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Abstract

Deregulation of energy markets has necessitated the adoption of risk man-
agement techniques in the power industry. The launched liberalization
and therewith the uncertainty involved in gas, fuel and electrical power
prices requires an efficient management of production facilities and finan-
cial contracts. Thereby derivatives build essential instruments to exchange
volume as well as price risks. However, the valuation of financial deriva-
tives in power markets has proven to be particularly challenging. The
fact that electrical power is not physically storable eliminates the direct
application of the no–arbitrage methodology from financial mathematics.
Consequently, new approaches are required to value even the simplest
derivative products in electricity markets. That is, modeling arbitrage–
free electricity price dynamics turns out to be the crucial step towards fair
pricing of financial products in power markets.

In this work we propose an approach, which converts an electricity market
into a virtual base market consisting of zero bonds and an additional risky
asset. Using this structure, interest rate theory as well as the change–
of–numeraire technique are applied to elaborate risk neutral price dynam-
ics in electricity markets. As a result, explicit formulas are obtained for
European type derivatives such as spread, cap, floor and collar options.
Through the performed historical calibration it can be seen that in the pro-
posed model, contract volatilities close to maturity increase significantly.

For valuing swing type derivatives, which possess no closed–form solu-
tions, an algorithm based on finite element methods is proposed. Thereby
the reduction of multiple stopping time problems to a cascade of single
stopping time problems is utilized. The obtained numerical results for
different swing options all show a smooth and stable behavior. This al-
lows an interpretation of the optimal exercise boundary and an analysis
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of the dependence of swing option prices on initial spot prices and on the
number of exercise rights. A comparison of the finite element algorithm
to Monte Carlo methods demonstrates the strengths of the developed nu-
merical procedure.



Zusammenfassung

Die Deregulierung der Strommärkte bedingt die Einführung von Risiko-
management Methoden in der Energieindustrie. Die lancierte Liberalisie-
rung und die damit verbundenen Unsicherheiten in Gas–, Öl– und Strom-
preisen verlangen einen adäquaten Einsatz von Produktionsstätten und
finanziellen Verträgen. Dabei bilden Derivate wesentlich Instrumentarien
zum Austausch von Nachfrageunsicherheiten und finanziellen Risiken. Die
Bewertung von derivativen Finanzinstrumenten im Strommärkten erweist
sich jedoch als äussert anspruchsvoll. Denn die Nichtspeicherbarkeit von
Elektrizität schliesst eine direkte Anwendung der arbitragefreien Bewer-
tungstheorie der Finanzmathematik aus. Folglich sind neue Ansätze erfor-
derlich um selbst die einfachsten derivativen Produkte in Strommärkten zu
bewerten. Das heisst, die arbitragefreie Preisdynamik ist eine der zentralen
Fragen zur Bestimmung von fairen Optionspreisen in Strommärkten.

In der vorliegenden Arbeit wird ein Ansatz hergeleitet, der einen Strom-
markt in einen virtuellen Basismarkt, bestehend aus Nullkuponanleihen
und einer risikobehafteten Anlage überführt. Diese Struktur ermöglicht
die Anwendung der Geldmarkttheorie und der Change–of–Nummeraire
Technik zur Bestimmung von arbitragefreien Preisprozessen im Strom-
markt. Als Ergebnis konnten explizite Formeln für Europäische Optionen
wie Caps, Floors, Collars und Spreads hergeleitet werden. Durch die hi-
storische Kalibrierung wurde aufgezeigt, dass in diesem Modell die Vola-
tilitäten der obengenannten Optionen kurz vor der Verfallsfrist deutlich
ansteigen.

Zur Bewertung von Swing Optionen, welche keine geschlossenen Formeln
besitzen, wird ein Algorithmus basierend auf Finiten Elementen erarbei-
tet. Dabei wird verwendet, dass “multiple stopping time problems” auf
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eine Sequenz von “single stopping time problems” reduzierbar sind. Die
numerischen Resultate für verschiedene Swing Optionen weisen ein glattes,
stabiles Verhalten auf. Dies ermöglicht eine Interpretation der optimalen
Ausübungszeiten, sowie eine Analyse des Optionspreises in Bezug auf den
initialen Strompreis und auf die Anzahl der Ausübungsrechte. Ein Ver-
gleich des Finite Elemente Algorithmus zu Monte Carlo Methoden zeigt
die Stärken des in dieser Arbeit entwickelten, numerischen Verfahrens auf.
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Chapter 1

Introduction

Deregulation of electricity markets was initiated in the Scandinavian coun-
tries, the UK and Australia in the early 1990s. Since then the liberalization
process has been slowly taking root in many western countries. Neverthe-
less, for technical reasons, the introduction of competitive structures in the
power industry is particularly challenging. The main difficulties are the
physical characteristics of electrical power, which are quite unlike those of
other commodities. One of the crucial features is the non–storability that
necessitates real–time balancing of locational supply and demand. This
essential aspect, which differentiates power from all other commodity mar-
kets, has to be addressed in order to guarantee the integrity of the entire
system. Another critical component is the presence of congestion in the
transmission system that fragments markets into smaller zones. In these
regions the possibility of local market power arises, as a large generation
company might be able to influence power prices. Hence, detection of
possible market power as well as the balancing of locational supply and
demand have to be carefully handled in power markets.

Regardless of the technical difficulties in designing competitive market
structures, electricity markets are being established. Therewith the par-
ticipants’ attention is drawn to the questions of how to model power prices
and how to manage the associated risks in those markets. Because par-
ticipants now have to coordinate their activities in order to spread and
reduce their risk exposure. These principle activities include the deter-
mination of dispatch strategies for generation and transmission assets as
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well as the designing, pricing and trading of derivative products. Essential
instruments for hedging electricity price and volume risks are derivatives.
Nevertheless, dealing with derivative products in power markets is espe-
cially challenging. On the one hand, a theoretical basis for the valuation
is needed and on the other hand, the effects of the contracts on the gen-
eration portfolios have to be incorporated. Both aspects are extremely
complicated due to the non–storability of electrical power. Hence, an
active risk management is essential for electricity market participants in
order to combine derivative trading with production facilities’ dispatch
strategies under these particular technical constraints.

In this thesis we focus on one of the core capabilities of risk management
in electricity markets, namely on the valuation of power derivatives. The
aim is to build a theoretical basis for contract prices from a market point
of view. The utility’s perspective, including the impact of derivatives
on generation activities, see e.g. [DLS06], is excluded. Instead, modeling
approaches are presented and the logical foundation behind the pricing
of power derivatives is discussed. Thereby the unique physical attributes
of electrical power and their implications on the pricing methodology are
considered.

Before focusing on the pricing of derivatives contracts, the current situa-
tion in electricity markets as well as the economic fundamentals are pre-
sented. In this way, the effects of the unique market situation on power
prices and on power options become clear.

There are many particularities of electricity markets that could be named,
but in this work we will only comment on the most critical. In exchange,
the basic principles are directly linked with the observed characteristics
in power markets. The list below is thus far from being exhaustive but
includes the most basic factors.

• Generation. The proportion of different production assets related to
the demand influences the price characteristics of power markets. In
particular the proportion of hydro, natural gas, coal, oil and nuclear
generators is of importance for the medium price range as well as
for prices in exceptional demand and supply situations. This results
from the different marginal production costs combined with the non–
storability of electrical power.
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• Non–storability. The characteristics of power generation and con-
sumption are reflected directly in electricity spot prices. The cyclical
patterns of demand over the day, week and year account for the
equivalent patterns in spot and futures prices. Moreover, temporary
generation or transmission asset outages or congestions result in sud-
den changes in the spot price, because inventories are not available
to smooth out price fluctuations.

• Transmission. The capacity of the transmission system has signifi-
cant influence on power prices as certain lines might frequently be
congested. Moreover, access to the grid is essential for trading con-
tracts, which include physical deliveries.

• Participants. Traditionally, products in electricity markets are phys-
ically and not financially settled. Thus, most market participants
are companies that possess generation assets and have access to the
transmission grid. Consequently, their decisions and needs are in-
fluenced by their own production portfolio and not only by market
situations. Investment banks have started to trade in financially set-
tled products at power exchanges, but they do not yet hold sway over
the market. Thus, power markets typically consist of heterogeneous
participants.

These fundamental economic facts significantly differentiate power mar-
kets from financial and all other commodity markets. As highlighted, the
physical attributes of electrical power not only result in technical con-
straints but also strongly influence spot and futures prices. Moreover,
the derivative market reacts to the above revealed basic phenomenon by
providing derivative products that are tailor–made for participants’ needs.

The situation at power exchanges at the time of this writing can be de-
scribed as imperfect and illiquid. Apart from spot prices, the most fre-
quently traded products are monthly base and peak load futures although
quarterly and yearly futures are also available. In general, electricity base
load futures deliver 1 MW daily, whereas peak load futures deliver 1 MW
daily from 8 a.m. to 8 p.m. during the corresponding time period. The
distinction between base and peak load contracts obviously follows from
the increased consumption during daytime and the non–storable nature of
electrical power. The popularity of futures contracts in electricity markets
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stems from the fact that they are by now well–understood, standardized
products with low transaction costs. Moreover, the financial performance
as well as the physical delivery are guaranteed by the exchange. In this
way, the counterparty credit risk is entirely eliminated for both sides. In
comparison to futures, forward contracts are not well–established and are
mainly traded as over–the–counter products.

Other standard derivatives such as European call and put options written
on futures prices have recently been launched, but they do not seem to
be attracting much attention. Most market participants favor bilateral
contracts over standardized derivatives resulting in a significant number
of traded over–the–counter products in power markets. From our per-
spective the large number of bilateral contracts follows from the specific
market participants’ needs with respect to generation assets and conges-
tion management. Contract buyers are mainly interested in agreements,
which fulfill their needs with respect to their own production assets. On
the other hand, the objectives of option writers are agreements that are
accomplishable by adequate dispatch strategies of generation and trans-
mission facilities. Thereby their risk exposure becomes manageable with-
out involving electricity options and so they are not affected by the lack of
derivatives or the illiquidity at power exchanges. In this regard, it is not
surprising that over–the–counter products possess complex features and
usually include technical constraints related to the production processes.
The flexibility with respect to their own generation and transmission as-
sets seems to be, for contract buyers and writers, of greater importance
than the implied counterparty credit risks in bilateral contracts. More-
over, many traded over–the–counter products do not typically have an
equivalent in financial markets as they have evolved from the particular
supply and demand characteristics of electrical power. Consequently, the
complex features of many traded power derivatives are neither artificial
nor avoidable. Instead they are a natural implication of the needs and
challenges of electricity markets.

Following the success of the no–arbitrage approaches in financial markets,
we will adapt these models for the needs of power derivatives. Thereby
the distinct characteristics and challenges of liberalized power markets
with their implications on electricity prices and derivatives are taken into
account for the valuation approaches. The goal is to combine the fun-
damentals of electricity markets with the rich, well–investigated variety
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of modeling approaches in financial mathematics to derive an appropri-
ate pricing methodology for power options. However, before applying the
no–arbitrage approach several fundamental questions have to be answered.

• Which mathematical requirements should be fulfilled by an appro-
priate risk neutral electricity market model?

• How can the non–storability of electrical power be incorporated into
a pricing methodology in which the underlying is assumed to be
storable?

• How should we cope with the impossibility of taking a short position
in electrical power?

These questions are addressed in a mathematical manner and will lead to
the axiomatic foundation presented in Chapter 2.2. The below presented
basic considerations are not only relevant for this thesis, but commonly for
all proposed quantitative approaches, adapted from financial mathematics.

1.1. Fundamental Considerations

Basic considerations on the utilization of quantitative tools from financial
mathematics in electricity markets have to be done in–depth. Otherwise
one might lose sight of the special physical characteristics building the
fundament of this market. Let us briefly recall the mathematical assump-
tions for standard financial markets before examining electricity markets
in detail.

For the risk neutral valuation of derivative products the perfect market
hypothesis is utilized. Namely, the underlying is assumed to be liquidly
tradable and storable over a period of time. Agents are able to take long
as well as short positions in the underlying, i.e. they can either sell or buy
the financial security. Moreover, the market consists of a large number
of participants who take advantage of any arbitrage. These assumptions
also allow replication portfolios to be constructed and thereby contingent
claims to be hedged.

By taking the electricity spot price as the underlying for power derivatives,
the risk neutral valuation method is not directly applicable. Electrical
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power is not physically storable and therewith one of the basic assumptions
for the no–arbitrage approach is violated. Also short positions in electricity
spot prices are impossible as a result of this non–storability. Consequently,
the perfect market hypothesis is not fulfilled for derivatives written on
electricity spot prices.

As previously mentioned, the physical characteristics of electrical power
rule out the direct application of the risk neutral valuation for power
derivatives written on spot prices. Nevertheless, the existence of a futures
market allows tools from financial mathematics to be applied without dis-
regarding the physical characteristics of the underlying. The fundamental
assumption is the existence of a liquid futures market where for each ex-
piry date τ ∈ [0, T ] there is a futures contract instantaneously delivering
one commodity unit. The price of a futures contract Ft(τ ) at time t with
maturity τ satisfies the standard definition (see e.g. [Bjö04]) and is equal
to the spot price at maturity. In this way, a futures market is constructed
that contains infinitely many contracts, namely one for each expiry date
τ ∈ [0, T ]. Moreover, it is assumed that there are a large number of partic-
ipants, which apart from providing enough liquidity also take advantage
of any arbitrage.

The constructed futures market fulfills all requirements for the application
of the no–arbitrage approach. Short positions, which are impractical in
electricity spot prices are feasible for futures contracts. That is, options
written on electricity futures prices (Ft(τ ))0≤t≤τ≤T can be evaluated by
standard techniques from financial mathematics and the determination of
a dynamic replication strategy is possible.

Furthermore, the constructed futures market admits the application the
no–arbitrage approach for derivatives written electricity spot prices. Ac-
cording to the definition, the futures price at expiry is equal to the spot
price, i.e.

Sτ = Fτ(τ ) for all τ ∈ [0, T ]. (1.1)

Thus, derivatives written on spot prices can actually be expressed as
derivatives written on terminal futures prices. In this way, the only needed
underlying in power markets are the constructed futures constracts that
fulfill all requirements for the application of the no–arbitrage approach.
Note, that the terminology of risk neutral electricity spot prices is none
the less meaningful as long as it is a synonym for futures prices at ex-
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piry. The spot price itself is not an admissible underlying due to the
non–storability of electrical power. In summary, the consistency of termi-
nal futures and spot prices builds the basis for the application of the risk
neutral valuation approach in power markets.

The crucial point of this construction is the modeling of risk neutral futures
price dynamics. For investigating this fundamental aspect, let us briefly
consider storable commodities, where futures prices also play a key role.
Generally, in commodity markets, arbitrage opportunities might not only
occur from futures trading but also from inventory management. That
is, financial as well as physical arbitrage, which results from simultaneous
futures trading and inventory management, have to be ruled out by the
constructed price dynamics. It is known that the modeling of futures price
dynamics by martingales excludes financial arbitrage. To also eliminate
the arisen physical arbitrage, commodity futures prices with different ma-
turities have to be related to each other. The explanation is that if to the
contrary, the difference between Ft(τ1) and Ft(τ2) exceeds storage costs by
far, there is arbitrage from storing the commodity within [τ1, τ2]. Hence,
storage costs as well as capacities have to be considered for modeling risk
neutral commodity futures prices. A successful approach has been elabo-
rated for storable commodities by the so–called convenience yield method.
These models take into account the commodity owner’s flexibility with
regard to consumption as well as the implied storage costs. Moreover,
these approaches explain the relation between commodity futures and spot
prices resulting from storage opportunities, see Chapter 2.1.

But what is the situation for electrical power, which is simple not physi-
cally storable? Here the role of hydro electrical power plants comes into
play. These facilities use electrical power to pump up water and store
it over a certain time period. Due to the extremely limited storage ca-
pacity these production assets do not influence electricity futures prices
in general, but can be used in case of physical arbitrage opportunities.
Electricity futures prices are primarily the result of supply and demand
from hedging and speculation. But the presence of hydro electrical power
stations guarantees that the futures curves are not arbitrarily steep. In
contrast to storable commodity prices, there is no direct relation between
electricity futures and spot prices before the expiry date of the futures
contract. That is, the basic relation, which is utilized in convenience yield
methods breaks down for electrical power due to the non–storability. Thus
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only the general consistency of terminal futures and spot prices (1.1) is
exploited for modeling price dynamics in power markets.

The final question, which needs to be discussed is the justification of the
constructed futures market. Especially in electricity markets this is of im-
portance, as quoted futures contracts usually deliver electrical power over
a period (e.g. one month) rather than at a fixed date. The valid argument
brought forward is based on one of the market fundamentals, namely gen-
eration. By using the production portfolios, generation companies are able
to imitate the constructed futures contracts and therewith replications for
contingent claims are obtained. Here, the dispatch strategy plays the de-
cisive role similar to the dynamic hedging by futures contracts. Looking
at the electricity markets from the generation point of view, also the as-
sumption of infinitely many futures contracts can be justified. The supply
guarantee to end–consumers has been and still is one of the main concerns
of the power industry. Hence, there is enough production to guarantee the
delivery of electrical power at any time. This fact can be interpreted as
equivalent to the assumption of existing futures contracts with continuous
expiry dates.

In summary, the construction of a futures market over the spot market
is the basic principle for the application of the no–arbitrage approach
in electricity markets. The risk neutral valuation of derivative products
written on spot prices is also practical, by reason of the consistency of
terminal futures and spot prices. Hereby, the terminology of risk neutral
spot price is meaningful although the spot price itself is not an admissible
underlying.

The emerging difficulty of commodity and power markets is the physi-
cal arbitrage opportunity resulting for simultaneous futures trading and
inventory management. This is reflected in complex price dynamics
that demand sophisticated modeling approaches. Especially in electric-
ity markets, new methods are required, which take into account the non–
storability of electrical power. Then by reflecting the physical properties
in the price dynamics, the special characteristics of commodity and power
markets are embedded in the valuation methodology.
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1.2. Structure of the Thesis

The fundamental question arising from the discussion above is the model-
ing of prices in electricity markets. First, in Chapter 2 we thus review the
most noteworthy modeling approaches with respect to valuation of deriva-
tive products in power markets. Next, the convenience yield method is
briefly discussed in order to illustrate the similarities and differences be-
tween storable and non–storable commodity price models. Having dis-
cussed different approaches, a new futures price model is presented based
on an axiomatic setting. To be precise, we formulate a minimal set of re-
quirements for futures price dynamics in electricity markets. By applying
a currency change and the associated change–of–numeraire technique, a
useful connection between power markets and markets consisting of zero–
bonds and an additional risky asset is derived. It turns out, that the
proposed approach is also applicable for storable commodities and that
the critical factor is the fixed income market model. For electricity mar-
kets the utilization of the Gaussian Heath–Jarrow–Morton methodology
is proposed and explicit futures price dynamics are derived. The chap-
ter is concluded by outlining the benefits and limitations of the presented
currency change approach.

In Chapter 3 the historical calibration of the proposed futures price model
is discussed in detail. Two different estimation methods are derived. The
first procedure yields explicit formulas, but only the common data set
of two consecutive futures is used. In contrast, the second estimation
utilizes all price observations from one futures contract for the numerical
approximation of the model parameters. To examine the impact of both
estimation procedures on the parameter values, a detailed comparison is
performed.

Next, the valuation of European type derivatives under the proposed elec-
tricity market model is discussed in Chapter 4. For popular derivatives
such as caps, floors and collars, explicit pricing formulas are derived. More-
over, the prices of calendar and cross–commodity spread options are ex-
amined. Having deduced explicit formulas, we focus on the impact of
parameter values on option prices. Thereby, a more intuitive interpreta-
tion of the parameter estimates calibrated in Chapter 3 is given. Further,
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the influence of the different estimation procedures on option prices is
examined.

Swing type derivatives are the natural consequences of the needs in energy
markets. These derivatives offer the contract holder flexibility in delivery
with respect to both timing and amount of energy. In this way, swing
contracts hedge against volume and the corresponding spot price risk. On
the other hand, swing options imply a credit risk, since they are only
traded as over–the–counter products. Despite their popularity, numerical
pricing schemes for these complex American type options have not yet
attracted much attention.

In Chapter 5 we then focus on the valuation of swing type derivatives.
Thereby the implied credit risk of these over–the–counter contracts is
not taken into account. Instead, only the flexibility embedded in swing
derivatives is priced. This allows swing option prices to be formulated by
multiple stopping time problems. First, it is proven that the proposed
formulation gives the only swing derivative price that does not create any
arbitrage. The reduction of multiple stopping time problems to a series
of single stopping time problems is subsequently presented. This reduc-
tion forms the basis for the finite element algorithm elaborated for valuing
swing type derivatives.

Some applications and numerical results of the proposed finite element
procedure are presented in Chapter 6. At first, the Black–Scholes model
is considered to examine standard swing option prices as well as their
exercise and continuation regions. Afterwards, swing call and interruptible
swing options are investigated for a seasonal mean reverting electricity spot
price model. The futures price dynamics based on the currency change
approach is then considered as the underlying of swing options. Finally,
the strengths of the presented finite element procedure are demonstrate
by a comparison with Monte Carlo methods where the main focuses are
accuracy and computational time.

In the closing Chapter 7, the main findings are recapitulated and con-
clusions are drawn. The topics elaborated in this thesis resulted in three
research papers, [HvGVW05], [HW06] and [WW06].



Chapter 2

Modeling Electricity Price
Dynamics

The ability to model power prices in an effective way provides a necessary
foundation for the principle activities of electricity market participants.
These activities include on the one hand the active planning of operating
policies for generation and transmission assets and on the other hand the
designing, pricing and trading of financial contracts. Obviously, the choice
of econometric model for the price evolution has to respond to the concrete
modeling objective. Here we have to distinguish two different target types

• for determining the optimal operation policies, the main issue is the
spot price evolution under the objective probability, whereas

• for the valuation of derivatives the risk neutral price dynamics are of
interest.

The main topic of this thesis is the pricing of financial contracts in electric-
ity markets and thus, in the sequel, we focus on the trackablility of price
dynamics with respect to valuation of derivative instruments. Prices of
commodities with limited storability have attracted reseach interest for a
long time and there is a great number of noteworthy contributions. Hence,
the presented exposition is far from being complete and only exemplar-
ily comments on notable approaches in this area. Moreover, the detailed
mathematical formations are omitted and merely the different ideas, con-
cepts and results are discussed.
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Hybrid models utilize the economic concept of supply and demand focusing
on the primary variables that describe the price movements. In general,
electricity prices are expressed by a deterministic function of several ran-
dom variables, which represent the fundamental price compentents, such
as system demand, temperature, natural gas and oil prices. The differ-
ent approaches proposed in [EW03], [Bar02] and [DAMA02] attempt to
minimize the number of parameters and to determine an adequate deter-
ministic function. These models generally give acceptable approximations
of spot price dynamics in which sharp upward price movements are shortly
followed by drops of the same magnitude. That is, hybrid models are able
to produce price series with spikes although they are jumpless, i.e. pure
diffusion processes. Additionally they avoid the difficulties that occur in
Markovian regime switching models [Den00], [HM03] or jump diffusions
[GR06]. However, for most hybrid models, closed form expressions for ex-
pectations are unlikely and many approaches do not provide a satisfactory
explanation of the relation between spot and futures prices. Consequently,
hybrid models although very accurate for objective spot prices, are incon-
venient when it comes to risk neutral valuation.

The most popular, standard approach for modeling the risk neutral price
dynamics of underlyings is the Geometric Brownian motion utilized in
the early 1970s in the fundamental work of Black, Scholes [BS73] and
Merton [Mer73]. Due to its straight forward implications for option prices
it is favored by practitioners. The problem of modeling with Geometric
Brownian motion is that there are only few degrees of freedom, which
do not capture the complex behavior of commodity and electricity prices.
This results in an extremely weak approximation of futures prices, where a
correlation between futures can not be taken into account. Moreover, the
Geometric Brownian motion does not allow fat tails of price distributions
to be modeled, which according to [ES03], [EW03] and [Wer05] are one of
the observed characteristics of energy prices.

The two most standard dynamics are thus inappropriate for modeling
risk neural prices in power markets. To value electricity derivatives new
modeling approaches are needed, which take into account the storability
restriction of electrical power and its implications for spot and futures
prices. That is, modeling arbitrage–free electricity price dynamics turns
out to be the crucial step towards fair pricing of financial products in
power markets.
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Before introducing a new model, the current literature on electricity and
commodity prices will be summarized. First the proposed approaches for
electricity prices are critically reviewed and the connection between spot
and futures price models will be presented. Then the literature of storable
commodity price dynamics, namely convenience yield models is presented.
Again, the two different approaches, i.e. spot and futures term structure
models are discussed. Thereafter a new model is presented, which converts
an electricity market into a market consisting of zero–bonds equipped with
an additional risky asset. By using this structure, the well–established
interest rate theory is directly applicable and allows arbitrage–free power
markets to be modeled with sufficient flexibility to capture the complex
behavior of electricity prices. It is argued that the proposed model can be
directly applied to other flow commodities1 such as natural gas. Moreover,
the approach is extendable for modeling prices of storable commodities.
Therewith the presented methodology is capable of modeling risk neutral
price dynamics of non–storable as well as storable commodities.

2.1. Overview

In the last few years there has been a rapidly increasing volume of lit-
erature on stochastic models for electricity and other commodity prices.
Basically, the models come in two varieties: either those suggesting a risk
neutral spot price dynamics or those describing the entire futures curve
evolution. Here, an illustrative review of both approaches is given, focus-
ing on the trackability with respect to valuation of derivative products. In
addition, convenience yield methods, which build the basis for modeling
price dynamics of storable commodities are summarized. Although con-
venience methods are not directly transferable to flow commodities like
electrical power, they are one of the fundamental approaches for modeling
prices in energy markets.

The main issue for deriving risk neutral price dynamics is to exclude ar-
bitrage for traded futures derivatives. That is, the dynamics have to be
adjusted in such a way that the price evolution of each futures contract fol-
lows a martingale under some probability measure. Additionally, arbitrage

1 The expression flow commodity refers to commodities that are difficult and ex-
pensive to store or perishable, for example electrical power or natural gas.
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from strategies of simultaneous futures trading and inventory management
has to be excluded. This also effects flow commodities, for which only very
limited storage capacities are available. That is, the physical attributes of
the commodity should receive attention in modeling approaches. All these
facets make the determination of risk neutral commodity and electricity
price dynamics a subject still under discussion.

