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Abstract

We present measurements of the electronic transport properties of nanostructures
on high quality Ga[Al]As parabolic quantum wells. We observe pronounced minima
in the low-temperature longitudinal resistivity ρxx of the two dimensional electron
gas between integer filling factors. Concomitantly the Hall effect exhibits overshoots
and plateau-like features next to the well-defined ordinary quantum Hall plateaus.
The influence of different parameters, such as temperature, in-plane magnetic field
or underlying crystal orientation, on these effects is studied. We conclude that the
additional magnetoresistance oscillations are only present when the second subband
is occupied. We discuss our observations in the context of single-particle Landau
fan charts of a two-subband system empirically extended by a density dependend
subband separation and an enhanced spin-splitting g?.

We further investigate transport through different quantum dots fabricated with
electron-beam lithography defined top gates. Excitation spectra in magnetic fields
up to 12 T are presented. In one dot we determine the g-factor by measuring the Zee-
man splitting of excited states using differential conductance spectroscopy for differ-
ent magnetic fields. Because the bulk g-factor varies with the local Al-concentration
within the parabolic well, shifting the electron wave function in growth direction
with suitable gate voltages will lead to a change in g-factor. A tunability from
| g |= 0.4 to 0.3 is experimantally detected. Such a voltage-tunable g-factor can
potentially be used for coherent qubit manipulation in quantum dot spin-qubits.

The effect of exchange interactions is investigated with another quantum dot,
where the gate geometry allows us to empty the dot of its last electron with a
moderate spatial anisotropy of the confinement potential. The underlying parabolic
well is designed to have negligible Zeeman splitting. The two-electron excitation
spectrum is measured as a function of perpendicular magnetic fields, and is in good
agreement with exact diagonalization (EXD) and analytical calculations. The EXD
calculations give strong evidence for a strongly correlated state at zero magnetic
field, in which the electrons do not occupy the same single-particle state. Already
at magnetic fields below the singlet-triplet transition a state resembling an H2-like
Wigner molecule is formed.
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Zusammenfassung

In dieser Arbeit werden elektronische Transporteigenschaften von Nanostrukturen
auf Ga[Al]As basierenden parabolischen Quantentöpfen dargestellt. Im zweidimen-
sionalen Elektronengas treten zwischen ganzzahligen Füllfaktoren ausgeprägte Min-
imas im Längswiderstand ρxx auf. Begleitend beobachten wir Überschwinger und
stufenähnlichen Strukturen im Halleffekt, die neben den gewöhnlichen Quantenhall-
stufen auftreten. Der Einfluss der Parameter Temperatur, paralleles Magnetfeld und
unterliegende Kristallstruktur auf diesen Effekt wird untersucht. Aus diesen Messun-
gen folgern wir, dass diese zusätzlichen Oszillationen des Magnetwiderstandes nur
auftreten, wenn das zweite Subband besetzt ist. Wir diskutieren unsere Beobachtun-
gen im Kontext eines Einteilchen-Landaufächers eines Systems mit zwei Subbändern,
das wir empirsich um einen dichteabhängigen Energieabstand der zwei Subbänder
und einen austauschverstärkten g-Faktor erweitern.

Des weiteren untersuchen wir den Transport durch verschiedene Quantenpunkte,
die mit Hilfe von Elektronenstrahl-Lithographie erzeugten metallischen Gattern
definiert werden. Wir zeigen Anregungsspektren im Magnetfeld bis zu 12 T. Durch
messen der Zeeman-Aufspaltung von angeregten Zuständen bei verschiedenen Mag-
netfeldern bestimmen wir den g-Faktor in einem Quantenpunkt. Weil der g-Faktor
im Festkörper von der lokalen Al-Konzentration innerhalb des parabolischen Quan-
tentopfes abhängt, führt eine Verschiebung der elektronischen Wellenfunktion in
Wachstumsrichtung durch entsprechende Gatterspannungen zu einer Änderung des
g-Faktors. Wir messen eine Abstimmbarkeit von | g |= 0.4 bis 0.3. Solch ein
spannungs-abstimmbarer g-Faktor könnte für kohärente Qbit-Manipulationen in
Quantenpunkt-Spin-Qbits benützt werden.

Mit einem anderen Quantenpunkt untersuchen wir die Auswirkung von Aus-
tauschwechselwirkung. Die Anordnung der Gatter erlaubt uns die Leerung des
Quantenpunkts bis zum letzten Elektron bei relativ geringer räumlicher Anisotropie
des einschliessenden Potentials. Der zugrunde liegende parabolische Quantentopf
wurde unter dem Gesichtspunkt einer vernachlässigbare Zeeman-Aufspaltung ent-
worfen. Das gemessene Zwei-Elektronen-Anregungsspektrum in abhängigkeit eines
senkrechtem Magnetfeldes ist dabei in guter Übereinstimmung mit exakten Diag-
onalisierungsberechnungen (EXD), wie auch mit einem analytischen Modell. In
den EXD Berechnungen finden sich klare Hinweise für einen stark korrelierten Zu-
stand bei verschwindendem Magnetfeld, in dem die Elektronen nicht den gleichen
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Ein-Teilchen Zustand besetzen. Schon bei Magnetfeldern unterhalb des Singlett-
Triplett-Übergangs bildet sich ein wasserstoff-ähnliches Wigner-Molekül.
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Chapter 1

Introduction

“Space: the final frontier. These are the voyages of the starship
Enterprise. Its five-year mission: to explore strange new worlds;
to seek out new life and new civilizations; to boldly go where no
man has gone before.”

Introduction sequence of Star Trek original series (1966-1969)

Semiconductor physics and the products of its industry changed the face of the
world. Its impact is present wherever one looks: mobile phones communicating via
satellites to almost every part of the world, automatized production lines controlled
by computers producing goods we are depending on, public transport unthinkable
without the aid of assisting computer power. Even this thesis would not be written
in the way I am doing it now – sitting in front of a notebook.

Since the discovery of the first transistor in 1947 by Bardeen, Brattain, and
Shockley [1], the development towards the computerization of daily live went on
at a fast pace, driven by a continuous miniaturization of the devices. This fact is
quantified by Moore’s famous law [2], which states that the number of transistors on
integrated circuits (a rough estimate for computer processing power) doubles every
18 month. But there are physical limits. The situation is similar to the early 20th

century when scientists, while investigating smaller and smaller objects, stumbled
upon weird behavior which could not at all be explained by classical physics. The
revolutionary theory of quantum mechanics, where every particle is assigned to a
probability wave function, was very successful in explaining these puzzles (photo
effect, stability of atoms). Nowadays semiconductor devices already reached the
limit to the microscopic quantum world, as, e. g., leakage currents due to quantum-
mechanical tunneling already pose one of the most difficult hurdles for a further
miniaturization of transistors.

Rather than viewing this quantum-mechanical behavior as a problem, one can
think of ways to use this effects to build genuine novel devices, like, e. g., quan-
tum computers. The spin of an electron trapped in a quantum dot could act as a
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Chapter 1. Introduction

qubit, the quantum mechanical analogue to a classical bit [3]. Investigations of the
quantum mechanical behavior of conductors, as their size becomes comparable to
the electron’s wave length and coherence length, is the scope of mesoscopic physics.
Progress in sample fabrication and crystal growth techniques allows sample pat-
terning down to the nanoscale to realize such systems. An imaginative picture of
what we are doing has been given by my predecessor Stefan Lindemann: “Imagine
a macroscopic object on the sun, connected through wires with the earth, which
allows the investigation of an object on a length scale of ∼ 100 m which is almost
109-times smaller than the length of the wires. Fascinating, isn’t? [4]”.

The thesis starts with a short introduction to the necessary concepts to explain
the measured effects (chapter 2), followed by the peculiarities of parabolic quantum
well samples and how samples are fabricated by electron beam lithography and
measured in the cryogenic setups (chapter 3). Then the magnetic field dependence
of the transition from a two dimensional system to a three dimensional system is
discussed in a single particle picture (chapter 4).

The degree of freedom of the electrons is further reduced to zero-dimensional
quantum dots. We characterize them and show the development of the devices
towards a quantum dot, which could be depleted down to the last electron for
the first time in this group (chapter 5). The energy spectra of this dot and the
effect of the exchange interaction on the 2e states (quantum dot helium) is further
investigated (chapter 6). And finally we demonstrate the possibility to tune the
g-factor in a few electron quantum dot (chapter 7), a requirement of the quantum
computing proposal by Loss and DiVincenzo [3] using electron spins as qubits.
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Chapter 2

Electron transport in reduced
dimensions

2.1 Two dimensional electron gas

A two dimensional electron gas (2DEG) is a gas of electrons free to move in two
directions, but tightly confined in the third. Its first realization was in a MOSFET
(Metal Oxid Semiconductor Field Effect Transistor) in 1960 by Kahng and Atalla
[5]. This allowed the discovery of new physical effects, such as magneto-oscillations
of conductance [6] or the quantum Hall effect [7, 8] which led to two Nobel prizes
in 1985 and 1998. The 2DEG that occurs at the interface of suitably designed
semiconductor heterojunctions or quantum wells has become an important tool to
investigate quantum effects. The Fermi wave vector in a 2DEG is given by

kF =
2π

λF

=
√

2πN2D
s , (2.1)

where N2D
s is the electron sheet density (typically 1015 − 1017 m−2). Peculiar in

2DEGs is that the density of states is an energy independent constant

D2D(E) =
m?

π~2
= const. (2.2)

Nowadays improved technology (e. g. remote doping) allows an extremely high mo-
bility µ = eτcl/m

? of electrons in GaAs up to 1000 m2/Vs. Here e is the charge of the
electron, τcl is the classical scattering time and m? = 0.067me the effective mass of
electrons in GaAs. This leads to an electron mean free path `e = τclvF = τcl~kF/m

?

of some microns to even tenth of millimeters.
With electron beam lithography or local AFM-oxidation additional lateral con-

straints of the 2DEG down to structures of some 10 nm can be realized. At low
temperatures, this length is well below the typical phase coherence length and the
electron mean free path, and can even be comparable to the Fermi wavelength of
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Chapter 2. Electron transport in reduced dimensions

the electrons (typically 40 nm for GaAs), so that in such structures quantum con-
finement effects play an important role. These systems are therefore accessible on
a quantum scale, opening up tremendous new possibilities in device design for the
investigation of quantum effects.

2.1.1 Electron transport in low magnetic fields

The law of all laws in electron transport is the empirically found direct proportion-
ality of voltage and current in 1826 by Georg Ohm [9]

V = RI. (2.3)

Further insight into the microscopic world, i. e. the discovery of a point like charge
called electron in 1897 by Thompson, led to Drude’s Model, which explains Ohm’s
law with a few material specific values. In two dimensions

R = ρxx ×
L

W
(2.4)

where L, W are the geometry of the sample (see Fig. 2.1 (a)) and the specific resis-
tivity is given by

ρxx(B = 0) =
1

N2D
s eµ

(2.5)

The mobility is defined by the ratio of the electron’s drift velocity vd = I/WN2D
s e

and the applied electric field ~E = V/L. The Hall effect discovered by Edwin Hall
in 1879 describes the voltage which can be measured transverse to the current flow

Figure 2.1: (a) Measurement setup for a Hall bar. (b) Typical traces of ρxx and
ρxy versus magnetic field, showing quantum Hall and Shubnikov-de Haas effect at
130 mK.
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2.1. Two dimensional electron gas

and magnetic field when a magnetic field perpendicular to the current is applied:

Vxy/I = RH = ρxy =
B

N2D
s e

. (2.6)

This purely classical effect is best measured in a so-called Hall bar configuration
as shown in Fig. 2.1 (a), which is the main tool for characterization of our material
systems.

2.1.2 Quantum Hall effect

At higher magnetic fields and low enough temperatures the quantum mechanical
nature of the energy spectrum modifies the resistivity. The transverse resistivity
does not increase linearly with magnetic field as expected from eq. (2.6), but rather
takes on integer fractions of the resistance quantum h/e2 [7] as shown in Fig. 2.1 (b).
These values only consist of natural constants and can be measured up to a relative
precision of at least 10−8 [10]. This behavior is called the integer quantum Hall
effect (IQHE).

The solutions of Schrödinger’s equation in two dimensions with perpendicular
magnetic field are discrete Landau levels (LL) with energies

Eins = Ei + ~ωc

(
n+

1

2

)
+ sg?µBB, (2.7)

where Ei denotes the energy of the subband i = 1, 2, .., n = 0, 1, 2, .. is the Landau
level quantum number, s = ±1/2 the spin quantum number and ωc = eB/m? is

Figure 2.2: Schematic drawing of the density of states (DOS) with spin split
levels for increasing magnetic field.
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Chapter 2. Electron transport in reduced dimensions

the cyclotron frequency. The degeneracy of each Landau level per area is given by
~ωc ×D2D = eB/h. The filling factor, defined as the number of filled Landau levels
then reads

ν =
Nsh

eB
. (2.8)

The ideal density of states (DOS) of Landau levels is described by a sum of δ-
functions

Dδ(E) =
eB

h

∑
i,n,s

δ (E − Eins) , (2.9)

but due to disorder the states get broadened, and the DOS may be described as a
sum of Gaussians

D(E) =
eB

h

∑
i,n,s

1√
2πΓ2

e−
(E−Eins)

2

2Γ2 , (2.10)

where Γ = ~/2τq is the broadening given by the quantum scattering time τq. The
Fermi energy EF is then defined by the number of available carriers which are con-
sequently filling up the possible states:

N tot
s =

∫ EF

−∞
D(E)dE. (2.11)

This gives rise to fluctuations in the Fermi energy, leading to several physical prop-
erties oscillating with magnetic field – such as the magnetic susceptibility (de Haas-
van Alphen effect) or the resistivity (Shubnikov-de Haas oscillations)[blue trace in
Fig. 2.1 (b)]. Figure 2.2 shows schematically what happens when a perpendicular
magnetic field is applied. Starting from a constant DOS (a) at zero magnetic field,
the DOS gradually splits into spin split Landau levels for B > 0 (b&c). Due to
the underlying potential landscape the DOS is divided into localized and extended
states. The localized states (hatched in blue) are producing closed current loops
within the sample, resulting in a zero net current (c). The Fermi energy has to
fall into a region called mobility edge around the center of the DOS to give rise to
transport across the sample (b).

2.1.3 Parabolic quantum well

The original idea of a parabolic quantum well (PBW) is to produce a wide, nearly
homogeneous quasi-three-dimensional electron gas [11–14]. According to Poisson’s
equation for the conduction band edge d2ECo(z)/dz

2 = e2N3D/εεo, the charge den-
sity N3D = Ns/we, where we is the width of the electron slab, becomes constant in
the limit that many electric subbands are occupied when ECo is chosen parabolic.
But more important to us is the property of the PBW, that a superposition of the
well potential with a linear potential results in a parabola of the same curvature,
but with a spatially displaced energy minimum. This allows us to tune the electron
sheet density Ns, and the position ∆z of the electron distribution along the z-axis

6



2.1. Two dimensional electron gas

independently. As the g-factor varies strongly with the aluminum concentration x
of the AlxGa(1−x)As-compound [15]

g(x) = −0.44 + 3.833x (0 < x < 0.3), (2.12)

the displacement of the electron wave function directly transforms into a change of
the g-factor.

Figure 2.3: The capacitor model the PBW describes the tuning of the
electron sheet density and the electron distribution displacement.

The basic relations between gate voltage and electron sheet density, respectively
position, can be derived from a simple capacitor model [14] shown in Fig. 2.3. The

electron gas forms a slab of finite thickness with density N
(tot)
s within the PBW,

which is located between a top- and a back gate electrode. A voltage VBG (VTG)
applied between back (front) gate and the electron gas induces a surface charge
of σb (σt). The relation of charge and potential in a plate capacitor is given by
σ = εεoV/d. Combined with charge conservation, this leads to

e(N (tot)
s −ND) = σt + σb = εεo

(
VTG

dt

+
VBG

db

)
, (2.13)

where ND is the density of the positively charged donor atoms in between the capac-
itor plates. For example from the measurement of the PBW 010515A (see dashed
line in Fig. 2.4) we get a slope of 6.8 · 1015 m−2V−1 which corresponds to a dt of
104 nm. This is a reasonable value, as the well extends from 45 nm to 145 nm below
the sample surface.

The displacement can be calculated by superimposing the linear potential U0(z) =
eEz, given by the electric field

E =
σt − σb

2εεo
(2.14)

7



Chapter 2. Electron transport in reduced dimensions

Figure 2.4: Hall density NHall
s (blue) and mobility µ (red) of the electron

gas in PBW 010515A as a function of the top gate voltage VTG. The
dashed line is a fitted slope of 6.8 · 1015 m−2V−1 corresponding to a
dt = 104 nm obtained from the capacitor model.

of the two gates, with the parabolic potential UPBW(z) = m?Ω2z2/2 resulting from
the growth process. The curvature of the parabola remains the same, whereas a
displacement of

∆z =
eE

m?Ω2
=
e (σt − σb)

2εεom?Ω2
(2.15)

occurs. We can calculate Ω =
√

8∆ECo/m?w2 = 2.57 · 1013 Hz (see [16]), the
plasma-frequency of the 3D electron gas, where ∆ECo = 0.7856x (from [17]) is the
energetic height of the parabola and w its width (see Fig. 2.3). Using the capacitance
σt = εεoVTG/dt we can estimate a displacement rate per top gate voltage. Assuming
a range of dt from 45 nm to 125 nm, the shift lies between 44 nm/ V and 16 nm/ V.
These values are of the right order of magnitude but probably too low compared to
the change of g factor that we measure in chapter 7.

For a more accurate description of a 2DEG in PBW one has to solve the following
quantum mechanical treatment in a self-consistent manner [18]. The Schrödinger
equation in the effective mass approximation for the parabolic confinement UPBW(z)
is given by

−~2

2

∂

∂z

1

m?(z)

∂ϕn(z)

∂z
+ UPBW(z) + Uxc(z) + UH(z) = εnϕn(z), (2.16)

where the first part is the kinetic energy of the electron taking into account the
effects of the effective-mass variations across the well1 [19]. The index n stands for

1m?(z) = 0.067(1 + m1αz2) where m1 = 5.11 · 10−3Ry−1 and α the curvature of the aluminum
concentration [18].
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2.2. Quantum dot (0-dim)

the different subband energies εn. The Hartree (UH) and the exchange-correlation
potentials (Uxc) depend on the electron density, via the Poisson equation

∂2UH

∂z2
=

e2

εεo
[Ne(z)−ND(z)] , (2.17)

and the local density approximation (LDA) [20]

Uxc =
1.69 meV

rs

[
1 + 0.0545 ln

(
1 +

1.4

rs

)]
(2.18)

where the interaction parameter rs = (4πN3D(z)/3)−1/3/aB is the ratio of the mean
electron spacing to the Bohr radius aB = 4πεεo~2/m?e2. For GaAs aB ∼ 10 nm, and
rs is about 1.1 for the 3D densities observed in the PBW. The density distribution
is obtained from

Ne(z) =
nmax∑

n

(EF − En)
m?

π~2
| ϕn(z) |2 (2.19)

where for every subband n the 2D density

N (n)
s =

∫ EF

En

D2D(E)dE = (EF − En)
m?

π~2
(2.20)

was taken into account. The total electron sheet density N
(tot)
s then is given by

N tot
s =

∫
Ne(z)dz =

nmax∑
n

N (n)
s . (2.21)

2.2 Quantum dot (0-dim)

2.2.1 Constant-interaction model

In many cases, especially when the electron number in the dot is high, interaction
effects are not supposed to have a big impact due to screening. Therefore neglect-
ing the exchange interaction and assuming an electron number independent density
distribution leads to the so-called constant-interaction (CI) model [21–23]. This can
be well described by a capacitance model in which the quantum dot is regarded as
a floating metallic island with integer charge (see Fig. 2.5 for a schematic drawing).
The Coulomb interaction of electrons on the dot among each other and with sur-
rounding metallic electrodes is parametrized by capacitances C

(j)
G . The total ground

state (GS) energy, E(N), of a N electron dot in the CI approximation can be written
as the sum of its single-particle energies εi plus the electrostatic energy Eel:

E(N) =
N∑

n=1

εi + Eel =
N∑

n=1

εi +
e2N2

2CΣ

− eN

(
eN0

CΣ

+
∑

j

C
(j)
G

CΣ

V
(j)
G

)
. (2.22)
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Chapter 2. Electron transport in reduced dimensions

Figure 2.5: Schematic drawing of a quantum dot – a nanoscaled isolated
island of electrons capacitively coupled to its environment, with tunnel
couplings to source and drain.

The total capacitance between the dot and its environment is CΣ =
∑

j C
(j)
G and

N0 is the number of electrons in the dot when all voltages V
(j)
G are zero. The

electrochemical potential of the dot is defined as the energy required to add the
Nth electron

µN := E(N)− E(N − 1) = εN +

(
N −N0 −

1

2

)
EC + e

∑
j

αjV
(j)
G , (2.23)

with the charging energy EC = e2/CΣ and αj = C
(j)
G /CΣ is the leverarm of the jth

electrode towards the dot. In the regime of small bias voltage and low temperatures
(eVbias, kBT � e2/CΣ) we have in most of the cases a situation like Fig. 2.6 (a), where
the dot is filled with N electrons and since µN+1 > µS, µD no electrons can tunnel
into the dot, therefore the current is blocked. This situation is called Coulomb-
blockade. Electrons can only flow from source to drain, when the electrochemical
dot potential is between the lead potentials of source and drain, with eVbias =
µS − µD. This situation can be obtained for example by lowering the dot potential
with a nearby gate, as schematically shown in Fig. 2.6 (b). A further decrease of gate
voltage would lead to µN+1 < µD and the current would again be blockaded. By
tuning a single gate voltage we can map out the so-called addition spectrum even
in dependence of other external parameters P (e. g. magnetic field), assuming that
the external parameter does not significantly modify the capacitances and chemical
potentials in source and drain. We then get

∆V
(j)
G (N + 1) =

1

eαj

(µN+1 − µN) =
1

eαj

[
(εN+1 − εN)︸ ︷︷ ︸

∆N+1(P )

+
e2

CΣ

]
, (2.24)
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2.2. Quantum dot (0-dim)

where ∆N+1 is the single-particle level spacing. Subtracting the charging energy from
each peak spacing allows to reconstruct an approximate single-particle spectrum of
the dot.

