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Abstract

In the absence of nucleation centers, moderately supercooled liquids are metastable but

after a finite time undergo homogeneous nucleation. This is usually described in terms of

classical nucleation theory (CNT) in which spontaneous fluctuations lead to the formation

of small crystallites. When a crystallite exceeds a critical size, i.e. when it overcomes the

nucleation free energy barrier, the whole system crystallizes. In this picture the critical

nucleus is assumed spherical and the nucleation barrier, which depends only on its size, is

determined by a balance between surface and volume free energy terms. Several computer

simulations have helped to elucidate the microscopic aspects of crystal nucleation for mod-

erate supercooling and allowed free energy barriers and nucleation rates to be computed

for model systems such as hard-spheres, and Lennard-Jones (LJ). These models are repre-

sentative of real systems, e.g. colloids or globular proteins, and the theoretical predictions

can be verified experimentally. However calculations, as well as experiments, have proved

challenging and a comprehensive picture of crystallization kinetics and thermodynamics

as a function of the degree of supercooling is still lacking. At deep quenches the nucleation

process was predicted to be affected by the proximity of a “pseudospinodal” and earlier

simulations of the freezing of LJ fluid supported this prediction, although the existence of

a spinodal singularity for crystallization has not been proved yet.

In this thesis we illustrate a molecular dynamics (MD) study of the crystallization of a

LJ fluid as a function of the degree of supercooling. The aim of this study is to ascertain

to what extent CNT applies and to investigate how the degree of supercooling affects the

crystallization process. We simulate an Argon fluid as described by a LJ potential at

temperature T/Tmelt=0.8 and pressure P=0.25 kbar. We study a system of 6912 particles

with periodic boundary condition (PBC). This system size is much larger than the critical

nucleus, hence PBC will not affect its formation. Temperature and pressure are controlled

by a thermostat and a barostat. We checked that during crystallization pressure and tem-

perature do not exhibit anomalous fluctuations. At low supercooling crystallization takes

place in a time scale much longer than present day MD time scale. However much technical
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progress has recently been made in this field and using methods such as transition path

sampling (TPS) and metadynamics we were to generate dynamical trajectories in a com-

putationally affordable time. Our results demonstrate that for shallow supercooling CNT

captures the essential thermodynamic features of freezing, i.e. the height of the nucleation

barrier and the size range of the critical nucleus, provided that an ellipsoidal, rather than

spherical approximation of the nucleus is adopted. Nonetheless the kinetics of the initial

stage of the growth of crystalline embryos is characterized by the sudden formation of

dense crystalline cluster of finite size. This feature was not predicted by classical kinetic

theories, that describe nucleation in terms of addition and removal of single particles. At

lower temperatures we observed a crossover from a classical nucleation regime to a more

collective mechanism of freezing, influenced by the existence of a spinodal singularity. The

presence of a spinodal singularity for crystallization, previously predicted by mean-field

theory, is confirmed in this thesis by several independent evidences.



Riassunto

In assenza di centri di nucleazione, liquidi moderatamente sotto-raffreddati, ovvero portati

ad una temperatura non troppo distante dalla temperatura di fusione, sono metastabili,

ma dopo un certo periodo di tempo subiscono una transizione di fase, nota come nucle-

azione omogenea. Quest’ultima viene descritta tramite la teoria della nucleazione classica

(CNT), in base alla quale delle fluttuazioni spontanee nel mezzo metastabile provocano

la formazione di piccoli cristalli solidi. Quando uno di questi cristalli supera una certa

dimensione critica, cioe’ quando il sistema oltrepassa la barriera di energia libera, l’intero

sistema cristallizza. In questa teoria il nucleo viene supposto di forma sferica e la barriera

di nucleazione, che dipende solo dalle dimensioni del nucleo, è determinata dal bilancio fra

l’energia di volume e quella di superficie.

Diverse simulazioni al computer hanno dato un notevole contributo alla comprensione degli

aspetti microscopici che interessano la nucleazione di un cristallo a partire da un liquido

moderatamente sotto-raffreddato. Gli autori di tali lavori hanno calcolato il valore delle

barriere di energia libera e le percentuali di nucleazione per sistemi modello, quali quelli

descritti dal potenziale “hard-sphere” e quello di Lennard-Jones (LJ). Tali modelli rapp-

resentano sistemi reali, come per esempio le sospensioni colloidali o le proteine globulari

ed i valori ottenuti sono confrontabili con gli esperimenti. Tuttavia, sia le simulazioni al

computer che gli esperimenti si sono rivelati intriganti ed una comprensione della cinetica

della solidificazione e delle termodinamica in funzione del grado di sotto-raffreddamento

non è ancora stata raggiunta. È stato predetto che, quando un liquido viene fortemente

sotto-raffreddato, allora il meccanismo di transizione di fase viene influenzato dalla pre-

senza della “spinodale”. Tale fatto è stato osservato in alcuni precedenti simulazioni sulla

solidificazione di un fluido di LJ, sebbene la singolarità spinodale non sia stata ancora

dimostrata.

In questa tesi illustreremo uno studio computazionale di dinamica molecolare (MD) della

solidificazione di un fluido di LJ in funzione del grado di sotto-raffreddamento. Lo scopo

di questo lavoro è verificare fino a che punto la teoria classica è valida ed in che modo il



vi

grado di sotto-raffreddamento influisce sul meccanismo di solidificazione. Abbiamo simu-

lato un sistema di argo liquido, le cui interazioni molecolari sono descritte dal potenziale

di LJ, alla temperatura T = 0.8 Tm (dove Tm rappresenta la temperatura di fusione) e alla

pressione P = 0.25 kbar. Abbiamo studiato un sistema di 6912 particelle sottoposte alle

condizioni al contorno periodiche (PBC). Le dimensioni del sistema sono molto maggiori

delle dimensioni del nucleo critico, quindi le PBC non influiscono sulla sua formazione.

Sia la temperatura che la pressione sono mantenute costanti tramite un termostato ed un

barostato. Abbiamo controllato che durante la cristallizzazione sia la temperatura che la

pressione non manifestino fluttuazioni anomale.

Il processo di solidificazione in una simulazione al computer si verifica con una scala di

tempi molto maggiore rispetto a quella della MD. Negli ultimi tempi c’è stato un notevole

progresso nelle tecniche di simulazione in questo campo. Usando tecniche quali il Tansition

Path Sampling (TPS) e la metadinamica abbiamo potuto generare una serie di traiettorie

dinamiche in un tempo computazionalmente accessibile. I nostri risultati mostrano che la

teoria classica è in grado di descrivere il processo di nucleazione, sia l’altezza della barriera

di energia libera che la dimensione del nucleo critico, a patto che il nucleo venga approssi-

mato non tramite una sfera ma con un ellissoide di rotazione. Oltre a questo fatto, lo

stadio iniziale della formazione e crescita dell’embrione solido è caratterizzato dalla for-

mazione improvvisa di un cristallo di dimensione finita. Tale caratteristica non era stata

mai predetta dalle teorie cinetiche di nucleazione classiche, che invece descrivono il pro-

cesso della nucleazione in funzione di addizione e rimozione di particelle singole. Qunado

il sistema viene ulteriormente sotto-raffreddato abbiamo osservato che il sistema passa da

un regime di nucleazione classica ad un meccanismo di solidificazione collettivo, in cui

si ritrova l’influenza di una singolarità spinodale. La presenza di quest’ultima era stata

predetta dalla teoria di campo medio, ed in questa tesi è stata confermata in vari modi

indipendenti l’uno dagli altri.
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Chapter 1

Introduction

In general, a phase is defined as a set of states of a macroscopic physical system that

have relatively uniform chemical composition and physical properties (i.e. density, crystal

structure, and so forth). The different phases of a system may be represented using a

phase diagram, where the axes of the diagram are the relevant thermodynamic variables,

like temperature and pressure. The phase diagram of a typical monoatomic substance

such as argon, modeled by the Lennard-Jones potential, is sketched in Fig. (1.1). In this

diagram, the open spaces correspond to the stable phases, which are separated by lines

corresponding to the phase boundaries, or coexisting lines. When a system passes from

one stable phase to another, crossing a phase boundary, a change in its physical properties

occurs. In this case the system is said to undergoing a phase transition. However, in some

cases a phase can be stable for a relatively long time even beyond the line of coexistence,

in a region of the phase diagram where a different phase would have lower free energy.

These systems are said metastable with respect to the equilibrium stable phase.

A typical example of a metastable system is represented by the black circle in the phase

diagram of Fig.(1.1). This is called a supercooled liquid, and has has been obtained cooling

a liquid, at constant pressure, below its freezing point, Tm, without it becoming solid. The

relaxation of metastable liquids towards stable equilibrium involves the formation of one

or more new phases. In most practical circumstances suspended and dissolved impurities,

as well as imperfectly wetted solid boundaries, provide preferential sites for the formation

of the new phase. However, in absence of impurities or solid surfaces, small embryos,

often called nuclei, of the new phase are formed within the bulk metastable liquid. This

fundamental mechanism of phase transformation is known as homogeneous nucleation and

it is the subject of this thesis.

Homogeneous nucleation is usually described in terms of classical nucleation theory (CNT)



2 1 Introduction

Figure 1.1: Lennard Jones phase diagram in the pressure-temperature plane, showing the bound-

aries between solid, liquid and gas phases. The black circle represents a metastable phase, ob-

tained as a result of a series of isobaric transformations (open squares) started from the fluid

phase and ended in the region of the solid phase, passing through the coexisting line (black

square).

in which spontaneous fluctuations lead to the formation of small crystallites [1, 2]. When

a crystallite exceeds a critical size, i.e. when it overcomes the nucleation free energy bar-

rier, the whole system crystallizes. In this picture the critical nucleus is assumed spherical

and the nucleation barrier, which depends only on its size, is determined by a balance

between surface and volume free energy terms. Several computer simulations have helped

to elucidate the microscopic aspects of crystal nucleation for moderate supercooling and

allowed free energy barriers and nucleation rates to be computed for model systems such

as hard-spheres [3, 4], and Lennard-Jones (LJ) [5–8]. These models are representative

of real systems, e.g. colloids or globular proteins, and the theoretical predictions can be

verified experimentally [9, 10]. However calculations, as well as experiments, have proved

challenging and a comprehensive picture of crystallization kinetics and thermodynamics

as a function of the degree of supercooling is still lacking. At deep quenches the nucleation

process was predicted to be affected by the proximity of a “pseudospinodal” [11, 12] and

earlier simulations of the freezing of LJ fluid supported this prediction [5, 13], although

the existence of a spinodal singularity for crystallization has not been proved yet.

In this thesis we present a molecular dynamics (MD) study of the crystallization of a LJ

fluid as a function of the degree of supercooling. The aim of this study is to ascertain

to what extent CNT applies and to investigate how the degree of supercooling affects the

crystallization process. The theoretical derivation of CNT is the subject of Chapter 2. In

this chapter we will recall the CNT theory and its approximations which, in some cases,
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are believed to be the major cause of the discrepancies between theoretical predicted and

experimental nucleation rates. However, in this thesis we won’t address the problem of

the nucleation rates but we concentrate on the computation of the free energy barrier,

which constitutes also a matter of debate. Again, there is the necessity to test the valid-

ity of the classical theory, but in order to do that, dynamic reactive trajectories need to

be generated. This is a difficult task, because especially at low supercooling crystalliza-

tion takes place in a time scale much longer than present day MD time scale. However,

much technical progress has recently been made in this field and using methods such as

umbrella sampling [45], the local elevation method[51], metadynamics [54] and transition

path sampling (TPS) [58, 59] nowadays we are able to generate dynamical trajectories in

a computationally affordable time. In this thesis we used metadynamics and TPS, whose

respective theoretical foundations are the subject of Chapter 3, while in Chapter 4 we give

the information about the system that we study, namely an Argon fluid as described by a

LJ potential [14, 15]. We started from a moderate degree of supercooling, corresponding

to a temperature T = 0.8 Tmand pressure P = 0.25 kbar, and then proceeded toward

deeper degrees of supercooling at constant pressure, down to T = 0.54 Tm. In order to

generate reactive trajectories at low supercooling we started from a crystallization tra-

jectory, obtained by metadynamics, and at selected points along the path the velocities

are changed randomly while keeping the total kinetic energy constant. By propagating

forward and backward in time from this altered point, new trajectories are generated.

The ones that lead to crystallization are accepted and are used as new starting points. By

iterating this procedure, we were able to harvest ten statistically independent crystalliza-

tion trajectories. Our major achievement is that at moderate supercooling, a nucleation

picture applies. We will show that in the nucleation regime, the freezing is a two-step

process. The formation of the critical nuclei is indeed proceeded by the abrupt formation

of a precritical crystallite arising from a density fluctuation in the fluid. In contrast, as

the degree of supercooling is increased, crystallization proceeds in a more continuous and

collective fashion and becomes more spatially diffuse, indicating that the liquid is unstable

and crystallizes by what we will prove to be a spinodal mechanism. The analysis of the

TPS trajectories at T = 0.8 Tm is also discussed in Chapter 4, while in Chapter 5 we

turn to the study of nucleation as a function of the degree of supercooling. In order to do

this we used the more computationally efficient method of metadynamics. The method

relies on the identification of the appropriate reaction coordinates, which are obtained and

validated from the unbiased trajectories generated by TPS. Finally in the appendices we

treat several theoretical details.





Chapter 2

Theory of nucleation

The relaxation of a metastable phase (a) into a more stable phase (b) is caused by the

formation of a small aggregate of atoms or molecules (a nucleus) of the phase (b) in the

volume of the phase (a). The formation of the nucleus is initiated by statistical fluctua-

tions in the density of the initial parent phase and its growth is favored by the difference

between the chemical potentials µa and µb. Specifically, if the initial bulk phase (a) was

the more stable (µa < µb), these density fluctuations would be short lived. If, however,

the initial state is the less stable (µa > µb), the tendency to growth prevails after a certain

critical size is exceeded. It is just this mechanism of formation of the nuclei of a new

phase, caused by random density fluctuations in the parent metastable phase, which is

called nucleation. Once the nuclei reach the critical size, the phase transition practically

occurs. These nuclei are called critical, and their formation costs a certain amount of free

energy. In other words, the system should overcome an activation barrier whose height is

given by the work of formation of the critical nuclei.

In the following chapter we will expose the classical theory of nucleation (CNT), developed

from Gibbs’ thermodynamics [16] by Farkas [17], Becker and Döring [18], Zeldovich [19],

and Frenkel [20] for homogeneous condensation from the vapor phase and cavitation in

liquids 1. Subsequently, Turnbull and Fisher [21] extended this general treatment to the

case of the liquid-solid transition. In this thesis only homogeneous nucleation of a super-

cooled liquid is addressed. The basic distinction between homogeneous and heterogeneous

nucleation is that the former refers to nucleation at random throughout a homogeneous

sample, whereas the latter occurs on impurities, dislocation, grain boundaries, or other

structural singularities.

1Cavitation is the phenomenon where small and largely empty cavities are generated in a fluid. These

cavities expand to large size and then rapidly collapse, producing a sharp sound.
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We will begin our treatment on the theory of homogeneous nucleation first considering the

case of supersaturated vapors, and then we will discuss supercooled liquids.

2.1 Homogeneous formation of nuclei

As already pointed out, the first detailed description of the phenomenon of nucleation was

given by Gibbs [16]. In its original treatment, the nuclei that are formed in the volume of

supersaturated ambient phase, have the same properties as the corresponding bulk phase

with the only exception of being their small sizes. This approach treats a microscopic

problem in terms of macroscopic thermodynamic variables and is known as capillarity

approximation2. According to it, if the radius of the curvature of the interface between an

object and its surrounding is large with respect to its molecular dimension, the object is

treated as being macroscopic. In what follows we will obtain the expression for the work

of formation, or Gibbs free energy, of the nuclei, assuming the validity of the capillarity

approximation.

2.1.1 Thermodynamics

Consider the formation of liquid nuclei in the bulk of a vapor phase. In this case, the

surface free energy of the liquid droplet is equal to the surface tension γ of the liquid bulk,

which, being isotropic, leads to spherical equilibrium shape of the small liquid entities. We

consider a volume containing nv molecules of a vapor with chemical potential µv which

is a function of the temperature T and pressure P . The thermodynamic potential of the

initial state of the system at T = const and P = const is given by:

G1 = nvµv. (2.1)

When a droplet of a liquid with bulk chemical potential µl is formed from n molecules of

the vapor phase, the thermodynamic potential of the system vapor-liquid droplets reads:

G2 = (nv − n)µv + G(n), (2.2)

where G(n) is the thermodynamic potential of a cluster containing n molecules. The work

of formation of a cluster consisting of n atoms is then given by the difference ∆G(n) =

G2−G1 = G(n)−nµv. From the previous equation, it follows that the work of formation of

2This is the reason why CNT is also known as capillary theory of nucleation.
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Figure 2.1: Dependence of the droplet radius of the Gibbs free energy change ∆G connected

with the formation of liquid nuclei from a supersaturated vapor phase. When the liquid phase

is stable (µl < µv), ∆G displays a maximum at some critical radius r∗. This maximum is the

work of formation of the critical nucleus; beyond the critical size, growth of the nucleus leads

to a decrease of the Gibbs free energy of the system. When vapor phase is stable (µl > µv)

both terms in Eq.(2.4) are positive and the formation of nuclei capable of unlimited growth is

thermodynamically forbidden as it would lead to an infinite increase of the Gibbs free energy.

the cluster represents the difference of the thermodynamic potential of the cluster and the

thermodynamic potential of the same amount of material (number of moles or molecules)

but in the parent (vapor) phase.

In CNT, the thermodynamic potential of the liquid droplet is given by the sum of the

chemical potential of the constituent atoms in the infinitely large liquid phase nµl and the

surface energy 4πr2γ of the droplet:

G(n) = nµl + 4πr2γ. (2.3)

In this equation γ is the surface energy as measured for a flat surface. In the analysis that

follows we will neglect the curvature dependence of the surface energy.

Now if we substitute Eq.(2.3) into Eq.(2.2), and we adopt for n the expression n = 4πr3/3vl

(vl being the molecular volume of the liquid), we obtain the expression for the work of

formation as a function of the radius of the droplet:

∆G(r) =
4

3

πr3

vl
∆µ + 4πr2γ, (2.4)

where ∆µ = µv − µl is the supersaturation.

Thus in the simplest case of a droplet formation in vapor, ∆G consists of two terms:

a volume term 4πr2∆µ/3vl, which is negative when the liquid phase is more stable (see
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Fig.(2.1)), and a surface term 4πr2γ, which is always positive. The increase of the ther-

modynamic potential of the system is due to the formation of the interface between the

liquid droplet and the surrounding vapor. Then ∆G displays a maximum at some critical

size r∗ given by:

r∗ =
2γvl

∆µ
. (2.5)

Under this conditions the system is in unstable equilibrium. Indeed, any infinitesimal

deviation of the size of the nucleus from the critical one leads to a decrease of the thermo-

dynamic potential of the system. In this sense the cluster with size r∗ is a critical nucleus

of the new phase.

The maximal value of ∆G is obtained by substituting the expression of r∗ into Eq. (2.4),

thus obtaining:

∆G∗ =
16π

3

γ3v2
l

∆µ2
. (2.6)

This expression gives the height of the free energy barrier which should be overcome for

condensation to take place. It is inversely proportional to the square of the supersaturation

(a result which was obtained for the first time by Gibbs [16]) and increases steeply near

the phase equilibrium, i.e. at small supersaturation, thus imposing great difficulties for

the phase transition to occur.

