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Abstract

Carbon nanotubes (CNT) are molecular-scale carbon fibres with a graphitic struc-
ture. Their unusual mechanical, electronical, and chemical properties allow in-
novative applications such as nanotube based biosensors and novel nanotube tips
for atomic force microscopes. The use of CNTs in these applications requires an
understanding of the fundamental underlying physical mechanisms. In the case of
CNT-based biosensors, it is important to understand the CNT-water interactions as
most living organisms are comprised and operate in aqueous environments. This
thesis develops and exploits computational methods to characterize the interaction
between CNTs and water.

In particular, two issues on the CNT-water interaction are considered, namely:
Whether and how water wets CNT surfaces and how water flows around CNTs.
Molecular dynamics (MD) and multiscale simulations are conducted to answer
these questions. In MD simulations, the employed interaction potentials determine
the dynamics and physics of the system under investigation. For a first MD study of
water droplets inside CNTs, the water–carbon interaction potential is taken from
experimental data on oxygen adsorption on graphite. It is found that the water
does not wet CNTs. In a subsequent study of water droplets on graphite, it is
shown that the contact angle changes linearly with the water monomer binding
energy on graphite. This finding is exploited to calibrate the interaction potential
parameters against experimental data. In the calibration, it is shown that the line
tension at the droplet base has a non-negligible effect on the contact angle of the
considered nanometer sized droplets. The influence of impurities on the contact
angle is exemplified by the inclusion of potassium-chloride ion pairs in the water
droplets. The potassium partially precipitates onto the graphite and reduces the
water contact angle.

In the second part of this thesis, the flow of water past an array of single walled
CNTs is studied using non-equilibrium MD simulations. It is shown that the com-
puted drag coefficient is in reasonable agreement with the corresponding macro-
scopic Stokes-Oseen solution. The slip length on the tube is measured and found
to be negligible for a range of onset flow speeds. However, for flows along the tube
axis, a significant slip is observed indicating that the slip depends on the particular
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flow configuration.
In order to extend the range of computationally accessible length scales in sim-

ulations of dense fluids, a novel hybrid atomistic-continuum method has been
developed. In this method, the MD description is confined to the region where
atomistic detail is required, while the far-field flow is described by a finite volume
discretization of the incompressible Navier-Stokes equations. The two descrip-
tions are combined in a domain decomposition formulation using the alternating
Schwarz method. A novel method based on an effective boundary potential, con-
sistent body forces, a particle insertion algorithm and specular walls is proposed
to impose non-periodic velocity boundary conditions from the continuum to the
atomistic domain. The efficiency and applicability of the method is demonstrated
by comparing hybrid and full MD simulations of the flow of a Lennard-Jones fluid
past a CNT.



Zusammenfassung

Kohlenstoff-Nanoröhren (KN) sind Moleküle mit der Struktur von aufgerolltem
Graphit. Ihre ungewöhnlichen mechanischen, elektronischen, und chemischen Ei-
genschaften ermöglichen innovative Anwendungen wie z. Bsp. als Bio-Sensoren
oder als Sonden von Atom-Kraft-Mikroskopen. Eine Vorausetzung um KN in sol-
chen Anwendungen optimal einzusetzen, ist ein Verständnis der zugrundeliegen-
den physikalischen Vorgänge. Im Falle der erwähnten KN-Anwendungen ist dies
insbesondere die Interaktion zwischen den KN und Wasser. In dieser Dissertation
werden Simulations-Methoden entworfen, kalibriert und eingesetzt, um die KN-
Wasser Interaktion und damit verbundene Strömungsphänomene zu beschreiben.

Die zwei zentralen Fragen, die gestellt werden sind: Werden KN von Was-
ser benetzt oder sind diese wasserabstossend und wie lässt sich die Strömung
von Flüssigkeiten um KN beschreiben? Um diese Fragen zu beantworten wer-
den Molekular-Dynamik (MD) Simulationen sowie hybride multiskalen Metho-
den eingesetzt. In der MD Methode bestimmen die verwendeten Interaktions-
Potentiale die Dynamik und damit die physikalischen Eigenschaften des model-
lierten Systems. Für eine erste MD Studie des Verhaltens von Wassertropfen in
KN werden die Parameter des KN-Wasser Potentials von Experimenten zur Sau-
erstoff Adsorption auf Graphit übernommen. Die MD Simulationen mit diesem
Potential zeigen, dass die KN wasserabstossend sind.

In einer Studie von Wassertropfen auf Graphit wird gezeigt, dass sich der Kon-
taktwinkel linear mit der Bindungsenergie zwischen einem einzelnen Wassermo-
lekül und Graphit verändert. Diese Erkenntnis wird benutzt, um das Kohlenstoff-
Wasser Potential so zu kalibrieren, dass es den experimentell beobachteten Kon-
taktwinkel von Wasser auf Graphit in den MD-Simulationen reproduziert. Da
der Durchmesser, der in den Simulationen betrachteten Tropfen, im Nanometer-
Bereich liegt, muss dabei der Effekt der Linienspannung berücksichtigt wer-
den. Als Modell für “Verunreinigungen”, die in experimentellen Kontaktwinkel-
Messungen vorkommen, werden auch Simulationen mit im Wasser gelösten
Kalium- und Chlor-Ionen betrachtet. Die Kalium-Ionen lagern sich teilweise am
Graphit an und reduzieren den Kontaktwinkel.

Im zweiten Teil der Dissertation wird mit Hilfe von Nichtgleichgewichts-
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MD die Strömung von Wasser um KN charakterisiert. Der Widerstandsbei-
wert der KN liegt in einem ähnlichen Bereich wie derjenige der entsprechen-
den makroskopischen Stokes-Oseen Lösung. Die MD Simulationen belegen, dass
die Schlupf-Länge des Wassers auf der KN, für eine Reihe verschiedener An-
strömgeschwindigkeiten, vernachlässigbar ist. Für Strömungen entlang der KN ist
jedoch ein bedeutender Schlupf feststellbar, was darauf schliessen lässt, dass die
Schlupf-Länge von der betrachteten Strömungsanordnung abhängt.

Ein neuartiger hybrider Algorithmus wird vorgestellt, welcher eine MD Simu-
lation in eine Navier-Stokes Rechnung einbettet und dadurch die Berechnung von
Strömungen in grösseren Gebieten ermöglicht. Dabei wird die MD Beschreibung
auf den kleinstnötigen Bereich beschränkt, währenddessen der Rest des Rechen-
gebietes durch eine Finite-Volumen-Diskretisierung der inkompressiblen Navier-
Stokes Gleichungen beschrieben wird. Die beiden Modelle werden mit Hilfe der
Schwarz’schen Gebietszerlegungs-Methode gekoppelt. Für den MD Teil der Si-
mulation wird eine neue Methode vorgeschlagen, um ein nicht-periodisches Ge-
schwindigkeitsfeld auf dem Rand zu erzeugen. Die Methode beruht auf einem ge-
mittelten Rand-Potential, überlagerten Volumenkräften, einem Algorithmus zum
Einfügen von Teilchen, und reflektiven Wänden. Der hybride Algorithmus wird
am Beispiel der Strömung eines Lennard-Jones Fluides um eine KN getestet. Als
Referenzlösung dient dabei eine Simulation, in welcher das gesamte Gebiet mittels
MD simuliert wird.
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Chapter 1

Introduction

Scientific computation of physical systems is an iterative process of finding, dis-
cretizing and solving an adequate mathematical model, and visualizing and inter-
preting the results. Comparisons with experiments and other benchmark studies
dictate an iterative procedure for adjusting the above steps in order to produce
a computational tool with predictive capabilities. With the advent of computing
power in the last half century, computation has become a method of scientific in-
quiry that complements the traditional pillars of theory and experiment in the ad-
vancement of science and technology. In particular, numerical simulations are not
only applied in engineering applications to avoid costly or dangerous experiments,
but also to elucidate processes whose time and length scales exceed the limits of
direct experimental observations. Examples of the latter case abound in the field of
nanotechnology where the design and quantitative characterization of new devices
is a demanding process. Computational tools such as the ones developed in this
thesis, make possible the analysis and characterization of nanoscale devices such
as biosensors operating in aqueous environments and nanoscale flow phenomena.

