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Abstract

This thesis describes a new method which uses only one digital image for

analyzing two-dimensional representations of complex polyhedral scenes.

The process maps the binary gradient image into the dual space by means of

the Hough transform, which is very robust with respect to noise. Since the

Hough transform locates straight edges rather than the vertices that most

traditional techniques rely on, partial occlusions among the objects in the

scene are no longer so difficult to handle. A subsequent local- maxima finder

algorithm applied to the Hough-accumulator array produces a number of

points in Hough space which correspond to localized edges in image space.
This point set is then analyzed by comparing it with the dual structures of

known object primitives, such as a parallelepiped, a tetrahedron, and a prism,
stored in an expandable object library. If this topological matching is not

immediately successful, i.e., the objects in the given scene are not mere object
primitives but are composed of such, a decomposition process delivers the

individual components.

The decomposition is done by successively modifying the compact data

structure in Hough space by adding and/or deleting points to find an optimal
set of object primitives covering the given points. Depending on the

application, the decomposition algorithm will also allow for negative solids,
i.e., the subtraction of object primitives from one another. For each class of

isomorphy of the possible views of the object primitives, a dedicated expert
module acts as a detector subroutine.

A geometrical matching yields the best-fitting transformation matrices in

homogeneous coordinates as well as the parameters, such as rotation angles,
scaling factors, and translation offsets, of the spatial transformation that

would have to be applied to the various stored object primitives to compose
the given scene. Finally, the volumina, centers of gravity, and other

quantitative physical properties of the objects (e.g., mass or moments of

inertia) can easily be derived.



Kurzfassung

Diese Dissertation stellt ein neues Verfahren zur Analyse von

zweidimensionalen Darstellungen komplexer Polyeder-Szenen vor, das von

einem einzelnen digitalen Bild ausgeht.

Das binare Gradientenbild wird zuerst unter Verwendung der sehr

rausch-unempfindlichen Hough-Transformation in den dualen Raum uberfuhrt.

Da die Hough-Transformation gerade Kanten lokalisiert und nicht, wie in den

herkommlichen Techniken iiblich, Ecken zu finden versucht, ist die neue

Methode wesentlich weniger anfallig auf teilweise Verdeckungen unter den

Objekten der Szene. Ein anschliessend angewandter Algorithmus zur

Auffindung lokaler Maxima im Hough-Akkumulator liefert eine Anzahl von

Punkten im Hough-Raum, die den gefundenen Kanten im Bildraum

entsprechen. Diese Punkte-Struktur wird analysiert, indem sie mit den dualen

Strukturen von bekannten Objekt-Primitiva, wie Parallelflach, Tetraeder und

Prisma aus einer erweiterbaren Objektbibliothek, verglichen wird. Wenn dieser

topologische Vergleich nicht gleich zum Ziel ftlhrt, d.h. die Objekte in der

vorgegebenen Szene keine einfachen Objekt-Primitiva, sondern vielmehr aus

solchen zusammengesetzt sind, findet ein Zerlegungsprozess statt, der die

einzelnen Komponenten liefert.

Die Zerlegung wird durch ein schrittweises Andern der Struktur im Hough-
Raum bewerkstelligt, wobei einzelne Punkte hinzugefUgt oder entfernt werden

bis eine optimale Menge von Objekt-Primitiva gefunden ist, welche die

vorgegebenen Punkte bedeckt. Wenn gewllnscht, schliesst der

Zerlegungsalgonthmus auch negative Korper ein, d.h. lasst die Subtraktion von

Objekt-Primitiva voneinander zu. Fur jede Isomorphieklasse der moglichen
Ansichten der Objekt-Primitiva wird dabei ein eigenes Experten-Modul zur

Detektion eingesetzt.

In einem geometrischen Vergleich werden die passendsten Transfor-

mations-Matrizen in homogenen Koordinaten bestimmt, wie auch die

Parameter Drehwinkel, Skalierungsfaktoren und Verschiebungen der raumlichen

Transformationen, welche die gespeicherten Objekt-Primitiva in die

vorgegebene Szene uberftthren. Schlussendlich konnen die Volumina,
Schwerpunkte und weitere quantitative physikalische Grossen der Objekte (wie
z.B. Massen und Tragheitsmomente) leicht abgeleitet werden.
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1. Introduction

The current evolution of computer technology encompasses tremendous

advances in both software and hardware engineering as well as the develop¬

ment of new and improvement of traditional methods in the area of computer

science. The technology changes constantly broaden the spectrum of applica¬

tions. The traditional data types of numbers and text are being complemented

with more complex data types, such as graphics, image, and voice. At the

same time, the philosophy of centralized data processing is more and more

replaced by a philosophy of decentralization, owing to the increasing power of

the mini- and micro-computers.

There are two complementary areas dealing with images on computers, namely

the synthetic image handling such as computer graphics and the analytic image

handling such as digital image processing. Computer graphics is the science

(and sometimes art) of composing and displaying data in graphical form. The

applications involved include, for instance, business graphics, computer-aided

design (CAD), and computer animation (video games, airplane flight simula¬

tors).

Digital image processing, on the other hand, is the analysis of images taken

from printed matter or natural scenes with respect to meaningful components.

It is an interdisciplinary science among computer science (information proc¬

essing), mathematics (theoretical concepts), and communication science (signal

processing). Applications range from data transmission and compression,
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optical character reading, and medical diagnostics (tomography), to real-time

landscape analysis for guiding cruise missiles.

Figure 1 shows the major steps in capturing and analyzing an image. A sensor

(video camera or another scanning device) is used to produce an intensity map

of the scene, document, etc. An analog-to-digital converter produces the

digital image, stored as an array of numbers, one number for every picture

element or pixel. On this digital image, a wide variety of low-level (i.e.,

IMAGE CAPTURING <

IMAGE PROCESSING <

PATTERN RECOGNITION

COMPUTER VISION

SENSOR

*

scanning

1

A/D conversion

k
I

Image filtering

Image reitauratlon

\

N» DISPLAY jImags sagmantatlon

I

feature extraction

1
feature analysis
and Interpretation

V

t

DESCRIPTION

Figure 1. Image processing - pattern recognition. The major functional units.
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acting close to the pixels) image-processing routines can be applied for image

filtering and enhancement. Then the image segmentation is done as a prepara¬

tion for the recognition process. Segmentation, a medium-level process, tries

to identify image regions that are linked together in some meaningful way.

Subsequent feature extraction, feature analysis, and finally image

interpretation/understanding represent high-level processing steps. The result

of the whole chain is a semantic description of the image contents.

While the recognition of printed text of a special font (OCR-A/B) has been

shown to be feasible, the analysis of unrestricted hand-written text has not yet

been able to pass beyond the segmentation step. The same is true for the

analysis of general three-dimensional scenes as in most photographs, for which

the last third of the processing steps in Figure 1 are still infeasible.

The core of this thesis concentrates on a very special form of three-dimen¬

sional scenes, namely those from the polyhedral world or "blocks world" (cf.

[WALT72]). The restriction to the world of polyhedra can be justified by

pointing out the obvious importance of straight edges and flat surfaces in man-

made objects.

Although the preliminary processing steps will be explained, they are not in

the area of major interest in this thesis.

1.1 Image Processing

Image processing as a prerequisite for machine vision consists of methods for

the extraction of the "important" or "interesting" intensity changes in an

image. In the "blocks world", these correspond to the edges of visible sur¬

faces, including depth discontinuities (object/background) as well as, unfortu¬

nately, shadow boundaries.
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Let us look at an example scene consisting of two polyhedra in Figure 2. The

image has been captured with a video camera and then processed with a half¬

toning algorithm to provide data for a black/white printer.

Figure 2. Original image of example scene

In Figure 3, the gradient image of the original is shown. High grey-level

intensity changes are displayed as dark regions. The gradient image can be

achieved by applying a convolution with an edge-detecting matrix, such as the

well-known 3x3 Sobel operator or the 2x2 Roberts operator.

Note that even the homogeneous-appearing faces and the background produce

noise in the gradient image.
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Figure 3. Multi-level gradient image of example scene

This noise can be eliminated by setting a threshold value, resulting in the

image shown in Figure 4. Choosing the right threshold value is quite impor¬

tant. If the threshold value is chosen too high, much noise may survive the

operation, rendering later processing more difficult. On the other hand, if the

threshold value is set too low, light edges may totally disappear and therefore

not be available for subsequent analysis.
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Figure 4. Binary gradient image of example scene

As it would be desirable to approach a line drawing of the scene, the differ¬

ences in thickness of the edges can be eliminated by applying a skeletonizing

algorithm. Figure 5 shows the output of such a thinning process.

The next steps towards a perfect line drawing would require linking line seg¬

ments, filling in gaps, eliminating noise particles (see, e.g., [WAHL85a]), and

so on. These procedures are based on heuristics and are vulnerable, and there¬

fore not successful in every case. Moreover, they are very time-consuming,

usually involving iterative processing. However, only a complete and perfect

line drawing makes it possible to finally use the classification and recognition

techniques as described in [WALT72].
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Figure 5. Skeleton image of example scene

One of the advantages of the interpretation technique presented in this thesis

is that it runs on an imperfect line-drawing-like image, e.g., a binary gradient

or a skeletonized image with some defects and noise as shown in Figure 4 or

Figure 5, respectively.

1.2 Machine Vision

There are many different definitions of the term "computer vision" or

"machine vision." The definition given in [BALL82], for example, reads:

Computer Vision is the enterprise of automating and integrating a wide

range of processes and representations used for vision perception.
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The key point is that machine vision attempts to simulate and automate

human perception. Because our knowledge of the complex human visual

system is not very profound, an approach based on simplistic concepts is

advisable. In the case of the recognition of three-dimensional scenes, it is

believed (e.g., [NEVA82]) that the human visual system also follows the

concept of model library, i.e., a comparison between the object perceived and

a set of models leads to recognition.

In anticipation of this concept, the so-called model-based vision has been devel¬

oped. While the human model library contains an enormous number of models

(making a sophisticated pre-selection system mandatory), the model libraries

used in today's machine-vision systems usually contain only a few models.

Moreover, the matching algorithms used by our brain are almost totally

unknown. But even if we are only capable of making a rudimentary step

towards the ultimate goal of simulating human perception, the effort is still

worthwhile.

An intermediate step towards the understanding of real-world scenes is the

recognition of a specific class of objects based on some kind of a-priori know¬

ledge in constrained environments (e.g., industrial applications). Figure 6

illustrates the machine-vision paradigm that will be used in this thesis. A 3D

physical scene is captured by means of a sensor (video camera, scanner). The

scene image is processed by a computer to extract image features of the 2D

representation of the 3D scene, such as object edges, vertices, etc. The result

might for example be a list of vertices and vertex interrelations.

On the other hand, abstract object models can be represented as CAD data

structures. A polyhedron, for example, can be modeled in 3D coordinate space

by coordinate triples of its vertices and their associated spatial interrelations.

By applying 3D coordinate transformations such as translation, rotation,

skewing (or shearing), scaling, and a subsequent projection onto a plane, a 2D
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computer image can be generated. This 2D representation can be used to fit

the object model to the image features extracted from the real scene image.

The matching involves both a topological and a geometrical match, the former

deciding what type of object is present, while the latter delivers the transfor¬

mation parameters to be applied to the object model to exactly fit the 3D

scene. Appendix A contains a detailed explanation of the matching problem.

i ?.

3D Scene
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3D models

i i
Imaging 3D Transforms

1 I
Feature Extraction Projection

| |
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i
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}

ED Image
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Figure 6. A machine-vision paradigm
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With this in mind, the problem of identifying objects can be stated as follows:

Given a real image and some object models, find the model which under

some coordinate transforms (with parameters to be determined) fits the

real image best according to some least-square method.

For polyhedral objects, it is advantageous with respect to computational cost

to use vertex points extracted from the real image, and to relate them to

object model vertices. There are numerous published papers on how to extract

edges and vertices in digital images to produce line drawings. Most of them

incorporate interactively or heuristically chosen parameters which may vary from

scene to scene. Often, the proposed methods fail owing to random grey-level

variations (noise) in digitized images.

In the next chapter, feature space transforms will be introduced. These are

very robust with respect to noise, and do not need calibrated parameter set¬

tings. It is the objective of this thesis to demonstrate how the power of

robust feature detection for straight noisy lines with such a feature space

transform can be utilized to extract object vertex points for object/scene

decomposition and description in a world consisting of polyhedral objects only.
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2. Feature Space Transforms

2.1 Definition

In image processing, often analytical or predefined shapes represented as

binary contours have to be recognized and analyzed in complex scenes.

Methods using a sequence of procedures like edge detection, thresholding, thin¬

ning, chain encoding and chain code analysis, often fail owing to noise. An

elegant technique to circumvent this drawback are so-called feature space

transforms. The best-known representative of that class is the Hough trans¬

form ([HOUG62], see also [DUDA72]).

Let us first concentrate on analytically-defined curves. The digital image is

identified with the two-dimensional intensity function f (x, y) in the image space

/ defined in the xj> coordinate system. While the intensity function can ori¬

ginally be a vector function (three values for red, green and blue amplitudes,

or even up to 20 values for remote sensing or other sensors), it rather often is

a simple binary function especially for common applications, which takes only

the values 1 and 0 for "black pixel" and "white pixel," respectively. Let us

look for an analytical curve that can be described by

F(x,y,p) = 0.

In this equation, />= (ft,ft, ...,/>„) is a parameter vector whose dimension n

depends on the curve. The aim of feature space transforms is now to invert
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the parametric characterization of the curves searched. Now consider a

parameter space (or Hough space) H of dimension n with a coordinate system,

one axis for every parameter. For a given constant point (xb.Jb) in /, a set S

of points in H will fulfill the equation F (xq, >b> P) = 0. As for a single point

in / one finds a set of points in H, the type of the mapping is one-to-many.

Each point of S indicates all the parameters for a curve in / to which the

point (xo,yo) belongs. This can be explained by the voting principle: the point

(xo,yo) votes for all the points in S. If one now processes every point of a

curve with parameter vector pg in this way, the point (po^Pi^,... ,/fy) can be

found as the one receiving the highest number of votes. The number of votes

can be described by a density function h(p) in Hough space H:

hG) - [+°° r~f(x,y) S(F(x,y,p))dxdy,

where S is the Dirac function.

Note that if / is a vector-valued function, so will be h; particularly, for binar¬

y-valued functions / the integration will be done only over the 6(F).

To implement the mapping procedure described, an accumulator array of

dimension n is needed. For every black pixel in the image, one has to incre¬

ment certain elements in this array. The elements of the array count the

number of votes dedicated to them. An array of dimension two can usually be

implemented in a straightforward manner. To handle higher-dimensional arrays

without losing too much resolution, one would have to use special techniques.

Some of the implementation problems will be discussed later.

Since analytical curves may have more than one parametrization, different

types of transformations are sometimes possible. Examples for analytic curves

and some of their various parametrizations are given in the following table.
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type of curve n parameters parametrization

straight line (1) 2 ajb y — ax + b

straight line (2) 2 r,4 x cos <j> + y sin $ — r

unit circle 2 Wc W-tf + b-tf-i

parabola (special) 3 a,b,c y — ax2 +bx + c

circle (arbitrary) 3 Xe,yc,r tX-^'+O--*)*-!»

ellipse (special) 4 xc,yc, a,b (^'(^)'-«

ellipse (arbitrary) 5 xi,y\,xi,yi,d V/(*-*i)I + (y-.n)2 +

^(x-x2)i + (y-y1)i -d

cone section 6 a,b,c,d,e,f ax2 +2bxy + cy2 +Zdx + 2ey + f-0

Three different transformations for the straight line will be discussed in more

detail in the following sections. For the ellipse with its symmetry axis parallel

to one of the coordinate axis, a parametrization with four parameters exists.

If arbitrary ellipses have to be considered, five parameters will be required.

