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Zusammenfassung

Mehrere Fragestellungen aus der Variationsrechnung, wie zum Beispiel notwendige
Optimalitätsbedingungen für nichtlineare Programme, Lösungen von Variations-
ungleichungen mit expliziten Gleichungs- bzw. Ungleichungsnebenbedingungen und
Lösungen von nichtlinearen Komplementaritätsproblemen, können durch eine Re-
formulierung als Gleichung oder verallgemeinerte Gleichung analysiert und gelöst
werden.
Die so entstandenen Gleichungen sind oft nichtglatt, obwohl das Originalproblem
durch glatte Funktionen beschrieben ist. Deshalb benötigt man Methoden, die mit
nichtglatten Daten umgehen können.
In dieser Arbeit konzentrieren wir uns auf Gleichungen, die durch speziell gegliederte
lokale Lipschitzfunktionen definiert sind, die sogenannten verallgemeinerten Kojima
Funktionen. Die spezielle Gliederung dieser Funktionen ist geeignet um verschiedene
verallgemeinerte (Richtungs-) Ableitungen zu beschreiben und auszurechnen.
Damit kann man für die Lösung der zugehörigen Lipschitzgleichung Newton-typ
Methoden (sogenannte nichtglatte Newton Methoden) entwickeln.

Diese Arbeit besteht aus drei Hauptteilen: Der Bestimmung einer geeigneten lokalen
Newton Methode, der Globalisierung dieser Methode und der Anwendung bzw. nu-
merischen Tests der globalisierten Methode.

In einem ersten Teil führen wir verallgemeinerte Kojima Funktionen und verschiedene
verallgemeinerte Ableitungen ein. Wir berechnen diese verallgemeinerten Ableitun-
gen für Kojima Funktionen und erhalten exakte Formeln. Diese Formeln sind im
Speziellen nützlich für unsere Hauptanwendungen, die ihren Ursprung in nicht-
linearen Programmen mit nur einmal differenzierbaren Daten haben.
Wir arbeiten mit einer lokalen nichtglatten Newton Methode, die in dieser Art
von Bernd Kummer eingeführt wurde. Diese Methode kann verschiedene verall-
gemeinerte Ableitungen handhaben und lässt inexakte Lösungen der Newtonglei-
chung zu. Die abstrakten Konvergenzbedingungen sind für verallgemeinerte Kojima
Funktionen ausgearbeitet.

In einem zweiten Teil beschreiben wir in einem allgemeinen Rahmen eine Globali-
sierung dieser lokalen Methode durch eine Pfadsuche mit Backtracking.
Wir diskutieren und analysieren die Gründe eines allfälligen vorzeitigen Abbruchs
der globalisierten Methode. Unter der Annahme der Zulässigkeit geben wir eine
globale Konvergenzaussage an. Und zeigen, dass die globalisierte Methode diesel-
ben lokalen Konvergenzeigenschaften hat wie die lokale Methode.
Wir präsentieren ausserdem eine Modifizierung der globalisierten Methode, welche
die Anbindung eines geeigneten Verfahrens erster Ordnung ermöglicht.

Der dritte Teil beschäftigt sich mit den Anwendungen der globalisierten Methode
und numerischen Tests. Wir präzisieren die einzelnen Schritte unserer Methode für



endlich dimensionale Optimierungsprobleme und nichtlineare Komplementaritäts-
probleme. Die numerischen Resultate für Testprobleme aus dem Gebiet der (ver-
allgemeinerten) semi-infiniten Optimierung bzw. der nichtlinearen Komplemen-
taritätsproblemen sind sehr zufriedenstellend. Sie bestätigen die theoretischen Kon-
vergenzresultate, die wir im zweiten Teil hergeleitet haben.



Abstract

Several problems in variational analysis for e.g. necessary optimality conditions
for nonlinear programs, solutions of variational inequalities with explicit equal-
ity/inequality constraints and nonlinear complementarity problems, can be analyzed
and solved by reformulating the original problem as an equation or generalized equa-
tion (inclusion). However, even if the original problem is completely described by
smooth functions, nonsmoothness of the resulting equation may appear in a very
natural way. This requires methods, which may handle nonsmoothness. The focus
of this work is on equations defined by locally Lipschitz functions having a special
structure, the so called generalized Kojima functions. This structure is suitable to
describe and compute standard generalized (directional) derivatives and to develop
generalized Newton-type methods (so called nonsmooth Newton methods) for solv-
ing the related Lipschitz equation.

This work is divided in three parts: The identification of a suited local nonsmooth
Newton method, the globalization of this method and the application and numerical
testing of the globalized method.

In a first part we review the class of generalized Kojima functions and different
generalized derivatives. We compute these generalized derivatives for generalized
Kojima functions and obtain exact formulas, especially for our main application
class resulting from nonlinear programs with data, which are not twice differen-
tiable, but differentiable with locally Lipschitzian derivative.
We consider a local nonsmooth Newton method introduced by Bernd Kummer,
which can handle different generalized derivatives and allows inexact solutions of
the Newton equation. We work out the abstract convergence conditions from this
method for generalized Kojima functions.

In a second part a globalization of this local method by a path search with non-
monotone backtracking is described in a rather general framework. We discuss and
analyze the causes for a possible premature termination. Under the assumptions
of feasibility we give a global convergence theorem. We show that the globalized
method inherits the convergence properties from the local Newton method.
We also present a modification of the globalized method, which enables the integra-
tion of a suited first order method.

A third part is devoted to the applications and numerical testing of the globalized
method. We specify the single steps of our method for finite dimensional optimiza-
tion problems and complementarity problems. The numerical results on a set of
test problems from (generalized) semi-infinite optimization and nonlinear comple-
mentarity problems are very satisfying. They confirm the theoretical convergence
results derived in the second part.
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1 Introduction

In this work we consider generalized Kojima functions, which allow us to repre-
sent among other things solutions of variational inequalities, stationary points of
nonlinear optimization problems and solutions of complementarity problems in an
unified way as nonsmooth equations. This form was introduced by Kojima [29] for
optimization problems and generalized by Klatte and Kummer [35, 26, 27]. The
simple structure of these functions allows us to compute several standard general-
ized derivatives. This gives access to the use of nonsmooth Newton methods. We
consider a local, nonsmooth Newton method introduced by Kummer [31, 33], which
can handle different generalized derivatives. This method allows inexact solutions
of the Newton equation, which is numerically interesting but also accommodates
that in the nonsmooth case there is possibly no exact solution. We think that this
method is especially suited for our main applications, which will be some special
structured optimization problems (see section 4).
In contrast to other nonsmooth Newton methods there was no suited globalization
for this local method up to now. Locally convergent methods require a starting
iterate to be close to the unknown zero of the function h. In order to deal with
the situation, where a good starting iterate is not available, we introduce a natu-
ral damping, via the so-called path search instead of traditional line search. This
damping enlarges the domain of convergence and therefore the method is said to be
globally convergent. It is natural in several senses. First of all the convergence be-
havior of the method is in general the same as for the traditional line search. Under
appropriate conditions we get, roughly speaking, linear convergence of the function
values far from a solution and superlinear resp. quadratically convergence near a
solution. Secondly the (nonlinear) path is a natural generalization of the linear
path, since the local method allows inexact solutions and nonlinear approximations
(see discussion below). Our algorithm is inspired by the work of Ralph [49] and the
classical Gauss-Newton resp. inexact Newton methods in the smooth case (see e.g.
Dennis, Schnabel [9], Dembo [7] or Geiger, Kanzow [18] for a more recent reference).
We discuss the differences and similarities in detail at the end of section 3.1.3 and in
section 6. We also investigate a nonmonotone path search. Nonmonotone methods
in the context of (smooth) unconstrained optimization were introduced by Grippo,
Lampariello and Lucidi [20].
We applied and implemented our globalized algorithm to special optimization prob-
lems (semi-infinite optimization and generalized Nash equilibriums) and nonlinear
complementarity problems. The optimization problems have objective and con-
straint functions, which are only one time differentiable. The implementation was
done with MATLAB and GAMS.

Let us start with an illustrative example to introduce the main topics of our work.
For the moment, our model of a nonsmooth function F will be the following. Let
a(x), b(x) be continuously differentiable functions from Rn to Rn. We define F :
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R2n → R2n

F (x, y) =

(
F1(x, y)
F2(x, y)

)
, where F1(x, y) = a(x)− y+, F2(x, y) = −b(x)− y−,

and where y+
i = max{0, yi}, y−i = min{0, yi} for i = 1, ..., n.

F (x, y) is only nonsmooth at the point (x, y), if yi = 0 for one i ∈ {1, ..., n} holds.
The system F (x, y) = 0 is just a reformulation of the nonlinear complementarity
problem (NCP), i.e. find x ∈ Rn such that

a(x) ≥ 0, b(x) ≥ 0 and 〈a(x), b(x)〉 = 0.

We choose NCP’s for the moment because they are suited well to explain our main
ideas. As mentioned above we have specially structured optimization problems as
applications in our mind (see section 4).
There are other possibilities to reformulate an NCP as a nonsmooth equation. Other
reformulations would be e.g. with the help of NCP-functions (see section 2.3.1) or
as normal equations (see e.g. [52, 49]). There is a fully developed theory, algorithms
and software based on the reformulation via NCP-functions (see references below on
page 12).

F (x, y) is an instance of a big class of functions, the so called generalized Kojima
functions. We define them in section 1.1, give examples and apply our Newton
framework in section 4 and 5.

We wish to solve the equation

F (x, y) = 0, (x, y) ∈ R2n.

For us solve means that we want to have an algorithm that under adjusted assump-
tions produces a sequence, for which all accumulation points are zeros of F . Our
assumptions will neither imply the feasibility of the algorithm nor guarantee the
existence of a solution in general.
We introduce some notations. Let Ω ⊆ R2n be the set of points, where the Fréchet
derivative DF of F exists and let ‖·‖ be an arbitrary norm in R2n. One possibility
to define a generalized derivative for F is D0F , where D0F is given by

D0F (x, y) = {A|A = lim
k→∞

DF (sk, tk), with {(sk, tk)}k∈N ⊆ Ω, lim
k→∞

(sk, tk) = (x, y)}.

Following Kummer [31, 33, 27] we proceed for a local method as in the smooth case.
Suppose (xk, yk), k ∈ N0 is the current iterate, we define (xk+1, yk+1) as a solution
of

(F (xk, yk) + A((x, y)− (xk, yk))) = 0, with some A ∈ D0F (xk, yk).

The success of the local method, i.e. superlinear convergence of the sequence
{(xk, yk)}k∈N whenever (x0, y0) is close enough to a zero (x∗, y∗), relies on two key
properties of the derivative D0F (x, y).
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• D0F approximates F near (x∗, y∗), i.e.

F (x, y)− F (x∗, y∗)−D0F (x, y)((x, y)− (x∗, y∗)) ⊆ o((x, y)− (x∗, y∗))B,

where B denotes the closed unit ball in R2n and o((x, y) − (x∗, y∗))/‖(x, y) −
(x∗, y∗)‖ → 0 as (x, y) → (x∗, y∗).

• All the matrices in D0F (x∗, y∗) are bounded invertible, i.e.

‖A−1‖ ≤ C, ∀ A ∈ D0F (x∗, y∗)

with C > 0.

These properties are in particular interesting because they guarantee the success of
the method even if we replace D0F by another generalized derivative. We will also
show strong connections to standard assumptions for complementarity problems like
monotonicity and to other problem reformulations like complementarity functions
(see section 2.3).

For global convergence we propose a damping of Newton’s method suitable for non-
smooth equations F (x, y) = 0. What can we learn from the local method discussed
above? Let u be a solution of the Newton step, i.e.

F (xk, yk) + Au = 0, with some A ∈ D0F (xk, yk). (1)

We observe that along the path p(τ) = (xk, yk) + τu with τ ∈ [0, 1] the model goes
“fast” to zero as τ goes from 0 to 1, by which we mean that,

F (xk, yk) + A(p(τ)− (xk, yk)) = (1− τ)F (xk, yk)

and therefore
F (p(τ)) = (1− τ)F (xk, yk) + o(τ)B.

We can show that under the two key properties above, it holds

‖F (p(1))‖ ≤ (1− γ)‖F (xk, yk)‖, with γ ∈ (0, 1),

i.e. we reduce the merit function ‖F (x, y)‖ by a constant factor.

Suppose now that the current iterate (xk, yk) is still far away from a zero (x∗, y∗).
We can not assure that the Newton step (1) is solvable. Therefore we are looking
for a Lipschitz continuous path p : [0, τ ] → R2n with τ ∈ (0, 1] and p(0) = (xk, yk),
which fulfils

∅ 6= (F (xk, yk) + D0F (xk, yk)(p(τ)− (xk, yk))) ∩ (1− τ)‖F (xk, yk)‖, ∀τ ∈ [0, τ ].

With the help of a path search we determine a τ ′ ∈ [0, τ ] such that, with γ ∈ (0, 1),

‖F (p(τ ′))‖ ≤ (1− γτ ′)‖F (xk, yk)‖
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holds. Then the next damped iterate is (xk+1, yk+1) = p(τ ′).

The last part of this section is devoted to the literature and a short overview of the
following sections.

Local Newton methods and some of its variants (e.g. inexact Newton methods) are
well known for solving systems of nonlinear equations defined by Fréchet differen-
tiable functions. There are modifications of the basic method, like damped Newton
or Gauss-Newton methods, which enlarge the domain of convergence. Standard ref-
erences for the smooth case are Ortega and Rheinboldt [39], Dennis and Schnabel
[9], Dembo [7] and a more recent reference Geiger and Kanzow [18].
The classical Newton method and its modifications for solving nonlinear equations
have been generalized to solve problems in mathematical programming. In the two
papers [50, 51] about strongly regular generalized equations, Robinson was one of
the first in this development. Resulting from this, many authors studied nonsmooth
equations by Newton methods in different settings. We will just mention some of
the first important contributions. There were articles by Kojima and Shindo [30],
Pang [41], Kummer [31, 33], Qi and Sun [46] and again Robinson [53].
Subsequently the globalization of these methods was of concern. Up to now there
are basically three techniques namely path search methods, line search methods and
trust region methods. A good overview is given in the recent book by Facchinei and
Pang [13]. Among the first contributions are the works of Ralph [49], Pang, Han and
Rangaraj [41, 42, 43, 21], De Luca, Facchinei and Kanzow [5], Dennis, Li and Tapia
[10] and Qi and Sun [47]. We refer again to [13] for a more complete list of references.

The sections to come are as follows:
In section 1.1 we enhance our interest for nonsmooth equations by introducing the
very rich class of (nonsmooth) generalized Kojima functions. In section 1.2 we state
the definitions of the generalized derivatives used in this work.
After restating Kummer’s approach in section 2.1, we write out the abstract con-
vergence conditions for the respective problem classes in section 2.2 and show con-
nections to other solution methods and standard assumptions there. In section 2.3
we introduce another approach to describe an NCP with a nonsmooth equation via
NCP-functions. We show strong connections to the Kojima function approach.
We introduce our globalized algorithm in section 3.1.1. We consider a path search
idea (see introduction above). It seems natural to us to work with a (possible)
nonlinear path, when using (possible) nonlinear approximations Gh of h. At this
place we want to stress that we are not so much interested in the feasibility of the
algorithm but rather in the kind of limit points we get, when the algorithm does
not stop prematurely.
Premature termination is discussed in section 3.1.2. There we show that the al-
gorithm either stops at a stationary point or when the path does not go along a
descent direction of the merit function. In section 3.1.3 we state a global conver-
gence theorem under the assumption of feasibility of the algorithm. The transition
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to fast local convergence e.g. the acceptance of the full path length is discussed in
section 3.1.4. In section 3.2 we modify our base algorithm from section 3.1.1. This
allows a better interpretation of the global convergence conditions.
In the sections 4 and 5 we apply our abstract framework. In section 4 we introduce
our applications and work out the theory, so that we can make use of the algorithm
in section 3.1.1, e.g. we calculate the needed derivatives. In section 5 we present
implementation details (e.g. the computation of a path p(τ)), test problems and
numerical results of the respective application.
The last section 6 contains a summary and a discussion on related literature.

Notations

In this work we will make use of the following notations and conventions.
For normed vector spaces X and Y we indicate by the symbol f ∈ C0,1(X,Y ) that
f : X → Y is a locally Lipschitz function, i.e. for each x ∈ X there is a neighborhood
U 3 x and a constant L such that ‖f(x′)− f(x′′)‖ ≤ L‖x′ − x′′‖ for all x′, x′′ ∈ U .
We always consider vectors in Rn as column vectors. To simplify notation we write
(x, y) ∈ Rn+m to concatenate two vectors x in Rn and y in Rm. (x, y) is regarded
again as a column vector. With 〈·, ·〉 we denote the standard scalar product in Rn.
Let g : Rn+m → Rk be a function, we denote the Fréchet derivative of g at the point
(x, y) by Dg(x, y). The Jacobian matrix Dg(x, y) has the dimension (k × (n + m))
and is of the form

Dg(x, y) =




∂g1(x,y)
∂x1

· · · ∂g1(x,y)
∂ym

...
. . .

...
∂gk(x,y)

∂x1
· · · ∂gk(x,y)

∂ym


 .

If k = 1 holds, we denote with Dg(x, y) the gradient and with D2g(x, y) the Hessian
of g at the point (x, y). We regard the gradient as a column vector in Rn+m, so we
save ourself to write to much transpose signs. We will also use Dxg(x, y) to denote
the Jacobian matrix of the function g(·, y), where we fix y in Rm. The same notation
will be used for the generalized derivatives introduced in section 1.2. We also call a
continuously differentiable function g smooth.
We say that an assertion holds for all x near x∗ if it holds for all x in a neighborhood
U of x∗.

1.1 Generalized Kojima functions

In the introduction above we already mentioned different ways to study the solution
of a nonlinear complementarity problem as a zero of a nonsmooth function F . We
prefer an approach that unifies critical points of optimization problems, solutions
of variational inequalities and nonlinear complementarity problems as zeros of some
nonsmooth function F sending Rd into itself. There are different possibilities for
this purpose. We will deal with some of them in section 2. In this work we consider
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a system of equations, which are defined by local Lipschitz functions of a special
structure and are originated from the Karush-Kuhn-Tucker conditions (short KKT
conditions) for C2-optimization problems. It was Kojima [29] who introduced this
form for optimization problems. This motivates the term generalized Kojima func-
tions. We will apply our local and global Newton framework and investigate the
convergence conditions for such systems.
In this section and section 1.2 we follow more or less the book of Klatte and Kummer
[27].

1.1.1 Motivation and definition

The origin of the notion are nonlinear optimization problems. Therefore we start
with the task

min f(x)
s.t. gi(x) ≤ 0, i = 1, ...,m

hk(x) = 0, k = 1, ..., l
(2)

with f(x), gi(x), hk(x) ∈ C1,1(Rn,R) for all i = 1, ...,m, and for all k = 1, ..., l.
C1,1(Rn,R) is the set of functions from Rn to R having locally Lipschitz first
Fréchet derivatives.
The necessary optimality conditions for a local minimizer of problem (2) in the sense
of Karush, Kuhn and Tucker have under some constraint qualification the form

Df(x) +
m∑

i=1

yiDgi(x) +
l∑

k=1

zkDhk(x) = 0

g(x) ≤ 0, y ≥ 0, 〈y, g(x)〉 = 0 (3)

h(x) = 0.

We call a solution (x, y, z) of (3) a Karush-Kuhn-Tucker point (KKT point) of (2).
If (y, z) exists such that (x, y, z) is a KKT point, we call x a stationary solution to
(2).
The second line in (3) is just an NCP. Therefore, with the same reformulation as in
the introduction, we get a function F : Rd → Rd , d = n + m + l,

F (x, y, z) =




F1(x, y, z)
F2(x, y, z)
F3(x, y, z)


 =




Df(x) +
∑m

i=1 y+
i Dgi(x) +

∑l
k=1 zkDhk(x)

g(x)− y−

h(x)


 , (4)

where y+
i := max{yi, 0} and y−i := min{yi, 0} and the vectors y+ and y− are defined

by the components y+
i and y−i for all i = 1, ..., m. The function F is called Kojima

function of the program (2). If (x, y, z) ∈ Rd is a zero of F , we say that (x, y, z) is
a critical point.
Evidently it holds

(x, y, z) is a KKT point ⇒ (x, y + g(x), z) is critical

(x, y, z) is critical ⇒ (x, y+, z) is a KKT point.
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The Kojima function F allows us to characterize critical points as a zero of a non-
smooth Lipschitz function. F remains nonsmooth, even if f(x), gi(x), hk(x) ∈
C2(Rn,R) for all i = 1, ..., m, and for all k = 1, ..., l, holds. C2(Rn,R) is the set of
twice continuously differentiable functions from Rn to R. The success of non-
smooth Newton methods applied to Kojima functions lies in their simple structure.
We will explain what we mean by simple in the next sections.

Generalized Kojima functions

Computing generalized derivatives for the Kojima function defined in (4) one ob-
serves that the concrete form of F1 is not required (see section 1.2). The same
derivation rules can be applied if one replaces Df , Dgi and Dhk by arbitrary Lip-
schitz continuous functions Φ, Ψi and Γk. The same was observed in [35] for several
regularity results. We shall see in the next section that there are a couple of inter-
esting objects besides Kojima functions, which can be modeled like this.

Definition 1.1. [35] (Generalized Kojima function)
A function F : Rd → Rd, d = n+m+ l, is said to be a generalized Kojima function,
if it has the representation

F (x, y, z) = M(x)N(y, z),

where N(y, z) = (1, y+, y−, z), (y, z) ∈ Rm+l, lies in R1+2m+l and M(x), x ∈ Rn, is
defined by

M(x) =




Φ(x) Ψ(x) 0 Γ(x)
g(x) 0 −E 0
h(x) 0 0 0


 , (5)

where E is the (m ×m)-identity matrix, Φ(x) ∈ Rn, g(x) ∈ Rm, h(x) ∈ Rl, Ψ(x)
and Γ(x) are matrices formed by the vectors Ψ1(x), ..., Ψm(x), Γ1(x), ..., Γl(x) in Rn.

A generalized Kojima function F has the explicit form

F (x, y, z) =




F1(x, y, z)
F2(x, y, z)
F3(x, y, z)


 =




Φ(x) +
∑m

i=1 y+
i Ψi(x) +

∑l
k=1 zkΓk(x)

g(x)− y−

h(x)


 . (6)

Comparing (4) and (6) one sees that the components F2 and F3 stay the same. We
will also consider the case l = 0, i.e. z and F3 disappear then.

1.1.2 Examples

In this section we give typical examples of generalized Kojima functions. More
examples can be found in [27, 45].
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Nonlinear complementarity problems

Given local Lipschitz functions a, b: Rn → Rn, one has to find x such that

a(x) ≥ 0, b(x) ≥ 0 and 〈a(x), b(x)〉 = 0. (7)

(The functions a and b in (7) do not have to be Lipschitz, but we will only consider
this case.)
With y ∈ Rn, we rewrite the conditions as a(x) = y+, b(x) = −y− which yields the
equation

F (x, y) = 0, where F1(x, y) = a(x)− y+, F2(x, y) = −b(x)− y−. (8)

We obtain a generalized Kojima function on R2n with

Φ(x) = a(x), Ψ(x) = −E, g(x) = −b(x).

We describe another approach to model nonlinear complementarity problems via
so-called NCP-functions in section 2.3.

Variational inequalities

We consider variational inequalities in the following form. Given a closed set C in
Rd and a continuous function H : Rd → Rd, one has to find an s ∈ C such that

〈H(s), c− s〉 ≤ 0, ∀c ∈ C. (9)

The set C shall be described by C = {s|g(s) ≤ 0} with g ∈ C1(Rd,Rm).
Under a constraint qualification for the set C at the point s the variational inequality
(9) is equivalent to the equation

F (s, y) =

(
F1(s, y)
F2(s, y)

)
=

( −H(s) +
∑m

i=1 y+
i Dgi(s)

g(s)− y−

)
= 0.

F is again a generalized Kojima function, where Φ(s) = −H(s) and Ψ(s) = Dg(s)T .
In comparison with the usual Kojima function only Df is replaced by −H.

Nash Equilibria [27]

Let u, v : Rn+m → R be two functions with u, v ∈ C1(Rn+m,R) and X, Y compact,
convex and nonempty sets in Rn and Rm. The problem of finding a Nash equilibrium
is given as follows. Find (s0, t0) ∈ (X,Y ) such that

u(s0, t0) ≥ u(s, t0) ∀ s ∈ X

v(s0, t0) ≥ v(s0, t) ∀ t ∈ Y. (10)

If the sets X and Y are defined by

X = {s|p(s) ≤ 0} and Y = {t|q(t) ≤ 0},
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where p(s) and q(t) are one time continuously differentiable functions on X resp.
Y , then the necessary optimality conditions of (10) under a constraint qualification
are as follows:

−Dsu(s, t) + Dp(s)T y+
1 = 0

−Dtv(s, t) + Dq(t)T y+
2 = 0 (11)

p(s)− y−1 = 0, q(t)− y−2 = 0,

where y1, y2 are the suitable dual variables. The system (11) is a generalized Kojima
functions with

Φ(s, t) = (−Dsu(s),−Dtv(t)) and Ψ(s, t) =

(
Dp(s)T 0

0 Dq(t)T

)
.

