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Abstract

The mass balance regime of hanging glaciers is characterized by the release of ice due to

break-off mechanisms. Although relatively rare, large ice avalanches may pose a severe

threat to humans, settlements and infrastructure. The study of the instability of hanging
glaciers has theoretical implications such as the better understanding of the physical pro¬

cesses of ice fracture, but also practical issues in the context of hazard assessment. The

analysis of the predictability of the failure time of hanging glaciers can help to plan hazard

mitigations.

The study of the instability of hanging glaciers is based on field measurements carried

out on several hanging glaciers located in the Alps and on numerical simulations of the

failure of large ice masses. A level set method is used to model the evolution of vertical

or overhanging ice surfaces. A new rheological model describing the fracturing of ice

is developed in the framework of the continuum damage mechanics and is valid at low

stresses and temperatures close to the melting point. On the basis of this study, a new

classification of hanging glaciers is proposed. The fracture processes, which lead to major
ice avalanches, and the occurrence of these ice avalanches are analyzed for the different

types of hanging glaciers appearing in this classification.

A method for the prediction of the time of failure is then discussed for the different types
of hanging glaciers. The problems inherent to the determination of the time of failure are

analyzed on the basis of statistical theories of non-linear regression. The disaggregation
of unstable ice masses usually observed prior to large ice avalanches is investigated and

its implication for the forecasting of ice avalanches discussed.



Zusammenfassung

Die Massenbilanz von Hängegletschern wird durch Eisabbrüche, denen hier der mass¬

gebende Ablationsprozess zukommt, charakterisiert. Trotz ihrer Seltenheit, können

grosse Eislawinen Menschen, Siedlungen oder Verkehrswege bedrohen. Die vorliegende
Studie über die Instabilität von Hängegletschern beinhaltet theoretische Aspekte, die zu

einem besseren Verständnis der physikalischen Schädigungsprozesse im Eis beitragen.
Es werden aber auch Ziele verfolgt, die zur Planung von Sicherheitsmassnahmen bei Eis¬

abbrüchen dienen sollen. Dabei geht es im Wesentlichen um die Vorhersagbarkeit von

Eisabbrüchen.

Die Untersuchung baut aufDaten von Hängegletschem in den Alpen und aufnumerischen

Modellierungen der Abbruchvorgänge in Hängegletschern auf. Für die numerische Sim¬

ulation wird die sogenannte "Level-Set" Methode zur Modellierung von vertikalen und

überhängenden freien Oberflächen eingeführt. Es wurde ein rheologisches, auf der

Schädigungsmechanik basierendes Modell zur Beschreibung von Bruchvorgängen im Eis

entwickelt und implementiert. Die Gültigkeit dieses Modells ist auf niedrigen Span¬

nungen und Eistemperaturen nahe am Druckschmelzpunkt beschränkt. Alpine Hänge¬

gletscher erhalten eine neue Klassifizierung. Dabei werden die zu grossen Eislawinen

führenden Abbruchprozesse und ihre Häufigkeit analysiert.

Zum Schluss wird eine Methodik zur Prognose des Zeitpunktes von Eisabbrüchen bei

Hängegletschern vorgeschlagen. Die dazu erforderlichen Daten werden mit statistischen

Theorien über nicht-lineare Regressionen analysiert. Dabei werden die Grenzen von

solchen Prognosen aufgezeigt. Der oft beobachtete Zerfall von labilen Eismassen vor

dem eigentlichen Abbruch wird untersucht und die Konsequenzen für eine Abbruchprog¬

nose werden diskutiert.
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Chapter 1

Introduction

Un glacier reposant sur un talus aussi

déclive est un véritable glacier suspendu.

F.A. Forel, 1895 (about Altels glacier)

1.1 Background

Periodic or occasional releases of ice by breaking characterize the mass balance regime of

many glaciers located in Alpine environments and more specifically of so-called hanging
glaciers. Although relatively rare, ice avalanches may pose a severe threat to humans, set¬

tlements and infrastructure. Several catastrophes (for example the 1962 and 1970 Mount

Huascaran disasters, (e.g., Morales-Arnao, 1971) and the 1965 Mattmark catastrophe,
e.g., (e.g., Röthlisberger, 1981)) led to the recognition of hanging glaciers as a potential
hazard for people living in mountainous areas and gave rise to the interest of the glaciolog-
ical community for the physical processes related to the instability of hanging glaciers. In

order to prevent loss of lives and damage to infrastructures in the hazard zones, methods

for a correct prediction of large ice avalanches were investigated. A common predictive
method is based on the regular acceleration observed on large ice masses prior to their col¬

lapse. In this method, the time of failure is determined by fitting measured velocities with

an empirical function. This function, commonly used to describe the fracture of a large
amount of materials, has been systematically applied to the forecast of ice avalanches

since the pioneering work of Flotron (1977).

1.2 Aim

In this work, I have two primary goals. The first is to investigate the physical processes

of failure occurring in hanging glaciers in order to validate and improve the predictive
approach by Flotron (Chapters 2 to 6 and Appendix A of the thesis). The second is to

analyze the predictability of the failure time by using statistical methods (Chapter 7).

1
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Numerical simulations, amongst others, have been used to investigate the processes of
failure. A new approach has been adopted to model the evolution of the complex geometry
of hanging glaciers subjected to accumulation and ablation and to describe the fracture of
ice at low stresses and temperature close to the melting point. A substantial part of this
work is devoted to the elaboration of these models (Chapters 3 to 6 and Appendix A).

1.3 Structure of the Thesis

This dissertation is composed of seven independent and self-contained manuscripts. A

general conclusion is provided in Chapter 8.

Chapter 2:

On the instability of hanging glaciers.

The instability of hanging glaciers is analyzed on the basis of the results of numerous

published observations of hanging glaciers, of two field campaigns carried out by Prof.
Dr. Martin Funk and the author on the Eiger and Mönch glaciers (Bernese Alps) and of
numerical simulations. This analysis contributes to assess the potential danger of steep
glaciers. On the basis of this analysis and a new classification of hanging glaciers, the

predictive method by Flotron is discussed.

The numerical simulations used for the analysis of the instability of hanging glaciers are

performed with the models described in Chapters 3, 4, 5, 6 and Appendix A. The partic¬
ularities of the formation of crevasses at low stresses are also presented in Chapter 4.

Chapter 3:

A level set method for modeling the evolution of glacier geometry.

This chapter investigates a level set method for modeling the geometry of glacier surfaces.
It allows to describe the evolution of vertical surfaces subject to a prescribed mass bal¬
ance. Overriding phenomena and topological changes are handled naturally. The model
is implemented in a finite element code and tested for modeling the evolution of glaciers
surface. In addition to the ice flow equations, one level set variable and one differential
equations describing the evolution of the level set variable are considered. This method is

particularly suitable for modeling hanging glaciers.

Chapter 4:

Ductile Crevassing.

This chapter briefly describes the particularities of the formation of crevasses at low
stresses and temperatures close to the melting point (sub-critical crack growth, crack

healing and effects of the fracture process zone on the ice flow) and motivates the use

of continuum damage mechanics for the modeling of ductile crevassing (see Chapters 5
and 6).

Chapter 5:

Dynamic damage model of crevasse opening, and application to glacier calving.

Theory and applications of continuum damage mechanics for ice are discussed and on
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this basis, a continuum damage mechanics model, valid for ice at low stresses, is pro¬

posed. The model is implemented in a finite element code and applied to the modeling of

a calving process and to the destabilization of an ice chunk from a hanging glacier.

The geometry of the glaciers is determined with a level set method. In addition to the

traditional ice flow equations, two field variables (level set and damage variables) as well

as two differential equations (evolution of the damage variable and advection of the level

set variable) need to be considered. A simplified version, condensing the damage and

level set variables in one variable, is also proposed in Appendix A.

Chapter 6:

Anisotropic damage mechanics for viscoelastic ice.

This chapter provides a thermodynamically founded continuum damage mechanics the¬

ory for viscoelastic materials with application to ice. This new approach validates the

classical assumptions of the continuum damage mechanics made in Chapter 5. The ef¬

fects of anisotropy on damage accumulation are also analyzed.

Chapter 7:

On the predictability of finite-time singularities; application to glaciology.

A method for the prediction of the collapse of hanging glaciers based on the monitoring
of the motion of unstable ice masses is analyzed. The non-linear properties of the func¬

tion describing this motion make the prediction difficult. The effects of the non-linearity
on the predictability of the collapse is analyzed using non-linear statistical methods. The

influence of log-periodic oscillations (which are found to be sometimes superimposed on

the regular acceleration of unstable ice masses) on the prediction of the failure time are

also analyzed. The results of this study give a framework how to conduct and interpret
forecasts.

Appendix A:

A description of crevasse formation using continuum damage mechanics.

This appendix presents a simplified model coupling the level set method and the contin¬

uum damage mechanics. Only one field variable and one differential equation describing
simultaneously the evolution of the damage and the glacier surface need to be added to

the ice flow model. This model has, however, only limited applications, since it cannot

consider a mass balance regime.
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Instability of Hanging Glaciers
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Abstract

The instability of hanging glaciers and more generally of avalanching glaciers is discussed

on the basis of observations performed on several glaciers located in the Alps. A classi¬

fication of the hanging glaciers is proposed, which allows a primary appreciation of the

danger inherent to these glaciers. On the basis of field observations and results of numeri¬

cal simulations of crevassing, the fracture processes, which lead to major icefalls, as well

as their recurrence are analyzed. A method for the prediction of the time of failure is then

discussed. The disaggregation of the unstable ice masses usually observed prior to large
icefalls is investigated and its implication for the forecasting of icefalls analyzed.

2.1 Introduction

The mass balance cycle of hanging glaciers is characterized by a periodic or occasional re¬

lease of ice by break-off mechanisms. Although relatively rare, icefalls or ice avalanches

may pose a severe threat to humans, settlements and infrastructures. In the Alps, one of

the most tragic events of this kind occurred in 1965 in Switzerland, when a major portion
of the terminus of the Allalin glacier broke off killing 88 employees of the Mattmark dam

construction site (Röthlisberger and Kasser, 1978; Röthlisberger, 1981; Raymond et al.,

2003). Ice avalanches which drag snow, water and/or rock can increase in size and have

long run-out distances. The most destructive events of this kind on record occurred at

4
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Mount Huascaran in the Peruvian Andes in 1962 and 1970 (e.g., Morales-Arnao, 1971;

Browning, 1973; Lliboutry, 1975; Plafker and Ericksen, 1978; Patzelt, 1983). In 1962,
a large snow and ice avalanche traveled 16 km into the Santa Valley, destroying 9 vil¬

lages and killing more than 4,000 people. In 1970, an earthquake triggered another ice

avalanche. The estimated volume amounted to 107 to 108 m3 (about 10 times greater than

the 1962 disaster). The city of Yungay was severely affected by the avalanche and more

than 20,000 people were killed.

Following the tragic 1965 Allalin event, interest in the instability of hanging glaciers grew
within the alpine glaciological community. Descriptions or physical theories relating to

this event were proposed (Lliboutry, 1968; Röthlisberger and Kasser, 1978; Röthlisberger,
1981). In 1973, the first successful icefall prediction was made by Flotron (1977) and

Röthlisberger (1981) at the Weisshorn hanging glacier, which posed a threat to the village
of Randa (Valais, Switzerland). Since then, approximately sixteen hanging glaciers have

been investigated, some of them after a catastrophic event, others within the context of

consulting work or research programmes.

Inhabitants of endangered zones often have difficulty in recognizing or are reluctant to

acknowledge the potential threat of ice avalanches. There can be physical reasons for this

difficulty. Very large ice avalanches have a return period on the order of one generation.
This time span seems too long for the inhabitants to be able to fully recall the danger or

take it seriously. Moreover, due to climatic variations, some hanging glaciers undergo
rapid changes leading either to isolated catastrophic events, or to new situations with no

historical precedent. In such cases no prior experience exists. There can also be non-

physical reasons to explain this difficulty. Heim (1932) described psychological mecha¬

nisms leading inhabitants to disregard clear precursor signs of a catastrophe. Experts may
be discredited after raising false alarms with their interpretations of observations, which

are often based on previous experiences and intuition.

Direct measurements are difficult to perform on these steep, heavily crevassed and

avalanche-endangered glaciers. These measurements are often sparse and fragmentary,
and therefore difficult to interpret. Most of the time they are carried out after clear signs
of destabilization have been observed. The conditions prevailing before an unstable state

are thus uncertain. The factors responsible for the destabilization of large ice masses are

the fracture behavior of ice and the stresses in the zone of fracture. However, the physics
of the ice fracture and the feedback mechanisms between crevassing, ice deformation and

load distribution are complex and mostly unknown. Lack of theory and sparse measure¬

ments make an accurate stability assessment difficult.

In this paper, the instability of hanging glaciers is discussed as follows: Section 2.2 pro¬

poses a definition of hanging glaciers and classifies them according to different criteria,
which allow a primary appreciation of the danger inherent to these glaciers. Section 2.3

summarizes observations and measurements of icefalls performed on glaciers in the Alps.
According to the proposed classification and the reported observations and with the help
of the theory of ductile crevassing and numerical simulations of the fracture in hanging
glaciers, the mechanisms leading to the destabilization of ice masses and the recurrence of

icefalls are analyzed in section 2.4. The knowledge of the mechanisms of calving allows

us to validate in section 2.5 a method which has been traditionally used to forecast icefalls.

The disaggregation of unstable ice masses, which can limit the accuracy of a forecast, is

exposed in section 2.6. A synthesis of the paper is finally treated in section 2.7.
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2.2 Definition and Classification

The definition of hanging glaciers is not clear-cut. Let us define this concept. According
to Sharp (1988), we define calving as the ice wastage by shedding of large ice blocks

from a glacier edge and calving glaciers as glaciers that lose mass by calving. We fur¬

ther define dry calving glaciers as calving glaciers, that are not in contact with a water

body. To exclude dry calving processes occurring on flat margin surfaces, we finally de¬

fine avalanching glaciers as dry calving glaciers lying on a steep slope (a slope which is

sufficient to allow debris to fall away from the calving zone) or terminating on a bedrock

cliff. The definition excludes glaciers with unstable séracs falling on the glacier itself,
since this does not lead to mass loss. A hanging glacier is an avalanching glacier with

particular properties. Its definition is given below. In the following, we will not only
discuss the instability of hanging glaciers but of all avalanching glaciers.

The identification of avalanching glaciers is sometimes difficult: some avalanching
glaciers exhibit very few icefalls; variations of climatic conditions induce glacier changes
(advance, retreat, cooling, warming), which can modify the stability conditions, i.e., the

occurrence of calving.

Terrace

Balanced Unbalanced

Ramp

Balanced Unbalanced

c/2

Allalin (Fig. 2.3) Balmhorn (Fig. 2.4) Coolidge (Fig. 2.8)

Alteis (Fig. 2.9)

Argentière (Fig. 2.10)

Weisshorn (Fig. 2.11)

Jorasscs (Fig. 2.12)

4)
bo
•a

balanced avalanching

glaciers are not subject

to wedge fractures

ramp glaciers are not

subject to wedge fractures

Eiger (Fig. 2.5)

Gutz (Fig. 2.6)

Mönch (Fig. 2.7)

Figure 2.1 : Summary of the classification of the avalanching glaciers. The classifications

Terrace/Ramp and Unbalanced/Balanced refer to the type of avalanching glaciers, the division

wedge/slab to the type of fractures. The unstable ice masses ore depicted in gray. The mass

balance regime is indicated with arrows.

The following part of this section proposes a classification of the avalanching glaciers,
which is summarized in Figure 2.1. Avalanching glaciers can be classified according to

the ratio between the unstable area (where calving occurs) and the total area of the glacier.
Two limiting cases can be distinguished, which we propose to call "terrace" and "ramp"
glaciers.
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• Terrace glaciers are avalanching glaciers with a bedrock characterized by a signifi¬
cant increase in the slope at the glacier margin, which induces calving. The calving
area is small relative to the glacier size. These avalanching glaciers can present a

high frequency of icefalls (recurrence in some years), since the fracture zone is con¬

stantly supplied by the upstream glacier area and the ice release volumes are small

compared to the total glacier volume.

• Ramp glaciers are avalanching glaciers lying on a uniform, even, steep bed, which

leads to major instabilities. The calving area represents a significant portion of

the glacier. The unstable part is supplied principally by direct snow accumulation.

Therefore, after a failure, a long period (usually one to several decades) is required
to reach another critical state.

Terrace and ramp glaciers are either in a "balanced" or "unbalanced" mass balance regime:

• Balanced avalanching glaciers. Under constant climatic conditions, these

avalanching glaciers are able to attain a steady state geometry without releasing
ice by calving. Usually the occurrence of icefalls does not follow a cycle.

• Unbalanced avalanching glaciers. Under constant climatic conditions, these

avalanching glaciers must release, by calving, a substantial quantity of ice to main¬

tain a finite size geometry. A cycle or pseudo-cycle of icefalls is thus observed. The

icefalls recur over a period longer than a hydrologie year (that is several years to

decades). Therefore, the notion of steady state geometry does not strictly exist in

this context. For avalanching glaciers, the notion of steady state should be related

to an entire cycle of icefall.

We define hanging glaciers as unbalanced avalanching glaciers. The two classifications

above concern characteristics of the whole glacier. Following Haefeli (1965), a third

classification criteria is introduced, referring to the fracture process. Two main processes

are considered, which are related to the bedrock topography in the calving zone:

• The slab fracture occurs on steep bedrock slopes. The unstable ice mass is a slab,
which either represents a large part of the glacier (ramp glaciers), or the glacier
margin (terrace glaciers). Very large ice volumes (typically 105-106 m3) can be

released. In the case of temperate basal ice, failures have been observed for slopes
steeper than 25° (see next section). For cold basal ice, the bedrock slope does not

exceed 45°. Alean (1985) observed a dependence of the critical slope (the slope for

which the glacier is unstable) on the altitude: the higher the altitude, the steeper the

critical slope. This dependence was related to the correlation between the fraction

of ice frozen to the bed (the basal adhesion of the glacier) and the altitude.

• The wedge fracture occurs because of a topographic discontinuity in the glacier
bedrock, usually forming a cliff. This discontinuity limits the extension of the

glacier and leads to calving when ice is transferred beyond this limit. When calving
occurs, the glacier margin forms an ice cliff. The unstable ice mass is an ice lamella,

which breaks off from the glacier edge. The basal ice can be cold or temperate. The

typical ice release volume amounts to 103-105 m3. According to the previous clas¬

sifications, wedge fracture occurs only for unbalanced terrace glaciers, since the
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ice mass transferred beyond the bedrock cliff must calve (unbalanced avalanching
glacier) and the bedrock beneath the calving area presents a discontinuity (terrace

glacier).

This last classification is based on a two-dimensional representation of the bedrock to¬

pography (in a vertical plane parallel to the ice flux). Three-dimensional effects, like

the arched structure of the glacier front (Ott, 1985) or the concavity or convexity of the

bedrock, can interfere with the fracture modes. Moreover, an avalanching glacier can

calve consecutively under both modes of fracture. The interaction between both fracture

modes will not be considered in the following, and the avalanching glaciers listed will be

classified with respect to the dominant mode.

The above classifications provide primary indications of the probability, the recurrence

and the volume of icefalls. Unbalanced avalanching glaciers always lead to icefalls, in

contrast to balanced ones. For terrace glaciers, the recurrence of major icefalls can be

high (some years); it is on the order of one decade for ramp ones. Ice release volumes of

wedge fractures are smaller than those of slab fractures.

2.3 Observations of Avalanching Glaciers

In the Alps, only a limited number of avalanching glaciers have been investigated so far,
some of them after a catastrophic event, others within the context of consulting work or

research programmes. Table 2.1 gives an overview of these glaciers. The best documented

ones are presented in this section according to the classification proposed in the previous
section. They are also mapped in Figure 2.2.

2.3.1 Terrace Glaciers

Balanced Avalanching Glaciers

Slab fracture: Allalin glacier The Allalin glacier is a balanced temperate terrace

glacier, with slab fracture (Fig. 2.3a). Since the middle of the 1950s, after an impor¬
tant retreat, the glacier terminates on a rock slope of about 27°. On August 30, 1965, 2

million m3 of ice broke off from the glacier terminus, fell down the rock slope and buried

a construction site located less than 1 km below the glacier killing 88 employees. An

intensive glaciological study and monitoring programme was undertaken after this catas¬

trophe to safeguard the rescue operation and the construction work, as well as to analyze
the causes of this catastrophe. The investigations showed that the ice avalanche occurred

during a phase of enhanced motion resulting from an intense slip of the glacier tongue

(Röthlisberger, 1981). The fracture occurred along an arched line. Since this event, it has

been established that such an active phase occurs periodically (every 1-3 years), alternat¬

ing with a quiescent phase. The summer accelerations are nevertheless noticeable also in

the quiescent years; they remain, however, an order of magnitude smaller than during an

active phase. The active phase begins in summer and ends in late autumn (Fig. 2.3b). This

phase seems to depend on the presence of meltwater, but also on the ice mass distribution

along the longitudinal profile of the tongue (Röthlisberger, 1981). Although this active
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Figure 2.2: Map of the avalanching glaciers which are detailed in section 2.3. The squares

(triangles and circles, respectively) refer to the glaciers (mountains to which glaciers belong and

main cities of the region, respectively). Mt. stands for Mount, Aig. for Aiguille and gl. for glacier.
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Glacier name Altitude Exposition Glacier Thickness Temperature Reference

(m) Type (m) (°C)
Allalin gl. 2500 E T,B, s 20 temperate Röthlisberger (1981)

Röthlisberger and Kasser (1978)
Alteis gl. 3000 W R.B.s 30 polythermal* Röthlisberger (1981)
Altels side gl. 2700 W R.B.s 50 polythermal* Wagner (1996)
Aiguille d'Argentiers hgl. 3500 NE R,U,s 30* cold* Luthi (1994)
Balmhorn hgl. 2900 N T,U,s 30 temperate Röthlisberger (1987)
Coolige superior gl. 3000 NE R,B,s 30 temperate* Duttoetal. (1991)
Ebene Fluh hgl. 3700 N R,U,s 30 cold* Luthi (1994)
Eiger hgl. 3200 NW T.U.w 50 polythermal VAW(1992)

Luthi and Funk (1997)

Pralong and Funk (2005a)

Pralong et al. (2005a)
Grandes Jorasses hgl. 4000 S R.U.s 40 cold VAW (1997a)

Margrelh and Funk (1999)
Gutz hgl. 2900 N T.U.w 60 polythermal* VAW (1997b)

Margreth and Funk (1999)
Lyskamm hgl. 4200 N R,U,s 50 cold* Schweizer (1985)
Monch hgl. 3600 S T.U.w 40 polythermal VAW (1997c)

VAW (2000)
Pralong et al. (2005a)

Siliere gl. 2800 SW T,B,s 20* polythermal* Kern (2000)
Taconnaz hgl. 3300 N T,U,w 60 cold (C. Vincent, pers. com.)

Suter (2002)
Tournelon Blanc hgl. 3300 S T.U.w 50 polythermal* VAW (1967)
Weisshorn hgl. 4100 N R.U.s 40 cold* VAW (1975)

Röthlisberger (1981)

Table 2.1: Documented avalanching glaciers in the Alps. All glacier characteristics refer to the

zone of calving. The sign
* marks the estimated conditions, gl. stands for glacier and hgl. for

hanging glacier. T means terrace glacier; R, ramp glacier; B, balanced avalanching glacier; U, un¬

balanced avalanching glacier; s, slab fracture and w, wedge fracture.

phase is necessary for the front of the tongue to break, it does not explain why an icefall

occurred in 1965 and not during other active phases either before or after this date. After

1965, the Allalin glacier advanced to a stable state until the middle of the 1980s and then

retreated again. Around 1996, the geometry of the glacier terminus was similar to that of

1965 and a repetition of the slip-off event could be expected during an active phase. On

July 2000, an ice volume of one million m3 broke off (Fig. 2.3c). Thanks to the safety
measures, no damage occurred.

Unbalanced Avalanching Glaciers

Slab fracture: Balmhorn hanging glacier This glacier is located in the Bernese Alps
(Switzerland). After an important retreat during the 1930s (Raymond et al., 2003), the

orographic left part of the glacier formed an unbalanced terrace glacier with slab fracture

(Fig 2.4). At that place, the ice is temperate. Röthlisberger (1987) analyzed numerous

calving events from this glacier and observed that icefalls are related to a phase of en¬

hanced motion (active phase) and to the mass distribution along the length profile of the

tongue. He discussed the phase shift observed between the glacier melting cycle and the

active phase cycle of the unstable zone. He explained this phenomenon by a progressive
disorganization of the drainage system caused by the enhanced sliding during the active

phase, which traps the subglacial water flowing under the unstable glacier part.

Wedge fracture: Eiger hanging glacier The Eiger hanging glacier is an unbalanced

terrace glacier with wedge fracture, located on the west face of the Eiger (Bernese Alps,
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Figure 2.3: (a) Tongue of the Allalin glacier (photograph by W. Schmid, 1987). (b) Variation in

velocity \ersus time of the tongue of the glacier during three active phases ofenhanced ice motion

(measured by Röthlisberger (1981)). The 1965 curve corresponds to the deceleration measured

immediately after the accident (see text). The 1966 and 1967 cur\es correspond to the acceleration

measured during the two consecutive years. The fit of both these cur\es is performed with Eq. 2.4.

(c) Arch line (dotted Une) of the fracture as observed after the 2000 event (photograph by F. Funk-

Salami).
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Figure 2.4: Balmhorn hanging glacier. The dotted fine delimits the unstable zone (photograph by
E. Gyger, ~ 1940).

Switzerland, Fig. 2.5a). The glacier extends from 3500 m a.s.l down to 3200 m a.s.l, with

a surface slope of 20° at the terminus. The maximum thickness is about 70 m. The glacier
is temperate except in the vicinity of the front (Liithi and Funk, 1997). Lüthi and Funk

(1997) argue that the temperature distribution influences the global stability of the glacier;
this means that warming up of the cold front can destabilize the entire glacier.

In 1990, a large crevasse behind the glacier front was observed. This crevasse destabi¬

lized a frontal ice lamella, which was threatening human settlements below the glacier.
A theodolite laser-distometer (TPS) installed at a fixed position near the glacier and three

reflectors mounted on stakes drilled in the unstable ice mass were used to survey the

movement of the lamella. Reference reflectors installed on a rock face close to the un¬

stable ice mass allowed to correct the influence of the meteorological conditions on the

measurements. These corrections reduce the measurement errors to approximatively one

centimeter (see also Pralong et al., 2005a, Chapter 7 in this thesis). The time of the

breaking-off was estimated by selecting an empirical function (see below, Eq. 2.4) to fit

the progressive acceleration of the unstable ice mass (see section 2.5). The icefall of

105 m3 occurred on August 20, three days after the prediction (VAW, 1992). In 2001, the

movement until failure of a smaller lamella was measured for scientific purposes, using
the same method as in 1990 (Fig. 2.5b). The unstable ice chunk disaggregated progres¬

sively: several limited icefalls were observed during an entire week in mid-August 2001.

Wedge fracture: Gutz hanging glacier The Gutz hanging glacier (Bernese Alps,
Switzerland) is a temperate unbalanced terrace glacier with wedge fracture. On Septem¬
ber 5, 1996, 2 x 105 m3 of ice avalanched down the 1000 m high west face of the Wet-

terhorn. The debris blocked a road and the induced wind injured three people (Margreth
and Funk, 1999). Three years later, a dangerous situation could be recognized on time

(Fig. 2.6a). A stake network, installed on the lamella, was monitored with TPS, in or¬

der to measure the motion of the unstable glacier part (Fig. 2.6b). A breaking-off was

successfully predicted to within one day by applying the same method as for the Eiger
hanging glacier. The failure occurred on August 14, 1999.
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Figure 2.5: (a) Eiger west face with its unbalanced terrace glacier (arrow) (photograph by
S. Bader, 1997). (b) Measured acceleration of the lamella in 2001 and its fit performed with

Eq. 2.4. The predicted failure time (corresponding to abscissa zero) is August 18.
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Figure 2.6: (a) Gutz hanging glacier with the unstable ice mass (dotted line) as observed in July
1999. (b) Measured displacement of the unstable ice mass and its fit performed with Eq. 2.5. The

observed failure time (corresponding to abscissa zero) is August 14.
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Wedge fracture: Mönch hanging glacier The hanging glacier located on the Mönch

south face (Bernese Alps, Switzerland, Fig. 2.7a) is an unbalanced terrace glacier, with

wedge fracture. In 2001 the bedrock topography was determined from the drilling of six

boreholes to the bed along two flow lines (Fig. 2.7a and b). The glacier lies on a large
uneven bedrock terrace (Fig. 2.7b). Temperature records in the boreholes showed that the

glacier is temperate, except at the orographic right size close to the rear part of the glacier
base (Fig. 2.7b), where the coldest measured temperature is —0.6 ± 0.05°C. This cold

region does not influence the calving process, since it is of limited size and distant from

the calving zone.

The detachment of two lamellas (in 2000 and 2001) was monitored by surveying the po¬
sition of stakes installed on them. Figure 2.7c shows the results of the measurements

of the 2001 event. In both cases the lamella broke off in several pieces. Three partial
icefalls were observed during the 2000 event. The volume of each icefall amounted to

approximately 4 x 104 m3. The remaining part of the lamella (6 x 104 m3) disaggregated
progressively (VAW, 2000). Two important icefalls were observed in 2001, with a volume

of approximately 103 m3. They separated from a 105 m3 large lamella, which disaggre¬
gated progressively in the course of one year. According to observations over the past 20

years, only a few lamellas fell in one major icefall (VAW, 1997c, and further observations

by the authors). The majority of the lamellas disaggregated and led to many successive

small breaking-off events.

2.3.2 Ramp Glaciers

Balanced Avalanching Glaciers

Slab fracture: Coolidge superior glacier Until the 1950s, this small temperate glacier
located in the Cottiennes Alps (Italy) presented a frontal cliff and formed an unbalanced

terrace hanging glacier. Until the beginning of the 1970s, the glacier retreated and thinned

(the frontal cliff disappeared) and the surface slope increased to 35°. The glacier then

formed a balanced ramp glacier. In 1986 a transverse crevasse was observed in the upper

part of the glacier. On July 6 1989, the ice mass located below the transverse crevasse

destabilized and slipped over its bed. The volume of the icefall amounted to 2 x 105 m3.

It is presumed that a period of intensive rainfall resulted in a significant increase in basal

water pressure, which lifted up the glacier and caused the failure (Dutto et al., 1991).

Figures 2.8a and b show the glacier before and after its collapse.

Slab fracture: Altels glacier The Altels glacier (Bernese Alps, Switzerland) is a poly-
thermal balanced ramp glacier. On September 11, 1895, the largest known icefall (5 x 106

m3) in the Alps occurred (Raymond et al., 2003). The cause of this icefall was a weaken¬

ing of the contact between the ice/rock interface. This weakening possibly resulted from

the thawing of a frozen zone at the glacier front due to several exceptionally warm sum¬

mers preceding this event (Röthlisberger, 1981). The shape of the fracture line showed

a regular parabolic arch, with a span width of 580 m (similar to that of the 1980 icefall

at the Iliamna volcano (Cook Inlet, Alaska); Alean (1984)). Figures 2.9a and b show the

Altels before and after the collapse of the glacier. A similar event was reported in 1792

(Raymond et al., 2003), however no precise information is available on this earlier event.
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Figure 2.7: (a) Mönch south face with its unbalanced terrace glacier. The picture shows the relics

of on ice avalanche which occurred on July 5, 1984 (photograph by J.C. Alean). The black dots

show the location of the six boreholes, (b) Two longitudinal profiles of the glacier corresponding
to the two series of boreholes (panel a). The left and right profiles correspond to the left and right
dots on picture (a). The vertical dotted lines show the location of the holes along the profiles.
The measured depth of the glacier at the location of the holes is reported. Elsewhere the bedrock

geometry is guessed. The measured temperature is reported for each borehole. The circles show

the location ofthe measurements along the holes, (c) Measured acceleration of the lamella in 2000,
and its fit performed with Eq. 2.4. The observed failure time of the main icefall (corresponding to

abscissa zero) is July 27. The obserwd partial failures are marked with vertical bars (July 3 and

July 25). Note the abrupt velocity decrease after the first partial failure.
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Figure 2.8: Situation of the Coolidge glacier (Ghiacciaio Superiore di Coolidge) (a) before and

(b) after the 1989 event (photographs by Vazan, 1987, archives Italian glaciologie committee,

Turin, Italy; Gibaldi, 1989, archives Craven civil museum, Bra, Italy). The height of the ice cliff

after failure was to 35 m.
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Figure 2.9: Situation of the Altels glacier (a) before and (b) after the 1895 event (photographs by
P. Montandon, 1894 and 1895, archives Alpine Museum, Bern, Switzerland).
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Unbalanced Avalanching Glaciers

Slab fracture: Aiguille d'Argentiere north face The north face of Aiguille
d'Argentiere is situated in the Valais Alps (Switzerland), with the summit at 3900 m a.s.l.

and the bottom approximately 3000 m a.s.l. A series of 25 photographs was assembled

to document the changes in the north face during the last century. Some are presented
in Fig. 2.10a. The series gives an illustration of the temporal and spatial evolution of an

unbalanced cold ramp glacier clinging to the center of the face. In the lower right part of

the face, an unbalanced terrace glacier leans on a rock spur. This terrace hanging glacier
did not vary substantially during the last century. The ramp hanging glacier, by contrast,

showed remarkable activity. Just before the beginning of the 20th century, it covered the

upper and middle part of the face. Four years later, it had almost disappeared. Between

1925 and 1930 it covered approximately the same area as in 1899. Then the glacier com¬

pletely disappeared again. A photograph of 1942 shows a face, quasi uniformly covered

by firn and ice. Two small irregularities at the top of the face are noticeable however.

Until the end of the 1940s, these irregularities grew slowly. From 1950, they increased

more rapidly and in 1953 they formed a single ramp hanging glacier. Between 1953 and

1958 the ramp and terrace hanging glacier merged, and then the lower part of the ramp

glacier progressively disaggregated. Since the beginning of the 1970s, this ramp glacier
was no longer connected to the terrace glacier and occupied only the upper part of the

face. The position of the ramp glacier did not significantly evolve until the middle of

the 1990s. Then it progressively disappeared by the retreat of its front. In 2003 a small

hanging glacier could be observed at the top of the face.

To analyze possible influences of variations in accumulation and ablation on the observed

cycles of the ramp glacier, daily temperature and precipitation records from the nearby
Grand-Saint-Bernard meteorological station (located 20 km from Aiguille d'Argentiere;
under a similar climatological regime) are considered (MeteoSwiss data). The tempera¬
ture data have been corrected with a lapse rate of 6.1 x 10-3 °C m-1 (Urfer et al., 1979)

(by considering a mean altitude of the glacier of 3500 m a.s.l.) to take into account the dif¬

ference in altitude. The annual sum of positive degree days is used as a proxy for annual

ablation (e.g. Braithwaite, 1995). The accumulation is approximated with the sum of the

precipitation over one year at air temperatures between —5 and 0 °C: only snowfall occur¬

ring above -5 °C is assumed to accumulate on the steep face (Kuroiwa et al., 1967). Note

that we neglect effects of wind on the accumulation as well as positive feedbacks between

accumulation, variation of glacier surface slope due to accumulation, ice motion, etc. (see
also section 2.4.2). The sum of the positive degree days and the cumulated precipitation
are presented in Figs. 2.10b and c. Results do not show a significant correlation between

observed glacier changes and meteorological data during the whole period of observation.