The recognition of elliptical arcs would be very important for the treatment of

scenes containing cylinders and cones. In this thesis, however, no attempt will
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be made to include scenes consisting of objects other than polyhedral ones, i.e.,

the curves considered are straight lines.

Feature space transforms are quite resistant against curves they are not cali¬

brated for, including curves formed by noise patterns. As shown in [BALL82]

and [DUDA72], the Hough transform is equivalent to template matching (cor¬

relation method). Imagine a template matrix composed of l's along the curve,

and O's everywhere else. If this template is convolved with the binary gradient

image, the result is the Hough accumulator array.

2.2 Point-to-Straight Line Transform

In the case of the straight line y = ax + b, a single point (xq, yg) satisfying the

equation y$ = oxq+ b votes for all points in a, b space on the line

b= -axo + yg. That is, the x,y coordinates determine the slope and intercept

of the line along which the Hough accumulator has to be incremented as

shown in Figure 7.

Figure 7. Hough transform principle



26

The mapping is hence defined as -

> • '-
,

'

I * H

(x, y) >* S={ (a,b) \b=-xa + y]

h(a,b) = f
"

f °°5(ax-^+6)atc<s[y.

This is the classical Hough transform as originally described in [HOUG62].

Figure 8 shows the Hough accumulator array for the example scene of

Figure 2.

Figure 8. Point-to-line Hough space of example scene
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Several remarks and observations have to be made at this point:

• Dark image points represent high Hough accumulator values.

• The origin of the a,b coordinate system is located in the center of the

accumulator array.

• The accumulator array only shows a finite window out of the infinite

Hough space.

• Some areas of the accumulator array have not been incremented at

all.

• Some points seem to be clusters of straight-line bushels.

• Clusters in the center part of the array are more distinct than clusters

in the outer regions, which are very narrow (all the lines of the

bushel have a very similar slope) and hence do not clearly indicate

their center points.

• As the accumulator array can only represent a small portion of the

unbounded Hough space in both a and b directions, clusters corre¬

sponding to lines with very high slope and/or intercept will not

appear in the window. In our example not all of the expected 14

clusters can be found, but only 10 of them. Exactly the clusters cor¬

responding to the four almost vertical (parallel to y axis) edges in

image space are missing.

• The incrementations in the array have to be made along straight lines.

This can be done efficiently by using a digital differential analyzer

(DDA), e.g., the Bresenham algorithm.

A pseudo-code listing of the Hough transform program shows the simple struc¬

ture of a straightforward implementation:
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program bi_level_hough_transform
var

image: array of bit

accu : array of Integer

begin

readjmage

Initialize_accu
for every (x,y) in Image do

if black_p1xe1(x,y) then

1ncrement_accu_along_line(slope=-x,intercept=y,l)
write_accu

end

2.3 Point-to-Tangent Line Transform

To circumvent the problem of the unboundedness of the slope, the following

coordinate transformation can be applied:

a' » arc tan a

b'-b

Identifying a' with a, and b' with b, the point (xn.jt)) votes for all points in

a,b space on the tangent line b = -Xn tan a + yo, defining the mapping as

I * H

(xj>) * S = { (a,i) | b--x tana + >}

/+0O
/»+»

J 8 (x tan a - y + b) dx dy.
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Let us look at the point-to-tangent Hough space of the example scene shown

in Figure 9. Again, no more than 10 clusters are visible. Even if the Hough

space is now bounded in the a direction, nearly vertical lines in image space

produce ill-formed clusters still out of the window in the b direction, and it is

extremely difficult to identify the center of such an elongated cluster.

The incrementation has to be done along a tangent line, either by using a

look-up table or by approximation of the tangent function. Because real-multi¬

plications and -additions are required, the computational complexity is higher

than in the case of the straight-line accumulation.

f\\ •

t K x

'

* X
y

^y**a%>' •x.

\"

\1
Figure 9. Point-to-tangent Hough space of example scene
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2.4 Point-to-Sinusoidal Line Transform

The normal parametrization of the line as shown in Figure 10 uses the angle <j>

between the x axis and the normal vector to the line as well as the normal

distance r to it.

To derive the normal parametrization

r = x cos <j> + y sin &,

slope and intercept can be determined from the figure above to give

.y=-tan(-£--AJx+ —^-—.
V 2 V sin A

Substituting cot & = tan I -^- — <f> I and multiplying both sides of the equation

with sin $ yields the required formula. As the superposition of two sinusoidal

y

\

A
^

X

Figure 10. Radius-angle normal parametrization
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functions that are in phase consists of another sinusoidal function, one can

write

V x2 + y2 cost a - arc tan —J

with 0 < a < v.

This means that in r, a parameter space there are plain cosine curves with an

amplitude of y x2 + y2 and a phase shift of arc tan — .
The mapping can be

written as

I - H

(xj>) «> 5= j (r,A) | r=Vx2 + j>2 cos (a - arc tan -^-) |

J S (x cos A + y sin a - r) dx dy.

Since the amplitude of the sinusoidal lines has an upper limit defined by the

image size, this Hough space is now bounded in both r and a directions.

Unfortunately, the clusters are still elongated as can be seen in Figure 11 and

real-multiplications as well as look-up tables for the trigonometric functions

are required.

2.5 The Twin Hough Space

As will be shown in later chapters, the point-to-straight-line transform is most

suitable to reveal the useful properties of structures in Hough space. To over¬

come the unboundedness, i.e., to avoid problems with nearly vertical lines and

hence nearly infinite slopes, a modification of the original Hough transform is

needed.
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Figure 11. Point-to-sine Hough space of example scene

Instead of calculating the Hough transform only once, it can be applied a

second time to an image rotated by 90° [ROSE69]. This requires a second

accumulator array. The 90° rotation is performed by a simple coordinate

transformation (assume square image n x n ):

x = n — y

y = x

Both accumulations are done in one pass by proper array indexing. All clus¬

ters corresponding to lines with —45° < slope < 45° are represented in the

first Hough accumulator array, while all others with 45° < slope < 135° are

found in the second one. Let us call the two accumulator arrays twin Hough

space and define the mapping as
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/ * H

(xoO - S={(a,b) | b=-xa+y) u {(a',6') | b' - (y- n)a' + x}

/
+0O /•+»

J 8(ax-.j>+6)axa>

A' (a', b') <= [
"

f
"

S(.x+a'y-b' -a'n)dxdy.

In Figure 12, one can see the twin Hough space of the example scene. As the

two Hough-space sections are complementary, all 14 clusters can be found,

namely five in the first and nine in the second. An obvious disadvantage of

this twin Hough space accumulation is that two different coordinate systems

a,b and a', b' have to be handled. The wrap-around from one section to the

other is an inevitable discontinuity.

The following table gives a short summary:

type of

transform

suitable for

analysis

Hough space

bounded

coordinate

system(s)

line yes - - 1

tangent no - + 1

sine no + + 1

twin yes + + 2

Since polyhedral objects are often placed on the table or another flat hori¬

zontal surface, nearly vertical lines are quite common in polyhedral scenes.

Figure 12 shows the difficulties arising from the wrap-around. Three cluster-

points may be localized both on the extreme left in the first window (top)

and on the extreme right in the second window (bottom).
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The following strategy has been successfully used to avoid the twin window:

A simple local-maxima finder, e.g., a threshold operation, is applied to both

accumulator arrays to produce a number of clusterpoints irf. Each of these

points stands for a certain line element in image space, having slope a,. For

every a,, two points on the unit circle are marked, one corresponding to the

angle arc tan a,, the other to arc tan(a, + »). When this has been done for

every i, the largest gap on the circumference of the unit circle is identified.

Let the center of this gap define the angle f. If the Hough accumulation is

now repeated after applying a rotation of - f to the image data, the result is

an optimal point-to-straight-line transform that needs only one window.

Note: The above procedure will be used for all figures and illustrations

throughout the rest of this thesis to avoid the twin-window system for the

analysis of structures in Hough space.
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Figure 12. Twin Hough space of example scene
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2.6 The Inverse Hough Transform

As will be shown in the next chapter, the inverse Hough transform is similar

to the forward one. However, it usually runs very fast because only a limited

number of pixels have to be back-transformed.

Figure 13 shows the back-transformed image of our example scene as it can

be achieved by applying a second Hough transform on the thresholded Hough

accumulator.

Figure 13. Idealized back-transformed image of example scene. Corresponding
lines in image space.
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2.7 The Principle of Duality

There is a strong interrelation between the Hough transform (in the original

point-to-line type) and the mathematical principle of duality as known from

projective geometry. The understanding of this relation will make it much

easier to follow the central idea of this thesis.

Under the following assumptions, the point-to-line Hough transform will lead

from an image containing n line segments to an image containing n points:

1. The binary gradient image looks exactly like a perfect line drawing,

no noise or artifacts are visible. This can be achieved by applying a

noise-filtering algorithm (cf. [WAHL85a]).

2. All lines have the same width of one pixel. If 1. holds, this can be

achieved by applying a thinning algorithm.

3. All line segments are elongated in both directions, i.e., they are identi¬

fied with infinite lines.

4. After performing the accumulation process, the resulting accumulator

array is thresholded and every black spot is replaced by exactly one

black pixel located at the center of gravity of the spot.

5. The conditions are ideal, i.e., all the clusterpoints are localized inside

the accumulator window.

For this idealized point-to-line Hough transform the law of duality holds: If

any statement about incidence in image space can be made, the dual statement

is also true for the point-to-line Hough space. The dual statement is received

by substituting "line" by "point" and vice versa, as well as by exchanging "lie

on" by "pass through" and vice versa.
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Example:

If the statement "point P lies on the three lines a, b and c
" holds in

image space, then the statement "line p passes through points

A, B and C " is valid in Hough space.

Note that another translation into duality leads back to the original statement,

i.e., the dual transformation is involutoric. This is why one can also expect the

Hough transform to be involutoric under some simplifying conditions.

If the point-to-line Hough transform h in its idealized form as described in

this paragraph is taken, the transformation applied twice will result in an

image where all straight line segments are replaced by infinite lines, i.e.,

h ( h ( /) ) = h\ I) ~ I or in other terms: / £ H £ H2 ~ I.

The meaning of the similarity sign instead of an equal sign can be visualized

by comparing Figure 5 with Figure 13. If the original image were to contain

infinite lines only, the equal sign would hold in the above formula.

2.8 A Processing Example

The following four figures show a processing example with the Hough trans¬

form. A simple edge detector (Sobel) and a subsequent thresholding operation

have been applied to the digital image containing the two polyhedral objects

shown in Figure 14.



39

fy

Figure 14. Original image and binary gradient

The binary gradient image is the input to the Hough transform producing two

accumulator arrays which are shown in Figure 15.

2n

0'

a

i »
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49'

— a'
5»—»

in'

Figure 15. Twin Hough space accumulators
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Although the input of the Hough transform is noisy and some lines include

gaps, clearly five distinct clusters can be detected in the first accumulator

array (left) and nine of them are found in the second (right). They can be

easily detected with a local-maxima finder algorithm (cf. later chapter) as

shown in Figure 16.

i

2n

¥

a*

45*

—n

90* 135'

i

2n-

,
0

*

a

-45'

-n

0'
* 45"

+

Figure 16. Localized clusters

The inverse Hough transform is then applied to the extracted clusters to result

in a representation of the original image which is shown in Figure 17.
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Figure 17. Back-transformed image. Corresponding lines in image space.

Evidently, the Hough-space representation on its own does not deliver the

object vertices required for vertex matching in object recognition. It is now

possible to understand and appreciate the central new idea of this thesis: the

interpretation of cluster patterns in Hough space as 3D objects.

2.9 The Analytical Hough Transform

If, for example, another Hough transform has to be performed on the set of

clusterpoints produced by a previous one, there are only a few1 points with

known coordinates to be transformed instead of a huge number of points in an

array of values 0 or 1 (bitmap).

The reason for considering h2(I) will be obvious in the context of the later

chapters in this thesis, namely, detecting alignments of clusterpoints in Hough

space h(I). As the alignment of only three and more points (two points always

In the order of magnitude from about 10 to 100
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align!) is already meaningful, the conventional Hough transform using an accu¬

mulator array is not applicable. Instead, a procedure called the analytical

Hough transform is used.

The coordinates of each point in /f= h(I) define a line in H2 - h(h(l)). All

these lines have to be intersected with each other. Let us call an intersection

of k lines a k-crossing. For k>2 such a jfc-crossing in H2 represents a vertex in

/ where k edges meet. The algorithm used for this process is given in the

following pseudo-code listing.

program analytica1_hough_transform
const

epsilon_l, eps1lon_2
var

points: array[l..n] of x,y-coordinate_pairs
intersections: array[l..n] of x,y-coordinate_pairs

crossings: list of set of l..n

begin

read_points
identify points with lines

intersections :

for all i,j intersect lined] with line[j]
sort intersection points

by ascending x-coordinate

group intersection points

using epsilon_l tolerance Interval

for all groups with members > 2

check whether y-coordinates satisfy eps1lon_2 tolerance

wri te_survi vi ng_groups

end
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2.10 The Detection of Arbitrary Shapes

In some cases the curves to be found are not available in analytical form, i.e.

they are just given as a list of pixel coordinates. It might be desirable to

locate all occurrences of an F-shape. An example of a noisy image where an

F-shape has to be found is given in Figure 18.

Figure 18. Noisy image with hidden F-shape

Let us assume that the model curve C has n given contour elements:

c-[(*.j.)T •

L -"i—l

The origin O for this coordinate representation can be chosen arbitrarily, for

example somewhere in the middle of the shape. Provided that the shape to be
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found has the proper size and orientation (otherwise a Hough space of higher

dimension would have to be used), the mapping can be defined as follows:

I * H

(x, y) * S=[(x-xi,y-yi)J = {(«, v) | u = x - x,, v = y - yit 1 < i < n }

h(u,v) m f+°° f+"^lS(x-xl-u)8(y-yi-v)dxdy.
•'— J — /-l

In other words, every point in the image space / votes for all the points on a

copy of curve C that has been rotated by 180°. This can be understood by

tracing the origin point when shifting around the curve in such a manner that

it constantly passes through a given point. The votes are collected for the

position of the origin of the F-shape, i.e., the upside-down F-shapes cluster at

the very location where the origin of the hidden F-shape most likely is.

Figure 19 illustrates the clustering for very few mapped image points.

In Figure 20, the binary gradient of Figure 18 and the Hough accumulator

array after the completed transformation are shown. The obvious double-line

effect stems from the Sobel operator. A simpler 2x2 edge-detecting operator

such as the one from Roberts would avoid these double lines.

The algorithm can be described by the following steps:

1. Choose a reference point O in the model curve (e.g. O e C or O

center of gravity of C) to be the origin for the coordinate represen¬

tation of C.

2. Rotate the given curve by 180° (- point-reflection).

3. Trace the rotated curve with O on each of the edge points (accumu¬

lation of rotated model curves in parameter space).
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4. Find points where the maximum number of curves traced in the pre¬

vious step intersect. These points should be the origin points of

located curves.

This principle is equivalent to autoconvolution as described in [SLAN78]. A

derivation of this method can been used to detect motion in a sequence of

digital images (cf. [BILA86c]).

,9 S * *

Figure 19. Hough space for a small number of mapped points
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Figure 20. Binary gradient of original and Hough space
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2.11 The Noise Plateau

As the real environment can be less favorable, an image might look more like

Figure 21 than Figure 5 used in earlier chapters.

Figure 21. Noisy image of example scene

What would uniform Gaussian noise transformed into Hough space look like?

