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ABSTRACT

In this thesis nondestructive methods for the characterization of surface cracks in engi-
neering components using ultrasonic Rayleigh waves are discussed. Rayleigh waves prop-
agate near the free boundary of a solid. Since their energy is concentrated in a small layer
in the vicinity of the surface they are particularly sensitive to surface discontinuities. Fur-
thermore, Rayleigh waves follow complex curvatures and, consequently, often provide
insight into defect areas that are inaccessible to other wave forms. Nondestructive testing
using Rayleigh waves is therefore a promising technique for the inspection of engineering
components such as high temperature turbine rotors, where cracks are expected to form on
the surface of the component.
When a Rayleigh wave impinges on a surface crack a typical scattering process occurs. A
measurement of the surface scattered field allows for the determination of different scat-
tering parameters which are mainly functions of the ratio between crack size and wave-
length of the incident surface wave. These parameters are usually measured in the far field
of the crack where the many modes scattered at the crack are no longer interfering. In the
case of components with complex geometry measurements in the crack far field are often
hampered by the influence of the geometry discontinuities and by the multiple diffraction
taking place within the specimen. The characterization procedures proposed in this thesis
are therefore based on surface measurements in the near field of the crack.
The near-field scattering of a Rayleigh wave at a crack on a planar surface is studied theo-
retically and experimentally. The transient analytical solution of the scattering problem is
obtained by the extension of an existing time-harmonic solution. The scattering process is
visualized numerically by implementing a finite difference scheme. The near-field analy-
sis is based on a procedure that allows the Rayleigh waves to be distinguished from the
other wave modes scattered at the defect. The comparison of the simulation results with
the analytical solution allows for the evaluation of specific crack tip modeling approaches.
In the experiments the Rayleigh wave is generated using commercially available wedge
transducers. The use of a laser interferometer enables a pointwise measurement of the out-
of-plane displacement in the near field of the crack. Good agreement is found between the
scattering parameters measured in the crack near field and the theoretical results in the
whole range of crack depth to Rayleigh wavelength. The results also highlight differences
between the scattering at cracks and narrow slots when the slot width to depth ratio is
larger than 0.1.
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Different methods are investigated for the solution of the inverse scattering problem, i.e.
determination of the crack size on the basis of measurements in the scattered near field.
The time-of-flight (TOF) method is validated for crack depths larger than the wavelength
of the incident wave and extended to smaller defects. Based on analytical results the time
delay of the transmitted wave is correlated with the depth of the crack. The method reveals
a threshold ratio of crack depth to wavelength smaller than one by which the time delay
vanishes. Cracks smaller than the wavelength of the incident signal can be evaluated in the
frequency domain. The proposed characterization procedure makes use of the high sensi-
tivity of the scattering coefficients in the small crack range. The comparison of (i) the
measured reflection and transmission coefficients and (ii) the so-called central frequencies
of the reflected and transmitted Rayleigh waves with theoretical reference curves allows
for an accurate crack sizing. The last characterization method introduced here uses time
reversal numerical simulations (TRNS) for the determination of the crack tip position. The
displacement histories are measured at the surface of the specimen, reversed in time and
used as excitation in a numerical simulation. The constructive interferences at the crack tip
allow the determination of the crack depth.
The characterization procedures are validated experimentally. Slots down to mm are
characterized with an accuracy better than 10% ( µm). The impact of crack closure
effects is investigated as well. All the ultrasonic techniques proposed here are affected by
the problem of crack closure. However, in the deep crack range, partially closed cracks
can be characterized using TRNS as long as the interactions between the crack faces occur
at discrete positions.
The characterization of surface cracks on complex geometries is investigated by means of
component-like specimens. The specimen geometry is implemented in the numerical code
by approximation of the contour using a Cartesian grid. The comparison of the calculated
out-of-plane displacement with experimental results shows good agreement for both
cracked and non-cracked specimens. The many Rayleigh pulses propagating in the trans-
mitted near field of the crack are separated from the other modes using the Rayleigh wave
enhancement procedure. Only a detailed analysis of the scattering process on the basis of
simulation results allows for an identification of the transmitted pulse required for crack
depth measurement. Application of the TOF method to a specimen with a real fatigue
crack delivers good qualitative results for the crack depth profile. However, the experi-
mental results show a significant scatter which can be attributed to the important lateral
variations in terms of crack depth and crack shape.

0.2
20
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ZUSAMMENFASSUNG

In dieser Arbeit werden zerstörungsfreie Methoden für die Charakterisierung von Oberflä-
chenrissen mittels Ultraschall-Rayleighwellen entwickelt. Rayleighwellen breiten sich an
der freien Oberfläche eines Festkörpers aus. Durch die Konzentration der Welle an der
Oberfläche können Oberflächenfehler mit hoher Empfindlichkeit nachgewiesen werden.
Rayleighwellen breiten sich auch entlang kompliziert gekrümmter Oberflächen aus und
können daher Defekte an Stellen entdenken, die für andere Wellenmoden unzugänglich
sind. Zerstörungsfreie Ultraschallprüfung mittels Rayleighwellen ist somit erfolgsverspre-
chend für technische Bauteile wie Hochtemperatur-Turbinenrotoren, bei denen infolge der
Belastungen Risse an der Oberfläche entstehen.
Eine einfallende Rayleighwelle wird an einem Oberflächenriss reflektiert, transmittiert
und modenkonvertiert. Die durch die Streuung an der Oberfläche erzeugten Signale erlau-
ben die Bestimmung unterschiedlicher Parameter, die vom Verhältnis Rissgrösse zu Wel-
lenlänge abhängig sind. Diese Parameter werden meistens weit entfernt vom Defekt
gemessen, wo die am Riss gestreuten Wellenmoden nicht mehr interferieren. Allerdings
ist eine Messung im Fernfeld eines Oberflächenrisses bei technischen Bauteilen mit kom-
plizierter Geometrie aufgrund der geometrischen Unstetigkeiten und der vielfachen
Schallstreuungen oft nicht möglich. Die hier vorgestellten Methoden zur zerstörungsfreien
Risstiefenbestimmung basieren deshalb auf Messungen im Nahfeld des Defektes.
Das Streuungsfeld einer Rayleighwelle an einem Oberflächenriss wird theoretisch und
experimentell untersucht. Die analytische Lösung für ein beliebiges Signal ergibt sich aus
der Erweiterung einer bestehenden harmonischen Lösung. Zur Visualisierung des Streu-
ungsprozesses wird eine numerische Modellierung mit der Finite-Differenzen-Methode
implementiert. Die im Nahfeld gemessene Rayleighwelle wird von den anderen Wellen-
moden anhand einer Methode, die auf der dispersionsfreien Eigenschaft der Rayleig-
hwelle basiert, getrennt. Der Vergleich zwischen Simulationen und analytischen
Ergebnissen ermöglicht die Auswertung unterschiedlicher Rissspitzenmodelle. Zur expe-
rimentellen Erzeugung von Rayleighwellen dienen konventionelle Rayleighwellen-Prüf-
köpfe. Die Messung des Streuungsfeldes erfolgt im Nahfeld des Defektes mit einem
Laserinterferometer. Der Vergleich zwischen den im Nahfeld gemessenen Parametern und
den theoretischen Werten zeigt eine gute Übereinstimmung. Die Ergebnisse betonen ein-
deutige Unterschiede zwischen der Streuung an einem Riss oder an einer Kerbe, falls das
Verhältnis Kerbenbreite zu Kerbentiefe grösser als 0.1 ist.
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Rayleighwellen gestatten durch ihre Wechselwirkung mit einem Defekt unterschiedliche
Ansätze zur Risstiefenmessung. Bei Rissen, deren Tiefe grösser als die Rayleighwellen-
länge ist, kann die Risstiefe mit Hilfe der Laufzeit ermittelt werden. Die Korrelation von
Laufzeit und Risstiefe mittels analytischer Ergebnisse ermöglicht eine Erweiterung der
Methode auf kleinere Oberflächenrisse, bei denen Laufzeit und Tiefe nicht mehr propor-
tional sind. Ab einem Verhältnis Risstiefe zu Wellenlänge kleiner als Eins, verschwindet
jedoch die Laufzeitverspätung infolge eines Defekts. Im Bereich kleiner Risstiefen sind
spektrale Grössen wie Streuungskoeffizienten oder Zentralfrequenzen besonders empfind-
lich auf die Risstiefe. Der Vergleich zwischen gemessenen Koeffizienten und Zentralfre-
quenzen der reflektierten und transmittierten Rayleighwellen mit theoretischen Kurven
ermöglicht eine präzise Risstiefenbestimmung. Eine andere Möglichkeit zur Risscharakte-
rizierung ist die Verwendung numerischer Simulationen der Zeitumkehr-Methode (time
reverse numerical simulation, TRNS), um die Position der Rissspitze zu bestimmen. Dafür
werden die an der Oberfläche gemessenen Verschiebungssignale zeitlich umgekehrt und
die Streuung mit Hilfe einer numerischen Simulation zurückgespielt. Die konstruktiven
Interferenzen an der Rissspitze führen zu einer Amplitudenuberhöhung, so dass die Posi-
tion der Rissspitze und damit die Risstiefe bestimmt werden können.
Alle drei Methoden werden experimentell überprüft. Die Laufzeitmethode und die Risstie-
fenbestimmung mittels spektraler Grössen ermöglichen die Charakterisierung einer

mm Kerbe mit einer Genauigkeit grösser 10% ( µm). Alle drei Methoden werden
von Rissschliesseffekten gestört. Allerdings können tiefe Risse, deren Rissoberflächen nur
teilweise kontaktierend sind, mit der TRNS-Methode immer noch charakterisiert werden.
Die Charakterisierung von Oberflächenrissen in komplizierten Geometrien wird mittels
komponentenähnlichen Proben untersucht. Die Komponentengeometrie wird auf einer
kartesischen Approximation der Ränder implementiert. Ein Vergleich des an der Oberflä-
che simulierten Streuungsfelds mit Messungen zeigt eine gute Übereinstimmung, sei es
bei einer beschädigten oder unbeschädigten Komponente. Aufgrund der vielfachen Streu-
ungen, die in der komponentenähnlichen Probe stattfinden, breiten sich im transmittierten
Nahfeld mehrere Rayleighwellen aus. Der für die Rissbestimmung benötigte Puls kann
mit Hilfe der Visualisierung der Streuung anhand Simulationen identifiziert werden. Die
Anwendung der Laufzeitmethode für die Risstiefenbestimmung bei einer komponenten-
ähnlichen Probe mit Ermüdungsrissen ergibt gute qualitative Ergebnisse für das Risspro-
fil. Allerdings weisen die gemessenen Risstiefen eine erhebliche Streuung auf, die durch
die starke Variation von Risstiefe und Risskontur über die Rissbreite entsteht.

0.2 20
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1 INTRODUCTION

1.1 Lifetime assessment of high temperature turbine rotors

Critical locations in high temperature turbine rotors experience severe mechanical and
thermal stresses. Progressive material deterioration during the service life of these compo-
nents, due to the accumulation of fatigue and creep damage, can lead to crack initiation
followed by stable crack growth, limiting the lifetime of the components. The relevance of
this problem is increasing due to (i) customer requirements such as operational flexibility
and the capability to reach rated values of power generation in short times from start-up,
and (ii) the trend towards more stringent requirements on emission control in power
plants, driven by environmental protection directives currently being defined in most
countries. The resulting higher operation temperatures, shorter start-up times and higher
number of start-stop cycles leads to a significant increase of transient thermal stresses at
the rotor surface, as qualitatively illustrated in Fig. 1.1.

Fig. 1.1: Qualitative representation of the increase of cyclic loading at the rotor surface due to
shorter start-up time: faster surface temperature increase leads to stronger temperature gradients
and thus to larger thermal stresses.

The lifetime assessment of such components therefore requires an understanding of the
cyclic constitutive behavior of the material and the way in which creep and fatigue dam-
age interact, and is therefore quite complicated. The complexity of the predictions led to
increasing interest in recent years in the development of nondestructive techniques capa-
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Maximum shut-down stress
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σ

ε
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ble of quantifying the actual material deterioration level and characterizing surface cracks
at an early stage.
This has been investigated in the context of a project called “Lifetime assessment of high
temperature steam turbine rotors”, defined as a cooperation between the ETH Zurich,
Center of Mechanics, IMES and the company ALSTOM Power, Steam Turbines R&D.
In the first phase of the project, thermomechanical fatigue (TMF) tests were performed on
uniaxial, tensile, plain specimens. All the specimens were made of 1%CrMoV steel, a
material widely used for high temperature turbine rotors. The mechanical strain and tem-
perature control profiles were selected to represent the loading conditions occurring at the
critical locations in a high temperature steam turbine rotor in service. A relatively simple
constitutive model, based on an elasto-plastic stress-strain law with kinematic hardening
for time independent plasticity and the Norton-Bailey creep law for time dependent plas-
ticity, was developed from commonly available monotonic data to determine midlife cycle
behavior [22]. The stress-strain cycles calculated using the proposed constitutive model
agreed to a great extent with measured TMF stress-strain curves. Different methods of
damage calculation for creep-fatigue interaction were applied and their predictive capabil-
ities compared [62].
During a later testing phase, thermomechanical fatigue tests were performed on circumfer-
ential notched bars. The main purpose of the investigation was to evaluate the suitability
of uniaxial fatigue data for the damage assessment of components with stress raising fea-
tures. The mechanical strain and temperature control profiles were selected to obtain, at
the notch root, similar loading histories as for the uniaxial TMF tests described previously.
Under the assumption of a very short crack initiation length, the endurances of the notched
tests could be rationalized from the uniaxial data [65].
The next step in this project was the realization of a new thermal fatigue experiment using
a large ( mm) 1%CrMoV, three-dimensional specimen with a complex

mm deep groove. This steel specimen has been subjected to severe thermal cycles by
heating and cooling the notched face in a special furnace. The test aimed to reproduce, at
specific notch locations, the loading conditions representative of a high temperature tur-
bine rotor in service in terms of multiaxial stress state, significant strain gradients and a
loading history involving low strain rates and long hold times at high temperature. The
metallographic inspections showed that the extensive creep damage formation observed in
the plain TMF experiments [46] does not occur in testpieces with stress raising features
where failure is caused by fatigue cracking, with associated creep damage. Different
approaches for creep-fatigue damage assessment are currently evaluated for the lifetime
prediction of these tests.
An additional purpose of this project is the development of nondestructive testing (NDT)
methods as parallel activity to the thermomechanical material characterization. The thus
obtained information about the position and the size of the defect complements the com-
plex, theoretical lifetime assessment procedure. These NDT techniques are used for the
periodical inspection of the three-dimensional component-like test and, in the future, for
on-site damage detection and crack characterization in turbine rotors.

240 220 200××
10
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1.2 The NDT approach

The development of nondestructive testing methods was motivated by a need to inspect
engineering components subjected to heavy loading, fatigue and corrosion in order to pre-
vent failure. NDT techniques do not impair the properties and the performance of the
component to be inspected and, therefore, allow for inspections of safety relevant compo-
nents at specified intervals during service to ensure that they meet the expectations and
will remain reliable during a specific period of service.
The NDT techniques used may be roughly classified in five categories:
• visual inspection methods, e.g. liquid penetrant testing
• radiographic methods, e.g. X-radiography, gamma radiography
• acoustical and vibrational methods, e.g. ultrasonic testing and imaging
• electrical and optical methods, e.g. eddy current, magnetic particle inspection, poten-

tial drop
• thermal methods
The choice of the method of testing depends on many parameters such as material compo-
sition and structure, geometry of the specimen and location of the expected defects. Inde-
pendently of which methods are used, the test object should first be thoroughly inspected
visually. Indeed, visual inspection may aid in the decision of where to apply other NDT
tests [17].
In the case of high temperature turbine rotors the cracks are expected to form on the sur-
face of the component as a consequence of thermomechanical loading in transient turbine
operation. This excludes some of the methods introduced previously which are most
widely used for the detection of internal flaws, e.g., radiographic methods. Several nonde-
structive techniques, which are effective for surface crack detection and, if applicable, for
crack depth measurement, are discussed briefly below. These are: magnetic particle test-
ing, liquid penetrant testing, the potential drop technique, the eddy current method and
ultrasonic testing.
Magnetic particle inspection (MPI) is a highly effective method for the detection of sur-
face and near-surface flaws in ferromagnetic materials. In MPI, a strong magnetic field is
applied to the specimen. The presence of discontinuities at the surface or near the surface
will distort the magnetic field producing a “leakage field” that extends beyond the surface
of the specimen. Ferromagnetic particles are subsequently spread on the testpiece. The
particles concentrate in regions where the magnetic field is greatest, such as the mouth of
a crack [15]. Fluorescent techniques can be used to enhance the flaw indications. Demag-
netization must be carried out after each test. The technique is limited to inspection in fer-
romagnetic materials. The location of a defect is revealed, but its depth can usually not be
assessed. Lee et al. [54] have performed a quantitative evaluation of the factors affecting
the sensitivity and the reliability of MPI using the finite-element method, showing that
MPI is more sensitive to sharper and deeper defects than to wider ones, and not only sen-
sitive to the size of the flaws. The sensitivity of MPI to the quality of the detection media
has been investigated by Stadthaus et al. [89], who demonstrated that a fine crack with a
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length of about mm can be evaluated only with the best detection media (particles with
a mean grain diameter of µm).
Liquid penetrant testing is a nondestructive method for the detection of surface disconti-
nuities in solids. The penetrant applied to the surface is drawn into very small openings by
capillary action. After an adequate dwell time the excess liquid is removed from the sur-
face and a developer in dry powder or liquid form is applied to the surface of the speci-
men. This developer absorbs the residual penetrant drawn from the discontinuities,
revealing the defects on the surface of the specimen [17]. Penetrant testing is limited to
surface defects and is most reliable on components with good surface finish which facili-
tates removal of excess penetrant [20]. As for MPI, penetrant testing usually relies on an
operator to detect the presence of defects. The alternative solution is the use of an image
processing system for the evaluation of the penetrant testing indications [89].
The potential drop (PD) method consists in generating a current through a component. The
technique can thus only be applied to materials which are electrically conducting. The
measured potential difference between two contact points is a function of the distance, the
electrical conductivity of the material, its shape and its size. The presence of localized
defects such as cracks causes spatial variations of electrical conductivity. The method can
also be used to measure depths of surface cracks. For instance, Mazza et al. [65] used the
PD method to monitor the crack development by thermomechanical fatigue testing of
notched steel specimen, the PD voltage output being calibrated from the results of post-
test inspection. However, to obtain a good sensitivity for small changes in crack size a
large input current is required when dealing with a large specimen, posing a safety prob-
lem as well the need of high current sources. Akama and Saka [7] have addressed this
problem by using a localized PD technique to the quantitative estimation of the size and
shape of small semi-elliptical slots of mm depth generated in railway components. The
values of depth were obtained by comparing the measured potential drop with results
obtained by calibration equations relating the potential drop to the crack depth and crack
length along with its location. The slight scattering of the experimental results (standard
deviation mm) pointed out the high sensitivity even to minimal changes in distance
between the crack and the probes. 
The eddy current method can be used on all materials which are electrically conducting.
Alternating current is excited in a special inductive coil, positioned slightly above the sur-
face to be inspected, inducing eddy currents in the material. These currents interact with
the inductive coil through their oscillating magnetic field and affect its electric impedance.
The changes in electrical impedance can be related to the design of the coil, the size, shape
and position of the specimen and its magnetic and electrical properties. Defects such as
cracks are detected when they disrupt the path of eddy currents in the probe and weaken
their strength. Eddy current methods are usually applied specifically for the task of crack
detection. However, the analysis of the electric impedance changes might deliver informa-
tion about the dimensions of the defect. A significant advance in eddy current testing has
been the emergence of transient eddy current systems [20], in particular for the detection
of corrosion in multilayered aircraft structures [86]. Eddy current testing has also bene-
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fited from advances in modelling capabilities [13]. Bowler [14] has presented a technique
for finding the size and shape of planar cracks from eddy current measurements. Shape
estimates found by this inversion show good agreement with the actual profiles of mm
deep simulated cracks.
Ultrasonic testing remains the workhorse of nondestructive inspection [2]. The technique
is based on the generation of acoustic waves into a material from an outer surface, with
frequencies above the audible range ( kHz). The ultrasonic energy travelling within
the sample is scattered by geometrical or material parameter discontinuities prior to reach
an other boundary. Ultrasonic waves can be generated in metallic and nonmetallic materi-
als. Difficulties of the method are associated with the coupling of ultrasonic energy to
rough surfaces and the inspection at locations with complex shape, where multiple reflec-
tions occur. In the case of surface cracks the most appropriate method for ultrasonic
inspection of surfaces is the use of surface waves [84]. This type of waves presents some
unique characteristics that make them useful for the detection and the characterization of
surface discontinuities. Rayleigh waves propagate near the free boundary of a solid and
decay with depth. The fact that their energy is concentrated in a small layer in the vicinity
of the surface makes them particularly sensitive to small surface discontinuities. Another
unique feature of these waves is that they follow complex curvatures, often providing
insight to defect areas that are inaccessible to other wave forms. Cook and Berthelot [23]
detected cracks as small as µm in length in samples under cyclic tensile loading using
the scattering of Rayleigh waves. Date et al. [25] demonstrated the high accuracy of the
ultrasonic timing method using Rayleigh waves for the characterization of slots down to

mm deep (standard deviation smaller than mm). Hévin et al. [44] determined the
depth of surface cracks in concrete with an accuracy of 15% using spectral analysis of the
directly transmitted wave. Recent work [8, 88] has shown that the scattered near field con-
tains valuable information for a nondestructive evaluation of the crack size. This is partic-
ularly important for components with complex geometry, where the far-field evaluation is
hampered by the influence of geometry discontinuities. Scala and Bowles [80] performed
measurements of slots as small as mm in depth on the basis of transmitted near field
measurements with an accuracy better than µm.
Among the methods described previously for nondestructive evaluation of surface cracks,
two testing techniques were applied in the framework of this project for the investigation
of the themomechanical experiments using the large component-like probes. The speci-
mens were investigated by means of magnetic particle inspection and ultrasonic testing
using Rayleigh waves. The first method allows for the detection of surface cracks at criti-
cal locations whereas Rayleigh wave testing were used for a quantitative nondestructive
evaluation of the cracks, in particular determination of the crack depths. The present work
deals with the development of Rayleigh wave characterization methods by solving the
inverse scattering problem of a Rayleigh wave at a surface crack, i.e. determination of the
crack depth on the basis of the measurable scattering parameters.
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1.3 Rayleigh waves

It can be shown that in an unbounded elastic media two and only two types of waves can
be propagated: these are longitudinal and transversal waves. However, when the media is
a half-space with a boundary, a third type of waves may exist whose effects are confined
closely to the surface. These surface waves, first described by Lord Rayleigh in 1885,
have been investigated in detail in seismology before finding applications in the ultrasonic
frequency range for nondestructive evaluation. In this chapter an overview of the proper-
ties of Rayleigh waves in an isotropic, homogeneous, linear elastic material is given. Fur-
ther details on this subject can be found in Viktorov [95], Graff [39] or Rose [77].

Fig. 1.2: Rayleigh wave Ri propagating on a half-space in the region y > 0.

For a solid, homogeneous, linear elastic, traction-free half-space in the region  (see
Fig. 1.2), the particle displacement vector  can be decomposed into a scalar potential 
and a zero-divergence vector potential ψ:

. (1.1)

Assuming a plane strain wave propagation with  the vector potential
 has only a nonzero component  along the z-axis. The displacement

components u and v along the x- and y-axis, respectively, reduce therefore to the following
equations:

(1.2)

The potentials  and  satisfy the following wave equations:

(1.3)
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where  is the propagation velocity of longitudinal waves and  the velocity of transver-
sal waves. The potentials of an harmonic surface wave with angular frequency  propa-
gating in the x-direction can be written as:

(1.4)

Substituting Eq. (1.4) into Eq. (1.3) two linearly independent differential equations are
obtained. Discarding the solutions with positive radicals in the exponent, which would
increase exponentially with depth, the following expressions are obtained for  and :

(1.5)

where 

(1.6)

and A and B are arbitrary constants. The expressions for the displacements are obtained
using Eq. (1.2):

(1.7)

and the expressions for the stresses using the displacement results (1.7) and Hooke’s law:

(1.8)

where  is the second elastic Lamé constant. To satisfy the stress-free boundary condi-
tions the stresses  and  go to zero at the boundary of the half space ( ). Solv-
ing the boundary condition equations gives the relationship between  and :

, (1.9)

and the frequency equation for surface waves, which reduces to the form:

, (1.10)
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 and . (1.11)

Equation (1.10), called the Rayleigh wave velocity equation, has six roots for  as a func-
tion of the Poisson’s ratio, , only. The Rayleigh wave propagation velocity  corre-
sponds to the unique root  lying between zero and one. Since  does not depend on
the frequency, the Rayleigh waves are non dispersive. As  varies from 0 to 0.5, the Ray-
leigh wave velocity  varies monotonically from  to .

Fig. 1.3: (a) Normalized displacements of a Rayleigh wave versus depth for a Poisson’s ratio
, and (b) elliptical particle motion and direction of particle rotation.

The displacement components u and v of the surface wave are shifted in phase by .
The particle motion is therefore elliptical with a vertical component greater than the hori-
zontal component. The amplitude of both displacement components and the elliptical par-
ticle motion are shown in Fig. 1.3 as function of the depth. The displacements have been
normalized with respect to the vertical displacement component  at the surface ( )
and the depth has been normalized with respect to the Rayleigh wavelength . The
motion amplitude decreases exponentially from the surface and the penetration depth of
the surface wave is generally equated to one Rayleigh surface wavelength. At a depth

 the horizontal component changes of sign, yielding a reversal of the direc-
tion of particle rotation (see Fig. 1.3b).
A Rayleigh surface wave can also be expressed as a linear combination of a plane longitu-
dinal wave and a plane transversal wave, both incident on the free surface under imaginary
angles  and  respectively [3]. In this case the Rayleigh wave displacement can be
written as follows:

, (1.12)
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where  is the position vector,  and  are the wave numbers of longitudi-
nal and shear waves,  and  are arbitrary constants and the unit vectors  and ,

, define the directions of displacement and of propagation, respectively:

(1.13)

Since the surface at  is stress-free, the phases  of the longitudinal and
transversal modes have to match, yielding:

, (1.14)

where ,  and  are the propagation velocities of longitudinal, shear and Rayleigh
waves. To ensure exponential decay with increasing y, it is required that ,
which leads to the following equation for :

(1.15)

Application of the boundary conditions yields the ratio between  and  and the Ray-
leigh wave velocity equation. As expected this approach generates the same results as the
procedure presented previously.
All the specimens used in this work are made of steel with a Young modulus

GPa, a Poisson’s ratio  and a density kg/m3. This results in
a Rayleigh propagation velocity of m/s. The available transducers cover a fre-
quency range from MHz to MHz. This corresponds to Rayleigh wavelengths from

mm to mm, respectively. As previously mentioned the penetration depth of a Ray-
leigh wave is proportional to its wavelength. Therefore the minimum wavelength

mm gives an order of magnitude estimation for the lower limit of crack size
which can be characterized in this frequency range.

1.4 Objectives and outline of the present work

The principal topic of the present work is the development of nondestructive methods
using Rayleigh waves for future application to turbine components in service. Most of the
existing techniques (e.g. analysis of the pulse amplitude, TOF methods) are based on mea-
surements in the far field of the defect, where the reflected and transmitted surface waves
are no longer interfering with the other wave modes scattered at the crack. For the envis-
aged application to engineering components these procedures are often hampered by the
multiple reflections at the geometry discontinuities. Consequently, the nondestructive
techniques developed here have to be based on measurements in the crack near field.
These methods should be better than the existing nondestructive techniques in terms of
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sensitivity and accuracy and should not require previous calibration measurements. Fur-
thermore, the measurements should be quick in order to minimize the loss of revenue due
to downtime of the machine.
The achievement of these objectives involves (i) a detailed understanding of the scattering
of a Rayleigh wave at a surface crack, and (ii) the development of characterization tech-
niques for depth measurement. The complex diffraction phenomena occurring at a crack
are visualized by means of numerical calculations. The reliability of the simulation tool in
the defect near field is assessed by comparison with an analytical solution as well as
detailed experimental observations. This approach, applied on a standard scattering prob-
lem, allows validating specific modeling techniques and identifying parameters to be used
for the characterization of surface cracks. Different characterization methods are devel-
oped and evaluated by means of experimental data. All these results are integrated for the
quantitative nondestructive evaluation of surface cracks in engineering components.
The specimens used in the framework of this thesis are introduced in Chapter 2, with par-
ticular attention to the different types of flaws as well as the geometry of the component-
like specimens. The experimental setup developed over the years at the Center of Mechan-
ics is adapted to the present case. The essential modifications are described in detail, in
particular, the selected Rayleigh wave generation technique. The out-of-plane component
of the surface displacement field is measured with excellent repeatability and signal to
noise ratio by means of laser interferometry. This non-contacting scanning procedure
leads to a displacement field image in the crack near field with high spatial resolution.
In Chapter 3 a comprehensive analysis with analytical and numerical calculations of the
near-field scattering of a Rayleigh wave at a surface crack is presented, complemented by
detailed experimental observations. The analytical solution of the transient scattered near
field is obtained using an extension of the steady-state, exact solution proposed by Men-
delsohn et al. [67]. The geometry is implemented in a numerical code based on the finite-
difference method (FDM). The simulation results are compared with the analytical solu-
tion and the experimental data. This approach allows an evaluation of the effectiveness of
specific crack tip modeling techniques and identification of parameters for surface crack
characterization. The investigation of the scattering parameters in the near field is made
possible by a procedure that allows for the enhancement of the Rayleigh pulse and, there-
with, the separation from the other modes scattered at the defect. The evaluation is carried
out with respect to (i) the stress-field at the crack tip, (ii) the surface displacement near
field, (iii) Rayleigh wave transmission and reflection coefficients, (iv) central frequency of
power spectral density of the reflected and transmitted Rayleigh pulses, and (v) the time
delay of Rayleigh wave transmission. Good agreement is shown between measurements,
simulation and analytical results.
Chapter 4 deals with the crack characterization on the basis of parameters measured in the
scattered near field of the defect. The first procedure correlates the time delay of the trans-
mitted Rayleigh pulse with the depth of the crack. This method, called the time-of-flight
(TOF) method, has been widely used in the high-frequency range. The procedure is
extended to cracks of the same order of magnitude as the wavelength of the incident sur-
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face wave. However, this technique is limited by a threshold ratio of crack depth to wave-
length. Indeed, in the range  the acoustic surface wave passes the defect without
any significant delay. The second approach uses spectral data measured in the near field of
the defect, i.e., reflection and transmission coefficients and central frequencies, to assess
the crack depth. In contrast to the TOF procedure the frequency domain method leads use-
ful results only for the case of Rayleigh wavelengths larger than the crack depth. The last
technique, based on time reversal acoustics, makes use of the wave diffracted at the crack
tip during the scattering phase. The displacement histories are measured at the surface of
the specimen, reversed in time and used as excitation in the simulation. The constructive
interferences at the crack tip allow the determination of the crack depth. The last part of
this chapter deals with the factors affecting these crack depth measurement methods.
In Chapter 5 the methods are tested on complex geometries using the component-like
specimens. The specimen geometry is implemented in the FDM simulation algorithm by
approximation of the boundaries with a right-angled contour. This enables the visualiza-
tion of the diffraction mechanisms and the mode conversions within the specimen. The
predicted out-of-plane displacement amplitude is compared with a pointwise field mea-
surement. The comparison points out a slight amplitude increase by the transition of a sur-
face wave from a curved to a planar surface. The applicability of the extended TOF
method is investigated on the basis of simulation results before application to the real
component-like specimens for crack depth measurement.
The main outcomes of this work are summarized in Chapter 6. Finally, an outlook is given
on possible improvements of these ultrasonic nondestructive evaluation methods and fur-
ther applications, in particular to a high temperature turbine rotor.

a λ 0.8<⁄
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2 EXPERIMENTAL DETAILS

2.1 Introduction

The nondestructive methods presented within the scope of this thesis were developed pro-
gressively using diverse specimens. The first experimental evaluations were conducted on
standard steel plates with slots. The defects of constant, known depth were machined per-
pendicularly to the surface of the specimen. This geometry corresponds to the most simple
configuration of a surface defect with contactless faces. The procedures thus developed
were applied to real fatigue cracks, highlighting new difficulties such as crack closure
effects. The methods were subsequently evaluated on complex, notched samples with
machined slots before application to specimens manufactured and fatigued in such a way
as to obtain cracks similar to the defects generated at the critical position of a steam tur-
bine rotor during its service life.
Rayleigh waves are generated in the specimens by means of commercially available
angled wedges and transducers. The transducers are driven by a programmable function
generator. The frequency content of the excitation can be chosen by defining the shape of
the excitation signal. This allows the generation of transient wave pulses as well as nar-
row-band signals. The out-of-plane displacement component is measured at the surface of
the specimen as a function of time by means of a heterodyne laser interferometer. The
experimental procedure used here for the measurement of wave propagation phenomena
in structures was initially built up by Goodbread [38], who studied the mechanical proper-
ties of spongy bones using low ultrasonic frequencies. Several steps have been undertaken
within the scope of later doctoral thesis at the Center of Mechanics, to improve the setup,
in particular in projects dealing with wave propagation in diverse structures [51, 28] or
nondestructive testing using guided waves [90, 33]. In addition, many components were
replaced by a better equipment. This has made possible an improvement of the measure-
ment accuracy and an extension of the frequency range available for the excitation and the
measurements. In fact, the setup described in this thesis enables wave generation and mea-
surement for excitation frequencies up to MHz.20
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2.2 Test specimens

2.2.1 Specimens with EDM slots

The standard specimens are mm thick steel plates (St37-2) with a size of mm
or mm, as illustrated in Fig. 2.1. This steel has a module of elasticity

GPa, a Poisson’s ratio  and a density kg/m3. This yields the
following values for the wave propagation velocities: m/s, m/s and

m/s.
Slots with constant depths from mm to mm, perpendicular to the surface of the spec-
imen, were produced by electrical discharge machining (EDM) using a wire of mm
diameter. Consequently, the slots have a width mm and a semi-circular tip (see
Fig. 2.1). The distance between two slots was selected such that the Rayleigh wave scat-
tered at a slot and the transmitted part of this wave scattered at the next slot can be sepa-
rated in time. 