Figure 2.6: Energy diagram of a quantum dot, where in (a) transport is
blocked and the dot contains the fixed electron number N. Changing gate
voltages tunes the dot in resonance (b), i. e. the chemical potential of a quan-
tum dot level lies in between the bias window of source and drain and a current
can flow. Increased Vbias allows also excited states to contribute to the current
flow (c).

Assuming a disc like shape of the quantum dot, we can estimate in this capacitor
model the radius of the dot by calculating the self-capacitance [21]:

r0 =
CΣ

8εεo
=

e

EC[ eV]8εεo
. (2.25)

Coulomb diamonds and excitation spectrum

So far we have only discussed the ground state energies of the quantum dot, i. e.
the linear response regime (i. e. I ∝ Vbias) where eVbias � ∆N , EC, kBT . Access
to higher-lying energy states is obtained when the bias voltage is increased so that
eVbias ∼ ∆N , EC � kBT . Figure 2.6 (c) illustrates that increasing the bias voltage
enlarges the energy window between source and drain. In the sketched situation
electrons can tunnel into the dot to the GS µN+1 (solid black line) but also to the
first two excited states (ES) (dashed red lines). Experimentally these extra tunnel-
ing channels can be observed in differential conductance measurements ∂I/∂Vbias,
revealing the excitation spectrum.

In this thesis the dots were all measured with symmetric bias i. e. µS = µ0 +
eVbias/2 and µD = µ0− eVbias/2, where µ0 is the electrochemical potential of the dot
when zero bias is applied. Regions of stable electron numbers N where the dot is

11



Chapter 2. Electron transport in reduced dimensions

Coulomb blockaded, have to fulfill the following requirements (Vbias > 0):

µN < µ0 −
eVbias

2

µN+1 > µ0 +
eVbias

2
. (2.26)

They lead to diamond shaped structures, the so-called Coulomb diamonds, defined
by the following border-line equations:

V
(j)
G =

1

eαj

[
εN +

(
N − 1

2

)
EC − µ0 + e (1− αS + αD)

Vbias

2

−
∑

j

αjV
(j)
G − e2N0

CΣ

]

V
(j)
G =

1

eαj

[
εN+1 +

(
N +

1

2

)
EC − µ0 − e (1 + αS − αD)

Vbias

2

−
∑

j

αjV
(j)
G − e2N0

CΣ

]
. (2.27)

Here the electrostatic potentials of source and drain are explicitly taken out of the
sum with their corresponding leverarms αS and αD. The leverarm αj of the gate
can be determined by taking the difference of their slope

(1− αS + αD)

2αj

− − (1 + αS − αD)

2αj

=
1

αj

. (2.28)

Figure 2.7 shows such a differential conductance measurement. The border-lines
are dashed in dark green. They cross each other at eVbias = ∆N+1 + EC. The
Coulomb blockaded, diamond shaped regions of fixed electron numbers are shaded
light green. The situations sketched in Fig. 2.6 (a-c) are labeled accordingly. Several
excited states are indicated with red dotted lines. Figure 2.7 also shows, that in real
dots the exited state spectrum may be quite complex, including collective excitations
[24]. Additionally not all tunnel process have the same amplitude and may even be
completely suppressed (see blue encircled area). In a single-particle picture each
level i will have a slightly different coupling ΓS

i , ΓD
i to source and drain, due to its

wave function overlap, resulting in a level dependent width ~Γi = ~
(
ΓS

i + ΓD
i

)
.

In the weak-coupling regime (~Γi � kBT ) tunneling occurs only through one
quantum state i and the conductance is given by [25]

G(i) =
e2

h4 kBT

(
1

ΓS
i

+
1

ΓD
i

)−1

cosh−2

αG

(
V

(j)
G (i)− V

(j)
G

)
2 kBT

 . (2.29)
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2.2. Quantum dot (0-dim)

Figure 2.7: Differential conductance measurements showing Coulomb-
blockade diamonds. The current is blocked in the diamond shaped areas
shaded in light green at a fixed electron number N in the dot. Conductance
peaks occur on the V

(j)
G -axis where the boundaries (dark green dashed) cross

(Vbias ∼ 0 V). Some excited states are indicated with red dotted lines.

In the strong-coupling limit (kBT . ~Γi) the conductance has the Lorentzian
shape given by the well known Breit-Wigner formula [26]

G(i) =
2e2

h

(
1

ΓS
i

+
1

ΓD
i

)−1
Γi(

αG

~

)2 (
V

(j)
G (i)− V

(j)
G

)2

+ (Γi/2)2
. (2.30)

Parallel magnetic field

Assuming that spin-orbit interactions are negligible, the addition energy of a dot in
a magnetic field parallel to the plane of the 2DEG is extended by two terms

µN = εN +

(
N +

1

2

)
e2

CΣ

− γNB
2
‖ + (s(N)

z − s(N−1)
z )gµBB, (2.31)

namely the diamagnetic shift γB2
‖ and the Zeeman splitting which is linear in B.

The diamagnetic shift originates from squeezing the wave function in the strong
confinement (z-) direction, which can be calculated analytically in a parabolic model.
The resulting energy shift in the dot spectrum is given by [27]

∆Edm =
e2

2m?
〈∆z2〉B2

‖ , (2.32)
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Chapter 2. Electron transport in reduced dimensions

where ∆z =
√
〈z2

dot〉 − 〈z2
2DEG〉 is the difference of the wave function expecta-

tion value introduced by the diamagnetic shift in the electrochemical potential in
source/drain (2DEG) and the dot itself.

So far the spin of the electron was not included in our considerations. With no
magnetic field applied one expects a filling of each orbital level with spin pairs, in
the CI model only separated by the charging energy EC = e2/CΣαj. Consequently
the spin of the dot in the GS switches between sN

z = 0 for an even electron number
N and sz = ±1/2 for odd N . The addition energy shift therefore alternates by

∆EZ = ±1

2
g?µBB, (2.33)

with the Bohr magneton µB and g being the effective g-factor for the electrons in the
dot. Here we assume that γN and αj only varies slow with the magnetic field. The
discussed filling scheme is the simplest way of including spin in the CI model. As
soon as electron-electron interactions become important this picture breaks down.

2.2.2 Interaction parameter

There are two limits where interactions become important. In the few electron
regime it is intuitively clear, that the interaction energy will vary quite strongly
with increasing electron number (see e. g. shell filling [28]), and in many-electron
systems with more than 50 electrons, where the exchange energy can be of the order
of the single-particle level spacing [29]. A fairly good measure of the importance of
interactions in a system is given by the interaction parameter rs. It is defined as
the ratio between the Coulomb repulsion energy Eint and the kinetic energy EF

rs =
Eint

EF

=
e2/(4πεεor)

~2πN2D
s /m?

=
r

a?
B

, (2.34)

where the average spacing of two electrons in two dimension is given by r =
1/
√
πN2D

s . Significant effects of the interaction are expected, when the parame-

ter rs is larger than unity. As rs ∝ 1/
√
N2D

s this happens for very low densities.

2.2.3 Beyond the constant interaction model

Even dealing with a zero dimensional object in condensed matter physics, we are still
talking about a region in space with millions of atoms, which are filled with one to
several hundred free electrons. Therefore one has to deal with a many body Hamil-
tonian, which in the adiabatic approximation introduced by Born and Oppenheimer
[30](1927) is given by

H =
∑

k

(
~p2

k

2m
+ Vext(~rk)

)
+

1

2

∑
k 6=k′

e2

4πεεo | ~rk − ~rk′ |
, (2.35)
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2.2. Quantum dot (0-dim)

with Vext(~rk) being the potential introduced by external causes, e. g. by the remain-
ing ions, by band-gap engineered gradients (PBW, heterostructure) or due to electric
fields defining the dot confinement. Although the Born-Oppenheimer approxima-
tion considerably reduces the complexity of the Schrödinger equation, the resulting
electronic Schrödinger equation is still extremely complex due to electron-electron
interactions. A further simplification is achieved by assuming that every electron
can be considered separately feeling a mean field of the surrounding electrons. The
simplest Ansatz was introduced by Hartree [31, 32, 33] (1928):

Ψ(~1,~2, . . . , ~N) := ψ1(~1)ψ2(~2) · · ·ψN( ~N) with 〈ψi | ψj〉 = δij. (2.36)

The wave function ψk(~n) = ϕk(~rn)χk(sn) is the product of the orbital wave function
ϕk and the the spin part χk for a given set of quantum numbers ~n. Using variational
principles to minimize the expectation value E = 〈Ψ | H | Ψ〉 the following one
particle Hartree equations can be derived(

− ~2

2m
4~r + V (~r) + e2

∑
k 6=j

∫
d3r′

| ϕk(~r
′) |2

| ~r − ~r ′ |

)
ϕj(~r) = εjϕj(~r) (2.37)

where E =
∑

i εi. Equation (2.37) can easily be interpreted as it has the same
form as the Schrödinger equation and in general it is solved numerically. Note
however, that ψi(~x) describes now a quasi particle, i. e., an electron with interaction.
It is astonishing that most of the problems in condensed matter physics can be
understood in such a single-particle picture.

So far the Pauli principle has not been taken into account. As we deal with elec-
trons the wave function has to be antisymmetric under particle exchange. Instead
of using the simple product form of the wave function shown in eq. (2.36), a Slater
determinant wave function [34] which satisfies antisymmetry is used

Ψ(~1,~2, . . . , ~N) :=
1√
N !

∣∣∣∣∣∣∣∣∣
ψ1(~1) ψ1(~2) · · · ψ1( ~N)

ψ2(~1) ψ2(~2) · · · ψ2( ~N)
...

...
. . .

...

ψN(~1) ψN(~2) · · · ψN( ~N)

∣∣∣∣∣∣∣∣∣ . (2.38)

This Ansatz leads to the Hartree-Fock equations for the single particles(
− ~2

2m
4~r + V (~r) + VH(~r)

)
ϕj(~r) + (UXϕj)(~r) = εjψj(~r). (2.39)

The spin independent Hartree potential VH describing the classical Coulomb inter-
action

VH(~r) := e2
∫
d3r′

n(~r ′)

| ~r − ~r ′ |
, (2.40)
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Chapter 2. Electron transport in reduced dimensions

with n(~r) :=
∑

i | ϕi(~r) |2 being the electron density distribution. The last term of
the left hand side of eq. (2.39) which makes the difference to the Hartree approxi-
mation is the exchange potential, respectively the Hartree-Fock potential

(UXϕj) (~r) =

∫
uX,j(~r, ~r

′)ϕj(~r
′)d3r′ with uX,j := −

∑
k

δsk,sj
e2
ϕ?

k(~r
′)ϕk(~r)

| ~r − ~r ′ |
.

(2.41)
This potential is a direct consequence of the Pauli principle and reduces the Coulomb
energy for two particles with the same spin. The two particles are not distinguish-
able, i. e. the space component has to be antisymmetric which leads to an enhanced
separation of the two resulting in a lower Coulomb repulsion. With this Ansatz the
spatial wave function is the same for both spin directions. Thus this approach is
called the restricted Hartree Fock (RHF) approach. If one now relaxes the double
occupancy requirement by introducing different spatial orbitals ϕ↑i and ϕ↓i we end up
with the so-called spin unrestricted Hartree Fock (s-UHF) approach, which is mostly
used in chemistry for open shell molecule calculations. Another generalization can
be made by relaxing the requirement that electron orbitals are constrained by the
symmetry of the external confining field [35]. This is called the space unrestricted
Hartree Fock (S-UHF), and in general used in nuclear physics. The combination of
the two will be used in chapter 7 and is abbreviated sS-UHF.

Equations (2.39, 2.37) have to be solved self-consistently, as the single-particle
wave functions define the Hartree potential which in return defines the single-particle
wave function. Unlike all the other terms acting on ψi(~r) , the exchange term (2.41)
is a non-local integral operator and this makes the Hartree-Fock equations hard to
solve in all but a few special cases. Especially there are two physical reasons, which
make the Hartree-Fock equations not useful for a solid. First the infinite range of the
classical Coulomb interaction, which is in general not true for condensed matter, as
charge is usually completely screened by the sea of electrons over a short distance.
And second only statistical correlations of identical particles are considered, but
there is also a correlation between electrons with anti parallel spin, as there is also
a Coulomb repulsion. In general one therefore tries to find a suitable local potential
for the exchange-correlation term, which accounts for the same physics but is much
easier to compute. It was shown [36, 37] that the exchange-correlation potential
can be written as a functional of the local electron density, a discovery which was
awarded by the Nobel prize in Chemistry in 1998 (for an example see eq. (2.18) for
our PBW). This method is called the local density approximation (LDA).

A more direct approach is the generalized Heitler London (GHL) [38] approach,
where one takes a linear combination of possible atomic one electron wave functions.
It does not contain the chemical environment and its mean field, but allows electrons
to occupy different orbitals and includes correlations. The GHL can be formulated
in the frame of the sS-UHF.
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Chapter 3

Sample fabrication and
measurement setup

3.1 GaAs/AlxGa(1−x)As parabolic quantum well

No doubt about it, the current semiconductor material of today’s industry is Si. Its
abundant availability in Earth’s crust makes it cheap to produce. Also the existence
of a natural oxide as an insulator and the high hole mobility make it ideal to be
shaped into complex, highly integrated logic circuits. Nevertheless GaAs provides
some properties which are superior to silicon’s. Namely, higher maximum electron
drift velocity and mobility allow low noise and high frequency applications and the
direct band gap allows optical applications. Only the higher costs and its higher
power consumption prevented it so far from being industrially more widely used
than in some special cases (e. g. Cray-3). GaAs, therefore, is the material of choice
for fundamental research projects.

Another unique advantage is that GaAs together with AlAs, both being zinc-
blende structures with almost the same lattice constant1, make it possible to grow
heterostructures. With molecular beam epitaxy (MBE), a process in which atoms
are evaporated and deposited monolayer by monolayer on flat surfaces, one can grow
AlxGa1−xAs for any x at almost any desired width. Since the band gap energy at the
Γ-point EΓ

G strongly depends on the Al-concentration x (EΓ
G = 1.424 + 1.247x [ eV]

for 0 < x < 0.45 [39]) the conduction band can be engineered to almost any poten-
tial shape. For x > 0.4 the electronic structure becomes more complicated as the
band gap becomes indirect.

In Fig. 3.1 (a) the growth sequence, from the surface to the back gate, of the layers
for a typical parabolic well (PBW), as used in this thesis, is shown. The conduction
(valence) band energy is calculated using a self-consistent Poisson-Schrödinger solver
[40, 41] and plotted in red (green). The electronic density is shown in blue (arbitrary
units). As it is technically very difficult to adjust and calibrate the Al- concentration

1At 300 K GaAs has a lattice constant of 0.56533 nm, while that of AlAs is 0.56611 nm [39].
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Chapter 3. Sample fabrication and measurement setup

Figure 3.1: (a) Self consistent calculation of a typical PBW structure as used within this
thesis. Relative to its Fermi energy the conduction band (red), the valence band (green) is
plotted and the corresponding electron distribution in arbitrary units is indicated in blue.
(b) The layer sequence of the digital alloy growth with MBE of the PBW resulting in an
averaged potential drawn in red.

while growing, one is usually limited to two values (in our case 0 and 0.4). The
shape of the well is achieved by digital alloy techniques [42, 43]. In this approach
a superlattice, as shown in Fig. 3.1 (b), is grown with alternating layers of GaAs
and AlxGa1−xAs (x = 0.4). The thickness of the layers decreases quadratically
(respectively increases for AlxGa1−xAs) with distance from the center of the well.
The average thickness of each layer is approximately 1 nm, allowing for a smooth
growth and ample electron and hole tunneling to average the effective potentials
given by the Al-concentration to the desired parabolic shape as plotted in red. In
intrinsic [Al]GaAs the Fermi level is pinned to the middle of the band gap by surface
states. Additional remote Si-doping2 on both sides of the well (black crosses in
Fig. 3.1 (a)) are introduced in order to lower the potential in the well just to occupy
the first quantum states in growth direction. The back gate is provided by a highly
Si-doped region about 1.1µm below the surface. The electrical isolation towards
the 2DEG in the well is achieved by a 500 nm thick layer of low-temperature-grown
GaAs [44]. For top gates gold with an adhesion layer of titanium was evaporated,
resulting in a Schottky contact with forward bias breakthrough voltages of around
+0.6 V.

In the description above only the essential features of the sample layout were
mentioned. A lot of experience is needed to grow electronically functional samples.
For a review of growth and experiments on wide graded quantum wells see Ref. 13
and the PhD thesis of Hopkins [45].

2A ten times superior doping towards the surface allows the saturation of the surface states and
an effectively symmetric location of the electrons in the well.
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3.1. GaAs/AlxGa(1−x)As parabolic quantum well

3.1.1 Contacting the two dimensional electron gas

Figure 3.2: (a) photo and (b)-(f) SEM-images of a sample with increasing magni-
fication by a factor of 10 in every image. The series starts with a view of one of
our chip carriers mounted in a sample holder. Thin gold wires connect the outer
world to the actual sample (black). Defined by optical lithography are the top gate
fingers (white), the one back gate contact (green) and the 12 Ohmic 2DEG contacts
(dark green), which give access to the actual 2DEG area (light green, respectively
darker zones for the following pictures). The innermost part, i. e. the structuring of
the quantum device, is then done by EBL on the 20 × 20 µm Mesa. Here we see a
quantum dot with charge detectors.

After receiving the two-inch wafers, grown by MBE at the University of Cali-
fornia in Santa Barbara, they are further processed by cutting into square pieces of
5.5 mm2. On those we usually define 4 structures in of 2.5 mm2 with several steps
of optical lithography. In the latter technique the sample is first covered with a
photosensitive resist, then the desired pattern is transfered to the resist by expos-
ing it with ultra-violet light through a metallic mask with a standard mask aligner
(Karl Suess MJB3). Submerged in a developer, the exposed (unexposed) parts of
the resist will be removed, depending on the resist, if it was a positive (negative)
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Chapter 3. Sample fabrication and measurement setup

process.
The processing sequence starts with defining the so-called “mesa”, the light and

dark green region of 2DEG shown in Fig. 3.2 (b). The other parts are etched down
by about 80-100 nm, effectively removing the 2DEG. The green region, defined by
exposure with an optical microscope, is etched additional 900 nm, bringing the back
gate locally as close to the surface as the 2DEG. Then the metals for Ohmic contacts
are evaporated on the green and dark green regions, which then are annealed to
form the Ohmic contacts working also at low temperatures. In the next step, top
gate electrodes (white) are properly aligned. Detailed parameters for the optical
lithography are found in Appendix C.

So far we defined a square of 20µm × 20µm of 2DEG with 12 contacts and 8
gold electrodes leading to its edges (see Fig. 3.2 (c,d)). With optical lithography we
achieve structure sizes down to about 2µm. Compared to today’s industry standards
of 0.09µm this is quite big. If we want to make smaller structures we need to use
another technique. Although in our group the patterning by local oxidation with a
scanning force microscope (see e. g. [46]) is favored, the more conventional technique
of electron beam lithography (EBL) has to be used here, due to the depth of the
2DEG in these PBWs. Figure 3.1(d-f) shows a zoom of a quantum dot with two
nearby charge detectors, starting from the full EBL defined structure (inner parts
of the electrodes in (d)) down to the actual confined space where the electrons are
located forming the quantum dot (f). A more detailed description about EBL will
be given in the following section.

Finally the pieces of 2.5 mm2 are glued in to a chip carrier and contacted by thin
gold wires to the outer pads (bonded or glued), as shown in Fig. 3.2 (a). The sample
is now ready to be measured!

3.2 Electron beam lithography

The following introduction is a short summary about electron beam lithography
(EBL). For a more detailed introduction see chapter 2 of Ref. 47. EBL is a spe-
cialized technique for creating the extremely fine patterns required by modern elec-
tronics industry for integrated circuits. Derived from the early scanning electron
microscopes (SEM), the technique in brief consists of scanning a beam of electrons
across a surface covered with a resist film sensitive to those electrons, thus deposit-
ing energy (“breaking up bonds“) in the desired pattern in the resist film. The
process of forming the beam of electrons and scanning it across a surface is very
similar to what happens inside the everyday television or CRT display, but EBL
typically has three orders of magnitude better resolution. The main attributes of
the technology are 1) high resolution (almost to atomic level); 2) flexible technique
(variety of materials, almost any pattern you can think of); 3) slow (one or more
orders of magnitude slower than optical lithography); 4) expensive and complicated
(∼106 CHF, frequent service).
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3.2. Electron beam lithography

The first EBL machines, based on SEM were developed in the late 1960s. Shortly
thereafter came the discovery that the the common polymer PMMA (polymethyl-
methacrylate) made an excellent electron beam resist [48]. It is remarkable that even
today, despite sweeping technological advances, extensive development of commer-
cial EBL, and a myriad of positive and negative tone resists, much work continues
to be done with PMMA resist on converted SEMs.

Figure 3.3: EBL Block diagram

Figure 3.3 shows a block diagram of a typical EBL tool superimposed on to the
underlying real device (Raith150) on which all the structures in this thesis were
written. The column is responsible for forming and controlling the electron beam.
Below the column is a chamber containing a stage that allows the operator to move
the sample, and facilities for loading and unloading. Associated with the chamber
is a vacuum system needed to maintain an appropriate vacuum level throughout
the machine also during loading and unloading. A set of control electronics sup-
plies power and signals to the various parts of the machine. Finally, the system
is controlled by a computer which handles such diverse functions as setting up an
exposure job, loading and unloading the sample, aligning and focusing the electron
beam, and sending pattern data to the pattern generator.
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3.2.1 Elements of electron optics

The part of the EBL system that forms the electron beam is normally referred to as
the column. Starting from the top, it consists of a filament, acting as the electron
source. Usually it is a tip made of conductive material, brought to emit electrons by
heat (thermionic sources) or by applying strong enough electric fields (field emission
sources). Usually two electrodes nearby are used to control the three key parame-
ters: The virtual source size (basically determines the spot size on the sample), the
brightness (defines together with the detector efficiencies the image contrast), and
the energy spread (limits the focus capability of electron lenses). While in earlier
days and in today’s cheaper systems white-hot-heated (2700 K) tungsten wires were
used (e. g. used in our Jeol system), the brighter LaBa6 has become the cathode of
choice nowadays (e. g. used in the Raith150). The lower temperature (1800 K) also
dramatically increases the lifetime from roughly two weeks to two years.

