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7.3.5 Formulation of Â: The approach according to Flory, Gay-

lord and Lohse . . . . . . . . . . . . . . . . . . . . . . . . . 73
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Summary

The rheology and flow induced crystallization of polymer melts are two important
and related aspects of polymer processing. The rheological behavior of the melt is
connected to the orientation and stretching of the polymer chains in the flow field.
In addition, the flow induced ordering of the polymer chains can result in drastic
changes in the crystallization dynamics and the final morphology. The rheology
of polymer melts and the influence of flow on the crystallization dynamics are
addressed in two parts in this thesis.

In the first part ‘molecular’ based reptation models are developed and exten-
sively validated against experiments of nearly monodisperse entangled polymers
of different molecular weights. Nearly all aspects of the non-linear rheological be-
havior in shear and uniaxial extensional flows are predicted in a semi-quantitative
fashion, provided the chain stretch is limited. In particular, it is noteworthy that
predictions for the stationary and transient second normal stress difference are
in good qualitative agreement with experiments. Also, based on the principle of
‘double’ reptation the monodisperse formulation of the ‘molecular’ based repta-
tion model is extended to describe polydisperse systems. Model predictions are
validated against experimental data for different bidisperse systems in shear and
uniaxial extensional flows.

The second part is concerned with modeling and experimental aspects of flow
induced crystallization. A model for the description of flow induced crystalliza-
tion of polymer melts under non-isothermal flow conditions is developed, guided
by and consistent with the GENERIC framework for non-equilibrium thermody-
namics. The mass balance, momentum balance, temperature equation and crys-
tallization dynamics are formulated on the continuum level, and the configuration
of the amorphous part of the chain is described in terms of a configuration tensor.
The model accounts for the effect of the chain configuration of the amorphous
part of the chains on the thermodynamic driving force for crystallization and, in
turn, for the change in chain configuration of the amorphous part of the chain
due to crystallization and flow. Subsequently, this flow induced crystallization
model is used to simulate fiber spinning. In this case, the contributions from the
quiescent formation of spherulites and the flow induced development of a fibrillar
morphology to the total crystallization dynamics are described through a hierar-
chy of rate equations. Model predictions for the velocity and temperature profile
along the fiber are in quantitative agreement with experimental data for low and
high-speed spinning conditions of nylon 66, and high speed spinning conditions
of poly(ethylene therephthalate). Qualitative agreement between the model pre-
dictions for the temperature, tensile stress and crystallinity profiles and general
experimental findings for low and high-speed spinning conditions is obtained.

In the model for fiber spinning the influence of the chain configuration on the
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crystallization has a semi-phenomenological character. Therefore, a classification
scheme for flow induced crystallization experiments is proposed to gain better
insight in the underlying mechanism of flow on the crystallization dynamics, as
observed experimentally. The classification scheme is based on the criteria to,
firstly, orient the Kuhn segments and, secondly, change the conformation of the
high molecular weight (HMW) chains of the molecular weight distribution (i.e.
the ‘high-end tail’) in a flow field. Segment orientation is affected by both the
orientation and and the stretching of the HMW chains, which are characterized
by means of Deborah numbers based on the reptation and stretching time of
the HMW chains, respectively. Rotational isomerization is related to a critical
chain stretch. A representative value of the reptation time of the HMW chains is
based on the rheological characterization of the melt. Alternatively, the stretching
time follows directly from the molecular weight distribution and the characteristic
time scale on the length scale of one entanglement, the so-called ‘equilibration
time’. Experimental data of linear isotactic polypropylene and polyethylene melts
reported in the literature gives the following results. First, the crystallization
dynamics are unaffected by flow provided the HMW chains are not oriented in
the flow. Second, the enhanced formation of point nuclei, from which spherulites
grow, is connected to global segment orientation of the HMW chains. Third, the
formation of thread-like nuclei, from which the shish-kebab structure develops, is
connected to chain stretching conditions of the HMW chains.
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Zusammenfassung

Die Rheologie und die strömungsinduzierte Kristallisation von Polymerschmel-
zen sind zwei wichtige Aspekte der Polymerverarbeitung. Das rheologische Ver-
halten der Polymerschmelze ist mit der Orientierung und Streckung der Poly-
merketten verbunden. Ausserdem kann die strömungsinduzierte Anordnung der
Polymerketten die Dynamik der Kristallisation stark beschleunigen, sowie zu einer
Änderung der Kristallmorphologie führen. Das rheologische Verhalten von Poly-
merschmelzen und der Einfluss der Strömung auf die Kristallisation werden in den
beiden Teilen dieser Arbeit betrachtet.

Im ersten Teil der Arbeit werden ‘molekulare’ Reptationsmodelle entwickelt
und mit experimentellen Daten von nahezu monodispersen linearen und verhak-
ten Polymeren unterschiedlicher Kettenlänge verglichen. Unter der Voraussetzung
beschränkter Streckung der Kette sagen die Modelle fast alle nichtlinearen rheolo-
gischen Phänomene in Scher- und einfacher Dehnströmung qualitativ und teilweise
auch quantitativ vorher. Besonderes bemerkenswert ist die gute Übereinstimmung
der Modelle mit experimentellen Daten für das stationäre und transiente Verhalten
der zweiten Normalspannungsdifferenz. Anhand des Prinzips der Doppelreptation
wird die monodisperse Formulierung des Reptationsmodel zur Beschreibung von
polydispersen Systemen erweitert. Dieses Modell wird mit experimentellen Daten
für bidisperse Systeme in Scher- und einfacher Dehnströmung überprüft.

Der zweite Teil der Arbeit ist der Modellierung und experimentellen Aspek-
ten der strömungsinduzierten Kristallisation gewidmet. Ein Modell zur Beschrei-
bung der strömungsinduzierten Kristallisation unter nicht-isothermen Strömungs-
bedingingen wird im Rahmen des GENERIC-Formalismus der Nichtgleichgewichts-
thermodynamik entwickelt. Die Massenbilanz, die Impulsbilanz, die Temperatur-
gleichung und das Kristallisationsverhalten werden auf einer makroskopischen Ebe-
ne formuliert. Die Konfiguration des amorphen Teils der Ketten wird durch einen
Konfigurationstensor beschrieben. Das Modell betrachtet den Einfluss der Konfigu-
ration des amorphen Teils auf die thermodynamische Treibkraft der Kristallisation,
und berücksichtigt gleichtzeitig die Dynamik der amorphen Kettenkonfiguration
infolge von Kristallisation und Strömung. Dieses Modell wird zur Beschreibung des
Faserspinnens verwendet. Das Kristallisationsverhalten während des Faserspinnens
wird anhand einer Hierarchie von Kristallisationsgleichungen beschrieben. Die to-
tale Kristallinität folgt aus den Beiträgen der Kristallisation von Sphärulithen
und der strömungsinduzierten Bildung einer fibrillaren Morphologie. Die Modell-
vorhersagen für das Geschwindigkeits- und das Temperaturprofil stimmen quan-
titativ mit experimentellen Ergebnissen von Polyamid 66 bei niedrigen und ho-
hen Aufwickelgeschwindigkeiten und von Polyethylenterephthalat bei hohen Auf-
wickelgeschwindigkeiten überein. Die Modellvorhersagen für das Temperatur-, das
Zugspannungs- und das Kristallinitätsprofil sind in qualitativer Übereinstimmung
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auch mit generellen experimentellen Ergebnissen für niedrige und hohe Aufwickel-
geschwindigkeiten.

Im Modell zur Beschreibung des Faserspinnens wird der Einfluss der Ketten-
konfiguration auf die strömungsinduzierte Kristallisation durch einen halb-phäno-
menologischen Ansatz beschrieben. Mit dem Ziel, ein besseres Verständnis für die
grundlegenden Mechanismen der strömungsinduzierten Kristallisation zu gewin-
nen, wird ein Klassifikationsschema für Experimente vorgeschlagen. Das Klassifi-
kationsschema ist anhand der Kriterien für, erstens, die Orientierung der Kuhnseg-
mente und, zweitens, die Änderung der Konformation der hochmolekularen Ketten
der Molekulargewichtsverteilung formuliert. Die Orientierung der Kuhnsegmente
wird sowohl durch die Orientierung als auch durch die Streckung der hochmole-
kularen Ketten beeinflusst. Die Orientierung der Ketten wird mit der Reptations-
zeit gebildete Deborah-Zahl, und die Streckung mit der Streckungszeit gebildete
Deborah-Zahl charakterisiert. Die Rotationsisomerization steht in Beziehung zu
einer kritischen Streckung der Kette. Ein repräsentativer Wert der Reptations-
zeit folgt aus der rheologischen Charakterisierung der Schmelze. Anderseits wird
die Streckungszeit durch die Molekulargewichtsverteilung und der charakteris-
tischen Relaxationszeit eines Kettensegmentes mit Verhakungsmolekulargewicht
bestimmt. Die Anwendung des Klassifikationsschemas auf experimentelle Resulta-
te für lineare isotaktische Polypropylen- und Polyethylenschmelzen aus der Lite-
ratur ergibt die folgenden Ergebnisse. Erstens wird das Kristallisationsverhalten
nicht durch die Strömung beeinflusst, falls die hochmolekularen Ketten sich nicht
in der Strömung orientieren. Zweitens ist die strömungsinduzierte Keimbildung,
die zu einer sphärulithischen Morphologie führt, mit der Orientierung der Kuhn-
segmente der hochmolekularen Ketten verbunden. Und drittens ist die Bildung
von fadenartigen Keimen, was zu der sogenannten “Schaschlik-Spiess” Morpholo-
gie führt, mit der Streckung der hochmolekularen Ketten verknüpft.
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Chapter 1

Introduction

The rheology and crystallization dynamics of polymer melts are two important
aspects in the field of polymer processing. While the rheology is of relevance for
the processing of the melt, the crystallization characteristics during the processing
influence the solid state mechanical and optical properties of the material [1–6].
Other physical and chemical properties, as the heat capacity, thermal or chemical
stability, are connected to the chemical structure of the polymer.

Polymer melts show a strong non-Newtonian behavior, and the viscosity may
increase or decrease by an order of magnitude under different flow conditions
[7–12], as illustrated in Fig. 1.1. The non-Newtonian rheology of the melt is re-
lated to the orientation and extension of the polymers in the flow, and results from
the long range connectivity of the polymer chains and the presence of ‘entangle-
ments’ in the melt. The rheological behavior of polymers has been found to be
sensitive to the molecular weight [13], the molecular weight distribution [12, 14],
MWD, and the presence of branches along the polymer chain [11, 14–16]. These
parameters of the polymer melt are adjusted accordingly to satisfy specific pro-
cess requirements [17, 18]. A typical change in viscosity of a linear and branched
polyethylene melt under typical process conditions is given in Fig. 1.1.

Crystallizing polymers are in general partly crystalline in the solid state. Dur-
ing crystallization, parts of the polymer chain arrange in crystalline layers known
as ‘lamella’, which are separated by amorphous regions. In general, a single chain
participates in several lamellae, resulting in an interconnecting network between
the lamellae. Under quiescent conditions the lamellae arrange in a radial fashion,
which results in a spherulitic morphology on a larger length scale, see Fig. 1.2.
The quiescent crystallization dynamics is affected by both processing parameters
(cooling rate, pressure during molding, addition of nucleation agents) as well as
the characteristics of the specific melt (the chemical structure and MWD) [19–21].
The application of shear and extensional flow fields can drastically enhance the
crystallization dynamics, and also result in a different morphology. Experiments
show that for relatively low deformation rates the nuclei density of spherulites may
increase up to six orders of magnitude [22–24]. However, for relatively large defor-
mation rates the so-called shish-kebab morphology develops, where the lamellae
are oriented parallel to the flow direction [21, 22, 25], see Fig. 1.2. Finally, un-
der extreme extensional flow conditions a fibrillar morphology may develop, with
crystalline threads (fibrils) oriented parallel to the flow direction, see Fig. 1.2. It
is generally believed that the influence of flow on the crystallization is mediated

1
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Figure 1.1: Stationary extensional and shear viscosity, ηE and η respectively, of
a branched (IUPAC A melt [7, 8]) and linear polyethylene (HDPE 3 [9]) poly-
mer melts, with an indication for the shear and extension rate experienced under
different processing conditions.

through the orientation and stretching of the polymers in the flow field. This
argument is supported by the observation that flow induced crystallization is sen-
sitive to variations in the molecular weight distribution and the presence of chain
branching [22, 26–29], similar to the rheology.

Based on this short introduction one finds that both the rheology and flow in-
duced crystallization dynamics vary with the deformation rate, molecular weight
(distribution) and the effect of branching. This analogy suggests an intimate re-
lationship between the molecular weight distribution, the rheology and the flow
induced crystallization dynamics of polymer melts, which is addressed in two parts
in this thesis. The first part focuses on the development and experimental val-
idation of the ‘molecular’ based rheological models. The knowledge and insight
gained from this part is, partly, used for the analysis of flow induced crystallization
from an experimental and modeling perspective in the second part. Individual in-
troductions are provided for each part and the objectives are presented at the end
of the respective introduction.
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Chapter 2

Introduction to polymer

rheology

Initially, the time dependent stress level in viscoelastic fluids is related to the
strain history, using integral and differential constitutive equations [34]. However,
a direct correlation with the molecular weight (distribution) of entangled polymer
fluids could not be established. The recognition of the ‘reptation’ mechanism
for entangled polymer chains by de Gennes [35, 36] provided a direct connection
between the relaxation behavior and the molecular weight of a melt. In addition,
the formulation of the tube model by Doi and Edwards [37] resulted in model
descriptions for the rheological behavior of entangled linear polymer melts, without
introducing phenomenological parameters. In the tube concept a realistic polymer
chain conformation is replaced by a smoothed curve, the contour (or primitive)
path, which is confined by a tube. The tube represents the topological constraints,
entanglements, of the surrounding chains on the lateral movement of the contour
path. The chain can escape from the tube by means of diffusion of the centre of
mass, which is referred to as ‘reptation’. The tube model predicts that the zero
shear rate viscosity, η0, scales with the molecular weight Mw as η0 ∼M3

w, which is
close to the experimental observation that η0 ∼M3.4

w [13]. The intuitive conceptual
idea behind the tube concept initiated the introduction of additional relaxation
and deformation mechanisms, which improved the predictions of experimental
observations in various aspects. The tube concept also proved to be valuable to
the understanding, and description, of the rheological behavior of entangled star,
branched (H) and comb polymers, which is reviewed in [38–40].

2.1 Model development and validation

The model developed by Doi and Edwards, DE, [37] is based on an inextensible
contour path and the reptation of the chain is the only relaxation mechanism.
The DE model provided a parameter free expression for the ‘damping function’,
which is in quantitative agreement with experiments [41,42]. Despite the molecu-
lar basis of the original DE model, it predicts an instable flow curve in shear flows,
no strain hardening in extensional flows and the linear relaxation modulus is too
sharp compared to experimental data. These discrepancies with experiments were
removed by the introduction of new dynamic processes, which we discuss in the
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remainder of this section.
The effect of chain stretching was first incorporated into the DE model by

Doi [43] for single step strain flows, and subsequently for general flow conditions
by Marrucci and Grizzuti [44] and Pearson et al. [45,46]. In addition to the repta-
tion time, τrep, the time scale for chain stretching, τs, is introduced into the tube
model. τs is identical to the longest Rouse time of the Rouse model [37]. The
chain retraction process is much faster compared to the reptation dynamics, as
the relationship τrep/τs = 3Z holds for infinitely long chains, with Z the number
of entanglements per chain. The incorporation of chain stretching is of importance
to describe the stress relaxation after a non-linear step strain for t < τs [41, 47],
the overshoot in the transient first normal stress difference, N1, [45,46] and finally
the strain hardening in extensional flows [12, 48].

Related to the chain retraction dynamics is the issue if the reptation dynamics
is described without or with independent alignment, IA. The description without
or with IA denotes whether the position of the segments in the tube is affected
by the chain retraction or not, respectively. The hallmark of the formulation with
or without IA has been the difference in the zero shear (rate) normal stress ratio,
Ψ = −N2/N1 with N1 and N2 the first and second normal stress difference, re-
spectively. With IA Ψ = 2/7, whereas without IA Ψ = 1/7. Recently, it has been
shown by full chain stochastic simulation and analytical results that Ψ = 2/7 for
the formulation with and without IA [49, 50]. The formulation with IA is essen-
tial to describe, firstly, experimental results in double step strain flows [37, 51, 52]
and, secondly, the temporary undershoot in the transient viscosity for fast shear
flows [53–55].

In addition to the relaxation dynamics of the primitive path, also the dynamics
of the chains forming the tube have been included. These mechanisms are referred
to as contraint release, CR, dynamics and describe how the removal of tube seg-
ments (entanglements) influences the relaxation of the contour path. The double
reptation, DR, concept [56–58] assumes than an entanglement, firstly, is a binary
contact between two polymers and, secondly, that it contributes to the stress till
one of the two chains reptates through the entanglement. The DR concept, ap-
plied in a more heuristic or fundamental formulation, allows to establish a direct
relationship between the molecular weight distribution of linear polydisperse melts
and the linear viscoelastic response, and vice versa, see, for example, [18, 59–62].

The introduction of convective constraint release mechanism, CCR, by Mar-
rucci [63] and Ianniruberto and Marrucci [64] is similar in spirit as the DR concept.
The CCR mechanism describes the number of constraints lost due to the retraction
of the chains forming the tube. Under weak flow conditions, i.e. τsγ̇, τsε̇ < 1, the
chains retract ‘instantly’ compared to the time scale for the chain deformation. As
a consequence, the number of constraints lost due to CCR increases approximately
linearly with the flow rate, and the effective time scale for the ‘disappearance’ of
the tube decreases accordingly. The incorporation of CCR into the tube model
results in (almost) stable flow curves in shear flows [64], and therefore resolved a
principal deficit of the DE model.

Finally, the effect of contour length fluctuations, CLF, is addressed. CLF rep-
resent local movements of the segments on the contour path close to the tube end
on time scales τe < t < τs, where τe is the ‘equilibration time’ [37] . τe is equal to
the Rouse time of a polymer chain of length equal to the molecular weight of an
entanglement [37, 65]. On these time scales the lateral movement of the polymer
segments is restricted by the tube, but a relative longitudinal movement of the

8



chains is possible. In particular close to the chain ends CLF allows the segments
to relax much faster compared to reptation dynamics. In addition, the reduction
of the tube length facilitates that the segments in the middle of the chain can es-
cape faster from the tube, as they have to reptate over a shorter distance to reach
the tube end. The incorporation of CLF predicts that η0 ∼ Z3.4 for relatively low
entangled polymers, Z < 100 − 200, whereas for infinitely long chains the scaling
η ∼ Z3 is recovered, Z > 100 − 200. Both observations are in agreement with
experiments [66–68]. The incorporation of CLF is also of relevance to predict a
stable flow curve in shear flows for moderately entangled polymers [53].

Currently, there exist several molecular based rheological models, which incor-
porate the principles of reptation, chain stretching, double reptation, convective
constraint release and finite extensibility of the chains, namely, the full chain and
single segment Mead-Larson-Doi model, the MLD model, [53, 69], the full chain
stochastic model, the FCS model, [49,54,70,71], the single segment thermodynam-
ically consistent reptation model, the TCR model, [72], the single segment model
by Ianniruberto and Marrucci model, the IM model [73] and the slip-link models
developed by Schieber [74,75] and Doi and coworkers [76,77]. In the single segment
MLD and IM models the effect of CLF can not be included rigorously, contrary to
the full chain formulation of the MLD model, the FCS model, the slip-link models
and the stochastic formulation of the TCR model [78].

Detailed validation of the FCS model [54, 55, 70, 71], the MLD model [12, 53,
69,79], the TCR model [79,80] and IM model [73,81] have been performed for dif-
ferent concentrated solutions in shear and uniaxial extensional flows. In general,
the different models are equally competitive in qualitatively predicting the exper-
imental observations in the transient and stationary state. Nevertheless, some
(pronounced) quantitative differences are observed during the transient response
in shear flows depending on the implementation of DR, CCR and the difference in
the reptation dynamics with or without IA.

2.2 Objectives

The validation of molecular based models requires experiments on well defined
(monodisperse) systems, which are representative for polymers considered in the
model. In this respect it is noteworthy that the influence of CLF is in general
neglected in single segment models, and infinitely long chains are implicitly con-
sidered. However, the synthesis of long nearly monodisperse chains is difficult.
Also, rheological experiments on long chains cause difficulties. Firstly, slip is typ-
ically observed for strongly entangled systems [42, 82], and, secondly, the onset of
edge fracture may occur for γ̇ < 1/τs. In view of the experimental difficulties,
Z is typically in the range of 15 to 40. However, for 15 < Z < 40 the influence
of CLF is also of importance for the reptation dynamics. Following the analysis
of Doi [37, 83], a realistic sketch of the influence of CLF on the reduction of the
‘effective’ tube length after a time scale of order τs is given in Fig. 2.1 for a chain
of Z = 15 and 40, respectively. In our view, this sketch clearly shows that the
effect of CLF is of relevance to the relaxation dynamics. In addition, the ratio of
τrep/τs is considerably smaller than 3Z, and τrep/τs ≈ 20− 30 in the experiments.
Based on these observations the question arises if the individual contribution of
reptation, CCR, the difference between a formulation with or without IA, CLF
and chain stretching can be distinguished in the regime 1/τrep < γ̇ < 1/τs?
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a) t=0

b) Z=15, t> O(τs) c) Z=40, t> O(τs)

Figure 2.1: Qualitative sketch of the reduction of the tube length at time t = 0,
a), under the influence of tube length fluctuations for a chain having 15, b), and
40, c), entanglements per chain after a time of order τs, O(τs).

In chapter 3 we perform a comprehensive analysis to which extent the valida-
tion of molecular based models is sensible for entangled polymer systems having
less than 40 entanglements per chain in shear and extensional flows. In addition,
we analyze the description, and influence, of the finite extensibility in the TCR
model. In concentrated solutions the influence of the finite extensibility of the
polymer chain is hardly probed in shear and extensional flows. For the latter one
typically observes a strong increase in the extensional viscosity for τsε̇ > 1 [48,81].
Alternatively, the data for nearly monodisperse PS melts by Bach et al. [84] appear
to be well into the regime where finite extensibility of the chain is of importance.

The validation of the dynamic behavior of the second normal stress difference
has been performed in single and double step strain flows [47, 82, 85, 86] and in
stationary shear flows [54, 87]. The original DE model predicts an overshoot in
the absolute value of the second normal stress difference during the start-up of
shear flow [52], suggesting that the overshoot is governed by the orientation of the
contour path. However, to date this is not confirmed experimentally. In chapter 4
the predictions of the single segment TCR and MLD models are validated against
experimental data for a nearly monodisperse PS melt. In particular the influence
of the intensity of CCR on the prediction of the stationary and transient response
in the second normal stress difference and normal stress ratio is addressed.

In chapter 5 the TCR model is extended to polydisperse systems and validated
against experiments in shear and uniaxial flow for well defined bidiperse blends of
two nearly monodisperse polymers.
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Chapter 3

Modified constraint release

in molecular based reptation

models for fast flows

This chapter is adapted from:
J. van Meerveld, Modified constraint release in molecular based reptation models

for fast flows, J. of non-Newt. Fluid Mech., 122, (1-3), 263-272, 2004, with
permission from Elsevier.

Abstract

Recently it has been shown that current molecular based rheological models predict
a stationary extensional viscosity, which is consistently lower compared to experi-
ments on well entangled systems [48]. In the present chapter, it is proposed that
the relaxation contribution due to (convective) constraint release (CR) reduces
with increasing orientational order of the system. This approach is fundamentally
different from the proposal of Mead et al. [53] based on the cross-over from tube re-
orientation to tube length shortening for strongly stretched chains. Reducing the
amount of CR with the orientational order of the system results into better quanti-
tative agreement between model predictions and experimental findings in uniaxial
extensional flows, compared to the approach of Mead et al. [53]. In shear and bi-
axial flows no significant difference between the two approaches can be found. The
validation of the model against experimental results of two concentrated solutions
in shear and uniaxial extensional flows demonstrates that a reliable validation of
the CR dynamics is only feasible provided the number of entanglements per chain
is larger than about 25. Qualitative disagreement is obtained between the model
predictions and experimental results of two nearly monodisperse polystyrene melts
for flow conditions where the finite extensibility of the chain becomes notable. It
is expected that the number of entanglements per chain strongly reduces under
these conditions. This phenomena is not described by the current model, which
may be the reason for the discrepancy with experiments.
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3.1 Introduction

Stretching of polymer chains plays and important role in the rheological response
of melts and concentrated solutions in fast flows. Industrial processes as injec-
tion moulding, fiber spinning, film - and mould blowing involve shear and exten-
sional flows, where stretching of the polymer chains is expected. Moreover, chain
stretching is generally believed to have pronounced effects on the flow induced
crystallization dynamics and the associated changes to the semi-crystalline mor-
phology [22, 25]. The latter dictates the final mechanical and surface properties
of the product. A microscopic description of the polymer chains in fast flows is
therefore essential to describe the rheological behavior and the associated influence
on the crystallization characteristics.

Several molecular based rheological models have been developed for linear
[45,46,53,70,72] and branched polymer melts [88,89]. The incorporation of convec-
tive constraint release (CCR), associated to the retraction of the polymers forming
the tube, results into an enhanced orientational relaxation of the polymer chains.
For fast flows the polymer chain is deformed faster compared to the character-
istic relaxation time of stretching, τs, reducing the contribution of CCR [53, 72].
A similar contribution follows from the double reptation (DR) principle [56–58].
Although most molecular based models for linear entangled polymer chains incor-
porate the influence of CCR and DR, their predictions in transient and stationary
fast shear flows are quite different [54, 79, 80]. This may be partly due to the
different levels of description corresponding to the full chain description [53,70], a
single segment model using kinetic theory [72,79], or a single segment model based
on a tensor formulation [53, 73].

Recently, the performance of the Doi-Edwards-Marrucci-Grizzuti model [45],
with different formulations of the CCR and the tube length fluctuations, has been
compared to experiments of monodisperse concentrated polystyrene (PS) solu-
tions under transient and stationary conditions [48, 81]. The conclusion is that
“the steady state predictions for the extensional viscosity are lower than the data
in all cases and are lower by large amounts depending on the strain rate that is
chosen” [48]. It is noted that reducing the amount of CR generally results in better
agreement with experimental findings.

Motivated by the influence of chain connectivity on the tube configuration after
CR, it is proposed in the present chapter that the amount of CR decreases with
increasing orientational order of the system, in order to address this discrepancy
between the model predictions and the experiments. In order to validate the im-
plementation of the CR dynamics against experiments, the system needs to be well
entangled such that the, effective, reptation time, τd/2, and τs are well separated.
For the concentrated PS solution analyzed in [79] τd/2τs ≈ 10, which indicates that
a critical validation of the CR dynamics is difficult. In this chapter four issues will
be addressed. First, the modified CR is formulated and implemented in the model
developed by Öttinger [72] and compared to the original formulation. Secondly,
the performance of the two implementations of the CR mechanism is analyzed for
two concentrated solutions, which are experimentally characterized in both shear
and uniaxial extensional flows. Thirdly, this allows to indicate the number of en-
tanglements a polymeric fluid is required to have, in order to perform a critical
validation of the CR dynamics. Finally, the influence of the finite extensibility of
the chains on the rheological response in fast uniaxial extensional flows is analyzed
for two concentrated solutions and two melts, which have approximately the same
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number of entanglements.

3.2 Model formulation

In this section the governing equations for the evolution of the micro-structural
variables of the model developed by Öttinger [72], consistent with the GENERIC
framework for non-equilibrium thermodynamics, are reviewed. For more details
the reader is referred to the original papers [72, 79]. The configuration of the
contour path is described by the configuration distribution function f(u, s; r, t).
The arguments of the distribution function correspond to the unit orientation
vector u and the curvilinear coordinate s associated to the position of the polymer
segment on the contour path. The latter varies from 0 to 1, corresponding to the
begin and the end of the tube, respectively. The stretch ratio λ is assumed to
be uniform along the polymer chain and is defined as λ = L/L0, with L, L0 the
present and the equilibrium length of the contour path respectively.

The governing equation for λ reads

Dλ

Dt
= λS : κ + λ̇dissip, (3.1)

with D/Dt the material derivative. The first contribution denotes the reversible
dynamics, with κ the transpose of the velocity gradient and S the symmetric
second-moment orientation tensor defined as

S(r, t) =

∫ 1

0

∫

f(u, s; r, t)uududs. (3.2)

The irreversible, dissipative, contribution equals [72]

λ̇dissip = − 1

τs

c(λ)

3Z
(λ− 1), (3.3)

with τs the relaxation time for the chain retraction and Z the number of entangle-
ments per chain. Z = Mw/Me with Mw the molecular weight per chain and Me

the molecular weight per entanglement. The spring coefficient c(λ) is given by the
relationship

c(λ) =
3Zλ2

max(λ+ 1)

λ (λ2
max − λ2)

. (3.4)

The maximum stretch ratio λmax is determined from the molecular and chemical
structure of the polymer, as specified in [79].

The evolution equation for f(u, s; r, t) is given by the Fokker-Planck equation

Df

Dt
= − ∂

∂u
·
[(

I − uu

|u|2
)

· κ · uf
]

+
1

π2τdλ2

∂2

∂s2
f (3.5)

+
∂

∂s
(s− 1

2
)
λ̇dissip

λ
f − λ̇dissip

λ
f +

∂

∂u
·D
(

I − uu

|u|2
)

· ∂

∂u
f.

The first term is associated to the reversible, convective, behavior of u. The
second contribution represents the reptation process, associated to the mean square
displacement of the contour path, which is proportional to L2 [36]. As L2 =
λ2L2

0 the reptation time, τd, as determined from the linear viscoelastic regime, is
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multiplied by a factor λ2 [69,90]. The third and fourth term describe the dynamics
of the contour label s without the independent alignment approximation (IAA).
The third term corresponds to the creation or destruction of the constraints at the
tube ends and the fourth to a linear rescaling of the contour label s, respectively
[37, 72, 91]. The justification, based on non-equilibrium thermodynamic grounds,
to formulate the dynamics in f(u, s; r, t) without the IAA through the irreversible
dynamics, if λ is a dynamic variable, is given in [92, 93]. The last contribution
describes the constraint release, CR, associated to the tube dynamics. The CR
occurs along the entire polymer chain, which is different compared to the reptation
dynamics where the constraints on a segment are released when it reaches the end
of the tube. Consequently, the CR dynamics act on the orientation of the polymer
segment, but not on the curvilinear position along the contour path. (Therefore
the CR dynamics are considered to act on the orientation vector u and not on the
longitudinal position s, as for reptation.) Ascribing the relaxation behavior to u

appears to be important to predict the undershoot in the transient viscosity and
extinction angle during the start-up of fast shear flows [79]. The CR parameter D
is discussed in more detail after the specification of the stress tensor and τs.

The stress τ (r, t) equals [72, 79]

τ (r, t) = [3Z + c(λ(r, t))λ(r, t)(λ(r, t) − 1)]npkBTS(r, t), (3.6)

with np the number density of polymers, kB the Boltzmann constant and T the
absolute temperature. The shear modulus GN is defined as GN = (3/5)ZnpkBT .

Besides the governing equations for f(u, s; r, t), λ(r, t) and τ (r, t) the mag-
nitude of τs needs to be specified, or left as an adjustable parameter. Several
relationships are proposed in the literature to relate τs to τd [37, 69, 90, 94–98].
However, their is little consensus in the literature to make an a priori prefer-
ence for one of these expressions. This originates from the different definitions
of Me [65], secondly, the cross-over from the non-entangled to entangled regime
and, finally, the effect of tube length fluctuations to determine the pure repta-
tion from the experimentally observed terminal relaxation time. These difficulties
are, mostly, resolved by the procedures based on the description of the storage,
G′(ω), and loss modulus, G′′(ω), using molecular based models, as that of Milner
and McLeish [95]. This procedure is applied to determine τs for most systems
analyzed in section 3.3 and 3.4 and gives, in general, a good description of the
experiments.

Returning to the CR parameter, D, which is specified as [72]

D =
1

6

[

δ1
τd

− δ2
λ̇dissip

λ
H
(

− λ̇dissip

λ

)]

. (3.7)

The first contribution is associated to the DR process [56–58] and the second to
the convective constraint release mechanism. The parameters δ1 and δ2 remain
to be specified. As discussed before the reptation time increases for a stretched
polymer chain giving δ1 = 1/λ2. Mead et al. [53] introduced the ‘switch-function’,
which is equal to 1/λ. They motivated, and derived, this relationship based on
the observation that for large λ the tube primarily relaxes due to the shortening
of the tube, whereas for λ ≈ 1 this is dominated by the reorientation of the tube.
The corresponding relationships for δ1 and δ2 are equal to

δMLD
1 =

1

λ2
, (3.8)
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Figure 3.1: Sketch of the configuration of the contour path before (full line) and
after (dashed line) CR occurs for the middle entanglement (hollow circle) for an
‘random’ orientation (top) and ‘aligned’ orientation of the melt.

δMLD
2 =

1

λ
, (3.9)

where the superscript ‘MLD’ denotes the ‘switch-function’ proposed by Mead,
Larson and Doi [53]. The governing equations with δ1,2 = δMLD

1,2 are identical to

the equations in the model developed by Öttinger [72] and analyzed in [79,80]. It
is stressed that ‘MLD’ does not refer to the ‘toy’ or ‘complete’ model developed by
Mead et al. [53], but to the ‘switch-function’ only. (The differences in the model
formulation and the predictions of the ‘toy’ model of Mead et al. [53] and the
model of Öttinger [72] (with δ1,2 = δMLD

1,2 ) are discussed in detail in [79].)

The expression for δMLD
2 , and the underlying motivation, does not account

for the influence of chain connectivity on the CR mechanism. After CR occurs the
chain segment will adapt a new orientation, but this is restricted by the position
of the neighboring, still constrainted, segments, as illustrated in Fig. 3.1. Here, it
should be noted that the CR is implemented in this manner in the full chain model
of Hua and Schieber [70]. The difference in the orientation of the polymer segments
before and after the CR is expected to decrease, on average, for a more uniformly
oriented system. Hence, the CR is not affected for a randomly oriented system,
but is ‘switched off’ for a more uniformly oriented system. In order to account for
this effect on the CR dynamics in the relaxation behavior, the parameters δ1 and
δ2 in the CR parameter D are proposed to equal

δcc1 =

[

1 − 3

2
(S − 1

3
I) : (S − 1

3
I)

]

1

λ2
, (3.10)

δcc2 = 1 − 3

2
(S− 1

3
I) : (S− 1

3
I), (3.11)

where ‘cc’ stands for chain connectivity. The order parameter 3/2(S− 1
3
I) : (S− 1

3
I)

varies from 0 to 1 for an isotropic to an uniaxial orientation of the polymer seg-
ments respectively.
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In the Giesekus model [34] the anisotropic relaxation dynamics on a particular
chain is proportional to the orientation and stretch of the surrounding chains. The
motivation for the anisotropic relaxation in the Giesekus model is similar in spirit
as the arguments leading to the formulation of δcc

1,2. However, the current formu-
lation of the relaxation dynamics differs in two aspects from that of the Giesekus
model. Firstly, the relaxation dynamics reduce with the orientational order of the
chain segments only (not the chain stretch) and, secondly, the relaxation dynamics
remain isotropic.

The conceptual difference in the motivation leading to δMLD
1,2 and δcc1,2 has also

implications on the CR under different flow conditions, as δMLD
1,2 is much smaller

than one for τsγ̇, τsε̇ > 1, whereas δcc1,2 can reduce strongly for τdγ̇/2, τdε̇/2 > 1.
The strong reduction of δcc1,2 in simple, and planar, extensional flows is promis-
ing as this could, partly, resolve the discrepancy between model predictions and
experiments, as discussed in [48], in a natural way. For biaxial extensional flows
it can be shown that δcc2 is restricted to the regime 3/4 to 1. In shear flows the
orientational order is arrested to a certain magnitude, depending on the imple-
mentation of the CR mechanism [79, 80]. Hence, no a priori range for δcc

2 can be
derived.

3.3 Uniaxial flow

3.3.1 Nearly monodisperse concentrated polystyrene solu-

tions

The model parameters GN, τd and τs of the PS1 fluid are taken identical to those
reported in [81], which are obtained from the following procedure. The G′(ω)
and G′′(ω) are described by the model of Milner and McLeish [95], by fitting the
equilibration time, τe, the plateau modulus, G0

N, and the number of entanglements,
Z. Subsequently, τs is taken identical to τs = τeZ

2 and the influence of tube length
fluctuations on τd is accounted for as in the model of Milner and McLeish. For
further details the reader is referred to [81]. For the PS2 fluid the magnitude
of τd follows from τd = η0Je0, with η0 the zero shear rate viscosity and Je0 the
steady shear compliance [101]. The magnitude of τs is estimated from time-strain

units PS 1 [81] PS 2 [54] PS200 [84] PS390 [84]
Mw kg/mol 3960 1960 200 390
PI - 1.05 1.2 1.04 1.06
ϕ - 0.1 0.12 - -
Me kg/mol 142 123 13.0 13.0
Z - 27.4 16 15 30
τd s 17.2 15 1430 12900
τs s 0.282 0.71 71 270
GN Pa 1000 1160 135 · 103 117 · 103

λmax - 13.6 12.6 4.5 4.5

Table 3.1: Model parameters for two polystyrene solutions investigated by [81]
(PS1) and [54, 99, 100] (PS2), ϕ is the volume fraction of polymer and Me the
molecular weight per entanglement in the solution or melt.
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Figure 3.3: Transient tensile stress for the PS1 fluid [81]. Experimental results for
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Figure 3.4: Stress relaxation of the PS1 fluid after extension at ε̇ = 11.7 s−1 till
different Hencky strains εf . Experimental results [81] for εf = 3.3 (◦), εf = 4.0
(5), εf = 4.6 (4) and corresponding model predictions using δcc

1,2 (full line) and

δMLD
1,2 (dashed line).

separability of the relaxation behavior after a non-linear step strain experiment
[101]. The procedure based on the description of G′(ω) and G′′(ω), as applied for
the PS1 fluid in [81], results in nearly identical values of τd and τs for the PS2
fluid. Nevertheless, the experimental values are used here to be consistent with
the previous analysis of the PS2 fluid in shear flows [79]. The magnitude of GN,
τd and τs for the PS1 fluid (Z = 26.5) and the PS2 fluid (Z = 18) are given
in Table 3.1 and taken identical for the model predictions using δcc

1,2 and δMLD
1,2 .

Finally, it should be noted that the separation of the relaxation times τd and τs
is larger for the PS1 fluid (τd/2τs = 30) compared to the PS2 fluid (τd/2τs = 10).
Consequently, a more critical validation of the implementation of the CR dynamics
can be performed for the PS1 compared to the PS2 fluid.

For the PS1 fluid the stationary extensional viscosity, ηE(ε̇), is lower for δMLD
1,2

compared to δcc1,2, see Fig. 3.2. Moreover, the upturn in ηE(ε̇) is predicted at

a slightly lower ε̇ for δcc1,2. The difference between δMLD
1,2 and δcc1,2 is most clearly

observed in the softening regime, 2/τd < ε̇ < 1/τs, and is most pronounced for
ε̇ ≈ 1/τs. For ε̇ > 1/τs the rheological response is dominated by chain stretching
and the influence of the CR dynamics is limited. The transient model predictions
using δcc1,2 and δMLD

1,2 are in qualitative agreement with the experimental results
of the PS1 fluid [81], see Fig. 3.3. Only for ε̇ = 3.5s−1, the model predictions
are in considerable better quantitative agreement with experimental data for δcc

1,2

compared to δMLD
1,2 .

For the PS2 fluid the difference between δMLD
1,2 and δcc1,2 is smaller compared to

the PS1 fluid and the transient model predictions are in good qualitative agreement
with the experimental results [99, 100]. The smaller difference between δcc

1,2 and

δMLD
1,2 is ascribed to the more dominant contribution of chain stretching, which

limits the influence of the CR dynamics. The ηE(ε̇) is not characterized for the
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PS2 fluid. It should be noted that for a monodisperse concentrated PS solution
with Z = 15 the ηE(ε̇) is reported in Fig. 10 of [48]. The number of entanglements
per chain is similar to the PS2 fluid, which implies that also the ratio τd/2τs is of
about the same magnitude as the PS2 fluid. For the system with Z = 15 reported
in [48] identical observations as for the PS1 fluid apply, but the softening regime
is smaller and less pronounced. It is important to note that for a larger value of τs
the difference between the model predictions using δMLD

1,2 and δcc1,2 decreases, and
better quantitative agreement with experiments of the PS2 fluid is obtained. This
illustrates that an accurate magnitude of τs is important for the validation of the
CR mechanism for the PS2 fluid.

Next, the stress relaxation after a fast extension, ε̇ = 11.7 s−1 > 1/τs, of the
PS1 fluid till a Hencky stain of εf = ε̇t0 = 3.3, 4.0 and 4.6 is analyzed. Good
quantitative agreement between the model predictions and experiments is found,
see Fig. 3.4. As indicated above the influence of the CR dynamics is limited for
these extension rates, which is the reason why the model predictions using δcc

1,2 and

δMLD
1,2 are nearly identical for t < t0. However, during the relaxation the magnitude

of the extensional stress is lower for δMLD
1,2 than δcc1,2. This suggest that the amount

of CR is larger for δMLD
1,2 compared to δcc1,2, resulting in a more random orientation

of the chains after they have retracted.
The better performance of the model using δcc1,2 compared to δMLD

1,2 results
from the stronger reduction of the CR by δcc1,2 in the regime 2/τd < ε̇ < 1/τs where

the magnitude of δMLD
1,2 remains close to 1. Consequently, the chains are stronger

aligned in the flow direction for δcc1,2, which moreover increases the ability to stretch

the chain for a particular extension rate compared to δMLD
1,2 .
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Figure 3.5: Predictions of the storage, G′(ω), and loss modulus, G′′(ω), by the
model of Milner and McLeish [95] for the PS200 and PS390 melts at T = 403K.
Experimental results from [84] for the PS200 melt, G′(ω) (◦), G′′(ω) (2); PS390
melt, G′(ω) (5), G′′(ω) (4).
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Figure 3.6: Transient extensional viscosity for the PS200 melt at T = 403K.
Experimental results from [84] for ε̇ = 0.001 s−1 (2), ε̇ = 0.003 s−1 (◦), ε̇ = 0.01 s−1

(5), ε̇ = 0.03 s−1 (?), ε̇ = 0.01 s−1 (4) and model predictions using δcc1,2 (full line)

and δMLD
1,2 (dashed line).

3.3.2 Nearly monodisperse polystyrene melts

The model parameters GN, τd and τs of the PS200 and PS390 melt investigated
in [84] are determined by the following procedure. The G′(ω) and G′′(ω) of the
PS200 and PS390 melt are described by the model of Milner and McLeish [95] for
τe = 0.30 s,Me = 13.300 g/mol andG0

N = 200 kPa , see Fig. 3.5. The magnitude of

τd and τs follow from the relationships τd = 3τeZ
3(1−2C1/

√
Z+C2/Z+C3/Z

√
Z)

and τs = τeZ
2, with C1 = 1.69, C2 = 4.17 and C3 = −1.55 [102]. The magni-

tude of GN is determined by matching the predicted zero shear rate viscosity,
η0 = 0.42GNτd, with the experimental value [84]. The resulting magnitude of GN,
τd and τs are given in Table 3.1. It should be noted that Z, and consequently
the ratio τd/2τs, of the PS200 and PS390 melt are similar to that of the PS1 and
PS2 fluid respectively. Therefore, the smaller magnitude of λmax for the melts is
of special interest compared to the concentrated solutions analyzed before.

For the PS200 and PS390 melt the model predictions for the transient ex-
tensional viscosity, η+

E(ε̇, t), are presented in Figs. 3.6 and 3.7. The stationary
Trouton ratio, Tr = ηE(ε̇)/η0, is shown in Fig. 3.8. For τsε̇ < 1 the model
predictions are in qualitative agreement with experiments, whereas for τsε̇ > 1
qualitative disagreement is obtained. For τsε̇ < 1 the differences in the model pre-
dictions for δMLD

1,2 and δcc1,2 are identical to the differences observed for the PS1 and
PS2 fluid analyzed in section 3.3.1, and therefore not discussed in further detail.
Strain-softening is predicted for τsε̇ < 1 and η+

E(ε̇, t) temporary exceeds the linear
viscoelastic response before reaching a stationary value below 3η0 for τsε̇ ≈ 1. The
difference in the strain softening behavior under stationary conditions for τsε̇ < 1
of the PS200 melt, ηE(ε̇) ∼ ε̇−0.4, and the PS390 melt, ηE(ε̇) ∼ ε̇−0.5, is correctly
predicted by the model, using either δMLD

1,2 or δcc1,2. This difference in scaling expo-
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Figure 3.7: Transient extensional viscosity of the PS390 melt at T = 403K. Exper-
imental results from [84] for ε̇ = 0.0003 s−1 (2), ε̇ = 0.001 s−1 (+), ε̇ = 0.003 s−1

(◦), ε̇ = 0.01 s−1 (5), ε̇ = 0.03 s−1 (?), ε̇ = 0.1 s−1 (4) and model predictions
using δcc1,2 (full line) and δMLD

1,2 (dashed line) and the predicted linear viscoelastic
response (dash-dotted line).

nent originates from a small chain stretch and, again, illustrates the importance
of an accurate estimate of the ratio τd/2τs.

