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Abstract

The topic of this thesis, the simulation of strongly correlated systems, is ap-

proached from two different sides. On the one hand we study a new promising

method for the simulation of fermionic systems, which does not suffer from the

negative sign problem. On the other hand we make use of current state-of-the-art

algorithms to solve several models of strongly correlated bosons and fermions.

Gaussian Quantum Monte Carlo is a stochastic phase space method for

fermions with positive weights. Based on a positive expansion of the density

operator in a Gaussian operator basis, the quantum problem is mapped onto a

set of stochastic differential equations which are integrated in imaginary time.

In the example of the Hubbard model close to half filling the method fails to

reproduce all the symmetries of the ground state leading to systematic errors at

low temperatures. We show several indications that the systematic errors stem

from non-vanishing boundary terms in the partial integration step in the deriva-

tion of the Fokker-Planck equation. Checking for spiking trajectories and slow

decaying probability distributions provides an important test of the reliability of

the results. Possible solutions to avoid boundary terms are discussed. To obtain

accurate ground state properties we propose to restore the broken symmetries

by projecting the density matrix obtained from the simulation onto the ground

state symmetry sector. The accuracy of this method depends on a large overlap

between the density matrix and the ground state symmetry sector. We present

the limits of the approach by a systematic study of the method for two- and

three-leg Hubbard ladders for different fillings and on-site repulsion strengths.

Furthermore, we apply the method to the frustrated Hubbard model to study the

metal-insulator transition induced by a dimensional crossover between 1D and

2D. Recent improvements of the projection method are discussed and tested.

Recent theoretical studies raised the possibility of a realization of spin ne-

matic states in the S = 1 triangular lattice compound NiGa2S4. We study the

bilinear-biquadratic spin 1 chain in a zig-zag geometry by means of the density

matrix renormalization group method and exact diagonalization. We present

the phase diagram focusing on antiferromagnetic interactions. Adjacent to the

known Haldane-double Haldane and the extended critical phase with dominant

spin nematic correlations we find a trimerized phase with a nonvanishing energy

gap. We discuss results for different order parameters, energy gaps, correlation
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functions, and the central charge, and make connection to field theoretical pre-

dictions for the phase diagram.

There is mounting evidence that superfluid defects play a major role in the

observation of non-classical moment of inertia in solid 4He. Using first-principle

simulations for the probability density of finding a 3He atom in the vicinity of the

screw dislocation in solid 4He, we determine the binding energy to the dislocation

nucleus EB = 0.8± 0.1 K and the density of localized states at larger distances.

The specific heat due to 3He features a peak similar to the one observed in recent

experiments, and our model can also account for the observed increase in shear

modulus at low temperature. We further discuss the role of 3He in the picture

of superfluid defects.

We present results of a theoretical study of 4He films adsorbed on graphite,

based on the continuous space worm algorithm. In the first layer we find a

domain-wall phase and a (7/16) registered structure between the well-established

commensurate (1/3) and the incommensurate solid phases. For the second layer

we find only superfluid and incommensurate solid phases. The commensurate

phase found in previous simulation work is only observed if first layer particles

are kept fixed; it disappears upon explicitly simulating them.
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Zusammenfassung

Das Thema dieser Dissertation - die Simulation von stark korrelierten Syste-

men - wird von zwei verschiedenen Seiten her angegangen. Einerseits wird eine

neue, vielversprechende Methode für die Simulation von fermionischen Systemen,

welche nicht vom negativen Vorzeichen-Problem betroffen ist, untersucht. And-

rerseits werden mehrere Modelle von stark korrelierten Bosonen und Fermionen

mit modernsten Algorithmen gelöst.

Gauss’sches Quanten-Monte-Carlo ist eine stochastische Phasenraummetho-

de für Fermionen mit positiven Gewichten. Basierend auf einer Entwicklung des

Dichteoperators in einer Gauss’schen Operatorbasis wird das Quantenproblem

auf ein Set von stochastischen Differentialgleichungen abgebildet, welche in Ima-

ginärzeit integriert werden. Beim Beispiel des Hubbard Modells in der Umgebung

von halber Füllung gelingt es der Methode nicht, alle Symmetrien des Grundzu-

standes exakt zu reproduzieren, was zu systematischen Fehlern bei tiefen Tem-

peraturen führt. Mehrere Indizien werden aufgezeigt, dass die systematischen

Fehler von endlichen Randtermen herrühren, welche in der partiellen Integration

in der Herleitung der Fokker-Planck Gleichung auftreten. Die Überprüfung auf

extreme Spitzen in den Trajektorien und auf langsam abfallende Wahrschein-

lichkeitsverteilungen bildet einen wichtigen Test der Verlässlichkeit der Resul-

tate. Mögliche Lösungen, um die Randterme zu vermeiden, werden diskutiert.

Korrekte Grundzustandseigenschaften können bestimmt werden, indem die ge-

brochenen Symmetrien durch Projektion der Dichtematrix (die aus der Simula-

tion resultiert) auf den Symmetriesektor des Grundzustandes wiederhergestellt

werden. Die Genauigkeit dieser Projektionsmethode hängt von der Grösse des

Überlapps der Dichtematrix mit dem Symmetriesektor des Grundzustandes ab.

Die Grenzen der Methode werden durch eine systematische Untersuchung von

zwei- und dreibeinigen Hubbard Leitern für verschiedene Füllungen und lokaler

Abstossungsstärke aufgezeigt. Desweiteren wird die Methode auf ein frustriertes

Hubbard Modell angewendet, um einen Metall-Isolator Übergang zu studieren,

der durch einen kontinuierlichen Wechsel zwischen dem ein- und dem zweidimen-

sionalen System erfolgt. Neuste Verbesserungen der Projektionsmethode werden

diskutiert und getestet.

Kürzliche Untersuchungen ergaben die Möglichkeit einer Realisierung von

spin-nematischen Zuständen in der Verbindung NiGa2S4, die eine trianguläre Git-

terstruktur mit Spins S = 1 aufweist. Die bilinear-biquadratische Spin 1 Kette
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mit einer Zick-Zack Geometrie wird mittels der Dichtematrix Renormalisierungs-

gruppe und exakter Diagonalisierung untersucht. Das Phasendiagramm wird mit

Fokus auf antiferromagnetische Wechselwirkungen präsentiert. An die bereits be-

kannten Haldane, Doppel-Haldane Phasen und die ausgedehnte kritische Phase

mit dominanten spin-nematischen Korrelationen grenzt eine trimerisierte Phase,

die eine endliche Energielücke aufweist. Die Resultate für verschiedene Ordnungs-

parameter, Energielücken, Korrelationsfunktionen, und die zentrale Ladung wer-

den diskutiert, und mit feldtheoretischen Betrachtungen des Phasendiagramms

verglichen.

Es gibt zunehmende Hinweise, dass superflüssige Defekte bei der Beobach-

tung eines nicht-klassischen Trägheitsmoments in festem 4He eine entscheidende

Rolle spielen. Die Wahrscheinlichkeitsdichte, ein 3He Atom in der Nähe einer

Schraubenversetzung zu finden, wird mittels ab-initio Simulationen ermittelt.

Daraus wird die Bindungsenergie, EB = 0.8 ± 0.1K, und die Dichte von lokali-

sierten Zuständen bei weiteren Distanzen bestimmt. Die spezifische Wärme, die

sich durch diese Bindung ergibt, weist ein Maximum auf, ähnlich demjenigen,

das kürzlich in Experimenten beobachtet wurde. Dieses Modell kann auch den

beobachteten Anstieg des Schubmoduls bei tiefen Temperaturen erklären. Des-

weiteren wird die Rolle von 3He im Zusammenhang mit superflüssigen Defekten

diskutiert.

Eine theoretische Untersuchung von 4He adsorbiert auf Graphit, basierend

auf dem Wurm-Algorithmus in kontinuierlichem Raum, ergibt, dass in der ersten

Schicht zwischen den beiden etablierten festen Phasen (kommensurabel (1/3)

und inkommensurabel) eine Phase mit Domänen-Wänden und eine kommensu-

rable (7/16), feste Phase auftreten. Desweiteren weist die zweite Schicht nur eine

superflüssige und eine inkommensurable, feste Phase auf. Die kommensurable

Phase, die in vorhergehenden Simulationen gefunden wurde, existiert nur, wenn

die Atome in der ersten Schicht unbeweglich sind; sie verschwindet jedoch, wenn

diese Teilchen explizit simuliert werden.
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Chapter 1

Introduction

We used to think that if we knew one, we knew two, because one and one are

two. We are finding that we must learn a great deal more about ’and’.

Sir Arthur Eddington1

Many phenomena in physics emerge from the interactions of many particles.

Even though the interaction between two particles is well understood, the be-

havior resulting from millions of particles is often hard to predict. Well known

examples of collective phenomena are sound waves, superconductivity, and mag-

netism. In many cases the particles are effectively only weakly interacting; for

example, the strong Coulomb repulsion in a metal is screened, so that the re-

maining interactions are weak. In these cases the system can be successfully

described by a weak-coupling theory, such as the Landau-Fermi liquid theory,

which forms the basis for the description of conventional superconductivity, met-

als, semiconductors and band insulators.

However, for several important systems the Landau-Fermi liquid theory fails

due to strong interactions between the particles. For example, a Mott insulator

should be metallic from the viewpoint of band theory, but because of strong

Coulomb repulsion, the metallic character is suppressed in favor of an insulating

state. The theoretical study of these systems is challenging and has become one

of the most active fields in condensed matter physics, particularly since the dis-

covery of high-temperature superconductivity by Bednorz and Müller [1] in 1986.

Even though a tremendous effort has been invested to study this phenomenon,

a fully consistent theory is still lacking. It is believed that a simple model of

1from The Harvest of a Quiet Eye (A. L. Mackay), 1977.
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electrons moving on a two dimensional lattice, the Hubbard model [2], captures

the essential physics of the high-Tc superconductors (cuprates) [3]. However, it

is not possible to solve it exactly, except in one dimension. Perturbation the-

ory fails because there is no small parameter, and approximate methods such as

mean-field theory do not yield reliable answers.

Frustrated magnets form another class of strongly correlated electron systems.

A system is called “frustrated” if it is not possible to satisfy all pair-wise interac-

tions simultaneously. The competition between these interactions induces strong

fluctuations, leading to exotic behavior at low temperatures instead of a simple

ferro- or antiferromagnetic ordering. In some systems the resulting ground state

exhibits topological order, which is robust against a local perturbation (noise)

and thus can be used as a fault-tolerant qbit for the realization of a quantum

computer [4–6]. An analytic treatment of such highly non-trivial phases is often

impossible and efficient numerical approaches are essential for the study of these

systems.

Fascinating phenomena also occur in bosonic systems. Already in 1925 Bose

and Einstein predicted that bosons condense into the lowest energy state at low

temperature to form a macroscopic quantum object. Seventy years later Cornell

and co-workers [7] directly observed a Bose-Einstein condensate of 87Rb atoms in

their famous experiment, for which Cornell and Wieman (together with Ketterle)

were awarded the Nobel Prize in 2001. Closely related with the condensate2 is the

intriguing phenomenon of superfluidity, first discovered in 1938 independently by

Kapitza [8], and by Allen and Misener [9] in 4He - a well known example of a

strongly correlated bosonic system. A superfluid flows without friction, has zero

entropy and an infinite thermal conductivity. An even more exotic state of mat-

ter, called supersolid, has attracted increasing interest in the past five years. It is

at the same time solid and superfluid, i.e. it exhibits crystalline long-range order

and frictionless flow. Such a phase was found in a model of hard-core bosons

on a triangular lattice [10–13], which could be realized in experiments of ultra-

cold bosonic atoms in optical lattices, or in bosonic films on a substrate. The

possibility of supersolid 4He has been highly debated since the observation of a

non-classical moment of inertia in torsional oscillator experiments [14, 15]. The-

oretical studies with approximate analytic methods confirmed the existence of

supersolid 4He[16]; however, numerical calculations from first principles revealed

2Superfluidity is a result of the (gapped) excitation spectrum of the interacting bosons
(The ideal Bose gas is not superfluid). Two dimensional bosonic systems (e.g. films) can be
superfluid at finite temperature, even though the condensate fraction is zero.
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Introduction

that the perfect helium crystal is not supersolid [17–20].

The above mentioned examples underline that the study of strongly correlated

systems requires accurate numerical methods, which enable the simulation of a

model without uncontrolled approximations. The most straightforward approach

to solve a system numerically is the exact diagonalization of the Hamiltonian,

for example by the Lanczos method. However, because the Hilbert space scales

exponentially with the number of particles, one is limited to a few particles

only. In the past decades elaborate numerical tools for the study of quantum

many-body systems have been developed to overcome this exponential scaling.

One of the most powerful methods is Quantum Monte Carlo (QMC), which

has enabled to gain insight into many problems in condensed matter physics,

as well as in other fields such as quantum chemistry and high-energy physics.

It is an exact method yielding quantities of interest with an error bar that is

purely statistical. However, it fails for fermionic and frustrated systems due

to the infamous negative sign problem [21], which is considered as one of the

severest unresolved problems in computational physics. The implications of the

sign problem are that the computation time for a simulation scales exponentially

with the system’s volume and inverse temperature, such that we end up with

the same complexity as with exact diagonalization. In order to make substantial

progress in the understanding of these systems it is of greatest importance to find

alternatives to QMC. The impact of a method without a negative sign problem

cannot be overstated, because there are still many important unsolved problems,

such as the Hubbard model mentioned above.

For (quasi) one-dimensional systems we are in the lucky situation to have

a very accurate algorithm without a negative sign problem: the density matrix

renormalization group (DMRG) method. Since its invention in 1992 by S. R.

White [22] it has enjoyed an enormous impact in the physics of low-dimensional

systems. These systems are of particular interest since quantum fluctuations are

stronger than in higher dimensions, which can lead to exotic quantum phases. For

example, while there are only few known spin liquid systems in two dimensions,

already a simple spin 1 chain with antiferromagnetic nearest-neighbor exchange

interaction is a spin liquid with a finite energy gap between the ground state and

the first excited state (known as the Haldane gap [23]).

In contrast to fermionic systems, substantial progress has been made in the

simulations of bosonic systems in the past decades, on the one hand due to

increased computer power, but to a much higher degree thanks to improved al-

gorithms. Even if there is no negative sign problem, a Monte Carlo method may

3



fail due to an inefficient sampling procedure. A textbook example is the Ising

model on a square lattice (see for example Ref. [24]), where each site is occupied

by either a spin up or a spin down. The easiest way to sample the whole configu-

ration space is to propose local updates, i.e., take an arbitrary spin in the lattice

and attempt to flip it. However, this update procedure leads to the problem

of critical slowing down close to the second order phase transition between the

paramagnetic and ferromagnetic phase, which was solved by introducing cluster

updates [25, 26], where clusters of spins are flipped at once, instead of single

spin only. Another major advance in the simulation of lattice models was the

invention of the worm algorithm [27, 28]. In a quantum mechanical problem,

the configuration space is given by all possible world line loops in imaginary

time. The worm algorithm extends this configuration space by including open

world lines (called worm), which proved to increase the efficiency of the simula-

tions substantially. The worm algorithm was recently reformulated for systems

in continuous space [29, 30].

The aim of this thesis is twofold: On the one hand we study a new algorithm

for the simulation of fermionic systems such as the Hubbard model in 2D. On

the other hand we make use of current state-of-the-art algorithms to solve a

frustrated spin system in 1D and for the simulation of helium in 3D.

In chapter 2 we present the Gaussian Quantum Monte Carlo method, where

the negative sign problem does not explicitly appear. It is based on a positive

expansion of the density operator in a Gaussian operator basis, which is sam-

pled by stochastic differential equations. Invented by Joel Corney and Peter

Drummond [31], it is one of the most promising methods to solve fermionic and

frustrated systems. However, for certain parameter regimes the method suffers

from systematic errors, which in many cases can be overcome by an appropri-

ate symmetry projection [32]. The aim of this chapter is a systematic study of

this method. We show the limits of the method for Hubbard ladders and the

frustrated Hubbard model in two dimensions, and explain the origin of the sys-

tematic errors. We review recent developments of the method [33], and test the

reliability of the results of the doped 2D Hubbard model [34].

In chapter 3 we study the phase diagram of a frustrated spin 1 chain by means

of DMRG. This project was motivated by the spin-liquid behavior of NiGa2S4

found in experiments. As a possible explanation for the unusual properties, a

spin nematic phase was proposed in theoretical studies in Ref. [35–37]. In a spin

nematic phase the SU(2) symmetry is broken due to anisotropic spin fluctuations,

even if the net magnetic moment is zero. The model of interest is a spin 1 model

4



Introduction

on a triangular lattice with both bilinear and biquadratic interactions in the

spin operators. In the antiferromagnetic regime this model cannot be simulated

by QMC because of the negative sign problem. We thus restrict ourselves to

the one-dimensional analog, a chain with a zig-zag geometry. Besides a critical

phase with dominant spin nematic correlations, the simulations revealed a new

quantum phase, a trimerized phase, which is reminiscent of the dimerized phase

of the spin 1/2 chain.

In chapter 4 we study the binding of a 3He impurity to a screw dislocation in

solid 4He , which can account for several experimental observations in the context

of “supersolid” signatures in 4He. The simulations are done with the continuous-

space worm algorithm combined with a mass diffusion algorithm, enabling an

efficient sampling of the 3He impurity moving through the 4He crystal. We show

that our model leads to a specific heat peak and a binding energy in agreement

with experiments. It also accounts for the increase in shear modulus observed

in experiments. With increasing 3He concentration the supersolid fraction in the

dislocation core becomes suppressed.

In the last chapter we use the continuous-space worm algorithm to simu-

late 4He films on a graphite substrate. Helium forms well-defined layers above

the strongly attractive graphite substrate, where each layer is a realization of a

quasi 2D system. By tuning the density of a layer it can undergo several phase

transitions. We concentrate on the first two layers and make comparisons to

experiments and theoretical predictions. In particular, we answer the question

whether a supersolid phase is realized in this system.
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Chapter 2

Gaussian Quantum Monte Carlo

2.1 Introduction

Gaussian Quantum Monte Carlo (GQMC) is a sign-problem free method for the

simulation of fermionic and frustrated problems from first principles. It was

introduced by Joel Corney and Peter Drummond [31, 38–40] who realized that

stochastic phase space methods, which have been used for bosons [41–44] for

many years, can be reformulated for fermionic systems. The method is based on

a positive expansion of the density operator in an overcomplete Gaussian operator

basis. These basis elements are parameterized by a set of phase space variables nnn

corresponding to the normal Green functions, and by a weighting factor Ω. The

expansion can be written as an integral over a probability distribution P (nnn,Ω)

of the Gaussian basis elements. The imaginary time evolution of the density

operator is mapped onto a Fokker-Planck equation for the distribution P , which

is solved by stochastic differential equations (SDEs). With the right choice of

gauge the SDEs are real valued and the weight Ω remains positive, so that the

negative sign problem does not explicitly appear. Each integration of the SDEs

leads to a different trajectory in phase space. Expectation values of observables

are calculated as weighted averages over the distribution P .

The aim of this chapter is the systematic analysis of this new, promising

method for fermionic systems. As already mentioned in the introduction, the

importance of a method which does not suffer from the negative sign problem

cannot be overstated. Once the SDEs have been derived for a specific model,

the method is not difficult to implement. Another advantage is that the general-

ization to different lattice structures is straightforward. This chapter provides a

detailed introduction to GQMC and summarizes our findings in Refs. [32, 45–48].

7



2.1 Introduction

Even though there is no explicit sign problem, we encountered difficulties

in the simulations of the Hubbard model beyond weak interaction (U/t > 2)

close to half filling. The simulation results exhibit systematic errors at low tem-

peratures and the symmetries of the Hamiltonian are not reproduced correctly.

For example, we find different values for the longitudinal and transverse spin

susceptibility, which implies that the SU(2) spin rotation symmetry is not pre-

served. It is possible to restore the broken symmetries by projecting the density

matrix obtained by the simulation onto the ground state symmetry sector [32].

This technique has also been successfully applied in the framework of the path-

integral renormalization group method [49]. If the overlap of the density matrix

with the ground state symmetry sector is large enough, symmetry projection

yields accurate ground state results, even for cases, where auxiliary field QMC

fails due to the sign problem.

One important aim of this work is to investigate the origin of the symmetry

breaking and the systematic errors. Our results suggest that they appear due to

non-vanishing boundary terms in the partial integration step in the derivation

of the Fokker-Planck equation. This problem has been encountered before in

the context of stochastic phase space methods for bosonic systems [50] and was

solved for specific models with the help of stochastic gauges [51]. An appropriate

gauge to solve the boundary term problem for the Hubbard model has not been

found so far. Changing the sampling method does not help to avoid this problem.

Due to the inherent inaccuracy of the density matrix as produced by GQMC,

it is not clear whether symmetry projection will always produce correct ground

state properties. It is therefore important to analyze the limits of this method.

To this end we have performed a systematic study of Hubbard ladders.

Recently, Aimi and Imada [33] developed an improved version of the projec-

tion scheme, based on our method in Ref. [32]. Instead of projecting the density

operator after the simulation, they incorporate the projection into the sampling,

which enables a better convergence towards the ground state. They have studied

the doped 2D Hubbard model for system sizes up to 10 × 10 and interaction

strengths U/t = 7, and concluded that the pairing correlations are too weak to

account for the superconductivity in the high-Tc cuprates [34]. Our tests of this

new projection method on Hubbard ladders show that their results are reliable.
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Outline

First we explain how the negative sign problem appears in QMC for fermionic

systems. In Sec. 2.3 we give an introduction to the Hubbard model and a short

overview over the results obtained from different methods in the past 20 years.

Sec. 2.4 provides the essential background on stochastic differential equations

(SDEs) needed to understand the method. We explain the difference between Ito-

and Stratonovich SDEs, how to integrate them, and how they are related to the

Fokker-Planck equation. The next section gives an introduction to the Gaussian

quantum operator basis and its properties, including how to map the quantum

many-body problem onto a set of coupled SDEs. For a given Hamiltonian the

SDEs are not unique, but can be modified by using different stochastic gauges.

In Sec. 2.6 we derive the SDEs for the general electronic structure problem and

present the equations for the Hubbard model as a special case. Two different

sampling schemes are presented in Sec. 2.7: The reconfiguration of walkers and

the Metropolis algorithm. Both schemes allow us to increase the efficiency of the

simulation significantly. Section 2.8 addresses the systematic errors that occur

in the simulations of the Hubbard model for large on-site interaction in the

vicinity of half-filling. We report on different unsuccessful attempts to overcome

the systematic errors and show that the algorithm is not able to reproduce all

symmetries of the Hamiltonian correctly. We explain how slow decaying power-

law tails in probability distributions can cause two different kinds of problems.

First, they may lead to diverging variances of observables, making a Monte Carlo

sampling useless. Second, boundary terms may appear in the partial integration

step in the derivation of the Fokker-Planck equation. In the presence of boundary

terms the SDEs are no longer valid, and by neglecting them a systematic error is

introduced. A side effect of boundary terms is the presence of spiking trajectories;

checking for spikes in the phase space variables is thus an important test of the

reliability of the results. Section 2.9 is dedicated to the GQMC combined with

symmetry projection (PGQMC). We present the projection operators for each

symmetry of the Hamiltonian and explain how to calculate observables with the

projected density operator. The accuracy tests for the 2D Hubbard model reveal

that the projection method helps to overcome the systematic errors for system

sizes up to 6 × 6 and also for the frustrated system with next-nearest neighbor

hopping. In order to find the limits of the projection method we present a

systematic study of PGQMC for 2 and 3 leg Hubbard ladders in Sec. 2.10. We

consider different fillings and on-site repulsion strengths, and compare the results
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with Density Matrix Renormalization Group [22, 52] (DMRG) calculations. In

Sec. 2.11 we apply the method to the frustrated Hubbard model to study a

metal-insulator transition induced by a dimensional crossover between 1D and

2D. In Sec. 2.12 we review the new projection method by Aimi and Imada [33]

and discuss the reliability of their results for the 2D Hubbard model. We end

this chapter with our conclusions in Sec. 2.13.

2.2 Quantum Monte Carlo and the negative sign

problem

Monte Carlo is the most powerful numerical tool to compute high-dimensional

integrals or sums, which typically appear in statistical mechanics. Consider first

a classical system on a lattice with N sites, where each site can be in d different

states. Calculating the thermal average of a quantity O involves a sum over all

Nd different configurations c of the system,

〈O〉 =

∑
cO(c)w(c)

Z
(2.1)

where w(c) = e−βE(c) is the Boltzmann weight with β the inverse temperature and

E(c) the energy of configuration c, and Z =
∑

cw(c) is the partition function.

Monte Carlo is used to sample the sum (2.1) statistically. It is most efficiently

done by an importance sampling, where the probability of considering a particular

configuration ci is given by its weight p(ci) = w(ci)/Z, such that the average (2.1)

is estimated by

〈O〉 ≈ 1

NMC

NMC∑
i=1

O(ci), (2.2)

with NMC the number of Monte Carlo samples. If the samples ci are uncorrelated

the statistical error on the mean is given by

∆O =

√
〈O2〉 − 〈O〉2√

NMC

. (2.3)

Thus, the order of convergence of the error is O(1/
√
NMC). In case of corre-

lated samples an additional factor
√

1 + 2τO appears on the right hand side in

Eq. (2.3), with τO the integrated autocorrelation time.1 A standard technique

1τ t
O =

∑
k(〈OtOt+k〉 − 〈O〉2)/(〈O2〉 − 〈O〉2)

10
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to generate configurations according to some distribution p(c) is given by the

Metropolis algorithm. We will discuss it in detail in Sec. 2.7.2. Despite its

simplicity this algorithm had an tremendous impact in computational physics.2

Even though the the configuration space grows exponentially with N , the

average is typically obtained in polynomial time (provided the autocorrelation

time τO does not increase faster than polynomially with N). The sign problem

appears if the configuration weight p(c) can become negative. This clearly does

not occur in a classical system, where the Boltzmann weight is positive definite.

A quantum problem in d dimension is usually solved by mapping it to a d+1

classical system, where the additional dimension corresponds to the imaginary-

time direction. Consider a quantum problem with a Hamiltonian Ĥ and a com-

plete basis set {|i〉}. A thermal average of an observable Ô in the quantum

system is calculated by

〈Ô〉 =
Tr
[
e−βĤÔ

]
Z

, (2.4)

with Z = Tr
[
e−βĤ

]
. It can be solved by discretizing the imaginary time β =

M∆τ ,

e−βĤ =
(
e−∆τH

)M
= (1−∆τĤ)M +O(∆τ 2), (2.5)

which becomes exact in the limit ∆τ → 0. Next we insert an identity 1 =∑
i |i〉〈i| in between each pair of factors, (1−∆τĤ), so that the partition function

reads3

Z =
∑

i1,i2,...,iM

〈i1|1−∆τĤ|i2〉〈i2|1−∆τĤ|i3〉...〈iM |1−∆τĤ|i1〉+O(∆τ 2)

=
∑

i1,i2,...,iM

P (i1, i2)P (i2, i3)...P (iM , i1) =
∑

c

w(c). (2.6)

A particular configuration is given by c = {i1, i2..., iM}, and w(c) is the cor-

responding weight. The problem arises when a matrix element P (ik, ik+1) =

〈ik|1−∆τĤ|ik+1〉 is negative, such that w(c) cannot be interpreted as a proba-

bility anymore. For fermionic systems this naturally occurs because exchanging

two particles introduces a negative sign, in contrast to bosonic systems. However,

2In the original paper from 1953 [53] the algorithm is described as ”a general method,
suitable for fast electronic computing machines, of calculating the properties of any substance,
[...]”.

3This form of the partition function corresponds to a path integral, where the configurations
can be represented by world lines (see Sec. 4.2.1)
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2.2 Quantum Monte Carlo and the negative sign problem

if the bosonic (or spin) system is frustrated, negative weights can also appear.

The standard way to perform a Monte Carlo sampling in the presence of negative

weights is to sample with respect to the absolute value of the weights |w(c)|,

〈Ô〉 =

∑
cO(c)w(c)∑

cw(c)
=

∑
cO(c)sign(c)|w(c)|/

∑
c |w(c)|∑

c sign(c)|w(c)|/
∑

c |w(c)|
=
〈Ô sign〉|w|
〈sign〉|w|

. (2.7)

It amounts to sampling the system as if the particles where bosons instead of

fermions. This mismatch becomes particularly severe at low temperatures, where

the statistics of the particles becomes crucially important. From Eq. (2.7) we

see that the average sign corresponds to the ratio of the fermionic (ZF ) and the

bosonic (ZB) partition function

〈sign〉 =

∑
cw(c)∑

c |w(c)|
= ZF/ZB. (2.8)

In terms of the difference in free energy densities ∆f = fF − fB = − 1
Nβ

ln ZF

ZB
it

reads 〈sign〉 = e−βN∆f . Thus, the average sign goes exponentially to zero with

increasing β and N , which implies that there is almost a perfect cancellation

between the positive and negative signs. The average in Eq. (2.7) is calculated

from a ratio of two exponentially small quantities. The error bar on the mean is

estimated by

∆O ≈ 〈Ô sign〉
〈sign〉

(
∆Osign

〈Ô sign〉
+

∆sign

〈sign〉

)
. (2.9)

Therefore, considering only the second term, the relative error grows exponen-

tially as

∆sign

〈sign〉
=

√
〈sign2〉 − 〈sign〉2√
NMC〈sign〉

=

√
1− 〈sign〉2√
NMC〈sign〉

∼ eβN∆f

√
NMC

. (2.10)

There is no general solution to the sign problem. It was shown in Ref. [21] that

the sign problem is non-deterministic polynomial (NP) hard, which implies that

it takes a non-polynomial effort to solve the problem on a classical computer.

(Unless someone proves that NP = P , which is one of the unsolved millen-

nium problems in mathematics). Note, that for some specific problems the sign

problem may be circumvented by changing the representation of the problem.

Gaussian Quantum Monte Carlo allows for a representation with positive weights

for the general electronic structure problem, including the Hubbard model. Hav-

ing an unbiased and numerically exact method to solve these problems would be

a major breakthrough in computational physics.
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2.3 The Hubbard model

More than 20 years have passed since Anderson [3] suggested that the Hubbard

model is the relevant model for the high-Tc superconductors (cuprates). Orig-

inally it was introduced by Hubbard [2] in 1963 to describe the effects induced

by the competition between delocalization and correlations for electrons forming

a narrow d-band in transition metals. It is the simplest example of a strongly

correlated electron system. The Hamiltonian reads

Ĥ = −t
∑
〈i,j〉,σ

ĉ†iσ ĉjσ + U
∑

i

n̂i↑n̂i↓ − µ
∑
i,σ

n̂iσ, (2.11)

where ĉ†iσ (ĉiσ) creates (annihilates) an electron with spin σ at the lattice site i,

n̂iσ = ĉ†iσ ĉiσ counts the number of electrons with spin σ at site i, and t is the

hopping amplitude between nearest neighboring sites 〈i, j〉 on a square lattice.

U is the on-site Coulomb repulsion and µ the chemical potential to control the

electron occupation in the grand canonical ensemble. Due to the Pauli exclusion

principle a site cannot be occupied by more than one electron with the same

spin, leading to four possible states on each site, {|0〉, | ↑〉, | ↓〉, | ↑↓〉}. The Fock

space thus grows with the number of lattice sites N as 4N . Extensions to above

Hamiltonian often include next (and next to next) nearest neighbor hopping with

amplitude t′ (t′′).

Despite its simplicity it is not possible to solve the Hubbard model exactly,

except in one dimension. Perturbation theory only works in limiting cases. For

example in the weak-coupling limit U << t away from half filling, the system is

accurately described by Fermi-liquid theory. But in general perturbation theory

fails because t and U are of the same order of magnitude in the region, where

superconductivity is expected to appear. Quantum Monte Carlo (QMC) fails

due to the sign problem (except at half filling), and approximate methods lead

to different answers. There has been a countless number of articles and reviews

on the Hubbard model. However, a general consensus, whether the Hubbard

model is really the generic model to reproduce the phase diagram of the cuprates

(Fig. 2.3), has not been found so far.

The list of numerical approaches to study the Hubbard model includes exact

diagonalization of small systems, density matrix renormalization group (DMRG)

calculations of n-leg ladders, QMC, dynamic cluster approximation (DCA), cel-

lular dynamical mean-field theory (CDMFT), variational cluster perturbation

theory (VCPT), and many more. A comparison of the results from various
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Figure 2.1: The generic phase diagram of high-Tc superconductors (from Ref.

[54]), with AF: Antiferromagnetic phase and SC: superconducting phase.

methods can be found in detailed reviews by Scalapino [55], Tremblay et al. [56]

and Bulut [57]. In the following we summarize only the most important results.

A well established feature of the Hubbard model is the antiferromagnetic (AF)

Mott-insulating state at half filling for U/t > 0, consistent with the cuprates.

From the viewpoint of band theory, the system should be metallic rather than

insulating, because the band is only half filled. However, in this case the in-

sulating state is induced by the coulomb interaction. This is best understood

in the limit of very large U/t, where the double occupancy of a site is strongly

suppressed. In this limit the Hubbard model reduces to the Heisenberg model,

which is given by localized S = 1/2 spin degrees of freedom interacting via a

superexchange J = 4t2/U (see for example [58]). On a square lattice the ground

state has antiferromagnetic long range order (AFLRO). Numerical evidence of

AFLRO was first provided by Hirsch [59]. A theorem by Lieb [60] ensures that

there is no level crossing at finite U/t, and thus AFLRO persists also in the

limit of small, but finite U/t. Upon doping, antiferromagnetism rapidly becomes

strongly suppressed.

An intriguing region in the phase diagram of the cuprates is the pseudo-

gap phase adjacent to the antiferromagnetic and superconducting phase below

a crossover temperature T ∗. It was found that a pseudogap opens for spin and

charge degrees of freedom, for example, from the decrease in the spin susceptibil-
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ity and the specific heat [61]. Angle resolved photo emission spectrum (ARPES

[54, 62, 63]) studies revealed that in the hole-doped materials the pseudogap

opens along the antinodal direction near the wavevector (π, 0), whereas for the

electron-doped materials it appears near (π/2, π/2). In Determinantal Quantum

Monte Carlo simulations evidence for the formation of a pseudogap in the under-

doped region (T = 0.25t, 〈n〉 = 0.95) [64] was found. DCA calculations [65] for

U/t = 6 and 〈n〉 = 0.95 reproduced the opening of the pseudogap at (π, 0), while

the nodal region (π/2, π/2) remained gapless. Clear evidence for the pseudogap

are also available from CDMFT [66] and more recent DCA calculations [67].