Spot Price Models
The basic element in this class is an exogenously given spot price dynamics
(St)t∈[0,T ] for electrical power, which is described as an adapted process on
a filtered probability space (Ω,F , P, (Ft)t∈[0,T ]). Generally, the proposed
models aim to capture the observed behavior of spot prices and in a sec-
ond step introduce a risk premia, the so–called market price of risk, in the
drift term to achieve the risk neutral price dynamics.

Some authors (see e.g. [BCSS95]) argue that a realistic approach has to
respect the frequently observed mean–reverting behavior of electricity spot
prices, which occurs due to restricted storability potentials. For instance,
a popular choice for (St)t∈[0,T ] is an Ornstein–Uhlenbeck–type process,
whose dynamics is defined as solution to

dSt = κ (b(t) − log(St))Stdt + σStdWt

S0 = s

where s ∈]0,∞[ denotes the observed spot price at the beginning. Here κ,
σ are positive constants and b(·) denotes a deterministic function, captur-
ing the seasonal patterns in electricity prices. Moreover, (Wt)t∈[0,T ] denotes
a Brownian motion generating the filtration (Ft)t∈[0,T ]. Note that the pa-
rameters of such a model are easily estimated (see e.g. [CS00], [LS02]).
Having specified the spot price dynamics (St)t∈[0,T ], the price evolution
of a futures contract supplying one commodity unit, i.e. 1 MWh at time
τ ∈ [0, T ] is determined by

Ft(τ ) = EQ[Sτ | Ft] for all t ∈ [0, τ ]

where Q is an appropriate martingale measure equivalent to P . Usually
the measure Q is chosen (within a certain class) such that the observed
initial futures curve (F ∗

0 (τ ))τ∈[0,T ] is explained as well as possible. The
major drawback of the above model is the lack of flexibility to decouple
spot and futures price evolutions.
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For these reasons the authors of [Pil98], [EW03] suggest extensions to-
wards two sources of randomness, which according to [SS00] should be
identified as short– and long–term factors influencing the spot price dy-
namics. The work presented in [BKMS03] responds to these ideas by
proposing electricity spot prices of the form

St = exp(b(t, lt) + Xt + Yt) for t ∈ [0, T ].

Here (Xt)t∈[0,T ] represents the short–term market fluctuation, (Yt)t∈[0,T ] is
a process describing the long–term dynamics and b(·, ·) is a function of
the load forecast (lt)t∈[0,T ] including features of electricity production pro-
cesses. This approach includes the impact of demand changes on electricity
prices and captures seasonalities as well as the mean reverting property
of spot prices. The parameters of (Xt)t∈[0,T ] are identified from histori-
cal data and (Yt)t∈[0,T ] is modeled such that observed futures prices are
explained. In this way, the model presented in [BKMS03] combines the
characteristics of hybrid models with the ideas of [SS00].

Electricity prices are known to be volatile and subject to frequent jumps
due to system breakdown, demand shocks and inelastic supply (see
e.g. [KR01], [WBT04]). For these reasons some authors argue that appro-
priate risk neutral price dynamics have to incorporate spikes. A natural
way to account for price spikes is to introduce jump diffusions for the spot
price dynamics as proposed in [EW03], [CS00]. Note, that in this way
market incompleteness is introduced. The work of [Vil03], [CF05] extend
the aforementioned ideas by also taking into account seasonalities, which
according to the empirical results of [LS02] are significant. The authors of
[Vil03] derived explicit formulas for futures prices by applying the results
of [DPS00]. In this way risk neutral parameter values can be calibrated
from historical futures prices.
The main criticism of these models is that under the typical assumptions
of jump diffusions, an upward jump does not necessarily have to be fol-
lowed by a downward jump (see e.g. [GR06]). To overcome this shortage,
[Den00], [DJH02], [HM03], [ESS03], [Kho04] and [CGL+06] suggested hid-
den Markov models, also known as Markovian regime switching models.
Most of the proposed approaches assume two states, namely a “normal”
and “abnormal” equilibrium state of demand and supply or in other words
a stable and an unstable market situation. This allows a disentanglement
of the mean–reversion and the jump component in the spot price dynamics.
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Furthermore, the authors of [DJH02] and [CGL+06] introduced seasonal-
ities and derived explicit formulas for European type options.
The estimation of risk premiums needed for the risk neutral spot price dy-
namics, is even more complex in the presence of jumps. For instance, the
authors of [CGL+06] suggest combining Kalman filtering techniques with
maximum likelihood estimation. However, the rather short time series of
electricity prices and the few observed spikes complicate the estimation
further.

In general, spot price models aim to capture spot and futures price be-
havior by exogenously given dynamics whose parameters fit most suitably
to historical data. The proposed model types attempt to incorporate ob-
served features of historical spot prices such as mean–reversion or price
spikes. From a mathematical viewpoint the spot price characteristics un-
der the objective probability measure do not need to be considered for
appropriate risk neutral price dynamics. Rather a good approximation of
observed financial derivatives such as futures contracts is desired.

Futures Price Models
The major disadvantage of the above price models is that the connec-
tion between spot and futures prices is too restrictive. More precisely,
the modeled dynamics of the entire futures curve turns out to be rarely
consistent with the actually observed curves. This shortcoming is at the
core of the search for models that focus on observable properties of futures
prices. In contrast to the above model class, futures price models attempt
to systematically describe changes of the entire curve

{Ft(τ ) : t, τ ∈ [0, T ], t ≤ τ}.

By recognizing the fact that spot and futures prices coincide just in front
of delivery, the spot price is recovered as

Sτ = Fτ (τ ) for τ ∈ [0, T ]. (2.1)

The standard futures model is based on the realization that excluding
arbitrage for traded futures contracts means that their price dynamics
(Ft(τ ))t∈[0,τ ] follow for each τ ∈ [0, T ] a martingale under some probability
measure Q. As futures prices are strictly positive, they are in fact given by
exponential martingales in diffusion type models. This is incorporated in
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the so–called n–factor futures curve models, which propose the following
dynamics

dFt(τ )

Ft(τ )
=

n∑
k=1

σk
t (τ ) dW k

t for t ∈ [0, τ ]. (2.2)

Here (W 1
t , . . . ,W n

t )t∈[0,T ] denotes a n–dimensional standard Brownian
motion and the volatilities are assumed to be deterministic functions
(t, τ ) �→ σk

t (τ ) of the current time t and the maturity τ for k = 1, . . . , n.
Note that the structure of the volatilities is the crucial point in this type of
model. It is pointed out in the work of [Bla76], [BRS00] that the dynamics
(2.2) yield explicit formulas for European options written on futures prices.
In the work of [CS00], [Gem05], [KO05], [MT02] and [Pil98] further inves-
tigations of n–factor models are presented. For historical calibration of the
volatilities in (2.2), the principle component analysis (PCA) is proposed
(see e.g. [LS91], [Ale01]). This technique is based on the estimation of a
covariance matrix and requires some stationarity in the volatility struc-
ture. It is illustrated in [CD03b] that the use of the principle component
analysis is more challenging in natural gas and electricity markets, where
futures curves have strong seasonal patterns.

Another approach is presented in [BK05], which takes into account the
current situation in electricity markets. The basic tradeable assets at
power exchanges are futures contracts, which deliver electrical power dur-
ing a specified period rather than at a fixed time. From the nature of the
contracts they in effect represent an exchange of fixed for floating elec-
tricity prices and thus could be modeled as swaps. To derive arbitrage–
free price dynamics, the authors of [BK05] considered a market consisting
of swaps with non overlapping delivery periods and applied the Heath–
Jarrow–Morton methodology. Namely, they consider a one–factor model
of the form

dFt(τ1, τ2)

Ft(τ1, τ2)
= Σt(τ1, τ2) dWt for t ∈ [0, τ1]

where the volatility is a deterministic function of the current time t and
the delivery period [τ1, τ2], with τ1 < τ2. In this way, the influence of the
delivery period on quoted prices is taken into account. The drawback of
the proposed model is that the relation (2.1), which holds for standard
futures derivatives breaks down. That is, by modeling risk neutral swap
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price dynamics the spot price can not be specified. The proposed approach
is thus not a standard futures price model, although it takes into account
the current situation at power exchanges.

Futures price models are based on the idea that it is convenient to apply
money market models also for power prices. Since electrical power and
cash have similar non–storability characteristics, bonds in money markets
have the same purpose as futures contracts in power markets, namely to
“store” the respective item. In this way, the well established interest rate
theory is transfered to model electricity power price dynamics.

Futures versus Spot Price Models
From the mathematical viewpoint, both model types are equivalent. In-
deed, a futures price model establishes the futures price dynamics on
(Ω,F , Q, (Ft)t∈[0,T ]) such that

(Ft(τ ))t∈[0,τ ] is a martingale for each τ ∈ [0, T ] (2.3)

and spot prices are given as terminal futures prices

St = Ft(t) for all t ∈ [0, T ]. (2.4)

In contrast, spot price models construct on (Ω,F , Q, (Ft)t∈[0,T ]) the spot
price as an

adapted process (St)t∈[0,T ] (2.5)

from which futures prices are determined by conditional expectation

Ft(τ ) = EQ[Sτ | Ft] for all 0 ≤ t ≤ τ ≤ T. (2.6)

This billaterial correspondence highlights that any futures price model
corresponds by (2.4) to an appropriate spot price model (2.5) and vice
versa, any spot price model uniquely determines the corresponding futures
model (2.3) due to (2.6). The quintessence is that it suffices to consider
one of the model types. However, an appropriate model should fulfill a
minimal set of requirements, which will be discussed in detail in Chapter
2.2. In addition, the stability of the parameter values and therewith the
number of needed estimates as well as the estimation procedure should be
taken into account.
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Convenience Yield Models
The basic idea of convenience yield models is to introduce a new, unob-
served quantity related to the net benefits of physical ownership of an asset.
This quantity should represent the agent’s option of flexibility with regard
to consumption, whereas the decision to postpone consumption implies
storage costs. So intuitively the spot convenience yield (δt)t≥0 describes
the difference between the benefit of direct access and the cost of carry.
It is obvious that this construction holds only for storable commodities
and is not directly transferable to non–storable flow commodities such as
electrical power.
In a purely determinist setting, i.e. for deterministic spot convenience yield
(δt)t≥0 and interest rate (rt)t≥0, it follows from basic no–arbitrage argu-
ments that spot and futures prices have to satisfy the following equation

Ft(τ ) = St e
∫ τ

t
(ru−δu)du for 0 ≤ t ≤ τ ≤ T.

Indeed, one can replicate the payoff Sτ either by entering a futures contract
or by borrowing the commodity today for St and storing it until maturity
τ . From a modeling point of view there are two different approaches in
non–deterministic settings. Namely, specifying the futures price evolution
(Ft(τ ))0≤t≤τ or the spot price dynamics (St)t≥0 as well as the interest rate
(rt)t≥0 and the spot convenience yield (δt)t≥0 processes. The difficulty lies
in the fact that the spot convenience yield is unobservable. Below, term
structure and spot convenience yield models are shortly review, starting
with the last named.

Spot convenience yield models typically include both, a stochastic pro-
cess for the commodity price and a separate stochastic process for the
convenience yield. These dynamics are exogenously given such that ar-
bitrage is excluded for traded futures derivatives. Depending on market
conditions, the spot convenience yield representing the benefit of direct
access minus the cost of carry, can be both positive and negative. The
choice of an Ornstein–Uhlenbeck process for (δt)t≥0 as proposed in the
basic Gibson–Schwartz model [GS90] is thus reasonable. There the inter-
est rate is assumed to be constant and the risk neutral dynamics of the
commodity price and the spot convenience yield are of the form

dSt = (r − δt)Stdt + σStdW 1
t (2.7)

dδt = κ(θ − δt)dt + γdW 2
t (2.8)
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where ((W 1
t ,W 2

t ))t≥0 denotes a two dimensional Brownian motion with
correlation ρ ∈ [−1, 1] and σ, κ, θ, γ ∈ R. Note that if the Brownian
motions are positively correlated, an implicit mean–reversion effect on the
commodity price process is introduced. The empirical evidence of the pos-
itive correlation between commodity prices and spot convenience yields is
presented in [Bre91], [FF87] extending the fundamental work of [Bre58].
A first extention of the Gibson–Schwartz model has been proposed in
[Sch97] by assuming a stochastic interest rate (rt)t≥0, which follows a Va-
sicek type of short rate dynamics. It is notable, that this extention does
not give much qualitative improvement, as the volatility of the spot conve-
nience yield and the volatility of the commodity spot price are according
to [Sch97] an order of magnitude higher than the volatility of the interest
rate. That is, there is very limited gain from introducing a stochastic in-
terest rate, which does not compensate for the inceasing complexity of the
model. Nevertheless, a further extention has been proposed in [HR98] by
introducing a jump component in the spot price dynamics. One particular
finding of theirs is that the jump component in the spot price does not
affect futures prices of storable commodities.
Another extension of the Gibson–Schwartz model is proposed in [Mil03] by
allowing some parameters in (2.7), (2.8) to be time–dependent functions.
The introduced flexibility allows the initial term structure of futures prices,
the initial term structure of futures volatility and the inter–temporal pat-
tern of the futures volatility to be simultaneously matched. However,
determination of the term structure of commodity futures volatility is em-
pirically a difficult task as is the estimation of other parameters in the
proposed model.
The above mentioned approaches implicitly assume a constant market
price of risk to specify the risk neutral price process. This condition has
been relaxed in [CCD05], where next to stochastic interest rates a time–
varying risk premia is considered. By adapting ideas from [Run04] a con-
venience yield model with stochastic market price of risk and constant
interest rate has been investigated in [CL04]. The authors argue that a
stochastic risk premia is more natural due to filtering procedures used for
the parameter calibration. Their empirical results indicate that even with
a stochastic risk premia it is diffcult to find a spot convenience yield model
that is consistent with the observed futures curve.
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The close resemblance between convenience yields and interest rates builds
the foundation of another modeling direction, the so–called term structure
models. The idea is to introduce a term structure for commodity prices
similar to compound forward rates in fixed income markets. The first
work combining stochastic interest rates and term structure of commodity
prices is presented in [MS98]. In analogy to the definition of instantaneous
continuously compounded forward rates ft(τ ) from interest rate theory, the
authors defined futures convenience yields βt(τ ) by

Ft(τ ) = St e
∫ τ

t
ft(s)−βt(s)ds

for all 0 ≤ t ≤ τ ≤ T . This definition of futures convenience yields extends
the definition of the spot convenience yield in the following way

βt(t) = δt for all t ∈ [0, T ].

Like in the Gaussian Heath–Jarrow–Morton model, conditions on the
drifts of the forward rates (ft(τ ))0≤t≤τ , the futures convenience yields
(βt(τ ))0≤t≤τ and the commodity spot price process (St)t≥0 have to be
imposed such that the market is arbitrage–free. Since the modeling is
done directly under a martingale measure Q these conditions relate the
drift terms to the volatilities of the various processes.
An extensive description of term structure models for futures prices has
been presented in [BL02b]. There it is emphasized that models with affine
term structures permit option prices in closed form. The authors also
investigated models with point processes and multidimensional Brownian
motions.
In the work of [Tei05] non–affine term structure models for futures prices
are examined. From the therein proposed risk neutral prices dynamics
it is possible to derive the microeconomic electricity spot price model of
[Bar02]. However, the model calibration is not discussed and might be
difficult.

Generally one can say that the estimation of convenience yield models is
difficult, no matter if spot or term structure models are considered. The
problem is that the convenience yield is not directly observable and thus
the model calibration depends upon the solution of a difficult filtering
problem (see e.g. [LG04], [CL04]). Moreover, the estimated parameter
values might be unstable due to rather short commodity price timeseries.
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General Remarks
There are basically two different methodologies for modeling risk neutral
commodity prices, namely spot and futures or so–called term structure
models. The discrepancy in the approaches results from the introduced
futures market described in Chapter 1.1. The problem is that the con-
structed futures derivatives (Ft(τ ))(t,τ)∈D are not traded at commodity
exchanges and therewith their price behavior is unobservable. Only by the
no–arbitrage principle are the constructed futures related to the observed
futures prices, which deliver the commodity over a certain time period.
That is, the price characteristic of the basic underlying is unobservable
but only indirectly viewed by the traded futures contracts.

To overcome this deficit some authors argue that due to equal delivery
periods, the introduced futures prices (Ft(τ ))(t,τ)∈D obey a similar charac-
teristics as the observed spot prices. In this way, the historical spot price
characteristics affects the risk neutral price dynamics in commodity mar-
kets. On the other hand, it is essential to derive a model whose futures
(Ft(τ ))(t,τ)∈D are consistent with the quoted futures prices.

These two aspects are difficult to incorporate in a single commodity price
model as observed spot and futures prices show fairly complex, differ-
ent patterns. That is, it is difficult to derive a spot price model, which
is consistent with the observed futures curves. Otherwise, futures price
models rarely reflect the observed historical characteristics of commodity
spot prices.

The choice of methodology for risk neutral commodity prices can not be
answered by mathematical arguments. Since any futures price model cor-
responds by (2.4) to an appropriate spot price model. The other way
round, any spot price model uniquely determines the corresponding fu-
tures model according to (2.6). Hence, it might be more up to the purpose
or equivalently depending on the derivative to value, which approach is
favorable.

Next, a new model for risk neutral futures prices is proposed that is appli-
cable for both storable and non–storable commodities. Here the explicit
construction in Chapter 2.2.1 is only presented for flow commodities such
as electrical power and natural gas. The more demanding situation of
storable commodities is postponed for future research.
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2.2. Electricity Prices under Currency Change

Suppose that for each τ ∈ [0, T ] the futures price evolution (Ft(τ ))t∈[0,τ ]
is a positive–valued adapted stochastic process realized on a complete
filtered probability space (Ω,F , P, (Ft)t∈[0,T ]). It is also assumed that at
the beginning t = 0 one observes prices F ∗

0 (τ ) for all future delivery times
τ ∈ [0, T ] where the initial futures curve (F ∗

0 (τ ))τ∈[0,T ] is deterministic and
continuous. It can be agreed that a reasonable model for a futures market
obeys the following axioms.

C0 (Ft(τ ))t∈[0,τ ] is almost surely continuous for each τ ∈ [0, T ].

C1 There is no arbitrage for {(Ft(τ ))t∈[0,τ ] : τ ∈ [0, T ]} in the sense that

a risk neutral measure QF equivalent to P exists such that for each
τ ∈ [0, T ], (Ft(τ ))t∈[0,τ ] follows a QF–martingale.

C2 Futures prices start at observed values (F0(τ ) = F ∗
0 (τ ))τ∈[0,T ].

C3 Terminal prices (Ft(t))t∈[0,T ] form a continuous (spot price) process.

Thus the explicit construction of an electricity market fulfilling the above
requirements becomes essential. Note that the axioms C0 to C3 hold also
for storable commodity prices. In the sequel we thus consider commodities
in general and view electrical power as a special case.

For the explicit market construction, a currency change is applied, which
provides a useful connection to fixed income market models. The idea is
to express all futures prices in units of commodity prices just in front of
delivery. In this new currency, commodity futures behave like zero bonds
given by

pt(τ ) := Ft(τ )/Ft(t) t ∈ [0, τ ], τ ∈ [0, T ]. (2.9)

In addition, the process

Nt := 1/Ft(t) t ∈ [0, T ] (2.10)

is introduced, which has to fulfill no specific properties and can thus be
viewed as a risky asset price. Let us call a market consisting of the pro-
cesses (pt(τ )){0≤t≤τ≤T } and (Nt)t∈[0,T ] base market. Note, that this base
market has a similar structure to a money market. Namely the processes
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(pt(τ )){0≤t≤τ≤T } obey the form of zero bond prices and (Nt)t∈[0,T ] can be
viewed as an additional risky asset. More precisely, such a base market
is characterized by axioms M0 to M3 below, which are mirrored from C0
to C3 by the above currency change (2.9), (2.10). Note, that the con-
structed base market is a virtual object, which is only utilized to derive a
commodity futures market model.

M0 (Nt)t∈[0,T ], (pt(τ ))t∈[0,τ ] are almost surely continuous for all τ ∈ [0, T ].

M1 There is no arbitrage for {(Nt)t∈[0,T ], (pt(τ ))t∈[0,τ ] : τ ∈ [0, T ]} in the
sense that a positive–valued adapted compounding process (Ct)t∈[0,T ]
exists as does a risk neutral measure QM equivalent to P such that
(Nt/Ct)t∈[0,T ], (pt(τ )/Ct)t∈[0,τ ] are QM–martingales for all τ ∈ [0, T ].

M2 Prices start at observed values N0 = N∗
0 , (p0(τ ) = p∗0(τ ))τ∈[0,T ].

M3 Bond prices finish at one, i.e. pt(t) = 1 for t ∈ [0, T ].

The Proposition 2.1 below, proved in [Hin06], states that given a commod-
ity market satisfying C0 to C3, the currency change (2.9), (2.10) yields a
base market with M0 to M3. Moreover, the reverse currency change

Ft(τ ) := pt(τ )/Nt 0 ≤ t ≤ τ ≤ T (2.11)

applied on a base market yields a commodity market, which obeys the
axioms C0 to C3. This correspondence is illustrated in Figure 2.1 where
on the lefthand side a commodity market with futures and spot prices is
displayed and on the righthand side a base market consisting of zero bonds
equipped with an additional risky asset is pictured.

Proposition 2.1
Let the set of chronological time pairs be denoted by

D := {(t, τ ) : 0 ≤ t ≤ τ ≤ T}.

(i) Suppose that the commodity market (Ft(τ ))(t,τ)∈D fulfills C0 to C3 with

initial futures curve (F ∗
0 (τ ))τ∈[0,T ] and risk neutral measure QF . Then the

transformation (2.9), (2.10) yields a base market satisfying M0 to M3 with
initial values

p∗0(τ ) = F ∗
0 (τ )/F ∗

0 (0) for all τ ∈ [0, T ]

N∗
0 = F ∗

0 (0)−1
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Fig. 2.1: The equivalence between a commodity and a base market with
currency changes (2.9), (2.10) and (2.11).

where the compounding process and the risk neutral measure are given by

Ct = pt(T ) for all t ∈ [0, T ]

dQM =
FT (T )

F0(T )
dQF .

(ii) Suppose that the base market (pt(τ ))(t,τ)∈D, (Nt)t∈[0,T ] fulfills M0 to
M3 with initial values (p∗0(τ ))τ∈[0,T ], N∗

0 , compounding process (Ct)t∈[0,T ],

and risk neutral measure QM . Then the transformation (2.11) gives a
commodity market with initial futures curve and risk neutral measure

F ∗
0 (τ ) = p∗0(τ )/N∗

0 for all τ ∈ [0, T ]

dQF =
NT

CT

C0

N0
dQM . (2.12)



28 Modeling Electricity Price Dynamics

Proof. (i) The properties M0, M1 and M3 are consequences of C0, C1,
C3 due to (2.9) and (2.10). To prove M1, the change–of–numeraire tech-
nique is used (see e.g. [Bjö96]), which in this context applies as follows:
For positive–valued adapted processes (Ht)t∈[0,τ ], (Dt)t∈[0,T ] and (D′

t)t∈[0,T ]
holds

(Ht/Dt)t∈[0,τ ] and (D′
t/Dt)t∈[0,T ] are martingales with respect

to Q if and only if (Ht/D
′
t)t∈[0,τ ] and (Dt/D

′
t)t∈[0,T ] are

martingales with respect to Q′ given by dQ′ =
D′

T

DT

D0

D′
0
dQ.

(2.13)

Set now Ht = Ft(τ ) for all t ∈ [0, τ ] and Dt = 1, D′
t = Ft(T ) for all

t ∈ [0, T ]. Using (2.9), (2.10) and (2.13) it is concluded that(
Ft(τ )

Ft(T )
=

pt(τ )

pt(T )

)
t∈[0,τ ]

and

(
1

Ft(T )
=

Nt

pt(T )

)
t∈[0,T ]

(2.14)

are martingales with respect to QM .
(ii) The properties C0, C1 and C3 are consequences of M0, M1 and M3
by (2.11). Finally, the measure QF is obtained from QM by using change
of numeraire (2.13).

�

The introduced base market is merely a virtual object used to benefit
from fixed income market theory. Namely, through (2.11) an explicit con-
struction of commodity markets from well–established fixed income market
models is obtained. The most valuable feature of this approach is derived
from the fact that common interest rate models easily enable changes in
the shape of bond curves. Transferring this property by the reverse cur-
rency change (2.11) results in automatically obtaining commodity futures
price models that incorporate the desired flexibility into futures curve evo-
lution.

The key point of this approach is the choice of money market model to be
utilized to construct the price dynamics in the base market. The commod-
ity’s physical characteristics, which influence the risk neural commodity
futures price dynamics, also affect according to (2.9), (2.10) the prices in
the base market. Thus, for storable commodities the storage costs and
opportunities have to be taken into account for modeling the price dy-
namics of (pt(τ ))(t,τ)∈D, (Nt)t∈[0,T ]. The question of how to incorporate
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these characteristics of storable commodities into the price dynamics of
(pt(τ ))(t,τ)∈D, (Nt)t∈[0,T ], modeled by fixed income market structures, is
difficult and will not be addressed in this thesis.

For electricity markets, the corresponding base markets are proposed to
be modeled by the Gaussian Heath–Jarrow–Morton (HJM) methodology.
In this framework different model specifications are feasible and it ensures
a fairly general setting. It is suggested to utilize the same approach also
for other flow commodities, which are expensive and difficult to store, such
as natural gas.

Finally, it is emphasized that the currency change method provides an
abstract analogy between commodity and base markets for storable as well
as non–storable commodities. More precisely, the analogy is in the sense
that any base market (responding to M0 to M3) provides an appropriate
commodity market (satisfying C0 to C3) and vice versa. At the current
stage, some important details of the difference between models for storable
and non–storable commodities are postponed to future research. Also
the question of which interest rate models provide reasonable commodity
markets beyond the HJM approach presented below will not be addressed.

