midspan deflection for the given event.

In all cases, agreement between predicted and observed behavior is good. At
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Predicted and observed distance from extreme compressive fiber to neutral axis at initial

yielding of bonded reinforcement [m] versus x [m]

nominal ultimate limit State, the peak at midspan is less pronouneed for the

observed curves. This is possibly because strains were not measured exacüy at

midspan, but rather at 150 mm away from midspan.
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5. Relation between depth of neutral axis and x. Observed depth of neutral axis, c,

was also calculated from measured longitudinal strains. It corresponds to the

distance from the extreme compressive fiber to the fiber of zero strain obtained

from the plane of strain used to calculate observed curvature.
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Agreement between predicted and observed behavior is good. At nominal

ultimate limit State, the pronouneed peak at midspan exhibited by the predicted
curves is less prominent for the exhibited curves or absent altogether. Again, this

is probably due to the limited resolution of the strain gages used.
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In general, predicted depth of neutral axis is somewhat smaller than

observed. This is particularly true for girders Sl, S2, and S3. This discrepancy
may help explain the differences in slope of the predicted and observed Alp-8
diagrams for these three girders. For a given curvature, a smaller value of c

implies an increase in strain at the level of prestressing steel, (dP - c) k. This

results in an increase in elongation of prestressing steel.

0.00 1.00

Measured from prism test

Parabola (SIA 162 (1989))

2.00 2.48

3.24

2.00236

Compressive stress [N/mm2] versus strain [millistrain]: concrete prism tests and design
stress-strain diagram from SIA 162 (1989)
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A comparison of concrete stress-strain diagrams obtained from prism speci¬
mens (Gauvreau 1992) and the stress-strain diagrams assumed for calculation

reveal signifieant differences for girders Sl, S2, and S3. The concrete assumed for

analysis is stiffer than the actual concrete used. This difference in the properties
of concrete would certainly lead to predicted values of c smaller than the values

obtained from measured strains.

3.3.2 Summary

Predicted behavior was computed using highly simplified methods of calcula¬

tion, based on those proposed in Section 2.3. In general, predicted and observed

structural response showed good agreement. This provides valuable confirma¬

tion of the validity of the proposed computational procedures and the theoreti¬

cal prindples on which they are founded. Regarding individual aspects of

behavior, the following remarks are made:

1. Predicted and observed load-deflection relationships showed good agree¬

ment. Any error in computed ultimate load was on the conservative side.

Midspan deflection corresponding to nominal ultimate load was underesti-

mated in all cases. This discrepancy is due, at least in part, to an overestimate

of observed deflection at nominal ultimate load.

2. Predicted and observed relationships between elongation of prestressing steel

and deflection at midspan showed reasonable agreement except for girders
Sl, S2, and S3. For these cases, predicted elongation was roughly 20% greater
man observed elongation for a given deflection. This discrepancy may be due,

at least in part, to higher predicted values of c induced by a stiffer concrete

stress-strain diagram used for computations.
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AppendixA Simplified Stress-Strain Diagrams

SIA 162 (1989, 14-15) spedfies simplified stress-strain diagrams for concrete,

reinforcing steel, and prestressing steel. Their use in design calculations, which

is authorized by the Standard, helps simplify calculations without sacrificing
aecuracy. The diagrams are used in this thesis wherever appropriate and are

described briefly in this appendix.
The simplified stress-strain diagram for concrete models the behavior of

unconfined flexural compression zones. The compressive portion of the curve is

composed of a parabolic segment and a constant segment. The parabolic seg¬

ment is extends from ec - 0 to £c = -0.002, and is described algebraically by the

equation

oc
j-

= -1000ec(250ec+l)
Je

where ac and £c denote stress and strain, respectively. The symbol fc denotes the

maximum compressive stress in the flexural compression zone. This quantity is

roughly 0.85 times cylinder compressive strength,//, and 0.65 times cube com¬

pressive strength,/ch,. The slope of the parabolic segment is zero at e = -0.002.

Stress maintains a constant value of fc as strain is decreased beyond -0.002. The

ultimate compressive strain, at which concrete fails by crushing, is denoted £„..

Its value is taken as -0.0035.

1.00

0.00
Simplified diagram of normalized stress (Ojfc) versus strain

[millistrain] for concrete in unconfined flexural compres¬
sion zones

The simplified stress-strain diagram for reinforcing steel is composed of a lin¬

ear segment and a constant segment. In accordance with SIA 162, this diagram is

used for all types of reinforcing steel, induding cold-worked bars lacking a defi¬

nite yield plateau. The linear segment rises from the origin until it reaches yield



130

stress,/^. The slope of this line is equal to the modulus of elastidty E., spedfied
as 210 000 N/mm2. The length of the plateau of constant stress is not speeified in

SIA 162. For the purposes of this thesis, it is assumed to extend to a strain of at

least 22 millistrain before strain hardening begins.

"*"-^E,=210000 N/mm2

Zsy 22.0

Simplified stress-strain [millistrain] diagram for rein¬

forcing steel

The simplified stress-strain diagram for prestressing steel is also composed of

a linear segment and a constant segment. It is likewise a simplification of the

actual behavior of prestressing steel, which typically has no definite yield pla¬
teau. The linear segment rises from the origin to the nominal yield stress,/^. The

slope of this line is equal to the modulus of elastidty Ep, spedfied as 210 000 N/

mm2.

f»---

Simplified stress-strain diagram for prestressing steel



Appendix B Equivalent Load Due to Prestressing

In the truss models developed for prestressed concrete girders in Chapter 2, only
the forces transferred to steel through bond and friction are assigned to tension

members. The component of force in the prestressing steel corresponding to ini¬

tial prestress and uniform elongation due to external load is modeled by the

deviation and anchor forces of the tendon. The use of equivalent loads to model

the effect of prestressing in elastic, uncracked concrete structures is well known

(see, for example, Leonhardt (1980,159-61)). In this appendix, the concepts are

extended to structures in an arbitrary state of load and deformation. The pri¬

mary issues addressed are definition of equivalent load, definition of sectional

forces, and effect of deformations of the structural system. The scope is restricted

to girders with internal tendons, for which the distance between the top surface

of the cross-section and the centroid of prestressing steel at any given section

does not change as load is increased.