In DMRG studies of doped 6-leg ladders [68] a striped phase appeared for

U/t = 12 at a doping 〈n〉 ≈ 0.9. In this phase the hole density modulates along

the legs of the ladder. The stripes vanish at weak coupling U/t = 3. Evidence of

a striped phase was also found in experiments (see [69] and references therein).

It is experimentally established that the superconducting order parameter has

d-wave (dx2−y2) symmetry [70]. Various theoretical and numerical results agree

that this is the dominant pairing channel in the Hubbard model. In DCA calcu-

lations Maier et al. [67] found a d-wave pairing phase for U = 4t and 〈n〉 = 0.9.

The zero-temperature phase diagram obtained by VCPT [56] exhibits supercon-

ductivity on the hole-doped, as well as on the electron-doped side. These results

are also consistent with CDMFT calculations [66]. For nearest-neighbor hopping

only (t′ = t′′ = 0) the d-wave order parameter is maximal for 〈n〉 ≈ 0.93 and

vanishes completely for 〈n〉 ≈ 0.78. Variational calculations also reveal d-wave

order [71]. On the other hand Zhang et al. [72] calculated d-wave pairing cor-

relations by QMC with constrained-path approximation, and concluded the ab-

sence of superconductivity in the thermodynamic limit. They considered fillings

〈n〉 = 0.85, U/t up to 8 and system sizes up to 16× 16. In a recent publication,

Aimi and Imada presented results for system sizes up to 10 × 10 and U/t = 7,

obtained by an improved version of Gaussian QMC with symmetry projection.

They concluded that the superconducting correlations are too weak to account

for the superconductivity in the cuprates. However, they considered rather large

dopings in the range 〈n〉 = 0.72...0.82, where CDMFT also predicts a very small

or vanishing d-wave order. Therefore, these results do not necessarily contradict

the ones from CDMFT.

The question whether the one-band Hubbard model describes the physics of

the cuprates is not fully answered yet. It remains a big challenge in condensed

matter physics to solve this problem.
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2.4 Introduction to stochastic differential equa-

tions

The Gaussian Quantum Monte Carlo method is based on a mapping of the quan-

tum problem onto an evolution of a probability density of phase space variables

(Fokker-Planck equation), which can be sampled by stochastic differential equa-

tions (SDEs). This section aims to introduce all relevant concepts of stochastic

calculus needed to understand this method. There are excellent textbooks on

stochastic methods available [73–75], to which we refer for detailed proofs and

illustrative examples.

2.4.1 Stochastic processes and the Fokker-Planck equa-

tion

A well known example of a stochastic process is Brownian motion. In 1827

Robert Brown observed that small pollen grains suspended in water are in a

very animated and irregular state of motion. Only in 1905 Einstein came up

with the explanation that the motion is caused by the exceedingly frequent im-

pacts on the pollen grain of the incessantly moving molecules of the liquid. He

presented a probabilistic description of the problem, assuming that these impacts

are statistically independent, and found that the system is described by a dif-

fusion equation. Langevin presented another approach by adding a fluctuating

force ξ(t) to the equation of motion

dx

dt
= a(x, t) + b(x, t)ξ(t). (2.12)

This was the first example of a stochastic differential equation and is named after

Langevin. Each solution represents a different random trajectory. Nevertheless,

probabilistic results can be calculated from the properties of the random force ξ.

The mathematical foundation for this approach was provided 40 years later by

Ito, when he formulated his concepts of SDEs.

In general a stochastic process corresponds to a system, which depends on

a time-dependent random variable X(t). The system’s evolution in time is de-

scribed probabilistically. For example the conditional probability

p(x1, t1;x2, t2|x′1, t′1;x′2, t′2), (t1 ≥ t2 ≥ t′1 ≥ t′2) (2.13)

measures the probability of finding X(t1) = x1 and X(t2) = x2 knowing that

X(t′1) = x′1 and X(t′2) = x′2. We restrict ourselves to the class of Markov pro-
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cesses, where the conditional probability is determined entirely by the most recent

condition,

p(x1, t1;x2, t2|x′1, t′1;x′2, t′2) = p(x1, t1;x2, t2|x′1, t′1) =

= p(x1, t1|x2, t2)p(x2, t2|x′1, t′1). (2.14)

We can relate conditional probabilities p(xi, ti|xj, tj) with each other by

p(x1, t1|x3, t3) =

∫
dx2p(x1, t1|x2, t2)p(x2, t2|x3, t3), (2.15)

which is known as the Chapman-Kolmogorov equation. It can be reduced to a

differential equation including jumps, drift and diffusion terms (see for example

[73]), if the following conditions are satisfied for all ε > 0:

i) lim
∆t→0

1

∆t
p(x, t+ ∆t|x′, t) = W (x|x′, t), |x− x′| ≥ ε (2.16)

ii) lim
∆t→0

1

∆t

∫
|x−x′|<ε

dx (x− x′)p(x, t+ ∆t|x′, t) = a(x′, t) +O(ε) (2.17)

iii) lim
∆t→0

1

∆t

∫
|x−x′|<ε

dx (x− x′)2p(x, t+ ∆t|x′, t) = d(x′, t) +O(ε), (2.18)

and all higher order moments in (x− x′) vanish. For a Markov process it can be

shown that the sample paths are continuous functions of t if

lim
∆t→0

1

∆t

∫
|x−x′|>ε

dx p(x, t+ ∆t|x′, t) = 0 (2.19)

for any ε > 0. Under this condition W (x|x′, t) = 0 in Eq. (2.16), which implies

that the jump terms vanish, and the Chapman-Kolmogorov equation reduces to

the Fokker-Planck (FP) equation:

∂p(x, t|x′, t′)
∂t

= − ∂

∂x
a(x, t)p(x, t|x′, t′) +

1

2

∂2

∂x2
d(x, t)p(x, t|x′, t′). (2.20)

This partial differential equation describes the evolution of the probability dis-

tribution function p(x, t|x′, t′) in time. a(x, t) is the drift and d(x, t) the diffusion

term. If the diffusion is zero the system is purely deterministic. This special case

is known as the Liouville equation from classical mechanics.

An important example is the Wiener process, which corresponds to a diffusion

process without any drift (a(x, t) ≡ 0, d(x, t) ≡ 1),

∂

∂t
p(w, t|w0, t0) =

1

2

∂2

∂w2
p(w, t|w0, t0). (2.21)
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This process is equivalent to the problem of Brownian motion. With the initial

condition p(w, t0|w0, t0) = δ(w − w0) the solution is given by the Gaussian

p(w, t|w0, t0) =
1√

2π(t− t0)
exp

(
−(w − w0)

2

2(t− t0)

)
, (2.22)

with mean 〈W (t)〉 = w0 and variance 〈[W (t)− w0]
2〉 = t − t0. Note, that even

though the mean value of W (t) is zero, the variance becomes infinite for t→∞.

Furthermore, the sample paths of W (t) are continuous since Eq. (2.19) holds for

a diffusion process. However, they are not differentiable. This can be seen by

considering the probability that |W ′(t)| = limh→0 |W (t + h) −W (t)|/h > k for

an arbitrary k, which amounts to

Prob(|W ′(t)| > k) = 2

∫ ∞

kh

dw
1√
2πh

exp
(
−w2/2h

)
. (2.23)

In the limit h→ 0 this probability is one. Thus, the magnitude of the derivative is

almost certainly larger than any arbitrary number k, i.e. the derivative becomes

infinite.

An important result which is needed for the definition of the stochastic inte-

gration is the statistical independence of Wiener increments,

∆Wi ≡ W (ti)−W (ti−1). (2.24)

This result follows directly from the Markov property:

p(wn, tn;wn−1, tn−1; ...;w0, t0) =
n∏

i=1

p(wi, ti|wi−1, ti−1)p(w0, t0) =

=
n∏

i=1

1√
2π(ti − ti−1)

exp(−(wi − wi−1︸ ︷︷ ︸
∆wi

)2/2(ti − ti−1︸ ︷︷ ︸
∆ti

))p(w0, t0) = (2.25)

=
n∏

i=1

p(∆wi,∆ti)p(w0, t0). (2.26)

Thus, the probability to observe a certain sequence ∆W1,∆W2, ...,∆Wn is given

by the product of probabilities

p(∆wi,∆ti) =
1√

2π∆ti
exp(−∆w2

i /2∆ti), (2.27)

and therefore, the random variables ∆Wi are statistically independent. Further-

more, one can show that 〈∆W 2
i 〉 = ∆ti.

18



Gaussian Quantum Monte Carlo

2.4.2 Stochastic differential equations

A stochastic differential equation (SDE) is of the form

dx(t) = a[x(t), t]dt+ b[x(t), t]dW (t). (2.28)

Note that this corresponds to the Langevin equation (2.12) with dW (t) = ξdt.

The solution of the stochastic quantity x(t) is obtained by integrating the SDE,

x(t) = x(t0) +

∫ t

t0

a[x(t′), t′]dt′ +

∫ t

t0

b[x(t′), t′]dW (t′). (2.29)

The last term is a stochastic integral which needs to be defined. It is a kind

of Riemann-Stieltjes integral: We divide the interval [t0, t] into N subintervals

t0 ≤ t1 ≤ t2 ≤ ... ≤ t, and take the limit∫ t

t0

b[x(t′), t′]dW (t′) = ms-lim
N→∞

N∑
i=1

b[x(τi), τi] [W (ti)−W (ti−1)]︸ ︷︷ ︸
∆Wi

, (2.30)

where ∆Wi are Wiener increments and ms-lim denotes the mean square limit

(see appendix A.1). The stochastic integral depends on the choice of intermediate

points τi ∈ [ti−1, ti], in contrast to ordinary differential equations. We distinguish

between an Ito and a Stratonovich SDE. In the former case the function b[x(τi), τi]

is evaluated at the beginning of each subinterval, τi = ti−1, whereas in the latter

the middle of each subinterval is taken, τi = (ti−1 + ti)/2. Special attention has

to be paid when integrating an SDE numerically that the appropriate definition

is used. We introduce different integration schemes in Sec. 2.4.5.

With the definition of the Ito stochastic integral the following important

relations can be derived [73]:∫ t

t0

F (t′)dW (t′)2 =

∫ t

t0

F (t′)dt′ → “dW (t)2 ≡ dt” (2.31)∫ t

t0

F (t′)dW (t′)2+N = 0 → dW (t)2+N ≡ 0, N ∈ N (2.32)

〈
∫ t

t0

F (t′)dW (t′)〉 = 0. (2.33)

We assumed here thatN > 0 and that F (t) is a so-called nonanticipating function

of t, which means that F (t) is independent of the behavior of the Wiener process

in the future of t, i.e., F (t) is statistically independent of W (s) −W (t) for all

t < s. These results imply that dW (t) is an infinitesimal of order 1
2
, dW (t)2 is

of order 1, and all higher orders vanish.
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2.4.3 Relation between the Fokker-Planck equation and

SDEs

Consider a function of the stochastic quantity x(t) that obeys an Ito SDE. We

can derive the SDE of a function f [x(t)] by expanding df [x(t)] to second order

in dW (t),

f [x+ dx]− f [x] = f ′[x]dx+
1

2
f ′′[x]dx2 +O(dx3) =

= f ′[x]{a[x, t]dt+ b[x, t]dW}+
1

2
f ′′[x]b[x, t]2[dW ]2 +O(dW 3)

= {a[x, t]f ′[x] +
1

2
b[x, t]2f ′′[x]}dt+ b[x, t]f ′[x]dW, (2.34)

where we used dW (t)2 = dt. This equation is known under “Ito’s formula” and

it shows that a change in variables is not given by ordinary calculus, but we

find an additional term, which only vanishes if f ′′[x] = 0. Let us now derive the

connection between the Fokker-Planck equation and an SDE. The conditional

probability density of x(t) is p(x, t|x0, t0) and the average of the function f [x] at

a certain time t is given by

〈f [x(t)]〉 =

∫
dxf(x)p(x, t|x0, t0). (2.35)

Taking the derivative with respect to t and by using Ito’s formula we arrive at

d

dt
〈f [x(t)]〉 =

∫
dxf(x)∂tp(x, t|x0, t0) =

=
〈df [x(t)]〉

dt
=

∫
dx

[
a(x, t)∂xf(x) +

1

2
b(x, t)2∂2

xf(x)

]
p(x, t|x0, t0).

Integrating by parts and assuming that boundary terms vanish, we obtain∫
dxf(x)∂tp =

∫
dxf(x){−∂x [a(x, t)p] +

1

2
∂2

x

[
b(x, t)2p

]
} (2.36)

By comparing integrands on both sides and omitting the arbitrary function f(x),

we find

∂tp(x, t|x0, t0) = −∂x [a(x, t)p(x, t|x0, t0)] +
1

2
∂2

x

[
b(x, t)2p(x, t|x0, t0)

]
. (2.37)

This is clearly the same Fokker-Planck equation as given in Eq. (2.20) with drift

a(x, t) and diffusion term d(x, t) = b(x, t)2. We thus have found a complete

equivalence between an SDE and the Fokker-Planck equation.
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2.4.4 System of many variables

So far we have only considered a system of one variable x(t). The relations for a

system with N variables can be derived in a similar way. Consider a system of

N coupled SDEs,

dxxx = AAA(xxx, t)dt+BBB(xxx, t)dWWW (t), (2.38)

where AAA(xxx, t) is an N -dimensional vector of functions Ai(xxx, t), BBB(xxx, t) is a matrix

of functions Bij(xxx, t), and dWWW (t) is a vector of N independent Wiener processes,

〈dWi(t)dWj(t
′)〉 = δ(t− t′)δijdt. (2.39)

If Eq. (2.38) are Ito SDEs, the corresponding Fokker-Planck equation for the

multivariate probability distribution p ≡ p(xxx, t|xxx0, t0) is

∂tp = −
∑

i

∂i [Ai(xxx, t)p] +
1

2

∑
ij

∂i∂j [Dij(xxx, t)p] (2.40)

with the positive definite diffusion matrix DDD(xxx, t) = BBB(xxx, t)BBBT (xxx, t). Note that

we can replace BBB by BBBSSS with SSS(xxx, t) an orthogonal matrix, SSSSSST = 1, and still

obtain the same diffusion matrix DDD. This is called a diffusion gauge (cf. Sec.

2.5.6).

In the case of Stratonovich SDEs, the Fokker-Planck equation has the form

∂tp = −
∑

i

∂i [Ai(xxx, t)p] +
1

2

∑
ijk

∂i [Bik(xxx, t)∂j{Bjk(xxx, t)p}] , (2.41)

It is possible to transform an Ito SDE into a Stratonovich SDE [73], and vice

versa, by

AStrat
i = AIto

i − 1

2

∑
jk

BIto
kj ∂kB

Ito
ij , (2.42)

AIto
i = AStrat

i +
1

2

∑
jk

BStrat
kj ∂kB

Strat
ij , (2.43)

BIto
ij = BStrat

ij . (2.44)

2.4.5 Integrators for SDEs

In this section we discuss several ways to integrate an SDE numerically. Con-

sider an N -dimensional SDE depending on a vector of variables xxxi ≡ xxx(ti) with
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2.4 Introduction to stochastic differential equations

elements xk
i ≡ xk(ti), k ∈ [1, N ]. The simplest integrator is the forward Euler

scheme for the Ito-SDE:

xxxi+1 = xxxi +AAA(xxxi)∆t+BBB(xxxi)∆WWW i, (2.45)

where each element k of the vector of Wiener increments ∆W k
i is drawn from a

normal distribution with zero mean and a variance of ∆t as given in Eq. (2.27).

This method is the fastest because of the explicit form, but is not stable in

general.

For the Stratonovich SDE a midpoint scheme is needed, at least for the dif-

fusion term. We first solve the implicit step for the midpoint

xxxi+1/2 = xxxi +AAA(xxxi+1/2)
∆t

2
+BBB(xxxi+1/2)

∆WWW i

2
, (2.46)

and then we perform the full step

xi+1 = xi +AAA(xi+1/2)∆t+BBB(xi+1/2)∆Wi = 2xi+1/2 − xi. (2.47)

This scheme is not stable in general, either. Consider the scalar version of Eq.

(2.46) with drift and diffusion terms at least linear in x. If we move all terms

containing the vector xi+1/2 to the left we end up with an equation of the form

xi+1/2G(xi+1/2) = xi, where the function G can become zero due to the un-

bounded noise term. In this case a solution for the implicit step does not exist,

and hence the scheme can fail. For a stable integration we suggest to use a

semi-implicit Euler scheme for the Ito SDE:

xxxi+1 = xxxi +AAA(xxxi+1)∆t+BBB(xxxi)∆WWW i. (2.48)

To solve this nonlinear system we make a first guess x̃xxi+1 with a forward Euler

step (2.45). We then plug x̃xxi+1 iteratively into the drift term of Eq. (2.48) until

a self consistent solution is found. As the initial guess from the forward Euler

step (predictor step) is already close to the final solution, only a few iterations

are needed.

The order of the Euler schemes are O(1
2
) for strong convergence and O(1) for

weak convergence (see appendix A.1). Strong convergence would be needed if

we are interested in the exact path of a trajectory through phase space (mean

square limit). But in our case we want to calculate statistical averages, and thus,

the limit in distribution (weak convergence) is sufficient.
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Like for ordinary differential equations, one can formulate higher order inte-

grators for an SDE, for example the Milstein scheme [75]:

xi+1 = xi + a(xi)∆t+ b(xi)∆Wi + c(xi)(∆W
2
i −∆t), (2.49)

c(xi) =
1

2
b(xi)b

′(xi). (2.50)

However, this form is only valid in the scalar case. For a multivariate SDE,

multiple stochastic integrals appearing in the Milstein term cannot be computed

exactly, but must be modeled [74, 76]. The order of the method is O(1) for

both weak and strong convergence. Hence we do not gain anything compared

to the Euler method when calculating statistical averages. Furthermore, the

computational effort needed for the Milstein scheme is of order O(N4) whereas

for the Euler schemes only O(N3). We therefore preferentially use the semi-

implicit Ito Euler scheme.

Adaptive time step

To reduce the error from the time discretization of the SDEs, we use an adaptive

time step. Initially we choose a maximal step size ∆tmax. Whenever any element

of the drift term exceeds a certain threshold,

max
k

(Ak ·∆τ) > umax, (2.51)

we divide the current time interval ∆t by 2 and perform 2 update steps with a

reduced step size ∆t/2. In each of these two steps the above condition is tested

again, and the step size is further divided by 2 if necessary. By proceeding in the

same way for each reduced interval, the step size can become arbitrarily small

(limited by the machine precision). For example, the interval ∆t may be split

into 4 smaller intervals with step sizes ∆t/2 + ∆t/8 + ∆t/8 + ∆t/4.

2.5 The Gaussian operator basis

Gaussian Quantum Monte Carlo is based on the expansion of fermionic density

operators in a Gaussian operator basis [31, 38, 40]. Corney and Drummond

have proven [39] that the basis is overcomplete and that there always exist an

expansion with positive coefficients. Similar ideas have previously been applied

for bosonic systems [31, 38, 41, 44], and it was an important step to reformulate

these ideas for fermions.
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2.5 The Gaussian operator basis

In the following sections we introduce the Gaussian operator basis and its

properties. For detailed proofs, which involve Grassmann calculus and Fermi

coherent states, we refer to Ref. [39].

2.5.1 Unnormalized Gaussian operators

Consider a fermionic system decomposed into a set of N single-particle modes

(or lattice sites). To each of these modes we associate creation and annihilation

operators that obey the anticommutation relations

{ĉi, ĉ†j} = δij, {ĉi, ĉj} = {ĉ†i , ĉ
†
j} = 0. (2.52)

By ĉ† (ĉ) we denote the vector of all N creation (annihilation) operators,

ĉ† =
(
ĉ†1 ... ĉ†N

)
, ĉ =

 ĉ1
...

ĉN

 . (2.53)

An unnormalized Gaussian operator is an exponential of a quadratic form,

Λ̂(u)(µ) =: exp
[
−ĉ†µĉ

]
:, (2.54)

with µ an N × N matrix of real or complex numbers (phase space variables).

The colons : ... : denote normal ordering, i.e. we reorder the operators in such

a way that all creation operators are located to the left of the annihilation op-

erators, where each operator exchange involves a sign-change : ĉiĉ
†
j := −ĉ†j ĉi. By

expanding the exponential and using the anticommutation relations, we obtain

Λ̂(u)(µ) = :
N∏

i,j=1

exp
[
−ĉ†iµij ĉj

]
:=

= :
N∏

i,j=1

[
1̂− ĉ†iµij ĉj

]
:, (2.55)

where 1̂ is the identity operator. If µ is a hermitian matrix, then the Gaussian

operator represents a ”physical” density operator. If µ also exhibits only eigen-

values 0 and 1, then the Gaussian operator corresponds to a Slater determinant.

Note that in the exponential only operators of the form ĉ†i ĉj appear such that

the total number of occupied modes (particles) is conserved. A more general

Gaussian operator also involves terms of the form ĉ†i ĉ
†
j and ĉiĉj (see appendix

A.2).

24



Gaussian Quantum Monte Carlo

2.5.2 Examples

One-mode system

In order to become more familiar with the Gaussian operator basis it is illustrative

to discuss some simple examples. Consider a system with only one mode. The

matrix µ in Eq. (2.54) is simply a number, and the Gaussian operator reads

Λ̂(u)(µ) =: exp
[
−ĉ†µĉ

]
:=:

∞∑
k=0

1

k!
(−ĉ†µĉ)k : . (2.56)

Terms of order k > 1 vanish because of normal ordering and b̂b̂ = b̂†b̂† = 0,

leading to the simple result

Λ̂(u)(µ) = 1− µ̂c†ĉ. (2.57)

We normalize the operator such that its trace is equal to 1:

1 =
1

Ñ
Tr
[
Λ̂(u)

]
=

(2− µ)

Ñ
→ Ñ = 2− µ, (2.58)

and the normalized Gaussian reads

Λ̂(µ) =
1− µĉ†ĉ

2− µ
. (2.59)

By performing the variable transformation n = (1 − µ)/(2 − µ), excluding the

point µ = 2, the normalized Gaussian operator takes the simple form

Λ̂(n) = (1− n) + (2n− 1)ĉ†ĉ = (1− n)|0〉〈0|+ n|1〉〈1|. (2.60)

Thus, the variable n has an intuitive meaning: it corresponds to the expectation

value of the occupation number operator n̂ = ĉ†ĉ,

〈n̂〉Λ̂ = Tr
[
n̂Λ̂
]

= n. (2.61)

From these results we conclude that the density operator of any single-mode

system can be described by one Gaussian operator ρ̂ = Λ̂(n). However, this

representation is not unique. Consider the two Gaussian operators

|0〉〈0| = Λ̂(0), |1〉〈1| = Λ̂(1). (2.62)

The density operator may also be expanded by the positive sum

ρ̂ = (1− n)Λ̂(0) + nΛ̂(1). (2.63)

Thus, this example illustrates that the Gaussian operators form an overcomplete

basis. The space of basis elements may be further enlarged if we allow complex

phase space variables. However, in this work we restrict ourselves to real numbers

only.
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Two-mode system

For a particle number conserving system with two modes, µ is a 2 × 2 matrix

and the Gaussian operator reads

Λ̂(u)(µ) = : exp

[
−

2∑
i,j=1

ĉ†iµij ĉj

]
:=

= 1−
2∑

i,j=1

ĉ†iµij ĉj + detµ ĉ†1ĉ
†
2ĉ2ĉ1. (2.64)

Again, any terms in the expansion with operators appearing more than once

vanish because of normal ordering. Writing the Gaussian operator in terms of

two-mode number state projectors we obtain

Λ̂(u)(µ) = |00〉〈00|+ (1− µ11)|10〉〈10|+ (1− µ22)|01〉〈01|+ (2.65)

+(1− µ11 − µ22 + detµ)|11〉〈11| − µ12|10〉〈01| − µ21|01〉〈10|. (2.66)

The normalization constant is

1

Ñ
Tr
[
Λ̂(u)

]
= 1 → Ñ = 4− 2µ11 − 2µ22 + detµ. (2.67)

We introduce the variable transformation nnn = I − (2I − µT )−1, where I is the

2× 2 identity matrix, and rewrite the normalized Gaussian operator as

Λ̂(nnn) = det [I− nnn] : exp
[
−ĉ†

(
2I +

[
nnnT − I

]−1
)

ĉ
]

:

= det [I− nnn] |00〉〈00|+ detnnn|11〉〈11|
+(n11(1− n22) + n12n21)|10〉〈10|
+(n22(1− n11) + n12n21)|01〉〈01|
+n21|10〉〈01|+ n12|01〉〈10|. (2.68)

As in the single-mode case, the variables nij have a physical meaning: They

correspond to the equal time Green’s functions,

〈ĉ†i ĉj〉Λ̂ = Tr
[
ĉ†i ĉjΛ̂

]
= nij. (2.69)

Higher order correlations can be expressed by products of first order averages,

for example,

〈ĉ†1ĉ1ĉ
†
2ĉ2〉Λ̂ = Tr

[
ĉ†1ĉ1ĉ

†
2ĉ2Λ̂

]
= n11n22 − n12n21. (2.70)
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If nnn is Hermitian, then the Gaussian operator corresponds to a ”physical” den-

sity operator describing a mixed or a pure state. However, we do not restrict

ourselves to these operators. A density operator may also be expressed by a sum

of ”unphysical” Gaussian operators.

We can show that the Gaussian operators in Eq. (2.68) form a complete basis

for any particle number conserving two-mode system. The two-mode density

operator in the projector basis |~n〉〈~n′| reads

ρ̂ =
∑
~n,~n′

ρ~n,~n′|~n〉〈~n′|, (2.71)

where the elements of ~n = (n1, n2) and ~n′ = (n′1, n
′
2) are either 0 or 1. Because of

the total number of occupied modes is conserved, the elements ρ~n,~n′ with
∑

j nj 6=∑
j n

′
j vanish. Any projector appearing in this expansion can be expressed in

terms of Gaussian operators:

|00〉〈00| = Λ̂(0), |11〉〈11| = Λ̂(I)

|10〉〈10| = Λ̂(

(
1 0

0 0

)
), |01〉〈01| = Λ̂(

(
0 0

0 1

)
)

|10〉〈01| =
1

n21

Λ̂(

(
n11 0

n21 n22

)
)− 1

n21

Λ̂(

(
n11 0

0 n22

)
)

|01〉〈10| =
1

n12

Λ̂(

(
n11 n12

0 n22

)
)− 1

n12

Λ̂(

(
n11 0

0 n22

)
). (2.72)

Thus, we can write any density operator as a sum of Gaussian operators. In

addition, it is also possible to find an expansion which only involves positive

coefficients. For example, by using Eq. (2.68) one can verify that the following

expansion holds:

ρ̂ =
∑

~n

1

2
ρ~n,~n

[
Λ̂(

(
n1 2ρ(01),(10)

0 n2

)
) + Λ̂(

(
n1 0

2ρ(10),(01) n2

)
)

]
. (2.73)

2.5.3 Normalized multi-mode Gaussian operators

From the last two examples we have seen that an appropriate variable transfor-

mation µ→ nnn leads to a more intuitive representation of the Gaussian operators.

A similar transformation can be used for a multi-mode system,

Λ̂(nnn) = det [I− nnn] : exp
[
−ĉ†

(
2I +

[
nnnT − I

]−1
)

ĉ
]

:, (2.74)
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where the normalization det [I− nnn] ensures Tr
[
Λ̂
]

= 1. As for the two-mode

system one can prove (over-)completeness and positivity (see [39]). Note that an

N -mode system involves N ×N different phase space variables nij.

We now introduce another variable Ω which plays the role of a weighting

factor such that the final form of the Gaussian operator basis reads

Λ̂(λλλ) = Ω det [I− nnn] : exp
[
−ĉ†

(
2I +

[
nnnT − I

]−1
)

ĉ
]

:, (2.75)

with N2 + 1 independent variables λλλ = (Ω,nnn) and with the following trace

properties:

Tr
[
Λ̂
]

= Ω,

〈ĉ†i ĉj〉Λ̂ = Tr
[
ĉ†i ĉjΛ̂

]
= Ωnij,

〈ĉ†i ĉj ĉ
†
kĉl〉Λ̂ = Tr

[
ĉ†i ĉj ĉ

†
kĉlΛ̂

]
= Ω (nijnkl − nil(nkj − δik)) . (2.76)

Any higher order correlations can be decomposed into products of first order

terms, using Wick’s theorem. We conclude that the trace of any operator Ô is a

function of the phase space variables,

Tr
[
ÔΛ̂
]

= O(λλλ) = ΩO(nnn). (2.77)

Of particular importance for the derivation of the Fokker-Planck equation in

the next section are the differential properties of the Gaussian operators. The

derivative of a Gaussian operator with respect to Ω is

∂Λ̂

∂Ω
=

1

Ω
Λ̂, (2.78)

which defines the identity operator,

IΩΛ̂ = Λ̂, IΩ = Ω
∂

∂Ω
. (2.79)

For derivatives with respect to n one can derive the matrix relations [39]

ĉ†T ĉT Λ̂ = nΛ̂ + (1− n)
∂Λ̂

∂n
n,

Λ̂ĉ†T ĉT = nΛ̂ + n
∂Λ̂

∂n
(1− n), (2.80)

where the matrix derivative is defined as (∂/∂n)ij = ∂/∂nji. Thus, any product

of two operators ĉ†i ĉj with a Gaussian operator can be replaced by a differential

operator acting on the Gaussian operator.
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2.5.4 Expansion of the density operator

As explained in the previous sections, any density operator can be expressed as

a positive sum over Gaussian operators. In integral form this expansion reads

ρ̂(τ) =

∫
P (λλλ, τ)Λ̂(λλλ)dλλλ, (2.81)

where we introduced an additional parameter τ , which the density operator may

depend on. In our case it is the inverse temperature τ = 1/kBT (or imaginary

time) with kB = 1 the Boltzmann constant. P (λλλ, τ) is a probability density, i.e.

normalized to one and positive on its support, and dλλλ is the integration measure.

Using the first trace property in Eq. (2.76) we find

Tr [ρ̂] =

∫
P (λλλ, τ)Tr

[
Λ̂(λλλ)

]
dλλλ =

∫
P (λλλ, τ)Ωdλλλ = 〈Ω〉P = Ω̄. (2.82)

Thus, the weight Ω allows us to represent unnormalized density operators. The

expectation value of an operator Ô is calculated as

〈Ô〉 = Tr
[
Ôρ̂
]
/Tr [ρ̂] =

∫
P (λλλ, τ)Tr

[
ÔΛ̂(λλλ)

]
dλλλ/Ω̄ =

=

∫
P (λλλ, τ)O(λλλ)dλλλ/Ω̄ = 〈O(λλλ)〉P , (2.83)

where we used Eq. (2.77). The important result here is that the Gaussian oper-

ators do not explicitly appear in the calculation of expectation values. From the

knowledge of P (λλλ, τ) any quantity can be determined by calculating moments of

P . In the following section we explain how to find the evolution of the probabil-

ity density P (λλλ, τ) (Fokker-Planck equation) and how to sample it by stochastic

differential equations.

2.5.5 Time evolution

Consider the time evolution of the density operator given by the Master equation

d

dt
ρ̂(t) = L̂ [ρ̂(t)] , (2.84)

where L̂ involves operators multiplying the density operator from the left and

from the right. For example, unitary evolution in real time is given by the

commutator

L̂ [ρ̂(t)] = − i

~

[
Ĥ, ρ̂

]
. (2.85)
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In this thesis we focus on evolution in imaginary time t = iτ , with τ = 1/(kBT )

the inverse temperature (we set the Boltzmann constant kB = 1), in order to

obtain the density operator of the grand canonical distribution

ρ̂(τ) = exp(−τ(Ĥ − µN̂)). (2.86)

The evolution is given by the anticommutator

d

dτ
ρ̂(τ) = L̂ [ρ̂(t)] = −1

2
{Ĥ, ρ̂(τ)}, (2.87)

where we absorbed the term µN̂ into the Hamiltonian Ĥ. The aim is now

to rewrite this evolution equation of operators as a Fokker-Planck for the the

probability density P (λλλ, τ). First we introduce the expansion in Eq. (2.81) for ρ̂

into Eq. (2.87):

d

dτ

∫
dλλλP (λλλ, τ)Λ̂(λλλ) =

∫
dλλλP (λλλ, τ)L̂

[
Λ̂(λλλ)

]
=

= −1

2

∫
dλλλP (λλλ, τ)

(
ĤΛ̂(λλλ) + Λ̂(λλλ)Ĥ

)
. (2.88)

With the help of the differential properties in Eq. (2.80) the action of the Hamil-

tonian on the operator basis element is transformed into an differential operator

L containing first and second order derivatives with respect to the phase space

variables nnn. Terms without any derivative are replaced by first order derivatives

with respect to Ω by using the identity operator (2.79). Thus, we formally write∫
dλλλ

d

dτ
P (λλλ, τ)Λ̂(λλλ) =

∫
dλλλP (λλλ, τ)L[Λ̂(λλλ)]. (2.89)

In the next step we perform a partial integration where we take all derivatives

acting on the basis element in front of P, which is denoted by the new operator

L′: ∫
dλλλL′[P (λλλ, τ)]Λ̂(λλλ) + boundary terms. (2.90)

Depending on the nature of the distribution P , boundary terms from the partial

integration arise. We discuss the problem of boundary terms in detail in Sec.

2.8.3. For the moment we assume that these boundary terms vanish. We then

can compare integrands on both sides to obtain

d

dτ
P (λλλ, τ) = L′[P (λλλ, τ)], (2.91)
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where we have omitted the Gaussian basis element on both sides. This corre-

sponds to a Fokker-Planck equation describing the evolution of the distribution

function P in imaginary time. If L′ is of the form

L′ = −
∑

α

∂

∂λα

Aα +
1

2

∑
αβk

∂

∂λα

Bk
α

∂

∂λβ

Bk
β, (2.92)

with Aα and Bα real functions, we can derive real valued (Stratonovich) SDEs

(cf. Sec. 2.4.4),

dλα(τ) = Aα(λλλ)dτ +
∑

k

Bk
α(λλλ)dWk(τ), (2.93)

with Wiener increments dWk(τ) defined by the correlations 〈dWk(τ)dWk′(τ
′)〉 =

dτδ(τ−τ ′)δkk′ and the mean 〈dWk(τ)〉 = 0. The coefficients Aα describe the drift

and Bα the diffusion of the distribution P . The particular form of the second

term in Eq. (2.92) ensures that the diffusion matrix given by Dαβ =
∑

k B
k
αB

k
β

is positive definite. The final form of L′ is not unique but can be modified by

stochastic gauges as discussed in the next section. The explicit expressions of the

functions Aα(λλλ) and Bk
α(λλλ) depend on the model. In Sec. 2.6 we derive them for

the general electronic structure problem, which also includes the Hubbard model

as a special case.