For τsε̇ > 1 the agreement is less satisfactory. The initial transient response
of the PS200 and PS390 melt is predicted correctly up to ε ≈ 1.5, but the strain
hardening behavior for ε > 1.5 is too pronounced compared to experiments. For
τsε̇ > 1 this discrepancy is also reflected by the stationary extensional viscosity,
ηE(ε̇), where a hardening behavior is predicted, but a softening behavior is found
experimentally.

Analysis of the predicted chain stretch reveals that, at the time when η+
E(ε̇, t)

makes the transition to the stationary conditions in the experiments the magni-
tude of λ is larger than about 1.75 and increases with increasing ε̇. This indicates
that the influence of the finite extensibility of the chain sets in, which typically
occurs for λ/λmax > 1/3 [103]. The qualitative and quantitative disagreement be-
tween the model predictions and experiments is not resolved by a variation of the
hardening behavior through a reduction of λmax, as is the case for shear flows [73].
A possible explanation for the strain thinning behavior in ηE(ε̇) for τsε̇ > 1 may
be the loss of entanglements due to constraint release and chain retraction, being
proportional to λ̇dissip, which is observed in the recently developed slip-link mod-
els [74, 77]. In the current model the number of entanglements per chain is not a
dynamic variable, but a constant model parameter. The absence of this physical
process in the model may be the origin for the discrepancy between the model
predictions and the experiments.

3.3.3 Comparison of the concentrated solutions and melts

In sections 3.3.1 and 3.3.2 two concentrated solutions and two melts are investi-
gated, respectively. The number of entanglements per chain of the PS2 fluid and
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Figure 3.8: Stationary Trouton ratio, ηE(ε̇)/η0. Experimental results for the PS200
(2) and PS390 (◦) melt at T = 403K from [84] and model predictions using δcc

1,2

(full line) and δMLD
1,2 (dashed line). The dash-dotted lines represent the scalings

ε̇−0.4 and ε̇−0.5, respectively.

the PS200 melt is approximately equal to 15, whereas for the PS1 fluid and the
PS390 melt Z ≈ 28. The magnitude of λmax is about a factor 3 larger for the
concentrated solution than for the melt, which have an approximately identical
Z. These systems are therefore suitable to isolate the effect of Z and λmax on the
rheological response in uniaxial extensional flows in the regimes 2/τd < ε̇ < 1/τs
and τsε̇ > 1 respectively. For τsε̇ < 1 no difference is observed between the concen-
trated solution and the melt, which have an approximately identical value for Z.
The scaling exponent α for ηE(ε̇) ∼ ε̇−α is 0.4 for Z ≈ 15 and 0.5 for Z ≈ 28, i.e.
the magnitude of α increases with increasing Z. For τsε̇ > 1, the Trouton ratio
of the concentrated solutions increases strongly. This behavior is not observed for
the two PS melts where the Trouton ratio reduces further according to the scaling
ηE ∼ ε−0.5.

In section 3.3.2 it is observed that, according to the model predictions, the
stationary conditions are reached, rather abruptly, when the influence of the finite
extensibility of the chain sets, i.e. λ > λmax/3. This observation may suggest that
the loss of entanglements on the rheological response is ‘triggered’ for λ > λmax/3,
but is negligible for λ < λmax/3. In the remaining of this section it is assumed
that this suggestion is correct and the implications on the rheological behavior are
investigated qualitatively.

First, this observation suggests that the experimentally observed scaling ηE(ε̇) ∼
ε̇−0.5 at fast extension rates of the PS melts is only observed for the conditions,
τsε̇ > 1, λ > λmax/3. The λmax is about a factor 3 larger for the concentrated solu-
tions compared to the melts, which may be the reason why the scaling ηE ∼ ε̇−0.5

is not observed experimentally for the concentrated solutions.
Secondly, in the regime 1 < λ < λmax/3 it is assumed that the loss of entangle-

ments has a negligible effect on the stress, and the current model may still serve
as a guideline in this regime. This implies that the increase of the extensional
stress in the regime 1 < λ < λmax/3 scales as λ2

max. Consequently, in the regime
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1 < λ < λmax/3 the increase of the extensional stress is about a factor 9 larger for
the concentrated solutions compared to the melts. The inflection of the Trouton
ratio around τsε̇ ≈ 1 in the experimental data of the PS melts, see Fig. 3.8, com-
pared to the strong increase of ηE(ε̇) for the concentrated solutions, see Fig. 3.2
and [48], may support the estimated difference in the increase of the extensional
stress qualitatively. Nevertheless, more experimental data is required to verify the
mechanism and trends suggested in the above.

3.4 Shear flow

The model predictions using δcc1,2 and δMLD
1,2 for the stationary viscosity, η(γ̇), and

the first normal stress difference, N1(γ̇), are found to be nearly identical and in
good qualitative agreement with the experiments for the PS1 [81], see Fig. 3.9,
and PS2 fluid [54] (not shown). (For the PS2 fluid the model predictions using
δMLD
1,2 can be found in Fig. 7 of [79].) The model formulation using δMLD

1,2 and
δcc1,2 both predict a shear stress which does not grow monotonically with the shear
rate, contrary to the experiments. For the PS1 fluid this is clearly visible from the
increasing difference between the model predictions and the experimental results.
However, for the PS2 fluid this model feature is almost hidden, as the contribution
of chain stretching sets in at γ̇ ≈ 1/τs ≈ 1.5 s−1. The anomolus shear thickening
at high shear rates originates from strong chain stretching, which is suppressed for
a lower magnitude of λmax as one typically encounters for polymer melts.

The instable flow curve predicted by the model using δMLD
1,2 and δcc1,2 can be

avoided by increasing the intensity of the CCR by adjusting the parameters δMLD
2

and δcc2 respectively. For the model predictions based on the MLD ‘switch func-
tion’ a stable flow curve is obtained for δMLD

2 equal to 2/λ, as shown before
in [79], and those based on the ‘chain connectivity’ switch function for δcc

2 equal
to 2.5 [1 − (3/2)(S− (1/3)I) : (S− (1/3)I)].

For the PS1 fluid minor differences between the model predictions using δMLD
1,2

and δcc1,2 are observed in the transient viscosity, η+(γ̇, t), see Fig. 3.10, and the

first normal stress difference coefficient, ψ+
1 (γ̇, t) = N+

1 (γ̇, t)/γ̇2 (not shown). This
equally holds for the PS2 fluid and therefore not shown. (The model predictions
using δMLD

1,2 for the PS2 fluid, under various shear flow conditions, are reported

in [79,80].) The similarity in the predicted transient response using δMLD
1,2 and δcc1,2

is confirmed by the approximately identical magnitude of the strain at the maxi-
mum in η+(γ̇, t) and ψ+

1 (γ̇, t), which are in good quantitative agreement with the
experimental values for the PS2 fluid [54], see Fig. 3.11. It should be noted that
the transient response in fast shear flows is primarily determined by the magni-
tude of τs, and is only weakly dependent on the implementation of the CR. Hence,
the nearly identical model predictions for the different implementations of the CR
is expected. Alternatively, this illustrates that the transient rheological response
during the start-up of, fast, shear flows is not a critical measure for the implemen-
tation of CR, as recognized before in [45, 46, 54].

The magnitude of δMLD
2 and δcc2 based on the corresponding model predic-

tions are presented in Fig. 3.12. Initially, the magnitude of δcc
2 decreases rather

steep for τdγ̇/2 > 1, but levels off in a similar manner as the extinction angle
for larger shear rates (not shown). The magnitude of δMLD

2 starts to reduce for
τsγ̇ > 1, as expected. Although δcc2 is considerable smaller than δMLD

2 for lower
shear rates, this differences is of moderate relevance as the relaxation dynamics
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Figure 3.9: Steady state viscosity and first normal stress difference for the PS1
fluid [81]. Experimental results viscosity, η, (◦), N1 (4) and model predictions
using δcc1,2 (full line) δMLD

1,2 (dashed line).
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Figure 3.10: Transient viscosity at different shear rates for the PS1 fluid for τdγ̇ =
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Figure 3.13: Steady state value for the δcc2 (full line) and δMLD
2 (dashed line) of

the PS2 fluid for τdε̇ = 1 5, 10, 50, 100 and 500.

are dominated by DR. The stronger reduction of CR by δcc
2 compared to δMLD

2

explains the smaller η(γ̇) and larger N1(γ̇) predicted by the model using δcc2 com-
pared to δMLD

2 , see Fig. 3.9. At high shear rates the condition δMLD
2 < δcc2 is

reached. The larger contribution from CR using δcc
2 is desirable in order to predict

a larger, finite, extinction angle and shear stress compared to the δMLD
2 . This

difference may be of less importance for polymer melts as λmax is considerable
smaller compared to the PS1 and PS2 fluid. Finally, it should be noted that under
transient conditions the difference in magnitude of δMLD

2 and δcc2 is smaller.
From the above two observations are made. Firstly, in shear flows the im-

plementation of the CR mechanism primarily affects the model predictions under
stationary conditions, but has a weak influence on the transient response. Sec-
ondly, for the PS2 fluid the predicted non-monotonic increase of the shear stress
with increasing γ̇, is almost removed due to the contribution from chain stretching
to the stress for γ̇ > 1/τs. Hence, one should be careful in the validation of the
CR mechanism against experimental results in shear flows for polymeric system
of Z < 20, as a proper determination of τd and τs is required. These findings are
also supported by experiments of [104].

3.5 Biaxial flow

As indicated in section 3.2 the magnitude of δcc2 does only vary between 1 and
3/4 in biaxial flows. Comparing the model predictions using δMLD

1,2 and δcc1,2 no
significant differences in the transient and stationary predictions are found, see
Fig. 3.13. Only under stationary conditions, for τsε̇ > 1, minor differences can be
found as the amount of CR is reduced by a larger amount for δMLD

1,2 < 1 compared
to δcc1,2 > 3/4. As discussed above the stress is dominated by chain stretching for
τsε̇ > 1 and limits the influence of CR. In the regime 2/τd < ε̇ < 1/τs the predicted
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stationary biaxial viscosity, ηB(ε̇), scales as ηB(ε̇) ∼ ε̇−1 (not shown) in agreement
with the experiments for a nearly monodisperse PS melt (Z ≈ 20) [105].

3.6 Conclusions

Motivated by chain connectivity and the average orientational order of the poly-
meric system, the relaxation behavior due to the CR mechanism is proposed to
decrease with increasing orientational order in the polymer system. The motiva-
tion for the ‘switch-function’ δcc1,2 is conceptually different from that proposed by
Mead et al. [53], based on the argument that the shortening of the tube domi-
nates over the re-orientation of the tube under strong chain stretching conditions,
which gives δMLD

2 = 1/λ. As a result of this conceptual difference δcc
1,2 < 1 for

τdε̇/2, τdγ̇/2 > 1, whereas δMLD
1,2 < 1 for τsγ̇, τsε̇ > 1.

The stronger reduction of the CR for δcc1,2 compared to δMLD
1,2 in uniaxial exten-

sional flows results into, firstly, an increase of the stationary extensional viscosity
in the strain softening regime and, secondly, strain hardening is predicted at a
slightly lower ε̇, which is in better agreement with the experimental findings. In
shear flows primarily the stationary rheological response is influenced by the im-
plementation of the CR dynamics and η(γ̇) and χ(γ̇) are slightly lower for δcc

1,2

compared to δMLD
1,2 , as δcc2 < δMLD

2 . The opposite holds for N1(γ̇). In biaxial flows
the transient and stationary predictions are identical, except for the stationary
biaxial viscosity at ε̇ > 1/τs.

The better quantitative agreement with experiments for δcc
1,2 in uniaxial exten-

sional flows may question the use of an isotropic orientation as boundary conditions
at the tube end, as suggested before in [106].

From the analysis in shear and uniaxial extensional flows of the concentrated
solutions and the melts it follows that a critical validation of the CR dynamics
can only be performed on systems of Z > 25, implying that τd/2τs > 30. For a
smaller magnitude of Z the instable nature of the flow curve in shear flows, and the
softening behavior in uniaxial extensional flows are significantly influenced by the
contribution from chain stretching to the stress. Hence, an accurate magnitude of
τs is a prerequisite for the validation of the CR dynamics for systems of Z < 25.

For τsε̇ > 1 qualitative disagreement is found between the model predictions
(using either δMLD

1,2 or δcc1,2) and the experimental results for two nearly monodis-
perse PS melts. It is argued that the experimentally observed strain softening
behavior results from the loss of entanglements under flowing conditions, after the
finite extensibility of the polymer chains becomes notable. In the present model
the loss of entanglements under flowing conditions is not described, which may be
the reason for the discrepancy between the model predictions and the experiments.
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Chapter 4

Analysis and validation of

the non-linear shear

rheology of reptation models

with chain stretch

4.1 Introduction

Although the second normal stress difference is smaller than the first, it is impor-
tant for several reasons: In shear rheometry, the development of edge fracture is
directly related to a critical value of the second normal stress difference, N2, [87].
Stability criteria for viscoelastic flow are sensitive to N2 [107]. Secondary flows in
noncircular ducts are governed by the second normal stress difference [108,109]. A
reliable ‘molecular’ rheological model which correctly predicts the stationary and
transient rheological response in N2 would be very desirable in order to predict
secondary flow and stability in industrial applications.

For monodisperse systems of linear, entangled polymers the stationary viscos-
ity and first normal stress difference are correctly described by different molecular
based rheological models, which incorporate the effects of convective constraint
release (CCR) and chain stretching [53,54,69,73,79]. However, the predictions of
the transient viscosity and first normal stress difference vary considerable between
the different models, which is reflected by the difference in, first, the strain at the
maximum in the transient viscosity and first normal stress difference and, second,
the magnitude of the overshoot [69,79]. The incorporation of CCR is of importance
for the model predictions under stationary conditions. However, under transient
conditions better agreement between the model predictions and the experiments
is obtained, if the contribution of CCR is absent [69]. In general, if appears that
the transient rheological response is more sensitive to the formulation of the CCR
mechanism compared to stationary conditions. In addition to the viscosity and
first normal stress difference, it would be desirable to compare model predictions
with experimental data for the transient response of the second normal stress dif-
ference of nearly monodisperse systems. In the literature experimental data of the
second normal stress difference of well entangled nearly monodisperse systems are
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reported for single and double step strain experiments [47,82,85,86], as well as for
steady shear flow [87]. Only recently, Schweizer et al. [110] reported experimental
data for the transient response of the second normal stress difference for a nearly
monodisperse polystyrene, PS, melt.

In this chapter we validate the ‘single segment’ reptation models with chain
stretch developed by Öttinger [72] and Mead, Larson and Doi [53] against experi-
mental data for a nearly monodisperse PS melt in transient and stationary shear
flows reported in [110]. In particular, we focus on the predictions of the second
normal stress difference under transient and stationary conditions.

4.2 Theory

4.2.1 Thermodynamically consistent reptation model

The molecular based model for linear, entangled chains developed by Öttinger [72],
denoted as the ‘thermodynamically consistent reptation model’, TCR, model, de-
scribes the dynamic behavior of the probability density function f(u, s; r, t) and
the stretch ratio λ(r, t). The probability density function f(u, s; r, t) describes the
probability of finding a segment with orientation u at position s on the contour
path. The stretch parameter λ(r, t) is equal to the ratio of the current length of
the contour path, L, to the equilibrium length, L0, λ(r, t) = L/L0. The dynamic
behavior of f(u, s; r, t) and λ(r, t) is described by a Fokker-Planck equation and
an ordinary differential equation, respectively. For further details regarding the
formulation and numerical implementation of the model the reader is referred to
the original papers [72, 79] and chapter 3. In this section, we briefly summarize
the physical processes described by the model and their relevance for the model
predictions. The dynamic behavior of f(u, s; r, t) incorporates the convective coro-
tational behavior of the vector u in the flow field and four relaxation mechanisms:

• The reptation of the chain out of the confining tube.

• The creation, or destruction, of the orientation of the segments at the tube
ends and a linear relabeling of the longitudinal position s when the chain
retracts into the tube, i.e. the dynamics of f(u, s; r, t) is formulated without
the independent alignment approximation.

• The reptation of the chain forming the tube, usually referred to as ‘double’
reptation [56, 57].

• CCR associated with the retraction dynamics of the chain forming the tube.

It is noted that in the TCR model the CCR dynamics act directly on the relaxation
dynamics of the orientation vector u, rather than on the relaxation dynamics of
the longitudinal position s. The dynamic behavior of λ(r, t) contains a convective
contribution from the flow field and the relaxation behavior represents the chain
retraction dynamics.

The intensity of the CCR is determined by the parameter δ2 [72,79]. For δ2 = 0
no CCR is present and the predicted stationary shear stress shows a pronounced
maximum with increasing shear rate [79]. (For δ2 = 0, the TCR model may be
compared with a single segment formulation of the Doi-Edwards-Marrucci-Grizzuti
model [44–46, 69].) For δ2 = 1 the intensity of the CCR is identical to that
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originally proposed by Marrucci [63]. Although the model predictions for the rate
dependent stationary shear stress are strongly improved for δ2 = 1, the flow curve
is still instable, i.e. it has a local maximum in the shear stress around τdγ̇ = 6.
The instable nature of the flow curve can be removed by taking δ2 = 2 [79].
The influence of the intensity of the CCR on the stationary and transient model
predictions are discussed in more detail in section 4.3. The formulation without
independent alignment is of importance to predict the temporary undershoots in
the transient viscosity and extinction angle at high shear rates. In addition, due
to the chain retraction, the chain segments is moved away from the tube end
and consequently suppresses the reptation dynamics. The formulation with, or
without the independent alignment approximation does not affect the magnitude
of the second normal stress difference and the normal stress coefficient in the zero
shear rate limit and under non-stretching conditions, as discussed in [50, 92].

In the linear viscoelastic regime, the relaxation modulus of the TCR model is
similar to that following from the double reptation concept [56, 57], which can be
used to obtain a first estimate of the reptation time from the linear viscoelastic
response. Finally, we list the model parameter, which are the modulus, GN, the
reptation time τd, the stretching time (or longest Rouse time of the chain), τs, and
the maximum stretch ratio, λmax.

4.2.2 Molecular based model developed by Mead, Larson,

and Doi

The single segment model developed by Mead, Larson and Doi (MLD) [53,69], i.e.
their ‘toy’ or simplified version, is a coupled set of integral-differential equations
for the average orientation tensor, the tube survival probability and the chain
stretch. (In the remainder of the chapter the ‘simplified version’ is omitted for
convenience and we refer to it as the MLD model.) The MLD model incorporates
the effect of reptation, double reptation, CCR, and chain stretching, as is the case
for the TCR model. The effect of CCR enhances the relaxation dynamics of the
average orientation tensor, as well as the stretching dynamics. As the MLD model
is formulated with the independent alignment approximation it does not predict
a temporary undershoot in the transient viscosity and extinction angle during the
start-up of fast shearing flows.

4.3 Results and discussion

In the present section the model predictions of the TCR model, with the intensity
of CCR equal to δ2 = 0, 1 and 2, and the MLD model, with and intensity of CCR
equal to 1, are compared to the experimental data for the nearly monodisperse PS
melt reported in [110]. First, we provide the procedure to determine the model
parameters. Subsequently, the model predictions of the TCR and MLD model
under stationary and transient flow conditions are analyzed and discussed.

4.3.1 Determination of the model parameters

The model parameters GN, τd, τs, and λmax are determined based on the following
procedure. First, the storage and loss moduli are described by the model proposed
by Milner and McLeish [95], using the implementation in Sec. II B of [12], by
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Figure 4.1: Dynamic moduli of PS 200k at 175 ◦C from [110]. The symbols are
calculated from the relaxation time spectrum, solid lines: model predictions for
the model of Milner and McLeish [95], dashed lines: model predictions of the TCR
model.

Parameter Value Units ref.
Mw 200 kg/mol [110]
Mw/Mn 1.06 - [110]
Me 13 kg/mol [111]
Z 15.4 - section 4.3.1
τe 0.275 ms section 4.3.1
G0

N 200 kPa section 4.3.1
T 175 ◦C [110]
η0 91 kPas [110]
GN 168 kPa section 4.3.1
τd 1.33 s section 4.3.1
τs 65 ms section 4.3.1
λmax 4.14 - section 4.3.1

Table 4.1: Characteristic of the nearly monodisperse PS melt and the value of the
model parameters. Parameters of the Milner and McLeish model [95], G0

N, Z and
τe, and the model parameters of the TCR and MLD model, GN, τd, τs and λmax

determined according to the procedure outlined in section 4.3.1.
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fitting the equilibration time, τe, the plateau modulus, G0
N, and the number of

entanglements, Z. The storage and loss modulus are correctly described for τe =
2.75 × 10−4 s, G0

N = 200 kPa, and Z = 15.4, see Fig. 4.1. Subsequently, the
magnitude of τs follows from the relationship τs = τeZ

2. It is noted we employ the
model of Milner and McLeish [95] only to obtain the value of τs in the TCR model.
The reptation time, τd, results from matching the experimental crossover between
the storage and loss modulus with the prediction of the TCR model, which is
closely related to that of the double reptation model. Finally, the modulus GN

follows from the condition that the predicted zero shear rate viscosity of the TCR
model, η0 = 0.42GNτd, is identical to the experimental value. Application of this
procedure yields τd = 1.33 s, τs = 0.065 s, and GN = 168 kPa.

The theory of Milner and McLeish [95] has been used before to determine the
magnitude of τs, see [12,81] and chapter 3. In these cases, the model predictions for
the onset of strain hardening in uniaxial extensional flows are in good agreement
with experimental findings. This observation supports that an accurate estimate
of τs is obtained by the procedure outlined in the above. A manual fit of τs is not
pursued here as characteristic features of chain stretching [45,46] are weak for the
experimental conditions covered in the experiments and (partly) affected by the
compliance of the rheometer [110].

The magnitude of λmax is equal to the ratio of the maximum to the equilibrium
length of the contour path between two entanglements. The maximum length for
a fully hydrated carbon-carbon chain equals 0.82(Me/Mb)l and the equilibrium
length equals

√

C∞Me/Mbl, giving λmax = 0.82
√

(Me/Mb)/C∞, with C∞ the
characteristic ratio, Me the molecular weight per entanglement, Mb the molecular
weight per bond, and l the bond length. The prefactor 0.82 accounts for the fact
that the chain adopts the zig-zag conformation in the fully extended case. For
PS Me = 13.000 g/mol, Mb = 52 g/mol, and C∞ = 9.8 [111] giving λmax = 4.14.
It is noted that the magnitude of λmax does not affect the results in the present
chapter.

The value for the model parameters GN, τd and τs in the TCR and MLD
models, the magnitude of G0

N, τe and Z in the model of Milner and McLeish [95]
and other characteristics of the nearly monodisperse PS melt investigated in [110]
are given in Table 4.1.

4.3.2 Stationary response

The predicted stationary shear stress, p21, and first normal stress difference, N1,
for the TCR and MLD model with δ2 = 1 are in good agreement with experimen-
tal data, see Fig. 4.2. For δ2 = 0 the TCR model predicts a local maximum in the
shear stress at τdγ̇ = 6, which is in qualitative disagreement with experimental
data. Alternatively, we find that for δ2 ≥ 1 the predicted flow curve is stable,
illustrating the importance of CCR in shear flows. Model predictions of the TCR
and MLD model for the extinction angle, χ = 0.5atan(2p21/N1), are compared to
experimental data in Fig. 4.3. For δ2 = 1 both the TCR and MLD model are
in good agreement with experimental data. Differences are nevertheless observed
for large shear rates, where the MLD model predicts a stronger shear thinning
behavior compared to the TCR model. Also, we find that increasing δ2 results in
a rather pronounced increase of χ for large shear rates, see Fig. 4.3. Finally, we
note that chain stretching influences χ implicitly through the formulation of the
CR dynamics, as the contributions from chain stretching to the stress components
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cancel in the ratio p21/N1.
Next, we turn to the stationary second normal stress difference, N2, and the

normal stress ratio, Ψ = −N2/N1. Here, we also include experimental data for Ψ
reported for concentrated solutions of nearly monodisperse PS in n-butylbenzene
by Magda and Baek [87]. For δ2 = 1 model predictions of the TCR model are
in good agreement with experimental data for −N2 and Ψ, see Fig. 4.4. The
predictions of the MLD model give a qualitative correct description, but are sys-
tematically below the experimental data for −N2 and Ψ for larger shear rates. In
the zero shear rate limit both the TCR and MLD model predict that Ψ = 2/7,
which is in good quantitative agreement with a value of Ψ = 0.275 measured by
Magda and Baek [87] for concentrated nearly monodisperse solutions. It is inter-
esting to note the influence of CCR on the predictions of −N2 and Ψ. For δ2 = 0
we find a local maximum in −N2 for τdγ̇ = 10, whereas for δ2 ≥ 1 we observe
a monotonic increase in −N2 with increasing shear rate. These observations are
qualitatively similar to p21, although the position of the local maximum in p21

and −N2 differs. In addition, we observe that increasing δ2 results in a rather
significant increase of Ψ for large shear rates, similar to χ. In general, for δ2 = 1
the TCR model correctly predicts experimental data for Ψ, although the scatter
for the nearly monodisperse PS melt is considerable for γ̇ = 0.1 and 30 s−1.

4.3.3 Transient response

For the analysis of the transient response, we consider the particular case of a
shear rate of γ̇ = 10 s−1. The comparison for other shear rates is given in [110].
In the present section it is of importance to note that for the nearly monodis-
perse PS melt the ratio of the axial response time, τa to τd is rather large, i.e.
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τa/τd = 0.08 [42, 110, 112]. In this case the axial compliance of the rheometer is
of importance for the measurements of the transient normal forces. As a result,
a time delay is observed between the measured transient response and model pre-
dictions for N1 and N2, see Figs. 4.6 and 4.7.

For γ̇ = 10 s−1 good qualitative agreement between the model predictions and
experimental results for the transient viscosity, η, first and second normal stress
difference is obtained, see Figs. 4.5-4.7. In general it appears that better quan-
titative agreement between the model predictions and the experimental results is
obtained during the transient response by reducing the intensity of the CCR. In
particular for the transient response in the viscosity we observe good quantitative
agreement between model predictions of the TCR model with δ1 = 0 and the ex-
perimental data. Also, it is noted that the undershoot in the transient viscosity is
pronounced for δ2 = 0, but is suppressed by increasing the intensity of the CCR.
Alternatively, the stationary predictions for η and N1 are better described by in-
creasing the intensity of CCR, whereas the stationary magnitude of N2 is nearly
identical for δ2 = 1 and δ2 = 2, in this particular case.

The difference in the transient response of the viscosity and normal stress differ-
ences primarily originates from the intensity of the CCR mechanism on the orienta-
tion of the chains and the coupling to the chain orientation with the stretching dy-
namics in the flow. The latter equals λS12γ̇ for shear flows, with S12 being the ‘12’
component of the symmetric order orientation tensor, S =

∫ ∫

f(u, s; r, t)uududs.
Increasing the intensity of the CCR mechanism results in a reduction of the ‘ef-
fective’ reptation time of the chain and the flow field becomes less effective in
orienting the chain for increasing δ2. Due to the larger magnitude of S12 for de-
creasing δ2 the chains are stronger stretched during the transient response. This
effect is amplified as the chain stretching dynamics in the flow field scales linearly
with λ, which has a rather pronounced impact on the stress, as τii ∼ λ2.

For the current simulation it should be noted that for a quantitative analysis
the direct influence of the CCR mechanism on the orientation, and the indirect
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experiment/model γmax,0(p21) γmax,0(N1) γmax,0(|N2|) reference
PS melt, monodisperse 2 5 3 [110]
PS melt, polydisperse 2.3 5 2.8 [114]
TCR-model, δ2 = 1 1.8 4 3.5
MLD-model, δ2 = 1 2.0 4 3.3

Table 4.2: Low-shear-rate-limit strain at the maximum stress γmax,0 for the shear
stress, p21, first normal stress difference, N1, and absolute second normal stress
difference, |N2| for a nearly monodisperse and polydisperse PS melt and model
predictions of the TCR and MLD model with δ2 = 1.

coupling to the stretch, are required to account for the differences in the shear and
normal stresses under transient conditions. In the stationary state an increase in
the intensity of the CCR results in a more isotropic configuration of the contour
path. Given the rather small chain stretch under stationary conditions this is the
primary mechanism for the current experiments.

For γ̇ = 10 s−1 we find that τsγ̇ ≈ 0.65, which suggests that the amount of
chain stretching is rather weak. This observation indicates that the overshoot in
|N2| primarily results from a change in the orientation of the chains, just as for
the overshoot in η. Both overshoots are predicted by the original Doi-Edwards
model (with or without independent alignment) [52, 113]. Contrary to the shear
stress and |N2|, the overshoot in N1 is only observed when there is an overshoot
in the chain stretch, as identified before by [45, 46].

Next, we analyze the strain at the maximum in p21, N1 and |N2|, denoted
as γmax(p21), γmax(N1), and γmax(|N2|), respectively. Figure 4.8 presents model
predictions of the TCR and MLD model with δ2 = 1 and experimental data
of γmax(p21), γmax(N1) and γmax(|N2|), as a function of shear rate. For clar-
ity, model predictions are shown for δ2 = 1 only. (Increasing the intensity of
CCR shifts the maximum in p21, N1 and |N2| to shorter times (strains), see Figs.
4.5-4.7.) The magnitude of γmax levels off to a value γmax,0 at low shear rates
and it appears that a master curve can be constructed for γmax(p21)/γmax,0(p21),
γmax(N1)/γmax,0(N1), γmax(|N2|)/γmax,0(|N2|), as shown before for p21 and N1

by [45,46]. In agreement with experiments the TCR and MLD model predict that
γmax(p21) < γmax(|N2|) < γmax(N1). Also, good quantitative agreement is found
between experimental data and the TCR and MLD models with δ2 = 1 for the
‘zero shear rate limit’ values γmax,0(p21), γmax,0(N1) and γmax,0(|N2|), see Table
4.2. Here, also experimental data from a polydisperse PS melt are included [114],
where the influence of the compliance on the measured transient response of N1

andN2 is less pronounced compared to the the monodisperse PS melt [110,114]. As
seen, the experimental data of the nearly monodisperse and polydisperse PS melt
are in good quantitative agreement with each other, and the model predictions.
Hence, this experimental observation further supports that the ordering of the
strains at the maximum in p21, N1 and |N2| is γmax(p21) < γmax(|N2|) < γmax(N1).

Finally, we turn to the magnitude of the overshoot in the stress components,
defined as the ratio of the maximum (absolute) stress to the stationary value. In
Fig. 4.9, the overshoot in p21, N1 and |N2| is compared between experiments
and simulations of the MLD and TCR model for δ2 = 1. The simulations ren-
der correctly the trend of the magnitude of the overshoot for all three stresses,
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as well as the ordering of the overshoot, O, namely O(N1) < O(|N2|) < O(p21).
Reducing the intensity of the CCR has a rather pronounced effect on the predicted
overshoot as the difference in the maximum and stationary values of p21, N1 and
−N2 increases with reducing δ2, which can be observed from Figs. 4.5-4.7. Hence,
comparison of experimental and predicted overshoot should be performed on a
qualitative basis, as both transient and stationary model predictions are not in
quantitative agreement with experiments.

4.3.4 Comparison of the model prediction of the TCR and

MLD model

In this section the model predictions of the MLD and TCR models for δ2 = 1 are
compared. The model predictions of the stationary shear stress, first normal stress
difference, and extinction angle are very similar for the TCR model with δ2 = 1
and the MLD model, as observed before by [79]. The predicted stationary shear
stress and extinction angle are somewhat larger for the MLD compared to the
TCR model, which is ascribed to the difference in the implementation of the CCR
and the formation with or without the independent alignment approximation. The
predicted stationary |N2| is consistently lower for the MLD compared to the TCR
model, see Fig. 4.4. As the opposite holds for N1, the shear thinning behavior of Ψ
is more pronounced for the MLD compared to the TCR model. The predictions of
the MLD and TCR model for the transient response in |N2| are qualitatively very
similar, see Fig. 4.4, and also γmax(p21) < γmax(|N2|) < γmax(N1) for the MLD
model. The magnitude of γmax,0(|N2|) = 3.3 is somewhat higher, whereas the
increase of γmax(|N2|) for increasing shear rates is more pronounced for the MLD
compared to the TCR model. The latter also applies to γmax(p21) and γmax(N1).
Finally, compared to the TCR model the overshoot of the MLD model is lower for
p21 and N1, whereas the opposite holds for N2. A qualitative difference between
the TCR and MLD model is that O(|N2|) > O(p21) for large shear rates for the
latter. It is noted that up to τdγ̇ < 13 the maximum p21 is larger for the TCR
compared to the MLD model, whereas the opposite holds for the maximum N1 and
the stationary values of p21 and N1. For τdγ̇ > 13 or τsγ̇ > 0.65, the magnitude
of the overshoots, based on the current definition, are switched and the overshoot
in the MLD model is larger than in the TCR model. This is, however, primarily
due to a lower magnitude of the stationary p21 and N1 for the MLD compared to
the TCR model, see Fig. 7 of [79]. However, for these shear rates quantitative,
and the onset of qualitative, disagreement with experiments is observed for both
models regarding the stationary predictions.

4.4 Conclusion

In this chapter we analyzed the transient and stationary non-linear shear rheol-
ogy of a nearly monodisperse linear entangled polymer melt. Here, we considered
the thermodynamically consistent reptation model developed by Öttinger [72], the
TCR model, and the molecular based reptation model by Mead, Larson and Doi,
the MLD model. The predictions for the TCR and MLD model are compared to
experimental data for the shear stress, p21, first and second normal stress differ-
ence, N1 and N2, and the normal stress ratio, Ψ, for a nearly monodisperse PS
melt [110] and concentrated PS solutions [87]. Both the TCR and MLD model
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give a qualitative correct description for the transient and stationary response in
p21, N1, N2 and Ψ. The present validation study shows that the overshoot in −N2

is connected to the orientation of the chain segments, which is predicted by the
TCR and MLD model, as well as the original Doi-Edwards model. The intensity
of the CCR (δ2) influenced the TCR simulation results under transient and sta-
tionary conditions in opposite directions. The overshoot in p21 and −N2 during
the transient response appears to be best described with δ2 = 0, and an identical
observation applies to the moderate undershoot in the shear stress. Alternatively,
the steady state values of all stresses are qualitatively best matched for δ2 = 1.
For δ2 = 1 the TCR model correctly predicts the experimental data for |N2| and
Ψ reported by Schweizer et al. [110] and Magda and Baek [87]. Quantitatively,
the transient and stationary second normal stress difference predicted by the MLD
model is consistently smaller for all shear rates compared to the TCR model with
δ2 = 1, and experimental data. Similar observations apply to the shear thinning
behavior of Ψ.

We found that the model predictions for the stationary extinction angle and
normal stress ratio are both sensitive to the intensity of CCR. This suggests that
complementary experimental data for N2 are very useful to validate the imple-
mentation of CCR. Unfortunately, the chains of the PS melt considered in this
chapter are relatively short, Z = 15, and consequently no clear ‘plateau’ regime
can be identified, where the p21, N1 and N2 increase weakly with increasing shear
rate and CCR is the dominant relaxation mechanism. In addition, this regime
can not be explored for nearly monodisperse polymer melts with present shear
rheometers [110]. In this respect the development of new measurement devices for
N2 is encouraging [115], which can be applied to both concentrated solutions and
melts.
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Chapter 5

Molecular based description

of bidisperse systems of

entangled linear chains

5.1 Introduction

The influence of the molecular weight distribution, MWD, on the linear viscoelas-
tic response has been subjected to considerable experimental and theoretical in-
vestigations, as reviewed in [38]. Alternatively, systematic investigations on the
non-linear rheological behavior of well defined bi- and polydisperse melts are more
restricted. In step-strain-stress relaxation experiments polydispersity weakens the
damping function observed for monodisperse systems, although the ratio of the
first to second normal stress difference is unaffected by the polydispersity [116]. In
uniaxial extensional flows strain hardening can be strongly affected by a variation
of the MWD [12,15, 117,118], similar to the compliance [119].

The incorporation of chain stretching [45, 46] and convective constraint re-
lease [63,64] into the Doi-Edwards model [37] has considerably improved the pre-
dictions of the rheological behavior of monodisperse systems [53,54,69–72,79,120].
Molecular based models for polydisperse systems are more scarce, and in practice
a decoupled multi-mode description is applied to describe polymer melts, see, for
example, [121–123]. The first consistent molecular based approach is the exten-
sion of the Curtiss-Bird model to polydisperse systems by Schieber et al. [124].
The performance is compared with experiments in stationary shear and uniaxial
extensional flows in [125, 126]. More recently, Pattamaprom et al. [90] and Pat-
tamaprom and Larson [69] extended the ‘monodisperse’ formulation of the model
of Mead, Larson and Doi [53] to bidisperse systems. This model is compared to
experimental data on well defined bidisperse concentrated solutions in transient
and stationary shear and uniaxial extensional flow conditions [12,69], and to indus-
trial polydisperse PS melts in stationary uniaxial extensional flows [90]. A similar
approach is taken by Iannuriberto and Marrucci [127,128], although a comparison
with experiments is not made.

In this chapter the thermodynamically consistent reptation model, the TCR
model, developed by Öttinger [72] and Fang et al. [79] is extended to polydisperse
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systems of entangled linear chains and validated against experimental results on
well defined bidisperse concentrated PS solutions.

5.2 Governing equations

In this section the governing equations for the rheological response of polydisperse
systems of entangled linear chains are specified, following the work of [69, 80, 90].
The MWD is discretized into N parts, which have a molecular weight, Mi, and
a mass fraction φi,

∑N
i=1 φi = 1. The different parts of the MWD are referred

to as the different species below. The independent variables for the description
of the contour path of species i are the distribution function fi(u, s, j; r, t) and
the stretch parameter λi(r, t). The distribution function fi(u, s, j; r, t) describes
the probability of finding a segment of orientation u at position s, s ε [0, 1], on
the contour path of species i, which is constraint by a segment of species j.
The distribution function fi(u, s, j; r, t) is independent on position normalized as
∑

j

∫ 1

0

∫

fi(u, s, j; r, t)duds = 1. The stretch parameter λi(r, t) represents the ra-

tio of the current length of the contour path, Li, to the equilibrium value, Li0,
λi(r, t) = Li/L

i
0.

The evolution equation for λi equals

Dλi
Dt

= λiSi:∇v + λ̇idissip, (5.1)

with ∇v the velocity gradient and Si the symmetric second order orientation
tensor

Si = Si(r, t) =
∑

j

∫ 1

0

∫

fi(u, s, j; r, t)uududs. (5.2)

The expression for the chain retraction dynamics, λ̇idissip, reads

λ̇idissip = − 1

τsi

λ2
max(λi + 1)

λi(λ2
max − λ2

i )
(λi − 1), (5.3)

with τsi the relaxation time for the chain retraction of species i and λmax is the
maximum stretch ratio of a polymer segment and therefore independent on i. The
maximum stretch ratio is determined from the average number of Kuhn segments
between two entanglements via the relationship, λmax =

√
NK. Assuming a Gaus-

sian distribution NK follows from the tube diameter, b, and the Kuhn length, lK,
via b = lK

√
NK [79]. It should be noted that the influence of the polydispersity on

the dynamic behavior of λi enters implicitly through the average chain orientation
of species i, Si, which has an explicit dependency on the MWD, which is discussed
next.

The Fokker-Planck equation for fi(u, s, j; r, t) reads

Dfi
Dt

= − ∂

∂u
·
[(

I − uu

|u|2
)

· (∇v)T · ufi
]

+
1

π2τdi

∂2fi
∂s2

(5.4)

+
∂

∂s
(s− 1

2
)
λ̇idissip

λi
fi −

λ̇idissip

λi
fi +

∂

∂u
·Dij

(

I − uu

|u|2
)

· ∂

∂u
fi.

The first term describes the corotational convection of the vector u in the flow field.
The second term represents the reptation dynamics and τdi denotes the reptation
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time of species i. The third and fourth term account for the linear relabelling
of the contour label s and the associated configurations lost, or gained, at the
tube boundaries when the chain retracts into the tube. The last contribution is
associated to the constraint release of the polymer chains forming the tube. The
CR occurs along the entire polymer chain, but does not change the longitudinal
position of the tube segment. Hence, this process is different from the reptation
dynamics, where the constraints are released when the segment reaches the end of
the tube. Therefore, it is more appropriate to describe the effect of CR through
the relaxation dynamics on u compared to s. It is noted that only the constraint
release mechanism depends explicitly on the polydispersity of the system. The
constraint release parameter Dij equals

Dij =
1

6

1

λi

[

1

τdj
−
λ̇jdissip

λj
H
(

−
λ̇jdissip

λj

)]

, (5.5)

and describes the effect of double reptation and convective constraint release re-
spectively. The prefactor ‘1/λi’ equals the ‘switch-function’ for the constraint
release on the orientation of the chain [53] and H is the Heaviside function.

The Fokker-Planck equation for fi(u, s, j; r, t) is supplemented with boundary
conditions at the tube ends. We specify, firstly, a random orientation of the vector
u, and secondly, a random selection of the index j, (i.e. a random selection which
species constraints the segments of species i) at the tube end, giving

fi(u, s, j; r, t) = f̃i(s)φj
1

4π
δ(|u| − 1) for s = 0, 1 (5.6)

with f̃i(s) =
∑

j

∫

fi(u, s, j; r, t)du. To preserve the total probability of fi(u, s, j; r, t)
the boundary conditions

∂f̃i(s)

∂s

∣

∣

∣

∣

∣

s=0

=
∂f̃i(s)

∂s

∣

∣

∣

∣

∣

s=1

= 0, (5.7)

apply at the tube ends.
The stress, τ , is given by

τ =
∑

i

τ i =
∑

i

φi5GNi

(

1 + λ2
max

λ2
i − 1

λ2
max − λ2

i

)

Si, (5.8)

with GNi the modulus of a monodisperse system of species i. The reason why GNi

differs for the species originates from the effect of tube length fluctuations, which
has a universal dependency on Mi [37, 102,129].

The governing equations for the dynamic behavior of fi(u, s, j; r, t) and λi(r, t)
are expected to be limited to specific polymeric fluids. In particular, the double
reptation principle is restricted to bidisperse systems, where the low and high
molecular weight chains are mutually well entangled with themselves, and the
influence of tube dilation and fast Rouse relaxation modes can be neglected [38,
61, 130].

5.3 Model parameters and simulation procedure

For model predictions τdi, τsi, GNi and λmax need to be determined. For consis-
tency reasons the the magnitude of τdi and τsi in the present model are identical

45



φ Mw [g/mol] η0 [Pas] GN [Pa] τdi [s] τsi [s] Zi
LMW 0.0 2.98× 106 1650 417 9.4 0.76 12.3
HMW 1.0 8.42× 106 45700 574 189.6 5.0 31.6

Table 5.1: Characteristics and model parameters of the low molecular weight
(LMW) and high molecular weight (HMW) component at T = 294K, from [12].

to those considered by Ye et al. [12]. Given the value of τdi, the modulus GNi

follows from the relationship η0 ≈ 0.42GNiτdi, with η0 the experimental zero shear
rate viscosity of the system. The value of λmax is taken identical to 8.3, i.e. a
factor 2 lower compared to that based on molecular arguments. In the present
model the difference in λmax only affects the ‘plateau value’ of ηE(ε̇) by a factor of
4 for high extension rates, as ηE(ε̇) ∼ λ2

max for ε̇� 1/τsi. Changing λmax does not
result in a smoother transition towards this plateau value in the present model,
as it is the case for the (polydisperse) MLD model. The reason for this difference
is that the MLD model incorporates the effect of CCR on the chain relaxation
dynamics, whereas the present model does not. Ye et al. [12] indicate that the ar-
tificial reduction of λmax may only reflect the limitation of a single segment theory.
The model parameters of the monodisperse LMW and HMW systems are given in
Table 5.1.

