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Abstract

The ever-growing complexity of electromagnetic devices as well as the increasing carrier

frequencies and clock rates in communication systems pose a substantial challenge to

computer codes that simulate and optimize these devices before fabrication, despite
the increasing availability of computing resources. This motivates the development of

simulation tools that deliver a better performance both in terms of accuracy as well as

computation time and memory, on the one hand, and advanced optimization schemes

that minimize the deployment of lengthy simulator runs, on the other hand.

The finite-volume method has been enjoying an increased attention over the recent

years due to its superior shape approximation capabilities. Being a relatively young

technique, at least in the context of electromagnetic modelling, however, it is still lagging
behind commercial implementations of other methods in terms of efficiency. Moreover,
the problem of numerical energy dissipation prohibits the application to highly resonant

structures and yet needs to be eliminated.

This work presents novel approaches that primarily aim at the increase of the method's

numerical efficiency but also address the issue of numerical dissipation. The former is

achieved with the application of model order reduction techniques to the models that

are obtained from a finite-volume space-discretization, the latter is addressed with the

introduction of alternative discretization schemes.

Being frequency domain slanted, model order reduction requires a state-space formu¬

lation of the system. Since such formulations have not been readily available, they are

introduced for established as well as novel discretization schemes. Finally, the appli¬

cability of Krylov-subspace-based model order reduction techniques is examined with a

particular emphasis on numerical efficiency when applied to real-life devices.

Furthermore, model order reduction offers an attractive way to compute a structure's

system characteristics, such as poles and zeros, which can serve as optimization targets
in surrogate model optimization schemes. Such schemes aim at reducing the number of

required full-wave simulator runs in a device optimization process by approximating the

influence of the designable parameters on a set of model parameters. Here, a surrogate

model optimization framework is presented that utilizes model order reduction as an

efficient surrogate model extraction method and the system poles as an objective. This

approach yields an optimization scheme that is at the same time fast, reliable, automatic,
and general.
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Zusammenfassung

Die ständig wachsende Komplexität elektromagnetischer Komponenten sowie die stei¬

genden Trägerfrequenzen und Taktraten in Kommunikationsanlagen stellen die Com¬

puter Programme, die zur Simulation und Optimierung dieser Komponenten eingesetzt

werden, trotz immer grösserer Rechnerkapazitäten vor eine schwierige Herausforderung.
Dies motiviert die Entwicklung von genaueren und effizienteren Simulationsmethoden

einerseits und fortschrittlichen Optimierungsalgorithmen, die die Anzahl der benötigten
rechenintensiven Simulationen minimieren, andererseits.

Wegen seiner hervorragenden Eigenschaften in der Approximation komplizierter Geo¬

metrien hat sich das Verfahren der finiten Volumen in den letzten Jahren wachsender Be¬

liebtheit erfreut. Allerdings bleibt seine Effizienz aufgrund seines vergleichsweise gerin¬

gen Alters, zumindest was den Einsatz in der Simulation elektromagnetischer Felder

betrifft, hinter der kommerzieller Implementierungen anderer Verfahren zurück. Ausser¬

dem leiden traditionelle Ansätze mit finiten Volumen immer noch unter numerischer

Dissipation, die den Einsatz zur Simulation hochresonanter Systeme verhindert.

Diese Arbeit präsentiert neue Ansätze, die in erster Linie dazu geeignet sind, die nu¬

merische Effizienz dieser Methode zu steigern, sich aber auch der numerischen Dissipa¬
tion annehmen. Während ersteres durch den Einsatz von Verfahren zur Reduzierung der

Modellordnung erreicht wird, widmet sich die Einführung alternativer Diskretisierungs-
ansätze dem letzteren.

Da es sich bei der Reduzierung der Modellordnung um Verfahren handelt, die Fre¬

quenzbereichsverfahren sehr ähneln, ist eine Formulierung des Problems im Zustands-

raum erforderlich. Solche Formulierung werden in dieser Arbeit sowohl für etablierte als

auch für neue Diskretisierungsansätze vorgestellt. Letztendlich wird die Einsetzbarkeit

von Krylov Unterraum basierten Verfahren zur Reduzierung der Modellordnung un¬

tersucht. Hierbei wird besonderer Wert auf die numerische Effizienz beim Einsatz in

realistischen Beispielen gelegt.
Darüber hinaus bieten die Verfahren zur Reduzierung der Modellordnung eine at¬

traktive Möglichkeit zur Berechnung von Systemeigenschaften, wie der Pole und Null¬

stellen, welche als Ziele für die Optimierung mit Hilfe von Ersatzmodeilen dienen können.

Solche Optimierungsverfahren versuchen die Anzahl der Simulationen zu verringern, die

gewöhnlicherweise für eine Optimierung benötigt werden, indem sie den Einffuss der ver¬

änderbaren Parameter auf die Parameter des Ersatzmodells approximieren. Hier wird

ein Optimierungsverfahren vorgestellt, welches die Reduzierung der Modellordnung zur

Erzeugung solcher Ersatzsysteme einsetzt und die Pole der Streumatrix als Zielfunk¬

tion nutzt. Dies liefert eine schelle, robuste, automatische und allgemeine Methode zur

Optimierung von elektromagnetischen Strukturen.
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1 Introduction

1.1 Motivation

The recent decades have seen a drastic increase in the availability and accessibility of

computational resources. As a result, these days, affordable desktop computers possess

adequate central processing unit (CPU) performance and random access memory (RAM)
that allow the simulation of challenging electromagnetic (EM) problems. However, at

the same time, the complexity of high frequency (HF) devices has increased. This is

due to increasing clock rates and carrier frequencies, which require larger computational
domains - in terms of wavelengths - as well as smaller feature sizes. Regardless of the

space discretization technique that is being employed, the number of unknowns is largely
influenced by these two characteristics. Thus, larger models as well as smaller details

within this model require meshes with a higher number of unknowns.

A technique that is capable to efficiently incorporate both is the finite-volume time-

domain (FVTD) method. Originally developed in the context of computational fluid

dynamics (CFD), it has found its way into computational electromagnetics (CEM) in

the recent years. Common implementations rely on an unstructured tetrahedral mesh,
which gives them a great flexibility in approximating device features with a complicated

geometry. In fact, it is the only time-domain (TD) method that solves Maxwell's equa¬

tions on an unstructured grid without requiring an implicit form of the time derivative

approximation. Thus, it combines the flexibility of a finite-element method (FEM) with

the efficiency of a finite-difference time-domain (FDTD) scheme.

The potential of the finite-volume (FV) technique in frequency-domain (FD), however,
has not been given a great deal of attention. This may be, in part, due to the fact that

an FD solution generally requires a matrix formulation of the problem and, since such

formulations may be rather difficult to establish, most current TD schemes circumvent

the construction of a system matrix with implementation of an update loop. Neverthe¬

less, an FD solution may be attractive for problems, where the TD solver suffers from a

decrease in efficiency, namely resonant devices that require long settling times.

The efficiency of an FD formulation is substantially increased with the application of

model order reduction (MOR). MOR techniques attempt to approximate the - generally

very large - system of ordinary differential equations that represents the discrete model

by means of a smaller model. The fundamental difference to other solution methods is

the fact that the result is a "model of a model", which allows a variety of post-processing

steps and applications as opposed to a mere frequency response.

The primary application of these reduced order models is a fast frequency sweep.

If the number of its unknowns is small, the frequency response of the model can be

evaluated at an arbitrary number of frequency samples at a negligible computational
cost. Naturally, the generation of the small model will require some effort. However, as

most MOR techniques show an outstanding performance when applied to highly resonant

1



2 1 INTRODUCTION

devices, for this class of applications this effort can be far less than a conventional TD

or FD solution Therefore, MOR appears to be an attractive way of addressing the

shortcomings of the FV method and its utilization with resonant devices

Along with a host of other applications, MOR offers the possibility of efficiently ex¬

tracting system characteristics, such as the system poles and reflection and transmission

zeros Such characteristics can serve in novel optimization schemes

Despite the continuous growth of computational resources, device optimization of EM

models of HF devices is still considered an extremely challenging task This is due to the

fact that simulation times are still too long for a repeated evaluation of the EM model

For highly complex problems, one simulation run can easily require up to several days
While this time may still be acceptable for a single run, it becomes excessively high if

an optimization process involves several hundred of these runs

This limitation of conventional optimization tools can be avoided with the deployment
of surrogate models If such a surrogate model captures the influence of the designable

parameters on certain aspects of the device performance1 or its characteristics, the op¬

timizing algorithm may evaluate the surrogate model instead of the full-wave EM space

discretization This will result in a tremendous saving in terms of CPU time The full-

wave model will only be used occasionally, in order to update the surrogate model An

additional benefit is the lowered sensitivity of the optimization result to the initial choice

of the designable parameter values, 1 e an improved reliability
There are several strategies that implement such an approach They differ in the way

that the surrogate model is extracted from the full-wave model, as well as in the form in

which the surrogate model is represented The extraction methods must be assessed by
means of their model accuracy and by the degree of required user interaction, whereas

the model representation mainly effects the reliability of the optimization process

1.2 Objectives

This work's objective was to apply MOR to space discretizations that originate from the

FV technique in order to obtain means to efficiently simulate resonant devices with the

help of this method Furthermore, the applicability of reduced order models in surrogate
model optimization schemes was to be examined

Being FD slanted, MOR requires the problem to be formulated in state-space Since

such a formulation had not been readily available it had to be derived for several variants

of the FV technique Along with the work on a matrix formulation, novel discretization

schemes had to be developed that overcome certain shortcomings of the FV method, such

as a dissipative behavior that is particularly pronounced when the method is applied to

resonant structures, such as filters These novel schemes were to be implemented in both

a two-dimesional (2-D) and a three-dimensional (3-D) version

Before MOR could be applied to these novel state-space models, their performance
needed to be examined with the help of a frequency domain solution Such a solution can

be considered the exact solution of the discrete model within computational accuracy and

is used to benchmark the MOR results The capabilities of several MOR approaches had

1In most cases that are related to this work, those aspects will be related to the frequency response
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to be evaluated with regard to their efficiency and accuracy when applied to real-world

applications

Moreover, the potential of reduced order models in the context of microwave device

optimization was to be investigated A general optimization framework that exploits

surrogate models should be developed that addresses several issues that are common in

virtually all optimization schemes The optimization process should be as automated and

general as possible User interaction should be reduced to a minimum and the approach
should not be limited to microwave filters However, since very powerful surrogate

models exist for this class of devices, a connection between these models and reduced

order models was to be found Furthermore, the optimization algorithm was to show a

low sensitivity to the initial choice of parameters, l e a high reliability, as well as an

improved efficiency that allows the optimization of practical devices within acceptable
time limits

1.3 Outline

In Chapter 2, the fundamentals of the FV technique are recapitulated briefly before

established as well as novel discretization schemes are presented This includes the well-

known flux-sphttmg with monotonie upwmdmg and field-averaging schemes as well as

novel staggered and flux-based schemes Additionally, a short summary of time dis¬

cretization methods is given

Chapter 3 starts with a general introduction of the description of EM systems by
means of state-spaces The standard form of linear time invariant (LTI) multiple-input

multiple-output (MIMO) systems is given along with curl-curl and higher degree forms

The principal topic is a detailed derivation of the state-space matrices for the various

discretization schemes from Chapter 2 Since the central focus of this work is the efficient

computation of the frequency response, the solution that can be obtained from the state-

space models in frequency domain is given, which results in a closed-form representation

of the system's scattering, impedance, or admittance matrix, including considerations

on the computational cost This chapter would not be complete without a derivation

of other system representations that can be derived from the state-space form Those

will gam significant relevance in Chapter 5 The derived state-space formulations are

verified through the comparison of the frequency response of several examples to reference

simulations

The application of model order reduction methods is discussed in Chapter 4 After a

few general remarks on the notion of model order in the context of CEM, several appli¬
cations of MOR are outlined in order to motivate further investigations The following
sections explain three MOR approaches that are based on a projection of the original

state-space onto so-called Krylov subspaces The performance of those approaches when

applied to FV state-spaces is discussed on the basis of multiple examples

An application of reduced order models in surrogate model optimization strategies is

given in Chapter 5 After an introduction into the principal idea of surrogate model

optimization, the two critical steps are explained, namely the extraction of the surrogate
model and the model representation The former includes three different extraction
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techniques that may also be combined, as well as considerations of the choice of the

surrogate model order. Here, the concept of compact models is introduced. Finally,
a general surrogate model optimization framework is given before some examples are

presented.



2 The Finite-Volume Technique

Abstract— Originally developed in the domain of computational fluid dynamics (CFD), where it is

employed to numerically solve the partial differential equations (PDEs) of the hyperbolic conservation

laws, the finite-volume time-domain (FVTD) technique has found its way into the simulation of

electromagnetic devices in the recent decades [1,2] It has gained increasing attention by virtue of

the outstanding accuracy that can be achieved, particularly when applied to structures with fine, sub-

wavelength details or high dielectric contrasts This accuracy can be ascribed to the unstructured

nature of the - commonly tetrahedral - mesh, on which Maxwell's equations are discretized While

the choice of tetrahedrons as the finite volume elements is not exclusive, tetrahedrons are generally

preferred over other basic shapes, as they offer a high level of flexibility when approximating the

surfaces of arbitrarily shaped objects In equivalence to the conservation laws of charge or matter,

for example, the time variation of the fields in a finite volume is attributed to the flux through this

volume's boundary

This chapter presents the fundamental equations of the finite-volume (FV) technique Several

strategies for the implementation of the basic equations as well as for the partitioning of space into

mesh cells are presented Among them are the well established flux splitting with upwinding and

field averaging schemes, as well as the novel staggered and flux-based schemes Their derivation is

given for the three-dimensional (3-D) case but is easily extended to yield a two-dimesional (2-D)

implementation The time-domain (TD) solution will only be outlined briefly since the performance

of the schemes will be discussed in conjunction with a frequency-domain (FD) solution in the fol¬

lowing chapter

2.1 Fundamentals

In a derivative form Maxwell's curl equations are given as

d

n

D = cuilH-J-J1 (2.1)

dt
v '

d -,

—B = -cmt\E, (2.2)

dt
v '

which becomes

d -, -,

£—E = cmlH-aE-J1 (2.3)

dt
;

d -,

u—H=-cmt\E. (2.4)
^
dt

v '

in linear isotropic media. In (2.1) through (2.4) E and H are the electric and magnetic

field vectors, D and B are the corresponding flux densities, J is the current density due

to conductive materials, and Jt are impressed current densities, e, /x, and a denote the

material's permittivity, permeability, and conductivity, respectively.

5
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A conservative form of (2.3) and (2.4) is given in [3] in a single matrix equation as

M—U + DivF(U)
= 0,

dt
v '

where the field values are collected in the vector

(2.5)

U — [ Ex Ev Ez Hx Hv Hz ] ,

M is a 6 x 6 diagonal material matrix with the respective permittivity and permeability
on its principal diagonal. F is a linear operator with

F(U)

0 -Hz Hy
Hz 0 -H<

-Hy Hx 0

0 Ez -Et

-Ez 0 Ex

E„ —Ex 0

and Div F is a row-wise divergence of F. (2.5) clearly demonstrates the analogy to other

conservation laws, such as those of charge and matter.

If (2.3) and (2.4) are integrated over a finite volume Vt that is filled with a loss-free

material and does not contain any sources, they can be rewritten under the application
of the divergence theorem as

d

dt

d

dt

eE = dp ft x H da

VI ÔVI

liH ft x E da,

(2.6)

(2.7)

dV%

where ft is the unit length outward pointing normal vector of V^s boundary surface dVt
and da is an infinitesimal surface element.

The volume integral on the left-hand side of (2.6) and (2.7) can, in general, be com¬

puted as the product of the volume average with Vt. For smoothly varying fields, ac¬

cording to the mean value theorem, this average value has to exist somewhere within the

volume Vt. An approximation is made if the value in the barycenter is assumed to be

equal to this average. For a sufficiently small Vt this is, however, a good approximation.

If the boundary surface dVt is partitioned into n-s elements, the surface integral on

the right-hand side of (2.6) and (2.7) can be computed as the sum of the products of

the respective facet area with the cross product of the normal vector and the average

field value on that face element. While, again, this average field value exists somewhere

on that facet, assuming the barycenter fields to be equal to that average results in good

approximation.
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With the help of the above approximations, (2.6) and (2.7) can be expressed as

r)
"s

-etVjt = J2^kxHt-Sk (2.8)
fc=i

ft

^VtHt = - J2 nk x El Sk
, (2.9)

fc=i

where Et and Ht represent the volume average of the electric and magnetic fields over

the volume Vt that is filled homogeneously with a material of the permittivity et and the

permeability ^t, while E\ and H^. denote the surface average of the fields on the k-th. face

element with the area Sk The arguments of the sum operators on the right-hand side

of (2.8) and (2.9) are often referred to as fluxes, since it is a quantity that is integrated

over a surface. In the following they shall be denoted as Ek and Hk

2.2 Space Discretization

If Maxwell's equations are to be solved on the computational domain il, this computa¬

tional domain must be covered with a set of Nc finite volumes Vt, assuming an arbitrary

numbering 1 < i < Nc- Generally these finite volumes are required to be disjoint (ex¬
cept for their boundaries), while their combination constructs the entire computational
domain. Hence,

v*Ç\v3 ) for i^j (2.10)

n = \Jvt. (2.ii)

In the context of computational electromagnetics, most space discretization schemes

fulfill (2.10) and (2.11). However, since (2.8) and (2.9) are always satisfied locally, (2.10)
may be relaxed (see Subsection 2.2.3 and Subsection 2.2.4). While discretizations that do

not satisfy (2.11) may be conceivable, they would probably require the implementation
of highly complicated boundary conditions that describe the interaction across gaps in

the coverage of the computational domain.

In the following, the finite volumes Vt are assumed to be tetrahedrons or combinations

thereof (Subsections 2.2.3 and 2.2.4). This choice of tetrahedrons over other shapes has

been made deliberately, due to their superior surface approximation capabilities for 3-D

shapes.
If the fields are independent of one of the three space coordinates, the finite volumes Vt

shall be assumed to be prisms with a triangular base and an arbitrary height h. Since, in

this case, the prism height h appears as a constant factor on both sides of (2.8) and (2.9)
it can be canceled and the problem can be reformulated in terms of triangles and edges.
In the following, the term cell will refer to a tetrahedron if a 3-D problem is considered

and to a triangle in the case of a 2-D problem. Similarly, the term face will refer to a

triangular surface element or to an edge, respectively. Fig. 2.1 depicts the basic shapes
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Figure 2.1: Elementary finite volumes to be used in the solution of (2.8) and (2.9). a) Tetra¬

hedron with b) triangular faces for 3-D problems and c) triangles with d) edges for 2-D

problems.

that can be used to cover the computational domain for 3-D and 2-D problems. For

easier drawing and increased readability, most drawings will depict the 2-D case, while

being valid for tetrahedral cells, as well.

(2.8) and (2.9) constitute the basic relations on which the finite-volume technique is

derived. It should be noted that it involves two types of field quantities, namely volume

and surface averages. Commonly, the volume averages are assumed to be located in

the barycenter of the volume cell. In most implementations they are regarded as the

unknown variables to be solved for. The surface averages are located on the barycenter
of the respective surface element. If the volume averages are to be solved for, those

surface averages need to be computed from the fields in the barycenters of the volume

elements. The variants of the FV method differ in the way that those surface fields are

computed.
The following subsections describe both conventional as well as novel schemes that

implement (2.8) and (2.9) in different ways. In order to maintain a certain level of

consistency, the following variables will be used as indices to the involved quantities

throughout the remainder of this chapter, assuming an arbitrary numbering:

• v. cell index, thus, 1 < i < Nc

• k: index to surface element of the «-th cell, thus, 1 < k < n-s
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• 3
Co¬ mdex to the k-th neighbor of the «-th cell, thus 1 < j^ < Nc

2.2.1 Flux Splitting and Monotonie Upwinding

The fluxes on the right-hand side of (2.8) and (2.9) can be split into an incoming and

an outgoing contribution. This corresponds to considering the temporal variation of the

fields in two adjacent cells being caused by the exchange of plane waves that travel in the

direction of the positive and the negative normal vector. This assumption is reasonable as

long as the spatial variation across the interface between those two cells can be neglected,
since the fluxes are always perpendicular to the normal vector. While guaranteeing
numerical stability, this also maintains the symmetry of the formulation. The access

to incoming and outgoing waves for every cell additionally provides the possibility of a

relatively straight-forward implementation of radiating boundary conditions as well as

the extraction of scattering parameters [4].
With the above assumption (2.8) and (2.9) can be rewritten as

d

V^A = Y.\Èk+Hk
fc=i

^Vt-^-Ht = -Y^[Ek +Ek ,

fc=i

(2.12)

(2.13)

where Ek and Hk are the outgoing contributions to nk x E£ Sk and nk x H^ Sk,

respectively, while Ek and Hk are their incoming counterparts.

The detailed derivation of those incoming and outgoing fluxes shall be omitted here

for reasons of brevity. Such a derivation can be found, for example in [3,5,6], where the

results are given as

Ek = &L2 MÄ

Ek =b

0*3 —O4 —0*5

— 0*4 0,2 —OjQ

— 0*5 —(Iß 0,\

R2 Mj(fc)Cj(fc)

m
et)

— 0*3 0*4 0*5

0*4 —0,2 Oq

0*5 Oq —0,\

H*<
(»=)

0 -nz nv

nz 0 —n

-n
y l^x 0

0 -nz

+- nz 0

-nv nx

£%) Sk (2.14)

-nx

0

E*.
(»=) Sk

(2.15)

and

Hi.

&li SÄ

a3

—C14

-a5

&R1 I £0(k)C0(k)

—a>4 -a5 0

a2 -a6 E*(k ) + —n

-a6 a-i I ny

-a3 C14 a5

C14 -0,2 a6 *?<h) +

a5 a6 -a-i

nz —n

0 nx

-nx 0

0 nz

-nz 0

nv -nx

*C« Sk (2.16)

0

H*,
(»=) Sk

(2.17)
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with the abbreviations

a\ = nx + n2y a-2 = nx + n2z a^ = n2z + n2y (2.18)

a4 = nxny a5 = nxnz a6 = nynz (2-19)

and

&li =
y

i
&ri = -

, (2.20)

/—77^ Je m/n m
&L2 =

V

^ &R2 = *
, , (2.21)

where nx, ny, and nz are the components of the fc-th surface element's outward pointing
normal vector n^. c4 and cyfc) denote the speed of light in the «-th and the j(fc)-th
cell. E\k), H*(k), E*(k), and H*{k) refer to the fields on the k-ih surface element when

approached from the «-th or the j(fc)-th cell, respectively. While continuity conditions

require these fields to be equal1, even in the presence of material discontinuities, this

requirement is relaxed here.

In a first order approximation, the field values on the cell interface can be assumed to

be equal to their corresponding volume average. Hence,

E*(k) = Et E*(k) = Ej(k) (2.22)

H*(k) = Ht ^<fc> = Hj(k) . (2.23)

While this represents a simple, relatively easy to implement approach, it suffers from

a limited accuracy, which has to be compensated with a refined spacial resolution, i.e.

smaller cells. Hence, this implementation can be expected to require considerable com¬

putational resources, in order to deliver satisfying results.

A second order accuracy can be achieved with a so-called monotonie upwind scheme

for conservation laws (MUSCL). In a first step, the gradient of the fields in each cell is

estimated, considering the interpolated fields on all its surface elements. This gradient
information is then used to extrapolate the fields from the cell barycenter towards the

cell interface. Again, performing this extrapolation may result in different values for the

fields on the same interface, depending from which of the to adjacent cells' barycenters
the fields are being extrapolated. Hence,

E*(k) = Et + GradSj • ll3(k) ^j<fc> = ^j(fc) + Grad£yfc) • lJ(k)l (2.24)

H*(k) = Ht + GradFj • ltj{k) H*(k) = Hj{k) + Gradi7j(fc) • lj{k)t, (2.25)

where / (k) is the vector from the barycenter of the «-th cell towards the barycenter of

the common interface with the j^-th cell and Grad is the row-wise gradient, which, in

1Their normal component may, of course, differ but is eliminated by the cross product.
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turn, can be computed from a discrete vectorized version of the divergence theorem:

ns

Vt Grad Êt = ^ E*k' o Nfc (2.26)
fc=i

"s

y,Grad#, = ^H^oNfc, (2.27)
fc=i

where o denotes an element-wise multiplication of the 3x3 matrices

Et'=[Êf Et Êf] nt = [ä*k> #r Ê*k>] (2.28)

with Nfc = [ nfc nfc nfc ]T. The interface fields in (2.26) and (2.27) can be estimated

as an interpolation according to

g*, = |l3(fc)J-E» + |l»j(fc)|-E>)
,2 2g,

\ll3(k)\ + |/j(fc)J

^*/ = |/jwJ-H» + Kj(fc)|-Hj(fc)
,2 3Q,

|/jj(fc)| + |/j()=)J

The above considerations hold only if faces between two adjacent cell are considered.

Faces that are located on the boundary of the computational domain and therefore only
have one neighbor have to be treated separately. This includes faces on perfect electric

conductors (PECs) and perfect magnetic conductors (PMCs) as well as faces that allow

waves to travel into open space (absorbing boundary conditions (ABCs)). The latter

can be implemented in a particularly easy way, compared to other volume discretization

methods, exploiting the inherent flux separation, by simply setting the incoming flux

contribution to zero. Since waveguide ports that allow energy to enter and leave the

computational domain through attached guiding structures (ports) can be described in

a similar fashion, by setting the incoming flux at those faces to the (known) value of the

impinging wave, a description in terms of scattering parameters comes natural.

The boundary conditions that are utilized for such boundary faces are given in Sec¬

tion A.l.

2.2.2 Field Averaging

The combination of flux splitting and the monotonie upwind scheme for conservation

laws that has been outlined in Subsection 2.2.1 can be considered the traditional im¬

plementation of the FV method. It has been demonstrated to yield accurate results in

conjunction with a Lax-Wendroff time stepping (Section 2.3). However, it suffers from

several drawbacks.

On the one hand, it introduces a relatively high computational load. In the time-

domain the gradient estimation and upwinding require a high CPU time per cell and

time step. In the frequency-domain they result in a relatively full matrix. Additionally,
a derivation of a curl-curl formulation as in Section 3.2 is rendered impossible.
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Figure 2.2: Interface field computation through interpolation

Furthermore, while showing a very low level of numerical dispersion, the above method

exhibits a dissipative behavior that becomes particularly pronounced when applied to

highly resonant structures.

In an effort to overcome these problems, a more economical scheme has been intro¬

duced [7] that relies on a direct implementation of (2.8) and (2.9), where the field values

on the cell interfaces are computed through simple interpolation. Due to the absence of

an established name it shall be termed field averaging in the following. It can be shown

that this scheme is also second order accurate and does not suffer from dissipation,

however, at the cost of a slightly dispersive behavior.

If the fields on the fc-th surface element in (2.8) and (2.9) of the «-th cell are computed
from the field values in the cell itself and its k-th neighbor j^ according to

Êt=l-(Êl+Êj{k)) (2.31)

Ht=l-(Êl + Hj{k)) , (2.32)

the fields on each face are assumed to be the arithmetic average of the fields in the two

adjacent cells. This principle is illustrated in Figure 2.2. Since the barycenter of the face

may not be equidistant from the barycenters of its neighboring cells, several weighting

techniques have been introduced (Appendix B). As demonstrated there, weighting can

have a small impact on the accuracy of the result. It does, however, destroy any given

symmetry of the system matrix, if formulated in frequency-domain.

