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NOMENCLATURE

In this thesis it has been necessary to use a large number of symbols, and it

was sometimes impossible to avoid using the same character with more than one

meaning. The use of subscripts prevents ambiguity in the analysis, and it is to be

hoped that no difficulty or misunderstanding -will be caused by using this system of

notation.

Since mainly non-dimensional analysis is used in the text and since the results

are always presented in non-dimensional form, it is possible to avoid specifying any

particular system of units. Symbols having dimensions are therefore given in the

following list without their units.

Symbols:

a non-dimensional Fourier coefficient for the expression of the

velocity distribution at entrance to the moving row of blades.

a * Fourier coefficient for the expression of the velocity distributi n

at entrance to the moving row of blades.

a Amplitude of the v th order of the dynamic force on the suction

side of the blade.

A non-dimensional Fourier coefficient for the expression of the mean

velocity at entrance to the moving row of blades.

A non-dimensional Fourier coefficient for expressing the rate of

change of the mean velocity at entrance to the moving row of blades.

b blade channel width, see fig. 2.2.

b_ similar to a.
n n

b similar to a *.
n n

b^ amplitude of the v th order of the dynamic force on the pressure

side of the blade.

v

B non-dimensional blade-channel width.

B similar to A^.

B„ similar to A„.
n n

c absolute flow velocity.

c„ similar to a_.
n n



- 8 -

V similar to a *.
n

c non-dimensional absolute flow velocity.

Cn similar to A .

K similar to A .

n

dn similar to a .

n

dn* similar to a *.
n

Dn similar to A
.

n

K similar to A .

n

n max
dynamic factor.

E amplitude of the harmonic changes in cot (3 . ,
also Young's modulus

of elasticity.

f force acting on the moving blade.

F non-dimensional force acting on the moving blade.

F non-dimensional Fourier coefficient for the combined expression

used in equation (2.64).

F & F' Fourier coefficients for the expression of the dynamic force on the

moving-blades.

F * harmonic coefficient of the dynamic force when divided by the

steady force component at the mean radius.

g total pressure.

G similar to F in equation (2.64).

H a factor depending on the shape and dynamic properties of the

vibrating blade, see eqn. 3.22.

I cross-section moment of inertia of the moving blade.

I_ moment of inertia of the moving-blade hub section.

K blade form parameter.

K constant of proportionality as given in eqn. 3.11.

1* reference blade length.

M, dynamic bending moment.

M. static bending moment.
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N number of terms in the Fourier series.

p static pressure.

P non-dimensional static pressure.

P« harmonic coefficient in the Fourier expression for W< .

q deflection at the tip of the vibrating blade.

q0 maximum deflection at the tip of the vibrating blade, also dynamic

pressure.

Q., similar to P..

r radius, also resultant of the harmonic coefficients, as given by

eqn. 4.7.

*

r mean radius at the reference plane.

R pitch ratio.

R relative amplitude of the harmonic coefficients of the dynamic force.

s curvilinear coordinate along the mean stream line.

s distance along the mean stream line as shown in fig. 2.2.

S non-dimensional curvilinear coordinate along the mean stream line.

S non-dimensional distance along the mean stream line.

S dynamic stimulating factor or stimulus.

t time.

t reference time.

t

T stationary-blades pitch.

n

T moving-blades pitch.

T* non-dimensional pitch.

u blade peripheral speed.

u reference speed.

u non-dimensional blade deflection.

w relative flow velocity.

W non-dimensional relative flow velocity.

W velocity component responsible for unsteady directional changes

in the exit flow.
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x distance coordinate used either along tangential flow direction or

along the moving-blade length.

x^ coordinate perpendicular to absolute flow direction at entrance.

x' coordinate of the blade profile.

y blade dynamic deflection at any instant t.

y' blade-profile pressure-side coordinate.

y* blade-profile suction-side coordinate.

Y maximum dynamic deflection of the blade.

a absolute flow angle.

cc harmonic coefficient in the product of two Fourier series.

f

A relative flow angle.

pn similar to 06n.

angle between the axial direction and the second principal plane

of the turbine blade hub-section.

ft blade chord angle.

5 logarithmic decrement.

£ total-pressure-loss coefficient.

t> ratio of moments of inertia I / IQ.

(n non-dimensional peripheral speed of the blade.

E non-dimensional coordinate used either along tangential flow

direction or for distance along the moving-blade length.

q density of flow medium.

6 stress.

T non-dimensional time.

u) geometric pitch angle.

>pn harmonic phase angle.

tf> harmonic phase angle.

X non-dimensional coordinate along the tangential flow direction.

"yv harmonic phase angle.
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harmonic phase angle for changes in cot [3«"

potential energy of the vibrating blade.

etc. :

axial.

bending.

continuity.

energy.

lower.

mean and momentum.

harmonic order.

perpendicular to absolute flow direction.

static.

tangential.

upper.

harmonic order.

before stationary row of blades.

before moving row of blades.

behind moving row of blades.

mean value.

first derivative.

second derivative.
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1. INTRODUCTION

The turbine designer is faced with the challenge of a very wide variety of

problems requiring the application of scientific ingenuity and knowledge. There

are so many design problems in this field that it would be difficult to pick out a single

feature in the turbine design and label it as the one which requires the most engineering

skill and experience in its solution. However, if a list was to be made of design pro¬

blems it is certain that turbine blades would appear near the top. Blade design covers

a large range of scientific and engineering knowledge, and involves cooperative efforts

in several scientific fields such as fluid flow, heat transfer, strength of materials

and vibration.

The vibration of blades is a very important topic in the design of turbines. Not

only blades of variable-speed turbines but also those of constant-speed ones suffer

from the difficulty of being perfectly tuned. It is very often that a row of blades

runs in resonance with an exciting harmonic force. The energy added to the blade

during resonance is large enough to produce relatively high stresses. The alter¬

nating character of these stresses is very dangerous to the blades and can cause

fatigue failures. Noticing that most blade failures are due to fatigue, we can see

the importance of studying the character and level of these vibratory stresses.

There are many different causes for exciting a turbine blade into vibration, and

a good review about them is given by A. Sabastiuk and F . Sisto [l] '. The object

of this thesis is to study the problem of forced vibration due to non-uniform flow

through turbine stages with full admission.

1.1. Analysis of the problem

The wakes shed from a stationary row of blades are considered as excitation

to some modes of vibration of the moving blades. Since these wakes have a periodic

nature they may be analysed into different harmonic components, which cause a

periodically varying force to act on the moving blades. If one of these force harmo¬

nic-components coincides with one of the blades natural frequencies, it will lead to

vibration and consequently cause high alternating stresses. The purpose of this

study is to calculate first of all the magnitude of these exciting forces, and secondly,

to calculate the vibratory stresses resulting in case of resonance.

In the first part of this work it is assumed that the velocity distribution before

the moving row of blades is known. This can be achieved either by direct measure¬

ments, or analytically, by using boundary layer theory to find the shape of the wake.

1) numbers in squared brackets refer to references listed under Bibliography on page 116
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This velocity distribution is considered to vary along the radial direction of the blade,

according to the shape and configuration of both the stationary and the moving blades.

The turbine moving blade is divided along its length into a sufficient number of sections

to ensure an acceptable accuracy in representing the radial distribution of the resulting

forces. Considering one of these sections, and choosing a proper control volume, we

can apply the simplified momentum and energy equations to it; we will assume in this

analysis a quasi one-dimensional flow, and neglect effects of viscosity and compressi¬

bility. In this way, two expressions are established for the axial and tangential com¬

ponents of the dynamic force on the turbine blade.

It is found that the value of the dynamic force depends upon the aerodynamic

conditions before the moving blades (e.g. pressure and velocity distribution in the

wake), and after them, also upon the shape and configuration of both the moving and the

stationary blades. The periodic velocity distribution at entrance to the moving row

of blades is expressed as a harmonic series, and then substituted in the expressions

for the axial and tangential components of the dynamic force. The resulting dynamic

force will thus be expressed in terms of a harmonic series, and we may then use this

result to calculate the vibratory stresses. It might also be expected that the dynamic

force depends on the flow direction at exit from the moving row of blades, which is

found to vary periodically with time according to the periodical variation in the di¬

rection of the flow before this row. It is, however, difficult to establish the exact

relationship between these two periodical flow variations. If we allow the velocity

disturbances causing directional changes at entrance to the moving row of blades to

pass totally undamped through this row to the exit plane, we can calculate one extreme

value for the flow directional changes at exit; the calculation of the dynamic force

based on this assumption is considered as an upper limit. The lower limit can then

be calculated by assuming that the exit flow angle remains constant, i.e. that the

velocity disturbances mentioned above are totally damped in passing through the

moving row. In this case the angle of potential flow at exit from the moving blades

row can be used.

The dynamic force is calculated for each one of the radial sections chosen,

thus establishing the distribution of the dynamic force along the blade length. This

method also yields the amplitudes and phase angles of the different harmonic orders

of the exciting force along the blade length. By using this general form for the dyna¬

mic force distribution, it is possible to calculate the vibratory stresses with a better

accuracy than has been achieved up to now.

In the second part of the work, the results obtained in the first one are applied
to calculate the vibratory stresses in a turbine blade. In this study the blade is

assumed to vibrate independently from the adjacent ones. The method of calculation
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is given by Traupel [2], and has been extended so that it is valid for the general condi¬

tions in our case. Resonance is assumed to take place between one of the exciting-

force harmonics and a natural frequency of the blade. By equating the work done by

this harmonic force component on the vibrating blade to the sum of the potential and

kinetic energy, increased by the amount of energy dissipated in heat, we can calculate

the maximum blade deflection. This blade deflection depends on the mode of vibration,

the damping capacity of the blade, as well as the distribution of the exciting force

along the blade length. The maximum dynamic bending moment is assumed to occur

at the blade-hub section, and is calculated by considering the blade deflection at

resonance; in this way the vibratory bending-stresses at the hub section may be

calculated. A dynamic stimulating factor or stimulus is obtained, and is found to

depend largely on the radial distribution of the amplitudes and phase angles of the

exciting harmonic component of the dynamic force. It depends as well on the dyna¬

mic deflection line of the vibrating blade.

The method established can be used for any type of blade, since it does not

assume any restrictions to the blade form. It can also be applied to compressor

blades, however the numerical solution is relatively long and requires the use of

electronic computing machines. Simpler methods can be used for compressor blade

vibration, e. g. [3]. For turbine blades which will, in general, be tapered and

twisted, it is essential to use the method given here.

1.2. Comparison with recent researches

For a long time, the design of turbine blades from the point of view of vibration

has been based on statistical experience with previous designs. It has been assumed

that the steady bending stresses due to fluid flow are magnified by a certain factor in

case of resonance, and the turbine designer used a factor of safety to avoid this

stress-magnification effect. The calculation of this factor of safety has been based

on very simplified assumptions. Values of between 8 and 10 have been proposed by

Noland [4] and For shaw [5]. Other authors, Trumpler and Owens [6], have

proposed the use of a magnification factor depending on the natural mode of frequency

of the blade.

With the development of modern electronic computers, several attempts have

been made to calculate the vibratory stresses more accurately. Methods of calcula¬

tion have been developed and used for single blades and for blades packed together

into groups, and have been very successful in estimating the vibratory stresses e.g.

[7] and [8]. However, in these studies the exciting force, which is considered as the

decisive factor in determining the stress level during vibration, has always been
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assumed, and not calculated. Moreover, the amplitudes and phase angles of the

different harmonic components of the dynamic force were considered, in all previous

researches, to be constant along the blade length. These simplifying assumptions

allow only a very appoximate study of the stresses in the vibrating blade, even though

computers were used.

This is the reason why the present work is mainly directed at investigating the

actual character of the dynamic force using a general velocity distribution before the

moving row of blades, and finding the general form of the radial distribution of its

various harmonic components.

The analytical solution which is developed here will be applied to an actual

example of a turbine blade, where the dynamic forces and the vibratory stresses

will be calculated.
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2. CALCULATION OF THE DYNAMIC FORCES

2.1. General

Owing to the non-uniform character of the flow from the stationary row of

blades, each blade in the following moving row is subjected to an exciting force

which varies periodically with time, one complete force period corresponding

to one pitch of the stationary blades. This non-uniform and unsteady character of

the flow depends on the viscosity of the medium, the existing aerodynamic conditions,

as well as the geometry and configuration of the stationary blades. It might also be

slightly affected by the following moving row of blades.

The value of the dynamic force depends also on the geometry and configuration

of the moving row of blades, as well as the aerodynamic conditions at exit from this

row. The effect of the following stages on the aerodynamic conditions behind the

moving blades is neglected in the analysis, in order to avoid unnecessary compli¬

cations; in any case, it is usually small.

The blade geometry and row configuration are assumed to take any general

form for both the moving and the stationary rows. One limitation should be made

here, even though it does not affect the calculation of the dynamic force: it is assu¬

med that there are neither bands nor lacing wires connecting the blades together.

It is very difficult and complicated to try to solve the problem under the most

general aerodynamic conditions. A solution applying the general three-dimensional

theory of unsteady fluid flow and considering viscosity and compressibility effects

will certainly be mathematically tedious, and complicated. Moreover, the results

would be so involved that the solution would lose any physical or practical

meaning. It is best therefore to use simplifying assumptions for the aerodynamic

conditions in the solution of the problem. These assumptions and their influence on

the accuracy of the results are now discussed.

First of all, we will assume the flow of the medium through the turbine stages

to be incompressible. This assumption is usually adopted in any preliminary study

of fluid flow in turbomachines, and is justified by the small density changes across

the blade row or stage being examined. Using incompressible flow analysis will not

endanger the accuracy of our results in any way, especially with subsonic conditions.

The dynamic forces on a turbine blade depend on the unsteady static-pressure

distribution along both the pressure and suction sides of the blade, and it is known that

this is slightly affected by the boundary-layer thickness or, in other words, by fluid

friction (except in the case of boundary layer separation which is beyond the scope of

our investigation); we will assume, therefore that the flow through the moving row
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of blades is frictionless. Frictionless analysis will also simplify the solution of the

problem to a great extent. However, it should be stated here that it is the viscosity

of the working medium (fluid friction) which is the main cause of the non-uniform

character of the flow entering the moving blades. This, however, is a question of

the fluid friction in the stationary row and does not directly affect the calculation of

the dynamic force on the moving blades. It is, of course, this fluid friction which

controls the shape of the velocity wakes, and, since we assume their shape to be

quite general in the calculation, we are indirectly taking it into account in the ana¬

lysis.

Thirdly, we assume that the flow through the moving row of blades can be divided

along the length of the blade into a finite number of conical surfaces of flow. We

treat the flow along each one of these surfaces as quasi one-dimensional for the mean

stream line between two adjacent blades, but maintaining at the same time its unsteady

character. By dividing the length of the blade into a sufficient number of these conical

surfaces we can estimate the radial distribution of the dynamic force along the blade

length. This quasi one-dimensional analysis along each of the flow surfaces simplifies

the solution and can be expected to give a reasonably accurate estimation of the dyna¬

mic force. It fails, however, to give the point of application of the forces, which is

only necessary for calculating the torque on the blades. This point of application of

the torces can only be calculated by using complicated two-dimensional theories for

each surface of flow.

These are the main assumptions required for the solution of the problem of the

dynamic forces. It is further assumed that the velocity distribution before the moving

row of blades is known at a distance which is far enough from the blade leading edge

to ensure a constant distribution of the static pressure along the pitch. However, this

static pressure can vary in the radial direction along the length of the blade, according

to the stage design. The velocity distribution can either be measured directly in an

actual stage or can be estimated theoretically using boundary layer theory.

The following method of determining the dynamic forces on a turbine blade is

applicable for both the stationary and the moving blades. Although it is deduced here

for a moving blade, the reader can easily make the changes necessary for applying

it to a stationary blade. A moving blade has been chosen because it is subject in

addition to centrifugal stresses giving the most severe loading conditions.

2.2. Method of Calculation

In estimating the dynamic force on a turbine blade under the assumptions given

in 2.1., we will apply the equations of fluid dynamics (continuity, energy and momen-
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turn). Resolving the dynamic force into two main components, axial and tangential,

we can use

1. The unsteady energy equation to calculate the static pressure drop across

the blade row,

2. The unsteady rate of change of axial momentum equation, together with the

calculated static pressure drop, to calculate the axial component of the dy¬

namic force (that component of the dynamic force which acts in a direction

parallel to the turbine axis).

3. The unsteady rate of change of tangential momentum equation to calculate

the tangential component of the dynamic force (that component of the dynamic

force which acts in a direction tangential to the direction of rotation of the

turbine, and perpendicular to the axial component defined in 2.).