Fig. 2.1: Steel plate with four EDM slots (left) and semi-circular tip of a mm deep slot (right).

The actual depth of the slots was measured by means of microscopy on both sides of the
specimen. The depth was defined as the distance between the surface of the specimen and
the deepest part of the semi-circular slot tip. The measurement results, given in Table 2.1,
show a clear depth variation along the width of the plate. For instance, the mm deep slot
exhibits a maximum depth change of mm. This has to be taken into account by the
experimental validation of the characterization techniques presented in Chapter 4.

Table 2.1: Microscope measurements of the slot depths on both plate sides.

2.2.2 Fatigued steel plate

The characterization methods developed on standard steel specimens with EDM slots of
known depth were subsequently applied to a steel specimen with real fatigue cracks. This
represents a significant step in the direction of application to engineering components and
an advance in comparison to the literature results, which were mostly obtained on EDM
slots. The characterization of real surface cracks also highlighted new difficulties such as
crack closure effects.
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Max. depth [mm] 0.24 0.34 0.43 0.63 0.83 1.01 2.00 3.09 4.17
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The specimen was a mm thick plate with a size of mm. The plate was sub-
jected to high-cycle fatigue by three-points, force controlled, bending loading. The test has
been interrupted after  cycles. The cyclic loading generated four surface
cracks in the middle of the plate, denoted by  to  (see Fig. 2.2). The dimension of
the cracks on the specimen surface vary from about mm length for the main cracks (
and ) to mm length for the smaller ( ).

Fig. 2.2: Fatigue cracks on the upper surface of the fatigued specimen.

Classical ultrasound measurements were performed by Dr. J. Neuenschwander, Nonde-
structive Test Methods, EMPA, Dübendorf, Switzerland in order to have a first estimation
of the crack depths. Figure 2.3 illustrates a so-called B-scan [50] performed perpendicu-
larly to the crack C1, from the specimen rear side, using an immersion pulse echo probe
arrangement with a frequency of MHz. The horizontal direction corresponds to the
measurement line perpendicular to the defect (parallel to x-axis) and the vertical direction
represents the time axis. 

Fig. 2.3: B-scan from the rear plate side, crack C1 ( mm), MHz (Dr. J. Neuen-
schwander, Nondestructive Test Methods, EMPA, Dübendorf). Picture size corresponds to

mm µs.

The upper, horizontal lines correspond to the reflection from the specimen rear side. The
reflection is uniform and the amplitude is therefore constant along the scanning axis. The
second reflection (lower, horizontal lines) occurs at the cracked surface of the specimen.
The presence of a surface crack results in prematurely reflected waves, as can be seen in
Fig. 2.3, and in a “shadow area”. In fact, the incident wave is reflected and scattered by the
crack before reaching the damaged surface of the specimen and the front side reflection is
consequently missing at crack location.
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The crack profile is clearly observable in Fig. 2.3. The crack started perpendicularly to the
specimen surface and grew with a distinct curvature up to a depth of about mm. It has
to be pointed out here that the B-scan does not yield an accurate value for the crack depth.
However, the measurement result contains valuable information about the geometry of the
crack profile.

2.2.3 Component-like specimen

The ultimate step towards application to turbine components was the evaluation of some
of the Rayleigh wave characterization methods developed in the framework of this project
on component-like specimens. Indeed, the application of the nondestructive techniques to
these specimens is hampered by several problems characteristic to high temperature engi-
neering components, for instance complex geometry and oxidized surfaces.
The main component-like specimen is a 1%CrMoV steel, large, notched, cubic probe of
about kg ( mm). The complicated testpiece geometry, shown in Fig.
2.4, has been optimized by finite element calculations to reproduce the loading conditions
experienced in the critical location of a steam turbine rotor. The notch is asymmetric with
two different fillet radii of mm and mm, respectively. Two passing holes,
acting as thermal barrier (see Fig. 2.4 left), as well as two slots (see Fig. 2.4 right) have
been introduced in the specimen in order to obtain the required mechanical strain range in
the order of 2% at the critical locations of the notch.

Fig. 2.4: Frontal view (left) and bottom view (right) of the component-like specimen with notch,
thermal barrier holes and additional slots.

The specimen has been subjected to thermomechanical fatigue by heating and cooling the
notched face in a special furnace using a powerful heating plate in which cylindrical heat-
ing elements and pipes for a water cooling circuit are embedded. Periodic inspections
were performed using magnetic particles in order to detect the presence of cracks in the
critical locations. After  loading cycles, evidence of multiple crack initiation
appeared in the center part of the groove by radius R3. In the second tip radius R5, crack
initiation appeared at the same position after  thermal cycles. The thermomechan-
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ical fatigue test has been stopped after  cycles. Well developed cracks up to 35
mm length could be observed at the end of the test, as can be seen in Fig. 2.5.

Fig. 2.5: Magnetic particle inspection after  cycles at the critical location of the compo-
nent-like probe, radius R5 and R3.

The part of the probe containing the cracks has been extracted by electrical discharge
machining, allowing an easier handling of the probe for the ultrasonic measurements. Due
to the presence of multiple cracks in fillet radius R5 the ultrasonic experiments have been
restricted to radius R3. Finally, the extracted probe has been cut into 9 slices for optical
crack size evaluation and metallographical analysis.

Fig. 2.6: Dummy block with EDM slots of mm on both fillet radii (left) and detailed geometry of
the notch (right).

Preliminary ultrasonic measurements have been performed using dummy blocks similar to
the part extracted from the main specimen, but without passing holes (see Fig. 2.6). The
1%CrMoV steel specimens with a size of mm contain the same notch as the
component-like probe. One specimen has been left undamaged to investigate the scatter-
ing at the complex notch. EDM slots with depths of mm to mm were machined normal
to the surface in the notch radii of the dummy blocks to simulate the presence of cracks.

2.3 Wave propagation measurements

2.3.1 Rayleigh wave generation

Surface waves can be generated through a variety of different techniques [77]. A longitu-
dinal or shear wave transducer can simply be placed on the surface of a specimen, generat-
ing Rayleigh waves at the edges. The most widely employed method is the so-called
wedge technique, which is based on the conversion of longitudinal waves into surface
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modes. This method, described in detail later in this section, excites essentially just one
Rayleigh wave propagating in one direction, the level of the excited bulk waves lying
about 30dB lower. An other possibility is the use of a Sokolinskii comb device [95]. This
comblike structure consists of a plate with alternating teeth and grooves, in which the
groove spacing has been chosen equal to the Rayleigh wavelength in the specimen. A
transducer is attached to the flat side of the comb, while the other side is bonded to the
specimen. This excitation technique has an excellent spectral purity and low harmonic dis-
tortion and is therefore often used in the investigation of nonlinear propagation phenom-
ena [47]. Non-contact methods, having the advantage of being couplant-free, are
becoming more common. For example, Rayleigh waves can be generated using electro-
magnetic acoustic transducers (EMATs) [29]. However, the wave amplitudes excited by
EMATs are often judged too small. Optical generation of surface acoustic waves using a
pulsed laser source is an other non-contacting technique [24]. The excitation using a
broadband laser pulse allows the generation of short-duration surface acoustic pulses.
The wedge technique was selected for the work within the scope of this project for the fol-
lowing reasons:
• It is the most widely employed method. Consequently, there is a large choice of com-

mercially available wedges and transducers designed for Rayleigh wave generation.
• The same wedge can be used for transducers with different frequencies.
• Both narrow-band signals and short-time pulses can be excited.
• In comparison with the other techniques allowing the generation of narrow-band sur-

face waves the wedge method produces the largest displacements [47].
• The propagation direction of the Rayleigh wave is known and the energy is concen-

trated in a zone characterized by the angle of divergence of the sound beam.

Fig. 2.7: Transducer and Plexiglas wedge used for Rayleigh wave generation.

Figures 2.8 and 2.7 illustrate the wedge technique used in the experiments for Rayleigh
wave generation. A contact transducer is acoustically coupled with the sloping surface of a
wedge and emits a plane longitudinal wave which impinges at an angle  to the bound-
ary of sample and wedge. The acoustical couplant between the wedge and the specimen is
selected so that transverse slip may occur at the interface. The impact of the coupling and
of the vertical force on the generated sound field are addressed in Appendix A.1.

θR
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Fig. 2.8: Sketch of Rayleigh wave generation using a wedge technique.

Snell’s law applied to this case states that  [50], so that the angle
of incidence of the longitudinal wave is given as follows:

, (2.1)

where  is the velocity of longitudinal waves in the wedge material and  the surface
wave velocity in the sample to be investigated. The angle of incidence is just a function of
the sound velocities in both materials. Consequently, only one angle is required for all fre-
quencies. Note that  must be less than  in order for this technique to work. For this
reason the wedge is usually made of a plastic material (here Plexiglas with

).
The behavior of the amplitude curve of the Rayleigh wave propagating in front of the
Plexiglas wedge is strongly dependent on the center frequency , the number of cycles

 and the transducer diameter  [50]. This topic is discussed more in detail in Appendix
A.1. For large distances  from the transducer the sound pressure decreases as 
for Rayleigh waves, due to the divergence of the wave beam emitted by the source. Ray-
leigh waves are less attenuated than bulk waves ( ), since they do not penetrate
into the depth of the material. Other attenuation factors affecting the pressure field of a
surface wave are absorption and scattering of acoustic energy, which are strongly depen-
dent on material, excitation frequency and surface roughness.
The measurements of the displacement field are usually performed on the mid-line in front
of the wedge in order to satisfy the plain strain assumption made in both analytical and
numerical models. The validity of this assumption is discussed in Appendix A.1.
As mentioned before all measurements are performed using commercially available, Pan-
ametrics, ultrasonic transducers and wedges. The transducers with part number, frequency,
diameter and corresponding wedge are listed in the following table.

Table 2.2: Transducer part numbers with corresponding frequency, Rayleigh wavelength, diameter
and wedge.

Part number A414S A407S A408S A542S A546S A543S A544S

Frequency [MHz] 0.5 1 2.25 2.25 3.5 5 10

Rayleigh wavelength [mm] 6 3 1.33 1.33 0.86 0.6 0.3

Diameter [mm] 25 6.3

Wedge part number ABWSL-3-90° ABWML-4T(S)-90°

P-wave

Rayleigh-wave
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Transducer
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2.3.2 Excitation signal

A sinusoid with frequency  multiplied by a Hanning window is chosen as excitation sig-
nal, according to the following equation:

, (2.2)

where  is the signum function and  the number of cycles within the Hanning
window. The shape of a typical excitation signal and the corresponding Fourier spectrum
magnitude, with the energy concentrated around the center frequency , are shown in
Fig. 2.9.

Fig. 2.9: Typical excitation signal (a) and Fourier spectrum amplitude (b), center frequency
MHz, .

The center frequency  is defined by the frequency of the transducer to be driven. The
bandwidth  of the spectrum depends on the number of cycles  and the frequency .
Defining  as the width of the main lobe, one can write [18]:

. (2.3)

The number of cycles within the Hanning window is chosen to obtain either a narrow-
band signal for investigations in frequency domain and comparison with harmonic solu-
tions ( ), or a short-time pulse with a wider frequency spectrum for
evaluations in time-domain ( ).

2.3.3 Experimental setup

The displacement amplitude is measured by laser interferometry. The measurements are
performed on an optical table installed in the laboratory to dampen out vibrations trans-
mitted by the building. However, the measurements are performed in a frequency range
(MHz) within which this precaution is actually not necessary.
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Fig. 2.10: Schematic representation of the experimental setup.

The experimental setup is shown in Fig. 2.10. It consists of modular components con-
trolled using the software LabView (National Instruments). The central computer commu-
nicates with the electronic devices via the IEEE 488 (GPIB) interface. The generation of
Rayleigh waves using a standard wedge technique as well as the excitation signal have
been described in the previous sections. The other steps of the experimental procedure are
explained in detail below:
• The excitation signal (section 2.3.2) is defined in the computer and generated as a volt-

age signal in a programmable function generator (Stanford Research Systems DRS
345) at a repetition rate which can be defined by the user. The function generator also
generates a trigger pulse.

• The output signal from the function generator is transferred to the amplifier (Amplifier
Research 150A100B) and amplified by a factor of about 500 (54dB).

• The output voltage is used to drive the transducer, generating a Rayleigh wave in the
specimen to be investigated (section 2.3.1).

• A heterodyne laser interferometer (Polytec OFV 303) is used for single point measure-
ment of the out-of-plane surface displacement. The measurement spot of the laser
beam has a diameter below 50µm. This allows a point-wise measurement of the scat-
tered field. The demodulator (Polytec OFV 3001) output is a voltage signal propor-
tional to the out-of-plane displacement of the surface at the measurement point.

• The voltage signal is bandpass filtered (Krohn-Hite 3945) around the center frequency.
• The filter output signal is then averaged in a digital storage oscilloscope (LeCroy

WaveRunner 6030) triggered by the function generator.
• The measured time series is transferred to the personal computer for further analysis.
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• The sequence is repeated for each point of the measurement grid by moving the laser
head or the sample by means of a positioning system.

The measurement sequence is made automatically using a LabView program. Frequency,
number of cycles and repetition rate of the excitation signal as well as the grid parameters
can be selected by the user. The duration of the out-of-plane displacement measurement at
one single point ranges between 5 seconds and 15 seconds, depending on (i) the repetition
rate of the excitation signal, (ii) the number of averages taken by the oscilloscope, and (iii)
the time required for the averaged, measured displacement signal to be transferred to the
computer.
The scattered field on steel plates with EDM slots or fatigue cracks was measured by mov-
ing the interferometer head parallel to the plate by means of a positioning system (Aero-
tech Unidex 12). The measurements were mostly conducted on a line perpendicular to the
crack length direction, as depicted in Fig. 2.10. For a detailed measurement of the near-
field scattering process, the spatial resolution and the step size are typically 30 times
smaller than the wavelength  of the Rayleigh wave. A Cartesian grid was used for the
measurement and visualization of the scattered field at small surface cracks (section
3.5.1). Measurements on a narrowly spaced two-dimensional grid can take up to several
hours and were therefore often run over night. Although such measurements enable the
detection of small, partially closed fatigue cracks, two-dimensional measurements are too
time-consuming for industrial applications for nondestructive testing purposes.

Fig. 2.11: Rayleigh wave generation and measurement on a notched specimen: sketch (left) and
picture (right).

For the three-dimensional, notched, component-like probes, the Rayleigh wave measure-
ments are performed after extraction of the part containing the cracks. The resulting steel
block has a geometry similar to that of the dummy blocks. A reflective coating is applied
to the measurement area in order to improve the reflectivity of the oxidized surface.
The measurement of the scattered displacement field is performed on a measurement line
s perpendicular to the crack, as shown in Fig. 2.11 (left). The coordinate s is situated in the
plane  (defined by the centerline of the Plexiglas wedge) and follows the notched
surface of the specimen. The out-of-plane displacement component is measured by mov-
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ing and rotating the specimen by means of a four axes positioning system (Newport
Motion Controller MM 4000, 3 translational axes and 1 rotational axis) as illustrated in
Fig. 2.12. The measurement is made automatically by means of a LabView program. The
fillet radius, the step size and further geometrical parameters can be selected by the user.
This allows a pointwise measurement along the s coordinate by keeping constant the dis-
tance between the interferometer head and the point of measurement. It is thus not neces-
sary to refocus the laser beam during the measurement process. Due to the notch geometry
the out-of-plane displacement component cannot be measured at the transition between
the notch side and the mm fillet radius ( , see Fig. 2.6 (right)).

Fig. 2.12: Four axes positioning system and clamped, notched specimen.

3 s 8.94 9.40,[ ]∈
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3 SCATTERING AT A SURFACE CRACK

3.1 Geometry of the scattering problem

The geometry of the two-dimensional scattering problem is shown in Fig. 3.1. The crack
of depth a is normal to the surface of a homogeneous, isotropic, linearly elastic half-space.
The crack faces are assumed to be traction-free and have no interaction. The Cartesian
coordinate system has its origin at the mouth of the crack and the crack tip is located at

. Plane strain deformation is assumed.

Fig. 3.1: Incident Rayleigh wave Ri at a surface crack of depth a.

The incident surface wave Ri propagates in the positive x-direction and generates surface
tractions on the faces of the crack. To satisfy the stress-free boundary conditions

(3.1)

scattered waves must occur. An exact, analytical solution of the scattered field proposed
by Mendelsohn et al. [67] is presented in the next section. When the specimens under
investigation have complex geometries, numerical methods represent the only viable
approach for understanding the multiple reflections and diffractions of the ultrasonic
waves. Consequently, in section 3.3 the scattering problem is implemented in a second-
order finite difference scheme and the code accuracy is discussed on the basis of analytical
and experimental results. Finally, the investigated scattering parameters are measured and
compared with the calculation results. This approach allows for the validation of the FDM
model which will be used for analyzing the scattering in specimens with complex geome-
try and for the development of inversion schemes for crack sizing.
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3.2 Analytical solution

3.2.1 Introduction

The elastodynamic scattering problem of an ultrasonic Rayleigh wave at a surface crack
has been investigated analytically by many authors. Achenbach et al. [3] presented a ray
theory approach to the scattering problem, valid in the high-frequency range. They inves-
tigated the basic diffraction mechanisms at the mouth and the tip of the crack separately on
the basis of elastodynamic ray theory. Kundu and Mal [53] studied the interaction of time-
harmonic elastic waves with an edge crack in a plate, using an asymptotic theory of dif-
fraction to calculate the high-frequency diffracted wave field on the plate surface. Tuan
and Li [93] and Simons [85] investigated the problem of reflection and transmission of
Rayleigh waves at surface grooves using boundary perturbation techniques. Zhang and
Achenbach [101] applied the boundary integral equation method to the scattering of a
Rayleigh wave by a surface crack. The method is based on the Betti-Rayleigh reciprocity
theorem for time-harmonic elastic fields. This theorem can be used to express the scat-
tered field in terms of an integral over the surface of the crack. An exact solution for the
scattering of a time-harmonic elastic wave at a surface crack has been obtained by Men-
delsohn et al. [67]. The scattering problem was reduced to singular equations and the
exact, analytical representation of the displacement field is obtained for an arbitrary fre-
quency in the form of finite integrals, which can be solved numerically. 
In this section the scattering of a Rayleigh wave at a surface crack is investigated analyti-
cally using the solution of Mendelsohn et al. [67]. The displacement and stress fields are
investigated for a time-harmonic excitation, with a particular attention to the numerical
problems emerging from the evaluation of the stress field in the crack plane . The
analytical solution of the transient scattering of a Rayleigh wave at a surface crack is sub-
sequently obtained for any excitation signal by development of the analytical solution in
the time domain.

3.2.2 Scattered displacement field

In this section it is assumed that a time-harmonic Rayleigh wave is incident upon the
crack. Following the work of Mendelsohn et al. [67], the scattered field in the half plane is
decomposed into a symmetric and an anti-symmetric field relative to the plane .
The symmetric and anti-symmetric fields are then determined from the solution of two
independent mixed boundary value problems for the quarter plane .
The symmetric problem is defined by the following boundary conditions at :

(3.2)

and the anti-symmetric problem is defined by the boundary conditions at :

x 0=
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(3.3)

where  and  are the stress of the incident surface wave at  (see Eq.
(1.8)) if the harmonic term  is omitted. The boundary conditions on the half-
space surface  are for both symmetric and anti-symmetric fields:

. (3.4)

Suitable solution to the equations of motion in the quarter plane  can be
obtained in the form of Fourier transforms [59]. The displacements are given here explic-
itly for the symmetric problem:

(3.5)

where  and  are the wave numbers of longitudinal and transversal waves, respectively,
 and  are given by:

(3.6)

and A, B, C, and D are functions of the transform variable . The choice of the branches
for  and  ensures the existence of the integrals in equation (3.5) and the requirement
of outgoing waves.
Application of the boundary conditions to the suitable solutions of the equation of motion,
definition of D as a function of a new variable s running over the crack depth (see Fig.
3.1):

, (3.7)

and evaluation of the following inner integral by means of Fourier representations of gen-
eralized functions:
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, (3.8)

yields the following singular equation for the symmetric field:

, (3.9)

where the following dimensionless variables have been used:

. (3.10)

The constant  is a function of the material parameters whereas the function  is
defined by an integral of the dimensionless transform variable . The singular
equation is solved numerically using a collocation scheme. This leads discrete values for
the function  in the interval . The same procedure is applied for the calcula-
tion of the anti-symmetric field yielding discrete values for a function  of the running
variable S [4]. The exact representation of the components of the symmetric and anti-sym-
metric fields are in the form of double integrals of the variables  and S. The symmetric
displacement components are given in the following equations:

(3.11)

where the following variables have been used:

, (3.12)

and  and , , are known functions. The total dis-
placement field in the quarter plane  is obtained by addition of the incident
field (Eq. (1.7)) and both symmetric and anti-symmetric fields. The corresponding dis-
placement for an observation point located in the quarter plane  is obtained by
the following replacements:

(3.13)
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3.2.3 Scattered stress field

The relevant stress fields ,  and  are calculated analytically in terms of dis-
placement derivatives using the kinematic relations and Hooke’s law. The total steady
state stress field can be written in a similar way as the displacement field in Eq. (3.11).
The derivative of the displacement solutions with respect to X or Y generates new terms of
a higher order in  (chain rule). On the crack plane  the exponential functions of
the variable X degenerate to unity. The resulting equation for the stress component

 of the symmetric stress field is given here as example:

(3.14)

where  and  are known functions containing terms of  as .
Consequently, the second integral in Eq. (3.14) does not converge. The numerical solution
of the integral is a function of the upper integration limit  oscillating around the
exact value. Following the procedure applied by Mendelsohn et al. [67] by the calculation
of the scattered displacement field the first term of the asymptotic expansion for large  of
the integrand is subtracted, so that the integral converges, and subsequently evaluated by
means of the following Fourier representations of generalized functions:

(3.15)

where  is the delta function. This yields the following equation for the normal stress
component :

(3.16)

where the constant  is the first term of the asymptotic expansion of the function
 for . Following the same procedure for all non-zero stress compo-

nents, the solution of the stress field can be evaluated numerically on the crack plane for
 . For  the Fourier representations have a singularity at  and

therefore the integral over S does not converge.
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3.2.4 Numerical integration

The calculation of the displacement fields and the stress fields requires the numerical inte-
gration of one-dimensional functions of the variable  as well as two-dimensional func-
tions of the variables  and . The integrals are evaluated using a standard Gauss-
Legendre quadrature. For two-dimensional integrals the procedure followed is as in the
analytical evaluation of multi-dimensional integrals: the innermost integral is evaluated
successively [10]. This can be written as

, (3.17)

where  and  are the integration weights and ,  the sampling points for one-
dimensional integration.
The integral kernels have poles at  for ,  and . Consequently, the
integration contour proposed by Achenbach et al. [4] is applied in the complex  plane.
This contour avoids the real axis in the vicinity of the poles. The upper integration limit

 is chosen on the basis of convergence properties of the numerical integration. For a
given relative error the upper integration limit can be approximated analytically by a
detailed analysis of the integral kernels. For example, for  and  all field com-
ponents exhibit an exponential decay. For large values of  the variables  and  given
by (3.12) converge to . Consequently, the critical integrands decrease exponentially with
the function:

. (3.18)

The relative error  resulting from the integration of the function  from  up
to , instead of , is given by:

. (3.19)

The upper integration limit  can therefore be expressed as a function of the maxi-
mum admissible relative error :

, (3.20)

where  is the wavelength of longitudinal waves and  and  are the physical coordi-
nates. For a constant relative error the upper integration limit is therefore chosen as a func-
tion of the frequency (wavelength) and the position. Calculation of the scattered field in
the vicinity of the crack requires a large upper limit . It has to be pointed out that the
integration limit given in Eq. (3.20) ensures a relative error  by the numerical integra-
tion of the function . However, the kernels of the field integrals are more compli-
cated functions and  is only an order of magnitude of the upper integration limit.
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The numerical sampling is an other important parameter to be considered by the numerical
integration. As can be seen in Eq. (3.11) the kernels of the field integrals have trigonomet-
ric parts of the form:

. (3.21)

The multiplication of two trigonometric functions can be formulated as a sum of trigono-
metric functions. Consequently, the products in Eq. (3.21) can be expressed as the sum of
two trigonometric functions with periods  and ,
respectively. One can write the minimum period of all the trigonometric functions in Eq.
(3.21) as:

. (3.22)

By the integration of a trigonometric function using a Gauss-Legendre quadrature numeri-
cal calculations show that a mean sampling interval  results in a relative
error of about 0.8% whereas  yields a relative error smaller than 0.001%.
The mean sampling interval can therefore be calculated as function of the frequency, crack
depth and position. Assuming the worst case for the running variable ( ) the sam-
pling interval can be expressed as:

. (3.23)

The required sampling interval is proportional to the wavelength but inversely propor-
tional to the physical coordinates. Consequently, the calculation of the scattered fields far
from the defect requires a high sampling rate of the integral kernels in order to obtain an
accurate calculation.

3.2.5 Transient scattering solution

The steady-state analytical solutions of the scattered displacement and stress fields can be
extended to the time domain for any transient excitation signal . To this end, the signal

 is sampled at regularly spaced times separated by a time increment  to obtain a
discrete, real signal  with N values:

. (3.24)

The complex Fourier coefficients  of the discrete time series, defined as:

, (3.25)
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are computed using a Fast Fourier Transform algorithm (FFT). The resulting frequency
interval is , where  is the duration of the excitation signal. A
typical excitation signal and the corresponding amplitude spectrum obtained by FFT are
illustrated in Fig. 3.2.

Fig. 3.2: Excitation signal with center frequency MHz and  (a) and corresponding
amplitude spectrum |Xk| obtained by FFT (b).

The second peak by MHz in the amplitude spectrum (see Fig. 3.2b) is a conse-
quence of the sampling of the excitation signal, which generates a periodic spectrum with
period  consisting of N samples. The second part of the spectrum could be shifted by

 to obtain an amplitude spectrum symmetric relative to  ( MHz). Indeed,
 being a real function, the Fourier coefficients  and  are complex conjugated [35]

and have the same modulus. This means that the real part of the discrete transform
 is an even function and the imaginary part  is an odd func-

tion.
The steady state fields have to be evaluated at any observation point for every discrete fre-
quency :

. (3.26)

This generates a series of complex coefficients for each displacement or stress component.
For instance, the discrete coefficients for the horizontal displacement component can be
written as:

, (3.27)

where ,  and  are the complex values of the incident, symmetric and anti-sym-
metric horizontal displacement field at frequency . The transient, discrete solution of the
horizontal displacement component  at any observation point is synthesized by multi-
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plication of the amplitude spectrum  with the corresponding complex coefficient 
and inverse Fourier transform:

. (3.28)

The discrete time series  has to be real. Consequently  is even and
 is odd. A discrete Fourier spectrum  with an even real part and an odd

imaginary part fulfills the following equation (see Appendix A.2):

, (3.29)

where

. (3.30)

The frequency interval to be considered for the calculation of the displacement and stress
components can therefore be reduced to . It can be further reduced by trun-
cation of the discrete Fourier spectrum with a rectangular function, as shown in Fig. 3.3. 

Fig. 3.3: Amplitude spectrum |Xk| for a sinusoid in a Hanning window (center frequency
MHz, ) and rectangular windowing function.

Considering this new frequency interval the discrete time series  can be written as:

, (3.31)
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, (3.32)

and the error terms are

, (3.33)

. (3.34)

The transient fields are therefore evaluated on the basis of Eq. (3.31) and Eq. (3.32). This
reduction of the frequency range from  to  yields a drastic
reduction of the computing time. For the problem under consideration ( ) the
evaluation of the error terms is not desired since it would require the calculation of the
field coefficients (here ) for the half frequency domain. However, the error can be esti-
mated by evaluation of the error terms for the reconstruction of the excitation signal  by
inverse Fourier transform of the frequency spectrum .