The next part is a gun alignment system for centering the beam in the column,
followed by a small mechanical aperture, which helps to define the beam by setting
the beam convergence angle and controlling the beam current. Further down the
path of the electrons, a beam blanker is used to turn on and off the beam, which
is usually accomplished electrostatically by applying a voltage to a pair of plates.
Several electron lenses, either of electrostatic or mangetostatic nature, are used to
focus the beam. In principle the same as optical lenses, but not as good in quality,
they can only be used to converge the beam. The two critical characteristics are the
spherical and the chromatic aberrations, where the former describes the problem
that the outer zones of the lens focus more than the inner zones, and the latter,
where electrons of slightly different energies get focused at different planes. Both
types of aberrations can be minimized by reducing the convergence angle, given by
the size of the electron source and controlled by the aperture, at the cost of greatly
reduced beam current. A special lens called the stigmator is used to compensate
the imperfections of the construction of the column resulting in astigmatism, where
the beam is focused in different directions at different lens settings, which leads to
a elongated beam shape, instead of the preferred circular shaped spot.

Finally an electron beam deflector is used to scan the beam across the surface
of the sample. While electrostatic devices are faster due to the lack of magnetic
induction compared to magnetic coils, they also introduce more distortions. Even-
tually the scattered electrons are detected with a secondary electron imaging (SEI)
camera for assisting with focusing and locating marks on the sample, or just using
the e-beam writer as a scanning electron microscope for imaging.

3.2.2 Electron-solid interactions and proximity effect

The scattering that occurs when the incident electron beam hits the surface of the
resist-substrate system can be understood in terms of the electrons continuously
slowing down by emitting cascades of low energy secondary electrons, described by
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3.2. Electron beam lithography

Figure 3.4: Monte Carlo simulated trajectories of 100 electrons in
PMMA on silicon substrate at (a) 10 kV and (b) 20 kV (from Kyser
and Viswanathan [49]). Indicated in green are the parameter used for
the two-Gaussian model (see text).

the Bethe equation [50], while continuously undergoing elastic scattering events with
the positive atomic cores, described by the screened Rutherford formula [51]. These
short ranged (∼ nm) secondary electrons with energies from 2 to 50 eV are responsi-
ble for the actual exposure process and their dispersion results in an actual widening
of the beam diameter by roughly 10 nm, one of the limiting factors for producing
ultra small patterns. The resist usually consists of light elements (CxOyHz), leading
mainly to small angle scattering (forward scattering), which tends to broaden the
initial beam diameter as well. Interaction with heavier substrates (Si, GaAs) occa-
sionally introduces large angle scattering (backscattering), the source of the so-called
proximity effect, for which the received dose depends on the scattered electrons from
neighboring exposures.

In Fig. 3.4 Monte Carlo simulations of electron scattering in a Si-sample covered
with 400 nm PMMA are presented [49]. The combination of forward and backscat-
tered electrons results in an energy deposition profile that is typically modeled as a
sum of two Gaussians,

f(r) =
1

π (1 + η)

[
1

α2
e−

r2

α2 +
η

β2
e
− r2

β2

]
(3.1)

where α(β) is the width of the forward(back) scattering distribution and η is the in-
tensity of the backscattered energy relative to the forward scattered energy. Equation
3.1 is the start for most proximity effect correction (PEC) schemes, including the
one we used, which was developed at the ETH [52, 53]. In Fig. 3.5 (a) the result of
such a calculated correction is plotted in a colorscale plot. Typical values for GaAs
were used: α = 0.05, β = 1.8 and η = 1.4 ([54, 55]). In real processing everything
is a little bit more complex and in the end what counts is that one ends up with
a working structure at a reliable reproducibility rate. In Fig. 3.5 (b) the structure’s
proximity corrections are presented which lead to a proper result, worked out in a
cumbersome and time-consuming trial and error process.

The smaller the structure the larger a dose is needed to fully expose. As a rule

23



Chapter 3. Sample fabrication and measurement setup

Figure 3.5: Comparison of the proximity correction given by (a) the program from
the ETH [52], and (b) the actual used one obtained from a trial and error process.
Most prominent the dose difference for the free standing plunger gate (finger coming
from the top). Color scale represents the relative dose intensity.

of thumb one can say if you need a factor of 1.5 for big areas (∼50µm2), then a
factor of 2 is needed for small structures (∼200 nm) and even a factor of 4 for the
smallest (∼40 nm). For smaller structures it becomes rather complicated. From our
experience, we suggest to start with the values given by the program and simplify
and refine them until the desired result is obtained.

3.2.3 PMMA

Polymethyl methacrylate

Chemical name poly(methyl 2-methyl-
propenoate)

Chemical formula (C5O2H8)n

Synonyms polymethylmethacrylate
PMMA
poly(methyl methacrylate)
methyl methacrylate resin

Density 1.19 g/cm3

Melting point 130-140◦C (265-285◦F)
Refractive index 1.492 (λ=589.3 nm)

Table 3.1: Data sheet on PMMA

Polymethyl methacrylate (PMMA) or
poly(methyl 2-methylpropanoate) is the
synthetic polymer of methyl methacryl-
ate. This thermoplastic and transparent
plastic is sold by the tradenames Plex-
iglas, Perspex, Acrylite, Acrylplast and
Lucite and is commonly called acrylic glass
or simply acrylic. The material was devel-
oped in 1928 in various laboratories and
was brought to market in 1933 by the
German Company Röhm (GmbH & Co.
KG).

There are various applications of this
material. It is used as an alternative to
glass, as one compound of “Superglue”, as raw material for laserdiscs or contact
lenses, in orthopedics to affix implants or remodel lost bones, and most recently it is
injected below the skin as blacklight-reactive tatoo-ink. To produce 1 kg of PMMA,
about 2 kg of petroleum is needed. In the presence of air, PMMA ignites at 460◦

C and burns completely to form only carbon dioxide and water. PMMA transmits
more light (92% of visible light) than glass and does neither filter ultraviolet, nor
infrared radiation up to 25µm. But exposed to low energy electrons (2-50 eV) certain
bonds in the polymer are broken up, as shown in Fig. 3.6. The remaining chains
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3.3. Cryogenics

desolve selectively in methyl-isobutyl-ketone (MIBK).

Figure 3.6: Degradation process of PMMA exposed to electrons [56].

In this thesis we used two different resist systems. A double layer system with
the more sensitive copolymer P(MMA/MAA) 200 nm thick below a 50 nm thin layer
of PMMA was used for bigger structures of the order of 200 nm. This composition
is designed for an optimized undercut profile for metalization and liftoff purposes.
The clearing dose, the amount of dose needed to clear a big square from its resist,
was determined to be about 150µC/cm2. This resist system works for structures
separated more than 100 nm. If structures become closer, then the resist in between
the two is removed due to the forward scattering angle α. Therefore we used a second
resist system of only one layer of 90 nm PMMA, allowing a maximum metalization
height of only 60 nm. With this thin resist we succeeded in producing structures
with a separation of 20 nm. The appropriate clearing dose is about 140µC/cm2. For
thinner resists the lift off process became irreproducible.

3.3 Cryogenics

All measurements in this thesis were done in liquid helium based cryostats. For
characterization purposes samples were put into a dewar of liquid 4He at 4.2 K, on a
sample holder with a superconducting 5 T magnet. For intermediate temperatures a
standard 4He cryostat from Oxford Instruments with a variable temperature insert
(VTI) was used. The temperature could be varied from 1.6 K up to almost room
temperature. The cooling power in such systems originates from the evaporation
of the liquid 4He into a gas phase of reduced pressure. For temperature stability
reasons the cooling power is held constant, while the sample is heated by running a
current through a nearby resistor. A magnet reaching fields up to 8.5 T completed
this system. Both systems are wired with manganine cables and no special filtering,
which makes the observation of single electron effects difficult. Some faint Coulomb
blockade oscillations could be observed at 4.2 K for the smallest dot with very large
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Chapter 3. Sample fabrication and measurement setup

Figure 3.7: Schematic of a dilution refrigerator. The 1K pot cools the 3He-rich
phase to a temperature below 2.2K in order to condense it before it enters the mixing
chamber. There, 3He crosses the phase boundary into the diluted 3He-poor phase
and thereby cooling the sample. At the still the 3He is pumped out of the dilution,
at a temperature below 1 K where the vapor pressure of 4He is still negligible, to
keep the osmotic flow running. (Taken from the Operator’s Handbook [57])

charging energies. For useful measurements involving Coulomb blockade effects even
lower temperatures are needed. In our group these are achieved by two vacuum-
loading and one top-loading dilution refrigerator system from Oxford Instruments.

In a dilution refrigerator further cooling is achieved with an additional closed
loop containing a 3He/4He mixture (see Fig. 3.7). At temperatures below 0.86 K
such a mixture splits up into a 3He rich (concentrated) and a 3He poor (diluted)
phase (6-7% 3He). Since there is a phase boundary in-between the two phases, extra
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3.3. Cryogenics

energy is required for 3He-particles to go from one phase to the other. This phase
boundary is located in the mixing chamber to which the sample and the wirings
are thermally well attached. By pumping on the 3He poor phase in the “still” at
a temperature below 1 K, mainly 3He is removed from the liquid because of its
larger vapor pressure (lighter mass). 3He from the concentrated phase is forced to
diffuse into the 3He-poor phase in order to conserve the equilibrium, thus cooling
the surrounding. The loop is closed by condensing the 3He gas in the condenser
with the help of the 1K pot, providing continuous cooling power.

The systems are equipped with superconducting magnets ranging from zero up
to 12 T or 15 T. Various sample holders were used within this work. Especially
the ones equipped with a Swedish rotator, allowing in situ rotation of the sample
from parallel to perpendicular magnetic field and one with a waveguide for coupling
microwaves to our samples (even though we did not find a value for the g-factor like
this) were very helpful. Depending on the cooling-system, the sample holder and its
wiring, base temperatures between 25 mK3 to 120 mK4 were achieved.

3vacuum-loading system with Swedish rotator and manganine wires from the mixing chamber
to the sample

4top-loading system with Swedish rotator and twisted pairs of copper cables as sample connec-
tors
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Chapter 4

Quantum Hall effect in a two
subband system

The first appearance of an unexplained maximum in Shubnikov de Haas (SdH)
traces was observed in the beginning of 2004 by Barbara Simovič while she was
characterizing sample (ESR HB) for her ESR experiment. More detailed studies on
the same sample were performed a few months later, revealing some astonishing,
non-explicable, but from an aesthetic point of view, nice data. Soon it was clear
that the second subband was acting as a kind of catalyst and hints of the same
effect were found in older data [58]. A lot of discussion arose about the nature of
the effect, without any convincing results. When we already decided to publish the
data without proper explanation a paper appeared in PRL [59], presenting the same
data in a wide quantum well, but only speculating about the cause. Following these
authors’ former work based on an effective single-particle model [60], which they
cite as not being able to reproduce such ringlike structures, Renaud Leturcq found
similar features in such simulations. Later on we extended the model to qualitatively
explain most of the experimental data.

4.1 Introduction

At low temperatures a two-dimensional electron gas (2DEG) subject to a perpen-
dicular magnetic field gives rise to the quantum Hall effect (see chapter 2). The
magnetic field B quantizes the energy spectrum resulting in the formation of Lan-
dau levels leading to a 1/B-periodic magnetoresistance. At high enough magnetic
fields, where the Landau level separation is much larger than the width of the Lan-
dau levels as well as the thermal energy kBT , the Hall resistance becomes quantized
around integer filling factors ν = Nsh/eB, where Ns is the carrier density in the
electron gas. A Landau level is characterized by a Landau level quantum number
n = 0, 1, 2, 3, . . ., a spin quantum number s = ±1/2 and possibly another orbital
quantum number i if several subbands in a quantum well are occupied, or a double
well system is investigated.
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4.2. Experiment

Several recent experiments [61–63] have demonstrated that driven by interactions
so-called resistance spikes accompanied by hysteresis can occur in the magnetoresis-
tance, if Landau levels with different quantum numbers anti-cross. This development
was reviewed in Ref. 64 and studied in detail in Ref. 65. Theoretically the observation
of hysteretic resistance spikes was attributed to the formation of domains, driven
by the interaction between electrons in Landau levels with different spin orientation
[66, 67]. Similar effects were also observed in the fractional quantum Hall regime
[68]. Gusev et al. [69] observed additional maxima in the magnetoresistance and
weak features superimposed on quantum Hall plateaus in parabolic quantum wells
of various widths. Some of the recent publications reported hysteretic behavior (e.g.,
[62]) as expected for ferromagnetic domain formation, others (e.g., [69]) did not.

In this chapter we present data from a novel system, namely a parabolic quan-
tum well where the occupation of the second subband can be controlled by front
and back gate voltages. When only one subband is occupied, the magneto and Hall
resistances behave as expected for an ordinary 2DEG. Once the second subband
becomes occupied we detect additional maxima and minima in the magnetoresis-
tance at non-integer filling factors. These features are accompanied by over- and
undershoots of the Hall resistance between quantum Hall plateaus. The general
relation between magnetoresistance ρxx and Hall resistance ρxy in the quantum Hall
regime, i. e., the deeper the minimum in ρxx the more pronounced the plateau in ρxy

holds all the way. We have observed these features reproducibly for several samples
and for several cool-downs. The behavior of these additional minima is experimen-
tally investigated as a function of front and back-gate voltage, i. e., as a function of
electron density of the subbands and position of the electron wave function in the
parabolic well. Furthermore, the magnetic field has been tilted with respect to the
sample normal and the influence of temperature and current direction with respect
to the crystal lattice has been studied. We find that the observed phenomena can be
qualitatively accounted for using an effective single-particle model where interaction
effects beyond the mean field Hartree approximation are neglected. Very similar
data has been reported recently [59, 70] for an electron gas in a standard quantum
well, where the density can be tuned to very high values and therefore also the
second subband can be significantly populated.

4.2 Experiment

The samples investigated within this chapter are all from wafer 010515A. It contains
a 100 nm wide parabolic AlxGa(1−x)As quantum well with a spatially varying Al-
content from x = 0.4 at the edges to x = 0 in the center of the well (more details can
be found in chapter 3.1). Hall bars with different geometries (ESR HB, Hallbar2,
MBar1) were fabricated. A front gate consisting of an adhesion layer of 10 nm Ti
and 80 nm of Au was evaporated on each of them. Together with the back gate, a
highly Si-doped layer 1.76µm below the surface, it was used to tune the electron
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Chapter 4. Quantum Hall effect in a two subband system

sheet density Ns and therefore the number of occupied subbands (see [27]). At a
temperature of 100 mK and zero gate voltages the electron mobility was around
16 m2/Vs and Ns = 3.3 · 1015 m−2. While there were investigations on many similar
samples over the past few years [27, 58, 71, 72] only one ([58, Fig. 8 and Fig. 9])
showed features which might be precursors of the findings presented here. The major
difference of the present compared to previous samples is the slightly higher mobility
(10-20%). If not otherwise stated the following, measurements were all done with
the sample ESR HB in different cooldowns.

Figure 4.1: Magnetoresistance ρxx (left hand scale, lower curve) and Hall
resistance ρxy (right hand scale, upper curve) measured at T = 100 mK. The
horizontal lines indicate the expected positions of Hall plateaus. The inset in
the upper left shows the same data but expanded in the regime of interest.

Figure 4.1 shows typical ρxx and ρxy traces when the second subband is popu-
lated. For 0.14 T < B < 1 T we can observe SdH oscillations. The fast oscillation
period is related to the density of the lowest subband N

(1)
s = 3.69 · 1015 m−2 and the

slow amplitude modulation to the upper subband density N
(2)
s = 1.48 ·1014 m−2. At

B > 4T standard SdH oscillations as well as quantum Hall (QH) plateaus occur,

corresponding to the total carrier density N tot
s = N

(1)
s +N

(2)
s = 3.84 · 1015 m−2. The

regime of unusual behavior, 2 T < B < 4 T, is enlarged in the inset of Fig. 4.1. An
additional minimum occurs in ρxx between filling factors ν = 4 and 5, accompanied
by an oscillatory feature in ρxy (arrow in inset). These at first sight unexpected and
for quite a while unexplained experimental observations are the focus of this chapter
and are studied in more detail in the following.
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4.2. Experiment

Figure 4.2: Magnetoresistance ρxx (a), Hall resistance ρxy (b) and 1/ρxy (c)
as a function of the inverse filling factor 1/ν = eB/hN tot

s . Curves for different
carrier densities N tot

s are vertically offset for clarity (a,b). The carrier den-
sity N tot

s was tuned between 3.4·1015 m−2 and 4.85·1015 m−2 (a) and between
3.77·1015 m−2 and 4.85·1015 m−2 (b).

4.2.1 Gate voltage dependence

Figure 4.2 shows the magnetoresistance ρxx (a) and Hall resistance (b, c) for a data
set where the carrier density N tot

s , as determined from the low-field classical Hall
effect at magnetic fields below 0.2 T, is tuned using the front gate. By plotting
the data as a function of 1/ν, features related to the same filling factor line up
vertically. The magnetoresistance maximum between ν = 4 and 5 splits as a function
of increasing N tot

s , crosses the ν = 5 and 6 valleys and joins the maximum between
ν = 6 and 7. Similarly the maximum between ν = 5 and 6 moves into the maximum
between ν = 7 and 8. Weaker features with qualitatively similar behavior are
observed for the lower two sets of inverse filling factors. As one follows, e. g., the
ν = 5 minimum, for low carrier densities (curves on the bottom of the figure) a
single minimum is observed. As the carrier density is increased a double minimum

Figure 4.3: Grayscale plot of magnetoresistance in (b) [same as Fig. 4.5 (c)]
showing an additional weak (< 5h) SdH oscillation when enhancing the con-
trast by plotting the 5th root (a), due to the non covered parts of the 2DEG
by the front gate. In (c) the derivative of the Hall resistance ∂ρxy/∂B showing
the same structures as (b).
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Chapter 4. Quantum Hall effect in a two subband system

feature (i. e., an additional maximum) occurs which then returns to a single minimum
feature once the crossing regime is passed.

The Hall resistance ρxy shown in Fig. 4.2 (b) as a zoom around ν = 5 with verti-
cally offset data exhibits an oscillatory feature between two quantum Hall plateaus
if ρxx shows an additional maximum. For a broader overview the same range of
the SdH data shown in (a) is presented in (c) as a color scale plot of 1/ρxy in units
of e2/h. The same structure as in ρxx can be observed, as for higher densities the
plateau of filling factor 4 (black) extends into the plateau of ν = 5 (orange)[Arrow
A], takes on the value of the ν = 5 plateau and continues into ν = 6 (apricot)[Arrow
B]. In the middle of the ν = 6 plateau the extension suddenly turns into a dip taking
on the value of the plateau ν = 7 (gray)[Arrow C] and merges with its plateau. The
same is true for the maximum in-between ν = 5 and 6, which interconnects with
the one between ν = 7 and 8. Weaker features at corresponding higher filling fac-
tors can also be observed. In general, the derivative ∂ρxy/∂B always behaves very
similar to ρxx. As an example a comparison is given for a back gate voltage of 1 V
in Fig. 4.3 (b&c). Therefore we will restrict the following discussion mostly to the
behavior of ρxx.

Figure 4.4: (a) Grayscale plot of the magnetoresistance ρxx versus filling fac-
tor calculated from the density extracted from the low-field Hall resistance
and the applied magnetic field. The horizontal dash-dotted line marks the
population of the second subband. The vertical dashed line follows the be-
havior of the filling factor ν = 24. This dashed line is converted to a density
and plotted in (b) versus the Hall density. The inset of (b) shows its deriva-
tive ∂N

(1)
s /∂NHall

s highlighting the threshold density and revealing additional
oscillations in N

(1)
s .

In order to define the parameter space more precisely low-field ρxx data are pre-
sented in a gray scale plot in Fig. 4.4 (a) as a function of filling factor and N tot

s .
For densities below a characteristic value N thresh

s the ρxx-minima, corresponding to
bright lines in the gray scale plot, run vertically. This describes the situation where
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one subband is occupied and the density N
(1)
s obtained from SdH oscillations coin-

cides with the Hall density NHall
s within measurement accuracy. At the threshold

density N thresh
s ≈ 3.5 × 1015 m−2 the second subband becomes populated and the

total density, measured by the Hall effect, increases more strongly than N
(1)
s (b).

This manifests itself by a sudden bending of the bright lines, indicated, e. g., by the
dashed line following filling factor ν1 = 24 for the first subband. This way the carrier
densities of both subbands N

(1)
s and N

(2)
s = N tot

s − N
(1)
s = NHall

s − N
(1)
s can be de-

termined [58, 72]. The solid line in Fig. 4.4 (b) shows the relation N tot
s = NHall

s . The
dashed line in the main figure related to ν1 = 24 is plotted by circles and basically
follows the solid line until the second subband becomes populated for N tot

s ≤ N thresh
s .

For low enough magnetic fields, where the cyclotron energy ~ωc is much smaller than
the Fermi energy EF , the magnetic field induced redistribution of charges between
the two subbands is small [58]. Only weak oscillations are observed in dN

(1)
s /dNHall

s

(inset of Fig. 4.4 (b)) that become more pronounced for higher magnetic fields. We
also note that NHall

s as a function of front gate voltage increases its slope at N thresh
s

due to the increased density of states at the Fermi energy.

Figure 4.5: Grayscale plots of the longitudinal resistance ρxx versus total
electron density and magnetic field. The dashed lines indicate the positions
of the integer filling factors deduced from the total density N tot

s . The four
subfigures are taken for different back gate voltages as indicated.

In order to check the influence of the confining potential we measured the longi-
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tudinal resistance ρxx for different values of the back gate voltage, i. e., altering the
shape of the potential, while tuning the carrier density via the front gate. In Fig. 4.5
each panel shows a gray scale plot for a different back gate voltage. The dashed
lines indicate the filling factors deduced from the total density N tot

s . It is obvious
that all four patterns show very similar behavior and the dominant features occur
at the same density values.