Useful expressions for ∆µ could be obtained if we substitute the expression for the radius

of the critical nucleus, Eq. (2.5), into Eq. (2.4), and we make use of Eq. (2.6):

∆G(r) = ∆G(r)∗

[

3

(

r

r∗

)2

− 2

(

r

r∗

)3
]

, (2.7)

or in terms of the number n∗ of atoms in the nucleus (from vln = 4πr3/3):

∆G(n) = ∆G∗

[

3

(

n

n∗

)2/3

− 2

(

n

n∗

)

]

, (2.8)

where

∆G∗ =
4

3
πr∗2γ, (2.9)

and has been obtained substituting the expression for ∆µ from Eq. (2.5) into Eq.(2.6). We

will use Eq. (2.7) and Eq. (2.8) when deriving the expression for the rate of nucleation.

2.1.2 Rate of nucleation

As mentioned, the formation of the nuclei of the new phase in the bulk of the ambient

phase is a random process. The number of nuclei that formed in a fixed interval of time
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is a random quantity and is subject to statistical laws. The average values, however, can

be calculated by means of kinetic theory of nucleation, which was originally proposed

by Becker and Döring [18]. Their treatment was subsequently elaborated by Farkas [17],

Stranski and Kashiev [24–27], Frenkel [20] and finally by Volmer and Weber [22, 23].

Following the work of these last authors, we first discuss, as in the previous section, the rate

of formation of liquid droplets in a supersaturated vapor with pressure P and temperature

T , contained in a vessel of volume V . Again, a number of simplifying assumption can be

adopted:

- The growing cluster preserve a constant geometrical shape, which is spherical and

coincides with the equilibrium one.

- Cluster consisting of a number N of atoms greater enough than the critical value

n∗ are not considered. In fact, beyond the critical value the system is no longer

metastable and the phase transition occurs. In other words fluctuations that lead

to the formation of supercritical clusters are not among the group of microscopic

states which corresponds to metastable macroscopic state under consideration.

Bearing in mind these assumption, the nucleation process is considered as a series of

bimolecular reactions, in which the growth and the decay of the clusters takes place by

attachment and detachment of single atoms. In CNT, triple and multiple collisions are

ruled out as less probable. If we denote with k+
n and k−

n respectively the rate constants of

the direct and reverse reactions, with A a general chemical symbol, then the scheme that

corresponds to the mentioned series of bimolecular reactions is given by:

A1 + A1 ⇋ A2

A2 + A1 ⇋ A3

. . .

An + A1 ⇋ An+1. (2.10)

According to this scheme, cluster of class n (i.e. consisting of n atoms), are formed by

the attachment of one molecule to a cluster of class n − 1 and detachment of a molecule

from a cluster of class n + 1 (birth process) and disappear by the attachment and

detachment of one molecule respectively to the cluster of class n, giving rise to a cluster

of class n + 1 and n − 1 respectively. Then, the change of concentration of clusters of

class n of the chemical species A, [An], at time t is obtained making use of the expression

of the rate law for the bimolecular reactions:

d[An(t)]

dt
= k+

n−1[An−1(t)] − k−
n [An(t)] − k+

n [An(t)] + k−
n+1[An+1(t)]. (2.11)
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Introducing the net flux of clusters through the size n,

Jn(t) = k+
n−1[An−1(t)] − k−

n [An(t)], (2.12)

turns Eq. (2.11) into
d[An(t)]

dt
= Jn(t) − Jn+1(t). (2.13)

When Jn(t) equals Jn+1(t), a steady-state situation is established, and, according to

CNT, such a situation is rapidly established. In this case:

Jn(t) = Jn+1(t) = J0, (2.14)

where we denote by J0 the steady-state rate.

J0 represents the frequency of formation of clusters of any class, and does not depend of

the cluster size n. Hence in the steady-state we obtain the following system of linear

equations:

J0 = k+
1 [A1] − k−

2 [A2]

J0 = k+
2 [A2] − k−

3 [A3]

. . .

J0 = k+
n−1[An−1] − k−

n [An]

. . .

J0 = k+
N−1[AN−1], (2.15)

where in the last equation we have assumed that [AN ] equals zero. In fact, remember

that N is greater than the critical size, hence cluster of class N are not allowed to be

formed in CNT.

The above system can be solved multiplying each equation by a ratio of the rate

constants and then sum up all the equations. If we multiply the first equation by 1/k+
1 ,

the second by k−
2 /k+

1 k+
2 , the nth by k−

2 k−
3 . . . k−

n /k+
1 k+

2 . . . k+
n and then we perform the

sum, after rearrangement[18]:

J0 = [A1]

[

N−1
∑

n=1

(

1

k+
n

k−
2 k−

3 . . . k−
n

k+
1 k+

2 . . . k+
n−1

)]−1

, (2.16)

which is the most general expression for the steady state rate of nucleation, applicable

both to the case of homogeneous and heterogeneous nucleation, taking the appropriate

expressions for the rate constants k+
n and k−

n .
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2.1.3 The equilibrium state

In a supersaturated system equilibrium state can be realized not too far from the

coexisting line. Such an equilibrium will be metastable and will give the equilibrium

distribution of the clusters of class n in absence of molecular flux. Thus, under the

condition J0 = 0:

k+
n−1Nn−1 = k−

n Nn, (2.17)

where now Nn represents the equilibrium concentration of clusters of class n.

Eq. (2.17) is known as the equation of the detailed balance, and can be rearranged in the

form:
Nn

Nn−1
=

k+
n−1

k−
n

(2.18)

The principle of the detailed balance can be invoked for all the equations of the system

of equations in (2.15). If we substitute the expression for Nn, starting from n = 2 in the

Eq. (2.17), we find:

Nn

N1
=

k+
1 k+

2 . . . k+
n−1

k−
2 k−

3 . . . k−
n

=

n
∏

i=2

(

k−
i

k+
i−1

)−1

. (2.19)

The rate constants ratio appears also in Eq. (2.16). Thus the problems is reduced to

finding the expressions for the rate constants k+
n and k−

n . For the simplest case of

homogeneous formation of liquid nuclei in supersaturated vapors, following the idea of

Gibbs that nuclei represent small liquid droplets, the rate constant of the growth

reactions, k+
n , can be calculated from the kinetic theory of gas. In fact, in this case, the

rate constant of growth of a cluster of class n − 1 to form a cluster of class n, is given by

the number of collisions of atoms from the vapor phase on the surface of the droplets:

k+
n−1 =

P√
2πmkBT

Sn−1, (2.20)

where P is the vapor pressure available in the system, Sn−1 is the surface area of a cluster

of class n − 1, and the ratio P/
√

2πmkBT is the number of collisions per unit area.

The rate constant of the reverse reaction of decay of a cluster of class n into a cluster of

class n − 1, in general is not known. However, in the case of liquid nucleation from a

supersaturated vapor phase, k−
n can be evaluated as follows. According to Volmer[23],

the number of atoms leaving a cluster of class n, in equilibrium with the vapor phase, in

a fixed interval of time, is equal to the number of atoms arriving at its surface. Hence

the flux of atoms leaving the cluster is equal to the equilibrium flux of atoms arriving at

its surface. Condensation takes place when the center of mass of a molecule joining the

droplet crosses the sphere of action of the interatomic forces, and the radius of the
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droplet increases just after that event (see Fig. 2.2). Similarly, the evaporation of a

molecule takes place when its center of mass crosses the same sphere of action and at

that moment the droplet shrinks and its surface area becomes equal to Sn−1.

Figure 2.2: Determination of the surface area of a liquid droplet containing n molecules upon

detachment of a single molecule shown by the small circle. The molecule leaves the droplet when

its center of mass crosses the surface of action of the intermolecular forces given by the dashed

circle. Precisely at that moment the surface area of the droplet becomes Sn−1 as given by the

solid circle[23].

If Pn is the equilibrium pressure of cluster of class n:

k−
n =

Pn√
2πmkBT

Sn−1. (2.21)

Once the constant rates are known, Eq. (2.18) becomes:

k+
n−1

k−
n

=
P

Pn

. (2.22)

the ration P/Pn can be evaluated using the Thomson-Gibbs equation. This latter states

that the equilibrium vapor pressure of a small droplet with radius r, Pr, is higher than

that of the infinitely large liquid phase with a flat surface, P∞. Hence we have:

kBT ln
P

P∞

=
2γvl

r∗
, kBT ln

Pn

P∞

=
2γvl

rn
. (2.23)

Then:
k+

n−1

k−
n

=
P

Pn

= exp

[

2γvl

kBT

(

1

rn

− 1

r∗

)]

. (2.24)

We replace then the radii rn and r∗ by the number of atoms through nvl = 4πr3/3 and

then for every term in the Eq. (2.19) we obtain:

k−
2 k−

3 . . . k−
n

k+
1 k+

2 . . . k+
n−1

= exp

[

2γ

kBT

(

4πv2
l

3

)1/3 n
∑

1

(

1

n1/3
− 1

n∗1/3

)]

. (2.25)
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According capillarity approximation, n∗ >> 1, so we can substitute the sum by an

integral and after carrying out the integration we obtain:

k−
2 k−

3 . . . k−
n

k+
1 k+

2 . . . k+
n−1

= exp

{

γ

kBT

(

4πv2
l n

∗2

3

)1/3[

3

(

n

n∗

)2/3

− 2

(

n

n∗

)]}

. (2.26)

Comparing the above equation with Eqs. (2.8) and (2.9) we see immediately that the

expression in the curly brackets on the right-hand side is simply the function

∆G(n)/kBT . Hence:

k−
2 k−

3 . . . k−
n

k+
1 k+

2 . . . k+
n−1

= exp

(

∆G(n)

kBT

)

(2.27)

or

k−
2 k−

3 . . . k−
n

k+
1 k+

2 . . . k+
n−1

= exp

{

∆G∗

kBT

[

3

(

n

n∗

)2/3

− 2

(

n

n∗

)]}

. (2.28)

finally we obtain the expression for the equilibrium concentration of of cluster of class n:

Nn = N1exp

(

− ∆G(n)

kBT

)

. (2.29)

2.1.4 Steady state nucleation rate

Now let’s come back to the expression for the steady state rate of nucleation. Replacing

the sum in the denominator of Eq. (2.16) by an integral gives

N−1
∑

n=1

(

1

k+
n

k−
2 k−

3 . . . k−
n

k+
1 k+

2 . . . k+
n−1

)

∼=
∫ N

1

exp

{

∆G∗

kBT

[

3

(

n

n∗

)2/3

− 2

(

n

n∗

)]}

dn. (2.30)

The function in the exponential in the right-hand side is displayed in Fig. (2.1). This

function displays a maximum at n = n∗ and can be expanded in Taylor series in the

vicinity of the maximum

∆G(n) = ∆G∗

[

3

(

n

n∗

)2/3

− 2

(

n

n∗

)]

∼= ∆G∗

(

1 − 1

3n∗2
(n − n∗)2

)

. (2.31)

In Fig. (2.3) the Gibbs free energy ∆G(n), and the function exp [∆G(n)/kBT ] are shown

together with the reciprocal of the rate constant 1/k+
n . As shown in this figure, the

exponential under the integral displays a sharp maximum in the vicinity of n∗, while the

rate constant k+
n is not a sensitive function of n. Thus we make the following

approximations. We extend the limits of integration to −∞ and +∞, without making a

significant error. Second, the rate constant k+
n is replaced by a constant k+

n = k∗ = const,

and then taken out from the integral.
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Figure 2.3: Dependence of the Gibbs free energy change ∆G(n)/kBT (dashed line),

exp[∆G(n)/kBT ] and the reciprocal of the rate constant of the forward reaction on the clus-

ter size. The function exp[∆G(n)/kBT ] displays a sharp maximum and its width is confined in

the near vicinity of the critical size. The reciprocal of the rate constant 1/k+
n is a weak function

of n and can be taken as a constant.
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Carrying out the integration from minus infinity to plus infinity we obtain the steady

state nucleation rate:

J0 = k∗Z[A1]exp

(

− ∆G∗

kBT

)

, (2.32)

where [A1] is the steady state concentration of single molecule in the vapor phase and k∗

represents the frequency of attachment of molecules to the critical nucleus.

The parameter Z in Eq. (2.31) for the steady state nucleation rate is known in the

literature as the factor of Zeldovich [19, 28] and has the following expression:

Z =

(

∆G∗

3πkBTn∗2

)1/2

. (2.33)

Zeldovich argued that the steady state distribution function, [An] deviates perceptibly

from the equilibrium one, Nn, only in the vicinity of the critical size n∗. The processes

taking place in an interval ∆n∗ = nl − nr (Fig. (2.4)) around the critical size determine

the overall rate of nucleation. According to Zeldovich the width of this interval is

determined by the condition that ∆G(n) varies by kBT around the maximum (at n ≤ nl

[An] ∼= Nn, and at n ≥ nr = N , [An] = 0), i.e.

∆G∗ − ∆G(n = nl, nr) = kBT. (2.34)

Bearing in mind Eq. (2.31) it follows that the width of the interval ∆n∗ reads

∆n∗ = 2

(

3kBTn∗2

∆G∗

)1/2

=
2

Z
√

π
. (2.35)

In other words the factor of Zeldovich is simply the reciprocal of ∆n∗ and thus accounts

for the deviation of the system from the equilibrium state.

If we substitute Eqs. (2.5) and (2.6) in the expression for the Zeldovich factor, it turns

out that Z is directly proportional to the square of the supersaturation:

Z =
∆µ2

8πvl

√

γ3kBT (2.36)

In other words, Z = 0 at the phase equilibrium and increases steeply when deviating

from it.

If we make the assumption that [An] ∼= Nn, the steady state rate of nucleation (2.32) can

be rewritten in the form

J0 = k∗ZN∗, (2.37)
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Figure 2.4: According to Zeldovich[19] the processes which take place in the interval ∆n∗ = nl−nr

determine the overall rate of nucleation. The width of the interval is in fact the reciprocal to the

non equilibrium Zeldovich factor Z.

i.e. it is a product of the equilibrium concentration of critical nuclei,

N∗ = N1exp

(

− ∆G∗

kBT

)

, (2.38)

the Zeldovich factor Z, and the frequency of attachment of building units to the critical

nucleus k∗. This is a general expression valid for all possible cases of nucleation and can

be used in any particular case.

In the following section we will address more in detail the case of the supercooled liquids,

which this thesis is devoted to.

2.2 Supercooled liquids

Homogeneous crystal nucleation in super-cooled liquids involves the formation of

embryos with symmetry different from that of the bulk metastable phase. In order for

such ordered embryos to grow, molecules must cross an interface, the two side of which

differ not only in density but also in degree of order. The presence of this additional

barrier is a distinguishing feature of nucleation in supercooled liquids.

In 1949 Turnbull and Fisher[21] extended to the liquid-solid transition the earlier work of

Becker and Döring[18] on homogeneous nucleation of the gas-liquid transition. Again,

the existence in the liquid of a steady-state distribution of small crystallites is assumed.

Turnbull and Fisherf assumed that these crystallites are approximately spherical in

shape, negligible stress effects, and a sharp interface between the cluster and the parent

phase. With these approximations, the work of formation of a crystallite containing n
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atoms has an expression equal to Eq. (2.4), but now vl is replaced by the molecular

volume of the solid phase vc and γ is the surface free energy of formation of a crystallite:

∆G(n) = n∆µ + (36π)1/3(vc)
2/3n2/3γ. (2.39)

It is worth noting here that γ is not actually equal to the liquid surface tension but is

rather the free energy cost in creating a surface Two problems immediately arise when

the above formula is used. The first uncertainty is the determination of the value the

interfacial free energy γ. In fact, the true anisotropic solid-liquid interfacial energy is

measured near the melting point, but experiments and computer simulations are usually

carried out at a temperature substantially below the equilibrium melting point. So what

would be really needed is a temperature dependence of the interfacial energy, γ(T ).

What actually happens is that the value of the surface free energy defined in equilibrium

of the phases is used.

The second problem concerns the value of the difference in chemical potential, ∆µ. Even

in this case we have to consider moderate super cooling; ∆µ is then approximated as [2]:

∆µ ≈ ∆h
∆T

Tm

, (2.40)

where ∆h is the latent heat of the transition per particle, ∆T is the degree of

supercooling, Tm − T , and Tm is the coexistence temperature. Replacing this expression

in Eq. (2.40), the work of formation associated with a nucleus is given by:

∆G(n) = n∆h
∆T

Tm

+ (36π)1/3(vc)
2/3n2/3γ. (2.41)

From the above equation and the comparison with Eqs. (2.5) and (2.6) we obtain the

expression for r∗ and ∆G∗:

r∗ =
2γvcTm

∆h∆T
, ∆G∗ =

16πγ3v2
cT

2
m

3(∆h∆T )2
(2.42)

The expression for the nucleation rate is still of the form (2.37), with the only exception

that now the Zeldovich factor is

Z =
∆h∆T

8πvc(γ3kBT )1/2T 2
m

, (2.43)

and k∗, the frequency of attachment of molecules to the critical nucleus, is given by

k∗ = 4πr∗2
νλ

vl
exp

(

− ∆U

kBT

)

, (2.44)
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where ν is a frequency factor, λ is the mean free path of particles in the liquid, and ∆U

is the activation energy barrier. This last originates from rearrangement of the molecules

in the liquids when crossing the crystal-melt boundary to occupy precise positions in the

crystal lattice, i.e. from the replacement of the long-range disorder in the liquid by

long-range order in the crystal. This is the reason why ∆U is usually identified with the

activation energy for viscous flow.

The nucleation rate then is given by

J0 = k∗CZexp

[

− ∆G∗

kBT

]

, (2.45)

where C is the concentration of the liquid phase, which is equal to 1/vl.

We won’t go further in details with the rate of crystal nucleation from melts because, as

already said, it is not the main topic of this thesis. Instead, in the following section we

will address the question of the computer simulations of the super cooled liquids,

specifically we will expose which are the main problems encountered in reproducing a

phase transition, and report on some recent and also less recent useful results for the

case of a supercooled LJ fluid.

2.3 Order parameters and computer simulations of

nucleation

Experimental investigation of bulk nucleation is a very complicated problem, because

once the nucleation is started the parameters that accompany the formation of the new

phase rapidly vary in space and time. Furthermore, the sample must be extremely pure

in order to avoid the occurrence of heterogeneous nucleation via the presence of

impurities. For these reasons the computer simulations are the most suitable tool by

which one can in principle observe directly the occurrence of homogeneous nucleation.

The investigation of the freezing transition via computer simulations date back the work

of Alder and Wainwright[29] and Wood and Jacobson[30]. They showed that a

hard-spheres system can undergo a liquid-to-solid first order transition. Till the

mid-seventies many simulations have been performed in order to determine the freezing

point for several interatomic potentials [31]. But it is with the work of Mandell,

McTague and Rahman [83, 84] that the dynamics of crystallization, rather than the

thermodynamics, was first investigated. These authors monitored the nucleation process

in 108- 256- and 500-particle Lennard-Jones systems by following the temporal evolution
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of the magnitude of structure factor, the increase in temperature associated with the

release of the latent heat, and the apparent absence of diffusion. They found that the

bigger the system the larger the degree of under-cooling that can be achieved. In

addition, they determined the structure of the nuclei to be BCC, while the stable

crystalline phase is known to be FCC. They interpreted this last phenomenon as a

manifestation of the Ostwald step rule3.