Carbon nanotubes (CNT) are cylindrical molecules with the structure of a rolled-
up sheet of graphite. Their physical properties, in particular their high mechanical
and chemical stability, have lead to first realizations of CNT based biosensors that
operate in water. The CNT-water interaction serves, in this thesis, as a canonical
example to study nanoscale flow phenomena. The CNT geometry allows the study
of two fundamental types of flow at the nano scale, namely: the flow in a pipe and
the flow around a cylinder. The thesis is structured as follows:

Chapter 2. Carbon nanotubes

The physical properties of CNTs and their synthesis methods are surveyed. CNT
applications are described with a focus on CNT based sensors that operate in
aqueous environments such as biosensors or tips in atomic force microscopy
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(AFM).

Chapter 3. Computational methods for the nanoscale

The computational methods employed to model CNTs in aqueous environments
are discussed. These range from computational quantum chemistry to continuum
fluid mechanics. The most relevant method for the systems considered in this
thesis is the well established method of molecular dynamics (MD). The MD sim-
ulations in this work are conducted using the package FASTTUBE which is de-
scribed in the Appendix. MD provides an atomistic model of atoms and molecules
which interact through a classical force field and whose trajectories are integrated
in time. The force field determines the dynamics of the system. In MD simula-
tions, the results hinge on the choice of the potentials. Potentials can be validated
through relevant experimental and quantum mechanical studies as discussed in
this work. The functional forms and parameters of the force field are specified in
Section 3.3. For the canonical example of a CNT in water, a number of different
carbon-water potentials have been suggested, cf. the review in Section 3.3. It is
remarkable that no consensus on the form and parameters of the CNT-water inter-
action nor rigorously validated potentials exist. Thus, the question is raised how
can the carbon-water interaction in MD simulations be calibrated? A new calib-
ration method is proposed in which contact angles of water on graphite computed
with a specific interaction potential are compared to experimental contact angles
[288]. The contact angle is a suitable calibration parameter as it reflects the balance
between the water-water and the water-graphite interaction. Finally, in Section 3.4,
the Navier-Stokes equations are given for an isothermal, incompressible, viscous
flow.

Chapter 4. Multiscaling methods for liquids

A liquid flow around a CNT entails a multitude of time and length scales. These
scales range from the average intermolecular distance and the surface roughness
of the CNT to larger structures in the far field flow. MD simulations of liquid
flows around CNT are computationally expensive and limited to small and periodic
computational domains. Hybrid multiscale algorithms restrict the MD domain to a
minimal extent, e.g. the vicinity of a CNT, and couple it to a continuum description
such that larger length scales can be simulated. Chapter 4 addresses the question:
how can one couple non-periodic MD to continuum simulations? A novel hybrid
scheme is presented for the simulation of monatomic fluids within a steady, iso-
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thermal, incompressible, continuum fluid mechanics computation. The scheme is
based on the Schwarz alternating method and allows for arbitrary boundary condi-
tions.

Chapter 5. Wetting of Carbon Nanotubes and Graphite

The wetting of CNTs and graphite is studied using extensive MD simulations.
In Section 5.2, the contact angle of water droplets in CNTs with radii ranging
from 12.5 to 37.5 Å [287] is computed. For all cases, a non-wetting beha-
vior is observed, in contrast to experimental observations of fluid inclusions in
CNTs [178, 214]. It is shown that a perturbation of the carbon-water interaction
strength of ±20% results in a systematic change in the contact angle.

Based on this last observation, a direct relation is established (Section 5.3)
between the carbon-water interaction parameter and the contact angle of water
on graphite. This relation allows for the calibration of the parameters with ex-
perimental data. It is furthermore examined how a pairwise hydrogen-carbon
Lennard-Jones terms affects the wetting and how the truncation of the interaction
potentials affects the simulations. A computationally more efficient description of
the graphite, the so-called continuum model [138], is presented in Section 5.4. It
smears out the effect of the individual carbon atoms of one graphite layer so that
the interaction energy depends only on the normal distance from each water oxy-
gen to the surface. The continuum model reduces the computational effort needed
to determine the water surface interaction and also changes the nature of the long-
range truncation of the water-carbon potential. The parameters of the continuum
model are also calibrated using the contact angle method.

Impurities in the experimental setup can be responsible for the mismatch
between experiment and simulation. In Section 5.5, ions are considered as model
fluid impurities and it is investigated how the presence of potassium and chlor-
ide ions affects the wetting behavior of water on graphite [285]. In Ref. [285], it
is also shown that chemisorbed hydrogen on the graphite enhances wetting. Fi-
nally, in Section 5.6, the hydrophobic-hydrophilic behavior is described of a pair
of buckyball molecules and a pair of CNTs in water and the potential of mean
force between the tubes is measured.

Chapter 6. Fluid flows around carbon nanotubes

In flows of Newtonian fluids over solid boundaries, it is usually postulated that
there is no relative motion between the fluid and solid surfaces. This condition
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is denoted as the no-slip boundary condition and is in many circumstances an
excellent assumption. However, the nature of the solid–fluid interaction is not yet
fully understood and is actively debated, both on an experimental and theoretical
level [45, 19, 29, 274]. MD simulations offer a potential way to clarify the nature
of the no-slip boundary condition, since the (averaged) boundary condition is an
outcome of the simulation rather than an input. Furthermore, the “experimental”
setup can be precisely controlled and the measurement resolution is only limited
by the computing power. Thus, the following question is addressed: is the no-
slip boundary condition valid for water flowing around a CNT? To this end, non-
equilibrium MD simulations are used to measure the slip length, the slip velocity,
and the drag force on an array of CNTs in a water flow.

In the second part of Chapter 6, the non-periodic boundary model for argon is
validated for two fundamental cases: a thermodynamic equilibrium and a homo-
geneous flow. Subsequently, hybrid computations of argon flows around CNTs are
conducted for systems of size 30× 30× 4.26 nm. This size is small enough such
that a purely atomistic (periodic) simulation can be performed and used as a refer-
ence to judge the quality of the hybrid solution. Besides the gain in computational
efficiency, the hybrid atomistic-continuum scheme allows to implement external
boundary conditions other than the periodic ones used in the reference MD simu-
lation. As an example, outlet boundary conditions are applied where the gradients
of the flow variables vanish and it is shown that this has a significant effect on the
flow field. It is not clear how such outlet conditions could be modeled in a purely
atomistic simulation.

Chapter 7. Conclusions

The main findings of the thesis are summarized in this Section.



Chapter 2

Carbon nanotubes

Carbon nanotubes (CNT) are molecular-scale carbon fibers with a graphitic struc-
ture that were discovered in 1991 by Iijima [131]. Their unique mechanical, elec-
tronical, and chemical properties have attracted the interest of numerous scientists
from diverse disciplines in the recent years. Research activities in this field are vig-
orous with an exponential growth in scientific publications. In this chapter, CNT
properties are briefly discussed with with an emphasis towards their application as
biosensors.