The only difference was seen in a frequency shift of a very small (< 5h) ad-
ditional 1/B periodic oscillation, which is independent of front gate voltage. In
Fig. 4.3 (a) these oscillations are made visible by enhancing the contrast of the mag-
netoresistance ρxx by plotting its 5th root. They can be seen as white lines parallel
along the density/front gate axis. These oscillations can be explained by resistance
modulation of the leads, originating from SdH oscillations in parts of the 2DEG that
are not covered by the front gate metalization.

Another observation worth mentioning is an asymmetry between even and odd
filling factors. If one follows the dashed lines denoted by odd numbers, e. g. ν = 5,
only one crossing of a maximum of the magnetoresistance is encountered. In contrast

Figure 4.6: (a)-(c) Grayscale plots of magnetoresistances ρxx of the different ori-
ented Hall bars, as schematically sketched in (e). The measurements were done with
a back gate voltage of 1V. Total density N tot

s was calculated from ν = 3 in the low
density regime. (d) 1/ρxy in units of e2/h in the region of interest, showing all the
features already discussed in Sec. 4.2.
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there are two maxima for even filling factors (e. g., ν = 6) delineating the ring-like
structures described in Ref. 59.

4.2.2 Orientation

To exclude effects from the anisotropy of the underlying crystal structure [73], a
specially designed m-shaped Hall bar, schematically drawn in Fig. 4.6 (e), was fabri-
cated (Appendix A (MBar1)). With six Lock-in amplifiers we were able to measure
three Hall bars with their corresponding ρxx and ρxy components. Defining the first
as 0◦, the other two directions then read as 90◦ and 135◦ clockwise on the (100)
grown GaAs crystal. Figure 4.6(a)-(c) show gray scale plots of the magnetoresis-
tance ρxx for these three directions at a back gate voltage of 1 V. The main pattern,
already presented in Fig. 4.5, is reproduced in all three of them. Also the oscillating
behavior of the Hall resistance occurs at the same densities. As a representative,
1/ρxy is plotted in Fig. 4.6(d) for the angle of 135◦. We therefore conclude that
the observed phenomena are not due to any anisotropies inherent in MBE grown
material.

4.2.3 Temperature dependence

Figure 4.7: Magnetoresistance ρxx around filling factor ν = 5 for different
temperatures ranging from 1 K down to 130 mK.

Temperature dependent measurements were performed between 100 mK and
1.1 K. Figure 4.7 shows the temperature behavior of the double minima around fill-
ing factor ν = 5 for a total density of N tot

s = 3.86 ·1015 m−2 (solid line in Fig. 4.5 (c)).
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The topmost trace corresponds to a temperature of 1.1 K and the lowest to 140 mK.
In the inset, the Arrhenius plot of the resistance values of the two minima is plot-
ted, each denoted with its corresponding symbol (#, 2). From this plot activation
energies of EA/kB = 0.9 K and 1.3 K can be extracted. They are in good agreement
with the values reported in [59, 70] and are of the order of normal spin split Lan-
dau levels in similar samples (see [74]). They are much smaller, however, than the
usual Landau level gap ~ωc = 20 K/T which is 4 times the actual measured value
(EA/~ωc = 0.25 for similar PBW’s [74]).

4.2.4 Tilted magnetic fields

Figure 4.8: Grayscale plot of magnetoresistance ρxx as a function of perpen-
dicular magnetic field and rotation angle at a density of N tot

s = 3.89 ·1015 m−2.

Experiments at magnetic fields tilted with respect to the sample normal were
done in order to investigate the influence of the spin on the observed effect, as the
Zeeman split scales with Btot in contrast to the Landau level separation which only
depends on B⊥. Opposed to observations done before [69], we see a shift of the
additional peak towards higher magnetic fields when exposed to an increasing in-
plane magnetic field. This can be seen in Fig. 4.8, where ρxx is plotted versus the
perpendicular magnetic field B⊥ and the tilt angle in a gray scale plot. As this
behavior is just in the opposite direction as the one induced by increasing front gate
voltages, i. e. total sheet density N tot

s , we checked if one effect could be compensated
with the other. Each panel of Fig. 4.9 is taken at a different tilt-angle, while the
carrier density (vertical axes) is tuned via the front gate voltage. For low magnetic
fields the main structures can be recovered by an increased density (see dashed line).
For higher magnetic fields, the threshold density N thresh

s , where the second subband
becomes populated, can no longer be reached by applying more positive gate voltages
without significant parallel conduction in the doping layer (solid line). This can be
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Figure 4.9: Grayscale plot of magnetoresistance ρxx as a
function of N tot

s for different angles of magnetic field.

understood in terms of the diamagnetic shift and its resulting depopulation of the
second subband [58, 75]. Also we want to note, that from the available data we
have no indication that spin effects which are expected to become more dominant
for large in-plane fields become more pronounced.

4.3 Discussion

From the experiments presented so far we can conclude that these additional peaks
only occur when the second subband is populated. The effect does not depend on
the underlying potential (back gate, anisotropy) or spin (in-plane magnetic field).
Also we did not find any sign of hysteretic spikes as in [61, 62]. The observed
hysteresis in Fig. 4.10 is due to the delay of the measurement setup, which results
in a overshoot-undershoot difference at each peak location.

A qualitative understanding can be gained by considering crossings of the Landau
levels of different subbands schematically drawn in Fig. 4.11 (a). We label individual
levels by the triplet (i, n, s), i. e., the subband quantum number i = 1, 2, the Landau-
level quantum number n = 0, 1, 2, . . ., and the spin quantum number s = ±1/2.
The four Landau-levels in focus are (1,2,±) with energies E1,2,± = 5~ωc/2± g?µBB
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Figure 4.10: Magnetoresistance ρxx as function of an increasing (blue) and
decreasing (red) magnetic field. A shift determined by the zero value of the
Hall resistance ρxy was added to either curve. The upper inset shows the
difference of the two curves for clarity.

drawn in blue and (2,0,±) with energy E2,0,± = ∆E + ~ωc/2 ± g?µBB colored in
orange, ∆E = E2 − E1 is the appropriate subband-separation. The crossing region
of these four levels corresponds to the experimentally observed region highlighted
in Fig. 4.5 (c). Also indicated in Fig. 4.11 (a) are the filling factors ν = 4..8 and
the encircled crossing points I-IV were labeled by roman numbers. Already in this
picture one can find an explanation for the aforementioned asymmetry of odd and
even filling factors. Tracking regions of odd ν from low to high magnetic fields, e. g.,
ν = 5, there is only one LL crossing to overcome (II) corresponding to one peak
in the resistivity (c. f. , Fig. 4.5 (c)). In contrast, following even filling factors, e. g.,
ν = 6, two crossings (I and III) occur that correspond to two maxima in ρxx (c. f. ,
Fig. 4.5 (c)).

In order to compare this model with the experiment, we have to transform the
Landau-fan given in the energy-magnetic field plane [Fig. 4.11 (a)] to the experi-
mentally relevant plane spanned by N tot

s and the magnetic field, which is a highly
non-linear mapping. We start with Gaussian-broadened density of states of Landau
levels of width Γ [76]

D(E) =
∑

i

∑
n

∑
s

eB

h

1√
2πΓ2

e
−(E−Eins)

2

2Γ2 , (4.1)

where Eins is the energy of the corresponding Landau level (eq. (2.7)).
As the total density of carriers is given by the summation of D(E) over all

occupied states up to the Fermi energy (eq. (2.11)), we can numerically calculate
the Fermi energy EF for a given density N tot

s . A peak in the magnetoresistance ρxx

is expected when this Fermi energy lies in the extended states near the density of
states maximum of a Landau level. In our model we assign extended states to an
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4.3. Discussion

Figure 4.11: (a) Crossing of the spin split lowest Landau level of the second subband
(orange) with the spin split third Landau level of the first subband (blue). (b) The same
crossing as (a) transformed into the N tot

s -B plane. (c) Crossing of the same Landau levels
assuming a density dependent subband spacing ∆E. (d) Crossing of the Landau levels as
in (c) but allowing for different Landau level broadening Γ1 and Γ2 in the two subbands.
(e) Measured ρxx in the N tot

s -B plane corresponding to the encircled region in Fig. 4.5 (c).
Corresponding crossing points I-IV are labeled consistently in (a)-(e).

energy interval W around the density of states peak of each LL. By choosing W
close to the numerical resolution of the calculation, we can map out the expected
positions of resistance maxima in the N tot

s −B plane. For creating Fig. 4.11 a value
W = 30µeV was chosen. The exact value of W was checked not to modify the
results on a qualitative level. Peaks for different levels are colored differently.

In the Landau-fan [Fig. 4.11 (a)] the spacing between spin-split levels, given by
g?µBB, is typically much smaller than the spacing of Landau levels ~ωc. In the
N tot

s representation all density of states peaks (and therefore maxima in ρxx) are
equally spaced, if the Landau level separation is much larger than Γ, because each
spin-resolved Landau level can be occupied by maximally eB/h electrons per area.
If the spin-resolved Landau level separation in energy is comparable to their width,
an uneven separation results in the N tot

s − B plane. Therefore, for narrow Landau
levels and far away from degeneracy points, peaks of the density of states are found
at densities N tot

s = (p + 1/2)eB/h with integer numbers p counting the number
of completely filled Landau levels below the one considered [c. f. , Fig. 4.11 (b)]. In
contrast, at magnetic fields where Landau-levels of the two subbands cross (points I–
IV), peaks in the density of states are found at N tot

s = qeB/h with integer numbers
q = p + 1/2 + 1/2, due to the fact that at these points two half filled Landau-
levels are present. This density lies exactly in the middle between the lines formed
by the non-degenerate states. This argument intuitively explains the behavior of
the four Landau-levels presented in Fig. 4.11 (a) when translated into the N tot

s –B

39



Chapter 4. Quantum Hall effect in a two subband system

Figure 4.12: Simulated subband crossings to show th influence of different
effective Landé-factors in the two involved subbands. The parameters used:
Landau level width Γ1,2 = 120µeV, Window W = 5µeV and subband sepa-
ration ∆E = 11meV (see text for an explanation).

plane [Fig. 4.11 (b)]. Crossing points I–IV between the four levels occur at the same
magnetic field values in Fig. 4.11 (a) and (b). We assign the same crossing points
to the measured data in Fig. 4.11 (e), which is a zoom into the encircled region in
Fig. 4.5 (c).

In the data presented in Fig. 4.11 (e) we find slightly uneven spacings between the
four levels at a given magnetic field far from the degeneracy points (e.g. at 2.8 T),
indicating that the Landau-level width is only slightly smaller than the Zeeman
splitting (see also discussion about Fig. 4.12). From crossing points II and IV we
determine the subband separation ∆E = 2~ωc = 11.7 meV for point II and 10.5 meV
for point IV. We conclude that the subband spacing in the experiment depends on
the total density, a finding which is in agreement with self-consistent calculations of
parabolic (and also hard-wall) quantum wells [58]. From crossing points I and III
we estimate g? = ∆E/2µB(1/BI− 1/BIII) = 2.1, a value which is enhanced over the
bulk value presumably due to exchange effects [77].

Stimulated by the above findings we extended the simple Landau-fan model pre-
sented above by including a linearly density-dependent subband separation ∆E(N tot

s )
and the experimentally determined enhanced g? = 2.1 leading to Fig. 4.11 (c). It is
remarkable that the emerging ring-like feature around 3.2 T resembles closely our
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4.3. Discussion

data in Fig. 4.11 (e) as well as the data in Fig. 2 of Ref. 59 in an effective single-
particle picture, empirically extended by the density-dependent subband separation
and the enhanced g?.

Even better agreement with our data is achieved by allowing a subband-dependent
Landau-level broadening Γi. The value of Γ1 was estimated from low-field SdH os-
cillations where we find ~/2τq = 120µeV. The value of Γ2 = 200µeV was chosen
in order to reproduce the experimentally observed motion of the resistivity-peaks
shown in Fig. 4.11 (e). The resulting colorscale plot is shown in Fig. 4.11 (d).

Several runs of simulations were performed in order to obtain more insight into
the influence of different parameters. Figure 4.12 shows a series of simulations where
the effective g-factors in both subbands is varied, while the other parameters are kept
constant. In the diagonal from top left to bottom right, i. e., the symmetric case,
one can see the interplay of the Zeeman splitting and the Landau level broadening
as mentioned above. While in the top left, where the Landau level broadening is
too wide to resolve the spin-split levels completely, resulting in an uneven spacing
in density (see e. g. at 2.8 T), we arrive at an equidistant peak spacing at the lower
right. As these simulations were performed with a constant subband energy gap
∆E = 11 meV crossings II and IV occur at the same magnetic field. Looking at
the first row, where the Zeeman splitting of the second subband is increased, we
observe a deviation from this behavior. As the peaks from the upper subband are
getting better resolved the peak spacing in density approaches the ideal eB/h, thus
the (2,0,-) crosses the lower subband at smaller magnetic fields, while the (2,0,+)
crossings are shifted to higher values. The same is true for the lower subband
following the columns from top to bottom.

We also find that, depending on the sharpness of the levels, we can observe
double-steps or a single step over the whole crossing area. This is seen most promi-
nently at the top right picture where the state (1,2,-), i. e. the peak between ν = 4
and ν = 5, transforms first into a peak in-between filling factors 5 and 6 before it
ends up as a peak between ν = 6 and ν = 7. On the other hand (2,0,+) denotes
the peak between filling factors ν = 7 and ν = 8, which directly becomes the peak
between ν = 5 and ν = 6.

In fact this means that the experimental data could also be explained by g?
1 >

g>
2 star. But there are two strong arguments against. First in our PBW the wave

function of the second subband is more located to the edges of the parabola where
the Al-concentration, and thus the bare g-factor [15] is higher. Second the g-factor
enhancement in strong magnetic fields depends on the difference of the filled spin-
split Landau levels divided by the number of all filled levels [77, VI.B.3]. Therefore
at crossings the lower Landau levels from the second subband will even feel more
exchange enhancement.

The second parameter studied more intensely is the Landau level broadening for
the different subbands, as expected to be present in our samples. An overview is
shown in Fig. 4.13. In contrast to the graph discussed before, where we increased
the Zeeman splitting and obtained better resolutions from the top left to the lower
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Chapter 4. Quantum Hall effect in a two subband system

Figure 4.13: Simulated subband crossings to show the influence of different
Landau level broadenings in the two involved subbands. The parameter used:
g-factor g?

1,2 = 2, Window W = 5µeV and subband separation ∆E = 11meV
(see text for an explanation).

right, we now increase the broadening of the Landau levels, leading to a more blurred
version towards the lower right. We also observe a decrease of linewidth in this
direction. While Γi is increased, the number of states, i. e. the density range, within
the energy window W , which is kept constant within this series is lowered. This also
holds when applied only to one subband, as can be seen following for example the
first row, where only the lines for the second subband (orange) are narrowed while
the Landau level is broadened. Different width of the subbands can also be seen in
the actual measured data, e. g. Fig. 4.11 (e) or Fig. 4.6, suggesting Γ1 < Γ2.

Another observation is the transformation from a double step to a single step
between the crossings. For the lower subband this is observed following a row (or
a column for the upper subband) while the other subband’s Γ is changed. Due to
the broadening, the DOS of the two subbands overlap and the Fermi energy follows
the maximum of the narrower peak over a larger range of density. Note, however,
that the crossing points I-IV all occur at the same values in density as well as in
magnetic field.

A more detailed calculation should replace the empirical inclusion of ∆E(N tot
s )

by a self-consistent treatment and the empirically enhanced g? by the calculated
magnetic field dependent quantity for both subbands [77]. The subband density and
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4.3. Discussion

Figure 4.14: Overview of a wide range magnetic field simulated subband
crossings. The parameter used: Γ1 = 75 µeV, Γ2 = 200 µeV, g?

1,2 = 2.1,
W = 5µeV and a density dependent subband spacing ∆E(N tot

s ) = −1.5 ·
10−15 ×N tot

s + 17.28[meV].

with it the band structure will then become magnetic field dependent, as observed
in the data in the lower inset of Fig. 4.4. Possible interaction effects, as discussed
in Refs. [66] and [65], beyond those included above, may further modify the details
of the density of states. Finally, we present in Fig. 4.14 a simulation with the same
parameters used above for a larger magnetic field range that reproduce the data
shown in Fig. 4.6. The basic structure in the experimental data can also be explained
in this range based only on the Landau level structure in our effective single-particle
model. Evidence for interaction effects beyond this mean field Hartree and exchange
approach cannot be reliably extracted from our data leaving this topic as a challenge
for future experiments.
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Chapter 5

From many to few electron
quantum dots

For further characterizing the underlying electronic properties, especially determin-
ing the g-factor as a prerequisite of the main goal of this thesis, many quantum
dots were produced and measured. In this chapter we present the development from
the first attempts to the advanced design at the end of the thesis, even allowing to
confine and probe a single electron. As it was the first few electron dot measured in
our group, many subsequent measurements were performed to convince us of being
able to empty the dot down to the last electron.

5.1 Introduction

Quantum dots (QD) in our case are small regions defined in a semiconductor mate-
rial of the order of 100 nm. Since the first studies in the late eighties (metallic SET
[78], Si-MOSFET [79], semiconducting islands [28]), QDs have proven to be useful
systems to investigate a wide range of physical phenomena. Although the name
“dot” suggest a very small region in space, in a semiconductor, however, it contains
millions of atoms with the same number of electrons. But most of these electrons
are bound very tightly to their nuclei, and only a few (one to a few hundred) are
traveling freely within the conduction band. As their Fermi wavelength is compa-
rable to the size of the dot, the electrons occupy discrete quantum levels, similar
to orbitals in atoms. This is the reason why quantum dots are often referred to as
artificial atoms [80]. Nevertheless, in contrast to real atoms, where the properties
are typically measured via interaction with light, we have the possibility to attach
leads to our artificial atoms and probe the atom-like features by transport, i. e.,
by running a current through the dot. The technical development and research of
recent years led to an improved control of the properties of quantum dots resulting
in several applications, such as blue diodes lasers [81](e. g., used in Playstation 3),
solar cells [82], white light emitting diodes (LED) [83], biological sensors [84] or
temperature sensors [85, 86](distributed by Nanoway). Recent progress in few elec-
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5.2. Many electron dot

tron quantum dots [87, 88] made them promising candidates for qubits in various
quantum information processing schemes [3, 89].

Electron transport through quantum dots in general is discussed in a number of
books [90–92] and review articles [21, 22, 93–95]. A short introduction to the basic
concepts is given in chapter 2.2.

5.2 Many electron dot

For the first quantum dots the general design was used, that had been employed for
the first QD on a PBW by Stefan Lindemann [4]. Figure 5.1 shows an AFM picture of
the topgate electrodes, confining an area of 600µm2 indicated with the white dotted
circle. A PBW of 66 nm width and Al-concentration of 25% at the edge and 5% in
the center served as the wafer material (020821A). The experiments were performed
in a symmetric way, i. e., the topgate symmetry along the current direction was
exploited, applying the same voltages to the left and the right electrodes, and the
current driving bias voltage was symmetric in respect to the zero level in the dot,
i. e., the voltage applied to source and drain were ±Vbias/2.

Figure 5.1: Atomic force microscope image of sample AS1 and its measure-
ment setup.

In Fig. 5.2 the conductance is plotted as a function of plunger gate, showing
typical Coulomb oscillations. The back gate was set to -3 V making sure that only
one subband is occupied, promising the most stable dot [4]. The quantum point
contacts were set to PC1 = −1.153 V and PC2 = −0.759 V, attempting a maximal
symmetric coupling to the two leads, determined by maximizing the current on top
of a resonance. The applied bias voltage was 10µV. The peak shapes are all well
fitted by eq. (2.29), indicating that the Coulomb interaction is not so strong (see e. g.
[21]). Further characterization of the dot was performed for three different plunger
gate ranges (red boxes labeled with roman numbers) by taking non-linear IV-traces.
A grayscale image of the resulting differential conductance is plotted in Fig. 5.3.
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Chapter 5. From many to few electron quantum dots

Figure 5.2: Conductance as a function of the plunger gate revealing 200 Coulomb oscil-
lations.
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5.2. Many electron dot

〈G〉 0.0015
(fwhm)Γ 55µeV
αG 0.1956
αR 0.507
EC 745µeV
∆VG 4.13 mV
r = CΣ/8εεo 215 nm
∆calc 50µeV
∆meas 140µeV

〈G〉 0.005
(fwhm)Γ 67µeV
αG 0.1686
αR 0.543
EC 577µeV
∆VG 3.5 mV
r = CΣ/8εεo 294 nm
∆calc 26µeV

〈G〉 0.01
(fwhm)Γ 80µeV
αG 0.1783
αR 0.4844
EC 450µeV
∆VG 2.4 mV
r = CΣ/8εεo 406 nm
∆calc 13µeV

Figure 5.3: Differential conductance at zero magnetic field, taken at different plunger
gate voltages, showing the different sizes of the dot. For regions I, II and III see Fig. 5.2.

The results are similar to that obtained on a different wafer in [4] (Table 5.1).
Assuming constant temperature within the measurement, we can observe an in-
creasing coupling (Γ) of the leads to the dot as the plunger gate voltage is increased.
This can also be seen looking at the increasing conductivity through the dot (see
Fig. 5.2). As the plunger gate voltage increases the QD becomes larger, resulting
in smaller charging energies. From eq. (2.25) we can calculate the corresponding
radius assuming a disk-like quantum dot. The average single-particle level spacing
can be estimated by the reciprocal value of the average density per area and energy
(m?/(2π~2) for electrons with spin degeneracy) times the area resulting in an energy
difference ∆ = 2~2π/ (m?πr2). Only in region I excited levels can be observed in the
addition spectra, confirming the previous rough estimate with an agreement within

47



Chapter 5. From many to few electron quantum dots

a factor of two to three. This indication of single level transport is not observed in
the other two regions.

Approximate electron numbers can be calculated by assuming a uniform distri-
bution of the charges within the dot. The difference of the charges can be obtained
by counting the number of peaks in between the two regions, while the size of the
area is estimated by the capacitance. From

∆N = π
(
r2
III − r2

I

)
· nd (5.1)

with ∆N = 97 and the radii from Tab. 5.3 we get a density nd = 2.6 · 1014 m−2,
leading to an approximate electron number of 40-240. Because we are interested in
determining the g-factor we have to trace single states. Therefore smaller dots are
needed.