The following simulation procedure is applied. The Fokker-Planck equation for
fi(u, s, j; r, t) is reformulated into two stochastic differentials equations for its ar-
guments [79,80,91], which are solved in combination with the ordinary differential
equations for λi. The computational cost for polydisperse polymeric systems can
strongly increase due to, firstly, the inherent large separation of time scales, as
τdi ∼ Z3

i , and, secondly, the generation of an ensemble for the individual species.
For a monodisperse formulation a time step of ∆t = 0.0001π2τd is found to give
satisfactory results. In order to resolve the fastest relaxation times a time step
of ∆t = 0.0001π2τd1 is considered, and an ensemble size of 10.000 is used for the
individual species in all simulations.

5.4 Shear flow

In the present section the model predictions are compared to experimental data
for mono- and bidiperse entangled solutions in shear flow, as reported by Pat-
tamaprom and Larson [69]. The model predictions are in good quantitative agree-
ment with experimental data for shear rates up to about 3 s−1 for the HMW species
and the blends, and up to about 20 s−1 for the pure LMW system, see Fig. 5.1.
For larger shear rates the stationary viscosity, η(γ̇), shows shear thickening behav-
ior and stationary first normal stress difference, N1(γ̇), increases too pronounced
compared to experimental data. This thickening behavior at large shear rates is
connected to a pronounced increase in the chain stretch, till it is restricted by the
finite extensibility of the chains. Hence, we will focus on a lower shear rate of 1
s−1 in the remaining of this section.

Figure 5.2 illustrates that for γ̇ = 1.0 s−1 an increase in the mass fraction of
HMW chains results in a pronounced increase in the overshoot of the transient
shear stress, while the stationary shear stress is only weakly affected. Both obser-
vations are in qualitative agreement with experimental data [69]. Also, the time
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Figure 5.1: Stationary predictions of η(γ̇) and N1(γ̇) for φ = 0, 0.2, 0.4, 0.6,
0.8 and 1.0 from bottom to top. Experimental data from [69] are indicated by
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(◦). Open symbols: viscosity, η(γ̇), closed symbols: first normal stress difference,
N1(γ̇).
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Figure 5.2: Predicted transient shear stress for γ̇ = 1.0 s−1.
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Figure 5.3: Predicted transient first normal stress difference for γ̇ = 1.0 s−1.
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corresponding to the maximum in the shear stress increases with φ. The model
predicts a monotonic increase in N1(γ̇) with increasing φ, whereas a pronounced
overshoot in N+

1 (γ̇, t) is only observed for φ ≥ 0.6, see Fig. 5.3. The overshoot
in N1(γ̇, t) originates from chain stretching of the HMW chains. In this respect
it should be noted that the transient response and stationary value of the HMW
chain stretch, λ2, varies with φ, see Fig. 5.4. Hence, the larger overshoot in
N+

1 (γ̇, t) with increasing φ results from cooperative contributions from a larger
overshoot in λ2 and a larger relative contribution from the HMW chains to the to-
tal stress. However, as seen from Fig. 5.3 only for φ ≥ 0.6 stretching of the HMW
chains can be (clearly) inferred from the overshoot in N+

1 (γ̇, t). Alternatively, for
φ ≤ 0.4 the stress contribution of the non-stretched LMW chains is larger than the
HMW chains and consequently the overshoot in the HMW chain stretch is only
weakly reflected in an overshoot in N+

1 (γ̇, t).
Under stationary conditions, the increase in λ2 with decreasing φ can be un-

derstood as follows. For reducing φ the HMW chains become less aligned in the
flow field, as the mechanism of double reptation reduces the effective (orienta-
tional) relaxation time of the chains. As a result, the ability to stretch the HMW
chains by the flow field increases with decreasing φ for a given flow rate, which is
reflected by an increasing stationary value of λ2 for decreasing φ. The change in
the HMW chain stretch with a variation in the molecular weight distribution may
be of relevance to the flow induced crystallization dynamics, which are assumed
to be connected to the stretching of the HWM chains in the melt. However, the
trend suggested by Fig. 5.4 can not be generalized to arbitrary high shear rates, as
the model predictions are in qualitative disagreement with experimental findings
for large shear rates, as discussed before.
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Figure 5.5: Stationary extensional viscosity. Full lines: model prediction for φ =
0.0, 0.2, 0.4, 0.6, 0.8, 1.0 from bottom to top. Symbols: experimental results from
[12] for φ = 0 (?), φ = 0.2 (5) φ = 0.4 (2), φ = 0.6 (4), φ = 0.8 (◦) and φ = 1
(3).
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Figure 5.6: Predicted transient extensional viscosity at ε̇ = 0.5 s−1 for φ =
0.2, 0.4, 0.6, 0.8, 1.0 from top to bottom (full lines) and experimental results
from [12] for φ = 0.2 (5) φ = 0.4 (2), φ = 0.6 (4), φ = 0.8 (◦) and φ = 1
(3).

5.5 Uniaxial extensional flows

The mono- and bidisperse sytems investigated in section 5.4 are experimentally
characterized in uniaxial extensional flows by Ye et al. [12]. The predicted sta-
tionary extensional viscosity, ηE(ε̇), is in qualitative agreement with experiments
for the LMW species in the softening 1/τd1 < ε̇ < 1/τs1 and hardening regime,
ε̇ > 1/τs1, see Fig. 5.5. However, for φ ≥ 0.2 the predicted ηE(ε̇) is consistently
below the experimental values in the softening regime. For the LMW species the
contribution of chain stretching partly ‘removes’ this model feature, as identified
before for monodisperse systems, see chapter 3. For the bidisperse systems of
φ ≥ 0.2 strain hardening is predicted to set in at ε̇ ≈ 0.2 s−1 ≈ 1/τs2. Given the
scatter in the experimental data the agreement between model predictions and
experiments is considered to be good. This observation demonstrates that even
for relative low values of φ, the rheological behavior in uniaxial extensional flows
can be dominated by the stretched HMW chains. Under stationary conditions
the stress contribution of the LMW species is negligible compared to that of the
HMW species for 1/τs2 < ε̇ < 1/τs1, see also Fig. 5.7. As a result, ηE(ε̇) increases
in an approximately linear fashion with φ for φ ≥ 0.2 and 1/τs2 < ε̇ < 1/τs1 in the
model predictions.

For the bidisperse systems and the monodisperse HMW system deformed at
ε̇ = 0.5 s−1 we find that the predicted transient extensional viscosity is in good
quantitative agreement with experiments for ε < 2.5, see Fig. 5.6, whereas for
ε > 2.5 the predicted extensional viscosity is larger than the experimental data.
For φ = 0.2 and 0.4 the LMW species contribute significantly to the total exten-
sional stress for small ε till it is exceeded by the, stretched, HMW species, see Fig.
5.7. Alternatively, for φ = 0.6 and 0.8 the contribution of the LMW species is
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Figure 5.7: Transient extensional viscosity at ε̇ = 0.5 s−1 for different φ. a) φ =
0.2, b) φ = 0.4, c) φ = 0.6 and d) φ = 0.8. LMW contribution (dashed line),
HMW contribution (dash-dotted line), total stress (full line) and experimental
data (symbols) from [12].
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small compared to the HMW species for any ε. As a result of the more dominant
contribution of the HMW species to the total extensional stress with increasing
φ, the deviation from the linear viscoelastic response shifts towards lower Hencky
strains with increasing φ. This trend is also observed experimentally for bidisperse
polybutadiene melts [117].

Analysis of the LMW and HWM chain stretch reveals that the MWD has a
negligible influence on the chain stretch dynamics of the individual species, con-
trary to shear flows. Following identical arguments, as put forward above for shear
flows, one may have expected that in uniaxial extensional flows the HMW chain
stretch decreases with decreasing φ for a given ε̇. This may be observed for a larger
difference in Mi, and hence τdi, of the different species, which is, for example, the
case for industrial polydisperse melts [90].

5.6 Conclusion

The molecular based model for monodisperse entangled linear polymer systems de-
veloped by Öttinger [72] and Fang et al. [79] is extended to polydisperse systems
and validated against experimental data for bidisperse concentrated polystyrene
solutions in shear and uniaxial extensional flows. In uniaxial extensional flows
good quantitative agreement is obtained between model predictions and experi-
mental results. In particular, the model correctly predicts the sensitivity of the
extensional viscosity on the stretching of the high molecular weight chains. In
shear flows good quantitative agreement is obtained provided the high molecular
weight chains are not significantly stretched, i.e. for τs2γ̇ ≤ 3. For larger shear
rates the model predicts shear thickening behavior of the stationary viscosity and
first normal stress coefficient, which is in qualitative disagreement with experi-
mental findings.

From the analysis in shear and uniaxial extensional flows it is found that the
performance of the polydisperse model relies strongly on that of the underlying
monodisperse model. Advantages, and disadvantages, of the monodisperse model
analyzed in [79,120] return in the current analysis on bidisperse systems. Finally,
it is noteworthy to mention that for the bidisperse system, as well as the monodis-
perse LMW system, the predicted flow curve in shear flows is stable.

For the bidisperse systems the HMW chain stretch is observed to be sensitive
to the (bidisperse) molecular weight distribution in shear flows. This observation
may be of importance to understand specific transitions in the process of flow
induced crystallization, which are generally believed to be associated to the onset
of chain stretching. However, due to the limitations in the capability of the model
to predict fast shear flow conditions it can not be used as a guideline to gain a
better understanding of the influence of the molecular weight distribution on the
high molecular weight chain stretch.
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Part II

Flow induced crystallization
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Chapter 6

Introduction to flow induced

crystallization

6.1 Experimental findings

Comparing a polymer melt, above the melting temperature, and in the semi-
crystalline state, below the melting temperature, one can identify order parame-
ters associated with the density, the orientation of the chains segments, the spe-
cific conformation of the individual polymers and the crystallographic ordering in
a unit cell. In this part ‘conformation’ refers to the atomistic arrangement of the
monomers along the backbone (their rotational isomeric states [131]) and ‘config-
uration’ refers to the spatial arrangement of the monomers of the chain. Given the
considerable number of order parameters the nucleation and growth of lamellae is
not expected to be governed by a single process. Indeed, Oswalds rule of phases is
often suggested to apply to polymer crystallization. Oswalds rule of phases [132]
states that the transition from the melt to the crystalline state evolves via a series
of intermediate stages with increasing order and thermodynamic stability. These
intermediate stages are usually referred to as ‘precursors’ in the literature, as the
fully crystalline state is not yet reached. During the crystallization portions of
a single chain participate in different lamellae [133, 134], leading to a frustrated
system and an incomplete crystallization of entangled polymer melts.

Although we primarily focus on flow induced crystallization, FIC, in this part,
we begin with a brief review of recent findings for quiescent crystallization. This
background is also instructive to appreciate and understand the influence of flow
on the crystallization dynamics.

6.1.1 Quiescent crystallization

Based on the analysis of the early stages of crystallization, using different experi-
mental techniques, e.g. FTIR, SAXS, WAXS, SALS, the transition from the melt
to a homogeneous nucleus is suggested to follow a path along phases with an in-
crementally increasing order of the chains. These experiments reveal sequential
changes in the conformation, density fluctuations, chain orientation and finally a
crystallographic ordering of the chains. This sequential ordering of the chains is
suggested for both nucleation and growth dynamics, which are discussed in that

55



order.
Imai and coworkers [135–140] observed during the annealing of PET, PEN, iPS

and sPS at temperatures just above the glass temperature, Tg, that the conforma-
tion of the chain changes first. Subsequently, density fluctuations and orientational
ordering of the chains are observed and finally the polymer chains crystallize in a
‘fully’ ordered state. Based on these observations they suggest that a sufficiently
large number of successive monomers need to adopt the correct conformational
order, which form a rigid part of specific length. Provided a critical length is ex-
ceeded an isotropic to nematic phase transition occurs, similar to liquid crystalline
polymers [37]. Finally, the denser, partly oriented and conformationally ordered
intermediate states may serve as nuclei for crystallization. In the latter case the
chains arrange in a crystallographic ordered dense state, with a corresponding
conformational and orientational ordering in the lamellae.

Alternatively, a coupled mechanism between the density and conformational
order is considered to explain experimental observations during the early stages of
the crystallization of PE, iPP and PET from the melt [141–145]. It is noted that
the structure factor from SAXS measurements can be described with the Cahn-
Hilliard theory for spinodal decomposition of binary systems. A phenomenological
model based on a density-conformational coupling also predicts a spinodal liquid-
liquid phase separation into a dense and conformationally homogeneous liquid and
a less dense and conformationally disordered liquid upon cooling the melt [142,146].

The experiments discussed in the previous two paragraphs consider the nucle-
ation to be homogeneous. Alternatively, the nucleation is reported to be het-
erogeneous in other experiments, which is also considered to be the case under
industrial processing conditions. The latter is due to the presence of additives,
catalyst residues or nucleating agents. Nuclei densities as a function of crystalliza-
tion temperature are reported for a number of different polymers in [147–154].

Next we review the different perspectives on the growth dynamics of the lamel-
lae. Strobl [155] proposed that the growth of lamellae can be separated into three
regimes. In the first regime, metastable domains (blocks) form with a relative low
degree of ordering. In the second regime, the ordering inside the domains increases
and the domain thickens till a certain degree, followed by the crystallization of the
individual domains. After the second regime a ‘granular crystal layer’ is present in
the melt. In the final regime the crystalline domains merge to form a lamellae and
a further improvement of the internal order occurs, which gives rise to a change
in the melting temperature. On the other hand, the transition from the melt to
the lamellae is proposed to occur via an interphase (adsorption layer) in front of
the lamellae by Cheng et al. [156, 157] and Lotz [158]. Also in the interphase the
chain segments experience an incremental increase in order. However, the (length
of the) conformational order and helical hand of the chain determines if it is in-
corporated into an existing lamellae or not. The associated transition from the
disordered state in the melt to the specific highly ordered state of the polymer
in the crystal leads to an activation barrier for the incorporation of chains into
the lamellae. The latter is the important difference with the approach taken by
Strobl [155], who proposed a gradual increase in ordering without an activation
barrier. Also, Strobl’s proposal [155] allows a partly ordered state of the chains
in the lamellae, whereas Cheng et al. [156, 157] and Lotz [158] consider that the
chains in the lamellae have a well defined degree of crystallographic and confor-
mational order.

Finally, it is noted that ‘defects’ in the chemical structure along the polymer
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backbone (branch-points, changes in stereoregularity, incorporation of a copoly-
mer units) have a strong effect on the growth rate, the nucleation rate, melting
temperature and final total crystallinity of the melt [2,154,159–162]. This may be
expected in view of the observation that a part of the chain needs to have a correct
conformation and helical hand over a distance of about 50-100 Å in order to be
incorporated into a lamella. Also homogeneous nucleation is initiated by changes
in the conformation of the chains, as discussed before, which may also be affected
by the presence of defects [154].

6.1.2 Flow induced crystallization, FIC

The application of the flow can drastically enhance the crystallization dynamics,
and may result in a different semi-crystalline morphology. The application of a
flow results into the ordering of the polymer chains, and the associated decrease
of the entropy barrier for the chain segments to crystallize allows a faster crys-
tallization rate of the polymer chains [163]. Reviews about experimental findings
before 1998 can be found in [22, 25] and more recent results in [164]. The num-
ber of point nuclei, from which spherulites grow, can increase drastically in either
shear or uniaxial extensional flows [23,24,165,166], although the growth rate is not
or only weakly affected [166, 167]. Acierno et al. [27] constructed master curves
for the reduction in the half-time of crystallization versus the Deborah number of
different polydispersity poly(1-butene) melts of similar polydisperse index. (The
Deborah (or Weissenberg) number is a dimensionless number, which indicates a
certain degree of order (orientation and stretch) of the polymer in a particular flow
field, see chapters 3-5.) This finding highlights the intimate relationship between
the rheological response and flow induced crystallization. Similar observations are
reported for iPP [168]. The shish-kebab structure only develops for sufficiently
high deformation rates or stresses [22, 25]. Experiments on rather well defined
polymer blends, of low and high molecular weight (HMW) chains, showed that
the formation of the shish-kebab structure is governed by the HMW tail of the
molecular weight distribution (MWD) [28, 169, 170]. Moreover, Seki et al. [28]
found that the shish-kebab morphology forms provided the mass fraction of the
HMW chains is such that the critical overlap concentration is exceeded for the
HMW chains. This observation indicates that the formation of the shish results
from a cooperative effect between the HMW chains. However, the number density
of shish appears to saturate with increasing the mass fraction of HMW chains, as
well as with shearing time [28].

In a duct flow the flow field varies across the cross section, which results in
a layered structure of different crystal morphologies [22, 28, 29, 147, 170–178]. In
passing from the centre to the wall of the duct one can identify three layers. In the
centre a few large spherulites develop (just as under quiescent conditions), followed
by fine grained morphology layer with a drastic increase in the number density of
spherulites and, finally, the shish-kebab morphology is formed close to the wall.
In planar extensional flows the shish-kebab morphology only develops in a local-
ized area close to the stagnation point [164,179–182]. Based on this experimental
observation it is generally assumed that the shish-kebab structure only develops
under ‘strong’ chain stretching conditions [25]. However, in well defined uniaxial
extensional flows primarily a strong increase in the number density of spherulites
is found for iPP [24] and PET [183,184]. Recently, Xu et al. [33] have shown that
under similar extensional flow conditions and increase in molecular weight results
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subsequently in a spherulitic, a shish-kebab and finally a pure fibrillar morphology
for poly(vinylidene fluoride) films, see Fig. 1.2.

Different parameters have been used to analyse FIC experiments. First, the
enhanced spherulite nucleation and shish-kebab formation is considered to occur
at critical shear rates (Deborah numbers) [22, 27, 147, 168, 169, 185–187]. Sec-
ond, the shish-kebab structure is reported to develop above a critical shear stress
[28, 170, 174], or ‘strong’ chain stretching conditions [25]. Third, in shear and
uniaxial extensional creep flows scaling laws of the number density of spherulites
vs. the applied power to the sample have been observed (although the scaling
exponent varies with temperature and molecular weight) [23, 24]. In a number of
studies the shear stress is regarded as a useful parameter compared to the flow
rate, as the shear stress allows to control the average degree of orientation of the
chains in the (polydisperse) melt in a direct fashion [23, 174]. From a rheological
viewpoint the (shear) stress and the deformation rate are redundant parameters
under stationary conditions, provided the flow curve of the melt is available. How-
ever, this is not necessarily the case for the transient response in creep shear flows,
where the first normal stress difference may reach the stationary value only after
100 strain units or more [188–190]. In addition, the question emerges if the average
ordering of the chains in a polydisperse melts, as controlled by the stress, or that
of the HMW tail is of relevance for the FIC.

An interesting experimental observation is that the application of a flow field at
temperatures (far) above the nominal melting temperature, Tm, can still enhance
the crystallization rate when the melt is cooled below Tm after a residence time
tres [147,170,174,191–195]. However, the effect of a flow decreases with increasing
tres and the temperature at which the flow is applied. Hence, the flow induced
nuclei (precursors) disappear faster for increasing temperature, which can be de-
scribed with an Arrhenius activation law [193, 194]. Ordered domains have been
reported to survive for several hours after a shear flow at T ≈ Tm for PE [196]
and after shearing of an iPP melt for 1 hour at T > Tm + 60◦C and 12 hours for
T > Tm +5◦C [197,198]. In this respect it may be noted the ‘equilibrium’ melting
temperature of PE has been reported to be around 150 ◦C and that for iPP at
212 ◦C [199] and 208◦C [173], which is considerable larger than Tm. Hence, the
FIC experiments reported in [147,170,174,194,198] are mostly performed around
or below the ‘equilibrium’ melting temperature.

Although it is generally accepted that the FIC is connected to the ordering of
the chains, a clear understanding of the exact mechanism for FIC remains illusive.
Flory [163] showed that due the stretching of a rubber Tm increases rather drasti-
cally. However, based on birefringence measurements Eder et al. [147] estimated
that the melting temperature increases by about 1 to 3 degree Celsius, suggest-
ing that this mechanism may be disregarded. Similar conclusions are drawn by
McHugh et al. [200].

As a result, different qualitative mechanisms are proposed, correlating a critical
degree of ordering of the polymer chains to the enhanced nucleation of spherulites
and the shish-kebab morphology [23,28,169,170,201]. Despite the close connection
between the rheology and FIC a distinction between orientation and stretching of
the chain (contour path), and the associated difference between reptation and
stretch time [37], is usually not made. In this respect one should realize that there
is a difference between the orientation of the polymer segments on the molecular
level, which is measured in birefringence [202] or NMR measurements [196, 203],
and the orientation of the primitive path, as used in reptation models, see, for
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example, [37, 38, 40] and Part I. As a result, it is difficult to identify from experi-
ments on polydisperse melts which process is of relevance to explain the enhance
nucleation of point nuclei and the formation of the shish-kebab structure. Al-
though recently developed reptation models focus on the orientation and stretch
of the chain [37, 38, 40], little is known about the influence of the flow (or chain
stretch) on the conformation along the backbone. Given the known sensitivity of
quiescent crystallization dynamics on defects along the backbone, one may expect
that a change in the conformational order by the flow has a drastic effect on FIC.
However, to our knowledge, measurements of the change in conformation of the
chain in shear flow has been reported only for a polyethylene and polystyrene melt
(with unspecified molecular weight distribution) [196,203]. Numerous experiments
report changes of the conformation of PET during uniaxial deformation close to
Tg, see, for example, [204]. However, if these experimental results for PET can
be applied to FIC in general is unclear for three reasons. First, PET is generally
referred to as a semi-rigid polymer and the chemical structure of the backbone is
more complex compared to hydrogenated polymers. Second, the crystallization is
experimentally observed to correlate with a critical quite large orientation, rather
than with an onset in the change in conformation order due to stretching [205,206].
Third, to our the knowledge, the morphology of PET after FIC does not corre-
spond to the shish-kebab structure [207]. In summary, the crystallization of PET
may not be representative to the flow-induced crystallization of flexible polymers,
as PE or iPP, which we would like to study here.

Alternatively, a better insight in the FIC may be obtained from molecular
dynamic simulations. However, the simulation box is expected to be too small
to be representative for studying nucleation, similar to simple fluids, see, for ex-
ample, [208–210]. Under quiescent and flowing conditions nuclei densities of ho-
mopolymers are reported to be in the range 1014 −1021 m−3 [23,24,148], implying
that on average one (effective) nucleus is found in a volume of 10−21 − 10−14 m3.
This volume is much larger compared to the size of the simulation box used in
present molecular dynamics simulations. Indeed, only under rather extreme flow-
ing conditions nuclei may be found using molecular dynamics simulations [211,212].
In this case a nucleus is formed provided neighbouring chains have a similar orien-
tation and a number of sequential monomers has the correct conformation [211].

Summarizing the above there is experimental evidence that primarily the HMW
tail of the MWD is connected to the FIC, and the formation of the shish-kebab
structure in particular. Equally apparent is the importance of the close relation-
ship between the rheological response, the accompanying ordering of the chains and
FIC. Also, most experimental studies focus on the ‘early stages’ of crystallization
or the resulting morphology after crystallization. However, a good understand-
ing of the configurational, orientational and conformational ordering of the HMW
chains in polydisperse melts in the flow prior to the nucleation process is missing.
This may not be surprising as only by means of challenging, difficult and time con-
suming experiments as SANS [118] or infrared dichroism measurements [213] the
configuration and orientation of individual chains in polydisperse measurements
can be obtained.
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6.2 Model developments for flow induced crystal-

lization

The development of models describing the effect of flow (or deformation) on the
crystallization dynamics of polymer chains started with Flory [163], who formu-
lated a model to predict strain induced crystallization of rubbers. Similar ap-
proaches have been taken afterwards, which focus on the effect of a chain-folded
crystals [214] and the orientation of the crystallites with respect to the direction
of the end-to-end distance of the rubber strands [215–217]. In view of the as-
sumptions made in the strain induced crystallization models the predictions are
expected to be valid for rather low degrees of crystallinity. As a consequence, ex-
perimental verification has primarily focused on the change of the incipient crys-
tallization temperature and the degree of crystallinity with the deformation of the
rubber [218].

Models for FIC have in general a semi-phenomenological character and can be
separated into three groups with respect to the influence of flow on the crystal-
lization. The major ingredients of different FIC models are summarized in Table
6.1.

In the first group of models the theory for the growth dynamics of the lamella,
or half time for crystallization, according to the Lauritzen-Hoffman theory [219,
220] is modified to account for the change in the configurational entropy of the
chains under flow conditions. For the latter the configurational entropy potential
is calculated using the original Doi-Edwards model by Coppola et al. [221, 222],
the Leonov model by Kim et al. [223] whereas the FENE-P model is considered
by Zheng and Kennedy [224]. Ziabicki [225, 226] also starts from the theory of
rubber elasticity, but only considers the chain segments, which are oriented within
a specific angle with respect to the surface of the ‘cluster’ in the thermodynamic
driving force. In practice the approach of Ziabicki is a modification of an experi-
mental expression for the growth rate, or half time for crystallization, depending
on the degree of configurational ordering of the chains [225,227–232]. Yarin [233]
used the classical nucleation theory in combination with a model for the behav-
ior of liquid crystalline polymers to predict the FIC. The approach taken in this
group of models recognizes that the relative contribution from the chain configu-
ration to the total thermodynamic driving force reduces for an increasing degree
of undercooling, see also [222]. At this point one may be somewhat surprised that
a modification of the crystallization dynamics under quiescent conditions gives a
good description of the FIC dynamics, as experiments indicate that for the for-
mer heterogeneous nucleation occurs, whereas the latter is generally believed to
be connected to an enhanced homogeneous nucleation rate [22–24, 149, 153, 191].
Also, from a non-equilibrium point of view only functional derivatives of a thermo-
dynamic potentials appear in the thermodynamic driving force [234,235]. Hence,
the use of a thermodynamic potential, instead of its partial derivatives, to modify
the theory for classical growth or nucleation theory is inappropriate.

The second group of models have a more phenomenological character. Based
on a modified set of rate equations for spherulitic crystallization Eder and Jane-
schitz-Kriegl [22] developed a phenomenological model to describe the formation
of the shish-kebab structure. In their model the increase in number density and
length of the shish are connected to a measure based on the critical shear rate,
whereas the growth of the kebabs is unaffected by the flow. Zuidema et al. [237],
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cryst. rh e o lo g y m o d ifi ca tio n n o n - fl ow

re fe re n ce m o d e l A I FIC m e lt rh e o lo g y iso th e rm a l fi e ld

[227 ] N a k 1/ 3 Z N ewto n ia n M V M Y E S F

[228 ] N a k 1/ 3 M CG T N ewto n ia n M V M Y E S F

[229 ] N a k 1 M CG T N ewto n ia n M V M Y E S F

[233] R 1+ 1 M CN T N ewto n ia n M V M Y E S F

[30 2] N a k 1 Z M a x well M V M Y E S F

[230 ] N a k 1 Z PT T M V M Y E S F

[231] N a k 1 Z L CP M V M N O F

[27 5 ] N a k 2 P E W M A E S N O F

[232] N a k 1/ 3 Z G iese k u s M V M Y E S F

[238 – 24 0 ] N a k 1 P G iese k u s-F L CP Y E S F

[24 1] N a k 1 P G iese k u s-F L CP Y E S FB

[22,14 7 ] R 2+ 2 P G -N ewto n - N O D F

[19 4 ,29 3] R 1+ 3 P G -N ewto n - Y E S D F

[237 ,27 9 ] R 2+ 2 P L e o n o v - Y E S S/ D F

[16 4 ,18 0 ] R 2+ 2 P X PP - Y E S CPE

[221,222] R 1+ 3 M CG T D E - N O S

[223] N a k 3 M CG T L e o n o v - Y E S D F

[224 ] R 1+ 3 M CG T FE N E -P SU SP N O S

Table 6.1: Overview of characteristics of flow induced crystallization models re-
ported in the literature, and the flow field considered for the application or vali-
dation. Nak: Nakamura equation, R: hierarchical rate equations (e.g. [236]), AI:
Avrami index, Z: Ziabicki approach, MCGT: modified classical growth theory,
MCNT: modified classical nucleation theory, P: phenomenological, PTT: Phan-
Thien-Tanner model, LCP: liquid crystalline polymer theory, EWM: extended
White-Metzner model, Giesekus(-F): Giesekus model (with finite extensibility),
DE: Doi-Edwards model, XPP: eXtended Pom-Pom model, G-Newton: general-
ized Newtonian (Carreau-Yasuda or Cross model), MVM: modification viscosity
melt, AES: anelastic solid, SUSP: suspension theory for ellepsoidal particles, F:
Fiberspinning, FB: film blowing, S: simple shear flow, DF: duct flow, CPE: com-
plex planar extensional flow. With respect to the Avrami index, AI, we use ‘1+1’
to denote nucleation and 1-dimensional growth (rods), ‘1+3’ for the nucleation
and quiescent growth of spherulites and ‘2+2’ for the flow induced nucleation and
longitudual growth of shish and quiescent growth (in the two lateral directions) of
kebabs.
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Peters et al. [181] and Swartjes et al. [164, 180] take a similar approach, but con-
sider a measure for the recoverable strain of the HMW tail to describe the influ-
ence of flow on the nucleation and the longitudinal growth dynamics of the shish.
Doufas et al. [238–241] proposed a phenomenological model based on the total
stress. In their model the stress has two additive contributions from the amor-
phous melt and the crystalline phase, respectively. While the contribution from
the amorphous part of the stress is similar in spirit as the formulation according to
Ziabicki [225,226], it is more difficult to visualize how the stress in the crystalline
phase can enhance the crystallization rate.

The third group of models are developed with a framework of non-equilibrium
thermodynamics, using the Bracket formalism [242–244]. Bushman and McHugh
[245] started from the strain induced crystallization model of Gaylord and Lohse
[214] to incorporate the effect of flowing conditions. Alternatively, Doufas et
al. [246] consider a phenomenological coupling between the degree of crystalliza-
tion and the configuration tensors for the amorphous and crystalline phase, and
the effect on the total thermodynamic driving force for crystallization. In both
cases, the model predictions are in qualitative agreement with experiments.

Alternatively, one can separate the models into two groups with respect to the
description of the nucleation and growth dynamics of the crystals. The first group
considers explicitly the (homogeneous and heterogeneous) nucleation and subse-
quent growth of crystals, as described by the theory according to Kolmogoroff [247],
Avrami [248–250], Johnson and Mehl [251] and Evans [252]. Schneider et al. [236]
showed that a set of coupled ‘rate equations’ can be formulated, which are equiv-
alent to the integral formulation adopted by Kolmogoroff, Avrami, Johnson-Mehl
and Evans. It has been shown that the non-isothermal quiescent crystallization
of polymers can be correctly described using experimental expressions for the to-
tal nuclei density and growth rate at a given temperature [147, 148]. Hütter et
al. [253] provided a general treatment to describe the crystallization dynamics of
differently shaped crystals using a number of rate equations. The change in the
nucleation dynamics, as well as the transition from a spherulitic to shish-kebab
morphology under flowing conditions, can be incorporated naturally in an appro-
priate set of rate equations [22, 147, 180, 181, 224, 237, 253]. This is an advantage
compared to the description based on the Nakamura equation, which we will dis-
cuss next. Despite the transparent structure of the rate equations to describe
FIC it is noted that the experimental effort required to characterize the enhanced
nucleation rate, growth rate, number density and length of the shish is rather con-
siderable [24, 149,164,191,194,254–256].

The second group of models captures the crystal formation by the Nakamura
equation [257–259]. The Nakamura equation is identical to the Avrami equa-
tion provided the ‘isokinetic assumption’ is valid, stating that the ratio of the
nucleation to growth rate is constant. Hence, under these conditions there is
no need to make an explicit separation between nucleation and growth dynamics
and one arrives at a single equation for the degree of crystallinity. The Naka-
mura equation is generally used in models to describe the FIC during fiber spin-
ning [227, 229–232, 238–240, 260], see Table 6.1. However, short term shear flow
experiments, typically considered in the literature, can in principle not be de-
scribed by the Nakamura equation, as the nucleation and growth dynamics change
differently due to the applied flow and consequently the isokinetic assumption
fails. Compared to the Kolmogoroff-Avrami-Johnson-Mehl-Evans-Schneider de-
scription, the use of the Nakamura equation is attractive from an experimental
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point of view as, firstly, non-integer values of the Avrami index can be considered
and, secondly, only the half-time for quiescent crystallization needs to be charac-
terized.

Also, one can separate the models with respect to the rheological descrip-
tion. Initially, a Newtonian or generalized Newtonian description of the polymer
melt rheology is applied [22, 227, 229]. However, a connection to the ordering
of the chains can not be made. Rheological models based on the configuration
tensor, as the Giesekus, Leonov, Phan-Thien-Tanner or extended White-Metzner
model [34,244], and reptation based models, as the Doi-Edwards [37] and Pom-Pom
model [89, 261], give a realistic description of the non-linear rheology of polymer
melts. An advantage of these models is that, firstly, a direct connection to the
configuration of the polymer chains can be established and, secondly, the con-
figurational entropy may be used to modify the Lauritzen-Hoffmann theory for
crystallization [219,220].

In addition to the effect of flow on the crystallization, the nuclei and crys-
tals formed also influence the rheological behavior. During the early stages of
crystallization physical gelation of the system occurs and the gel point is reached
well before a detectable degree of crystallization [262–268]. The physical gela-
tion process can be characterized by the Cambron-Winter spectrum for physical
gels [269, 270], as well as using a more phenomenological approach based on sus-
pension rheology [271]. Tanner [272] uses expressions from suspension rheology of
hard spheres, see, for example, [273], to describe the measured increase in viscosity
during the crystallization of spherulites [268, 274]. For the case of fiber spinning
the increase of the viscosity of the amorphous phase is described by a phenomeno-
logical expression of the form η = η0 exp(aφb), with 4 < a < 16 and b = 1 or 2 for
different flow fields [227,230–232]. Doufas et al. [238] and Zheng and Kennedy [224]
apply models for the rheological behavior of liquid crystalline polymers to describe
the contribution of the crystalline phase. For liquid crystalline theories the stress
has a contribution due to the orientation of the rods and a viscous contribution.
The relaxation time of the rigid rods, and consequently the viscous contribution
to the stress, increase with the degree of crystallinity [224, 238]. Alternatively,
Kulkarni and Beris [275] use a ‘composite’ model, where the stress contribution
from the amorphous melt and an anelastic solid (the semi-crystalline morphology)
are weighted by the degree of crystallinity. Finally, we note that a systematic
approach to couple the macroscopic deformation behavior to the microstructure
of semi-crystalline polymers is pursued in [276,277]. The change in the rheological
behavior of a crystallizing melt is of importance to describe the formation of the
‘neck’ during high-speed fiber spinning [238,275].

Table 6.1 summarizes characteristics ingredient in FIC model reported in the
literature, which are applied to different flow conditions. Here, we note that the
use of the Nakamura equation in combination with the approach by Ziabicki is
generally used for fiber spinning or film blowing conditions, whereas the use of
rate equations are applied in shear dominated flows.

6.3 Objectives

In this part we focus on both modeling and experimental aspects of flow induced
crystallization. From the modeling perspective, we wish to develop a physically
motivated non-isothermal flow induced crystallization model, consistent with the
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non-equilibrium thermodynamic framework GENERIC. Here we pursue two goals.
First, to derive an appropriate expression for the contribution associated to the
chain configuration to the thermodynamic driving force for crystallization. And
second, to formulate a temperature equation for a crystallizing melt. This model
development is presented in chapter 7. Subsequently, this model is applied to de-
scribe the process of fiber spinning in chapter 8. The model used for fiber spinning
differs in two major aspects from that considered by Doufas et al. [238]. First, we
employ a set of rate equations for the crystallization, which allows us to separate
nucleation and growth, in contrast to the Nakamura equation. Second, the nucle-
ation is only governed by the change in the configuration of the amorphous chains.
These differences imply that nucleation of crystals happens during the neck forma-
tion in the spinline, and that the growth of the crystals from these nuclei occurs
after the neck.

Regarding the experimental aspects of flow induced crystallization we focus on
establishing a connection between the ordering of the chains and the experimental
observations in experiments of FIC. In order to do so we propose dimensionless
numbers associated to the orientational, configurational and conformational order
of the HMW chains before crystallization occurs. These dimensionless numbers
can be related to the molecular weight of the HMW chains, the deformation rate,
and specific characteristics of the flexible polymer at hand. The magnitude of
these parameters under flowing conditions is subsequently used to propose a clas-
sification scheme for the FIC and the resulting morphology. The purpose of this
analysis is to gain a better understanding which process governs the enhanced
nucleation of point nuclei and the formation of the shish-kebab morphology. This
classification scheme is outlined in chapter 9.
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Chapter 7

A non-isothermal single

chain flow induced

crystallization model for

polymer melts

7.1 Introduction

The influence of an applied deformation on the crystallization dynamics of rub-
bers and polymer melts shows strong similarities: the number density of nu-
clei strongly increases, the induction time decreases and under specific deforma-
tions a transition from the spherulitic to an extended crystalline morphology oc-
curs [19, 21, 22, 25, 278]. Compared to the large body of experimental studies on
strain induced and flow induced crystallization the number of models are rather
few. Flory [163] presented the first model for the strain induced crystallization
of rubbers. Similar approaches are taken by other researchers, see, for exam-
ple, [214, 216, 217]. Flory assumes, firstly, an extended crystal morphology, and
secondly, that the crystallites are all directed in the direction parallel to the prin-
cipal direction of the deformation of the chains. Gaylord and Lohse [214] analyzed
the influence of folding and concluded that an extended crystalline morphology is
most ‘stable’ for large extensions. The assumption that all crystallites are directed
parallel to the principal direction of stretch has been relaxed by Allegra [216] and
Yamamoto and White [217], who assume that the crystallite is directed paral-
lel to the end-to-end vector of the individual strands. The comparison between
model predictions and experiments is primarily focused on the change of the in-
cipient crystallization temperature with the applied deformation. The reason why
the measured and predicted incipient crystallization temperature are compared is
based on the expectation that the assumptions made in the model development
are met under experimental conditions, provided the crystallinity is low.

In general, models for the flow induced crystallization of polymer melts have
a semi-phenomenological character, qualitatively inspired by the results from the
strain induced crystallization models to modify quiescent crystallization condi-
tions. Here, the change in the nucleation and crystallization rate are connected
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to the variation in a molecular order parameter of the polymer melt, or the
high molecular weight chains of the molecular weight distribution in particu-
lar [237,279]. Bushman and McHugh [245] and Doufas et al. [246] used the Bracket
formalism to extend the models for the strain induced crystallization of rubbers to
the flow induced crystallization of polymer melts. The latter work is the basis for
a more phenomenological model, which is used to predict fiber spinning [238]. In
addition, it should be noted that the crystallization dynamics vary considerably
with the crystallization temperature and cooling rate. For example, the number
of homogeneous nuclei and growth rate can vary by several orders of magnitude
with the crystallization temperature, see, for example, [147–151]. Hence, a proper
formulation of the temperature equation may be of importance for quantitative
non-isothermal model predictions of the crystallization dynamics.

In the present chapter we develop a non-isothermal ‘single chain’ model for
the flow induced crystallization of polymer melts, consistent with the princi-
ples of non-equilibrium thermodynamics formulated in the GENERIC framework
[235,280,281].

7.2 The GENERIC framework

In the non-equilibrium thermodynamic framework GENERIC (General Equation
for Non-Equilibrium Reversible Irreversible Coupling) [235,280,281] the dynamic
equations for the independent variables, x, are described by the equation

dx

dt
= L(x) · δE(x)

δx
+ M(x) · δS(x)

δx
, (7.1)

with E(x) the total energy, S(x) the entropy, L(x) the Poisson operator and M(x)
the metric or friction matrix, δ/δx denotes a Volterra (or functional) derivative
and ‘·’ denotes a matrix multiplication. In the present chapter the entries in L(x)
and M(x) are operators, rather than generalized functions, which act on all terms
to the right of them.

The total energy and entropy, E(x) and S(x), need to fulfill the requirements
of equilibrium thermodynamics [282]. Statistical mechanics provides a general
formalism to calculate thermodynamic potentials, although they are usually only
accessible via computer simulations for realistic systems. Subsequently, the energy
E(x) and entropy S(x) can be obtained via appropriate Legendre transformations
[282]. Alternatively, one may employ the ‘maximum entropy principle’ [283] to
calculate a thermodynamic potential. In the latter case, the distribution function
for the microscopic arrangement of the system is obtained by maximizing the
Boltzmann entropy under the constraint that moments of the distribution function
are identical to specific more macroscopic variables. A proper expression for E(x)
and S(x) is of importance for the formulation of the flow induced crystallization,
as is discussed in more detail in section 7.4.3.

The Poisson matrix L(x) is associated to a Poisson bracket

{A,B} =

〈

δA

δx
,L(x)

δB

δx

〉

, (7.2)

where 〈 , 〉 denotes a scalar product, and A,B are sufficiently regular real-valued
functions on the state space. The L(x) matrix needs to satisfy the condition of
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anti-symmetry
{A,B} = −{B,A} , (7.3)

and the Jacobi-identity

{{A,B} , C} + {{B,C} , A} + {{C,A} , B} = 0. (7.4)

The Jacobi identity expresses the time-structure invariance of the reversible dy-
namics implied by L(x), which expresses that the reversible dynamics preserve
the structure of the Poisson bracket in time. The Jacobi identify places severe
restrictions on the convective behavior of x, provided L(x) depends on x, see, for
example, [284].

The friction (or metric) matrix M(x) needs to be Onsager-Casimir symmetric

M(x) = M(x)T , (7.5)

and positive semi-definite, i.e.,

y · M(x) · y ≥ 0 for all vectorsy. (7.6)

In addition, the L(x) and M(x) matrices need to satisfy the degeneracy require-
ments

L(x) · δS(x)

δx
= 0, (7.7)

M(x) · δE(x)

δx
= 0. (7.8)

The degeneracy requirement for L(x) reflects that the gradient δS(x)/δx lies in
the null space of L(x), which expresses that the form of S(x) is such that it is
not affected by the operator generating the reversible dynamics. Alternatively,
the degeneracy requirement for M(x) implies that the total energy of the system
is conserved by the irreversible dynamics of x. The requirement that M(x) is
positive semi-definite and the degeneracy requirement for L(x) guarantee that the
entropy production is positive semi-definite. Likewise, the energy is conserved by
the anti-symmetry condition and the degeneracy requirement for M(x).

Finally, mass conservation is guaranteed provided

L(x) · δN(x)

δx
= 0, (7.9)

M(x) · δN(x)

δx
= 0, (7.10)

with N the total mass in the system.
The GENERIC framework provides a general formalism to develop a dynamic

description of a system at different microscopic levels of description, consistent
with the principles of non-equilibrium thermodynamics. An important step in
the successful description of a system is the identification of an appropriate set of
independent variables x, at a specific microscopic, mesoscopic, or macroscopic level
of description. This step requires physical intuition and insight in the system, but
is not restricted by the GENERIC framework. Subsequently, the four ‘building
blocks’ of the GENERIC framework, E(x), S(x), L(x) and M(x) need to be
specified, under the constraints expressed above.
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7.3 Model development

In the present section, we develop a non-isothermal ‘single chain’ flow induced
crystallization model for polymer melts. The present model is a ‘single chain’
model in the sense that all chains have a crystalline and amorphous part, while
the formation of large scale crystals, as spherulites or lamellae, is not described.
After the choice of the independent variables x we specify the expression for E(x),
S(x), L(x) and M(x).

7.3.1 Independent variables

Following Flory [163], the present model is a ‘single chain’ model in the sense that
all chains, of NK Kuhn segments, are semi-crystalline and all have an identical
degree of crystallinity. In particular, all chains have an amorphous and a crystalline
part of (1 − ms)NK and msNK segments, respectively, with ms the degree of
crystallinity in terms of the mass fraction of the crystalline segments. In line
with this approach it is appropriate to regard the system as an atomistic mixture,
where the Kuhn segments correspond to the fluid, ‘f’, or the solid, ‘s’, component
(phase). Accordingly, the macroscopic variables are taken as the mass density of
the fluid, ρf , the mass density of the solid, ρs, the momentum density, u, to be
identified as u = (ρf + ρs)v, with v the velocity vector, and the temperature, T .
The crystallinity ms is then given by ms = ρs/(ρf + ρs).