B.1 Loads

Equivalent loads represent the action of the uniform component of force in the

prestressing steel, regardless of whether the tendon is perfectly bonded, per¬

fectly unbonded, or partially bonded through discrete connections or friction.

The concepts presented in this section are illustrated using a simply supported
beam with a tendon deviated at the third points of the span. A concentrated load

Q is applied at midspan.

Simply supported beam with prestressing tendon

The tendon is separated from the rest of the structure as a free body. It is in equi¬
librium with forces parallel to the tendon applied at the anchors, P, forces nor-
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mal to the tendon applied at changes in slope (called deviation forces), D, and

forces parallel to the tendon, pB(x), due to bond and friction.

D

.Jr, , M*k 4t.

Equilibrium of tendon

The remaining beam is acted upon by equal and opposite forces at the same

locations:

D D

_______

TORHfllnBRBffBt

2 2

Equilibrium of girder with tendon removed

The system of forces acting on the tendon is decomposed into two sets of

forces. The first contains the anchor forces P and corresponding deviation forces

Di required for equilibrium; the second contains the bond and friction forces

pB(x) and deviation forces D2 required for equilibrium. It is clear that Dt+D2=D.

Tension in n

tendon

Tension in ••

tendon

Decomposition of forces acting on tendon with corresponding tensile force in tendon

It follows that the force in the prestressing steel, PM(x), can be expressed as the

following sum:

Ptot(x) = Pl + P2(x)

where Px is the constant force due to the {P, DJ system and P26t) is the variable

force due to the {pB(x), D2) system.1
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When the \pBix), D2} set of forces is returned to the beam, the following system
of forces is obtained:

Beam with external load and equivalent loads due to prestressing

The {P, DJ set of forces acting on the structure is defined as the equivalent loading
due to prestressing. The force remaining in the prestressing tendon is P20c), i.e., the

component transferred to the steel through bond or friction. This force is repre¬

sented explidüy by the bottom chord of the truss model.

Tension in

bottom chord

Associated truss model and tensile force in bottom chord

B.2 Sectional Forces

A complete description of the sectional forces required to equilibrate external

loads and equivalent loads due to prestressing at a given section consists of:

axial force, N(x); shear force, V(x); bending moment, M(x); and location of the

axial force relative to a reference line, z^x). The reference line can be arbitrarily
chosen but must be dearly defined.

For linear elastic analysis of uncracked prestressed concrete beams, it has

been customary to define the reference line as the curve joining the centroids of

the uncracked sections. This particular choice has the advantage of a convenient

expression for the moment due to prestressing in statically determinate struc¬

tures: MP(x) = P eOc), where P is the horizontal component of the equivalent load

applied at the anchors and e(x) is the distance between the centroid of the

uncracked concrete section and the centroid of prestressing steel.

1. It is assumed that the slope of the tendon, 0, is suffidenüy small to allow the following
assumptions to be made: 0 = sin0 = tan0, and cos0 = 1. The horizontal component of the devia¬

tion forces can therefore be neglected.
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It is by no means the only reference line, however. Equally valid, for example,
is the profile of the tendon itself. When this curve is used to define the sectional

forces, the location of N(x) is the same as the location of the resultant compres¬
sion force in an uncracked elastic concrete section.

In Ütis thesis, the centroidal axis of the uncracked girder is used as reference

line for the sectional forces.

B.3 Effect of Structural Deformations

In Ütis appendix, it has been tadüy assumed that, regardless of the actual state of

deformation of the structure, equivalent loads could be calculated using the

geometry of the undeformed structure. This is indeed true for structures with

internal tendons, provided the uniform component of force in prestressing steel,

Pv corresponds to the actual State of deformation. Deviation forces can then be

calculated using the actual value of Px and the undeformed shape of the tendon,

resulting in a considerable reduetion of computational effort.

This proposition is demonstrated for a simply supported beam with an ini¬

tially straight internal, unbonded tendon.

s-— Centroidal axis

Simply supported beam with initially straight, internal, unbonded tendon

Sectional forces due to prestressing are calculated at midspan for the unde¬

formed girder and for the girder in an arbitrarily chosen deformed shape. The

centroidal axis shown is used as reference line.

Equivalent loads and sectional forces are shown below for the undeformed

beam.

P
Mp=Pe

Equivalent loads and sectional forces at midspan due to prestressing in undeformed structure
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The beam is now assumed to be deformed into a parabolic curve. The corre¬

sponding elongation of the tendon results in an increased force in the prestress¬

ing steel, P/. Deflection at midspan is denoted & Equivalent loads in the

deformed beam are calculated using the actual deformed shape of the tendon. It

is assumed that the slope of the girder, 0, is suffidently small to allow the famil¬

iär approximations to be used: 0 = sin0 = tan0, and cos0 = 1.

A AAAAAAAAAAAAAA
HP

?
Mp=Pe

frtttttttt

Equivalent loads and sectional forces at midspan due to prestressing in deformed structure

The radial deviation forces of the parabolic tendon are approximated by a uni¬

formly distributed upward load, qP = 8P'8/L2.

The horizontal component of anchor force can be taken as P'. An equilibrating
horizontal force is applied at midspan at the deflected centroidal axis. The result¬

ant of the distributed load on the half span is qpL/2, which is equivalent to 4P'<5/

L. Since the slope of the girder at the support is 48/L, it follows that the vertical

component of the anchor force is equal and opposite to the vertical load on the

half span. It follows from symmetry that shear at midspan is zero. Moment MP is

the sum of moments due to distributed load, qpL2/8 = PS, and due to the hori¬

zontal forces, P'(e-8), and is thus equal to P" e. The sectional forces due to pre¬

stressing in the deformed structure thus differ from their counterparts in the

undeformed structure only in the actual value of the force in the tendon.