In general, whatever simulation technique is used (Monte Carlo or Molecular Dynamics),

in order to observe a nucleation event, one has first to prepare the system in a stable,

well-equilibrated fluid phase. The fluid is then rapidly cooled to a value of temperature

well below freezing point and subsequently it is allowed to evolve. At this point the

problem of computing the free energy barrier has to be faced. According to equilibrium

statistical mechanics, the Gibbs free energy of the system expressed in function of a

reaction coordinate s, i.e. a parameter that changes smoothly in going from the initial to

the final state along a reaction path, is given by:

G(s) = const − kBT ln[P (s)], (2.46)

where P (s) is the probability per unit interval to find the parameter around a given

value of s. In our case, we want to study the transition from an isotropic (the liquid) to

an anisotropic system (the crystal). When the transition from liquid to solid occurs, two

distinct types of symmetries are broken. A three-dimensional crystal is characterized by

a translational and a rotational order that do not exist in an isotropic fluid. The prove of

the existence of a three-dimensional order in a crystal is that the particle positions are

repeated periodically in the three independent directions, while the presence of

preferential crystallographic axes is an indication of the break of the rotational

symmetry. What is needed is an order parameter, i.e. a normalized parameter that

indicates the degree of order in the system. Furthermore, this order parameter should be

insensitive to the orientation of the crystal in space and should not favor one crystal

structure over the others. For these reasons some useful order parameters are not

suitable for this scope. For example, although the magnitude of the structure factor,

S(k), is a quantitative measure of the translational order in solids, different lattices have

different k vectors. Furthermore many k points are necessary to describe properly the

local order in a crystal lattice.

Another useful quantity that can be used to get detailed information about the local

order in many-body system is the Voronoi space tessellation. The Voronoi polyhedron

3According to Ostwald’s step rule the nucleation does not proceed directly into the thermodynamic

more stable phase but rather into an intermediate metastable phase which is lower in free energy.
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associated with a given particle is defined as a set of points that are closer to that

particle than to any other particle in the system. The Voronoi polyhedra are convex and

fill all space. One way to characterize a configuration of N atoms, is to count the

number of triangular, square, pentagonal, etc. faces of the Voronoi polyhedron. For

example, the so-called signature of a Voronoi polyhedron around a particle in a perfect

BCC environment is (0608), that is its surface consists of 0 triangles, 6 squares, 0

pentagons and 8 hexagons. In general, the instantaneous surroundings of a particle in a

fluid or even solid will differ from those in a perfect crystal lattice. As a consequence, a

given structure will be characterized by a distribution of Voronoi signatures. Different

crystal structures have very different Voronoi signatures and this means that the Voronoi

signature does not provide a convenient order-parameter to measure crystallinity,

because in this case would be useful only for a particular crystal lattice, while we are

interested in studying the crystallization without biasing the final result.

A rotationally invariant measure of the crystallinity of a 3D system is provide by the

so-called bond orientational order of the system. In 1983 Steinhardt et al.[32] introduced

a set of bond-order parameters to study orientational order in liquids and glasses. These

authors considered two atoms to be nearest neighbors if their centers are separated by a

distance smaller than a suitably defined cut-off. To each such nearest-neighbor pair there

corresponds a “bond”4, the midpoint of which defines a vector r in an arbitrary reference

system. Thus, with each nearest-neighbor bond one can associate a set of spherical

harmonics Ylm:

Qlm(r) = Ylm(θ(r), φ(r)) (2.47)

where θ(r) and φ(r) are the polar angles of the bond measured with respect to some

reference system. Note that only spherical harmonics with l even are considered, which

are invariant under inversion (Ylm(r) = Ylm(−r)). At this point is convenient to consider

averaged quantities that define a more global order parameter which is obtained

summing over all the atoms and their relative bonds in the system:

Q̄lm =

∑N
i=1 Nb(i)Ylm(rij)
∑N

i=1 Nb(i)
. (2.48)

Finally, summing over the m component in order to get a rotationally invariant quantity

one gets the global order parameter:

Ql =

√

√

√

√

4π

2l + 1

+l
∑

m=−l

|Q̄lm|2. (2.49)

4By bond one does not mean a chemical bond but rather a line joining two neighbor atoms.
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More local order parameter can be defined around every single atom. Taking the

averaged quantity

q̄lm(i) =
1

Nb(i)

∑

j∈nn(i)

Ylm(rij) (2.50)

one can get the local order parameter summing once again over the m component:

ql(i) =

√

√

√

√

4π

2l + 1

+l
∑

m=−l

|q̄lm|2. (2.51)

In In Table 2.1 two low-l order parameters are given for simple cluster geometries. Of

these only the icosahedral geometry cannot be repeated periodically to fill a space. For

symmetry reasons the first nonzero values occur for l = 4 in clusters with cubic

symmetry and for l = 6 in clusters with icosahedral symmetry. What can be noted from

Table 2.1 is that all the order parameters vanish in the isotropic fluid phase, at least in

the thermodynamic limit. The order parameter Q6 is of the same order of magnitude for

all crystal structures of interest. This makes Q6 very useful to act as a generic measure

of crystallinity, even if it is less useful to distinguish different crystal structures.

Q4 Q6

Icosahedral 0 0.66332

FCC 0.19094 0.57452

HCP 0.09722 0.48476

BCC 0.03637 0.51069

SC 0.76376 0.35355

liquid 0 0

Table 2.1: Bond orientational order parameter for a number of simple cluster geometries

The Q6 order parameter has been used by several authors to investigate the

crystallization in different systems. In particular, it has been used as a reaction

coordinate to compute nucleation free energy barriers in molecular nitrogen [33, 34],

soft-spheres [35],and Lennard-Jones [36–38] systems. These last works in particular have

contribute considerably to our understanding of the dynamics of the nucleation.

Frenkel and co-workers performed a series of simulations in the isobaric-isoenthalpic

ensemble. They used both MC and classical MD to study the crystal nucleation in
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moderately super cooled systems of various size, determining the height of the free energy

barrier by umbrella sampling[45]. They found that at the reduced pressure P = 0.67 (to

which corresponds a melting temperature T = 0.75 [87]), and at 20% of under-cooling,

the height of the free energy barrier corresponds to 19.4 kBT . This value is in particular

good agreement with the value estimated by CNT, i.e. 17.4 kBT . However, at the higher

pressure P = 5.68 and at the same degree of super-cooling, the authors find a free energy

barrier of 25.1 kBT , while the prediction of CNT amounts to 8.2 kBT . They interpreted

this discrepancy as due to the fact that the interfacial free energy at this temperature

and pressure is larger than the value used in their calculations[39]. Furthermore, they

introduced a method to identify the solid clusters, based on the definition of the local

orientational order parameter (2.50). To every particle i they attribute a normalized

(2 × 6 + 1)-dimensional complex vector q̄l(i), with components:

q̃lm(i) ≡ q̄lm(i)
√

∑+l
m=−l |q̄lm(i)|2

. (2.52)

They define a dot product of the vectors with l = 6, q6, of neighboring particles i and j:

q6(i) · q6(j) ≡
6
∑

m=−6

q̃6m(i) · q̃6m(j)∗. (2.53)

According to the distribution function of the previous quantity, two particles are

connected if their dot product exceeds a certain threshold and they are solid-like if the

number of connections with the neighbor particles exceeds another threshold value. With

these assumption the authors find a critical nucleus of 642 particles. They also computed

the distribution functions of the local order parameter for the well equilibrated liquid,

BCC and FCC and they identified the crystalline structure of the nucleus in function of

the percentage of connections of the single particles in the system. They found that the

initially the central core of the nucleus was BCC-like, but then the core evolves toward

FCC wetted by a BCD external shell.

Another important and more recent contribution comes from the work of Moroni et

al.[8]. The authors investigated the crystal nucleation in a Lennard-Jones system from a

super-cooled liquid phase at P = 5.68 r.u and T = 0.83 r.u., corresponding to 25%

super-cooling. They developed a new technique known as Transition Interface Sampling

(TIS) and obtained many unbiased trajectories that connect the initial metastable liquid

to the the crystalline phase. They found that the size of the biggest cluster is not a

sufficiently good reaction coordinate. For this reason they used also the bond-order

parameter Q6 of the cluster. They found that in general the nuclei are spherical on
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average but they did not find a sharp transition from an initial BCC- to FCC-dominated

nuclei, but a growing FCC core surrounded by a BCC surface shell. However, they also

discovered a second kind of critical clusters, less spherical and with a more BCC-like

inner structure. This last kind of critical clusters equilibrates to the first kind of critical

clusters, i.e. with an FCC core, as the reaction proceeds.

The small length and time scales that characterize homogeneous crystal nucleation have

to date precluded the direct real-space observation of critical nuclei in atomic or

molecular systems. In contrast, however, colloidal and proteins systems have been

valuable for studying crystal nucleation. In particular colloidal systems can be studied

directly, because their larger size and concomitant slower time scale makes them much

more experimentally accessible. Gasser et al.[10] report on a three-dimensional

real-spacing imaging of the nucleation and growth of nearly hard-spheres colloidal

crystals. They extracted the particle positions from the raw images obtained by fast

laser scanning confocal microscope. From these particles positions, they identify the

crystalline regions using the local order parameter in Eq. (2.51). They observed the

formation of many smallest nuclei, which tend to shrink more frequently then they grow.

They find that the structure of the critical nuclei is the same as that of the bulk and that

the critical nuclei have rough surface, and that their average shape is ellipsoidal rather

than spherical, as assumed by CNT. This feature has been confirmed also by Pan and

Chandler[40], who investigated the nucleation in a three-dimensional Ising model at 60%

of the critical temperature using the transition path sampling (TPS) technique. In

another recent paper Cacciuto and Frenkel[41] investigated the Laplace relation between

the pressure inside and outside a critical nucleus in the case of a binary mixture of

hard-sphere colloid. According to them, the difference in pressure between the crystal

nuclei and the parent phase is not equal to 2σ/r, (where σ is the interface energy and r

is the radius of the crystallite), like in the case of gas-liquid nucleation, but is lowered by

the presence of surface stress.

It is by now quite evident that particularly in the case of the liquid-solid transition the

usual derivation of CNT is inappropriate. The major achievement is evidently the

understanding that the criticality of the nuclei is not dictated only but their size but also

by other factors. In particular there seems to be a not well clear interplay between the

size and the shape of the critical nuclei.





Chapter 3

Dealing with rare events:

metadynamics and TPS

In the previous chapter we have seen that nucleation is an activated process: the system

must overcome a free energy barrier in order to undergo a transition to a different state.

It is said that nucleation is a rare event. This last is defined as a process that occurs

infrequently but once triggered proceeds quickly. This fact represents a serious problem

in the context of computer simulations. In fact, first, the time that the system spends in

its stable or metastable system is much longer than the time of the transition and,

second, the expectation time for this last, commonly exceeds current computer

capabilities by many orders of magnitude. This precludes the possibility to obtain

spontaneously a transition path within a reasonable computer time.

With standard simulation techniques, in order to obtain a transition pathway, the system

is brought out of equilibrium either by strong under-cooling, or overheating or

over-pressurizing the system until instability is reached. In this way a reactive trajectory

is obtained. But the trajectories obtained with these approaches often are very different

to the ones close to coexistence. In fact the dynamics can be quite different from that at

equilibrium and for instance intermediate passages can be skipped.

Over the years special methods have been devised to enhance the sampling of interesting

regions in phase space that are so high in free energy that their sampling during a

standard molecular dynamics simulation would be just a rare event. Traditional free

energy methods for this purpose can be divided into two groups, namely, (1) methods

based on thermodynamic integration in which the so called potential of mean force [42]

(i.e. the free energy function) is obtained from the measurements of the thermodynamic

force working on a reaction coordinate [43, 44] and (2) methods based on umbrella



26 3 Dealing with rare events: metadynamics and TPS

sampling [45], which apply an artificial biasing potential (such as the underlying free

energy profile [46, 47] or overlapping parabolic window potential [48]) to enhance

sampling of unfavorable regions along a reaction coordinate. Both types of methods

heavily rely on a good choice for a reaction coordinate.

In recent years, a number of novel methods based on umbrella sampling have been

developed. Already in the early days, it was recognized that the hardest part of umbrella

sampling is the construction of a good biasing potential that counterbalances the intrinsic

free energy barrier [46], which led to the development of adaptive biasing potential on

the fly [47, 49, 50]. A special sub-class of these biasing potential builds a repulsive

potential in the low-energy basins rather than constructing an attractive potential in the

transition state (TS) region [51–53]. Metadynamics method [54] falls in this last category

and it is one of the methods that we have used in our work. The metadynamics method

encompasses several features of other techniques and provides in many cases a unified

framework for computing free energy surfaces (FESs) and for accelerating rare events. It

is based on a dimensional reduction, in the spirit of the work of Kevrekidis and

co-workers [55–57], and on a suitable history-dependent potential, in the spirit of the

local-elevation method of Ref. [51]. It requires the preliminary identification of a set of

collective variable (CVs) which are functions of the system coordinates, {sα(rN)}1, and

are able to describe the activated process of interest. In brief, the algorithm places little

Gaussians on the top of the underlying free energy landscape, discouraging the system

from revisiting points in configurational space. The Gaussians are rapidly accumulated

in the initial basin allowing the system to escape over the lowest transition state as soon

as the growing biasing potential counterbalances the underlying free energy well. In this

way, the method not only accelerates simulation of rare events by effectively escaping

free energy minima and exploring new pathways but also maps out the underlying free

energy surface as the negative of the sum of potential Gaussians.

As already mentioned, the metadynamics method strongly relies on the choice of the

reaction coordinate, which in the case of crystal nucleation was far from being trivial.

The paths obtained by metadynamics can be used as the starting point for the

generation of new reactive pathways, using the transition path sampling [58, 59] (TPS)

method, which aims to naturally sample the ensemble of all possible reactive pathways

via a Metropolis criterion [60]. Although computationally demanding, the power of TPS

lies in the facts that it captures the true reactive dynamics and that only requires to

identify chacteristic functions, or order parameters, that define stable states, instead of

1α denotes a specific collective variable.
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reaction coordinate.

The combination of the two methods, namely metadynamics and TPS, is necessary for

capturing both the dynamics and the thermodynamics of nucleation. In particular, we

will see that the analysis of the TPS unbiased trajectories will provide us with a set of

order parameters suitable to characterize the free energy landscape of crystallization and

to distinguish between different growth mechanisms.

For completeness sake, in the following section we will expose the concept of potential of

mean force, and the method of umbrella sampling. Subsequently we will describe the

theory of both metadynamics and transition path sampling.

3.1 Equilibrium probability density and distribution

functions

A macroscopic system is made up of a very large number of particles, N, which is of the

order of the number of Avogadro, i.e. N ∼ 1023. Let us assume that these particles are

identical and each has only three translational degrees of freedom. The microscopic state

of the isolated system at a given instant is completely specified by the values of the 3N

coordinates, rN , and 3N momenta, pN . The values of the variables define a point in a

6N-dimensional space which is the phase space. As time changes the phase point moves

along a phase trajectory. If H (rN , pN ) is the Hamiltonian of the system, the path of the

phase point is determined by the Hamilton’s equations. In principle it is necessary to

solve 6N coupled equations subject to 6N initial conditions which specify the values of all

rN and pN at a given time, say t = 0. In practice such a procedure is impossible to carry

through and even if it were feasible the huge value of N means that such a detailed

microscopic description would have no practical value.

By means of theory of statistical mechanics, we can bypass the difficulties of solving the

system of Hamilton’s equation by expressing macroscopic properties as averages of

certain functions of the 6N microscopic variables. These averages can be taken either

straightforwardly over time, or over an ensemble made up of a large replicas of the

system, characterized by a given set of fixed macroscopic parameters such as

temperature, total volume, pressure and so on. The definition of the probability density

plays a central role in the theory. This function describes the distribution in the phase

space at time t of the phase points corresponding to an ensemble of the system. The

quantity:

f (N)(rN ,pN , t) drN dpN (3.1)
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is the probability of finding the system at time t in a microscopic state represented by a

phase point lying in the infinitesimal 6N-dimensional volume element drN dpN . The

explicit form of the probability density depends on the way in which the ensemble is

constructed. A complete knowledge of the N-particle probability density would obviously

allow the computation of the average value of any phase function.

The description of the system which is given by the probability density f (N) is

unnecessarily detailed for most practical purposes. Here we introduce a set of low-order

probability densities f (n), with n < N, defined over 6n-dimensional subspaces of phase

space through the equation:

f (n)(rn,pn, t) = f (n)(r1, . . . , rn,p1, . . . ,pn)

=
N !

(N − n)!

∫

drn+1 . . . drN

∫

dpn+1 . . . dpNf (N)(rN ,pN , t)

=
N !

(N − n)!

∫

dr(N−n)

∫

dp(N−n) f (N)(rN ,pN , t), (3.2)

where the combinatorial factor N !/(N − n)! takes care of the indistinguishability of the

particles.

Individually the lower-order densities provide only a partial description of the system.

However knowledge of the lowest-order distribution functions is generally sufficient to

calculate most equilibrium properties of the system. In particular, equilibrium

probability density, which we indicate by f
(N)
0 (rN ,pN), and distribution functions allow

a complete description of the microscopic structure of liquids and fluids, as well as

providing a quantitative measure of the correlations between the positions of different

particles. To illustrate this feature, let us consider a system of N particles, in a volume V

at a temperature T, which constitutes what is called a canonical ensemble. The

normalized canonical probability density for this system can be written as2:

f
(N)
0 (rN ,pN) =

1

N !

1

h3N

1

QN(V, T )
exp [−βH (rN ,pN)], (3.3)

where h is the Planck’s constant, and QN (V, T ) is the normalizing partition function

defined for the canonical ensemble as

QN (V, T ) =
1

N !

1

h3N

∫

drN

∫

dpN exp[−βH (rN ,pN)]. (3.4)

If we separate the Hamiltonian into kinetic, KN(pN ), and potential, UN (rN), energy

terms, the probability density factorizes into a part that depends on the components of

the momenta of the particles, and into a probability density for the coordinates between

2See for example Ref. [61].
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the positions of particles. This last leads us to define the probability that molecule 1 is

in dr1 at r1, molecule 2 at dr2 at r2, etc. as

P (N)(r1, . . . , rN) dr1 . . . drN =
e−βUN (rN )dr1 . . . drN

ZN
, (3.5)

where ZN is the so called configurational integral defined as

ZN =

∫

drN exp [−βUN (rN)]. (3.6)

The probability that molecule 1 is in dr1 at r1,. . . , molecule n in drn at rn, with n < N ,

irrespective of the configuration of the remaining N − n molecules is obtained by

integrating Eq. (3.5) over the coordinates of molecules n + 1 through N:

P (n)(r1, . . . , rn) =

∫

drn+1 . . .
∫

drN e−βUN

ZN

. (3.7)

Now, the probability that any molecule is in dr1 at r1,. . . , and any molecule is in drn at

rn, irrespective of the configuration of the rest of the molecules is

ρ(n)(r1, . . . , rn) =
N !

(N − n)!
P (n)(r1, . . . , rn), (3.8)

where we have made use of Eq. 3.2. ρ(n) is generally called distribution function. The

simplest distribution function is ρ(1)(r1). The quantity ρ(1)(r1)d(r1) is the probability

that any molecule will be found in d(r1). For a crystal this is a periodic function of r1

with sharp maxima at the lattice sites, but in a fluid all points within the volume V are

equivalent and so ρ(1)(r1) is independent of r1. For a fluid, therefore, we can write:

1

V

∫

ρ(1)(r1) d(r1) = ρ(1) =
N

V
= ρ (fluid), (3.9)

where we have used Eqs. (3.5) and (3.8) to equate the integral of ρ(1)(r1) to N.

