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Summary

The heart is the pump that circulates blood through all organs of the body. It consists of

four chambers: two ventricles situated below the two atria. The atria and the ventricles

are communicated by the atrioventricular valves which ensure the unidirectional flow of

blood from the atria to the ventricles. The cardiac cycle is constituted by two successive

phases: the systole and the diastole. During systole, both ventricles contract and the

blood is then ejected into the organs of the human body. At the end of the ejection

phase begins the diastolic phase, where both ventricles relax and are subsequently filled

with blood. The coronary circulation, supplying blood to the heart, and the flow through

the lymphatic system are influenced by the cardiac cycle. The blood flow in the coronary

arteries is maximal during diastole and minimal during the systolic phase. Temporal vari-

ations in both coronary and lymphatic fluid flow induce small volume changes of the mass

of the myocardial tissue, thus rendering the cardiac tissue only somewhat incompressible.

Ventricular filling commences with blood flowing in rapidly from the atria in the ven-

tricles in a short period called the rapid filling phase that represents the first third of

diastole. During this period, more than half of the subsequent stroke volume has entered

the ventricles, which are subjected to large strains. The internal volumes of both cavities

approximately double, while the ventricular pressures rise typically only by an amount

of less than 1 kPa. In view of such low pressures, the question arises whether they can

provide the driving force for the large inflow of blood entering the ventricles during this
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phase. If it is not the case, it is important to understand which other mechanisms could

play a role in the rapid filling phase. In order to address these issues from a mechanical

point of view, a three-dimensional Finite Element model of both human ventricles has

been developed, utilizing a realistic geometry and taking into account the large defor-

mation occurring during the rapid filling phase as well as the effective compressibility of

the mass of the myocardial tissue. The geometry of the human heart was obtained from

32 short axis slices extending from the apex to the base and taken at end-systole with

Magnetic Resonance Imaging.

In order to investigate whether the ventricular diastolic pressures measured under physio-

logical conditions in the human healthy heart can give rise to the extensive augmentation

in ventricular volumes that occurs during the rapid filling phase, nonlinear elastic Finite

Element analyses with various types of cavity pressure functions applied as boundary

conditions were performed. The calculated evolution of the internal volume for the left

cavity was compared to the filling phase of the human left ventricle as extrapolated from

measurements documented in the literature. Based on the results obtained in the present

work, it can be concluded that the ventricular pressures measured during the rapid filling

phase cannot be the sole cause of the rise of the observed ventricular volumes.

Experiments on cardiac tissue strips of animals have shown that in the absence of active

fiber forces, the myocardium exhibits a nonlinear viscoelastic mechanical behavior. As

the atrioventricular valves open at the start of the rapid filling phase, both ventricles are

subjected to large and abrupt deformations. During this period, it is thus possible that

the viscoelastic response of the heart, depending on the strain velocity of the cardiac

tissue, provides a driving force for ventricular filling. Consequently, the influence of the

viscoelasticity of the myocardium on the rapid filling phase has been analysed by com-

paring the elastic and viscoelastic Finite Element simulations, respectively, as well as to
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the measured evolution of the left ventricular volume during this period. The viscoelastic

Finite Element analysis calculated with short relaxation times yielded a realistic filling of

the left cavity, suggesting that the viscoelastic contribution to the mechanical behavior

of the myocardium should not be neglected when a detailed analysis of the mechanics of

the heart is attempted.

The rapid filling phase can be viewed as the period where the heart recoils from its con-

tracted state. During the systolic contraction, the potential energy of the heart increases

and a part of this energy can be stored in the elastic elements of the myocardium. This

energy is then released through the deformation of the heart when the atrioventricular

valves open at the beginning of diastole, allowing both ventricles to expand naturally, as a

contracted elastic spring tends to return to its resting length when the force of contraction

is removed. The dilatation of both cavities causes the decrease of ventricular pressures

that induces the blood to be rapidly aspirated from the atria into the ventricles. In order

to study the role of this elastic recoil in the rapid filling phase, elastic Finite Element sim-

ulations of ventricular suction were performed. To validate the Finite Element analyses

of ventricular suction calculated with the model utilizing a realistic geometry, the results

for the left ventricle were compared to those obtained with a simpler Finite Element el-

lipsoid model of the left cavity, as well as to the published experimental measurements

for the rapid filling phase of the left ventricle. This study has shown that, under nor-

mal conditions, the ventricular suction plays an important role in the ventricular filling

process.
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Résumé

Le coeur, assurant la circulation du sang dans le corps, est un organe formé de quatre

chambres: deux ventricules situés au-dessous de deux oreillettes. Entre les oreillettes et les

ventricules se trouvent les valves atrioventriculaires, assurant le passage unidirectionnel

du sang des oreillettes aux ventricules. Le cycle cardiaque comporte deux phases: l’une

appelée systole, où les deux ventricules se contractent et où le sang est ensuite ejecté dans

les organes du corps humain; l’autre, succédant à la systole, est appelée diastole et est

constituée par la relaxation isovolumétrique et le remplissage successif des ventricules par

le sang. La circulation du sang dans les vaisseaux coronaires, irriguant le coeur, ainsi que

le flux dans le système lymphatique sont influencés par le cycle cardiaque et varient durant

cette période: le flux sanguin dans les artères coronaires est maximal durant la diastole

et minimal durant la systole. Le volume de la masse du tissu cardiaque n’étant donc pas

constant durant un battement de coeur, il ne peut être considéré comme incompressible.

Au début du remplissage ventriculaire, le sang coule rapidement des oreillettes dans les

ventricules. Cette courte période, appelée la phase de remplissage rapide, représente le

premier tiers de la diastole. Durant cette période, plus de la moitié du volume d’éjection

entre dans les ventricules qui sont soumis à de grandes déformations. Leurs volumes in-

ternes doublent approximativement, tandis que les pressions ventriculaires augmentent en

général de moins de 1 kPa. Etant donné que les pressions diastoliques sont si faibles, la

question se pose si elles sont les seules responsables du grand afflux de sang entrant dans
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les ventricules pendant le premier tiers de la diastole. Si ce n’est pas le cas, il est nécessaire

de comprendre quels sont les autres mécanismes jouant un rôle dans la phase de remplis-

sage rapide. Afin de répondre à ces questions d’un point de vue mécanique, un modèle

tridimensionnel en éléments finis des deux ventricules humains utilisant une géométrie

réaliste a été développé. Il tient compte de la compressibilité de la masse du tissu car-

diaque ainsi que des grandes déformations de la paroi ventriculaire se produisant pendant

la phase de remplissage rapide. La géométrie du coeur humain provient de l’Imagerie par

Résonance Magnétique: 32 images perpendiculaires à l’axe du myocarde, s’étendant de

l’apex à la base, ont été prises à la fin de la systole chez un sujet sain.

Le premier objectif du travail présenté ici a été de déterminer si les pressions diastoliques

mesurées dans des conditions physiologiques sont à l’origine de la forte augmentation des

volumes ventriculaires observée lors de la phase de remplissage rapide dans le coeur hu-

main sain. Dans ce but, plusieurs analyses élastiques non-linéaires en éléments finis du

premier tiers de la diastole ont été effectuées en appliquant différents types de fonctions

pour les pressions ventriculaires comme conditions de bord. Les résultats des simulations

obtenus pour la cavité gauche ont été ensuite comparés avec l’évolution du volume interne

du ventricule gauche humain, extrapolée à partir de données expérimentales publiées. Les

résultats obtenus permettent de conclure que les pressions ventriculaires mesurées durant

la phase de remplissage rapide ne peuvent en effet pas être les seules responsables de

l’augmentation des volumes ventriculaires observée.

Des expériences sur des bandes de tissu cardiaque d’animaux ont montré qu’en l’absence

de forces actives dans les fibres musculaires, le comportement mécanique du coeur est

viscoélastique non-linéaire. Lorsque les valves atrioventriculaires s’ouvrent au début de

la phase de remplissage rapide, les deux ventricules sont soumis à de grandes et rapides

déformations. Il est concevable que la réponse viscoélastique du myocarde, dépendant de



vii

la vitesse de déformation du tissu cardiaque, joue un rôle dans le remplissage ventricu-

laire durant cette période. C’est pourquoi l’influence de la viscoélasticité du coeur a été

analysée en comparant les résultats de simulations viscoélastiques avec ceux obtenus avec

un modèle élastique, ainsi qu’avec l’évolution mesurée du volume interne du ventricule

gauche durant la phase de remplissage rapide. L’analyse viscoélastique en éléments finis

calculée avec des temps de relaxation courts a produit un remplissage réaliste du ven-

tricule gauche, indiquant que le comportement viscoélastique du coeur ne doit pas être

négligé lors d’une analyse mécanique détaillée du myocarde.

Un mécanisme pouvant jouer un rôle dans la phase de remplissage rapide est l’aspiration

du sang dans les ventricules. Lors de la contraction systolique, l’énergie potentielle du

coeur augmente et une partie de cette énergie est stockée dans les éléments élastiques du

myocarde. Grâce à la libération de cette énergie à l’ouverture des valves atrioventriculaires

au début de la diastole, les deux ventricules se dilatent élastiquement et retournent ainsi

de l’état contracté à leur configuration d’équilibre. Ce processus est similaire à celui

d’un ressort élastique que l’on a comprimé et qui aura tendance à revenir à sa longueur

d’équilibre lorsque la force de contraction est supprimée. Dû à la dilatation des cavités, les

pressions ventriculaires diminuent et le sang est aspiré rapidement des oreillettes dans les

ventricules. Afin d’étudier le rôle de ce mécanisme dans la phase de remplissage rapide,

des analyses en éléments finis élastiques de l’aspiration ventriculaire ont été effectuées.

Ces simulations ont été validées en comparant les résultats calculés avec le modèle dont la

géométrie provient de l’Imagerie par Résonance Magnétique à ceux obtenus par un modèle

en éléments finis plus simple où la cavité gauche est représentée par un ellipsöıde, ainsi

qu’aux mesures expérimentales publiées pour la phase de remplissage rapide du ventricule

gauche. Cette étude a montré que, dans des conditions normales, l’aspiration ventriculaire

joue un rôle important dans le processus de remplissage des ventricules.
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Chapter 1

Introduction

1.1 Anatomy and physiology of the heart

The heart is a hollow muscle that pumps blood through all organs of the human body,

guaranteeing the oxygen supply for their good functioning. It is situated in the human

body slightly to the left of the middle of the thorax under the sternum. The cardiac mus-

cle is enclosed in the ribcage by a special sac, called the pericardium, and is surrounded

by the lungs and the diaphragm. The myocardium has approximately the same size as

the fist and its mass in normal adults is 250–350 g. As seen in Fig. 1.1, it contains four

chambers: two upper ones, called atria, which are separated from the two lower ones or

ventricles by the atrioventricular (A-V) valves (the tricuspid and mitral valves). These

valves prevent backflow of blood from the ventricles into the atria. The pulmonary and

aortic valves in turn allow unidirectional blood flow from the right ventricle (RV) to the

pulmonary artery and from the left ventricle (LV) to the aorta, respectively. The blood

circulation in the cardiac muscle itself is ensured by the coronary vessels. The coronary

arteries supply oxygen-rich blood to the myocardium, while the deoxygenated blood is

removed through the cardiac veins. The myocardium consists actually of two pumps sep-

arated by the septum, which prevents blood from flowing between them: the right heart,
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Figure 1.1: Anatomy of the heart adapted from Netter (1981) [48]. The heart pumps

blood through all organs in the human body. The myocardium contains two atria and two

ventricles.
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Figure 1.1: (cont.) The heart is cut longitudinally and opened as visualized on this page.

The preceding page shows the posterior part of the cardiac muscle, while this page shows

its anterior part.
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containing the right atrium and ventricle and the left heart, which is constituted of the

left atrium and ventricle. The main function of the right side of the myocardium is to

pump the deoxygenated blood through the lungs via the pulmonary circulation: the right

atrium receives the venous return, i.e. the blood flow from the superior and inferior vena

cava which drains the upper and lower part of the body, respectively. The deoxygenated

blood flows then through the triscupid valve into the right ventricle (see Fig. 1.1), which

pumps it to the lungs via the pulmonary artery. In the lungs, the blood releases CO2 and

is charged with oxygen. The blood returns to the heart in the left atrium through the

pulmonary veins, ending the pulmonary circulation. The left heart, in turn, collects the

oxygenated blood from the lungs and ejects it into the peripheral organs. The systemic

circulation begins when the oxygenated blood flows from the left atrium through the open

mitral valve into the left ventricle, which expels it into the aorta through the aortic valve.

Via the aorta the blood is then sent to the organs of the human body. The systemic cir-

culation is completed when the deoxygenated blood flows into the right atrium through

venous return [28, 85].

As shown in Fig. 1.2, the cardiac cycle can be divided in four successive phases:

As the ventricular pressures are below the atrial ones, the tricuspid and mitral valves

open allowing blood to flow into the ventricles. During the filling of both cavities, the

aortic and pulmonary valves stay closed, because the pressure in the aorta, respectively

in the pulmonary artery, is greater than the left, respectively, the right ventricular one.

The ventricular filling phase is followed by the isovolumic contraction of both ventricles.

At the beginning of this period, the ventricular pressures become greater than the atrial

ones, causing the closure of the tricuspid and mitral valves. During the contraction phase,

the pressures in the ventricles increase rapidly (see Fig. 1.2). As long as they are above
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Figure 1.2: The heart cycle (Guyton and Hall, 2000 [28]). Evolution of the pressure in

the aorta, in the left atrium and in the left ventricle, as well as the variation in time

of the left ventricular volume during two cardiac cycles. The arrows show the opening

and closure of the mitral and aortic valves. The electrocardiogram and the phonogram,

signalizing the closure of the atrioventricular and semilunar valves, are also represented

during this period.
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the pressures in the atria and below the aortic and pulmonary ones, the atrioventricular

and the semilunar (aortic and pulmonary) valves are closed. Thus, no blood flows out the

ventricles and their contraction is isovolumic.

When the ventricular pressures become greater than the aortic and pulmonary ones,

semilunar valves open and the blood is ejected from both ventricles. As seen in Fig. 1.2,

ejection continues during a short period of time after ventricular pressures have decreased

below the aortic and pulmonary ones. This is due to the inertia of the heavy semilunar

valves. To close these valves, a pressure gradient pushing rapidly blood backward for a

few milliseconds is required.

The isovolumic relaxation of both ventricles starts after the closure of the aortic and pul-

monary valves. During this period, the ventricular pressures decrease but stay above the

pressures in the atria, maintaining the mitral and triscupid valves closed. Because all the

cardiac valves are closed during relaxation, this process is isovolumic.

The isovolumic contraction of both ventricles and the successive ejection of blood con-

stitute the systolic phase of the heart cycle, while diastole comprises the isovolumic re-

laxation of the ventricles, followed by their filling with blood. During ventricular systole,

large amounts of blood accumulate in the atria because of the closed atrioventricular

valves. At the beginning of diastole, the aortic and pulmonary valves close, due to the

high pressure in the aorta and the pulmonary artery. Meanwhile, both ventricles relax

without changing their internal volumes and allowing the ventricular pressures to decrease

quickly until they approach their diastolic minimal values (see Fig. 1.2). As visualized

in Fig. 1.2, the filling phase, in turn, can roughly be divided into three sub-phases. The

first sub-phase sets in immediately after the isovolumic relaxation period. The tricuspid

and mitral valves open because the pressures in the atria are moderately higher than the
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intraventricular pressures due to the venous return. As the myocardium returns from the

contracted to its resting state, the blood is filling the ventricles rapidly by more than

half of the subsequent stroke volume. The volume of the adult left ventricle at rest rises

typically from some 40 ml to 88 ml [32], the increase in volume of the right ventricle being

comparable in size [65]. This is denoted as the rapid filling phase and represents about

the first third of diastole. During the second third, the blood inflow into the ventricles is

slow, being confined to the instantaneous venous return reaching the ventricles through

the atria, which act as passive conduits. Thus, the increase in ventricular volume is small.

According to present knowledge, active fiber forces in the ventricles do not contribute to

the first and second phases of the filling process. In the third phase, the atria contract and

give an additional thrust to the ventricular filling (see Fig. 1.2). This period is denoted as

atrial systole and it contributes about 25 percent of the end-diastolic ventricular volume

[28]. In the healthy heart both ventricles are filled simultaneously and at the same speed.

Because the blood entering the left ventricle is first pumped through the lungs by the

right ventricle, these both cavities have the same increase in internal volume during the

filling process, (around 60 ml, [65]).

Systole starts with the isovolumic contraction of both ventricles, causing the ventricular

pressures to increase suddenly. As the ventricles contract simultaneously, the atria relax.

Due to the elevated pressures in both ventricles, the atrioventricular valves close. This pre-

vents blood to flow back into the atria during systole. When the ventricular pressures rise

above the pressures in the aorta and pulmonary artery, the semilunar valves open and the

period of ejection begins. This latter period can be divided into three sub-phases. During

the first third of ejection, blood is expelled quickly into the aorta and the pulmonary

artery. This subphase corresponds to about 70 percent of the ventricular emptying and

is therefore called the period of rapid ejection. The remaining 30 percent of emptying oc-

curs during the last two thirds of ejection, which represent the period of slow ejection [28].
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Both ventricles are thick-walled but the right cavity has a more irregular geometry than

the left. The muscular wall of the left ventricle is about twice thicker (around 1 cm

in the relaxed state) than that of the right ventricle, because it should generate higher

pressures (about 12–16 kPa peak systolic pressure in the healthy human left cavity) in

order to eject the blood into the peripheral organs through the systemic circulation. The

early diastolic ventricular pressure corresponds to the lowest pressure reached during the

heart cycle. Under resting conditions it is typically between 0 and about 3 kPa in the

left ventricle; sub-atmospheric values are normally not observed (except when the process

of ventricular filling is impaired by obstruction of the mitral valve [34, 50, 81, 90] or by

clamping the left atrial pressure below the left ventricular diastolic pressure [3, 4]; see

Section 1.3), in particular, in a recumbent position of the human body. Usually, the right

ventricular pressure is also non-sub-atmospheric, but 3–4 times lower than in the left, as

the right ventricle has to pump the blood through the lungs via the pulmonary circulation

solely. The early diastolic pressures depend on a number of factors. Beside the individual

variability, the pressure distribution in the cardio-vascular system, the matching of the

right-to-left ventricular pump function and the activity level in the venous system, which

is matched to the total body fluid balance, are of major importance.

1.2 Structure of the cardiac tissue

The anatomical structure of the human heart has been the subject of several controver-

sies, in particular, the arrangement of the muscle fibers within both ventricular walls along

with the mechanical function have been described and interpreted in various forms in the

literature [20, 35, 49, 72, 73]. Recently, the findings of Lunkenheimer et al. (2004) [44]

and Schmid et al. (2005) [61] (see Fig. 1.3) supported the widely accepted concept that

the human myocardium presents itself as a continuous structure consisting of myocytes,
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Figure 1.3: Visualization of the complex meshwork of the muscle fibers in both ventri-

cles of an excised pig heart using magnetic resonance diffusion tensor imaging (MR-DTI)

(Schmid et al. (2005) [61]). In (a) the left (labeled LV) and the right (labeled RV) ven-

tricles are seen from above, while in (b) a front view of the fibers network is represented.
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Figure 1.4: The interlaced network of muscle fibers (Guyton and Hall, 2000 [28]). The

cardiac myocytes are multi-branched and grouped in fiber strands which are interconnected

among themselves.
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connective tissue, blood vessels and interstitial fluid. As seen in Figs. 1.3 and 1.4, the

myocytes are multi-branched and organized in fiber strands, which are interconnected

among themselves longitudinally as well as laterally in various degrees of density and by a

complex hierarchy of connective tissue. Thus, it is not possible in this interlaced network

of myocardial fibers to recognize discrete and solitary global muscular pathways. It is

thereby important to note that the heart muscle is not organized in the same manner as a

skeletal muscle, as the concept of Torrent-Guasp and co-workers [77, 78] seems to imply.

These studies propose that both ventricles are formed by the coiling in three loops of a

unique myocardial band, whose origin and insertion are clearly defined (the aortic and

pulmonary artery roots, respectively).

The consensus opinion states that the preferred orientation of the myocytes is surface-

parallel (tangential fibers) with respect to the epi- and endocardial surfaces, respectively;

yet, there is an interspersed population of intruding fibers (around 10–20%, [44]) which,

along with the connective tissue, provide a strong transverse coupling throughout the ven-

tricular wall (see Fig. 1.5). The orientation of the fiber strands can thereby be described

by two angles: the inclination angle (angle with respect to a short axis plane), which is

also called the Streeter’s angle or the helix angle, and the transverse angle (angle with

respect to a tangential plane), which is also mentioned as intruding angle or imbrication

angle in the literature. The inclination varies more or less continuously from +60◦ at the

endocardium to -60◦ at the epicardium [72]. The transverse angle, in turn, also changes

in the myocardium, yet to a lesser degree. While this angle of intrusion has been assumed

not to exceed 11◦ relative to the population of the tangential fibers [72], values up to 35◦

have recently been measured for the intruding fibers (see Fig. 1.5), especially near the

endocardiun of the base and apex, at the base of the papillary muscles and along the

connection between left and right ventricles [43, 44]. There are marked local and indi-

vidual inhomogeneities throughout the ventricular wall although the tissue as such is of
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Figure 1.5: Orientation of the intruding fibers adapted from Lunkenheimer et al. (2005)

[43] and from Dorri and co-workers [18]. Top: In order to measure the orientation of the

intruding fibers, semi-circular sections were cut through the porcine left ventricular wall.

In the apex (A), the convexity of the knife was oriented towards the base, while at the base

(B), the convexity was oriented towards the apex. Bottom: The histological slices were

then stretched out flat. The main orientation of the fibers is vizualised in such a semi-

circular section. Near the endocardium (a), more fibers were found to intrude obliquely

with respect to the endocardial surface than near the epicardium, where they are almost

parallel to this surface (c). The angle of intrusion for the intruding fibers does not exceed

35◦.
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a continuous nature. In consequence, the concept of a helical arrangement of the muscle

fibers in the cardiac tissue [72, 73] as well as of a laminar structure of the ventricular wall

in the general form presented by LeGrice and co-workers [39, 40] has to be extended and

to some degree corrected when a detailed and realistic description of the fiber structure

is attempted, because these models cannot be brought into agreement with the findings

supported by histology [43, 44] as well as imaging methods based on Magnetic Resonance

(MR) diffusion measurements [61].

Recently published measurements on ovine left ventricles [29] form the basis for an exten-

sion to the LeGrice’s model. In the model of Harrington et al. (2005) [29], the tangential

myocytes, bound by the extracellular collagen network, are regrouped in numerous radial

sheets which are distributed throughout the myocardium and interconnected by connective

tissue. Two families of sheet orientation almost perpendicular to each other were found

to successively alternate from the epicardium to the endocardium, which may produce

an ”accordion-like” wall thickening during systolic contraction, according to Harrington

et al. (2005) [29]. However, non-surface-parallel fibers were not found or not considered

in this study [29] concentrating on the anterolateral left ventricular wall, which limits

the applicability of the model with respect to the mechanical function of the entire (in

particular human) heart.

A cardiac muscle fiber is constituted of several parallel myofibrils. Each myofibril contains

many contractile units called sarcomeres (each about 2 µm long), which are placed end

to end along its longitudinal axis. As seen in Fig. 1.6, a sarcomere is delimited by two Z

discs, which are perpendicular to the long axis of the myocyte. It contains partly overlap-

ping thin and thick filaments that run parallely to the long axis of the myofibril. Attached

to each Z disc, the thin filaments, mainly composed of actin, extend to the center of the

sarcomere (represented by the M line in Figs. 1.6 and 1.7), while each thick filament,
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Figure 1.6: Structure of a sarcomere (Alberts et al. (2002) [2]). A sarcomere is limited by

the Z discs and is composed of thin actin filaments and thick myosin filaments, running

parallel to each other and to the long axis of the muscle fiber. The actin filaments stretch

from each Z disc to the center of the contractile element, designed by the M line, and each

myosin filament is placed between two thin filaments. An important component of the

sarcomere is the titin molecule. From each end of the contractile element, titin extends

to the M line. A part of this molecule is bound to the thick filament, while the other part,

represented by a yellow spring, connects the myosin filament to the Z disc.
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Figure 1.7: The titin molecule: a major component of the sarcomere (Trinick and

Tskhovreba (1999) [79]. (a) Structure of the titin molecule. Titin is composed by the

A-band part, represented by a red dashed line, and the I-band domain whose major part is

extensible. In the heart, this extensible region contains the tandemly arranged immunoglob-

ulin (Ig)-like domains (visualized by the red solid lines), the PEVK segment (shown in

blue) and the N2B element (not shown). In the sarcomere, the A-band part of titin is

closely associated to the myosin filament and the portion of the I-band near the Z disc is

strongly bound to the actin filaments ((b) and (c)). At the equlibrium length of the sarcom-

ere (shown in (b)), the extensible region of the I band is in a shortened state. When the

sarcomere is elongated above its slack length (represented in (c)), the tandem-Ig segments

are first extended, followed at further stretch by the extension of the PEVK region and of

the N2B element. Due to the reduction of conformational entropy, this produces a passive

force that pulls the Z discs toward each other.
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consisting mainly of myosin, runs between two actin filaments and is centered within the

sarcomere [2, 58]. A major structural component of the sarcomere is the the giant protein

titin, whose molecular weight is approximately 3 MDalton. The titin molecules (around

1 µm long) anchor in each Z disc and stretch to the M line, covering like this the half

of the sarcomere (see Figs. 1.6 and 1.7). As visualized in Fig. 1.7, a part of each titin

molecule, called the A-band, is linked to a myosin filament. The remaining part of titin,

corresponding to the I-band, connects this thick filament to the Z disc and represents a

third fundamental type of sarcomere filament. Titin contains an extensible region, which

consists of the majority of the I-band. It is composed by tandem-Ig segments (tandemly

arranged immunoglobulin (Ig)-like domains), the PEVK segment (rich in Proline (P),

glutamate (E), valine (V) and lysine (K)) and the N2B-unique sequence (N2B-Us, which

seems only present in the heart muscle [15, 26, 27, 55]). In the extensible region of titin,

the PEVK element and the N2B-Us are placed between the proximal (near the Z disc)

and the distal (near the A-band) tandem-Ig segments (see Fig. 1.7a). Near the end of

the sarcomere, titin binds strongly to the actin filament, making this part of the I-band

incompressible. This portion of titin maintains its extensible region away from the Z disc

[15, 27, 55, 79].