Section 2.1 introduces CNT synthesis methods and CNT properties based on
the comprehensive review article by Terrones [249] and the books by Saito et al.
[219] and Harris [112]. The strong interest in nanotube research is linked to the
abundance of applications such as CNT based biosensors or CNTs as AFM tips.
These applications are discussed in Section 2.2. Other applications of CNTs, e.g.
in composites [23], in field-effect transistors [246], in logic circuits [67, 12], and
in single electron transistors [203] are not discussed.

2.1 Physics of carbon nanotubes

2.1.1 Structure of carbon nanotubes

Single wall carbon nanotubes (SWCNT) have the structure of a rolled up sheet of
graphite, cf. Fig. 2.1. The roll up direction is given by the chiral vector

C = (n, m) = na1 + ma2, where (n, m) ∈ N, n ≥ m, (2.1)

and the basis vectors a1 and a2 are defined in Fig. 2.2. The SWCNTs with m = 0
are, due to the form of their edges, denoted as zig-zag tubes, the ones with m = n
as armchair, and all others as chiral, cf. Fig. 2.1. The length of the chiral vector is
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Figure 2.1: Single wall carbon nanotubes of different chiralities (roll-up direc-
tions). From the left: A zigzag (16,0), an armchair (8,8), and a chiral (10,6) carbon
nanotube.

by definition the circumferential length of the nanotube, and the tube radius r

r =
|C|
2π

=
a
√

m2 + mn + n2

2π
, (2.2)

where a = 1.42
√

3 Å is the lattice constant in the graphite sheet. Typically,
SWCNTs have diameters in the order of 1 nm but aspect ratios as large as 104-
105. The translational vector T is the unit vector of the nanotube. It points along
the axis of the tube and is normal to the chiral vector C, cf. Fig. 2.2. Multi-wall
carbon nanotubes (MWCNT) have the structure of two or more concentric SW-
CNTs and can have inner diameters of up to 1 µm.

2.1.2 Carbon nanotube synthesis

There are four main synthesis methods for CNTs, the arc discharge, the laser abla-
tion, the chemical vapor deposition (CVD), and the high-pressure carbon monox-
ide (HiPCO) method. These methods have recently been reviewed by Dai et al.
[52] and are described in the books by Saito et al. [219] and Harris [112].

CNT synthesis by the electric arc-discharge method

In the electric arc-discharge method, a direct current (80-100 A) passes through
two high-purity graphite electrodes separated by 1-2 mm in a helium atmosphere
at 0.66 bar [74]. The electric discharge generates the high temperatures needed (>
3000◦C) to vaporize the carbon atoms into a plasma. During arcing, the anode is
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Figure 2.2: Unit cells of an (8,0) zig-zag and a (5,5) armchair single wall carbon
nanotube. The chiral vectors C (roll up direction) in the honeycomb lattice are
defined in terms of the basis vectors a1 and a2, cf. Eqn. (2.1).

consumed and a carbon deposit containing MWCNT and graphitic particles forms
on the cathode. A number of control parameters influences the CNT yield and
quality of this procedure. In particular, the pressure of the helium atmosphere was
shown to regulate the number of tubes obtained in the deposit [74]. High yields
of SWCNTs are obtained when catalyst metals such as nickel-yttrium are added
to the system [142]. The overall cost of the arc method is high due to the purity
requirements of the graphite electrodes and the helium gas and due to the electric
power requirements. The purification of the deposit is difficult, costly, and reduces
the yield drastically.

CNT synthesis by laser ablation

The vaporization of pure graphite targets by high-power lasers in a furnace at
1200◦C (helium atmosphere) produces MWCNTs. Variations in the target tem-
perature [15], the laser pulse power [70], the composition and the pressure of the
furnace atmosphere [184], and the laser pulse duration [77] affect the production
rate and the diameter distribution of the nanotubes. A recently introduced tech-
nique [77] uses ultrafast laser pulses and metal catalyst particles to produce high
quality SWCNTs at a rate as high as ∼ 1.5 g/h. As with the arc-discharge method,
the overall production cost is high due to the purity requirements on the graphite
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rods, the power consumption, and the laser equipment. A recent review article by
Arepalli et al. [9] provides an overview of the laser ablation process.

CNT synthesis by chemical vapor deposition

In the CVD method, hydrocarbons (e.g. methane) are decomposed in the pres-
ence of metal catalysts (e.g. iron, cobalt, or nickel) at reaction temperatures below
1000◦C. The key parameters that determine the yield and quality of the CNT are
the hydrocarbons, the catalysts and the growth temperature. Dai et al. [52] gives
an account on recent progress in optimizing these parameters. An important as-
pect of the CVD method is that aligned and ordered nanotube structures can be
grown on prepatterned substrates [54]. This control is crucial for the development
of nanotube based electronic or mechanical devices. An important example of the
latter are CNTs that are grown on silicon substrates and are used as AFM tips, cf.
the discussion in Section 2.2.2. A drawback of CVD growth of CNT is the high
defect density compared to the previously described methods. In contrast to the
arc-discharge and laser ablation method, the CVD method can be made continuous
and is therefore suited for scale-up and commercial production.

CNT synthesis by the HiPCO process

In the HiPCO process, SWCNT grow on catalyst particles that are formed in-situ
from a thermal decomposition of iron pentacarbonyl (Fe(CO)5). The Fe(CO)5
enters the reaction zone in a CO gas flow at room temperature. In the reaction
zone, a hot CO gas (1050◦C) is injected, the Fe(CO)5 is decomposed, and the iron
atoms condense into clusters. The SWCNT nucleate on these clusters and grow
from CO disproportionation

CO + CO
Fe−→ CO2 + C(SWCNT). (2.3)

The reaction rate of the CO disproportionation scales with the square of the CO
pressure which is accordingly high (30 atm). The production rates achieved using
the HiPCO process are on the order of ∼ 0.45 g/h. In comparison to the other
synthesis methods, the HiPCO process is inexpensive, it produces less amorphous
carbon, the purification of the yield is relatively easy, and the SWCNT have less
defects. Nikolaev [192] has reviewed the HiPCO process.
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2.1.3 Mechanical, thermal, and electronical properties

CNT are extraordinary stiff with respect to axial loads. Treacy et al. [260, 259]
inferred a value of Young’s modulus Y = 1.20 ± 0.20TPa from the thermal
vibrations of the free ends of anchored nanotubes1. In another measurement by
Wong et al. [294], an anchored MWCNT was deflected using an AFM tip. From
the recorded history of applied force vs. displacement, a value of Y = 1.28 ±
0.59TPa was extracted, independent of the tube diameter.

As the strain on nanotubes increases beyond the Hookean behavior, they are
prone to buckling, kink forming and collapse, due to their tubular structure. These
abrupt changes are reversible and do not involve bond-breaking. Even though
nanotubes are very stiff they can easily be bent [117]. The yield limit where de-
formations become irreversible is high: Yu et al. [297] reported values for the
tensile strength of SWCNTs in the range of 13 to 52 GPa and for MWCNTs in
the range of 11 to 63 GPa. Beyond this limit, the excess strain energy leads to
the spontaneous formation of topological defects. The first type of defects that ap-
pears involves only rotations of C–C bonds about their center and transforms four
adjacent hexagons of the CNT into two pairs of heptagons and pentagons (Stone-
Wales transformation [239]). These defects act as nucleation centers for other
defects and ultimately lead to the rupture of the CNT. A comprehensive review of
the mechanical properties of carbon nanotubes can be found in Ref. [296].

A surprising property of SWCNTs is that they can behave as metals or as semi-
conductors depending on their chirality. It can be shown that SWCNTs with

(2m + n)

3
∈ N (2.4)

are purely metallic, and that the rest are semiconducting [219]. The band gaps of
the latter range from zero (like a metal) to the band gap of silicon. The introductory
overview article by Collins [47] summarizes the electronic properties of CNTs.