The disappearance of the glacier at the beginning of the 20th century or during the 1930s

can neither be explained by a decrease in accumulation nor by an increase in temperature.
The two periods of growth (around 1920 and during the 1950s) cannot be explained by a

reduction of ablation and precede, by some years, an increase in accumulation. Only the

last two periods of disappearance (1960s and 1990s) can be related to climatic warming.
Therefore, climatic conditions alone cannot explain the long- and short-term variations in

the glacier.
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Figure 2.10: (a) Evolution of the north face of Aiguille d'Argentiere over more than one cen¬

tury (photographs by M. Roch, 1899, archives VAW, Zurich, Switzerland; 1903, unknown au¬

thor, archives M. Colonel, Servoz, France; 1930, unknown author, archives VAW; A. Roch, 1942
archives VAW; H. Fredenhagen, 1949 archives VAW; S. Pfister, 1953 archives VAW; E. Vanis,
1958 archives VAW; Latemser, 1961 archives VAW; F. Valla, 1976 archives VAW; Sandneyer,
1990 archives VAW; C. Vincent, 2003 archives VAW). (b) Annual sum of the positive degree
day and (c) annual water equivalent snowfall precipitation above —5°C for the face of Aiguille
d'Argentiere. The circle and the points differentiate values derived from doily and monthly (due
to lack of data) meteorological data. The horizontal solid (dashed, respectively) lines at the top of
both plots show the period when the ramp glacier extends (reduces, respectively).
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Slab fracture: Weisshorn hanging glacier The Weisshorn east face is covered with a

few unbalanced cold ramp glaciers located between 3800 m and 4500 m a.s.l. In winter,
snow avalanches triggered by icefalls threaten the village of Randa located some 2500 m

below the glacier, and traffic routes to Zermatt (Fig. 2.11a). A compilation of histori¬

cal events showed that Randa was severely damaged repeatedly during the last centuries

(Raymond et al., 2003).

Figure 2.11: (a) Weisshom east face with the threatening hanging glacier (arrow) as observed in

autumn 1972 (photograph by B. Ferren). The village ofRanda and traffic routes are visible in the

valley (bottom ofpicture), (b) The threatening hanging glacier as observed in January, 1973.

In 1972, an unstable ice chunk of half a million cubic meters was observed and gave cause
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for alarm (Fig. 2.1 lb). In order to estimate its failure time, velocity measurements of the

unstable ice mass were performed for the first time by Flotron (1977) and Röthlisberger
(1981). Flotron proposed an empirical function (see Eq. 2.4) to fit the measurements

in order to predict the failure time. The measurements were interrupted 37 days prior
to the collapse (the collapse occurred on August 19, 1973), after more than 250 days
of monitoring (VAW, 1975). The failure occurred two weeks after the prediction. The

volume of the falling ice mass was a third of that expected (only the frontal part broke off).
Due to the disaggregation of the glacier front, episodic icefalls of limited volumes were

reported as early as 3 months prior to the collapse (Röthlisberger, 1981). On the basis of

aerial photographs, Röthlisberger (1981) estimated that the unstable ice mass started to

accelerate 5 years before breaking (since 1968). He also reported two other major icefalls

which occurred during the 20th century: between 1920 and 1928, and between 1959 and

1968.

Slab fracture: Grandes Jorasses hanging glacier This unbalanced cold ramp glacier
is located on the south face of the Grandes Jorasses (Mont Blanc Massif, Alps, Italy,
Fig. 2.12a). In 1997, the opening of a transverse crevasse in the upper part of the

glacier suggested a possible destabilization of a significant part of the glacier (Fig. 2.12b).
Six boreholes were drilled down to the bed and temperature profiles were measured

(Fig. 2.12b and e). At all of these places, the basal temperature was below the freezing
point (below —1.6 ± 0.4°C), precluding the possibility of an ongoing sliding process due

to progressive basal warming. The velocities of the glacier were monitored using a stake

network. A significant acceleration was observed between 1997 and 1998 (Fig. 2.12f).

Unfortunately, the measurements were stopped three months prior to the break-off. Dur¬

ing the period of observation, a dense fracture network was recognized at the base of the

glacier (Fig. 2.12c). Since mid-May 1998, the formation of a second crevasse, located

approximately 10 m below the existing crevasse, was observed. This crevasse opened
very rapidly. On May 30, 1998, the part of the glacier located below this new crevasse

collapsed (Fig. 2.12d). The fracture plane, parallel to the bedrock, was located approxi¬
mately 10 m above it. The detached volume amounted to approximately 2,5 x 105 m3.

Fortunately, the ice avalanche did not cause any damage.

2.4 Mechanisms of Calving and Recurrence of Icefalls

As observed in the previous section, the destabilization of unstable ice masses from

avalanching glaciers involves different mechanisms of calving. In this section, with the

help of the classification proposed in section 2.2, we first analyze these mechanisms of

calving and then, with the results of this analysis, discuss the recurrence of icefalls.

2.4.1 Mechanisms of Calving

The processes of destabilization, which lead to icefalls, depend on the fracture process of

ice and on the stress in the zone of fracture. The stress in the zone of fracture is influ¬

enced by the glacier geometry, the ice density and the basal conditions. For avalanching
glaciers, the stress in the zone of fracture is usually less than a few bars (Iken, 1977; Lüthi
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Figure 2.12: (a) Summit of Grandes Jorasses south face with its hanging glacier (January 1997).

(b) Enlargement of the upper crevasse (January 1998). The numbers indicate the location of the

boreholes, (c) Zone of fracture at the orographic right side of the hanging glacier, (d) Situation

after June 1998 event (photographs by R. Cosson). (e) Temperatures and glacier thickness as

measured in January 1998 at the location of the boreholes (panel b). The vertical dotted lines

show the location of the holes relative to the glacier front. The thickness of the glacier at these

points is reported. The measured temperature is presented for each borehole. The circles show

the location of the measurements along the holes, (f) Measured surface velocity at borehole 1.

The observed failure time (corresponding to abscissa zero) is May 30, 1998. The measurement

error amounts to 0 5 cm d~x. (g) Three stages of the simulated fracture process occurring in the

hanging glacier. The black areas depict the location of the fractures (where damage reaches the

value of the critical damage (Pralong and Funk, 2005a, Chapter 5 in this thesis)). Axes are related

to the lower figure. The upper (middle and lower, respectively) figure corresponds to 1.5 years

(4 months and 1 week, respectively) before failure. Panel a corresponds to the first stage of the

simulation, panels, b and c to the second stage and panel, d to the observed state of the glacier one
week after the third simulation stage.
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and Funk, 1997; Pralong and Funk, 2005a, Chapter 5 in this thesis). At this stress magni¬
tude, the ice fracture is a process of microcrack accumulation, with a characteristic time

scale in the order of weeks (Voitkovskii, 1960; Szyszkowski and Glockner, 1986; Mahren-

holtz and Wu, 1992), and not a brittle fracture (Weiss, 2004; Pralong, 2005, Chapter 4 in

this thesis). The dynamics of microcrack closure is controlled by crack healing (Derradji-
Aouat and Evgin, 2001; Pralong et al., 2005b, Chapter 6 in this thesis). No microcrack

appears in the ice below a stress threshold (Gold, 1967). To initiate microcrack accu¬

mulation, the stress in the fracture area must rise above the value of the stress threshold.

This happens through changes in glacier geometry and/or modifications of basal sliding
conditions. The resulting positive feedback mechanism between damage (density of mi-

crocracks) and local stress distribution near the fracture, as well as the crack healing and

the stress inhomogeneities, leads to a localization of the microcracks and the formation

of a macroscopic fracture (e.g. crevasse) (Pralong et al., 2003, Appendix A in this thesis;

Pralong and Funk, 2005a, Chapter 5 in this thesis; Pralong, 2005, Chapter 4 in this thesis).
The macroscopic fracture in ice is the mechanical reason for the destabilization of an ice

chunk. In the following, this process is discussed for wedge and slab fractures.

Wedge Fracture

Wedge fracture is initiated by an increase in the ice mass at the glacier front due to ice

flow and snow accumulation. This increase induces higher longitudinal stresses and the

opening of a frontal crevasse. This crevasse progressively separates an ice lamella from

the rest of the glacier. Numerical simulations by Iken (1977), Pralong et al., 2003 (Ap¬
pendix A in this thesis) and Pralong and Funk, 2005a (Chapter 5 in this thesis) (see also

Fig. 2.14) and observations after icefalls at the Mönch hanging glacier (Fig. 2.13) show

that the frontal crevasse first opens and deepens due to tension forces. This mode of frac¬

ture either occurs in the zone of calving or in the upstream stable glacier part during the

destabilization process of a previous lamella. For this latter case, the crevasse is advected

to the front by the motion of the glacier. Then the destabilization of the lamella pro¬

ceeds by the development of a shearing fracture in the prolongation of the crevasse. This

shearing fracture develops without deepening and enlarging of the crevasse. According
to Pralong and Funk, 2005a (Chapter 5 in this thesis), the acceleration of the lamella is

dominated by the positive feedback between the depth of the fracture and the stress con¬

centration at its tip. Once this fracture has reached the glacier front (usually at its base)
the icefall occurs.

The ice flow in the vicinity of a cold glacier front is approximately constant seasonally.
It can vary for temperate ones, due to the seasonal variation of basal sliding and water

content in ice. The increase in the ice velocity induces a faster transfer of the unstable ice

mass to the front, which increases the stresses more swiftly and thus shortens the period of

the failure process. For temperate glaciers, the probability that a failure will occur during
the melt season is higher. Both events observed at the Gutz hanging glacier were reported
at the end of summer. At the Mönch hanging glacier, where the cold region is negligible,
7 out of the 9 observed major icefalls occurred in summer or autumn (Table 2.2).
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Figure 2.13: Front of the Monch hanging glacier (Fig. 2.7a) after a failure (2001 event). The

shape of the fracture under tension (I) and under shearing (2) is visible

Series Day Month Year Series Day Month Year

1 6-7* 1975 3

3

9-10* 1995

1-2 1997

2 6-8* 1980 3 27 7 2000

2 10 5 1983 3 14 7 2001

2 5 7 1984 3 1 8 2003

Table 2.2; Dates of the Mönch glacier main icefalls (Alean, 1985; VAW, 1997c, and presented
observations) located on the west side of the front. Series stands for the number of observed

consecutive failures. The sign
* marks the estimated values.

Slab Fracture in Cold Ice

Due to their shape and position, cold avalanching glaciers with slab fracture are prin¬
cipally subjected to shear stresses. The longitudinal stresses are small in comparison.
Therefore, the fracture develops in a plane located where the shear stress is maximum,

i.e., near the glacier base. When the unstable zone reaches a critical thickness (it princi¬
pally thickens due to direct accumulation), the shear stress overcomes the stress threshold

for damage initiation and a fracture develops.

Since direct observations of the fracture process at the glacier base are not possible, we
refer in the following to a numerical simulation of the Grandes Jorasses hanging glacier
(cold ramp hanging glacier). To simulate the fracture process, we apply the damage model

by Pralong and Funk, 2005a (Chapter 5 in this thesis). The bedrock geometry and ice

temperature were determined from in-situ measurements. The accumulation is estimated

from observations. The simulation starts with a shallow glacier corresponding to the ob¬

served glacier geometry at the end of the summer 2003. A crevasse in the upper part of

the glacier appears 2.5 years before failure, as observed in nature (Fig. 2.12g, upper fig¬
ure). It does not directly influence the instability of the avalanching glacier, but separates
the steep part from the glacier summit. Approximately 250 days before failure, a shear

fracture begins to develop in the steep part of the glacier, near the bed. It grows parallel
to the bed, simultaneously over the whole zone of fracture (Fig. 2.12g, middle figure). A
few weeks before failure another crevasse develops rapidly downstream of the existing
one (as observed in nature) and separates the unstable ice slab from the upper stable part
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(Fig. 2.12g, lower figure). Finally the icefall occurs.

The dense fracture network observed at the base of the Grandes Jorasses hanging glacier
is reproduced in the model by local damage accumulation. This accumulation is due
to the large shear stresses at the glacier bed (approximately 1.5 bar) and leads to the

destabilization of the glacier. The position of the fracture plane over the bed is lower
in the model than in nature. This difference can possibly be associated with bedrock

irregularities, which are not considered in the model. The progressive acceleration of the

unstable ice mass, observed in the present simulation, seems to be related to the positive
feedback between local stress in the plane of fracture and damage accumulation.

The formation of an upper crevasse, such as the one first observed at the Grandes Jorasses

hanging glacier, is related to the increase of the bedrock slope and not to the destabiliza¬
tion process. Such a crevasse is therefore not necessarily observed on other cold ramp
glaciers, which cling to a homogeneous face (Aiguille d'Argentiere). According to the

numerical results, the progressive acceleration occurring several years before the failure

(Weisshorn) is related to the progressive thickening of the glacier due to snow accumula¬

tion and not to the destabilization process, which is concentrated over one year.

Slab Fracture in Temperate Ice

The slab fracture in temperate ice occurs when basal drag decreases. The forces exerted

by the unstable ice mass on the upstream stable glacier part increase drastically and lead
to a tensile fracture. A shear fracture at the glacier base can usually be excluded, since
the thickness and the slope of the unstable slabs (which do not usually exceed 20-30 m
thickness and 30° slope for temperate glaciers with slab fracture) do not induce enough
stresses to allow failure (Lliboutry (1968), see also Röthlisberger (1987)).

Basal drag usually decreases due to the presence of meltwater at the glacier base, flow¬

ing in a drainage system affected by the enhanced ice motion (Allalin, Balmhorn). As
claimed by Röthlisberger (1987) (see also Iken and Bindschadler (1986) and Balmhorn

hanging glacier), the rapid sliding during an active phase induces the formation of cavi¬

ties and simultaneously a progressive disorganization of the drainage system, which leads
to undrained subglacial cavities under the unstable glacier part. It can reasonably be as¬

sumed that the increased area of these cavities enhances the sliding of the glacier (Kamb,
1987). In that case, a positive feedback process exits between cavity area and basal sliding
which leads to the acceleration of the unstable slabs (Fig. 2.3b, 1966 and 1967 curves).
For slab fractures in temperate ice, this feedback mechanism seems to govern calving. For
the Allalin and Balmhorn glaciers, where there were no variations in basal sliding, no ice¬
falls were observed and the reduction of meltwater led to the deceleration of the unstable

mass (Fig. 2.3b, 1965 curve). The acceleration of the unstable ice slab takes place over

a few weeks. More rarely, the reduction of the basal drag occurs due to external distur¬

bances, like rapid water pressure increase due to abundant liquid precipitation (Coolidge)
or warming of the basal layer due to an increase in air temperature (Altels). The different
time scales of the destabilization processes is notable: the destabilization due to rapid wa¬
ter pressure increase occurs approximately over one day, the drainage feedback over one

month and the warming up of the basal layer over a few years. In all cases, the "natural"

adaptation (due to a modification of the mass balance) of the glacier to reach a stable state
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lasts longer than the destabilization process. It results in a potential instability of these

glaciers.

The unstable ice mass usually breaks along an arch line, reposing on two abutments on

both sides of the unstable ice mass (Ott, 1985) (Fig. 2.3c, Fig. 2.9b). This line is normal

to the maximum principal stress acting in the ice. The ice mass located above this arch

line is stable. It is retained by compressive forces applied on the lateral abutments. The

ice mass below the arch line is potentially unstable. It holds on the ice above the arch line

and generates tensile stresses. Due to ice flow through the line, the unstable ice mass (and
therefore the tensile stresses) increases until failure occurs (Ott, 1985) or another stable

regime is reached. The stability of the avalanching glacier depends not only on lateral

abutments, but also on the bedrock roughness, which contributes to stabilizing the glacier
(Allalin). If these stabilizing factors are lacking, the whole avalanching glacier (or at least

a large part of it) can break off (Coolidge).

2.4.2 Recurrence of Icefalls

Let us define an ice release cycle as the time period T between two consecutive mass

balance minima (we consider here minima due to calving and not to seasonal melting or

other ablation phenomena). Thus, we might introduce the total mass release Rt0t,(i) (due
to calving) during the cycle i as

Ätot(*)= fti+1q(t)dt. (2.1)
Jti

q(t) is the net ice flux in the zone of fracture, defined as being the ice flux flowing from

the upstream stable part of the glacier in the zone of fracture plus the mass balance into

the zone of fracture, k is the time at the beginning of the cycle i. Equation 2.1 can then

be rewritten as

T(i) = k+l -U = ^p, (2.2)

where q(i) = -£- [^ q(t) dt (2.3)
1 [i) Jti

is the mean net ice flux between the beginning of the cycles i and i + 1. The above

relations are valid only if the position of the fracture line does not vary between successive

ice release cycles. This is the case for a glacier with wedge fracture (the fracture line is

located behind the bedrock cliff) and cold glaciers with slab fracture (the fracture line lies

near the glacier bed) since the fracture depends mainly on the bedrock topography, which
is constant over the time period considered. On the other hand, the position of the fracture

line of temperate glaciers with slab failure can be variable. The fracture process depends
principally on stress increase due to basal sliding (which is not necessarily constant at

each cycle) and not on topographic conditions.

Wedge Fracture

In the case of wedge fracture, the geometry of the unstable ice mass is primarily con¬

strained by the bedrock topography. Over successive release cycles, one might therefore
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expect fitot to remain approximately constant, if the geometry of the glacier (and espe¬

cially the thickness of the glacier calving margin) does not vary.

q principally depends on the basal sliding and the mass balance of the glacier. Under con¬

stant climatic conditions q varies seasonally (due principally to variations of basal sliding
and mass balance regime in the zone of fracture). Oscillations of q (due to seasonal vari¬

ations of q) decrease with T~x. For all observed hanging glaciers with wedge failure, the

period T was at least two years. Therefore, variations of q are small between successive

release cycles. If climatic conditions change, q can vary. For example, the exception¬
ally warm summer 2003 reduced the volume of the Mönch unstable ice chunk by melt.

Therefore the mean net ice flux q decreased considerably.

Under constant conditions, and according to Eq. 2.2, the period T should not vary consid¬

erably for glaciers with wedge fracture, since i?tot and q remain approximately constant.

Observations at the Mönch glacier confirm this conclusion. During the 1980s and 1990s,
the climatic conditions were approximately constant and the release cycle times were

approximately two years (Table 2.2).

Slab Fracture in Cold Ice

Since cold avalanching glaciers with slab fracture grow on a uniform bedrock slope, usu¬

ally a face (Aiguille d'Argentiere, Weisshorn), the dimensions of the calving zone are not

limited primarily by the bedrock topography, but by the fracture process. The total mass

release Rtot, can therefore vary over successive cycles. Subcycles of ice release during a

main cycle (Aiguille d'Argentiere) may also make i?tot variable.

Observed cold avalanching glaciers with slab fracture demonstrate ice release cycles of

one to several decades. During such a time period, accumulation on the unstable glacier
part is important and principally influences q. The accumulation depends on the surface

slope, which is itself affected by accumulation, ice motion and icefalls. The accumula¬

tion and thus q are governed by complex feedback mechanisms. Under constant climatic

conditions and over successive release cycles, q may therefore vary.

According to Eq. 2.2, no periodicity in the release cycles may be expected, since i?tot
and q are not constant and do not necessarily vary proportionally. Observations at the

Aiguille d'Argentiere confirm this. Release cycle periods amounted there to 35 and 60

years, without being explained by climatic variations alone.

Slab Fracture in Temperate Ice

The slab fracture of temperate terrace glaciers is governed primarily by the seasonal vari¬

ation of basal sliding. But, as observed at the Allalin and Balmhorn glaciers, the slab

failure depends on the mass transfer from year to year into the unstable part and on partic¬
ular bedrock characteristics in the zone of fracture. The period T is therefore not constant.

For temperate ramp glaciers, the conditions favorable to an icefall are produced by exter¬

nal forcing disturbances, such as climatic variations or particular meteorological events:

exceptional rainfalls (Coolidge) or a succession of warm summers (Altels). Since these

disturbances are usually not periodic, these glaciers do not present regular release cycles.
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2.5 Icefall Forecasting

The correct forecast of large icefalls can prevent loss of lives and damage to settlements

and infrastructure in the hazard zones. At present, the most promising approach for such

a prediction is based on the regular acceleration of the unstable ice chunks prior to col¬

lapse. This section considers the measured accelerations, which have been observed on

all surveyed glaciers, and the described mechanisms of calving to validate and improve
this forecasting method.

Due to positive feedback mechanisms (which have been described in the previous section)
the velocity of the unstable ice mass approaches a finite time singularity (Sammis and

Sornette, 2002); that is, theoretically the velocity increases to infinity at a finite time

(forming a singularity) according to (e.g. Voight, 1988)

u(t) = u0 + an(k-t)-m\ (2.4)

where u(t) is the velocity at time t, uo is a constant velocity, k is the time of failure

and au and rau are positive parameters characterizing the acceleration of the unstable

ice chunk. The observed acceleration of ice chunks in the case of a positive feedback

between damage and stress (involved in wedge fracture and slab fracture in cold ice) can

adequately be described by using Eq. 2.4 (Iken, 1977; Röthlisberger, 1981; Lüthi, 2003;

Pralong and Funk, 2005a, Chapter 5 in this thesis; Pralong et al., 2005a, Chapter 7 in this

thesis, Figs. 2.5b, 2.6b, 2.7c). A positive feedback between the surface of the undrained

water cavities and the sliding, as assumed for slab fracture in temperate ice, can also

be described by Eq. 2.4. Figure 2.3b presents the fit of the acceleration measured by
Röthlisberger (1981) at the Allalin glacier. The correlation coefficients are 0.96 and 0.99

for the 1966 and 1967 curves. Equation 2.4 is widely used. It describes the fracture of

materials such as rock, soil and high-performance metal alloys (Varnes, 1983).

This characteristic dependence of velocity on time make the forecasting of icefalls possi¬
ble. Velocity measurements performed during the failure process are fitted with Eq. 2.4;
the velocity is then extrapolated and the failure is predicted when u —* oo, i.e., when

t —* tf. Using Eq. 2.4 a successful forecast was first performed for the 1973 Weisshorn

event (Flotron, 1977; Röthlisberger, 1981). Since then, the authors made other conclusive

predictions at the Eiger, Gutz and Mönch hanging glaciers. The failure forecast, i.e., the

determination of if, can also be performed using the integrated form of Eq. 2.4

(f\ _ J So + u0t- au ln(k -t) if rau = 1

S[t)
~

\ s0 + uot +^ (k - t)1-» if mu ^ 1
V-v

where s(t) is the position at time t and so is a parameter. The advantage of using Eq. 2.5

instead of 2.4 for determining k is that the measured positions s(t) can be used directly for

the fitting procedure without differentiating the data to obtain u(t). During the derivation

of s(t), the noise related to the measurements can hide the global trend. However, using
Eq. 2.5 requires an additional parameter (so) to be identified.

For slab fracture in temperate ice, an acceleration is not necessarily followed by an ice¬

fall (in contrast to slab failure in cold ice and wedge failure, where an acceleration always
precedes a break-off). For example, between the 1965 and 2000 failures at Allalin glacier,
17 active phases with significant sliding (and therefore an acceleration; see Fig 2.3b) could
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be observed but no collapse occurred. In those cases, the presented predictive method can¬

not reasonably be applied. This mode of fracture will therefore not be further discussed

in this section. Current knowledge is not adequate for making accurate forecasts of such

phenomena.

The acceleration of unstable ice masses cannot be described by Eq. 2.4 or 2.5 if strong
external disturbances occur during the destabilization process, since they affect the feed¬

back processes responsible for the failure. These disturbances differ for the diverse types
of fractures:

Wedge fracture. The positive feedback leading to a failure occurs between damage
and stress. The stress principally depends on the mass of the unstable ice chunk.

Therefore, variations of mass affect the destabilization. Increase of mass due to

accumulation during the fracture process is usually negligible. However, ice loss

(due to disaggregation; see below) and melting can considerably reduce the mass

and retard the failure (Fig. 2.7c).

• Slab fracture in cold ice. The positive feedback leading to failure also occurs

between damage and stress. In cold avalanching glaciers with slab fracture, the

longitudinal dimensions are larger than the vertical ones. Thus, the ice is principally
subjected to shear stresses. Ice releases at the glacier front do not substantially
change the shear stress at the glacier base and therefore do not perturb the fracture

process.

By setting uq = 0, the velocity u at t = 0 does nevertheless not vanish. u(t = 0)
corresponds then to the creep velocity of ice at the beginning of the fracture process, i.e.,
to the creep of ice without damage (e.g. Mahrenholtz and Wu, 1992). i/.0 is therefore a

term which generalizes the description of the failure process by adding a constant velocity
characterizing a uniform ice motion into the zone of fracture. The value of this term

depends on the type of fracture:

For wedge fracture, two types of motion are superimposed. The first motion type
is the creep deformation due to shearing stresses, which occurs principally at the

glacier base. The second motion type results from damage concentration at the

glacier surface, which induces a crevasse opening and an acceleration. The damage
accumulation is thus, for wedge fracture, not directly coupled with the deformation

of the glacier. The acceleration process can therefore be described in a reference

system, which moves with the independent velocity u0 of the glacier. Eq. 2.4 should

be used with uq inferred from velocity measured at a point located on the upstream
side of the frontal crevasse. In that way, the variations of surface velocities due to

variations of basal sliding are taken into account.

For slab fracture in cold ice, the damage is localized at the glacier base. Since

no sliding occurs, the zone of fracture is not shifted. The fitting of the acceleration

should be performed by setting u0 = 0.
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2.6 Disaggregation

The global destabilization of an ice mass is induced by the formation of a tensile fracture,
which isolates the frontal ice mass from the glacier or by the development of a shearing
fracture plane, which separates the ice slab from the bedrock. Beside these main fracture

processes, subprocesses of fracture occur. They disturb the main destabilization process
and make the prediction of the time of failure and the volume of the largest ice avalanche
difficult. This section analyzes these subprocesses of fracture.

We propose the term "disaggregation" for the separation of an unstable ice mass into

smaller ice parts due to subprocesses of fracture. During a release cycle, the disaggregated
parts gives rise to successive icefalls, which occur at the front and the lateral faces of the

unstable ice chunks. Such icefalls occur prior to or after a main failure. Compared to the

ice volume of the main failure, the cumulated volume of pre-release is generally small,
but can be very large for post-release (Mönch).

Disaggregation can be related to several factors. A numerical analysis using a damage
model by Pralong et al., 2003 (Appendix A in this thesis) shows that a variation in the

bedrock cliff slope may, or may not, generate the disaggregation of the unstable mass

(Fig. 2.14). This difference results from the fact that the stress field in the calving zone is

influenced by the geometry of the bedrock and that the evolution of the damage in ice de¬

pends on the stress. Bedrock irregularities at the front of the glacier can thus trigger these
secondary fractures. The crack healing limits the effects of disaggregation by reducing
the density of cracks. This process is probably thermally activated (J. Weiss, pers. com.),
but is not quantified. Another factor, which influences the disaggregation is the ductil¬

ity of ice. The ductility increases with increasing temperature. The effects of healing
and ductility cumulate. Therefore, a higher ice temperature causes lower disaggregation
activity. The velocity of the unstable ice chunk also controls the disaggregation. If the

chunk does not move, then no disaggregation occurs. Rapid motion of the ice amplifies
the inhomogeneity of the stress field created above bed disturbances and induces more

cracks.

Disaggregation has been reported at the Eiger, Mönch, Weisshorn and Allalin glaciers
(no similar observations are available for other glaciers). The mass of the successive

icefalls due to disaggregation during the 1973 Weisshorn event are evaluated on the basis

of photographs. The pictures were taken from an automatic camera installed at a fixed

position near the glacier (Röthlisberger, 1981). Fig. 2.15a shows the estimated averaged
ice release rate R (kg d_1) between two consecutive photographs as a function of time.

The time is expressed by the difference t[ — t, where k is the observed time of failure.
The ice release rate due to disaggregation can be approximated by

R = R0 + aR(tt - 0~mR, (2.6)

with R0 a constant release rate term and or and ma positive parameters characterizing
the acceleration of the disaggregation process. The disaggregation at the Mönch hanging
glacier possibly follows the same law (Fig. 2.15b). Here daily photographs (also from an

automatic camera) permit the observation of individual icefalls (stars) during a destabi¬

lization process (2003 event, see Table 2.2). The rate of the ice releases was calculated

using the time span between two consecutive falls. This relation cannot be validated for

other glaciers due to a lack of data.
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Figure 2.14: Simulation of an ice fracture with different basal geometries: (a) vertical bedrock
cliff and (b) inclined bedrock cliff at the glacier front. The black areas depict the location of the

fractures (where damage reaches the value ofthe critical damage (Pralong et al, 2003, Appendix A
in this thesis)). The former simulation shows the formation of a secondary fracture in the middle
of the unstable ice chunk, whilst the latter presents a homogeneous unstable chunk.
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Figure 2.15: (a) Release rate at Weisshom hanging glacier (Fig. 2.11b). The observed failure

time of the main icefall (corresponding to abscissa zero) is August 19, 1973. The fit is performed
with Eq. 2.6. (b) Release rate at Mönch hanging glacier (Fig. 2.7a). The fit is performed with

Eq. 2.6. The predicted failure time of the main icefall is August 1, 2003. The effective time of

the main icefall can only be estimated (using the measured acceleration of the unstable ice mass

(Pralong et al, 2005a, Chapter 7in this thesis)), since the last sub-failure stopped the main failure

process.

The parameter Ro can be associated with the ice release rate related to the stable motion

uq of the glacier. For Rq = 0, the parameter or is proportional to the total ice release

volume Rtoti'i) during the cycle i. The value mu is a measure of the disaggregation. mR
increases for decreasing disaggregation activity, thr —» 0 corresponds to a maximum

disaggregation activity with a constant release rate R. Mr —+ oo represents a minimum

disaggregation activity: only one failure occurs at t = k-

Let us express the release rate R due to disaggregation as a function J7 of the velocity u
of the glacier

(R-R0)=F(u-u0), (2.7)

with Uq being the constant velocity term appearing in Eq. 2.4 and R0 the constant release

rate in Eq. 2.6. By introducing R — Rq for the disaggregation and u — u0 for the velocity,
only the influence of the unstable motion of the glacier is considered. Since Eqs. 2.6

and 2.4 are similar, one can write

(R - Ro) = F(u - uq) = a (u - u0)M,

with the parameters ß and a defined as

or , inR
a = — and li = .

(2.8)

(2.9)

The parameter thr, which expresses the disaggregation activity, equals thus ßmn. The

bedrock irregularities, the crack healing, the ice ductility and the velocity of the unstable



CHAPTER 2. INSTABILITY OFHANGING GLACIERS 34

ice mass have been identified as influencing the disaggregation, i.e. the value of mR. The

first three factors are considered in ß, and the last one is characterized by rau.

To analyze Eq. 2.8, let us suppose that the position of the glacier front is stable during a

failure process, i.e., disaggregation exactly compensates the ice velocity at the front. Then

the ice supply q at the glacier front corresponds to the ice release R, i.e., R(t) = q(t).
The ice supply q can be approximated by

q(t) = ApXuu(t). (2.10)

The area A represents the surface of the glacier front, p is the mean ice density (averaged
along the vertical axis). Xu is the ratio of the mean velocity (averaged along the vertical

axis) to the surface velocity normal to the glacier front. One can then write

R = Ap\uu. (2.11)

Since this equation is also valid when R is replaced by Rq and u by no, one obtains

{R-Ro) = Ap\u(u-u0). (2.12)

By comparing this result with Eq. 2.8, one concludes that for a fixed front, one has a =

A p Xu and ß = I, i.e., or = A p Xu au and mR = mu. For terrace glaciers, the assumption
of a fixed front is plausible since the position of the fracture is determined by the bedrock

topography. Observations at the Mönch glacier (using a series of daily photographs)
showed that when the front becomes too steep or exceeds the position of the bedrock

cliff, small icefalls from the lamella occur. Note that this disaggregation is a discrete

process. Only a few icefalls were observed (they correspond to the stars in Fig. 2.15b).
If disaggregation is not very active, then the front advances: the disaggregation does not

compensate the ice flux q. In that case ß > 1. If no disaggregation occurs at all, then

ß — oo so that mR — oo. Inversely, if disaggregation is very active, the front retreats

and ß < 1.

Due to the finite time singularity of Eq. 2.6, the total volume of icefall, until a short

period prior to the main failure, represents a small amount of the volume of the unstable

ice mass, except if disaggregation is important. Close to the main failure, volumes of

icefall can become significant. At that stage, disaggregation can strongly influence the

fracture process by removing mass out of the system, which can delay the main failure.

Disaggregation can, moreover, separate the unstable chunk into a few smaller parts. The

volume of the largest icefall can therefore be reduced considerably making the forecast

of the volume difficult. This happens frequently and has been reported for the majority of

the avalanching glaciers.

2.7 Discussion

The successive failures of avalanching glaciers seem to have a random character. Observa¬

tions of avalanching glaciers have shown that despite similar conditions at the beginning
of many ice release cycles, each cycle evolves differently. As seen above, a numerical

simulation (Fig. 2.14) has shown that small variations in the boundary conditions at the

front of the glacier can influence the disaggregation process. Pralong and Funk, 2005a
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(Chapter 5 in this thesis) described the large influence that some fracture parameters of

ice have on the geometry of the unstable ice mass. Further numerical simulations per¬

formed with their model show that the failure time is sensitive to variations in fracture

parameters. This behavior can be explained by considering Eq. 2.4 describing the accel¬

eration process. The time of failure k is expressed as

*f =
o„

U(t) -Uq
+ U (2.13)

with t an arbitrary time of the acceleration process. u(t) corresponds to the value of the

velocity of the unstable ice mass at time t, i.e., to an initial condition of the velocity when t

is considered to be the beginning of the fracture process. Figure 2.16 shows the sensitivity
of k on the initial condition u(t) and the parameter rau for the values of the 2001 Eiger
failure (for this destabilization process k is not sensitive to au, since the dependence on

ou is approximately linear: here rau « 1). Since Eq. 2.13 is nonlinear, small variations of

u(t) and mu strongly affect the value of k- This effect is attenuated when t converges to

U. By considering Eq. 2.6 instead of Eq. 2.4, and performing the same analysis, it appears

that the disaggregation is also sensitive to initial conditions and parameter values.
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Figure 2.16: Influence of the variation of (a) the exponent mu and (b) the initial velocity u(t)
on the time of failure if calculated with Eq. 2.13. The parameters mu and u(t) vary around

reference values mj and u*(t) (vertical dotted lines) measured during the 2001 event at Eiger
(Fig. 2.5b). A if = if — tf is the difference between the time of failure if calculated with the

different values of the parameters mu and u(t) and the reference time of failure tf related to the

measured reference parameters m* and u*(i). The variations of A if depend on the time span

i]? — t (in days in the legend) between the initial time t of the failure process and the time of failure

if. Au(i) = u(t) — u*(t) corresponds to the variation ofu(t) around the measured reference

value u*(t). Note that the initial velocity u(t) evolves with time t, i.e., with tf — t. For the four

values of if — i, the reference initial velocity u*(t) amounts to:

u*(i*-i = 50)= 0.01m cT1,

tt*(i^-i = 25)=0.02mcT1,
u*(t*t
u*(t*{

i = 5) =0.05 m d-1,
t = 2)=0.26md-x.