2.2.1. Market Construction by Heath–Jarrow–Morton Mod-

els

An explicit construction of electricity markets based on Gaussian Heath–
Jarrow–Morton (HJM) interest rate models is elaborated next. More pre-
cisely, the price dynamics (pt(τ ))(t,τ)∈D, (Nt)t∈[0,T ] are modeled by the
Heath–Jarrow–Morton approach and are then transfered by the currency
change (2.11) in order to specify the risk neutral electricity futures prices.

Let us begin with a complete filtered probability space (Ω,F , P, (Ft)t∈[0,T ])
where the filtration (Ft)t∈[0,T ] is generated by the d–dimensional Brownian
motion (Wt)t∈[0,T ]. All processes are supposed to be progressively measur-
able. Moreover assume that the observed, initial futures curve

(F ∗
0 (τ ))τ∈[0,T ] is positive–valued, deterministic

and absolutely continuous.
(2.15)

Constructing the virtual base market, we specify the forward rate volatility
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(σt(τ ))(t,τ)∈D by choosing a deterministic function

D → R
d (t, τ ) �→ σt(τ )

with
∫ T

0

∫ τ

0 ‖σt(τ )‖2dtdτ < ∞ (2.16)

and define zero–bond volatilities by

σt(τ ) =

∫ τ

t

σt(s)ds for all (t, τ ) ∈ D. (2.17)

Next the initial forward rates are determined

f∗
0 (t) = − ∂

∂t
log F ∗

0 (t) for all t ∈ [0, T ] (2.18)

to define for all (t, τ ) ∈ D the forward rates as

ft(τ ) = f∗
0 (τ ) +

∫ t

0
σs(τ )σs(τ )ds +

∫ t

0
σs(τ )dWs. (2.19)

The zero–bond price dynamics for all τ ∈ [0, T ] are given by

dpt(τ ) = pt(τ )(ft(t)dt − σt(τ )dWt) (2.20)

with p0(τ ) = p∗0(τ ) = F ∗
0 (τ )/F ∗

0 (0).

To construct an arbitrage–free base market, the evolution (Nt)t∈[0,T ] of the
additional risky asset is defined as

dNt = Nt(ft(t)dt + vtdWt) (2.21)

with N0 = F ∗
0 (0)−1

with a pre–specified d–dimensional deterministic volatility

(vt)t∈[0,T ] with

∫ T

0
‖vs‖2ds < ∞ .

Moreover, the compounding process is given by

Ct = exp

(∫ t

0
fs(s)ds

)
for all t ∈ [0, T ]. (2.22)

Define also
Σt(τ ) := −σt(τ ) − vt for all (t, τ ) ∈ D, (2.23)
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which is equal to the negative sum of the bond and risky asset price volatil-
ities. Note that the initial values of forward rates, bond prices and the
risky asset have to be chosen according to observed initial futures curve
in the electricity market.
Using standard results from interest rate theory, it can be verified that
the above constructed base market can be transformed to an electricity
market in the following way.

Theorem 2.2
For (pt(τ ))(t,τ)∈D, (Nt)t∈[0,T ] from (2.20), (2.21) define

Ft(τ ) =
pt(τ )

Nt
for all (t, τ ) ∈ D.

Then (Ft(τ ))(t,τ)∈D gives an electricity market with (F ∗
0 (τ ))τ∈[0,T ] from

(2.15). Moreover, the risk neutral measure satisfies

dQF = exp

(∫ T

0
vsdWs −

1

2

∫ T

0
‖vs‖2ds

)
dP

and risk neutral futures prices follow

dFt(τ ) = Ft(τ )Σt(τ )dWF
t (2.24)

with F0(τ ) = F ∗
0 (τ )

with QF–Brownian motion

WF
t = −

∫ t

0
vsds + Wt t ∈ [0, T ]. (2.25)

Proof. According to Proposition 2.1, it suffices to show that
(2.20) and (2.21) define a base market with initial values (p∗0(τ ) =
F ∗

0 (τ )/F ∗
0 (0))τ∈[0,T ], N∗

0 = F ∗
0 (0)−1, compounding process (2.22) and risk

neutral measure QM = P . The assumptions M0, M1 hold due to definition
(2.20). Further, to see M3

pt(τ ) = exp

(
−
∫ τ

t

ft(s)ds

)
for (t, τ ) ∈ D

is used (see Lemma 13.1.1 in [MR97]). Now, M2 is proven by verifying
that (Nt/Ct)t∈[0,T ] and (pt(τ )/Ct)t∈[0,τ ] are martingales with respect to
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QM = P . By Itô’s formula, they admit stochastic differentials

d

(
Nt

Ct

)
= vt

(
Nt

Ct

)
dWt

d

(
pt(τ )

Ct

)
= −σt(τ )

(
pt(τ )

Ct

)
dWt.

Next is proven for each τ ∈ [0, T ], the process (Ft(τ ))t∈[0,τ ] follows a QF–
martingale and by using (2.20), (2.21) and Itô’s formula

dFt(τ ) =d

(
pt(τ )

Nt

)
= Ft(τ )(−Σt(τ )vtdt + Σt(τ )dWt)

=Ft(τ )Σt(τ )dWF
t

with F0(τ ) =F ∗
0 (τ )

is found with (WF
t )t≥0 given by (2.25). The Girsanov theorem shows that

(2.25) is in fact a Brownian motion under

dQF =
NT

CT

C0

N0
dQM = exp

(∫ T

0
vsdWs −

1

2

∫ T

0
‖vs‖2ds

)
dQM .

�

Risk neutral electricity futures price dynamics based on Gaussian Heath–
Jarrow–Morton interest rate models have explicitly been constructed.
These dynamics take into account observed initial futures curves, allowing
for backwardation as well as contango2. That is, the model appropriately
handles market situations when futures curves are monotonically decreas-
ing, respectively monotonically increasing. It is recommended to utilize
the same model not only for electricity futures, but for flow commodity
futures prices in general.

In Chapter 3 the parameter values of the derived futures price dynamics
are estimated for a two factor Ho–Lee model. Afterwards in Chapter 4,
the model is applied for pricing frequently quoted European type of energy
derivatives.

2 In [Gem05] it is illustrated that crude oil futures curves moved from contango to
backwardation on a regular basis. However, in the last few years most markets
situations have been backwardation.



2.2 Electricity Prices under Currency Change 33

2.2.2. Benefits and Limitations of the Model

Before continuing, let us shortly reflect on the achievements of the pre-
sented futures price model and on the innovation in comparison to other
approaches. The limitations and encountered difficulties of our method
are outlined thereafter.

First, it is to be emphasized that modeling electricity price dynamics by
the proposed currency change approach is beneficial due to the flexibility
of the model. It allows not only market situations to be appropriately
handled when futures curves are monotonically decreasing or monoton-
ically increasing, but also admits to model correlations between futures
prices. These are direct consequences of the derived analogy of commod-
ity and base markets, which permits the utilization of well–investigated
interest rate methods. In bond markets similar, complex requirements
for arbitrage–free price dynamics occur and are successfully handled by
fixed income market models. With the presented approach for electricity
prices it is possible to transfer these established, credible models as well
as related results.

Up to the present, most electricity futures price models, see e.g. [BRS00],
[CS00], [KO05], intended to directly capture the price dynamics base the
Heath–Jarrow–Morton methodology. The innovation of our approach is
that by applying a currency change a virtual base market is constructed
and different interest rate methods are naturally applicable. With the
possibility of choosing different money market models, the question arises
of which interest rate approaches result in adequate electricity and com-
modity markets. It turns out that this question is the key point of the
contruction, as the virtual base market model has to reflect the physical
attributes of the commodity. For electrical power the prices in the base
market are specified by the Heath–Jarrow–Morton methodology. In this
way, explicit electricity futures price dynamics as well as the spot price
volatility are obtained. It is recommended to apply the derived formulas
also for other flow commodity prices. However, the possible extention of
the currency change approach to price dynamics of storable commodities
is not addressed in this thesis.

Besides the benefits, it is important to know the limitations of the proposed
currency change approach. The major shortcoming of futures price models
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is that the constructed futures derivatives (Ft(τ ))(t,τ)∈D are not quoted
at exchanges. The basic tradable assets in power markets are typically
futures contracts, which deliver electrical power over a period (e.g. one
month) rather than at a fixed date. That is, the constructed futures are
only indirectly observable by the traded contracts. Then according to the
no–arbitrage principle, the integral over the modeled futures values has to
be equal to the quoted futures price for the corresponding delivery period.
This identity is utilized in the approaches presented in [BRS00], [CS00],
[KO05] to verify the models. In the currency change approach, the quoted
futures prices are first transformed to prices per MWh. In this way, the
transformed futures prices indicate average constructed futures prices for
the respective time period. This perspective conforms with the integral
representation but is easier to apply for the calibration of the proposed
futures price model.

A minor shortcoming of the currency change approach is that in order to
fix the model a smooth futures curve F ∗

0 (τ ), τ ∈ [0, T ] is required. At
power exchanges only a finite number of futures are quoted and so only
a limited picture of the theoretical futures curve is available. This results
in the need to estimate futures prices for more maturity dates than are
listed at exchanges. Since the same problem occurs in bond markets, the
technique from interest rate theory proposed in [AvD94] can be adapted
or alternatively the approach suggested in [FL03] can be applied directly.

In summary, the proposed currency change approach offers the needed flex-
ibility to capture the complex pattern in electricity prices and therewith
obtains the credibility as an appropriate arbitrage–free electricity market
model. Moreover, the proposed approach is extendable to storable com-
modities and thereby might yield interesting insights into the differences
between storable and non–storable risk neutral commodity price dynam-
ics. The shortcomings due to current situations at power exchanges do
not compensate for the many benefits of this approach.



Chapter 3

Historical Model Calibration

Historical calibration of electricity market models is in general a difficult
task. Most power exchanges are relatively new and although their trading
volume is increasing tremendously, the historical data is scarce and some-
times unreliable. Due to illiquidity and inconsistency among the sources of
price data, power markets often lack transparency. Moreover, changes in
bidding rules and redefinitions of market structure affected the historical
data at the beginning of the deregulation. Fitting a model one has to be
aware of these effects and try to extract a time series of maximal length
that is reliable. Hence, it is important to focus on the most frequently,
liquidly traded products at exchanges, which are spot and monthly futures
contracts. Power exchanges generally offer two types of monthly futures
derivatives, namely base load futures and peak load futures, which de-
liver 1 MW during the whole month or daily from 8 a.m. to 8 p.m.. These
derivatives are traded daily at least six months prior to expiry, which gives
a small but adequate time series.

In this chapter the calibration of the futures price model derived from the
currency change approach is presented. The main issue is the disentangle-
ment of the relative price movements (fluctuation of fraction Ft(τ )/Ft(t)
within t ∈ [0, τ ]) from the total movements (fluctuations of Ft(τ ) within
t ∈ [0, τ ]). For the estimation, the structure of the virtual base market
has to be specified further as it is the basis of the futures price dynam-
ics. That is, a specific Heath–Jarrow–Morton model has to be chosen for
which the estimation procedures will be derived. The aim is to specify
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the model such that it involves only few parameters but still captures the
most relevant characteristics of electricity markets.

For the specified futures price model two different estimation methods are
proposed. The first procedure yields explicit formulas for the involved pa-
rameters whichever is beneficial. To derive the closed form expressions,
the common data set of two consecutive futures is considered. In addition,
only equidistant time observations can be taken into account, which fur-
ther narrows the data set. In contrast, the second procedure maximizes the
log–likelihood density of futures prices, which permits the utilization of all
historical price observations from one futures contract. The disadvantage
here is that the estimates are only obtained from a numerical maximiza-
tion procedure and this optimization might be unstable depending on the
time series. Nevertheless, the use of all futures price observations could
yield more reliable estimates.

To examine the impact of the proposed estimation procedures on the
parameter values, a detailed comparison will be made. For this exam-
ination, electricity market data from the European Energy Exchange
(EEX) in Leipzig and natural gas futures prices from the International
Petroleum Exchange (IPE) in London are considered. Although natu-
ral gas is storable, it is characterized as a flow commodity as a result of
storage difficulties and high storage costs. The proposed currency change
approach with the market construction in Chapter 2.2.1 is thus directly
applicable to natural gas prices. The major difference is that natural
gas markets are more mature than electricity markets and generally offer
longer time series, as monthly futures are traded 9, 10 or 11 months prior
to expiry. Changes in the market of natural gas are to be expected as the
technical innovation of transforming gas into liquid will eliminate the stor-
age difficulties and will even allow transprotation. The data investigated
here is not effected by this innovation, which will lead to a different price
structure for natural gas in the future.

For the estimation procedure the Heath–Jarrow–Morton market model is
specified by a two–factor Ho–Lee model. This model utilizes only three
parameter values and all the same allows to capture the main components
in the price dynamics. Note, that the two factor Ho–Lee model only
exemplarily illustrates the estimation procedures, which could be extended
to other models like e.g. the Hull–White or the Cox–Ingersoll–Ross model.
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Consider a two dimensional Brownian motion (Wt = (W 1
t ,W 2

t )′)t≥0 on the
filtered probability space (Ω,F , P, (Ft)t∈[0,T ]). The forward rate volatility
in (2.16) is assumed to be constant and deterministic, given by

σt(τ ) = [σ, 0] for all (t, τ ) ∈ D (3.1)

with σ ∈]0,∞[. Hence, the bond volatilities (2.17) are equal to

σt(τ ) = [σ(τ − t), 0] for all (t, τ ) ∈ D. (3.2)

According to (2.21), the additional risky asset is determined by its volatil-
ity process (vt)t∈[0,T ]. Here, a constant volatility is supposed, such that
the additional asset dynamics admits correlation to bond prices, i.e.

vt = [vρ, v
√

1 − ρ2] for all t ∈ [0, T ] (3.3)

with a constant volatility parameter v ∈]0,∞[ and a correlation parameter
ρ ∈ [−1, 1]. Note, that the introduction of the correlation ρ is important
in order to model the dependence of the zero–bond and risky asset prices
in the virtual base market. In the following, the discounted zero–bond and
risky asset prices

p̂t(τ ) :=
pt(τ )

Ct
, N̂t :=

Nt

Ct
(t, τ ) ∈ D

are mainly utilized, since the currency change (2.11) can be rewritten as

Ft(τ ) =
p̂t(τ )

N̂t

=
pt(τ )

Nt
(t, τ ) ∈ D. (3.4)

From (2.20), (2.21) and (2.22) it follows that the discounted zero–bond
prices are for (t, τ ) ∈ D given by

p̂t(τ ) = p̂0(τ ) exp

(∫ t

0
σ(τ − u)dW 1

u − 1

2

∫ t

0
σ2(τ − u)2du

)
(3.5)

with p̂0(τ ) = p0(τ ) = F ∗
0 (τ )/F ∗

0 (0) for all τ ∈ [0, T ]

and that the dynamics of the discounted additional risky asset are of the
form

dN̂t = N̂tv(ρdW 1
t +
√

1 − ρ2dW 2
t ) (3.6)

with N̂0 = N0 =
1

F ∗
0 (0)

.
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Having specified the base market, the resulting futures price volatilities
are according to (2.23) given by

Σt(τ ) = −σt(τ ) − vt = −[σ(τ − t) + vρ, v
√

1 − ρ2] for all (t, τ ) ∈ D,

which results in the following two dimensional futures price dynamics un-
der the measure P

dFt(τ ) =Ft(τ )(−Σt(τ )v′tdt + Σt(τ )dWt) (3.7)

=Ft(τ )(σvρ(τ − t) + v2)dt

− Ft(τ )(σ(τ − t) + vρ)dW 1
t − Ft(τ )v

√
1 − ρ2dW 2

t

with F0(τ ) =F ∗
0 (τ ).

In the sequel we restrict ourselves to this two–factor model and estimate
the parameter values of σ, v and ρ. The difficulty lies in the fact that
neither zero–bond prices (pt(τ ))(t,τ)∈D nor risky asset prices (Nt)t≥0 are
observable.

Note, that an additional parameter in the drift term of the dynamics
(3.7) could be introduced in oder to obtain more flexibility for the futures
price dynamics under the objective probability measure. However, our
preliminary numerical tests indicated that the value of this additional
parameter would be close to zero. Therefore, the assumption QM = P is
utilized for the historical model calibration.

3.1. Explicit Estimation

The main idea of the explicit estimation is that from the currency change
(3.4) the identity

Ft(τ1)

Ft(τ2)
=

pt(τ1)

pt(τ2)
=

p̂t(τ1)

p̂t(τ2)
for all t ≤ τ1 ≤ τ2

is obtained. Thus, from the observations

Fti(τ1)(ω), Fti(τ2)(ω), ti ∈ {t0, . . . , tn} (3.8)

the price fraction of two consecutive (τ1 < τ2) futures can be calculated
and so information on the base market parameter values is extractable.
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In this way, the problem of unobservable base market prices is avoided
and at the same time the underlying structure with its parameter values
is preserved. Adapting ideas from [SW01] to our context an estimate for
σ is obtained by the following procedure.

Lemma 3.1
The maximum–likelihood estimate of forward rate volatility σ of (3.1)
based on observations (3.8) is

σ̂2 =
−n +

√
n2 + 4

(∑n−1
i=0 b2

i

)(∑n−1
i=0 a2

i

)
2
∑n−1

i=0 b2
i

(3.9)

where

ai :=
log
(
Fti+1(τ1)/Fti+1(τ2)

)
− log

(
Fti(τ1)/Fti(τ2)

)
(τ2 − τ1)

√
ti+1 − ti

(ω) (3.10)

bi :=
(τ1 + τ2)(ti+1 − ti) − (t2i+1 − t2i )

2
√

ti+1 − ti
(3.11)

for i = 0, . . . , n − 1.

Proof. To avoid zero–bond prices, the main focus will be the fraction

p̂t(τ1)

p̂t(τ2)
=

Ft(τ1)

Ft(τ2)
for all t ∈ [0, τ1] (3.12)

whose values at t ∈ {t0, . . . , tn} are available since the numerator and
the denominator on the right side of (3.12) are known from (3.8). The
discounted zero–bond prices (3.5) are combined with (3.12) to obtain

Ft(τ1)

Ft(τ2)
=

F0(τ1)

F0(τ2)
exp

(
−σ2

2
t(τ1(τ1 − t) − τ2(τ2 − t))

)
· exp

(
−σW 1

t ((τ1 − t) − (τ2 − t))
)

=
F0(τ1)

F0(τ2)
exp

(
σ2

2
t(τ2 − τ1)(τ1 + τ2 − t) + (τ2 − τ1)σW 1

t

)
.
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Thus, (3.10) is calculated as a realization sequence (ai = Ai(ω))n−1
i=0 of

independent random variables

Ai :=
log
(
Fti+1(τ1)/Fti+1(τ2)

)
− log

(
Fti(τ1)/Fti(τ2)

)
(τ2 − τ1)

√
ti+1 − ti

= σ2 (τ1 + τ2)(ti+1 − ti) − (t2i+1 − t2i )

2
√

ti+1 − ti
+ σ

W 1
ti+1

− W 1
ti√

ti+1 − ti
(3.13)

for i = 0, . . . , n−1. Here each Ai is N(σ2bi, σ
2) distributed with unknown

parameter σ2. Hence the logarithmic likelihood function of A0, . . . , An−1
on the realization (a0, . . . , an−1) is

L : ]0,∞[→ R,

σ2 �→ −n log(
√

2π) − n

2
log(σ2) −

n−1∑
i=0

(ai − σ2bi)
2

2σ2 .

The unique maximum of the function L(·) is attained at (3.9).
�

The estimation of parameters v, ρ in (3.3) is more involved. These pa-
rameters are determined by the behavior of the risk asset or equivalently
by the behavior of the discounted risky asset, which according to (3.6) is
given by

N̂t =
1

F ∗
0 (0)

exp

(
vVt −

v2

2
t

)
t ≥ 0 (3.14)

with Brownian motion (Vt := ρW 1
t +
√

1 − ρ2W 2
t )t≥0. In this setting, the

volatility v ∈ R can be estimated explicitly from historical data. To obtain
an explicit estimate the time series has to be restricted to time equidistant
observations

Ftj(τ1)(ω), Ftj(τ2)(ω) j ∈ J (3.15)

with J := {i ∈ {0, . . . , n − 1} : ti+1 − ti = δ}

for a fixed timestep δ > 0. Note that δ should be chosen as small as possible
(e.g. 1 day) to preserve as much observations from (3.8) as possible.
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Lemma 3.2
Assume a given σ in the two–factor model (3.1) - (3.3), and suppose that

the discounted risky asset (N̂t)t≥0 has the dynamics (3.6) with undeter-
mined v and ρ. Then the maximum–likelihood estimator of v2 based on
observations (3.15) is given by

v̂2 = ĝ2 − σ2δ2

12
(3.16)

if ĝ2 > σ2δ2

12 . The value ĝ2 is determined by

ĝ2 := 2
−|J | +

√
|J |2 + |J |δ

∑
j∈J(cj + σ2δ

5
2/24)2

|J |δ (3.17)

with

ci :=(ti+1 − ti)
− 1

2

[
log

(
Fti+1(τ1)

Fti(τ1)
(ω)

)
+ σ2 (τ1 − ti)

3 − (τ1 − ti+1)
3

6

+ di
(τ1 − ti)

2 − (τ1 − ti+1)
2

2(ti+1 − ti)

]
(3.18)

di :=(τ2 − τ1)
−1
[
log

(
Fti+1(τ1)

Fti+1(τ2)
(ω)

)
− log

(
Fti(τ1)

Fti(τ2)
(ω)

)]
(3.19)

− σ2

2

[
(τ1 + τ2)(ti+1 − ti) − (t2i+1 − t2i )

]
for i = 0, . . . , n − 1.

Proof. Suppose that it is shown that (cj)j∈J is a realization sequence

(cj = Cj(ω))j∈J , with (Cj)j∈J independent, identically

N
(√

δ
2 v2, v2 + σ2δ2

12

)
distributed.

(3.20)

Then the logarithmic likelihood function of (Cj)j∈J on the realization

(cj)j∈J is L(v2 + σ2δ2

12 ), where the variable transformation g2 := v2 + σ2δ2

12
is used to define

L : ]0,∞[→ R

g2 �→ −|J | log(
√

2π) − |J |1
2

log(g2) −
∑
j∈J

(cj + σ2δ5/2/24 − g2
√

δ/2)2

2g2
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The function L(·) attains its unique maximum at (3.17). If ĝ2 − σ2δ2

12 > 0,

then this value will also be the unique maximum of v2 �→ L(v2 + σ2δ2

12 ) on
]0,∞[ showing the assertion.

Before proving the statement (3.20) let us make some general observations,
which will be needed later on. Any deterministic square integrable function
h(·) satisfies the equation

E

[∫ ti+1

ti

h(u)dW 1
u | W 1

t0, . . . ,W
1
tn

]
= hi(W

1
ti+1

− W 1
ti) (3.21)

for i = 0, . . . , n − 1, where

hi :=

∫ ti+1

ti
h(u)du

ti+1 − ti

is the average of the function h on [ti, ti+1]. Moreover, the differences

Ri :=

∫ ti+1

ti

h(u)dW 1
u − E

[∫ ti+1

ti

h(u)dW 1
u | W 1

t0, . . . ,W
1
tn

]

are centered Gaussian with

E[R2
i ] =

∫ ti+1

ti

|h(u) − hi|2du (3.22)

for i = 0, . . . , n − 1 and

(Ri,W
1
ti+1

− W 1
ti)

n−1
i=0 are independent. (3.23)

Next, the statement (3.20) will be verified. From (3.4) it is concluded that

log

(
Fti+1(τ1)

Fti(τ1)

)
= log

(
p̂ti+1(τ1)

p̂ti(τ1)

)
− log

(
N̂ti+1

N̂ti

)
. (3.24)

Using that discounted zero–bond prices in the considered two–factor model
are given by (3.5), the first term on the right hand side of (3.24) is given
by

log

(
p̂ti+1(τ1)

p̂ti(τ1)

)
= −

∫ ti+1

ti

σ(τ1 − u)dW 1
u − 1

2

∫ ti+1

ti

σ2(τ1 − u)2du (3.25)
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Form (3.21) the conditional expectation can be calculated

E

[∫ ti+1

ti

σ(τ1 − u)dW 1
u | W 1

t0, . . . ,W
1
tn

]

= σ(W 1
ti+1

− W 1
ti)

(τ1 − ti)
2 − (τ1 − ti+1)

2

2(ti+1 − ti)

to rewrite (3.25) as

log

(
p̂ti+1(τ1)

p̂ti(τ1)

)
= − σ(W 1

ti+1
− W 1

ti)
(τ1 − ti)

2 − (τ1 − ti+1)
2

2(ti+1 − ti)
(3.26)

− Ri −
σ2

2

(τ1 − ti)
3 − (τ1 − ti+1)

3

3

where

Ri :=

∫ ti+1

ti

σ(τ1 − u)dW 1
u − E

[∫ ti+1

ti

σ(τ1 − u)dW 1
u | W 1

t0, . . . ,W
1
tn

]
for i = 0, . . . , n − 1. Using (3.22), (3.23) it follows directly that

{Ri, W
1
ti+1

− W 1
ti
, W 2

ti+1
− W 2

ti+1
: i = 0, . . . , n − 1} are

independent, and Ri is N(0, σ2

12(ti+1 − ti)
3) distributed

for all i = 0, . . . , n − 1.

(3.27)

Moreover, the increment σ(W 1
ti+1

− W 1
ti
) is determined by (3.13)

σ(W 1
ti+1

− W 1
ti) =

[
log

(
Fti+1(τ1)

Fti+1(τ2)

)
− log

(
Fti(τ1)

Fti(τ2)

)]
(τ2 − τ1)

−1

− σ2

2

[
(τ1 + τ2)(ti+1 − ti) − (t2i+1 − t2i )

]
showing that for i = 0, . . . , n − 1

di = Di(ω) with Di := σ(W 1
ti+1

− W 1
ti). (3.28)

Combining (3.24), (3.26) and the previous equation it is deduced that
(ci = Ci(ω))n−1

i=0 with

Ci =
− log

(
N̂ti+1/N̂ti

)
− Ri√

ti+1 − ti

=
v2

2

√
ti+1 − ti − v

Vti+1 − Vti√
ti+1 − ti

− Ri√
ti+1 − ti

(3.29)
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and discounted risky asset prices (3.14). Due to (3.27), C0, . . . , Cn−1
are independent and each Ci follows a Gaussian distribution with mean
v2√ti+1 − ti/2 and variance v2 + σ2(ti+1 − ti)

2/12. This proves the state-
ment (3.20) with δ = ti+1 − ti for all i ∈ J .