2.5.6 Stochastic gauges

For a given Hamiltonian the SDEs are not unique, but can be modified by stochas-

tic gauges. We distinguish three types of gauges: fermionic, diffusion and drift

gauges.

Fermionic gauges

Because of the fermionic anticommutation relations operators such as n̂2
ijσ are

zero. Nevertheless, we can include them in the Hamiltonian, leading to different

SDEs, even though the Hamiltonian still describes the same system. Making use

of fermionic gauges was a crucial trick to obtain real valued SDEs with positive

weights as shown in the first paper of Corney and Drummond [31]. We show

how to generalize this gauge trick for the general electronic structure problem in

Sec. 2.6.
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Diffusion gauges

We have already encountered the diffusion gauge in Sec. 2.4.4. The diffusion

matrix DDD is related to the matrix BBB by DDD = BBBBBBT , and we can thus multiply

BBB by an orthogonal matrix SSS to modify the SDEs without changing the Fokker-

Planck equation.

Drift gauges

Drift gauges allow us to convert drift terms for the variables nnn into diffusion

terms for the weight Ω. The identity operator in Eq. (2.79) can be used to

transform first order derivatives into second order derivatives, which will appear

in the diffusion term in the Fokker-Planck equation. It is possible to add an

arbitrary gauge gk(λλλ) of the same dimension as the noise vector. The SDEs in

Eq. (2.93) then become

dΩ(τ) = A0(λλλ)dτ + Ω
∑

k

gkdWk(τ), (2.94)

dλa(τ) = Aa(λλλ)dτ +
∑

k

Bk
a(λλλ) [dWk(τ)− gkdτ ] , (2.95)

where we have written the equation for the weight λ0 = Ω separately. Note that

without any drift gauge gk = 0 there are no noise terms appearing in the weight

equation.

2.6 Derivation of the SDEs for the general elec-

tronic structure problem

In this section we derive the SDEs for the general electronic structure problem

given by the Hamiltonian

Ĥ = −
∑
i6=jσ

tij ĉ
†
iσ ĉjσ − µ

∑
iσ

ĉ†iσ ĉiσ +
1

2

∑
ijklσσ′

Vijklĉ
†
iσ ĉ

†
kσ′ ĉlσ′ ĉjσ (2.96)

with c†iσ the creation operator for an electron with spin σ in orbital i, tij is the

hopping matrix, µ the chemical potential, Vijkl the Coulomb interaction ampli-

tude. This Hamiltonian has been dubbed the “theory of everything” [77]; hence,

a simulation approach without a sign problem or uncontrolled approximations
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is highly desirable. We define n̂ijσ = ĉ†iσ ĉjσ and rewrite the Hamiltonian in a

shorter form,

Ĥ = −
∑
ijσ

tijn̂ijσ +
∑

ijklσσ′

W ijσ
klσ′n̂ijσn̂klσ′ (2.97)

with [n̂ijσ, n̂klσ′ ] = 0. For σ = σ′ only terms with i 6= k, l and j 6= k, l appear.

Once we know the SDEs for the general problem (2.97) we can easily derive SDEs

for special models. For example tiiσ = µ, tij = t for 〈i, j〉 nearest-neighbor pairs

and W ijσ
klσ′ = U

2
δijklδσ(−σ′) corresponds to the Hubbard model introduced in Sec.

2.3,

ĤHub = −t
∑
〈i,j〉,σ

n̂ijσ + U
∑

i

n̂ii↑n̂ii↓ − µ
∑
i,σ

n̂iiσ. (2.98)

Corney and Drummond [31] introduced the fermionic gauge

n̂2
iiσ − n̂iiσ = 0, (2.99)

in order to obtain a positive definite diffusion matrix leading to real valued SDEs

with positive weights. As explained in Sec. 2.5.6, adding such terms clearly does

not change the expectation value of the Hamiltonian, but modifies the resulting

Fokker-Planck equation. For the general Hamiltonian (2.97) we use the identity

n̂2
ijσ − δijn̂iiσ = 0 (2.100)

to rewrite the interaction term as follows:

Wn̂ijσn̂klσ′ = −|W |
2

(n̂ijσ − sn̂klσ′)
2 +

|W |
2

(δijn̂ijσ + δkln̂klσ′) (2.101)

with abbreviated notation W := W ijσ
klσ′ and s := sign(W ijσ

klσ′). This new interac-

tion term leads to an operator L′ of the required form in Eq. (2.92) with real

coefficients Bz
α. Therefore, we obtain real valued stochastic differential equations,

which is crucial in order to get positive weights.

Calculation of the coefficients

To simplify the calculation we introduce operator mappings which summarize the

steps from equations (2.88) to (2.90). These mappings can then be introduced

directly into the master equation (2.87). For first order terms n̂ijσ we obtain

n̂ijσρ̂ →

[
nijσ −

∑
uv

∂

∂nuvσ

nujσn̄ivσ

]
P,

ρ̂n̂ijσ →

[
nijσ −

∑
uv

∂

∂nuvσ

n̄ujσnivσ

]
P, (2.102)
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with n̄ujσ = δuj − nujσ. For terms without a derivative we apply the identity

1̂ρ̂→ − ∂

∂Ω
Ω (2.103)

derived from Eq. (2.79) (the minus sign stems from the partial integration).

Second order terms are transformed by applying the above mappings twice

n̂ijσn̂klσ′ ρ̂ →
∑
uv

∂

∂nuvσ

nujσn̄ivσ

∑
u′v′

∂

∂nu′v′σ′
nu′lσ′n̄kv′σ′ =

= − ∂

∂Ω
Ω (nijσnklσ′ − nkjσn̄ilσδσσ′))

−
∑
uv

∂

∂nuvσ

nujσn̄ivσnklσ′

−
∑
u′v′

∂

∂nu′v′σ′
nu′lσ′n̄kv′σ′nijσ

+
∑
uv

∑
u′v′

∂

∂nuvσ

nujσn̄ivσ
∂

∂nu′v′σ′
nu′lσ′n̄kv′σ′ . (2.104)

To get all the derivatives in front of each expression we used the product formula

for derivatives ∂
∂nα

f(nβ)nγ = nγ
∂

∂nα
f(nβ) + δαγf(nβ) leading to an additional

term without any derivative. As already mentioned, for these terms we intro-

duced a derivative with respect to Ω using the identity (2.103). The mapping for

ρ̂n̂ijσn̂klσ′ is obtained by interchanging the “nn̄” pairs. We calculate explicitly

the coefficients of the operator L′ which we write in the final (Stratonovich) form

L′ = − ∂

∂Ω
Ωh−

∑
u

∂

∂nu

Au

+
1

2

∑
uu′

∑
ik

∂

∂nu

Bik
u

∂

∂nu′
Bik

u′ +
1

2

∑
uu′

∑
ik

∂

∂nu

C ik
u

∂

∂nu′
C ik

u′

with indices i = {ijσ}, k = {kjσ′}, u = {uvρ} and u′ = {u′v′ρ′}. We now apply

the mappings (2.102) and (2.104) to all terms of the Hamiltonian (2.97) with

modified interaction term (2.101) to identify the coefficients of the operator L′
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above:

h = −
∑
ijσ

tijnijσ +
∑

ijklσσ′

W (nijσnklσ′ − δσσ′nilσnkjσ′) = Tr
[
ĤΛ̂(λλλ)

]
Au =

1

2

∑
i

tij(nujσn̄ivσ + n̄ujσnivσ)δρσ +

1

2

∑
ik

|W |(nujσn̄ivσ + n̄ujσnivσ)(nijσ − snklσ′ − δij/2)δρσ +

1

2

∑
ik

|W |(nulσ′n̄kvσ′ + n̄ulσ′nkvσ′)(nklσ′ − snijσ − δkl/2)δρσ′

Bik
u =

√
|W |
2

(nujσn̄ivσδρσ − snulσ′n̄kvσ′δρσ′)

C ik
u =

√
|W |
2

(n̄ujσnivσδρσ − sn̄ujσ′nivσ′δρσ′) . (2.105)

The Stratonovich stochastic differential equations read

dΩ(τ) = −Ωhdτ (2.106)

dnu = Audτ +
∑
ik

(
Bik

u dWik + C ik
u dW

′
ik

)
. (2.107)

For the special case of the Hubbard model we obtain

h = −t
∑
〈i,j〉σ

nijσ + U
∑

i

nii↑nii↓ − µ
∑
iσ

niiσ

Auvρ =
1

2

∑
ij

(nujρn̄ivρ + n̄ujρnivρ)

(
tδ〈i,j〉 + |U |(niiρ − snii−ρ −

1

2
)δij + µδij

)

Bi
uvρ =

√
|U |
2

(nui↑n̄iv↑δρ↑ − snui↓n̄iv↓δρ↓)

Ci
uvρ =

√
|U |
2

(n̄ui↑niv↑δρ↑ − sn̄ui↓niv↓δρ↓), (2.108)

which corresponds to the equations derived by Corney and Drummond [31]. In

our implementation we integrated the Ito SDEs, which differ from the Stratonovich

SDEs only in the drift term (see Eq. (2.42)),

AIto
u = AStrat

u +
1

2

∑
u′

∑
ik

Bik
u′

∂

∂nu′
Bik

u +
1

2

∑
u′

∑
ik

C ik
u′

∂

∂nu′
C ik

u . (2.109)
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The Ito drift term in the general case reads (again with i = ijσ and k = klσ′)

AIto
u =

1

2

∑
i

tij(nujσn̄ivσ + n̄ujσnivσ)δρσ − (2.110)

1

2

∑
ik

W {(nujσn̄ivσ + n̄ujσnivσ)nklσ′δρσ + (nulσ′n̄kvσ′ + n̄ulσ′nkvσ′)nijσδρσ′} ,

and for the Hubbard model

AIto
uvρ =

1

2

∑
ij

(nujρn̄ivρ + n̄ujρnivρ)
(
tδ〈i,j〉 − Unii−ρδij + µδij

)
. (2.111)

Note that the weight of each trajectory

Ω(τ) = e−
R β
0 dτ ′ h(nijσ(τ ′)) (2.112)

remains positive because the phase space variables nijσ are real. Thus, there is

no explicit manifestation of the sign problem.

2.7 Sampling schemes

In this section we address the question of how to sample the phase space effi-

ciently. Each integration of the SDEs leads to a new trajectory through phase

space. We call the different trajectories also “walkers”, a notion which originates

from Green’s function Monte Carlo [78]. The most direct way to sample the dis-

tribution P (λλλ, τ) consists of integrating M walkers and calculating averages from

these M walkers at the desired imaginary time τ . Each walker starts from the

same initial condition, usually the infinite temperature density operator given by

the identity operator,

ρ̂(τ = 0) = 1̂, (2.113)

which can be represented by a single Gaussian operator Λ̂(nnn) with nijσ = 1/2δij.

The choice for the initial value of the weight Ω is arbitrary; we usually set it to

1. The GQMC density operator at temperature τ is given by

ρ̂(τ) =
M∑
k

Λ̂(λλλk(τ)), (2.114)
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where λλλk(τ) = (Ωk(τ),nnnk(τ)) denotes the configuration walker k at inverse tem-

perature τ . An expectation value of an observable is estimated as

〈Ô(τ)〉 =
Tr
[
Ôρ̂(τ)

]
Tr [ρ̂(τ)]

=

∑M
k Tr

[
Ô(τ)Λ̂(λλλk(τ))

]
∑M

k Tr
[
Λ̂(λλλk(τ))

] = (2.115)

=

∑M
k Ωk(τ)O(nnnk(τ))∑M

k Ωk(τ)
, (2.116)

where we made use of the trace properties (2.76).

This way of sampling is not efficient because the weights grow exponentially

in imaginary time (see Eq. (2.112)) leading to an exponential increase of the

variance. Thus, an efficient sampling technique is needed to overcome this ex-

ponential scaling. We usually use a reconfiguration scheme, developed in the

context of Green’s function Monte Carlo [78]. An alternative was proposed by

Dowling et al. [79], who reformulated the Metropolis - Hasting algorithm for

stochastic phase space methods. Our tests showed that both methods lead to

the same results.

2.7.1 Reconfiguration scheme

The key idea of the reconfiguration scheme is to clone walkers with a large weight

and to discard walkers with a small weight. The reconfiguration is carried out

after a certain number of integration steps nreconf , before the variance of the

weights becomes too large. In conventional branching schemes the population of

walkers can vary, which is known to lead to a bias in the results. In the algorithm

introduced by Sorella [78], however, the number of walkers remains constant, and

hence the scheme is bias free.

We consider M walkers with phase space variables (Ωj,nnnj), j = 1, 2, ...,M .

Each new walker (Ω′
i,nnn

′
i) will have the same weight, corresponding to the mean

weight of the old walkers,

Ω′
i = Ω =

1

M

M∑
k

Ωk, i = 1, 2, ...,M. (2.117)

The new walkers are chosen among the old walkers according to the probability

distribution of the old walker weights

pj =
Ωj∑
k Ωk

. (2.118)
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The reconfiguration process changes the probability distribution of walkers, but

not the statistical average of observables. We draw M uniform random numbers

ξi ∈ [0, 1[ and define

zi = (ξi + (i− 1))/M, i = 1, 2, ...,M. (2.119)

zi is uniformly distributed in the interval [(i−1)/N, i/N [. The following algorithm

generates a table i→ j, where each new walker i is assigned to an old walker j.

• Initialize psum = p1 and j = 1

• loop over i = 1, 2, ...,M

– while zi > psum

∗ j = j + 1

∗ add pj to psum

– save mapping i→ j

If the old walkers all have the same weight, then the scheme does not change the

walker configuration. For a practical implementation the weights of the walkers

are reset to 1 after each reconfiguration, and the mean weight is stored. Typical

reconfiguration steps are nreconf = 100 for a typical time step of ∆τ = 0.001. An

example reconfiguration is shown in Fig. 2.7.1.

2.7.2 Metropolis sampling

The Metropolis algorithm [53] is a well-known technique in Monte Carlo simula-

tions to efficiently sample a probability distribution π(c), where c ∈ C represents

a particular configuration c in the configuration space C. The algorithm generates

a Markov chain through the configuration space, i.e. the transition probability

p(ci+1|ci) for going from state ci to ci+1 depends only on ci and not on previous

configurations ci−1, ci−2, ... (cf. Eq. 2.14). The Markov chain converges to the

distribution π(c) if it fulfills ergodicity4 and detailed balance

p(c′|c)π(c) = p(c|c′)π(c′). (2.120)

4Any configuration c ∈ C can be reached from any other configuration c′ ∈ C by a finite
number of steps.
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1 2 43 M-1 M

p1

10

p2 p3 p4 p5 pM

Figure 2.2: Schematic representation of the reconfiguration scheme. The lengths

of the intervals in the upper line correspond to the normalized weights pj of the

old walkers. The lower line is divided in M segments of equal lengths. A random

position is drawn in each segment, where each position index i corresponds to a

new walker. The reconfiguration generates a table i→ j, where each new walker

i is assigned to one of the old walkers j. In this particular example the new walker

1 is a copy of the old walker 1, the new walkers 2 and 3 are identical copies of

the old walker 3. The old walkers 2 and 4 are discarded. Thus, the generated

map corresponds to 1 → 1, 2 → 3, 3 → 3, 4 → 5, ...,M − 1 →M,M →M .

The Metropolis - Hasting algorithm satisfies detailed balance with the acceptance

probability

α(c, c′) = min

(
π(c′)q(c′, c)

π(c)q(c, c′)
, 1

)
, (2.121)

where q(c, c′) is a candidate generating density, which selects the next config-

uration. It is normalized as
∫
q(c, c′)dc′ = 1. Note that only the ratio of the

probabilities π(c) and π(c′) has to be known.

The algorithm starts from an initial configuration c. Then the following steps

are repeated:

• Propose a new state c′, drawn from the distribution q(c, c′).

• Draw a random number u between 0 and 1.

• If u < α(c, c′) then the state is accepted, otherwise leave c unchanged.

• Perform measurements.

The efficiency of the algorithm depends on the choice of candidate generating

function. In case of a symmetric distribution, q(c, c′) = q(c′, c), it cancels out in

Eq. (2.121), which corresponds to the original formulation of Metropolis.

Let us fix a target imaginary time τ . The number of integration steps needed

to reach this time is Nτ = τ/∆τ , and at each step we draw Mr random numbers
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from a Gaussian distribution. The configuration space C is given by all possi-

ble noise vectors ~w ∈ RMrNt and the phase space variables for the final time

τ = Nt ∆τ is a function of the noise vector, n(~w) and Ω(~w). ~w is drawn from

a normal distribution,

P (~w) = (2π)−MrNt/2 exp

(
− ~w2

2

)
. (2.122)

The expectation value of an observable Ô can thus be written as

〈Ô〉 =
Tr
[
ρ̂ Ô

]
Tr [ρ̂]

=
〈Ω(~w) O(n(~w))〉

〈Ω(~w)〉

=

∫
P (~w) Ω(~w) O(n(~w)) dMrNt ~w∫

P (~w) Ω(~w) dMrNt ~w
. (2.123)

Thus, the aim is to sample the target distribution

π(~w) =
P (~w) Ω(~w)∫

P (~w) Ω(~w) dMrNt ~w
, (2.124)

such that the expectation value of the observable can be estimated by 〈Ô〉 =
1

NMC

∑NMC

k=1 O(n(~wk)), with ~wk the noise vector at the Monte Carlo step k and

NMC the number of Monte Carlo samples. It is convenient to use a candidate

generating density which obeys

q(~w, ~w′)

q(~w′, ~w)
=
P (~w′)

P (~w)
, (2.125)

such that the acceptance probability becomes

α(~w, ~w′) = min

(
Ω(~w′)

Ω(~w)
, 1

)
. (2.126)

We used a simple candidate generation function which alters each component

of the noise vector with a fixed probability r, so that we draw approximately

rMrNt new Gaussian numbers at each Monte Carlo step.

We have found that the two sampling algorithms lead to the same results (see

Table 2.1). While in the reconfiguration scheme a whole population of walkers

is integrated in parallel, the Metropolis scheme considers only a single walker at

once. This simplifies the implementation of the algorithm and reduces the mem-

ory requirements of the simulation. The disadvantage of the present Metropolis
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Metropolis Sampling Reconfiguration Exact

E −13.57± 0.01 −13.53± 0.01 −13.615

S2 0.77 0.72 0.295

Table 2.1: Comparison between the Metropolis and the reconfiguration results,

(2 × 2 Hubbard model at half filling, U/t = 4, evaluated at βt = 20, 100,000

samples). The error bar on S2 is ill defined because the variance of S2 diverges

(cf. Sec. 2.8.2).

algorithm is that we have to fix a target imaginary time τ , whereas with the

reconfiguration scheme observables can be computed at every time step. An im-

proved variant of the Metropolis algorithm, allowing one to calculate observables

at intermediate times, is presented in Ref. [33].

2.8 Systematic errors

In principle GQMC is an exact method. Like for other Monte Carlo methods the

error on a measurement should be purely statistical, i.e. decrease with increasing

the number of independent samples. In this section we show that this is not

always the case, so that besides statistical errors also uncontrolled systematic

errors can occur. We discuss under what circumstances these errors appear,

their origin, and possible solutions to prevent them.

As a test case we take the Hubbard model. For weak on-site repulsion U/t

and away from half filling, GQMC yields the correct results (Fig. 2.3, upper

panel). In this regime the ground state is very well described by a paramagnetic

mean field solution which is exactly reproduced by the GQMC approach. Close

to half filling and for large U/t the simulation results exhibit systematic errors

(Fig. 2.3, lower panel). The energy agrees with the exact result down to a certain

temperature, but for lower temperatures the mean energy is systematically too

high.

We have tried to overcome the systematic errors by several ways, however,

without success:

• Increasing the number of walkers: Some rare walkers in an extreme

configuration could give an important contribution to the mean. But we

found no improvement by increasing the number of walkers from 104 to

106.
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Figure 2.3: Energy as a function of inverse temperature β obtained from exact

diagonalization (dashed lines) and GQMC runs (solid lines) for a 2× 2 Hubbard

model. In the upper plot the system is far away from half filling: U = 1, t = 1,

µ = −1, averaged over 40,000 trajectories. The exact result is reproduced within

the statistical error bars. In the lower plot, close to half filling, the energy from

the simulation is systematically too high (U = 4, t = 1, µ = 1, averaged over

480,000 trajectories).

• Changing integrator: We compared results from different integration

schemes: Ito forward Euler, Ito backward Euler, Stratonovich midpoint

scheme and a higher order Milstein integrator. As the latter changes the

order of the algorithm from O(N3) to O(N4) without reducing the system-

atic error, we prefer the Euler schemes.

• Varying the imaginary time step: The integration error for step sizes

from 10−5 to 10−3 is small compared to the sample error. An adaptive time

step improves stability, but not the systematic error.

• Changing the initial conditions: Instead of taking the same inital con-

dition nijσ = 1/2δij for each walker we initialize niiσ ∈ [0, 1] randomly such

that ρ̂ = 1̂ is fulfilled only on average, but not for each single basis element.
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• Choosing another quantization axis: The Hubbard model can be for-

mulated in terms of the transverse spin component Ŝx instead of Ŝz, which

introduces new variables of the form niσjσ′ .We obtain the same errors in

this case, and a mix of the two turned out to be unstable. A formulation

with Ŝy leads to complex terms and to negative weights.

• Using different stochastic gauges: It is conceivable that relevant re-

gions in phase space are separated by barriers, such that the probability to

move from one region to another is very low. We increased the number of

noise terms with appropriate diffusion gauges to overcome possible barri-

ers, but more noise seemed to make the systematic errors even larger. We

have also studied the effect of a fermionic gauge which drives exchanges

between up and down spins. We observed that the error bars grow with

increasing amplitude of the fermionic gauge, but the systematic error still

remained.

• Using different sampling methods: We compared the results obtained

by two different sampling techniques: The reconfiguration scheme of walk-

ers (Sec. 2.7.1) and the Metropolis algorithm (Sec. 2.7.2). However, both

methods lead to the same systematic errors (see Table 2.1).

2.8.1 Symmetry breaking

Systematic errors are also present in other quantities than the energy. Consider

the longitudinal and transverse spin susceptibility,

χz
s =

β

N

(
〈Ŝ2

z 〉 − 〈Ŝz〉2
)
,

χxy
s =

1

2

β

N

(
〈Ŝ2

x〉 − 〈Ŝx〉2
)

+
1

2

β

N

(
〈Ŝ2

y〉 − 〈Ŝy〉2
)
, (2.127)

where N is the number of sites, β the inverse temperature, Ŝα =
∑

iρρ′ ĉ
†
iρσ

α
ρρ′ ĉiρ′

and σα denotes a Pauli spin matrix. The two susceptibilities should be identical

due to the SU(2) spin rotation symmetry of the Hamiltonian and go to zero for

T → 0. In the left panel of Fig. 2.4, χz
s follows rather precisely the exact curve,

whereas χxy
s diverges as 1/T . We therefore conclude that the SU(2) symmetry is

broken and that the low-temperature density matrix has non-vanishing overlaps

with S > 0 spin sectors. In fact, a single basis element breaks the SU(2) and the

lattice symmetry. But if the method works properly, the sum over all Gaussian
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Figure 2.4: Left plot: Longitudinal and transverse spin susceptibility as a func-

tion of temperature. The GQMC method breaks the SU(2) symmetry leading

to systematic errors. Right plot: Charge susceptibility as a function of temper-

ature. The GQMC data agrees with the result from exact diagonalization. The

data is obtained from a 2× 2 system with U/t = 4 and 〈n〉 = 1.

basis elements should restore the symmetry of the system. This does not seem

to be the case. We discuss in Sec. 2.9 how to restore the broken symmetries by

a symmetry projection scheme, which enables the accurate calculation of ground

state properties in many cases.

Some quantities are correct even if others exhibit systematic errors. For

example the charge susceptibility shown in the right panel of Fig. 2.4 is correctly

reproduced. It is given by

χc =
β

N

(
〈N̂2〉 − 〈N̂〉2

)
(2.128)

with N̂ =
∑

iσ ĉ
†
iσ ĉiσ.

The examples in this section have been calculated using 60’000 walkers, an

imaginary time step of ∆τ t = 0.0001 and an explicit Euler scheme with adaptive

time step.
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2.8.2 Power-law tails in the probability distribution of

observables

In this section we discuss how a power-law tail in the probability distribution of

an observable X can lead to problems in the Monte Carlo sampling. The error

on the expectation value 〈X〉 obtained from a Monte Carlo simulation is given

by ∆X/
√
NMC , where NMC is the number of independent samples and ∆X the

variance

∆X =
(
〈X2〉 − 〈X〉2

)1/2
. (2.129)

If the variance of X diverges, then also the error bar of our Monte Carlo result

diverges. Thus, to obtain a meaningful result from the sampling, the variance

has to be well defined. The mth moment of the probability distribution P (X) is

given by

〈Xm〉 =

∫
XmP (X)dX. (2.130)

If the probability distribution exhibits a power-law tail P (X) ∝ X−p for X →∞
then only moments m < p− 1 of P (X) converge, because∫

XmP (X)dX →
∫
XmX−pdX =

=

∫
X(m−p)dX → ∞, for m− p ≥ −1. (2.131)

Therefore, to obtain a finite mean corresponding to the first moment (m = 1)

of P (X), p has to be bigger than 2. For a finite variance the integral has to

converge also for m = 2, which inquires p > 3. If p < 3 we do not obtain a

meaningful result from a Monte Carlo sampling.

We have found a diverging variance for the transverse spin susceptibility χxy

at low temperatures in a simulation exhibiting systematic errors. The slope of

the distribution P (χxy) in the log-log plot in Fig. 2.5 yields p ≈ 2.6 such that the

second moment is not defined. We also observe systematic errors in the energy.

However, the variance of the energy is always well defined in our simulations.

Thus, the systematic errors found in the energy cannot be explained by an ill

defined Monte Carlo sampling. In the next section we demonstrate that power-

law tails in the distribution of the phase space variables can cause a different

kind of problem, namely non-vanishing boundary terms.
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Figure 2.5: Log-log plot of the distribution of the transverse spin susceptibility

for the 2 × 2 Hubbard model at half filling with U/t = 4 at low temperatures

(β = 10). The slope of the power-law tail yields p ≈ 2.6, therefore the variance

is not defined.

2.8.3 Non-vanishing boundary terms

Boundary terms (BTs) from the partial integration in Eq. (2.90) appear if cer-

tain moments of the high-dimensional probability distribution P (λλλ, τ) do not

converge. Initially at infinite temperature, P (λλλ, τ = 0) is a delta-function, for

which all moments converge and therefore no BTs are present at the begin-

ning. As the distribution P evolves in imaginary time it becomes broader and

we show below, that it develops slow decaying power-law tails, such that BTs

cannot be excluded anymore. Typically BTs appear after a specific imaginary

time τ > βBT . But other situations are known [50], where the BTs are present

only for a short time and disappear again. What are the implications of BTs on

our simulation? We have derived SDEs under the assumption of non-vanishing

BTs. As soon as they become non-negligible, the SDEs are strictly speaking

no longer valid, such that we obtain a wrong distribution P (λλλ, τ) for τ > βBT .

We suggest that this is the origin of the systematic errors in the energy and in

other quantities. The problem of boundary terms has been discussed in detail

for several bosonic systems [50, 51]. The following analysis is done in a similar

spirit as for these systems.

A first test for the presence of BTs is to measure the radial averaged dis-

tribution P (r) ∼ r−p with r =
√∑

ijσ n
2
ijσ at different inverse temperatures β.

The power-law tail in Fig. 2.6 reaches a slope of p ≈ 3.8. This already indicates
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Figure 2.6: Appearance of a power-law tail in the distribution P (r) (log-log plot)

at low temperatures (large β). The simulation parameters are U/t = 4, µ/t = 1

and 480,000 trajectories.

that power-law tails are also present in the high-dimensional distribution P (λλλ)

of all phase space variables. From the partial integration step in Eq. (2.90) we

can find the explicit expressions for the BTs. They are of the form∫
dλλλ(α)M(α)(λλλ

(α))P (λλλ)Λ̂(λλλ)

∣∣∣∣
Boundary

, (2.132)

where α enumerates the different BTs, M(α) depends on the phase space variables

up to fourth order and the integral is taken over all phase space variables except

the one the partial integration has been carried out for. The basis element Λ̂(λλλ)

also depends on the phase space variables. It includes terms in nijσ up to 2Ns th

order. We present here one specific example of a non-vanishing boundary term

for a 2 site model at half filling with U/t = 100:

lim
a11↑→∞

lim
a12↑→∞

... lim
aNN↓→∞

∫ a11↑

−a11↑

dn11↑

∫ a13↑

−a13↑

dn13↑...

∫ aNN↓

−aNN↓

dnNN↓ n
3
12↑P (λλλ)

∣∣∣∣∣
+a12↑

−a12↑

.

(2.133)

Comparing with Eq. (2.132) this term corresponds to M(α)(λλλ
(α)) = n12↑n12↑, and

from the expansion of Λ̂(λλλ) we took the term proportional to n12↑, leading to an
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integrand which is cubic in the phase space variable n12↑. Eq. (2.133) stems from

a partial integration with respect to the variable n12↑. The remaining integral is

taken over all variables nijσ 6= n12↑, yielding the marginal distribution P (n12↑):

lim
a12↑→∞

n3
12↑P (n12↑)

∣∣+a12↑

−a12↑
(2.134)

The fit to the power-law tail of the distribution P (n12↑) in Fig. 2.7 yields an ex-

ponent of p ≈ 2.6. Therefore, with P (n12↑) ∼ n−2.6
12↑ this term does not vanish and

we therefore cannot neglect it in the partial integration step. This BT is partic-
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Figure 2.7: Power-law tail in the distribution P (n12↑) = P (n12↓) for 2 site system

at half filling for U/t = 100, β = 3, 800,000 walkers.

ularly simple to analyze because it involves only a one-dimensional distribution.

For other BTs with mixed variables one would need to study a distribution of

several variables. By studying all possible terms appearing, one could find the

minimal exponent pBT necessary to exclude BTs. But as discussed in Ref. [50]

there are simpler ways to detect BTs as we show in the next section.

The question may arise why power laws actually occur. The problem lies in

the strong multiplicative noise term in our SDEs. The noise is amplified by the

phase space variables nijσ themselves (the diffusion term Bz
α in Eq. (2.93) is even

quadratic in nijσ). This has strong consequences on the functional form of the

distribution P (λλλ). In Ref. [80] it is shown that the smallest multiplicative noise

in the linear Langevin equation changes the Gaussian stationary distribution to
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one with a power-law tail. Power laws can arise from multiplicative stochastic

processes as naturally as Gaussian distributions from processes with additive

noise [81]. The question remains if at finite time τ the distribution will always

have a finite cut-off at a certain distance such that the BTs would always vanish.

However, we have not found such a cut-off in our simulations.

2.8.4 Spiking trajectories

There are other indications that the boundary terms in Eq. (2.90) do not vanish.

According to Ref. [50] spiking behavior of the trajectories imply that BTs are

likely to be significant. Such near-singular trajectories do large excursions in

phase space for a very short time (within a few time steps). Spikes could also

stem from an unstable integration scheme. It is therefore important to use a

stable integrator. Fig. 2.8 shows an example of a sharp spike in the energy.

Such extreme trajectories lead also to a sudden increase of the statistical error

of observables.

As mentioned in the last section, there are no BTs at the beginning of the

simulation because we start from a delta function for the distribution P (λλλ, τ = 0).

They appear at a specific inverse temperature βBT as we integrate the SDEs

towards lower temperatures. The first appearance of a spike should give an

estimate of βBT . In the example of Fig. 2.3 (lower plot) the first spiking walker

shows up for βBT ≈ 1.5, which is in good agreement with the inverse temperature,

at which the energy starts to deviate from the exact result.

For small interaction U/t, where we obtain correct results, not a single spike

can be observed. Therefore testing for spikes provides a good indicator, whether

the GQMC results are reliable.

2.8.5 Stochastic gauges to remove boundary terms

As already mentioned in Sec. 2.5.6, for a given Hamiltonian the SDEs are not

unique, but different choices of ”gauges” are possible. Thanks to the overcom-

pletness of the basis several solutions of the distribution P (λλλ, τ) exist. With

appropriate gauges the boundary terms could possibly be removed [40], leading

to a more compact distribution. The so-called drift gauges could be used to

avoid nearly-diverging trajectories which cause power-law tails. The tradeoff is

to introduce noise into the equation for the weight. Stochastic gauges have been
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Figure 2.8: Upper figure: Mean energy from the simulation compared with the

exact energy. The spike at β ≈ 5.24 is caused by a single extreme trajectory

shown in the lower figure (solid line). The spike occurs within a few time steps.

The simulation is done at half filling for a 2× 2 lattice with U/t = 4, and 10,000

trajectories.

successfully applied for several models [51]. Future studies will show if similar

techniques can be applied to the Hubbard model to solve the present problems.

2.9 Symmetry projection

Symmetry projection schemes have been successfully applied in the framework of

the path-integral renormalization group approach where the ground state wave

function is approximated by a sum of Slater determinants [49]. We use a similar

scheme to project the density matrix onto the symmetry sector of the ground

state to determine accurate estimates of ground state properties. Here we as-

sume that the low-temperature density matrix obtained from GQMC has a large

overlap with the true ground state and contains only a small admixture of excited

states which will be filtered out by the projection.
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Consider a group G which leaves the Hamiltonian invariant, i.e.[
Ĥ, T̂ (g)

]
, (2.135)

where g is an arbitrary element of the group and T̂ (g) the corresponding unitary

operator. From the Noether theorem we know that there is a conserved quantity

associated to this symmetry (or several quantities corresponding to the number of

parameters (generators) of the group G). ByDα we denote the the αth irreducible

representation of G, which is associated to the quantum number nα. By Dα
ij(g)

we denote the matrix elements of the irreducible representation Dα of the element

g,

Dα
ij(g) = 〈nα

i |T̂ (g)|nα
j 〉. (2.136)

Consider the orthogonality relation known from group theory,

∑
g

Dα
ij(g)

†Dβ
i′j′(g) =

∑
g

lα
δαβδii′δjj′ , (2.137)

with lα the dimension of the irreducible representation Dα. In the case of a con-

tinuous symmetry the sum
∑

g is replaced by an integral
∫
dw. The orthogonality

relation allows us to derive the projection operator

Pα =
lα∑

g

∑
g

χα(g)†T̂ (g) = (2.138)

=
lα∑

g

∑
g

∑
j

〈nα
j |T̂ (g)|nα

j 〉†T̂ (g), (2.139)

which projects onto the subspace spanned by the states |nα
j 〉. χα(g) is the char-

acter of the representation Dα.