5.3 Few electron dot

For creating the design to reach the few electron regime, inspiration came from
recently presented few electron dots. It is a symmetric version, like [96], of the
circular design from [97](see Fig. 5.4), following the general idea to make the two
tunnel couplings to the leads (PC1/PC2-MG) as close as possible to the confined
region forming the dot, and to reduce the influence of the plunger gate PG to these
two to a minimum. The only free parameter, the diameter of the inner circle, was
given by the QPC size forming the tunnel coupling. We opted for a maximum
level separation, i. e., for the steepest possible confinement walls, which meant the
least possible absolute voltage value, i. e. a pinch off voltage just below the depletion

Figure 5.4: Scanning electron microscopy picture of sample SD35, the bright
parts being the metallic topgates. Encircled with a white dashed line is the
area where the electrons are supposed to be confined. Schematic of the mea-
surement setup is drawn in black (the dot itself) and blue (charge detector).
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5.3. Few electron dot

voltage. For the wafer material used for this sample (020821B) a diameter of 220 nm
was determined. The design is completed with two nearby QPCs (CD1, CD2) acting
as charge detectors.

The drawback of this design turned out to be the impossibility of separating
the current through the dot and the current through the charge detectors, due
to the contact resistance. Therefore the two had to be measured separately. In
Fig. 5.4 the two circuits are schematically drawn. The dot current was measured in
a bias symmetric standard DC measurement (black setup) as already explained for
the many electron dot (Sec. 5.2). The charge detector was operated in a so-called

Figure 5.5: (a)&(c) shows current through the dot versus plunger gate voltage
denoted in blue. Transconductance measurement of the nearby quantum point
contact acting as a charge detector plotted in green. While in (a) the dot is
small and all peaks are observed in transport, as well as in the charge detector
signal, in the bigger dot (c) the 4 last peaks can only be observed in the charge
detector. (b) grayscale plot of the current through the dot while linearly
transforming dot (c) into (a), where the 4 last electrons consecutively appear
in transport as well.
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Chapter 5. From many to few electron quantum dots

transconductance mode (blue setup), where an AC amplitude, in our case 25 mV
@17 Hz, was applied to gate CD2, and the corresponding oscillations in the QPC
current (bias ∼ 100µV) were measured with lock-in technique. The QPC gate CD1
was linearly adjusted with the plunger gate to optimize the sensitivity by pinning
the working point at the steepest parts of the QPC’s IV characteristics.

A charge detector is an important tool to prove that the last electron has been
depleted from the dot, as it is very sensitive to its surrounding charge distribution.
In Fig. 5.5 (a&c) the charge detector signal is plotted in green as a function of the
plunger gate voltage together with the QD conductance drawn in blue for two dif-
ferent dot configurations. The QPC transconductance ∂IQPC/∂VCD2 shows dips at
those gate voltages where the transport through the dot exhibits conductance res-
onances indicating that quantized charge is added to the dot. If the QD-coupling
to source and drain is so strong, that the charges added to the dot are not well
quantized anymore, the dip vanishes [Fig. 5.5 (a) N = 1 → 2; (c) N > 6]. The dot
(c) was chosen a bit bigger in size, such as there are no more resonances observ-
able in transport through the dot, while charging events still show up in the charge
detector signal. This shows the charge detector’s sensitivity beyond the regime of
measurable transport signal through the dot.

For plunger gate voltages below the first resonance in the smaller dot (a) no
more charging events can be observed. This indicates that the last electron has
been depleted from the QD, while all transitions were detectable in the transport
signal. To conclude this statement we show in Fig. 5.5 (b) the transport signal in a
grayscale plot, where the gates are linearly changed from configuration (c) to (a).VPC1

VPC2

VCD1

 =

 −0.3279
−0.4778

1.7759

VMG +

 −1.6253 V
−2.1211 V

2.3087 V

 VMG = −2.75 V
30 mV−→ −1.3 V

(5.2)
Every dip in the charge detector signal of dot (c) shows up as a resonance in the
transport signal, namely the first dip in (c) directly connects to the first peak in (a).

The differential conductance of the QD at different bias and plunger gate volt-
ages gives an overview of its level spectrum (Fig. 5.6). Here the measured DC signal

Table 5.1: Comparison of recently reported dots.
Origin EC[ meV ] ∆ [ meV ] rC [ nm ] r∆ [ nm ] J [ meV ]
SD35 6.9 5 25 22 1.7
Sigrist et al. [98] 6 4 29 24 1.4
Hanson et al. [99] 3.7 1.8 47 36 1.0
Zumbuhl et al. [100] 2.5 1.2 70 44 0.2
Kyriakidis et al. [101] 2 1 87 48 0.14/0.27
Kouwenhoven et al. [102]a 6 5 29 21

aHere the data is about vertical quantum dots.
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〈G〉 0.26
(fwhm)Γ 51µeV
αG 0.01
αR 0.503
EC 6.9 meV
∆VG 590 mV
r = CΣ/8εεo 25 nm
∆calc 3.6 meV
∆meas 5 meV

Figure 5.6: Differential conductance dI/dVbias at zero magnetic field.

was numerically differentiated. The resulting diamond pattern of suppressed con-
ductance corresponds to fixed electron number N in the dot as indicated in the
figure. The numbers are taken from the charge detector measurements, and for the
most negative voltages the N = 0 diamond just opens up. We measured up to a
bias of 12 mV, but found no measurable current through the dot, confirming the
assignment of absolute electron numbers.

From the extent of the diamonds in bias direction we determine an addition
energy EC of 6.9 meV. This charging energy is a factor 2-3 bigger than reported
previously by other groups (Tab. 5.1) indicating a comparatively small size. This
is confirmed by calculating the dot radius either by the capacitance model rC =
e/(EC8εεo) = 24 nm, or by the 2D average level density r∆ =

√
2~2/(m?∆) = 22 nm.

Pronounced lines parallel to the diamond boundaries correspond to excited states
of the level spectrum. Inside the diamond, where sequential tunneling is Coulomb
blockaded, higher order (cotunneling) processes are needed for transport [103]. Elas-
tic cotunneling leaves the energy of the dot unchanged; inelastic cotunneling, which
leaves the dot in an excited state, requires energy supplied by the bias voltage. In
our sample we observe outside the N = 1 diamond the first orbital excited state
lying ∆ = 5 meV above the ground state and within the diamond we see the onset
of the inelastic cotunneling process. The level itself is broadened to Γ∆ = 1.5 meV
due to an asymmetry of the dot (see Sec. 6.3.3). For the N = 2 case we see en-
hanced conductivity through the triplet excited state T+ when the voltage becomes
larger than the singlet-triplet (ST) splitting J/e. With no magnetic field applied the
measured ST splitting J ≈ 1.7 meV is smaller than the N = 1 orbital level spacing
due to strong exchange interactions as expected [104]. The onset of the inelastic
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Chapter 5. From many to few electron quantum dots

cotunneling process related to the triplet state can be seen within the diamond as
well.

Additional structure can be seen in the excitation spectrum of the transition
from N = 0 to N = 1, which we attribute to fluctuations of the DOS in the leads.
Negative differential conductance can be observed as well. It can in principle arise
due to asymmetric coupling of states to source and drain. The details of the effect
remain to be clarified.

5.3.1 Parallel magnetic field

The motivation for the investigation of these single electron quantum dots was to
determine the Zeeman splitting and thereby the g-factor. One possibility to see
the Zeeman splitting, is to probe the excitation spectrum of the first electron in
parallel magnetic fields (for details see Sec. 7.3). A series of addition spectra of the
N = 0 to N = 1 transition for different magnetic fields is plotted in Fig. 5.7. No
additional states parallel to the boundaries of the Coulomb blockaded diamonds
appear up to 10 T. Only at 13 T we observe a resonance which may possibly be
due to Zeeman splitting, as indicated with arrows in Fig. 5.7 (d). The splitting of
αbias∆Vbias = αbias107µV = 2gµBB would lead to a g-factor of 0.14 with a slope of
8.2µeV/ T. This is consistent with its appearance at such high magnetic fields, as
the temperature broadened peak width is given by 3.5kBT ≈ 80µeV and therefore
we cannot observe a splitting at 10 T as it is of the same order as the broadening.

Figure 5.7: Colorscale plot of differential conductance versus bias and plunger
gate voltage for different in-plane magnetic fields. It is the transition of N = 0
to N = 1 electrons. The arrows point at the only hint of possible Zeeman
splitting.

The wafer 020821B was designed to have a g-factor around 0, which we have
confirmed with this measurement. Although from self-consistent calculations we
estimated a tunability of the g-factor of ±0.2 (see [74]). This cannot be confirmed
because this range is beyond our measurement accuracy. We also tried to measure
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5.3. Few electron dot

the g-factor with an electron spin resonance experiment on a plain 2DEG along the
line of [105, 106], but we did not succeed in finding the resonance.

Another way of measuring the g-factor is to monitor the addition energy µ =
eαVG, i. e., the energy difference between two neighboring states, as a function of
magnetic field [27]. In our case we only have access to the two first states before the
dot opens. In the simplest model we would have a filling of a spin up and a spin down
into the same quantum state, separated only by their Zeeman energy ±1/2gµBB.
But as we will show in more detail in chapter 7 things are more complicated. In
Fig. 5.8 data of such a measurement is presented. In (a) a grayscale image of the
current through the dot is plotted versus plunger gate and magnetic field. The peak
is fitted with the temperature broadened lineshape of eq. (2.29), the position of which
is then fitted to a parabolic magnetic field dependence. An F-test (20) revealed that
the linear part had to be taken into account. In (b) the difference of the peak position
is transformed into an addition energy with mean leverarm of αG = 0.0116, which
was determined from the slopes of the Coulomb diamonds from Fig. 5.6. The slope
of 56µeV we determine would correspond to a g-factor of roughly 1, a value which
is inconsistent with the previous measurement (Fig. 5.7). We speculate that the big
plunger gate difference of 0.6 V may considerably change the confinement potential
of the dot from one peak to the next, and therefore the dot’s energy spectrum.
Secondly, we will show in chapter 7, that the two electrons do not occupy the same
orbital states, which may lead to additional energy contributions.

Figure 5.8: (a) gray scale plot of the conductance through the dot as a func-
tion of plunger gate and magnetic field. Parabolic fits of the peak’s magnetic
field dependence are indicated in red (1ste) and green (2nde). (b) energy sep-
aration of the two peaks versus magnetic field (black circles). The red line
indicates a linear fit to the data.
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Chapter 6

Quantum dot helium

In the previous chapter experiments on a single electron dot (SD35) on a PBW were
presented, and the absolute number of electrons could be assigned to the accessible
quantum dot states by the use of a charge detector and high bias spectroscopy.
A further indication to the determined electron number is the observation of the
gate induced singlet-triplet transition in perpendicular magnetic field as reported
by Kyriakidis et al. [101]. This particular data attracted the interest of Constantin
Yannouleas, and in collaboration with him and Thomas Ihn theoretical models were
applied to describe the system and reveal the nature of the 2e state. In this chapter
we take a closer look at the sample SD35 already described before, and especially
study the two electron case.

6.1 Introduction

Two-electron (2e) systems (e.g., the He atom [107] or the H2 molecule [108]) have
played an important role in the development of the theory of many-body effects
in quantum mechanics and in the understanding of the chemical bond. Recently,
two-dimensional (2D) man-made quantum dots (QDs), fabricated in semiconductor
materials have attracted attention as a laboratory for investigations of few-body
systems with highly controlled parameters [28, 96, 100–102, 109–111] such as the
electron number, confinement strength, interelectron repulsion, and the influence of
an applied magnetic field (B). Furthermore, 2e QDs may be used for implementing
logic gates in quantum computing [3].

Earlier experiments on vertical QDs led to the observation of a singlet-triplet
(ST) transition in the 2e ground state as a function of the magnetic field [102, 110,
111] and for N ≥ 2 to an energy level shell structure reminiscent of the periodic table
of natural atoms [28]. The spin-triplet excited state of the 2e system was investigated
in Ref. [102] in finite bias tunneling experiments. Further investigations on laterally
defined few-electron dots [96] have shown the dependence of the ST gap on magnetic
fields for two electrons [100, 101].

At low magnetic fields, the importance of electron correlations in 2D QDs (under
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appropriate conditions discussed below) has been anticipated theoretically [112–117]
and shows different behavior than natural atoms. Clear experimental evidence for
such strong correlation effects is still rare.

Basically, insights can be gained through investigations of the excitation spec-
trum of 2e QDs in a perpendicular magnetic field. Here we report on joint exper-
imental and theoretical endeavors that establish the correlated nature of the two
electrons in our lateral QD, purposely fabricated to exhibit a negligible Zeeman
splitting. We find that the explanation of the measured spectra requires a high-
level treatment of electron correlations in the dot, and cannot be accounted for by
perturbative schemes starting from the independent-particle picture. We follow two
ways in describing our data. First, we use the separability of the harmonic two-
particle problem into the center of mass and the relative motion [112, 113, 118–120].
We call this approach NSR (after Nazmitdinov, Simonovic, and Rost [121]) and
use it to gain a qualitative picture, and in particular to understand the impact of
asymmetry and adiabatic finite thickness corrections. Second exact-diagonalization
(EXD) calculations are performed. Both descriptions are in remarkable agreement
with intricate measured features of the spectra, lifting of degeneracies, and the ap-
pearance of avoided crossings between excited singlet states associated with a shape
anisotropy of our dot – as well as excitations resulting from relative and center-
of-mass (CM) motion. The calculated wave functions by EXD also indicates the
formation of an H2-type Wigner molecule (WM) at low magnetic field.

6.2 Experiment

Figure 6.1 shows the differential conductance of the QD in the plane of bias and
plunger-gate voltages VPG for zero magnetic field. It was measured by applying the
DC voltage Vbias/2 to the source and -Vbias/2 to the drain contact. The recorded cur-
rent I was numerically differentiated in order to obtain the differential conductance
∂I/∂Vbias. The resulting diamond pattern of suppressed conductance corresponds
to states with a fixed electron numbers N on the dot, as indicated in the figure.
The values for the electron numbers were found by depleting the dot down to zero
electrons with more negative gate voltages, as discussed in detail in chapter 5.3.
We observed the first single-particle excited state of the N = 1 QD at an energy
∆1 = 5 meV above the ground state and found an addition energy ∆µ2 = 6.9 meV.
These numbers show, that in this dot confinement effects (∆1) and interaction ef-
fects (∆µ2) are comparable in magnitude. From Fig. 6.1 we can further determine
the addition energy ∆µ3 = 5.1 meV for adding the third electron to the dot.

In order to investigate the evolution of the excited state spectrum with mag-
netic field, we have measured the current at a fixed Vbias = 2.5 meV. In Fig. 6.2 the
derivative ∂I/∂VPG is plotted as a function of plunger gate voltage and perpendicular
magnetic field. Resonances in ∂I/∂VPG correspond to resonances in ∂I/∂Vbias. The
resonances indicated by symbols in the plot are labeled consistently with Fig. 6.1.
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Figure 6.1: Differential conductance ∂I/∂Vbias at zero magnetic field. Ab-
solute electron numbers N are indicated inside the Coulomb diamonds. The
arrows mark the transitions between the the one electron ground state and
the 2e spin-singlet (S0) and the spin-triplet state (T1). The vertical dashed
line marks the bias voltage for which the data in Fig. 6.2 has been taken.

It can be seen that the ST separation J(B) = ET+−ES0 between the S0 and the T+

states decreases with magnetic field and becomes zero at BST ≈ 4 T. Beyond this
field the energy of the S0 state continues to increase and exhibits an avoided cross-
ing with another excited state S2 that appears above 2.7 T. The avoided crossing
suggests that S2 is an excited spin singlet state and that the deviation of the dot
potential from axial symmetry causes level repulsion. A third excited state T+,CM

appears at even higher plunger gate voltage. This state is shown below [see discus-
sion following Fig. 6.4] to be a triplet excited state associated with the CM motion
of the 2e molecule. Investigating the N = 2 to N = 3 transition, a more complex
behavior is observed: Indicated with symbols in Fig. 6.2 are the suggested transi-
tions from the 2e singlet (triplet) states to the 3e ground state. The difference to
the previous transitions consists mainly of the fact that they correspond to dips in
∂I/∂VPG, indicating a reduced transmission probability. This may be explained by
the increased coupling strength as the plunger gate voltage is increased, thereby in-
creasing the overall transmission probability. As soon as resonant tunneling through
a state takes place, transmission through other channels will be forbidden due to
Coulomb blockade.

At plunger gate voltages more positive than -300 mV the coupling from the lead
to the dot is getting strong enough that one can see the signatures of SdH oscillations
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Figure 6.2: Differential current ∂I/∂VPG at constant Vbias = 2.5 mV. Red
regions correspond to negative ∂I/∂VPG at Vbias, black to positive values. Elec-
tron numbers N are indicated. Transitions between the one-electron ground
state and the 2e spin-singlet ground state (S0), spin-triplet excited state (T+)
and the spin singlet excited state (S2) are labeled.

in the leads probing the dot states. From the period of these oscillations we extract
a density of Ns = 3 · 1015 m−2, which is in good agreement with expected values for
the 2DEG in the leads.

6.3 Theoretical models

The exact Hamiltonian describing two electrons confined in the x, y-plane by the
harmonic dot potential described by ωx, ωy, and in the z-direction by the parabolic
MBE grown potential ωz is given by

H =
2∑

i=1


[
~pi − e ~A (~ri)

]2
2m?

+
1

2
m?
[
ω2

xx
2
i + ω2

yy
2
i + ω2

zz
2
i

]
+

e2

4πεε0 | ~r1 − ~r2 |
+ g? (~s1 + ~s2) ~B (6.1)

It consists of the single-particle Hamiltonian for anisotropic, harmonically confined
electrons, a Coulomb interaction term and a Zeeman term. The vector potential ~A =
B
2

(−y, x, 0) is given here in the symmetric gauge for a magnetic field applied along
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the z-axis. The Hamiltonian eq. (6.1) was solved using two different approaches.
First we discuss a more analytical one following the lines of [112, 119]. Later, we
will compare it to a full diagonalization calculation.

6.3.1 NSR approach

Equation (6.1) can be separated into center-of-mass and relative motion terms as

H = Hcm +Hr +HZ (6.2)

with

Hcm =

[
~P − e? ~A(~R)

]2
2M

+
1

2
M
[
ω2

xX
2 + ω2

yY
2 + ω2

zZ
2
]

(6.3)

Hr =

[
~p− e′ ~A(~r)

]2
2µ

+
1

2
µ
[
ω2

xx
2 + ωyy

2 + ω2
zz

2
]
+

e2

4πεε0
√
x2 + y2 + z2

(6.4)

HZ = g? (~s1 + ~s2) ~B (6.5)

by introducing the center-of-mass coordinates ~R = (~r1 + ~r2)/2, ~P = ~p1 + ~p2, the
total of mass M = 2m?, and charge e? = 2e, as well as the relative coordinates
~r = ~r1 − ~r2, ~p = (~p1 − ~p2)/2, the reduced mass µ = m?/2 and charge e′ = e/2.

The center-of-mass motion is a single-particle problem and can be solved exactly
[122], leading to the well known Fock-Darwin states and the Fock-Darwin energy
spectrum [123]:

Ecm = ~Ω(2Nρ+ |M | +1) +
~ωc

2
M + ~ωz

(
Nz +

1

2

)
, (6.6)

where

Ω :=

√
ω2

0 +
(ωc

2

)2

, (6.7)

M is the angular momentum quantum number, Nρ is the radial quantum number
and Nz is the quantum number for motion in z-direction. As we are only interested
in the lowest spin states, we fix from now on the center of mass motion to be in its
ground state.

The Zeeman-Hamiltonian lifts the degeneracy of the two particle singlet (S = 0,
Sz = 0) and triplet (S = 1, Sz = 0,±1) states, where S = s1 + s2 is the spin
quantum number and Sz its projection in the z-direction, with energies

EZ = g?µBSzB. (6.8)

We note, that since we are dealing with fermions, the total wave function has to
be antisymmetric with respect to a particle exchange. The center-of-mass wave
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function is symmetric, hence the antisymmetric spin-singlet will be only compatible
with a symmetric wave function of the relative motion while the symmetric triplet
state wave function requires an antisymmetric wave function of the relative motion.

Realistic quantum dots usually are not completely axially symmetric as assumed
so far. In our case we can see a clear indication of that fact in the experimentally
observed saturation of J(B) as B → 0 as it can be seen in Fig. 6.5. Assuming the
ratio ωx/ωy to be close to one, we transform the relative motion into an axially
symmetric problem and treat the deviation as a perturbation later. Therefore we
introduce

ω2
0 =

1

2

(
ω2

x + ω2
y

)
and ∆ω2 =

1

2

(
ω2

x − ω2
y

)
(6.9)

such that Hr = Hr0 +Hasym
r with

Hr0 =

[
~p− e′ ~A(~r)

]2
2µ

+
1

2
µ
[
ω2

0

(
x2 + y2

)
+ ω2

zz
2
]

+
e2

4πεε0
√
x2 + y2 + z2

(6.10)

Hasym
r =

1

2
µ∆ω2

(
x2 − y2

)
. (6.11)

Note that we already separated Hasym = 1/2m?∆ω2
∑2

i=1(x
2
i − y2

i ) into its CM and

relative motion. We make the equation dimensionless by introducing l0 =
√

~
m?Ω

and the transformation ρ → ρ/l0 and z → z/l0. As the angular momentum is a
good quantum number in the axially symmetric problem we can write

ψ(~r) =
1√
2π
eimϕum(ρ, z) (6.12)

and obtain the dimensionless equation{
−
[
1

ρ

∂

∂ρ

(
ρ
∂

∂ρ

)
+

∂2

∂z2

]
+

1

4

[
ρ2 + k2z2

]
+
m2

ρ2
+

λ√
ρ2 + z2

}
u(ρ, z) = εru(ρ, z)

(6.13)
with k = ωz/Ω, the interaction parameter

λ :=
e2/4πεε0l0

~Ω
=

√
2E?