Since we are dealing with a finite image window, boundary effects play an

important role. Figure 22 shows a square image window. Assuming a homo¬

geneous, uniform distribution of points within this square window, the Hough

noise density h„(a,b) must be proportional to the length of the line segment

y = ax + b inside the window. Obviously, the function h„(a, b) is symmetrical

in a and b, i.e., h„(a, b) = h„( -a, b) = hjfi, -b) = h„( -a, -b).
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Figure 22. Finite image window

If both a and b have to be positive (first quadrant in Hough space), only

three separate cases are possible: the line segment can run from left to right

(line 1 in Figure 22), from left to top (line 2), or from top to bottom (line

3). The lengths of the three depicted line segments y = ax + b can be calcu¬

lated as

h(a,b) = k(a) m nvV+1

n(a + 1) - 26 ^/~T~~,
-V a +1Jj(a, b)

h(a,b) = /j(a)

2a

4*^
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for an assumed image size of n x n. After replacing a and b by their absolute

values (symmetry) and finding the appropriate definition domains, we can

write:

*>.*)

:nVa + for la I < 1
2|6|

„(!<,!+i)-2|6l_v/T77 _L 2|fc|| 2|ft|
2|a| for 1 < \a\ £ 1 +

c^-V^+l
la!

forl + l^-< \a\

otherwise

with a proportionality factor c. Figure 23 shows the Hough array filled with

values according to this formula.

Kk

Figure 23. Point-to-line Hough space for white noise (theory)
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To check this theoretic derivation of the noise plateau, an image consisting of

white noise only (Figure 24) has been generated and the various Hough trans¬

formations discussed in the previous chapters have been applied to it. For the

straight-line accumulation, the result is shown in Figure 25, comparing very

well with Figure 23. The corresponding results for the tangent and cosine

accumulations are shown in Figure 26 and Figure 27, respectively, whereas

the first half of the twin Hough accumulator is finally depicted in Figure 28.

Please note that the noise plateau of the second half of the twin Hough accu¬

mulator is identical. Predictable noise plateaux offer a nice possibility for

eliminating the effects of uniform white noise as soon as the noise parameters

can be estimated. After having performed the accumulation in the normal

way, the appropriately scaled noise plateau can be subtracted. The scaling

factor depends on the noise density, and can be computed from the estimated

noise parameters.

Figure 24. White noise
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Figure 25. Point-to-line Hough space of white noise
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Figure 26. Point-to-tangent Hough space of white noise
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Figure 27. Point-to-sine Hough space of white noise
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'K .

Figure 28. Twin Hough space of white noise. Second half is similar.
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2.12 Multi-Level Accumulation

Instead of working on the binary gradient image, which is a bitmap, the algo¬

rithm can also run on the gradient image stored as an array of numbers

(bytemap). Every pixel might have a grey value ranging from 0 to 2SS. The

Hough transform program has to be modified slightly:

program mu1ti_1evel_hough_transform
var

image: array of byte
accu : array of integer

begin

readjmage

initial1ze_accu
for every (x,y) in image do

1ncrement_accu_along_line(slope=-x,intercept=y,greyva1ue(x,y))
wr1te_accu

end

In the experiments, the result of the multi-level accumulation proved to

produce less distinct clusters while consuming significantly more computing

time. This should be clear from the fact that in the multi-level accumulation

every pixel has to be processed, whereas in the binary accumulation only the

black pixels contribute to the processing time. In many test cases, the factor

was greater than 20, i.e., about five percent of the binary gradient image are

black.

To illustrate this, the contents of the same portion from the Hough accu¬

mulator will be shown in Figure 29, Figure 30, and Figure 31 for three dif¬

ferent cases.
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Figure 29. Multi-level accumulation

The images have been generated as follows:

1. Multi-level accumulation, i.e., no thresholding of the gradient image

prior to Hough transform (ML).

2. Bi-level accumulation, i.e., Hough transform performed on a binary

gradient image (BL).

3. Bi-level accumulation, but after thresholding of the gradient image, an

additional skeletonizing algorithm has been applied prior to the Hough

transformation (BLS).
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Figure 30. Binary accumulation

With an additional filtering to remove small unconnected spots, the number of

black pixels could be reduced even more, especially in the case of heavy noise.

Some statistical data on the distribution of the grey values in the accumulators

are given in the table below. The actual size of the accumulator window was

256 x 256. All three accumulators have been quantized to cover the full

range of grey values from 0 to 255. The percentage of pixels used for accumu¬

lation is denoted by p.
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Figure 31. Binary accumulation of skeletonized image

type X a median P

ML 32.8 21.9 39 100 %

BL 10.0 12.2 7 3.18 %

BSL 6.3 8.0 5 0.88 %

In a straightforward implementation on a sequential processor, the number of

black pixels (column p) is roughly proportional to the run-time. However, if a

brute-force implementation on a parallel-hardware device is used, the run-time

is independent of the number of black pixels, i.e., the run-time difference

between multi-level and bi-level accumulation vanishes.
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3. The Cluster-Finding Problem

As the output of the Hough transform implementation is an array of numbers

only, an algorithm to localize the centers of clusters or, in other words, to

find the local maxima in the array, has to be provided. Some cluster-finding

techniques will be presented in the following paragraphs.

Although the problem seems at first glance to be almost trivial, it proved to

be quite hard to solve in a general way. For all approaches explored, a

number of parameters have to be set manually to deliver the expected result,

i.e., the correct number of clusterpoints. This is a very unfortunate situation,

as in real applications the actual number of clusters that have to be found is

not known in advance. While the number of parameter settings for the finding

process can be reduced to an absolute minimum, the cluster-finding problem is

not yet solved entirely, in particular for realistic image noise.

3.1 Pyramidal Thresholding

Pyramidal or hierarchical thresholding is a procedure for finding the local

maxima by lowering the threshold value step by step, starting from the highest

value occurring in the array. As more and more peaks are found, the regions

growing around maxima already found are ignored. This is done until the

threshold value is "reasonable low" to stop the process. This method proved

to be quite noise sensitive, resulting in far too large a number of peaks.

Instead of one single peak representing the center of a cluster, the algorithm
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often delivers several disjoint points close together. Either a subsequent

grouping process or a preliminary smoothing would have to be used to

improve the result.

3.2 Moving-Window Search

For the moving-window method, the smallest estimated peak distance S has to

be known in advance. This distance guarantees that two peaks at a distance

> S will be recognized as separate individuals. Two peaks which are closer

may not survive the process together, but at least one of them will. Consider

a window of side length < S, and start at evenly-distributed grid points with a

distance of < S in the accumulator. Move the window center to the accu¬

mulator element that has the highest value of all the window elements. Repeat

this procedure until the window becomes stable, which will yield a local

maximum. This method has given very good results in the experiments, and

requires only two parameters to be set in advance: S and the minimal accept¬

able peak height.

3.3 Weighted-Projection Method

A new cluster-finding algorithm has recently been proposed in [BILA86a]. In

this technique, which can be generalized to Hough arrays of arbitrary dimen¬

sion, a two-dimensional Hough space of dimension m x n is assumed. Each

point in the Hough space is represented by a value h(m,n), with m = 1
... m

and n = I
... n. In general, the clusters can be found by generating projection

vectors (accumulating the A-values in rows or columns) and then finding the

maxima in these projection vectors. However, merely adding up the array

values row- or column-wise leads to a poor representation of clusters as

maxima in the projection vectors. The technique proposed is based on

weighted projections of the Hough space. That is, for generating the horizontal
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and vertical projection vectors, weighted values are added up using a

weighting function w(x) which emphasizes high values in the projection

vectors:

m-l

n

M"0 = 2»v (*(»<>») )•
n-1

This results in distinct peaks in the projection vectors which can be identified

subsequently by simple threshold techniques and thus are suitable for esti¬

mation of cluster locations in Hough space.

To identify several clusters in the Hough accumulator, each maximum in the

horizontal projection vector has to be related to a corresponding maximum in

the vertical projection vector. For this, the following four-step procedure is

suggested:

1. Calculate the horizontal projection vector hjji) as described above.

2. Identify the maxima of hjjt) at locations »'.

3. Calculate the vertical projection vectors h\(m) in intervals of 2A cen¬

tered at n'-values found in step 2:

n'+A

fi-n'-A

4. Identify maxima in vertical projection vectors h'n>(m).
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With this procedure, the maxima of the horizontal and vertical projection

vectors can be interrelated with each other, thereby locating the desired clus¬

ters. In experiments, it was found that a suitable weighting function is

w(x) = x where k = 1.5 ... 4.0 and

w'(x) = x*' where k' = 1.5
... 2.0.

It is inevitable that several vertically-aligning maxima in the accumulator

array show up as one single peak in the horizontal projection vector. This

observation leads to the rectification property of this algorithm, which will be

very useful for our later application: maxima that nearly align vertically will

be detected as exactly aligning. For the case of randomly-distributed maxima,

the weighted-projection method performs by no means better than other

methods using a 2D window. The problem of choosing the best direction for

projection (vertical, horizontal, or arbitrary) is closely related to setting the

Fisher vector to find the principal components in a set of points (cf.

[DUDA73]).

In the top part of Figure 32, a small window from Figure 12 is magnified to

demonstrate the behavior of the algorithm for different values of k. The

bottom part of Figure 32 shows a perspective plot of the corresponding

portion of the accumulator array. Figure 33 shows the histograms of the

weighted projections for k m 1.0 ... 3.0 in steps of 0.5.

The order in which the horizontal and vertical projections are performed may

also be reversed. For /(-dimensional arrays, the accumulation has to be done

along hyperplanes of dimensionality n — 1 and the whole procedure will consist

of 2n consecutive steps.
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Figure 32. Magnified clusterpoint
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Figure 33. Weighted projections for k=1.0, 1.5, 2.0, 2.5, 3.0, and 3.5
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4. Understanding Hough-Space Structures

4.1 Properties in Hough Space

The Hough-space clusters resulting from solid polyhedra in image space are by

far not a set of independently-distributed points. Closer studies in connection

with the law of duality reveal some very useful properties of cluster struc¬

tures:

• Clusters corresponding to lines with the same slope in image space

(parallel lines) are aligned vertically in Hough space.

• The number of visible edges of an object is equal to the number of

clusters corresponding to this object. Collinear edges in image space

result in overlapping clusters in Hough space, and thus have to be

counted multiply.

• n lines intersecting each other at one distinct point in image space

(vertex) correspond to a collinear arrangement of n clusters in

Hough space.

• Two or more cluster collinearities intersecting each other at one dis¬

tinct cluster location in Hough space correspond to vertices sharing

one common edge in image space.

Note: Vertical alignments of clusters in Hough space are also cluster collin¬

earities, and thus may be considered as parallel lines which intersect each

other at infinity.
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Some of these basic properties are illustrated in Figure 34.

1. Three edges intersecting one another at one vertex in image space

<a> three clusters on a straight line in Hough space.

2. A parallelogram in image space (e.g., orthographic view of a face of a

cube) 4-»» two vertically-aligned pairs of clusters in Hough space.

3. Two vertices each with three intersecting edges; one edge shared

<**> two collinearities of three clusters each; one cluster shared.

4. Two vertices each with three intersecting edges; one edge shared, two

edges parallel <« two collinearities of three clusters each; one

cluster shared, two clusters vertically aligned.

5. Two vertices each with three intersecting edges; one edge shared, two

pairs of parallel edges (e.g., partial orthographic view of a

parallelepiped ) -r+ two collinearities of three clusters each; one

cluster shared, two tuples of vertically-aligned clusters.

It is important to note that the appearance of a certain line configuration in

image space can result in different structures in Hough space depending on its

orientation. Because the slope angle ranges from 0° to 360°, the a-axis in

Hough space can be shifted and wrapped around arbitrarily. Figure 35 gives

an example of two cluster structures of an identical edge configuration with

different orientation in image space. Both cluster structures have to be inter¬

preted identically.
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Figure 34. Image space vs. Hough space. Some examples.

V

Figure 35. Equivalent structures in Hough space. Example.
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4.2 Polyhedral Objects in Hough Space

Let us now see how the properties described above can be employed to char¬

acterize simple object primitives which will be useful for the decomposition

and representation of more complex polyhedral objects. Only the three object

primitives "tetrahedron," "three-sided prism," and "cube" shown in Figure 36

will be used. Remember that an appropriate angular offset as well as a proper

scaling have been applied to eliminate the problem of infinite slope. The set

of objects that can be composed with these three primitives is quite large,

because, for example, the cube represents all possible parallelepipeds, etc.

Tetrahedron: (see top of Figure 36) One, two or three faces of a tetrahedron

are always visible. As there are no parallel edges (except accidental parallelism

in the projection), no vertical alignments of clusterpoints occur in Hough

space. In the case of two visible faces, there are two vertices with three

intersecting edges; these share one common edge. Thus, in Hough space tet-

rahedra are represented by two three-cluster collinearities sharing exactly one

cluster.

Three-sided prism: (cf. middle of Figure 36) In general2 two or three faces of

a three-sided prism are visible. In the case of two visible faces, there are two

pairs of parallel edges which appear as two pairs of vertically-aligned cluster-

points in Hough space. As there are two vertices where three edges intersect

with one edge in common, two three-cluster collinearities are expected in

Hough space intersecting each other exactly at one cluster location, and an

In general here means that the object is not seen from a "special" viewpoint pro¬

ducing a degenerate view (cf. next chapter). We follow Roberts' definition of

degeneracy, which means that no regular transformation exists which allows

transforming the current view into an arbitrary other view. The algebraic aspects

of degeneracy will be discussed in detail in the appendices.
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additional isolated cluster vertically aligned with the collinearity-intersection

point.

Cube: (cf. bottom of Figure 36) In general three quadrilateral faces of a cube

are visible. As there are three triples of parallel edges, three vertical cluster

alignments each with three clusters are expected. There are four vertices

where three edges intersect, which correspond to four three-cluster collineari¬

ties in Hough space. As the central (or inner) vertex point shares its edges

with three others, the corresponding three-cluster collinearities intersect the

Image Space Hough Space

A *X
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Figure 36. Primitive objects in image space and Hough space
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central three-cluster collinearity exactly at three different cluster locations.

The resulting structure is reminiscent of a z-shape with an additional diagonal

crossing it.

These examples demonstrate how distinct vertex points of polyhedral objects

can be easily identified in Hough space (cf. [WAHL85a] and [WAHL85b]),

and thus can be related to model vertices, which is the prerequisite for object

matching by means of geometric vertex fitting as described, e.g., in [ROBE65].
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5. Decomposition of Polyhedral Scenes in Hough Space

5.1 Prerequisites

The fundamental idea of the analysis method proposed in this thesis is that

complex polyhedral objects can be analyzed and identified by successive

decomposition of Hough-space cluster patterns into substructures corre¬

sponding to object primitives. As shown in Figure 37, there are usually

several ways to decompose a polyhedron into its constituent parts. The results

obtained depend heavily on the decomposition strategy. Before a formulation

for such a decomposition strategy can be given, further prerequisites have to

be discussed.

5.1.1 Views and the Corresponding Hough-Space Structures

Each three-dimensional object primitive has to be considered with respect to

its different possible views. It can be distinguished between the principal

views Pf...P^ of an object k, and the degenerate views 2>f...jDf with

k= 1
... «. While n denotes the number of different object primitives, ik is

the number of principal views of object primitive k, and jk is the number of

degenerate views of object primitive k. A view is called principal view if an

e > 0 can be found such that for all parameter changes (rotation angles, trans¬

lation offsets, etc.) within ± e the view remains qualitatively unchanged, i.e.,

neither a vertex nor an edge changes its visibility. Otherwise, it is called a

degenerate view. In other words, the collinearities of a principal view change
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continuously in an e hypercube in the transformation parameter space

(n-dimensional cube with side length 2e).