�

Given model parameters σ ∈]0,∞[ and v ∈]0,∞[, the last step is to es-
timate the unknown correlation ρ ∈ [−1, 1] from the observations (3.15).
To do so, we utilize that

ρ = dW 1
t dVt,

which follows from the definition of the Brownian motion (Vt = ρW 1
t +√

1 − ρ2W 2
t )t≥0.

Lemma 3.3
Assume that the parameters σ, v are given for the two factor model (3.1)
- (3.3). Then the estimate of the correlation is

ρ̂ =
|J |−1∑

j∈J ejdj√
|J |−1

∑
j∈J (e2

j − σ2δ3

12 )
√

|J |−1
∑

j∈J d2
j

(3.30)

where (di)
n−1
i=0 are from (3.19) and

ei := (ti+1 − ti)
v2

2
− (ti+1 − ti)

1
2 ci (3.31)

for i = 0, . . . , n − 1.

Proof. The proof follows almost directly from the proof of Lemma 3.2.
Then the construction of (3.18), (3.29) yields

ei = Fi(ω) where Fi := v(Vti+1 − Vti) + Ri (3.32)

for i = 0, . . . , n − 1. Using (3.28) and (3.27), it follows that each series
(Fj)j∈J , (Dj)j∈J and (FjDj)j∈J is a sequence of independent, identically
distributed random variables with

E[F 2
j ] = v2δ + σ2δ3/12,

E[D2
j ] = σ2δ,

E[DjFj ] = σvρδ,
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for all j ∈ J . Thus, for large sample size |J | → ∞ the estimate (3.30)
converges almost surely towards ρ by the strong law of large numbers.

�

Summing up, formulas (3.9), (3.16) and (3.30) provide an estimation pro-
cedure for σ, v, and ρ based on observations (3.8) of two consecutive
futures prices. For the estimation of v and ρ only time equidistant futures
price observations (3.15) are considered. Moreover, the estimation of v
utilizes the value of σ and according to (3.30) the parameters σ, v have
to be used in order to determine ρ. In this regard, the dependence of the
parameter values is higher in the derived explicit estimation than in the
numerical log–likelihood procedure presented next.

3.2. Log–Likelihood Estimation

The above calculation of σ̂ requires two consecutive futures, so the avail-
able historical price data has to be reduced to those observations where
both contracts are quoted. Moreover, the calculations of v̂ and ρ̂ require
a further reduction to equidistant time observations.

To the contrary, a direct numerical log–likelihood estimation is based on
a single futures price time series and thus uses all available data. Now, let
us derive the likelihood function for direct estimation. Having observed
at discrete times t0, . . . , tN ∈ [0, τ ] futures prices

Ft0(τ )(ω), Ft1(τ )(ω), . . . , FtN (τ )(ω) (3.33)

realizations of random variables

Gi := log

(
Fti+1(τ )

Fti(τ )

)
i = 0, . . . , N − 1,

are obtained which, due to (3.7) are given as

Gi =

∫ ti+1

ti

−Σs(τ )vs −
1

2
‖Σs(τ )‖2ds +

∫ ti+1

ti

Σs(τ )dWs . (3.34)

Hence (Gi)
N−1
i=0 are normally distributed with respect to the measure P

and the corresponding log–likelihood function Lg0,...,gN−1 on the realizations
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(g0, . . . , gN−1) := (G0, . . . , GN−1)(ω) fulfills

Lg0,...,gN−1 : ]0,∞[×]0,∞[×[−1, 1] → R

(σ, v, ρ) �→ −N

2
log(2π) − 1

2

N−1∑
i=0

log(hi(σ, v, ρ))

−
N−1∑
i=0

(gi + (ki(σ, v, ρ) + 1
2hi(σ, v, ρ))2

2hi(σ, v, ρ)

where

hi(σ, v, ρ) := − 1

3
σ2 [(τ − ti+1)

3 − (τ − ti)
3]

− σvρ
[
(τ − ti+1)

2 − (τ − ti)
2]+ v2(ti+1 − ti)

ki(σ, v, ρ) :=
1

2
σvρ
[
(τ − ti+1)

2 − (τ − ti)
2]− v2(ti+1 − ti)

for i = 0, . . . , N − 1.

To maximize the function Lg0,...,gN−1 the following procedure is applied:
Having fixed two parameters, a line search algorithm determines the max-
imizer of the log–likelihood function in the remaining parameter. Then
the same maximization is applied to each of the other parameters. This
procedure is repeated until the maximal value changes less than a fixed
tolerance. The initial parameter values are obtained from the explicit esti-
mation described in Chapter 3.1. Although these initial values are close to
the maximum of Lg0,...,gN−1, numerical instabilities of the algorithm might
occur for certain time series.

3.3. Comparison of Estimation Methods

Historical estimation of electricity market models is difficult due to the
lack of reliable observations, short time series and illiquidity. Moreover,
changes in market structure as well as changes in bidding rules at ex-
changes strongly effected prices at the beginning of the deregulation. Thus
it is important to focus on standard products, which are frequently, liq-
uidly traded and have a sufficiently long time series. For our estimation,
monthly futures prices are considered, which are traded daily, at least six
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months prior to maturity. More precisely, for the performed analysis the
historical prices of the European Energy Exchange (EEX) in Leipzig from
February 2003 to June 2005 are used, avoiding the data from the opening
in June 2002. In addition, an estimation with monthly futures prices from
the International Petroleum Exchange (IPE) in London starting in May
1997 and ending in July 2002 is performed. These contracts are traded
daily 9, 10 or 11 months prior to expiry. Natural gas markets are gener-
ally more mature and compared to electricity markets much more liquid,
which permits a more reliable estimation.

3.3.1. Comparison for Electricity Futures Prices

Let us first comment on the numerical results from both estimation pro-
cedures for electricity futures prices. The considered data set has been
publicly available at http://www.eex.de, from the European Energy Ex-
change (EEX) in Leipzig, where next to power for physical delivery, finan-
cial forward and futures contracts are traded. For the estimations monthly
peak load futures prices are examined. These derivatives deliver electric-
ity within one month, daily from 8 a.m. to 8 p.m.. The futures are listed
daily, six months prior to expiry, in Euro per MWh.

For the explicit estimation futures with successive delivery dates are con-
sidered, which results in a data series encompassing five months. Such
data is illustrated in Figure 3.1 for τ1 = 01/03/2004, τ2 = 01/04/2004.

To compare the results, the numerical log–likelihood estimation has been
run on exactly the same observations, i.e. using price data from only five
months, on average 105 observations. The output of the explicit estimation
based on contracts maturing at τ1, τ2 is denoted by σ̂τ2

τ1
, v̂τ2

τ1
, ρ̂τ2

τ1
, whereas

that of the log–likelihood estimation is denoted by σ̂τ1, v̂τ1, ρ̂τ1 for the
preceding and σ̂τ2, v̂τ2, ρ̂τ2 for the subsequent contract in the time pair
(τ1, τ2). Figure 3.2 depicts the points (σ̂τ2

τ1
, σ̂τ1) (top) and points (σ̂τ2

τ1
, σ̂τ2)

(bottom) for τ1 running through June 2003,. . ., May 2005. The same
situation is illustraded by Figure 3.3 and Figure 3.4 for the parameter
estimates of v and ρ, respectively.

It is seen that in almost all cases, outputs of the numerical log–likelihood
procedure are lower than values obtained from explicit estimations. This
might result from the form of the explicit estimation (3.9), (3.16), and
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Fig. 3.1: Daily prices for electricity March 2004 and April 2004 monthly
peak futures with common trading period from 30/09/2003 to
27/02/2004.

(3.30). Namely, the value of σ̂τ2
τ1

is utilized for determining v̂τ2
τ1

and for the
correlation ρ̂τ2

τ1
even both estimates σ̂τ2

τ1
and v̂τ2

τ1
are inserted into (3.30).

On the other hand, the dependence of the parameter values is lower in
the numerical log–likelihood estimation. That is, the numerical procedure
to determin the maximum of the log–likelihood function reduces also the
dependence between the parameter values.

It seems interesting that ρ̂ is always negative, frequently close to −1.
Moreover, a strong fluctuation of the values σ̂ is observed.
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Before investigating historical natural gas futures prices, the parameter
values and standard errors are summarized in Table 3.1 for the investigated
24 monthly electricity futures contracts.

Parameter Explicit (τ1, τ2) Log–likelihood (τ1) Log–likelihood (τ2)
σ 1.8989 1.1293 0.8482

(0.2507) (0.1244) (0.0798)
v 0.5101 0.4126 0.3634

(0.0481) (0.0405) (0.0287)
ρ -0.8351 -0.9384 -0.9397

(0.0173) (0.0114) (0.0096)

Tab. 3.1: Parameter values with standard errors of the 24 electricity
monthly peak futures.

3.3.2. Comparison for Natural Gas Futures Prices

Next, we will examine natural gas futures prices from the International
Petroleum Exchange (IPE) in London, where natural gas, crude and gas
oil as well as carbon futures are traded. The considered monthly futures
prices are listed daily in GBP per lot for up to eleven months prior to
expiry. The delivery of these monthly futures contracts is 1 lot equal 1000
therms or 29.3 MWh on each day of the specified month.

For the estimation only futures prices up to nine months prior to expiration
are used, since these contracts seem to be liquidly traded. As before we
restrict ourseves to the common trading interval of two consecutive futures,
starting with the first trading date of the subsequent futures contract and
finishing with the last trading date of the preceding futures. The resulting
time series encompasses eight months, on average 170 observations. The
situation is presented in Figure 3.5 for July 2002 and August 2002 futures
prices.

To compare the results of the explicit estimation with those of the numer-
ical log–likelihood maximization exactly the same observations are used.
The outputs are denote as in the previous Chapter 3.3.1. In Figure 3.6
the points (σ̂τ2

τ1
, σ̂τ1) (top) and points (σ̂τ2

τ1
, σ̂τ2) (bottom) are depicted for
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Fig. 3.5: Daily prices for natural gas July 2002 and August 2002
monthly futures with common trading period from 31/10/2001
to 27/06/2002.

τ1 running through January 1998 to July 2002, resulting in 55 parameter
values from each estimation procedure. The same type of scatter plots
are illustraded for the parameter estimates of v and ρ by Figure 3.7 and
Figure 3.8, respectively.

Like for electricity futures, it is observed that the parameter values of
the log–likelihood estimation are almost always below the estimates found
by the explicit method. The values for ρ are very often close to −1,
especially when using the numerical log–likelihood procedure. Although a
longer time series for each estimation has been used, the problem of high
fluctuation in the estimates of σ lasts.
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We finish by summarizing the parameter values and standard errors of the
estimation procedures in Table 3.2 for the investigated 55 monthly natural
gas futures contracts.

Parameter Explicit (τ1, τ2) Log–likelihood (τ1) Log–likelihood (τ2)
σ 1.7127 0.8333 0.8425

(0.1128) (0.0679) (0.0833)
v 0.7486 0.4161 0.4273

(0.0459) (0.0269) (0.0269)
ρ -0.8085 -0.8541 -0.8796

(0.0124) (0.0279) (0.0193)

Tab. 3.2: Parameter values with standard errors of the 55 natural gas
monthly futures.





Chapter 4

Valuation of European Type
Derivatives

Financial instruments enjoy an increasing popularity in commodity and
electricity markets since they provide a custom-made protection against
undesirable price movement for both, the producer and the consumer of
the commodity. For these reasons energy exchanges offer not only stan-
dard derivatives but also so–called over–the–counter exotic options, which
fulfill the needs of both parties. Recently, speculation with energy options
has become of interest to some investment banks as settlement can be
made not only physically but also financially. However, for many market
participants, energy derivatives appear to be a new phenomenon. On the
one hand, they offer protection against emerging price risks in deregulated
markets and on the other hand, they require an adequate management.
That includes the determination of fair contract prices as well as the con-
struction of appropriate hedging portfolios for written contracts. Both
elements are essential for risk management and active participation in
deregulated energy markets.

In standard financial mathematics a hedging portfolio consists of traded
financial products as well as the underlying asset. Due to non–storability,
illiquidity and lack of traded derivative products, identification of hedging
strategies in electricity markets is difficult and sometimes even impossible.
However, most writers of power derivatives own or lease power plants to
protect themselves against harmful losses. In this way, their risk exposure
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becomes controllable using an adequate dispatch strategy of production
units.

From a mathematical point of view, the pricing of power derivatives com-
promises several challenges, which are still under discussion. One of them
has already been addressed in Chapter 2, the choice of an appropriate
stochastic process. The diversity in the statistical characteristics of the
underlying indexes, namely spot and futures prices is difficult to capture
and requires advanced modeling tools.

Another aspect is that most derivative products in commodity and elec-
tricity markets have a rather complex payoff structure. In favor are for
example caps, floors and spread options, as over a certain time horizon
respectively at maturity, they allow high fuel costs and/or low electricity
prices to be hedged. Although these options are of European type, their
pricing formulas are not obvious and sometimes can not even be deter-
mined explicitly (see e.g. [CD03b]). In the work of [KG95] an extensive
introduction to the many exotic options traded at commodity exchanges
is given. The authors point out, that these options are in favor due to
their ability to capture complex structural characteristics of energy assets.

The application of the no–arbitrage approach from financial mathematics,
discussed in Chapter 1.1, is another critical issue. The assumption that
short as well as long positions in the underlying asset are practicable at
any time is fundamental for risk neutral valuation of derivative products.
In electricity markets this condition is critical due to the non–storability
of electrical power. The electricity spot price as the underlying asset does
for example not fulfill this basic requirement. Nevertheless, the implicit
assumption that there are liquidly tradable futures contracts for all time
points creates a futures markets over the electricity spot market. Addi-
tionally, it is assumed that there are a large number of participants, who
apart from providing enough liquidity, take advantage of any potential
arbitrage opportunities. In this way, it is possible to introduce pricing
models for options written on futures and spot prices, whereas the later is
identified by the futures price just in front of delivery.

In this chapter popular European type derivatives traded at energy ex-
changes, namely caps, floors, collars, cross commodity and calendar spread
options are examined. For these contracts explicit pricing formulas will
be derived by applying the futures price model introduced in Chapter 2.
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Afterwards, we focus on the two–factor model specified in Chapter 3 to in-
vestigate the impact of parameter values on option prices. Thereby, a more
intuitive interpretation of the parameter estimates calibrated in Chapter
3 will be given. Moreover, the influence of the different estimation pro-
cedures on option prices will be examined. Note, that the derivation is
restricted to options written on flow commodities, since the explicit fu-
tures price dynamics presented in Chapter 2.2.1 are only appropriate for
these type of commodities.

4.1. Caps, Floors and Collars

Caps, floors and collars in energy markets are options, which protect the
buyer against high and low commodity prices over a fixed time horizon
[τ1, τ2]. That is, commodity cap and floor options can be analyzed as a
series of European call or put options on commodity spot prices. Note,
that these definitions are along the line of standard interest rate caps and
floors but differ from the capped and floored payoffs that are utilized e.g. in
structured products.

Generally speaking, cap options in energy markets are European type
contracts, where during the time interval [τ1, τ2] the buyer owns the right
to receive a cash flow at intensity ((Fs(s)− Kc)

+)s∈[τ1,τ2] with a price cap
Kc > 0 previously specified in the contract. Similarly, a floor protects
against low spot prices within [τ1, τ2] ensuring a cash flow at intensity
((Kf − Fs(s))

+)s∈[τ1,τ2] with a price floor Kf > 0 at any time s ∈ [τ1, τ2]
of the contract. A combination of caps and floors, called collar, protects
against high prices and foregoes returns from low prices giving the payoff
intensity ((Fs(s)−Kc)

+ − (Kf −Fs(s))
+)s∈[τ1,τ2]. Thus, for Kf < Kc, the

holder of a collar fixes own payment prices to the range [Kf , Kc]. It seems
that energy producers prefer to sell collars where Kf < Kc are determined
such that the initial collar price is zero. Therefore, no cash investment is
required to reduce their potential losses from possible harmful prices.

For the examination of these European type derivatives, the general fu-
tures price model (2.24) is considered with a d–dimensional Brownian mo-
tions (Wt)t≥0 and deterministic volatilities Σt(τ ) for all (t, τ ) ∈ D. More-
over, it is supposed that the riskless interest rate r ∈ [0,∞[ is constant.
Note, that in the elaborated flow commodity market model the riskless
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interest rate r is not determined by the currency change approach. In
particular it is not influenced by the stochastic interest rate of the virtual
base market, which is utilized to specify the futures price dynamics.

Let us first investigate prices of cap options under the proposed futures
price model.

Proposition 4.1
The fair price at time t of a cap option with price cap Kc written within
the interval [τ1, τ2] on flow commodity prices following (2.24) is

Cap(t,Kc) =

∫ τ2

t∨τ1

e−r(τ−t) [Ft(τ ) N (d1(τ )) − Kc N (d2(τ ))] dτ (4.1)

with d1(τ ) =
1

D(τ )

(
log

(
Ft(τ )

Kc

)
+

1

2
D(τ )2

)
d2(τ ) = d1(τ ) − D(τ )

D(τ )2 =

∫ τ

t

‖Σu(τ )‖2du . (4.2)

Proof. According to the definition of a cap option, its fair price is

Cap(t,Kc) = EQF

[∫ τ2

t∨τ1

e−r(τ−t)(Fτ (τ ) − Kc)
+dτ

∣∣∣ Ft

]
. (4.3)

Now, solve (2.24) by

Fτ (τ ) = Ft(τ ) exp

(∫ τ

t

Σu(τ )dWu −
1

2

∫ τ

t

‖Σu(τ )‖2du

)

for each τ ∈ [τ1, τ2] and the result follows by straight–forward calculation.
�

Note that the price of a cap option is actually equal to the integral

Cap(t,Kc) =

∫ τ2

t∨τ1

e−r(τ−t) BS(Ft(τ ),Kc, τ, t, 0, D(τ )/
√

τ − t) dτ (4.4)
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of values obtained by the standard Black–Scholes formula

BS(s, k, τ, t, r, σ) = sN (d+) − e−r(τ−t)kN (d−), (4.5)

d+ =
1

σ
√

τ − t

[
log
(s

k

)
+

(
r +

1

2
σ2
)

(τ − t)

]
d− = d+ − σ

√
τ − t .

Given the model parameters, thus we can use the Black–Scholes formula
with plug–in volatility

φ(τ ) :=
D(τ )√
τ − t

for τ ∈ [t ∨ τ1, τ2] (4.6)

to calculate the integrand in (4.4). This is beneficial as it admits the uti-
lization of the most standard tool of financial mathematics also in flow
commodity markets without neglecting the complex price dynamic of the
underlying commodity. Then the d–dimensional Brownian motion ensure
a flexible futures price dynamics. Moreover, the initial futures curve plays
a key role in (4.4) and therewith market participants’ expections are in-
corporated.

The connection to the Black–Scholes formula additionally yields the parity
between cap and floor option prices

Cap(t,K) − Floor(t,K) =

∫ τ2

t∨τ1

e−r(τ−t)(Ft(τ ) − K)dτ

showing that the cap is determined by the floor price and vice versa as
(Ft(τ ))τ∈[t∨τ1,τ2] are observed at time t. Having determined explicit for-
mulas for flow commodity cap and floor option prices, the fair value of a
collar follows by a combination

Collar(t,Kf ,Kc) = Cap(t,Kc) − Floor(t,Kf ).

Note that the fundamental component of cap, floor and collar option prices
is the Black–Scholes formula with plug–in volatility φ(·) given in (4.6).
The structure of φ(·) is determined by the volatilities (Σt(τ ))(t,τ)∈D, which
have to be specified in the Heath–Jarrow–Morton model. Consequently,
the dimension of the futures price volatilities and with it the number of
parameters as well as their values are essential. The highly informative
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form of the plug–in volatility is examined in detail in Chapter 4.3 for the
two–factor Ho–Lee model introduced in Chapter 3. First, let us investigate
the valuation of cross commodity and calendar spread option prices under
the proposed futures price dynamics.

4.2. Cross Commodity and Calendar Spreads

Naturally, a spread option is written on the price difference between two
indexes, see e.g. [Mar78], [CD03b]. In commodity markets, the definition
of the spread option has been relaxed resulting in several different kinds
of contracts. Let us mention some of the most commonly traded prod-
ucts. Calendar and location spreads are written on the price of the same
commodity at two different dates, respectively two different locations. In
contrast, quality spreads are written on the price of different grades of
the same commodity, often seen for oil products. Another class of spread
options, written on the price difference of physical input and output com-
modities in a production process, is called processing spread. The most
frequently quoted cross commodity spreads are spark spreads, which are
written on power and fuel prices, crack spreads based on the price differ-
ence between crude and refined products and dark spreads written on the
difference between electricity and coal prices.

The cross commodity options considered in this text are written on two
different flow commodity spot prices (Gt(t))t∈[0,T ], (Ft(t))t∈[0,T ], giving the
owner the right to receive over a fixed time horizon [τ1, τ2] the cashflow

((αGτ(τ ) − βFτ (τ ) − K)+)τ∈[τ1,τ2]. (4.7)

Here α and β are positive constants, which represent the number of con-
tracts or the conversion ratios of the involved flow commodities. The
constant K in (4.7) is called strike price. We only derive fair prices of
cross commodity spread options on two flow commodities with strike price
K = 0 (other choices K > 0 do not possess explicit option formulas).
Such spread options are called exchange options, because they allow the
buyer to financially exchange one commodity for another without paying
a pre–specified strike price K. Or in other words, for exchange options
the unknown flow commodity price βFτ (τ ) becomes the strike price.
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Let us shortly illustrate the construction in the case of spark spreads. For
spark spread options β = 1 and α refers to heat rate of the considered
fuel. In this way, the production process is reflected, since for producing
β = 1 MWh, α units of the considered fuel are utilized. The spark spread
option thus protects an owner of a generation asset operating with fuel
against losses from the production process during the time interval [τ1, τ2].
Here it is seen, that the strike price is the electricity spot price during the
contract period.

Extending the modeling of flow commodity markets to the case of two
simultaneously traded commodities, there are instead of (2.24), two dy-
namics

dGs(τ ) = Gs(τ )ΣG
s (τ )dWG

s , G0(τ ) = G∗
0(τ ) (4.8)

dFs(τ ) = Fs(τ )ΣF
s (τ )dWF

s , F0(τ ) = F ∗
0 (τ ) (4.9)

for all τ ∈ [0, T ]. Here (WF
s )s∈[0,T ] and (WG

s )s∈[0,T ] are assumed to be

standard Brownian motions with respect to QF,Gof dimensions dF , dG ∈ N

with quadratic variation

d[WF,i,WG,j ]s = γi,jds i = 1, . . . , dF , j = 1, . . . , dG,

which is supposed to be

Γ := (γi,j)
dF ,dG

i,j=1 constant and deterministic.

Proposition 4.2
Under the above assumptions, the fair price of a spread option determined
by payoff intensity (4.7) with K = 0 is

Spread(t, α, β) =

∫ τ2

t∨τ1

e−r(τ−t) [αGt(τ )N (d1(τ )) − βFt(τ )N (d2(τ ))]dτ

with d1(τ ) =
1

DF,G(τ )

[
log

(
αGt(τ )

βFt(τ )

)
+

1

2
DF,G(τ )2

]
d2(τ ) = d1(τ ) − DF,G(τ )

DF,G(τ )2 =

∫ τ

t

Σu(τ )2du

Σu(τ )2 = ‖ΣG
u (τ )‖2 + ‖ΣF

u (τ )‖2 − 2ΣF
u (τ )ΓΣG

u (τ ).
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The proof is based on a simple verification that if a martingale possesses
a deterministic quadratic variation, then the corresponding stochastic ex-
ponential follows a lognormal distribution. First, let us thus prove this
statement.

Lemma 4.3
Let (Ls)s∈[0,T ] be a continuous local martingale on a complete filtered
probability space (Ω,F , P, (Ft)t∈[0,T ]) with deterministic quadratic varia-

tion and L0 = 0. Then (Zs = Z0 exp(Ls − 1
2 [L]s))s∈[0,T ] satisfies for all

t ≤ τ
E[(Zτ − K)+| Ft] = ZtN(d1) − KN(d2) (4.10)

with d1 =
1

Σ

(
log

(
Zt

K

)
+

1

2
Σ2
)

d2 = d1 − Σ

Σ2 = [L]τ − [L]t .

Proof. Rewrite the left–hand side of (4.10) as

E

[(
Zt exp

(
Lτ − Lt −

1

2
([L]τ − [L]t)

)
− K

)+ ∣∣∣∣ Ft

]
. (4.11)

Using the deterministic time change

l(u) = inf {q ∈ [0, T ] : [L]q > u} for all u ∈ [0, [L]T ]

it is verified with time–change properties for continuous semimartingales
(see [KS96], Theorem 4.6, Chapter 3) that

Bu := Ll(u), FB
u := Fl(u) for all u ∈ [0, T ]

defines a Brownian motion (Bu,FB
u )u∈[0,T ], satisfying

Lu = B[L]u almost surely for all u ∈ [0, T ]. (4.12)

Thus
Lτ − Lt = B[L]τ − B[L]t (4.13)

has a centered Gaussian distribution with variance

Σ2 = [L]τ − [L]t .
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Moreover, being an increment, (4.13) is independent from FB
[L]t

= Fl([L]t)
and also independent from Ft ⊆ Fl([L]t) where the inclusion holds due to
t ≤ l([L]t). The assertion follows now from (4.11) by a straight–forward
derivation.

�

The proof of Proposition 4.2 is now entered.