These equations are applied to each conical flow surface along the blade length.

It is thus necessary to specify the boundaries of the control volume and control sur¬

face for each flow surface, before applying the fluid dynamic equations stated above.

2.2.1. Choice of control volume and control surface

Let us consider the flow through a turbine stage (one stationary and one moving

row of blades) to be divided, along the blade length, into a finite number of conical

surfaces as assumed in 2.1. and as shown in fig. l.a. We can choose as our control

volume that volume enclosed by a) the inside and outside surfaces of two adjacent

blades, b) two parallel planes placed before and after the moving row of blades and

perpendicular to the axis of the turbine (indicated by the two lines 1-1 and 2-2 in

fig. l.a), and c) two parallel surfaces distance dr apart and enclosing the flow sur¬

face as shown in fig. 1. a.

Fig. l.b shows the limits of the control volume along the flow surface, and

which is denoted by the line ABCDEFGHA. In choosing this control volume we have

to consider the following:

1. The two planes of the control surface (by control surface is meant that sur¬

face given by the line ABCDEFGHA and having a depth of dr), which enclose

our control volume and are denoted in fig. l.b. by AB and FE, lie along the

two parallel planes 1-1 and 2-2 (see fig. l.a.). It is assumed further that

the static pressure alongthese two planes (AB and FE) does not vary with the

pitch and is denoted by p, and p, respectively.
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Reference plane

Direction of flow

Control volume

a. coaxial flow surfaces & control volume

Axial direction

of flow

Plane 1.1

b. limits of control volume along flow surfaces

Fig. 2.1. Choice of control volume for force calculation
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2. The lines AH, BC, DE and GF represent stream lines along the flow sur¬

face, although this can only be an approximation, considering the unsteady

character of the flow. However, they may be chosen according to the steady

potential flow theory without large error, since they represent only a rela¬

tively small portion of the control surface.

3. We neglect any radial force components on our control volume which might

result from a difference of pressure above and below the control volume.

This is justified by the fact that such force components do not have any great

effect on the blade.

4. It is assumed that the velocity distribution is known at entrance to the control

volume (along AB), for all flow surfaces.

5. Positive directions for flow velocities, pressures and forces are assumed

to be along the axial direction of flow, and the tangential direction of blade

rotation respectively.

2.2.2. Calculation of the axial component

To calculate the axial component of the dynamic force on the control volume

chosen and analysed in 2.2.1 we use the unsteady energy equation for quasi one-

dimensional flow [9], and the unsteady momentum equation [10], together with the

continuity equation to establish a simple expression for this axial component. The

quasi one-dimensional concept which is applied here can be considered to be a mean

between simple one-dimensional analysis and two-dimensional analysis, or rather a

simplified two-dimensional concept. However, we must not forget that this applies

only to the control volume chosen, which has an infinitesimal depth dr in the radial

direction. Having calculated the dynamic forces on the different surfaces along the

blade length, we can finally derive the radial distribution of the dynamic force along

the blade length.

Let us consider the curved line y-y in fig. 2 to be the mean stream line

along the flow surface given by ABCDEFGHA, with s giving the distance along this

line from a fixed point O. The width of the channel between two adjacent blades,

and along a potential line x-x, is given by b . In general this channel width b

can be assumed to vary along the mean stream line, according to blade shape and
ii

configuration. The moving blades are assumed to have a pitch T
,
which is

considered to be related to the pitch of the stationary-blades T* by the pitch ratio

R ( R = T"/ T'). We shall consider the flow field from a point which is fixed to

the moving blades, and this requires the analysis of the relative flow field. The

flow medium enters the control volume through AB with velocity wj ,
which is
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Plane M

/^

Fig. 2.2. Diagram for calculation of dynamic forces

assumed to be the mean value of the velocity distribution along AB (one complete

moving-blade pitch), and at an angle of flow ftj (see fig. 2). Similarly, at exit

from the control volume FE we have w, and (3 „ respectively. Inside the blade

channel and between entrance and exit we can consider the mean flow velocity, which

is tangential to the direction of the stream line y-y, to be w , having a flow angle

p ,
as shown in fig. 2. All flow angles are given relative to the tangential direction.

Further, it is assumed that all flow velocities, entering, leaving, or inside the con¬

trol volume, are functions of time, thus establishing the unsteady character of the

solution.
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The curvilinear coordinate s along the mean stream line is supposed to vary

between zero and s
,
as shown in tig. 2. § is the total length of the mean stream

line between entrance and exit of the control volume, and depends on the shape and

configuration of the blades.

Formulating the continuity condition between the entrance and exit planes AB

and FE respectively, we can write

"»a2 = ^al W

and for the exit plane FE we can also write

^t2 = ^a2 cot I3 2

or using equation (1), we can transform the last equation into

*t2
= ^alcot ^2 (2)

Equations (1) and (2) establish the relation between the exit flow-velocity com¬

ponents and the velocity components at entrance to the control volume. Noticing that

we have assumed in 2.2.1. that the flow velocity at entrance is known, we have thus

expressed the exit flow-velocity components in terms of known functions. However,

the exit flow angle is allowed to change with time, depending also on the known condi¬

tions at entrance to the control volume. Details about this latter relationship will be

discussed later, in the mean time we will consider (J , simply as a function of time.

The static pressure drop A p (A p = P^
-

P2 ) between AB and FE, which is

considered in this case of unsteady flow conditions to be a function of time, can be

given in the form of the unsteady pressure equation ( energy equation ). Formulating

this energy equation for our control volume, we can express the unsteady pressure

drop across the moving row of blades as

Ap = ? (f2_-fl_) + J (fpds (3)

Here we use the unsteady momentum equation [10] as applied to the axial direction,

for the simplified case of quasi one dimensional flow. Neglecting the effect of gravi¬

tational force we can describe the axial component of the dynamic force f by the
a

following expression
s

fa = t" [Ap - 9 |f /bw(s,t)sin [3 dsl (4)
0

The integral on the right hand side of this equation gives the effect of the unsteady

flow velocity inside the blade channel on the axial component of the dynamic force.
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From the velocity triangles in fig. 2 we can deduce the following trigonometric

relations at both entrance and exit planes respectively (AB and FE),

- 2

val
-2

11
- 2

w2
-2

wa2
-2

wt2

Substituting equations (1) and (2) in the above expressions we can write

(w22-wl2) *al cor p vti (5)

The right hand side of equation (5) depends on the axial and tangential velocity

components at entrance to the control volume in fig. 2, and also the exit flow angle

In order to avoid the complications resulting from using different dimensions,

and so that we can apply the solution obtained to all geometrically similar blades and

row configurations, we will use the method of non-dimensional analysis. For this

purpose, we must choose reference parameters for the velocity, length and time.

Fig. 3 describes the position of the reference plane, which is considered as a

radial plane passing through the centre of gravity of the blade hub section. The

choice of this reference plane is more important in the calculation of the vibratory

stresses than in the calculation of the dynamic force as will be seen later. Our
*

reference length 1 will be defined as the blade length along this reference plane

(see fig. 3), and the peripheral speed of the blade section at the mean radius u

*
m

is considered as the reference speed. For the reference time t we use

1*

t =

u*
m

Using these parameters, we can define the following non-dimensional variables,

w
- w

u*
m

r
t*

t

(l*/u nV

in addition we define

A I t
T =— R5-

1*

and

S=iL

i. m

and B(S)=ii?L
T

(6)

(7)

Substituting equation (5) in (4) and changing the variables according to equations

(6) and (7), we get the following non-dimensional form for the axial component of the

dynamic force



- 24 -

Reference plane.

u = r io

m m

t = I / u
m

Fig.2.3. Relerence plane and relerence parameters for nondimensional analysis



- 25 -

ra=f'JR [waiC0t2(32-Wt5] +2RA fw(S,T) [R-Bsin p] dS | (8)

0

The velocity W (S,T) under the sign of integration in the right hand side of

equation (8) depends on the position S along the mean stream line, as well as on

the time T . This difficulty in the integration can be avoided if we consider the

continuity condition between any section x-x along the mean stream line fig. 2, and

the entrance section AB

n

— — T
w (s, t) = w,

alb(s)

or in non-dimensional form,

W(S,T) = Wal (T) -5_ (9)
al

B (S)

In equation (9) the function W (S, T) is expressed as the product of two other

functions, each of which depends on only one variable. The choice of R and B (S)

is necessary to establish the relation between configurations of moving and stationary

blades, which in turn is necessary in the expression for the mean velocity distribution

at entrance to the control volume.

Substituting equation (9) in (8) we find the following expression for the axial

component of the dynamic force per unit blade length:

c

Fa=*'{R [Wjc°t2p2-Wt?]+2R^ f [-J*-.!»(3] dS} (10)

It can be seen from the above equation that the axial component of the dynamic

force is finally expressed in terms of the known aerodynamic conditions at entrance

to the control volume of the moving blades, the exit flow angle (3 „>
an^ a term which

depends on the shape of the moving blades and the configuration of the moving and

stationary blades. This last term, which appears in the last part of the right hand

side of equation (10), can be calculated by means of drawing the steady potential-flow

pattern for the moving-blades configuration and then evaluating the integral

S

sin B dS numerically. This, however, is only an approximation, since
» Lb 'J

the unsteady potential and stream lines also depend on time. However, it is considered

as a good approximation especially as we only need the integral value given above.

In order to simplify the above equation (10) let us introduce the form-parameter

for the axial component of the dynamic force K
,
which is defined as follows:



findwe(9)and(7)(2),(1),equationswith(14)equationCombining

0

|(14)dS(3cosW(S,T)(S)BJ-^_+Wal]-Wd[Wt2Wa2R{T*=2Ft

followsas(6)equationofparametersthewith(13)equationrewritecanwe

m2
1*TfU*

7X1"?-

t

f*„
-F

beforetoexpressionsimilarabyFtlengthbladeunit

perforcedynamictheofcomponenttangentialnon-dimensionaltheDefining

force.dynamictheofcomponenttangentialtheonvolume

controltheinsidechangesvelocityunsteadytheofeffecttherepresentssecond

theandvolume,controltheofexitandinletatmomentumtangentialthebetween

differencetherepresentswhichoffirsttheterms,twoofsumtheiscomponent

tangentialthethatnoticewe(13),equationIn1.fig.inshownasvolumecontrola

forlengthbladeunitperforcedynamictheofcomponenttangentialtheisLwhere

(13)J
dspcos<M>*"bfT"+Jt[*t2*a2-»tl*al]{9ft=

1

asmomentumtangential

ofequationthiswritecanweforcesgravitationalofeffecttheNeglecting

flow.one-dimensionalquasisimplifiedfordirectiontangentialthetoapplied

Q10],equationmomentumunsteadytheofformgeneraltheuseweHerefigures.same

theusewellascanwecomponent,axialtheforusedwasasvolumecontrolsamethe

useshallweforcedynamictheofcomponenttangentialtheofcalculationtheIn

componenttangentialtheofCalculation2.2.3.

length.bladeunitperblade,turbineaonforcedynamictheof

componentaxialtheforexpressiontheofformsimplifiedtherepresentsThis

(12)*Ka^|i}[Wa?cot2P2-Wt2l]'{*

findwe(10)

ion

JUi
(3sin\—-fR2

Fa=T

findwe(10)

equationinthisSubstituting

0

(11)dS

S

Ka

-26-
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g

Ft = 2T' {R [wJcotp2-WalWtl] +R-^- fcospds} (15)

0

As in 2.2. 2, it can be seen from this equation that the tangential component

of the dynamic force is expressed in terms of the aerodynamic conditions at entrance

to the control volume of the moving blades, the exit flow angle |3 « »
and als0 a form

parameter which appears in the last term of the right hand side of equation (15). This

form parameter can be calculated numerically as in the first case, and depends on the

geometry and configuration of the blades.

In order to simplify equation (15) we introduce, as before, the form-parameter

for the tangential component of the dynamic force K.
,
which is defined as follows,

S

Kt = 2 R f cos (3 dS (16)

0

Substituting it in equation (15) we may write

.. r r-2 i
dwai 1

Ft=T { 2R [wJcot(l2-WalWtl] +*t~ \ (17)

This represents the simplified form of the expression for the tangential component

of the dynamic force, per unit blade length.

2.2.4. Discussion of the approximations used

In the above analysis we have assumed an elementary one dimensional flow.

This means that the complex velocity distribution across the width of the moving-

blades channel is replaced by its mean value across the channel-width. The equations

of such a theory are to be considered as relationships between integral values.

However, it is considered as an approximation to the exact conditions in which mi¬

nute details are neglected. Let us now consider whether these approximations are

plausible, and in what way they can affect the result.

It is possible to deduce a mean value of the axial and tangential components of

the flow velocity based on each of the three concepts of continuity, momentum, and

energy. We must decide, therefore, upon which of these three concepts we will

base our mean value; the simplest is the continuity condition, and it will be used

throughout the analysis.

Before considering our analysis of the dynamic force in greater detail, we

should examine the validity of the continuity mean value of the flow velocity when

used in either the momentum or energy equations. In other words we must compare

the mean values obtained according to each of the three concepts mentioned above.
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Considering the absolute flow at entrance to the moving row of blades, which
i

varies periodically with the stationary blades pitch T as period, we can write

cl = c10 + Acl (18)

where c«q is a constant main flow velocity with the perturbation component Ac*

as a function of the tangential direction along the pitch x . It can be assumed that

this perturbation component is relatively small with respect to the main flow com¬

ponent c,q . A further condition to the definition of equation (18) is that

i

T

f A cx dx = 0

0

In order to analyse the mean velocity components across the entrance plane to

the moving blades we must consider now the following relative velocity components

wal
= cl sln ^l = ^c10 + ^ cl^ sin al (19)

and

wtl
= cl cos "'l

"

ul
= ^c10 + ^ cl^ cos ^i "

U1 ^20^

We can form the mean value of the flow velocity according to the continuity

condition at entrance to the moving blade (subindex c stands for continuity). Thus

it

T

^al S7' J wal&
0

and substituting equation (19) in the above expression we find

n

T

wal
= c10+—n J Acjdx siiifXj (21)

If we now calculate the same mean value from the momentum condition (subindex

m stands for momentum) we can write

it

"alm
B "J"

( waldx
0
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and, substituting w « from equation (19), we get

wal
= sin al

m

j [c10+2c10 Acl+ Acl ]
0

II

T

f (c1Q + A Cj) dx

dx

Since the velocity perturbation components are small, we can neglect higher

orders of Ac- (i. e. second and higher orders). Thus the above equation may be

written in the form

wo1 = sin ex.,
"al -«""«•!
m

rp II ^ It

c10 f ^c10+ AcjJdx + CjQ f Acjdx
0 Q

rjHI

? (c1Q + A Cj) dx

0

: since, <\ c,„ +

>pii

£ I AC1 dx

"10

c10 + - I
T" i

0

Acj dx

(22)

A similar analysis for the tangential component using the following two defi¬

nitions

tlr
=
7" J wtl

*c T

dx and w^-i
=

n

m T

) walwtl dx

J waldx
0

and equations (19) and (20) yields
n

T

w^ =cosoC1 [ Cjq + —n Acjdx] -Uj (23)

and

Wj«
= cos Ot«

m

r
T

A c- dx

c10

1 T

c10 +—
T J Acj dx

-ut (24)
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From equation (21):

^alr = [C10V f AC1

Assuming that

dx

"c L iT T

.
2

sin 00
1

write

1 C "12 2
— Acj dx is also small relative to c,q we can

0

n

T

:alc ~ M +V' f AcldX] Sin2t*l C

According to the energy condition, however, we have for the mean value of the

axial component of flow velocity (subindex e stands for energy).

- 2

wal

/ waldx
0

T

[ wal dx

0

Substituting equation (19) in the above expression and making the necessary

changes after neglecting higher orders of the small perturbation velocities we can

derive

- 2
_. 2.

val

w»i = Sln ai \ clo +'

2
.

2c10
A c« dx

"10

c10+7
A c, dx

(26)

A similar analysis for the tangential component using the definition

-2 o

wtl
= —«-

ue T

f wal wtl dx

J wal ta

0

and the equations (19) and (20) give

n

— 2 2 T 2 10 f 1 2
w., = cos oC. cio +—T" Acjdx + u^

- 2uj cos oCj
T >C10+^

jACjdx

0

(27)
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and

— 2 2

wtl
= cos °*1

e

„

2 2c10
C10+^7"

T

f
0

Ac. dx
"10

"10
i 7
T J

Acj dx

r
T

-2UJC0SOCJ 1cio+—" 1 ^ cl
I- n

dx
"10

c10 +
1

f Acj dx

Studying now equations (21) - (28) we can see that if

'10

cio+; ( Acj dx

(28)

(29)

then we can say that it is plausible to use the mean value based on the continuity con¬

dition in both the energy and the momentum equations. From equation (21) it is clear

that for small perturbation velocities A c«, the value of the quotient cannot differ

greatly from unity (the difference depends also on the pitch ratio R ). In certain

cases it can even be exactly unity.