We now define a correlation function g(n)(r1, . . . , rn) by

ρ(n)(r1, . . . , rn) = ρng(n)(r1, . . . , rn). (3.10)

g(n) is called correlation function since if the molecules were independent of each other,

ρ(n) would equal simply ρn, and so the factor g(n) in Eq. (3.10) corrects for the non

“independence” or, i.e., the correlation between molecules. A useful expression for g(n) is

given by:

g(n)(r1, . . . , rn) =
V nN !

Nn(N − n)!

∫

drn+1, . . . ,
∫

drN e−βUN

ZN
(3.11)
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3.1.1 The radial distribution function

The correlation function defined as g(2)(r1, r2) is particular important since it can be

determined experimentally. In a liquid of spherically symmetric molecules, g(2)(r1, r2)

depends only upon the relative distance between molecules 1 and 2, i.e. upon r12. If we

denote r12 simply by r and g(2) simply by g, then we refer to the function g(r), which is a

standard notation.

Now ρg(r)dr is the probability of observing a second molecule in dr given that there is a

molecule at the origin of r. Note that this probability is not normalized to unity, but we

have instead
∫ ∞

0

ρg(r)4πr2dr = N − 1 ≈ N. (3.12)

In fact Eq. (3.12) shows that ρg(r)4πr2dr is really the number of molecules between r

and r + dr about a central molecule. The function g(r) can also be thought of a factor

that multiplies the bulk density ρ to give a local density ρ(r) = ρg(r) about some fixed

molecule. Clearly g → 0 as r → 0 since molecules become effectively “hard” as r → 0.

Also since the influence of the molecule at the origin decreases as r becomes large, g → 1

as r → ∞. g(r) is called the radial distribution function of the fluid.

The radial distribution function turns out to be of central importance in the theory of

liquids for two main reasons. First, if we assume that total potential energy of the

N-body system is pair-wise additive, i.e. we have

UN(r1, . . . , rn) =
∑

i<j

u(rij) (3.13)

where the summation goes over all pairs of molecules, then all the thermodynamic

functions of the system can be write in terms of g(r) [61]. In addition the radial

distribution function can be determined by X-ray diffraction studies on liquids. In a solid

the molecules are arranged in a regular repeating order, and this leads to a sharp X-ray

diffraction pattern from which the order of the molecules in the solid can be obtained,

while in a liquid this pattern is more diffuse. Nevertheless it can be used to determine

the local short-range order in a fluid.

3.1.2 The Kirkwood integral equation for g(r)

Mechanical properties, like i.e. energy and pressure, can be calculated quite

straightforwardly in terms of the radial distribution function [61]. However, the

computation of thermodynamic properties is not as straightforward as the calculation of

the mechanical ones. In order perform this last operation, we need to introduce a sort of
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coupling parameter, which we denote by ξ and varies from 0 to 1. This coupling

parameter has the effect of replacing the interaction of some central molecule, say 1, with

the jth molecule of the system by ξu(r1j). In terms of this coupling parameter the

potential energy becomes:

U(r1, . . . , rn, ξ) =
N
∑

j=2

ξu(r1j) +
∑

2≤i<j≤N

u(rij). (3.14)

Now we need an expression for g(r; ξ). One of the first and still one of the most

important equations for g(r; ξ). Was derived by Kirkwood in the 1930s [42]. The

importance of the Kirkwood equation lies in the fact that it leads to the concept of the

potential of mean force, which is particularly useful to know how the free energy changes

as a function of a reaction coordinate, a concept which we already introduced in Chapter

2. To derive the Kirkwood equation we start from Eq. (3.8):

ρ(n)(r1, . . . , rn; ξ) =
N !

(N − n)!

∫

drn+1, . . . ,
∫

drN e−βU(ξ)

ZN(ξ)
. (3.15)

After differentiating respect to ξ, one comes to a general expression that can be

specialized putting n = 2 and introducing g(2) to get and expression which gives g(2) in

terms of g(3) or, in general, gives g(n) in terms of g(n+1) [61]. Such a set of coupled

equation is called a hierarchy and it is exact, but unfortunately not very usable as it

stands. A further examination of g(n), however, will suggest an approximation which can

be used to uncouple these equations.

We Define a quantity w(n)(r1, . . . , rn) by:

g(n)(r1, . . . , rn) = e−βw(n)(r1,...,rn). (3.16)

If we substitute the above expression into the defining equation for g(n) given by

Eq. (3.11), take the logarithm of both sides, and then take the gradient with respect to

the position of one of the n molecule, this gives:

−∇jw
(n) =

∫

drn+1 . . .
∫

drN e−βU(−∇jU)
∫

drn+1 . . .
∫

drN e−βU
j = 1, 2, . . . , n. (3.17)

Now −∇jw
(n) is the force acting on molecule j for any fixed configuration r1, . . . , rN , and

so the right-hand side is the mean force f
(n)
j , averaged over the configurations of all

n + 1, . . . , N molecules not in the fixed set 1, . . . , n3. Thus

f
(n)
j = −∇jw

(n). (3.18)

3This last definition comes from the expression for the ensemble average of any physical quantity in a

canonical ensemble [61].
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This says that w(n) is the potential that gives the mean force acting on particle j, or, i.e.,

w(n) is the potential of mean force. In particular, w(2)(r12) represents the interaction

between two molecules held at a fixed distance r12 apart when the remaining N − 2

molecules of a fluid are canonically averaged over all configurations.

3.1.3 Free energy as PMF and Umbrella sampling technique

The free energy of a system is itself a PMF. To demonstrate it let’s start from the

statistical mechanics definition of the free energy in the canonical ensemble. In this case

one speaks of Helmholtz free energy, and it will be denoted by F . According to

equilibrium statistical mechanics this is defined as:

F (rN) = − 1

β
lnZN , (3.19)

If we derive both the terms of the above equation respect to rN we come out with this

equality:
∂F

∂rN
=

∫

drN e−βU(rN )(∂U(rN )/∂rN )

ZN
. (3.20)

The right-hand side of Eq. (3.20) is just the definition of canonical ensemble average of

the quantity (∂U(rN )/∂rN). Thus

∂F

∂rN
= 〈∂U(rN )

∂rN
〉 = −〈f〉, (3.21)

and the free energy F is definitely the potential of the mean force 〈f〉. Often, we would

like to know how the free energy changes as a function of a particular coordinate within

the system, most commonly a spatial coordinate, which is a function of all the

coordinates of the system. The free energy (or PMF) as a function of such a reaction

coordinate, s, is given by

F (s) = −kBT lnP (s) + const, (3.22)

where P (s) is the probability of finding the system lying on the reaction coordinate, that

is:

− 1

β
ln

(

∫

drN δ(s − s) exp(−βU(rN ))

)

(3.23)

where we shall distinguish between the function of s and the value of the reaction

coordinate s. In principle it is possible to compute the PMF from a normal simulation.

One can select those configurations that satisfy s = s for any value s of s. The relative

probability follows then directly from the relative frequency with which the selected
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configuration occur, and the free energy profile F (s) can be obtained by Eq. (3.22). This

method yields reliable values for F (s) only for those s−coordinate values that occur

frequently during the simulation: s values that correspond to high-energy configurations,

in particular, will be poorly sampled. To improve the sampling of specific regions of the

s coordinate, special techniques, called non-Boltzmann sampling have been developed.

This kind of approach was first put into practice by Torrie and Valleau [45] and is called

Umbrella Sampling. According to the scheme developed in Ref. [45] the microscopic

system of interest is simulated in the presence of an artificial biasing window potential

Ub(s) which is added to the potential energy U(rN ). The total potential is then given by

the sum of the two terms:

U ′ = U(rN ) + Ub(s) (3.24)

This forces the system to compute an ensemble average over a non-Boltzmann

distribution within a small interval of a prescribed value of s.

Unless the entire range of s coordinate is spanned in a single simulation, multiple

simulations (windows) are performed with biasing umbrella potentials Ub(si) around

different values of s. The biased distribution need to overlap in order to reconstruct the

free energy profile in function of s. A reasonable choice, though not the unique one, to

produce the biased ensembles is to use for every window i harmonic function of the form:

Ub(s)i =
1

2
k(s − si)

2. (3.25)

In the end the non-Boltzmann factor has to be “removed” in order to obtain the final

estimate of PMF. The process of unbiasing and recombining the different simulation

windows is the main difficulty in umbrella sampling, and many different and efficient

techniques have been developed in order to do it4.

3.2 Metadynamics

As already mentioned, the dynamics in the space of the CVs is driven by the free energy

of the system and is biased by a history-dependent potential which we denote by

UG(s, t), constructed as a sum of Gaussians centered along the trajectory followed by the

CVs up to time t. Metadynamics is a dynamics in the space of the CVs, and we refer to

the point that explores that space as a walker. If the collective variables are chosen in a

smart manner, the system will evolve through the lowest free energy in the space of the

reaction coordinates. After crossing the saddle point, it will evolve towards a new

4See Ref.[48] for an exhaustive description of these recombining methods.
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minimum which at times is new and unpredicted. Metadynamics has been applied in

several fields with quite some success, including applications in biophysics [62],

chemistry [64–70], material science and crystal structure prediction [71–73]. Also the

method has undergone a number of improvements and extensions since its original

introduction [54], which is known as discrete metadynamics. Specifically, at every step,

the thermodynamic force along the collective variable is evaluated. The CVs are then

evolved in a discrete fashion in the direction of the maximum gradient. In Ref. [74], the

performance of this algorithm is investigated, deriving an explicit expression for the

error, and showing that it can be used for computing with an arbitrary accuracy the

density of states in a model system together with weighted histogram techniques [75].

Figure 3.1: Time evolution of the sum of the accumulating Gaussians Gt, starting from an initial

free energy profile G.

In Ref. [64], a new formulation of metadynamics is introduced. The CVs are evolved

continuously, and the extra forces due to the time-dependent potential act directly on

the coordinates of the system. This is achieved by introducing an extended Lagrangian,

in which microscopic system is coupled to a set of auxiliary variables by a harmonic

restraining potential. To the auxiliary variables a fictitious kinetic energy is also

assigned. If the mass of these auxiliary variables is very large, their motion is

adiabatically separated and driven by the derivative of the free energy, which thus does

not have to be computed explicitly. The continuous metadynamics can be applied to any

system evolving under the action of a dynamics whose equilibrium distribution is

canonical at a temperature 1/β. In an MD scheme this requires that the evolution is
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carried out using a suitable thermostat5.

Subsequently the authors discovered that in practice the adiabatic separation condition,

explicitly invoked in Ref. [64], is not required for the success of the methodology, and

that also if the auxiliary masses are small, the history-dependent potential, tends to

flatten the underlying F (s).

As it will be discussed, the real core of the metadynamics algorithm (and what makes it

working all its variants) is that, if the Gaussians are added slowly enough, the collective

variables have the tendency to diffuse toward the closest local minimum of

F (s) + FG(s, t), and the next Gaussian will preferentially be placed in this minimum.

This property does not depend on the underlying dynamics of the system, as long as it is

able to reach the equilibrium distribution associated with F (s) + FG(s, t), and the

fictitious mass can only change the efficiency at which the equilibrium is reached (e.g.

the auxiliary variables can be used as a thermostat for keeping the degrees of freedom

associated with the collective variables at the correct temperature).

3.2.1 The continuous metadynamics equations

Let us consider again the free energy as a function of some reaction coordinate s

(Eq. 3.22). Consider now a trajectory r(t) of a system at a temperature 1/β. If this

trajectory could be computed for a very long time, P (s) could be obtaind by taking the

histogram of the collective variable s along this trajectory, that is at time t:

P (s) =
1

t

∫ t

0

dt′δ(s(r(t′)) − s). (3.26)

This can be thought of as the ∆s → 0 limit of

P∆s(s) =
1

∆s
√

2πt

∫ t

0

dt exp

(

− (s − s(r(t′)))2

2∆s2

)

(3.27)

If the system displays metastability, the motion of s will be bound in some local

minimum of the free energy F (s) (i.e., in a local maximum of P (s)), and it will escape

from this minimum with a very low probability on the time scale determined by the

potential U(rN) alone.

Metadynamics is an algorithm capable of both overcoming the timescale problem and

reconstructing F (s). This is achieved by modifying the potential U(rN ) by a

history-dependent term consisting of Gaussians centered along the trajectory in the s

space explored during the evolution of the system. If a new Gaussian is added at every

5See for example Ref. [76]
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time interval τG, the biasing potential at time t is given by

UG(s, t) = w
∑

t′<t

exp

(

− (s− s(rG(t′)))2

2δs2

)

(3.28)

where w and δs are the height and the width of the Gaussians and s(rG(t′)) denotes the

trajectory of the system under the action of U(rN ) + UG(s, t).

The ability of metadynamics to accelerate a rare events in the s space and to reconstruct

the free energy relies on the fact that the function:

FG(s, t) = −w
∑

t′<t

exp

(

− (s − s(rG(t′)))2

2δs2

)

(3.29)

is an approximation of F (s) in the region explored by s(rG(t)) up to time t. This

property can be understood in the limit of slow deposition, i.e. w/τG → 0. In this limit,

the probability distribution is always approximately proportional to

exp[−β(F (s) − FG(s, t))]. If the function F (s) − FG(s, t) has some local minimum,

s(rG(t)) will preferentially be localized in the neighborhood of this minimum and

increasing numbers of Gaussian will be deposed there until this minimum is flattened. In

the case in which F (s) ∼ FG(s, t), the probability distribution will be approximately flat

in this region, and the location of a new Gaussian will be not affected by the bias

deriving from the difference F (s) − FG(s, t). Hence, if w/τG → 0, the only corrugations

in the free energy that are not flattened by the dynamics will be of the order of the size

of the new Gaussians that are deposited.

For τG → 0, the biasing potential can be written as:

UG(s, t) = ω̄

∫ t

0

dt′exp

(

− (s− s(rG(t)))2

2δs2

)

, (3.30)

where the constant ω̄ has the dimension of an energy divided by a time. Comparing this

expression with Eq.(3.27), the authors noticed that the metadynamics biasing potential

at time t, is proportional to the histogram of s computed along the trajectory rG(t) with

a binning width of δs. Hence, computing the histogram of a trajectory generated by

U + UG with a binning of δs, provides a direct estimate of the free energy, i.e. the

logarithm of the probability distribution. This is a fundamental difference with respect

to a dynamics generated by U alone and allows the acceleration of rare events in s space,

as we already mentioned.
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3.2.2 Estimating the error

The error ǫ in a metadynamics run is a measure of how different FG(s, t) is from F (s),

and is, in principle, a function of s and t. It is defined as

ǫ(s, t) =
√

〈(FG(s, t) − F (s) − 〈FG(s, t) − F (s)〉)2〉, (3.31)

where the average is taken over an ensemble of statistically independent trajectories

rG(t) of the same length t and initiated in the same local minimum of F (s). Of course

FG(s, t) can be considered an estimator of F (s) only in the region where F (s) ∼ FG(s, t),

that from now on will be indicated by Ω(s, t). This region is defined as the set of s values

in which −FG(s, t) > 1/β. Therefore the metadynamics error at time t is defined as:

ǭ(t) =

∫

Ω(s,t)
ds′ǫ(s′, t)

∫

Ω(s,t)
ds′

(3.32)

It is possible to derive an explicit expression for ǭ by considering the time evolution of s

alone in the framework of stochastic differential equations. In fact, the time evolution of

s at a temperature 1/β satisfies the Langevin equation:

ds = βD

(

dF (s)

ds
+ ξ(t)

)

dt (3.33)

〈ξ(t)ξ(t′)〉 =
1

Dβ2
δ(t − t′)

where F (s) is given by Eq.(??), ξ is a random force and D is the diffusion coefficient

D =

∫ ∞

0

dt〈ṡ(o)ṡ(t)〉. (3.34)

Thus, the evolution of a system described by Eq.(3.33) modified by a history dependent

term of the form of Eq.(3.28):

ds = βD

(

d

ds

(

F (s) + w
∑

t′<t

exp

(

− (s − s(t′))2

2δs2

))

+ ξ(t)

)

dt (3.35)

A first important result is that the error does not depend on F (s). In Ref. [77], the

authors considered the evolution generated by Eq.(3.35) with special values of D and β,

that make the features of the dynamics of the s variables qualitatively similar to the ones

observed in realistic system. They choose for F (s) four different functional forms with

respectively zero, one, two and three minima. Assuming the same values of δs, w and τG

for all the profile, they computed ǫ(s, t)by averaging over 1000 independent

metadynamics trajectories. Regardless of the functional form, ǭ(t) tends to the same
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plateau value of ∼ 0.6. This is reached when the average level of F (s) − FG(s, t) is

approximately zero, i.e. when all the underlying profile is filled.

Since the value of ǭ does not depend on F (s), the dependence of the error on the

parameters of the metadynamics is investigated. In d dimensions the authors used

Eq.(3.35) with F (s) = 0 and reflecting boundary conditions for |s| = S/2, where S

represents the dimension of the region that has to be explored. They repeated several

metadynamics runs for different values of the parameters and d = 1, 2, 3. Varying one

parameter at time, the following empirical relation is found:

ǭ = C(d)

√

Sδs

DτG

w

β
, (3.36)

where C(d = 1) ∼ 0.5 and C(d = 2) ∼ 0.3.

If ǭ is expressed in function of the total simulation time6given by

ttotal = τG

∫

s:F (s)<Fmax
ds(Fmax − F (s))

(2π)d/2wδsd
≈ F̄

w
τG

(

S̄

δs

)d

(3.37)

one gets:

ǭ = c

√

τS̄

ttotal

F̄

β

(

S̄

δs

)d−1

, (3.38)

where c is a dimensionless constant, S̄ is now an estimate of the dimension of the region

that has to be explored by metadynamics, F̄ is an estimate of the typical value of

Fmax − F (s) in this region, and τS̄ = S̄2/D is the average time required for diffusing on a

distance S̄. Eq(3.36) and(3.38) allow an a priori estimate of the error for a given

simulation time and for a given choice of metadynamics parameters. Let’s further discuss

the values of the parameters.

From Eq.(3.38), ǭ is proportional to (S̄/δs)d−1, and for d > 1 the smallest error seems to

be obtained by choosing δs/S̄ as large as possible. By the way, a metadynamics run

performed with a very large δs would smear out all the spatial details of F (s). In

Ref. [77]it is reported an optimum choice of δs that is at most 1/10 of the system size S.

Significant deviations from Eq.(3.36) are observed for a larger δs.

The error as predicted by Eq.(3.38), does not depend separately by w or τG, but only on

the ratio τG/w, which appears in the definition of ttotal. Again in Ref. [77] it is shown

that the error grows almost linearly with τG and it is approximately twice as large as the

6The total computational time needed to fill an energy profile F (s) with Gaussians up to a given level

Fmax, can be estimated as the ratio between the volume that has to be filled and the volume of one

Gaussian times τG.



3.3 Transition path sampling 39

value predicted by Eq.(3.38) it τG = 4000. Furthermore the linear coefficient is

independent of the ratio τG/w. The error at finite τG can be approximately estimated as

ǭ = C(d)

√

wSδs

DτGβ

(

1 + 40
τG

τS

)

(3.39)

In this equation the time τG is expressed relative to τS, since the only relevant time scale

for this system is the diffusion time. For reasonable choice of τG the correction term to

Eq. (3.36) is small, since τS is usually very large.