Proof. The expected payoff of a cross commodity spread is

Spread(t, α, β) = EQF,G

[∫ τ2

t∨τ1

e−r(τ−t)(αGτ(τ ) − βFτ (τ ))+dτ

∣∣∣∣ Ft

]

=

∫ τ2

t∨τ1

e−r(τ−t)EQF,G [
(αGτ(τ ) − βFτ (τ ))+ | Ft

]
dτ

=

∫ τ2

t∨τ1

e−r(τ−t)EQF,G

[
αFτ (τ )

(
Gτ(τ )

Fτ (τ )
− β

α

)+ ∣∣∣∣ Ft

]
dτ. (4.14)

To calculate the expectation within the last equation, the change–of–
numeraire technique (2.13) is applied. Namely, for each τ ∈ [τ1 ∨ t, τ2] a
new measure Qτ on Fτ and a Qτ–martingale (Zs(τ ))s∈[0,τ ] are introduced

dQτ =
Fτ (τ )

F0(τ )
dQF,G, Zs(τ ) :=

Gs(τ )

Fs(τ )
, for s ∈ [0, τ ] (4.15)

to transform the expectation in (4.14) to

EQτ

[(
Zτ (τ ) − β

α

)+ ∣∣∣∣ Ft

]
αFt(τ ) . (4.16)

By applying Itô’s formula, the stochastic differential

dZs(τ ) = Zs(τ )dLs(τ )

is found, where for all s ∈ [0, τ ]

Ls(τ ) := MG
s (τ ) − MF

s (τ ) + [MF (τ ),MG(τ ) − MF (τ )]s (4.17)
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with

MF
s (τ ) :=

∫ s

0
ΣF

u (τ )dWF
u

MG
s (τ ) :=

∫ s

0
ΣG

u (τ )dWG
u .

Hence, the quadratic variation of the local Qτ–martingale (Ls(τ ))s∈[0,τ ] is
deterministic

[L(τ )]s =

∫ s

0
Σu(τ )2du for all s ∈ [0, τ ]. (4.18)

Lemma 4.3 yields immediately that (4.16) equals to

αGt(τ )N (d1(τ )) − βFt(τ )N (d2(τ )) ,

which is inserted into (4.14) to finish the proof.
�

Summing up, the price of a commodity spread option at time t equals
to the integral over the time interval [t ∨ τ1, τ2] where the integrand is a
European call option price multiplied by e−r(τ−t)αFt(τ ), i.e.

Spread(t, α, β) =

∫ τ2

t∨τ1

e−r(τ−t) α Ft(τ ) BS

(
Gt(τ )

Ft(τ )
,
β

α
, τ, t, 0, φF,G(τ )

)
dτ

with Black–Scholes formula (4.5) and plug–in volatility

φF,G(τ ) :=
DF,G(τ )√

τ − t
for all τ ∈ [t ∨ τ1, τ2].

Apart from cross commodity spread options, which protect the buyer from
price differences between two commodities, calendar spreads are also of
interest. Over time, these options hedge against price fluctuations of a
single commodity and are of particular importance in commodity markets
with restricted or even impossible storage. The most frequently quoted
calendar spreads give the buyer at time t the right to sell one unit of
commodity at time τ2 at a previously unknown price Fτ1(τ1), where t ≤
τ1 ≤ τ2. This calender spread ensures at τ2 the payoff

(Fτ1(τ1) − Fτ2(τ2))
+ 0 ≤ τ1 ≤ τ2 ≤ T. (4.19)
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Generally speaking, this option represents a European put with maturity
τ2 and strike price Fτ1(τ1), which is undetermined at time t < τ1.

Proposition 4.4
The fair price at time t ∈ [0, τ2] of a calendar spread paying (4.19) at τ2
written on a flow commodity with futures price dynamics (2.24) is given
by

Calendar(t, τ1, τ2) = e−r(τ2−t) [Ft∧τ1(τ1) N (d1) − Ft(τ2) N (d2)]

with d1 =
1

D

(
log

(
Ft∧τ1(τ1)

Ft(τ2)

)
+

1

2
D2
)

d2 = d1 − D

D2 =

∫ τ2

t

‖Σu(τ2) − Σu∧τ1(τ1)1[0,τ1](u)‖2du. (4.20)

Proof. Obviously, the calendar spread price equals to

Calendar(t, τ1, τ2) = e−r(τ2−t)EQF [
(Fτ1(τ1) − Fτ2(τ2))

+ | Ft

]
.

Adapting the proof of Proposition 4.2 we set α=β=1 and re-
place (Gs(τ ))s∈[0,τ ], (Fs(τ ))s∈[0,τ ] by (Fs∧τ1(τ1))s∈[0,τ2] respectively by
(Fs(τ2))s∈[0,τ2]. To obtain the assertion, the dynamics

dFs∧τ1(τ1) = Fs∧τ1(τ1)Σs∧τ1(τ1)1[0,τ1](s)dWF
s

dFs(τ2) = Fs(τ2)Σs(τ2)dWF
s

have to be inserted on [0, τ2].
�

It is not surprising that the price of a calendar spread option is also related
to the Black–Scholes formula. Note that the fundamental component in
all derived pricing formulas is the plug–in volatility, whose term structure
will be examined next.
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4.3. Impact of Parameter Values on Option Prices

The main question arising from the above derived explicit formulas is
the influence of the proposed futures price model on option prices. That
is, how do the model parameters influence the prices of European type
of derivatives. To investigate this fundamental question, the two–factor
model utilized for the historical model calibration in Chapter 3 is consid-
ered. Let us briefly summarize the assumptions of the two–factor model,
which determine the form of the plug–in volatility (4.6). The bond volatil-
ities in the virtual base market defined in (2.17) have been specified as

σt(τ ) = [σ(τ − t), 0] for all (t, τ ) ∈ D

where σ ∈ (0,∞) is assumed to be constant. Next, the volatility process
(vt)t∈[0,T ] of the additional risk assest in (2.21) has been constructed such
that it admits correlation to bond prices, i.e.

vt = [vρ, v
√

1 − ρ2] for all t ∈ [0, T ]

with a given constant volatility parameter v ∈ (0,∞) and a correlation
parameter ρ ∈ [−1, 1]. Hence the volatility of the risk neutral futures price
process has the form

Σt(τ ) = −σt(τ ) − vt = −[σ(τ − t) + vρ, v
√

1 − ρ2] for all (t, τ ) ∈ D

and the plug–in volatility φ(·) defined in (4.6) can easily be calculated

φ(τ ) =

√
D(τ )2

τ − t
=

1√
τ − t

(∫ τ

t

||Σu(τ )||2du

) 1
2

=
1√

τ − t

(∫ τ

t

(σ2(τ − u)2 + 2vρσ(τ − u) + v2)du

) 1
2

=

√
σ2 (τ − t)2

3
+ vρσ(τ − t) + v2 . (4.21)

The shape of the plug–in volatility is highly informative, since it illustrates
how flow commodity European option prices differ from the same deriva-
tive prices written on storable assets. For example, consider a standard
European call option written on flow commodity spot price giving at ma-
turity τ the payoff (Fτ(τ ) − K)+. The price of this derivative at a fixed
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time t ≤ τ is according to Proposition 4.1 given by

BS(Ft(τ ),K, τ, t, 0, φ(τ ))

with the plug–in volatility (4.21) from the two–factor model.

For examining the term structure of the plug–in volatility (4.21), the cali-
brated parameter values from electricity futures prices presented in Table
3.1 and the estimates found from natural gas prices summarized in Table
3.2 are considered. Inserting these estimates into (4.21) the three different
shapes for electricity market data (top) and the three different shapes for
natural gas market data (bottom) are displayed in Figure 4.1.

There are several interesting conclusion that can be drawn from the dis-
played plug–in volatility values. First, it is observed that the log–likelihood
estimation procedure of Chapter 3.2 yields for both data sets lower volatil-
ities than the explicit estimation presented in Chapter 3.1. This follows
directly from the lower parameter values of the numerical log–likelihood
estimation that are inserted into (4.21). Furthermore, the plug–in volatil-
ities of both log–likelihood estimates are very close. Another interesting
observation is that all plug–in volatilities are increasing close to maturity
no matter if electricity or natural gas futures prices are considered. That
is, independent of the estimation procedure and the data set an increase
of contract volatility close to maturity occurs. This characteristic con-
firms the statistical observations in [EW03], namely the Samuelson effect
[Sam65], which describes that derivatives in front of delivery exhibit a
remarkable higher volatility than those further from maturity. It is em-
phasized in [EW03] that this characteristic is especially pronounced for
commodities that are difficult to store. From our standpoint, it is bene-
ficial that the present approach yields a correct volatility term structure
for electricity as well as natural gas markets.



72 Valuation of European Type Derivatives

Fig. 4.1: For t = 0, the plug–in volatility (φ(τ ))τ∈[0, 12 ] is presented for

different parameter estimates. The values φτ2
τ1

, φτ1 and φτ2 cor-

respond to the plug–in volatilities with parameters from the 2nd,
3rd, and 4th column of Table 3.1 (top) and Table 3.2 (bottom).



Chapter 5

Pricing of Swing Options

Swing type of derivatives are given in various forms and are mainly traded
as over–the–counter contracts at energy exchanges. These options offer
flexibility with respect to timing and quantity. That is, the option holder
has the right but not the obligation to buy or sell energy, up to a fixed
amount, at any time until maturity. In this way, swing derivatives can
be viewed as a portfolio of American options or as a generalization of
Bermudan options. The specification of a swing option typically includes
the time period, the total amount of energy that can be bought or sold
and the purchasing or selling price per unit of commodity. Furthermore,
swing contracts include constraints from production processes or are very
similar to lease prices of storage facilities. These are direct consequences
arising out of the need for hedging by production facilities, since the deter-
mination of a dynamic replication strategy is rather complex and involves
derivatives, which are not traded at the time. Note that swing options
imply a significant amount of credit risk, as they are only traded as over–
the–counter products. This aspect will not be taken into account in the
following derivation, but should be considered as a topic by itself.

Initially swing type of derivatives were agreements solely between produc-
ers and suppliers, with the simple purpose of providing the market suppli-
ers some flexibility around the predetermined average commodity delivery
requirement. The suppliers so could at least partially hedge their exposure
to volume risk resulting from the complex pattern of comsuption and the
limited storage capacity. In this way, swing options incorporated the sup-
ply and demand characteristics of flow commodities. With deregulation
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of energy markets the need for derivatives managing the risk associated
with spot prices, newly representing the demand and supply situation, has
increased tremendously. In favor are like afore swing contracts as they of-
fer flexibility in delivery. In this way swing type of derivatives hedge the
volume and the corresponding spot price risk. It is important to note that
swing derivatives are not traders’ whims but evolved from the demand and
supply characteristic in energy markets and the need for effective hedging
instruments especially for flow commodities with highly limited storage
capacities.

With the development of energy exchanges, any operational decisions are
based on the current spot price. Hence the optimal exercise strategy of
a swing contract depends only on the spot price, the quantity of energy
already bought or sold and the time to maturity. The option holder’s phys-
ical demand should not influence the exercise strategy as long as the spot
market is liquid and there are no transmission constraints. Some market
participants behave in a tradition fashion, using swing options also for
managing demand requirements. This results from technical constraints
and congestions in the transmission system. Anyhow, here we assume
that the spot market is liquid and that there are no limitations on the
transmission grid.

Swing options are typically written on spot prices and therefore we will
exclusively consider spot price models in this chapter. For valuing electric-
ity swing derivatives, it implicitly is assumed that a liquid futures market
exists. According to the discussion in Chapter 1.1, the terminology of
risk neutral electricity spot price is only meaningful if there are liquidly
tradable futures contracts for all time points. In this way, the electricity
spot price can be identified by the futures price just in front of delivery
and thus the no–arbitrage pricing methodology is applicable.

The diversity of swing contract specifications results in different suitable
mathematical formulations. For swing options that are very similar or
even equal to lease prices of storage facilities, a real option approach is
applicable. More precisely, the price of a swing contract can be modeled
by a control problem, where the underlying state process consists of the
inventory and the risk neutral spot price. In contrast, swing options can be
specified as non standard American type of derivatives. That is, the option
holder has a fixed number of American type exercise rights to receive a
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payoff depending on the current spot price, or equivalently to buy or sell
the commodity for a fixed price. The exercise rights are separated by a
refracting period, which is greater or equal than the minimal delivery time
of the commodity.

Independent of the contract specifications, the difficulties in pricing swing
options are precisely the same as what one faces when valuing American
type of derivatives. Namely, the option holder has at any time the right
but not the obligation to carry out an action. As different payoff functions
are considered, swing options in general inherit the early exercise feature
of American type derivatives. Consequently, there is little hope to derive
explicit formulas for swing option prices and numerical schemes have to
be applied.

In this chapter the derived theoretical results for swing options as well
as the proposed numerical algorithms are briefly reviewed. Then the for-
mulation of swing contracts as American type of derivatives, namely as
multiple stopping time problems will be presented. Afterwards a numerical
algorithm based on finite element methods is proposed for pricing swing
options.

5.1. Overview

Although swing options are given in various forms, mathematically there
are two favorable approaches, namely modeling by stochastic control or by
multiple stopping time problems. Despite the simple and intuitive formula-
tion, multiple stopping time problems do not seem to have attracted much
attention in probability literature. Indeed, the first mathematical analysis
was only recently presented by [CT07] in which the authors proved the
existence of optimal multiple exercise polices for continuous reward pro-
cesses. In addition, they characterized the exercise boundary values for
American put options with multiple exercise rights in the Black–Scholes
model. Their work has been extended by [CD03a] to general linear dif-
fusions and reward functions. Control problems have attracted research
for long time and are extensively used in real option theory and finan-
cial mathematics. However, in the setting of optimal switching with finite
time horizon detailed formulations in purely probabilistic terms have only
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recently been presented in [CL05b] and [HJ06]. Their probabilistic deriva-
tion is applied to energy derivatives in [CL05a]. Due to the lack of closed–
form solutions for most control as well as multiple stopping time problems,
various numerical schemes for approximating swing option prices are pro-
posed in the literature.

Several authors modeled swing options as control problems to include dif-
ferent types of contract constraints. In order to numerically solve these
problems, [Tho95] and [JRT04] proposed using binomial and trinomial
lattices, extending ideas of [HW93a] where valuation of contingent claims
with path–dependence was introduced. Both approaches made use of a
special type of payoff function to make the computation more efficient. In
addition, [JRT04] considered the special case of gas swing contracts using
a one factor, seasonal, mean reverting spot price process. However, nu-
merical procedures based on lattice methods are challenging if the contract
value is driven by multiple stochastic factors, as for example proposed in
[Sch97] and [BKMS03].

Regarding pricing of derivatives with multifactor spot price models, it is
known that Monte Carlo methods offer good approximations. Especially,
the Least Squares Monte Carlo method proposed by [LS01] has attracted
much attention. Both, [MH04] and [Tha05] combined this method with the
dynamic programming principle and applied it to price swing derivatives.
In contrast, [CT07] utilized an approach based on Malliavin integration
by parts introduced in [BT04] that seems to be convenient for Gaussian
spot price processes. Another method based on Monte Carlo simulation
is presented in [Iba04]. Here, the algorithm proposed by [IZ04] that ap-
proximates the optimal exercise boundary has been extended. The insight
of their method is that any point on an optimal exercise frontier can be
computed as a fix–point.

Only recently an approach based on Hamilton–Jacobi–Bellman quasi–
variational inequalities has been presented by [DK05] for the Black–Scholes
model. The proposed numerical scheme for valuing swing options utilizes
finite difference methods. The work has been extended in [Dah05] where
the author considered a fairly general setting in which technical constraints
as well as different recovery times between exercise rights have been taken
into account. Another approach based on a continuous time model is
studied in [Kep04]. Here, a replication strategy utilizing futures, call and
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put options has been derived. The problem is that the dynamic strategy
appears to be difficult to compute and that the needed derivatives are not
traded at energy exchanges.

In contrast to the recently proposed numerical methods, we use the fact
that multiple optimal stopping time problems can be reduced to a cascade
of ordinary stopping time problems as proven in [CT07]. By applying this
reduction to swing options an algorithm based on finite element methods
is derived in Chapter 5.3. These numerical schemes offer a higher degree
of flexibility with respect to payoff functions and spot price models as
opposed to other numerical procedures where special structural properties
are needed for efficient computation. In addition, the approximation of
swing option prices as well as exercise regions is highly accurate permitting
interpretations of these quantities.

5.2. Multiple Stopping Time Approach

Swing options are modeled as financial instruments with multiple Ameri-
can type of exercise rights. More precisely, they give the contract holder
a fixed number of rights but not obligations to receive an instantaneous
payoff depending on the current spot price. Or equivalently, a specific
amount of commodity is delivered or received for a fixed price if a right is
exercised by the option owner. The minimal delivery time of the commod-
ity then naturally separates the exercise rights of the derivative. Next, the
detailed formulation of the multiple stopping time approach is given and
the most fundamental results are summarized.

As before, let (Ω,F , Q, (Ft)t∈[0,T ]) be a complete, filtered probability space
with natural filtration F = (Ft)t≥0 generated by a standard Brownian
motion (Wt)t≥0 with values in R. The risk neutral spot price (St)t≥0 is
assumed to be the solution of the stochastic differential equation

dSt

St
= μ(t, St)dt + σ(t, St)dWt (5.1)

with S0 = s

where to ensure existence and uniqueness of the solution, it is supposed
that for any T > 0 the measurable functions μ : [0, T ] × R

+ → R and
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σ : [0, T ] × R
+ → (0,∞) satisfy the conditions

|xμ(t, x)| + |xσ(t, x)| ≤ c1(1 + |x|) (5.2)

|xμ(t, x) − yμ(t, y)| + |xσ(t, x) − yσ(t, y)| ≤ c2|x − y| (5.3)

for t ∈ [0, T ], x, y ∈ R
+ and some constants c1, c2 > 0. Moreover, it is

assumed that the functions are continuous in t, i.e.

t �→ xμ(t, x), t �→ xσ(t, x) are continuous for all x ∈ R
+ (5.4)

and so according to Proposition 1.1.23 in [Pri03]

EQ
[
max t∈[0,T ] (St)

2] < ∞ . (5.5)

It is assumed that the price of the risk–free asset is given as the solution
of

dBt = rBtdt, B0 = 1,

where r ∈ R
+ denotes the riskless interest rate.

In energy markets, the delivery of a commodity is limited by the available
capacity of the transmission system. This technical constraint naturally
results in a pre–specified refracting time between two exercise rights in
swing contracts. It can be agreed that the refracting period δ, which is
greater or equal to the minimal delivery time of the commodity, is constant
and greater than zero. Note that the refraction period not only represents
an important physical contract constraint, but also is essential for the
mathematical formulation of swing derivatives. Since the separation of two
exercise rights prevents the reduction of multiple stopping time problems
to single stopping time problems where all rights are exercised at once.
It follows that, without the introduced refracting period δ > 0, it would
be optimal to exercise all rights of a swing option at once. In this case,
the problem of pricing swing options would be reduced to the problem
of valuing standard American type derivatives. In order to avoid this
situation, the Definition 5.1 of admissible stopping times for the multiple
stopping time formulation includes the refracting period δ that separates
two stopping times.

Let us denote by Tt,T the set of all F–stopping times with values in [t, T ]
and by Tt,∞ the set of all F–stopping times with values greater or equal
than t. For stopping time problems with p ∈ N exercise rights, constant
refracting period δ > 0 and maturity T the following sets are defined.
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Definition 5.1
The set of admissible stopping time vectors with length p ∈ N and refract-
ing time δ > 0 is defined by

T (p)
t := {τ (p) = (τ1, . . . , τp) | τi ∈ Tt,∞ with τ1 ≤ T a.s. and τi+1 − τi ≥ δ

for i = 1, . . . , p − 1}.

Note that the stopping times of a vector τ (p) ∈ T (p)
t might not all have

their values in the interval [t, T ]. This is essential as it might be desirable
not to exercise all rights of a swing option with maturity T . Then by
letting an exercise right expire, one is not limited by the refracting period
and so can fully benefit from potentially better future prices. Anyhow, it
is assumed that at least one right in the swing contract is exercised. This
is done to ensure the consistency of swing option prices with one exercise
right and standard American option prices.

According to American contingent claims, see e.g. [MR97], a continuous
reward function φ : R

+ × R
+ → R

+ that satisfies for t ∈ R
+ the linear

growth condition |φ(t, s)| ≤ k1+k2s for some constants k1, k2 is considered.
In addition, it is assumed that φ(t, ·) = 0 for t > T . The finite horizon
multiple stopping time problem with maturity T and p ∈ N exercise rights
is defined as

V (p)(t, s) := sup
τ (p)∈T (p)

t
EQ

[
p∑

i=1

e−r(τi−t)φ(τi, Sτi) | St = s

]
(5.6)

for (t, s) ∈ [0, T ] × R
+. The Theorem below states that the supremum

in (5.6) is attained for continuous reward functions satisfying the above
linear growth condition.

Theorem 5.2
For any p ∈ N there exists τ ∗ = (τ ∗1 , . . . , τ ∗p ) ∈ T (p)

t such that

V (p)(t, s) = EQ

[
p∑

i=1

e−r(τ∗
i −t)φ(τ ∗i , Sτ∗

i
) | St = s

]

for (t, s) ∈ [0, T ] × R
+.

Proof. See [CT07].
�
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This is a fundamental result, which allows two essential Corollaries for
pricing swing options to be deduced. Namely, it is proven that the only
price of a swing option with a finite time horizon that does not create
arbitrage is given by (5.6).

Corollary 5.3
The only price of a swing option with p ∈ N exercise rights, payoff function
φ and maturity T that does not create any arbitrage opportunities is given
by

V (p)(t, s) = sup
τ (p)∈T (p)

t
EQ

[
p∑

i=1

e−r(τi−t)φ(τi, Sτi) | St = s

]
(5.7)

for (t, s) ∈ [0, T ] × R
+.

Proof. For p = 1 the situation is equivalent to the standard American
contingent claim. The process (e−rtφ(t, St))t∈[0,T ] has continuous paths
and φ satisfies the linear growth condition. Therefore, the only price that
does not create arbitrage is given by (5.7) according to Theorem 5.3 in
[KS98].

For p > 1 the proof is obtained from [Hin06] by slight adaptations. To
sketch the main ideas, the set of admissible strategies is defined by

U :=

{
u =

p∑
i=1

1[τi,∞) | τ (p) = (τ1, . . . , τp) ∈ T (p)
t

}

with which the multiple optimal stopping time problem can be written as

V (p)(t, s) = sup u∈U EQ

[∫ T

t

e−r(τ−t)φ(τ, Sτ )duτ | St = s

]
.

We have to prove, that if the initial price of the swing option differs from
V (p)(t, s), there is an arbitrage opportunity.

First suppose that the option is offered at a price V ′ < V (p)(t, s). Then,
there is a long arbitrage, which can be seen by the following considerations.
The agent enters a long position at V ′ and exercises the contract by the
optimal policy u∗ ∈ U that according to Theorem 5.2 exists. Simultane-
ously, he writes a contingent claim promising the cashflow of the strategy
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u∗. Due to completeness, the market pays V (p)(t, s) for this claim. Thus,
the agent takes the arbitrage V (p)(t, s) − V ′ > 0.

If the contract is asked at a price V ′ > V (p)(t, s), there is a short arbitrage.
The crucial point shown in [Hin06] is that for each strategy u ∈ U there
exists a centered martingale Mu on [t, T ], which satisfies for all τ ∈ [t, T ]
the inequality ∫ τ

t

e−r(q−t)φ(q, St,s
q )duq ≤ V (p)(t, s) + Mu

τ . (5.8)

Moreover, the mapping u �→ Mu is non–anticipating. Using this result,
an agent entering a short position to receive V ′ is considered. The part
V (p)(t, s) of his capital is used to start a trading strategy π(Mu) whose
discounted wealth equals to the right–hand side of (5.8). According to (5.8)
the wealth of this strategy covers the agent’s liabilities of the short position
for every u ∈ U . As a result, the agent takes arbitrage V ′ −V (p)(t, s) > 0.

�

From Theorem 5.2 it also follows that the multiple stopping time problem
(5.6) and with it the swing option price can be reduced to a cascade of
single stopping time problems.

Corollary 5.4
For any p ∈ N, s ∈ R

+ and t ∈ [0, T ]

V (p)(t, s) = sup τ∈Tt,T
EQ
[
e−r(τ−t)Φ(p)(τ, Sτ ) | St = s

]
with

Φ(p)(t, s) :=

{
φ(t, s) + EQ

[
e−rδV (p−1)(t + δ, St+δ)|St = s

]
if t ≤ T − δ

φ(t, s) if t > T − δ

V (0)(t, s) := 0.

Proof. See [CT07].
�
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For a single stopping time problem, i.e. p = 1, Corollary 5.4 gives the
standard formulation of American contingent claims. Additionally, it al-
lows the intuitive interpretation of the first optimal stopping time τ ∗1 as
the time when the sum of the discounted instantaneous payoff and the
value of the swing option with p − 1 rights is maximal. Due to the con-
stant refracting period, the value of the swing option with p − 1 exercise
rights is given as a discounted conditional expected value. Moreover, the
refracting period limits the number of exercisable rights until T resulting
in the following equation for p ≥ 2

V (p)(t, s) = V (p−1)(t, s) for t ∈ (T − (p − 1)δ, T ], s ∈ R
+, (5.9)

which is seen from Corollary 5.4.

Remark 5.5
In [CT07] a similar result to Corollary 5.4 is also derived for perpetual
multiple stopping time problems, i.e. for multiple stopping time problems
with infinite time horizons.

From the existence of multiple optimal stopping times it follows that the
only swing option price that does not create arbitrage can be determined
by a series of single stopping time problems. This reduction forms the
basis of the numerical algorithm presented next.

5.3. Finite Element Algorithm

In the previous chapter it has been shown that the value of a swing deriva-
tive is given by a multiple stopping time problem, which can be reduced
to a cascade of single stopping time problems. The crucial point discussed
now is how to numerically solve this series of single stopping time problems
in an efficient and accurate way.