We can, therefore, conclude, that in such an estimation theory as ours it is

very plausible to use these approximations in order to achieve simplicity. Moreover,

as shown above, the accuracy of the results is not endangered.

A second point requiring attention is the method of deducing the axial and tangen¬

tial components of the dynamic force on the blade, for which the momentum and energy

equations are used. The basic analysis of this problem has been given in chapters

2.2.2. and 2.2.3, however, without studying the actual conditions very deeply.

Considering fig. 4 we can see that the control volume ABCDEFGHA acts on

both the adjacent blades with a certain force having both axial and tangential com¬

ponents as follows

F = -
(F

-
F )

a
l

as
x

ap'

and (30)

Ft = " <Ftp " Fts>
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actual force \
component

F E

Fig. 2.4 Relationship between actual and calculated components of dynamic force

b„ora7

a, orb.

calculated

component

b„or

a Or D / actual component
v v

Fig. 2.5 Comparison between amplitudes of actual & calculated components of dynamic

force
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On the right hand side of these expressions are the components of the dynamic

force acting on both the pressure and the suction sides of the two adjacent blades.

Considering the axial component (first expression in equation (30)), and expressing

the force on the control volume as a Fourier series, we can write

aQ + 2 a^ sin (u>v t - ipv)

(31)

bQ + 2. bv sin (<ov t -y^)

Considering both the equations (30) and (31), we can represent the amplitude of

the v th order of the resulting axial component of the dynamic force as shown in fig.

4. This component is not, however, the actual force on the blade. If we consider the

phase shift between two adjacent control volumes to be <p , we can then draw the

actual amplitude of the axial component of the dynamic force as shown in fig. 4. We

approximate in our theory by substituting the vector F-_. for the actual force compo-
a v

nent (represented by the chain-dotted line in fig. 4).

In order to study the effect of this approximation let us consider fig. 5, in

which we compare the calculated with the actual conditions.

The calculated amplitude of the force is equal to or greater than the actual

amplitude if

| A A | ^ |lfv - Yvl

whereas the critical case, in which the calculated amplitude is smaller than the

actual amplitude, occurs if

This last condition means that the absolute value of the phase shift of the forces

inside the control volume is larger than the phase shift between the forces on the pres¬

sure and suction sides of a given blade. This is the case, for example, if both moving

and stationary blade pitches are equal ( T' = T" ), and the calculation yields in this

case a zero amplitude of the dynamic force. On the other hand, if T' is many times

T", then |(pv - "^jr^^J tends to zero, and the first condition, in which the calculated

amplitude is larger than the actual amplitude, is fulfilled. A similar analysis can be

made for the tangential component.

The aim of this work is to estimate the magnitude of the force amplitude acting

on the turbine blade. To achieve this, let us consider the following analysis. Assu¬

ming -w to be the relative amplitude of the velocity variations and A F/F to be

and
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the calculated relative amplitude of the dynamic force, then, by varying R
,
we

will find cases in which the calculated value of the force amplitude agrees with the

actual value, and other cases where the agreement is not sufficient. Now we assume

that the largest actual amplitude of the force that might occur for any given values of

=~ cannot be larger than the maximum calculated amplitude (with the worst pitch
w

ratio R ). This analysis is not rigorous but is considered to be perfectly

plausible.

A more accurate calculation of the amplitudes of the dynamic force is not

possible without a detailed two dimensional flow solution along the control volume.

In such a solution we have to obtain the exact velocity field inside the blade channel,

from which we may calculate the force components on the pressure and suction sides

of the blade separately. This method was tried at the beginning and was found to be

very complex. It was therefore considered better to attempt to obtain a simpler

theory which allows an estimation of the dynamic force and which can produce practi -

cal results.

It is now necessary to choose a suitable form for expressing the velocity distri¬

bution at entrance to the control volume, W
j

and W..., and the exit flow angle (3 2>

which are required in the equations (12) and (17).

2.3. Velocity distribution at entrance to the row of blades

Due to skin friction along the pressure and suction sides of the stationary bla¬

des, the velocity distribution behind a row of blades is not uniform, but is composed

of different wakes periodically displaced along the periphery, as shown in fig. 6.

These wakes repeat themselves at intervals equal to the pitch of the preceding row

(stationary row of blades) and are assumed to be similar. In fact, they differ slightly

from each other, but this difference is of no importance in our analytical study, and

can be neglected. The shape of a single wake is as shown in fig. 6, and is assumed

to be non-symmetrical about the mean flow direction, due to the difference between

the boundary-layer thicknesses at the pressure and suction sides of the trailing edge

of the blade. The wake is assumed also to change its strength and shape along the

blade length, especially at the ends of the blade, where its shape is affected by the

boundary-layer alongboth casing and hub walls. Most important, however, is the

possibility that the position of this wake relative to a fixed radial axis might vary

according to the shape of the stationary blade or, to be more accurate, according

to the position of the trailing-edge of the stationary blade in space, relative to this

fixed radial axis. Hence in expressing the velocity distribution behind the stationary

row of blades, we must consider a certain axis along a fixed radial direction, to which
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the position of the wakes is referred. The velocity distribution along the plane 1-1

in fig. 6 is assumed to be known over a complete period T1 and for different sections

along the blade length (i.e. along the conical flow surfaces discussed in 2.2.1 and

Stationary blades

Fig. 2.6 Wake pattern behind a stationary row of turbine blades

shown in fig. 1). Let us now consider the control volume ABCDEFGHA shown in

fig. 1: since we know the velocity distribution along AB relative to the moving blades,

which is needed for the calculation of the dynamic forces, we can analyse the problem

in the following manner. Considering this non-uniform velocity distribution before the

moving row of blades from a point fixed to this row, it is evident that each moving

blade will be washed periodically by the wakes of the non-uniform flow entering it.
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This will result in a periodically unsteady and non-uniform flow through the moving

blades or in other words, at our control volume. The general character of the

position of the wake relative to the fixed radial axis, which is discussed above and

which depends on the configuration of the stationary blades, will cause a phase shift

between the washing action of the wakes at different radial sections, according to

the position in space of the leading edge of the moving blades. This phase shift has

always been neglected in recent researches but will be considered here.

The steady flow relative to the stationary row can be transformed to the

unsteady flow relative to the moving row by means of the following simple relation¬

ship

W( |= ) = W(x-ut) (32)

where u is the peripheral speed of the moving blades at the section where the velocity

W ( £ ) is required.

2.3.1. Harmonic analysis of the velocity distribution

In choosing the method of expressing the periodical character of the flow velo¬

city entering the moving row of blades, we must refer to blade vibration. A blade

will be excited to vibrate in one of its natural modes, and will continue to vibrate

with dangerous amplitudes, if this mode coincides with one of the harmonic compo¬

nents of the dynamic force. Because our ultimate aim is to study the vibration and

vibratory stresses when this resonance occurs, we must express the dynamic force

in terms of its different harmonic components. Thus it will be expedient to express

the periodical velocity distribution required for our study as a harmonic series, by

means of harmonic or Fourier analysis.

For the axial and tangential components of the velocity at entry to the control

volume at AB (fig. 2), and assuming x to be the direction coordinate along the plane

1-1, we can write the following harmonic series

N

"al^^-alO- X {*>* [""(f)l + \ sin [2TTn(^j]l
and

-tl <*' « "

-U0 + X {< cos [27T n(ij^] + < sin [2TT n ^)] J

(33)

(34)
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The series is terminated after a finite number of terms N, as only the first

few harmonic components of the dynamic force are considered to be dangerous for

vibration. Using the non-dimensional analysis in 2.2.2 and introducing further

Xm i
I*

we can rewrite both equation (33) and (34) as follows

N

Wal (X,T) =Wai„ + Z {ancos [2TTn (%<£)] + \ sin [2TTnfef!l\]} (35)

and

Wtl(X,T)=Wtl0 + 51 {cncos [2TTn (*#) ] dn sin [2 TT n (-^} .(36)

We should notice here that the relation between the harmonic coefficients in

equations (35) and (36), and those in equations (33) and (34) is established by

* * * *

m m m m

and also that u = ~

m

defines the ratio of the control volume peripheral speed u to the reference peripheral

speed um .

2.3.2. Velocity distribution for the quasi one-dimensional analysis

The quasi one-dimensional analysis as discussed before neglects the variation

in the instantaneous velocity distribution along the width of the channel between two

adjacent blades (along x-x in fig. 2), and assumes in the solution the mean velocity

across the channel width to be representative of the flow. For the entrance section

AB in fig. 2 we require the mean values of the velocity-component along this line,
it

which has a length equal to the pitch of the moving-blades, T . For W. and

W. - ,
the mean axial and tangential components of the velocity across AB respecti¬

vely, we can write the following expressions:
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T T'R

%l^=^ \\iK>r)a*=Jr j wal(x,r)dx (37)
T

0
TR

0

t" t'R

wtl(T)=xr, f Wtl(X,T)dX =xi- [ Wtl(X,T)dX (38)
T

0
TR

„

Substituting equation (35) in (37), and integrating, we find

N

Wal(T)=WalO+ S {Ancos(2TTn£7r) + Bnsin ( 2 ¥ n £ t )} (39)

n=l
T T J

where

An5Sln-irTnRR) {anC0S(lfnR) + bnsin(TTnR)}
and (40)

Bn =
s"1<"tTnR) |an sin ( TT n R) - bn cos (¥ n R) |

Similarly, substituting equation (36) in (38) and integrating, we find

N

n=l

where

7tl(T)=WtlO+ X {cncos(2¥ n^ T) + Dnsin(2¥ n-^ T)} (41)

r -smn^11" nR) I c cos ( ¥ n R) + d„ sin (¥ n R) 1
InR I J

and (42)

Dn=sin^T nR) |cnsin(¥ nR)-dncos(¥ n R) 1
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Examining equations (39) and (41), which represent the axial and tangential

components of the mean velocity at entrance to the control volume, we find

1. Both expressions for the velocity distribution are functions of time alone.

2. They are periodical functions, repeating themselves at time intervals

corresponding to one stationary-blade pitch and the peripheral speed at the

given section.

3. The two functions have steady mean values W .n and WtjQ, corresponding

to the steady flow axial and tangential velocity-components respectively.

However, it is important to notice that these time functions (equations (39)

and (41)) can be independent of the time under certain special conditions. These

conditions will apply if the values of the harmonic coefficients An ,
B

, CR and

D
,

defined by equations (40) and (42), are such that

An = Bn = Cn = Dn = ° (43)

In this case, equations (39) and (41) give expressions for W < and Wjj
corresponding to the steady state velocity components W

jq
and Wt-< q respectively.

This means that the quasi one-dimensional velocity distribution at entrance to the

moving-blades control-volume is independent of the time.

From the form of both equations (40) and (42) for the harmonic coefficients, it

can be seen that there are several cases when the above harmonic coefficients vanish

simultaneously, and thus fulfil equation (43). However, in this analysis it is only

important to discuss those cases having a certain physical meaning. These cases

can be summarised as follows:

1. The harmonic coefficients A„ , B , C„ and D fulfil equation (43) for
n ' n ' n n

^ v '

all harmonic orders (all values of n), if the pitch ratio R (ratio of moving-

blades pitch to stationary-blades pitch) is equal to a whole number (0,1,2,...).

The term sin (TT n R) vanishes in both equations (40) and (42), and thus the

harmonic coefficients A_
,
B , C and D„ become zero. The zero value

n
'

n
'

n n

of the pitch ratio R is meaningless for any turbine design and need not be

considered, but R=l occurs often in practical applications, and R=2 is

sometimes used in turbine stages of the impulse type (zero reaction).

2. The harmonic coefficients A
,
B , C and D fulfil equation (43) for

n ' n
'

n n
v '

certain harmonic orders (certain values of n), if the pitch ratio R is such that

the product nR is equal to a whole number, in which case the term sin (TT nR)
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vanishes in both the equations (40) and (42). This case covers a large range of

practical pitch ratios.

These two cases for which the harmonic coefficients An , Bn , Cn and Dn
vanish simultaneously are very important for the calculation of the dynamic force

on a turbine blade, as will be seen later.

2.4. Limits of the dynamic force

It is essential to decide upon the necessary expressions for the velocity

distribution at entrance to the control volume before proceeding further with the

calculation of the dynamic force itself. Referring to equations (12) and (17) in 2.2,

which express the axial and tangential components of the dynamic force respectively,

we see that both have a similar character. They contain in their right hand sides

either functions which are known ( W « and Wtj ) or form parameters ( K and Kfc ),

which can be easily calculated for any blade type. The only variable in the right hand

side which is not yet known or explained is cot f^i which depends on the flow direction

at exit from the control volume chosen. According to previous analysis, the flow

direction at exit can vary with time. This variation should, however, be periodi¬

cal since it is dictated by periodical changes. In accordance with the general equations

of fluid mechanics, it is not possible to find any definite conditions under which the

exit flow direction can be determined. However, we shall consider the following two

cases which are supposed to limit the variation in the exit flow direction:

1. In the first case, which sets the lower limit to the dynamic force, we assume

that the perturbations in the flow velocity entering the blade channel, and

causing time changes in the flow direction at entrance, are totally damped

while passing through this channel. This results in a constant exit flow angle

fi «>
and the flow at exit will follow the same direction as for a steady potential

flow through the moving row of blades.

2. On the other hand, if these velocity perturbations or some of their harmonic

components are allowed to have their full effect on the exit flow direction, i.e.

to pass completely undamped to the exit flow plane, we get the other extreme,

or the upper limit to the dynamic force.

What actually happens in a turbine is somewhere between these two limits; in

other words, the velocity perturbations causing periodical changes in the entrance

flow direction are partially damped in passing through the blade channel. In calcula¬

ting the upper and lower limits of the dynamic force we get a range in which the
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actual value of the force lies. The difference between these two limits is expected

to be small.

2.4.1 Calculation of the lower limit

For the calculation of the lower limit, we assume that the direction of the flow

at exit is the same as that resulting from a steady potential flow through the given

moving-blade configuration. This direction does not, in general, coincide with the

geometric angle of the blade trailing-edge, but even if the latter is assumed for the

exit flow angle, it will not seriously affect the results. It should be mentioned here

that, to calculate the form parameters Kft and IL, we are usually obliged to draw

an approximate potential flow pattern from which we can easily calculate the exit flow

angle required. Assuming for the exit flow angle when calculating the lower limit the

constant value ft 2,
and substituting it in equations (12) and (17) we get

Fal=*' {R [*.!«** Pa"**] + Ka^} <44>

FH=T' J2R [Wa2Cotp2-WalWtl] *^t-^j («)

Equations (44) and (45) represent the lower limit of the dynamic force on a

turbine moving-blade.

2.4.2. Calculation of the upper limit

If on the other hand we allow the first order harmonic component of the velocity

perturbation at entry, which is responsible for variations in the direction of flow,

to pass through the blade channel undamped, we will expect as a result a first order

harmonic change in the exit flow direction. This variation can be represented by the

simple expression

cot p 2
= cot p2 + E sin ( 2 TT £. T + \]> ) (46)
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where the second term in the right hand side of the above equation represents the

first order periodical change in the exit flow direction [3 « as discussed in 2.4.1.

Harmonic orders higher than the first in the above velocity perturbation are very

small and are probably damped. In equation (46) there are two unknowns which have

to be calculated. These are the amplitude E and the phase angle ty of the first

order harmonic variation in cot (3 o •

Let us resolve the entrance velocity W^ into two components as shown in fig. 7

one component parallel to the absolute flow direction and the other perpendicular to it

(W* and W ). We can prove that the perpendicular component W is constant and

therefore has no effect on the variation of the flow direction at entrance, whereas the

other component W* is found to vary periodically as shown in fig. 7. Applying the

same harmonic analysis used before to this periodical function W we can write

N

W'=Wn +

n=l
'

P

0+ 2>nsin (SLXp+xpn) (47)

Let us assume that the first order harmonic of this velocity component W«

passes through the moving row of blades undamped and affects the flow direction at

exit as shown in fig. 8. It can be seen too from fig. 8 that the whole effect is assumed

to take place along the tangential component of the flow velocity at exit, since any

effect on the axial component contradicts the continuity condition in equation (1).