Kim et al. [145] measured the thermal conductivity of individual MWCNTs and
found a value of 3000 W/mK at room temperature. This was a substantially higher
value than the 250 W/mK reported earlier [123] for SWCNT bundles and suggests
that numerous highly resistive thermal junctions between the tubes dominate the
thermal transport.

The tubular structure of MWCNTs allows for the study of fluid inclusions (cf.
Fig. 2.3) and for their use as nano-pipes to transport material [178, 97]. In ana-
logy to the lubricating properties of graphite, where the interlayer interaction is

1As a comparison, the Young’s modulus for steel is 2 MPa
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Figure 2.3: TEM image of a capped carbon nanotube containing an attoliter liquid
inclusion. From Ref. [178].

predominantly van der Waals, the individual shells of MWCNTs are found to
slide or rotate easily with respect to each other. Cumings et al. [51] have shown
that MWCNT can be used as ultralow-friction linear bearings, and recently, Fen-
nimore et al. [82] have exploited this intrinsic low-friction bearing behavior to
create a rotational actuator. They mounted a metal plate on a MWCNT and sub-
sequently removed one or more outer shells in the region between the rotor plate
and the anchor in order to allow rotation.

2.2 Sensor applications for carbon nanotubes

In the following, exemplary realizations of CNT based biosensors are reported and
the usage of CNTs as AFM tips is discussed. The aim is to outline the main ad-
vances toward bio-applications of CNTs as a motivation for the following chapters
rather than to attempt a complete survey. A recent review of bio-applications for
CNT is given by Lin et al. [162].
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2.2.1 Carbon nanotubes as biosensors

Current biosensors based on CNTs include devices to detect the presence or meas-
ure the concentration of a biomolecule in solution. In most circumstances, this
solution will be water and thus, in order to exploit CNTs as biosensors, the
otherwise hydrophobic CNTs must be solubilized. There exists a multitude of
approaches to disperse CNTs including oxidative acid treatments, non-covalent
stabilization by surfactants and polymers, and functionalization with hydrophilic
polymers, cf. also Fig. 2.4.

Oxidative acid treatment

Oxidative acid treatment is commonly used to purify SWCNT samples and leads
to a substantial number of carboxylated sites2 along the CNT sidewalls [154].
Mawhinney et al. [176] estimated that 5% of the carbon atoms in a SWCNT are
located at defective sites. The carboxyl-groups stabilize CNTs in solution, for ex-
ample, Shi et al. [226] exposed SWCNTs to a sulfuric acid – nitric acid mixture
and were then able to obtain SWCNT colloid solutions in polar solvents (including
water). In another study, Sano et al. [221] determined a coagulation time constant
of 470 hours for acid treated SWCNTs in a 10 mM NaOH solution [221].

Non-covalent stabilization with surfactants and polymers

A different approach to solubilize CNTs is a non-covalent stabilization with sur-
factants and polymers. This is a technically straightforward process which pre-
serves the CNT structure and properties. The stabilization of surfactants on
CNTs is generally attributed to hydrophobic interactions and favorable interac-
tions between the π-orbitals of the CNTs and the polymers.

Moore et al. [182] tested the ability of a series of anionic, cationic and nonionic
surfactants to suspend SWCNTs. Starting with an initial SWCNT concentration
of 300 mg l−1 and 2 wt% of surfactant they found that the mass percent conver-
sion3 has an average of 5% and that it increases with the molecular weight of the
surfactant. O’Connell et al. [194] have solubilized SWCNTs by non-covalently
associating them with linear polymers such as polyvinyl pyrrolidone (PVP). The
polymer was found to wrap around the SWCNT to form a robust water-soluble en-
tity. The elimination of the hydrophobic SWCNT surface was suggested as main

2Carbon sites with a –COOH group attached.
3The percentage of CNT mass left in the decant compared to the original concentration.
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driving mechanism for the wrapping. Similarly, Dieckmann et al. [69] designed a
29-residue amphiphilic peptide whose hydrophobic face interacts non-covalently
with the carbon nanotube while the hydrophilic face enables dispersion of the nan-
otube. They further showed that the peptide-coated nanotubes self-assemble into
different higher order structures depending on the peptide-peptide interactions.

Covalent attachment of functional groups

The covalent attachment of functional groups (functionalization) to CNTs to en-
hance their aqueous solubility has been intensively explored [38, 125]. The con-
trolled modification of CNTs by carbohydrates, nucleic acids and proteins is espe-
cially important for the development of biosensors. Nguyen et al. [188] attached
nucleic acids to oxidatively opened ends of CNT arrays. The mechanical stability
of the CNTs was compromised by the oxidative pretreatment, hence Nguyen et al.
employed a gap-filling material (spin-on glass) to enhance the rigidity of the ar-
ray. Williams et al. [291] have covalently coupled peptide nucleic acid (PNA, an
uncharged DNA analogue) to SWCNTs. To see whether DNA hybridizes to these
PNA-SWCNT, they prepared fragments of DNA with ”sticky” ends, i.e. with an
end sequence complementary to the one of the PNA. They observed in the AFM
that the hybridization takes place and that the DNA predominantly attaches at or
near the CNT ends.

Modification with bio-molecules

Huang et al. [126] used bovine serum albumin (BSA)4 as a model protein to study
covalent conjugation with carbon nanotubes. The conjugation happened at room
temperature through an amidation reaction with the carboxylic acid groups present
at the CNT surface. The nanotube-BSA conjugates were found to be highly water
soluble and the majority of the BSA proteins in the conjugate remain bio active.
Shim et al. [227] found strong nonspecific binding of streptavidin5 on SWCNTs.
A surfactant enhanced coating of the SWCNT with poly(ethylene glycol) (PEG)
essentially prevented the binding of streptavidin. Finally, biotin was covalently
linked to the PEG coating which resulted in selective binding of streptavidin. No

4Serum albumin is a protein that plays an important role in the transport of nutritional substances
of mammals.

5Streptavidin is a protein that binds biotin very tightly. Biotin is a vitamin that is a cofactor for
enzymes involved in carbon dioxide metabolism. The interaction of biotin with streptavidin has been
exploited in the biotechnology industry.
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Figure 2.4: Modes of protein conjugation with carbon nanotubes. From Ref. [161].

appreciable adsorption is observed when the streptavidin is plugged with biotin
prior to exposition to the CNT.

Chen et al. [39] followed these lines and showed that proteins such as strep-
tavidin, avidin, BSA, and others exhibit a high degree of nonspecific binding
on nanotubes caused by the hydrophobic interaction between the protein and the
CNT surface. To prevent this for the proper functioning of biosensors undesirable
phenomenon, Chen et al. [39] developed a noncovalent functionalization scheme
for protein resistance. It involves the immobilization of polyethylene oxide units
which are protein-resisting on the nanotube sidewalls. To re-enable the select-
ive binding of target molecules in solution, their binding partners were covalently
linked to the functionalized nanotubes. The specificity of the binding, combined
with the electronic properties of the CNT, enabled the construction of a biosensor.
It consisted of a network of these functionalized nanotubes bridging two metal
electrode plates. The target proteins in the test solution were detected through an
appreciable decrease in the electrical conductance of the nanotube network upon
binding of the targets to the functionalized nanotubes.