Figure 38 gives some examples for principal and degenerate views of the

polyhedra described in the previous section. The object "tetrahedron" has four

views, three of which are principal ones. The "prism" has six views (two

principal and four degenerate), and the "cube" has three views (one principal

and two degenerate). In the decomposition technique, only principal views are

Figure 37. Four different decompositions of the same object
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considered, degenerate ones are never dealt with. The incorporation of degen¬

erate views can be resolved by capturing and analyzing the scene under

slightly different view angles. From now on, cluster patterns in Hough space

together with their collinearities will be called Hough nets. Furthermore, the

Hough nets of the principal views of object primitives are called Hough-Net

Primitives (HNP's), denoting the HNP of view Pj by Hj.

p{ pi pi • d;

P? Pt ! D? Di I

An

P* ! D? D|

Figure 38. Principal and degenerate views of primitive objects. The views to

the right of the dashed line are always degenerate.
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5.1.2 Collinearities in Hough Space

When analyzing the Hough net of a scene, it can be distinguished between a

v-collinearity (vertical alignment in Hough space) and a g-collinearity (general

non-vertical alignment). For the sake of readability, v-collinearities usually are

not indicated in the more complex Hough-space example pictures. As several

objects are usually located on the same supporting planar surface, they are

likely to have their vertical edges in parallel, i.e., they share the vertical direc¬

tion even if they are semantically disjoint. This means that g-collinearities are

more powerful for object discrimination. A collinearity with m clusters is

called g-m collinearity or v-m collinearity, respectively.

The number of clusters constituting a collinearity is called the order of the

collinearity; g-collinearities must have at least order three, whereas v-collinear¬

ities of order two are already meaningful. The first sentence is true because

two arbitrary (nonparallel) lines in image space always intersect at one point.

Only three (or more) of them intersecting at one single point bear the special

information of the occurrence of a vertex. If, however, the intersection is at

infinity (i.e., parallel lines), two lines are sufficient to uniquely define a

"vertex at infinity" (the third one is in fact the "infinite far line" known from

projective geometry). This above statement is only valid for orthographic (par¬

allel) projection; in the case of perspective (central) projection, the different

meaning of g- and v-collinearities vanishes.

5.13 Hough-Net Data Structure

Logically speaking, we have three distinct data types, namely, clusterpoints,

g-collinearities, and v-collinearities. Following the data-base notation of

[ZEHN81], the entity diagram in Figure 39 also shows the interrelations

between points and collinearities.



75

O-collinearitles
mo m

cluster points
m o

v-collinearities

Figure 39. Entities and their interrelations

The normalization procedure for relational data bases suggests the introduction

of two auxiliary relations as shown in Figure 40:

g-colllnearltles cluster points v-collinaarlties

1\
\
m\ /nnc c\ /Tl

A

0-collln./point8
relations

v-collln./bolnts
relations

Figure 40. Introducing auxiliary relations

Each clusterpoint vk has several local attributes stored with it:

• its center coordinates a,b in Hough space;

• a list of g- and v-collinearities of which vk is the member;

• a flag indicating whether nk is a genuine point found in the original

image or a clusterpoint augmented temporarily during the decompos¬

ition process;

• a real number y ("coverage" number, 0 < y < 1 ), giving a weight

with which vk has to be covered by some HNP in the ongoing

matching process (only genuine clusterpoints that are already present

in the original Hough net have y = 1.0 ), and
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• a list of object labels (typically one or two) of which vk is a part.

The local attributes of the g-collinearities include slope and intercept in a, b

space, while for the v-collinearities their a-value is stored as an attribute.

5.1.4 Complexity Ranking

For the decomposition strategy, it is necessary that the HNP's of all object

primitives be ordered by decreasing complexity.

• The primary sorting key for this is the highest order of collinearities

<W(fip given by the HNP.

• The second criterion is the number of collinearities of this order

c(H), omax). (If these numbers are the same for two HNP's, then the

next lower order will be examined.)

• The third key is the total number of collinearities in the HNP cm(Hj).

The sorting criteria for the HNP's of the corresponding principal views of the

object primitives shown in Figure 38 are listed in the following table:

<>&ax <%» c*(3) c'(3) c'(2) <& **x

m 3 0 4 0 0 4 0

m 3 0 2 0 0 2 0

HI 0 0 0 0 0 0 0

a? 3 3 4 1 2 4 3

Hi 3 2 2 0 2 2 2

m 3 3 4 3 0 4 3



77

°Lx -

°max "

<?Q) -

c"(3) -

c'(2) -

highest order of g-collinearities

highest order of v-collinearities

number of g-collinearities of order 3

number of v-collinearities of order 3

number of v-collinearities of order 2

total number of g-collinearities

total number of v-collinearities

Applying the sorting criteria stated above, we obtain the following ranking for

decreasing complexity (cf. Figure 41):

rr^ TT2 ET^ TJ2 tj^ tl^

V «s
•

t S / ,V_

•

H^ Hi Hi Hj Hj Hj

Decreasing Complexity ^>

P? P? Pi P| Pi Pi

Figure 41. Complexity ordering of principal views

Incidentally, the last view P\ practically does not contain any useful informa¬

tion because it can be applied to any set of three pairwise non-parallel lines.
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5.2 The Decomposition System

Figure 42 gives an overview of the decomposition system. The list of clusters

found in the Hough accumulator array is fed into a "feature extractor" finding

all collinearities, building up intersection tables, etc. This results in the

Hough-net representation of the scene. The decomposition control program ana¬

lyzes and modifies the Hough net by invoking several expert modules, one for

List oF CLuebers

In Hough Space

T
Feature Extraction

I
X' ".'.'". £

Hough net
r

' '

it It it
Expert

Module 1

Expert

Module 2

Expert

Module n

Decomposition Control Program

rmmmrtttftr.rfjp"

List oF Vertex

Relations

Figure 42. Decomposition process. Overview.
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each principal view of the object primitives in question. The output of the

decomposition control program is a list of image vertices related to object

primitive (model) vertices.

5.2.1 The Decomposition Strategy

The following design criteria for the decomposition strategy have been taken

into account:

• robustness with respect to missing clusters (e.g., very short edges),

• robustness with respect to superfluous clusters (e.g., caused by

shadows),

• decomposition with as few as possible and as complex as possible

object primitives (it is, for example, not desirable to decompose a

cube into five tetrahedra), and

• modest computational-time consumption.

To meet these requirements, a polyhedral scene understanding system has been

designed, based on Hough-space decomposition as outlined in Figure 43. The

following guidelines were used for the strategy development:

• matching object primitives starting with the more complex ones,

• after each match, restart with the most complex object primitive, and

• preference of almost fitting complex objects over simple ones fitting

perfectly.

The first five steps are basically pre-processing steps to extract the Hough net

of the captured scene:

1. Capture image of scene and digitize it.

2. Calculate gradient image and apply threshold to it.
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3. Transform binary gradient image into Hough space.

4. Detect clusters in Hough space.

5. Extract collinearities of clusters and collinearity intersections in

Hough space.

The decomposition of the Hough net proceeds as follows (the more important

steps are explained in the following paragraphs):

1. Split up the Hough net into smaller subnets.

2. For each of these subnets:

a. call the expert modules Et ... E{,

b. based on the experts' results, decide which match to choose,

c. modify and label the Hough net accordingly,

d. repeat steps a to c until all clusterpoints with y > £ have been

labeled,

e. verify the solution in image space by comparing vertices defined by

the HNP's with image vertices; if unsuccessful repeat steps a to

d.

If the number of experts m is large, computation time may exceed a practical

limit. To reduce computation time, only the first £ experts with I < £ <m

could be invoked. Since the experts are ordered by complexity, this will only

cut from the low-complexity end, tentatively setting { to a lower number

than m. The value f with 0 < f < 1 affects the stop condition, and there¬

fore should be chosen carefully. By setting f to 1.0, the process is forced to

stop when all original clusters (and only these) with the coverage number

y = 1.0 have been labeled. If J is set to a lower value, some newly intro¬

duced clusters, corresponding to cut edges, must be labeled twice (they are part

of two objects split up by the cut) before the process halts. If, however, the

original image is of poor quality and the Hough space thus lacks some clus-
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ters, the augmented clusters will only replace missing ones and have to be

labeled only once.

The following port-processing steps complete the scene analysis:

1. Relate the vertices of each object primitive to the vertices found in

the image.

2. Calculate the transformation matrix for each matched object.

3. Calculate the transformation parameters for each matched object.

START

Image acquisition

binary gradient

Hough transform

cluster detection

feature extraction

split up Hough net

for every subnet do

repeat until verified

repeat until labeled

for all experts I

consult expert f

select i

change Hough net

construct vertex relations

find transform matrices

find transform parameters

END

Figure 43. Decomposition algorithm
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5.2.2 Splitting Up the Hough Net

The aim of this step is to separate the Hough net into subnets corresponding

to semantically (and physically) disjoint objects. A labeling process groups

clusters together which are interconnected by g-collinearities. If clusters

remain unlabeled (isolated clusters), v-collinearities are considered for

assigning those to related groups. If the isolated cluster aligns vertically only

with clusters of one single group, it will be assigned to this group. If it verti¬

cally aligns with clusters from several groups, it will be temporarily assigned

to each of these.

Finally, if the isolated cluster does not align vertically with any group of clus¬

ters, it will get its own group label. These isolated clusterpoints will be avail¬

able for the decomposition of every subnet.

5.23 The Expert Modules

For each principal view of an object primitive, a procedure for the corre¬

sponding Hough subnet matching has to be provided. The procedural

descriptions for finding the HNP's in the Hough net of the scene are called

expert modules Et ... Em.

When an expert module Bk is invoked by the decomposition control program,

it tries to fit its own HNP with the Hough net. To achieve this, several

functions to locate characteristic HNP structures have been implemented. The

core of the HNP for the parallelepiped, for example, will be given in pseudo¬

code:
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procedure locate_HNP_l
var

il,i2,i3,i4,jl,j2,j3: integer

is_posi: boolean

begin
for il := 1 to no_of_g_col 1 i s do

for i2 := 1 to no_of_g_collis do

begin

jl := hinge(il,i2)
if (il <> i2) and (jl <> 0) then

for i3 := 1 to no_of_g_collis do

begin
j2 := hinge(i2,i3)
if (i2 <> i3) and (j2 <> 0) and (jl <> j2) then

for i4 := 1 to no_of_g_collis do

if four_different(il,i2,i3,i4) then

begin

j3 := hinge(i2,i4)
isposi := positive(il,i2,i3,i4)
if hoiesallowed or is_posi then

if three_different(jl,j2,j3) and (j3 <> 0) and

three_ascending(jl,j2,j3) and

v_common(jl,i3,i4) and

v_common(j2,il,i4) and

v_common(j3,il,i3) and

dollar_pk(il,i2,i3,i4,jl,j2,j3) then

solution_found
end

end

end

end

The functions three ascending, three different and four different are obvious

arithmetic functions returning a boolean value. Some of the other functions,

however, need some explanation:
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. The function hinge(a,b) returns the number of the cluster point that is

member of both g-collinearities a and b, zero otherwise.

• The function positive(a,b,c,d) is true, when the parallelepiped is a posi¬

tive solid, false when it is a negative object (void). See later chapter

for more information.

• The function v common(a,b,c) returns true if and only if both g-colli¬

nearities b and c contain a clusterpoint which vertically aligns with

the clusterpoint a.

• The function dollar ok(...) returns true if and only if the character¬

istic "dollar" shape indicates the presence of the HNP for a parallel¬

epiped.

If no match can be established, the expert module will allow one clusterpoint

to be augmented (cf. following paragraph) in the Hough net of the scene; if

the matching is still unsuccessful, a second clusterpoint may be augmented to

fit the HNP, etc. Eventually this must lead to a match because an HNP can

only have a finite number of points. The expert then reports the augmentation

number ak and the number of clusterpoints remaining uncovered together

with their coverage numbers y to the decomposition control program.

5.2.4 Augmentation

One reason for introducing the augmentation feature is to avoid the need for

visible cracks (cf. [WALT72]) between primitive objects that form a more

complex object. Another reason is the desired robustness with respect to

missing clusterpoints. The proposed strategy of where to augment a cluster in

the Hough net goes as follows (cf. Figure 44):

A candidate for augmentation is a free (i.e., unoccupied) intersection of a ver¬

tical collinearity of order one or higher with a general collinearity of order

two or higher. The candidates have to be generated in a certain sequence, for
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instance starting with the v-collinearity of the lowest order and the g-colli-

nearity of the highest. The augmentation is tentatively made, and the corre¬

sponding expert applied. If no match occurs, the augmentation will be

removed and the next candidate tested. When all candidates have been tried

out unsuccessfully, all possible augmentations with two are taken into consider¬

ation, and so forth.

With regard to computational complexity, the number of maximal augmenta¬

tions to be made while trying to fit the HNP of an expert has to be limited

to a small integer (usually between one and three).

Figure 44. Example for augmentation
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5.2.5 Deciding How to Proceed

Fitting too simple HNP's instead of augmenting the Hough net with additional

clusters and then fitting a more complex HNP has to be avoided. For

example, Hi will always fit any Hough net perfectly well with three cluster-

points or more. But in a larger Hough net, it is certainly not desirable to

match some three clusterpoints to a tetrahedral face. On the other hand, if

only three unmatched clusterpoints remain, it might really be useful to match

them this way. So there are two figures to minimize:

• the number of augmented clusters a, and

• the "uncoveredness," i.e., the sum of weights Ey, of clusters remaining

uncovered after modification of the Hough net (see below).

A linear combination of the two figures is suggested for minimization. For

step n, choose the expert Ek for which the target function

'I« -Hfi+l

is minimal. The constant A is used to balance "augmentation" against

"uncoveredness." The higher A, the more a solution with fewer augmentations

is favored.

5.2.6 Modifying and Labeling the Hough Net

Whenever a match occurs, the Hough net has to be modified. First, clusters

corresponding to hidden lines of the matching object primitive have to be

added in Hough space. Clusters corresponding to edges totally disjoint with

the hidden edges have to be removed from Hough space or, more practical,

made infeasible (by assigning a coverage number y < 0 to them) for further
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matching. When these modifications have been completed, the Hough net has

to be re-evaluated. Clusterpoints that have been augmented (visible lines of

matching object primitives) get the highest coverage number, y = ult clusters

that have been added (corresponding to formerly hidden lines) are assigned a

lower one, y = <i>2, and the rest get the lowest, y = a3. The exact values for

the coverage numbers u are subject to experimental investigation; the choice

of the u-values turned out to be not critical.

Note: The coverage number y for augmented clusterpoints must not be equal

to one, but lower. Otherwise, one might encounter problems if a clusterpoint

is missing accidentally (which is quite common for real-world applications).

The augmented point would then be sufficiently covered with one label

whereas "cut-augmentations" are usually labeled twice.

5.2.7 Dead End and Backtracking

A dead end is found when clusterpoints with coverage number y = 1.0 cannot

be covered without generating some other clusterpoints. In this case, a back¬

tracking algorithm has to be performed to evaluate another branch of the

search tree. Backtracking also has to be done when the verify operation

(explained below) fails.

5.2.8 Search-Tree Depth

The depth of the search tree has to be limited to an integer number t, the

value of which depends on the complexity of the scene and its objects, and

should be at least equal to the highest expected number of object primitives of

which an individual scene is composed. Without such a limiting factor, solu¬

tions would be likely where one object is decomposed into one complex plus

numerous simple object primitives, instead of a decomposition into, maybe,

two medium complex primitives.
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5.2.9 Verifying the Solution

When a match has been established, it is still possible that the matched object

primitive cannot be found in image space. Such a false solution stems from

the fact that in the Hough transform representation, each line segment is

extended to virtual infinite length (cf. back-transformed picture in Figure 17).

If several such lines accidentally intersect at one location not corresponding to

an image vertex, false interpretations of the Hough space might be possible.

Even if no accidental intersections occur, false interpretations of Hough-space

structures can happen. The decomposition example given in a later chapter

will illustrate such an ambiguity.

To eliminate incorrect solutions, the following checking operations are pro¬

posed for implementation:

1. The image space can be analyzed along lines or within local windows

at positions given by the vertex locations of object primitives found

by the decomposition process.

2. The normal vectors of the two faces generated by a cut, i.e., a cluster

augmentation in Hough space, have to be of opposite orientation.

3. When an object is completely decomposed, no two components (primi¬

tives) are allowed to have a non-empty intersection.

4. The error magnitude in the matrix fitting procedure (cf. appendix A)

must not exceed a certain threshold.