If the game contains common constraints for both players, problem (10) becomes
the following. Find (s0, t0) in X × Y with g(s0, t0) ≤ 0 such that

u(s0, t0) ≥ u(s, t0) ∀ s ∈ (X ∩ {s|g(s, t0) ≤ 0})
v(s0, t0) ≥ v(s0, t) ∀ t ∈ (Y ∩ {t|g(s0, t) ≤ 0}), (12)

where g(s, t) is a one time continuously differentiable function on X × Y .
As above the necessary optimality conditions of (12) under a constraint qualification
are as follows:

−Dsu(s, t) + Dp(s)T y+
1 + Dsg(s, t)T y+

3 = 0

−Dtv(s, t) + Dq(t)T y+
2 + Dtg(s, t)T y+

4 = 0 (13)

p(s)− y−1 = 0, q(t)− y−2 = 0

g(s, t)− y−3 = 0, g(s, t)− y−4 = 0.

We wish to solve system (13) with a Newton method. The last line in (13) destroys
the good convergence property of the Newton method (see section 2). In general we
can not assume that in a solution of (12) we have the same optimal multiplier y3

resp. y4. If the function u is concave in s and v is concave in t, then it follows from
a result by Rosen [55] that there exists a solution of (12) with optimal multipliers
y3 = y4. Therefore, in this case, we can investigate the system

−Dsu(s, t) + Dp(s)T y+
1 + Dsg(s, t)T y+

3 = 0

−Dtv(s, t) + Dq(t)T y+
2 + Dtg(s, t)T y+

3 = 0

p(s)− y−1 = 0, q(t)− y−2 = 0, g(s, t)− y−3 = 0,

which does not have the defect of (13). Similarly, one can handle games of more
players.
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1.2 Generalized derivatives

In this section we suppose that h ∈ C0,1(Rn,Rm) holds. We introduce only selected
generalized derivatives, which will play a crucial role in the subsequent sections.
Most of the concepts can be introduced more generally, e.g. for multifunctions
and/or for infinite dimensional spaces (see e.g. [54, 27]).

1.2.1 Derivatives of local Lipschitz functions

We start with generalized derivatives, which are defined at a point x relative to a
direction u.

Definition 1.2. [60, 61] (Thibault derivative)
Let h ∈ C0,1(Rn,Rm). The set

Th(x, u) =

{
w ∈ Rm

∣∣∣∣
w = lim t−1

k [h(xk + tku)− h(xk)]
for certain tk ↓ 0 and xk → x

}

is the Thibault derivative of h at the point x in direction u.

Definition 1.3. (Contingent derivative)
Let h ∈ C0,1(Rn,Rm). The set

Ch(x, u) =

{
w ∈ Rm

∣∣∣∣
w = lim t−1

k [h(x + tku)− h(x)]
for certain tk ↓ 0

}

is the contingent derivative of h at the point x in direction u.

Ch(x, 0) = Th(x, 0) = {0} holds at any point x and since we work with h ∈
C0,1(Rn,Rm), we can assure that the sets Th(x, u) resp. Ch(x, u) are nonempty
(since the quotients in the definitions of Ch(x, u) and Th(x, u) are bounded by the
Lipschitz constant of h). Ch(x, u) ⊆ Th(x, u) holds per definition for all x ∈ Rn

and u ∈ Rm. If h is directionally differentiable at the point x in direction u, i.e.

h′(x; u) := lim
t↓0

h(x + tu)− h(x)

t
(14)

exists, then Ch(x, u) = {h′(x; u)} holds.
We will work with the directional derivative in our applications in section 4 and
5. It was the starting point of this work to find a globalized Newton scheme for
directional differentiable Kojima functions.

When one works with Newton methods, normally injectivity conditions like (CI) in
section 2.1 have to be fulfilled. In general these conditions are difficult to charac-
terize with the directional type of derivatives from above. Therefore we consider a
second class of generalized derivatives, which is not defined relative to a direction.
These derivatives try to gather the information from the differentiable points near
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the reference point.

We need to introduce the set Θ(h) for h ∈ C0,1(Rn,Rm),

Θ(h) = {x ∈ Rn| the Fréchet derivative of h exists in x}. (15)

By Rademacher’s theorem (for a proof see e.g. [65]) the set Θ(h) is dense in Rn.
Moreover, for x′ ∈ Θ(h) and x′ near x, the norm of Dh(x′) is bounded by the
Lipschitz constant of h. These facts ensure that the mapping ∂0h : Rn ⇒ Rm×n

defined by

∂0h(x) = {A|A = lim Dh(x′) for certain x′ → x, x′ ∈ Θ(h)} (16)

has nonempty images. The mapping ∂0h is often called the B-subdifferential and
is also denoted by ∂Bh. Now we can define the generalized Jacobian, which is the
basis of Clarke’s concept of nonsmooth analysis [4].

Definition 1.4. [4](Generalized Jacobian)
Let h ∈ C0,1(Rn,Rm). The convex hull defined by

∂h(x) = conv ∂0h(x) (17)

is the generalized Jacobian of h at the point x.

We copy Clarke’s definition. We put for h ∈ C0,1(Rn,Rm)

Θ0(h) = {x ∈ Rn|Dh exists and is continuous near x}, (18)

and
D0h(x) = {A|A = lim Dh(x′) for certain x′ → x, x′ ∈ Θ0(h)}. (19)

In contrast to Θ(h) and ∂h(x) the sets Θ0(h) and D0h(x) may be empty, cf. the real
Lipschitz function in [27, Example BE.0]. For x ∈ Θ0(h) it holds D0h(x) = Dh(x).

Definition 1.5. (Pseudosmooth)
We call h ∈ C0,1(Rn,Rm) pseudosmooth if the set Θ0(h) is dense in Rn.

This property is owned by many Lipschitz functions in applications.
We summarize some relations between these derivatives in the following proposition.
For a proof of it see e.g. [27].

Proposition 1.1. (Generalized derivatives relations)
It holds for h ∈ C0,1(Rn,Rm) at a point x ∈ Rn and in direction u ∈ Rn:

(i) D0h(x) ⊂ ∂0h(x) ⊂ ∂h(x) and Ch(x, u) ⊂ Th(x, u),

(ii) ∂0h(x)u ⊂ Th(x, u),

(iii) Th(x, u) ⊂ ∂h(x)u,

(iv) ∂h(x)u = conv (Th(x, u)).

(v) Ch(x, λu) = λCh(x, u) and Th(x, λu) = λTh(x, u) for all λ ≥ 0, i.e. Ch(x, ·)
and Th(x, ·) are positive homogeneous at x.
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1.2.2 Derivatives of generalized Kojima functions

Generalized Kojima functions F are particularly suitable for computing the deriva-
tives from the previous section. For the Thibault TF (x, u) and the contingent
derivative CF (x, u) we have a product rule, which allows us to derive explicit for-
mulas for them.

Proposition 1.2. [27, Corollary 6.10] (Product rule for TF and CF )
Let F (x, y, z) = M(x)N(y, z) be a generalized Kojima function (1.1), M(x) be a
local Lipschitz function. Then the product rule of differentiation holds for
TF ((x, y, z), (u, v, w)) and CF ((x, y, z), (u, v, w)) at a point (x, y, z) in direction
(u, v, w), i.e.

TF ((x, y, z), (u, v, w)) = [TM(x, u)]N(y, z) + M(x)[TN((y, z)(v, w))]

CF ((x, y, z), (u, v, w)) = [CM(x, u)]N(y, z) + M(x)[CN((y, z)(v, w))].

Proposition 1.2 stays true if we replace M(x) with an arbitrary matrix valued, local
Lipschitz function. We get the following explicit formulas. First we consider the
derivatives of N .

Lemma 1.1. [27, Lemma 7.3] (Derivatives of N)
Let λ0 = (y0, z0) and µ = (v, w) ∈ Rm+l. Then TN(λ0, µ) has the following repre-
sentations:

TN(λ0, µ) = {(0, α, v − α, w)|αi = rivi, ∀i = 1, ..., m, r ∈ RT (y0)},
TN(λ0, µ) = {(0, α, β, w)|(α, β) ∈ JT (y0), v = α + β},

where the sets RT (y) and JT (y) are defined by

RT (y) = {r ∈ [0, 1]n | ri = 1 if yi > 0, ri = 0 if yi < 0}
and

JT (y) =



(α, β) ∈ R2n

∣∣∣∣∣∣

αiβi ≥ 0 if yi = 0,
βi = 0 if yi > 0,
αi = 0 if yi < 0



 .

Moreover, CN(λ0, µ) has the following representations:

CN(λ0, µ) = {(0, α, v − α, w)} with αi = rivi, ∀i = 1, ..., m, {r} = RC(y0, v),

CN(λ0, µ) = {(0, α, β, w)} with JC(y0) = {(α, β)}, v = α + β,

where the sets RC(y, v) and JC(y) are defined by

RC(y, v) =

{
r ∈ {0, 1}n

∣∣∣∣
ri = 1, if yi > 0 or if yi = 0, vi ≥ 0;
ri = 0, if yi < 0 or if yi = 0, vi < 0

}

and

JC(y) =





(α, β) ∈ R2m

∣∣∣∣∣∣∣∣

βi = 0, if yi > 0,
αi = 0, if yi < 0,
αi ≥ 0 ≥ βi, if yi = 0,
αiβi ≥ 0, if yi = 0





.
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The sets RT (y), JT (y) resp. RC(y, v), JC(y) stem from the particular derivative of
the functions y+ and y−. The two representations will be important in the sections
2.2 and 4 and follow from the transformations below.
We set

αi = rivi and βi = (1− ri)vi

for r ∈ RT (y) resp. r ∈ RC(y, v). One can easily see, that

(α, β) ∈ JT (y) resp. (α, β) ∈ JC(y)

holds. Conversely if (α, β) are in JT (y) resp. JC(y), we define v and r by

v = α + β, ri =

{
αi

vi
, if vi 6= 0;

ri = 1, if vi = 0.

Then one concludes that r ∈ RT (y) resp. RC(y, v) holds.

Theorem 1.1. (Explicit formulas TF, CF )
Let F (x, y, z) = M(x)N(y, z) be a generalized Kojima function (1.1), M(x) be a
local Lipschitz function, s0 = (x0, y0, z0) and σ = (u, v, w).
Then TF (s0, σ) consists exactly of all vectors p = (ξ, η, ζ) such that

ξ = a +
∑m

i=1 riviΨi(x
0) +

∑l
k=1 wkΓk(x

0)
ηi = bi − (1− ri)vi ∀ i = 1, ..., m
ζ = c

(20)

holds with some

r ∈ RT (y0) and




a
b
c


 ∈ T




F1(·, y0, z0)
g
h


 (x0, u).

Equivalently, TF (s0, σ) consists exactly of all vectors p = (ξ, η, ζ) such that

ξ = a +
∑m

i=1 αiΨi(x
0) +

∑l
k=1 wkΓk(x

0)
η = b− β
ζ = c

(21)

holds with some

(α, β) ∈ JT (y0) satisfying v = α + β and




a
b
c


 ∈ T




F1(·, y0, z0)
g
h


 (x0, u).

Further, CF (s0, σ) consists of all vectors p = (ξ, η, ζ) such that (20) and (21) hold af-
ter replacing the Thibault derivative with the contingent derivative as well as RT (y0)
and JT (y0) with RC(y0, v) and JC(y0), respectively.

Proof. The proof follows along the lines of theorem 7.6 in [27]. Since we do not
assume that g, h are continuously differentiable, we can not uncouple the Thibault
derivatives of F1(·, y0, z0), g and h. ¤
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The case of a smooth function M(x)

The derivatives TF and CF

If M(x) is a smooth function, then TM(x, u) = CM(x, u) = DM(x)u holds for all
x, u ∈ Rn and only the differences in the derivatives of N are important.
Since all elements in M(x) are smooth, it holds

TF1(·, y0, z0)(x, u) = DF1(·, y0, z0)(x)u, Tg(x, u) = Dg(x)u, Th(x, u) = Dh(x)u

for all x, u ∈ Rn. Therefore we can conclude from theorem 1.1 that the Thibault
derivative of F at s0 = (x0, y0, z0) in direction σ = (u, v, w) can be written as

TF (s0, σ) = {A(s0, r)σ| r ∈ RT (y0)},

where A(s0, r), r ∈ RT (y0), is the quadratic matrix of order d = n + m + l,

A(s0, r) =




DxF1(s0) r1Ψ1(x0) · · · rmΨm(x0) Γ1(x0) · · · Γl(x0)
Dg1(x0)T −(1− r1) · · · 0 0 · · · 0

...
...

. . .
...

...
. . .

...
Dgm(x0)T 0 · · · −(1− rm) 0 · · · 0
Dh(x0) 0 · · · 0 0 · · · 0




. (22)

Analogue, we can write the contingent derivative of F at s0 = (x0, y0, z0) in direction
σ = (u, v, w) as

CF (s0, σ) = {A(s0, r)σ| r ∈ RC(y0, v)}.
With the transformations after lemma 1.1 we can rewrite the Thibault derivative as

TF (s0, σ) = {B(s0)(u, α, β, w)| (α, β) ∈ JT (y0), v = α + β},

where B(s0) is the matrix of order (d× (d + m)),

B(s0) =




DxF1(s0) Ψ1(x0) · · · Ψm(x0) 0 · · · 0 Γ1(x0) · · · Γl(x0)
Dg1(x0)T 0 · · · 0 −1 · · · 0 0 · · · 0

...
...

. . .
...

...
. . .

...
...

. . .
...

Dgm(x0)T 0 · · · 0 0 · · · −1 0 · · · 0
Dh(x0) 0 · · · 0 0 · · · 0 0 · · · 0




. (23)

The corresponding formula for the contingent derivative is given by

CF (s0, σ) = {B(s0)(u, α, β, w)| (α, β) ∈ JC(y0), v = α + β}.

The derivatives ∂0F , D0F and ∂F

If M(x) is smooth, the generalized Kojima function F is only nonsmooth at a point
(x, y, z) if yi = 0 holds for one i ∈ {1, ..., m}. Therefore the sets Θ(F ) and Θ0(F )
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coincide and so do the derivatives ∂0F and D0F . We get the following representation
at the point s0 = (x0, y0, z0)

D0F (s0) = ∂0F (s0) = {A(s0, r)| r ∈ (RT (y0) ∩ {0, 1}m)}.

These identities vanish if M(x) is only a local Lipschitz function.
The generalized jacobian ∂F is by definition the convex hull of ∂0F and we easily
deduce from the representation of ∂0F above that

∂F (s0) = conv ∂0F (s0) = {A(s0, r)| r ∈ RT (y0)} (24)

holds. Therefore
∂F (s0)u = TF (s0, u), ∀ u ∈ Rn, (25)

is also true in this case.





2 Local Newton method

In section 1 we motivated our interest for generalized Kojima functions. They allow
us to write several interesting models from optimization as nonsmooth equations.
Moreover we have seen in section 1.2.2 that we have explicit formulas for generalized
derivatives without any differentiability assumption on the generalized Kojima func-
tion. For example in our applications in section 4 we will work with directionally
differentiable Kojima functions.
Therefore we considered the following local Newton method, which can handle dif-
ferent generalized derivatives and allows inexact solutions of the Newton equation.

2.1 Newton’s method

Following [31, 33, 27], a local Newton method to find a zero x∗ of a nonsmooth
equation

h(x) = 0

can be stated in an abstract framework: Given two normed spaces X, Y and h(x)
a local Lipschitz function with Lipschitz constant L in a neighborhood of a zero
x∗ ∈ X of h, one considers some multifunction

Gh : X ×X ⇒ Y,

which satisfies at least the following conditions

∅ 6= Gh(x, u) and Gh(x, 0) = {0} ∀ x ∈ X, ∀ u ∈ X. (26)

Given an iterate xk, one has to find u ∈ X such that

∅ 6= α‖h(xk)‖B ∩ [h(xk) + Gh(xk, u)], put xk+1 := xk + u, (27)

B is the closed unit ball in Y , 0 ≤ α < 1 is an accuracy parameter. Gh(x, u) plays
the role of a multivalued generalized (directional) derivative. If u ∈ X solves (27)
with α = 0, we speak of an exact solution. A linear ansatz is given if Gh(x, u)
is the image of a set of linear operators, but a nonlinear ansatz is possible too
(see section 1.2 and chapter 10 in [27]). Examples for Gh(x, u) considered in the
literature are amongst others the contingent derivative, the Thibault derivative, the
(normal) directional derivative, the Clarke subdifferential or selections out of them
(see again section 1.2 and [27]).

Definition 2.1. [27, Chapter 10] Let h be in C0,1(X, Y ), x∗ a zero of h and Gh a
multifunction, which fulfils (26). We call the triple (h,Gh, x∗) feasible if, for each
ε ∈ (0, 1), there are positive r and α such that, whenever ‖x0−x∗‖ ≤ r, process (27)
has solutions and generates iterates satisfying

‖xk+1 − x∗‖ ≤ ε‖xk − x∗‖.
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In [27] conditions are given such that superlinear local convergence is ensured. Two
types of conditions are essential, namely an injectivity condition (CI) for Gh at x∗,

‖v‖ ≥ c‖u‖ ∀ v ∈ Gh(x, u),∀ u ∈ X, ∀ x ∈ x∗ + δB, (∃ c > 0, δ > 0 fixed) (CI)

and an approximation condition (CA) for h at x∗,

h(x)− h(x∗) + Gh(x, u) ⊂ Gh(x, x + u− x∗) + o(x− x∗)B, ∀u ∈ X, ∀ x ∈ x∗ + δB,
(CA)

where o(x− x∗)/‖x− x∗‖ → 0 as ‖x− x∗‖ → 0.
Note that (CA) is automatically satisfied if h ∈ C1 and Gh(x, u) = Dh(x)u, but
is an essentially restriction in the nonsmooth case, see Example BE.1 in [27]. The
existence of an exact (α = 0) solution xk+1 of (27) is evident if a linear ansatz
is given and X, Y are finite dimensional, since the injectivity condition (CI) then
ensures regularity of all linear operators in Gh(x, u). We quote the main convergence
theorem because we will need it in section 3.1.4.

Theorem 2.1. (Local convergence I) [27, Theorem 10.7]
Let h be in C0,1(X,Y ) and Gh a multifunction, which fulfils (26).

(i) The triple (h,Gh, x∗) is feasible, if there exists c > 0, δ > 0 and a function
o(·) such that the conditions (CA) and (CI) at x∗ are satisfied.

Moreover, having (CA) and (CI), let

ε ∈ (0, 1), α ∈ (0, 1
2
cεL−1], and let r ∈ (0, δ] be small

enough such that o(x− x∗) ≤ 1
2
c‖x− x∗‖, ∀ x ∈ x∗ + rB.

(28)

Under this condition, the convergence can be quantified as follows:

(ii) If in addition r satisfies

o(x− x∗) ≤ 1

2
αc‖x− x∗‖ ∀ x ∈ x∗ + rB, (29)

then ε, α and r fulfil the requirements in the definition of feasibility. In par-
ticular, (27) remains solvable if ‖x0 − x∗‖ ≤ r.

(iii) If there exists a solution u of (27) for every xk ∈ x∗ + rB, then

‖xk+1 − x∗‖ ≤ 1

2
(1 + ε)‖xk − x∗‖, provided that ‖x0 − x∗‖ ≤ r.

So (29) and ‖xk+1 − x∗‖ ≤ ε‖xk − x∗‖ hold for large k.

(iv) If all xk+1 are exact solutions of (27), then they fulfil

c‖xk+1 − x∗‖ ≤ o(xk − x∗) with o(·) from (CA) if ‖x0 − x∗‖ ≤ r.
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Corollary 2.1. (Local quadratic convergence)
Assume the settings of theorem 2.1 (iv). If additionally o(x − x∗) ≤ q‖x − x∗‖2,
q > 0, holds for all x with ‖x− x∗‖ ≤ r1, r1 > 0, we get

‖xk+1 − x∗‖ ≤ c−1q‖xk − x∗‖2 if ‖x0 − x∗‖ ≤ min{r, r1}.

Proof. It is a direct implication from theorem 2.1 (iv) and the stronger condition on
the function o(·). ¤

2.2 Feasibility

From theorem 2.1 we know that the conditions (CA) and (CI) are crucial for fea-
sibility and therefore for linear or superlinear convergence. We explore these two
conditions in the next section.

We start with a proposition which shows that the conditions (CA) and (CI) are
preserved under (full) composition. We will make use of this result in section 2.3.2.

Proposition 2.1. ((CA) and (CI) under composition)
Let g be in C0,1(Y, Z), h be in C0,1(X, Y ) and f = g ◦ h with X, Y and Z normed
vector spaces. Further let x∗ be a zero of f and the generalized derivatives G2g(y, u) :
Y × Y → Z resp. G1h(x, u) : X × X → Y fulfil the conditions (CA) and (CI) at
h(x∗) resp. x∗.
Then the function f fulfils the conditions (CA) and (CI) at x∗ with the generalized
derivative G3f(x, u) : X ×X → Z defined by

G3f(x, u) =
⋃

s∈G1h(x,u)

G2g(h(x), s),∀x, u ∈ Rn,

if the multifunction G2g(y, ·) is Lipschitz for y near h(x∗).

Proof. The proof is similar to the smooth case. For the ease of notation we do not
distinguish the different norms and unit balls in X, Y and Z.
We start with condition (CI) for f at x∗.
Let x near x∗, u ∈ X and w ∈ G3f(x, u) be arbitrary chosen. By the definition
of G3f(x, u) we have that w ∈ G2g(h(x), v) with v ∈ G1h(x, u) holds. From the
condition (CI) for g resp. h we get

‖w‖ ≥ cg‖v‖ ≥ cgch‖u‖,

with cg, ch from the definition of (CI). Hence (CI) holds for (f,G3f) with cf = cgch

at x∗.
For the condition (CA) we have to show that for w ∈ G3f(x, u)

f(x)− f(x∗) + w ⊂ G3f(x, x + u− x∗) + o(x− x∗)B, ∀u ∈ X, ∀x near x∗, (30)
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holds. From the condition (CA) for g we conclude

f(x)− f(x∗) + w = g(h(x))− g(h(x∗)) + w

⊂ G2g(h(x), h(x)− h(x∗) + s) + og(h(x)− h(x∗))B

holds with s ∈ G1h(x, u). Condition (CA) for h implies

h(x)− h(x∗) + s = t + rh,

with t ∈ G1h(x, x + u− x∗) and rh ∈ oh(x− x∗)B.
We subsume

f(x)− f(x∗) + w ⊂ v + og(h(x)− h(x∗))B
with v ∈ G2g(h(x), t + rh). We choose z ∈ G2g(h(x), t) with

‖v − z‖ ≤ L‖t + rh − t‖ = L‖rh‖,
which is possible by the Lipschitz property of G2g(h(x), ·). It remains to show for
(30) that

lim
x→x∗

og(h(x)− h(x∗))
‖x− x∗‖ = lim

x→x∗

og(h(x)− h(x∗))
‖h(x)− h(x∗)‖

‖h(x)− h(x∗)‖
‖x− x∗‖ = 0.

holds, which is true by the Lipschitz property of h and the definition of og. ¤

2.2.1 The condition (CA)

A function h ∈ C0,1(Rn,Rm) is said to be semismooth at a zero x∗ if the condition
(CA) holds at x∗ for the generalized Jacobian (17), i.e. Gh(x, u) = ∂h(x)u. This
notion, based on Mifflin [38], has been introduced and used for Newton’s method
by Qi, Sun [46] and Pang, Qi [44] and in many subsequent papers. Note that we
translated the original definition of semismoothness from there into our framework.
The class of semismooth functions contains the well known class of piecewise C1

functions.

We also recall the definition of another class for which we can guarantee the condi-
tion (CA). We follow the presentation in [27, 45].

Let h ∈ C0,1(Rn,Rm) be pseudosmooth. These functions appear in many applica-
tions and cover the class of piecewise C1 functions. The derivative D0h(x) introduced
in (19) is nonempty for all x ∈ Rn and it holds

D0h(x) = Dh(x) ∀x ∈ Θ0(h).

D0h is therefore a natural candidate for fulfilling (CA). Furthermore D0h(x) ⊂
M(x), for all x ∈ Rn, holds for all closed maps M(x) satisfying

M(x) = {Dh(x)} ∀x ∈ Θ0(h).

The derivative D0h has in this sense a minimal property.
We state a lemma, which will be important for our applications in section 4 and 5.
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Lemma 2.1. [27, Chapter 6] (Selections of D0h)
If h is pseudosmooth and some selection A(x) ∈ D0h(x) with Gh(x, u) = A(x)u
fulfils (CA) at x∗, then Gh(x, u) = D0h(x)u fulfils (CA) at x∗ too, and it holds

Ch(x∗, u) ⊂ D0h(x∗)u, ∀u ∈ Rn.

Locally PC1 functions

Let h be pseudosmooth. We call h locally PC1 if there is an open dense subset
Ω ⊂ Rn such that h is C1 on Ω and the following holds.
There exists a finite family of open sets U s ⊂ Rn and continuous functions hs :
Rn → Rm satisfying

(i) hs is C1 on U s and Dhs(·) is uniformly continuous on U s∩K for each bounded
set K, and

(ii) for each x ∈ Rn, there exists an r = r(x) > 0 such that given y ∈ Ω∩ (x+rB),
one finds some s with rel int conv {x, y} ⊂ U s, hs(x) = h(x), hs(y) = h(y) and
Dhs(y) = Dh(y).

All piecewise C1 functions are locally PC1 functions, for other examples we refer to
[27, Chapter 6]. We know state a theorem, which motivates the previous definition.

Theorem 2.2. [27, Chapter 6] (Condition (CA) for locally PC1 h)
Let h be a locally PC1 function and x∗ in Rn. Then the generalized derivative
Gh(x, u) = D0h(x)u fulfils the condition (CA) at x∗.

2.2.2 The condition (CI)

Let x∗ be a zero of h ∈ C0,1(X, Y ) and Gh a multifunction which fulfils (26). We call
the generalized derivative Gh injective at x if 0 ∈ Gh(x, u) holds only for u = 0.
The condition (CI) at x∗ ensures injectivity of Gh at all x near x∗. This makes it
worth to take a closer look at injectivity. We start with a general statement, but
first we have to introduce a new term.

