
ETH Library

On the modeling of molecular
mixing in turbulent flows

Doctoral Thesis

Author(s):
Meyer, Daniel Werner

Publication date:
2008

Permanent link:
https://doi.org/10.3929/ethz-a-005594003

Rights / license:
In Copyright - Non-Commercial Use Permitted

This page was generated automatically upon download from the ETH Zurich Research Collection.
For more information, please consult the Terms of use.

https://doi.org/10.3929/ethz-a-005594003
http://rightsstatements.org/page/InC-NC/1.0/
https://www.research-collection.ethz.ch
https://www.research-collection.ethz.ch/terms-of-use






DISS. ETH NO. 17639

MIXING IN TURBULENT FLOWS 

A dissertation submitted to 

ETH ZURICH 

for the degree of 

Doctor of Sciences 

presented by 

DANIEL WERNER MEYER-MASSETTI

Dipl. Masch. -Ing. ETH/HTL
 

born on June 27, 1974

citizen of Meggen LU and Aristau AG (Switzerland) 

accepted on the recommendation of 

Prof. Dr. Patrick Jenny 
Prof. Dr. Wolfgang Polifke 

ON THE MODELING OF MOLECULAR

2008 





Abstract

In turbulent reactive flows, the contributions of the chemical reactive source
terms in the species and energy conservation equations influence not only the
distribution of the different chemical compounds but also, through density
effects, greatly the flow field. Conventional simulation approaches (RANS or
LES) for such flows have the major drawback that these highly non-linear
terms appear only in an averaged or filtered and thus unclosed form. Al-
ternatively, a transport equation for the joint probability density function
(PDF) of the relevant flow and composition field quantities can be derived
and numerically solved. Here, the chemical source terms appear in closed
form. Since the PDF contains most often no multi-point statistics, the ef-
fect of molecular or thermal diffusion, which would require joint information
about the compositions and their gradients, is modeled by a so-called mixing
model. Even though research in this field started decades ago and significant
progress has been made, there is still room for improvement. The numerous
physical properties of molecular diffusion such as linearity or boundedness
are difficult to deal with. Furthermore, in both premixed and non-premixed
combustion applications, the strong interplay between chemical reaction and
molecular diffusion in or near flame fronts is challenging to model. In numer-
ical simulations, these are usually not resolved. In the present work, PDF
method issues are addressed. The focus is among other aspects on the de-
velopment of an accurate and efficient mixing model. The proposed model
is based on an idealization of the scalar field in the form of an ensemble
of one-dimensional scalar profiles. An assumption about the shape of these
profiles is made which leads to a simple parameterization. The dynamics
of the unresolved diffusive scalar-field lengthscales are modeled by calculat-
ing the temporal evolution of the parameterized scalar profiles (PSP). The
resulting mixing model is validated and generalized to cope with inhomoge-
neous multi-scalar mixing scenarios. Finally, it is shown that the PSP model
provides a framework to integrate chemical reactions and molecular diffusion
into one single model.





Zusammenfassung

Die chemischen Quellterme in den Energie- und Stofferhaltungsgleichungen
sind von zentraler Bedeutung bei der Behandlung von turbulenten, reaktiven
Strömungen. Einerseits verändern diese die lokalen Stoffkonzentrationen, und
andererseits können diese über Dichteänderungen das Strömungsfeld beein-
flussen. In konventionellen Lösungsansätzen wie RANS oder LES treten diese
stark nichtlinearen Terme in gemittelter oder gefilterter Form auf und sind
daher nicht geschlossen. Eine Alternative zu diesen Ansätzen stellen die PDF-
Methoden dar. Hier wird eine Transportgleichung für die mehrdimensionale
Wahrscheinlichkeitsdichtefunktion oder auf englisch “joint probability densi-
ty function” (PDF) der relevanten Strömungs- oder Skalarfeldgrössen gelöst.
Der chemische Quellterm tritt hier in geschlossener Form auf. Da die PDF
allerdings meist nur Einpunktstatistiken repräsentiert, muss der molekulare
Mischungsterm, welcher gemeinsame Statistiken von Skalar und Skalargradi-
enten benötigt, mittels eines sogenannten Mischungsmodells geschlossen wer-
den. Obwohl schon seit Jahrzehnten auf diesem Gebiet Forschung betrieben
wird und grosse Fortschritte gemacht wurden, gibt es immer noch Verbes-
serungspotential. Erschwerend sind hier die zahlreichen physikalischen Ei-
genschaften der molekularen Diffusion wie beispielsweise Gebundenheit oder
Linearität. In Anwendungen mit vorgemischter wie auch nicht vorgemischter
Verbrennung ist weiter die starke Interaktion zwischen chemischer Reaktion
und molekularer Diffusion in der Umgebung der Flammenfront erschwerend.
Diese wird üblicherweise in numerischen Simulationen nicht aufgelöst. In der
vorliegenden Arbeit werden Problemstellungen in PDF-Methoden betrachtet.
Der Schwerpunkt liegt dabei auf der Entwicklung eines genauen und effizien-
ten Mischungsmodells. Das entwickelte Modell basiert auf einer Idealisierung
des Skalarfeldes in der Form einer Menge von eindimensionalen Skalarprofi-
len. Eine Annahme zur Form einzelner Profile führt auf eine einfache Parame-
trisierung. Durch die Berechnung der zeitlichen Entwicklung der parametri-
sierten Skalarprofile (PSP) kann die Dynamik der nichtaufgelösten diffusiven
Skalarlängenskalen modelliert werden. Das sich ergebende Mischungsmodell
wurde validiert und verallgemeinert, um es zur Simulation von inhomogenen
Mehrskalarproblemen anwenden zu können. Schliesslich wird gezeigt, dass
das PSP-Modell ein Rahmenwerk zur Integration von chemischer Reaktion
und molekularer Diffusion innerhalb eines einzigen Modells liefert.
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1 Preface

Turbulent transport and mixing are important in many flows and relevant
in disciplines such as biology, geosciences or chemical engineering. In biol-
ogy for example, certain silkworm moths can fly a distance of several miles
following a sex pheromone trail produced by a female. As depicted on the
cover, males have large antennas with which they can sense single pheromone
molecules [72]. Consequently not only turbulent transport but also molecu-
lar diffusion is important for the reproduction of these animals. With regard
to engineering applications, the design of efficient mixing protocols1 for low
Reynolds and high Schmidt number flows (Re < 1 and Sc � 103) is an ac-
tive research area. The Schmidt number is the ratio between viscous and
molecular diffusion2, Sc ≡ ν/Γ. In these flows, the deformation of material
surfaces is investigated by the use of mathematical tools such as linked twist
maps (LTM). For further details, the reader is referred to Sturman, Ottino
and Wiggins [76]. An example from daily life which belongs to this category
is the mixing of fruit sirup in yoghurt (figure 1 (a)). Sharp sirup/yoghurt
interfaces occur due to the small influence of molecular diffusion. In combus-
tion applications, molecular and thermal mixing play a central role since they
enable chemical reactions between different compounds. In industry-relevant
configurations, such flows are most often turbulent. Similarly, coffee drinkers
make use of the effects of turbulent and molecular mixing. Here, molecu-
lar diffusion quickly leads to smeared interfaces as is shown in figure 1 (b).
The Reynolds number in this flow is approximately 2’000 and the Schmidt
number is 500.

To investigate the nature of turbulent flows including molecular or ther-
mal diffusion, mixing in simplified scenarios is studied with the help of direct
numerical simulations (DNS); e.g., mixing of different scalars3 with or with-
out mean scalar gradients in homogeneous isotropic turbulence (Eswaran

1The term “protocol” refers here to a certain pathway followed, e.g., by a rod.
2Similarly the Prandtl number Pr is the ratio between the viscous and the thermal

diffusivity.
3For temperatures and chemical compositions the generic term “scalar” is used.
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(a)

(b)

Figure 1: Mixing in everyday life: (a) fruit sirup in yoghurt, (b) cream in
coffee.
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and Pope [14], Juneja and Pope [31] and Schumacher, Sreenivasan and Ye-
ung [73]). Analogous to turbulence research, modeling concepts like the
lengthscale cascade are adopted to describe the dynamics of the scalar field.
General reviews about mixing of scalars in turbulent flows are given by
Warhaft [82], Shraiman and Siggia [75]. In chapter 3 of [19], Fox presents
work on the statistical description of turbulent mixing including a model for
the scalar energy spectrum. During a turbulent mixing process, scalar inter-
faces are continuously stretched and folded, and small-scale scalar structures
involving high concentration gradients are formed (figure 1). Depending on
the Schmidt number, i.e., Sc ≥ 1, the smallest lengthscales are typically of
the same order or smaller than those of the flow field. At these small scales,
molecular diffusion becomes dominant and scalar fluctuations are reduced
locally. Moreover, in high Reynolds number flows (e.g., ReL = 37’500 or
equivalently Reλ = 500) where the smallest scalar scales have already de-
veloped, the energy containing scalar lengthscales are much larger than the
diffusive ones. Consequently, the rate of the previously sketched diffusion
process is governed by the generation of small-scale scalar gradients through
turbulence (lengthscale cascade) and becomes independent of the molecular
diffusivity [19, 61].

In turbulent flow fields, despite the similarities between velocity and scalar
statistics, there are as well important differences. E.g., in experiments and
DNS with a mean scalar gradient, the gradient remains imprinted down to
the smallest scales which gives evidence for local anisotropy [50, 75, 82].
Furthermore, multiple scalars can diffuse with different rates due to differing
diffusion coefficients. This behavior is called differential diffusion [31, 89].
The importance of differential diffusion becomes more apparent if reactive
flows are considered: here, the reaction rates depend strongly on the local
compositions and may influence the large scale flow field due to thermal
effects (e.g., figure 5 in Pope [57]). These mechanisms act in a non-universal
manner at the smallest diffusive scales. In most numerical simulations of
industry relevant problems, however, these lengthscales cannot be resolved.
Therefore, modeling reaction and molecular diffusion is a challenging task,
comparable to turbulence modeling in terms of complexity. Turbulence, by
contrast, has a certain universality at the smallest flow field scales.

This work consists of three parts followed by several appendices. The first
part provides an introduction to the different numerical approaches such as
Reynolds averaged Navier–Stokes (RANS) and large eddy simulation (LES)
that are used for the simulation of turbulent reactive flows. The emphasis
is, however, on probability density function (PDF) methods4 pioneered by

4The following definition of the term “PDF method” is provided by Pope at the end of
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Pope [55]. Compared to RANS and LES, these methods have the striking
advantage that the highly non-linear chemical source term in the scalar con-
servation equation appears in closed form. Most PDF methods, however,
share with RANS and LES a lack of information on molecular diffusion. So-
called mixing models are used in the PDF context to resolve this deficiency.
The introduction about RANS, LES and PDF methods is followed by the
presentation of general and consistent inflow and outflow boundary condi-
tions for PDF methods. During the preparation of this thesis, it was found
that the boundary conditions available in the literature are not as general as
expected. Furthermore, the work on improved boundary conditions, which
was recently published in the Journal of Computational Physics [40], is very
well suited to provide an in-depth outline of the main concepts of transported
PDF methods.

The second part of this work starts with a review of the progress that
has been made in this field. Compared to RANS and LES very similar if
not the same modeling approaches can be used. Different mixing models
including the newly developed parameterized scalar profile (PSP) mixing
model are presented. Their advantages and disadvantages are compared and
their predictions are validated for challenging test cases. All test cases are
established and well documented benchmarks which are commonly used in
the literature to test mixing models. The first ideas that led to the PSP
mixing model were presented in 2004 at the Tenth European Turbulence
Conference in Trondheim [38]. A publication in Physics of Fluids followed
where a multi-scalar PSP model was outlined [39]. A review paper about
the most widely used mixing models including extensions of the PSP model
for spatially inhomogeneous mixing was recently resubmitted to Physics of
Fluids [43].

The third part deals with some extensions of the PSP methodology which
are of special value for reactive scalars. In 1990, Pope [57] proposed a simulta-
neous treatment of chemical reaction and molecular diffusion. However, only
limited progress has been made since, due to paramount difficulties in both
areas. A single-scalar PSP model is presented which provides very accurate
joint scalar–scalar dissipation rate statistics. The combination of this model
with a flamelet approach closely integrates the effects of molecular diffusion
and chemical reaction for non-premixed combustion applications involving
thin reaction zones. Research articles about these extensions were recently
submitted [41, 42].

To keep the notation in this work as simple as possible, conservation

section 2.1 in [59]: “By definition, in a PDF method, a PDF (or joint PDF) in a turbulent
flow is determined as the solution of a modeled evolution equation.”
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or transport equations are written in their incompressible forms. However,
the compressible counterparts are available and are mentioned where appro-
priate. All algorithms and models presented in this work are applicable to
compressible cases as well. For completeness, another contribution of Jenny,
Tchelepi and Meyer [30] shall be mentioned. Here, the transported PDF
methodology was applied to the quantification of uncertainty in the context
of subsurface flow in porous media.

I am especially grateful to two persons for their help in the preparation
of this thesis. At the beginning of this work, my supervisor Prof. Dr. Patrick
Jenny provided me with an interesting and fruitful project outline. His guid-
ance made the start for me as easy as possible. Later he gave me the free-
dom to develop my own ideas, but was always there with good advice and
unremitting support both on a professional and a personal level. I would
like to express as well my profound gratitude to my beloved wife. Her con-
stant love through all these years of my education gave me the peace of mind
necessary to focus on abstract questions like the ones treated in this work. Fi-
nally, I would like to acknowledge the financial support of the Swiss National
Science Foundation (SNF) and the Eidgenössische Technische Hochschule
(ETH) Zürich.





Part I

Probability density function
(PDF) methods





2 Different simulation approaches

Even though direct numerical simulation (DNS) provides important physi-
cal insights in the form of high fidelity flow data, the applicability to flows
involving complex geometries at elevated Reynolds numbers is very limited.
Mainly three different numerical approaches are used for the simulation of
turbulent mixing and chemical reaction in engineering applications.

2.1 Reynolds averaged Navier–Stokes (RANS)

In Reynolds averaged Navier–Stokes (RANS) simulations, transport equa-
tions of statistically averaged quantities like the mean flow velocity 〈U〉 and
the mean scalar vector 〈φ〉 are solved. Here, the scalar vector is defined as
φ ≡ (φ1, . . . , φα, . . . , φns)

T , where ns is the number of scalars. The averaged
Navier–Stokes equations are

∂〈Ui〉
∂t

+ 〈Uj〉
∂〈Ui〉
∂xj

= ν∇2〈Ui〉 −
∂〈uiuj〉
∂xj

− 1

ρ

∂〈p〉
∂xi

(1)

(equation (4.40) in Fox [19]) and the conservation equation of the scalar
component φα

∂〈φα〉
∂t

+ 〈Uj〉
∂〈φα〉
∂xj

= Γ(α)∇2〈φα〉 −
∂〈ujφα〉
∂xj

+ 〈Sα(φ)〉 (2)

(equation (3.88) in Fox [19]), where in the molecular diffusion term, brackets
are used in one subscript to suppress the Einstein summation convention.
In the equations (1) and (2), t is the time, xi a spatial coordinate, ν the
kinematic viscosity, ρ the density, p the pressure, and Γα the molecular or
thermal diffusion coefficient of the scalar component with index α. The
Reynolds-stresses 〈uiuj〉 in equation (1) with ui ≡ Ui−〈Ui〉 and the turbulent
scalar fluxes 〈ujφα〉 in equation (2) require a closure model. Most often,
turbulent-viscosity and gradient-diffusion models of varying complexity are
applied.
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Furthermore, the highly non-linear chemical source term

〈Sα(φ)〉 =
∫
Sα(ψ)f(ψ;x, t) dψ (3)

is most difficult to close. Its exact determination requires the knowledge of
the joint scalar PDF f at every point ψ in sample space. Here, the sample
space or more precisely the scalar space is spanned by all physically possible
values of the scalar vector φ. Here and from now on, the integral operator
indicates integration over the whole corresponding space. A common ansatz
in presumed PDF methods is to make assumptions about the shape of the
scalar PDF and then solve additional moment equations. E.g., for a beta
PDF, the first two moments fully determine the scalar PDF. In a limiting
case, where the timescales of the chemical reactions are much larger than the
ones of turbulent mixing, the scalar PDF quickly collapses due to molecular
mixing to a multi-variate delta function and we have 〈Sα(φ)〉 ≈ Sα(〈φ〉).

More generally, in composition PDF methods, a transport equation for
f(ψ;x, t) is formulated,

∂f

∂t
+(∇· 〈U〉)f +∇· (f〈u|ψ〉) = − ∂

∂ψα

(
f
〈
Γ(α)∇2φα

∣∣∣ψ〉)− ∂

∂ψα
[fSα(ψ)],

(4)
(equation (6.27) in Fox [19]) and typically solved with a Lagrangian par-
ticle method. Details about the derivation of such PDF transport equa-
tions and the corresponding particle evolution equations will be provided
in section 3. The average source term 〈Sα(φ)〉 can then be evaluated ac-
cording to equation (3) without closure assumptions. However, mixing due
to turbulent convection and molecular diffusion requires modeling. The
latter appears in the PDF transport equation as the conditional average
〈Γ(α)∇2φα|ψ〉 = 〈Γ(α)∇2φ′α|ψ〉 + Γ(α)∇2〈φα〉 with the molecular diffusivity
Γα, the scalar fluctuation φ′α ≡ φα − 〈φα〉, and the averaging operator 〈 · 〉.
The first term on the right hand side of this decomposition is often referred
to as micromixing and accordingly closure models are called mixing models.

2.2 Joint velocity–composition PDF methods

With the same methodology that is used for the derivation of the composition
PDF transport equation one can derive an equation for the joint velocity–
composition PDF f(V,ψ;x, t),

∂f

∂t
+ Vi

∂f

∂xi
= − ∂

∂Vi

(
f
〈

DUi
Dt

∣∣∣∣V,ψ〉)− ∂

∂ψα

(
f

〈
Dφα
Dt

∣∣∣∣∣V,ψ
〉)
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=
1

ρ

〈p〉
∂xi

∂f

∂Vi
− ν∇2〈Ui〉

∂f

∂Vi
− Γ(α)∇2〈φα〉

∂f

∂ψα

− ∂

∂Vi

(
f

〈
ν∇2ui −

1

ρ

p′

∂xi

∣∣∣∣∣V,ψ
〉)

− ∂

∂ψα

(
f
〈
Γ(α)∇2φ′α

∣∣∣V,ψ〉)− ∂

∂ψα
[fSα(ψ)], (5)

where V is the sample space vector of the velocity U. As can be seen
from equation (5), this derivation is directly based on the Navier–Stokes
and scalar conservation equations. Here, not only the chemical source term
but also convective turbulent transport (last and second term in equation (5),
respectively) appear in closed form (section 3.5 in Pope [55]).

For the effects of the fluctuating viscous stresses and the fluctuating pres-
sure gradients (fourth term on the right hand side of equation (5)) various
models were proposed including the simplified, the generalized and the re-
fined Langevin models, all reviewed by Pope in section 5 of [59]. Here, a
turbulence timescale is required to close these models and consequently the
velocity–composition PDF is usually augmented by a turbulence frequency ω.
Suitable models for ω are summarized by Pope in section 12.5 of [62].

By multiplying the PDF transport equation (5) by V or ψ and inte-
grating over the sample space, the Reynolds averaged equations (1) and (2),
respectively, can be derived. In addition to the high level of closure, joint
velocity–composition PDF methods provide much more statistical informa-
tion compared to moment closure models. However, like in joint composition
PDF methods, a model is required for the closure of the molecular mixing
term, which involves 〈Γ(α)∇2φ′α|V,ψ〉. In low Mach number compressible
flows, a transport equation for a density weighted PDF called mass density
function (MDF) is solved (equation (3.59) in Pope [55]). More details about
this will be provided in section 3.4. Jenny et al. [28, 29] have developed and
validated an efficient MDF simulation algorithm which is based on a hybrid
approach. Here, the RANS equations are solved together with an MDF equa-
tion for the joint statistics of the fluctuating velocity, the compositions and
the turbulence frequency. In the solution algorithm, a finite volume scheme
is combined with a Lagrangian particle method.

2.3 Large eddy simulation (LES)

Due to the continuous increase in computer power, large eddy simulations
(LES) of reactive flows become more and more popular. Instead of taking
the ensemble average of the Navier–Stokes equations (to obtain the RANS
equations) spatial filtering is applied, which leads, however, to similar closure
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problems [19, 62]. The filtered velocity field U consists of the flow-dependent
non-universal lengthscales and the filtered Navier–Stokes equations are

∂U i

∂t
+ U j

∂U i

∂xj
= ν∇2U i −

∂τ rij
∂xj

− 1

ρ

∂p̃

∂xi
, (6)

with the anisotropic residual stress tensor

τ rij ≡ UiUj − U iU j − 1
3
(UkUk − UkUk)δij (7)

and the modified filtered pressure p̃ ≡ p + 1
3
(UkUk − UkUk). The filtered

scalar conservation equations are

∂φα
∂t

+ U j
∂φα
∂xj

= Γ(α)∇2φα −
∂τ rαj
∂xj

+ Sα(φ), (8)

with the residual scalar flux

τ rαj ≡ Ujφα − U jφα. (9)

These are the equations (4.21) and (4.31) in Fox [19]. Similar to RANS,
the terms UiUj and Ujφα in τ rij and τ rαj, respectively, need to be quantified
by so-called subgrid-scale (SGS) models. Often similar modeling concepts
as those mentioned in section 2.1 for RANS are used. With regard to the
velocity field, this modeling task is, however, somewhat simpler compared
to RANS, since the unresolved scales are universal in the sense that they no
longer depend on the large energy-containing scales.

With respect to the closure of the filtered chemical source term, mainly
two approaches are used. In the linear eddy model (LEM) proposed by
Kerstein [32], the unresolved subgrid scales are modeled by solving a one-
dimensional reaction–diffusion problem in every LES grid cell. Since all
chemistry and diffusion lengthscales are resolved, this approach is compu-
tationally expensive (section 4.3 of Fox [19]). Alternatively, Colucci et al. [9]
outlined an approach based on a filtered density function (FDF). The FDF
contains information about the scalar distribution in the filter volume at any
point in the computational domain. An FDF transport equation was de-
rived where the chemical source term appears in closed form (equation (25)
in [9]). Since the FDF and the PDF have similar properties and since their
transport equations have a similar structure, the FDF equation can be solved
with a similar stochastic particle method. Likewise, the same mixing models
seem to be applicable [67, 68]. Therefore and in agreement with a very re-
cent comment by Raman on page 1719 of [67], mixing models developed for
transported PDF methods are relevant for LES in connection with FDFs.



3 Foundation of transported PDF methods

After having briefly visited the different numerical solution approaches for
turbulent reactive flows, we focus henceforth on transported PDF methods.
In this section, the basic ideas behind this methodology will be explored.
Although the dynamics of turbulent flows can exactly be described by the
Navier–Stokes equations, slight variations of the boundary or initial condi-
tions are amplified by turbulence, leading to different flow fields. Mostly, one
is not interested, however, in one specific flow field but rather in a statistical
statement about the flow under consideration. Consequently, it is reasonable
to consider flow properties as random variables. Perhaps the most rigorous
approach in that sense are transported probability density function (PDF)
methods. Additionally, as was already shown in section 2, PDF methods
have properties which make them very attractive for the application to tur-
bulent reactive flows [64]. On the other hand, conditional averages of spatial
derivatives, e.g., molecular mixing, need to be modeled. In the PDF model-
ing framework, such closure problems can be addressed from an Eulerian or
a Lagrangian viewpoint. The PDF transport equation, as will be provided
in section 3.1, is formulated in an Eulerian reference system [19, 55]. It is
solved, however, with Lagrangian methods using particles whose evolution
is described by stochastic differential equations (SDEs). In section 3.2, the
link between the Eulerian and the Lagrangian PDF transport equations is
outlined. Here, mass conservation plays an important role and leads to a
condition for the marginal particle position PDF. Details about the relation
between the Lagrangian PDF transport equation and the SDEs are provided
in section 3.3.

3.1 Eulerian PDF transport equation

Based on the momentum conservation equation, a transport equation for the
joint velocity PDF f(V;x, t) can be derived. Here, V is the sample space
vector of the velocity field U(x, t), x the position in physical space and t
the time. The PDF f(V;x, t) is called an Eulerian PDF, since it is given at
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specific positions x; the semi-colon is used to indicate that f is a density with
respect to V. Pope (section 3.5 of [55]) and Fox (section 6.2 of [19]) present
a derivation method for joint PDF transport equations, which is based on
two different forms of 〈∂Q/∂t〉. Here, 〈 · 〉 denotes an expectation and Q is a
velocity- or composition-dependent quantity. A second derivation approach
is outlined by Pope in appendix H of [62] which is based on fine-grained
PDFs leading to

∂f

∂t
+ Vi

∂f

∂xi
= − ∂

∂Vi

(
f
〈

DUi
Dt

∣∣∣∣V〉)
=

1

ρ

∂〈p〉
∂xi

∂f

∂Vi
− ∂

∂Vi

(
f

〈
ν∇2Ui −

1

ρ

∂p′

∂xi

∣∣∣∣∣V
〉)

. (10)

This is the transport equation for the Eulerian joint velocity PDF f(V;x, t)
for incompressible flows. Here, on the second line, the substantial derivative
of the velocity component Ui in the conditional average was replaced by
the corresponding expression from the Navier–Stokes equations, where the
pressure p(x, t) was decomposed into an average part 〈p〉 and a random,
fluctuating part p′. The average pressure 〈p〉 can be calculated by solving a
Poisson equation using the statistics provided by f(V;x, t). The last term
in equation (10), however, cannot be evaluated from the one-point PDF
f(V;x, t) since this term involves conditional spatial derivatives requiring
multi-point information. Using the simplified Langevin model (SLM) for the
closure of this term, which is just one possible approach, we obtain

∂f ∗

∂t
+ Vi

∂f ∗

∂xi
=

1

ρ

∂〈p〉
∂xi

∂f ∗

∂Vi

+(1
2

+ 3
4
C0)

ε

k

∂

∂Vi
[f ∗(Vi − 〈Ui〉)] + 1

2
C0ε

∂2f ∗

∂Vi∂Vi
(11)

from equation (10). This is a model transport equation for the Eulerian
velocity PDF f ∗(V;x, t), where C0 is a model constant and ε the dissipation
rate of the turbulent kinetic energy k. Moreover, ε and k are averaged
quantities. The modeled PDF f ∗(V;x, t) is an approximation for f(V;x, t).