In order to characterize the internal microstructure of the polymer chains the
dimensionless second order configuration tensor of the end-to-end distance of the
amorphous part of the chain is taken as an independent variable, A. Here, the
components of the configuration tensor of the end-to-end vector of the amorphous
part, R, are made dimensionless with respect to the equilibrium configuration
of a fully amorphous chain of NK Kuhn segments, A = R · [Rms=0

eq ]−1, with
Rms=0

eq = (NKl
2
K/3)I, lK the Kuhn length and I the unit tensor. This choice is

different from Bushman and McHugh [245], who consider the configuration tensor
of the entire chain as an independent variable. The consequence of this difference
is addressed in more detail in section 7.4.3. Summarizing, the set of independent
variables equals

x =
[

ρf(r, t) ρs(r, t) u(r, t) T (r, t) A(r, t)
]

. (7.11)

In general, the temperature is not chosen as an independent variable, as from
the perspective of non-equilibrium thermodynamics the entropy is a more nat-
ural choice [281]. Although the temperature can be formally introduced into
the GENERIC framework [235], this choice for an independent variable is ac-
companied with the need to make the ‘local equilibrium assumption’. The ‘local
equilibrium assumption’ implies that thermodynamic relationships derived from
equilibrium thermodynamics may be applied locally for non-equilibrium systems.
Hence, considering T as an independent variable may limit a general analysis of
the non-equilibrium dynamics of a system through the GENERIC framework. Al-
ternatively, experimentally the thermodynamic potentials are obtained from an
equation of state and material parameters as a function of the temperature and
using principles from equilibrium thermodynamics. Also, the temperature (or heat
flux) is of primary interest to experimental and practical problems. The latter is
the reason why the energy or entropy balance is usually transformed into a tem-
perature equation, as described in chapter 11 of [285] and [286,287].
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In the atomistic mixture description crystallization of a chain segment implies
that it transforms from the ‘melt state’ to the ‘crystalline state’. In this case the
packing of the crystalline chain segments is not (explicitly) described, which may
not be of direct interest for a ‘single chain’ model. On the other hand, for a poly-
mer melt one may criticize the choice to regard the system as an atomistic mixture,
as one can spatially distinguish amorphous and crystalline regions on length scales
larger than the radius of gyration in a crystallizing melt. For this reason a two
phase mixture description is more suitable to describe a crystallizing melt and the
independent macroscopic variables should be chosen accordingly [288–290]. Ac-
tually, a flow induced crystallization model can be formulated technically using
macroscopic variables corresponding to a two phase mixture description and a
single temperature for the two phases within the GENERIC framework, which is
given in appendix A. However, the assumption that all chains are partly crystalline
can not be unified with the description of nucleation, growth and impingement of
the Kolmogoroff-Avrami-Johnson-Mehl-Evans theory [247–252] in the two phase
mixture description. Finally, it turns out that the effect of the internal microstruc-
ture on the thermodynamic driving force for crystallization is not affected by the
difference between an atomistic or a two phase mixture description (compare Eqs.
7.63-7.69 with Eqs. A.45 and A.47-A.49). For these reasons we treat the system
as an atomistic mixture in this chapter, such that the assumptions are consis-
tently applied throughout the model. Nevertheless, differences are observed in
the temperature equation and the ‘macroscopic’ contribution to the driving force
for crystallization when describing the crystallizing melt as a two phase or as an
atomistic mixture. These differences are discussed in further detail in section 7.4.5.

7.3.2 Total energy and entropy

We assume that the configuration of the amorphous part of the chains does not
modify the energetic interactions between the polymer segments. In this case, the
total energy E(x) is identical to

E(x) =

∫
[

1

2

u · u
ρf + ρs

+ ε(ρf , ρs, T )

]

dV, (7.12)

where where
∫

[ ]dV denotes the integral over space.
Considering additive contributions from a background entropy of the system

and the configuration entropy of the chains, the entropy S(x) can be written in
the form

S(x) =

∫

[s(ρf , ρs, T ) + Ψmicro(ρf , ρs,A)] dV. (7.13)

Here, s(ρf , ρs, T ) is the non-configurational entropy density of the system, which
is expected to be similar to the entropy density of a low molecular weight poly-
mer, and Ψmicro(ρf , ρs,A) represents the configurational entropy associated to the
internal microstructure. We use the maximum entropy principle for mixed ensem-
bles to arrive at an expression for Ψmicro(ρf

, ρs,A). In particular, the Boltzmann
entropy for the distribution function of finding a chains with an end-to-end dis-
tance ra and of Ni Kuhn segments is maximized under the constraints that the
second symmetric moment of the distribution function is equation to A, which
is allowed to vary, whereas the number of Kuhn segments NK remains constant,
see chapter 6 and Exercise 151 of [235]. For the case of a fully amorphous chain
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Ψmicro(ρf , ρs,A) equals

Ψmicro(ρf , ρs,A) = kBNA

ρf + ρs

M

[

Ψ1
micro(A) + Ψ2

micro

]

, (7.14)

Ψ1
micro(A) = =

1

2

[

ln[det
(

A · A−1
eq

)

] +
(

3 −A:A−1
eq

)]

, (7.15)

Ψ2
micro = NK ln q. (7.16)

where kB is the Boltzmann constant, NA is Avogadro’s number, Ψ1
micro(A) equals

the configurational entropy of the chain and Ψ2
micro expresses the number of pos-

sible arrangements of a chain of NK segments on a lattice of coordination number
q. The observation that Ψmicro is the sum of Ψ1

micro and Ψ2
micro is a direct re-

sult from the application of the maximum entropy principle for mixed ensembles,
where Ψ1

micro and Ψ2
micro are connected to a canonical ensemble, with respect to

A, and a micro-canonical ensemble, with respect to NK, respectively. The number
density of chains in the system is identical to (ρf + ρs)NA/M . This definition
is of importance to arrive at dynamic equations for x, which do not contain the
potentials Ψ1

micro and Ψ2
micro

1.
For a semi-crystalline chain the amorphous part of the chains consists of

(1−ms)NK Kuhn segments and we consider that the equilibrium configuration of
the amorphous part of the chain is identical to the equilibrium configuration of a
chain consisting of (1 −ms)NK segments, i.e. Aeq(ms) = (1 −ms)I. Hence, for a
semi-crystalline chain Ψ1

micro(ρf
, ρs,A) and Ψ2

micro(ρf , ρs) equal

Ψ1
micro(ρf

, ρs,A) =
1

2

[

ln

[

det

(

A

1 −ms

)]

+

(

3− tr

[

A

1 −ms

])]

, (7.17)

Ψ2
micro(ρf

, ρs) = (1 −ms)NK ln q. (7.18)

We note that the expression for Ψ2
micro(ρf , ρs) is also used by Flory [163], for his

model on strain induced crystallization of rubbers.
The Volterra derivates for δE(x)/δx and δS(x)/δx equal

δE(x)

δx
=













µf + T s̄f − T (α/κ)v̄f − v2/2
µs + T s̄s − T (α/κ)v̄s − v2/2

v

cV
0













, (7.19)

δS(x)

δx
=













s̄f − (α/κ)v̄f + ∂Ψmicro/∂ρf

s̄s − (α/κ)v̄s + ∂Ψmicro/∂ρs

0

cV /T
kB

ρf+ρs
M

1
2

[

A−1 − I/(1 −ms)
]













, (7.20)

with cV the specific heat capacity per unit volume at constant volume, cV /T =
∂s(ρf , ρs, T )/∂T |ρf ,ρs , α the isobaric expansion coefficient and κ the isothermal
compressibility, s̄f and s̄s are the specific entropy of the fluid and solid, and v̄f and
v̄s are the specific volume of the fluid and solid, respectively. These quantities are

1It is noted that for identical reasons the formation of M(x) needs additional attention in
analyzing the rheology of inhomogeneous (semi-)dilute polymer solutions in the GENERIC frame-
work [234,235].
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defined as

s̄i =
∂Sb
∂Mi

∣

∣

∣

∣

T,p,Mj 6=i

, i = f, s (7.21)

v̄i =
∂V

∂Mi

∣

∣

∣

∣

T,p,Mj 6=i

, i = f, s (7.22)

α =
1

V

∂V

∂T

∣

∣

∣

∣

p,Mf ,Ms

, (7.23)

κ = − 1

V

∂V

∂p

∣

∣

∣

∣

T,Mf ,Ms

, (7.24)

with Sb the total background entropy of the system, Sb =
∫

s(ρf , ρs, T )dV , Mi

the total mass of component i and V the total volume. It is noted that cV is
not affected by A in the present chapter, as the expression for Ψ1

micro implies
ideal entropy elasticity, see also [286, 287]. The expressions for δΨmicro/δρf and
δΨmicro/δρs equal

δΨmicro

δρf

=
kBNA

M

(

Ψ1
micro + Ψ2

micro

)

− (7.25)

kBNA

M

ρs

ρs + ρf

(

∂Ψ1
micro

∂ms

+
∂Ψ2

micro

∂ms

)

,

δΨmicro

δρs

=
kBNA

M

(

Ψ1
micro + Ψ2

micro

)

+ (7.26)

kBNA

M

ρf

ρs + ρf

(

∂Ψ1
micro

∂ms

+
∂Ψ2

micro

∂ms

)

,

∂Ψ1
micro

∂ms

=
1

2(1 −ms)

(

3 − tr[A]

1 −ms

)

, (7.27)

∂Ψ2
micro

∂ms

= −NK ln q. (7.28)

7.3.3 The Poisson matrix

In the present model the convective behavior of x is the only relevant reversible
phenomenon, and consequently only the row and column of L(x) associated to
u have non-zero entries, as an inspection of δE(x)/δx suggests. The convective
behavior corresponds to that of a scalar density for ρf and ρs, of a contravariant
vector for u, and of upper-convected Maxwell behavior for A, respectively. While
T is convected as a scalar an additional reversible contribution associated to a
volumetric change is included for a velocity field with non-zero divergence, which
is also enforced by the degeneracy requirement, L(x) · δS(x)/δx = 0. As a result,
we consider the Poisson matrix L(x) is of the form

L(x) = −













0 0 ∂
∂rρf 0 0

0 0 ∂
∂rρs 0 0

ρf
∂
∂r ρs

∂
∂r

[

∂
∂ru + u ∂

∂r

]T
LuT LuA

0 0 LTu 0 0
0 0 LAu 0 0













, (7.29)
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LTu =

[

∂T

∂r

]

+
T

cV

α

κ

∂

∂r
− 1

cV
Π :

∂

∂r
(7.30)

LuT = −
[

∂T

∂r

]

+
∂

∂r

T

cV

α

κ
− ∂

∂r
· 1

cV
Π, (7.31)

LAu =

[

∂Aij
∂rl

]

−Aik
∂

∂rk
δjl −Akj

∂

∂rk
δil, (7.32)

LuA = −
[

∂Akl
∂ri

]

− ∂

∂rj
Ajkδil −

∂

∂rj
Ajlδik, (7.33)

where the Einstein notation is adopted for the LAu and LuA components, where
LAu is contracted from the right with the index l, and LuA with the index kl,
respectively. The expression for the stress tensor Π follows from the degeneracy
requirement L(x) · δS(x)/δx = 0,

Π = kBNA

ρf + ρs

M
T

(

A

1 −ms

− I

)

. (7.34)

The Poisson matrix is anti-symmetric, fulfills the Jacobi-identity, the degener-
acy requirement and the condition for mass conservation. In order to verify
the Jacobi identify it is convenient to make a transformation of variables from
x = [ρf ρs uT A] to x′ = [ρf ρs u sA] and using L(x′) = [δx′/δx] · L(x) · [δx′/δx]

T

to calculate L(x′) [235,280]. The Poisson bracket L(x′) can then be shown to sat-
isfy the Jacobi identify. Alternatively, one may first formulate the present model
in terms of x′ and make the transformation L(x) = [δx/δx′] · L(x′) · [δx/δx′]

T
to

arrive at Eqs. 7.29-7.33.

7.3.4 The friction matrix

As the requirements for the friction matrix M(x) are additive, it can be decom-
posed into additive contributions associated to the heat conduction, viscous stress,
relaxation dynamics of the internal variable and the phase change dynamics,

M(x) = Mλ(x) + Mviscous(x) + Mrelax(x) + Mpc(x). (7.35)

The expression for Mλ(x) equals

MTT
λ (x) =

[

− 1
cV

∂
∂rλT 2 ∂

∂r
1
cV

]

, (7.36)

with λ the positive semi-definite heat conduction matrix. In a number of flow
induced crystallization models a viscous stress is included [224,238], which can be
described by the expression

MuT
viscous(x) =

[

−( ∂∂rηT
∂
∂r + I ∂∂r · ηT ∂

∂r )T ∂
∂r · ηT γ̇/cV

−ηT/cV γ̇ · ∂
∂r

1
2
ηT/c2V γ̇ : γ̇

]

, (7.37)

with γ̇ = ∂v/∂r + (∂v/∂r)
T

and the viscosity η, η ≥ 0. The expression for the
stress relaxation equals [235,291]

MAA

relax(x)ijkl =
1

2

M

kB(ρf + ρs)

1

τrelax
[Aikδjl +Ailδjk + δikAjl + δilAjk ] (7.38)
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with τrelax a positive semi-definite relaxation time and the Einstein notation has
been adopted. The present expression corresponds to the relaxation dynamics in
the upper convected Maxwell equation, but also different relaxation mechanism
may be used [244,291].

Following [289,292] the expression for Mpc(x) is identical to

Mpc(x) = P (x) ·D · P (x)T , (7.39)

with

D =
1

τcrystkB

ρf + ρs

mK

, (7.40)

P (x)T =
[

−ρ̂ ρ̂ 0 lV /cV Â
]

, (7.41)

lV = ρ̂
[

(µf − µs) + T (s̄f − s̄s) − T
α

κ
(v̄f − v̄s)

]

, (7.42)

= ρ̂
[

(h̄f − h̄s) − T
α

κ
(v̄f − v̄s)

]

, (7.43)

with h̄f and h̄s the specific enthalpies of the fluid and solid phase, respectively.
The elements in P (x) describe the change in x due to the phase change, with
ρ̂ [kg] the mass transfer of Kuhn segments (as the rate of crystallization will be
expressed in terms of the number of Kuhn segments per unit volume per second
later), lV the ‘latent heat’ at constant volume, and Â describes the influence of the
crystallization on the chain configuration. The motivation for the contributions
to D is as follows. First, the factor 1/kB makes 1/kBP

T · δS(x)/δx dimensionless.
Second, the quantity DP T ·δS(x)/δx expresses the crystallization rate in terms of
the number of Kuhn segments per unit volume per second after identifying τcryst

as the time scale for the crystallization of a single segment and (ρf + ρs)/mK as

the number density of Kuhn segments per unit volume. Expressions for Â are
proposed in sections 7.3.5 and 7.3.6. It is noted that the expression for lV follows
directly from the specification of the mass transfer contributions and Â to P (x)
and the degeneracy requirement M(x) · δE(x)/δx = 0.

The expressions for M(x) are all positive semi-definite, Onsager-Casimir sym-
metric, and satisfy the degeneracy requirement and the condition for mass conser-
vation.

7.3.5 Formulation of Â: The approach according to Flory,

Gaylord and Lohse

One may take different approaches to identify an expression for Â. In the strain
induced crystallization models of rubbers, the ends of the polymer strand are con-
sidered to be fixed, in line with the assumption of an affine deformation. However,
in a melt the polymer is not fixed and a different approach may be taken, which
we explore in section 7.3.6.

In the present section we implement the approach taken by Flory [163] and
Gaylord and Lohse [214] in the present formulation, which is denoted as the ‘FGL’
approach in the remainder. Flory [163] considered that extended crystallites de-
velop, which are oriented parallel to the principal direction of the deformation.
Here, we also consider extended crystallites, but we assume that the crystallites
are oriented parallel to the end-to-end vector of the amorphous part of the indi-
vidual chains, ra, as sketched in Fig. 7.1. Hence, due to crystallization of NKdms
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segments the direction of ra remains unaffected, but the length of ra reduces by
the amount NKlKdms. This approach is formulated as

dra|pc = − ra

|ra|
NKlKdms. (7.44)

It should be noted that in writing Eq. 7.44 we have assumed that the points A and
C in Fig. 7.1 remain (temporarily) fixed during the crystallization of the NKdms

segments. Introducing dimensionless parameters as ra =
√

NK/3lKr′a and using
dms = dρs/(ρs + ρf) and ∂ρs/∂t|pc = ρ̂R we arrive at

∂r′a
∂t

∣

∣

∣

∣

pc

= − r′a
|r′a|

√

3NK

ρ̂

ρf + ρs

R. (7.45)

with R the rate for crystallization in terms of the number of Kuhn segments per
unit volume per second, which is specified latter and ρ̂ = mK with mK the mass of
a Kuhn segment. Considering this expression as part of a Fokker-Planck equation,
namely

∂p(r′a)

∂t

∣

∣

∣

∣

pc

= − ∂

∂r′a
·
(

p(r′a)
∂r′a
∂t

∣

∣

∣

∣

pc

)

, (7.46)

and following the procedure to obtain second moments of the distribution function
we find

∂A

∂t

∣

∣

∣

∣

pc

= −
〈

r′ar
′

a

|r′a|

〉

2
√

3NK

ρ̂

ρf + ρs

R, (7.47)

≈ − A
√

tr[A]
2
√

3NK

ρ̂

ρf + ρs

R, (7.48)

where A = 〈r′ar′a〉 =
∫

p(r′a)r
′

ar
′

adr
′

a and the closure approximation 〈r′ar′a/|r′a|〉 ≈
A/
√

tr[A] is used to arrive at Eq. 7.48. Now, we can identify the expression for

Â as

Â = ÂFGL = − A
√

tr[A]
2
√

3NK

ρ̂

ρf + ρs

. (7.49)

Finally, it should be noted that the implementation of the FGL approach, and the
sketch in Fig. 7.1, is expected to be valid for low values of ms, just as the case for
the strain induced crystallization models for rubbers.

7.3.6 Formulation of Â: The ‘amorphous chain configura-

tion’ approach

Following the FGL approach we assumed that points A and C of the chain in
Fig. 7.1 remain temporarily fixed during the crystallization of NKdms segments.
Alternatively, in the present section we assume that points A and B on the chain
remain temporarily fixed, whereas the NKdms segments between points B and
C crystallize, see Fig. 7.2. As the configuration of the amorphous part of the
chain is not affected by the crystallization we denote the present approach as the
‘amorphous chain configuration’, ACC, approach. Compared to the FGL approach
above, the ACC approach differs in two aspects. First, the configuration of the
chain between points A and B is not affected by the crystallization. Second, it is
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a)

b)

A

B

C

A B C

NKlKdms

ra

ra

Figure 7.1: Sketch for the influence of the crystallization of NKdms segments on
the end-to-end distance of the amorphous chain ra in the Flory-Gaylord-Lohse
(FGL) approach. a) before crystallization, b) after crystallization.

a)

b)

A

B

C

A

B

C

ra

ra

Figure 7.2: Sketch for the influence of the crystallization of NKdms segments
on the end-to-end distance of the amorphous chain ra in the ‘amorphous chain
configuration’ (ACC) approach. a) before crystallization, b) after crystallization.
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irrelevant if an extended or folded crystallite develops.
The implementation of the present approach is more complicated, as A (or

ra) does not contain any information regarding the configuration (position) of the
segments between the ends of the amorphous part of the chain, i.e. the position of
point B in Fig. 7.2 is not known. Hence, a direct implementation is not possible
and an approximate expression for Â is developed in the remaining of this section.
First expressions for Â are derived for the limiting cases of a chain in the fully
extended and equilibrium state, and subsequently an interpolation between the
two expressions is proposed.

In the limiting case of a fully extended chain all segments are aligned along ra

and consequently point B lies in between points A and C. The length of ra is equal
to |ra| = (1 −ms)NKlK. As a result of the crystallization, firstly, the length of ra

reduces by the amount NKlKdms, and, secondly, the direction of ra is unaffected
and we arrive at

dra = d|ra|
ra

|ra|
= −NKlKdms

ra

NKlK(1 −ms)
= − dms

1 −ms

ra, (7.50)

where the orientation vector (of length unity) of the amorphous part of the chain
equals ra/|ra|. Following the procedure in section 7.3.5 we find that

∂ra

∂t

∣

∣

∣

∣

pc

= − 1

1−ms

ρ̂

ρf + ρs

raR, (7.51)

and
∂A

∂t

∣

∣

∣

∣

pc

= ÂR = −2
1

1−ms

A
ρ̂

ρf + ρs

R. (7.52)

Next we consider the limiting case where the chain configuration is at equilibrium.
In this case the motivation to formulate Â is based on the idea that Â is such that
A is identical to Aeq(ms) during quiescent crystallization conditions. The change
of Aeq = (1 −ms)I due to crystallization equals

dAeq = −dmsI = − dms

(1 −ms)
Aeq, (7.53)

and we directly arrive at

∂A

∂t

∣

∣

∣

∣

pc

= ÂR = − 1

1−ms

ρ̂

ρf + ρs

AR. (7.54)

For increasing extension of the amorphous part of the chain, the amorphous seg-
ments become more uniformly oriented along ra and the transition from the equi-
librium to the fully extended case occurs. This transition is given by the expression

ÂACC = −(1 + f(A))
1

1 −ms

ρ̂

ρf + ρs

A, (7.55)

f(A) =
3

2

[

A

tr[A]
− I

3

]

:

[

A

tr[A]
− I

3

]

(7.56)

where 0 ≤ f(A) ≤ 1 and f(A) = 0 for A = Aeq(ms) and f(A) = 1 for a unidi-
rectional orientation of the amorphous part of the chains. Hence Eq. 7.55 is an
interpolation between the case for the crystallization of the polymer system at the
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equilibrium and in the fully extended state.
Finally, we note that in the ACC approach the reduction of ra due to crys-

tallization increases with the degree of chain stretch, while in the FGL approach
ra reduces by a constant value of NKlKdms. As a result, for ms = 0, ÂACC is in
general smaller than ÂFGL. In the case for of maximum extension of the chain in
uniaxial extensional flows, tr[A] = 3NK(1 −ms)

2, f(A) ≈ 1, the two approaches
are identical, which is expected from the discussion leading to Eq. 7.52. This
difference is also reflected by a difference in the ‘incipient crystallization temper-
ature’, as discussed in section 7.4.1.

7.3.7 Dynamic equations

The dynamic equations for x equal

∂ρf

∂t
= − ∂

∂r
· ρfv − ρ̂R, (7.57)

∂ρs

∂t
= − ∂

∂r
· ρsv + ρ̂R, (7.58)

∂u

∂t
= − ∂

∂r
· vu −

[

∂p

∂r

]

+
∂

∂r
·Π +

∂

∂r
· ηγ̇ (7.59)

∂T

∂t
= −

[

∂T

∂r

]

· v − T

cV

α

κ

∂

∂r
· v +

1

cV
Π :

[

∂v

∂r

]

+
1

2

η

cV
γ̇ : γ̇ (7.60)

+
1

cV

∂

∂r
· λ∂T

∂r
+

lV
cV

R,

∂A

∂t
= −v · ∂

∂r
+ AT ·

(

∂v

∂r

)

+ AT ·
(

∂v

∂r

)

(7.61)

− 1

τrelax

(

1

1 −ms

A− I

)

+ ÂR

with the thermodynamic pressure p defined as

p = ρfµf + ρsµs + Ts− ε, (7.62)

and Â is equal to ÂFGL or ÂACC. The rate of crystallization R equals

R =
1

τcrystkB

ρf + ρs

M
A (7.63)

=
1

τcrystkB

ρf + ρs

M
(Amacro + A1

micro + A2
micro), (7.64)

where the thermodynamic driving force A has ‘macroscopic’ contributions

Amacro =
ρ̂

T
(µf − µs), (7.65)

A2
micro =

ρ̂kB

M
[−NK ln q] , (7.66)

and those affected by A

A1
micro =

1

2

ρ̂kB

M

[

1

(1 −ms)
− β(A)

](

3 − tr[A]

1 −ms

)

. (7.67)

77



with

β(A) = βFGL(A) =
2
√

3NK
√

tr[A]
(7.68)

β(A) = βACC(A) =
1

1 −ms

(1 + f(A)). (7.69)

for the FGL and ACC approach respectively.

7.4 Discussion

The discussion will address four issues. First, we discuss the results of the present
model and consider the influence of the finite extensibility of the chain. Second, we
make a comparison between the model developed in section 7.3 and the approach
taken by other research groups. Third, the resulting temperature equation is
compared to those used in the literature. Finally, we address the influence of
taking either an atomistic mixture description or a two phase mixture description.

7.4.1 Condition for flow induced crystallization

The formulation of the components of P (x) has a twofold role in the present
model, due to the symmetry of the matrix Mpc. Firstly, P (x) in Eq. 7.41 de-
scribes the change in x due to crystallization. Secondly, the thermodynamic driv-
ing force for crystallization is directly connected to the components of P (x), as
A = P (x)T · δS(x)/δx. It is therefore noteworthy to mention that the contribu-
tions to P (x) are such that both the ‘latent heat’ and the thermodynamic driving
force are obtained for x. The twofold role of P (x) is also reflected by the observa-

tion that a different implementation of the change in ra due to crystallization, Â,
results in a different expression for A1

micro, see Eqs. 7.67 to 7.69.
Analysis of Eq. 7.67 reveals that flow induced crystallization only occurs pro-

vided A1
micro > 0. Given that tr[A] > 3(1 −ms) under most flowing conditions

this implies that the contribution in square brackets needs to be negative, i.e.
[1/(1−ms) − β(A)] < 0, which reflects the presence of two competitive contri-
butions. The first contribution stems from the change in the equilibrium con-
figuration of the amorphous part of the chains, which has a tendency to arrest
crystallization. The second is connected to the reduction of the length of ra,
which tends to enhance the crystallization. Hence, only provided the reduction
of ra is larger compared to the increase of the relative extension with respect to
the (new) equilibrium configuration one finds A1

micro > 0, and FIC occurs. This
requirement corresponds to the condition that the configurational entropy of the
amorphous part of the chain increases during crystallization, which becomes more
difficult to satisfy as ms increases. (In other words, only provided the elements of
A ·A−1

eq reduce due to crystallization, the configurational entropy increases due to
crystallization, see Eq. 7.17, and the crystallization rate is enhanced.)

The difference in the FGL and ACC approach only concerns the reduction in
length of ra, which is reflected in different expressions for Â. This difference may
be analyzed for the predicted incipient crystallization temperature, Tmi, for an
infinitely fast deformed amorphous melt (ms = 0). Applying the (usual) approxi-
mation that Amacro + A2

micro ≈ ρ̂NKlKp /M (1/T − 1/Tm0), with Tm0 the quiescent

melting temperature and lKp the latent heat per Kuhn segment, the condition A = 0
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Figure 7.3: Predicted Tmi as a function of tr[A] for a chain of ms = 0, NK =
50, Tm0 = 250K, and a latent heat at constant pressure per Kuhn segment of
lKp = 6000kB [163, 218]. Full line: FGL approach, dashed line: ACC approach,
dash-dotted line: original prediction of Flory [163]. Note that maximum chain
extension is reached at tr[A] = 3NK = 150.
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Figure 7.4: Sketch of the variation in ra and A during quiescent crystallization.
a) Initial configuration for ms = 0, b) Equilibrium configuration for ms = m′
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c) and d) Change in chain configuration in the Flory-Gaylord-Lohse (FGL) and
amorphous chain configuration (ACC) approach respectively. Left: Sketch in the
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gives 1/Tmi = 1/Tm0 − A1
micro/(ρ̂NKlKp /M). The increase of Tmi is larger for the

FGL compared to the ACC approach, see Fig. 7.3. This difference is directly
connected to a larger reduction of ra due to the crystallization in the FGL com-
pared to the ACC approach. A maximum in Tmi is found for the FGL approach at
tr[A] > 3NK, see Fig. 7.3, which is qualitatively different from the ACC approach
where Tmi increases further. However, this difference is not of physical relevance
as the chains are extended beyond their maximum length for tr[A] > 3NK. The
presence of the maximum in Tmi reflects the effect of the two competitive con-
tributions to A1

micro discussed in the previous paragraph. For the present model
formulations it is noted that Tmi = Tm0 for A = I, as it should. Compared to
the original formulation by Flory [163] and Gaylord and Lohse [214] one finds,
firstly, that Tmi > Tm0 for A = I, secondly, the increase of Tmi is smaller and,
thirdly, a maximum in Tmi is obtained for smaller tr[A] compared to the present
implementation of the FGL approach. The reasons for these three differences are
discussed in section 7.4.3.

Although no qualitative difference is found between the FGL and ACC ap-
proach for the variation Tmi, differences are observed for quiescent crystallization
conditions. In the ACC approach the expression for Â is such that during the
entire quiescent crystallization process A = Aeq(ms). (This idea is used to derive
Eq. 7.54 and illustrated in Fig. 7.4.) Hence, A = Amacro + A2

micro and quiescent
crystallization conditions are recovered in the ACC approach. Also after the ces-
sation of a short flow field the quiescent crystallization conditions are (ultimately)
obtained. On the other hand A < Aeq for the FGL approach during quiescent
crystallization, see Fig. 7.4. As a result A1

micro < 0 depending on the value of NK

and τrelax. This implies that quiescent crystallization conditions are not recovered
for the FGL approach. Based on these findings for quiescent crystallization one
may have a preference for the ACC approach, although, admittedly, the derivation
for ÂACC is not rigorous.

Doufas et al. [246] also consider A as an independent variable in their flow
induced crystallization model, using the Poisson bracket formulation [242–244].
However, their coupling terms between the crystallization rate and the change in
A has a more phenomenological character, compared the more direct interpreta-
tion of Â in the present model.

7.4.2 Finite extensibility

The influence of finite extensibility of the amorphous part of the chain may be of
importance for fast flowing conditions. In the present model finite extensibility
can be incorporated by considering the configurational entropy potential

Ψ1,FENE
micro (A, ρf , ρs) =

1

2
ln

[

det

(

A

1 −ms

)]

(7.70)

+
3

2
NK(1 −ms) ln

[

1 +
1

NK(1 −ms)
− tr(A)

3NK(1 −ms)2

]

,

which is motivated by the normal expression for the FENE-P model given by Eq.
4.96 of [235], instead of Eq. 7.17. Here two observations need to be mentioned.

First, using Ψ1,FENE
micro one finds that Aeq = (1 −ms)I and A1

micro(A = Aeq) = 0,
just as for the case considered in section 7.3. Second, for NK → ∞ the dynamic
equations given in section 7.3.7 are recovered. The influence of finite extensibility
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Figure 7.5: Predicted Tmi as a function of tr[A] for a chain of ms = 0, NK = 50,
Tm0 = 250K and lKp = 6000kB [163, 218]. Full line: FGL approach-Gaussian,
dashed line: FGL approach-FENE-P, dash-dotted line: ACC approach-Gaussian,
dotted line: ACC approach-FENE-P. Note that maximum extension is reached at
tr[A] = 3NK = 150.

leads to a stronger increase of Tmi for a given degree of extension, tr[A], see Fig.
7.5. However, under flowing conditions the influence of the finite extensibility
will also restrict the molecules to reach a large extension. As a consequence, the
increase in Tmi and A may be smaller as suggested by Fig. 7.5.

7.4.3 Comparison with the flow induced crystallization

model of Bushman and McHugh

Previously, Bushman and McHugh [245] used the Poisson bracket formulation to
develop a FIC model. Their model is similar in spirit as the strain induced crys-
tallization models for rubbers of Flory [163] and Gaylord and Lohse [214]. The
FIC model developed in section 7.3 differs compared to that developed by Bush-
man and McHugh [245] in the choice of the microscopic independent variable. In
the present case the configuration of the amorphous part of the chain, A, is an
independent variable, which changes due to the crystallization as described by the
term ÂR in Eq. 7.61. Alternatively, Bushman and McHugh [245] consider the
configuration tensor of the entire (amorphous and crystalline part of the) chain,
C, as an independent variable. The following procedure is subsequently applied to
arrive at the configurational entropy of the amorphous part of the chain. First, a
‘static’ equation is proposed to express ra as a function of the end-to-end vector of
the entire chain, re, and the degree of crystallinity ms. Based on this expression,
the configuration tensor of the amorphous part, A, is constructed leading to an
expression of the form A = A(C,ms). (In this step the distribution function for re

of an amorphous deformed chain is used to express moments or average quantities
of re.) Finally, the expression A = A(C,ms) is used in Eq. 7.17 to arrive at the
configurational entropy of the amorphous part of the chains. In the limiting case
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of uniaxial flow the expression obtained by Bushman and McHugh [245] is very
similar to that obtained by Flory [163], see also [276].

However, the calculation of the configurational entropy by Flory [163], Gaylord
and Lohse [214], Bushman and McHugh [245] and Kulkarni and Beris [276] seem
inappropriate because of the following. In their model formulations they start
from the Boltzmann equation to calculate the configurational entropy, Sconfig ∼
∫

ψ(re) ln(ψ(re)/ψeq(re,ms))dre (See the footnote 19 on page 401 of [163]), where
we note that the integration is performed over re. The effect of the crystallization
on the equilibrium configuration and ra are incorporated into the expression for
ψeq(re,ms). The major concern is that the expression for ψ(re) is identical to the
Gaussian distribution for re, whereas ψeq(re,ms) is not a Gaussian for ms > 0.
Actually, for uniaxial deformation of a rubber in the z-direction one may verify
that ψeq(re,ms) is approximated well by the sum of two Gaussian distributions
with a covariance matrix of (1−ms)NKl

2
K/3I and a mean of r̄e = [0, 0,±NKlKms],

respectively. Hence, it is not possible that ψ(re) = ψeq(re,ms) for ms > 0, imply-
ing that equilibrium conditions can not be reached on the level of the distribution
function of re. This is at variance with the principles for statistical mechanics,
as well as with the maximum entropy principle. Probably, the observation that
Tmi 6= Tm0 for A = I is directly connected to the mismatch between ψ(re) and
ψeq(re) for ms > 0 in the approach taken by Flory [163], Gaylord and Lohse [214],
Bushman and McHugh [245] and Kulkarni and Beris [275].

The problems encountered in formulating the configurational entropy in the
strain induced crystallization models are conveniently surpassed in the present
FIC model by taking the configuration tensor of the amorphous part A as an
independent variable, and describing the change of A due to crystallization in a
dynamic fashion.

7.4.4 Temperature equation

Given that T is taken as an independent variable we directly obtain a temperature
equation from the GENERIC analysis, see Eq. 7.60. Apart from the ‘viscous
dissipation’ term, the temperature equation in terms of cV is identical to that
given in Table 19.2-4G of [285]. (The latter is obtained from the balance equation
for the entropy density and using the local equilibrium assumption in the procedure
given in chapter 19 and Problem 19D.2 of [285].)

Usually, the temperature equation in terms of cp is considered, which can be
obtained by an appropriate transformation of variables. For comparison reasons
we include the temperature equation in terms of cp

cp
DT

Dt
= αT

Dp

Dt
+ Π :

[

∂v

∂r

]

+
1

2
ηγ̇ : γ̇ +

∂

∂r
· λ∂T

∂r
+ lpR, (7.71)

with cp the heat capacity at constant pressure per unit volume and the latent heat
at constant pressure lp, is identical to lp = h̄f − h̄s. Hence, depending on the
variables used to arrive at the temperature equation the contribution associated
to phase change differs. Only provided the pressure is taken as a variable to
obtain the temperature equation the latent heat, lp, equals the difference in the
specific enthalpies. Alternatively, the ‘latent heat’ at constant volume, lV , is found
provided the densities are used to arrive at a temperature equation. One should
keep in mind that the notation lV is used to denote the contribution due to the
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crystallization in Eq. 7.60. Hence, lV should not be considered as an analogue
of the true latent heat lp, which is of relevance for phase transitions and is, for
example, used in the Clausius-Claperyon equation [282]. It should be noted that
the material parameters as well as the latent heat at constant pressure or volume
(lp or lV ), are independent of the configuration as E(x) is independent on A and
ideal entropy elasticity is considered. Equal observations apply to the two phase
mixture description, as formulated in appendix A.

Comparing the temperature equation generally considered for the simulation of
non-isothermal crystallization conditions [22,147,194,230,232,237,293] and those
obtained from the GENERIC analysis using an atomistic mixture and a two phase
mixture description we find two differences. First, the heat capacity is usually
taken equal to that of the fluid phase, whereas the analysis based on a two phase
mixture description, see section 7.4.5 and appendix A, gives that the heat capacity
is the weighted sum of the heat capacity of the fluid and solid phase. Second, the
latent heat is generally assumed to be constant to the value at the quiescent
melting temperature, whereas one should consider the difference in the enthalpies
for the present crystallization conditions. It is noted that the temperature equation
in terms of cp used by [238] the heat capacity changes in a linear fashion with
the crystallinity and lp equals the difference in the actually enhalpy of the fluid
and solid phase, which is therefore in line with the present findings. Given the
rather pronounced influence of the temperature on the nucleation density and
growth dynamics, see, for example, [148–150], an appropriate formulation of the
temperature equation may be of importance for a quantitative description of the
crystallization process.

7.4.5 Comparison atomistic mixture and two phase mixture

description

In section 7.3.1 we discussed that a two phase mixture description, TPMD, may be
more appropriate to formulate the crystallization dynamics of melt. The analysis
of the TPMD with a single T for both phases as an independent variable within
the GENERIC framework is given in appendix A. The difference in the atomic
mixture description, AMD, and two phase mixture description, TPMD, originates
from one conceptual difference. In the AMD the two components are considered
to be mixed and interacting at an atomistic level. However, in the TPMD the
thermodynamic behavior of the two phases is assumed to be identical to the pure

AMD TPMD
Amacro ρ̂/T (µf − µs) ρ̂/T (µf − µs) + p̃f − p̃s

lp mk(h̄f − h̄s) ρ̂(h̃f − h̃s) + p̃f − p̃s

lV lp − T (α/κ)(v̄f − v̄s) lp + [ρ̂/ρ̃s − 1]T (αs/κs) − [ρ̂/ρ̃f − 1]T (αf/κf)
ρ̂ mK [(ρf/(1 − φ))(ρs/φ)]/[ρs + ρf ]

Table 7.1: Comparison of the thermodynamic driving force Amacro, latent heat
at constant pressure, lp and the ‘latent heat’ at constant volume lV , as defined
through Eqs. 7.60 and 7.71 the mass transfer parameter ρ̂ in the atomic mixture
description, AMD, and the two phase mixture description, TPMD, according to
Eqs. A.44 and A.56
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phases and the relative contribution of the two phases at a given spatial position
is given by volume fraction, φ. As an example, this implies that mixing entropies
and energies are not required for the TPMD, contrary to the AMD.

For the TPMD, additional independent variables are included to characterize
the morphology of the two phase system. These variables are the volume fraction,
the surface area per unit volume and a total characteristic length and number of
crystals per unit volume, see appendix A. As a result the nucleation and growth
dynamics of crystals can be described by a TPMD [253,289], contrary to the AMD.
The incorporation of additional variables also results in an additional contribution
to A, lV and lp in the TPMD compared to the the AMD, namely the difference
in the intrinsic pressures of the two phases, see Table 7.1. The presence of a
morphology in the TPMD is also reflected in the expression for the mass transfer
parameter ρ̂, as derived by [288], which results in a difference in lV in the AMD
and TPMD, see Table 7.1.

In the GENERIC framework the difference in the AMD and TMPD primarily
affects the expression for E(x) and S(x), which propagates through the entire
analysis to the final dynamic equations for x. In the temperature equations in
terms of cV and cp for the TPMD one observes that the contributions of the two
phases to the temperature variation are weighted by means of the volume fraction.
Though single material parameters are found for the AMD this does not imply
they do not depend on the composition of the atomistic mixture.

Summarizing, we find a similar description for the phase change description in
the AMD and TPMD. Though many contributions have a similar physical meaning
in the AMD and TPMD, it is of importance to remember that the thermodynamic
description is fundamentally different. The presence of a morphology in the TPMD
and the associated morphological parameters gives rise to an additional physical
contribution in Amacro, lV and lp, namely the difference in the intrinsic pressure
of the two phases.

7.5 Conclusion

In this chapter a non-isothermal ‘single chain’ flow induced crystallization model
has been developed, consistent with the GENERIC framework for non-equilibrium
thermodynamics. In the present model we consider the configuration tensor of
the amorphous part of the chain as an independent variable, which is a princi-
pal difference to the strain - and flow induced crystallization models developed
by Flory [163], Gaylord and Lohse [214], Kulkarni and Beris [275] and Bushman
and McHugh [245], respectively, where the configuration tensor of the entire semi-
crystalline chain is used as an independent variable. This principal difference is
convenient to formulate the configurational entropy in line with the principles of
statistical mechanics, which is not the case for the configurational entropy consid-
ered for strain induced crystallization models for rubbers [163,214,245,275].

Flow induced crystallization is only predicted provided the reduction of the
end-to-end distance of the amorphous part of the chain is larger compared to the
increase of the relative extension of the chain under flowing conditions, see Eq.
7.67. Alternatively, these two competitive mechanisms should cancel under non-
flowing conditions in order to recover quiescent crystallization conditions, in the
sense that the quiescent crystallization rate is not affected by the chain configu-
ration. For the approach based on the assumption that the configuration of the
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remaining amorphous part of the chain does not change during the crystallization,
firstly, flow induced crystallization is predicted and, secondly, quiescent crystal-
lization conditions are recovered. However, the implementation of this approach
is not rigorous at the current level of description. Alternatively, implementing
the approach taken by Flory as well as by Gaylord and Lohse correctly predicts
flow induced crystallization under specific conditions, but quiescent crystallization
conditions are not recovered, as illustrated in Fig. 7.4.

Provided the temperature is included in the set of independent variables the
temperature equation in terms of cV is obtained from the analysis within the
GENERIC framework. The temperature equation in terms of cp is subsequently
found after performing a transformation. The present analysis suggests two modifi-
cations of the temperature equations generally considered for non-isothermal crys-
tallization simulations. First, the heat capacity should vary with the crystallinity.
Second, lp should be taken identical to the actual difference in the enthalpies of
the fluid and solid phase. To which extent these differences in the temperature
equation are of importance for quantitative model predictions remains to be seen.

In this chapter we presented a rather simplified description for the dynamic
behavior of the polymer chains. A more refined model for the description of the dy-
namics of a polymer chain is provided by the Rouse model, or using models based
on the tube concept. In particular the Rouse model may allow a (more) rigorous
implementation of the ideas put forward in the ‘amorphous chain configuration’
approach.
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Chapter 8

A continuum model for the

simulation of fiber spinning,

with quiescent and flow

induced crystallization

8.1 Introduction

The crystallization dynamics of polymers strongly depends on the temperature,
cooling rate and the application of a flow field, see, for example, [21, 22, 25, 147]
and chapter 6. All aspects are of relevance to high-speed fiber spinning, where the
melt is quickly cooled far below the melting temperature and the polymers become
stretched and oriented in the extensional flow field [294]. The change in crystal
morphology with increasing take-up speed is generally believed to affect the (me-
chanical) properties of as-spun fibers. The crystallization rate increases by several
orders of magnitude for relative large take-up speeds (> 4000 m/min for nylon and
PET), which is generally assumed to be connected to flow (or stress) induced crys-
tallization [21, 294–297]. A characteristic feature of high-speed fiber spinning of
crystallizing polymers is the formation of a neck in the filament [294,296,298,299].
The systematic experimental analysis of Haberkorn et al. [294] provides physical
insight in the neck formation for nylon 6 and nylon 66. Two observations are
of particular importance, which are illustrated with the help of Fig. 8.1. First,
Haberkorn et al. [294] showed that only in the neck region the extension rate, ε̇,
exceeds the reciprocal of the weight averaged reptation time of the melt. Hence,
only in the neck region significant orientation and stretching of the chains can be
expected. For low take-up speeds, in general, and in the drawdown regime for
high take-up speeds the orientation and stretching of the chains is limited. Sec-
ond, the onset of the crystallization occurs at the end of the neck region, but the
majority of the crystallization occurs after the neck is formed. Similar findings
are reported for PE [298] and PET [296, 300]. These two experimental findings
suggest that only at the end of the neck the chains are sufficiently stretched to
enhance the crystallization rate by several orders of magnitude. The formation
of a semi-crystalline morphology allows to bear the external load on the filament,
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which leads to the stabilization of the deformation. For further details on experi-
mental and modeling aspects of fiber spinning the reader is referred to chapter 12
of [21] and [225,226], respectively.

Next, we turn to the model description of flow induced crystallization, FIC,
during fiber spinning. The simulation of low-speed fiber spinning is, in general,
not affected by crystallization, and for a review we refer to [301]. Based on the
analysis of Ziabicki [225] 1-D radially uniform models for the FIC during fiber
spinning were proposed by Spruiell and coworkers [227,229]. A drawback of these
models is a purely Newtonian rheological description of the melt and consequently
neck formation is not predicted. A viscoelastic description of the melt is incorpo-
rated in the models developed by Ziabicki et al. [302], Joo et al. [232], Kulkarni
and Beris [275] and Doufas et al. [238]. The models of Ziabicki et al. [302] and
Joo et al. [232] are ‘single’ phase models in the sense that the rheology of the
semi-crystalline melt remains viscoelastic, whereas the viscosity (relaxation time)
changes with the degree of crystallinity. However, neck formation is not reported
or predicted. Kulkarni and Beris [275] consider a two phase model where the con-
tribution of the amorphous melt and a stiff crystalline phase to the total stress are
weighted by means of the degree of crystallinity. Alternatively, Doufas et al. [238]
consider that the total stress has additive contributions from the amorphous and
crystalline phase, without an explicit weighting of the stress contributions by the
crystallinity. The stress contribution of the crystalline phase is described by a
model for liquid crystalline polymers. Here, it is noted that for large extension
rates the stress contribution for liquid crystalline polymers is dominated by a vis-
cous stress [238,303]. In the model of Doufas et al. [238] the relaxation time (and
viscous stress) of the crystalline phase strongly increases with the degree of crys-
tallinity. The models developed by Kulkarni and Beris [275] and Doufas et al. [238]
are able to predict neck formation. This observation suggests that a ‘two-phase’
rheological model is needed to describe the formation of a neck during high-speed
fiber spinning. Characteristic features of present FIC models with application to
fiber spinning are summarized in Table 6.1.