According to Corollary 5.4 the fair price of a swing option V (p)(·, ·) is given
as an American contingent claim with a reward function equal to the in-
stantaneous payoff plus a European option value. The latter represents
the swing option price with one exercise right less after the refracting pe-
riod δ. Therefore, a numerical algorithm that inductively calculates prices
of swing derivatives can be constructed in the following way. First, the
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pth reward function Φ(p) encompassing the price of a European contingent
claim is calculated. Next, an American option is evaluated using Φ(p) as
payoff function. The obtained results are the fair prices of a swing option
with p exercise rights.

In principle, any algorithm could be used for approximating the involved
standard European and American contingent claim prices. Since the op-
tion price curves are reused for the pth reward function it is essential for
these to be highly accurate. Using finite element methods the whole price
curve is obtained quickly and precisely. We thus subsequently elaborate a
numerical procedure based on finite elements1.

Before presenting the algorithm, the finite element approach for pricing
standard European and American options is briefly reviewed. To simplify
the notation, the Black–Scholes framework is considered where the risk
neutral spot price process (St)t≥0 has the dynamics

dSt = St(rdt + σdWt), S0 = s,

with positive, constant interest rate r and volatility σ. Note that this
assumption is not necessary for the numerical procedure and is just for
illustrative purposes.

For the derivation some basic formulations from functional analysis are
needed. Thus, let us briefly recall the most fundamental definitions and
results. For Ω ⊂ R an open set, the Lebesgue space is denoted by L2(Ω),
which consists of all measurable, square integrable functions with inner
product

(f, g) :=

∫
Ω

f(x)g(x)dx ∀f, g ∈ L2(Ω)

and norm
‖f‖L2(Ω) :=

√
(f, f) ∀f ∈ L2(Ω).

The Sobolev space on Ω is denoted by

H1(Ω) :=

{
f ∈ L2(Ω) | ∃g ∈ L2(Ω) :

∫
Ω

fη′ = −
∫

Ω
gη ∀η ∈ C1

0(Ω)

}
.

For f ∈ H1(Ω), the function g =: f ′ is the so–called weak derivative of f
and η is a testfunction in the space of continuous differentiable functions

1 For more information on finite element methods see e.g. [Bra01].
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with compact support. The norm on H1(Ω) is defined by

‖f‖H1(Ω) := ‖f‖L2(Ω) +
∥∥f ′∥∥

L2(Ω) ∀f ∈ H1(Ω).

The set of all linear functionals on H1(Ω) is the so–called dual space of
H1(Ω) and is denoted by

(
H1(Ω)

)∗
. The duality pairing 〈·, ·〉 is then

defined on
(
H1(Ω)

)∗ × H1(Ω) as follows

〈F, g〉 := F (g) ∀F ∈
(
H1(Ω)

)∗
, g ∈ H1(Ω).

Recall, that Riesz theorem (see e.g. [Wer02]) states that for any F ∈(
H1(Ω)

)∗
there exists a unique uF ∈ H1(Ω) such that

F (g) = (uF , g) ∀g ∈ H1(Ω).

That is, for any functional F ∈
(
H1(Ω)

)∗
there exists a unique function

uF ∈ H1(Ω) for which the duality pairing is equal to the inner prod-
uct. Having introduced the necessary notation from functional analysis,
the finite element method for pricing European and American options is
reviewed next.

5.3.1. European Options

In general, the price of a European contingent claim with maturity T and
payoff φ is defined as

h(t, s) := EQ
[
e−r(T−t)φ(ST )|St = s

]
∀(t, s) ∈ [0, T ] × R

+.

According to the Feynman–Kac formula (see e.g. [MR97]) the function h
satisfies for t ∈ (0, T ) and s ∈ R

+ the partial differential equation

∂h

∂t
+

σ2

2
s2∂2h

∂s2 + rs
∂h

∂s
− rh = 0

with terminal condition

h(T, s) = φ(s) ∀s ∈ R
+.

To remove the degeneracy at s = 0, we change to logarithmic price x :=
log(s) ∈ R and denote u(t, x) := h(t, ex), ψ(x) := φ(ex) for t ∈ [0, T ],
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x ∈ R. Furthermore, by changing to time to maturity τ := T − t ∈ [0, T ]
the partial differential equation can be written as

∂u

∂τ
+ Abs[u] = 0 in (0, T ) × R (5.10)

u(0, ·) = ψ in R

where Abs is the Black–Scholes operator

Abs := −σ2

2

∂2

∂x2 +

(
σ2

2
− r

)
∂

∂x
+ r . (5.11)

For the numerical implementation the unbounded domain of the variable x
needs to be truncated to a bounded domain ΩR = (−R,R) and boundary
conditions for the sought function at ±R have to be specified. It is well
known that the determination of boundary conditions is critical, as it
influences the accuracy of the numerical results. The authors of [MvPS04]
have shown that for the excess to payoff function

U(τ, x) := u(τ, x) − e−rτψ(x + rτ ) ∀(τ, x) ∈ [0, T ] × R (5.12)

the localization error decays exponentially with R. This exponential decay
is illustrated in Figure 5.1 for a European put option. Note, that the shift
from the interest rate in (5.12) guarantees that U(τ, x) ≥ 0 for (τ, x) ∈
[0, T ]×R. We impose zero Dirichlet boundary conditions on the function

UR(τ, x) := u(τ, x) − e−rτψ(x + rτ ) ∀(τ, x) ∈ [0, T ] × ΩR,

which is only defined on the bounded domain ΩR = [−R,R]. Hence, one
is confronted with the problem of determining for τ ∈ (0, T ) the function
UR(τ, ·) ∈ H1

0(ΩR) with

H1
0 (ΩR) :=

{
ϕ ∈ H1(ΩR) | ϕ(R) = ϕ(−R) = 0

}
for which the partial differential equation and the equivalent variational
form are given below in Proposition 5.6.

Note that since only continuous spot price models of the form (5.1) are
considered, u could be calculated directly from the partial differential equa-
tions (5.10) by imposing artificial time–dependent non–zero boundary con-
ditions. This time dependence would make the algorithm more technical.
Furthermore, for an extention to Lévy models the transformation to the
excess to payoff function UR is essential.
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Fig. 5.1: European put option price h (top) and the corresponding excess
to payoff function U (bottom) in logarithmic spot price.

Proposition 5.6
For any τ ∈ (0, T ) the excess to payoff function UR(τ, ·) is the variational
solution in H1

0(ΩR) of

∂UR

∂τ
+ Abs[UR] = g in (0, T ) × ΩR (5.13)

UR(0, ·) = 0 in ΩR
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with

g(τ, ·) := −∂ (e−rτψ(· + rτ ))

∂τ
− Abs[e

−rτψ(· + rτ )] . (5.14)

Or equivalently, the function UR(τ, ·) ∈ H1
0(ΩR) is the solution of the

variational form(
∂UR

∂τ
, v

)
+ abs (UR, v) = 〈g, v〉 ∀v ∈ H1

0(ΩR) (5.15)

UR(0, ·) = 0 in ΩR

with the bilinear form abs(·, ·) defined as

abs (ϕ, η) :=
σ2

2

(
∂ϕ

∂x
,
∂η

∂x

)
+

(
σ2

2
− r

)(
∂ϕ

∂x
, η

)
+ r (ϕ, η) (5.16)

for ϕ, η ∈ H1(ΩR).

Proof. See [MvPS04].
�

Next, the right hand side of the partial differential equation or equivalently
of the variational form is determine for the example of a European put
option.

Example 5.7
For the standard European put option with ψ(x) = (K − ex)+ the func-
tional g in (5.14) is given by

g(τ, ·) = e−rτ σ2

2
Kδlog(K)−rτ (5.17)

where δ denotes the Dirac delta.
To determine g, we consider the variational formulation (5.15) and utilize
(5.10) to obtain the following equation(

∂e−rτψ(· + rτ )

∂τ
, v

)
+ abs

(
e−rτψ(· + rτ ), v

)
= 〈g, v〉 ∀v ∈ H1

0(ΩR) .
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By solving the left hand side and utilizing Riezs theorem, the form of g
can be determined. For the first term, we obtain(

∂e−rτψ(· + rτ )

∂τ
, v

)
=

∫ R

log(K)−rτ

−re−rτKv(x)dx (5.18)

and for the second term

abs
(
e−rτψ(· + rτ ), v

)
=

σ2

2

∫ R

log(K)−rτ

−ex∂v(x)

∂x
dx

+

(
σ2

2
− r

)∫ R

log(K)−rτ

−exv(x)dx

+ r

∫ R

log(K)−rτ

(
e−rτK − ex

)
v(x)dx ,

which can be simplified to

abs
(
e−rτψ(· + rτ ), v

)
=

σ2

2

∫ R

log(K)−rτ

−ex∂v(x)

∂x
dx

+
σ2

2

∫ R

log(K)−rτ

−exv(x)dx

+ r

∫ R

log(K)−rτ

e−rτKv(x)dx .

Applying a partial integration and using v ∈ H1
0(ΩR), we deduce

abs
(
e−rτψ(· + rτ ), v

)
=e−rτ σ2

2
Kv(log(K) − rτ )

+ r

∫ R

log(K)−rτ

e−rτKv(x)dx .

By adding (5.18) the following equation holds

e−rτ σ2

2
Kv(log(K) − rτ ) = 〈g, v〉 ∀v ∈ H1

0(ΩR)

and consequently g is given by (5.17).
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The partial differential equation (5.13) cannot be discretized using finite
differences due to the presence of the Dirac delta functional on the right
hand side. This is also observable in Figure 5.1, where the plotted excess
to payoff function U is continuous but not differentiable at 0. Neverthe-
less, using the variational formulation (5.15) gives the framework for finite
element discretizations. Before discretizing the variational form we need
to show that (5.15) has a unique solution and therewith is a well posed
problem.

Proposition 5.8
The bilinear form (5.16) is continuous and coercive, i.e. there exist con-
stants c1, c2 > 0 such that for all ϕ, η ∈ H1(ΩR)

|abs (ϕ, η)| ≤ c1 ‖ϕ‖H1(ΩR) ‖η‖H1(ΩR)

abs (ϕ, ϕ) ≥ c2 ‖ϕ‖2
H1(ΩR) .

This implies existence and uniqueness of the solution of (5.15).

Proof. See [MvPS04].
�

To approximate the unique solution UR(τ, ·) ∈ H1
0(ΩR), τ ∈ (0, T ) of

(5.15) we next discretize the problem by finite elements in ΩR and by the
backward Euler scheme in time.

Discretization
The truncated domain ΩR = [−R, R] is partitioned into an equidistant
mesh of size h := 2R

N+1 for which a finite dimensional subspace Vq
h ⊂

H1
0(ΩR) is defined as

Vq
h :=

{
vh ∈ C0(ΩR) : vh|[xi−1, xi] ∈ Pq for i = 1, . . . , N + 1

and vh(−R) = vh(R) = 0}

where Pq is the space of polynomials with degree q ∈ N. For the space
Vq

h a Lagrange basis {ϕi, i = 1, . . . , N} is considered. In this text we
restrict ourselves to the case q = 1, where the Lagrange basis is given by
piecewise linear continuous functions, so–called hat functions defined for
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i = 1, . . . , N as

ϕi(x) :=

⎧⎨
⎩

x−xi−1

h for xi−1 < x ≤ xi
xi+1−x

h for xi ≤ x < xi+1
0 else.

Note that the hat functions ϕi ∈ H1
0(ΩR), i = 1, . . . , N , illustrated in

Figure 5.2, are not continuously differentiable. Next, the excess to payoff
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Fig. 5.2: Hat functions building the basis of V1
h.

function UR(τ, ·) ∈ H1
0 (ΩR) is approximated by Uh(τ, ·) ∈ Vq

h, i.e.

UR(τ, ·) ≈ Uh(τ, ·) =

N∑
i=1

U i
h(τ )ϕi(·) on ΩR

for τ ∈ [0, T ]. By using a Lagrange basis, the coefficients U i
h(τ ) approxi-

mate the solution UR(τ, ·) at xi since

ϕj(xi) =

{
1 for i = j
0 otherwise

for all i, j = 1, . . . , N . The approximation of the excess to payoff function
Uh is now substituted into the variational form (5.15). Making use of the
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linearity and of the finite dimensional basis of Vq
h one obtains for τ ∈ (0, T )

N∑
i=1

(ϕi, ϕj)
∂U i

h

∂τ
+

N∑
i=1

abs (ϕi, ϕj)U i
h = 〈g, ϕj〉 for j = 1, . . . , N (5.19)

U i
h(0) = 0 for i = 1, . . . , N.

To simplify the notation, let us introduce

Uh :=
(
U 1

h, . . . , UN
h

)T
, U ′

h :=

(
∂U 1

h

∂τ
, . . . ,

∂UN
h

∂τ

)T

.

In addition, the mass matrix M, the stiffness matrix A and the load vector
g are defined as

Mj,i := (ϕi, ϕj) , Aj,i := abs (ϕi, ϕj) i, j = 1, . . . , N, (5.20)

gj := 〈g, ϕj〉 j = 1, . . . , N.

With these definitions the equations (5.19) can be rewritten in a matrix–
vector notation as

MU ′
h(τ ) + AUh(τ ) = g(τ ) ∀τ ∈ (0, T ) (5.21)

Uh(0) = 0 .

Finally, the time interval [0, T ] is partitioned in a uniform fashion τ0 =
0 < τ1 < . . . < τM = T with Δt := τ1. Applying the Backward Euler time
stepping scheme (see e.g. [Bra01]) the problem (5.21) can be reduced to

(M + ΔtA) Uh(τm) = Δtg(τm) + MUh(τm−1) m = 1, . . . , M (5.22)

Uh(τ0) = 0 .

Hence, computing the value of a European contingent claim at time t =
0, i.e. calculating Uh(τM), the linear system (5.22) has to be solved at
each time step. Recalling from (5.12), the option price at time t = 0, or
equivalently at time to maturity τ = τM = T , in logarithmic spot price is
given by

u(T, x) =

N∑
i=1

U i
h(T )ϕi(x) + e−rT ψ(x + rT ) x ∈ ΩR.
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The error of the approximation Uh is of order O(h + Δt) provided the
unique solution UR is regular in (τ, x) ∈ (0, T )×ΩR, i.e. UR is differentiable
in τ and twice differentiable in x. For a detailed analysis of the convergence
we refer the reader to [MvPS04].

Before investigating the finite element method for American contingent
claims, let us comment on the mass and the stiffness matrix, which play a
key role for determining the approximation of the excess to payoff function.
Note that both matrices, M and A are positive definite. For M this
follows directly from the definition and for A it is concluded from the
coercivity of the bilinear form abs stated in Proposition 5.8. Since for all
y = (y1, . . . , yN)T ∈ R

N with y �= 0

yTAy = abs

(
N∑

i=1

yiϕi,

N∑
i=1

yiϕi

)
≥ c2

∥∥∥∥∥
N∑

i=1

yiϕi

∥∥∥∥∥
2

H1(ΩR)

> 0

for some constant c2 > 0. Moreover, by utilizing hat functions the mass
and the stiffness matrix are tridiagonal as

(ϕi, ϕj) = 0, abs (ϕi, ϕj) = 0 if |i − j| > 2, i, j = 1, . . . , N.

For the equidistant partition of ΩR in intervals of length h = 2R
N+1 the

following matrices are obtained in the Black–Scholes model

M =
h

6

⎛
⎜⎜⎝

4 1
1 4 1

. . . . . . . . .

1 4

⎞
⎟⎟⎠ ∈ R

N×N

and

A =
σ2

2
S +

(
σ2

2
− r

)
C + rM ∈ R

N×N

with

S :=
1

h

⎛
⎜⎜⎝

2 −1
−1 2 −1

. . . . . . . . .

−1 2

⎞
⎟⎟⎠ C :=

1

2

⎛
⎜⎜⎝

0 1
−1 0 1

. . . . . . . . .

−1 0

⎞
⎟⎟⎠

Evidently, since the matrix C is not symmetric, the matrix A is in general
also not symmetric. Note, that for solving the linear equations (5.22)
efficiently, it is utilized that the matrices A and M are tridiagonal.
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5.3.2. American Options

Next, a finite element procedure for American contingent claims is derived
in a similar way as presented in Chapter 5.3.1 for European options. The
price of an American option with time–dependent reward function φ and
maturity T is given by

h(t, s) := sup τ∈Tt,T
EQ
[
e−r(τ−t)φ(τ, Sτ ) | St = s

]
∀(t, s) ∈ [0, T ] × R

+

where Tt,T has been defined as the set of all F–stopping times with values
in [t, T ]. The value h satisfies (see e.g. [KS98]) the variational inequality

∂h

∂t
+

σ2

2
s2∂2h

∂s2 + rs
∂h

∂s
− rh ≤ 0 in (0, T ) × R

+

h ≥ φ in (0, T ) × R
+

(h − φ)

(
∂h

∂t
+

σ2

2
s2∂2h

∂s2 + rs
∂h

∂s
− rh

)
= 0 in (0, T ) × R

+

h(T, ·) = φ(T, ·) in R
+.

Like in the case of European options, we first change to logarithmic prices
x := log(s) ∈ R and to time to maturity τ := T − t ∈ [0, T ] for which
the functions u(τ, x) := h(T − τ, ex), ψ(τ, x) := φ(T − τ, ex) are defined.
Then, the function u satisfies

∂u

∂τ
+ Abs[u] ≥ 0 in (0, T ) × R

u ≥ ψ in (0, T ) × R (5.23)

(u − ψ)

(
∂u

∂τ
+ Abs[u]

)
= 0 in (0, T ) × R

u(0, ·) = ψ(0, ·) in R

with the Black–Scholes operator Abs[·] defined in (5.11). Before introduc-
ing the excess to payoff function for American options, the variational
formulation for u is derived. For this purpose let us introduce the convex
cone

Kψ(τ ) := {v ∈ H1(R) | v ≥ ψ(τ, ·) a.e. on R}

for τ ∈ [0, T ].
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Lemma 5.9
The function u is a solution of (5.23) if and only if for all τ ∈ (0, T ) the
function u(τ, ·) ∈ Kψ(τ ) satisfies∫

R

(
∂u

∂τ
(τ, x) + Abs[u](τ, x)

)
(v(x)−u(τ, x))dx ≥ 0 ∀v ∈ Kψ(τ ) (5.24)

with u(0, ·) = ψ(0, ·) in R and u is sufficiently regular in the sense that it
is differentiable in τ and twice differentiable in x.

Proof. To derive the integral formulation, it is utilized that the first in-
equality of (5.23) yields for every τ ∈ (0, T )∫

R

(
∂u

∂τ
(τ, x) + Abs[u](τ, x)

)
(v(x)−ψ(τ, x))dx ≥ 0 ∀v ∈ Kψ(τ ) (5.25)

According to the third equation of (5.23)∫
R

(
∂u

∂τ
(τ, x) + Abs[u](τ, x)

)
(u(τ, x) − ψ(τ, x))dx = 0 ∀τ ∈ (0, T )

and it follows that for τ ∈ (0, T )∫
R

(
∂u

∂τ
(τ, x) + Abs[u](τ, x)

)
(v(x) − u(τ, x))dx ≥ 0 ∀v ∈ Kψ(τ ) .

A function u that satisfies (5.23) is thus also a solution of (5.24) with
u(τ, ·) ∈ Kψ(τ ), τ ∈ (0, T ) and u(0, ·) = ψ(0, ·) in R.

To finish the proof, we combine u(τ, ·) ∈ Kψ(τ ) for τ ∈ (0, T ) with (5.24)
to obtain the equation (5.25). Because (5.25) holds for any v ∈ Kψ(τ ),
τ ∈ (0, T ) it follows with the existence of the derivatives that

∂u

∂τ
+ Abs[u] ≥ 0 in (0, T ) × R.

Using this and the fact that according to (5.24)∫
R

(
∂u

∂τ
(τ, x) + Abs[u](τ, x)

)
(ψ(τ, x) − u(τ, x))dx ≥ 0

it follows from u(τ, ·) ∈ Kψ(τ ) for τ ∈ (0, T ) and the regularity of u that

(u − ψ)

(
∂u

∂τ
+ Abs[u]

)
= 0 in (0, T ) × R.
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In this way it is shown that every solution of (5.24), which is sufficiently
regular is also a solution of (5.23).

�

The above characterization of the function u is now utilized to derive the
variational formulation for the excess to payoff function

U(τ, x) := u(τ, x) − ψ(τ, x) ∀(τ, x) ∈ [0, T ] × R .

According to [MNS05], the excess to payoff function decays exponentially.
Moreover, the function U is even equal to 0 in the exercise region. In
Figure 5.3 the exponential decay is illustrated for an American put option,
where the behavior of U in the exercise region is clearly visible. On the
truncation ΩR = (−R,R) the excess to payoff is defined as

UR(τ, x) := u(τ, x) − ψ(τ, x) ∀(τ, x) ∈ [0, T ] × ΩR.

The exponential decay allows to impose zero Dirichlet boundary conditions
and so a solution UR(τ, ·) ∈ K0 is sought, where the convex cone K0 is
defined by

K0 := {v ∈ H1
0(ΩR) | v ≥ 0 a.e. on ΩR} .

Note that UR(τ, ·) ∈ K0 is a direct consequence of the condition u(τ, ·) ∈
Kψ(τ ) for τ ∈ [0, T ] in Lemma 5.9. In the Proposition below the varia-
tional form for UR is given.

Proposition 5.10
For all τ ∈ (0, T ) the excess to payoff UR(τ, ·) is the solution in K0 of(

∂UR

∂τ
, v − UR

)
+ abs (UR, v − UR) ≥ 〈f, v − UR〉 ∀v ∈ K0 (5.26)

UR(0, ·) = 0 in ΩR

where the bilinear form abs(·, ·) is given by (5.16) and f is defined as

f(τ, ·) := −∂ψ

∂τ
(τ, ·) − Abs[ψ(τ, ·)] in ΩR . (5.27)

Proof. See [MNS05].
�
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Fig. 5.3: American put option price h (top) and the corresponding excess
to payoff function U (bottom) in logarithmic spot price.

Next, the standard American put option is considered to illustrate the
right hand side of the variational form in Proposition 5.10.

Example 5.11
For the standard American put option with ψ(τ, x) = (K − ex)+ the
functional f in (5.27) is

f(τ, ·) =
σ2

2
Kδlog(K) − rK1(−∞,log K] (5.28)
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where δ denotes the Dirac delta.

It is no surprise that as in the case of European options the Dirac delta
functional appears on the right hand side of the variational form (5.26).
Again a discretization by finite differences of the corresponding partial
differential equation is not possible, but the finite element framework can
be applied on the variational form.

Before discretizing, we have to assure that the problem (5.26) is well posed.
According to the results in [JLL90], the continuity and coercivity of the
bilinear form abs(·, ·) stated in Proposition 5.8 imply existence and unique-
ness of the solution to the variational form (5.26). Consequently, a dis-
cretization by finite elements is applicable to determine an approximation
of the unique solution UR(τ, ·) ∈ K0 for τ ∈ [0, T ].

Discretization
Space and time are discretized as presented in Chapter 5.3.1. To ensure
vh ∈ Vq

h ∩ K0 a.e. on ΩR it is essential to consider linear basis functions.
By using hat functions, it is easy to check if vh ∈ V1

h ∩K0 a.e. on ΩR. But
already for wavelets 2 it becomes much more complex. As a result of the
hat function basis, the cone K0 in which the solution is sought reduces to

K0 := {vh ∈ R
N | vi

h ≥ 0 for i = 1, . . . , N}

and the mass matrix M, the stiffness matrix A and the load vector f
can be calculated according to (5.20). In this way, the variational form
(5.26) can be reduced to a sequence of linear complementarity problems
for which the solutions Uh(τm) ∈ K0 are for m = 1, . . . ,M determined by

(M + ΔtA)Uh(τm) ≥ Δtf(τm) + MUh(τm−1)

Uh(τm)T
(
(M + ΔtA) Uh(τm) − Δtf(τm) − MUh(τm−1)

)
= 0 (5.29)

Uh(τ0) = 0 .

The matrix M+ΔtA is positive definite and consequently it is a so–called
P–matrix for any discretization. From Theorem 3.1.7 in [CPS92] it follows
that there exists a unique solution to (5.29) for any m = 1, . . . , M .

2 A wavelet basis is proposed in [MNS05] for pricing American contracts on assets
driven by Lévy processes.
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There are different methods available for solving linear complementarity
problems. Most of these need additional requirements since A is in gen-
eral not symmetric. For PSOR the matrix M+ΔtA needs to be diagonal
dominant [AP05] and in [BL05] conditions on the discretization are im-
posed such that M + ΔtA is a Z–matrix. We use the algorithm proposed
in [MNS05], which transforms (5.29) into a contracting fix–point problem
where in each iteration a symmetric linear complementarity problem is
solved. The basic idea is to utilize that the matrix M is symmetric, posi-
tive definite for any spot price dynamics (5.1) and any discretization. This
approach has the advantage that no additional restrictions are needed in
order to solve (5.29). The fix–point problem has a convergence rate

qN =

√
1 − (c2,N)2

(c1,N)2

c1,N := ||M−1/2ÃM−1/2||2, c2,N := λmin

(
M−1/2(Ã + ÃT )

2
M−1/2

)
Ã := M + ΔtA

with λmin(·) denoting the minimal eigenvalue and || · ||2 the spectral norm.
Note that the convergence depends on the space discretization of ΩR in
N + 1 equidistant intervals and on the time discretization Δt.

5.3.3. Swing Options

Having determined finite element procedures for standard European and
American options, we now bring both approaches together to derive a
numerical scheme for valuing swing derivatives. Recall from Corollary
5.4 that prices of swing options with p ∈ N exercise rights are given for
(t, s) ∈ [0, T ] × R

+ by

V (p)(t, s) = sup τ∈Tt,T
EQ
[
e−r(τ−t)Φ(p)(τ, Sτ ) | St = s

]
with

Φ(p)(t, s) :=

{
φ(t, s) + EQ

[
e−rδV (p−1)(t + δ, St+δ)|St = s

]
if t ≤ T − δ

φ(t, s) if t > T − δ

V (0)(t, s) := 0 .
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As before, a transformation to logarithmic spot prices x ∈ R and to time
to maturity τ ∈ [0, T ] is performed with ψ(τ, x) := φ(T − τ, ex) and
u(p)(τ, x) := V (p)(T − τ, ex). Because swing option prices are determined
by single stopping time probems, it follows directly from (5.23), that the
function u(p), p ∈ N is the solution of the variational inequality

∂u(p)

∂τ
+ Abs[u

(p)] ≥ 0 in (0, T ) × R

u(p) ≥ Ψ(p) in (0, T ) × R (5.30)(
u(p) − Ψ(p)

)(∂u(p)

∂τ
+ Abs[u

(p)]

)
= 0 in (0, T ) × R

u(p)(0, ·) = Ψ(p)(0, ·) in R

with pth reward function

Ψ(p)(τ, x) :=

{
ψ(τ, x) + wτ,(p−1)(δ, x) for τ ∈ [δ, T ]
ψ(τ, x) for τ ∈ [0, δ) .