3.2 From the Eulerian to the Lagrangian PDF equa-
tion

If, in addition to momentum transport, transport of different scalars is taken
into account, the transport equation (5) for the PDF f(V,ψ;x, t) has to be
solved. Since f(V,ψ;x, t) depends on a large number of variables, standard
techniques (e.g., finite volume methods) are inappropriate because of their
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high computational cost as was shown by Pope [54]. Most often, particles
are used to solve such PDF transport equations. Therefore, a Lagrangian
viewpoint is adopted, where X+(t,X+

0 ) denotes the position of a fluid particle
at time t that originates from X+

0 at time t0. The fluid particle velocity is

∂

∂t
X+(t,X+

0 ) = U(X+(t,X+
0 ), t) ≡ U+(t,X+

0 ) (12)

and the corresponding Lagrangian probability density function for a given
particle origin fL(V,x; t|x0) is the conditional fluid particle joint velocity–
position PDF. Here, V, x and x0 are the sample space variables of U+,
X+ and X+

0 , respectively. Based on so-called fine-grained PDFs and mass
conservation, Pope derived the relation∫

fL(V,x; t|x0) dx0 = f(V;x, t) (13)

(equation (12.80) in [62]) which connects the Eulerian with the Lagrangian
PDF.

Moreover, mass conservation leads to a consistency condition for the par-
ticle position PDF f(x; t|x0): integration of the fine-grained position PDF
f ′(x; t|x0) ≡ δ(X+(t,x0)− x), expressed as a Dirac δ-function, leads to∫

f ′(x; t|x0) dx0 =
∫
δ(X+(t,x0)− x) dx0

=
∫
δ(X+(t,x0)− x) dX+

= 1. (14)

The second integral could be replaced by an integral over the particle posi-
tions X+, since dx0[(∂X

+)/(∂x0)] = dX+. Here, the factor connecting dx0

and dX+ is the determinant of the Jacobian which is unity for constant den-
sity flows. This is given by equation (2.29) in Pope [62] and can be derived
based on a Lagrangian formulation of mass conservation. With equation (14)
and the well-known relation f(x; t|x0) = 〈f ′(x; t|x0)〉 between the PDF and
the corresponding fine-grained PDF (similar to equation (H.4) in [62]), one
obtains ∫

f(x; t|x0) dx0 = 1. (15)

Rewriting this integral using Bayes theorem and setting f(x; t0) = f(x0) =
1/V , which corresponds to a uniform initial particle position PDF, leads to∫

f(x; t|x0) dx0 =
∫ f(x,x0; t)

f(x0)
dx0

= V
∫
f(x,x0; t) dx0

= Vf(x; t), (16)
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where V is the volume of the flow domain considered. Combining equa-
tions (15) and (16) results in

f(x; t) = 1/V (17)

and therefore, mass conservation used for the derivation of equation (13)
implies that a uniform particle position PDF remains uniform in time. A
corresponding condition for low Mach number compressible flows is given by
equation (3.82) of Pope [55],

f(x; t) = 〈ρ(x, t)〉/W (t), (18)

relating the position PDF to the local average mass density 〈ρ(x, t)〉 and the
overall fluid mass W (t) in the flow domain under consideration.

Using relation (13), which links the Eulerian and the Lagrangian PDFs,
the latter can be derived by replacing the PDF f(V;x, t) in equation (10)
with

∫
fL(V,x; t|x0) dx0. Since the resulting equation holds for arbitrary fL,

one finally obtains the transport equation

∂fL
∂t

= −Vi
∂fL
∂xi

+
1

ρ

∂〈p〉
∂xi

∂fL
∂Vi

− ∂

∂Vi

(
fL

〈
ν∇2Ui −

1

ρ

∂p′

∂xi

∣∣∣∣∣V
〉)

(19)

for the Lagrangian joint velocity–composition PDF. In section 6.7.3 of [19],
Fox developed condition (17) using equation (19): multiplying equation (19)
with f(x0) and integrating over the whole x0-V-space results in

∂f(x; t)

∂t
+

∂

∂xi
[〈Ui|x〉f(x; t)] = 0. (20)

This can be obtained from equation (4.31) in [55] as well for low Mach num-
ber compressible flow. Therefore, if f(x; t0) = 1/V and if the divergence of
〈Ui|x〉 is zero, f(x; t) remains constant for t > t0. The derivation of condi-
tion (17) shown here uses only the conditional position PDF f(x; t|x0) and
mass conservation as a basis, and therefore is more compact than the ap-
proaches by Pope and Fox. Similar as the modeled Eulerian PDF transport
equation (11), the Lagrangian counterpart employing the SLM reads

∂f ∗L
∂t

= −Vi
∂f ∗L
∂xi

+
1

ρ

∂〈p〉
∂xi

∂f ∗L
∂Vi

+(1
2

+ 3
4
C0)

ε

k

∂

∂Vi
[f ∗L(Vi − 〈Ui〉)] + 1

2
C0ε

∂2f ∗L
∂Vi∂Vi

(21)

(equation (34) in Pope [59]) and captures the statistics of model particles
with position X∗(t) and velocity U∗(t) in place of fluid particles. (The La-
grangian like the Eulerian PDF contains no information about multi-point
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statistics and thus requires modeling.) The modeled Eulerian and Lagrangian
equations are linked by the relation∫

f ∗L(V,x; t|x0) dx0 = f ∗(V;x, t) (22)

and mass conservation implies

f ∗(x; t) = 1/V . (23)

3.3 From the Lagrangian PDF transport equation to
SDEs

Next, consistent evolution equations for particles representing f ∗L will be for-
mulated: since the transport equation (21) for f ∗L(V,x; t|x0) is independent
of the initial particle velocity U0 (with sample space coordinates V0) the
PDF f ∗L(V,x; t|x0) in equation (21) can be replaced by f ∗L(V,x; t|V0,x0).
The resulting equation multiplied with f(V0|x0) and integrated over the
whole V0-space again leads to equation (21) for f ∗L(V,x; t|x0). If the ran-
dom vector y ≡ (X∗,U∗)T with the corresponding sample space coordinates
z ≡ (x,V)T , the initial state z0 ≡ (x0,V0)

T , and the PDF p(z, t|z0, t0) are
introduced5, the transport equation for f ∗L(V,x; t|V0,x0) can be written in
the more general form

∂p(z, t|z0, t0)

∂t
= − ∂

∂zi
[Ai(z, t)p(z, t|z0, t0)]

+1
2

∂

∂zi∂zj
{[B(z, t)BT (z, t)]ijp(z, t|z0, t0)} (24)

with

A ≡



V1

V2

V3

−1
ρ
∂〈p〉
∂x1

− (1
2

+ 3
4
C0)

ε
k
(V1 − 〈U1〉)

−1
ρ
∂〈p〉
∂x2

− (1
2

+ 3
4
C0)

ε
k
(V2 − 〈U2〉)

−1
ρ
∂〈p〉
∂x3

− (1
2

+ 3
4
C0)

ε
k
(V3 − 〈U3〉)


and B ≡

√
C0ε

(
O O
O E

)
. (25)

5The transition PDF p should not be confused with the pressure.
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Here, O and E are 3 × 3 zero and identity matrices, respectively. Equa-
tion (24) is a Fokker–Planck (FP) equation and according to section 4.3.5 of
Gardiner [21] the corresponding particle evolution equation is

dy = A(y, t)dt+ B(y, t)dW(t), (26)

where W(t) is a multivariate Wiener process with properties 〈dWi〉 = 0 and6

〈dWi dWj〉 = δijdt. Equation (26) is called a Langevin equation or in more
general terms a stochastic differential equation (SDE). The relation between
the deterministic density evolution equation (24) and the stochastic particle
evolution equations (26) is an important corner stone in the field of stochastic
processes. Substituting equations (25) into equation (26) leads to the system
of SDEs for position and velocity of a model particle, i.e.,

dX∗
i = U∗

i dt = (〈Ui|X∗〉+ u∗i ) dt (27)

and

dU∗
i = −1

ρ

(
∂〈p〉
∂xi

)
X∗

dt− (1
2

+ 3
4
C0)

ε(X∗)

k(X∗)
(U∗

i − 〈Ui|X∗〉) dt

+
√
C0ε(X∗) dWi(t), (28)

respectively. Although model particles7 evolve along different paths in sample
space than fluid particles, the evolution of the PDFs coincide if f ∗L is mod-
eled consistently. Pope [55] distills this down to the short sentence: “Many
different systems of particles evolve with the same PDF”.

Repeating these steps with the transport equation (5) of the Eulerian
joint velocity–composition PDF f(V,ψ;x, t) and averaging the correspond-
ing Lagrangian equation over velocity sample space finally leads to the SDE

dX∗
i = 〈Ui|φ∗,X∗〉 dt = (〈Ui|X∗〉+ 〈ui|φ∗,X∗〉) dt. (29)

for the particle position X∗. This SDE can be used in the context of trans-
ported joint composition PDF methods (section 2.1). Like in equation (27),
a deterministic and a random term are present. A model for the unclosed
random term in equation (29) involving a Wiener process is presented in
equation (7.27) of Fox [19].

6Here, dt is included to make the autocorrelation timescale of the random process
independent of the time step.

7often also called stochastic or notional particles
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3.4 Summary

Lets summarize: initially, an Eulerian PDF transport equation (10) obtained
from a conservation law (here, the Navier–Stokes equations) was presented.
A numerical solution of such an equation with standard methods can only be
obtained for low-dimensional PDFs. By introducing fluid particles and rela-
tion (13), the Eulerian equation can be translated into the Lagrangian PDF
transport equation (19). Since not all terms in the Lagrangian equation can
be estimated from the one-point PDF, a closure model is required leading to
a Lagrangian model transport equation. For example, using the SLM results
in equation (21), which can be written as the FP equation (24). Finally,
from the Langevin equation (26) the model-particle evolution equations (27)
and (28) are obtained.

Now, a large number of model particles can be transported numerically
according to these equations. The model particles are uniformly distributed
in physical space at initial time t0 and in order to honor condition (23), they
have to remain uniformly distributed for t > t0. The Eulerian PDF at a
certain location x is then approximately represented by a finite number of
particles near that position. Therefore, in a so-called particle-mesh method,
the physical space is discretized into computational grid cells and within
each of them statistical homogeneity is assumed. From the particle field
statistical moments can be extracted: e.g., the mean of the velocity vector8

〈U|x〉, where x is inside the computational grid cell with index j and volume
V(j), might be estimated as

〈U|x〉V(j) =

∑
X(i)∈V(j) w(i)U(i)

W
, with W ≡

∑
X(i)∈V(j)

w(i). (30)

Here, X(i) and w(i) are the position and weight of the model particle i, re-
spectively, e.g., w(i) = 1.

Due to the finite number of particles in V(j), such estimates are subject
to a so-called statistical error. This is the difference between the estimate
〈U|x〉V(j) and the exact value 〈U|x〉 that would result from an infinitely large
particle ensemble inside V(j). Based on the central limit theorem, this error
can be quantified depending on the ensemble size. Furthermore, if we relax
the assumption about spatial homogeneity, a second deterministic error or
bias comes into play. This is because the estimate involving the finite volume
V(j) is not necessarily equal to the mean at the point x, even for an infinitely
large ensemble. More information about estimating statistical moments is

8Note that 〈U|x〉 = 〈U〉(x).
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given in sections 7.3.4 and 7.4.4 of Fox [19], section 6.7 of Pope [55], or
section 12.6.3 of Pope [62].

It is recognized that stand-alone particle methods require a large number
of particles to reduce the statistical error and to solve the PDF equation
accurately. Therefore, a much more efficient hybrid approach was devised
by Jenny et al. [29] and Muradoglu et al. [44] where a finite-volume solver
providing mean values is coupled with a particle method which delivers fluc-
tuating quantities. For compressible flows, instead of a PDF transport equa-
tion a similar equation for the mass density function (MDF) F(V,ψ;x, t) ≡
ρ(ψ)f(V,ψ;x, t) is solved. Here, for low Mach numbers, the density ρ can
be considered as pressure-independent, being only a function of the chemical
fluid composition and temperature, ρ = ρ(ψ). Moreover, in addition to ve-
locity, position and scalars, each particle represents a mass ∆m attributed to
w(i). More details about MDF methods for low Mach number compressible
flows are provided by Pope [55].

Apart from MDF methods for variable-density flows, unequal particle
weights are also required for computationally efficient PDF methods involv-
ing unequally sized grid cells: to maintain a uniform distribution of the sta-
tistical error in the computational domain, it is preferable to keep the number
of particles per grid cell more or less constant. This is achieved by clustering
particles as they move towards coarser grid regions or by cloning them as
the grid gets finer. More details about these algorithms are available in sec-
tion 7.3.1 of Fox [19]. After setting the stage for transported PDF methods
and highlighting the role of the position PDF f ∗(x; t), we now turn to the
consistent implementation of particle in- and outflow boundary conditions.



4 Particle in- and outflow boundary condi-

tions

In the previous section, we have seen that mass conservation leads to a condi-
tion for the marginal particle position PDF. Implications of this condition for
the Eulerian PDF transport equation are discussed by Pope in [56]. Apart
from the particle transport scheme, which is relevant inside the computa-
tional domain, the consistency condition should be honored by appropriate
in- and outflow boundary conditions. Unfortunately, neither in the contribu-
tions by Pope and coworkers [1, 3, 6, 44] nor in the publications by Lindstedt
and coworkers [25, 34] one can find any details about the particle treatment
at boundaries in joint PDF algorithms. In Welton and Pope [85], however,
where a joint velocity PDF method is combined with smooth particle hydro-
dynamics, the use of particle buffer layers at in- and outflow boundaries is
described. For joint composition PDF methods, Fox presents in section 7.3.3
of [19] an implementation of in- and outflow boundary conditions. Other
work summarized by Gardiner [21] or the more specific paper by Valiño and
Hierro [78] provide a theoretical perspective on boundary conditions in PDF
methods; nevertheless, details about the implementation involving particles
are not provided.

Even though such implementations are hardly discussed in the literature,
the subject is not trivial: for example, it will be shown that in general the
approaches by Welton and Pope, and Fox do not honor the consistency con-
dition mentioned above and may lead to inaccurate results in the vicinity of
in- or outflow boundaries. Furthermore, mass conservation correction algo-
rithms, as developed by Muradoglu et al. [45], Rembold and Jenny [69], or
Zhang and Haworth [90], may hide mass conservation inconsistencies. How-
ever, errors in the joint PDF will remain. In the next few sections, a con-
sistent approach will be presented where moving reflecting walls are used at
in- and outflow boundaries [40]. A slightly different concept was applied by
Werder et al. [86] to molecular dynamics simulations.

Although mainly constant density flow was considered in the previous
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section, the following considerations are also valid for variable density. The
purpose of particle in- and outflow boundary conditions is to supply or remove
particles at open domain boundaries. This should be performed at rates
which are consistent with condition (17) or equation (3.82) of Pope [55]
for low Mach number compressible flows. Otherwise, mass conservation is
violated leading to errors in the particle position PDF f(x; t) as shown in
section 3.2 (equation (20)). For illustration purposes, a one-dimensional
time-independent configuration with f(V ;x, t) = f(V ;x) is considered.

4.1 Outflow boundary condition

At an outflow boundary (x = xb), the mean velocity 〈U |xb〉 points out of the
flow domain. It can be determined by

〈U |xb〉 =
∫ ∞

−∞
V f(V ;xb) dV

=
∫ 0

−∞
V f(V ;xb) dV +

∫ ∞

0
V f(V ;xb) dV (31)

or in a particle method by sampling all model particles that cross the bound-
ary. Here, f(V ;xb) is the Eulerian velocity PDF and in the second step, the
integration was decomposed into the contributions by in- and outflowing par-
ticles represented by the first and second terms, respectively (for 〈U |xb〉 > 0).
In section 7.3.3 of [19], Fox mentions that the outgoing particles can simply
be eliminated. In equation (31), this would correspond to eliminating the first
integral on the second line. Since this integral is negative (V ∈ (−∞, 0]), the
resulting mean velocity becomes too high. Moreover, this leads to a loss of
mass in the vicinity of the boundary and to incorrect statistics, e.g., 〈uu|xb〉.
Although the error remains small if 〈U |xb〉 is much larger than the root mean
square (rms) velocity u′′ of U∗ − 〈U |xb〉, it becomes prominent for small val-
ues of 〈U |xb〉. Therefore, we refer to this approach as “convection dominated
outflow boundary condition”.

For 〈U |xb〉 → 0, the outflow boundary can be replaced by a symmetry or
slip-wall boundary which can be implemented by reflecting the particles at
the boundary. In that case, equation (31) can be written as

〈U |xb〉 =
∫ ∞

0
(−V )f(V ;xb) dV +

∫ ∞

0
V f(V ;xb) dV = 0. (32)

The frequency interpretation of equation (32) for np particles crossing the
boundary from inside the domain is

〈U |xb〉2np =
1

2np

( np∑
i=1

(−U (i)) +
np∑
i=1

U (i)

)
= 0, (33)
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x0=xb-〈U|xb〉Δt
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Figure 2: Particle reflection at moving-wall outflow boundary. The shaded
area represents the flow domain and the thick line the moving wall.

where the first and second sums correspond to the reflected (inflowing) and
outflowing particles, respectively. For 〈U |xb〉 > 0, an appropriate outflow-
boundary implementation, which is not restricted to high 〈U |xb〉, is based on
a reflecting wall moving with the velocity 〈U |xb〉. In the moving reference
frame, the velocity of model particle i is W (i) ≡ U (i) − 〈U |xb〉. Replacing
U (i) in equation (33) by W (i) and adding 〈U |xb〉 leads to the corresponding
equation for the moving reflecting wall in the stationary reference frame

〈U |xb〉 =
1

2np

( np∑
i=1

(−W (i)) + 2np〈U |xb〉+
np∑
i=1

W (i)

)

=
1

2np

( np∑
i=1

(−U (i) + 2〈U |xb〉) +
np∑
i=1

U (i)

)
. (34)

In the second step, U (i) − 〈U |xb〉 was substituted for W (i). The first sum
on the second line of equation (34) represents the reflected particles. If this
moving wall is located at x = x0 = xb−〈U |xb〉∆t at t = t0, it will be at x = xb
after the time interval ∆t. To make sure that the velocity of the moving wall
is consistent with the mean flow velocity, we require that 〈U |x〉 = 〈U |xb〉 in
the interval x ∈ [x0, xb]. Higher order methods where 〈U |x〉 is varying within
[x0, xb] are conceivable. More details for a linearly varying mean velocity
are given in the appendix A. A particle trajectory in the vicinity of such a
moving-wall outflow boundary is sketched in figure 2. This outflow boundary
concept results in an average particle flow with velocity 〈U |xb〉 across the
boundary, honoring the consistency condition discussed in section 3.2. The
influence on 〈U |xb〉 by the particles behind the moving wall (at x > x0 for
t = t0) is represented in equation (34) by the reflected particles in front of
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x0=xb-〈U|xb〉Δt
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Figure 3: Particle reflection at moving-wall inflow boundary. The shaded
area represents the flow domain and the thick line the moving wall.

the wall (at x < x0 for t = t0). Therefore, the particles behind the wall can
be eliminated at t0. The particles that moved out of the domain during the
time interval ∆t are reflected back into the domain according to

X(i) → xb − (X(i) − xb)

U (i) → 〈U |xb〉 − (U (i) − 〈U |xb〉). (35)

Although the previous derivations were made for 〈U |xb〉 > 0, the map-
ping (35) also applies to outflow boundaries with 〈U |xb〉 < 0. Moreover,
the presented approach can be employed for time-dependent problems, pro-
vided the time step ∆t is small enough.

4.2 Inflow boundary condition

4.2.1 Moving-wall inflow boundary condition

Analogously, the concept outlined in the previous section is applicable to
inflow boundary conditions. Here, the mean velocity 〈U |xb〉 is specified at the
inflow boundary (x = xb) and is pointing into the flow domain as sketched in
figure 3 for 〈U |xb〉 > 0. Other than at outflow boundaries, new particles have
to be supplied at t = t0 within the interval [x0, xb]. Hereby, it is important
that the particle density is consistent with the one specified at the inflow.
Moreover, the statistics of other particle properties (e.g., of U∗ and φ∗) have
to be in agreement with the specified joint PDF. As sketched in figure 3,
particles crossing the moving wall during the time interval ∆t are reflected
back into the flow domain according to the same mapping (35) as for the
outflow boundary.
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4.2.2 Convection dominated inflow boundary condition

In section 7.3.3 of [19], Fox describes a different inflow boundary condition
implementation for joint composition PDF methods: during the time interval
∆t, nf new particles with indices i ∈ [1, nf ] are fed into the domain, where nf
is chosen such that mass conservation is fulfilled. As in the case of slip-wall
boundary conditions, the np particles with indices i ∈ [nf + 1, nf + np] that
would have scattered outside the domain are reflected back into the domain.
If we apply this formulation in the joint velocity–composition or joint velocity
PDF context, the mean velocity at the boundary becomes

1

2np + nf

 nf∑
i=1

U (i) +
nf+np∑
i=nf+1

U (i) +
nf+np∑
i=nf+1

(−U (i))


=

nf
2np + nf

〈U |xb〉nf
. (36)

Here, the correct mean velocity 〈U |xb〉 is honored only if nf or np are zero,
which corresponds to 〈U〉/u′′ = 0 or u′′/〈U〉 = 0, respectively.

In joint composition PDF methods, the particles are transported as given
by equation (29) or in a more compact form dX∗ = (〈U |X∗〉+ u∗φ) dt, where
〈uφ〉 ≡ 0. Here, no particle boundary condition for the velocity is required.
Therefore, similarly to equation (36) for the average velocity at the boundary

1

2np + nf

 nf∑
i=1

(〈U |xb〉+ u
(i)
φ ) +

nf+np∑
i=nf+1

(〈U |xb〉+ u
(i)
φ )

+
nf+np∑
i=nf+1

(〈U |xb〉 − u
(i)
φ )

 ≈ 〈U |xb〉. (37)

This is equivalent to what we obtain from the moving-wall boundary in the
joint composition PDF context.

4.2.3 Reassigning particle velocities

Regarding mass conservation, the inflow boundary implementation that was
presented in section 4.2.1 is consistent. In joint velocity–composition PDF
methods, however, where the marginal velocity PDF f(V ;x, t) exhibits spa-
tial variation in the vicinity of the boundary, it may be necessary to enforce
the prescribed PDF there. This can be achieved by reassigning velocities to
the reflected particles such that the statistics are consistent with f(V ;xb, t).
Note: like at an outflow boundary, the reflected particles represent the parti-
cles which were located behind the moving wall. With a spatially independent
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density and velocity PDF at x < xb, the probability density that a particle
with position x < x0 at time t0 crosses the moving wall during the time
interval ∆t with the velocity V is

fb(V |x) =

{
βf(V ;xb), if [(V − 〈U |xb〉)∆t > x0 − x ∧ x < x0]

0 , else,
(38)

where β is a normalization constant for the PDF. Here, the condition [(V −
〈U |xb〉)∆t > x0 − x ∧ x < x0] implies V > 〈U |xb〉. Then, using Bayes
theorem, the velocity PDF of particles that cross the boundary within ∆t
and starting from any x < x0 is given by

fb(V ) =

{ ∫ x0
−∞ fb(V |x)f(x) dx, if V > 〈U |xb〉

0 , else.
(39)

Since f(x) is uniform for constant density at x < x0 (condition (17)), the
integral can be simplified as∫ x0

−∞
fb(V |x)f(x) dx ∝

∫ x0

−∞
fb(V |x) dx ∝

∫ x0

x0−v∆t
f(V ;xb) dx

∝ vf(V ;xb), (40)

where in the second step the substitution v ≡ V − 〈U |xb〉 was used. With
the normalization condition for PDFs, i.e.,∫ ∞

−∞
fb(V ) dV = 1, (41)

the PDF fb(V ) of the reflected particle velocities is fully determined. For a
Gaussian PDF f(V ;xb) with standard deviation u′′ we finally obtain

fb(v + 〈U |xb〉) =

{
v

(u′′)2
exp

(
− v2

2(u′′)2

)
, if v > 0

0 , else.
(42)

Due to the discrete particle distribution and the wall motion, this is not a
Gaussian PDF: for 〈U |xb〉 = 1 and u′′ = 0.5, the PDF fb(V ) is plotted in
figure 4. The cumulative distribution function (CDF) of the PDF (42) is

Fb(v + 〈U |xb〉) =

{
1− exp

(
− v2

2(u′′)2

)
, if v > 0

0 , else.
(43)

This CDF can be inverted and consequently samples with a consistent PDF
generated according to

U (i)
r ≡

√
2u′′

√
− ln(1− ξ) + 〈U |xb〉, (44)
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Figure 4: PDF of the reflected particle velocity fb(V ) for 〈U |xb〉 = 1m/s
and u′′ = 0.5m/s; (line) equation (42), (symbols) histogram of numerical
experiment with approximately one million samples.

where ξ ∈ [0, 1] is a uniformly distributed random number. The mapping, as
for the pure reflection (35), is then

X(i) → xb −
U (i)
r − 〈U |xb〉
〈U |xb〉 − U (i)

(X(i) − xb)

U (i) → U (i)
r . (45)

First, the particle position is updated (upper line) and second, the velocity is
reassigned (lower line). The expressions (44) and (45) are given for a positive
inflow velocity 〈U |xb〉.