Ry

~Ω
, (6.14)

and the energy

εr =
1

~Ω

(
Er −

1

2
~ωcm

)
. (6.15)

So far this leads to the following energy spectrum. First there is an empty dot
at the vacuum level

E0 = 0. (6.16)
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Assuming the one electron dot being described by the Fock-Darwin model, we then
have

E1(nρ,m, nz, sz) = ~Ω(2nρ+ | m | +1)+
1

2
~ωcm+~ωz

(
nz +

1

2

)
+szg

?µBB, (6.17)

with the radial quantum number nρ = 0, 1, 2, . . . , the angular quantum number
m = 0, ±1, ±2, . . . , the z-harmonic excitation number nz = 0, 1, 2, . . . and the
spin sz = ±1/2. The two-electron system described with the model developed above
gives with its corresponding quantum numbers

E2(Nρ,M,Nz, nρ,m, nz, Sz) = ~Ω(2Nρ+ |M | +1) +
1

2
~ωcM + ~ωz

(
Nz +

1

2

)
+~Ωεr(nρ,m) +

1

2
~ωcm+ ~ωz

(
nz +

1

2

)
+Szg

?µBB (6.18)

with Sz = 0 for m even (spin singlet) and Sz = 0, ±1 (spin triplet) for odd m.
The wave function extension in z-direction in our PBW is rather small (∼ 25 nm).

Nevertheless, the three-dimensionality of the problem allows the electrons to avoid
each other when brought closer together by spatially placing them above each other.
Transforming it into a 2D description, this approximation leads essentially to a de-
creased Coulomb interaction strength for electron separation below a certain thresh-
old value ∆z0 (see below) and leaves it unchanged for larger distances. This can
be taken into account by replacing the pure Coulomb interaction with a Coulomb
interaction averaged over the z-motion [121]. A comparison of the bare Coulomb
interaction λ/ρ with the one including the finite thickness correction is plotted in
Fig. 6.3. Assuming ωz � ω0 and using ∆z2

0 = 4jzΩ/ωz and u(ρ) = g(ρ)/
√
ρ, the

resulting equation for the radial motion using our dimensionless quantities is{
− ∂2

∂ρ2
+
m2 − 1/4

ρ
+

1

4
ρ2 +

λ√
ρ2 + ∆z2

0

2

π
K

(
∆z2

0

ρ2 + ∆z2
0

)}
g(ρ) = ε̃rg(ρ) (6.19)

where

ε̃r = εr −
ωz

Ω
jz (6.20)

and K(x) is the complete elliptic integral of the first kind (c. f. , [124, p. 274]).
Equation (6.19) is a one-dimensional Schrödinger equation with the effective poten-
tial U(ρ) and can be solved numerically using, e. g., the Numerov-algorithm (e. g.,
[125]) with appropriate boundary conditions.

Now let us investigate the effect of the asymmetric perturbation introduced in
eq. (6.9) and eq. (6.11) to our system. First we consider the one electron case. The
perturbation was chosen in such a way, that the energy of the lowest one-electron
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Figure 6.3: Coulomb interaction potential with (red) and with-
out(blue) thickness correction.

Fock Darwin state is zero in first order approximation.

∆E1(0, 0, 0,±1/2) = 〈Ψ | Hasym | Ψ〉

=
1

2
m?∆ω2

∫ ∞

0

dρ ρ3χ2
0,0(ρ)

1

2π

∫ 2π

0

dϕ
(
cos2 ϕ− sin2 ϕ

)
= 0 (6.21)

At zero magnetic field the twofold degeneracy of the first excited state due to the
angular momentum quantum numbers m = ±1 is lifted with the energies

E± = 2~Ω±

√(
~ωc

2

)2

+

(
~2∆ω2

2~ω0

)2

, (6.22)

respectively at B = 0 the lowest single-particle spacing is reduced to

∆ = ~ω0 −
~2∆ω2

2~ω0

. (6.23)

For the two electron case we separate the perturbation Hasym into its center of mass
and relative coordinates. The CM motion being in its ground state is unaltered
as shown before in eq. (6.21). We note that the perturbation is purely orbital in
character and therefore orthogonal spin states, i. e., singlet and triplet states, will
not mix and can be treated separately. We use the separation of eq. (6.12) and the
adiabatic approximation of the z-direction

ψm(ρ, ϕ, z) =
1√
2π

eimϕum(ρ)χ(z) (6.24)
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and obtain the following matrix elements

H̃asym
r,m,m′ = 〈ψm | Hasym

r /~Ω | ψm′〉

=
∆ω2

4Ω2

∫ ∞

0

dρ ρ3um(ρ)um′(ρ)
1

2

∫ 2π

0

dϕ
(
cos2 ϕ− sin2 ϕ

)
ei(m′−m)ϕ

=
∆ω2

8Ω2

∫ ∞

0

dρ ρ2gm(ρ)gm′(ρ)δ|m−m′|,2 ≡ Cm,m′ (6.25)

where gm(ρ) can be computed numerically from the Numerov algorithm. The final
energy dispersion in magnetic field for the two triplet states is obtained from

E2,m=±1 = ~Ωεr(0, 1)±

√(
~ωc

2

)2

+ ~2Ω2C2
−1,1 + Szg

?µBB, (6.26)

C−1,1 being dependent on magnetic field.
The mixing between the three singlet states can be accounted for numerically

(neglecting Zeeman splitting) by determining the eigenvalues of the following matrix

HS−S =

E2(0, 0, 0, 0,−2, 0, 0) C0,2 0
C0,2 E2(0, 0, 0, 0, 0, 0, 0) C0,2

0 C0,2 E2(0, 0, 0, 0, 2, 0, 0)

 . (6.27)

The result of this calculations is shown in Fig. 6.4 (a) and a discussion is presented
in Sec. 6.3.3.

6.3.2 Exact diagonalization

In addition, exact diagonalization calculations of the Hamiltonian restricted to
two dimensions were performed by Constantin Yannouleas. The full Hamiltonian
eq. (6.1) was simplified by neglecting the Zeeman contribution as to the specifica-
tions of our sample (EZ . kT ), and by introducing a prefactor γ in order to replace
the effective three dimensionality of the problem ωz by a reduced Coulomb strength.
In this parameter any additional screening effects due to the gate electrodes is also
included. The Hamiltonian then reads:

H =
2∑

i=1


[
~pi − e ~A (~ri)

]2
2m?

+
1

2
m?
[
ω2

xx
2
i + ω2

yy
2
i

]+
γe2

4πεε0 | ~r1 − ~r2 |
(6.28)

In the EXD method, the many body wave function is written as a linear superposi-
tion over the basis of non-interacting 2e determinants, i. e.,

Ψs,t
EXD(r1, r2) =

2K∑
i<j

Ωs,t
ij |ψ(1; i)ψ(2; j)〉, (6.29)
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Figure 6.4: (a) Calculated NSR energy spectrum (b) Calculated EXD energy spectrum,
referenced to 2~

√
ω2

o + ω2
c/4, in a magnetic field of a 2e dot with anisotropic harmonic

confinement. We have adopted the notation (Nx,Ny,n,m), where (Nx,Ny) refer to the
CM motion along the x and y axes and (n,m) refer to the number of radial nodes and
angular momentum of the relative motion in the corresponding circular dot. Inset: The
EXD spectrum of the corresponding circular dot. Only the (n,m) indices are shown, since
Nx = Ny = 0 for all the plotted curves. Solid lines denote singlets. Dashed lines denote
triplets.

where ψ(1; i) = ϕi(r1)α(1) if 1 ≤ i ≤ K and ψ(1; i) = ϕi−K(r1)β(1) if K + 1 ≤
i ≤ 2K [and similarly for ψ(2, j)], with α(β) denoting up (down) spins; the index
i (or j) ≡ (k, l) and ϕi(r) = Xk(x)Yl(y), with Xk(Yl) being the eigenfunctions of
the one-dimensional oscillator in the x(y) direction with frequency ωx(ωy). In the
calculations K = 79 was used, yielding convergent results. The total energies Es,t

EXD

and the coefficients Ωs,t
ij are obtained through a “brute force” diagonalization of the

matrix eigenvalue equation corresponding to the Hamiltonian in Eq. (eq. (6.28)).
The result of this calculations is shown in Fig. 6.4 (b). For a more detailed discussion
see Sec. 6.3.3.

6.3.3 Comparison to the measurements

As we can neglect the effective Landé-factor in our sample there are three parameters
to describe the problem, {ω0, ∆ω2, ∆z2} in the NSR approach and {ωx, ωy, γ} in
the EXD calculation. The dot confinement strength ω0 = 5.1 meV can be estimated
from the one-electron excitation spectrum in Fig. 5.6. Note that due to the (ωx, ωy)-
asymmetry, the angular momentum degeneracy is lifted. This can be observed by the
broadening of this peak of about 1.5 meV which is in agreement with ~2∆ω2/~ω0 =
1.6 meV (see eq. (6.23)) using our model values described below.

The asymmetry ωx/ωy and γ are extracted from the experimentally observed
saturation of J(B) as shown in Fig. 6.5 for B → 0. The values found are ~ωx =

63



Chapter 6. Quantum dot helium

4.23 meV, ~ωy = 5.84 meV and γ = 0.862. According to [121] this value of γ cor-
responds to a harmonic confinement in z-direction of ~ωz ≈ 7 meV, which leads to
a FWHM of the ground state Gaussian-shaped wave function of 30 nm. This is in
approximative agreement with self consistent band structure calculations, giving a
value of 25 nm. The anisotropy ωy/ωx = 1.38 used in this calculations indicates that
the quantum dot considered here is closer to being circular than in other experimen-
tal systems [100, 101]. To asses the dot parameters determined from the comparison
between the measured and calculated J(B), we checked that varying the value of ω0

(while keeping ωy/ωx = 1.38) and the parameter γ does not influence substantially
the quality of the fit to the experimental J(B) - as long as ~ω0 does not deviate
greatly (i. e., more than 20%) from the N = 1 single-particle excitation ∆1. Such
a range of variations in dot parameters is reasonable for the given sample and its
measured N = 1 excitation and charging energies and is due to the changes in the
confinement potential with changing VPG.

Figure 6.5: ST splitting J(B) extracted from the experiment (open squares)
together with the calculated EXD results (magenta solid line). Parame-
ters used are ~ωx = 4.23 meV, ~ωy = 5.84 meV [i. e., ~ω0 = 5.1 meV] and
γ = 0.862. Restricted Hartree Fock calculation (red dashed) and generalized
Heitler London (green dotted) is plotted in comparison.

Now, the experimental data shown in Fig. 6.2 are discussed by direct comparison
to the theoretical model leading to Fig. 6.4 (b). The colored curves correspond to
features highlighted in the experimental spectrum with symbols in the region be-
tween N = 1 and N = 2, while the underlying gray corresponds to the experimental
accessible measurement window of 2.5 meV. The good overall agreement between
the measured and the calculated spectra allows for a full interpretation of the ob-
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served features and their physical origins rooted in strong electronic correlations.
Further interpretation is facilitated by considering the EXD calculated spectrum of
the corresponding circular dot (Fig. 6.4 (b),inset) where all many body energy lev-
els (0,m) with zero nodes and angular momentum index m > 0 decrease in energy
with increasing magnetic field, converging at much higher B to the lowest LL of
the interacting electrons. Since the deformation of the elliptic QD discussed here is
moderate, we adopt in Fig. 6.4 (b) the same notation as for the circular dot. The
second excited singlet state seen in the experiment (Fig. 6.2) and its avoided crossing
with the first excited singlet state at B ≈ 5.8 T is well reproduced by the theory
[see curves marked S2 (red) and S0 (magenta) in Fig. 6.4 (b); the avoided crossing
is marked by a double arrow]. The third excited state, T+,CM , is identified as a
(1,0,0,1) triplet excited state (green) that is related to the T+ state (blue) through a
CM excitation along the x-direction. We note here that the aforementioned avoided
crossing between the S0 and the S2 excited states develops as a result of the shape
deformation of the dot and out of the crossing between the (0,0) and (0,2) singlets of
the circular dot (marked by a circle in the inset). Another correspondence between
the measured and calculated spectra is the splitting at B = 0 between the T+ and
T− states (measured as 1.5 meV and calculated to be 1.9 meV); these triplet states
are degenerate for the circular dot (see inset).

6.4 A Wigner molecule ?

A qualitative indication of the importance of correlation effects can be obtained via
the Wigner-parameter

RW =
γe2

4πεε0l0 ~ω0

, (6.30)

for two electrons at a distance l0 =
√

~/m?ω0 and the single-particle level spacing
of a circular harmonic confinement ~ω0 [114]. Correlation effects are of increasing
importance when the interaction energy becomes dominant over the single-particle
spacing, i. e., when RW > 1. From the experimental data we find RW = 1.34,
indicating that correlation effects may have indeed a certain significance. Figure
6.6 shows the EXD calculated singlet conditional probability distributions (CPDs)
[116, 117, 126], i. e. the probability distribution of the second electron, given that
the first electron is kept fixed at a given location (indicated by a solid dot). The
electrons clearly tend to avoid each other reflecting their strongly correlated motion,
in contrast to the two electrons in the natural Helium atom that occupy the same
single-particle orbital. Comparison of the CPDs for B = 0 and B = 3.8 T shows
that the magnetic field leads to an enhancement of the correlation between the two
electrons resulting in a sharpening of the Wigner-molecular state. Larger values of B
result in an effective dissociation of the WM in analogy to the dissociation of the nat-
ural H2 [108], leading eventually to a vanishing of J(B), in agreement with the trend
seen in Fig. 6.2. We emphasize that the negligible Zeeman splitting in our sample is

65



Chapter 6. Quantum dot helium

Figure 6.6: Conditional probability distributions for the second electron when
the first is held fixed at the point indicated by the solid dot. For the 2e
QD that we studied the Wigner molecule character is gradually enhanced
with increasing magnetic field. Lengths in nm. CPDs in arbitrary units.
[Calculations from C. Yannouleas]

crucial for the observation of this trend which should even lead to ST oscillations of
the ground state spins at higher magnetic fields [112]. Experimentally, however, the
accessible magnetic field range is limited, because conductance resonances disappear
with increasing field due to wave function shrinkage. Counterbalancing this effect
by changing gate voltages would seriously change the confinement potential.

6.5 Conclusion

In conclusion, we have presented measurements of the excitation spectra of a lat-
eral 2e QD, with negligible Zeeman splitting, moderate anisotropy and parabolic
z-confinement being the main differences to systems investigated before. The two
particle problem in an anisotropic harmonic confinement including finite thickness
effects (NSR) is solved, leading to a qualitative understanding of the measured data.
Exact-diagonalization calculations, including a rather small (14%) decrease in the
effective interelectron Coulomb repulsion, explain in detail the observed features of
the excitation spectra under the influence of a variable magnetic field, including
the variation of the ST splitting, J , as a function of B. Theoretical analysis of
the salient excitation-spectra patterns (e.g., avoided level crossings, the line shape
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of J(B), and the lifting of level degeneracies in comparison to the circular case)
indicates significant electronic correlations, indicating the formation of a well devel-
oped Wigner molecule in an anisotropic quantum dot. In particular, the behavior
of J(B) for larger fields suggests an analogy between the dissociation process of the
WM and that of the natural H2 molecule. These results are expected to assist the
design and implementation of quantum-dot based devices, as well as to further ad-
vance our understanding of the interplay between the confinement strength, shape
anisotropy, and degree of screening that also characterize other recent measurements
on few-electron quantum dots [100–102].
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Chapter 7

g-factor tuning

Motivated by the experimental result, that a g-factor tuning can be achieved for
two-dimensional systems [127], Klaus Ensslin came back from his sabbatical with
some self grown samples in his luggage, with the idea of doing the same thing with
transport measurements. This was the start of my PhD. It turned out to be a
more difficult task then when first thought over. But finally with literally the last
measurement we succeeded in showing that it is possible - to tune the g-factor in
quantum dots.

7.1 Introduction

The implementation of a qubit, the fundamental unit for quantum computation and
communication schemes, has been and is a big challenge to the physics community.
Various approaches have been used to fulfill the task. For example, nuclear spins
of protons in complex molecules already proved the realization of Shor’s algorithm
[128] in a 7 qubit quantum computer [129], but this approach lacks scalability. Other
approaches like fluxes in SQUIDs or excitations in atoms in ion traps may be more
advanced at the moment, but semiconductor physics with all the backup in knowl-
edge and technology of the integrated circuits industry is a promising perspective
as well.

The spin of electrons is a natural candidate for a qubit (see [130, 131] for a review)
and a detailed device for quantum computing was proposed by Loss and DiVincenzo
in 1998 [3]. It consists of an array of spins trapped in quantum dots confined by
lateral gate electrodes near to a heterostructure or quantum well forming a 2DEG.
The required two qubit operations for computation [132], consist of controlling the
tunnel coupling between two quantum dots, a task which has already been proven
feasible [133–135] even for single electrons [136, 137], including a readout scheme
[87]. One qubit operations were proposed by putting the sample in a constant
microwave field, where the electrons are being pushed into a different material layer
with different g-factor, coupling to the ESR field and introducing controlled spin
flips. To realize this task special materials were engineered [138, 139], but there
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either was a problem of homogeneity and nanopatterning or the in situ change of
the g-factor. In parabolic quantum wells the wave function of the electron can be
shifted into regions of different material composition [72]. Optical measurements
confirmed a change of the g-factor with applied electric field [127].

In this chapter we will demonstrate the tunability of the g-factor in a quantum
dot on a PBW using transport measurements.

7.2 Sample characterization and measurement setup

Figure 7.1: SEM picture of sample SaSD170 I with the actual measurement
setup. Drawn in black is the actual QD circuit, where a symmetric bias voltage
VBias is applied to drain and source. Denoted in blue is the circuit when the
charge detector is used in transconductance mode.

For this experiment wafer 010515A is used, with the PBW 95 nm below the
surface and a highly doped Si layer 1.45µm below the surface acting as a back gate.
For the top gates, defined with EBL, a sequence of 5 nm titanium and 20 nm of gold
was evaporated. The design of sample SaSD170 I, shown in Fig. 7.1, is based on
the lateral few electron QDs introduced by Ciorga et al. [96]. There are two QPCs
near the QD acting as charge detectors, which can be separated from the current
circuit through the QD by split gates. Applying negative voltages on gates MG, PC1
and PC2 depletes the underlying 2DEG and defines the QD schematically encircled
with the white dashed line. Only the QPC on the right in Fig. 7.1 was operated,
because the ohmic contact drawn in red was not working. The measurement setup
for the dot current I is schematically drawn in black. While all metallic gates were
connected to individually programmable DC voltage sources (Yokogawa 7651), the
source-drain bias was applied symmetrically, i. e., +VBias/2 to source and −VBias/2
to the drain contact. An I/V-converter with a typical conversion ratio of 109 V/A
connected to the drain is used to measure the current through the dot. Parts of
the 2DEG, which become disconnected when applying the negative voltages to the
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Chapter 7. g-factor tuning

gates, i. e., between PC1 and PG, were grounded to avoid unpredictable floating
regions.

The charge detector can be operated in DC, AC or transconductance-mode.
Denoted in blue is the circuit for measuring the QPC transconductance. A typical
DC source-drain bias of about 10 mV is applied to the QPC leading to a current of
about 0.5µA, while the gate CD is tuned to the steepest point in the gate-voltage
characteristic of the point contact. To compensate for electrostatic cross-talk in
plunger gate sweeps the CD is usually driven in parallel (linearly coupled) with the
PG in order to guarantee a most sensitive working point. An AC voltage with a
typical value of 5 mV and a frequency of 17 Hz is applied on CD2 to slightly modulate
the charge on the dot via capacitive coupling. This modulation is then traced in the
charge detector current with standard lock-in techniques. It is quite time-consuming
to decouple the effects of cross-talk of the various gates from each other, therefore
the charge detector was only used for a few specific measurements, trying to pin
down the electron numbers in the dot.

Figure 7.2: Differential conductance ∂I/∂VBias at zero magnetic field and
zero back gate voltage applied. White dashed lines are guides to the eye, pro-
nouncing the Coulomb blockaded regions. Indicated with arrows are zero bias
anomalies of the Kondo effect making the even-odd filling scheme of electrons
as labeled in the figure plausible.

In order to characterize the dot a typical addition spectrum with zero back
gate, taken at zero magnetic field is shown in Fig. 7.2. The recorded DC current
I was numerically differentiated to obtain the differential conductance ∂I/∂VBias.
Dashed white lines are guides to the eye, highlighting the resulting Coulomb diamond
pattern of suppressed conductance with fixed electron numbers. Indicated with
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7.2. Sample characterization and measurement setup

arrows are observed zero bias anomalies attributed to the Kondo effect, giving rise
to the labeled even-odd filling scheme of electrons. The actual electron number
could not be determined, we can only state that we have more than 2 electrons (see
below). From an average addition energy of 1.6 meV (white solid line) we can derive
(eq. (2.25)) an approximate radius r=100 nm, and if we multiply the dot area πr2 by
a typical sheet density of 3 ·1015 m−2, we get an upper limit of 111 electrons. We call
it an upper limit because the density in the dot is probably lower than that observed
in the 2DEG due to the negative voltages applied to the gates. Note however, that
in dots with similar shape and addition energy, electron numbers from 0 to 50 have
been reported [96, 101, 140, 141].

Figure 7.3: Current through the dot as a function of plunger gate voltage
(blue line), showing the characteristic Coulomb peaks. At the same time
transconductance (green line) was measured through the nearby QPC, showing
more charging events as indicated by the red circle.

The fewer electrons in the dot, the easier it is to understand the system. There-
fore we tried to tune our QD into the one-electron regime, with the help of the
four gates MG, PC1, PC2 and PG. Limiting factors are the breakthrough voltages,
where the Schottky barrier of gates become conductive, and the depletion voltage,
above which the underlying 2DEG is no longer depleted. Last but not least one has
to find a regime where the QD forms with a sufficiently strong coupling to the leads
that allows to probe the states via the current through the dot. A situation at the
limit, where the dot size is smallest, is shown in Fig. 7.3. The blue curve represents
the current through the dot, showing equally-spaced Coulomb peaks. The coupling
to the leads is strong as one can see from the increasing background in-between the
peaks. No further states are observed below VPG = −2.9 V. This is in contrast to
the transconductance measurement of the nearby qpc plotted in green, where each
change of charge in the dot shows up as a dip, superimposed by a rectified current
through the dot. We can still see one additional dot state, indicated with the red
circle. This leads to the aforementioned lower limit of 2 electrons.