W1 can be calculated from the known velocity distribution at entrance to the control

volume of the moving row of blades, using the above harmonic series.

Referring to equation (46) we can write for the maximum value of cot (3 ,

<cot P2>max=cot P2+E (48>

and from fig. 8 we can write for the same exit angle

Wt? W*
_

W*

<cot^2>max =

-^ =COtP2+W^ (49)

By comparing equations (48) and (49) and noticing that W »
= W_i according

to equation (1), we can then write for the amplitude of the variation in cot [3 2 the

following expression
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As for the phase angle \\> given in equation (46) we can vary it between O

and 2 "IT
,

and calculate the corresponding effect on the dynamic force. We can

then choose the maximum value calculated to represent the upper limit. It should

be pointed out here that the variation in the exit flow direction discussed above might

be such that, for certain values of the phase angle IjJ ,
the resulting dynamic force

lies even below the lower limit. However, we are interested only in the maximum

value of the upper limit, corresponding to a certain phase angle which we can call

t max.

We can write for the exit flow angle

cotp2=cotf32+ (^ sin ^TTiLTU y
^ ) (51,

Substituting equation (51) in equations (12) and (17), and simplifying, we get

(52)

Fte -T' {2R [wj cot [i2 +WalwJ sin fr &. t + y
^ ) - w^ Wu] + Kt^ J (53)

Comparing the upper and lower limits together by inspecting equations (44),

(45), (52), and (53), we can write the relationship between the two limits as

Fau = Fal + AFa <54>

Ftu = Ftl + AFt (55>
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The differences between the upper and lower limits of the axial and tangential

components of the dynamic force A F and A Ft respectively are then found by

comparing equations (54) and (55) with (52) and (53) respectively:

AFa=T'R [2Walcotf?2wISin [VlT £ T + y
max ) + Wf sin2 (a TT £ T + if

max ) (56)

AFt = 2 T'R Wal WJ sin (W £ T + Y
max ) (57)

2.5. Harmonic analysis of the dynamic forces

It is required that we should express the directional components of the dynamic

force in the form of a Fourier series with the different orders of exciting harmonics.

For this reason we have expressed the velocity distribution at entrance to the moving-

blades row in the form of a harmonic series (see equations (39) and (41)). However,

it can be seen from the expressions for the dynamic force (equations (12) and (17)) that
_ 2 — 2

they contain terms which are squares of the velocity components ( W < and Wtj ),

and products of them ( W «

'

\K* ) . This means that two such harmonic series

must be multiplied together when equations (39) and (41) are substituted for the velo¬

cities. We will discuss first, therefore, the multiplication of two harmonic series

as applied to our problem and also some other mathematical analysis which will be

required in the study.

2.5.1. Multiplication of harmonic series

The problem of multiplying two harmonic series together, and the special case

of squaring a harmonic series, which are required for the calculation of the dynamic

force, has been considered by Tolstow CUD. The product of two harmonic series of

order N and having the same period is a third harmonic series having 2N terms,

whose coefficients are series combinations of the coefficients of the original harmonic

series. It is, however, assumed there that the periodical functions expressed by the

original series have equal periods, and are continuous and differentiably smooth

functions. All of these conditions are satisfied by the functions W • and W.< . It

is not the scope of this work to discuss the details of harmonic series multiplication,

and reference will be made to Tolstow C113. However, we shall briefly indicate the

different product forms used when calculating the dynamic force.
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We apply the method given in [11] for the multiplication of harmonic series, and

neglect harmonic orders higher than N in the resulting series, since they have only

little effect on the results, especially for the first few orders (1, 2 and 3). We can

— o

write for the square of the axial component of the entrance-velocity W
1

the following

expression

«.
N

w.2- a0
Z j<*an cos (2TTn|-T) + fim sin (2TT n #- t)]
n=l

!•
rco

*al
"

2
.._i I

• i
•

j.

(58)

where the harmonic coefficients ct _

,
cc

__ ,
and [3 are series combinations

defined by

*an = W 1(59)

n=l

N

alO An + | Z { Am (Am+n + Am.n) + Bm ( Bmm + Bm.n ) I

m=l -1

N

Pan £ WalO Bn + | X {Am (Brm* " Bm-n ) "

Bm (AOT+n " Am-n ) }
m=l * '

It should be noticed here, when evaluating numerically those cases for which

( m-n ) is negative, that the following relations are applied, in accordance with the

properties of harmonic functions

Ak = A_k and Bfc = -B_k (60)

Similarly we may write for the square of the tangential component of the entrance -

_ 2
velocity Wtl the following harmonic series

oc
N

Wtl2 = -^+ Z {<*tncos (27Tnf7T) + Ptnsin(2¥n|7T)}(61)
where

N

<xto=2wt?0+ z [<£+»;]
n=l
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N

<X. =WMnCn + i V \ C (C +Cm
n

)+Dm (,DIY,J.„+Dm „U
tn tiu n 2 *— m \ m+n m-n / m \ m+n m-n / I

m=l
L J

N

&ta S WU0 Dn + | X {Cm (Dm+n - Dm.n ) - Dffl (Cm+n - Cm.n )}
m=l

> (62)

noticing as before that

C_k and Dk = - D.k (63)

In equation (45), expressing the lower limit of the dynamic force F
, ,

we

find the expression

W.

al [Walcot P2-Wtl]

which is the product of two harmonic series; one of these is the composite series

W * cot fi ,
- Wjji which may be written as

_ _ _

F
N

V^ cot p2 - Wtl = ~ + Y. {Fn cos (21T n ^7 T) + Gn sin (21T n ^ T)}
(64)

Comparing equations (39) and (41) with this equation, and noticing that

cot (3 o is constant, we can write for the harmonic coefficients in equation (64)

F0 = 2 (WalOcotP2-Wtlo)

Fn = (AnCOt P2"Cn)

Gn H (Bncot P2-Dn)

(65)

Forming the product of the harmonic expression for W « and the expression in (64),

we find
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ex
N

1

Wal [Walcotp2-Wtl]=-g°+ X {«ncos(2TTn|ilr)+|3nsin(2TTn|TT)l
n=1

(66)

where

N

<*0=WalOF0 + T [AnFn + BnGn]
n=l

N

n aio n 2 ^—
] m \ m+n m-n I m V m+n m-n J J

m=l

«_ =

N

z

m=l

R_ =W,ln G„ + i V -fA,,, (Gmin -Gm n) - Bm (F_.„ - F^
„

)\
in all) n 2

^—

]_ m V m+n m-n I m \ m+n m-n Jf

'(67)

in which as before

Fk = F.k and Gk -k
(68)

In calculating the upper limit of the dynamic force we must evaluate the following

term

Wal [w*sin (2TT|rT+ i),
max )]

which is also a product of two harmonic series in a simplified form, the second series

containing .only the first harmonic order. To simplify the calculation we may transform

the second series according to the following relation

w;Bin(2ir|LT+ UJmax) = P1cos C21T|-T)+Q1sin(2Tr|-r)(69)
where

Pj = Wj sin ip

Qi = Wj cos ijj

max

max

(70)



- 49 -

Using the previous procedure for multiplication, and substituting equation (69)

we may write

*
N

Wal[w;sin(2Tt|-T + YmiJ =^ + 5l{a;cos(2Tm|.T>|3*Sln(OTn|-T)}
n=l

(71)

where

OS0=P1A1 + Q1B1

^f {Pl(A2+A0> + Ql(B2 + B0>}

Pl5| {Pl(B2-B0)-«l(A2-A0)}

In the above equation, it can be easily proved that harmonic orders higher than

the first are negligibly small. This is very Important, as It means that the harmonic

component of the velocity considered In the calculation of the upper limit has an effect

which Is negligible in the results for harmonic orders of the dynamic force higher than

the first. It Is sufficient, therefore, to consider only the first harmonic order of the

upper limit.

2.5.2. Further mathematical analysis

In order to complete the mathematical analysis required for the solution of the

problem, let us refer to equations (12) and (17). The term dW j/dT which appears

In both equations implies the differentiation of a harmonic series. Assuming that the

function W. is continuous and differentiably smooth we can differentiate equation

(39), and write

(72)
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- N

TIT
= df { Wal0 + Z {\ cos (2TT n ft) B„ sin (2TT n £l)}j

N

Z {(-^n^An)sin^n^T) + (2Trn^Bn)cos (Wn^r)}
n=l '

N

= Z {An cos (2 IT n JLT) + Bn sin (2TT n £T)} (73)
n=l x

where

A„=2¥ni- B and B H-2TT n -£- A (74)
n

rpt
n n Sn n

x '

Further, in equation (56) expressing the axial component of the upper limit of

the dynamic force, we find the term

wfsin* (wp + HW )

This term can be simplified as follows

*2

W! sin2 (2Tr£T ^max) =T"+ [A2C0S(4^ fj ^sin^TT £T)]
where

.* -Wlcos ^max
A2

=

2

(76)

*
-
Wlsin2 ^max

B„ =

2
2

It can be seen that this term affects only the zero and second order harmonics

and is expected to have little effect on the first order harmonic of the dynamic force.
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2.5.3. Results of the harmonic analysis for the dynamic force

We may now apply the results obtained in 2.5.1 and 2.5.2 to the expressions

for the upper and lower limits of the dynamic force, in order to find the final harmo¬

nic series for these expressions. Substituting equations (58), (61) and (73) in equation

(44) we get

r
N

Fal = *' f («a0 cot2 p 2
-

octQ )+ Z [{R f^an cot2 p 2
-

<*tn V
L

n=l

+ Ka\}cosf2TTn|.Ty{R ( ^ cot2 p 2- p tn ) + Ka Bn } sin (2TTnJL<r|
(77)

Similarly substituting equations (66) and (73) in equation (45) we find

Ftl=T'{Rcx0+ ^T [{2R<*n + Kt\}C0S (2TTn|;r) +{2RPn +

n=l

+ KtBn}sin (2Tn^T)]} (78)

For the upper limit we substitute equations (71) and (75) in equation (56), and

neglect orders higher than the first

*

W,

AFa = T'R {(%;Cotp2 + ^-) + 2[Q5*cos (2 IT jLf ) + p* sin (2TT £-T )]

cotp2j (79)

Similarly, substituting equation (71) in (57), we find

AFt=T'R JcCq + 2 [oCjeos ^21T^t) + Pj sin (2TT ^-t) ]} (80)

On inspection, we see that not only the first order harmonic is present in

equations (79) and (80) but also the zero order, i.a the steady part of the dynamic

force. This, however, is expected to be negligible, since it is caused by distur¬

bances of the first harmonic order as assumed.



- 52 -

2.6. Conclusion

The dynamic force acting on a turbine blade has been studied and expressed

as a harmonic (Fourier) series which is suitable for further studies on blade vibra¬

tion and vibratory stresses. This force has been calculated at different positions

along the blade length, and is given in the form of the radial distribution of the dy¬

namic force per unit blade length. By considering the general form of the velocity

distribution and allowing variations of its amplitude and phase angle along the length

of the blade, the force has been expressed in its most general form. The expression

derived for the axial and tangential components of the dynamic force per unit blade

length can be summarised as follows

N

n=l

Fal=FaQ+ X {l^cos (2TTn£T) + F^ sin (2TT n £T)} (81)

N

Ftl = Ft0 + X {Ftn cos (2TT n fj) + Ft'n sln (2 * n pj (82)

n=l

These two equations give the lower limit of the dynamic force and are harmonic

series. The resulting force varies periodically with time with a period corresponding

to the pitch of the stationary-blades T . The amplitudes and phase angles of the

different harmonics are represented by the coefficients F .
F'„

,
F. and F'

,
an' an' tn tn

which depend on different factors and parameters, and which can be studied by

comparing equations (77) and (78) with equations (81) and (82) respectively. On

inspection we find the following relations.

Fan£T' tR (aancot2 P2"«tn) + Ka \ 1

*WS*' [R ( P.ncot2P2- Pj *\K^

Ftn=T' [2R% + KtAj

FtaST' C2RfJn + KtBj

(83)



- 53 -

Thus we see that the harmonic coefficients depend not only on the stationary-bla-

des pitch T
,
but also on the pitch ratio R and the form parameters Ka and Kt .

We notice too that this pitch ratio R is contained in the harmonic coefficients in the

right-hand sides of the expressions in equation (83). These coefficients «-an, cc
tn'

oc ,
R

.
f3i

,
B

,
A and B are different combinations of the harmonic coeffi-

n' l an' I tn' rn' n n

cients of the velocity distribution A
,
B

,
C and D . We see too from equations (40)

and (42) that these latter coefficients depend on the velocity distribution before the

moving-blades ( a ,
b. c and d_ ) as well as on the pitch ratio R

,
and this

** *
n' n' n n c

'

establishes the indirect, but more important, effect of the pitch ratio on the harmonic

components of the dynamic force. It is also very important to notice that the different

harmonic components of the lower limit of the dynamic force vanish under the same

conditions as were discussed in 2.3.2. This can be proved very simply by expressing

the harmonic coefficients F„„, F'
,
F.

,
and F.' in terms of the mean velocity

an' an' tn' tn

harmonic coefficients A
,
B

,
C and D

n' n' n n

The steady component of the lower limit (zero order ) can be written as

TMOmSr- Kocot2 Pa" "tcJ

(84)

Fto = *'R °°0

It can be proved that these values are very approximately the same as if the

forces were calculated for steady mean flow conditions W
«0

and Wtl0 .
This

could be done by substituting the values of £*-a0, c^q and oCq from equations (59),

(62) and (67), neglecting the effect of higher harmonics on them. Thus we can write,

instead of equation (84)

Fa0 = *'R [walOcot2 P2-*?!<>]

(85)

Ft0=2T'RWal0 [Wal0cotp2-Wtl0]
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Substituting now the continuity condition in equation (1), and equation (2), and

also the definition of the pitch ratio R
,
we can rewrite equation (85) as

Fa0 = *" K - Wl20 ]
(86)

Fto = 2*"waio [wt20-wtl0]

where W£0 is the mean steady velocity-component at exit from the moving row of

blades. Equation (86) represents the same results as if the force was calculated for a

moving blade exposed to steady flow conditions Wiq and Woq ,
and having the same

shape and configuration considered here.

It can be seen from the above analysis that the steady part of the lower limit of

the dynamic force depends on the shape and configuration of the moving-blades, and

the steady flow velocity-components at entrance.

The upper limit of the dynamic force, in the calculation of which we have neglected

all disturbances of harmonic orders higher than the first, will have negligible effect

on the steady component, as shown in 2.5.2.

Referring now to equations (79) and (80), we may write

AFa = AFaO + AFalcos (21[ *T) +AFalsin (2 * $*) (87)

AFt = AFtQ + AFa cos (2TT #-T) + AF^ sin (2 TT J-f) (88)

If we now compare these two equations (87) and (88) with equations (79) and (80),

we see that

-. r
* - Wl-,

AFa0 = T'R [>0cot Pa*-/]

AFal = 2T*R VCX cot p2 ; AFal= 2T'R p^cot p2

(89)

AFt0 = T'R «J

AFjjsaT'RcCj ; AF[1 = 2TlR[Jj
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The effect of the upper limit on the steady component can be neglected by

equating A F » and A F.„ to zero. The upper limit of the dynamic force depends

as shown here on the harmonic component of the velocity, which is allowed to pass

undamped through the moving row of blades to the exit plane, where it causes changes

in the flow direction.

We may conclude this chapter by stating that the dynamic force distribution along

a turbine blade has been expressed in terms of harmonic series. The expressions

derived allow for any variation of amplitudes and phase angles of the different harmonic

components of this force along the blade length, according to the general form of the

velocity distribution at entrance to the moving row of blades. The upper and lower

limits of the dynamic force per unit blade length may be calculated from the equations

(81), (82), (87) and (88), at a sufficient number of sections along the blade length to

establish an accurate radial distribution.
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3. CALCULATION OF THE VIBRATORY STRESSES

3.1. General

If an alternating component of the dynamic force falls into resonance with one

of the natural modes of vibration of the blade subject to this force, it will cause the

blade to vibrate. This forced vibration has large amplitudes and consequently leads

to large vibratory stresses. The magnitude of these stresses depends on the work

done by the exciting force on the vibrating blade.

The condition and character of these vibratory stresses will be studied here,

and a method of calculating them will be established, using the results obtained in

chapter 2 for the radial distribution of the dynamic force. This study is considered

important for the turbine moving-blades since some of them, in order to fulfil their

aerodynamic requirements, are run in resonance with one of the harmonic components

of the exciting force.