5.2.10 Negative Objects

In Figure 45, some more decompositions of the object known from Figure 37

are depicted. They can be considered as either the difference of two object

primitives or the sum of one positive object primitive (i.e., a solid) and a

negative object primitive (i.e., a void).
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For some applications, it may be acceptable to decompose an object into as

few components as possible and thereby allow negative object primitives to be

used, while in other cases it may be mandatory that all the objects be solid,

e.g., when the scene has to be reconstructed with solid building blocks.

Because of the symmetry, expert modules detect negative objects with exactly

the same procedure and accuracy as positive ones. However, it is not possible

in Hough space to distinguish between the two classes of objects, unless one

or more additional assumptions are made. The assumption has to guess

whether the visible faces of an object join in a convex (solid) or concave

S\> s~^> <T>
NT**.. .***^v!
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Figure 45. Three more decompositions of the same object. Positive and

negative objects allowed.
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(void) manner. Whereas it may not always be possible to decide this even by

eye, it is easy to make a good guess:

If it is necessary to restrict the decomposer to using only positive objects, it

can be assumed, e.g., that the much more common form of a cube to appear is

that with three edges closest to the observer forming an upright "Y"

(Figure 46, left). This assumption is derived from the support theorem (the

objects sit on a flat surface) together with common viewing conditions. For

scenes that are taken from the blocks world, this simple assumption assures a

very high precision in identifying the convex cubes. Similar assumptions can

be made for the other object primitives.

Convex Concave

Figure 46. Convex and concave
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5.3 Volume Estimation

The decomposition results in a set of primitive objects, either solids or voids,

together with their transformation matrices and transformation parameters.

Appendices A and B give a detailed description of the applied calculations.

Let Sj,, Sy, and s, be the scaling factors in x-, y-, and z-direction, respectively.

Assume orthographic projection is used and hence no skewing transformation

is allowed. The volume V of an object is then computed as

2^4 44 J.
-I

where k is the number of components (object primitives), v the volume of an

object primitive in unit coordinates as indicated in Figure 47, and <c = 1 for a

positive component, k — -1 for a negative one. Note that it might be possible

for an object to look unexpected (e.g., having a hidden void) when examined

from a different viewpoint. We are thus only able to determine a "good-

guess volume" of the objects in the scene.
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Figure 47. Primitive objects in unit coordinates
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The smallest cube, i.e., a rectangular parallelepiped with three equal scaling

factors, can be considered as the unit cube. The volumina of all other objects

in the scene are then expressed in multiples of the unit cube's volume. The

knowledge of the spatial geometry of the objects in connection with informa¬

tion about the material involved allows computing the mass, center of gravity,

and moments of inertia of the visible objects. These data are important for

many applications in the area of robotics. Figure 48 shows an example scene

with a small unit cube intentionally supplied and the desired volume esti¬

mation.

Volumetric Relations

Object no. 2 Is supposed to be the unit cube.

The volumina of the objects measured in this unit are hence:

object no. 1 has a probable volume of 119.167

object no. 2 has a probable volume of 1.000

Figure 48. Example scene and volume estimation
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6. A Decomposition Example

Figure 49 shows an example scene of modest complexity. It consists of two

solid objects, one partially occluded by the other. One of the objects is

already a primitive, the other is not and hence will have to ba decomposed.

For didactical reasons, the clusters are numbered, thus allowing their elation

to corresponding edges in image space. The short line segments below the

Hough-space window indicate the slope of the corresponding tdges in image

space.
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Figure 49. Example scene. Edges/clusters numbered for reference.

The object primitive library is assumed to contain a tetrahedron, a thre^-sided

prism, and a cube. Thus, six HNP's are necessary for decomposition.
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The corresponding expert modules are:

E, for detection of H\

Ej for detection of H2

E3 for detection of H\

E4 for detection of Hi

E5 for detection of H\

E6 for detection of H\

(cube),

(prism),

(tetrahedron),

(prism),

(tetrahedron),

(tetrahedron).

The system constants have been chosen as follows:

A » 1.0
, u, 3 0.5

, 1^x0.3, u3 = 0.1
, t = m , f« 1.0 .

The initial scene is shown in Figure SO (a), the corresponding Hough net H0 is

shown in (b) (v-collinearities are not drawn). The splitting process (done by

labeling) applied to (b) yields two disjoint subnets, shown in (d) and (f).

Consulting the experts for Hough net (d) with the system parameter values

X, u„ £, and £ listed above, the following table is generated:

a

Unlabeled clusters Labeled clusters

y- 1.0 Y-"1 y-«2 T-»S Y-«l Y-<">2 y-uj

Ei 6 2 0 0 0 4 3 2

Ej 4 1 0 0 0 3 1 1

E3 1 0 0 0 0 1 0 5

E4 2 1 0 0 0 2 3 3

E5 0 0 0 0 0 0 1 4

E« 0 2 0 0 0 0 3 3

The first row of this table lists the data that expert Et returns to the decom¬

position control program: To fit the HNP of the cube, six clusterpoints would
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have to be augmented. Two clusterpoints with coverage number y = 1.0

would be left uncovered. After modification of the Hough net, four out of the

six augmented clusterpoints would still remain (they get a coverage number of

ut) because two clusters would have been removed while modifying. Three

hidden lines would be introduced with y = w2 and two unspecific cluster-

points with y = u3 would remain.

Using the above table values and substituting them in the target function,

each expert yields a target value 8,:

8, = 11.1
, «2 = 6.9

, «3 = 2.0
, fl4 = 5.2

, 85 - 0.7
, 86 = 3.2 .

As 85 is the minimum, Hi is selected, corresponding to the tetrahedron in (c).

All clusterpoints with y > f have now been labeled (a zero in column

y = 1.0). The verification procedure confirms the solution because the com¬

puted vertices really have their counterpart in image space. The decomposition

process for the first subnet stops here.

The composite object (e) is now up for decomposition. Consulting the experts

for (f) yields

a

Unlabeled clusters Labeled clusters

y-1.0 y-u, Y-«2 Y-«3 Y-«i Y-«2 y-«3

Ei 1 1 0 0 0 1 3 5

E* 2 2 0 0 0 1 1 3

E3 2 5 0 0 0 2 0 4

E4 1 4 0 0 0 1 3 4

E3 1 5 0 0 0 0 1 4

E6 0 6 0 0 0 0 3 3
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Evaluating the target function gives

81 = 3.9, 82 = 5.1
, 83 = 8.4

, 84 - 6.8
, 85 - 6.7

, 86 a 7.2 .

Here, 8t is the minimum, so H\ is chosen, corresponding to the parallelepiped

shown in (i) of Figure 51. H\ (j) covers all but one cluster, requiring only

one cluster augmentation marked with a star in (h). The augmented cluster

corresponds to the bold line in image space (g). The Hough net now has to

be modified. In (1), the stars mark the newly introduced clusters, corre¬

sponding to the hidden lines of the parallelepiped. These lines are drawn with

dashed lines in (k). The clusters in (1) indicated by arrows have to be

removed. They correspond to the bold lines in (k).

The Hough net in (n) of Figure 52 shows the new situation: The size of the

bullets stands for the weight to be covered, y. The genuine cluster has

y = 1.0, the augmented cluster y = "i. etc. Picture (m) shows the corre¬

sponding lines. Bold lines for the "heavy" clusters, dotted lines for the medi¬

um-weight clusters and dashed lines for all others. Applying the experts to the

intermediate decomposition result (n) yields:

a

Unlabeled clusters Labeled clusters

y-1.0 Y-»l y-uj y.U, Y-«i y-Ui y-uj

E, 0 1 0 0 0 0 3 6

Ej 1 1 0 0 2 0 1 4

Ej 2 0 0 2 4 2 0 4

E4 0 0 0 1 3 0 3 5

E5 1 0 0 2 5 1 1 3

E« 0 0 0 2 5 0 3 3
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The target-function values are as follows:

8j = 2.5
, 82 - 2.9

, 83 = 4.4
, 84 2.0, 85 = 3.2

, 86 = 2.3 .

Since 84 is the minimum this time, H} is selected, corresponding to the prism

shown in either (o) or (q). Both (p) and (r) have the same 8. However, only

(p) passes the verification stage where the vertices of (o) are searched for in

image space. It turns out that (q) has to be rejected as a solution because the

lower-right vertex has no corresponding vertex in image space. For both

cases, the decomposition process stops here, because all clusters with y > £

have now been labeled, i.e., in the column y =» 1.0 a zero is found. As so¬

lutions (p) and (r) are equivalent in Hough space, it is not predictable which

one will be delivered first by the appropriate expert module. Should it be (r),

a backtracking is done after failure to verify, to find (p) next.

The final result of the decomposition is three identified object primitives with

vertex coordinates given by the slopes and intercepts of corresponding cluster

collinearities in Hough space. The vertex coordinates can now be used to

calculate the transformation matrix according to [ROBE65], as well as the

transformation parameters. A complete scene description is the result of the

decomposition process.



(a)

(c) (d)

(e)

Figure 50. Decomposition example of polyhedral scene (1)

-^
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(9)

(i)

GO

Figure 51. Decompositton example of polyhedral scene (2)
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Figure 52. Decomposition example of polyhedral scene (3)
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7. Implementation

7.1 Overview of the Actual Implementation

The software system developed to test the decomposition strategy is shown in

Figure 53. The CAD scene data and the viewing data are both input to the

Hough simulator program HSIMU. The Hough simulator allows the gener¬

ation of a list of clusterpoints without doing an actual accumulation as is done

for an explicit Hough transform. This is legitimate because the objective of

this thesis is the analysis of the structure in Hough space rather than the

implementation of an accumulator or maxima finder.

The CAD scene data contains all vertices, edges, faces, and objects that

compose the scene in three-dimensional x,y,z coordinate space. The viewing

data comprises all information such as the viewpoint, scaling, translation

offset, focal length of camera, and much more. When a suitable scene trans¬

formation has been found using the Hough simulator, the data can be written

back to the same or another viewing data file. The viewing data is also used

by the other programs either to simply produce a well-formatted display on

the screen, or also as part of the information needed for the algorithm. The

Hough simulator produces an output file containing a list of clusters that the

Hough feature extractor HFEXT will read in. This program generates tables

of collinearities found in the set of clusters. These tables are then used by the

Hough net split program HSPLT to find the Hough subnets which will then

be written sequentially to a special file. The Hough decomposer HDECO ana¬

lyzes each of these subnets and determines the constituent object primitives.
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Figure 53. Software system for decomposition process
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In the final step, the vertex relations produced are used by the Hough param¬

eter computation program HPARA to determine all parameters needed for a

semantical and geometrical scene description including volumina estimations.

7.1.1 The Hough Simulator

The Hough simulator is a software tool developed by the author to explore

the properties of structures in Hough space. Many of the interrelations

between image space and Hough space that proved central for the present

work would probably not have been discovered without this tool1.

The following features have been implemented:

• Image space and Hough space are displayed simultaneously; slope hints

are given below the Hough space window to indicate the corre¬

sponding edges (cf. Figure 54).

• To detect cluster alignments, an analytical Hough transformer is built

in (cf. Figure 55).

• Usually, hidden lines are removed using back-face culling followed by

Appel's algorithm; however, wire-frame model display is also possible

(cf. Figure 56).

• Function keys can be used to perform 3D transformations on the

object in image space:

- rotation about x, y and z,

- translation in x, y and z,

- scaling, and

- changing the focal length.

' The program has been written in Pascal/VS using Graphics Data Display Manager

(GDDM) routines for display on an IBM 3279 color terminal.
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• Both parallel and central projections are available. Note that former

vertical collinearities are now in non-vertical position (cf. Figure 57).

However, central projection has not been used in the subsequent anal¬

ysis.

• An echo option to trace the clusters in Hough space while applying a

3D transform in image space can be switched on. The stepwise rota¬

tion of a cube using an angle increment of 360/32° in image space

produces the output shown in Figure 58 to Figure 60 which clearly

shows that the clusters move on cone sections

• The cluster coordinates can be written to a disk file to allow further

analysis and processing by a feature-extractor program.

• Output can be produced for various devices, such as a high-resolution

printer*.

• Optional labeling of edges, vertices and clusterpoints for easier refer¬

encing is available.

• An automatic computation of the most suitable angular offset to

avoid nearly infinite slopes is done on request.

• The polyhedral scene is read from a file in the form of vertex-edge-

face-object. See the example at the end of this chapter. This method

allows quite complex objects/scenes as depicted in Figure 61 or even

Figure 62.

• A merge operation allows to combine two scenes or objects to

compose more complicated scenes. Arbitrary scaling, rotation, and

translation can be applied individually.

• Complete viewing information is stored in a separate file.

4 An IBM 4250 Electro-Erosion printer with a resolution of 600 pixels/Inch has

been used.



0 0 0 0

Figure 54. Sample screen output of Hough simulator program. Scene adapted
from [ROBE65].

CD 0 0 0

Figure 55. Collinearities marked in Hough space
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0 0 0 0

Figure 56. Wire-frame display of example scene

Figure 57. Central projection of example scene
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Figure 58. Traces of moving clusters in Hough space (x-rotation)
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Figure 59. Traces of moving clusters in Hough space (y-rotation)
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Figure 60. Traces of moving clusters in Hough space (z-rotation)

0 0 0 0

Figure 61. More complex example object. Adapted from [ENGE86].
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© 0 0

Figure 62. Very complex example scene. Collinearities not marked.

A file containing the viewing information for a particular scene might look

like this:

2.20 2.00 -0.60

-0.20 -0.70 0.0

0.57 -10.00 1

0.10 0.10 0.10

0.10 0.10 0.10

0.10 0.30

-2.66

9.81 9.81 24.64 35.76 0 75

9.87 4.77 75 50 36.69 0 75

(* PHI PSI THETA *)
(* X0 Y0 Z0 *)

(* SO F0 INFI *)

(* DELTA_PHI DELTA PSI DELTAJTHETA *

(* DELTAJX DELTAJY DELTA_TZ *)
(* DELTA_S0 DELTA F0 *)

(* ANGULAR OFFSET *)
(* SCALING INFO FOR IMAGE SPACE *)

(* SCALING INFO FOR HOUGH SPACE *)

The input data file for the Hough simulator to handle the scene of Figure 54

is presented on the next page and clearly shows the vertex-edge-face-object

structure.
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18

1.5

1.5

-0.7

3.0

3.0

3.0

(* NO. OF VERTICES *)

(* VERTEX NO. 1 *)

(* VERTEX NO. 2 *)

2.0 0.0 4.0

27

(* VERTEX NO. 18 *)

(* NO. OF EDGES *)

(* EDGE NO. 1 *)

(* EDGE NO. 2 *)

13 18

13

(* EDGE NO. 27 *)

(* NO. OF FACES *)
12 3 4

-4 12 8 -9

(* FACE NO. 1 *)

(* FACE NO. 2 *)

22 -21 -20 -19 -18

12 3 4 5 6

7 8 9 10 11 12 13

(* FACE NO. 13 *)

(* NO. OF OBJECTS

(* OBJECT NO. 1 *)

(* OBJECT NO. 2 *)

7.1.2 The Feature Extractor

The feature-extractor program reads the file of cluster coordinates produced

by either the Hough simulator or a maximum finder applied to an actual

Hough accumulator array:

21 (* NO. OF CLUSTERS *)

-1.86107218 -3.36099234 (* CLUSTER COORDINATES 1 *)

-1.86107218 -3.23670753 (* CLUSTER COORDINATES 2 *)

-1.86107218 -2.31624194 (* CLUSTER COORDINATES 3 *)

1.86107218 2.84318579 (* CLUSTER COORDINATES 20 *)

1.86107218 3.81681833 (* CLUSTER COORDINATES 21 *)
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First, the clusters points are sorted according to their coordinate values. Major

sorting key is the a-coordinate (slope) and minor sorting key the ^-coordinate

(intercept). An analytical Hough transform as described in an earlier chapter

is then applied to find all collinearities of three or more cluster points. For

such collinearities, the best-fit slope and intercept are determined using a

least-square error technique. The vertical collinearities of two or more points

are found, and their average a-values computed. All these data are finally

written to a file for the next processing steps.