Definition 2.2. Let h be in C0,1(X, Y ), x ∈ X and Gh : X ×X ⇒ Y a multifunc-
tion, which fulfils (26). Gh(x, ·) is called positive homogeneous at x, if

Gh(x, λu) = λGh(x, u),∀λ ≥ 0 (31)

holds for all u ∈ X.

Proposition 2.2. (Injectivity and (CI))
Let x∗ be a zero of h ∈ C0,1(Rn,Rm) and Gh a multifunction which fulfils (26). If
Gh(·, ·) is a closed multivalued mapping and Gh(x, ·) is positive homogeneous at all
x near x∗, then the injectivity of Gh at x∗ implies the condition (CI) at x∗.
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Proof. Let us assume that (CI) does not hold at x∗. Then the multifunction Gh
can not be injective at x∗ because of the closedness and the positive homogeneity of
Gh(x, ·) at all x near x∗ and we proved the proposition by contradiction. ¤

Remark. Let h be in C0,1(Rn,Rm). The generalized derivatives Th(·, ·), ∂0h(·) and
∂h(·) are closed mappings (see e.g. [27]).

Corollary 2.2. (Injectivity of ∂0h resp. ∂h)
Let h be in C0,1(Rn,Rn). The generalized derivative ∂0h resp. ∂h is injective at
x ∈ Rn if and only if det A 6= 0 for all A ∈ ∂0h(x) resp. ∂h(x).

Geometrical interpretation of injectivity for CF and TF

Under the assumptions of theorem 1.1 we can state a geometrical interpretation of
injectivity, first given in [32] for usual Kojima functions. Our interpretation is, like
theorem 1.1, a bit more general than the one in [27]. Later it allows us to connect
injectivity to standard assumptions in optimization resp. for nonlinear complemen-
tarity problems.

Let s0 = (x0, y0, z0) be a zero of the generalized Kojima function F . We introduce
the sets

I0 = {i|y0
i = 0}, I+ = {i|y0

i > 0}, I− = {i|y0
i < 0} (32)

and

QT (u) = T




F1(·, y0, z0)
g
h


 (x0, u). (33)

Define the cone UT by

UT = {(u, a, b, c) ∈ R2n+m+l | (a, b, c) ∈ QT (u) with bi = 0 ∀ i ∈ I+, c = 0}
and let XΓ be the subspace of Rn generated by the vectors Γk(x

0), 1 ≤ k ≤ l, where
we put XΓ = {0} if no equations are required. For (a, b, c) ∈ QT (u) we introduce
further the polyhedral cone

KT (u, b) = XΓ +

{ ∑

i∈I0∪I+

λiΨi(x
0) | λi ∈ R ∀ i, λjbj ≤ 0 ∀ j ∈ I0

}
.

Lemma 2.2. (Geometrical interpretation of injectivity for TF )
Let s0 = (x0, y0, z0) be a zero of the generalized Kojima function F = M(x)N(y),
M(x) be a local Lipschitz function. TF is injective at s0 if and only if

(i)
∑

i∈I0∪I+ αiΨi(x
0) +

∑l
k=1 wkΓk(x

0) = 0 implies (α, w) = 0.

(ii) a ∈ KT (u, b), with (u, a, b, c) ∈ UT , implies u = 0.

Proof. Using b = β and (α, β) ∈ JT (y0), the assertion follows from theorem 1.1 and
the description (20) of TF by distinguishing the cases u = 0 and u 6= 0. ¤
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Similarly, one can conclude for the contingent derivative. We define analogue

QC(u) = C




F1(·, y0, z0)
g
h


 (x0, u) (34)

and the cone UC by

UC = {(u, a, b, c) ∈ R2n+m+l | (a, b, c) ∈ QC(u) with bi = 0 ∀ i ∈ I+, c = 0}.

Let XΓ be as above and for (a, b, c) ∈ QC(u) be KC(u, b) the cone defined by

KC(u, b) = XΓ +

{ ∑

i∈I0∪I+

λiΨi(x
0) | λi ∈ R ∀ i, λjbj = 0 ∀ j ∈ I0

}
.

Lemma 2.3. (Geometrical interpretation of injectivity for CF )
Let s0 = (x0, y0, z0) be a zero of the generalized Kojima function F = M(x)N(y),
M(x) be a local Lipschitz function. CF is injective at s0 if and only if

(i)
∑

i∈I0∪I+ αiΨi(x
0) +

∑l
k=1 wkΓk(x

0) = 0, with αj ≥ 0 ∀ j ∈ I0, implies
(α, w) = 0.

(ii) a ∈ KC(u, b), with (u, a, b, c) ∈ UC , implies u = 0.

Proof. Using this time b = β and (α, β) ∈ JC(y0), the assertion follows from theorem
1.1 and the description (21) of CF by distinguishing the cases u = 0 and u 6= 0. ¤

Now we use these interpretations to connect injectivity to standard assumptions in
nonlinear optimization and for nonlinear complementarity problems.

Injectivity for nonlinear optimization problems

In the case of F being the (normal) Kojima function (4) assigned to a nonlinear
optimization problem (2), where all functions are assumed to be twice continuously
differentiable, the Thibault derivative TF resp. the contingent derivative CF has
the following representation (compare to (22)).

TF (s0, σ) = {A(s0, r)σ| r ∈ RT (y0)} resp. CF (s0, σ) = {A(s0, r)σ| r ∈ RC(y0, v)},

where A(s0, r), for r ∈ RT (y0) resp. r ∈ RC(y0, v), is the quadratic matrix of order
d = n + m + l,

A(s0, r) =




DxF1(s0) r1Dg1(x0) · · · rmDgm(x0) Dh1(x0) · · · Dhl(x0)
Dg1(x0)T −(1− r1) · · · 0 0 · · · 0

...
...

. . .
...

...
. . .

...
Dgm(x0)T 0 · · · −(1− rm) 0 · · · 0
Dh(x0) 0 · · · 0 0 · · · 0




. (35)
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The matrix DxF1(s
0) is just the Hessian with respect to x of the Lagrangian

L(x, y, z) = f(x) +
m∑

i=1

y+
i gi(x) +

l∑

k=1

zkhk(x). (36)

Now we summarize several characterizations of injectivity of TF and CF .

Proposition 2.3. [27, Chapter 7] (C2-optimization problems and injectivity)
Let F be the Kojima function (4) assigned to an nonlinear optimization problem (2)
with twice continuously differentiable objective and constraints. Further let F (s0) =
0, then it holds.

(1) The following properties are mutually equivalent:

(i) TF is injective at s0.

(ii) det A(s0, r) 6= 0 for all r ∈ RT (y0).

(iii) det A(s0, r) has the same sign 6= 0 for all r ∈ (RT (y0) ∩ {0, 1}m).

(iv) J ∈ ∂F (s0) are non-singular matrices.

(2) TF is injective at s0 if the following two properties hold,

(i) the vectors {Dgj(x
0) | j ∈ (I0 ∪ I+)} are linearly independent, i.e. the

linear independence constraint qualification (LICQ) holds at x0,

(ii) the strong-second order sufficient optimality condition at s0, i.e. there
holds hT D2

xxL(s0)h > 0 for all

h ∈ {z ∈ Rn | zT Dhi(x
0) = 0 ∀ i = 1, ..., l; zT Dgj(x

0) = 0 ∀ j ∈ I+}\{0},

is fulfilled.

(3) CF is injective at s0 if the following two properties hold,

(i) the identity

{(α, w) |
∑

i∈I0∪I+

αiDgi(x
0) +

l∑

k=1

wkDhk(x
0) = 0, αj ≥ 0 ∀j ∈ I0} = {0}

holds, i.e. the strict Mangasarian Fromowitz condition (SM-
FCQ) is fulfilled.

(ii) the strong-second order sufficient optimality condition at s0, i.e. there
holds hT D2

xxL(s0)h > 0 for all

h ∈ {z ∈ Rn | zT Dhi(x
0) = 0 ∀ i = 1, ..., l; zT Dgj(x

0) = 0 ∀ j ∈ I+}\{0},

is fulfilled.



2.2 Feasibility 33

Proof. The proof of all assertions can be found in [27, Chapter 7]. We want to show
e.g. the proof of assertion (2) by using lemma 2.2.
Since by assumption (LICQ) holds at x0 the condition (i) in lemma 2.2 is fulfilled.
Let us assume that lemma 2.2, (ii) is not fulfilled, i.e. ∃ (u,DxxL(s0)u,Dg(x0)u,Dh(x0)u)
∈ UT\{0} with

DxxL(s0)u =
l∑

j=1

µjDhj(x
0) +

∑

i∈I0∪I+

λiDgi(x0) ∈ KT (u,Dg(x0)u)

By multiplying the previous equation with u from the right we get

0 < uT DxxL(s0)u =
∑

i∈I0

λiu
T Dgi(x

0) ≤ 0

because of the definition of UT , KT (u,Dg(x0)u) and the strong-second order con-
dition and we get a contradiction. Therefore lemma 2.2, (ii) holds too and TF is
injective at s0. The proof of assertion (3) follows along the lines of (2). ¤

Remark. The second assertion in proposition 2.3 shows us that we do not need
strict complementarity, i.e.

gi(x
0) + (y0

i )
+ 6= 0 ∀i = 1, ..., m,

for the convergence condition (CI) at s0. Strict complementarity is a standard
assumption for SQP-methods.

Injectivity for nonlinear complementarity problems

Let F be the generalized Kojima function (8) assigned to 7. In the theory of NCP’s
the strong monotonicity is a well known condition.

Definition 2.3. (Strong monotonicity of NCP’s)
The NCP (7) is called strongly monotone if

〈a(y)− a(x), b(y)− b(x)〉 ≥ λ‖y − x‖2 ∀ x, y ∈ Rn

holds true, where λ > 0 is a fixed constant.

In the case of b(x) = x strong monotonicity implies the existence and the uniqueness
of a solution of a (7) (see e.g. [13]).
From strong monotonicity we get the following relation between the Thibault deriva-
tives of a and b.

Lemma 2.4.
If the NCP is strongly monotone, it holds

〈s, t〉 > 0, ∀
(

s
t

)
∈ T

(
a
b

)
(x, u), ∀ (x, u) ∈ Rn × (Rn \ {0}).
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Proof. Let (
s
t

)
∈ T

(
a
b

)
(x, u)

be given with (x, u) arbitrarily chosen in Rn × (Rn \ {0}). From the definition of
the Thibault derivative we get,

(
s
t

)
= lim

k→∞

(
t−1
k [a(xk + tku)− a(xk)]
t−1
k [b(xk + tku)− b(xk)]

)

for certain tk ↓ 0 and xk → x and so one gets

〈s, t〉 = lim
k→∞

t−2
k 〈a(xk + tku)− a(xk), b(xk + tku)− b(xk)〉 ≥ λ‖u‖2 > 0

¤

Theorem 2.3. (Strong monotonicity and injectivity of NCP’s)
Let F be the generalized Kojima function (8) and be (x, y) in R2n. The derivative
TF is injective at (x, y) if the NCP is strongly monotone.

Proof. Let us assume that TF is not injective at (x, y). Since lemma 2.2 (i) is
always fulfilled for the generalized Kojima function (8), there has to be a vector
(u, s, t) ∈ UT\{0} with

s =
∑

i∈I0∪I+

λi(−ei) ∈ KT (u, t),

where ei denotes the i-th standard unit vector in Rn. We compute the inner product
of s and t,

〈s, t〉 = −
∑

i∈I0

λiti ≥ 0

by the definition of KT (u, t). t lies in T (−b)(x, u) by the definition of UT . Therefore
(−t) is in Tb(x, u) and 〈s, (−t)〉 ≤ 0 holds, which contradicts the strong monotonicity
of the NCP. ¤

2.3 Connections to NCP-function methods

In this section we recall the concept of NCP-functions, see e.g. [13, 27]. We will
look at a special class of NCP-functions, which includes e.g. the Fischer-Burmeister
function and the minimum function.
We will also investigate the conditions (CA) and (CI) and compare the Kojima
function approach with the NCP-function approach.

Let us recall the Thibault derivative TF ((x, y), (u, v)) at the point (x, y) in direction
(u, v) of the Kojima function F defined in (8).
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According to theorem 1.1 we conclude that the Thibault derivative TF ((x, y), (u, v))
consists of all vectors (ξ, η) such that

(
ξ
η

)
∈ T

(
a
−b

)
(x, u) +

n∑
i=1

rivi

( −ei

0

)
+

n∑
i=1

(1− ri)vi

(
0

−ei

)
(37)

holds with some r ∈ RT (y) and ei the i-th standard unit vector in Rn.

We introduce a transformation similar done in [27, 45], which will be useful in sec-
tion 2.3.2 and gives a new interpretation for injectivity of the Thibault derivative.

Lemma 2.5. (Transformation Thibault derivative)
Let a(x), b(x) be in C0,1(Rn,Rn) and x, r two arbitrary points in Rn. Denote by
C̃(r, u, x) the set

C̃(r, u, x) =



c ∈ Rn

∣∣∣∣∣∣

ci = (1− ri)si + riti, ∀ i ∈ {1, ..., n} with

(s, t) ∈ T

(
a
b

)
(x, u)



 ,

then the following holds.
There is a point u 6= 0 with

0 ∈ C̃(r, u, x) (38)

if and only if there is a vector (u, v) 6= (0, 0), so that

0 ∈ T

(
a
−b

)
(x, u) +

n∑
i=1

rivi

( −ei

0

)
+

n∑
i=1

(1− ri)vi

(
0

−ei

)
(39)

Proof. (⇒)Let be 0 ∈ C̃(r, u, x) with u 6= 0. Then there is a

(s, t) ∈ T

(
a
b

)
(x, u)

with

0 = (1− ri)si + riti, ∀ i ∈ {1, ..., n}
One finds v such that (39) holds by setting

vi = si if ri = 1
vi = −ti if ri = 0
vi = si/ri otherwise.

If ri ∈ {0, 1} (39) follows elementary. In the last case , it holds si = rivi by
definition and ti = −(1 − ri)r

−1
i si = −(1 − ri)vi, and (39) follows again by using

(−t) ∈ (−Tb(x, u)).
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(⇐) Now (39) holds with (u, v) 6= 0. u = 0 implies v = 0 and so u 6= 0 holds. The
two equations

si − rivi = 0, ti − (1− ri)vi = 0 with (s, t) ∈ T

(
a
−b

)
(x, u)

assigned to the lines i and n + i, now yield 0 ∈ C̃(r, u, x) due to (1 − ri)si =
(1− ri)rivi = riti and again (−t) ∈ Tb(x, u). ¤

2.3.1 NCP-functions

Definition 2.4. (NCP-functions)
A function g(s, t) : R2 → R satisfying

g−1(0) = {(s, t) ∈ R2
+ | st = 0}

is called a NCP-function.

An NCP-function g allows us an equivalent description of an NCP (7) as a zero of
h : Rn → Rn, where h is defined by

hi(x) = g(ai(x), bi(x)), ∀ i = 1, ..., n. (40)

We will use a special class of NCP-functions called pNCP. This class is introduced
in [27] (see also [45]).

Definition 2.5. [27] (The class pNCP)
A NCP-function g(s, t) belongs to the class pNCP if the following conditions are
satisfied

(a) g is positively homogeneous, i.e. g(λ(s, t)) = λg(s, t) ∀ (s, t) ∈ R2, λ ≥ 0,

(b) (g−1(0) \ {0}) ⊂ Θ0(g),

(c) Dg(s, t) ≥ 0 and Dg(s, t) 6= 0, ∀ (s, t) ∈ Θ0(g),

(d) g is locally PC1.

The minimum function min{s, t} and the Fischer-Burmeister function

s + t−
√

s2 + t2

are two important examples of the class pNCP.
In the next section we will use the following lemma.

Lemma 2.6. [27] (Properties of pNCP-functions)
For every function g in pNCP there is a p > 0, so that ‖Dg(s, t)‖ ≥ p, for all
(s, t) ∈ Θ0(g) holds and as a consequence inf ‖D0g(0)‖ ≥ p. Moreover there are λ,
µ > 0 with Dg(1, 0) = (0, λ) and Dg(0, 1) = (µ, 0).
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2.3.2 The condition (CI) and connections to the Kojima function ap-
proach

We need a generalized derivative for the function h defined in (40). Since h is a com-
posite function, we immediately think of a chain rule. It is well known that chain
rules for generalized derivatives in equation form do not hold in general [17, 27].
In particular we want to make use of the nice properties in lemma 2.6 of the pNCP-
function g. For g we want to use the derivative D0g, which is a linear ansatz and
fulfils (CA) and (CI) . From proposition 2.1 we know that we can composite two
arbitrary generalized derivatives and conserve (CA) and (CI). Hence we proceed as
follows.

In the rest of the section h is always defined by (40) with g in pNCP and a(x), b(x)
in C0,1(Rn,Rn).

h can be understood as the composition of the function f : Rn → R2n with

x 7→ (a1(x), b1(x), a2(x), b2(x), ..., an(x), bn(x))

and the function g̃ : R2n → Rn with

x 7→ (g(x1, x2), g(x3, x4), ..., g(x2n−1, x2n)).

And so we get a generalized derivative GNh(x, u) with

GNh(x, u) =
⋃

s∈Tf(x,u)

D0g̃(f(x))(s)

Using the special form of the functions g̃ and f , we get

GNh(x, u) =





c ∈ Rn

∣∣∣∣∣∣∣∣

ci = di(x)si + ei(x)ti,
(di(x), ei(x)) ∈ D0g(ai(x), bi(x)) and

(s, t) ∈ T

(
a
b

)
(x, u), ∀ i ∈ {1, ..., n}





.

From proposition 2.1 we conclude that (CA) holds for GNh(x, u) at a zero x∗ of h

if (CA) holds for T

(
a
b

)
(x, u) at x∗ of

(
a
b

)
. In the remainder of the section we

investigate condition (CI).

Since the multifunction GNh(·, ·) is also closed, we conclude with proposition 2.2
that GNh is injective at x∗ if and only if (CI) holds for GNh at a zero x∗ of h.

To emphasize the connections to the Kojima function approach, we transform the
set GN(x, u).
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Lemma 2.7.
Let x be an arbitrary point in Rn. The derivative GNh is injective at x if and only
if the multifunction E is injective at x, where

E(x, u) =





c ∈ Rn

∣∣∣∣∣∣∣∣∣

ci = di(x)si+ei(x)ti
di(x)+ei(x)

,

(di(x), ei(x)) ∈ D0g(ai(x), bi(x)) and

(s, t) ∈ T

(
a
b

)
(x, u), ∀ i ∈ {1, ..., n}





Proof. From lemma 2.6 we know that D0g(s, t) ≥ 0 and ‖D0g(s, t)‖ ≥ p > 0 for all
(s, t) ∈ R2 and so the fraction in the definition of the set E(x, u) is well defined and
the assertion is proved. ¤

Comparing the set E(x, u) to C̃(r, x, u) in lemma 2.5, we see that the coefficients

ki(x) =

{
ei(x)

di(x) + ei(x)

∣∣∣∣ (di(x), ei(x)) ∈ D0g(ai(x), bi(x))

}
of ti

and

(1− ki(x)) =

{
di(x)

di(x) + ei(x)

∣∣∣∣ (di(x), ei(x)) ∈ D0g(ai(x), bi(x))

}
of si

are of interest.

Lemma 2.8.
Let x∗ be a zero of h defined in (40). Then k(x∗) ⊂ RT (a(x∗)− b(x∗)) and {0, 1} ⊂
ki(x

∗), ∀i ∈ {i : ai(x
∗)− bi(x

∗) = 0}, holds true.

Proof. We have to analyze three cases.

(i) ai(x
∗) = bi(x

∗): Then ki(x
∗) ⊂ [0, 1] holds per definition.

(ii) ai(x
∗) > (bi(x

∗) = 0): Then Dg(1, 0) = (0, λ) (see lemma 2.6) implies
ki(x

∗) = 1.

(iii) (ai(x
∗) = 0) < bi(x

∗): Then Dg(0, 1) = (µ, 0) (see lemma 2.6) implies
ki(x

∗) = 0.

The second assertion is due to the fact D0g(0) = cl Dg(Θ0(g)). ¤

Note that the inclusion k(x) ⊂ RT (a(x)− b(x)) does not hold in general.

Now we are able to prove the main result in this section. In the following theorem
we make use of the subset SF ((x, y), (u, v)) ⊂ TF ((x, y), (u, v)), where
SF ((x, y), (u, v)) consists of all vectors (ξ, η) such that

(
ξ
η

)
∈ T

(
a
−b

)
(x, u) +

n∑
i=1

rivi

( −ei

0

)
+

n∑
i=1

(1− ri)vi

(
0

−ei

)

holds with some r ∈ (RT (y) ∩ {0, 1}n) and ei the i-th standard unit vector in Rn.
If a(x), b(x) ∈ C1(Rn,Rn) holds, SF ((x, y), (u, v)) coincide with D0F (x, y)(u, v).
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Theorem 2.4. ((CI) for NCP-functions)
Let x∗ be a zero of the function h defined in (40) and let be F the generalized Kojima
function in (8).

(i) If (CI) is fulfilled for (h,GNh) at x∗ with an arbitrary function g in pNCP
then (CI) is fulfilled for (F, SF ) at (x∗, a(x∗)− b(x∗)).

(ii) (CI) is fulfilled for (h,GNh) at x∗ with g(s, t) = min{s, t} if and only if (CI)
is fulfilled for (F, SF ) at (x∗, a(x∗)− b(x∗)).

(iii) If (CI) is fulfilled for (F, TF ) at (x∗, a(x∗) − b(x∗)), then (CI) is fulfilled for
(h,GNh) at x∗ with any function g in pNCP .

(iv) If (CI) is fulfilled for (h,GNh) at x∗ with an arbitrary function g in pNCP and
there is an arc in Θ0(g) that connects the unit vectors of R2 (i.e. the Fischer-
Burmeister function), then (CI) is fulfilled for (F, TF ) at (x∗, a(x∗)− b(x∗)).

Proof. For (i)-(iii) combine proposition 2.2, lemma 2.7, lemma 2.8.
In (iv) we get with lemma 2.8 that ki(x

∗) = [0, 1] for all i ∈ {i : ai(x
∗) = bi(x

∗)}
holds and the assertion follows. ¤

Remark. In [45] is shown, that the similarities for the two approaches (via Kojima
and NCP-functions, respectively) hold also for Newton steps. Newton steps for
the function h in (40) can be modeled as Newton steps with a perturbed Kojima
function (see also [34, 27, 28]).
Theorem 2.4 implies that in the light of the condition (CI) the generalized derivatives
SF works with the weakest premises. So for local convergence characterizations one
can focus on the Kojima function approach. Further research is needed to investigate
also the numerical stability of the different approaches.





3 Globalized Newton method

3.1 A path search algorithm

We are aware that the globalization of nonsmooth Newton methods has been a topic
of active research in mathematical programming since the 90ies. Some of the first
results concerning globalization can be found in [41, 42, 43, 21, 49]. A good overview
is given in the book of Facchinei and Pang [13] (see also the discussion in section 1
and section 6).
Up to now there was no globalization suited for the local Newton method [31, 33, 27]
described in section 2.1. In our opinion a path search method is particularly suitable
here, because the local method already makes use of a path as pointed out in the
introduction. Therefore our algorithm is inspired by the work of Ralph [49] and the
classical inexact Newton resp. Gauss-Newton methods [7, 9, 18].

We want to solve the nonsmooth, nonlinear equation

h(x) = 0, x ∈ X,

where h lies in C0,1(X, Y ) and X, Y are normed vector spaces.
For us solve means that we want to have an algorithm that under adjusted assump-
tions produces a sequence, for which all accumulation points are zeros of h. Our
assumptions will neither imply the feasibility of the algorithm nor guarantee the
existence of a solution in general.
Since a solution x∗ is unknown, we need a procedure that allows starting iterates
far away from x∗. We proceed as in the smooth case (see also illustration in section
1 for NCP), but have to adapt for the nonsmoothness.
Let xk, k ∈ N0, be the current iterate and Gh : X × X ⇒ Y be a multifunction,
which stands for any generalized derivative of h. Examples for generalized deriva-
tives can be found in section 1.2. From the local Newton method in theorem 2.1,
we know that we can find u ∈ X that solves the intersection

∅ 6= α‖h(xk)‖B ∩ [h(xk) + Gh(xk, u)] (41)

with α < 1. In general we do not expect exact solutions (i.e. α = 0), when we are
working with generalized derivatives. This holds true also for a linear ansatz, when
we are far away from a zero x∗ of h. Let u be a solution of (41), we observe that we
reduce the norm of our model of h(x), i.e.

‖h(xk) + vk‖ < ‖h(xk)‖

with some vk ∈ Gh(xk, u).
Let us assume that there is a path p : [0, τ ] → X with p(0) = xk, (1− τ) ≤ α and

∅ 6= (h(xk) + Gh(xk, p(τ)− xk)) ∩ (1− τ)‖h(xk)‖B, ∀τ ∈ [0, τ ].
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If the generalized derivative Gh(x, u) approximates h(x) on the path p(τ) well, e.g.

h(p(τ))− h(xk)−Gh(xk, p(τ)− xk) ⊆ o(τ)B,

we can estimate the merit function ‖h(x)‖ on the path p(τ) and get

‖h(p(τ))‖ ≤ (1− τ)‖h(xk)‖+ o(τ),

i.e. h moves toward zero rapidly on the path p(τ) as τ increases from 0.
Therefore if we fix a γ ∈ (0, 1) we can find τ ′ < τ such that

‖h(p(τ))‖ ≤ (1− γτ)‖h(xk)‖, ∀ τ ∈ [0, τ ′].