(5.31)

This reward function involves the values wτ,(p−1)(δ, ·), which represent the
swing option prices with one exercise right less. Due to the refracting
period δ > 0 between two exercise rights, these values are given by

wτ,(p)(δ, x) = EQ
[
e−rδV (p) (T − τ + δ, ST−τ+δ) |ST−τ = ex

]
for p ∈ N ∪ {0}, τ ∈ [δ, T ], x ∈ R. The values wτ,(p)(δ, ·) are determined
by conditional expectations and so they in fact represent European option
prices with time to maturity δ. But the European option prices wτ,(p) can
be formulated more generally during [τ, τ − δ]. Namely, they are given for
(t, x) ∈ [0, δ] × R by

wτ,(p)(t, x) := EQ
[
e−rtV (p) (T − τ + δ, ST−τ+δ) |ST−τ+δ−t = ex

]
(5.32)

with p ∈ N ∪ {0}, τ ∈ [δ, T ]. Additionally, it directly follows that

wτ,(p)(0, x) = V (p)(T − τ + δ, ex) = u(p)(τ − δ, x) x ∈ R.

This formulation is very convenient, as it allows us to applied the results
for standard European option prices from Chapter 5.3.2. In particular, the
partial differential equation (5.10) can be utilized to determine the values
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of the function wτ,(p)(δ, ·). That is, the function wτ,(p) satisfies for p ∈ N,
τ ∈ [δ, T ]

∂wτ,(p)

∂t
+ Abs[w

τ,(p)] = 0 in (0, δ) × R (5.33)

wτ,(p)(0, ·) = u(p)(τ − δ, ·) in R .

From V (0) = 0 in [0, T ] × R
+ it follows that

wτ,(0)(t, x) = 0 for (t, x) ∈ [0, δ] × R, τ ∈ [δ, T ].

With the formulation (5.30), (5.31) and (5.33) swing option prices in log-
arithmic spot price and time to maturity can be calculated. Note that
the values of wτ,(p)(δ, x) are required for all x ∈ R, τ ∈ [δ, T ] in order to
calculate the pth reward function Ψ(p).

As before, the numerical implementation necessitates the truncation of the
unbounded domain of the variable x to a bounded domain ΩR = (−R,R)
and boundary conditions for the sought functions at ±R have to be speci-
fied. For swing options it is essential to determine accurate boundary con-
ditions, because an iterative scheme is utilized. Consequently, we would
like to again perform a transformation to an excess to payoff function
that decays exponentially. The key question thus is how to determine the
excess to payoff function U (p) for swing options such that zero Dirichlet
boundary conditions can be imposed. The intuitive approach is to choose,
in analogy to the results in Chapter 5.3.2, the following function

Ũ (p)(τ, x) := u(p)(τ, x) − Ψ(p)(τ, x) ∀(τ, x) ∈ [0, T ] × R.

The problem is, that the pth reward function Ψ(p) in (5.31) is computed
iteratively and so its exact values are not known in advance. This makes
the construction of an excess to payoff function using Ψ(p) difficult. Hence
we propose to perform another transformation. Namely, an artificial de-
terministic function ψ(p), which is in general not the pth reward function,
but shares the same asymptotic behavior is constructed. In this way, an
excess to payoff function utilizing ψ(p) instead of Ψ(p) can be generated
that preserves the zero Dirichlet boundary conditions.

For the construction of ψ(p), we first note that by applying the property
(5.9), the pth reward function (5.31) can iteratively be rewritten as

Ψ(p)(τ, x) =

{
ψ(τ, x) + wτ,(p−1)(δ, x) for τ ≥ (p − 1)δ

Ψ(p−1)(τ, x) for τ < (p − 1)δ
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with Ψ(0)(τ, x) := 0 for (τ, x) ∈ [0, T ] × R. A natural choice for ψ(p) is
obtained by using iteratively the shifted payoff function of the European
option instead of its price wτ,(p−1)(δ, ·), i.e. for (τ, x) ∈ [0, T ]×R we define

ψ(p)(τ, x) :=

{
ψ(τ, x) + e−rδψ(p−1)(τ − δ, x + rδ) for τ ≥ (p − 1)δ

ψ(p−1)(τ, x) for τ < (p − 1)δ

with ψ(0)(τ, x) := 0 for (τ, x) ∈ [−δ, T ] × R. Let us briefly comment on
the two shifts in the definition of ψ(p). The shift in τ results from the fact
that the payoff of the European option wτ,(p−1)(δ, ·) takes place at τ − δ.
The second shift resulting from the interest rate r is to guarantee that

e−rδψ(p−1)(τ − δ, x + rδ) ≤ wτ,(p−1)(δ, x) for τ ∈ [(p − 1)δ, T ], x ∈ R,

which follows from (5.12) for standard European options. In this way, it
is ensured that ψ(p) ≤ Ψ(p) and that the asymptotic of the constructed,
artificial payoff function ψ(p) are the same as the asymptotic for the pth

reward function Ψ(p). Therewith, an artificial deterministic payoff func-
tion, which has the same asymptotic behavior as the pth reward function
is constructed.

This allows us to define the excess to payoff function for swing option
prices with p ∈ N exercise rights as

U (p)(τ, x) := u(p)(τ, x) − ψ(p)(τ, x) ∀(τ, x) ∈ [0, T ] × R. (5.34)

Note that U (p)(τ, x) ≥ 0, since ψ(p)(τ, x) ≤ Ψ(p)(τ, x) and Ũ (p)(τ, x) ≥ 0
for (τ, x) ∈ [0, T ] × R. Using similar arguments like in [MNS05], it can
be shown that U (p) decays exponentially. This is illustrated for a swing
put option with two exercise rights in Figure 5.4. Additional to the excess
to payoff function U (2) = u(2) − ψ(2) also the function Ũ (2) = u(2) − Ψ(2),
which would be the excess to payoff using the second reward function, is
plotted in logarithmic spot price. It is clearly observable that the excess
to payoff function U (2) has the same asymptotic behavior as the function
Ũ (2) and that the artificial payoff function is smaller than or equal to the
reward function.

Due to the exponential decay of the excess to payoff function U (p), zero
Dirichlet boundary conditions on

U
(p)
R (τ, x) := u(p)(τ, x) − ψ(p)(τ, x) ∀(τ, x) ∈ [0, T ] × ΩR
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Fig. 5.4: Swing put option price V (2) (top) and the corresponding excess
to payoff function U (2) as well as the function Ũ (2) in logarithmic
spot price (bottom).

are imposed. Next, the variational formulation for the function U
(p)
R is

derived. Note that a straight forward application of the results in Chapter
5.3.2 for standard American options is not possible. The difficulties we
face result from the transformation with the artificial payoff ψ(p) instead
of the pth reward function Ψ(p). Anyhow, the derivation of the variational

form for U
(p)
R is along the lines of Chapter 5.3.2.
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First, the cones in which the solutions U
(p)
R (τ, ·), τ ∈ [0, T ], p ∈ N are

sought have to be specified. For this the second inequality of (5.30), i.e.

u(p)(τ, x) ≥ Ψ(p)(τ, x) in [0, T ] × R

has to be rewritten in terms of U (p). It follows directly from (5.34) that

U (p)(τ, x) ≥ Ψ(p)(τ, x) − ψ(p)(τ, x) in [0, T ] × R. (5.35)

Combining the iterative definitions of the pth reward function Ψ(p) and the
artificial payoff function ψ(p) it is obtained that for τ ∈ [0, δ), x ∈ R

Ψ(p)(τ, x) − ψ(p)(τ, x) = 0 (5.36)

and for τ ∈ [δ, T ], x ∈ R

Ψ(p)(τ, x) − ψ(p)(τ, x) = wτ,(p−1)(δ, x) + e−rδψ(p−1)(τ − δ, x + rδ). (5.37)

But this term has exactly the form of a European excess to payoff function
with expiry date τ − δ and time to maturity δ, see Chapter 5.3.1. For the
general definition of the European excess to payoff function in the swing
option setting, (5.12) and (5.32) have to be combined. Namely, for a fixed
τ ∈ [δ, T ] and a fixed p ∈ N ∪ {0} the artificial payoff function at expiry
date τ − δ is given by

x �→ ψ(p)(τ − δ, x) (5.38)

and the time horizon of the European option part wτ,(p) is [τ, τ − δ]. From
the definitions (5.12), (5.32) it follows that for τ ∈ [δ, T ], p ∈ N ∪ {0} the
European excess to payoff function is given by

W τ,(p)(t, x) := wτ,(p)(t, x) − e−rtψ(p)(τ − δ, x + rt) (t, x) ∈ [0, δ] × R.

Note that for p = 0

W τ,(0)(t, x) = 0 (t, x) ∈ [0, δ] × R, τ ∈ [δ, T ].

Therewith we obtain from the above definition and (5.35), (5.36), (5.37)
that for p ∈ N, (τ, x) ∈ [0, T ] × R

U (p)(τ, x) ≥
{

W τ,(p−1)(δ, x) for τ ∈ [δ, T ]
0 otherwise.
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For the numerical implementation and to define the cones, we now set for
p ∈ N ∪ {0}, τ ∈ [0, T ]

W
τ,(p)
R (t, x) := wτ,(p)(t, x) − e−rtψ(p)(τ − δ, x + rt) (t, x) ∈ [0, δ] × ΩR

that is only defined on ΩR. According to the definition of ψ(p) it is rea-

sonable to impose again zero Dirichlet boundary conditions on W
τ,(p)
R .

Finally, it can be concluded that the cones in which the solutions U
(p)
R (τ, ·)

are sought–after are given by

K
(p)
0 (τ ) :=

{
{v ∈ H1

0(ΩR) | v ≥ W
τ,(p−1)
R (δ, ·) a.e. on ΩR} for τ ≥ δ

K0 otherwise

for p ∈ N, τ ∈ [0, T ]. These cones now depend on the time to maturity τ ,
on the number of exercise rights p as well as on the refracting period δ.

Note that K
(1)
0 (τ ) = K0 for τ ∈ [0, T ], which corresponds to the case of

standard American contingent claims presented in Chapter 5.3.2.

Having determined the cones K
(p)
0 (τ ), we would like to apply the varia-

tional formulations for European and American options of Proposition 5.6

and Proposition 5.10 in order to determine the values of W
τ,(p)
R (δ, ·) and

U
(p)
R (τ, ·). For the application, the transformation with the artificial payoff

function ψ(p) has to be taken carefully into account. That is, the function-
als on the right hand side of the variational forms (5.14) and (5.27) have
to be defined according to the performed transformation. By utilizing the

definitions of the excess to payoff functions W
τ,(p)
R and U

(p)
R in combina-

tion with the results for standard European and American options (5.14),
(5.27) the following functionals are determined.

For the American option part, i.e. for U
(p)
R the artificial payoff function

ψ(p) is inserted into (5.27) and so the functional on (0, T )×ΩR is given by

f (p)(τ, x) := −
∂
(
ψ(p)(τ, x)

)
∂τ

− Abs

[
ψ(p)(τ, x)

]
.

By utilizing the iterative definition of ψ(p) it follows that on (0, T ) × ΩR

f (p)(τ, x) =

{
f (1)(τ, x) + e−rδf (p−1)(τ − δ, x + rδ) for τ ≥ (p − 1)δ

f (p−1)(τ, x) for τ < (p − 1)δ
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with f (0)(τ, x) := 0 for (τ, x) ∈ (−δ, T ) × R.

To determine the right hand side of the variational form for the European

option part, the payoff function in the definition of W
τ,(p)
R is utilized. For a

fixed τ ∈ [δ, T ] and a fixed p ∈ N this payoff function is given by (5.38) and
the time horizon of the European option is [τ, τ − δ]. According to (5.14),
we so obtain for τ ∈ [δ, T ], p ∈ N that the functional gτ,(p) is defined on
(0, δ) × ΩR by

gτ,(p)(t, x) := −
∂
(
e−rtψ(p)(τ − δ, x + rt)

)
∂t

− Abs

[
e−rtψ(p)(τ − δ, x + rt)

]
Inserting again the iterative definition of ψ(p) it follows that

gτ,(p)(t, x) =

{
gτ,(1)(t, x) + e−rδgτ,(p−1)(t, x + rδ) for τ ≥ (p − 1)δ

gτ,(p−1)(t, x) for τ < (p − 1)δ

with gτ,(0)(t, x) := 0 for (t, x) ∈ (0, δ) × R, τ ∈ [δ, T ).

Remark 5.12
For swing put options with ψ(τ, x) = (K − ex)+ the functionals gτ,(1) and

f (1) are given by (5.17) and (5.28), respectively.

In the following Proposition the iterative constructions above as well as
the variational forms of European and American options (5.15), (5.26) are
combined to accomplish the variational form for swing option prices by
excess to payoff functions.

Proposition 5.13
For τ ∈ (0, T ), p ∈ N the excess to payoff function U

(p)
R (τ, ·) ∈ K

(p)
0 (τ )

solves(
∂U

(p)
R

∂τ
, v − U

(p)
R

)
+ abs

(
U

(p)
R , v − U

(p)
R

)
≥ 〈f (p), v − U

(p)
R 〉 (5.39)

U
(p)
R (0, ·) = 0 in ΩR

for all v ∈ K
(p)
0 (τ ) where the cones are given by

K
(p)
0 (τ ) :=

{
{v ∈ H1

0(ΩR) | v ≥ W
τ,(p−1)
R (δ, ·) a.e. on ΩR} for τ ≥ δ

K0 otherwise.
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For τ ∈ [δ, T ], p ∈ N, t ∈ (0, δ) the function W
τ,(p)
R (t, ·) ∈ H1

0(ΩR) satisfies
the variational form(

∂W
τ,(p)
R

∂t
, y

)
+ abs

(
W

τ,(p)
R , y

)
= 〈gτ,(p), y〉 ∀y ∈ H1

0(ΩR) (5.40)

W
τ,(p)
R (0, ·) = U

(p)
R (τ − δ, ·) in ΩR

and W
τ,(0)
R (δ, ·) = 0 in ΩR for τ ∈ [δ, T ].

The algorithm derived from Proposition 5.13 is illustrated as a pseudo
code in Table 5.1. Note that the property (5.9) is utilized in order to

for l = 1 : p
for τ = (l − 1)δ : Δt : T
if l > 1

calculate W
τ,(l−1)
R (δ, ·) using (5.40)

else

W
τ,(l−1)
R (δ, ·) = 0

end

calculate U
(l)
R (τ, ·) using (5.39)

end
end

Set u(p)(T, ·) = U
(p)
R (T, ·) + ψ(p)(T, ·)

Tab. 5.1: Pseudo code for swing option prices

increase the efficiency of the numerical procedure. The last step in the
algorithm is to transform the values according to (5.34), such that the
swing option prices at time t = 0, or equivalently at time to maturity
τ = T in logarithmic spot prices are obtained.

In summary, we derived a variational form for swing option prices in ex-
cess to payoff by combining the variational formulations of European and
American options. With the performed transformations artificial time–
dependent non–zero boundary conditions are avoided. Moreover, the ex-
istence and uniqueness of the solutions to (5.39), (5.40) follow directly for
the continuity and coercivity of the bilinear form abs(·, ·) stated in Propo-
sition 5.8. Therewith the problems are all well posed and the unique
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solutions can again be approximated by finite elements in ΩR and by the
backward Euler scheme in time.

Discretization
The space is discretized as presented in Chapter 5.3.1 with linear hat func-
tions. To obtain the initial condition for (5.40) the time discretization has
to be chosen such that δ/Δt ∈ N. In this way the variational inequality
(5.39) transforms to a system of linear complementarity problems similar
to (5.29) and for the variational form (5.40) a system of linear equations
similar to (5.22) is obtained.

Remark 5.14
Assuming the spot price model (5.1), the only differences in the variational

formulations (5.39), (5.40) are the bilinear form abs and the resulting f (1),
gτ,(1).

The proposed finite element algorithm is extendable to multidimensional
spot price dynamics. As a basis of the finite dimensional subspace
V1

h ⊂ H1
0 (ΩR), a tensor product of univariate finite element spaces each

of which having a hat function basis can be chosen. For high dimensions
this is costly and it would be beneficial to utilized instead so–called sparse
tensor product spaces as described in [FRS06]. However, using multidi-
mensional spot price processes results in more complex variational forms
with demanding mass and stiffness matrices as well as load vectors.

The derived algorithm is also applicable for futures price models where
the implied spot price dynamics are of the form (5.1), satisfying the con-
ditions (5.2), (5.3) and (5.4). Another possible extension is to consider
jump processes for the risk neutral price dynamics. The elementary open
question here is if the fundamental results of Theorem 5.2 and Corollary
5.4 hold also for spot prices driven by Lévy processes.

In the next chapter, the flexibility of the above proposed finite element
procedure is illustrated by several applications. Thereby swing options
with different payoff functions and different underlying risk neutral price
dynamics are investigated.





Chapter 6

Applications and Numerical
Results

In this chapter the derived finite element algorithm is applied to value pop-
ular swing derivatives in energy markets. For a start, the Black–Scholes
model is considered to examine swing option prices as well as exercise
and continuation regions. Afterwards a mean reverting, seasonal elec-
tricity spot price model is utilized for the valuation of interruptible and
swing call options. Furthermore, a contract price similar to the lease price
of hydroelectric power stations is computed under these price dynamics.
Next, swing options under the electricity futures price model proposed in
Chapter 2 are investigated. To derive a suitable formulation for the finite
element procedure, a change of measure according to [Hin06] is performed.
In this way, swing call options with strike price zero are examined. Finally,
a comparison of the finite element algorithm to Monte Carlo methods is
performed, where the main focuses are accuracy and computational time.

6.1. Valuation in a Black–Scholes Market

To gain some insight into the numerical valuation of swing contracts we
start with the simplest examples, namely swing call and swing put options
under the Black–Scholes model. As before, let (Wt)t≥0 denote a Brown-
ian motion on the probability space (Ω,F , Q) with associated, complete



110 Applications and Numerical Results

filtration F = (Ft)t≥0. The spot price process (St)t≥0 is assumed to have
the following risk neutral dynamics

dSt = Strdt + StσdWt (6.1)

with S0 = s

where r and σ are positive constants, representing the interest rate and
the volatility.

It is well known that in the case of no dividends, the American call option
price is equal to the price of a European call option since there is never any
value in exercising early, see e.g. [GS94]. The optimal exercise strategy
of a swing call option with p exercise rights and maturity T is at time
t ≤ T − (p − 1)δ consequently given by

τ ∗ = (T − (p − 1)δ, . . . , T − δ, T ) ∈ T (p)
t

and therewith the swing call option price for s ∈ R
+ is

V (p)(t, s) = EQ

[
p−1∑
i=0

e−r(T−iδ−t)(ST−iδ − K)+ | St = s

]

where K ≥ 0 denotes the strike price.

In the sequel, swing derivatives with multiple American put rights and
payoff functions

φ(t, s) = (K − s)+ for (t, s) ∈ [0, T ] × R
+, K > 0 (6.2)

are investigated. The exercise regions of such derivatives are according to
Corollary 5.4 characterized by

V (p)(t, s) = Φ(p)(t, s) ⇐⇒ 0 < s ≤ s∗p(t)

where s∗p(·) denotes the exercise boundary value. It is optimal to exercise

the pth right at time t, if the current spot price s is equal or below the
critical value s∗p(t). The influence of the refracting period on option prices
(see equation (5.9)) also effects the exercise boundary values for which the
following equation holds

s∗p(t) = s∗p−1(t) for t ∈ (T − (p − 1)δ, T ] (6.3)
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for p > 1. That is, exercise regions coincide as soon as the number of
exercisable rights until maturity is limited.

For the numerical results the following parameter values and discretiza-
tions

T = 1, K = 100, σ = 0.3, r = 0.05, δ = 0.1, (6.4)

Δt = 10−3, N = 4097, ΩR = (−5, 5).

are used. The numerical approximation of fair swing put option prices with
up to five exercise rights are presented in Figure 6.1. It is not surprising
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Fig. 6.1: Swing put option prices for up to 5 exercise rights using the
Black–Scholes model.

that swing and American put option values are similar in appearance. The
influence of the refracting period is not directly observable on swing option
prices for up to five rights.

On the other hand, the impact of the refracting period on exercise regions
characterized in (6.3) can be seen in Figure 6.2 where the calculated ex-
ercise boundary values are presented. Moreover, it is observed that for
p, p′ ∈ N with p ≥ p′

s∗p(t) ≥ s∗p′(t) ∀ t ∈ [0, T ] .
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Fig. 6.2: Exercise boundary values of swing put options for up to 5 ex-
ercise rights using the Black–Scholes model.

This monotonicity, which has been proved by [CT07] in the perpetual case,
remains open for finite horizon swing put options. However, the mono-
tonicity is consistent with the intuition due to the iterative construction of
swing option prices in Proposition 5.4. Another property of the exercise
boundary functions s∗p(·) is that they strictly increase in t on the time
interval [0, T − (p− 1)δ]. Or equivalently, the exercise boundaries strictly
decrease in the time to maturity τ on the interval [(p − 1)δ, 1], as plotted
in Figure 6.2.

6.2. Valuation in Electricity Markets

Since swing options are widely used in natural gas and electricity markets,
we now turn to spot price models that capture the complex price dynamics
of energy markets. First, the electricity spot price model proposed in
[LS02] is considered, where a mean reverting seasonal price process is
assumed. Under this model, swing call options and interruptible swing
options are examined. In addition a contract, which is similar to the lease
price of a hydroelectric power station is modeled and investigated. Next,
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the futures price dynamics proposed in Chapter 2.2 are utilized for the
arbitrage–free prices of the underlying. To avoid the implied spot price
dynamics, a change of measure is performed as proposed in [Hin06]. This
transformation yields for swing call options with strike price zero a suitable
form for the finite element algorithm.

6.2.1. Mean Reverting, Seasonal Spot Price Model

Let us start with the mean reverting seasonal spot price model proposed
in [LS02]. The risk neutral spot price is assumed to have the following
form

St = exp(f(t) + Xt)

with dXt = κ

(
−λσ

κ
− Xt

)
dt + σdWt.

The parameter λ represents the so–called market price of risk and the
function f(·) is deterministic, continuously differentiable. Note that the
function f(·) is assumed to capture any relevant predictable component
of the spot price like the seasonal patterns. The risk neutral spot price
(St)t≥0 can also be expressed as the solution to the following stochastic
differential equation

dSt = κ(b(t) − log(St))Stdt + σStdWt, S0 = s, (6.5)

where b(·) is defined as

b(t) =
1

κ

(
σ2

2
+

df

dt
(t) − λσ

)
+ f(t) t ≥ 0. (6.6)

Note that the mean reversion level in the proposed dynamics is time–
dependent. In [LS02] the authors suggest the following form for the de-
terministic function

f(t) = δ + γ cos

(
(t + ω)

2π

365

)
t ≥ 0 (6.7)

for weekdays and report the parameter estimates

κ = 0.016, σ = 0.086, λ = 0.036, δ = 4.867, γ = 0.306, (6.8)

ω = 0.836.
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These are obtained from daily electrical spot and futures price observations
from 01/01/1993 to 31/12/1999 at the Nordic Power Exchange, Nord Pool
ASA. For illustration one path of this model using the above parameter
estimates is displayed in Figure 6.3. The large influence of the seasonal
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Fig. 6.3: Spot price scenario of the model (6.5).

mean reversion level on the risk neutral price process (St)t≥0 is clearly
visible.

We next examine two type of swing options, namely swing call options
and so-called interruptible swing options. Both type of derivatives are
popular in electricity markets, whereas the last named are mainly traded
in combination with futures contracts. Moreover, a contract is modeled,
which is similar to the lease price of a hydroelectric power plant. In the
sequel all prices are quoted in Norwegian krones (NOK), which is the
currency used at the Nordic Power Exchange, Nord Pool ASA in Norway.

Swing Call Option
Due to complex consumption patterns and the non–storable nature of
electrical power, swing call options are of special interest in power markets.
These derivatives give the contract holder a fixed number of exercise rights
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for virtually or physically producing electrical power for fixed production
costs. In the following production costs K ≥ 0 and a finite time horizon
[0, T ] are assumed, i.e. the payoff function is given by

φ(t, s) = (s − K)+ for (t, s) ∈ [0, T ] × R
+ . (6.9)

For the numerical valuation we consider the electricity spot price model
(6.5) with estimates (6.8) as well as the following parameter values and
discretizations

T = 1, δ = 0.1, r = 0.05, K = 10,

Δt = 10−3, N = 4097, ΩR = (−6, 6).

The swing call option prices at time t = 0 for up to seven exercise rights
are presented in Figure 6.4. Notice that option prices seem to increase
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Fig. 6.4: Swing call option prices for up to 7 exercise rights using the
mean reverting, seasonal spot price model (6.5).

linearly with initial spot prices. Moreover, the value of an additional right
seems to depend on the already available number of exercise rights in a
contract but not much on the initial spot price. This is illustrated in Fig-
ure 6.5 where swing option prices depending on the number of exercise
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Fig. 6.5: Swing call option prices depending on the number of exercise
rights for s =100, 200, 300 using the mean reverting, seasonal
spot price model (6.5).
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Fig. 6.6: Exercise boundary values of swing call options in time to matu-
rity for up to 7 exercise rights using the mean reverting, seasonal
spot price model (6.5).
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rights are plotted for 3 different initial spot prices. It is clearly observable
that the swing option price is a concave function in the number of exercise
rights p and that the dependence on the initial spot price s is weak. The
latter effect might result from the high volatility and the mean reverting
property of the chosen spot price model. It is to be noted that no influ-
ence of the seasonality is visually observable on contract prices. On the
other hand, the impact of the seasonality on the exercise boundary values
presented in Figure 6.6 is non negligible. By comparing the form of the
function s∗1(·) plotted in time to maturity with the simulated spot price
scenario in Figure 6.3, we observe that both inherit the structure of the
time–dependent mean reversion level.