A formal mathematical justification of the metadynamics method has been provided in

Ref. [78]. In this paper the authors model the CVs’ evolution as a Langevin dynamics,

having checked that the quantitative behavior of metadynamics is perfectly reproduced

by the Langevin equation in its strong friction limit. This approach allows

history-dependent dynamics, such as metadynamics, to be mapped on a Markovian

process where the estimated free energy is treated as a dynamical variable. The authors

demonstrate analytically the correctness of metadynamics and obtain an explicit

expression for the error of the estimated free energy at the end of a metadynamics

simulation.

The metadynamics method has been further developed in recent times and in Ref. [79] a

parallel version of metadynamics is introduced. The algorithm is linear scaling and

preserves the same accuracy as the original algorithm. The working principle is

extremely simple. Nw metadynamics simulations, that are called walkers, fill

simultaneously the same free energy well. The walkers are completely independent and

are free to wander in the whole CV space. The only knowledge they share is the history

dependent potential, since the Gaussians that each walker adds are felt by all the

walkers. This allows to speed up the reconstruction of the free energy wells.

3.3 Transition path sampling

Transition path sampling (TPS) [58, 59] aims at harvesting transition pathways. These

pathways can then be analyzed to find the transition mechanism, i.e. to identify the

degrees of freedom that capture the physics of the transition and to determine how they

change during the transition. The pathways collected with this technique are fully

dynamics rather than artificial, this means that it is also possible to extract kinetic

information, such as rate constants.

The first step is the definition of an appropriate path ensemble. To define it no a priori

knowledge of any reaction coordinate is required. The only things that have to be
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specified unambiguously are the initial and the final state of the transition.

In TPS the continuous time evolution of the system is conveniently discretized. A

trajectory of length T is viewed as an ordered sequence of states (see Fig. (3.2)):

x(T ) ≡ {x0, x∆t, x2∆t, . . . , xT}. (3.40)

Consecutive states are separated by a small increment of time ∆t and xi∆T is a complete

snapshot of the system at time i∆T . For example, for a system evolving according to

Newton’s equation of motion, x comprises the positions and momenta of all particles.

Figure 3.2: A transition pathway x(T ) divided in time slices and connecting stable regions A

and B

The probability (density) to observe a given path x(T ) depends on the probability of its

initial condition and the specific dynamics of the system. For Markovian processes, i.e.

processes for which the probability to move from xt to xt+∆t after a time-step∆t depends

only on xt and not on the history of the system prior to t, the total path probability can

be written as the product of single time step transition probabilities p(xt → xt+∆t),

P [x(T )] = ρ(x0)

T/∆t−1
∏

i=0

p(xi∆t → x(i+1)∆t) , (3.41)

where the first factor on the right end side, ρ(x0) , is the probability distribution of the

initial condition.

The path is then restricted to those pathways that start in region A, the reactant region,

and end in region B, the product region. This is achieved by multiplying the path

probability P [x(T )] with the appropriate characteristic functions of region A, hA(x0),

and of region B, hB(xT ):

PAB[x(T )] = hA(x0)P [x(T )]hB(xT )/ZAB(T ), (3.42)

where

ZAB(T ) =

∫

. . .

∫

dx0dx∆tdx2∆t . . . dxT hA(x0)P [x(T )]hB(xT ). (3.43)
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The characteristic functions of the two region A and B are Heaveside functions, such

that:

hA,B(x) =











1 if x ∈ A, B

0 otherwise
(3.44)

The transition path ensemble (TPE) as defined in Eq. (3.42) selects only the reactive

trajectories from the ensemble of all possible pathways that begin in A and end in B,

while leaving the relative probabilities of the reactive trajectories among each other

unchanged. Furthermore the TPE is a complete statistical description of all possible

pathways connecting reactants with products. Pathways sampled according to this

ensemble are typical trajectories which can be analyzed to yield information about

mechanism and rates. The definition of the TPE is very general and valid for all

Markovian processes, i.e. Newton, Brownian dynamics or Monte Carlo.

An important issue of TPS is the careful definition of the initial and the final regions.

Regions A and B are most conveniently characterized by the value of a low dimensional

order-parameter, q, that allows to be discriminated unambiguously the initial and the

final region. In order to do that, first of all A and B have to be large enough to

accommodate typical equilibrium fluctuations. If this is not the case important transition

pathways might be missing from the TPE. Second, region A should not overlap with the

basin of attraction of B and vice versa. The basin of attraction of a specific stable state

consists of all configurations from which trajectories relax into the stable state. If this

second criterion is not met, TPE algorithm most likely collects non-reactive trajectories.

Correct definition of region A and B may require considerable trial and error

experimentation. Furthermore if the order parameter q fails to describe correctly the two

stable states an additional order parameter q′ must be taken into account.

3.3.1 Sampling the transition path ensemble

TPS is an important sampling of trajectories. It is a generalization of the standard

Monte Carlo procedure. In fact, while Monte Carlo in its standard form performs a

random walk in configurations space, TPS performs a biased random walk in the space

of trajectories, in which each pathway is visited in proportion to its weight in the

transition path ensemble. Transitions that do not exhibit the transition of interest have

zero weight in this ensemble and hence they are never visited.

The random walk through trajectory space is accomplished as follows: starting from a

trajectory x(o)(T ) whose weight PAB[x(o)(T )] in the TPE is non zero, a new trajectory
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x(n)(T ) is generated7. Similarly to standard Monte Carlo, the newly generated

probability is accepted or rejected according to the detailed balance rule. The sampling

algorithm for transition pathways can be summarized as follows:

1. Generate a new pathway x(n)(T ) from an old one x(o)(T ), with generation

probability Pgen(x(o)(T ) → x(n)(T ))

2. Accept or reject the new pathway according to a Metropolis acceptance criterion

obeying detailed balance with respect to the TPE PAB[x(T )]

3. If the new trajectory is accepted, it becomes the new one, otherwise the old one is

retained and the procedure is repeated from point 1.

An important feature of the acceptance probability is that a new pathway with lower

statistical weight than the old one is accepted with finite probability. As a result, some,

but not all, the ”barriers” in path space can be overcome, facilitating ”relaxation”

towards the most important region in path space. Thus, it is not essential that the first

reactive trajectory has high statistical weight.

The simplest way to obtain new paths is to apply the very same propagation rules that

define the natural dynamics of the system. In TPS there are two basic types of ”trial

moves”, which are called shooting and shifting. In both cases, new trajectories are

obtained by applying dynamical propagation rules to a phase space point that is taken

(and possibly modified) from an existing transition pathway. The resulting pathways

have significant dynamical weights by construction. In addition, trial paths generated by

shooting and shifting algorithm have a good chance of exhibiting successful transition

from A to B, since they are grown from phase space points on or near reactive

trajectories.

In a shooting move, a phase space point x
(o)
t′ is selected at random from the chain of

states comprising an old pathway, x(o)(T ). This state may be modified in some way, for

instance by displacing the atomic momenta by a small amount. Starting from this

modified state x
(n)
t′ , trajectories segments are obtained evolving the appropriate dynamics

rules forward and backward in time until the new generated path extends from time zero

to time T . This procedure is schematically depicted in Fig. (3.3). Shooting moves derive

their efficiency from tendency of trajectories to diverge in phase space, so that

subsequent paths my be quite different. But it is important that trial paths are not too

different, so that they have reasonable chance of connecting A and B. In deterministic

systems the degree of divergence between old and new trajectories in shooting moves

7In this notation the superscript ’(o)’ stands for ”old”, while ’n’ stands for ”new”.
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Figure 3.3: In a shooting move a new pathway (dashed line) is generated from an old one (solid

line) by first selecting a time slice x(o)(T ) of the old path and modifying it to obtain x
(n)
t′ . A new

path is constructed by generating forward (fw) and backward (bw) trajectory segments initiated

at the modified time slice x
(n)
t′ .

depend on the magnitude of the modification. Arbitrarily small modifications gives new

paths that are arbitrarily similar to old paths. Large displacements give very different

paths. For stochastic systems, small path displacements may not be possible, since even

an unmodified state can yield a different path.

For deterministic dynamics, applying dynamical propagation rules to a phase space point

x(o)(T ) simply regenerates that trajectory. Shooting moves must therefore include

modification of the shooting point, for example adding a random perturbation δx to x
(o)
t′ ,

x
(n)
t′ = x

(o)
t′ + δx. (3.45)

This can be done in a symmetric way by drawing δx from a distribution w(δx) for which

w(δx) = w(−δx). In this procedure, the generation probability of the new shooting point

x
(n)
t′ from x

(o)
t′ is identical to that for the reverse move. Selecting symmetric perturbations

can be complicated when allowed values of x are restricted by internal constraints of the

system.

However, it is usually sufficient to modify only the momentum part of the selected time

slice x
(o)
t′ , leaving the configurational part unchanged. Here is a general scheme to

performing shooting moves with deterministic dynamics:

1. Randomly select a time slice x
(o)
t′ on an existing trajectory x(o)(T ).

2. Modify the selected time slice by adding a random displacement. This last must be

consistent with the ensemble of initial conditions and should be symmetric with

respect to the reverse move.

3. Accept the new shooting point with probability min[1, ρ(x
(n)
t′ )/ρ(x

(o)
t′ )]. Abort the

trial move if the shooting point is rejected.
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Figure 3.4: In a forward shifting move, side (a), a new trajectory is generated by removing the

segment corresponding to the dotted line from the beginning of the old path and redrawing the

same segment at the end of the old path. On side (b) a backward shifting moves is shown.

4. If the shooting point is accepted, integrate the equations of motion forward to time

T starting from x
(n)
t′ .

5. Abort the trial move if the final point of the path segment, x
(n)
T , is not in the

products region and continue otherwise.

6. Integrate the equation of motions backward to time 0 starting from x
(n)
t′ .

7. Accept the new trajectory if its initial point x
(n)
0 is in the reactants region and

reject it otherwise.

8. In case of rejection the old trajectory is counted again in the calculation of path

averages. Otherwise the new trajectory is used as the current one.

A shifting move translates an existing pathway forward or backward in time. In a

shifting move, Fig. (3.4), a trial trajectory is obtained by first deleting a segment of

length δt from the beginning or the end of an existing trajectory. A new trajectory

segment of length δt is then grown from the opposite end of the old path, by applying

the dynamical propagation rules. These operations effectively shift the pathway forward

or backward in time. In the following it is summarized the scheme to perform a shifting

algorithm for deterministic dynamics.

Forward shifting

1. Randomly select a time interval from a distribution w(δt).
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2. Copy the (T − δt)/∆t last time slices of the old path to the first (T − δt)/∆t time

slices of the new path , such as x
(n)
i∆t+δt = x

(o)
i∆t for i = 0, . . . , (T − δt)/∆t.

3. Integrate the equations of motion forward for δt/∆t time steps starting from x
(n)
T−δt

4. Accept the new path xn(T ) if it is reactive and reject it otherwise.

Backward shifting

1. Randomly select a time interval from a distribution w(δt).

2. Copy the (T − δt)/∆t last time slices of the old path to the last (T − δt)/∆t time

slices of the new path , such as x
(n)
i∆t = x

(o)
i∆t+δt for i = 0, . . . , (T − δt)/∆t.

3. Integrate the equations of motion backward for δt/∆t time steps starting from x
(n)
δt

4. Accept the new path xn(T ) if it is reactive and reject it otherwise.

Shifting moves for deterministic trajectories are particularly inexpensive when carried

out in long uninterrupted sequences. In this case, the pathway is constrained to a

1-dimensional manifold defined by the equations of motion. By storing states along this

manifold as they are obtained, shifting moves can eventually be performed with no cost,

since the time evolution of the new trajectory segments is already known.

3.4 Summary

This chapter has been devoted to the description of the methods that we used to

compute the nucleation free energy barrier of our system. In the following chapter we

describe the system that we studied and we expose the results obtained by means of the

analysis on the TPS trajectory, while the results obtained by metadynamics will be

exposed in Chapter 5.





Chapter 4

The LJ system and results from TPS

In this chapter we will first describe the system that we decided to study. This is an

argon system, whose interatomic interactions are modeled by the LJ potential. In the

following sections we will describe the LJ potential and the procedure that we followed in

order to bring our system to the desired thermodynamic conditions, which constitutes

the starting point of our investigation. Subsequently we will discuss the results obtained

by TPS. The utility of TPS is twofold. First, it allows unbiased trajectories to be

obtained, which do not depend on the choice of the reaction coordinate. Secondary, the

output of the analysis on these trajectories allows a comparison with the results obtained

with other, more biased, methods. We will see that the preliminary analysis of the TPS

nucleation trajectories has lead us to elucidate the mechanism of formation of the nuclei

and to conclude that at moderate super-cooling the nucleation is not, as predicted by

classical kinetic theories, a gradual process involving the addition and removal of single

particles: the system has to overcome a dynamical bottleneck in order to initiate the

crystallization. This event consists in the formation of a small pre-critical cluster, whose

size is well below the critical value. Nonetheless, if this sub-critical embryo is able to

reach the critical size, a rapid and crystallization occurs. This particular feature cannot

be captured by monitoring the time evolution of the amount of solid-like particles, which

grows slowly and is a not a very sensitive indicator. The reason of this behavior has to

be searched in the competition between the surface and the volume free energy terms

that contribute to the work of formation of the nuclei. In fact, the cost of creating an

interface plays a central role in nucleation, and the role of the interface has to be

explicitly accounted for in any description of the nucleation and growth. By the way,

surface free energies are difficult to evaluate directly, but one can monitor related

quantities, in particular the average coordination between solid-like or other solid-like
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and liquid-like particles. The two-step character of the nucleation phenomenon emerges

from the analysis of these latest quantities.

4.1 LJ potential

The LJ potential is the simplest and most frequently used potential in computer

simulations. We choose to perform our calculations in this system because both of the

complexity of the phenomenon of the nucleation and also because of the vast literature

on the Lennard-Jones system. In this way we are able to check the output of our

simulations and locate the desired under-cooling point on the phase diagram.

Figure 4.1: In this figure an empirical pair potential modeled for argon (solid line) [15] and the

LJ potential used in computer simulations of liquid argon are shown.

The LJ potential is an effective potential that describes the interaction between two

neutral molecules or atoms. It is mildly attractive as two neutral molecules or atoms

approach one another from a distance, but strongly repulsive when they approach too

close. The potential resulting from these attractive and repulsive interactions is

described by the following equation:

v(r) = 4ε

[(

σ

r

)12

−
(

σ

r

)6]

. (4.1)

σ and ε are the specific LJ parameters, different for different interacting particles; σ

represents the minimum separation between particles and ε corresponds to the depth of
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T P ρfluid ρsolid ∆V L

LJ 0.75 0.67 0.875 0.973 0.135 1.31

argon 0.75 0.59 0.856 0.967 0.135 1.23

Table 4.1: Fluid-solid transition data as obtained by Hansen and Verlet expressed in reduced

units for the Lennard-Jones (LJ) fluid and for argon at the temperature T = 0.75. ∆V is the

volume change at the transition and L is the latent heat of fusion.

the potential well at the minimum in v(r). The LJ potential provides a good description

of noble gases. Adopting the values σ=3.405 Å and ε/kB ≈ 120 K, the LJ potential

reproduces well the properties of liquid argon. This excellent agreement is shown in

Fig. (4.1).

The potential was introduced by Lennard Jones [14] in 1929, but the first time that this

potential appeared in a computer experiment was in 1969 [80]. Rahman and

coworkers [81–84] performed pioneering computer experiments using the LJ potential.

Subsequently Loup Verlet [85] integrated the equations of motion of a system of

864-particle system interacting through a LJ potential and calculated both the

equilibrium thermodynamics properties and the equilibrium correlation functions [86]

relative to a fluid phase, while the gas-liquid and the fluid-solid phase transitions were

investigated by Hansen and Verlet in 1969 [87]. We refer to this last work and in

particular to the data obtained by the authors in the case of fluid-solid transition. In

Table 4.1 we report the data obtained in Ref. [87] for the reduced melting temperature

T=0.75, corresponding to a value of T = 89.93 K. For this temperature the authors

obtained a melting pressure of P=0.67 r.u. corresponding to 0.25 kbar. We choose to

start from these values in order to investigate the crystallization of a LJ fluid cooled

under the equilibrium melting temperature, keeping the pressure at the constant value of

0.25 kbar.

The first step in our investigation is to verify the location of the melting temperature

with a technique different from that of Hansen and Verlet.

4.1.1 Measuring the melting temperature

The melting point of a substance Tm, is by definition the temperature at which the solid

and the liquid phase coexist. There are several physical quantities that allow to

discriminate between the liquid and the solid phase during a standard computer
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simulation, for example the diffusivity computed from the mean square displacement as a

function of time. However, if a standard computer experiment is carried out, for example

heating a solid sample, and physical quantities that allow to discriminate between the

two phase are monitored, the temperature at which the transition occurs is invariably

higher. In fact, lacking a liquid seed from where the liquid could nucleate and grow,

overheating above melting commonly occurs. An overheated bulk crystal breaks down

when its mechanical instability point is reached. By the way, mechanical instability does

not provide a reasonable estimate of the melting temperature, and it is achieved at a

temperature from 20 to 30% larger than Tm.

One of the most useful method to locate Tm more precisely, is the so-called phase

coexistence method. It consists of setting up a large sample consisting approximately of

50% solid and 50% liquid. Such a sample could be initially constructed artificially and it

will contain interface regions between solid and liquid. One then tries to establish

equilibrium conditions, where solid and liquid coexist. When this goal is achieved, the

temperature of the state is Tm by definition.

Often the procedure is carried out using constant pressure techniques. In this case, the

volume of the box automatically changes as material melts or crystallize, to

accommodate the difference in density between the two phases at constant pressure.

We used the method of phase coexistence in order to locate the melting temperature of

our LJ system corresponding to the desired pressure of P = 0.25 kbar. Our system

consists of two simulation cubic box each containing 864 LJ particles, stacked along the z

axis. Keeping fixed the positions of the particles of the cell with lower z coordinate, we

have performed a preliminary simulation in the canonical ensemble (NVT) at a

temperature well above the estimated melting point at the desired pressure. This

technique allows a model where solid and liquid system coexist to be prepared . We

therefore performed a second run in the isobaric-isothermal ensemble (NPT). At the end

of this second run we had a system made of approximately the 50% liquid and 50% solid.

We used Berendsen [88] algorithms in order to keep both the temperature and the

pressure constant during our simulations. We then performed another series of

NVT-NPT simulation that brought our system at a temperature slightly above the

melting temperature estimated by Hansen and Verlet. We let then the system equilibrate

at the coexistence temperature performing a constant enthalpy simulation. At the end of

the equilibration we found a coexistence temperature of 83.23± 1.5 K. We have therefore

found an agreement with the data of Hansen and Verlet.
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4.1.2 Testing the size effects

We performed our simulations, assuming that at the constant pressure of 0.25 kbar the

melting temperature corresponds to Tm = 89.95 K. Thus 20% of undercooling (T = 0.8

Tm) corresponds to a temperature of 72 K.

We started from a perfect FCC-atom arrangement consisting of 864 particles. To build

up the FCC crystal we used the value of the lattice constant corresponding to the

equilibrium lattice constant of an argon system in the solid phase, i.e. 5.26 Å. Then we

performed two simulations in the NPT ensemble [88]:

- in order to compute the properties of a LJ crystal at T = 0.8 Tm and compare it to

the supercooled liquid, we equilibrated the solid system at this temperature;

- the supercooled metastable liquid has been obtained by melting the solid system at

a temperature corresponding roughly to 1.5 Tm and then cooling it slowly to T =

72 K.

For both the solid and the metastable liquid system we obtained a value for the density

which is in agreement both with the data of Hansen and Verlet and with the

experimental data for argon. These data are reported in Table 4.2.