Taking xk+1 = p(τ ′), we observe that the merit function ‖h(x)‖ is reduced at least
a constant factor in each iteration. So if the iterates approach a feasible zero x∗ of
h(x), we expect superlinear convergence. This motivates the following algorithm.

3.1.1 The (conceptional) algorithm

Consider a path search algorithm in the spirit of the local method (27) as follows.
We consider h ∈ C0,1(X,Y ) and Gh : X × X ⇒ Y a multifunction fulfilling (26).
Let x0 ∈ X, γ ∈ (0, 1), σ ∈ (0, 1) and M ∈ N0 be given:

Step 1: Set k = 0.

Step 2: If h(xk) = 0 stop.

Step 3: Construct a path pk(τ) : [0, τ̄k] → X with τ̄k ∈ (0, 1], so that

pk(0) = xk, pk is continuous on [0, τ̄k], pk ∈ C0,1([0, τ̄k), X) and

∅ 6= (h(xk) + Gh(xk, pk(τ)− xk)) ∩ (1− τ)‖h(xk)‖ · B, ∀τ ∈ [0, τ̄k]
(*)

Find the smallest nonnegative integer ik, so that with i = ik

‖h(pk(σ
iτ̄k))‖ ≤ (1− γσiτ̄k) · max

0≤j≤m(k)
‖h(xk−j)‖ (**)

holds, where m(k) is an integer satisfying

m(0) = 0 and 0 ≤ m(k) ≤ min[m(k − 1) + 1,M ], for k ≥ 1. (42)

Step 4: Find jk ∈ {0, ..., ik} so that

‖h(pk(σ
jk τ̄k))‖ = min

0≤j≤ik
‖h(pk(σ

j τ̄k))‖.

Set τk = σjk τ̄k, xk+1 = pk(τk) and k ← k + 1, go to Step 2.

Let us shortly discuss the single steps.
If the algorithm stops in step 2, one has already found a zero of h. In step 3 (*)
one stops if the construction of the path pk is not possible. In this case, it can be
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shown (see section 3.1.2) that we are in a stationary point of the merit function
Θ(x) = ‖h(x)‖ (for stationarity see definition 3.2). Furthermore one stops in step
3 (**) if we can not descend in the merit function Θ(x) along the path pk (see also
proposition 3.3). The Armijo stepsize in step 3 is necessary because one cannot
guarantee a descent on the whole path, when xk is far away from a zero. We
integrated a nonmonotone descent condition (**), which includes the monotone case
by setting M = 0. Nonmonotone methods in the context of (smooth) unconstrained
optimization were discussed and popularized by Grippo, Lampariello and Lucidi [20].
From a theoretical point of view, one cannot prove stronger convergence results than
in the monotone case. But numerical tests show that nonmonotone rules are robust
and efficient [20, 43, 59, 13].
In the rest of our work we refer to the algorithm above as nonmonotone path
search algorithm, if M > 0 in (42) resp. as monotone path search algorithm,
if M = 0 in (42) holds. If we do not care for M , i.e. M ≥ 0, we just write path
search algorithm.

3.1.2 Auxiliary results

In this section we are interested in the question of premature termination of the
path search algorithm. Looking at step 3, there are two main questions. Is there a
path, which fulfils the intersection (*) and can we descent along this path and fulfil
the Armijo descent condition (**) ?

The next proposition shows us, when we are able to construct a path, which fulfils
the intersection (*) of step 3 of the algorithm.

Proposition 3.1. (Existence of a path)
Let h be in C0,1(X, Y ) and be x ∈ X fixed with h(x) 6= 0. Assume as well that the
multifunction Gh(x, ·) is positive homogeneous at x.
If there is a u ∈ X and a τ ∈ (0, 1] with

(h(x) + Gh(x, u− x)) ∩ (1− τ)‖h(x)‖ · B 6= ∅, (43)

then there exists a path p : [0, τ ] → X, which fulfils the conditions (*) from the
algorithm’s step 3.

Proof. Consider the function F : (−∞, 1] → R defined by

F (s) = ‖h(x) + sv‖,

where v ∈ Gh(x, u− x)) fulfils the intersection (43).
The function F has the following properties:

• F (1) = (1− τ)‖h(x)‖, F (0) = ‖h(x)‖
• F is convex on (−∞, 1].



44 3 Globalized Newton method

• F is continuous on (−∞, 1].

Let us define smin by

smin = min
s∈(−∞,1]

{s | F (s) = (1− τ)‖h(x)‖}

(see example (ii) at the end of the section 3.1.2).
F |(−∞,smin] is injective, otherwise there would be s1, s2 ∈ (−∞, smin] with F (s1) =
F (s2) and s1 6= s2 and hence s3 ∈ (s1, s2), which minimizes F on [s1, s2]. Then s3

minimizes F on (−∞, smin], which gives a contradiction to the definition of smin.
Therefore F−1 : [ ‖(1 − τ)h(x)‖, +∞ ) → (−∞, smin] exists and is continuous on
[ ‖(1− τ)h(x)‖, +∞ ).

F−1 is even a local Lipschitz function on (‖(1− τ)h(x)‖, ‖h(x)‖]. This follows from
the (generalized) inverse function theorem in [4], since 0 6∈ ∂F (s), ∀s ∈ (−∞, smin),
where ∂F (s) denotes the convex subdifferential. Otherwise there would be a con-
tradiction to the definition of smin like above.
Now we can define a continuous function s : [0, τ ] → [0, smin] by

s(τ) = F−1((1− τ)‖h(x)‖), and it holds s ∈ C0,1([0, τ),R).

The desired continuous path on [0, τ ] is

p(τ) = s(τ)(u− x) + x, with p ∈ C0,1([0, τ), X).

It holds

‖h(x) + s(τ)v‖ = (1− τ)‖h(x)‖, ∀τ ∈ [0, τ ] and s(τ)v ∈ Gh(x, p(τ)− x)

by construction of s(τ) and the positive homogeneity of the multifunction Gh(x, ·)
at x. ¤

Corollary 3.1. (Extension of the path)
Assume the settings of proposition 3.1. The path p : [0, τ ] → X constructed there
can be extended, i.e there exists a τ ′ in [τ , 1] and a path p1 : [0, τ ′] → X, which fulfils
the conditions (*) from the algorithm’s step 3. The paths p1(τ) and p(τ) coincide
on [0, τ ].

Proof. Consider again the function F : R→ R with

F (s) = ‖h(x) + sv‖,

but this time defined on R. F is still a convex function on R. We distinguish two
cases:
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1. F (s) attains the global minimum on R.
We get an interval of the form [s, s] or [s,∞) of global minimizers, where
smin ≤ s < ∞ and smin is defined as in the proof of proposition 3.1.
We can use s to calculate the maximal path length τmax

F (s) = (1− τmax)‖h(x)‖ ⇐⇒ τmax =
F (s)− ‖h(x)‖
−‖h(x)‖

By the same arguments as in proposition 3.1, we conclude that the path p(τ)
constructed there can be extended to a path p1(τ) defined on an interval [0, τ ′]
with any τ ′ ∈ [τ , τmax].

2. F (s) doesn’t attain the global minimum on R.
In this case we conclude in the same way as in proposition 3.1 the existence
of a path p1(τ) defined on [0, τ ′] with a τ ′ ∈ (τ , 1).

¤

In the examples at the end of this section we calculate a path for a norm induced by
a scalar product. We have an example there too that shows that it was necessary
to work with smin in the proof of proposition 3.1.

It is clear that in the absence of convexity for the merit function Θ(x), we have
to take a closer look at some kind of ”stationary” points. For a comprehensible
notation, we will denote in the rest of the work the norm function by

n(x) = ‖x‖.

We will work with the following stationarity term.

Definition 3.1. (Approximation of the merit function Θ(x))
Let h be in C0,1(X, Y ) and let the multifunction Gh : X ×X ⇒ Y fulfil (26). Then
we define the function SΘ : X ×X ⇒ R by

SΘ(x, u) =
⋃

v∈Gh(x,u)

n′(h(x); v), ∀ u ∈ X,

where n′(h(x); v) denotes the (standard) directional derivative of n(y) = ‖y‖ at the
point y = h(x) in direction v.

Definition 3.2. (S-stationarity)
A point x is called S-stationary for the merit function Θ, if

SΘ(x, u) ≥ 0, ∀ u ∈ X

holds, where SΘ is the multifunction from definition 3.1.
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So far we did not claim any global property of the approximation Gh of h. We did
not want to introduce a general approximation condition for Gh but rather introduce
it at the suited place, i.e. when they are needed for the proofs.
Anyhow we want to discuss shortly an approximation condition, which has a kind of
minimal quality. It is met by many generalized derivatives addressed in the literature
and by the ones we want to use. We will see below that it holds also for SΘ.

Definition 3.3. Let h be in C0,1(X, Y ), x ∈ X and Gh : X × X ⇒ Y a multi-
function, which fulfils (26). The multifunction Gh fulfils a (weak approximation)
condition (NA) at x for h, if

h(x + u)− h(x) ⊆ Gh(x, u) + o(u) · B, ∀ u ∈ X (NA)

holds.

It is well known that ”chain rules” do not hold as equation for standard generalized
derivatives (see e.g. [17, 27]). For the conditions (CA) and (CI) we have shown
in proposition 2.1 that the full composition of the generalized derivatives (as in
definition 3.1) still fulfils them.
The next lemma and the following corollary show that for the multifunction SΘ the
(weak approximation) condition (NA) still holds, if (NA) holds for h.

Lemma 3.1. (Conservation of the condition (NA) under composition)
Let g be in C0,1(Y, Z), h in C0,1(X, Y ) and x ∈ X. Assume that the multifunction
Gh : X×X ⇒ Y resp. the multifunction Gg : Y ×Y ⇒ Z fulfils the condition (NA)
at x ∈ X for h resp. at h(x) ∈ Y for g.
Then the multifunction Gf : X ×X ⇒ Z defined by

Gf(x, u) =
⋃

v∈Gh(x,u)

Gg(h(x), v), ∀ u ∈ X

fulfils the condition (NA) at x for f = g ◦ h, if the multifunction Gg(h(x), ·) is
Lipschitz,
i.e. for every pair u1, u2 in X and every point v1 ∈ Gg(h(x), u1) there exists a point
v2 in Gg(h(x), u2) and a constant L with

‖v1 − v2‖ ≤ L‖u1 − u2‖.

Proof. The proof is similar to the proof of the chain rule for differentiable functions.
We start with

f(x + u)− f(x) = g(h(x + u))− g(h(x))

⊆ Gg(h(x), h(x + u)− h(x)) + og(h(x + u)− h(x))t

= Gg(h(x), v + oh(u)s) + og(h(x + u)− h(x))t,
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where v ∈ Gh(x, u), s ∈ BY and t ∈ BZ are suitable chosen. Therefore we find
w ∈ Gg(h(x), v + oh(u)s) so that we can write

f(x + u)− f(x) = w + og(h(x + u)− h(x))t = z + (w − z) + og(h(x + u)− h(x))t

with z ∈ Gg(h(x), v) and by the Lipschitz property of Gg(h(x), ·), we can find z
with

‖z − w‖ ≤ L‖v − (v + oh(u)s)‖ = Loh(u).

It remains to show that

lim
‖u‖→0

og(h(x + u)− h(x))

‖u‖ = lim
‖u‖→0

( og(h(x+u)−h(x))

‖h(x+u)−h(x)‖
‖u‖

‖h(x+u)−h(x)‖

)
= 0

holds.
But this is true because of the Lipschitz property of h(x) and the definition of og.

¤

Corollary 3.2. (The condition (NA) for SΘ)
Let h be in C0,1(X,Y ) and assume that the multifunction Gh fulfils the condition
(NA) at x for h.
Then the multifunction SΘ from definition 3.1 fulfils the condition (NA) at x for Θ
too.

Proof. The assertion follows easily from lemma 3.1 and the properties of the norm
function n(x). ¤

It is now easy to see that the upper Dini derivative of Θ(x)

ΘD(x; u) = lim sup
t↓0

Θ(x + tu)−Θ(x)

t

lies in SΘ(x, u), if (NA) and positive homogeneity hold at x ∈ X for Gh and the
set Gh(x, u) is closed. Therefore every S-stationary point x is also a Dini stationary
point [13] and so in this spirit we did not invent ”new” stationary points.
After this short insert about approximation and stationarity of the merit func-
tion Θ(x) we return to the question of premature termination. The next propo-
sition 3.2 gives another confirmation that it was reasonable to work with SΘ and
S-stationarity.

Proposition 3.2. (S-stationarity)
Let x ∈ X be fixed and h be in C0,1(X,Y ) and let the multifunction Gh(x, ·) be
positive homogeneous at x.
Then there is no path p(τ), which fulfils the conditions (*) from the algorithm’s step
3 if and only if x is S-stationary.
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Proof. ”⇒” by proposition 3.1 we get

‖h(x) + v‖ ≥ ‖h(x)‖, ∀v ∈
⋃
u∈X

Gh(x, u)

Let be u ∈ X and w ∈ SΘ(x, u) two arbitrary elements. We have to show that
w ≥ 0 holds.
By definition of the SΘ(x, u), we have a sequence {tk}k∈N, tk ↓ 0 and v ∈ Gh(x, u)
with

w = lim
k→∞

‖h(x) + tkv‖ − ‖h(x)‖
tk

.

The positive homogeneity of Gh(x, ·) at x implies that tkv ∈ Gh(x, tku) and so the
fraction in the above limit is positive by assumption.
”⇐” From the convexity of the norm function n(x) and S-stationarity we get

0 ≤ n′(h(x); v) ≤ ‖h(x) + v‖ − ‖h(x)‖, ∀v ∈
⋃
u∈X

Gh(x, u).

Again with proposition 3.1 we deduce that there is no path p(τ), which fulfils the
conditions (*) from the algorithm’s step 3.

¤
Proposition 3.3. (Descent condition)
Let h be in C0,1(X, Y ), γ in (0, 1) and Gh fulfils the following approximation condi-
tion at x ∈ X namely

h(x + u)− h(x)−Gh(x, u) ⊆ o(u) · B, ∀u ∈ X. (44)

Suppose as well that there exists a path p(τ) : [0, τ ] → X, which fulfils the conditions
(*) from the algorithm’s step 3. Then there exists τ ′ ≤ τ with

‖h(p(τ))‖ ≤ (1− γτ)‖h(x)‖, ∀ τ ∈ [0, τ ′].

Proof. Let γ be given in (0, 1) and assume that τ ′ does not exist.
Then there exists a sequence {τk}k∈N, τk ↓ 0 with

‖h(p(τk))‖ > (1− γτk)‖h(x)‖, ∀ k ∈ N.

Using condition (44) and p(0) = x, we get

(1− γτk)‖h(x)‖ < ‖h(x) + v(τk) + o(p(τk)− x) · b‖ with b ∈ B
(∗)
≤ ‖(1− τk)h(x)‖+ ‖o(p(τk)− x)‖,

where v(τk) ∈ Gh(x, p(τk)− x) fulfils the intersection (*).

⇒ τk(γ − 1)‖h(x)‖+ ‖o(p(τk)− x)‖ > 0

⇒ (γ − 1)‖h(x)‖ ≥ 0 because the path p(τ) is Lipschitz in 0.
This gives a contradiction to the choice of γ ∈ (0, 1).

¤
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Remark 3.1. Under the conditions of proposition 3.3 it holds:

(a) the Armijo stepsize rule in (**) of step 3 is well defined.

(b) If u, v ∈ Gh(x, u−x) and τ fulfil the intersection (43), then u−x is a descent
direction of Θ(x), i.e.

CΘ(x, u− x) 3 n′(h(x); v) = n′(h(x); (1− τ)‖h(x)‖s− h(x))

≤ n(h(x) + (1− τ)‖h(x)‖s− h(x))− n(h(x))

= −τ‖h(x)‖ < 0

with s ∈ B, where the last inequality follows from the convexity of n(x).

(c) In our applications in section 4 we will work with the directional derivative
h′(x; u) defined in (14). The condition (44) is fulfilled for h ∈ C0,1(Rn,Rm)
and Gh(x, u) = h′(x; u) (see e.g. [27]).

Examples:

(i) (Condition (CA) and (CI))
Unlike the smooth case the conditions (CA) and (CI) at the iteration point
do not assure the existence of a path p(τ) in step 3 of the algorithm for a
nonsmooth function h (see remark 3.3). Consider for this the following setting

h : R→ R, h(x) = |x|+ 1, Gh(x, u) = h′(x; u).

The conditions (CA) and (CI) are fulfilled at x = 0, but x = 0 is a S-stationary
point.

(ii) (Illustration of proposition 3.1)
Consider the function h : R2 → R2 defined by

h(x, y) =

( −1.5x + 3.5
exp(y)(1− y)

)
.

The data given in proposition 3.1 be (x, y) = (1, 0) and u− (x, y) = (1, 0). We
work with the Fréchet derivative Dh(x)u instead the multifunction Gh(x, u)
and the maximum norm. First we calculate τ :∥∥∥∥ h(1, 0) + Dh(1, 0)

(
1
0

)∥∥∥∥
∞

=

∥∥∥∥
(

2
1

)
+

( −1.5 0
0 0

)(
1
0

)∥∥∥∥
∞

= 1 = (1− 0.5)‖h(1, 0)‖∞
We get τ = 0.5.
The Function F (s) can be determined explicitly

F (s) =

∥∥∥∥
(

2
1

)
+ s

( −1.5
0

)∥∥∥∥
∞

=





2− 1.5s, if s ≤ 2
3
;

1, if 2
3
≤ s ≤ 2;

−2 + 1.5s, if 2 ≤ s.
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It follows that smin = 2
3

and since 0 ∈ ∂F (2
3
) we can not further extend the

path.

(iii) (Calculation of the path for a norm induced by a scalar product)
We are again in the setting of proposition 3.1 and we assume that the norm
is induced by a scalar product, i.e. ‖x‖2 = 〈x, x〉.
We can write the function F (s) from the proof of proposition 3.1 as

F (s) = (〈h(x) + sv, h(x) + sv〉) 1
2 = (‖h(x)‖2 + 2s〈h(x), v〉+ s2‖v‖2)

1
2 .

By quadratic extension we get

F (s) = (‖v‖2(s +
〈h(x), v〉
‖v‖2

)2 + ‖h(x)‖2 − 〈h(x), v〉2
‖v‖2

)
1
2

and therefore

s = −〈h(x), v〉
‖v‖2

, F (s) = (‖h(x)‖2 − 〈h(x), v〉2
‖v‖2

)
1
2 ,

where s is the unique global minimalpoint of F (s).
We compute the continuous function

s(τ) : [0, τmax] → [0, s], s(τ) ∈ C0,1([0, τmax),R)

from the proof of proposition 3.1, with τmax defined as in the proof of corollary
3.1, i.e.

τmax =
F (s)− ‖h(x)‖
−‖h(x)‖ and

s(τ) = F−1((1− τ)‖h(x)‖)

=
−2〈h(x), v〉 − (4〈h(x), v〉2 − 4‖v‖2(‖h(x)‖2 − (1− τ)2‖h(x)‖2))

1
2

2‖v‖2

(We used the solution formula for quadratic equations).

3.1.3 Global convergence

General convergence theorems

After the discussion above about premature termination we can now state our main
(global) convergence theorems. At this place we are not so much interested in
conditions assuring the feasibility of the algorithm. We rather ask us what kind
of points we calculate, when we do not have premature termination. We state a
monotone and a nonmonotone global convergence theorem. This produces some
redundancies. But we would like to facilitate the readability first by omitting the
additional technical steps for the proof of the nonmonotone case.
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Theorem 3.1. (Monotone global convergence I)
Let the sequence {xk}k∈N be generated by the monotone path search algorithm in
section 3.1.1.
Either all the accumulation points of {xk}k∈N are zeros of h ∈ C0,1(X,Y ), or all
of them are points x∗ with h(x∗) 6= 0, for which there is no convergent subsequence
{xkl

}l∈N of {xk} with limit x∗ and liml→∞ σikl
−1τ kl

= 0 such that the following
condition (45)

lim
l→∞

‖h(pkl
(σikl

−1τ kl
))− h(xkl

)− vkl
‖

σikl
−1τ kl

= 0 (45)

holds, where

vkl
∈ Gh(xkl

, pkl
(σikl

−1τ kl
)− xkl

)

is a solution of the intersection in (*) from the algorithm’s step 3.

Proof. Let x∗ be any accumulation point of {xk}k∈N, without loss of generality we
assume that limk→∞ xk = x∗ to avoid double indices.
In step 3 of the algorithm we get

‖h(xk+1)‖ ≤ (1− γσikτ k)‖h(xk)‖ < ‖h(xk)‖

i.e. {‖h(xk)‖}k∈N is strongly monotone decreasing and therefore convergent.
We consider two cases.

1.) limk→∞ ‖h(xk)‖ = 0, then the assertion follows.

2.) limk→∞ ‖h(xk)‖ = η > 0.

Then it holds τk = σikτ k → 0, otherwise there would be ε ∈ (0, 1) and a subsequence
{τkl

}l∈N of {τk}k∈N with τkl
≥ ε > 0, ∀ l ∈ N.

⇒ (1− γτkl
) ≤ (1− γε), ∀ l ∈ N

⇒ ‖h(xkl+1)‖ ≤ (1− γτkl
)‖h(xkl

)‖ ≤ (1− γε)‖h(xkl
)‖,∀ l ∈ N,

therefore ‖h(xk)‖ → 0 as k goes to infinity and we get a contradiction.

Therefore it holds limk→∞ τk = 0 and consequently limk→∞ σik−1τ k = 0.
Let us assume that condition (45) holds. According to step 3 of the algorithm we
can make the following estimates:

(1− γσik−1τ k)‖h(xk)‖
(∗∗)
< ‖h(pk(σ

ik−1τ k))‖
= ‖h(xk) + vk + h(pk(σ

ik−1τ k))− h(xk)− vk‖
(∗)
≤ (1− σik−1τ k)‖h(xk)‖+ ‖h(pk(σ

ik−1τ k))− h(xk)− vk‖
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where vk ∈ Gh(xk, pk(σ
ik−1τ k) − xk) is a solution of the intersection in (*) of the

algorithm’s step 3.
After dividing both sides by σik−1τ k and passing to the limit we get by assumption
(45) that (1 − γ)‖h(x∗)‖ ≤ 0 holds and by the choice of γ it follows ‖h(x∗)‖ = 0.
This contradicts the assumption of case 2 and the assertion follows. ¤

Theorem 3.2. (Nonmonotone global convergence I)
Let the sequence {xk}k∈N be generated by the nonmonotone path-search algorithm in
section 3.1.1. We define l(k) as an integer, such that

k −m(k) ≤ l(k) ≤ k and ‖h(xl(k))‖ = max
0≤j≤m(k)

‖h(xk−j)‖ (46)

holds for every k ∈ N, where m(k) is defined in (42).
Either all the accumulation points of {xl(k)}k∈N are zeros of h ∈ C0,1(X,Y ), or all
of them are points x∗ with h(x∗) 6= 0, for which there is no convergent subsequence
{xl(k)}k∈K of {xl(k)}k∈N with limit x∗ and limk∈K, k→∞ σil(k)−1−1τ l(k)−1 = 0 such that
the following condition (47)

lim
k∈K, k→∞

‖h(pl(k)−1(σ
il(k)−1−1τ l(k)−1))− h(xl(k)−1)− vl(k)−1‖

σil(k)−1−1τ l(k)−1

= 0 (47)

holds, where

vl(k)−1 ∈ Gh(xl(k)−1, pl(k)−1(σ
il(k)−1−1τ l(k)−1)− xl(k)−1)

is a solution of the intersection in (*) from the algorithm’s step 3.

Remark. The conditions (45) and (47) imply that the paths pkl
(·) resp. pl(k)−1(·)

are well defined at the point σikl
−1 resp. σil(k)−1−1. Therefore ikl

resp. il(k)−1 has to
be bigger than 1 at least for large l resp. k.

Proof. W.l.o.g. we assume that limk→∞ xl(k) = x∗. Since m(k) is bounded, it follows
that l(k) is unbounded and by definition it holds m(k + 1) ≤ m(k) + 1 for every
k ∈ N.
In step 3 of the algorithm we get

‖h(xl(k+1))‖ = max
0≤j≤m(k+1)

‖h(xk+1−j)‖
≤ max

0≤j≤m(k)+1
‖h(xk+1−j)‖

= max[‖h(xl(k))‖, ‖h(xk+1)‖] = ‖h(xl(k))‖ ∀k ∈ N,

i.e. {‖h(xl(k))‖}k∈N is monotone decreasing and hence convergent.
We consider two cases:

1.) limk→∞ ‖h(xl(k))‖ = 0, then the assertion follows.
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2.) limk→∞ ‖h(xl(k))‖ = η > 0
Then it holds νk = σil(k)−1τ l(k)−1 → 0, otherwise there would be ε ∈ (0, 1) and a
subsequence {νki

}i∈N of {νk}k∈N with νki
≥ ε > 0, ∀ i ∈ N.

⇒ (1− γνki
) ≤ (1− γε), ∀ i ∈ N

⇒ ‖h(xl(ki))‖ ≤ (1− γνki
)‖h(xl(l(ki)−1))‖ ≤ (1− γε)‖h(xl(l(ki)−1))‖, ∀ i ∈ N,

Since {l(ki)}i∈N is unbounded, it follows ‖h(xl(k))‖ → 0 as k goes to infinity and we
get a contradiction.
Therefore it holds limk→∞ νk = 0 and consequently

ν̃k =
νk

σ
= σil(k)−1−1τ l(k)−1 −→

k→∞
0.