In that way, small variations in ice properties, initial or boundary conditions seem to
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induce large variations of the icefall characteristics. Therefore, the time of rupture, the

maximum release volume, the disaggregation activity, or the number of post-releases can¬

not be predicted on the basis of past events or measured initial conditions. Moreover, a

precise prediction only emerges when the time of the measurements approaches the time

of failure. An accurate forecast must thus be based on ongoing measurements and obser¬

vations. A prediction based on numerical simulations seems unrealistic, since neither the

initial conditions (temperature and damage distribution in ice), nor the boundary condi¬

tions (basal sliding, bedrock irregularities), nor the ice parameters (ice flow parameters
and ice fracture parameters) are precisely identified or measurable.

Disaggregation complicates the forecast of the breaking-off time for two reasons. First,
the disaggregation process leads to the failure of secondary ice masses. These processes

develop more quickly and their location is difficult to predict. Their corresponding vol¬

umes are usually small. Second, close to the main failure, these secondary icefalls signif¬
icantly influence the destabilization process. The prediction of the volume of the largest
icefall may be overestimated due to the disaggregation of the ice chunk. The failure time

of the unstable ice mass can also be delayed by partial failure. A temporal increase in

the disaggregation activity can be used to estimate the time of failure of the unstable ice

chunk. A similar approach is applied to the prediction of earthquakes by considering
the seismic events preceding a large quake (Bufe and Varnes, 1993). For glaciers, this

method should, however, be applied with restraint, since partial icefalls can be rare if

disaggregation is less active.

For slab fracture in cold ice and wedge fracture, the intrinsic cause of the failure is the

progressive formation of a fracture. For wedge fracture, the presence of a crevasse at the

front is a good indicator of potential danger. However, the enlargement and deepening of

the crevasse should not be used to estimate the stage of the destabilization. The enlarging
of the fracture depends not only on the motion of the unstable ice chunk, but also on the

motion of the stable part of the glacier. Moreover, the final stage of destabilization does

not occur through the enlargement and deepening of the crevasse, but by the propagation
of a shearing fracture. For slab fracture in cold ice, the fracture processes are usually not

observable and the formation of surface crevasses are not necessarily associated with

the destabilization process. For slab fracture in temperate ice, the stability is related

principally to the basal conditions. A risk of a major icefall is especially acute during
an active phase of sliding. Nevertheless, the active phase is only one of the necessary
conditions for the occurrence of a significant icefall.

Variations in climatic conditions are important for the stability of avalanching glaciers.
Modification of the mass balance influences the total ice flux in the zone of fracture and

therefore affects the mean period between successive breaking off. An increase in air tem¬

perature modifies the thermal conditions of the glaciers, which are of primary importance
for cold avalanching glaciers, in terms of their stability conditions.

2.8 Conclusions

On the basis of observations and measurements performed on avalanching glaciers and

of numerical simulations of fractures, the calving processes in avalanching glaciers and

the recurrence of the failures have been analyzed. The processes of disaggregation, which

induce subfailures, have also been discussed.
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The ice release cycles in avalanching glaciers are not necessarily random in nature. The

probability of icefalls, the release cycle times, and the total release volume within a cycle
can be estimated roughly on the basis of the proposed classification. On the other hand,
successive icefalls within a single release cycle have random characteristics: a prediction
of the failure time and the volume of the larger icefall cannot be made on the basis of

previous icefalls or the initial state prevailing at the beginning of the fracture process. In

order to obtain a precise prediction of the time of the breaking-off, ongoing monitoring
of the avalanching glacier is required. A commonly used method, based on the mea¬

surements of the progressive acceleration of the unstable ice chunks, has been presented.
Another possible method is to record the seismic activity in the unstable ice chunks and

to extrapolate the seismic activity-time function.

The recognition of hazardous situations for avalanching glaciers remains challenging,
since the destabilization processes occurring in avalanching glaciers are not directly ob¬

servable. Only their effects, i.e., geometrical changes, crevasses formation, velocity in¬

crease, can be detected. The identification of these signs of destabilization requires an

a priori knowledge of the typical features related to a stable state since, for example, the

presence of crevasses does not necessarily denote a hazardous situation, or a high velocity
does not always lead to an acceleration. Therefore, a precise knowledge of the historical

background is imperative to assess the potential danger of avalanching glaciers. When a

critical situation is identified, an early start of the monitoring of the acceleration of the

unstable ice mass significantly increases the accuracy of the prediction (Pralong et al.,

2005a, Chapter 7 in this thesis).

In spite of the recent progress achieved in forecasting icefalls (Pralong et al., 2005a,

Chapter 7 in this thesis), the safest strategy still consists in avoiding the hazard zones

of avalanching glaciers. These zones can be roughly estimated on the basis of empirical
criteria proposed by Alean (1984). A more rigorous hazard assessment study requires im¬

portant numerical efforts but can generate large uncertainties if snow or terrain entrained

by the ice mass must be taken into account (Margreth and Funk, 1999).
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Abstract

A level set method is proposed for modeling the evolution of a glacier surface subject to a

prescribed mass balance. This leads to a simple and versatile approach for computing the

evolution of glaciers: the description of vertical fronts and overriding phenomena presents
no difficulties, topological changes are handled naturally and steady state solutions can

be calculated without integration over time.

A numerical algorithm is put forth as a means of solving the proposed model of glacier
surface evolution. It is evaluated by comparing different numerical solutions of the model

with analytical and published numerical solutions. The level set method appears to be a

reliable approach for dealing with different glaciological problems.

3.1 Introduction

The evolution of a glacier subject to a surface mass balance has traditionally been com¬

puted using a kinematic boundary problem, and a model geometry that is updated at each

time step. The evolution of the boundary is usually given by

us ds us h

where s — s(x, y, t) is the surface elevation, v% the velocity in the directions i — x,y,z and

&|urf the surface mass balance function in the vertical (z) direction. Another formulation

38
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of the boundary evolution is based on the conservation of the mass (e.g. Picasso et al.,

2004)
î)h B F)

m
+

dx~ ^xh)
+
di ^yh) = 6*urf(f'É)' (3-2)

with h = h(x, y, t) the ice thickness and fy the depth-averaged components of the hori¬

zontal velocity.

The boundary described by «s or h is a function of x and y; that is, for every (x, y) there

is one and only one corresponding boundary point. No vertical front or overhanging part
can be described. The surface (in the x — y plane) covered by the glacier must be known

a priori (which is no trivial task in the case of advancing or retreating glaciers). If the

computational domain exceeds the domain covered by the glacier, there exists an (x, y)
without associated boundary. For this reason, the surface covered by the glacier should be

determined before solving the kinematic boundary problem (e.g. Picasso et al., 2004). For

vertical fronts, no ablation can be prescribed, since the surface mass balance function is

defined vertically. Computation of topological changes such as breaking or merging (e.g.,
separation of one retreating glacier into two smaller ones, failure of the frontal part of a

hanging glacier, unification of two growing glaciers) are not straightforward processes.

To overcome these difficulties, we propose a continuum approach which treats the glacier
surrounded by air as one computational domain composed of two regions (ice and air)
with distinct material properties. The motion of the ice-air interface in the computational
domain is described on the basis of a level set method (Sethian, 1999; Osher and Fed-

kiw, 2001). A level set function (p(x, t) localizes the material position, and is defined by
ip(x, t) = — 1 in the ice and by <p(x, t) = 1 in the air, except in the vicinity of the ice-air

interface, where a smooth transition of (p ensures the continuity of the level set variable.

The interface is defined by ip(x, t) — 0. The initial condition of <p is given by

-1 if 2d<-5,

ip = { sin(fTr) if \2d\ < 6, (3.3)
1 if 2d>5,

with d the normal distance to the ice-air interface, negative in ice and positive in air,
and S a small value representing the size of the transition of (p. The spatial and temporal
variation ofip(x, t) near the interface is governed by the general Hamilton-Jacobi equation

aff + #(|^U) = 0, (3.4)

with II the Hamiltonian and i the index of the space dimension. For an initial value

formulation of the level set problem, a = 1 and the Hamiltonian reads (Sethian, 1999)

H(^-Xi) = F(xt)\Vtp\. (3.5)

The speed function F, describing the normal velocity of the interface, is positive in the

direction of n. The normal direction n is oriented with respect to increasing <p.

The coupling of the level set method with physical problems is widely used in numerical

simulations, especially to describe the behavior of two-phase flows (see Sethian (1999)
or Osher and Fedkiw (2001) for a review). The adaptation of the level set method into
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glaciological terms represents a special mode of the two-phase flow problem, as the be¬

havior of only one phase, i.e., the ice, is significant. The introduction of the second phase
(the air) into the computational domain allows, however, to describe the evolution of the

interface using a level set method.

The level set method describes a one- or two-dimensional interface with a higher-
dimensional function tp(x, t) (two- or three-dimensional). In comparison to a kinematic

boundary method, the interface motion is therefore implemented with one additional spa¬
tial dimension. The interface is not described as accurately using a level set method

compared with a kinematic boundary formulation, since the localization of the ice-air

boundary depends on the discretization of <p in the vicinity of the interface. However, the

use of this higher-dimensional function makes it possible to describe discontinuous eleva¬

tion profiles or vertical fronts (Pralong et al., 2003, Appendix A in this thesis). Topologi¬
cal changes in the evolving interface are well defined and are handled naturally (Sethian,

1999). The steady state geometry of a glacier can be evaluated by computing the steady
state form of the level set problem coupled with the ice-air flow problem. Time integration
is therefore not required.

3.2 Model

In order to calculate the ice and air motion in the computational domain, the behavior of

both fluids has to be modeled and the motion of the ice-air interface defined by means of

a speed function. Boundary conditions must also be specified.

3.2.1 Ice and Air Rheology

The ice is incompressible. Its behavior is described by

ay = -p kj + 2r)ice èij, (3.6)

with a the Cauchy stress tensor, p the pressure, I the second order unit tensor, 2rj[ce the

ice viscosity and è the strain rate tensor. The viscosity 2n[ce is defined by Glen's flow law

2nlCe = A-nEi*r. (3.7)

with A, n the flow parameters (Glen, 1955; Steineman, 1958) and Ug the second invariant

of the strain rate tensor. While the domain around the glacier corresponds physically to

the atmosphere, it does not need to exhibit the rheology of air, simply a rheology which

does not influence the motion of the ice. Therefore the airflow law is given by Eq. 3.6,

replacing r}\ce by 7;air and defining 77air = e 77ice. e has to be set as small as possible; a value

that is too small generates numerical instability. The air density pair is set at zero. The

transition of the viscosity and the density between ice and air is continuous (e.g. Chang
et al., 1996)

2*7(V>) = 2^ - <P)&n ~ 2^air) + 27?air, (3.8)
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where 2r)((p) and p{ip) express the viscosity and the density over the whole computational
domain. J7ice and pice are related to ice and r/air and pair to air. Table 3.1 lists the numerical
values of the model parameters.

n = 3 e = 2 10-3

A = 2.6 10-24 (Pa~n s--1) Pair = 0 (kg nr3)
Pice = 910(kgm~3)

Table 3.1: Values of the model parameters for ice of0°C. A, n, pice are usual values for ice.

3.2.2 Linear Level Set

The glacier surface moves simultaneously in two different modes. First, it is passively
advected by the velocity field v of the media at the ice-air interface. Expressing only
the component of the velocity normal to the surface, the corresponding speed function

becomes

^adv = v(x,t)> rlsurf, (3.10)

where nsurf is the normal to the surface, pointing out of the ice. Second, it is influenced

by the surface mass balance vector 6surf, which defines the accumulation or ablation at the

surface of the glacier. The speed function is

^mb = baul{(x, t) • 7tsurf. (3.11)

In the case of vertical accumulation and ablation, the surface mass balance vector reads

£surf(£, t) = blui{(x, t) z, (3.12)

with,?the normalized vertical vector and ôjjurf the surface mass balance function in vertical

direction. The speed function describing the motion of the ice-air interface is the sum
of Fadv and Fmb (Sethian, 1999). Since the normal is given by

^surf — (3.13)

the global speed function F becomes, in the case of vertical accumulation and ablation

F=(v + bld(x,t)z)
|Vv|"

(3.14)

Introducing F in Eq. 3.5 and the Hamiltonian in Eq. 3.4, the variation of <p(x, t) at the

ice-air interface is expressed by

7£ + (:v + biT{(x,t)z)-V<p = 0. (3.15)

This equation describes the temporal evolution of the variable <p in the whole computa¬
tional domain, i.e., the motion of the ice-air interface (defined by cp = 0). The interface

is convected by the velocity field v and the surface mass balance ôfurf oriented in the ver¬

tical direction. The level set method will be evaluated and discussed on the basis of this

equation.
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3.2.3 Non-Linear Level Set

The surface mass balance vector, as defined by Eq. 3.12, does not depend on the shape
of the interface. However, the level set method allows the surface mass balance to be

expressed easily as a function of the slope z • nsurf, the aspect nsurf — (z • fismt)z or the

curvature nsm[ of the interface. ksut{ is expressed as (e.g. Sethian, 1999)

Ksurf(p) = V • 7^7. (3.16)

Since n&ur{ and nsurf depend on <p, Eq. 3.15 becomes non-linear. It reads

— + (v + blmf(x, nsurf, ftsurf, t)z) • V<p = 0. (3.17)

In Eq. 3.15 or 3.17 the accumulation and ablation are described in the direction of z. In

that way, vertical fronts or crevasses cannot be affected by ablation. If air is replaced by
water, important processes, such as melt-induced calving cannot be considered. For these

particular cases ablation can be defined normal to the surface. The surface mass balance

vector becomes

^surf(^) nsurf> ^surfi t) = "surf v^» nsurf, Ksurf, t) 7lsurf, (3.18)

with 6^rf < 0 the melting rate normal to the glacier surface. The general Hamilton-Jacobi

equation (3.4) then becomes non-linear. It reads

— +V-V<p = -6irf(x, nSurf, Ksurf, t) |V</?|. (3.19)

Equations 3.17 and 3.19 are presented as possible improvements of the method. They will

not be evaluated or discussed.

3.2.4 Boundary Conditions of the Velocity-Pressure Problem

A vanishing pressure is adopted as the boundary condition for air

p = 0. (3.20)

The pressure p can be specified anywhere in the air since the air density is set equal to

zero and the dynamics is neglected. Therefore, the position of the boundary is arbitrary
for the pressure condition.

Along the glacier base, two types of boundary conditions can be specified. In the case of

frozen bed (no slip), the condition reads

u = 0, (3.21)

where v is the ice velocity at the glacier bed. In the case of temperate bed, the slip
condition at the glacier bed is defined, first by the ice motion normal to the bed

V «bed = 6bed(v> P> x, t), (3.22)
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where v is the velocity of the ice to the bed, &bed *s me basal mass balance perpendicular
to the bed (a positive value means melting of basal ice) and ribed the normal to the bed

surface, pointing out of the ice. Second, it is defined by the tangential component of the

viscous forces at the glacier bed

Fbed • K = /bed (v, p, X, t), (3.23)

with fbed the tangent to the bed surface, pointing in the downstream direction, /bed the

friction function and K = a- n^ed the viscous force per unit area to the bed, with a the

Cauchy stress tensor. For perfect slip (/bed = 0), Eq. 3.23 reduces to

Fbed • (£ "bed) = 0, (3.24)

where £ is the strain rate tensor (Nye, 1969,1970; Kamb, 1970; Pironneau, 1989; Gresho

and Sani, 2000).

3.2.5 Boundary Conditions of the Level Set Problem

In the glacier, the level set boundary condition is expressed as

if = -1, (3.25)

and in the air as

(p=l. (3.26)

Since Eq. 3.15 represents a purely advecting problem, boundary conditions are only im¬

posed where the flux (ice and surface mass balance) enters the computational domain

(Pironneau, 1989), i.e., where (nCC[ • vef[) < 0, with veiï = v + ôsurf the effective velocity
and ncd the normal away from the computational domain.

3.3 Numerical Implementation

The model is implemented using the method of finite elements. The computations are

performed in two dimensions.

3.3.1 Algorithm

A decoupling algorithm is used (e.g. Picasso et al., 2004); that is, the level set equation
and the flow equations are solved separately. At each time step, Eq. 3.15 is solved first

using an implicit Euler scheme. The velocity is approximated with the results from the

previous time step. The conditions at the boundaries are given by Eqs. 3.25 and 3.26. This

hyperbolic problem is solved with Lagrange elements of order two and stabilized with the

stream line diffusion method (Pironneau, 1989). Then the flow model is computed by
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simultaneously solving the equations of mass and linear momentum balance
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dx dz
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„
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where the acceleration terms have been ignored. 2rç is the viscosity given by Eq. 3.8,
and p the density given by Eq. 3.9. This set of non-linear equations (3.27) is solved by
iteration of the viscosity. The maximum relative difference of the viscosity between two

consecutive iterations is used as the criterion to stop the iteration procedure. To stabilize

the pressure, the velocity variables are computed with second order Lagrange elements

and the pressure with Lagrange elements of order one (Pironneau, 1989). The boundary
conditions are given by Eqs. 3.20 to 3.24. Two different meshes are generated to solve

the level set and the flow models. Both meshes are composed of irregular triangular
elements. Since V<p vanishes except in the vicinity of the interface, Eq. 3.15 only gives
rise to variations of tp near the interface. To reduce the computational time, a dense mesh

is only used near the interface in the level set computations. An iterative mesh refinement

(e.g. Trompert, 1995) is performed (on an initial sparse mesh) for every mesh cell located

in the vicinity of the interface. After a fixed number of time steps, a new refinement

is performed, which takes into account the displacement of the ice-air interface. The

refinement is performed on the basis of the results of the previous time step. Therefore,

only one solution of the level set is calculated for each time increment.

3.3.2 Validation

The numerical algorithm is validated by performing four tests: the evolution of an inter¬

face subject to a prescribed velocity field and a surface mass balance, the velocity profile
of a parallel-sided slab surrounded by air, the deformation of an ice block without pre¬

scribed surface mass balance and the analysis of the geometry of a glacier subject to

a surface mass balance function. Analytical or published numerical solutions exist for

these four cases, to which the results of the model are compared. The first test analyzes
the level set, while the second one evaluates the flow problem. The last two tests consider

the coupling of the level set and the flow problems.

First Test

Figure 3.1a compares the evolution of a glacier interface computed with the level set

equation (3.15) and calculated from the analytical solution in the case of a prescribed flow

field given by vx(x, t) = x2 + z2 and vz(x, t) = 0. For the analytical solution, the glacier
surface is given by s(x,t) = x—x2+xt and its length by l(t) = 1+t (Picasso et al., 2004).
For the numerical solution, the surface mass balance function used for computing the level

set equation is chosen so that Eq. 3.1 is fulfilled, i.e., 6gUrf = x + (x2 + z2)(l — 2x + t).
Numerical results show a good agreement with the analytical solution. The ratio between

the error (L2 error) of the interface position at the final time (t = 2) and the error at the
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beginning of the simulation (t = 0) is proportional to /i1-8 with h the size of the grid at

the interface. The time step is set proportional to W-l2. The other parameters are kept
constant. Fig. 3.1b shows the spatial distribution of the value of the level set variable at

the final time of the computation (t = 2) and Fig. 3.1c the mesh used to solve the final

time step of the interface evolution problem as presented by Fig. 3.1b.

horizontal distance

horizontal distance

Figure 3.1: (a) Evolution ofan interface subject to an imposed surface mass balance and velocity
field (see text) as obtained from the numerical and analytical solutions. The initial position is

given by t = 0 and the final one by t — 2. The problem is calculated and represented in a

non-dimensional form, (b) Distribution of the value of the level set variable in the computational
domain at t = 2. (c) Mesh used for computing the level set equation at t = 2. This dense mesh is

composed of4703 elements.
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Second Test

The second test considers the steady state flow of an infinite inclined parallel-sided slab of
ice surrounded by an air layer. The location of the ice-air interface is imposed (<p is here
a fixed parameter). In the computational domain, the transition of viscosity and density
at the ice-air interface is given by Eqs. 3.3, 3.8 and 3.9. Periodic boundary conditions
are imposed in the longitudinal direction. The ice is considered to be frozen to the bed.
The top of the air layer is a free surface. Figure 3.2 displays the non-dimensional velocity
profile (the velocity profile is normalized with the value of the velocity at the ice-air

interface) through the ice and air as computed by the numerical model. It is compared
with the analytical solution of the problem (by setting S = 0 in Eq. 3.3)

z<\ (ice)
z > 1 (air)

th
and v„ = 0, (3.28)

with v^1 and v^1 the theoretical horizontal and vertical velocities. By setting the parameter
Ö proportional to h and keeping the other parameters constant, the computed velocities vx
and vz converge to u*h and ?;*h.

0.6

velocity

Figure 3.2: Steady state velocity profile through an infinite inclined parallel-sided slab as ob¬

tained from the numerical and analytical solutions. The problem is calculated and represented in

a non-dimensional form. The ice is surrounded by air. The analytical and numerical solutions are

calculated for the ice and air layers.

Third Test

Figure 3.3a shows the deformation of an ice block creeping under its own weight. No

mass balance is applied. To solve the ice flow problem, the ice is considered to be frozen

to the bed (bottom boundary of the computational domain). On the vertical wall on the

left (left boundary), the ice may slip. b^ed = 0 and /bed = 0 are defined as slip param¬
eters. The evolution of the geometry is calculated using the level set method. Since the

basal condition induces overriding processes during the deformation, the level set solu¬
tion is compared to a numerical solution obtained from a method describing overriding
phenomena (Leysinger Vieli and Gudmundsson, 2004). In both approaches, the ice flow

is computed with the full Stokes equations (3.27). Both methods lead to similar solutions.
The maximum separation (at the end of the computation) between the two curves repre¬
sents 0.5% of the elevation of the undeformed ice block. In the computational domain,
the volume of ice is evaluated at each time step (by assuming an arbitrary constant glacier
width). It should remain constant since the ice is incompressible. The relative error ob¬
tained by comparing the initial volume and the volume evolving with time is plotted in
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Fig. 3.3b. The maximum error occurring during the computation amounts to approxima-
tively 0.2%. The error is associated principally with the finite element discretization and

the time integration of (p.

a 1

CD
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5 0.1
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>
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time step

Figure 3.3: (a) Deformation of an ice block under its own weight on a horizontal surface. The

computational domain is limited by the box. The level set method (sohd fines) and the boundary
method (dotted lines) by Leysinger Vieli and Gudmundsson (2004) are compared. Note the scale

difference between the horizontal and vertical axes. The problem is calculated and represented in

a non-dimensional form, (b) Error in percents of the volume of ice as a function of the time step
for a level set mesh composed of approximative^ 2700 elements. The last time step corresponds
to the last configuration (t%) presented in Fig. 3.3a.

Fourth Test

Figure 3.4a shows the temporal evolution of a glacier subject to a prescribed surface mass

balance function. The glacier bed has a slope of 35°. The x- and 2-axes are parallel and

normal to the bed. The initial condition represents a domain without ice. The surface

mass balance function &jjurf varies along the x-axis as

4rf = ax, (3.29)

with a = —0.01 a-1. This corresponds to an accumulation at the upper part of the glacier
(xu = —100 m) of 1 m per year. The ice is considered to be frozen to the bed (lower

boundary). The ice may slip on the vertical wall on the left (left boundary), b^ed = 0

and /bed = 0 are defined as slip parameters. The length of the glacier at the steady
state amounts to 199.1 m. With the prescribed surface mass balance function (3.29), the

theoretical length of the glacier at the steady state is obtained by

rtf^ = 0, (3.30)
J Xu.

'. )\
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with x\ the position of the lower part of the glacier. For solving Eq. 3.30, the length of

the glacier x\ — xn = 200 m. At the steady state, the relative error of the computed length
with respect to the theoretical length amounts to 0.45%.

The steady state geometry of the glacier can also be calculated by solving the steady state

form of the level set equation (3.15) (by setting a = 0 in the general Hamilton-Jacobi

equation (4)) coupled with the flow equations system (3.27). The level set and the flow

equations are solved independently. An iterative process ensures the convergence of the

system. A mesh refinement is performed for solving the level set problem. The refinement

is based here on the level set solution of the present iteration. The mesh before refinement

needs to be fine to ensure the convergence of the iterative process. To start the iteration,

a rough guess of the steady state solution of the glacier geometry is imposed (Fig. 3.4b).
Several iterations between the level set and the flow problems are necessary so that the

solution tends to the steady state geometry (Fig. 3.4b). By means of this procedure, the

calculated length ofthe glacier reaches 200.3 m. The relative error amounts to 0.15%. The

error of the glacier length is in both cases associated with the finite element discretization.

Figure 3.4c compares the steady state glacier geometry calculated using the level set meth¬

ods (direct steady state and time dependent) and the kinematic boundary method (Eq. 3.1)
for which a glacier length of 200 m has been imposed. The shape of the glacier is similar

for all three approaches. Note the small instabilities near the glacier front for the kine¬

matic boundary method. These are due to the difficulties encountered while computing
the ice flow at the singular point of the front. The relative error between the kinematic

boundary and the level set curves is elsewhere less than one percent.

Figure 3.4d compares the temporal evolution of the ice volume (by setting the glacier
width at 1 m) obtained with the numerical simulation and derived from the volume time-

scale formula

Qa.cc

with £equ the time required to reach the steady state, Veqn the volume of the glacier at the

steady state and çacc the prescribed total accumulation flux. Equation 3.31 was derived by
linearizing the dynamics ofthe surface mass balance at t = 0. As long as the glacier length
amounts to 100 m, the effective ice flux due to surface mass balance remains constant.

During this period, the computed results should be identical to the theoretical one. By
comparing the slope of the computed curve during the first 50 years of simulation with

the analytical slope, a relative error of 0.31% is determined.

3.4 Discussion

The convergence of the level set algorithm is demonstrated for the general case of an

advecting medium with a prescribed surface mass balance (Fig. 3.1). The convergence

of the flow algorithm is presented in the case of an infinite parallel-sided slab (Fig. 3.2).
The accuracy of the flow solution, in particular in the vicinity of the ice-air interface, in¬

dicates that the velocity v introduced in Eq. 3.15 represents the physical velocity of the

ice. Furthermore, as presented in Fig. 3.3a and Fig. 3.4c, the air viscosity introduced for

computing the level set method has no noticeable influence on the ice dynamics. Thus, the

level set method adequately describes the evolution of the glacier surface. Further tests
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Figure 3.4: Calculation of the steady state geometry of a glacier subject to accumulation and

ablation. The glacier bed has a slope of 35°. The x-axis (distance) and z-axis (thickness) are

parallel and normal to the bed. The computational domain is limited by the box. (a) Temporal
evolution of me glacier calculated with the time dependent level set equation (Eq. 3.15). The ini¬

tial configuration of the simulation is a domain without ice. The steady state geometry is reached

after approximatively 180 years. At that stage, the level set mesh is composed ofapproximatively
3000 elements, (b) Geometries obtained during the iteration process for the calculation of time

independent level set equation: (v + 6g'urf (x, t)z\ • Vip = 0. The rectangle geometry represents
the initial guess of the solution. After 10 iterations, the final solution is reached. Approximatively
10 '000 elements are used to solve the level set problem, (c) Comparison of the steady state ge¬

ometry obtained with (a), (b) and a kinematic boundary method (Eq. 3.1). (d) Temporal evolution

of the volume of ice as calculated by the level set method and derived from the volume time-scale

formula (Eq. 3.31).
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dealing with the conservation of the ice mass are presented for glaciers with and with¬

out prescribed surface mass balance (Figs. 3.3c and 3.4d for evolving glaciers, Figs. 3.4a

and 3.4b for glaciers in a steady state). These tests confirm the mass conservation of the

coupled algorithm. The third test (Fig. 3.3) illustrates the possibility for modeling verti¬

cal fronts and overriding phenomena without adaptation of the method. The fourth test

(Fig. 3.4) presents the capability of solving steady state problems without time integration.

The computational time required to solve the level set problem (including mesh refine¬

ment) as presented by the last two tests (Figs. 3.3 and 3.4) is one order of magnitude
smaller than the time needed for solving the full Stokes equations. The coupling of the

level set method with the shallow ice approximation of the flow equations makes the level

set less attractive with regard to the low time cost of the computation of the shallow ice

flow. Fast resolution methods (e.g., the refinement method presented here, local computa¬
tion of the level set problem only near the interface (Peng et al., 1999)) require, however, a

number of discretization elements proportional to (l/h)ds~x, where h is the grid size near

the interface and ds is the spatial dimension. They make the level set methods competitive
with kinematic boundary methods (Osher and Fedkiw, 2001).

3.5 Conclusions

The level set method is a versatile approach for modeling the evolution of glaciers. A

surface mass balance function can be implemented easily. No difficulties are encountered

in the modeling of discontinuous surfaces or vertical fronts. The description of topological
changes of an evolving interface is handled naturally. The steady state geometry of a

glacier can be obtained by directly solving the steady state form of the level set equation

coupled with the flow equations. The precision of the computed interface is however

limited by the discretization of the level set problem.

Other glaciological phenomena could be dealt with this method, e.g., bed separation
(Schweizer and Iken, 1992), R-channels (Röthlisberger, 1972), polythermal glaciers
(Blatter and Hutter, 1991) or calving processes (Vieli et al., 2001).



Chapter 4

Ductile Crevassing

This chapter is in press under the same title in Glacier Science and Environmental Change, Ed. P. Knight,
Blackwell Publishing, Oxford,. The author is indebted to an anonymous referee for helpful comments.

4.1 Introduction

Fracture in ice is a complex competitive process of microcrack nucleation and propaga¬
tion. The spatial organization of the microcracks during their development determines the

brittleness or the ductility of ice. Because of the difficulties in taking the influence of the

microcracks into account individually, the fracture is usually considered at a scale (the
mesoscale) that homogenizes the microstructures. The analysis of the fracture process
is thus based on quantities defined at that scale. In this approach, the brittleness or the

ductility of the fracture is frequently related to the stress magnitude, the stress state and

the temperature of the ice. Fracture in tension (the usual form of crevassing) becomes

ductile at low stress and high temperature.

4.2 Particularities of Ductile Crevassing

Ductile fracture is characterized by a large fracture process zone (FPZ, zone where mi-

crocracks are active because of stress concentration at the crevasse tip; see also Bazant

(1999)) and a subcritical crevassing (crevasse which propagates below the fracture tough¬
ness; more generally called subcritical crack growth (SCCG); see also (Weiss, 2004)).

The size of the FPZ is related to the stress relaxation at the crevasse tip due to viscoplastic
deformations (creep), which are related to dislocation kinetics, but also to microcrack

growth (Kachanov, 1957). The stress concentration at the tip is thus attenuated and the

stress is redistributed in a zone around the tip. In that zone, microcracks grow. Some

microcracks dominate and extend the crevasse. The FPZ influences the ice flow, since the

microcracks reduce the mechanical properties of ice. In order to evaluate the size of the

FPZ, crevasse patterns observed in nature can be considered. Weiss (2003) analyzed the

crevasses of a temperate alpine glacier (Glacier d'Argentiere, France). He found that the

size of the crevasse length follows an exponential distribution, with a minimum crevasse

51
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size of 10 m. The spacing between crevasses could be approximated well using a log-
normal distribution with a mode of 12.6 m. These results suggest that the size of the FPZ

is in the order of magnitude of 10 m in the case of ductile crevassing. This is confirmed

by direct simulations of crevasse growth (see below).

Observations of subcritical crevassing are numerous, but the SCCG process has not yet
been studied in the case of ice. Figure 4.1 presents a simplified pattern of crack velocity
reported as a function of the stress intensity factor K, as observed in ceramics or glass
(see e.g. Wiederhorn, 1969). At the fracture toughness Kc, the crack propagates at a speed
close to the body wave speed (critical crack growth). Under the threshold Kt^, the crack

does not progress. For ice, 7Cth can be related to the crack nucleation stress observed at

low stress. Between K^ and Kc the crack grows with a controlled velocity. This mode

of fracture corresponds to the SCCG. For rocks, ceramics or glass, SCCG is usually as¬

sociated with diffusion processes, chemical reactions and plastic flow (Weiss, 2004). For

ice, diffusion processes are known to be very slow. They can, however, influence the

SCCG at a low deformation rate. Chemical reactions due to ice impurities are not re¬

quired for SCCG, since laboratory experiments performed with pure ice show subcritical

effects (Mahrenholtz and Wu, 1992). As asserted above, viscoplastic flow is responsible
for the formation of the FPZ. In the FPZ, the development of microcracks is not homo¬

geneous because of the heterogeneity of the ice. In such conditions (e.g. Amitrano et al.,

1999), some microcracks progressively dominate and extend the crevasse. As revealed by

creep to failure measurements performed in laboratory (Mahrenholtz and Wu, 1992), the

duration of the microcrack accumulation process (until the formation of a crack) depends
strongly on the applied load. At low stress (< 1 MPa), it is in the order of weeks. Thus,

SCCG could be interpreted as a discontinuous process of microcrack nucleation and prop¬

agation. At the macroscale, the organization of these microcracks can be regarded as a

continuous process of crevasse growth.
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Figure 4.1 : Schematic crack velocity vs. stress intensity factor. Critical crack growth (CCG)
occurs for K > Kc, where K is the stress intensity factor and Kc is the fracture toughness.
Subcritical crack growth (SCCG) arises for üTth < K < Kc, with Kth being the threshold of the

stress intensity factor (see e.g. Wiederhorn, 1969).

4.3 Model Overview

Dynamic models of crevasses or rift openings are scarce. They can be classified according
to the velocity of the crack they consider. For rapid velocities, i.e. for K close to Kc,

o
o
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elastic effects dominate, and the ice is more brittle. The FPZ is small compared to the

system size, and linear elastic fracture mechanics can be applied (Bazant, 1999). This

theory is able to describe the opening of rifts in ice-shelfs (Larour et al., 2004). For

low crack velocities, i.e., for K close to Kt^, viscoplastic effects are prevalent. Non¬

linear fracture mechanics or continuum damage mechanics should be applied. Glacier

crevassing has been modeled successfully by using a damage mechanics approach valid

for creep materials (Pralong and Funk, 2005a, Chapter 5 in this thesis), a simple non¬

linear fracture model (Iken, 1977), or an improved linear fracture mechanics approach,
which accounts for subcritical crevassing (Weiss, 2004).

4.4 Continuum Damage Model

Continuum damage mechanics describes the deterioration of material due to a progressive
increase of damage (damage means the density of microcracks, which affect the mechan¬

ical behaviour of the material). This approach consists of three elements: i) quantification
of the damage with a variable D (called "damage variable"), ii) description of the influ¬

ence of the damage on the material rheology, and iii) description of the evolution of the

damage in time and space (see Pralong and Funk, 2005a, Chapter 5 in this thesis). The

damage variable D is defined at the mesoscale. Since the mesoscale is much smaller

than the size of the crevasses, D is, for the modelling of crevassing, a local variable. It

has the following meaning: D = 0 represents no damage and D — 1 corresponds to a

fully damaged ice element. The damage variable should adequately describe the level of

anisotropy: isotropic damage is represented by a scalar variable and anisotropic damage
by a second or fourth order tensor. The influence of the microcracks on the ice flow is

calculated by assuming a dependence of D on the ice viscosity. For anisotropic damage,
the viscosity becomes anisotropic. The increase of damage in material is modeled using a

local progressive accumulation law valid for creep materials (Kachanov, 1957; Rabotnov,

1969; Murakami and Ohno, 1980; Pralong and Funk, 2005a, Chapter 5 in this thesis; Bai

et al., 1999; Pralong et al., 2005b, Chapter 6 in this thesis).