It is also necessary to discuss the conditions and assumptions under which we

are going to calculate these vibratory stresses. This is essential, since a turbine

blade, which in general will be tapered and even twisted, is such a complicated body

that no full and exact theory can be established for its vibration. It is, therefore,

more important to develop a method of calculation which is relatively simple, but

still capable of yielding an accurate estimation of the vibratory stresses. In order to

establish such a method, let us consider the following assumptions and simplifying

conditions:

1. The moving blade, exposed to the exciting force, and for which we calculate the

vibratory stresses, is assumed to move with a constant speed relative to the

stationary row of blades.

2. Owing to the non-uniform character of the flow entering the moving row of blades,

each blade in itself is subjected to an exciting force which varies periodically

with time. One complete force period corresponds to one pitch of the stationary

row of blades. This exciting force can be resolved into axial and tangential com¬

ponents, and each one of these directional components can be resolved into a

series of harmonic components.

3. The stationary blades are assumed to be uniformly spaced in order to avoid any

irregularities in the period of the exciting force. The moving blades are also

assumed to be uniformly spaced to ensure the equality of the dynamic force

acting on each one of them.



- 57 -

4. A condition of resonance is assumed to exist between the given harmonic of the

dynamic force and a natural mode of vibration of the blade in question. In this

case the exciting force is assumed to compensate the friction or damping forces

so that the natural vibration takes place.

5. The amplitude and phase angle of the given harmonic can vary along the blade

length. (The variations in the amplitudes and phase angles of the dynamic force

have already been considered in chapter 2.).

6. The work done on the vibrating blade is equal to the sum of the kinetic and

potential energy of the blade, increased by the amount of energy dissipated

into heat.

7. A turbine blade can vibrate with different modes, in either the stiff or the

flexible direction (along the two principal axes). When the blade is twisted

however, vibrations in the stiff and flexible directions no longer take place

independently, but become coupled together and give rise to complex modes

[12]. This coupling affects the form of the vibration and must be considered

in the calculation of the vibratory stresses.

8. In the case of coupled vibrations of twisted blades, the bending stresses along

the stiff direction of the hub section are neglected relative to those along the

flexible direction. This is justified in most cases by the large ratio of the

moments of inertia along both principal axes of a turbine-blade section.

9. The largest vibratory stresses are assumed to take place in the blade hub section.

This is usually the case in most turbine designs and is justified by the severe

bending conditions at this section caused by the superposition of all bending

effects due to the radial distribution of the dynamic force. At this section too

there are severe stress concentration conditions.

3.2. Reduction of the forces

It has been shown in chapter 2 how the dynamic force on a turbine blade can be

calculated, and expressed as a harmonic series. Equations (2.81) and (2.82) give

the form of these harmonic series for the lower limit of the axial and tangential

components of the dynamic force per unit blade length respectively, and equations

(2.87) and (2.88) describe the upper limit in the same way. These different harmonic-

components considered above can be the cause of excitation to some modes of vibra¬

tion of the blade. The resulting vibratory stresses in the hub section of a moving
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axial direction

tangential direction

second principal

axis

first pncipal axis

of the blade hub-

section

Fig. 3.1 Forces reduction-diagram for the dynamic force-components acting on a

turbine blade

blade, which is subject to such an exctting-force distribution, will be calculated in

this chapter. Before beginning with the actual analysis, it is convenient to reduce

the given components of the force to a form which is more easily applied to the con¬

ditions at the blade hub-section, according to the assumptions in 3.1.

Considering the axial and tangential components of the dynamic force as given

by equations (2.81) and (2.82) and referring to fig. 1, we can resolve these two com¬

ponents into two other components acting in two perpendicular planes through the

centre of gravity of the hub section S
, together with a torque T . Choosing these
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two perpendicular planes to be the principal planes of moment of inertia of the hub

section, and assuming an angle Y between the second principal plane and the axial

direction, we can write for the lower limit of the dynamic force

Fl = F0 +

N

n=l
{Fncos (2TTn£T) + FR sin (2 IT n £r) (1)

Equation (1) represents the lower limit of the component of the dynamic force in

the direction along the second principal axis (see fig. 1). The relations between the

coefficients in equation (1) and those of equations (2.81) and (2.82) are

F0 = Fa0 cos I + Ft0 sln *

Fn=FanC0M + Ftn sin H <2>

KSFLC0S1 +FlnsiM

Similarly for the upper limit we can write

AF = AF0+ AFj cos /2 IT #-t) + AF[ sin h. IT -^X) (3)

where according to equations (2.87) and (2.88) we have

AF0H AFaOcos If + AFtOslntf

AFj = AFalcos^f + AFtlsin-x (4)

AF1 = AFalc0Stf + AFtlsintf
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Equations (1) and (3) give the dynamic force responsible for the excitation of

vibrations along the plane of weakest resistance of the blade hub section (along the

second principal axis). In the case of untwisted blades these are considered the only

force components which will cause vibration, since modes in the stiff direction of the

blade (along the first principal axis) do not take place with the same frequency.

With the twisted blades, the first mode of vibration will nearly coincide with the

direction of the second principal axis, whereas second and higher modes usually deviate

from this direction [12]. This deviation depends on the total angle of blade twist, and

in such cases the vibration is a coupled one, which can be resolved into two components

along the two principal axes of the hub section. We can then assume that the stresses

resulting from the vibration component along the axis of greatest resistance can be

neglected in comparison with those resulting from the vibration component along the

axis of weakest resistance. This is justified by the fact that the ratio of the principal

inertias of a turbine blade is usually very large, moreover it is expected that the

component of the dynamic force in the direction of the largest resistance is small

and can be neglected compared to the one perpendicular to it.

With this analysis it is possible to apply the method given in this chapter to any

type of blades. We assume therefore that the energy added to the blades by the

exciting force component along the first principal axis is negligible compared to the

energy added by its component F, along the second principal axis.

The torque T
,
which results from reducing the system of the resulting forces,

as calculated in chapter 2, to the new system, is responsible for excitation of torsional

vibrations. It is not possible, however to determine the point of application of the

dynamic forces by means of the analysis in chapter 2, we cannot, therefore, calculate

this torque T .
It is possible to assume extreme conditions for the position of the

point of application (e. g. the assumption made by Prohl [7], that this point of appli¬

cation lies at a distance equal to half the blade width from the centre of gravity S),

in which case we get only very approximate results for the value of the actual torque.

3.3. Method of calculation

The method used here to calculate the vibratory stresses is similar to the one

used by Traupel [2]; we consider for the calculation of the stresses in the hub section

only the vibration along the plane of weakest resistance. This vibration can be

represented for any mode by the dynamic deflection line (see fig. 2).

For any mode of vibration n and at any time t
,
the position of the dynamic

deflection line relative to the neutral axis can be given by
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Fig. 3.2 Blade deflection-line for calculation of the vibratory stresses

yn = Yn (x) cos u^t (5)

where Y represents the fully deflected line.

We assume for our analysis that this deflection line passes through the point

S
, fig. 1 (this is the reason for choosing the reference plane as mentioned in 2.2.2

and shown in fig. 2.3). We assume also that a certain harmonic component of the

dynamic force, represented by

F=Fcos ('2'rTn£-T,) + f' sin ^TTn^-T^
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is applied to the given blade along the plane of vibration. At resonance, by equating

the work done by this force-component on the vibrating blade to the sum of the

kinetic and potential energies, increased by the amount of energy dissipated into

heat, we can describe the maximum deflection of the blade tip q Q by the

relation

, ,
1 2 1 2

T /9 *2 *

0
(6)

In equation (6) 6 represents the logarithmic decrement, which is a measure

of the damping, and Kfi is a constant of proportionality relating the work done on the

blade in order to achieve a certain displacement to the deformation of a certain

defined point (in this case the blade tip deformation q).

In order to simplify the numerical calculation, let us divide all the force harmonic-

coefficients by the steady force component at the mean radius. Thus

Om *0m n F0m

let us introduce also the non-dimensional form of the radial distance

Substituting equations (7) and (8) in equation (6) we get

2 \ / 1 2 1 2

1 ° °
(9) |

The potential energy of the deflection line in the plane of vibration ^ can be

calculated according to the theory of elastic beams, if we neglect all centrifugal

effects, by

-* icS)°'^< !($'**' *»

where E is the Young's modulus of elasticity, and •& is the ratio of the moment of

inertia I of the blade section at any distance x to the moment of inertia of the hub

section I. (both being taken along the plane of vibration).
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According to the definition of K we can write for the potential energy

W =-2- q2
n 2 n

(11)

Comparing equations (10) and (11) we can derive the final expression for K^
as

EIn r n
«2

Kn =

"/ (*"». ^ (12)

Substituting equation (12) in (9) we find

TT

n0_

*2 *S
,

u„ 1
2~um

E I„

r0m

x 2

r „
""

J •*% d$
0

[ JF>nd^ + tf^\d0 (13)

0 0

According to the theory of beams, we can write the following expression for the

bending moment resulting from vibration of the turbine blade

d2Y_
M,

bn 2
dx

EI

which represents the bending moment caused by a maximum deflection Y at any

section along the blade length. Considering fig. 2 this can be written as

EI0

1*

(14)

For the special case of resonance, we can write for the blade hub section, at

which the maximum stresses are assumed to take place,

EI,

0

V£ =

^-"»<01 "°° (15)
max
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Substituting the expression in equation (13) for q _ we get the following
max

relation for the dynamic bending moment at the blade hub-section.

(o) =jl r±u*2 i*31 ;>F°m
J K d1

M.

tamax

1 2 1,

[ fFnund^] + [|Fn und^

"7

(16)

0 0

If we now consider the same blade under the action of the steady force distri¬

bution along its length, we can express the static bending moment caused by this

force distribution in the hub section, as

2 *3 *

Mbs<°) = i um
l F0m {F0* $dS <">

0

Defining the dynamic factor D as the ratio between dynamic and static

bending moments at the blade hub section (£ = 0 ), we have

M (0)

n _

bntaax ,1fl.
Dn max

=

Mbs(0)
(18)

Substituting equations (16) and (17) in equation (18), we find

n max 6*1," 1
ii2

\K^ K$ds (19)

0 0

In order to be able to compare the results obtained here with those given by

Traupel [2] we can rewrite equation (19) as follows

D.
.

I'2u> Kds
n max S

"

1
„

1

f
0

yrj **«„<";] +

0

r 2

' 1 *

J K d^ 2 tfund^ [f*S$d<U
(20)
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For simpification, let us write

D„
mo,

=
-T- »„ S„ (21)

n max 5
n n

'

Comparing equation (21) with (20) we see that

1

2u>> Kd$
H_
n J

I H d1
0

(22)

and

1 2 1

**'
1^

1
°~ (»>

2 rjv*]. [fF0^d^
0 0

In order to calculate the vibratory bending-stresses in the hub section we use

equation (21), which defines the factor DR . This factor represents also the

ratio between the stresses caused in the blade hub-section by the dynamic and the

static bending moments, respectively. Thus the maximum vibratory stress in the

hub section can be given by

bn max n max" bs
'

'

The stress ratio factor D can be calculated from the three equations

(21), (22) and (23).

3.4. Conclusion

A general method has been found for the calculation of the vibratory stresses

in a turbine blade. Equation (24) shows that the maximum vibratory stress may be

evaluated by multiplying the static bending stress in the hub section by the dynamic

factor Dn max
.
This factor can be calculated according to equation (21).

From equation (21) we can see that the vibratory stress depends in general on

three different factors. The first depends on the damping forces acting on the blade
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or the damping capacity of the blade implied by the logarithmic decrement S .

The logarithmic decrement is used here to represent the total damping in the

vibrating system. There are two main types of damping available, the material

damping due to internal friction in the blade material, and the structural damping

due to mechanical fits and joints. It is, however, considered here that 6 is a

property of the material damping, since structural damping is eliminated for the

most part by the centrifugal forces. It has also been assumed that no lacing wires

are used, these represent usually a very important part of the structural damping.

Data about the logarithmic decrement 6 is available for blade materials (see [2] ),

but these can only be considered as approximate values compared to other properties

of materials.

The factor —=— in equation (21) can be considered as the resonance magnification

factor V . This factor represents the ratio of the dynamic deflection amplitude

to the deflection of the same body if acted upon by a steady force equal in magnitude

to that causing the dynamic deflection.

The maximum vibratory stress depends secondly upon the factor H .
From

the form of equation (22) it can be seen that this factor depends on the mode of

vibration, and the blade shape (distribution of the moment of inertia along the blade

length). It can be seen too that this factor is independent of force distribution.

The last and most important factor in the calculation of D
„

is the factor
n max

S
,
which is given by equation (23). We shall call it the dynamic stimulating factor

or stimulus. It depends mainly on the distribution of the dynamic forces along the

blade length, and also the blade deformation. Studying equation (23), we can see tha t

the stimulus can be strongly affected by the radial distribution of the harmonic coeffi-

cients F and F
, or, in other words, the radial distribution of the amplitudes

and phase angles of a certain harmonic n of the exciting force. This fact shows that

the assumption used in most recent researches, that the phase angle is constant along

the blade length, can be totally misleading.

In this chapter it has been shown how to calculate the maximum vibratory

stresses in a turbine blade, using the results obtained in the previous chapter.

These stresses might attain the amplitude level of the centrifugal stresses, especially

for the first harmonic order. Superimposed together it is considered that they can be

potentially very dangerous, particularly as the vibratory stresses have an alternating

character.

The point should also be made here, that the results derived from this analysis

are only approximate, in so far as they are subject to the assumptions stated at

the beginning of this chapter. Even so, the approximation is a very good one, com¬

pared with previous methods, which assume for the stimulus S a certain value,

estimated using a simplified dynamic force distribution (the amplitude and phase
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angle of the different harmonic components being considered constant along the

blade length). In this study the stimulus has been calculated, so that it takes

account of the radial distribution of the dynamic force. The harmonic components

of the dynamic force can be calculated according to chapter 2 and are found to vary

according to the shape and configuration of the blades. Consequently, the stimulus

can vary for the same blade and the same aerodynamic conditions by changing only

the pitch ratio R . We can expect to have certain cases where the stimulus vanishes

and others where it attains maximum values.

In the case of the first harmonic, we may calculate an upper and a lower limit

for the stimulus, thus defining a certain range. These limits then correspond to the

upper and lower limits of the dynamic force.



- 68 -

4. NUMERICAL EXAMPLE

The calculation of the dynamic force and vibratory stresses for a turbine

blade has been discussed theoretically in chapters 2 and 3 respectively. In order to

obtain the practical and physical meaning of the solution, we will now apply this

theory to a numerical example.

It can be seen that the numerical calculations, particularly in the first part

(calculation of the dynamic forces), are likely to be long and complicated, but this

difficulty can be overcome by using electronic computing devices. The calculation

detailed in this chapter was performed with the electronic computer of the Swiss

Federal Institute of Technology in Zurich (details about this computer can be found

in [13]).

4.1. Choice of example

It is very important when choosing an example for the numerical application of

a theoretical study to find one which is as simple as possible, to avoid the different

types of complications. At the same time, the example chosen must possess all the

technical and physical requirements of the problem.

Since the velocity distribution at entrance to the moving row of blades is assumed

in our solution to be known (chapter 2), we must look for an example fulfilling this

requirement. Few measurements have been made under simplified aerodynamic

conditions for twisted blades, especially in a real turbine. Since we tend to simplify

the numerical application and for the above reasons, a simple blade form has been

chosen as an example. Dettmering has published a report on some experimental work

done with a turbine designed specially for the purpose of examining stage losses [14].

In this turbine, which has one stage, the velocity distribution between stationary and

moving rows of blades has been measured for a complete pitch and at several radial

sections. The results have been published in the report mentioned above, and are

such as to fulfil the requirements for a numerical example.

In order to calculate the dynamic-force distribution on a moving blade we require

the velocity distribution behind the preceding stationary row. This has been measured

by Dettmering for the given blade-profile and for different configurations (pitch ratios).

From the different measurements made by him we shall choose only two cases,

corresponding to two different pitches. The basic condition in our choice is the ratio

of the width of the velocity wake at the plane of measurement to the pitch of the

stationary blades. This ratio is considered very important, since it determines the

magnitude of the different harmonic components of the dynamic force, as will be seen
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Blade chord "c" = 35.5 mm.