Interruptible Swing Option
Another very interesting and important swing derivative is the so–called
interruptible swing option. This derivative is mainly traded in combina-
tion with a futures contract and allows the owner to interrupt the constant
delivery by either increasing or decreasing it by one commodity unit. In
this way, an interruptible swing derivative provides the owner of the op-
tion with the flexibility to adjust the delivery at certain points in time
according to the current demand. If the demand is high, an additional
commodity unit can be required for a fixed price. On the other hand, in
situations when the demand is low, the delivery of the futures contract
can be reduced by one commodity unit and a fixed amount of money is re-
ceived. This is equivalent to selling one commodity unit for a fixed price.
Although interruptible swing options are mainly traded in combination
with a futures contract, the flexibility to interrupt the delivery can be
viewed as a derivative by itself. That is, the swing option can be traded
without the futures contract and so its price is determined by looking only
at the swing activities. To be precise, the optimal acquiring and selling
of the commodity with respect to fluctuations in the spot price are of
interest.

For selling one commodity unit or equivalently stopping the delivery of the
futures contract at spot price s ∈ R

+ the contract owner makes a profit
(Ksell − s)+, where Ksell ≥ 0 is the pre–specified selling price. Similarly,
acquiring of an additional commodity unit for a fixed price Kbuy ≥ 0
results in a gain (s − Kbuy)

+ at current spot price s ∈ R
+. Summing
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up, the payoff function of an interruptible swing option with strike prices
Kbuy ≥ Ksell ≥ 0 is given by

φ(t, s) = (Ksell − s)+ + (s − Kbuy)
+ (t, s) ∈ [0, T ] × R

+ (6.10)

and represents the combination of a call and put option. The owner of
an interruptible swing contract has exactly p ∈ N rights to interrupt the
delivery of the futures contract, no matter which action he is going to
take. Thus the key question is at what spot price to take which action.
To determine the exercise and continuation region, the definition of the
boundary value function s∗p(·) has to be extended. For every t ∈ [0, T ] the
continuation region is now bounded from below by the optimal exercise
strategy of selling and it is bounded from above by optimally buying a
commodity unit. Therefore, the continuation region of the pth exercise
right is given by

s∗p : [0, T ] → R
2

t �→ (s∗p,sell(t), s
∗
p,buy(t)).

Note that the interruptible swing option presented above is very similar
to the derivative discussed in [Dah05]. For the numerical valuation we
focus on the spot price model (6.5) with estimates (6.8) and the following
parameter values, discretizations

T = 1, δ = 0.1, r = 0.05, (Ksell,Kbuy) = (120, 180),

Δt = 10−3, N = 4097, ΩR = (−6, 6).

The determined fair prices of interruptible swing contracts at time t = 0
are presented in Figure 6.7 for up to five exercise rights. It is not surprising
that the contract prices inherit the structure of standard put and call
options for low and high initial spot prices respectively. However, the value
of an additional right seems to depend mostly on the already available
number of exercise rights in the contract for initial spot prices close to
(Ksell,Kbuy) = (120, 180). This impression is confirmed in Figure 6.8,
where option prices depending on the number of exercise rights are plotted
for three different initial spot prices. Although an additional exercise
right gives the contract holder more flexibility in an interruptible contract
than in a swing call option, the price of the interruptible swing contract
increases less in the presented example. This results from the chosen strike
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Fig. 6.7: Interruptible swing option prices for up to 5 exercise rights using
the mean reverting, seasonal spot price model (6.5).
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Fig. 6.8: Interruptible swing option prices depending on the number of
exercise rights for s =100, 200, 300 using the mean reverting,
seasonal spot price model (6.5).
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Fig. 6.9: Exercise and continuation region for interruptible swing options
in time to maturity for up to 5 exercise rights using the mean
reverting, seasonal spot price model (6.5).

prices (Ksell,Kbuy), which are relatively low for selling and high for buying.
Therewith the profit of each exercise right is less than the payoff obtained
from the swing call option with strike price K = 10.

The optimal exercise and continuation regions of the considered inter-
ruptible swing derivative are presented in Figure 6.9. Like in the case of
swing call options, a significant influence of the seasonality on the exercise
boundaries is observable. Moreover, it is only optimal to exercise a right
before it expires if a minimal profit is attained. The required minimal
profits at expiry dates seem to depend on the remaining number of exer-
cise rights and on the time to maturity.

Virtual Hydro Storage
Swing options are sometimes very similar or even equal to lease prices of
storage facilities. This is a natural consequence of the technical difficulties
incorporated in production, transmission processes and the lack of deriva-
tives in power markets. We now present a swing option, which is similar to
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the lease price of a hydroelectric power station and is called virtual hydro
storage. This type of swing option is inspired by the idea of hedging by
hydroelectric power station dispatch strategies.

Consider a hydro storage where the production intensity is limited by the
maximal turbine output λ > 0, which is assumed to be independent of the
water level in the basin. In addition, the operational delay from changing
the operating state of the hydroelectric power plant is negligible. The
flexibility of this production asset can be sold in a swing type of derivative.
Namely by a swing call option with strike price K ≥ 0 representing the
constant operating and managing costs for running the power plant at
full turbine output. As it is technically not practical to run the turbine
for only a few minutes at full output, the virtual hydro storage contract
includes a constant minimal running time δ > 0. That is, each time a right
is exercised the amount λ · δ of electrical power is produced for the price
K per MWh. The payoff of the virtual hydro storage has consequently
the form

φ(t, s) = λ δ (s − K)+

for (t, s) ∈ [0, T ] × R
+. Note that with this formulation it is indirectly

assumed that the spot price does not change during the time period δ.
Depending on the size of δ, this assumption is realistic as spot prices are
at most quoted on an hourly basis at power exchanges. The value δ addi-
tionally stands for the refracting period between two exercise rights. The
total number of exercise rights is determined by the available amount of
water (measured in MWh), divided by λ ·δ, the amount of power produced
per exercise right.

Let us illustrate the price of a virtual hydro storage and the optimal exer-
cise strategy in the following example. The production costs of hydroelec-
tric power stations are marginal and thus it is assumed that K = 0. The
initial water amount in the basin is set equal to i = 315622.8 MWh and it
is assumed that there is no inflow during the contract period of one year.
The maximal turbine output is λ = 60 MW and for the calculation we set
δ = 0.0005, which corresponds to approximately 4 hours and 20 minutes.
Therewith the number of exercise rights can be calculated as

p =
i

δ λ
= 1200.

Note that under the above assumption the maximum number of exercisable
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rights during the contract period of 1 year is 2000, which corresponds to the
case when the turbine is always operating at full output. Consequently,
the hydro storage in our example might run up to 60% of the contract
period.

For the numerical calculation the following parameters and discretizations
are used

T = 1, δ = 0.0005, r = 0.05, λ = 60 MW, K = 0

Δt = δ, N = 513, ΩR = (−6, 6).

The prices of the virtual hydro storage at time t = 0 are computed for
initial water amounts i = 262.8 MWh to i = 315622.8 MWh, which cor-
respond to p = 1 and p = 1200 exercise rights. The results are presented
in Figure 6.10 for different initial spot prices. Note that the prices show
exactly the same behavior as the swing call option prices presented in Fig-
ure 6.4 and Figure 6.5. This is not surprising, as the payoff function has
only slightly been changed.

The optimal exercise times of the multiple stopping time problem indicate
when a right should be exercised by the contract owner. That is, they
indicate from which spot price on the turbine should be running at full
output depending on the water amount in the basin and on the remaining
time. In Figure 6.11 the computed exercise boundary values are plotted
for different water amounts in time to maturity.

Again, the characteristics of the exercise boundary values are similar to
those observed for swing call options. If the water amount in the basin
is greater than the total amount of power that can be produced until
maturity, the critical spot price to operate the turbine is equal to K = 0.
This is seen by the drop of the exercise boundary values to the points
in blue, which are equal to zero. Moreover, for small water amounts the
seasonality in the exercise boundary values is exactly the same as in Figure
6.6 for one exercise right.
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Fig. 6.10: Lease prices of the virtual hydro storage with maximum water
amount 315622.8 MWh, using the mean reverting, seasonal
spot price model (6.5).

Fig. 6.11: Exercise boundary values of the virtual hydro storage with
maximum water amount 315622.8 MWh using the mean re-
verting, seasonal spot price model (6.5).
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6.2.2. Futures Price Model based on the Currency Change
Approach

Next, the futures price model proposed in Chapter 2.2 will be consid-
ered for pricing swing options. In general, one would have to derive the
arbitrage–free spot price dynamics explicitly from the constructed futures
price process. In our case, this can be avoided by considering only swing
call options with strike price K = 0. For the determination, the two–
factor Ho–Lee model will be utilized for which the parameter estimates
are known from the historical calibration in Chapter 3.

To derive a suitable formulation for the finite element algorithm, we follow
the lines of [Hin06], where the author proposed a change of measure. Under
the derived futures price model the value of a swing call option with p ∈ N

exercise rights, maturity T and observed initial futures curve (F ∗
0 (t))t∈[0,T ]

is given by

V (p)(0, F ∗
0 (·)) = sup

τ (p)∈T (p)
0

EQF

[
p∑

i=1

e−rτi(Fτi(τi) − K)+

]
. (6.11)

Recall, that the futures price dynamics of the two–factor Ho–Lee model
(3.1)–(3.3) is specified for all (t, τ ) ∈ D as

dFt(τ ) = −Ft(τ )
(
(σ(τ − t) + vρ)dWF,1

t + v
√

1 − ρ2dWF,2
t

)
(6.12)

with F0(τ ) = F ∗
0 (τ )

where (WF
t = (WF,1

t , WF,2
t )T )t≥0 denotes a two dimensional Brownian mo-

tion, σ, v ∈ ]0,∞[ and ρ ∈ [−1, 1]. By using the currency change (2.9),
(2.10) from the commodity to the virtual base market and the correspond-
ing change of measure (2.12), swing call option prices with K = 0 can be
rewritten as

V (p)(0, F ∗
0 (·)) = sup

τ (p)∈T (p)
0

EQF

[
p∑

i=1

e−rτiFτi(τi)

]

= sup
τ (p)∈T (p)

0
EQF

[
p∑

i=1

e−rτi
1

Nτi

]

= sup
τ (p)∈T (p)

0
EQM

[
p∑

i=1

e−rτi
1

Nτi

NT

CT

C0

N0

]
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where (Nt)t≥0 denotes the risky asset, (Ct)t≥0 the compounding process
and QM the risk neutral base market measure. According to property M1
in Chapter 2.2, (Nt/Ct)t∈[0,T ] is a QM–martingale and therewith

V (p)(0, F ∗
0 (·)) = sup

τ (p)∈T (p)
0

C0

N0
EQM

[
p∑

i=1

e−rτi
1

Nτi

Nτi

Cτi

]

= sup
τ (p)∈T (p)

0
F ∗

0 (0) EQM

[
p∑

i=1

e−rτi
1

Cτi

]
.

Note that with the performed transformation, the swing call option price
depends only on the process (Ct)t≥0. This would not be the case for strike
prices K �= 0. According to the Heath–Jarrow–Morton construction in
Chapter 2.2.1, the compounding process (Ct)t≥0 has the dynamics

Ct = exp

(∫ t

0
fs(s)ds

)
(6.13)

where the forward rates ft(τ ) in the two–factor Ho–Lee model are given
by

ft(τ ) = f0(τ ) + σ2t
(
τ − t

2

)
+ σWt for all (t, τ ) ∈ D

with f0(τ ) = − ∂

∂τ
log F ∗

0 (τ ) for all τ ∈ [0, T ]

where (Wt)t≥0 denotes a standard Brownian motion under the measure
QM . Hence,

1

Ct
= exp

(
−
∫ t

0
fs(s)ds

)
= p0(t) exp

(
−
∫ t

0

1

2
σ2s2 + σWsds

)

=
F ∗

0 (t)

F ∗
0 (0)

exp (−σtWt) exp

(∫ t

0
σsdWs −

1

2

∫ t

0
σ2s2ds

)
.

To simplify the formulation further, a Girsanov transformation is per-
formed to change to a new measure Q̃ with Brownian motion (W̃t)t≥0
given by

dQ̃ := exp

(∫ T

0
σsdWs −

1

2

∫ T

0
σ2s2ds

)
dQM

W̃t := Wt −
∫ t

0
σsds for all t ∈ [0, T ].
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With this new measure the swing call option price with strike K = 0 is
rewritten as

V (p)(0, F ∗
0 (·)) = sup

τ (p)∈T (p)
0

EQ̃

[
p∑

i=1

e−rτi Γ(τi, W̃τi)

]
(6.14)

where the function Γ is given by

Γ : [0, T ] × R → R
+

(t, w) �→ F ∗
0 (t) exp

(
−σ2

2
t3 − σtw

)
.

In this way, the swing call option price is reduced to a multiple stopping
time problem with payoff function Γ and underlying process (W̃t)t≥0. Note
that in this setting, the important component is no more the initial value
of the underlying process W̃0 = 0, but rather the observed initial futures
curve (F ∗

0 (t))t∈[0,T ], which is the key component in the function Γ. An
astonishing result from the above calculation is that neither the volatility
v nor the correlation ρ of the two–factor Ho–Lee model influence the value
of swing call options with strike zero, although both occur in the futures
price dynamics (6.12). That is, under the futures price model (6.12) swing
call option prices with K = 0 can be transformed to (6.14) and so only the
volatility σ and the initial futures price curve (F ∗

0 (t))t∈[0,T ] are required
for the computation. Additionally, the formulation (6.14) needs only a
one–dimensional underlying process, although the considered futures price
dynamics (6.12) is two–dimensional.

For the numerical valuation it is assumed that the observed futures curve
is constant, i.e. F ∗

0 (t) = F ∗
0 (0) for all t ∈ [0, T ]. In addition, the volatility

estimate of Table 3.1, the parameter values and discretizations

T = 1, δ = 0.1, σ = 1.1293, r = 0.05

Δt = 10−3, ΩR = (−6, 6), N = 2048,

are used. Since the parameter value of Table 3.1 is utilized, all prices are
quoted in Euros. In Figure 6.12 swing call option prices are presented for
up to five exercise rights and for different initial futures prices. It is clearly
observed that the values increase linearly with the initial futures prices.
This is not surprising due to the form of the function Γ in which the values
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Fig. 6.12: Swing call option prices for up to 5 exercise rights with the
two–factor futures price model (6.12).
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Fig. 6.13: Swing call option prices depending on the number of exercise
rights for F ∗

0 (0) =20, 30, 40 with the two–factor futures price
model (6.12).
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(F ∗
0 (t))t∈[0,T ] play a key role. The strong influence of the initial futures

price curve on swing options is also observable in Figure 6.13 where the
derivative prices depending on the number of exercise rights are plotted.
In the master’s thesis [Feh05] swing option prices with K �= 0 under the
proposed futures price model are examined by a tree methodology. The
implementation is publicly available at http://www.ifor.math.ethz.ch
and includes the numerical valuation of the European type derivatives
discussed in Chapter 4.

6.3. Comparison with Monte Carlo Simulations

Next the presented algorithm is compared to Monte Carlo methods with
respect to accuracy and computational time. Already for one exercise
right, i.e. an American option, pricing with simulation techniques is known
to be difficult. A detailed examination of Monte Carlo methods for finan-
cial applications is presented in [FLMW01]. In this text the Monte Carlo
simulation presented in [CT07] is considered for the comparison. All com-
putations have been performed in double precision arithmetic on a PC
with 2GB RAM in MATLAB 7.1.

In a first step, the numerical performance of the algorithms is examined
for American put options in the Black–Scholes framework. A suitable
benchmark of option prices is obtained by the semianalytic approach pro-
posed in [Car98]. This approach is based on a technique called random-
ization and so it is neither related to finite element methods nor to Monte
Carlo simulations. With the parameter values (6.4) the American put
option price at time t = 0 with initial spot price s = 100 is determined

as V
(1)
ex (0, 100) = 9.8682. For the finite element algorithm the following

discretization is considered

Δtfe = 10−3, ΩR = (−5, 5), N = 256 or 2048.

The time discretization and the number of scenarios M in the Monte Carlo
procedure are

Δtmc = 5 · 10−2, M = 5 · 103 or 104,

which is along the lines of the discretization proposed in [CT07]. To deter-
mine the standard errors of the results from the Monte Carlo simulation
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ten different seeds have been computed. The obtained American put op-
tion prices are compared to the benchmark solution and absolute errors,

i.e. |V (1)
mc (0, 100)− V

(1)
ex (0, 100)|, |V (1)

fe (0, 100)− V
(1)
ex (0, 100)| are presented

in Table 6.1. Additionally, the elapse time in seconds of both procedures

Monte Carlo Finite Elements

M = 5 · 103 M = 104 N = 256 N = 2048
Price [Std] 9.9957 [0.0815] 9.9116 [0.0378] 9.8669 9.8673
Error 0.1275 0.0434 0.0013 0.0009

Time 152.9956 884.0701 2.7544 42.6751

Tab. 6.1: Comparison of American put option prices calculated by Monte
Carlo and finite element algorithms.

is quoted whereas only one run of the Monte Carlo algorithm has been
taken into account. Note that the accuracy of the finite element algorithm
is much higher even though the computational time is significantly lower.

For the comparison of swing option prices we use the initial spot price
s = 100 and up to five exercise rights. Since multiple stopping time prob-
lems are iterative and the option price curves are reused as new reward
functions it is essential to obtain accurate values in each iteration. There-
fore, it is to expect that for the prices as well as for the computational
time the difference of both methods grows with more exercise rights. The
results summarized in Table 6.2 and Table 6.3 confirm this. Note that by

M = 5 · 103 M = 104

Price [Std] Time Price [Std] Time
p = 2 19.3438 [0.1669] 525.4509 19.1709 [0.0970] 2147.4954

p = 3 28.2017 [0.2273] 936.1986 27.9241 [0.1510] 3663.7990
p = 4 36.5340 [0.2842] 1404.3136 36.1401 [0.2027] 4585.4166
p = 5 44.2735 [0.3374] 1794.9928 43.7486 [0.2708] 6998.3469

Tab. 6.2: Swing option prices and elapsed time for the Monte Carlo sim-
ulations.

using Monte Carlo simulations the swing option price for only one initial
spot price is found, whereas the whole price curve is obtained by applying
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N = 256 N = 2048
Price Time Price Time

p = 2 19.2558 13.3016 19.2517 128.6127

p = 3 28.1379 23.1364 28.1233 208.2398
p = 4 36.4787 30.0370 36.4492 280.0466
p = 5 44.2356 35.8328 44.1874 344.1770

Tab. 6.3: Swing option prices and elapsed time for the finite element
algorithm.

a finite element method. The knowledge of the whole option curve allows
values of additional rights in swing contracts to be interpreted and the de-
pendence of option prices on initial spot prices to be observed. Moreover,
the computation of the exercise boundary values is obtained simultane-
ously in the finite element approach and thus no additional computational
time is needed. On the other hand, swing option prices for several ini-
tial spot prices would have to be computed by Monte Carlo simulations
in order to obtain reasonable exercise boundary values at the beginning
of the time interval [0, T ]. This results in a tremendous rise of compu-
tational time, due to the unavoidable increase of scenarios in the Monte
Carlo simulation. In addition, the boundary values presented in [CT07]
indicate that it might be difficult to achieve a high level of accuracy for the
optimal exercise strategy of swing options with Monte Carlo methods.



Chapter 7

Conclusions

The liberalization of the energy industry requires the adaptation of risk
management techniques in power companies. Thereby designing, pricing
and selling derivative products brings about new challenges for market
participants. On the one hand a theoretical basis for contract prices is
needed and on the other hand the impact of options on generation and
transmission processes has to be considered. Both aspects are of particular
importance due to the physical attributes of electrical power, the techni-
cal requirements and the capacity constraints. In this thesis we focused
on the market valuation of derivative products using tools from financial
mathematics.

For the application of the no–arbitrage approach, the introduction of a fu-
tures market was essential. The non–storability of electrical power and the
impracticality of short positions in electricity spot prices eliminated the
direct utilization of techniques from financial mathematics. By modeling
a liquid futures market over the electricity spot market these difficulties
were overcome. In addition, risk neutral spot prices were identified by ter-
minal futures prices. This property permitted the no–arbitrage valuation
of power derivatives written on spot prices. However, the determination
of risk neutral futures price dynamics was proven to be highly complex
as the physical attributes of the underlying commodity needed to be in-
corporated. The question of how to incorporate the non–storability into
electricity price models is difficult to answer and still under discussion.

We proposed an arbitrage–free electricity price model based on an ax-
iomatic setting. In this framework a fundamental equivalence between
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power and virtual base markets was proven. The derived equivalence per-
mitted the application of well established, credible money market models
in order to appropriately generate risk neutral electricity price dynam-
ics. The key point in the construction was the choice of the fixed in-
come market model. For electricity prices, the Gaussian Heath–Jarrow–
Morton methodology was utilized. The so derived arbitrage–free electricity
market model not only offered highly flexible price dynamics but also re-
spected market participants’ expectations about future electricity prices.
The same approach was suggested for modeling arbitrage–free prices of
other flow commodities such as natural gas.

The deduced explicit futures price dynamics were applied to value popular
European type of derivatives in energy markets, namely caps, floors and
collars, as well as calendar and cross commodity spread options. It turned
out that these derivative prices were all ultimately related to the stan-
dard Black–Scholes option pricing formula. The crucial parameter was
the volatility whose form resulted from the specific futures price model.
Additionally, the explicit option pricing formulas took into account the
observed futures curve, which represented market participants’ expections
about future electricity prices. These findings are beneficial, since the most
standard tool for derivative pricing can also be applied in power markets
without losing sight of the unique market features and the expectations
regarding future electricity prices.

With the accomplished historical calibration of a two–factor Ho–Lee
model, an investigation of the influence of the parameter values on option
prices was performed. It turned out that for both proposed estimation
procedures, the volatilities in the Black–Scholes formula increased signif-
icantly close to maturity. This effect was not only observed for parame-
ter values calibrated with electricity futures prices, but also for estimates
obtained from natural gas futures. The increase of contract volatilities
close to maturity, the so–called Samuelson effect, was already statistically
observed in [EW03]. There it is reported that this effect is especially pro-
nounced for contracts in flow commodity markets. Thus it is remarkable
that our model confirms the statistical observations by requiring only three
parameter values.

Many derivatives in power markets offer flexibility in terms of timing and
quantity but include constraints from production processes. This is also
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the case for electricity swing options, which enjoy great popularity in com-
bination with futures contracts. For these complex derivatives there is
little hope to derive closed form solutions and consequently fair prices as
well as optimal exercise strategies have to be approximated by numerical
schemes. For the valuation, the implied credit risk, resulting from the
fact that swing options are over–the–counter products, was not taken into
account.

We focused on swing options, which were defined as American type of
derivatives with multiple exercise rights. The prices of such swing con-
tracts were formulated as finite horizon multiple stopping time problems.
Due to the existence of the optimal exercise times, these problems were
reduced to cascades of single stopping time problems. Futhermore, it was
proven that the only swing option price that does not create arbitrage
is obtained in this way. Consequently, by numerically solving a series of
single stopping time problems fair swing option prices as well as exercise
regions were computable.

The proposed algorithm to solve the cascade of single stopping time prob-
lems was based on finite element methods. The central idea of this ap-
proach was the transformation of option prices to so–called excess to pay-
off functions that decay exponentially. By reason of the exponential de-
cay, zero Dirichlet boundary conditions were imposed on the solutions of
the variational formulations. Therewith a high accuracy for the iterative
scheme could be achieved.

The examined applications revealed the high degree of flexibility of the
finite element procedure with respect to different spot price models and
payoff functions. All the computed option price curves, the values of
additional rights in swing contracts and the optimal exercise strategies
showed smooth and stable behaviors allowing these characteristics of swing
derivatives to be interpret. Furthermore, the performed comparions of the
finite element procedure to Monte Carlo simulations confirmed the high
degree of accuracy of our method and indicated a superior computational
speed, especially for increasing number of exercise rights.

The presented work on modeling and valuation aspects of power deriva-
tives comprises some interesting and substantial extensions. One of them
is the derivation of risk neutral price dynamics for storable commodities
based on the presented currency change approach. This might provide in-
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sight into how different storage costs influence the risk neutral commodity
price dynamics and therewith derivative prices. Moreover, electrical power
could then be view as a limiting case, where storage cost are assumed to
be infinite.

Another important aspect is the calibration of the proposed futures price
model. In this thesis we considered a two–factor Ho–Lee model. Other
fixed income market models like the Hull–White or the Cox–Ingersoll–
Ross model might yield more insight into the qualitative characteristics
of power derivatives. In addition, it would be interesting to calibrate the
model implicitly. At the current stage this was not possible due the lack
of liquid market data.

The derived general setting of the finite element procedure allows a straight
forward extension to Lévy models. However, the elementary open question
is the existence of the optimal exercise times for swing type derivatives.
This issue was the basis for the formulation of swing option prices as
cascades of single stopping time problems, which permitted the application
of the finite element procedure. Proving the existence of the optimal
exercise times for swing options on assets driven by Lévy processes seems
to be a challenging task.
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Math. Model. Numer. Anal., 38(1):37–71, 2004.

[Oks03] B. Oksendal. Stochastic Differential Equations: An Intro-
duction with Applications. Springer Verlag, New York, 6th
edition, 2003.

[OS05] B. Oksendal and A. Sulem. Applied stochastic control of jump
diffusions. Springer Verlag, Berlin, 2005.

[Pil98] D. Pilipovic. Energy risk: valuing and managing energy
derivatives. McGraw-Hill, New York, 1998.



144 Bibliography

[PPP04] G. Pages, H. Pham, and J. Printems. Optimal quantization
methods and applications to numerical problems in finance.
In S. Rachev, editor, Handbook of Numerical Methods in Fi-
nance, pages 253–298. Birkhäuser, Boston, 2004.
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