2.9.1 Symmetry projected expectation values of observ-

ables

In the following we explain how to compute expectation values of an observable

Ô with the projected density matrix. We consider a general projection operator,

P̂ =

∫
dxxxg(xxx)T̂ (xxx), (2.140)
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which may be a product of different projection operators presented in next sec-

tion. T̂ is unitary and thus P̂ † = P̂ , i.e. P̂ 2 = P̂ . We apply the projector to the

low-temperature density matrix from the GQMC simulation,

ρ̂Pr = P̂ ρ̂P̂ †. (2.141)

Assuming the observable Ô commutes with P̂ , the expectation value of Ô is given

by

〈Ô〉Pr =
Tr
[
P̂ ρ̂P̂ Ô

]
Tr
[
P̂ ρ̂P̂

] =
Tr
[
P̂ ρ̂Ô

]
Tr
[
P̂ ρ̂
] . (2.142)

The last equality follows from the trace property Tr [ABC] = Tr [CAB] and P̂ 2 =

P̂ . We replace the density operator by the sum over all walkers ρ̂ =
∑

k Λ̂(λλλk),

yielding

〈Ô〉Pr =

∑
k

∫
dxxxg(xxx)Tr

[
T̂ (xxx)Λ̂(λλλk)Ô

]
∑

k

∫
dxxxg(xxx)Tr

[
T̂ (xxx)Λ̂(λλλk)

] . (2.143)

The question is now how the operator T̂ acts on the Gaussian basis element. We

first express it in the form

T̂ = eiĉcc†hhhĉcc (2.144)

with hhh a 2N × 2N matrix, ĉ̂ĉc = (ĉ1↑...ĉN↑ĉ1↓...ĉN↓) the vector of all annihilation

operators and a similar definition for ĉ̂ĉc†. In appendix A we derive the equations

how the action of this operator on the basis element is transformed into an action

on the phase space variables:

eiĉcc†hhhĉccΛ̂(λλλ) = Λ̂(λ̃λλ) (2.145)

with λ̃λλ = (Ω̃, ñnn) the projected variables given by

(ñnnT − 1)−1 =
[
(eihhh − 1)nnnT + 111

]
(nnnT − 1)−1,

Ω̃ = Ω det
[
(eihhh − 1)nnnT + 111

]
. (2.146)

Note that we have expanded the space of variables to include terms with mixed

spins nijσσ′ , such that the 2N × 2N dimensional matrix nnn is of the form

nnn =

(
(nij)↑↑ (nij)↑↓
(nij)↓↑ (nij)↓↓

)
. (2.147)

52



Gaussian Quantum Monte Carlo

Inserting Eq. (2.145) into Eq. (2.143) the expectation value with the projected

density matrix reads

〈Ô〉Pr =

∑
k

∫
dxxxg(xxx)Tr

[
Λ̂(λ̃λλk(xxx))Ô

]
∑

k

∫
dxxxg(xxx)Tr

[
Λ̂(λ̃λλk(xxx))

] = (2.148)

=

∑
k

∫
dxxxg(xxx)Ω̃k(xxx)O(ñnnk(xxx))∑

k

∫
dxxxg(xxx)Ω̃k(xxx)

. (2.149)

Symmetry projection requires a finite overlap of the density matrix with the

ground state symmetry sector. The overlap can be calculated from

Overlap =
Tr [ρ̂Pr]

Tr [ρ̂]
=

∑
k

∫
dxxxg(xxx)Ω̃k(xxx)∑

k Ωk

. (2.150)

2.9.2 Explicit forms of the projection operators

In the following we present different projection operators, which we have used

for the simulations.

Particle number projection

Since the GQMC method is a grand canonical approach we have implemented

projection onto fixed particle number. The conservation of particle number orig-

inates from the invariance under global U(1) symmetry, ĉ†i → eiφĉ†i , for an arbi-

trary angle φ. The associated unitary operator is

T̂ (φ) = eiφ
P

iσ ĉ†iσ ĉiσ , (2.151)

which fulfills T̂ (φ)ĉ†iσT̂
−1(φ) = eiφĉ†iσ. Projection onto a given particle number

sector then reads

P̂N =
1

2π

∫ 2π

0

〈N |T̂ (φ)|N〉†T̂ (φ), (2.152)

with 〈N |T̂ (φ)|N〉 = eiφN . The matrix eihhh in Eq. (2.146) is simply a diagonal

matrix with eiφ on the diagonal. We discretize the integral in Eq. (2.152) by a

Riemann sum over 4− 6 points.
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Spin projection

Many model Hamiltonians including the Hubbard model are invariant under

SU(2) rotation in spin space, which implies conservation of total spin and mag-

netization. The general spin projection operator reads

P̂mm′

S =
2S + 1∫
dωωω

∫
dωωωD∗mm′

S (ωωω)T̂ (ωωω), (2.153)

where ωωω = (α, β, γ) are the Euler angles and Dmm′
S (ωωω) is Wigner’s D function

(see for example Ref. [49]),

Dm,m′

S (ωωω) = 〈S,m|T̂ (ωωω)|S,m′〉. (2.154)

Applying the projection operator to a state extracts the Sz = m′ component

of the state and rotates it to generate a new state with Sz = m. The rotation

operator T̂ (ωωω) is

T̂ (ωωω) = eiαŜz

eiβŜy

eiγŜz

(2.155)

where Ŝk =
∑

i
1
2
ĉ̂ĉc†iσσσ

kĉ̂ĉci is the total k-component of spin. A spinor ĉ̂ĉci = (ĉi↑ ĉi↓)

transforms as

T̂ (ωωω)ĉ̂ĉc†i T̂
−1(ωωω) = ĉ̂ĉc†ie

i α
2
σσσz

ei β
2
σσσy

ei γ
2
σσσz

. (2.156)

Wigner’s D function for the projection onto the subspace with total spin S and

vanishing z component is given by

D0,0
s (ωωω) = Ps(cos(β)), (2.157)

where PS stands for the sth Legendre polynomial. In case of the Hubbard model

the ground state lies in the S = 0 sector, where PS=0 = 1 is constant. The

integration is done over the Euler angles with a normalizing factor of∫
dωωω =

∫ 2π

0

dα

∫ π

0

dβ sin(β)

∫ 2π

0

dγ = 8π2. (2.158)

Thus, the S = 0 projection operator in Eq. (2.153) reads

P̂S =
1

8π2

∫ 2π

0

dα

∫ π

0

dβ sin(β)

∫ 2π

0

dγT̂ (ωωω). (2.159)

To apply T̂ (ωωω) to the phase space variables we rewrite it according to the form

in Eq. (2.144). The resulting matrix is a 2× 2 block matrix of the form

eihhh =

(
DDD↑↑ DDD↑↓

DDD↓↑ DDD↓↓

)
(2.160)
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with N ×N diagonal matrices DDDσσ′ :

DDD↑↑ = ei(α+γ)/2 cos(β/2) 111,

DDD↑↓ = ei(α−γ)/2 sin(β/2) 111,

DDD↓↑ = −ei(α−γ)/2 sin(β/2) 111,

DDD↓↓ = e−i(α+γ)/2 cos(β/2) 111. (2.161)

Typically we used 5 uniformly distributed integration points per angle, leading to

53 rotations in total. Thus, the computational effort needed for spin projection

is rather high.

Momentum projection

Next we consider the translation symmetry of the system, which is a discrete

symmetry in a lattice model, and implies conservation of total momentum (up

to a reciprocal lattice vector),

~̂ptot =
∑
~p,σ

~pĉ†~p,σ ĉ~p,σ (2.162)

with ĉ†~p,σ = 1√
N

∑
~i e

i~p·~iĉ†~i,σ, ~i denotes a vector to a site and N is the number of

sites. The sum over ~p goes over all points in reciprocal space

px =
2πix
Lx

, ix ∈ [0, Lx − 1],

py =
2πiy
Ly

, iy ∈ [0, Ly − 1], (2.163)

where Lx (Ly) is the lattice size in x (y) direction. A translation by a lattice

vector ~R is achieved by T̂ (~R) = ei ~R·~̂ptot ,

T̂ (~R)ĉ†~i,σT̂ (~R)−1 = ĉ†~i+~R,σ
. (2.164)

The projection operator onto the Hilbert space with total momentum ~K0 reads

P̂ ~K0
=

1

N

∑
~R

〈 ~K0|T̂ (~R)| ~K0〉†T̂ (~R), (2.165)

where ~R goes over all lattice sites and 〈 ~K0|T̂ (~R)| ~K0〉 = ei ~R· ~K0 . We again express

T̂ (~R) in the form eiĉcc†hhhĉcc, where hhh is

hij(~R) =
1

N
~R ·
∑

~p

~pei~p·(~i−~j). (2.166)
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This leads to a matrix eihhh(~R), containing only a “1” per row and column, which

shifts the lattice by the vector ~R, i.e.[
eihhh
]
~i+~R,~i

= 1,[
eihhh
]
~i+~R+N,~i+N

= 1, (2.167)

and all the other entries are 0. Note that projection onto a certain momentum

sector requires N operations. This increases the scaling of the method from

O(N3) to O(N4).

Parity projection

For the simulation of Hubbard ladders we have also used parity symmetry along

the y-direction. The corresponding group has only two elements and the projec-

tion operator is simply

P̂± =
1

2

[
1± T̂y

]
, (2.168)

with

T̂y ĉ
†
(ix,iy),σT̂y = ĉ†(ix,Ly−iy−1),σ. (2.169)

For two leg ladders projection onto the even (+) (odd (−)) parity sector is

equivalent to a momentum projection with py = 0 (py = π). For a n-leg ladder

we obtain the following matrix[
eihhh
]
(ix,Ly−iy−1),~i

= 1,[
eihhh
]
(ix,Ly−iy−1)+N,~i+N

= 1, (2.170)

and all other entries are 0.

C4 lattice symmetry projection

Finally we have implemented the C4 lattice symmetry. Assuming that our two

dimensional lattice lies in the x−y plane, the system we consider remains invari-

ant under π/2 rotations around the z-axis. The generator (conserved quantity) of

those rotations is the z-component of the angular momentum, L̂z. Let T̂ = ei π
2
L̂z

such that

T̂ ĉ†~i,σT̂
−1 =

∑
~j,σ′

c†~j,σ′
[
ei π

2
Lz
]
(~j,σ′),(~i,σ)

≡ ĉ†
R~i,σ

. (2.171)
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Here, the matrix Lz is defined through L̂z = ĉcc†Lzĉcc and R denotes a π/2 rotation

around the z-axis. The above defines the matrix[
ei π

2
Lz
]
(~j,σ′),(~i,σ)

= δσ,σ′δ~j,R~i. (2.172)

which is required for the implementation of the C4 symmetry projections. The

C4 group contains the four elements 1̂, T̂ , T̂ 2 and T̂ 3. Since the irreducible rep-

resentations are one-dimensional and T̂ 4 = 1̂ we can classify the states according

to:

(i) s-wave, T̂ n|L = 0〉 = |L = 0〉,

(ii) px + ipy-wave, T̂ n|L = 1〉 = einπ/2|L = 1〉,

(iii) d-wave, T̂ n|L = 2〉 = einπ|L = 2〉 and

(iv) px − ipy, T̂
n|L = 3〉 = ein3π/2|L = 3〉.

The projection onto a given symmetry sector then reads

P̂L =
1

4

4∑
n=1

〈L|T̂ n|L〉†T̂ n. (2.173)

2.9.3 Accuracy tests

In this section we compare the results from GQMC with symmetry projections

(PGQMC) to benchmark results from exact diagonalization and from auxiliary

field QMC methods. Besides the energy we have also measured the spin and

charge structure factors

S(~q) =
4

3N

∑
~i,~j

e~q·(~i−~j)〈ŜSS~i · ŜSS~j〉,

N(~q) =
1

N

∑
~i,~j

e~q·(~i−~j)〈n̂~i · n̂~j〉. (2.174)

The example of the half-filled 2 × 2 Hubbard model shows the correct ground

state energy already at βt = 5 (squares in Fig. 2.9). This means that we do

not have to integrate to extremely low temperatures. As soon as the overlap

between the GQMC density matrix and the true ground state is large enough,

we obtain the correct values after projection. For this example we projected onto
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Figure 2.9: Energy as a function of inverse temperature for system size 2 × 2,

〈n〉 = 1 and U/t = 4, obtained from exact diagonalization (solid line), from the

GQMC (bullets) and from the GQMC with symmetry projection (squares). Here

we have projected onto the total spin S = 0 state and d-wave lattice symmetry.

The energy of the ground state is reproduced correctly.

the spin-singlet and d-wave lattice symmetry. The results and error bars in Table

2.2 stem from averaging the data over imaginary time, hence the error from the

discretization of the integral over the Euler angles is not included.

Also for bigger lattice sizes the results are promising. Table 2.3 presents the

values at half filling for both 4× 4 and 6× 6 lattices with projection onto total

spin S = 0 and total momentum ~P = 0. For the 4 × 4 lattice the reference

values are computed by exact diagonalization from Ref. [82]. For the 6 × 6

lattice we compare to auxiliary field projector QMC (AFPQMC) results where

2× 2, U/t = 4 GQMC + Symm. Proj. Exact

〈n〉 = 1 s = 0, d-wave

Energy/t −2.1021± 0.0007 −2.1026

S(π, π) 2.1933± 0.0010 2.1947

N(π, π) 0.2667± 0.0004 0.2664

Table 2.2: GQMC with symmetry projection (spin-singlet and d-wave) for the

2× 2 half-filled Hubbard model at U/t = 4.
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U/t = 4 PGQMC Exact PGQMC AFQMC

〈n〉 = 1 S = 0, ~P = 0 4× 4 S = 0, ~P = 0 6× 6

Energy/t −13.630± 0.016 −13.6224 −30.87± 0.04 −30.87± 0.02

S(π, π) 3.66± 0.013 3.64 5.86± 0.05 5.82± 0.03

N(π, π) 0.386± 0.001 0.385 0.400± 0.004 0.418± 0.025

Table 2.3: Comparison between GQMC and benchmark results for the 4 × 4

(left plot) and 6× 6 (right plot) Hubbard model at half filling with U/t = 4 and

symmetry projections: S = 0, ~P = 0.
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Figure 2.10: Real space spin-spin correlations as obtained from the GQMC with

symmetry projection (S = 0, ~P = 0) and comparison with benchmark results.

the sign problem is absent at the particle-hole symmetric point. In both cases

we find excellent agreement. Furthermore, the real space spin-spin correlations

agree very well with the benchmark results (see Fig. 2.10). The simulations

were carried out with 12’000 (6’000) walkers for the 4×4 (6×6) lattice and with

an explicit Euler scheme with an imaginary time step ∆τ t = 0.0005 (∆τ t =

0.001). The question is now how the GQMC method behaves for parameter

regimes where the auxiliary field QMC suffers from the sign problem. Table

2.4 presents two such critical cases where the AFPQMC fails. The examples

introduce frustration in form of a next-nearest neighbor hopping t′ with opposite

sign compared to t. The modifications to our SDEs for the Hubbard model are

straight forward. Both Table 2.4 and the left panel in Fig. 2.11 show excellent

agreement with the exact results. Note that for those model parameters the

finite temperature auxiliary field approach has an average sign of 〈sign〉 ≈ 0.2 at
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U/t = 8 PGQMC Exact PGQMC Exact

t′/t = −0.3 S = 0, ~P = 0, 〈n〉 = 1 S = 0, ~P = 0, 〈n〉 = 0.875

s-wave N = 14

Energy/t −8.498± 0.012 −8.4884 −12.01± 0.40 −12.50293

S(π, π) 5.09± 0.07 4.985 0.941± 0.17 0.964776

N(π, π) 0.191± 0.004 0.1920 0.266± 0.01 0.27962

Table 2.4: Comparison between PGQMC and exact diagonalization results for

the 4× 4 Hubbard model with a next neighbor hopping t′ = −0.3t and a strong

on-site repulsion U/t = 8.

βt = 10 and of 〈sign〉 ≈ 0.1 at βt = 15.

We now consider a parameter set which is out of reach for the auxiliary field

approach, U/t = 8, 〈n〉 = 0.875 and t′/t = −0.3 for a 4 × 4 lattice. Here

the charge fluctuations are not negligible, so that we project also onto a fixed

particle number N = 14. PGQMC reproduces the exact results (right hand side

of Table 2.4), but the fluctuations and hence the error bars are large compared to

the half-filled case. The problem lies in the denominator in the formula (2.149)

used to calculate an expectation value of an observable. The projection acts

on all the phase space variables, and if the weight of a trajectory can become

negative, it will produce large relative fluctuations in the term Tr[P̂ ρ̂]. It seems

that the low-temperature density matrix (βt = 40) produced by the GQMC still

includes many excited states. This stems from the fact that weakly doped Mott

insulators have a dense spectrum of low lying states. Hence at low but finite

temperatures, the density matrix will contain excited states which are hard to

filter out. Nevertheless, we obtain good results with GQMC, as for example the

real space spin-spin correlation function in the right panel of Fig. 2.11.

2.10 Simulation of Hubbard ladders

The discussion in Sec. 2.8.3 suggests that the symmetry breaking is directly

related to the presence of boundary terms. In the last section we obtained

correct results for the ground state by an appropriate symmetry projection, which

implies that even in the presence of boundary terms, the correct ground state is

still included in the density matrix, but mixed with excited states, which we can
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Figure 2.11: Real space spin-spin correlations as obtained from GQMC with

symmetry projection compared to benchmark results. Projections: S = 0, ~P = 0,

and s-wave (left plot) / N = 14 (right plot).

project out. The question remains, if such a projection can always be done. The

aim of the current section is to show the limits of the projection method for the

example of Hubbard ladders for various lengths, interaction strengths and doping.

Energy and correlation functions are compared with calculations from the density

matrix renormalization group (DMRG [22, 52]) method which provides high

precision results for quasi one dimensional systems. We will discuss this method

in detail in chapter 3. The DMRG results are calculated in a matrix product

state basis using both the SU(2) spin and the SU(2) pseudospin symmetry [83].

The PGQMC simulations in this section are done with 8,000 - 32,000 walkers,

an adaptive time step with ∆τmax = 5 ·10−4 (see Sec. 2.4.5) and an explicit Euler

integration scheme. For some examples crosschecks have been made with more

walkers, with an implicit Euler scheme and different quantization axis. The

error bars stem from averaging over several projections at different imaginary

times. They do not take into account the discretization error in the symmetry

projection. For the comparison with the exact values we check if they are within

two standard deviations (2σ). If they lie outside we have to assume that besides

the statistical error, there is also a systematic error present.

Projection onto the ground state is only possible if there is a finite overlap

(given in Eq. (2.150)) between the density matrix and the ground state symmetry

sector, or in other words, if the density matrix from the simulation contains a

finite contribution of the ground state, which we can extract by the projection.

The projection is always made onto the S = 0 sector and onto all possible

momentum and parity sectors. Note that we only have translational symmetry
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Figure 2.12: Spin-spin and charge-charge correlation function of the half-filled

4× 2 Hubbard ladder for U/t=1 (without symmetry projection) showing perfect

agreement with DMRG. The deviation from the DMRG result (dashed line) is

shown in the inset.

along the x-axis, whereas along the y-axis we can distinguish odd and even parity.

The ground state sector is the one with lowest energy, and we found that this

sector always has the biggest overlap with the density matrix.

2.10.1 Two leg ladders

L=4 and varying U

As already pointed out GQMC works well in the weak interacting case (small U/t)

and systematic errors appear for large U/t. For U/t = 1 the GQMC simulation

results for the spin-spin and charge-charge correlation functions in Fig. 2.12 agree

with the DMRG results even without symmetry projection. Also the energy

EGQMC = −10.117± 0.001 is correct compared to EDMRG = −10.118.

For U/t = 2 we also obtain correct results without projection. Systematic

deviations of the order 5% appear for U/t = 4, which are corrected by symmetry

projection. As expected we observe an increase of the systematic deviations with

increasing U/t. For U/t = 16 symmetry projection yields the correct energy
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Figure 2.13: Spin-spin and charge-charge correlation function of the half-filled

4×2 Hubbard ladder for U/t=16 after projection. The deviation from the DMRG

result (dashed line) is shown in the inset. A small systematic deviation is still

present in the spin-spin correlations at large distance.

but fails to reproduce all the spin-spin correlations at large distance correctly

(see Fig. 2.13). In this case the average overlap of 28% is rather small. Thus

symmetry projection yields better results for intermedia te U/t but for large

U/t ≥ 8 a small systematic error is still present. In Fig. 2.14 we have plotted

the dependence of the energy on U/t. Without projection the systematic error

grows with increasing U/t, whereas the results after projection agree with the

exact result for all U/t.

U/t = 4 and varying L

In this set of simulations we fixed the interaction strength to an intermediate

value U/t = 4 and varied the system length L. For L > 4 we observe that the

energy from the GQMC simulation is systematically too high (Fig. 2.15). The

deviations are of order 2%. After symmetry projection the results are within 2σ

for system sizes up to L = 16.

Excellent results for the correlation functions are obtained with the PGQMC
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Figure 2.14: Energy of the half-filled 4 × 2 Hubbard ladder in dependence of

U/t. The deviation from the DMRG result (dashed line) is shown in the inset.

Symmetry projection corrects the systematic deviations in the energy from the

GQMC simulation.
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Figure 2.15: Energy density of the half-filled two leg Hubbard ladder with U/t =

4 in dependence of L. The deviation from the DMRG result (dashed line) is

shown in the inset. The energy from GQMC is systematically too high (dots).

The results are correct after symmetry projection for L ≤ 16.
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Figure 2.16: Spin-spin correlation function of the half-filled 8×2 Hubbard model

with U/t = 4. The PGQMC (dots) results agree with the DMRG result (dashed

line). The deviation from the DMRG result is shown in the inset.

method for L = 8 (Fig. 2.16) and L = 10. Without projection the results

are qualitatively good; systematic deviations are of order 10% for the spin-spin

correlations and of order 0.2% for the charge-charge correlations. For L = 16

(Fig. 2.17) the values of the spin-spin correlations at large distances tend to be

too large (in absolute value), such that systematic errors may still be present.

The problem is that the overlap with the ground state sector decreases with

increasing L. For L = 4 it is typically of order 70% whereas for L = 10 we find

an overlap around 20%. For L ≥ 16 it is only a few percent, such that the results

from the projection method are not reliable anymore and we find systematic

deviations even after projecting.

At half filling the total number of particles stays constant, but the number of

particles with spin up n↑ is not necessarily equal to the number of particles with

spin down n↓. For big system sizes the simulation can get stuck in a configuration

where n↑ 6= n↓. In this case Stotal
z is not equal to zero and therefore the overlap

with the sector Stotal = 0 almost vanishes. A solution to this problem is to use the

quantization axis along the x-direction, leading to identical SDEs for n↑ and n↓
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Figure 2.17: Spin-spin correlation function of the half-filled 16×2 Hubbard model

with U/t = 4. The PGQMC (dots) results agree with the DMRG result (dashed

line) for almost all distances. The deviation from the DMRG result is shown in

the inset.
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Figure 2.18: Spin-spin correlation function of the doped 8 × 2 Hubbard model

with U/t = 4 and ntot = 14. The PGQMC (dots) results agree with the DMRG

result (dashed line). The deviation from the DMRG result is shown in the inset.

and therefore n↑ = n↓ is always guaranteed. However, not even with this variant

are the results satisfying. The GQMC result shows big systematic deviations in

the correlation functions at large distance. The overlap even becomes negative

(and small in absolute value) for some projections because many of the projected

weights are negative. This leads to cancellation between positive and negative

weights, reminiscent of the sign problem in conventional QMC.

Doped examples

Next we present results for doped Hubbard ladders. The chemical potential µ

is adjusted to obtain the desired number of electrons and we fix U/t = 4. The

results for the 8×2 system with ntot = 14 are compatible with the DMRG results

(Fig. 2.18). However, the error bars are bigger compared to the examples at half

filling. The overlap with the ground state sector is only ≈ 12%.

We also find agreement for the 10 × 2 system with ntot = 18, even if the

average overlap is only 6%. The energy from DMRG −16.6393 lies within 2σ

of the PGQMC result −16.2244 ± 0.3206. Slightly doped Hubbard models are
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Figure 2.19: Spin-spin correlation function for the half-filled 8×3 Hubbard model

with U/t = 4 after projection. The distances indicated by square brackets refer

to distances on the middle leg of the ladder. The deviation from the DMRG

result is shown in the inset.

known to exhibit a strong sign problem in conventional QMC, therefore it is a

considerable success to obtain correct results for this case.

2.10.2 Three leg ladders

Three leg Hubbard ladders are critical, thus the energy gap vanishes in the ther-

modynamic limit. As the low lying excitations lie closer to the ground state we

expect that the density matrix from the simulation will contain more admixtures

of excited states than for the two leg ladders. This would result in a smaller

overlap with the ground state sector and thus a less efficient symmetry projec-

tion. We tested system sizes from L = 4 to L = 16. We obtain correct results

up to L = 12 (Fig. 2.19). For L = 16 the overlap becomes too small, leading

to very large error bars (see Table 2.5). Note that in this case the energy ob-

tained from GQMC alone is actually better than the energy afer the projection.

However, the GQMC spin-spin correlations show large systematic deviations for

large distances. Thus, neither of the two methods yield useful results for L = 16.
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L GQMC PGQMC DMRG Overlap

4 −9.042± 0.007 −9.213± 0.015 −9.2053 57%

6 −13.54± 0.05 −13.69± 0.10 −13.7901 54%

8 −17.98± 0.02 −17.98± 0.23 −18.2005 43%

12 −26.54± 0.04 −27.24± 0.08 −27.2717 21%

16 −36.57± 0.21 −32.02± 2.93 −36.2408 2%

Table 2.5: Energies for the L×3 Hubbard ladder at half filling. The results from

PGQMC are within 2σ up to L = 12.

2.10.3 Summary of the Hubbard ladder results

Let us summarize the results for the Hubbard ladders:

• For small system sizes GQMC yields correct results for weak interaction

(U/t ≤ 2). Systematic deviations for intermediate interaction strength can

be fixed by symmetry projection, but only for U/t not too large (U/t ≤ 8).

For strong interaction we find systematic errors even for the symmetry

projected result.

• The overlap has to be big enough in order to get meaningful results. In

our simulations overlaps of > 30% lead to correct results. Overlaps below

10% are definitely too small. We obtained some nice results with overlaps

in between 10− 30%, but the reliability is not guaranteed.

• The overlap between the GQMC density matrix and the symmetry sector

of the ground state decreases with increasing system size. In our examples

the overlap becomes too small for L ≥ 16. Using more walkers may help to

increase the upper limit of L for the which PGQMC produces good values.
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Figure 2.20: Lattice structure of the frustrated Hubbard model with interchain

coupling amplitude δ.

2.11 Metal-insulator transition of the frustrated

Hubbard model

To further test the PGQMC method we applied it to a frustrated Hubbard

model at half filling to study the metal-insulator transition. For this system

conventional QMC fails due to a severe sign problem. The Hamiltonian is given

by

Ĥ = Ĥx + Ĥy + ĤU , (2.175)

Ĥx = −t
∑
〈i,j〉x

ĉ†i ĉj, (2.176)

Ĥy = −δ

t ∑
〈i,j〉y ,σ

ĉ†iσ ĉjσ + t′
∑

〈〈i,j〉〉,σ

ĉ†iσ ĉjσ

 , (2.177)

ĤU = U
∑

i

n̂i↑n̂i↓, (2.178)

where 〈i, j〉x denote neighbor pairs in x-direction and 〈i, j〉y neigbor pairs in y-

direction. Ĥy includes also a next-nearest neighbor hopping term with amplitude

t′. One can think of chains along the x-direction, interacting with an interchain

coupling strength δ, as illustrated in Figure 2.20. By adjusting δ we can toggle

the system between one-dimensional decoupled chains (δ = 0) and an isotropic

two-dimensional system (δ = 1).

The case δ = 1 at half filling has been studied by Kashima et al. [84], where

the metal insulator transition was controlled by t′/t and U/t. In our simulations

we fix the parameters to U/t = 3 and t′/t = −0.5, which lies in the metallic
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phase in the 2D case (δ = 1) and which is an insulator for decoupled chains

(δ = 0). Thus, a metal-insulator transition has to occur for δt in between 0 and

1. Assuming a first order transition we expect to observe a jump in ∂E/∂δ at

the transition value δt.

2.11.1 Simulation results

All simulations are done with a time step ∆τmax = 5 · 10−4, explicit Euler inte-

gration scheme, and 8’000-16’000 walkers. In each phase we identify the ground

state sector as the one with lowest energy. Usually, the GQMC density matrix

has largest overlap with the ground state sector, except for a few cases close to

the transition. Besides total spin and total momentum we also project onto the

particle-number sector corresponding to half filling.

For the 4× 3 system we can verify the results with DMRG. In the insulating

phase the ground state sector is S = 0, P = (π, 0) and in the metallic phase

S = 0, P = (0, 0). The jump in the quantity ∂E/∂δ at δt is clearly visible

in the second panel in Fig. 2.21, which suggests that the transition occurs at

δt = 0.475 ± 0.003. Note that the overlaps are smallest in the vicinity of the

transition, leading to bigger error bars than away from δt.

The metallic phase of the 4× 4 system is already out of reach by DMRG in

order to converge properly. Thus, in this case we could only verify the results in

the insulating phase. Using similar arguments as for the 4×3 system, we find the

transition at δt = 0.61±0.01. Note that the overlaps have decreased considerably

compared to the 4 × 3 system, but it is still possible to identify the crossover

region. The ground state sector in the insulating phase is S = 0, P = (0, 0)

and in the metallic phase S = 0, P = (π, π). A crosscheck with auxiliary field

quantum Monte Carlo (AFQMC) reveals that the average sign vanishes in the

vicinity of the transition.

For the 6 × 6 system even in the insulating phase the overlaps are small

(≈ 10%), and in the metallic phase the results are not reliable anymore as the

average overlap is only a few percent. From the sudden drop off in the overlap

with the S = 0, P = (0, 0) sector and the jump in the quantity ∂E/∂δ we

conclude that the transition takes place at δt = 0.755 ± 0.005. As the overlaps

are already very small for this system size, we expect the 8× 8 system to be out

of reach by PGQMC. Even though the tractable system sizes are limited, it is a

success that we can go beyond the capabilities of AFQMC.
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Figure 2.21: Metal-insulator transition of the 4×3 frustrated Hubbard for U/t =

3, t′/t = −0.5 occuring at δt = 0.475 ± 0.003. Black lines show the reference

values from DMRG. For δ < δt the ground state sector is S = 0, P = (π, 0)

whereas for δ > δt it is S = 0, P = (0, 0). The corresponding overlaps are

shown in the last plot. By projecting the GQMC result in each phase onto the

corresponding ground state sector we clearly find a jump in ∂E/∂δ at δt.
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Figure 2.22: Metal-insulator transition of the 4×4 frustrated Hubbard for U/t =

3, t′/t = −0.5 occuring at δt = 0.61± 0.01. The overlaps with the two symmetry

sectors S = 0, P = (0, 0) (insulating phase) and S = 0, P = (π, π) (metallic

phase) are shown in the last plot. Like in the 4 × 3 case we observe a jump in

∂E/∂δ at δt.
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2.12 The pre-projected Gaussian Quantum Monte

Carlo method

Recently Aimi and Imada [33] presented a new variant of the projection method,

called the pre-projection method (PR-GQMC), which enables to treat bigger

system sizes. Instead of projecting the density matrix after the simulation they

incorporate the projection into the sampling, which leads to a better conver-

gence towards the ground state. The price however is the occurrence of negative

weights, or in other words a sign problem, which in many cases seems to be

tractable. For intermediate U/t the projected distributions decay much faster,

so that no boundary terms seem to be present. In Ref. [34] they study pairing

correlations in the doped 2D Hubbard model up to 10× 10 and U/t = 7. Their

data suggests that the correlations are too weak to account for the supercon-

ductivity in the high-Tc cuprates. In order to test the reliability of their results

we implemented the pre-projection method for Hubbard ladders and compared

the superconducting correlations with reference results obtained by DMRG. The

tests have been done by Patrick Semon as a diploma thesis [48]. In the follow-

ing we introduce the pre-projection method and summarize the most important

findings.

2.12.1 Sampling scheme

The expectation value of an observable in Eq. (2.149) is rewritten as

〈Ô〉Pr =
∑

k

W̃k

∫
dxxxg(xxx)Ω̃k(xxx)O(ñnnk(xxx))

W̃k

/
∑

k

W̃k (2.179)

with W̃k =
∫
dxxxg(xxx)Ω̃k(xxx). This amounts to calculating the weighted average of

Qk =
∫
dxxxg(xxx)Ω̃k(xxx)O(ñnnk(xxx))/W̃k with respect to the weight p̃k = W̃k/

∑
k W̃k.

We can easily incorporate this new distribution into the Metropolis algorithm

from Sec. 2.7.2 by setting the acceptance probability to

α(~w, ~w′) = min

(
W̃ (~w′)

W̃ (~w)
, 1

)
. (2.180)

Because the projected weights can become negative we have to take the sign of

W̃k into account. We substitute W̃k = Sk|W̃k|into Eq. (2.179), yielding

〈Ô〉Pr =
∑

k

Sk|W̃k|Qk/
∑

k

Sk|W̃k| =
〈SQ〉|p̃|
〈S〉|p̃|

, (2.181)
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where we introduced the average sign 〈S〉|p̃| =
∑

k Sk|W̃k|/
∑

k |W̃k|. Aimi and

Imada reported that the average sign stays around unity, i.e. there is no sign

problem, if they start from a Hartree Fock initial state instead of the infinite

temperature density matrix.

2.12.2 Main results for Hubbard ladders and implications

for the 2D Hubbard model

We have measured rung-rung pairing correlations of doped Hubbard ladders up

to size 10× 2 and U/t = 6, given by

C(r) = 1/2〈P̂ †(r)P̂ (0) + h.c.〉, (2.182)

P̂ †(r) = 1/
√

2
(
ĉ†(1,r)↑ĉ

†
(2,r)↓ − ĉ†(1,r)↓ĉ

†
(2,r)↑

)
, (2.183)

where the index (l, i) denotes the ith site in the lth leg of the ladder. The simula-

tions showed that the reliability of the results depends on the initial conditions.

If one starts from a Hartree Fock state with open shell condition, then the sim-

ulation exhibits many unstable trajectories leading to systematic errors. But for

closed shell condition the simulation is stable for small and intermediate inter-

action strength (U/t ≤ 6), and the results for the pairing correlations agree with

DMRG predictions, as shown in Fig. 2.23. For the simulations of the 2D Hub-

bard model Aimi and Imada have chosen fillings which correspond to closed shell

condition, and therefore we conclude that these results are reliable. However, for

the system sizes up to 10 × 10 closed shell conditions are found at rather large

doping 〈n〉 ≈ 0.8. Their main conclusion is that the superconducting correla-

tions are too weak to account for superconductivity in the cuprates. However,

also other methods (e.g. CDMFT [66]) show that the pairing correlations are

indeed weak at this doping and that they become larger for smaller doping. Be-

cause the initial conditions at smaller doping correspond to open shell condition

we do not consider the results by PR-GQMC to be reliable anymore. Thus, the

question of the superconductivity in the Hubbard model is not fully answered

yet.
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Figure 2.23: Semi-log plot of the rung pairing correlations for a 10× 2 Hubbard

ladder with 〈n〉 = 0.8 for different U/t obtained from 4 independent GQMC

simulations with pre-projection. The values agree with the DMRG reference

data, given by the horizontal lines. The inset shows the mean value from the 4

simulations compared to the DMRG result.
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2.13 Conclusion

We have derived the Gaussian Quantum Monte Carlo method for the general elec-

tronic structure problem and performed extensive tests for the Hubbard model.