Let us assume that condition (47) holds. According to the algorithm’s step 3 we
can make the following estimates:

(1− γν̃k)‖h(xl(l(k)−1))‖
(∗∗)
< ‖h(pl(k)−1(ν̃k))‖

= ‖h(xl(k)−1) + vl(k)−1 + h(pl(k)−1(ν̃k))− h(xl(k)−1)− vl(k)−1‖
(∗)
≤ (1− ν̃k)‖h(xl(k)−1)‖+ ‖h(pl(k)−1(ν̃k))− h(xl(k)−1)− vl(k)−1‖
≤ (1− ν̃k)‖h(xl(l(k)−1))‖+ ‖h(pl(k)−1(ν̃k))− h(xl(k)−1)− vl(k)−1‖,

where vl(k)−1 ∈ Gh(xl(k)−1, pl(k)−1(ν̃k) − xl(k)−1) is a solution of the intersection in
(*) of the algorithm’s step 3.
Hence it holds

σil(k)−1−1τ l(k)−1(1− γ)‖h(xl(l(k)−1))‖
≤ ‖h(pl(k)−1(σ

il(k)−1−1τ l(k)−1))− h(xl(k)−1)− vl(k)−1‖.
After dividing both sides by σil(k)−1−1τ l(k)−1 and passing to the limit we get by
assumption (47) that (1 − γ)η ≤ 0 holds. The choice of γ ∈ (0, 1) implies η ≤ 0.
This contradicts the assumption of case 2 and the assertion follows. ¤
For an illustration and remarks on the conditions (45) and (47) we refer to propo-
sition 3.4, proposition 3.5 and section 1 and 5.

Corollary 3.3.
Under the assumptions of theorem 3.2, it holds that every accumulation point x∗ of
{xk}k∈N is a zero of h ∈ C0,1(X, Y ) if every accumulation point x∗ of {xl(k)}k∈N is
a zero of h.

Proof. By definition we get

‖h(xl(k))‖ ≥ ‖h(xk)‖ ∀k ∈ N.

Therefore we have for any convergent subsequence {xki
}i∈N of {xk}k∈N with limit x∗

0 ≤ ‖h(x∗)‖ = lim
i→∞

‖h(xki
)‖ ≤ lim

i→∞
‖h(xl(ki))‖ = 0

¤
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Notes on the technical conditions (45) and (47)

In general the conditions (45) and (47) are very difficult to verify. In proposition 3.4
and proposition 3.5 we give two situations which imply (45) and (47). We denote
by L(p) the Lipschitz constant of the path p(τ) near 0.
The following result is similar to the results in [41, 43, 21].

Proposition 3.4. (Single valued Clarke derivative)
Let h be in C0,1(Rn,Rn) and Gh(x, u) ⊆ ∂h(x)u for all x, u ∈ Rn. Furthermore let
the sequence {xl(k)}k∈N be generated by the nonmonotone path search algorithm in
section 3.1.1.
Either all the accumulation points of {xl(k)}k∈N are zeros of h, or all of them are
points x∗ with h(x∗) 6= 0, for which at least one of the following two conditions does
not hold:

1. ∂h(x∗) is single valued.

2. There exists a subsequence {xl(k)}k∈K of {xl(k)}k∈N with limit x∗,

il(k)−1 ≥ 1, ∀ k ∈ K and the sequence {L(pl(k)−1)}k∈K is bounded.

Remark. In proposition 3.5 and corollary 3.6 one finds situations where condition
2 of proposition 3.4 is fulfilled.
The conclusion of proposition 3.4 stays of course true for the monotone path search
algorithm by adapting condition 2 to the condition (45), i.e.
there exists a subsequence {xkl

}l∈N of {xk}k∈N with limit x∗,

ikl
≥ 1, ∀ l ∈ N and the sequence {L(pkl

)}l∈N is bounded.

Proof. Without loss of generality we assume that limk→∞ xl(k) = x∗. From the proof
of theorem 3.2 we know that limk→∞ σil(k)−1−1τ l(k)−1 = 0 if limk→∞ ‖h(xl(k))‖ = η > 0
holds. Let us assume that condition 1 and 2 are fulfilled.
We want to show that (47) holds then too, i.e.

lim
k→∞

‖h(pl(k)−1(σ
il(k)−1−1τ l(k)−1))− h(xl(k)−1)− vl(k)−1‖

σil(k)−1−1τ l(k)−1

= 0

where
vl(k)−1 ∈ Gh(xl(k)−1, pl(k)−1(σ

il(k)−1−1τ l(k)−1)− xl(k)−1)

is a solution of the intersection in (*) from the algorithm’s step 3. The normed
directions

uk =
pl(k)−1(σ

il(k)−1−1τ l(k)−1)− xl(k)−1

σil(k)−1−1τ l(k)−1

stay bounded for all k ∈ N, because of the bounded Lipschitz constants L(pl(k)−1).
Therefore without loss of generality we can assume that

lim
k→∞

vl(k)−1

σil(k)−1−1τ l(k)−1

= v∗ = ∂h(x∗)u∗, with lim
k→∞

uk = u∗
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since ∂h(·) is a closed mapping, ∂h(x∗) is single valued and limk→∞ xl(k)−1 = x∗. The
last fact follows again from the boundedness of the Lipschitz constants L(pl(k)−1).
According to the mean value theorem we can write

h(pl(k)−1(σ
il(k)−1−1τ l(k)−1))− h(xl(k)−1)

σil(k)−1−1τ l(k)−1

∈ ∂h(x(θk)) (uk)

with x(θk) = θkxl(k)−1 + (1− θk)pl(k)−1(σ
il(k)−1−1τ l(k)−1) and θk ∈ (0, 1).

Since the Lipschitz constants L(pl(k)−1) are bounded, we get

lim
k→∞

(θkxl(k)−1 + (1− θk)pl(k)−1(σ
il(k)−1−1τ l(k)−1)) = x∗

and we conclude as above that

lim
k→∞

h(pl(k)−1(σ
il(k)−1−1τ l(k)−1))− h(xl(k)−1)

σil(k)−1−1τ l(k)−1

= v∗.

Thus the technical condition (47) holds.
¤

We did already talk about the construction of a path p(τ) in the proof of proposition
3.1. In section 5 we will give the details of the path construction in our applications.
It seems quite obvious that one should try to look for a path with maximal path
length τ ∈ [0, 1] (see lemma 3.3, theorem 3.3 and section 5).
If we are able to solve the Newton equation at the current iteration point xk, i.e.

h(xk) + Gh(xk, uk) = 0

with a positive homogeneous generalized derivative Gh(xk, ·) at xk, then we may use
the linear path

pk(τ) = xk + τuk (48)

to solve (*) in the algorithm’s step 3 with τ k = 1. The Lipschitz constant L(pk) of
pk(τ) is ‖uk‖ (for further statements concerning path construction see proposition
3.5, section 3.2 and 5). This leads to the following corollaries.

Corollary 3.4.
Let h be in C0,1(Rn,Rn) and Gh(x, u) ⊆ ∂h(x)u for all x, u ∈ Rn. Furthermore let
the sequence {xl(k)}k∈N be generated by the nonmonotone path search algorithm in
section 3.1.1.
Either all the accumulation points of {xl(k)}k∈N are zeros of h, or all of them are
points x∗ with h(x∗) 6= 0, for which at least one of the following two conditions does
not hold:

1. ∂h(x∗) is single valued.

2. There exists a subsequence {xl(k)}k∈K of {xl(k)}k∈N with limit x∗ so that

‖Dh(xl(k)−1)
−1‖ ≤ C, ∀ k ∈ K

holds with C > 0. The path pl(k)−1(τ), k ∈ K, is built according to (48).
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Remark 3.2. The conclusion of corollary 3.4 stays again true for the monotone
path search algorithm by condition 2 to the condition (45), i.e.
there exist a subsequence {xkl

}l∈N of {xk}k∈N with limit x∗ so that

‖Dh(xkl
)−1‖ ≤ C, ∀ l ∈ N

holds with C > 0. The path pkl
(τ), l ∈ N, is built according to (48).

Proof. We have to show that the conditions 1 and 2 of proposition 3.4 are fulfilled
if the conditions 1 and 2 of corollary 3.4 hold. Condition 1 is obvious. We want to
show that condition 2 is fulfilled too.
From the proof of theorem 3.2 we know that limk∈K,k→∞ σil(k)−1−1τ l(k)−1 = 0. Since
by condition 2 our path pl(k)−1 : [0, 1] → Rn is given by

pl(k)−1(τ) = xl(k)−1 + τul(k)−1 with ul(k)−1 = −Dh(xl(k)−1)
−1h(xl(k)−1),

we conclude immediate that w.l.o.g. il(k)−1 ≥ 1 for all k ∈ K and

‖ul(k)−1‖ ≤ ‖Dh(xl(k)−1)
−1h(xl(k)−1)‖ ≤ C‖h(xl(k)−1)‖ ∀ k ∈ K.

Therefore the Lipschitz constants {L(pl(k)−1)}k∈K are bounded ({‖h(xl(k)−1)‖}k∈K is
bounded!) and condition 2 of proposition 3.4 holds. ¤

This leads to the following remark for smooth functions h.

Remark 3.3. (Smooth function h)
Let h be in C1(Rn,Rn) and Gh(x, u) = Dh(x)u for all x, u ∈ Rn. Furthermore
let the sequence {xk}k∈N be generated by the monotone path search algorithm in
section 3.1.1. If det Dh(x) 6= 0 for all x ∈ Rn holds and the paths pk(τ) are built
according to (48), then all the accumulation points x∗ of {xk}k∈N are zeros of h.

Proof. W.l.o.g we assume that limk→∞ xk = x∗ and h(x∗) 6= 0. According to our
assumptions det Dh(x∗) 6= 0 holds. Therefore Dh(x)−1 exists for all x near x∗ and

‖Dh(x)−1‖ ≤ C, for all x near x∗

since h ∈ C1(Rn,Rn) holds. Corollary 3.4 resp. remark 3.2 gives a contradiction to
h(x∗) 6= 0 and the assertion follows. ¤

We end this section with a comparison to the work of Ralph [49]. More precisely
we want to show that his assumptions on the generalized derivative Gh(x, u) imply
our technical condition (47). For a more detailed discussion on differences and com-
monness between Ralphs and our work we refer to section 6.

We recall the following definition.
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Definition 3.4. (Nonsingular uniform Newton approximation) [49, 13]
Let h be in C0,1(X, Y ). We say that h has a nonsingular uniform Newton approxima-
tion on X, if there exists positive scalars ε and L and a function ∆ : (0,∞) → [0,∞)
with

lim
t↓0

∆(t) = 0

such that for every point x in X there is a family G(x) of functions each mapping
X onto itself and satisfying the following three properties.

(a) Ah(x, 0) = 0 for every Ah(x, ·) ∈ G(x),

(b) for x 6= x′ in X and for any Ah(x, ·) ∈ G(x)

‖h(x) + Ah(x, x′ − x)− h(x′)‖
‖x− x′‖ ≤ ∆(‖x− x′‖),

(c) G(x) is a family of uniformly local Lipschitz homeomorphisms with mod L on
X, by which we mean that for each Ah(x, ·) ∈ G(x) there are two open sets Ux

and Vx both containing εB such that Ah(x, ·) is a Lipschitz homeomorphism
mapping Ux onto Vx with L being the Lipschitz modulus of the inverse of the
restricted map Ah(x, ·)|Ux.

We resume the main results concerning paths p(τ).

Lemma 3.2. [49, 13] Let h be in C0,1(X,Y ). Suppose that h admits a uniform
nonsingular Newton approximation on X . Let x be a point in X with h(x) 6= 0.
For any Ah(x, ·) ∈ G(x) there exists a unique Lipschitz continuous path p : I → X
with largest domain such that the following conditions hold:

(a) p(0) = x,

(b) I = [0, 1] or I = [0, τ) for some τ ≥ min{ ε
‖h(x)‖ , 1}, τ ∈ (0, 1],

(c) for each τ ∈ I, h(x) + Ah(x, p(τ)− x) = (1− τ)h(x),

(d) h(x)+Ah(x, ·−x) is a local homeomorphism near every point on the path p(τ),

(e) The Lipschitz constant L of p(τ) is independent of x.

Moreover for every scalar γ ∈ (0, 1) there exists a positive τ ′ ∈ I such that

‖h(p(τ))‖ ≤ (1− γτ)‖h(x)‖,∀τ ∈ [0, τ ′].

We state the main result.



58 3 Globalized Newton method

Proposition 3.5. Let h be in C0,1(X, Y ) and suppose h admits a nonsingular uni-
form Newton approximation G on X. We apply the nonmonotone path search algo-
rithm in section 3.1.1 with

Gh(x, u) = {Ah(x, u) | A(x, ·) ∈ G(x)} ∀ x, u ∈ X,

and the paths p(τ) from lemma 3.2. For any x0 ∈ X the algorithm produces a
sequence {xl(k)}k∈N, with l(k) defined as in (46), or stops premature at a zero x∗.
Moreover every accumulation point x∗ of {xl(k)}k∈N is a zero of h.

Proof. From lemma 3.2 we conclude that the algorithm doesn’t stop premature in
step 3, since the conditions (*) and (**) can be fulfilled. We want to show that the
technical condition (47) is fulfilled.
Let x∗ = limk∈K,k→∞ xl(k) be an accumulation point of {xl(k)}k∈N with h(x∗) 6= 0.
From the proof of theorem 3.2 we know that

lim
k∈K,k→∞

σil(k)−1−1τ l(k)−1 = 0

holds. The Lipschitz {L(pl(k)−1)}k∈K constants of pl(k)−1(τ) are bounded and therefore
limk∈K,k→∞ xl(k)−1 = x∗.
The path length is given by lemma 3.2

τ l(k)−1 ≥ min{ ε

‖h(xl(k)−1)‖ , 1}

and therefore bounded away from zero by a constant independent of k. We conclude
that il(k)−1 ≥ 1 for k big enough and the term pl(k)−1(σ

il(k)−1−1τ l(k)−1) is well defined.
We get

‖pl(k)−1(σ
il(k)−1−1τ l(k)−1)− xl(k)−1‖ ≤ L(pl(k)−1)σil(k)−1−1τ l(k)−1

i.e. limk∈K,k→∞ ‖pl(k)−1(σ
il(k)−1−1τ l(k)−1)− xl(k)−1‖ = 0.

By property (b) of definition 3.4 we finally get that the technical condition (47) is
fulfilled. The assertion now follows from theorem 3.2. ¤

Remark. Under the assumptions of proposition 3.5 the monotone path search al-
gorithm stops premature at a zero x∗ or produces a sequence {xk}k∈N. Moreover all
the accumulation x∗ points of {xk}k∈N are zeros of h. The proof follows along the
lines of proposition 3.5.

3.1.4 Superlinear and quadratic convergence

We are interested in fast local convergence. As usual in this field we expect a tran-
sition to full step length, when we are close enough to zero.
We prove this part in two steps. First we show that there exists a path with guar-
anteed path length, when the iteration point is close enough to a feasible zero x∗

of h. Then we show that the sequence converges at least at linear rate, when all
accumulation points are feasible.
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Lemma 3.3. (Guaranteed path length)
Let x∗ be a zero of h ∈ C0,1(X,Y ) and let the triple (h,Gh, x∗) fulfil the conditions
(CI) and (CA).
Then there exists for every γ in (0, 1) a triple (ε, α, r) with ε ∈ (0, 1), α > 0 and
r > 0 fulfilling (28) and (29), so that whenever x ∈ x∗ + rB holds and Gh(x, ·) is
positive homogeneous at x, we find a path

p : [0, τ ] → X, with p(0) = x and 1 ≥ τ ≥ (1− α), (49)

which fulfils the conditions (*) from the algorithm’s step 3. Moreover it holds for
every path p(τ) fulfilling (49) and the conditions (*) in step 3 that

‖h(p(τ))‖ ≤ (1− γτ)‖h(x)‖, (50)

i.e. τ is accepted by the descent condition (**) from the algorithm’s step 3.

Proof. We first prove the existence of a path.
From theorem 2.1 (i) we know that there exists a triple (ε, α, r), such that we find
u ∈ X with

∅ 6= α‖h(x)‖B ∩ [h(x) + Gh(x, u)],

whenever ‖x− x∗‖ ≤ r holds.
By proposition 3.1 we deduce the existence of a path p : [0, τ ] → X, p(0) = x and
α ≥ (1 − τ) ≥ 0, which fulfils the conditions (*) from the algorithm’s step 3. This
proves the first part.
For the second part we choose (ε, α, r) such that

ε ∈ (0, 1), α ∈ (0, 1
2
cεL−1], and let r ∈ (0, δ] be small enough

such that o(x− x∗) ≤ min{1
2
c, 1

2
αc} · ‖x− x∗‖, ∀ x ∈ x∗ + rB,

(51)

where δ and o(·) stem from the definition of the conditions (CA) and (CI). Note
that with this choice all the assertions of theorem 2.1 hold true.
The conditions (26) and (CA) show that for x ∈ x∗+rB there exists v ∈ Gh(x, x∗−x)
and s ∈ B with

v = h(x∗)− h(x) + o(x− x∗)s.

Together with the condition (CI) and (51) we deduce

c‖x− x∗‖ ≤ ‖v‖ ≤ ‖h(x∗)− h(x)‖+
1

2
c‖x− x∗‖

and therefore
c

2
‖x− x∗‖ ≤ ‖h(x∗)− h(x)‖. (52)

From (52) and the Lipschitz continuity of h we get also c
2
≤ L and by the choice of

α in (51) α ≤ ε.
Finally using theorem 2.1 (ii), (iii) and (52), it follows

‖h(p(τ))‖ ≤ L‖p(τ)− x∗‖ ≤ Lε‖x− x∗‖ ≤ 2Lεc−1‖h(x)‖.



60 3 Globalized Newton method

So it suffices for showing (50) that there exists a triple (ε, α, r) fulfilling besides (51)
also

(1− γτ) ≥ 2Lεc−1 or equivalently, (53)

γ ≤ 1− 2Lεc−1

τ
≤ 1− 2Lεc−1

1− ε
, (54)

where the last inequality follows from ε ≥ α ≥ (1− τ). Since

lim
ε↓0

(
1− 2Lεc−1

1− ε

)
= 1 and γ < 1

holds, the existence of a triple (ε, α, r) fulfilling (51) and (53) is shown. ¤
Theorem 3.3. (Local convergence II)
Let {xk}k∈N be generated by the path search algorithm in section 3.1.1 and assume
that an accumulation point x of {xk}k∈N is a zero of h and the triple (h, Gh, x) fulfils
the conditions (CI) and (CA).
Consider for the point x a triple (ε, α, r) chosen according to lemma 3.3.
If the algorithm chooses in step 3 for any iteration point xk ∈ x + rB a path pk :
[0, τ k] → X, pk(0) = xk with 1 ≥ τ k ≥ (1− α), then the following statements hold.

1. The sequence {xk}k∈N converges to x, i.e. x is the only accumulation point.

2. The sequence {xk}k∈N converges with linear rate

‖xk+1 − x‖ ≤ ε‖xk − x‖.

3. If there exists k′ ∈ N so that τ k = 1 for all k ≥ k′, we get superlinear conver-
gence

‖xk+1 − x‖ ≤ c−1o(xk − x)

with the function o(·) from the condition (CA) and the constant c from (CI).
If additionally o(x−x∗) ≤ q‖x−x∗‖2, q > 0, holds for all x with ‖x−x∗‖ ≤ r1,
r1 > 0, we get quadratic convergence

‖xk+1 − x∗‖ ≤ c−1q‖xk − x∗‖2

for all k sufficient large.

Proof. Let xk be the first iterate in x + rB. Since (1− τ k) ≤ α holds, we get

∅ 6= α‖h(xk)‖B ∩ [h(xk) + Gh(xk, pk(τ k)− xk)],

i.e. (pk(τ k)− xk) is a solution of the intersection (27).
In the foregoing lemma 3.3 we showed that τ k is accepted by the descent condition
(**) in step 3 of the algorithm. The next iterate xk+1 is therefore given by

xk+1 = pk(τ k) = xk + (pk(τ k)− xk).

Comparing with the local process (27) we see that the path search algorithm pro-
duces the same iterates like the local Newton method. The assertions 1., 2., and 3.
from theorem 3.3 follow from theorem 2.1 and from corollary 2.1. ¤
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Remark. One situation where we can guarantee the minimal path length τ k ≥
(1− α) as claimed in theorem 3.3, is the following.
From lemma 3.3 we know the existence of a radius r and of a path with path length
τ k ≥ (1 − α), whenever xk ∈ x∗ + rB holds. If we assume that in every iteration
point xk ∈ x∗ + rB we can find the global solution of the minimization problem

min{‖h(xk) + v‖ | v ∈ Gh(xk, u), u ∈ X} (55)

then due to lemma 3.3 the optimal value of (55) has to be smaller than α‖h(xk)‖.
Using proposition 3.1 we get the existence of a path with the desired minimal path
length.
In the sections 4 and 5 we give an application, where we are able to solve (55).

3.2 Modified algorithm and path computation

Comparing the path search algorithm in section 3.1.1 and the global convergence
theorem 3.2 to a globalized (inexact) Newton method in the differentiable case [7, 9,
18] or the damped semismooth Newton algorithm due to De Luca et al. [5, 6], there
are two key differences. First we have no measure for the quality of the (potential)
descent direction gained by the Newton step and second we have no alternative first
order method to switch to. Therefore the technical conditions (45) and (47) are
hard to interpret.
For an improvement related to the first drawback, we introduce a modified step 3
in the algorithm. In this work we do not consider a combination with a first order
method, this would be a subject for future research.

3.2.1 Modification and convergence results

Modified step 3:
Construct a path pk : [0, τ̄k] → X with τ̄k ∈ (0, 1], so that

pk(0) = xk, pk is continuous on [0, τ̄k], pk ∈ C0,1([0, τ̄k), X) and

∅ 6= (h(xk) + Gh(xk, pk(τ)− xk)) ∩ (1− τ)‖h(xk)‖ · B, ∀τ ∈ [0, τ̄k]
(*)

Find the smallest nonnegative integer ik, so that with i = ik

‖h(pk(σ
iτ̄k))‖ ≤ (1− γσiτ̄k) · max

0≤j≤m(k)
‖h(xk−j)‖ (**)

and if ik ≥ 1

n′(h(xk);
h(pk(σ

ik−1τ̄k))− h(xk)

σik−1τ̄k

) ≤ −γρ max
0≤j≤m(k)

‖h(xk−j)‖ (***)

holds, where m(k) is an integer satisfying

m(0) = 0 and 0 ≤ m(k) ≤ min[m(k − 1) + 1,M ], for k ≥ 1,
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n(x) = ‖x‖ is the norm function and ρ > 1 is a constant.

The modified step 3 differs from the original step 3 in 3.1.1 by (***). The directional
derivative n′(h(xk); ·) exists for every norm since all the norm functions are convex.
This condition assures that the direction gained by (*) isn’t to small and leads to
new global convergence theorems. As in section 3.1.3 we state a monotone and a
nonmonotone version.

Theorem 3.4. (Monotone global convergence II)
Let the sequence {xk} be generated by applying the monotone path search algorithm in
section 3.1.1 with the modified step 3 from section 3.2 to the function h ∈ C0,1(X, Y ).
Either all the accumulation points of {xk}k∈N are zeros of h(x), or all of them are
points x∗ with h(x∗) 6= 0, for which there is no convergent subsequence {xkl

}l∈N of
{xk}k∈N with limit x∗ and liml→∞ σikl

−1τ̄kl
= 0 such that the following condition (56)

lim sup
l→∞

n′(h(xkl
);

h(pkl
(σikl

−1τ̄kl
))− h(xkl

)

σikl
−1τ̄kl

)

≥ lim sup
l→∞

‖h(pkl
(σikl

−1τ̄kl
))‖ − ‖h(xkl

)‖
σikl

−1τ̄kl

(56)

holds.

Proof. Without loss of generality we assume that limk→∞ xk = x∗.
Along the lines of the proof of theorem 3.2 we consider two cases:

1.) limk→∞ ‖h(xk)‖ = 0, then the assertion follows.

2.) limk→∞ ‖h(xk)‖ = η > 0

And it holds

σikτ k −→
k→∞

0 resp. ν̃k = σik−1τ k −→
k→∞

0.

Let us assume that condition (56) holds. According to the modified step 3 and the
we can make the following estimates:

‖h(pk(ν̃k))‖ > (1− γν̃k)‖h(xk)‖

which leads to
‖h(pk(ν̃k))‖ − ‖h(xk)‖

ν̃k

≥ −γ‖h(xk)‖,

and by passing to the limit to

lim sup
k→∞

‖h(pk(ν̃k))‖ − ‖h(xk)‖
ν̃k

≥ −γη.
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But from the conditions (56) and (***) we get also

−γρη ≥ lim sup
k→∞

n′(h(xk);
h(pk(ν̃k))− h(xk)

ν̃k

)

≥ lim sup
k→∞

‖h(pk(ν̃k))‖ − ‖h(xk)‖
ν̃k

.

The choice of ρ > 1 implies η ≤ 0. This contradicts the assumption of case 2 and
the assertion follows. ¤
Theorem 3.5. (Nonmonotone global convergence II)
Let the sequence {xk} be generated by applying the nonmonotone path search al-
gorithm in section 3.1.1 with the modified step 3 from section 3.2 to the function
h ∈ C0,1(X,Y ) and let l(k) be defined as in theorem 3.2.
Either all the accumulation points of {xl(k)}k∈N are zeros of h(x), or all of them are
points x∗ with h(x∗) 6= 0, for which there is no convergent subsequence {xl(k)}k∈K of
{xl(k)}k∈N with limit x∗ and limk∈K,k→∞ σil(k)−1−1τ̄l(k)−1 = 0 such that the following
condition (57)

lim sup
k∈K,k→∞

n′(h(xl(k)−1);
h(pl(k)−1(σ

il(k)−1−1τ̄l(k)−1))− h(xl(k)−1)

σil(k)−1−1τ̄l(k)−1

)

≥ lim sup
k∈K,k→∞

‖h(pl(k)−1(σ
il(k)−1−1τ̄l(k)−1))‖ − ‖h(xl(k)−1)‖

σil(k)−1−1τ̄l(k)−1

(57)

holds.