In FIC models for fiber spinning the Nakamura equation [257, 258] is gener-
ally used to describe the crystallization dynamics, see Table 6.1. However, the
use of the Nakamura equation is inappropriate as, firstly, the ‘isokinetic’ assump-
tion is not satisfied during FIC, and, secondly, a change in number density of
crystals can not be described [22]. For these reasons, FIC dynamics needs to be
formulated through a set of rate equations, which allow to describe the enhanced
nucleation of spherulites [147, 224, 293], or the formation of the shish-kebab mor-
phology [22,164,180,237]. The description of the degree of crystallinity by means
of a set of rate equations is identical [22, 236, 253] to the crystallization theory
of Kolmogoroff [247], Avrami [248–250], Johnson and Mehl [251] and Evans [252]
and has two advantages compared to the Nakamura equation. First, nucleation
and growth dynamics are separated. Second, the formation of differently shaped
crystals can be incorporated naturally [22, 237, 253]. In principle, the use of the
rate equations is an attractive approach to describe FIC on a continuum level, as
changes in the crystallization dynamics under general flow conditions can be incor-
porated in a more transparent and considerably more detailed fashion compared
to the Nakamura equation.

Starting from the non-isothermal FIC model developed in appendix A, we pro-
pose a continuum model to describe high-speed fiber spinning, which is in line with
the physical understanding gained by the experiments of Haberkorn et al. [294].
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Figure 8.1: Schematic illustration of the melt spinning process. Parameters in the
Figure are defined in section 8.2.

The major difference with previous models lies in the description of the crystalliza-
tion dynamics. In the present model we consider that the flow induced nucleation
and growth of fibrils occurs due to the stretching of the amorphous chains, in ad-
dition to the quiescent crystallization of spherulites. To implement this approach
we use a set of rate equations to model the evolution of the morphology.

8.2 Balance equations

The process of melt spinning a single filament is illustrated in Fig. 8.1. The
polymer melt exits the spinneret through a capillary of diameter D0 at a mass
throughput W and a temperature T0. The fiber is drawn continuously at a take-
up velocity vL by the take-up role, which is located a distance L from the spinneret.
After the polymer leaves the spinneret it initially swells, but after a few diameters
downstream the fiber continuously reduces in diameter due to the rotation of
the take-up role. For high take-up speeds a neck is formed, which is a localized
reduction in diameter to a constant value. The fiber is cooled by a quench flow
of temperature Ta and velocity vc in the regime z1 < z < z2. Downstream of the
extrudate swell, the downward velocity vz is approximately radially uniform at all
positions z, because of the small variation in radius with the distance from the
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spinneret and the large radius of the transverse curvature compared to the filament
radius. Hence, after the extrudate swell the so-called thin filament approximation
may be applied.

8.2.1 Macroscopic balance equations

For the macroscopic balance equations we start from the mass balance equations
for the fluid and solid phase, the momentum balance and the temperature equation
derived for the two phase mixture description of the flow induced crystallization
model derived in appendix A, Eqs. A.36, A.37, A.38 and A.56. As mentioned
above, below the extrudate swell regime the thin-filament approximation may be
applied, where the flow field is locally approximated as an uniaxial extensional
flow. Here, the velocity profile is assumed to be independent on the radial posi-
tion in the filament, whereas the circumferential variations are absent due to the
axisymmetric configuration of the fiber spinning process. As a result, the mass
balance equations, the momentum balance can, and the temperature equation
may, be radially averaged over the cross section of the filament, see [301,304–306].
Using the mass balance of the solid and fluid phase we can obtain the balance
equation for the total density, ρ = ρf + ρs. Next, we assume that the total density
of a fluid element remains constant during crystallization, implying ρf = ρs and
incompressibility of ρf and ρs. In this case the total mass balance reduces to

W = ρvzA = ρvz
π

4
D2, (8.1)

with A and D the cross-section and diameter of the filament at position z, respec-
tively.

The momentum balance equals

W
dvz
dz

=
d

dz
[A (τzz − τrr)] − Cfρav

2
z + ρgA+

1

2
πσ

dD

dz
. (8.2)

The term on the left hand side corresponds to the inertia of a fluid element. The
terms on the right hand side correspond to the tensile force on the fiber at position
z, the air drag exerted on the fiber, the gravitational force and the interface tension
between the filament and the surrounding air, respectively. Here, τzz, τrr are
the longitudinal and radial component of the stress tensor τ , Cf is the air drag
coefficient, ρa the density of air, g is the acceleration due to gravity and σ the
interfacial tension. The observation that the isotropic fluid pressure is absent in
Eq. 8.2 results from a subtle radial averaging procedure of the z and r component
of the momentum balance, in conjunction with the boundary conditions at the
surface of the filament [304–306].

The temperature (or energy) equation equals

ρCpvz
dT

dz
= − 4

D
h(T − Ta) + (τzz − τrr)

dvz
dz

+ ρlp(T )φ∞vz
dφ

dz
. (8.3)

The terms on the right hand side correspond to the heat exchange between the
fiber and the quench flow of temperature Ta, the ‘viscous heat dissipation’ and
finally the release of latent heat due the crystallization. Here, Cp is the heat ca-
pacity at constant pressure per unit mass, h is the heat transfer coefficient, lp(T )
the latent heat per unit mass at temperature T , and φ∞ the final mass fraction
of the crystalline phase. The influence of lateral heat conduction is neglected in
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the temperature equation given in Eq. 8.3. Also, the use of a radially averaged
temperature is restricted low values of the Biot number, i.e. the heat conduc-
tivity of the polymer is much larger compared to hD [307]. Here, we apply this
assumption for simplicity, despite it is known that leading order radial variations
of the temperature are present under realistic melt spinning processes, see, for
example, [232,307] and references therein.

In line with the thin filament approximation the flow field is considered to be
a locally homogeneous axisymmetric uniaxial flow field, and assuming a constant
total density, the velocity gradient, in cylindrical coordinates, equals

∇v =





dvz

dz 0 0

0 − 1
2
dvz

dz 0

0 0 − 1
2
dvz

dz



 , (8.4)

with dvz/dz the local extension rate. For axisymmetric reasons the stress tensor
τ adopts the form

τ =





τzz 0 0
0 τrr 0
0 0 τθθ



 , (8.5)

with τrr = τθθ.

8.2.2 Rheological description

The rheological behavior of the amorphous part of the melts is described by a
micro-rheological model based on the dimensionless configuration tensor of the
amorphous part of the chain, A, as derived in chapter 7. Here, we briefly describe
the individual contributions to the dynamics in A. The components of A are
made dimensionless with respect to the equilibrium configuration of a completely
amorphous chain, A = 〈rara〉 · 3/(NKl

2
K)I, with 〈 〉 denoting an average over the

configuration space, ra is the end-to-end vector of the amorphous part of the chain,
NK is the total number of Kuhn segments per chain and lK is the Kuhn length.
Considering upper convective Maxwell behavior for the change of A in the flow
field, the Giesekus mobility matrix for the relaxation dynamics, finite extensibility
and the reduction of ra due to crystallization we arrive at the dynamic equation
for A of the form, see appendix A Eq. A.43,

DA

Dt
= (∇v)T · A + A · (∇v) (8.6)

− 1

τrelax
(1 − αG + αGA)(K(A,ms)A − I) − 1 + f(A)

1 −ms

Aφ∞
Dφ

Dt
,

K(A,ms) =
1

1 −ms

1

1 + 1/((1 −ms)NK) − tr[A]/(3NK(1 −ms)2)
, (8.7)

with D/Dt the material derivative, τrelax the relaxation time of the melt, αG the
Giesekus mobility parameter, 0 ≤ αG ≤ 1, ms the mass fraction of the crystalline
phase, ms = φ∞φ, and f(A) = (3/2)(A/tr[A] − I/3) : (A/tr[A] − I/3). The
change of A due to the crystallization dynamics is accounted for by the last term
in Eq. 8.6. Provided A is equal to the equilibrium configuration, i.e. A = Aeq =
(1−ms)I, f(A) = 0 and the change in A is identical to the change of Aeq due to
crystallization. Alternatively, for a large extension the reduction of A increases and
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approaches the limiting case where the chains are in the fully extended state. The
influence of the finite extensibility and the change in the equilibrium configuration
of the amorphous part of the chains (of (1−ms)NK Kuhn segments) are accounted
for in the first and second factor of the spring constant K(A,ms), respectively.

The stress tensor associated to the amorphous phase, τ a, takes the form,

τ a = G(K(A,ms)A − I), (8.8)

with G the shear modulus of the melt. Under non-crystallizing conditions the total
stress is identical to that of the amorphous phase only, i.e. τ = τ a for T > Tm0

with Tm0 the quiescent melting temperature.
In addition to the stress from the amorphous melt, τ a, we consider a purely

viscous stress contribution

τ gc = ηgc
[

∇v + (∇v)T
]

, (8.9)

which accounts, firstly, for a viscous stress contribution observed for the mechanical
behavior of polymer materials in the vicinity of the glass transition and, secondly,
in a phenomenological fashion for the influence of the crystallization on the rhe-
ological behavior. These two contributions are reflected by the expression of the
‘glassy-crystalline’ viscosity ηgc based on the following arguments.

The total stress of polymers deformed at temperatures around the glass tran-
sition temperature, Tg, has a contribution from the deformation of the chains,
as for a polymer melt or rubber, and a viscous contribution, as for simple flu-
ids [308]. Actually, the viscous contribution dominates the mechanical response
at larger extension rates for temperatures close to Tg, which is reflected by a
(pronounced) failure of the stress-optical-rule [308–311]. The variation of the
viscous stress with temperature follows the time-temperature-superposition prin-
ciple, which is well represented by the William-Landel-Ferry (WLF) equation
[308, 311]. These experimental observations suggest that, as a first approxima-
tion, ηgc ∼ ηg0(Tref)a

WLF
T (Tref), with ηg0 the ‘glassy viscosity’ at the reference

temperature Tref and aWLF
T the time-temperature shift factor according to the

WLF equation, log aWLF
T = −c1(T − Tref)/(c2 + T − Tref).

Now we turn to the influence of crystallization on the rheology. Experiments
indicate that the viscosity and linear viscoelastic behavior of a crystallizing melt
changes, rather drastically, during different stages of the crystallization process,
see, for example, [263, 264, 268, 274]. However, to date a general quantitative de-
scription is not yet available [224, 272]. Therefore, we take a phenomenological
approach and consider that the viscous contribution increases according to the
relationship ηgc ∼ exp(Fφ), with F a phenomenological parameter. Combining
these two contributions we arrive at the expression

ηgc = ηg0(Tref)a
WLF
T (Tref) exp(Fφ), (8.10)

which has the following desirable features. First, for φ = 0 one recovers the ‘glassy’
viscosity. Second, for temperatures well above Tg the viscosity is negligible com-
pared to the viscosity of the melt, as it should, while it has approximately the
same temperature dependency as predicted by the time temperature shift factor
according to the Arrhenius law. Third, the influence of the crystallization results
in an instant, and large, increase in ηgc. This last feature is essential to account for
the influence of the crystallinity on ‘stabilizing’ the deformation of the filament,
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which lead to the formation of the ‘neck’ for high take-up speeds.
It should be noted that from a rheological point of view the introduction of

τ gc is in practice similar to the representation of the crystalline phase by liquid
crystalline polymers in the model of Doufas et al. [238, 239]. There, the vis-
cous stress contribution for liquid crystalline polymers is, firstly, of the order
(10−3 − 10−2)η0(T ) exp(Fφ)

(

∇v + (∇v)T
)

/2, with η0(T ) the temperature de-
pendent zero shear rate viscosity of the melt, and, secondly, dominates for large
extension rates [303]. As a result, the influence of the crystallization on the rhe-
ology in the present model and that proposed by Doufas et al. [238] are similar in
practice, although the physical motivation differs.

Under crystallization conditions, i.e. T < Tm0, the total stress has two additive
contributions and equals τ = τ a + τ gc.

8.2.3 Crystallization dynamics

In the present model the total crystallization dynamics is based on the contribu-
tions from quiescent, and flow induced crystallization. We formulate these two
contributions in terms of a set of rate equations.

The quiescent crystallization is based on the nucleation and three dimensional
growth of spherulites. This contribution is described by the following set of rate
equations [22, 236,253]

DΨq
0

Dt
= Grq(T )A′Ψq

1, (8.11)

DΨq
1

Dt
= Grq(T )A′Ψq

2, (8.12)

DΨq
2

Dt
= Grq(T )A′Ψq

3, (8.13)

DΨq
3

Dt
= 8πζ, (8.14)

where Ψq
0 is the total volume of spherulites per unit volume, Ψq

1 is the total
(growth) surface of the spherulites per unit volume, Ψq

2 equals 8π times the sum of
the radii of spherulites per unit volume, Ψq

3 corresponds to 8π times the number
density of nuclei, Grq(T ) is the quiescent radial growth rate, ζ is the nucleation rate
due to thermal and athermal nucleation. Heterogeneous nuclei are reflected by a
non-zero initial value of Ψq

3, Ψq
3,0. All parameters Ψq

i are ‘unrestricted’ quantities
in the sense that the influence of impingement of crystals is not accounted for. The
incorporation of the term A′ in Eqs. 8.11 to 8.13 is of importance to guarantee
that the present model is compatible with the non-isothermal flow induced crystal-
lization model developed within the GENERIC framework in appendix A. Based
on this analysis the radial growth rate Gr equals Gr = RA = R(Amacro +A1

micro),
with R a rate constant, A the total thermodynamic driving force for crystalliza-
tion, whereas Amacro and A1

micro express the contributions to A associated to the
change in the macroscopic variables and the (microscopic) chain configuration, re-
spectively, see Eq. A.45. Under quiescent conditions A1

micro = 0 and consequently
Gr = Grq = RAmacro. Hence, using a (phenomenological) expression for the varia-
tion of Grq with temperature, we can express the radial growth rate under general
conditions as Gr(T,A,ms) = Grq(T )(1 +A1

micro/Amacro) = Grq(T )A′. Hence, the
quantity A′ − 1 expresses the relative influence of the flow on the thermodynamic
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driving force for crystallization. In the present study we consider heterogeneous
nucleation only, i.e. ζ = 0 and Ψq

3 = Ψq
3,0. The expressions for Amacro and A1

micro

equal

Amacro ≈ ρ̂(lp(T )/T − lp(Tm0)/Tm0), (8.15)

A1
micro =

ρ̂NAkB

Me

[

3

2(1 −ms)
− 3NK

2
ln[h(A,ms)]+ (8.16)

1

h(A,ms)

(

3

2(1 −ms)
− tr[A]

(1 −ms)2

)

−(1 + f(A))

(

3

2(1−ms)
− 1

2h(A,ms)

tr[A]

(1 −ms)2

)]

,

h(A,ms) = 1 +
1

NK(1 −ms)
− tr[A]

3NK(1 −ms)2
, (8.17)

with Tm0 the (quiescent) melting temperature and Me the molecular weight per
entanglement. For Amacro we have, firstly, adopted the usual assumption that the
difference in the specific Gibbs free energy of the fluid and solid phase may be
expressed as µf − µs ≈ lp(T )− lp(Tm0)T/Tm0 and, secondly, neglected the contri-
butions associated to the difference in the intrinsic pressure, see Eq. A.47. The
somewhat ‘bulky’ expression for Amicro is a direct result of considering the config-
uration entropy potential for a finite extensible chain, Eq. 7.70 or Eq. A.5, instead
of that corresponding to a Gaussian chain, Eq. 7.17, as is the case in chapter 7.

It is generally believed that a fibrillar morphology develops during (high-speed)
fiber spinning [312]. In this case the morphology consists of fibrils, which are ori-
ented parallel to the flow direction. In a small angle X-ray scattering study, Murthy
et al. [313,314] report that for as-spun nylon fibers the fibrils have a length of 100-
300nm and a diameter of 5-20nm. Visual inspection of the TEM analysis of fast
drawn PB-1 [254] and iPP [255, 256] films from the melt reveal a fibril length of
about 250nm. Hence, based on the present experimental data, one finds that after
(different) fast extensional flows the average length and diameter of the fibrils are
approximately similar for different polymers.

Based on these experimental observations we assume that the fibrillar morphol-
ogy develops due to the flow induced nucleation and longitudinal growth of fibrils.
On the continuum level the development of the fibrils is represented by the flow
induced nucleation and longitudinal growth of cylinders of constant cross-section,
Afibril = πr2fibril In this case the fibril formation can be described by the following
two rate equations

DΨF
0

Dt
= Afibrilglg(A, T,ms)Ψ

F
1 , (8.18)

DΨF
1

Dt
= gng(A, T,ms), (8.19)

where ΨF
0 is the unrestricted volume of fibrils per unit volume and ΨF

1 equals the
number density of fibrils per unit volume. The constants gn and gl describe the
sensitivity of the flow induced nucleation and longitudinal growth of the fibrils,
respectively, on the chain configuration at temperature T , which is described by
the parameter g(A, T,ms). Hence, gng(A, T,ms) is the nucleation rate of fibrils
and glg(A, T,ms) is the longitudinal growth rate (including both ends). The pa-
rameter g(A, T,ms) accounts for both thermodynamic and kinetic contributions
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to the fibril formation. Unfortunately, the influence of temperature and thermody-
namic driving force on the flow induced nucleation is in general not resolved both
experimentally and theoretically. For this reason, we adopt a phenomenological
approach and assume that the change in thermodynamic driving force on the flow
induced nucleation and longitudinal growth of the fibrils is similar to that observed
for the radial growth rate, giving,

g(A, T,ms) ∼ (Grq(T )/Gmax
rq )A′, (8.20)

with Gmax
rq the maximum quiescent growth rate. This ansatz for the thermody-

namic contribution to g(A, T,ms), firstly, guarantees compatibility of the present
model with the GENERIC framework and, secondly, indicates that the tempera-
ture dependence of the nucleation and longitudinal growth of the fibrils is similar
to the radial growth rate under quiescent conditions. However, the increase in A′

due to chain stretching proved to be insufficient to describe the flow induced fibril
formation. Therefore, we consider that the chain configuration also enhances the
kinetic contribution to g(A, T,ms), which is proportional to the second invariant
of the recoverable strain of the amorphous part of the chain, J2,

J2(A) =
1

2
(A − 1

3
tr[A]I) : (A − 1

3
tr[A]I). (8.21)

The parameter J2 has been used before to describe the nucleation and growth
of ‘shish’ in the FIC model proposed by Zuidema et al. [237]. It should be noted
that the parameter J2 has a stronger influence of chain stretching, J2 ∼ tr[A]2,
compared to the Legendre polynominal P2, P2 ∼ tr[A], which describes the average
orientation of the segments. From a kinetic perspective one may envisage that the
relative orientation of the Kuhn segments is of relevance for the fibril formation.
This feature may be better reflected by the stronger influence of chain stretching
in the parameter J2 compared to the P2. This suggestion is partly supported
by experiments, as the crystallization dynamics of PET is found to scale with a
power of P2, namely P 4

2 [315], which may correspond to having both the nucleation
rate and the longitudinal growth of fibrils proportional to J2 ∼ tr[A]2. However,
further investigations are needed to gain a better microscopic understanding of
the influence of chain stretching on the flow induced crystallization. Combining
the kinetic and thermodynamic contribution we arrive at the following expression
for g(A, T,ms),

g(A, T,ms) = J2(Grq(T )/Gmax
r )A′. (8.22)

Finally, we need to account for the impingement of the crystals on φ. At
present no rigorous theory exists which describes the impingement of differently
shaped and oriented crystals. Here, we follow Eder and Janeschitz-Kriegl [22]
and use the expression according to Avrami to relate the true volume fraction
of crystals, φ, to the total unrestricted volume fraction of spherulites and fibrils,
φ = 1 − exp(−Ψq

0 − ΨF
0 ). Using Eqs. 8.11 and 8.18 the dynamic equation for φ

equals
Dφ

Dt
= (1 − φ)(Grq(T )A′Ψq

1 + glg(A, T,ms)Ψ
F
1 ). (8.23)

In summary, the total crystallization dynamics are described by the time evo-
lution of Ψq

1, Ψq
2, Ψq

3, ΨF
1 and φ, which are expressed through Eqs. 8.12-8.14,

8.19 and 8.23. Here, the contribution from the growth of spherulites and the de-
velopment of fibrils to the total unrestricted volume of crystals is additive. The
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magnitude of Ψq
0 is primarily determined by the non-isothermal conditions experi-

enced till a specific time, as A′ is weakly influence by chain stretching during fiber
spinning conditions. While the effect of the temperature on the fibril formation
is similar to that of the spherulites, chain orientation and stretching results in a
pronounced increase in the nucleation and longitudinal growth rate of the fibrils.
Therefore, it depends on the transient non-isothermal conditions and chain config-
uration whether the crystallinity is predominantly determined by the development
of spherulites or fibrils.

In section 8.5.1 the relative contribution from quiescent and FIC is analyzed,
and the average length of the fibrils is compared to experimental data. In order
to do so we calculate the contribution from FIC from simultaneous, independent,
simulations, where we consider that the fibril formation is the only crystalliza-
tion process. In this case the restricted volume fraction of fibrils follows from the
equation

DφF

Dt
= (1 − φF)Afibrilglg(A, T,ms)Ψ

F
1 , (8.24)

used in conjunction with Eq. 8.19. Separately, to calculate the true (restricted)
number density of fibrils, ΨF

1r, we need to account for the ‘swallowing’ of potential
fibril nuclei [22], which results in a modification of Eq. 8.19, namely,

DΨF
1r

Dt
= (1 − φF)gng(A, T,ms). (8.25)

Based on φF and ΨF
1r the average length of a fibril, Lfibril, is estimated according

to the relationship Lfibril = φF/(AfibrilΨ
F
1r).

In the present FIC model, the constants gn and gl need to be fitted to describe
experiments. In this respect it is noted that the crystallinity, φ, depends only on
the magnitude of the product gngl. Alternatively, specification of gn and gl deter-
mines the morphology in terms of the number density of fibrils and the average
length per fibril, Lfibril = φF/(AfibrilΨ

F
1r).

8.3 Simulation procedure

For the simulations we first formulate the general dynamic equations for the rhe-
ological behavior and crystallization dynamics for the stationary, axisymmetric
conditions of fiber spinning. Under stationary conditions and the assumptions as-
sociated to the thin-filament approximation the material derivate D • /Dt reduces
to vzd•/dz in Eqs. 8.6, 8.12-8.14, 8.19 and 8.23. Due to the axisymmetric flow field
one has Arr = Aθθ, and consequently only Azz and Arr need to be determined.
As a result, the dynamic equations for Azz and Arr read,

dAzz

dz
=

2

vz
Azz

dvz
dz

− 1

vzτrelax
(1 − αG + αGAzz)(K(A,ms)Azz − 1)

− (1 + f(A))

1 −ms

Azzφ∞
dφ

dz
, (8.26)

dArr

dz
= − 1

vz
Arr

dvz
dz

− 1

vzτrelax
(1 − αG + αGArr)(K(A,ms)Arr − 1)

− (1 + f(A))

1 −ms

Arrφ∞
dφ

dz
. (8.27)
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Similarly, the dynamic equations for the crystallization dynamics can be formu-
lated for stationary conditions and the thin filament approximation.

The contributions to the extensional stress from τ a and τ gc equal τa,zz−τa,rr =
GK(A,ms)(Azz−Arr) and τgc,zz−τgc,rr = 3ηgcdvz/dz. Substituting these expres-
sions into Eqs. 8.2 and 8.3 and using Eqs. 8.26 and 8.27, the momentum balance
and temperature equation can be cast into the form that dvz/dz and dT/dz is a
function of vz , Azz, Arr and T for T > Tm, and as a function of vz , Azz, Arr, T ,
φ, Ψq

1, Ψq
2, Ψq

3, ΨF
1 , for T < Tm. The resulting set of coupled ordinary differential

equations are solved as an initial value problem combined with a shooting method.
As initial conditions for vz and T we use the cross-section averaged velocity

vz0 = W/(ρπD2
0/4) and the temperature, T0, at the spinneret. For the fiber spin-

ning conditions under consideration here, the relaxation time τrelax of nylon 66 and
PET is of the order of 1-10 ms when the melt leaves the spinneret [225,226,294].
As the extension rate in the extrudate swell region and the beginning of the draw
down region are of the order of 0.1s−1, Newtonian behavior can be expected at
small distances from the spinneret. In the case of stationary Newtonian flow con-
ditions the initial values for Azz and Arr are related to each other according to
the expression [238]

Arr,0 − 1

Azz,0 − 1
= −0.5, (8.28)

which follows from solving Eq. 8.6 for a stationary homogeneous flow field in the
Newtonian regime, i.e. A ≈ I. As a result, we can use Azz,0 as the shooting
parameter in the present study, and Arr,0 follows from Eq. 8.28.

Following Doufas et al. [238], we consider a switch at T = Tm0 as τzz − τrr =
τa,zz−τa,rr for T > Tm0 and τzz−τrr = (τa,zz−τa,rr)+(τgc,zz−τgc,rr) for T < Tm0.
At this ‘switch point’, the initial value for dvz/dz is based on the simulation results
for a pure amorphous melt at T = Tm0, the presence of heterogeneous nuclei is
reflected by a non-zero initial value for Ψq

3, Ψq
3 = Ψq

3,0, whereas for all other

crystallization parameters the initial value is equal to zero, φ = ΨF
1 = Ψq

1 = Ψq
2 =

0.

parameter symbol unit nylon 66 PET
shear modulus G kPa 110 [238] 95.2 [316]
Giesekus mobility parameter αG - 0.75 0.75
number of statistical links NK - 200 [238] 200 [238]
final degree of crystallinity φ∞ - 0.4 [239] 0.3 [240]
quiescent melt temperature Tm0

◦C 265 [225] 280 [225,317]
glass transition temperature Tg

◦C 45 [225] 85
heat capacity parameter Cpf C1

pf J/kgK 2100 [238] 1356 [240]

heat capacity parameter Cpf C2
pf J/kgK

2
1.9 [238] 2.36 [240]

heat capacity parameter Cps C1
ps J/kgK 1240 [238] 1047 [240]

heat capacity parameter Cps C2
ps J/kgK2 0.83 [238] 2.93 [240]

latent heat parameter lp(0) kJ/kg 209.2 [238] 125 [240]
interfacial tension σ N/m 0.036 [225] 0.035 [225]
WLF parameter c1 - 1.8 1.5 [318]
WLF parameter c2 K 295 237.8 [318]

Table 8.1: Physical parameters for nylon 66 and PET.
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8.4 Model, material and physical parameters

8.4.1 General material and physical parameters

The heat capacity at constant pressure, Cp, is taken as the mass averaged value
over the fluid and solid phase,

Cp = Cpsφ∞φ+ Cpf(1 − φ∞φ). (8.29)

The variation of the heat capacity per unit mass at constant pressure of the solid
and fluid phase, Cpf and Cps respectively, with temperature is given by the ex-
pression [238]

Cpi = C1
pi + C2

piT, (8.30)

with the parameters Cjpi given in Table 8.1 and T is in degrees Celcius.
The latent heat lp(T ) is identical to the difference in the enthalpy per unit mass
of the fluid and solid phase at temperature T [238]

lp(T ) = lp(0) + (C1
pf − C1

ps)T + (C2
pf − C2

ps)T
2/2, (8.31)

with T in degrees Celsius and lp(0) is the latent heat at the reference temperature
of T = 0◦C. The use of the expression for Cp and lp(T ) is consistent with the two
phase mixture description analyzed within the GENERIC framework in appendix
A, and are also used by Doufas et al. [238–240].

The expression for the drag coefficient Cf equals

Cf = 0.27Re−0.61
D . (8.32)

Here, ReD is the diameter based Reynolds number, defined as ReD = vzD/νa with
νa the dynamic viscosity of air. The prefactor ‘0.27’ is taken from [319, 320] and
kept constant for all simulations.

The heat transfer coefficient h in Eq. 8.3 is given by [321]

NuD =
hD

ka

= Nu0
DRe

1/3
D

[

1 +

(

8
vc
vz

)2
]1/6

, (8.33)

where NuD is the diameter based Nusselt number and ka is the thermal conduc-
tivity of air. The magnitude of the prefactor Nu0

D is taken equal to 0.42 [321], or
stated otherwise.

The variation of ka and νa with temperature are given by the relationships [238]

ka = 1.88× 10−4T 0.866
f [J/msK], (8.34)

νa =
4.12× 10−9T 2.5

f

Tf + 113.5
[kg/m3], (8.35)

where the fiber surface temperature Tf is in degrees Kelvin and defined as the
arithmetic mean of T and Ta, Tf = (T + Ta)/2.

8.4.2 Material parameters for nylon 66

For nylon 66 the zero shear rate viscosity, η0(T ), equals, [239]

η0(T ) = η0(T = 280◦C)aT (T ), (8.36)

aT (T ) = exp

[

Ea

R

(

1

T
− 1

553.15

)]

, (8.37)
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with aT (T ) the time-temperature shift factor with respect to a reference tempera-
ture of T = 280◦C and Ea the activation energy of Ea = 56kJ/mol [238]. Following
Doufas et al. [238, 239] the relaxation time of the melt equals τrelax = η0(T )/G
with G the shear modulus of the melt given in Table 8.1.

For nylon 66 no data are available for the WLF parameters and the magni-
tude of the ‘glassy’ viscosity, ηg0. For nylon 66 we consider that ηg0 = 0.001η0
at T = 280◦C and the WLF parameters in Table 8.1 represent that the glassy
contribution becomes relevant for T > Tg + 50K. This choice is motivated by the
quantitative findings for PET, which are discussed in the next section.

The motivation to describe the variation in τrelax and ηg0 with temperature by
the Arrhenius law and the WLF equation, respectively, is based on the following.
It is (well) known that the variation in relaxation times with temperature is ac-
curately described by the Arrhenius law at high temperature, whereas the WLF
equation is only appropriate for Tg < T < Tg+100K, see, for example, [96,322]. In
order to realistically describe the influence of the temperature on the rheological
behavior in the draw-down and neck regime we use the Arrhenius law to account
for the change in τrelax with temperature. In contrast, for Tg < T < Tg + 100K
the variation in ηg0 with T is of importance, which we therefore describe by means
of the WLF equation. Another, practical, reason for this choice is that for crys-
tallizing polymers the activation energie Ea is well documented, whereas WLF
parameters are scarce or not available [322].

To describe the quiescent radial growth rate Grq(T ) we consider the expression
according to Lauritzen and Hoffmann [219,220,323]

Grq(T ) = Gr0 exp

(

U∗

R(T − (Tg − 30))

)

exp

(

K

T (Tm0 − T )

Tm0 + T

2T

)

. (8.38)

The parameters U∗ and K are obtained in the usual way, see, for example, [21],
using experimental data for the growth rate of nylon 66 reported in the literature
[324–326]. The value of Gr0 is then taken such that the maximum growth rate
is identical to that reported in [238, 324]. As a result, Gr0 = 3.32 × 10−4m/s,
U∗ = 1.04×103J/mol and K = 9.50×104K2. Due to the lack of experimental data
on the nuclei density of nylon 66 we consider the development of spherulites from
heterogeneous nuclei, described by a constant value of Ψq

3 = Ψq
3,0 = 3.33×1016m−3

[238].

8.4.3 Material parameters for PET

For PET the zero shear rate viscosity, η0(T ), equals [240]

η0(T ) = η0(T = 280◦C)aT (T ), (8.39)

aT (T ) = exp

[

7(280− T )

T + 45

]

, (8.40)

with [η] the intrinsic viscosity. As for nylon 66, the relaxation times equals
τrelax(T ) = η0(T )/G.

For PET the ‘glassy’ viscosity ηg0 is estimated based on the stress-optical mea-
surements reported by Ryu et al. [310]. At T = Tg = 85◦C the viscous stress
contribution is about 1MPa for a constant uniaxial extension rate of 0.25s−1, giv-
ing a ‘glassy viscosity’ of ηg0 ≈ 1.3× 106Pas. Using the WLF parameters for PET
reported in reference 12 of [318], see Table 8.1, ηg0 = 0.16Pas at T = 280◦C. As a
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result, ηgc is about a factor 0.001 smaller compared to the viscosity of the melt for
T = 280◦C, and becomes important when the temperature approaches Tg along
the spinline.

For PET the quiescent radial growth rate is described according to the phe-
nomenological relationship by Ziabicki [225],

Grq(T ) = Gmax
rq exp

[

−4 ln 2
(T − Tmax)

2

D2
av

]

, (8.41)

with Gmax
rq = 7.45 × 10−8m/s, Tmax = 180◦C and Dav = 64◦C [149, 151, 225].

Under quiescent conditions the nuclei density of PET is essentially constant [151],
suggesting that growth of spherulites primarily results from heterogeneous nuclei.
Based on these findings we consider that Ψq

3 = Ψq
3,0 = 1016m−3 [151].

8.4.4 Other model parameters

In the present study the value of the Giesekus mobility parameter, αG, is taken
equal to 3/4. In this case the stationary non-linear extensional viscosity shows
weak hardening behavior for τrelaxε̇ ≈ 1 and thinning behavior for τrelaxε̇ > 1 [327],
representative for linear polymer melts [9].

For low-speed spinning conditions of nylon 66 quiescent crystallization prevails
and the velocity profile reaches a constant value at temperatures far above Tg. As
the contribution from FIC is negligible the velocity profile at low take-up speeds are
fitted by adjusting the magnitude of F only. The magnitude of F is kept constant
for all other simulations of nylon 66 and PET. The parameters Afibril, gn and gl are
determined as follows. Based on experimental data of as spun fibers we consider
for the cross-section of the fibrils a value of Afibril = 10−16m2, corresponding to a
fibril diameter of about 11.3 nm. To determine gn and gl it is convenient that φ
only depends on the magnitude of gngl, whereas the number density and average
length of the fibrils follow from specifying gn and gl. Given that the rheology is
only influenced by φ (through Eq. 8.10) the velocity profile for large take-up speeds
can be described by adjusting the quantity gngl. Therefore, the quantity gngl is
the principle parameter to describe the influence of the flow on the crystallization
dynamics in the present model. Subsequently, the values of gn and gl is chosen in
order to obtain a realistic description of the morphology of as-spun fibers. To this
end, we compare the predicted fibril length Lfibril = φF/AfibrilΨ

F
1r to those reported

in the literature [254–256, 313, 314]. Using gn/gl = 0.25 × 1030m−4 satisfactory
agreement with experimental data is obtained, see Fig. 8.10, and this value is kept
constant for all simulations.

8.5 Model predictions and comparison with ex-

perimental data for nylon 66

In the present section model predictions are presented for nylon 66. First, the
influence of the take-up velocity on the velocity profile is analyzed, qualitatively,
and specific characteristic features of the model are illustrated. Subsequently, the
influence of the quench flow and mass throughput for a given take-up velocity
is compared to experimental spin-line data reported by Doufas et al. [239]. We
found that a fair description of the experimental velocity profiles can be obtained
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Test D0 vL W T0 L z1 z2 vc Ta

unit mm m/min g/min ◦C m m m m/s ◦C
S1 0.216 5700 2.22 290 1.60 0.04 1.16 0.3045 21
S2 0.216 5700 2.22 290 1.60 0.04 1.16 0.5080 21
S3 0.216 5700 2.22 290 1.60 0.04 1.16 0.7112 21
S12 0.381 1006 1.42 277 3.00 0.0 1.43 0.3393 11.1
S13 0.381 396 2.85 299 3.00 0.0 3.00 0.4785 11.1
S14 0.330 396 1.43 298 3.00 0.0 3.00 0.4785 11.1
S15 0.254 5300 1.902 287 1.35 0.045 3.16 0.3045 24
S16 0.254 5300 2.038 287 1.35 0.045 3.16 0.3045 24
S17 0.254 5300 2.265 287 1.35 0.045 3.16 0.3045 24
S18 0.254 5300 2.492 287 1.35 0.045 3.16 0.3045 24
S19 0.254 5300 2.627 287 1.35 0.045 3.16 0.3045 24
S20 0.254 5300 2.944 287 1.35 0.045 3.16 0.3045 24

Table 8.2: Processing conditions of nylon 66 melt, nomenclature as in [239]. The
melt used in runs S1-S3, S12-S14 and S15-S20 have different physical properties
and model parameters, see Table 8.3.

for gngl = 0.65 × 1016m−2s−2 and F = 30. For this reason we use these values
for the qualitative analysis in section 8.5.1. The model, physical and processing
conditions of the nylon melts considered in this section are given in Tables 8.1-8.3
and section 8.4.

8.5.1 Influence of the take-up velocity

The influence of the take-up velocity for constant mass throughput, W , is analyzed
qualitatively. In order to do so, we consider the processing conditions and material
parameters for run S18 and the model parameters gngl = 0.65×1016m−2s−2, F =
30 and Nu0

D = 0.42 for take-up velocities in the range vL = 2000 − 6000 m/min.
The predicted velocity profiles diverge with increasing distance from the spinneret
for the different take-up velocities, see Fig. 8.2. For low take-up velocities, vL <
2000 m/min (not shown), the velocity increases in a smooth fashion with distance
from the spinneret towards a plateau value (the take-up velocity). In contrast,
for large take-up velocities (vL > 4000 m/min) one observes a fast increase of vz
during a relatively small distance along the spinline till vz reaches, rather abruptly,
a plateau value. As a result of the fast local increase in vz, also a pronounced
reduction in the diameter of the filament is observed, till it reaches a constant
value, see Fig. 8.2. This behavior is called neck formation. In the remainder

Test η0 [Pas] density, ρ [kg/m
3
] gngl × 1016[m−2s−2] Nu0

D[−]
S1-S3 126 1106 0.65(fit:0.225) 0.42
S12-S14 229 1106 0.65 0.42
S15-S20 217 980 0.65 0.36 (fit:0.345)

Table 8.3: Material properties [239] and the magnitude of gngl and Nu0
D for nylon

66 melts used in the individual runs. The value of η0 is at T = 280◦C.
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Figure 8.2: Effect of take-up velocity, vL, on the velocity profile (left) and diameter
profile (right) for constant mass throughput of W = 2.492 g/min. Processing
conditions correspond to run S18 and Nu0

D = 0.42.
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Figure 8.3: Effect of take-up velocity, vL, on the temperature profile for constant
mass throughput of W = 2.492 g/min. Processing conditions as in Fig. 8.2.
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Figure 8.4: Effect of take-up velocity, vL, on the crystallinity profile for constant
mass throughput of W = 2.492 g/min. Processing conditions as in Fig. 8.2.

of this chapter, we denote the position where vz reaches the plateau value the
‘solidification point’. In agreement with experiments [294, 296, 298], the model
predicts that the solidification point moves towards the spinneret for increasing
take-up velocity at constant mass throughput.

The predicted temperature profiles are shown in Fig. 8.3. For intermediate
take-up velocities, vL = 2000− 4000m/min, a kind of plateau in the temperature
profile is observed. The local temperature increase is more pronounced for large
take-up velocities, vL > 5000m/min, and in agreement with experimental data
[294] a local maximum is found. Similar experimental observations are reported
for PE [298] and PET [328]. The local increase in the temperature profile results
from the release of the latent heat due to crystallization. The stronger increase in
the temperature profile with increasing take-up velocity is directly connected to
faster crystallization dynamics and an increase in the degree of crystallinity with
increasing take-up velocity, see Fig. 8.4. The intimate connection between the
FIC and the formation of the neck is reflected by the observation that the position
of the solidification point coincides with that for the local temperature increase,
as reported experimentally by [294,298,328].

The tensile stress, τzz− τrr, and the apparent viscosity, ηapp, defined as ηapp =
(τzz − τrr)/(dvz/dz), are shown in Fig. 8.5. The tensile stress and viscosity
profiles diverge for increasing distance from the spinneret, similar to the velocity
profiles. For vL = 2000 m/min one finds a gradual increase of the tensile stress
and ηapp [227,329]. For vL ≥ 4000 m/min the tensile stress increases rapidly in the
neck region till the solidification point is reached, reflecting the rapid deformation
of the polymer chains. After the solidification point, the tensile stress increases
further due to air drag [238, 294]. For vL = 6000 m/min the apparent viscosity
initially increases, goes through a maximum value, before it rises rather sharply
at the solidification point, see Fig. 8.5, in qualitative agreement with experiment
results for nylons [294] and PE melts [298]. The strong increase of ηapp around
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Figure 8.5: Effect of take-up velocity, vL, on the profile of the tensile stress,
τzz − τrr, and apparent viscosity, ηapp, for constant mass throughput of W =
2.492 g/min. Processing conditions as in Fig. 8.2.

the solidification point for all take-up velocities is due to fact that dvz/dz reduces
essentially to zero after the solidification point (not shown). The observation of
a local maximum in ηapp is connected to the transient non-isothermal rheological
response characteristic for high-speed fiber spinning conditions. We address this
issue in further detail in section 8.7.

Next we turn to the crystallization dynamics. Nylon 66 is a relatively fast
crystallizing polymer [330] and for vL < 2000 m/min the influence of quiescent
crystallization dynamics to the total crystallinity is of relevance, see Fig. 8.6. For
vL = 4000 − 6000 m/min the crystallinity is nearly zero before the solidification
point, increases strongly around the solidification point and finally levels of before
the take-up role is reached, see Fig. 8.4. All observations are consistent with
experimental findings for nylon 66 [294], PE [298] and PET [300]. The change in
predicted crystallinity at the take-up role, z = L, for increasing vL is shown in
Fig. 8.6. For vL < 1500 m/min the crystallization is dominated by the quiescent
crystallization dynamics and the final crystallinity decreases with increasing vL.
This trend is in agreement with experiments for low-speed fiber spinning [331,332].
For vL > 2000 m/min the total crystallinity increases due to the formation of
fibrils and reaches a plateau value of about 0.95 for large take-up speeds. Based
of the expression Lfibril = φF/(AfibrilΨ

F
1r) one finds that the predicted fibril length

increases with increasing vL and reaches a plateau value of about 185 nm for
vL > 5000 m/min, see Fig. 8.6. This value is of the proper order compared to
experimental findings for different polymers [254–256, 313, 314] and supports the
ansatz for the ‘driving force’ g(A, T,ms) for the nucleation and longitudinal growth
of fibrils. Here, it is noted that the effect of flow on A′ is negligible, i.e. A′ ≈ 1,
in agreement with previous estimates [147,200,246].
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Figure 8.6: Predicted crystallinity, a), and average fibril length Lfibril, b), at z = L
with increasing take-up velocity.
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8.5.2 High-speed spinning: Influence of quench air velocity

The influence of the quench air velocity, vc, on the predicted velocity profile is
compared with experimental data for runs S1 to S3. Using the general parameter
set gngl = 0.65 × 1016m−2s−2 the predicted velocity profile is within the range
of experimental data, although better agreement is found by an independent fit
for gngl = 0.25 × 1016m−2s−2, see Fig. 8.7. A different value for gngl is justified,
as the polymer melt in runs S1-S3 differs from that considered in runs S15-S20,
which are analyzed in the next section. Increasing vc results in a faster cooling of
the filament, the relaxation time τrelax increases more rapidly, and consequently
the non-linear rheological behavior becomes of relevance at smaller distances from
the spinneret. As a result, the position of the solidification point shifts towards
the spinneret. Reducing gngl results into two changes in the temperature profile,
see Fig. 8.8. First, the position where the temperature increases moves towards
the spinneret for increasing gngl, just as for the solidification point. Second, the
slower fibril formation and smaller total crystallinity with decreasing gngl results
in a weaker local increase in the temperature. In both cases, the temperature
corresponding to the local minimum in the temperature profile is approximately
constant as a function of vc, in agreement with experiments [294]. The predicted
tensile stress at the solidification point is independent of vc and gngl (not shown).
This observation is consistent with findings of Haberkorn et al. [294], who report
that the tensile stress at the solidification point is primarily governed by the take-
up velocity.