Blade breadth"b"= 26.6

Geometrical angles a0 = 96° a1 =20.5°

y = 48°

Fig. 4.1 Coordinate system and main geometrical data for Dettmering's blade-profile

later. In the first case, a small pitch is chosen, in which case the wake-width ratio is

relatively large, because of boundary-layer interference from adjacent blades, whereas

in the second case a relatively low ratio is achieved by choosing a larger pitch. It

should be added, however, that both pitches are in the aerodynamic optimum-range

for this blade configuration.

Table 1 gives the coordinates and main geometric data for the Dettmering blade

used in our example, using the notation of fig. 1.

The blades in the moving and stationary rows are similar, as in the case of a

typical 50 % reaction stage. The blade chord angle ^n is constant for both the cases

used, and at all radial sections. The same profile is used along the blade length.
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Table 1 Profile coordinates for Dettmering's blade

x'/c y1
D

*
mm

y*
s
mm

0 y' =2.15

0.1 0.25 8.35

0.2 1.30 10.50

0.3 2.45 11.35

0.4 3.40 11.35

0.5 3.90 10.60

0.6 3.80 9.20

0.7 3.30 7.40

0.8 2.35 5.25

0.9 1.20 3.00

1.0 >
1

r' =0.50

The velocity behind the stationary row of blades was measured along seven

different coaxial surfaces and for a complete stationary-blades pitch. This was done

by means of athree-hole cylindrical probe, which measured the magnitude and direction

of the absolute velocity at a small distance from the stationary-blade trailing-edge

(5 mm). The axial clearance between the two rows was equal to 12 mm. The stationary

row contained 40 blades in the first case, and 32 blades in the second. For simplicity

we shall designate these two configurations with the following abbreviations

Dett. 40/48 for the first configuration (case)

Dett. 32/48 « » second "

(48 denoting the chord angle jf0 )

Furthermore, we will identify the coaxial surfaces along which the velocity distribution

was measured by the notation MP 1-7. Table 2 shows the position of these surfaces

along the blade length, as well as the corresponding blade pitch T
.
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Table 2 Position and pitches of the coaxial surfaces of measurement

MP radius

r mm

r/r
'
m

T' mm f = T*/l*

Dett. 40/48 Dett. 32/48 Dett. 40/48 Dett. 32/48

1

2

3

4

5

6

7

123.5

129.5

135.4

141.5

148.0

154.5

164.0

0.875

0.915

0.957

1.000

1.046

1.092

1.138

19.40

20.34

21.28

22.23

23.25

24.27

25.29

24.25

25.43

26.61

27.78

29.06

30.34

31.61

0.473

0.495

0.519

0.543

0.567

0.592

0.617

0.592

0.621

0.650

0.677

0.710

0.740

0.771

In order to use non-dimensional analysis from the beginning, we will choose our

reference parameters according to 2.2.2
. The reference length 1 in this case is

very simple to choose since, for cylindrical stages, it is constant along the flow

direction. The experimental turbine used rotates at constant angular velocity of

8000 r.p.m. The resulting reference paramters can be given by

« *
2 IT r_ n _i

1 = 41 mm, and um = —" = 118.59 m sec

The last two columns in table 2 give the non-dimensional pitch T = T /l for

both the configurations (Dett. 40/48 and Dett. 32/48).

It should be stated that the velocity distribution behind the stationary row of

blades was measured for two different conditions:

1. Without moving blades and with the rotor stationary. In this case the tip clearance

of the stationary blades was zero.

2. With the rotating turbine-shaft and moving blades. In this case the radial clearance

of the stationary blades was one millimeter.

The results in both cases were similar. For our example we shall consider only

the second case, since it represents the actual conditions in the turbine.
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Fig. 4.2 Total-pressure-loss coefficient for stationary row of blades type Dett. 40/48

as a function of pitch-angle

4.2. Evaluation and harmonic analysis of the velocity distribution

The velocity distribution, as measured in a plane behind the stationary row of

blades, is not given explicitly in Dettmering's report, but instead the distribution of

the total-pressure-loss coefficient. This distribution depends on the velocity distri¬

bution required, and on the static pressure drop across the stationary row. The total-

pressure-loss coefficients between two parallel planes before and after the stationary

row of blades are plotted in figs. 2 and 3 for the two configurations examined. The

distribution is given along one pitch, and for the seven measuring stations (MP 1-7).

The pitch is transformed into pitch angle in order to give the same value at all radii.

It can be seen frcro these figures that the wakes at the different radial sections
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Fie. 4.3 Total-pressure-loss coefficient for stationary row of blades of the type

Dett. 32/48 as a function of pitch-angle

possess a certain phase shift relative to each other, which is caused by the fact that

the trailing edge of the stationary blades is inclined at a certain angle to the radial

direction. We shall refer all our analysis to a fixed radial axis in order to take

account of this phase shift in the calculations. On the other hand, the moving blade

leading-edge takes a radial direction so that the zero-point choice of our coordinate

is immaterial. The end walls (casing and hub) might also affect the position of the

wakes near them, as is shown in figs. 2 and 3, and this possibility will be considered

in the calculations.

The total-pressure-loss coefficient t (<p) ,
which is considered as a function

of the pitch angle ip ,
is defined as

S<H»:
g0

-

gt (t)
(i)

where gQ is the total pressure before the stationary row of blades and is considered

to be independent of the pitch angle ip , qu is the dynamic pressure in the same

section (equal to -i-
cQ ), and g, is the total pressure behind the stationary row of
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blades, which is considered to be a function of ip . Assuming that the static pressure

before and after the stationary-blades, and at the planes where the measurements are

made, is constant along the pitch, and knowing too that

? „2
S0

=

p0 + q0 =

p0 +

y c0

9 2

gl
=

Pl + ql (<P) =

Pi + f- Cl {T > (2)

P0
" Pl

Air = — 1
S

%

we can write for equation (1) the expression

cx (f)

c0
yA7Ts + l- EJ «p)'

*

Inse rting u as a reference velocity, we can rewrite this in non-dimensional

form as

c1(4')=c0 \Iatts + i- ^ (ip)' (3)

Equation (3) establishes the relationship between the absolute velocity C-, (<p )

and the total-pressure-loss coefficient C, (ip) which is given in figs. 2 and 3. This,

however, assumes a knowledge of the static pressure drop A TT
,
and this was

measured by Dettmering and given in his report.
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In order to obtain the three velocity components Wal, Wtl and W
,
which

are required for the analysis, we can write

Wal = Cl sin al ^

Wtl = Cl cos ^
1

" ^ ^

W =C1 -

/J. COS OOj (6)

The exit flow angle X * was also measured by Dettmering. It is given in his

report as a function of the pitch angle, however the variations given are so small

that we can neglect them. It is also possible that these variations were caused by

the relatively large diameter of the three-hole cylindrical probe used for the measure¬

ments, particularly since the flow field inside the wake contains relatively high velo¬

city gradients. It is assumed that po - is constant along the pitch and the geometric

mean value will be used. Table 3 gives the value of A TT
s

and oc
j

at the

different measuring sections along the blade length, as given in the report.

Table 3 Static pressure drop and flow angles at the different radial sections

MP

Dett. 40/48 Dett. 32/48

ATTS
— O

al A1Ts (X.

1

2

3

4

5

6

7

12.40

10.90

11.77

11.47

10.95

10.70

10.95

19.60

18.75

17.60

19.00

19.55

21.25

24.10

8.80

7.90

8.15

7.76

7.30

6.70

6.75

21.10

21.05

19.80

21.60

22.00

24.00

26.30
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Fig. 4.4 Axial component of the flow-velocity behind a stationary row of blades of the

type Dett. 40/48

Fig. 4.5 Tangential component of the flow-velocity behind a stationary row of blades

of the type Dett. 40/48
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Fig. 4.6 Velocity component causing changes in flow-direction at entrance to the

rotating row of blades. Stationary row of blades type Dett. 40/48

For the absolute flow velocity at entrance to the stationary row Cq
following values are given in Dettmering's report

-1

the

Dett.

Dett.

40/48

32/48

= 37.4 m.sec

= 43.1 «

C0 = 0.3158

0.3650
"0

""

~0

The velocity components Wal, Wf, and W at entrance to the moving row of

blades are given for both configurations in figs. 4-9. These components are calculated

according to equations (3), (4), (5) and (6), using values of ^ (ip ) taken from figs.

2 and 3. They are plotted against the pitch angle ip (one complete pitch corresponds

to 9° for Dett. 40/48 and to 11.25° for Dett. 32/48). The zero line is taken as a

radial line.

On examining figs. 4-9 we notice for the velocity distribution that

1. The width of the wake relative to the pitch of the stationary-blades is larger

for the configuration Dett. 40/48 than for Dett. 32/48.

2. The form of the wake in each case is similar along the blade length except near

the hub and the casing, where it is largely affected by the boundary layer along

these two surfaces.

3. The wakes are, ingeneral, shifted by an approximately constant phase angle
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Fig. 4.7 Axial component of the flow-velocity behind a stationary row of blades

of the type Dett. 32/48

n'<l>

Fig. 4.8 Tangential component of the flow-velocity behind a stationary row of blades

of the type Dett. 32/48
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Fig. 4.9 Velocity component causing changes in flow-direction at entrance to the

rotating row of blades. Stationary row of blades type Dett. 32/48

(this does not apply to the casing and hub sections). This constant shift can be

attributed to the angular deviation of the stationary-blades trailing-edge from the

radial direction.

In order to calculate the dynamic force, it is necessary to express these velo¬

city-distributions, which are periodic functions with a period equal to t'
,
in the

form of a harmonic series. Since they are given numerically, it is necessary to have

a numerical method of calculating the harmonic coefficients. For this purpose the

electronic computing machine "ERMETH" was used, for which a library program

for harmonic analysis is available [13]. This program is based on the numerical

method by Runge for the calculation of the harmonic coefficients of a certain function

which is given numerically [15J. The number of coefficients calculated depends on

the number of points available to describe the function. However, the shape of the

function analysed also affects to a certain extent the number of ordinates required

for the harmonic analysis, in order to achieve a certain accuracy. From figs. 4-9

we see that, for the relatively large wake of the configuration Dett. 40/48, we can
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Fig. 4.10 Mean velocity-components as calculated by harmonic analysis

represent the fjnction accurately enough by dividing the pitch (period) into 16 equal

divisions. In the second case of Dett. 32/48, we must, however, use 30 equal

divisions to obtain a similar accuracy in the results, on account of the relatively

small width of the wake.

In the calculation of the dynamic force we are interested in the first three

harmonics; we shall, therefore, consider only the first six harmonic orders of

the velocity distribution calculated. It is expected that harmonic orders higher than

the sixth will have only a negligible effect on the first three harmonic components

of the dynamic force. Tables 4 and 5 give the harmonic coefficients a
.
b

. c
n' n' n

and dn (see equations (2.35) and (2.36), and the definitions of the coefficients

which follow), for the first six harmonics. The mean velocity components Waln
and Wjjq are also given in these two tables (aQ and cQ respectively).

The harmonic coefficients given in tables 4 and 5 will be used according to the

method given in chapter 2 for the calculation of the axial and tangential components
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of the dynamic force. The fact that these coefficients are calculated from a measured

velocity distribution can be seen in fig. 10, in which the mean axial and tangential

components of the flow velocity, as calculated from the harmonic analysis (aQ and

Cq in tables 4 and 5), are plotted for the different sections (MP 1-7), i. e. along the

blade length ^ . It can be seen how the different points are scattered on either

side of the drawn curves. This scatter is mainly due to discrepancies in the measure¬

ment of the velocity distribution. We shall, however, accept the coefficients as

calculated and given in tables 4 and 5, without trying to correct them according to

fig. 10. This will naturally affect the value of the dynamic force calculated, but we

can correct it. This procedure is justified by the fact that higher harmonic orders

of the dynamic force are not seriously affected by the zero harmonic order of the

velocity distribution (a.n and Cq) as will be seen later. Consequently the effect of

the scatter in the measured values of the mean velocity-distribution will be smaller

for the calculated force components of the first and higher orders. The correction

will be easier for the forces than for the velocities.

Table 6 Velocity component Wj required for the calculation of the upper limit of

the dynamic force.

MP 1 2 3 4 5 6 7

Dett. 40/48

Dett. 32/48

0.1049

0.0809

0.0362

0.0300

0.0143

0.0254

0.0361

0.0202

0.0303

0.0204

0.0265

0.0235

0.0532

0.0361

The velocity component W, required for the calculation of the upper limit of

the dynamic force (see 2.4.2) is given in table 6, for both blade configurations.

In order to be able to examine the effect of each of the harmonic coefficients

of the velocity distribution on the calculation of the dynamic force, and particularly

their effect on the first three harmonic components, we must study fig. 11. This

figure shows the degree of convergence of the harmonic series representing the

velocity distribution at entrance to the moving row of blades. The amplitudes of the

different harmonics between 1 and 6 are defined by

(7)
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0.04

0.03

0.02

0.01

1 2 3 i 5 6 n

Fig. 4.11 Amplitudes of the different harmonic components of the relative flow-velocity

at entrance to the moving row

and have been plotted for the mean blade radius of both configurations

(MP 4), since only a qualitative analysis of the two types is needed. For

the most part, this is a comparison between the convergence properties of

the two cases, which are expected to affect the relative values of the dif¬

ferent harmonic orders of the dynamic force, as will be seen later. Fig.

11 shows that the convergence of the harmonic amplitudes for the configuration

Dett. 40/48 is stronger than for the other configuration. It follows therefore that

the harmonic components of the dynamic force can be expected to show the same

tendency. However, it is difficult to make any quantitative statements about these

components, since they depend so much on shape and configuration of the moving blades.

The calculation of the transformed harmonic coefficients A. B
,
C and D

n' n' n n

(see equations (2.39-42)) will be discussed together with the calculation of the dynamic

force.

—

— Dett. il

Dett.3;
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4.3. Determination of the blade form-parameters

It has been shown in chapter 2 how the axial and tangential components of the

dynamic force depend on the shape of the moving blades and the configuration of

both the moving and the stationary blades. This relation has been given in the form

of the two parameters K and Kt ,
which are defined according to chapter 2, equations

(11) and (16), as

Ka = 2R f [g.-ainp] dS

(8)

K=2R cos (3
0

dS

2*^

5 20

10

0 0

> (Kt/R2)

(Ka/R')—

15 20 25 30 35 40 T

mm

Fig. 4.12 Axial and tangential form-parameters for Dettmering blade
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(U 09 TO It 12 13 U 1.5 16R

Fig. 4.13 Turbine-blade form-parameter "K " for the calculation of the dynamic force.

Stationary row type Dett. 40/48

ttS 03 ID tl U U U IS 16 R

Fig. 4.14 Turbine-blade form-parameter "Kt" for the calculation of the dynamic force.

Stationary row type Dett. 40/48
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Fig. 4.15 Turbine-blade form-parameter "K "for the calculation of the dynamic force.

Stationary row type Dett. 32/48

07 OB 0.9 to tl t2 13 R

Fig. 4.16 Turbine-blade form-parameter "Kt" for the calculation of the dynamic force

Stationary row type Dett. 32/48
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It can be seen that they depend on the shape of the mean stream line of the blade

channel, which in turn depends on the form and pitch of the blades. The calculation

of these parameters for our example has been done by drawing the potential flow

pattern for the different blade configurations (different pitches). We can consider the

mean stream line in this case to be a good approximation to the actual one (small

differences may be caused by the unsteady character of the flow), particularly since

the flow pattern has been drawn to a large scale (10:1). The calculation is done for

different pitches covering the range required for the minimum and maximum pitches

anywhere along the length of the moving-blades. This range corresponds to the mini¬

mum and maximum pitches examined in Dettmering's report and are given by

T"min = 15.52 mm T»max = 40.46 mm

The ranges for the pitch ratio R corresponding to the above pitches are as

follows

Dett. 40/48 Rmin = 0-8 Rmax = 1-6

Dett. 32/48 Rmin=0-7 ^a*"1'3

(these values have been rounded for simplicity)

2 2
From the form of equation (8) it is quite simple to prove that K /R and IC/R

are functions only of the pitch of the moving blades T". The values of these functions

as calculated according to the above procedure are shown in the two curves in fig. 12,

and are used to calculate the form parameters for any section along the blade length

(in our case MP 1-7), and for different pitch ratios R . The pitch ratio and the pitch

of the moving-blades are calculated according to the stationary-blades configurations
2 2

and the pitch-ratio range given. The corresponding values of K„/R and KVr are
n a r

then taken from fig. 12, and multiplied by R to give the required form parameter.

Figs. 13-16 show the form parameters K and Kt for the two configurations used,

and for different pitch ratios.