A separation of the incoming and the outgoing contribution to the flux through any

particular surface element as in Subsection 2.2.1 is no longer needed. Instead, only the
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total fluxes through the faces are computed according to

Êk=nkxÊ*k Sk (2 33)

Hk=nkxHt Sk, (2 34)

which can be used directly in (2 8) and (2 9)
With such an approach the implementation of absorbing boundary conditions (ABCs)

can only be done in a straight forward way, if the scheme is mixed with the fiux-splittmg
scheme from above Since this approach is primarily intended for highly resonant prob¬

lems, radiating boundaries are of lower priority However, ports, at which energy can

enter and leave the computational domain, demand ABCs This need can be avoided, if

the multi-port device is described in terms of its equivalent circuit parameters instead

of scattering parameters If either current or voltage are impressed at the port and the

respective other quantity is recorded, the structure's impedance or admittance matrix

can be computed without the need of ABCs (See Appendix A 2 2)
A detailed description of the treatment of faces that are located on the boundary of

the computational domain is given in Appendix A 2

2.2.3 Staggered Schemes

While the field averaging approach that has been outlined in Subsection 2 2 2 represents

a very efficient way of computing the field values on the cell interfaces, the averaging itself

can still be a source of errors Established volume discretization methods, such as the

finite-difference time-domain (FDTD) technique [8] and the finite-integration technique

(FIT) [9-11] avoid spatial interpolation with the introduction of dual meshes The

electric and magnetic field quantities are each solved for on their individual meshes

The two meshes are staggered in a way that allows the computation of surface and line

integrals without the need for forming an average of the field values This idea has

motivated the derivation of novel FV schemes that aim at minimizing the interpolation
or extrapolation efforts that are yet inherent to the two schemes that have been presented
above

Unfortunately, the construction of a grid that is dual to the commonly used tetrahedral

grid can become quite involved, as its constituting cells do not necessary all feature the

same number of faces This encourages the usage of the initial tetrahedral grid for

both field quantities, while locating the electric and the magnetic fields each on different

designated points (cell barycenters, face barycenters, or corners) in the mesh

One possible arrangement represents the location of the unknown electric field values

in the barycenters of the tetrahedrons (triangles in 2-D) and the magnetic field values

in the barycenters of interfaces (Figure 2 3) This allows a direct evaluation of the

surface integral in (2 8), as the interface field values of the magnetic field H£ are readily
accessible

Evaluating (2 9) in this configuration requires the definition of a novel cell geometry,

since the magnetic field is no longer located in the barycenter of a tetrahedral (triangular)
cell The suggested shape for this task is a hexahedron (quadrangle in 2-D) that is
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® E-Field Location O H-Field Location Averaging

Figure 2.3: In the H-staggered scheme the electric field vectors are located in the barycenter
of the tetrahedrons (bold contour), while the magnetic field vectors are located on the cell

interfaces, which are assumed to be collocated with the barycenters of overlapping hexahe¬

drons (gray background), a) Field values involved in update of the ^-th E-field and the ^-th

H-field b) Field values involved in the update of the i + f-th E-field and the i + f-th H-field.

composed from the two adjacent cells. A striking feature of this approach is that (2.10) is

violated, i.e. neighboring cells are no longer disjoint, a somewhat uncommon property in

the context of volume discretization methods. Since, compared to previous schemes, the

location of the magnetic field has been removed from its original location, the approach
that is being described here shall be referred to as the H-staggered finite-volume scheme.

It is also noticeable that the electric interface fields in (2.9) still need to be interpolated
from the fields in the two cells that are adjacent to the six faces of the hexahedron. Hence,
this approach does not eliminate averaging completely. In fact, casually speaking, the

averaging on the right-hand side of (2.8) is moved to the left-hand side of (2.9).
If the «-th hexahedron is composed from the tetrahedrons q and r, the total flux

through the hexahedron's faces can be computed as the sum of the fluxes through the

four faces of each tetrahedron, as the fluxes through the common interface cancel each

other because of the opposite direction of the normal vector n^. Hence, (2.9) can be

written as

d
6

x
4

x(i)
4

Ar)

-lllVlHl = -Y^E^ = -Y.Ek ~Y.Ek > (2-35)
fc=i fc=i fc=i

where Ek andEk represent the fluxes through the faces of those tetrahedrons. Because

the two sums on the right-hand side of (2.35) each represent the time variation of the
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magnetic fields Hq and Hr in the barycenters of the respective tetrahedrons, the time

variation of Ht can be expressed as a sum of those. Multiplying this sum with

*
=1

Vq + Vr

yields
d

\rv
d

i/ Ü ,

d
\r Ü

d aqVqHq+nrVrHr

IJ,tVtHt

=

-^-iJ-qVqHq +
—^rVrHr

= —Vt
*

„ , (2.36)
drl

' '

drq q q
ar'

' '

at vq + vr

which demonstrates that applying the H-staggered scheme is equivalent to forming a

volume-weighted average of the magnetic flux density on the left-hand side of (2.9), if

the the two cells are filled with the same material or if the permeability /Zj is the volume

weighted average of /xq and /xr.

Such staggering of the fields, also has an effect on the boundary conditions. If a face

comes to lie on a perfect magnetic conductor (PMC), Hj. = 0, since the cross product
of the normal magnetic field with the normal vector yields zero. If the face is on a

perfect electric conductor (PEC), a similar approach as in Subsection A.2.1 has to be

implemented. Hence, the PMC boundary condition is implemented exactly, whereas the

PEC boundary condition involves the assumption of a infinitely large planar boundary.

However, while PEC boundaries are of more practical importance for the modelling
of arbitrary structures, PMC boundaries are mostly used as a symmetry condition, thus

being planar and infinitely extended. These consideration favor the reverse approach
that locates the electric fields in the barycenters of the faces and the magnetic fields in

the tetrahedrons (Figure 2.4), which will be termed the E-staggered scheme, accordingly.

Here, all of the considerations concerning the H-staggered scheme apply, however, PMC

boundaries can now be implemented exactly by simply omitting contributions from the

flux associated with the electric field through those boundary faces. A detailed descrip¬
tion of the boundaries for staggered schemes is given in Appendix A.2.

Locating fields on the faces of the mesh allows to easily impress the corresponding
circuit parameters. Hence, the H-staggered scheme allows the impression of the port

current and therefore the straight-forward computation of the system's impedance ma¬

trix, whereas the E-staggered scheme yields the system's admittance matrix after the

port voltages have been impressed (See also Subsections 3.4.3 and 3.5.1).

2.2.4 Flux-Based Formulation

The staggered schemes that have been introduced above in Subsection 2.2.3 eliminate

the need for averaging on the right-hand side in (2.8) or (2.9) at the cost of an unequal
treatment of the electric and magnetic field. Locating one of the fields in the cells and

the other on the faces, not only results in a different number of unknowns for these

quantities
butalsoinadifferentnumericalimplementationofthecurloperatorforthosefields.Whilethisisnotunacceptableingeneral,itdoeshaveanunpredictableimpactonstabilityinatime-domainsolutionandmatrixconditioninafrequency-domainsolution.Itishencedesirabletoderiveaschemethattreatstheelectricandmagneticfieldsequallywhileeliminatingtheneedforfieldaveraging.Alogicalconsequenceisto

locate
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® E-Field Location O H-Field Location Averaging

Figure 2.4: In the E-staggered scheme the magnetic field vectors are located in the barycenter
of the tetrahedrons (bold contour), while the electric field vectors are located on the cell in¬

terfaces, which are assumed to be collocated with the barycenters of overlapping hexahedrons

(gray background). a) Field values involved in update of the ^-th E-field and the ^-th H-field

b) Field values involved in the update of the i + 1-th E-field and the i + 1-th H-field

both the electric and magnetic field unknowns on the cell faces. In order to compute the

time variation of those values, the fluxes through the faces of the hexahedrons that are

composed from two adjacent tetrahedrons can be evaluated directly, since the fields on

the faces are readily accessible (Figure 2.5). The material properties of the hexahedrons

that have been composed in such fashion have to be given as the volume weighted

average, if the two participating tetrahedrons differ in material.

Similar to the staggered schemes from Subsection 2.2.3 this scheme works on non-

disjoint cells. Locating the fields in the barycenters of the faces instead of the cells

roughly doubles the number of unknowns. This doubling of the unknowns does not

necessarily increase the computational cost. In TD the larger volume-surface ratio allows

a larger time step (compare (2.43)) and in FD the elimination of interpolation makes

the system matrix more sparse.

This approach can no longer be considered a staggered scheme, as the fields are col¬

located again, but it does bear the advantage that the fields that are required for the

computation of the fluxes through the faces are available without interpolation. Thus,
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E-Flux Location O H-Flux Location

Figure 2.5: In the flux-based formulation both the electric and magnetic fields are located on

the cell faces, a) Fields involved in the update of the ^-th cell, b) Fields involved in the

update of the i + f-st cell

the constituting equations can be given as

dt

d

m

zlVlEl = ^nj(fc) x Hj{k) Sj{k) = y^-H",
fc=i

(»=)

fc=i

M» VtHt — -

2_^n3(k) x E0(k) S0(k) — - 2_^F>3(k) ,

fc=i fc=i

(2.37)

(2.38)

where the sum is over the n-s = 6 faces of each hexahedron. Compared to (2.8) and (2.9)
the absence of the * denoting the face field computation should be noted. Nevertheless,
a direct implementation of (2.37) and (2.38) is prone to yield ambiguous results, since

any arbitrary addition to the fields that is perpendicular to the normal vector of the

faces fulfills the above equations. Such a component would be eliminated by the cross

product with this normal vector. This fact makes any implementation of this scheme in

finite precision inherently unstable or ill-conditioned, respectively.

This problem can be overcome by defining the fluxes themselves as the unknown

quantity. Thus, if (2.37) and (2.38) are each cross multiplied with the normal vector of
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the «-th face nt and this face's area St, one can write

"s
_,

nt x 2jiïj(fc) ' ^

fc=i

d ( -.\ d -

—£tVt \nt X Etj St = gT^tVt1

d / ->\ d -

"s
-

—\i%V% int x HA St = —elVlEl = -nt x y~]En(k)
fc=i

&

(2.39)

(2.40)

An additional benefit that results from the choice of fluxes as the unknowns and

the faces as their location in the mesh is that PEC and PMC boundaries are easily

implemented. The normal field component that may exist on those boundary faces

is eliminated through the cross-product and it is hence sufficient to simply omit the

contribution from the respective fluxes on those faces. A detailed description of the

boundary conditions for the flux-based scheme can be found in Appendix A.4.

2.3 Time-Domain Solution

The finite-volume method has originally been developed in conjunction with an time-

domain solution process, which is why it is commonly referred to as the finite-volume

time-domain (FVTD) method. Although the central focus of this work is a formulation

in frequency-domain, the most important characteristics of the time-domain solution

shall be collected here, for completeness.
A discretization of time requires the time derivative on the left-hand side of (2.8)

and (2.9) to be approximated as a finite difference of two subsequent values in time,

separated by time step At. In a first-order (Euler) approximation, this leads to the

explicit expression that computes the updated fields in the «-th cell at the time (n + l)At
from the previous fields at the time (nAt) according to

h:

(n+l)

(n+l)
At

H

(n)

(n)
v-

"s

fc=i

M» LF„
:(»)

-lE.
(n) (2.41)

However, with this time update, the occurrence of numerical instabilities has been ob¬

served in conjunction with the FV technique.

Accuracy and stability can be improved, if the a second-order accurate time update
is performed. However, although the electric and magnetic fields are collocated both in

space and in time,
second-orderaccuracycanbeachievedwithanexplicitscheme,ifaso-calledLax-Wendroff[12,13]schemeisapplied.Here,thefieldsatthetime(n+^)Atareestimatedinafirst-orderpredictorstepasin(2.41)withAt/2.Thosefieldsarethenusedtocomputethefluxesthatarenecessaryfortheupdate.Hence,H.(n+l)(n+l)AtE.,H,(n)(n)^Efc=iMîH.-lÊ.((«+!))(2.42)ThisLax-Wendrofftimesteppinghasbeensuccessfullyusedinconjunctionwithaflux-splittingFVschemeintherecentyears.Schemes,thatdonotinvolvefluxsplitting,
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such as the field-averaging, the staggered, and the flux-based schemes, are preferably
solved with a leap-frog approach as it is known from the finite difference [8] or the finite-

integration techniques [9]. In this type of time stepping the electric and magnetic field

values are computed on two interleaved discrete time scales, which allows the computa¬

tion of one of the field quantities form the other without the need for temporal inter- or

extrapolation.
The stability of the TD solver is primarily affected by the size of the time step At. A

stability condition is given in [3] as

At < min ( y/e^l l ) , (2.43)

which reveals that the maximum possible time step is determined by the cell with the

smallest ratio of volume to surface area. For a reasonably regular mesh this will be the

cell with the smallest volume. In order not to update larger cells that do not require
such a fine time discretization with a time step that is determined by the small cells in

the computational domain, local time steps have been introduced in [14].
In order to compute frequency-domain data such as scattering parameters, a TD

solver records the terminal quantities such as in coming and outgoing wave amplitudes or

generalized port voltages and currents at a number of time samples that are transformed

into FD by means of a discrete Fourier transform (DFT).
In virtually all conventional implementations of the FVTD technique, (2.41) or (2.42)

are solved for each cell individually, which requires the program too loop through the

cells at every time step. This is motivated by the easy of implementation as well as its

flexibility. In general, it allows each cell to have its individual update scheme. A matrix

formulation of the update equations for the different discretization methods will be given
in the following chapter. Such a formulation is required if the system is to be solved

in frequency-domain and it enables the application of model order reduction (MOR)
methods.

2.4 Conclusions

Several approaches that implement the fundamental equations of the finite-volume tech¬

nique have been presented. Among them are the traditional approach that involves a

splitting into the incoming and outgoing fluxes between two adjacent cells and a mono-

tonic upwind scheme for conservation laws (MUSCL) as well as the more recent field-

averaging approach that computes the total flux between those cells. Both of these

methods have so far only been presented in conjunction with time-domain (TD) solver.

Additionally, novel approaches - the staggered and the flux-based schemes - have

been introduced. The objective behind the derivation of those novel schemes is a better

applicability of model order reduction (MOR) methods as well as an overcoming of the

dissipation that has so far prohibited an application of the FV method to highly resonant

structures as they occur frequently in electromagnetics.
The principal solution in time-domain is only outlined briefly since the major focus

of this work will be an evaluation in FD. An evaluation of the different discretization

schemes will be given in Sections 3.7 and 4.6.
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3 State-Space Formulations

Abstract— While outstanding results have been achieved with time-domain implementations, par¬

ticularly for several types of antennas [15-17], some applications, primarily resonant structures that

require long settling times, call for a frequency-domain (FD) solver

However, a frequency-domain solution generally requires the problem to be formulated as a linear

system of equations that in most cases is solved with the help of an iterative method Alike most

transmission-line matrix (TLM) schemes, common implementations [3,6,7,14] of the finite-volume

time-domain (FVTD) method refrain from setting up this system of equations Instead, they loop

through the cells of the volume mesh at every time step updating the fields in these cells Hence, a

formulation in terms of a system matrix has not been readily available until it had been introduced

recently
An additional benefit from a matrix formulation - and this has primarily motivated the work in

this direction - is the possible application of model order reduction schemes that allow a highly
efficient simulation of resonant structures (See Chapter 4) MOR has been developed originally in

the area of control theory, which is why a state-space notation that is common in this context shall

be introduced

This chapter describes the derivation of state-space formulations for the discretization schemes

that have been presented in Section 2 2 as well as how the input-output behavior can be computed

in the frequency-domain This FD solution is inherently inefficient, a fact that can be remedied with

application of model order reduction

3.1 General State-Space Formulation

The standard state-space formulation for MIMO LTI systems is given as [18]

d

dt'
AX + Bx

CX + Dx,

(3.1)

(3.2)

where X is the vector of unknowns, or state vector, A is a system matrix, B is the

right-hand side port operator that relates the input vector x to the internal states, C

is a selector matrix, or left-hand side port operator that computes the output vector

y from the states, and D is the feedthrough matrix. The size, structure, and value of

those quantities vary greatly with the employed space discretization method as well as

with the character of the input and output vectors, which, in this context, will be either

amplitudes of incident and scattered waves or currents and voltages at the ports of the

device.

If (2.8) and (2.9) are cast into a single matrix equation, they can be written as

d_
dt 0

0 E

H
= A$

E

H
+ B$

e

h
(3.3)
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In (3.3)

Me- = diag([eT sT sT ]T)
and

M^ = diag([ AT AT AT ]T)
are diagonal matrices that contain the products of the cells respective material parame¬

ters along their principal diagonal. Hence, if V collects all the cell volumes Vt, e and /lx

collect all the permittivities et and permeabilities /Xj,

e = Voe jj, = V o fj,.

The unknown field values Et and Ht are collected in the vectors E and H broken down

into their components:

E = [ Eœ Ey EJ ] H = [ H^ H^ Hj ]

Hence,

Èt = [ E(i) E(WC + i) E(2Wc + *) ]T
ff,= [H(«) H(Nc + i) H(2WC + *)]T,

where the index is in the brackets, a formulation that is common in MATLAB® [19].
A$ performs a flux computation from the field values in the cells. Hence, according
to the applied discretization scheme, each row of A$ selects the required field values,

computes the corresponding fields on the faces through monotonie upwinding or aver¬

aging, computes the cross product with the normal vector, multiplies the result with

the face areas, and sums over the n-s faces of each cell. It also includes the boundary
conditions for PEC, PMC, and absorbing boundaries. Details on the implementation of

those boundaries can be found in Appendix A.

In all discretization schemes the computational domain is excited by adding fluxes

through the port faces. These ports are regions in the boundary of the computational
domain that simulate the connection of an infinitely long waveguide. Such a waveguide

typically supports an infinité number of orthogonal field solutions - modes - that can

travel along its longitudinal axis. In practical applications, only a limited number is of

interest. The excitation that originates from each of those modes has to be considered

separately. Thus, if the computational domain possesses np ports each supporting hmp

modes, the total number of independent excitations is

np

m = ^nMp- (3.4)
P=i

Those fluxes are computed from the modal fields in e and h by a matrix B$ and given
the amplitude of the input quantity x. The analytically derived modal fields are sampled
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at the location of the port faces barycenters and collected at the appropriate locations

in the m columns of

=

[e£
T „T _T

h=[h£ h^ hj]

(3.5)

(3.6)

such that

[ e(i,p) e(N + i,p) e{2N + i,p) ] = ep(uk,vk)

[h(i,p) h(N + i,P) h(2N + i,p) ]T = hp(uk,vk),

if the k-th face of the «-th cell with its barycenter at (uk, vk) is on a port and

[ e(i,p) e(N + i,p) e{2N + i,p) ]T = 0

[h(i,p) h(N + i,p) h(2N + i,p) ] 0,

if the «-th cell does not have a port face. Hence, the p-th column of e and h corresponds
to the p-th waveguide mode and 1 < p < m. See Appendix A.1.3 for details on the

modal fields ep(u,v) and hp(u,v).
In order to bring (3.3) to the form of (3.1), it appears to be sufficient to multiply (3.3)

with the inverse of the material matrix. However due to the great difference in magnitude
of the permittivity and the permeability this deteriorates the condition number of the

system matrix and also destroys any given symmetry. It is therefore preferable do define

X =

0

0 E

H
(3.7)

and then multiply with the inverse of the square root of the material matrix. This results

in

A =

B

Me- 0

0 M

Me- 0

0 M

2 r mf 0 1
A$

0 M^
i

2

Bc]>
e

h

(3.8)

(3.9)

Since the material matrix is diagonal, the square root as well as the inverse can be

computed element-wise. In this way, the (skew) symmetry of the system matrix is

guaranteed, provided that A$ is (skew) symmetric.

The various space discretization schemes differ in the way the fluxes are computed from

the field values. Therefore, they all result in a different A$ and B$. Section 3.4 describes

the construction of the flux matrix and the port operator as well as the computation of

the output vector for each of the discretization schemes in Section 2.2.
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3.2 curl-curl Formulation

In a similar fashion as the vector wave equation can be derived from (2 3) and (2 4),
either the electric or the magnetic field unknowns can be eliminated from (3 3), leaving
the respective other to be solved for This results in a drastic decrease in the number of

states

With (3 7) through (3 9), (3 1) can be written as

d

dt

M|E

Mm

An Ai2

A21 A22

M|E

Mm

Bi

B2
x, (3 10)

with the system matrix and the right-hand side port operator decomposed into blocks

of appropriate dimensions

If An = 0 and A22 = 0, it is easy to express one of the field quantities through the

other This condition is not always fulfilled, as will be shown in Subsection 3 4 11

Choosing the electric field as the independent quantity requires the expression of H

in terms of E, which results in

h = m; A21MJE + B2X] dr (3 11)

and is placed into the first row of (3 10), yielding

d2 1

dt2
M| E = A12 A2iM| E + B2x -

dt
Bix

after time derivation on both sides

In a similar way,

dt2

d
Mm = A21A12M* H + Bix + -B2x

(3 12)

(3 13)

can be derived with the magnetic field as the independent quantity

The question, which quantity to choose as independent, can be answered after consid¬

ering the blocks of the right-hand side port operator If B2 = 0, which corresponds to

impressing the magnetic field at the ports, (3 12) yields

il
dt2

A "V"
r.r. tr*-c.c.-f*-c.

d

dt
Brrx (3 14)

with

Acc = A2iA12 xrr = Mm Bcc Bi (3 15)

1If this condition is not fulfilled it is still possible to express one of the fields through the other but

this involves the full inversion of the diagonal blocks which becomes prohibitively expensive both

in terms of CPU time and memory for realistic problems
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and if B2 = 0 which corresponds to impressing the electric field at the ports , (3.13)
yields (3.14) with

A12A21 Mm Br B, (3.16)

Assuming that the left-hand side port operator can also be decomposed into two

blocks, delivers
r

MJE
y = [ Ci c2 ]

Mm
h1

which can be written as

with

y = CecXec + Dx

if C2 = 0 or

Dx, (3.17)

(3.18)

Ccc = Ci, (3.19)

Ccc = C2
, (3.20)

if Cx = 0.

Because A12 and A21 are the numerical equivalent of the curl operator, a multiplica¬
tion with Acc corresponds to applying the curl operator twice to the remaining electric

or magnetic field. Hence, the system in (3.14) and (3.18) will be termed curl-curl for¬

mulation. It describes the exact same input-output behavior as the original system in

(3.1) and (3.2), which will be termed linear. This is motivated by the fact that, in the

Laplace domain (3.1) is linear in frequency, while (3.14) is not. In fact, although the

form is slightly different from the latter, many of the operations that can be applied on

linear systems can be applied here, as well [20].
If E and H have the same dimensions, eliminating one of them consequently results

in half the number of unknowns, which can be a tremendous advantage, especially in

conjunction with an FD solver. The dimensions of E and H vary with the applied
discretization scheme. Additionally, certain boundary conditions can be responsible for

eliminating unknowns from either one of those vectors (See Appendix A.).
It should be noted that, reciprocally, a curl-curl system can always be brought to a

linear form by introducing additional states. Let

a I Xrr dr (3.21)

be a set of additional states that are computed from Xcc through time integration.

Placing Ycc into (3.14) after integration yields

d Xcc 0 iA X

dt Y
x ce

al 0 Y

3'= Ccc 0]
X

Y

ce

ce

Br

Dx.

(3.22)

(3.23)
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«A

m

g=0

= E^B*x
g=0

y == CX + Dx,

While the system in (3.22) and (3.23) has the same form and describes the same input-

output behavior as the original system in (3.1) and (3.1) the internal states are different.

The real constant a can be chosen freely and allows an adjustment of the condition
1

number of the new system matrix. It is bénéficiai to choose a = || Acc||2.

3.3 Higher Degree Systems

As demonstrated in the previous section, formulations with a time derivative of a degree

higher than one can be advantageous because they use lower state-space dimensions.

Such formulations arise in computational electromagnetics when devices with advanced

open boundaries or dispersive materials are simulated. The generalized form of such a

system is

«A

aq B ftQ

(3.24)

(3.25)

where «a and n& are the highest degrees of the time derivative of the state vector and

the input vector, respectively, and max («-a, h-b) is the degree of the system. While even

the left-hand side port operator and the feed-through may be frequency dependent, in

general, such systems are uncommon in the context of CEM. The linear system from

Section 3.1 represents a special case of (3.25) with «a. = 1 and n& = 0 and so does

the curl-curl system from Section 3.2 with «a. = 2 and n& = 1 as well as Ai = 0 and

B0 = 0.

In general, every linear system can be brought to a higher degree form - as demon¬

strated in Section 3.2 - resulting in a decreased number of states at the cost of a higher

degree time derivative. However, this may involve the complete inversion of blocks of the

system matrix, if those are not equal to zero. In CEM, the size of those blocks usually
forbids such an approach. Reversely, the highest degree of the time derivative can always
be decreased by introducing additional internal states.

3.4 State-Space Formulations for the Finite Volume Scheme

3.4.1 State-Space Formulation for the Flux-Splitting Scheme

Since each row of the flux matrix A$ describes the time variation of one of the six field

components in one specific cell, it can be constructed row-wise. Initially, a formulation

for a first order approximation of the face fields will be given, and expanded to a MUSCL

formulation later. Assume that in (2.14) through (2.17)

E** — E E** — E

7T** ft ZT** fj
tll — rll H —

Hj .
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then the time variation of the x component of the electric field in the «-th cell will be

computed from the field value in this cell and its four neighbors2. Thus, an index vector

jj can be constructed according to

N, jf' + N, jf'+N, f + N, ^(4)+Na (3.26)

where j\ are the indices of the four neighbors of the «-th cell and

Nx = Nc [ 0 1 2 4 5 ]

selects the appropriate components of the electric and the magnetic fields.

This enables the construction of the «-th row, which describes the time variation of

the x-component of the electric field in «-th cell according to

A$ (*, Jjj —

6(1)

+ 6(2)

+ 6(3)

+ 6(4)

£7, C-1,

,(!)

,(2)

,(3)

,(4)

,(!)

,(2)

,(3)

,(4)

-,(!)

-,(2)

-,(3)

,(4)

,(!)

,(2)

,(3)

,(4)

.(1)

.(2)

.(3)

.(4)

Si

s2

S3

s4

.5«

.b\

.&;

.b'

Rl

(2)
Rl

(3)
Rl

(4)
yRl

S(1)S(1)

£j(2)Cj(2)

ej(3)Cj(3)

£.,(4)0,(4)

J1)

-,(2)

,(3)

-,(4)

-,(!) J1)

-,(2) J2)

,(3) „(3)

-,(4) (4)

J1)

,(2)

,(3)

.(4)

2(1)
by

.(2)

,(3)

,(4)

Si.

s2.

S3.

s\

(3.27)
The superscripts denote the respective neighbor if the «-th cell. The remaining compo¬

nents of the electric and the magnetic field are in the respective rows of A^ are computed

accordingly and shall be omitted here for brevity.

(3.27) holds for bulk cells that do not border on the boundary of the computational
domain. If the «-th cell has a face on a boundary, the entries in A^1 have to be modified

according to Appendix A.l.

The computation of the gradient involves the same field components. Hence, similarly
to (3.27), a flux gradient matrix Acrad can be constructed, the rows of which select the

appropriate components and perform (2.26) through (2.30) for each of the components
of the electric and magnetic fields such that

A$ — A£ + Acrad (3.28)

Since it is virtually impossible to give the explicit formulation of Acrad in a concise

way, it is omitted here. The implementation of the construction of A$ requires forceful

2The derivation will be given for the 3-D case
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bookkeeping of indices and entries, as, for performance reasons, they need to be computed
beforehand and then written to the matrix in a second step.

As mentioned in Subsection 2.2.1, the flux-splitting approach allows a convenient

implementation of waveguide ports by providing access to the fields of the incident and

reflected waves at those ports. In the system matrix A$ port faces are treated as open

boundaries by setting the incoming fluxes to zero. In this way it is possible to impress

incoming fluxes by adding them to the rows that describe the time variation in cells that

border on the ports. The impressed fluxes can be computed from the port fields very

conveniently without the need for upwinding, as the field values on the port faces are

provided by the mode template matrices e and h. Hence, if the k-th face of the «-th cell

is located on a port, the «-th row of B$ is

B$(«,« + Na;) = 6;Ll £7, C7,
Ak) Ak) Ak) Ak) Ak) Sk (3.29)

and the inputs of the structure are the amplitudes of the incident waves associated with

each port mode

x = a = [ai, a2, ..