21

10

-1.86107218 -3.36099234

-1.86107218 -3.23670753

-1.86107218 -2.31624194

1.86107218 2.84318579

1.86107218
|

3.81681833

1

1.63343834 -0.19676087 3 2 7 20

1.33364657 1.33480579 3 4 14 21

1.07206818 0.84798953 3 4 8 20

-1.54696533 -1.01641812 3 5 10 15

-1.68800003
1

0.22896602 3 6 13 16

^

1.86107218 7 15 16 17 18 19 20 21

0.42596630 6 9 10 11 12 13 14

-1.86107218 6 12 3 4 5 6

-0.36597257 2 7 8

(* NO. OF CLUSTERS *)
(* CLUSTER COORDINATES 1 *)
(* CLUSTER COORDINATES 2 *)
(* CLUSTER COORDINATES 3 *)

(* CLUSTER COORDINATES 20 *)
(* CLUSTER COORDINATES 21 *)
(* NO. OF G-COLLINEARITIES *)
(* SLOPE, INT.CEPT, MEMBERS 1

(* SLOPE, INT.CEPT, MEMBERS 2

(* SLOPE, INT.CEPT, MEMBERS 3

(* SLOPE, INT.CEPT. MEMBERS

(* SLOPE, INT.CEPT, MEMBERS

(* NO. OF V-COLLINEARITIES

(* A-VALUE, MEMBERS 1 *)
(* A-VALUE, MEMBERS 2 *)
(* A-VALUE, MEMBERS 3 *)
(* A-VALUE, MEMBERS 4 *)

*)

The computation time for the feature extraction process is proportional to the

square of the number of clusters n in the input. The sorting can be done in

o(n log(n)), but the analytical Hough transform needs time o(n2).
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7.1.3 The Split Program

The aim of the split program is to separate the Hough net, i.e., the cluster-

points together with the collinearities, into one or more subnets. Each of

these is described in exactly the same way as the original full Hough net as a

list of sorted clusterpoints, a list of general collinearities, and a list of vertical

collinearities. In this form, the subnets will be written to the output file. The

algorithm is a simple labeling process using the general collinearities to

connect cluster points to one another.

program splitjiet
var

p,q,r: clusterpoint

c : array of clusterpoints

1 : label

g : g_collinearity

begin

p := first(c)

1 := 1

repeat

p.label := 1

repeat

for all points q do

if q.label = 1 then

for all g_collinearities g do

if is_element_of(q,g) then

for all members_of_g r do

r.label := 1

until no_more_changes_done
p := next_unlabeled(c)
1 := 1 + 1

until all_clusterpoints_labeled
end
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Clusterpoints that lie on a vertical collinearity but not on a general one are

assigned to all subnets sharing this vertical collinearity. After the process has

stopped, a number of unassigned points that are not member of any colli¬

nearity may remain. If this is the case, they will be written to the output file

of the program first, because they may be relevant to either of the following

subnets.

An example of a detected subnet is shown in Figure 63.

Figure 63. Detected subnet

On the next page, the file generated by the split program is shown. For the

example scene, two distinct subnets have been identified.



-1.86107218

-1.86107218

-1.86107218

-3.36099234

-2.31624194

1.86259602

(* NO. OF UNASS. POINTS *)

(* NO. OF SUBNETS *)
(* SUBNET 1 *)

1.86107218

1.86107218

-1.27323111

0.18721770

0.67258532 -1.06451212 3 2 6 9

0.56090281 -2.31711172 3 14 8

0.28021773 -1.79473653 3 2 5 8

-1.54696533 -1.01641812 3 3 5 7

12

1.86107218

0.42596630

-1.86107218

-1.86107218

-1.86107218

-1.86107218

7 8 9

4 5 6

1 2 3

-3.23670753

-1.14720674

3.37045592

(* SUBNET 2 *)

1.86107218

1.86107218

2.84318579

3.81681833

1.63343834

1.33364657

1.07206818

-0.63279661

-1.19416678

-1.68800003

-0.19676087

1.33480579

0.84798953

-1.02614070

0.01860969

0.22896602

4 11

8 12

5 11

6 10

7 10

7 9

1.86107218

0.42596630

-1.86107218

-0.36597257

4 9 10 11 12

3 6 7 8

3 12 3

2 4 5

The splitting process runs in linear time o(n).
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7.1.4 The Decomposer

The subnets are read in one after the other from the file produced by the split

program. On every subnet (plus the globally unassigned points), the decom¬

position strategy is applied. For instance, the second subnet of the scene of

Figure 54 is decomposed into the following two object primitives:
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Figure 64. Negative primitive object detected (void)
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Figure 65. Positive primitive object detected (solid)
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When the object corresponding to the subnet is successfully decomposed, the

names of the object primitives (prefixed by '+' for solid, '-' for void), the

image vertex coordinates (first two entries on each line), and the corre¬

sponding model coordinates (next three entries) are written to the output file:

2

1

parallelepiped
7

1.07965158 1.46080582 1.00000000 1.00000000 1.00000000

1.08915707 0.63189710 1.00000000 1.00000000 0.0

-0.90021494 1.61734987 1.00000000 0.0 1.00000000

1.57037070 1.79375431 0.0 1.00000000 1.00000000

-0.40949581 1.95029837 0.0 0.0 1.00000000

-0.89070945 0.78844115 1.00000000 0.0 0.0

1.57987619 0.96484561 0.0 1.00000000 0.0

2

-three-sided prism
5

1.51977531 1.07560401 0.0 0.0 0.0

-0.08552186 1.20253162 0.0 1..00000000 0.0

1.53878628 -0.58221341 1..00000000 0.0 0.0

-1.06696012 0.53663462 0.0 1 .00000000 1..00000000

0.55734803 -1.24811041 1..00000000 0.0 1,.00000000

parallelepiped
7

0.53833706 0.40970701 1 .00000000 1 .00000000 1 .00000000

0.56368502 -1.80071621 1 .00000000 1 .00000000 0.0

-1.60205917 0.57894382 1 .00000000 0.0 1 .00000000

1.51977531 1.07560401 0.0 1 .00000000 1 .00000000

-0.62062093 1.24484082 0.0 0.0 1 .00000000

-1.57671122 -1.63147940 1 .00000000 0.0 0.0

1.54512327 -1.13481922 0.0 1 .00000000 0.0

The complexity of the decomposer is object-dependent, but the run-time grows

exponentially within a certain class of objects (cf. chapter on performance).

7.1.5 The Parameter Estimator

The parameter-estimation program follows the procedures described in appen¬

dices A and B to calculate the best-fit matrices in homogeneous coordinates

and the parameter values of the transformations that have to be applied to the



117

object primitive models to compose the given scene. The final output file

contains a scene description with volume estimations:

Object no. 1

This object 1s a primitive one, namely a positive parallelepiped (solid).

The 7 vertex relations lead to the associated transformation matrix:

0.491 1.980 -0.010 -0.400

0.333 -0.157 0.829 1.121

0.000 0.000 0.000 1.000

with a fitting error of 1.7500E-16.

The transformation parameters are:

scaling
rotation (deg)
translation

sx « -1.425
, sy -2.109 , si • 0.855

rx - 53.949 . ry = -65.408
,

rz « -34.157
tx « -0.400 , ty « 1.121

, tz - (arbitrary)

Object no. 2

This object 1s composed of the following 2 object primitives:

Component no. 1 1s a negative three-sided prism (void).

The 5 vertex relations lead to the associated transformation matrix:

0.019 -1.605 -0.981 1.520
-1.658 0.127 -0.666 1.076
-0.000 -0.000 -0.000 1.000

sx * 1.710 , sy * -1.710
,

sz -2.850
rx » 20.305

, ry * 14.176
. rz 89.343

tx • 1.520
, ty » 1.076

, tz « (arbitrary)

with a fitting error of 2.5000E-17.

The transformation parameters are:

scaling
rotation (deg)
translation

Component no. 2 Is a positive parallelepiped (solid).

The 7 vertex relations lead to the associated transformation matrix:

-0.981 2.140 -0.025 -0.595
-0.666 -0.169 2.210 -0.966
0.000 0.000 0.000 1.000

with a fitting error of 8.7500E-17.

The transformation parameters are:

scaling
rotation (deg)
translation

sx -2.850 sy a -2.280 sz « 2.280
rx * 53.949 ry -65.408 rz -34.157
tx * -0.595 t ty a -0.966

.
tz (arbitrary)
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Volumetric Relations

The volumina of the objects measured in an arbitrary unit are:

object no. 1 has a probable volume of 2.570

object no. 2 has a probable volume of 10.649

The parameter-estimation process runs in linear time with respect to the total

number of object primitives (components). Since the number of components is

inferior to n, the parameter estimator runs in time o(n).

7.2 Performance

A few numbers are now given to show the time complexity of the whole

decomposition process. Since the processing-time bottleneck is the run-time of

HDECO, a sequence of ten scenes with growing complexity had to be chosen.

Every scene should contain only one object, i.e., it cannot be split up by

HSPLT. This guarantees a worst-case comparison because the complexity

growth depends on the complexity of the most complex object in the scene.

To illustrate this fact, two scenes with about the same number of visible edges

and producing the same number of collinearities in Hough space but needing

very different run-times are given below. Scene A, depicted in Figure 66,

contains a staircase-like object with 57 visible edges, i.e., producing 57 cluster-

points in Hough space, and 36 detected collinearities. Scene B, shown in

Figure 67, contains three similar objects with a total number of 63 visible

edges and also 36 collinearities in Hough space. The total run-times for these

example scenes in our environment5 are 55, respectively 10 seconds.

5 The program has been implemented on an IBM 3081 mainframe.
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Figure 66. Test scene A. Run-time for decomposition: 55 seconds.

Figure 67. Test scene B. Run-time for decomposition: 10 seconds.

The distribution of the total run-time among the process parts HFEXT,

HSPLT, HDECO, and HPARA is visualized in Figure 68.
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Figure 68. Run-time distribution

Note that the run-time of a junction labeling process, such as the well-known

one proposed in [WALT72], depends on the overall complexity of the scene,

regardless of the number of objects.

Since the complexity of the decomposition procedure depends heavily on the

type of object(s) chosen, theoretic complexity investigations are not appro¬

priate. In the following table, detailed run-time data can be found for stair¬

case-like objects similar to that in Figure 66. The order (— number of stairs)

of the staircases ranges from n = 1, i.e., a cube, up to n = 10. Column p gives

the number of clusterpoints and column c the number of collinearities in

Hough space. The run-times in column "HDECO *" correspond to a special

version of the decomposition program where only the expert module to detect

parallelepipeds is active.
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n P c HFEXT HSPLT HDECO HDECO * HPARA

1 9 4 0.022 sec 0.024 sec 0.042 sec 0.026 sec 0.033 sec

2 15 8 0.035 sec 0.029 sec 0.365 sec 0.126 sec 0.056 sec

3 21 12 0.070 sec 0.036 sec 1.470 sec 0.480 sec 0.078 sec

4 27 16 0.143 sec 0.044 sec 3.840 sec 1.310 sec 0.102 sec

5 33 20 0.291 sec 0.051 sec 7.880 sec 2.750 sec 0.122 sec

6 39 24 0.533 sec 0.060 sec 14.30 sec 5.180 sec 0.145 sec

7 45 28 0.900 sec 0.066 sec 23.40 sec 8.550 sec 0.166 sec

8 51 32 1.470 sec 0.075 sec 35.80 sec 13.20 sec 0.192 sec

9 57 36 2.280 sec 0.085 sec 52.30 sec 19.70 sec 0.213 sec

10 63 40 3.400 sec 0.095 sec 72.60 sec 27.50 sec 0.235 sec

The numeric data can be better interpreted in a graph chart. Figure 69 shows

the run-time for the nonlinear processes HFEXT and HDECO (top chart; note

the semi-logarithmic scales), and for the linear processes HSPLT and HPARA

(bottom chart).

The problem of locating the Hough net of an object primitive in a more

complex Hough net has been investigated in [ENGE86]. Since Hough nets can

be treated as graphs, an attributed subgraph isomorphism algorithm is proposed.

The complexity of traditional subgraph matching is discussed in [ULLM76],

whereas [ENGE86] claim that the matching properties of attributed graphs

allow much faster algorithms.
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Figure 69. Run-time plots
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7.3 Suggested Enhancements

For this thesis, implementation of the Hough transform has been only the aux¬

iliary goal of verification. Hence, no attempts have been made to speed up

the sequential, straightforward program, and all fringe aspects have been

omitted. There are numerous published papers proposing implementation

enhancements. Although it is not the objective of this thesis to investigate

optimal Hough implementations, some of these ideas will be mentioned briefly:

1. With an appropriate filter, the slope of a line in image space can be

estimated locally ([BALL82]) to help avoiding unnecessary incremen¬

tations in the Hough accumulator array.

2. To minimize the effect of inaccurate estimates, the incrementations in

the accumulator array can be done in a neighborhood around the esti¬

mate, i.e., incrementation can be done within a band of width y. rather

than on a line ([BALL82]).

3. The Hough transform can also be calculated by an efficient recursive

algorithm (the so-called Fast Hough Transform (FHT), proposed in

[LI85]). In their implementation, no explicit Hough array exists, but

a selectively-refining tree structure is used to store the votes. The

depth of the tree grows where votes accumulate, so the problem of

finding maxima in an array is replaced by finding the deepest

branches in a tree, which is a trivial task. The FHT is especially

useful for implementing higher-dimensional Hough arrays. More inter¬

esting implementation aspects are discussed in [BROW83a].
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8. Experimental Results

Figure 70 shows the experimental environment used for the present work.

Data are symbolized by 3D boxes, processes by flat rectangles with rounded

corners. A video camera has been used (cf. upper left of Figure 70) attached

to a frame grabber system installed in a personal computer6 to obtain a digital

image from an indoor model scene. With this equipment, it was possible to

acquire bytemaps1. Specific pre-processing steps, which can also be done on the

PC, result in the bitmap showing the binary gradient image. Because of the

high computational complexity of the implemented explicit Hough transform,

this step is a good candidate for processing on the host system. Applying a

local-maxima finder on the accumulator array, a list of clusterpoints is then

produced.

Let us now look at the middle part of Figure 70. The list of clusters is fed

into a feature extractor generating several tables of slopes and collinearities,

the feature tables. This information is now consumed by the decomposer, the

heart of the whole system. The decomposer establishes matches between scene

elements and object primitives drawn from a library of simple objects.

6 An IBM PC AT was used.

7 The size of the bytemaps is 512 x 512, with each pixel stored as a grey value

ranging from 0 (dark) to 255 (bright).
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Figure 70. Experimental environment



126

However, the decomposer is not only decomposing the entire scene into indi¬

vidual objects, but also the more complex objects that are not directly found

in the library into simpler components. As a result, the decomposer delivers a

list of objects whose image vertices are brought into relationship with model

object vertices. For each object recognized, a matrix in homogeneous coordi¬

nates as well as a set of transformation parameters in three-space necessary to

produce the captured scene, are derived analytically. The final result is a

semantical and geometrical description of the scene (bottom of Figure 70).

For testing decomposition algorithms, however, it is too awkward to start

always at the top of the left branch. Instead, a geometric modeler can be used

to generate model data files containing the scene information in the form of a

a list of vertices, edges, faces, and objects. The Hough-simulator program can

then be used to select an appropriate viewpoint and a convenient viewport

window of the scene. To receive the list of clusters, no expensive accumu¬

lation has to be performed in this case, as the data already exist in clean CAD

format. Following the right branch in Figure 70 means avoiding the image-

processing problems (noise, shadows etc.), and results in a much faster cycle

time for an experiment.
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8.1 Sample Scene 1

This scene contains four objects. The Hough net consists of 56 clusterpoints,

31 g-collinearities, and 10 v-collinearities. The total processing time is 6.1

seconds. In this case no negative objects have been allowed.