A relevant energy scale within these measurements is the thermal energy kBT .
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Chapter 7. g-factor tuning

Figure 7.4: Coulomb peak measured (blue circles) with a bias voltage VBias =
12 µV. The red line indicates the fit with the known line shape of eq. (2.29)
resulting in a temperature of 143mK.

The Zeeman energy has to be at least comparable to the thermal energy, EZ ≥ kBT ,
in order to be able to clearly distinguish two temperature broadened peaks separated
by the Zeeman energy. Therefore we determine an upper limit of the temperature
by fitting a resonance line shape based on temperature broadening (eq. (2.29)) to
our data. In Fig. 7.4 we present such a fit for the narrowest peak we have found,
resulting in a temperature of 143 mK. With the Zeeman splitting of 34− 46µeV/T
obtained from our measurements and a peak width of 3.5kBT , we would expect to
be able to observe a separation of the peaks already above 1.8 − 2.6 T, but clearly
distinguishable peaks are only seen above 4 T.

7.3 g-factor tuning

In order to reach the goal of g-factor tuning two conditions have to be fulfilled. First
you have to be able to measure the Landé-g-factor and second you have to be able
to tune it. The first turned out to be more challenging to realize. In this chapter
the method of choice was to look for states with a linear magnetic field dependence,
following the lines of [99].

Figure 7.5 shows schematically the energy diagram of the quantum dot states
being probed by the source-drain bias voltage VBias. We assume that the dot is filled
with an even number of electrons and for simplicity that each orbital is occupied with
a spin-pair of opposite spin resulting in an overall spin S = 0. For zero magnetic field
(a) there is then a twofold degeneracy in spin for each dot state given by eq. (2.31).
As soon as the state appears in the bias window one observes a current of undefined
spin orientation. Within this experiment the magnetic field was applied parallel
to the 2DEG with an accuracy of 0.05◦, which means that less than 20% of a flux
quantum penetrates the area of our dot for magnetic fields up to 13 T. On the
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Figure 7.5: Schematic energy diagram for the expected situation in our quan-
tum dot. The dot is filled with an even number of electrons. For zero magnetic
field (a) allowing the next electron entering the dot results in an enhanced cur-
rent through the unoccupied degenerate electron states for both spins. With
an external magnetic field applied, the degeneracy is lifted by ∆EZ = gµBB.
Depending on the bias voltage applied, either one (b) or both (c) states at-
tribute to the conductance.

application of a magnetic field this degeneracy is lifted and according to the probing
bias window, transport through one (b), respectively two (c) channels is observed.

This is also true for any arbitrary underlying spin configuration of the dot, as
long as the probed two states only differ in the Zeeman-energy of opposite spin,
which is in parallel magnetic field the only difference resulting in a linear magnetic
field dependence (see eq. (2.31)).

Figure 7.6: Color plot of the differential conductance ∂I/∂VBias for different
magnetic fields, taken at a back gate voltage of -2V. Indicated with a black
arrow is the Zeeman split state which evolves linearly in magnetic field. The
same Zeeman splitting can be also observed for excited states (blue arrows),
which emerge in the additional spectra at higher source-drain bias.
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For each back gate value, the dot was tuned into a regime where such states
could be probed, i. e., the confinement potential ~ω0 had to be big enough that the
excited states are clearly distinguishable from the spin split levels, and the coupling
had to be strong enough to be able to probe these states. In Fig. 7.6 a series of color
scale plots of the differential conductance for different magnetic fields are presented.
All data was taken at a back gate voltage of VBG = −2 V. From the left we start
in a Coulomb blockaded regime with an even number of electrons N . By increasing
the the plunger gate voltage VPG we add another electron and end up in a blockaded
region with N + 1 electrons. Indicated with a black arrow is the additional state
splitting linearly in magnetic field from the ground state. The peak is shifted with
increasing magnetic field in plunger gate voltage due to the diamagnetic shift. Figure
7.5 (b) and (c) correspond to points in the VBias-VPG plane along the dashed line as
indicated in Fig. 7.6 (c). In this series of measurements a Zeeman splitting was also
observed in the exited states of the quantum dot spectrum (blue arrows).

From these measurements the energy splitting ∆EZ = e∆VBias/2 was extracted.
There are several possible ways to extract the actual splitting for every magnetic
field. In the following section we discuss the analysis of the data for the back gate
voltage VBG = −2 V and a magnetic field B = 9 T in detail as an example.

Discussion of errors

In Fig. 7.7 the differential conductance is plotted in the bias-plunger gate plane.
The data was taken by sweeping the source-drain bias for different VPG. First,
the relevant peaks in ∂I/∂V were determined in three different ways: by hand, a
short range parabolic (10µV) and wider range (100µV) cosh−2 fit, which were all
equivalent in accuracy. The result of the parabolic fits is plotted by the colored
diamonds in Fig. 7.7. The Zeeman splitting can then be extracted in both plane
axes, namely along the bias (drawn in black) or the plunger gate direction (drawn
in red) via the plunger gate leverarm αG which is calculated from the slopes of the
Coulomb diamond given by eq. (2.28).

To obtain Fig. 7.8 we fitted each peak by

L(O,A,W, V, VSD) = O + A cosh−2 (W (V − VSD)) (7.1)

by a least mean square fit obtaining the parameters O0, A0,W0, V0. Then we assume
that

1.

p
({
V i

SD,M
i
}
| O,A,W, V

)
=
∏

i

1√
2πσ2

e−
(mi−L(O,A,W,V,V i

SD)
2

σ2 (7.2)

is the likelihood function of the dataset {V i
SD,M

i = ∂I
∂VBias

(V i
SD)}, given the

parameters O,A,W, V

2. σ = 50 fA is given by the thermal noise of the I/V-converter
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Figure 7.7: Color scale plot of differential conductance ∂I/∂VBias in the plane
of bias and plunger gate voltage at back gate voltage VBG = −2 V and magnetic
field B = 9 T. Denoted with diamonds in different colors are fitted peaks,
indicating the excited state spectra of the dot.

3. All possible parameter values are equally likely (no prior knowledge)

Application of Bayes theorem leads to the probability distribution of the position V
projected to the plane of constant (O0, A0,W0)

p(O0, A0,W0, V, VSD) = ke
S2(O0,A0,W0,V,VSD)

2σ2 , (7.3)

with constant k consisting of prior knowledge and the variance

S2(O0, A0,W0, V, VSD) =
1

(n− 1)

n∑
i=1

(
L(O0, A0,W0, V, V

i
SD)− ∂I

∂VBias

(V i
SD)

)2

.

(7.4)
Determining the width by p(O0, A0,W0, V±λ, VSD) = 1/2p(O0, A0,W0, V0, VSD) we
obtain the error of our fit to a single peak by λ± = V±λ − V0, where ± denotes
the errors on each side of the maximum position. As we are interested in the
difference ∆E = ∆V0/2 of the two peaks at the same plunger gate voltage we have
to convolute the standard deviations of the two peaks each given by a Gaussian
of the aforementioned width λ±. The result is again a Gaussian with a width of√
λ2

i± + λ2
j±/2, where (i,j) labels the two different peaks. This procedure performed

for different plunger gate voltages VPG is plotted in blue in Fig. 7.8. The error range
varies from 4 to 15µeV.
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Figure 7.8: Energy splitting ∆E plotted against plunger gate VPG at VBG =
−2 V and B = 9 T. The red line indicates the arithmetic mean, while the
black line denotes the linear fit to the data.

Each of these plots had to be condensed into a single value of the splitting
for a given magnetic field. From the experiment we know that we might suffer
bias dependent leverarms for different levels (see e. g., the non parallel states in
Fig. 7.2), therefore we considered two possible models. The first minimizes the
effect of different leverarms for different bias voltages by extrapolating a linear fit
to zero bias voltage. The energy splitting is then calculated using the leverarm αG.
A typical value for the slope as drawn in black in Fig. 7.8 is 40µeV/ V.

The second model assumes constant leverarms and the energy splitting is calcu-
lated by the weighted mean of all the values, which is plotted red in Fig. 7.8. As
the deviation of the linear dependence does not exceed the statistical errors within
the investigated range, and to keep things simpler, e. g., when dealing with charge
rearrangements, we decided for the simpler model according to Occam’s razor (see
e. g., [142]).

The error treatment so far only holds if the only error is a statistical variation of
the I/V-converter’s output voltage caused by thermal noise. As soon as a systematic
error enters, small deviations from the minimum position V0 lead to a big change
in the variance S2(V ). Consequently the estimated error with above method is
becoming very small. These fits can be marked as bad and treated separately, but
we would like to speculate on the nature of possible systematic errors. The method
we use to determine the g-factor is spectroscopy, actually a very precise method only
blurred by the width of involved states. But this assumes transport through the dot
given by eq. (2.29) relying on constant coupling coefficients ΓS,D

i . In reality there
might be DOS fluctuations at the Fermi level of the source/drain contact, leading to
systematic shifts of the peak position. To strengthen this argument, we calculated
the correlation coefficient R = 〈E1E2〉 − 〈E1〉 〈E2〉 of the deviations Ei from the fit,
where i labels the two peaks for fixed plunger gates, respectively bias voltages. A
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correlation of R = 0.62 (with the probability p = 0.0035, that the same correlation
can be reached by random values) for varying plunger gate voltage stands against
R = −0.43 (p = 0.11) for fixed plunger gate, supports the idea of probing the
variable couplings ΓS,D

i (VBias).

Main results

Figure 7.9: Extracted energy spacings for different magnetic fields are plot-
ted in (a) for the negative back gate voltages 0 V (blue circles), -1 V (black
triangles) and -2V (green squares), and in (b) their positive counterparts 0 V
(blue circles), 1 V (black stars) and 1.8V (cyan diamonds). The fitted Zeeman
splitting is indicated with red lines for the extreme cases, leading to | g |= 0.40
for VBG = 0 V and | g |= 0.29 for VBG = −2 V (a), respectively | g |= 0.31 for
VBG = 2V (b).

In Fig. 7.9 we present the summary of all splittings obtained in magnetic fields
for different back gate values. Each back gate voltage is denoted with a different
symbol. Positive (b) and negative values (a) are plotted separately for clarity. The
error bars are the standard deviations obtained when taking the mean values for
several plunger gate voltages. A linear function is fitted to the data as expected
from ∆EZ = gµBB. The two extreme slopes are indicated with red lines. Allowing
a quadratic term in B, as reported earlier [99, 105], does not improve the quality of
the fit significantly.

The | g |-factor then is determined by dividing all the ∆EZ by µBB and fitting a
constant to the points. The resulting values are plotted in Fig. 7.10. The error bars
applied are the worst case error given by the maximum deviation of the measured
points from the fit value. Even with these errors applied we observe a significant
and systematic change in the g-factor with back gate voltage. The red curve is
a quadratic fit to the data, as expected from the most naive picture, of a wave
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Figure 7.10: Extracted g-factor values for different back gate voltages. While
only | g | could be measured, we attribute the sign by assuming the g-factor
to be close to -0.44, i. e. the value of bulk GaAs [15] as we have in the middle
of our PBW.

function linearly shifted within a parabolic confinement (see eq. (2.15) and eq. (2.12)
with 〈g〉 =

∫
g(z) | ϕ(z) |2 dz). The extracted shift of 6 nm/ V confirms a reasonable

estimation.
Calculations of a five level kp model have been performed [143] for the, with the

exceptions of the 2 doping layers, identical PBW designed for optical measurements
[127], showing parabolic behavior with good agreement in spite of calculating with
a perpendicular magnetic field direction in contrast to the experimental’s parallel
field. More thorough self-consistent calculations would need to be performed to
model the data more accurately.

In contrast to [127], only a slight back gate offset voltage of 30 mV from the
supposed center position of the wave function is observed.

7.4 Conclusions and outlook

In conclusion, we have shown excitation spectra of a few-electron lateral quantum
dot on a parabolic quantum well. In plane magnetic fields led to a Zeeman-splitting
in the excited state spectrum of the dot, allowing us to determine the g-factor. Ad-
ditional electric fields applied through a back gate presumably shifted the electron
wave function within the parabolic confinement, giving rise to a change in g-factor.
The principles of the experiment meets the requirements needed for one qubit oper-
ations as proposed by Loss and DiVincenzo [3]. Unfortunately the relaxation times
of the charging centers in the sample of roughly 50 hours encountered after a change
of back gate voltage, do not seem to make it a valuable candidate for a fast gate
switching qubit. Even though useful applications would have switching times of
femtoseconds to picoseconds and therefore would probably not be affected by these
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drifts, it would be hard to adjust the two quantum dot configurations to the desired
g-factor. But there is hope as this hysteretic behavior is only observed for the back
gate electrode. Adapting other groups standard technique of additional metallic top
gates separated by insulating layers looks promising to overcome this effect. This
would open the field to interesting experiments. One of the next steps would be to
show that the spin can be coupled to an ESR field, a task which is quite challenging.
And one could dream of doing this in a quantum dot system with a charge readout,
performing single shot readouts [87] after applied ESR pulses, mapping out spin
flips due to the applied pulses.
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Appendices

A List of samples

name picture chip info processed structure
SD35

200nm

020821B
PBW -
W: 55 nm,
x=0.23..0.06..0.23
µ = 2.5 m2/ V s
ns = 3.5·1015 m−2

28/09/04 quantum dot
2x charge detector qpcs
(not decoupled)

SaSD170 I 010515A
PBW -
W: 100 nm,
x=0.4..0..0.4
µ = 16m2/ V s
ns = 3.3·1015 m−2

16/09/05 quantum dot
2x charge detector qpcs

ESR HB 010515A
PBW -
W: 100 nm,
x=0.4..0..0.4
µ = 16m2/ V s
ns = 3.3·1015 m−2

26/10/03 Hall bar at the edge
with topgate and back-
gate

MBar1 010515A
PBW -
W: 100 nm,
x=0.4..0..0.4
µ = 16m2/ V s
ns = 3.3·1015 m−2

16/09/05 4 Hall bars (m-shaped)
with topgate and back-
gate 25µm× 50 µm
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name EBL picture chip info processed structure
HBarI 010515A

PBW -
W: 100 nm,
x=0.4..0..0.4
µ = 16m2/ V s
ns = 3.3·1015 m−2

17/12/01 Hall Bar 50µm ×
200 µm

AS1 020821A
PBW -
W: 66 nm,
x=0.25..0.05..0.25
µ = 4.5 m2/ V s
ns = 4.5·1015 m−2

04/11/03 big quantum dot

SBF1 010515A
PBW -
W: 100 nm,
x=0.4..0..0.4
µ = 16m2/ V s
ns = 3.3·1015 m−2

13/01/03 first quantum dot
including a magnetic fo-
cussing structure
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B List of wafers

wafer Al-profile width spacer density [ m−2 ] mobility [ m2/Vs ]
010515A 40..0..40 100 nm 10 nm 3.3·1015 16
010618B 40..7..40 100 nm 10 nm 2.7·1015 3.8
011212A 40..8.5..40 100 nm 10 nm 2.35·1015 2.75
010508A 40..10..40 100 nm 10 nm 1.9·1015 1.1
011212B 40..11.5..40 100 nm 10 nm 2.4·1015 1.2
020821A 25..5..25 66 nm 3 nm 4.5·1015 4.75
020821B 23..6..23 55 nm 3 nm 4.5·1015 2.5
040515A 15..0..15 50 nm 3 nm 9.4·1015 9.2
040515B 15..0..15 66 nm 3 nm 9.1·1015 9.3

Table B.1: Overview of the available PBW wafer material.
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C Processing of GaAs samples in FIRST
Old numbers without the 40% filter on the MJP3 are given in parantheses.

Process Description of process steps Remarks

Cleaning sample (first
time only!)

Acetone 1 min ultrasound max. power

Isopropanol 1 min ultrasound (tilt sample when removing from recipient) Christoph: sometimes 2-3 min

H2O may use H2O with ultrasound

Dry with N2

Heat 2 min at 115◦C Roland: 90◦C is enough

HCl-dip for 8 sec only for dirty samples

Lithography for mesa
(positive process)

Store a few 10th of a ml of Shipley S1805 photoresist in a disposable pipette wait till pipette content is at
room temperature

Put 1 drop on sample and immediately spin on: 5000rpm for 60 sec if faster: problems with stick-
ing, but shallower resist edges

Soft bake: hotplate at 115◦C for 2 min Christoph: let cool 1 min after
bake

Exposure for edge removal: 20(5 . . . 10) sec soft contact if necessary, wash mask prior to
use

Develop: Shipley MF319 for 20 sec Davy: Additional edge removal
Exp. 10 sec Dev. 30 sec

Rinse thoroughly with H2O for at least 2 min, dry with N2

Exposure: 4(1.8) sec hard contact if necessary, wash mask prior to
use

Develop: Shipley MF319 for 22. . .30(20. . .23) sec control optically

Rinse thoroughly with H2O for at least 2 min, dry with N2

Lithography for back-
gate (using the optical
microscope)

Hoechst AZ5214E wait till pipette content is at
room temperature

Spin on:2000 rpm for 3 sec, 4500 . . . 5000 rpm for 45 sec put drop during first 3 sec

Soft bake: hotplate 90◦C for 2 min

Use the aperture to reduce the spot size, set the intensity of the bulb to the
maximum, remove the UV filter and all polarizers to start the exposure, reinsert
UV filter to stop, reduce the intensity to barely visible

Exposure: 30 sec for the 100x magnification

Develop: Shipley MF319 for 15. . .20 sec

Rinse thoroughly with H2O for at least 2 min, dry with N2

Mesa/Backgate etch When thinning down acids, always pour in water first:
Remember: ”A” comes before ”W” in the alphabet.
”Nie das Wasser in die Säure, sonst passiert das Ungeheure.”
”Assis dans l’eau.”

If necessary, use stirring staff/magnetic stirrer

Note: delayed etching: first 30 sec smaller etch rate, second 30 sec larger etching
rate

H2O+H2SO4+H2O2 = 100 : 3 : 1 (50 ml:1.5 ml:0.5 ml),

Etch rate: 45 sec=̂45 nm(Stefan:40 sec=60 nm at T = 22.7◦C)

Mesa : typically 80 nm =̂ 2 min

Backgate : typically 480 . . . 1000 nm =̂ 8 . . . 10 min Christoph: use 100:3:3 for
Backgate (6.5 min=̂800 nm)

Stop in water, dry with N2

Cleaning sample (af-
ter every resist de-
positing step)

Acetone 1 min ultrasound 4/9 power Christoph: ’first time cleaning’
also possible

Isopropanol 1 min ultrasound (tilt sample when removing from recipient)

H2O

Dry with N2

Lithography with
Hoechst AZ5214E
(for ohmic contacts,
negative process)

Spin on: 2000 rpm for 3 sec, 5000 rpm for 45 sec, photoresist: Hoechst AZ5214E

Soft bake: hotplate at 90◦C for 2 min

Exposure: hard contact 2(1) sec

Hard bake: hotplate at exactly 115◦C for 2 min let cool down 1 min

Exposure of everything (without mask): soft contact 20(10) sec

Develop: Shipley MF319 for 90 sec control optically

Rinse thoroughly with H2O for at least 2 min, dry with N2
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Process Description of process steps Remarks

Cleaning before Depo-
sition

Oxigen plasma ash for 1. . .3 min note: etching for 60 min re-
duces mobility by a factor of 4

HCl dip etch 5 sec, stop in water can avoid bubbles on ohmic
contacts

Contact metallization Ask Christoph OR Urszula OR

Hansruedi Scherrer (Tel. 01/63-32072 or -33261 or easiest by e-mail: scher-
rer@phys.ethz.ch).
Use process ”2nd ohmic contact” (Ge/Au/Ge/Au/Ni/Au = 18/50/18/50/40/100
nm)

important: evaporate contacts
soon after plasma and/or dip
etch

Lift-off Immerse sample in acetone and wait for 5 min. . .4 h (let the acetone creep under
the photoresist)

for critical lift-off use boiling
Acetone and watergun for re-
moving

If necessary, use ultrasound at lowest power (1/9) for a few seconds, then wait
again

Take sample out carefully. Avoid gold particles sticking on the surface by e.g.
rinsing with acetone while removing the sample

Ohmic Contact anneal Let it dry & outgas at 120◦C for 1 min
Annealing with inert gas: 5. . .40 sec at 450◦C, inert gas -0.5 bar Christoph: 430◦C / 30s, prob-

ably shorter time is better

BG Contact anneal Annealing with inert gas: 30 sec at 450◦C (not more!), inert gas -0.5 bar somehow better to anneal BG
and 2DEG at the same time

Bondpad reinforce-
ment

Perform lithography with Hoechst AZ5214E (for ohmic contacts, negative pro-
cess) using the bondpad reinforcement mask

Align properly, otherwise con-
tacts lost due to etching!

Oxigen plasma ash for 1 min.

Contact metallization: Use 100 nm Au.

Positive process li-
thography for topgate
fingers (not recom-
mended)

Spin on: 2000 rpm for 3 sec, 5000 rpm for 45 sec, photoresist: Hoechst AZ5214E

Soft bake: hotplate at 90◦C for 2 min Shipley with 4.5(1.8) sec / 25
sec gives finer fingers

Exposure: negative mask with topgate fingers in hard contact for 4. . .6(2) sec

Develop: Shipley MF319 for 90 sec control optically

Rinse thoroughly with H2O for at least 2 min, dry with N2

Negative process li-
thography for topgate
fingers

Spin on: 2000 rpm for 3 sec, 5000 rpm for 45 sec, photoresist: Hoechst AZ5214E

Soft bake: hotplate at 90◦C for 2 min for fine structures remove edges
first (5. . . 10 sec / 30. . .60 sec)!

Exposure: hard contact 3..8.5(0.8) sec Davy: smaller values give
larger undercut

Hard bake: hotplate at exactly 115◦C for 2 min let cool down 1 min

Exposure of everything (without mask): soft contact 20. . .25(10) sec

Develop: Shipley MF319 for 70. . .90(90) sec control optically

Rinse thoroughly with H2O for at least 2 min, dry with N2

Top gate finger
metallization

Do as in contact metallization, using Ti/Au=10/80 nm

Lithography for e-
beam

Spin on: PMMA 4:5 with 6000 rpm for 60 sec (−→ 90 nm) Christoph: 2 layers for big-
ger things: P(MMA/MAA);
PMMA.