3.3 Second-order finite difference simulation

3.3.1 Introduction

Numerical modeling schemes commonly used for simulating the interaction of acoustic
surface waves with discontinuities include semi-analytical techniques like the boundary
element method (BEM), which is based upon an elastodynamic version of Huygen’s prin-
ciple [71]. In the boundary element method the wave field in an elastic medium is written
as the superposition of the radiations from sources located on the interface of the model by
means of Green functions. Zhang and Achenbach [101] investigated the scattering of
time-harmonic Rayleigh waves at a surface crack using BEM. Hévin et al. [44] proposed a
model based on the boundary element method for the calculation of the three-dimensional
seismic response of two-dimensional structures.
Purely numerical methods are mostly grid-based techniques, where the specimen is dis-
cretized into a dense grid of nodes and the appropriate equations and boundary conditions
are fulfilled for each cell of the grid. Among them the elastodynamic finite integration
technique (EFIT), which consists in discretizing the appropriate differential equations by
an integration over a certain control volume or integration cell [31]. For isotropic, homo-
geneous media the resulting EFIT equations are similar to the equations obtained using the
finite difference method [30]. Ultrasonic wave propagation and scattering can also be sim-
ulated using a model called mass spring lattice model (MSLM), where the material is
modeled as lumped mass particles connected by springs [99, 100]. Sohn and Krish-
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naswamy used a hybrid model based on MSLM for elastic wave propagation combined
with a finite difference formulation of the boundary conditions to simulate the interaction
of laser-generated ultrasonic Rayleigh waves with a surface-breaking flaw [88]. However,
the numerical schemes most widely applied to geophysical problems as well as elastic
wave propagation and scattering are the finite element method (FEM) and the finite differ-
ence method (FDM).
In the finite element method, described by Bathe [10], the basic laws of mechanics are
solved numerically using the variational principle to minimize the corresponding energy
function. This numerical scheme was initially developed for the numerical analysis of
problems in structural analysis. Today, the FEM is commonly used for the modeling of
wave propagation phenomena and for the study of ultrasonic nondestructive testing sys-
tems [58]. Alleyne and Cawley [9] investigated the interaction of lamb waves with defects
using finite element analysis. Recently, the interaction of Rayleigh waves with surface-
breaking cracks has been studied by Hassan and Veronesi [43] using a three-dimensional
finite element model.
Finite difference methods discretize the appropriate differential equations on a grid. They
replace spatial and temporal derivatives with finite difference operators generally calcu-
lated using Taylor expansion. FDM has been introduced in electromagnetism, by Yee [98],
for the discretization of the differential form of Maxwell’s equations. The algorithm was
first applied to elastic waves in seismology. Madariaga [60] adapted Yee’s algorithm to the
elastic equations for an homogeneous, isotropic material in a two-dimensional space, allo-
cating the velocity and stress-components on a staggered grid. Virieux [96] applied this
so-called velocity-stress finite-difference method to geophysical problems such as longitu-
dinal and transversal wave propagation in heterogeneous media. The interaction of acous-
tic surface waves with discontinuities was studied by Bond [12], Saffari and Bond [79].
Fuyuki and Matsumoto [34] dealt with reflection and transmission coefficients at a trench
with variable width. The scattering at a surface crack was investigated using FDM by
Hirao et al. [45], Scandrett and Achenbach [81], and Harker [42]. Wu et al. [97] studied
the transient diffracted wave field in a plate containing a normal surface crack using a
finite difference formulation with staggered grid.
FEM and FDM have both advantages and disadvantages for the simulation of acoustic
phenomena [40]. McCarthy and Georgiou [66] investigated the use of the explicit dynam-
ics FEM program, ABAQUS/Explicit, for modeling ultrasonic surface wave propagation
and scattering, and compared their results with those from corresponding FDM models.
The study indicated that both numerical schemes are reliable for modeling ultrasonic wave
propagation and scattering. The main advantages of the FEM model were the straightfor-
ward process for the creation of new or complex geometries as well as the variety of dif-
ferent material models included in the FEM software. However, an FEM analysis has
much higher computational cost than a FDM program. Furthermore, the source code of
the commercial FEM software is unavailable and the control over the algorithms used in
the modeling is therefore limited.
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A finite difference algorithm has been used throughout this thesis. This allows for an easy
meshing of the two-dimensional scattering problem investigated in this section and
reduces the computational costs. Full control over the finite difference code enables the
implementation and the evaluation of different crack tip modeling techniques. Addition-
ally, in the last few years, a significant know-how has been developed at the Center of
Mechanics in the field of FDM for the numerical simulation of wave propagation phenom-
ena.

3.3.2 Two-dimensional FDM code

Assuming plane strain wave propagation and no external body forces, the equations of
momentum conservation and the stress-strain relations for an isotropic, linear elastic
medium reduce to two equations of motion:

(3.35)

and four relations between stress and displacement components:

(3.36)

where  denotes the mass density,  and  the Lamé constants and t the time. The stress-
strain relation for the normal stress component  does not affect the displacements in
the x-y plane and is currently left aside.
Second-order central differences are used to discretize the remaining equations on a Carte-
sian, staggered grid shown in Fig. 3.4. This type of grid, first proposed by Madariaga [60],
has the useful property to minimize the number of variables per grid cell. The displace-
ments  and , the normal stress components  and  and the shear stress compo-
nent  are located at different nodes. With this type of grid all first derivatives with
respect to x and y can be approximated by central differences from neighboring points half
a grid step apart with a second order truncation error.
The second derivatives with respect to the time t are replaced with second-order central
differences as well. The resulting discrete equations for the inner region of the sample read
as follows:

(3.37)
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(3.38)

The index n denotes the time step ( ) and the indices i and j the x- and y-position on the
grid (with grid size  and , respectively).

Fig. 3.4: Allocation of the displacement and stress components on a two-dimensional, Cartesian,
staggered grid.

As the finite-difference code approximates derivatives using Taylor polynomials, inaccu-
racies occur. The usual criteria [91, 31] must be satisfied in order to obtain an accurate and
stable simulation. The numerical errors can be split into phase errors and amplitude errors
[55]. The first kind of error affects the velocity of propagation of the numerical wave and
is therefore called numerical dispersion. It can be reduced to an acceptable level by a high
spatial sampling of the shortest wavelength. The impact of the discretization on the FDM
simulation of the scattering at a surface crack is discussed further below in section 3.4.5.
The amplitude error yields an exponential growth of the numerical wave with time-step
number n and the numerical algorithm is said unstable. The critical value is the maximum
size of the time increment . For the two-dimensional grid used here the bound is
defined as:

, (3.39)

where  is the maximum wave velocity in the medium.
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3.3.3 Boundary conditions

In the simulation the half-space considered in the scattering problem introduced in section
3.1 is reduced to a rectangle. The dimensions of the rectangle are defined in function of
the specimen geometry. For example, by a comparison with analytical results (surface
crack in a half-space) the grid has to be selected large enough to achieve a time separation
of the ultrasonic field scattered at the surface crack and the reflections from the bound-
aries. On the other hand the simulation of the ultrasonic scattering in a plate is performed
using a rectangular grid with a height corresponding to the specimen thickness. In all cases
the grid boundaries are assumed to be stress-free.

Fig. 3.5: Allocation of the displacement and stress components on the upper, stress-free surface.
The fictitious layer for the normal stress σyy is represented by open, dashed points.

The layers with the shear stress component  are selected to define both horizontal and
vertical structural boundaries. Consequently,  can directly be set to zero at the bound-
aries. A fictitious layer [42] is introduced next to the surface outside the structure for the
normal stress component relevant for fulfilment of the boundary conditions (  in Fig.
3.5). The values of the pseudonodes of the fictitious layers are assigned by linear interpo-
lation to get a boundary value of zero. Consequently, the value of the relevant normal
stress component at the artificial grid points must be the negative of the component half a
grid step inside the specimen. This yields the following discrete boundary conditions for
the upper surface illustrated in Fig. 3.5:

(3.40)

Using a staggered grid, one could also choose the layers with the normal stress compo-
nents  and  to define the boundaries. However, in the present case, the current
choice is more appropriate for these reasons:
• The definition of the boundaries along the normal stress layers would require the intro-

duction of two components in the fictitious layer: a shear stress component and a dis-
placement component (u for vertical boundaries and v for horizontal boundaries).
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the shear stress half a grid step inside the specimen, the calculation of the displace-
ment component half a grid step outside the surface would be more complicated.
Indeed, the fictitious displacement components should be extracted from the equation
of the corresponding, vanishing normal stress (see Eq. (3.38)).

• With the present arrangement the displacement components v and u are located on the
horizontal and the vertical boundaries, respectively. This allows for a direct compari-
son with the experiments, where the measurement on the surfaces of the specimens is
limited to the out-of-plane displacement component.

3.3.4 Implementation of the surface defect

The scattering of ultrasonic waves at a surface crack using FDM has been most frequently
investigated by implementing a slot with a flat end [12, 88]. However, Harker [42] and
Hirao et al. [45] implemented a crack with infinitely small width using a standard grid by
treating the crack as two coincident planes, each with zero stress boundary conditions.
This required the introduction of fictitious layers between the crack faces. Recently Pörtz-
gen et al. [75] presented a simple approach for the modeling of complex shaped cracks
using a velocity-stress staggered grid. The defect was implemented by setting the velocity
to zero and short density taper of a few grid points to apply a free boundary condition.

Fig. 3.6: Discretization in the vicinity of the crack tip: (a) slot with a width of 2∆x; (b) crack with
an infinitely small width.

In this thesis two different grid configurations have been used to simulate the scattering at
an open, vertical surface flaw with traction-free surfaces [63]. In the first one the crack is
approximated by a slot with a flat end and a width of  and the stress-free boundary
conditions at the surfaces of the defect are fulfilled by the introduction of pseudonodes for
the corresponding normal stress component, as shown in Fig. 3.6a.
In the second grid configuration the crack is implemented with a zero small width (see
Fig. 3.6b). The crack faces are traction-free and have no interaction so that the correspond-
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ing displacement  has to be split into a left component  and a right component . The
displacement components are evaluated using the discrete equilibrium condition in x-
direction (3.37) and considering the boundary conditions on the crack faces, yielding the
following equations:

(3.41)

where  and n represents the time step. Hirao et al. [45] implemented a crack
with infinitely small width using a standard grid and assuming  at the
crack tip. In the present work the use of a staggered grid leads to a vertical mismatch of

 between normal stress and shear stress, as can be seen in Fig. 3.6b. The shear stress
 is therefore evaluated at the crack tip where the stress field is singular. Two

alternatives are proposed for the calculation of the shear stress component at the crack tip.
In the first one, denoted by crack model type 1, the shear stress is assumed to be zero at the
crack tip. The displacement components  and  at  are calculated using Eq.
(3.41). This leads to a transition interval  beyond the crack tip where
transverse slip can occur ( ). In the second crack model, termed here crack model
type 2, the shear stress at the crack tip is calculated on the basis of the displacement near
field as described by the following equation, discretized according to Fig. 3.6b:

(3.42)

This results in a transition region in the interval  with vanishing normal
stress  and shear stress described by Eq. (3.42). The non-vanishing shear stress at the
tip of the crack has to be incorporated in the equilibrium condition in x-direction. There-
fore the term 

(3.43)

has to be added to Eq. (3.41) for the evaluation of the displacement components  and 
at .
In summary, three different crack models have been implemented: the “infinitesimal” slot
model, the crack model type 1 with vanishing shear stress at the crack tip, and the crack
model type 2 where the shear stress at the crack tip is evaluated as a function of the dis-
placement near field. Comparison of FDM calculations with analytical solutions and
experimental results will allow evaluation of each modeling approach.
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3.3.5 Excitation

Different methods can be used for the generation of the incident Rayleigh wave in the
FDM code. The implementation of a Plexiglas block acoustically coupled with the surface
of the specimen yields an excitation very similar to the experiments. However, this
requires a larger grid, since the Plexiglas has to be discretized as well, and the correct
implementation of the transition conditions between the two media. One can also initiate
the surface displacement field on the left boundary of the rectangular grid. In that case the
displacement components have to be computed using the Rayleigh displacement profile
defined in Eq. (1.7), modulated with the desired time function. This procedure stipulates
the implementation of the initial conditions on the left boundary in the N initial time steps,
where N is the length of the selected time series.
An other procedure described by Munasinghe and Farnell [69] is used here. The initial
conditions are defined by imposing the whole displacement field in the two initial time
steps. A sinusoid in a Hanning window with center frequency  and nc cycles is selected
as excitation signal. The frequency spectrum is computed using FFT as shown previously
in Fig. 3.2. Since the surface wave propagation is nondispersive the wave number spec-
trum  and frequency spectrum  are similar with . The wave num-
ber spectrum  is hence multiplied by the corresponding surface wave displacement
field  at every grid point (see Eq. (1.7)) and the displacement field is synthe-
sized using inverse Fourier transform to evaluate numerically

(3.44)

for the two initial time steps . The details of the numerical evaluation have been
discussed previously in section 3.2.5. Since the displacement amplitude decays rapidly
with depth below the surface as well as with distance from its center measured parallel to
the surface, the excitation area is symmetrically truncated to a convenient size of about

 wide by  deep (see Fig. 3.7).

Fig. 3.7: Horizontal (a) and vertical (b) displacement amplitudes at the initial time step, evaluated
in the rectangular area demarcated by a dashed line, MHz, . The specimen is a

mm thick plate with a mm deep surface crack at .
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This procedure allows for the generation of the incident Rayleigh pulse at any position on
the traction-free specimen surface. For the scattering problem investigated in this chapter
the incident wave is implemented in the vicinity of the surface crack, minimizing the com-
putational time. The resulting displacement field components u and v are illustrated in Fig.
3.7 for a mm thick steel plate with a mm deep crack at . The selected excita-
tion signal is a sinusoid in a Hanning window with four cycles and a center frequency

MHz, corresponding to a Rayleigh wavelength in steel of mm.
The results presented here were calculated using a narrowband excitation signal. How-
ever, the finite-difference code is appropriate for any broadband pulse as long as the spa-
tial sampling is chosen as a function of the smallest Rayleigh wavelength corresponding to
the maximum frequency present in the spectrum. This minimizes the effect of numerical
dispersion and thus avoids a distortion of the propagating pulse.

3.3.6 Description of the scattering process

The development of procedures aiming to solve the inverse problem and therewith obtain
information about crack position and crack geometry requires the comprehension of the
scattering process occurring in the specimen. Additionally, it facilitates the interpretation
of the measurements, where the data obtained are restricted to the surfaces of the speci-
men.
The description of the scattering at a surface crack requires the distinction of two cases as
function of the ratio  of crack depth to Rayleigh wavelength. The two regions are
bounded at , although the boundary is not clearly defined. In the case of a deep
crack or high-frequency waves the mouth and the tip of the crack introduce a set of dis-
crete discontinuities which the transmitted Rayleigh wave must get beyond. Both mouth
and tip of the crack act as centers of diffraction and the reflections, transmissions and edge
diffractions can be investigated one by one. In contrast, in the case of a short crack or a
low-frequency excitation, the whole crack behaves as an obstacle for the incident Ray-
leigh wave and its shading effect is a function of the ratio of Rayleigh wavelength to crack
depth.
The transient scattering for the case  is illustrated in Fig. 3.8 by four snapshots of
the displacement magnitude. The specimen is a mm thick plate with a mm deep
crack. An excitation signal with four cycles and a center frequency MHz was
selected. This corresponds to a Rayleigh wavelength mm. The scattering
sequence is described hereafter:
• The incident Rayleigh wave  propagates in positive x-direction (Fig. 3.8a).
• The incident wave is scattered at the mouth of the crack (Fig. 3.8b). This generates a

Rayleigh wave  reflected on the specimen surface, a Rayleigh wave transmitted on
the crack face and longitudinal ( ) and transversal ( ) modes diffracted into the
bulk of the material. The surface grazing part of the quasi-circular longitudinal wave

 cannot satisfy the stress-free boundary condition. Consequently, a von Schmidt
head wave is generated at the upper surface [1, 39]. The angle of the crest of the von
Schmidt head wave is given by a simple application of Snell’s law.
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Fig. 3.8: Snapshots of the displacement magnitude by the scattering of a surface wave at a mm
deep crack, MHz, : (a) t = 0 µs; (b) t = 1.56 µs; (c) t = 2.96 µs; (d) t = 4.24 µs.

• As the transmitted Rayleigh wave reaches the crack tip a second diffraction process
occurs (Fig. 3.8c). A small energy amount of the Rayleigh wave is reflected and trans-
mitted on the crack faces whereas the rest of the energy is diffracted in the form of
quasi-circular longitudinal ( ) and transversal ( ) waves. Most of the energy prop-
agates into the depth of the material.

• The reflected and transmitted Rayleigh waves are once again scattered at the left and
right mouth sides of the crack, respectively, yielding a scattered field similar to the
first scattering of the incident wave. As can be seen in Fig. 3.8d the reflected and
transmitted Rayleigh waves  and  propagating on the surface of the specimen
have very little energy and are partially interfering with other wave modes.

• Later on, the reflection of the shear wave  at the backside of the plate (see Fig. 3.8d)
will encounter the crack and create two new Rayleigh waves propagating on both
crack faces.

The energy balance by the scattering at a crack deeper than the Rayleigh wavelength is
shown schematically in Fig. 3.9 [74]. At the end of the process the Rayleigh wave trans-
mitted beyond the crack ( ) carries 0.6% of the total energy. The Rayleigh wave
reflected at the crack tip (0.4% of the total energy) and subsequently transmitted on the
left specimen surface ( ) represents less than 0.2% of the energy. More than 83% of the
energy is diffracted into the specimen in the form of bulk waves.
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Fig. 3.9: Energy balance by the scattering at a surface crack, a/λ > 1, after [74].

The scattering process for the case  is shown in Fig. 3.10. The specimen is a
mm thick plate with a mm deep crack. The same excitation signal with four cycles

and a center frequency MHz was selected. The scattering process is described
hereafter:
• The incident Rayleigh wave  (Fig. 3.10a) propagates in positive x-direction.
• The Rayleigh waves reflected at the crack mouth and the crack tip are no longer dis-

tinct (see Fig. 3.10b). Since the penetration depth of the incident wave is larger than
the crack depth the transmitted Rayleigh wave  does not have to get beyond the
crack and has therefore almost no delay. As in the previous case a considerable part of
the energy is diffracted in the form of longitudinal and shear waves into the bulk of the
material.

Fig. 3.10: Snapshots of the displacement magnitude by the scattering of a surface wave at a
mm deep crack, MHz, : (a) t = 0 µs; (b) t = 1.84 µs.

The energy balance between reflected, transmitted and diffracted wave fields is no longer
constant, but depends on the ratio of crack depth to Rayleigh wavelength. The variation of
the different scattering parameters as a function of  is discussed in section 3.4.
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3.3.7 Analysis of the stress-field at the crack tip

As described in section 3.2.3 the stress field on the crack line ( ) can be calculated
analytically for . The comparison of the analytical stress field with the results from
the simulations allows for a first evaluation of the different crack modeling approaches.
Figure 3.11 illustrates the amplitude of normal stress  and shear stress  at ,

 for a mm deep crack using an input signal with frequency MHz
( ). The stress field calculation using the steady-state analytical solution for a
time-harmonic excitation at frequency  (dotted line) is characterized by the stress field
singularity at the crack tip.

Fig. 3.11: Stress field singularity below the crack tip (x = 0, y > a) normalized with respect to the
normal stress amplitude of the incident field at the surface, MHz, mm, a/λ = 1: ana-
lytical solution (dotted line), simulation with a slot (open points), simulation using crack model
type 1 (triangles) and type 2 (squares).

The stress intensity factors can be evaluated from the stress curves as well [4]. The sym-
metric problem contributes to Mode-I crack deformation and the antisymmetric problem
contributes to Mode-II deformation. In the experiments the incident Rayleigh wave gener-
ates an out-of-plane displacement amplitude of about nm. For the current crack
depth and the current excitation parameters the Mode-I stress intensity factor is

 and the Mode-II stress intensity factor is .
The simulations are performed using a signal with eight cycles and center frequency

MHz, so as to obtain a narrowband excitation which closely approximates the
steady state conditions of the analytical solution. The time series of the stress field are cal-
culated at every node on the crack line and the amplitude is extracted at the center fre-
quency using FFT. The normal stress amplitude (see Fig. 3.11a) calculated using crack
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model type 1 and 2 agrees very well with the analytical values. The simulation of the nor-
mal stress field using the slot model also shows a good agreement. The results of the
amplitude of the shear stress field are presented in Fig. 3.11b. The simulation of the shear
stress using a crack tip of type 2 (squares) shows an excellent agreement with the analyti-
cal solution, of course with the exception of the shear stress value at the crack tip, which
can not be infinite in the simulation. The evaluation of the simulated shear stress obtained
with a crack tip of type 1 (triangles) leads to a slight shift of the amplitude curve towards
the positive y-direction, resulting in an apparent deeper crack. Clear differences can be
seen between the shear field calculated with the slot model as compared with the other
solutions: in the near field of the slot model (open points) the shear stress diminishes and
vanishes at the slot tip according to the boundary conditions on the flat end. Even though
the analysis of the stress-field at the crack tip was performed for a ratio , it can
be shown that the outcomes of this investigation hold generally for all the ratio of crack
depth to Rayleigh wavelength investigated in the framework of this thesis.
The influence of the approximations in the stress field calculations from the different
crack model types on the relevant scattering parameters is analyzed in section 3.4.

3.4 Scattering parameters

In this section the scattering parameters obtained from FDM simulations are compared
with the analytical solution and experimental data. This allows to investigate the influence
of the different crack modeling techniques on the scattering parameters and to evaluate the
suitability of these parameters for crack sizing.
After a description of the enhancement procedure, which allows to distinguish the Ray-
leigh waves from the other wave modes, the near-field scattering process is analyzed with
respect to (i) Rayleigh wave transmission and reflection coefficients, (ii) central frequency
of the reflected and transmitted Rayleigh pulses, and (iii) the time delay of the transmitted
pulse due to the presence of the defect.

3.4.1 Rayleigh wave enhancement for near-field analysis

All scattering parameters presented in this section are evaluated considering the reflected
or the transmitted Rayleigh waves. As mentioned in [27] the evaluation of these parame-
ters in the near field of the surface crack is hampered by the very little energy carried by
these pulses (see Fig. 3.8d). In addition, Rr and Rt are superimposed with other wave
modes scattered at the crack mouth and the crack tip. Consequently, the reflected and
transmitted Rayleigh pulses are difficult to identify. This holds not only for the experimen-
tal data, but also for the simulations and the analytical results. A point measurement of the
out-of-plane displacement component in the transmitted near field of a mm deep slot is
illustrated in Fig. 3.12a. The Rayleigh pulse, with a frequency MHz and four
cycles, is hardly recognizable.
This problem can be averted using a method based on the non-dispersive characteristics of
the Rayleigh wave propagation [64], applied here in order to enhance the reflected or
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transmitted Rayleigh pulses. The procedure shows similarity with the delay-line systems
commonly used in ultrasound phased-array imaging equipment [61]. In fact, in a phased-
array system the pulses received at the array elements from a reflecting target exhibit a
mutual delay depending on the target spatial position and on the element separation. The
reconstruction of the image pulse requires the equalization of this delay for all the array
channels, so as to produce constructive interference of all element contributions. In the
present one dimensional case the grid points on the measurement line represent the array
elements. The delay of the pulse is thus a function of the grid size and the Rayleigh wave
propagation velocity cR. The equalization yields a reconstruction of the reflected or trans-
mitted pulse by cancellation of the majority of the other modes.

Fig. 3.12: Time series of the measured out-of-plane displacement v, MHz, , crack
depth mm: (a) measurement at mm; (b) average of 31 measurements from

mm to mm after phase shifting and addition.

The method requires the measurement or calculation (analytical solution or FDM) of the
out-of-plane displacement component in the reflected or transmitted near field. This
implies the definition of a one dimensional grid line perpendicular to the crack on the sur-
face of the specimen. The enhancement procedure in the transmitted field is described
hereafter for n grid points with a step size :
• A first point  of the measurement line behind the crack, with out-of-plane displace-

ment signal , is chosen as reference point.
• For each point on the measurement line with coordinate  the time

series  of the out-of-plane displacement component is shifted in time by
.

• The transmitted Rayleigh pulse is subsequently obtained at  by summing the result-
ing time series as:

. (3.45)
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The resulting signal for the transmitted Rayleigh pulse in the near field of the mm deep
slot is shown in Fig. 3.12b for a measurement with n = 31 points. A strong enhancement of
the transmitted Rayleigh wave can be observed as well as cancellation of the majority of
the other modes (compare Figs. 3.12a and 3.12b). The signal thus obtained can be used for
the evaluation of the scattering parameters of the transmitted surface wave. In the reflected
near field the reference point  is the first point on the measurement line going back from
the crack and has therefore a negative value. For each point  the time
series is shifted by  and the resulting reflected Rayleigh pulse obtained after addition
according to Eq. (3.45).
This problem, resulting from the pointwise measurement in the crack near field, is inexis-
tent by far-field techniques where the reflected or transmitted Rayleigh waves are mea-
sured using the pulse-echo method or the pitch catch technique, respectively. 

3.4.2 Reflection and transmission coefficients

The reflection and transmission coefficients by the scattering of a Rayleigh wave at a sur-
face flow are defined as:

(3.46)

where  is the amplitude of the incident Rayleigh wave at center frequency  and ,
 are the amplitudes of the reflected and the transmitted Rayleigh waves, respectively.

The amplitude ratio of longitudinal to transversal displacement component of a Rayleigh
wave is constant. Consequently, the amplitude coefficients can be assessed from one of the
displacement components. The out-of-plane displacement component is measured in the
experiments. The vertical component is therefore selected here for the coefficient evalua-
tion.
By the time-harmonic analytical solution (at frequency ) the reflection coefficient is the
magnitude of the symmetric and anti-symmetric displacement fields in the far field in
front of the crack divided by the magnitude of the incident field:

. (3.47)

The transmission coefficient is obtained by dividing the total field magnitude in the far
field behind the crack by the magnitude of the incident field:

. (3.48)

By the transient scattering solution the reflected and transmitted Rayleigh pulses with cen-
ter frequency  are obtained using the enhancement procedure described in the previous
section. The amplitude spectrum of both reflected and transmitted signals is calculated by
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means of fast Fourier transform. The reflection and transmission coefficients at center fre-
quency  are subsequently calculated according to Eq. (3.46).
The reflection and transmission coefficients for different ratios of crack depth to Rayleigh
wavelength are shown in Fig. 3.13 and Fig. 3.14, respectively. The solid line represents
the coefficients in the far field for a harmonic excitation calculated according to the
steady-state analytical solution. The open points are the results of the transient analytical
solution in the near field that have been obtained using the enhancement procedure
described previously. The agreement with the solid line can be considered as a validation
of the proposed enhancement procedure for near-field analysis.

Fig. 3.13: Reflection coefficient Cr versus a/λ: analytical solution in the far field (solid line), ana-
lytical solution in the near field (open points), simulation with crack model type 1 (triangles) and
type 2 (squares) and measurements (crosses).

The scattering simulation has been performed using the crack model type 1 (triangles) and
the crack model type 2 (squares). The deviation of the shear-stress curve at the crack tip
using a crack model type 1 (described in the previous section) influences the simulation
results for short cracks ( ) and results in a clear deviation of the calculated trans-
mission coefficient (Fig. 3.14). As expected from the analysis of the stress near-field
approximation, the coefficients obtained from the simulations with the shear stress at the
crack tip calculated on the basis of the displacement near field (crack model type 2) agree
well with the analytical solution over the whole range of .
The results of the experiments performed using different combinations of excitation fre-
quencies ( ) and slot depths are reported in Fig. 3.13 and Fig. 3.14 (crosses). The
enhancement procedure described previously for the analysis of the near-field calculation
results has also been applied to the experimental data in order to identify reflected and
transmitted Rayleigh waves and thus determine the corresponding reflection and transmis-
sion coefficients. In the measurements the incident displacement field is characterized by
the characteristic sound field attenuation. The measurement of the parameters in the near
field of the crack enables the amplitude attenuation to be kept below 10% and gives results
which are directly comparable with the theoretical values.
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Fig. 3.14: Transmission coefficient Ct versus a/λ: analytical solution in the far field (solid line),
analytical solution in the near field (open points), simulation with crack model type 1 (triangles)
and type 2 (squares) and measurements (crosses).

For  the agreement between experiments and the analytical solution is good.
For very short cracks ( ), the experimental values differ strongly from the ana-
lytical solution. This discrepancy can be attributed to the fact that, in this case, the depth
and width of the slot are of the same order of magnitude, so that the slot becomes a two-
dimensional feature.

Fig. 3.15: Reflection and transmission coefficients at a slot with a width mm versus a/λ:
interpolation curve of the simulation results (solid line), MHz, ; measurement
results with , MHz (bold crosses) and higher frequencies (crosses).
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This statement is demonstrated by the comparison, in Fig. 3.15, of the same measurements
with the coefficients resulting from a FDM simulation of the scattering at a slot with a
width mm using an excitation signal with center frequency MHz and
four cycles. The experimental coefficients obtained with the same center frequency as in
the simulation ( MHz) are displayed by bold crosses. They show an excellent
agreement with the simulation results over the whole range of . The other measure-
ment results are also in good agreement with the FDM coefficients. The differences in
experimental  and  values at similar  ratios are due to the use of different fre-
quencies on slots with a constant width mm. This leads to different base-width to
depth ratios  for measurements with a similar ratio of crack depth to wavelength.
The experimental scatter is mainly due to the amplitude fluctuation of the measured sig-
nals. The main factor influencing the amplitude is, as previously mentioned, the sound
field attenuation. A near-field measurement allows for the resulting error to be kept below
10%.

3.4.3 Central frequency of the power spectral density

It has been shown in the previous section that the coefficients of reflection and transmis-
sion are functions of the ratio of crack depth to wavelength. Consequently, even though
the excitation is a narrowband signal the reflected and transmitted pulses will be subjected
to a distortion. An analysis of the scattered Rayleigh waves in frequency domain was per-
formed in the framework of a term project (Semesterarbeit) [82] in order to investigate the
characteristic of the so called “central frequency of the power spectral density” as a func-
tion of .
The power spectral density is defined as

, (3.49)

where  is the fast Fourier transform of the signal at frequency .  is displayed
in Fig. 3.16 for the incident, the reflected and the transmitted Rayleigh waves by the scat-
tering simulation at a crack with ratio . The incident wave has a center fre-
quency MHz and four cycles. The frequency dependence of the coefficients
removes the symmetry of the reflected and transmitted power spectra and generates a shift
of the maximum power spectrum magnitude. These modifications can be characterized by
the so-called central frequency of the power spectral density magnitude [41], which can be
mathematically expressed as:

. (3.50)
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The central frequency fc can also be understood as the area center of the power spectral
density magnitude plot. The use of the central frequency with respect to the power spectral
density magnitude is advantageous over using it with respect to the fast Fourier transform
magnitude, since squaring the amplitude will emphasize the high amplitude signals and
attenuate the effect of small amplitude signals.

Fig. 3.16: Normalized power spectral density magnitude plot for the incident, reflected and trans-
mitted Rayleigh waves: center frequency MHz, , a/λ = 0.32.

The central frequencies  and  of the reflected and transmitted Rayleigh waves,
respectively, are obtained using Eq. (3.50) after evaluation of the fast Fourier transform of
the reflected and transmitted Rayleigh pulses. The enhancement procedure was previously
applied to the reflected and transmitted time series in order to separate the Rayleigh pulses
from the other modes.
The computation of the central frequencies in the far field using the transient analytical
solution does not require the calculation of reflected and transmitted time series far from
the defect. In fact, they are obtained from the fast Fourier transform  of the incident
wave and the analytical reflection and transmission coefficient curves in the far field (Fig.
3.13 and Fig. 3.14). The reflection and transmission coefficients can be evaluated for each
frequency  of the Fourier spectrum by considering the relationship between frequency
and Rayleigh wavelength. The Fourier transform magnitude curves and the corresponding
central frequencies are thus obtained for the reflected and transmitted Rayleigh pulses.
The central frequencies  and  are calculated using Eq. (3.50) after evaluation of the
Fourier spectrum magnitudes  and  of the reflected and transmitted Ray-
leigh waves, respectively:

(3.51)
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Figure 3.17 shows the analytical central frequency curves in the far field using a four
cycles excitation signal (solid line) and an eight cycles excitation signal (dashed line). The
incident wave has a center frequency  and the corresponding central frequencies are
plotted versus , where , after normalization with respect to .

Fig. 3.17: Central frequencies  and  versus  calculated in the far field with the analyti-
cal solution and normalized with the center frequency f0:  (solid line) and  (dashed
line).

The maximum shift of the central frequency decreases with an increasing number of
cycles and would disappear for a time-harmonic excitation signal (corresponding to an
infinite number of cycles). Indeed, a short time pulse covers a large frequency range and
therefore a large range of ratios  in the coefficient curves with an important variation
of the corresponding coefficients and therefore a relevant distortion of the reflected and
transmitted Fourier spectra.
The central frequency of a narrow-band excitation responds to the local characteristics of
the coefficient curve. If the center frequency  of the incident pulse corresponds to a
maximum or a minimum in the reflection or transmission coefficient curves the Fourier
spectrum is deformed symmetrically with respect to  and the central frequency is hardly
modified. On the other hand, if the ratio of crack depth to wavelength corresponding to the
center frequency  is situated on a positive or negative slope of the coefficient curves the
amplitude spectrum distortion is no longer symmetrical and the central frequency is sub-
jected to the corresponding positive or negative frequency shift. In other words, for a nar-
row-band excitation the central frequency curve is a function of the slope of the
corresponding coefficient curve and is therefore qualitatively similar to the first derivative
of the coefficient curve.
In addition to the local characteristics of the coefficient curves a short time pulse is
affected by the general shape of the curve as well. This can be seen in the transmitted cen-
tral frequency curve in Fig. 3.17. Indeed, the transmission coefficient curve mainly
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decreases over the whole range of crack depth to wavelength (see Fig. 3.14). Conse-
quently, the crack acts as a low pass filter and the low-frequency energy is better transmit-
ted. This produces a negative shift of the central frequency , which remains smaller
than the excitation center frequency  over the whole range  presented in Fig. 3.17.