The problem is mapped onto a set of stochastic differential equations which are

integrated in imaginary time. Thermal averages are calculated by a weighted sum

over all stochastic trajectories at a given imaginary time τ . In the Fermi liquid

regime for weak on-site repulsion U/t and away from half filling, the method

produces accurate results. However, in the vicinity of half filling for large U/t

the method suffers from systematic errors at low temperatures.

We have compared the results obtained by two different sampling algorithms:

The reconfiguration scheme of walkers and the Metropolis algorithm. Both

schemes lead to the same results. Neither using a higher order integrator, nor

changing the initial condition, the number of walkers, or the imaginary time step

helps to overcome the systematic errors.

We discussed that the systematic errors stem from non-vanishing boundary

terms from the partial integration step in the derivation of the SDEs. This

problem has also been reported for bosonic systems [50], and we observe similar

side effects of the boundary terms, such as spiking trajectories and diverging

variances of observables. Since the initial distribution at infinite temperature is

a delta function, boundary terms are absent at the beginning of the simulation.

They develop at a certain imaginary time βBT . Testing for the appearance of the

first spike yields an estimate of βBT , at which systematic errors start to become

significant. Thus, checking for spikes and slow decaying probability distributions

provides an important test of the reliability of the results.

Thanks to the overcompleteness of the Gaussian operator basis it is possible to

modify the SDEs by means of stochastic gauges, without changing the physical

system. The hope is to find appropriate gauges to obtain a faster decaying

distribution function, such that the boundary terms vanish. This technique has

been successfully applied for certain bosonic systems [51]. We have tested several

diffusion and fermionic gauges, but have not found an improvement of the results.

One consequence of the boundary terms is that the solution from the sim-

ulation does not exhibit all the symmetries of the Hamiltonian. By projecting

the density operator onto the ground state symmetry sector it is possible to ex-

tract the correct ground state, if the low-temperature density matrix has a large

overlap with the ground state sector. In order to find the limits of the symme-

try projection method we have systematically tested it for Hubbard ladders and
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compared the results with accurate DMRG calculations. We have found correct

results for overlaps > 30%. The results agree well for systems up to 32 sites

and an on-site repulsion U/t < 10, beyond these values the overlap becomes too

small. However, it is possible to obtain correct values for doped ladders, where

auxiliary field QMC suffers from the negative sign problem.

We have used PGQMC to study a metal-insulator transition of the frustrated

Hubbard model induced by a dimensional crossover from 1D to 2D. The transition

is controlled by tuning the coupling δ between one dimensional chains. In the

limit of decoupled chains δ = 0 the system is insulating, whereas the full two

dimensional system δ = 1 is metallic. For the 6 × 6 Hubbard model we found

that the transition occurs for δt = 0.755±0.005. Due to decreasing overlaps with

increasing system size it was not possible to treat bigger system sizes.

We have reported on the new developments of the projection method by Aimi

and Imada [33]. Instead of projecting the density matrix after the simulation they

incorporate the projection into the sampling, which leads to a better convergence

towards the ground state. They have recently published their studies of the

doped Hubbard model up to system sizes 10 × 10 and on-site repulsion up to

U/t = 7. We have tested their method for doped Hubbard ladders and found

that the results are reliable if one starts from an initial Hartree Fock state with

closed shell condition. In the 2D case closed shell condition is found for a filling

of 〈n〉 ≈ 0.8 for the system sizes they have considered. It cannot be ruled out

that the superconducting correlations become stronger for smaller doping, as it

is also observed in other approaches (e.g. CDMFT [66]). However, from the

frequent occurrence of spiking trajectories at smaller doping, where the initial

Hartree Fock solution has open shell condition, we conclude that the results from

PR-GQMC are not reliable anymore in this regime.

To conclude, even though GQMC is sign-free there are still unresolved prob-

lems. Future studies will show how the boundary terms depend on the choice

of gauges and whether it is possible to avoid systematic errors even without

symmetry projection. However, already in the current version with symmetry

projection it is possible to go beyond the capabilities of auxiliary field QMC. As

the method enables to simulate doped and frustrated systems, it is one of the

most promising methods for fermions currently available.

79





Chapter 3

Spontaneous trimerization in a

bilinear-biquadratic S = 1 zig-zag

chain

3.1 Introduction

Frustrated spin systems are promising candidates to search for new exotic phases

of matter. Pioneering work in this field was the study of the antiferromagnetic

Ising model on the triangular lattice by G. H. Wannier in 1950 [85]. Extensive

investigations of frustrated systems started in 1977, when G. Toulouse and J.

Villain independently introduced the concept of frustration in the context of

spin glasses [86, 87].

Frustration can be generated by the competition of different kinds of inter-

action or by the lattice geometry. As a generic example consider the triangle of

three Ising spins Si ∈ [−1, 1] in Fig. 3.1, which interact via an antiferromagnetic

coupling JSiSj with J > 0. In order to minimize the energy, each spin would like

to point in the opposite direction than its two neighbors. Because it is impossible

to satisfy this condition for each pair of spins on the triangle, the system is said

to be “frustrated”. The ground state is sixfold degenerate, which is very large

compared to the number of total configurations 23 = 8. This large degeneracy

of the (classical) ground state is characteristic for frustrated systems. Typical

lattice structures of geometrically frustrated systems are made of networks of

triangles, for example the kagomé lattice (corner sharing triangles) in two di-

mensions (right panel in Fig. 3.1), or the pyrochlore structure (corner sharing
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tetrahedrons) in three dimensions.

?
Figure 3.1: Left panel: Generic example of a frustrated system. It is impossible

to arrange three spins on the triangle in an alternating way in order to minimize

the energy on each bond. Right panel: The kagomé lattice.

A particularly intriguing phenomenon which can occur in frustrated system

is the concept of “order by disorder”, introduced in 1980 by Villain et al. [88]

for a frustrated Ising model on the square lattice. Even though this system

has no average magnetization and is disordered at T = 0, thermal fluctuations

stabilize a ferrimagnetically ordered state at finite T .1 Which ordered solution

is chosen among several degenerate solutions at T = 0 is determined by the

low-lying excitations around the solutions. A large density of low-lying excita-

tions minimizes the free energy due to a large entropy contribution, leading to

a thermal (entropic) selection of order. Similarly in the quantum case, a partic-

ular order may be chosen among many classically degenerate ground states by

quantum fluctuations. Most dramatic in this regard is the Heisenberg model on

the kagomé, checker-board and pyrochlore lattice, where the degeneracy of the

classical ground state scales exponentially with the number of lattice sites. This

leads to a residual entropy per spin at T = 0, and a selection of some partial

order (if any) is highly non-trivial.

A central focus in frustrated systems is the search of spin liquids, which is

a phase without broken symmetry (associated with any local order parameter)

and thus exhibits no long-range order in any local observable (in particular spin

1They also showed that site dilution (non-magnetic sites) selects the same ordered pattern,
which is the reason for the name “order by disorder”.
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order).2 In two and three dimensions, quantum antiferromagnets without frustra-

tion usually exhibit antiferromagnetic (Néel) long-range order (AFLRO) at zero

temperature, due to a spontaneously broken SU(2) spin symmetry. The low-

energy excitations are gapless spin-waves, i.e. magnons, the Goldstone modes

associated with the broken continuous symmetry. The prototype is the Heisen-

berg model,

H = J
∑
〈i,j〉

Si · Sj, (3.1)

where the sum 〈i, j〉 goes over all nearest neighbor pairs, Si is a spin operator, and

J > 0 is the antiferromagnetic exchange.3 In two dimensions AFLRO is destroyed

by thermal fluctuations at finite temperature due to the Mermin-Wagner theorem

[90]. Frustration can lead to the destruction of AFLRO even at T = 0, giving

rise to a spin disordered state without broken SU(2) spin symmetry. A first

possible candidate is the Heisenberg model on the triangular lattice. However, it

has been shown that it exhibits a 120◦ long-range order in the spins (3 sublattice

structure) [91, 92]. Several types of spin disordered systems have been found,

which can be classified into the following types [89, 93]:

• Valence bond crystals (VBC) are characterized by LRO in local S = 0

objects (dimers, paquettes, etc.). Depending on the lattice geometry, the

ground state can break translational invariance (spontaneous VBC ), or can

remain fully symmetric (explicit VBC ). The first excitations are gapped,

integer spin excitations, separated from a continuum of two-particle exci-

tations. A famous example is the Shastry-Sutherland model [94], which

has a ground-state made up of a dimer covering. An experimental realiza-

tion of this model is SrCu2(BO3)2 [95]. Another example is the S = 1/2

Heisenberg model on the checker-board lattice, which exhibits a two-fold

degenerate ground state with LRO in four-spin S = 0 plaquettes [96].

• Valence bond solid (VBS): The VBS state was introduced by Affleck,

Kennedy, Lieb and Tasaki (AKLT model) [97]. The nature of this state

can be visualized by splitting each spin S on a site into m = 2S fictitious

spins 1/2. Each of these spins 1/2 form a singlet bond with a fictitious

spin 1/2 from a neighboring site (see Fig. 3.8). A VBS can be viewed as

2Different definitions of a spin liquid exists in literature. We adopt here the one from Ref.
[89].

3The Heisenberg model is the effective model of the Hubbard model at half filling for large
U/t. Second order perturbation theory yields J = 4t2/U .

83



3.1 Introduction

an explicit VBC of the fictitious spins, as it breaks no translational invari-

ance. In contrast to the VBC, the phase is characterized by a non-local

order parameter. The VBS state in two dimensions is realized for example

for a spin 3/2 model on the honeycomb lattice [97]. It was also proposed

for the spin-1 Heisenberg model on the kagomé [98] and on the pyrochlore

[99] lattice.

• Resonating valence bond (RVB) spin liquid (type I): Introduced by P. W.

Anderson [100], it describes a highly fluctuating state between an exponen-

tial number of different valence bond coverings of the lattice. The ground

state is unique up to a possible topological degeneracy. The excitations are

gapped, deconfined spinons (carrying fractional S = 1/2 quantum num-

ber), in contrast to the VBC, where the separation of two spins 1/2 of a

triplet excitation costs an increasing energy with increasing distance. This

phase is realized in the multi-spin exchange (ring exchange) model on a

triangular lattice [101], or in the quantum dimer model on the triangular

lattice [6]. Another example is the J1-J2 model on a hexagonal lattice with

ferromagnetic J1 and antiferromagnetic J2 ' −0.25J1 [102]. Experimental

evidence for this phase is found, for example, in the second layer of 3He on

graphite [103].

This phase is of relevance for quantum computing, since a topologically

protected ground state can be used as a fault-tolerant qbit [4, 5].

• Resonating valence bond (RVB) spin liquid (type II): This phase exhibits a

continuum of singlets adjacent to the ground state, in contrast to the type

I RVB spin liquid, which has a gap in the singlet sector. The density of

low-lying states increases exponentially with system size, which leads to a

residual entropy at zero temperature. This phase is possibly realized for

the Heisenberg model on the kagomé lattice [104, 105].

We emphasize that there are only a few theoretical models in two or three

dimensions which exhibit spin-liquid properties. It is even harder to find spin

liquids in real materials, because the spin degeneracy can be lifted by coupling

with other degrees of freedom (e.g. orbital, lattice or charge).

In one dimension, the generic situation is to have a spin disordered phase,

because quantum fluctuations always disorder the ground state in systems with a

continuous symmetry [90], even at zero temperature. Therefore, spin liquids are
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realized even without frustration. The simplest example is the spin 1/2 Heisen-

berg chain, which has a RVB ground state, and can be solved by Bethe ansatz

[106]. It is critical and thus exhibit power-law decaying spin-spin correlations

(see for example [107] and references therein). The elementary excitations are

gapless spinons. Hence, a magnon (S = 1) is not an elementary excitation, but

it is fractionalized into two deconfined spinons.

Frustration can be introduced by an additional next-nearest neighbor inter-

action J2. A transition into a dimerized phase occurs at J2/J1 = 0.2411 [108],

where the chain is covered by local S = 0 dimers. The ground state breaks

translational invariance and is twofold degenerate, corresponding to the two pos-

sible arrangements of the dimers on the chain. The elementary excitations are

deconfined gapped spinons corresponding to domain walls between the dimers.

A very different behavior is found for integer spin chains, as conjectured by

Haldane [23]. The lowest excitations are triplett excitations, separated by a

(Haldane) gap from the ground state (∆E ' 0.41J for the S = 1 chain [109]).

The Haldane gap was also observed in experiments, for example for CsNiCl3
[110] and Y2BaNiO5 [111]. The spin-spin correlations decay exponentially with

a correlation length ξ ' 6.03 in the S = 1 case. The phase corresponds to a

valence bond solid (VBS) and exhibits a hidden topological order (string order).

The reason for the difference between integer and half-integer spin chains

stems from a topological term in the effective action, which can be discarded in

the integer S case. The effective action then reduces to a 2D O(3) non-linear

sigma model [107], which is a massive field theory (hence the gapped spectrum).

Whereas in the non-integer S case the topological term leads to a flow towards

a fixed point of the SU(2)1 Wess-Zumino-Witten universality class [112, 113].

Spin 1 chains have been studied with next-nearest neighbor interaction [114]

and with nearest neighbor biquadratic term (Si ·Si+1)
2 [115]. In the present work

we study the combination of these two models, which is motivated by the recent

discovery of spin liquid properties in NiGa2S4 [116]. The spins of Ni2+ ions form

regular triangular layers, stacked along the c-axis. The distance between the

layers is three times larger than the distance between the ions within a layer, so

that the layers are effectively decoupled. Neutron scattering experiments revealed

that the spin-spin correlation length does not diverge when approaching zero

temperature, and no magnetic Bragg peaks were found. The specific heat and the

spin susceptibility did not show any singular behavior of a phase transition down

to 0.35K. A spin gapped state can be excluded from the finite susceptibility at

zero temperature and from a specific heat proportional to T 2, suggesting gapless
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excitations with linear dispersion in a 2D system. Ni2+ ions do not have orbital

degrees of freedom, so that the model should be described by a pure spin model.

Several groups independently proposed the bilinear-biquadratic S = 1 model to

account for the unusual low-temperature properties of NiGa2S4 [35–37]. While

long-range magnetic order is absent, it exhibits long-range nematic (quadrupolar)

order,

Qµν =
1

2
〈SµSν + SνSµ〉 − 1

3
S(S + 1)δµν , (3.2)

where µ and ν are spin indices {x, y, z}. The order parameter Qµν describes

anisotropy of spin fluctuations. This implies that in a spin nematic phase the

SU(2) spin rotation symmetry is broken, even if there is no long-range magnetic

order. Depending on the sign of the spin interactions, the nematic order is uni-

form (ferro) [36, 37] or modulated (antiferro) [35] on a three sublattice structure.

In this work we concentrate on the latter case. Direct numerical calculations of

the 2D system by quantum Monte Carlo is not possible due to the negative sign

problem. We therefore investigate the properties of the one-dimensional analog

with the same three sublattice structure, a zig-zag chain, by means of density

matrix renormalization group (DMRG) and exact diagonalization (ED).

Figure 3.2: Structure of NiGa2S4 (from Ref. [116]).

This chapter provides an extended discussion of the results from our publica-
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tion [117], which was done in collaboration with A. Läuchli, H. Tsunetsugu and

K. Totsuka. We first give an introduction to the numerical methods, ED and

DMRG. In Sec. 3.3 we introduce our model and relate it to previously studied

models. In Sec. 3.4 we present the phase diagram obtained from the numerical

results and discuss the individual phases and phase transitions. Besides the pre-

viously known Haldane / double Haldane and extended critical phase, we have

found a trimerized phase with a non-vanishing energy gap. Results for different

order parameters, energy gaps, correlation functions and the central charge are

discussed. We describe how our results are in accordance with field theoretical

predictions. Finally, we end this chapter with our conclusion in Sec. 3.5.

3.2 Numerical methods

3.2.1 Exact diagonalization

Exact diagonalization (ED) aims to solve a quantum mechanical problem by

diagonalizing the Hamiltonian matrix directly. In many cases one can choose a

basis in which the Hamiltonian is sparse, for example a local basis measuring the

Sz component of the spin. The ground state and the low lying excitations can

then be found by using an efficient sparse matrix eigensolver, usually the Lanczos

algorithm [118]. A major advantage of this method is that the Hamiltonian

matrix does not have to be stored in memory, but only a few vectors.

ED yields values up to machine precision, but the drawback is the exponential

scaling with system size (3N for a system with N spins with total spin S = 1).

The matrix size of the Hamiltonian can be reduced by making use of symmetries

(translational, SU(2) spin rotation symmetry, etc.). The maximal system size

considered in this project is N = 21.

3.2.2 Density matrix renormalization group

The key idea of density matrix renormalization group (DMRG) is to reduce the

size of the Hilbert space in a clever way. Instead of an exponential growth of the

Hilbert space with system size as in ED, DMRG works with a fixed number of

basis states which are iteratively improved in order to find the best representation

of the ground state within the reduced Hilbert space. In other words, DMRG

allows us to systematically thin out degrees of freedom of a problem to obtain

an effective Hamiltonian, which still offers a very accurate description of the
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system. By adjusting the number of basis states m it is possible to control the

error caused by the truncation of the Hilbert space. Typically only a few hundred

basis states are needed to reproduce physical quantities up to a high precision.

System sizes of typically hundreds to thousands of sites can be treated, which lies

far beyond the capabilities of ED. This is of particular importance for systems

with strong finite size effects (large correlation lengths), as for example close to

a critical point.

Since its invention by S. R. White [22] in 1992, DMRG has revolutionized the

simulation of low-dimensional strongly correlated systems. It does not suffer from

the negative sign problem of quantum Monte Carlo methods and can therefore

be applied to fermionic and frustrated systems. However, in the present formu-

lation it is restricted to quasi one-dimensional systems (i.e. chains and ladder

structures), for which DMRG has become the standard tool. There have been

many advances in DMRG, allowing for calculation of finite temperature prop-

erties as well as the simulation of time dependent problems. Detailed reviews

can be found in Refs. [119, 120]. Quantum information theory has provided

new ideas how to extend DMRG to higher dimensions through a better under-

standing of the structure of entanglement in quantum lattice systems. DMRG

has been identified as a special case of a more general concept involving tensor

networks on a lattice, which enable an efficient representation of quantum many-

body ground states. Examples of such tensor networks in two dimensions are

PEPS (projected entangled-pair state) [121] and MERA (multi-scale entangle-

ment renormalization ansatz) [122, 123]. These promising methods are currently

being developed and tested.

In the following we present the ”standard” DMRG approach for the study of

zero temperature static properties of a one-dimensional system.

Infinite-system DMRG

There are different possibilities to grow a chain of spins (or other local degrees

of freedom) and to apply a real-space renormalization group procedure to reduce

the Hilbert space. First approaches of truncation schemes led to poor results,

for example by choosing the lowest energy states of a growing, isolated block of

sites. DMRG follows a different truncation procedure. It embeds the growing

block (system block) into an environment block of the same size to mimic the

thermodynamic limit. The resulting superblock is solved for the ground state.

The idea is now to keep the m states of the system block with largest weight
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in the ground state of the superblock. This amounts to calculate the reduced

density matrix of the system block by tracing out the degrees of freedom of

the environment block, and to keep the m eigenstates of the reduced density

matrix with the largest eigenvalues. From a quantum information perspective

this choice maximizes the entanglement between the two blocks A and B for a

fixed number of basis states, as we show further below. This growth procedure

is called infinite-system DMRG. One starts from a small system and let it grow

until it has reached the desired final length. A schematic representation of one

step of the method is sketched in Fig. 3.2.2. In the following description of the

algorithm Ns denotes the local dimension of the Hilbert space and |s〉 the local

basis states of a site.

1. Start from a small system (block A) and an environment (block B), both

of lengh l, with given orthonormalized basis sets |al〉 and |bl〉 of dimensions

MA and MB respectively. The Hamiltonian matrix Hl and the operators

acting on the blocks are known in this basis.

2. Add a site to block A to form a new block A′ of size l+1. The dimension of

the Hilbert space of A′ is MA′ = MA ×Ns and is spanned by the product

basis |al〉|s〉. In a similar way a new site is added to block B to obtain a

new environment B′ described by a product basis |bl〉|s〉 with dimension

MB′
= MB ×Ns.

3. Build the superblock of length 2l + 2 by connecting blocks A′ and B′ to-

gether. The full Hilbert space is of dimension MA′×MB′
. Find the ground

state |ψ〉 of the superblock by an efficient sparse-matrix eigensolver (Jacobi-

Davidson [124] or Lanczos [118] algorithm).

4. Form the reduced density matrix of block A by tracing out the degrees of

freedom of block B′:

ρ̂A′ = TrB′|ψ〉〈ψ|. (3.3)

Determine its eigenbasis |wγ〉 with eigenvalues wγ. We take the m eigen-

states with largest weights wγ as the new basis for block A′. (Note, if

MA′ < m then the Hilbert space is not truncated and the new dimension

for the block A′ is simply MA′). The same procedure is performed for block

B′.

5. Now the representation of the Hamiltonian H̃l+1 in the truncated basis has
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to be found by a reduced basis transformation,

H̃l+1 = T †Hl+1T, (3.4)

where T is a MA′×m basis transformation matrix with elements 〈als|al+1〉,
i.e. the m columns correspond to the kept eigenvectors. Proceed similarly

for the block B′ and restart at step (2) with the new basis sets |al+1〉 and

|bl+1〉 and Hamiltonian H̃l+1 → Hl+1 until the final length is reached.

6. Calculate quantities of interest from the ground state |ψ〉.

Remarks:

• The bottleneck of the algorithm is the calculation of the ground state of

the superblock in the (m × Ns)
2 dimensional Hilbert space. One may

incorporate reflection symmetry by taking identical blocks A and B.

• The error of local quantities (e.g. energy, density, magnetization) are of

the order of the discarded weight, ε = 1−
∑m

γ=1wγ. It corresponds to the

sum of all the eigenvalues of the reduced density matrix whose eigenstates

have been neglected in the truncation procedure. Typically ε is very small

(10−7 − 10−12).

• The reduced basis transformation has to be applied to all operators (see

below).

Finite system DMRG

The infinite DMRG algorithm is prone to get stuck in a metastable state, es-

pecially close to phase transitions. To overcome local minima and to further

improve the reduced basis set the finite system DMRG method has been devel-

oped. It is applied once the desired length of the system has been reached by the

infinite system DMRG. The idea is to stay at fixed system size and to perform

a sweeping as depicted in Fig. 3.2.2 until convergence is reached. Instead of

simultaneous growth of both blocks, only one of the two blocks is growing and

the other is shrinking by one site in each step. In this way the total length is

preserved. The same steps as in infinite DMRG are undertaken, except that

the basis transformation is performed only for the growing block. Once some

minimal length of block A is reached the growth direction is reversed, and it is
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Block A Block B

Superblock

New Block BNew Block A

Figure 3.3: Sketch of one renormalization step of infinite system DMRG as de-

scribed in the text.

changed again when block B reaches its minimal length. A full sweep consists

of a complete shrinkage and growth sequence of both blocks. Usually several

sweeps are needed until convergence is attained.

Calculation of observables

The reduced basis transformations have to be performed not only for the Hamil-

tonian, but for each quantity of interest (operators). A local operator Ôi acting

on a site i is initialized once the site is added to one of the blocks of length i− 1

in the infinite system DMRG procedure. We assume here that this site lies in

block A. The matrix elements of this operator in the reduced basis |al〉 of the

block A of length l = i is given by

〈al|Ôi|ãl〉 =
∑

al−1ss̃

〈al|al−1 s〉〈s|Ôi|s̃〉〈al−1 s̃|ãl〉. (3.5)

〈al−1|s〉 corresponds to the density-matrix eigenstates. At each DMRG step in

which a basis transformation is performed for the block containing the site i, the

matrix elements of Ôi in the new basis have to be calculated according to

〈al+1|Ôi|ãl+1〉 =
∑
alãls

〈al+1|al s〉〈al|Ôi|ãl〉〈ãl s|ãl+1〉, (3.6)

where the matrix 〈al|Ôi|ãl〉 is known from the precedent step. Finally we wish

to calculate the expectation value of the observable with respect to the ground
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Block A Block B

......

......

......

Figure 3.4: Sketch of one full sweep of finite system DMRG as described in the

text.

state, which is simply

〈ψ|Ôi|ψ〉 =
∑
a b ã

〈ψ|a b〉〈a|Ôi|ã〉〈ã b|ψ〉. (3.7)

Special care has to be taken for 2-point (and n-point) correlators for the calcu-

lation of the expectation value. If the two operators Ôi and Ôj act on different

blocks, the expectation value can be obtained from the matrix representation of

each individual operator as

〈ψ|ÔiÔj|ψ〉 =
∑
a b ã b̃

〈ψ|a b〉〈a|Ôi|ã〉〈b|Ôi|b̃〉〈ã b̃|ψ〉. (3.8)

However, if the two operators live on the same block, it is necessary to update

the matrix representation of the compound operator Ôij = ÔiÔj and evaluate

the expectation value as in Eq. 3.7.

The optimal choice of states and the relation to quantum information

theory

In this section we show that the optimal states to keep are the eigenstates with

largest eigenvalues of the reduced density matrix of the system block. The exact
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ground state of the superblock, obtained from connecting two blocks A and B,

can be written as

|ψ〉 =
∑
ab

ψab|a〉|b〉, (3.9)

where |a〉 and |b〉 are the basis sets with dimensions MA and MB corresponding

to block A and B respectively, and ψab are the expansion coefficients of the state

in this basis. We assume all coefficients to be real. From linear algebra we know

that the singular value decomposition (see for example Ref. [125]) of the matrix

ψ reads

ψ = UDV T , (3.10)

where U and D are MA ×MA matrices and V is a MA ×MB matrix, U is or-

thogonal, V column-orthogonal, and the diagonal matrix D contains the singular

values of ψ. Assuming MA < MB, ψ is of rank MA. One can see that the matrix

U also diagonalizes the reduced density matrix of block A given by

ρaa′ =
MB∑
b=1

ψabψa′b, (3.11)

and therefore

ρ = UD2UT , (3.12)

where the diagonal matrix D2 contains the eigenvalues of ρ. So far, everything is

exact. Assume know we would like to truncate the basis |a〉 in an optimal way,

keeping only m < MA states,

|wγ〉 =
MA∑
a=1

wγ
a |a〉, γ ∈ [1,m]. (3.13)

The aim is to find the matrix ψ̃ab of rank m which yields the optimal approxi-

mation of the matrix ψab of rank MA in the sense that∑
ab

(
ψab − ψ̃ab

)2

(3.14)

is minimized. The optimal choice of states is given by a known result in the

context of the singular value decomposition:

ψ̃ = ŨD̃Ṽ T , (3.15)
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with Ũ and D̃ being m ×m matrices and Ṽ a m ×MB matrix. The matrix D̃

contains the m largest eigenvalues of the matrix D, and Ũ and Ṽ are obtained

from U and V by leaving away the columns corresponding to the discarded

eigenvalues. Therefore, our choice to keep the eigenstates with largest eigenvalues

of the reduced density matrix is optimal.

Relation to quantum information theory

From the perspective of quantum information theory the truncation procedure of

DMRG yields a reduced basis set which preserves the maximum of entanglement

between the two blocks. A measure of this quantity is provided through the von

Neumann entropy,

SA = −Tr [ρ̂A ln ρ̂A] = SB = −Tr [ρ̂B ln ρ̂B] . (3.16)

For example, if the full system is a product state of block A and B, then the

reduced density matrix ρ̂A corresponds to a pure state and the entanglement

entropy amounts to zero, since the only eigenvalue appearing is 1:

|ψ〉 = |ψA〉|ψB〉 → ρ̂A = |ψA〉〈ψA| → SA = −1 ln 1 = 0. (3.17)

On the other hand, entanglement between blocks A and B leads to a reduced

density matrix representing a mixed state, yielding a finite SA:

|ψ〉= 1√
2
(|ψA〉|φB〉−|φA〉|ψB〉) → ρ̂A =

1

2
(|ψA〉〈ψA|+ |φA〉〈φA|) → SA > 0.

(3.18)

With the singular value decomposition in Eq. 3.10 we can rewrite Eq. 3.9 as

|ψ〉 =
∑
ab

ψab|a〉|b〉 =
∑

γ

∑
ab

UaγDγγV
T
γb|a〉|b〉 = (3.19)

=
∑

γ

Dγγ

(∑
a

Uaγ|a〉

)(∑
b

V T
γb|b〉

)
= (3.20)

=
∑

γ

√
wγ|wA

γ 〉|wB
γ 〉, (3.21)

which is known as the Schmidt decomposition. The sum over γ involves only

M̄ ≤ min(MA,MB) terms instead of MA ×MB. The reduced density matrix of

each block

ρ̂A =
M̄∑

γ=1

wγ|wA
γ 〉〈wA

γ |; ρ̂B =
M̄∑

γ=1

wγ|wB
γ 〉〈wB

γ | (3.22)

94



Spontaneous trimerization in a bilinear-biquadratic S = 1 zig-zag chain

involves the same eigenvalues wγ. As shown above, the entanglement entropy is

calculated from the spectrum of the reduced density matrix

SA = SB = −
M̄∑

γ=1

wγ logwγ. (3.23)

Thus, choosing the largest eigenvalues wγ in the truncation procedure maximizes

SA = SB, i.e., the entanglement between the two blocks.

From the scaling of the entanglement entropy with block size it is possible

to determine the central charge of a conformal field theory. We discuss this

technique in appendix B.1 and use it to confirm the universality class of the

critical phase of our model.

Convergence and extrapolation

The results in Sec. 3.4 have been checked for convergence in the number of states

m. We observed that any quantity plotted as a function of 1/m yields a convex

function (Fig. 3.5). The linear extrapolation from the two points with largest m

yields a lower bound of the true value, whereas the value at mmax provides an

upper bound. We take the middle between these two bounds as an estimate of

the extrapolated value for m → ∞, and the difference between the two bounds

as a measure of the error bar. By this procedure the error bar corresponds to

the range, in which the true value should lie.

For the present simulations we used up to m = 2000 states and performed

typically 6 sweeps for system sizes with open boundary conditions up to L = 300

sites. If needed, the quantities have been extrapolated to the thermodynamic

limit L→∞.

3.3 The bilinear-biquadratic S=1 zig-zag chain

and related models

The Hamiltonian of the bilinear-biquadratic (BLBQ) spin 1 zig-zag chain is given

by

H = J1

∑
i

cos θ(Si · Si+1) + sin θ(Si · Si+1)
2

+ J2

∑
i

cos θ(Si · Si+2) + sin θ(Si · Si+2)
2, (3.24)
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Figure 3.5: Extrapolation in the number of states of the trimer order parameter.

Left plot: L = 78, θ = 0.25π, J2/J1 = 1.5 with m = {500, 600, 700, 800, 900}
(5 sweeps in total). Right plot: L = 66, θ = 0.27π, J2/J1 = 3 with m =

{1000, 1200, 1400, 1600, 1800, 2000} with two sweeps per value of m (12 sweeps

in total).

where Si are spin 1 operators and θ parametrizes the strength of bilinear and

biquadratic coupling. For θ = 0 (θ = π/2) the biquadratic terms (bilinear terms)

vanish. For θ = π/4 the Hamiltonian exhibits SU(3) spin symmetry. J1 and J2

are the nearest and next-nearest neighbor coupling strengths, respectively. The

model is best visualized in a zig-zag geometry where the J1 bonds couple two

chains and the J2 bonds are located along the chains (Fig. 3.6). We concentrate

on antiferromagnetic interactions on all bonds with 0 ≤ θ ≤ π/2 and J1, J2 ≥ 0.

J1

J2

1

2 4 6 8 10 12

3 5 7 9 11

Figure 3.6: Zig-zag geometry of the model with J1 (J2) the nearest (next-nearest)

neighbor coupling strength.

Previously studied regions and special points in parameter space (θ, J2/J1)

of this model include:
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• θ = 0, J2/J1 = 0: The well known S=1 antiferromagnetic Heisenberg chain

with the Haldane gap ∆E = 0.4105J [23, 109].

• θ = 0: J1 − J2 spin 1 J1 − J2 model [114] exhibiting a transition from the

Haldane to the double Haldane phase at J2/J1 ≈ 0.775. These phases are

characterized by two different kinds of string order parameters (SOP), as

discussed further below.

• J2/J1 = 0: The BLBQ spin 1 chain, studied for example in Ref. [115].

The gapped Haldane phase, including the Affleck-Kennedy-Lieb-Tasaki

(AKLT)[97] point for tan θ = 1/3, ends at the SU(3) symmetric point θ =

π/4. This point corresponds to the exactly solvable Uimin-Lai-Sutherland

model where a second order phase transition of Berezinskii-Kosterlitz-

Thouless (BKT) type occurs [126]. Thus there is an exponentially slow

opening of the gap on the Haldane side. For π/4 ≤ θ < π/2 one finds an

extended critical phase with soft modes at k = 0,±2π/3 and central charge

c = 2. The dominant correlations in this phase away from the SU(3) point

are quadrupolar (spin nematic) [115, 126].

3.4 Results

3.4.1 The overall phase diagram

Figure 3.7 summarizes the phase diagram of the Hamiltonian (3.24) obtained

by DMRG and ED simulations. We reproduced the phases previously found

on the axes of the phase diagram: the Haldane, the double Haldane, and the

extended critical phase with central charge c = 2. All these phases extend into

the plane. Interestingly, they all touch the dominant phase in the center: a

gapped trimerized phase. In the following we discuss all phases and transitions

individually.

3.4.2 Haldane - double Haldane phase

By setting θ = 0 our model reduces to the J1−J2 spin 1 Heisenberg chain which

exhibits a first order transition between two distinct topological orders [114]. The

Haldane phase J2/J1 < αt ≈ 0.775, which also contains the well studied spin 1

Heisenberg chain for J2 = 0, is characterized by a finite string order parameter
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Figure 3.7: The phase diagram of the spin 1 BLBQ zig-zag chain. The area of

the black dots in the trimerized phase scales with the magnitude of the trimer

order parameter. We verified that the central charge is 2 in the critical phase

for several points (red diamonds). The green triangles mark the phase boundary

of the trimerized phase obtained from a level spectroscopy analysis from the ED

data.