., am]T . (3.30)

(3.29) gives the entries in the upper sixth of B$, hence the flux contributions to the

update of the x-component of the electric field. All other components are computed

accordingly (compare (2.14) through (2.17)).
The amplitudes of the scattered waves at the ports can be computed from the recorded

outgoing fluxes [4,5]. Alternatively, the amplitude of the total field can be computed

through a projection of the total field onto the normalized modal fields. A subtraction

of the - impressed and hence known - amplitudes of the incident waves then yields the

scattered waves' amplitudes. The result is the vector of scattered wave amplitudes

b = [ SFeT 0T ]
0

0
(3.31)

where Sp is a 3Ac x 3A?c diagonal matrix with

SF(*+[0 1 2]+Nc,t+[0 1 2]+Nc)=[Sk Sk Sk ] ,

if the k-th face of the «-th cell is on a port and all other entries are zero.

In order for this approach to yield the correct amplitudes of the reflected waves, the

mode template matrices have to be normalized to their amplitudes, such that

npsp

E
fc=i

(ëp(uk, vk), ep(uk, vk)) sk = 1. (3.32)

where ripsp is the number of faces in the area of the p-th port mode and the sum is over

all those faces.

The phase error that is introduced by projecting the fields of the port faces onto the

barycenter fields of the adjacent cells can be neglected for reasonably fine discretizations.
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Prom (3.31) the remaining state-space matrices are

C = [ SFeT 0T ]

D = -lm .

Mg 0

0 Mn
(3.33)

(3.34)

Hence, the full state-space formulation for the flux-splitting scheme can be given as

d
.

dt

b(t)

AX

CX

- Ba(t)

- Da(t)

(3.35)

(3.36)

with the system matrix A given by (3.27) or (3.28) for the first order or MUSCL case,

respectively, and B, C, and D given by (3.31), (3.33), and (3.34).
A first order state-space formulation has been first introduced in [21]. A state-space

formulation for the MUSCL scheme has been introduced in [22]. However, there it has

been demonstrated that, while those schemes deliver accurate results, the application
of model order reduction (MOR) did not yield the expected increase in computational

efficiency (see Subsection 3.7.1). This motivated the work on state-space formulations

for the remaining FV schemes below.

3.4.2 State-Space Formulation for the Field-Averaging Scheme

Since the field averaging FV scheme represents a much more economic approach, both

in terms of computational cost and in terms of implementation effort, the flux matrix

can almost directly be given as

0

(R + Re)

R + Rh

0
(3.37)

where R is the discrete curl operator for bulk cells. Each row of R computes the time

variation of one field component in one cell. Therefore, it needs to compute the fields on

the cell interfaces by forming the average of the field values in this cell and its neighbors
and (cross-) multiplying the result with the respective normal vector and face area.

Additionally it sums the contributions of all faces of each cell.

To accomplish this, the first Ac rows of R have to relate the y- and the z-component

of the magnetic field with the x-component of the electric field. Similarly to (3.26) an

index vector can be constructed according to

(1) „-(2) -(3)
3i 31 J

,-(4) (3.38)

Thus, the «-th of the first Ac rows of R, which are responsible for updating the
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x-components of the fields in the barycenters can be given as

R(i, [i + Nc i + 2Nc h + Nc jt + 2Nc])

Din0 + 02"-z + <33"-z + b4nz

<? «(1) 4- <? J2) 4- <? J3) 4- <? J4)
oi% + 02% + <J3% + b4ny

-Sin
(1) C (2) -53ni3) -S4n

(4)

&»'(1)
i"-y

Son(2)
2"-y

SW(3)
3ny SAn

(4)
4«k

(3.39)

Similarly, the second and third block of Nc rows are constructed according to

R,(i + Nc, [i i + 2Nc j, j, + 2JVc]) =

q J1)

- 1 b\nx

a (1)

Si"i

4- <? «(2)
+ <32"-z

4- <? «(2)

4- S-gni^ + S4nzA)

+ S3ni3) + S4ni4)) . ..

a (2)
#2«z

<? „(2)
—

J2nx

a (3)
S3nz

-S3nx

S4n\

-S4nx

, (3.40)

and

R.(î + 2NC, [ i Nr h + Nc ]) =

- (s1«?) + s\
(2)

4- <? J3)
+ £>3%

+ S4nP) ..."

S\nx + S2nx

q „C1) q „(2)
b\ny —b2'ny

q „(1) q „(2)

, C „(3) , o „(4)
+- b3nx + b4nx

-S3ny -S4ny
q

„(3)
q

„(4)

*3^x b4nx

(3.41)

The above equations (3.39) through (3.40) hold for bulk cells, if no weighting is applied.

Weighted averaging of two cells is given in Appendix B. If weighting is desired, the system

matrix R has to be modified accordingly.

The matrices Rh and Re accomplish a similar task for those sides that lie on PEC or

PMC boundaries, respectively.

Since the field averaging scheme computes the total fluxes through the faces, the

amplitudes of the incoming and outgoing waves through those faces are not accessible.

Hence, open boundaries cannot be implemented as easily as in the flux-splitting scheme.

Due to this fact a different approach is required for the ports, as well. Instead of

considering open boundary ports, an attached infinitely extended waveguide can also

be treated as a closed boundary with impressed port currents or voltages.

Impressing a current through a port corresponds to impressing a tangential magnetic
field. Hence, if the k-th face of the «-th cell is on a port, the «-th row of B$ is

B*(i,i + [ 4NC 5NC ]) (k) (k)
-nz ny Sk (3.42)
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for the x component and

B*(i + Nc,i+[ 3JVC 5NC ])

B*(i + 2Nc,i+[ 3JVC 4NC ])

Ak) Ak)

(fc) (fc)

Sk

Sk

(3.43)

(3.44)

for the y- and the z-component, respectively and (3.9) yields the port operator.
If the port currents i - the tangential magnetic fields - are impressed, the voltages u

- the electric fields - are obtained as an output quantity. Again, the generalized port

voltages can be computed as a projection of the mode template matrices onto the total

electric field in port region. Because the electric field is parallel to the impressed flux,
the left-hand side port operator can be given as

C =

e

h
B

0

0

if the mode templates have been normalized to deliver a power of 1, hence

npsp

y^ nk (ëp(uk,vk) x hp(uk,vk)) Sk = 1
.

(3.45)

(3.46)
fc=i

A small error is introduced by the fact that the fields in the barycenters of the port cells

are projected onto the modal fields that have been computed on the port faces (compare
Figure A.3). In general, for vary inhomogeneous meshes these cell barycenters do not

even lie in one common plane. However, meshes tend to be more or less homogenous
in the vicinity of the port plane, which means that the error that is introduced here is

merely a small phase error since the propagation of the wave from the cell center to the

port face is not considered. This phase error is negligible for reasonably fine meshes.

Hence, the full state-space formulation for the field-averaging scheme can be given as

u(t)

AX

CX

Bi(t) (3.47)

(3.48)

with the system matrix A given by (3.37) and (3.8) as well as B and C by (3.31) and

(3.33). It should be noted that the feedthrough D vanishes in the case of impressed

port currents. A state-space formulation for the field-averaging scheme has first been

introduced in [23].

3.4.3 State-Space Formulation for Staggered Schemes

While in the discretization schemes above the numerical equivalents of the curl operator

have been the same for the electric and the magnetic field, except the boundaries, this

symmetry is lost for staggered schemes, since the altered location of one of the field

quantities requires a different computation of the surface integral in both (2.8) and

(2.9).
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Following the derivation in Subsection 3.4.2, the flux matrix can again be given in a

block-wise notation. However, since the duality between the electric and the magnetic
field is violated anyhow, an extra operator for the boundaries as in (3.37) will not be

introduced. Hence, the flux matrix is

A* =

0

-Re

Rh

0
(3.49)

where Re and Rh perform the numerical evaluation of the surface integral of the fluxes

of the electric and the magnetic field, respectively.
In a 3-D tetrahedral mesh there is approximately twice the number of faces than

there are tetrahedrons. In a 2-D triangular mesh this ratio is roughly 2/3. Hence, there

is a higher number of either magnetic or electric field variables in the H-staggered or

E-staggered scheme, respectively. This results in rectangular blocks Re and Rh and

requires a different numbering of the unknowns.

Let N-p be the number of faces in the mesh, while the indices i and j are used to

reference the cells and the faces, respectively. In the H-staggered scheme Re can be

given row-wise as

R-E (*, [ h

-S\n
(1)

NF h

q J2*>

2NF ])

q J3)
—J3,nz -Si'nz S\ny q J21

^3% S\ny (3.50)

for the x-component of the electric field, assuming that the «-th cell is bounded by the

four faces j.
(k)

Again the vector

h =
Jl) ,(2) 3

(3) (4) (3.51)

is used fo indexing the faces. The entries that are responsible for updating the y- and

the z-components are

RB(i + Arc, [ h h + 2NF ])

q J1) Q „(2) q
J3)

o\nz b2'nz bznz Sin
(4)

-Sin,
(1)

-S2n,
(2) -S3n{x -S4ni (3.52)

and

RE(* + 2JVC, [ j» jt + NF ])

q „(1) q „(2) q „(3)
-o\ny —£>2ny —ösny

,(4) ,(1)
Si'ny S\nyx S2nx S3nx Si'nx

(2) ,(3) ,(4)

(3.53)

The hexahedral cell that encloses the j-th face is composed from the cells i and

i
,
which themselves have the neighbors i

,
i

,
and i and i

,
i

,
and i

,

respectively. Thus, also Rh can be constructed row-wise in such a way that each row

references to the electric field values in eight cells.
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The j-th row updates the x-component of the magnetic field and are given as

if + Nc if + 2NC if + Nc if +2NC • • • 1 \
if + Nc if + 2Nc if + Nc if+2NC \)

,(12)_I_C J13A
q

„(n)_i_C J12)
i Q J1:

''z + <~>13nz ) <~>11%
+ <~>12% + <~>13%

(12) r-, ri31 ^ (11) ^ (12) ^ (13)

- (Snni + S\2nz]

~
nn

~

,(12) C J13) q J11) q J12) q n0
'z —J13nz

£>11%

J\2ny <~>13%

,(13)

-Sun\ -S12n-Z

-(s2

1z —Üyinl -Ol3"-z &\\ny
„ „ „ „

(21) „ (22) „ (23)\
c (21) „ (22) „ (23)

:l« + b22n\ + J23"-z J £»21% '+^22% + 023%

,(21) _<?„„,J22> _Q„„„(23) <?„,,„

(21)

Q (21) „ (22) „ (23) Q

(21)

„ (22) „ (23)
-b21nz -b22n\ -J23"-z <321% «322% ^23%

with the index vectors

;(!) ,(H) ,(i2) ,(13)

] %3 %3
hm (21) (22) (23)

%3 %3 %3

(3.54)

(3.55)

and the appropriate face areas and normal vector components.

Similarly, the j + jVp-th and j + 2/Vp-th rows that update the y- and z-component

the magnetic field are

of

f if + 2Nc if if+2NG
f if + 2Nc if if+2Nc

1

2

,(13)N<? J11*) -x- q
J^-i-q J13*> fq J11)

_i_ <?
J12)

, c J1
Jiinz + b\2nz + o\3,nz — [o\\nx + b\2nx + Ji3nx

q J11) <?
J12*)

q J13*> q J11*) q
J12*>

q
J13*>

o\\nz b\2nz o\$nz —o\\nx —b\2nx —b\3'nx

a (21) „ (22) „ (23) /„ (21) „ (22) „ (23)

c (21) „ (22) „ (23) „ (21) „ (22) „ (23)
• • • S21nz b22nz b23nz -b21nx -b22nx -b23nx

(3.56)

and

>f if + Nc if if+Nc
if if + Nc if if+Nc

,(13)\ o „(11) , q „(I2) , q „(13)

L J J J

- {Sliny + S\2ny
>
+ S\3ny ')

a (11) c (12) <-, (13) c (11) c (12) <-, (13)
-buriy -b12ny -b^riy bnnx b12nx b13nx

(21) „ (22) „ (23)\ „ (21) „
(22)

„ (23)
^ +022% + J23% ) <32ini; + b22nx

'

+ b23nx

MQ' "^ """ ,(23)

-

(^ln-y
'

+^22

(23) c (21) c (22) <-,

\y o2i'nx o22nx o23'nx
a (21) c (22) <-, (2

—b2i'n~y —b22ny —b23'riy

(3.57)
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The above details are given for the 3-D case without the consideration of boundaries

and weighted averaging. For details on weighting see Appendix B and for PEC and

PMC boundaries, Appendix A.3.1. In order to impress the magnetic field on the port

faces the port flux matrix can be constructed in a similar way as for the field-averaging
scheme in (3.42) through (3.44), hence,

B*(i,i + [ 4NC 5NC ]) =

B<s,(i + Nc,i+ [ 3NC 5NC ]) =

B*(i + 2Nc,i + [ 3NC 4NC ]) =

while all other entries are zero.

Again, the generalized port voltages serve as the output quantity and can be computed
as a projection of the electric field in the port plane onto the mode templates which have

been normalized to deliver a power of 1 according to (3.46). This permits a definition of

the output port operator in the same way as (3.45). Since the feedthrough is zero, this

completes the state-space formulation for the H-staggered scheme:

(fc) (fc)
ny

• Sk (3.58)

(fc) (fc)
-ni Sk (3.59)

(k)
-ny

(fc)

ni Sk, (3.60)

u(t)

AX

CX

Bi(t) (3.61)

(3.62)

with A, B, and C given by (3.8), (3.9), and (3.45), respectively. An FD solution of

(3.61) and (3.62) yields the system's impedance matrix (See Subsection 3.5.1).
The state-space matrices for the E-staggered scheme are obtained in an analog way

as in the above description with the difference that the dimensions of Re and Rh are

rotated. Since the derivation is completely dual, interchanging i and j, Nc and Np as

well as e and h yields a valid set of equations. However, the input quantity is now the

generalized port voltages, whereas the output quantity is the currents.

The complete derivation shall be omitted here, and only the resulting state-space

formulation for the E-staggered scheme is given,

d
X = AX + Bu(t)

dt

i(t) = CX,

(3.63)

(3.64)

which yields the system's admittance matrix in a frequency-domain solution (Subsec¬
tion 3.5.1).

3.4.4 State-Space Formulation for the Flux-Based Scheme

In the flux-based scheme the local discrete curl operators for the electric and the magnetic
fields are the same again, except for the ports. Hence, the flux matrix can be expressed
as

0

-Fv — Fvp

R

0

N

0

0

N
(3.65)
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where N forms the cross-product with the field vectors if multiplied with E or H, and

S is a 6Np x 6N-p matrix that contains the areas of the faces that each field component
is located on. The numerical curl operator R then merely contains entries of 1 and — 1,

respectively at the indices of the faces that constitute the boundary of each hexahedral

cell. Hence, if the «-th cell is composed of the faces in the vector

aW ,-(2)

the entries in R can be given as

R([ * * + ^f t + 2NF ],j,

3
(3) ,(4) ,-(5)

3i
(6)

±1 ±1 ±1 ±1 ±1 ±1

±1 ±1 ±1 ±1 ±1 ±1

±1 ±1 ±1 ±1 ±1 ±1

(3.66)

where the sign has to be adjusted for each entry in order to guarantee that the normal

vector is pointing outwards.

The curl operator Rp accomplishes a similar task for the tetrahedral port cells, assum¬

ing a first order approximation of the fields on the port boundary from the barycenter
fields. The details on the port boundary treatment in the flux-based scheme are given
in Appendix A.4.2.

The right-hand side port operator is then simply computed with the help of the port

flux matrix
"

N 0

0 N
B* — S (3.67)

Defining the fluxes as the states requires the multiplication of (3.3) with the face area

matrix S as well as the cross-product matrix, which leads to

d_
dt
X = Ax + Bi(t) (3.68)

with the state vector

0

0

the system matrix

Me-

0

0

M,-

N 0

0 N

N 0

0 N

0

-Fv — Fvp

E

H

R

0 0

0

as well as the right-hand side port operator

B
0

0 2

S

"

N 0

0 N
S

"

N 0

0 N

e

h

The extraction of the port voltages can again be performed through a projection of

the fields in the boundary tetrahedrons onto the model template vectors and hence,

u(t) = CX (3.69)
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with C = —B
.
The phase error that is introduced due to the location of the boundary

fields behind the port plane is again negligible in practical applications. (3.68) and

(3.69) represent the state-space formulation for the flux-based FV scheme, from which

a frequency-domain domain solution yields the system's impedance matrix.

3.5 Frequency Domain solution

State-space formulations as they have been given above offer an extremely powerful and

versatile way of describing MIMO LTI systems. In general all the system characterization

tools that are known from control theory can be employed, in order to examine and

characterize electromagnetic devices. This includes in particular stability and passivity
criteria as well as the computation of system poles and zeros without estimating those

from measured or simulated response data. However, the critical difference between

state-space systems that are obtained from a full-wave space discretization and those

that are common in control theory is that the former tend to exhibit a number of states

that is several orders of magnitude larger.
The number of cells in real-life electromagnetic problems can easily range between

several thousand and several million. Since the control theory tools that are mentioned

above generally involve a matrix inversion or an eigenvalue computation, their applica¬
tion often requires advanced numerical techniques that can handle large matrices without

exceeding memory and CPU limitations.

While a time integration of (3.1) and (3.2) will yield the response y(t) to any input

signal x(t), state-space systems are favorably treated in frequency-domain (FD). Re¬

placing the time derivative with a multiplication with the complex frequency s and the

state, input, and output vectors with their respective Laplace transforms (denoted by
the underline) yields

sX = AX + Bx (3.70)

y = CX + Dx, (3.71)

from which the transfer function can be computed by solving (3.70) for X and placing
it into (3.71). Hence,

y» = (C (si - A)"1 B + D) x(s), (3.72)

which gives the transfer function

h(s) = C(sI-Ar1B + D. (3.73)

Because of the Laplace correspondence, the impulse response [24] of the system is

given as

h(t) = CeA*B + D(5(t), (3.74)

where ö(t) is the Dvrac distribution, and the general output signal is

t

y(t) = C f eA''-T'Bx(T) dr + Dx(t). (3.75)
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It should be noted that h(s) is a m x m matrix, if the device has m input/output
ports It then depends on the nature of the input and output vectors, whether h(s) is

an impedance, admittance or scattering matrix

If the system is given in a curl-curl form as in (3 14) and (3 18) the transfer function

can be computed after a conversion to a linear form or directly according to

h(s) = sCcc(s2I-Acc)_1Bcc + D (3 76)

The general transfer function for a system of arbitrary degree as in (3 24) and (3 25)
can be given as

h(S) = C ^nAS«A, £VB, + D (3 77)
\g=0 / q=0

In order to compute a frequency-domain solution, the transfer function from (3 73),
(3 76) or (3 77) needs to be evaluated along the imaginary axis, l e for s = j 2n f

3.5.1 Scattering, Impedance, and Admittance Matrix

Depending on the discretization scheme the input and output quantities will be either

wave amplitudes or generalized port voltages and currents The relation between the

two is commonly given as

u = Z0^(a + b) i = Z^(a-b) (378)

a=^(z^u + Z*i) b=^(z^u-Z*i), (3 79)

where Zo is a diagonal matrix that contains the normalization impedance for each port

For transversal electric and magnetic (TEM) ports its is reasonable to chose the line

impedance for that purpose For hollow waveguides, choosing the frequency dependent
wave impedance yields a definition of generalized port voltages and currents from the

scattering parameters

Since the input and output quantities in the state-space formulation for the flux-

sphttmg scheme ((3 35) and (3 36)) are the amplitudes of the incident and reflected

waves, the result of the frequency-domain (FD) solution is the scattering matrix directly
This requires the port operators to be normalized to their amplitudes according to (3 32)
Hence, h(s) is the system's scattering matrix

S(s) = C(sI- A)_1B + D, (3 80)

if a state-space formulation as described in Subsection 3 4 1 is applied
In general, it should also be possible to impress the outgoing waves at the ports and

compute the incoming ones This would yield the inverse scattering matrix as a re¬

sult However this somewhat counterintuitive approach does not promise any additional

benefits and shall not be investigated, here

State-space formulations that do not involve flux-splittmg do not offer access to the

amplitudes of the incoming and scattered waves but only to the total fields on the ports
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Depending on which field quantity - electric or magnetic field - is impressed and which

one is recorded, h(s) is either the system's impedance or admittance matrix. In both

cases the feedthrough D will be zero. Hence, from (3.47) and (3.48) as well as (3.61)
and (3.62)

Z(s)=z|c(sI-A)_1BZJ (3.81)

follows, whereas (3.64) and (3.64) yield

Y(s) = zjc(sI-A)_1BZJ, (3.82)

provided that the port operators B and C have been normalized appropriately. The

normalization with the port impedances is necessary in order to achieve proper matching
at the ports.

A special case arises, when the normalization impedance is not constant over frequency.

Namely in the case of hollow waveguide ports, where the wave impedance varies according
to

7(te) _ 27r//z 7(tm) _ kp .

Ann
-

kp
Ann

-

^j£
^.H6)

for TE and TM modes, respectively, with the - real or imaginary - propagation constant

kp, which in most cases, will be known analytically. Incorporating such normalization

impedance into the state-space formulations above would result in an additional - non¬

linear - dependence of those models on frequency. This would complicate a frequency
domain solution and, even more, the application of model order reduction techniques.

However, since the frequency dependence of the normalization is multiplicative, the

computations can be performed with constant normalization impedance, renormalizing
the result in a post processing step [25]. Therefore, the impedance matrix from (3.81) is

multiplied with

F(TB) = f_p_ ptTM) = fkfO (3 g4)
1 jkpo l Jokp

where /o is the frequency at which the constant normalization impedance Zo has been

computed and kpo is the propagation constant at that frequency. Thus, the corrected

impedance matrix with frequency dependent normalization impedances is

Z(s) = F(s)-iz§C(sI - Ay1 Bz|f(s)"2 (3.85)

with diagonal frequency dependent renormalization matrix F that contains the correction

factors from (3.84).
The conversation to scattering matrix can be done in state-space. Commencing from

the system in (3.47) and (3.48), a formulation in terms of wave amplitudes can be

obtained by replacing i and u by (3.78) and eliminating b from the first equation, which

results in

sX= (A-BC)X + 2Ba (3.86)

b = CX-a, (3.87)
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which reintroduces the nonzero feed-through and yields a system that is of the same

form as the system in (3 35) and (3 36), albeit with different states The scattering

matrix is then given as

S(s) = 2C(sI- A + BC)^B-I (3 88)

Since any given symmetry of the state-space matrices, particularly the port opera¬

tors is destroyed by the transformation in (3 86) and (3 87), model order reduction is

generally performed on a state-space formulation in terms of circuit parameters, if avail¬

able Additionally, the above relations are again useless for non-constant normalization

impedances Nevertheless, the formulation in (3 86) and (3 87) can be very beneficial

as a post-MOR step It allows the direct computation of scattering matrix poles as

well as reflection and transmission zeros, which can be deployed in optimization routines

(Chapter 5)
For frequency dependent normalization impedances the conversion to scattering matrix

can be performed with the standard bilinear transformation

S(s) = (zo^Z(s)Z0^ -i) (zo^Z(s)Z0^ -I)"' (3 89)

3.5.2 Computational Cost

The evaluation of the transfer function involves one solution of a system of linear equa¬

tions per frequency point and port mode, if no advanced interpolation schemes are

applied This can be a significant computational challenge, since in the context of CEM

the involved matrices tend to be very large Due to tremendous fill-in, a matrix factor¬

ization is generally only possible for relatively small problems that bear little practical
relevance and will require a significant amount of memory However, an LU decomposi¬
tion of (si — A) in (3 73) offers the advantage that it only needs to be performed once

per frequency point and can be reused for multiple right-hand sides Therefore, an LU

decomposition is particular favorable for multi-port systems

In most practical applications the large number of unknowns will cause a fill-in that

exceeds even generous memory constraints This requires the application of an iterative

solver Unfortunately, the system matrices that result from finite-volume discretizations

are non-symmetric and therefore (si — A) will be complex non-hermitian This elim¬

inates the applicability of a host of iterative solvers, such as the conjugate gradients

algorithm
Solvers that can be applied to the systems that are obtained from FV discretizations

include the quasi-minimal residual (QMR) [26,27], the bi-conjugate gradients (BiCG)
[26], the bi-conjugate gradients stabilized (BiCGstab) [26,28], the conjugate gradients

squared (CGS) [26,29], and the generalized minimal residual (GMRes) [26,30] algorithms
Their convergence properties have been tested on a linear flux-sphttmg formulation for

one example (the coaxial T stub from Subsection 3 7 1) without the application of pre¬

conditioning techniques With the exception of the GMRes solver all methods converge

after roughly the same CPU time (compare Figure 3 4), however, after a varying number

of iterations Since the QMR solver appears to have the smoothest convergence, it can

be considered the most reliable with no significant drawback in CPU time
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As it is also appears from Figures 3.4 and 3.5, the direct frequency domain solution

of FV is highly inefficient. Therefore, further investigations of the solution method have

been forgone, which can be justified with the fact that a successful application of model

order reduction eliminates the need for such a direct brute-force solution. However, such

a direct solution offers the computation of the frequency response with a priori error

bounds (the convergence tolerance of the iterative solvers). Hence, it can be used to test

the different discretization schemes for their accuracy. Additionally, it can also serve as

a benchmark to test model order reduction schemes.

With both solution methods - factorization or iterative solver - the efficiency is in¬

creased dramatically, if a curl-curl formulation can be used. In addition to the smaller

matrix size the solution process can run in real arithmetics, because (s2I — Acc) is real

for s = j2n f. This means that only roughly a quarter of the memory is required com¬

pared to the linear formulation. About the same efficiency increase can be observed for

the CPU time.

3.6 Other System Representations

The state-space formulation offers a very powerful way to describe LTI MIMO systems.

One of its powers is the easy computation of system characteristics, such as poles, trans¬

mission and reflection zeros, or quality factor. However, these computations all involve

an eigendecomposition of the system matrix or derivatives thereof. Virtually in all prac¬

tical cases these matrices are too large for all eigenvalues to be computed. Thus, the

following techniques are only helpful as a post MOR step. They are of particular interest

in the context of the optimization techniques from Chapter 5, but since they are closely
linked to the state-space representation they will be given here.

3.6.1 Pole-Residual Representation

It is obvious from (3.73) that the transfer function does not exist if s = p/. is an eigenvalue
of A, because (p^I — A) is singular. Therefore, the poles of the transfer function are the

eigenvalues of the system matrix. Hence, A can an decomposed into

AQ = QP, (3.90)

where P is a canonical form of A - a diagonal matrix with A's eigenvalues on the

main diagonal and Q contains the corresponding eigenvectors in its columns. If this

composition is placed into (3.73), exploiting the fact that the eigenvectors are invariant

with respect to a shift-invert of the spectrum, the transfer function can be written as

h(s) = CQ(sI-P)_1Q-1B + D. (3.91)

Since the matrix to be inverted here is diagonal, the result can be expressed as

N
1

fc=i

riik

ilk

'jik

T'\mk

D, (3.92)
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where N is the number of poles and the residuals rJtk are computed from the abbrevia¬

tions Cq = CQ and Bq = Q_1B according to

'
ji k

= CQ(j,k) -BQ(fc,i

3.6.2 Pole-Zero Representation

In the context of microwave devices, a system representation in terms of poles and zeros

can be very helpful. A particular significance inheres in the transmission and reflection

zeros in the area of filter and diplexer synthesis and optimization. In order to derive a

pole-zero representation, the poles are computed as the eigenvalues of the system matrix

as explained in Subsection 3.6.1 above.

A zero is a (complex) frequency for which a particular output signal at a particular

port is zero, regardless of input signal amplitude at one particular other or the same

port. In order to obtain the zeros of h(s) the system in (3.1) and (3.2) is rewritten in a

single matrix equation according to

-si 0 X A B(:,*) X

0 0 ^
+

CO-,:) DM) ^

0

V
-3

where B(:, i) denotes the «-th column of B, C(j, :) denotes the j-th row of C.