Fig. 3.18: Central frequencies  and  for a 4 cycles excitation signal versus , normalized
with the center frequency f0: analytical solution in the far field (solid line), analytical solution in
the near field (open points), simulation with crack model type 1 (triangles) and type 2 (squares)
and measurements (crosses).

In Fig. 3.18, the central frequencies obtained in the near field of the crack after enhance-
ment of the reflected and transmitted Rayleigh pulses are compared with the far-field ana-
lytical solution for different ratios of crack depth to Rayleigh wavelength. The comparison
is performed with a four cycles excitation signal.
The open points are the results of the transient analytical solution in the scattered near
field after enhancement of the reflected and transmitted Rayleigh modes. The central fre-
quency of the reflected pulse thus obtained shows a very good agreement with the far-field
curve. The central frequency of the transmitted Rayleigh pulse slightly diverges from the
far-field solution for ratios of the order . This consequence of the near-field
measurement was also present by the transmission coefficients for the same ratios of crack
depth to Rayleigh wavelength (see Fig. 3.14). As expected, an enlargement of the domain
considered in the enhancement procedure strongly reduces this discrepancy.
The central frequencies obtained from the scattering simulation using a crack model type
1 (squares) and type 2 (triangles) are reported in Fig. 3.18 as well. As mentioned by the
evaluation of the reflection and transmission coefficients (section 3.4.2) the deviation of
the shear-stress curve at the crack tip using crack model type 1 influences the scattered
field for short cracks ( ) and leads to a deviation of the simulated near-field cen-
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tral frequencies. The influence of the crack modeling approach can be seen also for ratios
of the order  by the central frequency obtained in the simulated, transmitted near
field. The crack tip modeling and, consequently, the small errors in amplitude and phase of
the shear mode diffracted at the crack tip plays a significant role in this range.
The experimental results using a four cycles excitation signal are displayed by crosses. A
qualitatively good agreement is obtained in the domain . As for the coefficient
values the discrepancy for smaller ratios of crack depth to Rayleigh wavelength can be
associated to the difference between the scattered field at a crack or at a slot, as soon as
slot width and slot depth have the same order of magnitude.

Fig. 3.19: Central frequencies for a 4 cycles excitation signal versus , normalized with the
center frequency f0: interpolation curve of the simulation, MHz, mm (solid
line); measurement results with MHz (bold crosses) and higher frequencies (crosses).

The central frequency curve of the reflected and transmitted Rayleigh waves at a slot is
calculated for many ratios  on the basis of simulation results (see Fig. 3.19). The
FDM simulations were performed with a center excitation frequency MHz,
four cycles and slots with a constant width mm. The curves were obtained in the
near field of the slot using the enhancement technique before evaluating the central fre-
quencies. A comparison with the analytical results in the far field of a crack (Fig. 3.18)
underlines the discrepancy of the central frequency curves in the short crack range. The
experimental results are displayed by crosses in Fig. 3.19, showing a good agreement with
the simulation results at a slot. Excellent agreement is obtained for the measurements with
a center frequency MHz (bold crosses). Indeed, these measurements were per-
formed with the same excitation frequency as in the FDM simulations and, therefore, the
same ratio between slot width and Rayleigh wavelength.
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3.4.4 Time delay of the transmitted Rayleigh wave

The visualization of the scattering field in the bulk of the material by means of simulations
highlighted the connection between time delay of the transmitted Rayleigh pulse and
crack depth (see section 3.3.6). This dependence is investigated in detail in the present
section. The calculation of this parameter is described below.

Fig. 3.20: Schematic representation of the time delay calculation: (a) incident and transmitted
pulses; (b) cross-correlation (solid line) and envelope (dashed line).

• The cross correlation between incident and transmitted Rayleigh wave is computed
after enhancement of the transmitted pulse.

• The envelope of the cross correlation function (see Fig. 3.20b) is calculated using Hil-
bert transformation [16]. The maximum of the envelope leads to the so called time-of-
flight  between incident and transmitted Rayleigh pulses.

• The time delay  is obtained after subtraction of the undisturbed propagation time
along the surface and corresponds to the delay due to the presence of the defect.

The time delay of the transmitted wave as a function of the ratio  is illustrated in Fig.
3.21. The time delay curves have been obtained using the transient analytical solution in
the far field. They have been evaluated for a four cycles excitation signal (solid line) and
an eight cycles excitation signal (dashed line). The limiting curve (dash-dot line) has been
calculated using an extremely narrowband signal (high number of cycles). The four cycles
curve is similar to the curve obtained by Hirao et al. [45] using a Ricker pulse excitation.
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Fig. 3.21: Normalized time delay versus normalized crack depth and asymptote (dotted line). Ana-
lytical results using an excitation signal with 4 cycles (solid line), 8 cycles (dashed line) and limit-
ing curve for a high number of cycles (dash-dot line).

The explanation of the curve behavior requires the introduction of the phase shift of the
transmitted Rayleigh wave. The phase shift of the transmitted Rayleigh wave induced by
the flaw, evaluated in the far field using the steady-state analytical solution, is defined as:

, (3.52)

where ,  and  are the vertical component of the incident, the symmetric and the
anti-symmetric displacement fields. Figure 3.22 illustrates the phase shift  of the trans-
mitted wave as a function of the ratio of crack depth to wavelength.

Fig. 3.22: Phase shift θt of the transmitted Rayleigh wave versus a/λ and first derivative of the
phase shift with respect to a/λ. The asymptotes for deep cracks are represented by dotted lines.
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For deep cracks the Rayleigh wave has to get beyond the crack as mentioned in section
3.3.6. In addition, the transmitted Rayleigh wave is subjected to a phase shift by the trans-
mission at the left crack mouth, at the crack tip and at the right crack mouth (see Fig. 3.23
left). The phase shift experienced by the different transmission sequences is given in the
literature by Gautesen [36] and Li [57]. The Rayleigh wave transmitted at the edge of a
quarter space is subjected to a phase shift , whereas a transmission at a
360 degrees elastic wedge has a phase shift . The cumulated phase shift by
the transmission of a Rayleigh wave at a crack in the range  is:

. (3.53)

The asymptote of the phase shift  of the transmitted Rayleigh wave for large  can
be evaluated by considering that the transmitted pulse has to follow the crack faces and
exhibits an additional phase shift  after transmission beyond the crack. The phase of an
harmonic Rayleigh wave is given by

, (3.54)

where  is the wave number of Rayleigh waves,  is the direction of propagation,  is
the angular frequency and  is the time. The asymptote of the phase shift is therefore given
by

, (3.55)

where  is defined according to the substitution model of Fig. 3.23. Insertion of the Ray-
leigh wavelength yields the following equation for the asymptotic curve of the phase shift:

. (3.56)

Fig. 3.23: Alternative model for the wave propagation in the vicinity of the defect: the crack is sub-
stituted by a “black box” with a length 2a.

The phase curve can be shifted by an arbitrary factor , where  is an integer. Figure
3.22 shows the asymptotic phase shift curve (dotted line) after a phase shift of . The
first derivative of the phase shift with respect to  oscillates around a constant value of

, corresponding to the derivative of the asymptotic curve. The fluctuations in the range
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 are due to the fact that the transmission process at the crack is still slightly differ-
ent from the transmission sequences at a crack with ratio .
A relationship between phase shift of the transmitted Rayleigh wave and time delay of a
narrowband excitation is now derived using the concept of group velocity [39]. The phase
shift  by the crack transmission is considered as the phase shift of a wave propagating in
the  direction through a dispersive medium of length , as illustrated by the substitu-
tion model in Fig. 3.23. The dispersive medium is considered as a “black box” with a
given transmission coefficient curve  (according to Fig. 3.14) and a given phase
shift curve . For a given angular frequency  the phase shift of a wave propagat-
ing in the  direction through the black box can be written as:

, (3.57)

where  is the dispersive wave number in the “black box” material. Solving the previous
equation for the wave number  leads to:

. (3.58)

The group velocity  can be written as [39]:

. (3.59)

Derivative of the wave number with respect to the angular frequency  yields the follow-
ing equation:

. (3.60)

Calculation of the last term by expressing the Rayleigh wavelength as function of the
angular frequency according to  and insertion of the results in the group
velocity equation (3.59) yields:

. (3.61)

For the case of a narrowband signal with a high number of cycles the group velocity can
be calculated at the center frequency. The time delay of the transmitted wave is subse-
quently obtained by dividing the total width  of the “black box” material by the group
velocity:

. (3.62)

After scaling with the wave period , this leads to the dimensionless time delay function:
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. (3.63)

This function corresponds to the limiting time-delay curve presented in Fig. 3.21 (dash-
dot line). The oscillation of the narrow-band curve for  is a consequence of the
fluctuation of the first derivative of the phase shift curve in Fig. 3.22, discussed previ-
ously. This effect decreases with a smaller number of cycles. In fact, a short-time signal
has a broadband spectrum and is therefore less affected by such frequency-dependent fluc-
tuations.

Fig. 3.24: Comparison of the transmitted Rayleigh pulse without defect (solid line) and with a
crack with ratio a/λ = 0.34 (dashed line), center frequency MHz, .

In the short-crack range, the narrowband approach yields negative time-delay values.
Indeed, according to Eq. (3.63), a negative slope of the phase shift curve yields a negative
group velocity, which has no physical meaning for a wave propagating in the positive 
direction according to the substitution model of Fig. 3.23. Figure 3.24 shows a comparison
between the non-disturbed Rayleigh pulse and the transmitted pulse by a crack with ratio

 (corresponding to the first minimum by the time delay curve in Fig. 3.21),
using an excitation with eight cycles. Both negative time delay of the pulse and positive
phase shift are clearly visible, as well as the distortion of the pulse due to the frequency
dependent phase shift and transmission coefficient.
The simulation and experimental results for the time delay curve are shown in Fig. 3.25.
The solid line represents the time delay in the far field for a narrowband excitation with
four cycles. The solid points are the results from the transient analytical solution, evalu-
ated in the near field of the crack using the enhancement method. The agreement between
time delay in the far field and in the near field validates the enhancement method for near
field analysis. As per the coefficients, the simulation results with a crack model type 2
agree to a great extent with the analytical values.
The measurements, denoted here by crosses, show a good agreement with the analytical
curve for , i.e. in the range in which the time delay can be used for crack sizing,
as will be shown in the next chapter. For small defects, the experimental values approach
the time delay obtained from the scattering simulation with the slot model. It is interesting
to note that measurement errors in the time-of-flight and therewith the scattering of the
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experimental time delay values are smaller than in the case of the coefficients  and .
This is due to the fact that the scatter in amplitude has a negligible influence on the time
delay and the time parameters are therefore less sensitive to the variability of the experi-
mental conditions.

Fig. 3.25: Normalized time delay versus normalized crack depth and asymptote (dotted line) using
a 4 cycles excitation signal: analytical solution in the far field (solid line), analytical solution in the
near field (solid points), simulation with a slot (open points), simulation with a crack model type 1
(triangles) and type 2 (squares) and measurements (crosses).

3.4.5 Influence of the discretization

The dependence of the results of second-order FDM simulations on the spatial discretiza-
tion has been widely investigated, with particular attention to the so called "numerical dis-
persion". As a general rule a minimum of ten nodes are needed inside a wavelength for
correct modeling [96]. In the case of Rayleigh wave scattering simulations the depth
dependence of the displacement field has to be considered as well, so that the sampling of
the wavelength found in the literature varies from 30 nodes by Munasinghe and Farnell
[69] to 48 nodes by Blake and Bond [11].
The dispersion curve of the numerical propagation velocity as function of the discretiza-
tion parameter , normalized with respect to the Rayleigh wave velocity cR, is shown
in Fig. 3.26 (open points). The curve converges towards unity for a discretization parame-
ter going to zero. All the results of the present work have been calculated with 32 nodes
per Rayleigh wavelength. With this spatial sampling, corresponding to the minimum val-
ues plotted in Fig. 3.26 ( ), the error in the numerical Rayleigh wave veloc-
ity is below 0.3%.
In addition to the phase velocity, usually taken as the relevant parameter for the numerical
accuracy of FDM codes in the literature, the influence of the discretization on the scatter-
ing process is investigated here with respect to the surface scattering coefficients and the
time delay of the transmitted pulse. Simulations have been performed for various discreti-
zation parameters  using a ratio of crack depth to wavelength  and the

Cr Ct

0 0.5 1 1.5 2
−0.5

0

0.5

1

1.5

2

2.5

3

3.5

4

a / λ

∆t
 /

 T

∆x λ⁄

∆x λ⁄ 0.031=

∆x λ⁄ a λ⁄ 1=



62

crack model with the shear stress at the crack tip calculated on the basis of the displace-
ment near field (crack model type 2). The calculated parameters have been normalized
with their corresponding analytical values. Thereby, the error in the phase velocity has
been taken into account by evaluating the parameters with respect to the apparent propa-
gation velocity. The parameters converge as the discretization parameter decreases (see
Fig. 3.26). The largest error is found for the coefficient of transmission (triangle-up),
which could be more accurately calculated by using a higher spatial sampling.

Fig. 3.26: Normalized numerical dispersion curve and scattering parameters versus discretization
parameter ∆x/λ, simulation using crack model type 2, a/λ = 1: phase velocity cR (open points),
reflection coefficient (triangle-down), transmission coefficient (triangle-up), and time delay
(crosses).

The deviation of the numerical parameters from the corresponding analytical values is
translated in terms of error in crack size evaluation in Fig. 3.27. The values of apparent
crack depth normalized with respect to the crack depth ( ) are calculated as func-
tion of the discretization parameter for the reflection and transmission coefficients as well
as for the time delay.

Fig. 3.27: Apparent crack depth normalized with respect to the implemented crack depth versus
∆x/λ, simulation using crack model type 2, a/λ = 1: crack depth extracted from the reflection coef-
ficient (triangle-down), the transmission coefficient (triangle-up), and the time delay (crosses).
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The relative errors are small, with maximum depth overestimation of about 6% for a sam-
pling rate of 10 nodes per wavelength. The apparent crack size decreases for all scattering
parameters with a smaller grid size and the errors for 32 nodes per Rayleigh wavelength
are in the order of 1%. The errors due to spatial discretization are, for all scattering param-
eters, smaller than the error in crack sizing which arises if a crack model with vanishing
shear stress at the crack tip (crack model type 1) is used, for which the deviation between
apparent and real crack depth is in the order of 5% (see Fig. 3.13, Fig. 3.14 and Fig. 3.25,
for ).

3.5 Surface displacement in the near field

3.5.1 Crack visualization

A measurement of the out-of-plane displacement component of the scattered field at the
small surface crack  on the surface of the fatigued specimen (see Fig. 2.2) is shown in
Fig. 3.28. The crack has a length of mm length on the specimen surface and an estimated
depth in the order of mm.

Fig. 3.28: Measured amplitude (normalized) of the out-of-plane displacement component at the
surface crack C4 of the fatigued specimen, MHz, mm.

The measurement grid is Cartesian, with a step size of mm in both x and z directions.
The excitation signal was a sinusoid in a Hanning window with center frequency

MHz and eight cycles. This corresponds to a Rayleigh wavelength mm.
The amplitude of the measured out-of-plane displacement component was extracted at the
center frequency  using FFT and plotted for each point of the measurement grid.
The scattered field is characterized by a hill and valley pattern in front of the crack ( )
due to constructive and destructive interferences between the incident and reflected fields.
The large amplitude at the crack results from the scattering at its traction-free surfaces.
The amplitude of the scattered field behind the crack ( ) is a function of the ratio of
crack depth to wavelength. In the present case the Rayleigh wavelength ( mm) is
larger than the crack depth and most of the energy is therefore transmitted behind the
crack. For crack depths significantly larger than Rayleigh wavelength most of the energy
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is reflected or scattered into the material as bulk waves and only little energy reaches the
so-called shadow area behind the crack.
The scattered field is superposed on the sound field characteristics of the excitation system
transducer/wedge, which attenuates laterally (z direction) and gradually drops to zero with
distance from the excitation source (x direction). This explains the lateral attenuation of
the out-of-plane displacement amplitude evident in Fig. 3.28.

3.5.2 Comparison of the out-of-plane displacement in the near field

The samples with EDM slots are used for a comparison of the analytical and numerical
surface displacement fields with measurements performed on a line perpendicular to the
slots, as described in section 2.3. The characteristic attenuation of the sound field with dis-
tance from the excitation source is suppressed by means of the amplitude curve of the
Rayleigh wave on an undamaged sample and the measured amplitudes are normalized
with respect to the amplitude of the incident wave. The excitation consists of a sinusoid in
a Hanning window with a center frequency MHz and eight cycles. The corre-
sponding Rayleigh wavelength is mm. The measurements are performed using a
step size of µm. A grid with µm is used in the FDM simulations. The ampli-
tude of the out-of-plane displacement component is extracted at center frequency using
FFT and plotted for each point of the grid line.

Fig. 3.29: Scattered field in the vicinity of a surface crack, MHz, a/λ = 0.75: measure-
ments (crosses), analytical solution (solid points), slot simulation with w/a = 0.1 (dash-dot line),
and simulation with crack model type 1 (dashed line) and type 2 (solid line).

Figure 3.29 shows the scattered field for a ratio , the crack mouth being at
. The characteristic hill and valley pattern and the high amplitude directly at the

crack, discussed in the previous section, are clearly recognizable. On the right-hand side
of the crack the displacement converges with increasing distance from the crack to an
amplitude corresponding to the far-field transmission coefficient. Measurement, simula-
tion and analytical calculation show an excellent quantitative agreement and are hardly
distinguishable. The measured and simulated scattered field at a narrow slot with a width

mm ( ) is very similar to the one at a crack with infinitely small width
(analytical solution and simulation with both crack models type 1 and 2).
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A smaller ratio of  is selected for the next comparison. For clarity purposes
the evaluation is limited to the interference domain in front of the crack. Fig. 3.30a shows
a good agreement between measurements (crosses) and simulation (dash-dot line) with a
slot model ( mm width, corresponding to a ratio of slot width to slot depth

). Fig. 3.30b illustrates the comparison between analytical solution and scat-
tering simulation using crack models type 1 and 2. The analytical near field (solid points)
and the simulated near field using a crack model type 2 (solid line) are almost identical. A
slight difference is found in the vicinity of the crack for the simulation with crack model
type 1 (dashed line). The clear deviation between the interference pattern at a slot and a
crack (compare Figs. 3.30a and 3.30b) is due to a significant discrepancy between reflec-
tion coefficients and phase shifts, as discussed in the previous section, leading to a smaller
amplitude of the domain of interference and a shift of the extrema positions relative to the
x axis.

Fig. 3.30: Scattered field in front of a surface crack, MHz, a/λ = 0.15: (a) measurements
(crosses) and slot simulation with w/a = 0.5 (dash-dot line) and (b) analytical solution (solid
points) and simulation with crack model type 1 (dashed line) and type 2 (solid line).

3.6 Conclusions

The reliability of FDM simulations of the Rayleigh wave near-field scattering at a surface
crack was analyzed by comparison with analytical results and experimental data. The ana-
lytical solution by Mendelsohn et al. [67] has been extended here to an arbitrary transient
excitation function so to enable a direct comparison with the numerical and experimental
results.
The near-field measurement is necessary for the envisaged application to engineering
components, where far-field procedures are hampered by the multiple reflections at the
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geometry discontinuities. However, the evaluation of the scattering parameters from a
near-field measurement requires the tackling of an additional problem: the identification
of the Rayleigh modes among all the other modes scattered at the crack. This has been
made possible thanks to an enhancement technique that allows the Rayleigh wave to be
distinguished from the other wave modes.
Different modeling approaches were applied for FDM simulation of a surface crack and
their effectiveness evaluated with respect to different parameters. The calculation of the
shear stress at the crack tip based on the displacement near field (crack model type 2)
proved most reliable with excellent agreement to the exact solution in terms of stress, dis-
placement fields and scattering parameters. Good agreement between FDM results, ana-
lytical and experimental values demonstrate that the stability criteria applied in the
numerical simulation leads to a faithful reproduction of the scattered near field.
The investigation of the influence of the spatial discretization on the scattering process at a
crack with  has shown that: (i) the errors in the calculation of the scattering
parameters are in the range of 20% for a sampling rate of 10 nodes per wavelength and
reduce to about 5% with 30 nodes per wavelength; (ii) when crack characterization is
based on the scattering coefficients, the corresponding errors in crack sizing are in the
order of 1% (for 30 nodes per wavelength). The error in crack sizing that arises when a
vanishing shear stress is imposed at the crack tip in the FDM simulation (crack model type
1) instead of calculating the shear stress at the crack tip based on the displacement near
field (crack model type 2) is about 5%. It can be concluded therefore that the selection of
the crack tip modeling technique is more relevant for crack sizing purposes than the
enhancement of the spatial sampling rate.
The scatter of the experimental values (about  for the scattering coefficients) is more
pronounced that the discrepancy arising from the different crack tip modeling techniques.
However, the coefficients obtained here by measurements in the near field and enhance-
ment of the Rayleigh wave show an experimental scatter similar to the experimental
results from Achenbach and Komsky [5], who used a complicated self-calibrating ultra-
sonic technique in order to reduce the extremely high sensitivity of the amplitude mea-
surements to coupling between transducer and specimen. Among all the scattering
parameters discussed in this section the time delay values have the smaller experimental
scatter.
The comparison of theoretical and experimental results has shown that narrow slots lead
to a scattered field representative to the one of a crack when the slot width to depth ratio is
smaller than 0.1. For larger values, significant differences were observed between the slot
and crack near fields. This limitation has to be taken into consideration when using narrow
slots as "artificial cracks" for development of QNDE techniques.
The FDM model proposed and validated with the results presented in this chapter will be
used as basis for the development of inversion schemes for crack sizing in mechanical
components and for analyzing the scattering in the component-like specimen with com-
plex geometry, for which no analytical solution is available.
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4 CRACK CHARACTERIZATION

4.1 Introduction

Researchers have investigated a variety of far-field evaluation methods to characterize the
depth of a surface crack by means of ultrasonic Rayleigh waves [27]. For cracks which are
large relatively to the wavelength, the crack depth can be assessed using the time-of-flight
(TOF) method. This technique is based on the evaluation of the time taken for the surface
wave to pass around the crack surface, typically measured between two transducers [25].
The time-of-flight diffraction (TOFD) technique, developed by Silk [84], uses the elapsed
time between the Rayleigh wave reflected at the crack mouth and the quasi-circular crack
tip diffraction signals to perform large crack sizing. This allows the determination of the
depth of the tip rather than the length along the crack face to its tip. If the crack is smaller
than the wavelength of the incident surface wave amplitude measurements of the reflected
and transmitted signals can be used to evaluate its depth. However, the reflected and trans-
mitted pulse amplitudes are subjected to significant variations due to coupling factors,
field attenuation and the type of the defect. Achenbach et al. [5] developed a self-calibrat-
ing ultrasonic technique to improve the accuracy of the measurement of reflection and
transmission coefficients. Frequency domain methods such as surface wave spectroscopy
have also been investigated [68].
All these techniques are based on far-field measurements with finite size measurement
probes. The scattering parameters are therefore averaged over a large surface area of the
measurement transducer and do not provide quantitative information about the local char-
acteristics of a crack. Furthermore, in the case of components with complex geometry the
far-field evaluation is often hampered by the influence of geometry discontinuities and
multiple diffractions within the specimen. The development of characterization methods
relying upon measurements of the defect near field is therefore particularly important.
Recent work has shown that the scattered near field contains valuable information for a
nondestructive evaluation of the crack size. Near-field measurement was made possible by
the development of non-contacting, pointwise measurement techniques by means of laser
interferometry. Scala and Bowles [80] used the characteristic, rapid linear drop in trans-
mission coefficient by  for crack depth measurement (see Fig. 3.14). Aldrin et
al. [8] measured the complete vertical displacement image along a line in the near field of

a λ 0.25≈⁄
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the crack (as in Fig. 3.29) and investigate the behavior of different near-field amplitude
measures as a function of the crack depth in the range .
In this chapter different characterization methods based on near-field measurements will
be presented. The first technique is an extension of the time-of-flight method. The time
delay of the transmitted Rayleigh pulse is evaluated in the near field of the crack using the
novel enhancement procedure introduced in section 3.4.1 and correlated with the depth of
the crack. The second method is based on the scattering coefficients and the central fre-
quencies of the reflected and transmitted Rayleigh waves, which are evaluated in the crack
near field after application of the enhancement procedure. The crack depth is determined
by comparison with theoretical or simulated reference curves. The last technique pre-
sented in this chapter uses time reversed acoustics [32] to localize the crack tip and there-
with determine the depth of the crack. Each method is limited to a specific range of crack
size (relative to the wavelength of the incident Rayleigh wave). The last part of this chap-
ter addresses the factors affecting the characterization procedures.

4.2 Characterization in time domain

The classical TOF method assumes that the crack depth is proportional to the time delay of
the transmitted Rayleigh pulse. This assumption holds for deep cracks relative to the
wavelength of the incident surface wave (see Fig. 3.25). The proportionality constant is a
function of the Rayleigh wave velocity, and the crack depth can be assessed from the mea-
sured time delay. Date et al. [25] demonstrated the high accuracy of the ultrasonic timing
method using Rayleigh waves for the characterization of slots down to mm deep (stan-
dard deviation smaller than mm). With inclined defects the surface wave method mea-
sures the distance along the crack face to the crack tip, representing the length to the crack
tip rather than the crack depth. Furthermore, the time-of-flight method using Rayleigh
waves assumes that the crack faces are stress-free, which is an essential condition for the
Rayleigh wave to propagate along the crack. The procedure is therefore strongly affected
by crack closure effects. This problem will be addressed in section 4.5.1.
The classical procedure is extended here to crack depths of the same order of magnitude as
the penetration depth of the incident Rayleigh wave. This is made possible by a correlation
of the time delay with the defect depth in the range where time delay of the transmitted
pulse and crack depth are no longer proportional. 

4.2.1 Description of the procedure

The time delay of the transmitted Rayleigh wave is evaluated in the near field of the
defect. After enhancement of the Rayleigh pulse, the transit time  of the transmitted
pulse is obtain by application of the procedure described in section 3.4.4. This time-of-
flight represents the elapsed time for the wave to propagate from a point  to a point

 (crack mouth at ), where  is the reference point of the enhancement pro-
cedure in the transmitted near field. The time delay  due to the presence of the surface
defect is subsequently obtained after subtraction of the propagation time on the surface of
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the specimen ( ), and normalized with respect to the period  of the incident
wave. This yields the following equation for the normalized time delay:

, (4.1)

where  is the center frequency of the incident Rayleigh pulse.

Fig. 4.1: Measurement lines in front and behind the surface crack.

 and  are the points of the measurement lines with minimum distance from the crack,
as displayed in Fig. 4.1. They are used as reference points by the application of the
enhancement procedure in the reflected and transmitted near field.  and  are usually
selected symmetrically at a minimum distance of one Rayleigh wavelength from the crack
mouth. The high amplitude signals in the direct vicinity of the crack are thus not consid-
ered in the enhancement procedure. All the results presented in this section were obtained
with a minimum of 31 measurement points along the measurement lines, a standard step
size of mm and a Rayleigh wave velocity m/s.
The time delay curve has been calculated analytically as function of the ratio of crack
depth to wavelength in the previous chapter. The investigation of the bandwidth influence
(see Fig. 3.21) has shown relevant fluctuations of the curve for a narrowband excitation
signal, even in the range . For a given time delay a non monotically increasing
curve can lead to a non unique solution for the depth to be determined. In the range

 the time delay curve for a four cycles excitation signal is monotically increas-
ing. All timing measurements are therefore performed using a four cycles excitation. In
addition, the use of a short-time excitation signal, typically used in classical ultrasonic
timing methods, enables a better separation in time domain of the different scattered
modes as well as a higher accuracy.
The time delay curve using a four cycles excitation signal, illustrated in Fig. 4.2, can be
split into three characteristic regions as a function of the ratio of crack depth to wave-
length. For small defects ( ) the normalized time delay fluctuates in a range

. Furthermore, in this range the impact of the shape factor on the time delay
is decisive (for example slot or crack). In the transition region the delay increases mono-
tonically and converges to a linear asymptote. The curve can be described using an inter-
polation function , for example a third-degree polynomial as illustrated in Fig. 4.2.
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The resulting error is negligible in comparison with the experimental scatter (see Fig.
3.25). In the range  the wave nearly follows the faces of the crack and the delay
can be considered as proportional to the path increment.

Fig. 4.2: Normalized time delay versus normalized crack depth, calculated analytically using a
four cycles excitation signal (open points), and interpolation function fint (solid line).

The crack depth is hence assessed from the time-delay measurement using the interpola-
tion function  or the time-of-flight method for deep cracks relative to the wavelength:

(4.2)

The extension of the TOF method to the nonlinear range reduces the minimum gaugeable
crack depth to  and, consequently, enables the characterization of
cracks of half the size. For instance, with the maximum frequency of MHz used here
the gaugeable crack depth is reduced from about mm to mm. The enhancement
procedure allows for the assessment of the crack depth on the basis of near-field measure-
ments. Both the reference signal in front of the crack and the transmitted signal behind the
crack are measured by means of laser interferometry. The time delay is thus obtained by
subtraction of the propagation time on the surface of the specimen, which is obtained from
the coordinates of the two reference points. This is not the case in the classical pitch-catch
ultrasonic method where the TOF between the two transducers on an undamaged surface
has to be known (calibration measurement). Furthermore, the measurement on a line
yields a high lateral resolution of the crack depth, which is not the case for a sensor of
finite size, in which the measurement results from an average over the significantly large
surface area of the measurement wedge transducer.
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4.2.2 Experimental results in the high frequency range

The depth measurements presented in this section are all performed in the high frequency
range, i.e., for ratio of crack depth to Rayleigh wavelength . In this range the
crack depth and the time delay of the transmitted Rayleigh pulse are proportional, as for-
mulated in the second part of Eq. (4.2). 

Fig. 4.3: Plot of the ratio of measured depth to nominal depth . Classical TOF measurements,
,  of 3.5MHz (crosses), 5MHz (triangles) and 10MHz (open points). The vertical bars

represent the optical depth evaluation on both plate sides listed in Table 2.1.

Figure 4.3 shows the ultrasonic timing measurements of four slots being from mm to
mm deep. The measurements were performed with a four cycles excitation signal and

center frequencies from MHz to MHz, corresponding to Rayleigh wavelengths
from mm to mm. The time delay is measured between the incident pulse and the
transmitted pulse. The transmitted Rayleigh wave has been obtained using the enhance-
ment procedure for 41 grid points in the transmitted near field with a grid step

mm. The resulting depths are normalized and plotted versus the nominal depths
of the slots.
The TOF results presented in Fig. 4.3 show depth values consistently too large
( mm or mm) or too small ( mm) for all frequencies. The optical mea-
surements are displayed by the vertical bars (see section 2.2.1). They represent the possi-
ble slot depth along the z axis. The optical measurements highlight (i) a variation in the
crack depth as function of the lateral position z, leading to differences in the depth of a slot
up to mm ( mm), and (ii) differences between the mean, optically measured
slot depths and the nominal depths  up to mm. The comparison of the measured
crack depths with the actual, mean crack depths show good agreement with a maximum
error of about 5% ( mm) by the mm crack using a center frequency MHz.
In the high frequency range the crack depth is evaluated using the second part of Eq. (4.2),
which can be written as:

. (4.3)
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The time delay due to the presence of the crack, given by Eq. (4.1), is subsequently
inserted in Eq. (4.3). This yields the following equation:

. (4.4)

Consequently, the crack depth is a function of the transit time  between arrival in 
and , of the Rayleigh wave propagation velocity and of the distance  between
both measurement points on the specimen surface. However, the center frequency does
not come into consideration by the determination of the crack depth according to Eq. (4.4).
The accuracy of the distance  depends on the spatial accuracy of the positioning
system, which is well under µm. The subsequent error in the slot depth is of the same
order of magnitude and can therefore be neglected.
It can be shown that the largest discrepancies present in Fig. 4.3 arise from the error by the
evaluation of the elapsed time . The cross-correlation function between incident and
transmitted pulses at a mm deep slot is illustrated in Fig. 4.4 for two different measure-
ments. The measurements have been performed on two different days using the same
transducer, the same wedge and the same excitation signal.