(SOP),

O1 = − lim
|n−n′|→∞

〈
Sz

n

(
exp

n′−1∑
j=n+1

iπSz
j

)
Sz

n′

〉
. (3.25)

The nature of the ground state is a valence bond solid (VBS), sketched in Fig.

3.8, with typical effective spin 1/2 ends (see upper panel in Fig. 3.10). The

excitation ∆Sz = 1 is located at the boundary and corresponds to the triplet

configuration of the boundary spins. There is a simple picture to visualize this

type of order. An example VBS configuration looks like

...0 ↑ 0 0 ↓ 0 ↑ 0 0 0 0 ↓ ↑ ↓ 0 0 ↑ 0 ↓ ... (3.26)

Thus, every up spin is followed by a down spin with arbitrary many zeros in

between. By leaving away all zeros one would obtain a Néel state. It is impossible

to construct a VBS state with singlets on each bond, where an up spin on one
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site is followed by another up spin further away without having a down spin in

between.

Figure 3.8: Sketch of a VBS state: At each site there are two spin 1/2 forming

a triplet with Sz = {1, 0,−1} and two spin 1/2 on neighboring sites couple to

a singlet. For an open chain there is an isolated spin 1/2 on both ends of the

chain.

Figure 3.9: Cartoon of two intertwined VBS strings. A state in the DH phase

corresponds to a superposition of different intertwined VBS strings.

The transition into the double Haldane phase (DH) at J2/J1 = αt(θ) corre-

sponds to a decoupling of the VBS string into two intertwined substrings (Fig.

3.9), where each string exhibits string order. A state in the DH phase corre-

sponds to a superposition of different realizations of such intertwined strings.

The SOP defined above vanishes in the DH phase. Kolezhuk and Schollwöck

[114] introduced the double string order parameter for the DH phase,

O2 = − lim
|n−n′|→∞

〈
Sz

nS
z
n+1

(
exp

n′−2∑
j=n+2

iπSz
j

)
Sz

n′−1S
z
n′

〉
, (3.27)

which is finite in the DH and zero in the Haldane phase. On each side the two

effective spin 1/2 ends of each substring couple to a singlet, therefore the local

magnetic moment vanishes at the boundaries (Fig. 3.10).

The Haldane - double Haldane transition point extends as a line in the phase

diagram in Fig. 3.7. The transition point αt(θ) shifts to higher J2/J1 for increas-

ing θ and terminates upon touching the boundary of the trimerized phase. We
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Figure 3.10: Local magnetic moment for a chain of length L = 120. Upper plot:

In the Haldane phase one finds a VBS type ground state with effective spins

1/2 (dashed line) located at the open boundaries. The lowest excitation is a

triplet configuration of the end spins (full line). Lower plot: The double Haldane

phase corresponds to two intertwined VBS strings, where on each end the two

spins couple to a singlet, such that the local magnetization vanishes everywhere

(dashed line). The lowest excitation is clearly a bulk excitation (full line).

confirmed the first order nature of the transitions by calculating the string order

parameters along several cuts for fixed θ and varying J2/J1. For points close to

the transition we performed a finite size extrapolation of the OPs. Figure 3.11

shows an example of the transition for θ = 0.05π.

3.4.3 Trimerized phase

The most exciting feature of the phase diagram is the gapped, trimerized phase,

where three neighboring spins couple predominantly to a singlet. The trimer

ground state is threefold degenerate and breaks translational invariance. This

phase – including the frustration process leading to it – is reminiscent of the

dimerized phase of the J1-J2 spin 1/2 chain for J2/J1 ≥ 0.2411 [108].
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Figure 3.11: String and double string order parameters for fixed θ = 0.05π. The

Haldane - double Haldane transition occurs at J2/J1 = 0.853± 0.003.

Figure 3.12: Trimerization of the zig-zag chain.

Initially a massive trimerized phase for the spin 1 Heisenberg chain (J2/J1 =

0) for π/4 < θ < π/2 was put forward [127, 128], but later works [115, 126, 129–

132] showed that the region remains massless and has dominant nematic corre-

lations. In our model the additional next-nearest neighbor coupling J2 allows us

to stabilize the trimerized state.

In previous work [133, 134] parent Hamiltonians have been constructed using

complicated four site interactions, which exhibit exact trimer ground states (in

Ref. [135] yet a different kind of trimerized state was constructed). We now have

found a trimerized phase that is stable in a finite region of the parameter space

of a much simpler and possibly realistic spin Hamiltonian. We expect our model

(3.24) to be related to these parent Hamiltonians in Refs. [133] and [134] in the

same spirit as the Heisenberg spin 1 chain is related to the AKLT model.

One of the most direct indications for a trimerized phase is the period 3 in the

local bond energies (insets of Fig. 3.13). This pattern is formed because the two

bonds belonging to a trimer have a lower energy than the bonds connecting two

trimers. We determine this oscillation amplitude of the local bond energies in

the middle of the chain for different system sizes L and extrapolate it to L→∞.

101



3.4 Results

In the Haldane (respectively DH) phase the amplitude vanishes exponentially

with L. In the critical region the amplitude extrapolates to zero with a power

law. But in the trimerized phase the extrapolation of the oscillation amplitude

clearly yields a finite value (Fig. 3.13), which we call the trimer order parameter

(TOP).
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Figure 3.13: Extrapolation of the bond energy oscillation amplitude in the middle

of the chain leading to a finite trimer order parameter in the trimerized phase

(θ = 0.28π, J2/J1=1). Inset: The local bond energies form a pattern of period

3. The system size is L = 48 in this example.

The magnitude of the TOP in the trimerized phase is proportional to the

area of the black dots in Fig. 3.7. On the SU(3) line DMRG predicts that the

trimerized phase sets in at J2/J1 ≈ 0.45 and ends at ≈ 3.5. We used a level

spectroscopy analysis of the ED data to complement the results (green triangles

in Fig. 3.7). This technique has been successfully applied in the case of the

spin 1/2 chain to locate the transition point into the dimerized phase [108]. ED

yields a consistent result with DMRG for the lower boundary of the trimerized

phase, but it suggests a substantially smaller value for the upper boundary.

This mismatch stems partly from strong finite size effects on the location of the

level crossings (which are much stronger than in the spin 1/2 case). We observe

that the ED phase boundary shifts to slightly larger J2 values upon taking bigger

system sizes into account, approaching somewhat the DMRG results. A different
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source of error is the rather slow convergence of DMRG in m in or close to a

critical phase, especially for large J2/J1. The important result, however, which

we get from both methods is the finite extent of the trimerized phase on the

J2/J1 axis, in contrast to the spin 1/2 case where the dimerized phase extends to

infinity. We comment on a possible explanation in the field theory section below.

Figure 3.14 shows the finite spin gap in the trimerized phase, ∆E = E0(1)−
E0(0) where E0(S

z) is the ground state energy in the Sz sector. On the SU(3)

line the lowest excitation is eightfold degenerate (i.e. spin and quadrupolar

excitations are symmetry related on this line). Away from the SU(3) line the

lowest excitations have Stot = 1 for θ < π/4 and Stot = 2 for θ > π/4. According

to the analysis of Ref. [134], the nature of excitations in the trimerized phases

are gapped, deconfined domain walls, very similar to the deconfined spinons of

the spontaneously dimerized phase of the frustrated S = 1/2 spin chain.
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Figure 3.14: Energy gaps of spin excitations along cuts in the parameter space

with J2/J1 = 1 (left-hand side) and θ = π/4 (right-hand side).

The BKT transition line lies on the SU(3) line except for 0.45 ≤ J2/J1 ≤ 3.5

where it follows the right boundary of the trimerized phase. Field theory predicts

that the transition line separating the Haldane (respectively DH) phase from the

trimerized phase is of first order (see below). We confirmed this numerically

from a non-vanishing spin gap and a non diverging spin-spin correlation length

across the transition for J2/J1 = 1.25 (Fig. 3.15). For J2/J1 = 0.75 we cannot

completely rule out a vanishing gap as it is rather small at the transition. Another
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Figure 3.15: Energy gap between the ground state of singlet and triplet sector

(upper plot) and spin correlation length (lower plot) for different system sizes

for fixed J2/J1 = 1.25. The finite energy gap at the transition and the weak size

dependence of the correlation length indicate a first order phase transition. The

correlation length was obtained by a fit to the exponential decay of the spin-spin

correlations.

indication for the first order nature is the jump of the TOP at the phase boundary,

in contrast to the exponential suppression of the TOP towards the critical phase.

3.4.4 Critical phase

We have determined the value of the central charge numerically from the en-

tanglement entropy for different points in the critical phase (red diamonds in

Fig. 3.7), and all the values agree with c = 2, as shown in Fig. 3.16. This

confirms that the underlying field theory corresponds to a level-1 SU(3) Wess-

Zumino-Witten (WZW) model [126].

We made use of the universal scaling behavior of the entanglement entropy

for conformally invariant one-dimensional quantum systems [136] of the form

S(x, L) = c
6
ln
[

2L
π

sin(πx
L

)
]

+ const, where S(x) is the von Neumann entropy of

the reduced density matrix ρ̂(x) of a subsystem starting at the open boundary of

length x embedded in a system of length L, and c is the central charge. Appendix

B.1 provides more details on this calculation.
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Figure 3.16: System size dependence of the entanglement entropy for several lo-

cations (θ/π, J2/J1) in the parameter space. All fits to Eq. B.5 yield a consistent

value for c with the prediction from field theory c = 2. The estimated size of the

error bar of c is 0.1.

In the critical phase the spin and quadrupolar correlation functions are ex-

pected to decay as a power law with distance x with an exponent η = 4/3 and

multiplicative logarithmic corrections [126] ∼ cos(2πx/3)(lnx)σ/xη, which sup-

press the spin (σ = −2) and enhance the quadrupolar (σ = 2) correlations, such

that the latter are dominant (Fig. 3.17), similar to the single chain case [115].

In the limit of two decoupled chains J2/J1 →∞ along J2 the unit cell is dou-

bled, because each leg exhibits a period 3 oscillation in the correlation functions,

leading to a period 6 for the entire system. In this limit the system is described

by a c = 2 + 2 conformal field theory. Because the number of important states

scales as Lc/6 we need to keep much more states in DMRG than in the single

chain limit. Central charge calculations for J2/J1 >> 5 in the critical phase do

not converge well enough in order to make reliable predictions. For J2/J1 = 5

(above the trimerized phase) we also find c = 2 and not a bigger value.

The crossover from a single chain behavior to two weakly interacting chains

is visible in the structure factor (Fig. 3.18). For small J2/J1 there is a single

peak at q = 2π/3 corresponding to the period 3 in the correlation functions. For

J2 >> J1 a second peak is growing at π/3, as expected. In this limit the local
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Figure 3.17: Spin (stars) and quadrupolar (crosses) correlation functions (nor-

malized) for θ = 0.42π, J2 = 0.25. The two solid lines are fits to the functional

form predicted by field theory. Logarithmic corrections to the power law lead to

dominant quadrupolar correlations.

bond energies suggest a different trimerization pattern (see appendix B.2), which

is however not stable in the thermodynamic limit.

3.4.5 Field theoretical considerations

As discussed in Refs. [126, 137], the low-energy effective Hamiltonian for the

model (3.24) around the point J2 = 0, θ = π/4 is the level-1 SU(3) WZW model

perturbed by marginally irrelevant current-current interactions:

HWZW + v g1

∫
dx
∑

A∈SO(3)

JA
L J

A
R + v g2

∫
dx
∑

A∈others

JA
L J

A
R , (3.28)

where the first summation is over the SO(3)-subset of the SU(3)-currents JA
L,R.

The choice g1 = g2 = g recovers SU(3) symmetry and the integrable model

(J2 = 0, θ = π/4) corresponds to g < 0.

At the leading order, the effect of J2(> 0) (with θ = π/4 fixed) may be

taken into account by increasing g(=g1 =g2) in Eq. (3.28). At some critical

value of J2, g changes its sign to positive and the system flows into a massive

phase with three degenerate ground states [138]. The model (3.28) has another

massive phase characterized by the asymptotic trajectory g1 = −g2, which has
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Figure 3.18: Spin structure factor for θ = π/4 and for different J2. The peak at

q = 2π/3 reflects the period 3 in the correlation functions. For J2 >> J1 one

observes an emerging second peak at q = π/3. corresponding to the period 6 in

the limit of two decoupled chains.

a unique (Haldane) ground state and is separated from the trimerized one by a

first-order transition[138]. The Y-shaped boundaries (among trimerized, Haldane

and critical) and other qualitative features in the lower portion of Fig. 3.7 are

consistent with what is predicted by the model (3.28). The appearance of the

gapless phase in the large-J2 region (J2/J1 & 3.5), as revealed by DMRG and

ED may be understood as follows. Let us start with two weakly coupled BLBQ

chains. From the field-theoretical viewpoint, the ordinary two-leg ladder and

the zig-zag chain should behave similarly in the decoupled chain limit; both

systems will flow toward a strong-coupling limit upon switching on the interchain

coupling J1. From the standard expansion with respect to the strongly coupled

rungs, we know that the strong-coupling phase of the ordinary two-leg BLBQ

ladder (θ > π/4) is critical (as in the S = 1/2 three-leg ladder). Therefore we

may expect the same critical behavior in the zig-zag ladder as well at least for

sufficiently large J2/J1.
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3.5 Conclusion

We have presented a study of a spin 1 generalization of the famous J1 − J2

S=1/2 model, motivated by recent proposals for spin nematic ground states in

a spin 1 triangular lattice [35–37]. We have numerically determined the phase

boundaries between the Haldane, double Haldane, trimerized and the critical

phase by means of DMRG and ED. The phase diagram generalizes the well-

known spin fluid-dimerized transition to a (nematic) spin fluid to trimerized

transition in the level-1 SU(3) WZW universality class. We further explored

the phase diagram in the vicinity of this transition, revealing a realization of

the gapped sector of the Andrei-Destri model [139]. Coming from the limit of

two decoupled BLBQ chains the interchain interaction is relevant and drives a

crossover to gapless single-chain behavior, in contrast to the S=1/2 case, where

the marginal interaction lets the system flow to a dimerized strong coupling state.

As a perspective we believe that the SU(N) J1− J2 model contains a general

mechanism where the critical state realized for the J1 model flows towards a

N -merized gapped state when the ratio J2/J1 is beyond a certain critical value.

Another interesting point is the possibility of stabilizing trimerized phases in

two dimensional lattices, possibly in a J1 − J2 BLBQ model on the triangular

lattice. Furthermore in the light of the present study, where we revealed dominant

quadrupolar correlations in the vicinity of the SU(3) line, it will be interesting

to explore whether other spin nematic or spin-multipolar phases [140] remain to

be uncovered close to SU(N) regions in higher spin antiferromagnets.
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Chapter 4

Binding of a 3He impurity to a

screw dislocation in solid 4He

4.1 Introduction to helium

Hundred years have passed since the first liquefaction of helium by Kamerlingh

Onnes in Leiden. Still nowadays, the phase diagram of 4He in Fig. 4.1 is still

subject of intense discussion. The ongoing debate concerns the possibility of a

supersolid phase, exhibiting at the same time crystal order and frictionless flow.

In the following we briefly review the main properties of 4He, which will take us

from the discovery of superfluidity to very recent experiments and discussions on

supersolidity.

One of the most striking features of helium is that it remains liquid under

atmospheric pressure down to zero temperature. There are two reasons for this.

First, the molecular interactions between the atoms are weak, because helium is a

noble gas. Second, the low mass leads to a large zero-point motion of the helium

atoms. It therefore becomes impossible to localize the atoms at well-defined

lattice sites, unless it is compressed by at least 25 bars.1 These circumstances

make helium a strongly correlated system, for which quantum effects play an

essential role. Hence, the low temperature properties depend on the statistics of

the atoms, and thus differ for 4He (boson) and 3He (fermion). In the following

we focus exclusively on 4He. Textbooks on the general properties of helium are

1In contrast to helium, all other noble gasses solidify at low temperature because of their
larger mass. Although H2 is lighter than helium, it solidifies due to the strong molecular
interactions between the H2 molecules.
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Figure 4.1: Phase diagram of 4He (from Ref. [141])

given in Refs. [142–146].

4.1.1 The 4He - 4He interaction potential

The interaction potential between helium atoms is not exactly known, but sev-

eral model potentials, which are in well agreement with experiments, have been

developed in the past decades [147, 148].

A simple model for the interaction between two helium atoms is given by the

Lennard-Jones potential [149],

V (r) = 4ε

[(σ
r

)12

−
(σ
r

)6
]
, (4.1)

with r the interatomic distance, and characteristic parameters ε/kB = 10.2 K

and σ = 2.56 Å for both helium isotopes [145]. The attractive part ∝ 1/r6

corresponds to the van der Waals force between the atoms, which results from

the interaction between fluctuating dipole moments of the atoms. The strength

of this force is given by the polarizability of the interacting atoms, which is

small in the case of helium, and thus the binding force is very weak. The steep

repulsion term ∝ 1/r12 is dominant at small interparticle distance. Despite its
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Figure 4.2: Left plot: Comparison between the Lennard-Jones (L-J) and the

Aziz79 [147] potential, describing the interaction between helium atoms. Right

plot: Dispersion curve of the excitations in He II obtained from neutron scat-

tering experiments [150]. The roton minimum is found at a wave vector

Q ≈ 1.95 Å
−1

.

simple form the Lennard-Jones potential describes the essential features of the

interaction.

The best semi-empirical model potential currently available was introduced

by Aziz et al. [147], and has become the standard helium potential used in

simulations.2 It was fitted to accurate second virial and thermal conductivity

data as well as high temperature viscosity values. This potential essentially did

not change in the last decades, and it is known to capture all important properties

of condensed and gaseous helium with the relative accuracy of the order of one

percent. A comparison to the Lennard-Jones potential is shown in the left panel

of Fig. 4.2.

4.1.2 Fluid 4He

The most dramatic effect in 4He is superfluidity at temperatures below Tλ =

2.17 K. Superfluid helium is characterized by zero viscosity (frictionless flow),

zero entropy and an infinite thermal conductivity. This phenomenon was dis-

2There exist several versions of the Aziz potential, which however do not differ significantly
from each other (see for example [148]).
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covered in 1938 independently by Kapitza [8], and by Allen and Misener [9].

The transition between He-I (normal liquid) and the He-II (superfluid) phase

was named λ-transition due to the shape of the specific heat, which diverges

logarithmically as the transition temperature is approached from either side.3 F.

London suggested that superfluidity is related to the occurrence of an ordered

state in momentum space, as would be expected for a Bose-Einstein condensate

[153]. In the same year, Tisza introduced the phenomenological two-fluid model

[154], which consists of two interpenetrating components, a superfluid and a nor-

mal component with densities ρs and ρn, respectively. The model predicts many

of the unusual features of the superfluid, as for example second sound (tempera-

ture waves), which was experimentally observed a few years later. Between 1941

and 1947 Landau came up with another interpretation of the two-fluid model

[155–157], in which he explains superfluidity as a consequence of the excitation

spectrum of He-II. He assumed two kinds of collective excitations, longitudinal

phonons with linear dispersion, and rotons, which are separated from the ground

state by an energy gap. These excitations constitute the normal-fluid component

in his model. Landau introduced a common dispersion curve for both excitations,

which was confirmed by neutron scattering experiments (e.g. Ref. [150]). As

shown in the right panel in Fig. 4.2, the roton minimum appears at a wave

number ≈ 1.95 Å
−1

with an energy gap ≈ 8.7 K to the ground state. It is thanks

to the form of the excitation curve that there exists a critical velocity vc, below

which no excitations can be created, so that there is no decay of the superfluid

component. In Landau’s model the critical velocity is determined by the roton

minimum (vc ≈ 60 m/s). It was later found that macroscopic vortices (”smoke

rings”) can be created at velocities considerably lower than the critical velocity

of rotons. Nevertheless, the occurrence of a finite vc implies that at velocities

v < vc no energy is dissipated (implying frictionless flow), in contrast to a nor-

mal fluid where vc vanishes. In his theory on superfluidity Bogoliubov [158] (and

later Feynman [159]) showed that in a Bose gas with weak interaction between

particles, the excitation curve has indeed the phonon-roton form as postulated

by Landau.

As already mentioned, 4He is a strongly interacting Bose system, and thus

3In 1923, Dana and Kamerlingh Omnes found an abnormal rise of the specific heat around
2 K in liquid 4He . They decided to leave out these data points in their publication, because
they feared that this anomaly might have been caused by experimental problems [151]. Nine
years later Keesom and Clusius investigated the specific heat of liquid 4He again and correctly
attributed the observed peak near 2.17 K to a phase transition [152].
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differs significantly from the properties of an ideal Bose gas. For example, the

condensate fraction close to zero temperature is only n0 ≈ 0.1, as opposed to

n0 = 1 in the case of the ideal Bose gas. Or, it is well known that the specific

heat of an ideal Bose gas is proportional to T 3/2, whereas a specific heat ∝ T 3

below 0.6 K is found in 4He due the phonon part in the dispersion curve. On

the other hand the predicted condensation temperature of the ideal Bose gas,

Tc = 3.1 K, agrees reasonably well with Tλ = 2.17 K.

Penrose and Onsager introduced the one-body density matrix to general-

ize Bose-Einstein condensation to interacting systems [160]. They showed that

a Bose-Einstein condensate is characterized by off-diagonal long range order

(ODLRO) in the one-body density matrix,

lim
|xxx−xxx′|→∞

ρ1(xxx,xxx
′) = lim

|xxx−xxx′|→∞
〈ψ†(xxx)ψ(xxx′)〉 → 〈ψ†(xxx)〉〈ψ(xxx′)〉 (4.2)

where ψ(xxx) is the quantized boson field operator (see for example [146]). The

order parameter is given by 〈ψ(xxx)〉 = r(xxx)eiφ(xxx), where a finite r(xxx) implies the

existence of momentum-space order4(Bose-Einstein condensate), and the phase

φ(xxx) is the velocity potential for the superfluid flow. The order parameter is

finite in the superfluid phase because of a spontaneously broken global U(1)

gauge invariance of the Hamiltonian (associated with particle number conserva-

tion). ODLRO also implies that the system is not invariant under a twist of the

boundary conditions (see for example [162]). The superfluid fraction is a linear

response coefficient describing the change in free energy in response to twisted

boundary conditions. In the path integral formalism superfluidity implies the

existence of macroscopic exchange cycles between particles [141]. We will show

in Sec. 4.2.4 how to calculate the superfluid fraction from the distribution of

so-called winding numbers.

Note that despite the relatively low condensate fraction in He-II, essentially

100% of the 4He atoms can flow without friction below 1 K. Today it is well

established that in a continuous normal-superfluid transition the superfluid frac-

tion near the transition is proportional to (T − Tc)
ν , where ν ≈ 0.671 is the

correlations length exponent of the 3D XY-universality class [163].

4Another definition of ODLRO was adopted in [161]: ODLRO is present in the system if∫
ρ1(xxx,xxx′)dxxx → ∞ in the thermodynamic limit. With this more general definition, ODLRO

always implies superfluidity and vice versa, also in the case of a two dimensional system at
finite temperature, where the condensate fraction is zero.
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4.1.3 Solid 4He

At a pressure of p ≈ 25 bar, 4He solidifies into a bcc or a hcp solid [142, 143],

depending on the temperature, as shown in the phase diagram in Fig. 4.1.

Additionally, for pressures exceeding 1 kbar and temperatures above 15 K, a fcc

solid region is found. Note that solidification occurs due to the steeply repulsive

core of the interaction potential rather than from the attraction between atoms.

Even though the 4He atoms are localized at well-defined crystal lattice positions,

they still perform a large zero-point motion. The Debye temperature θD = 25

K is large compared to the melting temperature TM = 1.6 K.5 The zero-point

vibrational energy in the Debye model is 9/8θD ≈ 28 K, which clearly dominates

thermal energies. The degree of “quantumness” of a solid can also be quantified

by the de Boer parameter [164], Λ = λ/(2πσ) ≈ 0.28, with λ the de Broglie

wavelength and σ = 2.64 Å the radius of the repulsive core of the interaction

potential. In comparison, the de Boer parameter of Ne is 5 times smaller. This

makes helium the most quantum solid in nature. Also the Lindemann ratio,

given by the mean square vibrational amplitude
√
〈u2〉 ≈ 1.1 divided by the

inter-atomic distance R = 3.57 Å, is unusally large for a solid (δ ≈ 0.3).6 The

large vibrational amplitudes lead to an anharmonic behavior of the solid, and

to a large Debye-Waller factor.7 The kinetic energy at a density 0.0294 Å
−3

is

〈K〉 ≈ 26 K, the potential energy 〈V 〉 ≈ −31 K, and thus the total energy ≈ −5

K [144]. Clearly, both energy contributions are large, but with opposite sign,

so that they almost cancel each other, yielding a rather small total energy. As

the wave functions of atoms at different sites overlap, tunneling and exchange of

atoms between lattice sites are possible. This leads us to the question, whether

macroscopic exchange cycles like in He-II can also occur in the crystal, i.e., is

there a state of matter called supersolid, which exhibits at the same time crystal

order and viscous-free flow?

Supersolids have become very fascinating and controversial since the obser-

vation of a non-classical moment of inertia (NCRI) in solid 4He in torsional

oscillator (TO) experiments by Kim and Chan [14, 15]. In these experiments

the resonance period (typically 1 ms) of a sample cell filled with solid 4He is

5The numbers are taken from Ref. [144] at a molar volume is V = 21.1 cm3/mole, corre-
sponding to the melting density 0.0286 Å

−3
.

6The Lindemann criterion, which states that a solid melts if δ exceeds a critical value
(∼ 0.16), does not hold in solid helium.

7The Debye-Waller factor describes the attenuation of x-ray or neutron scattering caused
by thermal or quantum fluctuations.
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measured, which is proportional to the square root of the moment of inertia of

the cell. Hence, a change in the period implies a change in the helium mass

driven by the cell walls. To their great surprise they found that below a critical

temperature near 100 mK the oscillation period suddenly decreased, suggesting

that 1% of the helium mass has decoupled from the walls. In other words, they

found a finite superfluid fraction ρs/ρ (NCRIF) of 1% in solid 4He. Their inter-

pretation is supported by the observation that the NCRI signal vanishes when

the flow channel around the rotation axis is blocked, and that the same experi-

ment repeated for 3He does not show any signatures of mass decoupling. Like in

a superfluid phase, the NCRIF decreases rapidly if the maximum velocity during

the oscillation exceeds a critical value (vc ≈ 10 µm/s). Several other experiments

have confirmed the phenomena [165–168], although with different values for the

critical temperature and superfluid fraction, depending on the simulation box,

sample growth procedure and 3He concentration. In a very recent experiment,

Ray and Hallock [169] observed for the first time superfluid flow through a solid

block of 4He.

The theoretical prediction of supersolids dates back to 1969-1970, when An-

dreev, Lifshitz [170] and Chester [171] proposed a first microscopic mechanism

leading to supersolidity. They argued that a dilute gas of vacancies could lower

the energy of an ideal helium crystal through the delocalization of the vacan-

cies. To understand their argument, consider vacancies which can hop from one

crystal lattice site to another with an amplitude t. The energies of the vacan-

cies lie inside a band with a bandwidth 2t. If the activation energy to create

a vacancy, Evac, is smaller than t, then the bottom of the band has a negative

energy, and consequently, the crystal contains a finite density of vacancies (zero-

point vacancies). Imry and Schwartz showed that Bose-Einstein condensation

could occur in the presence of vacancies in the crystal [172]. The existence of

zero-point vacancies in solid 4He is a crucial criterion for a supersolid phase.

However, in Quantum Monte Carlo simulations, a large vacancy activation en-

ergy of Evac = 13 K was found by Boninsegni et al. [17]. Furthermore they

found that the vacancy-vacancy interaction is attractive, which leads to phase

separation. A similar activation energy was found in other theoretical calcula-

tions [173, 174] and in experiments [175]. The large activation energy rules out

zero-point vacancies, as well as thermally activated vacancies (and interstitials).

As a consequence, the perfect hcp solid 4He cannot be supersolid.

After the first experiments it soon became clear that disorder in the crystal

plays a major role in the observed phenomena. Rittner and Reppy improved
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the quality of their 4He crystals by annealing, where the sample is warmed up

close to the melting point for some time, and cooled down afterwards. After

annealing, the magnitude of the NCRIF decreased below the noise level of their

detection [167, 176]. Furthermore, they obtained a very large NCRIF (20%) in

rapidly cooled samples [177], pointing out the importance of disorder resulting

from the sample preparation. From Monte Carlo simulations, Boninsegni et

al. [178] found that a screw dislocation exhibits a superfluid core, which is a

first example of a regular quasi-one-dimensional supersolid. In Ref. [179] they

showed that the gap for vacancy creation closes when applying a moderate stress,

which explains why a stressed core of crystalline defects can become superfluid.

Superfluid dislocations can be a part of a disordered superfluid network, together

with other defects. For example, grain boundaries can also be superfluid, as

shown by simulations [180] and experiments [181].

Another intriguing fact is the influence of 3He impurities. In the torsional

oscillator experiments by Kim et al. [182] a minimum 3He concentration of

the order of x3 ∼ 1 ppb seems needed in order to observe NCRI. Then, NCRI

increases until x3 ∼ 1 ppm where a maximum is reached and finally disappears

again for concentrations of about 100 ppm. Their data is consistent with the

binding of 3He atoms to dislocations, with a binding energy between 0.3 K and

0.7 K (assuming a reasonable dislocation density). This agrees well with binding

energies of 0.6 K and 0.7 K measured in experiments in Refs. [183] and [184],

respectively.

Day and Beamish observed an increase in the elastic shear modulus8 of the
4He crystal when the temperature is lowered [185], which could be understood

from binding of 3He to dislocations at low temperatures. According to the

Granato-Lücke theory [186], dislocations move in response to shear stress in their

glide plane. More precisely, they bow out between pinning centers provided by

impurities or intersections, which can reduce the shear modulus by 30% from its

intrinsic value in a frequency independent way. When 3He binds to a disloca-

tion, it acts as a pinning center. Since the change in shear modulus is quadratic

in the length between the pinning centers, the shear modulus quickly recovers

its intrinsic value. Remarkably, the shear modulus dependence on temperature

is nearly identical to that of NCRI. Yet, the two phenomena are distinct: the

NCRI signal can not be fully accounted for by the elasticity effect, nor can the

reduction in NCRI by a factor of 100 when blocking an annulus be explained by

elasticity arguments [14, 187].

8The usual definition of a solid is a state with a finite elastic shear modulus µ.
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Binding of a 3He impurity to a screw dislocation in solid 4He

In this work we study the binding of a 3He impurity to a screw dislocation,

and find a binding energy of 0.8 ± 0.1 K, in good agreement with experiments

[182–184]. We also observe a reduction of the superfluid density for large con-

centrations of 3He. Our simulations are based on the continuous-time worm

algorithm [29, 30], which has been successful in describing properties of crystal-

lographic defects in solid 4He [29, 178–180]. We describe how the method needs

to be modified in order to deal with 3He impurities.

Specific heat measurements showed a nearly constant term in the specific heat

at low temperatures scaling with the 3He concentration [188].9 After subtraction

of the phonon contribution and the mysterious constant term, a peak in the

specific heat was found around T = 0.06 K, which was claimed to be independent

of x3 and indicative of the supersolid transition [188]. Our results show, however,

that binding of 3He impurities to dislocations results in a specific heat peak in

the same temperature range. Furthermore, we discuss the mechanism of kinetic

relaxation of 3He atoms when approaching the core of the dislocation, and how

it leads to sample history dependent effects, as observed in experiments.

For further reading on supersolids we refer to the excellent reviews by Balibar

[189] and Prokof’ev [190].

Outline

In the next section we introduce the continuous-space worm algorithm with a

diagrammatic expansion of the attractive potential tail. Based on this method,

we explain the mass diffusion algorithm, which enables the efficient sampling of

an impurity moving through solid 4He. Sec. 4.3 provides details on the model

and the simulation setup. We discuss our results in Sec. 4.4, followed by our

conclusion.

4.2 The continuous-space worm algorithm

The continuous-space worm algorithm (CSWA) [29, 30], introduced by M. Bonin-

segni, N. V. Prokof’ev and B. V. Svistunov, enables the simulation of quantum

9In private communication, the authors of Ref. [188] informed us about their most recent,
unpublished measurements with higher resolution. They no longer claim a constant term in the
specific heat, but find signatures of phase separation at low temperatures for 3He concentrations
higher than 5 ppm. They also find a peak in the specific heat which is independent of 3He
concentration after subtraction of the phonon contribution.
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many-body systems in continuous space at finite temperature from first princi-

ples. In contrast to previous path integral Monte Carlo schemes (PIMC) by

Ceperley and Pollock [141, 191] the simulations are performed in the grand

canonical ensemble. It is particularly well suited to sample permutation cycles of

particles which is crucial for determining superfluid properties. In conventional

PIMC the sampling of these permutation cycles is exponentially suppressed with

increasing number of particles N [192].

The worm algorithm (WA) has already proven successful for lattice models

with as many as ∼ 106 particles [193]. It was shown that the method has a

dynamical critical exponent close to zero, i.e. it does not suffer from the critical

slowing down problem, even though local updates are performed. It is therefore

suited for the study of critical phenomena. In continuous space it was shown that

simulations of liquid 4He in two dimensions with 2500 particles are accessible

[29], which is about a factor 50 higher than in previous PIMC calculations [194].

The CSWA was successfully applied in a series of other helium simulations, e.g.

superfluidity of grain boundaries [178] and screw dislocations [180] in solid 4He,

or the study of vacancy-induced supersolidity in 4He [17]. The WA operates in

an extended configurational space, which includes diagonal (closed world lines)

as well as off-diagonal (one open world line) configurations. This allows us to

calculate diagonal observables as well as off-diagonal imaginary-time correlation

functions.

We first give a quick review of the conventional PIMC method, which is

discussed in great detail in Ref. [141] and then explain the extension to the WA.

An excellent review of the CSWA including also details for the implementation

can be found in Ref. [30].