With such an approach, ductile crevassing is handled naturally: i) In the model, a con¬

centration of damage appears at the crevasse tip and forms the FPZ, thereby taking into

account the influence of the FPZ on the ice flow, ii) The subcritical crevassing is repro¬

duced by modelling the local and progressive accumulation of damage. The crevassing in

a hanging glacier is computed (Fig. 4.2) by applying the isotropic damage model devel¬

oped by Pralong and Funk, 2005a (Chapter 5 in this thesis). The simulation reproduces
the subcritical crevasse growth and the formation of the FPZ.

4.5 Outlook

The physics of ductile crevassing is not well understood at present. The microprocesses of

fracture and the spatial organization of microcracks should be analyzed in greater depth.
Field and laboratory measurements should also be carried out in order to quantify subcrit¬

ical crack growth for ice.
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horizontal distance (m)

Figure 4.2: Simulation of crevasse formations in the west face hanging glacier of the Eiger,
Switzerland. According to Pralong and Funk, 2005a (Chapter 5 in this thesis), the damage is

assumed to be isotropic. The crevasses appear in the model as concentration of damage. The blue

colour represents ice without microcracks (D = 0). Yellow corresponds to broken ice (D = 1),
i.e., ice with a very high density ofmicrocracks. In the simulation, the frontal crevasse grows. The

fracture process zone at its tip is depicted in violet and corresponds to intermediate values ofD.
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Dynamic Damage Model of Crevasse

Opening, and Application to Glacier

Calving

A shorter version of this chapter is published in the Journal of Geophysical Research under the same title,

with co-author M. Funk from the Section of Glaciology, VAW, ETH Zurich. In contrast to the published

version, elements have been inserted in section 5.2 and a new section has been introduced (section 5.3).

The authors are indebted to M. Liithi for pointing out the pertinence of the damage mechanics for crevasse

modeling and for critically reading the manuscript. They address a special thank to K. Hutter, H. Hager and

an anonymous referee for valuable comments and to Susan Braun-Clarke for proofreading the English.

Abstract

Theory and applications of continuum damage mechanics for ice are discussed and on

this basis, an ice-damage model, valid at low stresses, is proposed. The model describes

the damage itself, the rheology of the damaged ice and the damage evolution. A local

damaging and healing law is considered and its parameterization is motivated. The model

parameters are inferred from published data of laboratory experiments. The model is sub¬

sequently implemented in a finite element code and applied to the prediction of a calving

process and to the destabilization of an ice chunk from a hanging glacier. Numerical

results show good agreement with field measurements.

5.1 Introduction

The failure of material under creep at low deformation rates is due to a progressive ac¬

cumulation of microcracks. Kachanov (1957) first differentiated between the effects of

dislocation kinetics and microcrack growth observed on creep. The notion of damage
generalizes the effects of the microcracks analyzed by Kachanov: Damage is available at

any scale (micro and macroscale), for any deformation (elastic, plastic, creep) and for any

type of loading (monotonie, cyclic). Thus damage includes all the progressive physical
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processes responsible for the deterioration of the material properties of a body subjected
to loading.

Damage can be described at different scales (see also Lemaitre, 1992). At the scale of

the crystal grains (the microscale), damage in material refers to the processes leading to

the formation of microvoids, micro-cavities or microcracks. Because of the difficulty in

describing the rheology of a material by considering the influence of all these defects in¬

dividually, an averaging approach was introduced. A new scale (the mesoscale), larger
than the size of the micro-defects and the crystal grains, but much smaller than the size

of the system, is defined. At this scale the influence of the population of defects is con¬

densed into a single damage variable, which describes the formation of one local crack.

Microscopic and mesoscopic approaches are commonly handled with continuum damage
mechanics. The fracture considered at the scale of the system is usually studied by using
fracture mechanics with variables defined at that scale (macroscale).

Microscopic continuum damage mechanics was applied for example to concrete, rock

and electrical conductors to describe the behavior of these materials at the mesoscale.

By analogy, mesoscopic continuum damage mechanics can be applied to describe macro¬

scopic phenomena. It becomes then a theory similar to fracture mechanics. Mazars and

Pijaudier-Cabot (1996) presented the correlation of both approaches by using thermo¬

dynamic considerations. Silberschmidt and Chaboche (1994) and van Vroonhoven and

de Borst (1999) applied both methods to model the fracturing of elastic materials.

In this paper we restrict ourselves to the description of damage at the mesoscale within the

context of continuum damage mechanics. We present a local damage model for granular
ice subject to low stresses and the application to glacier calving. The term "low stress"

refers to the stress encountered in glaciers, as opposed to "high stress", which refers to

the stress used in most laboratory tests or prevalent in ice-structures interactions. A scale

effect influences the process of fracture in glaciers (Section 5.4.3). It is therefore difficult

to quantify the limit between low and high stresses, since it varies with the size of the

system.

5.2 Theoretical Background

The analysis of the behavior of a damaged material by continuum damage mechanics

involves three elements: quantification of the damage with a variable, influence of the

damage on the material rheology, and evolution of the damage in time and space.

5.2.1 Damage Variable

Two different approaches are taken to quantify damage: geometrical and Theological. The

geometrical approach considers physical defects observed at the microscale and describes

statistically these defects in terms of their size or/and orientation (e.g., Nemat-Nasser and

Hori, 1993; Krajcinovic, 1996). The quantitative description of the defects is principally
carried out by using statistical investigations of a few cross-sections of the damaged ma¬

terial. Different parameters can be measured: The density of cracks pi, as defined by
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Kachanov (1994) is expressed for sparse microcracks (the cracks are isolated) as

Pl = |E^ (5.1)

with li, the length of the z'th crack and S, the area of the analyzed surface. For dense

microcracks, Weiss (1999) defined

Pl = |(E'*) > (5-2)

where J2 k corresponds to the cumulated length of crack traces. For Gold (1972b), Sinha

(1988) and Zhan et al. (1994), the density of cracks ps\ is defined as the number of

cracks per unit area (usually noted N). For anisotropic damage, the parameters pL, p*L
and pn vary with the orientation of the cross-section. Their experimental identification

is difficult to perform, because the measurements are destructive and the experiments
not reproducible. Moreover, the quantitative representation in space of the microcracks
based on the observation of a few cross-sections is difficult. Methods of quantitative
non-destructive evaluation of microscopic damage are still in their developmental stage
(Krajcinovic, 1996). Although acoustic emission analysis leads to an excellent determi¬

nation of the rate of crack formation (e.g., Zaretsky et al., 1979; St.Lawrence and Cole,
1982; Sinha, 1982; Karr, 1985; Langhorne and Haskell, 1996; Weiss et al., 2001), and

crack location (Weiss and Marsan, 2003), the description of the crack orientation and size

remains, however, qualitative. Other non-destructive methods, like the analysis of creep
to failure, ofthe variation ofthe material density or the elastic modulus require knowledge
of the dependence of the material rheology on the parameters characterizing the damage.
This approach is tackled in the following paragraph.

In the rheological approach of the damage description, one introduces a state variable D

(called "damage variable"), which is defined through the change in rheological proper¬
ties with increasing material deterioration (Kachanov, 1994). The value of the damage
variable is therefore determined with regard to the effects of the micro-defects on the

mesoscopic response of the material (Krajcinovic, 1996). This approach is correct if

the dependence of the rheology on the damage variable is meaningfully quantified (Sec¬
tion 5.2.2) and the damage variable adequately describes the level of anisotropy: isotropic
damage is represented by a scalar variable D; orthotropic damage is described by a sym¬
metric second order tensor /); higher damage anisotropics are represented by a fourth

(or higher) order tensor (Krajcinovic, 1996; Skrzypek and Ganczarski, 1999; Chaboche,
1999). This last level of anisotropy has never been applied to the deformation of ice at low

stresses and will therefore not be discussed. The isotropic damage variable is bounded by
0 < D < 1 and is defined as follows: D = 0 means no damage and D = 1 corresponds
to a fully damaged material. Intermediate values depend on the definition of the damage
variable.

In some special cases (Section 5.2.2) the damage variable D has a specific physical inter¬

pretation. For isotropic damage (Lemaitre, 1992; Skrzypek and Ganczarski, 1999), D is

defined as

D = ^=A (5.3)

where S is the reference cross-sectional area and S is the reduced cross-sectional area

due to microcracks. Note that this geometrical representation of damage cannot describe

more than orthotropic anisotropy (Qi and Bertram, 1999).
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Many observations (Schulson and Hibler, 1991; Weiss and Gay, 1998; Weiss, 2001;

Malthe-S0renssen et al., 1999) show that the fracture patterns in ice are scale invariant;
that is, an extensive damage measure M (e.g., the number of cracks, the length of the

cracks), performed over a volume x3 or an area x2, follows the relation (e.g. Weiss, 2001)

M{Xx) = Xdo M(x), (5.4)

with A, an arbitrary non-zero positive real number and do, the zeroth-order fractal dimen¬

sion of the measure A4. According to Weiss (2001), the density pM (pL, p*L, Pn) of the

damage measure M, exhibits an apparent size effect

pM(Xx) = Ad°-d pM(x), (5.5)

with d the spatial dimension. The size xd of the representative element, used for the

measure of M, influences the value of pM. Two densities (pM(%) and pM(Xx)) measured

using different representative elements (xd and (Xx)d) must therefore be compared with

Eq. 5.5. Since dQ « d, except for crushed ice, this scale effect is small (Weiss, 2001).
Note that Weiss (2003) showed that the crevasse pattern of glaciers is not scale invariant.

Note also that relation 5.5, applied with pM = D, imposes no upper bound for D what

is in contradiction with the nature of D1. This makes questionable whether D could be a

scale invariant variable2.

5.2.2 Rheology of Damaged Ice

The rheology of a damaged viscous material, e.g., damaged glacier ice, is described by
introducing a damage dependence in the material rheology. This can be elegantly accom¬

plished with an equivalence principle (Skrzypek and Ganczarski, 1999), which "allows to

describe the mechanical behavior of the damaged material using the constitutive equation
formalism of the undamaged material" (Weiss, 1999). Table 5.1 presents the two equiva¬
lence principles usually adopted in glaciology. The effective stress and the effective strain

rate tensors are introduced. Their definitions are given in Table 5.2 for different levels

of anisotropy. Isotropic damage applied within the strain equivalence principle can be

described with Eq. 5.3. The effective stress represents then the mean stress acting on the

effective section S. For orthotropic damage as described in Table 5.2, orthotropic (A),
the effective stress tensor ä (or the effective strain rate tensor |) becomes asymmetric if

the damage tensor D and the stress tensor a (the strain rate tensor £, respectively) are not

coaxial in their principal directions (Skrzypek and Ganczarski, 1999). To avoid the diffi¬

culty of an asymmetric tensor, Murakami and Ohno (1980) redefined the effective stress

tensor ä by considering only its symmetric part (Table 5.2, orthotropic (B)). Cordebois

and Sidoroff (1982) and Chow and Wang (1987) proposed another symmetric definition

of the effective stress tensor (Table 5.2, orthotropic (C)). These symmetric definitions can

also be applied to the effective strain tensor s.

lThe upper bound for D, i.e., 1, prevents the effective stress à (see below) to be the negative of the

stress a.

2The natural choice for a damage variable is not D but Z = (1 - D)~x (with 1 < Z < oo) which is

a linear mapping between a and a (ct = Za); see below for the definition of a. In that case, relation 5.5,

applied with pM = Z, imposes no lower bound for Z. Therefore, Z does not seem to be more adapted to

support scale invariant properties.
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Equivalence undamaged damaged

Principle material material

Strain rate i = C(çi,...) i = c(ê,...)
Total Energy k = C(a,...) è = C{â,...)
With t = è(è,J2)'- effective strain rate

s. = <l(<l,I2)'- effective stress

Table 5.1: Equivalence principles for a creep function C. The strain rate equivalence principle
was introduced by Lemaitre (1971) and the total energy equivalence principle by Chow and Lu

(1992).

Anisotropy Level Effective Stress Effective Strain Rate

Isotropic

Orthotropic (A)

Orthotropic (B)

Orthotropic (C)

<L = Za

Q-=Zo_

QL=l[Za + aZ]
_i _i

S- = Z_2 Q.2L2

i = z-1s

l = zrxè

i=\[z-lk + LZ-x]

Table 5.2: Common definitions of the effective stress and strain rate for different levels of

anisotropy. Z and Z_ are damage effect variables and are defined as: Z — (l — D)~x and

Z_ = (I — D)-x, with I the second order unit tensor. Orthotropy (A), (B) and (C) represent
different expressions fora andè.

Another way to consider the damage dependence in the flow law is to formulate the de¬

formation of the damaged ice as the derivative of a potential expressed as a function of

the damage

Sij = P
dip

and È'i^è^-
—13

(5.6)

with p, the ice density; d and d, constants; ip — ip(a, D_,...), an energy function (Santaoja,
1989; Choi and Karr, 1989); 4> — <P{o., 12,...), the dissipation potential expressed in Eule-

rian formulation (Wu and Mahrenholtz, 1993); cp = (p(S.,£l,...), the dissipation potential
in Lagrangian formulation (Sjölind, 1987). F? is the viscous part of the Green-Lagrange
strain tensor, S_ is the second Piola-Kirchhoff stress tensor and D is the damage tensor in

the reference configuration.

The introduction of the damage in the flow law can be directly performed by introducing
an empirical scalar enhancement function F{pi), F(p*L), F(pn) or F(D) to account for

the effect of damage on the ice viscosity. The viscosity r] of the damaged ice reads

77= Frj, (5.7)

with r] the viscosity of the undamaged ice. This strategy is applied for isotropic damaged
ice.

5.2.3 Damage Evolution

The increase and decrease of damage is described by the dynamic function of damage /
in the Lagrangian formulation and / in the Eulerian formulation. The Lagrangian formu¬

lation of the balance of damage is expressed for a second order damage tensor as (see also
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Bai et al. (1999) for scalar damage)

dD
= f(E,E,T,D) (5.8)

di -

where D is the damage variable, t is the time, / is the dynamic function of damage, F_
is the deformation gradient tensor and P is the first Piola-Kirchhoff stress tensor. The

Eulerian formulation of the balance of damage reads (see also Bai et al. (1999) for scalar

damage)

D=l(<L,p,T,D), (5.9)

where D is a spatially objective time derivative of _D (see below Eq. 5.10). / depends on

the Cauchy stress tensor a, on the density p, on the temperature T and on the damage D.

The objective derivative is the Jaumann derivative (Pralong et al., 2005b, Chapter 6 in this

thesis)

D= ^p + grad/2 -V-WD + DW, (5.10)
ot

with W_, the spin tensor and v the velocity field. Note that the damage is defined here per
unit mass, in contrast to Bai et al. (1999), who defined it per unit volume. The deriva¬

tive of the damage variable /J (J2> respectively), as well as / (/, respectively), must be

continuous with respect to x.

Creep to failure3 damage evolution for isotropic damage and uniaxial load has been ex¬

pressed as (Kachanov, 1957; Rabotnov, 1969)

f = B((ä)Y{l-D)-k. (5.11)

where B and r are constants. The exponent k depends on the stress (Lemaitre and

Chaboche, 1978; Mahrenholtz and Wu, 1992). The function {(â)) is defined as

For multiaxial creep, â is replaced by a multiaxial function x(ä)- F°r example, the Hay-
hurst criterion (Hayhurst, 1972), expressed as

X(s) = <*£!+ ßsß^+ (1-a-ß) h, (5.13)

is a criterion for ductile and brittle materials. It combines the maximum principal stress

äi, the first invariant Ig_ of the effective Cauchy stress tensor and the second invariant U-d

of the deviatoric part of the effective Cauchy stress tensor. The invariants are defined as

/A=Tr^, Ha=±(Tt(A2)-(TtA)2), (5.14)

for any second order tensor A, where Tr is the trace. The parameters a and ß give the

relative importance of the terms and fulfill

0<a,ß,(l-a-ß)< 1. (5.15)

3We adopt the following terminology: Secondary creep corresponds to minimum creep rate. It is fol¬

lowed by the transient creep due to dynamic recrystallization and steady state creep when a constant defor¬

mation rate is observed. The creep to failure is the accelerating creep due to damage accumulation which

leads to fracture.
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Orthotropic creep damage accumulation can be described by the law by Murakami and

Ohno (1980). It is a generalization of Eq. 5.11 for orthotropic damage and reads

/ - B {(x(ë.W [ihl-D)-i]k [(1-7)1+ 7^®^], (5.16)

with I the second order unit tensor. The orientation of damage growth is expressed as

a linear combination of isotropic (7 = 0) and orthotropic (7 = 1) contributions. The

orthotropic orientation corresponds to the eigenvector ^ associated with the maximum

eigenvalue of a.

Brittle fracture occurs in a material if the damage D reaches a critical value Dc (Lemaitre,

1992). This transition can be associated with the sub-critical to critical crack growth tran¬

sition and can be explained by the inhomogeneities of damage at the microscale (Sec¬
tion 5.9). Sub-critical crack growth is described using the presented dynamic functions of

damage and critical crack growth is modeled by setting D = 1 when D reaches Dc. Jump
conditions (Flutter, 1983) must then be applied to solve the equation of damage balance.

For anisotropic damage, the transition criterion could be expressed as 221 > Dc with D\,
the maximum eigenvalue of D (J. Lemaitre, personal communication), although no data

are available to validate the application of this criterion.

To generalize the damage evolution, the rate of damage can be expressed as the derivative

of a potential in the same way as Eq. 5.6

f.. = 0^L and f.. =§•$-, (5.17)

with 0 and 0, constants; <j> = <f>(Y_, a,...), the dissipation potential expressed in an Eulerian

formulation (Wu and Mahrenholtz, 1993)4; 0 = <p{Y,S.,...), the dissipation potential
expressed in an Lagrangian formulation (Sjölind, 1987). Y_ and Y_ are the damage energy
release rates, which correspond to the energy released by loss of stiffness when damage
occurs (Lemaitre, 1992).

The damage evolution can also be investigated on the basis of the damage variables pi,

p*L and pjv. These variables are affected by experimental quantification of damage rather

than by a continuous damage variable. This quantification of damage in the latter sense

was considered by Sinha (1988), McKenna et al. (1989), Zhan et al. (1994) and Weiss

(1999).

5.3 Description of Existing Damage Models

This section describes some damage models for ice. They are classified in relation of the

method applied to couple the damage to the ice rheology. Different approaches can lead

to similar results.

4Their theory is however not objective, since they applied a non-objective derivative to the expression
of the balance of damage.
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5.3.1 Equivalence Principles

Szyszkowski and Glockner (1986) modeled the mechanical properties of damaged ice by
using the strain equivalence principle for isotropic damage. The Rabotnov evolution law

(Eq. 5.11) was applied to describe the accumulation of damage during creep to failure.

To identify their parameters, they used the data of Voitkovskii (1960), who performed
a uniaxial tension test at low stress of a = 0.41 MPa. Mahrenholtz and Wu (1992)
performed similar experiments. They assumed also isotropic damage, but applied the total

energy equivalence principle. The exponential parameter k of the Rabotnov equation was
assumed to depend on the stress. McKenna et al. (1989) introduced a stress threshold <7th

to take into account the minimum stress required for crack initiation. They considered

the difference a — crth instead of a in the damage evolution law. Pralong et al., 2003

(Appendix A in this thesis) generalized the model proposed by Mahrenholtz and Wu

(1992) to describe crevasse opening. They introduced the Hayhurst criterion to consider

multiaxial loading. To account for crack healing effects at low stresses, they retained a

stress threshold crth as McKenna et al. (1989). Pulkkinen (1989) proposed an orthotropic
damage description to model the behavior of damaged sea ice at low strain rate. The

damage was defined with the strain equivalence principle following Murakami's evolution

law (Eq. 5.16).

5.3.2 Potential Functions

Santaoja (1989) described the multiaxial, elastic behavior of anisotropic damaged ice

at the microscale with a fourth order damage tensor: the damage tensor characterizes

the influence of several multi-directional, unequal-sized, penny-shaped microcracks. The

damage evolution law is based on the evolution of individual microcracks. Choi and Karr

(1989) extracted a fourth order damage tensor from the elastic Helmholtz free energy. The

derived damage variable was assumed to be valid for viscoelastic processes. The damage
evolution describes two different damage mechanisms: grain boundary cracking and the

transgranular cracking. Sjölind (1987) described the damage evolution and the viscoelas¬

tic deformation of the damaged ice by deriving a dissipation potential. The damage was

described by a second order tensor. Wu and Mahrenholtz (1993) applied the same method

using another dissipation potential; the derived dynamic function of damage is similar to

Eq. 5.16. For isotropic damage, this approach reduces to that proposed by Mahrenholtz

and Wu (1992).

5.3.3 Enhancement Functions

Weertman (1969) introduced an enhancement function F (Eq. 5.7) applied by Sinha

(1988) for sparse microcracks (| p^ I2 <S 1)

F(pN) = l + ±7rpNl2y/nt (5.18)

where px is the crack density, I is the mean crack length and n is the exponent of the

power law for ice. For dense microcracks (j px I2 3> 1), F(pn) becomes (Weertman,
1969)

F(pN) = (yNl2)n+x. (5.19)
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Jordaan and McKenna (1991) and Zhan et al. (1994) used an exponential function, valid

for both sparse and dense cracks as

F(pN) = exp(fijpN), (5.20)

with p a parameter. Weiss (1999) described the viscoplastic deformation of damaged ice

using an enhancement function, which depends on the crack density p*L

F(pl) = l + BwPr", (5.21)

where Bw and rw are constants. McKenna et al. (1990) and Schapery (1991) introduced

an enhancement function F(D), depending on the damage variable D

F{D) = exp(jiKD), (5.22)

with pK a constant. Using this function, the damage evolution is expressed as (e.g.,
Schapery, 1991; Xiao and Jordaan, 1996;Melansonetal., 1998; Singh and Jordaan, 1999)

f = Bh(nsPf, (5.23)

where B and r are parameters and /i a function of stress describing the confinement. This

damage evolution law is valid at high stresses.

5.4 Proposed Model for Glacier Ice

Existing damage models for ice have been developed to describe fracturing at high stresses

(e.g., ice-structure interactions). We propose a model suitable to describe crevasse forma¬

tion in glaciers under gravitational loads. The proposed model focuses on Alpine glaciers.
The ice temperature is therefore supposed to be close to the melting point.

5.4.1 Damage Variable

"It is recognized that the damage process in polycrystalline structures is generally
anisotropic, even if the material is initially isotropic" (Qi and Bertram, 1999). An or¬

thotropic damage representation is adopted here. A higher order damage variable is able

to describe the effects of damage more exactly but it consumes more computational time

and needs more effort to identify the required parameters.

5.4.2 Rheology of Ice

Undamaged Ice

Undamaged ice is assumed to be isotropic (a common assumption). Since the time scale

characterizing glacier flow is large, both elastic deformation and transient creep are ne¬

glected. Only the viscous behavior of steady creep is considered. The undamaged ice is

incompressible. Its behavior is described by a Glen-type flow law (Hutter, 1983)

Oij = -plii + 2x}èii, (5.24)
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with p the pressure and r) a stress dependent viscosity defined by

2t? = A-1(1(Td+01t\ (5.25)

where A and n are the flow parameters and na is the finite viscosity parameter introduced

to avoid an infinite viscosity at low stress.

Damaged Ice

The strain equivalence principle is applied. The effective stress is arbitrarily defined by
Table 5.2, orthotropic (B). The use of an equivalence principle implicitly postulates that

the type of rheology does not change with damage apparition; that is, the damaged ice

remains incompressible. However, a small volumetric increase during damage accumula¬

tion was reported by Sinha (1991) for granular and columnar-grained ice. In the model,

the influence of the volumetric variations of damaged ice on the flow law is, however,

neglected.

The equations describing the rheology of the damaged ice are presented for a plane strain

flow (in the plane x — z). In three dimensions, the equations remain similar. Using Voigt's
notation, one defines

{<!} = 'm {i} =
o

&xz

> and {/_} =

1 1

1

1

0

(5.26)

The effective stress tensor {a} is expressed as (Wu and Mahrenholtz, 1993; Chen and

Chow, 1995)

{à} = [g] {a}, (5.27)

with

Z
0

0

17
L 2 xz

0

0

0

0

Zzz

'-'zx

0

Zxz

ö^zx o\ xx ' zz)

and Z = {l-D)
-l

(5.28)

Z_ is the damage effect tensor. The rheology of the damaged ice then reads (compare with

Eq. 5.24)
l-i

fe} = -v z
-1

{!} + A~x (J£D + Kff)
2

[g]" {|}, (5.29)

with äD = \{Za + aZ)D. (5.30)

The first term on the right-hand side of Eq. 5.29 is the pressure. For orthotropic damage,

the pressure is orthotropic. It reads {p} = p lg} {L}- For isotropic damage, it is a

scalar and reduces to p — (1 — D)p.

5.4.3 Damage Evolution

The dynamic function of damage used in this model is given by Eq. 5.16. Some modifi¬

cations are adopted for considering the specificities of ice.
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Extended Multiaxial Criterion

Hayhurst's multiaxial criterion (Eq. 5.13) is applied. Following McKenna et al. (1989)
and Pralong et al., 2003 (Appendix A in this thesis), a stress threshold o"th> required for

damage initiation, is introduced. An extended multiaxial criterion ip coupling the Hay-
hurst criterion x and the stress threshold crth is defined as

tp(ÖL)=x(ÖJ-c-th. (5.31)

The stress threshold o"th'is defined at the mesoscale and is equal to the ice strength ob¬

served at low deformation rate. It depends (for creep processes) on the applied stress, i.e.,
on the deformation rate, but not on the total deformation (Lemaitre, 1992).

Size Effect on Stress Threshold

The ice strength (o-th, respectively) depends strongly on the ice temperature, the grain
diameter, the deformation rate and the size of the domain subjected to load (size effect).
Since the proposed model is valid only at low deformation rate and for temperatures close

to the melting point, the dependence of the ice strength on the deformation rate and the

temperature are not relevant. The influence of the grain diameter is not considered in

the model. The size effect, observed for the ice strength, is due to ice inhomogeneities.
These inhomogeneities have been either related to the fractal pattern of the microstructure

(Carpinteri et al., 1995) or to the spatial distribution of material properties. Since the

microstructure of ice is not fractal (Weiss and Gay (1998) found that the grain size for

granular ice follows a Weibull distribution), the size effect is assumed to be related to the

material inhomogeneities of the ice. The influence of the size on the stress threshold can

be accounted for, either by considering the size of the global system using a deterministic

size effect law (Bazant, 1999), or by introducing stochastic inhomogeneities in the model

(Herrmann and Roux, 1990). Here the first approach is adopted. Since the model is local,
it does not consider the characteristics of a crevasse. Moreover, the mesoscale is much

larger than the microstructure size. Therefore, a Weibull size effect can be applied to

describe the size effect:

with £, the characteristic size of the system; a^, an assigned reference stress threshold;

£^, an assigned reference length; m, the Weibull parameter. Further, n^ = 1, 2 or 3

for uni, two or three dimensional similarity. Due to viscous relaxation effects, the stress

field is supposed to be approximately constant in the fracture process zone at the tip of

a crevasse. Therefore, the dimensional similarity parameter is assumed to be nd = 3.

The size of the fracture process zone ahead of the crack tip for a temperate alpine glacier
(in a plane normal to the crevasse length) amounts to £/ « 10 m (Section 5.10). By
considering the third dimension, the characteristic size of the crevasse fracture process

zone £ is therefore evaluated as

£ = (£3£j)i, (5.33)

with Cg, the characteristic size of the glacier fracture zone in the direction of the crevasse.

This determination of the characteristic size £ is valid only if a crevasse has already
formed. Otherwise, £ corresponds to the zone where a crevasse can develop.
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Healing

To consider healing (Derradji-Aouat and Evgin, 2001; Pralong et al., 2003, Appendix A
in this thesis), the dynamic function of damage / becomes negative whenever ip is nega¬
tive. The dynamics of healing for ice has not been studied so far. It is, however, crucial

for providing an explanation of the dynamics of crevasse closure or damage concentra¬

tion. In first approximation, it is assumed to follow the same dynamics as the sub-critical

crack growth. Note that this approximation does not always fulfill the second principle of
thermodynamics (Pralong et al., 2005b, Chapter 6 in this thesis). The dynamic function

of orthotropic damage (Eq. 5.16) is extended to

l=b mä.w - Ah i-^m\ [i'(/-D)-iffe) [(i -7U+7 (?(1) ® ^1})1,
(5.34)

where Ah > 0 is the healing parameter. The multiaxial criterion given by Eq. 5.31 is

applied for the effective stress g_ given by Table 5.2, orthotropic (B).

Summary

For reader convenience we summarize the equations of damage evolution that are used in

the numerical model:

^= + gradD • v - WD + DW = /, (5.35)
at —

with

/ =b mmr - \ ({-mr\ [¥a-m-*]
^

[a - iu+1 (*(1) ® *»)],
ip(ä) =«£! + /? ^/3%d + (1 - a - ß) h-o-l

OL =l((L-u)-xçL + s.a-D)-x),
oP =\(.(L-dy1°- + <l{L-d)-1)d-

(5.36)
Equation 5.35 describes damage balance and Eqs. 5.36 constitute the dynamic function of

damage. The parameters B, r, 7, a, ß, erj^, Cn, and m are material constants identified in

Section 5.5 (see Table 5.3). The value of the parameters n^ and Cf have been discussed

above (Section 5.4.3). £3 is a characteristic size depending on the glacier geometry, k is

a function, for which an approximation is given below (Eq. 5.37). iP-"1 is the eigenvector
corresponding to the maximum principal value äx. The first and the second invariants 1^
and ffâD are defined by Eq. 5.14.

5.5 Parameter Identification

The parameters of the ice flow law (Eq. 5.29) and the damage evolution law (Eq. 5.36)
are derived using published data from different laboratory experiments. Table 5.3 lists the

chosen values.



CHAPTER 5. DYNAMICDAMAGE MODEL OF CREVASSE OPENING 67

A = 6.8 x 10~24 (Pa~n s"1) r = 0.43

B = 1.7x 10~9 (Pa~r s"1) a = 0.21

Dc = 0.56 ß = 0.63

h = 3.75 x 10"3 (Pa-è) 7 = 0.05

£f « 10 (m) e = io-5

cn = 0.1(m) Ki = 6 x 10-21 (s-2)
m = 8 Ka = 109 (Pa2)
n = 3 Ah = 0.4

nd = 3 < = 3.3 x 105 (Pa)

Table 5.3: Values of the parameters used in the model.

5.5.1 Ice Rheology

The parameters A and n of the undamaged isotropic ice (Eq. 5.25) are standard values

(Paterson, 1994). The finite viscosity parameter «ff is identified so that for a stress lower
than 0.5 bar the viscosity tends to a constant (Bromer and Kingery, 1968; Gold, 1983).

5.5.2 Stress Threshold and Hayhurst's Parameters

By analyzing the stress threshold <rth required for damage initiation for different loading
cases, the parameters a and ß of the Hayhurst criterion as well as a^ can be identified.
The stress thresholds corresponding to different loading cases can be determined by con¬

sidering published creep tests at constant stress. As long as no damage appears or no

creep to failure is reported, the applied stress a is supposed to be smaller than ath.

Since the ice becomes more brittle with increasing load and decreasing temperature
(Arakawa and Maeno, 1997), the parameters a and ß vary with a_ and T. Here a and ß are

evaluated at the transition between cracking and healing and for — 10°C < T < 0°C, i.e.,
close to the conditions of the validity of the model. Since the change of the brittle-ductile
ice behavior is small in this domain, the parameters are assumed to be constant.

The detail of the identification of the parameters a, ß and erth is given in Section 5.11 and
the numerical values of these parameters are listed in Table 5.3. Note that these values
are subjected to uncertainties (see Fig. 5.4). Using the results of Parsons et al. (1992), the
Weibull parameter m (appearing in Eq. 5.32 to quantify the size effect on crth) is set equal
to m = 8.

5.5.3 Anisotropy Parameter

The anisotropy parameter 7 is determined by the observation of the crack orientations.
Weiss and Gay (1998) found 7 « 0.05 during creep to failure for uniaxial compression
at 3 MPa and — 10°C. They quantified the orientation of the cracks by analyzing sample
cross sections in a plane parallel to the axis of loading. No experimental results have been
found for tension or shearing at low stresses. Due to insufficient data, 7 is set at the value
found by Weiss and Gay (1998).
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5.5.4 Damage Evolution Parameters

The parameters of the damage evolution law are determined with data of laboratory tests

of creep to failure at constant load. First the value of the damage variable is determined

by introducing the deformation rate measured on the samples into Eq. 5.29 and solving
it for D. Then the identification of B, r and k is performed by comparing the theoretical

damage evolution law (Eqs. 5.35 and 5.36) with the evolution of the damage.

Tests of creep to failure in uniaxial tension (Mahrenholtz and Wu, 1992) and uniaxial

compression (Weiss, 1999) present different behaviors. Tests in uniaxial tension show a

continuous increase of damage production, while tests in uniaxial compression present
a decrease of damage production before failure. This behavior can be reproduced by
making the parameter k (Eq. 5.34) stress dependent: positive in uniaxial tension, negative
in uniaxial compression, zero for shearing. To fulfill these conditions, Â; is supposed to

depend on the first invariant la, according to

k = h [«/J1-Ah «-/„»*], (5.37)

with ki a parameter.

Three uniaxial tension tests by Mahrenholtz and Wu (1992) are used to fit the parameters

B, r and k\. To the knowledge of the authors, no similar compression and shearing tests

have been performed. Figure 5.1a shows the results of the fit. Figure 5.1b presents a

validation of the proposed parameterization. The initial value of the damage variable

corresponds to the damage enhancement observed at secondary creep. The model and the

measurements are in accordance, except for the 0.8 MPa loading case. Damage evolution

observed under uniaxial compression tests does not follow the proposed law. However,
failure under compressive deviatoric stress rarely occurs in glaciers.

The healing parameter Ah (Eq. 5.34) describes the relative importance of damaging and

healing. Due to a lack of data, this parameter is arbitrarily set to Ah = 0.4.

5.5.5 Critical Damage

The critical damage value Dc — 0.56 is approximately the same for all tension tests

(standard deviation = 0.02). In compression, such a transition has not been observed

(e.g., Wu and Mahrenholtz, 1993; Weiss, 1999). Dc is set equal to the mean value of all

uniaxial tension tests.

5.6 Numerical Application

The proposed ice flow and damage evolution laws are implemented in a Finite Element

code. The usefulness of the model and the choice of the parameters are validated by
modeling the crevasse formation for two glaciers where measurements exist.
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Figure 5.1: (a) Uniaxial tension data by Mahrenholtz and Wu (1992) used to identify the damage
evolution parameters and their corresponding fits, (b) Validation of the parameters using uniaxial

tension data by Wu and Mahrenholtz (1993). The numbers associated to each curve indicate the

value of the tensile stress (in MPa).

5.6.1 Assumptions

The following simplifying assumptions are made:

1. The damage is supposed to be isotropic and so 7 is set to zero.

2. Numerically, the variable D must be strictly smaller than 1. With D = 1, the ice

viscosity would vanish and Eq. 5.29 degenerate to an inviscid equation. Thus an

upper damage limit, D = 1 — e with e = 10~5, is introduced.