Contraction, respectively extension of the muscle fiber is performed by the shortening,

respectively elongation of its sarcomeres. A sarcomere shortens from about 2 µm to 1.85

µm through the pulling of the actin filaments along the myosin filament toward the M

line. The extension of the sarcomere from around 2 µm to 2.3 µm, in turn, is accom-

plished by the sliding of the thin filaments over the thick filament in the outward direction

(toward the nearest Z disc). During both processes, the length of the involved filaments

does not change and the sliding mechanism is facilitated by the interaction of the myosin

heads with actin through regularly spaced binding sites on the thin filament (crossbridges)

[2, 58].
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Advanced techniques have allowed recently rapid progress in the understanding of the

various roles of titin in the heart and other muscles as well as the relation between its

principal functions and structure [5, 15, 26, 27, 30, 41, 79, 88], which are still topics of

actual research [55, 80]. These studies have shown that the extensible region of titin’s

I-band acts as a molecular bi-directional spring, generating passive force when the sar-

comere is stretched and restoring force when it is shortened (see Section 1.3). At the

equlibrium length of the sarcomere (shown in Fig. 1.7b), the extensible region of the I-

band is contracted and in a high entropy state. When the sarcomere is elongated above its

slack length, the extension of the tandem-Ig segments first dominates until these segments

reach a high fractional extension (corresponding to a sarcomere stretch to 2.1 µm in rat

[55]), limiting their further elongation. At further stretch of the sarcomere (see Fig. 1.7c),

the PEVK region and the N2B-unique sequence are then extended. The straightening

of titin’s extensible region reduces its conformational entropy, producing a passive force

that opposes the sarcomere’s elongation and represents a major source of cardiac myocyte

stiffness [15, 26, 27, 55]. Due to their different mechanical properties, the passive force

produced by the extension of the PEVK region and the N2B-unique sequence is greater

and increases faster at further stretch than the one developed by the straightening of the

tandem-Ig segments. Thus the force generated by the extension of the PEVK and the

N2B elements augments the stiffness of the sarcomere, protecting it from damage during

overstretch [27, 55].

A further contribution to the sarcomere stiffness comes from a dynamic interaction be-

tween actin and the PEVK segment of titin, slowing down the sliding of the thin filament.

This interaction between actin and titin varies periodically with the calcium level, indicat-

ing that the mechanical properties of the sarcomere can be changed with the physiological

state of the myocardium. Titin acts thus as an adaptable spring helping the heart to re-
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spond to the varying mechanical loading [26, 27].

It has been recently suggested [15, 88] that besides the extracellular collagen network,

titin plays a major role in the development of the myocardial passive tension, which is

determinant for diastolic filling. The force generated by the extension of titin’s extensible

region may bring an important contribution to the passive tension of the myocardium,

especially at short to intermediate sarcomere lengths where collagen develops low passive

tension. At long sarcomere lengths, in turn, the contributions of titin and collagen to

passive tension seem to be equal [15, 27, 41, 88].

Because each half-myosin filament is connected to the nearest Z disc by its own set of titin

filaments (corresponding to the I-band of this protein), the entropic force developed by

these filaments will center the thick filament within the sarcomere, especially when active

fiber force are low or absent as for example during the diastolic phase. It seems that

titin does not only maintain the myosin filaments centered in the sarcomere, but that this

molecule controls many aspects of sarcomere assembly, as the assembly of the thick fila-

ments through its A-band part [79]. Furthermore, the extensible region of titin is a source

of the restoring force, responsible for the elastic recoil of the heart that drives filling of

the ventricles by suction of blood during early diastole (see Section 1.3) [5, 27, 30, 41, 55].

It has been recently found that titin, additionally, may act as a sarcomere stretch sensor,

underlying signaling processes in the cardiac muscle fiber. Binding sites for many signal-

ing proteins have been identified at the Z disc-, M line-region of titin (both ends of this

molecule) as well as at its extensible region in the I-band part [27, 80].

These findings suggest that titin is a dynamic molecule maintaining the structural integrity

of the sarcomere and playing a key role in the diastolic filling phase as well as in cardiac
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muscle signaling mechanisms as mechanotransduction.

1.3 Diastolic suction of the ventricles: A mechanism

supporting the ventricular rapid filling phase

From a mechanical point of view, the filling process of the ventricles has long been seen as

a passive mechanism, depending principally on the venous return and atrial contraction.

Under the influence of diastolic pressures, the relaxed ventricles are filled with blood and

the myocardial tissue of the ventricular wall is stretched [28, 58]. Given that blood flowing

into the left cavity is first pumped through the lungs by the right ventricle, the cardiac

output is, in this traditional representation of diastole, mainly determined by the venous

filling pressure [58].

In view of the low value of the filling pressure (less than 1 kPa), and considering that the

ventricles of the human heart double in volume during the first third of diastole at rest,

this classical view of ventricular filling has been questioned. Experimental measurements

on isolated heart of mammalians [3, 4, 7, 11, 12, 13, 34, 50, 74, 81, 90] or human hearts

[82] have indicated that during early diastole the myocardium recoils elastically from its

contracted state, causing the rapid suction of blood by the ventricles and providing a

new representation of the ventricular rapid filling phase [58]. This mechanism is driven

by energy release at the beginning of diastole. During the systolic contraction of the

myocardium, a part of the potential energy of the heart is increasing due to the com-

pression of its muscle fibers and elastic elements, and stored in the elastic components of

the cardiac muscle. At the start of diastole, this stored energy is released through the

deformation of the heart and is converted to kinetic energy, serving to displace blood into

the ventricles when the mitral and tricuspid valves open. Contracting during systole to

below their equilibrium volume [3, 4], both ventricles are inclined naturally to expand
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even without blood filling at the start of the diastolic phase, as a contracted elastic spring

tends to return to its resting length when the force of compression is removed. This

ventricular expansion, caused by restoring forces that act in the myocardial wall, gener-

ates a decrease in pressure. When the ventricular pressures become lower than the atrial

ones, the blood is immediately aspirated from the atria into the ventricles (mitral inflow)

during the rapid filling phase. Thus, to be the energy source driving the mitral flow, the

principal condition on the ventricles is that their pressures should be reduced below the

atrial ones, implicating that ventricular suction can occur at positive pressures in the left

and right cavities [5]. Recent studies on canine [56] and human [38] left cavities indicate

that the systolic twisting of the ventricles, with torsion at the base and apex being of op-

posite sense, can also be an important mechanism for the heart to store potential energy

during systole. This energy can then be liberated at the beginning of the diastolic phase

through the ventricular untwisting, providing internal restoring forces that are responsi-

ble for the ventricular blood suction during early diastole. In this way, the rapid filling

phase can be seen as the period where the heart recoils from its end-systolic configuration.

At the microscopic level, the energy of the systolic contraction, generating recoil of the

heart during early diastole, can be stored in the microstructure of myocytes. Experiments

on single cardiac cells of rat and bovine ventricular muscles [30, 55] have been recently

shown that titin, an important component of the sarcomere within a myocardial muscle

fiber (see Section 1.2), is a source of the restoring force responsible for elastic recoil. As

it is described in Section 1.2, a part of each titin molecule, the A-band part, is closely

associated to a myosin filament, while the remaining part, called the I-band, connects this

thick filament to the Z disc. The major part of the I-band is extensible, except the region

near the end of the sarcomere, which is able to resist compression, due to its binding to

the actin filament (see Fig. 1.7 of Section 1.2) [26, 27, 55, 79]. At the equlibrium length of

the sarcomere (shown in Fig. 1.8B), the extensible region of the I-band is in a shortened
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Figure 1.8: Mechanism of passive and restoring force development by titin adapted from

Granzier and Labeit (2004) [27]. Due to its interaction with the actin or thin filament

(represented by the orange lines below and above the titin molecule), the region of the

I-band part of titin near the Z disc (visualized in grey) is inextensible. In slack sarcomeres

(B), the extensible part of the I-band is in a contracted state. When the sarcomere is

elongated, the tandem-Ig segments (represented each by a succession of red circles) are

first extended (C), then the PEVK (visualized in yellow) and the N2B (shown in blue)

elements are stretched (D). This develops an entropic force also called passive force. When

the sarcormere contracts below its equilibrium length (A), the myosin filament (visualized

in green) moves into the incompressible part of titin’ s I-band near the Z disc. This

straightens the extensible region of titin in the opposite direction of that when the sarcomere

is stretched, producing the restoring force that opposes sarcomere shortening.
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state. The contraction of a muscle fiber is performed by the sliding of the actin filaments

toward each other along the myosin filaments. Because one end of the extensible region

of titin is attached to the thick filament and the other is bound to the incompressible

part of the I-band, the movement of the myosine filament toward the Z disc, when the

sarcomere shortens below its slack length, causes the extensible segments to be inverted

and stretched (see Fig. 1.8A). The straightening of the extensible region of titin develops a

force that pushes outward on the Z disc [26, 27, 30, 41, 55]. The magnitude of this restor-

ing force is thus determined by the elastic properties of titin. Furthermore, it has been

recently suggested that this protein inhibits crossbridge interaction between actin and

myosin in slack sarcomeres [27, 55]. It has been additionally proposed that the restoring

force produced by the extensible region of titin when the sarcomere is shortened below its

equilibrium length further inhibits the interaction between the thin and thick filaments,

helping to suppress rapidly the contraction of the cardiac muscle fibers at the end of

systole and allowing quick elastic recoil during the rapid filling phase [27, 55]. When the

cardiac myocytes contract below slack length, during systole, the restoring force generated

by titin is thus determinant for ventricular filling by suction during early diastole.

At this point let us consider other possible mechanisms powering the elastic recoil of the

heart that are mentioned in the literature [16, 58, 68]: When the sarcomere shortens

below two micrometers (each thin filament is about one micrometer long), the actin fil-

aments start to overlap within the myosin network and the diameter of the sarcomere

increases. This causes a lateral extension of the Z discs, which can produce restoring

forces in the myocytes when the Z discs return to their resting girth. Furthermore, the

connective tissue surrounding the muscle fibers and the collagen struts, linking cardiac

cells, are stretched during contraction of the muscle fibers. This extension of the connec-

tive tissue can provide a mechanism whereby some of the energy of contraction is stored.

However, there is until now no experimental indication that the Z discs of the sarcomere
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and the collagen extracellular matrix represent sources for the development of restoring

forces during the systolic contraction of cardiac myocytes.

Several experimental measurements on isolated perfused or excised heart of mammalians

[7, 11, 12, 13, 74, 81] as well as on the beating intact canine [3, 4, 34, 50, 90] or human

hearts [82] have demonstrated that the left ventricle is able to aspirate blood, especially

when its internal volume is relatively small. However, in an experiment on the canine

myocardium, where the filling of the left ventricle was hindered by occluding the mitral

orifice, Brecher (1956) [11] measured a suction volume of the left cavity of only 0.3 ml.

From these measurements, he concluded that the contribution of ventricular suction on

the rapid filling phase was negligible. But his result could be explained by the thinness

and the length of the tube he used in the experimental set-up, through which suction was

allowed [74]. More recently, Suga et al. (1986) [74] measured left ventricular suction flow

and transmural pressure in an excised beating dog heart that was cross-circulated and

placed in a blood pool. During the measurement its mitral orifice was kept widely open

as in Bloom’s preparation (1956) [7] for the rat and the hydrostatic source pressure for

ventricular filling was always zero. Suga et al. (1986) [74] measured, under these condi-

tions, a suction volume of the canine left cavity of about 8 ml during diastole, due to a

negative pressure of around -270 Pa. Furthermore, in several published studies on dogs

[3, 4, 34, 50, 81, 90], non-negligible negative pressures have been measured in the left

cavity (minimal mean value measured by Bell et al. (1996) [3]: about -280 Pa; by Hori

et al. (1982) [34] and Yellin et al. (1986) [90]: around -930 Pa; left ventricular pressure

measured by Nikolic et al. (1988) [50]: from circa -670 Pa to about -1330 Pa). In the ex-

periment of Hori et al. (1982) [34], Nikolic et al. (1988) [50], Tyberg et al. (1970) [81] and

Yellin et al. (1986) [90], the ventricular filling was temporary prevented by obstructing

the mitral orifice, while by Bell et al. (1996) [3] and Bell et al. (1998) [4], it was avoided by

clamping the left atrial pressure below the left ventricular diastolic pressure, thus leaving



24 Introduction

the mitral valve intact.

In the human heart, ventricular blood suction has also recently been observed by patients

with mitral stenosis [59], where the blood inflow into the ventricle is shrunk. Furthermore,

Udelson et al. (1990) [82] measured during a cardiac cycle the left ventricular pressure-

volume curve of normal human subjects at rest, as well as during isoproterenol infusion.

In this study, isoproterenol infusion was used to simulate the catecholamine stimulation

during exercise, which prepares the body for physical activity. In the case of isoproterenol

infusion, in 88% of the studied patients the ventricular suction was clearly visualized dur-

ing diastole by the presence of negative left ventricular pressure, ranging from -70 Pa to

-320 Pa. Furthermore, in all patients the stroke volume was augmented by isoproterenol.

As it has also been observed in other mammalians cardiac muscle [4, 12, 13, 34, 50, 81],

the ventricular suction in the human heart is improved by an enhanced contractility of

the myocardium as well as a decrease in end-systolic ventricular volume [82].

It is important to note that, although in the above-mentioned experiments the suction

of blood by the left ventricle has been demonstrated by measuring negative pressures,

ventricular suction can take place at positive pressures [5]. Indeed, to be able to aspirate

blood from the atria, the ventricles just need to decrease their pressures below the atrial

ones. It is thus not necessary that the ventricular pressures become negative to generate

ventricular suction. In the majority of the experimental measurements on excised mam-

malian hearts presented above [3, 4, 11, 34, 50, 81, 90] the blood flow from the left atrium

into the left ventricle was avoided, which is not the case in healthy hearts. The presence

of negative left ventricular pressures in these experiments can be explained by the preven-

tion of filling of the left cavity, causing the left ventricle to decrease strongly its pressure

in order to aspirate more blood. In the case of the experiment of Suga et al. (1986) [74],

in turn, the mitral orifice was not obstructed, allowing blood inflow into the left ven-
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tricle but the hydrostatic source pressure for ventricular filling was always zero. As the

heart recoils elastically from its contracted state, the left ventricular pressure decreases

under zero, thus generating negative pressure in the left cavity. In the left ventricular

pressure-volume curve measured by Udelson et al. (1990) [82] in a healthy volunteer at

rest, the pressure was positive but almost zero during the beginning of diastole. In the

case of isoproterenol infusion (simulating physical activity) in the same patient, ventric-

ular suction was enhanced, generating a pressure fall below the zero pressure line [82].

A representative pressure-volume curve for the left ventricle during the cardiac cycle has

also been measured in the healthy heart of a human subject by Nonogi et al. (1988) [51] at

rest and during exercise (see Fig. 2.1 in Section 2.1). At rest, the left ventricular pressure

was determined to be around 1.85 kPa at the start of diastole and increases slightly with

the volume during this phase. During physical activity, the pressure in the left ventricle

remained above zero and a downward shift of the pressure-volume relation was observed

during the diastolic phase, when compared with the measurements at rest. This decrease

of the left ventricular pressure during exercise was accompanied by an increase in the

filling fraction during early diastole [51], showing that suction is also taking place in cases

where the base pressure is not zero as in the experiments by Suga et al. (1986) [74] or by

Udelson et al. (1990) [82].

1.4 Mechanical behavior of the passive heart

Experiments on myocardial tissue strips of rabbits and rats [21], as well as on isolated

pig left ventricles [69], demonstrated that in the absence of active fiber forces, the passive

heart exhibits nonlinear viscoelastic constitutive characteristics. In particular, the pres-

sure response of the left cavity to volume loading is different from the pressure response

to volume unloading, leading to a hysteresis loop in the left ventricular pressure-volume

relation [69]. This is characteristic for a viscoelastic material, where the past history
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of strain affects the stress response. The passive myocardium may furthermore undergo

large deformations. The non-linearity of the stress-strain relationship is thereby such that

large deformations of the cardiac tissue at low stress are possible, while at higher stress

the ventricular wall becomes more rigid [66]. According to biaxial tests performed by

Smaill and Hunter (1991) [66] on thin myocardial sections from the left ventricle of dogs,

the cardiac tissue can be stretched up to extensions of 15–25 percent in the muscle fiber

direction and up to extensions of 60–80 percent in the cross-fiber direction. The differ-

ence in the mechanical behavior of the heart between the fiber and cross-fiber directions

characterizes the anisotropy of the passive myocardium.

The blood flow in the coronary arteries is directly dependent on the cardiac cycle in that

it is maximal during diastole and minimal during systole. Temporal variations in both

coronary and lymphatic fluid flow induce an effective compressibility of the otherwise

incompressible myocardial tissue. It is important to note that the change in volume of

the cardiac wall due to intravascular fluid flow is less than 10 percent [46].

1.5 Motivations and aims of the present work

Ventricular filling begins with blood flowing in rapidly from the atria in the ventricles in

a short period called the rapid filling phase. This period contributes about 70 percent

of the filling of both ventricles [28]. During the rapid filling phase, the ventricles of the

healthy human heart double approximately in volume (see Figs. 2.1 and 2.2 in Section

2.1) [32, 51, 65] and are subjected to large strains, while the ventricular pressures rise in

general only by a small amount, typically less than 1 kPa [14, 17, 51, 75, 76, 91]. In view of

such low pressures and considering the absence of active dilating forces, the question arises

whether the diastolic pressures can provide the driving force for the large inflow of blood

entering the ventricles during this phase. If it is not the case, it is important to investigate
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which other mechanisms could play a role in the rapid filling phase. The main goal of this

study is to analyse, during the first third of diastole, the mutual filling of both ventricles

which should be comparable in size [65] (see Section 1.1 and 2.1), in spite of the largely

different geometrical characteristics and mecanical loading. In order to address these is-

sues from a mechanical point of view, a three-dimensional Finite Element (FE) model of

both human ventricles has been developed, utilizing a realistic geometry and taking into

account the large deformation occurring during the rapid filling phase. The geometry of

the human heart was derived from 32 short axis slices extending from the apex to the

base and taken at end-systole with Magnetic Resonance Imaging (MRI) [60, 62, 63]. As

seen in Section 1.4, the coronary circulation, supplying blood to the heart, and the flow

through the lymphatic system are influenced by the cardiac cycle. According to Morgen-

stern et al. (1973) [46], the change in volume of the mass of the myocardial tissue, induced

by the temporal variations in intravascular fluid flow, is less than 10 percent. Therefore,

in the present work, the cardiac tissue was considered as a nearly incompressible material.

In addition, the ventricular wall was assumed homogeneous and isotropic. Isotropy was

chosen as an approximation because on one hand the global fiber architecture, which

could be implemented for a two-chamber model, is documented in the literature only in

a general, idealized fashion1, on the other, for the question of interest here, anisotropy

is not considered to be of decisive importance [9, 45, 60, 84]: By comparing the internal

volume of the left ventricle calculated by an isotropic and 5 anisotropic linear elastic FE

analyses of the diastolic phase, where several continuous distributions of the muscle fiber

orientation throughout the ventricular wall were considered (see Section 2.3), the results

presented by Schmid et al. (1997) [60] are similar for the different cases of anisotropy

considered. Despite the enormous difference in extensibility of the cardiac tissue in the

1From Magnetic Resonance based Diffusion Tensor Imaging (MR-DTI), applied to the heart [61], we

expect to obtain more precise and complete information in the future.
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muscle fiber direction (15–25% [66]) and in the cross-fiber direction (60–80% [66]), vi-

sualized by the biaxial tests performed by Smaill and Hunter (1991) [66] on thin canine

myocardial sections, the largest difference for the predicted end-diastolic left ventricular

volume does not exceed 6% in the study of Schmid et al. (1997) [60]. This minor change

in the ventricular volume was obtained between the results of the FE simulation, where

all myocardial fibers are circumferential, and the FE analysis, where the myocytes are

also parallel but their helix angle has a value of +60 degrees, representing an important

modification of the main fiber orientation (60 degrees) between these FE simulations [60].

Furthermore, the calculated end-diastolic internal volume of the left ventricle shows only

marginal differences (1.29% [60]), whether an isotropic or an anisotropic model is consid-

ered [60]. Similar results were obtained for the left ventricular volume by Bovendeerd et

al. (1994) [9], who studied the influence of the variation of the muscle fiber orientation

throughout the heart cycle on local myocardial mechanics (see Section 2.3). In the FE

model of Bovendeerd et al. (1994) [9], the pressure-volume relation of the left cavity and

the distribution of the passive stress throughout the ventricular wall, during diastole, are

scarcely affected by the variation of fiber direction. Furthermore, in the analytic study

of Mirsky (1970) [45], where the left ventricle was represented by a thick-walled spheroid

and was subjected to an internal diastolic pressure (see Section 2.2), both isotropic and

anisotropic models of the left cavity show the similar stress distribution within the ven-

tricular wall. In particular, no significantly different behavior for the stress value has been

observed between the isotropic and anisotropic cases [45]. Recently, the distribution of

the Cauchy stress in fiber and cross-fiber directions throughout the myocardial wall has

been calculated during diastole for the rabbit heart by Vetter and McCulloch (2000) [84]

with the help of an anisotropic nonlinear elastic FE model of both ventricles (see Section

2.3). In this FE analysis of the diastolic phase [84], no apparent correlation between stress

and fiber orientation was observed. The studies of Bovendeerd et al. (1994) [9], Mirsky

(1970) [45], Schmid and co-workers (1997) [62, 60] and Vetter and McCulloch (2000) [84]
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have shown that in the absence of active contractile forces during the filling process, the

anisotropy is of a structural nature and its influence is by far less pronounced than during

systole.

From a mechanical point of view, the rapid filling phase has long been seen as a passive

process, where the relaxed ventricles, subjected to the diastolic pressures, are filled with

blood and their internal volumes expand. Therefore, in the analytic [23, 45, 87] and FE

models of the left ventricle [8, 9, 22, 25, 37, 53] or both ventricles [47, 62, 60, 70, 71, 84],

developed in the past (see Section 2.2 and 2.3 for more details), the diastolic phase was

generally simulated by inflating the ventricular cavities with internal uniform pressures.

In view of the low values of the filling pressures (less than 1 kPa) measured under physi-

ological conditions in the human healthy heart [51], a goal of this study is to investigate

to what extent these ventricular pressures are the cause of the intensive volume increase

that occurs during the rapid filling phase. For this purpose, several FE analyses of the

first third of diastole, where various types of cavity pressure functions were applied at

the endocardium of both ventricles, have been performed. According to experiments on

myocardial tissue strips of animals [21, 66, 69], the passive cardiac tissue exhibits a non

linear mechanical behavior. In order to isolate the influence of the ventricular pressures,

the myocardial tissue in these FE simulations was considered nonlinear elastic. The cal-

culated evolution of the internal volume for the left ventricle was compared to the filling

phase of the human left ventricle measured by Nonogi et al. (1988) [51] (see Section 2.1).

Experiments on cardiac tissue strips of rabbits and rats [21], as well as on isolated pig left

ventricles [69] (see Section 1.4) have furthermore shown that the passive myocardial tissue

is nonlinear viscoelastic. At the start of diastole, both ventricles are subjected to great

and abrupt time-dependent deformations. Since the mechanical response of a viscoelastic

material depends on its deformation velocity, it is possible that the viscoelastic response



30 Introduction

of the heart provides a driving force for ventricular filling. Consequently, the influence

of the viscoelasticity of the myocardium on the rapid filling phase has been analysed in

the present study, by comparing the elastic and viscoelastic Finite Element simulations,

respectively, as well as to the measured evolution of the left ventricular volume during

this period [51] (see Section 2.1).