4.3 Particle buffer-layer boundary conditions

Another straightforward approach for the treatment of particles at bound-
aries is to use particle buffer-layers as outlined in Welton and Pope [85]. In
connection with smooth particle hydrodynamics, this approach has the ad-
vantage that statistics can be estimated near the boundaries in the same way
as inside the domain. Nevertheless, similar problems as for the convection
dominated outflow boundary condition occur at both in- and outflow. No
matter how small the time step or how large the size of the layer is chosen,
there is always a tendency that high velocity particles, which scattered out
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of the domain, cannot be fully compensated by incoming particles, because
the buffer layer has only a limited thickness.

4.4 Numerical validation

In the previous section, it was demonstrated that the consistent treatment
of the boundary-surface-normal position and velocity components is essen-
tial for mass conservation. Therefore, one-dimensional configurations with
variable turbulence intensity u′′/〈U〉 are ideal to reveal weaknesses of the
different boundary condition implementations. In the first test case, con-
vected stationary homogeneous turbulence (CSHT) is simulated. Here, by
varying the mean flow velocity, the influence of the turbulence intensity at
the boundaries can be investigated. The second case is similar to decaying
grid turbulence (DGT) involving turbulence intensity gradients at in- and
outflow boundaries. At the inflow, however, much higher turbulence intensi-
ties were used compared to wind-tunnel experiments, e.g., by Comte-Bellot
and Corrsin [10]. Even though the selected test cases are physically very
simple, they very transparently reveal flaws of the boundary condition im-
plementations with almost no other interfering effects.

The buffer-layer boundaries are not validated here, since the performance
depends, as mentioned in section 4.3, strongly on the time-step size and layer
thickness, and therefore results cannot be fully conclusive.

4.4.1 Numerical methods

A one-dimensional joint velocity–frequency PDF solution algorithm was im-
plemented for the simulation of incompressible DGT. This is one of the sim-
plest and most fundamental turbulent flows, which has been studied exten-
sively in wind-tunnel experiments [10]. Typically, turbulence is generated
by a grid. In a frame of reference moving with the mean flow velocity, the
turbulence can approximately be regarded as decaying homogeneous tur-
bulence (sufficiently far away from the grid). Only in the mean flow di-
rection variations of statistical moments have to be considered. We chose
the coordinate system such that 〈U1〉 = 〈U〉 is the only non-zero mean ve-
locity component which is constant in time and space (for incompressible
one-dimensional flow). Moreover, we assume that the velocity statistics are
isotropic and Gaussian at the inflow boundary. With these assumptions, the
particle evolution equations (27) and (28) can be simplified to

dX∗ = (〈U〉+ u∗) dt (46)
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and

du∗ = −(1
2

+ 3
4
C0)

ε(X∗)

k(X∗)
u∗ dt+

√
C0ε(X∗) dW (t). (47)

Here, the mean pressure gradient was neglected. For example, on page 57
of [2], Anand and Pope argue that the mean pressure gradient term in the
Eulerian PDF transport equation is small for decaying grid turbulence and
can be neglected. The turbulent kinetic energy k(x) = 3

2
〈u2|x〉 can be eval-

uated from the particle statistics but the dissipation rate ε requires further
closure.

By considering the so-called instantaneous dissipation rate ε0(x, t) as pro-
posed by Pope and Chen [65], Jayesh and Pope [27] formulated a model for
the instantaneous turbulence frequency ω ≡ ε0/k. By definition, ω is non-
negative and different for each individual model particle. The SDE of the
so-called gamma-distribution model that they proposed reads

dω∗ = −(ω∗ − 〈ω|X∗〉) dt

Tω(X∗)

−〈ω|X∗〉ω∗Sω +

√√√√2σ2〈ω|X∗〉ω∗
Tω(X∗)

dW (t), (48)

where Tω(x) ≡ 1/(C3〈ω|x〉) is a timescale involving a model constant C3.
Another model constant is the normalized variance σ2 ≡ 〈(ω∗ − 〈ω〉)2〉/〈ω〉2
of ω∗. In our case with ∂〈Ui〉/∂xj = 0 the source term simplifies to Sω = Cω2,
where Cω2 is a further model constant. In equilibrium, the PDF f(θ) of
ω∗, modeled according to the SDE (48) (with Cω2 = 0), follows a gamma
distribution. Here, θ is the sample space variable of ω∗. Replacing the
average dissipation rate ε = 〈ε0〉 in equation (47) by 〈ω〉k leads to

du∗ = −(1
2

+ 3
4
C0)〈ω|X∗〉u∗ dt+

√
C0〈ω|X∗〉k(X∗) dW (t). (49)

More details about the gamma-distribution model are given in section 12.5.3
of Pope [62].

Here, for the numerical time integration of the model-particle transport
equation (46), a forward Euler scheme is employed. To integrate the model-
particle turbulence frequency equation (48) and the velocity evolution equa-
tion (49), the semi-implicit Milstein algorithm, as outlined in Gardiner [21]
(equations (10.4.16) and (10.4.17)), is applied. This algorithm has favorable
stability properties and only in very rare cases, it leads to negative turbu-
lence frequencies. Then ω∗(t+ dt) is reinitialized by a sample from a gamma
distribution with 〈ω|X∗(t)〉 and the normalized variance σ2. At the domain
inflow boundary, random number generators [66] providing Gaussian random
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Figure 5: Conceptual sketch of particle-mesh method with linear kernel func-
tions.

numbers for the particle velocity and gamma-distributed random numbers for
the turbulence frequency were used.

To estimate particle statistics at the particle positions (e.g., k(X∗) and
〈ω|X∗〉), a particle-mesh method involving the linear kernel function (see
figure 5)

K(r, h) ≡
{

1− |r|
h

, if |r| ≤ h
0 , else

(50)

is used. This approach is slightly more involved than the basic method
presented in section 3.4 on page 19. On a one-dimensional grid with an
equidistant spacing h, the average of a particle property Q∗ can be estimated
at the grid node x(j) as

〈Q|x(j)〉np,h =

∑np

i=1w
(i)K(x(j) −X(i), h)Q(i)∑np

i=1w
(i)K(x(j) −X(i), h)

, (51)

where np is the number of model particles in the flow domain. In equa-
tion (51), the particle weights were only included for completeness (here,
w(i) = 1). Furthermore, Q∗ can be any function of the particle properties,
e.g., (u∗)2. Finally, the average 〈Q|X∗〉 at the particle location X∗ can be
approximated by linear interpolation between the grid nodes.

4.4.2 Validation of the PDF solution algorithm

Before we focus on the validation of the boundary condition implementations,
it shall be demonstrated that the one-dimensional PDF algorithm outlined
above leads to a correct decay of the turbulent kinetic energy k in DGT.
Therefore, DGT was simulated and compared with the experimental case
“biplane, square-rod; M = 2.54cm” listed in table 3 of [10]. In this work,
Comte-Bellot and Corrsin investigated the local isotropy of the fluctuating
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part of the velocity field and showed that the energies of the longitudinal and
transversal fluctuating velocity components decay with identical parameters,
leading to the power law

k

〈U〉2
= 3

2

1

A

(
x− xo
M

)−n
(52)

for the turbulent kinetic energy k. Here, A is a proportionality constant, xo
a virtual origin9 on the downstream x-axis, M a grid lengthscale, and n the
decay exponent. In the experiment by Comte-Bellot and Corrsin considered,
these values are 〈U〉 = 10m/s, xo = 0.1016m and n was varying between
1.28 and 1.29 but n = 1.3 is consistent with nearly all DGT data in the
literature [62]. From figure 12 in [10], the inflow condition u′′ = 0.442m/s
at x = 1m can be extracted. In a reference frame moving with x = 〈U〉t,
we approximately have dk/dt = −ε, which is consistent with decaying ho-
mogeneous isotropic turbulence. Dividing this equation by k and combining
it with equation (52) leads to

〈ω|x〉 = n
〈U〉
x− xo

. (53)

With this expression we obtain a turbulence frequency 〈ω|x〉 = 14.47s−1 as
initial condition at x = 1m.

For the PDF simulation, 10’000 particles for a domain of 10m in length
were used and to estimate statistical moments, an equidistant grid with 100
cells (101 nodes) was employed. Time integration was performed with a
time-step size ∆t = 0.001s. For the model parameter C0 in the SLM (49),
the standard value 2.1 was employed and for the ω-model, C3 = 1, σ2 = 4
and Cω2 = 0.77 [62] were used. With these choices, the time-averaged result
depicted in figure 6 is obtained. As expected, this solution is in very good
agreement with the decay exponent n = 1.3. Due to the relatively small
ratio u′′/〈U〉 ≈ 0.04, the result is insensitive with respect to the boundary
condition implementation.

4.4.3 Homogeneous test case

Aside from its non-convected counterpart, convected stationary homogeneous
turbulence (CSHT) is the most simple turbulent flow. Since in the whole
domain the turbulence intensity u′′/〈U〉 is the same as the one prescribed
at the inflow boundary, it is a suitable configuration to test the boundary
condition implementations. To obtain stationarity, Cω2 in equation (48) was

9not to be confused with the initial position x0 of moving-walls
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Figure 6: Decay of 〈uu|x〉 as a function of the downstream position x in DGT;
(solid line) power law with n = 1.3, (dashed line) experiment of Comte-Bellot
and Corrsin [10], (dots) numerical simulation.

set to zero and the 1/2 in equation (49) was omitted (page 36 of Pope [59]). In
the simulations, aside from these modifications, the same model parameters
as in section 4.4.2 were used. The turbulence intensity was varied between 50
and 0.125 with u′′ = 0.5m/s and 〈U〉 = 0.01, 0.05, 0.1, 0.25, 0.5, 1, 1.3̄, 2, 4m/s.
The mean turbulence frequency 〈ω〉 was set to 2s−1 and the time-step size
to ∆t = 0.001s. The domain of 1m in length was divided into 100 grid cells
and 10’000 particles were employed.

Simulation results based on the convection dominated and moving-wall
boundary condition implementations are presented in the figures 7 and 8. In
order to reduce the statistical error, time averaging was employed. Figure 8
depicts the difference between the average velocity estimated from the parti-
cles and the one prescribed at the inflow boundary. First, the performance of
the convection dominated implementations is discussed. As expected from
the analysis of equation (36), the deviation of the average velocity at the
inflow boundary is smallest for small and big turbulence intensities. At the
outflow, however, it becomes larger for increasing turbulence intensities as
discussed in section 4.1. Of course, erroneous average velocities are connected
with non-uniform particle position PDFs f(x) as implied by equation (20)
and shown in figure 7. Consequently, f(x) is closest to uniform for small tur-
bulence intensities u′′/〈U〉. The results based on the moving-wall implemen-
tation are independent of u′′/〈U〉, i.e., the particles are uniformly distributed
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Figure 7: Particle position PDF in CSHT simulations for different u′′/〈U〉
with u′′ = 0.5m/s; (lines) convection dominated boundaries, (dots) moving-
wall boundaries; the arrows indicate decreasing 〈U〉: (a) 〈U〉 = 4, 2, 1.3̄,
1m/s, (b) 〈U〉 = 0.5, 0.25, 0.1, 0.05, 0.01m/s.
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Figure 8: Deviation between prescribed and computed average velocities in
CSHT simulations for different u′′/〈U〉 (same values as in figure 7); (lines)
convection dominated boundaries, (dots) moving-wall boundaries; the arrow
indicates decreasing 〈U〉.

within the domain and the expected particle velocity is equal to the specified
one everywhere.

To verify the velocity PDF of the reflected particles (equation (42)),
which was derived in section 4.2.3, an additional simulation with moving-
wall boundary conditions was performed. Here, the particle velocities at the
inflow were not reassigned as described in connection with the mapping (45),
but only reflected according to expression (35). (In the homogeneous case
considered, reassigning and pure reflection lead to the same simulation re-
sults.) The reflected particle velocities at the inflow boundary were sampled
over time and in figure 4, the resulting histogram is compared with the the-
oretical PDF (42). It can be seen that theory and numerical experiment are
in exact agreement.

4.4.4 Inhomogeneous test case

The performance of the moving-wall boundary condition implementation was
tested for inhomogeneous turbulence. Convected decaying turbulence (CDT)
with high turbulence intensity at the inflow boundary was simulated, where
the same parameters as in the CSHT case discussed in section 4.4.3 with
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Figure 9: Particle position PDF in CDT simulations for different boundary
condition implementations; (solid line) moving wall, (dashed line) convection
dominated boundaries.

〈U〉 = 1m/s were used. Other than in the CSHT case, the 1/2 in the drift
term of equation (49) was not omitted and Cω2 = 0.77 was used in equa-
tion (48).

The simulation results based on the different boundary condition imple-
mentations are summarized in the figures 9 and 10. Like in the homogeneous
case, the moving-wall boundaries provide far more consistent results. The
particle position PDF (figure 9) is nearly uniform compared to the convection
dominated approach, where the particles accumulate at the inflow. Conse-
quently, the decay of 〈uu|x〉 is different (figure 10). The small error in the
particle position PDF near x = 0 of the simulation with moving wall might be
further reduced, if the strong inhomogeneity of the velocity statistics near the
boundary are taken into account for the velocity reassignment (section 4.2.3).

4.5 Discussion

Mass conservation leads to a consistency condition for the particle position
PDF which is relevant in both joint velocity–composition and joint compo-
sition PDF methods. In- and outflow boundary condition implementations
should honor this condition. For joint velocity–composition PDF methods,
the convection dominated inflow implementation satisfies this condition for
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Figure 10: Decay of 〈uu|x〉 as a function of the downstream position x in
CDT for different boundary condition implementations; (solid line) moving
wall, (dashed line) convection dominated boundaries.

turbulence intensities approaching zero or infinity, whereas the outflow im-
plementation is restricted to turbulence intensities approaching zero. In joint
composition PDF methods, however, the convection dominated inflow bound-
ary is consistent at all turbulence intensity levels, which is not the case for
the outflow boundary. For particle buffer-layer boundary conditions, there
is a tradeoff between layer thickness or time-step size, and consistency. This
tradeoff is governed by the local turbulence intensity.

In the previous sections, in- and outflow boundary implementations which
are based on moving walls were outlined and successfully validated in different
challenging numerical test cases. They cover both joint velocity–composition
and joint composition PDF methods. At inflow boundaries of joint velocity–
composition PDF methods, the marginal velocity PDF can be enforced by
reassigning new velocities to the reflected particles. The presented imple-
mentations are simple and, most important, honor mass conservation at all
turbulence intensity levels. Moderate or high turbulence intensities at bound-
aries coincide typically with boundary layers that are present in simulations
of, e.g., turbulent jets or mixing layers. Commonly applied mass conser-
vation correction algorithms may hide errors originating from inconsistent
implementations. Although only one-dimensional test cases were presented,
the extension of the approach for two- or three-dimensional configurations is
straightforward.



Part II

Modeling molecular mixing in
the PDF context





5 Challenges in modeling molecular mixing

After having discussed the mathematical foundation of PDF methods and
having addressed questions about the numerical treatment of the correspond-
ing transport equations, the focus in the following parts of this work will be
on the modeling of molecular mixing. As was shown in the preface, this is
one of the key issues in PDF methods if applied to turbulent reactive flows.
Even though considerable efforts have been made to improve mixing models,
there is still room for improvement: recently, Pope wrote in [64]: “Mixing
models should remain an active area of research for some time, since they are
a crucial element in PDF methods in both RANS and LES approaches, and
current models have several well-appreciated shortcomings.” A very similar
quote can be found at the beginning of section 6.6.5 in the book by Fox [19].
The modeling difficulties arise from the complicated nature of molecular dif-
fusion (page 58 in Pope [59]), which leads to a set of requirements an ideal
mixing model should fulfill. A list of these requirements is given in section 6.6
of [19] or in Subramaniam and Pope [77]:

(i) the mean of the scalars must remain unchanged,

(ii) the variance of the scalars must decrease,

(iii) in homogeneous turbulence the joint PDF of inert scalars should relax
to a joint Gaussian,

(iv) realizability has to be honored, i.e., scalars have to remain within the
allowable region,

(v) insensitivity with respect to linear transformations in scalar space and
independence of passive scalars,

(vi) localness in scalar space,

(vii) velocity and scalar gradients must remain uncorrelated,

(viii) correct dependence on scalar lengthscales, and
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(ix) correct dependence on Reynolds, Schmidt and Damköhler numbers.

In section 2.1, the transport equations for 〈φα〉 (expression (2) on page 9)
and for the joint composition PDF f(ψ;x, t) (equation (4)) were provided.
Multiplying the latter by ψα and integrating over the entire ψ-space leads
to the former. For a single scalar φ, it is easy to show that the micromixing
term involving 〈Γ∇2φ′|ψ〉, which is closed by a mixing model, vanishes:∫ ∞

−∞
ψ
∂

∂ψ

(
f
〈
Γ∇2φ′

∣∣∣ψ〉) dψ
=
(
ψf

〈
Γ∇2φ′

∣∣∣ψ〉)∣∣∣∞
ψ=−∞

−
∫ ∞

−∞
f
〈
Γ∇2φ′

∣∣∣ψ〉 dψ
= −

〈
Γ∇2φ′

〉
= −Γ∇2 〈φ′〉
= 0. (54)

This is the analysis behind criterion (i). Here, after applying partial integra-
tion in the first step, the property of the PDF f(ψ;x, t) = 0 for |ψ| = ∞,
and the relation

〈Q〉 =
∫ ∞

−∞
f(ψ)〈Q|ψ〉dψ (55)

between the conditional and the unconditional means of a random quantity Q
(equation (3.107) in [62]) are used in the second step. The third step is based
on the fact that spatial derivatives and averaging commute (equations (2.86)
or (3.147) in Fox [19] or Pope [62], respectively). Moreover, it is assumed
that Γ is independent of ψ. Finally, the definition of the fluctuating scalar
component φ′ with 〈φ′〉 = 0 is used. The derivation for a scalar vector φ
is analogous, even though the first two steps are more involved. Very often
similar properties of the PDFs are used and similar steps are made in the
derivations of marginal PDF transport equations or moment equations.

In the derivation of the scalar variance equation from the scalar PDF
transport equation (section 3.3.3 in Fox [19]), the molecular diffusion term
transforms into a dissipation term which reduces the scalar variance and
consequently leads to criterion (ii); i.e., for one scalar

d〈φ′2〉
dt

= −2〈εφ〉, where εφ ≡ Γ
∂φ

∂xi

∂φ

∂xi
(56)

is the scalar dissipation rate. This is the definition of Eswaran, Juneja and
Pope [14, 31], which is by a factor of 2 smaller than the more common one
(equations (3.107), (3.29) and (12.344) in Fox [19], Peters [52] and Pope [62],
respectively).
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The third criterion regarding Gaussianity of the asymptotic scalar PDF
is based on observations made in experiments and DNS, e.g., Eswaran and
Pope [14] (section V F), Juneja and Pope [31] (figure 10) and Overholt and
Pope [50].

Regarding requirement (iv), if the scalars diffuse all with the same diffu-
sion coefficient, the convex hull in scalar space cannot extend due to molec-
ular mixing. If differential diffusion is present and even though the ranges
of the different scalar components do not grow, the convex hull can extend
(section 6.6.2 in Fox [19]). For example, in a homogeneous turbulent flow,
where at some time t = t0 a passive scalar is directly proportional to a sec-
ond scalar, i.e., φ1(x, t0) ∝ φ2(x, t0), the corresponding joint scalar PDF is
zero everywhere in scalar sample space, except along the line φ2(φ1). If both
scalars diffuse with the same rate (Γ1 = Γ2), reducing eventually the scalar
minima and maxima for t > t0, the line orientation does not change but
the endings move towards the mean 〈φ〉. Therefore, the convex hull does
not extend. Now, for differential diffusion, one scalar diffuses faster than the
other (e.g., Γ1 > Γ2) and consequently not only the length of the line but
also the orientation changes. Hence the convex hull grows in scalar space.

Criterion (v) is simply derived from the linear nature of the molecular
diffusion term with respect to multiple scalars.

Norris and Pope [47] have demonstrated that criterion (vi), i.e., local-
ness, is of particular importance in reactive flows, e.g., combustion: here, if
localized flame fronts are present, it is important that mixing models do not
allow for mixing between burnt and unburnt fluid pockets without chemical
reaction. Subramaniam and Pope [77] argue that particles should mix with
other particles in their immediate neighborhood in scalar space. The ratio-
nale for this requirement is based on the fact that for smooth scalar fields,
neighboring particles in physical space are also adjacent in scalar space. Fox
(page 275 and 281 in [19]), and Norris and Pope (page 212 of [48]) describe a
weaker form of localness which only requires that scalars vary smoothly with
time and therefore traverse reaction zones as they mix.

Pope [61] shows that the independence of molecular diffusivity at high
Reynolds numbers, mentioned in the preface, is closely connected to the ve-
locity conditioning of the molecular diffusion term: mixing models, which
violate criterion (vii) and include (in the joint velocity–composition PDF
context) no velocity conditioning, are in general unable to satisfy the expres-
sion 〈Γ(α)∇2φα|V〉 = 0. For the high Reynolds number limit, this condition is
given in section 5.4 of [61] and is to some extent supported by the DNS data
of Overholt and Pope [50]. Here, mixing of a passive scalar in homogeneous
stationary turbulence with a mean scalar gradient was studied.
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In the DNS studies [14, 31], Eswaran et al. investigate the mixing dynam-
ics of passive scalars in homogeneous isotropic turbulence. The dominant
initial lengthscale in the scalar field was varied and was found to greatly
influence the mixing rate as long as the scalar energy spectrum develops
(figure 10 in [14]). A detailed modeling study of this effect will follow in
section 8. Similar observations were made for different Schmidt or Prandtl
numbers (figure 12 in [31]). These effects have led to the requirements (viii)
and (ix).

The remaining desiderata for a successful numerical model are as usual
accuracy and computational efficiency. In terms of accuracy, a mixing model
should be able to reliably predict the evolution of joint scalar one-point, one-
time PDFs (Eulerian correspondence). Direct numerical simulations (DNS)
of appropriate test cases, which consider mixing in homogeneous isotropic
turbulence, were just mentioned [14, 31, 50]. These DNS studies were de-
signed to provide insight into the physics of molecular mixing and as a
byproduct reference data for the validation of mixing models. Simplifying
the joint composition PDF transport equation (4) on page 10 for an inert
scalar and spatial homogeneity10 will reduce to the relation

∂f

∂t
= − ∂

∂ψα

(
f
〈
Γ(α)∇2φ′α

∣∣∣ψ〉) (57)

(equation (2) in [31] or equation (12.345) in [62]). This expression captures
the mixing dynamics of the first two DNS benchmarks mentioned above in
exact form. The evolution of the PDF is governed by small-scale molecular
mixing, which is the mechanism modeled by a mixing model. In the con-
text of joint velocity–composition PDF methods, where turbulent convective
transport appears in closed form (section 2.2), the idealizations compared to
complex flows and with regard to the mixing physics are rather mild. For
these reasons, the mentioned DNS data is extensively used in this work to
validate mixing models. The DNS by Juneja and Pope [31], where the ini-
tial condition consists essentially of three mixtures formed by two scalars, is
also referred to as three-stream problem, e.g., by Klimenko and Pope [33].
Also important for the development of mixing models are Lagrangian scalar
statistics, e.g., obtained from the DNS of Yeung [88].

10which means that the joint velocity–composition PDF is spatially independent
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Guided by the previously outlined design criteria, several mixing models were
developed over the past decades. Reviews by Janicka et al. [26], Dopazo [12],
and Subramaniam and Pope [77] were published in the years 1979, 1994,
and 1998, respectively. Before we take a closer look at the most widely used
mixing models, an up-to-date overview shall be provided.

6.1 Different mixing models – an overview

One of the earliest mixing models for particle PDF methods is the coalescence
and dispersion (CD) model by Curl [11], dating back to 1963. Originally Curl
developed this model to describe mixing of colliding droplets with different
concentrations in a two-liquid suspension. Consequently, Curl’s model can
easily be integrated into a stochastic particle framework as used for PDF
simulations. In each time step, particle pairs are randomly selected and their
individual concentrations set to their average value. Other early approaches
are summarized by Dopazo [12] and Janicka et al. [26]. Later, a modified CD
(MCD) model, where two particles mix gradually and not completely like in
the CD model, was devised [26]. There, the mixing intensity is random for
each particle pair. In both models, the mixing rate is adjusted through the
number of pairs that mix per time step. The main disadvantage of these
models is that the PDF of an inert scalar does not become Gaussian in ho-
mogeneous turbulence (criterion (iii)). Furthermore, the particle trajectories
are discontinuous in time and therefore, these models are not local in scalar
space, not even in a weak sense (criterion (vi)).