Zheng et al. [298] reported that single stranded DNA (ssDNA) molecules easily
bind to CNTs. Their experimental finding suggested that ssDNA converts bundled
SWCNTs into individual tubes which are stable for months at room temperature.
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Moreover, ssDNA seems to be quite efficient in dispersing CNTs as concentra-
tions up to 4 mg ml−1 were achieved. The phosphate groups on a ssDNA-CNT
hybrid provide a surface charge density which is less for metallic CNTs than for
semiconducting CNTs. This surface charge density difference was exploited to
separate the CNT based on their electronic properties using ion-exchange liquid
chromatography [298].

Wohlstadter et al. [293] designed a highly sensitive biosensor based on a
nanotube-polymer composite that was extruded into sheets. An oxidative acid
treatment of the composite exposed a network of CNTs and introduced carboxylic
groups on the CNT sidewalls which were used to covalently attach streptavidin.
The final step was to immobilize biotinylated antibodies for α-fetoprotein (AFP) 6

on the coated nanotube composite via the specific biotin-streptavidin interaction.
This sensor was then able to detect AFP concentrations as low as 0.1 nM using the
nanotube network as an electrode for electrochemiluminescence7.

Finally, Li et al. [160] have used an array of aligned (and functionalized) MW-
CNTs as nano electrodes to detect DNA molecules in solution. The small radius,
the well defined geometry, and the high electrical conductance along the tube axis,
make CNT an ideal material for nano electrodes. They achieved an ultrahigh sens-
itivity with a detection limit lower than a few attomoles of DNA target molecules.

2.2.2 Carbon nanotubes as atomic force microscope tips

A typical atomic force microscope (AFM) consists of a cantilever-tip assembly,
an optical system to measure the cantilever deflection, and feedback electronics
to maintain a constant tip-sample separation. There are two classical modes to
operate an AFM. In the contact mode, the tip scans the sample horizontally in
an (x,y) raster while remaining in constant contact with the sample. During the
scan, a constant cantilever deflection force is maintained, which allows to interpret
the resulting data in the vertical direction as a topographical image of the sample.
The contact mode is useful for rather flat and hard samples but not suited to scan
biological structures since they are usually moved or destroyed by the tip.

For biological structures, the tapping mode is appropriate where the cantilever-
tip assembly oscillates and taps the sample. The vertical position is adjusted during

6AFP is the most abundant globular serum protein in the fetus.
7In the electrochemiluminescence (ECL) method a label molecule is attached to the analyte of

interest, the label is excited by electron transfer near an electrode and emits a photon upon relaxation
to its ground state. The intensity of the emitted light is proportional to the label concentration allowing
to measure the latter.
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the horizontal scan to maintain the oscillation amplitude constant which allows to
obtain topographical information on the sample. The advantage of the tapping
mode is that essentially no lateral forces are applied to the sample. For a high
resolution AFM image, it is essential that the tip has a small radius of curvature.
Furthermore an ideal tip should have a large aspect ratio, a well defined structure,
it should be stiff and mechanically robust. It was soon recognized that CNTs or
small bundles of CNTs fulfill these requirements, and that moreover, the CNT tips
are resistant to damage from tip crashes due to their bending flexibility and ability
to buckle. A selection of important contributions to the production and application
of SWCNTs and MWCNTs as AFM tips is given next, cf. also the excellent review
by Hafner et al. [110].

Dai et al. [53] were the first to mount a MWCNT on a silicon tip as a probe
for tapping mode AFM. The aspect ratio of the tip enabled accurate images of
structures with steep sidewalls such as silicon trenches. However, the process of
manually mounting a CNT on an AFM tip is cumbersome and does usually lead
to the selection of thick bundles of CNTs since they are easiest to observe in the
optical microscope.

Hafner et al. [109] circumvented the mounting problem by directly growing
MWCNTs on silicon AFM tips using chemical vapor deposition. The key re-
quirements in this process are to align the CNT at the tip and to ensure that only
one nanotube grows at the tip apex [109]. Two methods were proposed to achieve
this goal. In the pore growth method [109, 41], the silicon tips are flattened and
anodized to create pores in which iron catalyst particles are embedded. CNTs with
typical diameters in the range from 3 to 5 nm are then grown by CVD. In the sur-
face growth method [108], the pore etching step is eliminated and the catalysts for
the CVD grown CNTs are directly deposited on the silicon surface. The CNTs
grow along the surface due to the attractive CNT-surface interaction. At last, when
the tube reaches the pyramid tip, the strain energy to bend the CNT exceeds the
interaction with the surface and the CNT protrudes straight from the apex.

As mentioned earlier, for high resolution imaging it is necessary to have a probe
diameter as thin as possible. However, for high aspect ratio imaging, a MWCNT
is preferable to a SWCNT, due to the large amplitude of lateral thermal vibrations
in the SWCNT 8. Nguyen et al. [189] have reported a MWCNT tip sharpening
process that results in a radius of curvature of about 5 nm while preserving the
mechanical robustness of the MWCNT. Finally, Wade et al. [276] have correlated

8A SWCNT with a diameter of 1 nm and of length 20 nm vibrates at room temperature laterally
with an estimated amplitude of 0.5 nm [110].
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Figure 2.5: Electron microscopic image of sharpened multiwalled CNT scanning
probe. From Ref. [189].

the resolution achieved with a SWCNT as an AFM tip with the actual geometry of
the tube as observed by TEM and identified an optimized step-by-step approach to
produce nanotube tips.

Chemical force microscopy

Besides the application for topographical imaging, CNT tips can be used in the
field of chemical force microscopy (CFM). The idea of CFM is to covalently attach
specific functional groups to an AFM tip which subsequently generates an image
that depends on the chemical properties of the sample. For example, Wong et al.
[295] prepared open-ended MWCNTs with attached carboxyl groups and used
these for chemically sensitive imaging. They scanned a flat self-assembled mono-
layer (SAM) with CH3 and COOH-terminated regions and observed a contrast due
to the differences in adhesion forces. In addition, the ligand-receptor binding and
unbinding of biotin-streptavidin was studied by covalently linking biotin to the
nanotube tip [295].

As observed by Stevens et al. [238], most MWCNT AFM tips fail when they are
operated in aqueous environments. The tubes are, due to the hydrophobic nature
of their graphitic sidewalls, bent back and adhere on the silicon probe. A vapor
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deposition coating of the MWCNT with ethylene diamine (EDA) enables it to
penetrate the liquid water-air interface more easily than an uncoated nanotube tip
without diminishing the high-resolution capabilities of the tip [238].

In summary, CNTs outperform classical AFM tips in lateral resolution, aspect
ratio, and mechanical stability, furthermore the well-defined chemistry at the CNT
ends allows to covalently link functional groups for chemically sensitive imaging
and to resolve biological samples at physiological conditions.

2.2.3 Carbon nanotubes as gas and flow sensors

A detector based on SWCNT for nitrogen dioxide (NO2) or ammonia (NH3) was
reported by Kong et al. [149]. They measured a dramatic change in electrical res-
istance of SWCNT upon exposure to NO2 or NH3 allowing to sense the presence
of the gas. Their sensor initiated significant research on different sensor designs
and applications using this phenomena. For example, Chopra et al. [43, 42] de-
veloped a CNT-based resonant-circuit sensor capable of selectively detecting a
number of gases such as helium, argon, oxygen, ammonia, and carbon-monoxide.
More references to the literature on CNT-based gas sensors are given in the review
of Terrones [249].

The flow of a polar liquid (such as water) over CNT bundles induces a voltage
as reported by [94]. They found that the voltage depends logarithmically on the
flow velocity for a velocity range from 10−5–10−1 ms−1 [94]. This effect can be
exploited to construct highly sensitive CNT-based flow sensors. A related work by
Sood et al. [234] describes the generation of a voltage by a gas flow over CNTs.
Their explanation for the phenomena is the following: pressure differences along
streamlines result in temperature differences which in turn induce a voltage (See-
beck effect).