In Ütis thesis, therefore, equivalent loads due to prestressing are calculated

using the actual value of P corresponding to the given load (or an estimate

thereof) together with the geometry of the undeformed structure.
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AppendixC Profile of Compression Chord

In truss models of beams, the arrangement of members can be characterized in

terms of the inclination of diagonal web members, 8(x), and the profile of the

compression chord, zix). The arrangement must satisfy equilibrium, the plane
sections hypothesis, and appropriate stress-strain laws for concrete and steel.

The truss models developed in Chapter 2 are based on the assumption that z(x)

can be approximated by zo(x), the profile of the compression chord obtained from

a purely flexural analysis, i.e., neglecting the axial force induced by shear in

diagonal web members of the truss. The validity of the assumption is demon¬

strated in this appendix.
The scope of the discussion is limited to the cracked-elastic region of beams

away from local disturbances due to concentrated loads and reactions. Upper
bounds for axial force due to shear, Nv, are first determined. A cross-section anal¬

ysis is men used to calculate flexural lever arm z for a ränge of moments Mand a

given constant axial force N. Force N is the algebraic sum of compression P (force

in unbonded prestressing steel) and tension Nv. Two limiting cases are consid¬

ered: Nv = 0, which yields lever arm zo, and Nv equal to the previously computed

upper bound, which yields lever arm z- Curves Zq(M) and z(M) are then com¬

pared.
Lever arm z is obtained for given values of M and N from equilibrium and

compatibility of strains of cross-sections reinforced with bonded mild steel.

Cross-section Sectional forces Strains Internal forces

M

N D

Equilibrium of cross-section: notation

Force in unbonded prestressing steel is modeled as an axial force, P, applied at

the same location as bonded reinforcement. Force Nv is applied midway between

the centroid of bonded steel and the top surface of the compression flange. The
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location of their resultant, N, is calculated to yield a statically equivalent system
of forces. The stress-strain diagrams required for this calculation are taken from

Appendix A. A yield strain of 0.00238 is assumed for reinforcing steel.

Cross-section dimensions and reinforcement are limited to values commonly
encountered in practice. The following combinations of parameters are consid¬

ered:

1. bjb = 0.1, tf/d = 0.1, and g^ = 0.1, a combination of cross-section and rein¬

forcement typically encountered in bridge practice
2. bjb = 0.1, tf/d = 0.2, and ü)^ = 0.2, an extreme combination of cross-section

and reinforcement

Parameter cd^ is total reinforcement ratio, equal to (A/v + Apfpy)/(bdfc).

Cl Upper Bound for Axial Force Due to Shear

Since an increase in tVv results in an increase in z (all other parameters held con¬

stant), an upper bound for z is obtained from an upper limit of Nv. From the def¬

inition

V-z'(M/z)

tim8-z'/2

it follows that Nv is greatest when z'=0, i.e., when the compression chord is hori¬

zontal. In such a case, the definition is transformed into

N =-*-
v tan0

It is thus necessary to consider limits for Vand 8.

For a given shear force, Nv increases with decreasing indination of compres¬

sion diagonals 8. Because calculation of 8 for a given structure and loading is

analytically complex (see, for example, Appendix E), a ränge of values of 8 is

considered. Limits for 8 are set at 30° (corresponding roughly to the lower limit

speeified by the CEP-FIP Model Code (1978)) and 45°.

Nv increases with increasing V. An upper limit for V, and hence for N„ oceurs at

ultimate load. The most severe cases of Vand 0do not, however, eoineide. Calcu¬

lation of a reasonable upper limit for Nv must therefore consider the interaction

of Vandft

As shown in the following figure, the indination of compression diagonals
increases at the fan near the Supports. The largest shear corresponding to mini¬

mum inclination 6b oceurs at a distance xq from the support, where, xq = z/tanöb
for a horizontal compression chord. The corresponding shear V«^ is a function

of the arrangement of loading. Expressions for V-« are now developed for sim-



139

Centerline of span"vHW

I I I I I I I I I I I I I I I I I I I I q

Interaction of Vand 0

ply supported beams with (a) a concentrated load at midspan, and (b) a uni¬

formly distributed load.

For concentrated load at midspan, shear is constant between a given support
and midspan. At ultimate load Qu, the following relations are established:

Mu ~ Asfsyzmid 4" ß« ~ ^A/sy~L~
Qu

max 2
v_„ =

-

= Ikj.
t-mid

w l

where z^d is the flexural lever arm at midspan. Defining the nondimensional

expression for shear v=V/bdfc, it follows that

v =2ü> —
vmax s £

Assuming zmW is at most 90 percent of the total depth of the original concrete

cross-section, h, maximum shear can be expressed in terms of h/L:

vm/1v = 1.8ö>.t
max s T

Ratio h/L typically lies between 1/15 and 1/25 (Menn 1990a, 295). Axial force

due to shear can therefore be expressed nondimensionally as

''¦••^»v ^™

v_ 1.8©JÄmax
n
max 1.8 h

max tan0 tan0 L cd. tanöL

The following table gives upper limits for n/(Os as a function of h/L and 8.
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Upper Limits for n/m. for Concentrated Load at Midspan

h/L <?

30° 35° 40° 45°

1/15 0.21 0.17 0.14 0.12

1/20 0.16 0.13 0.11 0.09

1/25 0.12 0.10 0.09 0.07

Corresponding values of xq/L and M(xo)/Mu are given for a simply supported
beam at ultimate load in the following two tables.