3. In Eq. 5.9, the dynamic function of damage / and the material derivative of the

damage D must be continuous in x. Since both are equal and / is the forcing term,

the continuity is imposed on /. To avoid jump conditions, the transition from sub-

critical to critical state is no longer described by a jump of the variable D, but by
an abrupt increase of the value of the parameter B for D > Dc. The continuity of

/ is ensured at D = Dc and D = 1 — e.

4. To simplify the computation, the viscosity is calculated as a function of the strain

rate. The critical stress Ka is therefore replaced by a critical strain rate Ké.

5.6.2 Solution Algorithm

The model is implemented in the Finite Element code Femlab (www.femlab.com). An

Eulerian formulation in two dimensions (plane strain flow) is chosen to calculate the so¬

lution. A decoupling algorithm is used (e.g. Picasso et al., 2004). At each time step,
the geometry of the glacier is first evolved with the level set method (Pralong and Funk,
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2005b, Chapter 3 in this thesis). Then the damage and the flow problems are solved

successively. The isotropic damage problem reads

liï
+ lÊVx + l^Vz = B mY~Ah((-#r] (1 ~D)~k{1°] (538)

with ip = —— (aa+ß yj3HffD + (1 - a - 0) Jff) - <rth.

This differential equation is solved in space with quadratic elements and stabilized with

the stream line diffusion method (Pironneau, 1989). It is integrated in time with an Eu-

ler scheme (implicit scheme for the advection terms (|^- vt) and explicit scheme for the

source term (/)). The velocity and pressure are approximated with the results from the

previous time step. The flow problem is assumed to be quasi-static. It is solved by simul¬

taneously computing the equations of incompressibility and linear momentum balance

dux dvz
—- -\ = 0,
dx dz

9, n~9ux. d ,„dux ~dvZs
,,-„„,

5j(-P+2,^) + _(,^+,^)
= -pfc (5.39)

d ,„dvx ~dvZs d
, „~dvz.

where p is the ice density, gt are the components of the gravity and fj is the viscosity of

the damaged ice given by

1f\ = (1 - D) A'« (IIê + Ki)^. (5.40)

The set of non-linear equations (Eqs. 5.39) is solved iteratively. A numerical stable so¬

lution of Eqs. 5.39 can be found using quadratic elements for the velocity and linear

elements for the pressure (Pironneau, 1989).

5.6.3 Discretization

The flow and damage models are solved on different triangular meshes. Both meshes are

refined adaptively (e.g. Trompert, 1995) based on the current solution of the damage D.

The discretization size must be smaller than the size of the fracture process zones at the tip
of the crevasses. For temperate alpine glaciers subject to low stresses, this size amounts

approximately to 10 m (Section 5.10). At larger stresses, it becomes smaller. In the

numerical model, the discretization size in the refined zones is set smaller than 1 m.

5.6.4 Model Results

The model is applied to the breaking off of ice masses of two glaciers with different

geometries, for which surface velocity measurements are available. These measurements

were performed in order to estimate the time of failure of the unstable ice masses (for the

method of prediction, see e.g., Röthlisberger (1981), but also Eq. 5.41).

The first application is performed by using data collected on the Gruben glacier in the

Valais Alps, Switzerland. In the 1970's, a lake formed at the glacier tongue in which
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calving occurred. Haeberli (1975) measured the increasing velocity of a calving ice mass

until failure. The geometry of the calving zone is established using data by Kääb (1996).
Ablation normal to the ice surface (Pralong and Funk, 2005b, Chapter 3 in this thesis) is

prescribed to consider the melting of the vertical calving front using a rate given by Kääb

(1996). The melting at the ice-water interface is defined perpendicularly to the interface

and is set at a rate corresponding to actual in-situ observations. Water is introduced in the

model as a second fluid by using a level set method (Pralong and Funk, 2005b, Chapter 3

in this thesis). Water pressure is therefore considered. The computation is started with a

vertical ice front (Figure 5.2a). During the first 250 days of simulation, the water melts the

ice, forming an overhang. Then a crevasse forms due to the increasing stress at the glacier
surface. Figure 5.2b depicts this calving crevasse, which appears in the model as a result

of a localized increase of D. The ice-air interface at the top of the crevasse is indented

towards the crack due to the enlargement of the crevasse and the incompressibility of the

damaged ice. Figure 5.2c presents the relative velocity v—Vq of the calving ice (velocity of

the unstable ice mass v(t) minus velocity of the upstream stable glacier vq) as a function

of the time before failure U — t, where U is the failure time of the calving ice mass.

Figure 5.2d shows the logarithmic velocity log(^ — i>0) as a function of the logarithmic

timelog(£f — t).

The second application is carried out with data of the west face hanging glacier at Eiger in

the Bernese Alps, Switzerland. The glacier is located in the accumulation area. It calves

regularly at its front due to an abrupt increase in the bedrock slope. A frontal crevasse

thus forms, which destabilizes an ice mass (Fig. 5.3a). The geometry of the glacier, the

accumulation rate and the repartition of the ice temperature are given by Liithi and Funk

(1997). The temperature is introduced in the model as a constant parameter and influences

only the value of the flow law coefficient A. The particular material properties of the firn

layer are not considered. In 2001 the progressive acceleration of an unstable ice chunk

was measured. Figures 5.3b and c display the modeled and measured relative velocities

v — Vq as functions of the time before failure tf — t.

5.6.5 Discussion of the Results

During the major part of the destabilization process, the model results are in accordance

with observations. In the vicinity of the failure time, the model diverges from observa¬

tions: the velocity no longer increases. This could be related to the description of the

disaggregated ice by using a continuum approach and an incompressible flow law: a frac¬

ture can only open at the glacier surface, by intending the free surface toward the crack.

Internal fractures are therefore inaccurately considered, since they cannot enlarge. For the

Gruben glacier, the log-log curve of the model is steeper at the beginning of the accelera¬

tion process. It is uncertain whether this behavior exists or not, as no measurements were

performed at the beginning of the fracture process. For the Eiger glacier, this behavior

was not observed.

According to Röthlisberger (1981), Iken (1977) and Liithi (2003), the acceleration of the

unstable ice masses follows the following hyperbolic function

v(t)-VQ= a\ (5.41)
\k - t)
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Figure 5.2: Model of the calving process at the Gruben glacier, (a) Initial configuration of the

simulation. The blue color represents ice without damage. The dotted line indicates the water

level. The lake is confined on the left by the ice. (b) State of the simulation 5 days before failure.

The color shading corresponds to the different values of damage. The white crosses mark the

advecting points where the ice velocity is recorded. The arrow displays me observed location

of the crevasse. The ice melting due to water is noticeable, (c) Relative velocity (difference of

ice velocity between the right and left crosses) versus time before failure (t{ — t). (d) Log-log

representation of(c). The fit of the relative velocity is performed using Eq. 5.41.
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Figure 5.3: Model of the hanging glacier in the west face of Eiger. (a) State of the simulation

33 days before failure. The blue color represents ice without damage. The color shading corre¬

sponds to the different values of damage. The white crosses mark the advecting points where the

ice velocity is recorded. The arrows display the observed location of the crevasses, (b) Relative

velocity (difference of ice velocity between the left and right crosses) versus time before failure

(if — t). (c) Log-log representation of (b). The fit of the relative velocity is performed using
Eq. 5.41.
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with Oh, mh the parameters characterizing the acceleration. Table 5.4 compares the values

of the fits for the measured and modeled velocities in the time span where both velocities

are consistent. This comparison shows that the modeled and measured accelerations are

quantitatively similar.

Gruben Measurements Model Error

ah (m dm*~l)

mh (-)

0.51

0.56

0.44 ± 0.04

0.53± 0.06

14%

5%

Eiger

oh (m d1*-1)
mh(-)

0.53

1.01

0.66 ±0.12

1.1Ü0.06

24%

10%

TaWe 5.4: Parameters ofthe fit for the measured and modeled velocities. Uncertainties are related

to the superposition of the modeled and measured acceleration curves, i.e., to the determination of

t{ and vq. The error is the relative error between the model and the measurements.

The location of the crevasses as resulting from the modeling is compared to observations

(Figs. 5.2b and 5.3a). For the simulation of the Gruben glacier, the location of the calving
crevasse overestimates the volume of the unstable ice chunk. An approximative geometry
and uncertainties of the damage parameters could lead to this inaccuracy. For the Eiger
glacier, the spatial distribution of the crevasses is properly reproduced by the model, ex¬

cept for one crevasse, which was not observed. This good result is associated with a

precise knowledge of the glacier geometry.

The sensitivity of the model to variations of the parameters of the damage evolution law

gives an estimate of how calving is influenced by the physical processes quantified by
these parameters. The model is principally sensitive to variations of the static fracture

properties of ice (a, ß and <rth)- The process of damage localization, which controls

the spatial distribution of the crevasses, is affected by variations of the stress threshold

ath, since the zone susceptible to fracturing (zone where tp(a) > 0) varies strongly with

rjth- The crevasse pattern depends on the choice of the Hayhurst parameters a and ß.
Variations of the damage evolution parameters (B, r and k) do not significantly influence

the dynamics of crevasse opening, i.e., the value of the parameters Oh, m^, as long as

the characteristic time of damage accumulation remains constant. This suggests that the

macroscopic process of fracture, i.e., the feedback between the damage and the motion of

the unstable ice mass (which influences the macroscopic distribution of the stress in the

zone of fracture), has a decisive influence on the acceleration of the unstable ice chunks.

The healing does not influence the crevasse growth, since ip(a) is larger than zero in the

fracture process zone during the calving process.

5.7 Possible Extensions of the Model

A deterministic size effect model has been introduced to describe the size effect acting on
the stress threshold a^. This approach requires the definition of a characteristic length £
which fixes the value of ath. As stated earlier, another approach consists in considering the

inhomogeneities of ice by introducing a stochastic description of the stress threshold or

the initial damage. The strong influence of crth on the spatial distribution of the crevasses

suggests that the former approach is less appropriate for modeling the initial stage of
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damage accumulation and localization (which determines the location of the crevasses),
since the characteristic length C is difficult to assess (as stated earlier, £ varies with the

level of localization of damage). The latter approach is therefore preferable. The spatial
distribution of the inhomogeneities must be, however, determined.

Our mesoscopic model requires extensive computational efforts if the flow of an entire

glacier or ice cap is considered. In that case, a macroscopic anisotropic damage approach
would be preferable. A different damage cracking and healing law, valid at macroscale,
should be derived. The damage should be anisotropic to reproduce the anisotropy of the

crevasse patterns in glaciers and the damaged ice should be assumed to be compressible,
to take the crevasse opening into account.

5.8 Conclusion

The crevasse formation can be adequately described with continuum damage mechanics:

sub-critical crack growth processes and the influence of the fracture process zone on the

crevasse growth and on the ice flow are handled by the model. In addition to the traditional

equations of ice flow, one differential equation for the balance of damage and one state

variable for the damage are added. The influence of the damage on the ice viscosity
follows a simple law.

The proposed model has been found to be insufficient for including fracture under com¬

pressive deviatoric stress; however, this mode of fracture only plays a marginal role in

glaciers. Crack healing is an important process which controls crevasse closure and dam¬

age concentration. Healing should be scrutinized more carefully, as the proposed formula¬

tion is unphysical and not thermodynamically founded. The description of crack growth
is based on a common dynamic function of damage for creep materials. Due to a lack

of data, its parametrization is subject to uncertainties: the Hayhurst parameters and the

stress threshold should be more precisely evaluated; the anisotropy should be quantified
for tension and shearing loads; creep to failure tests for loading states observed in glaciers
(uniaxial tension, simple shearing with different values of the hydrostatic pressure) should

be performed in order to improve the proposed damage accumulation law.

Despite all these shortcomings, we showed the usefulness of the proposed damage model.

Under the simplifying assumption of isotropic damage, two numerical simulations of

calving were compared to field measurements. The geometrical evolution and the ac¬

celeration of the unstable ice masses prior to failure agree well.

5.9 Appendix: Critical Damage and Inhomogeneities

Since the homogenization inherent to mesoscopic continuum damage mechanics hides

the inhomogeneities of the micro-defects, a mesoscopic condition of fracture (D = Dc)
must be introduced. If the micro-defects are considered, this fracture condition becomes

a consequence of the postulation of heterogeneity (e.g., Herrmann and Roux, 1990). The

apparition of this mesoscopic fracture condition can be explained by using a renormal-

ization group model. Turcotte (1986) considered a cube of an elementary size which can
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be fragile or sound with a probability Pf or ps = 1 — pf. Then he considered a cube of

size 2, composed of eight elementary cubes. This larger cube is classified as fragile if the

sides of fragile elementary cubes form an internal plane through the cube of size 2. Fi¬

nally he considered a cube of size n assembled with eight cubes of size n — 1 responding
to the same fragility criterion as the cube of size 2, whatever the size considered. The

probability Pn whether a cube of a given size is fragile or not depends not only on the

probability pf of the elementary cube but also on the size n of the cube. For large n the

probability of failure Pn jumps from 0 to 1 as pf overhauls the critical value pfc = 0.49.

The probability pf can be associated to the damage variable D, as long as n is large. The

physical definition of the damage indeed relates D to the loss of surface due to cracks.

Pfc is therefore related to Dc. This theoretical result is in accordance with the measured

value of the critical damage Dc = 0.556. It should be noted that pfc depends strongly
on the postulated fragility criterion. The zero-order fractal dimension associated to pfc

is d0 = 1.97 (Turcotte, 1986). This value is close to the result d0 = 2 measured on the

fracture pattern and do = 2.15 measured on the fragmentation (Weiss and Gay, 1998) of

compression creep to failure test (at 3.1 MPa). This suggests that the fractal fracture pat¬
tern of ice controls the final failure of the ice and that the global failure at the mesoscale is

a discontinuous response of a continuous damage accumulation at the microscale. Using
Turcotte's law (Turcotte, 1986), the critical damage value Dc can be approximated as

^c-^expf^doV (5.42)

with d0 the zero-order fractal dimension of the fracture pattern. Note that a low bound of

the scale invariance was observed in the fracture pattern of ice in compression by Weiss

and Gay (1998). They related this limit to the ice grain size. In the renormalization group

theory the grain size can be associated to the elementary cube size.

5.10 Appendix: Size of the Fracture Process Zone

The fracture process zone (FPZ) is located at the fracture tip. It is characterized by mi¬

crocrack activity due to stress concentration (domain where ip(a) > 0). The size of the

FPZ depends principally on the magnitude of the loads and on the ice temperature, which

control the brittleness or the ductility of ice.

Temperate alpine glaciers are usually subject to low stresses. In such a case, the FPZ

is large. Weiss (2003) analyzed the crevasse pattern of a temperate alpine glacier and

found an exponential distribution of crevasse size, with a minimum crevasse size of 10 m.

The spacing between crevasses could be well approximated by a log-normal distribution

with a mode of 12.6 m. These results suggest that the size of the FPZ is in the order of

magnitude of 10 m. This result is confirmed by the numerical simulations presented in

Section 5.6. For visco-elastic deformations, according to the large-scale experiments of

Dempsey et al. (1999) and the size effect theory of Bazant (1999), the size of the FPZ

amounts approximately to 3 m. Dempsey et al. (1999) observed also a constant value of

the fracture toughness above a characteristic sample size of 3 m. This behavior can be

understood as a geometrical behavior rather than a change of the fracture characteristics

with size. At a given load, the size of the fracture process zone of a notched sample is

independent of the sample size. If the FPZ is much smaller than the sample, the fracture
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mechanism can be approximated by linear fracture mechanics (Bazant, 1999). The ice

strength depends thus on the square root of the crack length, and the ice toughness is

therefore a constant. If it is not, the sample size limits the FPZ and a non-local Weibull

size effect (Bazant, 1999) should be applied to correct the ice toughness values. In that

case, the value of the toughness varies with the sample size. Therefore, a constant fracture

toughness suggests that the FPZ is smaller than the sample size. According to the results

of Rist et al. (1999), the size of the FPZ for rapid deformations should be roughly of the

order of the grain size.

5.11 Appendix: Stress Threshold and Hayhurst's Pa¬

rameters

For virgin ice (D — 0), the threshold condition for damage growth reads

X(S) = ffth. (5.43)

To evaluate data obtained under different stress states, the stress threshold has to be con¬

verted for uniaxial tension, uniaxial compression and simple shearing. Let the stress

thresholds, corresponding to the critical stress erth for uniaxial tension, uniaxial compres¬

sion and simple shearing, be labeled as crtht» °"thc> Oth„> respectively. The evaluation of

Eq. 5.43 with the parametrization of Eq. 5.13 for these three different stress states yields
the three equations

(5.44)

a = —t=—- V3—- + Vö- i——
, (5.45)

(5.46)

The stress threshold crth corresponds to the critical stress atht as observed for uniaxial

tension. Table 5.5 provides an overview of the measurements used to determine the pa¬

rameters crtht, erthc and crths- The stress thresholds measurements have been performed
at different temperatures T, grain sizes d and specimen sizes C and are here reduced to

an arbitrary reference set (Tn = 273.15 K, d11 = 10 mm, £* = 0.1 m). The tensile

strength is considered here to be independent of the temperature, since ertht varies slowly
with T (Haynes, 1978). According to Kalifa et al. (1991), the dependence of the tem¬

perature on the crack nucleation stress (the measurements of crthc are related to the crack

nucleation stress; see Table 5.5) for uniaxial compression follows an Arrhenius law. Since

the considered shearing test was performed close to the reference temperature, crths does

not need to be normalized. The influence of the grain size is accounted by a Hall-Petch

relation given by Schulson et al. (1984) for tensile strength and by Kalifa et al. (1991) for

compressive crack nucleation stress. Shearing measurements are not normalized, since

d « dR. Since no notched ice specimens were used for the measurements, the Weibull

size effect according to Eq. 5.32 is applied to normalize erth. For these measurements, the

dimensional similarity parameter is n^ = 3. Using the results of Parsons et al. (1992), the

Weibull parameter is set equal to m = 8.

Cth = 0"th

1

\/3-2

V3atht
+ V3

2atht

cthc 0"ths.

" =

v

1

•3-2

Gtht °tht -,

.Cths Cthc



CHAPTER 5. DYNAMICDAMAGEMODEL OF CREVASSE OPENING 78

Exp.a Loadb T d C o-thiC °thi

(°Q (mm) (mm) (MPa) (MPa)
1 ut -10 0.85 60 fftht < 0.64 fftht < 0.39

2 uc -10 7 107 <rthc < 0.69 crthc < 0.62

3 uc -5 7 107 ffthc < 0-6 o-thc < 0.63

4 ss -1.5 «10 58 0.3 < aths 0.21 < aihs

a

Experiments were carried out by the following authors: 1, Mahrenholtz and Wu

(1992); 2, Gold (1967); 3, Gold (1972a); 4, Duval (1981). Experiments 1 and 4

correspond to tests performed on granularice at constant stress; the observation of

steady state creep or creep to failure determines die value of crth,. Experiments 2
and 3 are tests carried out on columnar-grain ice. Observation (or absence) of

crack nucleation determines the value of crth,. The load was applied perpendicu¬
lar to the long direction of the grains. In tiiis case, die effect of the loading on the

deformation as well as on the crack formation (Gold, 1965) is two dimensional.

Forgranular ice the loading effect is three dimensional but remains similar to the

effect observed on columnar-grain ice.
b The loading modes are: ut, uniaxial tension; uc, uniaxial compression; ss, sim¬

ple shearing.
c

<7thi is die stress threshold in uniaxial tension (i=t), uniaxial compression (i=c)
and simple shearing (i=s).
d ct^ results from Üie normalization of oth, using the temperature T, the grain
size d and the sample size C (see text).

Table 5.5: Summary of experiments giving information on the stress threshold crth required for

damage initiation. T is the temperature, d is the grain size and C is the characteristic sample size

(cubic root ofsample volume).

The normalization process and the small number of tests used for the identification of

the parameters lead to an important uncertainty of the normed stress thresholds values.

By estimating every contribution, the uncertainty is approximated to 19%, 22% and 13%

for uniaxial tension, uniaxial compression and simple shearing, respectively. The normed

stress thresholds crj£. are listed in Table 5.5. The variation of the stress threshold as a

function of the loading configuration was also observed and modeled for crack nucleation

processes (Shyam-Sunder and Wu, 1990).

Firstly, the constraints on the Hayhurst parameters a and ß are given by Eq. 5.15. Sec¬

ondly, they are deduced from the values of the stress threshold limits (Table 5.5, er^.) and
from Eqs. 5.45 and 5.46. The combination of these two sets of constraints is represented
in Fig. 5.4. The values of the Hayhurst parameters used in our model is marked with a

cross. The value of the associated parameter er^ is given in Table 5.3.

By introducing the values of cr^, a and ß in Eq. 5.43, the transition between crack growth
and crack healing can be calculated as a function of the loads. Figure 5.5a presents the

transition for uniaxial loading with confining pressure. For example, Sammonds et al.

(1998) found a similar envelope. Figure 5.5b shows the healing domain for biaxial loading
without confining pressure. Note the asymmetry between tension and compression. The

shape of the domain is similar to that obtained using Hill's isotropic criterion (Hayhurst's
criterion generalizes the isotropic tension and compression criterion by Hill). Schulson

and Nickolayev (1995) found for sea ice (for loading normal to the long direction of the

grains) that the failure envelope can be described by Hill's criterion. Figure 5.5c dis¬

plays the failure domain of tension-compression with shearing and different confining

pressures. The confining pressure enlarges the healing domain. The non-symmetry be-
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Figure 5.4: Constraints on a and ß. The light gray area and the black area satisfy Hayhurst's
criterion (Eq. 5.15). In the dark gray area and the black area, the stress threshold condition for

damage initiation are satisfied (Table 5.5, cr^.). In the black area, all constraints are satisfied. The

white cross represents the chosen parameters of the Hayhurst criterion.

tween tension and compression is notable. This loading configuration is usual in zones of

crevasses (at least for <7U > 0).
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Figure 5.5: Healing domain (shaded zones) of the virgin ice determined with the value of the

reference stress threshold a^ (determined atT1* — 0°C, éP = 1 cm, CP = 0.1 m). (a) Healing
domain for three-dimensional loading with o^i — a%%. (b) Healing domain for two-dimensional

loading; 0-33 = 0. For both of these loading states (a and b), the labeled stresses an, 0-22 and

0-33 correspond to the principal stresses, (c) Healing domain for tension or compression stress an

with shearing a\2 and confining pressure p (0-33 = 0*22 = —p).
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Abstract

We present a formulation of continuum damage in glacier ice that incorporates the in¬

duced anisotropy of the damage effects but restricts these formally to orthotropy Damage
is modeled by a symmetric second rank tensor that structurally plays the role of an in¬

ternal variable. It may be interpreted as a texture measure that quantifies the effective

specific areas over which internal stresses can be transmitted. The evolution equation
for the damage tensor is motivated in the reference configuration and pushed forward to

the present configuration. A spatially objective constitutive form of the evolution equa¬
tion for the damage tensor is obtained. The rheology of the damaged ice presumes no

volume conservation. Its constitutive relations are derived from the free enthalpy and a

dissipation potential, and extends the classical isotropic power law by elastic and damage
tensor dependent terms. All constitutive relations are in conformity with the second law

of thermodynamics.

6.1 Introduction

Glacier ice is ordinarily assumed to be an isotropic non-linearly viscous, incompressible
medium and thus qualifies as a fluid. It is usually modeled by a Glen-type flow law (Hut¬
ter, 1983). Above a certain stress threshold, damage, interpreted as the deterioration of the

material properties due to the formation of cracks, is observed in ice. Damage introduces

a change of volume (Sinha, 1991; Xiao and Jordaan, 1996; Singh and Jordaan, 1999), and

this violates the original assumption of incompressibility. Moreover, formation of cracks

80
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is a property typifying a solid. We will thus treat ice as a compressible solid with vis¬

cous and elastic properties, possibly anisotropic, because of the non-uniform orientation

distribution of the cracks. When damage tends to vanish, ice will be considered as an in¬

compressible viscoelastic solid. The elastic and damage effects will be introduced, such

that, if they are ignored, formally a viscous isotropic fluid like material emerges and the

classical Glen-type flow law can be restored. Once the constitutive relations for damaged
ice are derived, elastic effects may be dropped as being negligible. With such a viewpoint,
the observed formation of cracks can be modeled without conceptual conflict that a fluid

can form cracks.

The failure of ice under creep at low deformation rates is due to the progressive accu¬

mulation of microcracks (Szyszkowski and Glockner, 1986; Mahrenholtz and Wu, 1992;

Kachanov, 1999). These microcracks reduce the internal areas over which stress can be

transmitted and thus increase (at a given external load) the effective stress by an amount

corresponding to the loss of this area. If cracks were spherical voids, this loss would be in¬

dependent of orientation, and it would suffice to account for it by an enhancement factor.

This is the situation in isotropic damage models (e.g., Xiao and Jordaan, 1996; Singh and

Jordaan, 1999; Schapery, 1991; Melanson et al., 1998; Pralong et al., 2003, Appendix A
in this thesis). However, microcracks orient themselves according to the state of stress

and thus give rise to anisotropic damage. Weiss and Gay (1998) found a slight micro¬

crack anisotropy during creep to failure for uniaxial compression at 3 MPa and 263 K.

They quantified the orientation of the microcracks by analyzing sample-cross sections

in planes parallel to the axis of loading. The flow of glaciers or ice caps is affected by
crevasses. Damage theory can also be applied to consider crevasses, which are assimi¬

lated to macrocracks. The damaged ice should be assumed to be anisotropic to consider

the different crevasse patterns. Therefore, for both microscopic and macroscopic dam¬

age approaches, damage should be considered to be anisotropic. Damage, in this paper

will be described by a second rank tensor variable for which an evolution equation, i.e.,

a balance law (without flux tensor) will be postulated. A critical step in this postulation
is the choice of the objective time derivative of this damage tensor, which is not unique.
This tensor appears in the theory as a linear mapping between the stress, interpreted as

the traction per unit geometric area and the effective stress, interpreted as the traction per

unit damaged area (geometric area minus void area). We will postulate that this mapping
is formally the same in the reference and present configurations. This requirement will

-as we shall see- fix the objective time derivative to be used when the balance law for the

damage is postulated.

The above interpretation appears to be new, as is the thermodynamic setting that we em¬

ploy. Parametrization of damage, on the other hand, is not new (Xiao and Jordaan, 1996;

Singh and Jordaan, 1999; Szyszkowski and Glockner, 1986; Mahrenholtz and Wu, 1992;

Kachanov, 1999; Schapery, 1991; Melanson et al., 1998; Pralong et al., 2003, Appendix A
in this thesis; Lemaitre, 1992).

6.2 Notations and Definitions

In what follows, vectors are denoted in bold, second order tensors are underlined and

fourth order tensors are doubly underlined. We use general tensor notation and employ the

summation convention according to which summation is understood over doubly repeated
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indices that stand above and below. Covariant (contravariant) components are written

as sub- (super-) scripts. Components of vectors and tensors in a basis of the reference

configuration will be denoted by capital Latin indices (A, B, C,...), those in a basis of the

present configuration will be denoted by lower case Latin indices (i, j, k,...).

Let x = x(t, X) represent the position of the material point of the body in the present

(i.e., time t) configuration relative to its position À" in the corresponding reference con¬

figuration. Let F_(t, X) = (dx/dX)(t, X) be the deformation gradient tensor, v(t, x) =

(dx/dt)(t,X(t,x)) the spatial velocity vector, L(t,x) — (dv/dx)(t,x,X(t,x)) the ve¬

locity gradient tensor, d = \{L + I?) the stretching or strain rate tensor1 and W =

\{L — l?) the spin tensor. The scalar and dyadic products of two vectors o, b will be

denoted by o • b and a ® b, respectively, and the inner product of two symmetric second

rank tensors A
,
B is given by A • B = Tv(ATB) = Tx(ABr). Moreover, the Lie [, ]

and Jacobi (, ) brackets of two second rank tensors are defined by [A,B\ = AB_ — RA
and (A,R) = Aß_+ B_A, respectively. Formulations relative to the referential system
are called Lagrangian, those in the present (spatial) description are denoted Eulerian.

6.3 Continuum Damage Mechanics

6.3.1 Effective Stress and Damage Effect Tensor

Let a be the Cauchy stress tensor, i.e., the force in the present configuration, per dam¬

aged (ice plus voids) surface area. Let, moreover, the effective stress, i.e., the force in

the present configuration, per unit undamaged area (ice without voids) be a. In a linear

mapping C:a-*d, that accounts for the anisotropy, this yields

a^Z'W. (6.1)

Z. has the following properties: symmetry kl *-+ Ik, since a. is symmetric and the pair
symmetry (ij)(kl) «-> (kl)(ij), which makes the mapping path independent; that is, Z.

can be derived from a potential. By assuming the symmetry of g_, Z. possesses also the

symmetry ij <- ji. Z is finally postulated to be non-negative definite. The fourth order

tensorZ is called the damage effect tensor. It is related to damage as will become apparent
in the course of our study, and it allows for arbitrary induced anisotropy. However, in

glaciology most models restrict themselves to orthotropy (Wu and Mahrenholtz, 1993;

Pralong and Funk, 2005a, Chapter 5 in this thesis) by choosing

Z'h^KZ^Ôh + ZhS't). (6.2)

From the pair symmetry of Z, it follows that Z is symmetric, i.e., Z\ = Z£. This

orthotropic reduction yields for Eq. 6.1

where (.)T denotes transposition.

We use d instead of D_ because, later on, D will be reserved for damage.
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6.3.2 Balance Laws

Ice is known to be incompressible. However, because of the opening of the cracks, an

adequate continuum model is likely not density preserving2, so that the balance laws of

mass, linear momentum and energy take the forms

M := p + pv\i = 0,

Vi:=pvi-aij,j-pbi = 0\ (6.4)

S := ps + q\i -atjdij - pr = 0,

in which p, v\ aij, b\ e, q\ d^ = \(vi,j+Vj,i), r axe the density, velocity, Cauchy
stress, body force vector, internal energy, heat flux vector, stretching (strain rate) tensor

and the enery supply rate density of the damaged ice.

In writing down the balance laws 6.4, it is implicitly assumed that the ice in focus is cold.

With little formal change, a continuum damage model can also be developed for temperate
ice. It would involve an additional mass balance equation for the moisture content, and

the energy balance would serve as an equation determining the specific melting rate rather

than the evolution of the temperature. We present here the theory for cold ice, because it

is slightly simpler.

Equations 6.4 constitute 5 partial differential equations for the variables p, u and 0. Here

0 is the empirical temperature. So, quantities for which constitutive relations must be

formulated are a, s and q.

Since these constitutive quantities may depend on the damage, i.e., on the second order

tensor Z, the above balance laws must be complemented by an evolution equation for the

damage tensor Z, which we postulate to have internal variable structure

Z'j-^z'j-fj^&j, (6.5)

where v denotes a spatially objective time derivative. The symmetric tensor / is a pro¬

duction term called the dynamic function of damage. A justification of Eq. 6.5 will be

given below. Here it may suffice that Eq. 6.5 is a structural equation and therefore of

constitutive nature.

For thermodynamic reasons, we also complement the balance laws 6.4 and 6.5 by an

entropy inequality

Ç:=pfj + <l>\i-ps>Q, (6.6)

where 77 is the specific entropy, <p its flux and s its supply, in which 77 and <p> are constitutive

quantities, whilst s is a source. Thus,

C = (a, s, q, /, rj, 0), (6.7)

are the constitutive quantities. They are assumed to depend on a number of independent
constitutive variables (to be specified below in Eq. 6.17).

2For damaged ice, we do not use the term "incompressible" because the ice may still preserve its own

density, whilst the composite "ice plus cracks" does not.



CHAPTER 6. ANISOTROPIC DAMAGEMECHANICS FOR ICE 84

6.3.3 Damage Evolution

Let carets identify quantities referred to the reference configuration. If â is the effective

Cauchy stress, then g_ is the effective second Piola-Kirchhoff stress. Since both are derived

from surface tractions via Cauchy's lemma, they transform according to (e.g., Holzapfel,
2000)

a. = JF-X dF-T, dAB = J (F-'Yi & (F-x)Bjy (6.8)

rp

where J = det F and F~r = [R) .
This shows that the "pull back" of doubly con-

travariant tensor components in the present configuration is accomplished by F_1 and

F~T, respectively. Strains transform differently: their "pull back" operations are FT

and F, respectively, since they are expressed as doubly covariant tensor components in

the present configuration. Equation 6.2 clearly evidences Z to be mixed, contravariant-

covariant. The following transformation rule is postulated to apply between Z, / in the

present and reference configurations

{Z, /} = JßETx {Z, /}£, {ZAB, fAB} = ß (F-'Y^Z^, fj}FiB, (6.9)

in which ß is yet a free exponent. This transformation leads to non-symmetric tensors Z

and/.

We now postulate the materially objective evolution equation for the damage variable as

follows

fjZdV-JidV = 0, (6.10)

v v

valid for all body parts V. Localization then yields

|l-/ = a (6.U)

With the transformation 6.9, the balance of damage in the Lagrangian description

(Eq. 6.11) takes in the Eulerian description the form of Eq. 6.5, with the time derivative

given by3

Z=Z+ [Z, W]+ß ZdiviT, (6.12)

where W_ is the spin tensor and the material derivative is given by

37
Z=^ + gradZ-u. (6.13)

at

V

Z is spatially objective. With ß = 0, the time derivative 6.12 corresponds to the Jaumann

derivative.

Remark 1

Let Z%j = Z SL where Z is a simple scalar, then Eqs. 6.5 and 6.12 imply

Z-/ = 0, if ß = 0,

Z + Zdivv-f = 0, if ß=l,
(6.14)

3Since Z_ and / are non-symmetric tensors, the time derivative derived from Eqs. 6.9 and 6.11 is a non-

symmetric tensor. To preserve the symmetry of Z_ (which has been postulated above), only the symmetric
part of the time derivative is considered in Eq. 6.12.
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as evolution equations for the scalar damage variable Z. They correspond to the global
balances

d
JpZdv-fpfdv = 0, if ß=0,

JZdv-Jfdv = 0, if /?=!.
(6.15)

D

Remark 2

The arbitrary mapping C : g_ = Zo. in the Eulerian description implies ä = J~ß Z.U.-
Thus

S = Zs -+ â = Zà <^=> /? = 0. (6.16)

This implies that Z and Z have the same properties in both configurations if ß = 0. So,

the scalar damage variable Z should be interpreted as a damage per unit mass according
to Eqs. 6.14i and 6.15i. We shall see that the choice ß = 0 also has formal advantages.

D

The transformation properties stated in Remarks 1 and 2 can serve as motivation to choose

the transformation rule 6.9 with ß = 0 as those defining the physical properties of the

damage evolution equation. In the further developments, we will set ß = 0.

6.4 Constitutive Theory

As stated earlier, constitutive relations are needed for the constitutive quantities C in

Eq. 6.7. We require the constitutive quantities 6.7 to be functions of a set of indepen¬
dent constitutive variables4

S = (p,E,0}Z,g,â). (6.17)

A dependence on the left Cauchy-Green tensorR — RF^ accounts for the dependence of

the equilibrium stress on strain. With the density p in the virgin (reference) configuration,
it may automatically account for the density of damaged ice at equilibrium (which equals

p (det B)"). 0 and g = gradö model thermal and heat conducting effects, Z accounts

for the effects ofthe cracks on the material behavior and especially the anisotropy induced

by them, and d describes viscous effects. In postulating the set 6.17, the ice is assumed to

be cold.