While the measurements [3, 4, 7, 11, 12, 13, 34, 50, 74, 81, 82, 90] discussed so far are

mostly restricted to the left ventricle, the elastic recoil of the cardiac muscle from its con-

tracted state (see Section 1.3) provides a driving force for the filling of both ventricles. No

FE model of the ventricular suction has been previously published. This work presents a

new FE model of the rapid filling phase, where the elastic recoil of the myocardium from

its end-systolic configuration has been simulated and where the role of this mechanism

during the first third of diastole has been investigated. The FE analyses of ventricular

suction calculated with the model utilizing a realistic geometry were validated by compar-

ing the results for the left ventricle to those obtained with a simpler FE ellipsoid model

of the left cavity, as well as to the published experimental measurements for the rapid

filling phase of the left ventricle [51] (see Section 2.1).

As such, our investigations are confined solely to mechanical processes; further aspects,

such as delayed systolic activities or activities associated with Ca++ exchange are not

considered. In order to take into account the large strains occurring in the myocardium

during the ventricular filling process, a large-deformation formulation was used in the

implementation of the elastic and viscoelastic constitutive relations.



Chapter 2

Experimental measurements and

models of the heart during diastole

2.1 Measurements of pressure-volume and volume-

time behavior for the ventricles

Typical pressure-volume curves of the left ventricle for patients at rest with normal left

ventricular function were presented by Brodie et al. (1977) [14], Curien et al. (1983) [17],

Nonogi et al. (1988) [51], Tebbe et al. (1980) [75], Tebbe et al. (1987) [76] and Yoshikawa

et al. (1991) [91]. The results obtained in these studies for the diastolic phase are quite

similar. All the pressures measured in the healthy human heart were above zero and

the overall pressure increase in the left ventricle at rest was around 1 kPa during this

period. As each curve is characteristic for an individual, its shape and the values of the

left ventricular pressure and volume are different from one patient to another. At rest,

the pressure in the left cavity is often high at the beginning of diastole (LV pressure

measured at the start of diastole by Brodie et al. (1977) [14]: 0.4 kPa–1.1 kPa, by Curien

et al. (1983) [17]: 0.4 kPa and by Nonogi et al. (1988) [51]: 1.85 kPa see Fig. 2.1), sug-
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Figure 2.1: Pressure-volume curve for the left ventricle during the heart cycle (Nonogi

et al. (1988) [51]). The black circles represent the left ventricular pressure and volume

measured in a healthy volunteer at rest, while the empty circles correspond to the LV

pressure and volume measurements in the same human individual under supine exercise.
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gesting that the myocardial wall is not in a stress free state. In other normal subjects

[75, 76, 91], the diastolic pressure in the left ventricle starts at almost 0 kPa. Because the

most detailed curve was given by Nonogi et al. (1988) [51], this pressure-volume relation

was chosen as representative for this study (see Fig. 2.1). In Fig. 2.1, the beginning of

diastole is characterized by the measured minimal pressure in the left ventricle. During

this phase, the left ventricular pressure in this subject increases linearly with the volume

[51]. As shown in Fig. 2.1, during the filling process, the internal volume of the left cavity

rises from 50 ml to 100 ml [51].

Figure 2.2: Evolution of the internal volume of the left ventricle during the heart cycle

obtained from ciné magnetic resonance imaging measurements in a healthy volunteer (Hoff

et al. (1994) [32]).
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The evolution in time of the left ventricular volume during the cardiac cycle was measured

in healthy subjects by Hoff et al. (1994) [32] (see Fig. 2.2) and Sechtem et al. (1987) [65]

using ciné magnetic resonance imaging [31] and more recently by Zeidan et al. (2002)

[92] and Zeidan et al. (2003) [93] with real-time three-dimensional echocardiography as

well as by Ye et al. (2002) [89] with 3-D freehand echocardiography. The left ventric-

ular time-volume curve from a healthy volunteer presented by Hoff et al. (1994) [32] is

similar to those obtained by Sechtem et al. (1987) [65], Ye et al. (2002) [89], Zeidan et

al. (2002) [92] and Zeidan et al. (2003) [93], but appears to be the most accurate. It

is known, that due to the lower resolution of echocardiography, left ventricular volumes

obtained with this technology tend to be underestimated in comparison with MR imaging

[89, 93]. Additionally, manual border detection of the endocardium of the left ventricle

may be a problem when real-time 3-D echocardiography [93] is applied. Since ciné MR

imaging has good time resolution and offers in addition superior precision compared to

other imaging techniques [31, 64] for LV volume measurements, the volume-time curve

of Hoff et al. (1994) [32] was chosen in this study as representative for the evolution of

the human left ventricular volume. The decrease in the internal volume of the left ven-

tricle in the first part of this curve (see Fig. 2.2) represents the ejection of blood during

systole. As the left ventricular volume reaches its minimal value (approximately 40 ml)

in the experimental data of Hoff et al. (1994) [32], diastole begins and the volume of the

left cavity augments from about 40 ml to 108 ml. This increase is not constant and the

three sub-phases of the ventricular filling process (see Section 1.1) are clearly visualized

in Fig. 2.2: First, the volume of the left ventricle rises from around 40 ml to 88 ml in

a brief time (less than 0.25 s). This period correponds to the rapid filling phase, where

blood flows quickly from the left atrium into the left cavity. Then, the increase in the

left ventricular volume is small (less than 5 ml), representing the second third of diastole,

which is characterized by a slow blood inflow into the left cavity. In the last part of the

curve (see Fig. 2.2), the augmentation of the internal volume of the left ventricle is greater
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(approximately 15 ml), due to the contraction of the left atrium, helping ventricular filling.

The left ventricle is the main pumping chamber of the heart, because it drives the blood

into the peripheral organs through the systemic circulation, while the right cavity pumps

it through the lungs via the pulmonary circulation, solely. The left ventricle is furthermore

more often affected by pathology than the right ventricle. Therefore, the left ventricle is

much more studied than the right cavity. It is also more difficult to evaluate accurately

the right ventricular volume than the left ventricular one, because the geometry of the

right cavity is more complicated and irregular than that of the left ventricle. Therefore,

precise measurements of the pressure-volume behavior for the healthy human right ven-

tricle corresponding to the experimental data of Nonogi et al. (1988) [51] (see Fig. 2.1) or

of the evolution of the right ventricular volume during the cardiac cycle, corresponding

to the data of Hoff et al. (1994) [32] (see Fig. 2.2), are hard to find in the literature.

A pressure-volume relation for the right ventricle has been measured in healthy subjects

by Redington et al. (1988) [57] during the heart cycle, where its volume was evaluated

by biplane angiography. In this study [57], it was assumed that each slice of the right

ventricle is elliptical and the papillary muscles as well as the trabeculae were included

in the cavity outline, leading to an overestimation of the obtained right ventricular vol-

umes. A similar pressure-volume curve for the right cavity was measured during diastole

by Pimentel et al. (1983) [54] in healthy subjects as well as in patients with severe right

coronary artery disease or with severe cardiomyopathies or with constrictive pericarditis

and the RV volume was estimated using angiocardiography. In this work [54], it is not

clear wether the published curve represents the right ventricular pressure-volume relation

for a healthy individual or for a patient with severe cardiac problems. Furthermore, mea-

surements of the internal volume of the right ventricle using angiocardiography as it is

the case in the studies of Redington et al. (1988) [57] and Pimentel et al. (1983) [54], ven-

triculography, or echocardiography yield inaccurate results, due to the complex geometry
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of the right cavity and to the resolution of these methods. No precise measurements of

the pressure-volume behavior corresponding to Fig. 2.1 are thus available for the right

ventricle. A volume-time curve for the healthy human right ventricle during the heart

cycle has been, in turn, presented by Sechtem et al. (1987) [65] and was obtained using

ciné magnetic resonance imaging, which as discussed above provides accurate ventricular

volume measurements. In this study [65], the internal volume of the left cavity for the

same individual has also been evaluated during the cardiac cycle. The comparison of the

evolution of both ventricular volumes during diastole shows that the total volume increase

is very similar during the filling phase (increase in volume during diastole: left ventricle:

61 ml, the right ventricle: 66 ml [65]).

2.2 Analytic models of the left ventricle during dias-

tole

In the past, several analytic models of the left ventricle have been presented in the litera-

ture, where its three-dimensional geometry was approximated by a thick-walled extended

spheroid [45, 87] or a thick-walled ellipsoid [23]. In these studies, the displacement of

the ventricular wall was assumed to be only radial and caused by the ventricular pres-

sure applied at the endocardium of the left cavity, while the epicardium was supposed to

be stress free. For this loading state, the stress distribution throughout the wall of the

model has been calculated for a homogeneous, isotropic myocardium, assuming either lin-

ear elasticity [23, 87] or linear viscoelasticity [23]. Under the same loading conditions and

considering the myocardium as linear elastic, Mirsky (1970) [45] compared the analytically

calculated stress distribution in the left ventricle for homogeneous isotropic, homogeneous

anisotropic, non-homogeneous isotropic and non-homogeneous anisotropic tissues. Under

the assumption of a homogeneous cardiac tissue, the resulting stresses were found to be

maximal at the endocardium, decreasing continually within the ventricular wall and were
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minimal at the epicardium [23, 45, 87]. In the studies of Ghista and Sandler [23] and

Mirsky (1970) [45], the stresses were calculated for the equatorial region and normalised

with respect to the diastolic ventricular pressure. Both analytic isotropic homogeneous

models [23, 45] present similar results for the circumferential stress: by Mirsky (1970)

[45], the ratio between the circumferential stress and the applied pressure (σcirc
p ) at the

endocardium is 2.4, while it is 1.9 by Ghista and Sandler [23] and it decreases to a minimal

value at the epicardium, which is 1.9 by Mirsky (1970) [45] and 1.7 by Ghista and Sandler

[23]. Here, σcirc
p is defined as:

σcirc
p =

σcircumferential

p
(2.1)

Ghista and Sandler [23] also calculated the radial and meridional stress distribution in

their model for the equatorial region. The obtained radial stress is negative, representing

the compressive loading state of the ventricular wall in the radial direction due to the

diastolic pressure. At the endocardial side of the model, the compressive radial stress cor-

responds thus to the applied internal pressure and is reduced to zero at the epicardium,

which was assumed stress free in this study [23]. The calculated meridional stress is in

turn positive and is almost 1.5 times larger than the diastolic pressure at the internal

surface of the model [23]. It decreases through the myocardium and becomes 1.2 times

higher than the applied pressure at the external side of the ventricle [23].

The analytic study of Mirsky (1970) [45] predicted that for an anisotropic homogeneous

model, the stress distribution in the left ventricle is similar to that calculated with the

isotropic homogeneous model but the stress values increase with the degree of anisotropy.

The values calculated with the anisotropic model at the equator, in the case where the

circumferential modulus is given by a parabolic form, do not differ much from those

obtained in the isotropic case (endocardium: maximal σcirc
p : anisotropic model: 2.9 and

isotropic model: 2.4; epicardium: minimal σcirc
p : anisotropic model: 2.2 and isotropic

model: 1.9) [45]. It has also be shown in this study [45], that for a non homogeneous
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cardiac tissue, the maximal circumferential stress, in the case of a parabolic circumferential

modulus, is located in the middle layers of the left ventricle, whether an isotropic (maximal

σcirc
p = 3.2) or an anisotropic (maximal σcirc

p = 3.6) model is considered. As in the

homogeneous case, no significantly different behavior for the stress value can be observed

between the isotropic and anisotropic models.

2.3 Finite Element models of the myocardium during

diastole

For the analysis of the stress-strain pattern of the myocardium during the cardiac cycle,

the Finite Element method is well suited as it can be applied to problems involving

nonlinear constitutive properties, irregular geometry and large deformations. Accordingly,

a number of FE models of the left ventricle have been developed in the past. Ghista et

al. (1973) [22], Gould et al. (1972) [25] and Pao et al. (1974) [53] used two homogeneous

isotropic linear elastic axisymmetric thick-walled shells to calculate the stress distribution

throughout the ventricular wall during diastole. In the study of Pao et al. (1974) [53],

these shells were generated on the basis of biplane Roentgen video images of the isolated

canine left ventricle, while Gould et al. (1972) [25] obtained the in-vivo geometry of the left

cavity of a human subject from single plane cineangiocardiography. The geometry of the

model of Ghista et al. (1973) [22] was also derived from single plane cineangiocardiography

but it is not indicated if the X-ray pictures used in this study represent the left ventricle

of a human individual or of an animal. The filling phase was simulated in these three FE

models [22, 25, 53] by inflating the left cavity with internal ventricular pressure and the

epicardial surface was assumed to be stress free. The resulted stresses, represented by

the circumferential and meridional stresses, were normalised with respect to the diastolic

ventricular pressure:

σcirc
p =

σcircumferential

p
(2.2)
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σmerid
p =

σmeridional

p
(2.3)

The FE models of Ghista et al. (1973) [22] and Gould et al. (1972) [25] yield close results

for the circumferential and meridional stress (σcirc
p is between 1.1 and 2.9 [22, 25], σmerid

p

covers the range from 0.1 to 1.9 [22, 25]). Due to the irregularity of the geometry of the

left ventricle, the maximal wall stress shifts from the endocardium to the epicardium as

the curvature changes from concave inwards to convex inwards in both of these models

[22, 25]. Since the idealized geometries used for the analytic models [23, 45, 87] do not

take into account these variations in curvature of the left ventricular shape, the stress in

these studies decreases continuously from the internal surface to the external one. Fur-

thermore, in the equatorial area of the models of Ghista et al. (1973) [22] and Gould et

al. (1972) [25], the maximal stress (σcirc
p = 2.4 and σmerid

p = 1.8) has approximately the

same value as the one calculated analytically, while the minimal stress (σcirc
p = 1.3 and

σmerid
p = 0.5 [22, 25]) is lower, due to local curvature changes in these models.

As in the analytic models of diastole [23, 45, 87], the circumferential stress was minimal

at the external surface of the left ventricle (σcirc
p = 0.2 at the apex [53]) in the FE analyses

of Pao et al. (1974) [53], rises through the ventricular wall to reach its maximal value at

the internal surface (σcirc
p = 5.5 at the base [53]). Because of the complex geometry of

the left cavity, the meridional stress, in turn, does not decrease monotonically from the

endocardium to the epicardium [53]: the minimal value of σmerid
p is almost zero, while the

maximal value of σmerid
p is 2.6 [53]. Thus, qualitatively similar results as in the previously

discussed models by Ghista et al. (1973) [22] and Gould et al. (1972) [25] were obtained

for the meridional stress. An advantage of the FE model of Pao et al. (1974) [53] on the

above-mentioned models [23, 22, 25, 45, 87] is that the local variation of the left ventric-

ular wall thickness is taken into account. This may explain why the simulations of Pao

et al. (1974) [53] predict higher circumferential and meridional stress values in the left

ventricle during diastole than those obtained analytically [23, 45] or with the FE models
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of Ghista et al. (1973) [22] and Gould et al. (1972) [25].

The model presented by Huyghe et al. (1991b) [37] is derived from a two dimensional

axisymmetric biphasic description of the canine left cavity, where the constitutive behav-

ior of the cardiac tissue is given by an orthotropic quasi-linear viscoelastic material law

[36]. The geometry of the left ventricle was obtained from 11 cross-sections of a canine

heart using a multiplanar X-ray tomography [37]. The orientation of the muscle fibers

in the model was described by the helix angle, corresponding to the inclination of the

myocyte with respect to a short axis plane and no intruding fiber was considered in this

study. The distribution of the helix angle within the ventricular wall was assumed to

follow the experimental data of Streeter (1979) [72] and Streeter et al. (1969) [73]. The

passive filling phase was simulated in this model [37] by applying a uniform pressure to

the endocardium, which raises from 0 kPa to 3 kPa at a rate of 0.15 kPa/s. The results

published by Huyghe et al. (1991b) [37] have shown that viscoelasticity induces residual

stresses in the myocardium and that a rise in the coronary blood volume stiffens the ven-

tricular wall of the model.

Bovendeerd et al. (1992, 1994) [8, 9] studied the effects of the changes of the muscle

fiber orientation throughout the heart cycle on local myocardial mechanics, using a three-

dimensional transversely isotropic nonlinear elastic FE model of the left ventricle. The left

cavity was approximated as a thick-walled ellipsoid whose dimensions were determined

from the experimental data of Streeter (1979) [72], indicating that this model represents

the canine left ventricle. The anisotropic structure of the heart was implemented on the

basis of the measurements of Streeter (1979) [72] and Streeter et al. (1969) [73]. Three

different distributions of muscle fiber direction were considered in the FE analyses of

Bovendeerd et al. (1994): First, the helix angle was continuously varied in this model

from +60 degrees at the endocardium through +15 degrees in the mid-wall layers to
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-60 degrees at the epicardium and the intruding angle was set to zero. In the second

simulation, the distribution of the helix angle throughout the ventricular wall was identi-

cal as before, but the influence of the intruding fibers on the mechanical behavior of the

heart was taken in consideration. In this FE analysis, the intruding angle was assumed

to vary from zero degree at the internal surface of the left ventricle through a maximum

(around +15 degrees) at the mid-wall layers to zero degree at the epicardial surface and

from +13.5 degrees at the base through zero degree at the equator to -13.5 degrees at

the apex, according to the experimental data of Streeter (1979) [72] and Streeter et al.

(1969) [73]. Finally, the helix angle was linearly varied from +60 degrees at the endo-

cardium through zero degree in the mid-wall layers to -60 degrees at the epicardium and

the intruding angle was again set to zero. To simulate the diastolic phase a uniform left

ventricular pressure, rising from 0 at t = 0 ms to 1 kPa at t = 150 ms, was applied to

the inner surface. In this study [8, 9], the internal volume of the left ventricle at the end

of systole is 40 ml, which lies in the physiological range [32, 51] (see Figs. 2.2 and 2.1 in

Section 2.1). During the filling phase, ventricular wall becomes thinner and the calculated

volume augments from 40 ml to 80 ml [9]. This represents a small increase in the left

ventricular volume in comparison to the measured values in healthy human1 individuals

during diastole [32, 51, 65] (see Figs. 2.2 and 2.1 of Section 2.1). The results have shown

that the left ventricular pressure-volume behavior during the cardiac cycle and the distri-

bution of the largest principal passive Cauchy stress within the myocardial wall, during

the filling process, are hardly affected by the variation of fiber direction [9]. This is not

the case during systole, where the changes in fiber orientation influence significantly the

spatial distribution of active fiber stress and sarcomere length within the left ventricle

[8, 9].

Recently, more advanced anisotropic FE models including a three dimensional realistic

1Note that this model is based on the canine geometry.
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geometry were presented, in which the left as well as the right ventricle were taken into

account. In the model of Schmid and co-workers (1997) [62, 60], the geometry of the hu-

man heart was obtained from MR images and the fiber muscle orientation was described

with two angles mentioned in Section 1.2, i.e. the inclination of the fiber direction to the

radial direction, also called the helix angle and the transverse or intruding angle. The

diastolic phase was simulated by inflating the left ventricle with an internal pressure of 2

kPa and the right cavity with a ventricular pressure of 0.66 kPa [62, 60]. In these studies

the cardiac tissue was considered transversly isotropic linear elastic and incompressible.

Assuming that the fiber orientation is constant through the myocardial wall, which is

not the case in the realistic heart [43, 44, 61], the influence of the changes in the helix

and intruding angles on the left ventricular volume during the filling phase was studied

by Schmid and co-workers (1997) [62, 60]. First, the helix angle was varied from zero

degree to 90 degrees and no intruding fiber was considered. Then, the inclination angle

was kept to zero and the intruding angle was changed from zero degree to 90 degrees. It

was found that, under the same pressure loading, the internal volume of the left ventricle

augments with increasing helix angle or increasing intruding angle [62, 60]. This indicates

that maximal ventricular filling would occur in the case where the preferred orientation of

the myocytes would be longitudinal, corresponding to the configuration where the helix

angle is 90 degrees, and/or radial (the transverse angle is in this case 90 degrees) [62].

However, in the realistic myocardium, the intruding fibers represent about 10–20% of the

fibers population and their angle of intrusion does not exceed 35 degrees [43, 44]. The

helix angle of the tangential and intruding fibers, in turn, varies more or less continuously

from +60 degrees at the endocardium to -60 degrees at the epicardium [72] (see Section

1.2). This indicates that the arrangement of the myocytes within the myocardial wall is

primarily determined to optimize the active contraction of both ventricles rather than the

ventricular filling process [62].
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In addition to the previously discussed variation of the helix and intruding angles, an

isotropic and 5 anisotropic linear elastic FE analyses of diastole were performed, in the

study of Schmid et al. (1997) [60], where the helix angle was assumed to vary contin-

uously through the ventricular wall from the endocardial value ϕendo to the epicardial

value ϕepi (simulation 1: ϕendo = +60◦ and ϕepi = −60◦; simulation 2: ϕendo = +30◦

and ϕepi = −30◦; simulation 3: isotropic model; simulation 4: ϕendo = 0◦ and ϕepi = 0◦;

simulation 5: ϕendo = +60◦ and ϕepi = 0◦; simulation 6: ϕendo = +60◦ and ϕepi = +60◦).

No intruding fibers were considered in all these simulations. As it was predicted by the

FE model of Bovendeerd et al. (1994) [9], the results for the internal volume of the left

ventricle at the end of diastole are similar for the different cases of anisotropy considered

as well as for the isotropic model [60]. The largest difference (about 6%) for the calculated

end-diastolic left ventricular volume was obtained between the results of the FE simula-

tion 4, where all myocardial fibers are circumferential, and the FE simulation 6, where the

myocytes are also parallel but their helix angle has a value of +60 degrees [60]. This repre-

sents a minor change in the ventricular volume for an important modification of the main

fiber orientation (60 degrees). Furthermore, a comparison of the internal volume of the

left cavity obtained with the isotropic FE analysis (simulation 3) and the anisotropic FE

simulation 1, containing the myocardial fiber arrangement measured by Streeter (1979)

[72] and Streeter et al. (1969) [73], yielded a difference of 1.29% between both cases [60].

It can be concluded from the study of Schmid and co-workers (1997) [62, 60], that in the

absence of contractile forces during the diastolic phase, the anisotropy is of a structural

nature and it influences only scarcely the evolution of the ventricular volume during the

filling process.

In other analyses of cardiac mechanics, the FE models were fitted from measurements

performed on animals (dogs [47], pigs [70, 71] and rabbits [83, 84]), including in part both

ventricles as well as their fibrous architecture. On the basis of their measurements, the
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myocardial fiber was assumed in these studies [47, 70, 71, 83, 84], to run mainly tan-

gentially to the ventricular wall and the intruding angle was set to zero in these models.

The cardiac tissue was considered nonlinear elastic and incompressible. Furthermore,

Nash and Hunter (2000) [47], Stevens and Hunter (2003) [70] and Stevens et al. (2003)

[71] incorporated the laminar structure of the myocardium [40, 39] in their models. In

all above-mentioned FE analyses, the passive diastolic phase was modeled by inflating

the ventricular cavities with internal uniform pressures increasing from 0 kPa up to a

maximal value of 1–3.5 kPa for the left and 0.2–1 kPa for the right ventricle. It should

be noted at this point that physiological ventricular pressures are of the same order of

magnitude in humans, pigs, dogs and rabbits. As for the FE simulations performed by

Bovendeerd et al. (1992, 1994) [8, 9], the internal pressure applied in the left cavity of

the FE model developed by Stevens and co-workers [70, 71] corresponds to the overall

left ventricular pressure increase observed in the human heart during the diastolic phase

(see Fig. 2.1 in Section 2.1) [14, 17, 51, 75, 76, 91] (diastolic ventricular pressure: LV: 1

kPa by Bovendeerd et al. (1992, 1994) [8, 9], LV: 1 kPa and RV: 0.25 kPa by Stevens and

Hunter (2003) [70], LV: 0.8 kPa and RV: 0.16 kPa by Stevens et al. (2003) [71]). This is

not the case for the FE models of Huyghe et al. (1991b) [37], Nash and Hunter (2000)

[47], Schmid and co-workers (1997) [62, 60] and Vetter and McCulloch (2000) [84], where

the applied left ventricular pressure represents a high diastolic pressure in comparison

to the experimental measurements [14, 17, 51, 75, 76, 91], especially in the rabbit heart,

which is smaller than the canine or human myocardium (diastolic ventricular pressure:

LV: 3 kPa by Huyghe et al. (1991b) [37], LV: 3 kPa and RV: 0.6 kPa by Nash and Hunter

(2000) [47], LV: 2 kPa and RV: 0.66 kPa by Schmid and co-workers (1997) [62, 60] and

LV: 3.3 kPa by Vetter and McCulloch (2000) [84]). At the start of diastole, the internal

volume of the left ventricle for the rabbit heart is about 1.7 ml [84], while it is around

40 ml in the human cardiac left ventricular cavity [32] or about 32 ml in the canine left

ventricle [47].
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The FE model of Nash and Hunter (2000) [47] represents both ventricles of the dog. The

left cavity of this model has, at the beginning of diastole, an internal volume of 32 ml.