Figure 71. Sample scene 1

In the following sequence of figures, the decomposition process can be traced.
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The scene description produced from this scene is shown in the following

listing:

8I*£**£*I2****F*.**I.«CJ&

Object no. 1

This object 1s composed of the following 3 object primitives:

Component no. 1 Is a positive parallelepiped (solid).

The 7 vertex relations lead to the associated transformation matrix:

0.222 3.582 0.056 0.459

0.137 -0.637 2.372 0.395

0.000 0.000 0.000 1.000

with a fitting error of 1.8750E-16.

The transformation parameters are:

scaling
rotation (deg)
translation

sx » -0.500
. sy • -4.000

, sz = 2.500

rx » 52.803
, ry = -58.533

, rz ' -31.573
tx = 0.459

, ty - 0.395
,

tz • (arbitrary)

Component no. 2 1s a positive parallelepiped (solid).

The 7 vertex relations lead to the associated transformation matrix:

-0.889 3.582 0.011 0.448

-0.547 -0.637 0.474 -0.080

0.000 0.000 0.000 1.000
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with a fitting error of 1.7500E-16.

The transformation parameters are:

scaling : sx * -2.000
, sy -4.000

, sz = 0.500
rotation (deg): rx = 52.803

, ry » -58.533
, rz = -31.573

translation : tx - 0.448
, ty « -0.080

, tz « (arbitrary)

Component no. 3 Is a positive parallelepiped (solid).

The 7 vertex relations lead to the associated transformation matrix:

-0.889 1.343 0.067 -0.895
-0.547 -0.239 2.846 0.159
0.000 0.000 0.000 1.000

with a fitting error of 8.7500E-17.

The transformation parameters are:

scaling
rotation (deg)
translation

sx » -2.000
, sy -1.500

, sz » 3.000
rx - 52.803

. ry = -58.533
, rz = -31.573

tx = -0.895
, ty » 0.159

,
tz = (arbitrary)

Object no. 2

This object Is composed of the following 2 object primitives:

Component no. 1 is a positive parallelepiped (solid).

The 7 vertex relations lead to the associated transformation matrix:

0.687 0.300 0.089 2.253
0.080 -0.223 3.795 -2.163
0.000 0.000 0.000 1.000

with a fitting error of 4.0000E-16.

The transformation parameters are:

scaling
rotation (deg)
translation

Component no. 2 1s a positive parallelepiped (solid).

The 7 vertex relations lead to the associated transformation matrix:

sx - -0.750
, sy ' -0.750

, sz - 4.000
rx = 69.994

, ry « -22.713
, rz » -6.659

tx - 2.253
, ty » -2.163

, tz « (arbitrary)

-0.550 0.300 0.044 1.593

-0.064 -0.223 1.897 -1.105
0.000 0.000 0.000 1.000

with a fitting error of 5.0000E-17.

The transformation parameters are:

scaling
rotation (deg)
translation

sx -0.600
, sy - -0.750

. sz • 2.000
rx « 69.994

. ry » -22.713
, rz « -6.659

tx « 1.593
, ty « -1.105

, tz (arbitrary)

Object no. 3
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This object Is a primitive one, namely a positive parallelepiped (solid).

The 7 vertex relations lead to the associated transformation matrix:

0.416 0.277 0.011 0.462
0.079 -0.137 0.474 0.043
0.000 0.000 0.000 1.000

sx = -0.500
, sy = -0.500

, sz = 0.500
rx « 68.139

, ry = -32.057
, rz = -10.678

tx 0.462
, ty = 0.043

, tz = (arbitrary)

with a fitting error of 1.5000E-16.

The transformation parameters are:

scaling
rotation (deg)
translation

Object no. 4

This object 1s composed of the following 2 object primitives:

Component no. 1 is a positive three-sided prism (solid).

The 5 vertex relations lead to the associated transformation matrix:

0.036 1.799 -1.587 -0.891
1.518 -0.539 -0.535 -2.221

0.000 -0.000 -0.000 1.000

with a fitting error of 2.5000E-17.

The transformation parameters are:

scaling : sx 1.600
, sy - -2.400

, sz = 2.400
rotation (deg): rx 40.990

, ry - 18.396
, rz » -88.657

translation : tx = -0.891
, ty - -2.221

,
tz (arbitrary)

Component no. 2 is a positive parallelepiped (solid).

The 7 vertex relations lead to the associated transformation matrix:

1.587 0.600 0.071 -1.491

0.535 -0.180 3.036 -2.042

0.000 0.000 0.000 1.000

with a fitting error of 1.8750E-16.

The transformation parameters are:

scaling
rotation (deg)
translation

Volumetric Relations

sx = -2.400
, sy » -0.800

, sz - 3.200
rx = 63.113

, ry - -45.746
, rz « -18.616

tx - -1.491
, ty • -2.042

, tz » (arbitrary)

Object no. 3 is supposed to be the unit cube.
The volumina of the objects measured in this unit are hence:

object no. 1 has a probable volume of 144.000

object no. 2 has a probable volume of 25.200

object no. 3 has a probable volume of 1.000

object no. 4 has a probable volume of 86.016
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8.2 Sample Scene 2

This scene also contains four objects. The big parallelepiped together with the

L-shaped polyhedron on top of it count as one object because there exist

Y-shaped junctions (cf. [WALT72]), where edges of both of them meet.

The Hough net of the total scene consists of 59 clusterpoints, 32 g-collineari¬

ties, and 11 v-collinearities. The total processing time is 9.1 seconds. In this

case positive and negative objects have been allowed.

Figure 72. Sample scene 2

In the following sequence of figures, the decomposition process can be traced.
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The scene description produced from this scene is shown in the following

listing:

Object no. 1

This object 1s a primitive one, namely a positive parallelepiped (solid).

The 7 vertex relations lead to the associated transformation matrix:

-1.657 0.532 0.004 4.364
-0.155 -0.493 1.661 -5.252
0.000 0.000 0.000 1.000

with a fitting error of 1.7500E-16.

The transformation parameters are:

scaling
rotation (deg)
translation

sx = -1.740
, sy * -1.740

, sz » 1.740

rx = 71.897
, ry = -17.026

.
rz » -5.331

tx « 4.364
, ty * -5.252

,
tz = (arbitrary)

Object no. 2

This object is composed of the following 3 object primitives:

Component no. 1 1s a negative parallelepiped (void).

The 7 vertex relations lead to the associated transformation matrix:

0.812 -1.539 0.004 -3.739
0.459 -0.238 1.661 -0.985
0.000 0.000 0.000 1.000

with a fitting error of 1.8750E-16.

The transformation parameters are:

scaling : sx 1.740
. sy = -1.740

, sz = 1.740
rotation (deg): rx 56.341

, ry 57.585
, rz = 29.478

translation : tx = -3.739
, ty -0.985

,
tz (arbitrary)

Component no. 2 is a negative parallelepiped (void).

The 7 vertex relations lead to the associated transformation matrix:

0.812 -3.078 0.008 -1.392
0.459 -0.476 3.323 -2.867
0.000 0.000 0.000 1.000

with a fitting error of 2.8750E-16.

The transformation parameters are:

scaling
rotation (deg)
translation

sx = 1.740
, sy = -3.480

. sz 3.480
rx = 56.341

, ry 57.585
, rz * 29.478

tx « -1.392
, ty = -2.867

,
tz • (arbitrary)
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Component no. 3 is a positive parallelepiped (solid).

The 7 vertex relations lead to the associated transformation matrix:

-3.078 1.624 0.012 -2.208
-0.476 -0.918 4.984 -4.070
0.000 0.000 0.000 1.000

with a fitting error of 3.5000E-16.

The transformation parameters are:

scaling
rotation (deg)
translation

sx = -3.480
, sy *

rx * 70.611
, ry =

tx = -2.208
, ty "

-3.480
. sz » 5.220

26.499
, rz = -8.788

-4.070
, tz » (arbitrary)

Object no. 3

This object is composed of the following 4 object primitives:

Component no. 1 is a negative parallelepiped (void).

The 7 vertex relations lead to the associated transformation matrix:

2.945 -0.927 0.004 -3.343
-0.557 -0.436 1.661 2.414
0.000 0.000 0.000 1.000

with a fitting error of 8.7500E-17.

The transformation parameters are:

scaling
rotation (deg)
translation

Component no. 2 is a negative parallelepiped (void).

The 7 vertex relations lead to the associated transformation matrix:

sx = 3.480
, sy -1.740

, sz = 1.740

rx - 69.823
, ry = 30.531

, rz = 10.710

tx = -3.343 , ty * 2.414
,

tz = (arbitrary)

2.945 -0.927 0.004 4.401
-0.557 -0.436 1.661 2.171
0.000 0.000 0.000 1.000

with a fitting error of 1.1875E-15.

The transformation parameters are:

scaling : sx » 3.480
, sy » -1.740

, sz - 1.740
rotation (deg): rx 69.823

, ry = 30.531
, rz * 10.710

translation : tx = 4.401
, ty « 2.171

,
tz = (arbitrary)

Component no. 3 1s a negative parallelepiped (void).

The 7 vertex relations lead to the associated transformation matrix:

5.891 -1.854 0.004 0.529
1.114 -0.871 1.661 2.293
0.000 0.000 0.000 1.000

with a fitting error of 7.5000E-17.
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The transformation parameters are:

scaling : sx 6.960
, sy = -3.480

, sz - 1.740
rotation (deg): rx » 69.823

, ry = 30.531
, rz » 10.710

translation : tx ' 0.529
, ty = 2.293

, tz (arbitrary)

Component no. 4 is a positive parallelepiped (solid).

The 7 vertex relations lead to the associated transformation matrix:

2.780 8.836 0.016 -1.501

1.307 -1.671 6.646 -1.699
0.000 0.000 0.000 1.000

sx = -5.220
, sy ' -10.440

, sz - 6.960
rx = 59.679

, ry = -53.949
, rz » -25.171

tx = -1.501
, ty = -1.699

, tz « (arbitrary)

with a fitting error of 1.3750E-16.

The transformation parameters are:

scaling
rotation (deg)
translation

Object no. 4

This object is a primitive one, namely a positive tetrahedron (solid).

The 4 vertex relations lead to the associated transformation matrix:

1.289 1.880 1.295 -1.955
0.159 0.271 2.333 4.051
0.000 0.000 0.000 1.000

with a fitting error of 2.4184E-30.

The transformation parameters are:

scaling
rotation (deg)
translation

Volumetric Relations

SX " 1.529
, sy = 0.499

, sz « 2.474
rx 0.0

, ry = -31.826
, rz - 7.030

tx = -1.955
, ty = 4.051

, tz (arbitrary)

Object no. 1 Is supposed to be the unit cube.

The volumina of the objects measured in this unit are hence:

object no. 1 has a probable volume of 1.000

object no. 2 has a probable volume of 7.000

object no. 3 has a probable volume of 60.000

object no. 4 has a probable volume of 0.060
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9. Conclusion

In this thesis, a technique to interpret single grey-level images of polyhedral

scenes by successive decomposition of their corresponding Hough-space repres¬

entations has been proposed. Possible applications include touch-free volume

sensing in quality-control tasks, and visual determination of the center of

gravity and other quantitative physical properties, such as mass or moments of

inertia, in the area of robotics.

This approach is very stable and noise-resistant, as it makes use of the robust¬

ness of the Hough transform with respect to image noise and partial occlusions

of image edges. Whereas the traditional techniques ([WALT72]) relied on ver¬

tices localized in perfect line drawings, the method presented here accepts

noisy and partial input of edges. The scene representations in Hough space

(Hough nets) are very compact data structures, and accordingly can be ana¬

lyzed efficiently. The result of the decomposition process is a complete

description of the scene as an assembly of different objects. Each object is

represented as one or more object model primitives together with their spatial

interrelations in 3D coordinate space. The experience obtained by analyzing

model scenes has proven the feasibility of this method. The computational

expense for the Hough transform can be reduced to a fraction, owing to its

parallel nature which is suitable for multiprocessor hardware (cf. [SHER84]

and [LEAV86]).

The algorithm proposed presents a fully automatic procedure to analyze polyhe¬

dral scenes, i.e., neither human intervention nor assistance is required. If,
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however, a minimal quality criterion of the input data is not met, the process

will fail. A semi-automatic process might ask the user whether to accept

certain local maxima or where to augment points in Hough space whenever

the situation is unclear. The alternative to these automated methods would be

a manual identification process, in which the user establishes all necessary

relations between image junctions and model vertices by hand.

In our experiments, a long telephoto lens has been used to produce sufficiently

distortion-free images that can be analyzed according to the described algo¬

rithms for parallel projection. If perspective projection (resulting from a

smaller focal length of the optical system) has to be handled, the expert

modules for the decomposition process will have to be adapted.

There are many questions still open for further research. As the ultimate goal

is to handle objects like machine parts, the method has to be extended to

include higher-order analytical shapes. Unfortunately, "the blocks world does

not generalize well" (cf. [WALT72]), i.e., to detect spheres, cones, and cylin¬

ders, it would be necessary to localize elliptical arcs as well as straight lines in

image space. This might be done by using a five-dimensional Hough accu¬

mulator array where straight lines would come out as degenerate ellipses. This

future extension is far from trivial, as the whole matching algorithm would

have to be revised.

Another nontrivial extension is the automatic generation of the expert modules

from the CAD model-library entry. This includes finding all topological^ dif¬

ferent views of a model, and generating the appropriate code to perform the

matching and modification of the Hough net. By using a descriptive language,

the definition of an object could serve as the skeleton for the appropriate

program code in the expert module that will have to detect the Hough net of

this object.
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Appendix A: Determination of the Model-Fitting Matrix

Consider the problem of determining which object out of a known set of pos¬

sible objects is currently visible to the video camera. This process is the so-

called topological matching.

Let us assume an established relationship between the 2D vertices found in

the digital image and the 3D vertices of an object model as depicted in

Figure 73. Usually, the spatial position and orientation as well as the actual

size of the object in respect to a fixed coordinate system are also of interest.

This task is called geometrical matching.
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/ /»'
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2D view 3ID model

Figure 73. Model fitting
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All necessary transformations including the projection can be done with matrix

multiplications in homogeneous coordinates as shown in Figure 74. As the

concatenation of several matrices is equivalent to a single one called H, it

will now be described how this transformation matrix is analytically computed.

The method used is based on [ROBE65J; see also [DUDA73] and [NEVA82],

The decomposition of the matrix H into the seven matrices

S, Q, Rx, Ry, R,, T, and P has been relegated to the Appendix B.

3D object model of normal size, shape, orientation and position [

1
S (scaling; 3 parameters)

Q (skewing; 3 parameters) HMS 0.6

30 object of actual size and shape, normal orientation and position

Rs (rotation about x; 1 parameter)

R
_

(rotation about y; 1 parameter)

R
s

(rotation about z; 1 parameter)

T (translation; 3 parameters) H„,= TR,R R

3D object of octuol size, shape, orientation and position

P (projection; 1 parameter)

I
H = PTR,R,R,0S

2D vlsw of object of actual size, shape, orientation and position

Figure 74. Structure of the transformation matrix H
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In particular, three different scenarios are of interest in practice:

1. When using orthographic (parallel) projection, four or more coordinate

pairs are needed to solve for the eight nontrivial elements of the

transformation matrix. From the matrix, the three scaling factors, the

three rotational angles and two of the translational offsets can be

derived. Depth information cannot be obtained, neither can skewing

be treated in the case of orthographic projection.

2. For perspective (central) projection, however, six or more coordinate

pairs are needed to solve for the full 12 elements of the matrix. The

three scaling factors, the three rotational angles and the three transla¬

tional offsets (including depth) as well as the focal distance can be

extracted under the assumption that no skewed objects are present.

3. If skewed objects have to be included but under the assumption that

the focal distance is known, six or more coordinate pairs are needed to

solve for the full 12 elements of the matrix, and the three scaling

factors, the three skewing factors, the three rotational angles and the

three translational offsets (including depth) can be extracted.