Setting the j-th output y to zero yields the generalized eigenvalue problem

= 0,

(3.93)

I 0 A B(:,*) \ X

0 0 CO',0 do;») ) ^
(3.94)

the solutions of which are the zeros of the transfer function entry h (s) [31]. Hence, if

the zeros are on diagonal on the diagonal of a matrix PZJÎ and the eigenvectors of (3.94)
are collected in the matrix QZJÎ,

A

CO", :

B(:,*)
DU«)

QZJl

I o

0 0 ^CZJÏ-tzj?. (3.95)

holds3

With the help of the scalar valued gains gJt the transfer function can be expressed as

1
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TN;
93^\hUKs Zjtk )

fc = l \s
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nfc=i (s

Zlmk )

(3.96)

It should be noted that the numerator degrees NJt can be different from the common

denominator degree N - the system order - because of the possibility of solutions of

(3.94) at infinity.

3For the treatment of degenerate solutions of (3.94) as well as solutions at infinity the reader is referred

to [31]
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Figure 3.1: Coaxial T stub with dimensions

3.6.3 Polynomial Representation

A representation in terms of polynomial coefficients
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(3.97)

is easily derived from (3.96) by expanding the denominator and numerator polynomials.

3.7 Examples

This section presents several examples that verify the validity of the derived state-space
models. Those applications are comparatively small problems, since they have been cho¬

sen in such a way that a direct frequency domain solution is possible within a reasonable

time. Larger real-life examples are presented in Section 4.6. All computations in this

and the following chapters have been performed on a 2.4 GHz Intel Xeon personal

computer (PC) with 2 GB of RAM.

3.7.1 Coaxial T Stub

A coaxial cable that forms a T with a coaxial stub line (Figure 3.1) serves as a first

benchmark for the state-space formulation that has been obtained from a flux-splitting
MUSCL space discretization. Figure 3.2 shows the boundary triangles of the tetrahedral

mesh that discretizes the device. The structure is meshed with 5817 tetrahedrons, using
the commercial meshing software Altair® HyperMesh® ,

which results in a 34902 x 34902

system matrix with 2445714 non-zero entries.
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Figure 3.2: Boundary mesh of the coaxial T stub

This example has been first presented in [21] for a first order and in [22] for a MUSCL

flux-splitting FV discretization. It is small enough for a LU decomposition of the system
matrix to fit in the memory of an off-the-shelf PC. The result of the frequency-domain
solution is given in Figure 3.3 along with a comparison with a TD solution of the same

mesh. An excellent agreement can be as well expected as observed. For both solvers a

slight dissipative behavior can be observed for higher frequencies.
The same result is obtained, if, instead of the LU decomposition, an iterative algorithm

is utilized to solve (3.80). While this prolongs the CPU time that is needed for the

solution, this approach uses far less memory than a full factorization of the matrix.

Therefore, it can also be used for larger problems. The CPU time that is required for

the FD solution at one frequency sample for for one excitation port is given in Figure 3.4

for several iterative solvers. It is observed that the QMR, the BiCGstab, and the BiCG

methods all converge within six to seven minutes to a relative residual of 10~4, while

the CGS algorithms requires eleven minutes and the GMRes method fails to converge.

All of those results have been obtained with MATLAB® implementations without the

application of preconditioning techniques.
A closer look at the relative residual during the iteration process (Figure 3.5) reveals

that the QMR has the smoothest convergence and finishes after approximately the same

number of iterations as the BiCG method. The BiCGstab and the CGS processes require

a higher number of iterations, where the CGS exhibits a highly oscillatory convergence

behavior and is therefore deemed unreliable. Because of the smooth convergence and the

acceptable CPU time requirements the QMR method is chosen as the solution process

whenever the problem size requires an iterative solver.

Since the central focus of this thesis is the application of model order reduction meth¬

ods, which offer a drastically more efficient way of computing the frequency response,

a performance increase of iterative solvers by means of preconditioners or a deliberate

choice of starting vectors has not been investigated.

Additionally, this example is also used to test the staggered scheme. The same mesh

is utilized, and the state-space matrices are set up according to Subsection 3.4.3. Due
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Figure 3.3: Time domain and frequency domain solution for a flux-splitting MUSCL discretiza¬

tion of the coaxial T stub

to the curved PEC boundary, the E-staggered scheme, where the electric field unknowns

are located on the cell interfaces in the center of hexahedral cells is chosen, because

of its superior implementation of such boundaries. For this mesh of 5817 tetrahedrons

and 12855 faces, of which 2322 are located on PEC boundaries, this results in 31599

unknowns for the electric field and 17541 unknowns for the magnetic field. If the electric

field is expressed in terms of the magnetic field, this approach produces a 17541 x 17541

system matrix in a curl-curl representation.

Figure 3.6 gives the scattering parameters that have been computed from this state-

space. It can be noticed that the scheme appears to fail for frequencies above 3 GHz.

While the scattering parameter curves seem to follow the TD solution, which has been

computed with a flux-splitting MUSCL scheme, they exhibit substantial deviations that

even produce scattering parameters that are greater than one.

The interpretation of this behavior turns out to be difficult. It appears to be common

in all schemes that involve averaging between the field value in two adjacent cells, at

least in 3-D (Compare the field-averaging results for the waveguide discontinuity in

Subsection 3.7.2).
For frequencies below 3 GHz, a slight frequency shift in the resonances can be observed,

but, compared to the TD solution as well as the FD domain results for the flux-splitting
MUSCL scheme, the reflection and transmission coefficients reach one at the zeros of the

respective other. This indicates that this scheme trades dissipation for dispersion.
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Figure 3.4: CPU time requirements of different iterative solvers to reach relative residual of

1CP4 for one frequency sample and one port excitation port
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Figure 3.5: Relative residual for different iterative solvers that are applied to a linear flux

splitting FV state space formulation
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Figure 3.6: Scattering parameters of the coaxial T stub, computed from a staggered FV state-

space representation
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Figure 3.7: H-plane step discontinuity in a rectangular waveguide
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Figure 3.8: Boundary mesh of a 3-D model of the H-plane step discontinuity

3.7.2 Step Discontinuity in a Rectangular Waveguide

In order to evaluate the performance of the field-averaging FV scheme, a 3-D and a 2-D

model of a step discontinuity in the H-plane of a rectangular waveguide has been chosen.

The waveguide transition from a 19.05 mm wide to a 15.2 mm wide waveguide is shown

in Figure 3.7.

Assuming a TEmo excitation, the fields will be independent from the y-coordinate,
which allows a treatment as a 2-D problem. However, since the state-space for the field-

averaging finite-volume scheme has been implemented in both three and two dimensions

the 3-D version will be examined first. The triangular boundary of the tetrahedral mesh

is shown in Figure 3.8. 5516 tetrahedrons compose the computational domain, resulting
in a 16548 x 16548 system matrix in a curl-curl formulation with 685086 non-zero entries.

The system is described with state-space formulation according to (3.47) and (3.48),
from which the impedance matrix is computed in a curl-curl formulation according to

(3.85). Since in the considered frequency band from 4 GHz to 40 GHz five and four

modes are propagating at the two ports, respectively, this examples requires multiple

frequency dependent normalization impedances, which is why the 9x9 scattering matrix

is computed from the impedance matrix according to (3.89).
Because the structure is meshed with approximately the same number of mesh cells as

the problem from Subsection 3.7.1 above, the matrix inversion can again be performed
with the help of an LU decomposition. In fact, due to the fact that the real curl-curl

formulation only requires real arithmetics, this problem is solved in a drastically lower

time. Figure 3.9 shows the scattering parameters that have been computed form this

3-D state-space formulation and compares them to a mode-matching solution, which is

here used as a reference.

Unfortunately a relatively good agreement between the mode-matching and the field-

averaging FV result can only be observed in a band from roughly 10 GHz to 20 GHz.
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Figure 3.9: Generalized scattering parameters of the waveguide step discontinuity - computed
from a 3-D field-averaging state-space model

Outside this band the curves appear to follow the reference solution but exhibit a strong

variation around the accurate result, a phenomenon, which has also been observed for

the staggered scheme in Subsection 3 7 1 The origin of these inaccuracies cannot be

explained at this point, however, they do vanish, if a QMR solver is used for the solution

of the system
These artifacts can be expressed in terms of the residual norm

|(s2I-Acc)X-Bc (3 98)

where X is the state vector that is computed with the help of an LU factorization The

residual norm for different discretization levels (Figure 3 10) is given in Figure 3 11

The fact that the artifacts are only appearing, if a LU decomposition is used for the so¬

lution of (3 76), suggests that the condition number of the inverted matrix may be respon¬

sible A lower bound for the condition number as computed with the MATLAB® function

condest [19] is shown in Figure 3 12 for different levels of discretization However, it

becomes evident that, while the fineness of the mesh influences the condition number

significantly, the residual remains at approximately the same level, which indicates that
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Figure 3.10: Tetrahedral mesh of a 3-D model of the H-plane step discontinuity with an ap¬

proximate cell size of a) A/5, b) A/7.5 and c) A/10)

there is no relevant connection between the appearance of the artifacts and the condition

number.

When simulated in time-domain, local oscillations of the fields can be observed that

can be eliminated if a slight dissipation is added to the scheme, e.g. at the boundaries.

Considering these difficulties field-averaging FV cannot be considered to work for 3-D

problems at this point, which is presumably one of the reason only TD results for 2-D

problems have been published so far [7,32]. A triangular 2-D mesh of the H-plane step

is shown in Figure 3.13 for different levels of fineness.

Figure 3.13 also demonstrates the ability of the unstructured mesh to accommodate

varying cell sizes. The scattering parameters are calculated in the same way as above

for the A/10 (a)), A/20 (b)), as well as a gradual transition between the two (c)) and are

given in Figures 3.14 and 3.15 together with the mode-matching reference solution.

An excellent agreement over the entire frequency range is observed for the A/20 dis¬

cretization, while the results of the A/10 discretization as well as of the gradual mesh

only shown small deviations below the 20 dB limit for frequencies over 20 GHz. This

behavior can be expected since the two meshes have the same maximum cell size, and

hence the same coarseness.

Finally, this example is also used to demonstrate the functioning of the flux-based

state-space formulation. Since a 3-D implementation faces similar problems as have



3.7 EXAMPLES 51

j i ; i : LS i i i i

5 10 15 20 25 30 35 40

/ / GHz

Figure 3.11: Residual norm of a frequency domain solution of 3-D field-averaging model of the

waveguide step discontinuity

been reported for the field-averaging as well as the staggered schemes, here, the results

of a 2-D implementation are presented. If applied to the A/20 mesh from Figure 3.13,
with 1870 triangles and 2893 edges, 39 of which are on a PEC boundary, the system
matrix in a curl-curl formulation is 5708 x 5708 (The electrical field in this example points
in y-direction, therefore, the fluxes that are associated with this field possess merely an

x- and a y-component.). The results are shown in Figure 3.16.

It can be observed that the overall agreement is comparable with the results of the

field-averaging scheme in Figure 3.14, however, two resonances appear in the frequency

response, which are obviously unphysical. This effect appears to be different from the

more random errors above a certain frequency that have been observed for the 3-D field-

averaging and staggered schemes. A tentative explanation of those, extremely sharp,

spurious resonances, ascribes them to the fact that the boundary conditions do not

strictly enforce a zero tangential electric and normal magnetic field at PEC boundaries.

Therefore, modes that violate those physical boundary conditions may be supported.
Those modes could not be excited in exact arithmetics. However, numerical noise may
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Figure 3.12: Lower condition number bound of a frequency domain solution of 3-D field-

averaging model of the waveguide step discontinuity
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Figure 3.13: Triangular mesh of a 2-D model of the H-plane step discontinuity with an approx¬

imate cell size of a) A/10 and b) A/20 as well as a gradual transition (c))
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Figure 3.14: Generalized scattering parameters of the H-plane step discontinuity computed
from a coarse and a fine 2-D field-averaging FV model and compared to a mode matching
solution. The vertical lines indicate the cut-off frequencies of the propagating modes in both

waveguides
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Figure 3.15: Generalized scattering parameter of the H-plane step discontinuity computed from

a graded mesh model. The vertical lines indicate the cut-off frequencies of the propagating

modes in both waveguides
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Figure 3.16: Generalized scattering parameters of the waveguide step discontinuity - computed
from a 2-D flux-based state-space model. Two spurious resonances are marked. The vertical

lines indicate the cut-off frequencies of the propagating modes in both waveguides
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Figure 3.17: Magnitude of the computed fluxes that are associated with the electric field È

at the frequency of the lower of the two spurious resonances in Figure 3.16. The fluxes are

directed along the mesh lines with an arbitrary sign that is determined by the direction of

the normal vector.

be able to excite those modes in finite-precision implementations.

This interpretation is also supported by a closer look at the fluxes. Figure 3.17 shows

the magnitude of the fluxes that are located on the faces at the frequency at which the

first of those resonances appear. Because the electric field is perpendicular to the drawing

plane, the magnitude of the corresponding flux does not depend on the orientation of

the mesh line. It can be observed that the fluxes, and hence the associated fields, do not

show a conspicuous behavior, therefore, the excited spurious modes have to have a very

low amplitude.

3.8 Conclusions

This concludes the demonstration of the accuracy
- or lack thereof - of the frequency-

domain results that have been computed from the state-space formulations that have

been derived in this chapter. Prior to this work, state-space formulations for finite-

volume schemes had not been published. Herein lies one of the major contributions of

this work. However, an FD solution of those state equations produced results of varying

accuracy.

An overview of the various discretization schemes and their ability to yield satisfying
results in frequency-domain is given in Table 3.1. Since, the accuracy of the results

greatly depends on whether the implementation is in 2-D or 3-D, a delineation between

those two version is given, too.

The established flux-splitting scheme with monotonie upwinding delivers accurate re¬

sults in both TD and FD. This has been demonstrated here for a 3-D implementation.

However, due to the dependence of the fields on their own time derivative, the flux-

splitting scheme does not allow a curl-curl formulation and hence cannot benefit from

the savings in computational resources that come along with such a formulation. A 2-D

implementation has not been tested here, since no substantial benefit can be expected
over the 3-D implementation, however, it is reported to function in time-domain.

The less established field-averaging scheme has been reported in the literature to

work in 2-D, time-domain, which can be confirmed for the FD solution. However, in

3-D fatal inaccuracies appear, the origin of which is difficult to determine. In order to

further investigate the this problem, an examination of the divergence of the fields would

determine whether they are truly source-free. Some work towards this issue has been
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Flux-Splitting Field-Averaging
2-D 3-D 2-D 3-D

LU Decomposition 9
•

<s <s X
Iterative Solver 9 */ <• <s

Staggered Flux-Based

2-D 3-D 2-D 3-D

LU Decomposition 9
•
X X X

Iterative Solver 9
•
X O X

Table 3.1: Overview over the various space discretization schemes and their ability to yield sat¬

isfying frequency-domain results. Check mark - results accurate, cross - results not accurate,

circle - results accurate with restrictions (spurious resonances)

performed in [33,34].
The novel staggered and flux-based schemes exhibit the same problem in a 3-D im¬

plementation. The staggered scheme has not been implemented in 2-D since again no

additional benefit can be expected. The flux-based scheme, as a truly novel and promis¬

ing idea, however, did deliver acceptable results except for the appearance of spurious

resonances.

The computation of the frequency response in this somewhat brute-force manner has

been solely presented for verification purpose. It cannot be considered a competitive
scheme in terms of efficiency. This is essentially due to the fact that the involved matrices,

as for other discretization techniques, are large and ill-conditioned, which hampers both

the decomposition of the system matrix as well as the application of iterative solvers.

A more efficient approach will be presented in Chapter 4.
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Abstract—The state-space systems presented in the previous Chapter represent an accurate and

general approach for the numerical solution of Maxwell's equations Naturally, the accuracy of the

model is related to the fineness of the mesh, which is directly proportional to the number of states

and therefore the order of the model In computational electromagnetics the model order can range

from a few thousand to several millions However, in most cases the input/output behavior of those

systems can usually be accurately described with models of much lower order

Model order reduction (MOR) methods aim at replacing a high order state-space system as the

one in (3 1) and (3 2) with a system with fewer states The motivation for this objective is that

a smaller system allows the computationally inexpensive computation of the system's frequency

response While the so-called fast frequency sweep is the primary application in the context of this

work, low-order systems also give rise to a host of additional applications

The reduction of states does not represent an approximation, if the eliminated states are un¬

controllable and un-observable However, in general, order reduction results in a loss of information

about the system which is consequently only accurate within a certain frequency range Additionally,
the states of the reduced system are, in most cases, lacking the physical meaning of field components

that they had in the original system Therefore, MOR methods are generally only applied if the

input/output behavior of the system is of particular interest Of course, the reduction process itself

requires a substantial computational effort Several reduction methods have been developed that

differ in both computational efficiency as well as the way they retain characteristic system properties
While not necessarily the most accurate approach, model order reduction (MOR) with the help of

Krylov Subspaces is widely accepted to create reduced order systems in an efficient way, particularly
for large-scale systems They shall hence be the focus of this work

This chapter explains the general concepts behind MOR and examines the applicability to finite-

volume (FV) state-space models as they have been introduced in Chapter 3 The application to

FV state-space models is attractive since it would allow the combination of the flexibility and the

accuracy of the unstructured mesh with the computational efficiency of MOR methods

4.1 The Notion of Model Order in the Context of Computational

Electromagnetics

The order of distributed devices (any device that is not small with regard to the wave¬

length) is infinité. Representing such a system with a discrete model that necessarily
has a finite order can already be considered some sort of MOR in a broader sense.

The order of the model that results from a discretization, the linear system in (3.1) and

(3.2), is equal to the number of states, if the system is fully controllable and observable

[18,35], i.e. if the number of states is N$,

rank([ B AB A2B
...

A^^B ]) = Ns (4.1)

59
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and

rank (J C CA CA2
...

CA^1 ]T) = Nä . (4.2)

This means that both the controllability as well as the observability matrices have the

full column rank. Such a system is termed minimal. Models from CEM are generally
not minimal systems. Hence, the order of the state-space system in (3.1) and (3.2) is

equal to the number of its controllable and observable states. This is equivalent to the

number of poles that do not coincide with zeros and can therefore be cancelled.

The second degree curl-curl formulation in (3.14) and (3.18) represents the same sys¬

tem as the linear formulation with half the number of states. However, the order has

to be the same. This gives rise to the assumption that the system order is equal to

the product of the number of controllable and observable states and the degree of the

system, i.e. the highest derivative of time. This is in agreement with the fact that any

higher-degree system can be brought to a linear form with the introduction of additional

states, and vice versa, which leaves the system order unaffected.

For many electromagnetic devices fairly accurate equivalent circuit models can be

derived. Those are generally of extremely low order, such as network models of microwave

filters. The order of a filter that is built from N-& discrete resonators is 2N-&, since

every resonator introduces two mutually conjugate complex poles. Since those discrete

resonator models are very good approximations of the corresponding distributed filter

in most cases, it is reasonable to assume that the high order state-space systems that

are created by a volume discretization of Maxwell's equations can be represented with a

state-space system of an order that is not significantly higher than 2./Vr.

Most MOR methods will not deliver reduced order models of an order that is exactly

2./Vr, or, in other words, if the order is restricted to that number, significant errors in the

frequency response approximation will have to be accepted. In order to extract models

that are of order 2./Vr, which will be termed compact models (see Subsection 5.2.4),
additional steps will have to be performed.

4.2 Applications of Reduced Order Models

MOR has been demonstrated to be applicable to virtually all space discretization meth¬

ods, be it finite differences [36], FIT [37], FEM [38], TLM [39], or the partial element

equivalent circuit (PEEC) [40] method. The low number of states and consequently the

small size of the system matrix of a reduced order system permit a number of operations

on the system matrix, such as inversion, factorization, and eigenvalue decomposition
that are prohibited by memory and CPU time constraints when applied to the original

system. This in turn enables the implementation of various applications that all exploit
the computational efficiency with which those reduced order systems can be treated.

In the following subsections some of the key applications of reduced order models will

be summarized. This shall in part be used to motivate the application of MOR to the

FV state-space models from Chapter 3.
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4.2.1 Fast Frequency Sweep

The most obvious motivation is the fact that the inverse in (3 73) can be computed
with negligible computational effort Hence, once the reduced order system has been

constructed, the frequency response can be evaluated at an almost arbitrary number of

frequency samples [41-43] Of course, this only represents a decrease in computational
cost if the reduced order model can be constructed efficiently Here, the already men¬

tioned Krylov subspace methods offer convenient properties Originally developed for

the efficient computation of eigenvalues, they tend to generate reduced order systems
that retain the dominant system poles Consequently, they are particularly well-suited

for systems that are dominated by a small number of poles

Systems of this class are often highly resonant, which results in long settling times or

fine frequency resolution for conventional TD or FD solvers Hence, for resonant systems,

a high gam in computational efficiency can be expected Since this is the area, where

the time-domain solution of the finite-volume (FV) method have been trailing behind

commercial implementations of other methods, the fast frequency sweep for resonant

devices, such as microwave filters and diplexers, is the primary motivation for applying
model order reduction to FV state-space models

4.2.2 Equivalent Network Generation

The state-space formulation as presented in Section 3 1 is a general description of MIMO

LTI systems In the electrical engineering context it is particularly well-suited for net¬

works of discrete elements such as resistors, inductors, and capacitors (RLC Networks)
Here, the states can be node voltages, branch currents or a combination thereof While

deriving a state-space formulation for a given RLC network can be considered an under¬

graduate exercise, the reverse process of generating a network from state-space matrices

is more difficult

The motivation to derive such an equivalent circuit for an electromagnetic structure

is motivated by the fact that it allows the combination of network simulators that are

based on Kirchhoff's equations with a full-wave simulator

The simplicity of Kirchhoff's equations permits the simulation of highly complex cir¬

cuits such as printed circuit boards (PCBs) However, they are unable to accurately
model the effects of radiation, signal retardation, dispersion and cross-talk With the

constant increase of clock rates in information processing systems, those phenomena
are becoming more and more pronounced in circuit components, such as transmission

lines, filters and multi-pin interconnects Because of the limitations of computational
resources it is normally impossible to simulate the entire network with a full-wave simu¬

lator The aspired approach is hence to isolate the components the dimensions of which

are in the order of the wavelength, generate a state-space model with the help of a space

discretization method, create a reduced order model and extract an equivalent circuit

This equivalent circuit can then be interfaced to the rest of the network through its ports

and the entire network can be simulated using a dedicated network simulator, such as

SPICE [44]
When used for this purpose, stability and passivity of the equivalent circuit are crucial,
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since even a stable non-passive system can cause the entire network to be unstable, which

renders the whole approach useless. In order to avoid post reduction manipulations of

the model, it is preferable if the original system possesses these properties which are

then retained in the reduction and equivalent circuit generation process. For some some

combinations of space discretization and MOR methods, stability and passivity can be

guaranteed. If this is not the case, the equivalent circuit has to be tested for these

properties.

The classical approach of interconnect simulation can be considered the passive re¬

duced-order interconnect macromodeling algorithm (PRIMA) [45].

[46] presents a very general and easy approach. After the computation of the

impedance matrix poles and residuals according to (3.92) every pole-residual pair is

realized by a simple elementary impedance that is composed of up to four RLC ele¬

ments. Since, for a one-port network, the elements of the impedance matrix are given

as

n

*><> =E^ («)
k=i

with the n poles and residuals pk and rv^, respectively, the elements of the impedance
matrix can be constructed via a simple series connection of those elementary one-ports.

A disadvantage of this approach is the quadratic dependence of the number of circuit

elements of the number of port modes m. This deteriorates the performance when

applied to systems with a high number of ports such as chip models. A similar method

that utilizes fewer components is presented in [47].
A direct interpretation of the states as branch currents after an appropriate coordinate

transformation of the reduced order state-space is presented in [20,25,48,49]. The

network is derived through a reverse application of the classical node analysis.

4.2.3 Sub-Gridding and Macro-Modelling

A closely related idea is to not limit the above approach to actual networks of physical
elements. On a more abstract level, the state equations that are derived from space

discretizations can be considered to represent large networks of concentrated elements.

This becomes particularly evident, if methods, such as finite differences, FIT, and TLM

are considered, where the unknown field values are closely related to voltages between

the mesh nodes and currents along the mesh edges. Consequently, if a subdomain of the

mesh is isolated, it can be considered as a sub-network that interfaces to the surrounding
mesh through its ports.

If the state-space model of these sub-networks is reduced in order, such a reduced order

model can then serve as a highly accurate and efficient macro-model for this subdomain in

a time- or frequency domain simulation of the entire mesh. This is particularly attractive

for two reasons.

Firstly, the cell size in the subdomain can be significantly smaller than in the sur¬

rounding mesh. In a straight forward TD simulation, this would require a decreased

time step, which results in a prolonged simulation time. After a model order reduction
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of the state-space model for the mesh in the subdomam the TD simulation can be car¬

ried out with the time step that is required by the coarser surrounding mesh, which can

drastically decrease the simulation time Such an approach has been suggested in [50]
and [51,52] It allows an efficient simulation of devices with sub-wavelength details or

metallic edges
Some devices may require an extremely fine mesh in the vicinity of important details,

which results in a large number of ports in order to interface between the subdomam and

the surrounding mesh In this case, the performance gam may be reduced, since many

MOR methods exhibit a strong dependence of the resulting model order on the number

of ports This disadvantage can be overcome by nesting the macro-models, requiring a

smaller number of ports between subsequent levels of mesh refinement [53]
A second attractive property is the reusability of those macro-models [54] Once such

a model has been created, it can be repeated at other locations in the computational

domain, requiring hardly any additional computational effort Such a procedure can be

highly suitable for structures with a periodic geometrical features, such as meta-matenals

and electronic band gap (EBG) structures

4.2.4 Extraction of System Characteristics

The system properties such as poles and zeros as presented in Section 3 6 require the

computation of eigenvalues of the system matrix For large-scale systems this can become

a prohibitively expensive task Because of the strong link between MOR methods and

eigenvalue solvers, the dominant eigenvalues of the original model are retained in the

reduced order model Hence, after the reduction process, the computation of those

eigenvalues of the - now small - system matrix comes at virtually no extra effort

Therefore, model order reduction (MOR) can be employed as an efficient solver for

system poles, zeros, and residuals This enables further considerations, eg it is now

possible to test the system for stability and passivity or compute observability and

controllability gramians

4.2.5 Surrogate Model Extraction and Optimization Schemes

An application that combines all of the above is the conception of efficient and robust

optimization strategies If a microwave component, eg a filter, features designable

geometrical or material parameters, it is possible, with the help of consecutive MOR

runs to establish a surrogate model of the device that describes the dependence of system

characteristics on those parameters

Conventional optimizers require the full simulation of the structure every time a geom¬

etry parameter is changed This generally prohibits the optimization of real-life devices

with a full-wave simulator, at least for higher numbers of designable parameters Surro¬

gate models are cheap to evaluate for certain set of parameters, however they may have

a limited validity and require occasional updating

Surrogate models can be of manifold nature They can be abstract, such as poles,

zeros, denominator and numerator coefficients, or canonical state-space representations
Or they can can be more "engineering-like" such as network or coupling matrix models
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The latter class also includes experience-based approaches such as space-mapping [55].
While easily conceivable, those methods are lacking the generality of an abstract model

that can be extracted with the help of MOR, since they are limited to problems, where

a surrogate network can be conceived manually.

4.3 Projection-Based Model Order Reduction

The system in (3.1) and (3.2) can be transformed into an equivalent system through a

coordinate transformation

X = VX' (4.4)

followed by a multiplication of (3.1) with a matrix WH. The new system

—WHVX' = WTAVX' + WHBx (4.5)

dt
v '

y = CVX + Dx (4.6)

has the same input/output characteristics as the original system, if V and W possess

the same dimensions as A and are non-singular.
A reduction of the number of states, and therefore the model order, is achieved, if the

rank of V and W is significantly smaller the order of the system. Assuming that the

columns of V and W span the subspaces <Sv and <Sw, the solution space of (4.5) is a

projection of the solution space of (3.1) onto <Sv parallel to <Sw- Hence, the system in

(4.5) and (4.6) is generally referred to as the projection of (3.1) and (3.2). It can be

written in the traditional state-space form

4-X'
= A'X' + B'x (4.7)

dt
v '

y' = C'X, + D,x, (4.8)

with the reduced order state vector X' and the projected matrices

A' = WHAV B' = WHB

C' = CV D = D.