8.5.3 High-speed spinning: Influence of mass throughput

The influence of the mass throughput, W , at constant take-up velocity on the
predicted velocity profile is compared to experimental data for runs S15-S20, see
Fig. 8.9. Compared to runs S1-S3 the experimental data for runs S15-S20 are taken
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Figure 8.9: Velocity profiles for runs S15-S20. Model predictions for gngl = 0.65×
1016m−2s−2. Full lines: model predictions for S15-S20 with Nu0

D = 0.36, dashed
lines: model prediction for runs S19-S20 with Nu0

D = 0.345, symbols: experimental
data [239].

from filaments which are located “a number of rows back from the quench screen”
[239]. Due to the stronger interactions between the filaments, the temperature and
axial velocity profile differ considerably compared to a filament close to the quench
screen [239]. As a result, the relationships for Cf and NuD may not be used, as
they are applicable to single filaments only [333]. For the simulation of runs S15-
S20, we consider the average quench conditions from the exit and keep all model
parameter constant as specified before. Only the prefactor Nu0

D is reduced to a
value of 0.345-0.36, in order to obtain good overall agreement between the model
predictions and the measured temperature profile for 0.15m < z < 0.5m, see Fig.
8.10. In order to do so one benefits from the weak influence of the temperature

profile on vz , as dT/dz ∼ v
1/6
z (T − Ta) in the absence of viscous dissipation and

crystallization for positions close to the spinneret.
For gngl = 0.65 × 1016m−2s−2 and Nu0

D = 0.36 a good overall agreement
is found between the experimental and predicted velocity profiles, see Fig. 8.9.
The solidification point moves away from the spinneret with increasing W , in
agreement with experiments [239, 294, 299]. It should be noted that for runs S19
and S20 good quantitative agreement between model predictions and experimental
data is obtained for Nu0

D = 0.345, as illustrated by the dashed curves in Fig.
8.9. As expected from the findings in section 8.5.2, a reduction in Nu0

D moves
the solidification point away from the spinneret. Given that runs S15-S20 are
performed on a single polymer melt the magnitude of gngl is kept constant, because
it is a material parameter, and a change in Nu0

D reflects differences in the cooling
conditions associated to the different positions of the filaments in the spinneret.
This approach is more appropriate compared to Doufas et al. [239], who change the
model (material) parameters associated to the FIC and the relaxation time of the
crystalline phase in their model to describe the velocity profiles for the individual
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runs.
The predicted temperature profile for runs S15-S20 are shown in Fig. 8.10,

and illustrates that for Nu0
D = 0.345− 0.36 the predictions are in good agreement

with available experimental data for 0.15 m < z < 0.5 m. In agreement with
experiments [294], the temperature at the solidification point is almost independent
of the mass throughput and primarily determined by vL.

The predicted tensile stress and apparent viscosity are shown in Fig. 8.11. The
tensile stress at the solidification point is nearly independent on the W and of the
proper magnitude as found experimentally by Haberkorn et al. [294], τzz − τrr ≈
107Pa. In all cases the apparent viscosity goes through a maximum, shows a
thinning behavior before the solidification point, and increases strongly after the
solidification point.

8.5.4 Low speed spinning

In this section the model predictions for low-speed spinning conditions of nylon
66 are compared with experimental data for runs S12 to S14. Quiescent crystal-
lization dynamics are important for take-up velocities for runs S12 to S14, see
Fig. 8.6. As a result, the parameter F can be obtained independently from the
description of the velocity profile for low take-up velocities. In the present case, a
parameter value of F = 30 is obtained by fitting the velocity profile for run S13,
which is then used for the model predictions of run S12 and S14.

For runs S12-S14 the model predictions and experimental data for the veloc-
ity profile are in good agreement with each other, and show a gradual smooth
increase towards vL, see Fig. 8.12, characteristic for low-speed spinning condi-
tions [227,329]. Also favorable agreement between the predicted and experimental
temperature profiles are obtained, see Fig. 8.13. Here, we observe the smooth de-
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crease in temperature along the spinline, which is typically observed for low-speed
spinning conditions [227, 329]. The predicted degree of crystallinity, φ, increases
smoothly from zero to a plateau value, see Fig. 8.14, where the crystallization dy-
namics varies according to the (bell shaped) temperature dependent radial growth
rate between Tm0 and Tg. At low-speed spinning conditions, the final crystallinity
of the filament is related approximately to the residence time of the fluid element
between Tm0 and Tg. For example, the smaller degree of crystallinity for run S12
compared to run S14 primarily results from a shorter residence time between Tm0

and Tg for run S12 compared to S14. (The reduction in the crystallinity along
the spin line with increasing vL is also reported experimentally by on-line X-ray
scattering studies [331, 332].) Alternatively, the larger final crystallinity for run
S13 compared to S14 is primarily connected to the difference in the temperature
profile of these two runs. Finally, the predicted tensile stress profile increases in
a smooth fashion till a magnitude of about 0.1-0.5MPa, and subsequently a weak
gradual increase is observed as a result of air drag, see Fig. 8.15.

8.6 Comparison with experimental data for high-

speed spinning of PET

Besides nylons also poly(ethylene therephthalate), PET, is a polymer used fre-
quently for fiber spinning. PET is a slowly crystallizing polymer and for low and
intermediate spinning conditions the spun PET fiber is amorphous at the take-up
role, see, for example, [21,295,296], which is a major difference compared to nylon
66 analyzed in the previous section.

Here, we consider the experimental data for the diameter and temperature
profile of the filament during high-speed spinning conditions of PET reported by
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η0 ρ D0 vL W T0 L z1 z2 vc Ta

Pas kg/m
3

mm m/min g/min ◦C m m m m/s ◦C
R1 331 1360 3.8 5947 4.7 310 1.40 0.0 1.40 0.1 24
R2 331 1360 3.8 5490 2.8 310 1.40 0.0 1.60 0.1 24

Table 8.4: Material and processing conditions of PET [296]. The value of η0 is at
T = 280◦C.

Vassilatos et al. [296]. The processing conditions, material parameter and model
parameters are given in Table 8.1 and 8.4 and section 8.4. As PET is amorphous
for low and intermediate take-up velocities, the procedure to determine the model
parameter F can not be applied. For the simulation of PET we use F = 30, just as
for nylon 66. For gngl = 10× 1016m−2s−2 we find rather good agreement between
model predictions and the experimental data for the diameter and temperature
profiles, see Figs. 8.16 and 8.17, under different processing conditions. The tem-
perature at the solidification point corresponds to T ≈ 180◦C for run R1 and
T ≈ 160◦C for run R2, respectively, which is well above Tg. This illustrates that
the formation of the neck is connected to the influence of crystallization on the
rheology and is not associated to the glass transition. Finally, it should be noted
that a relatively low degree of crystallinity is sufficient to stabilize the deforma-
tion behavior, see Figs. 8.16 and 8.17. On the other hand, the temporary rise in
temperature at the solidification point is more sensitive to the overall crystalliza-
tion dynamics. In summary, the present FIC model is able to describe high-speed
spinning conditions of both nylons and PET. Up to now, it was not possible to
predict low and high-speed spinning of PET with a single set of model parameters.

8.7 Discussion

As shown in the previous section the present model gives a realistic description
of the velocity, temperature, stress and crystallinity profile along the spinline for
different process conditions and different polymers. Model predictions of the ve-
locity profiles of nylons are similar to those predicted by the model proposed by
Doufas et al. [238–240], who consider a modified Nakamura equation to describe
the crystallization dynamics. Alternatively, in the present model the individual
contributions from the quiescent crystallization of spherulites and the FIC of fib-
rils during fiber spinning are described through two hierarchies of rate equations.
For nylon 66, quiescent crystallization dominates the crystallinity at the take-up
role for vL < 2000 m/min, whereas for vL > 2000 m/min the formation of fibrils
determines the crystallinity. Moreover, the present model describes the morphol-
ogy of as spun fibers, in agreement with experimental observations [313,314]. This
is the primary advantage of the present model compared to previous FIC models
for fiber spinning, because a morphology can, by definition [22], not be predicted
by the Nakamura equation. The present description of the FIC is kept simple,
to avoid the introduction of a large number of (phenomenological) parameters.
As the difference in gn and gl is based on independent experimental data for the
fibril length, the velocity profile can be described by adjusting gngl only. The
magnitude of F is obtained from spinline data for low take-up velocities and kept
constant for all remaining simulations. As a result, the model parameters associ-
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Figure 8.16: Filament diameter, temperature and crystallinity profiles under high-
speed speed spinning conditions of PET in run R1. Model predictions for the fila-
ment diameter (—) temperature (−−), and crystallinity (−·−) and experimental
data for the diameter, (2), and temperature, (◦) [296].
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Figure 8.17: Filament diameter, temperature and crystallinity profiles under high-
speed speed spinning conditions of PET in R2. Model predictions for the filament
diameter (—) temperature (−−), and crystallinity (− ·−) and experimental data
for the diameter, (2), and temperature, (◦) [296].
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ated to FIC can be obtained in a transparent fashion. To our knowledge, detailed
experimental data is missing that would allow to carefully validate or extend the
present approach.

Besides the ability to predict a morphology, we also found that a fair descrip-
tion of the velocity profiles for nylon 66 can be obtained for a single set of model
parameters. Though this is an encouraging finding, ‘universal’ empirical values
for gn and gl can not be given, as the position of the filaments in the spinneret of
runs S1-S3 and S15-S20 differ. As a result, also the cooling and air drag on the
filament differs, which result in different positions of the solidification point [239],
see also sections 8.5.2 and 8.5.3.

In order to predict the neck formation, a viscoelastic rheological description of
the melt is essential. The viscoelastic behavior of the melt is, perhaps, illustrated
best by the thinning behavior of ηapp in the draw-down and neck region. However,
the origin of the thinning of ηapp is not well understood. Haberkorn et al. [294]
considered that the thinning in ηapp could be connected to the thinning of the
stationary extensional viscosity or the onset of a transient non-linear rheological
response. First, we address the possibility that the thinning in ηapp is connected
to the thinning in the stationary extensional viscosity. In order to do so, we calcu-
lated the stationary extensional viscosities based on the temperature, T , and the
extension rate, dvz/dz, at position z in the Newtonian regime, ηNE (T ) = 3η0(T ),
and the Giesekus model, ηG

E (T, dvz/dz). (To calculate ηG
E (T, dvz/dz) we use the

analytical expression for the Giesekus model reported in Table 7.3-5 of [327], as it
can be shown that for αG = 3/4 the influence of finite extensibility is negligible.)
Fig. 8.18 illustrates that, firstly, for run S18 the difference between ηN

E (T ) and
ηG
E (T, dvz/dz) is quite limited for αG = 3/4, and, secondly, that the increase in
ηN
E (T ) and ηG

E (T, dvz/dz) primarily results from the decreasing temperature. This
observation reveals that the decrease of the stationary extensional viscosity at high
deformation rates can not account for the difference between ηN

E and ηapp. (Sim-
ilar observations apply to the other runs.) Hence, the thinning of the stationary
extensional viscosity at high extension rates [9, 11] can not explain the thinning
behavior in ηapp. Alternatively, the connection between a transient non-linear rhe-
ological response and the thinning in ηapp is supported by the observation that,
firstly, ηapp < ηG

E (T, dvz/dz) and, secondly, the position in the local maximum in
ηapp corresponds to the condition that De = τrelax(T )dvz/dz > 1. Hence, in the
neck region the polymer chains become strongly stretched, which is also reflected
by the rapid increase in τzz − τrr, see Figs. 8.5 and 8.11. However, stationary
conditions are not reached due to the continuous cooling of the filament. Finally,
it is interesting to note that also for the low flow rates, De < 1, encountered in the
draw-down regime one finds that ηapp < ηN

E . This observation shows the impor-
tance of a viscoelastic description of the melt, and the close interaction between
the transient viscoelastic behavior and the non-isothermal conditions experienced
during fiber spinning in general.

Finally, we turn to the predictions of low-speed fiber spinning. The crys-
tallinity profiles presented in Fig. 8.14 are qualitatively similar to the predictions
based on the Nakamura equation by Doufas et al. [239] (see their Fig. 19). The
quantitative differences results from the fact that in the present study the (qui-
escent) crystallization of spherulites from heterogeneous nuclei is considered, cor-
responding to an Avrami index of 3, whereas Doufas et al. [239] use an Avrami
index of 1 in their calculations. Although an Avrami index of 1 is questionable for
low-speed spinning conditions, we want to focus on the impact of this difference
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Figure 8.18: Model predictions of the apparent viscosity, ηapp, the stationary
viscosities based on T and dvz/dz at position z according to the Giesekus model,
ηGE , and Trouton ratio, 3η0, and the Deborah number, De = τrelaxdvz/dz, till the
solidification point of run S18.

in the value of the Avrami index. In particular, the crystallinity influences the
rheological response, through Eq. 8.10, and consequently the value of the param-
eter F is affected by the quiescent crystallization dynamics. It is apparent that if
the viscosity is to increase substantially at a lower degree of crystallinity, one is
required to take a larger value for F , and vice versa, to describe the velocity profile
of run S13. In addition, a variation in F also results in a different values for gngl
to describe the velocity profiles of runs S1-S3 and S15-S20. In this respect one
should realize that for run S12 the position where vz reaches the plateau value in
the experimental velocity profile also coincides with the glass transition. Similar
observations apply to low-speed spinning conditions of PET fibers [329], which are
completely amorphous for vL < 3000−4000 m/min [21]. This observation suggests
that it may be more appropriate to account for the influence of the glass transition
on the rheological behavior of the fiber, rather than anticipating a strong influence
of a small degree of crystallinity on the rheology. As discussed before, experiments
indicate that a viscous stress can dominate the rheological behavior of polymer
materials at temperature close to Tg [308–311], which led to the introduction of a
viscous stress in the present model. Here, we consider a ‘Newtonian’ viscosity for
simplicity, as the main focus of the present chapter is a description of the crystal-
lization process during fiber spinning in terms of a set of rate equations. A more
realistic description for the influence of the transition to the glassy state on the
mechanical behavior may appear in future modeling approaches.

8.8 Conclusion

A continuum model for the simulation of fiber spinning, with a viscoelastic descrip-
tion of the melt, quiescent crystallization and flow induced crystallization (FIC),
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is proposed and validated against experimental data for nylon 66 and PET. The
rheological behavior is described by a modified Giesekus model, which in addition
to finite extensibility accounts for the reduction in the length of the amorphous
part of the chain due to crystallization. The crystallization dynamics are expressed
on the continuum level through a set of rate equations, which account for both
the quiescent crystallization of spherulites and the FIC of a fibrillar morphology.
The present model realistically predicts the velocity, temperature, tensile stress,
apparent viscosity and crystallinity profile along the spinline, in semi-quantitative
agreement with experiments for low and high-speed spinning conditions of nylons,
PE and PET. Also, for a single set of model parameters the model predictions are
in favorable agreement with experimental data for the velocity and temperature
profile of nylon melts spun at low and high take-up velocities under different pro-
cessing conditions. For PET quantitative agreement is obtained with experimental
data during high-speed spinning conditions only.

The application of the rate equations in the present model results in a realis-
tic and transparent description of the crystallization dynamics, resulting from the
quiescent crystallization of spherulites and the FIC of fibrils. As an example, we
predict that for nylon 66 the quiescent crystallization dominates for take-up veloc-
ities up to 1500 m/min, whereas the fibril formation determines the crystallization
for take-up velocities larger than 2000 m/min. In addition, the model predicts the
morphology of as-spun fibers. These two features are an advantage of the present
model over the Nakamura equation which, firstly, can not predict a morphology,
and, secondly, can not describe the simultaneous formation of spherulites and fib-
rils.

For low and high-speed spinning conditions of nylon 66 the velocity profile
reaches the plateau value at temperatures well above the glass transition temper-
ature, reflecting the influence of the crystallization and the rheology of the melt.
Alternatively, for intermediate take-up velocities the velocity profile reaches the
plateau value at T ≈ Tg for nylon 66. Similar observations apply to PET for low
and intermediate take-up velocities. Given that the degree of crystallinity is rather
low for nylon 66 and virtually zero for PET under these spinning conditions, it
appears more realistic to accounted for the change in the rheology associated to
the transition to the glassy state instead of anticipating a strong influence of the
crystallization. A more realistic description of the interaction between the glass
transition and the rheological response may be incorporated into a future model.
Alternatively, from the perspective of model validation polyethylene may be more
suitable as it is a relative fast crystallizing polymer and the glass transition is not
reached during fiber spinning conditions.
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Chapter 9

Toward a rheological

classification of flow induced

crystallization experiments

of polymer melts

This chapter is adapted from
J. van Meerveld, G.W.M. Peters, M. Hütter, Towards a rheological classification
of flow induced crystallization experiments of polymer melts, Rheologica Acta,

44(2), 119-134, 2005
with kind permission of Springer Science and Business Media.

Abstract

Departing from molecular based rheology and rubber theory, four different flow
regimes are identified associated to (1) the equilibrium configuration of the chains,
(2) orientation of the contour path, (3) stretching of the contour path and (4)
rotational isomerization and a deviation from the Gaussian configuration of the
polymer chain under strong stretching conditions. The influence of the ordering
of the polymer chains on the enhanced point nucleation, from which spherulites
grow, and on fibrous nucleation, from which the shish-kebab structure develops,
is discussed in terms of kinetic and thermodynamic processes. The transitions
between the different flow regimes, and the associated physical processes governing
the flow induced crystallization process, are defined by Deborah numbers based
on the reptation and stretching time of the chain, respectively, as well as a critical
chain stretch. An evaluation of flow induced crystallization experiments reported
in the literature performed in shear, uniaxial extensional and planar extensional
flows quantitatively illustrates that the transition from an enhanced nucleation
rate of spherulites towards the development of the shish-kebab structure correlates
with the transition from the orientation of the chain segments to the rotational
isomerization of the high molecular weight chains in the melt. For one particular
case this correlation is quantified by coupling the wide angle X-ray diffraction and
birefringence measurements of the crystallization process to numerical simulations
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of the chain stretch of the high molecular weight chains using the extended Pom-
Pom model in a cross-slot flow.

9.1 Introduction

Flow induced crystallization (FIC) experiments differ from each other with respect
to (1) the polymer system, (2) the molecular weight distribution (MWD) of the
melt, (3) the temperature, T , at which the experiment is performed, (4) the flow
type (shear, uniaxial or a mixed flow), and finally (5) the flow rate and total defor-
mation applied on the sample. As a result of the large variation of experimental
parameters it is difficult, firstly, to perform a fair comparison between different
experiments and, secondly, to identify general trends and physical processes gov-
erning the FIC dynamics. The latter is important for the development of sound
physical FIC models and their validation against experiments. These difficulties
are illustrated in two examples.

In the first example we discuss the validation of the models developed by Cop-
pola et al. [221] and Zuidema et al. [237] against the experimental results of La-
gasse and Maxwell [334]. The following three features of the model of Coppola et
al. [221] are of relevance here. First, a single average relaxation time is considered
for the entire melt, second, only the average orientational order of the contour path
(not the stretch) of the chains enhances the thermodynamic driving force, and fi-
nally, the reciprocal of the enhanced homogeneous nucleation rate of spherulites
is used as a measure for the reduced induction time. In the model of Zuidema
et al. [237] the important model features are different. First, the formation of
the shish-kebab structure is considered besides the heterogeneous nucleation of
spherulites. Second, the critical parameter describing the formation of the shish
is related to the recoverable strain and depends on both the orientation and the
stretch of the chains. Third, the time needed to reach a critical crystallinity is
considered to correlate to the induction time. Fourth, a multi-mode approach is
taken for the rheological description. Anticipating that the high molecular weight
(HMW) chains of the melt dominate the FIC only the mode with the longest relax-
ation times drives the formation of the shish-kebab structure. Finally, nuclei are
assumed to act as physical cross-links, which further increase the relaxation times
of the HMW chains. Despite the relevant features in the models of Coppola et
al. [221] and Zuidema et al. [237] differ in almost any aspect, the same experiment
of Lagasse and Maxwell [334] can still be described successfully. (The model of
Zuidema et al. [237] has also been confronted with other experimental protocols in
simple shear, duct and cross-slot flows [164,180,181,237].) This indicates that the
validation of these models against the experiment of Lagasse and Maxwell [334] is
still inconclusive with respect to the physical process governing the FIC dynamics.

As a second example we consider the generally assumed correlation between the
development of the shish-kebab morphology and ‘strong’ chain stretching condi-
tions [25,179] without quantifying the difference between ‘weak’ and ‘strong’ chain
stretching. Nevertheless the shish-kebab morphology develops in both extensional
and shear flows [22,25], although the latter is generally referred to as a ‘weak’ flow
as stretching of the chain is more difficult [34, 335]. Recent molecular dynamic
simulations show that the shish structure develops provided the PE chain is in
the all-trans (zig-zag) conformation [211,336]. The latter implies that the chain is
(locally) stretched to the maximum extent, but does not resolve the quantitative
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difference between ‘weakly’ and ‘strongly’ stretched chains.
The purpose of this chapter is to identify different flow regimes associated to

specific degrees of ordering of the polymer chains with the goal to gain a general
understanding (classification) which physical processes govern the FIC dynamics.
The influence of the different chemical structures of polymer systems, the tactic-
ity and the stereoregularity of the chains on the crystallization dynamics is not
addressed or analyzed.

The chapter is organized as follows. First, the different flow regimes are iden-
tified. Second, the influence of a specific flow regime on the FIC dynamics is dis-
cussed. Third, the correlation between the different flow regimes and the changes
in the crystallization dynamics is illustrated for FIC experiments in shear and ex-
tensional flows. Fourth, the different procedures to characterize the flow regimes
are evaluated, given the importance in the analysis of a given experiment. Finally,
conclusions are drawn.

9.2 Molecular based rheological modeling

In molecular based rheological models, as the Doi-Edwards model [37] and its
extensions, see, for example, Mead and Leal [337], Mead et al. [53], Watanabe [38],
and McLeish [40], a flexible polymer chain is represented by the contour path. This
contour path is a smoothed curve through the actual atomistic configuration of
the backbone of a particular polymer chain, see Fig. 9.1. Dynamic equations are
formulated for the orientation vector of unit length, u, along the contour path
and the stretch ratio, λ. The stretch ratio is defined as the ratio of the current
length of the contour path, L, to the equilibrium value, L0, λ = L/L0. For the
rheological description it is important to distinguish two timescales. First, the
reptation time, τrep, associated to the reptation process and the orientation vector
u and, second, the time scale τs for the faster chain retraction and the stretch
ratio λ. For monodisperse melts these two time scales are related to each other
via the relationship τrep/τs = 3Z(1 − 1.51/

√
Z)2 [37, 129] with Z the number of

entanglements per chain. As Z > 100 for typical polymer melts the magnitude of
τrep and τs are separated by at least two orders of magnitude. This observation
directly implies that the contour path can be oriented at much lower flow rates
compared to those required to stretch it. This is conveniently expressed by two
Deborah numbers for shear and extensional flow, De, based on τrep and τs, defined
as

Derep = aT τrepγ̇, aT τrepε̇, (9.1)

Des = aT τsγ̇, aT τsε̇, (9.2)

with γ̇ the shear rate, ε̇ the extension rate and aT the time-temperature shift fac-
tor [338], respectively.

In the flow regime 1/τrep < γ̇, ε̇ < 1/τs the relaxation dynamics known as con-
vective constraint release, CCR, [63,64] is essential in the understanding and pre-
diction of the rheological behavior of a polymer melt, see, for example, [53,79]. The
effect of CCR enhances the orientational relaxation dynamics in an approximately
linear fashion with the flow rate. As a consequence the orientational ordering of
the chain is arrested to a specific magnitude. This is confirmed experimentally in
shear flows, where it is observed that the orientation angle is approximately equal
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Figure 9.1: (a) Sketch of the contour path of a chain and the physical meaning of
the orientation vector u of a segment on the contour path and the average chain
stretch λ. Sketch of the contour path (smoothed curve) and the Kuhn chain at
equilibrium (b), Derep < 1, Des < 1, λ = 1, for an oriented but non-stretched
contour path (c), Derep > 1, Des < 1, λ = 1, for an oriented and stretched contour
path (d), Derep > 1, Des > 1, λ > 1.

to about 20 degrees (depending on the number of entanglements per chain) for
1/τrep < γ̇ < 1/τs [104, 339,340].

If the chain is stretched, two different regimes can be identified based on the
global configuration of the chain and the rotational isomerization (RI) at tem-
peratures well above the melting temperature, Tm [103, 131, 341]. For small λ,
the chain maintains a Gaussian configuration [103, 131] and the amount of RI is
small [341]. At large λ, the influence of the finite extensibility of the chain sets in
and the chain configuration becomes non-Gaussian [103, 131] and the amount of
RI is large [342, 343]. The parameter λ∗ denotes the transition between the two
chain stretching regimes, which may be identified as weak and strong stretching
conditions respectively. For T > Tm the approximate magnitude of λ∗ may be
obtained from the relationship [103]

λ∗

λmax

= α. (9.3)

Values of α are discussed below and λmax is the maximum extension ratio. Assum-
ing a Gaussian configuration of the chain at equilibrium, the magnitude of λmax

equals [79, 131]1

λmax =
√

NK =
b

lK
=

b

l(C∞ + 1)
, (9.4)

1For fully hydrated carbon-carbon chains λmax is sometimes expressed as λmax =

0.82
√

(Me/Mb)/C∞, which gives similar results as Eq. 9.4
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with NK the average number of Kuhn segments per entanglement, b the tube di-
ameter, lK the Kuhn length, l the bond length, and C∞ the characteristic ratio
representing the stiffness of the polymer chain [131]. The universal behavior sug-
gested by Eq. 9.3, which is directly related to the universal behavior of the inverse
Langevin probability of the chain, is only valid in the limit of a large number of
Kuhn segments, NK → ∞ [103, 131]. In real polymer systems the magnitude of
NK is small and the exact probability distribution shows that the deviation from
the Gaussian configuration has a non-universal dependency on NK (section 6.6 of
Treloar [103], chapter 8 of Flory [131]). As a result, the parameter α is a decreasing
function of NK and reaches the magnitude of about 1/3 in the limit of NK → ∞
to indicate a deviation from the Gaussian configuration of the chain. Reducing
the temperature T towards Tm gives an increase of the chain stiffness, i.e. C∞

increases for decreasing T [131, 344]. In addition, a homogeneous distribution of
the conformations can be questioned for T < Tm [131, 211]. This has two conse-
quences. First, the magnitude of λ∗ is temperature dependent, λ∗ = λ∗(T ), and
decreases with decreasing T . Second, the connection between λ and the conforma-
tion of the chain segments is, for T < Tm, less direct compared to T > Tm. (As the
conformation is affected by both the T and chain stretching for T < Tm.) From
the difficulties to quantify the influence of NK and T on the magnitude λ∗, the ex-
pression λ∗/λmax = α(NK, T ) should (perhaps) be regarded as a (semi-)empirical
relationship, serving to indicate qualitative trends on the change of the configura-
tion and conformation of the chain upon chain stretching at a given temperature.
Nevertheless, for small undercooling it is assumed that the two chain stretching
regimes can be identified, just as for T > Tm, and will be used hereafter.

It is important to distinguish between the orientation of the contour path, as
used in the formulation of the rheological models, and the orientation of the Kuhn
segments. The latter can be obtained using birefringence or FTIR measurements
and is in general used to explain the influence of the flow on the crystallization.
In uniaxial extensional flows the Hermans orientation factor of the Kuhn seg-
ments, P2, is often analyzed, which is the ratio of the current to the maximum
birefringence of the melt. In that case P2 can be expressed in terms of λ and u

as [337,345]

P2 =

[

3

5

(

λ

λmax

)2

+
1

5

(

λ

λmax

)4

+
1

5

(

λ

λmax

)6
]

(〈uu〉xx − 〈uu〉yy), (9.5)

with 〈uu〉 the average second order orientation tensor of the contour path and
x and y denote the component parallel and perpendicular to the extensional di-
rection. The expression for P2 directly shows that the orientation of the Kuhn
segments is enhanced due to both the orientation and stretch of the contour path
and, therefore, governed by both the value of Derep and Des. This is illustrated in
Fig. 9.1 where it should be noted that the fluctuation of the Kuhn chain around
the contour path remains identical to equilibrium for Des < 1.

In the above, a monodisperse melt is implicitly considered despite polydisperse
melts are used in most experimental investigations. Moreover, there is strong
experimental evidence that the HMW tail of the MWD dominates the FIC dy-
namics [26, 28, 169, 170, 174]. Consequently, the question arises if the different
flow regimes identified above can be applied directly to the HMW tail or does
the polydispersity of the particular polymer melt influence the ordering of the
chains in, and the transitions between, the different regimes in the weak shear
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and strong uniaxial flows? A molecular based rheological model for polydisperse
melts is developed to address this question from a theoretical viewpoint. For fur-
ther details the reader is referred to chapter 5. Here, only the influence of the
mass fraction of the HMW chains, φ, and the ratio of the molecular weight of the
HMW chains, MHMW, to the weight averaged molecular weight of the melt Mw,
i.e. MHMW/Mw, on the orientation and stretch of the contour path of the HMW
chains is summarized. In this setting the polydisperse melt is crudely modeled
as a bidisperse system of chains with a HMW and an average molecular weight
respectively. For φ < 0.1 a variation of φ on the orientation and chain stretch
is small as the ‘tube’ around the HMW chains is primarily formed by the LMW
chains. Keeping MHMW fixed, i.e. Derep and Des of the HMW chains remain
constant, and increasing MHMW/Mw changes the ordering of the HMW chains
from two aspects. First, it becomes more difficult to orient the HMW chains into
the flow direction of both shear and uniaxial flows. Second, the chain stretching
in shear flow is affected by the MWD, due to the sensitive coupling of the chain
stretching dynamics with the orientation of the chains in the flow field. (For a
more details, see chapter 5.) For ‘moderate’ values of MHMW/MW the reduced
orientational ordering of the chain results into an increased ability to stretch the
HMW chains. Consequently, the chains are stretched to a larger extent for a given
Des with increasing MHMW/Mw. Hence, the requirement λ > λ∗(T ) is fulfilled
more easily with increasing MHMW/Mw. For ‘large’ MHMW/Mw one may reach
the condition that the HMW chains become ‘too’ weakly aligned in the flow field
and the ability to stretch the HMW chains reduces with a further increase of
MHMW/Mw. For a given Des the HMW chain stretch can be larger compared to
MHMW/Mw = 1, but may be smaller compared to that of ‘moderate’ MHMW/Mw.
Due to the influence of the MWD on the chain stretching dynamics in shear flows
the condition λ > λ∗(T ) cannot be related to a single universal magnitude of Des,
but depends on the particular MWD of the melt at hand. A quantitative definition
of ‘moderate’ and ‘large’ MHMW/Mw cannot be identified based on the analysis in
chapter 5. Stretching of the HMW chains in uniaxial flows is primarily dominated
by MHMW and weakly influenced by MHMW/Mw and the condition Des > 1 indi-
cates the relative sharp transition towards λ > λ∗(T ).

Summarizing the above, the influence of the flow can be separated into four
regimes. For Derep, Des < 1 the chains are at equilibrium, i.e. the contour path is
randomly oriented and not stretched. Subsequently three transitions are identified
corresponding to increasing orientational order of the contour path with Derep > 1,
the onset of chain stretching with Des > 1, and finally the onset of RI affecting the
conformation as well as a deviation from the Gaussian configuration of the poly-
mer chain, λ > λ∗(T ). The MWD of the melt influences the ordering of the HMW
chains in two aspects. For a given MHMW of the HMW chains and increasing
MHMW/Mw, first, the orientation order of the HMW chains reduces for Derep > 1,
Des < 1 in shear and uniaxial flows, and, second, the condition λ > λ∗(T ) can not
be related to a single value of Des, as the chain stretching dynamics are influenced
by the MWD.

9.3 Phase change dynamics

The change in order between the amorphous melt at T > Tm and the crystalline
phase can be specified by means of order parameters associated to (1) the density,

122



(2) the periodic, crystallographic, ordering of the segments, (3) the orientational
order of the chain segments, similar to P2, and (4) the change in conformational
order of the chain segments. From the previous section it is expected that the
application of the flow field will primarily affect the last two order parameters,
i.e. the orientation and the conformation of the chain segments. As a consequence
of the four different order parameters the nucleation process is expected to be of
substantial complexity and not amendable to models based on a single pathway.

In discussing the influence of the applied flow field on the FIC we distinguish
between the kinetic and the thermodynamic processes as reflected, for example, in
the classical nucleation theory [346–348]. The kinetic contribution represents the
time scale for nucleation, the ‘prefactor’, and the thermodynamic contribution is
associated to the position of the system in the (dynamic) phase diagram.

First the kinetic contribution is discussed. Under quiescent conditions, Derep,
Des < 1, a nucleus is formed after a critical fluctuation in one, or more, order
parameters. The nucleation process is purely stochastic in nature under these
conditions. For Derep > 1, Des < 1, λ < λ∗(T ), the chain segments become
more uniformly oriented in the flow direction but the conformation remains un-
affected. Hence, only a fluctuation in the conformation can be sufficient for the
development of a nucleus. It should be noted that due to the CCR mechanism the
orientational ordering of the chain segments is arrested to a specific magnitude (as
reflected by an approximately constant orientation angle for 1/τrep < γ̇ < 1/τs as
discussed above). This argument is supported by SANS measurements in shear
flow performed by [118,349], which reveal that the deviation from the spherical coil
configuration is rather weak and limited to a certain extend for 1/τrep < γ̇ < 1/τs.
The latter is in agreement with model predictions [40]. The deviation from the
spherical coil configuration is proposed to be the primary mechanism to drive flow
induced crystallization by Nogales et al. [169]. In view of the arrested orientational
order for Des < 1 this mechanism is rather limited in this flow regime. Under fast
flowing conditions, Derep,Des > 1, λ > λ∗(T ), one reaches the condition where
the chain segments are strongly oriented and the chain conformation becomes sim-
ilar to that of the crystalline state. As a consequence, critical fluctuations in the
orientation and conformation of the chain segments are no longer required as these
conditions are fulfilled, in a deterministic manner, during the flow. The applica-
tion of the flow field therefore shifts the nucleation dynamics from a stochastic to
a more deterministic process, resulting in an increase of the observed nucleation
rate.

Second, the change in the thermodynamic contribution is discussed. Following
the pioneering work of Flory [163], the thermodynamic driving force can be en-
hanced by the flow field, which is reflected by an effective increase in Tm. Under
quiescent conditions the temperature governs the thermodynamic driving force,
which is then enhanced due to the orientational and stretching of the (HMW)
chains depending on the particular flow regime. This is an essential feature in the
model of Coppola et al. [221] and strain induced crystallization models of rub-
bers [163], although the importance, based on a description of the chains on a
macroscopic level, is questioned by McHugh et al. [200] and Janeschitz-Kriegl et
al. [23].

For a number of polymers the Kuhn length is larger than the tube diame-
ter, lK ≥ b, e.g. PET and PEEK [350] and the chain configuration between two
entanglements is essentially a stiff rod instead of a random coil [345]. The dis-
cussion regarding chain stretching is therefore not applicable to these polymer
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systems. Actually, the nucleation dynamics of PET is similar to the phase transi-
tion observed in liquid crystalline polymers under quiescent [135–137] and flowing
conditions [351, 352]. Smectic ordering is also suggested to be of importance for
the nucleation of iPP by Li and de Jeu [197].

Finally, attention is given to the development of the shish-kebab structure,
which is generally believed to develop under strong chain stretching conditions,
i.e. Des > 1, λ > λ∗(T ). The strong RI may be important from the thermody-
namic aspect. However, also several kinetic effects may be of relevance. First, the
RI and, second, the transition from intra- to intermolecular interactions between
the chain segments for λ > λ∗(T ) [353]. It is interesting to note that bundle
like structures (shish) also develop in systems of associative polymers provided
the flow rate exceeds the reciprocal of the characteristic time scale for the chain
diffusion [354, 355]. Anticipating the diffusivity on an entanglement length scale
is more important than that of the entire chain this implies that the shish form
for Des > 1 [356]. The proposal that the ‘precursor’ of the shish results from
the coalescence of athermal nuclei due to the applied flow field [357] is similar in
spirit, but disregards the role of the HMW chains. Experimental evidence for the
importance of kinetic processes on the formation of the shish-kebab structure in
iPP is given by Kumaraswamy et al. [170] and a possible kinetic mechanism is
proposed in Seki et al. [28]. On the other hand, molecular dynamic simulations
on PE [211] and experimental results on PET [358] indicate that the nucleation is
arrested during fast chain retraction, thus limiting the kinetic effects for Des > 1,
λ > λ∗(T ).

In the above it is discussed that the increase of the nucleation rate due to
the applied flow field can be understood from both kinetic and thermodynamic
arguments. However, it is difficult to separate the individual contributions as the
transitions in these processes occur at approximately identical flow conditions.

9.4 Application to flow induced crystallization ex-

periments

In the present section the degree of ordering the chains in the different flow regimes
is applied to evaluate experimental results reported in the literature. The major
task is to obtain an accurate estimate of τrep and τs of the high-end tail in or-
der to, quantitatively, verify which process governs the FIC dynamics. However,
it turns out that it is not straightforward to identify a single, universal, proce-
dure to determine τrep and τs of the chains in the HMW tail. Actually, one can
propose four different procedures to do so. In applying these procedures one is
faced with the problem that either the estimated magnitude of τrep and τs is not
related to the HMW tail or one needs to make somewhat arbitrary assumptions
to establish this relationship. (Both problems are, however, inherent to polydis-
perse polymer melts.) Moreover, as is shown below, the magnitude of Derep and
Des differ considerable, depending on the procedure taken, and consequently the
associated mechanism which drives the FIC. This is an unsatisfactory situation
and the major problem to be resolved in order to obtain a quantitative indication
from experiments which physical process drives FIC. In the current section dif-
ferent procedures are introduced to estimate τrep and τs, which are subsequently
applied to classify FIC experiments. In the next section we discuss the advantages
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and disadvantages of the procedures in more detail, making use of the additional
knowledge how it affects the classification of FIC experiments.

9.4.1 Determination of the flow regimes

Depending on the characterization of the melt with respect to the linear viscoelas-
tic behavior or the MWD, four different procedures can be applied to estimate
τrep and τs, which may be related to different parts of the MWD.

First, from the zero shear rate viscosity, η0, the reptation time τηrep follows from
the relationship η0 = G0

Nτ
η
rep with G0

N the plateau modulus. The η0 is known to be
weakly dependent on the MWD and primarily depends on Mw [61, 117,359–361].
Hence, the τηrep indicates an average reptation time of the melt.

It is also possible to represent the relaxation time spectrum of the melt by a
discrete spectrum of Maxwell modes [34, 338, 362]. Despite it lacks a direct re-
lation with the MWD and the determination of the set of shear moduli Gi and
reptation times τ irep of the modes is non-unique, it gives an indication of the
reptation times present in the melt [362]. Second, an average reptation time,
τ̄rep, can be obtained from the relaxation time spectrum, which is defined as

τ̄rep =
∑

iGiτ
i
rep

2
/
∑

iGiτ
i
rep [123] 2. Third, the largest reptation time of the

relaxation time spectrum, τHMW
rep , can be taken, which may be regarded as a mea-

sure for the HMW tail. For the previous three procedures the magnitude of τs is
estimated according to the equation [37],

τs = τrep/3Z. (9.6)

As τηrep, τ̄rep, τHMW
rep are not directly related to a particular chain, the magnitude

of Z is somewhat arbitrary and can be taken identical to the value following
from Mw, Zw = Mw/Me, or that following from the longest chains of the MWD,
ZHMW = MHMW/Me. For the procedures based on τηrep, τ̄rep and τHMW

rep Z = Zw

is taken, despite Z = ZHMW may be a more natural choice to calculated τHMW
s

from τHMW
rep .

For the final, fourth, procedure the MWD is required to obtain Z for all chains
present in the melt. Subsequently, the magnitude of τMWD

rep and τMWD
s follows

from the relationships [37, 129]

τMWD
rep = 3τeZ

3(1 − 1.51/
√
Z)2, (9.7)

τMWD
s = τeZ

2, (9.8)

respectively, with τe the equilibration time, which is independent of the molec-
ular weight of the chain [37, 38, 40, 65]. This procedure is applied to estimate
τrep and τs of the longest chains of the MWD in the next subsection. Hence,
Z = ZHMW = MHMW/Me with MHMW the largest molecular weight of the MWD
reported, which is considered to be a representative measure for the molecular
weight in the high-end tail. Doing so, the effect of tube dilation and fast Rouse
relaxation modes on τMWD

rep are disregarded for simplicity, although this is likely
of importance for the HMW chains [38, 40, 130]. For iPP τe = 1.81 · 10−8s and
Me = 3780 g/mol at T = 463K [363] and time-temperature superposition is ap-
plied to correct for the variation of τe with temperature. Similar to aPP, the

2τ̄rep is also referred to as the weight averaged reptation time, τ̄rep = η0Je0, with Je0 the zero
shear rate compliance [96]
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magnitude of Me varies for iPP from Me = 4400 g/mol to Me = 5500 g/mol at
T = 463K. For Me = 5500 g/mol τe = 9.87 · 10−8 s, see appendix B. Finally, the
differences in Me and τe result into a difference of τMWD

s of about a factor 1.8.
However, this difference does not affect the conclusions of this chapter.

The different relaxation times may be related to the melt on average, τ ηrep and

τ̄rep, or to the HMW tail, τHMW
rep and τMWD

rep . A quantitative definition of the HMW
tail is not reported in the literature but a lower bound may be estimated as follows.
Comparing the nuclei density of iPP under quiescent conditions, 1010 m−3, and
flowing conditions, 1016 m−3 [23, 149, 364] with the number density of polymers,
1021 m−3, or entanglements, 1023 m−3, one finds that a small percentage of the
MWD is sufficient to enhance the nucleation rate drastically, which is confirmed
experimentally by Seki et al. [28] and Kornfield et al. [174]. (An estimate based on
the observation that gelation occurs during early stages of the crystallization pro-
cess [262,263], gives a larger magnitude of the HMW tail, but this is still a small
quantity of the total MWD.) These small quantities are difficult to trace down in
gel permeation chromatography measurements, neither the linear and non-linear
viscoelastic regime [22,28,365,366]. For the application of τ ηrep, τ̄rep and τHMW

rep two

aspects are of relevance. First, the magnitude of τ ηrep, τ̄rep and τHMW
rep is affected

by the MWD of the melt. Second, in order to determine τs via the relationship
τrep/τs = 3Z one is faced with the, arbitrary, choice to take Z equal to Zw or
ZHMW, as discussed in more detail below. In view of these difficulties a direct
relationship between the experimentally determined τ ηrep, τ̄rep and τHMW

rep and the
HMW chains in the high-end tail can not be established. The advantage of the
procedure based on the MWD is that these inherent problems for polydisperse
melts are resolved for the estimate of τMWD

s from Eq. 9.8. The assumption to
neglect the effect of tube dilation and fast Rouse relaxation modes on τMWD

rep , Eq.
9.7, may not be justified [38,40,130] and the magnitude of Derep is expected to be
overestimated.