Remark. The conditions (56) and (57) imply that the paths pkl
(·) resp. pl(k)−1(·)

are well defined at the point σikl
−1 resp. σil(k)−1−1. Therefore ikl

resp. il(k)−1 has to
be bigger than 1 at least for large l resp. k.

For the sake of completeness we state also the proof of theorem 3.5 although it is
very similar to the proof of theorem 3.4.

Proof. Without loss of generality we assume that limk→∞ xl(k) = x∗.
Along the lines of the proof of theorem 3.2 we consider two cases:

1.) limk→∞ ‖h(xl(k))‖ = 0, then the assertion follows.

2.) limk→∞ ‖h(xl(k))‖ = η > 0

And it holds

σil(k)−1τ l(k)−1 −→
k→∞

0 resp. ν̃k = σil(k)−1−1τ l(k)−1 −→
k→∞

0.

Let us assume that condition (57) holds. According to the modified step 3 we can
make the following estimates:

‖h(pl(k)−1(ν̃k))‖ > (1− γν̃k)‖h(xl(l(k)−1))‖ ≥ (1− γν̃k)‖h(xl(k)−1)‖
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which leads to

‖h(pl(k)−1(ν̃k))‖ − ‖h(xl(k)−1)‖
ν̃k

≥ −γ‖h(xl(k)−1)‖ ≥ −γ‖h(xl(l(k)−1))‖,

and by passing to the limit to

lim sup
k→∞

‖h(pl(k)−1(ν̃k))‖ − ‖h(xl(k)−1)‖
ν̃k

≥ −γη.

But from the conditions (57) and (***) we get also

−γρη ≥ lim sup
k→∞

n′(h(xl(k)−1);
h(pl(k)−1(ν̃k))− h(xl(k)−1)

ν̃k

)

≥ lim sup
k→∞

‖h(pl(k)−1(ν̃k))‖ − ‖h(xl(k)−1)‖
ν̃k

.

The choice of ρ > 1 implies η ≤ 0. This contradicts the assumption of case 2 and
the assertion follows. ¤

The local convergence properties are summarized in the next corollary.

Corollary 3.5. (Local convergence III)
Let {xk}k∈N be generated by the path search algorithm in section 3.1.1 with the
modified step 3 from section 3.2.
Under the assumptions of theorem 3.3 all the assertions of it stay true.

Proof. Let x be a accumulation point of {xk}k∈N, which fulfils the conditions (CA)
and (CI).
From lemma 3.3 we know that τ k is accepted (i.e. ik = 0), when the iterate xk is
close enough to a zero x. Therefore the modified step 3 coincides with the original
one, since (***) is only tested for ik ≥ 1. The corollary results from theorem 3.3.

¤

The modified algorithm gives us a result similar to proposition 3.4 and the results
in [41, 43, 21].

Proposition 3.6. (Single valued Clarke derivative)
Let h be in C0,1(Rn,Rn). Furthermore let the sequence {xl(k)}k∈N be generated by
the nonmonotone path search algorithm with the modified step 3 from section 3.2.
Either all the accumulation points of {xl(k)}k∈N are zeros of h, or all of them are
points x∗ with h(x∗) 6= 0, for which at least one of the following two conditions does
not hold:

1. ∂n(h(x∗)) is single valued, where n(x) = ‖x‖ is the norm function.

2. There exists a subsequence {xl(k)}k∈K of {xl(k)}k∈N with limit x∗,

il(k)−1 ≥ 1 ∀k ∈ K and the sequence {L(pl(k)−1)}k∈K is bounded.
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Proof. Without loss of generality we assume that limk→∞ xl(k) = x∗. From the proof
of theorem 3.2 we know that limk→∞ σil(k)−1−1τ l(k)−1 = 0 if limk→∞ ‖h(xl(k))‖ = η > 0
holds. Let us assume that condition 1 and 2 are fulfilled. We want to show that
condition (57) holds then too.
The normed directions

uk =
pl(k)−1(σ

il(k)−1−1τ l(k)−1)− xl(k)−1

σil(k)−1−1τ l(k)−1

stay bounded for all k ∈ N and limk→∞ xl(k)−1 = x∗, because of the bounded Lip-
schitz constants L(pl(k)−1). Therefore without loss of generality we can assume that

lim sup
k→∞

n′(h(xl(k)−1); uk) = ∂n(h(x∗))u∗ with lim
k→∞

uk = u∗,

since ∂n(·) is a closed mapping and ∂n(h(x∗)) is single valued. But

lim sup
k→∞

‖h(pl(k)−1(σ
il(k)−1−1τ l(k)−1))‖ − ‖h(xl(k)−1)‖

σil(k)−1−1τ l(k)−1

= lim sup
k→∞

‖h(xl(k)−1) + σil(k)−1−1τ l(k)−1uk‖ − ‖h(xl(k)−1)‖
σil(k)−1−1τ l(k)−1

∈ ∂n(h(x∗))u∗

holds per definition of ∂n(h(x∗)) and therefore condition (57) is fulfilled. ¤

Remark.

(i) The conclusion of proposition 3.6 stays true for the monotone path search algo-
rithm by adapting condition 2 to the condition (56), i.e.
there exists a subsequence {xkl

}l∈N of {xk}k∈N with limit x∗,

ikl
≥ 1, ∀ l ∈ N and the sequence {L(pkl

)}l∈N is bounded.

(ii) Condition 1 of proposition 3.6 is clearly fulfilled for the Euclidean norm ‖ · ‖2.

Next we show how the local convergence condition (CI) influence the global conver-
gence behavior of the modified algorithm. Similar to the situation in the corollaries
3.3 and 3.4 we have to be more precise about the paths p(τ) we are going to use.

3.2.2 Path computation

In proposition 3.4 and proposition 3.6 it becomes clear that the Lipschitz constant
L(pk) of the path pk(τ) near 0 plays a crucial role in the convergence behavior of the
algorithm. For instance one may lose superlinear convergence even in the smooth
case, if {L(pk)}k∈N becomes unbounded.
We plan to compute a path pk(τ) in two steps. At the current iteration point xk we
first try to find a global solution (uk, wk) of the problem

min{‖h(xk) + w‖ | w ∈ Gh(xk, u), u ∈ X}. (58)
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This is similar to a Gauss-Newton step in the smooth case (see e.g. [9]). Given a
solution (uk, wk) of (58) with ‖h(xk) + wk‖ < ‖h(xk)‖, we define the path length τ k

implicit by the equation

(1− τ k)‖h(xk)‖ = ‖h(xk) + wk‖.

With this solution wk we build the function Fk(s) = ‖h(xk) + swk‖ and as in
proposition 3.1 the function sk(τ) on [0, τ k] by

sk(τ) = F−1
k ((1− τ)‖h(xk)‖). (59)

Finally we get a path pk ∈ C0,1([0, τ̄k), X) defined by

pk(τ) = sk(τ)uk + xk. (60)

The path pk(τ) is Lipschitz per construction and we compute

‖pk(τ)− pk(0)‖ = (sk(τ)− sk(0))︸ ︷︷ ︸
sk(0)=0, sk(τ)>0, ∀τ∈[0,τk]

‖uk‖ ≤ L(sk)τ‖uk‖

where L(sk) is the Lipschitz constant of sk(τ) near 0. So the Lipschitz constant L(pk)

of pk(τ) is bounded if L(sk)‖uk‖ is bounded.

Proposition 3.7. (Bounded directions uk)
If the injectivity condition

‖w‖ ≥ c‖u‖, ∀ w ∈ Gh(xk, u),∀ u ∈ X

holds at the point xk, the search direction uk gained in (58) is bounded by 2‖h(xk)‖/c.

Proof. Since (uk, wk) is the solution of (58), we get

h(xk) + wk = (1− τ k)‖h(xk)‖g, with g ∈ B

and therefore together with the injectivity condition

c‖uk‖ ≤ ‖wk‖ = ‖(1− τ k)‖h(xk)‖g − h(xk)‖ ≤ 2‖h(xk)‖.

¤

Proposition 3.8. (Bounded Lipschitz constants L(sk))
Let xk be the current iteration point. The path sk(τ) defined in (59) is local Lipschitz
on [0, τ k) and it holds

|sk(τ)− sk(0)| ≤ L(sk) τ ≤ 2

τ k

τ, ∀ τ near 0.
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Proof. In proposition 3.1 we already proved that sk ∈ C0,1([0, τ k),R) holds.
From the definition (59) of the path sk(τ) we see that

L(sk) ≤ L(F−1
k )‖h(xk)‖

holds, where L(F−1
k ) is the Lipschitz constant of F−1

k .

We investigate L(F−1
k ). For any sequence {si}i∈N converging to 0 and each i ∈ N we

get
|Fk(si)− Fk(0)|

|si| = |ci| (61)

where ci ∈ ∂Fk(θisi) with θi ∈ (0, 1). Since {ci}i∈N is a bounded sequence, we can
assume without loss of generality that {ci}i∈N is convergent.
The multifunction ∂Fk(·) is upper semicontinuous and Fk is convex, therefore

lim
i→∞

ci ∈ ∂Fk(0) = [−F ′
k(0;−1), F ′

k(0; 1)].

holds.
Next we estimate F ′

k(0; 1)

F ′
k(0; 1) = lim

t↓0
‖h(xk) + twk‖ − ‖h(xk)‖

t
= n′(h(xk); wk)

where n(x) = ‖x‖ holds. From (*) in step 3 of the algorithm we conclude

n′(h(xk); wk) = n′(h(xk); (1− τ k)‖h(xk)‖e− h(xk))

≤ n(h(xk) + (1− τ k)‖h(xk)‖e− h(xk))− n(h(xk))

= −τ k‖h(xk)‖ < 0

with e ∈ bd B, where the last inequality follows from the convexity of n(x).
Therefore in (61) holds

|Fk(s)− Fk(0)|
|s| ≥ 1

2
τ k‖h(xk)‖.

for all positive s small enough. Now we can estimate L(F−1
k ) and get

L(sk) ≤ L(F−1
k )‖h(xk)‖ ≤ 2‖h(xk)‖

τ k‖h(xk)‖ ,

which completes the proof.
¤

It follows under the requirements of proposition 3.7 and 3.8 that at the current
iteration point xk the Lipschitz constant L(pk) is bounded

L(pk) ≤ 4

τ kc
‖h(xk)‖. (62)
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Corollary 3.6.
Let h be in C0,1(Rn,Rn). Furthermore let the sequence {xl(k)}k∈N be generated by the
nonmonotone path search algorithm with the modified step 3 from section 3.2. An
accumulation point x∗ of {xl(k)}k∈N with h(x∗) 6= 0 fulfils condition 2 of proposition
3.6, if there exists a subsequence {xl(k)}k∈K of {xl(k)}k∈N with limit x∗ such that for
all k ∈ K

τ l(k)−1 ≥ ε > 0 and ‖w‖ ≥ c‖u‖, ∀w ∈ Gh(xl(k)−1, u), ∀ u ∈ Rn

holds with c > 0, ε ∈ R and, if the path pl(k)−1(τ) is build according to (60).

Proof. From the proof of theorem 3.2 we know that

lim
k∈K,k→∞

σil(k)−1−1τ l(k)−1 = 0

and therefore w.l.o.g.
il(k)−1 ≥ 1 ∀k ∈ K,

since τ l(k)−1 ≥ ε > 0 for all k ∈ K holds per assumption.
For the Lipschitz constants L(pl(k)−1) it holds according to (62)

L(pl(k)−1) ≤ 4

τ l(k)−1c
‖h(xl(k)−1)‖ ≤ 4

εc
‖h(x0)‖ ∀k ∈ K.

¤
Remark.

(a) The conclusion of corollary 3.6 stays true for the monotone path search algo-
rithm , if there exists a subsequence {xkl

}l∈N of {xk}k∈N with limit x∗ such
that for all l ∈ N

τ kl
≥ ε > 0 and ‖w‖ ≥ c‖u‖, ∀w ∈ Gh(xkl

, u), ∀ u ∈ Rn

holds with c > 0, ε ∈ R and, if the path pkl
(τ) is build according to (60).

(b) Let the generalized derivative Gh(x, u) be of the form

Gh(x, u) = {Au| A ∈ M(x), M(x) is a set of n× n matrices}, ∀ x, u ∈ Rn.

Then the following injectivity condition (63) at the current iteration point xk

‖w‖ ≥ c‖u‖ ∀w ∈ Gh(xk, u), ∀u ∈ Rn (63)

implies that the path length τ k is equal to 1, since A−1 exists for all A ∈ M(xk).
Then the path pk(τ) is linear.

(c) The injectivity condition (63) was already analyzed in section 2. We refer to
there for characterizations of (63) in different settings, e.g. for optimization
problems and nonlinear complementarity problems.



4 Applications

Generalized Kojima functions can model solutions of variational inequalities, solu-
tions of nonlinear complementarity problems and stationary points of optimization
problems as pointed out in section 1.1.2.
In our applications we consider generalized Kojima functions F (x, y) : Rn+m →
Rn+m of the form

F (x, y) =

(
F1(x, y)
F2(x, y)

)
=

(
Φ(x) +

∑m
i=1 y+

i Ψi(x)
f(x)− y−

)
(64)

where Φ(x), Ψi(x) ∈ C0,1(Rn,Rn) , i = 0, ..., m, and f(x) = (f1(x), ..., fm(x))T ∈
C1(Rn,Rm) holds.
Furthermore F in our applications will be directionally differentiable. We want to
apply the algorithm in section 3.1.1 with the directional derivative of F . From
proposition 3.3 we know that the Armijo rule is well defined in this case and we will
show that the generalized Gauss-Newton step (58) can be solved.
In the sections 4.1 and 4.2 we therefore work out the details for the directional
derivative F ′((x, y); (u, v)) of F at the point (x, y) in direction (u, v) and investigate
problem (58).
In theorem 1.1 we found that CF ((x, y), (u, v)) consists exactly of all vectors (ξ, η)
such that

ξ ∈ Cx(Φ +
m∑

i=1

y+
i Ψi)(x, u) +

m∑
i=1

αiΨi(x) (65)

η = Df(x)u− β, i = 1, ..., m

with v = α + β, (α, β) ∈ JC(y), where

JC(y) :=





(α, β) ∈ R2m

∣∣∣∣∣∣∣∣

βi = 0, if yi > 0,
αi = 0, if yi < 0,
αi ≥ 0 ≥ βi, if yi = 0,
αiβi ≥ 0, if yi = 0





. (66)

If the functions Φ(x), Ψi(x), i = 1, ..., m, are directionally differentiable we get

F ′((x, y); (u, v)) =

(
Φ′(x; u) +

∑m
i=1 y+

i Ψ′
i(x; u) +

∑m
i=1 αiΨi(x)

Df(x)u− β

)
(67)

with v = α + β, (α, β) ∈ JC(y).
(α, β) ∈ JC(y) is uniquely determined by the choice of v (see section 1.2.2).

4.1 Nonlinear complementarity problems

In our applications we consider nonlinear complementarity problems in the form of
(7). The corresponding generalized Kojima function F (x, y) : R2n → R2n is

F (x, y) = 0, where F1(x, y) = a(x)− y+, F2(x, y) = −b(x)− y−,
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where a(x), b(x) ∈ C1(Rn,Rn) holds. We are aware that this class is well studied in
the field of nonsmooth Newton methods (see e.g. [13]). It is not our goal to compare
it with other approaches but rather to test our framework and make use of the big
set of test problems (see section 5).

Computation of the directional derivative for NCP

The directional derivative F ′((x, y); (u, v)) of F at the point (x, y) in direction (u, v)
according to (67) is given by

F ′((x, y); (u, v)) =








Da1(x)T u −α1 · · · 0
...

...
. . .

...
Dan(x)T u 0 · · · −αn

−Db1(x)T u −β1 · · · 0
...

...
. . .

...
−Dbn(x)T u 0 · · · −βn




∣∣∣∣∣∣∣∣∣∣∣∣∣

v = α + β,
(α, β) ∈ JC(y)





=





(
Da(x) −E 0
−Db(x) 0 −E

) 


u
α
β




∣∣∣∣∣∣
v = α + β,
(α, β) ∈ JC(y)



 . (68)

Compare (68) also to formula (37).

Generalized Gauss-Newton step for NCP

In the light of the convergence theorem 3.3 we are interested in a path with maximal
path length. In section 3.2.2 we explained how we compute this path. At the current
iteration point (x, y) we are looking for the global solution of problem (58). For
NCP’s this problem is equivalent to

min(u,α,β) ‖F (x, y) +

(
Da(x) −E 0
−Db(x) 0 −E

) 


u
α
β


 ‖2

2

s.t. βi = 0, if yi > 0
αi = 0, if yi < 0

αi ≥ 0 ≥ βi, if yi = 0
αiβi ≥ 0, if yi = 0,

(69)

where ‖ · ‖2 denotes the Euclidean norm.
Therefore we have to find a global solution of an optimization problem with convex
quadratic objective and linear complementarity constraints in every iteration. The
feasible set of (69) can be written as union of finitely many sets defined by linear
constraints. Since the objective is bounded from below it follows by applying the
Frank-Wolfe theorem to each subproblem with linear constraints that (69) has a
global solution. If the number of zero components of the variable y is small, the
problem (69) can be solved by either complete enumeration [43] (see references there
too) or a branch and bound scheme [43, 66, 37].
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4.2 Optimization problems

We consider (finite) optimization problems of the form

min f0(x)
s.t. fi(x) ≥ 0, i = 1, ..., m

(NP)

with fi(x) ∈ C1,1(Rn,R) for all i = 0, ..., m.
The corresponding Kojima function F (x, y) : Rn+m → Rn+m is

F (x, y) =

(
Df0(x)−∑m

i=1 y+
i Dfi(x)

−f(x)− y−

)
.

In our examples in section 4.2.1 and section 4.2.2 we work additionally with C1,1

functions, which have directionally differentiable gradients. The directional deriva-
tive F ′((x, y); (u, v)) of F at the point (x, y) in direction (u, v) according to (67) is
given by

F ′((x, y); (u, v)) =

(
(Df0)

′(x; u)−∑m
i=1 y+

i (Dfi)
′(x; u)−∑m

i=1 αiDfi(x)
−Df(x)u− β

)
(70)

with v = α + β, (α, β) ∈ JC(y).
We treat two problem classes, which lead to optimization problems with the struc-
ture mentioned above.

We will not test our algorithm for optimization problems with C2 data. This has
several reasons.
First there are optimality conditions of C2 problems reformulated as NCP included
in the library MCPLIB. Secondly C2 optimization problems are widely tested in the
work of Xiao [64] and our algorithm is similar to Xiao’s under the assumptions done
in his work.
Therefore we decided to choose applications with C1,1 data. Up to now this appli-
cations were not considered outside the convex, semismooth setting.

4.2.1 (Generalized) semi-infinite optimization

Let f0(x) : Rn → R, f(x, z) : Rn×Rs → R and gj(x, z) : Rn×Rs → R, j = 1, ..., k be
given twice continuously differentiable functions. The generalized semi-infinite
optimization program is given by

minx f0(x)
s.t. f(x, z) ≥ 0, ∀z ∈ Z(x)

(GSIP)

with Z(x) := {z ∈ Rs | gj(x, z) ≥ 0, j = 1, ..., k}. We assume that Z(x) ⊆ Z for all
x ∈ Rn, where Z is a compact set in Rs.
The case Z(x) = Z yields a standard nonlinear semi-infinite program (SIP). We
put

M := {x ∈ Rn | f(x, z) ≥ 0, ∀ z ∈ Z(x)}
to denote the constraint set of GSIP.
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Computation of the directional derivative for SIP/GSIP

It is natural in the field of GSIP to consider for x ∈ Rn the parametric lower level
problem P(x)

minz f(x, z)
s.t. z ∈ Z(x).

(P(x))

We need some notation concerning the problem P(x). For (x, z, w) in Rn×Rs×Rk

we introduce

L(x, z, w) = f(x, z)−
k∑

j=1

wjgj(x, z)

I0(x, z) = {j ∈ {1, . . . , k} | gj(x, z) = 0}}
I+(w) = {j ∈ {1, . . . , k} | wj > 0}

I1(x, z) = I0(x, z) ∩ I+(w) ; I2(x, z) = I0(x, z)\I+(w)

W+(x, z, w) = {h ∈ Rs | hT Dzgj(x, z) = 0, j ∈ I+(w)}
Λ(x, z) = {w | (z, w) is a KKT-point of P (x)}.

We say that z ∈ Z(x) satisfies the Linear Independence Constraint Qualification
(abbreviated LICQ(x,z)) iff the vectors Dzgj(x, z), j ∈ I0(x, z), are linearly inde-
pendent.
Since we want to represent our problem in the form NP, we make use of the reduc-
tion approach. The following proposition recapitulates the theory we will make use
of. This proposition is similar to proposition 2.2 in [25]. A comparable result for
SIP can be found in Jongen, Wetterling and Zwier [24].

Proposition 4.1. (Reduction ansatz)
Let x0 be a point in M with {z ∈ Z(x0) | f(x0, z) = 0} 6= ∅. Suppose that the
functions f and gj, j = 1, . . . , m, are twice continuously differentiable on Rn × Rs.
Consider the parametric problem P(x), x ∈ Rn. Further suppose that for each z ∈
{v ∈ Z(x0) | f(x0, v) = 0},

(I) LICQ(x0, z) holds (hence there is a unique vector wz such that (z, wz) fulfils
the Kuhn-Tucker conditions for P(x0)), and

(II) (z, wz) satisfies the strong-second order sufficient optimality condition w.r. to
P(x0), i.e., for each h ∈ W+(x0, z, wz)\{0} there holds hT D2

zzL(x0, z, wz)h >
0.

Then, for some q > 0, the system {f(x, z) ≥ 0, z ∈ Z(x)} is reducible to {f(x, zi(x)) ≥
0, i = 1, ..., m} on U = B(x0, q), i.e. there are functions zi(x), i = 1, ..., m, from U
to Rs such that for each x ∈ U one has

x ∈ M if and only if f(x, zi(x)) ≥ 0 for i = 1, ...,m.

Moreover, for each i ∈ {1, ..., m},
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(a) zi(x) is a strict local minimizer to P(x) if x ∈ U, zi(x) is local Lipschitz on U ,
zi(x0) = zi and for all u ∈ Rn, x ∈ U, the directional derivative z′i(x; u) exists,

(b) for each x ∈ U, there is a unique vector wi(x) satisfying the Kuhn-Tucker
conditions of P(x) with zi(x), i.e. wi(x) ∈ Λ(x, zi(x)), and wi(x) is local
Lipschitz on U , wi(x0) = wzi

and for all u ∈ Rn, x ∈ U, the directional
derivative w′

i(x; u) exists,

(c) fi(x) defined by fi(x) = f(x, zi(x)), x ∈ U, is continuously differentiable on
U , Dfi(x) is Lipschitz on U , and for u ∈ Rn, x ∈ U, the directional derivative
(Dfi)

′(x; u) exists,

(d) it holds for u ∈ Rn, x ∈ U,

Dfi(x) = Dxf(x, zi(x))−
k∑

j=1

(wi(x))jDxgj(x, zi(x)) (71)

= DxL(x, zi(x), wi(x))

and

(Dfi)
′(x; u) = (D2

xxf(x, zi(x))−
k∑

j=1

(wi(x))jD
2
xxgj(x, zi(x)))u

+(D2
xzf(x, zi(x))−

k∑
j=1

(wi(x))jD
2
xzgj(x, z(x)))z′i(x; u)

−
k∑

j=1

((wi)
′(x; u))jDxgj(x, zi(x))

= D(DxL(x, zi(x), wi(x))) · (u, z′i(x; u), w′
i(x; u))T (72)

where (wi(x))j resp. ((wi)
′(x; u))j denotes the j-th component of wi(x) resp.

w′
i(x; u),

(e) the directional derivatives (z′i(x; u), w′
i(x; u)) for u ∈ Rn, x ∈ U, are the unique

solution (ż, ẇ) of the system (73) of inequalities and equations

D2
zzL(x, zi(x), wi(x))ż −

k∑
j=1

ẇDzgj(x, zi(x)) = −D2
zxL(x, zi(x), wi(x))u;

Dzgj(x, zi(x))T ż = −Dxgj(x, zi(x))T u, j ∈ I1(x, zi(x));

Dzgj(x, zi(x))T ż ≥ −Dxgj(x, zi(x))T u, j ∈ I2(x, zi(x)); (73)

ẇj = 0, j /∈ I0(x, zi(x)) ; ẇj ≥ 0, j ∈ I2(x, zi(x));

ẇj(Dzgj(x, zi(x))T ż + Dxgj(x, zi(x))T u) = 0, j ∈ I2(x, zi(x)).

DxL(x, zi(x), wi(x)) denotes the partial gradient of L(x, z, w) with respect to x eval-
uated at the point (x, zi(x), wi(x)). DxxL(x, zi(x), wi(x)), etc., is meant analogically.
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Proof. The proof of assertion (a) and (b) (without the directional differentiability
part) can be found in [29, 12] or in [27, chapter 8]. Assertion (c) and formula
(71) can be found in [23, 56, 57]. Formula (72) is derived with a chain rule for
directionally differentiable functions, see e.g. [27]. Assertion (c) and the directional
differentiability of the functions zi(x), wi(x), with x ∈ U , can be found in [3, 22].

¤

Remark.

(1) The elements in {z ∈ Z(x0) | f(x0, z) = 0} are global minimizers of the
parametric problem P(x0).