Corresponding Values oixrJL for Concentrated Load at Midspan

h/L e

30° 35° 40° 45°

1/15 0.104 0.085 0.072 0.060

1/20 0.078 0.064 0.054 0.045

1/25 0.062 0.051 0.043 0.036

Corresponding Values ofM(x0)/Mu for Concentrated Load a

h/L e

30° 35° 40° 45°

1/15 0.208 0.170 0.144 0.120

1/20 0.156 0.128 0.108 0.090

1/25 0.124 0.102 0.086 0.072

Similar expressions can be derived for a simply supported girder with uni¬

form load:

Mu
~

AJsyzmid =

#u~g~ % ~ ^A/sy~2~

Maximum shear for a given value of 8 oceurs at Xq:

(L , RAf^id(L W dAZmid Zmid 1
vmax- Vu^-xo)

~

8AAy-^2 tänT *^T~ tf tan©

Making the substitutions v=V/bdfc and z„id=0.9h, the following expressions are

obtained:

,,,Ä *„o,Ä2 1
_,,

nmax 3.6/i 6.48 h2
vm„r = 3.6ö) - -6.48G) —z-—m. and = -—-.-=¦

-—-

max SL *L2tan0 co. tanÖL tan20L2
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Upper limits for n/cos are given as a function of h/L and 8 in the following
table.

Upper Limits for n/m, for Uniform Load

h/L 19

30° 35° 40° 45°

1/15 0.33 0.28 0.25 0.21

1/20 0.26 0.22 0.19 0.16

1/25 0.22 0.19 0.16 0.13

Corresponding values of xq/L and M(xq)/Mu are given for a simply supported
beam at ultimate load in the following two tables.

Corresponding Values of xq/L for Uniform Load

h/L e

30° 35° 40° 45°

1/15 0.104 0.085 0.072 0.060

1/20 0.078 0.064 0.054 0.045

1/25 0.062 0.051 0.043 0.036

Corresponding Values ofM(xo)/Mu for Uniform Load

h/L 9

30° 35° 40° 45°

1/15 0.372 0.313 0.266 0.226

1/20 0.287 0.241 0.203 0.172

1/25 0.234 0.195 0.164 0.139

C.2 Upper Bounds for Lever Arm

Computed values of z are plotted as functions of Af in the following figures. In all

cases, the solid curve represents zq (axial force due to shear not considered) and

the dotted curve represents z obtained from the extreme upper bound of Nv, cor¬

responding to 0.33 times cos. The following non-dimensional quantities are used:

nP = P/bdfc, riy = Nv/bdfc, m = M/bdrft. Although the füll ränge of response (elas¬

tic and plastic) is shown, only the elastic ränge is of interest here.

Only a limited number of parameters is considered. It is dear, however, that

the increase in z due to Nv is small in all cases. Differences increase with increas¬

ing thickness of compression flange and decreasing bending moment. The maxi¬

mum difference (for tf/d = 0.2) is roughly 7%. Since the bounds used for Nv are

rather coarse, it can be assumed that the difference will normally be consider¬

ably smaller.



142

1.00-,

0.95 -

(%=0.1

«v = 0.033

0.90- 1 i

0.00 0.05 0.10

1.00-, «=0.05

0.95

0.90

0.85

«, = 0.033

«v = 0

0.00 0.05

z/d versus m from analysis of T-sections: bjb - 0.L tjd - 0.1, m^
- 0.1

0.10

100
n ^=0.2

0.95

0.90

0.85

ny = 0.067

»«, = 0

—i—
0.10

0.95 -,

0.90

0.85

ny = 0.067

»v = 0

0.00
0.10

0.20 0.00 0.10

z/d versus m from analysis of T-section: bjb - 0.1, t/d = 0.2, (aM = 0.2

—i

020

The estimates of iVv are particularly conservative for prestressed cross-sections

at low values of bending moment, where the slope of the z-M curve is greater
man zero. In an actual member, this would correspond to inclination of the com¬

pression chord. A portion of the shear force would thus be carried by the chord,

thus redudng shear carried by diagonals in the web, and hence Nv.

It can therefore be conduded that, for slender flexural members longitudi¬

nally reinforced with a given combination of steel (prestressed or non-pre-

stressed, bonded or unbonded), flexural lever arm can be calculated with

suffident aecuracy from a cross-sectional analysis by neglecting axial force due

to shear.



AppendixD Loss of Prestress Due to Creep and

Shrinkage

In girders prestressed with unbonded tendons only, loss of prestress AP(t) due to

creep and shrinkage of concrete can be calculated using the following equation:

np

AP(t) = —

A^(O^Jcrc0W^+ecj(f)£cA£
l+np[l+ß<t>(t)] \ + £r\e\x)dx

lPäc

where the Symbols used are defined as follows:

t Time measured from initial loading
je Horizontal coordinate along longitudinal axis of girder
e(x) Distance from centroid of gross uncracked concrete section to centroid of

unbonded prestressing steel

Ec Modulus of elastidty of concrete at time of initial loading
n Ratio EP/EC, where EP is modulus of elastidty of prestressing steel

Ac Area of gross uncracked concrete section

Ic Moment of inertia of gross uncracked concrete section

p Reinforcement ratio AP/AC

<l>(t) Time-varying creep coeffident, a function of material properties and

environmental conditions (SIA 162:1989,61-62)

ß Aging coeffident

^(t) Time-varying shrinkage strain (SIA 162: 1989, 63) in concrete, assumed

constant in the three spatial coordinates

Ocoix) Stress in concrete at distance e(x) from centroid of gross uncracked sec¬

tion (i.e., at level of unbonded prestressing steel) due to initial load

lP Are length of unbonded prestressing steel between anchors

The integrations are made over the projected length of the unbonded tendons

from anchor to anchor. Aging coeffident ß accounts for the difference in creep

response to instantaneously applied stress and to gradually applied stress. It can

normally be taken as 0.8 (Menn 1990a, 156).

The above expression is based on a formula developed by Trost (1967) for

time-varying change in strain in concrete at a given location, Aec(x, z, t):
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A£c(x,z,t) =

<Tro(X>Z)
CO

¦*(*)+¦

Act (x, z, t)

Ec
*"

Ec
[l+ß<Ht)]+£(t)

where z is the vertical coordinate, and Aac(x, z, t) is change in stress in the con¬

crete at the same location. Shrinkage strain £«(*) is assumed independent of the

spatial coordinates. By letting z = e(x) (i.e., focusing attention on stresses and

strains at the level of the unbonded prestressing steel), the expression can be

rewritten implidüy in terms of x and t only.