Our data MC(LJ) [87] Exp. Argon

ρl 1405.5 1470.0 1438.1

ρs 1592.1 1634.6 1624.6

Table 4.2: Comparison between the values of the density as obtained by our MD code, by Hansen

and Verlet, and experimentalists. All data refer to the temperature T = 72 K and are given in

units of Kg/m3.

In order to verify possible size effects in the computation of the free energy barrier we

performed the same operation on a larger system, namely a 6912-particle system. Then

melted and then subsequently cooled to T=72 K also this system is liquid, as confirmed

by the mean square displacement. (see Fig. (4.2)).

In order to reproduce the results obtained in Ref. [37] we used the metadynamics

technique and as a reaction coordinate the global order parameter Q6 (Eq.[2.49]). We

found that for the smallest system the height of the barrier is incredibly low, of the order

of 1.2 kBT , while for the 6912-particle system the height of the barrier amounts at 45

kBT . There are two main reasons for this discrepancy. First of all, the 864-particle
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Figure 4.2: Mean square displacement of the 6912-particle super-cooled liquid system in units

on nm2.

system is indeed too small. The crystal nucleus does not reach the critical size because

as soon as a solid cluster reach a certain dimension it interacts with its periodic images

and the crystallization occurs because of a collective mechanism. The second cause is

due to the use of the overall degree of crystallinity as a reaction coordinate, a drawback

already predicted by ten Wolde [38] and confirmed in the case of atomistic simulation of

molecular nitrogen [33, 34]. The reason is that a fixed overall degree of crystallinity may

correspond to a configuration with several small crystalline clusters or to a configuration

with one large pre-critical nucleus. For entropic reasons, the system will favor

configurations containing several small clusters. Hence, for large systems, the use of a

global reaction coordinate prevents sampling configurations containing a large

pre-critical nucleus. The behavior of free energy nucleation barrier as a function of

different system sizes has been obtained by Millot and co-workers [34] (see Fig. (4.3)).

We therefore conclude that the Q6 order parameter is indeed size-dependent and we

decided to tackle the problem of the nucleation using the TPS method. The results that

we obtained from the analysis of the TPS trajectories are the subject of the next section.

Here we want just to anticipate that the Q6 order parameter will not completely ruled

out. In Chapter 5 it will be defined in a smarter way in order to obtain a reaction

coordinate suitable for metadynamics. In order to reduce the size effect we shall use in

the following the 6912-particle system.
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Figure 4.3: Free energy nucleation profile for different system size as obtained by Millot et al. [34].

All the free energy profiles have been computed by umbrella sampling.

4.2 TPS procedure and analysis of the trajectories

We have seen that TPS technique requires a preliminary reactive trajectory, obtained in

a smarter way. In principle the TPS method works independently on the first trajectory,

but if this last is not generated in a sensible manner it is very improbable to find other

reactive trajectories from it. For this purpose we use frames obtained by the

metadynamics simulations.

4.2.1 Details of the simulations

The TPS procedure by which we obtained our unbiased trajectories is the following. At

selected points along the initial metadynamics trajectory the velocities are changed

randomly while keeping the total kinetic energy constant. The maximum allowed change

in velocity is 5%. By propagating forward and backward in time from this altered point

new trajectories are generated, i.e. we applied the TPS shooting procedure. The

trajectories that lead to crystallization are used as new starting point. By iterating this

procedure, we were able to harness ten statistically independent crystallization

trajectories.

All the simulations are performed by classical MD technique in the NPT ensemble,

which is enforced by a combination of the isotropic version of the Parrinello-Rahman

barostat [89] and Nose-Hoover thermostat [90], which makes the dynamics
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time-reversible as required by the TPS algorithm. Along the TPS trajectories we

monitored several quantities. In general what we observed is that all the trajectories

display a similar behavior. For simplicity we therefore will show the results only for one

selected trajectory, if not otherwise specified.

4.2.2 The global degree of crystallinity

Let us examine the time evolution of the global order parameter Q6. Let us recall the

expression of the global order parameter computed for l = 6:

Q6 =

√

√

√

√

4π

13

+6
∑

m=−6

|Q̄6m|2. (4.2)

The rotational invariance of the global order parameter is guaranteed by summing over

the m components of the quantity Q̄6m, the evaluation of which requires an additional

sum over the atoms and their relative neighbors. In our computer program we use a

Verlet list algorithm[91] to define the neighbors of each atom. The neighbor list contains

all the particles which are within a defined cut-off radius of each particle. This cut-off

radius is set to 5.1 Å, which corresponds approximately to the first minimum of g(r) for a

liquid argon system (see Fig. (4.4)). The use of a Verlet neighbor list allows to minimize

the amount of computational cost, thus improving the efficiency of the simulation.

Figure 4.4: Radial distribution function for a liquid argon system modeled by LJ potential

The number of bonds included in the definition of Q̄6m:

Q̄6m =

∑N
i=1 Nb(i)Y6m(rij)
∑N

i=1 Nb(i)
, (4.3)
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is made continuous and differentiable by using a cut-off switching function. Continuity

and differentiability are indeed essential requirements for the use of Q6 as an order

parameter in the metadynamics runs. The function smoothly brings the number of

bonds to zero at the desired cut-off distance and it is defined as follows:

f(rij) =
1 − un

1 − un+p
(4.4)

with

u =
rij

rc
. (4.5)

In the above expression rij is the module of the distance between atom i and atom j, n

and p are two integer exponents that dictate the steepest of the function, and rc is a

suitable cut-off radius. The value for rc is set to 3.1 Å, while we set both n and p equal

to 8. We verified that the choice of these parameters guarantees the correct result for the

global order parameter in the case of a perfect FCC-atom arrangement, i.e. Q6 ≈ 0.57.

In Fig. (4.5) we report the time evolution of the Q6 order parameter. Looking at this

graph, we notice that the overall degree of crystallinity remains close to zero for the first

400 ps. At this point, the value of Q6 starts to increase slowly. This can be interpreted

as the formation of some aggregate of solid particles within the metastable liquid phase.

By the way, the value of the Q6 is still very low, around 0.05, indicating that the whole

sample still cannot be considered crystallized. We can suppose that the region comprised

between 400 and 800 ps, corresponds to the formation and growth of one, or even more,

nuclei, which eventually evolve into criticals. In other words, during this time interval,

the system is trying to overcome the free energy barrier that separates it from the stable

solid phase. From 800 ps on, the slope of the curve exhibits a dramatic change and the

value of Q6 tends rapidly to one which is typical of a solid sample. From this last feature

we can infer that in this time interval the system did overcome the free energy barrier,

and is not metastable anymore. In order to verify these hypothesis we need to monitor

also the time evolution of the number of solid particles.

4.2.3 Identification of the solid-like particles

The solid-like particles are identified using the local order parameter expressed by

Eq. (2.53). The criterion that allows discriminating between the solid-like and the

liquid-like particles derives from the probability distribution function of the local order

parameter, which is displayed in Fig. (4.6) for our LJ system in the case of a thermally

equilibrated liquid (black curve) and FCC structure (red curve) at T= 72 K (left side),



56 4 The LJ system and results from TPS

Figure 4.5: Time evolution of the global degree of crystallinity.

while on the right side of the figure the time evolution of the number of the solid-like

particles is shown.

Let’s first look at the distribution function for the two thermally equilibrated systems.

These two distributions do not overlap, indicating that the local order parameter defined

in this way is a good discriminator between solid-like and liquid-like particles. According

to the distribution function, we define particles being of solid-like kind if they posses a

value of the local order parameter greater than 0.35. Furthermore, we define a solid-like

atom to be a surface atom if it posses more than four liquid-like neighbor particles1.

Now that we are able to compute the amount of solid-like particles, let’s examine its

time evolution. Similarly to what observed for the Q6, the number of solid particles

distributed in the whole sample, starts to increase slightly in the time interval comprised

roughly between 400 and 800 ps. From this point on, once again, the steepness of the

curve indicates that a dramatic change has occurred. However, we still miss several

information. Specifically, we want to investigate if:

1. the solid-like particles belong to one or many clusters and

2. which is the atomic arrangement of this (these) cluster(s).

Answering these questions, requires first of all a suitable definition of a cluster of

solid-like atoms.

1We will use this additional information later when we will compute quantities related to the surface

of the clusters.
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Figure 4.6: Left: probability distribution function for thermally equilibrated liquid and FCC

structure at T = 0.8 Tm and 0.25 kbar. Right: Time evolution of the number of the solid-like

particles, computed by local order parameter.

4.2.4 Definition and atomic arrangement of the clusters

According to the value of the local order parameter and to the list of neighbors, we

devised an algorithm to detect if and how many clusters are formed along each

trajectory. Our cluster definition is intuitive. A cluster is composed of solid-like particles

which are close enough to be defined neighbors. In other words, starting from a solid-like

atom, the clusters is composed by that atom and all its solid-like neighbors. We do not

take into account clusters which have a number of elements smaller then ten, simply

because they are unlikely to grow2.

The results obtained for all the trajectories are once again similar: along each reactive

trajectory only one main cluster is formed. It is possible to observe at most another

small nucleus but this is a random fluctuation that shrinks after one or two successive

steps and whose appearance is limited to the first significant region of the trajectory, i.e.

the one before the occurrence of the “catastrophic crystal growth”. We also observed

that if this smaller nucleus is sufficiently close to the bigger one, the first is absorbed into

the last. This is in agreement with the theory, i.e. the growth of the nuclei occurs either

by depletion of the matrix or by mutual impingement. We have therefore answered to

the first question.

The second question is about the atomic structure of the atoms. This question arises

because of the Ostwald’s step rule[92], which states that the crystal structure that

2We observed that the clusters that evolve into critical ones consist at least of 22 elements.
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Figure 4.7: Distribution functions of the atomic volume as computed via Voronoi polyhedron for

a thermally equilibrated liquid, BCC and FCC-atom arrangement and for the crystallite that

form in the supercooled liquid.

nucleates from the melt, does not correspond to the most stable phase, but to the phase

which is nearest (in terms of free energy) to the fluid phase. The thermodynamically

most stable solid phase of a LJ system is known to be a FCC. The numerical study by

Swope and Andersen[93] of crystal nucleation in a system of 106 LJ particles, shows

convincingly that, although both BCC and FCC nuclei can form under conditions of

strong supercooling, only the FCC nuclei grow to form large crystallites. By the way, in

the case of moderate supercooling both Frenkel [36–38] and Moroni [8] find a growing

FCC core surrounded by a BCC surface shell. In order to investigate this aspect we

computed the specific atomic volume via the Voronoi tessellation. We have already

mentioned this geometrical construction in Chapter 1. In our specific case, the Voronoi

polyhedron characteristic of each atom is constructed from the distances from each

nearest-neighbor3. The distribution functions for the volumes of the Voronoi polyhedrons

computed for a thermally equilibrated liquid, BCC, FCC structure and crystallites, at

the usual thermodynamic conditions are displayed in Fig. (4.7). We can observe from

this graph, that the specific atomic volume is the same both for the BCC and the FCC

3The Voronoi tessellation of regular lattices of points in two or three dimensions gives rise to many

familiar tessellation. For example a FCC lattice gives a tessellation of space with rhombic dodecahedra,

while a body-centered cubic lattice gives a tessellation of space with truncated octahedron.
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atom arrangement, and for the crystallites that form in the supercooled liquid too. We

conclude that from this distribution it is not possible to say whether or not the Ostwald

step rule is valid. The crucial information comes instead from the percentage of the

solid-like particles versus the number density plotted in Fig. (4.8). The number density

of an FCC-atom arrangement is approximately equal to 0.025, while the one of the liquid

is around 0.022. The number density of a system with a BCC-atom arrangement and the

same overall density of the equilibrated FCC system at T=72 K is equal to 0.0248. This

value is very close to the one of the FCC arrangement, nonetheless, if we monitor the

evolution of the number density as a function of the percentage of the solid-like particles

belonging to the main cluster, we find that the structure of the crystallites that form in

the growing regime, which fluctuates around the values 0.05 %, is closer to a FCC than

to a BCC. We therefore conclude that the growing cluster display a FCC-kind structure

since the beginning.

Figure 4.8: Number density in units of (1/Å3) of the crystallites versus the percentage of the

solid-like particles (black dots); the green curve is the value of the FCC structure, the blue one

for the BCC, and the red one for the liquid.

Now we want to investigate about the validity of the classical CNT. This involves the

computation of the work of formation of the nucleus and the knowledge of the size of the
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critical one, i.e. which are the configurations that correspond to the top of the free

energy barrier and which constitute the transition state ensemble (TSE).

4.3 Transition state ensemble and failure of CNT

In order to identify the TSE of our free energy surface (FES) we use the commitment

probability analysis (CPA)[94]. According to CPA, a transition state is defined in the

following manner. Starting from configurations along the path segment connecting the

metastable liquid and the crystal phase, we initiate a number of trajectories with

momenta drawn randomly with a distribution consistent with the NPT ensemble. A

transition state is defined if approximately half of these trajectories relax into each stable

state. The stable states are defined according to the values of the Q6 and the potential

energy. We generated 10 trajectories for each configuration to determine whether this

configuration belongs to the TSE, which is defined as the ensemble of configurations

which have commitment probability between 0.4 and 0.6. According to our analysis, a

broad distribution of the size of the critical size is found: n∗ = 240 ± 34 atoms, which is

consistent with earlier studies[8]. We can now examine whether CNT is able to describe

this phenomenon.

As already described in Chapter 2, the general expression for the free energy of

formation of a crystalline nucleus is given by:

∆G = n∆µ + γS. (4.6)

Assuming, as it is done in CNT that the nucleus is spherical and has the density of the

FCC crystal (ρfcc), then S = (4π)1/4(3n/ρfcc)
2/3. As a function of the the volume per

molecule in the embryo phase, v′, S = (36π)1/3(v′)2/3n2/3, and ∆G is a function of n only.

Some of the quantities involved in the previous equation are known from the literature.

In particular the difference in chemical potential between the solid and the liquid phase

can be computed thanks to Eq. (2.40), where ∆h is the latent heat of melting, which is

known from the Ref.[87], and Tm − T is the degree of supercooling. At 20% ∆µ = -0.262

kJ/mol. The other quantity that we get from literature is the interfacial free energy. In

Ref.[95] the free energy of the crystal-melt interface as a function of crystal orientation is

computed, by examining the roughness of the interface and using molecular dynamics

simulations. The values for three crystallographic orientation, namely (100), (110), and

(111) are quite similar. We took the value for the (111) orientation, which is the lower of

the three, and is equal to 0.0307 kJ/(molÅ2). About the other quantities, we know the
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Figure 4.9: Failure of the CNT in describing the nucleation barrier. The red arrow indicates the

top of the barrier, i.e the TSE, according to the classical theory, while the vertical lines delimit

the region corresponding to the TSE as obtained by CPA.

number of solid-like particles via the local order parameter, while the value of the

specific atomic volume has been computed via the Voronoi tessellation. We thus have all

the ingredients to compute the work of formation in the spherical approximation.

In Fig.(4.9) we reported ∆G versus n. This curve predicts n∗ ∼ 80 and a critical value

for the free energy, as indicated by the red arrow, corresponding to 18.5 kBT . However,

the location of the TSE obtained by CPA, indicated by the region comprised between

the two red vertical lines, is shifted respect to the top of the CNT free energy barrier.

For the LJ system, as well as for spherical colloids, CNT is known to largely

underestimate the size of the critical nuclei and their work of formation by about

40% [3, 4, 8] and it is not a surprise that our dynamically estimated n∗ is so much larger

than 80. We belive that a major cause for the failure of CNT is the assumption of the

spherical nucleus. In fact we find, in agreement with Ref. [8], that the crystallites are far

from spherical, especially the smaller ones. In Fig.(4.10) a pre-critical nucleus

corresponding to a frame extracted from a TPS trajectory is shown. We used the value

of the local order parameter to distinguish between the solid-like and the liquid-like

particles and with the help of the AVS scientific visualization tool [96], we assigned

different colors and dimensions accordingly. The pre-critical nucleus is depicted in blue,

while around it the yellow small dots represent the liquid-like atoms. As one can see, the
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shape of this nucleus seems far from spherical, and this feature is retained along the

whole sub-critical region. This additional observation has brought us to investigate

quantitatively the asphericity of the crystallites by computing its inertia tensor. This

last is indeed useful to get information on how the particles are distributed in space.

Figure 4.10: A typical growing nucleus surrounded by a metastable liquid.

4.3.1 The ellipsoidal or extended CNT approximation

Using our MD code, once identified the distribution of the solid-like particles, we

computed its center of mass (CM) and rescaled the coordinates of the particles in such a

way that the origin of the distribution coincides now with its CM. We then computed

the components of the moment of inertia tensor, which for a system with N point masses
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m with Cartesian coordinates (xi,yi,zi) are defined as:

IXX =
N
∑

i=1

m(y2
i + z2

i )

IY Y =

N
∑

i=1

m(x2
i + z2

i )

IZZ =
N
∑

i=1

m(x2
i + y2

i )

IXY = IY X = −
N
∑

i=1

mxiyi

IXZ = IZX = −
N
∑

i=1

mxizi

IY Z = IZY = −
N
∑

i=1

myizi. (4.7)

It is worth saying that, for the same object, different axes of rotation will have different

moments of inertia about that axis. For example, the three moments of inertia

associated with rotations about the three Cartesian axes (X, Y, and Z), reported above,

are not guaranteed to be equal unless the object is very symmetric. However, since this

tensor is a symmetric, real matrix, it is possible to find a Cartesian coordinate system in

which it is diagonal, i.e., has the form:

I =













I1 0 0

0 I2 0

0 0 I3













where Ii are the principal inertia momenta, i.e. the eigenvalues of the inertia tensor.

We assumed that the crystallites have an ellipsoidal form, and, in order to be more

general, we consider a scalene ellipsoid. The eigenvalues Ii of the inertia tensor of a

scalene ellipsoid of mass m are related to its semi-axes {aj} by:

Ii =
1

5
m (a2

j + a2
k), (4.8)

where j, k 6= i. The time evolution of the semi-axes, together with its relative standard

deviation, of the distribution of the solid particles is displayed in Fig.(4.11). This picture

shows an evident anisotropy of the nucleus. In fact, the ratio between the largest and the

smallest axes amounts at 3/2. This value cannot be due just to large fluctuations of
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solid-like particles around a shape which on average is spherical, because the fluctuations

of this quantity on time intervals of 50 ps is ∼ 25 particles, which is too small to justify

an anisotropy ratio of 3/2.

Figure 4.11: Time evolution of the semi-axes of the distribution of the solid particles, as devised

by inertia tensor.

A further proof of the fact that the anisotropy of the nucleus is true and not due to

random fluctuations of solid-like particles that attach and detach to an average spherical

cluster, is given by the time correlation of the orientation of the largest tensor axis,

reported in Fig. (4.12). This last is characterized by slow relaxation times, which

indicates unambiguously the correlation that dictates the growth of the nucleus to be

anisotropic.

4.3.2 The surface of the scalene ellipsoid

There are simple formulas for the surface area of an ellipsoid of revolution, but when the

3 semi-axes {aj} are distinct, as precisely in our case, the formula is not trivial. Putting

a1=a, a2=b and a3=c, the surface area of an ellipsoid of equation

(x/a)2+(y/b)2+(z/c)2=1, with a ≥ b ≥ c is:

S = 2π
[

c2 +
bc2

√
a2 − c2

Ee(φ, m) + b
√

a2 − c2Ef (φ, m)
]

(4.9)
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Figure 4.12: Time correlation of the magnitude of the largest tensor axes.

with

φ = arcsin

[
√

1 − c2

a2

]

, m =
a2(b2 − c2)

b2(a2 − c2)
. (4.10)

The quantity Ef(θ, m) and Ee(θ, m) are said elliptic integrals respectively of first and

second kind. For completeness, we will briefly describe what the elliptic integrals are in

Appendix A.