4.2.1 Path integral Monte Carlo

We first discuss the case of distinguishable particles in the canonical ensemble

described by the Hamiltonian

Ĥ = −λ
N∑

i=1

∇2
i +

∑
i<j

V (|rrri − rrrj|), (4.3)

where rrri denotes the position of particle i. The first term is the usual kinetic term

with λ ≡ ~2/2m. The second term describes the pairwise interaction between

the particles (the Aziz potential introduced in Sec. 4.1.1 in the case of helium
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Binding of a 3He impurity to a screw dislocation in solid 4He

atoms). Consider the partition function,

Z = Tr [ρ̂] = Tr
[
e−βĤ

]
=

∫
dR ρ(R,R; β), (4.4)

where we use a position basis R = {rrr1, ..., rrri, ..., rrrN}. We discretize the imaginary

time β (inverse temperature) into M small time steps ∆τ = β/M :

ρ̂(β) = e−βĤ =
M∏
i=1

e−∆τĤ =
M∏
i=1

ρ̂(∆τ). (4.5)

Thus, the density operator at temperature T = 1/β is represented as a product of

density operators at higher temperature M ×T . Next, we introduce the identity

1 =
∫
dR|R〉〈R| in between each pair of operators. The partition function then

becomes

Z =

∫
dRRRρ(R0, R1; ∆τ)ρ(R1, R2; ∆τ)...ρ(RM−1, RM ; ∆τ), (4.6)

with dRRR = dR0dR1...dRM−1, and R0 = RM . This represents a path integral

connecting the particles at time slice 0 with the particles at time slice M via

all possible paths (world lines) in between [0,M ]. The configuration space thus

corresponds to all possible closed world line realizations. The classical analog of

a world line is a polymer, i.e. a chain of beads connected by springs in d + 1

dimensions as depicted in the left panel of Fig. 4.3. The coordinate rrri,k denotes

the position of the ith particle (bead) in the kth time slice. A link m is a pair

of adjacent time slices (Rm, Rm+1). For M →∞ the paths become continuous.

In the case of indistinguishable particles we also have to sum over all pos-

sible particle exchanges, i.e. RM = PR0 = (rrrP1,0, rrrP2,0, ..., rrrPN ,0), with P a

permutation of particle labels. In the case of fermions the configuration weight

is multiplied by the factor (−1)sign(P ), which introduces a negative sign for an

odd number of permutations. This is why the negative sign problem appears

for fermions, but not for bosons (see also Sec. 2.2). An example of a world line

configuration including exchanges is shown in the right panel of Fig. 4.3.

We next have to find an approximation for the high-temperature density

matrix ρ̂(∆τ). Consider the identity

e−∆τ(T̂+V̂ )+∆τ2/2[T̂ ,V̂ ] = e−∆τT̂ e−∆τV̂ , (4.7)

where T̂ and V̂ are the kinetic and the potential terms of the Hamiltonian,

respectively. In the so-called primitive approximation we neglect the term of
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Figure 4.3: Left panel: World lines of 3 particles without exchange. Right

panel: 3 particles involved in an exchange cycle, which spans around the periodic

boundary of the system. Only one spacial dimension is shown.

order ∆τ 2,

e−∆τ(T̂+V̂ ) ≈ e−∆τT̂ e−∆τV̂ , (4.8)

which becomes exact in the limit ∆τ → 0. Thus, we can approximate the exact

density matrix ρ̂ of the full Hamiltonian by a product of density matrices of the

kinetic term ρ̂T = e−∆τT̂ and the potential term ρ̂V = e−∆τV̂ . The disadvantage

of this approximation is the slow convergence of the error, which is of order

O(∆τ). A higher-order approximation is introduced in Sec. C.1. We now have

to find the representation of the individual density matrices ρ̂T and ρ̂V . The

potential operator is diagonal in the position basis, and therefore its matrix

elements are simply

〈Rm|e−∆τV̂ |Rm+1〉 = e−∆τV (Rm)δ(Rm+1 −Rm). (4.9)

The kinetic part can be split into a product of N free-particle propagators,

ρT (Rm, Rm+1,∆τ) = 〈Rm|e−∆τT̂ |Rm+1〉 =
N∏

i=1

ρT (rrri,m, rrri,m+1,∆τ), (4.10)

which can be easily calculated in its (momentum) eigenbasis, given by plane

waves φkkknnn(R) = L−3/2eikkknnnrrr, with kkknnn = 2πnnn/L and nnn a 3-dimensional integer vec-

tor. We assume here a cubic volume of side L with periodic boundary conditions.
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Binding of a 3He impurity to a screw dislocation in solid 4He

The free-particle propagator reads

ρT (rrri,m, rrri,m+1,∆τ) =
∑

nnn

L−3e−∆τλkkk2
nnn−ikkknnn(rrri,m−rrri,m+1)

= (4πλ∆τ)−3/2 exp

(
−(rrri,m+1 − rrri,m)2

4λ∆τ

)
, (4.11)

where we approximated the sum by an integral. The partition function becomes

Z =

∫
dRRR exp

(
−

M−1∑
m=0

Sm

)
, (4.12)

where we have defined the total link action,

Sm ≡ − ln[ρ(Rm, Rm+1; ∆τ)], (4.13)

which can be split into the (free-particle) kinetic action Km,

Km ≡ − ln[ρT (Rm, Rm+1,∆τ)] =
3N

2
ln(4πλ∆τ) +

(Rm+1 −Rm)2

4λ∆τ
, (4.14)

and the inter-action Um ≡ Sm −Km. Note that in the primitive approximation

the inter-action Um
prim = ∆τV (Rm) only contains potential terms. However, the

exact U also contains kinetic contributions of higher order in ∆τ . Finally, we

rewrite the partition function in the compact form,

Z =

∫
dRRRT (RRR) exp(−U(RRR)) =

∫
dRRR exp(−S(RRR)), (4.15)

where RRR = (R0, R1, ..., RM) denotes a particular world line configuration (where

RM = PR0 incorporates all possible permutations of particles). U(RRR) =
∑

m U
m

is the total inter-action, and T (RRR) =
∏M−1

m=0 ρT (Rm, Rm+1,∆τ) = exp(−
∑

mK
m)

is the total free-particle kinetic part. The configuration weight for the Metropolis

sampling is thus given by W (RRR) = exp(−S(RRR)), with S(RRR) the total action of

the world line configuration RRR.

4.2.2 Extension to the worm algorithm

In contrast to PIMC the worm algorithm is a grand canonical method, i.e. we

fix a chemical potential µ and allow the number of particles N to fluctuate.
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4.2 The continuous-space worm algorithm

Consider the grand partition function, Z = Tr
[
e−β(Ĥ−µN̂)

]
, which in the path

integral representation becomes

Z =
∞∑

N=0

e−βµN

∫
dRRRT (RRR) exp(−U(RRR)). (4.16)

The configuration space associated to the grand partition function (Z-sector)

includes all possible configurations of N closed world lines, where N ∈ N0. These

configurations are called diagonal. In the WA the configuration space is extended

by the G-sector, which includes configurations with one open world line called

”worm”. The head and the tail of the worm are called Ira (I) and Masha (M),

respectively. The G-sector corresponds to the representation of the one-particle

Matsubara Green function

G(rrr, rrr′, τ) = 〈T {ψ̂(rrr, τ)ψ̂†(rrr′, 0)}〉 ≡ g(rrr, rrr′, τ)

Z
, (4.17)

where T is the time ordering operator and ψ̂ (ψ̂†) is a annihilation (creation)

operator of a particle at position rrr (rrr′) at imaginary time τ (0). The partition

function of the G-sector includes all possible configurations of the worm, i.e.

positions and times of Ira and Masha, (rrrI , τI) and (rrrM, τM),

ZG = C
∑

mI ,mM

∫
drrrIdrrrMg(rrrI , rrrM,∆τ(mI −mM)). (4.18)

C is a dimensionless parameter determining the relative statistics of Z- and G-

sectors, and can be used to control the efficiency of the simulation. The full

partition function including Z- and G-sectors is given by the sum,

ZW = Z + ZG. (4.19)

4.2.3 Updates

Special care has to be taken when developing a sampling scheme for the extended

configuration space, because the number of variables (beads) changes during

the simulation. The solution to this problem was formulated in the context of

diagrammatic Monte Carlo [161] by using complementary pairs of update moves
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Figure 4.4: Illustration of all possible update moves.

in order to fulfill detailed balance. In the WA these pairs of moves are open/close,

insert/remove, advance/recede. The two additional updates, swap and diagonal,

do not change the number of particles. The updates are illustrated in Fig. 4.4.

In the following we describe each update in detail, using the notation:

• α = (i,m): A bead corresponding to the particle i in time slice m. By

α + k with k an integer number we address the bead which is reached by

following the world line for k steps in positive direction, starting from α.

A similar definition holds for α− k.

• N,Ntot: Number of particles and the total number of beads Ntot = N ×M
in the current diagonal configuration.
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4.2 The continuous-space worm algorithm

• ∆U = U(RRR) − U(RRR∗): The difference in inter-action between the current

configuration RRR and the proposed new configuration RRR∗.

• ρT (rα, rα+k, k∆τ): The free-particle propagator connecting the bead α with

bead α+ k via the intermediate beads α+ i, i ∈ [1, k − 1].

• Z → G: For each move we indicate the sector of the initial and of the final

configuration (provided the move is accepted). If the initial configuration

is in a different sector than required for the proposed update, it is directly

rejected.

• C0: For the constant C in Eq. 4.18 we use

C =
C0

VMM̄max

. (4.20)

With this choice the update probabilities do not contain macroscopically

large or small factors, and the simulation parameter C0 can be used to

control the efficiency of the simulation. The parameter M̄max should be of

the order ∼ m(a0/2)2/(2∆τ), with a0 the typical inter-atomic distance (see

Ref. [30]).

Open: Z → G

In the open update a piece of world line is cut out from a closed world line.

A bead α, corresponding to the new location of I, is randomly selected. The

location of M is set to α + M̄ with M̄ ∈ [1, M̄max] an integer random number,

and all M − 1 beads in between are deleted. The new configuration is accepted

with probability

Pop = min

{
1,

C0Ne
∆U−µM̄∆τ

V ρT (rI , rI+M̄ , M̄∆τ)

}
. (4.21)

Close: G→ Z

This move attempts to connect the two worm ends to produce a closed world

line by inserting new connected beads in between I and M. Let M̄ − 1 be the

number of time slices in between I and M, in positive time direction. If M̄ = 0

or M̄ > M̄max, then the move is rejected. M̄ − 1 new beads are inserted between

I and M, with spacial positions rrrI+1, rrrI+2, ..., rrrM−1 sampled from the product of
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M̄ free-particle propagators
∏M̄

k=1 ρT (rrrI+k−1, rrrI+k,∆τ). The new configuration

is accepted with probability

Pcl = min

{
1,
V ρT (rI , rI+M̄ , M̄∆τ)e∆U+µM̄∆τ

C0N

}
. (4.22)

Insert: Z → G

This update inserts a new worm into the current diagonal configuration. The

position of M in space-time is selected randomly. The random number M̄ ∈
[1, M̄max] determines the number of links of the new worm. The positions rrrI+1,

rrrI+2, ..., rrrI+M̄=M of the new beads are sampled from the product of M̄ free-

particle propagators. We accept the update with probability

Pin = min
{

1, C0e
∆U+µM̄∆τ

}
. (4.23)

Remove: G→ Z

This update attempts to remove the worm from the current configuration. It is

rejected if the length M̄ of the current worm exceeds M̄max, otherwise accepted

with probability

Prm = min

{
1,
e∆U−µM̄∆τ

C0

}
. (4.24)

Advance: G→ G

This update increases the length of the worm by advancing I by a random num-

ber of time slices M̄ ∈ [1, M̄max]. The positions rrrI+1, rrrI+2, ..., rrrI+M̄ of the new

beads are sampled from the product of M̄ free-particle propagators. The bead

I + M̄ corresponds to the new head of the worm I. The acceptance probability

is

Padv = min
{

1, e∆U+µM̄∆τ
}
. (4.25)

Recede: G→ G

This move attempts to erase the beads between I and I−M̄ , with M̄ ∈ [1, M̄max]

an integer random number. If M̄ exceeds the length of the worm, the move is

rejected, otherwise accepted with probability

Prec = min
{

1, e∆U−µM̄∆τ
}
. (4.26)
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Swap (or reconnect): G→ G

A world line is cut and one end is attached to I as illustrated in Fig. 4.4. This

move is particularly important to sample exchanges between particles efficiently.

Assuming that I is at time slice i, we consider all beads at time slice i + M̄max

and select one of them, α, with probability

Pα = ρT (rrrI , rrrα, M̄max∆τ)/ΣI (4.27)

ΣI =
∑

l

ρ0(rrrI , rrrl,i+M̄max
, M̄max∆τ). (4.28)

The move is rejected if any of the beads α− k = M for k ∈ [1, M̄max]. Next we

consider the bead α− M̄max which corresponds to the new head of the worm I ′.
All beads between I ′ and α are erased and new beads in between I and α are

created like in the close move. The acceptance probability is given by

Psw = min
{
1, e∆UΣI/ΣI′

}
. (4.29)

Diagonal: Z → Z

This move alters a piece of a closed world line. A bead α and M̄ ∈ [1, M̄max]

are selected randomly. We then create new positions for the beads in between α

and α+ M̄ similarly to the close move. The new configuration is accepted with

probability

Pdiag = min
{
1, e∆U

}
. (4.30)

4.2.4 Estimators

Energy

There exist several estimators for the energy [141]. We usually use the thermo-

dynamic estimator given by

E = − 1

Z

dZ

dβ
. (4.31)

This quantity can be sampled by

E = 〈 1

M

M−1∑
m=0

(
3N

2∆τ
− (Rm+1 −Rm)2

4λ∆τ 2
+

dUm

d(∆τ)

)
〉. (4.32)

In the primitive approximation the last term reduces to V (Rm).
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Superfluid fraction

The superfluid density corresponds to the linear response of the system to twisted

boundary conditions, or equivalently to the response of the periodic system to a

linear velocity of its walls. It can be calculated from the distribution of winding

numbers WWW = (Wx,Wy,Wz) [141] by

ρs

ρ
=
〈WWW 2〉
2λβN

, (4.33)

with

WWW =
N∑

i=1

M∑
m=1

(rrri,m − rrri,m−1). (4.34)

Each exchange cycle winding around the periodic boundaries furnishes a contri-

bution to the winding number, i.e. Wi is either 0 or a multiple of the simulation

cell length Li. The configurations in the left and right panel in Fig. 4.3 have

winding numbers W = 0 and W = L, respectively.

4.2.5 Diagrammatic expansion of the attractive potential

tail

In a naive implementation of the algorithm the calculation of the interactions

between all particles scales as N2. If one particular bead α is updated one has to

recalculate N−1 contributions to the potential. This scaling can be improved by

the diagrammatic expansion of the attractive potential tail from Ref. [30]. The

idea is to compute the potential only between particles not farther apart than a

cut-off radius rcut, which has to be larger than the repulsive core of the poten-

tial. The interaction for r > rcut is sampled statistically by introducing/removing

bonds between the beads. Thus, the configuration space is extended by all pos-

sible bond configurations. We perform the following decomposition

e−u(rrri,m−rrrj,m) = 1 + (e−u(rrri,m−rrrj,m) − 1), (4.35)

with u(rrri,m − rrrj,m) the pairwise interaction between the beads i and j in time

slice m. Both terms on the right hand side are positive for |(rrri,m − rrrj,m)| > rcut.

The absence of a bond between particles rrri and rrrj represents the first term,

meaning that they do not interact in the current configuration. The second term

(bond factor) corresponds to the probability that the beads share a bond, and is

typically much smaller than unity. We sample the extended configuration space
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by introducing a new pair of complementary updates that create and remove

bonds. In the following we use the same notation as in Sec. 4.2.3. Furthermore

we divide the simulation cell into bins of equal volume Ω, with bin centers ~Ri.

By nB we denote the number of particles in bin B.

Create bond: G→ G

This update creates a new bond between two beads. First we draw M̄ ∈ [1, M̄max]

randomly, and select the bead α = I−M̄ . If it is not defined because M̄ exceeds

the length of the worm, the move is rejected. The bin containing α is denoted by

A. Then we select a distant bin B with a certain probability PAB. An optimal

choice is

PAB ∝ e−u( ~RB− ~RA) − 1 ≈ −u( ~RB − ~RA). (4.36)

We then select a random bead β from the bin B. The move is rejected if α = I
and β = M, because worm ends do not interact, and also if α and β are already

connected, or if |rrrα − rrrβ| < rcut. We accept creating a bond between α and β

with probability

Pcb =
(M̄max + 1)nB
(Nbdn + 1)PAB

(e−fu(rrrα−rrrβ) − 1), (4.37)

where Nbdn is the total number of bonds linked to the beads I, I−1, ..., I−M̄max

in the initial configuration. The factor f is 1/2 if one of the ends corresponds to

I or M, otherwise f = 1.

Remove bond: G→ G

We randomly select one of the Nbnd bonds linked to the particles I, I −1, ..., I −
M̄max. If there are no bonds at all, the move is rejected. We denote the particles

linked by the bond by α and β, which are located in cells A and B respectively.

The bond is removed with probability

Prb =
NbdnPAB

(M̄max + 1)nB(e−fu(rrrα−rrrβ) − 1)
. (4.38)

The contribution from the bonds to the potential energy is estimated by

Ubonds =
1

β
〈
∑

b

ub

1− eub
〉, (4.39)

and is only measured in diagonal configurations. The sum goes over all bonds b

and ub is the inter-action associated to the beads α and β linked by the bond b.
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The presence of the bonds influences the other updates discussed in Sec. 4.2.3.

The easiest solution is to reject moves if beads with bonds are involved in the

current update. For rrcut not too small, the number of bonds in a typical con-

figuration is low, such that rejections due to the presence of bonds do not occur

frequently. The optimal value for rrcut depends on the simulation parameters.

For the helium simulations we usually use rrcut = 4.5 Å.

4.2.6 The mass diffusion algorithm

The simulation of the 3He impurity binding to a screw dislocation of 4He requires

several modifications of the “standard” CSWA algorithm introduced in the previ-

ous sections. First, we distinguish between two different particle types, 4He and
3He, where particle exchanges between the two species are not allowed. We use

the primitive approximation where the inter-action only contains potential terms

and therefore does not depend on the particle type (the Aziz potential holds for

both helium isotopes). However, the kinetic term in Eq. (4.16) depends on the

mass of the particles,10 i.e.,

T (RRR) =
N∏

k=1

M−1∏
j=0

(4πλ(k)∆τ)−3/2e
−

(rrrk,j+1−rrrk,j)2

4λ(k)∆τ , (4.40)

with λ(k) = ~2/(2m(k)), with m(k) the mass of particle k.

We cannot just add a substitutional 3He atom to the setup and wait for it

to hop around, because the exchange amplitude between 4He and 3He atoms is

very small in solid 4He, J34 ∼ 10−4 K [195–197] compared to the temperatures of

interest (T ∼ 0.5 K). A partial solution to this problem is to allow for a special

Monte Carlo update, which relabels 3He and 4He trajectories (a 4He trajectory

which is not part of any exchange cycle is chosen at random) thus leaving the

world line configuration unchanged. Using Eq. (4.40), the acceptance probability

is

pex = min{1, Tnew

T
} = min{1, e−(l3−l4)(m4−m3)/∆τ}, (4.41)

with li =
∑M−1

j=0 (rrrki,j+1 − rrrki,j)
2~2/2 and mi the mass, where the index i = 3, 4

refers to the 3He and 4He particle of the current update, respectively. Typical

acceptance ratios are of the order of 10−7 and thus prohibitively low. The problem

is that the 3He trajectory has a bigger fluctuation volume than the 4He one.

10The 4He and the 3He masses in units of Kelvin are 0.0825 K and 0.0622 K, respectively.
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Figure 4.5: Reweighting function (line) and mass histogram (bars) as a function

of ratio between the impurity particle mass and the 4He mass.

To overcome this problem we introduce an update which gradually changes

the mass m of an impurity particle over the interval [m3,m4]. We do not allow

for more than one impurity atom and work with a discrete set of 11 impurity

masses m[i] = m3 + ∆m ∗ i where i = 0, 1, . . . 10 and ∆m = (m4 −m3)/10. A

gradual change in mass allows the crystal to relax and readjust the configuration

to the new impurity mass. If m is close or equal to m4, the exchange updates

are frequently accepted. The quantities of interest are only measured in the

”physical” sector, where m = m3. The acceptance probability for changing the

mass from m to m±∆m is

pm→m±∆m = min{1, (1±∆m/m)3M/2 e−l3∆m/m}. (4.42)

This in itself does not solve the problem, since on average pm→m−∆m < 1 and

we only rarely visit the low-mass sector of the configuration space. The final

solution is in employing a reweighing (importance sampling) technique which

ensures that the probability of visiting different mass sectors are approximately

equal. This is achieved by introducing the reweighing function g(m) shown in

Fig. 4.5 into the acceptance probability

pm→m±∆m → pm→m±∆mg(m)/g(m±∆m). (4.43)

Note that the reweighing function is not known in advance, but has to be deter-

mined self-consistently for each temperature:
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Binding of a 3He impurity to a screw dislocation in solid 4He

1. Start from an initial guess for g(m) (e.g. an exponential function).

2. Run the simulation and collect a histogram h(m) of the visited mass sectors.

3. When the normalized histogram h̃(m) = h(m)/
∑

i h(m[i]) has converged

to some distribution we use it to update the reweighing function g(m) →
g(m)h(m)/

∑
i g(m[i])h(m[i]).

4. Repeat steps 2 and 3 until the histogram h(m) is flat.

The resulting reweighing function enables the impurity to efficiently sweep over

the entire mass range. Every time the impurity is a true 3He atom, we measure

its distance r to the nucleus of the screw dislocations and update the histogram

for the radial probability density g(r) (see Sec. 4.4).

4.3 Simulation setup

We consider a screw dislocation in hcp solid 4He (density ρ = 0.0295 Å
−3

), with

the burgers vector b pointing along the z-axis, as depicted in the left panel of

Fig. 4.6. The simulation cell is periodic and 2 unit cells long (Lz = 11.86 Å)

in z-direction. At the boundaries of the cell in the x- and y- direction, we place

immobile (with a straight world line) particles, which are not updated during

the simulation (open symbols in the right panel of Fig. 4.6). We used 2 different

simulation cell sizes: the larger (smaller) one includes 900 (564) active and 1116

(796) passive particles. As already mentioned, the particle number can fluctuate

during the simulation.

One of the active particles is replaced by the impurity particle with variable

mass in the beginning of the simulation. For each temperature we averaged over

24-48 independent simulations initialized with different random seeds.

4.4 Results

4.4.1 Specific heat and binding energy

Figure 4.7 shows the radial probability density g(r) for the position of the 3He

atom, where r denotes the distance to the core of the dislocation. We assume
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Figure 4.6: Left panel: Schematic representation of a screw dislocation with

the burgers vector pointing along the z-axis. Right panel: Top view (x-y-plane)

on the simulation cell. Lattice positions of the A-plane (B-plane) of the hcp

crystal are indicated by circles (diamonds). Filled symbols correspond to active

particles, and open symbols denote passive particles which are held fixed in space

during the simulation. The cross marks the center of the dislocation.
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Figure 4.7: The probability density of finding a single 3He atom at a radial

distance r (cylindrical coordinates) from the core of the screw dislocation for

different temperatures. Errors are indicated by the dashed lines for T = 0.5 K,

and are of the same order at higher temperatures. The grey line shows the

reference for 4He in the absence of an impurity. The density is n = 0.0295 Å−3.

At large distances, r > 30 Å (r > 25 Å for T ≥ 1 K), the 4He atoms are treated

as inert particles (with fixed straight world lines) and form a zone inaccessible

to the impurity atom.
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here that the location of the core remains fixed during the simulation.11 We

can relate g(r) to the effective potential energy E(r) between a 3He atom and

the dislocation core as follows. The exchange matrix element between 3He and
4He is negligible (J34 ∼ 10−4 K) compared to the temperatures of interest (T >

20 mK) and can be ignored altogether, leaving us with the classical Boltzmann

distribution g(r) ∝ exp[−βE(r)]. At large distances we assume E(r) ∝ r−2

from elasticity theory [198] and proceed as follows: first we fit the tail of g(r)

to the function g∞ exp(−βB/r2) to determine the asymptotic behavior (g∞ and

B are fit parameters), and then we obtain the potential energies from E(r) =

−T ln[g(r)/g∞] for distances r < 20 Å. The partition function is given by

Z = 2π

∫ rmax

0

r exp[−βE(r)]dr = 2π

∫ rmax

0

rg(r)/g∞dr, (4.44)

where rmax = 1/
√
πxd is the cut-off radius with xd the dislocation density per a2

and a the inter-particle distance. The specific heat cV = (〈E2〉−〈E〉2)/T 2 shown

in Fig. 4.8 is directly calculated from g(r) with only xd as a free parameter. The

partition function can be written approximately as

Z ≈ 2/(
√

3xd) +NB exp(βEB) (4.45)

where NB is the number of the deepest binding sites per layer. The first term

corresponds to the non-binding sites (with zero energy) within the area r2
maxπ.

The resulting binding energy is −EB ≈ −T ln[gmax/g∞] = 0.8± 0.1 K.

The specific heat maximum is roughly at Tmax ≈ EB/ ln[2/(
√

3NBxda
2)] and

is in remarkable agreement with the observations of Ref. [188] with only a log-

arithmic dependence on the free parameter xd. The peak amplitude scales with

the 3He concentration (since the Pauli exclusion can be neglected for low x3)

and has the typical shape of a Schottky peak for a system with two degenerate

energy levels (see above). Further refinements of our model, such as using Fermi

function, or a distribution of binding energies for different dislocation types, are

possible, but do not seem needed.

The Shevchenko state of the network of interconnected superfluid disloca-

tions [178, 199] predicts a crossover in the specific heat from cV ∝ T above the

11We have compared our results with simulations, in which we determined the location of the
core by the center of mass of all exchange cycles (since only the dislocation core is superfluid).
The function g(r) is then measured with respect to the current position of the core. As a
consequence the features reflecting the crystal structure in Fig. 4.7 are flattened out, but the
resulting binding energy and specific heat is the same.
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Figure 4.8: Specific heat as a function of temperature for a single 3He impurity

in the strain field of a screw dislocation obtained directly from the g(r) curve

at T = 0.5 K in Fig. 4.7 and assuming xd = 10−6/a2 = 7.6 × 108 cm−2. The

specific heat is exponentially suppressed at temperatures well above where the

maximum is reached. The dashed lines correspond to the errors coming from the

error on g(r) in Fig. 4.7. The specific heat curves resulting from g(r) at higher

temperatures (T = 1 K and T = 1.5 K in Fig. 4.7) are the same as the one

shown, within error bars.
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bulk transition temperature Tc to cV ∝ T 3 at low temperatures T < Tc, where

the superfluid percolates along the three dimensional network. This signal, how-

ever, might be extremely small and undetectable leaving the 3He contribution

as the leading one. Also, binding of 3He to dislocations has an immediate effect

on the shear modulus leading to crystal stiffening at T < Tmax as observed in

Ref. [185].

4.4.2 Reduction of the superfluid density for large 3He

concentrations

Increasing the 3He concentration in the nucleus of the superfluid screw disloca-

tion is expected to reduce the superfluid density. We assume that 3He atoms

will cluster at the point where dislocations intersect. We model their effect by

introducing different numbers of impurities to the dislocation core next to each

other (in this simulation we do not employ the mass diffusion algorithm and thus

the 3He cluster always remains in the core). We see in Fig. 4.9 that about four
3He atoms are required to suppress the superfluid response along the core. This

mechanism may explain the reduction of the superfluid response for concentra-

tions x3 > 1 ppm observed in Ref. [182].

4.4.3 Discussion of the kinetic relaxation of 3He atoms

So far we assumed thermodynamic equilibrium which is not necessarily the case.

NMR measurements [195–197] established that the tunneling motion of 3He

atoms in 4He crystals is characterized by the hopping amplitude J34 ∼ 10−4 K.

Any strain field producing an energy level bias between the nearest neighbor

sites ξ ≈ a(dE/dr) much larger than zJ34, where z is the coordination number,

will localize 3He atoms. To move around, impurities have to exchange energy

with the environment. At low temperatures, the leading mechanism is provided

by the one-phonon coupling and leads to hopping rates τ−1 ∼ J2
34ξ

2T/Θ4
D where

ΘD is the Debye temperature, as shown in Refs. [200, 201]. It is clear from

the value of the binding energy that in the vicinity of the dislocation core the

condition ξ � zJ34 is definitely satisfied. The slowest rate is for ξ ∼ zJ34 [201],

i.e. for 3He to cross the boundary between the band motion and localized states.

One can see, that the corresponding relaxation time is of the order of years

at low temperature leading to sample history dependent effects, as observed in
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Figure 4.9: Left panel: The reduction in the winding numbers 〈W 2
z 〉 (proportional

to the superfluid density) along the nucleus of the screw dislocation when the 3He

concentration at the dislocation core is increased. The temperature is T = 0.5 K

and the density is n = 0.0295 Å−3. Right panel: Density plot averaged over the

z-coordinate. Only active particles are shown. Two 3He atoms (colored in red)

are located in the center of the dislocation core.
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experiments.

4.5 Conclusion

We have studied numerically the binding of 3He to the screw dislocation from

first principles. For the efficient sampling of the 3He impurity moving through

the 4He solid, we developed the mass diffusion algorithm. We find a binding

energy of 0.8±0.1 K in agreement with published estimates. The binding of 3He

impurity atoms to dislocation cores at low temperature results in a specific heat

peak in the same temperature interval as observed experimentally in Ref. [188],

and may radically change superfluid properties of the dislocation network even

at minute 3He concentrations. Our data also provide quantitative support to the

mechanism proposed by Day and Beamish [185] as an explanation for the crystal

stiffening at low temperature.
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Chapter 5

Phase diagram of 4He adsorbed

on graphite

5.1 Introduction

Since several decades adsorption of helium on a graphite substrate has been

subject of many experimental, theoretical and numerical studies. Due to the

strong attraction to graphite, helium forms up to seven distinct layers above the

substrate [202, 203], each layer being a realization of a quasi-two dimensional

system. Several types of phases result from the interplay between the interaction

among helium atoms, and their interaction with the substrate, including fluid,

commensurate and incommensurate solid phases. Crowell and Reppy raised the

possibility of a supersolid phase in the second layer from the anomalous behav-

ior of the period shift in torsional oscillator experiments [204, 205]. As already

mentioned in Sec. 4.1, a commensurate perfect single crystal of 4He is not su-

persolid. However, a supersolid phase exists for bosonic models on a triangular

lattice [10–13] and we can thus speculate about the possibility of supersolids

realized on substrates [206].

In the first adsorbed layer the surface corrugation of the graphite substrate

plays an essential role for the formation of commensurate phases. The preferred

adsorption sites are located above the centers of the hexagons, formed by the

carbon atoms on the graphite surface. The commensurate phase at a filling 1/3

and the incommensurate solid phase are clearly observed in neutron diffraction

experiments [207–210], heat capacity measurements [211–214], and previous sim-

ulations [215]. The identification of the phases occurring between the two solids
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is still uncertain [216], as several types of domain-wall phases have been predicted

[202, 217], but none unambiguously observed.

The second layer is known to exhibit a gas, a superfluid and an incommensu-

rate solid phase, as shown by heat capacity measurements [214, 218] and neutron

diffraction experiments [208–210]. At intermediate density between these two

phases, Greywall and Busch conjectured a commensurate solid with a
√

7×
√

7

partial registry with respect to the first layer, based on their heat capacity mea-

surements [202, 214]. At the same filling, a commensurate solid was found in

path integral Monte Carlo (PIMC) simulations [219], wherein first layer parti-

cles were treated as classical (i.e., held fixed in space at their T=0 equilibrium

position).

In this chapter, we study the low temperature phase diagram of the first

and second layers by means of computer simulations based on the continuous-

space worm algorithm [29, 30] introduced in the previous chapter. To obtain a

better convergence of the error with the number of time slices we implemented

the O(∆τ 4) scheme from Ref. [220] (see appendix C.1). Thanks to a higher

efficiency of the simulation method and faster computers we can reconsider the

problem for larger systems with a higher accuracy than in previous simulations

[219, 221]. We use the helium Aziz interatomic potential [147] (see Sec. 4.1.1), as

well as the anisotropic 6-12 graphite-helium potential of Carlos and Cole [222],

used in previous simulation work [219, 223].1 We consider systems with up to

600 particles, at temperatures as low as 0.2 K, yielding essentially ground state

estimates.

Our results are consistent with established experimental facts, but differ sig-

nificantly from the existing predictions reviewed above. In contrast to Greywall

and Busch [202, 214] we do not observe a commensurate solid in the second layer.

Furthermore, in the first layer we find a striped phase, a hexagonal domain-wall

phase, and a hexagonal commensurate structure (at filling 7/16) between the 1/3

commensurate and the incommensurate solid.

5.2 The model

We consider N indistinguishable 4He atoms (bosons) in three dimensions above

a graphite substrate. The z-coordinate is perpendicular to the graphite surface

1In Ref. [219] another version of the Aziz potential was used [148], which, however, does
not differ significantly from the one we used.
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located at z = 0, as illustrated in Fig. 5.1. The quantum N-body problem is

C

0

z
4He

x,y

Helium layers

Graphite substrate

Figure 5.1: Illustration of helium films adsorbed on a regular graphite substrate.

given by the Hamiltonian

Ĥ = −λ
N∑

i=1

∇2
i +

∑
i<j

V (|rrri − rrrj|) +
∑

i

V ext(rrri), (5.1)

where rrri denotes the position of particle i, and the first term is the usual kinetic

term with λ ≡ ~2/2m = 6.0596 Å
2
K. The second term, the pairwise interaction

between two 4He atoms, corresponds to the Aziz potential introduced in Sec.

4.1.1. The graphite substrate is modeled by an external potential, V ext(rrri),

which we discuss in the next paragraph.

4He - graphite interaction potential

In Ref. [222] Carlos and Cole studied several model potentials for the interaction

between helium and a graphite substrate. They showed that the anisotropic

6-12 potential, which we are using, agrees particularly well with atomic beam

scattering measurements [224, 225].

The graphite substrate consists of carbon atoms arranged in hexagonal layers

with a inter-particle distance r0 = 2.46 Å, and a spacing d = 3.37 Å between the

layers. The resulting potential is periodic in the x-y-plane, given by the Fourier
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Figure 5.2: He - graphite substrate potential as a function of distance z above

the substrate at different points in the x-y-plane: S: middle of a hexagon, SP

middle between two neighboring C atoms, A: directly above a C-atom. V0 is the

x-y-averaged potential.

series

V (rrr) = V0(z) +
∑
GGG6=0

VGGG(z)exp(iGGGRRR), (5.2)

where GGG is a two-dimensional reciprocal lattice vector and RRR is the projection

of rrr onto the x-y-plane. The first term corresponds to the potential averaged

over the x-y-plane as a function of z. The second term describes the corrugation

of the potential which becomes negligible far away from the substrate, as we

discuss below. The full potential is obtained from the sum of all helium-carbon

interactions,

V (rrr) =
∑

i

U(rrr − R̃RRi), (5.3)

where R̃RRi denotes the equilibrium position of the ith graphite atom. In previous

model potentials a central pair potential was used for U(rrr). However, a quan-

titative better agreement with scattering data was found with the anisotropic

(non-central) 6-12 pair potential which incorporates the electron anisotropy of
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the C atoms in graphite. This potential is of Lennard-Jones type and reads

U(rrr −RRRi) = 4ε

(
σ

|rrr −RRRi|

)12 [
1 + γR(1− 6

5
cos2θ)

]
−4ε

(
σ

|rrr −RRRi|

)6 [
1 + γA(1− 3

2
cos2θ)

]
. (5.4)

The best fit was found for the parameters σ = 2.74 Å, ε = 1.40 meV, γA = 0.4

and γR = −0.54. After summation, the full potential is given by

V0(z) =
4πεσ6

asd4

[
2

5

(σ
d

)6

ζ(10, z/d)− ζ(4, z/d)

]
(5.5)

VGGG(z) =
πεσ6βGGG

as

(
G

z

)2
{(

σ2G

z

)3
1

480

[
K5 + γR

(
K5 −

Gz

10
K6

)]

−
[
K2 + γA

(
K2 −

Gz

4
K3

)]}
, (5.6)

with as = 5.24 Å
2

the area of the unit cell in the basal plane. Kn are modified

Bessel functions and ζ(n, x) =
∑∞

j=0(j + x)−n is a Riemann zeta function.