*,„(*)
CO

A£c(x,t) =

E
4>(t) +

Act, (*,/)
[l+/U0(r)]+£ m

Quantity Actc0c, t) is expressed in terms of AP(t) using the familiär equations of

equilibrium:

Mnet(x,t) =Mg(x)-P(t)e(x) AM„c,Uf) =-AP (*)*(*)

, ,
P(t) Mnet(x,t)e(x)

o (x, t)
= -

—^- +

Ac h

.

, #,
AP(r) AP(t)e2(x)

and is substituted into the equation for Aec(x, t):

aco W 1

A£c(x,t) =-^—<l>(t)-Y[l + ß(t>(t)]
1 el(x)

Ac h
AP(t)+£(t)

CS

Compatibility requires that the change in length of the unbonded prestressing
steel be equal to the total deformation of the concrete at the same level:

AP(r) = -V^fAeAx,t)dx
lp J c

The integration is over the projected length of the unbonded tendons.

The expression for A£c(jc, t) is substituted into the integral. The equation is

solved for AP(t), yielding

np

AP(t) =

^wf|o-c0W^+£CJ(r)£A

l+np[l+ß(t>(t)] 1 +

Vc
je2(x)dx

where the substitutions defined on the previous page have been made. This

equation is similar in structure to the equation for loss of prestress in bonded

tendons at a given section (Menn 1990a, 167):

AP(x,t) =

np[Ac^(t)ac0(x)+£c.(t)EcAc\

l+np[l+ßif>(t)][l+e2(x)Ac/Ic]



Appendix E Angle of Inclination of Compression

Diagonals

It has been established analytically (Section 2.4) and experimentally (Section

3.2.4) that the angle of inclination of compression diagonals, 8, has only a small

effect on the load-deflection curves of girders prestressed with unbonded ten¬

dons. For preliminary designs, therefore, a rough estimate of 8 can simplify cal¬

culations without signifieant loss of aecuracy. If a more rigorous treatment of the

effects of shear on deformations of the cracked-elastic regions is required, how¬

ever, it may be necessary to calculate 8 for a given combination of sectional

forces and reinforcement. This appendix briefly describes one possible way of

doing so.

A general numerical method for caiculating 8(x) under the combined action of

flexure, shear, and axial force for a given combination of cross-section dimen¬

sions and reinforcement has been proposed by Vecchio and Collins (1988). The

method considers cracked concrete as a new material with its own stress-strain

characteristics, and reaches a Solution using equations of equilibrium and com¬

patibility, and assumed distributions of longitudinal strain and shear stresses

across the cross-section. An important advantage of this approach is that its

aecuracy has been confirmed by a large set of experimental data. Its aecuracy

and generality are achieved, however, at a cost of computational complexity.
This may render the method inconvenient for many practical applications.
A general method for caiculating response under the action of M, V, and N is

in fact not required for the calculation of 8 in the cracked-elastic regions of gird¬
ers prestressed with unbonded tendons. By definition, stresses in bonded rein¬

forcement are less man f^. Since a low reinforcement ratio can normally be

assumed, the compressive stress-strain behavior of concrete can be assumed

elastic. A method for caiculating 8 proposed by Kupfer (1964), based on the min-

imization of elastic strain energy, can therefore be used, Kupfer's equation was

developed for a truss model with parallel chords and is valid for girders sub¬

jected to a given combination of M, V, and N. The inclination of the diagonals in

the web, 8(x), is the Solution of the following equation:

, a,(x)-na(x) nt(x) a

tan30U)- 2a(x)c—\m8(x)--^[l-tzn48(x)] =0
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where n=E./Ec. The stresses appearing in Ütis equation are adapted here for the

internal forces present in girders with unbonded tendons and bonded mild steel:

gs(x): Stress in bottom chord = T.(x)/A.(x)

ctc0c): Stress in top chord, compression considered positive. Kupfer suggests a

uniform distribution over the top flange: ac(x)=C(x)/(tfb)
z(x): Nominal shear stress in web = Vy^(mx)/(bjdx))

ctv(*): Stress in stirrups = [Vweb(x)s/(Av(x)z(x)]tan8(x), where Ay(x) is the cross-

sectional area of one stirrup and s is spadng of the stirrups

The internal forces are related by the following three equations of equihbrium:

-C--^ +P+r = 0
tanö s

Cz' + Vweb + Pd'p= V

c| + rf|+p(|-rf+rfP) =m

where prime denotes differentiation with respeet to x. In addition, the prindple
of plane strains must be satisfied. There are thus five equations relating the vari¬

ables at a given section. Assuming P is given (either known exacüy or assumed

in a cycle of iteration), five unknowns remain: Ts, C, Vweb, z, and q.

Use of Kupfer's equation in practical cases can be simplified by taking z as the

flexural lever arm when Nv=0 (see Appendix C), leaving four equations

(Kupfer's equation plus three equations of equilibrium) and four unknowns.

The following iterative method can be used to decouple Kupfer's nonlinear

equation, leaving three linear equations for C, Ts, and V^: (1) assume a value of

8, (2) solve equations of equilibrium for C, Ts, and Vweb, (3) calculate stresses as,

oc, ctv, and t, (4) Substitute these values into the left-hand side of Kupfer's equa¬

tion, (5) if result is less man an acceptable tolerance, stop, otherwise change 8

and repeat.
The following figure, adapted from Kupfer (1964) shows tanö as a function of

the coeffidents (cy-ncrc)/(2cTv) and ht/ctv.

(Oi-»KTcy(2c^)=0.875
tan0 1

n-da.

tand (adapted from Kupfer (1964))
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The diagram shows that a decrease in 8 (flatter diagonals) is produced by: (fl) a

decrease in t, (b) an increase in ctv, (c) a decrease in as, and (d) an increase in crc

(i.e., higher compressive stress).