For all the TPS trajectories we computed the work of formation of the growing nuclei

using the formula in Eq. 4.6. This is reported in Fig. (4.13) both for ellipsoidal (that we

call also “extended”) and spherical (CNT) approximation. The difference in height

between the two curves is unambiguously evident: within the ellipsoidal approximation

the height of the free energy barrier is almost twice as the one in classical approximation.

From the collected data we computed the value of the height of the barrier, which

corresponds to the work of formation, and the size of the critical nuclei. The value

obtained for extended and classical CNT model are reported in Table 4.3. The values

∆G∗/kBT n∗

Extended CNT 31.4 ± 7 240 ±34

Classical CNT 19.2 ± 5 88 ± 11

Table 4.3: Work of formation and critical size as obtained by CNT and ellipsoidal approximation.

provided by our extended CNT model although rather scattered give a much better
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Figure 4.13: Comparison for the free energy barrier and size of the critical nuclei within classical

(dashed line) and using in Eq. (4.6) the values of S computed by the ellipsoidal approximation

along the reactive trajectories (dots with error bars). For a given n, different values of S are

possible. The corresponding values of ∆G computed from Eq.(4.6) are averaged and their root

mean square deviations reported in the picture.

estimation of ∆G∗ and n∗. Moreover, the extended CNT curve for ∆G accounts for the

rather diffusive character of the nucleation process as observed in the TPS trajectories.

Once again we stress here that our data is agreement with the one of Ref.[8], although

this last work has been performed at a different pressure.

In summary, our results show that the effect of considering a more realistic

approximation of the crystalline nuclei almost entirely accounts for the discrepancy

between CNT and simulations, while, at the same time, they suggest that close to

coexistence the main features of nucleation are captured by classical thermodynamic

models.

Now we go back to the question of the variation of the slope of the curve of both Q6 and

N . We want to investigate whether this variation can be monitored by other physical

quantities and, if this is the case, if it indeed corresponds to a physical change significant

for the nucleation.

4.4 A new class of order parameters

At the beginning of the present chapter we mentioned the possibility to monitor two

significant quantities indirectly related to the shape and surface of the nucleus in a way

that will be clear soon: the average solid-solid and solid-liquid coordination number, that
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we indicate with css and csl respectively. These two quantities are displayed, together

with the percentage of the solid particles, in Fig.(4.14)4. Let us examine more in details

the behavior of these two curves.

Figure 4.14: In this picture the average solid-solid and solid-liquid coordination number is dis-

played together with the percentage of the solid-like particles.

At the beginning the value of the csl is higher because the only clusters that are formed

are essentially composed by few surface atoms, of the order of 12-20 elements. These

aggregates are essentially due to random fluctuations in the density of the sample, are

not compact nor they are big enough to grow, as confirmed by the small amount of the

solid-particles. However, the behavior of the curves changes abruptly when a small

aggregate of solid-like atoms is formed, and the two curves, css and csl, vary in opposite

way. We interpreted this behaviour, as an indication of the fact that the nucleation

cannot take place before a nucleus with the right combination of both size and shape is

formed. In fact, from this point on the nucleus starts to grow, as indicated by the

increase in the amount of the solid-like particles, and then reach a sort of “plateau’. In

this region the size of the cluster varies weakly, ranging from 60 to 300 elements. The

process can be identified as slow and diffusive, until the slope of the curve changes again

and the system enters in a different regime of growth, where it is no longer metastable.

The two variations in the slope of the curve of both Q6 and N have been elucidated

4In this picture we use the percentage instead of the number of the solid-like particles to highlight the

different behavior of css, csl and N on the same scale.
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thanks to csl and css. Our findings means that it is not sufficient to form a cluster of a

given size, adding particles one by one to initiate nucleation, but this initial nucleus has

to be compact enough, to guarantee a degree of connections as indicated by the

relatively high average coordination between solid-like particles. We call this nucleus a

pre-critical cluster and it is indeed the one that, once formed, is able to reach the critical

size and crystallize the whole sample. This last stage corresponds to the second variation

in slope, where the free energy barrier has finally been overcome and there isn’t any

further obstacle for the phase transition.

4.5 Summary

In this chapter we have obtained valuable information about the mechanism of formation

of the crystal nuclei in a metastable, moderately supercooled liquid system. The starting

point of our investigation was the fact that the global degree of crystallinity, Q6, which is

the most used order parameter to investigate crystal nucleation, exhibits an important

dependence on the size of the system. This has been the spark that lead us to use the

TPS method, which in turn do not depend on any order parameter. By TPS we have

obtained 10 reactive trajectories which have the important characteristic to be unbiased

and statistically uncorrelated (this last feature means that each trajectory is totally

independent from the others and that the results obtained from the analysis of each one

brings a statistical contribution to the global analysis).

Several physical quantities have been monitored for each trajectory. This analysis has

allowed us to highlight several peculiarities of the crystal nucleation phenomenon. Here

we summarize the main results.

The mechanism that brings to the formation and successive growth of the crystalline

nucleus is not dictated by a series of bi-molecular reaction, as assumed in CNT. Rather,

the mechanism is initiated by the abrupt formation of a small crystallite caused by a

density fluctuation in the supercooled liquid. This small aggregate, that we called

pre-critical cluster, grows by the addition and removal of a number of a not a-priori

defined solid-like particles, until the critical dimension is reached and the crystallization

of the whole sample is triggered. This feature can be captured only partially by the

behavior of Q6 and the number of solid particles N . As we showed in Fig. (4.5) and on

the right side of Fig. (4.6), the curves indeed display a variation in the slope, but this is

not a sufficient indicator of the formation of the pre-critical cluster. Its appearance is

definitely disclosed by the average solid-solid (or solid-liquid) coordination number (css
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and csl) which, in contrast to the smooth increase of both Q6 and N , displays an abrupt

variation (Fig. 4.14). In the next chapter we will see that the behavior of css, or

equivalently csl, varies according to different degree of supercooling. This parameter is

therefore a good “discriminator” between different mechanism of phase transition.

The second question that we addressed is the shape of the nuclei. We have demonstrated

that the growing clusters evolve through an ellipsoidal shape rather than a spherical one

as assumed by CNT. We have proved that, in agreement with previous computational

work[8], our extended CNT model, provides a better estimate for both the critical value

of the free energy and size of the system. We therefore conclude that the capillarity

approximation, which we mentioned in Chapter 1 and which is one of the strongest

approximation in CNT is still valid, provided that a more realistic shape of the nuclei is

included in the computation of the cost of formation of the clusters.

In the next chapter we will see how the information extracted from the TPS trajectories

can be used to devise a suitable order parameter for the metadynamics technique, and

that additionally the ellipsoidal model is still valid at moderate degree of supercooling.

We will further show that the efficiency and speedy of the metadynamics will allow us to

investigate deeper degree of supercooling, thus highlighting a different phase transition

mechanism: the spinodal decomposition.





Chapter 5

Toward larger supercooling: from

nucleation to spinodal

We now turn to the study of nucleation as a function of the degree of supercooling. In

order to do this, a computationally more efficient method than TPS is needed, especially

to evaluate ∆G∗. In fact, although TPS is a very powerful and reliable method,

calculating ∆G∗ by TPS is rather computer expensive. For our purpose, we therefore use

a newly developed version of the metadynamics algorithm[54][79]. As already pointed

out in Chapter 2, the method relies on the identification of the appropriate reaction

coordinates. These latter are obtained and validated from the unbiased trajectories

generated by TPS, and enable us to perform several runs within an accessible computer

time.

5.1 The choice of the reaction coordinates

Previous experience has shown that collective coordinates that describe the global

crystalline order are not appropriate[34, 37]. It is therefore essential to refer to local

order parameters able of capturing the essential features of the nucleation process. In the

previous chapter, we have pointed out the ability of the quantities css and csl in capturing

the two-step character of the nucleation process, thus highlighting the dynamical

bottleneck that the system has to overcome in order to initiate the crystallization. The

most natural choice of reaction coordinates would therefore be using the variable css, or

equivalently csl. Unfortunately, their use is too computationally expensive. For this

reason we define an indicator of local crystalline order by arbitrary selecting a particle

and measuring the Steinhardt order parameter Q6 of subset of the Nsub nearest neighbors
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of the tagged particle. Preliminary tests performed at T = 0.8 Tm and P = 0.25 kbar,

show that the height of the free barrier computed by metadynamics was inside the error

bar for a range of Nsub between 300 and 400 particles. Thus, for our calculations we take

Nsub = 350. However, the arbitrary choice of a particle as a nucleation center artificially

restricts the number of possibilities through which nucleation can occur. In fact, let us

recall that homogeneous nucleation by definition occurs randomly within a homogeneous

sample. Thus the estimate of ∆G∗ must be corrected by an entropic factor defined as

−kBT ln(
N

Nsub
), (5.1)

where N is the total number of particles in the simulation box. With the above values

for N and Nsub, the entropic correction is equal to -3kBT .

To account for the growth of the post-critical nucleus and for the late stage of

crystallization, the local Q6 is coupled with the potential energy of the system as a

second reaction coordinate. The choice to including a global order parameter, such as

the potential energy, in the metadynamics scheme, would also provide information about

the character of the transition and would in principle help identify metastable disordered

state. In fact it as long been recognized that all energy-related thermodynamic

properties of a classical canonical system can be calculated once the density of states

D(E) is known. In principle, D(E) could be calculated from the histogram of the

energies visited during a very long constant-temperature simulation. In practice, for any

finite simulation only a limited energy window is sampled so that the recovery of the

system thermodynamics over a wide temperature range is infeasible. Recently Micheletti

et al. [74], have shown that by means of metadynamics it is possible to reconstruct the

free energy profile F (E) = E − TS(E), using the energy as relevant collective variable.

With one metadynamics run at a single temperature, the whole energy range could be

explored. In the high-temperature limit, this approach has strong analogies with the

Wang and Landau algorithm, in which D(E) is also modified in a history-dependent

fashion [53].

5.1.1 Metadynamics parameters and error

The accuracy for the metadynamics runs are chosen using the expression of

Eq. (3.36) [77]. Although this last has been obtained empirically, the work of Bussi et

al. [78] proves analitacally that the empirical formula works quite well. Thus we

computed the diffusion coefficient by means of the velocity autocorrelation function for

the collective variables (Eq. (3.34)) and we set the following parameters:
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- w = 1.5 kBT , for the height of the Gaussians;

- δs = 0.01 , 40 kJ/mol for the width respectively of the local Q6 and the potential

energy;

- τG = 4ps, for the time deposition of one Gaussian.

With this choice of the metadynamics parameters the error is 2 kBT.

All the metadynamics runs have been performed in the NPT ensemble, which is enforced

the Berendsen algorithms [88].

5.2 Results for T = 0.8 Tm and comparison to TPS

trajectories

In Chapter 3 we have seen that the metadynamics method allows the underlying free

energy surface to be reconstructed as the negative of the sum of potential hills. The

result of this operation is displayed in Fig. (5.1).

Figure 5.1: 3-dimensional reconstructed free energy profile at T = 0.8 Tm and P = 0.25 kbar.
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This is a 3-dimensional plot with the two collective variables, E and Q6, and the free

energy in units of kJ/mol, along the principal axes. A projection of the same free energy

profile is plotted in Fig. (5.2). From this figure we can better observe the trajectory

followed by the system, from the basin of the metastable liquid, in the high-left corner,

to the solid basin, in the low-right corner. Initially the crystallization evolves along the

the local Q6, but then, once the transition state is overcome, there is an abrupt decrease

in the value of the potential energy. We need again CPA to locate the TS more precisely.

Figure 5.2: Projection of the reconstructed free energy profile on the reaction coordinates plane.

From the metadynamics run we obtain a value for ∆G∗/kBT equal to 35.4 ± 2, this

value being already corrected for the entropic factor (Eq. (5.1)) and in agreement with

the value obtained from the TPS trajectories.

Now we apply the ellipsoidal model to the metadynamics trajectory, and obtain the

value of ∆G∗ and n∗ performing CPA. We again consider as transition states those

configurations which have commitment probability comprised between 0.4 and 0.6.

In Tab. 5.1 we summarize the results so far obtained with the different simulation

techniques for T = 0.8 Tm. As one can see the agreement is good. If we compare
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Tab. 5.1 with Tab. 4.3 we obtain a further confirmation of the fact that CNT largely

underestimate both the free energy barrier and the size of the critical cluster.

MetaD CPA on MetaD traj CPA on TPS traj

∆G∗/kBT 35.4 ±2 33.6 ± 7 31.4 ± 7

n∗ 225 ± 33 240 ± 34

Table 5.1: ∆G∗ and n∗ at T = 0.8 Tm as obtained by metadynamics and TPS techniques.

Now we want to analyze the metadynamics trajectory, i.e. we want to monitor the time

evolution of the global order parameter Q6, of the number of solid-like particles N , and of

css and csl. The above quantities are displayed in Fig. (5.3). The behavior of the global

Figure 5.3: Analysis of the metadynamics trajectory at T = 0.8 Tm and P = 0.25 kbar. Left-hand

side: time evolution of the global degree of crystallinity Q6. Right-hand side: time evolution of

the percentage of the solid-like particles (black curve), and the average values of the solid-solid

(red curve) and solid-liquid (green curve) coordination number.

degree of crystallinity and of the number of solid-like particles (in the figure expressed in

percentage) is similar to one obtained from the TPS trajectories: initially both remain

close to zero and then starts increasing, indicating that the system is overcoming the free

energy barrier. For what concerns css and csl, we still observe the characteristic jump.

However in this case the first attempt to form a critical nucleus is unsuccessful and the

embryo shrinks considerably twice before reforming and growing toward the critical size.

From our analysis it turns out that, similarly to TPS trajectories, only one main nucleus

is formed during the nucleation process. In Fig. (5.4) (right panel) the time evolution of
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the semi-axes of the distribution of the solid-like particles that form the nucleus is

displayed. The sort of wavy behavior at the beginning of the simulation is due to the

formation and successive disappearance of the nucleus. What is important here is that

the ratio between the largest and the smallest axis is the same as for TPS trajectories,

indicating that the choice of collective variables and of metadynamics parameter do not

affect quantitatively the nature of the process and do not force the nucleus to assume a

more spherical aspect. Making use of a visualization toolkit [96], we extract a snapshot

of the system corresponding to a growing nucleus (see Fig. (5.4), left panel). This looks

indeed compact and has a no-spherical shape, as already observed in TPS trajectories.

Figure 5.4: Left: time evolution of the semi-axes of the crystalline nucleus as devised by inertia

tensor from the metadynamics trajectory. Right: snapshot of a growing nucleus extracted from

the same metadynamics trajectory.

5.3 Failure of the ellipsoidal model

The agreement found between metadynamics and TPS for the temperature T = 0.8 Tm,

has prompted us to investigate the temperature dependence of the free energy barrier

exploiting the efficiency and speed of the metadynamics algorithm. We therefore

performed a series of metadynamics runs in the range of temperatures between 0.8 and

0.7 Tm. In this temperature range, crystallization process evolves first along the local

order parameter and only later a variation in the potential energy is observed. This is
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illustrated in Fig. (5.5).

Figure 5.5: 2-dimensional projection of the reconstructed free energy profile for T = 0.8 Tm and

T = 0.7 Tm

We then computed the free energy of formation of the nuclei in ellipsoidal approximation

along the metadynamics trajectories. A temperature dependence of ∆µ as in Eq. (2.40)

has been used, while γ is assumed constant for such small variations of T [95]. In order

to locate the transition state CPA is performed using the same procedure adopted for

TPS trajectories analysis. The results are reported in Tab. 5.2. Note that the value ∆G∗

= 23.3 ± 2 obtained at T/Tm = 0.75, i.e. 25% degree of undercooling, is remarkably

consistent with the one computed in Ref. [8] at the same supercooling but different

pressure. This provides a strong cross-validation of both the extended CNT model and

the choice of reaction coordinates in the metadynamics runs.

The data reported in Tab. 5.2 are plotted in Fig. (5.6). As one can see, below T =

0.75 Tm large fluctuations are observed in the number of solid-like particles at the

transition state and consequently in the activation barrier as estimated by our empirical

model. At higher supercooling a breakdown of the model occurs, signaling that freezing

proceeds via a process different from nucleation. This is to be expected since mean-field

theories [11, 97, 98] predict that the nucleation barrier vanishes at large supercooling

where a pseudospinodal singularity influences nucleation. They also predict that the

interface of the critical nucleus becomes very broad and eventually diverges at the

spinodal [97, 98]. The next section is devoted to a brief summary of the theory of
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Degree of Supercooling (T/Tm) ∆G∗ (By MetaD) ∆G∗ (by CPA) n∗ (by CPA)

0.8 35.4 ±2 33.6 ± 7 225 ± 33

0.775 27.1 ±2 25.3 ± 8 155 ± 24

0.75 23.3 ±2 23.6 ± 4 125 ± 20

0.725 18.4 ±2 27.6 ± 8 90 ± 7

0.7 13.3 ±2 22.1 ± 12 61 ± 14

Table 5.2: Comparison between the different values of ∆G∗ and n∗ obtained from the metady-

namics reconstructed free energy profile and by applying the ellipsoidal approximation along the

metadynamics trajectories. ∆G∗ is expressed in units of kBT .

Figure 5.6: The free energy barriers as computed from metadynamics runs at different temper-

atures (circles) are compared to the work of formation of the critical nuclei and as predicted by

our extended CNT model (crosses with dashed error bars). The linear fit to the metadynamics

data is also shown

spinodal.
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5.4 Nucleation and spinodal regime

Both nucleation and spinodal theory appear for the first time in the same paper by

Gibbs [16] who called the spinodal the limit of metastability. For a long time the

spinodal has been regarded as the limit beyond which a homogeneous phase could no

longer be metastable. Experiments with metastable phases showed that these were in a

precarious state; dirt or shock would nucleate a more stable phase. With care, nucleation

could be avoided, and a new phase could venture far into a metastable region. But it was

believed that, no matter how careful one was, the phase could never be brought beyond

the spinodal, because from there on it was no longer metastable. In the sixties Cahn and

Hillard[99] revisited Gibb’s theory, prompted by the results obtained by several authors

in the case of precipitation of binary alloys. They showed that a homogeneous phase

beyond the spinodal would decompose by a simple diffusional clustering mechanism quite

different from the one typical of nucleation and growth encountered for metastable

phase. This theory is summarized in Ref. [100]. It is phenomenological, and based on

parameters which can be measured by independent thermodynamic or diffusion

experiments [100]. However, a rigorous treatment of the transition between nucleation

and spinodal does not yet exist. Progresses in this topic have been made mainly by

Binder[101, 102] and Klein[103][98] and co-workers. Binder considered the formation of a

spherical droplet in a supercooled vapor, and investigated the behavior of the reversible

work (free energy) of formation of the critical nucleus close and far from the critical point

applying a Ginzburg criterium, i.e. a criterium for determining when a system’s behavior

is dominated by fluctuations1. He found that away from the critical point and at small

supersaturation, the free energy barrier associated with the formation of the critical

nucleus is always large, and classical nucleation theory applies. Close to criticality,

nucleation barriers are small only at small supersaturations. At large saturations,

however, there exists a broad region where the free energy cost of forming a critical

nucleus is comparable to the thermal energy. Under these conditions, it is meaningless to

speak of free energy barriers, since they are crossed spontaneously. Thus, close to the

critical point, there exists a broad region where a gradual transition from nucleation to

spinodal occurs. According to Binder’s analysis, the spinodal becomes an increasingly

plausible approximation, the deeper one moves into the region of the phase diagram

where mean-field approximations are valid. Conversely, the transition between nucleation

and spinodal decomposition becomes increasingly smeared as the critical point is

approached. The picture that follows from Binder’s analysis is illustrated in Fig. (5.7).