Perhaps the most widely used mixing model is based on a contribution
by Villermaux and Devillon [79] and is called interaction by exchange with
the mean (IEM) mixing model (it is also known as the linear mean-square
estimation (LMSE) model [13]). This model is based on the simple fact
that molecular mixing reduces scalar fluctuations and draws instantaneous
scalar values towards their local mean. While the IEM model can correctly
predict the variance decay of an inert scalar in homogeneous turbulence, it
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is not able to describe the evolution of the scalar PDF appropriately, i.e.,
the shape of the PDF is preserved and it does not approach a Gaussian
distribution (criterion (iii)).

Based on the work of Ottino [49] about mixing of lamellar structures,
Fox [16, 17, 20] developed Fokker–Planck (FP) equation based mixing models.
Here, if multiple scalars are to be considered, boundedness (criterion (iv)) is
a non-trivial issue as was noted by Fox [19] on page 266 and by Pope [55] at
the end of section 5.2.4 for a simpler FP model.

A different branch of model development was initiated by the mapping
closure (MC) model by Pope [58]: starting from a Gaussian reference field,
where the scalar gradient statistics conditioned on the scalars are known,
molecular diffusion in a so-called surrogate field is obtained through a map-
ping. The core assumption here is that the statistics of the scalar and the
surrogate field are identical. Even though the MC formulation was success-
fully validated against the one-scalar direct numerical simulation (DNS) of
Eswaran and Pope [14], the proposed extension for multi-scalar mixing sce-
narios is problematic. It is based on an ordering of scalars, which introduces
unphysical scalar dependencies violating requirement (v) as mentioned by
Pope after equation (93) in [58]. The MC model is local in a strong sense,
which honors criterion (vi), meaning that only neighboring particles in scalar
space interact with each other.

Later, an algorithmic extension of Pope’s MC particle implementation for
multiple scalars was devised by Subramaniam and Pope [77]. The localness
of the MC model was generalized by replacing the one-dimensional ordering
in scalar space by an Euclidean minimum spanning tree (EMST). The EMST
model is local for the particles participating in the mixing process during a
given time step. These particles are a subset of the available particles which
is determined by an intermittency process that was introduced to avoid so-
called stranding. Stranding refers to an unphysical accumulation of particles
on lines forming a tree-like structure in scalar space.

A different generalization of the single scalar MC to multiple scalars was
proposed by Klimenko and Pope [33]: their extension is based on a unifica-
tion of conditional moment closure (CMC) and PDF methods and is called
multiple mapping conditioning (MMC). MMC is of special value for applica-
tions where the majority of the accessible scalar states lie on a manifold with
reduced dimensionality. This is the case in most combustion applications.
The reported results for the three-stream problem are in good qualitative
agreement with the DNS [31]. Nevertheless, there remain some open issues:
linearity and independence are not fully satisfied and so far, the method was
only applied to homogeneous problems [8]. Mixing model issues were ad-
dressed by Wandel and Klimenko [80]. It has to be pointed out that MMC



6.2 Modeling the mixing timescales 45

is not only a mixing model but rather a framework for scalar transport prob-
lems.

In this work, we propose a mixing model which overcomes some of the
flaws of the previously mentioned models. An ensemble of one-dimensional
parameterized scalar profiles (PSP) is used in this mixing model as an ide-
alization of the scalar field. The approach of modeling molecular mixing by
considering scalar profiles at the diffusive scale is very natural and in fact
not new. The contribution of Fox [16] based on Ottino [49], which led to
the FP-based models, was already mentioned and the work of Peters and
coworkers [53, 81] points in a similar direction.

The models discussed so far can be classified into different categories:
Subramaniam and Pope [77] introduced a category which includes particle-
interaction mixing-models. Except the FP-based models all mixing models
mentioned so far belong to this category. A different categorization was in-
troduced by Pope [59]: he distinguishes between deterministic and stochastic
models. Here, the IEM and MC models are deterministic, whereas models
like CD, MCD, FP, EMST, and PSP are stochastic mixing models. Note that
the EMST model is because of the random intermittency feature a stochastic
mixing model.

With regard to criterion (vii), which requires in the context of joint
velocity–composition PDF methods velocity dependency, Fox [18] and Pope
[55] (page 172) proposed variants of Curl’s CD and the IEM models, re-
spectively. In practice, nevertheless, conditioning on velocity is mostly ig-
nored [7, 35].

6.2 Modeling the mixing timescales

For all the mixing models mentioned so far, a mixing timescale τφ has to be
provided which determines the speed of the mixing process. In this respect
not much has changed since the review by Pope [55] in 1985: Spalding’s sug-
gestion of using τφ = 2τ/Cφ is employed in most cases, where Cφ is a model
constant representing the mechanical-to-scalar timescale ratio r ≡ 2τ/τφ and
τ is the integral turbulence timescale. This choice leads to a model for the
scalar dissipation which reads εφ = 1

2
Cφ〈φ′2〉/τ (equations (4.93) in [19] and

(5.23) in [55]). For reasons discussed in the preface, in the high Reynolds
number limit, Cφ does not depend on the molecular diffusivity. Nevertheless,
it is not a universal constant: it is mainly influenced by the state of the scalar
energy spectrum and the presence of chemical reactions. An illustrative ex-
ample showing the influence of the scalar energy spectrum is provided by
the figure 11 taken from the DNS study by Eswaran and Pope [14]: starting
with a scalar field containing essentially one scalar lengthscale, the scalar
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Figure 11: Temporal evolution of the mechanical-to-scalar timescale ratio r
for different initial scalar-field lengthscales. The arrow indicates increasing
lengthscales.

spectrum in the DNS equilibrates after about 4 eddy turnover times and the
mechanical-to-scalar timescale ratio Cφ reaches a stationary value of approx-
imately 2.5, independent of the initial lengthscale. A similar behavior can be
observed in figure 14 of [31]. In section 4.6 of [19], Fox presents the spectral
relaxation (SR) model, which provides the mechanical-to-scalar timescale
ratio and can handle non-equilibrium spectrum dynamics at high Reynolds
numbers. The second factor can be attributed to a steepening of scalar gra-
dients due to chemical reactions (section 5.7.5 in Pope [55]). Consequently,
a different value for Cφ has to be employed, as for the recently published
joint PDF calculations of piloted jet flames by Cao et al. [7]. Consistently,
the DNS data of a plane jet flame by Hawkes et al. [22] exhibits significant
variation of the scalar-dissipation-rates of reactive and non-reactive scalars
(section 3.2.4).

Based on the overview provided in the previous section, detailed formula-
tions of the most widely used mixing models will follow. To get a first impres-
sion of the model dynamics, scalar trajectories resulting from these models
are given in figure 12. Apart from a detailed description of the newly devel-
oped PSP mixing model also minor extensions of other models are presented.
For example, an extension of the MC particle implementation by Pope for
unequally weighted particles will be described. The following model formu-
lations are valid for unequally weighted particles (section 3.4) and deal with



6.3 Interaction by exchange with the mean (IEM) 47

inert scalars. Furthermore, the models are mass conservative (criterion (i) on
page 39) and independent of translations in scalar space. Consequently, 〈φ〉
is not affected and it is unimportant whether φ or φ′ is used for the model
formulations.

6.3 Interaction by exchange with the mean (IEM)

Interaction by exchange with the mean [13, 79] is the most simple mixing
model. In stationary homogeneous turbulence, the scalar values of the par-
ticles relax at a constant rate towards the local scalar mean as

dφ(i)

dt
= −1

2
Cφ〈ω〉(φ(i) − 〈φ〉), (58)

where 〈ω〉 is the mean turbulence frequency and the constant Cφ a simple
model for the mechanical-to-scalar timescale ratio as discussed in the previous
section. In the high Reynolds number limit, typically Cφ = 2 is used [19, 62].
From equation (58), it becomes clear that in a spatially homogeneous setting,
the IEM model preserves the shape of the scalar PDF, since all particles in
the ensemble relax towards the mean at the same rate. The decay rate of the
scalar variance 〈φ′2α 〉 in stationary homogeneous turbulence can be derived
directly from equation (58):

d

dt
ln〈φ′2α 〉 = −Cφ〈ω〉. (59)

In a time-marching algorithm, one way to integrate expression (58) is given
by the scheme

φ(i)q+1 = [exp(−1
2
Cφ〈ω〉∆t)− 1](φ(i)q − 〈φ〉q) + φ(i)q, (60)

where ∆t is the time-step size and q the time level. This scheme has the
advantage that it remains stable for large time steps.

6.4 Curl and modified Curl mixing models

In Curl’s coalescence and dispersion (CD) mixing model [11], during the time
step from tq to tq+1 the scalar values of two mixing particles i and j become

φ(i)q+1 = φ(j)q+1 = φc with φc ≡
w(i)φ(i)q + w(j)φ(j)q

w(i) + w(j)
. (61)

This is equation (26) in Subramaniam and Pope [77], which is a mass conser-
vative generalization of Curl’s formulation that was given for equally weighted
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Figure 12: Scalar trajectories in non-dimensional time t〈ω〉 of a particle using
different mixing models; the initial scalar PDF is a Gaussian.
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particles. The mixing rate in a grid cell is controlled by the fraction of partic-
ipating particle pairs, which is given by the total weight wm ≈ 2C ′

φW∆t〈ω〉
of all particles treated by equation (61). Here, C ′

φ is another model con-
stant and W is the sum of all individual particle weights (definition (30) on
page 19).

In the modified coalescence and dispersion (MCD) model by Janicka et
al. [26], the particle pairs do not mix completely, i.e., scheme (61) is replaced
by

φ(i)q+1 = φ(i)q + ξ(φc − φ(i)q) and φ(j)q+1 = φ(j)q + ξ(φc − φ(j)q), (62)

where ξ ∈ [0, 1] is a uniformly distributed random variable different for each
particle pair. For high Reynolds number flows and equally weighted particles,
C ′
φ = 2 and C ′

φ = 3 for the CD and MCD models, respectively, lead to scalar
variance decay rates that are consistent with the one predicted by the IEM
model (see appendix B).

6.5 Mapping closure (MC)

Generalizing the particle implementation of the single-scalar mapping closure
by Pope [58] for unequally weighted particles is straightforward. The scalar
evolution of the particles is given by equation (52) in [58],

dφ(1)

dt
= 1

2
C ′
φ〈ω〉

[
B1+ 1

2
(φ(2) − φ(1))

]
dφ(i)

dt
= 1

2
C ′
φ〈ω〉

[
Bi+ 1

2
(φ(i+1) − φ(i))

−Bi− 1
2
(φ(i) − φ(i−1))

]
for i = 2, . . . , np − 1

dφ(np)

dt
= 1

2
C ′
φ〈ω〉

[
−Bnp− 1

2
(φ(np) − φ(np−1))

]
, (63)

where the particles are ordered according to their scalar values, φ(i) ≤ φ(i+1),
implying localness in scalar space; np is the number of particles. The con-
traction coefficients

Bi+ 1
2
≡
npg(ηi+ 1

2
)

ηi+1 − ηi
(64)

depend on the standard Gaussian PDF g(η), where η is the sample space
coordinate with

ηi ≡ G(−1)(pi− 1
2
) and ηi+ 1

2
≡ G(−1)(pi). (65)
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Here, G(−1) is the inverse cumulative density function corresponding to the
PDF g. The arguments pi− 1

2
and pi are given as

pi− 1
2
≡
∑i
j=1w

(j) − 0.5w(i)

W
and pi ≡

∑i
j=1w

(j)

W
, (66)

and depend on the particle weights w(i). Equation (66) is a generalization
of equation (42) in [58] for unequal weights. Based on equation (29) in [58],
one can show that for a Gaussian scalar PDF the mapping reduces to a time-
dependent linear function X(η, t̃ ) ∝ η exp(−t̃ ) with non-dimensional time
t̃ ≡ 1

2
C ′
φ〈ω〉t. Consequently, the scalar variance decay is the same as in the

high Reynolds number limit if C ′
φ = 2. However, with a non-Gaussian scalar

PDF, the same value for C ′
φ results in a different decay rate. For a stable

time integration of the system (63), an implicit Euler scheme is employed.
To validate the outlined particle implementation, the solutions of 10 sim-

ulations with 10’000 particles each were averaged and in figure 13, com-
pared with the beta-PDF-like analytical MC solution presented in section 2.5
of [58]. The initial PDF is a double-delta-function, in which case the MC
mixing model is in very good agreement with the DNS data by Eswaran and
Pope [14]. In all simulations, uniformly distributed particle weights ranging
from 0.5 to 1.5 and a time-step size of ∆t = 0.001/〈ω〉 were employed.

6.6 Euclidean minimum spanning tree (EMST) model

The EMST mixing model by Subramaniam and Pope [77] is an algorithmic
extension of the single-scalar MC. Hereby the focus was set on preserving
localness: the ordering of the notional particles along the scalar coordinate
was replaced by a multi-dimensional EMST. The definition of the contraction
coefficients (equation (64)) was substituted by a formulation which is linear
with respect to the cumulative particle weights. These are computed along
the EMST branches starting from the endings (page 503 in [77]). This ansatz
resulted in a close-to-Gaussian shaped PDF for a test case involving two inert
scalars and mean scalar gradients.

To avoid so-called stranding (figure 4 in [77]), i.e., the unphysical forma-
tion of pronounced branches in the EMST or the PDF, only a sub-ensemble
of particles forms an EMST and participates in the mixing process dur-
ing one time step. The particles in that sub-ensemble are selected from the
whole ensemble in that grid cell by a random process (section “Intermittency”
in [77]). In the EMST mixing model, the mixing rate is actively controlled
to match the exponential scalar variance decay at high Reynolds numbers
(section “Determination of α” in [77]). In this work, the implementation by
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Figure 13: Scalar PDF f(ψ; t) of an inert scalar evolving from an initial
double-delta-function PDF; (•) MC particle model, (thick line) one-scalar
EMST, (thin line) MC analytical solution (equations (33) and (37) in [58]).
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Figure 14: Parameterized scalar profile of particle i = 2 and sketch of differ-
ent profiles in a planar slice through a turbulent flow field (dark corresponds
to a low scalar value).

Ren, Subramaniam and Pope [70] was used. This includes the intermittency
parameters Z0l

= 1/6, Z0u = 1/6, Z1l
= 0.0176 and Z1u = 0.3157. As out-

lined in section “Age Process Parameters” of [77], these choices were made
based on numerical experimentation involving a mean scalar gradient test
case. Here, Z0l

and Z0u determine the range of the time intervals for which
a particle is in the non-mixing state and Z1l

and Z1u likewise for the mixing
state. Correspondingly, the non-mixing intervals (horizontal sections of the
EMST particle trajectory in figure 12) have all the same length, whereas the
mixing intervals vary.

In a small study based on the same test case as in the previous section,
the EMST and MC models were compared for single-scalar mixing. The
solutions of 10 simulations, each employing 20’000 particles, were averaged.
The results are depicted in figure 13, where the different PDF stages obtained
with the EMST and MC models share the same variance. After an initial
transient phase, the last two PDF stages computed by the EMST model are
more or less self-similar. This PDF shape, however, is not Gaussian as the
one obtained with the MC and therefore the single scalar EMST is not fully
consistent with the MC.

6.7 Parameterized scalar profile (PSP) mixing model

Similarly as in the development of the MC and EMST models, the basic ideas
for the PSP mixing model [38, 39] were first devised for one scalar. Later, its
mathematical formulation could be extended for multiple scalars. Here, first
the formulation [39] for homogeneous mixing problems is explained. The PSP
model is based on a statistical idealization of the scalar field in high Reynolds
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Figure 15: Lamellar structure of scalar profiles as implied by the IEM model
(dark = low scalar value).

number turbulent flows: an ensemble of one-dimensional scalar profiles is
considered (figure 14), where the parameters specifying these profiles are
assigned as additional properties to the computational particles. We assume
that each fluid particle is convected for a certain time with a one-dimensional
scalar profile.

A model for the scalar distribution in such a profile is given by

φ(x, t) = exp

(
−t
τφ

)
φ+ − φ−

2
sin

(
xπ

λ

)
+ φc, (67)

where x is the local spatial profile coordinate and φc ≡ (φ+ + φ−)/2 the
profile center. Here, the profile was approximated by a sinusoidal shape
and parameterized by φ+, φ−, λ, and τφ. Introducing this ansatz into the
one-dimensional convection diffusion equation formulated for a fluid particle,

d

dt
φ+ =

(
Γ
∂2φ

∂x2

)+

, (68)

will lead to the expression λ = π(Γτφ)
1/2, which relates the profile lengthscale

λ with the mixing timescale τφ. Modeling τφ by using Spalding’s suggestion,
i.e., τφ = 2/(C ′

φω), results in

λ = π

√√√√ 2Γ

C ′
φω
. (69)

Since these relations stem from a simplified view of the real physics, it is
appropriate to use the term “model particle” in place of “fluid particle” from
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now on. The scalar evolution of a model particle can be obtained by using
the ansatz (67) on the right hand side of equation (68):

dφ(i)

dt
= −1

2
C ′
φω

(i)(φ(i) − φ(i)
c ) with φ(i)

c ≡ φ
(i)
+ + φ

(i)
−

2
. (70)

This is very similar to the IEM mixing model (single-scalar form of equa-
tion (58)). In the IEM model, however, all profiles share the same lengthscale
(see figure 15), λ(i) ∝ 〈ω〉−1/2, and the same profile center, φ(i)

c = 〈φ〉. In that
sense, the PSP concept can be viewed as an extension of the IEM mixing
model.

Models for the profile parameters are discussed next. One possible model
for the mixing timescale τφ, which is based on the suggestion of Spalding,
was presented in section 6.2 on page 45. Here, τφ is assumed to be propor-
tional to an integral turbulence timescale or inversely proportional to a tur-
bulence frequency, which is usually modeled in the joint PDF context by the
gamma-distribution model (equation (48) on page 29). Several approaches
are conceivable to model the dynamics of the profile center φ(i)

c or the profile

boundaries φ
(i)
+ and φ

(i)
− , respectively: in a first attempt [38], φ(i)

c was modeled
through a stochastic process which had a certain autocorrelation timescale
and a certain instantaneous PDF. Here, a Gaussian, which was clipped at
min(φ) and max(φ), was used to satisfy criterion (iv) (page 39, bounded-
ness). The underlying unclipped Gaussian had the same standard deviation
and mean value as the scalar PDF. Even though encouraging agreement with
the scalar PDF predictions from the DNS [31] was found, the extension of
this model to multiple scalars conserving boundedness is not clear.

6.7.1 Ornstein–Uhlenbeck (OU) boundary treatment

An alternative treatment of the profile boundaries results from the assump-
tion that the boundaries φ

(i)
+ and φ

(i)
− together have the same distribution

as the scalar φ(i). This assumption is motivated by the fact that the profile
boundaries are part of the scalar PDF. For φ

(i)
− ≤ φ(i) ≤ φ

(i)
+ , as depicted in

figure 14, one obtains the PDFs

f−(ψ) =

{
f(ψ)

F (φ(i))
, if ψ ≤ φ(i)

0 , else
(71)

and

f+(ψ) =

{
f(ψ)

1−F (φ(i))
, if ψ > φ(i)

0 , else
(72)
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Figure 16: Trajectories of the scalar (solid line) and the corresponding bound-
aries (dashed and dash dot line) in non-dimensional time t〈ω〉 resulting from
the PSP model with OU boundary treatment; the initial scalar PDF is a
Gaussian.

of the scalar boundaries φ
(i)
− and φ

(i)
+ , respectively. Here, f(ψ) and F (ψ)

are the scalar PDF and the cumulative density function (CDF), respectively.
In the numerical simulation, these PDFs are represented by ensembles of
stochastic particles. The dynamics of φ

(i)
− and φ

(i)
+ are simulated using two

Ornstein–Uhlenbeck (OU) processes and consequently this approach is called
PSP OU. Instead of the scalar values of the boundaries, the values of these
OU processes are added as additional properties to the stochastic parti-
cles. Details about the processes, which have an autocorrelation timescale
T = 1/(Ct〈ω〉) and honor expressions (71) and (72), are provided in the ap-

pendix C. Moreover, it is shown how the values of φ
(i)
− and φ

(i)
+ are deduced

from the underlying processes. Note that the presented formulation of the
PSP OU model is directly applicable to inhomogeneous problems. Sample
trajectories of the scalar value of a specific particle and the corresponding
boundary values are depicted in figure 16. Here, the initial scalar PDF was
a standard normal distribution.
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6.7.2 Nearest neighbor boundary treatment

Instead of modeling the particle boundaries via the scalar PDF, they can
as well be modeled directly by other particles from the particle ensemble.
As was shown in section 3.4, in a particle-mesh method, the ensemble of
particles in one specific computational grid cell represents the joint statistics
at that cell location. In scalar space this includes particles that lie on the
boundaries of different profiles. Therefore it is natural to represent φ

(i)
− and

φ
(i)
+ of particle i by the scalars φ(j) and φ(k) of two other particles j and k,

respectively. Both evolve like the on-profile particle i in scalar space and form
all together a particle triplet. Thereby, one has to ensure that the condition

(φ(i) − φ
(i)
− )(φ(i) − φ

(i)
+ ) ≤ 0 (73)

is satisfied. This is a realizability condition for a particle triplet, which is
equivalent to either φ

(i)
− ≤ φ(i) ≤ φ

(i)
+ (displayed in figure 14) or φ

(i)
− ≥

φ(i) ≥ φ
(i)
+ . As a consequence, the scalar profile associated with particle i is

considered degenerated as soon as requirement (73) is violated. In that case,

new representatives for φ
(i)
− and φ

(i)
+ are chosen as follows: particle pairs are

randomly selected and the first pair satisfying condition (73) is chosen (e.g.,
figure 18 at times 0.2 and 1.7).

In addition, it is also necessary to account for decorrelation of the triplet
with time. This is achieved by a similar reinitialization procedure, but now
triggered spontaneously by intermittent aging processes based on the turbu-
lence frequency ω. Each particle caries two time stamps t

(i)
− and t

(i)
+ which

decrease with time. A sketch showing the evolution of, e.g., t
(i)
+ is given in

figure 17. If t
(i)
+ has become zero or negative, a new representative particle k

is randomly selected for φ
(i)
+ from the subensemble of particles satisfying con-

dition (73), i.e., φ
(i)
+ = φ(k). Additionally, t

(i)
+ is set to 1/(Ct ω

(k)), where Ct
is a model constant. The boundary φ

(i)
− is treated analogously with t

(i)
− . An

efficient implementation for the discussed renewal processes is outlined in ap-
pendix D. The temporal scalar trajectories of the profile boundaries in this
model have smooth sections which are disrupted by jumps originating from
reinitialization events (compare with figure 18). Since the boundaries φ

(i)
−

and φ
(i)
+ are represented by other particles from the particle ensemble, they

have the same PDF like the on-profile particles φ(i). This is equivalent to the
OU approach. There, however, the boundary trajectories are smooth.

The extension of the present model to multiple scalars is straightforward,
whereas for the OU model it is not. Consequently, instead of the PSP model
equation (70) for one scalar φ we analogously write for a scalar vector φ =
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t+t
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1/(Ct ω
(k)(tn))

tn ttn+1=tn+1/(Ct ω
(k)(tn))

Figure 17: Evolution of the time stamp t
(i)
+ of the profile boundary φ

(i)
+ .

(φ1, φ2, . . . , φns)
T

dφ(i)

dt
= −1

2
C ′
φω

(i)(φ(i) − φ(i)
c ) with φ(i)

c ≡ φ
(i)
+ + φ

(i)
−

2
(74)

and similarly for the realizability condition (73)

(φ(i) − φ(i)
− ) · (φ(i) − φ(i)

+ ) ≤ 0. (75)

This condition is true, if the angle between the vectors φ(i)−φ(i)
− and φ(i)−φ(i)

+

is greater or equal to π/2 and for one scalar it reduces to condition (73). It is
invariant to rotations in scalar space, however, it does not fulfill the linearity
criterion (v) listed on page 39. Moreover, the picture of self-similar scalar
profiles as depicted in figure 14 is no longer directly applicable to the different
scalars.

Even though the OU boundary treatment can be used without further
additions for spatially inhomogeneous mixing scenarios, this is not the case
for the treatment outlined in this section. Using it in an inhomogeneous
setting would give rise to mixing over cell interfaces, which does not comply
with spatial homogeneity inside single grid cells. The reason for this is that
the particles belonging to one profile triplet can move individually into differ-
ent cells. One possible remedy is to replace profile boundary representatives,
which no longer belong to the same grid cell as the on-profile particle, by a
similar particle of the same grid cell. More precisely, the nearest neighbor
in scalar space has to be found. This requires looping over all particles of
the ensemble (same grid cell) and therefore comes at a certain price. We will
refer to the boundary treatment outlined in this section as nearest neighbor
approach.
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Figure 18: Trajectories (a) of the scalar (solid line), the corresponding
boundaries (dashed and dash dot line) and (b) the renewal processes in non-
dimensional time t〈ω〉 resulting from the PSP model with nearest neighbor
boundary treatment; the initial scalar PDF is a Gaussian.
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6.7.3 IEM boundary treatment

In the implementation described in the previous section, the dynamics of the
profile boundaries φ

(i)
− and φ

(i)
+ and the on-profile particles φ(i) are apart from

the intermittent renewal events statistically the same. In a second approach,
the profile boundary values, which are assigned as in the previous section,
evolve according to

dφ
(i)
±

dt
= −1

2
C ′′
φ〈ω〉(φ

(i)
± − 〈φ〉), (76)

where C ′′
φ is an additional model constant to be determined. Here, the evo-

lutions of the profile boundaries φ
(i)
+ and φ

(i)
− are no longer described by

the evolutions of other notional particles. They are additional properties of
particle i which change according to the deterministic IEM-like model (76)

and the already mentioned aging processes t
(i)
− and t

(i)
+ . Consequently, the

computationally expensive search for nearest neighbors in scalar space is no
longer required when particles cross cell boundaries. For the numerical time
integration of the equations (74) and (76), the same scheme (60) as for the
IEM mixing model (page 47) is used. Sample trajectories of the scalar value
of a specific particle and the corresponding boundary values are depicted in
figure 19. Here, the initial scalar PDF was a standard normal distribution.