Assuming the same input x, the output y' of the projected system will be altered with

respect to the original system.

Many modern model order reduction methods are based on the above principle of

projection. However, they greatly differ in the choice of <Sv and <Sw, that is the way the

projection matrices are constructed. While it is evident that an arbitrary choice of V

and W will lead to a an unpredictable result, it is plausible that the subspaces <Sv and

<Sw should cover a relevant part of the solution space of the original system.

It is straight forward to choose the solution on (3.1) at a set of frequency samples as it

is done in the method of frequency response coherent structures [56]. However because

of the strong dependence of the choice of frequency samples, the accuracy of the reduced

order model is difficult to foresee. Choosing a set of eigenvectors of the system matrix
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will preserve some of the important poles of the system [57], while the preservation of

the zeros cannot be guaranteed.

By far the most efficient approaches - and hence the most suitable for large-scale

electromagnetic problems - are those that make use Krylov subspaces for the projection
of the system. Those methods shall be described and examined in the following. The

actual algorithms will not be given in this chapter, since they have been extensively
discussed in the literature. Instead, only the key results and properties of those methods

are collected here, as they are relevant in the context of MOR. A good collection of

implementations can be found in [58].

4.4 Krylov Subspace Methods

The basis of a Krylov subspace of the dimension q is constructed through repeated

multiplication of a matrix Q and a vector r such that

/C9(Q,r) = span{ r Qr Q2r ... Q^r } . (4.9)

In a more general formulation the constituting vector may also be a multi-column matrix

R which yields the so-called block-Krylov subspaces

K.q (Q, R) = span { R QR Q2R ... Q9lR } . (4.10)

With m = rank(R) the rank of those subspaces is

rank{/C9(Q,R)} = qm, (4.11)

if no linearly dependent vectors occur during the construction, or else those linearly

dependent vectors need to be deflated [59].
In a direct implementation, finite precision arithmetics would cause newly added vec¬

tors in (4.9) and (4.10) to converge towards the eigenvector that is associated with the

dominant eigenvalue of Q. It is hence necessary to implement the construction of those

bases in a numerically stable way. This is generally done with the help of the Lanczos

and Arnoldi processes and their derivatives.

4.4.1 The Lanczos Method

In [60] Cornelius Lanczos (Lâncos Kornél) introduced a method for finding the eigenval¬
ues of large hermitian matrices. It is based on the discovery that the eigenvalues of a

tri-diagonal matrix Tq that is the result of a projection of the hermitian matrix Q onto

the Krylov space spanned by the columns of Vq according to

VHQVg = Tg + VgH[ 0 ••• 0 Vi ] (4-12)

with

span{V,} = /C,(Q,r) (4.13)

are good estimates of some of the eigenvalues of Q, even for small q. In (4.12) vq+i = Qvq
and vq is the last column of Vq.
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As described in (4.9) the basis vectors - the columns of Vq - are constructed iteratively

by multiplying the recently generated vectors with Q. The result of the multiplication
is then orthonormalized with the help of a modified Gram-Schmidt process before they
are added to Vq. In infinite precision algebra this orthonormalization only needs to

be performed against the last previously generated basis vector, in finite precision the

orthonormalization process may include the second and third last, as well, in order to

increase numerical stability. This short recursion is a remarkable property of the Lanczos

method and represents a tremendous advantage over methods with a longer recursion

such as the Arnoldi process (Subsection 4.4.2). In particular, it permits the implicit

computation of the projection of the starting vector.

V*r=e (4.14)

without the storage of Vq
The choice of the starting vector r has a significant impact on the convergence proper¬

ties of this method. It is easily shown that this approach can only yield certain eigenval¬

ues, if their corresponding eigenvector is included in r. Thus, if the method is deployed
as a pure eigenvalue solver, one generally chooses a random starting vector. As shown

in Section 4.5 this choice is not appropriate in the context of model order reduction.

In order not to be limited to hermitian matrices, the Lanczos method is easily expanded
to handle non-hermitian matrices. The so-called Bi-Lanczos method [61,62] yields a right
and a left Krylov Space with the respective starting vectors r and 1, that are spanned

by the columns of Vq and Wq, respectively, such that

span{V,} = /C,(Q,r) (4.15)

span{WJ = /Cg(QH,l) . (4.16)

Those two spaces are termed bi-orthogonal since

WHvg = Ag = diag{[ ö, 02 ... Sq]}. (4.17)

The result of the projection of a non-hermitian matrix Q onto those spaces

W«QVq = A,T, + W«[0 ••• 0 vi]

= TqiAq+[ 0 ••• 0 wg+1 ]HVg

are the tri-diagonal matrices Tq and Tq. In (4.18) vq+i is the same as in (4.12) and

Wq+i = QHwq, were wq is last column of Wq. Also here it should be noted that because

of the short recursion relation and because of the fact that the results of the projection
of the starting vectors

lHVg = 77 (4.19)

can be computed implicitly, it is never necessary to actually store the entire matrices

Vq and Wq. However, this Bi-Lanczos method is more expensive than the original
hermitian version since for every iteration a multiplication with the transpose of the

W"r = p



4.4 KRYLOV SUBSPACE METHODS 67

conjugate complex of Q has to be performed in addition to the multiplication with Q.
Of course, the Bi-Lanczos method is equivalent to the original method in the case of a

hermitian Q and equal left and right starting vectors 1 and r.

The above methods are easily expanded to handle blocks of starting vectors. If instead

of the single column vectors r and 1 the right and left starting blocks are R and L with

rank{R} = mi and rank{L} = m,2, the projection spaces are constructed according
to (4.10) and the projection results in the block tri-diagonal matrices Tq and Tq with

mi + 1 an(i m-i + 1 upper and lower diagonals, respectively. This version of the Lanczos

process is generally referred to as Band- or Block-Lanczos [59]. The projection of the

left and right starting blocks results in

W^R = p LHVg = 77 (4.20)

and can again be computed implicitly.
Due to the multiple starting vectors, it is possible that linearly dependent vectors are

generated during the construction process. These vectors then need to be deflated. This

means that the newly generated vector is eliminated form the basis and the algorithm
continues with a block size that has been decreased by one. However, the need for

deflation has never been observed in the context of this work.

In (4.17) the case of 5t = 0 is not excluded. However, since 5t is needed for the

normalization of the basis vectors this would require a division by zero. In infinité

precision this exact breakdown indicates that the Krylov subspace is exhausted and the

algorithm terminates. In finite precision, however, inexact breakdowns

\St\<e (4.21)

with a breakdown tolerance e can occur. This effect can be attributed to the fact that

the orthogonality of the basis vectors cannot be maintained in finite precision.
For a certain number of matrices this inexact breakdown can be remedied with the help

of the so-called Look-Ahead Lanczos method [63]. In this approach the bi-orthogonality
of the individual basis vectors is relaxed to a cluster-wise bi-orthogonality of blocks of

basis vectors. Hence,

vv
q

v
1
~ ^q

Si

Sp

(4.22)

where Si p
are quadratic blocks with \\Si p\\ > e. The algorithm starts as a regular

Bi-Lanczos and whenever an inexact breakdown is detected the block size of the current

cluster is enlarged by one. In the absence of breakdowns the blocks are all 1 x 1 and the

Look-Ahead Lanczos is equivalent to the Bi-Lanczos process.

Figuratively speaking, the Look-Ahead Lanczos maintains the (cluster-wise) bi-or¬

thogonality by dynamically adjusting the length of the recurrence, i.e. the number of

recently generated basis vectors against which the orhtogonalization is performed. This

illustrates the possibility of an incurable breakdown, when the size of the last cluster - the
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block size of ôp - is increased with every iteration, never exceeding ||5j,|| < e. While, the

occurrence of such an incurable breakdown is said to be rare in the literature [58], it has

been observed for the system matrices that result from the flux-splitting finite-volume

scheme (See Subsection 4.6.1).
A very general and robust implementation of the Lanczos method, including non-

hermitian matrices multiple right- and left-hand side starting vectors as well as deflation

and look-ahead can be found in [59]. This and a simplified version for hermitian matrices

is also the implementation that has been used for the examples in this work.

4.4.2 The Arnoldi Method

A very similar, albeit numerically more stable, method has been introduced by W. E.

Arnoldi [64] in 1951. It generates a unitarian basis Vq of /Cq(Q,r), or /Cq(Q,R) such

that

V^V, = Iq (4.23)

and the projection of Q onto this space yields

V«QVg = Hq + VgH [ 0 ••• 0 vg+1 ] , (4.24)

where Hq is an upper Hessenberg matrix.

In this method orthogonalization is always performed against all previously generated
basis vectors. In this way, the orthogonality of the basis vectors is guaranteed, even in

finite precision. This brings the advantage that, regardless of the properties of Q, the

method always converges and never breaks down. However, as the number of iterations

grows, the orthogonalization effort quickly dominates the computational cost of the

matrix-vector products that are computed to expand the Krylov subspace. This is the

reason that the numerical effort grows almost with 0(q2). Moreover, the matrix Vq,
which is full with a potentially high number of rows, has to actually be stored, which

may exceed memory constraints.

Similarly to its related Lanczos method, the Arnoldi method is easily expanded to a

block-wise implementation. In the case of a hermitian Q and equal left and right starting
blocks the Arnoldi method is equivalent to the (Bi-) Lanczos process. In finite precision,

however, the Arnoldi process maintains the orthogonality of the basis vectors while the

Lanczos process may not.

4.5 Model Order Reduction Methods

If the projection spaces in (4.5) and (4.6) are constructed using the Lanczos or the

Arnoldi method with q iterations and the starting blocks R = B and L = CT, the

reduced order system can be given in the frequency-domain as

sAgX' = TgX' + px (4.25)

y' = ^X' + Dx (4.26)
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or

sX' = HgX' + V"Bx (4.27)

y' = CV5HX' + Dx, (4.28)

respectively, and the approximated frequency response is

y' = (77 (sAq - Tg)-1 p + D) x (4.29)

or

y' = (CVJ (si, m - H,)"1 V^B + D) x
. (4.30)

The difference in the various model order reduction approaches is hence the choice of Q.
The two most important possibilities shall be presented here. If the projection spaces are

Krylov spaces of the system matrix and its transpose, respectively, the resulting reduced

order system will be a partial realization of the original model, while projecting onto a

Krylov space of the shift-inverted system matrix yields a Padé approximation.

4.5.1 Partial Realization

If the projection spaces in (4.5) and (4.6) are chosen to be

<SV = MA,B) <SW=MAH,CT) , (4-31)

the system matrix of the reduced order system in (4.25) or (4.27) will have some of the

eigenvalues in common with the system matrix of the original system A. However, since

the Lanczos and the Arnoldi method are derivatives of the power method, they tend to

first find the eigenvalues with largest magnitude, which are generally of little technical

interest.

Nevertheless, the reduced order system may still be a good approximation in the

band of interest, if q, i.e. the order of the reduced system is high enough. This can

be attributed to the fact that Krylov subspace methods also promote well separated

eigenvalues. Typical values for q are in the range of 1000 to 5000, which does not impose

an excessive computational challenge.
The approximation of the transfer function yields a different way to understand this

behavior. If both the original as well as the reduced order transfer function are expressed
in terms of a power series

H(S)

and

C(sl- A)_1B + D
OO -. OO

ECAfc4 + D = E^ + D
(4.32)

fc=0 fc=0

CV (sWHV - WHAV) WHB + D

OO
1

OO
/

Ec'A'fcI4+D = £^+D
(4.33)

fc=0 fc=0
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it becomes evident that, while the geometric series represents a Taylor series about

infinity, the approximation is not made by truncating this series but rather by approx¬

imating its coefficients, the so-called Markov parameters or moments m^ = CA B.

Consequently, H' is not a Taylor approximation of H, but a rational approximation
with a much larger range. For this reason, the method of partial realization can also

be referred to as moment matching or Parlé approximation (see Subsection 4.5.2) about

infinity.
In order to match the Markov parameters it is essential that the left- and right-

hand side port operators be used as starting vectors for Krylov subspace generation

process. This also ensures that no solution can be excited that is not within the range

of the controllability matrix (4.1). Hence, the choice of random starting vectors that is

generally made if those methods are used as eigenvalue solvers is not appropriate. In the

context of MOR the property of the Krylov subspace methods to miss eigenvalues with

corresponding eigenvectors that are not included in the starting vector is welcome.

It is extremely difficult to predict the order of the reduced model that is needed to

achieve a satisfactory approximation in a given frequency range. It is hence necessary

to implement a termination criterion that can be checked automatically. Here, the

eigenvalues of the reduced system matrix offer a practical approach. Since the reduced

system matrix is small, all of its eigenvalues can be determined accurately with the

help of a Schur decomposition. In an effort to minimize the additional overhead that is

introduced by this mechanism, the eigenvalue computation does not need to be performed
after every iteration step.

After the eigenvalues have been computed, one selects the ones that come to lie in the

vicinity of the frequency range of interest. The iteration is terminated, if the difference

between the eigenvalues in this frequency range in two subsequent checks fall beneath

a pre-determined tolerance. It has to be noted that, especially in the beginning of the

iteration, not only the values of the eigenvalues in that range may change but also their

number. It is obvious that a system with a varying number of eigenvalues in this range

cannot be considered to have converged.

Symmetrical projections play an important role in model order reduction, because they

preserve any given stability and passivity of the system. It is therefore advantageous
if the original system matrix is symmetric itself, since this would allow the application
of a symmetrical Lanczos process with W = V. If this symmetry is not given and a

stable, passive system is required, the Arnoldi method has to be applied, where W = V

is inherently fulfilled, accepting all the computational disadvantages that are mentioned

in Subsection 4.4.2. If none of this is possible, stability and passivity of the reduced

order system is not guaranteed and need to be checked a posteriori.

4.5.2 Padé Approximation

As already mentioned above, the partial realization can be considered a Padé Approxi¬
mation about infinity. A Padé Approximation is rational approximation of the system's

frequency response that matches a certain number of Markov parameters. It can be ex¬

pected that the method converged much faster, if not infinity was chosen as an expansion

point but some frequency in the vicinity of the frequency range of interest. This leads
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to the original formulation of the Padé Approximation [65]
Applying the transformation s = sq+u the system from (3 1) and (3 2) can be written

as

(A - sol)-1 crX = X + (A - sol)-1 x

y = CX + Dx

(4 34)

(4 35)

with the transfer function, which can be expressed in terms of its Markov parameters

H(s) = C [(A - soiy1 a - il (A - s0I)_1 B + D

= - ]T C (A - sol)"" ok (A - sol)"1 B + D = ]T m[So)ak
fc=0 fc=0

where the Markov parameters are computed according to

D

(4 36)

>o) -C(A-soI)
-(fc+i) B (4 37)

If original system is projected onto the spaces that are spanned by the columns of V„

and W„

.Sv = span{Vp} = Kp {(A - sqI)"1, (A - sqI)"1 b}
<Sw = span {W,,} = KLp < (A — sqI ,c,J

(4 38)

(4 39)

it can be shown [66] that the transfer function of the reduced order system

H^s) = C [(A'- solp)
1
o- - Ipl (A'-soIp) 'B' + D

Y, C (A' - s0Ipyk ak (A' - S0IP)_1 B' + D = ]T m(So) ak + D
(4 40)

fc=0 fc=0

has the first p Markov parameters in common with the original transfer function from

(4 36) This method became known as the classical Padé via Lanczos (PVL) method

[66,67]
From (4 38) and (4 39) it is obvious that the retained eigenvalues of the reduced order

system matrix are now in the vicinity of so rather than infinity Therefore, one can

expect the reduced order transfer function H' to be a good approximation of H in the

vicinity of so for relatively small values of p In fact, this shift and invert approach is

commonly used by eigenvalue solvers to extract others than the largest eigenvalues from

large matrices [62] Experience shows that, if so is chosen in the center of the frequency
band of interest, the order of the reduced order system hardly ever exceeds 30 for a two

port device

However, (4 38) and (4 39) also reveal a significant disadvantage of this approach
It requires the inversion or factorization of the - in most cases very large - matrix
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(A — sol), which even for moderately sized problems may exceed memory constraints

due to an unpredictable fill-in. Alternatively, an iterative solver has to be applied m

times in every iteration of the Krylov space generation process. This can drastically
increase the computational effort. Consequently, this method can only be efficient, if

a factorization of (A — sqT) is possible. The factorization only has to be performed
once and can be reused in every iteration step. Therefore, the computational effort is

comparable to an FD solution at one single frequency sample, however, the result is

a broadband model that can yield the response at an arbitrary number of frequencies
without significant additional effort. See Subsection 4.5.4 for further considerations on

computational cost.

Of course, the approximation quality of a Padé approximation is greatly impacted

by the choice of so- While choosing so in the center of the frequency range of interest,
i.e. on the positive imaginary axis yields the fastest convergence in term of model order

(compare Figure 4.3) it may actually require a longer simulation time, due to the complex
arithmetics. Choosing a real so results in a higher model order, however, it does preserve

the passivity of the system in the case of a symmetric projection [45]. Additionally, if

the system matrix is real, the Krylov subspace generation process can run in purely real

arithmetics, which counterbalances the higher model order.

The implementation of stop criteria is the same way as for the partial realization in

the previous section. However, due to the even smaller size of the system matrix, the

overhead introduced by the eigenvalue check is negligible. Hence, it can be performed
after every iteration.

The smaller size of the reduced order model has the additional benefit that the projec¬
tion matrices Vp and Wp can be kept in the memory. This allows a recovery of the state

vector after the reduction process [22]. Choosing C = Vp and D' = 0 yields broadband

information about the states, i.e. the field values in every cell, according to

X(s)=Vp(sI-W*AVpy1WfBx, (4.41)

again, at the cost of approximately one single frequency point evaluation (See Figure 4.4).
The transformation s = sq + a can be considered a special case of a more general

bilinear transformation

with a = 1, b = so, c = 0, and d = 1. Other choices of a, b, c, and d lead to more

advanced reduction schemes such as the Laguerre and Kautz methods [68,69]. However,
all of those methods require an even larger computational effort and are therefore not

investigated in this context.

4.5.3 Two-Step Model Order Reduction

In short, the partial realization does without a matrix inversion at the cost of higher
order reduced models, whereas the Padé approximation delivers smaller models but

bears the disadvantage of the inversion of a large matrix. A powerful approach that

combines the advantages of both partial realization and Padé approximation has been
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presented in [20, 37] The fundamental idea is to reduce the model order in two steps

First, a partial realization of the model is generated, benefitting from the lack of matrix

factorization, in order to yield an intermediate model As stated in Subsection 4 5 1, the

order of this model will be significantly lower than the one of the original model but still

larger than what can be achieved with the classical Padé approximation However, the

smaller size now allows an inexpensive factorization of the system matrix, thus enabling
the generation of a more compact model with the help of a Padé approximation in a

second step

In the original publication this approach has been applied to state-space formulations

of finite-integration technique (FIT) models A similar technique has been demonstrated

to work with transmission-lme matrix (TLM) models [70]
The result is a double projection according to

sWfWfVqVpX; = WpHWjAv5VpX' + W^W^Bx (4 43)

y' = CVpV,X' + Dx (4 44)

Here, in a somewhat uncommon notation, the index variables p and q are used to distin¬

guish between the projection matrices that have been computed with a partial realization

and a Padé approximation, respectively It can be shown that stability and passivity

can be preserved under certain circumstances [25]
The bulk of the computational load is in the partial realization step For performance

reasons and due to memory limitations only the Lanczos process may be used here This

is the reason why this method has been termed two step Lanczos (TSL), albeit, due to

the comparably small size of the intermediate system, the generation algorithm in the

second step is not limited to the Lanczos method

If eigenvalue-based stop criteria are implemented in both steps, the process can run

with a minimum of user interaction The only parameter that the user has to pro¬

vide is the tolerance for the convergence check of the eigenvalues of the system matrix

Experience has shown that 10~2 is sufficient for generating virtually indistinguishable

plots

4.5.4 Computational Cost

The mam contribution to the computational load in Krylov subspace methods is in

the expansion of the subspace As it is obvious from (4 10), this expansion involves

a multiplication of constituting matrix Q with each column of the port operator R

The Bi-Lanczos as well as the Arnoldi methods require additional multiplications with

the conjugate transpose QH The orthogonalization effort is minimal with the Lanczos

process as well as its derivatives, due to the short recursion but can be considerably

large, if the Arnoldi process is deployed
In partial realization type methods Q = A Hence the computational load lies in the

matrix-vector products that have to be carried out in each iteration Hermitian problems

require one of those products per iteration and port, while the Bi-Lanczos method that

needs to be employed for non-hermitian problems requires two One important advantage
of partial realization type methods is that they are directly applied to the state-space

matrices and hence, generally, do not require complex arithmetics
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The cost of a matrix-vector product is mainly determined by the sparsity pattern of

the matrix rather than its dimensions. In this the computational procedure strikingly
resembles time-domain methods. This is why they are generally employed with space

discretizations that are associated with such methods, such as the finite-difference, the

transmission-line matrix, and the finite-integration technique, where the system matrix

is known to be large but sparse. In fact, if it is known that the problem is symmetric
and hence, no multiplication with the transposed system matrix is necessary, the system
matrix does not need to be assembled, since a matrix-vector product is simply the result

of one time iteration.

Since the higher resulting order of the reduced system can be cured through appending
a Padé approximation to the already reduced system as described in Subsection 4.5.3,

partial realization with the help of Krylov subspaces is an efficient tool for the order

reduction of real symmetric problems. Non-symmetric problems can also be treated,

however, they bear the risk of numerical instabilities that are inherent to the Lanczos

process. Here, the short recurrence of the Lanczos process is at the same time a strong
and a weak point. It avoids the storage of the large projection matrices and therefore

enables the generation of the comparably large reduced order models. On the other

hand, it may be made responsible for the occurrence of the numerical instabilities.

Indeed, it has been observed that for sufficiently small problems a partial realization

can be generated with the help of the Arnoldi process where the Lanczos process fails

(compare Subsection 4.6.1). However, the Arnoldi process requires the storage of the

projection matrix V, which is Ns xp-m, Ns being the original number of state variables

and p the number of iteration steps. Since the both Ns and p can be very large - Ns

in the order of millions and p in the order of several thousands - and the matrix is full,
this approach quickly exceeds even generous memory constraints, while the CPU load

grows quadratically with the number of iterations.

By contrast, Padé approximation type methods rely on a matrix inversion in each

iteration step or, alternatively, on the solution of a linear system of equations per port

and iteration step, since here

Q = (A-SoI)_1 •

The computational cost of this approach greatly depends on whether a decomposition
of the matrix fits into the computer memory. If a LU decomposition of the matrix is

possible, it has to be performed only once for every expansion point before the iteration is

started and, consequently, every iteration step comes at the cost of m forward-backward

substitutions, a cost that is negligible compared to the factorization procedure. Thus,
if one expansion point is used as in the classical Padé approximation, on can extract a

reduced order model and hence broadband information about both the port behavior

as well as the fields at the cost of a frequency-domain solution at one single frequency

point.

In the above case the computational effort and memory requirements depend on the

matrix dimensions rather than its degree of sparsity, since this is what determines the

amount of memory that becomes necessary due to the fill-in. It is hence understandable

that space discretizations that yield smaller and denser system matrices are superior in

this regard. Those methods are usually associated with frequency-domain solvers, such
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as the finite-element method or the method of moments (MoM)
This remains true when the problems exceed a certain size that forbids a LU de¬

composition In this case an iterative solver has to be deployed per iteration step and

port-mode Convergence of these solvers generally depends on the condition number of

the matrix Here, as well, frequency-domain slanted methods are typically superior

In conclusion it can be stated that while a pure, classical Padé approximation may

work well with space discretizations that are frequency-domain slanted and hence yield

relatively small and dense system matrices, the larger and sparse system matrices that

emerge from space discretizations that are associated with time-domain solvers such as

the finite-volume (FV) technique generally require the generation of partial realizations

and hence the application of the Lanczos process for a satisfymgly efficient implementa¬
tion of model order reduction This shall be demonstrated in the following section with

the help of several examples

4.5.5 Other Reduction Methods

The projection onto Krylov subspaces has been chosen for this work, because of its

superior efficiency However numerous other MOR methods exist that partly have other

attractive properties In this section the most widely used are listed briefly If taken

literally, extraction methods that estimate model parameters from simulated or measured

frequency response, such as the Cauchy method (Subsection 5 2 2) and model parameter

optimization (Subsection 5 2 1), can be added to this list, since they, as well, yield models

of a low order However, the term model order reduction usually refers to methods that

compute a reduced order model from a state-space formulation by means of operations

from linear algebra and control theory
The original projection based method that computes the time-domain moments from

(4 37) directly has been presented in [71] under the name of asymptotic waveform evalua¬

tion (AWE) However, due to the lack of normalization and orthogonahzation of the basis

vectors of the projection space, the newly generated vectors tend to converge towards

the eigenvector of the system matrix that is associated with the dominant eigenvalue
This makes this approach highly ill-conditioned

A modified approach that avoids this unattractive property of the AWE is a so-called

well conditioned asymptotic waveform evaluation (WCAWE) [38] that introduces correc¬

tion factors, which eliminate this ill-conditioning An appealing property of this method

is the fact that it can be applied to systems of arbitrary degree as those in (3 24) and

(3 25) In fact, it can be considered a generalized Padé approximation for those systems

that is generated with an Arnoldi-type process Attempts to derive a higher-degree par¬

tial realization with a short recurrence orthogonahzation of the basis vectors, however,
failed [46]

In [72] an AWE-type implementation that exploits certain matrix symmetries of a curl-

curl formulation - efficient nodal order reduction (ENOR) - is presented As ENOR

is derived in the context of the order reduction of resistor-inductor-capacitor (RLC)
circuits, the term curl-curl is not utilized

The projection in (4 5) and (4 6) can also be performed on a number of other spaces

with varying efficiency as well as passivity and stability preservation properties One
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possibility to obtain a slightly faster convergence is to change the expansion frequency

so during the course of a Padé approximation. This multipoint Galerkin AWE [73,74] is

also known under the name of complex frequency hopping (CFH) [57]. Without orthog-
onalization it can be considered a general case of a projection onto so-called frequency-
domain coherent structures [56], where the state vector is computed at a number of

frequency samples and the result is used to assemble a projection space.

The equivalent of the latter approach in time-domain is the so-called proper orthogonal

decomposition (POD) [75]. Here, certain waveforms of the state vector are assembled to

form the basis of a projection space.

As stated above, other choices for the bilinear frequency transformation in (4.42) result

in alternative projection spaces. Methods that exploit these frequency transformations

include the Laguerre singular value decomposition (SVD) [68, 76] and the Kautz [69]
methods as well as their derivatives that generally are more successful in preserving the

system's passivity and stability and may yield global error bounds. However they do so

at a relatively high computational cost.

The SVD based methods represent a fundamentally different approach. Its most

popular representative is probably the method of truncated balanced realization (TBR)
that has been introduced in [77]. Here, the state-space matrices are transformed to a

basis that allows a detection of states that are simultaneously difficult to control and

to observe. Those states are then discarded. TBR methods guarantee passive reduced

order models, provided that the original state-space model is passive. Additionally, they

provide a-priori error bounds over the considered frequency range. This comes at the

cost of an increased computational effort compared to Krylov subspace methods.

The class of SVD based methods also includes the Hankel norm approximation [78]
and the singular perturbation approximation [79,80].

4.6 Examples

The previous sections have presented several MOR schemes. Particularly the Krylov sub-

space based methods promise an significant increase in computational efficiency. Since

the primary application of the reduced order models in this context is a fast frequency

sweep those methods appear to be the most suitable for this task. In this section the

applicability of those methods to state-spaces that have been generated with the help of

the FV technique shall be examined.