4.4. Calculation of the dynamic force

The dynamic force on the turbine blade in our example will be calculated according

to the method described in chapter 2. This method involves the determination of the

various harmonic orders of the axial and tangential components of the dynamic force,

and requires a knowledge of the velocity distribution at entrance to the moving row of

blades. The necessary form of this velocity distribution to suit our analysis has already

been established in 4.2. The values of the directional components of the dynamic force

depend also on the shape of the moving blades, as well as on the configuration of both
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the moving and stationary blades (see chapter 2). This latter effect is expressed by

the form parameters calculated according to chapter 2, and given for the two confi¬

gurations (Dett. 40/48 and Dett. 32/48) in figs. 13-16. The dynamic forces will be

calculated for the pitch-ratio ranges given in 4.3.

In order to cover this wide range of pitch ratios and to cope with the complexity

of the numerical calculation of the dynamic force, it was necessary to use a fast

computing machine; the electronic computer "ERMETH" [13] was used for this purpose,

and a special program has been written for the calculation of the dynamic forces. Thus

it was possible to complete the analysis in a relatively short time.

The main problem during the programming and calculation was that of setting

the upper limit of the dynamic forces. Before stating the results of the computation

it is necessary to explain the conditions under which the upper limit has been calculated,

as well as to choose a simple method for its computation.

0 90 180 270 360* V

Fig. 4.17 First harmonic amplitude of the upper limit of the dynamic force

Blade type Dett.40/48 Pitch ratio =0.8
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4.4.1. Choice and calculation of the upper limit

It has been explained in 2.4.2 how the upper limit of the dynamic force may be

calculated. This depends, as is seen from equations (2.56) and (2. 57), on the harmo¬

nic velocity component W^ ,
which represents the first harmonic amplitude of the

flow-velocity component responsible for changes in flow direction at entrance to the

moving row of blades. It depends also on the phase shift between the unsteady flow-

direction changes at entrance and exit to the moving-blades row f • In other words,

for a certain given velocity distribution, the upper limit of the dynamic force depends

on the phase angle ^ . According to equations (2.56) and (2.57) a maximum value

of the upper limit can be calculated, which corresponds to a certain phase angle

denoted by ty
max

.
A preliminary calculation was done to study the changes

in the upper limit corresponding to different values of the phase angle If . The

final aim of this study is to find the simplest method of calculating the upper limit

of the dynamic force.

A specific blade configuration has therefore been chosen (Dett. 40/48, R =

0.8 and 1.2), and the corresponding upper limit has been calculated with the phase

angle varying between 0 and 2 TT . In figs. 17 and 18 the relative first-harmonic

amplitudes of the upper limit of the axial and tangential components are plotted as

a function of the phase angle M/ • These relative amplitudes are defined for the

axial and tangential components respectively as follows.

V,

R,

K* AFal) + Kl + A<l)2
F
aO

^(Ftl + AFtl) K (Ftl + ^t'l)2
(9)

tl V
u Ft0

On studying these two figures, we can see that the maximum value of the upper

limit corresponds for each section (MP 1-7) to a certain phase angle 4*
,
as

max

expected; however, the value of this phase angle differs along the blade length (^
max

is not the same for each of the coaxial surfaces of measurement, MP 1-7). This

means that the phase shift between the unsteady flow-direction changes at entrance

and exit of the moving-blades row is not the same for all the sections along the blade.
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as was shown in chapter 3, on the energy added to the blade, most of which is added

at the blade tip (for the first mode of vibration). It might therefore be expected that

the chosen ty
max

should correspond to one of the sections near the blade tip.

The calculation of the upper limit of the dynamic force is based on the above

analysis. The phase angle 4*
fflax

is calculated for either MP 6 or MP 7 and the

corresponding upper limit is found for all other sections. In order to limit the number

of results given we shall try to find out for which of the two surfaces (MP 6 or MP 7)

we should calculate the phase angle ty
max

. For this prupose, the radial distri¬

bution of the first harmonic amplitude of the dynamic force for Dett. 40/48 and Dett.

32/48 has been plotted in figs. 19 and 20 respectively (R =8.0). Lower and upper limits

have been given, the upper limit corresponding to VJJ for both MP 6 and MP 7
.

In the first case we can see that the effect of the casing is so strong that it shifts

the phase angle V
max

(MP 7) far away from other maxima, as seen in fig. 17. As

a result, and as shown in fig. 19, the radial distribution of the first harmonic amplitude

of the upper limit corresponding to MP 7 is even smaller than the lower limit along

most of the blade length. On the other hand, if
mgx

corresponding to MP 6 yields

a higher radial distribution as shown. This fact leads us to choose lp correspon-

o lower limit

o upper limit forMPfc

— upper limit torMP7

10 f

Fig. 4.19 First harmonic amplitude of the axial & tangential components of the

dynamic force

Stationary row type Dett. 40/48, Pitch ratio =0.8
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o lower limit

a upper limit forMP7

R. + upper limit for MP6

1 2 3 U 5 6 7 MP

(

1

\
\

V AI axial

(^ r-'^ ntial
nge

i

0 0.2 0A 0.6 0.8 1.0 5

Fig. 4.20 First harmonic amplitude of the axial & tangential components of the

dynamic force

Stationary row type Dett. 32/48, Pitch ratio =0.8

ding to the coaxial plane MP 6~ for the configuration Dett. 40/48.

In fig. 20 for Dett. 32/48, we can see, however, that the difference between the

two distributions, corresponding to H1 for MP 6 and MP 7, is quite small. The

calculated vibratory stresses can be expected to be very nearly the same, and, there¬

fore, either of them could be used. For the second configuration (Dett. 32/48) we will

choose H* corresponding to the coaxial section MP 7
.

The fact that the above analysis is done only for a single pitch ratio (R = 0.8).

should not disturb us, because according to chapter 2, the radial distribution of the

dynamic force is expected to be similar for a given stationary-blades configuration,

and only the force level or absolute value varies with different pitch ratios. This fact

will be seen later when discussing the main results.

4.4.2 Radial distribution of the dynamic force

The radial distribution of the dynamic force is required for the calculation of the

vibratory stresses. The results obtained for the harmonic components of the dynamic

force can be given either as the sine and cosine coefficients F^, F^ , Ftn and F^
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or in the form of harmonic amplitudes and phase angles. The latter are related to

the former by the following relations:

For the amplitude of the lower limit, we may write

II

l/ F2 +F'2'
V an an

"aO

II
ik«;*'

Ranl

tnl F

(10)

to

and for the phase angle we have

1 / Fan
f0„ = tan . -,

an. I F'

V =tan

an

Ftn

(11)

For the upper limit, we can write similar expressions with the upper limit

coefficients.

The radial distribution of the harmonic amplitudes and phase angles are given

in figs. 21-30 for various pitch ratios, for the two configurations Dett. 40/48 and

Dett. 32/48. The pitch ratio range has been chosen according to 4.2, making use of

the common range for the two configurations. This range varies between R = 0.8-1.3.

Figs. 21-25 give the radial distribution for the configuration Dett. 40/48 and

for the pitch ratios R = 0.8, 0.9, 1.1, 1.2, and 1.3. The pitch ratio R = 1.0 is not

given because according to the theory, only the upper limit of the first harmonic

order exists, the other harmonics being zero. These figures show the harmonic

amplitudes and phase angles of the first three orders plotted against the non-dimen¬

sional blade length coordinate £ ( P varies from zero at the blade hub section

to unity at the tip). Fig. 26-30 show the same for the configuration Dett. 32/48.

Studying these figures, we can deduce that:

1. The radial distribution of the harmonic amplitudes is nearly constant along the

middle part of the blade length, whereas at both the hub and the tip ends it varies
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Stationary row type Dett 40/48

Pitch ratio * 0 9

1st harmonic

2nd harm

3rd harmonic

02 D-i US OS IDF

a Harmonic amplitudes
b Harmonic phase angles

04 0,6 Q« 10 f

a Harmonic amplitudes b Harmonic phase angles

Fig. 4.21 Fig. 4.22 Fig. 4.23

Stationary rev* typt Ctett 4.Q/4S

Pitch r«i« s 11

02 M 0t 08 10^
a. Harmonic amplitudes b Harmonic phase angles

Figs, 4.21.... 25 Harmonic amplitudes & phase angles

for the axial & tangential components

of the dynamic force

b Harmonic phase angles

Fig. 4.24 Fig. 4.25
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R, Stationary row type Dett. 32/48
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Fig. 4.26

Stationary row type Dett 32/48

Pitch ratio 1 2

- 1st harmonic

—— 2nd harmonic

3rd harmonic

a Harmonic amplitudes

Fig. 4.29

Stationary row type Dett 32/48

Pitch ratio = 09
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Figs. 4.26.... 30 Harmonic amplitudes & phase angles

for the axial & tangential components

of the dynamic force

a Harmonic amplitudes b Harmonic DnaM anglo*

Fig. 4.30
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strongly. This can be attributed to the velocity distribution before the moving

row of blades, as shown in figs. 4-9. The magnitude of any harmonic amplitude

Rn is proportional to the shape of the velocity-wake, and especially to its height,

we can therefore see at once from figs. 4-9 the cause of this resulting radial

distribution of the different amplitudes of the dynamic forces. The wake height

and form for both row configurations are nearly constant along the middle part

of the blade length. Hub and casing walls affect the wake form and consequently

the dynamic-force harmonic amplitude. This can be seen very clearly in the

difference between the radial distributions at the tip section (MP 7) for Dett.40/48

and Dett. 32/48. The decrease of the amplitudes at this section relative to the

adjacent section (MP 6) for Dett. 40/48 is due to the similar decrease in the

velocity-wake heights, whereas in the case of Dett. 32/48 both the amplitudes

R and the wake height increase towards the tip section.

2. The radial distribution of R for a given configuration is similar for the

different pitch ratios. On the other hand, the absolute values of these harmonic

amplitudes vary according to the pitch ratio and as expected in 2.3.2. These

variations will be discussed in detail later in this chapter.

3. The radial distribution has been drawn according to calculations based on the

measurements of the velocity components discussed in 4.2. The distribution is

extended to the tip section of the blade ( ^ = 1) by means of extrapolation.

This can be partly justified by the fact that MP 7 lies very near to the tip

(see 4.1). Extrapolation to the hub section is not as accurate as for the tip

section, because of the steepness of the radial distribution of R at this

section. This part of the distribution near the hub is, however, not necessary

for the calculation of the vibratory stresses, since the energy added to the blade

at this part near the hub is negligible, due to the small deflection.

4. In the first case (Dett. 40/48), the first harmonic amplitude of the dynamic

force is relatively large, whereas in the second case, the second and third

harmonics possess amplitudes as large as the first. This phenomenon is attributed

to the relative width of the velocity-wake with respect to the pitch of the stationary

blades, which is larger for the first configuration than for the second one. These

results are also explained by the values of the different harmonic amplitudes of

the velocity distribution, as shown in fig. 11.

5. Along most of the blade length the upper limit amplitudes of the first harmonic

lie for both configurations above the lower limit. This is consistent with the analy¬

sis of 4.4.1. This part in which the upper limit exceeds the lower is important for
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the calculation of the vibratory stresses, since most of the energy is added to the

blade in this part, whereas only a negligible amount of energy is added to the other

part (near blade's hub-section).

6. The phase angle ip is found to be proportional to the phase shift between the

different wakes in the velocity distributions shown in figs. 4-9. The radial

distribution of the phase angle ip along the blade length is approximately

linear in the middle part (most of the blade length), and drops suddenly near the

hub (see velocity distribution); furthermore, a slight drop is also to be seen

near the tip section. This distribution can be directly attributed to the relative

positions of the velocity wakes shown in figs. 4-9.

7. A slight difference can be noticed between the phase angle of the axial and tangen¬

tial components of the dynamic force. This difference grows smaller for higher

harmonic orders and is negligible compared with the total phase-angle range.

8. The phase angle distribution of the upper limit differs slightly from that of the

lower limit. This difference is mainly due to the part added to the lower limit

of the dynamic force to form the upper limit. This part need not necessarily have

the same phase angle as the lower limit.

9. The ratio between the range of variations in the phase angle ip along the

blade length for the first, second and third harmonic orders respectively is

approximately 1:2:3. This is due to the fact that the periods of these orders

possess geometrically the inverse ratio to each other, and since <p depends

on the geometrical distribution of the velocity-wakes position, it ought to vary

in the range corresponding to the above ratio.

10. The absolute value of the phase angle varies for the different pitch ratios, but

the distribution-form and range remain very approximately the same. The

variation of the absolute value of ip can be attributed to the choice of the

origin point of the coordinate-system, which is chosen according to the stationary

blades.

In order to explain the variations in the absolute values of the different harmonic

amplitudes, we must plot the different harmonic amplitudes of the axial and tangential

components of the dynamic force against the pitch ratio R .
As before, only the first

three harmonic orders will be chosen, and the analysis will be done for only one radial

section of the blade length, other sections being considered similar. We choose the

mean section of the blade length MP 4 for this purpose. The pitch-ratio ranges for

which the dynamic force will be given are chosen according to 4.4.2.
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Fig. 4.31 Harmonic amplitudes of the axial & tangential components of the dynamic

force for stationary row type Dett. 40/48 & different pitch ratios
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Fig. 4.32 Harmonic amplitudes of the axial & tangential components of the dynamic

force for stationary row type Dett. 32/48 & different pitch ratios
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Figs. 31 and 32 give the results for the two configurations 40/48 and 32/48

respectively. From these two figures, in which both the axial and the tangential

components of the harmonic amplitude R has been plotted, we can see that:

1. The amplitudes of the different harmonics depend to a great extent on the pitch

ratio R
,
as expected (for a particular configuration). For each harmonic order,

there are certain pitch ratios at which the amplitude is zero, as expected by the

analysis in 2.3.2.

2. The amplitudes of the first and second order harmonics of the first configuration

(Dett. 40/48) are higher than those of the second configuration, whereas that of

the third order is lower. This is mainly due to the shape of the velocity wake

at entrance to the moving row of blades and can be seen from the converging

character of the different velocity harmonic-amplitudes shown in fig. 11.

3. The upper-limit difference of the first order is relatively small. This means

that the approximation in its calculation is of minor importance to the absolute

value of the dynamic force.

4.4.3. Mutual effects of the different harmonic orders on the dynamic force

It is of great importance to study the effect of the different harmonic orders

on each other, in other words, to study the effect of higher and lower orders of

the velocity distribution on a certain harmonic order of the dynamic force. In order

to be able to do this, we will choose a certain pitch ratio for which all harmonic

orders of the dynamic force have relatively large amplitudes, and study these mutual

effects for the mean section MP 4. The different harmonic coefficients F
,

F„'
,

an' an'

F. and F. will be calculated for the first three orders. In each case a certain

higher or lower harmonic order of the velocity distribution coefficients a
,
b

,
c

n' n' n

and d will be neglected, thus studying their effects on the calculated coefficients of

the given harmonic order.

Tables 7 and 8 give the results of these studies for Dett. 40/48 and Dett. 32/48

respectively (R = 1.2).



- 104 -

Table 7 Harmonic coefficients of the dynamic force as calculated after neglecting

higher and lower orders of the velocity distribution harmonics; Dett. 40/48.

n neglected
order

Fan F
an Ftn Ft'n

1 no

2

0 & 2

0.095326

0.095326

0.094430

-0.024138

-0.024139

0.015717

0.027691

0.027690

0.026874

0.004083

0.004096

0.003071

2 no

3

1& 3

0,1 &3

-0.030060

-0.030060

-0.030061

-0.032945

-0.094994

-0.094994

-0.094994

-0.094761

0.001312

0.001315

0.001327

-0.002058

-0.025728

-0.025727

-0.025729

-0.025454

3 no

4

2&4

1,2 &4

0,1,2 & 4

-0.045293

-0.045293

-0.045293

-0.045293

-0.045362

-0.016483

-0.016483

-0.016482

-0.016482

-0.015559

-0.012120

-0.012120

-0.012122

-0.012122

-0.013667

-0.001983

-0.001983

-0.001990

-0.001990

-0.000917

Table 8 Harmonic coefficients of the dynamic force as calculated after neglecting

higher and lower orders of velocity distribution harmonics; Dett. 32/48.

n neglected
order

Fan Fan Ftn FL

1 no

2

0 & 2

0.037483

0.037484

0.035625

-0.003320

-0.003319

-0.007268

0.014059

0.014064

0.012097

-0.001533

-0.001523

-0.005695

2 no

3

1 &3

0,1 & 3

-0.064033

-0.064033

-0.064032

-0.066140

-0.062401

-0.062402

-0.062402

-0.059868

-0.013269

-0.013300

-0.013297

-0.015523

-0.015613

-0.015595

-0.015598

-0.012917

3 no

4

2 &4

1,2&4

0,1,2 & 4

-0.000287

-0.000237

-0.000288

-0.000288

0.001709

0.044501

0.044501

0.044501

0.044501

0.045010

-0.006676

-0.006677

-0.006684

-0.006684

-0.004676

0.016896

0.016896

0.016894

0.016894

0.017429
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The results in both cases prove that only the same harmonic order of the velo¬

city distribution at entrance to the moving-blades row is responsible for the greatest

part of a certain dynamic-force harmonic-component. Higher and lower orders have

only negligible effects on the results as shown in both tables. The effect of the zero

harmonic order or steady component of the velocity distribution on the different

harmonic components of the dynamic force has also been calculated, and given in

the tables 7 and 8.