Fig. 4.4: Cross-correlation and envelope of the elapsed time ∆t* for two different measurements at
a mm deep slot, using a four cycles excitation signal with center frequency MHz.

The results show a clear difference of about µs between the maxima of both enve-
lopes, resulting in a crack depth discrepancy of mm. The shift between the signal
maxima and minima is negligible in comparison with the envelope shift. The deviation is
therefore not a consequence of a discrepancy in the Rayleigh phase velocity . Indeed,
this would lead to a phase shift between both cross-correlation signals and thus a shift
between the signal maxima and minima. Further investigations show that the present dif-
ference between the envelope maxima of both measurements can be attributed to the
sound field of the system transducer/wedge. Indeed, a modification of the wedge distance
to the crack or of the pressure distribution on the wedge, without changing the lateral posi-
tion along the crack (z-axis), generates the differences observed in Fig. 4.4. This problem
is addressed in Appendix A.1.
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The use of higher frequencies yields to a shortening of the correlation signals in Fig. 4.4
and, consequently, to a reduction of the error in transit time. Indeed, the scattering reduc-
tion of the measurement results using a MHz excitation signal instead of a MHz
excitation signal is distinct in Fig. 4.3. Another possibility to improve the method accu-
racy would be the determination of the transit time on the basis of the cross-correlation
maxima instead of the maxima of the envelope. As the maximum peak in the cross-corre-
lation does not necessarily correspond to the peak in the envelope, it is possible that a
jump of a wave period  occurs depending on which cross-correlation peak is maximum
in amplitude (compare cross-correlations in Fig. 4.4a and Fig. 4.4b). Furthermore, this
solution cannot be applied in the low-frequency domain, where time delay and crack depth
are no longer proportional.
It has to be pointed out here that, in the high-frequency range ( ), the TOF method
can be used for slots or cracks with the same accuracy. Indeed, the resulting crack depth is
derived from the measured transit time of the wave to pass beyond the crack and does not
depend on a specific crack model.

The second TOF measurements presented in this section were undertaken using the
fatigued steel specimen introduced in section 2.2.2. The ultrasonic timing evaluations
were performed on the two main fatigue cracks C1 and C2, displayed in Fig. 4.5. With an
unloaded specimen the surface displacement field is characterized by a clear enhancement
at the crack, an interference pattern in front of the crack as well as an evident energy
abatement behind the crack. However, the transmitted Rayleigh pulse does not exhibit a
clear transmission delay. This can be associated with the problem of crack closure, in
which case the faces of the crack are not entirely stress-free and a part of the energy is
therefore transmitted through interaction points along the crack faces. This problem usu-
ally strongly affects the ultrasonic characterization procedures. Its impact on the methods
presented here will be discussed more in detail in section 4.5.1.

Fig. 4.5: Cracks C1 and C2 on the upper surface of the fatigued steel plate with z-coordinate.

The crack depth measurements presented here, were therefore performed by subjecting the
specimen to a static flexural moment, that generated tensile stresses of about MPa at
the specimen surface. A four cycles excitation signal with center frequency MHz
was selected, corresponding to a Rayleigh wavelength of mm. The transmitted Ray-
leigh pulses were obtained by means of the enhancement procedure for 46 grid points on
each crack side with a step increment mm. The measurements were done for
many points along the crack lines, characterized by their lateral coordinate z (see Fig. 4.5).
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The crack depth evaluation was limited to single cracks. Consequently, the range
mm has been excluded from the measurement area. In fact, a depth evalua-

tion in this area would be hampered by (i) the interferences between the displacement field
of the first crack and the reflected displacement field of the second crack, (ii) the small
distance between both cracks, and (iii) the crack shapes on the surface.
The experimental results are shown in Fig. 4.6. The mean crack depth of about mm
(about 75% of the plate thickness) is confirmed by the classical ultrasonic measurements
performed on crack C1 at the EMPA in Dübendorf (see Fig. 2.3). The high lateral resolu-
tion of the present procedure, resulting from the laser measurement on a line, allows for
the visualization of the depth profile of both cracks (as a function of ). The TOF assess-
ment is no longer possible on the extremities of the cracks ( mm for C1 and

mm for C2), where both crack faces are no longer perfectly contactless. In fact, at
these positions it is very difficult to fully open the extremities of the cracks with the
applied load and the transmitted pulse is therefore no longer clearly recognizable. As a
result, a small part of the energy is directly transmitted through the crack.

Fig. 4.6: Depth profile of crack C1 and C2 as function of the lateral position z. Center frequency
MHz, , tensile bending stress of MPa at the specimen surface.

As previously mentioned, the ultrasonic timing measurement by means of Rayleigh waves
does not directly deliver information about the geometry of the crack, but provides the
length from the crack mouth to the crack tip. However, the shape of the crack will cer-
tainly affect the measured surface displacement field. This is demonstrated here by inves-
tigation of the transmitted time series after enhancement of the Rayleigh pulse. Figure 4.7
shows the amplitude of the transmitted displacement field after enhancement, normalized
with respect to the amplitude of the incident field. The displayed time series were obtained
from a FDM simulation with a crack depth mm (top figure), from crack C2 at

mm (second figure), and from crack C1 at mm (lower figure).
The agreement between simulation results and crack C2 is qualitatively very good. The
first pulse  is the Rayleigh wave transmitted beyond the crack, used for crack depth
evaluation. The second Rayleigh wave  propagating behind the crack arises from the
reflection at the rear side of the plate of the shear wave  diffracted at the crack tip (see
section 3.3.6). In , the first character  defines the type of wave ( ,  or  for lon-
gitudinal, transversal and Rayleigh waves, respectively) and the second character 
stands for the wave, whose diffraction generated this wave. The small discrepancies
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between simulation and measurement are due to the sound field divergence in the experi-
ments, yielding an amplitude attenuation with distance from the excitation source.

Fig. 4.7: Out-of-plane displacement signals behind the crack after enhancement of the Rayleigh
pulses ( MHz, ). Simulation with a crack depth mm, crack C2 at

mm and crack C1 at mm.

The time series of the transmitted Rayleigh pulses at crack C1 exhibits distinct discrepan-
cies with the other plots. This can be explained by the curved shape of the crack. The Ray-
leigh wave  transmitted beyond the crack has about the same amplitude as for the crack
C2. The slight difference in time delay is a direct consequence of the longer path along the
crack faces. The main difference is the little energy carried by the second Rayleigh pulse

 by the scattering at the crack C1. The amplitude of this Rayleigh wave is connected
with the angle of the crack tip.
Indeed, the ultrasonic measurements performed at the EMPA showed crack  starting
perpendicular to the surface and growing in depth with a distinct curvature (see Fig. 2.3,

mm). As the incident Rayleigh wave transmitted along the crack face reaches the
crack tip, the main part of the energy is diffracted in the form of the quasi-circular shear
wave  into the material depth. The amplitude distribution of this transversal wave is a
function of the angle relative to the crack tip slope, with a maximum amplitude propagat-
ing in the same direction as the crack tip, as illustrated in Fig. 4.8. For a straight crack nor-
mal to the specimen surface the amplitude of the transversal wave reflected at the rear side
of the plate ( ) will therefore be maximum at the crack tip position. However, for a
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crack tip with a non vertical slope the maximum amplitude of the shear wave reflected at
the backside of the plate will not interact with the crack tip (see Fig. 4.8, right). Conse-
quently, the amplitude of the second Rayleigh pulse , arising from the diffraction of
the reflected transversal wave at the crack tip, will not be as large as in the standard case of
a straight crack normal to the surface.

Fig. 4.8: Schematical representation of the transversal wave  diffracted at the crack tip and
reflected at the plate rear side: (left) straight crack, normal to the surface; (right) crack with a
curved shape.

The amplitude of the second Rayleigh pulse therefore carries information about the slope
of the crack tip. However, this amplitude depends on other parameters as well, e.g., the
distance between the crack tip and the plate rear side.

4.2.3 Experimental results using the extended TOF method

This section deals with the measurements in the frequency range , where
crack depth and Rayleigh wavelength have the same order of magnitude. In this case the
insertion of the normalized, measured time delay  in the interpolation function 
displayed in Fig. 4.2 yields the corresponding crack depth value.

Fig. 4.9: Plot of the ratio of measured depth to nominal depth . Extended TOF method using a 4
cycles excitation with a center frequency  of MHz (squares), MHz (crosses), MHz
(triangles), MHz (open points), and microscopy measurements (vertical bars, see Table 2.1).
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Figure 4.9 shows the ultrasonic timing measurements of six slots being from mm to
mm deep. The measurements have been performed with a four cycles excitation signal

and center frequencies from MHz to MHz, corresponding to Rayleigh wave-
lengths from mm to mm. The transmitted pulse was obtained using the enhance-
ment procedure for 41 measurement points in the transmitted near field with a step size

mm. The resulting depths are normalized and plotted versus the nominal depth
of the slots. The results of the optical measurements are displayed by vertical bars that
represent the possible slot depths along the z-axis. Consequently, the slot depth slightly
changes as function of the lateral position.
The ultrasonic timing measurements deliver very good results. They show a good repeat-
ability and an accuracy better than µm and are almost all in the range delimited by the
microscopy measurements. The results obtained from the mm deep slot are displayed
as well, even though the measured, normalized time delay is slightly under the application
range of the extended TOF method (see Eq. (4.2)).
The determination of the crack depth depends on many variables, such as the Rayleigh
wave propagation velocity cR, the center frequency f0 and the interpolation function. How-
ever, the main sources of errors are (i) the measured time-of-flight  and (ii) the choice
of the interpolation curve . The inaccuracies arising from the TOF evaluation proce-
dure using the envelope of the cross-correlation function have been discussed in the previ-
ous section. The definition of the interpolation curve  is directly associated with
different errors listed below:
• The main source of error results from the difference between the scattering at a slot

and the scattering at a crack. The effect of a slot model on the time delay curve has
been investigated in the previous chapter (see Fig. 3.25) using a slot with a width

mm and a Rayleigh wavelength mm. This corresponds to base-width
to depth ratio  in the range . In the present case the

mm deep slot has a base-width to depth ratio  and the slot can there-
fore no longer be considered as a one-dimensional feature. This generates consistent
measurement errors in Fig. 4.9. The calculation of a time delay curve specific to each
ratio of slot width to slot depth would cancel these consistent errors.

• The use of an interpolation function yields crack depth values that can slightly diverge
from the analytical values. However, the subsequent error, depending on the type of
interpolation used, is negligible.

• The relation between the number of cycles of the incident Rayleigh pulse and the
shape of the time delay curve has been addressed in section 3.4.4. The time delay
curve used here has been evaluated for a four cycles excitation signal. However, the
mechanical pulse generated by the transducer often slightly differs from the input time
series, corresponding to a time delay curve slightly different from the one considered
here, in particular in the range  where the curve is particularly sensitive to
the pulse shape (see Fig. 3.21).

• The evaluation of the crack depth is made on the basis of the time delay curve evalu-
ated in the far field, whereas the displacement measurement at the specimen surface
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are performed in the near field. However, the comparison of the near-field and far-field
analytical results performed in the previous chapter (see Fig. 3.25) has demonstrated
that the results obtained after application of the near-field enhancement procedure are
almost identical to the far-field curve. The subsequent error is therefore negligible.

In summary the application of the extended TOF to slots deliver very good experimental
results with an accuracy better than µm. The small discrepancies observed in Fig. 4.9
can be attributed to two main sources of error. Firstly, the discrepancies in the evaluation
of the time delay between incident and transmitted Rayleigh pulses, as in the high-fre-
quency range. This generates the scattering of the experimental data. Secondly, the use of
the analytical time delay curve corresponding to the scattering at a crack with infinitely
small width instead of a time delay curve specific to the slot geometry. 

4.3 Characterization in frequency domain

In the previous section the crack depth has been evaluated in the time domain on the basis
of the transit time of the transmitted Rayleigh wave. It has be shown that this method is
restricted to cracks in the range ( ). The characterization of smaller cracks
requires the use of other scattering parameters. The investigation in frequency domain of
the reflection and transmission coefficients has pointed out the high sensitivity of these
parameters for cracks smaller than the Rayleigh wavelength of the incident wave. The
central frequency of the reflected and transmitted Rayleigh pulses depends on the incident
time signal as well as the surface scattering coefficients. The central frequency is therefore
also highly sensitive to  in the low frequency range. In this section it will be shown
that the scattering coefficients and the central frequencies can be used jointly in order to
assess the depth of small defects.

4.3.1 Description of the procedure

The characterization of cracks smaller than the Rayleigh wavelength necessitates the spec-
tral data from the reflection and transmission coefficients for the specific defect geometry.
The curves of the reflected and transmitted central frequencies can be obtained from the
Fourier spectrum of the incident time signal and the coefficient curves, as discussed in
section 3.4.3.
The reflected and transmitted Rayleigh pulses are obtained using the near-field enhance-
ment procedure. They are subsequently transformed in the frequency domain by means of
the FFT. The experimental reflection and transmission coefficients Cr* and Ct*, respec-
tively, are evaluated at the center frequency  of the incident Rayleigh wave. The central
frequencies  and  of the reflected and transmitted Rayleigh waves, respectively,
are determined on the basis of the power spectral density.
The next step consists in the definition of an error function for each parameter. In the
framework of this thesis the error function is defined as the squared deviation from the
experimental value to the corresponding curve. The scattering coefficients are subjected to
the same experimental inaccuracies, discussed in section 3.4.2. Consequently, the experi-
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mental, absolute error is of the same order of magnitude for both scattering coefficients.
The scattering coefficients are therefore inserted in the error function  with the
same weighting factor. The same statement holds for both central frequencies, which are
inserted in the error function :

(4.5)

The error functions are subsequently summed using a weighting factor :

. (4.6)

This factor is usually greater than one, reflecting the fact that the central frequencies are
more robust than the surface scattering coefficients. The crack depth is obtained from the
ratio of crack depth to wavelength  with minimum error .

The ultrasonic timing method is based on the time delay curve. For a four cycles excita-
tion signal, this curve is monotonically increasing in the applicable frequency range
( ). Even though the procedure can be affected by many sources of error the
resulting crack depth is the unique solution to the problem. In the present case the parame-
ter curves are increasing and decreasing, having many minima and maxima. This curve
behavior in combination with the experimental scatter can lead to an error function 
with more than one local minimum. In some cases the global minimum is not consistent
with the local minimum corresponding to the actual crack depth. This is a consequence of
the important variations of the measured amplitude values mostly due to the characteristic
sound field attenuation. Consequently, the error function has to be considered carefully
during the depth assessment procedure, particularly if it has many local minima.
This problem specially affects the measurement of slots in the range .
Indeed, some of the parameter curves, determined on the basis of the scattering simulation
at a slot with a width mm, center frequency MHz and four cycles, are
quasi-symmetric with respect to . This holds for the coefficient of reflection,
the coefficient of transmission and for the central frequency  of the transmitted surface
wave, as illustrated in Fig. 4.10. The central frequency of the reflected Rayleigh wave is
monotonically decreasing in this range. However, its variation is not big enough to guar-
antee the correctness of the solution.
The complemental procedure proposed here is based on the shape of the coefficient
curves. According to equation (2.2) the bandwidth  of a four cycles signal is equal to
the center frequency . The reflected and transmitted Fourier spectra contain therefore
more than one frequency. The basic idea of this complemental method is to evaluate the
coefficients for a frequency range corresponding to the bandwidth of the incident wave.
The shape of the thus obtained, experimental, partial coefficient curve can be compared
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with the corresponding reference curve. This allows for the selection of the local mini-
mum of the error function  corresponding to the actual crack depth.

Fig. 4.10: Parameter curves by the scattering at a slot, MHz,  and
mm.

The application of the frequency domain method for the assessment of cracks is less criti-
cal. In fact, the parameter curves obtained by the scattering of a Rayleigh wave at a crack
do not exhibit the quasi-symmetry present in the slot curves.

4.3.2 Experimental results

The experimental results for slots measuring from mm to mm in depth are displayed
in Fig. 4.11. The measurements were performed with a four cycles excitation signal and
center frequencies from MHz to MHz, corresponding to Rayleigh wavelengths
from mm to mm. The reflected and transmitted Rayleigh pulses were obtained
using the enhancement procedure for 41 grid points on each crack side with a step size of

mm. The reference curves (see section 3.4) were determined on the basis of
FDM simulations from the scattering of a MHz Rayleigh wave with four cycles at a
slot with a width mm. The resulting depths are normalized and plotted versus the
nominal depth of the slots. As for the TOF results the optical measurements of the slot
depths are displayed by the vertical bars.
The measurements in frequency domain deliver good results, mostly in the range delim-
ited by the optical measurements. The impact of the defect shape on the scattering param-
eters is particularly important for very short defects, as discussed in the previous chapter.
In fact, when the depth and the width of the slot are of the same order of magnitude the
slot becomes a two-dimensional feature and its scattering parameters differ clearly from a
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crack with the same depth. In this case the whole shape of the slot has an impact on the
parameters. Consequently, the semi-circular geometry of the experimental crack tip (see
section 2.2.1) and the rectangular slot tip implemented in the FDM simulation will have
slightly different scattering parameters.

Fig. 4.11: Plot of the ratio of measured depth to nominal depth. Characterization in frequency
domain using a four cycles excitation with a center frequency  of MHz (squares), MHz
(crosses), MHz (triangles), and microscopy measurements on both plate sides (vertical bars).

The frequency domain procedure for depth evaluation depends on many parameters, e.g.,
Rayleigh wave velocity, center frequency, FFT, parameter curves used as references,
actual shape of the defect. The impact of a specific error affecting one of these parameters
on the depth of the slot will not be investigated in detail here. The frequency domain
method delivers a value  for the ratio of crack depth to wavelength. The impact
of all single errors yields an absolute error  on the ratio of crack depth to wavelength.
This error arises from a complicated procedure based on normalized parameter curves and
is therefore not directly dependent on the center frequency  of the incident surface
wave. The crack depth is obtained by multiplication of  with the Rayleigh wavelength.
This can be written as:

. (4.7)

The influence of an error  on the measured crack depth is therefore inversely propor-
tional to the center frequency. Consequently, for a given crack depth, the use of a higher
frequency reduces the absolute depth measurement error. The results presented in Fig.
4.11 are influenced by the normalization as well. The same absolute error  is divided
by the actual crack depth, yielding a visual amplification of the error for small cracks.
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4.4 The time reversal method

4.4.1 Introduction

Imagine that, after the explosion of a block, the arrival time and the velocity of each scat-
tered pieces is saved as they cross a closed surface surrounding the initial block, called
time reversal mirror (TRM). Sending back the scattered pieces that last crossed the TRM
first, and the pieces that arrived first, last, with the same speed for each piece but opposite
direction would enable a reconstruction of the initial block. However, this type of experi-
ment only works if the information (position, velocity, arrival time) for each scattered
piece is resolved with infinite precision. Otherwise a slight change in the initial conditions
makes the reconstruction impossible. In linear wave propagation, however, a small change
in the initial conditions has only small consequences in the system evolution. The time
reversal invariance can therefore be applied to linear wave propagation phenomena [32].
The time reversal method is based on the principle that, if the displacement field  is
a solution of the equation describing a phenomena, then the field  satisfies the
equation as well. This holds in linear acoustics as the time derivative operator is of second
order. The acoustic field generated by an active source can therefore be recorded along a
control surface, the time reversal mirror. The source is subsequently removed, the
recorded field is reversed in time and applied on the TRM surface. The acoustic field thus
generated interferes constructively at the position of the original source.
Many experiments and applications of the time reversal method in acoustics have been
published in the last few years. Cassereau et al. [19] investigated the possibility of using
plane time reversal mirrors instead of surrounding surfaces in order to obtain more realis-
tic situations from an experimental point of view. The reversibility of transient acoustic
waves in inhomogeneous media with high-order multiple scattering was demonstrated by
Derode et al. [26].
The time reversal method has also been applied in ultrasonic nondestructive testing [76].
The technique was extended to the detection of defects and the determination of their posi-
tions in large structures in the framework of doctoral theses at the Center of Mechanics.
Leutenegger investigated the scattering of structural waves at a defect in cylindrical struc-
tures [55]. He measured the displacement field at different locations around a circumfer-
ence. He subsequently evaluated the recorded signals with a time reverse numerical
simulation (TRNS) [56]. This new approach allowed for the determination of the defect
position by means of the numerical simulation tool where displacement and stress fields
are easily monitored. Veres [94] applied this procedure to detect a defect in a rectangular
wooden bar using guided waves.

4.4.2 Time reversal numerical simulation

The time reversal numerical method is firstly discussed by means of a quadratic, two-
dimensional geometry, assuming plane strain state. All the surfaces of the block are
assumed to be traction free. Bulk waves are generated in the center of the section by
imposing a horizontal displacement function. The excitation signal consists in a sinusoid

u r t,( )
u r t–,( )
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multiplied by a Hanning window, with four cycles and a center frequency MHz.
The amplitude of the displacement is shown in Fig. 4.12 at three different times after the
initiation of the excitation. The horizontal displacement function generates both longitudi-
nal and transversal waves. The faster, longitudinal mode is characterized by a circular
amplitude function with maximum value in the horizontal excitation plane (y = 8 mm) and
vanishing amplitudes in the vertical excitation plane (x = 8 mm). This is a direct conse-
quence of the anti-symmetric excitation. In fact, the maximum amplitude is found at the
position where the particle displacement direction coincides with the direction of the exci-
tation. This holds for the slower, transversal wave as well, that exhibits a maximum ampli-
tude in the vertical excitation plane (x = 8 mm).

Fig. 4.12: Snapshots of the displacement amplitude in the quadratic section (a) µs, (b) µs
and (c) µs after the initiation of the excitation, MHz, . The quadratic measure-
ment cavity of 6 mm side length is denoted by a white square.

In the first time reversal “numerical experiment” the horizontal and vertical displacement
components u and v, respectively, are saved as a function of the time for all grid points
along a closed, quadratic cavity with 6 mm side length, denoted by a white square in Fig.
4.12. The displacement histories are subsequently inverted in time domain and used as
excitation signal in a second FDM simulation using the same geometry. At each time step
of the TRNS the displacement components of the reversed time signal are inserted at the
corresponding position along the quadratic cavity. The resulting displacement field is
shown in Fig. 4.13a after a simulation time corresponding to the first snapshot in Fig.
4.12. The displacement field obtained in the cavity by means of the time reversal numeri-
cal simulation agrees exactly with the original field (same displacement and stress ampli-
tudes for all the grid points inside the cavity, compare Fig. 4.12a and Fig. 4.13a).
Different conditions are necessary for a perfect reconstruction of the amplitude displace-
ment field:
• The time reversal mirror has to be a closed cavity.
• A complete displacement image is required along the time reversal mirror (in this two-

dimensional case both displacement components u and v).
• At the beginning of the time reversal numerical simulation, the initial displacements

have to match the displacement field at the end of the original simulation.
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If the previous requirements are satisfied, the boundary conditions along the time reversal
mirror are identical to the reversed boundary conditions of the original wave propagation
phenomenon and the reconstructed displacement field is exact. In the present case the dis-
placement field is not saved for all the nodes after the last time step of the original simula-
tion (Fig. 4.12c). However, at the beginning of the TRNS the displacement is set to zero
for all nodes. In the inner cavity part this coincides with the displacement field at the end
of the original simulation, as can be seen in Fig. 4.12c. Consequently, in the cavity all
requirements for a perfect reconstruction of the wavefield are fulfilled. On the contrary, at
the end of the original simulation bulk waves are still propagating outside the cavity. Set-
ting the displacement field of the area outside the cavity equal zero at the beginning of the
time reverse simulation violates the third requirement for a perfect reconstruction. Conse-
quently, the field obtained in the external zone by TRNS does not match the original field
(compare Fig. 4.12a and Fig. 4.13a).

Fig. 4.13: Snapshots of the displacement amplitude: (a) corresponding to t = 0.84 µs by the origi-
nal simulation, closed TRM; (b) t = 0.84 µs, plane TRM; (c) t = 0.36 µs, plane TRM.

The aim of the time reversal numerical experiment is to determine the position of the
source, which is characterized by a maximum of the displacement field amplitude due to
constructive interferences. Cassereau and Fink [19] have shown that a plane time reversal
mirror that does not surround the excitation source is an efficient alternative to a closed
cavity, more realistic from an experimental point of view. The previous time reversal
numerical experiment is therefore repeated with a plane TRM corresponding to the upper
part of the previous quadratic cavity. Both wave modes are clearly identifiable in Fig.
4.13b. As expected, the use of a plane time reversal mirror does not allow for the whole
reconstruction of the original field. However, the waves generated by the excitation signal
along the time reversal mirror clearly focus on the position of the excitation source, as
shown in Fig. 4.13c.
A second time reversal experiment is presented in Fig. 4.14, by which the upper part of the
quadratic section has been cut along the plane time reversal mirror. This results in a rect-
angular section with excitation at mm and traction-free boundary conditions along
the new upper surface. The plane time reversal mirror is now situated along the upper sur-
face and the displacement histories are therefore saved at a stress-free boundary.
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Fig. 4.14: Snapshots of the displacement amplitude (a) 0.84 µs, (b) 1.44 µs, and (c) 2.16 µs after
the initiation of the excitation, MHz, . The plane TRM is denoted by a solid line.

The displacement saved on the upper boundary is the sum of the incident waves and the
bulk waves scattered in order to satisfy the stress-free boundary conditions:

. (4.8)

As the aim of the time reversal experiment is the localization of the excitation source, only
the incident field should be considered in the time reversal simulation. However, it can be
shown that for small angles of incidence the total displacement field at the specimen sur-
face is about twice the incident field. This holds for both longitudinal and transversal
modes. The displacement field saved at the surface can therefore be written as a function
of the incident field with an error . The error term

(4.9)

is a function of the angle of incidence, of the wave mode and of the displacement compo-
nent. The time reversal numerical simulation is hence performed with the displacement
histories  recorded on the traction-free surface. The reconstructed wave field is there-
fore the sum of the field generated by the displacement history  and twice the desired
field.

Fig. 4.15: Snapshots of the displacement amplitude obtained by TRNS, TRM on the upper surface:
(a) corresponding to µs by the original simulation; (b) µs; (c) µs,
magnification of the excitation area.
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Figure 4.15 shows the TRNS results. The wave field generated by the displacement histo-
ries saved at the free surface is very similar to the one obtained in the previous case (see
Fig. 4.13b). The bulk waves clearly focus at the excitation source position, characterized
by the maximum displacement amplitude, as can be seen in Fig. 4.15c.
The last time reverse numerical experiment is performed using the same rectangular sec-
tion. However, only the vertical component of the reversed displacement histories is
inserted in the TRNS as excitation source. This situation corresponds to the experimental
conditions of the present work, where only the vertical component of the displacement
field is measured. The reversed ultrasonic field thus generated is a linear superposition of
the desired wave field and an additional wave field. The addition of both wave fields satis-
fies the new boundary conditions given by:

. (4.10)

The second term in Eq. (4.10) is necessary for the boundary conditions along the TRM to
be complete. A vanishing shear stress has been selected in order to be consistent with the
part of the upper surface outside the TRM.
The resulting displacement field is plotted in Fig. 4.16. A comparison with the time
reverse simulation results obtained with both displacement components points out distinct
differences between both displacement fields. Indeed the desired displacement field and
the additional wave field resulting from the new boundary conditions on the time reversal
mirror generate a distinct interference pattern. Nevertheless, the resulting field interferes
constructively at the position of the original excitation source. The comparison of the
color scales in Fig. 4.15c and Fig. 4.16c states the influence of the additional wave field.
As expected, the displacement field maximum is less pronounced by omission of the hori-
zontal displacement component in the TRNS. 

Fig. 4.16: Snapshots of the displacement amplitude obtained by TRNS, horizontal displacement
component omitted, TRM on the upper surface: (a) corresponding to t = 0.84 µs by the original
simulation; (b) t = 0.36 µs; (c) t = 0.36 µs, magnification of the excitation area.

In summary, in addition to the usual stability and accuracy criteria, characteristic of finite
difference algorithms, the following points have to be kept in mind by time reversal
numerical experiments. Firstly, the position and the size of the time reversal mirror affect
the enhancement of the displacement field at the position of the original source. Secondly,
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the use of displacement field histories measured on a stress-free boundary yields an addi-
tional wave field within the specimen. This field is small in comparison with the main
field representing the original wave propagation phenomenon and consequently, does not
significantly influence the position of the maximum interference amplitude. Finally, the
most critical point is the use of a single displacement component (the vertical component)
as input in the time reversal numerical simulation. The additional wave field thus gener-
ated significantly modify the total reconstructed wave field. However, in the previous
example, the position of the original source remains clearly identifiable.

4.4.3 Application to the present scattering problem

The scattering of a Rayleigh wave at a crack with a ratio of crack depth to wavelength
 has been addressed in detail in section 3.3.6. Among all the scattered modes

quasi-circular longitudinal ( ) and transversal ( ) waves are diffracted at the tip of the
crack, as can be seen in Fig. 4.17. The basic idea here is to use these quasi-circular modes
to ascertain the position of the crack tip and therewith determine the depth of the crack.

Fig. 4.17: Snapshots of the displacement magnitude by the scattering of a surface wave at a mm
deep crack, MHz, : (a) t = 2.72 µs; (b) t = 3.36 µs.

The surface displacement resulting from the reflection of the quasi-circular waves can be
recorded on the upper surface or on the rear side of the specimen. Most of the energy car-
ried out by the shear wave  propagates into the material depth. Consequently, in a plate
the rear side of the specimen would be the ideal location to measure and save the displace-
ment histories. However, the procedure developed here takes into consideration future
applications on component-like specimens or turbine rotors. As those can be considered as
infinitely thick with respect to the scattered field, the displacement measurement has to be
performed on the cracked surface of the specimen.
The vertical displacement component of the scattered field at a mm deep crack, recorded
on the upper surface of the specimen during the original scattering simulation, is displayed
in Fig. 4.18. The relevant waves for the determination of the crack tip position are the
quasi-circular longitudinal ( ) and transversal ( ) waves. The transversal mode  has
no vertical displacement component in the vicinity of the crack. Furthermore, on the crack
faces,  is substituted by two Rayleigh waves, as can be seen in Fig. 4.17. The vertical
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surface displacement field in the vicinity of the crack is therefore excluded from the TRM
in the inverse simulation. The time interval of the displacement histories is shortened in
order to minimize the perturbation of undesired wave modes, such as the Rayleigh wave
reflected at the mouth of the crack ( ). The resulting domain, delimited by two rectan-
gles in Fig. 4.18, is time reversed and inserted as excitation signal in the TRNS.

Fig. 4.18: Vertical component of the scattered, surface displacement field at a mm deep crack
versus time, MHz, , crack mouth at x = 0.

The geometry implemented in the time reversal simulation is a rectangular section thicker
than the plate in order to avoid undesired reflections from the rear side of the plate. The
crack contour are not included in the TRNS model. Three snapshots of the displacement
field magnitude, resulting from the inverse simulation, are shown in Fig. 4.19. 
The Rayleigh waves Rr2 and Rt as well as the transversal waves corresponding to , gen-
erated at the specimen surface, are clearly recognizable. The surface wave Rr1 arising
from the first reflection at the crack mouth is generated at a later time (see Fig. 4.19b). The
constructive interferences at the crack tip position lead to a distinct amplitude maximum,
as illustrated in Fig. 4.19c.
A smart way to visualize the crack tip position is the storage for every node of the maxi-
mum displacement magnitude obtained during the whole time reversal simulation. The
crack tip position is subsequently evaluated by searching for the node with the maximum
displacement magnitude. Since the global maximum usually does not correspond to the
crack tip, a plot of all the maxima is usually helpful for a first estimation of the crack tip
position and a restriction of the searching area. This procedure can be executed with any
displacement component. The horizontal displacement component is selected here as
parameter for the determination of the crack tip position. This allows a reduction of the
perturbations due to the longitudinal mode  (terminology defined in section 4.2.2),
the particle displacement vector of which is quasi-vertical, as well as the disturbance of
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the Rayleigh modes, which have a horizontal component which decreases much faster
than the vertical one.