In this study [47], the left ventricular volume was calculated during the diastolic phase

and the volume changes were normalised by the initial internal volume of the left cav-

ity. During the filling process, the left ventricular volume in the FE analysis increased

by 120% and due to the incompressibility of the model, the myocardial wall reduced its

thickness by around 20% [47]. By comparing the deformation of the FE model of Nash

and Hunter (2000) [47] with in vitro measurements on arrested dog hearts, it has been

found that the calculated thinning of the left ventricular wall during diastole was closed

to the experimental data. Furthermore, the pressure-volume relation obtained with this

FE analysis was in agreement with the data measured in experiments, where arrested

canine hearts were loaded with static pressure [47].

In the study of Vetter and McCulloch (2000) [84], the simulation of the filling process in

the rabbit myocardium was performed by applying an internal pressure of about 3.3 kPa

in the left ventricle. During the FE analysis, the right cavity of the model was unloaded

to be able to compare the results with in vitro experimental measurements on isolated,

arrested rabbit hearts [84]. During diastole, the calculated left ventricular volume aug-

ments from 1.7 ml to 3.3 ml, corresponding to an increase in volume of 96%. This is

smaller but comparable to the diastolic volume rise in the canine (120% [47]) or human

left ventricle (100% by Nonogi et al. (1988) [51]). Furthermore, the FE analysis of Vetter

and McCulloch (2000) [84] reproduced within 10% the measured pressure-volume curve in

arrested rabbit hearts subjected to static pressure loading. In this study, the distribution

of the Cauchy stress in fiber σff and cross-fiber σcc directions throughout the myocardial

wall was calculated. At a left ventricular pressure of 1.3 kPa, corresponding approxi-

mately to the physiological pressure increase during diastole (see Fig. 2.1 in Section 2.1)
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[14, 17, 51, 75, 76, 91], fiber and cross-fiber Cauchy stresses were in the same order of

magnitude but higher values were obtained for σff than σcc (σff was between -1 kPa and

6.8 kPa [84], σcc covered the range from -2 kPa to 5 kPa [84]). As in the FE models of

Ghista et al. (1973) [22] and Gould et al. (1972) [25], due to the irregularity of the geom-

etry of the left ventricle, the maximal wall stress (in both fiber and cross-fiber directions)

shifts from the endocardium to the epicardium as the curvature varies from concave at the

internal surface to convex inwards and the greatest variations were found to occur at the

endocardium of the model of Vetter and McCulloch (2000) [84]. At the epicardium and in

the middle layers of the left cavity, the cross-fiber stress was more uniform than the fiber

stress. In the work presented by Vetter and McCulloch, no apparent correlation between

stress and fiber orientation was observed. Additionally, strain distribution in the rabbit

left ventricle was computed with the FE model. In the case where material properties

were selected such that cross fiber strain was more heterogeneous than fiber strain, the

calculated strains at the epicardium were in agreement with experimental measurements.

The FE analyses of Stevens and co-workers [70, 71] are focused on the mechanics of both

ventricles during diastole for the pig heart, but the first third of this period, where the

myocardium recoils from its end-systolic configuration (see Section 1.3), was not simulated

in these studies [70]. The calculated distribution of strains in fiber, sheet and sheet-normal

directions within the myocardial wall at the end of diastole was presented by Stevens et al.

(2003) [71]. Furthermore, the dependence of these strains on the material properties has

also been investigated and it has been found that the constitutive parameters are strongly

coupled to each other, principally through the incompressibilty condition. This suggests

that, if this FE model is used in the future for inverse material property determination

(from kinematic measurements using tagged-MRI or ultasound imaging in combination

with ventricular pressure measurements), it would be necessary to reformulate the stress-

strain relationship to better separate the material coefficients associated with dilatational
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and deviatoric stresses. Additionally, the sarcomere length changes in the ventricular

wall were computed by Stevens and Hunter (2003) [70] during the heart cycle. Under the

boundary conditions applied in this model, the sarcomere shortening or elongation was

found to be maximum 10% of the unloaded length during the cardiac cycle, except for

the midwall circumferentially oriented sarcomeres whose predicted lengths decreased by

up 20% during the systolic ventricular contraction [70].
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Chapter 3

Continuum mechanics for cardiac

tissue

In this study, the heart is considered as a macroscopic system. The global influence

of the different components of the cardiac tissue (muscle fibers or coronary blood) on

the mechanical behavior of the myocardium is taken indirectly into account, i.e. in the

form of the selected constitutive law as well as in the material properties (homogeneity,

isotropy, compressibility, . . . ). Continuum mechanics provides a method by which many

mechanical processes of macroscopic systems can well be described. In the continuum

theory, a body is assumed to have a continuous distribution of matter in space and time

and is composed of a continuous and infinite set of material points.

3.1 Strain

Let a ”deformable” continuous body be moved from its configuration to a new one under

some physical action. Its deformation is then defined by its changes in shape and size

under the influence of this action. In a Lagrangian large-deformation formulation, the

configuration of the body before this action, i.e. its initial state, is considered as the
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Figure 3.1: Deformation of a body [19, 86]. u represents the displacement of a material

point P of the body to the point Q, during the deformation. In the original configuration,

the coordinates of P are designed by the vector X, while in the current state, they are

denoted by x.

reference state. Using the Cartesian coordinates, the position of a material point P in the

original configuration is denoted as X. Through the deformation of the body, the point

P is moved to the point Q (see Fig. 3.1) and its current coordinates are given by x as

function of X and time t :

x = x(X, t) (3.1)

The displacement u from point P to point Q is obtained by

u(X, t) = x(X, t) − X (3.2)

Furthermore, the deformation gradient tensor F is defined as [33]

Fij =
∂xi

∂Xj
= xi,j (3.3)

From the deformation gradient F , the volume ratio J can be obtained:

J = detF (3.4)
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In addition, for each material point P of the body, the local motion can be decomposed

in a pure rotation R and a pure stretch U , yielding at each time t the following unique

polar decomposition of F :

F = R · U (3.5)

with

detR = 1 (3.6)

and U the material stretch tensor, which is symmetric.

From Eqs. 3.5 and 3.6, the volume ratio J (Eq. 3.4) becomes

J = detF = detU = λ1 · λ2 · λ3 (3.7)

where λ1, λ2 and λ3 are the eigenvalues of the material stretch tensor U and are called

the principal stretches.

An important strain measure in the analysis of deformation is the change in the square of

the length. Let P’ be a material point next to P (see Fig. 3.2). Its position in the original

configuration is given by

X ′ = X + dX (3.8)

So the square of the infinitesimal distance ds0 between P and P’ is

|PP ′|2 = ds2
0 =

3∑
i, j=1

δijdX idXj (3.9)

where δij is the Euclidian metric tensor, which corresponds to the Kronecker delta in the

rectangular Cartesian coordinates system:

δij =

⎧⎨
⎩ 1 if i = j

0 if i �= j
(3.10)
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Figure 3.2: Change of length [86]. We consider a material point P’ next to P, which is

displaced to the point Q’ through the deformation of the body. dX represents the vector

connecting P and P’ in the original configuration. During the deformation, dX becomes

the vector dx, binding Q and Q’ in the deformed state.
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During the deformation, P’ is moved to Q’, whose coordinates in the current state are

x′ = x + dx (3.11)

Similarly as Eq. 3.9, the square of the length ds of the new segment QQ’ is

|QQ′|2 = ds2 =
3∑

k, l=1

δkldxkdxl (3.12)

Applying the rules of differentiation, we obtain:

ds2 =
3∑

k, l=1

3∑
i, j=1

δkl
∂xk

∂Xi

∂xl

∂Xj

dX idXj (3.13)

Using Eqs. 3.9 and 3.13, the change in the square of the length during the deformation is

given by

1

2

(
ds2 − ds2

0

)
=

3∑
i, j=1

3∑
k, l=1

1

2

(
δkl

∂xk

∂Xi

∂xl

∂Xj
− δij

)
dX idXj (3.14)

From Eq. 3.14, the well-known Green-Lagrange strain tensor ε is defined as [86]

εij =
3∑

k, l=1

1

2

(
δkl

∂xk

∂Xi

∂xl

∂Xj

− δij

)
(3.15)

or using the definition of the deformation gradient F (Eq. 3.3):

ε =
1

2

(
F T · F − I

)
(3.16)

Introducing the right Cauchy-Green tensor C as [33]

C = F T · F (3.17)

we obtain for the Green-Lagrange strain tensor ε:

ε =
1

2
(C − I) (3.18)

Furthermore, using the unique polar decomposition of F (Eq. 3.5), the fact that U is

symmetric and that

RT = R−1 (3.19)
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we obtain for C:

C = F T · F = U · R−1 · R︸ ︷︷ ︸
I

·U = U2 (3.20)

It is important to note that both deformation tensors C and ε are symmetric.

In an analogous way to Eq. 3.17, the left Cauchy-Green tensor B is defined by [33]

B = F · F T (3.21)

or

Bij =
∑

k

∂xi

∂Xk

∂xj

∂Xk
(3.22)

In the case where the current configuration is considered as the reference state (Euler

representation), the commonly used strain tensor is the Euler-Almansi strain tensor e

[33], given by

eij =
1

2

(
δij −

3∑
k, l=1

δkl
∂Xk

∂xi

∂X l

∂xj

)
(3.23)

or

e =
1

2

(
I − F−T · F−1

)
(3.24)

Using the left Cauchy-Green tensor B (Eq. 3.22), Eq. 3.24 becomes

e =
1

2

(
I − B−1

)
(3.25)

3.2 Stress

We consider in this section a body which is subjected to internal forces and which is

deformed by external forces. Suppose an arbitrary slice cutting this solid into two parts.

The second part is then removed, leading to the free body diagram shown in Fig. 3.3. df

denotes a resultant force acting at a material point P on an infinitesimal surface element,

designed by dS in the initial state (Fig. 3.3) and by ds in the current configuration.

Furthermore, ds and dS are related by the following expression [33]:

ds = J · F−T · dS (3.26)
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Figure 3.3: Stress at a point P in the original configuration [19, 86]. N denotes the unit

vector normal to the infinitesimal surface element dS at a material point P of the body.

Considering that the body is submitted to internal and external forces, df represents the

resultant force applied on dS. The force df divided by the surface dS (force per unit area)

characterizes the stress acting at the point P in the original state.
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where F is the deformation gradient and J the volume ratio, defined in Eqs. 3.3 and 3.4,

respectively.

The notion of stress represents the force per unit surface area. The force can be decom-

posed into three components: one, being perpendicular to the surface dS in the original

configuration (so in the direction of the unit vector N in Fig. 3.3), respectively ds in the

deformed state, and producing normal stress, while the two others are tangent to dS, re-

spectively ds, and generate shear stresses. Usually, the diagonal components of the stress

tensor, σii (i = 1, 2, 3), represent the normal stresses, whereas the other components, σij

(for i �= j and i, j = 1, 2, 3), correspond to the shear stresses. Normal stresses are asso-

ciated to the volume change of the body, while shear stresses are related to the isochoric

shape deformation, yielding the splitting of the stress σ into two parts σvol and σs:

σ = σs + σvol (3.27)

Furthermore the mean stress σm is defined by [1]:

σm =
σ11 + σ22 + σ33

3
(3.28)

and the equivalent von Mises stress σEq. V onMises, which is frequently used in continuum

mechanics, is given by [1]:

σEq. V onMises =

√
3

2
· σdev

ij · σdev
ij (3.29)

where σdev
ij denotes the ij component of the deviatoric stress:

σdev
ij = σij − σm · δij = σij − σ11 + σ22 + σ33

3
· δij (3.30)

The stress tensor is differently defined, whether the original or current configuration is

considered as the reference state. In the deformed state, the stress is represented by the

symmetric Cauchy stress tensor σCauchy, which is defined as

σCauchy =
df

ds
(3.31)
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Referred to the surface dS in the original configuration, the stress is given by the nominal

stress Snominal:

Snominal =
df

dS
(3.32)

The force can then be expressed in function of the Cauchy stress or the nominal stress

[33]:

df = σCauchy · ds = Snominal · dS (3.33)

Using Eq. 3.26, we obtain:

df = J · σCauchy · F−T · dS = Snominal · dS (3.34)

This yields the relation between the Cauchy stress and the nominal stress:

Snominal = J · σCauchy · F−T (3.35)

In the case where the original configuration is considered as the reference state, an addi-

tional important stress measure is the second Piola-Kirchhoff stress S, which is defined

as [33]

S = F−1 · Snominal (3.36)

The second Piola-Kirchhoff stress S does not admit a physical interpretation but it is work

conjugate to the Green-Lagrange strain tensor ε and is a symmetric tensor. Therefore, S

represents a useful stress measure in the formulation of constitutive equations (see Section

3.3).
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3.3 Isotropic constitutive laws for nearly incompress-

ible materials

3.3.1 Hyperelasticity

Like many other soft biological tissues, the heart shows under quasistatic conditions a

rubber-like behavior, characterized by large deformations and a nonlinear elastic stress-

strain relationship [66] (see Section 1.4). Rubber-like materials such as the myocardium

are often slightly compressible and associated with minor dilatational deformations. A

suitable mathematical approach to describe the mechanical behavior of such materials is

hyperelasticity. In this study, the initial state, corresponding to the state of the cardiac

tissue at the start of diastole, was considered as the reference state and the stress is

given by the second Piola-Kirchhoff stress S. A hyperelastic material possesses a strain

energy function W [33], depending only on the Green-Lagrange deformation tensor ε or

the right Cauchy-Green tensor C. The stress-strain relationship results then from the

partial derivative of W with respect to the deformation tensor components εij or Cij :

Sij =
∂W (ε)

∂εij
= 2

∂W (C)

∂Cij
(3.37)

As seen in Eq. 3.27 of the Section 3.2, the bulk elasticity produces a stress Svol, while the

additional deviatoric component is Ss:

S = Ss + Svol (3.38)

For homogeneous, isotropic, nearly incompressible materials, the strain energy function

W can also be splitted into two parts: W vol from which the stress Svol is derived and

corresponds to the volume change of the mass of the cardiac tissue, and W s from which

Ss is obtained and related to the isochoric shape deformation.

W = W s + W vol (3.39)
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In this case, the deformation gradient F is decomposed in a dilational part J
1
3 · I and a

distortional part F , as follows [33]:

F =
(
J

1
3 · I

)
· F (3.40)

J is the volume ratio, defined in Eq. 3.4 of Section 3.1, and F is called the modified

deformation gradient.

Inversely, the modified deformation gradient F can be expressed as function of the defor-

mation gradient F :

F =
(
J− 1

3 · I
)
· F (3.41)

In Eq. 3.41, the exponent of the volume ratio is set to −1
3

such that the strain char-

acterized by the modified deformation tensor F is isochoric. Indeed, if we consider an

infinitesimal volume element of the myocardial tissue which is denoted as dV in the orig-

inal configuration and as dv after the deformation, described by the strain F , dV and dv

are then related by:

dv = detF · dV = det
(
J− 1

3 · I
)
· detF · dV =

(
J− 1

3

)3

· J · dV = J−1 · J︸ ︷︷ ︸
1

·dV = dV (3.42)

This confirms that F describes a volume-preserving deformation.

From the modified deformation gradient F , the modified right Cauchy-Green tensor C

can be introduced as

C = F
T · F (3.43)

or using Eq. 3.41:

C =
(
J− 2

3 · I
)
· C (3.44)

As for F (see Eq. 3.5 in Section 3.1), there is a unique polar decomposition of the modified

deformation gradient F in a pure rotation R and a pure stretch U . The eigenvalues of

the tensor U are the three modified principal stretches λi (i = 1, 2, 3), given by [33]

λi = J− 1
3 · λi (3.45)
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with λi, i = 1, 2, 3, the three principal stretches.

Furthermore, the energy function W s depends only on the strain F , C or on λ1, λ2 and

λ3, while the deformation energy W vol relies exclusively on the volume ratio J . This leads

to the following expressions for the total strain energy function W :

W
(
F, J

)
= W s

(
F
)

+ W vol(J) (3.46)

or

W
(
C, J

)
= W s

(
C
)

+ W vol(J) (3.47)

or

W
(
λ1, λ2, λ3, J

)
= W s

(
λ1, λ2, λ3

)
+ W vol(J) (3.48)

3.3.1.1 The Kirchhoff-St. Venant material law

The Kirchhoff-St. Venant material law, also called the generalized Hooke’s law, is a clas-

sical widely used constitutive relation, which can well describe the mechanical response

of elastic, compressible materials that are subjected to large deformations. For a homo-

geneous, isotropic body, only two independent parameters are needed to characterize its

mechanical behavior. In the generalized Hooke’s law, these material constants are the two

coefficients of Lamé, γ and µ, or the Young modulus E and the Poisson ratio ν, depending

on the choice of the parameters. The four material properties relate as follows:

γ =
E · ν

(1 + ν)(1 − 2ν)
(3.49)

µ =
E

2(1 + ν)
(3.50)

E =
µ · (3γ + 2µ)

γ + µ
(3.51)

ν =
γ

2(γ + µ)
(3.52)
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µ corresponds to the elastic shear modulus and the Young modulus E characterizes the

stiffness of a body. For physical consistancy, we have the following conditions on the

material parameters:

γ > 0, µ > 0 and E > 0 (3.53)

Eq. 3.49 physically constrains ν, so that

ν <
1

2
(3.54)

In the Kirchhoff-St. Venant model, the total elastic strain energy function is defined as

[33]

W =
γ

2
· (Tr(ε))2 + µ · Tr(ε2) (3.55)

with ε the Green-Lagrange deformation tensor.

In this constitutive law, the volume ratio J does not appear explicitely, but the compress-

ibility of a body is characterized by the Poisson ratio ν. Typically, a Poisson ratio close

to 0.5 represents an almost incompressible material, like rubber.

Using Eqs. 3.37 and 3.55, the components of the second Piola-Kirchhoff stress S are given

by

Sij = γ · Tr(ε) · δij + 2µ · εij (3.56)

Because the second Piola-Kirchhoff stress S and the Green-Lagrange deformation ε are

symmetric, they have each 6 independant components that can be grouped in column

vectors Svector and εvector as

Svector =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

S11

S22

S33

S12

S13

S23

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(3.57)
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and

εvector =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

ε11

ε22

ε33

ε12

ε13

ε23

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(3.58)

With the introduction of the stress Svector and the deformation εvector, the material law

of Kirchhoff-St. Venant (Eq. 3.56) can also be expressed in the following matrix form:

Svector = M · εvector (3.59)

where M is a 6 × 6 symmetric matrix, called the stiffness matrix and it contains the

material properties. For a homogeneous and isotropic body, M is given by

M =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

γ + 2µ γ γ 0 0 0

γ γ + 2µ γ 0 0 0

γ γ γ + 2µ 0 0 0

0 0 0 2µ 0 0

0 0 0 0 2µ 0

0 0 0 0 0 2µ

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(3.60)

As seen from Eqs. 3.56 and 3.59, the stress depends linearly on the strain in the generalized

Hooke’s law. It is important to notice that although the form of this constitutive relation

is linear, it allows the description of large deformations of a body like those occuring in

the myocardium during the rapid filling phase. Furthermore, due to the linearity of the

Kirchhoff-St. Venant stress-strain relation, the implementation of this material law instead

of a nonlinear elastic one in a Finite Element model of both ventricles of the heart (whose

geometry is complex) can improve the convergence of the simulation of early diastole. A

further advantage of the generalized Hooke’s law is that it ameliorates the computational

costs in the FE calculation, by saving a large amount of memory and execution time.
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3.3.1.2 The Ogden strain energy function

A hyperelastic material law which can well describe the nonlinear elastic behavior of the

cardiac tissue is the Ogden constitutive relation. In this law, the stress-strain relation is

nonlinear as well as isotropic and the elastic energy function is expressed as function of

the three modified principal stretches λ1, λ2 and λ3. Considering the decomposition of

the mechanical response of the heart in a volumetric response described by W vol and a

isochoric response, characterized by W s (see Eq. 3.39 in Section 3.3.1), the total strain

energy function W elastic reads (see Eq. 3.48):

W elastic
(
λ1, λ2, λ3, J

)
= W s

(
λ1, λ2, λ3

)
+ W vol(J) (3.61)

with J the volume ratio defined in Eq. 3.4 of Section 3.1.

An often used form of the elastic energy function W vol is given by [1]

W vol =
9

2
· K ·

(
J

1
3 − 1

)2

(3.62)

So the effective compressibility of the heart, due to the coronary and lymphatic flows in

the myocardial tissue, is represented by the bulk modulus K.

The stress Ss, associated with the volume-preserving shape deformations, is derived from

the Ogden strain energy function W Ogden [33]:

W s
(
λ1, λ2, λ3

)
= W Ogden

(
λ1, λ2, λ3

)
=

3∑
n=1

µn

βn
·
(
λ1

βn
+ λ2

βn
+ λ3

βn − 3
)

(3.63)

where the three modified principal stretches λ1, λ2 and λ3 are previously defined in Section

3.3.1 by Eq. 3.45. In Eq. 3.63, µn are constant shear moduli, βn dimensionless coefficients

(n = 1, 2, 3) whereby the three pairs of material parameters are related by the following

condition:

2µ =

3∑
n=1

µn · βn with µn · βn > 0 (3.64)
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Here, µ denotes the classic shear modulus of the cardiac tissue.

Accordingly, the complete elastic strain energy function W elastic reads

W elastic
(
λ1, λ2, λ3, J

)
=

3∑
n=1

µn

βn
·
(
λ1

βn
+ λ2

βn
+ λ3

βn − 3
)

+
9

2
· K ·

(
J

1
3 − 1

)2

(3.65)

3.3.2 Quasi-linear viscoelastic constitutive law (Large-deformation

formulation)

According to Morgenstern et al. (1973) [46], a rise in coronary perfusion pressure of 10

kPa generates an increase in volume of the myocardial tissue of about 5 percent. Ac-

cordingly, the deformations due to bulk elasticity of the ventricular wall can be expected

to be substantially smaller (the material is quasi-incompressible) than the strain compo-

nents due to shape changes [36]. Viscoelastic effects associated with bulk elasticity can

therefore be neglected and the stress Svol, related to the volume change of the mass of

the myocardium, can be calculated as in Section 3.3.1.2 from the elastic energy function

W vol, described in Eq. 3.62.

The isochoric shape deformation of the cardiac tissue can, in turn, be assumed as quasi-

linear viscoelastic [21, 36]. For a viscoelastic material, the stress at time t depends on

the past history of the strain or of the elastic instantaneous stress. This is expressed

by the hereditary integral formulation. This theory is a general approach to describe

the mechanical behavior of viscoelastic material. As proposed by Fung (1993) [21], the

components of the second Piola-Kirchhoff stress Ss−viscoelastic at time t are given by

Ss−viscoelastic
ij (ε(t), t) =

∂W∞(ε(t))

∂εij(t)
+

∫ t

0

G(t − τ) · dSs−elastic
ij (ε(τ))

dτ
· dτ (3.66)

where Ss−elastic
ij are the components of the elastic instantaneous stress, and as such derived

from the elastic strain energy function of Ogden W Ogden, defined in Eq. 3.63 of Section
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3.3.1.2.

Ss−elastic
ij (ε(t)) =

∂W Ogden

∂εij(t)
(3.67)

In Eq. 3.66, the reduced relaxation function G(t) is a scalar function, which can be

expressed as an exponential or Prony series [1] as

G(t) =

M∑
m=1

δm · e −t
νm (3.68)

where the coefficient δm represents the energy scalar factor and the parameter νm is the

relaxation time of the mth term. M denotes the number of viscoelatic terms which was

set to 5 in the present work.

In Eq. 3.66, W∞ corresponds to the elastic strain energy for long term deformations,

which is related to the strain energy function of Ogden W Ogden by

W∞ =

(
1 −

5∑
m=1

δm

)
· W Ogden (3.69)

For physical consistency of the strain energy, Eq. 3.69 yields the following constraint

0 ≤
5∑

m=1

δm ≤ 1 (3.70)

When all terms are added in Eq. 3.66, the second Piola-Kirchhoff stress components

Ss−viscoelastic
ij at time t are expressed by

Ss−viscoelastic
ij (ε(t), t) =

(
1 −

5∑
m=1

δm

)
·Ss−elastic

ij (ε(t))+

∫ t

0

5∑
m=1

δm·
dSs−elastic

ij (ε(τ))

dτ
·e−(t−τ)

νm ·dτ

(3.71)
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3.4 Biphasic material law for the cardiac tissue

As seen in Section 1.2, the cardiac tissue consists of a variety of different constituents,

among them muscle fibres, collagen, coronary vessels, blood and interstitial fluid. Fluid

exchange occurs on one hand through the arterial and venous perfusion, on the other

through the lymphatic system. The myocardial tissue can thus be seen as composed by

fluid and solid constituents. A well suited mathematical description of the physical pro-

cesses occurring in a mixture of a solid and a fluid phase, as for example the mechanical

behavior of each phase and the interaction between both phases, is given by the biphasic

theory [94].

The aim of the work presented in this Section was to elaborate a biphasic (fluid and

solid) formulation for the myocardium to describe the redistribution of coronary blood

in the ventricular wall during the deformation at early diastole. This constitutive law

was developed with contributions from Yannick Loosli in the framework of his Semester

Project [42].