Chapter 3

Computational methods for the nanoscale

In this Chapter, the computational methods developed and implemented in this
thesis are discussed with the exception of multiscaling methods which are treated
in Chapter 4. Computational quantum chemistry methods (Section 3.1) have been
used to derive parts of the classical force field used in molecular dynamics (MD)
simulations, cf. Section 3.2. The force field used for CNT or graphite interacting
with water and solvated ions is specified in Section 3.3. This force field is imple-
mented in the MD package FASTTUBE which is described in the Appendix. The
coarsest level of description employed in this thesis is continuum fluid dynamics
whose governing equations are discussed in Section 3.4.

3.1 Computational quantum chemistry

This section contains a brief discussion of computational quantum chemistry,
an in-depth introduction to the subject is given in the book by Szabo and
Ostlund [244].

At the beginning of the 20’th century, it was realized that phenomena such as the
Compton and the Photo Effect can only be explained when a wave-particle dualism
of matter is adopted [48, 76]. It was postulated that the state of a quantum mech-
anical system is completely specified by the wave function Ψ(r, t) and that this
wave function and the corresponding energy E are given by the time-independent
Schrödinger equation

ĤΨ = EΨ, (3.1)

where Ĥ is the non-relativistic Hamiltonian operator.
Analytic solutions of the Schrödinger equation are only known for special cases

such as for a free particle or a hydrogen atom. The Schrödinger equation is sim-
plified by the Born-Oppenheimer approximation, which considers the electrons
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as moving in the field of fixed nuclei. This approximation leads to a simpli-
fied non-relativistic electronic Hamiltonian and to an electronic wave function
which depend only parametrically on the positions of the nuclei. Nevertheless, the
Schrödinger equation can in general only be solved numerically. A large number
of methods exist to approximatively solve the Schrödinger equation and experi-
ence is required to choose the proper method. Here, the principles of some of
these methods are surveyed.

The Hartree-Fock method builds on the variational principle that the system en-
ergy evaluated for any continuous and square integrable test function Ψtrial exceeds
the ground state energy E0. This variational principle turns the solution of the
Schrödinger equation into a minimization problem. The minimization problem is
solved for trial functions that are expanded into a linear combination of atomic
orbitals (LCAO).

The Hartree-Fock method is denoted an ab initio method since it does not de-
pend on measured parameters. However, it involves the Born-Oppenheimer ap-
proximation and the replacement of the n-electron wave function by products of
n 1-electron wave functions which are expanded in terms of LCAO. Thus, each
electron feels the average field of the other electrons but the electron-electron cor-
relation is neglected. The electron correlation energy is important for dispersion
interactions, bond energies, reaction barriers and excited electronic states. One
way to recapture the electron correlation is the Møller-Plesset perturbation theory.
For dispersion interactions, a second order Møller-Plesset (MP2) scheme works
quite well, while for a nearly complete description, a fourth order scheme is re-
quired.

Density functional theory (DFT) methods [275] follow a different paradigm than
the Hartree-Fock methods. DFT expresses all system properties as functionals of
the electron density [122]. This functional includes in principle also the electron-
electron correlation and provides often more accurate results than Hartree-Fock
calculations while the computational cost is comparable [146]. However, DFT
does not capture dispersion interactions [300].

The Schrödinger equation (3.1) can be used to

• compute interaction energies,

• find molecular geometries with minimal energy

• determine properties such as heat of formation, conformational stability,
chemical reactivity and spectral properties of molecules.
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As mentioned, the repulsive (steric) part of the interaction and the electrostatic
interactions are straightforward to obtain from either Hartree-Fock or DFT calcu-
lations, but both these methods fail in describing the dispersion interaction. In Sec-
tion 3.3.6, MP2 calculations are used in deriving an interaction potential between
ions (potassium and chloride) and graphite. The calculations are carried out using
the Gaussian98 software package [90].

3.2 Molecular dynamics

In molecular dynamics (MD) simulations, atoms are represented as mass points
which interact through a given force field. The force field determines the motion
of the atoms based on classical mechanics. The MD technique was introduced
in 1957 by Alder and Wainwright [3, 4] and has since then rapidly evolved. The
following introduction to MD simulations is based on the books by Allen and
Tildesley [6] and Frenkel and Smit [89].

The microscopic state of a molecular system containing N particles can be spe-
cified in terms of the cartesian coordinates r = (r1, r2, . . .rN ) and the particle
momenta p = (p1, p2, . . .pN ). The trajectory of the particles is computed ac-
cording to Newton’s equations of motion

dri(t)

dt
=

pi(t)

mi
, and

dpi(t)

dt
= f i(t), (3.2)

where f i and mi are the force and mass of particle i. The Hamiltonian of this
system is the sum of the kinetic (K) and potential (U ) energy functions

H(r, p) = K(p) + U(r), (3.3)

where it is assumed that a classical description is appropriate. The potential energy
function U describes the particle interactions and determines the physical behavior
of the system under consideration. The potential U entails a sum of terms involving
single atoms, pairs of atoms, triplets, etc.:

U(r) =
∑

i

U1(ri) +
∑

i>j

U2(ri, rj) + · · ·+
∑

all

UN (r), (3.4)

where the sum for U2 is over all pairs and for UN over all N -tuples. The different
terms of the potential energy are discussed in Section 3.3. The force on particle i
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is computed as the gradient of the potential

f i(t) = −∇U(r) = −
∑

i

∇U1(ri)−
∑

i,j

∂U2(rij)

∂rij

rij

rij
− . . . , (3.5)

where rij = rj − ri and rij = |rij |. The kinetic energy K of the microscopic
system is

K(p) =
∑

i

p2
i

2mi
, (3.6)

where mi denotes the mass of particle i. The instantaneous system temperature is
defined in terms of the kinetic energy as [6]

T (t) =
2K

NdfkB
, (3.7)

where Ndf = 3N − Nc is the number of degrees of freedom and Nc the number
of constraints.

The core of any MD program contains a time-stepping loop where the discret-
ized equations of motion Eqn. (3.2) are integrated. This involves typically the
following steps: calculate the forces on all atoms at a given time, deduce the new
velocities of all atoms, and find the new atom positions under the assumption that
their velocities are constant for a small time step δt. The most time-consuming
aspect of MD simulations is the evaluation of the long-range interactions, which
include electrostatic and dispersion interactions, cf. Section 3.3. A common way to
reduce the number of pair interactions is to truncate the potentials beyond a cutoff
radius rc [237] and to apply sorting algorithms such as the Verlet list [271] or the
cell list [120]. An alternative to the potential truncation are fast summation tech-
niques such as Ewald summation [80, 220, 201], the Particle-Mesh Ewald (PME)
method [58, 79], and the Particle-Particle Particle-Mesh technique by Hockney
and Eastwood [121, 120, 167, 281].

MD simulations are usually performed on systems containing a small (< 106)
number of atoms. A common method to simulate bulk properties for such sys-
tems (while avoiding surface effects) is to introduce periodic boundary conditions
(PBC) [6]. In this approach, the computational box is periodically replicated to
form an infinite system. Mostly, a cubic or rectangular parallelepiped box is used,
but in principle all space filling shapes (e.g., truncated octahedrons) are possible
[6].
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The total energy (Eqn. (3.3)) is conserved when Newton’s equation of motion
(Eqn. (3.2)) are integrated. If the volume V and the number of particles N are
constant in the MD simulation, then the simulation samples the microcanonical
ensemble (NVE). It is possible to perform MD simulations in other ensembles
than the microcanonical one, e.g., in the canonical ensemble where a thermostat
is applied in order to obtain a constant temperature (NVT). The most widely used
thermostats include the Andersen [7] and the Nosé-Hoover thermostats [124]. An-
other method to maintain a constant temperature is the weak coupling scheme
(Berendsen thermostat) [21] which does not sample the canonical ensemble but
which is very useful to equilibrate artificial initial configurations or to remove the
dissipative heat created during non-equilibrium MD.