Fig. 4.19: Snapshots of the displacement magnitude obtained by TRNS of the scattering at a mm
deep crack, MHz, : (a) corresponding to t = 3.84 µs by Fig. 4.18, (b) t = 2.88 µs,
(c) t = 1.92 µs.

The maximum horizontal displacement magnitude saved at every point of the grid during
the TRNS is illustrated in Fig. 4.20a. As previously mentioned, the impact of the Rayleigh
mode Rr1 is confined to a small layer in the vicinity of the surface. However, the recon-
struction of a surface mode yields additional bulk modes, in particular a shear mode build-
ing up a sort of tail. These additional modes are characteristic from the excitation of a
Rayleigh wave by imposing the displacements only on the specimen surface. A similar tail
can be observed by Rayleigh wave generation using a plexiglas wedge [78]. The impact of
this transversal wave on the pointwise recorded maximum horizontal displacement can be
seen in Fig. 4.20a.

Fig. 4.20: TRNS results: maximum horizontal displacement component for a mm deep crack: (a)
with Rayleigh modes; (b) without Rayleigh modes.
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This can be partly eliminated by filtering out the Rayleigh modes using the following pro-
cedure. The reflected and transmitted Rayleigh pulses ( , , ) are separated from
the other modes using the enhancement method. The pulses thus obtained are subse-
quently subtracted from the time series so as to eliminate all the reflected and transmitted
Rayleigh modes. This technique is very efficient for TRNS using displacement histories
saved in a simulation, since the amplitude of the propagating Rayleigh modes remains
constant (two-dimensional wave propagation). The resulting pointwise maxima of the hor-
izontal displacement magnitude, displayed in Fig. 4.20b, exhibit a clear maximum in the
vicinity of the crack tip position. Furthermore, most of the undesired maxima associated
with the surface modes have vanished (compare Fig. 4.20a and Fig. 4.20b).
This procedure was repeated on the basis of scattering simulation results with cracks mea-
suring from mm to mm in depth. The TRNS was performed using the vertical dis-
placement histories saved in a scattering simulation using an excitation signal with center
frequency MHZ and four cycles, after elimination of the Rayleigh modes. The
positions of the crack tip, resulting from the evaluation of the horizontal displacement
field, are given in Table 4.1. The agreement between actual depth and position of the crack
tip is pretty good for the middle depth range. 

Table 4.1: Evaluation of the crack tip position using TRNS; the original displacement data arise
from FDM scattering simulations with MHz, , crack mouth at .

The discrepancy for the mm deep crack is due to the small ratio of crack depth to wave-
length . It can be shown that, with this ratio of crack depth to wavelength, the
determination of the crack tip position by TRNS is not possible without perfect elimina-
tion of the surface modes. Even a suppression of the Rayleigh modes does not deliver
accurate results, as shown in Table 4.1. Indeed, in this range, the scattering at the crack
mouth and the scattering at the crack tip are no longer perfectly independent. Furthermore,
the interference field at the crack tip is affected by the surface proximity. Even the use of
both displacement components for the excitation along the TRM would not eliminate this
problem. The crack characterization using TRNS is therefore limited to crack depths with
a ratio . This corresponds relatively closely to the range of use of the classical
TOF method (see section 4.2.1).
The horizontal crack tip position obtained by TRNS shows a systematic shift, typically on
the right of the actual position (with the exception of the mm crack). This shift is
investigated more in detail below.
The analytical solution presented in section 3.2 showed that the displacement field arising
from the scattering of any incident wave at a surface crack can be expressed as the sum of
a symmetric and an anti-symmetric field. The transversal mode S2 diffracted at the tip of
the crack is therefore the linear superposition of a symmetric and an anti-symmetric quasi-

Actual depth [mm] 1 2 4 5 7.5

TRNS results, vertical position [mm] 1.13 2.01 4.05 5.05 7.37

TRNS results, horizontal position [mm] 0.26 0.26 0.26 0.26 -0.28
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circular shear wave originating from the crack tip. Furthermore, the transient analytical
solution enables the calculation of the symmetric and the anti-symmetric displacement
fields on the specimen surface. The vertical component of the reversed displacement his-
tories can subsequently be inserted in the finite difference program as excitation signal.
The TRNS is performed separately for the symmetric and anti-symmetric fields. The
resulting maxima of the horizontal displacement field are plotted in Fig. 4.21 in the vicin-
ity of the crack tip.

Fig. 4.21: Maximum horizontal displacement in the vicinity of the crack tip, obtained by TRNS
using analytical displacement histories at the surface (vertical component), MHz, :
(a) only symmetric displacement field; (b) only anti-symmetric displacement field; (c) total dis-
placement field.

The reconstructed, symmetric displacement field has two maxima (Fig. 4.21a). While the
y-coordinate of the maxima corresponds to the crack depth ( mm) their x-position is
clearly shifted from the midline . This is in accordance with the definition of a sym-
metric field, whose horizontal displacement vanishes on the symmetry axis ( ). The
reconstruction of the anti-symmetric field on the basis of the anti-symmetric, vertical sur-
face displacement is displayed in Fig. 4.21b. The observation of the color scala points out
horizontal displacement magnitudes about three times less than the symmetric one. The
total field is obtained by linear superposition of both displacement fields, yielding positive
interferences for the right maximum and negative interferences for the left maximum. This
explains the typical shift on the right of the crack tip position obtained by TRNS. The
same investigation could be performed for the maxima of the vertical displacement field.
This would also reveal an horizontal shift of the maximum with respect to the crack tip
position as well as an additional vertical shift of about mm ( ), yielding
an apparently shorter crack depth.
The magnitude of this horizontal shift can be correlated with the excitation frequency and
therefore with the Rayleigh wavelength of the incident wave. Table 4.2 shows the TRNS
results obtained for the crack tip position of a mm deep crack using three different fre-
quencies. As expected, the horizontal shift is proportional to the Rayleigh wavelength of
the incident wave, and thus, has to be taken in account when using this procedure. How-
ever, the depth of the crack is obtained from the vertical position of the crack tip, which
does not exhibit any systematic shift.
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Table 4.2: Evaluation of the crack tip position using TRNS; the original, vertical displacement data
arise from FDM scattering simulations at a mm deep crack, crack mouth at x = 0.

The evaluation of the mm crack is strongly disturbed by the reflections occurring dur-
ing the original simulation at the plate rear-side (see Table 4.1). At this particular depth the
transversal mode S2 propagating upward and the longitudinal mode PS2 arising from the
reflection at the plate rear side from the transversal mode S2 reach the upper surface at the
same time. The TRNS is strongly disturbed by the inverse propagation of the longitudinal
mode PS2 and, therefore, does not deliver a clear crack tip position (see Fig. 4.22a).

Fig. 4.22: Maximum horizontal displacement component for a 7.5 mm deep crack, MHz,
, crack tip position indicated by a circle: (a) TRNS with a mm thick specimen;

(b) TRNS with a mm thick specimen, as in the original FDM simulation.

The implementation of the actual thickness of the plate in the TRNS allows an advantage
to be made out of this problem. The longitudinal mode PS2 is generated by the reflection
of the transversal mode S2 at the rear side of the plate, which arises from the diffraction of
the incident Rayleigh wave at the crack tip. In the TRNS the longitudinal mode PS2,
which is generated at the specimen surface at the same time as the transversal mode S2, is
reflected at the rear side of the plate. The transversal mode arising from the reflection
focuses on the crack tip position, interfering with the transversal wave created directly
along the time reversal mirror.
Figure 4.22b illustrates the maximum horizontal displacement magnitude resulting from
the TRNS with the actual mm plate thickness. The plot reveals two maxima. The first
maximum arises from the reflection of the longitudinal mode PS2 at the rear side of the
specimen. The second maximum is generated by the interference at the crack tip position
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of all the modes originally diffracted there. The evaluation of its position delivers the fol-
lowing coordinates for the crack tip: mm, mm. Consequently, the
implementation of the real geometry brings a clarification of the focusing position (com-
pare Fig. 4.22a and Fig. 4.22b) and, as a result, a better accuracy of the crack tip position.

4.4.4 Time reverse simulation results using measured data

This section present the experimental results obtained using the TRNS method. The verti-
cal displacement histories were measured in the vicinity of the defects. The Rayleigh
modes were subsequently partly cancelled using the procedure described previously. The
displacement signal thus obtained were reversed in time and inserted in the numerical sim-
ulation as excitation signal along the time reversal mirror. All measurements were per-
formed on a line perpendicular to the crack. The experimental step size and the time
increment have to fulfill the numerical requirements necessary for a stable and accurate
time reversal numerical simulation.
The TRNS results for slots of mm to mm depth are presented in Table 4.3. The mea-
surements were carried out using a MHz excitation signal ( mm) with four
cycles. The time reversal numerical simulations were performed with a geometry thicker
than the actual specimen thickness, as in the first part of the previous section, in order to
avoid the reflections from the rear side during the reverse simulations and therefore com-
ply the case of a crack at the surface of a half-space.

Table 4.3: Evaluation of the tip position using TRNS; the original displacement data arise from
measurements at different slots, mm, MHz, , slot mouth at x = 0.

All the slot tips could be localized with a good accuracy. The horizontal right shift of the
maximum horizontal displacement from the crack tip position is experimentally validated.
The accuracy as well as the reproducibility of the measurements are not as good as in the
previous section, where the displacement histories came from finite difference simula-
tions. In particular, the experimental results are subjected to additional problems:
• The slots were machined by electrical discharge machining using a wire with a diame-

ter of mm. Consequently, the tip of the slots exhibits a semi-circular geometry (see
Fig. 2.1). This affects the reflection and diffraction of the incident Rayleigh wave at
the tip of the slot. This particularly concerns the Rayleigh wave  as well as the
quasi-circular wave S2 in the quarter space , which is relevant for the determina-
tion of the crack tip position using TRNS. The impact of the semi-circular tip on the
energy distribution between the modes diffracted at the crack tip can be seen in the
plot of the maximum, horizontal displacement magnitude in Fig. 4.23. Even though
the position of the tip is clearly characterized by a maximum of the horizontal dis-
placement magnitude, the shear wave generation on the left side of the crack is very

Actual crack depth [mm] 1.98 - 2.00 3.04 - 3.09 4.06 - 4.17

TRNS results, vertical position [mm] 2.07 3.13 4.15

TRNS results, horizontal position [mm] 0.16 0.22 0.14

xt 0.28–= yt 7.53=

2 4
5 λ 0.6=

w 0.1= f0 5= nc 4=

0.1

Rr2
x 0<



94

poor. This was not the case by the TRNS using the scattering simulation results at a
sharp crack (see Fig. 4.20b).

Fig. 4.23: TRNS results based on experimental, vertical displacement histories: maximum hori-
zontal displacement component for a mm deep slot, MHz, , crack mouth at x = 0.

• As discussed in section 2.3.1, the Rayleigh wave generation by means of a wedge
excites unwanted bulk waves as well, with amplitudes of dB to dB lower. These
waves have amplitudes of the same order of magnitude as the modes diffracted at the
crack tip and, consequently, disturb the surface displacement field. Their impact on the
TRNS can be seen in Fig. 4.23, especially in the quarter plane .

• The position of the crack mouth corresponds to the origin of the coordinate system. In
the experiments this adjustment is carried out optically so that the laser beam illumi-
nates the slot. The inaccuracy associated with this visual setting is a function of the
laser spot diameter as well as the width of the slot. In the present case the width of the
slot is greater than the focused laser spot diameter. The maximum error can therefore
be estimated as half the slot width, i.e. mm. This generates an additional
scatter to the horizontal shift position of the maximum displacement amplitude.

• The technique described previously for the cancellation of the Rayleigh modes is ham-
pered by the typical ultrasonic surface field attenuation. The amplitude of the Rayleigh
pulses arising from the enhancement procedure is an average over the decreasing sur-
face displacement field. The cancellation of the Rayleigh modes by subtraction is
therefore not ideal.

The experimental results presented in the second part of this section concern the two main
cracks C1 and C2 of the fatigued steel specimen. TOF measurements of the crack profiles
were presented in section 4.2.2, pointing out crack “depths” up to mm as well as a
curved shape for crack C1. The present investigations using TRNS will focus on two posi-
tions along these cracks: mm by crack C1 and mm by crack C2 (see Fig.
4.5). In this crack depth range the wave modes PS2 and S2 reach the surface of the speci-
men simultaneously, as discussed in the previous section. The TRNS are therefore per-
formed with a specimen thickness in agreement with the experimental specimen ( mm).
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Fig. 4.24: Maximum horizontal displacement component, MHz, , crack mouth
indicated by a cross, crack tip by a circle, TRNS with a mm thick specimen: (a) crack C1,

mm; (b) crack C2, mm.

The maximum horizontal displacement resulting from the TRNS is plotted in Fig. 4.24 for
both cracks. The results obtained at mm for crack C2 (Fig. 4.24b) are similar to the

mm deep crack simulation (Fig. 4.22b). Good agreement is shown between ultrasonic
timing measurement and crack depth obtained using TRNS (see Table 4.4).

Table 4.4: Evaluation of the crack tip position using TRNS; the original displacement data arise
from measurements on the fatigued steel plate, MHz, , crack mouth at .

For crack C2 both graphical and numerical results (Fig. 4.24a and Table 4.4) confirm the
classical ultrasound measurements performed at the EMPA, presented in section 2.2.2, as
well at the observation of section 4.2.2, based on the measurement of the out-of-plane dis-
placement amplitude in the transmitted field: the crack C1 has a curved shape. This justi-
fies the important horizontal shift of the crack tip relative to the crack mouth. The
particular diffraction process at the crack tip, discussed in section 4.2.2, yields a non uni-
form energy distribution with most of the energy diffracted in the quarter plane . The
depth resulting from the TOF measurement is greater than the vertical position of the
crack tip. This discrepancy can be explained by taking into consideration the fact that the
crack has a curved shape, as illustrated in Fig. 2.3.

Crack, lateral position [mm] C1, mm C2, mm

TOF measurements [mm] 7.86 7.57

TRNS results, vertical position [mm] 7.55 7.51

TRNS results, horizontal position [mm] 1.50 -0.02
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4.5 Factors affecting the crack characterization

The investigation of the scattering at a surface crack and the development of characteriza-
tion procedures were performed on the basis of the surface crack model introduced in sec-
tion 3.1. This model rests upon several assumptions that are not ever satisfied in the real
mechanical components to be investigated:
• All characterization techniques have been developed under plane strain assumption.
• The crack follows a straight line normal to the surface of the specimen.
• The crack faces are stress-free and have therefore no interaction.
• The use of a two-dimensional model postulates a crack profile with constant depth.
• The incident wave impinges on the surface crack line at right angle (relative to the x-

axis).
Some of the problems resulting from the non-fulfillment of these assumptions in the
experiments have already been addressed, e.g., the influence of a curved crack profile on
the wave modes diffracted at the crack tip. This section deals with the impact of crack clo-
sure on the different characterization procedures presented in the framework of this
project. The plane strain assumption is addressed in Appendix A.1.

4.5.1 Crack closure

Conventional linear ultrasonic techniques are particularly affected by the problem of crack
closure [21]. Indeed, a completely closed contact provides a continuous acoustic field
impedance and hence no reflection of the incident waves occurs. However, as soon as the
excitation is increased beyond the threshold value at which clapping between the crack
faces is activated, the interface area becomes highly nonlinear. This has motivated
researchers to investigate the dynamic contact problem of crack faces for a better interpre-
tation of scattering data in ultrasonic nondestructive evaluation. Based on investigation of
acoustic nonlinear phenomena on contact boundaries [87], recent work has investigated
the surface acoustic wave modulation by the scattering at a partially closed fatigue crack
[49, 72].
The present project aims to develop nondestructive methods for crack detection and char-
acterization in high temperature turbine rotors. At the end of a thermal cycle, these
mechanical components are often characterized by residual tensile stress at critical surface
locations. Consequently, the surface flaws generated over the service life of these compo-
nents are open during the inspection stages. This also applies to the surface cracks gener-
ated in the component-like specimen investigated in Chapter 5. The problem of crack
closure is hence not investigated in detail in this thesis, but briefly discussed on the basis
of measurement results using the fatigued steel specimen.
Figure 4.25 illustrates the out-of-plane displacement in the transmitted near field for three
measurements performed on crack C1. The first measurement (a) was carried out at

mm after application of a bending load so as to open the fatigue crack. The load
generated a tensile stress of about MPa at the specimen surface. At that position the
crack C1 has a depth of about mm (see Table 4.4). All the wave mode characteristics
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from the scattering at an open crack are observable, in particular the modes arising from
the diffraction at the crack tip: the transmitted Rayleigh wave , used for TOF measure-
ment, the quasi-circular waves  and  and the modes arising from the reflection of the
quasi-circular modes at the plate rear side. The low energy carried by  has to be asso-
ciated with the curved crack shape, as discussed in detail in section 4.2.2.

Fig. 4.25: Out-of-plane displacement component versus time, measured in the transmitted near
field of crack C1, , : (a) mm, MPa, (b) mm, unloaded, (c)

mm, unloaded.

The second measurement (b) was performed at the same position after unloading of the
plate. The impact of crack closure is first noticed by the absence of a clear transmitted
Rayleigh pulse . Furthermore, some additional modes can be observed in the time inter-
val µs. These modes arise from the interactions between the crack faces. The
interaction locations are functions of the applied load and of the topography of the two
surfaces. By each of these interactions the Rayleigh wave propagating along the crack
faces loses some energy.
However, if the crack is not completely closed in the vicinity of the crack tip and if the
Rayleigh wave transmitted at the crack mouth has still energy when reaching the crack tip
the standard diffraction process will take place at the tip. This explains the presence of all
the crack tip modes for µs in Fig. 4.25b. The Rayleigh wave transmitted at the crack
tip is subsequently again subjected to interactions during its propagation toward the speci-
men surface. The Rayleigh pulse  propagating in the transmitted field has therefore
very low energy.
Figure 4.25c shows the results from a measurement performed at mm. Here a part
of the energy carried by the incident Rayleigh wave is directly transmitted in the form of a
Rayleigh wave  without significant delay. This denotes an important interaction
between both crack faces directly in the vicinity of the specimen surface. Nevertheless, a
part of the energy is transmitted along the crack faces and diffracted at the crack tip. This
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generates the characteristic quasi-circular modes. The time signal obtained in the transmit-
ted near field after Rayleigh wave enhancement, displayed in Fig. 4.26, shows that a frac-
tion of this energy is transmitted at the crack tip in the form of the usual Rayleigh wave

, which can be used for TOF measurement.

Fig. 4.26: Out-of-plane displacement amplitude behind the unloaded crack , at mm,
after enhancement of the Rayleigh pulse ( MHz, ).

The characterization procedures presented previously are severely influenced by crack
closure effects. The frequency domain characterization technique for low-frequency ratio
of crack depth to wavelength no longer works in the case of partially closed cracks. Even
if the interactions between the crack faces occur at discrete locations the resulting scatter-
ing coefficients and central frequencies no longer correspond to the reference curves.
The reliability of the ultrasonic TOF method is also strongly affected by crack closure.
The discrete contacts between the crack faces remove energy from the transmitted Ray-
leigh wave . The correct identification of the transmitted pulse is therefore strongly
dependent on the contact conditions. Furthermore, the direct transmission of an energy
fraction, as in Fig. 4.26, or the generation of other Rayleigh pulses by the interaction posi-
tions make the determination of the pulse to be considered for crack depth assessment dif-
ficult.
The TRNS method is based on the diffraction at the crack tip of the incident Rayleigh
wave transmitted at the left crack mouth. The energy carried by this Rayleigh mode is
influenced by the partial contacts as well. Furthermore, the diffraction phenomena occur-
ring at the contact points can disturb the TRNS and lead to multiple maxima. However, if
the Rayleigh wave reaches the crack tip the quasi-circular bulk modes diffracted at the
crack tip are no longer subjected to energy losses. The reliability can be highly improved
by implementation of the plate rear side in the TRNS. This allows for the use of the infor-
mation contained in the reflections at the plate rear side from the quasi-circular modes,
which usually still carry a significant energy. 
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Fig. 4.27: Maximum horizontal displacement component by crack C1, z = 33 mm, f0 = 5 MHz,
, crack mouth at x = 0: (a) loaded specimen; (b) unloaded specimen.

Figure 4.27 shows a comparison of TRNS results obtained from measurements (a) with
and (b) without bending load. Although the crack tip position is more clearly in evidence
in the case of the open crack, the TRNS with unloaded specimen delivers a distinct crack
tip position as well. The TOF measurement of the crack depth by loaded and unloaded
specimen as well as the coordinates of the crack tip resulting from TRNS are given in
Table 4.5.

Table 4.5: Comparison of the results obtained with loaded and unloaded specimen, crack C1,
mm,  f0 = 5 MHz, , crack mouth at x = 0.

For the unloaded specimen the TOF crack depth measurement is inaccurate. This is due to
the small amount of energy carried by the transmitted Rayleigh pulse. The TRNS method
delivers good result despite the lacked loading: the crack tip position is hardly affected by
the partial contact between both crack faces.
However, it has to be pointed out that none of these methods works for completely closed
cracks. Similarly, the characterization of a crack with a totally closed crack range direct up
from the crack tip would deliver a crack depth corresponding to the partially open crack
range.

Crack C1, z = 33 mm loaded specimen unloaded specimen

TOF measurements [mm] 7.86 (8.21)

TRNS results, vertical position [mm] 7.55 7.53

TRNS results, horizontal position [mm] 1.50 1.56
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4.6 Summary and conclusions

Three different inversion schemes have been presented for surface crack sizing using
ultrasonic Rayleigh waves. These methods, based on information measured in the defect
near field, have been experimentally validated by means of standard lab specimens. In
comparison with most of the existing methods, based on far-field measurements using a
two-wedge technique, the methods applied here have several advantages: (i) the assess-
ment process does not require any calibration procedure, (ii) the measurements on a line
perpendicular to the defect yield a high lateral resolution of the crack depth and (iii) the
use of near-field information will allow for defects in components with complex geometry
to be characterized.

Fig. 4.28: Application domain of the different crack characterization techniques versus .

Each of the three characterization techniques has its own application range, as schemati-
cally shown in Fig. 4.28. In the low-frequency range ( ) a defect can be character-
ized in frequency domain by evaluation of its surface scattering parameters, i.e., scattering
coefficients and central frequencies. The extension of the TOF method covers the middle-
frequency range ( ) and deep surface flaws can be characterized using the classical
TOF method or by means of time reversal numerical simulations. The significant charac-
teristics of each of these techniques are summarized below.
The TOF method is based on the transit time of the transmitted Rayleigh wave. The trans-
mitted pulse is obtained in the near field of the defect using the enhancement procedure.
The transit time is subsequently obtained by correlation of the transmitted signal with the
incident one. The measured crack length is therefore independent of the absolute crack
mouth position. The main error source is the high sensitivity of the two-dimensional ultra-
sonic surface field to the experimental Rayleigh wave generation conditions. This causes
discrepancies by the evaluation of the transit time that can be reduced by the use of higher
excitation frequencies. In the high-frequency range the TOF method can be applied to all
types of defects. By application to cracks with curved shape or inclined defects the method
delivers a “depth” corresponding the the length of the defect, but no direct information
about the defect geometry. In the middle-frequency range the depth for both crack and slot
is obtained on the basis of the far-field, analytical time-delay curve at a surface crack. This
leads to errors up to 10% for slots with a base-width to depth ratio .
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With the frequency domain characterization method the crack depth is obtained by com-
parison of scattering parameters with reference curves. The reflected and transmitted Ray-
leigh waves are obtained from near-field measurements by means of the enhancement
method. The required scattering parameters are subsequently determined by FFT of the
reflected and transmitted pulses and compared with the corresponding curves. The refer-
ence curves are highly sensitive to the exact defect geometry. Consequently, the evalua-
tion of slots or cracks has to be performed with the specific curves. However, the
procedure can be applied to an arbitrary defect shape if the specific coefficient curves are
known. The central frequency curves are calculated on the basis of the excitation signal
and the coefficient curves. In some cases the global minimum delivered by this technique
is not consistent with the local minimum corresponding to the actual crack depth. This can
be attributed to the scatter of the measured amplitude values mostly due to the characteris-
tic sound field attenuation.
The TOF method and the frequency domain characterization technique can be used com-
plementary for the characterization of surface cracks. The reflected and transmitted Ray-
leigh pulses are obtained by enhancement of the surface modes in the near field of the
defect. The time delay is subsequently evaluated and, if applicable, the crack depth is
determined. If the transmitted wave exhibits no significant time delay the characterization
is undertaken in frequency domain by means of the scattering parameters obtained by FFT
of the reflected and transmitted pulses. This allows the whole range of crack depth to
wavelength to be covered with a single measurement.
In this thesis slots down to mm have been characterized with an accuracy better than
10% ( µm). This crack depth is well below the literature values presented in Chapter 1
using the potential drop method or eddy current techniques. It is also an advancement in
comparison with the literature on surface crack characterization using Rayleigh waves.
Date et al. [25] were able to determine the depth of slots down to mm deep
( ) using the “classical” TOF method with a center frequency MHz.
The use of a MHz transducer scales down the minimum gaugeable crack size by a fac-
tor of two ( mm). The extension of the TOF method to the nonlinear range

 allows for a further reduction of the minimum gaugeable crack depth to
mm, which has been experimentally verified in the framework of this thesis.

Scala and Bowles [80] used the characteristic, rapid linear drop in transmission coefficient
for the characterization of small slots as small as mm in depth with an accuracy better
than µm. In the present study the frequency domain characterization technique was
successfully applied to the depth measurement of the smaller available slot ( mm) with
an accuracy better than 10%. However, the technique is potentially applicable to smaller
surface cracks. In fact, the mm deep slot has been measured with an excitation fre-
quency of MHz ( ), so the method should be able to size µm deep
cracks with a MHz excitation signal.
The TRNS method is not based on the measurement of the Rayleigh modes. In contrast, it
has be shown that the elimination of these modes yields better results. The main disadvan-
tage of this technique is the evaluation based on a numerical simulation that is often time-
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consuming. The TRNS method delivers the position of the crack tip, with a systematic
horizontal shift proportional to the Rayleigh wavelength. The crack depth is obtained sub-
sequently from the positions of the crack mouth and the crack tip. The implementation of
the incomplete displacement history (only vertical component) in the time reverse simula-
tion and the measurement of the displacement at the boundary generate undesired wave
modes interfering with the reconstruction of the original field. However, it has been shown
that these additional modes do not significantly modify the focus point. The characteriza-
tion of deep cracks by means of TRNS has shown that the use of all the information scat-
tered at the crack tip (including the reflections at the plate rear side) yields more accurate
results. Furthermore, as for the other techniques the accuracy is improved by using higher
excitation frequencies.
All three methods are strongly affected by crack closure effects. However, in the high-fre-
quency range partially closed cracks can be characterized using TRNS as long as the inter-
actions between the crack faces occur at discrete positions. The application of the TOF
method to partially closed cracks is often hampered by the relatively small amount of
energy carried by the transmitted Rayleigh wave.
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5 COMPONENT-LIKE SPECIMENS

5.1 Introduction

This chapter deals with the characterization of surface cracks in component-like speci-
mens using Rayleigh waves. The main outcomes of the investigations carried out in the
previous chapters have shown that (i) the near-field scattering of an incident Rayleigh
wave at a surface crack is reliably modeled by means of the FDM simulation algorithm
presented in Chapter 3, and (ii) the depth of surface cracks with contactless faces can be
accurately measured by means of different methods covering a wide range of crack depth
to Rayleigh wavelength. In this chapter the ultrasonic timing characterization procedure is
tested on a complex geometry. All the measured crack positions were characterized by a
time delay in the transmitted wave. The frequency domain characterization method has
therefore not been applied to the component-like specimen. However, this technique
would be useful for a periodical evaluation of the critical position during the thermome-
chanical fatigue test, so as to characterize cracks at a very early stage. This would necessi-
tate the evaluation of the scattering coefficient curves specific to the specimen geometry
by means of simulations. TRNS would be an alternative to the TOF method. However, its
application to the component-like specimen has not been tested in the framework of this
thesis.
The component-like specimen geometry (Fig. 2.4) is implemented in the FDM code by
approximation of the boundaries with a right-angled contour. The additional accuracy
problems arising from this approach are investigated. The simulation allows for a detailed
description of the complex scattering process occurring within the specimen. This is
essential for the identification of the wave modes to be used in the characterization stage.
The predicted out-of-plane displacement field is compared with experimental results, indi-
cating a slight amplitude increase in the propagation of a surface wave from a curved to a
planar surface. The application of the extended TOF characterization technique to the
present, complex specimen is first investigated by means of simulation results. The first
experimental investigations are performed using the dummy blocks with the same groove
geometry as the component-like specimen and EDM slots (Fig. 2.6). Finally, the method is
used for the characterization of the surface cracks at the notch surface of the component-
like specimen, generated by thermomechanical, cyclic loading.
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5.2 Finite difference simulation

The Rayleigh wave scattering in the component-like specimen is simulated using the sec-
ond-order finite difference scheme described in section 3.3. The extension of the simula-
tion programme to complex geometry was investigated in [6]. The code is based on a two-
dimensional, Cartesian, staggered grid and plane strain wave propagation is assumed. This
assumption is in line with the position of the crack to be investigated, which is situated in
the central part of the specimen. The Rayleigh wave is generated on the specimen surface
by imposing the whole displacement field in the two initial time steps. The simulation is
confined to a small domain around the critical position, where the crack is located. The
implementation of the specimen geometry and the boundary conditions in the FDM code
are addressed in the following section, as well as its numerical accuracy. The transient
scattered field is subsequently described by means of simulation results.

5.2.1 Implementation of the geometry

The section of the specimen implemented in the FDM code is chosen so that it is large
enough, such that a time separation between the reflections from the fictitious cropping
boundaries and the displacement field measured at the surface is achieved. The Rayleigh
wave generation occurs on the main surface, on the left side of the notch (see Fig. 5.1 left). 

Fig. 5.1: Discretization of the notch and the thermal barrier hole contours for implementation in
the numerical simulation code.

The groove contour is modeled by two planar surfaces connected by a segment of circle,
as displayed in Fig. 5.1 (right). The geometry of the thermal barrier hole is simplified. The
upper profile of the passing hole generates reflected bulk waves that modify the displace-
ment field measured at the groove surface. The upper profile geometry is therefore imple-
mented as it is in the FDM code. The bulk waves scattered at the upper notch corner, at the
fillet radius or at the crack generally do not impinge on the lower part of the thermal bar-
rier hole, or their incident angle is so, that the reflected modes propagate downwards. Con-
sequently, the simplification of the passing hole geometry proposed here does not affect
the surface displacement field during the considered simulation time.
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The notch and the passing hole are approximated by a right-angled contour as illustrated
in Fig. 5.2. The corners are selected at the points at which the shear stress  is calcu-
lated. The grid size has to be selected so that it is small compared to the fillet radius and
the smallest wavelength. The consequences of the Cartesian approximation of sloped, pla-
nar surfaces or circular surfaces on the accuracy of the numerical scheme are discussed
further below in section 5.2.2. The crack line is approximated by a right-angled contour
and the crack faces are assumed to be traction-free. Consequently, the horizontal and ver-
tical displacement components u and v, respectively, are split into two components on the
crack contour, as shown in Fig. 5.2. The displacement components are evaluated using the
discrete equilibrium conditions and considering the free boundary conditions on the crack
faces as described in Chapter 3 for the horizontal displacement component. The shear
stress at the crack tip is calculated on the basis of the displacement near-field model called
model type 2.

Fig. 5.2: Discretization of the fillet radius contour with a crack using a staggered, Cartesian grid.