3.4.1 Biphasic theory: Basic laws

In the present work, the cardiac tissue is considered as a binary mixture composed of two

distinct homogeneous phases: a liquid phase representing the coronary blood, as well as

the interstitial fluid, and a solid phase, constituted of the other structural elements of the

heart such as the myocytes, the collagen weave or the blood vessels. It is important to

point out that the fluid contained in the cardiac muscle cells is not considered in the liquid

phase, because it is trapped inside the cell and it does not flow across the membrane. The

biphasic theory is used in this study to describe the behavior of both phases. In this

approach, it is assumed that for every point of the myocardium both phases are present

at the same time, so it is not necessary to know the accurate position of each phase during
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time.

3.4.1.1 Kinematics of the biphasic medium

Figure 3.4: Lagrangien description of motion of a biphasic mixture [94, 42]. During a

motion, a mixture composed of a solid (s) and a fluid phase (f) is deformed. In the

initial state, each phase has its own reference configuration designed by Ωα
0 (α = s, f).

Xα represents the position of the solid, respectively, fluid particles in this initial state.

During the motion, each phase is deformed but at current time t it is assumed that both

constituents occupy the same spatial position x.

In this section, we consider the deformation of a binary mixture, constituted of a solid

and a fluid phase. As in Section 3.1, the Lagrangien description of motion is used here

and before the deformation, each phase α has its own reference configuration denoted as

Ωα
0 (α = s, f) (see Fig. 3.4). In the initial state, the coordinates of the solid and fluid

particles are designed by Xs and Xf , respectively. During the deformation, each phase
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has its own motion and it is assumed that at current time t the position x is occupied

simultaneously by both phases. The current coordinates x can be expressed as function

of the material coordinates Xα as:

x = x(Xα, t) (3.72)

Under the assumption of an invertible motion, Xα can also be formulated as function of

x:

Xα = Xα(x, t) (3.73)

The differential mixture volume dV is introduced as

dV (x, t) =
∑

α

dV α(x, t) (3.74)

with dV α the differential volume of the αth constituent.

For each constituent α, a local volume fraction can then be defined as

φα(x, t) =
dV α(x, t)

dV (x, t)
(3.75)

Eqs. 3.74 and 3.75 imply that ∑
α

φα = 1 (3.76)

Furthermore, the bulk or apparent density ρα and the true density ρα
T of the αth constituent

are defined by

ρα(x, t) =
dmα(x, t)

dV (x, t)
(3.77)

ρα
T (x, t) =

dmα(x, t)

dV α(x, t)
(3.78)

where dmα is the differential mass of the αth component.
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The mixture density is then defined as

ρ(x, t) =
∑

α

ρα(x, t) (3.79)

and the mass concentration cα of the αth component is given by

cα =
ρα

ρ
(3.80)

From the definition of the bulk density ρα (Eq. 3.77) and of the true density ρα
T (Eq. 3.78),

we have:
ρα

ρα
T

=
dmα

dV
· dV α

dmα
=

dV α

dV
(3.81)

So the volume fraction φα of the αth constituent can be expressed as function of ρα and

ρα
T :

φα =
ρα

ρα
T

(3.82)

For any constituent function fα(x, t), a mean or barycentric function f(x, t) can be defined

for the mixture as

f(x, t) =
1

ρ

∑
α

ραfα(x, t) (3.83)

So the barycentric (mean) velocity v(x, t) and acceleration a(x, t) of the mixture are given

by:

v(x, t) =
1

ρ

∑
α

ραvα(x, t) (3.84)

a(x, t) =
1

ρ

∑
α

ραaα(x, t) (3.85)

with vα and aα the velocity and acceleration of the alpha component defined respectively

as

vα =
Dαx

Dt
=

∂x

∂t
(Xα, t)|Xαfixed (3.86)

aα =
Dαvα

Dt
=

∂2x

∂t
(Xα, t)|Xαfixed (3.87)
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Furthermore, for each constituent α, the diffusion velocity wα is given by

wα = vα − v (3.88)

Using Eqs 3.79, 3.84 and 3.88, the following relation is obtained:

∑
α

ραwα =
∑

α

ραvα −
(∑

α

ρα

)
· v =

∑
α

ραvα − ρv =
∑

α

ραvα −
∑

α

ραvα = 0 (3.89)

In addition, two different types of material derivatives can be defined: one following the

motion of the αth constituent and is given by

Dα

Dt
=

∂

∂t
+ vα · ∇ (3.90)

while the other follows the barycentric motion of the mixture and is expressed as

D

Dt
=

∂

∂t
+ v · ∇ (3.91)

In Eqs 3.90 and 3.91, the gradient operator ∇ is taken with respect to the current coor-

dinate x:

∇i =
∂

∂xi
(3.92)

During the motion, the deformation of the αth component is characterized by the defor-

mation gradient F α whose components are given by

F α
ij =

∂xi

∂Xα
j

(3.93)

For an invertible motion we have:

[
(F α)−1]

ij
=

∂Xα
i

∂xj

(3.94)

In the Lagrangien representation, the velocity gradient Lα of the αth constituent is defined

as

Lα
ij =

∂vα
i

∂Xα
j

(3.95)
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and in the case where the deformed state is taken as the reference configuration, the

velocity gradient is denoted as L′α and is given by

L′α
ij =

∂vα
i

∂xj
(3.96)

From Eqs. 3.95 and 3.96 the following relations are obtained:

Tr (Lα) = ∇X · vα (3.97)

Tr (L′α) = ∇ · vα (3.98)

In Eq. 3.97 the gradient operator ∇X is taken with respect to the material coordinates:

(∇X)i =
∂

∂Xα
i

(3.99)

The velocity gradient for the mixture is defined as

Lij =
∂vi

∂xj
(3.100)

3.4.1.2 Continuum mechanical equations

Balance of Mass:

The local form of the balance of mass (also called continuity equation) for the constituent

α in the mixture is expressed by

∂

∂t
ρα + ∇ · (ραvα) = c̃α (3.101)

where ρα is the bulk density of the αth constituent, vα corresponds to its velocity and c̃α

is the mass per unit of volume supplied to the αth component through interaction with

the other constituents (as in a chemical reaction).
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The continuity equation for the mixture is obtained by summing Eq. 3.101 over all con-

stituents and by using the definition of the mixture density (Eq. 3.79) and of the mean

velocity v(x, t) (Eq. 3.84):

∂

∂t
ρ + ∇ · (ρv) =

∑
α

c̃α

︸ ︷︷ ︸
0

= 0 (3.102)

The interested reader is referred to Section A.1.1 in Appendix A for a complete derivation.

Balance of Linear Momentum:

The local form of the equation of balance of linear momentum for the αth component is

given by

ραaα = ∇ · (σα)T + ραbα + πα (3.103)

where σα is the stress tensor for the αth phase, ραbα is the external body force density,

while πα is the momentum supply and represents the internal body force per unit of vol-

ume applied to the αth component due to the interaction with the other constituents of

the mixture.

By summing up the constituent equations (Eq. 3.103) and using Eq. A.12, the Second

Law of Newton for the mixture is obtained:

ρa = ∇ · (σ)T + ρb (3.104)

where ρ is the mixture density, defined in Eq. 3.79, a is the barycentric acceleration (see

Eq. 3.85), b is the mixture body force density which is expressed by

b =
1

ρ

∑
α

ραbα (3.105)

and σ is the mixture stress given by

σ =
∑

α

(σα − ραwα ⊗ wα) (3.106)
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It is important to note that the mixture stress σ and the stress tensor of the αth constituent

are symmetric

σ = σT (3.107)

σα = (σα)T (3.108)

Again, a detailed derivation can be found in Section A.1.2 of Appendix A.

3.4.1.3 Thermodynamic equations

First Law of Thermodynamics:

The first law of thermodynamics states that energy in any thermodynamic process is

conserved. For the αth component the local form of the balance of energy is expressed by

ραDαuα

Dt
= σα : Dα −∇ · qα + ραrα + ũα (3.109)

where uα is the internal energy density (per mass unit), qα is the heat flux, rα is the

external heat supply density, ũα is the internal energy supply per volume unit, Dα (called

the rate of deformation tensor) is the symmetric part of the velocity gradient tensor L′α(
Dα = 1

2

[
L′α + (L′α)T

])
and the symbol : denotes the dyadic product.1

In order to present the local form of the balance of energy equation for the biphasic

medium, some definitions have to be introduced: an inner part of the internal energy

density of the mixture uI is given by

uI =
1

ρ

∑
α

ραuα (3.111)

1The dyadic product of two tensors A and B is defined as

A : B = Tr
(
AT · B) = Tr

(
A · BT

)
(3.110)
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and the internal energy density uInt is defined as

uInt = uI +
1

2ρ

∑
α

ρα(wα · wα) =
1

ρ

∑
α

ρα

[
uα +

1

2
(wα · wα)

]
(3.112)

The heat supply density r for the mixture is given by

r =
1

ρ

∑
α

ραrα (3.113)

and the heat flux q to the mixture is defined as

q =
∑

α

(
qα − σα · wα + ρα

[
uα +

1

2
(wα · wα)

]
wα

)
(3.114)

The first law of balance of thermodynamics for the mixture is expressed by

ρ
DuInt

Dt
= σ : L −∇ · q + ρr +

∑
α

ραbα · wα (3.115)

where L is the mixture velocity gradient (Eq. 3.100), σ is the mixture stress, defined in

Eq. 3.106, ραbα is the external body force density of the αth component and wα is the

diffusion velocity for the αth constituent.

A complete derivation of the first law of thermodynamics can be found in Section A.2.1

of Appendix A.

Second Law of Thermodynamics:

The second law of thermodynamics introduces the concept of entropy η. If ηα and θα

are the entropy density (per mass unit) and the temperature of each constituent, a mean

mixture entropy density is defined as

η =
1

ρ

∑
α

ραηα (3.116)

In continuum mechanics, the second law of thermodynamics is expressed in the form of

the Clausius-Duhem inequality, which states, when applied to a control volume Ω of the
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mixture, that the rate of the mixture entropy increase is greater than the rates of entropy

input into the mixture as well as the entropy increase due to both heat flux and mass

exchange between the constituents. According to Eq. A.48 in Section A.2.2 of Appendix

A, the local form of the entropy inequality for the mixture is given by

∑
α

1

θα

[
ρα

(
θα Dαηα

Dt
− Dαuα

Dt

)
+ σα : L′α − qα ·

(∇θα

θα

)]

−
∑

α

1

θα

[
πα · wα + c̃α

(
uα − θαηα +

1

2
wα · wα

)]
≥ 0 (3.117)
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3.4.2 Development of a biphasic constitutive relation for the

myocardium

3.4.2.1 Assumptions and governing equations

In this study, the myocardial tissue is considered as a mixture of a nearly incompress-

ible anisotropic solid phase and an incompressible inviscid fluid phase (representing the

coronary blood and the interstitial fluid):

ρf
T = constant ⇒ ∂ρf

T

∂t
= 0 and ∇ρf

T = 0 (3.118)

Each phase is homogeneous and it is assumed that for every point of the myocardium the

solid and the fluid components are present at the same time. In addition, the mixture is

considered immiscible; this means that there is no chemical reaction or material exchange

between the fluid and solid constituents:

c̃f = c̃s = 0 (3.119)

In a first approximation, it was assumed that the intravascular fluid flow in the myocardial

tissue is stationary and that the variation in time of the bulk density of each phase is

negligible. Furthermore, inertia effects and body forces (like gravity) were neglected.

af = as = 0, a = 0,
∂ρf

∂t
=

∂ρs

∂t
= 0, bf = bs = 0 and b = 0 (3.120)

Additionally, both phases were supposed to have the same constant temperature θ, i.e.

all motions are isothermal processes. The biphasic medium was assumed to be adiabatic

and no heat supply to the mixture (heat flux or body sources) was considered.

θf = θs = θ ⇒ ∂θ

∂t
= 0 and ∇θ = 0,

qf = qs = 0, rf = rs = 0 and r = 0 (3.121)

The solid phase volume fraction φs, also called the solidity, and the fluid phase volume
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fraction or porosity φf are defined by (see Eqs. 3.75 and 3.82)

φs =
dV s

dV
=

ρs

ρs
T

(3.122)

φf =
dV f

dV
=

ρf

ρf
T

(3.123)

Because the inertia effects were neglected (Eq. 3.120), each phase of the cardiac tissue is

in equilibrium and the second law of Newton (Eq. 3.103) yields:

∇ · σs + πs = 0 (3.124)

∇ · σf + πf = 0 (3.125)

where σf and σs are the (symmetric) stress tensor for the liquid and the solid phases,

respectively.

The mixture being immiscible, c̃α = 0 and the sum of the internal forces applied on both

phases (Eq. A.12) ∑
α=s, f

(πα − c̃αwα) = 0 (3.126)

yields

πs = −πf = π (3.127)

where the momentum supply term π represents the interaction force between the solid

and fluid constituents. π is the diffusive drag force per volume unit, arising from the

relative deformation of both phases.

From Eq. 3.120, the continuity equation for the biphasic medium (Eq. 3.102) is trans-

formed into ∑
α=s,f

⎡
⎢⎣∂ρα

∂t︸︷︷︸
=0

+∇ · (ραvα)

⎤
⎥⎦ =

∑
α=s,f

∇ · (ραvα) = 0 (3.128)
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Using the definition of φα (Eqs. 3.122 and 3.123) in Eq. 3.128, the following relation is

obtained:
p

ρ

(
vs · ∇ρs + ρs

T φs∇ · vs + ρf
T φf∇ · vf + vf · ∇ρf

)
= 0 (3.129)

where p is the hydrostatic pressure

3.4.2.2 Derivation of the constitutive equations

In the case of isothermal processes, it is useful to introduce for each phase the Helmholtz

free energy per mass unit W α:

W α = uα − θηα (3.130)

W α represents the portion of the internal energy available to produce mechanical work at

a constant temperature.

Inserting Eq. 3.130 in Eq. 3.117 and because c̃α = 0 and qα = ∇θ = 0, the entropy

inequality for the mixture becomes

∑
α=s, f

(
−ρα DαW α

Dt
+ σα : Dα − πα · wα

)
≥ 0 (3.131)

Using the definition of the diffusion velocity wα (Eq. 3.88) and the fact that πs = −πf = π

(Eq. 3.127), the second law of thermodynamics is changed into

−
(

ρs DsW s

Dt
+ ρf DfW f

Dt

)
+ σs : Ds + σf : Df + π · (vf − vs

) ≥ 0 (3.132)

By adding Eq. 3.129, whose value is 0, to Eq. 3.132, the previous inequality is preserved

and becomes

−
(

ρs DsW s

Dt
+ ρf DfW f

Dt

)
+ σs : Ds + σf : Df + π · (vf − vs

)
+

p

ρ

(
vs · ∇ρs + ρs

T φs∇ · vs + ρf
T φf∇ · vf + vf · ∇ρf

)
≥ 0 (3.133)

Knowing that

∇ · vα = Tr (L′α) = Tr (Dα) = I : Dα (3.134)
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we obtain[
−ρs DsW s

Dt
+

(
pφsρs

T

ρ
I + σs

)
: Ds

]
+

[
−ρf DfW f

Dt
+

(
pφfρf

T

ρ
I + σf

)
: Df

]

+ (π + A) · (vf − vs) ≥ 0 (3.135)

where the components of A (Ai) are given by

Ai =
p

3ρ
(
vf

i − vs
i

) (vs · ∇ρs + vf · ∇ρf
)

(3.136)

In the present work, it was assumed that the free energy of the solid phase W s depends

only on its deformation, characterized by the left Cauchy-Green tensor Bs and that W s is

a symmetric function of Bs. The free energy of the fluid phase W f , in turn, was considered

to be constant:

W s = W s(Bs) which is symmetric ⇒ DsW s

DBs
=

(
DsW s

DBs

)T

(3.137)

W f = constant ⇒ DfW f

Dt
= 0 (3.138)

where Bs is related to the deformation gradient tensor F s of the solid phase by

Bs = F s · (F s)T (3.139)

From Eqs. 3.137 and 3.139, the total time derivative of W s can be written as

DsW s

Dt
= Tr

[(
∂W s

∂Bs

)T
DsBs

Dt

]
=

Tr

((
∂W s

∂Bs

)T
[

DsF s

Dt
· (F s)T + F s · Ds (F s)T

Dt

])
(3.140)

Furthermore, the time derivative of F s is related to the velocity gradient of the solid phase

by
DsF s

Dt
= L′s · F s = Ds · F s (3.141)



80 Continuum mechanics for cardiac tissue

Using Eqs. 3.141 and 3.137, the total time derivative of the Helmholtz free energy for the

solid phase becomes

DsW s

Dt
= Tr

((
∂W s

∂Bs

)T

·
[
(Ds · F s) · (F s)T + F s · (Ds · F s)T

])

= 2

[
Bs ·

(
∂W s

∂Bs

)]
: Ds (3.142)

Inserting Eqs. 3.142 and 3.138 in Eq. 3.135, the second law of thermodynamics for the

biphasic medium is then expressed by[
−2ρsBs ·

(
∂W s

∂Bs

)
+

pφsρs
T

ρ
I + σs

]
: Ds +

(
pφfρf

T

ρ
I + σf

)
: Df

+ (π + A) · (vf − vs) ≥ 0 (3.143)

The entropy inequality from Eq. 3.143 should be satisfied for all arbitrary motions de-

scribed by Ds and Df , and velocities (vf − vs). A necessary and sufficient condition for

Eq. 3.143 to be trivially satisfied is that

σs = −p
φsρs

T

ρ
I + 2ρsBs · ∂W s

∂Bs
= −p

φsρs
T

ρ
I + σE (3.144)

σf = −p
φfρf

T

ρ
I (3.145)

(π + A) · (vf − vs) ≥ 0 (3.146)

Eq. 3.145 is the material law for the fluid phase, while Eq. 3.144 is a general constitutive

relation for the solid phase of the cardiac tissue allowing the description of large deforma-

tions. σE is called the extra stress and is derived from the deformation energy function

W s, as is described in Section 3.3. Through the choice of the form of W s, such as the strain

energy function of Kirchhoff-St. Venant (see Section 3.3.1.1), the Ogden energy function

(see Section 3.3.1.2) or the quasi-linear viscoelastic material law presented in Section 3.3.2,

the solid matrix of the ventricular wall can be modeled as isotropic linear, nonlinear elas-

tic or viscoelastic. By choosing an anisotropic form for W s, the pronounced anisotropy of
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the myocardial tissue, characterized by the architecture of the highly crosslinked muscle

fibres [43, 62, 61] is taken into account in the material law of the solid phase.

In order to satisfy the entropy inequality (Eq. 3.143), a positive definite diagonal tensor

KDiff is defined such that

π + A = KDiff · (vf − vs) (3.147)

Thus the condition on the interaction force π between both phases (Eq. 3.146) is satisfied:

(π + A) · (vf − vs) = (vf − vs) · KDiff · (vf − vs) > 0 (3.148)

From the introduction of the tensor KDiff in Eq. 3.147, the constitutive equation for the

momentum supply π is obtained:

π = KDiff · (vf − vs) − p

ρ
· ζ · (vs · ∇ρs + vf · ∇ρf

)
(3.149)

where the components of the vector ζ are given by

ζi =
1

3
(
vf

i − vs
i

) (3.150)

In the constitutive equation for π (Eq. 3.149), the term KDiff · (vf − vs) represents the

diffusive resistance coming from the relative velocities of the fluid and solid phases. The

components KDiff
ii of the diagonal tensor KDiff can be viewed as diffusive resistance

coefficients in the direction i. The second term in Eq. 3.149 can be seen as a drag force

coming from the density gradient of the fluid and solid phases.

Furthermore, a fluid flux into the biphasic medium can be defined as

Q = φf
(
vf − vs

)
(3.151)

In summary, the three constitutive equations for the biphasic medium in the cardiac tissue

(the stress tensor on the fluid phase σf , the stress tensor on the solid phase σs and the

interaction force π between both phases) are expressed by

σf = −p
φfρf

T

ρ
I (3.152)
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σs = −p
φsρs

T

ρ
I + 2ρsBs · ∂W s

∂Bs
= −p

φsρs
T

ρ
I + σE (3.153)

π = KDiff · (vf − vs) − p

ρ
· ζ · (vs · ∇ρs + vf · ∇ρf

)
(3.154)

with the components of the vector ζ defined in Eq. 3.150.

In this study, the solid matrix of the cardiac tissue was considered as a nearly incom-

pressible orthotropic quasi-linear viscoelastic material. The three axes of orthotropy are

defined such that the direction of the third axis e3 is parallel to the initial mean local fiber

orientation, the first axis e1 is perpendicular to the cardiac wall and the second one e2 is

perpendicular to e1 and e3. The extra stress is represented by the second Piola-Kirchhoff

stress S and the following formulation for σE , proposed by Huyghe et al. (1991) [36] for

the passive heart, has been used here:

σE
ij(ε, t) = Sij(ε, t) =

∂W vol

∂εij

+
1

2

∫ t

0

G(t − τ)
∂

∂τ

(
∂W el

∂εij(τ)
+

∂W el

∂εji(τ)

)
· dτ (3.155)

where εij are the ij components of the Green-Lagrange deformation tensor, defined in Eq.

3.16 of Section 3.1, W vol represents the elastic energy function for the volumetric response

of the heart, while W el is the strain energy function from which the anisotropic elastic

instantaneous stress Sel associated with shape deformation is derived.

The form for W vol presented in Section 3.3.1.2 (Eq. 3.62) can also be used here:

W vol =
9

2
· K ·

(
J

1
3 − 1

)2

(3.156)

with J the volume ratio, defined in Eq. 3.4 of Section 3.1, and K the bulk modulus.

In Eq. 3.155, G(t) is the scalar reduced relaxation function and is given by

G(t) =
1 +

∫∞
0

Ψ(s)e−
t
s ds

1 +
∫∞

0
Ψ(s)ds

(3.157)

with Ψ(s) = d
s

+ Ψ0 if s1 � s � s2 and Ψ(s) = 0 for s < s1 and s > s2. d and Ψ0 are

damping constants.
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Furthermore, the expression of the orthotropic elastic strain energy function W el proposed

by Huyghe et al. (1991) [36] has been used here:

W el = cn · {exp(acf · ε11) − acf · ε11 + exp(acf · ε22) − acf · ε22 + exp(af · ε33) − af · ε33

+ [exp(ab · ε11) − ab · ε11] · [exp(ab · ε22) − ab · ε22]

+ [exp(ab · ε11) − ab · ε11] · [exp(ab · ε33) − ab · ε33]

+ [exp(ab · ε22) − ab · ε22] · [exp(ab · ε33) − ab · ε33] − 6}

+ cs · {exp[as · (ε12 · ε12 + ε13 · ε13 + ε23 · ε23)] − 1} (3.158)

where cn is the initial normal stiffness, cs is the initial shear stiffness, acf , af , ab and as

are exponential factors in cross-fiber stiffness, in fiber stiffness, in biaxial stiffness and in

shear stiffness, respectively.

The effective compressibility of the heart, due to the intravascular fluid flow, as well

as its anisotropic structure and its viscoelastic behavior are considered in the biphasic

formulation presented here. In order to use the above-described biphasic material laws

(Eq. 3.152, 3.153, 3.154, 3.155, 3.156, 3.157 and 3.158) to calculate, with the help of the

Finite Element method, the redistribution of the intravascular fluid in the human ven-

tricular wall during the deformation at early diastole, it is necessary to know the values

of the material parameters contained in these constitutive relations. No numerical values

of these material properties can be found in the literature for the healthy human my-

ocardium. Due to the lack of published experimental data for fully human relaxed hearts,

it was not possible to evaluate, for the human cardiac tissue, the values of this large

amount of unknown parameters (the true density of the coronary blood and the lymph

ρf
T , the initial intravascular fluid volume fraction φf

in at 0 kPa perfusion pressure and in

absence of external loads, the true density of the solid phase of the cardiac tissue ρs
T , the

diffusive resistance coefficients KDiff
11 , KDiff

22 and KDiff
33 , the bulk modulus K of the solid
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phase, the initial normal stiffness cn, the initial shear stiffness cs, the exponential factors

in cross-fiber stiffness acf , in fiber stiffness af , in biaxial stiffness ab, in shear stiffness as,

the damping constants d and Ψ0). Consequently, the biphasic formulation presented in

this Section could not be implemented in the FE model of the human ventricles developed

in this study.

One of the goals of a future project would be to determine these above-mentioned material

properties for the human myocardial tissue and to implement the biphasic constitutive

relations presented here in the FE model of the ventricular rapid filling phase. More

complete FE analyses of this period could then be performed, where the redistribution of

the intravascular fluid in the ventricular wall could be described during the deformation

at early diastole.

In the FE model of the human ventricles presented in this work (see Chapter 4 and 5.4),

the heart was assumed to be a homogeneous, isotropic, nearly incompressible material and

the large deformation occuring in the ventricular wall at the beginning of diastole (see

Section 1.4) was taken into account. Isotropy was chosen as an approximation because

on one hand the global fiber architecture, which could be implemented for a two-chamber

model, is documented in the literature only in a general, idealized fashion2, on the other,

in the absence of active contractile forces during the filling process, the anisotropy is

of a structural nature and its influence is by far less pronounced than during systole

[9, 45, 62, 60, 84]. In the FE model developed in this study, the nonlinear elastic behavior

of the cardiac tissue was described by the Ogden constitutive relation presented in Sec-

tion 3.3.1.2 (derived from Eq. 3.65) and its viscoelastic behavior was represented by the

quasi-linear viscoelastic material law described in Section 3.3.2 (Eq. 3.71).