(2) The functions zi(x) and wi(x) are directionally differentiable if (zi(x), wi(x))
fulfils the Kuhn-Tucker conditions for P(x), x ∈ U and the system (73) admits
a unique solution (see [3]). We can use system (73) to check (zi(x), wi(x)) for
directional differentiability.

(3) Let x0 ∈ M and z0 ∈ Z(x0) with f(x0, z0) = 0 hold.
If Z(x) ⊆ Z with Z compact holds for all x near x0, then the feasible set
mapping Z(·) is upper semicontinuous (in the sense of Berge) at x0 and the
optimal value function ϕ(x) of P(x),

ϕ(x) = inf
z
{f(x, z) | z ∈ Z(x)},

is lower semicontinuous at x0.
If the Mangasarian-Fromowitz constraint qualification is fulfilled at (x0, z0) for
P(x0), then Z(·) is lower semicontinuous (in the sense of Berge) at (x0, z0) and
ϕ(x) is upper semicontinuous at x0 (see e.g. [1] or [8, chapter 4]).

According to proposition 4.1, we say that the reduction ansatz holds at x0 ∈ Rn

if the conditions (I) and (II) of proposition 4.1 hold for all local minimizers of P(x0).

For the SIP problem, we get some simplified formulas. The lower level functions
gj, j = 1, ..., k do not depend on x. The formulas (74), (75) and (76) follow directly
from proposition 4.1.

Corollary 4.1. (Derivatives for the SIP case)
Consider the problem SIP. Under the assumptions of proposition 4.1 we get the
following formulas for the derivatives Dfi(x) and (Dfi)

′(x; u) for i = 1, ...,m,

Dfi(x) = Dxf(x, zi(x)) (74)

(Dfi)
′(x; u) = D2

xxf(x, zi(x))u + D2
xzf(x, zi(x)) · z′i(x; u)

= D(Dxf(x, zi(x))

(
u

z′i(x; u)

)
(75)
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where (z′i(x; u), w′
i(x; u)) for u ∈ Rn, x ∈ U are the unique solution (ż, ẇ) of the

following system (76) of inequalities and equations

D2
zzL(x, zi(x), wi(x))ż −

k∑
j=1

ẇDzgj(x, zi(x)) = −D2
zxf(x, zi(x))u;

Dzgj(x, zi(x))T ż = 0, j ∈ I1(x, zi(x)) ; Dzgj(x, zi(x))T ż ≥ 0, j ∈ I2(x, zi(x));

ẇj = 0, j /∈ I0(x, zi(x)) ; ẇj ≥ 0, j ∈ I2(x, zi(x)); (76)

ẇj(Dzgj(x, zi(x))T ż) = 0, j ∈ I2(x, zi(x)).

For the rest of this section we assume that the reduction ansatz holds at x0. There-
fore we have a neighborhood U of x0 and functions zi(x), i = 1, ..., m from U to Rs

such that for x ∈ U problem GSIP is equivalent to the finite dimensional problem

minx f0(x)
s.t. f(x, zi(x)) ≥ 0, i = 1, ..., m.

(R-GSIP)

So it makes sense to consider the Kojima function F (x, y) for R-GSIP.
Since we want to apply the path search algorithm in section 3.1.1, we consider the
following two assumptions.

(A1) The reduction ansatz holds on the whole path pk(τ) : [0, τ k] → Rn+m for
k = 0, 1, 2, ..., which is constructed in (*) of the algorithm’s step 3.

(A2) The reduction ansatz holds for any accumulation point of a sequence {xk}k∈N
generated by the path search algorithm.

If we additionally assume (A1) in the assumptions of theorem 3.2 on global conver-
gence, its assertions stay true.
And if we additionally assume (A1) and (A2) in the assumptions of theorem 3.3 on
local convergence, these assertions also stay true.

We compute F ′((x, y); (u, v)), x ∈ U for R-GSIP according to (70) with the deriva-
tives (Dfi)

′(x; u), i = 1, ..., m from proposition 4.1, where fi(x) = f(x, zi(x)) holds.

In the GSIP case we get

F ′((x, y); (u, v)) = A(x, y) · (u, z′1(x; u), . . . , z′m(x; u), w′
1(x; u), . . . , w′

m(x; u), α, β),

where A(x, y) is the matrix


 D2f0(x)−

m∑
i=1

y+
i D2

xxL . . . −y+
i D2

xzL . . . −y+
i D2

xwL . . . −Df(x)T 0

−Df(x) . . . 0 . . . 0 . . . 0 −E


 (77)
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with v = α + β, (α, β) ∈ JC(y) and (z′(x; u), w′(x; u)) fulfilling the system (73).
We have omitted the arguments (x, zi(x), wi(x)) in (77) for space reasons.

From corollary 4.1 we get for the SIP case

F ′((x, y); (u, v)) = A(x, y) · (u, z′1(x; u), . . . , z′m(x; u), α, β),

where A(x, y) is now the matrix


D2f0(x)−

m∑
i=1

y+
i D2

xxf(x, zi(x)) . . . −y+
i D2

xzf(x, zi(x)) . . . −Df(x)T 0

−Df(x) . . . 0 . . . 0 −E


 (78)

with v = α + β, (α, β) ∈ JC(y) and (z′(x; u), w′(x; u)) fulfilling the system (76).

Generalized Gauss-Newton step for SIP/GSIP

In order to compute a path with maximal path length according to section 3.2.2 we
are looking for a global solution of problem (58). For SIP at the current iteration
point (x, y), x ∈ U, this problem is equivalent to

min(u,z,w,α,β) ‖F (x, y) + A(x, y) · (u, z, α, β)‖2
2

s.t. (α, β) ∈ JC(y),
(z, w) fulfils system (76),

(79)

where A(x, y) is the matrix (78).
For GSIP problem (58) is equivalent to

min(u,z,w,α,β) ‖F (x, y) + A(x, y) · (u, z, w, α, β)‖2
2

s.t. (α, β) ∈ JC(y),
(z, w) fulfils system (73),

(80)

where A(x, y) is the matrix (77).
In both cases we are facing an optimization problem with convex quadratic objective
in every iteration and linear complementarity constraints (see comments at the end
of section 4.1).

Remarks and possible extensions

In this section we consider a weaker reduction ansatz under which the functions
Dfi(x) are no longer directionally differentiable. The framework elaborated above
allows us to work with the contingent derivative CF ((x, y), (u, v)). But how do we
compute elements in CF ((x, y), (u, v))?
From (65) we conclude that CF ((x, y), (u, v)) consists of all vectors (ξ, η) such that

ξ ∈ Cx(Df0 −
m∑

i=1

y+
i Dfi)(x, u)−

m∑
i=1

αiDfi(x) (81)

ηi = Dfi(x)u− βi, i = 1, ..., m
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with v = α + β, (α, β) ∈ JC(y).
Under a weaker reduction ansatz than in proposition 4.1 we get

Proposition 4.2. (Reduction approach II)
Let x0 be a point in M with {z ∈ Z(x0) | f(x0, z) = 0} 6= ∅. Suppose that the
functions f and gj, j = 1, . . . , m, are twice continuously differentiable on Rn × Rs.
Consider the parametric problem P(x), x ∈ Rn.
Assume that for some q > 0, the system {f(x, z) ≥ 0, z ∈ Z(x)} is reducible to
{f(x, zi(x)) ≥ 0, i = 1, ..., m} on U = B(x0, q), in the sense of that there are local
Lipschitz functions zi(x) resp. wi(x), i = 1, ..., m, from U to Rs resp. from U to
Rksuch that for each x ∈ U one has

x ∈ M if and only if f(x, zi(x)) ≥ 0 for i = 1, ...,m,

and (zi(x), wi(x)) fulfils the Kuhn-Tucker conditions of P(x), i.e. wi(x) ∈ Λ(x, zi(x)).
Then for each i = 1, ..., m,

(a) fi(x) defined by fi(x) = f(x, zi(x)), x ∈ U, is continuously differentiable on
U , Dfi(x) is local Lipschitz on U ,

(b) it holds for u ∈ Rn, x ∈ U,

Dfi(x) = DxL(x, zi(x), wi(x)) (82)

and

CDfi(x, u) = D(DxL(x, zi(x), wi(x))) · C(·, zi(·), wi(·))(x, u), (83)

(c) the elements (u, ż, ẇ) ∈ C(·, zi(·), wi(·))(x, u) for u ∈ Rn, x ∈ U, are a solution
of the system (84) of inequalities and equations

D2
zzL(x, zi(x), wi(x))ż −

k∑
j=1

ẇDzgj(x, zi(x)) = −D2
zxL(x, zi(x), wi(x))h;

Dzgj(x, zi(x))T ż = −Dxgj(x, zi(x))T h, j ∈ I1(x, zi(x));

Dzgj(x, zi(x))T ż ≥ −Dxgj(x, zi(x))T h, j ∈ I2(x, zi(x)); (84)

ẇj = 0, j /∈ I0(x, zi(x)) ; ẇj ≥ 0, j ∈ I2(x, zi(x));

ẇj(Dzgj(x, zi(x))T ż + Dxgj(x, zi(x))T h) = 0, j ∈ I2(x, zi(x)).

Proof. The results (a) and (82) are derived in [23]. The formula (83) is a chain rule
for contingent derivatives [27], and part (c) follows in almost the same manner as in
[3, 22].

¤

Proposition 4.2 implies that it makes sense to consider solutions of (84) since the
elements of the contingent derivative CDfi(x, u) of Dfi can be found among them.
In which situations the solutions of (84) lie in CDfi(x, u) is still an open question.
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4.2.2 Generalized Nash equilibrium problems

In this section we investigate a C1,1 optimization reformulation from von Heusinger
and Kanzow [62, 63] of the generalized Nash equilibrium problem (GNEP).
We briefly recall the definition of a GNEP and the reformulation as an optimization
problem from there. For more details and related literature we also refer to [62, 63].

There are N players, each player ν ∈ {1, ..., N} controls the variables xν ∈ Rnν . Let
x = (x1, ..., xN) ∈ Rn be the vector of all decision variables with n = n1 + ... + nN .
We notate the νth player’s variables within the vector x with (xν , x−ν), where x−ν

subsumes all the other player’s variables.
The GNEP is defined by the utility function θν : Rn → R of player ν and a common
strategy set X ⊆ Rn. A vector x∗ = (x1

∗, ..., x
N
∗ ) ∈ Rn is then called a generalized

Nash equilibrium or a solution of GNEP if each component xν
∗ is a solution of the

optimization problem

min
xν

Θν(x
ν , x−ν

∗ ) s.t. (xν , x−ν
∗ ) ∈ X. (85)

We assume that the utility functions Θν are twice differentiable and, as a function
of xν alone, convex. The set X can be represented as

X = {x ∈ Rn|g(x) ≥ 0}
with g : Rn → Rm and shall be nonempty. The functions gi(x) for i = 1, ..., m
are concave and also twice differentiable. Additional constraints which only de-
pend on one player ν shall be included in the joint constraints. Additional equality
constraints are also allowed but we do not include them for notational reasons.

Computation of the directional derivative for GNEP

The basic tool for the reformulation of a GNEP is the Nikaido-Isoda-function Ψ

Ψ(x, z) =
N∑

ν=1

(Θν(x
ν , x−ν)−Θν(z

ν , x−ν)).

First we use this function in order to define a subclass of all solutions of a GNEP.

Definition 4.1. (Normalized Nash equilibrium)
A vector x∗ ∈ X is a normalized Nash equilibrium of the GNEP if supz∈X Ψ(x∗, z) =
0 holds, where Ψ denotes the Nikaido-Isoda-function.

Note that a normalized Nash equilibrium is always a solution of GNEP. The con-
verse is not true in general.
We add a regularization term, with γ > 0, to Ψ and obtain the regularized
Nikaido-Isoda-function Ψγ

Ψγ(x, z) =
N∑

ν=1

(Θν(x
ν , x−ν)−Θν(z

ν , x−ν)− γ

2
‖xν − zν‖2)

= Ψ(x, z)− γ

2
‖x− z‖2.
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We consider the value function Vγ given by

Vγ(x) = max
z∈X

Ψγ(x, z) = Ψγ(x, zγ(x)), (86)

where zγ(x) is the unique solution of the uniformly concave maximization problem
in (86). We resume the properties of Vγ in the following proposition.

Proposition 4.3. (Properties of Vγ)
The function Vγ : Rn → R in (86) is well defined and has the following properties.

(i) Vγ(x) ≥ 0 holds for all x ∈ X.

(ii) x∗ is a normalized Nash equilibrium if and only if x∗ ∈ X and Vγ(x
∗) = 0.

(iii) Vγ(x) is continuously differentiable for all x ∈ Rn and the gradient is given by

DVγ(x) = DxΨγ(x, zγ(x)).

where zγ(x) is the unique solution of Q(x).

The proof of this proposition can be found in [62]. We come to the optimization
reformulation for a normalized Nash equilibrium of GNEP.
x∗ is a normalized Nash equilibrium if and only if it solves the constrained optimiza-
tion problem

min Vγ(x) s.t. x ∈ X (87)

with optimal function value Vγ(x
∗) = 0.

For our application we want that DVγ(x) is directionally differentiable. For this
reason we study the parametric problem

max
z∈X

Ψγ(x, z). (Q(x))

We need some notations concerning the problem Q(x). For (x, z, w) in Rn×Rn×Rm

we introduce,

L(x, z, w) = −Ψγ(x, z)−
m∑

j=1

wjgj(z)

I0(z) = {j ∈ {1, . . . , m} | gj(z) = 0}}
I+(w) = {j ∈ {1, . . . , m} | wj > 0}
I1(z) = I0(z) ∩ I+(w) ; I2(z) = I0(z)\I+(w)

Λ(x, z) = {w | (z, w) is a KKT-point of Q(x)}

We say that z ∈ X satisfies the Linear Independence Constraint Qualification (ab-
breviated LICQ(z)) iff the vectors Dgj(z), j ∈ I0(z), are linearly independent.

We get a result similar to corollary 4.1.
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Proposition 4.4. (Directional derivative of DVγ)
Let x̄ be in Rn and assume that LICQ(zγ(x̄)) holds, where zγ(x̄) is the unique solution
of the problem (Q(x)).
Then for some q > 0 and U = B(x̄, q) there are functions zγ : U → Rn, w(x) : U →
Rm, such that for each x ∈ U

(a) zγ(x) is a strict local maximizer of Q(x), zγ(x) is local Lipschitz and direction-
ally differentiable on U ,

(b) w(x) ∈ Λ(x, zγ(x)), w(x) is local Lipschitz and directionally differentiable on
U ,

(c) DVγ(x) is local Lipschitz and directionally differentiable on U , (DVγ)
′(x; u) for

u ∈ Rn is given by

(DVγ)
′(x; u) = D2

xxΨγ(x, zγ(x))u + D2
xzΨγ(x, zγ(x)) · z′γ(x; u)

= D(DxΨγ(x, zγ(x))

(
u

z′γ(x; u)

)
(88)

where (z′γ(x; u), w′(x; u)) is the unique solution (ż, ẇ) of the system (89) of
inequalities and equations

D2
zzL(x, zγ(x), w(x))ż −

m∑
j=1

ẇDgj(zγ(x)) = D2
zxΨγ(x, zγ(x))u;

Dgj(zγ(x))T ż = 0, j ∈ I1(zγ(x)); (89)

Dgj(zγ(x))T ż ≥ 0, j ∈ I2(zγ(x));

ẇj = 0, j /∈ I0(zγ(x)) ; ẇj ≥ 0, j ∈ I2(zγ(x));

ẇj(Dgj(zγ(x))T ż) = 0, j ∈ I2(zγ(x)).

The proof of this proposition follows along the lines of the proof of proposition 4.1.

Let x̄ ∈ Rn fulfil the assumptions of proposition 4.4 and let U be the neighborhood
of x̄ from there. We compute F ′((x, y); (u, v)), x ∈ U, for (87) according to (70)
with the derivative (DVγ)

′(x; u) from proposition 4.4.

For the (GNEP) case we get

F ′((x, y); (u, v)) = A(x, y) · (u, z′γ(x; u), α, β),

where A(x, y) is the matrix

(
D2

xxΨγ(x, zγ(x))−∑m
i=1 y+

i D2gi(x) D2
xzΨγ(x, zγ(x)) −Dg(x)T 0

−Dg(x) 0 0 −E

)
(90)

with v = α + β, (α, β) ∈ JC(y), and (z′γ(x; u), w′(x; u)) fulfilling the system (89).
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Generalized Gauss-Newton step for GNEP

To compute a path with maximal path length according to section 3.2.2 we are
looking for a global solution of problem (58). For GNEP at the current iteration
point (x, y), x ∈ U, this problem is equivalent to

min(u,z,w,α,β) ‖F (x, y) + A(x, y) · (u, z, α, β)‖2
2

s.t. (α, β) ∈ JC(y),
(z, w) fulfils system (89),

(91)

where A(x, y) is the matrix (90).
Optimization problem (91) has a convex quadratic objective and linear complemen-
tarity constraints (see comments at the end of section 4.1).
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The implementation of the path search algorithm in section 3.1.1 was done in MAT-
LAB 7.5 and GAMS IDE 2.0 on a Dell Optiplex 740 with an AMD 2 Ghz processor.
We used the interface of Ferris [14] to link the GAMS solvers with MATLAB.
For the computation of a path we proceeded according to section 3.2.2. With the
directionally differentiable generalized Kojima function F (xk, yk) (64) at the cur-
rent iteration point (xk, yk) with k ∈ N and the Euclidean norm ‖ · ‖2, the path
pk(τ) : [0, τ k] → Rn+m has the form

pk(τ) = sk(τ)(uk, vk) + (xk, yk),

where (uk, vk) is a global solution of (58) and τ k and sk(τ) : [0, τ k] → R are defined
by

τ k =
(‖F (xk, yk)‖2

2 − 〈F (xk,yk),wk〉2
‖wk‖22

)
1
2 − ‖F (xk, yk)‖2

−‖F (xk, yk)‖2

sk(τ) =
−2〈F (xk, yk), wk〉

2‖wk‖2
2

− (4〈F (xk, yk), wk〉2 − 4‖wk‖2
2(‖F (xk, yk)‖2

2 − (1− τ)2‖F (xk, yk)‖2
2))

1
2

2‖wk‖2
2

,

with wk = F ′((xk, yk); (uk, vk)) (see also example (iii) in section 3.1.2).

Remark. The minimization problem (58), which represents a Newton step, should
be much easier to solve than the original problem of finding a zero (x∗, y∗) of F .
We discussed problem (58) in detail in the sections 4.1 and 4.2 for the particular
applications.

We state our algorithm in pseudo code. In the code below we describe the parame-
ters, the stopping criterion and the nonmonotone rule we used.

Implemented algorithm:

k = 0;
i = 0;
breakflag=0;
γ = 0.0001;
σ = 0.5;
M ∈ {0, 5, 10};
while and( ‖F (xk, yk)‖∞ ≥ 10−6, k ≤ 100 )

solve( min(u,v) ‖F (xk, yk) + F ′((xk, yk); (u, v))‖2
2 ) (compare to (58));

if min(u,v) (‖F (xk, yk) + F ′((xk, yk); (u, v))‖2) ≥ ‖F (xk, yk)‖2

breakflag=1;
break (leaves the while loop);

end if
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while ‖F (pk(σiτk))‖2 > (1− γσiτk)max{‖F (xk−j , yk−j)‖2|j = 1, ..., max(k −M, 1)}
i=i+1;

end while
jk ∈ {j ∈ {0, ..., i} | ‖F (pk(σj τ̄k))‖2 = min0≤l≤i ‖F (pk(σlτ̄k))‖2};
(xk+1, yk+1) = pk(σjkτk);
i = 0;
k = k + 1;

end while
if breakflag=1

disp((xk, yk) is a stationary point);
end if
if k ≥ 100

disp(Stopped after 100 iterations);
end if
if and(k < 100, breakflag = 0)

disp(The solution is (xk, yk));
end if

In all our examples for SIP and GSIP the parametric lower level problem P(x) is
convex and fulfils the reduction ansatz for all iteration points x. Therefore P(x)
admits a unique global solution and we do not have to care about local minimizers.

5.1 Test problems and numerical results SIP

The following test problems for SIP are treated in [57, 58] with a different refor-
mulation of the original SIP problem. Under a stronger reduction ansatz than ours
they apply in [58] a semismooth Newton approach from [48]. We compare our re-
sults to theirs if possible. For better readability we restate the problem formulations.

We start with some small dimensional examples (1-4) where strict complementarity
is violated in the upper or the lower level. Remember that at points, for which strict
complementarity is violated, the resp. Kojima function is nonsmooth.
For examples 1-4 resp. example 5 we generated starting points uniformly distributed
in the interval [−100, 100]m resp. [1, 3]× [0, 1]m with m suitably chosen. The results
for examples 1-5 are summarized in the tables 1-3 below.

Example 1 [58]

We consider the following SIP

min{(x1 − 1)2 + (x2 − 1)2 | (x1 − z1) + (x2 − z2) ≥ 0, ∀z ∈ Z}

with

Z = {z ∈ R2 | − z2
1 + 1 ≥ 0, −z2

2 + 1 ≥ 0}.
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At the solution x∗ = (1, 1) with z(x∗) = (1, 1) strict complementarity is violated in
the upper level.

Example 2 [58]

Let us consider the following SIP

min{x2
1 + x2

2 | (z1 − x1)
2 + (z2 − x2)

2 ≥ 0, ∀z ∈ Z}

with

Z = {z ∈ R2 | − z1 ≥ 0, −z2 ≥ 0}.
The unique unconstrained minimum x∗ = (0, 0) is feasible and therefore optimal.
With z(x∗) = (0, 0) strict complementarity is violated in the lower level. Further-
more the gradient of the upper level inequality is zero at the point (x∗, z(x∗)).

Example 3 [24]

Let us consider the following SIP

min{x2
1 + 3x2

2 + x3 | 0.5(z1 − x1)
2 + (z2 − x2)

2 + x3 ≥ 0, ∀z ∈ Z}

with

Z = {z ∈ R2 | z1 + z2 ≥ 0, z2 ≥ 0,−z2
1 − z2

2 + 1 ≥ 0}.
At the optimal solution x∗ = (0, 0, 0) with z(x∗) = (0, 0) strict complementarity is
violated in the lower level.

Example 4 [58]

We consider the following SIP

min{x2
1 + x2

2 + x2
3 | 0.5(z1 − x1)

2 + (z2 − x2)
2 + x3 ≥ 0, ∀z ∈ Z}

with

Z = {z ∈ R2 | z1 + z2 ≥ 0, z2 ≥ 0,−z2
1 − z2

2 + 1 ≥ 0}.
At the optimal solution x∗ = (0, 0, 0) with z(x∗) = (0, 0) strict complementarity is
violated in the lower level.
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Example 5 (Robust optimization) [2, 57]

In robust optimization problems parts of the data are uncertain and only known to
belong to some uncertainty set which may be taken as infinite index set in semi-
infinite programming.

We want to invest 1 Swiss Franc in a portfolio comprised of K shares. Let zi > 0,
i = 1, ..., K, be the returns at the end of a given period. We want to determine the
amount xi, i = 1, ..., K, to be invested in share i that maximizes the value zT x of
the portfolio at the end of this period.

Let us assume that z varies in some nonempty compact set Z ⊂ RK . We consider
the following (linear) semi-infinite problem

max{y | y − zT x ≤ 0 ∀z ∈ Z,

K∑
i=1

xi = 1, x ≥ 0}. (92)

Z is given by

Z =

{
z ∈ RK

∣∣∣∣∣
K∑

i=1

(zi − zi)
2

σ2
i

≤ θ

}
. (93)

We set zi, σi and θ as follows,

zi = 1.15 + i
0.05

K
, i = 1, ..., K,

σi =
0.05

θK

√
K(K + 1)i

2
, i = 1, ..., K and θ = 1.5.

One can show that with this choice the optimal value is 1.15 for any K and the
optimal policy is xi = 1/K, i = 1, ..., K. We applied our algorithm for K =
10, 50, 100, 150.
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Numerical results SIP

In this section we resume and discuss the results of our algorithm for SIP.

Table 1 shows the global convergence properties.
The columns of the first table are labeled as follows. “Problem” is the identifier of
the problem according to section 5.1. D-UL is the dimension of the Kojima function
of the reduced SIP (upper level problem) according to section 4.2.1. D-LL is the
dimension of the Kojima function for the lower level problem P(x). NS denotes the
number of starting points. The third column shows the number of starting points
which lead to a solution, a non-zero stationary point (in the sense of proposition
3.2) or to an abort after 100 iterations. M is the nonmonotonicity parameter. The
last column is the number of starting points (for M = 0, 5 or 10) which produce
iteration points at which the Kojima function of the reduced SIP is nonsmooth.
The first row of table 1 thus means that for example 1 the dimension of the reduced
upper level problem is 3 and of the lower level problem 4. We generated 50 starting
points. For M = 0, 5, 10, all starting points lead to a solution, 0 starting points to
a stationary point and 0 starting points to an abort. None of the starting points
produced a nonsmooth iteration point.