4.6.1 Coaxial T Stub

As a 3-D example that is small enough, so the LU decomposition of the system matrix

can fit into the memory of a conventional desktop computer, the coaxial T stub from

Subsection 3.7.1 (Figure 3.1) shall be considered. The reason behind this choice is the

fact that an exact FD solution can be computed at a large number of frequency samples
in a reasonable amount of time. This exact solution is then used to benchmark the

different MOR approaches.

Figure 4.1 presents the result of both the partial realization as well as a Padé approx¬

imation that are computed from a flux-splitting MUSCL state-space formulation as in
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Figure 4.1: Scattering parameters for the coaxial T stub, computed from the reduced order

(MOR) and the original model

Subsection 2 2 1 Since the results for those two approaches are virtually indistinguish¬
able from each other when plotted in the same graph, only one curve is given The

evolution of the relative error during the iteration process will be given in Figures 4 2

and 4 3 for the partial realization and the Padé approximation
In order to avoid amplification of the error at small scattering parameters values, the

error is computed according to

|Si 1MOR (f)-SnFD(f)

|S11FD(f)
(4 45)

where SnMOR,(f) is a vector of reflection coefficients that are computed from the reduced

order model at the frequency samples in the vector f and SnpD(f) is the solution that

is obtained from the original model at those frequencies || ||2 is the Euclidean norm

Figure 4 2 shows the relative scattering parameter error for a Padé approximation of a

field-averaging MUSCL model of the coaxial T stub It is observed that the error drops
after 1000 iterations and an error of 10~12 is reached with a model of the order 25001

xAn error of 10 a model order of 1200, in this case — is generally enough to generate indistinguishable
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Figure 4.2: Convergence of the partial realization of a flux-splittmg MUSCL model of the coaxial

T stub

from an original model order of 34902

The projection space for the partial realization has been generated with the help of

an Arnoldi process, which is also why the error curve stops at 2500 iterations Storage
of the projection matrix at this point requires 670 MB The required CPU time for the

generation of a partial realization of order 2500 was approximately one hour

The same accuracy can be achieved with a Padé approximation The evolution of the

normalized error e is given in Figure 4 3 for different extraction frequencies As expected,
the resulting order of the reduced system is drastically lower than with the partial
realization It is as well obvious and plausible that the error drops the quickest for an

extraction frequency that is located on the imaginary axis in the center of the considered

frequency band between /i = 0 and ji = 5 GHz Choosing the extraction frequency on

the real axis leads to a slower convergence in terms of model order However, for real

extraction frequencies, the projection space is spanned by real vectors only, which results

in a drastic reduction of required computational resources Additionally, real projections

tend to better maintain the stability and passivity of the system

While the fill-in in complex arithmetics for an expansion frequency sq = j 7r(/i + J2)
already requires the deployment of an iterative solver, in the case of real expansion

frequency the problem can still be solved with the help of an LU decomposition The

CPU time requirements were I 6 hours for the iterative solver and a complex reduced

order model of order 20 (corresponds to a scattering parameter error of roughly I0~5)
and 2 3 minutes for one real LU decomposition, with which any arbitrary system order

can be realized without significant additional computational effort

plots
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Figure 4.3: Convergence of a Padé approximation of a flux-splittmg MUSCL model of the

coaxial T stub for different extraction frequencies

In both the partial realization as well as the Padé approximation the entire projection

matrices are stored, if the Arnoldi process is used to compute the basis of the projection

space This allows a post-reduction computation of the fields inside the structure at

any arbitrary frequency, by redefining the left-hand side port operator as described in

(4 41) Figure 4 4 shows the electric field inside the coaxial cable at the three resonance

between 0 GHz and 5 GHz In order to generate those plots the fields need to be sampled
at a rectangular grid in a 2-D cut-plane Here, the interpolation between the tetrahedral

mesh on which the computation is performed and the plotting grid is done with a first-

order accuracy, l e every grid point of the rectangular grid is assigned to a specific
tetrahedron whose field values it assumes More accurate interpolation schemes between

the two grids have been implemented in TD [5]

Naturally, the one hour or more that is required to compute the partial realization

or the Padé approximation for this relatively small example cannot be considered a

competitive value The LU decomposition in real arithmetics yields a shorter simulation

time, however, this approach cannot be considered general, since for most practical

applications memory constraints will prohibit a factorization of the matrix This is why
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Figure 4.4: Absolute value of the electric field inside the coaxial T stub at a) 1.34 GHz, b)
2.78 GHz, andc) 4.05 GHz

the objective has to be the successful implementation of a partial realization via the

Lanczos process, which, due to its short recursion, is much more efficient.

However, since the system matrix of the flux-splitting FV state-space is non-symmetric,
the Bi-Lanczos method has to be employed. As mentioned in Subsection 4.4.1 this version

of the Lanczos process may suffer from numerical breakdown. And indeed, as Figure 4.5

shows, the parameter Sq, which can be considered a measure for the bi-orthogonality of

the Krylov basis vectors or the loss thereof, falls below the relative accuracy in double

precision (ec = 2.2204 • 10~16). This has to be considered a numerical breakdown.

In order to avoid such a numerical breakdown, the look-ahead version of the Lanczos

method has been developed (See Subsection 4.4.1). Here, it is used in an implementation
from [59]. As a measure for the cluster-wise bi-orthogonality of the generated basis

vectors, the smallest singular value of the the active cluster in iteration q, Sq, is used.

The recursion length is increased, if this value falls below a breakdown tolerance of

e = JTC = 1.4901 • 10-8.

Figure 4.6 shows the bi-orthogonality measure at every step of the iteration process.

Up to an iteration of about 1500 the value is identical with Sq above, which can be

expected since the the orthogonality measure is above the breakdown tolerance and the

cluster size is one. After that point the first clusters are identified and the recursion
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Figure 4.5: Orthogonality measure of the Bi-Lanczos process for a flux-splittmg MUSCL state-

space formulation Numerical breakdown occurs at iteration 2035

length is increased However, after an iteration of about 2000, the smallest singular
value of Sq never rises above the breakdown tolerance, which results in an ever growing

cluster size While the iteration can in principle continue in that fashion and may even

yield acceptable results, the larger cluster size of a long recursion length will again

exceed memory limitations Figuratively speaking, the look-ahead Lanczos algorithm
assumes some of the characteristics of the Arnoldi algorithm, in the case of an incurable

breakdown This is also noticeable in the executions times The look-ahead Lanczos

process requires about 45 minutes as opposed to the two minutes that are needed for the

Bi-Lanczos algorithm without look-ahead

While MOR can be applied to flux-sphttmg FV discretizations, due to the numerical

instabilities of the Lanczos process, this is only possible with the help of the more stable

Arnoldi process This results in a drastic loss of computational efficiency in the general
case The failure of the Lanczos process can be attributed to the non-symmetric nature

of the system matrix, since this enforces the usage of the less stable Bi-Lanczos process

This motivates the pursuit of a symmetric formulation of the discrete FV equations and

the investigation of alternative discretization schemes

4.6.2 Direct Coupled E-Plane Filter

A direct coupled E-plane filter serves as an example to test the applicability of MOR

to state-spaces that have been obtained with the field-averaging FV scheme The filter

is constructed from two U-shaped metal profiles that clamp a thm metal sheet with
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Figure 4.6: Orthogonality measure of the look-ahead Bi-Lanczos process for a flux-splittmg
MUSCL state-space formulation An incurable breakdown occurs after iteration 2035

Figure 4.7: Exploded view of the direct coupled E-plane filter, with the dimensions t = 0 2 mm,

a = 6 401mm, b = §, h = 0 95 mm, l2 - 5 229 mm, h = 3 405 mm, h = 5 273 mm, and

Is = 3 798 mm The filter is symmetric with respect to its center

punched-out sections that form the four resonators The structure including dimensions

is given in Figure 4 7

Assuming excitation with the TEio mode, the fields are invariant in the direction of

the shorter dimension of the cross-section [81] Hence, the field-averaging technique can
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Figure 4.8: Section of the triangular mesh of the direct coupled E-plane filter.

be used in its 2-D version, where it has been demonstrated to yield accurate results

(Subsection 3.7.2). The filter is meshed with 60564 triangles. The mesh is shown in Fig¬
ure 4.8. It demonstrates once more the ability of the FV discretization to accommodate

cells of very different sizes. This property is very useful in this particular case, since the

field singularities in the vicinity of the metal inserts require a very refined mesh.

In a curl-curl formulation, where the electric fields are the states, the system matrix

is 60564 because the x- and z-components are zero, due to the structure's symmetry.

Under the absence of weighted averaging, the system matrix is symmetric within the

machine precision, i.e.

IIa -atII

where the Euclidean norm ||-||2 is estimated with the help of a power iteration. This

symmetry allows the deployment of a symmetric Lanczos solver for the generation of a

partial realization of the order 3996 (matrix size 1998 x 1998) which completes within

85 seconds. The second model order reduction step as well as the fast frequency sweep

then represent only negligible overhead. The scattering parameters that are computed
from the final model of order 28 (matrix size 14 x 14) are presented in Figure 4.9, where

they show an excellent agreement with a Microwave Studio® reference solution.

So far, the dissipative behavior of the flux-splitting FV technique as well as the long

settling times that are required by a TD solver have rendered the simulation of highly
resonant microwave devices, such as filters, unsuccessful. Also the frequency domain

solvers that have been presented in Chapter 3 only yield results within a satisfying time,
if the problem size is comparably small. Hence, an efficient simulation of such devices

with the FV method is only possible since the applicability of model order reduction has

been demonstrated in [82]. In fact, with the application of MOR, CPU times become
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Figure 4.9: Scattering parameters of the E-plane filter, computed with an efficient two-step MOR

approach from a curl-curl state-space formulation for a field-averaging FV discretization and

compared to a Microwave Studio® solution.

comparable to what one would expect from mode matching simulations, a method that is

highly specialized in waveguide applications. In order to achieve this superior numerical

efficiency, the application of the Lanczos process is required for the generation of the

projection space in the first MOR step, which is reliable in this case, due to the symmetry

of the system matrix.

4.6.3 16-Resonator Diplexer

In order to demonstrate the extraordinary performance of model order reduction, when

applied to large highly resonant systems, a 16-resonator E-plane diplexer is examined

[83]. The diplexer, which is shown in Figure 4.10 along with the dimensions given in

Table 4.1 is composed of two 8-resonator E-plane filters that are constructed in the same

technology as the E-plane filter in Subsection 4.6.2 and joined with a power divider

section that equally distributes the input signal from a wider waveguide. In order to

achieve that equal division, a metal stub is introduced in the back wall of the power
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Figure 4.10: 16-resonator E-plane diplexer with designable geometry parameters given in Ta¬

ble 4.1. The individual filters are symmetric about their respective centers.

Power Divider Low Band Filter High Band Filter

h 1.5076 mm d,n 0.9659 mm dhi 1.0858 mm

I 2.8291mm d\2 4.0070 mm dh2 3.8161mm

w 0.1 mm di3 3.2178 mm dh3 3.4183 mm

h 4.3734 mm du 4.0273 mm dh4 3.8210mm

h 8.1591mm d\5 3.6244 mm dh5 3.7914 mm

ai 5.65 mm die 4.0263 mm dh6 3.8296 mm

a2 7.112 mm dir 3.7024 mm dh7 3.8638 mm

b 2.825 mm dis 4.0261mm dh8 3.8293 mm

t 0.1 mm dig 3.7201 mm dh9 3.8940 mm

Table 4.1: Parameter values for the 16-resonator E-plane diplexer
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Figure 4.11: Triangular mesh in the power splitter section of the 16-resonator E-plane diplexer

divider section.

Assuming a TEio excitation at the input port 1, only TEmo modes will be excited

inside the structure that are all below cut-off in the 38 GHz to 40 GHz frequency range,

except for the TEio mode at the output ports. While the normalization impedance is

different at the input and the output ports, due to the different width of the respective

waveguides the variation over frequency is minimal in this range and therefore neglected.
It is hence a 2-D problem that is discretized with a triangular mesh using the commercial

software Altair® HyperMesh® , resulting in 180950 triangles and a system matrix of the

same size, if a curl-curl formulation of a field-averaging FV scheme is applied. The mesh

is shown in Figure 4.11.

Since the matrix is again symmetric within machine precision, a symmetric Lanczos

factorization is performed that yields a partial realization of the intermediate order 14394

(matrix size 7197 x 7197) after 13 minutes, which includes an eigenvalue convergence

check. This intermediate model is then reduced in a subsequent step to an order of 60

(matrix size 30 x 30), from which the frequency response is computed. The scattering

parameters of this three-port device a shown in Figure 4.12, where they show a good

agreement with a Microwave Studio® reference solution.

4.7 Conclusions

This chapter presented an overview over various model order reduction schemes with

special focus on methods that utilize Krylov subspace projections, along with some

considerations on model order in general as well as computational cost.

The application of those Krylov subspace projection techniques to FV models can

be considered successful within certain restrictions. An application to staggered and

flux-based schemes has not been attempted, because the FD solution of their state-space
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Figure 4.12: Scattering parameters of the E-plane diplexer compared to a Microwave

Studio® (MWS) solution

formulation has not been entirely successful. The effect of deviating results and spurious
modes on the quality of reduced order models is simply unpredictable. If a partial
realization Padé approximation is applied, anyway, the method will fail to converge.

Good results could be achieved for 3-D flux-splitting as well as 2-D field-averaging
schemes. Since the system matrix of a curl-curl formulation for the latter is real sym¬

metric within machine precision, an efficient and numerically stable Lanczos algorithm
can be employed to generate a partial realization of the original large state-space. This

partial realization is subsequently reduced in a second step with the help of a conven¬

tional Padé approximation. This produced the first successful efficient simulation of

microwave filter structures with the help of the FV method.

As for the former, the state-space formulation for a flux-splitting MUSCL discretiza¬

tion, MOR can only be achieved via a direct application of a Padé approximation. Since

this involves a factorization of a large matrix per reduction step, or, alternatively, the

solution of a large linear system per reduction step and excitation port, this approach,
while delivering excellent results, cannot be considered satisfyingly efficient. A partial
realization of a original state-space failed due the numerical instabilities of the Lanczos

method and could also not be remedied with the implementation of a look-ahead version.
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A partial realization could, however, be performed if one is willing to accept the lower

numerical efficiency of the Arnoldi method. This failure was what primarily motivated

the research on other discretization schemes with the hope to find formulations that

possess more favorable numerical properties and eventually allow the application of the

Lanczos process in a partial realization.

For the following chapter, where an interesting application of reduced order models is

presented, FV was not employed due to the limitations that have been outlined above.

Another key reason is the availability of parameterization. The commercial meshing
software Altair® HyperMesh® that is used in the in-house simulation framework in order

to generate the unstructured tetrahedral and triangular meshes does not offer this flex¬

ibility Therefore, the decision to use the commercial finite-integration technique (FIT)
based EM simulator Microwave Studio® for the mesh generation was made.



5 Reduced Order Surrogate Model Optimization

Abstract— Although the recent years have seen a drastic increase in computational resources,

simulation times are normally still excessively high to perform an efficient pre-production optimization
of the full-wave model of a device under development While a single simulation run may terminate

within an acceptable time limit, an optimization generally requires a large number of those simulation

runs Surrogate model optimization schemes aim at minimizing that number by evaluating an

approximative model instead of the original one At the same time, those methods decrease the

influence of the initial parameter choice on the optimization result This chapter presents a way to

deploy model order reduction (MOR) in a surrogate model optimization scheme The applicability
of MOR in the surrogate model extraction process is discussed as well as the performance of various

model representations of the surrogate models The objective is to develop an optimization scheme

that is at the same time fast, reliable, and automatic

This chapter will give an overview over the fundamentals of surrogate model optimization as well

as the existing approaches before it focuses on the two key steps in that kind of optimization process,

model extraction and surrogate model representation As for the former, some existing methods will

be reviewed and MOR will be presented as a novel alternative Furthermore, the issue of compact

models as well as the computation of the Jacobian matrix will be addressed The potential of model

order reduction in a surrogate model optimization process will be demonstrated by means of several

practical examples after a general optimization framework is presented

Although not limited to such devices this approach has been developed in the context of microwave

filter design optimization, which is the reason why some of the paradigms from that discipline are

reflected in the following considerations

5.1 Surrogate Model Optimization

In computer aided design (CAD) of electromagnetic (EM) devices the term optimization
refers to the process of finding a set of designable - most often geometry related -

parameters through repeated and directed simulation of the device in such a way that the

resulting device exhibits the best possible performance or fulfills a set of specifications.
The optimization problem can generally be formulated as a minimization problem of an

objective function that yields some kind of measure of the difference between the ideal

system response and the simulation result for a certain set of parameters. While such

an approach is often used in the synthesis of device prototypes this work focuses on the

post-synthesis, pre-production optimization of the designable parameters.

Surrogate model optimization refers to a class of optimization techniques that apply
conventional optimization routines to a model that approximates the behavior of the

original model. The motivation for surrogate model optimization is two-fold. On the

one hand, these techniques drastically reduce the number of calls to the EM simulator.

On the other hand - depending on the type of objective function that is deployed - a

89
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higher level of reliability can be observed compared to the direct optimization of the

original system.

5.1.1 Fundamentals

In a conventional optimization process such as the Newton and Quasi-Newton methods

[84], or the Trust Region method [85], an optimization algorithm attempts to minimize

the value of an objective function through directed modification of system parameters. In

the context of computational electromagnetics (CEM), this objective function is obtained

from a comparison of the result of an full-wave simulator with a target system, which is

considered to be ideal.

While some of those optimization methods are very advanced and powerful, they all

suffer from the fact that a full-wave simulation and hence the evaluation of the objective
function is very time consuming even with the deployment of fast computer hardware

and efficient solvers. A simulation time of a few minutes, which is on the low end for

practical devices, can easily result in several days of optimization time, if the optimizer

requires several hundred objective function evaluations, a value that is greatly effected

by the number of designable parameters.

Instead of computing the system response in an EM simulation from the space dis¬

cretization of the device, a surrogate model can be used for this purpose. Such a model

approximates the dependence of the system response on the designable parameters and

is preferably fast in evaluation. It is often only valid in a certain range of the parameter

space. In such a scheme, the EM simulator is only used occasionally, in order to gener¬

ate or update the surrogate model. Such an update becomes necessary if the optimizer

requires the system response at a point in the parameter space in which the current

surrogate model is not valid. Figure 5.1 illustrates this process.

A crucial step is the extraction of the surrogate model from the space discretization

of the device. This usually involves the computation of certain system characteristics,
such as poles and zeros or coupling matrix entries. Additionally, the influence of the

designable parameters on those characteristics has to be determined. This is often done

through a Jacobian estimation in one point in the parameter space with a one- or two-

sided finite difference quotient. It is obvious that any surrogate model will be represented

by a set of real or complex numbers. Those numbers will be termed model parameters

in the following. They can be collected in a vector m. The designable parameters that

are the object as well as the result of the optimization process will be collected in the

vector x.

The second fundamental attribute of a surrogate model optimization scheme is the

way the surrogate model is represented. In general, this can be any canonical state-space

formulation, which can be converted into other system representations as described in

Section 3.6. In the case of filters, this is often a coupling matrix representation, where

the device is described in terms of the resonance frequencies of the individual resonators

as well as their mutual coupling coefficients (see Subsection 5.1.2).
While the particular representation of the surrogate model is less important if it is

merely used to compute the frequency response, which is then compared to the target,
it offers the possibility to define structure targets, where the system characteristics that
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Figure 5.1: Flowchart of a surrogate model optimization process. Computing the system re¬

sponse from the surrogate model, bypasses the full-wave simulator that needs to be called for

every objective function evaluation in a conventional optimization process.

are used to represent the system are used directly in the objective function, i.e. it is

practicable to optimize the system characteristics themselves instead of the frequency

response. This approach decreases the sensitivity of the optimization result to the initial

choice of the parameters.

In a practical implementation, the extraction of the surrogate model also involves a

computation of the derivatives of the model parameters with respect to the designable

parameters, which is represented as a Jacobian matrix. Since this is done in one point
of the designable parameter space it is only valid in the vicinity of that point. After

the extraction of the model as well as the Jacobian matrix, a full optimization cycle is

performed in the same fashion as in a conventional optimization, except for the fact, that

the objective function is evaluated with the help of the surrogate model. Since the result

from this process cannot be expected to be the actual optimum, because of the limited

validity of the model in the parameter space, the process is restarted with newly found

optimum as a new initial guess for the designable parameters. Figure 5.2 illustrates this

approach for a two-parameter optimization problem.

5.1.2 Existing Methods

Several surrogate model optimization techniques exist that all differ in the way that the

surrogate model is extracted and how it is represented during the optimization process.
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Figure 5.2: Two-dimensional parameter space with intermediate results and restarts

The model extraction can itself be carried out as a separate optimization step where

parameters of the surrogate model are adjusted until the frequency response matches

a full-wave simulation result (See Subsection 5 2 1) This approach is closely linked

to a filter synthesis process In [86, 87] the elements of a filter's coupling matrix are

optimized until the frequency response matches a simulation or measurement result at

a set of frequency samples A very powerful approach has been suggested in the context

of filter synthesis in [88] There, the frequency response is evaluated at the location of

the system zeros

A second widely used extraction method is the Cauchy method (Subsection 5 2 2)
This approach determines the coefficients of the numerator polynomials in a least-squares
estimation The coefficient representation can then be converted into other system rep¬

resentations [89] presents an approach where the poles and zeros are computed from

the polynomial coefficients and their difference to a set of target poles and zeros is used

as an objective function In [90, 91] a coupling matrix is derived from the coefficients,
which is compared to a synthesized coupling matrix

This class of optimization schemes also includes knowledge based methods, such as

space-mapping [55] These methods rely on surrogate models that are derived separately
for every optimization task While this can increase the the reliability of the optimizer

convergence, It requires a higher level of user interaction than the methods above and

can be considered less general

5.2 Model Extraction

The model extraction procedure primarily determines the accuracy of the surrogate

model and therewith the reliability of the optimization procedure The accuracy of the

surrogate model is closely linked to its order, naturally, higher order models are more

x2
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Figure 5.3: Equivalent circuit for a 2-port n-resonator filter with direct and cross-couplings

accurate. While some methods, such as the Cauchy method, require the order of the

surrogate model to be determined before the extraction, others, such as MOR, do not.

This predetermination of the model order can be both an advantage and a disadvantage.
Extraction methods with a dynamic order determination inherently possess a higher
level of automaticity, whereas a predetermination offers an easier objective function

implementation.
This section presents the most widely used extraction procedures with an emphasis on

MOR as the central focus of this work. In Subsection 5.2.4 the issue of compact models -

models of minimum order - is discussed and some compacting techniques are presented.
The last subsection focusses on the incorporation of the parameter dependencies into

the surrogate model.

5.2.1 Model Parameter Optimization

Since the surrogate model is generally represented as a set of real or complex numbers,
those numbers can be extracted in a separate optimization procedure. Hence, the num¬

bers that represent the model will be termed model parameters in the following. In

general those can be any abstract model representation. In most cases, however, the

scattering matrix entries are optimized in order to deliver a certain frequency response.

Optimization methods have been successfully applied in filter synthesis techniques.

They are motivated through the need to synthesize a coupling matrix from the desired

frequency characteristics, such as a set of reflection and transmission zeros. In the

context of surrogate model extraction the same techniques can be used, if the desired

frequency response is replaced with the result of an EM simulator. The benefit of this

approach is that a given coupling topology can be enforced, thus, the need for coupling
matrix transformations is eliminated.

The state-space representation of a coupling matrix model can be derived from an

equivalent circuit as in Figure 5.3. If the circuit is composed of n resonators and possesses

two ports, after a low-pass transformation

P=7T [— + — )> 51
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with the center frequency ujo/2it and the bandwidth Auj/2it, as well as a narrow-band

approximation, Kirchhoff 's voltage law for each resonator can be written in matrix form

(>I + R + jM)X = Bv, (5.2)

where the state vector

X = [ x1 x2 ... xn J

contains the loop currents in the resonators [92]. The matrix R contains the port

impedances Z\ and Z2 in the upper left and lower right corner, respectively, with all

other elements being zero and M contains the coupling coefficients. The right-hand side

port operator

"1 0 ••• 0

0 ••• 0 -1

maps the port voltages in the vector v = [ v_i H2 ] on the voltages across the res¬

onators.

Prom (5.2) the standard state-space formulation in terms of wave amplitudes can be

given as

B

PX= -(R + jM)X + 2B
Zx 0

0 z2

zx 0

0 z2
BxX + a,

(5.3)

(5.4)

from which the scattering matrix can be computed according to (3.80). A detailed

derivation of the equivalent circuit modeling of microwave filter can be found in [88,92].
In (5.3) and (5.4) the adjustable parameters are the coupling coefficients as well as

the impedances of the input and output ports, i.e. the entries in M and R.

The choice of a suitable objective function is a critical component for any successful

optimization. In [87] the sum of the differences in real and imaginary part of the scatter¬

ing parameters of the extracted and the simulated model at a set of frequency samples
was used, i.e. the objective for the extraction process is to find the port impedances and

coupling coefficients for which the objective function

o(R,M) = ||S(f)-Ssim(f) (5.5)

reaches a minimum, where f is a vector of frequency samples and Sslm is the scattering
matrix that results from a full-wave simulation.

In [88] the reflection and transmission coefficients were evaluated at their respective
desired zeros. In conjunction with the absolute value of the reflection coefficient at

the band edges this latter approach was used to extract a coupling matrix for a set of

required reflection and transmission zeros, but it can also be utilized for the extraction of

a surrogate model, if the - in general complex - zeros are not synthesized but computed
from a the space discretization, e.g. through a model order reduction step. Hence,

o(R,M) = ||S'ii(zii8 + ||5'21(Z21S

+ l^n(l) - SnsUW + |Sii(-l) " Sii8im(-l)r
(5.6)
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is minimized, where znsim and Z2iSim is a vector of reflection and transmission zeros,

respectively, of the simulated scattering matrix

The above two objective functions (5 5) and (5 6) offer the possibility of an analytical

computation of the objective function's gradient This is generally desirable as an analyt¬
ical gradient computation eliminates the need to compute a finite difference approxima¬

tion and allows the application of more robust optimization algorithms Unfortunately,
a higher robustness with regard to the initial choice of the coupling parameters of the

extracted model could not be observed Furthermore, the decrease in computational cost

is not very significant, as such an extraction procedure in most cases will not take more

than a few seconds

Literally speaking, the model parameter optimization approach is also a type of model

order reduction, since the result is a lower order model However, this term is generally
not utilized in this context

5.2.2 The Cauchy Method

Instead of extracting the coupling coefficients directly, the Cauchy method represents a

least-squares approach to reconstruct the numerator and denominator coefficients of the

system's transfer function from measured or simulated scattering parameter data In the

classical approach [93] the numerator and denominator coefficients of the characteristic

function

^21 (1) Efc=0621fcSfc

are computed in a least squares approach that is derived by equating (5 7) at a number

of frequency samples that has to be larger than the sum of the numerator degrees of the

surrogate model N\\ + N21

The coefficients of the common denominator are then computed for the passivity
condition for loss-free systems

\Sn(ju)\2 + \S2i(jw)\2 =
E« k

fc=OafcS

^N2
E«2i

7 k

k=0°2lkS

EiV k

fc=OafcS

2

= 1 (5 8)

Once the coefficients have been computed they can be converted into other system

representations, such as coupling matrix [90] or pole-zero-gain models [89]
The accuracy of the surrogate model greatly depends on the choice of the frequency

samples at which (5 7) is equated as well as the degrees of the numerators of the reflection

and transmission coefficients and their common denominator Therefore, the number of

reflection and transmission zeros has to be anticipated a-priori A better extrapolation

accuracy has been observed if the degree of the reflection coefficient numerator is chosen

larger than the number of reflection zeros The extra reflection zeros that are introduced

in this way are eliminated afterwards [90]
The number of surrogate model poles (the denominator degree) is logically chosen

equal to the number of resonators (in a low-pass representation), since this allows a

transformation into a coupling matrix representation [94, 95] However, this is not im¬

perative Naturally, the accuracy increases with a higher order of the surrogate model
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The limitation to loss-free and two-port devices can be overcome with the help of a

recently published approach [91].