Table 9.1: Characteristics of experiments as reported in the literature using Me =
4400 g/mol and τe = 3.54 · 10−8 s at T = 463K. The symbols are Mw: weight av-
eraged molecular weight in kg/mol, PI: polydispersity index, Zw: weight averaged
number of entanglements per chain, ZHMW: number of entanglements of the HMW
chains, Derep: the Deborah number for the reptation process, Des: the Deborah
number fo chain stretching, T : the absolute temperature in degrees Kelvin. The
index in last column indicates if Derep and Des are determined with τrep and τs ac-
cording to: η0: the zero shear rate viscosity τ ηrep, ARTS: average of the relaxation
time spectrum, τ̄rep, HMW: the longest time scale of the relaxation time spectrum,
τHMW
rep , and MWD: based on longest chains in the MWD, τMWD

rep . The index in
braces in the second column indicates the material investigated in the correspond-
ing investigation: (1) DSM13E10, (2) DSM15E10, (3) Dalphen KS10, (I) Resin
I, (A) Resin A. S01: Swartjes [164], VM96, Vleeshouwers and Meijer [26], LM76,
Lagasse and Maxwell [334], NL98, Niehand and Lee [367], PWS99, Pogadina et
al. [264], PLSW01, Pogodina et al. [266], Nea01, Nogales et al. [169], Sea00/01,
Somani et al. [185, 186], Lea93, Liedauer et al. [177], KF02, Kosher and Fulchi-
ron [187], EWWF03: Elmoumni et al. [168]. The range for Derep and Des covered
in each experiment results from the variation in the shear rate only. For the ex-
periments of Liedauer et al. [177] the shear rate at the wall of the duct is taken to
estimate Derep and Des. n/a: not available, n/c, not calculated.
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Nr reference Mw PI Zw ZHMW T Derep Des procedure
1 S01 (1) 500 6 113 3600 413 0.10-4.0 0.00030-0.012 η0

2 56-2230 0.16-6.6 ARTS
3 340-13600 1.0-40 HMW
4 S01 (2) 350 5.6 79 2272 413 0.063-2.5 0.00027-0.011 η0

5 12-490 0.051-2.0 ARTS
6 113-4500 0.47-19 HMW
7 VM96 (1) 500 6.0 113 3600 413 0.25-2.0 0.00073-0.0058 η0

8 140-1100 0.40-3.3 ARTS
9 850-6800 2.5-20 HMW
10 34000-270000 3.3-27 MWD
11 VM96 (2) 350 5.6 79 2272 413 0.080-0.63 0.00033-0.0027 η0

12 15-120 0.064-0.51 ARTS
13 140-1100 0.59-4.7 HMW
14 8500-68000 1.3-11 MWD
15 Nea01(I) 148 4.65 34 227 423 170 0.30 MWD
16 Nea01(A) 309 7.08 70 718 423 5700 3.0 MWD
17 Sea00/01 368 4 83 1278 413 8100-83000 2.3-24 MWD
18 Lea93(3) 330 6 75 2860 416 2.5-5.1 0.011-0.023 η0

19 1900-3800 8.2-17 ARTS
20 8000-16600 36-74 HMW
21 0.57− 1.2 · 106 70-140 MWD
22 Lea93(3) 330 6 75 2860 423 2.5-5.2 0.011-0.023 η0

23 1900-3900 8.5-17 ARTS
24 8300-16900 37-75 HMW
25 0.56-1.1 ·106 69-140 MWD
26 Lea93(3) 330 6 75 2860 430 3.9-5.2 0.017-0.022 η0

27 2900-3800 13-17 ARTS
28 12600-16300 56-73 HMW
29 0.82-1.1 ·106 100-130 MWD
30 KF02 180 7.3 41 n/a 413 0.018-1.8 0.00015-0.015 η0

31 7.5-750 0.061-6.1 ARTS
32 90-9000 0.73-73 HMW
33 LM76 n/a n/a n/a n/a 394 1.0-8.0 n/c η0

34 NL98 n/a n/a n/a n/a 413 0.032-57 n/c η0

35 NL98 n/a n/a n/a n/a 415 0.029-52 n/c η0

36 NL98 n/a n/a n/a n/a 417 0.026-47 n/c η0

37 PWS99 344 4 78 n/a 413 1.2-24 0.0051-0.10 η0

38 PLSW01 350 4 80 n/a 421 22 0.092 η0

39 EWWF03 171 4.2 39 n/a 418 0.055-0.55 0.00047-0.0047 η0

40 EWWF03 300 5.8 68 n/a 418 0.22-2.2 0.0011-0.011 η0

41 EWWF03 350 4.1 79 n/a 418 0.63-6.3 0.0027-0.027 η0

Table 9.1: Legend on page 126.
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9.4.2 Shear flows

For a number of experiments reported in the literature the estimated magnitude of
Derep and Des using the four procedures discussed in the previous subsection are
given in Table 9.1. The range of Deborah numbers reflects the range of shear rates
covered in the experiments. It is noted that all experiments are performed, first,
on iPP (although the stereoregularity is not identical), and second, at, or close to,
a temperature of T = 403 K and therefore suitable to illustrate the influence of a
flow field on the FIC. Time-temperature superposition is applied according to the
Williams-Landel-Ferry equation specified in [164] for the variation of τrep and τs
with T . In general, τηrep < τ̄rep < τHMW

rep < τMWD
rep and the associated magnitude

of Derep and Des of a flow differ by one or several orders of magnitude, see Table
9.1. From τηrep the magnitude of Derep is in the range 0.1-10 suggesting only ori-
entational ordering of the chain segments governs the FIC process. This equally
holds for τ̄rep, Derep = 50 − 1000, where, moreover, weak chain stretching may
be important as Des = 0.5 − 10. The magnitude of Derep becomes very large for
τHMW
rep , Derep ≈ 103 − 104 and τMWD

rep , Derep = 104 − 106, suggesting the contour
path is strongly oriented. In addition (strong) chain stretching of the HMW chains
can be expected as Des > 1. The magnitudes of Des following from τηrep and τ̄rep
do not indicate chain stretching.

The results in Table 9.1 reveal that the magnitude of Des is approximately iden-
tical for the procedures based on τHMW

rep and τMWD
rep . It should be noted that for the

calculation of τHMW
s the number of entanglements following from Zw = Mw/Me,

is taken whereas for τMWD
s that of the HMW chains, ZHMW = MHMW/Me, is con-

sidered. Despite ZHMW/Zw = 10 to 30, see Table 9.1, the magnitudes of τHMW
s

and τMWD
s are approximately identical. This may be explained as follows. The

difference in Derep based on τHMW
rep and τMWD

rep may indicate that the magnitude

of τMWD
rep reduces under the influence of tube dilation and fast Rouse relaxation

modes by an order of magnitude. Hence, in reality the τrep of the HMW chains
may be closer to τHMW

rep than τMWD
rep . In principle, one is faced with the non-trivial

task to account for the effect of tube dilation and fast Rouse relaxation modes in
order to estimate τHMW

s from τHMW
rep . Taking Z = Zw, instead of the more natural

choice Z = ZHMW, in the relationship τHMW
s = τHMW

rep /3Z appears to be a crude,
empirical, first order correction for the effect of tube dilation, which is the reason
for the approximately identical values of τHMW

s and τMWD
s . As the procedure to

estimate τMWD
s has a clear physical background and is not affected by the MWD,

only the magnitude of Des following from τMWD
s is correlated with experimental

observations below.
As indicated above also in shear flows the HMW chains may reach the con-

dition λ > λ∗(T ) for Des > 1 in polydisperse melts with a large MHMW/Mw(≈
ZHMW/Zw). Hence, the magnitude of Des following from τMWD

s suggests that the
condition λ > λ∗(T ) can be reached by the HMW chains present in the melt in
the experiments of Liedauer et al. [177], Vleeshouwers and Meijer [26], Somani
et al. [185, 186] and Nogales et al. [169], which are discussed now in more detail.
In the experiments of Nogales et al. [169] two melts with ‘short’ and ‘long’ HMW
chains, resin I and A, respectively, and blends of resin I and A are investigated at a
constant shear rate and total strain. For resin I the lamellae are randomly oriented.
However for the blends of resin I and A and resin A itself the lamellae are strongly
oriented in the flow direction. The observation that DeHMW

s < 1 for resin I and
DeHMW

s > 1 for resin A and the blends indicates quantitatively that the transition
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Figure 9.2: Left: Morphology for the ‘outdated’ Dalphen KS 10 melt after the
flow in a duct of 1 mm width at T=423K with γ̇ = 115 s−1 at the wall, Figure 7
(page 75) of Jerschow and Janeschitz-Kriegl [176]. The distance from the centre is
indicated as y. (y = 0 in the centre and y = 5mm at the wall.) Large spherulites
develop for y < 0.3mm, followed by a fine grained layer 0.3mm < y < 0.4mm and
the shish-kebab morphology is present close to the wall, y > 0.4mm, Jerschow and
Janeschitz-Kriegl [176]. These transitions are indicated by the horizontal dashed
lines in the right figure. Right: The magnitude of Des for different MHMW of
the HMW chains: MHMW = 106.9g/mol (dash-dotted line), MHMW = 107.0g/mol
(dashed line), MHMW = 107.1g/mol (full lines).

towards a strong orientation of the lamellae in the flow direction correlates with
the transition towards (strong) chain stretching conditions of the HMW chains.
The induction time of the DSM13E10 melt investigated by Vleeshouwers and Mei-
jer [26] is found to saturate to a constant magnitude with increasing the shear
rate while maintaining the total strain fixed. The saturation of the induction time
corresponds to the condition that DeHMW

s > 9.0. This finding is in good quanti-
tative agreement with the experiments of Somani et al. [185, 186] for a different
melt, subjected to a similar flow protocol, where the ‘half-time for crystallization’
saturates for DeHMW

s > 13.1. The formation of the shish-kebab morphology for
DeHMW

s > 13.1 is revealed by small and wide angle X-ray measurements in Somani
et al. [185, 186].

The influence of the different flow regimes can also be illustrated for FIC
experiments in channel flows. As the γ̇ is zero in the centre and increases to
a maximum at the wall, one passes through the different flow regimes. This
qualitatively correlates with the characteristic layered structure of different mor-
phologies [22, 172, 175–177], which is illustrated in Fig. 9.2. Based on the profile
of the shear rate in the duct and the estimated τMWD

s of the Dalphen KS 10
melt the transition from the spherulitic to fine grained morphology and the fine
grained to shish-kebab morphology corresponds to Des ≈ 9.4 and Des ≈ 18, re-
spectively, for MHMW = 106.9g/mol, and Des ≈ 23.6 and Des ≈ 45.4, respectively,
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for MHMW = 107.1g/mol, see Fig. 9.2. This indicates that the shish-kebab mor-
phology develops under strong chain stretching conditions. (The small variation
of MHMW is justified as the MWD of Dalphen KS 10 reported in Stadlbauer [150]
is of a different batch compared to that investigated in Jerschow and Janeschitz-
Kriegl [176].)

It should be noted that taking different procedures to estimate τrep positions
the same experiment in approximately one of the four different flow regimes. More
important is that it indicates that either the orientational order or the RI of the
chain segment governs the FIC dynamics. This difference was already encoun-
tered in the Introduction when comparing the relevant features of the model of
Coppola et al. [221] with that of Zuidema et al. [237]. Actually it is of gen-
eral interest since both the orientation [169, 221, 225, 232] and stretching of the
chains [163,245,275,368] play a key role in FIC models.

The experimental observation of the development of the shish-kebab structure
in the experiments of Vleeshouwers and Meijer [26], Nogales et al. [169], Liedauer
et al. [177] and Jerschow and Janeschitz-Kriegl [176] corresponds to the condition
Des > 1− 10 based on τMWD

s . This quantitatively indicates that (strong) stretch-
ing of the HMW chains, and the associated strong orientation and RI of the chain
segments, governs the formation of the shish-kebab structure. This is in agreement
with the observations in recent molecular dynamics simulation of PE by Dukovski
and Muthukumar [336] and Lavine et al. [211].

9.4.3 Extensional flows

The different flow regimes in extensional flows are illustrated for a cross-slot flow
and for uniaxial extension of rubber samples. In a cross-slot flow, the majority of
the flow field is a transient or stationary shear flow. Only the fluid elements on
streamlines which closely approach the stagnation point in the center of the cross-
slot flow are subjected to a large extensional deformation [122, 123, 179]. Hence,
the requirements Des > 1 and λ > λ∗(T ) are most easily fulfilled by these fluid
elements, being in qualitative agreement with the position where the shish-kebab
morphology develops [164, 179–182]. The iPP melt considered by Swartjes [164],
Peters et al. [181] and Swartjes et al. [180] is characterized in the non-linear rheo-
logical regime, including chain stretching, and quantitatively described by a multi-
mode version of the extended Pom-Pom model [122, 164, 180, 261]. The reader is
referred to [122, 164, 180, 261] for details about the model equations, the model
parameters, the performance in simple and complex flows, as well as the numeri-
cal implementation of the extended Pom-Pom model. Numerical simulation of the
extended Pom-Pom model for this particular experiment allows one to perform a
quantitative verification of the generally assumed correlation between strong chain
stretching conditions of the HMW chains and the development of the shish-kebab
structure [25, 179]. The chain stretch λ of the mode with the longest τHMW

rep and

τHMW
s increases drastically close to the stagnation point and remains large around

the centerline in the outflow channels, see Figs. 9.3 and 9.4. The position where
λ is large is in agreement with the position where the shish-kebab morphology
develops as revealed by birefringence, see Fig. 9.3, This equally holds for the wide
angle X-ray diffraction measurements as presented in Fig. 5 of [181] or Fig. 9
of [180]. Hence this numerical-experimental investigation provides quantitatively
evidence for the correlation between the development of the shish-kebab structure
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Figure 9.3: Field-wise birefringence of the DSM13E10 melt at 4 minutes after
cessation of the flow at ε̇ = 0.4 s−1 at T = 418K from [164]. Inset: Contourplot of
the predicted HMW chain stretch by the extended Pom-Pom model at T = 473K.
Inflow in the x-direction (horizontal) and outflow in the y direction (vertical). The
stagnation point is at x=0 mm, y=0 mm which has slightly shifted to the right
after the cessation of the flow.

and strong chain stretching conditions. In the FIC experiments of Stadlbauer [150]
the morphology of the iPP samples remains spherulitic after the applied exten-
sional deformation. In view of the above this is expected as, regardless of the ε̇,
the total strain may be insufficient to reach the condition λ > λ∗(T ).

For the uniaxial extension of rubbers the timescales τrep and τs are irrelevant
and the λ∗(T ) is directly related to a critical Hencky strain, ε∗, for example using
the neo-Hookean theory via the relationship λ =

√

trB/3 with B the Finger ten-
sor [338]. The Hencky strain ε is defined as the natural logarithmic of the ratio of
the current, K, to the initial length, K0, of the sample, ε = ln(K/K0) [338]. From
the analysis of strain induced crystallization experiments on rubbers it follows
that the strain when the oriented crystalline structure first appears in the WAXS
signal, εFIC, is larger than the magnitude of ε∗ following from λ∗/λmax = 1/3,
see Table 9.2. This may indicate that RI is of importance for the formation of
the crystallites in rubber. The variation in magnitude of λFIC/λmax for the dif-
ferent experiments is attributed to the difference in detection limits and time of
synchrotron radiation [369,370] and the device used by Toki et al. [371].

Numerous experiments have been performed on the crystallization dynamics
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Figure 9.4: Surface plot of the predicted HMW chain stretch by the extended
Pom-Pom model at T = 473K. Inflow in the x-direction and out flow in the y
direction and the stagnation point is at x=0 mm, y=0 mm.

during and after uniaxial extension of PET samples at T = 353 − 363 K (which
is just above the glass transition temperature) after different quenching proto-
cols [205, 372–376]. In general, the onset of flow induced crystallization occurs at
ε ≈ 2.5. However, this strain is not identical to, first, the estimated magnitude
from λ∗(T ) and, second, the strain corresponding to the experimentally measured
increase of the RI of the PET chains. This suggests that a critical orientation of the
chain segments initializes the nucleation dynamics [205]. In addition to the exper-
iments mentioned before [135–137, 351, 352] this indicates that the crystallization
dynamics of semi-flexible polymers (PET, PEN, PEEK) may be fundamentally
different from that of flexible polymers (PE, iPP, PB).

Nr re fe re n c e m a te ria l S R T λmax εF IC λF IC λF IC / λmax

1 To k i et a l. [36 9 ] NR ye s 29 8 4.4 1.4 2.3 0 .53
2 M u ra k a m i et a l. [37 0 ] NR ye s 29 8 4.5 1.2 2.0 0 .43
3 To k i et a l. [37 1] NR n o 29 8 4.5 1.7 3.2 0 .7
4 To k i et a l. [37 1] IR 20 0 0 n o 29 8 5.3 1.8 3.5 0 .6 6
5 To k i et a l. [37 1] C a rifl e x 30 9 n o 29 8 5.5 2.0 4.2 0 .7 6

Table 9.2: Details of several experiments, regarding the absolute temperature T ,
NR: natural rubber, SR: synchrotron radiation, estimated magnitude of the max-
imum molecular chain stretch λmax, the Hencky strain εFIC when the crystallinity
first appears in the WAXS pattern and λFIC the associated chain stretch based on
the neo-Hookean theory.
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9.5 Evaluation of the procedures to determine the

flow regime

In the previous section four different procedures are applied to determine τrep and
τs, which in turn have been used to classify FIC experiments. However, the final
magnitude of τrep and τs differ by one, or multiple, orders of magnitude. Conse-
quently, this indicates that different physical processes govern the FIC dynamics.
The current section is solely devoted to a detailed discussion of the four different
procedures to indicate which one should be used in general.

9.5.1 Discussion of the different procedures to determine

τrep and τs.

The analysis of the different procedures is based on two perspectives. First, are
τrep and τs following from a specific procedure appropriate to characterize the or-
dering of the chains in the HMW tail? Second, is the magnitude of Derep and Des

in quantitative agreement with that expected from theory?
As mentioned before τηrep and τ̄rep represent average reptation times of the melt,

while τηs and τ̄s are determined according to Zw in Eq. 9.6. Given that τηrep and
τ̄rep, as well as, τηs and τ̄s, are not connected to the HMW tail of the MWD, both
procedures should not be used to classify experiments.

Next, we discuss the procedure based on the longest relaxation time from a
spectrum of Maxwell modes, τHMW

rep , τHMW
s . The value of τHMW

rep can only be re-
lated to the HMW chains provided the storage, G′, and loss modulus, G′′, are mea-
sured in the terminal regime, where G′ ∼ ω2 and G′′ ∼ ω, and proper care should
be taken to measure this regime [377, 378]. The magnitude of τrep of the chains
in the HMW tail reduces through the mechanism of tube dilation and fast Rouse
relaxation modes in a complicated fashion depending of the MWD [38, 61, 379].
All these contributions are incorporated, in some way, in the magnitude of τHMW

rep

and it is therefore expected to be a good estimate for τrep of the HMW tail. The
use of Zw in Eq. 9.6 to calculate τHMW

s is questionable in view of the observation
that the HMW chains governs the FIC. Nevertheless, we found that the value of
τHMW
s is similar to that following from the MWD, τMWD

s , for the melts analyzed
in this chapter. Based on this observation, one can argue that taking Zw, instead
of the more natural choice ZHMW, to calculate τs of the HMW chains appears to
be a crude approximation to correct for the influence of tube dilation and Rouse
relaxation modes on the τHMW

rep , as discussed before. Nevertheless, whether the

magnitudes of τMWD
s and τHMW

s coincide in general remains to be seen.
Finally, we turn to the procedure based on the MWD, τMWD

rep and τMWD
s . The

major advantage is that the procedure to estimate τMWD
s surpasses the assump-

tions and problems encountered to determine τs from τrep in the other procedures.
This follows from the observation that τs is not affected by the MWD of the sys-
tem and follows directly from Eq. 9.8, provided τe and ZHMW are known. A
disadvantage is that the magnitude of τMWD

rep is expected to be larger compared
to reality, as Eq. 9.7 does not account for tube dilation and fast Rouse relaxation
modes [37, 129]. Hence, the procedure based on the MWD should be followed to
obtain τs of the chains in the HMW tail. The preference for τMWD

s is also supported
by the observation that the formation of the shish-kebab structure correlates with
a magnitude of Des ≈ 1 − 10. This magnitude is in quantitative agreement with
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the theoretical consideration, the generally accepted argument that strong chain
stretching governs the formation of the shish-kebab structure, as well as with ob-
servations in molecular dynamic simulations [211].

In conclusion it appears that there is no single procedure to obtain an accurate
estimate of both τrep and τs of the HMW tail. For τrep it is most appropriate to
take the τHMW

rep (where it should be noted that the contribution of CCR is not

included in the magnitude of τHMW
rep ), whereas for τs taking τMWD

s is most suit-
able. Despite the number of problems encountered in estimating τrep and τs it is
encouraging that for Des = τMWD

s γ̇ the transition from the spherulitic to shish-
kebab structure occurs for Des ≈ 10. A single value of Des may not be expected
for polydisperse melts in view of the observation that also the chain stretching
dynamics is affected by the MWD, as discussed above.

9.5.2 ‘Universal’ behavior for any procedure for τrep?

In the previous subsection the different procedures have been discussed in detail
in order to identify which one is most appropriate to determine τrep and τs of the
HMW tail. However, observation of Table 9.1 reveals that the transition from the
spherulitic to shish-kebab morphology is also observed at approximately identical
values of Derep when, consistently, using τηrep, τ̄rep or τHMW

rep . This is reported pre-
viously for a more limited set of three iPP melts by Elmoumni et al. [168] and four
isotactic poly(1-butene) melts by Acierno et al. [27]. Is this now in contradiction
with the general belief that the HMW tail is essential for the FIC dynamics or is
this a coincidence? The latter appears to be the case because of the following.

The ‘universal’ behavior in terms of Derep following from τηrep, τ̄rep or τHMW
rep can

be understood from the observation that for the investigated iPP melts Mw/Mn

is approximately constant and only Mw differs, see Table 9.1. This suggests that
the MWD of the different iPP melts are similar in shape and the molecular weight
of all chains in the melt are shifted in magnitude. As a consequence the mag-
nitudes of τηrep, τ̄rep and τHMW

rep shift with Mw, but the ratio’s of the different
τrep remain approximately constant. Identical observations apply to the isotactic
poly(1-butene) melts investigated by Acierno et al. [27], where one observes that
the ratio of τηrep/τ

HMW
rep is approximately constant. This may explain why changes

in the crystallization behavior are observed at approximately identical values of
Derep when, consistently, applying τηrep, τ̄rep or τHMW

rep . These procedures may fail
when, first, comparing melts which have an identical Mw but a different shape of
the MWD, or second, in investigations where a small HMW tail is added to a par-
ticular melt, as for example in the experiments of Seki et al. [28]. The procedure
to determine τMWD

s based on the MWD is not subjected to these problems and, in
principle, applicable to any system. In addition such experiments may reveal if the
magnitude of τHMW

s and τMWD
s still coincide, as it is the case for the experiments

analyzed in the present chapter.

9.6 Conclusion

Four different flow regimes are identified based on the orientation and stretch
of the contour path and the RI of the polymer segments, respectively, and the
associated influence on the kinetic and thermodynamic contribution to the FIC
dynamics is discussed. The analysis of FIC experiments in shear and extensional
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flows reported in the literature provides quantitative indications that, first, the
HMW chains govern the FIC dynamics, second, the number density of spherulites
increases for Des < 1 and, third, the shish-kebab morphology develops for Des > 1
based on τMWD

s . In general, the latter also implies λ > λ∗(T ) for the HMW
chains in polydisperse melts, which may indicate that RI of the chain segments
governs the formation of the shish. These findings are confirmed quantitatively for
different iPP melts analyzed in simple shear flows, duct flows and by a numerical-
experimental investigation for one particular experiment performed in a cross-slot
flow. Based on the present analysis the question if the shish-kebab morphology
develops in a complex flow thus reduces to the question if the HMW chains are
subjected to the condition Des > 1, based on τMWD

s , for a sufficiently long time
in order to fulfill the condition λ > λ∗(T ).

In the analysis of FIC experiments of polydisperse melts the determination of
τrep and τs of the HMW tail is required. However, no single procedure could be
used to obtain an estimate of both τrep and τs of the HMW tail, which is an inherent
problem for polydisperse melts. Nevertheless the observation that the transition
from the spherulitic to shish-kebab structure corresponds to Des = τMWD

s γ̇ ≈ 1−10
is encouraging, given the findings from model predictions that the chain stretching
dynamics of the HMW chains is affected by the MWD in shear flows. Contrary to
shear flows the chain stretching of the HMW tail appears to be less subjected to
the MWD in uniaxial flows. Therefore experiments in uniaxial flows may have a
higher potential to verify the correlation between chain stretching and the forma-
tion of the shish-kebab structure. In addition the exact magnitude of λ∗(T ) is not
yet resolved for T close and below Tm. Also experiments on melts with a different
MWD may serve as a critical test to verify the presented classification scheme. In
this respect the knowledge of τe and Me can assist to ‘design’ a particular MWD
or flow field in order to resolve the influence of the HMW tail and MWD on the
formation of the shish-kebab structure experimentally.

In summary, the primary advantage of the classification scheme is that it pro-
vides, quantitative, measures which separate the degree of ordering of the chains in
a particular flow field. Despite difficulties in determining τrep and τs of the HMW
tail the comparison with experiments indicate that it captures the correct trends
in a semi-quantitative manner. Hence, the present classification scheme may serve
as a helpful guideline to perform experiments in the future.
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Chapter 10

Conclusion

10.1 Polymer rheology

10.1.1 Model validation

A comprehensive validation study of the thermodynamically consistent reptation
model, the TCR model, has been performed in shear and uniaxial extensional flows
for concentrated solutions and melts of nearly monodisperse linear polymer chains,
containing 15 to 28 entanglements per chains. For this range of entanglements per
chain the time scales of reptation and chain retraction are not well separated and
the influence of contour length fluctuations is of relevance. As a result a quantita-
tive analysis of the relative importance of reptation, double reptation, convective
constraint release (CCR), the difference between a formulation with or without
independent alignment, and the contribution from chain stretching is difficult to
perform in general. For these reasons no clear preference for most existing rhe-
ological models can be made for predicting the stationary shear stress and first
normal stress difference. Hence, careful validation of molecular based models is
only possible provided chains have more than 25 entanglements per chain.

The validation of the TCR model with experimental data for the second nor-
mal stress difference, N2, of a nearly monodisperse polystyrene melt revealed the
following three findings. First, experiments indicate that the overshoot in −N2

is connected to the orientation of the chains for intermediate shear rates, just as
for the shear stress, which is in agreement with the predictions of the original
Doi-Edwards and TCR model. Second, the predicted shear thinning of the normal
stress ratio is in agreement with experimental data, and proved to be sensitive
to the intensity of CCR in the TCR model. Third, a considerable quantitative
difference in the predicted shear thinning of the normal stress ratio of the TCR
model and the model developed by Mead, Larson and Doi [53] is found, using an
intensity of CCR equal to one in both models.

The present analysis in shear and uniaxial extensional flows indicates that an
overall agreement between the TCR model and experiments is found provided the
intensity of CCR is set equal to one. In particular the shear thinning of the ex-
tinction angle and normal stress ratio in shear flows, as well as the thinning of the
extensional viscosity in uniaxial flows under non-stretching conditions are sensitive
to the implementation of CCR.

The validation study also revealed limitations of the TCR model in predicting
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the rheology under significant chain stretching conditions. Provided the influence
of finite extensibility becomes notable in uniaxial extensional flows of polymer
melts, the TCR model predicts extensional thickening behavior for the stationary
extensional viscosity, whereas experiments of Bach et al. [84] reveal extensional
thinning behavior. This experimental observation may be explained by anticipat-
ing a reduction in the number of entanglements after finite extensibility of the
chain segments becomes notable. Also, provided significant chain stretching is
present in shear flows, shear thickening behavior is found, although it appears
not to be directly connected to the presence of finite extensibility, as for uniaxial
extensional flows. A direct reason for this deficiency is less clear.

Based on the principle of double reptation the TCR model has been extended
to describe polydisperse linear entangled melts. Good qualitative agreement is
found with experiments on well defined bidisperse concentrated solutions of linear
entangled chains in uniaxial extensional and shear flows. Nevertheless, in shear
flows the application of the model is limited to shear rates below the reciprocal of
the stretching time of the longest chains. For larger shear rates the stress contri-
bution from the longest polymer chains shows shear thickening behavior, similar
to monodisperse systems.

10.1.2 Outlook

A major challenge for molecular based rheological modeling is the description of
polymer melts and concentrated solutions under chain stretching conditions. Pos-
sible explanations for the predicted shear thickening behavior by the TCR model
is the use of separate equations for the orientation and an average chain stretch of
the contour path, a subtle mismatch in the coupled interaction between the influ-
ence of the segment orientation on chain stretching and, in turn, the influence of
chain stretching on the intensity of CR, or the omission of CR effects on the chain
stretching dynamics. Given the importance of CR at high flow rates, a molecular
based rheological model can benefit from a description of the chain dynamics on a
smaller length scale, where the influence of CR on the configuration of the chain
is formulated in a self-consistent manner. Recently, the influence of CR has been
implemented on a local level in refined reptation models, based on a spatial descrip-
tion of the chain [380,381]. Also in the case of slip-link models [74,76,77,382,383]
the influence of CR on the chain configuration can be formulated locally. Although
model predictions in fast shear flows are promising [77, 381, 382, 384], the imple-
mentation and intensity of CR differ. In addition, these model formulations do
not offer a direct explanation for the thinning of the extensional viscosity reported
for monodisperse PS melts, which appears to be connected to the finite extensi-
bility of the chains. In this respect it should be noted that under chain stretching
conditions also other aspects of the tube model have been questioned. For ex-
ample, a change in tube cross-section, non-affine deformation of the chain and a
change in the number of entanglements experienced by a chain segment have been
suggested. However, the implementation of these suggestions requires a detailed
understanding about the formation of an entanglement under deformation, and
requires further investigation.

The development of molecular based models for bidisperse systems of mutually
entangled linear chains, and their validation against well defined melts in shear
and extensional flows, seems a first step towards a general theory for polydisperse
systems. Also, bidisperse systems may provide a critical test for the formulation
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of CR, as the range of time scales of CR increases due to the inherent difference
in length of the chains. Complementary experimental data for the second nor-
mal stress difference of nearly monodisperse melts or concentrated solutions under
chain stretching conditions in shear flows may prove to be helpful to validate the
formulation of CR.

10.2 Flow induced crystallization

10.2.1 Model development

A non-isothermal flow induced crystallization model is developed consistent with
the GENERIC framework for non-equilibrium thermodynamics. The chain con-
figuration of the amorphous part of the chain is considered as an independent
variable, which is convenient for formulating the configurational entropy of the
chain. The dynamics of the chains is described on the level of a configuration
tensor. The thermodynamic driving force for crystallization arises naturally from
the GENERIC framework and is directly connected to the chemical potential dif-
ference and the change in end-to-end distance of the amorphous part of the chain
during crystallization. The model predicts an increase in the thermodynamic
driving force under stretched chain conditions, while the limiting case of quiescent
crystallization is recovered under non-flowing conditions. In addition, tempera-
ture equations for an atomistic mixture and for a two phase mixture description,
respectively, have been formulated within the GENERIC framework.

The non-isothermal flow induced crystallization model developed in this thesis
is used to simulate fiber spinning. During fiber spinning the total crystallization
dynamics consists of the quiescent crystallization of spherulites and the flow in-
duced development of a fibrillar morphology, which are described on a continuum
level by two hierarchies of rate equations. The influence of the chain configuration
on the formation of the fibrillar morphology primarily results from a change in ‘ki-
netic’ mechanisms, while the thermodynamic driving force is only slightly affected.
The change in the kinetic mechanism for fibril formation is described by the sec-
ond invariant of the configuration tensor of the amorphous part of the chain, and
accounts for the influence of chain extension on the nucleation and longitudinal
growth of the fibrils. The model is able to predict all experimental observations
for the velocity, temperature, stress and crystallinity profile in a qualitative and
semi-quantitative fashion for realistic fiber spinning conditions. Also, quantitative
agreement between model predictions and the measured velocity and temperature
profiles is obtained for low and high-speed spinning conditions of nylon 66, and
for high-speed spinning conditions of PET.

10.2.2 Experimental analysis

In order to gain better physical insight into the process of flow induced crystal-
lization, a classification scheme has been proposed to systematically analyze and
compare experiments. The principal ingredients of this classification scheme are
the change in the (Kuhn) segment orientation and conformation (rotational iso-
merization) resulting from the orientation and extension of the chains of the ‘high
molecular weight tail’ due to flow. The onset of orientation and stretching is char-
acterized by means of Deborah numbers based on the reptation and stretching time
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of the high molecular weight chains. A quantitative representative estimate of the
reptation time follows from rheological experiments, whereas the stretching time is
determined from the molecular weight distribution and the ‘equilibration time’ of
the polymer. The classification scheme has been applied to flow induced crystal-
lization experiments in shear flows on polydisperse iPP and PE melts, reported in
the literature, and reveals the presence of three regimes. In the first regime, crys-
tallization is not affected by the flow. In the second regime, the number density of
spherulites increases and corresponds to flow conditions where the high molecular
weight chains becomes oriented, but remain unstretched. This indicates that the
flow induced nucleation of point nuclei is connected to an enhanced global seg-
ment orientation only, while the chain configuration is unaffected on length scales
smaller than that corresponding to the entanglement length. In the third regime,
the ‘shish-kebab’ morphology develops, and corresponds to flow conditions where
the high molecular weight chains become stretched. As a result, the formation
of thread-like nuclei, the ‘shish’, is connected to a further increase in the global
segment orientation, and an enhanced orientational and conformational ordering
of the segments along the polymer backbone.

10.2.3 Outlook

The flow induced crystallization model developed in this thesis may benefit from a
more refined description of the chain dynamics, for example by the Rouse model.
In this case, a formulation based on ‘detailed balance’ could be adopted to de-
scribe the crystallization/melting of the individual (Rouse) segments. As a result,
a closer connection to present (classical) nucleation theories may be established.

Although the flow induced crystallization can be described in a transpar-
ent fashion through a hierarchical set of rate equations, the influence of the
chain configuration on the flow induced crystallization is accounted for in a semi-
phenomenological manner. Instead, it would be desirable to obtain a microscopic
description for, connection to, the influence of the orientation and conformation
of the segments on the flow induced crystallization. To achieve this ultimate goal
the underlying kinetic and thermodynamic mechanisms behind the enhanced for-
mation of point or thread-like nuclei remains to be identified, a subject hardly
explored to date. Progress on kinetic aspects of flow induced crystallization may
be obtained by anticipating that the formation of a nucleus is initiated provided a
number of chains in a ‘representative’ volume (perhaps as small as 1000nm3) have
a sequence of Kuhn segments with an identical orientation/conformation. As a
first step, the influence of flow on the correlation in the orientation of the Kuhn
segments could be analyzed using present ‘single chain’ or future novel ‘multiple
chain’ microscopic rheological models. In addition, the influence of the temper-
ature on the flow induced crystallization is not well understood. For example, a
variation in temperature is experimentally known to change local chain proper-
ties, as the rigidity of the chain and the conformation, which could influence the
mechanism for nuclei formation. In addition, the conditions for the formation and
initiation of stable nuclei are altered for different temperatures, depending on the
non-equilibrium state of the system in the phase diagram. In either case, these
suggestions imply rather considerable challenges for future model developments,
as the complexity of the model increases rapidly due to the interconnected nature
of different contributions, while ‘traditional’ descriptions from reptation theory
may not be directly applicable.
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From the perspective of model validation the ingredients of the classification
scheme suggest future directions for critical experiments. In particular, experi-
ments should be performed on melts with a well defined narrow molecular weight
distribution, or blends thereof, at different temperatures for the following reasons.
For well defined (bimodal) molecular weight distributions a quantitative measure
of ‘the high molecular weight tail’ may be identified and a definite conclusion on
the significance of the orientation and stretching of these chains can be obtained.
Ultimately, this could also lead to a general understanding of the entire molecu-
lar weight distribution on the flow induced crystallization process. The rheological
based classification scheme does not account for the influence of temperature. Per-
forming experiments at different temperatures may reveal the importance of the
relative contribution from the flow and the degree of undercooling on the nucle-
ation and growth dynamics. In so doing, the stability (‘life-time’) of flow induced
point nuclei, ‘shish’ or fibrils generated at temperatures above the quiescent crys-
tallization temperature could also be examined. As a result, these experimental
results can serve as a critical test for future model developments.
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[72] H.C. Öttinger. A thermodynamically admissible reptation model for fast
flows of entangled polymers. J. Rheol., 43(6):1461–1493, 1999.

[73] G. Ianniruberto and G. Marrucci. A simple constitutive equation for entan-
gled polymers with chain stretch. J. Rheol., 45(6):1305–1318, 2001.

[74] J.D. Schieber, J. Neergaard, and S. Gupta. A full-chain, temporary network
model with sliplinks, chain-length fluctuations, chain connectivity and chain
stretching. J. Rheol., 74(1):213–233, 2003.

[75] J.D. Schieber. Fluctuations in entanglements of polymeric liquids. J. Chem.
Phys., 118(11):5162–5166, 2003.

[76] Y. Masubuchi, J.-I. Takimoto, K. Koyama, G. Ianniruberto, G. Marrucci,
and F. Greco. Brownian simulations of a network of reptating primitive
chains. J. Chem. Phys., 115(9):4387–4394, 2001.

[77] M. Doi and J. Takimoto. Molecular modelling of entanglement. Philos. T.
Roy. Soc. A, 361:641–650, 2003.

[78] S.C. Shie, C.T. Wu, and C.C. Hua. Nonlinear stress relaxation of H-
shaped polymer melts revisited using a stochastic Pom-Pom model. Macro-
molecules, 36(6):2141–2148, 2003.
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[234] H.C. Öttinger. Modeling complex fluids with a tensor and a scalar as struc-
tural variables. Rev. Mex. Fis, 48(2):220–229, 2002.
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Appendix A

Two phase mixture

description for phase change

dynamics

A.1 Introduction

In this appendix, a two phase mixture description with phase change is analyzed
within the GENERIC framework [235, 280, 281]. A two (multi) phase mixture
description implies that the thermodynamic behavior of a given phase in the mix-
ture is supposed to be identical to the behavior of the pure phase, provided the
space sharing is taken into account through the use of volume fractions [288]. This
is a fundamental difference compared to the atomistic mixture description used
in chapter 7. Moreover, a two phase description is suitable to incorporate the
dynamic behavior of mean-field (averaged) morphological variables. The latter
is shown for the formation of spherulites during the crystallization of a poly-
mer melt, using the so-called Schneider rate equations [236]. Hütter [289, 290]
incorporated the Schneider rate equations into a two phase mixture description
within the GENERIC framework, whereas Lhuillier [288] used more traditional
non-equilibrium principles to incorporate phase change dynamics into a two phase
mixture description. The primary goal of this appendix is to arrive at a tempera-
ture equation for the two phase mixture description directly from the GENERIC
framework.

A.2 Formulation in the GENERIC framework

A.2.1 Independent variables

Following previous two phase mixture theories the extrinsic (or apparent) densities
of the fluid ‘f’ and solid ‘s’ phase, ρf and ρs, and the total momentum densities
u are taken as independent variables. The momentum density u is defined as
u = (ρf + ρs)v, with v the velocity vector. Instead of the common choice for the
extrinsic energy or entropy densities of the phases [288–290], we consider a single
temperature, T , for both phases as an independent variable. It is noted that using
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T as an independent variable requires to make the ‘local equilibrium assumption’,
as discussed before in chapter 7. One can justify one single temperature for the
two phases, instead of two individual temperatures, by anticipating a fast heat ex-
change between the two phases. The latter is the case for a large surface to volume
ratio of the two phases and fast time scales for the temperature equilibration.

To characterize the morphology we consider the volume fraction, φ, the sur-
face per unit volume, ψ, the ‘unrestricted’ length per unit volume, Ψ2, and the
‘unrestricted’ nuclei density per unit volume, Ψ3. These variables allow to incor-
porate the Schneider-rate equations into a multi-phase mixture description [289].
The formulation of the crystallization dynamics in terms of a set of Schneider-rate
equations is equivalent to the (well known) Kolmogoroff-Avrami-Johnson-Mehl-
Evans theory [247–252] for the crystallization of materials. In this respect φ and
ψ need to be expressed in terms of the ‘unrestricted’ volume fraction, Ψ0, and the
‘unresticted’ surface per unit volume, Ψ1. This can be achieved exactly for ran-
domly oriented and positioned crystals, by employing the expression for impinge-
ment as derived by Avrami [248–250], or approximately by using the relationship
for impingement according to Tobin [385,386].

Following the approach in chapter 7 the configuration tensor of the amorphous
part of the chain, A, is added as an internal variable. Here, it should be noted
that the assumption that all chains consist of an amorphous and crystalline part
can not be unified with the Kolmogoroff-Avrami-Johnson-Mehl-Evans description
for the nucleation, growth and impingement of the crystals, as discussed in section
7.3. The incorporation of A in a two phase mixture description results is very
similar contributions to S(x), L(x) and M(x) compared to the atomistic mixture
description, as formulated in chapter 7. For this reason the contributions associ-
ated to A are included directly without further discussion in the remainder of this
appendix.

In total the set of independent variables equals

x =
[

ρf ρs u T φ ψ Ψ2 Ψ3 A
]

. (A.1)

The extrinsic and intrinsic densities of the fluid and solid phase are related by
ρ̃f = ρf/(1 − φ) and ρ̃s = ρs/φ respectively, and similar relationships connect the
intrinsic and extrinsic entropy and energy densities of the fluid and solid phase. In
the remainder ‘i’ denotes either the fluid ‘f’ or solid, ‘s’ phase and the ‘∼’ denotes
an intrinsic density or pressure.

A.2.2 Energy and entropy

Following [289,290] the total energy and entropy for a two phase mixture descrip-
tion are equal to

E(x) =

∫
[

1

2

u · u
ρf + ρs

+ (1 − φ)ε̃f(ρf/(1 − φ), T ) + φε̃s(ρs/φ, T )

]

dV, (A.2)

S(x) =

∫

[(1 − φ)s̃f(ρf/(1− φ), T ) + φs̃s(ρs/φ, T ) + Ψmicro(ρf , ρs,A)] dV, (A.3)

with ε̃i and s̃i the intrinsic energy and entropy density of phase i per unit volume of
phase i, respectively. Here, we account for the influence of the finite extensibility
of the chain in the contribution from the chain configuration, Ψmicro(ρf , ρs,A),
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which equals,

Ψmicro(ρf , ρs,A) = kBNA

ρf + ρs

M

[

Ψ1
micro(ρf

, ρs,A) + Ψ2
micro(ρf

, ρs)
]

, (A.4)

Ψ1
micro(ρf

, ρs,A) =
1

2
ln

[

det

(

A

1 −ms

)]

(A.5)

+
3

2
NK(1 −ms) ln

[

1 +
1

NK(1 −ms)
− tr[A]

3NK(1 −ms)2

]

,

Ψ2
micro(ρf

, ρs) = (1 −ms)NK ln q, (A.6)

with ms the mass fraction of the solid, ms = ρs/(ρf + ρs), NK the total number
of Kuhn segments of the chain and q the coordinate number of the lattice. The
Volterra derivates δE(x)/δx and δS(x)/δx are given by

δE(x)

δx
=





























µf + T s̃f/ρ̃f − (1/ρ̃f)(Tαf/κf) − v2/2
µs + T s̃s/ρ̃s − (1/ρ̃s)(Tαs/κs) − v2/2

v

c̄V
(p̃f − p̃s) + T [(αs/κs) − (αf/κf)

0
0
0
0





























, (A.7)

δS(x)

δx
=





























s̃f/ρ̃f − (1/ρ̃f)(αf/κf) + ∂Ψmicro(ρf , ρs,A)/∂ρf

s̃s/ρ̃s − (1/ρ̃s)(αs/κs) + ∂Ψmicro(ρf , ρs,A)/∂ρf

0

c̄V /T
(αs/κs) − (αf/κs)

0
0
0

∂Ψmicro(ρf , ρs,A)/∂A





























, (A.8)

with αi and κi the isobaric thermal expansion coefficient and the isothermal com-
pressibility of phase i, respectively, and use is made of the following definitions,

p̃i ≡ −ε̃i + T s̃i + ρ̃iµi, (A.9)

µi ≡ ∂ε̃i
∂ρ̃i

∣

∣

∣

∣

s̃i

, (A.10)

c̄V /T ≡ ∂[(1 − φ)s̃f + φs̃s]

∂T

∣

∣

∣

∣

ρf ,ρs,φ

= [(1 − φ)cV f + φcV s]/T (A.11)

with cV i the heat capacity at constant volume per unit volume of phase i. The
expressions for ∂Ψmicro/ρf , ∂Ψmicro/ρs and ∂Ψmicro/∂A equal

δΨmicro

δρf

=
kBNA

M

(

Ψ1
micro + Ψ2

micro

)

− (A.12)

kBNA

1

M

ρs

ρs + ρf

(

∂Ψ1
micro

∂ms

+
∂Ψ2

micro

∂ms

)

,
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δΨmicro

δρs

=
kBNA

M

(

Ψ1
micro + Ψ2

micro

)

+ (A.13)

kBNA

1

M

ρf

ρs + ρf

(

∂Ψ1
micro

∂ms

+
∂Ψ2

micro

∂ms

)

,

∂Ψ1
micro

∂ms

=
1

2

[

3

1 −ms

− 3NK lnh(A,ms) (A.14)

+
3

h(A,ms)

(

1

(1 −ms)
− 2tr[A]

3(1 −ms)2

)]

h(A,ms) = 1 +
1

NK(1 −ms)
− tr[A]

3NK(1 −ms)2
, (A.15)

∂Ψ2
micro

∂ms

= −NK ln q, (A.16)

∂Ψmicro

∂A
=

(ρf + ρs)kBNA

2M

[

A−1 − 1

(1 −ms)h(A,ms)
I

]

. (A.17)

A.2.3 Poisson operator

The Poisson operator is equal to

L(x) = (A.18)

−





























0 0 ∂
∂rρf 0 0 0 0 0 0

0 0 ∂
∂sρs 0 0 0 0 0 0

ρf
∂
∂r ρs

∂
∂r

[

∂
∂ru + u ∂

∂r

]T
LuT Luφ Luψ LuΨ2

LuΨ3
LuA

0 0 LTu 0 0 0 0 0 0
0 0 Lφu 0 0 0 0 0 0
0 0 Lψu 0 0 0 0 0 0
0 0 LΨ2u 0 0 0 0 0 0
0 0 LΨ3u 0 0 0 0 0 0
0 0 LAu 0 0 0 0 0 0





























,

where the unspecified matrix elements take the form

LTu =

(

∂T

∂r

)

− 1

cV
Π :

∂

∂r
+ ΩT

∂

∂r
·, (A.19)

LuT = −
(

∂T

∂r

)

+
∂

∂r
ΩT − ∂

∂r
· 1

cV
Π, (A.20)

Lφu =

(

∂φ

∂r

)

·, Luφ = −
(

∂φ

∂r

)

, (A.21)

Lψu =
∂

∂r
· ψ − 2

3
ψ
∂

∂r
·, Luψ = ψ

∂

∂r
− 2

3

∂

∂r
ψ, (A.22)

LΨ2u =
∂

∂r
· Ψ2 −

1

3
Ψ2

∂

∂r
·, LuΨ2

= Ψ2

∂

∂r
− 1

3

∂

∂r
Ψ2, (A.23)

LΨ3u =
∂

∂r
· Ψ3, LuΨ3

= Ψ3

∂

∂r
·, (A.24)

LAu =

[

∂Aij
∂rl

]

−Aik
∂

∂rk
δjl −Akj

∂

∂rk
δil (A.25)

LuA = −
[

∂Akl
∂ri

]

− ∂

∂rj
Ajkδil −

∂

∂rj
Ajlδik, (A.26)
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where the Einstein notation is adopted for the components LAu and LuA. The
parameter ΩT and the stress tensor, Π, equal

ΩT =
T

c̄V

[

(1 − φ)
αf

κf

+ φ
αs

κs

]

, (A.27)

Π = NAkB

ρf + ρs

M
T [K(A,ms)A− I] , (A.28)

with K(A,ms) = 1/((1 −ms)h(A,ms)). The L(x) matrix is anti-symmetric, ful-
fills the Jacobi identity, the degeneracy requirement and the condition for mass
conservation. It is noted that the present expression for ΩT is more general com-
pared to that given in [290]. In particular, the restrictions between the material
parameter of the different phases given in Eq. 46 of [290] is relaxed in the present
case.