A more detailed description of the molecular dynamics algorithm, of its imple-
mentation in the program FASTTUBE, and of tools to extract averages from MD
trajectories is postponed to the Appendix A.1.

3.3 Potentials for carbon nanotubes in aqueous environments

The motion of an ensemble of atoms in MD simulations is governed by interatomic
forces obtained from the gradient of a potential energy function (Eqn. (3.5)). This
so-called force field is an approximation of the true interatomic forces arising from
the interaction of electrons and nuclei. The contributions to the interaction poten-
tial can be ordered in two classes: intramolecular and intermolecular. While the
former describe interactions which arise in bonded systems, the latter are usually
pair terms between distant non-bonded atoms. A force field has to be simple,
accurate, efficient to evaluate, and transferable, i.e., capable of describing struc-
tures not included in the fitting data base. However, the fact that a variety of
force fields exists illustrates that their transferability is limited. For example, force
fields for biomolecular simulations include GROMOS [269], AMBER96 [49], and
CHARMM [33]. It is tedious but necessary work to constantly validate and improve
the interaction potentials even if a study is only intended to yield qualitative res-
ults. Here, the development of interaction potentials for water, graphite or CNTs,
and ions are discussed.

3.3.1 The water models

The fundamental importance of water for living organisms has initiated an intens-
ive development of water models for MD simulations. The first MD simulation of
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Figure 3.1: Overview of the interaction potentials used to simulate graphite or car-
bon nanotubes with water and potassium-chloride ion pairs. All partial charges
of distinct molecules interact through the Coulomb potential (UC ). The other in-
termolecular interactions include Lennard-Jones 12-6 and 10-6 terms (U12−6, and
U10−6), quadrupole terms (UQ), and polarization terms (UD). The flexible wa-
ter potential (SPCF) has an O–H stretching (UWr) and an H–O–H bending (UA)
term. For the rigid water model (SPC/E) the bond lengths and angles are fixed. The
graphite and carbon nanotube models include a Morse bond (UM ), a harmonic co-
sine angle potential (UH ), and a 2-fold torsion potential (UT ).
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U
1
2
−

6
(k

J
m

o
l−

1
)

εOO

σOO

Figure 3.2: The 12-6 Lennard-Jones potential of Eqn. (3.8) for the oxygen-oxygen
interaction in the SPC/E water model [20]. The potential is zero at r = σOO =
3.166 Å and the well depth is εOO = 0.6502kJ mol−1.

water was reported by Rahman and Stillinger in 1971 [209] and since then many
other water models have been proposed. The requirements for a water model are
that it must be simple, computationally tractable, and reproduce the basic proper-
ties of water such as the radial distribution function, the self diffusion coefficient,
rotational relaxation times, the dielectric permittivity, the heat capacity, the thermal
expansion coefficient, the isothermal compressibility, the viscosity, and the hydro-
gen bond structure. The number of different water models that are in use illustrate
that these objectives are not easy to meet and sometimes conflict.

The water models used in this thesis are the flexible simple point charge model
(SPCF) [248], the rigid extended SPC/E model [20], and the TIP3P water model
[141]. The non-bonded interactions between the water molecules comprise for all
three models a Lennard-Jones term between the oxygen atoms (this potential is
plotted in Fig. 3.2)

U12−6(rij) = 4εOO

[

(

σOO

rij

)12

−
(

σOO

rij

)6
]

, (3.8)

and a Coulomb potential between the partial charges on distinct molecules

UC(rij) =
1

4πε0

qiqj

rij
, (3.9)
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where ε0 is the permittivity in vacuum. The partial charges qH and qO on the hy-
drogen and oxygen atoms and the Lennard-Jones interaction parameters differ for
the three models, cf. Table 3.1. For computational efficiency, the Coulomb poten-
tial Eqn. (3.9) is often smoothly truncated at a cutoff distance rc by multiplying it
with a function

S(rij) =

(

1− rij

rc

)2

, rij ≤ rc. (3.10)

This cutoff method offsets the atom-atom force by a constant and it modifies the
potential at all distances. Nevertheless, the structural and dynamical properties
of water are preserved [207]. A short discussion of different ways to handle the
long-range electrostatic interaction is provided in the Appendix A.1.2.

In the rigid models (SPC/E and TIP3P), the SHAKE algorithm [217] is used to
keep the O–H distance fixed at 1 Å and the H–O–H angle at 109.47◦. In contrast,
the flexible SPCF model describes the intramolecular bonds as harmonic stretching
and bending terms between the hydrogen and oxygen atoms

U(rij , θijk) =
1

2
KWr(rij − rW )2 +

1

2
KWθ(θijk − θW )2, (3.11)

where KWr and KWθ are the parameters of the potential, and rW and θW the
equilibrium bond length (1.0 Å) and angle (109.47◦), respectively. The parameters
for the water potentials are summarized in Table 3.1.

The SPCF model predicts the properties of sub-critical [280] and supercrit-
ical [179, 180] water in reasonable agreement with experimental data. The SPC/E
and TIP3P models were recently compared to each other and to other water mod-
els in the articles by Mark et al. [169] and Glättli et al. [95] and in the book by
Robinson et al. [212]. Both of these rigid models reproduce the properties of real
water to a good degree. The self-diffusion coefficient and structural properties of
SPC/E water are however closer to the experimental values than those obtained for
the TIP3P model [169].

3.3.2 The graphite and carbon nanotube models

Flexible models

The CNTs and the graphite are modeled by terms describing a Morse bond, a
harmonic cosine potential for the bending angle, and a two-fold torsion potential
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Table 3.1: Interaction potential parameters for the SPC/E, SPCF, and TIP3P water models.

SPCF - flexible water model [248]

KWr = 4637 kJ mol−1Å
−2

rW = 1.0 Å
KWθ = 383 kJ mol−1rad2 θW = 109.47◦

σOO = 3.166 Å εOO = 0.6502 kJ mol−1

qO = −0.82 e qH = 0.41 e

SPC/E - rigid water model [20]
σOO = 3.166 Å εOO = 0.6502 kJ mol−1

qO = −0.8476 e qH = 0.4238 e

TIP3P - rigid water model [20]
σOO = 3.1506 Å εOO = 0.63639 kJ mol−1

qO = −0.834 e qH = 0.417 e

as

U(rij , θijk, φijkl) = KCr (ξij − 1)2 +
1

2
KCθ(cos θijk − cos θC )2

+
1

2
KCφ (1− cos 2φijkl) , (3.12)

where

ξij = e−γ(rij−rC ), (3.13)

and θijk and φijkl represent all the possible bending and torsion angles, and rij is
the distance between bonded atoms. KC , KCθ, and KCφ are the force constants
of the stretch, bend and torsion potentials, respectively, and rC , θC , and φC the
corresponding equilibrium geometry parameters for graphene. The Morse stretch
and angle bending parameters were first given by Guo et al. [104] and subsequently
used by Tuzun et al. [263]. These parameters listed in Table 3.2, were originally
derived to describe the geometry and phonon structure of graphite and fullerene
crystals. The torsion term is needed to provide a measure of the strain due to
curvature of the reference graphene sheet [282]. This curvature strain prevents the
CNTs from collapsing and imparts stiffness with respect to bending deformations.
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Table 3.2: Interaction potential parameters used to simulate graphite or carbon nanotubes
with water and potassium-chloride ion pairs, cf. also the pictorial representation in Fig. 3.1.