2From Magnetic Resonance based Diffusion Tensor Imaging (MR-DTI), applied to the heart [61], we

expect to obtain more precise and complete information in the future.



3.4 Biphasic material law for the cardiac tissue 85



86 Continuum mechanics for cardiac tissue



Chapter 4

Role of the ventricular pressures and

the viscoelasticity of the cardiac

tissue in the rapid filling phase

In order to study the role of the ventricular pressures and the effect of the viscoelasticity

of the myocardium on the first third of diastole, elastic and viscoelastic FE simulations

of the rapid filling phase have been performed. The influence of the viscoelasticity of the

heart on the ventricular filling process has been investigated by comparing the results

of the viscoelatic FE analyses of the first third of diastole with those obtained with the

nonlinear elastic model.

4.1 End-systolic geometry and Finite Element model

Based on earlier work [60, 62, 63], a Finite Element model of the human left and right ven-

tricles was derived whose geometry was obtained from 32 short axis Magnetic Resonance

slices extending from the apex to the base of a healthy human volunteer at end-systole.

The left and right ventricular volumes at end-systole were around 50 ml. These volumes
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Figure 4.1: End-systolic geometry of both human ventricles derived from Magnetic Reso-

nance Imaging measurements on a healthy human individual. The internal volume of the

left and right ventricles is about 50 ml.

lie at the upper limit of the physiological range, which extends typically from some 30

ml to about 50 ml. Furthermore, the end-systolic volume of the myocardial wall was

approximately 92 ml, which likewise corresponds to a typical physiological value. It is

important to note at this point that the model represents one particular individual heart

and does not correspond to a population average. As such, the sample case serves as an

exemplary model only, however, it is found to exhibit features of general validity. The

model consists of 3837 parabolic 20-node hexahedral and 10-node tetrahedral elements,

respectively, yielding some 57700 degrees of freedom (see Fig. 4.1). On the webpage:

http : //www.biomed.ee.ethz.ch/diane/FE diane.html, the Cartesian coordinates of the

nodes of the present model are available.

Quadratic interpolation functions were used for the representation of the coordinates and

displacements. To obtain the stiffness of the hexahedral and tetrahedral element, 27-point

and 4-point Gaussian integration was used, respectively, in the Finite Element software
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MSC Marc Mentat [1].

An important condition from a modeling point of view derives from the fact that the left

and right ventricular volumes are equal within a few percent under homeostatic conditions.

This condition requires a carefully designed balance between geometry and mechanical

properties and is a decisive determinant for physiological verisimilitude.

4.2 Boundary conditions and Finite Element proce-

dure

Previously published measurements [32, 51] of pressure-volume and volume-time behavior

for the left ventricle during the rapid filling phase of a healthy human heart (see Section

2.1) were adopted as boundary conditions as well as target values for the present FE

analyses. It should be noted that all published results are characteristic for individual

healthy persons; moreover, they reflect a momentary state of the cardiovascular system.

The curves of Hoff et al. (1994) [32] and Nonogi et al. (1988) [51] are used in the fol-

lowing, under the hypothesis that the human heart modeled here can work under similar

conditions in terms of diastolic pressures and volumes.

We define the relative internal volume of the left ventricle, VintrelLV (t), during the rapid

filling phase as

VintrelLV (t) =
VintLV (t) − VintLV (t = 0)

VintLV (t = 0)
with 0 ≤ t ≤ tEnd (4.1)

where VintLV (t) represents the internal left ventricular volume, t = 0 corresponds to the

beginning of the rapid filling phase and tEnd is the end of this period.

Upon normalization of the measurements of Hoff et al. (1994) [32] and Nonogi et al. (1988)
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Figure 4.2: Evolution of the ventricular pressures P and of the internal volume of the left

ventricle during the rapid filling phase. (a) The triangles represent, for the left ventricle,

the pressure-time data points derived from the measurements of Nonogi et al. (1988) [51].

These values were obtained using a 8F Millar micro manometer, which yields an error

of 1-2%. The solid lines labeled LV and RV are the continuous time dependent pressure

curves applied on the internal surface of the left and right ventricles, respectively, in

the FE model. Because of the initial hypothetically stress free state of the myocardium,

the evolution of the ventricular internal pressures started at 0. For the left cavity, the

pressure function was fitted to the data points derived from the experimental values [51].

In the right ventricle, the pressure corresponds to 35 percent of the left ventricular one

(boundary conditions A). (b) Internal volume of the left ventricle VintLV (triangles) versus

time derived from the data of Nonogi et al. (1988) [51]. This measurement was made with

biplane ventriculography which is associated with an error of some 10%.
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[51], we obtain pressure-time (Fig. 4.2a) and volume-time data points (Fig. 4.2b) for the

left ventricle during the rapid filling phase. Again, we consider these curves as repre-

sentative, although relating them to a mathematical model is quite hypothetical as they

are taken from different individuals under different physiological conditions. Our results

have to be interpreted accordingly and restricted to conclusions which are independent of

modeling details.

In order to take into account that the heart is enclosed in the ribcage and surrounded by

the lungs and the diaphragm, a linear elastic foundation with a stiffness kf was applied on

all element faces of the external surface, in the elastic and viscoelastic simulations. This

represents a simplified overall approximation for the influence of the complex surround-

ing of the heart, in particular, a range of realistic values for kf cannot be derived from

measurements. Instead, parametric FE analyses were made, where the cavities of the

model were inflated with ventricular pressures according to the various boundary condi-

tions outlined below and the stiffness of the foundation was varied. While excessively high

values of kf prevented the model from deforming, too low values caused unrealistic local

deformations because of convergence problems. For all boundary conditions, however, a

sufficiently large range for kf could be verified such that this parameter does not exhibit

a critical sensitivity.

Furthermore, for all nodes at the base, the degree of freedom in the long axis direction

was suppressed, allowing the ventricular cavities at the basal level to expand but prevent-

ing an axial displacement. To eliminate the remaining degrees of freedom, and to avoid

possible excessive deformations of elements of the apex, the nodes of the apex of the left

ventricle were fixed laterally.

Inertial and gravitational forces were neglected. The loading in the elastic and viscoelastic
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FE analyses was divided into successive load steps (around 100) and for each load step

the solution was calculated iteratively using the full Newton-Raphson method.

4.2.1 Nonlinear elastic Finite Element analysis

In all our simulations the initial state of the myocardium was assumed to be stress free;

accordingly, the pressures in both ventricles were zero at the beginning. Three types

of boundary conditions for the intracavital pressure-time curves for both ventricles were

formulated.

Boundary conditions A: In order to have the same form as the measurements of Nonogi

et al. (1988) [51], the left ventricular pressure was assumed to increase rapidly from zero

to 1.8 kPa, shortly after the beginning of diastole, before rising to a maximal value of 2.5

kPa at the end of the rapid filling phase (see Fig. 4.2a). For this purpose, an interpolated

pressure curve, PLV (t), was applied at all element faces that represent the endocardium

of the left ventricle. Since no data corresponding to Fig. 4.2a are available for the right

ventricle, its pressure was assumed to be 35 percent of that of the left ventricle in agree-

ment with general physiology. For kf , a value of 0.1 kPa was chosen which corresponds

to a soft surrounding.

In the simulation with these boundary conditions, however, the overall pressure increase

in the left ventricle was 2.5 kPa in contrast to Nonogi’s measurement, where it was only

around 0.65 kPa. In particular, in healthy patients [17, 51, 75, 76, 91] at rest, the pressure-

volume relation of the left ventricle does usually not exhibit a rapid initial pressure rise

as was assumed here. This somewhat artificial initial evolution of the left ventricular

pressure can be considered as a mathematical approach to the end-systolic hydrostatic

equilibrium after the relaxation phase which is often a few hundred Pa above zero and

characterizes the general filling and excitation state of the cardiovascular system as a
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whole. The pre-stresses in the ventricular wall, associated with the elevated pressure

prevailing after relaxation, are correctly taken into account in this fashion. Similarly, it

can be regarded as a model for the elastic recoil which is expected to play a major role

within the framework of the rapid filling process (see Section 1.3). Moreover, in case

of normal subjects [51, 91], the pressure-volume curve for the left ventricle can often be

approximated adequately by a linear dependence during two thirds of diastole. In other

cases [75, 76, 91], the pressure in the left cavity is almost 0 kPa at the beginning of this

period. On the basis of these observations, the following additional boundary conditions

were defined:

Boundary conditions B: The internal surface of the left ventricle was subjected to a lin-

ear time dependent pressure function that represented an overall left ventricular pressure

increase of 0.65 kPa [51], starting from 0 kPa (see Fig. 4.3a). As in A, the pressure in the

right ventricle was assumed to be 35 percent of the one of the left ventricle. On the basis

of parametric studies, a value of 0.037 kPa for the stiffness of the elastic face foundation

kf was found to be adequate with these lower ventricular pressures.

Boundary conditions C: Since no measured pressure-volume relations for the right ventri-

cle are available, a further set of simulations was made with an increased right ventricular

pressure curve. For the left ventricle, the same linear pressure-time function as described

in B was applied, while for the right ventricle, the pressure was assumed to be 48 percent

of the one of the left cavity (Fig. 4.3b). The stiffness of the elastic face foundation kf was

again increased to 0.1 kPa.

4.2.2 Viscoelastic Finite Element analysis

In the absence of a rapid initial pressure increase, such as in cases B and C, respectively,

viscoelastic effects can be expected to be of secondary importance only, especially if the
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Figure 4.3: Linear time dependent pressure functions P applied on the endocardium of the

left and right ventricles of the FE model during the rapid filling phase. The curves labeled

LV represent the overall left ventricular pressure increase (around 0.65 kPa) measured by

Nonogi et al. (1988) [51]. (a) The internal pressure in the right ventricle (labeled RV)

corresponds to 35 percent of the left ventricular one. This represents a pressure rise in

the right cavity of around 0.2 kPa (boundary conditions B). (b) The right ventricular

pressure, labeled RV, is 48 percent of the pressure in the left cavity, corresponding to a

pressure increase of around 0.3 kPa in the right ventricle (boundary conditions C).
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material law used is based on the hereditary integral formulation (see Section 3.3.2). A

different situation is given in case of A, where a rapid increase occurs at the beginning,

followed by a slower one. Therefore, this case was used to examine the possible influence

of viscoelasticity.

Furthermore, to be able to compare the results, the behavior of the elastic and viscoelastic

models in the limit t → ∞ has to be analyzed. Accordingly, elastic and viscoelastic FE

simulations were performed with the boundary conditions A during a sufficiently long

quasi-static period, where the ventricular pressures of A were kept constant after the

rapid filling phase.

4.3 Material Properties

In the present FE model, the heart was assumed to be a homogeneous, isotropic, nearly

incompressible material (see Section 1.4 and 1.5).

4.3.1 Nonlinear elastic Finite Element analysis

In this study, the role of the ventricular diastolic pressures in the rapid filling phase was

investigated and the cardiac tissue was considered as hyperelastic (see Section 3.3.1).

In order to describe the nonlinear elastic mechanical behavior of the heart, the Ogden

energy function was used to obtain the stress Ss, associated with the volume-preserving

deformations (see Section 3.3.1 and 3.3.1.2). The stress Svol, due to the volume change of

the mass of the myocardial tissue, was calculated from the elastic energy function W vol,

expressed by Eq. 3.62 in Section 3.3.1.2. Accordingly, the second Piola-Kirchhoff stress S

was derived from the following total strain energy function W elastic (see Section 3.3.1.2,
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Eq. 3.65):

W elastic
(
λ1, λ2, λ3, J

)
=

3∑
n=1

µn

βn

·
(
λ1

βn
+ λ2

βn
+ λ3

βn − 3
)

+
9

2
· K ·

(
J

1
3 − 1

)2

(4.2)

where λ1, λ2 and λ3 are the three modified principal stretches. In Eq. 4.2 µn are constant

shear moduli, βn dimensionless Ogden coefficients (n = 1, 2, 3), K is the bulk modulus

and J , the volume ratio.

No stress-deformation curves for fully relaxed myocardium can be found in the literature

for human hearts. The six Ogden material parameters µn and βn for the human cardiac

tissue were obtained on the basis of the data published by Smaill and Hunter (1991) [66]

who performed uniaxial tests on thin myocardial sections from the mid-wall of the left

ventricle of dogs. In this publication, the material properties of the left ventricle have

been estimated. But, the proposed values have not been used in the model, presented

here, because they correspond to the material properties of passive canine myocardium,

while this study is focused on the rapid filling phase of the human heart. As a result from

their uniaxial tests, Smaill and Hunter (1991) [66] have also presented a mean Cauchy

stress-extension ratio curve. Under the assumption of isotropy and volume-preserving

deformations, in a uniaxial loading environment, the nominal stress Ss−nominal depends

only on the axial strain
(
λ1

)
:

Ss−nominal
(
λ1

)
=

∂W Ogden

∂λ1

(4.3)

The curve of Smaill and Hunter (1991) [66] has been adapted to a nominal stress-extension

ratio curve, using the following relation between the Cauchy stress σs−Cauchy
exp , obtained

from the experimental measurements, and the nominal stress:

Ss−nominal
exp =

σs−Cauchy
exp

λ1

(4.4)

To determine the material properties of the human heart, it has been assumed that human

myocardium exhibits a nonlinear character, which (like many other human and animal
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tissues) can reasonably well be approximated by the Ogden relation. A scale factor, α,

has been introduced so that curves of the form α ·Ss−nominal
exp −λ1 could be accommodated

to the desired stiffness. Using the same method as Snedeker et al. (2002) [67], the least-

squares fit of a curve associated with a given α with Eq. 4.3 yielded an associated set of

Ogden material parameters µn and βn. In the parameter studies, α was varied over a wide

range between 0.4 and 20 and the resulting increase with pressure of the left ventricular

volume during the rapid filling phase was compared with the target curve (Fig. 4.2b).

In the healthy heart, furthermore, both ventricles are filled simultaneously at about the

same speed. Accordingly, the stroke volume output of the right ventricle corresponds

to the left ventricular blood filling volume, if we assume that no loss of blood occurs

in the pulmonary circulation. For these reasons, the elastic material parameters should

satisfy the additional condition that the difference between the calculated internal left

and right ventricular volumes should be approximately the same at the end of the first

third of passive diastole as at end-systole (i.e. less than 1 ml), which is the reference state.

The bulk modulus K was evaluated under the assumption that during the rapid filling

phase the volume change of the ventricular wall should be less than 10%. For the Ogden

coefficients and the boundary conditions considered here, a value of K equal to 28 kPa

satisfies this condition.

4.3.2 Viscoelastic Finite Element analysis

The influence of the viscoelasticity of the myocardium on the rapid filling phase was

studied, using a quasi-linear viscoelastic relationship for the components of stress Ss

associated with isochoric shape deformation of the cardiac tissue. As proposed by Fung

(1993) [21], the components of stress Ss−viscoelastic at time t were given by the hereditary

integral formulation (see Section 3.3.2, Eq. 3.71):

Ss−viscoelastic
ij =

(
1 −

5∑
m=1

δm

)
· Ss−elastic

ij +

∫ t

0

5∑
m=1

δm · dSs−elastic
ij (τ)

dτ
· e−(t−τ)

νm · dτ (4.5)
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Here, Ss−elastic
ij are the components of the elastic instantaneous stress, obtained from

the Ogden energy function, the coefficient δm represents the energy scalar factor and

the parameter νm is the relaxation time of the mth term. Due to lack of experimental

information, all five energy scalar multipliers were assumed to be equal and subjected to

parametric variation:

δ1 = δ2 = δ3 = δ4 = δ5 = δ (4.6)

For physical consistency, the parameter δ should satisfy the following condition (see Eq.

3.70):

0 ≤ 5 · δ ≤ 1 (4.7)

Due to the quasi-incompressibility of the ventricular wall, the viscoelastic deformations

due to bulk elasticity of the heart can be neglected in comparison to the strain components

due to shape changes. Therefore, the stress Svol, related to the volume change of the mass

of the cardiac tissue, was calculated as in the elastic case from the elastic energy function

W vol (see Eq. 3.62 in Section 3.3.1.2). By summing the stress due to bulk elasticity (Svol)

with the deviatoric term (Ss−viscoelastic), we obtain the second Piola-Kirchhoff stress, whose

components in the viscoelastic case, Sviscoelastic
ij , are given by

Sviscoelastic
ij (t) = Selastic

ij (t)− 5 · δ · Ss−elastic
ij (t) +

∫ t

0

5∑
m=1

δ · dSs−elastic
ij (τ)

dτ
· e−(t−τ)

νm · dτ (4.8)

where Selastic
ij (t) denotes the instantaneous elastic second Piola-Kirchhoff stress compo-

nents, which are derived from the strain energy function W elastic, defined in Eqs. 4.2 and

3.65.

As in the elastic case, the criteria for the choice of the parameters were the development

in time of the internal volume of the left ventricle as well as the difference of the left

and right ventricular volumes at the end of the rapid filling phase, which should not be

more than about 1 ml. To this end, the values of the Ogden coefficients µn and βn were

modified by varying the parameter α from 0.4 to 20 and the bulk modulus was set to
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28 kPa. With the condition introduced by Eq. 4.7, δ could only be changed from 0 to

0.2. The relaxation times νm (m = 1, . . . , 5), in turn, were varied from 0.01 s to 1 s

which covers the temporal range of the heart beat. Care was taken that the elastic and

viscoelastic models yielded the same results in the limit t → ∞, i.e. after a sufficiently

long quasi-static period, so that the results could be compared.
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4.4 Influence of the ventricular pressures on the rapid

filling phase of human ventricles

Figure 4.4: Evolution of the left ventricular volume VintLV during the rapid filling phase.

The triangles correspond to the volume-time data points derived from the experimental

measurements and the solid curves represent the results of the nonlinear elastic FE model,

subjected to the boundary conditions A (see Fig. 4.2a). Each curve corresponds to a

different set of elastic parameters. From top to bottom, the rigidity parameter α was set

to 0.8, 2, 3, 4, 6, 8, 10, 15 and 20, respectively.

In Fig. 4.4 the left ventricular volume, in response to the boundary conditions A and

calculated with the nonlinear elastic FE model, is shown as a function of time for various

values of the parameter α, corresponding to different sets of Ogden coefficients. At the

beginning of diastole, the predicted internal volume of the left ventricle rises quickly, while

after 0.03 s the increase is substantially slower. Depending on the rigidity of the model

considered, the volume of the left cavity reached at the end of the rapid filling phase

varies from 60 ml (corresponding to the most rigid material, α = 20), to 81 ml (response

of a less rigid model, α = 0.8). For α < 0.8, due to excessive deformation of elements in

the mesh, the FE calculation could not converge and no stable solution could be found.

The evolution with time of the internal volume of the right cavity is similar to that of
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Figure 4.5: Internal ventricular volumes V int in case of the boundary conditions A. The

two bottom curves correspond to the most rigid elastic model (α = 20), while the two upper

curves correspond to a less rigid one (α = 0.8). Differences between the left (labeled LV)

and right (labeled RV) ventricular volumes are smallest for the softest material behavior.

the left ventricle (see Fig. 4.5). As is seen from Fig. 4.5, under the boundary conditions

A, the more rigid the model, the larger the difference in the volumes between the left

and right ventricles at the end of the rapid filling phase. Only the softest variant with

an α-value of 0.8 yields an acceptably small difference (1 ml, Fig. 4.5); furthermore, it

fits best the left ventricular volume-time data points, derived from the measurements of

Nonogi et al. (1988) [51], during the second half of the rapid filling phase (see Fig. 4.4).

At the beginning of diastole, the sudden augmentation of the volumes is the consequence

of the particular form of the applied left ventricular pressure: As is seen in Fig. 4.2a, the

left ventricular pressure was forced to rise quickly from 0 kPa to 1.8 kPa in 0.03 s. This

quite artificial condition essentially results from the commonly accepted, yet disputable,

assumption that at the beginning of diastole an essentially stress-free state prevails in the

myocardial walls (except for intrinsic stresses which are due to structural properties of

the tissue). Similar assumptions were also made in other FE analyses of the ventricular

passive filling phase [8, 9, 37, 62, 63, 84], although this proposition is not valid under the

conditions of an increased early diastolic pressure [52].
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Figure 4.6: Finite Element model of the human left and right ventricles. (a) Geometry

and mesh at the start of diastole. Both ventricles have an internal volume of around 50

ml (b) The deformed geometry of the elastic model (α = 0.8) with boundary conditions

A (see Fig. 4.2a), calculated at the end of the rapid filling phase, is shown. The internal

volume is 81 ml (left ventricle) and 82 ml (right ventricle), respectively.

The geometry of the exemplary ventricles at the start of diastole is shown in Fig. 4.6a and

the deformations at the end of the rapid filling phase for the nonlinear elastic FE model

(α = 0.8) with boundary conditions A are displayed in Fig. 4.6b. Under the influence of

the diastolic pressures (Fig. 4.2a), both ventricular cavities expand, however, because the

myocardium is nearly-incompressible, there is a small shortening in the long axis direction

while the ventricular wall becomes thinner. The thinning of the myocardial wall during

diastole was also observed in the FE analyses of Bovendeerd et al. (1994) [9], Nash and

Hunter (2000) [47] and Schmid et al. (1995) [63]. Under the boundary conditions A and

with the material parameters chosen here (α = 0.8), the thickness of the ventricular wall

is decreased by 8% at the end of the rapid filling phase. A greater decrease in thickness
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of about 20% was obtained in the FE model of Nash and Hunter (2000) [47], whose left

ventricle was inflated with a higher internal pressure (3 kPa [47]) than in this study. In

the FE analysis of diastole performed by Nash and Hunter (2000) [47], the cardiac tissue

was furthermore assumed incompressible, causing a larger decrease in thickness of both

ventricles than the one obtained in the FE simulation presented in this work, where the

effective compressibility of the myocardium due to the coronary blood flow is taken into

account. As seen in Fig. 4.7, during the rapid filling phase, the displacement is maximal

at the basal level of the free wall of both ventricles opposite to the septum and decreases

from the base to the apex, where it is minimal. The septum is moving less than the

opposite free wall of the cavities because its radial displacement towards the left or the

right ventricle is prevented by the action in the opposite direction of the left, respectively

right ventricular pressure at its endocardial side. This is not the case at the beginning of

diastole (t ≤ 0.003 s), where the face foundation (kf = 0.1 kPa), acting on the epicardium

of the model, is too rigid in comparison to the applied left (PLV (t) ≤ 0.2 kPa) and right

(PRV (t) ≤ 0.08 kPa) ventricular pressures on their endocardal surfaces. Therefore, at

the commencement of the diastolic phase (t ≤ 0.003 s), the displacement is maximum in

the septum (see Fig. 4.7, top right of the left page). Furthermore, due to the boundary

conditions and the asymmetric geometry of the right ventricle, the model undergoes a

slight rotation (Figs. 4.6b and 4.7). With the material parameters chosen, there is an

increase of the myocardial wall volume of 9.5% at the end of the rapid filling phase.

As predicted by analytic models of the left ventricle [23, 45, 87], as well as by the FE mod-

els of Bovendeerd et al. (1994) [9], Pao et al. (1974) [53] and Schmid and co-workers (1995,

1997) [63, 60], the stress (represented in Fig. 4.8 by the equivalent von Mises stress) dur-

ing the rapid filling phase is maximal at the endocardium, decreases in the myocardium

to reach a minimal value at the epicardium. At the internal surface of the left cavity,

the equivalent von Mises stress was found to be about 7 times larger than the applied
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Figure 4.7: Distribution of the displacement, relatively to the end-systolic geometry (t = 0

s), in the nonlinear elastic (α = 0.8) FE model under the boundary conditions A during the

rapid filling phase. The displacement is here represented by the norm of the displacement

vector. On this page, the top left image shows the end-systolic geometry (t = 0 s).
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Figure 4.7: (cont.) The deformed geometries (t > 0 s) are visualized on both pages for

each 10 increments of the 100 calculated steps. On this page, the last two bottom images

show a front view (left) and a view from above (right) of the displacement distribution in

the deformed ventricles at the end of the rapid filling phase (t = 0.2265 s).
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Figure 4.8: Equivalent Von Mises stresses in both ventricles during the rapid filling phase,

for the nonlinear elastic FE model with α = 0.8 and boundary conditions A. The results

are visualized for each 10 increment of the 100 calculated steps.
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Figure 4.8: (cont.) On this page, the last two bottom images show a front view (bot-

tom, left) and a view from above (bottom, right) of the FE model with stress distribution

throughout the ventricular wall at the end of the rapid filling phase (t = 0.2265 s).
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pressure at the end of the rapid filling phase and almost zero at the external surface.