6.7.4 Mass conservation correction algorithm

To honor mass conservation not only on a statistical basis for large particle
ensembles but exactly in every time step, the following correction scheme can
be employed. First, the basic idea for one scalar followed by a multi-scalar
extension is outlined. It is important for any mixing model that conservation
of the scalars is not violated, i.e., the mean of the scalar has to be preserved
(criterion (i) on page 39). Fox [15] suggests “a time-dependent shift and
rescale operation” to correct conservation errors introduced by the FP mod-
els. The approach presented next is based on similar ideas and can be applied
in combination with any mixing model which does not fulfill criterion (i) au-
tomatically. Considering np particles, the change of the mean φ due to the
mixing model is

〈dφ〉np =
1

np

np∑
i=1

dφ(i). (77)

In order to be conservative, 〈dφ〉np should be zero. To correct any deviation
from that, the individual changes dφ(i) are multiplied by a factor α(i), which
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Figure 19: Trajectories of the scalar (solid line) and the corresponding bound-
aries (dashed and dash dot line) in non-dimensional time t〈ω〉 resulting from
the PSP model with IEM boundary treatment; the initial scalar PDF is a
Gaussian.

leads to the new requirement

1

np

np∑
i=1

α(i) dφ(i) = 0, (78)

where α(i) dφ(i) are the modified changes. The choice of the scaling factors
α(i) is subtle, since it is not only important to conserve the mean of a scalar
but also to guarantee its boundedness (criterion (iv) on page 39). To satisfy
both requirements we compute α(i) as

α(i) ≡


−〈dφ〉+/〈dφ〉−, if dφ(i) < 0 and 〈dφ〉np < 0
−〈dφ〉−/〈dφ〉+, if dφ(i) > 0 and 〈dφ〉np > 0

1 , otherwise,
(79)

where

〈dφ〉± ≡
1

np

np∑
i=1

H(±dφ(i)) dφ(i) (80)

using the Heaviside function H( · ). Next, we prove that with this choice
for α(i) both requirements, conservation and boundedness, are fulfilled. Let’s



6.7 Parameterized scalar profile (PSP) mixing model 61

consider the case with 〈dφ〉np < 0. Then, using 〈α dφ〉np = 〈α dφ〉++〈α dφ〉−,
the average of the modified changes is

1

np

np∑
i=1

α(i) dφ(i) =
1

np

( np∑
i=1

H(dφ(i)) dφ(i) +
np∑
i=1

H(−dφ(i))α(i) dφ(i)

)

= 〈dφ〉+ −
〈dφ〉+
〈dφ〉−

〈dφ〉− = 0, (81)

which proves that the mean is conserved. Moreover, the factors α(i) are
always in the range between zero and one, which guarantees boundedness.

In a multi-scalar scenario the previous correction scheme could be ap-
plied to each scalar individually. To avoid an orientation-dependent (in
scalar space) bias error, however, the vector dφ is transformed into a ran-
domly oriented orthogonal coordinate system, before the correction is ap-
plied in the transformed system component-wise. The random orthogonal
transformation can be achieved easily by first generating ns linearly inde-
pendent ns-dimensional random vectors. Then, by using the method of
Gram–Schmidt [46], one obtains new base vectors, e1, e2, . . . , ens . The trans-
formation is then given by

d̃φ
(i)

=
[

e1 e2 · · · ens

]T
dφ(i) (82)

and the back transformation of the corrected changes d̃φ
(i)

corr is

dφ(i)
corr =

[
e1 e2 · · · ens

]
d̃φ

(i)

corr. (83)

Like this, in addition to satisfying conservation, the bias error due to orienta-
tion is avoided. Since boundedness is only guaranteed component-wise, the
correction procedure not necessarily ensures that all particles remain inside
the convex hull of the distribution in multi-scalar sample space. However,
since the correction factors (0 ≤ α(i) ≤ 1) approach one for increasing particle
numbers, in general boundedness is violated only weakly.

6.7.5 Selection of weighted profile boundary representatives

Depending on the PDF solution algorithm, different particle weights may be
used. If the nearest neighbor or the IEM profile boundary treatment are used,
the different particle weights must be taken into account. The probability of
selecting particle i at the beginning of a profile-boundary life cycle has to be
proportional to its weight w(i). This is achieved by the following algorithm:
in figure 20 (a), the axis is partitioned into np different sections (e.g., np = 5)
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Figure 20: Random selection from a set of unequally likely events w(i); a)
uniformly distributed random selector variable ξ, b) lookup table for the
efficient event selection in the form of a set of equally sized bins.

where the length of the ith section is proportional to the particle weight
w(i). The particle i is selected, if the uniformly distributed random variable
ξ ∈ [0, 1] fulfills

i−1∑
j=1

w(j)

W
< ξ ≤

i∑
j=1

w(j)

W
,

where W is the sum of the individual particle weights (definition (30) on
page 19). Finding the corresponding interval on the ξ-axis can most simply
be achieved by a linear search.

Depending on the time-step-size to boundary-renewal-timescale ratio, in
each time step a certain fraction of profile boundaries has to be updated.
Therefore, the computational cost of the outlined algorithm becomes propor-
tional to n2

p. Nevertheless, the particle selection can be done more efficiently
as described next: at the beginning of each time step, np bins of equal size
1/np are created as depicted in figure 20 (b). The particle with index i is
added to the bin k ifi−1∑

j=1

w(j)

W
,

i∑
j=1

w(j)

W

 ∩ [k − 1

np
,
k

np

]
6= 0.

By using k = ceiling(ξnp) to identify a certain bin, the number of candidates
is reduced drastically and therefore a possible subsequent linear search within
one bin becomes a much cheaper operation. A numerical experiment with
uniformly distributed particle weights w(i) ∈ (0, 1] confirmed that the scaling
is reduced to approximately np.



7 Mixing model validation

In this section, different mixing-model validation studies are presented. In
order to focus on the effects of molecular mixing in isolation, no chemical
reactions are considered here.

In a first step, the newly developed PSP mixing model is extensively
tested. Here, we focus on well documented homogeneous benchmark cases
involving two inert scalars. Consequently, the PSP model with the nearest
neighbor treatment of the boundaries can be employed. Since the scalar PDF
is constant in physical space, no mesh is required to estimate particle statis-
tics at different spatial locations. Likewise no search for nearest neighbors is
needed. Several simulations were run, where the performance with respect
to the prediction of the scalar PDF (section 7.1.3), the sensitivity to deter-
ministic bias (section 7.1.4), and the importance of the initial scalar–scalar
diffusion rate statistics were investigated (section 7.1.5). Moreover, in sec-
tion 7.1.6, we look closer at the consequences of the violation of the linearity
and independence criterion (v) (page 39).

In a second step, the accuracy and efficiency of the PSP methodology is
compared with the most widely used multi-scalar models such as CD, MCD,
IEM, and EMST. In the inhomogeneous two-scalar case presented in sec-
tion 7.2, it is shown that it is misleading to infer from the excellent results
of the one-scalar MC that the EMST model is able to predict a multi-scalar
PDF evolution with similar accuracy. To investigate the computational effi-
ciency of the different mixing models with respect to the number of scalars
and particles, the multi-variate mean scalar gradient case introduced by Sub-
ramaniam and Pope [77] is simulated. Results of this test case are presented
in section 7.3 and a summary is given in section 7.4.

7.1 Validation PSP mixing model

In order to examine how PDFs using the PSP nearest neighbor mixing model
evolve, a numerical simulation of the so-called three-stream problem involving
two passive scalars φ1 and φ2 mixing in homogeneous isotropic turbulence
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was performed. The corresponding simplified form of the PDF transport
equation (5) for the joint scalar PDF f(ψ;x, t) is given by equation (57)
on page 42. The results of the zero-dimensional simulation are compared
with the DNS data R48A and R92A of Juneja and Pope [31] with Taylor-
scale Reynolds numbers Reλ = 48.6 and Reλ = 92.4, respectively. For their
DNS they chose a Prandtl number of Pr = 0.7. In simulation R48A the
mechanical-to-scalar timescale ratio was approximately constant and no dif-
ferential diffusion was considered. The accuracy with respect to the shape
of the joint scalar PDF f(ψ; t) was investigated and compared with R92A.
Juneja and Pope mention that the joint PDFs of the cases R48A and R92A
are very similar and conclude that mixing is not significantly influenced by
the Reynolds number in the range considered. Temporal evolutions of global
quantities such as the scalar root mean square (rms) values φ′′1 and φ′′2, and
normalized higher moments were validated with the data from case R48A.

7.1.1 Numerical methods

For all simulations in this section, the statistically stationary form of the
turbulence frequency model (equation (48) on page 29)

dω(i) = −(ω(i) − 〈ω〉) dt
Tω

+

√
2σ2〈ω〉ω(i)

Tω
dW (84)

with the timescale Tω ≡ 1/(C3〈ω〉) and the model parameters C3 = 1 and
σ2 = 1/4 was employed. For the initial turbulence frequency, a suitable
random number generator was used. Optimal agreement with the DNS was
obtained with C ′

φ = 16 and Ct = 0.15C ′
φ. In order to ensure that departures

from DNS data is less due to statistical errors or bias, a large number of
particles np was used, i.e., one million. As already mentioned at the end of
section 6.7.3, equation (74) is integrated as

φ(i)q+1 = [exp(−1
2
C ′
φω

(i)∆t)− 1](φ(i)q − φ(i)q
c ) + φ(i)q (85)

using ∆t = 0.005/〈ω〉.

7.1.2 Initial condition

In order to match the initial condition of the DNS, the spectral procedure
outlined by Eswaran and Pope in section IV of [14] for one scalar and later
extended by Juneja and Pope [31] for two scalars was used. As a result, one
obtains an ensemble of grid points that contain not only the scalar values
(compare with figure 21) but also their spatial gradients. To match the scalar
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(a) (b)

Figure 21: Initial scalar distributions on an arbitrary plane of the DNS case
R48A by Juneja and Pope [31]; (a) scalar φ1, (b) scalar φ2.

PDF, these points are directly used for the initialization of the stochastic
particles. Different than other mixing models, the PSP model can as well
use the gradient information for the construction of the initial scalar profiles.
Consequently, the joint scalar–scalar diffusion rate statistics of an initial
state (e.g., unsteady spatially homogeneous DNS) or at a boundary of the
computational domain can be honored by the PSP model.

Algorithmically, the initialization of the particles and their profile param-
eters is straightforward: for every particle i, one grid point from the DNS
initial condition is randomly selected. The scalar value at that point is at-
tributed to φ(i) and the corresponding diffusion rate Γ∇2φ from the DNS is
used as a reference: the profile center value is chosen such that the relation

(Γ∇2φ)(i) = − 1

τ
(i)
φ

(φ(i) − φ(i)
c ) (86)

with τ
(i)
φ = 2/(C ′

φω
(i)) is approximately fulfilled. More precisely, for every

particle a fixed number of different pairs of profile boundary vectors φ
(i)
+ and

φ
(i)
− , which satisfy the realizability condition (75) (page 57), are randomly

selected. The pair resulting in the profile center vector φ(i)
c closest to the

one given by equation (86) is chosen. Prandtl number, viscosity and thermal
diffusivity were the same as for the DNS case R48A, i.e., Pr = 0.7, ν =
0.025m2/s and Γ = ν/Pr = 0.0357m2/s, respectively. With these steps,
approximately the same initial joint PDF of the scalars and the conditional
average of the scalar diffusion rates as in the DNS are obtained. The time
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stamps t
(i)
+ and t

(i)
− are initialized as t

(i)
± = ξ/(Ctω

(k)), where k is the index of
the particle which represents the corresponding profile boundary vector, and
ξ ∈ [0, 1] is a uniformly distributed random number.

7.1.3 Joint scalar PDF evolution

The joint scalar PDF f(ψ; t) and the conditional average scalar diffusion rate
vector

γ(ψ; t) ≡ 〈Γ∇2φ|φ = ψ〉 (87)

were estimated by dividing the ψ1-ψ2-space into 60 × 60 bins and sampling
particles. In the plots where temporal evolutions are shown, the time was
normalized by the eddy turnover time

TE ≡
L11

L

L

u′′
. (88)

The estimation of the Reynolds-number-dependent ratio of the longitudinal
lengthscale L11 and the integral lengthscale L is given in appendix E for
Reλ = 48.6. Moreover, the definitions L ≡ k3/2/ε, u′′ ≡ (2/3 k)1/2 and
〈ω〉 ≡ ε/k were used. In the figures 22, 23, 24 and 25 the joint scalar PDF
f(ψ; t) and the distribution of the conditional scalar diffusion rate vector
γ(ψ; t) are compared with the DNS R92A of Juneja and Pope [31]. The
corresponding comparison of the marginal PDFs f(ψ1; t) and f(ψ2; t) are
provided in the figures 26 and 27. The excellent agreement between the PSP
results and the DNS data supports the physical assumptions made in the PSP
model. The evolution of the rms values φ′′1 and φ′′2 is depicted in figure 28 and
compared with the DNS data R48A. The same comparison for the skewness
and flatness is shown in figure 29. While there is good agreement for the
second and normalized third moments, deviations can be observed for the
normalized fourth moments.

7.1.4 Deterministic bias

The sensitivity of the PSP nearest neighbor mixing model to deterministic
bias (section 3.4 on page 19) was studied using different numbers of parti-
cles, i.e., np = 24, 25, 26, . . . , 221. To reduce the statistical error for low np,
ns = 221/np independent simulations were performed and the results aver-
aged. Like the statistical error, the deterministic bias becomes prominent
for small np. Nevertheless, it cannot be reduced by averaging over multiple
individual simulations. Figure 30 depicts how the averaged marginal PDFs
f̃(ψ1; t) and f̃(ψ2; t) converge as np increases; this is shown at two differ-
ent times. Especially at later times, it can be observed that the bias due
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Figure 22: Evolution of the joint scalar PDF f(ψ; t) with ψ = (ψ1, ψ2)
T ,

phase 1; (a) DNS R92A by Juneja and Pope [31], (b) PSP nearest neighbor
mixing model; the 10 contour levels range from 0.01 to 1 (black) and represent
the PDF normalized by its maximum value.
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Figure 23: Evolution of the joint scalar PDF f(ψ; t) with ψ = (ψ1, ψ2)
T ,

phase 2; same as figure 22.
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Figure 24: Evolution of the conditional scalar diffusion rate γ(ψ; t) with
ψ = (ψ1, ψ2)

T , phase 1; (a) DNS R92A by Juneja and Pope [31], (b) PSP
nearest neighbor mixing model; the 10 contour levels range from 0.01 to 1
(black) and represent |γ| normalized by its maximum value; the lines are
parallel to γ.
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Figure 25: Evolution of the conditional scalar diffusion rate γ(ψ; t) with
ψ = (ψ1, ψ2)

T , phase 2; same as figure 24.
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Figure 26: Marginal PDFs, phase 1; (a) f(ψ1; t), (b) f(ψ2; t); DNS R92A
by Juneja and Pope [31] (solid lines), PSP nearest neighbor mixing model
(dashed lines).
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Figure 27: Marginal PDFs, phase 2; same as figure 26.
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Figure 28: Evolution of the scalar rms values; (a) DNS R48A by Juneja and
Pope [31], (b) PSP nearest neighbor mixing model; scalar 1 (filled symbols),
scalar 2 (hollow symbols); in (b): two-scalar simulation (solid lines), one-
scalar simulations (dashed lines).
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Figure 29: Evolution of the skewness (dashed lines) and the flatness (solid
lines); (a) DNS R48A by Juneja and Pope [31], (b) PSP nearest neighbor
mixing model; scalar 1 (filled symbols), scalar 2 (hollow symbols); in (b):
two-scalar simulation (squares), one-scalar simulations (circles).
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Figure 30: Averaged marginal PDFs at non-dimensional times t∗; (a1, b1)
f̃(ψ1; t), (a2, b2) f̃(ψ2; t); (a1, a2) t∗ = 0.7, (b1, b2) t∗ = 2; arrows indicate
direction of increasing np = 24, 26, 28, . . . , 218, np = 28 = 256 (dashed lines).
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Figure 31: Evolution of bias estimate E as a function of the number of
particles np at non-dimensional times t∗; (a) t∗ = 0.7, (b) t∗ = 2; np = 28 =
256 (hollow circles).

to small particle numbers results in a PDF with too large second moments.
In fact, the PDF does not collapse in a single peak at a very late time as
it should. Note, however, that this is not a particular problem of the PSP
model, but results from the fact that the finite particle ensembles used for
the individual simulations have different scalar means. Therefore, since the
PSP model conserves the mean in each single simulation, at very late times
the sampled scalar PDF represents the distribution of these means. For this
study no attempt was made to overcome this inaccuracy, but for large sim-
ulations of complex inhomogeneous cases it would be preferable to apply a
correction, e.g., by employing time averaged information [29]. To analyze the
bias quantitatively, we consider the quantity

E(np, t) ≡
∫ [

f̃ np(ψ; t)− f̃ r(ψ; t)
]2
dψ. (89)

Figure 31 shows a numerical approximation of the bias estimate E as a
function of np. The PDF f̃ np is obtained from simulations with np particles
while f̃ r is the reference (with np = 221). It can be seen from figures 30
and 31 that the bias becomes reasonably small for particle numbers larger
than 256.

7.1.5 Influence of initial conditional scalar diffusion rates

In this section, we study the influence of the initial diffusion rate statistics on
the evolution of the joint scalar PDF. Therefore, the test case of section 7.1.3
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Figure 32: Evolution of the joint scalar PDF f(ψ; t) without DNS initial
condition for γ; (a) DNS R92A by Juneja and Pope [31], (b) PSP nearest
neighbor mixing model; the 10 contour levels range from 0.01 to 1 (black)
and represent the PDF normalized by its maximum value.
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Figure 33: Evolution of the conditional scalar diffusion rate γ(ψ; t) without
DNS initial condition for γ; (a) DNS R92A by Juneja and Pope [31], (b)
PSP nearest neighbor mixing model; the 10 contour levels range from 0.01
to 1 (black) and represent |γ| normalized by its maximum value; the lines
are parallel to γ.
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was computed, but this time the scalar diffusion rates from the DNS were
not taken into account (relation (86) was ignored). The figures 32 and 33
show the evolution of the joint scalar PDF as well as the development of
the conditional scalar diffusion rates. While one can observe a strong initial
deviation from the results of the previous test case (figures 22 and 23), the
conditional scalar diffusion rates develop consistently and are in reasonable
agreement at a later stage (figures 24 and 25). This study shows clearly
that for the PSP model not only the initial joint scalar statistics but also
the correct initial diffusion rates have to be honored. This is in agreement
with physical observations, since the scalar PDF does not fully determine
the mixing dynamics at an instant in time. Most often, however, the joint
statistics at the inflow boundaries in PDF simulations are less complex than
the initial condition in the test case under consideration and can be specified
more easily.

7.1.6 Linearity and independence

Although the independence and linearity criterion (v) (page 39) is not ful-
filled by the realizability condition (75), it was investigated if this criterion is
at least approximately satisfied at the numerical level. The formulation of the
PSP mixing model for multiple scalars (equation (74)) was applied to simula-
tions with just one scalar. To obtain the corresponding initial condition, the
same procedure as discussed in section 7.1.2 (page 64) was employed. The
initial one-scalar PDFs are equivalent to the marginal PDFs of f(ψ; t = 0).
From the good agreement between the one- and two-scalar simulations in the
figures 28 (b), 29 (b) and 34, one can conclude that for this case the inde-
pendence and linearity requirements are fulfilled satisfactorily by the PSP
nearest neighbor model.

7.2 Spatially inhomogeneous two-scalar mixing

So far only homogeneous test cases were considered, where the joint velocity–
composition PDF is constant in physical space. To demonstrate the complex-
ity of inhomogeneous mixing, a two-dimensional generic test case involving
three streams was simulated. Here, the hybrid joint velocity–composition–
frequency PDF code of Jenny et al. [29] was enhanced by the PSP nearest
neighbor mixing model. The size of the computational domain, depicted in
figure 35, is 2m×20m and it is discretized using 30×20 grid cells. Moreover,
an average of 60 particles per grid cell were used. The piecewise linear inflow
profiles are specified in table 1 and 〈u1u2〉 = ±0.5u′′1u

′′
2 for ∂〈U1〉/∂y being

negative and positive, respectively.
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Figure 34: Marginal PDFs; (a) f(ψ1; t), (b) f(ψ2; t); two-scalar PSP simula-
tion (solid lines), one-scalar PSP simulations (dashed lines).
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Figure 35: Mixing of three streams involving two scalars φ1 and φ2; shown
are isolines of 〈φ2〉 which are equidistantly distributed in the indicated range,
and five locations for which the joint scalar PDFs are provided in figure 36.

Table 1: Inflow profiles for the inhomogeneous three-stream test case.
y [m] 〈U1〉 [m/s] u′′1, u

′′
2 [m/s] φ1 φ2

-1 0.3 0.1 -0.866 -0.5
-0.22 0.3 0.1 -0.866 -0.5
-0.2 0 0 -0.866 -0.5

-0.18 0.6 0.1 0 1
0.18 0.6 0.1 0 1
0.2 0 0 0.866 -0.5

0.22 0.3 0.1 0.866 -0.5
1 0.3 0.1 0.866 -0.5
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Figure 36: Joint scalar PDFs at five locations (spatial locations are indicated
in figure 35) predicted by the IEM and the PSP nearest neighbor mixing
models.
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Figure 35 shows contours of 〈φ2〉 and five locations labeled with A, B, C,
D, and E. At these locations the joint scalar PDFs are investigated and the
results from simulations with the PSP and the IEM mixing models are com-
pared. All plots of figure 36 also display the mean composition (big cross)
and the locations of the three streams in the ψ1-ψ2-space. The joint PDFs
are represented by histograms with 50 × 50 bins and the maximum value
corresponding to black is displayed in the top right corner of each panel.
The range represented by the grey values is adjusted accordingly for each
panel. The complexity of the PDFs and the difference in the mixing model
predictions are apparent. It is save to say that describing such PDF shapes
with few moments is error-prone. Furthermore, deviations in the PDF pre-
dictions can have a major impact on the simulation results of reacting flows.
Even though especially the results of the PSP model look physically plau-
sible, no in-depth conclusions can be drawn concerning the accuracy of the
models. Unfortunately, the literature regarding similar DNS or experimental
reference data of inhomogeneous mixing is rather scarce. In the next section,
an extension of the homogeneous mixing case, which was used in section 7.1,
will be presented.

7.2.1 Governing equations and numerical methods

To validate the PSP model for inhomogeneous mixing in a rigorous man-
ner, a constant flow velocity U = (U, 0, 0)T is added to the homogeneous
scenario of section 7.1. The corresponding joint velocity–composition PDF
is f(V,ψ;x, t) = δ(V − U)f(ψ;x, t), where x = (x, 0, 0)T was used. In-
troducing this PDF into the transport equation (5) and taking as well the
instantaneous turbulence frequency ω with sample space coordinate θ into
account, will lead after integration over V to

∂f

∂t
+ U

∂f

∂x
= − ∂

∂ψα

(
f
〈
Γ(α)∇2φ′α

∣∣∣ψ, θ〉)− ∂

∂θ

(
f
〈

Dω

Dt

∣∣∣∣ψ, θ〉) . (90)

This equation describes the evolution of the Eulerian joint composition–
frequency PDF f(ψ, θ;x, t) as a function of the downstream coordinate x.
In a reference frame moving with the flow velocity U in downstream direc-
tion (Df/Dt = ∂f/∂t + U∂f/∂x), the problem reduces to the one solved
in the unsteady homogeneous DNS by Juneja and Pope [31]. Likewise, the
initial condition of the DNS transforms into an inflow boundary condition.
To summarize in more application oriented terms, a batch reactor was re-
placed by a plug-flow reactor. For our purpose, the resulting problem is
ideally suited since it is spatially inhomogeneous, challenging with respect to
molecular mixing, and well documented (DNS data). From the connections
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between Eulerian and Lagrangian PDFs (section 3.2, page 14), and between
Fokker–Planck and Langevin equations (section 3.3, page 17) one obtains the
stochastic differential equations

dx(i) = Udt and

dφ(i)
α = M({φ′}, {ω})dt (91)

together with the turbulence frequency model provided by equation (84) on
page 64. The mixing model contribution is given by M({φ′}, {ω}), where
{φ′} and {ω} are used to represent the fluctuating scalar vectors and turbu-
lence frequency values of the entire particle ensemble.