1See Ref. [104] for a complete derivation of Binder’s treatment.
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Figure 5.7: Regions where classical and spinodal nucleation occurs in a super-cooled vapor;

transition between nucleation and spinodal decomposition and transition between mean-field

and critical nucleation regime according to Binder’s analysis.

It is worth noting here that qualitatively identical conclusions apply to superheated

liquids, as for the formation of vapor bubbles [104]. The picture shows that nucleation

theories applies at small supersaturation and away from criticality. Also shown is the

transition region between nucleation and spinodal decomposition, and its gradually

broadening as the critical point is approached. CNT predicts that the size of the critical

nucleus decreases monotonically with supersaturation, and it does not distinguish

metastability from instability. This leads to a partial description of the processes

occurring in the region influenced by the spinodal line. Accordingly, the region labeled as

spinodal denotes the high-supersaturation regime, where phase changes must be initiated

by a different mechanism.

Unger and Klein [98] investigated the metastability and nucleation for arbitrary range
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interaction models near the limit of metastability, using a mean-field theoretic

description, which is an extension of the work of Cahn and Hillard [97]. They found that

as the spinodal is approached, i.e. at large supercoolings, the size of the nucleating

droplet diverges in all dimensions and that the nucleating droplets becomes ramified and

their free energy cost goes to zero. Pioneering simulations [11, 12] have suggested that at

high supercooling crystallization may occur by a collective mechanism, and simulations

of the freezing of a LJ fluid supported this prediction [13], but no definitive proof of the

existence of a spinodal line for LJ crystallization has been given yet. The next section is

dedicated to this topic: we want to investigate whether a LJ fluid, quenched to a

considerably large extent of undercooling, displays the characteristics of a spinodal

regime.

5.5 Large supercooling in LJ fluid: indication of

quasi-spinodal regime

According to the results exposed in the previous section, a system interested by a

spinodal regime displays the following features:

1. Absence of free energy barrier, which indicates that the system is no longer

metastable but rather unstable causing crystallization to occur spontaneously.

2. Divergence of the size of the nucleating droplet (or droplets) which causes the

phase transition to occur by a collective mechanism very different from that typical

of nucleation.

If we look again at Fig. (5.6), we see that a linear extrapolation of the metadynamics

data predicts that ∆G∗ vanishes at T/Tm = 0.64. In order to verify that indeed in this

supercooling range a spinodal instability sets in, we have extended our study of

nucleation to deep quenches. We first performed two sets of standard MD simulations at

T/Tm = 0.65 and 0.7. In these runs crystallization is indeed achieved spontaneously. The

average time lag between quench and crystallization are 0.17 ± 0.05 ns and 2.3 ± 0.8 ns

at T/Tm = 0.65 and 0.7, respectively. This suggests indeed that ∆G∗ is very low. We

can obtain an estimate of the free energy barrier at T/Tm = 0.65 by means of transition

state theory (TST). Assuming an attempting frequency νTST = 10−13 hz, ∆G∗ ≈ 3kBT ,

which is consistent with the value estrapolated from the linear fit in Fig. (5.6).

A further indication of the fact that the transition mechanism has indeed changed is

given by time evolution of the css, displayed in Fig. (5.8). At T = 0.8 Tm we observe
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Figure 5.8: Time evolution of the css order parameter at different degrees of supercooling.

that the average solid-solid coordination number displays the typical jump, which we

have proved to be a clear indication of the presence of the dynamical bottleneck that the

system has to pass through in order to overcome the free energy barrier. However, at T

= 0.7 Tm this feature is not retained anymore. This is a clear indication of the fact that

at larger supercooling our system is becoming progressively unstable. Additionally, the

application of our sorting-cluster algorithm to the metadynamics trajectories reveals that

in this range of temperatures the number of nuclei that are formed in the sample

increases considerably from one to five or sometimes even more members, with high

fluctuations in the number of particles. This feature is displayed in Fig. (5.9).

We observe that the nucleation center looks compact at T/Tm = 0.8 while at the

intermediate temperature T/Tm = 0.7 it displays a less compact character and it is

accompanied by the formation of smaller nuclei. Finally at T/Tm = 0.65 the sample has

a branched fractal character with a very broad specific surface. It is worth noting here

that in all these MD runs the system never amorphizes, as the single component LJ fluid

is not a glass former.

We have also performed several metadynamics runs at larger supercooling, namely T =

0.64, 0.60, 0.56, 0.54, Tm. All the runs have been performed with the same set of order
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Figure 5.9: Snapshots of representative frames along the metadynamics trajectories performed

at different degrees of undercooling. Different colors indicate different aggregates with solid-like

character. For clarity the liquid-like particles are not shown.

parameters and the projection of the reconstructed free energy profile for two

significative temperatures are reported in Fig. (5.10).

Figure 5.10: Projection of the reconstructed free energy profile for T = 0.64 Tm and T = 0.6

Tm.

From these pictures we observe the absence of a basin corresponding to the metastable

supercooled liquid and that the transformation involves a variation of the potential

energy of the system since the beginning. This strengthens the evidence for the

instability of the supercooled liquid respect to the solid, but we still do not have an
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Figure 5.11: Time evolution of the S(k) of a system quenched to T/Tm = 0.6.

indication of the collective mechanism by which the phase transition is predicted to

proceed, as suggested in Ref. [98]. A more stringent and quantitative proof is given by

the divergence of the structure factor S(k) of the solid-like particles for k approaching

zero [98]. In order to accurately evaluate this quantity for small k, we have doubled the

size of our simulation cell in three dimensions, obtaining a supercell of ≈ 55,000 atoms,

and equilibrated the liquid at Tm. The liquid is then quenched to T/Tm = 0.6 in 50 ps

and crystallization is observed in 500 ps. The time evolution of the S(k) computed only

for the particles identified as solid-like is displayed in Fig. (5.11). S(k) displays a peak at

small k, indicating the existence of a correlation between clusters of solid-like particles.

The observed growth and shift of the low-k peak with time is the signature of an

increasing correlation as the system crystallizes. The final configuration, which consists

of a polycrystalline arrangement, still retains this feature, as witnessed by the presence

of the low-k peak in the S(k) measured 1 ns after the quenching.

5.6 Summary

In this chapter we reported on the results obtained by metadynamics simulation

technique. We have showed that with an appropriate choice of the collective variables,

the analysis performed on the metadynamics trajectories confirms the results obtained

by TPS technique at T= 0.8 Tm and P = 0.25 kbar. For the range of temperature T =

[0.8 − 0.75] Tm we find that our empirical ellipsoidal model is validated both by

metadynamics and by TPS trajectories. However, at larger supercooling our
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phenomenological model is unable to predict correctly the height of the free energy

barriers and the size of the critical nuclei. In fact, models based on nucleation turn

unapplicable in this low temperature range. The main reason is that the height of the

free energy barrier becomes smaller and smaller, as proven by our metadynamics

simulations and it becomes impossible to define a critical nucleus. Many nuclei grow

simultaneously and tend to coalesce. In this case the capillarity approximation cannot

considered valid anymore and crystallization occurs spontaneously. A series of

metadynamics runs performed in the range of temperatures T = [0.7 − 0.54] Tm proved

that crystallization is strongly influenced by the presence of spinodal instability. We have

devised several evidences supporting the existence of a spinodal line for the freezing

transition of a LJ fluid at deep undercooling:

a There is a long-range correlation between the solid-like aggregates that form

throughout the sample and the crystallization is caused by collective mechanism

which these aggregates are involved in;

b We observed the vanishing of the basin corresponding to the metastable liquid by

direct sampling of a global order parameter, such as the potential energy.





Chapter 6

Summary and conclusions

In this thesis we have presented a computer simulation study of the temperature

dependent-behavior of the crystallization of a LJ fluid. By classical MD simulation

technique we simulated a supercooled liquid system, using both the Berendsen

algorithms [88] as well as an isotropic version of the Parrinello-Rahman algorithm [89] in

order to keep constant both the temperature and the pressure of our system. We studied

the mechanism of phase transformation from the supercooled metastable liquid to the

stable solid phase, for a wide range of supercooling, namely from T = 0.8 Tm till T =

0.54 Tm. For this purpose it is necessary the use of computational

techniques [45, 51, 54, 58] that allows to tackle rare events, such as nucleation.

Specifically we have used TPS [58] and metadynamics [54] simulation schemes. The first

important results have been obtained by the analysis of ten TPS trajectories, that have

been obtained starting from the frames of a metadynamics trajectory. We found that at

T = 0.8 Tm CNT captures the essential thermodynamic features of freezing, i.e. the

height of the nucleation barrier and the size range of the critical nucleus, provided that

the approximation of the spherical nucleus is abandoned in favor of the ellipsoidal, or

extended CNT, approximation. This preliminary analysis has also shown that the

kinetics of the initial stage of the growth of crystalline embryos is characterized by the

sudden formation of dense crystalline cluster of finite size, a feature not predicted by

classical kinetic theories that describe nucleation in terms of adding and removal of

single particles. This last peculiarity has been elucidated thanks to the time evolution of

the average solid-solid and solid-liquid coordination numbers. These two quantities,

which are related to the surface free energy formation, allowed us to see that in order for

a random density fluctuation to become a critical cluster, the initial aggregate of

solid-like particles must posses the right combination of size and shape. These results
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have been confirmed also by metadynamics simulation at the same thermodynamic

conditions with a specific choice of collective variables, namely the degree of crystallinity,

Q6, of a subset of the Nsub nearest neighbors of a randomly selected solid-like particle,

and the potential energy of the system. We observed that our empirical ellipsoidal model

is valid in the range of temperatures T = [0.8 − 0.75] Tm. Furthermore, the value of the

free energy barrier obtained by metadynamics at T = 0.75 Tm is remarkably consistent

with the one computed in Ref. [8] at the same T but different pressure. However, below

T = 0.75 Tm we observed a break-down of the ellipsoidal model, accompanied by large

fluctuations both in the height of the free energy barrier and in the size of the nucleating

clusters. We thus performed a series of metadynamics runs in the range of temperature

T = [0.7 − 0.54] Tm. We found that the free energy barrier becomes smaller and smaller,

i.e. the basin corresponding to the supercooled liquid progressively disappears, and many

aggregates of solid-like particles with at times ramified-shape appear throughout the

sample. The crystallization occurs spontaneously because of a collective mechanism

which the solid-like aggregates are involved in. This is in agreement with what found in

earlier simulations on largely supercooled systems[11–13, 97, 98]. We have investigated

this issue further, providing several convincing evidences that the crystallization of LJ at

very deep supercooling is strongly influenced by the existence of a spinodal line and we

have predicted that such spinodal line sets in at around T = 0.6 Tm, as we observe the

free energy minimum corresponding to the liquid to fade at such low temperature. A

more careful exploration of the density of states with respect to potential energy would

provide an even more stringent and quantitative proof.
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[18] R. Becker and W. Döring, Ann. Phys. 24, 719 (1935)

[19] J. B. Zeldovich, Acta Physicochim URSS 18, 1 (1943)

[20] Ya. I. Frenkel, J. Chem. Phys. 7, 200 (1939)

[21] D. Turnbull and J. C. Fisher, J. Chem. Phys. 17, 71 (1949)

[22] M. Volmer and A. Weber, Z. Phys. Chem. 119, 227 (1926)

[23] M. Volmer, Z. Phys. Chem. 25, 255 (1929)

[24] I. N. Stranski and R. Z. Kashiev, Z. Phys. Chem. B26, 100 (1934)

[25] I. N. Stranski and R. Z. Kashiev, Z. Phys. Chem. B26, 114 (1934)

[26] I. N. Stranski and R. Z. Kashiev, Z. Phys. Chem. B26, 132 (1934)

[27] I. N. Stranski and R. Z. Kashiev, Z. Phys. Chem. A170, 295 (1934)

[28] Ya. I. Frenkel, Kinetic Theory of liquids, Dover (1955)

[29] B. J. Alder and T. E. Wainwright, J. Chem. Phys. 27, 1208 (1957)

[30] W.W. Wood and J. D. Jacobson, J. Chem. Phys. 27, 1207 (1957)

[31] W. G. Hoover, D. A. Young and R. Grover, J. Chem. Phys. 56, 2207 (1972)

[32] P.J. Steinhardt, D. R. Nelson, and M. Ronchetti, Phys. Rev. B 28, 784 (1983)

[33] J. M. Leysalle, J. Delhommelle and C. Millot, Chem. Phys. Lett. 375, 612 (2003)

[34] J. M. Leysalle, J. Delhommelle and C. Millot, J. Chem. Phys. 122, 104510 (2005)

[35] D. Frenkel and J. S. van Duijneveldt, J. Chem. Phys. 96 4655 (1992)

[36] P. R. tenWolde, M. J. Ruiz-Montero and D. Frenkel, Phys. Rev. Lett. 75, 2714

(1995)

[37] P. R. tenWolde, M. J. Ruiz-Montero and D. Frenkel, J. Chem. Phys. 104, 9932

(1996)

[38] P. R. tenWolde, M. J. Ruiz-Montero and D. Frenkel, Farad. Discuss. 104, 93 (1996)



BIBLIOGRAPHY 91

[39] J. Q. Broughton and G. H. Gilmer, J. Chem. Phys. 84, 5759 (1986)

[40] A. C. Pan and D. Chandler, J. Phys. Chem. B 108, 19681 (2004)

[41] A. Cacciuto and D. Frenkel, J. Phys. Chem. B 109, 6587 (2005)

[42] J. G. Kirkwood, J. Chem. Phys. 3, 300 (1935)

[43] E. Darve and A. Pohorille, J. Chem. Phys. 115, 9169 (2001)

[44] J. R. Gullingsrud, R. Braun and K. Shulten, J. Comput. Phys. 151, 190 (1999)

[45] G. M. Torries and J. P. Valleau, Chem. Phys. Lett. 28, 578 (1974)

[46] D. W. Robertus, B. J. Berne and D. Chandler, J. Chem. Phys. 70, 3395 (1979)

[47] M. Mezei, J. Comput. Phys. 68, 237 (1987)

[48] B. Roux, Comp. Phys. Comm. 91, 275 (1995)

[49] R. W. W. Hooft, B. P. Eijck, and J. J. Kron, J. Chem. Phys. 97, 6690 (1992)

[50] C. Bartels and M. Karplus, J. Comput. Chem. 18, 1450 (1997)

[51] T. Huber, A. E. Torda and W. van Gunsteren, J. Comp. Aid. Mol. Des. 8, 695

(1994)

[52] H. Grubmüller, Phys. Rev. E 52, 2893 (1995)

[53] F. Wang, D. P. Landau, Phys. Rev. Lett. 86, 2050 (2001)

[54] A. Laio and M. Parrinello, Proc. Natl. Acad. Sci. USA 99, 12562 (2002)

[55] C. Theodoropoulos, Y. Qian and I. G. Kevrekidis, Proc. Natl. Acad. Sci. USA 97,

9840 (2000)

[56] C. W. Gear, I. G. Kevrekidis, and C. Theodoropoulos, Comput. Chem. Eng. 26,

941 (2002)

[57] I. G. Kevrekidis, C. W. Gear and G. Hummer, Aiche J. 50, 1346 (2004)

[58] P. Bolhuis, C. Dellago, and D. Chandler, Faraday Discuss. 110, 421 (1998)

[59] C. Dellago, P. G. Bolhuis, and P. L. Geissler, Adv. Chem. Phys. 123, 1 (2002)



92 BIBLIOGRAPHY

[60] N. Metropolis, A. Rosembluth, M. Rosembluth, and A.Teller, J. Chem. Phys. 21,

1087 (1953)

[61] D. A. McQuarrie, Statistichal mechanics, University Science Books

[62] M. Ceccarelli, C. Danelon. A. Laio and M. Parrinello, Biophys. J. 87, 58 (2004)

[63] R. Car and M. Parrinello, Phys. Rev. Lett. 45, 2471 (1985)

[64] M. Iannuzzi, A. Laio and M. Parrinello, Phys. Rev. Lett. 90, 238302 (2003)

[65] A. Stirling, M. Iannuzzi, A. Laio and M. Parrinello, ChemPhysChem 5, 1558 (2004)

[66] S. Churakov, M. Iannuzzi and M. Parrinello, J. Phys. Chem. B 108, 11567 (2004)

[67] F. Gervasio, A. Laio, M. Iannuzzi and M. Parrinello, Chem. Eur. J. 10, 4846 (2004)

[68] B. Ensing, A. Laio,F. Gervasio and M. Parrinello, J. Am. Chem. Soc. 126, 9492

(2004)

[69] B. Ensing and M. Klein, Proc. Natl. Acad. Sci. USA 102, 6755 (2005)

[70] Y. Wu, J. Schimtt and R. Car, J. Chem. Phys. 121, 1193 (2004)

[71] R. Martoňák, A. Laio and M. Parrinello, Phys. Rev. Lett. 90, 75503 (2003)
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Appendix A

Elliptic integrals

The Elliptic integral were invented by the Bernoulli’s, and were studied by Mclaurin,

Euler and Lagrange in the 18th century, and later by Legendre, when there was great

interest in evaluating the integrals that appeared in scientific applications, after it was

realized that most integrals could not be evaluated in terms of the elementary functions.

Later, Gauss had the brilliant idea of inverting the the functions defined by the

incomplete elliptic integrals, unlocking a treasure chest of analytical investigations using

the new methods of complex variables.

Elliptic integrals occur in many applications, because any integral of the form
∫

R(t, s) dt (A.1)

where R is a rational function of t and s, and s is the square root of a cubic or quartic

polynomial in t, can be evaluated in terms of elliptic integrals. The original reduction of

these integrals was done by Legendre[106]. He showed that only three basic elliptic

integrals are required, which are called Legendre elliptic integrals of 1st, 2nd and 3rd kind.

The better way to evaluate the Legendre elliptic integrals is to express them in terms of

the so-called Carlson elliptic integrals of 1st, 2nd and 3rd kind[107], which we denote

respectively with RF , RD and RJ . Given the fact that in the expression of the surface

area of the scalene ellipsoid only the Legendre integral of 1st and 2nd kind appear, we

will limit our discussion only to these lasts two.

If we define k2 = m, the Legendre elliptic integral of the 1st kind is defined as:

Ef(φ, k) =

∫ φ

0

1√
1 − k2sin2θ

dθ, (A.2)

where m and φ have already been defined in Eq. (4.10). By making use of the Carlson

function, the above integral becomes:

Ef (φ, k) = sinφRF (cos2φ, 1 − k2sin2φ, 1). (A.3)
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The Legendre elliptic integral of the 2nd kind is defined as:

Ee(φ, k) =

∫ φ

0

√
1 − k2sin2θ dθ, (A.4)

and similarly to Eq. (A.3)

Ee(φ, m) = sinφRF (cos2φ, 1 − k2sin2φ, 1) − 1

3
k2sin3φRD(cos2φ, 1 − k2sin2φ, 1). (A.5)

An implementation of Carlson’s functions can be found in Ref.[108]. We used the

algorithm of the cited reference to compute the elliptic integrals and thus the surface

area of the scalene ellipsoid as given in Eq. (4.9).
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