The second law of thermodynamics requires the entropy inequality 6.6 to hold for all

thermodynamic processes, i.e., those processes for which the balance laws 6.4 and 6.5

with C = C(S) are satisfied. It follows from the work of Liu (1972) that this requirement
is satisfied if the inequality

prj + div0 - ps - AMM-Av-V-A££-Az-Z>0, (6.18)

holds true for arbitrary smooth fields. In inequality 6.18, the mass, momentum and en¬

ergy balances as well as the damage evolution equation are inserted in the inequality by
multiplying the respective equations: A4 = 0, V = 0, £ = 0 and 2 = 0 with Lagrange

multipliers A^, Av, A£ and A2, respectively. Az is a symmetric tensor. The Lagrange
multipliers are functions of the constitutive variables S, of the velocity v and of the supply

4The set 6.17 accounts for the fulfillment of the rule of material frame indifference.
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rate densities r and b. In the exploitation of the entropy inequality, the balance laws 6.4

and 6.5 serve as constraints. Since the constitutive relations C(S) cannot depend on r

and & and inequality 6.18 is a relation to constrain the constitutive relations, the external

source terms in inequality 6.18 must add to zero, implying that

-s + Av-b + Asr = 0. (6.19)

To exploit the imbalance 6.18, we introduce the generalized Gibbs relations by Svendsen

et al. (1999)

pdrj = A£pds + dV and d$=A£dq + dF, (6.20)

where5

dV = Vßdp+ {VB)ij dBi:j + VedO + (Pz)y dZy + (Vg)i dg{ + (7>d)y ddy,
dFi = {Tp)i dp + {TB)ijk dBjk + {Te)i dö + {Tz)ijk dZjk + (.Fff)y dgj + {Td)ijk ddjk.

(6.21)
In particular, 7£ß and Rz axe symmetric tensors. Substituting Eqs. 6.4,6.5 and 6.20 into

inequality 6.18 and accounting for Eq. 6.19, results in a new inequality that can be written

in the following form6

a(S)-a + i:(S) >0 VS. (6.22)

a and a are vectors formed by scalars and components of vectors and tensors, a does not

depend on the variables forming the set S but on the spin tensor and certain higher space

and time derivatives of v, a and S. tt(<S) is the so-called residual entropy production. It

reads

7r(<S) = ((2b, R) + Asa + AMp(detR)-h-g®Vg)-d+fe-g+ Av-diva + Az-l,
(6.23)

where / is the second order unit tensor. Evidently, inequality 6.22 is linear in a, and since

a may have any arbitrarily assigned value, it would be violated unless

a(S) = 0 and tt(«S) > 0. (6.24)

The identities 6.24x constitute relations between (77, s), (0, q) and the Lagrange multipli¬
ers Av and Az. From them we may deduce

AM = 0, Av = 0 and Az = VZ. (6.25)

Moreover,

[Vz,Z} + [Zb,R}=V- (6.26)

Finally, dV and dF reduce to

dV = EB-dR + Rz-dZ and d^ = ^9dÖ. (6.27)

5Since we restrict ourselves to Cartesian tensors, we do no longer differentiate between upper and lower

indices.

6We only sketch the ensuing computations, but do not show the heavy details, since these computations
are relatively routine for specialists and uninteresting for others. About exactly the situation dealt with

here, we know of no explicit reference, but a paper close to this is Svendsen et al. (1999), and analogous
computations have also been done in Hutter and Jöhnk (2004), chap. 7. Whereas the derivation of the results

is technical, they are important to guarantee a consistent thermodynamic model, even when temperature will

eventually be left out of consideration.



CHAPTER 6. ANISOTROPICDAMAGEMECHANICS FOR ICE 87

According to the "differential" approach by Liu (1996) (see also Svendsen et al., 1999)
and since C(S) axe isotropic functions of their arguments7, it follows that

$ = A£q and A£ = A£ (0). (6.28)

It can be shown that (e.g., Hutter and Jöhnk, 2004)

A£(0) = i. (6.29)

This identifies 6 with the absolute temperature. So, the classical equation "entropy flux

equals heat flux divided by absolute temperature" has been deduced. With Eqs. 6.19

and 6.252, the relation "entropy source equals heat source divided by absolute tempera¬
ture" can also be established.

With Eqs. 6.202, 6.272, 6.28 and 6.29 there follows

Fe = -q^- (6.30)

Moreover, from relations 6.20i, 6.27i and 6.282 one may deduce that 77 and s cannot

depend on (fand d, but only on R, 0, Z; explicitly,

V = V(R, 0, Z), s = e(B, 0, Z). (6.31)

Equations 6.20i and 6.31 imply that 7£ß and Rz axe equally functions of only R, 0, Z.
In fact, as evident from Eq. 6.20i, VB and V_z play the role of thermal equations of state

that can be derived from the Helmholtz free energy

ip = e-0r] = ijj(R,O}Z)- (6.32)

Indeed, if e is eliminated between Eqs. 6.20i and 6.32, the Gibbs relation 6.20i (with
Eq. 6.27i) is identically satisfied, if

^5
= —Kb, äJ = -»7i -^ -—2z- (6.33)

oR p oO
oZ P

Thus ip is a thermodynamic potential for —-VB, —77 and —-Vz. If we define

-~m'~~P~B' r-di~ p2*' (6,34)

with S = E(ü, 6, Z) and Y = Y(R, 0, Z), then the Gibbs relation takes the form

d?7 = \ (de - E • dR - Y • dZ) (6.35)
o

In this form, S is, clearly, a stress exhibiting elastic properties and Y_ is the tensorial

energy release rate, the conjugate force (a symmetric tensor) to the damage variable Z.8

7All constitutive quantities 6.7 and constitutive variables 6.17 are objective under Eu¬

clidean transformations, so if Q is an orthogonal transformation, then Q* C (B_, 6, Z_, g, d) =

C (QBQT, 8, QZ_Q^, Qg, QdQT), where Q* is the (push forward) action of Q on C. The fact that

C(S) is taken as an isotropic function set does not imply that effects of anisotropy are absent. These are

accounted for by Z_.

%Y_ denotes in the literature the conjugate force of the damage variable D (see § 6.7.4). We would like
to call attention that Y is here conjugate to the damage effect variable Z-
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The Helmholtz free energy ^ is an isotropic function of a scalar 0 and two symmetric
tensors, R and Z, of which a complete set of invariants is given by 1^, U^, M^, with

Ia = TxA, HA = \{(TxAf-rTx{A2)), MA = dQtA (6.36)

and

4i=£ Â2=Z, À3 = (R,Z), A4 = (R2,Z), A5 = {R,Z2); (6.37)

that is,

iJ> = il;{OiIâa,ÏÏAa,MAa). (6.38)

Once a functional relation for ip is selected, V_B and V_z are known and must satisfy

Eq. 6.26. With this, the exploitation of Eq. 6.24i is now complete.

6,5 Thermodynamic Equilibrium

The next step is to exploit the residual entropy inequality 6.242. With Eqs. 6.23, 6.25,

6.27,6.29, 6.30 and 6.34, it becomes

On(S) = (-p<£, R) +a) -d- ^ -pY £ > 0. (6.39)

The results to be derived below are based on the conditions of thermodynamic equi¬
librium. We therefore assume the existence of a thermodynamic equilibrium. If e =

iß, R, 0, Z) and n = (g, d), then any dependent constitutive quantity C can be repre¬

sented in the form

C(S) = C(e, n) = C\E (e) + C\N (e, n) (6.40)

with C\E (e) = C(e, n — 0) and C\N (e, n) = C(e, ft) — C\E (e) its equilibrium and non-

equilibrium parts, respectively. tt\e = 0 must necessarily hold, for otherwise entropy
would be produced in thermodynamic equilibrium. Therefore, from Eq. 6.39,

l\E=Q. (6.41)

An isotropic expansion of f_(S) following the superposition principle by Betten (1987)

yields

/ = Vol. + Via An + ip2aAl
+ tpiaßi^Aa) + <P2aß(£,Aß) + (f-iaßiA^Al) (6.42)
+ Viaßi^A}) + <P3a(g®9,Âa) + <^4a (<j'® 9, A^},

in which I is the second order unit tensor and summation is over a, ß = 1,2, 3, a > ß
and Ai = R, A2 = Z, A3 = d. The equilibrium part is given by

l\E = <Po\EL + <Pn\EE + <Pn\EZ
+ <P2i|B R2 + ¥>22|B Z2 + Vii2|B (R, Z) (6-43)

+ <P2u\E(R2,Z) + V312\E (R, Z2) + <P412|B (R2, Z2).

For this to vanish at equilibrium, the restrictions

<Po|E = 0, V?n|B = 0, 9i2|E = 0, 92l|B = 0, 922|E = 0,

Vll2|B=0, ^212^=0, ^312|B = 0, (p412\E = 0,
(6.44)
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must identically hold for consistent modeling. In general, the scalar coefficients in

Eq. 6.42 are functions of the scalar invariants of <S. Notice that the dependence in these,

as well as Eq. 6.42, is quadratic in g. Since 7r = 7r(«S), its representation in terms of the

invariants of S is also quadratic in g. This implies, in particular that

di:
= 0, and

d27t

Iqdd
0<3>, (6.45)

with 0(3) the zero third order tensor.

Now consider once more the imbalance 6.39. Because 7r(e, n) assumes its minimum

value, namely 0, at n — 0, necessary conditions to guarantee this minimum are

OTT
0 ^

'

dd
o,

and, by simplifying with the aid of Eq. 6.452

H dg dg

0

0

dddd

is non—negative definite.

(6.46)

(6.47)

The first of Eq. 6.46 is fulfilled because of Eq. 6.451.

Next, consider Eq. 6.462; it implies

(o"Uy =P(Eik, Bkj)+pYhkl

dfki

ddij
(6.48)

The first term on the right-hand side is the elastic contribution and accounts for the fact

that the cracks may yield the material to become compressible, even though the virgin
material may be incompressible. The second term on the right-hand side accounts for

anisotropic equilibrium stresses due to damage.

Remark 3

If we let ip depend only on the determinant ofR and define

ip = MrP)=rl>2(p), rp =
£
= (det£)*, (6.49)

by using <9det R/dR = (det R) R~T it is straightforward to show that

/ill) (ili)(\

P (SjJt, Bkj) = {P-qtT, Bkj) = -(? —— Sij = -Pthermo 5y, (6.50)

in which pthermo agrees with the thermodynamic pressure. Therefore, the first term of the

equilibrium stress 6.48 would be the thermodynamic pressure tensor. Similarly one may

show that in this case 7£B • dR in Eq. 6.21 would be

ÜB dR = p Pthe «5 (6.51)

as would be expected if the material in its damaged state possesses properties of an elastic

fluid.
rj

With Eq. 6.48, we may introduce the irreversible stress a\N according to Eq. 6.40. Note

that (öJ^Ie = 0. With Eq. 6.48, the residual entropy inequality 6.39 takes the form

Ott(S) = (ct|Jy djj -^J1- Pyij [h ddkl

dki > 0. (6.52)
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6.6 Free Enthalpy Formulation

For glaciologists, it is more common to express the deformation as a function of the

stress. Therefore, we consider the deformation, R and d as dependent and £ and çr\N as

independent constitutive variables. Thus, the set 6.17 is replaced by

SG = (p, E, 0, Z, g, s\N).

Introducing the free enthalpy function

G = e-0ri-V-R=G(YL, 0, Z),

the Gibbs relation 6.35 is then identically satisfied, if

dG
- u dG__ 9G_

do
Vl dz~r'

(6.53)

(6.54)

(6.55)

with R = ü(£, 0, Z) and Y = y(E, 0, Z). Furthermore, by accounting for Eq. 6.39,

the entropy inequality 6.39 takes the form

0*{S) = (-p(E, R) + a\N+ a\E) d- 2l£
- pY_ •/ > 0. (6.56)

If we let now e = (p, S, 0, Z) and n = (g, q\n), then, according to the definition of

thermodynamic equilibrium 6.40, it\E = 0 must hold. Therefore, from Eq. 6.56,

rf|E = 0 and / 0. (6.57)

This then yields relations for d and / as tensorial isotropic functions analogous to

Eqs. 6.42, 6.43 and 6.44, in which the variables R and d are replaced by E and a\N,
respectively. We refrain from writing them down explicitly. Since, moreover, tt assumes

its minimum in equilibrium, we necessarily have

Ô7T
o,

dir

da\
0,

and

II

a2 tt

dg dg

0

0

027T

dçr\Nda\N

is non—negative definite.

(6.58)

(6.59)

Since 7T is quadratic in g, Eq. 6.58i is automatically fulfilled. Alternatively, withEq. 6.57i,

6.582 may be written as

[(°"Ie) kl
— p(Ekm, Bmi)}

ddkl

d{ff\N)ij

df>kl
- pYki . . .

0. (6.60)

If the six matrices (ddki/d (cr\N) y)|E (k, I = 1,2,3 are fixed and k < I) axe invertible in

the sense that

dd,kl

d(°\N)ij

Ö(ff|Jy
dd.

pq

ökpÖlq,

then Eq. 6.60 becomes

(a\E)p<l — PÇEpm, Bmq) + pY},kl
df,kl

d(v\N)ij

d(°\N)jj
dd.

pi

(6.61)

(6.62)
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which corresponds to Eq. 6.48 in the earlier formulation. Finally, the entropy inequality
in the "enthalpy" formulation now takes the form

Q' Q' ( d f~

0 tt(<S) = (a\N) y dtj - -^ - p Yij fij
%3

9 "'"V" d(a\N) kl

d«) kl

ddpq
dvq > 0. (6.63)

which is analogous to inequality 6.52. This completes the thermodynamic analysis in the

free energy and enthalpy formulations.

6.7 Damage Model for Ice

The proposed damage model for ice will be expressed in the enthalpy formulation and so

constitutive quantities are functions of Sq. What remains is to propose explicit expres¬

sions for the heat flux q, the free enthalpy G, the dissipative strain rate d and the dynamic
function of damage /.

6.7.1 Heat Flux

g is assumed to depend on Sq according to the Fourier law of heat conduction

q = —K.(Sa)g, with k(<Sg) positive definite. (6.64)

k is the heat conductivity. For ice, it is reasonable to restrict the function k = k(Sg) to

H = &(p, 0, Z). According to Eqs. 6.28i and 6.29, the entropy flux becomes then

$=—gHg- (6.65)

6.7.2 Free Enthalpy

Let us assume for undamaged ice at thermodynamic equilibrium a linear dependence
between (R — F) and E of the form

Ey = Aijki (Bki - Iki), (6.66)

withA a stiffness tensor. Assume, moreover, stability of relation 6.66; that is, A is positive
definite

Am (By - /y) (Bkl - Ikl) > 0 V (By - iy) ^ 0. (6.67)

By considering Eq. 6.54 and neglecting thermoelastic effects (i.e., coupling), the free

enthalpy G for linear and initially isotropic material at equilibrium will be postulated in

the form (see also Lemaitre et al., 2000)

6

G(E, 0, Z) = ~^ I&<sp? - ^T1W£- -fc - / GV) dd, (6.68)

with ai and a,2 the only two parameters characterizing A for isotropic undamaged mate¬

rial, £ a parameter similar to that introduced by Lemaitre et al. (2000) to differentiate the
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effect of damage on the deviatoric and the hydrostatic parts of the free enthalpy (the first

and the second terms, respectively, on the right-hand side of Eq. 6.68), Ge(0) a thermal

function and Oq a reference temperature. The superscript (_)D refers to the deviatoric part

of a second order tensor. The first three terms on the right-hand side describe the elastic

deformation and the forth term accounts for the thermal behavior of ice. With Eq. 6.55i,

R becomes

£=1±02^_02
ai ai ^

where9

tD = l(ZT, ED)D + £IzIjlL (6.70)

Considering Eq. 6.553, the tensorial energy release rate Y_ reads

Using Eqs. 6.34, 6.69 and 6.71, it can be shown that the free enthalpy as proposed in

Eq. 6.68 automatically satisfies the thermodynamic condition 6.26. For isotropic undam¬

aged material, by assuming a\ > 0, the stability condition 6.67 reduces to the require¬
ments

(l + a2)>0 and (l-2a2)>0. (6.72)

Therefore, using Eq. 6.71, one can show that

Y is negative definite. (6.73)

This is an important result, which will be discussed later when a damage production rate

function / will be proposed.

According to Eq. 6.552, the entropy takes the form

r) = Ge(0). (6.74)

Let us now express the purely thermal part Gd{8) of the free enthalpy as

Ge{0) = c In (j) + Gg, (6.75)

with Cv the specific heat at constant volume and GeQ a constant. With the aid of Eqs. 6.54,

6.68, 6.69 and 6.74, the internal energy becomes

e = ee\ + eth, (6.76)

with £ei and eth the mechanical and thermal parts of £ expressed as

Set = —z—- /ggDja and eth = c (0 - 00) + G9Q00. (6.77)

9By deriving B_ from G, the transpose of Z. appears in relation 6.70. Since E and Ê are covariant

tensors, it can be observed in Eq. 6.70 that Z_ is contravariant-covariant. Therefore the objective time

derivative 6.12, i.e., the whole thermodynamic analysis, is also valid for the damage tensor Z as introduced

in the free enthalpy. Since we restrict ourselves to Cartesian coordinates, we do no longer differentiate

between Z and Z
.
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6.7.3 Dissipative Strain Rate

Let us assume a dissipation potential tp(Sa) for the dissipative stress a\N, with the prop¬

erty that

d=9-^. (6.78)

Assuming that (p is a function of 0, Z and a\N only and omitting explicit terms in Z2,
(çi\N)2 and of higher order, Eq. 6.78 can be shown to take the form

d = (ön + 5l2I*Ol -oi2Œ.\N + öuW^ialn)-1
+ 2(ô21+o22I{z,éN))Z + 623M{z,ll\N)(Z,{Z,a.\Nri)
+ 2(<531 + (532 I{z, {a\NY)) {Z, g\N) + S33 M{Zt (d )a) {a\N , (Z, (Z, a\N) 1)),

(6.79)
with

dipjSg) dipjSg) d<p{SG) , ,

al
=

^T'
Q2
=

^T' ba^~wz' (a = 1'2'3)> (6-80)

and

Ai = <l\n, A2 = (Z,çl\n), A3 = (Z,(z\n)2)- (6.81)

The condition of thermodynamic equilibrium for d (see Eq. 6.57i) leads to

<*n|E = 0, Si2\E = 0, 521\E = 0, and 522\E = 0. (6.82)

According to Eq. 6.3, the quantity \ (Z, a\N) appearing in Eq. 6.79 is defined as the

effective dissipative stress and labeled as

s\N = i(Z,s\N). (6.83)

Since a\N or a\N can be zero, d, as given in Eq. 6.79, is not in general invertible. To

guarantee invertibility we must necessarily have (Svendsen and Flutter, 1996)

^13 = 0, 523 = 0, ^3 = 0, (6.84)

and so, Eq. 6.79 simplifies to

d = (ön+SuI^L - Su ff\N r685,

+ 2(^21 + 522 % dN))Z. + 4(<*3i + 5321{z, (djv)î)) ä\N.
K • >

The usual form of the dissipative stress of damaged ice consists of the first and the last

terms on the right-hand side. 5\\ + Si2 IZ\N is then the volumetric (bulk) fluidity (chosen
such that p < p) and 4(<53i + 8321{Z< (a\N)2)) is the shear fluidity. Both depend on stress,

damage and temperature.

We still wish to further simplify. So we will suppose that the dissipative flow of damaged
ice is independent of the pressure. Such an assumption is tantamount to ignoring the bulk

fluidity (Stokes assumption)10. The constitutive variables are in this case

S° = (p,Z,0,Z,g,s.\°). (6.86)

10Here, this assumption does not mean that the damaged ice is intrinsically density preserving, but that

the density variation (the influence of the pressure, respectively) is neglected in the flow law of damaged
ice. This is analogous to a Stokes-Kirchhoff gaz.
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Note that we have above assumed that d does not depend on E and g. Considering the

property

MS8)
__

(dtp(sß)\D
d< V da\DN J

'

relation 6.85 simplifies to

d = (6.87)

d=S& a.\DN+2(5^ + ögl{z^lDN))Z + i(Sg + 5gl{Ztizln)2)) çl\DN, (6.88)

with

°12 -

dB .D
' °21 -

0/
(z. z.\n)

<-D
_

dy(S°)

°31 di
<z,(<i|£)2>'

°32

and

dAS%)

-iD 1 /^ \D\D

(6.89)

(6.90)

The thermodynamic condition 6.57i is satisfied if 5^ =0 and 522 = 0. By assuming
E E

that the first two terms on the right-hand side of Eq. 6.88 are negligible, Eq. 6.88 becomes

d = v;àc(s:,Z,0) ÊlJ, (6.91)

in which 77Visc = \(S^[ + S^2 L^ (ai0)*))-11S the shear viscosity, which depends on stress,

damage and temperature. For damaged ice, Pralong and Funk, 2005a (Chapter 5 in this

thesis) proposed11

Wo:, Z, 0) = A(0)-x (-Jäg + Kff)
l-n

2

(6.92)

where A(0) > 0 is the fluidity parameter for ice, n > 1 is the power law exponent

and Ka > 0 is a parameter guaranteeing a finite viscosity law (Flutter, 1983). Note the

particular form of the effective dissipative stress 6.90, which is a function of the deviatoric

part of a\N. Equations 6.91 and 6.92 reduce to the classical Glen-type flow law for Z = L

The stress a appearing in the balance laws 6.4 is determined by the relation a= a\E+a\N.
The non-equilibrium stress a\ v

is given by Eq. 6.91 (or by a more general relation d =

d(<Z.\N, •••) derived in this section) and the equilibrium stress a\E by Eq. 6.62, where / is

still to be found.

6.7.4 Dynamic Function of Damage

Finally we write a constitutive relation for /(*Sg). Let us first analyze the entropy inequal¬

ity. Suppose that d does not depend on g. Using Eqs. 6.54, 6.553, 6.572, 6.73, 6.92, and

since / is quadratic in g, one can show that the term

"P *ij I Jij

dfi
i]

d{°\N) kl

d(°\N)k,kl

dd
vi

d\
•pi (6.93)

nThe negative sign in the bracket accounts for the definition of the second invariant given by Eq. 6.3Ô2,
which is the negative of the second invariant commonly used by glaciologists.
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ity 6.63, takes its minimum, namely 0, at thermodynamic equilib-
= Q and / is concave with respect to a\N and g. The condition of

E ^~

concavity is sufficient but not necessary (Eq. 6.59 is always satisfied, not only at equilib¬
rium).

appearing in inequa

rium, if (d£/d a\N)

By considering Eq. 6.64, inequality 6.63 becomes

MJ ij dij + ^7T9i 9j
- P Yij ( fij ~ o/^

0 \ d{<j\N)ki

d(a\N)k,
dd

pq

dpq > 0. (6.94)

With Eqs. 6.64, 6.91, and 6.92, the first two terms are non-negative and d\E = 0. The

thermodynamic restrictions -k > 0 and ir\E = 0 are therefore always satisfied if Eq. 6.572

is respected, (df/d a\N) = Q and / is concave in a\N and g.
E

Now, let us postulate an explicit constitutive relation for the dynamic function of damage
as follows

/ = ¥>22 Z2 + <P22Z Z (Z, s\N) Z, (6.95)

where (f22 and <^223 are scalar parameters. We introduce the variable change

Z:=U-R)-\ (6.96)

where D is the classical damage tensor. Applying this variable change to Eq. 6.12, the

objective derivative of D. reads

D = Z~l ZZ~l + Lßdivv - 2ßZ~1dWv. (6.97)

This equation proves the convenience implied by choosing ß = 0 as stated earlier. By
V

,

H —1 —1

considering the balance of damage for D, i.e., D - / = 0, where / = Z / Z ,
and

setting ß = 0, Eq. 6.95, with the aid of Eq. 6.83, becomes

/ = V22l + 2(p223 Q\n-

Using the spectral decomposition of the symmetric tensor q\n, one obtains

3

E
t=i

t = V221+ 2^223
È

(ä-Mi ^ ® ^i

(6.98)

(6.99)

with V® the normalized eigenvectors associated with the eigenvalues {g\n)v Considering
only the influence of the maximum eigenvalue {s\N)x and choosing (p22 ~ fx {1— 7) and

2^223 (2D1 = Z17. Eq. 6.99 reduces to

1 od
r = fRa, (6.100)

where fx is a scalar function, 7 is the anisotropy parameter (0 < 7 < 1) and

Rd= [(l-7)/ + 7^D ®^)]. (6.101)

fx must satisfy condition 6.44, i.e.,

Z1 =0, (6.102)
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since (P22 does so. Equations 6.100 and 6.101 constitute the orthotropic creep damage
evolution law by Murakami and Ohno (1980).

The usual form of the function fx, when it is applied to describe cracking in creep mate¬

rial, is given by

f1 = % «x))r'I#, (6.103)

with Bf, rf and kf evolution parameters, x an equivalent stress (stress measure) and

«={°: « x<°: (6-io4)

The equivalent stress is given for example by Hayhurst's criterion (Hayhurst, 1972)

X (ä\N) = ali(d\N)l + ßHJ-3UllD + (1 - aH - ßn)h\N, (6.105)

where ä\N is the effective dissipative stress as defined in Eq. 6.83. It combines linearly
the effective maximum principal stress {<l\n)v the first invariant I^\ and the second

invariant 1'-,d of the deviatoric part of the dissipative stress. The parameters aH and ßu
characterize the material behavior. Pralong and Funk, 2005a (Chapter 5 in this thesis),

on the basis of experiments conducted by Gold (1967), Gold (1972a), Duval (1981) and

Mahrenholtz and Wu (1992), proposed aH = 0.21 and ßH = 0.63 for ice close to the

melting point and subjected to low deformation rates.

The function fx satisfies condition 6.102. The concavity for fx is given by ry > 1 and

the condition (df_/d a\N) = fj by ry > 1. A stress threshold crth accounting for damage
nucleation can be introducing as follows (Lemaitre, 1992)

!l = Bf((X-crlh)Y'hk'. (6.106)

(Tth was quantified for ice subjected to low deformation rates by Pralong and Funk, 2005a

(Chapter 5 in this thesis). This formulation considers the influence of the crack activation

energy by simply shifting the function fx to the right. The function 6.106 satisfies also

condition 6.102. It presents formal advantages for ath > 0. The concavity condition is,

as emphasized before, a sufficient condition, for the entropy inequality to be satisfied. If

/ is concave in g (for example in the dependence of Bf on g), the term 6.93 assumes its

minimum, namely zero, at thermodynamic equilibrium for every value of ry; that is, the

thermodynamic restrictions (ir > 0 and tx\e = 0) are always satisfied.

6.7.5 Healing

The concavity in g is a strong restriction for /. It forces the term 6.93 to never be negative.
Let us now assume that / is not necessary concave in g and rewrite inequality 6.94 as

K- df-
(<j\N) ij di:j + -2-gi gj

- p Yij /y + p Fy %\
V o{a\N)ki

ö«) kl

ddpq
dpq > 0. (6.107)

The first and the second terms on the left-hand side are related to the energy production
supplied by viscous dissipation and heat conduction. They have been shown to be non-

negative for the parameterization given by Eqs. 6.92 and 6.64. The last two terms can be
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associated with a dissipative crack power. Suppose that / grows with a near thermody¬
namic equilibrium, i.e.,

df

dd\N
is non—negative definite. (6.108)

This is likely satisfied because of the positive feedback observed between damage and

stress. By considering Eq. 6.91, d s.\N/dd is positive definite. Regarding Eq. 6.73, the

fourth term in Eq. 6.107 is then positive when d is negative definite. Therefore, / may
be negative definite without violating inequality 6.107. A negative term corresponds to

crack healing and a positive term to crack growth. Crack healing is observed in glaciers.
It leads to the closure and the localization of crevasses (Pralong et al., 2003, Appendix A
in this thesis).

Healing could be considered by subtracting a healing rate function f^ from the dynamic
function of damage, in a way similar to Krausz and Krausz (1988),

/ = /crack-/heaP (6-109)

where /
,
= Z~xfd

,
Z~x is a cracking rate function. fd

,
can be approximated,

2-crack
—

i-crack
— °

i-crack r r

for example, by Eq. 6.100. / is, however, not known for ice. In an attempt to model

healing, we propose

/healy — Gf {o\N)kidki-t-—gkgi (öv-ZZ1)"', (6.110)

where Cy > 0 and Sf > 0 are the parameters of the healing function. This function

depends on the viscous dissipation and on the heat conduction which provide the energy
of healing. The dependence on Z leads to /

(
= 0 for Z = / (no damage) and prevents

damage to decrease for virgin ice.

Let us now assume the parametrization 6.106 for f
,
and suppose that f

,
is concaver

*£-crack
rr

i-crack

in g12. Let us, moreover, assume that d does not depend on g, that n > 3 and that crth > 0.

With the help of Eqs. 6.29, 6.73 and 6.92 and since / is quadratic in g, k is positive
definite, k does not depend on q\N and g, and Eq. 6.571 is fulfilled, the residual entropy

production achieves its minimum, namely 0, at equilibrium if

l + CfpYjil-Zr/y^O. (6.111)

The thermodynamic restrictions 7r > 0 and tt|e = 0 are in this case always satisfied.

6.8 Numerical Example

In order to present the effect of damage induced anisotropy on the flow of ice, we apply
the above damage model to the case of a plane gravity driven flow down an inclined plane
surface (see Fig. 6.1).

12This condition might be too restrictive (see § 6.7.4)
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6.8.1 Assumptions

For this computation, the following assumptions are made:

1. Constant temperature (isothermal condition) (dO = 0)

2. The elastic stresses are small as compared to the viscous stresses (E — 0; see

Eqs. 6.69 and 6.71)

3. Acceleration terms are neglected in the momentum balance (p v — 0)

4. Plane strain flow (d/d y = 0 and vy = 0; flow in the x — z plane)

5. Parallel sided slab subject to zero longitudinal changes (d/d x = 0) and steady state

geometry

6. Density variations are neglected for the ice flow (dp = 0)

7. No healing (Cf = 0)

To model glaciers or ice caps in two dimensions, the first four assumptions are usually
made in glaciology. The parallel sided slab hypothesis is assumed for simplicity. Since

a parallel sided slab deforms in shearing, the cracks are assumed not to open. The den¬

sity variations of the damaged ice are therefore inactive and corresponding terms vanish.

Finally, healing is not considered since proposal 6.110 has not been validated and the

healing parameters have not been quantified.

6.8.2 Model

Hypothesis 1 implies that the energy balance need not be considered. Hypothesis 3 re¬

duces the momentum balance to diva; + pb = 0. From assumption 2 and Eq. 6.71, it

follows that Y_ = 0 and therefore with Eq. 6.62 that a = a\N. With hypothesis 6, the

mass balance reduces to div v = 0 and relation 6.91 can be used to model the dissipative
strain rate. Using identity a; = o\N and Eq. 6.90, relation 6.91 becomes

(ZçLD)D ^r]v[sc{^Z,0)d, (6.112)

with Z described by Eq. 6.2 and 77Vjsc given in Eq. 6.92. Z is here a function of Z. This

dependence is explicitly proposed in Wu and Mahrenholtz (1993). By considering the

relation qP = g_ + p£ with p the pressure, Eq. 6.112 becomes

£ = -PiL-P2Zr1i+rivisM, z, o) zrxd, (6.113)

where pi and p2 are two distinct pressures resulting from the two deviatoric indices of

Eq. 6.90. They reduce to p = p\ + p2/Z for isotropic damage only. To bypass this

problem, one could express the dissipative deformation by using an alternative dissipation
potential

dcp(S°)
dd

e\N = ^tr-> (6-114)
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with <SZ = (p, R, 0, Z_1, g, d)X3. Assuming that (p is a function of 0, Z_1 and d only,

omitting explicit terms in Z-2, d2 and of higher order, guaranteeing invertibility of a\N
and assuming that damaged ice is density preserving, we found

~D

<L\° = -*Sd + 2(Sg + ~5ghz-\ä))ZrD + 4(® + *g /(z-i.rf.>)d , (6.115)

with

Ö12 -

0^ > Ö21 -ö/^.!^» Ö22
-ô/^.!^:

XD
_

9^(gd) sD
_

dj(S*)
°31 -Ô/^-i,^' °32 -ai^-i,^'

(6.116)

and

if = \ (Z~\ df. (6.117)

By neglecting the first two terms on the right-hand side of Eq. 6.115, using the identity

a=a\N and considering the relation aD =g_ + pL, the dissipative stress becomes

(L=-pL + r?visc(d, Z, 0) (f, (6.118)

where T7viSc(d, Z, 0) = 4(^H + 5^2 I^-l,<P)) can De expressed as

VvisM 0) = A(0)~n (-ÏÏ4 +m)1*?, (6.119)

with the finite viscosity parameter Kd > 0. For isotropic damage and if kg, Kd —> 0,

Eqs. 6.113 and 6.118 can directly be transformed to one another.

Hypothesis 4 leads to dxy = dyz = 0. With Eq. 6.113 or 6.118 and the proposed dynamic
function of damage (relations 6.100 and 6.101), it can be shown that axy — ayz = 0 and

Zxy = Zyz = 0. The stress and the damage tensors both can therefore be expressed by a

plane representation as the strain rate. We define a Cartesian frame, in which the x- and

2-axes are parallel and normal to the slope of the slab, z = 0 defines the bed and z = H

the free surface of the glacier slab, where II is the ice thickness (Fig. 6.1). The boundary
conditions then are

vx(z = 0) = vx0, vz(z = 0) = 0,
,,nm

p(z = H) = 0, axz(z = H) = 0.
{p'l"ö)

With assumptions 4 and 5, Eqs. 6.118 and 6.120, the balance laws, integrated over z,

reduce to

v2 = 0,

è»MscCd, 0) [l - \{DXX + Dzz)] ^ = pbx(H- z), (6.i21)

p = -pbz (II - z) -\pbx (H - z) Dxz [l - \(DXX + D„)]~\
The first equation results from the balance of mass and the next two from the balance

of linear momentum in the x and z directions, respectively. Relations 6.119 and 6.1212
furnish the differential equation for vx, for which the boundary condition is vx(z = 0) =

13The dependence on Z_ \ instead of Z_, is universally valid, since Z_
l
can be regarded as a function

ofZ.
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Figure 6.1: Geometry of the glacier, as used in the numerical example. The slope of the glacier
used for the numerical example is 40°.

vxq. The pressure is given by the analytic solution 6.1213. The differential equations for

damage read

aux
at

d£^
at

dDzz

at

dDx,
at

dz
u =

fd
J XXI

= fd

+

+

dvjun

dz Uxz

ldv^D
2 dz xx

1 dvx
'2 dz

Dz

fd
J zzi

fd
J Xa

(6.122)

xz>

with f given by Eqs. 6.100,6.101,6.104,6.105 and 6.106. The evolution olDm must be

calculated, since Dyy appears in /d. The initial conditions are given by D = 0. Physically,
the eigenvalues of R must be bounded between 0 (no damage) and 1 (full damage); for

Z, between 1 and oo, respectively.

The equations are integrated by using the finite elements method (Femlab code). The

implementation is performed in one dimension. A decoupling algorithm is used (e.g.,
Picasso et al., 2004); that is, the damage equations and the flow equations are solved

separately. At each time step, the damage problem is solved first (in space with Lagrange
elements of order two and in time with a standard Runge-Kutta scheme). The velocity and

pressure are approximated with the results from the previous time step. The non-linear

equation of the flow model is then solved by iteration on the viscosity. The value of the

parameters used in the model are listed in Table 6.1.