These results are considered very important, since they prove that any particular

harmonic component of the dynamic force on a moving turbine blade is governed to a

large extent by the same harmonic component of the velocity distribution before

entrance to that row of blades, and that the effects of other orders can be

neglected.

It is to be noticed too, on studying the two tables together, that the effect of the

lower orders is usually larger than that of the higher orders, and this is mostly

attributed to the convergence of the velocity-distribution harmonic-coefficients.

Furthermore, the mutual effect for the second configuration is larger than the first,

but the difference is of no importance to the absolute values of the results.

The effect of the pitch ratio in this study can be seen from the distribution of
i i

the increase or decrease among the different coefficients F
, Fan, F. and F. .

This can be justified by studying both equations (2.40) and (2.47).

In this way we conclude the calculation of the dynamic-force distribution along

the turbine blade length. The results are given in one particular form which is simple

to interpret and understand (amplitude and phase angle). The other way of representing
the harmonic components of the dynamic force (sine and cosine form) will be used in

the calculation of the vibratory stresses according to chapter 3.

4.5. Calculation of the vibratory stresses

The calculation of the vibratory stresses follows the method given in chapter 3.

This method is based on a knowledge of the radial distribution of the different harmonic

components of the dynamic force, and the natural modes of vibration of the given blade.

The energy added to the vibrating blade in resonance is used to calculate these stresses.

It is assumed that the maximum bending stress occurs at the hub section of the blade,

due to vibration along the weakest direction of resistance (for untwisted blades).

4.5.1. Considerations of harmonic resonance

One of the assumptions made in the calculation of the vibratory stresses is that

a condition of resonance exists between a certain harmonic component of the dynamic
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force and a natural mode of vibration of the blade being examined (see 3.1). This does

not apply to our example, since the measurements of the velocity distribution for both

the configurations used (Dett. 40/48 and Dett. 32/48) were made at a single, constant

turbine speed (8000 r.p. m.), and this does not correspond to resonance -with any

natural mode of vibration of the blade.

To avoid this difficulty, we shall consider a geometrically larger or smaller

turbine running at a higher or lower speed according to the conditions dictated by the

non-dimensional analysis. Doing this results in

a. Changing the natural frequency of the examined blade (constant cross section),

since, for geometrically similar blades, the natural frequency is inversely

proportional to the blade length [2].

b. Changing the frequency of the exciting force by changing the turbine speed.

It must be noticed, however, that the changes in blade geometry and turbine

speed are to be chosen in the correct sense required to achieve resonance. By doing

this, some changes may occur in the Reynold's number; however, their effect on the

velocity distribution (which must be non-dimensionally the same) can be neglected.

In this manner, we may apply the results obtained in 4.4 for the radial distri¬

bution of the different harmonic components of the dynamic force, and calculate the

vibratory stresses at any condition of resonance, and for any harmonic order.

Fig. 4.33 Dynamic deflection-line for a turbine-blade with a constant cross-section,

one end fixed and the other free.
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4. 5.2. Calculation of the dynamic deflection line

One of the main factors in the calculation of the vibratory stresses is the dynamic

deflection line, or the displacement of the elastic line of the turbine blade at resonance.

This deflection line depends on different factors: a) distribution of the turbine blade

cross-section along the blade length, b) fixing of the blade end, and c) harmonic order

of the mode of vibration. Our example of the Dettmering profile represents one of the

simplest cases. The blade is considered as a non-twisted bar with a constant cross-

section, fixed at one end and free at the other. The dynamic deflection line in this

case is calculated for the different harmonic orders according to appendix I.

The results for the first, second and third orders are given in table 9 for

small intervals of £ (0.05), such as might be needed for the numerical integration,

and are also plotted in fig. 33. In both cases, u represents the non-dimensional

deflection-line as defined in 3.3.

Table 9 Non-dimensional deflection functions u
n

5 "1 "2 °S

0 0 0 0

0.05 0.00428 -0.02523 0.06696

0.10 0.01575 -0.09255 0.22784

0.15 0.03879 -0.188S3 0.42445

0.20 0.08380 -0.30083 0.60413

0.2S 0.09719 -0.41898 0.72427

0.30 0.13635 -0.52582 0.75632

0.35 0.18071 -0.81736 0.68860

0.40 0.22989 -0.68320 0.52695

0.45 0.28273 -0.71678 0.29322

0.50 0.33928 -0.71359 0.02146

0.55 0.39882 -0.67130 -0.24746

0.60 0.40088 -0.58970 -0.47218

0.05 0.S2493 -0.47061 -0.61700

0.70 0.59000 -0.31758 -0.65712

0.75 0.85749 -0.13562 -0.58199

0.80 0.72524 0.06934 -0.39618

0.85 0.79358 0.29099 -0.11762

0.90 0.86225 0.52320 0.22667

0.95 0.93110 0.76075 0.60721

1.00 1.00000 1.00000 1.00000

The calculation of the vibratory-stresses depends also on the factor H
,

defined in 3.3. Its value depends solely on the form of the deflection line, and can

be calculated for the different harmonic orders according to equation (3.22) and

appendix I. Table 10 gives the value of this factor for the first three harmonic

orders.
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Table 10 Values of H for the first three harmonic orders.

n 1 2 3

Hn 0.87 0.0795 0.0162

4.5.3. Calculation of the dynamic stimulus S

The most important factor for the calculation of the vibratory stresses is the

dynamic stimulating factor or stimulus Sn .
As shown by equation (3.23), the

calculation of this factor depends on the radial distribution of the harmonic coefficients

of the dynamic force for the given order, and the form of the dynamic deflection line.

The harmonic coefficients of the axial and tangential components of the dynamic force
t i * *i

Fan' Fan' Ftn and Ftn are reduced according to 3.2, to the coefficients F and FR ,

which are required in equation (3.23) to calculate the stimulus. In the numerical

integration for the stimulus it was found necessary to use small intervals of P (0.05),

especially for the second and third orders, when the harmonic coefficients pulsate

frequently along the blade length, due to the large range of the phase angle *fn
(this range can be seen in figs. 21-30).

The results of the calculation of the stimulus are plotted in figs. 34 and 35 for

both configurations and for different pitch ratios. Fig. 34 shows that the stimulus

for the first harmonic order is larger than that for the second and third orders. On

the other hand studying fig. 35 shows the reverse of the latter phenomenon.

The absolute value of the stimulus for the third harmonic order for the configu¬

ration Dett. 32/48 is seen from fig. 35 to be relatively high (up to approximately 0.30).

This is not, however, dangerous, because the vibratory stresses depend also on the

factor H
,
which is small for this harmonic order. This will be shown later in this

n '

chapter when studying the distribution of D

A very important factor in the calculation of the stimulus is of course the phase
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08 0.9 10 11 12 13 14 15 16 R

Fig. 4.34 Dynamic stimulating factor for stationary row type Dett. 40/48.

07 08 OS 10 11 12 13 R

Fig. 4.35 Dynamic stimulating factor for stationary row type Dett. 32/48.
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* *l

angle ip
„

. This angle determines the ratio between F„ and F for the different
i n

° n n

sections along the blade length. It, therefore, affects the amount of energy added to

the vibrating blade in each harmonic order, and consequently the value of the stimulus;

it is probably due to this fact that the third harmonic order of the stimulus for Dett.

32/48 is relatively high.

The vibratory stresses in the turbine blade depend on the different factors

discussed above, and in order to obtain a better idea about their values in our case,

it is useful to calculate the stress ratio factor D
,
which gives the ratio of

the maximum vibratory bending-stress for a certain harmonic order n to the static

bending stress under the same conditions (definition in equation (3.24)). The value

of the logarithmic decrement 6 is essential for this calculation. We shall choose

a 13% Ni steel for our blade, which has a logarithmic decrement 6 =0.02 [2].

This value of 6 is considered to be on the high side for the different steels used

for turbine blades.

The stress ratio D is calculated for the two configurations of our example,

and for the first three harmonic orders. It is plotted for both configurations, and for

each order separately. The results obtained are shown in figs. 36, 37 and 38, for

the first, second, and third orders respectively. From these figures we can see that,

in general, the first order stress-ratio for Dett. 40/48 is higher than that for Dett.

32/48, whereas for the second and third orders it is lower. This is largely due to

the distribution of the dynamic stimulus, shown in figs. 34 and 35. Furthermore,

the steady bending stresses when at resonance with the first mode of vibration are

largely magnified to give the vibratory stresses (up to 30 times). This can even be

higher in the case of other steels used for turbine blades, possessing a smaller 6
.

On the other hand the magnification of the steady stresses for higher orders (second

and third) is relatively small, as shown in figs. 37 and 38.

If a trial is made to select the most suitable range of moving-blade pitches for

the optimum aerodynamic conditions, we can find according to Traupel [2], that, for

the Dettmering blade the optimum chord/pitch ratio should lie between 1.19 and 1.45.

This corresponds to the following pitch ratios in our analysis.

Dett. 40/48 R 2 1.1 - 1.3

Dett. 32/48 R = 0.9 - 1.1

It is clear, on examining fig. 36, that, to attain a low vibratory-stress level, the

second configuration is better than the first. This is due to

1. The first order vibratory-stress level is lower for the second configuration.

2. The calculated pitch range of the optimum aerodynamic conditions for the second
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Fig. 4.36 Maximum stress-ratio for the first order harmonic resonance
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Fig. 4.37 Maximum stress-ratio for the second order harmonic resonance
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Fig. 4.38 Maximum stress-ratio for the third order harmonic resonance

configuration corresponds to a lower vibratory-stress level, as seen in fig. 36.

It should be stated here that, according to the Dettmening report, the configuration

Dett. 32/48 is aerodynamically better than Dett. 40/48.

4.6. Concluding remarks

In this chapter, the dynamic forces and vibratory stresses have been calculated

according to the theory established in chapters 2 and 3 respectively. The calculations

have been done for a certain specific example, which was chosen according to the

conditions stated at the start. The main purpose of this example was to win a qualita¬

tive but still precise look at the application of the theory established. By allowing

different pitch ratios as parameters the solution has been given a more or less general

form, which can be expected to help in future studies.
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The ultimate aim of the theory and calculated numerical example was to study

the vibratory stresses in a turbine blade. It was seen that these stresses are

proportional to the energy added to the vibrating blades. This energy depends on

the radial distribution of the dynamic-force along the blade length, and the mode

of vibration of the blade (the dynamic deflection line).

It has been found that the dynamic forces depend on the aerodynamic conditions

existing before the moving row of blades (velocity distribution) as well as on the shape

and configurations of both the moving and the stationary rows (form-parameters).

The stationary-row configuration affects mainly the form of the velocity distribution

(wake shape) which in turn affects to a large extent the dynamic force, whereas the

pitch ratio R
,
which depends on configurations of both rows, changes the level of

the dynamic force, as shown in 4.4.2.

The dynamic deflection line depends purely on design factors and can be

calculated, once the blade shape and method of fixing to the rotor have been decided.

It can be calculated analytically for simple cases such as the example chosen,

otherwise it becomes necessary to use relatively tedious graphical and numerical

methods for the general and complicated cases of a twisted blade with a variable

cross-section distribution. This latter case is more probable for turbine blades,

which are liable to run in resonance with some exciting-force frequencies.

The results obtained show that it is possible to calculate the vibratory

stresses at resonance more accurately than recent estimations based on statisti¬

cal data. It has been shown that the assumptions for the radial distribution of the

dynamic force such as have been made before are very approximate.

The vibratory stresses have been found to be very high in the first order,

although they can sometimes be neglected for higher orders. The first order

stress-level is found to be equal to, if not greater than, the centrifugal stresses

on the blade, moreover it possesses a dangerous alternating character.

The theory established enables the turbine blade designer to estimate the

maximum vibratory stress which might occur in a turbine blade, if it was forced

to run in resonance with some exciting force harmonic frequencies.
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APPENDIX I

Calculation of the dynamic deflection lines for a bar with constant cross-section,

fixed at one end and free at the other:

The solution of this problem is given in [2], and it is only necessary to change

it to suit our analysis.

The deflection at any distance £ from the fixed end of the bar for any

harmonic order n is given by

V5)=Cnl<Bto *n^ " sinh Xn ^ > + Cn2 <cos *
n $ " cosh *

n I > (1>

where the following condition applies for the relation between the two constants,

-nl
sin 3t

_

- sinh 3?
n n

C„„ cos 3t + cosh "X
nz n n

Thus we can write

Cn2 ~ An Cnl (2)

where

A =

cos 5f + cosh 3
n n

n
~

sin V. - sinh "X
n n

(3)

Substituting equation (2) in (1) we get

Yn IV =Cnl ( (sin *n \ " sinh x
n $ > + An (cos *

n $ " cosh *
n 5 > }

(4)
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Choosing the deflection at the free end as a reference value, we can define the

non-dimensional deflection u by
n

% IV -

TJT)
(5)

Substituting £ = 1 in equation (4) we find

2 sin 3f
„

sinh Sf
_n _

n

sin ~X
_

- sinh 5e_
Yn (1) = Cnl i ^-^ 2__Ji \ <«>

Substituting equations (4) and (6) in (5) we can write

un (5 > = Bn { (sin X
n 5 " sinh *

n \ ) + An (cos *
n 5 _ cosh *

n H >}
(7)

where

sin X
„

- sinh ^?
„

B = 2 D_ (8)
n -2 sin 3C sinh >

n n

giving the dynamic deflection line for any harmonic order n . Differentiating

equation (7) once and twice with respect to E we get

un^)= *nBn { <cos *n ^ " cosh *n >P " An <sin *
n \ + sinh *

n $ >}
(9)

ua (il ) = _*
n Bn { (sm *

n *7 + sinh *
n I > + An (cos *n *i + cosh *

n ^ >}
(10)
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Zusammenfassung

Der Zweck dieser Arbeit ist die Abschatzung der periodischen Krafte auf

eine Turbinenschaufel, die sich aus der periodischen Geschwindigkeitsverteilung

hinter einem vorgeschalteten Schaufelkranz ergeben. Zunachst wird die Strom'ing

eines inkompressiblen Mediums fiir ein einzelnes Element von unendlich kleiner

radialer Ausdehnung betrachtet. Unmittelbare Einfliisse der Reibung werden dabei

vernachlSssigt, d. h. es wird nur der durch die Reibung im vorgeschalteten Kr.inz

gestSrte Charakter der ZustrQmung beriicksichtigt. Das fiihrt zu einer einfachen

Formulierung der Kontinuitats-, Impuls- und Energie-Gleichung. Der so gewonnene

Ausdruck fur die Kraft kann nun langs der Schaufel integriert werden. Die Unter-

suchung zeigt, wie diese periodische Gesamt-Kraft vom Charakter der Storungs-

Zonen (Geschwindigkeits-Dellen) und der Geometrie der Schaufelgitter abhangt.

Fiir die weitere Untersuchung erweist es sich als zweckmassig, die Krafte in eine

Fourier-Reihe zu zerlegen.

Auf Grund dieser Unterlagen wird es mSglich, die Deformation und somit die

Beanspruchung einer Schaufel im Resonanz-Fall zu berechnen, sobald die Material-

DSmpfung bekannt ist. Eine aerodynamische Daropfung wird nicht eingefiihrt, da

sie sich unter den gegebenen Voraussetzungen als klein erweist.

An durchgerechneten Beispielen wird gezeigt, welche Amplituden bei den

verschiedenen Schwingungs-Ordnungen zu erwarten sind. Insbesondere zeigt es

sich, dass man die erste Ordnung etwa richtig abschatzen kann, wenn man annimmt,
die periodische Kraft-Amplitude betrage im Maximum ca. 20% des Mittelwertes

der Schaufelkraft.
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