5.2.3 Model Order Reduction

Model order reduction (MOR) is a fundamentally different approach for model extrac¬

tion. The principal difference with regard to the two methods that have been outlined

above is the fact that the system characteristics can be computed from a smaller repre¬

sentation of the system matrix, i.e. without a time-domain or frequency-domain solver

run. Hence, the extraction is not prone to errors that may be introduced by those

solvers while the computational load is shifted from those solvers to a subspace projec¬
tion method (See Chapter 4).

Another appealing property of MOR is its flexibility In general, it can be applied to

any structure that can be represented as a state-space model. It is hence not limited to

filters, but can also be used for multi-port devices [96] and antennas [38]. However, it

shows a superior performance, when applied to highly resonant structures.

As opposed to the above methods MOR does not require a predetermination of the

surrogate model's order. In fact, the order can be determined adaptively during the

reduction process (See Subsections 4.5.1 and 4.5.2). In the context of filter optimization,
this ability can be both an advantage and a disadvantage. On the one hand, the accuracy

of the extracted model can almost be guaranteed, on the other hand, the order of this

model will generally be higher than expected. As a matter of fact, MOR methods

generally exhibit a strong dependence of the resulting order on the number of input and

output ports.

This higher order can be problematic, if the goal is the extraction of a coupling matrix,
since its size - i.e. the model order - is limited by the number of resonators. On the other

hand, if a coupling matrix is not of interest and the optimization is performed on system

poles and zeros as in [96], the compactness of the extracted model is less important.

5.2.4 Compact Models

The antinomy between a high model accuracy and low - possibly predetermined - model

order can be summarized in the notion of a compact model. A compact model denotes

a model of the lowest possible order that is valid in a certain frequency range. In other

words a further reduction of the model order, be it with the help of an actual MOR

algorithm or a different extraction method, such as the Cauchy method, would result in

a drastic deterioration of the approximation in that frequency range. Hence, "compact"
in this context is more a concept rather than a precise expression, since no définition for

the accuracy of the approximation is given.
In the context of filter optimization, it is known from filter synthesis that a distributed

microwave filter can be described very well with a lumped element equivalent circuit or a

coupling matrix. Therefore, the model order is determined by the number of resonators.

Hence, the order of a compact surrogate model is likely to be the same. This is the reason

why many of the published surrogate model optimization routines employ surrogate
models of that order.
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While compact models are not necessarily required for surrogate model optimization

because of the objective function that is used (See Section 5 3), it may be beneficial to

make the surrogate model compact, if the extraction method, e g MOR, fails to deliver

such a model In particular, if a coupling matrix is the desired representation of the

surrogate model, the higher order model from a MOR run prohibits a coupling matrix

extraction In that case, a subsequent compacting step has to be appended in order

to restrict the order of the reduced model to the predetermined order of the coupling
matrix

At first, the extraction methods that have been described in Subsections 5 2 1 and

5 2 2, model parameter optimization and the Cauchy method, can serve as a compacting

step, due to their characteristic to deliver models with a predetermined order In fact,
in combination with a previous MOR step they can be particularly useful, since the

reduced - but not compact - order model allows the computation of poles and zeros,

which helps determine the frequency samples that are necessary with those methods In

this way the extraction with model parameter optimization or the Cauchy method can

be made more reliable since the most critical uncertainty is eliminated

As mentioned in Subsection 4 5 5, MOR methods from the class of TBR tend to

achieve a lower order than the Krylov subspace methods While they are not efficient

enough to be applied to the space discretization directly, they can serve as a post Krylov
MOR step to further decrease the order of the model that results from the previous step

Another advantage is that they generate guaranteed stable and passive models - a fact

that is less important in the context of filter optimization - and that they yield a priori

error bounds

In the context of this work a variation of those methods that has been termed "poor
man's" truncated balanced realization (PMTBR) [97] appears to be of particular interest,

since it generates reportedly particularly compact models However, it still does not get

rid entirely of the problem that the resulting model order is strongly linked to the number

of input and output ports Hence, the models that PMTBR generates still show a higher
than the expected order

One approach that has been reported to yield compact models is a projection of the

system matrix onto the space that is spanned by a selection of its eigenvectors [57] It

can be shown that the poles that correspond to these eigenvectors are preserved in the

smaller model It is hence reasonable to choose poles that are located in the vicinity of

the frequency band of interest

If a set of eigenvalues is selected from the diagonal of the matrix P in (3 90) and the

matrix Q is limited to the corresponding columns, then Q is a rectangular matrix with

the selected eigenvectors in its columns Using Q as a projection matrix as in (4 5) and

(4 6) results in a smaller state-space with

A' = Q"1AQ B' = Q"1B (5 9)

C=CQ D' = D, (5 10)

in which the selected eigenvalues of A - and hence the poles - are preserved in A'

Unfortunately, nothing can be said about the preservation of the system zeros, and,
in fact this method's accuracy deteriorates, when system zeros are present in, or close
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to, the considered frequency band. Since the presence of zeros is crucial in microwave

filter design, this eigenspace projection method must be deemed nonviable.

Similarly to the poles, the zeros of the reduced order model are also too numerous for

a coupling matrix extraction, though the desired ones among them are easily identified,
since they are generally well separated from the rest. It is, however, not possible to

discard those remaining poles and zeros since they do have a considerable influence on

the system response. In other words, if they are to be discarded, the wanted poles and

zeros have to be modified. Since in the filter design context it is not beneficial to modify
the previously computed zeros on the imaginary axis, which play a vital role in the filter

characteristics and the amplification cannot be modified, as it affects the passivity, that

leaves the poles for adjustment.
If zu and Z21 are the vectors of the selected Nu reflection and N21 transmission zeros

after conversion to low-pass frequencies according to (5.1), the common poles can be

computed from the passivity condition as the solutions of

Nu N21

im2 n ip - (^ - z*ik)}+i^ii2 n [p - (^ - z2ifc)]=0 (su)
fc=i fc=i

It can be observed (Figure 5.11 c) and d)) that the model that is created in that fashion

possesses the same approximation quality as the result of a Cauchy extraction. The

approximation is good within the pass-band and starts to deviate as the frequency is

increased or decreased. This indicates the limitations of compact models, when the

surrogate model order is chosen to be equal to the number of resonators.

5.2.5 Jacobian Matrix Computation

In order to use the surrogate model, which is represented in terms of model parameters,

such as poles and zeros or coupling matrix elements, in an optimization process, the

correlation of those model parameters and the designable parameters has to be found.

In general, this dependence can be non-linear and arbitrarily complicated. This is the

reason why most schemes approximate the correlation with the help of its Jacobian

matrix in a particular point of the designable parameter space.

If the designable parameters are collected in a vector x and the model parameters in

the vector m(x). Then the dependence of the approximated model parameters m on

the designable parameters is described as

m(x) = m(x0) + J(x0) • (x-x0) , (5-12)

where J (xo) is the Jacobian matrix at the set of parameters xo and m(xo) are the model

parameters at that point.
In a practical application the Jacobian matrix needs to be approximated itself. The

easiest way to accomplish this is a sensitivity analysis of the model parameters. This

means that a finite difference approximation of the Jacobian has to be computed, i.e.

the j-th column of the approximated Jacobian matrix J is

J(:,,) = m(Xj2)A-m(Xjl), (5.13)
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where Axj is a variation in the j-th parameter and

Xj2
—

Xji = Axj e^

with the unit vector in the j-th parameter space coordinate e^ (5 13) can be computed
as a central or one-sided difference quotient In the latter case, xo = x^i and xo =

0 5 (xji + Xj2), otherwise

Naturally, each evaluation of m(x) involves one full-wave simulator run
1

Hence, for

an nx parameter optimization problem, computing a finite difference approximation of

the Jacobian matrix requires nx + 1 simulation runs, if a smgle-sided difference quotient

is used and 2 nx runs for the central difference quotient

Depending on the designable parameter range and the degree of non-linearity of m(x),
the domain of the parameter space, in which (5 12) is valid, may be small, and hence,
the optimization routine may require the computation of the model parameters outside

this range Therefore, the Jacobian matrix computation may have to be repeated This

makes the Jacobian matrix computation the most computationally expensive part of the

optimization process, which grows with the number of designable parameters

Because one of the central motivations for the research in surrogate model optimization

is the reduction of full-wave simulator runs, it is comprehensible that some schemes that

aim at further decreasing the number of EM simulator calls focus on a more efficient

Jacobian matrix computation, sometimes at the cost of a lower accuracy of the same

Some aggressive schemes omit the recalculation of the Jacobian matrix and reuse the

result from a previous step [98] Naturally, this can only deliver reliable results if the

initial guess for the designable parameters is not too far from the actual optimum, l e it

requires some expert knowledge for this initial guess In [90], an approach that uses the

information on the model parameters that are extracted from the optimization result

of the previous step in order to update a global Jacobian matrix This requires the

transformation of the parameter space basis and appears to yield good results

A very interesting approach that yields the sensitivity of the frequency response with

respect to each designable parameter in one single simulation run, requiring only minimal

additional overhead is the adjomt-vanable simulation [99,100] However, this approach

requires full control of the discretization mesh In fact, it relies on the fact, that the

effect of a change in a geometry parameter on the system matrix can be expressed

analytically, which is, of course, extremely difficult in irregular meshes Thus, the gam

in computational efficiency comes at the cost of a lower generality and increased user

interaction

A central challenge in the model and Jacobian matrix extraction is the non-uniqueness

of the reduced order or compact models In order to compute (5 13), two consecutive

model parameter extractions have to be performed, with altered parameter settings It

has to be guaranteed that the elements in the vectors m(xji) and m(xj2) are mutually

corresponding If the model representation is not canonical, additional effort in order to

find the correlation of the model parameters after two consecutive model extractions is

required This issue can be illustrated at the example of the system poles and zeros

1A MOR run is considered equivalent to a full-wave simulator run, since it is comparable in terms of

cost and purpose



100 5 REDUCED ORDER SURROGATE MODEL OPTIMIZATION

The poles and zeros are extracted from a reduced order state-space via an eigenvalue

computation. Since the eigenvalue solver generally does not deliver the eigenvalues in any

preferred order, the computation of their sensitivities to certain designable parameters

is based on the assumption that a perturbation in one of the parameters causes a shift

of the poles and zeros in the complex s-plane. However, this is not true in general, as a

change of parameters will result in a different system matrix, and therefore, in a different

set of eigenvalues, i. e. poles and zeros.

Only if the perturbation is very small, the new poles and zeros will be close to the ones

of the initial system. Yet, even in this case, the correspondence of the poles still needs

to be determined, i.e., one needs to find out, which pole of the new system a particular

pole of the original system has been transformed into. One way to accomplish this, is

a nearest neighbor search, which may work well if the poles are well separated, but will

fail if some of the poles are clustered.

Another more reliable way to determine the corresponding poles in the perturbed
model lies in considering the eigenvectors. The system matrix Aji of the original system

with the designable parameters x^i can be decomposed according to (3.90) with the

eigenvectors in Qji. The same can be done for the system matrix A^2 of the system

with the parameters Xj2, which yields the eigenvector matrix Qj2-
If the «-th eigenvector in Qj i is parallel or close to parallel to the k-th eigenvector in

Qj2, it is reasonable to assume that the k-th eigenvalue of A^ has emerged from the

*-th eigenvalue of Aji. This can be detected by computing the inner product of those

eigenvectors. Generally speaking, the eigenvalues of A^2 have to be reordered according
to the index vector k, where kt is the row index of the maximum of the «-th column

of Qi^Qji , provided that the eigenvectors have been normalized to 1. A meaningful

computation of the model parameter difference that is needed for the Jacobian matrix

estimation in (5.13) is only possible after such a reordering.

The same procedure can be applied to the system zeros. For this purpose the eigen¬
vectors in QZJj in equation (3.95) have to be considered for the zeros of every scattering
matrix element SJt.

Similar problems arise, when other system representations are chosen. In the case

of a coupling matrix representation, a canonical form has to be found, since several

coupling topologies may result from two successive extractions. A representation that

is inherently canonical, are the polynomial coefficients of the numerators and the com¬

mon denominator. They may need to be scaled by the center frequency or converted to

low-pass frequencies, since they can differ by several orders of magnitude. Several repre¬

sentations and their performance as an objective function are discussed in the following
Section 5.3.

5.3 Model Representation and Objective Function

As mentioned earlier, the actual representation of the surrogate model is secondary, if

the objective function is solely computed from its frequency response. Such an approach
that extracts the poles and residuals from a reduced order model and computes their

sensitivities with the help of a one-sided difference quotient has been presented in [101].
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An advantage of this objective function

o(x) = |st(f)-S(x,f)|2, (5 14)

where the scattering matrix S is computed from the approximated poles and residuals

and compared to the desired scattering matrix St number of frequency samples m the

vector f, is that it can be computed from any non-compact reduced order model Merely
the order of reduced order model during the Jacobian matrix computation has to be kept
constant Hence, m terms of the objective function, this approach can be considered close

to a conventional optimization, however, the number of EM simulator runs is drastically
reduced

Most other surrogate model optimization schemes benefit from the fact that the model

parameters themselves can serve as an objective function, if the target can be expressed
m the same form This leads to an objective function that can be expressed as

o(x) = ||mt-m(x)||2 , (5 15)

where mt is a set of target model parameters and m(x) is computed from (5 12) Several

choices for m are conceivable The most popular and promising are presented here Of

course, any combination of those is always possible, as well

The most popular model representation m the realm of microwave filter synthesis
and optimization is a coupling matrix that describes the model m terms of resonance

frequencies of the individual resonators m an equivalent circuit and their mutual coupling
coefficients In [87] the coupling matrix is extracted m an model parameter optimization

process, while [102] uses the Cauchy method for the extraction The latter approach

requires subsequent coupling matrix rotation steps [94,95], m order to obtain a canonical

form of the coupling matrix The optimization approach can enforce a given coupling

topology during the extraction This indicates that m order to optimize a filter's coupling

matrix, not only the order but also the topology of the surrogate model have to be either

known or determined Spurious couplings or higher order effects of distributed devices

cannot be taken into account

An attractive optimization target are the scattering matrix poles [89] and [103] present

such an approach, where the former computes the poles from a Cauchy extraction and

the latter from a Krylov subspace projection With the help of the eigenvector analysis
that has been described m Subsection 5 2 5 the poles that are located m the left half of

the complex s-plane can be brought into a canonical form This approach is attractive,

because it does not require compact surrogate models The extra poles with respect to

the target m a MOR extraction can simply be disregarded m an optimization process

Similar considerations apply for the system zeros However, as opposed to the poles,
the zeros are located either on or pair-wise symmetrically to the imaginary axis As

designable parameters are changed, a pair of symmetrical may be converted into two

independent purely imaginary zeros As a result, zeros do not necessarily move on smooth

paths if the designable parameters are altered continuously However such smoothness

is required by (5 12) as well as by most optimization techniques
A representation that is inherently canonical are the polynomial coefficients of the

numerators and the common denominator as m (3 97) Here, only a model order that
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Algorithm 1 Surrogate model optimization framework for microwave filters

input: frequency response specifications, initial parameters x0 , convergence tolerance

toi, maximum number of iterations maxit

1 obtain mt from filter synthesis

2 compute m Xq

3 k^O

4 repeat

5 compute Jacobian matrix approximation J ( x0

6 &<- k+ 1

7 find Xg
' for which (5 15) is minimized

( (k)
8 compute m I Xg

9 until ,
O)

Hlt — HI ( Xg < toi or k = maxit

(k)
10 return x0

is equal to the target allows a meaningful comparison However, polynomial coefficients

are also an inherently ill-conditioned representation A small perturbation results m a

large change m polynomial roots and therefore m the poles and zeros and the frequency

response Hence, those coefficients cannot be considered a reliable optimization target

5.4 Optimization Framework

With the above considerations a surrogate model optimization framework can be formu¬

lated A conceptual overview of the process is given m Algorithm 1

After the definition of the specifications to the frequency response, a filter prototype is

synthesized and a conceptual design is made with rough guesses of the initial designable

parameters x0 This prototype must be imported into a parameterized EM modeler

For all examples m this thesis the commercial software Microwave Studio® has been

deployed, due to its comfortable Visual Basic interface, which allows the control of

designable parameters and port mode solvers from withm MATLAB® Furthermore,
some stop criteria have to be defined, e g the objective function convergence tolerance

toi or a maximum number of iterations maxit

The algorithm starts with the derivation of a set of target model parameters mt Often

such a target model will already exist from the prototype synthesis The examples
m Section 5 5 utilize standard Chebyshev or elliptical filter prototypes In a second

step the model parameters at the initial guess of the designable parameters m ( x0 J
are extracted Here, a two-step MOR approach for loss-less systems as described m

Subsection 4 5 3 is chosen that computes a reduced order state-space representation,

which is subsequently converted into different model representations as m Section 3 6

The k-th step of the actual optimization loop starts with the computation of the Jaco¬

bian approximation through subsequent model parameter extractions at the perturbed
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initial parameters x0 With the help of this Jacobian estimation the as well as (5 12)
the dependence of the model parameters on the designable parameters is described in

the vicinity of x0 and (5 15) can be evaluated in a negligible amount of time As stated

in Subsection 5 2 5, the Jacobian computation may be omitted at this point and a pre¬

viously calculated approximation may be reused, which results in a more aggressive, l e

faster and less reliable scheme

This allows a fast minimization of (5 15) for which standard minimization techniques
can be employed This work utilizes a MATLAB® implementation of an sequential

quadratic programming (SQP) algorithm [104] Alternatively, the minimization prob¬
lem can be solved with a least squares approach Theoretically, with the approximation
made in (5 12), the optimum parameters are given by the least squares solution of the

overdetermmed system of equations

Jx5 = mt m x.
Ak-l)

Jx
(fc-1)

(5 16)

However, the least squares problem in (5 16) will be complex, if the model parameters

are complex, which is the case for system poles Therefore, the resulting parameters
(k)

Xg
' will be complex as well and will have to be bound to a zero imaginary part in most

cases In order to avoid complex linear algebra, the problem can be split into its real

and its imaginary part as in

~Re{J} 0
r o) i

0 Im{J} 4

(fc)
=

.

J I - J I I xo' J

Re{mt

Im{mt

m x
0

ffc-1)^

Jx

Jx

(fc-1)-,
0 J

(fc-1)-.

0

(5 17)

Here, the last row of the matrix on the left hand side forces the solutions from the real and

the imaginary part to be equal However, no significant improvement has been observed

compared to the complex least squares approach above In any case, the solution will

have to be bound to the physical limits of the parameters

Naturally, the optimum that is found after this step cannot be expected to be the

global optimum, as the approximations made in (5 12) can only be valid in the vicinity
(k)

of Xg
' Therefore, the process is restarted with the optimum found above as the new

initial parameter settings After a minimum is obtained within a certain tolerance or a

maximum number of iterations is reached, the optimized designable geometry parameters

are returned

5.5 Examples

5.5.1 Probe-Fed Iris-Coupled Rectangular Waveguide filter

The first example has been presented in [101] and relies on a frequency response based

objective function as in (5 14) The surrogate model is represented with its poles and

residuals Figure 5 4 shows a 6-resonator iris coupled rectangular waveguide filter that

is fed through coaxial cables with an inner conductor that is extended into the terminal

resonators [105]
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Figure 5.4: Iris coupled rectangular waveguide filter with designable geometry parameters. The

filter is symmetric with respect to its center.

The ten designable geometry parameters are the resonator lengths as well as the

lengths and the width of the coupling sections. The input coupling is controlled by
the length of the coaxial probe and its position. As the filter consists of six cavities, a

6-th order Chebyshev filter with a 0.5 dB ripple in the passband, a center frequency at

15.2 GHz and a bandwidth of 0.6 GHz has been chosen as a target function.

With the help of consecutive MOR runs a model of the device's poles and residuals has

been established, which is subsequently used in a surrogate model optimization. Here

the differences of the transmission coefficient with the target at a number of frequency

samples has been chosen as an objective function according to(5.14).

Figure 5.5 shows the transmission coefficient at the three optimization steps that were
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Figure 5.5: Transmission coefficient of the iris coupled waveguide filter after the first three

optimization steps

necessary in order to optimize the filter. It can be observed that already after the first

step the center frequency and bandwidth requirements have been met and the passband

ripple is at —3dB. After the second step, the ripple has been decreased down to —1 dB

and in the third step the requirements are fulfilled.

To achieve this goal, the filter has been discretized with roughly 60000 mesh-nodes, and

a total of 34 MOR runs were required, each taking about two minutes on a conventional

PC. Thus the total CPU time that necessary for this optimization was about one hour.

During this optimization the objective function has been evaluated about 500 times in

total.

The gain in terms of CPU time with regard to a conventional solver can only be

estimated, given that the conventional optimization is successful. If the same optimiza¬
tion routine that was used in each step is applied to the full-wave model with the same

objective function, it is reasonable to assume that the minimum is reached after the

same number of objective function evaluations, thus after 500/3 « 166, and if MOR

with a subsequent fast frequency sweep is used as a solver, the computational effort of



106 5 REDUCED ORDER SURROGATE MODEL OPTIMIZATION

Figure 5.6: Direct coupled microstrip resonator filter with designable geometry parameters The

filter is symmetric with respect to its center

the surrogate model optimization is estimated to be 34/166 «02 times the one of a

conventional optimizer

5.5.2 Microstrip Resonator Filter

A direct coupled microstrip resonator filter serves as an example for the demonstration

of the potential of a direct pole optimization The five resonator filter prototype that

is depicted in Figure 5 6, taken from [92], shall be optimized A fifth order Chebyshev

bandstop filter has been designed with a center frequency of 9 GHz, a bandwidth of

1 6 GHz, and —20 dB maximum return loss in the stopband The poles of this model

serve as a target for the poles of the filter's reflection coefficient S'il The objective
function simply computes the sum over the absolute differences of the poles with an

additional penalization for out of band poles
The designable geometry parameters were the resonator lengths and widths, their

distances from each other, as well as the dimensions of the cutaways that have been

introduced to improve the coupling between the feeding lines and the terminal resonators

The structure was discretized using about 40000 meshnodes with the help of the FIT

based software Microwave Studio® One single computation of the filter's poles and zeros

with the help of a two step MOR run required about three minutes on an off-the-shelf

PC

The reflection coefficient in Figure 5 8 of the initial structure shows only three of the
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Figure 5.7: Poles and reflection zeros of the microstrip resonator filter after the individual

optimization steps. The target poles and zeros are denoted with bold dots.

five possible resonances. This is due to the fact that two of the reflection zeros are

placed symmetrically to the imaginary axis (Figure 5.7). Obviously the structure does

not exhibit a filter characteristic and can therefore be considered "far away" from the

optimum.

Fig. 5.7 shows how the poles and zeros move towards the target with each optimization

step. A total of 56 MOR runs had to be performed to meet the goal after the fifth step,
which resulted in an overall computation time of less than three hours on an off-the-shelf

PC. Considering the highly de-tuned response of the filter after the initial parameter

choice, this demonstrates the reliability of a pole optimization to handle relatively "bad"

starting values.

The initial and optimized values for the designable geometry parameters as well as

the substrate thickness and the feeding line width are given in Table 5.1.

5.5.3 Direct Coupled E-Plane Filter and Diplexer

The direct coupled E-plane filter from Subsection 4.6.2 as well as diplexer from Sub¬

section 4.6.3 serve as excellent examples, in order to demonstrate the performance of

surrogate model optimization. As for the E-plane filter, the five parameters to be opti-
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initial optimized initial optimized

D 0.635 mm X\ 2 mm 2.7406 mm

d0 0.59 mm X2 2.6 mm 2.7394 mm

d\ 0.5mm 0.8181mm x3 3 mm 2.7495 mm

da 0.6mm 0.6256 mm hi 0.2 mm 0.1521mm

d3 0.6mm 0.5997 mm h2 0.4 mm 0.5083 mm

c 0.2mm 0.1917mm h3 0.8 mm 0.7519 mm

Table 5.1: Designable geometry parameters of the microstrip resonator filter before and after

the optimization

Figure 5.8: Reflection coefficient of the microstrip resonator filter after selected optimization

steps.

mized are the resonator lengths l2 and I4 as well as the coupling inset lengths l\, Is, and

Is- In the case of a TE10 excitation, the fields in the structure do not depend on the

waveguide height. Thus, the structure can be discretized with one single layer of mesh

cells. Exploiting the symmetry in the perpendicular plane, the filter can be discretized

with roughly 1400 mesh cells using the commercial software Microwave Studio®
.

The poles of a fourth order Chebyshev filter with a 30.25 GHz center frequency, 0.5 GHz

bandwidth, and —20 dB return loss in the pass band serve as a target for the system
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Parameter Initial Mm Max Optimized

h 1mm 0 5 mm 4 mm 0 950 mm

h 5 mm 3 mm 6 mm 5 229 mm

h 2 mm 0 5 mm 4 mm 3 405 mm

h 5 mm 3 mm 6 mm 5 273 mm

h 3 5 mm 0 5 mm 4 mm 3 798 mm

Table 5.2: Optimization results for the direct coupled E-plane filter
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Figure 5.9: Poles and reflection zeros of the direct coupled E-plane filter during the individual

optimization steps The target poles and zeros are denoted with bold dots

poles As the initial parameters were chosen arbitrarily to be roughly m the expected

range, the corresponding response did not show any filter behavior with two of the zeros

not located on the imaginary axis The optimizer was started with those initial values as

well as the parameter bounds shown m Table 5 2 It should be noted that those bounds

can be chosen quite wide, more than 50% of the initial value Figure 5 9 shows how

the poles and zeros move closer to the target with every optimization step Figure 5 10

illustrates the convergence of the corresponding return loss

For the first five optimization steps, the Jacobian matrix has been computed only once

and was then reused m the subsequent steps, only recomputing the poles and zeros of
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Figure 5.10: Reflection coefficient of the direct coupled E-plane filter after selected optimization

steps

the model with the parameters x0
' The result is a CPU time saving, but after the

third step, a stagnation in the convergence can be observed Starting with the fifth step,

the Jacobian matrix was computed in every step A total of 29 MOR runs was necessary

to compute the system poles and zeros in the five optimization steps each taking about

one minute on an off-the-shelf PC, which results in less than half an hour optimization

time

For the optimization of the system poles of the above filter it is not necessary that

the surrogate model is compact, l e while the model has more than the four poles that

correspond to the four resonators, those extra poles are simply not considered in the

optimization However, the quality of compact models, l e models of order eight -

four in a low-pass representation - that have been extracted with the methods that are

described in Subsection 5 2 4 shall be examined

Figure 5 11 shows the scattering parameters of those models They have been gen¬

erated from a model the order of which has been reduced to 24 with a two-step MOR

approach This order has been determined by the automatic eigenvalue convergence

check Subsequently, an extraction of an eighth order model is attempted
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Figure 5.11: Scattering parameters of compact models of the direct coupled E-plane filter with

non-optimized parameters, a) Eigenspace projection b) PMTBR (model order: 16) c) Cauchy
method d) Zero selection and pole adjustment

It becomes obvious that a projection of the system matrix on the eigenspace that

is associated with selected eigenvalues is not a reliable method for the extraction of

compact systems. The lacking preservation of the system zeros is responsible for a

serious distortion of the frequency response.

A further compression with the help of a PMTBR step, on the other hand, yields
an excellent agreement of the frequency response, however, therefore, the order of the

compact model has to be chosen twice as high as the desired eight. Below the order of

sixteen, no satisfactory agreement can be achieved.