Although Kupfer's method is somewhat simpler to use man the method pro¬

posed by Collins and Mitchell, there is a lack of experimental evidence to con-

firm its reliability. It should yield reliable results for cracked-elastic regions of

girders with unbonded prestressing steel, however, provided the assumption of

linear-elastic behavior in compressed concrete is valid, i.e., for ratios of reinforce¬

ment.
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Appendix F External Prestressing

The concepts presented in Ütis thesis are valid for girders with any combination

of longitudinal reinforcement, prestressed or non-prestressed, bonded or

unbonded, provided the distance between a given reinforcing element and the

top surface of the cross-section does not change as load is increased. This restric-

tion clearly exdudes external prestressing steel from discussion. External ten¬

dons are enclosed in ducts that are not cast into the concrete section, but which

are rather attached to the concrete only at anchorages and discrete points of

deviation. Only at these locations is distance dp between centroid of prestressing
steel and top surface of cross-section independent of load. At all other points, dp
is a function of both x and Q.

External tendons have been successfully used in precast segmental construc¬

tion. A common arrangement uses tendons anchored span-by-span and draped
at the third points of the span.

Longitudinal Section

Possible arrangement of external tendons in continuous girders

Deviation saddles are relatively simple to construet in the precast segments. The

span-by-span arrangement of tendons is effident since, by limiting the distance

between anchors, increase in strain in prestressing steel is maximized for a given

elongation.
This arrangement is also possible when external tendons are used to

strengthen existing bridges. The construction of deviation saddles in an existing

bridge may, however, be difficult and expensive. In such cases, an arrangement
that is less effident but easier to build may be preferable. In the following figure,
tendons are straight and anchored only at the ends of the girder. No intermedi¬

ate deviation saddles are used. This arrangement may be worth considering
when additional prestressing is required primarily to improve behavior under

service conditions.
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Longitudinal Section

Possible arrangement of external tendons in continuous girders

A complete description of the behavior of structures with prestressed with

external tendons is beyond the scope of this thesis. The model of internal forces

presented in Section 2.1 and the moment-curvature relations presented in Sec¬

tion 2.2.2 are, however, valid provided function dP(x) is known for a given value

of Q. The calculation procedures presented on Section 2.3 can therefore be

adapted to girders longitudinally reinforced with external, unbonded prestress¬

ing steel and bonded mild steel. An additional cycle of iteration is generally
required. Within each cyde, external tendons are replaced by internal tendons

with an assumed profile. The procedure given in Section 2.3.1 for the calculation

of Alp given Q and P can then be applied without modification. Corrected after

each iteration, the assumed profile of internal tendons converges to the actual

profile of external tendons.

The following sections give suggested procedures for common design calcu¬

lations. They are adapted from the procedures given in Sections 2.3.2,2.3.3, and

2.3.4. Longitudinal reinforcement is assumed to consist of external, unbonded

prestressing steel and bonded mild steel. Variations in the area of bonded mild

steel along the girder are allowed. It is assumed, however, that function A,(x) is

continuous, i.e., bars are not interrupted at joints between precast segments.

F.l Design of External, Unbonded Prestressing Steel

The following procedure can be used to dimension external, unbonded pre¬

stressing steel to resist speeified design loads in conjunetion with a known

arrangement of bonded reinforcement. This Situation arises, for example, when

external, unbonded prestressing steel is provided to strengthen an existing
girder or in new construction when bonded reinforcement has previously been

determined to satisfy other criteria.

To calculate: area of external, unbonded prestressing steel AP to ensure safety at

ultimate limit State. The following quantities are given:

1. Area of bonded longitudinal reinforcement, A.(x)

2. Area of shear reinforcement, AJ,x)

3. Initial stress in prestressing steel, o>o
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4. Initial profile of prestressing steel, dptjix)
5. Factored load Qd

Calculation proceeds according to the following Steps:

1. Compute design moments due to factored load, MJlx)
2. Assume the distance between centroid of prestressing steel and upper surface

of concrete section is fixed at dpoix) for all values of x

3. At the section of maximum moment, calculate force in unbonded prestressing
steel, P, required for equilibrium at ultimate limit state: Md = PzP+AJ' zs.

The location of the flexural compressive force, which determines lever arms zp

and zs, is obtained from a rectangular stress block

4. Calculate deflected shape of girder, b\x)

5. Compute corrected profile of prestressing steel relative to top surface of

girder, dPX(x)
6. If difference between dPi(x) and dpoix) is smaller man a spedfied tolerance

(espedally at the section of maximum moment), then proceed to next step.

Otherwise, set dprfjc) equal to dPi(x) and return to Step 3

7. Calculate elongation AlP induced by this combination of Qd, P, and dP(x) using
the procedure described in Section 2.3.1

8. Calculate required area of prestressing steel:

p
a[Epo + AlP/lPO]

F.2 Design of Bonded Longitudinal Reinforcement

In another possible Situation, bonded longitudinal reinforcement must be

designed to ensure safety at ultimate limit State in conjunetion with a known

area of unbonded prestressing steel. This could occur in new construction, for

example, when external, unbonded tendons have been previously dimensioned

to ensure adequate behavior under service conditions.

To calculate: area of bonded longitudinal mild steel As(x) to ensure safety at

ultimate limit State. The following quantities are given:

1. Area of unbonded prestressing steel, Ap

2. Area of shear reinforcement, Ay(x)

3. Initial stress in prestressing steel, o>o

4. Initial profile of prestressing steel, dpo(x)

5. Factored load Qd

Calculation proceeds according to the following steps:

1. Compute design moments due to factored load, M/x)
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2. Estimate Asix) at the section of maximum moment

3. Assume the distance between centroid of prestressing steel and upper surface

of concrete section is fixed at dprfjc) for all values of x

4. At the section of maximum moment, calculate stress in unbonded prestress¬

ing steel, o>, required for equilibrium at ultimate limit state:

Md = ApapzP+AJsyzs. The location of the flexural compressive force, which

determines lever arms zP and zs, is obtained from a rectangular stress block

5. Choose A.(x) at other locations in the span to ensure

Md (x) <ApcrpZp (x) +AS (x)fsyz. (x) for all x

6. Calculate deflected shape of girder, 6Xx)

7. Compute corrected profile of prestressing steel relative to top surface of

girder, dPi(x)
8. If difference between dPX(x) and dpoix) is smaller than a spedfied tolerance

(espedally at the section of maximum moment), then proceed to next step.