A = 6.8 x 10~24 (Pa~n s"1) VxO = 0

bx = 9.81sin(40°)(ms-2) aH = 0.21

bz = 9.81cos(40°)(ms-2) HH
= 0.63

Bf = 1.7x 10-9 (Pa-r s"1) 7 = [0 ... 1]
H = 30 (m) «rf = 6 x 10-21 (s"2)

kf = *i(IW)0JS Cf = 0

ki = 3.75 x 10-3 (Pa-*) P = 910 (kg m3)
n = 3 Oth = 3.3 x 105 (Pa)

rf = 0.43

TàWe 6.1 : Values of the parameters used in the model. The value of the damage and flow param¬

eters were evaluated by Pralong and Funk, 2005a (Chapter 5 in this thesis). The thickness and the

slope of the slab reproduce approximatively the shape of a hanging glacier.
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6.8.3 Results

Figure 6.2a shows the evolution of the surface velocity of the ice slab as a function of time

for different values of the anisotropy parameter 7 (see Eq. 6.101). The velocity reaches

a finite time singularity; that is, it increases indefinitely (forming a singularity), while

the time tf corresponding to the infinite velocity (time of failure) is finite. The time of

failure of the slab depends on the choice of 7. Finite-time singularities can be described

by Voight's differential equation (Voight, 1988), which models the temporal evolution

of a critical quantity (here the displacement of a material point at z = H). The time

integration of Voight's equation leads to (Voight, 1988)

vx{t,z = H) = an (tf - i)"Wn, (6.123)

with an and îtiq the parameters characterizing the acceleration of the unstable ice chunk.

Figure 6.2b shows the logarithm of the velocity as a function of the logarithm of the time

tf — t. In this representation, Eq. 6.123 is described by a straight line.

a 100

80

i 6°

O

g 40

20

y=0 I 1 1

---Y=05 1 ! 1

- -

y= 0 75 1 '
'

Y-1 / 1 1

/
' '

^J-:V
02 04 06 08

time (-)
12 14 10 10

time before failure (-

Figure 6.2: Relative surface velocity (at z = H) (relative to the initial surface velocity (at t = 0

and z = H)) of the parallel sided slab as a function of the relative time (relative to the time

of failure tf = 46.1 days of the isotropic case) for different values of the anisotropy parameter

7. (a) linear representation, (b) logarithmic representation with the time before failure defined as

tt-t.

Figures 6.3 presents the evolution of the damage near the glacier bed (at z = II/100) for

different values of the anisotropy parameter 7. The vorticity of the flow induces a rotation

of the damage tensor (the rotation is modeled by the Jaumann derivative). For anisotropic
damage, the different components of the damage tensor are thus oscillating around the

values of the diagonalized damage tensor. The rotation of the flow increases with the

velocity gradient and leads to accelerating oscillations of the damage components.

Figure 6.4a depicts the distribution of damage along the vertical axis at t = 0.98 ^f (on
the verge of failure) for different values of the anisotropy parameter. The kinematics

of the damage accumulation is delayed when z increases, due to the decrease of x (see

Eq. 6.106) with increasing z. The damage evolution observed along the £-axis in Fig. 6.3

appears here along the z-axis. Above z « 0.4 no damage develops, because of the stress

threshold o"th introduced in the dynamic function of damage 6.106.

The term \(DXX + Dzz), appearing in Eq. 6.1222 and controlling the surface velocity,
does not oscillate, since the oscillating contributions of Dxx and Dzz vanish (Fig. 6.4b).
The prominent discontinuity observed during the evolution of \(DXX + Dzz) for 7 — 1

coincides with the period when Dyy ^ 0 (Fig. 6.3d and f). During that period, Ryy (see

Eq. 6.100) is first positive and then negative14 forcing Dyy to increase and decrease, re¬

spectively. These variations of Ryy are due to the rotation of the principal eigenvector of

14The negative value of Ryy (and f£ , respectively) is due to the change of direction of the damage
accumulation. It does not correspond to healing.
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Figure 6.3: Temporal evolution of the non-zero components of the damage tensorD as a function

of the relative time (relative to the time of failure of the isotropic case) at z = H/100. Damage
versus time for different anisotropics: (a) 7 = 0, (b) 7 — 0 5, (c) 7 = 0.75, (d) 7 = 1 and damage
versus logarithmic time before failure (defined as tf — t) for (e) 7 — 0.5 and (f) 7 = 1.
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0.98 tf for different values of the anisotropy parameter 7. (b) Temporal evolution of^{Dxx-\-Dzz)
for different values of the anisotropy parameter 7 at the location z = H/100.
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d_\N. At the same time, the terms R^.x and R^z are also affected by the rotation of the

principal eigenvector of a\N and induce the discontinuity of \{Dxx + Dzz). Similar dis¬

turbances of \{DXX + Dzz) (Dyy, respectively) occur also for 7 = 0.5 and 7 = 0.75. They
are smaller and happen closer to the failure time. No disturbances appear for isotropic
ice, since the direction of the principal eigenvector of â\N is not considered in the dy¬
namic function of damage. For anisotropic damage, the disturbances of \{DXX + Dzz)
influence the surface velocity. The result is that the surface velocity can be described by
Eq. 6.123 only until the disturbances appear. Field measurements, carried out on unsta¬

ble ice masses with a geometry similar to that of the model, show that the velocity can

adequately be described by Eq. 6.123 (Röthlisberger, 1981; Liithi, 2003). However, these

measurements do not cover more than the first order of magnitude of the surface velocity
increase and therefore cannot validate the results of this numerical example.

6.9 Conclusions

The thermodynamic restrictions to the parameterization of compressible viscoelastic ma¬

terials with orthotropic damage have been derived. Using these restrictions, a model for

ice has been proposed. The ice is considered as a viscoelastic solid where the viscosity
and elasticity are influenced by orthotropic damage. The elastic and damage effects have

been derived, such that, if they are ignored, the classical Glen-type flow law, which de¬

scribes the viscous deformations of ice, can be restored. The objective time derivative

of the damage tensor has been determined to be the Jaumann derivative. The damage
accumulation law by Murakami appears to be a particular form of the isotropic expan¬

sion of our choice of constitutive variables. Its thermodynamic restrictions are presented.

Damage healing, which is crucial for the dynamics of crevassed glaciers, is not known for

ice. A damage healing function, which satisfies the thermodynamic restrictions, has been

proposed. It has, however, not be validated with measurements.
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Abstract

The velocity of unstable large ice masses from hanging glaciers increases as a power-law
function of time prior to failure. This characteristic acceleration presents a finite-time

singularity at the theoretical time of failure and can be used to forecast the time of glacier

collapse. However, the non-linearity of the power-law function makes the prediction diffi¬

cult. The effects of the non-linearity on the predictability of a failure are analyzed using a

non-linear regression method. Predictability strongly depends on the time window when

the measurements are performed.

Log-periodic oscillations have been observed to be superimposed on the motion of large
unstable ice masses. The value of their amplitude, frequency and phase are observed to

be spatially homogeneous over the whole unstable ice mass. Inclusion of a respective
term in the function describing the acceleration of unstable ice masses greatly increases

the accuracy of the prediction.

7.1 Introduction

The prediction of ice avalanches from hanging glaciers is based on the progressive accel¬

eration observed on large unstable ice masses prior to their collapse. A suitable model of

the observed acceleration presents a finite time singularity; that is, the velocity tends to

infinity as the time approaches a finite time. This finite time corresponds to the time of

failure.

104
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Finite time singularity models have been used for characterizing a large variety of phe¬
nomena. Rheologists have suggested such models to describe the ductile fracture of sam¬

ples of rock, soil, high-performance metal alloys, concrete, polymers and ice (see Varnes

(1983) for a review and Voitkovskii (1960); Szyszkowski and Glockner (1986); Mahren¬

holtz and Wu (1992) for laboratory ice). At large scales, finite time singularity models

have been proposed to describe the mechanisms of landslides (e.g., Crosta and Agliardi,
2003; Amitrano et al., 2005), earthquakes1 (e.g., Bufe and Varnes, 1993; Bowman et al.,

1998), volcanic eruptions (e.g., Voight, 1988), fracture of structures (e.g., Johansen and

Sornette, 2000), inflation (Sornette et al., 2003), finance, economy, population (Johansen
and Sornette, 2001) and break-off of ice chunks from hanging glaciers (Haeberli, 1975;

Flotron, 1977; Iken, 1977; Röthlisberger, 1981; Lüthi, 2003; Pralong and Funk, 2005a,

Chapter 5 in this thesis; Pralong and Funk, 2005c, Chapter 2 in this thesis).

Finite-time singularities are caused by positive feedback processes, which lead to a catas¬

trophic evolution of the observed quantities. Sammis and Sornette (2002) reviewed pos¬

itive feedbacks involved in the rupture of materials; Sornette et al. (2003) mentioned a

positive feedback involved in inflation.

A suitable model for such catastrophic evolutions is given by Voight's differential equa¬

tion (Voight, 1988)

/ = ^(/)Q, (7.1)

where the dot denotes the time derivative and f(t; A, a, C\, c2) is the function describing
the temporal evolution of a measured quantity. Observations Fj are obtained at times t{.

They include a random disturbance Z,, i.e.,

Yi = f(ti;A,a,c1,c2) + Zi. (7.2)

A and a > 1 are the parameters describing the catastrophic evolution of Y and ci, c2 are

the two integration constants. Integrating Eq. 7.1 for a > 1 and assuming that / at the

time of the singularity is infinite, leads to (Voight, 1988)

with 0i the time of failure, 04 a constant and

02 = ^—^ < 1 and 03 = (A(a- l))02"1. (7.4)
a — 1

For the failure of hanging glaciers, observations and numerical simulations (Haeberli,
1975; Iken, 1977; Pralong and Funk, 2005a, Chapter 5 in this thesis) show that the relative

motion of an unstable ice mass (relative to the motion of the stable glacier part located

'This topic is controversial. Helmstetter et al. (2003) argued that the progressive acceleration of rep¬
resentative seismic quantities is observed only by stacking many sequences of seismic activity and results

from a different mechanism than critical phenomena. Zöller and Hainzl (2002) claimed that the acceler¬

ation of seismicity observed before large earthquakes may be spurious. They showed that there is a 20%

probability of observing the same acceleration by chance in a synthetic catalog of random earthquakes. For

these reasons the presence of finite-time singularities in earthquakes (i.e., the use of accelerating precursory

seismicity to predict large earthquakes) is questionable.
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directly upstream of the unstable part) is adequately described by Eq. 7.1; that is, the

relative motion of the unstable ice masses can be modeled by /2.

Two different approaches can be applied in order to predict the time of failure 0\. a

"rheological" and an "empirical" approach. The rheological approach considers Eq. 7.1

(or a similar equation) as a constitutive relation for the evolution of Y and looks for

general relations for the parameters A = A(cr, T, ...) and a = a(a, T, ...), which may
depend, for example, on the stress a and the temperature T. An a priori knowledge of A

and a (or equivalently of 02 and 63) permits then to estimate the time of failure Of. For

example, by setting A = B(T) ar, a = k + 2 and Y = 1/(1 - D), where B{T) is a

function of temperature, r and k are material parameters and D is the classical damage
variable of the continuum damage mechanics (e.g. Lemaitre, 1992), Voight's equation
(Eq. 7.1) reduces to

D = B{T)ar{l-D)-k. (7.5)

This equation is the classical Kachanov-Rabotnov constitutive relation (Kachanov, 1957;

Rabotnov, 1969), modeling the accumulation of isotropic damage in material subject to

uniaxial load. Equation 7.5 describes, therefore, a finite time singularity if fc > —1 (i.e.
a > 1). The rheological approach is appropriate for describing the fracture of homoge¬
neous samples of ductile materials; however, a precise prediction cannot be obtained. The

application of this method to the description of the failure of large-scale structures by the

integration of a local damage evolution law (e.g., Eq. 7.5) in a large-scale domain can lead

to an adequate capture of the physics of the global fracture (e.g., Lyakhovsky et al. (2001)
for earthquakes, and Pralong and Funk, 2005a (Chapter 5 in this thesis) for fracture pro¬

cesses in glaciers), but fails to predict accurately the time of the global failure, since the

conditions prevailing before the failure process are largely unknown and the parameters

are subject to uncertainties.

In the empirical approach, in contrast to the rheological approach, A and a (or 02 and 03,

respectively) are not a priori determined. The prediction of the failure time Oi is thus a

fitting problem of measured data, where the critical quantity Y is compared to the solu¬

tion of Voight's equation, and the parameters of Eq. 7.3 and especially 0i are estimated.

This approach turns out to be more precise than the rheological approach, since the a pri¬
ori informations needed for the rheological approach are affected by uncertainties. This

approach is usually applied to the prediction of the singularity of large-scale processes,

which can cause great damage. In such a case, precise prediction allows for preventive
actions. This paper focuses on this empirical approach applied to the destabilization of

ice chunks from hanging glaciers.

7.2 Measurements

The motion of several unstable ice masses was monitored by the Laboratory of Hy¬
draulics, Hydrology and Glaciology (VAW) of the Swiss Federal Institute of Technol¬

ogy Zürich (ETHZ) within the scope of hazard assessment or research programmes. Of

the various data sets collected, three will be considered here. The others do not contain

enough measurements or are affected by a scattering that is too brad to be useful.

2In some particular failure processes, which are not considered in this paper, the absolute motion of the

unstable ice masses is modeled by / (Pralong and Funk, 2005c, Chapter 2 in this thesis).
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The first data set describes the relative motion of a calving ice mass (Figs. 7.1a and b)
measured by Haeberli (1975) at Gruben glacier, Switzerland. The measurement equip¬
ment was a wire fixed at one end to the unstable ice mass and at the other end to a dial

gauge attached to the stable part of the glacier. The time of failure was registered. Hae¬

berli considered the relative velocity Y (time derivative of the motion Y) of the unstable

ice mass instead of the relative motion Y. The function used to describe Y is thus the

time derivative of Eq. 7.3:

/M) = 03(0i-OÖ2_1- (7-6)
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Figure 7.1: Data set of Gruben glacier, Switzerland, (a) Photo of a calving event similar to the

one measured by Haeberli (1975). The unstable mass is visible in the foreground, (b) Measured

relative velocity Y (Haeberli, 1975) versus time (crosses) and its associated ût (solid line) based

on Eq. 7.6. The estimated parameters dl ofEq. 7.6 are listed in Table 7.1. The predicted failure

time (corresponding to abscissa zero) was September 9, 1974. (c) Residuals of the ht. The solid

line indicates the ût of the log-periodic oscillations (see Section 7.5).

The second data set corresponds to the acceleration of an unstable ice mass measured

by the authors in 2001 at the front of the Eiger hanging glacier, Switzerland (Figs. 7.2a

and b). The measurement equipment was a theodolite laser-distometer installed at Eiger

glacier (a fixed position near the glacier) and one reflector mounted on a stake drilled into
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the unstable ice mass. Reference reflectors installed on a rock face close to the unstable ice

mass enabled the correction of the measurements, which are influenced by meteorological
conditions. For this data set, only the absolute motion (denoted by Y&) is known. The

motion of the stable glacier part upstream of the unstable ice mass was not measured. It is

assumed that during the measurements, the velocity of the stable glacier part is constant.

The function which models the motion Y& reads

f*(f m _ / 05^ + 04 - 03 ln(0i -t) if 02 = 0
7
(t,yj~\05t + 04-g(0i-OOa if 02^0'

UJ)

with #5 the constant velocity of the upstream glacier part. The time of failure of the

unstable mass is not known as a subfailure occurred prior to the main failure, and caused

the measurement equipment on the glacier to be lost.

The third data set describes the motion of several material points (stakes with reflectors)
installed on a single unstable ice mass at the front of the Mönch hanging glacier, Switzer¬

land (Fig. 7.3a). The measurements were performed by the authors in 2003, with the same

equipment as for the Eiger hanging glacier. The three material points used for the analysis
correspond to points 1,2 and 3 of Fig. 7.3a. Points 4 and 5 present a temporal shift of the

beginning of the acceleration (relatively to points 1, 2 and 3) and points 6 and 7 showed

no acceleration during the period of measurement. The motion of point 1 is shown in

Fig. 7.3b as an example. The time of failure of the unstable ice mass is unknown, for the

same reason as for the Eiger measurements3. The measurements were affected by slight
variations in the position of the theodolite (see Section 7.7). To account for these varia¬

tions, the position of the theodolite was calculated at each measurement cycle from the

position of four reference reflectors located on rock faces around the theodolite (see Sec¬

tion 7.7). Again, only the absolute motion Y& is known. It is modeled by Eq. 7.7. It will

again be assumed that the velocity of the stable glacier part is constant. For this data set,

this assumption is questionable, since a significant increase in the air temperature above

the melting point occurred during the failure process (Fig. 7.3d), and could have caused

an acceleration of the glacier, thereby modifying the velocity #5. The measurements re¬

vealed a variation in the velocity Y& of points 4 and 5 which could be related either to

air temperature4 or to the beginning of the destabilization process. For points 1, 2 and 3,

the measurements did not reveal variations in the velocity which could be related to air

temperature.

The estimates of the parameters 0t (using a least squares method) for the failure of the

three different glaciers are reported in Table 7.1. The residuals from the fits are shown

in Figs. 7.1c, 7.2c and 7.3c. For the Gruben data set, the estimated failure time 0i oc¬

curred some minutes before the observed failure. The residuals of the Eiger data set show

strong oscillations. The Fourier analysis (Fig. 7.2d) revealed a dominant frequency cor¬

responding to one day. Since the absolute motion Y& is considered, these oscillations can

3Here only equipment at points 1 and 2 were lost. But the secondary failure, which led to this loss,
reduced the mass of the unstable ice chunk, relaxed the stresses responsible for the destabilization process

and thus induced a discontinuity in the acceleration of point 3. After that event, the unstable ice mass

continued to fall in successive partial beaks (the measurements of the other points gave therefore no better

results).

4The following model is considered to support the analysis of the dependence of the glacier velocity to

the air temperature. A linear water reservoir model (e.g., Hock and Noetzli, 1997) is used to estimate the

water level in the glacier. The water supply of the reservoir is the water resulting from the melt of the snow

covering the glacier. The melting rate is estimated with the air temperature. The water level can then be

related to the basal sliding and the glacier velocity (e.g., Sugiyama and Gudmundsson, 2003).
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Figure 7.2: Data set ofEiger glacier, Switzerland, (a) Photo of the measured unstable ice mass.

The unstable mass is approximately 60 m high, 150 m long (direction normal to the ice flow) and

30 m wide, (b) Motion Y& — 9$t versus time (crosses) and its associated fit (solid line) based on

Eq. 7.7. The estimated parameters 9t ofEq. 7.7 are Ustedin Table 7.1. The predicted failure time

(corresponding to abscissa zero) was August 20, 2001. (c) Residuals of the fit. (d) Fourier analysis
of the residuals.
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Figure 7.3: (a) Photo ofthe measured unstable ice mass. The numbers indicate the location of the

measured points. The unstable mass is approximately 50 m high, 300 m long (direction normal to

the ice How) and 40 m wide. The distance between points 1, 2 and 3 amounts to approximately
30 m. (b) Motion Y& — 9$t versus time (crosses) of point 1 and its associated ût (solid line)
based on Eq. 7.7. The estimated parameters 9% ofEq. 7.7 are listed in Table 7.1. The predicted
failure time (corresponding to abscissa zero) was July 4, 2003. (c) Residuals of the ût. The solid

line indicates the ût of the log-periodic oscillations (see Section 7.5). The dashed line shows the

smooth cruve of the residuals, (d) Air temperature at Jungfraujoch (MeteoSwiss data) located one

kilometer from the glacier (solid Une). The dotted line depicts the ice melting point.
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be associated to the daily fluctuations of the basal sliding. Such fluctuations are com¬

monly observed on glaciers (e.g., Sugiyama and Gudmundsson, 2003). The residuals of

the Mönch data set show clear log-periodic oscillations. This behavior will be discussed

in Section 7.5. Because of the few data points, the residuals of the Gruben data set do not

allow to validate the presence of log-periodic oscillations. Nevertheless, the data set has

been tentatively fitted by using the model with log-periodic oscillations5.

Parameter Units Gruben Eiger Mönchi Mönch2 Möncli3

0i d 12.493 120.81 135.59 141.77

02 - 0.523 -0.110 -1.573 -2.567 -2.858

03 rad-& 0.545 1.770 1.28e3 1.38e5 5.61e5

05 md"1 0 0.039 0.102 0.106 0.105

rmse md-1 /m 0.055 0.007 0.020 0.022 0.021

0i d 12.493 108.54 106.53 108.00

02 - 0.534 -0.749 -0.685 -0.879

03 md"02 0.554 32.50 21.31 37.90

05 md"1 0 0.098 0.101 0.102

06 - 0.030 0.013 0.014 0.020

07 log(d) 0.090 0.505 0.510 0.537

08 - 1.095 0.469 5.116 2.722

rmse md-1 /m 0.032 0.012 0.013 0.013

Table 7.1: values of the estimated parameters 9i for the ûve data sets analyzed in this paper.

The values of 92 to Ö5 (in the upper part of the table) are identiûed by using the model without

log-periodic osculations (Eq. 7.6 or 7.7). The values of9\ to 9s (in the lower part of the table) are

identiûed by using the model with log-periodic oscillations (Eq. 7.12 or 7.13, see Section 7.5). 9\
and Ö4 are integration constants. They depend on the value of to and Y(to), and do not influence

the shape of the acceleration (the differential equation 7.1 depends on a and A; that is not on 9\
and 9i). They are thus not reported in this table. Only the values ofôi corresponding to the mea¬

surements at Gruben and Mönch are reported for discussion (see text). The value of the estimated

parameter of the steady motion (9$) vanishes for the measurement at Gruben, since the relative

motion of the unstable ice mass was measured. The values of the parameters corresponding to

the model with log-periodic oscillations have not been determined for the measurements at Eiger,
since no oscillations were observed (see text). The root-mean-square error (rmse) is also reported
for the ûts with and without log-periodic oscillations. The unit m d~x refers to the Gruben data set

(velocity of the unstable ice mass) and the unit m to the other data sets (displacement of unstable

ice masses).

7.3 Non-linear Regression Analysis

The aim of this section is to present a method to obtain estimates of the parameters of the

non-linear function 7.3 and their confidence intervals. The data set of the Gruben glacier

5The increase of the noise amplitude at the end of the time series (Fig. 7.1c) does not only result from

the smaller sampling time, which magnifies the noise of the derivative. Indeed, the inaccuracy of the

measurements, which amounts according to Haeberli (1975) to approximatively 0.3 mm, leads to a value

of the root-mean-square enor of approximatively 0.025 md"1. This is two times smaller than the error of

the fit without oscillations and similar to the error of the fit with oscillations (see Table 7.1).
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is considered for illustration (Fig. 7.1).

The fitting process should account for the fact that the failure time must be greater than

the time of the last observation; that is, 0\ > max(ij). Moreover, according to Eq. 7.4,

02 < 1. The following parameter transformations force the parameters Oi to satisfy these

constraints:

0i = max(ii) + exp(0i), 02 = 1 - exp(02), 03 = fo, (7.8)

where </> is the new parameter set of /.

The subplots on the diagonal of the Fig. 7.4 are the profile-t plots, the other subplots are

the profile traces. The profile-^ plots show the dependence of the profile-i function r^

on the parameters 4>k (solid line). Tk is the signed square root of the likelihood ratio test

statistic for a null hypotheses about (j>k (see Section 7.8). In comparison, the test statistic

based on the linear approximation of the regression in 0 (the estimate <p is depicted by
a cross) is displayed using a dash-dotted line. It is linear in 0^. The confidence interval

derived from r (see Section 7.8) is depicted by dashed lines, and the confidence interval

derived from the linearized statistic test by dotted lines. Since the linear approximations
are excellent, the difference can barely be seen.
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Figure 7.4: Non-linear regression analysis of the Gruben data set (see text). The diagonal di¬

agrams show the proûle-t plots. The 95% conûdence interval of each parameter is indicated by
dashed lines. The off-diagonal diagrams show the proûle traces. The 95% conûdence contours

(dotted lines) of the pair-parameters are also shown.

The off-diagonal diagrams display the profile traces (see Section 7.8, Bates and Watts

(1988)). They represent the correlations between the different parameters fa in the vicinity

of (p. In each profile subplot, the closer the two lines are to each other, the more the

parameters of the subplot are correlated.
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7.4 Sensitivity Analysis

This section attempts to determine the influence of the measurement scheme on the ac¬

curacy of the prediction. The accuracy of the prediction is quantified by the size of the

confidence interval for the time of failure.

7.4.1 Method

The set of the measurement times (£i, ..., tn) and the accuracy of the measurements are

fixed by the parameter set S

S = {ay, öy, AtE, AtB), (7.9)

where ay is the standard deviation of the measurements, öy is the periodicity of the

measurements, AtE = 0i — ^e is the time span between the end of the measurements

(at time tE) and the failure (at time 0{) and A£B = 0i — £b is the time span between the

beginning of the measurements (at time tB) and the failure.

In order to analyze the sensitivity of the accuracy of the prediction to the parameters Siy a

collection of synthetic data sets is created with Eq. 7.3 by using the values of the param¬

eters Oi identified for three analyzed break-off events (Gruben, Eiger, Mönchi; Table 7.1)
and with different sets of measurement times and different accuracies of measurements

(corresponding to different values of <S;). A synthetic normed gaussian noise is assumed

according to the value of the parameter ay. The periodicity of the measurements is sup¬

posed to be constant with time and to equal Sy. In this section, we assume no further

disturbances (like daily variations of 0$ or log-periodic oscillations), even though they
could influence the accuracy of the forecast. The disturbance Z has, therefore, a constant

centered normal distribution and no time correlation.

The sensitivity analysis consists in letting the parameters St vary independently around

defined reference values S* and analyzing the effect of these variations on the confidence

interval of 0\ by using the non-linear regression analysis presented in Section 7.3. The

reference values S* are set at

S* = (ay = 0.01m, 5*y = 0.05d, At*E = 3d, At*B = 30d). (7.10)

The value aY is given by the accuracy of today's theodolite laser-distometers6. 5Y corre¬

sponds approximately to one measurement per hour. Experience has shown that a precise

prediction emerges only a few days before the effective collapse. Therefore, AtE is cho¬

sen as three days. AiB corresponds to a time series of measurements (until failure) of

one month. The unstable ice chunks are regularly losing mass by fracture during the ac¬

celeration process. If the detached mass is significant, the acceleration of the remaining
unstable ice part shows a discontinuity. In that case, the data are not described by Eq. 7.1

anymore. Other phenomena, like ice melting or strong variations in basal sliding may
also affect the acceleration of the unstable ice mass (Pralong and Funk, 2005c, Chapter 2

in this thesis). The time span A£b used for a prediction should correspond to the last time

6This accuracy is obtained by normalizing each measurement with reference measurements (in a similar

way to the method used for differential GPS measurements).
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span prior to the failure during which no external disturbances interfere with the failure

process. The reference value AtB corresponds to a mean of values observed in practice.

For this analysis, it will be assumed that the relative motion Y of the unstable ice mass is

known. Therefore, Eq. 7.3 (with parameters #i to 04) is considered. The same parameter
transformation as Eq. 7.8 is applied to the four parameters 0%

0i = max(i,) + exp(0i), 02 = 1 - exp(<£2), 03 = 03> 9A = <f>4. (7.11)

7.4.2 Results and Discussion

The variations in the 95% confidence interval for 0i as a function of St are presented in

Fig. 7.5. For the three analyzed break-off events (Gruben, Eiger, Mönchi), the results are

qualitatively similar. The influence of ay and 5y is here similar to the case of a linear

regression and is not presented (the size of the confidence interval is proportional to ay

and to 5y° °). Only the influence of AtE and AtB is considered. The size of the confidence

interval decreases with decreasing AtE (Fig. 7.5a), since the information about the failure

time contained in the data sets becomes more accurate as tE tends to Of. The size of the

confidence interval decreases with increasing AtB (Fig. 7.5b), since a longer time span of

measurements reduces the effects of the inaccuracy of individual measurements.

Figure 7.5: Influence of the value of AtE (panel a) and AtB (panel b) on the 95% conûdence

interval of 9\. The sohd lines with the marks "x "

(the dashed Unes with "• "

and the dash-dotted

lines with "+ ", respectively) are calculated by analyzing data sets synthesized with Eq. 7.3 and

the values 6% (see Table 7.1) estimated from the measurements at Gruben (Eiger and Monch\,

respectively). The horizontal dotted lmes on both panels correspond to the estimate of9\. The

inclined dotted line in panel (a) and the vertical dotted Une in panel (b) depict the time tE of the

end of the measurements.

The analysis of the profile-i plots shows that the ^-profile t(<Pi) remains approximately
linear for all AtE and AtB (for the influence of AtE on r(0i) see Fig. 7.6). The confidence
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interval of fa is therefore symmetric. The asymmetry of the confidence interval for Oi
observed in Fig. 7.5 is due to the non-linearity of the parameter transformation 7.1 li. The

analysis of the profile traces shows that AtE and AtB strongly influence the correlation

between 0\ and 0tyi (for AtE, see Fig. 7.6). The correlation between the parameters

strongly influences the size of the confidence interval.

Figure 7.5a shows that accurate long-term predictions are difficult. The confidence inter¬

val of Oi is small only if the time span between tE and the time of failure does not exceed a

few days. For earlier end points tE, the confidence interval is large and its lower boundary
tends toward the line corresponding to the time tE of the last measurement (the inclined

dotted line in Fig. 7.5b). This suggests that a forecast performed at an early stage of the

destabilization can falsely lead to the prediction of an impending failure. This problem
was observed by Bufe and Varnes (1993) for the prediction of earthquakes and experi¬
enced by the authors during the prediction of the failure of hanging glaciers. To estimate

the quality of the prediction of an impending failure, the uncertainty on the forecast has to

be determined or/and an a priori value of the parameters 02 and 03 has to be approximately
known.

For practical application, ay is constrained by the measurement method, AtE is contin¬

uously decreasing during an ongoing measurement process and 5y, and AtB are free pa¬

rameters. To improve the accuracy of the prediction, ay can be decreased by considering
the mean of repeated measurements or 5y simply decreased. However, the measurements

at Eiger and Mönch (Figs. 7.2c and 7.3c), revealed that the disturbance Z is a correlated

noise for time lags of less than one day7. For such a noise, measurements with a lag
less than one day do not improve the accuracy of the prediction. During a destabilization

process, it is attempted to conduct measurements until failure occurs, in order to contin¬

uously improve the prediction. However, for technical reasons, the measurements could

be interrupted prior to the failure. If AtE is too large, the prediction is inaccurate. A^b is

chosen as large as possible, but is limited by the presence of external disturbances which

may impose the value of tB (see above).

The differences in the size of the confidence intervals observed in Fig. 7.5 for the desta¬

bilization processes at Gruben, Eiger and Mönch are due to different values of the param¬

eters 02 and 0-i (Table 7.1). Figure 7.7a shows the influence of the variation in 02 on the

confidence interval of 0i, the parameter 03 and the parameter set S remaining constant.

The minimum of the confidence interval corresponds to approximately 02 = 0.6. Fig¬
ure 7.7b shows the influence of the variation in 03 on the confidence interval of 0\, the

parameter 02 and the parameter set «S remaining constant. A large value of 03 is associated

with an important displacement of the unstable ice mass during the failure process; that

is, the noise Z becomes small relative to the variations in Y (the size of the confidence

interval is proportional to 0%x). Therefore, larger values of 03 decrease the confidence in¬

terval of 0i. This effect explains the main differences in the size of the confidence interval

observed between the different break-off events in Fig. 7.5.

7For the Eiger data set, this is probably due to the daily variations in the basal sliding (see above),
which disappear by measuring the relative motion of the unstable ice mass. For the Mönch data set, this is

likely due to daily variations in the position of the theodolite. The daily variations apparently have not been

entirely removed by the correction of the theodolite position (see Section 7.7). For the Gruben data set,

where daily variations should theoretically not appear (here, the relative motion of the unstable ice mass is

measured), the sparse data does not allow to determine whether Z is a correlated or an uncorrected noise.
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Figure 7.6: Influence of AtE on the proûle t-plots andproûle traces. The non-linear regression

analysis is based on two data sets synthesized with Eq. 7.3 and the value of the Eigerparameters 9i
listed in Table 7.1. The value ofthe parameters Si is for (a) S = (aY, fy, AtE = 0.1d, AtB) and

for (b) S = (aY, fY, AtE = 7.5 d, AtB), where the reference values (marked with *) are given
by Eq. 7.10. The pictures show the proûle-t plots with 95% conûdence intervals. The parameter
transformation is given byEq. 7.11.
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Figure 7.7: Influence of the value of92 (panel a) and 03 (panel b) on the 95% conûdence interval

of 9\. The solid lines marked with "x "

(the dashed line with "•" and the dash-dotted line with

"+ ", respectively) are calculated by analyzing data sets synthesized with the value 03 (for panel a),
the value 92 (for panel b) estimated from the measurements at Gruben (Eiger and Mönchi, respec¬

tively), the values of the parameter set S* (Eq. 7.10) and the Eq. 7.3. The vertical solid Unes

(dashed and dash-dotted Unes, respectively) correspond to the value 92 (for panel a), to the value

9i (for panel b) estimated from the measurements at Gruben (Eiger and Mönchi, respectively).
The horizontal dotted lines on both panels correspond to the estimate ofOi. The vertical dotted

line in panel (a) marks the singularity ofEq. 7.3 at 92 = 0.
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7.5 Log-Periodic Oscillations

7.5.1 Background

Log-periodic oscillations are characteristic oscillations which may occur during a critical

process leading to a finite-time singularity. They are superimposed on the motion f(t)
with a frequency proportional to log(0i — t). They appear as solutions of Voight's equation
when the exponent 02 becomes complex (Sornette and Sammis, 1995). For 02 ^ 0, the

real part f\po(t, 0) of the model function with oscillations takes the form (Sornette and

Sammis, 1995)

/iPo(i,0) = 04-^(01-0
V2

02 1 + 06 sin

^ log(07)
(7.12)

where 06 is the relative amplitude8, 67 is the logarithmic periodicity and 0§ is the phase
shift of the log-periodic oscillation. An acceleration with oscillations, which is superim¬
posed on a steady motion takes the form

/WM) 05* + 04-^(0i-*)6
u2

1 + 06 sin :-^- (7.13)

Log-periodic oscillations have been observed for numerous finite-time singularities: frac¬

ture of structures, earthquakes, rock bursts, financial crashes (see the review of Zhou and

Sornette (2002)) and were suggested by Liithi (2003) in the case of failure of hanging

glaciers. Several attempts have been made to explain log-periodic oscillations. Ide and

Sornette (2002) related log-periodic behavior with systems that contain a relaxation mech¬

anism reducing the damage in the system. However, they did not obtain a response from

the system corresponding to Eq. 7.12. Sahimi and Arbabi (1996) related log-periodic be¬

havior to dynamic crack interactions at different scales. The physical meaning of 97 is not

fully revealed by this approach (Liithi, 2003), either.