An ensemble of particles representing the PDF f(ψ, θ;x, t) can now be
evolved according to the equations (91). Here, we modified the computer
program that was already applied in section 4 to the solution of the joint
velocity–frequency PDF (outlined in section 4.4.1). To estimate statistical
quantities, e.g., 〈ω〉, the x-axis is partitioned into 100 equally sized grid cells,
where on average 100 particles per grid cell were employed. In each grid
cell, the joint composition PDF is estimated by a histogram using 60 × 60
bins. To obtain smooth scalar PDFs, time averaging was applied. In the
PSP model calculations, to initialize the joint scalar–scalar dissipation rate
statistics for the inflowing particles, the algorithm outlined in section 7.1.2
(page 64) for the homogeneous calculations was applied. A domain length of
2U/〈ω〉 was used together with a time step ∆t = 0.001/〈ω〉 and the standard
frequency model parameters C3 = 1 and σ2 = 1/4. For the PSP nearest
neighbor version, the parameters C ′

φ = 13 and Ct = 0.15C ′
φ for the boundary

aging process provided the correct scalar variance decay rate and the best
agreement with the DNS, while for the PSP version with IEM boundary
treatment (PSP IEM) C ′

φ = 13, C ′′
φ = 0.1C ′

φ and Ct = C ′
φ are appropriate.

For the other mixing models, the standard parameter values listed in the
sections 6.3 to 6.6 were used.

7.2.2 Discussion results

In figure 37, the rms value of scalar 1 φ′′1(x) is plotted as a function of x.
It can be seen that the CD, MCD and EMST predictions are consistent
with the high-Reynolds-number decay represented by the IEM. As already
mentioned in section 6.6 for the EMST model, this is so by construction. For
the Curl models, it is shown in the appendix B that consistent decay rates
are achieved with appropriately selected C ′

φ. As soon as a self-similar PDF
shape is attained, also the PSP model predicts a consistent decay rate. This
is analogous to the MC as discussed in section 6.5. In principal, however, the
decay rate can be fixed as in the EMST model.
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Figure 37: Rms decay of scalar 1, φ′′1(x), in downstream direction x; (◦) IEM,
(dash dot line) CD, (∗) MCD, (solid line) EMST, (dashed line) PSP IEM,
(dotted line) PSP nearest neighbor.

In the figures 38 and 39, the joint scalar PDF f(ψ;x) provided by the
different mixing models are compared with the DNS case R92A of Juneja and
Pope [31] for different normalized root mean square (rms) values of scalar 1.
Essentially three different mixtures, represented by the peaks in the first
columns of the figures 38 and 39, are initially present. Later, three different
characteristic PDF stages are observed in the DNS: first the peaks smear out
along their connecting lines, then a uniform triangular-shaped PDF forms
and finally, the PDF approaches a bi-variate Gaussian PDF. Based on the
excellent results of the PSP model for the homogeneous case (section 7.1),
the good performance of the PSP nearest neighbor model is not surprising.
The agreement of the results from the PSP IEM model is slightly worse but
still satisfactorily. Also in good agreement with the DNS are the results from
the conceptually simple Curl models. Although the PDFs of the CD model
contain some pronounced artifacts originating from the nature of the model
(pairing of particles from different peaks), the CD and the MCD models are
able to predict the basic PDF evolution stages fairly accurately. The poor
performance of the IEM model is due to the shape-preserving property, which
was already pointed out in section 6.3. The predictions of the EMST mixing
model are not satisfactory either. Global branches are formed despite the
recommended intermittency parameters were used.

More insight to understand this behavior can be gained from figure 40.
An ensemble of 1’000 particles was initialized according a bi-variate stan-
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Figure 38: Evolution of the joint composition PDF f(ψ;x) with ψ =
(ψ1, ψ2)

T , mixing model set 1; rows correspond to different mixing mod-
els and the reference DNS R92A by Juneja and Pope [31], and columns to
different normalized rms values φ′′1(x)/φ

′′
1(0); the 10 contour levels range from

0.01 to 1 (black) and represent the PDF normalized by its maximum value.
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Figure 39: Evolution of the joint composition PDF f(ψ;x) with ψ =
(ψ1, ψ2)

T , mixing model set 2; same as figure 38.
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Figure 40: Particles evolved from a joint standard normal distribution in
scalar space using the EMST mixing model; (•) mixing particles which are
part of the EMST, (◦) non-mixing particles.

dard normal distribution in scalar space. Shown are the particles after 10
EMST time steps with ∆t = 0.01/〈ω〉. In an inhomogeneous mixing sce-
nario, this problem may be less dramatic since particle transport in physical
space counteracts stranding, which occurs in individual computational grid
cells. However, the quantification of this effect is problem-dependent. Alter-
natively, the parameters of the intermittency process could be adjusted. This
is feasible within a limited range as discussed in the section “Age Process
Parameters” of [77]. Decreasing Z1l

and Z1u , however, reduces the number
of particles in the mixing sub-ensemble and consequently weakens localness
with respect to the entire ensemble in scalar space.

7.3 Multi-scalar case with mean scalar gradients

In a second test, the computational cost of the different mixing models is
assessed for varying numbers of particles and scalars. Therefore, the mean
scalar gradient (MSG) test case outlined and extended for multiple scalars
by Subramaniam and Pope [77] is employed.
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7.3.1 Governing equations and numerical methods

Similarly as in the previous cases, a statistically stationary homogeneous tur-
bulent flow field is considered. Now, however, constant mean scalar gradients
in spatial directions are prescribed. Corresponding DNS reference data was
made available by Overholt and Pope [50] for Pr = 0.7 and Reλ ranging from
27.84 up to 185.0. During their simulation, the scalar gradient is persistent,
opposing scalar dissipation and leading, regardless of the initial scalar PDF,
to a stationary Gaussian shaped PDF at a certain scalar variance level. Next,
the one-scalar DNS setup is described followed by the extension to multiple
scalars.

A statistically stationary homogeneous turbulent flow field with 〈U〉 =
0 and a constant mean scalar gradient β ≡ ∂〈φ〉/∂x2 is considered. The
simplified scalar conservation equation reads

Dφ′

Dt
= Γ∇2φ′ − U2β (92)

(equation (24) in [50]) and the evolution equation of the joint velocity–
fluctuating scalar–frequency PDF f(V, ψ, θ; t) becomes

∂f

∂t
= − ∂

∂Vi

(
f
〈

DUi
Dt

∣∣∣∣V, ψ, θ〉)− ∂

∂θ

(
f
〈

Dω

Dt

∣∣∣∣V, ψ, θ〉)
− ∂

∂ψ

(
f
〈
Γ∇2φ′

∣∣∣V, ψ, θ〉)+ V2β
∂f

∂ψ
. (93)

The definition of φ′ together with a spatially uniform initial PDF has led to
a homogeneous problem. The corresponding SDEs are

dU
(i)
2 = −3

4
C0〈ω〉U (i)

2 dt+
√
C0〈ω〉k dW,

dφ′(i) = [M({U2}, {φ′}, {ω})− U
(i)
2 β]dt and

dω(i) = −(ω(i) − 〈ω〉) dt
Tω

+

√
2σ2〈ω〉ω(i)

Tω
dW, (94)

where C0 is a model constant and k the turbulent kinetic energy. Here,
for the closure of the conditional velocity and turbulence frequency terms
the simplified Langevin model (SLM, equation (32) in [59]) and the gamma-
distribution model were used, respectively; both simplified for stationarity
and homogeneity. Subramaniam and Pope [77] extended this test case for
multiple scalars, where they considered equal mean gradients in perpendicu-
lar spatial directions. The first two SDEs of the system (94) then become

dU (i)
α = −3

4
C0〈ω〉U (i)

α dt+
√
C0〈ω〉k dW and

dφ′(i)α = [M({U}, {φ′}, {ω})− U (i)
α β]dt. (95)



90 7 MIXING MODEL VALIDATION

Formally, this is an extension of the single-scalar test case to a virtually
arbitrary number of scalars. As already mentioned near the end of section 6,
the mixing models M considered in this work do not depend on velocity.

In a number of numerical experiments, the previously outlined particle
evolution equations were solved for different particle ensembles. Here, the
influence of the mixing model, the number of scalars ns and the number of
particles np on the scalar statistics and on the computational cost was inves-
tigated. The same mixing and frequency model parameters as in section 7.2
were used and the SLM model constant C0 was 2.1. The reference for compar-
ison is the DNS “Run 256.5” by Overholt and Pope [50], for which Reλ = 185,
β = 1m−1, k = 577m2/s2, the turbulent dissipation ε = 2641J/(kg s) and the
eddy turnover time TE = 0.07028s. From these quantities, one obtains the
mean turbulence frequency 〈ω〉 ≡ ε/k = 4.577s−1 and the turbulence length-
scale Lε ≡ (2k/3)3/2/ε = 2.857m. The same simulation framework as for
the previous sections was used with a time-step size of ∆t = 0.02TE. At
the beginning of each simulation, the scalar fluctuations φ′(i) were set to 0.
The velocities U (i) and turbulence frequencies ω(i), on the other hand, were
initialized with suitable random number generators. After a statistically
stationary state was reached, time averaging was applied to improve scalar
statistics. For this test case, the statistics of the individual scalars are iden-
tical and therefore can be averaged to further reduce the statistical error
of the results. To quantify the statistical error of the averaged statistics,
95%-confidence intervals were used. Here, the standard deviation of the sta-
tistically dependent samples were estimated by a standard AR(p) time series
model [24]. Simulations with varying ns and constant np = 29 = 512, and
calculations with two scalars and variable number of particles were carried
out.

7.3.2 Discussion results

In the figures 41 and 43, the normalized scalar variance and flatness are
plotted as functions of ns. Here, the violation of the independence and
linearity requirement by the EMST and PSP mixing models manifests itself
through the dependence on ns. With regard to the PSP mixing models,
this effect is rather weak. This is in agreement with the observations made
in section 7.1.6 (figure 34 on page 80). For large ns, the EMST results
approach those of the IEM model, while the predictions of the PSP mixing
models are closest to the equilibrium variance 〈φ′2〉 = 0.3052(βLε)

2 obtained
with the DNS (table II in [50]). The IEM mixing model predicts a flatness
of 3, which corresponds to a Gaussian distribution. This is not surprising:
with the IEM model (equation (58)) substituted for M in equation (95), one
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Figure 41: Non-dimensional scalar variance 〈φ′2〉/(βLε)2 as function of the
number of scalars ns with np = 512 particles; (◦) IEM, (dash dot line) CD,
(∗) MCD, (solid line) EMST, (dashed line) PSP IEM, (dotted line) PSP
nearest neighbor.
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Figure 42: Non-dimensional scalar variance 〈φ′2〉/(βLε)2 as function of the
number of particles np with ns = 2 scalars; same as figure 41.
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Figure 43: Scalar flatness as function of the number of scalars ns with np =
512 particles; same as figure 41.
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Figure 44: Scalar flatness as function of the number of particles np with
ns = 2 scalars; same as figure 41.
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Figure 45: Computational cost as function of the number of scalars ns and
np = 512 particles; (◦) IEM, (dash dot line) CD, (∗) MCD, (solid line) EMST,
(dashed line) PSP IEM, (dotted lines) power laws with indicated exponents.
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Figure 46: Computational cost as function of the number of particles np with
ns = 2 scalars; same as figure 45.
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obtains an Ornstein–Uhlenbeck process (equation (J.39) in [62]) for which the
stationary solution is a Gaussian PDF. As already mentioned in section 6.6,
the exact agreement of the flatness predicted by the EMST model for ns = 2
is resulting from the choice of the contraction coefficient. In the figures 42
and 44, it can be observed that the dependence of the scalar statistics on
the number of particles np is rather weak. The variance 〈φ′2〉 = 0.599(βLε)

2

found for the EMST model with np = 213 = 8’192 is consistent with the
value reported by Subramaniam and Pope (table 4 in [77]).

Figure 45 displays the dependence of the computational costs on ns. For
the EMST model, a linear dependency can be observed for ns < 30. Once
ns exceeds 30, the computational cost becomes proportional to n1.5

s similar
as for the PSP IEM model. The most expensive component in the PSP
IEM model is the mass conservation algorithm mentioned in section 6.7.4.
The computational costs of the Curl models and the IEM model scale linearly
with ns. As displayed in figure 46, the computational costs for the CD, MCD,
IEM and PSP IEM mixing models scale approximately linearly with np while
a close to quadratic dependence can be observed for the EMST model. The
PSP nearest neighbor version was not considered in this study, since its
computational cost is substantially lower for homogeneous cases involving
just one grid cell compared to inhomogeneous settings (section 6.7.2).

7.4 Summary

Mixing models are required for the closure of the molecular diffusion term in
PDF and FDF methods. A new mixing model concept which achieves closure
through the parameterization of one-dimensional scalar profiles (PSP) was
presented. These profiles are assumed to be self-similar and are characterized
by a number of parameters, i.e., a lengthscale and their extreme values,
whose dynamics can be modeled in different ways. The performance of two
different PSP model implementations was assessed and compared with some
of the most widely used multi-scalar mixing models. The test cases, which
focus on the accurate prediction of molecular mixing, include homogeneous
and inhomogeneous mixing scenarios. Here, the evolution of a joint two-
scalar PDF and multi-scalar mixing involving mean scalar gradients were
considered.

The homogeneous test showed that in addition to an almost perfect agree-
ment of the joint scalar PDFs an equally good match was found for the
conditional averages of the scalar diffusion rates. Moreover, the new mixing
model has a number of advantageous properties: the mean of the scalars is
preserved (requirement (i) on page 39), the scalar variances decay (require-
ment (ii)), boundedness is satisfied in the one-scalar formulation and only
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weakly violated in the multi-scalar case (requirement (iv)), invariance with
respect to rotations in scalar space, and simplicity. Additional numerical
studies revealed that linearity and independence of inert scalars are fulfilled
approximately (requirement (v)), but especially in the three-stream problem,
the evolution of the fourth statistical moments were not correctly predicted
(requirement (iii)). The PSP mixing model is not local in a strong sense
(requirement (vi)).

The inhomogeneous and the multi-scalar test cases showed that the CD,
MCD and IEM models are computationally very efficient; i.e., their costs
scale linearly with the number of scalars and particles. If the dynamics of
inert scalars have to be predicted, or spatially distributed chemical reactions
are treated and consequently localness is less important, the MCD model
provides accurate results at low costs. The PSP mixing model concept was
successfully applied to inhomogeneous flows and provides very accurate re-
sults at reasonable computational costs. Other than the Curl models, the
temporal particle trajectories computed by the PSP models are continuous
in scalar space and therefore, the weak localness criterion is fulfilled. The
EMST mixing model comes closest to being local in a strong sense, but it
is rather expensive and the formation of branches in scalar space, so-called
stranding, remains an issue.





Part III

Extensions





8 Joint scalar–scalar dissipation rate statis-

tics

In the preface, it was pointed out that compared to RANS or LES, PDF
methods have the striking advantage that the chemical source term in the
PDF transport equation appears in closed form. The development of effi-
cient chemistry tabulation algorithms (in situ adaptive tabulation (ISAT) by
Pope [60]) and reduction procedures for reaction mechanisms (e.g., intrinsic
low-dimensional manifold (ILDM) by Maas and Pope [36]) enabled the nu-
merical simulation of flames like the Sandia flames D, E and F [4]. Due to
an increasing level of local extinction, these non-premixed flames are chal-
lenging to simulate. The simulations by J.-Y. Chen, Lindstedt et al., and
Pope and coworkers were reviewed by Pope [63]. Xu and Pope [87] used
in their calculations a joint velocity–composition–turbulence frequency PDF
approach with great success. Nevertheless, it is not entirely clear why these
methods are successful because they do not quantify the scalar dissipation
rate directly. Note that extreme scalar dissipation rate values are the driv-
ing mechanism for local extinction (Bilger et al. [5] section 2.3). Recently,
Pope wrote in [64]: “How is it that these phenomena can be accurately cal-
culated using existing mixing models which do not explicitly represent the
distribution of scalar dissipation?”

In applications without local extinction but where thin reactive layers
with thickness smaller than the smallest flow field scales are observed, steady
laminar flamelets are used (Warnatz et al. [83] chapter 14). Flamelets repre-
sent stretched laminar flames that are embedded in turbulent flame sheets.
They are the solution of the stationary flamelet equation (expression (14.11)
in [83])

− 1
2
ρχ
∂2φk
∂z2

= ω̇k, (96)

with density ρ, mass fraction φk and chemical source term ω̇k. As shown
by Peters [52] (equation (3.38)), this relation can be obtained under certain
assumptions for an opposed jet flame configuration. The solutions are given
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in mixture fraction space z and are parameterized by the scalar dissipation
rate

χ ≡ 2Γ
∂z

∂xi

∂z

∂xi
, (97)

which has a strong influence on the diffusive/reactive equilibrium. Here, Γ is
the molecular diffusivity and xi a spatial coordinate. Compared to the pre-
viously mentioned PDF solution approach, combustion simulations with pre-
calculated flamelets are computationally simpler and cheap. E.g., instead of
the joint velocity–composition–frequency PDF, a transport equation for the
joint velocity–scalar–scalar dissipation rate–frequency PDF can be solved,
where the mixture fraction is part of the scalar vector. Here, statistics of the
mixture fraction and the scalar dissipation rate, represented by their joint
PDF fzχ(z, χ), are required11.

In most combustion simulations, e.g., Haworth et al. [23], it is assumed
that z and χ are statistically independent (Fox [19] equation (5.273), Pe-
ters [51] equation (4.4), Peters [52] equation (3.142), Warnatz et al. [83]
page 220), i.e., fzχ(z, χ) = fz(z)fχ(χ). Here, the distribution of the mixture
fraction z, which is an inert scalar, is the result of a mixing problem, whereas
the PDF of χ is often assumed to be log-normally distributed. The latter
is supported by very recent direct numerical simulations (DNS) of Hawkes
et al. [22] and Selle and Bellan [74]. Regarding the independence assump-
tion, however, we find contradicting evidence, as discussed by Peters [51]
(section 4) and provided by the DNS of Eswaran and Pope [14] (section VI).
In this DNS, the mixing of an inert scalar in stationary homogeneous tur-
bulence was investigated. The strong initial correlation between the scalar
field and the scalar dissipation rate remains relevant for some time but even-
tually reduces as the scalar PDF approaches Gaussianity (figure 27 in [14]).
In the same DNS study, the influence of the initial scalar lengthscale on the
mixing process was investigated. Considering the work of Pope [57] (equa-
tion (44)) about coherent flamelet models (Bilger et al. [5] section 3.3), joint
scalar–scalar dissipation rate statistics are as well of importance in the field
of premixed combustion.

As was shown in section 6.7, an ensemble of one-dimensional parame-
terized scalar profiles (PSP) is used in the PSP mixing model to idealize
the scalar field in a turbulent flow. Like most mixing models, it requires a
closure for the mechanical-to-scalar timescale ratio. From the ensemble of
scalar profiles (figure 14 on page 52) not only the temporal scalar dynamics
due to molecular mixing can be extracted but also scalar gradient statistics.

11Note that for the sake of simplicity the same symbols were used for the random and
the sample space variables.
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Hence, the PSP model can be regarded as a multi-point closure. In this sec-
tion, the joint scalar–scalar dissipation rate statistics obtained from the PSP
model are validated using the DNS data from Eswaran and Pope [14]. Here,
the IEM (section 6.7.3) and the OU (section 6.7.1) boundary treatments are
used and their results compared. Additionally, the predictive value of the
two PSP model versions with respect to different initial scalar lengthscales is
investigated (mixing model requirement (viii) on page 39). In section 8.1, it
is shown how the scalar dissipation rate is calculated from the profile param-
eters. The DNS validation study is presented in section 8.2 and a discussion
is provided in section 8.3.

8.1 Theory

8.1.1 Scalar dissipation rate models

By using the methodology outlined by Fox [19] (chapter 6) or by Pope [55],
a transport equation for the joint velocity–scalar–scalar dissipation rate–
frequency PDF could be derived. Here, the term which includes the condi-
tional average of the substantial derivative of the scalar dissipation rate could
be expressed in the particle context by a model process. The same strategy
was applied to the modeling of the instantaneous dissipation rate ε0 as out-
lined by Pope and Chen [65] (bottom of page 598) or later the turbulence
frequency ω (gamma-distribution model, equation 48 page 29). Alternatively,
if the PSP concept is used, the scalar dissipation rate can be expressed in
terms of the profile properties attributed to every stochastic particle. Here,
to be consistent with the reference DNS, the scalar dissipation rate definition
by Eswaran and Pope [14] (equation (10))

εφ ≡ Γ
∂φ

∂xi

∂φ

∂xi
(98)

is used. This definition is by a factor of 2 smaller compared to the one
of equation (97). With this and the scalar distribution in a parameterized
profile given by equation (67) (page 53) we obtain

ε
(i)
φ = 1

2
C ′
φω

(i)(φ
(i)
+ − φ(i))(φ(i) − φ

(i)
− ) (99)

at the profile point where φ(x) = φ(i). Alternatively, the scalar gradients in

εφ can be estimated by (φ
(i)
+ − φ

(i)
− )/λ(i). This would correspond to a linear

ramp-like profile, which leads to

ε
(i)
φ = 1

2π2C
′
φω

(i)(φ
(i)
+ − φ

(i)
− )2. (100)
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Whether expression (99) or (100) is used for the calculation of the scalar
dissipation rate has no influence on the evolution of the scalar statistics in a
non-reactive case.

Next, the distribution of ln(εφ(x)) in a single sinusoidal profile is analyzed.
To make εφ(x) independent of the profile parameters, it is normalized by the
linear value, which is given in equation (100) and which is constant over the
profile. The resulting logarithm of the normalized scalar dissipation rate is

Y = 2 ln
[
π

2
cos

(
πX

λ(i)

)]
. (101)

Using a uniformly distributed spatial position X ∈ [0, λ(i)/2] with sample
space coordinate x, the PDF of the dependent variable Y ∈ [2 ln(π/2),−∞]
can be derived: the probability for X ≤ x is P{X ≤ x} = 2x/λ(i) and
likewise

P{X ≤ x} = P
{
Y > 2 ln

[
π

2
cos

(
πx

λ(i)

)]}
= 1− P{Y ≤ y} =

2

π
arccos

(
2

π

√
ey
)

⇒ P{Y ≤ y} = 1− 2

π
arccos

(
2

π

√
ey
)

(102)

which is the CDF of Y . The corresponding PDF is plotted in figure 47. Here,
the zero εφ-values near the profile boundaries are mapped by the logarithm
to −∞. Compared to the constant scalar dissipation rate of the linear profile
located at y = 0, higher dissipation rates occur in the sinusoidal profile.

8.1.2 Model for the mechanical-to-scalar timescale ratio

So far the mixing timescale τφ ≡ 〈φ′2〉/〈εφ〉 was modeled by following the
suggestion of Spalding: the mixing timescale was set proportional to an
integral turbulence timescale τ ≡ k/ε, as was outlined in section 6.2 on
page 45. This corresponds to a constant mechanical-to-scalar timescale ratio

r ≡ 2τ

τφ
=

2k/ε

〈φ′2〉/〈εφ〉
(103)

(Fox [19] definition (3.72)), with the scalar variance 〈φ′2〉 and the average
dissipation rate ε of the turbulent kinetic energy k. This simplification was
exact or at least to a good approximation valid for the test cases presented
so far. In the DNS study of Eswaran and Pope [14], where the initial scalar-
field lengthscale was varied over a wide range, this is no longer a good ap-
proximation. In figure 48, the scalar distributions with the largest and the
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Figure 47: Distribution fY (y) of the normalized logarithm of the scalar dis-
sipation rate in one sinusoidal shaped scalar profile.
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Figure 48: Initial scalar distributions on arbitrary planes for different initial
scalar lengthscales from the DNS study by Eswaran and Pope [14]; (a) case
F2a, (b) case F2e.
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Figure 49: Evolution of the mechanical-to-scalar timescale ratio r(t); (a) DNS
by Eswaran and Pope [14] figure 12, (b) equation (104) with parameters from
table 2; (solid) F2a, (dashed) F2b, (+) F2c, (◦) F2d, (×) F2e.

smallest initial lengthscales corresponding to the DNS cases F2a and F2e,
respectively, are shown. The smaller the lengthscale the steeper the initial
scalar gradients and consequently the smaller the initial mixing timescale τφ.
The turbulence timescale τ , on the other hand, is constant for the station-
ary homogeneous flow fields considered. These trends are reflected by the
mechanical-to-scalar timescale ratio r(t) ∝ τ/τφ of the different DNS cases
depicted in figure 49 (a). As the scalar energy spectrum equilibrates through
the actions of turbulent transport and molecular diffusion, the mechanical-
to-scalar timescale ratio relaxes to a universal value which is r ≈ 2.5 for
the Reynolds number Reλ = 49.2 considered. In the high-Reynolds-number
limit, r is usually taken to be equal to 2.

To model such non-equilibrium scalar spectrum dynamics, Fox has pro-
posed the spectral relaxation (SR) model ([19] section 4.6), which provides
a closure for the mechanical-to-scalar timescale ratio. In this model, the
scalar variance spectrum is decomposed into different wavenumber bands de-
pending on the Reynolds number. For each band, a variance conservation
equation is solved together with an evolution equation for the average scalar
dissipation rate. These expressions involve the turbulent kinetic energy, a
turbulence timescale and the variance production, which are all available in
joint velocity–scalar–frequency PDF methods.

In this work, however, to validate the PSP model predictions, the follow-
ing strategy is used: to avoid interfering modeling errors, r is not modeled
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Table 2: Parameters for the mechanical-to-scalar timescale-ratio model given
by equation (104).