The Pseudo-Inverse Method

Let us assume that, thanks to successful topological matching, there are n

image vertices ( u', v') related to n object-model vertices (x',y',z'), i.e.,

( u\, v',) » (x\, y'f, z\ ) for i = 1 n. (1)

Now find the 3x4 matrix Hs*[hy] such that
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d, e.

"11 "14

Hi

(2)

with

Uj/W)

vt/w,

Xf/Wj (3)

z\ - z,/ wt

holds as accurately as possible for all *'= 1,... ,n. Refer to Figure 73 for

illustration.

In equation (2), the a\ are scaling factors needed in homogeneous coordinates

in the case of perspective projection, i.e., if the focal distance is finite. For

orthographic (parallel) projection, 4=1 for all i»l,...,n. Equation (2)

for i«l,...,« can be written in a more readable form as one matrix

equation

BD*HA, (4)

or in more detail

"1 • • »n

»1 • • v»

w\ . • %

[fhj]

*1 • • *

y\ y„

*i • ^

Wi . .. wn

(5)
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As mentioned, the diagonal matrix D reduces to the unity matrix /„ in the

case of orthographic projection. In this case, an underdetermined system of

linear equations is obtained for n < 4, an exact solution for n = 4, and an

overdetermined set of equations for n > 4. In the case of perspective projection,

however, there are 3« equations for 12 + n unknowns (namely, 12 as the

elements of H, and n in the diagonal of D ). Thus, for « < 6, the system is

underdetermined, for n = 6, a unique solution exists, and for n > 6, the

system is again overdetermined which makes a best-fit method necessary.

To determine matrix H, the partial derivatives are set to zero to minimize

the total squared error:

Si(£'te%-M;) - 0 (6)
(-1/-1 \k-\ /dh,'Im

An n

* X ** S %%! = 2 bUdJ%> (7>
k-\ y-l y-1

for all / = 1,.... 3 and m = 1,... ,
4

.
In matrix notation this reads

HAAT = BDAT (8)

or finally:

H = BZ)^r(^^r)_1. (9)

If a solution without perspective is desired, at least four points are required

and the solution for matrix H is

H = BAT(AAT)-X . (10)
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As AT(AAT)~l is called the pseudo-inverse of A, the above is known as

the pseudo-inverse method.

Matrix D can now be determined as follows by again setting the partial

derivatives to zero:

4isi (1.^-^)1l °

4 3 3

S^S^-^S^2 d2)
JU1 /-l i-1

for all 7=1 n. This is equivalent to n equations, meaning that BTHA

and BTBD must have the same diagonal elements. An n x n matrix K with

diagonal terms zero is defined by substituting BDA^AA1)-1 for H according

to (9):

K::-BTHA - BTBD

m BTBDAT(AAT)~1 A- BTBD

- BTBD(AT(AAT)-lA-In)
= LDM

<13>

with L::-BTB

and M::-AT(AATrlA-I..

Another n x n matrix N is defined as being the element-wise product of L

and 3\P and the diagonal vector of D:

[*\,l::-[*,][m,]
(14)

rf ::-(d1 a\,)T
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V»=l,...,«: [kn] = 0 «* Nd=0. (15)

To solve the homogeneous system of linear equations (15) with respect to d,,

matrix N must be singular. For undefined values of d\, an arbitrary value*

can be chosen.

To judge the accuracy of the match, an error matrix E can be defined as

E ::- HA-BD. (16)

Again, D = /„ for orthographic projection. The sum of the squares of the

elements of E indicates the global error magnitude. If a single column i of

E is responsible for the major error, the corresponding pair of points

( u\, v\) and (x\, y'„ z't) should probably be omitted for the matching

process. If the mean square error is above a certain threshold, the whole

match has to be rejected. A failing geometrical match may very well be a clue

for a preceding false topological match.

Special care has to be taken with respect to the numerical solution because in

practice the matrix is likely to be very close to singular. This means that when

intermediate numeric results are written to and read from a file, all available

digits have to be used. Use appropriate mathematical subroutine libraries.
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Appendix B: Estimation of Transformation Parameters

In Appendix A a 3 x 4 transformation matrix H in homogeneous coordinates

has been found, mapping the 4-vector (x, y, z, w)T into the 3-vector

(u, v, w )T :

X

u

'

y
V — H

z

w
_

w

It would be desirable to know the parameter values of the transformation

described by H, which is the matrix product of several individual geometrical

transformation matrices. Figure 74 has already given an overview of the com¬

position of matrix H. A scaling operation changes the size of an object,

either uniformly with one single scaling factor for all directions, or with a

possibly different scaling factor for each axis of the coordinate system to turn

a cube into a box. Skewing or shearing transformation can turn a box into a

parallelepiped of arbitrary angles between the faces. Rotation about the three

axes of the coordinate system brings the parallelepiped into the desired orien¬

tation, and the translation moves it to the required position in three-space.

The projection finally reduces the number of dimensions by one, either by just

stripping the depth coordinate (parallel projection) or by applying a perspec¬

tive distortion (central projection).
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The Transformation Matrices

The transformations in detail are as follows:

Scaling in x, y, z directions (parameters: scaling factors sx, Sy, s,):

S =

s, 0 0 0

0 Sy 0 0

0 0^0

0 0 0 1

Arbitrary skewing (parameters: skewing factors glt ft, ft):

Q -

1 ft ft o

0 1 ft 0

0 0 10

0 0 0 1

Rotation about x axis (parameter: rotation angle a):

Rr m

10 0 0

0 cos A sin A 0

0 - sin A cos a 0

0 0 0 1
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Rotation about y axis (parameter: rotation angle ^):

cos <p 0 - sin uV 0

0 10 0

sini^ 0 cosip 0

0 0 0 1

Rotation about z axis (parameter: rotation angle 0):

cos0 sine 0 0

- sin 0 cos 0 0 0

0 0 10

0 0 0 1

Translation (parameter: translation vector ( xq, y^, zg )):

T =

1 0 0 xo

0 1 0 .*,

0 0 1 zq

0 0 0 1

Orthographic projection (focal distance - <*>, no parameter):

P. -

10 0 0

0 10 0

0 0 0 1
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Perspective projection (parameter: focal distance f0 ):

P =

10 0 0

0 10 0

0 0 l//o 1

In the following subsections, the various situations where skewing and perspec¬

tive projection are involved will be treated separately. In the case of ortho¬

graphic (parallel) projection, which approximately occurs when capturing the

image with lenses having a long focal distance, it is not possible to extract

depth information without using additional assumptions such as the support

theorem, where objects are assumed to sit firmly on a supporting plane surface,

for example, a table. However, if perspective projection is assumed (e.g.,

wide-angle lens), the focal length and the depth can both be obtained when

dealing with non-skewed objects. If skewing has to be included in the set of

transformations, knowledge of the focal distance will be required to estimate

skewing parameters and perspective depth. This assumption is reasonable

because the camera specifications are usually known.

Remarks Concerning the Skewing Matrix

Skewing means to translate in one coordinate direction proportional to the

value of another coordinate. Let us, for example, translate in the y direction

depending on the x value:

x = x

y' = y+ax

z' = z

w' = w

10 0 0

q 1 0 0

0 0 10

0 0 0 1
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The parameter q is called skewing factor. Because there are six positions in

the skewing matrix Q below with similar function, six different skewing

parameters can be expected:

1 • • 0

• 1.0

..10

0 0 0 1

The nine elements of the upper-left 3x3 sub-matrix are not reserved for

skewing, but are also changed by rotations and scaling. In fact, an arbitrary

rotation can be replaced by a combination of skewing and scaling operations:

{ rotation } « { scaling } ° { skewing }.

The six elements marked • in matrix Q above correspond to the six simple

skewing matrices

Qxy> Qyx> Qxz> 2«> Qyp Qty

not all of them necessary for arbitrary skewing when rotation and scaling are

available. However, a subset of three skewing parameters is needed, i.e., both

following matrices would satisfy the requirement of covering all possible skew-

ings:

i ft 0 0

A 0 1 ft 0

e =

ft 0 1 0

0 0 0 1

1 ft ft o

0 1 ft 0

0 0 10

0 0 0 1
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To understand that one really needs exactly three parameters to express an

arbitrary skewing, imagine the corner of a cube: three right angles. The

skewing transformation has to transform this corner into a corner of an arbi¬

trary parallelepiped having the angles a, j3, y. This means three degrees of

freedom, or three parameters. The skewing may not deliver the correctly

scaled edges, but a scaling matrix could easily do so.

A

Note: In the calculations, Q rather than Q will be used because the resulting

equations will then be somewhat simpler.

Rotations, Translation - Orthographic Projection

Assume H to be a product of these transforms (to be read from right to left):

H = r\, T Rz Ry Rx .

For H = [hy] the following twelve equations hold:

All - COS Ip COS 8

*12 - sin £ sin <fr cos 8 + cos $ sin 8

*13 - — cos $ sin ip cos fl + sin # sin

*14 - *0

A21 - - cos <// sin 8

*22 - — sin $ sin ^ sin 8 + cos £ cos

*23 _ cos <t> sin it/ sin 8 + sin $ cos 8

*24 - yo

*il " 0

*32 - 0

A33 - 0

*34 ~ 1
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The last four equations are redundant, so there are only eight equations for

the six unknown parameters A, u% 0, Xq, jq, *>• Solving this overdetermined

system of non-linear equations yields:

*0 - *14

yo - *24

zq » {arbitrary}

^ _ arc cos
*1I *22 - *12 *21

V7*!! + *21

V- - arc cos ^hn + Ay

$ — — arc tan
r*2ii

L*iiJ

Because of the missing scaling operation, this solution is of limited value in

practice.
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Scaling, Rotations, Translation - Orthographic

Projection

Solving the problem for additional scaling which shall be applied first, the

transformation matrix must read

H sb Pm T Rz Ry Rx S.

The following twelve equations hold:

hyl — J, COS IJICOS 8

*12 ~ Sy ( sin £ sin ifr cos 8 + cos <f> sin 8)

A13 - *, (- cos $ sin ^ cos 9 + sin <t> sin 0)

*14 - *0

*21 ~ % ( ~ cos ^ s'n ")

*22 ~ *j> ( - sin * sin ^ sin 8 + cos $ cos 0)

*23 - % (cos $ sin ^i sin 0 + sin $ cos 0)

*24 - JD

*J1 - o

*32 - 0

A33 - 0

A34 - 1

Again, the last four equations are redundant. Additionally, zq is arbitrary, i.e.,

it does not appear in the equations because orthographic projection is used,

and therefore the depth information is lost. The remaining eight equations

allow for calculation of the eight parameter values 3,, Sy, s„ A, 41, 8, Xq, yo'.
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*b - *i4

yo - *24

zg - {arbitrary}

8 - - arc tan

L*iiJ

$ - arc tan *<

/ *22 *13 - *12 A23

(A(j cos 0 - A23 sin 0 )(A12 sin 0 + Aja cos 0 )

*12 ein 0 + *22 CQB '

'

""

coa$

*13 sin 0 + *2j cos 0
4 - :'

sin*

f - arc sin
Aj2 J, sin - *13 JtyCos 4

jy^cosfl

*U
"*

cos ^ cos (

Note: The inverse trigonometric functions usually have two possible solutions.

Using the wrong one may lead to an illegal operation such as taking the

square root of a negative number when following the above set of equations.
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Scaling, Rotations, Translation - Perspective Projection

This case is equivalent to the previous one, except that perspective projection

instead of orthographic projection is applied. Matrix H is now defined as

H = P T R, Ry Rx S.

The following twelve equations hold:

A] t •< sx cos \p cos 0

Al2 "* sy ( S'n * s'n 'P cos " + C0S $ s'n ')

Al3 ~ J2 ( - cos ^> sin i^ cos 0 + sin <f> sin 0)

Au - *0

Ajj _ sx ( - cos ip sin 0)

A22 ~ sy ( — si" s'n + s'n * "I" cos * cos *)

A23 — J, ( cos $ sin ^ sin 0 + sin $ cos 0)

*24 - J»t»

A31 - sxsm^/fo

A32 - - J,,sin$cos^//n

A33 — sz cos ^ cos ^ / /o

A34 - (/o + *o)//o

There are now ten unknown parameters, namely, sx, Sy, s,, A, ^, 6,Xo, yo,fo-

This means that the values of H are not independent, i.e.,

hi
_

ftn^i2 + ^21^22

/»33 *11*13 + *21*23

must hold.

Note: The depth zq as well as the focal distance f0 can be determined.
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*o - *14

yo - *24

*o - {arbitrary}

- - arc tan m

$ - arc tan
/ A22 *13 - A12 A23

V ( A13 cos 0 - A23 sin 0 )( A12 sin 0 + A22 cos 0 )

A12 sin 0 + A22 cos 0

y cos 4>

Aj3 sin 0 + A23 cos 0
S. - :*

sin$

i)/ - arc sin
A12 st sin £ - A13 Sy cos $

^•1,003 0

An
""

COS ^ COS 0

,
*«sin*

/o - v-

"31

*0 " /o ( A34 -1)
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Scaling, Skewing, Rotations, Translation - Perspective

Projection

The transformation matrix H finally looks like

H=PTRzRyRxQS.

The following twelve equations for the full set of the thirteen unknown

parameters sx, Sy, sl,ql, ft, ft, A, 4>, B.Xq, j*,, z,,, f0 must hold:

A( i — sx cos ifr cos 0

A12 •* sy (11 cos ^ oos 0 + sin ^ sin + cos 0 + cos $ sin 8 )

Ai3 = ^ (<?3 ( cos 0 sin 0 + sin <f> sin ^ cos 0 ) + q^ cos ifr cos 0 — cos <p sin ^ cos 0 + sin $ sin 0 )

*14 - *0

Aji m — sx cos ^ sin 0

Ajj =" Jfy ( - ?i cos ^ sin 0 - sin $ sin ip sin 0 + cos $ cos 0 )

A23 - si (93 ( cos * cos 0 - sin ^ sin \psinB) - q2 cos ^ sin 0 + cos $ sin ^ sin 0 + sin <p cos 0)

*24 - -Ho

A31 - j^sin^/Zo

A32 "" !> (11 sin ^ - sin $ cos ip ) //o

A33 Jj ( - ?3 sin £ cos ^ + ft sin ^ + cos $ cos ip ) / /0

A34 - (/b + *o)//o

Mtfe: Only if the focal distance f0 of the camera is assumed to be known,

will it be possible to solve the twelve equations for the remaining twelve

parameter values sx, Sy, ^, ft, ft, ft, A, 4, 6,Xq, y$, zq. For parallel projection,

incidentally, there should be only eight equations for eleven unknowns, i.e., an

underdetermined system of equations would result.
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*0 ~ Au

yo - A24

*o - /o (A34 - 1)

0 - - arc tan [A21I

ip — arc tan
A31 /o COS 0

All

COS Ip COS 0

sin ^ cos 0 ( A12 sin 0 + A^ cos 0 ) - A22 sin ^ - A32/b cos ^> sin 0

arc tan
sin 0 (A12 sin 0 + A22 cos 0)

?1 -

A12 sin 0 + A22 cos 0

cos 9

A32/o + *).sin9CosV'

jTySin^

*i - A33/0 0089008^

+ A23

+ A13

sin V> sin 0 cos 0 ( cos 9- sin 9) + sin 9cos9 (cos 0 - sin ^ sin 0)

cos 9 cos 0 - sin 9 sin ip sin 0

2 222 2
sin 9 cos 9 sin 0 cos 0 (1 + sin 1^ ) + sin V< (sin 0 ( cos 9 - sin 9 ) — cos 9 )

cos 9 cos 0 - sin 9 sin ip sin 0

93

92

A[3 sin 0 + A23 cos 0 - s2 sin 9

j^cosf

A33 fa + sx cos ip ( 93 sin ^ - cos 9)

J, sin ip
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