The Cauchy method yields a model of about the same quality as a selection of system

zeros and a subsequent pole adjustment according to (5.11). The agreement is very good
in the pass-band and deviates slightly as the frequency is increased or decreased. This

behavior can be explained with the location of the frequency samples in the case of the
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Power Divider Low Band Filter High Band Filter

initial optimized initial optimized initial optimized

h 1.3 mm 1.5075 mm dn 1 mm 0.9659 mm dhi 1mm 1.0847 mm

I 3.5mm 2.8291mm d\2 3.9 mm 4.0069 mm dh2 3.7mm 3.8160 mm

w 0.5mm 0.1mm d\3 3.3 mm 3.2178 mm dh3 3.4 mm 3.4183 mm

h 4 mm 4.3734 mm di4 3.9 mm 4.0273 mm dh4 3.7mm 3.8297 mm

h 8 mm 8.1590 mm d\5 3.7 mm 3.6243 mm dh5 3.8mm 3.7914 mm

ai 5.65 mm die 3.9 mm 4.0262 mm dh6 3.7mm 3.8296 mm

a2 7.112 mm dir 3.8 mm 3.7024 mm dh7 4 mm 3.8638 mm

b 2.825 mm dis 3.9 mm 4.0260 mm dh8 3.7mm 3.8293 mm

t 0.1mm dig 3.9 mm 3.7209 mm dh9 4 mm 3.8940 mm

Table 5.3: Optimization results for the 16-resonator E-plane diplexer

Cauchy method. As for the zero selection and pole adjustment, it is obvious that the

result is exact at the location of the zeros, as they are on the imaginary axis.

The E-plane diplexer from Subsection 4.6.3 can serve as a high-end example, since the

optimization of the two filters as well as the geometry of the power divider section require
the consideration of a total of 23 geometry parameters: the lengths of the resonators, as

well as the coupling sections for each filter, plus the distances between the power divider

and the filters, as well as the position and the dimensions of the matching post.

In order to reduce the computational effort, the filters have been optimized separately
in the same way as the E-plane filter above, again, using the poles of a Chebyshev filter

as a target, this time of eighth order with a 38.75 GHz and a 39.5 GHz center frequency,

respectively, and 0.5 GHz bandwidth. The target filters were synthesized separately
before their poles and zeros were joined.

The normalized sum of the absolute differences of the diplexer poles and the target

poles is shown in Figure 5.12. For each of the optimization steps, a fairly monotonous

convergence can be observed. The convergence appears to be relatively flat during the

first optimization step. This is due to the fact that, while the low band filter poles are

being optimized, the high band filter poles remain the same. After the two filters are

joined, the difference increases as the presence of the power divider slightly changes the

pole locations of the isolated filters.

In a third step, the entire diplexer is optimized, thereby limiting the parameter space

to the parameters of the power divider section until the difference stagnates. Finally, the

structure was optimized as a whole considering all 23 designable parameters. The initial

parameter guesses as well as the parameters of the optimized diplexer are collected in

Table 5.3.

Figure 5.13 shows the return loss of the initial and the optimized diplexer. It should

be noted that not only is the scheme capable of optimizing the return loss, but also it

eliminates a significant frequency shift between initial and target response.
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Figure 5.12: Relative difference of the system poles and the target poles of the f6-resonator

E-plane diplexer

5.6 Conclusions

This chapter presented a conceptual overview of a surrogate model optimization scheme

Such a scheme aims a decreasing the number of EM simulator runs, which results in a

drastic decrease of CPU time For some high-end problems this can be considered the

enabling step since the combination of electrically large devices and a high number of

designable geometry parameters can result in excessive optimization times, otherwise

Simultaneously, the reliability of the optimizer convergence is increased This is due to

the fact that the model parameters can serve as an objective function which contain

significantly more information of the device than a mere frequency response

The two critical characteristics of such a surrogate model optimization scheme are the

extraction of the surrogate model from the space discretization, as well as the actual

representation of that model in the evaluation of the objective function

As for the former, several approaches have been presented, among them model pa¬

rameter optimization and the Cauchy method Additionally, MOR has been introduced

as a novel method that is particularly powerful in the context of filter optimization

However, MOR tend do deliver models that are of slightly higher of than the equivalent
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ta

Figure 5.13: Reflection coefficient of the diplexer before and after optimization

circuits that are used in the synthesis of the filter Therefore, several methods that fur¬

ther compact the reduced order models have been introduced and evaluated In addition

to a selection of system zeros and a subsequent pole adjustment, methods that deliver

compact models directly, such as model parameter optimization and the Cauchy method

may be used

In conjunction with a representation of the surrogate model by means of its poles, an

optimization frame work has been implemented that is at the same time fast, reliable,

automatic, and general It has been demonstrated to yield excellent results with the

help of several real-life examples
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This thesis presented the derivation of state-space formulations for existing and novel

finite-volume (FV) space discretizations. Furthermore, the applicability of model order

reduction (MOR) to those formulations has been examined, followed by the presentation
of an interesting application in a surrogate model optimization framework. The work

has been motivated by the wish to combine the efficiency of MOR methods, which is

particularly pronounced in the context of resonant devices, with the superior shape

approximation and geometrical flexibility of the finite-volume method.

After the introduction of established flux-splitting and field-averaging schemes, novel

discretization approaches have been presented. In contrast to those two established

methods, which locate the unknown fields in the cell barycenters of the commonly tetra-

hedral mesh, these novel schemes introduce the cell interfaces as alternative locations

for either one or both of the electric and magnetic field unknowns. This was done in an

attempt to overcome limitations in the convergence properties of MOR algorithms when

applied to systems that had been derived with the help of the flux-splitting scheme. An

additional motivation was to address the issue of dissipation that is still inherent to this

method.

State-space formulations for the FV technique are required for a frequency-domain

(FD) solution as well as for the application of MOR. So far they had not been available

since the FV technique has primarily been utilized in time-domain (TD). Such formula¬

tions have been developed for the established flux-splitting and field averaging schemes

as well as the novel staggered and flux-based schemes. All those schemes have been

tested in both two-dimesional (2-D) and three-dimensional (3-D) implementations. In

order to rule out errors that could be introduced by a MOR process, the various ap¬

proaches have been tested with a brute-force FD solution, which requires one matrix

inversion per frequency sample and port mode excitation what makes it an inefficient

but revealing solution approach.
It could be observed that, while the flux-splitting formulation with MUSCL delivers

accurate results in an FD solution, all schemes that involve some sort of averaging of the

field values in adjacent cells may suffer from severe errors. One class of errors that has

been attributed to local oscillations, primarily at the boundary, results in scattering pa¬

rameter curves that roughly follow the reference solution but vary around it, particularly
at higher frequencies. This effect is generally only visible in 3-D implementations. A

second effect are extremely sharp spurious resonances that appear in both 2-D and 3-D

implementations and have been ascribed to modes that violate the physical boundary
conditions but that are supported by the mesh. However, highly accurate results could

be achieved with a 2-D implementation of the field-averaging scheme.

The primary objective of this work, the application of MOR reduction to FV models,
has produced the first reported efficient simulation of a resonant electromagnetic (EM)
structure with the help of this technique. In order to achieve that efficiency, Krylov
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subspace projection methods have been implemented and tested on the state-space for¬

mulations for the flux-splitting as well as for the field-averaging schemes. The best

performance in terms of both CPU time and memory is delivered by a two step reduc¬

tion approach that combines the efficient subspace expansion of a partial realization with

the low resulting model order of a Padé approximation. However this approach requires
the generation of the subspace basis vectors via the numerically less stable Lanczos

method, which fails for the flux-splitting models but delivers excellent results for the

2-D field-averaging scheme.

While the progress that could be achieved for the FV volume method can be considered

substantial, they were not deployed for the demonstration of surrogate model optimiza¬
tion as an attractive application of reduced order models, due to the uncertainties that

have been mentioned above. The objective was to develop an optimization framework

that can be employed to yield designable geometry parameters for a full-wave model of

a device prototype.

In surrogate model optimization the number of full-wave simulator runs is decreased

with respect to conventional optimizers by representing the influence of the designable

parameters on a set of model paramaters by means of a surrogate model that is "inex¬

pensive" in evaluation. At the same time the reliability of the optimization is increased

with respect to a mere frequency response optimization by incorporating additional in¬

formation about the model.

This optimization scheme is efficient enough to handle real-life devices with a large
number of designable parameters. This has been demonstrated at the example of an

E-plane diplexer with 23 geometry parameters. The optimization of system poles is at

the same time reliable and general. It includes more information about the system than

the mere optimization of scattering parameters on the imaginary axis and is not limited

to filters, as every device can be described by means of its poles. This generality is

preserved with the application of MOR as a model extraction method, since MOR is

capable of delivering the poles of any device, be it a filter, an antenna, or a multi-pin
connector. Furthermore, MOR is highly efficient when applied to resonant devices, such

as filters. Moreover, the optimization of the system poles that are extracted with the help
of MOR does not require compact models and is therefore more accurate and automatic

than other extraction methods, since it requires a minimum of user interaction.

The performance of this technique has been demonstrated with the help of several

examples from the realm of microwave filter optimization.
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The application of model order reduction (MOR) to finite-volume (FV) models has

shown very promising results. Above all, the first reported efficient simulation of a

highly resonant microwave filter with the help of this discretization technique has been

achieved. So far, this is limited to 2-D models that have been discretized with the help
of a field-averaging scheme. Although flux-splitting state-space models were successfully
demonstrated to yield excellent results in conjunction with a MOR process, they suffered

from the decreased efficiency of the Arnoldi process.

The novel discretization schemes that have been presented in Chapter 2 did not yield
the expected accuracy and performance in FD. They need yet to be tested in time-

domain (TD). The results from those tests may give a better understanding of the origin
of the errors that have been observed. The objective for the future needs to be to

develop a finite-volume (FV) scheme that overcomes dissipation without suffering from

inaccuracies.

In the context of this work the FD solution has been a mere tool to test the accuracy

of the derived state-space formulations. Its performance can be considered far from

competitive. Research needs to be done both in the development of formulations, for

which the iterative solvers exhibit a better convergence behavior and in the application
of advanced preconditioning techniques that can be expected to improve the performance
of a linear system solution.

As for the application of MOR techniques, formulations are required that either result

in a (skew) symmetric system matrix in the first place or that allow an a-posteriori

symmetrization. Having a state-space formulation with a provably real (skew) symmetric

system matrix would allow the proof of stability and passivity as well as a numerically
stable application of the symmetric Lanczos method for a partial realization. This, in

turn, is required for an efficient two step MOR approach that would finally overcome

the efficiency lag of the FV method. So far this has only been successful for a 2-D

implementation of the field-averaging scheme.

The application of MOR in the model extraction of a surrogate model optimization
scheme yields many advantages that other methods do not show. It is highly efficient

for resonant structures, it delivers accurate pole information without the uncertainty of

frequency sampling, and it offers a high level of generality. One disadvantage is that

the order of the reduced model is difficult to control. For some applications, however, it

may be desirable to obtain reduced models of a certain order, particularly, if a circuit or

coupling matrix model is to be extracted.

For this purpose the notion of compact models has been introduced. Those are models

that cannot be reduced in order any further without suffering from a fatal degradation of

the frequency response approximation. Methods have been presented that yield compact
models from reduced order models at a minimal computational cost. However, those

methods are primarily based on alternative extraction methods that work on the reduced
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order instead of the original model. The error that is introduced by those methods is

difncult to quantify. It is hence desirable to develop novel compacting techniques that

use tools from linear algebra and / or control theory instead that allow quantification
and minimization of the error that is introduced by the compact approximation.



A Boundaries of the Computational Domain

Since computational resources are limited, the computational domain can not extend

infinitely in volume discretization methods, such as the finite-volume technique. A

bounded computational domain results in the fact that certain cells are lacking one

or more neighbors for the computation of the fields as it is done in the bulk. Hence,
those cells have to be treated differently.

For many examples, the computational domain will be at least partly enclosed in highly
conductive material. This termination can be treated as a perfect electric conductor

(PEC) boundary that requires the tangential electric field and the normal magnetic field

to be zero. Hence, for a face that is located on such a boundary

nkxÊ*k=6 nk-H£ = 0. (A.l)

The equivalent perfect magnetic conductor (PMC) boundary requires the tangential

magnetic field as well as the normal electric field to be zero. Thus, the fields on such a

boundary face have to satisfy

nk-E*k=0 nkxHt = 6. (A.2)

While an exact perfect magnetic conductor hardly exists in real life, such boundaries

can be used as symmetry conditions, in order to decrease the computational effort.

A third type of boundary is needed for a reflection-less truncation of the computational

domain, i.e. the mimicking of open space or infinitely long waveguides. There exist many

ways of implementing such absorbing boundary conditions (ABCs) for different volume

discretization schemes [106]. In conjunction with the finite-volume (FV) technique the

Silver-Müller Boundaries (Subsection A.1.2) are of particular significance.

This chapter provides details concerning the implementation of boundaries for the

various space discretization schemes.

A.l Flux Splitting Boundaries

A.l.l PEC and PMC Boundaries

For this PEC boundaries, (A.l) directly yields that the total electric flux through a face

on such a boundary is zero. Hence,

Êk = Ê+k+Êk=6. (A.3)
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Since a tangential magnetic field may exist on perfect electric conductors, its contribution

has to be considered and is given as
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Similarly, at PMC boundaries

and

Ek — Ek + Ek — fj,tct

Hk — Hk + Hk — 0 (A.5)
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A.1.2 Absorbing Boundaries

ABCs are necessary, if the computational domain is to be bounded in a way that allows

electromagnetic fields to travel into an infinitely extended open space. Ideally, such a

boundary is free of reflection. However, complete absorption can never be achieved,

whereupon the level of reflection generally increases with the angle at which waves im¬

pinge the boundary.
If the FV technique is formulated in terms of flux-splitting, the implementation of such

boundary conditions is straight forward. It is obvious from (2.14) through (2.17) that

the outgoing fluxes are solely computed from the boundary field value as approached
from the «-cell, hence, no neighboring cell information is necessary. The incoming fluxes,

which, in contrast, solely depend on neighboring cell information can be set to zero.

This comparatively simple open boundary implementation is generally referred to as

a S'dver-Müller boundary. It has been shown to work very well for perpendicularly

impinging waves and deteriorates for oblique incidence. However, since the tetrahedral

mesh allows a arbitrarily curved boundary, the shape of the boundary can be adjusted
to be perpendicular to the radiated waves. In most cases this will result in a spherical

boundary.

A.1.3 Waveguide Ports

A waveguide port defines a region of the computational domain boundary that simulates

the connection of a infinitely long longitudinally homogenous waveguide. The field pat¬

tern in such a structure is generally determined as a superposition of TE, TM, or TEM

modes that are supported by the boundary conditions. A boundary that is supposed
to mimic such a termination serves two purposes. It has to provide an ABC for the

reflected waves and it has to allow an excitation of the computational domain.
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Figure A.l: Port face field computation for a coaxial cable with radii fii and R2

Those two functionalities do not have to be implemented at the same location in the

mesh, however, at least in the context of a frequency-domain domain solution, this is

very beneficial. In this case, the waveguide port boundary is implemented in a very

similar way as the absorbing boundary in Appendix A. 1.2. The outgoing fluxes through
the boundary faces are computed from the field values in the respective adjacent cells

according to (2.14) and (2.16). Instead of setting the incoming fluxes to zero they are

computed from the (known) field patterns of the exciting modes.

Thus, if the barycenter of the k-th cell is located at (uk, vk) - in the waveguide's
coordinates - the incoming fluxes can be computed according to (2.15) and (2.17) with

E*(k) = ep(uk, vk) ap y/Z^ (A.7)

H*(k) = hp(uk, vk) ap —7==, (A.8)
Vz0p

where ep(u, v) and hp(u, v) are the normalized 2-D electric and magnetic field distri¬

butions of the p-th mode and Zq is a normalization impedance. ap is its amplitude of

the corresponding incident wave. Figure A.l illustrates the computation of fields in the

barycenters of the port faces for the fundamental TEM mode in a coaxial cable.

The modal fields ep(u, v) and hp(u, v) can be computed analytically for many common

shapes of waveguides. If an analytical derivation of the modal fields is not possible, the

barycenter fields can be computed as the eigenvectors of a 2-D eigenvalue problem.
Within the scope of this thesis, only analytically derivable modes are considered.
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Figure A.2: a) PEC and b) PMC boundary implementation with the help of a mirrored cell

A.2 Field-Averaging Boundaries

A.2.1 PEC and PMC Boundaries

If the boundary is a perfect electric conductor, the electric field is perpendicular to that

boundary and therefore nk x E% = 0. Hence, the cross product of the normal vector

with the (unknown) face field does not yield a contribution to the surface integral and

can therefore be omitted. To fulfill the second boundary condition nk • H£ = 0, one can

assume an image cell on the other side of the boundary with the magnetic field

Ht - 2nk [nk H,H (k)

From (A.9)

nk x Hi = nk x Ht

follows directly for any face on a PEC boundary.
In the case of a PMC boundary nk x H£ = 0, and

nk x Ek = nk x Et

(A.9)

(A.10)

(A.ll)

is derived in the same way as (A.10). Figure A.2 illustrates this approach for the two

different boundary types.

Those boundary implementations are highly accurate if symmetrical mesh can be

assumed on the opposite side of the boundary. This is, of course, given only for infinitely
extended planar boundaries, yet for arbitrarily curved boundaries the above approach
still represents a very good approximation.

A.2.2 Waveguide Ports

Since in the field-averaging scheme the incoming and outgoing contributions to the fluxes

through the faces are no longer accessible, the implementation of Silver-Müller type open
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Figure A.3: Waveguide port boundary for the flux-averaging scheme, a) Impressed magnetic

field, b) Impressed electric field

boundaries as in Subsection A. 1.2 not feasible, as they rely on flux-splitting. Similarly, a

waveguide port boundary as in A.1.3 cannot be implemented. The lack of flux-separation

requires the impression of the total fields. Of course, in this case, only one of the field

quantities can be impressed, while the other is being recorded. This corresponds to

solving an equivalent closed problem instead of the original open problem. However,
since now the total fields are considered which are linked to the generalized port voltages
and currents, the result of an FD or time-domain solution will be the system's impedance
or admittance matrix, depending on which quantity is impressed and which one is being
observed.

If the magnetic field is to be impressed on the k-th face of a cell that borders on a

port, one can simply assume

HI = hp(uk, vk) ip y/Z^p , (A.12)

where ip is the amplitude of the generalized port current at the p-th port.

Impressing the magnetic field requires a floating electric field on the port plane, thus

the electric field is unknown. However, that value is needed in (2.9). With the limitation

to TEM and TE modes on the ports the electric field can be considered transversal to

the port plane. Hence, it is permissive to compute the field value according to Figure A.2

b) as if it was located on a perfect magnetic conductor. It should be noted that this does

not force the magnetic field to be perpendicular to the port. Figure A.3 a) illustrates

the magnetic fields that are involved of the electric field update in a port cell.

The above approach results in the system's impedance matrix, if the generalized port

voltage is computed from the electric field in the port plane through integration. The

opposite approach, impressing the electric and recording the magnetic field, will yield
the corresponding admittance matrix. In this case, the electric field value on the port

face can be assumed to be

Et o(uk, Vk)
1

(A.13)
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® E-Field Location O H-Field Location Averaging

Figure A.4: Field locations for a) PMC and b) PEC boundaries in the H-staggered scheme

where up is the amplitude of the generalized port voltage at the p-ih port. Here, the

floating magnetic field is considered transversal, limiting the application to devices with

TEM and TM ports. The electric fields that are involved in the magnetic field update

according to (2.8) are illustrated in Figure A.3 b).

A.3 Boundaries for Staggered Schemes

A.3.1 PEC and PMC Boundaries

In the H-staggered scheme, the location of the magnetic field in the mesh has been

removed from its original location in the cell centers to the barycenters of the cell inter¬

faces. If such a face is on a PMC boundary, the magnetic field can only have a normal

component, which is eliminated by the cross-product with face normal. Since the mag¬

netic field on those faces does not contribute to the solution, the corresponding entries

in the state vector can be omitted, which leads to an exact implementation of those

boundaries.

Unlike the magnetic field, the electric field on the PMC boundary face possesses only
a tangential component, which is not eliminated by the cross-product and needs to be

extrapolated from the field in the cell center, where the electric field is located. This

extrapolation is done in the same way as the for PMC boundaries in the regular field

averaging scheme (Section A.2). Figure A.4 a) illustrates the field locations for a PMC

boundary in the H-staggered scheme.

The circumstances are slightly more complicated in the case of a PEC boundary

(Figure A.4 b)) the, since the magnetic field that is located on the boundary does have

a tangential component that contributes to the field solution and therefore needs to

be updated. This is again implemented with the help of a mirrored cell and shall be

explained for the 2-D case. Figure A.5 shows a boundary triangle with one of the edges

coinciding with a PEC boundary. Symmetry conditions require that the virtual normal
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Figure A.5: Normal vectors and electric field vectors in a mirrored cell in an H-staggered PEC

boundary

vectors and fields are computed as

n2 = n2 - 2(ni n2)n\ E2 = -E2 + 2{n\ E2)ni

n'3 = n3-2(n1 n3)ni E3 = -E3 + 2(n1 E3)ni,

assuming an arbitrary numbering of the edges of the «-th triangle that is affiliated with

the j-th edge and first edge on the boundary With these relations the flux through the

second edge of the mirrored triangle can be given as

E2 = S2 (n>2 x E'2j
= S2 (-n2 x E2 + 2 [ni E2) n2 x nx + 2 {nx n2)n1 x E2)

= S2 (-n2 xÊ2-2[niX f ni x (n2 x E2 ) ) ) )

= -Ê2 - 2 ( ni x [n1xÊ2

= E2- 2ni ni S

Hence, it can be expressed in terms of the flux through the edges inside the computational
domain If the same is done for the flux through the third edge, the time variation of

the magnetic field on the boundary edge is computed according to

^2VtH3 = -(Ê2 + Ê3 + Ê'2 + Ê[

2E2 - 2ni (ni E2 ) + 2E3 - 2nx ( nx E:

which means that the total flux through the edges of the quadrangle is twice the tan¬

gential component of the flux through the two edges inside the computational domain
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Figure A.6: Field locations for a) PEC and b) PMC boundaries in the E-staggered scheme

Figure A.7: Normal vectors and magnetic field vectors in a mirrored cell in an H-staggered PMC

boundary

Since the electric field on the PEC boundary only has a normal component which

vanishes after the computation of the cross-product, the flux through the boundary edge
itself does not yield a contribution to the magnetic field update inside the computational
domain.

Similar considerations apply for the PEC and PMC boundaries in the E-staggered
scheme. The field locations are illustrated in Figure A.6. In the case of a PMC boundary
the electric field on that boundary edge can be updated according to

d

el'lVlE1 = 2H2 - <lnx \nx H2 )+ 2H3 -2n1-[n1- H:

with the vector definitions given in Figure A.7. Hence, the total flux through the edges
of the quadrangle is twice the normal component of the flux through the edges inside

the computational domain.
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Figure A.8: Location of the unknown field values in the vicinity of waveguide ports for the a)
H-staggered and b) E-staggered scheme. The small symbols represent the impressed field

values.

A.3.2 Waveguide Ports

The location of one of the field quantities on the mesh edges allows an easy impression
of port fields. In the H-staggered scheme, the bulk fields on the port face can be set

to zero by simply omitting the the unknowns that are associated with those faces. The

modal fields on the ports are then added to the surface integral that updates the electric

field in the barycenter of the cell that borders on the port.

In the E-staggered scheme the impression of the electric fields is done in the same

way, thus by omitting the variables on the port faces and adding the contributions of the

impressed electric fields on those faces to the surface integral that updates the electric

field. Figure A.8 illustrates the location of the field unknowns on waveguide ports.

Again, since impressing a magnetic field on the port corresponds to impressing a

generalized port current, whereas impressing an electric fields corresponds to impressing

a voltage, the first approach results in the system's impedance matrix, whereas the latter

yields the system's admittance matrix.

A.4 Boundaries for the Flux-Based Formulation

A.4.1 PEC and PMC Boundaries

Since the electric field on PEC boundaries and the magnetic field on PMC boundaries

solely possesses a normal component, which is eliminated when the cross-product with

the normal vector is formed, their contribution to the surface integral of the fluxes

can be omitted. Hence, the situation at those boundaries is described adequately, if

the respective unknown field components are removed from the grid. This situation is

illustrated in Figure A.9. Aside from requiring literally no implementation effort this

also bears the advantage that both boundary conditions are fulfilled exactly, since no

Impressed
electric

Field '*
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Figure A.9: Location of unknown field values for the flux-based FV scheme in the presence of

a) PEC and b) PMC boundaries

mirrored cells are required as they are for the field-averaging and the staggered schemes

The respective other field quantity, however, is non-zero and necessary for the bulk field

update One possibility to compute these fields is through mirroring the corresponding
fluxes on the bulk faces of the boundary cell and determine the field on the boundary face

as a volume integral over a cell with twice the volume as the boundary tetrahedron An

easier, yet at first glance less accurate, approach is to compute these non-zero fields in the

center of the boundary tetrahedron and use a first-order approximation for the surface

integral that updates the bulk fields Figure A 9 illustrates the respective locations of

the electric and magnetic field unknowns in the grid in the presence of both PEC and

PMC boundaries

The latter approach allows a treatment of the non-zero boundary fields as they were in

the bulk, except for the fact that their volume consists only of one tetrahedron instead

of two and the corresponding surface integral is constituted by half the number of faces

A.4.2 Waveguide Ports

At waveguide ports, a similar approach as for the PEC and PMC boundaries can be

chosen Again, the fields are impressed adding the port mode solution to the surface

integral that updates the respective other field component If the magnetic field is

impressed on a port face, the electric field has to be computed in the center of the

adjacent tetrahedron, and vice versa The difference to a perfect conductor boundary,

however, is that also one unknown of the impressed field quantity has to be kept in the

center of the boundary tetrahedron, since it is needed for the update of the bulk cells

The situation at waveguide ports is illustrated in Figure A 10
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Figure A. 10: Location of the unknown field values in the vicinity of waveguide ports for a)
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B Weighted Field-Averaging

The accuracy of the field averaging scheme in Subsection 2.2.2 may suffer from the fact

that the barycenter of the common face between two cells is generally not located in the

center of a line connecting the barycenters of the two cells. Since the this barycenter is

the assumed location of the surface average over that face this may introduce an error,

if the field value in that barycenter is computed as the algebraic average. Of course, this

error becomes particularly pronounced, if the mesh is highly inhomogeneous.
The accurate computation of the field value on that face can be increased with applica¬

tion of higher order schemes [107,108]. However, this is generally not very attractive, as

it results in an increased computational load. Here, several weighting strategies shall be

discussed that aim at improving the interpolation accuracy without a significant increase

in computational cost.

If the electric field in the face barycenter is computed as the weighted average of the

fields in the two adjacent cells, it can be expressed as

p, = w3Et l
En

(B.l)

with the weighting factors wt and w3 which, of course, becomes the algebraic average if

wt = Wj = 1. Different weighting schemes can be conceived that all vary in the way that

the weighting factors are chosen and they result in a different actual location of that

average.

If the two involved cells are of significantly different shape, as in Figure B.l, computing
the arithmetic average would result in a value the actual location is somewhat shifted

towards the larger cell, if a linear variation of the fields between the two barycenters is

assumed.

If the contributing fields are to be weighted according to the distances of the face

barycenter from the two cell barycenters, the weighting factors have to be chosen ac¬

cording to

The choice of

nk I
j* nk lt

(B.2)

(B.3)

leads to a weighting according to the shortest distance of the cell barycenters from the

interface and, hence, to an actual field location on the intersection of the line connecting
the two barycenters with the interface.

It is also conceivable to weight the fields according to the volume of the cell that they
reside in. Thus

= V,, V3 = V3 (B.4)
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_\ ........E* normal weighting

Figure B.l: Electric field values that result from different weighting of the fields in the barycen-
ters of the ^-th and j-th cell

The above choices and their resulting actual field locations are illustrated in Figure B.l.

Meshes with extreme inhomogeneities as in Figure B.l are not very common and if

such differences in the geometry of two neighboring cells exist they are generally limited

to a small number of cell pairs. Thus, for more or less homogeneous meshes weighting
is anticipated to have little impact on the result.

As an example, the direct coupled E-Plane filter from Subsection 4.6.2 shall be con¬

sidered. This filter requires a highly refined mesh in the vicinity of the thin metal

inserts, which results in a highly inhomogeneous mesh. The magnitude of its scattering

parameters that have been obtained with the various weighting schemes is shown in Fig¬
ure B.2. It can be observed that the center frequency and bandwidth agree better with

the Microwave Studio (MWS) reference solution if weighting is applied.
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