DNS (Lφ/L)t=0 r0 r∞ τr[s
−1] w s

F2a 1.484 0.1 0.5 -0.2 2
F2b 0.684 0.36 0.2 -0.2 1.5
F2c 0.450 1.4 2.5 0.13 1 0.3
F2d 0.252 3.3 0.4 1.5 1
F2e 0.182 6.0 0.5 1.5 1.5

but prescribed by the expression

r(t) = r∞

1 +
(
r0
r∞

− 1
)
e
−t
τr + w

st
τr(

st
τr

)3
+ 1

2

 . (104)

The parameters r0, r∞, τr, w, and s were fit to match the DNS (Eswaran
and Pope [14] figure 12) and are summarized in table 2. They largely depend
on the initial integral scalar lengthscale Lφ used for the different DNS cases
F2a-F2e. A comparison between the evolutions of r(t) in the DNS and the
ones given by expression (104) is provided in figure 49. Here, the time t is
normalized by the eddy turnover time TE = 0.38s given in table 1 of the DNS
study [14], t∗ ≡ t/TE. For variable lengthscales, Fox’s SR model provides
similar trends compared to the DNS results (compare with figures 4.10-4.13
in [19]). Now, to incorporate the evolution of τφ into the PSP mixing models,
the constants C ′

φ, C
′′
φ and Ct, appearing in the equations (74), (76) and the

boundary renewal processes, are replaced by the expressions Crr(t), C
′′
r r(t)

and C ′
rr(t), respectively. Here, Cr, C

′′
r and C ′

r is a new set of model constants.

8.1.3 Initial condition

In order to match the initial joint scalar–scalar dissipation rate statistics
of the DNS, the algorithm outlined in section 7.1.2 on page 64 was applied.
These statistics strongly depend on the initial scalar lengthscales. In the DNS
study, the Prandtl number and the kinematic viscosity were set to Pr = 0.7
and ν = 0.025m2/s, respectively. For the single-scalar case considered here,
the joint scalar–scalar diffusion rate statistics are verified in figure 50. Here,
the values of the DNS data points are compared with the ones resulting
from the fitted profile parameters of the PSP OU model for three different
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lengthscales. The agreement is independent of the mixing model (PSP OU
or PSP IEM).

8.2 Model validation

8.2.1 Numerical methods

To validate the modeled joint scalar–scalar dissipation rate statistics, differ-
ent numerical simulations were performed: one for each scalar dissipation
rate model (equations (99) and (100)), each initial lengthscale (F2a-F2e)
and one for each mixing model (PSP IEM and PSP OU). In the spatially
homogeneous setting considered in the reference DNS, the PDF is indepen-
dent of x and consequently transport in physical space is obsolete. For the
integration of the scalar equation and the IEM profile boundary equation,
again the numerical scheme provided in equation (85) on page 64 was used.
The turbulence frequency model and the OU processes of the profile bound-
aries were integrated with the semi-implicit Milstein algorithm as outlined
in section 4.4.1. In each simulation, np = 106 particles were used to mini-
mize the statistical error and a time step of size ∆t = 0.001s was employed.
The average turbulence frequency 〈ω〉 ≡ ε/k = 1.2s−1 was extracted from
the DNS F2e using the definition (103) of r together with the numerical
values 〈εφ〉 = 2.98s−1 and 〈φ′2〉 = 0.825 from the initial condition data, and
r(t = 0) = 6.0 based on figure 49 (a). For the calculation of the average scalar
dissipation rate 〈εφ〉 from the DNS initial condition, the diffusion coefficient
Γ = ν/Pr = 0.0357m2/s was determined based on the specifications Pr = 0.7
and ν = 0.025m2/s ([14] section V A). For the ω-model, the standard param-
eters C3 = 1 and σ2 = 1/4 were applied [62]. In the PSP IEM calculations
the parameter values Cr = 7.2, C ′′

r = 0.1Cr and C ′
r = Cr, whereas for the

PSP OU Cr = 10.8 and C ′
r = 0.175Cr were used. These parameter val-

ues reproduce the long-term variance decay rate observed in the DNS which
corresponds to a mechanical-to-scalar timescale ratio r = 2.5.

8.2.2 Scalar statistics

In a first step, different scalar statistics are validated. In the figures 51
and 52, the dependence of the temporal evolution of the scalar PDF on the
different initial scalar lengthscales is compared with the corresponding DNS
F2a, F2c and F2e. Comparisons of the evolutions are provided for the same
PDF stages which are characterized by their normalized root mean square
(rms) values φ′′(t)/φ′′(0). Both models capture the influence of the scalar
lengthscale, which is small, however. The PSP OU mixing model provides
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Figure 50: Initial scalar–scalar diffusion rate statistics of (left column) the
reference DNS by Eswaran and Pope [14] and (right column) the fitted PSP’s
for (rows) three different initial scalar lengthscales.
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Figure 51: Temporal evolution of the scalar PDF f(ψ; t) with (1) large (F2a)
and (2) intermediate (F2c) initial scalar lengthscales; (a) DNS by Eswaran
and Pope [14], (b) PSP IEM mixing model, (c) PSP OU mixing model;
lines correspond to different values of φ′′(t)/φ′′(0) for cases (1)/(2), respec-
tively: (solid) 0.99/0.92, (dashed) 0.73/0.8, (+) 0.55/0.54, (◦) 0.4/0.35, (×)
0.27/0.28.
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Figure 52: Temporal evolution of the scalar PDF f(ψ; t) with small initial
scalar lengthscale; (a) DNS F2e by Eswaran and Pope [14], (b) PSP IEM
mixing model, (c) PSP OU mixing model; lines correspond to different values
of φ′′(t)/φ′′(0): (solid) 0.94, (dashed) 0.76, (+) 0.54, (◦) 0.38, (×) 0.27.
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Figure 53: Evolution of the scalar rms φ′′(t) for different initial scalar length-
scales; (a) DNS by Eswaran and Pope [14], (b) PSP IEM mixing model, (c)
PSP OU mixing model; (solid) F2a, (dashed) F2b, (+) F2c, (◦) F2d, (×)
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F2c by Eswaran and Pope [14], (b) PSP IEM mixing model, (c) PSP OU
mixing model.
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slightly better results compared to the PSP IEM. The initial lengthscale has
a much stronger influence on the decay of the scalar rms φ′′(t) (figure 53).
With the prescribed mechanical-to-scalar timescale ratio r(t), the PSP mod-
els reproduce the trends observed in the DNS. The evolutions of the higher
moments for the intermediate initial lengthscale (case F2c) are provided in
figure 54. The PSP IEM mixing model relaxes to a PDF with a flatness
exceeding the Gaussian value which is equal to 3. A similar behavior was
already observed in section 7.1.3 (figure 29 on page 74) for the PSP nearest
neighbor model. With the PSP OU model, the PDFs relax independent of
the initial scalar lengthscale to a Gaussian. It was a major conclusion in the
DNS study by Eswaran and Pope [14] (figure 25) that the asymptotic scalar
PDF is Gaussian.

8.2.3 Scalar dissipation rate statistics

The evolutions of the average scalar dissipation rates are compared in fig-
ure 55. Here, the model predictions were obtained using the linear εφ-model
(equation (100)). The dissipation rate results taken from the sinusoidal model
(expression (99)) are larger by a factor of up to 2. We attribute this to the
reasoning provided at the end of section 8.1.1: it was shown that in a sinu-
soidal profile, higher scalar dissipation rates are present compared to a linear
ramp-like profile. Based on the agreement of the rms evolutions, the match
of the average scalar dissipation rates is not surprising. For the calculation
of the higher moments of the scalar dissipation rate depicted in figure 54,
the linear ansatz was used. Note, however, that the corresponding moments
provided by the sinusoidal ansatz essentially look the same. Again, the same
trends as in the DNS are predicted by the models. However, especially in the
PSP OU simulation, the negative skewness is somewhat higher compared to
the DNS. The flatness is higher than the value observed in the DNS for all
model calculations.

In figure 56, the evolution of the marginal PDF of the logarithm of the
scalar dissipation rate is displayed. Compared to the linear approach and
the DNS, the sinusoidal model leads to a larger variance. The reason is that
the linear ansatz provides a single εφ value per profile compared to the si-
nusoidal approach, which gives a distribution for each profile (section 8.1.1).
The bimodal scalar dissipation distribution observed in the DNS results at
early times is best approximated by the PSP OU simulation with the lin-
ear ansatz. The remaining deviation indicates that the model assumptions
(profile shape) are only approximations: even though the initial joint scalar–
scalar diffusion rate statistics agree with the DNS (figure 50), the scalar
dissipation rate PDF close to initial times deviates. A direct comparison of



8.2 Model validation 113

(b)

(c)

(a)

0 1 2 3 4
10−4

10−3

10−2

10−1

100

101

t*

〈ε
φ〉

0 1 2 3 4
10−4

10−3

10−2

10−1

100

101

t*

〈ε
φ〉

Figure 55: Evolution of the average scalar dissipation rate 〈εφ〉 for different
initial scalar lengthscales; (a) DNS by Eswaran and Pope [14], (b) PSP IEM
mixing model, (c) PSP OU mixing model; (solid) F2a, (dashed) F2b, (+)
F2c, (◦) F2d, (×) F2e.
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Figure 56: Temporal evolution of the scalar dissipation rate PDF fln(εφ)(ζ; t)
with small initial scalar lengthscale; (a) DNS F2e by Eswaran and Pope [14],
(b) PSP IEM mixing model, (c) PSP OU mixing model; εφ-model: (1) linear,
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the PSP OU and the linear εφ-model with the DNS reference data is provided
in figure 56 (3). The DNS and the model are plotted for a normalized scalar
rms value equal to 0.27. At that stage, the scalar and the scalar dissipation
rate PDFs are already fairly self-similar (t∗ ≈ 0.6). Despite the deviations
observed in the skewness and flatness, the variance and the overall PDF shape
are predicted very accurately. Nevertheless, there is a substantial offset in
the mean of ln(εφ). As already mentioned, the variance and the average
scalar dissipation rate delivered by the sinusoidal εφ-model are both larger
than the ones provided by the linear model and the DNS.

8.2.4 Joint scalar–scalar dissipation rate statistics

So far, only marginal but no joint statistics were presented. In the DNS by
Eswaran and Pope [14], the scalar–scalar dissipation rate correlation function

ρ ≡ 〈φ2εφ〉
〈φ2〉〈εφ〉

− 1 (105)

and the evolution of the scalar-conditioned average of the scalar dissipation
are provided. In figure 57, the influence of the initial scalar lengthscale on
the correlation function is investigated. All mixing models capture the accel-
erated transition from an initially negative to a positive value for decreasing
initial lengthscales. The PSP IEM models, however, over-predict this trend
and as can be observed in figure 58, ρ does not relax to zero. With the
PSP OU model on the other hand, ρ approaches zero as soon as the scalar
PDF becomes Gaussian (approximately for t∗ > 3). An indicator for Gaus-
sianity is a flatness of 3 (figure 54).

Another illustration for the loss of correlation is depicted in figure 59,
where the evolution of the normalized average scalar dissipation rate condi-
tioned on the scalar, 〈εφ|φ = ψ〉/〈εφ〉, is analyzed for intermediate and small
scalar lengthscales. In both simulations, the linear εφ-model was used, but
the results obtained from the sinusoidal ansatz look very similar. Here, for
every evolution stage, the scalar sample space coordinate ψ was normalized
by the corresponding scalar rms value. Both mixing models provide more
or less accurate predictions of these joint statistics. The intermediate state,
where the conditional average becomes independent of ψ, is in accordance
with the correlation function ρ(t) = 0. At later times, when the scalar PDF
becomes Gaussian and ρ approaches zero, the conditional average again be-
comes independent in the PSP OU simulations. An analytical derivation of
this behavior is provided in the appendix F. The PSP IEM model is unable
to reproduce this and maintains a valley-shaped 〈εφ|ψ〉-curve for later times.
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Figure 57: Evolution of the scalar–scalar dissipation rate correlation function
ρ for different initial scalar lengthscales; (a) DNS by Eswaran and Pope [14],
(b) PSP IEM mixing model, (c) PSP OU mixing model; εφ-model: (1) linear,
(2) sinusoidal; (solid) F2a, (dashed) F2b, (+) F2c, (◦) F2d, (×) F2e.
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8.3 Discussion

The PSP mixing model with OU boundary treatment at its present form is re-
stricted to single-scalar mixing, but fulfills most of the classical requirements
of a mixing model (section 5 on page 39): the scalar mean remains unchanged
(criterion (i)) and the scalar variance decays at the correct rate using a model
for the mechanical-to-scalar timescale ratio (criterion (ii)). Through such a
model, Reynolds and Schmidt number dependencies can be introduced into
the mixing model (criterion (ix)). The PDF of an inert scalar relaxes to a
Gaussian (criterion (iii)) and the scalar remains bounded (criterion (iv)). The
scalar particle trajectories are continuous, honoring localness in a weak sense
(criterion (vi)). Through the initial statistics of the scalar diffusion rates,
the mixing rate depends on the initial scalar lengthscales (criterion (viii)).
In comparison with the PSP OU model, the PSP model with IEM boundary
treatment, on the other hand, can be used for multi-scalar mixing problems.
This includes the option to deal with differential diffusion effects by using
scalar-individual models for the mechanical-to-scalar timescale ratio.

Both mixing models can be combined with two different models for the
scalar dissipation rate. The first model is based on a sinusoidal shaped scalar
profile and the second on a linear ramp-like profile. Both the PSP IEM and
the PSP OU mixing models accurately predict the lengthscale effects on the
temporal scalar PDF evolution. The PSP OU model relaxes to a Gaussian
scalar PDF; this is not the case for the PSP IEM. Here, the predicted flatness
exceeds the Gaussian level. Nevertheless, both models are able to capture the
trends of the scalar dissipation rate statistics. The average scalar dissipation
rates, however, are larger than the ones observed in the DNS. This could be
corrected by introducing a model constant into the scalar dissipation models.
The sinusoidal scalar dissipation model tends to overpredict the variance of
the logarithm of the scalar dissipation rate. Even though discrepancies in
the higher moments are observed, the shape of the scalar dissipation PDF is
accurately predicted. The best results were obtained from the PSP OU and
the linear scalar dissipation rate model.

Furthermore, the predictions of the scalar–scalar dissipation rate corre-
lation function of the PSP OU model match very well with the reference
data. At later times the correlation function approaches zero as observed in
the DNS. In accordance with the DNS, the PSP OU model predicts for zero
correlation function a conditional average of the scalar dissipation rate which
is independent of the scalar. A tendency for this behavior is as well present
in the PSP IEM results. Nevertheless, the correlation function does not relax
to zero. Here, the Gaussianity of the scalar PDF is of importance. E.g., near
a nozzle, where pure streams start to mix and the scalar PDF is far from
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Gaussian, the scalar and the scalar dissipation rate are correlated. Further
downstream, the scalar PDF becomes Gaussian and the correlation reduces.
Note that the PSP IEM mixing model together with the linear ansatz for the
scalar dissipation rate is applicable to a multi-variate setting.



9 PSP model with laminar flamelets

In the previous section, it was emphasized that in non-premixed combus-
tion, the joint scalar–scalar dissipation rate statistics are crucial if flamelet
models are used. In this section, simulation results of an idealized partially
stirred reactor (PaSR) are presented. The setup of this PaSR is essentially
the one of Ren and Pope [71], where the performance of different mixing
models was assessed. They used a detailed hydrogen–air reaction mechanism
involving 9 species and 19 steps together with ISAT [60]. Here, to close the
diffusion/reaction interaction, we propose a computationally less expensive
approach which is based on combining the PSP mixing model with a flamelet
ansatz.

9.1 Numerical methods

The PaSR considered here, is an idealization of spatially homogeneous non-
premixed combustion. Accordingly, fuel and oxidizer are well mixed at the
macroscopic level. The reactor has two continuous inflows and one outflow.
In the fuel stream, molecular hydrogen (H2) is diluted by nitrogen (N2) at
a volumetric ratio of 1:1, and in the oxidizer stream, oxygen (O2) and N2

are mixed at a ratio of 21:79. In the following simulations, the ratio of the
oxidizer mass flow ṁoxid and the combined inflow mass fluxes corresponds to
stoichiometric conditions (2H2 + O2 → H2O):

P ≡ ṁoxid

ṁoxid + ṁfuel

=
WO2 + 79

21
WN2

WO2 + 79
21
WN2 + 2(WH2 +WN2)

= 0.696, (106)

where WO2, WN2 and WH2 are molecular weights. The fuel and oxidizer
compositions correspond to a mixture fraction z ≡ φH/φ

0
H of one and zero,

respectively. This is the elemental hydrogen mixture fraction and φH is the
hydrogen mass fraction. φ0

H is the mixture fraction in the fuel stream. Both
inflow streams have a temperature T = 300K.

Numerically, the state of the PaSR is represented by an ensemble of np
stochastic particles. The particle with index i has different properties like
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mixture fraction z(i), temperature T (i), turbulence frequency ω(i), and profile
boundaries z

(i)
− and z

(i)
+ . The size of the reactor is determined by the average

residence time τres: on average, np particles in the reactor are renewed within
τres. Therefore, in each time step on average np∆t/τres particles move out of
the reactor and are replaced by new incoming particles. These particles are
randomly selected from the np particles in the reactor and ∆t is the time-step
size of the time marching scheme that is used to evolve the particle properties.
On average, the fraction of inflowing particles supplied by the oxidizer stream
is equal to P (equation (106)). To initialize the turbulence frequencies ω(i)

of the inflowing particles, gamma-distributed random numbers with a mean
value 〈ω〉 = 1/τ were used. Here, τ is an integral turbulence timescale.
In the high Reynolds number limit for Schmidt numbers larger or equal
than one, τ can be related to a good approximation to the mixing timescale
τ ≈ τφ (section 8.1.2 for more details). As described in section 6.7, the
gamma-distribution model by Jayesh and Pope [62] (section 12.5.3) with
the suggested model parameters is used for the evolution of the turbulence
frequency.

To model the particle’s mixture fraction evolving due to molecular diffu-
sion, the PSP model with the IEM boundary treatment is used:

dz(i)

dt
= −1

2
C ′
φω

(i)(z(i) − z(i)
c ) with

zc ≡
z

(i)
+ + z

(i)
−

2
and

dz
(i)
±

dt
= −1

2
C ′′
φ〈ω〉(z

(i)
± − 〈z〉). (107)

The model constants were set to the values C ′
φ = 13, C ′′

φ = 0.1C ′
φ, and

Ct = C ′
φ. With this choice, the variance decay rate of an inert scalar ob-

served in the high Reynolds number limit at Schmidt numbers larger than
one is reproduced. The scalar dissipation rate (definition (97) on page 100)
is calculated with the linear model,

χ(i) = 1
π2C

′
φω

(i)(z
(i)
+ − z

(i)
− )2. (108)

Based on z(i) and χ(i), the chemical composition vector φ(i) = φ(z(i), χ(i))
and the thermal state T (i) = T (z(i), χ(i)) are determined for every particle by
employing tabulated flamelet solutions.

These flamelets were generated by simulating the opposed jet flame con-
figuration of Wehrmeyer et al. [84] with the help of the detailed reaction
mechanism of Maas and Warnatz [37]. This reaction mechanism involves
9 species and 37 steps and was used as a basis for the reduced mechanism
employed by Ren and Pope [71]. The opposed jet simulation results compare
very well with the experimental results of Wehrmeyer et al. both in terms of
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temperature distributions and scalar dissipation rates. Extinction was ob-
served at a scalar dissipation rate χ(zst) of 1688s−1, where the stoichiometric
mixture fraction zst is equal to 0.341. Statistical quantities were sampled
after the PaSR has reached a statistically stationary state.

9.2 Results

In a first step the same test case as in the work of Ren and Pope [71] with
τres = 0.002s, τφ/τres = 0.35 and np = 200’000 particles was simulated.
Figure 60 shows the behavior of the proposed reaction/diffusion model. Al-
most no local extinction is observed, which is physically reasonable for this
case and in agreement with the EMST results of Ren and Pope. In a next
study, the mixing and residence timescales were varied by keeping their
ratio constant. By reducing the mixing timescale and likewise increasing
〈ω〉, the scalar dissipation rate (equation (108)) grows and consequently the
likelihood for local extinction. Like in [71] (figures 3 (a) and 3 (b)), these
trends are illustrated in figure 61 by plotting 〈T |zst〉 as a function of τres. To
determine this conditional average, the temperatures T (i) of particles with
z(i) ∈ [zst − 0.05, zst + 0.05] are taken into account. For all simulations with
different residence times, 10’000 particles were used and τφ/τres was 0.35.
Even though the predicted temperature evolution is similar to the results
by Ren and Pope, global extinction cannot be predicted by the model at its
present state. Finally, the influence of the mixing timescale on 〈T |zst〉 with
a constant residence time τres = 0.002s was investigated. In figure 62, the
effect on the stationary mixture fraction PDF in the PaSR is displayed. The
temperature, however, was found to be insensitive to changes in τφ. This
is in agreement with the EMST result depicted in figure 3 (c) of Ren and
Pope [71].
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Figure 60: Scatter plot of the temperature T against the mixture fraction
z and the corresponding PDFs of the mixture fraction and the logarithm of
the scalar dissipation rate obtained with τres = 0.002s and τφ/τres = 0.35.
The dashed line in the scatter plot corresponds to the flamelet closest to
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10 Conclusions and outlook

For the simulation of turbulent reactive flows, joint velocity–composition
PDF methods have significant advantage over RANS and LES because the
chemical source term appears in closed form. To unify the advantages of
RANS and PDF methods, a RANS approach can be combined with a joint
composition PDF method. Similarly, in the LES context, so-called composi-
tion FDFs can be used for the simulation of unsteady high-fidelity reactive
flows. However, the closure of the contribution due to molecular or thermal
diffusion still remains an issue in all of these methods. Multi-point statistics
in the form of spatial scalar gradients are missing in the one-point PDFs
that are commonly used. Mixing models, which should fill this gap, have
to satisfy several requirements which stem from the nature of molecular dif-
fusion. Furthermore, they have to predict the evolution of the scalar PDF
due to molecular mixing accurately and in a computationally efficient way.
Even though considerable advances have been made in the field over the
past decades, there is still room for improvement. The simpler models such
as IEM, CD or MCD are computationally very efficient but exhibit unphysi-
cal behavior. The more complex FP and MC/EMST models have issues with
boundedness or the extension to multiple scalars.

In this work, a new mixing model concept is suggested based on an ide-
alization of the mixing dynamics. It is presumed that molecular mixing in
a turbulent flow can be approximated by molecular diffusion in an ensemble
of one-dimensional scalar profiles. An assumption about the profile shape
is made, which allows for a simple parameterization of the profiles in the
ensemble. A specific scalar profile is associated with every notional parti-
cle in the PDF simulation. Since the profile geometry not only determines
the mixing rate but also local spatial derivatives, the PSP methodology pro-
vides a multi-point closure. The profile parameter set includes a lengthscale
modeled by a mixing timescale and two scalar boundaries. Standard models
can be applied to the mixing timescale. A range of methods may be used
to model the profile boundaries; this includes the OU, nearest neighbor and
IEM boundary treatments. The OU ansatz has favorable properties, but so
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far is only applicable to single-scalar cases. The nearest neighbor approach
and the PSP IEM boundary treatment, on the other hand, are applicable to
multi-scalar mixing scenarios. All methods have in common that they depend
on the scalar PDF. Given the fact that the boundaries are represented by the
scalar PDF as well, this is a natural choice. All boundary models include a
turbulence timescale to account for profile deformations due to turbulence.
Furthermore, in contrast to other mixing models, the profile parameters can
be initialized to match not only a scalar PDF but also other statistics such as
those of the scalar diffusion rates. These strongly depend on the scalar-field
lengthscales.

The PSP models fulfill most of the mixing model requirements and were
validated for various challenging test cases. All cases focus on the effects
of molecular mixing and are well documented by detailed DNS data. This
includes the homogeneous three-stream benchmark, where the PSP nearest
neighbor model yielded results which were in excellent agreement with the
DNS reference data. In a very similar inhomogeneous test case, the PSP
models were compared with other mixing models and DNS data. Here, com-
pared to the very accurate results of the PSP nearest neighbor model, the
PSP IEM predictions are slightly worse. However, the large deviation be-
tween the EMST predictions and the DNS reference was surprising. In a
multi-scalar test case involving mean scalar gradients, the computational ef-
ficiency of the different models was investigated. Here, the EMST mixing
model was the most expensive and the simpler IEM, CD and MCD mod-
els were the most efficient. The PSP IEM model is computationally more
efficient compared to the PSP nearest neighbor for inhomogeneous mixing.
In summary, the PSP IEM mixing model provides a good compromise be-
tween accuracy and computational efficiency. In one of the last studies, it was
shown that based on an accurate model for the mechanical-to-scalar timescale
ratio, the PSP IEM and particularly the PSP OU model can provide accu-
rate predictions of the joint scalar–scalar dissipation rate statistics. Finally,
the combination of the PSP concept with a flamelet ansatz was successfully
applied to a reactive test involving a partially stirred reactor.

The present work offers several perspectives for future investigations. In
their present form, the PSP models are not linear with respect to multiple
scalars and the scalars do not develop independently. Even though there is
numerical evidence suggesting that the violation of this requirement is not
severe, this issue is not resolved. Multiple scalars are important especially
for reactive flows with detailed chemistry. It would be interesting to test the
performance of the PSP IEM model with a detailed reaction mechanism, e.g.,
for simulations of the Sandia flames D, E and F. Here, the PSP model could
lead to accurate results at lower computational cost compared to the EMST
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mixing model. Furthermore, such a study could provide insights into the
debate about the necessity for strong versus weak localness. Regarding the
combination of the PSP methodology with the flamelet concept, unsteady
effects like extinction and ignition could be included into this integral reac-
tion/diffusion model.