A.2.4 The friction matrix

The friction matrix includes contributions associated to the heat conduction, a
viscous stress contribution, the relaxation time for the internal variable A, and
the phase change dynamics. As the momentum density u and a single temperature
are considered in x the two former contributions adopt similar expressions as given
in Eqs. 7.36 and 7.37 of chapter 7. However, the expression for Mpc(x) differs,
as the phase change dynamics for a two phase mixture description is described
by means of the change in the volume fraction φ, rather than the number density
of crystalline Kuhn segments in the atomistic mixture description. In the present
case [289],

Mpc(x) = P ·D · P T , (A.29)

P T =









−ρ̂ ρ̂ 0 lV /c̄V 1 0 0 0 Â

0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0









, (A.30)

D = R(x)









ψ L Ψ3 Q
L ? ? ?
Ψ3 ? ? ?
Q ? ? ?









, (A.31)

where ? denotes an unspecified element [289], R(x) is the rate constant, Q(x) is
an unspecified function associated to the nucleation and L is identical to [289]

L(φ, ψ,Ψ2) =

(

dΨ0

dφ

)

−1(

Ψ2 −
d2Ψ0

dφ2
ψ2

)

. (A.32)

Eq. A.32 and the definition ψ ≡ (dΨ0/dφ)−1Ψ1 provide a consistent mapping
of the ‘unrestricted’ variables Ψ0, Ψ1, Ψ2 on the ‘restricted’ variables φ and ψ
[22, 289]. Either the relationship for impingement derived by Avrami [248–250],
φ = 1− exp(−Ψ0), or Tobin [385,386], φ = Ψ0/(1 + Ψ0), can be applied. Finally,
the ‘latent heat’ contribution, lV , follows from the degeneracy requirement M(x) ·
δE(x)/δx = 0, and equals

lV = ρ̂ (µf − µs) + ρ̂T

(

s̃f
ρ̃f

− s̃s
ρ̃s

)

+ (p̃s − p̃f) (A.33)
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+

[

(ρ̂− ρ̃s)
T

ρ̃s

αs

κs

− (ρ̂− ρ̃f)
T

ρ̃f

αf

κf

]

.

The parameter ρ̂ is associated to the mass transfer between the two phases and
may be taken equal to

ρ̂ =
[ρf/(1− φ)](ρs/φ)

ρs + ρf

, (A.34)

which follows from a topological averaging procedure of a microscopic morphology
characterization [288]. (In the model of Lhuillier [288] the thermodynamic driving
force is linearly proportional to the difference between the pressure and tempera-
ture and their corresponding value for phase coexistence for this particular choice
of ρ̂.) The parameter Â describes the change in the configuration of the amor-
phous part of the chain and we use the expression based on the ‘amorphous chain
configuration’ approach proposed in section 7.3.6, see Eqs. 7.55 and 7.56.

Finally, the friction matrix associated to the time scale for the relaxation dy-
namics in A is taken equal to that for the Giesekus model [244,291],

MAA

relax(x)ijkl =
1

2

M

kBNA(ρf + ρs)

1

τrelax
× (A.35)

[(1 − αG)(Aikδjl +Ailδjk + δikAjl + δilAjk) + αG(AikAjl +AilAjk)] ,

with αG the Giesekus mobility parameter, 0 ≤ αG ≤ 1.
The friction matrices Mpc(x) and MAA

relax(x)ijkl are symmetric, positive semi-
definite, fulfill the degeneracy requirement and the condition for mass conservation.

A.3 Dynamic equations

The dynamic equations for x are identical to

∂ρf

∂t
= − ∂

∂r
· ρfv − ρ̂ φ̇

∣

∣

∣

pc
, (A.36)

∂ρs

∂t
= − ∂

∂r
· ρsv + ρ̂ φ̇

∣

∣

∣

pc
, (A.37)

∂u

∂t
= − ∂

∂r
· (uv) − ∂

∂r
(pf + ps) +

∂

∂r
· Π, (A.38)

∂φ

∂t
= −

(

∂φ

∂r

)

· v +Gψ = −
(

∂φ

∂r

)

· v + φ̇
∣

∣

∣

pc
(A.39)

∂ψ

∂t
= − ∂

∂r
· (ψv) +

2

3
ψ
∂

∂r
· v +GL(φ, ψ,Ψ2) (A.40)

∂Ψ2

∂t
= − ∂

∂r
· (Ψ2v) +

1

3
Ψ2

∂

∂r
· v +GΨ3 (A.41)

∂Ψ3

∂t
= − ∂

∂r
· (Ψ3v) + 8πζ, (A.42)

DA

Dt
= (∇v)T ·A + A · (∇v) − 1

τrelax
(1 − αG + αGA)(K(A,ms)A − I)

−1 + f(A)

1 −ms

Aφ∞
Dφ

Dt
, (A.43)

[φcV s + (1 − φ)cV f ]
DT

Dt
= (A.44)
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Π :
∂v

∂r
− T

[

(1 − φ)
αf

κf

+ φ
αs

κs

]

∂

∂r
· v + lV φ̇

∣

∣

∣

pc
,

with D/Dt the material derivative, pf = (1−φ)p̃f and ps = φp̃s. The growth rate,
Gr, and the nucleation rate, ζ, are given by

Gr = R(x)A = R(x)
(

Amacro + A1
micro + A2

micro

)

, (A.45)

ζ =
1

8π
Q(x)Gr, (A.46)

Amacro =
ρ̂

T
(µf − µs) +

1

T
(p̃s − p̃f) (A.47)

A1
micro =

ρ̂kBNA

M

[

3

2(1 −ms)
− 3NK

2
ln[h(A,ms)] (A.48)

+
1

h(A,ms)

(

3

2(1 −ms)
− tr[A]

(1 −ms)2

)

−(1 + f(A))

(

3

2(1 −ms)
− 1

2h(A,ms)

tr[A]

(1 −ms)2

)]

,

A2
micro =

ρ̂kBNA

M
[−NK ln q] . (A.49)

Given that A2
micro is not affected by the flow it is incorporated into Amacro in

chapter 8. Next we proceed to transform the temperature equation ‘in terms of
cV ’ to one ‘in terms of cp’. In order to do so we make use of the relationships

(1 − φ)
Dρ̃f

Dt
= −(1 − φ)ρ̃f

∂

∂r
· v − (ρ̂− ρ̃f) φ̇

∣

∣

∣

pc
, (A.50)

φ
Dρ̃s

Dt
= −φρ̃s

∂

∂r
· v + (ρ̂− ρ̃s) φ̇

∣

∣

∣

pc
. (A.51)

These expression are the balance equations for ρ̃f and ρ̃s, which are subsequently
multiplied by (1 − φ) and φ respectively. Using Eqs. A.50 and A.51 we express
Eq. A.44 as

[φcV s + (1 − φ)cV f ]
DT

Dt
−
[

(1 − φ)T
1

ρ̃f

αf

κf

]

Dρ̃f

Dt
−
[

φT
1

ρ̃s

αs

κs

]

Dρ̃s

Dt
= (A.52)

Π :
∂v

∂r
+ lp φ̇

∣

∣

∣

pc
,

with the latent heat at constant pressure, lp, equal to

lp = ρ̂ (µf − µs) + ρ̂T (s̃f/ρ̃f − s̃s/ρ̃s) + (p̃s − p̃f) = ρ̂
(

ȟf − ȟs

)

+ (p̃s − p̃f) ,(A.53)

with ȟi the enthalpy per unit mass of phase i. Subsequently, we make use of the
relationships

Dp̃i
Dt

=
∂p̃i
∂T

∣

∣

∣

∣

ρ̃i

DT

Dt
+
∂p̃i
∂ρ̃i

∣

∣

∣

∣

T

Dρ̃i
Dt

=
αi
κi

DT

Dt
+

1

ρ̃iκi

Dρ̃i
Dt

, (A.54)

cpi = cV i +
α2
i

κi
T, (A.55)
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with cpi the isobaric heat capacity per unit volume of phase i, to arrive at the
temperature equation in terms of cp

[φcps + (1 − φ)cpf ]
DT

Dt
− [(1 − φ)Tαf ]

Dp̃f

Dt
− [φTαs]

Dp̃s

Dt
= (A.56)

Π :
∂v

∂r
+ lp φ̇

∣

∣

∣

pc
.

It is noted that lV and lp only differ with respect to the expression in square
brackets in Eq. A.33

A.4 Summary

The application of a two phase mixture description is most apparent in the expres-
sion for E(x) and S(x), where the contributions of the pure phases are weighted
by means of the volume fraction. The two phase mixture description is also re-
flected in the appearance of the thermodynamic properties and contributions of
the individual phases in a weighted form by means of the volume fraction in the
remaining building blocks of the GENERIC framework and the dynamic equations
for x, Eqs. A.44 and A.56. As in the case of an atomistic mixture description the
temperature equation ‘in terms of cV ’ is obtained from the GENERIC framework.
In section A.3 it is shown that the temperature equation ‘in terms of cV ’ can be
transformed into that ‘in terms of cp’. In this respect it is noted that depending
on the variables used to arrive at a temperature equation, the contribution asso-
ciated to the phase change dynamics is different. This difference between lV and
lp corresponds to a contribution, which can be associated to the variation in the
overall density of the system. Provided the system is at mechanical equilibrium
with respect to the intrinsic pressures, p̃f = p̃s, lp is proportional to the difference
in the intrinsic density per unit mass of the two phases, lp = ρ̂(ȟf − ȟs).
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Appendix B

A method to extract the

monomer friction coefficient

from the linear viscoelastic

behavior of linear, entangled

polymer melts

This appendix is reproduced from:
J. van Meerveld, A method to extract the monomer friction coefficient from the
linear viscoelastic behavior of linear, entangled polymer melts, Rheologica Acta,

43(6), 615-623, 2004,
with kind permission of Springer Science and Business Media.

Abstract

The rheological properties of isotactic and atactic polypropylene melts are analyzed
in order to obtain the equilibration time, τe, and monomer friction coefficient, ζ.
A procedure is proposed to determine τe from the zero shear rate viscosity, η0,
using the magnitude of the molecular weight per entanglement, Me, from the
literature. This procedure can be applied to both mono- and polydisperse linear,
entangled polymer melts. For different polymers this procedure gives very similar
results compared to the description of the storage and loss modulus of nearly
monodisperse linear, entangled polymer melts by molecular based theories, as well
as with values of ζ reported in the literature for linear, non-entangled polymer
melts. It is observed that for isotactic and atactic polypropylene Me differs by a
factor 1.25 depending on the approach taken. As a consequence, the magnitude of
τe and ζ differ by a factor of about 3.0 and 1.8, respectively. The knowledge of τe
(or ζ) is of importance in order to obtain a better understanding of flow induced
crystallization experiments on iPP.
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B.1 Introduction

The rheological relevant time scales, as the reptation and longest Rouse time,
can be directly related to the molecular weight (distribution) of the melt using
molecular theories based on the tube concept [37]. Alternatively, the rheological
response influences the flow induced crystallization dynamics and consequently
the semi-crystalline morphology of the material. In particular, the transition from
the spherulitic to the so-called ‘shish-kebab’ morphology changes the solid-state
properties of the material [25]. The development of the shish-kebab morphology
is generally believed to result from chain stretching of the high molecular weight,
HMW, chains in the high end tail of the molecular weight distribution of the
melt [25, 26, 28, 169]. This implies that for the HMW chains the Deborah number
based on the longest Rouse time, τR, Des = τRγ̇ or τRε̇ is larger than 1, with γ̇
and ε̇ the shear and extensional rate respectively. The magnitude of τR is related
to the molecular weight, M , of the chains via, [37, 65]

τR = τe(M/Me)
2. (B.1)

The knowledge of Me and the equilibration time τe (which is the Rouse relaxation
time of a chain of length equal to one tube segment) is thus sufficient to determine
τR directly from the molecular weight. (The magnitude of τe is directly related to
the monomeric friction coefficient, ζ [65, 96].) This approach is advantageous as
it is difficult, if not impossible, to obtain τR for the HMW chains experimentally
from the linear viscoelastic regime. In addition, it is likely that the stress contri-
bution from the high-end tail is ‘screened’ by the remaining part of the MWD in
shear flows [366]. The drawback is that, to the best of my knowledge, τe or ζ is
not reported in the literature for iPP, which is a popular material for flow induced
crystallization experiments. This paper has the goal to obtain the magnitude of
τe and ζ for iPP, as this is helpful to obtain a better understanding of the obser-
vations in flow induced crystallization experiments of iPP.

In the next section two procedures are described to obtain τe from molecular
based theories for linear, entangled polymer melts. In the following section these
two procedures are evaluated for different polymer systems and the resulting mag-
nitudes of ζ are compared with data reported in the literature, which are obtained
for linear, non-entangled polymer melts. One procedure is applied to iPP and aPP
in the section after that. Finally, conclusions are drawn in the last section.

B.2 Theory

B.2.1 Definition of the molecular weight per entanglement

from experiments

Before addressing the two procedures to obtain τe the different definitions of the
molecular weight per entanglement, Me, are introduced, where we follow the nota-
tion as used in Larson et al. [65]. The magnitude of Me follows from the expression
according to Ferry [96]

MF
e =

ρRT

G0
N

, (B.2)
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or that proposed by Fetters et al. [111]

MG
e =

4

5

ρRT

G0
N

, (B.3)

with R the universal gas constant, T the absolute temperature, ρ the density and
G0

N the plateau modulus, which is accessible experimentally. For monodisperse
melts the magnitude of G0

N can be determined by, first, integrating the area under
the loss modulus vs frequency, G′′ vs ω, plot [96], second, from creep experiments
[387], or thirdly by using the phenomenological relationship, G0

N = 3.56G′′

max [111,
388,389].

B.2.2 Procedure A

The first procedure to determine τe is based on the fit of the storage modulus,
G′(ω), and loss modulus, G′′(ω), by the molecular based model developed by
Milner and McLeish [95], the improved version by Likhtman and McLeish [102],
the LM-model, and the dual constraint model of Pattamaprom et al. [379] and
Pattamaprom and Larson [61], the DC model. In this section only the relevant
differences between the DC and LM model are discussed for the current purpose
and the reader is referred to the original papers for the model formulations. The
τe (or ζ) and Me are the only adjustable parameters in both models. However,
the DC model is based on MF

e and the LM model on MG
e . The difference between

considering MF
e and MG

e affects, first, the number of entanglements, second, the
numerical prefactor of τe and, third, the numerical prefactor of the time scale of
‘early time’ primitive path fluctuations, τearly, as discussed in detail by Larson
et al. [65]. The resulting differences between the LM and DC model are given in
Table B.1. (The significance of the tube length fluctuations changes in a non-linear
fashion due to the combined effect of the differences on the time scales given in
Table B.1.) In addition two differences between the DC and LM model are of
relevance. First, the ratio of the reptation time without tube length fluctuation,
τ0
d , to the longest Rouse time, τR, is equal to τ0

d/τR = 3Z in the LM model, whereas
in the DC model τ0

d/τR = 6Z. Second, the description of the Rouse dynamics is
different. In particular, the formulation of the Rouse dynamics in the LM model
shows that 1/5 of the stress relaxes through ‘longitudinal relaxation modes’ in
the terminal regime. The LM model thus naturally accounts for the numerical
prefactor 4/5, which appears in the definition of MG

e , Eq. B.3. Consequently, the
modulus in the LM model is defined as GLM = ρRT/MG

e , which is a factor 5/4
larger than the experimentally measured value of G0

N, i.e. GLM = 5G0
N/4. As

a result of the differences in the DC and LM model the magnitude of τe is not
identical and therefore denoted as τDC

e and τLM
e respectively. From experiments

it is observed that 2τLM
e ≈ τDC

e . In general it is possible to shift from the DC to
the LM model by taking into account a correction factor of 5/4, or powers thereof,
and using the experimentally observed relationship 2τLM

e ≈ τDC
e , see Table B.2.

The advantage of this procedure is that a good description of G′(ω) and G′′(ω) in
the terminal, the intermediate and the glassy regime requires a correct magnitude
of both τe and Me.
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model Likhtmann and McLeish Dual-Constraint

Me MG
e MF

e

G ρRT/MG
e ρRT/MF

e

Z M/MG
e M/MF

e

τe
(

MG
e /M0

)2 ζb2

3π2kbT

(

MF
e /M0

)2 ζb2

3π2kbT

τearly
9

16π3 τeZ
4s4 225

256π3 (τe/2)(Z/2)4s4

τR τeZ
2 τeZ

2/2

τ0
d/τR 3Z 6Z

Table B.1: Specification of the model parameters in the model of Likhtmann and
McLeish [102] and the Dual-Constraint model Pattamaprom et al. [379]: the molec-
ular weight per entanglement, Me, the modulus, G, the number of entanglements,
Z, the equilibration time, τe, the time scale for ‘early time’ primitive path fluctu-
ations, τearly, and the ratio of the longest Rouse time, τR, to the reptation time
without tube length fluctuations, τ 0

d . It is noted that τearly is not implemented in
the LM model but resolved exactly by full chain simulations [102].

unit P E P I h -P B D 1,4-P B D aP P P S

T K 463 298 463 301 348 442.5

G k P a A -L M 3250 536 2888 1840 757 269

Me g / m o l A -L M 860 4160 1000 1930 3150 14470

τe s A -L M n/ a 3.0 · 10−5 3.5 · 10−9 4.9 · 10−7 5.7 · 10−6 9.22 · 10−4

τe s B -L M 1.45 · 10−9 n/ a 2.87 · 10−9 4.56 · 10−7 5.3 · 10−6 8.21 · 10−4

G [k P a] A -D C 2600 434 2310 1250 n/ a 200

Me g / m o l A -D C 1035 5200 1250 2268 n/ a 16625

τe s A -D C 7.0 · 10−9 6.0 · 10−5 7.0 · 10−9 1.51 · 10−6 n/ a 1.96 · 10−3

τe s B -D C 4.43 · 10−9 n/ a 9.23 · 10−9 1.46 · 10−6 n/ a 2.15 · 10−3

Table B.2: The magnitude of the modulus G, the molecular weight per entangle-
ment, Me, and the equilibration time, τe, for different polymers following from
the different procedures. The magnitudes for A-LM are reported in Likhtman and
McLeish [102], or obtained in section B.3, and for A-DC reported in Pattamaprom
et al. [379] and Pattamaprom and Larson [61]. n/a denotes not available.
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B.2.3 Procedure B

For different reasons G′(ω) and G′′(ω) can not be determined experimentally from
the terminal to the glassy regime for melts of certain polymers. For example due to,
first, the limited benefit from the time-temperature superposition principle [377],
second, a small temperature window due to a ‘high’ crystallization temperature
and the onset of degradation at relative ‘low’ temperatures or, third, the difficulty
to synthesize a melt of long monodisperse chains [390]. In many cases only the
terminal regime is accessible and the zero shear rate viscosity as a function of the
weight averaged molecular weight, Mw, can be determined.

In procedure B MG
e , or MF

e , is taken from the literature [111,388,389] and the
magnitude of τe is determined from the zero shear rate viscosity, η0, as predicted
by the DC and LM model. Actually, this approach is similar in spirit as reported
by Ferry [96]. The important difference is that in the current approach the effect
of tube length fluctuations is incorporated in the DC and LM model, which are
essential to predict the scaling η0 ∼ Z3.4.

Pattamaprom and Larson [61] perform a mapping of the double reptation
model [56–58] on the predicted η0 of the DC model. Doing so they arrive at
the following expression between η0 and τe

η0(M/MF
e ) = 0.051τDCe G0

N

(

M/MF
e

)3.4
, (B.4)

where MF
e is used for consistency reasons. A similar exercise for the LM model,

with the constraint release parameter cv equal to one, cv = 1.0, [102] gives

η0(M/MG
e ) = 0.064τLMe

ρRT

MG
e

(

M/MG
e

)3.4
, (B.5)

again using MG
e to be consistent. It is noted that the numerical prefactor in Eq.

B.5, and consequently the magnitude of τe resulting from Eq. B.5, depends on the
magnitude of cv .

For many polymers the η0 as a function of Mw is available, which is represented
by the phenomenological expression of the form

η0(Mw) = αMβ
w, (B.6)

where the magnitude of α and β are given in Table B.3, which is observed to hold
for both mono- and polydisperse melts [117,359–361] in agreement with predictions
of the DC model [61]. Observation of Table B.3 illustrates that in a number of
studies the exponent β equals the theoretical value of 3.4, but sometimes β ≈ 3.6.
It should be noted that for β ≈ 3.6 the magnitude of α is roughly an order of
magnitude smaller compared to β = 3.4 for both PE and aPP. In sections B.3 and
B.4 only the expressions with β = 3.4 are used, which are consistent with Eqs.
B.4 and B.5.

B.3 Application of procedure A and B, and com-

parison with data in the literature

In this section the magnitude of τe and ζ are determined for polyethylene, PE, hy-
drogenated polybutadiene, h-PBD, 1,4-polybutadiene, 1,4-PBD, atactic polypropy-
lene, aPP, polyisoprene, PI, and polyisobutylene, PIB, and polystyrene, PS, using
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procedure A in the first subsection and procedure B in the second subsection. In
the third subsection the magnitude of ζ following from procedures A and B are
compared with values reported in the literature for linear, non-entangled polymer
melts.

B.3.1 Procedure A for the DC and LM model

The DC model has been compared to experimental results of mono- and poly-
dispere PS, h-PBD, 1,4-PBD, PI and PE melts in Pattamaprom et al. [379] and
Pattamaprom and Larson [61], whereas the LM model is only compared to exper-
iments on nearly monodisperse PS and 1,4-PBD in Likhtman and McLeish [102].
In order to perform the analysis for a larger number of polymer systems the LM
model, with cv = 1, is used to describeG′(ω) andG′′(ω) of the nearly monodisperse
h-PBD [391], PI [392] and aPP [393]. Good agreement between the predictions
of the LM model and the experimental results for PI [392] and h-PBD [391] are
obtained using τLM

e = 0.5τDC
e and taking MG

e from the literature, see Figs. B.1
and B.2 and Table B.2. (In contrast to PS, PI and h-PBD one observes that
for 1,4-PBD 3τLM

e ≈ τDC
e . It should be noted that the magnitudes of GLM and

MG
e of the LM model are adjusted independently in order to optimize the de-

scription of the 1,4-PBD melt, which is discussed in detail by Likhtmann and
McLeish [102].) For ρ = 825 kg/m

3
[111], MG

e = 3150 g/mol and τe = 5.7 × 10−6s
the linear viscoelastic response of aPP at T = 348K [393] is correctly predicted
by the LM model, see Fig. B.3. However, the magnitude of MG

e is about a fac-
tor 1.25 smaller compared to MG

e = 4000 g/mol, which is obtained after a linear
interpolation between the magnitudes reported at T = 298K and T = 413K in
Fetters et al. [111,388]. For MG

e = 3150 g/mol one obtains GLM = 757 kPa, which
corresponds to G0

N = 606 kPa. (The magnitude of G0
N deviates considerably from

the scattering in Figs. 1 and 2 of Fetters et al. [111].) The chain characteristics
and MG

e of deuterated head-to-head polypropylene, dhhPP, are nearly identical to
that of aPP [111, 389, 394]. Therefore the description of G′(ω) and G′′(ω) of the
dhhPP melt at T = 323K reported by Gell et al. [395] is also fitted by the LM
model to investigate if the deviation observed for the aPP melts, is also found for
the dhhPP melt. For ρ = 922 kg/m3 [395], MG

e = 2600 g/mol and τe = 2.6×10−4s
the LM model correctly describes G′(ω) and G′′(ω), see Fig. B.4. Similar to the
aPP melts, a good description of G′(ω) and G′′(ω) of the dhhPP melt by the
LM model requires to take MG

e smaller compared to the experimental value of
MG

e = 4360 g/mol. In the case of dhhPP the difference is a factor 1.67. (The
magnitude of MG

e is the average of the three dhhPP melts investigated by Gell et
al. [395], which follow from Eq. B.3 using the reported values for G0

N and ρ by
Gell et al. [395].) It should be noted that for the aPP samples and dhhPP sample
G0

NJ
0
e ≥ 4 [393,395] whereas G0

NJ
0
e is in general observed to be around 2.0-2.2 for

monodisperse samples [396]. This is believed to originate from a high molecular
weight tail in the molecular weight distribution [393,395].

B.3.2 Procedure B for the DC and LM model

For the application of procedure B the experimental relationship for η0(Mw) is
taken from experiments on polydisperse melts. This is opposite to procedure A,
which can only be applied to monodisperse systems, at least for the LM model.
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Figure B.1: The linear viscoelastic response of nearly monodisperse polyisoprenes,

PI, at T = 298K. Predictions of the LM model (full lines). Experimental data

are taken from Fetters et al. [392]. The dashed line indicates 4GLM/5 and the

dash-dotted line the magnitude of G′′

max according to 3.56G′′

max = 4GLM/5.
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Figure B.2: The linear viscoelastic response of nearly monodisperse hydrogenated

polybutadienes, h-PBD, at T = 463K. Predictions of the LM model (full lines).

Experimental data are taken from Raju et al. [391] for Mw = 41.7 kg/mol (◦),
Mw = 53.3 kg/mol (3), Mw = 80.3 kg/mol (+), Mw = 123 kg/mol (?), Mw =

174 kg/mol (4), Mw = 211 kg/mol (5), Mw = 360 kg/mol (2). The dash-dotted

line denotes the magnitude of G′′

max according to 3.56G′′

max = 4GLM/5.
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Figure B.3: The linear viscoelastic response of nearly monodisperse atactic

polypropylene, aPP, at T = 348K. Predictions of the LM model (full lines). Ex-

perimental data are taken from Pearson et al. [393] for Mw = 63.5 kg/mol (2),

Mw = 126 kg/mol (5), Mw = 189 kg/mol (◦), Mw = 371 kg/mol (4). The dashed

line indicates 4GLM/5 and the dash-dotted line the magnitude of G′′

max according

to 3.56G′′

max = 4GLM/5.
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Figure B.4: The linear viscoelastic response of nearly monodisperse deuterated

head-to-head polypropylene, dhhPP, at T = 323K. Predictions of the LM model

(full lines) and experimental data for G′(ω) (◦) and G′′(ω) (2) are taken from

Gell et al. [395]. The dashed line indicates 4GLM/5 and the dash-dotted line the

magnitude of G′′

max according to 3.56G′′

max = 4GLM/5.
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material reference α× 10−15 β T

units Ns molβ/g
β

- K

PE Pearson et al. [397] 3.76 3.64 448

PE Wood-Adams et al. [398] 3.40 3.6 463

PE Aguilar et al. [399] 31.7 3.41 463

h-PBD Pattamaprom and Larson [61] 30 3.41 463

1.4-PBD Struglinksi and Graessley [359] 363 3.41 298

aPP Aguilar et al. [360] 340 3.40 348

aPP Pearson et al. [393] 53.4 3.59 348

iPP Wasserman and Graessley [400] 5.32 3.60 463

PS Wasserman and Graessley [59] 16800 3.4 423

PS Graessley and Roovers [401] 97.7 3.41 442.5

PIB Fetters et al. [402] 4690 3.43 298

Table B.3: Reported values of the parameters α and β in the expression η0 = αMβ
w

for different polymers at a temperature T .

To be consistent identical magnitudes of MF
e and MG

e are taken to determine
τDC
e and τLM

e from Eqs. B.4 and B.5 respectively. The resulting magnitudes of
τDC
e and τLM

e are given in Table B.2. In general the magnitudes of τDC
e and τLM

e

of procedures A and B differ by less than a factor 1.35, except for PE where a
factor of 2 difference is observed. The good agreement is partly expected as the
description of G′(ω) and G′′(ω) in the terminal region, where G′(ω) ∼ ω−2 and
G′′(ω) ∼ ω−1, by the DC and LM model is closely related to the predicted η0.

B.3.3 Comparison with other methods

Finally, the magnitude of ζ, which is directly related to τe, is compared with
values of ζ reported in the literature. If possible, the magnitude of ζ is taken from
measurements of the self-diffusion coefficient or viscosity of linear, non-entangled
polymer melts, which are correctly described by the Rouse model. Contrary to
linear, entangled polymer melts the influence of tube length fluctuations, tube
dilation and constraint release are not of importance for linear, non-entangled
polymer melts.

The τe and ζ are related to each other via the relationship [65]

τe =

(

MG
e

M0

)2
ζb2m

3π2kBT
=

(

MG
e

M0

)

ζMG
e

[〈

R2
〉

0
/M
]

3π2kBT
, (B.7)

with M0 the monomer molecular weight, bm the monomer based segment length
and

〈

R2
〉

0
the unperturbed mean square end-to-end distance. The magnitude of ζ,

following from τLM
e , using procedure A and B of the LM model are given in Table

B.4. For polyisobutylene, PIB, the magnitude of τLM
e at T = 298K is obtained

from procedure B of the LM model and using the expression for η0(Mw) reported
by Fetters et al. [402]. Taking G0

N = 330 kPa and MG
e = 5700 g/mol [111] this
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material T ζ: A-LM ζ: B-LM ζ: literature
〈

R2
〉

0
/M

unit K Ns/m Ns/m Ns/m Å
2
mol/g

PE 463 n/a 4.15× 10−13 4.74× 10−13 a 1.25

PI 298 4.13× 10−10 n/a 3.26× 10−10 b 0.596

PIB 298 n/a 3.85× 10−8 4.47× 10−8 c 0.570

PS 442.5 2.24× 10−8 1.56× 10−8 3.02× 10−8 d 0.437

1,4-PBD 298 1.12× 10−10 9.95× 10−11 1.77× 10−10 e 0.876

Table B.4: Magnitude of the monomer friction coefficient ζ for different polymers

obtained from procedure A of the LM model, A-LM, procedure B of the LM

model, B-LM, using Eq. B.7. Magnitudes of
〈

R2
〉

0
/M are taken from Fetters

et al. [111, 388, 389]. a) Pearson et al. [397], b) extracted from Fig. 2 of Haley

et al. [403] (More recently [68] reported a very similar value of ζ = 3.89 × 10−10

Ns/m.), c) Table 12-II of Ferry [96], d) Majeste et al. [404], Pattamaprom et

al. [379], e) Table 12-II of Ferry [96] for rubbers.

gives τLM
e = 1.05 × 10−3s at T = 298K. Observation of Table B.4 reveals that

the magnitude of ζ following from procedure A and B of the LM model are in
agreement with the values reported in the literature. Hence, this supports that
a good estimate of τe, or ζ, can be obtained using procedure A, or B, of the LM
model.

B.4 Determination of the equilibration time and

monomer friction coefficient for isotactic and

atactic polypropylene

In the previous section it is shown that, for different polymer systems, procedure
B of the LM model is suitable to obtain the magnitude of τe, or ζ. Therefore

T G0
N MG

e reference

K kPa g/mol

aPP 296 452 3720 Plazek and Plazek [387]

aPP 463 480-600 3900-4905 Vega et al. [361]

aPP 463 410 5640 Eckstein et al. [390]

iPP 463 430 5500 Eckstein et al. [390]

Table B.5: The magnitude of the plateau modulus G0
N, the molecular weight per

entanglement, MG
e , at a given absolute temperature T , reported in the literature

for polydisperse aPP and iPP melts.
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T MG
e G0

N τe ζ
〈

R2
〉

0
/M

units K g/mol kPa s Ns/m Å
2

mol/g

aPP 348 4000 470 1.60× 10−5 4.51× 10−10 0.664 [111]

aPP 348 3150 606 5.50× 10−6 2.51× 10−10 0.664 LM

iPP 463 5500 430 9.87× 10−8 1.86× 10−12 0.694 [389]

iPP 463 4400 538 3.54× 10−8 1.04× 10−12 0.694 LM

Table B.6: The magnitude of the plateau modulus G0
N, the molecular weight

per entanglement, MG
e , the equilibration time, τe, and the monomeric friction

coefficient, ζ, for iPP and aPP based on procedure B of the model of Likhtman
and McLeish [102], LM. The magnitude of

〈

R2
〉

0
/M is taken from Fetters et

al. [111] and Zirkel et al. [405] for aPP and from Fetters et al. [389] and Zirkel et
al. [405] for iPP.

this procedure may be followed to determine τe for iPP. Procedure A can not
be followed due to the small temperature window between the temperature of
crystallization and degradation in combination with the difficulties to synthesize
a melt of long nearly monodisperse iPP chains [390]. In order to determine τe the
magnitude of MG

e , or G0
N, is required, which can be obtained in three different

ways.
First, the plateau modulus, G0

N, is determined experimentally and MG
e follows

from Eq. B.3. For monodisperse aPP melts at T = 348K, G0
N = 480 kPa and

MG
e = 4000 g/mol, which follow from a linear interpolation between the reported

experimental values at T = 298K and T = 413K in Fetters et al. [111]. For
monodisperse iPP no data are reported. The magnitudes of G0

N and MG
e reported

in the literature for polydisperse aPP and iPP melts are given in Table B.5. For
aPP these values are in agreement with those of monodisperse aPP melts.

Second, the magnitude ofG0
N andMG

e can be determined from the relationships
derived by Fetters et al. [111,388,389], based on the concept of the packing length,
p. The expressions for p and MG

e are [111]

p =
M

〈R2〉0
1

ρNA

, (B.8)

MG
e = B2ρNAp

3, (B.9)

with B a temperature dependent constant, which equals 0.0516 at T = 413K
and 0.0565 at T = 298K [111]. G0

N subsequently follows from Eq. B.3. (For
further details the reader is referred to the original paper.) It should be noted
that the magnitude of MG

e , following from Eq. B.9, is in good agreement with
the experimental value for monodisperse melts of many different polymers [111,
388,389]. For iPP and aPP melts the density and the magnitude of

〈

R2
〉

0
/M , as

determined by SANS measurement of iPP and aPP chains in the melt, are nearly
identical [389,390,394,405,406]. As the parameters in Eqs. B.8 and B.9 are nearly
identical for iPP and aPP melts, this equally holds for MG

e . The approximately
identical values of iPP and aPP is confirmed by experiments [390], see Table B.5,
which are in good agreement with the predicted values from Eq. B.9 (see Table 2
of Fetters et al. [389]).
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Third, one may obtain a magnitude of MG
e from the description of G′(ω) and

G′′(ω) by procedure A of the LM model. For PI, PS and h-PBD the magnitude of
MG

e based on this approach is identical to the experimental values for monodis-
perse melts, which are in good agreement with the predictions from Eq. B.9.
However, for nearly monodisperse aPP melts at T = 348K a good description of
G′(ω) and G′′(ω) [393] by the LM model is obtained provided MG

e = 3150 g/mol.
This magnitude is a factor 1.25 smaller compared to the experimental value for
monodisperse aPP melts, MG

e = 4000 g/mol, reported by Fetters et al. [111, 388].
The variation in the magnitude of MG

e is unsatisfactory because η0 scales

with MG
e as η0 ∼ τLM

e G0
N(M/MG

e )3.4 ∼ τLM
e MG

e

−4.4
, and consequently τLM

e ∼
η0M

G
e

4.4
. Hence, a small variation in MG

e can have a strong effect on the esti-
mated magnitude of τLM

e . Therefore two values of MG
e and G0

N(= 4GLM/5) are
considered for the iPP and aPP melts in the remaining of this section.

For aPP at T = 348K the first set are the experimental values for the monodis-
perse melts reported by Fetters et al. [111, 388], G0

N = 470 kPa and MG
e =

4000 g/mol, and the second set are those following from the description of G′(ω)
and G′′(ω) by the LM model, G0

N = 606 kPa and MG
e = 3150 g/mol. Application

of procedure B of the LM model gives τLM
e = 1.60 × 10−5s for MG

e = 4000 g/mol
and τLM

e = 5.50 × 10−6s for MG
e = 3150 g/mol, respectively. Using Eq. B.7

one obtains ζ = 4.51 × 10−10s for MG
e = 4000 g/mol and ζ = 2.51 × 10−10s for

MG
e = 3150 g/mol, respectively.
For iPP at T = 463K the reported experimental values equalG0

N = 430 kPa and
MG

e = 5500 g/mol [389,390]. Maintaining a ratio of 1.25 between the experimental
value and that following from the LM model, as observed for aPP, the second
parameter set is equal to G0

N = 538 kPa and MG
e = 4400 g/mol. For iPP at T =

463K this gives τLM
e = 9.87×10−8s for MG

e = 5500 g/mol and τLM
e = 3.54×10−8s

for MG
e = 4400 g/mol, respectively. The magnitudes of ζ for iPP at T = 463K are

equal to ζ = 1.86× 10−12s for MG
e = 5500 g/mol and ζ = 1.04× 10−12s for MG

e =
4400 g/mol, respectively. For aPP and iPP the magnitude of τe and ζ following
from the different sets of MG

e and G0
N are summarized in Table B.6. It should

be noted that the difference in ζ is smaller compared to τLM
e as τLM

e ∼ η0M
G
e

4.4

whereas ζ ∼ η0M
G
e

2.4
. Hence, the variation of MG

e by a factor of 1.25 results into
a difference of about a factor 2.9 for τLM

e and about a factor 1.8 for ζ, respectively.

B.5 Conclusion

A procedure to estimate the equilibration time, τe, and the monomer friction coef-
ficient, ζ, from the zero shear rate viscosity, η0, of linear, entangled polymer melts
is given using the molecular weight per entanglement reported in the literature.
For PE, h-PBD, 1.4-PBD, PS and aPP this gives an estimate of τe which is in
good agreement with that obtained from the description of G′(ω) and G′′(ω) us-
ing the molecular based model of Likhtman and McLeish [102]. The magnitude
for ζ is also in good agreement with values reported in the literature for linear,
non-entangled polymer melts of PE, PS, PIB and PI and that for a rubber of
1,4-PBD.

For aPP and dhhPP G′(ω) and G′′(ω) are correctly predicted by the LM model
provided the molecular weight per entanglement, MG

e , is reduced by a factor 1.25
and 1.67, respectively, compared to the experimental value reported in the liter-
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ature. Experimental results and the predicted magnitude of MG
e , based on the

concept of the packing length (Eq. B.9), are in good agreement with each other,
and moreover indicate that the magnitude of MG

e is approximately identical for
aPP and iPP. Hence the question arises if one relies stronger on the experimental
magnitude ofMG

e reported in the literature [111,388,389] or that following from the
description of G′(ω) and G′′(ω) using the model of Likhtmann and McLeish [102].
Finally, this difference in MG

e results into a difference of about a factor 2.9 in
the magnitude of τe and about a factor 1.8 in ζ respectively, see Table B.6. The
discrepancy in the magnitude of MG

e may be resolved by an analysis of G′(ω) and
G′′(ω) using the LM model for a nearly monodisperse iPP or aPP melt where the
magnitude of G0

NJ
0
e has the usual value in the regime 2.0-2.2.

In view of the goal to obtain a better understanding of flow induced crystalliza-
tion experiments on iPP only the longest Rouse time of the high molecular weight
chains, τR = τe(M/MG

e )2 ∼ ζM2, is of interest. Here, one can partly benefit from
the fact that a smaller MG

e is balanced by a smaller τe. Finally, the difference in
τR is about a factor 1.8, which is acceptable for the purpose to obtain an estimate
of the Deborah numbers for chain stretching the high molecular weight chains.
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Appendix C

Classification of flow induced

crystallization experiments

of polyethylene melts in

shear flow

In this appendix we analyze the flow induced crystallization experiments on three
different polyethylene (PE) melts reported by [407]. The data on the molecular
weight distribution (MWD) and various relaxation times are given in Table C.1,
following the notation of the materials as used in [407]. Two points are worth
mentioning. First, melts A and B have a monomodal, and melt C has a bimodal
polydisperse MWD. Second, the polydispersity index of the PE melts are con-
siderably larger compared to the iPP melts analyzed in the previous subsection.
The molecular weight of the high molecular weight (HMW) tail, MHMW

w is ob-
tained from the GPC data reported in Figure 1 of [407]. τMWD

s follows from
τMWD
s = τe(M

HMW
w /Me)

2, with τe the equilibration time and Me the molecular
weight per entanglement.

The value of τe for PE at T = 413K is identical to τe = 3.24 × 10−9 s, using
τe reported in Table B.2 at T = 463K, and the Arrhenius time temperature shift
factor with an activation energy of Ea = 27 kJ/mol [408]. Alternatively, hydro-
genated polybutadiene (h-PBD) is generally considered as a model system for the
rheological behavior of PE. Experimental data for η0 ∼ Mw for nearly monodis-
perse hPB melts reported in the literature are in good agreement with each other,
see [409] and references therein. At T = 413K these data are described by the
relationship η0 = 6.00 × 10−14M3.43

w [409]. Application of procedure B-LM, see
section B.2.3, to this relationship gives τe = 3.97× 10−9 s for GGN = 2.31 × 106Pa
and Me = 828 g/mol. This value is in good agreement with that reported for PE.
The latter is used to estimate τMWD

s , as given in Table C.1.
The morphology after a shear rate of 40 s−1 is analyzed using TEM and re-

veals that the shish-kebab morphology develops for melts A and C only. (Here, it
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Melt Mw P I M
H M W
w T τ

M W D
s τ

2 5 0
re p τ

2 5 0
s D eM W D

s D e2 5 0
s

u n it k g / m o l - k g / m o l K s s s - -

A 3 4 5 9 .6 1 1 0 0 0 4 1 3 0 .7 0 4 8 1 0 3 .8 5 2 8 1 5 4

B 1 3 3 8 .3 5 0 0 0 4 1 3 0 .1 5 1 1 5 0 .2 4 5 .8 0 9 .5

C 3 2 5 1 6 .6 1 4 0 0 0 4 1 3 1 .1 4 6 2 8 0 .5 3 4 5 .4 2 1 .3

Table C.1: Characteristics of the molecular weight distribution for GPC data of
the melts investigated in [407]. Mw weight averaged molecular weight, PI poly-
dispersity index PI = Mw/Mn, MHMW

w largest molecular weight in the MWD, T
temperature, τMWD

s stretching time of the HMW tail, τ 250
rep and τ250

s reptation and
stretch time based on criteria used in [407].

should be noted that the WAXS data gives a similar orientation for all melts [407].)
Based on the estimated values of DeMWD

s the transition to the shish-kebab struc-
ture develops for DeMWD

s > 10. This result is in agreement with the findings for
the iPP melts analyzed in section 9.4.2. Hence, the classification shows general
applicability for the transition from an enhanced nucleation of point nuclei to the
shish-kebab structure for different (flexible) polymers.

Pople et al. [407] consider the relaxation time τ250, which corresponds to the
time when the relaxation modulus G(t) reduces to 250 Pa. The τ 250

s follows from
τ250
s = τ250

rep /(3Zw) with Zw = Mw/Me. Contrary to the iPP melts analyzed in

the previous subsection we do not find good agreement between τHMW
s and τ250

s .
The reason for this difference may be either the larger polydispersity index of the
PE compared to the iPP melts, or the difference in the criteria to obtain τHMW

rep

and τ250
rep . Alternatively, the estimate of Des based on τHMW

s is consistent with the
observation that the shish-kebab structure develops for Des > 1, just as for the
iPP melts discussed in section 9.4.2.
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