Table 1:

Problem D-UL/ D-LL / NS Solved/stationary-points/abort NonS-IP
M=0 M=5 M=10

Ex-1 3/4/50 50 0 0 50 0 0 50 0 0 0
Ex-2 3/4/50 33 12 5 33 16 1 33 12 5 28
Ex-3 4/5/50 50 0 0 50 0 0 50 0 0 4
Ex-4 4/5/50 50 0 0 50 0 0 50 0 0 4
Ex-5-10 23/11/50 50 0 0 50 0 0 50 0 0 0
Ex-5-50 103/51/50 50 0 0 48 2 0 48 2 0 0
Ex-5-100 203/101/50 50 0 0 50 0 0 50 0 0 1
Ex-5-150 303/151/20 19 0 1 20 0 0 20 0 0 0

The global convergence behavior for almost all examples is very satisfying. Example
2 is the only exception. As mentioned above example 2 does not fulfil LICQ in the
upper level at the solution. We checked the starting points which lead to a stationary
point or to an abort. All of them stopped at a point very close to x∗ = (0, 0) but
they are either recognized as nonzero stationary points or lead to an abort. The
cause for this is that the Kojima function becomes very ”flat” since the condition
(CI) is not fulfilled at x∗ (see lemma 2.3).
For the nonzero stationary points in example 5-50 we noticed that the path length
became very small during the last iterations although the iteration points were very
close to the solution. In example 5-150 one starting point got stuck, took only small
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steps and made a lot of backtracking (see table 2). The nonmonotone rule was
successful in this case, we also got convergence for this starting point.
Furthermore we can see no significant difference between the monotone and the non-
monotone version concerning the global convergence. It is also remarkable that in
4 out of 8 examples nonsmooth iteration points occurred.

Table 2 compares the performance of the monotone (M = 0) algorithm with the
nonmonotone version (M = 10).
The columns of this table are labeled as follows. “Problem” is the identifier of
the problem according to section 5.1. N-It is the average number of iteration for
M = 0 and M = 10. Imp(%) is the improvement in percent from the monotone
to the nonmonotone version. ∅ denotes the improvement in average, max means
the maximal improvement for one starting point. N-Back is the average number of
backtracking steps and T-It is the average time (s) per iteration for M = 0 and
M = 10.
The first row of table 2 thus means that for example 1 the average number of
iterations is 2 for M = 0 and M = 10. We made no backtracking steps for M = 0
and M = 10. We have no improvement in average and in the maximum concerning
iterations and backtracking. The monotone version used 0.54 s per iteration and
the nonmonotone version 0.53 s. We note an improvement of 0.4 % in average and
4.4% maximal for one starting point.

Table 2:

Problem N-It Imp.(%) N-Back Imp.(%) T-It (s) Imp.(%)
0 10 ∅ max 0 10 ∅ max 0 10 ∅ max

Ex-1 2 2 0 0 0 0 0 0 0.54 0.53 0.4 4.4
Ex-2 19 20 -12.0 39.6 504 39 9.8 100 2.05 0.78 10.3 90.5
Ex-3 10 4 28.6 85.2 17 0 42.7 100 1.06 0.77 19.3 57.6
Ex-4 11 11 1.7 75 17 8 26.7 100 1.15 1.02 6 79.1
Ex-5-10 16 16 0 0 0 0 4 100 1.78 1.78 -0.2 7.7
Ex-5-50 24 24 0.9 8 2 0 100 100 16.08 15.59 3 4.7
Ex-5-100 26 26 0 0 0 0 0 0 50.94 50.92 0 3.6
Ex-5-150 31 28 3.6 71.3 156 0 5 100 201 115.6 4.8 93.7

In table 2 we can see that the nonmonotone rule was very successful with respect
to backtracking steps. In every example with backtracking steps in the monotone
case we could reduce the number of steps and the iteration time substantially by
using the nonmonotone rule. In example 5-150 we observed that all the backtracking
steps of the starting point which led to an abort disappeared. The number of main
iterations was not influenced by the nonmonotone rule (except example 3).

Table 3 resumes the local convergence properties of the monotone version (M = 0)
of the algorithm. We know from theorem 3.3, proposition 3.4 and corollary 3.4 that
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the path length and the norm of the solution (u, v) from the generalized Gauss-
Newton (79) step are important for local and global convergence behavior of the
algorithm.
The columns of this table are labeled as follows. “Problem” is the identifier of the
problem according to section 5.1. In column 2 and 3 we split up the starting points
into 3 groups, the starting points which produce a solution, a non-zero stationary
point or an abort. For the convergent starting points we look at the (empirical)
convergence speed (superlinear, linear, undefined). In column 5 and 6 we investigate
the path length constructed in step 3 of the algorithm. In column 7 and 8 we compute
the norm of the solution (u, v) from the generalized Gauss-Newton step (79) and
check for boundedness resp. unboundedness.
Let {(xk, yk)}N

k=0 be produced by the implemented algorithm from section 5 and
let L = min{5, N}. If (xN , yN) is a zero, we say that the sequence {(xk, yk)}N

k=0

converges numerically superlinear if

‖(xN−(L−1), yN−(L−1))− (xN , yN)‖
‖(xN−L, yN−L)− (xN , yN)‖ ≥ ... ≥ ‖(xN−1, yN−1)− (xN , yN)‖

‖(xN−2, yN−2)− (xN , yN)‖ > 0.

We say the sequence {(xk, yk)}N
k=0 converges numerically linear if

1 >
‖(xN−(l−1), yN−(l−1))− (xN , yN)‖

‖(xN−l, yN−l)− (xN , yN)‖ , for l = 1, ..., L.

The convergence speed is undefined if it is not superlinear or linear.
The path length τ k is equal to 1 if

1 = τ k, for k = N − L, ..., N − 1,

and otherwise it is smaller than one.
The solution (u, v) of (79) is bounded if

‖(uN−L, vN−L)‖ ≥ max{‖(uN−l, vN−l)‖ | l = 1, ..., L},

otherwise we say that it is unbounded.
The first row of table 3 thus means that for example 1 50 starting points converge
numerically superlinear to a zero. The path length is equal to 1 and the search
directions (u, v) are bounded for all starting points.
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Table 3:

Problem No. Path length ‖(u, v)‖2

τ k < 1 τ k = 1 bound. unbound.

Ex-1 convergent s-linear 50 0 50 50 0

Ex-2 convergent s-linear 24 6 18 23 1
linear 4 0 4 2 2
undefined 5 0 5 4 1

stationary points 12 11 1 12 0
abort 5 5 0 5 0

Ex-3 convergent s-linear 35 0 35 34 1
linear 15 0 15 13 2

Ex-4 convergent s-linear 12 1 11 11 1
linear 33 0 33 31 2
undefined 5 0 5 3 2

Ex-5-10 convergent linear 50 50 0 50 0

Ex-5-50 convergent linear 50 50 0 50 0

Ex-5-100 convergent linear 50 50 0 50 0

Ex-5-150 convergent linear 19 19 0 19 0
stationary points 1 1 0 1 0

With the help of the results in table 3 we can confirm the (theoretical) local con-
vergence properties we have deduced in section 3.1.4. In example 1, 2 and 4 the
path lengths are 1 and the norm of the solutions from the generalized Gauss-Newton
step are bounded for most of the starting points. We observe superlinear and (fast)
linear convergence. This is numerical evidence that the condition (CI) is fulfilled at
the respective zeros.
In the examples 5-10 to 5-150 the path length is always smaller than one but bounded
away from zero and the norm of the solutions from the generalized Gauss-Newton
step is bounded. We observe linear convergence like predicted in theorem 3.3. This
is again numerical evidence that the condition (CI) is fulfilled at the respective zeros.
The unstable behavior of example 2 is due to the lack of (CI) (see comments above).

All our test examples for SIP are also considered by Stein and Tezel [58] with
MATLAB 7.3. They report the number of main iterations and CPU time for one
starting point. They got convergence to a zero for all examples.
Concerning main iterations we needed less than half for example 1 and 2 and twice
as much for examples 5-50, 5-100 and 5-150. In example 3, 4 and 5-10 it was more
or less the same.
As mentioned in the beginning of this section our approach works under weaker
assumption than the approach in [58].
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5.2 Test problems and numerical results GSIP

The following test problems for GSIP are treated again in [57, 58]. We will compare
our results to the results in [58] if possible. For better readability we restate the
problem formulations.

Example 6 (Design centering) [57]

Given a fixed body G, one aims to maximize some measure (e.g. the volume
V ol(B(x))) of a body B(x) depending on a parameter under the constraint that
B(x) is contained in G

max
x∈Rn

V ol(B(x)) s.t. B(x) ⊂ G. (94)

For example 6-1 to 6-4 we define G = {z ∈ R2 | g(z) ≤ 0} by

g(z) =




−z1 − z2
2

z1/4 + z2 − 3/4
−z2 − 1


 .

The general design centering problem (94) can be formulated as GSIP by

max
x∈Rn

V ol(B(x)) s.t. g(z) ≤ 0, ∀z ∈ B(x).

Example 6-1

We want to find the largest ball with free center and radius inscribed in G. Therefore
we set

B(x) = {z ∈ R2 | (z1 − x1)
2 + (z2 − x2)

2 ≤ x2
3}, V ol(B(x)) = πx2

3.

We generated 50 starting points uniformly distributed in the set [0, 2]×[−1, 1]×[0, 1].

Example 6-2

We want to find the largest ellipse in normal form with free center and axis lengths
inscribed in G, so we set

B(x) =

{
z ∈ R2

∣∣∣∣
(z1 − x1)

2

x2
3

+
(z2 − x2)

2

x2
4

≤ 1

}
, V ol(B(x)) = πx3x4.

We generated 50 starting points uniformly distributed in the set [0, 2] × [−1, 1] ×
[0.1, 1.1]2.
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Example 6-3

Now the ellipse from Example 6-2 is allowed to have axes in arbitrary position. We
put this problem into the following GSIP

max{−x3x5 + x2
4 | g(z) ≤ 0 ∀z ∈ B(x), x3x5 − x2

4 ≥ 0, x3 ≥ 0, x5 ≥ 0}

with

B(x) =

{
z ∈ R2

∣∣∣∣∣
(

z −
(

x1

x2

))T (
x3 x4

x4 x5

) (
z −

(
x1

x2

))
≤ 1

}
.

We generated 50 starting points uniformly distributed in the set [1, 3] × [−1, 1] ×
[0, 1.5]× {0} × [0, 1.5].

Example 6-4

We want to find the largest box with sides parallel to the coordinate axis contained
in G. We set

B(x) = {z ∈ R2 | z1 − x1 ≤ 0, z2 − x2 ≤ 0, −z1 + x3 ≤ 0, −z2 + x4 ≤ 0}

and
V ol(B(x)) = (x1 − x3) · (x2 − x4).

In this example the reduction ansatz is not fulfilled for the parametric lower level
problem

minz z2 + 1
s.t. z ∈ B(x),

for all x ∈ R4. Nevertheless the algorithm worked well on this problem (see tables
4-6 below).
We generated 50 starting points uniformly distributed in the set [1, 7]2 × [−5,−1]2.

Example 7 (Robust optimization) [2, 57]

We consider again the portfolio optimization problem from example 5. But know
that the decision maker’s risk aversion increases when the values xi deviates from
1/K, i = 1, ..., K. We replace θ in (93) by

Θ(x) = θ ·
{

1 +
K∑

i=1

(
xi − 1

K

)2
}

so that we can solve the following GSIP

max

{
y

∣∣∣∣∣ y − zT x ≤ 0 ∀z ∈ Z(x),
K∑

i=1

xi = 1, x ≥ 0

}
. (95)
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Z(x) is given by

Z(x) =

{
z ∈ RK

∣∣∣∣∣
K∑

i=1

(zi − zi)
2

σ2
i

≤ Θ(x)

}
. (96)

We set zi, σi and θ as follows,

zi = 1.15 + i
0.05

K
, i = 1, ..., K,

σi = 1, i = 1, ..., K and θ = 1.5,

and applied our algorithm for K = 10, 50, 100, 150.
We generated starting points uniformly distributed in the set [1, 3] × [0, 1]K for
K = 10, 50, 100, 150.

Numerical results GSIP

Tables 4-6 resume the results for GSIP. The tables are labeled identically to the
tables 1-3. See section 5.1 for details.

Table 4:

Problem D-UL/D-LL/NS Solved/stationary-points/abort NonS-IP
M=0 M=5 M=10

Ex-6-1 6/3/50 48 0 2 49 0 1 49 0 1 0
Ex-6-2 7/3/50 50 0 0 49 1 0 49 1 0 0
Ex-6-3 9/3/50 47 0 3 50 0 0 50 0 0 1
Ex-6-4 7/6/50 50 0 0 50 0 0 50 0 0 16
Ex-7-10 23/11/50 50 0 0 50 0 0 50 0 0 0
Ex-7-50 103/51/50 50 0 0 50 0 0 50 0 0 0
Ex-7-100 203/101/50 50 0 0 50 0 0 50 0 0 0
Ex-7-150 303/151/20 20 0 0 20 0 0 20 0 0 1

The global convergence behavior of all examples is very satisfying.
In the examples 6-1 to 6-3 we observed that the Kojima function became very ”flat”
during the iterations. This explains the several starting points which lead to a non
zero stationary point or to an abort. The nonmonotone algorithm get rid of some
of these points.
Furthermore we can see no significant difference between the monotone and the non-
monotone version concerning global convergence. It is again remarkable that in 3
out of 8 examples nonsmooth iteration points occurred.
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Table 5:

Problem N-It Imp.(%) N-Back Imp.(%) T-It Imp.(%)
0 10 ∅ max 0 10 ∅ max 0 10 ∅ max

Ex-6-1 9 7 3.1 95 191 86 6.1 100 3.4 2.51 2.6 95.3
Ex-6-2 15 15 1.5 36.4 0 0 7.7 100 2.67 2.69 0.5 12.4
Ex-6-3 22 17 5.4 83.2 257 3 15.3 99.9 6.02 3.41 6 92.4
Ex-6-4 19 19 0 0 14 14 0 0 2.89 2.88 0.1 10.7
Ex-7-10 7 7 0 0 1 1 0 0 1.89 1.87 0.9 19.5
Ex-7-50 9 9 0 0 1 1 0 0 16.5 16.48 0.1 1.3
Ex-7-100 9 9 0 0 1 1 0 0 56.39 56.39 0 0.8
Ex-7-150 11 10 8.2 9.1 2 1 47.5 50 121.23 116.78 3.7 7.3

In table 5 we can see that the nonmonotone rule was successful with respect to back-
tracking steps (and therefore also with respect to iteration time) in the examples
6-1, 6-3 and 7-150. For the rest of the problems we can see nearly no difference
between the monotone and nonmonotone version.
The number of main iterations was not influenced by the nonmonotone rule for all
problems.

Table 6:

Problem No. Path length ‖(u, v)‖2

τ k < 1 τ k = 1 bound. unbound.

Ex-6-1 convergent s-linear 38 0 38 38 0
linear 8 0 8 8 0
undefined 1 0 1 1 0

abort 2 0 2 2 0

Ex-6-2 convergent linear 2 0 2 0 2
undefined 48 47 1 48 0

Ex-6-3 convergent linear 1 1 0 1 0
undefined 46 46 0 46 0

abort 3 2 1 3 0

Ex-6-4 convergent linear 25 0 25 22 3
undefined 25 0 25 24 1

Ex-7-10 convergent s-linear 50 0 50 50 0

Ex-7-50 convergent linear 50 0 50 50 0

Ex-7-100 convergent s-linear 1 0 1 1 0
linear 49 0 49 49 0

Ex-7-150 convergent s-linear 20 0 20 20 0
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With the results in table 6 we can confirm again the (theoretical) local convergence
properties we have deduced in section 3.1.4.
In the examples 6-1 and 7-10 to 7-150 the path length is equal to one and the norm
of the solutions from the generalized Gauss-Newton step is bounded. We observe
superlinear and (fast) linear convergence like predicted in theorem 3.3. This is nu-
merical evidence that the condition (CI) is fulfilled at the respective zeros.
In the examples 6-2 and 6-3 the convergence speed is undefined for almost all start-
ing points. We suspect that the condition (CI) does not hold at the respective zeros.
The local convergence behavior of example 6-4 is difficult to interpret since the re-
duction ansatz is not fulfilled in this case (see comments above).

The examples 6-1, 6-2 and 7-10 to 7-150 are also considered by Stein and Tezel [58]
with MATLAB 7.3. They report the number of main iterations and CPU time for
one starting point. They got convergence to a zero for all examples.
Concerning main iterations we needed twice as much for examples 6-1 and 6-2. In
the examples 7-10 to 7-150 it was more or less the same.

5.3 Test problems and numerical results NCP

The class of NCP is one of the best studied in the field of nonsmooth Newton meth-
ods. This is reflected in a large class of available test problems. We did not focuss
on this class but we want to study the performance of our framework on problems
from the library MCPLIB and from [5]. This library can be downloaded from

http://www.cs.wisc.edu/cpnet/

and is accessible from MATLAB without access to GAMS. We also used the starting
points from there included in the file cpstart.m or the starting points we found in
[5]. For these problems we just investigate the global convergence behavior resumed
in table 7 below. We compare our results if possible to the results in [64, 5].

Numerical results NCP

Due to faster running times for NCP’s in general we decided to change the stopping
criterion. We stop our algorithm after 500 iterations if no zero is found before.
Table 7 resumes the global convergence properties and compares the monotone (M =
0) and the nonmonotone (M = 10) version.
The columns of the table are labeled as follows. “Problem” is the identifier of the
problem according to the library MCPLIB. D is the dimension of the generalized
Kojima function for an NCP according to section 4.1. NS denotes the number of
starting points. The third column shows the number of starting points, which lead
to a solution, a non-zero stationary point (in the sense of proposition 3.2) or to an
abort after 100 iterations. M is the nonmonotonicity parameter. N-It resp. N-
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Back are the numbers of iteration resp. backtracking steps in the monotone and the
nonmonotone case. If more than one starting point is tested then these numbers are
average values.

Table 7:

Problem D/NS Solved/stationary-points/abort N-It N-Back
M=0 M=5 M=10 0 10 0 10

Billups 2/3 0 0 3 0 0 3 0 0 3 501 501 26015 1773
Cycle 2/1 1 0 0 1 0 0 1 0 0 6 18 1 10
Degen 4/1 0 1 0 0 1 0 0 1 0 2 2 0 0
Mathinum 6/6 6 0 0 6 0 0 6 0 0 11 11 8 4
HS35 8/1 1 0 0 1 0 0 1 0 0 3 3 0 0
Josephy 8/8 5 0 3 5 0 3 6 0 2 191 152 7192 4616
Kojima-Shindo 8/8 6 0 2 7 0 1 7 0 1 160 90 6463 1647
Mathisum 8/8 8 0 0 8 0 0 8 0 0 15 13 23 9
Watson 4 10/1 1 0 0 1 0 0 1 0 0 22 22 6 0
HS76 14/1 1 0 0 1 0 0 1 0 0 3 3 0 0
HS34 16/1 1 0 0 1 0 0 1 0 0 17 9 45 8
HS66 16/1 1 0 0 1 0 0 1 0 0 6 6 0 0
Nash 20/4 4 0 0 4 0 0 4 0 0 11 10 20 15
Watson 3 20/1 1 0 0 1 0 0 1 0 0 4 4 7 3
Scarfanum 26/5 1 0 4 2 0 3 2 0 3 401 305 14488 14307
Hanskoop 28/6 5 0 1 5 0 1 5 0 1 105 105 5400 5400
Scarfasum 28/5 1 0 4 1 0 4 1 0 4 401 401 19696 19696
Bertsekas 30/7 7 0 0 7 0 0 7 0 0 8 8 0 0
Colvnlp 30/6 6 0 0 6 0 0 6 0 0 46 46 2 1
Explcp 32/1 1 0 0 1 0 0 1 0 0 25 17 89 0
Powell 32/5 5 0 0 5 0 0 5 0 0 48 48 6 3
Sppe 54/4 4 0 0 4 0 0 4 0 0 8 10 3 2
Scarfbsum 40/3 0 0 3 0 0 3 0 0 3 501 501 14348 9827
Tobin 84/5 4 0 1 5 0 0 5 0 0 111 35 5044 44
Duopoly 126/1 0 0 1 0 0 1 0 0 1 501 501 12725 877
Tinloi 292/1 1 0 0 1 0 0 1 0 0 6 6 0 0

We could solve 22 out of 26 problems (i.e. 85 %) at least with one starting point.
We tested with 94 starting points. 71 (76 %) in the monotone case and 75 (80 %)
in the nonmonotone case (M = 10) led to a solution of the resp. NCP.
We observed that a couple of starting points were very close to non-zero station-
ary points, which can be seen in the huge number of iterations and backtracking
steps for some problems. Nevertheless the algorithm performed well, especially the
nonmonotone version solved 4 % more of the starting points, reduced the number
of main iterations for 8 (31 %) problems and reduced the number of backtracking
steps for 17 (65 %) problems.
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We end this section with a short comparison to the two globalized nonsmooth New-
ton methods described and tested in [5] and [64].
9 of our test problems were also considered in [5] with a semismooth Newton ap-
proach. With their starting points they ended always in a solution . They also im-
plemented a nonmonotone version of their algorithm. On the same starting points
we observed two main differences to our results. There was one starting point for
the Kojima-Shindo problem, which led to a solution only with the nonmonotone
version and there was one starting point for the Josephy problem, which led to an
abort in both versions. For the remaining starting points there was no significant
difference in terms of main iterations.
6 of our test problems were considered in [64]. With their starting points they ended
again always in a solution. They could solve the Josephy problem for the starting
point mentioned above and they could solve the problem Scarfasum with 2 starting
points, which led to an abort in our implementation. For the remaining starting
points there was again no significant difference in terms of main iterations.
Concluding we can say that the performance of our algorithm on the intersection of
test problems is more or less the same as the one observed in [5, 64].





6 Summary

In this work, we have presented a globalizing framework for a local nonsmooth New-
ton method introduced by Kummer [31, 33]. We reviewed this local method and
introduced generalized Kojima functions as our model nonsmooth function. The lo-
cal convergence conditions (CA) and (CI) are characterized for generalized Kojima
functions with different generalized derivatives. We also showed some connections
to a approach via NCP-functions.
It was possible to extend the abstract framework of the local method with the help
of a path search algorithm. We have established global and local superlinear respec-
tively quadratic convergence under adjusted assumptions. We discussed the causes
for premature termination and worked out the calculation of a path for specific situ-
ations. With the help of a modification we could strengthen the convergence results
and generated a natural point of contact for first order methods.
We identified several applications for which our algorithm is suited and did success-
ful numerical tests on a big set of problems.

We want to close with a short comparison of our results to the related literature.

In section 1 and section 2 we followed the presentation in [27]. We assumed no dif-
ferentiability property for the generalized Kojima functions so our explicit formulas
in theorem 1.1, the geometrical interpretation in lemma 2.2 and lemma 2.3 and the
condition (CI) for NCP-functions in theorem 2.4 are natural generalizations of the
results in [27].

In the next two paragraphs we compare our globalization strategy to two known
approaches from the literature.
Our method in section 3.1.1 is similar to the work of Ralph [49, 13]. He also uses
the idea of searching along a path instead of a line segment as a natural way to
handle the difficulties of nonsmooth equations. The main difference lies in (*) from
the algorithm’s step 3. Ralph asks a much stronger condition on the path, namely

h(xk) + Gh(xk, pk(τ)− xk) = (1− τ)h(xk), ∀τ ∈ [0, τ̄k], (97)

where we allow any descent of our local model of h into the ball with radius
‖(1 − τ)h(xk)‖. This strong condition (97) on the path p(τ) reflects in the as-
sumptions on the multifunction Gh(x, u). In order to fulfil the equation (97) Ralph
assumes that Gh(x, u) is a nonsingular uniform Newton approximation on X for h
(see definition 3.4). We have seen in proposition 3.5 that in this case our technical
condition (47) is fulfilled too. Therefore our convergence theory is less restrictive in
its assumptions, which do not guarantee the existence of a solution a priori.
In addition we provide in proposition 3.1 and example (iii) in section 3.1.2 a method
to compute a path in a general setting. Ralph proposes a modification of Lemke’s
Algorithm for this. His approach is implemented in the PATH-Solver [11].
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Line search damping of general Newton methods for nonsmooth equations is another
approach and considered by many authors e.g. [42, 43, 21]. A detailed treatment of
the collected work in this field is given in [13].
Line search methods are based on applying a routine to minimize a nonnegative
merit function Θ(x) that satisfies:

Θ(x) = 0 ⇔ h(x) = 0

Θ(x) is assumed to be in C0,1(X,R). In general these methods are looking for any
descent direction d, where the Dini derivative ΘD(x; u) is negative and reduce the
merit function on the linear path x+τu with a Armijo search. In [43, 13] the descent
direction is computed with the help of the minimizing problem

min{ΘD(x; u) +
1

2
uT Hu | u ∈ X}, (98)

where H is a symmetric, positive definite matrix. Under a technical assumption
similar to our condition (47) it can be shown that every accumulation point is a
Dini stationary point of Θ(x).
In [42, 21] they apply this general line search procedure to a nonsmooth Newton
method. Θ(x) is there the square of the Euclidean norm. Gh(x, u) : Rn × Rn → R
is a function, which stands for a generalized derivative. They assume that they can
solve the Newton equation

h(x) + Gh(x, u) = 0 (99)

in every step and receive the descent direction u out of it. Again under technical
assumptions comparable to our condition (47) they now can show that every accu-
mulation point is a zero of h. In [42, 64] they have been able to omit the technical
condition in the special case of Gh(x, u) = h′(x; u), where h is a nonsmooth refor-
mulation of the stationary points condition of a nonlinear program or a variational
inequality with the help of the min-operator. The data in these problems is assumed
to be twice differentiable.
Let us point out the differences to our approach from section 3.1.1. Comparing (58)
and (*) in the algorithm’s step 3 to (98) and (99) we work in general with a different
descent direction u, e.g. we do not assume the solvability of (99). Additionally
we try in (**) to minimize the merit function Θ(x) along a possible nonlinear path
p(τ), which we think is appropriate in this setting. The clear transition to the local
method and the local convergence properties shown in theorem 3.3 sustains this
belief.

The modification in section 3.2 is motivated from globalized differentiable Newton
methods [7, 18] and damped semismooth Newton methods [5, 6]. With the help of
the modified step 3 we could convert the technical condition (47) into the simpler
and better interpretable condition (57), which is again similar to the technical con-
ditions in [42, 43, 21, 13].
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