Otherwise, set dpo(x) equal to dpiOc) and return to Step 3

9. Calculate elongation AlP induced by Ütis combination of Q& P, and As(x), using
the procedure described in Section 2.3.1

lO.Compute the stress in unbonded prestressing steel corresponding to AlP:

op* = ap[Epo + Alp/lpo]
11.If | op* - cTp| is less than an acceptable tolerance, stop. Otherwise, set o> equal

to 0*P and calculate A. at the section of maximum moment to satisfy equilib¬
rium at ultimate limit State. Continue procedure from Step 5.

F.3 Ultimate Load

It may at times be necessary to calculate the load that can be safely carried by a

girder with a given combination of external, unbonded prestressing steel and

bonded mild steel. This may be the case, for example, when the capacity of an

existing structure is investigated to see if it is suffident to carry additional loads.

By an appropriate definition of the plane of strain at the section of maximum

moment, this procedure can also be used to calculate the load corresponding to

other events, for instance initial yielding of bonded longitudinal steel.

To calculate: ultimate load Qu. The following quantities are given:

1. Area of bonded longitudinal reinforcement, As(x)
2. Area of shear reinforcement, AJjc)
3. Area of unbonded prestressing steel AP
4. Initial stress in prestressing steel, 0«,

5. Initial profile of prestressing steel, dpo(x)

Calculation proceeds according to the following steps:
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1. Estimate stress in unbonded prestressing steel at ultimate limit state, oPu,

which must lie between o>o and/^
2. Assume the distance between centroid of prestressing steel and upper surface

of concrete section is fixed at dpoix) for all values of x

3. Calculate ultimate load, Qu, from flexural equilibrium at ultimate limit State,

at section of maximum moment: Mu = ApoPuzP+Aj.yzs
4. Calculate deflected shape of girder, o\x)

5. Compute corrected profile of prestressing steel relative to top surface of

girder, dPi(x)
6. If difference between dPlix) and dpoix) is smaller than a spedfied tolerance

(especially at the section of maximum moment), then proceed to next step.

Otherwise, set dpoix) equal to dpiix) and return to Step 3

7. Calculate elongation AlP corresponding to Qu and aPu, using the procedure
described in Section 2.3.1

8. Calculate stress in unbonded prestressing steel o>„* corresponding to AlP:

<yp* = Op[£pQ-¥Alp/lpr)]
9. If Gpf-Gp,, is within an acceptable tolerance, stop. Otherwise, set aPu equal to

o>„ and repeat procedure starting from step 3.
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AppendixG Example of Calculation

Procedures for calculations commonly required in practice were described step-

by-step in Section 2.3. To illustrate the use of these procedures, this appendix

presents a numerical example of the calculation of ultimate load. Only the most

important steps are given in detail. Rational simplifications are made wherever

appropriate.

G.l Statement of Problem

A uniform load, q, is applied to the simply supported girder shown below.

9 v^v^v^v^^v^y^vvvvv w w wl

350
H 1 1
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Example girder. elevation, cross-section, and loading (dimensions in mm)
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The following Information is given:

Unbonded Prestressing Steel (Single Internal Tendon, Parabolically Draped)

AP[mm2] o>p[N/mm2] P0[kN] /^[N/mm2] />y[kN] £P[N/mm2]

539 1095 590 1500 809 205 000

The distance in meters from the top surface of the girder to the centroid of

prestressing steel is given by e(x) = - 0.0122 (je - 5)2 + 0.655.

Bonded Longitudinal Reinforcing Steel

A, [mm2] /^[N/mm2] r9[kN]

1696 513 870

Stirrups

Am (one stirrup) [mm2] /v[N/mm2] s[mm]

157 516 150

Concrete

/JN/mm2] /«[N/mm2] yc[kN/m3]

35.1 0 24

Properties of Uncracked Gross Concrete Section

A[m2] IW\ Sfcjm3] g (Dead load)

[kN/m]

0.152 0.00844 0.0236 3.65

Stress-strain diagrams for all materials are as shown in Appendix A.

The ultimate load of the beam, qu, defined by an extreme fiber compression
strain of -0.0035, is to be calculated.

G.2 Relations Between Curvature, Depth of Neutral

Axis, Lever Arm, Moment, and Axial Force

The procedures proposed in Section 2.3 are based on the use of non-dimensional

diagrams of z, c, and k as functions of m and n. To generate these diagrams for

the given structure, the idealized cracked cross-section shown in the following

figure is assumed. The mechanical reinforcement ratio, cds, is in all cases 0.108.

The following nondimensional diagrams were generated numerically. Each

curve corresponds to a constant value of n. The maximum value of n used, 0.10,

is roughly equal to Py/(bdfc). In all cases, dN = d, i.e., axial compression is applied
at the level of bonded longitudinal reinforcement.

To obtain values from the charts for a given combination of Af, N, and dN, axial

force N is moved to the level of bonded longitudinal reinforcement and bending
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fc = 350

»,= 140

d = 655

Idealization of cracked cross-section (unbonded prestressing steel not shown)

0.005

0.004-1

0.003

0.002

0.001

0.06 0.08 0.1

0.000 —i—
0.08

0.04
0.08

0.12 0.16

Kd versus m (elastic phase)

0.020 -,

0.015

0.010

0.005

0.20 0.14 0.15 0.16 0.17 0.18 0.19

xd versus m (plastic phase)

0.06

0.04 0.08

(1-c/d) versus m

0.12 0.04

z/d versus m

020

Relations between curvature, depth of neutral axis, lever arm, and moment (all quantities are

nondimensional): numbers next to curves denote values of n

moment is adjusted accordingly. The transformation is made according to the

following equation: Af* = M+N(dN-d), where Nis total axial force due to pre¬

stressing and shear in the web. (The sign Convention used is shown in the fol¬

lowing figure.) The nondimensional expression for Af*, m*, can then be used

with n for looking up values of Kd, (1-c/d), and z/d in the charts.
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N Is equivalent to

sHHaaaMHaMHBMaaaaaHaHH^

Transformation of moment from M to M*

G.3 Solution

Calculations proceed as described in Section 2.3.4:

1. Estimate force in unbonded prestressing steel at ultimate limit state.

2. Calculate ultimate load from flexural equilibrium at ultimate limit state.

Estimated

/».[kN]
W/JkN] PJibdf.) P. + Tv Estimated

z»[m]
A/^IkNm] tfJkN/m]

700 8047 0.087 1570 0.590 46 70.4

Ultimate moment is obtained from the following equation:

[(Pu + Tsy)zu A/J
—£- = 8(1570-0.59 46)/100 = 70.4 kNm

3. Calculate elongation of unbonded prestressing steel corresponding toq = 70.4 kN/m

and P - 700 kN. The procedure given in Section 2.3.1 is used. Only the left half

of the girder is considered.

Step 1. Compute sectional forces due to g + q.

Step 2. Establish boundary of uncracked region. This calculation is straightfor¬
ward and yields x = 0.43 m.

Step 3. Compute estimated profile of compression chord in cracked regions,
Zoix). This Information is used to compute axial force due to shear and is thus pri¬

marily of interest in cracked-elastic regions. The boundary of the cracked-plastic
region is first estimated. The assumed value of P corresponds to a value of 0.087

for n. The corresponding value of m-y ,
read from the z/d-m diagram, is 0.172.

This corresponds roughly to jc = 4.20 m. The actual boundary will be slighüy
doser to the support man this estimate due to the diagonals in the transition

portion of the cracked-plastic region. As a first estimate, the boundary is

assumed at x = 4.00 m. The calculation of zo takes account of Variation in dN due

to drape of the tendon. It is summarized in the following table.

Step 4. Calculate axial force due to shear in cracked-elastic region. Because

Variation in z0 *s small except near the boundaries of the uncracked regions,
shear carried by indination of the compression chord can be neglected over most
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Step 3: Estimate of Zq in Cracked-Elastic Region (» = 0.087)

x[m]

[kNm]
dP[m\ m* Zo/d (from charts) Zo

4.00 888 0.643 0.170 0.88 0.58

3.60 853 0.631 0.165 0.88 0.58

3.00 777 0.606 0.154 0.88 0.58

2.20 635 0.559 0.133 0.88 0.58

1.00 333 0.460 0.089 0.83 0.54

of the cacked-elastic region. Shear force in the web, Vweb, is thus calculated by
deducting the shear in the inclined tendons, VP, from the total shear at the given
cross-section. Inclination of the compression diagonals is assumed to be 60° at x

= 4.00 m and 45° at all other points. At the outermost point considered (x = 1.00

m), it is assumed that Vweb = 0. This is a conservative assumption. The calculation

is summarized in the following table:

Step 4: Calculation of Nv in Cracked-Elastic Region

jc[m] Vm[kN] (KdpVdx V,[kN] V-JkNl 0[deg] yVv[kN] AklkN]

4.00 70 0.024 17 53 60 31 669

3.60 99 0.034 24 75 45 75 625

3.00 141 0.049 34 104 45 104 596

2.20 197 0.068 48 149 45 149 551

1.00 281 0.098 68 0 — 0 700

Step 5. Generate corrected profile of compression chord in cracked regions.
This step is required to determine the lengüi of the transition portions of the

cracked-plastic region. In lieu of a detailed calculation, it can be assumed that

this length is z/tan60° = 0.34 m, where z = 0.59 m and 60° is the angle of compres¬

sion diagonals estimated at x = 4.00 m. The boundary of the central portion of

the cracked-plastic region can thus be estimated as x = 4.34 m.

Step 6. Calculate curvature and depth of neutral axis. This step is carried out

for the cracked-plastic and cracked-elastic regions separately. Only the central

portion of the cracked-plastic region is considered, which implies n = 0.087

throughout.

Step 6: Calculation of »fand c in Cracked-Plastic Region (Central Portion Only)

x[m] M,+, [kN m] m Kd 1-c/d

5.00 925 0.176 0.014 0.750

4.95 925 0.176 0.013 0.745

4.90 925 0.176 0.010 0.740

4.34 909 0.173 0.004 0.650

In the cracked-elastic region, the location of the resultant compression force

must be taken into account. It is assumed that axial force due to shear is located



160

halfway between the centroid of bonded longitudinal reinforcement and the

flexural compression force.

Step 6: Calculation of fand c in Cracked-Elastic Region

x[m]

[kNm]
AUkN] dN[m] tn* n Kd 1-c/d

4.00 888 669 0.655 0.168 0.083 0.0043 0.61

3.60 853 625 0.665 0.161 0.078 0.0039 0.61

3.00 777 596 0.649 0.148 0.074 0.0035 0.61

2.20 635 551 0.605 0.126 0.070 0.0028 0.60

1.00 333 700 0.460 0.089 0.087 0.0011 0.42

Steps 7 and 8. Calculate ecP(x) and AlP. These two steps are straightforward.
The values of wd in the table are converted to curvatures by multiplying by d =

0.655 m. Values of c are obtained from the following transformation:

[- (1 - c/d) + 1] d, where (1 - c/d) is given in the table. Integration for AlP,

performed numerically using the trapezoidal rule, yields 0.020 m. The procedure
continues with item 4 of Section 2.3.4:

4. Calculate force in unbonded prestressing steel corresponding to the computed value of
Alp. Assuming prestressing steel remains linear elastic, P is obtained from the

following equation:

^pr _ . „
0.02 205000,

/
lP0

P =

¦£-»,
+ *„ =

^^539
+ 590 - 791 kN

The computed value of force in unbonded prestressing steel is 13% greater
than the assumed value. Another iteration could be performed to refine the Solu¬

tion. The assumption of linear elastic behavior for prestressing steel made in the

above equation is generally not conservative and was made here for conve-

nience only.
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