Soft bake: hotplate at 180◦C for 2. . .15 mins

Exposure dose: 80. . .130 (depends on size of Structure) with 30 kV and 30 pA
(data from ETZ)

Develop: IPA:MiBK = 3:1 for 60 sec at 22◦C

Stop with IPA (ca. 1 min), rinse thoroughly with H2O, dry with N2

Etching of AFM-
defined samples using
HCl

Create sample using AFM lithography. Consider increase in depletion length
(by approximately 10 nm in backgated samples).

Etch for 10 sec in HCl (conc.), stop with H2O.

General remarks When switching off the mask aligner, let the lamp cool down for 30 min before
turning off N2.

If chemicals are missing: ask FIRST team.
Empty bottles have to be purged with water and placed in the lock (B125.1).
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A. Schüler, C. Ellenberger and P. Oelhafen, C. Haug and R. Brenn
J. Appl. Phys. 87, 4285 (2000)

85



Bibliography

[1] J. Bardeen, W. Brattain, and W. Shockley, US Patent #02569347 (1947).

[2] G. Moore, Electronics Magazine (1965).

[3] D. Loss and D. P. DiVincenzo, Phys. Rev. A 57, 120 (1998).

[4] S. B. Lindemann, Ph.D. thesis, ETH Zurich (2002).

[5] D. Kahng and M. Atalla, IRE Solid State Devices Res. Conf., Carnegie Insti-
tute of Technology, Pittsburgh, PA (1960).

[6] A. B. Fowler, F. F. Fang, W. E. Howard, and P. J. Stiles, Phys. Rev. Lett.
16, 901 (1966).

[7] K. v. Klitzing, G. Dorda, and M. Pepper, Phys. Rev. Lett. 45, 494 (1980).

[8] D. C. Tsui, H. L. Stormer, and A. C. Gossard, Phys. Rev. Lett. 48, 1559
(1982).

[9] G. S. Ohm, Schweiggers Journal für Chemie und Physik pp. 46–137 (1826).

[10] B. Jeckelmann and B. Jeanneret, Reports on Progress in Physics 64, 1603
(2001).

[11] B. Halperin, Jpn. J. Appl. Phys. 26, 1913 (1987).

[12] E. G. Gwinn, R. M. Westervelt, P. F. Hopkins, A. J. Rimberg, M. Sundaram,
and A. C. Gossard, Phys. Rev. B 39, 6260 (1989).

[13] A. Gossard, M. Sundaram, and P. F. Hopkins, Semiconductors and Semimetals
40, 153 (1994).

[14] G. Salis, Ph.D. thesis, ETH Zurich (1999).

[15] C. Weisbuch and C. Hermann, Phys. Rev. B 15, 816 (1977).

[16] M. Sundaram, A. C. Gossard, J. H. English, and R. M. Westervelt, Superlat-
tices Microstruct. 4, 683 (1988).

86



[17] H. M. Cheong, J. H. Burnett, W. Paul, P. F. Hopkins, and A. C. Gossard,
Phys. Rev. B 49, 10444 (1994).

[18] M. P. Stopa and S. D. Sarma, Phys. Rev. B 47, 2122 (1993).

[19] D. J. BenDaniel and C. B. Duke, Phys. Rev. 152, 683 (1966).

[20] L. Hedin and B. I. Lundqvist, Journal of Physics C: Solid State Physics 4,
2064 (1971).

[21] L. Kouwenhoven, C. Marcus, P. McEuen, S. Tarucha, R. Westervelt, and
N. Wingreen, in Mesoscopic Electron Transport, edited by L. Sohn, L. Kouwen-
hoven, and G. Schön (Kluwer, 1997), Advanced Study Institute.

[22] L.P.Kouwenhoven, D.G.Austing, and S.Tarucha, Rep. Prog. Phys 64, 701
(2001).

[23] T. Ihn, Electronic Quantum Transport in Mesoscopic Semiconductor Struc-
tures, vol. 192 (Springer, New York, 2004), ISBN 0-387-40096-6.

[24] D. Pfannkuche and S. E. Ulloa, Phys. Rev. Lett. 74, 1194 (1995).

[25] C. W. J. Beenakker, Phys. Rev. B 44, 1646 (1991).

[26] G. Breit and E. Wigner, Phys. Rev. 49, 519 (1936).

[27] S. Lindemann, T. Ihn, T. Heinzel, W. Zwerger, K. Ensslin, K. Maranowski,
and A. C. Gossard, Phys. Rev. B 66, 195314 (2002).

[28] S. Tarucha, D. G. Austing, T. Honda, R. J. van der Hage, and L. P. Kouwen-
hoven, Phys. Rev. Lett. 77, 3613 (1996).

[29] H. U. Baranger, D. Ullmo, and L. I. Glazman, Phys. Rev. B 61, R2425 (2000).

[30] M. Born and R. Oppenheimer, Annanlen der Physik 84, 457 (1927).

[31] D. R. Hartree, in PROCEEDINGS OF THE CAMBRIDGE PHILOSOPHI-
CAL SOCIETY (1928), vol. 24, pp. 89–110.

[32] D. R. Hartree, in PROCEEDINGS OF THE CAMBRIDGE PHILOSOPHI-
CAL SOCIETY (1928), vol. 24, pp. 111–132.

[33] D. R. Hartree, in PROCEEDINGS OF THE CAMBRIDGE PHILOSOPHI-
CAL SOCIETY (1928), vol. 24, pp. 426–437.

[34] J. C. Slater, Phys. Rev. 81, 385 (1951).

[35] C. Yannouleas and U. Landman, International Journal of Quantum Chemistry
90, 699 (2002).

87



[36] P. Hohenberg and W. Kohn, Phys. Rev. 136, B864 (1964).

[37] W. Kohn and L. J. Sham, Phys. Rev. 140, A1133 (1965).

[38] K. Tang and J. Toennies, J. Chem. Phys. 95, 5918 (1991).

[39] S. Adachi, J. Appl. Phys. 58, R1 (1985).

[40] G. L. Snider, I.-H. Tan, and E. L. Hu, J. Appl. Phys. 68, 2849 (1990).

[41] I.-H. Tan, G. L. Snider, L. D. Chang, and E. L. Hu, J. Appl. Phys. 68, 4071
(1990).

[42] A. Gossard, Quantum Electronics, IEEE Journal of 22, 1649 (1986).

[43] R. C. Miller, A. C. Gossard, and D. A. Kleinman, Phys. Rev. B 32, 5443
(1985).

[44] K. D. Maranowski, J. P. Ibbetson, K. L. Campman, and A. C. Gossard, Appl.
Phys. Lett. 66, 3459 (1995).

[45] P. Hopkins, Ph.D. thesis, Harvard University, Cambridge, Massachusetts USA
(1990).

[46] A. Fuhrer, Ph.D. thesis, ETH Zurich (2003).

[47] P. Rai-Choudhury, ed., Handbook of Microlithography, Micromachining, and
Microfabrication. Volume 1: Microlithography (SPIE-International Society for
Optical Engine, 1997), ISBN 0819423785.

[48] M. Hatzakis, J. Electrochem. Soc. 116, 1033 (1969).

[49] D. F. Kyser and N. S. Viswanathan, Journal of Vacuum Science and Technol-
ogy 12, 1305 (1975).

[50] H.A.Bethe, Handbuch der Physik, vol. 24/1 (Springer, Berlin, 1933).

[51] K. Murata, D. F. Kyser, and C. H. Ting, J. Appl. Phys. 52, 4396 (1981).

[52] R. Wuest, P. Strasser, M. Jungo, F. Robin, D. Erni, and H. Jackel, Microelec-
tron. Eng. 67-68, 182 (2003).

[53] R. Wueest, F. Robin, C. Hunziker, P. Strasser, D. Erni, and H. Jaeckel, Opt.
Engineering 44, 043401 (2005).

[54] S. Dubonos, B. Gaifullin, H. Raith, A.A.Svintsov, and S. Zaitsev, Microelec-
tronic Engineering 21, 293 (1993).

[55] L. I. Aparshina, S. V. Dubonos, S. V. Maksimov, A. A. Svintsov, and S. I.
Zaitsev, J. Vac. Sci. Technol. B 15, 2298 (1997).

88



[56] J. O. Choi, J. A. Moore, J. C. Corelli, J. P. Silverman, and H. Bakhru, Journal
of Vacuum Science & Technology B: Microelectronics and Nanometer Struc-
tures 6, 2286 (1988).

[57] Kelvinox Dilution Refrigerator and Superconducting Magnet System, Oxford
Instruments Scientific Research Division (1996).

[58] K. Ensslin, A. Wixforth, M. Sundaram, P. F. Hopkins, J. H. English, and
A. C. Gossard, Phys. Rev. B 47, 1366 (1993).

[59] X. C. Zhang, D. R. Faulhaber, and H. W. Jiang, Phys. Rev. Lett. 95, 216801
(2005).

[60] X. Y. Lee, H. W. Jiang, and W. J. Schaff, Phys. Rev. Lett. 83, 3701 (1999).

[61] V. Piazza, V. Pellegrini, F. Beltram, W. Wegscheider, T. Jungwirth, and A. H.
MacDonald, Nature 402, 638 (1999).

[62] E. P. D. Poortere, E. Tutuc, S. J. Papadakis, and M. Shayegan, Science 290,
1546 (2000).

[63] J. Eom, H. Cho, W. Kang, K. L. Campman, A. C. Gossard, M. Bichler, and
W. Wegscheider, Science 289, 2320 (2000).

[64] S. Girvin, Physics Today 53, 39 (2000).

[65] D.-W. Wang, E. Demler, and S. D. Sarma, Phys. Rev. B 68, 165303 (2003).

[66] T. Jungwirth and A. H. MacDonald, Phys. Rev. Lett. 87, 216801 (2001).

[67] T. Jungwirth and A. H. MacDonald, Phys. Rev. B 63, 035305 (2001).

[68] J. H. Smet, R. A. Deutschmann, W. Wegscheider, G. Abstreiter, and K. von
Klitzing, Phys. Rev. Lett. 86, 2412 (2001).

[69] G. M. Gusev, A. A. Quivy, T. E. Lamas, J. R. Leite, O. Estibals, and J. C.
Portal, Phys. Rev. B 67, 155313 (2003).

[70] K. Muraki, T. Saku, and Y. Hirayama, Phys. Rev. Lett. 87, 196801 (2001).

[71] K. Ensslin, M. Sundaram, A. Wixforth, J. H. English, and A. C. Gossard,
Phys. Rev. B 43, 9988 (1991).

[72] G. Salis, B. Graf, K. Ensslin, K. Campman, K. Maranowski, and A. C. Gos-
sard, Phys. Rev. Lett. 79, 5106 (1997).

[73] M. P. Lilly, K. B. Cooper, J. P. Eisenstein, L. N. Pfeiffer, and K. W. West,
Phys. Rev. Lett. 82, 394 (1999).

89



[74] M.Bänninger, Master’s thesis, ETH Zurich (2002).

[75] W. Beinvogl, A. Kamgar, and J. F. Koch, Phys. Rev. B 14, 4274 (1976).

[76] R. R. Gerhardts, Surf. Sci. 58, 227 (1976).

[77] T. Ando, A. B. Fowler, and F. Stern, Rev. Mod. Phys. 54, 437 (1982).

[78] T. A. Fulton and G. J. Dolan, Phys. Rev. Lett. 59, 109 (1987).

[79] J. H. F. Scott-Thomas, S. B. Field, M. A. Kastner, H. I. Smith, and D. A.
Antoniadis, Phys. Rev. Lett. 62, 583 (1989).

[80] M.A.Kastner, Physics Today 46, 24 (1993).

[81] Y. Arakawa and H. Sakaki, Appl. Phys. Lett. 40, 939 (1982).

[82] R. D. Schaller and V. I. Klimov, Phys. Rev. Lett. 92, 186601 (2004).

[83] M. Bowers, J. McBride, and S. Rosenthal, Journal of the American Chemical
Society 127, 15378 (2005).

[84] X. Michalet, F. F. Pinaud, L. A. Bentolila, J. M. Tsay, S. Doose, J. J. Li,
G. Sundaresan, A. M. Wu, S. S. Gambhir, and S. Weiss, Science 307, 538
(2005).

[85] J. P. Pekola, K. P. Hirvi, J. P. Kauppinen, and M. A. Paalanen, Phys. Rev.
Lett. 73, 2903 (1994).

[86] K. P. Hirvi, J. P. Kauppinen, A. N. Korotkov, M. A. Paalanen, and J. P.
Pekola, Appl. Phys. Lett. 67, 2096 (1995).

[87] J. M. Elzerman, R. Hanson, V. L. H. Willems, B. Witkamp, L. M. K. Vander-
sypen, and L. P. Kouwenhoven, Nature 430, 431 (2004).

[88] T. Hatano, M. Stopa, and S. Tarucha, Science 309, 268 (2005).

[89] B. E. Kane, Nature 393, 133 (1998).

[90] H. Grabert and M. Devoret, eds., Single Charge Tunneling (Plenum Press,
New York, 1991).

[91] P. Hawrylak, L. Jacak, and A. Wojs, Quantum Dots (Springer Verlag, Berlin,
1998).

[92] T. Chakraborty, Quantum Dots. A survey of the properties of artificial atoms.
(Elsevier, 1999).

[93] M. H. Devoret, D. Esteve, and C. Urbina, Nature 360, 547 (1992).

90



[94] R. C. Ashoori, Nature 379, 413 (1996).

[95] I.L.Aleiner, P.W.Brouwer, and L.I.Glanzman, PhysicsReports 358, 309
(2002).

[96] M. Ciorga, A. S. Sachrajda, P. Hawrylak, C. Gould, P. Zawadzki, S. Jullian,
Y. Feng, and Z. Wasilewski, Phys. Rev. B 61, R16315 (2000).

[97] J. M. Elzerman, R. Hanson, J. S. Greidanus, L. H. W. van Beveren, S. D.
Franceschi, L. M. K. Vandersypen, S. Tarucha, and L. P. Kouwenhoven, Phys.
Rev. B 67, 161308 (2003).

[98] M. Sigrist, S. Gustavsson, T. Ihn, K. Ensslin, D. Driscoll, A. Gossard, M. Rein-
wald, and W. Wegscheider, Physica E: Low-dimensional Systems and Nanos-
tructures 32, 5 (2006).

[99] R. Hanson, B. Witkamp, L. M. K. Vandersypen, L. H. W. van Beveren, J. M.
Elzerman, and L. P. Kouwenhoven, Phys. Rev. Lett. 91, 196802 (2003).

[100] D. M. Zumbuhl, C. M. Marcus, M. P. Hanson, and A. C. Gossard, Phys. Rev.
Lett. 93, 256801 (2004).

[101] J. Kyriakidis, M. Pioro-Ladriere, M. Ciorga, A. S. Sachrajda, and P. Hawrylak,
Phys. Rev. B 66, 035320 (2002).

[102] L. P. Kouwenhoven, T. H. Oosterkamp, M. W. S. Danoesastro, M. Eto, D. G.
Austing, T. Honda, and S. Tarucha, Science 278, 1788 (1997).

[103] S. D. Franceschi, S. Sasaki, J. M. Elzerman, W. G. van der Wiel, S. Tarucha,
and L. P. Kouwenhoven, Phys. Rev. Lett. 86, 878 (2001).

[104] G. Burkard, D. Loss, and D. P. DiVincenzo, Phys. Rev. B 59, 2070 (1999).

[105] M. Dobers, K. Klitzing, and G. Weimann, Phys. Rev. B 38, 5453 (1988).

[106] H. W. Jiang and E. Yablonovitch, Phys. Rev. B 64, 041307 (2001).

[107] G. Tanner, K. Richter, and J.-M. Rost, Rev. Mod. Phys. 72, 497 (2000).

[108] W. Kolos and L. Wolniewicz, J. Chem. Phys. 49, 404 (1968).

[109] B. Meurer, D. Heitmann, and K. Ploog, Phys. Rev. Lett. 68, 1371 (1992).

[110] R. C. Ashoori, H. L. Stormer, J. S. Weiner, L. N. Pfeiffer, K. W. Baldwin,
and K. W. West, Phys. Rev. Lett. 71, 613 (1993).

[111] T. Schmidt, M. Tewordt, R. H. Blick, R. J. Haug, D. Pfannkuche, K. Klitzing,
A. Forster, and H. Luth, Phys. Rev. B 51, 5570 (1995).

91



[112] M. Wagner, U. Merkt, and A. V. Chaplik, Phys. Rev. B 45, 1951 (1992).

[113] D. Pfannkuche, V. Gudmundsson, and P. A. Maksym, Phys. Rev. B 47, 2244
(1993).

[114] C. Yannouleas and U. Landman, Phys. Rev. Lett. 82, 5325 (1999).

[115] R. Egger, W. Hausler, C. H. Mak, and H. Grabert, Phys. Rev. Lett. 82, 3320
(1999).

[116] C. Yannouleas and U. Landman, Phys. Rev. Lett. 85, 1726 (2000).

[117] S. A. Mikhailov, Phys. Rev. B 65, 115312 (2002).

[118] P. A. Maksym and T. Chakraborty, Phys. Rev. Lett. 65, 108 (1990).

[119] U. Merkt, J. Huser, and M. Wagner, Phys. Rev. B 43, 7320 (1991).

[120] P. Hawrylak and D. Pfannkuche, Phys. Rev. Lett. 70, 485 (1993).

[121] R. G. Nazmitdinov, N. S. Simonovic, and J. M. Rost, Phys. Rev. B 65, 155307
(2002).

[122] B. Schuh, J. Phys. A: Math. Gen. 18, 803 (1985).

[123] V. Fock, Zs. Phys. 47, 446 (1928).

[124] I. Bronstein, K. Semendjajew, G. Musiol, and H. Mühlig, Taschenbuch der
Mathematik (Verlag Harri Deutsch, Leipzig, 1993), 1st ed., ISBN 3-8171-2001-
X.

[125] S. E. Koonin and D. C. Meredith, Computational Physics (Addison-Wesley,
1990).

[126] P. A. Maksym, Phys. Rev. B 53, 10871 (1996).

[127] G. Salis, Y. Kato, K. Ensslin, D. C. Driscoll, A. C. Gossard, and D. D.
Awschalom, Nature 414, 619 (2001).

[128] P. W. Shor, Siam Journal on Computing 26, 1484 (1997).

[129] L. M. Vandersypen, M. Steffen, G. Breyta, C. S. Yannoni, M. H. Sherwood,
and I. L. Chuang, Nature 414, 883 (2001).

[130] W. G. van der Wiel, M. Stopa, T. Kodera, T. Hatano, and S. Tarucha, New
Journal of Physics 8, 28 (2006).

[131] C. Day, Physics Today 59, 16 (2006).

[132] D. P. DiVincenzo, Phys. Rev. A 51, 1015 (1995).

92



[133] C. Livermore, C. H. Crouch, R. M. Westervelt, K. L. Campman, and A. C.
Gossard, Science 274, 1332 (1996).

[134] F. R. Waugh, M. J. Berry, D. J. Mar, R. M. Westervelt, K. L. Campman, and
A. C. Gossard, Phys. Rev. Lett. 274, 1332 (1995).

[135] F. R. Waugh, M. J. Berry, C. H. Crouch, C. Livermore, D. J. Mar, R. M. West-
ervelt, K. L. Campman, and A. C. Gossard, Phys. Rev. B 53, 1413 (1996).

[136] A. C. Johnson, J. R. Petta, C. M. Marcus, M. P. Hanson, and A. C. Gossard,
Phys. Rev. B 72, 165308 (2005).

[137] J. R. Petta, A. C. Johnson, A. Yacoby, C. M. Marcus, M. P. Hanson, and
A. C. Gossard, Phys. Rev. B 72, 161301 (2005).

[138] E. P. D. Poortere and M. Shayegan, Appl. Phys. Lett. 84, 3837 (2004).

[139] M. T. Bjork, A. Fuhrer, A. E. Hansen, M. W. Larsson, L. E. Froberg, and
L. Samuelson, Phys. Rev. B 72, 201307 (2005).

[140] I. H. Chan, P. Fallahi, A. Vidan, R. M. Westervelt, M. Hanson, and A. C.
Gossard, Nanotechnology 15, 609 (2004).

[141] R. M. Potok, J. A. Folk, C. M. Marcus, V. Umansky, M. Hanson, and A. C.
Gossard, Phys. Rev. Lett. 91, 016802 (2003).

[142] E. T. Jaynes, Probability Theory: The Logic of Science (Cambridge University
Press, 2003), ISBN 0521592712.

[143] P. Pfeffer and W. Zawadzki, Phys. Rev. B 72, 035325 (2005).

93



Acknowledgements

During the five years of experimental research described by this thesis I crossed
many people’s paths, interacting one or the other way, exchanging ideas on how to
accomplish the work as now presented. Therefore I want to thank them all for this
experience.
First of all I would like to thank Prof. Klaus Ensslin for giving me the opportunity
to join the team and do my PhD work in such an inspiring environment. His
enthusiasm for solving physics questions and his personal involvement was always
encouraging. Thomas Ihn is the role model on how to patiently start from the very
beginning when tracking down problems that showed up during this work in the lab
or especially at theoretical questions. I thank him for his help bringing this thesis
to an end. Many thanks also to Prof. Axel Lorke for reading of this manuscript and
being co-examiner of this thesis.
Many experiments just wouldn’t have worked without the great help of our two
technicians: Paul Studerus, who had always the right box in his drawers, if something
seemed impossible to measure, and Cecil Barengo, who provided all the mechanical
parts needed to run a research lab and solve some special demands. Many thanks
also to Brigitte Abt who kept my back clear out of bureaucracy.
Special thanks goes to Andreas Baumgartner, with whom I had the pleasure to share
an office, for his motivation when things seemed to be stuck (or really were), his effort
in proofreading this manuscript and for the cheerful hours we spent discussing the
world, also outside ETH. Also to visiting Prof. Sergio Ulloa with whom I had many
evening discussions during his stays here and for the enlightening room seminars.
Sincere thanks go to Danny Driscoll and Art Gossard who provided us with the
hardware: the parabolic quantum wells. I also thank Constantine Yannouleas, who
initiated the the collaboration on the quantum-dot-helium.
I am grateful to the former members August Dorn, Al Franco, Andreas Fuhrer,
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