The first layer of 4He forms around the potential well at z ≈ 2.8 Å (see

Fig. 5.2), where the x-y modulation of the potential is strong, as shown in Fig.

5.3. Hence, the surface corrugation of the substrate is not negligible for the

first layer. The attraction is strongest above the centers of the hexagons formed

by six underlying carbon atoms; these positions thus correspond to adsorption

sites. On the other hand, at the height of the second layer (z ≈ 5.7 Å) the

x-y dependence of the potential is negligible (∆V < 1 mK). This implies that,

although the second layer is strongly attracted by graphite, it does not feel

a significant periodic potential from the substrate. However, we will show in

our results section that the compressed first helium layer forms a triangular

solid, such that the second layer atoms are exposed to the periodic potential

generated by the first layer atoms. A commensurate phase in the second layer

thus implies commensurability with respect to the first layer, and not to the

substrate potential.

5.3 Layer-by-layer growth

It is well known that helium films grow layer-by-layer upon increasing the cover-

age (the total areal density) [202, 203, 216]. Consider the coverage ρ as a function
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Figure 5.3: Anisotropic 6-12 He-graphite interaction potential at a height z =

2.8 Å above the substrate. The black dots indicate the positions of the C-atoms

in the basal plane (in units of [Å]).

of the chemical potential µ in the left panel of Fig. 5.4. For low chemical po-

tential (µ ≤ −30 K) the 4He atoms occupy only the first layer. With increasing

µ the layer becomes denser, up to the point (layer promotion density), where it

is energetically favorable to populate the second layer. This layer transition can

be identified as a jump in µ(ρ). The low lying layers become further compressed

by the pressure exerted by the overlying layers. The right panel in Fig. 5.4 illus-

trates the density profile along the z-direction (perpendicular to the substrate)

averaged over the x-y plane. The width of the first layer is very narrow due

to the strong attraction of the graphite potential. As we move away from the

substrate the width of the layers increases, and the density decreases.
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Figure 5.4: Left plot: Coverage as a function of chemical potential µ with jumps

at layer promotion. 4 different layers can be identified in this example. Right

plot: Density profile as a function of z for different chemical potentials.

5.4 First layer results

Overview

The phase diagram in Fig. 5.5 summarizes our results for the first layer. We

performed simulations with up to N ≈ 200 particles and temperatures between

0.5 K and 1 K. In the following we discuss each phase in detail, and compare our

findings with experiments and previous simulation results.

Commensurate
solid

0.0636 0.0835

Domain-wall

7/16 solid

Incommensurate solid

0.114

Layer promotion

ICDWS/DWH
C7/16C1/3

Density
[Å-2]

Figure 5.5: Phase diagram of the first layer as a function of density ρ.

Commensurate 1/3 solid phase (C1/3)

At a density of ρ1/3 = 0.0636 Å
−2

we find a commensurate structure, where 1/3

of the adsorption sites are occupied, as shown in Fig. 5.6. Because the amplitude

of the x-y-dependent term of the graphite potential is large, ∆V ≈ 23 K, the
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C
1/3

Figure 5.6: Left panel: Contour plot of the density distribution of the 4He atoms

in the first layer (x-y-plane parallel to the substrate and averaged over the z

coordinate), at a coverage ρ1/3 = 0.0636 Å
−2

. The black stars mark the minima

of the underlying graphite potential (adsorption sites). The distance between two

adsorption sites is 2.46 Å. The 4He atoms form a commensurate triangular solid,

where 1/3 of the adsorption sites are occupied. Right panel: Static structure

factor with peaks appearing at angles {30◦, 90◦, 150◦, ...} and wave number k =

4π/(
√

3a0) ' 1.70 Å
−1

, compatible with the lattice constant a0 ' 4.26 Å of the

triangular lattice formed by the 4He atoms.

4He atoms are strongly localized around the potential minima. The 4He atoms

form a triangular structure with nearest neighbor distance a0 ' 4.26 Å, which is

also confirmed by the static structure factor in the right panel of Fig. 5.6.

This structure is well established by neutron diffraction experiments [207,

210, 226], heat capacity measurements [211, 212, 214], and previous simulations

[215, 227].

Domain-wall phase (DWS/DWH)

For slightly higher densities than ρ1/3 the film enters a domain-wall phase, where

stripes of the C1/3 solid are separated by (superheavy) domain-walls [216] (DWS

in Fig. 5.7). At even higher density we observe a change from striped to a hexag-
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onal network of (heavy) domain walls (DWH in Fig. 5.7). The domain-walls

are mobile, so that different realizations of domain-wall networks are possible.

DWS

DWH

Figure 5.7: Domain-wall phase with two different types of domain-wall struc-

tures. DWS: Striped (superheavy) domain wall at a density 0.068 Å
−2

. DWH:

Hexagonal network of (heavy) domain walls at a density 0.0706 Å
−2

.

The possibility of a transition between these two domain-wall types around

a density of 0.070 Å
−2

was already raised by Greywall [202]. However, as an

alternative interpretation of his heat capacity measurements he proposed that a

new commensurate solid appears around this density, which we do not find in

our simulations. Our results confirm the former interpretation.

Commensurate 7/16 solid (C7/16)

The network of hexagonal domain walls becomes denser with increasing coverage,

ending with a commensurate solid (C7/16) for ρ7/16 = 0.0835 Å
−2

, where 7/16 of

the adsorption sites are occupied (Fig. 5.8).

This structure is also found in diffraction experiments of D2 on graphite

[228], but had not yet been predicted for helium. In his heat capacity mea-
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C
7/16

Figure 5.8: C7/16: Commensurate 7/16 solid with a hexagonal unit cell marked

by the yellow line. The structure factor peaks in the right plot appear at positions

in momentum space compatible with the real space structure in the left plot.

surements, Greywall observed signatures of a commensurate structure around a

density 0.820 Å
−2

which differs only by 1.8% from ρ7/16. It is thus likely that

these signatures stem from the C7/16 solid.

Incommensurate solid (IC)

At high first layer density we find a triangular incommensurate solid phase. An

example at a density ρ = 0.108 Å
−2

is shown in Fig. 5.9. Incommensurability

implies that no common super-cell can be found which matches the periodicity of

the first layer and the substrate potential (except the entire simulation cell itself).

The incommensurate solid phase also persists in the presence of additional layers,

which further compress the first layer (see below).

This phase has already been well established by neutron diffraction exper-

iments [207–210, 226], heat capacity measurements [202, 211–214], and PIMC

simulations [215].
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IC

Figure 5.9: IC: Incommensurate solid phase at a density ρ = 0.108 Å
−2

. The

triangular layer is slightly rotated ≈ 5◦ with respect to the underlying graphite

potential.

Layer promotion

In this section we determine the layer promotion density ρlp, at which the second

layer starts to become populated. The jump in ρ(µ) in Fig. 5.4 suggests a value

ρlp ≈ 0.11 Å
−2

, which is however not accurate because of finite size effects. In a

simulation cell of fixed size it is not possible to form a perfect triangular solid at

any density. One typically obtains a solid with lower density, which fits nicely

into the particular simulation cell. Above value can therefore be regarded as a

lower bound of the layer promotion density.

In order to determine ρlp precisely we performed simulations with a fixed

number of particles (canonical simulation), and with the first layer initialized

as a triangular solid. Density scans are obtained by varying the area of the

simulation cell. With the full graphite potential it is not possible to vary the area

continuously, since the simulation cell has to be a multiple of the period of the

graphite potential. We therefore use the averaged potential V (z) instead. This

approximation does not influence the result significantly, because the triangular

solid at layer promotion is incommensurate with respect to the periodic graphite

potential. A comparison for a particular volume has shown that the difference
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in energy is of order 1%.

At equilibrium the chemical potentials of the first and the second layer are

equal, i.e. µ1(ρ1, ρ2) = µ2(ρ1, ρ2), where ρ1 and ρ2 are the densities in the first

and second layer, respectively. Layer promotion occurs at specific value of the

chemical potential µlp at which the second layer density ρ2 jumps from zero to a

finite value ρmin
2 . Thus, we can find ρlp by solving the equation

µlp = µ1(ρlp, 0) = µ2(ρlp, ρ
min
2 ), (5.7)

where µ1(ρ1) is determined from

µ1(ρ1) = e(ρ1) + ρ1
de

dρ1

, (5.8)

with e = E/N the energy per particle. The derivative is estimated from a

polynomial fit of degree 4 to e(ρ) as shown in Fig. 5.10. We determine the

chemical potential of the second layer at the minimum coverage ρmin
2 by taking

the thermalized first layer simulations and switch to a grand canonical simulation,

where we gradually increase µ until the second layer becomes populated. We find

µ2 = −29.6 ± 0.3 K (essentially independent of ρ1). The solution of Eq. (5.7) for

ρlp is given by the intersection of the two chemical potential curves in the right

panel in Fig. 5.10, yielding ρlp=0.1140 ± 0.0003 Å
−2

. Comparing results from

simulations with 30 and 56 particles we find that finite size effects are negligible.

This value is in agreement with previous simulation results of Whitlock [223],

who used an effective potential for second layer particles. It also compatible with

neutron diffraction experiments and heat capacity measurements [208, 209, 211,

218], where values in the range 0.112 − 0.115 Å
−2

were found. Greywall and

Busch determined a value of 0.12 Å
−2

from heat capacity measurements [214],

which is clearly higher than our result. However, in Ref. [202] Greywall pointed

out that there is an ambiguity in his coverage scale by several percent. We have

tested the sensitivity of our result upon deepening the attractive well of the 4He -

graphite potential by 10%; we find ρlp = 0.1165 ± 0.0005 Å
−2

in this case, still

lower than that of Greywall and Busch.
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Figure 5.10: Left plot: Energy per particle versus coverage of simulations with

a constant number of particles (N = 56) and varying volume. The red line

is a polynomial fit of degree 4. Right plot: The red curve corresponds to the

chemical potential in the first layer, with an error bar given by the red dotted

lines. The black dashed line indicates the chemical potential, at which the second

layer becomes populated. The error bars are smaller than the symbol sizes. The

intersection yields the layer promotion density ρlp = 0.1140± 0.0003 Å
−2

.

5.5 Second layer results

Overview

The second layer simulations are performed with the first layer initialized as a

triangular solid, which creates a periodic potential for the second layer atoms

(as discussed in Sec. 5.2 the surface corrugation of the substrate is negligible for

the second layer). The first layer becomes further compressed by the presence

of higher layers. Neutron diffraction experiments [209] showed that the density

increases by ≈ 4% upon compression by two overlayers. A value ≈ 6% was esti-

mated in Ref. [214]. To study the effect of the first layer density ρ1 we compared

the results obtained from values in the range ρ1 ∈ [0.114 Å
−2
, 0.1270 Å

−2
]. We

used up to N ≈ 600 particles in total at temperatures between 0.2 K and 1 K.

Figure 5.11 summarizes our results for the second layer. In agreement with

experiments [202, 204, 205, 208, 209] and previous simulations [219, 221], we

find a superfluid and an incommensurate solid phase at low and high second
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0.076±0.002

Superfluid Incommensurate solid

ICSF0.046±0.003

Gas-liquid coex. Density
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Figure 5.11: Phase diagram of the second layer as a function of density ρ.

layer densities, respectively. The superfluid fraction ρs vanishes with the onset

of solidification at a coverage 0.076 ± 0.002 Å
−2

, as shown in Fig. 5.12. Finite

size scaling of the structure factor (Fig. 5.13) shows that the incommensurate

solid is stable in the thermodynamic limit.

Absence of commensurate solid phase

In contrast to our results, Greywall and Busch [202, 214] predicted a commensu-

rate solid between the superfluid and the incommensurate solid phase. In their

heat-capacity measurements, a peak appears around a coverage of 0.197 Å
−2

,

which they associated with a registered structure, because the peak shows little

density dependence and exists only over a very restricted range of second layer

densities. They assume a compressed first layer density of 0.1270 Å
−2

(whereas

our simulations suggest a value between 0.1174 and 0.1208 Å
−2

). From the ra-

tio of first and second layer densities (≈ 4/7), Greywall conjectured a
√

7×
√

7

registered structure with one-quarter of the second layer atoms located directly

above the first layer atoms; this has also been proposed for the second layer of
3He on graphite [229].

To our knowledge, no direct experimental evidence for the commensurate

phase has been reported. Studying the scaling of the structure factor (Fig. 5.13)

with system size and initial simulation conditions, for different first layer densities

between 0.1164 and 0.1270 Å
−2

, we rule out a commensurate phase. If we start

the simulation with the particles initialized in the commensurate structure, we

observe melting into the superfluid phase.

In the PIMC simulations in Ref. [219], the 4/7 commensurate structure was

observed (with a different positioning of the second layer atoms with respect

to the first layer). However, in these simulations fixed first layer particles were

assumed, i.e. their zero-point motion neglected. Monte Carlo updates are only

performed on the second layer atoms, which reduces the computational cost sig-

nificantly. We have tried to reproduce these results with an identical simulation
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Figure 5.12: Transition between the superfluid and the incommensurate solid

phase in the second layer setting in at a second layer density ρ2 = 0.076 ±
0.002 Å

−2
. The superfluid fraction ρs is finite in the superfluid phase and vanishes

in the incommensurate region which is characterized by pronounced structure

factor peaks. As the transition is of first order a small coexistence region between

0.074 Å
−2

and 0.076 Å
−2

may appear. The data is obtained from simulations

with active first layer particles at a temperature T = 0.5 K. The system sizes

are given as multiples of the first layer unit cell of size 3.1 Å × 3.1
√

3 Å (with

ρ1 = 0.1203 Å
−2

).
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A [Å2]

M
ax

 S
(k

)

 

 

ρ
1
=0.1202 active (IC)

ρ
1
=0.1270 fixed (C)

ρ
1
=0.1270 active (C)

ρ
1
=0.1202 fixed (C)

ρ
1
=0.1202 active (C)

Figure 5.13: Scaling of the structure factor peak with system size A (area) at

temperature T = 0.5 K. Results obtained from active/fixed first layer particles

for two different first layer densities ρ1 are shown. The incommensurate solid

(triangles, IC) is always stable, independent of the first layer density. The second

layer density is ρ2 = 0.080 Å
−2

in this example. For all the other data points the

coverage corresponds to the one of the commensurate 7/12 solid. Only in the

case of fixed first layer particles and highest first layer density ρ1 = 0.1270 Å
−2

the commensurate solid is stable in the thermodynamic limit.

154



Phase diagram of 4He adsorbed on graphite

Figure 5.14: Snapshot of the commensurate 7/12 solid in the second layer, which

only appears in simulations with fixed first layer particles with a first layer density

of ρ1 = 0.1270 Å
−2

. The black dots mark the positions of the first layer particles

(repulsion sites). Second layer particles found at the intersections of the thick

dotted (yellow) lines are located above the middle of three neighboring first layer

particles. The (yellow) thick line marks a unit cell of the 7/12 solid.

setup, and considered also bigger system sizes (up to 400 atoms). We indeed

observe the formation of a commensurate structure, but at a slightly different

filling (7/12). It has a triangular structure rotated by an angle of 10.89◦ with

respect to the first layer, as shown in the snapshot in Fig. 5.14. The difference

in density compared to the 4/7 filling is only ≈ 2%.

No such phase occurs, however, if first layer particles are simulated explicitly.

This is because, due to zero-point motion, first layer atoms occupy a larger region

of space than predicted classically. Thus, second layer atoms are slightly pushed

away (≈ 0.3 Å) from the first layer (Fig. 5.15), which reduces the substrate

attraction by ∼ 3 K, enough to de-stabilize the commensurate phase. Therefore,

the approximation of fixed particles in the layer is not appropriate in this case.2

2It was also pointed out in Ref. [230] that using an effective potential instead of active first
layer particles may significantly reduce the second layer binding energy. However, they did not
explore that issue quantitatively, and their effective potential does not include corrugation and
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Figure 5.15: Comparison of the density profiles for simulations with fixed /

active first layer particles at a total coverage ρ = 0.2117 Å
−2

. Active first layer

particles tend to push the second layer particles further away from the substrate.

The displacement of the peak in the second layer is ∆z ≈ 0.3 Å.

Conceivably, the helium-graphite potential utilized may underestimate the

attraction, i.e. a slightly more attractive potential could stabilize a commensu-

rate solid by compressing the first layer. In order to test the robustness of our

results, we have run simulations with a 10% stronger substrate potential. From

the layer promotion density ρlp = 0.1165 Å
−2

, we estimate a compressed first

layer density of 0.1233 Å
−2

. Not even in this case do we find a stable commensu-

rate solid. Only at a larger first layer density ρ1 = 0.1270 Å
−2

(which is however

not compatible with our value for ρlp) is the 7/12 commensurate solid stable.

Thus, first layer density plays an essential role in stabilizing a commensurate

phase. With increasing first layer density, the inter-particle spacing between sec-

ond layer particles becomes smaller (for a particular registered structure), and

thus the atoms feel a stronger mutual attraction, which helps to stabilize the

solid.

thus differs from the fixed-particle approximation used by Pierce and Manousakis.
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5.6 Conclusion

To conclude, our simulations show no commensurate second layer phase, in con-

trast to the interpretation of heat capacity measurements by Greywall and Busch

[202, 214]. This suggests that either the experimental data has to be reinter-

preted, or the graphite potential is significantly underestimated. In fact, first

layer promotion density of Greywall and Busch is achieved by making the po-

tential more attractive by over 20%. Such a large revision seems unjustified,

in view of the good agreement with experimental data presented in Ref. [222].

One possible scenario is that the second layer density in Ref. [214] is underes-

timated, and that the observed peak in the heat capacity is a signature of the

incommensurate solid.3

We have shown that using fixed first layer particles is not a valid approxima-

tion, since it leads to different results than the full simulation. The advantage

of this approach is that it reduces computational costs significantly, enabling

the study of larger systems. The approximation may be improved by using an

effective potential between second layer 4He and fixed first layer particles, which

takes the first layer fluctuations partly into account.

There are indications that 3He solidifies into a 4/7 commensurate structure

[229, 231]. Because 3He exhibits a lower mass and thus larger zero-point motion

than 4He, one may argue that 4He should solidify if 3He does. However, the

statistics of the particles may also play an important role for the stability of a

solid structure. In our simulations we observed that particle exchanges tend to

destabilize the commensurate phase. In contrast to 4He, 3He is not superfluid at

the temperatures considered.

Finally, we have found no evidence of a supersolid phase of 4He in this study,

even in the case of fixed first layer particles. It may be realized in the third layer

of 4He on graphite with an additional layer of 3He [206], or possibly for 4He on

a different substrate.

3Assuming a first layer density around 0.116 Å
−2

then the first peak appears at a density of
0.074-0.077 Å

−2
, which is compatible with the onset of the incommensurate phase in our sim-

ulations. The second peak observed in heat capacity measurements [202] appears at a density
which is already above third layer promotion. It could stem from the incommensurate solid,
now compressed by the third layer particles, which may shift the peak to lower temperatures.
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Appendix to chapter 2

A.1 Definitions

Mean square limit and limit in distribution

Let Ω be a probability space with elements ω ∈ Ω and Xn(ω) a sequence of

random variables defined on Ω. Xn converges to X in the mean square limit if

lim
n→∞

∫
dωp(ω)[Xn(ω)−X(ω)]2 ≡ lim

n→∞
〈(Xn −X)2〉 = 0. (A.1)

Usually the short notation ms−limn→∞Xn = X is used.

The limit in distribution is a weaker form of convergence. It occurs if for any

continuous bounded function f(x),

lim
n→∞

〈f(Xn)〉 = 〈f(X)〉. (A.2)

It implies that the probability density of Xn approaches that of X.

Weak and strong convergence

The order of convergence of a numerical integration scheme indicates, how the

error converges with the time step size ∆t. Depending on how the error is

measured, we speak of strong or weak order of convergence. In the former case

the error corresponds to the root mean square of the difference between the

exact solution x(T ) and the solution obtained by the numerical integration x̃(T )

scheme after a finite time interval T . Thus, the convergence behavior of the mean

square limit for ∆t→ 0 is considered. For the Euler algorithm the error at time
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T scales as √
〈(x(T )− x̃(T ))2〉 ∼ ∆t1/2, (A.3)

and thus the strong order of convergence is 1
2
. The higher the order the more

precisely the exact stochastic trajectory is reproduced. But usually we are not

interested in the exact evolution of one single trajectory, but more in the con-

vergence behavior of statistical averages, which is described by the weak order

of convergence. It is the rate at which the average of a smooth function of the

variable approaches its exact value. For the Euler algorithm,

〈f(x(T ))− f(x̃(T ))〉 ∼ ∆t, (A.4)

and therefore the weak order of convergence is 1. This type of convergence

corresponds to the limit in distribution.

A.2 The general Gaussian operator

The most general Gaussian operator is of the form

Λ̂(λλλ) = ΩPf
[
σA

]
: exp

[
−ĉ†(I − σ−1/2)ĉ

]
: (A.5)

with

ĉ† =
(
ĉ†1 ... ĉ†N ĉ1 ... ĉN

)
, (A.6)

and ĉ the column vector with the adjoint elements of the row vector ĉ†. There

are 3N2 + 1 distinct phase space variables λλλ = (Ω,nnn,mmm,mmm+). The covariance

matrix σ is split into four N ×N submatrices,

σ =

[
nnnT − I mmm

mmm+ I− nnn

]
. (A.7)

The new variables mmm and mmm+ correspond to anomalous Green’s functions,

Tr
[
ĉiĉjΛ̂

]
= Ωmij, (A.8)

Tr
[
ĉ†i ĉ

†
jΛ̂
]

= Ωm+
ij. (A.9)

The normalization prefactor Pf
[
σA

]
is the Pfaffian of the antisymmetric form

σA of the covariance (see for example Ref. [39]).
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The general Gaussian basis is useful in the case of non-number conserving

Hamiltonians. However, also for the Hubbard model, which is particle number

conserving, one can derive SDEs including the additional variables. The interac-

tion term is rewritten as n̂ii↑n̂ii↓ = ĉ†i↑ĉ
†
i↓ĉi↓ĉi↑ and differential identities are first

applied for the right pair of operators and then for the left pair. This intro-

duces derivatives with respect to the new variables. The Hubbard model in the

extended phase space has not been studied so far.

A.3 Appendix A: Unitary transformation of a

Gaussian operator

In this appendix we show that:

eiĉcc†hhhĉccΛ̂(λλλ) = Λ̂(λ̃λλ), (A.10)

with

(ñnnT − 1)−1 =
[
(eihhh − 1)nnnT + 111

]
(nnnT − 1)−1,

Ω̃ = Ω det
[
(eihhh − 1)nnnT + 111

]
.

Here, hhh† = hhh, λ̃λλ = (Ω̃, ñnn), and λλλ = (Ω,nnn). Before showing the above, let us fist

recall some identities of the Grassmann algebra [232]:

〈ξξξ|ξξξ′〉 = e
P

x ξ†xξ′x ≡ eξξξ
†ξξξ′ ,

〈ξξξ| : A(ccc†, ccc) : |ξξξ′〉 = A(ξξξ†, ξξξ′)eξξξ
†ξξξ′ ,

111 =

∫ ∏
x

dξ†xdξx︸ ︷︷ ︸
≡Dξξξ

e−ξξξ†ξξξ|ξξξ〉〈ξξξ|. (A.11)

Here ξx are Grassmann variables and |ξξξ〉 fermion coherent states. In a first step it

is convenient to transform eiĉcc†hĉcc into a normal ordered form. Since h is hermitian,

hhh = UUUDDDUUU † withDDD a diagonal and UUU unitary. With the canonical transformation

γ̂γγ† = ĉcc†UUU we obtain:

eiĉcc†hhhĉcc =
∏
x

eiγ̂†xγ̂xDx =
∏
x

[
1 +

(
eiDx − 1

)
γ̂†xγ̂x

]
=

∏
x

: e(eiDx−1)γ̂†xγ̂x :=: e
P

x γ̂†x(eiDx−1)γ̂x :

= : eĉcc
†(eihhh−111)ĉcc : . (A.12)
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We can now compute the quantity eiĉcc†hhhĉcc : eĉcc
†BBBĉcc : where BBB is an arbitrary matrix:

eiĉcc†hhhĉcc : eĉcc
†BBBĉcc :=: eĉcc

†(eihhh−1)ĉcc :: eĉcc
†BBBĉcc :=∫

DξξξDηηηDγγγe−ξξξ†ξξξ−ηηη†ηηη−γγγ†γγγ|ξξξ〉〈ξξξ| : eĉcc
†(eihhh−1)ĉcc : ×

|ηηη〉〈ηηη| : eĉcc
†BBBĉcc : |γγγ〉〈γγγ| =∫

DξξξDηηηDγγγe−ξξξ†ξξξ−ηηη†ηηη−γγγ†γγγ|ξξξ〉eξξξ
†eihhhηηηeηηη

†(BBB+1)γγγ〈γγγ| =∫
DξξξDη̃ηηDγγγe−ξξξ†ξξξ−η̃ηη†η̃ηη−γγγ†γγγ|ξξξ〉eξξξ

†η̃ηηeη̃ηη
†eihhh(BBB+1)γγγ〈γγγ| =∫

DξξξDη̃ηηDγγγe−ξξξ†ξξξ−η̃ηη†η̃ηη−γγγ†γγγ|ξξξ〉〈ξξξ|η̃ηη〉 ×

〈η̃ηη| : eccc†[eihhh(BBB+1)−1]ccc : |γγγ〉〈γγγ| =: eccc
†[eihhh(BBB+1)−1]ccc : . (A.13)

Here, we have carried out the substitution η̃ηη = eihhhηηη, baring in mind that eihhh is

unitary matrix. The result of Eq. (A.10) follows from:

eiĉcc†hhhĉcc ˆΛ(λλλ) = Ω det(1− nnn)eiĉcc†hhhĉcc : e−ĉcc†[222+(nnnT−111)−1]ĉcc :=

Ω det(1− nnn) : e−ĉcc†[111+eihhh(1+(nnnT−111)−1)]ĉcc :≡

Ω
det(1− nnn)

det(1− ñnn)︸ ︷︷ ︸
Ω̃

det(1− ñnn) : e−ĉcc†[222+(ñnnT−111)−1]ĉcc :︸ ︷︷ ︸
Λ̂(ñnn)

. (A.14)
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B.1 Calculation of the central charge

The notion of entanglement entropy (EE) originally stems from quantum in-

formation theory [233]. Several works [136, 234–236] showed that for critical

one-dimensional quantum systems it exhibits a universal scaling of the form

S(x) = −Tr [ρ̂ ln ρ̂] =
c

3
lnx+ s1. (B.1)

S(x) is the von Neumann entropy of the reduced density matrix ρ̂(x) of a sub-

system of length x embedded in an environment of infinite size. c is the central

charge of the underlying 1+1 dimensional conformal field theory (CFT) [136]

and s1 is a nonuniversal constant related to the ultraviolet cutoff. The univer-

sality class of a one-dimensional quantum critical system is entirely determined

by its central charge. It corresponds to the conserved quantity associated to the

symmetry of the conformal group1.

For a non-critical system the entanglement entropy does not diverge with

L but saturates at a certain value L0, which is related to the finite correlation

length ξ of the system [136, 235]. The von Neumann entropy of the reduced

density matrix is easily accessible within DMRG. Due to a finite system length

L and open boundary conditions one needs a modified form of (B.1), as shown

by CFT in Ref. [136]:

S(x, L) =
c

6
ln

[
2L

π
sin(

πx

L
)

]
+ ln g + s1/2, (B.2)

1The conformal group consists of translation, rotation and scaling transformations and
transformations that do not change the angles between two arbitrary curves crossing each
other in some point.
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where ln g is the boundary entropy. According to the numerical studies of the

XX Heisenberg model by Laflorencie et al. [236] an additional oscillating term

has to be added to above equation:

(−1)xSXX
A (x, L) ∼ (−1)x

L
π

sin(πx
L

)
. (B.3)

Instead of a oscillation term with period 2 we observe a period 3 in our simu-

lations, which is consistent with the wave vector 2π/3 found for the correlation

functions. We therefore expect a finite size behavior of the following form:

S(x, L) =
c

6
ln

[
2L

π
sin(

πx

L
)

]
+ a0

+
(a1 + a2 cos(2πx/3) + a3 sin(2πx/3))

(L
π

sin(πx
L

))κ
. (B.4)

The example fit in Fig. B.1 yields c ≈ 1.9 which is close to the exact value c = 2.
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Figure B.1: Entanglement entropy (EE) as a function of block size (crosses) for a

L = 90 chain (J2/J1 = 0) at the SU(3) point θ = π/4 exhibiting an oscillation of

period 3. The line stems from a fit in the interval [11,79] according to equation

(B.4) leading to a central charge of c ≈ 1.9 which is close to the exact value

c = 2.
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The best results were obtained by measuring the entanglement entropy in

the middle of the chain for different system sizes L, such that in equation (B.4)

sin(πx
L

) = sin(πL/2
L

) = 1. To account for the oscillating pattern we average over

the two extremal values in the middle of the chain. We found good agreement

even by neglecting the 1/L term, ending up with an equation with only two

fitting parameters, c and a0.

S(L/2, L) =
c

6
ln

(
2L

π

)
+ a0 (B.5)

Example fits to this function are shown in Fig. 3.16.

Another interesting relation is found for the number of non-negligible eigen-

values of ρ̂(x) which diverges with the subsystem size as M(x) ∼ expS ∼ xc/3

(xc/6 for open boundary conditions). For non-critical systems the entangle-

ment entropy saturates when the subsystem size is comparable to the correlation

length, x ≈ ξ. This is the reason why many states have to be kept for critical

systems, because the number of relevant states diverges with L. In higher dimen-

sions d > 1 the entanglement entropy obeys an area law S(L) ∝ Ld−1 and there-

fore, the number of relevant states increases exponentially as M(L) ∼ exp(Ld−1).

This is the main reason, why DMRG fails in higher dimensions than 1.

B.2 Alternative trimer patterns

In the limit of two weakly coupled chains (J2 >> J1) we observe a change in the

pattern of the local bond energies. Instead of a period three pattern as in Fig.

3.13 one obtains a period 6 pattern (Fig. B.2). It suggests that the trimer pattern

has changed from trimers formed by nearest neighbors to trimers lying along the

upper and lower chain (Fig. B.3). However, for large J2/J1 these correlations

decrease as a power law, such that we are already out of the gapped phase and

the trimers vanish in the thermodynamic limit (TL). This trimerization along

the chains has also been subject of discussion in the case of a single chain in

the time before the extended gapless region for π/4 ≤ θ ≤ π/2 was established.

DMRG simulations with too few states m can lead to misinterpretation, that the

trimerization is finite in the TL. Thus, it is a delicate task to analyze the results

for big J2/J1 correctly.

The question arises, how such an alternative trimer pattern could be stabi-

lized. Note that the trimerization in Fig. B.3 exhibits a period 6, whereas the

165



B.2 Alternative trimer patterns

0 10 20 30 40 50 60
0.89

0.9

0.91

0.92
H

lo
ca

l

nn bond nr.

0 10 20 30 40 50 60

0.1

0.2

0.3

H
lo

ca
l

nnn bond nr.

Figure B.2: The nearest neighbor bond energies (upper plot) exhibiting a period

6 (θ = π/4, J2/J1 = 10) instead of a period 3 as for small values of J2/J1. The

same holds for the next-nearest neighbor bond energies (lower plot).

Figure B.3: Alternative trimerization for J2/J1 >> 1, which however vanishes in

the thermodynamic limit.

trimerization, where the trimers on the lower chain are shifted by one site to the

right would exhibit a period 3. The latter case corresponds to the trimerization

presented in Ref. [135], based on a model including four site interaction terms.
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Appendix C

Appendix to chapters 4 and 5

C.1 Higher order scheme

The primitive approximation suffers from a bad scaling of the discretization error

with imaginary time step size (O(∆τ)). In this section we introduce the O(∆τ 4)

scheme from Ref. [220], which is based on the following factorization of the

Hamiltonian:

e−2∆τĤ = e−∆τV̂e/3e−∆τT̂ e−4∆τV̂m/3e−∆τT̂ e−∆τV̂e/3 +O(∆τ 5), (C.1)

with V̂e and V̂m given by

V̂e = V̂ +
αλ∆τ 2

3

N∑
j=1

(∂jV̂ )2, (C.2)

V̂m = V̂ +
(1− α)λ∆τ 2

6

N∑
j=1

(∂jV̂ )2. (C.3)

α is a constant which can be chosen arbitrarily in the interval [0, 1]. To simplify

the scheme we choose α = 0, since in this case V̂e = V̂ . The inter-action becomes

Umo =
N∑

i=1

2∆τ

3
V (rrri,mo) (C.4)

Ume =
N∑

i=1

4∆τ

3

[
V (rrri,me) +

λ∆τ 2

6

N∑
j=1

(∂jV (rrri,me))
2 ,

]
(C.5)

where we distinguish between even me and odd mo time slices. While the factor-

ization (C.1) is of order ∆τ 5, the final scheme is of order ∆τ 4 since we consider
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C.1 Higher order scheme

M = β/∆τ time slices. An example of the convergence in the number of time

slices is shown in Fig. C.1.

0 500 1000 1500

−170

−160

−150

−140

−130

−120

# time slices

E
/N

10
−3

10
−2

10
−4

10
−3

10
−2

10
−1

10
0

∆ τ

re
la

tiv
e 

er
ro

r

Figure C.1: Convergence of the energy per particle with the number of time slices

with the O(∆τ 4) discretization scheme, for a system with 30 4He particles on a

graphite substrate. We typically use an imaginary timestep of ∆τ = 1/300K−1,

where the relative error is of order ≈ 0.3%.
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