The input parameters of the implemented notch geometry are the fillet radius of the notch,
the position of the crack mouth in the notch radius, its inclination angle relative to the nor-
mal to the surface and the crack depth a. All FDM simulations presented in this chapter
were performed for the mm fillet radius and a surface crack perpendicular to the surface
of the notch radius.
All surfaces of the implemented specimen section are regarded as traction-free. The stress-
free boundary conditions are imposed by adding a fictitious layer just outside the free sur-
face (see Fig. 5.2) and assigning specific values to the pseudonode variables of the ficti-
tious layer so to give zero stress on the Cartesian geometry contour. This has been
implemented in an efficient way that allows for the computing time to be minimized, as
described in detail in Appendix A.3.

5.2.2 Accuracy of the numerical scheme

The stability criterion for a two-dimensional finite difference scheme is given by Eq.
(3.39). Furthermore, it has been shown in section 3.4.5 that the accuracy of the simulation,
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for instance the numerical propagation velocity or the scattering parameters, is a function
of the spatial discretization. The general rule of ten nodes inside a wavelength for bulk
waves was increased to 30 nodes ( ) for correct Rayleigh wave modeling
on a planar, horizontal surface. This resulted in an error of 0.3% in the apparent Rayleigh
wave phase velocity as well as a reliable reproduction of the displacement profile as func-
tion of the depth.

Fig. 5.3: Normalized numerical dispersion curve versus dispersion parameter  for different
slope inclination angles α.

Figure 5.3 illustrates the numerical dispersion curves in function of the discretization
parameter  for different slopes approximated by a right-angled contour. The points
corresponding to 30 nodes per Rayleigh wavelength are identified by a vertical dashed
line. The  curve corresponds to the numerical dispersion curve presented in sec-
tion 3.4.5. As expected, the numerical phase velocity decreases with an increasing disper-
sion parameter .

Fig. 5.4: Normalized numerical dispersion curve versus slope inclination α for 30 nodes per Ray-
leigh wavelength (∆x / λ = 0.033).

In addition, the numerical dispersion increases with the inclination angle  to reach a
maximum for the Cartesian approximation of a 45° inclined slope, as illustrated in Fig. 5.4
for a spatial sampling of 30 nodes per Rayleigh wavelength. At this angle even a high spa-
tial discretization of 60 nodes per wavelength ( ) does not reduce the propa-
gation velocity error below 1.5%.
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By a dispersive system the phase velocity describes the propagation velocity of the indi-
vidual waves in a pulse and the group velocity the propagation velocity of the wave group
[39]. The group velocity has been defined in Eq. (3.59). Using the definition of the wave
number  the group velocity can also be expressed in terms of wavelength and
phase velocity:

. (5.1)

In the present case, for a constant grid size , the numerical phase velocity increases
with the wavelength  (higher spatial sampling) and converges to the Rayleigh wave
velocity  for a very high spatial sampling. The derivative in Eq. (5.1) is therefore posi-
tive and the group velocity is smaller than the phase velocity. The difference between both
velocities depends on the slope of the numerical dispersion curve. Consequently, for a
constant spatial sampling, the difference between phase velocity and group velocity is
maximum for propagation on a 45° inclined slope (see Fig. 5.3).
In a dispersive system the calculation of a distance on the basis of the transit time of a
pulse has to be performed on the basis of the group velocity value. This problem, particu-
larly important for the characterization of inclined cracks using the classical TOF method,
will be discussed more in detail in section 5.4. The influence of the spatial sampling on the
relevant scattering parameters will be addressed in the same section.
A Rayleigh pulse propagating along a slope approximated by a Cartesian grid is subjected
to distortion due to the numerical dispersion. This results in an apparent amplitude dimi-
nution of the pulse. However, an amplitude analysis on the basis of FFT shows that the
pulse does not lose energy in the form of other wave modes.
The reflection of a bulk wave along a slope or a curvature approximated by a Cartesian
grid is slightly modified in terms of spatial amplitude and phase shift distribution of the
reflected modes. However, this is negligible in comparison with the continuous impact of
the numerical dispersion on the propagating Rayleigh modes.

5.2.3 Description of the scattering

The scattering process within the component-like probe and the dummy specimen is
described in detail in this section. An excitation signal with center frequency MHz
and four cycles has been used in the FDM simulation. This corresponds to a Rayleigh
wavelength in steel of mm and, consequently, allows for a clear distinction of the
many scattering phenomena occurring within the component. The incident Rayleigh wave

 is generated on the main surface of the specimen in the vicinity of the notch corner in
order to minimize the computing time. The displacement amplitude of the incident Ray-
leigh pulse in the main specimen is illustrated in Fig. 5.5a. The initial time ( ) is
defined by the arrival of the incident Rayleigh wave at the upper corner of the notch (point
A). The time of the first snapshot saved directly after surface wave generation is therefore
negative.
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Fig. 5.5: Snapshots of the displacement magnitude in the main specimen, MHz, ,
crack depth mm: (a) t = -0.67 µs; (b) t = 1.44 µs.

The first scattering occurs as the incident Rayleigh wave impinges on the upper corner. A
part of the energy is sent back along the surface in the form of a reflected surface wave.
Another part propagates around the corner and generates a transmitted Rayleigh wave.
The residual energy is diffracted in the material in the form of cylindrical-fronted longitu-
dinal ( ) and transversal ( ) waves, as illustrated in Fig. 5.5b. The amplitude of the
bulk waves is a function of the propagation angle. Furthermore, this function depends on
the corner angle. The straight-crested wave originating from the intersection of the longi-
tudinal wave with the free surface and being tangent to the transversal wave is the so-
called von Schmidt head wave. This wave arises from the reflection of the quasi-circular
longitudinal wave , which cannot satisfy the boundary conditions of vanishing stresses
at the free surface (see section 3.3.6).

Fig. 5.6: Snapshots of the displacement magnitude in the main specimen, MHz, ,
crack depth mm, t = 3.89 µs: (a) dummy specimen; (b) component-like specimen.
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The first Rayleigh pulse  propagating on the horizontal surface beyond the crack origi-
nates in the scattering of the wave  at the crack tip. This pulse, hardly observable in
Fig. 5.6, carries very little energy. The longitudinal wave  propagates further into the
depth of the material. In the component-like specimen, the wave impinges on the passing
hole, yielding both reflected longitudinal ( ) and transversal ( ) modes coming
back to the notch surface as can be seen in Fig. 5.6b. This reflection does not occur in the
dummy specimen (Fig. 5.6a), which has no passing hole.
As the incident Rayleigh pulse reaches the fillet radius a part of the energy is released in a
transversal mode in the depth of the specimen (see Fig. 5.6). This diffracted, transversal
wave impinges on the crack tip and generates a second surface wave  propagating on
the horizontal notch surface. The incident Rayleigh wave is subsequently scattered at the
crack, as described in section 3.3.6. The Rayleigh pulse  transmitted beyond the crack
during the scattering process will be used for the evaluation of the crack depth. The Ray-
leigh waves Rc and Rt can be seen in both specimen types as they propagate on the hori-
zontal notch surface in Fig. 5.7. The amplitude of the first pulse  is strongly dependent
on the crack tip position. In fact, a maximum amplitude is obtained if the crack tip is
directly illuminated by the transversal wave released when the Rayleigh wave turns
around the fillet radius. The elapsed time between the two Rayleigh waves is a function of
many parameters, such as crack length, crack position and crack inclination. For short
cracks the pulses overlap, affecting the scattering parameters. This problem will be dis-
cussed later in section 5.4.

Fig. 5.7: Snapshots of the displacement magnitude in the main specimen, MHz, ,
crack depth mm, t = 5.76 µs: (a) dummy specimen; (b) component-like specimen.

In the component-like specimen, the transversal mode  is subsequently scattered at
the crack (see Fig. 5.7b). This generates new Rayleigh pulses on both crack faces (pulse

 on the right crack face). Since the Rayleigh wave propagation velocity  and the
shear wave propagation velocity  are very close, the crack depth has little impact on the
arrival time of the pulse  propagating on the horizontal notch surface. This time can
therefore be considered as quasi-invariant.
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5.3 Out-of-plane displacement field

The Rayleigh wave propagation and scattering at the groove with a surface crack have
been investigated by means of FDM simulations. In this section, the reliability of the code
extension to complex geometry is investigated by comparison with measurements. The
experiments are conducted on the dummy specimens which contain slots of known size,
location and direction. The scattered field measurement is only possible at the surface of
the specimen. Consequently, the validation is performed by comparison of the calculated
and the measured out-of-plane surface displacement field.

Fig. 5.8: Normalized out-of-plane displacement signal at mm (solid line) and time window
(shaded line).

The amplitude of the displacement field is obtained at the center frequency f0 by FFT of
the displacement time series after application of a time window, which follows the main
transmitted Rayleigh pulse. The time window has the same length as the excitation signal
and the ratio of crack depth to Rayleigh wavelength is selected so that the transmitted
Rayleigh wave does not exhibit any significant time delay ( ) by passing the
crack. The modification of the Rayleigh wave propagation velocity on the curved notch
surface has to be taken into consideration by the shifting of the time window. Using this
procedure the wave modes overlapping the main Rayleigh pulse are included in the ampli-
tude calculation, whereas the modes arriving before or afterwards are cut off. The out-of-
plane displacement, measured on the slope of the notch at mm from the upper cor-
ner (point A in Fig. 5.9), and the corresponding time window are plotted in Fig. 5.8. At
that position the longitudinal wave  at grazing incidence and the coupled head wave are
no longer overlapping the Rayleigh pulse. They are therefore cut off by the time window-
ing procedure. As previously mentioned the time µs corresponds to the arrival time
of the incident Rayleigh wave at the upper notch corner.

5.3.1 Comparison with the measurements

The out-of-plane displacement amplitude of the surface wave on the dummy specimen is
plotted in Fig. 5.10 as a function of the variable s. The upper figure corresponds to the
simulation results without crack (dashed line) and with a crack of mm (solid line). The
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measurements are displayed in Fig. 5.10b, for an undamaged dummy block (dashed line)
and for a specimen containing a mm deep slot (solid line).

Fig. 5.9: Draft of the Rayleigh wave path along the notch.

The Rayleigh wave is excited on surface I, corresponding to the main surface of the com-
ponent-like specimen, and scattered at the notch corner A. The transmitted Rayleigh wave
propagates along the notch slope (surface II) and around radius R3 (and, if applicable,
beyond the crack) before arriving on the horizontal surface of the notch (surface IV). All
the results presented in this section were computed or measured on the notch side with fil-
let radius mm. An excitation signal with center frequency MHz and
four cycles, corresponding to a Rayleigh wavelength mm ( ), has
been selected. This allows for the interference pattern to be clearly seen.

Fig. 5.10: Amplitude of the out-of-plane displacement component of the surface wave field for the
dummy specimen without crack (dashed line) and with a mm deep crack (solid line), center fre-
quency MHz, .
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On surface I the amplitude is characterized by a hill and valley pattern due to the construc-
tive and destructive interferences of incident and scattered waves. The Rayleigh wave
reflected at the corner is the dominant scattered wave mode on the surface of the speci-
men. Consequently, the interference pattern has a spatial periodicity of about .
On surface II the transmitted Rayleigh wave interferes with the bulk waves diffracted at
the corner A, in particular with the longitudinal mode  at grazing incidence and the cou-
pled head wave. Since the propagation velocity of the longitudinal wave is greater than the
one of the Rayleigh mode, the pulses separate after a certain distance from the source and
the interference field vanishes. The transmission coefficient of the Rayleigh wave at the
upper corner A can therefore be evaluated on the basis of the calculated amplitude curve.
The, thus obtained, value of  can be confirmed by the analytical values obtained
by Gautesen [37].
The Rayleigh wave amplitude decreases notably during the propagation around the
uncracked radius R3 (Fig. 5.10, dashed lines). This attenuation is a function of the ratio of
radius to Rayleigh wavelength . It is due to radial emission of energy in the form of
transversal waves by the propagation of a surface wave on a concave cylindrical surface
[95]. When encountering the crack tip the released transversal wave generates the Ray-
leigh wave , as discussed in section 5.2.3. The presence of a crack in the fillet radius
leads to a clear amplitude increase (solid lines). The scattering field is characterized by a
hill and valley pattern in front of the crack and a so-called shadow area behind the crack,
as discussed in detail in section 3.5. For crack depths significantly larger than the Rayleigh
wavelength most of the energy is reflected or diffracted into the material and little energy
reaches the shadow area behind the crack.
On the horizontal notch surface (IV) the calculated amplitude curve increases slightly
before converging toward a constant value. This amplitude gain at the surface of the spec-
imen can be associated with the difference between the Rayleigh wave profile on the
curved surface and on the planar surface, which produces an energy transfer toward the
specimen surface arising at the transition between part III and part IV. The smaller the
ratio of radius to wavelength ( ), the more pronounced the amplitude enhancement in
the transition area. This is discussed in Appendix A.4.
Good agreement is obtained between simulation and experiments (compare Fig. 5.10a and
Fig. 5.10b). All characteristic features described previously can be found in the experi-
mental curves as well. The discrepancies between simulation and measurements can be
explained by the three-dimensional scattering in the experiments, for which the assump-
tion of plain strain wave propagation is not entirely true. Additionally, the measured field
amplitude is subjected to the characteristic attenuation of the sound field with distance
from the excitation source. This is clearly recognizable at the end of surface II ( mm),
where the amplitude of the out-of-plane surface displacement field is smaller than the
amplitude calculated on the basis of the transmission coefficient at the corner .
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5.4 Crack characterization in time-domain

In this section the ultrasonic timing procedure described in section 4.2 is applied to the
component-like specimen in order to determine the depth of cracks or slots present in the
notch radius. The first investigations are performed using simulated results with or with-
out passing holes. The reliability of the time delay parameter calculation is discussed in
terms of spatial discretization. This allows for a spatial sampling to be selected. The
cracks implemented in the FDM codes are characterized on the basis of a geometry spe-
cific time delay curve.
The procedure is then applied to measure the depth of the EDM slots in the dummy speci-
mens. Finally, the depth of the main crack resulting from the thermomechanical fatigue
test of the component-like specimen is evaluated at different positions and compared with
the optical depth profile acquired by microscopy.

5.4.1 Identification of the transmitted Rayleigh wave

The application of the extended TOF method necessitates the identification of the trans-
mitted Rayleigh pulse  for correlation with a reference signal and thereby determination
of the time delay arising from the presence of the defect. The out-of-plane displacement
histories saved on the horizontal part of the notch (IV) are subjected to the enhancement
procedure described in section 3.4.1. This generates a strong enhancement of all surface
modes propagating with the Rayleigh velocity  and a cancellation of the majority of the
other modes. Figure 5.11 shows the resulting time series for a geometry without passing
holes (dummy specimen). The simulation was performed with a mm deep crack and
an excitation signal with center frequency MHz and four cycles.

Fig. 5.11: Time series of the out-of-plane displacement on part IV after Rayleigh wave enhance-
ment; simulation without passing hole, MHZ,  and mm.

The first pulse, at about µs, is the Rayleigh wave  that originates in the scattering at
the crack tip of the longitudinal wave  diffracted in the upper corner (see section 5.2.3).
The presence of this Rayleigh pulse in the enhanced signal can be interpreted as a first
sign of a defect in the fillet radius. The second pulse, at about 5.2 µs, corresponds to the
Rayleigh wave Rc, arising from the diffraction at the crack tip of the energy released along
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the fillet radius. The pulse with the maximum amplitude is the transmitted Rayleigh wave
Rt required for crack depth evaluation. 
The presence of a passing hole generates additional reflected wave modes, in particular
the shear wave  resulting from the reflection at the passing hole of the longitudinal
wave . This wave yields another Rayleigh pulse  propagating on the horizontal
notch surface, as described in section 5.2.3. The out-of-plane displacement after enhance-
ment using the Rayleigh phase velocity cR is illustrated in Fig. 5.12a.
The simulation was performed with similar conditions as those corresponding to Fig. 5.11
after implementation of a passing hole. All the pulses described previously are clearly rec-
ognizable. The last signal at about µs is the Rayleigh pulse  generated by the scat-
tering of the shear wave  at the crack. As previously mentioned the arrival time of this
pulse is quasi-invariant. Consequently, for crack in the depth range  this
pulse overlaps the main Rayleigh pulse .

Fig. 5.12: Time series of the out-of-plane displacement on the horizontal notch surface (part IV)
after phase shifting and addition using (a) cR, and (b) ct*. Simulation with a passing hole,

MHZ, , mm.

After partial diffraction at the crack the transversal wave  propagates along the hori-
zontal notch surface with an approximate angle  relative to the vertical (see Fig.
5.7b). The resulting propagation velocity along the surface can be estimated as:

, (5.2)

where  is the propagation velocity of transversal waves. Repeating the enhancement
procedure using the velocity  instead of  yields the time series depicted in Fig.
5.12b. The arrival time of this pulse is a function of the specimen geometry. However, it is
independent from crack depth, crack position and crack orientation and can therefore be
considered as invariant. This pulse is very useful as a reference pulse to differentiate the

SP0
P0 Rs

6.3 Rs
SP0

2mm a 3mm< <
Rt

2 3 4 5 6 7
−0.04

−0.02

0

0.02

0.04

2 3 4 5 6 7
−0.04

−0.02

0

0.02

0.04
time [µs]

time [µs]

am
p

li
tu

d
e 

(n
o

rm
al

iz
ed

)
am

p
li

tu
d

e 
(n

o
rm

al
iz

ed
)

(a)

(b)

Rp

Rc

Rt Rs

SP0

f0 5= nc 4= a 1.5=

SP0
β 60°=

ct∗ ct βsin⁄=

ct
ct∗ cR



Component-like specimens

115

different Rayleigh pulses present in the main signal, in particular in the experimental
results where the transmitted Rayleigh pulse is usually not as pronounced as in the simula-
tions.

5.4.2 Numerical results and discussion

The application of the TOF method to the component-like specimen is first investigated
on the basis of FDM simulation results obtained using the geometry of the dummy speci-
mens. The crack is implemented normally to the fillet radius with the same inclination
angle as the EDM slots in the dummy blocks. For a normal surface crack this angle of 25°
relative to the vertical corresponds to the position in the radius where the crack is expected
to initiate.

Fig. 5.13: Analytical time delay curve for a surface crack on a planar surface (solid line) and
results from FDM simulations, crack model type 2, dummy block geometry, MHz,

, :  (triangles),  (open points), and 
(crosses).

The transmitted Rayleigh pulse is enhanced and identified according to the procedure
described in the previous section. In the fillet radius the numerical dispersion changes as
function of the surface slope. The impact of numerical dispersion is therefore minimized
by taking as reference signal the Rayleigh wave transmitted around the fillet radius of a
non-cracked specimen, obtained in a FDM simulation with the same parameters, instead
of the incident Rayleigh wave on part II. The time delay is directly obtained by cross-cor-
relation of both transmitted signals and determination of the envelope maximum. The
impact of the discretization on the time delay has been investigated in the middle-fre-
quency range ( ) by variation of the spatial sampling. The resulting time
delay values are plotted in Fig. 5.13 for three different spatial samplings of 30 (triangles),
48 (open points) and 60 (crosses) nodes per Rayleigh wavelength.
The results obtained for  (30 nodes per wavelength) have still not con-
verged to a value independent of the discretization parameter, even though this spatial
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sampling has been generally used for the simulation of the standard scattering problem of
a surface crack on a planar surface investigated in the previous chapters. This can be asso-
ciated with the following inaccuracy problems.
• The displacement profile of the Rayleigh wave changes progressively to the profile

corresponding to the ratio of radius of curvature to wavelength . The addi-
tional, high numerical dispersion by this spatial sampling affects this process. A small
inaccuracy in the displacement profile slightly modifies the amplitude and the phase of
the diffracted modes. In the middle frequency range the Rayleigh wave  interferes
with the transmitted Rayleigh wave . Small amplitude and phase errors can signifi-
cantly modify the shape of the total transmitted signal, obtained after application of the
enhancement procedure, yielding inaccurate time delay values.

• The bulk modes are subjected to almost no numerical dispersion. This can generate an
additional phase shift between the transmitted Rayleigh wave  and the Rayleigh
wave . The consequences of such a phase shift are similar to those in the previous
case.

Increasing the discretization to 48 nodes per wavelength (open points in Fig. 5.13) leads to
a convergence of the time delay to a constant value. This can be demonstrated by further
increasing the spatial sampling to 60 (crosses). In the middle frequency range ,
the discrete time delay values thus obtained show a clear deviation from the time delay
curve corresponding to the scattering at a surface crack on a planar surface (solid line).
This discrepancy can be attributed to the interaction between both Rayleigh waves  and

. In this range the determination of the crack depth on the basis of the analytical time
delay curve of the planar scattering problem would lead to an underestimation. The dis-
crepancy between both time delay curves is mainly a function of the ratio between radius
of curvature and wavelength of the incident Rayleigh wave (here ). Indeed, for a
crack normal to the surface, a larger radius of curvature or a higher frequency leads to a
reduction of the deviation between both time delay curves.

The crack depths resulting from the TOF evaluation of the simulation results are presented
in Fig. 5.14. All the simulations were performed with a four cycles excitation signal with
center frequency MHz and 48 nodes per wavelength. In the middle-frequency
range ( ) the crack depth has been obtained using an interpolation
function of the discrete time delay values resulting from the FDM simulation of the scat-
tering with a spatial discretization  (open points in Fig. 5.13). In the linear
range ( ) the crack depth is determined on the basis of the numerical group
velocity of the Rayleigh wave along the crack faces. The vertical axis represents the pre-
dicted crack depth  using the extended TOF method over the actual crack depth 
implemented in the simulation. Therefore, ideally a value of 1 would be obtained.
The predicted crack depths obtained from the simulation results of the scattering in the
dummy specimen are displayed by squares in Fig. 5.14. In the nonlinear range
( ) the interpolation function was defined on the basis of the same
simulation results. The discrepancy between the predicted depth values and the ideal value
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of 1 is therefore a direct consequence of the deviation between the discrete time delay val-
ues and the interpolation function. Good agreement is obtained in the linear range
( ) with a maximum error of 5% by mm. This error is still a conse-
quence of the interaction between the Rayleigh waves  and , which is not taken into
account by the depth calculation in the linear range. For deeper cracks the predicted depth

 converges toward the crack depth  implemented in the FDM simulation with an
error smaller than 1% by mm.

Fig. 5.14: Crack depth determination by application of the TOF method to simulation results,
MHz, , , : dummy block geometry (squares) and compo-

nent-like geometry (open points).

The open points are the results of the TOF evaluation of the FDM results obtained with the
component-like specimen geometry (with the additional passing hole). For small cracks
the predicted depths  are very similar to the one obtained by the dummy specimen. The
effects of the additional Rayleigh wave  can be seen in the range . For a
crack depth of about mm the transmitted Rayleigh pulse  and the Rayleigh pulse 
originating in the scattering of  at the crack propagate simultaneously on the horizon-
tal surface of the notch. Assuming that the arrival time of the Rayleigh pulse  is con-
stant, the crack range where both pulses interfere mostly depends on the wavelength 
and the number of cycles . In the present case ( , mm) the depth range
were interferences occur can be expressed as: mm. The resulting fluctua-
tions by the predicted crack depth (up to 5%) are clearly observable in Fig. 5.14. Their
impact on the measured crack depth strongly depends on the relative amplitudes of both
signals  and  and on their phase shift.

5.4.3 Experimental results

The measurements performed on the dummy specimens are presented in Table 5.1. The
mean crack depth , obtained by microscopy, show a distinct deviation from the nominal
crack depth . The slots were characterized by means of the TOF method. All the mea-
surements are in the high-frequency domain, where crack depth and time delay are propor-
tional, with the exception of the measurement of the mm deep slot using an excitation
with a center frequency MHz ( ). For this particular case the slot
depth has been obtained by means of the interpolation function of the discrete time delay
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values displayed in Fig. 5.13 corresponding to a spatial discretization  (open
points). The use of a curve obtained by simulations of the scattering at a crack, with a fre-
quency MHz, for the evaluation of measurements of the scattering at a slot, with a

MHz excitation, is a potential source of error. However, it is not the aim of the present
work to determine interpolation curves specific to each ratio . Furthermore the result-
ing crack depth is in good agreement with the actual depth. In the high frequency range all
the measured slot depths aR show also a good agreement with the effective slot depths a0.

Table 5.1: TOF characterization of the EDM slots situated in the notch radius  of the dummy
specimens.

Measurements have been performed on the component-like specimen in order to charac-
terize the main crack observed in the center part of the notch radius . The crack depth
has been evaluated at five discrete positions going from mm to mm. The
corresponding lateral position  along the crack line is illustrated in Fig. 5.15.

Fig. 5.15: Magnetic particle inspection after  cycles at the critical location of the compo-
nent-like probe and lateral coordinate z.

After the ultrasonic nondestructive evaluation using Rayleigh waves the part of the probe
containing the crack has been cut into 9 slices for optical evaluation and metallographical
analysis. The crack depth values obtained by microscopy are plotted in Fig. 5.17 (aster-
isks). The crack depth was defined as the depth of the crack tip measured perpendicularly
to the surface of the fillet radius. Figure 5.16 displays the microscopy results at four differ-
ent positions along the notch radius.

Nominal depth  [mm] 1 2 3

Optical measurement  [mm] 0.91 2.15 3.09

Excitation frequency  [MHz] 3.5 5 3.5 5 3.5 5

1.17 1.67 2.34 3.33 3.51 5

TOF measurements  [mm] 0.90 0.93 2.05 2.24 3.15 3.07
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Fig. 5.16: Main crack in notch radius R3 at four different lateral positions z.

The optical evaluation points out complex crack shapes as well as important lateral varia-
tions. The upper pictures in Fig. 5.16 were taken at mm on two neighboring
slices. The lateral difference ( mm) arises from the material ablation resulting from
the electrical discharge machining process and from the surface polishing. The pictures
demonstrate the important lateral variation in crack shape. Indeed, at mm, the
twin cracks observable at mm has transformed into a single crack. This is con-
firmed by the results presented in Fig. 5.17. In fact, even though the mean profile variation
is approximately constant (dashed line) the discrete measurements (asterisks) show impor-
tant discrepancies in terms of local depths.

Fig. 5.17: Measurements of the crack profile on notch radius R3 as function of the lateral position
z: microscope measurements (asterisks) and TOF measurements, , MHz (open
points) and MHz (squares).
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This significant lateral variation is a direct consequence of the crack growth process.
Indeed, the magnetic particle inspections conducted periodically during the thermome-
chanical experiment have shown that the main crack originates from the connection of
multiple small cracks (see Fig. 5.15). The lower pictures in Fig. 5.16 illustrate two other
pictures of the crack shape, which strongly diverge from the assumption of one single,
straight crack normal to the notch surface.
The Rayleigh wave measurements were performed with a MHz excitation signal
(squares in Fig. 5.17) and a MHz signal (open points). The center position at mm
has not been evaluated due to the additional slots cut in the component-like specimen to
increase the axial stress component (see Fig. 2.4 right).
The measured depths show a qualitatively good agreement with the mean crack profile. In
the middle crack range ( mm) the extended TOF method shows a consistent error
yielding lower crack depths. The evaluation of the transmitted signal clearly show an
anticipation of the Rayleigh pulse with regard to the corresponding value of the time delay
curve. This is likely to be due to the crack depth variation with z. As mentioned in [48] the
measurement of scattering parameters using an inclined discontinuity profile can only be
locally evaluated if the slope of the profile is sufficiently small. In the other cases the scat-
tering parameter evaluation is disturbed by a lateral energy transfer. This problem is par-
ticularly important in the nonlinear range, where the time delay is highly sensitive to the
crack depth variation.
In the deep crack range ( mm) the error does not consistently result in a crack depth
underestimation. The scattering of the experimental results can be attributed to many fac-
tors. As previously described, the local and global variations of the crack depth influence
the measured values. Furthermore, in this frequency range the Rayleigh wave gets beyond
the crack by following the crack faces. The defect shape has therefore a decisive impact on
the scattering process. For instance, a Rayleigh wave propagating along the faces of the
crack at mm, displayed in Fig. 5.16, will be scattered at each geometry disconti-
nuity. The measured time delay depends on the geometry of the discontinuities as well as
on their size with respect to the Rayleigh wavelength.
The additional scattering by cracks with a complex shape and the damping due to the oxi-
dized crack faces can lead to a relevant reduction of the energy carried by the transmitted
Rayleigh wave and, therewith, to an erroneous evaluation of the pulse to be considered for
the crack depth assessment. Figure 5.18 shows the transmitted signals measured at

mm after enhancement of the Rayleigh pulses (a) and the transversal wave 
propagating along the horizontal notch surface (b) (same plot as Fig. 5.12, but for a mea-
surement). At that position the optical evaluation delivers a crack depth of about mm.
The cross-correlation of the transmitted Rayleigh signal with a reference signal would
yield a crack depth corresponding to the arrival time of the largest Rayleigh pulse, in the
present case . However, a detailed analysis of both signals and a comparison of the
arrival time of the different pulses allow for the identification of the Rayleigh waves as
well as for the use of the correct Rayleigh pulse for the determination of the crack depth.
In such a specimen the understanding of the scattering process by means of FDM simula-
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tions is therefore fundamental in order to avoid evaluation errors resulting from the selec-
tion of the wrong Rayleigh pulse in the transmitted near field.

Fig. 5.18: Time series of the out-of-plane displacement on the horizontal notch surface (part IV)
after phase shifting and addition using (a) cR, and (b) ct*. Measurement on the component-like
specimen, mm, MHZ, .

5.5 Conclusions

In this chapter complex specimen geometries have been implemented in a second-order
FDM code by approximation of the geometry with a right-angled contour. The stress-free
boundary conditions have been implemented in an efficient way that allows for the com-
puting time to be minimized. Good agreement is shown by the comparison of the pre-
dicted out-of-plane displacement field with a pointwise measurement using laser
interferometry. The presence of a defect at the critical location yields a clear change in the
out-of-plane displacement amplitude, which is modelled accurately in the simulation.
The investigation of the influence of the spatial discretization on the wave propagation has
shown that the propagation of a Rayleigh wave on a planar surface, not parallel to the grid
lines, is subjected to an important numerical dispersion. For a slope corresponding to the
inclined surface of the groove (II) even an increase of the spatial sampling up to 60 nodes
per Rayleigh wavelength does not reduce the error in phase velocity under 1.5%. The
impact of the discretization on the time delay curve has shown that the spatial sampling
has to be enhanced up to 48 nodes per Rayleigh wavelength, so that the time delay con-
verges to constant values.
The presence of many surface waves propagating behind the crack requires an accurate
understanding of the scattering process in order to identify the transmitted Rayleigh pulse

 to be used for time delay evaluation. This underlines the importance of a reliable simu-
lation tool that allows for the visualization of the multiple scattering occurring within the
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specimen. This is particularly important for the evaluation of the experimental results,
where the amplitude of the transmitted Rayleigh pulse  may be smaller than the ampli-
tude of the other Rayleigh waves as a result of (i) the damping of the oxidized crack faces
and (ii) significant energy losses by complex crack shapes due to additional scattering pro-
cesses.
The investigation of the time delay has shown that, in the middle-frequency range
( ), the transmitted Rayleigh wave  interferes with the Rayleigh wave

. The superposition of both pulses depends on the properties of the Rayleigh wave 
and influences the time delay values. The amplitude and the phase of  are functions of
many parameters. The main factors are listed below:
• The ratio  of radius to Rayleigh wavelength, that defines the Rayleigh profile and

therewith the amplitude of the released transversal mode.
• The position of the crack tip and its slope angle, that determine the energy distribution

and the phase shift of the wave modes arising from the scattering of the released, trans-
versal wave at the crack tip.