Part IV

Appendices





A Linearly varying wall velocity

Here, it is explained how to improve the moving-wall boundary condition
implementation, that was presented in section 4, for 〈U |x〉 being variable in
the vicinity of x = xb. Therefore, we first approximate the mean velocity by
a linear function in x. Consequently, the velocity of the moving wall becomes

uw(x) = 〈U |xb〉+ α(x− xb), where α ≡ ∂〈U |x〉
∂x

∣∣∣∣∣
xb

. (109)

As depicted in the sketch of figure 63, the position of the moving wall is

xw(t) = xb + α−1〈U |xb〉
[
eα(t−t0−∆t) − 1

]
. (110)

The first three terms of the Taylor expansion of xw(t) around t0 + ∆t read

xw(t) = xb + 〈U |xb〉
[
(t− t0 −∆t) + 1

2
α(t− t0 −∆t)2

]
. (111)

The particle trajectory at the moving wall prior to the reflection is X∗(n) +
U∗(n)(t− t0−∆t). At the intersection point, these two trajectories are equal
and the corresponding intersection time is

tr = t0 + ∆t− 1

α〈U |xb〉
[
〈U |xb〉 − U∗(n)

−
√

(〈U |xb〉 − U∗(n))2 − 2α〈U |xb〉(xb −X∗(n))
]
. (112)

Finally, the position

xr = 〈U |xb〉−2
{
α−12(〈U |xb〉 − 2U∗(n))(〈U |xb〉 − U∗(n))[

〈U |xb〉 − U∗(n) −
√

(〈U |xb〉 − U∗(n))2 − 2α〈U |xb〉(xb −X∗(n))
]

+2〈U |xb〉
[
3U∗(n) +

√
(〈U |xb〉 − U∗(n))2 − 2α〈U |xb〉(xb −X∗(n))

]
(xb −X∗(n))− 〈U |xb〉2(2xb − 3X∗(n))

}
(113)
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Figure 63: Particle reflection at moving-wall boundary with linearly varying
wall velocity. The shaded area represents the flow domain and the thick line
the moving wall.

and velocity

ur = 2〈U |xb〉+ 2
U∗(n)

〈U |xb〉
[
U∗(n)

+
√

(〈U |xb〉 − U∗(n))2 − 2α〈U |xb〉(xb −X∗(n))
]

−[3U∗(n) + 2α(xb −X∗(n))] (114)

of the reflected particle can be computed.



B Curl model constants

In this section, the values of the model constant C ′
φ in the CD and MCD

models, which reproduce the same variance decay as the IEM model with
Cφ = 2, are computed. For simplicity, the derivations are made for a single-
scalar case, but they can be straightforwardly extended for multiple scalars
since different scalars are treated independently in Curl’s models. Starting
from equation (187) of [12], written in a notation consistent with this work,

∂f(ψ; t)

∂t
= 2C ′

φ〈ω〉
∫∫

[f(ψ◦; t)f(ψ•; t)f(ψ|ψ◦, ψ•)− f(ψ; t)] dψ◦dψ•, (115)

where f(ψ|ψ◦, ψ•) is a transition probability density from given ψ◦ and ψ•
to ψ, and C ′

φ is a model constant similar to Cφ in equation (58) on page 47.
With the transition probability density

f(ψ|ψ◦, ψ•) ≡ δ

(
ψ − ψ◦ + ψ•

2

)

corresponding to Curl’s CD model, the evolution of the variance can be
expressed as

∂〈φ2〉
∂t

= 2C ′
φ〈ω〉

∫∫∫
ψ2

[
f(ψ◦; t)f(ψ•; t)δ

(
ψ − ψ◦ + ψ•

2

)
−f(ψ; t)] dψ◦dψ•dψ

= 2C ′
φ〈ω〉

∫∫ f(ψ◦; t)f(ψ•; t)

(
ψ◦ + ψ•

2

)2
 dψ◦dψ• − 〈φ2〉

= 2C ′
φ〈ω〉

[
1
4
(〈φ2〉+ 2〈φ〉2 + 〈φ2〉)− 〈φ2〉

]
d

dt
ln〈φ′2〉 = −C ′

φ〈ω〉. (116)

Here, in the second step the sifting property of the Dirac δ-function and in
the last step 〈φ〉 6= 〈φ〉(t) were used. Performing the same steps for the
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transition probability density of the MCD model,

f(ψ|ψ◦, ψ•) ≡
{

1
ψ◦−ψ• , if ψ◦ ≤ ψ ≤ ψ•

0 , else,
(117)

one obtains
d

dt
ln〈φ′2〉 = −2

3
C ′
φ〈ω〉. (118)

Comparing the variance decay rates of the Curl models (equations (116)
and (118)) with the one of the IEM (equation (59) on page 47), we get the
same decay rate for the CD model with C ′

φ = 2 but for the MCD C ′
φ = 3

should be used.
The variance decay rate can as well be determined from the stochastic

differential equations of the notional particles. The resulting equation (193)
in [12], based on equally weighted particles, is

1

〈φ′2〉q
〈φ′2〉q+1 − 〈φ′2〉q

∆t
= − nm

2np∆t
(119)

for Curl’s CD model. Here, q is the time-step index, ∆t the time-step size,
nm the number of mixing particles, and np the overall number of particles.
Comparing this with equation (116) leads to the relation

nm = 2C ′
φnp∆t〈ω〉. (120)

Based on the mixing mechanism of the modified Curl model,

φ(j)q+1
◦ = φ(j)q

◦ + ξ(j)(φ(j)q
• − φ(j)q

◦ )

φ(j)q+1
• = φ(j)q

• + ξ(j)(φ(j)q
◦ − φ(j)q

• ) (121)

given for the particle pair j and starting from

〈φ2〉q+1 =
1

np

np∑
i=1

(φ(i)q+1)2, (122)

which is valid for large np, an equation similar to expression (119) can be
derived: note that the formulation (121) is in accordance with the transition
probability density (117) but distinctly different compared to equation (62)
on page 49. For equally weighted particles, both forms are statistically equiv-
alent. Decomposing the sum in equation (122) into nm mixing and np − nm
non-mixing particles,

〈φ2〉q+1 =
1

np

nm∑
i=1

(φ(i)q+1)2 +
np∑

i=nm+1

(φ(i)q)2

 , (123)
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one can set the second sum equal to (np − nm)〈φ2〉q and write the first term
as a sum over particle pairs:

nm∑
i=1

(φ(i)q+1)2 =
nm/2∑
j=1

[
(φ(j)q+1

◦ )2 + (φ(j)q+1
• )2

]
. (124)

Combining this with the mixing mechanism (121) and having the ξ(j), φ(j)q
◦

and φ(j)q
• selected statistically independently of each other, one can simplify

the resulting expression to

nm∑
i=1

(φ(i)q+1)2 = nm
[
〈φ2〉q + 2

3
(〈φ2〉q − 〈φ〉2 q)

]
. (125)

Here, for ξ(j) ∈ [0, 1] we used 〈ξ〉 = 1/2 and 〈ξ2〉 = 1/3. Inserting these results
together with 〈φ〉2 q+1 = 〈φ〉2 q and 〈φ′2〉 = 〈φ2〉−〈φ〉2 in equation (123), leads
to

1

〈φ′2〉q
〈φ′2〉q+1 − 〈φ′2〉q

∆t
= − nm

3np∆t
. (126)

Equation (121) with ξ(j) ∈ [0, 1/2] is equivalent to expression (62) (page 49)
for equally weighted particles. As already claimed, this leads together with
〈ξ〉 = 1/4 and 〈ξ2〉 = 1/12 as well to equation (125) and finally, to equa-
tion (126). Note, however, that for non-equally weighted particles, a mass
conserving formulation similar to equation (121) with ξ(j) ∈ [0, 1] is violat-
ing boundedness in scalar space, whereas expression (61) (page 47) remains
bounded. Finally, comparing equation (126) with equation (118) gives for
the modified Curl as for the original Curl model the relation (120).



C Stochastic process for profile boundaries

In this appendix, the implementation of a one-dimensional stochastic pro-
cess with a given autocorrelation timescale and an instantaneous PDF, e.g.,
f−(ψ) from relation (71) on page 54, is outlined. The PDF is approximately
represented by an ensemble of unequally weighted stochastic particles or re-
alizations Z(j). With regard to the PDF f−(ψ), these realizations are the
particles j with scalar values φ(j) ≤ φ(i). The piecewise constant cumulative
density function (CDF) F (z) for an ensemble of, e.g., 4 particles is sketched
in figure 64. Here, the different particle weights w(j) are scaled such that they
sum up to 1 and the particle indices j are assigned such that Z(j) ≤ Z(j+1).
Provided that a uniformly distributed stochastic process ξ ∈ [0, 1] with suit-
able autocorrelation timescale T is given, the required process is

Z = F−1(ξ) = Z(j) having ξ ∈

j−1∑
k=1

w(k),
j∑

k=1

w(k)

 (127)

and where F (−1) is the inverse function of the CDF F .
A uniformly distributed random process is constructed on the basis of a

stationary Ornstein–Uhlenbeck process (Pope [62] equation (J.39))

X(t+ dt) = X(t)

(
1− dt

T

)
+

√
2

T
dW (t), (128)

where dt is the time-step size and W (t) is a Wiener process. The PDF g(x)
of the random process X(t) is standard normal and consequently the random
process ξ = G(X) with the corresponding CDF G(x) uniformly distributed.
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Figure 64: Random process Z with given discrete CDF F (z) based on a
uniformly distributed process ξ.



D Profile boundary renewal algorithm

In this appendix, an efficient implementation for the profile boundary renewal
processes described in section 6.7.2 is outlined. By replacing condition (73)
by (75) (on pages 56 and 57, respectively), the following algorithm extends in
a straightforward way from one to multiple scalars. We consider ensembles
of particles which belong to the same computational grid cell.

If a time stamp t
(i)
− or t

(i)
+ becomes zero or negative, the corresponding

profile boundary of particle i, φ
(i)
− or φ

(i)
+ , has to be replaced. Therefore, we

suggest two different approaches A1 and A2:

A1 To find a new particle for the boundary φ
(i)
+ , particles are randomly

selected from the ensemble (including particle i) until condition (73) is
satisfied.

A2 First, a subensemble with all valid representatives for φ
(i)
+ (satisfying

condition (73)) is set up. Particle i is included in this subensemble.

From the subensemble a new representative for φ
(i)
+ is then randomly

selected.

If particle i is close to a boundary of the convex hull of the particle distribu-
tion in scalar space and φ

(i)
− is near the center, only few valid representatives

for φ
(i)
+ may be available. Therefore, it is likely that approach A2 is more

effective than A1. Vice versa for a particle near the center. Therefore, we
use a dual strategy and apply A2 after approach A1 failed in nA1 trials. The
choice of nA1, however, is only a performance issue and has no influence on
the results.

When the scalar profile associated with particle i becomes degenerated,
first a new representative particle for φ

(i)
− is randomly selected from the en-

semble. Second, the algorithm outlined at the end of the previous paragraph
is applied to find φ

(i)
+ . Note that the profile properties with subscripts +

and − are interchangeable.



E Integral lengthscale ratio

In this appendix, the lengthscale ratio L11/L is estimated as a function of the
Taylor-scale Reynolds number Reλ in order to determine the eddy turnover
time TE, which is employed to normalize the time. For isotropic turbulence,
the longitudinal integral lengthscale L11 is defined as

L11 ≡
3π

4k

∫ ∞

0

E(κ)

κ
dκ, (129)

where κ is the wavenumber. For the following analysis the model spectrum

E(κ) = Cε2/3κ−5/3fL(κL)fη(κη) (130)

is used with the non-dimensional functions [19, 62]

fL(κL) =

(
κL

[(κL)2 + cL]1/2

)5/3+p0

and

fη(κη) = exp{−β{[(κη)4 + c4η]
1/4 − cη}}, (131)

the dissipation rate ε, the Kolmogorov lengthscale η ≡ (ν3/ε)1/4 with the
kinematic viscosity ν, and the model parameters C, cL, cη, p0 and β. While
cL and cη are Reynolds-number-dependent, C, p0 and β are constants, which
are typically taken to be 1.5, 2 and 5.2, respectively. The relations between
the turbulent kinetic energy k, the dissipation rate ε and the energy spectrum
E(κ) are given by

k =
∫ ∞

0
E(κ) dκ and ε =

∫ ∞

0
2νκ2E(κ) dκ. (132)

Using the definition of the Taylor-scale Reynolds number

Reλ ≡
(

20

3
ReL

)1/2

with ReL ≡
√
kL

ν
=
k2

εν
(133)
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one can express the lengthscale ratio

L

η
=
(

20

3

)−3/4

Re
3/2
λ . (134)

Finally, with this and by introducing the variable ξ = κη one can express the
relations (132) by using the equations (130) and (131) as

Reλ
C

(
3

20

)1/2

=
∫ ∞

0
ξ−5/3fL(ξ L/η)fη(ξ) dξ and

1

2C
=

∫ ∞

0
ξ1/3fL(ξ L/η)fη(ξ) dξ. (135)

This is a non-linear system from which cL and cη can be determined. Simi-
larly, by using definition (129), the ratio L11/L can be expressed by

L11

L
=

3πC

4

(
20

3

)5/4

Re
−5/2
λ

∫ ∞

0
ξ−8/3fL(ξ L/η)fη(ξ) dξ. (136)

As a result from this analysis, one obtains the ratio of the longitudinal to
the integral lengthscale L11/L as function of Reλ (compare figure 65). E.g.,
for Reλ = 48.6, the values cL = 3.948, cη = 0.4304 and L11/L = 0.6694 are
resulting. This is in agreement with figure 6.24 of Pope [62].
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Figure 65: Lengthscale ratio L11/L as function of the Taylor-scale Reynolds
number.



F Conditional average of the scalar dissipa-

tion rate

Provided the scalar field is spatially homogeneous and its PDF is Gaussian,
i.e.,

f(ψ; t) =
1√

2π〈φ′〉
exp

[
−(ψ − 〈φ〉)2

2〈φ′〉2

]
, (137)

the IEM mixing model is exact:

〈Γ∇2φ|ψ〉 = − 1

τφ
(ψ − 〈φ〉). (138)

This is essentially equation (15) in Pope [58] and τφ is some mixing timescale
which is independent of ψ. Using these expressions together with the rela-
tion (12.345) from Pope [62]

〈Γ∇2φ|ψ〉 =
1

f

∂

∂ψ
(〈εφ|ψ〉f), (139)

which holds for statistically homogeneous scalar fields, we obtain

1

τφ
(〈φ〉 − ψ) =

1

f

(
〈εφ|ψ〉

∂f

∂ψ
+ f

∂

∂ψ
〈εφ|ψ〉

)

= 〈εφ|ψ〉
〈φ〉 − ψ

〈φ′〉2
+

∂

∂ψ
〈εφ|ψ〉. (140)

A solution of this equation is given by 〈εφ|ψ〉 = 〈εφ〉. Note that the definition
of the scalar dissipation rate εφ in Pope [62] (equation (5.283)) differs by a
factor of 2 from the one used in this work (equation (56) on page 40).
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aging processes for boundary represen-
tatives, 56, 138

anisotropy, 3

beta PDF, 10, 50
bias, 19, 64

sensitivity of PSP model, 66–76
boundary conditions

particle in- and outflow, 35–36
buffer layer, 27–28, 36
convection dominated, 22, 25
moving-wall inflow, 24
moving-wall outflow, 22–24
slip-wall, 22

particle velocity and turbulence fre-
quency, 30

scalar statistics, 64–66
velocity statistics, 26, 31

boundary renewal process, see aging
processes for boundary repre-
sentatives

boundary treatment, see profile bound-
ary models

boundedness, 41
Curl and modified Curl model, 135
mass conservation correction, 61

buffer layers, 21, 27

chemical source term, 4
averaged form, 10
filtered, 12
in closed form, 10, 12, 99

coalescence and dispersion, see Curl
combustion, see reactive flows
composition, see scalar
compressible flow, 5, 11

consistent particle position PDF, 16
MDF instead of PDF, 20

computational efficiency, 42, 94
conditional average

closure models for, 13, 14

conditioned on spatial position, 30
diffusion, 10, 11
of scalar dissipation rate, 115
of substantial derivative, 14, 101
turbulent convection, 10

confidence intervals, 90
correlation scalar and scalar dissipation

rate, 115
Curl, 43, 47–49

decay
of turbulent kinetic energy, 30
scalar variance, 40, 84

Curl model, 133
EMST model, 50
IEM model, 47
modified Curl model, 134
PSP models, 106

decaying grid turbulence, 28, 30
degenerated scalar profile, 56, 138
diffusion, 1–3

coefficient, 9
in homogeneous DNS, 65, 106
independence of, 3, 45

differential, 3, 119
direct numerical simulation, 1, 41, 42

homogeneous mixing, 42, 64
influence of scalar lengthscale,

100
inhomogeneous mixing, 83
initial condition, 64, 105
mean scalar gradient, 89
reactive flow, 46, 100

discretization
spatial, 19, 30
temporal, 24, 29

eddy turnover time, 66, 90, 105, 139
Euclidean minimum spanning tree, 44,

50–52
Eulerian PDF, 13
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relationship to Lagrangian PDF, 15

filtered density function, 12
fine-grained PDF, 14

definition, 15
relationship to PDF, 15

flamelet equation, 99
flamelets, 4, 99

calculation, 122
flatness, 66, 90, 112
fluid particle, 15, 53
Fokker–Planck

based mixing models, 44
equation, 18

gamma-distribution model, 29
stationary form, 32, 64, 89

Gaussianity of the scalar PDF, 41, 89
predicted by the IEM model, 90
predicted by the PSP models, 66,

112
relationship to joint scalar–scalar

dissipation statistics, 100, 115,
142

Gaussianity of the velocity PDF, 28
grid, see particle-mesh method

inhomogeneous mixing, 79, 84

homogeneity, 106
definition, 42
inside grid cells, 19, 57

hybrid PDF solution algorithm, 11, 20,
79

incompressible, see compressible
independence of multiple scalars, 41

Curl and modified Curl model, 133
violation, 79, 90, 127

initial condition, 64–66, 105
relevance of scalar diffusion rates,

76–79
interaction by exchange with the mean,

43, 47
relationship to PSP model, 54

interfaces, 1, 3
isotropy

scalar field, see anisotropy
velocity field, 30

joint composition–frequency PDF, 83
joint scalar–scalar dissipation rate PDF,

100, 121
joint velocity–composition PDF, 10
joint velocity–frequency PDF, 28

kernel function, 30

Lagrangian particle method, 10
extracting statistical moments, 19,

30
in- and outflow boundaries, 21–28
motivation, 15

Lagrangian PDF, 15
relationship to Eulerian PDF, 15
relationship to SDEs, 17–18

lamellar structures, 44
Langevin equation, 18
Langevin model, 11

simplified, 14
stationary form, 32, 89

large eddy simulation, 11–12
lengthscale cascade, 3
lengthscale ratio L11/L, 66, 139–140
lengthscales

resolved in LEM, 12
scalar field, 3, 99

influence on mixing rate, 42, 100,
105

influence on scalar PDF, 106
relationship to timescales, 104

scalar profiles in PSP model, 53
velocity field

integral, 66, 90
Kolmogorov, 139
longitudinal, 139
resolved in LES, 12

linear eddy model, 12
linearity, 41
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violation, 79, 90, 127
linked twist map, 1
local extinction, 99, 123
localness, 41, 44

implied by mapping closure, 49
in the EMST mixing model, 50
weak form, 41, 43, 128

mapping closure, 44, 49–50
mass conservation

correction algorithm, 59–61
implication, 15
in PDF form, 16
mixing model formulation, 47
requirement mixing model, 40

mass density function, 11
relationship to PDF, 20

mean scalar gradient, 1, see test cases,
89

mechanical-to-scalar timescale ratio, 45
definition, 102
in the homogeneous DNS, 64, 102–

105
model for, 102–105

micromixing, 10
Milstein algorithm, 29
mixing

dependence on scalar lengthscale,
42, 100

examples, 1
inhomogeneous, see test cases
models, 4, 10, 39, 43–45

categories, 45
conditional on velocity, 41, 45, 90
Curl and modified Curl, 43, 47–49
EMST, 44, 50–52
Fokker–Planck, 44
for FDF methods, 12
IEM or LMSE, 43, 47
mapping closure, 44, 49–50
PSP, 4, 45, 52–59
requirements, see requirements

mixing models
scalar trajectories, 46, 55, 56, 59

timescale, 45–46, 102–105
turbulent, 3

mixture fraction
definition, 121

model constants, see parameter values
model particle, 18, 53
model spectrum

scalar field, 3
velocity field, 139

modified Curl, 43, 49
molecular diffusion, see diffusion
moving wall, see reflecting wall
multi-point

closure by PSP, 101
information, 14

multi-scalar mixing, 127
multiple mapping conditioning, 44

on-profile particle, 56, 57
opposed jet flame, 99, 122

parameter values
Curl and modified Curl model, 49,

133–135
EMST mixing model, 52
gamma-distribution model, 31, 64
IEM model, 47
mapping closure model, 50
mechanical-to-scalar timescale-ratio

model, 105
PSP mixing models, 64, 84, 106, 122
simplified Langevin model, 31

parameterized scalar profile, 45, 52–59
combined with flamelets, 121, 128
scalar gradient statistics, 100–101

partially stirred reactor, 121
particle in- and outflow boundaries, 21–

28
particle method, see Lagrangian particle

method
particle position PDF

conditional, 15
consistency, 16

particle reflection, 24
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with reassigned velocity, 27
particle triplet scalar profile, 56
particle weight, 20, 61
particle-mesh method, 19, 30, 56, 63
PDF

marginal, 66, 79
modeled, 14
one-point, 14
relationship between Eulerian and

Lagrangian, 14–17
transition, 17, 133

PDF methods
applications, 13, 99
compared to moment closures, 11,

83
composition, 10

boundary conditions, 35
definition, 4
motivation, 13
presumed, 10
relationship to FDF methods, 12
solution concept, 13, 19
velocity–composition, 10–11

boundary conditions, 35
Prandtl number, 1

DNS with mean scalar gradient, 89
homogeneous DNS, 64

pressure, 14
profile

boundary models, 54–59, 138
IEM, 59
nearest neighbor, 56–57
Ornstein–Uhlenbeck, 54–55, 136

lengthscale, 53
shape, 53

RANS, 9–10
combination with PDF method, 10
equations, 9

relationship to PDF transport
equations, 11

hybrid PDF solution approach, 11
reaction mechanism, 121, 122
reactive flows, 3, 121

application of PSP models, 128
influence on mixing rate, 46
localness, 41

realizability condition profile bound-
aries, 56, 57

reflecting wall, 21, 23
representative particles for the profile

boundaries, 56
requirements mixing models, 39–42

satisfied by PSP models, 94, 119
residence time, 122
Reynolds number, 1–3, 41, 104, 139

DNS with mean scalar gradient, 89
homogeneous DNS, 64

sample space, see scalar sample space
scalar

conservation equation, 89
definition, 1
diffusion rate vector, 66
dissipation rate, 40, 100, 101

distribution in profile, 102
model, 45, 101
PDF, 100, 112–115

energy spectrum, 3, 42, 104
evolution of, 104
influence on mixing rate, 45

fluctuating component, 10
PDF, 10

evolution of, 66, 85, 106
profile, see profile
sample space, 10
vector, 9, 100

Schmidt number, 1–3
influence on mixing rate, 42

shape preserving, 44, 47, 85
skewness, 66, 112
Spalding’s suggestion, 45, 53, 102
spectral relaxation model, 46, 104
statistical error, 19, 64, 66, 106

quantification of, 90
stochastic differential equation, 18

for decaying grid turbulence, 28
mean scalar gradient test case, 89
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turbulence frequency model, 29
stoichiometric conditions, 121
stranding, 44, 50, 85
subgrid-scale model, 12
summation convention, 9

test cases, 4
boundary conditions, 28

homogeneous, 31–34
inhomogeneous, 34–35

mixing models, 42, 63, 94–95
homogeneous, 63–79
inhomogeneous, 79–88
mean scalar gradient, 63, 88–94
reactive PaSR, 121–123
validation scalar–scalar dissipa-

tion rate statistics, 99–120
validation PDF simulation code,

30–31
thermal diffusion, see diffusion
three-stream problem, 42, 63, 85
time stamps profile boundaries, 56, 138
timescales

boundary renewal process, 56
molecular mixing, 45–46

definition, 102
model for, 102–105
relationship to lengthscales, 104

slow chemistry limit, 10
turbulence, see turbulence fre-

quency
definition, 102
in the homogeneous DNS, 104

transport equation
composition PDF, 10

homogeneous form, 42
composition–frequency PDF, 83
filtered, 12
relationship to RANS equations, 11
velocity PDF, 14, 16
velocity–composition PDF, 11

derivation, 14
velocity–scalar–scalar dissipation

rate–frequency PDF, 101

turbulence frequency, 11, 101
definition, 29
from homogeneous DNS, 106
model for, 29

turbulence intensity, 28
in applications, 36
in boundary condition tests, 32, 35

universal flow scales, 3, 12

validation
EMST mixing model, 52
PDF simulation code, 30–31
PSP mixing models, 63–79

scalar–scalar dissipation rate
statistics, 99–120

various mixing models, 79–94
velocity PDF, 13

at inflow reflected particles
derivation, 25–26
numerical verification, 34

Wiener process, 18, 136
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