Because the elastic FE analysis presented in this study takes into account the non linear

mechanical behavior of the heart, it produces a higher maximal value for the equivalent

von Mises stress than that obtained by Schmid et al. (1997) [60] with their isotropic linear

elastic FE model of both human ventricles (in the FE simulation of diastole performed by

Schmid et al. (1997) [60], the endocardial value of the equivalent von Mises stress was 4.2

times greater than the applied left ventricular pressure). In both of these FE models, the

stresses in the right ventricle are smaller than those in the left cavity. Since the convexity

of the ventricles in the model developed in the present work with its realistic geometry of

the heart varies along the myocardial surfaces (from concave inwards to convex inwards),

the maximal stresses shift in the FE model of both cavities from the endocardium to

the epicardium. This produces local accumulation of maximal stresses near the points

of inflexion, where the curvature is higher, especially in the right ventricle (see Fig. 4.8).

Similar stress distribution in the left ventricle was obtained during diastole with the FE

model of Ghista et al. (1973) [22], Gould et al. (1972) [25] and Vetter and McCulloch

(2000) [84]. Furthermore, the ventricular deformation and the stress distribution in both

ventricles at the end of the rapid filling phase for α �= 0.8 (not shown), as well as under

the boundary conditions B and C (Figs. 4.3a and 4.3b), are similar to those presented

in Figs. 4.6b and 4.8. Due to lower applied ventricular pressures, smaller values of the

equivalent von Mises stress are obtained with the boundary conditions B and C than with

A. Additionally, due to the same numerical problem encountered as in the case of A, no

stable solution was found for α < 0.8 with C.

Under the boundary conditions B (Fig. 4.9) and C (Fig. 4.10), the internal volume of

the left cavity exhibits a smaller increase than the one obtained with A, as was to be

expected as a result of the smaller ventricular pressures. Even with the least rigid elastic

FE model (α = 0.4), with boundary conditions B, the left ventricular volume reached
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Figure 4.9: Internal volume of the left ventricle VintLV versus time during the rapid filling

phase. The results of the FE model are represented by the solid lines, triangles as in Fig.

4.2b. The upper curve is the nonlinear elastic response (α = 0.8) with boundary conditions

A (visualized in Fig. 4.2a). The lower ones correspond to the boundary conditions B (see

Fig. 4.3a) with α = 0.4 (middle) and with α = 0.8(bottom).

Figure 4.10: Left ventricular volume VintLV during the rapid filling phase. The calculated

nonlinear elastic replies (α = 0.8) are visualized by the solid lines, triangles as in Fig.

4.2b. The upper curve represents the response to the boundary conditions A, while the

lower one is obtained when the boundary conditions C (see Fig. 4.3b) are applied.
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at the end of the rapid filling phase is only 71 ml. In consequence, a rapid filling phase

reproducing the published measurements could not be modeled in a satisfactory fashion

with the application of the effective left ventricular pressure rise in the left cavity of the

nonlinear elastic FE model developed here.

In the elastic analysis, only a very soft material (α = 0.8), corresponding to the Ogden

material parameters µ1 = −0.03 kPa, µ2 = 0.0014 kPa, µ3 = −0.05 kPa, β1 = −45, β2 =

38.07, β3 = −14 produced a realistic ventricular filling, although the shape of the curve

deviated largely from the measurements at the beginning of diastole. In order to obtain the

measured rise in the left ventricular volume during the rapid filling phase, a total pressure

of 2.5 kPa was required in our FE simulation, in agreement with established models in

the literature: In the analysis of Vetter and McCulloch (2000) [84], the anisotropy of the

myocardium due to the muscle fiber architecture was considered and a left ventricular

pressure even greater than 3 kPa was necessary to simulate the passive filling phase of

the rabbit’s left ventricle. Despite consideration of residual strain in the anisotropic FE

model of Nash and Hunter (2000) [47], the left ventricle needed to be pressurized with 3

kPa to obtain the diastolic pressure-volume relations measured in dogs. It should thereby

be pointed out that physiological ventricular pressures are of the same order of magnitude

in humans, dogs and rabbits. However, as seen from the measurements of Nonogi et al.

(1988) [51], a pressure increase of about 0.65 kPa is realistic during rapid filling in the

human heart. If the left cavity of the FE model is subjected to this measured effective left

ventricular pressure rise, the resulting internal volume expansion is definitely too small to

generate the left ventricular stroke volume, even if the softest elastic FE model is applied

(Figs. 4.9 and 4.10). These findings indicate that the diastolic pressure cannot be the sole

reason for the rise of the left ventricular volume that occurs during this period.
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4.5 Influence of viscoelasticity on the mechanical be-

havior of the heart during early diastole

In the viscoelastic FE model, the material law used to represent the shape deformation of

the myocardial tissue was quasi-linear. As shown by Huyghe et al. (1991a) [36] and exper-

iments on isolated pig left ventricles [69], quasi-linear viscoelasticity is, however, of limited

validity for the description of the characteristics of the viscoelastic constitutive behavior

of the myocardium. Nevertheless, few reliable experimental data can be found in the

literature for the viscoelastic behavior of the cardiac tissue and it is easier to determine

the material properties of this tissue on the basis of the available published measure-

ments, for a quasi-linear viscoelastic constitutive law than for a nonlinear viscoelastic

stress-strain relationship. A further advantage of quasi-linearity is the possibility to save

a large amount of memory and execution time in FE calculation, using the superposition

principle. In view of a qualitative study of the influence of viscoelasticity, a quasi-linear

procedure could be used.

Fig. 4.11 shows the viscoelastic responses of the left ventricular volume to the boundary

conditions A in function of time, for different set of viscoelastic relaxation times. Each

solid curve is obtained with a viscoelastic FE model based on the most rigid elastic model

considered (α = 20, represented by the dashed curve) and containing 5 viscoelastic terms

with equal energy scalar factors (δ = 0.2). As seen in Fig. 4.11, regardless of the chosen

viscoelastic relaxation times (νm, m = 1 . . . 5), the hyperelastic material parameters asso-

ciated with the instantaneous elastic response are sufficiently rigid to furnish an internal

volume of the left ventricle that can reasonably reproduce the experimental measurements

at the beginning of the passive diastole (for t < 0.07 s). Depending on the selected values

of the relaxation times, the left cavity of the viscoelastic model has, at the end of the rapid

filling phase, an internal volume from 67 ml (response associated with relaxation times
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Figure 4.11: Internal volume of the left ventricle VintLV during the rapid filling phase.

The triangles are the volume-time data points derived from the published measurements.

The dashed and the solid curves represent the results of the elastic (α = 20) and the

viscoelastic (α = 20, N = 5, δ = 0.2) FE model, respectively, subjected to the boundary

conditions A (see Fig. 4.2a). Each solid curve corresponds to a different set of viscoelastic

relaxation times; from top to bottom: ν1 = ν2 = ν3 = ν4 = 0.01 s and ν5 = 0.04 s,

ν1 = ν2 = ν3 = ν4 = ν5 = 0.05 s and ν1 = ν2 = ν3 = ν4 = ν5 = 0.1 s, respectively.

Figure 4.12: Visualization of the elastic and viscoelastic responses to the boundary con-

ditions A (see Fig. 4.2a) for the internal left (LV) and right (RV) ventricular volumes

Vint. The nonlinear elastic case, where α = 0.8 is represented by dashed curves, while the

viscoelastic case with α = 20, N = 5, δ = 0.2, ν1 = ν2 = ν3 = ν4 = 0.01 s and ν5 = 0.04 s

is visualized by solid lines.
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corresponding to the duration of the heart beat (1 s) at rest) to 78 ml (corresponding

to the shortest selected values of the relaxation times (ν1 = ν2 = ν3 = ν4 = 0.01 s and

ν5 = 0.04 s). As visualized, in Fig. 4.11 only the viscoelastic FE analysis calculated with

these last shortest relaxation times produces an evolution of the left ventricular volume

that fits best the sample volume vs. time curve. Furthermore, the internal volumes of

the left and right ventricles of this viscoelastic FE model gradually approach the ones

obtained in the elastic case (α = 0.8) (see Fig. 4.12). At 0.5 s, the elastic and viscoelastic

results for the left ventricular volume differ by 1.5 ml only, while they are almost the same

for the right cavity.

Figure 4.13: Comparison between the left ventricular volume VintLV of the nonlinear elastic

FE model (dashed curve), the one calculated with the viscoelastic model (solid line), under

the boundary conditions A, and the data points obtained from published measurements

[51] (triangles). The dashed curve represents a soft elastic model (α = 0.8), while the

viscoelastic model is based on the most rigid one (α = 20) and contains 5 viscoelatic

terms with equal energy function scalar multipliers (δ = 0.2) as well as short relaxation

times (ν1 = ν2 = ν3 = ν4 = 0.01 s and ν5 = 0.04 s).

In Fig. 4.13 the elastic (α = 0.8) and viscoelastic (ν1 = ν2 = ν3 = ν4 = 0.01 s and

ν5 = 0.04 s) responses of the left ventricular volume are visualized as function of time. At
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the beginning of the rapid filling phase the rise of both ventricular volumes is slower in

the viscoelastic than in the elastic case because of viscoelastic damping effects. With the

help of the viscoelastic relaxation, the increase in the internal volume of the left cavity,

observed during the first third of the diastolic phase, is reached in the FE simulation.

Accordingly, the FE viscoelastic model seems to simulate the rapid filling phase of the

human heart more adequately than the elastic one, although the initial pressure rise

(boundary conditions A) is artificial. This suggests that the viscoelastic contribution

to the mechanical behavior of the myocardium is not always negligible and should be

considered when a detailed analysis of the mechanics of the heart is attempted.



Chapter 5

The ventricular rapid filling phase:

Recoil of the heart from its

end-systolic configuration

5.1 Finite Element model

In order to study, during the first third of diastole, the influence of the elastic recoil of

the heart on the mutual filling of both ventricles which should be comparable in size [65]

(see Section 1.1 and 2.1), linear elastic FE simulations of ventricular suction have been

performed. In these FE analyses of ventricular suction, the same FE model of both hu-

man ventricles has been used as in the study of the role of the ventricular pressures and

the viscoelasticity of the cardiac tissue in the rapid filling phase (see Section 4.1). As

explained in Section 4.1, the realistic geometry of the myocardium was derived from MRI

measurements taken at end-systole on a healthy human individual. The internal volumes

of the left and right ventricles are about 50 ml. The model contains 3837 parabolic 20-

node hexahedral and 10-node tetrahedral elements, respectively (see Fig. 5.1).
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Figure 5.1: FE model of both human ventricles whose geometry was derived from Magnetic

Resonance Imaging measurements on a healthy human individual. The internal volume

of the left and right ventricles is about 50 ml.

In order to validate the results obtained with this model utilizing a realistic geometry,

a simple three-dimensional model of the left ventricle has also been developed. In this

model, the geometry of the left cavity was approximated by a stretched thick-walled

spheroid, whose internal volume was 50 ml. It consists of 400 parabolic 20-nodes hexahe-

dral elements, producing some 7000 degrees of freedom (see Fig. 5.2).
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Figure 5.2: Ellipsoid Finite Element model of the left ventricle. Its internal volume is 50

ml.
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5.2 Material Properties

In the present FE analysis of the ventricular suction during early diastole, the myocardium

was considered as a homogeneous, isotropic material (see Section 1.4). The study was

performed under the assumption of linear elasticity allowing for large deformations. The

stress-strain relation is described by the Kirchhoff-St. Venant law:

Sij = γ · Tr(ε) · δij + 2 · µ · εij (5.1)

Where Sij are the ij components of the second Piola-Kirchhoff stress tensor S, associated

to the Green-Lagrange strain tensor ε. γ and µ (elastic shear modulus) are the Lamé

coefficients and are related to the Young modulus E and the Poisson ratio ν.

In this study, the Young modulus was set to 20 kPa [24] and the effective compressibility

of the myocardium, due to the coronary blood and lymphatic flows, was simulated with

a value of 0.4 for the Poisson ratio.

5.3 Procedure: Boundary and initial conditions

Measurements of the evolution of the healthy human left ventricular volumes [32, 51] at

rest during the rapid filling phase (see Section 2.1 and Fig. 4.2b in Section 4.2) were

adopted as target values for the present FE analyses. Furthermore, in order to validate

the FE simulations of the ventricular suction calculated with the model of both human

ventricles derived from MRI measurements, results for the left ventricle of this model have

been compared with those obtained with the simpler ellipsoid model of the left cavity (see

Fig. 5.2).

In all our simulations, a linear elastic foundation with a stiffness kf was applied on the

epicardium to simulate the influence on the heart of the surrounding tissue. As in Sec-
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tion 4.2, values of kf were estimated by making parametric FE analyses with the boundary

conditions described below. In this study, kf was varied from 0.02 kPa to 0.1 kPa. Fur-

thermore, for all nodes at the base, the degree of freedom in the long axis direction was

suppressed and the nodes of the apex of the left ventricle were fixed laterally.

Figure 5.3: Linear time dependent pressure functions P applied on the endocardium of

both ventricles of the FE model during the preliminary FE simulations. The aim of these

FE analyses is to calculate the restoring forces in the myocardial wall that can generate

ventricular suction. The curve labeled LV represents an increase in pressure of about

2.3 kPa in the left cavity, while the internal pressure in the right ventricle (labeled RV)

corresponds to 40 percent of the left ventricular one. This represents a pressure rise in

the right cavity of around 0.9 kPa.

To simulate the ventricular suction in the rapid filling phase, it was necessary to determine

the restoring forces acting in the myocardium during this process. For this purpose, pre-

liminary FE simulations were performed, where both ventricles were inflated with linear

time dependent pressure functions (see Fig. 5.3). As it has been shown in Section 4.4 [6],

a total pressure of more than 2 kPa was necessary in order to obtain the measured rise

[51] in the left ventricular volume during the rapid filling phase. Therefore, the internal

pressure applied on the endocardium of the left cavity, in both FE models, increased from
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0 kPa to 2.3 kPa during the first third of diastole. For the right ventricle, its pressure

was assumed to be, in the FE model using the realistic geometry, 40 percent of that of

the left ventricle, corresponding to a pressure increase of 0.9 kPa in the right cavity, in

agreement with general physiology (see Fig. 5.3).

Inertial and gravitational forces were neglected. The loading was divided into 10 succes-

sive steps, except for the simulation, where kf was set to 0.021 kPa. In this case, due

to the low rigidity of the elastic foundation, unrealistic local deformations occured in the

model of the both human ventricles, causing convergence problems, when the FE analysis

was performed in too large steps. Therefore, for kf equal to 0.021 kPa, the simulation

of the rapid filling phase with the MRI-derived FE model was performed in 11 steps 1.

For each load step the solution was calculated iteratively using the full Newton-Raphson

method.

For the FE model of both human ventricles, the initial geometry of the first step (i = 1)

corresponded to the end-sytolic geometry G0, obtained from MRI measurements. For the

simple FE model of the left cavity, it was represented by the ellipsoid with an internal

volume of 50 ml. Fig. 5.4 shows the procedure used to calculate a single step i. For clarity

reasons, only the base of both ventricles is displayed. First, a preliminary FE analysis was

performed where the initial geometry (G(i− 1)), corresponded to the deformed geometry

resulting from the preceding step i − 1. The incremental linear time-dependent pressure

functions pLV (i − 1) and pRV (i − 1) were applied, in this preliminary simulation, to the

surfaces of the elements, representing the endocardium of the left and right ventricles,

respectively (Fig. 5.4(1)). Under the influence of these ventricular pressures, the internal

volumes of both cavities increase and the pressure-deformed geometry G(i), containing

1For each of the first 7 steps the applied load corresponded to one tenth of the total load. The final 4

steps were performed under a load of 7.5% of the total load.
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Figure 5.4: Procedure to calculate a single step in the FE simulation of ventricular suc-

tion in the rapid filling phase. A preliminary simulation derives the stress distribution

throughout the myocardial wall from the initial geometry and the ventricular pressures.

The inverse stress distribution is then applied to the initial geometry (application of the

internal stresses S(i) [as calculated above] to the initial FE model in the opposed direc-

tion) to obtain the deformed geometry under the influence of ventricular suction. The

distribution of the internal stresses in the model is visualized by the distribution of the

equivalent Von Mises stress SEq. V onMises in both ventricles.
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Figure 5.5: Internal stresses applied in both ventricles of the elastic model (E = 20 kPa,

ν = 0.4) as initial stresses at the beginning of each step i (i = 1, . . ., 11) to model

the ventricular suction during this period. The visualized internal stresses represent the

restoring forces acting
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Figure 5.5: (cont.) in the myocardium during the rapid filling phase and they were obtained

from preliminary simulations in the case of a soft elastic foundation (kf = 0.021 kPa).

They are represented by the equivalent Von Mises stresses SEq. V onMises.
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internal stresses S(i), is obtained (Fig. 5.4(2)).

The initial geometry (G(i − 1)) from the preliminary simulation was subsequently taken

as original geometry for the definite calculation of step i. The ventricular suction ob-

served during the rapid filling phase was modeled by applying, as initial conditions, the

internal stresses S(i) as calculated above to each integration point of the elements in re-

versed direction (Fig. 5.4(3)). Under the action of these restoring forces, represented by

the internal stresses S(i) (S(i) = −S(i)), both ventricles expand, yielding the deformed

geometry G(i) (see Fig. 5.4(4)). In theory, this geometry G(i) is the same as the pressure-

deformed geometry G(i) obtained in the above-described preliminary FE analysis. Then,

G(i) was subsequently used as initial geometry for the step i + 1.

The distribution of the restoring forces acting in the MRI-derived FE model with a soft

elastic foundation (kf = 0.021 kPa) is shown in Fig. 5.5 for each load step i (i = 1, . . ., 11).

At the end of the rapid filling phase (t = 0.2265 s) the FE model is stress-free because

no initial stress were applied. Since the internal stress in the MRI-derived FE model has

been obtained from preliminary FE analyses, where both ventricles were inflated with

internal pressures, its distribution in the ventricular wall is similar to the stress distri-

bution obtained in Section 4.4 and with previous published models of the left ventricle

[9, 23, 22, 25, 45, 53, 63, 60, 87].
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5.4 Role of ventricular suction in the rapid filling

phase

Figure 5.6: Evolution of the internal volume of the left cavity VintLV under the influence

of ventricular suction. The triangles are the volume-time data points derived from the

experimental measurements [51] and the circles correspond to the elastic response to the

restoring forces, calculated with the ellipsoid model of the left cavity, in the case of a

soft elastic foundation (kf = 0.021 kPa). The solid curves are the results of the elastic

MRI-derived FE model of both human ventricles for different stiffness kf of the elastic

foundation: top: kf = 0.021 kPa, bottom: kf = 0.023 kPa.

The time evolution of both ventricular volumes of the MRI-derived model under the in-

fluence of restoring forces is visualized in Figs. 5.6 and 5.7 for different stiffness kf of

the elastic foundation. For clarity reasons, the results are only shown in the cases where

kf was set to 0.021 kPa and 0.023 kPa. As seen in Fig. 5.6, the elastic FE analyses of

ventricular suction performed with these both values of kf produce the same evolution

of the left ventricular volume. They yield a realistic filling of the left cavity, except for

a brief time in the middle of the first third of diastole (0.1 s < t < 0.16 s ), where the

calculated internal volume of the left ventricle is slightly smaller than the experimental

measurements [51]. The same evolution of the left ventricular volume was obtained during
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Figure 5.7: Ventricular volumes Vint versus time during the rapid filling phase calculated

for different values of kf with the elastic FE model of both ventricles subjected to the

applied internal stresses (in the case of kf = 0.021 kPa see Fig. 5.5). The solid curves,

labeled LV, are the results for the left cavity and the dashed curves, labeled RV, represent

the evolution of the right ventricular volume. The two curves, which at the end of the rapid

filling phase are at the bottom, represent the results in the case of a soft elastic foundation

(kf = 0.023 kPa), while the two upper curves correspond to the case of a softer foundation

(kf = 0.021 kPa). Differences between the internal volumes of the left and right ventricles

are smallest for the softest elastic foundation.
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the rapid filling phase for the stretched thick-walled spheroid (shown in Fig. 5.6 for the

value of kf of 0.021 kPa). The dependence on time of the right ventricular volume during

this period is similar as the one of the left cavity (see Fig. 5.7). A decisive determinant

for physiological verisimilitude is that at rest, on the average, left ventricular and right

ventricular stroke as well as filling volumes are the same. With the material parameters

chosen, this important condition is satisfied in our FE analysis of ventricular suction,

when the rigidity of the elastic foundation kf was set to 0.021 kPa, yielding the same

increase in volume of the right cavity as in the left. Therefore, all the results are shown

below for this stiffness of the elastic foundation. Similar results were obtained for values

of kf ranging from 0.02 kPa to 0.023 kPa. Greater values of kf than 0.023 kPa caused

unrealistic local deformations in the model of both human ventricles, due to an unbalance

between geometry, boundary conditions, initial conditions and mechanical properties.

Fig. 5.8 shows both FE models at the beginning of diastole and the deformed geometries

at the end of the rapid filling phase due to the recoil of the heart under the action of

restoring forces (see Fig. 5.5). Under the influence of ventricular suction, the internal

volume of the left cavity in both FE models increases from around 50 ml (corresponding

to the end-systolic volume of the left ventricle) to about 90 ml. This corresponds to the

measured rise in the human left ventricular volume [51] during the rapid filling phase.

Since the filling mechanism in the present elastic FE simulations of ventricular suction

was only driven by the restoring forces acting in the myocardium during this process

(neither the ventricular pressures, nor the delayed systolic fibers activities, nor the vis-

coelastic behavior of the cardiac tissue were taken into account in these FE analyses),

this result indicates that the elastic recoil of the heart from its end-systolic configuration

represents an important driving force for the filling of both ventricles during early diastole.

As seen in Fig. 5.9, the distribution of the incremental displacement (difference between
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Figure 5.8: Recoil of both ventricles from their end-systolic configuration calculated with

the MRI-derived FE model (top) and the ellipsoid FE model of the left ventricle (bottom)

in the case where kf was set to 0.021 kPa. (a) Geometry of the FE models at the beginning

of diastole. The left (in both models) and the right ventricular volumes are about 50 ml.

(b) Expansion of both ventricles, subjected to the restoring forces (see Figs. 5.5 for the

MRI-derived model), at the end of the rapid filling phase. The left (in both models) and

the right cavities have an internal volume of around 90 ml.
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the geometries of the current and the precedent step: G(i)−G(i−1)) in the FE model of

both ventricles is the same for each step of the FE analysis (maximal near the basal level

of the ventricular free wall opposite to the septum, decreases from the base to the apex

and is also minimal at the septum). Because from t = 0.175 s, the FE simulation with

kf = 0.021 kPa was calculated in smaller steps than those performed before, from this

time, the magnitude of the incremental displacement in the cardiac tissue is lower than

in previous steps (center and bottom images on the right page of Fig. 5.9). Furthermore,

due to the low effective compressibility of the myocardium (ν = 0.4), the ventricular

wall becomes thinner during the rapid filling phase (Figs. 5.9 and 5.8). With the chosen

material properties and the boundary conditions applied here, there is an augmentation

of the myocardial wall volume of about 5% in both FE models at the end of this period.

This is in agreement with the physiological volume change of the ventricular wall during

early diastole, due to the coronary blood and lymphatic flows.

Fig. 5.10 (top) shows, for the FE model of both human ventricles and for the simpler

ellipsoid model, the initial geometries with internal stresses at the last step (i = 11 and

i = 10, respectively) of the FE analysis. Under the action of these restoring forces, the

internal volumes of the left and right cavities increase from about 86 ml and 87 ml, re-

spectively, to reach in both cases and in both FE models an internal volume of around

90 ml at the end of the rapid filling phase (see Fig. 5.10 (center, left and right)). As seen

in Fig. 5.10, the FE model of both ventricles, using a realistic geometry, yields similar

results for the left cavity to those obtained with the simpler ellipsoid FE model of the left

ventricle. This is not the case for the distribution of the total displacement, relatively to

the end-systolic geometries (t = 0 s), throughout the myocardial wall at the end of the

first third of diastole (Fig. 5.10 (bottom)). The difference in the displacement distribution

in the left cavity of both FE models during the rapid filling phase is due to the influence

of the right cavity on the left ventricular deformation. Because of the absence of the right
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Figure 5.9: Distribution of the incremental displacement in both deformed ventricles for

each step i (i = 1, . . ., 11) during ventricular suction in the rapid filling phase. The results

have been obtained from elastic (E = 20 kPa, ν = 0.4) FE analyses where kf = 0.021

kPa.
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Figure 5.9: (cont.) The incremental displacement for the step i is here represented by the

norm of the displacement vector of the model relatively to the geometry of the precedent

step i − 1 (initial geometry G(i − 1)).
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Figure 5.10: Results obtained with both FE models at the last step of the elastic FE

simulation of the rapid filling phase with kf = 0.021 kPa. Top: Initial internal stresses in

the ventricular wall, representing the restoring forces acting in the ventricles (at the start

of the last step). Centre: Deformed geometries at the end of the rapid filling phase with

residual stresses. Bottom: Distribution of the total displacement, relatively to the end-

systolic geometry (t = 0 s), in the FE models at the end of the rapid filling phase. Here

the stress (top and center) is represented by the equivalent Von Mises stress SEq. V onMises,

while the displacement (bottom) corresponds to the norm of the displacement vector.
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ventricle, the ellipsoid-model of the left cavity is free to move radially, except at the apex,

where the displacement is minimal (ranging from 0 to 1 mm). So in this simple model,

at the end of the first third of diastole, the displacement is maximal (about 7 mm) at

the endocardium near the base, decreases through the ventricular wall as well as from

the base to the apex (Fig. 5.10 (bottom, right)). In the FE model of both ventricles,

the restoring forces in the myocardial wall were calculated in the preliminary FE analysis

by the inflation of both cavities with internal pressures. These restoring forces push the

right ventricular side of the septum slightly towards the left ventricular one (see Fig. 5.10

(top, left)), preventing the free radial expansion of the left cavity. Therefore in Fig. 5.10

(bottom, left), the septum moves moderately (displacement ranging from 0 to 2 mm) and

the displacement is maximal (between 9 and 10 mm) near the base at the endocardium of

the free wall of both ventricles, opposite to the septum. As in the ellipsoid-FE model of

the left cavity, the displacement decreases from the endocardium to the epicardium and

from the base to the apex. As shown in Fig. 5.10 (top) the order of magnitude of the

initial internal stresses in the left ventricle is the same for the MRI-derived FE model as

for the simpler ellipsoid FE model. Because in the realistic geometry of the heart, the

convexity of the cavities varies along the ventricular surfaces, there is local accumulation

of maximal stresses near the points of inflexion, where the convexity changes and where

the curvature is higher, especially in the right ventricle of the MRI-derived model (see

Fig. 5.10 (top, left)).