And additionally in the numerical simulations:
• The crack model and the last crack tip element (horizontal or vertical).
• The difference between bulk wave propagation and Rayleigh wave propagation in

terms of numerical dispersion.
The time delay values are therefore highly sensitive to geometrical and numerical condi-
tions. In terms of crack depth the use of the analytical time delay curve corresponding to
the planar scattering problem would lead to non-conservative results (underestimation of
the depth up to 10%). This can be avoided by the definition of a time delay curve specific
to the specimen geometry. This is particularly important for small ratios of , where a
significant part of the incident energy is released in the fillet radius and converted into the
interfering Rayleigh pulse .
In the high frequency range ( ) the TOF method is less affected by the geometry.
In the component-like specimen the interferences between the transmitted Rayleigh pulse

 and the additional wave mode  lead to a similar problem to that incurred in the mid-
dle-frequency range. However, since the cracks are deeper the effect of this error is
smaller in terms of relative error (< 5%).
The experiments on the dummy specimens with EDM slots yield good results. The appli-
cation to the main crack of the component-like specimen shows qualitatively good agree-
ment with the actual crack profile. The significant errors in depth (up to mm) can be
attributed to (i) the global, lateral variation of the depth profile which causes a lateral
energy transfer and therefore a violation of the assumed plane strain state, (ii) the local,
lateral variations in terms of crack depth and crack shape, and (iii) the complex crack
shapes which diverge from the assumption of one single, straight crack.
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6 CONCLUSION AND OUTLOOK

Starting from a standard scattering problem of a Rayleigh wave incident on a surface
crack different procedures were investigated numerically and experimentally to solve the
inverse problem on the basis of measurements in the crack near field. This requirement is
necessary for the envisaged application to engineering components, where far-field proce-
dures are hampered by the multiple reflections at the geometry discontinuities. The deter-
mination of the scattering parameters in the near field has been made possible thanks to an
enhancement procedure that allows the Rayleigh wave to be distinguished from the other
wave modes scattered at the defect.

The scattering process was visualized by means of FDM simulations. The comparison of
the simulated near-field scattering parameters with experiments and with the analytical
solution of the scattering problem allowed for the selection of a specific crack tip model-
ing technique based on the displacement near field and the determination of a minimum
spatial discretization of 30 nodes per Rayleigh wavelength for a reliable simulation. The
analysis also showed that narrow slots generate a scattered field representative to the one
of a crack when the slot width to depth ratio is smaller than 0.1.
Specimens with complex geometry were implemented in the FDM program by approxi-
mation of the geometry contour by means of a Cartesian grid. The additional numerical
dispersion due to the approximation of surfaces by right-angled contours was studied in
terms of propagation velocity and time delay. The investigation showed that the spatial
sampling has to be enhanced up to 48 nodes per wavelength for the time delay to converge
to constant values.

The combination of two of the proposed characterization methods, i.e., the extended TOF
method and the frequency domain characterization technique, offers the possibility of
characterizing surface cracks in the whole range of crack depth to Rayleigh wavelength
with one single measurement. The depth evaluation procedure necessitates the time delay
curve as well as the scattering coefficient curves specific to the defect.
The TRNS technique delivers the position of the crack tip on the basis of a “reversed”
FDM simulation of the scattering process. The crack depth is then obtained from the posi-
tions of the crack mouth and the crack tip. The method is limited to the deep crack range
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( ). However, experimental results have shown that the TRNS method is less
affected by crack closure than the other techniques.
In this work slots down to mm have been characterized with an accuracy better than

µm. This improvement in comparison with minimum measurable crack depths found in
the literature on surface crack measurements using Rayleigh waves is mainly due to (i) the
extension of the TOF method to the nonlinear range of crack depth to wavelength and (ii)
the use of higher frequencies. While mm is the minimum gaugeable crack size by
means of TOF measurements with a maximum frequency of MHz, the frequency
domain characterization technique is potentially applicable to smaller surface cracks
(down to about µm for a MHz excitation signal).
In comparison with most of the existing QNDE methods the techniques applied here have
the following advantages:
• The assessment process does not require any calibration procedure.
• The measurements on a line by laser interferometry leads to a high lateral resolution.
• The use of scattering parameters measured in the near field of the crack allows for the

characterization of defects in engineering components with complex geometry.

The application of the extended TOF method to complex geometries has been investigated
by means of a component-like specimen. All the measured crack positions were character-
ized by a delay of the transmitted wave. The frequency domain characterization method
has therefore not been applied to the component-like specimen.
The evaluation of the transmitted signal pointed out the presence of many Rayleigh pulses
propagating in the transmitted surface field. The FDM simulation program was therefore
essential for (i) the identification of the transmitted Rayleigh wave  to be used for the
determination of the time delay, in particular by the evaluation of experimental results,
where the amplitude of the transmitted Rayleigh pulse is not consistently larger than that
of the other Rayleigh waves, and (ii) the determination of a time delay curve specific to
the ratio , this being particularly important for small ratios of curvature radius to
wavelength. The agreement between the actual crack profile, with a maximum depth of

mm, and the TOF measurements is qualitatively good. The scatter of the experimental
results (up to mm) can be attributed to (i) the significant lateral variation in crack
depth and crack shape and (ii) the complex crack shapes diverging from the single,
straight crack implemented in the simulation.

6.1 General outlook

The extended TOF method is a robust, nondestructive characterization technique with
good accuracy. One source of inaccuracy is the high sensitivity of the generated ultrasonic
surface field to the coupling between transducer and specimen. A better repeatability of
the experimental conditions in terms of Rayleigh wave generation might improve the
accuracy of this method.
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The frequency domain characterization method is strongly affected by inaccurate coeffi-
cient measurements partly due to the characteristic attenuation of the ultrasonic surface
field. The attenuation function is highly sensitive to the experimental conditions, i.e., pres-
sure distribution at the interface between the wedge and the specimen, distance from the
wedge transducer to the defect. The compensation of this amplitude attenuation by an esti-
mation of the amplitude drop does not deliver highly accurate results. This can be
improved by (i) another Rayleigh wave generation technique with a known attenuation
function, such as pulsed laser excitation, or (ii) a better repeatability of the generated ultra-
sonic surface field in terms of coupling between transducer and wedge and, thereby, the
development of an accurate compensation method in function of discrete measurements
performed at different locations in the ultrasonic surface field.
The investigations of the TRNS method have shown that the technique delivers better
results if all the wave modes diffracted at the crack tip are considered in the reconstruction
of the original wave field. Furthermore, Derode et al. [26] demonstrated the reversibility
of transient acoustic waves in inhomogeneous media with high-order multiple scattering.
The TRNS might therefore deliver accurate results for the crack tip position in the compo-
nent-like specimen. In fact, a significant part of the energy carried by the wave modes dif-
fracted at the crack tip impinges on the passing hole and is reflected toward the groove
surface. Even though this waves are almost non identifiable in a plot of the surface dis-
placement signal the application of the TRNS method might allow for the crack tip posi-
tion to be determined.

6.2 Crack characterization in a high temperature turbine rotor

The characterization methods presented in the framework of this thesis have not been
applied to a turbine rotor yet. In this section the steps necessary for such an application
and the problems that can be envisaged are briefly outlined.
The first point to be considered is the generation of surface waves in the component. The
wedge method is a good compromise between quality and amplitude of the excited Ray-
leigh wave and contoured wedge are available for Rayleigh wave generation on curved
surfaces, as in the case of a turbine rotor. A noncontacting, couplant-free method such as
EMATs would be advantageous with regard to an automated inspection along the circum-
ference of a turbine rotor, but the wave amplitudes excited by EMATs are often judged too
small. The surface waves could also be generated optically by means of a pulsed laser,
providing a broadband signal. In this case the incident laser energy has to be kept low
enough to avoid damaging the specimen surface. The possible diffractions of the other
wave modes induced by the laser source could considerably complicate the evaluation.
Interferometric measurements require a minimum surface reflectivity. For a non polished,
rough, oxidized metal surface this can be achieved using a retroreflective paint. However,
high frequency Rayleigh waves are highly damped out by rough surfaces and thick oxida-
tion layers. In high temperature turbine rotors the characterization of surface cracks at an
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early stage (requiring the use of high frequency surface waves) would therefore require a
minimum surface processing.
The inspection stages of a high temperature turbine rotor have to be kept as short as possi-
ble in order to minimize the downtime of the machine. An application to real components
would require a time optimization of the methods to be used for crack characterization,
i.e., determination of the optimal measurement area, minimization of the discrete points to
be measured at a specific circumferential position, evaluation of the number of positions
to be investigated along one circumference of the rotor. Furthermore, an on-line interpre-
tation of measured data would be considerably advantageous.
The applicability of the method to some location with extremely complex geometry and
no direct access should be investigated, e.g., blade grooves or seal grooves.
The presence of multiple cracks as in the fillet radius  of the component-like specimen
(see Fig. 2.5) may hamper the depth evaluation procedure. Indeed, if the crack depths are
of the same order of magnitude the nondestructive evaluation may be disturbed by the
interferences between the scattering field at two consecutive cracks, depending on the dis-
tance between the cracks, and by the losses of energy of the incident Rayleigh wave at
each crack.
Ultrasonic Rayleigh waves could also be applied for surface crack detection. This would
require the determination of the critical locations at the surface of the specimen by means
of FEM calculations, in order to minimize the area to be inspected. Rayleigh waves should
be able to detect cracks as small as , where the maximum applicable frequency
depends not only on the experimental setup but also on the condition of the surfaces to be
inspected.

6.3 Fatigue crack growth detection in aircraft structures using Rayleigh 
waves

The detailed knowledge of experimental and numerical techniques for nondestructive test-
ing using Rayleigh waves developed throughout this thesis will be utilized in the context
of a research project called “Fatigue crack growth detection in aircraft structures using
Rayleigh waves”. This research will be carried out at the Structural Integrity and Materials
Group at University College London over a two-year period, under the supervision of Dr.
Paul Fromme.
Fatigue damage can lead to the malfunction and ultimately to the failure of aircraft com-
ponents or other technical structures. Consequently, the emergence of this type of damage
needs to be detected as soon as possible and its subsequent evolution has to be monitored
using nondestructive testing methods. The existing conventional methods (e.g., ultrasonic
testing, eddy current) involve point by point inspection and are therefore time consuming
and result in high industry personnel costs and loss of revenue due to down-time of planes.
In the last few years, monitoring techniques using guided ultrasonic waves have been
developed, allowing the rapid inspection of large surface areas. However, the wavelength
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of the employed guided waves is significantly larger than in conventional ultrasonic test-
ing, leading to lower detection sensitivity.
The novel nondestructive testing method described in this proposal will develop and dem-
onstrate the application of Rayleigh waves for structural health monitoring of aircraft
structures. Rayleigh waves are ultrasonic waves which propagate along the surface of a
structure, allowing both good defect sensitivity and area coverage from a fixed transducer
position. The proposed programme of work will entail fundamental research on the scat-
tering of Rayleigh waves in complex structures, as well as the improvement of the detec-
tion sensitivity through the use of Rayleigh waves, and the verification of the proposed
method for the online monitoring of fatigue crack growth in aircraft components. This will
increase the reliability and safety of the inspection and lead to a substantial cost reduction
compared to current working practice.

In the initial phase of the project the sensitivity improvement for fatigue crack detection
using Rayleigh waves will be investigated. The scattered field of Rayleigh waves at a fas-
tener hole with a corner crack will be measured using tensile specimens with fatigue
grown cracks. The surface wave will be excited selectively using commercially available
wedge transducers in a frequency range, such that the wavelength of the Rayleigh wave is
much smaller than the thickness of the tensile specimens. The scattered field at the fas-
tener hole will be studied experimentally by measuring the out-of-plane displacement
component on the specimen surface by means of a laser Doppler vibrometer.
Different experimental configurations will be investigated using a tensile specimen with a
small quarter-elliptical crack at one side of the fastener hole, e.g., Rayleigh wave genera-
tion and measurement on the damaged side of the sample, or excitation on one side of the
specimen and measurement on the other side. The last configuration is essential for cracks
which are not situated on an accessible surface of an aircraft structure. The inverse prob-
lem, i.e., obtaining of defect geometry information from the scattered field, will be inves-
tigated. This proposed novel Rayleigh wave spectroscopy method will allow the accurate
sizing of the maximum penetration of a small quarter-elliptical crack, an important factor
for the remaining fatigue life expectancy of the structure. 
A three-dimensional model of the tensile specimen with fastener hole and fatigue crack of
varying size will be built in a numerical FEM simulation code. The scattered field will be
calculated for the different experimental configurations. The numerical results will be
compared with the measurements with similar defect sizes to validate the simulation. The
code will subsequently be used for an analysis of the sensitivity and the minimum detect-
able crack length by varying the crack size or the frequency of the excitation. The results
thus obtained will be compared with the sensitivity of guided ultrasonic waves to ascertain
the detection sensitivity improvement arising from the use of Rayleigh waves.
In the second phase of the project fatigue crack growth monitoring using Rayleigh waves
will be investigated. An experimental setup will be built around a testing machine that
allows the monitoring and measurement of the fatigue damage using three independent
methods. The amplitude in the vicinity of the crack will be monitored on-line, using a
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laser interferometer. The fatigue crack length will be measured optically using a micro-
scope and mirror assembly mounted on the test machine. Part of the specimens will be fit-
ted with strain gauges to assess the stress levels in the vicinity of the defect and compare
this to fatigue crack growth predictions. The cyclic tensile loading will be interrupted at
various crack lengths, in order to measure the scattered field around the fastener hole and
the crack and compare the displacement field with the three-dimensional numerical calcu-
lations.
In the third phase the applicability of the technique to multi-layered specimens will be
investigated experimentally. Specimens with different thickness and taper ratios will be
designed and manufactured to model the geometries found in aircraft structures. The prop-
agation of the quasi Rayleigh wave and the energy distribution as function of the excita-
tion frequency, i.e., the penetration depth, will be investigated experimentally. The multi-
layered specimens will be fatigue tested. The effects of fatigue testing on the bonding
layer will be quantified. Fatigue crack growth in the centre layer will be initiated by a
starter notch and the adequate choice of geometry and stress level. The multi-layered spec-
imens will be implemented in the three-dimensional numerical simulation code with
bonding layer, fastener hole, and fatigue crack of varying size. The results will be com-
pared to the measurements to verify the numerical results. The sensitivity and minimum
detectable crack length will be investigated with a special focus on fatigue damage in the
second layer.
Samples of aircraft structures with and without pre-existing fatigue damage, obtained in
the framework of a collaboration of the host institution with Airbus UK, will be prepared
for Rayleigh wave measurements. The applicability of nondestructive testing using Ray-
leigh waves for fatigue defect detection in real aircraft structures will be evaluated and
verified. The results thus obtained will be compared with a test series performed with
lower frequency guided ultrasonic waves on the same type of specimens. 
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APPENDIX

A.1 About Rayleigh wave generation

The sound field in front of a transducer can be separated into two domains: the near field
and the far field [50]. The transducer near field is characterized by a system of pressure
minima and maxima. The last pressure maximum on the axis of the transducer, the so-
called near-field distance , is a function of the transducer diameter  and of the appro-
priate wavelength . For a plane circular transducer,  is given by the following relation-
ship:

. (A.1)

The near field is highly sensitive to the number of cycles  and the pulse shape of the
excitation signal. The field beyond the last maximum  is called the far field of the trans-
ducer. In the far field the displacement amplitude decreases as (i)  for bulk
wave propagation (three-dimensional), and (ii)  for Rayleigh wave propagation
(two-dimensional).

Fig. A.1: Spatial distribution of the velocity amplitude on a half plane through a circular trans-
ducer, longitudinal waves in Plexiglas, mm, MHz, .
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Figure A.1 illustrates a simulated sound pressure field in a three-dimensional Plexiglas
medium for a longitudinal wave excitation with a transducer diameter mm using
a MHz excitation signal with five cycles ( mm). The spatial distribution
of the velocity is plotted on a half plane through the transducer. The last maximum of the
sound field at mm demarcates the separation between the near field and the far
field of the transducer.
By the generation of Rayleigh waves the transition from the near field to the far field can
occur inside the Plexiglas wedge or on the specimen surface. Amplitude curves of the out-
of-plane displacement measured on the mid-line in front of the wedge are shown in Fig.
A.2. They were obtained using a single excitation frequency MHz but different
transducer diameters. The transition from near field to far field is recognizable for the
transducer with larger diameter (dashed line, part number A408S, see Table 2.2) whereas
for the smaller transducer (solid line, part number A542S, see Table 2.2) the transition
occurs within the wedge.

Fig. A.2: Measurement of the out-of-plane displacement amplitude on the mid-line in front of the
Plexiglas wedge, MHz, , transducer diameter: mm (solid line) and

mm (dashed line).

The characteristics of the surface sound field are highly sensitive to the coupling between
transducer and specimen. For instance, accurate measurements of the change of amplitude
between two points using two wedge transducers are difficult to achieve due to the differ-
ences in coupling [5]. The main coupling factors affecting the generated Rayleigh dis-
placement field are listed below:
• The couplant between the Plexiglas wedge and the specimen is selected so that only

compressional forces can be transmitted. However, if a high compressional force is
applied to the wedge, the two surfaces may interlock to such an extent that shear forces
can be transmitted as well. This alters the transmission properties at the contact points
and, consequently, affects the generated surface sound field [50, 52].
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• The compressional force applied to the wedge also affects the thickness of the cou-
pling layer and, therewith, the transmission coefficient between the wedge and the
specimen [73]. Consequently, a small angle between the wedge and the specimen sur-
face, resulting from a non-uniform compressional force, may considerably change the
generated sound field.

• The transmission properties between the wedge and the specimen surface depends on
the nature of the couplant layer.

The removal and reapplication of the wedge transducer may therefore introduce signifi-
cant differences in coupling, which would jeopardize the consistency of the generated sur-
face field.
The experimental sound field generated by a MHz wedge transducer (part num-
ber A542S, see Table 2.2) is investigated below. The out-of-plane displacement amplitude
is measured on two straight lines displayed in Fig. A.3.

Fig. A.3: Measurement lines for the investigation of the plane strain state.

Both measurement lines are situated in the far field of the transducer (the transition
between near field and far field occurs within the wedge). The out-of-plane displacement
amplitude was first measured on the symmetry line of the Plexiglas wedge (Fig. A.4a), as
for all the experimental results presented in this thesis. The second measurement was per-
formed on a line perpendicular to the propagation direction (Fig. A.4b) in order to investi-
gate the lateral amplitude attenuation. These curves are representative of the characteristic
divergence of the sound beam.

Fig. A.4: Out-of-plane displacement amplitude on the wedge symmetry line versus x (a) and lat-
eral out-of-plane displacement amplitude at mm (b), MHz, .
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The analytical solution as well as the simulation code are based on the assumption of a
plane strain state. All measurements were performed on the symmetry line of the sound
field in order to minimize the impact of the sound beam divergence and satisfy the plain
strain condition. The validity of this assumption is discussed below.
Referring to the coordinate system generally used in this work (see Fig. A.3) plain strain
deformation is characterized by . At the specimen surface additional stress-free
conditions holds: . Consequently the shear strains  and  vanish. Since the
measurements are limited to the out-of-plane displacement component it is not possible to
measure . However, the validity of the assumption can be verified on the basis of
the derivative of the out-of-plane displacement component , which should vanish on
the symmetry line.  is obtained from the measurement on the line perpendicular to the
propagation direction. Its amplitude is plotted in Fig. A.5b, which includes a fitted curve. 

Fig. A.5:  amplitude on the wedge symmetry line versus x (a) and  amplitude at
mm (b), MHz, .

The experimental scatter is mainly due to the variation of the measured amplitude, which
is magnified by the calculation of the derivative using the time waveform from two neigh-
boring points. The amplitude variation also affects the value of the derivative at

mm. Indeed, the calculation of the signal phase along the same measurement line
points out a quasi-constant phase in the range . With an amplitude
curve symmetric relative to mm (see Fig. A.4b) the amplitude of  should vanish
on the axis of symmetry.
Despite the non-vanishing values of  on the symmetry line a comparison of the ampli-
tude of  with the amplitude of  (see Fig. A.5a) at the same position
( ) highlights a factor 25 between both variables. The variation in 
direction are therefore small in comparison with the one in  direction, legitimating the
plane strain assumption on the mid-line of the wedge. 
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A.2 About the discrete Fourier transform

The Discrete Fourier Transform (DFT) transforms the sequence of  complex numbers
 into a sequence of  complex numbers 

according to the formula:

. (A.2)

As mentioned in section 3.2.5, if  are real numbers, then the Fourier
coefficients  and  are complex conjugated where the subscripts are interpreted
modulo  [35]. This means that the real part of the discrete transform is an even function
and the imaginary part is an odd function:

. (A.3)

In this case the first element  and, for even , the element  are both real [35]. The
inverse discrete Fourier transform can be written as:

. (A.4)

Since the DFT is periodic ( ), for even  Eq. (A.4) can be expressed as:

. (A.5)

 is now expressed as  and the exponential function is converted
into trigonometric functions. The first term of the second part in Eq. (A.5) can therefore be
written as:

. (A.6)

According to (A.3) and the properties of the trigonometric functions Eq. (A.6) becomes:
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(A.7)

After insertion of Eq. (A.7) into Eq. (A.5) and simplification, one can write:

(A.8)

As expected all the terms in Eq. (A.8) are real. The discrete time series  introduced in
section 3.2.5 can also be expressed as function of trigonometric functions. The resulting
equation reads:

(A.9)

Equation (3.29) is finally obtained from the comparison of Eq. (A.8) and Eq. (A.9):

. (A.10)

A.3 Implementation of the boundary conditions for complex geometries

As mentioned in section 5.2.1 the stress-free boundary conditions are imposed by adding a
fictitious layer just outside the free surface and assigning specific values to the pseudon-
ode variables of the fictitious layer so to give zero stress on the Cartesian geometry con-
tour. This has been implemented in an efficient way that allows for the computing time to
be minimized, as described in this section.
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The coordinates of the geometry contours are saved in two arrays, a vector  containing
the x-coordinates of the shear stress boundary nodes and a vector  listing the y-coordi-
nates. The coordinates of the pseudonodes corresponding to the normal stress components
are subsequently determined and stored in four arrays for the x-coordinates and four arrays
for the y-coordinates, corresponding to the four outward-pointing normal vectors. For
example, the coordinates of the fictitious layer with the normal stress in x-direction corre-
sponding the boundary with a positive outward-pointing normal vector are saved in two
vectors ix+ and jx+. The indices are for normal stress in x-direction (x) related to a free sur-
face with a positive outward-pointing normal vector (+). These nodes, corresponding to
the pseudonodes of the normal stress component  on the right side of the specimen
contour, are displayed by thick, dashed, open points in Fig. A.6. 

Fig. A.6: Schematical representation of the implementation of the boundary conditions.

The implementation of the boundary conditions using an additional loop over each of the
boundary vectors during the main time loop of the simulation would significantly increase
the computing time. This can be avoided by running the loop over each vector before
entering the main time loop. This requires the definition of five new  matrices,
where  is the two-dimensional grid size: 
• A matrix  for the shear stress component with zeros at the boundary nodes deter-

mined by the boundary vectors  and  (triangles in Fig. A.6), and ones for all the
other nodes.

• A matrix Mx+ with zeros at the pseudonodes corresponding to the normal stress com-
ponents in x-direction, on the right side of the specimen contour, defined by the bound-
ary vectors ix+ and jx+ (thick, dotted points in Fig. A.6), and ones for all the other
elements.

• Three matrices Mx-, My+ and My- defined in a similar way as Mx+.
In the main time loop the stress components are firstly computed for all grid points inde-
pendently from the boundary conditions. The boundary values for the shear stress and the
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pseudonode values for the normal stress components are subsequently substituted by the
correct values resulting from the stress-free boundary conditions. Each element of the
shear stress matrix , obtained according to Eq. (3.38), is therefore multiplied by the
corresponding element of the matrix :

, (A.11)

where the operator .* describes the entry-by-entry product of two arrays of same dimen-
sion. This generates zero shear stresses for all the nodes on the surface of the specimen.
The explanation of the procedure used for the implementation of the normal stress bound-
ary conditions is limited to the component  for the right specimen contour. The matrix

 of the normal stress component in x-direction is evaluated on the entire domain using
Eq. (3.38). The boundary condition for this particular case states that the value of the nor-
mal stress at the pseudonodes has to be so to give zero stress on the Cartesian geometry
contour by using linear interpolation. This leads to the following equation for the stress
component of the fictitious layer considered here:

. (A.12)

In order to perform this operation without additional loop a new matrix  is defined by
(i) shifting the  normal stress matrix  of one column to the right and (ii) multi-
plying the resulting matrix by the scalar :

. (A.13)

The shifting is performed by inserting a new  dimensional array b of all ones on the
left side of the matrix . In  the normal stress values of the nodes half a grid step
inside the specimen (thick, open points) have been moved to the corresponding pseudon-
odes (thick, dashed, open points) after sign reversal. The normal stress values of the ficti-
tious layer on the right specimen contour are inserted in  by means of the following
equation:

, (A.14)

where x+ is obtained by switching the zeros and the ones of the matrix Mx+. The first
part of Eq. (A.14) sets the elements of the matrix  located in the fictitious layer to zero
while the second part updates the value of these pseudonodes according to the boundary
conditions. The same method is applied for the implementation of the boundary conditions
for the normal stress  on the left side as well as for the calculation of the pseudonode
values for the normal stress . The boundary conditions are permanently fulfilled by re-
iteration of the procedure at each time step.
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A.4 Transition from a curved to a planar surface

The transition from a curved, concave surface to a planar surface is investigated in this
section. For this purpose, a new two-dimensional geometry, presented in Fig. A.7, has
been implemented in the FDM code. The specimen is composed of three basic geometries,
i.e., two plane geometries (part I and III) connected with a concave, cylindrical surface
with a constant radius of curvature R (part II). The position on the inner surface of the
specimen is described by the surface coordinate s with origin at the transition between part
I and part II (see Fig. A.7). Both rectangular geometries are discretized using a Cartesian
grid. However, a cylindrical coordinate system is used for the curved part of the specimen
(part II). The equations of momentum conservation and the stress-strain relations for an
isotropic, linear elastic medium in cylindrical coordinates, and the corresponding dis-
cretized equations are given in Appendix A.5. The use of cylindrical coordinates allows a
simplification in the implementation of the geometry and avoids the additional numerical
dispersion resulting from a Cartesian approximation of a curved surface.

Fig. A.7: Two-dimensional geometry implemented in the FDM code for the investigation of the
transition from a concave surface with radius R to a planar surface.

The incident Rayleigh wave is generated in part I and propagates on the curved surface
before reaching the transition zone. The simulation is performed using an excitation signal
with center frequency MHz and four cycles. A radius of curvature mm
is selected in order to have the same ratio of radius to wavelength  as in the
last section. During the simulation the out-of-plane displacement component is stored as a
function of the time for all grid points on the inner surface of the specimen. In addition,
both displacement components are saved at every node in the transition zone of part III.
The amplitude of the out-of-plane displacement component is plotted in Fig. A.8 for both
part II and III (solid line). As in the previous section the propagation on the concave sur-
face is characterized by an amplitude attenuation whereas the amplitude slightly increases
at the surface of the transition zone (part III).
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Fig. A.8: Calculated out-of-plane displacement field amplitude at the surface normalized with
respect to the vertical surface displacement from  (solid line), and analytical attenuation func-
tion (asterisk).

The propagation of Rayleigh surface wave on cylindrical surfaces has been widely
described by Viktorov [95]. In general the phase velocity of a surface wave on a curved
surface is a function of the ratio of radius of curvature to wavelength . The Rayleigh
wave propagation is therefore dispersive. For concave cylindrical surfaces the angular
wave number  of the Rayleigh wave becomes complex [95]. The phase velocity
of the Rayleigh wave is a function of the real part  of the wave number . The ratio

 considered here, corresponds to a phase velocity of . The
phase velocity is therefore 12% less than the Rayleigh wave propagation velocity on a pla-
nar surface. The surface wave amplitude on a curved surface decreases with:

, (A.15)

where  is the imaginary part of the complex angular wave number and  the angular
coordinate (  in part II). The attenuation is due to radial emission of energy in the
medium in the form of cylindrical waves travelling out along the radius, as described in
the previous section. The current ratio  corresponds to an angular wave number with
a complex imaginary part . The thus obtained attenuation function, described
by Eq. (A.15), is plotted in Fig. A.8 (asterisks). Excellent agreement is obtained between
the analytical damping function and the amplitude function calculated using the FDM
code.
In addition to attenuation and dispersive propagation a surface wave propagating on a
cylindrical surface has a displacement profile (as function of the penetration depth y) dif-
ferent from a Rayleigh wave on a planar surface. Fig. A.9 (solid lines) illustrates the dis-
placement profiles of a Rayleigh wave propagating on a cylindrical surface with

 and the profiles of a surface wave on a planar surface. Both in-plane and
out-of-plane components u and v, respectively, have been obtained analytically using the
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solution of Viktorov described in [95]. The difference between the displacement profiles
on a curved and a planar surface (compare Fig. A.9a and Fig. A.9b) is quite pronounced.
In fact, the curvature radius and the Rayleigh wavelength selected here have the same
order of magnitude, yielding a displacement profile quite different from the planar case
( ). Additionally, the energy is no longer confined to a small layer in the vicinity
of the free surface, since cylindrical bulk waves are travelling out along the radius. This
can be seen in Fig. A.9a, where the displacement amplitude does not decrease as strongly
as in Fig. A.9b with the penetration depth. It can be shown that, far from the surface, the
displacement profile decreases with , as can be expected for cylindrical waves in a
two-dimensional case.

Fig. A.9: Rayleigh wave displacement amplitudes, normalized with respect to the vertical surface
displacement from . Analytical (solid lines): (a) R / λ = 2.25, (b) planar surface. Simulation
(open points): (a) mm (transition II-III), (b) mm.

The displacement profiles obtained in the simulation are also plotted in Fig. A.9 (open
points). The left figure corresponds to both displacement components evaluated at the end
of the concave surface (transition from part II to part III). The agreement with the corre-
sponding analytical solution at a cylindrical surface with ratio  is excellent.
In the transition zone of part III the displacement profile is gradually modified to obtain
the characteristic depth profile of a Rayleigh wave on a planar surface. The simulated pro-
files are shown in Fig. A.9b after mm propagation on the plane geometry. The agree-
ment with the analytical profiles is very good, with the exception of some residual energy
from the bulk waves at a depth , which would disappear if the comparison were
made after a longer propagation path.
The transition from a cylindrical surface to a plane geometry yields a modification of the
energy distribution profile. Indeed, all the energy present in the from of bulk waves for

 (see Fig. A.9a) have to be redistributed or scattered into the depth of the material
to obtained the standard Rayleigh profile for plane geometries. Figure A.10 shows the dis-
tribution of the kinetic energy in the transition zone (see Fig. A.7) as a function of the
depth y and the coordinate s.
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Fig. A.10: Normalized kinetic energy distribution in the transition zone, part III, MHz,
mm, .

A part of the energy present in the depth range mm goes toward the surface of
the material with increasing distance s from the transition point. The rest of the energy is
diffracted into the depth of the material in the form of bulk waves. This energy redistribu-
tion explains the increasing amplitude by the transition from a cylindrical surface to a pla-
nar geometry. Both amplitude enhancement and the length of the transition zone depend
on the difference between the Rayleigh profile on the curved surface and on the planar sur-
face.

A.5 Two-dimensional finite difference code in cylindrical coordinates

The transition from a curved to a planar surface has been investigated in Appendix A.4 by
means of FDM simulations using both Cartesian and cylindrical coordinates. In this sec-
tion the equations of momentum conservation and the stress strain relations for an isotro-
pic, linear elastic medium are given explicitly as well as the corresponding discretized
equations.
Assuming plain strain wave propagation in the radial-tangential plane and no body forces
the equations of momentum conservation and the stress-strain relations reduce to the fol-
lowing two equations of motion:

(A.16)

and three relevant relations between stress and displacement components:
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(A.17)

where  and  denote the displacements in radial and tangential direction, respectively.
The normal stress component  does not affect the displacements in the r-ϕ plane and is
currently left aside.

Fig. A.11: Allocation of the displacement and stress components on a two-dimensional, cylindri-
cal, staggered grid.

Equations (A.16) and (A.17) are subsequently discretized on a cylindrical, staggered grid
illustrated in Fig. A.11 and the second derivatives with respect to time are replaced with
second-order central differences as well. The resulting discrete equations for the inner
region of the geometry read as follows:
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(A.18)

and

(A.19)

where the index n denotes the time step and the indices i and j the ϕ and r position on the
grid, respectively.
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