7.5.2 Observations

The measurements carried out at the Mönch hanging glacier show log-periodic oscilla¬

tions: Figure 7.3c presents the oscillations isolated from the global acceleration (residuals

Ri = Y* — f&(ti, 0) for a fitted function /a of the form ofEq. 7.7) for the material point 1

(Fig. 7.3a). As expected, the other two points considered (points 2 and 3; Fig. 7.3a) also

present log-periodic oscillations (Figs. 7.8a and b). For all three points, the fit of the log-
periodic oscillations is mostly in accordance with the smooth curve through the residuals

Ri. In the case of Gruben, the existence of log-periodic oscillations is probable but cannot

be verified due to the sparse data (Fig. 7.1c). For the measurements at Eiger, no oscilla¬

tions could be observed (Fig. 7.2c). This, however, does not mean that they do not exist;

they might be hidden by the daily variations in the glacier velocity.

Although 6e is a constant value, the amplitude of the log-periodic oscillations varies with time, since

the term multiplying the square bracket varies with time. If 02 < 0, the amplitude of the oscillations

increases until failure; if 62 > 0, it decreases.
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Figure 7.8: Log-periodic oscillations observed at Mönch. They correspond to the residuals Y& —

f&(t, 9) associated with (a) point 2 in Fig. 7.3a and (b) point 3 in Fig. 7.3a. The solid lines

depict the ût of the log-periodic oscillations. The dashed Unes show the smooth curve of the

residualsY*—fA(t, 9). (c) Superposition of the three observed osciUations. The solid line refers to

Mönchi ; the dashed line to Mönch2 ; the dash-dotted line to Mönchi •
The values of the osciUations

parameters are given in Table 7.1.
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The amplitude of the log-periodic oscillations equals

-^(0i-f)0206, (7.14)
V2

The comparison of the oscillations observed for the three points at Mönch (Fig. 7.8c)
reveals the same amplitude of oscillation even though 02 and 03 do not have the same

values for the different points9. Thus, the parameter 6§ compensates for the different

values of 02 and 03. 06 is therefore not constant (Table 7.1). Figure 7.8c also shows that

the oscillations are in phase, at least during the period of the measurements. The estimates

of the logarithmic wavelength 07 is similar for the three points, in contrast to the phase
shift Og, (Table 7.1). The variations of the phase shift compensate for the difference in the

estimated value of the failure time (Table 7.1).

A (H, q)-analysis can be alternatively used to identify the parameters 0§, 07, 0$ of the log-

periodic oscillations (Zhou and Sornette, 2002). In this method, the parameters 03 and O4
of the general trend disappear and thus do not need to be identified. The disadvantage of

this method is that it requires the estimation of a derivative (the (H, ç)-derivative of Y),
which magnifies the noise of the data.

7.5.3 Predictions

A prediction from a model with no log-periodic oscillations provides inaccurate results.

Figure 7.9 shows, for the Mönchi data set, that Oi strongly varies with AtE if the fitting
function does not include log-periodic oscillations (this effect is reduced for small AtE).
In contrast, #i is much less sensitive to AtE when the log-periodic oscillations are taken

into account (see also Table 7.1). The dependence of &i on AtE in the former case results

from the fact that the last measurements of the time series have the largest influence

on the prediction (due to the non-linearity of the function) and that the value of these

last measurements varies around the global trend (due to the presence of log-periodic
oscillations) when AtE varies. A positive deviation of the last measurements (Fig. 7.8)
from the global trend leads to an underestimation of the time span until failure, whereas a

negative deviation leads to an overestimation.

Figure 7.9 also illustrates that a forecast performed at an early stage of the destabilization

cannot exclude an impending failure, since, with increasing A£e» the confidence interval

tends toward the line corresponding to the time of the prediction (dotted line). If the

log-periodic oscillations are not considered in the function used for the prediction, the

forecast of an impending failure could be erroneous, since the variations observed in the

prediction (dash-dotted line) can induce an underestimation of the time span until failure.

7.6 Conclusions

Accurate predictions of the failure of hanging glaciers occur only when the time between

the end of the measurements and the effective time of failure becomes less (order of

9The global displacement, given by —{63/62) (0i — t)®2, has not the same magnitude for points 1, 2

and 3. The global displacement from the beginning to the end of the measurements amounts to 3.2 [m],
2.95 [m] and 2.4 [m] for point 1,2 and 3, respectively.
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Figure 7.9: Influence of the variation of AtE on the predicted time of failure 6\ estimated by

fitting the Mönchi data set using the model without log-periodic oscillations (Eq. 7.7) (dash-
dotted line) and with log-periodic osciUations (Eq. 7.13) (soUd line). The y-label "variation of

prediction" means the difference between 9i estimated by varying AtE and 6\ estimated with

Eq. 7.13 and the complete data set (minimum AtE). The two dotted lines show the 95% conûdence

interval of the prediction using the model with oscillations. The interval is estimated using an

autoregressive moving-average (ARMA) model (e.g. BrockweU and Davis, 2002) which assumes

a lagged dependence of the residual terms. The dashed line depicts the time tE of the end of the

measurements. The ûts are performed with an imposed value of 9$.

magnitude of one week). An early monitoring of the failure process increases the accuracy

of the prediction, as long as no external disturbances interfere with the failure process

during the measurement period. The value of the parameters 02 and 03 describing the

acceleration process strongly influences the accuracy of the forecast, since the model to

be fitted is non-linear. If the values of these parameters cannot be estimated in advance,

an a priori approximation of the accuracy of the prediction is not possible; it only emerges
during the prediction process.

Log-periodic oscillations were clearly observed in one of the three break-off events ana¬

lyzed. For this event, the amplitude, frequency and phase of the oscillations appear to be

spatially homogeneous over the entire unstable ice mass, whereas the shape of the global
acceleration is spatially inhomogeneous (this behavior has been observed recently on a

hanging glacier in the north face of Weisshorn). This suggests that, except for the time

of failure, the log-periodic oscillations have a physics independence of the global motion,
and that the oscillations may result from a global process acting on the entire unstable ice

mass. It has been shown subsequently that the influence of the oscillations on the forecast

is significant. This implies, if oscillations are observed in a data set, that they must be

considered in order to achieve an accurate prediction.

It was not possible to observe disturbances that are intrinsically related to the destabiliza¬

tion process, like the jerky motion observed by Haeberli (1975), since important external

disturbances hid this behavior, and the accuracy and frequency of the measurements were

not adequate. Further investigations should be carried out to determine the properties
of these intrinsic disturbances. Information for maximizing the accuracy of the predic¬
tion and minimizing the number of necessary measurements could be gained through this

analysis.

The prediction of the effective time of failure is based on the assumption that the failure
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time parameter 0\ corresponds to the effective time of the break-off; that is, the failure

occurs at infinite velocity. This assumption is not precise for ductile materials (e.g. ice),
since the fracture is usually observed to occur at an earlier stage of the acceleration pro¬

cess, i.e., at a finite velocity (e.g. Lemaitre, 1992). This behavior can be related to the

inhomogeneity of the crack net (Pralong and Funk, 2005a, Chapter 5 in this thesis). Re¬

cent observations performed on a hanging glacier at the Weisshorn north face also suggest

that the failure occurs at a finite velocity. Further investigations need to be carried out in

order to improve the physical understanding of the failure processes so that an appropriate
model of fracture can be obtained.

7.7 Appendix: Reconstruction of the Theodolite Position

The measurements carried out at the Mönch hanging glaciers were affected by the vari¬

ation in the position of the theodolite. The theodolite was installed on the terrace of a

building (Sphinx building at Jungfraujoch) which is subject to small oscillations due to

thermal constraints in the structure of the building and probably to the motion of the foun¬

dations. Four reference points located on rock spurs around the theodolite were installed

to reconstruct the position of the theodolite. This reconstruction is an overdetermined

inverse problem.

The forward problem, which couples the position (Ptx, Pty, Ptz) and the horizontal

rotation <j> of the theodolite to the distance di, the cosine cos v» of the vertical angle, the

cosine cos hi of the horizontal angle and the sinus sin hi of the horizontal angle obtained

by the measurement of the reference point i (i = 1, ..., m, with m the number of reference

points, here m = 4) in a spherical coordinates system, is given by

di

cost**

cos hi

sin hi

= {{Pi, - Ptxf + (Piy - Ptyf + {Piz - Ptzff2,
—

Piz-Ptx

= CiC{Piy-Pty) + {Pix-Ptx)^),
= Ci({Pix-Ptx)-{Piy-Pty)i^),

(7.15)

where {Pix, Piy, Piz) is the position of the reference point i and

ci= (l + f^^sint'icos^r1,
sin Vi = (1 — cos2 vi) .

(7.16)

The referential {x, y, z) has to be chosen such that cos 4> ^ 0. The linearized forward

system then reads

( di - d.(0) \
,(0).

COS Vi — COS''"'' Vi

cos hi — cos(°) hi

\
sin hi — sin^0' hi j

G(o)

/ ptx - p40) \
Pty ~ Ptf
Ptz ~ Ptf

\4> - <^(0) J

(7.17)

where the superscript (°) denotes the linearization point, and G^ is the Jacobian matrix

(a Am x 4 matrix) defined as

G(0) - G\{Pt^,pt^,ptf\^)y (7.18)
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with

G

dd, dd, dd,
dPtz

0
dPtx 8Pty
9 cos v,. 9 cos v7. 9 cos v. 0
dPtx dPty

9 cos ft,

dPtz
9 cos hi 9 cos ft, 9 cos ft,

dPtx ÔPty
9 sin ht

dPtz d(j>
9 sin/)

, 9 sin ft, 9 sin ft,
8Ptx ÔPty dPtz dé

(7.19)

The system 7.17 is inverted in the sense of the least-squares approach. The inverse system
reads

pt(n+l)

p^n+1)

/ Ptxn) \

Pt§)
/ 4n+1)

+ yl(n)
cos(n+l) ^ _

cos(n+1)/i, -

V sin(n+1) ht -

d\
{n) \

COS^ Vi

cos<n> hi

sin(n)/ii y

(7.20)

The superscripts (n+1), (n) denote the solution at the (n + l)th iteration, nth iteration,

respectively, d, ,
cos^n) vt, cos^ /il and sin^ hi are evaluated with Eq. 7.15 at Pt£\

Ptyn\ Pt&> and 4>{n), and the 4 x 4m matrix yl(n) is given by

A^ — (G^ G^)~XG^

where the Jacobian matrix G^ reads

Gn = G\

(7.21)

(7.22)(Pt^\ptyn),Pt^\<j>(^)-

The system 7.20 is iteratively solved until the relative difference between the solution of
the (n + l)th and nth iterations becomes less than 10-6.

The standard deviation of the displacement of the theodolite in east, north and vertical
directions amounts to 0.7, 1.1 and 4 mm and the standard deviation of the rotation to

9 x 10~3 degrees.

7.8 Appendix: Profile-^ plots and profile traces

The sum of squares of residuals is

s{o) = jr{yi-f{ti,o))2,
t=i

(7.23)

where / is the model function, 0 are the parameters of /, n is the number of measure¬

ments and y% is the measurements at time tt. Let 0.\k{0k) be the vector of parameters that

minimizes S{0) subject to a given value 0k. The likelihood ratio test statistic for a null

hypothesis about 0k alone is

Sk{Ok) = {n-p)S^°^-^\
S{0)

(7.24)

where p is the number of parameters of 0. For linear regressions, Sk{0k) is a quadratic
function. The signed square root of Sk

Tk{0k)=sign{0k-Ok)(Sk{0k)Y (7.25)
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is called the £-profile. It is linear for a linear regression function. The nonlinearity of

rk therefore reflects the nonlinearity of the regression function around the best-fitting
parameter.

Confidence intervals for a single parameter 0k can be read off the ^-profile plot by in¬

tersecting horizontal lines at ± q"S£ with the ^-profile and determining the respective 0k

values. q{Za is the 1 — a quantile of the F-distribution with n — p degrees of freedom.

The functions 0j\k{0k) axe called the profile traces of 0k. For plotting, the profile traces

0j\k{0k) and 0k\j{0j) are superimposed in the same panel. The axes for the two curves

must have identical meaning, which means that for one of the curves, the argument is

plotted in a vertical direction and the result in a horizontal one.

For more informations about profile-^ plots and profile traces, the reader is invited to

consult Bates and Watts (1988).



Chapter 8

Conclusions

A large part of the dissertation was devoted to the study of the physics of the fracture pro¬
cesses occurring in avalanching glaciers. Combined with precise knowledge of the his¬

torical background, this thesis contributes to assess the potential danger of steep glaciers.
In the remaining part of the thesis, the predictability of the failure time of glaciers, where
clear signs of destabilization are observed, was investigated.

The study of the physics of the fracture processes is based on several observations and

measurements of avalanching glaciers inferred from published data or data collected by
the authors, and on numerical simulations. These numerical simulations required the

elaboration of a level set method for surface tracking, because of the presence of vertical

or overhanging ice surfaces located in the crevasses or at the glacier front as well as a new

rheological thermodynamically founded model of ice fracture valid at low stresses and

temperatures close to the melting point. This model has been developed in the framework

of continuum damage mechanics to consider the influence of numerous cracks that usually
form in the ice during the fracture process and to easily handle sub-critical crack growth
and healing phenomena. A qualitative description of the physics of the fracture processes
is proposed for the different types of avalanching glaciers.

The fracture process occurring in avalanching glaciers (and more generally the formation

and propagation of crevasses) is alleged to be a discontinuous process of microcrack nu¬

cleation and propagation. At the scale ofthe glacier, the organization of these microcracks

can be regarded as a continuous process of crevasse growth. The fracture processes are

different for the different types of avalanching glaciers. Avalanching glaciers with wedge
fracture show a frontal crevasse which develops in two successive modes of tensile and

shearing fracture. Avalanching glaciers with slab fracture and frozen bed present a plane
of fracture parallel to the glacier bed. Avalanching glaciers with slab fracture and tem¬

perate bed show a regular increase of the basal sliding which leads to an ice fracture at

the interface of the stable and unstable glacier parts. For the first two glacier types, an ac¬

celeration of the unstable ice part always leads to a failure, in contrast to the third glacier
type, where a major failure only occurs in very rare cases.

The proposed model of ice fracture leads to an adequate capture of the physics of the

collapse of avalanching glaciers, but is not suitable for a correct prediction of the time of

failure. Small variations in the initial conditions (which influence the fracture evolution

in ice and the surface evolution of the glacier), boundary conditions (which principally
influence the ice flow), and material properties have been observed to affect the evolution
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of the computed fracture processes. However, the chaotic property of the model has not

been formally analyzed (this is why I speak of "random character" instead of "chaotic

property"). The fact that the random character of the model does not result from numeri¬

cal artifacts has moreover not been proved. At this stage, it can only be highlighted that

the random behavior of the fracture process is observed in nature and also emerges from

the predicting theory of ice breaking-off. A prediction of the time of failure based on nu¬

merical simulations remains therefore unrealistic as long as neither the initial conditions,

boundary conditions nor material properties are precisely measurable or identified.

An effective predictive method has to be an ongoing process in order to correct with new

observations the errors of the predictive model which are generated by the uncertainty of

the previous observations, and amplified with time. The predictive method considered in

this thesis is based on the regular acceleration observed on large ice masses prior to their

collapse. The displacement of the unstable ice mass is compared to a function describing
the acceleration. The prediction of the time of failure becomes a fitting problem, where

the time of failure is a parameter to be identified. This procedure is repeated when new

data become available.

The non-linearity of the function describing the acceleration makes the prediction of a

collapse difficult. The effects of the non-linearity have been analyzed with non-linear

statistical methods. Accurate predictions emerge when the time span between the end of

the measurements and the effective time of failure becomes small. The critical size of this

time span is of the order of magnitude of one week. It depends on the accuracy and the

time window of the measurements, and on the characteristics of the failure process (e.g.
magnitude of the motion until failure). Since the characteristics of each failure process

are different, the accuracy of a prediction varies for each avalanching glacier, and for each

icefall occurring on a single glacier. Log-periodic oscillations have been clearly observed

during the acceleration process of at least one icefall event. In that case, inclusion of a

respective term in the function describing the acceleration greatly increased the accuracy

of the prediction.

External disturbances, like disaggregation, melting of the unstable ice mass or variations

of basal sliding, which occur during a destabilization process, make a forecast hazardous,
since these changes perturb the regular acceleration of the unstable ice mass. If the distur¬

bance is temporary, the time window used for the forecast must be reset to begin after the

disturbance. This permits to describe the new process with the theoretical function, but re¬

duces the precision of the prediction. If the disturbance is not temporary, the acceleration

cannot be described by the theoretical function and no prediction is possible. Disaggre¬
gation also makes the forecast of the maximum volume released in one icefall hazardous,

since an unstable glacier part usually breaks in successive icefalls of variable sizes. No

method is now available for an efficient prediction of the volume of the largest icefall. The

actual pragmatic approach considers the worst case scenario; that is, the largest icefall vol¬

ume is assumed to correspond to the volume of the whole unstable glacier part. Hazard

mitigations based on this approach are therefore often out of proportion with regard to the

effective volume of the largest icefall.

Further methods of prediction must be thus analyzed. A possible method is to record

the seismic activity of the unstable ice mass and to extrapolate the seismic activity-time
function. Direct information on the fracture processes can be registered. Local disaggre¬

gations can be monitored, even if no instrumentation is located on the disaggregated ice
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blocks. This method requires however to install the seismometer near the unstable ice

mass, at a location where it cannot be lost and where the seismic waves are transmitted to

the seismometer despite the presence of crevasses.
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A Description of Crevasse Formation

Using Continuum Damage Mechanics
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Abstract

Continuum damage mechanics describes the progressive deterioration of material sub¬

jected to loading. Jointly used with a level set method, it proves to be a promising ap¬

proach to compute the interface motion of damaged material.

For polycrystalline ice, a local isotropic damage evolution law (generalized Kachanow's

law) applied to Glen's flow law allows the description of tertiary creep and facilitates the

modeling of crevasse opening using a failure criterion based on damage accumulation.
The use of a level set method permits to describe in a continuum approach the motion of

a fractured glacier surface.

Using these methods, a model is developed. The ability of this model to describe phe¬
nomena connected to crevasse opening is presented. Therefore, the rupture of a large
ice block from a hanging glacier is computed and analyzed. The regular acceleration of

such an unstable ice block prior to its collapse is calculated and compared to the accel¬

eration function obtained from observations. Good agreement between both acceleration

functions was found.

A.l Introduction

The prediction of large ice falls from hanging glaciers can reduce loss of lives and damage
to setüements. A common predictive method is based on the regular acceleration observed

on large ice masses prior to the collapse. The time of breaking-off was forecasted quite
accurately by Flotron (1977) and Röthlisberger (1977) on a hanging glacier located on

the east face of the Weisshorn (Valais, Switzerland). They extrapolated the velocity-time
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function measured on the unstable glacier during the months preceding the ice fall. The

extrapolation was performed according to the equation

v(t) = v0 + -f r-j (A-1)

{tf-t)m'
v '

which describes the increasing velocity v{t) of the unstable ice mass before breaking-off.
t»o, a, m and tf are parameters, tf corresponds to the failure time. Describing a stepwise
crack extension coupled to a viscous flow, Iken (1977) has shown that the acceleration of

an unstable ice mass can be expressed by Eq. A.l. This equation is widespread. It de¬

scribes the fracture of materials like rock, soil and high-performance metal alloys (Varnes,

1983) and allows to predict high magnitude earthquakes with an uncertainty of 2 years

(Bufe and Varnes, 1993; Bowman et al., 1998). To improve this approach for hanging
glaciers, a numerical model is developed to describe breaking-off processes.
The influence of crevasses on the glacier motion and crevasse pattern formation are severe

problems for glacier flow modeling. The material discontinuities due to crevasses require
a complex, time-depending model geometry. To avoid the description and the continuous

adaptation of the glacier geometry, the ice and the crevasses are treated in a continuum

approach as a unique domain composed of regions with distinct material properties. The

difficulty of interface location can be solved appropriately by a level set method (Sethian,
1999; Osher and Fedkiw, 2001). A level set function ip{x, t) localizes the material posi¬
tion, and is defined by (p{x, t) = 1 inside the material and by tp{x, t) = — 1 outside it.

The interface is defined by <p{x, t) = 0. The variation of (p{x, t) in time and space at the

interface is described by the transport equation

^ + v-V<p = 0, (A.2)

where v is the velocity field at the interface.

The description of crevasse opening based on fracture mechanics implies a nontrivial cri¬

terion (C*-Integral) for crack propagation in a viscoelastic medium (Saxena, 1998) or

assumes a linear elastic description of the fracture in ice (Van der Veen, 1998; Rist et al.,

1999,2002). Furthermore, the sub-critical crack growth process (Atkinson and Meredith,

1989), which is crucial to describe the dynamics of crack opening, has not been studied

for ice so far. If multiple interacting crevasses or macro-fractured ice domains are con¬

sidered, further difficulties emerge from fracture mechanics. To describe the progressive

fracturing of a hanging glacier, continuum damage mechanics is an efficient alternative to

fracture mechanics. An equivalence principle (Skrzypek and Ganczarski, 1999) is used,

which "allows to describe the mechanical behavior of the damaged material using the

constitutive equation formalism of the undamaged material" (Weiss, 1999). It results in a

modified rheology of the undamaged material which accounts for material deterioration

due to damage. A variable D{x, t) is introduced to describe the progressive deterioration.

Isotropic damage is represented by a scalar variable, orthotropic damage by a second

order tensor and total anisotropic damage by a fourth order tensor. In case of isotropic
damage, the variable D is increasing from D = 0 (no damage) to D = 1 (full damage).
Isotropic damage evolution in time and space is described as

-^-+v-WD + Ddivv = f, (A.3)

where / = f{è,D,T,p) is the dynamic function of damage depending on the strain

rate è, the damage D, the temperature T and the density p. It was evaluated for ice
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thermodynamically (Derradji-Aouat and Evgin, 2001; Sjölind, 1987), in a microscopic
(Santaoja, 1989; Pulkkinen, 1989; Choi and Kan, 1989), and in a mesoscopic approach
(Mahrenholtz and Wu, 1992), or with a conespondence to fracture mechanics (Schapery,
1984, 1991). Fracturing occurs in a material if the damage D passes a critical value Dc

(Lemaitre, 1992). The ice is then considered to be broken and D is instantly set equal to

1. This can be associated to the transition of sub-critical to critical crack growth.

A.2 Model

To compute in a continuum approach the motion of a glacier with crevasses, the behaviors

of ice, broken ice (where damage has reached the value Dc) and air have to be defined.

A.2.1 Ice Rheology

The loss of area in a material section due to microcracks is represented by the damage
variable D. To preserve a dimensionless variable, the loss of area is scaled by the con¬

sidered area section. To guarantee the validity of a continuum approach, the section area

has to be chosen large compared to the size of individual microcracks. A representative
volume element is defined at the mesoscale. It delimits the resolution and the validity
of the model. For polycrystalline ice, this volume conesponds to 103 to 106 times the

volume of an ice grain.
To simplify the model, it is postulated that damage does not affect the ice density. It is

also postulated that damage in ice is sufficiently described by one single scalar variable

(isotropic damage). The behavior of undamaged ice is described by Glen's flow law. The

total energy equivalence principle (Chow and Lu, 1992) couples the damage and Glen's

flow law to describe the rheology of damaged ice. The modified Glen's flow law is

(*)' - \{Ul)^l (A.4)

where (<t)' is the deviatoric part of the effective stress tensor replacing the deviatoric part
of the stress tensor {a) in Glen's flow law, e the effective strain rate tensor replacing the

strain rate tensor é, and II-é the second invariant of the effective strain rate tensor. The

effective stress and strain rate for isotropic damage are

ö =
y_ZT>

and e = (l-D)é. (A.5)

Eq. A.4 can be expressed in classical terms of stress, pressure and strain rate:

o~ij = -pôij + 2r/éy (A.6)

, . «.L/ \
yt+i-

/ \
i~n

with the ice viscosity 2rj = A «(1-D) « {IIé) ^ . (A.7)

To avoid an infinite viscosity, IIt cannot be smaller than a value 7. The use of the to¬

tal energy equivalence principle leads to the same equation of ice rheology as the use

of a dissipation potential for creep-damaged material described by Wu and Mahrenholtz

(1993). By using the total energy equivalence principle, the physical definition of damage
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is, however, lost (Lemaitre et al., 2000). The damage variable D then no longer describes

the loss of area due to cracks. But the variable D introduced in the effective stress and

strain rate (Eq. A.5) is defined by satisfying the total energy equivalence principle.
Here a generalized Kachanow dynamic function of damage by Wu and Mahrenholtz

(1993) (for damage satisfying the total energy equivalence principle) was adopted and

extended. For isotropic damage this function is

i{^D) = B{iX}aJ)k{a), (A.8)

with x{o-) = ao-i + (1 - a)(3 IIC>Y (A.9)

k{o-) = ai + a2{ZII(7>)*. (A.10)

Here x(c) is the characteristic stress inducing damage accumulation, 07 the maximum

principal stress and IIc> the second invariant of the deviatoric part of a. For our model

calculations, the values used for the material parameters B, a, T, ai and a2 were taken

from Mahrenholtz and Wu (1992) and Wu and Mahrenholtz (1993). They analyzed the

creep damage behavior of polycrystalline ice under tension and compression by using
cylindrical specimens (120 mm length and 43 mm diameter) with grain size of approx¬

imately 1 mm. Thus, their experiments are assumed to describe a mesoscopic damage

process. Only the parameter B is considered to be temperature dependent. It is supposed
to vary with temperature according to the Arrhenius relation with a activation energy

of 67 kJ mol-1 (Derradji-Aouat and Evgin, 2001).
It is proposed to add a crack healing effect depending on hydrostatic pressure. Consid¬

ering that x{a) enhances the growth of microcracks and the pressure p counteracts their

increase, a new characteristic stress tp is introduced in accordance with Denadji-Aouat
and Evgin (2001). ip is expressed such that i}> = a for uniaxial tension,

#r) = |(x(ff)-p)- (A.11)

Without hydrostatic pressure, crack healing occurs due to recrystallization and pressure

melting between grains. Damage is allowed to increase when tp exceeds a stress thresh¬

old ath, otherwise it decreases. The characteristic stress ip{a) is thus redefined as

#7) = j(x(ff)-p)-*tÄ. (A.12)

o~ih is assumed to be equal to the macroscopic threshold for crevasse opening (Vaughan,
1993). Crack healing is supposed to follow the same damage evolution law as crack

growth. If ip{a) < 0, damage decreases. Expressing a as a function of è, D and p,

Eq. A.8 becomes

/(è,p,/J)=sgn^)/i|Ê|^_. (A.13)

For positive ip, the dynamic function of damage leads to an asymptotic damage accumu¬

lation. When damage D passes the value Dc, D jumps to 1. Damage localization occurs

in ice for two reasons. First, the dependence on D of the dynamic function of damage

(Eq. A.13) involves damage localization (Bai et al., 1999) when D > 1+L,. Second, the

opening of a macrocrack is described by a jump of damage. It results in a localization of
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the damage due to the local feature of the failure. Furthermore, around this macrocrack,

damage decreases with stress relaxation. The propagation of the macrocrack occurs at its

tip with damage accumulation (due to a positive feedback loop between the stress con¬

centration and the damage production) and damage localization. This process leads to the

formation and the enlargement of crevasses in the model.

A.2.2 Rheology of Air and Broken Ice

To simplify the model, the rheology of "air" is described by Eq. A.6 with a small viscosity
n. A small value ofn is necessary to avoid a mathematical degeneration ofEq. A.6 (in case
of n = 0). The viscosity of air is calculated using Eq. A.7, setting D = 1 — e (with small

e). The viscosity is thus equal to the viscosity of undamaged ice multiplied by a factor

e"«
.
Free surfaces are adopted as boundaries for air, and the air density is set to 0. With

these assumptions, an accurate solution for the ice flow is obtained. Fig. A.l displays the

velocity profile through an inclined parallel sided slab sunounded by air as computed by
the numerical model. This profile is compared to that derived from the analytical solution

of the problem (Paterson, 1994). The rheology of broken ice is also described by Eq. A.6.

The viscosity is computed in Eq. A.7 with D = 1 — e. The densities of ice and broken ice

are assumed to be equal.
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Figure A. 1 : Velocity proûle through an inclined parallel sided slab. Ice is 10 m thick and above

it is air. The analytical solution is calculated for ice. The numerical solution is computed for ice

and air.

A.2.3 Level Set Formulation

To couple the behavior of ice, broken ice and air in a unique computational domain, a

level set formulation is used. The level set problem is computed for a variable Dls. It

describes the position occupied by ice, broken ice and air in time and space. Ice is defined

where 0 < Dls < Dc, broken ice where Dla = Dc and air where Dls = 1. Following this

definition, the variable Dls has the same value in ice as the damage variable D. Eq. A.3

is used to describe the evolution of the variable Dls in the ice. Considering the broken ice

— analytical
— numerical |

i

i

I
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and the air, the evolution of Dls is described by Eq. A.2. For incompressible media, the

variation in time and space of Dls is described in the whole computational domain as

dDIs

at
+ v VDls = f{è,p,Dls) ,if Dls<Dt

0 ,if Dl >DC.
(A.14)

The value of the damage variable D and the density p are deduced from Dls. Table A.l

summarizes the parameters used for ice, broken ice and air. Table A.2 gives the numerical

values of the parameters introduced in the model.

Medium Dls D Density

Ice 0<Dls< Dc D = Dls Pice

Broken Ice Dls = Dc D = l-e Pice

Air Dls = l D = l-e 0

Table A.l: Level set depending parameters. The level set function Dls determines the repartition
of the different media. The damage variable D affects the viscosity of each medium.

Media rheology Dynamic function

A = 2.6 ÏO"24 [Pa"n s"1] B = 4.73 10~12 [Pa-r s"1]

n = 3 a = 0.31

Pice = 910 [kg nr3] r = 0.9

Dc = 0.455 Ol = 0.326

= 10~2 a2 = 6.033 ÏO"6 [Pa"1]

7 = ÏO"30 [s-2] 0~th = 105 [Pa]

Table A.2: Values of the model parameters for ice ofO°C. A, n, pice are usual values for ice. e

is to be set as small as possible, but small values generate numerical instabiUty. 7 is a smaU value

introduced to avoid inûnite viscosity. B, oc, T, au a2 and Dc are given by Mahrenholtz and Wu

(1992) and Wu and Mahrenholtz (1993). crth corresponds to a macroscopic threshold for crevasse

opening (Vaughan, 1993). It is assumed to have the same value at the mesoscale.

A.3 Results

The temporal evolution of a horizontal ice block from an initial undamaged state to the

break-off of a part of the block is computed using a two dimensional finite element model

(FEMLAB 2.2, www.femlab.com). Fig. A.2a shows the initial geometry of the ice block.

The entire computational domain (ice and air) is also represented. Ice is frozen to the

bed (velocity vanishes). Ice may slip on the left border without friction. This boundary
condition is expressed as

v-nbed = 0 and thed • K = 0, (A.15)
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where v is the velocity of the ice at the interface with the glacier bed, «bed the normal to

the bed surface, £bed the tangent to the bed surface and K = nbed • c the viscous force per

unit area at the interface, with a the Cauchy stress tensor.

At the beginning of the damaging process, diffuse damage appears at the top of the block

(where damage production is maximum). Then, damage concentrates at a point creating
a crevasse. With the relaxation of stress, damage which was accumulated on both sides

of the crevasse is reduced. The opening rate of this crevasse controls the acceleration of

the unstable ice part. Fig. A.2b shows the state of the ice block after 152 days. After

about 180 days, a rapid propagation of a second fracture in the unstable ice part creates a

new unstable block (Fig. A.2c). This block collapses first after 200 days. Calculation was

stopped at this breaking-off event. The formation of secondary crevasses occurring during
the separation of the unstable ice mass from a hanging glacier has been often observed in

nature (Fig. A.3).

0 20

Distance (m)

Figure A.2: Simulation of the evolution of the fracture of an ice block (a) Initial geometry of

the ice block and global computational domain, (b) Crevasse after 152 days. The arrow indicates

the production of damage at the upstream side of the large crevasse, (c) Unstable ice block be¬

fore failure (199 days). Numbers 1 and 2 indicate the location of the points where velocities are

discussed.

A.4 Discussion

Fig. A.4 illustrates the velocity as a function of time for the two points indicated in

Fig. A.2c (located in the unstable ice mass) and advecting with the ice during the whole

process. The velocity of Point 1 (Fig. A.4a) increases until the second fracture emerges

in the unstable ice block. Then the velocity decreases with stress relaxation due to the

extension of this new fracture. Instead, the velocity of Point 2 (Fig. A.4b) is increasing
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Figure A.3: Evolution of an unstable ice chunk detached from a hanging glacier located at the

south face of the Mönch (Bernese Alps, Switzerland), (a) (9.06.2000) The large crevasse behind

the ice block is well developed, (b) (25.07.2000) Two secondary crevasses penetrate in the block

(c) (1.08.2000) The block is disintegrated due to the secondary crevasses.
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until collapse. The acceleration of Point 2 is compared to Eq. A.l, which is rewritten as

\n{v{t) — Vq) = ln(a) - mln(t/ — t), (A.16)

where tf = 200 days and Vq ~ v{t = 0) are given by the simulation. Fig. A.5 shows

the logarithmic velocity \n{v{t) - v0) as a function of the logarithmic time ln{tf — t) of

Point 2. The plotted curve is composed of two distinct sections (A and B as shown in

Fig. A.5) which can be approximated by two straight lines, in accordance with Eq. A.16.

Section A conesponds to the initial damage accumulation before crevasse opening. It

represents approximately the first 60 days of the simulation. In the model, D = 0 is ap¬

plied as initial condition in ice. However, in nature the ice might be already pre-damaged.
In Fig. A.2b, the production of such pre-damage is noticeable at the upstream side of

the large crevasse. Therefore, the initial damage accumulation period is expected to be

shorter than the modeled one. Section B conesponds to the acceleration of the unsta¬

ble ice mass due to crevasse enlargement. For this section, comparison of the velocity
calculated with the model and that one infened from Eq. A.16 leads to a conelation co¬

efficient of 0.93. The difference is associated with assumptions on the dynamic function

of damage and with numerical enors in the time integration and the finite element dis¬

cretization. Comparing the results of the model with the velocity-time function infened

from measurements (Eq. A.l), the same behavior has been found. This presents not a

rigorous validation of the model, but it points out that a local isotropic damage evolution

law applied to Glen's flow law is a promising method to model the breaking-off of ice

masses from glaciers.

Time (d)

Figure A.4: Acceleration ofan ice block as obtained from the simulation ofFig. A.2. Velocity of

(a) Point 1, and (b) Point 2 (see Fig. A.2c) versus time.

A.5 Conclusions

In the present study, the capability of continuum damage mechanics and level set methods

to compute crevasses openings in glaciers is presented. It does not offer a rigorous vali¬

dation, but focuses on the similarities observed in nature and computed with the model.

Further studies are required to compare the acceleration of unstable ice masses measured

on hanging glaciers and simulated with the surface geometry, the bed topography and the
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Figure A.5: Logarithmic plot of the velocity of Point 2 (see Fig. A.2c). Time is increasing from
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ice temperature data of the observed glaciers.
A description of the damage and the level set with a single variable leads to a reduction of

the computing time. The disadvantage of this method is an interface between ice and air

not clearly defined. In the immediate vicinity of the interface, it is not possible to deter¬

mine whether the gradient of Dls is due to the ice-air transition or damage accumulation.

Furthermore, this method does not allow to prescribe an accumulation or ablation func¬

tion at the glacier surface to model the glacier evolution. The level set and the damage
functions have to be described by two separate variables to overcome this limitation. This

task is the topic of ongoing research.
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