As it is shown in Fig. 5.11 for the MRI-derived FE model and in 5.10 (center), for both

FE models, the left ventricle is stress-free at the end of the rapid filling phase. This is

also the case at the end of each calculated step. Some local residual stresses are present

in the right cavity during early diastole, but comparing to the distribution of the applied

internal stresses (Figs. 5.5 and 5.10 (top, left)), they are only located in few local areas

where the convexity changes are important (Fig. 5.10 (center, left)).
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Figure 5.11: Residual stress in the deformed elastic (E = 20 kPa, ν = 0.4) FE model of

both ventricles for each step i (i = 1, . . ., 11) during the rapid filling phase, in the case

where kf was set to 0.021 kPa.
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Figure 5.11: (cont.) The stress is visualized by the equivalent Von Mises stress

SEq. V onMises.
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From the results presented here, we can conclude that our FE analysis of the ventricular

suction during early diastole produces a realistic filling of both cavities. Given that neither

the filling pressures, nor the delayed systolic fibers activities, nor the viscoelastic behavior

of the cardiac tissue were considered in the present FE simulation of ventricular suction,

this study shows that the elastic recoil of the heart from its end-systolic configuration

plays a key role in the filling process of the ventricles.



Chapter 6

Conclusion and perspectives

To study the influence of ventricular diastolic pressure on the rapid filling phase, non-

linear elastic FE simulations of the rapid filling phase have been performed, where both

ventricles were inflated with various types of pressure functions. At the beginning of the

diastolic phase, when the tricuspid and mitral valves open, both ventricles are submit-

ted to large and quick deformations. During this period, the viscoelastic response of the

myocardium, which depends on the strain velocity of the cardiac tissue, might play a

role in the ventricular filling process. Consequently, the effect of the viscoelasticity of the

myocardial tissue during the first third of diastole was investigated by comparing elastic

and viscoelastic FE simulations. In addition to the traditional view of diastole, where

the filling of both ventricles is a passive process, depending principally on the venous

return and atrial contraction, the rapid filling phase can be seen as the period where

the heart recoils elastically from its end-systolic configuration [58]: during systole, both

ventricles contract below their equilibrium volume and a part of the potential energy is

stored in the elastic elements of the cardiac wall. Due to the release of this deformation

energy at the beginning of diastole, both cavities expand naturally even without blood

flow into the ventricles. This induces a decrease in ventricular pressures, which causes

the blood to be rapidly aspirated from the atria into the ventricles. In order to study
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the role of this mechanism in the extensive rise in human ventricular volumes that occurs

during early diastole [32, 51], linear elastic FE analyses of ventricular suction have been

performed, taking into account the effective compressibility of the heart and the large

deformations occuring during this period. The restoring forces acting in the myocardial

wall during elastic recoil have been calculated through preliminary FE simulations, where

the endocardium of both ventricles was subjected to internal pressure. To validate the

FE analyses of ventricular suction performed with the MR-derived FE model, the results

for the left cavity were compared to those obtained with a simpler FE ellipsoid model of

the left ventricle. Additionally, for each FE simulation performed in this work, the cal-

culated filling of the left cavity was compared with the evolution of the internal volume

of the human left ventricle during the first third of diastole as extrapolated from exper-

imental data documented in the literature [32, 51]. This procedure, due to the necessity

of relating measurements made in different human subjects, is based on the hypothesis

that healthy hearts, although from different individuals, work under similar conditions

in terms of diastolic pressures and volumes, depending on the momentary functional and

metabolic state of the cardiovascular system as a whole.

The present work suggests that during the first third of diastole, the diastolic pressures

provide only part of the driving force for ventricular filling. A realistic filling of both

ventricles has been, in turn, obtained with our FE simulation of ventricular suction dur-

ing early diastole in the case of a soft elastic face foundation (kf = 0.021 kPa). Since

the filling mechanism in this elastic FE analysis of ventricular suction was only driven by

the restoring forces acting in the myocardium during this process (neither the ventricular

pressures, nor the delayed systolic fibers activities, nor the viscoelastic behavior of the

cardiac tissue were considered in this FE simulation), the obtained results show that the

elastic recoil of the heart from its end-systolic configuration is a key mechanism for the

rapid filling phase of the ventricles. Furthermore, the role of ventricular suction can be
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enhanced by physical exercise [82], where myocardial contractility is increased and the

end-systolic internal volumes of both cavities are smaller [4, 12, 13, 34, 50, 81]. Greater

restoring forces can thus be developed, helping to augment the filling of the ventricles

in order to provide a substantial cardiac output at a rapid cardiac rhythm. A further

result of the present work suggests that under physiological conditions the influence of

the viscoelasticity of the cardiac tissue should not be neglected in ventricular mechanics.

In our FE analysis of elastic recoil, only for a brief time (0.06 s) in the middle of the rapid

filling phase, the calculated evolution of the left ventricular volume was slightly lower

than the measured volume-time data points (see Fig. 5.6 of the Section 5.4). In order

to isolate the effect of ventricular suction, no ventricular pressure was taken into account

in the FE simulations of early diastole. The diastolic pressures may help to improve the

filling of both ventricles. To test this hypothesis, a next step in the model of the first

third of diastole would be to simulate the filling of both cavities as a combined process

where ventricular suction plays an important role and where the diastolic filling pressures

provides an additional driving force. The effect of elastic recoil can then be quantified

by determining the necessary restoring forces, thus yielding in combination with physio-

logical ventricular pressure increases, a calculated rise in the left ventricular volume that

would optimally fit the experimental measurements.

The anisotropy of the ventricular wall is characterized by the architecture of the highly

crosslinked muscle fibres [43, 62, 61]. In order to develop a more complete FE model

of early diastole, the cardiac tissue should be modeled as an anisotropic material in the

future analyses of ventricular suction. An accurate visualization of the interlaced network

of muscle fibers in the myocardial wall can be obtained using magnetic resonance diffusion

tensor imaging (MR-DTI) [61]. In addition, a biphasic formulation for the myocardium

has been developed in this work, where the cardiac tissue was considered as a mixture of
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a nearly incompressible anisotropic viscoelastic solid phase and an incompressible inviscid

fluid phase, representing the coronary blood and interstitial fluid. In this formulation the

time dependence of the blood flux was not taken into account; however, a pulsatile coro-

nary blood flow can be implemented. Furthermore, the biphasic material laws presented

in this work are not limited to the myocardium and can also describe the mechanical

behavior of other soft tissues. By implementing these biphasic constitutive relations in

the FE model of the rapid filling phase and with the help of MR-DTI [61], more complete

FE analyses of ventricular suction can be performed, where the effective compressibility

of the heart, due to the intravascular fluid flow, as well as its anisotropic structure and its

viscoelastic behavior can be taken into account and where the redistribution of coronary

blood in the ventricular wall can be described during the deformation at early diastole.

Early diastolic fiber forces should also be considered in future FE simulations of the ven-

tricular rapid filling phase. There is an architectural reason why dilating forces might

derive from the heart muscle’s proper contractile activity during early diastole. In his

thesis, Brachet (1813) [10] postulated a radial fiber population which is activated during

diastole to induce an active narrowing of wall thickness. This model has long been re-

jected, as there are no radial fibers; likewise, there is no evidence of diastolic activation.

Instead, there are obliquely (with respect to the epicardial surface) intruding fibers, in

which Lunkenheimer et al. (2004) [44] measured a markedly prolonged contractile activ-

ity relative to the active state in the fibers with a surface-parallel orientation, which was

associated with a delay of almost 150 ms in the fall of the contractive forces with respect

to the general diastolic relaxation. In agreement with Lunkenheimer’s studies on porcine

hearts, intruding fibers were also documented by Schmid et al. (2005) [61] who visualized

the complex meshwork of the muscle fibers in excised pig hearts with the aid of magnetic

resonance diffusion tensor imaging. Their angle of intrusion did not exceed 35◦ with re-

spect to the epicardium. Nevertheless, it is conceivable that an effective dilatory impetus
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is generated by the intruding fibers in cooperation with the connective tissue matrix which

exhibits a radially oriented coupling. The resulting chain of epi-endocardial transmission

of contractile forces was found to be particularly enhanced in fibrotic patients. In addition

to the support of early diastolic filling, transverse myocardial forces during systole might

serve to limit and control systolic wall thickening, and, thus they might contribute to

the cyclic reshaping of the heart muscle. In the unhealthy, especially fibrotic, heart the

tangential forces might be deviated due to interaction with the abundant connective tis-

sue to the epi-endocardial direction to an extent that they ultimately unleash ventricular

dilatation.

In conclusion, the present work supports the concept of the heart recoiling from its end-

systolic configuration as an important mechanism for the ventricular filling process during

early diastole. Thus, the driving force for the rapid filling phase of the ventricles would

result from the combination of the following mechanisms: the elastic recoil of the my-

ocardium from its contracted state causes the blood to be aspirated quickly from the

atria into both cavities; due to their prolonged contractile activity during early diastole,

the obliquely intruding fibers generate — with the help of their connection with the radial

connective tissue — an expansion of both ventricles that contributes to the large increase

in the human left ventricular volume observed during the first third of diastole [32, 51];

an additional impetus to the filling of both cavities during early diastole comes from the

viscoelastic response of the cardiac tissue and from the diastolic filling pressures. This

representation of the rapid filling phase is more complete than the traditional view of

early diastole, where ventricular pressures are considered to be the principal mechanism

in the filling of both cavities.
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Appendix A

Biphasic theory

A.1 Continuum mechanical equations

In this Section, we consider the balance of mass and the balance of linear momentum in

a control volume Ω of the mixture, bounded by a surface Γ.

A.1.1 Balance of Mass

The variation of mass of the αth constituent in the volume Ω is caused by the influx of

mass of this component flowing through the bounding surface Γ and by the production

of the αth constituent in Ω:

∂

∂t

∫
Ω

ραdΩ = −
∫

Γ

ραvα · ndΓ +

∫
Ω

c̃αdΩ (A.1)

where n is the outward normal unit vector to the surface dΓ and c̃α is the mass per unit

of volume supplied to the αth component through interaction with the other constituents

(as in a chemical reaction).
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For physical consistency, the sum of mass supplies over all constituents should vanish:

∑
α

c̃α = 0 (A.2)

The local form of the balance of mass (also called continuity equation) for the constituent

α is obtained by applying the divergence theorem to Eq. A.1:

∂

∂t
ρα + ∇ · (ραvα) = c̃α (A.3)

Developing Eq. A.3 and using the definition of the material derivative Dα

Dt
(Eq. 3.90) as

well as Eq. 3.98, the following relation is obtained:

∂

∂t
ρα + vα · ∇ρα︸ ︷︷ ︸

Dαρα

Dt

+ρα ∇ · vα︸ ︷︷ ︸
Tr(L′α)

= c̃α (A.4)

So the local form of the mass balance for the αth constituent can also be expressed by

Dαρα

Dt
+ ραTr (L′α) = c̃α (A.5)

The continuity equation for the mixture is obtained by summing Eq. A.3 over all con-

stituents and by using the definition of the mixture density (Eq. 3.79) and of the mean

velocity v(x, t) (Eq. 3.84), as well as Eq. A.2:

∂

∂t
ρ + ∇ · (ρv) =

∑
α

c̃α

︸ ︷︷ ︸
0

= 0 (A.6)

Furthermore, in the mixture theory, a fundamental relation between the material deriva-

tive of any constituent function fα following its own motion and the barycentric material

derivative of its mean counterpart f is given by

ρ
Df

Dt
=
∑

α

(
ρα Dαfα

Dt
−∇ · (ραfαwα) + c̃αfα

)
(A.7)
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A.1.2 Balance of Linear Momentum

The balance of linear momentum states that the rate of change of the linear momentum

of the αth constituent inside the control volume Ω is equal to the linear momentum change

related to the mass influx, surface forces, body forces and the production of mass c̃α:

∂

∂t

∫
Ω

(ραvα)dΩ = −
∫

Γ

ραvα(vα · n)dΓ +

∫
Γ

(
(σα)T · n) dΓ+∫

Ω

(ραbα + πα + c̃αvα)dΩ (A.8)

where σα is the stress tensor for the αth phase, corresponding to the surface forces, ραbα

is the external body force density, c̃αvα is the linear momentum due to the mass supply

c̃α, while πα is the momentum supply and represents the internal body force per unit of

volume applied to the αth component due to the interaction with the other constituents

of the mixture.

The application of the divergence theorem on Eq. A.8 yields the local form of the equation

of balance of linear momentum:

∂(ραvα)

∂t
+ ∇ · (ραvα ⊗ vα) = ∇ · (σα)T + ραbα + πα + c̃αvα (A.9)

Carrying out the differentiation in Eq. A.9 and using the local equation of continuity for

the phase α (Eq. A.3), the left side of Eq. A.9 becomes

ρα∂vα

∂t
+vα∂ρα

∂t
+vα [∇ · (ραvα)]+ρα [(vα · ∇) vα] = ρα

[
∂vα

∂t
+ (vα · ∇) vα

]
︸ ︷︷ ︸

Dαvα

Dt
=aα

+vα

[
∂ρα

∂t
+ ∇ · (ραvα)

]
︸ ︷︷ ︸

c̃α

(A.10)

This yields the Second Law of Newton for the αth component:

ραaα = ∇ · (σα)T + ραbα + πα (A.11)

We assume that the sum of the momentum supplies over all the components vanishes:∑
α

(πα − c̃αwα) = 0 (A.12)
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Thus, by summing up the constituent equations (Eq. A.11) and using Eq. A.12, the Second

Law of Newton for the mixture is obtained:

ρa = ∇ · (σ)T + ρb (A.13)

where ρ is the mixture density, defined in Eq. 3.79, a is the barycentric acceleration (see

Eq. 3.85), b is the mixture body force density which is expressed by

b =
1

ρ

∑
α

ραbα (A.14)

and σ is the mixture stress given by

σ =
∑

α

(σα − ραwα ⊗ wα) (A.15)

It is important to note that the mixture stress σ is symmetric

σ = σT (A.16)

and because in this study no moment of momentum supply is considered (Mα = 0), the

stress tensor of the αth constituent is also symmetric:

σα = (σα)T (A.17)

A.2 Thermodynamic equations

A.2.1 First Law of Thermodynamics

The first law of thermodynamics states that energy in any thermodynamic process is

conserved. It postulates that inside a control volume Ω, the variation of internal energy,

as well as kinetic energy of the αth constituent is due to the change of energy associated

with mass influx, surface traction, heat supplies and body forces (including those arising

from local interactions):

∂

∂t

∫
Ω

ρα

[
uα +

1

2
(vα · vα)

]
dΩ =
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−
∫

Γ

ρα

[
uα +

1

2
(vα · vα)

]
(vα · n) dΓ

+

∫
Γ

vα · [σα · n] dΓ −
∫

Γ

(qα · n) dΓ +

∫
Ω

ραrαdΩ

+

∫
Ω

(
(ραbα + πα) · vα + c̃α

[
uα +

1

2
(vα · vα)

]
+ ũα

)
dΩ (A.18)

where uα is the internal energy density (per mass unit), qα is the heat flux, rα is the

external heat supply density, and ũα is the internal energy supply per volume unit.

The local form of the first law of thermodynamics is then expressed by

∂

∂t

(
ρα

[
uα +

1

2
(vα · vα)

])
+ ∇ ·

(
ραvα

[
uα +

1

2
(vα · vα)

])
= ∇ · (σα · vα)

−∇ · qα + ραrα + (ραbα + πα) · vα + c̃α

[
uα +

1

2
(vα · vα)

]
+ ũα (A.19)

By developing the left side of Eq. A.19 and using the local equation of continuity for the

phase α (Eq. A.3), as well as Eq. 3.90, we obtain:

∂ρα

∂t

[
uα +

1

2
(vα · vα)

]
+ ρα ∂

∂t

[
uα +

1

2
(vα · vα)

]

+ (ραvα) · ∇
[
uα +

1

2
(vα · vα)

]
+ ∇ · (ραvα)

[
uα +

1

2
(vα · vα)

]
=

[
∂ρα

∂t
+ ∇ · (ραvα)

]
︸ ︷︷ ︸

c̃

[
uα +

1

2
(vα · vα)

]
+

ρα

(
∂

∂t

[
uα +

1

2
(vα · vα)

]
+ vα · ∇

[
uα +

1

2
(vα · vα)

])
︸ ︷︷ ︸

Dα

Dt [uα+ 1
2
(vα ·vα)]

(A.20)

After simplification of the term c̃
[
uα + 1

2
(vα · vα)

]
, Eq. A.19 becomes:

ρα Dα

Dt

[
uα +

1

2
(vα · vα)

]
= ∇ · (σα · vα) −∇ · qα + ραrα + (ραbα + πα) · vα + ũα (A.21)
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The differentiation of the left side of Eq. A.21 with the use of the second law of Newton

for the αth constituent(Eq. A.11) leads to the following relation:

ρα Dα

Dt

[
uα +

1

2
(vα · vα)

]
= ρα Dαuα

Dt
+ ραaα · vα =

ρα Dαuα

Dt
+ (∇ · σα + ραbα + πα) · vα (A.22)

Furthermore, we have:

∇ · (σα · vα) = (∇ · σα) · vα + (σα · ∇) · vα (A.23)

Replacing Eqs. A.22 and A.23 in Eq. A.21, the following equation for the balance of energy

of the α phase is etablished:

ρα Dαuα

Dt
= (σα · ∇) · vα −∇ · qα + ραrα + ũα (A.24)

Additionally, by using the symmetry of the stress tensor σα, it can be shown that

(σα · ∇) · vα = σα : L′α = σα : Dα (A.25)

where L′α is the velocity gradient tensor of the αth constituent, while Dα (called the rate

of deformation tensor) is the symmetric part of L′α
(
Dα = 1

2

[
L′α + (L′α)T

])
and the

symbol : denotes the dyadic product.1

The local form of the first law of thermodynamics for the αth component (see Eq. A.24)

is thus reduced to

ραDαuα

Dt
= σα : Dα −∇ · qα + ραrα + ũα (A.27)

In order to develop the local form of the balance of energy equation for the biphasic

medium, some definitions have to be introduced: an inner part of the internal energy

1The dyadic product of two tensors A and B is defined as

A : B = Tr
(
AT · B) = Tr

(
A · BT

)
(A.26)
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density of the mixture uI is given by

uI =
1

ρ

∑
α

ραuα (A.28)

and the internal energy density uInt is defined as

uInt = uI +
1

2ρ

∑
α

ρα(wα · wα) =
1

ρ

∑
α

ρα

[
uα +

1

2
(wα · wα)

]
(A.29)

The heat supply density r for the mixture is given by

r =
1

ρ

∑
α

ραrα (A.30)

and the heat flux q to the mixture is defined as

q =
∑

α

(
qα − σα · wα + ρα

[
uα +

1

2
(wα · wα)

]
wα

)
(A.31)

From Eq. A.7, with f = uI , we obtain

∑
α

ρα Dαuα

Dt
= ρ

DuI

Dt
+
∑

α

[∇ · (ραuαwα) − c̃αuα] (A.32)

Using Eqs. A.25 and A.32 in the sum of Eq. A.27 over all constituents, the first law of

thermodynamics for the mixture can be obtained:

ρ
DuI

Dt
+
∑

α

[∇ · (ραuαwα) − c̃αuα] =
∑

α

σα : L′α −∇·
∑

α

qα +
∑

α

ραrα

︸ ︷︷ ︸
ρr

+
∑

α

ũα (A.33)

Eq. A.33 can also be written as

ρ
DuI

Dt
=
∑

α

σα : L′α −∇ ·
∑

α

(ραuαwα + qα) + ρr +
∑

α

(ũα + c̃αuα) (A.34)

By differentiating Eq. A.29 and by using Eq. A.31, the second law of Newton for the

mixture (Eq. A.13), as well as the following identity:

∑
α

ραbα · vα = ρb · v +
∑

α

ραbα · wα (A.35)
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Eq. A.34 can be reduced to

ρ
DuInt

Dt
= σ : L −∇ · q + ρr+

∑
α

(
ραbα · wα + πα · wα + ũα + c̃α

[
uα +

1

2
(wα · wα)

])
(A.36)

where L is the mixture velocity gradient (Eq. 3.100) and σ is the mixture stress, defined

in Eq. A.15. In Eq. A.35, b is the mixture body force defined in Eq. A.14 and v is the

barycentric velocity (see Eq. 3.84).

Assuming that the sum of local energy exchange (arising from the internal energy supply

as well as from the momentum supply) over all components must vanish:∑
α

(
πα · wα + ũα + c̃α

[
uα +

1

2
(wα · wα)

])
= 0 (A.37)

the balance of energy equation for the mixture is then given by

ρ
DuInt

Dt
= σ : L −∇ · q + ρr +

∑
α

ραbα · wα (A.38)

A.2.2 Second Law of Thermodynamics

The second law of thermodynamics introduces the concept of entropy η, which for a closed

system in any thermodynamic process between two states satisfies

	η ≡ η2 − η1 ≥
∫ 2

1

(
δq

θ

)
(A.39)

where δq is the heat input, θ is the temperature.

If ηα and θα are the entropy density (per mass unit) and the temperature of each con-

stituent, a mean mixture entropy density is defined as

η =
1

ρ

∑
α

ραηα (A.40)
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In continuum mechanics, the second law of thermodynamics is expressed in the form of

the Clausius-Duhem inequality, which states, when applied to a control volume Ω of the

mixture, that the rate of the mixture entropy increase is greater than the rates of entropy

input into the mixture (ρη(v · n)) as well as the entropy increase due to both heat flux(∑
α

qα

θα

)
and mass exchange (

∑
α ραηαwα) between the constituents:

∂

∂t

∫
Ω

ρηdΩ ≥ −
∫

Γ

ρη(v · n)dΓ −
∫

Γ

∑
α

(
qα

θα
+ ραηαwα

)
· ndΓ+

∫
Ω

∑
α

(
ραrα

θα

)
dΩ (A.41)

The local form of the entropy inequality for the mixture is then given by:

∂(ρη)

∂t
+ ∇ · (ρηv) + ∇ ·

∑
α

(
qα

θα
+ ραηαwα

)
−
∑

α

(
ραrα

θα

)
≥ 0 (A.42)

Developing the first and second terms of Eq. A.42, the entropy inequality becomes

ρ
Dη

Dt
+ ∇ ·

∑
α

(
qα

θα
+ ραηαwα

)
−
∑

α

(
ραrα

θα

)
≥ 0 (A.43)

According to Eq. A.7, we have

ρ
Dη

Dt
=
∑

α

[
ρα Dαηα

Dt
−∇ · (ραηαwα) + c̃αηα

]
(A.44)

Furthermore, from the local form of the first law of thermodynamics for the αth constituent

(Eq. A.27) and using Eq. A.25, we obtain

ραrα = ρα Dαuα

Dt
− σα : L′α + ∇ · qα − ũα (A.45)

Inserting Eqs. A.44 and A.45 in the Clausius-Duhem inequality, Eq A.43 becomes

∑
α

[
ρα Dαηα

Dt
+ c̃αηα + ∇ ·

(
qα

θα

)]

−
∑

α

[
1

θα

(
ρα Dαuα

Dt
− σα : L′α + ∇ · qα − ũα

)]
≥ 0 (A.46)
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Eq. A.46 can be reduced to

∑
α

1

θα

[
ρα

(
θαDαηα

Dt
− Dαuα

Dt

)
+ σα : L′α − qα ·

(∇θα

θα

)
+ ũα + c̃αθαηα

]
≥ 0 (A.47)

Using Eq. A.37 to eliminate the internal energy density ũα in Eq. A.47, the second law of

thermodynamics for the mixture is expressed by

∑
α

1

θα

[
ρα

(
θα Dαηα

Dt
− Dαuα

Dt

)
+ σα : L′α − qα ·

(∇θα

θα

)]

−
∑

α

1

θα

[
πα · wα + c̃α

(
uα − θαηα +

1

2
wα · wα

)]
≥ 0 (A.48)
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