carbon-carbon interaction potentials, Sec. 3.3.2
KCr

a = 478.9 kJ mol−1 rC
a = 1.418 Å

KCθ
a = 562.2 kJ mol−1 θC

a = 120.0◦

KCφ
b = 25.12 kJ mol−1 γa = 2.1867 Å−1

σCC
c = 3.431 Å εCC

d = 0.4396 kJ mol−1

water-carbon interaction potential, Sec. 3.3.3
σCO

e = 3.19 Å εCO
e = 0.392 kJ mol−1

ion-ion interaction potentials, Sec. 3.3.4
σKK

f = 3.3545 Å εKK
f = 0.35782 kJ mol−1

σClCl
g = 0.49623 Å εClCl

g = 0.19384 kJ mol−1

σKCl
g = 0.43663 Å εKCl

g = 0.26336 kJ mol−1

DClCl
g = −0.61036 kJ mol−1nm4 DKCl

g = −0.3404 kJ mol−1nm4

ion-water interaction potentials, Sec. 3.3.5
σKO

h = 3.26026 Å εKO
h = 0.482331 kJ mol−1

σClO
g = 3.550 Å εClO

g = 0.406415 kJ mol−1

ion-carbon interaction potentials, Sec. 3.3.6
σKC

f = 2.8538 Å εKC
f = 7.4555 kJ mol−1

σClC
f = 3.320 Å εClC

f = 1.3807 kJ mol−1

Θx′x′

i = −3.03× 10−40 Cm2

aRef. [104]; bRef. [282]; cRef. [210], note that Refs. [282, 287, 284] used
a wrong value of σCC = 3.851 Å; dRef. [210]; eRef. [288]; f Ref. [285];
gRef. [230]; hRef. [30]; iRef. [290].
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Table 3.3: References to recent MD studies involving carbon-water interactions. Epot

(kJmol
−1) is the bulk energy for the different water models. The Lennard-Jones para-

meters εCO (kJ mol
−1), σCO (Å), εCH (kJmol

−1), and σCH (Å) describe the carbon-water
interactions. For these potentials, h (Å) is the optimized height and ∆E (kJmol

−1) the
binding energy for an SPC/E water monomer above a double layer of graphite.

Ref. water Epot σCO εCO σCH εCH ∆E h

[98] SPC-F2 -41.5 [99] 3.280 0.3890 2.81 0.129 -9.70 3.23
[128] TIP4P -41.4 [266] 3.275 0.4785 – – -8.12 3.21
[193] TIP3Pm -39.8 [169] 3.296 0.5781 2.58 0.323 -16.72 3.23
[282] SPC-F1 -45.3 [282] 3.190 0.3135 – – -5.19 3.12
[170] SPC -40.5 [169] 3.190 0.3910 2.82 0.253 -12.18 3.11
[147] TIP4P -41.4 [266] 3.262 0.3876 – – -6.53 3.20
Pa SPC/E -47.2 [266] 3.190 0.4389 – – -7.09 3.12

aPresent potential, cf. Section 5.3

A Lennard-Jones term (3.8) is added to the CNT potential to account for the
steric and van der Waals carbon-carbon interaction. The parameters εCC and σCC

are taken from the so-called Universal Force Field (UFF) [210], cf. Table 3.2.
Note that the carbon-carbon Lennard-Jones interaction is not calculated between
neighboring carbon atoms (1-2 pairs) or carbon atoms that are connected via an
angle (1-3 pairs) or a torsion bond (1-4 pairs).

Rigid models

It is computationally advantageous to model the CNT or the graphite as rigid struc-
tures, i.e., to ”freeze” their atoms at the equilibrium position [191]. This facilitates,
e.g., the sampling of the contact angle of a water droplet on graphite and speeds
up the simulation since there are no carbon-carbon interactions to evaluate. The
validity of this approximation is checked by comparing to simulations with flexible
CNT/graphite models.

3.3.3 The carbon-water interaction

In this section, the interaction potentials used in the literature to model CNT-water
or graphite-water systems are reviewed, cf. Table 3.3. The models are all based
on a pairwise additive Lennard-Jones potential (Eqn. (3.8)) between the oxygen



30 CHAPTER 3. COMPUTATIONAL METHODS

atoms of the water and the carbon atoms. Some models also include a carbon-
hydrogen LJ interaction [98, 170, 193] and an electrostatic interaction between the
partial charge sites on the water molecules and the point quadrupole moments on
the carbons [170]. In Section 5.3, all these models are tested with respect to their
ability to describe the macroscopic wetting behavior of water on graphite.

Low-coverage isotherm data of oxygen adsorption on graphite

Bojan and Steele [27] used experimental low-coverage isotherm data of oxygen
adsorption on graphite to obtain carbon-oxygen Lennard-Jones parameters. The
values of εCO = 0.3135kJ mol−1 and σCO = 3.19 Å resulted from fitting the virial
expression using the LJ potential to the experimental data. Marković et al. [170]
used these parameters as the base of the water-graphite interaction potential in a
combined MD and experimental study of the scattering of water monomers [170]
and water clusters [254] on graphite. They increased εCO by 25% to account for the
mean contribution of charge induced dipole moments. Furthermore, they added a
LJ term between the carbon and the hydrogen atoms with εCH = 0.253kJ mol−1

and σCH = 2.82 Å [40] and electrostatic interactions between point quadrupole
moments on the carbon and the partial charges on the oxygen and hydrogen
sites [272]. Walther et al. used the LJ parameters given by Bojan and Steele [27]
in conjunction with a flexible SPC water model [248] to study the structure and
energetics of CNTs in water [282]. The hydrogen atom in the flexible SPC water
model is not a LJ site, therefore Walther et al. did not introduce a carbon-hydrogen
LJ term either and neglected the quadrupole term since its contribution was found
to be insignificant [282].

Lorentz-Berthelot mixing rules

Another group of carbon-water potentials is based on parameter values for the
carbon–oxygen and carbon–hydrogen interaction obtained through the Lorentz-
Berthelot mixing rules:

εCX =
√

εCCεXX, σCX =
1

2
(σCC + σXX), X = O, H. (3.14)

For example, Gordillo et al. [98] studied the hydrogen bond structure of liquid
water confined in CNTs and also a monolayer of water on a graphite surface by
MD simulations [100]. They used a flexible SPC water model with the functional
form proposed by Toukan et al. [256] but re-parameterized it to better reproduce
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the experimental water infrared spectrum [172]. Their carbon-water interaction
parameters εCO = 0.389kJ mol−1, σCO = 3.28 Å, εCH = 0.129kJ mol−1, and
σCH = 2.81 Å are based on the mixing rules given in Eqn. (3.14) with εCC, σCC,
εHH, and σHH from Ref. [236], and εOO and σOO from Ref. [22]. Koga et al. [147]
analyzed a first order freezing transition of pressurized TIP4P water [141] in a
CNT with the carbon-water interactions obtained through the mixing rules (εCC

and σCC from Ref. [236], εOO and σOO from Ref. [141]) resulting in parameters of
εCO = 0.3876kJ mol−1 and σCO = 3.262 Å.

Parameters from AMBER96 and CHARMM

In a recent study of water conduction through CNTs, Hummer et al. [128] used
the TIP3P water model [141] and a carbon-oxygen LJ potential with εCO =
0.47847kJ mol−1 and σCO = 3.2751 Å. The latter parameters correspond to the in-
teraction of sp2 carbons with oxygen in the AMBER96 [49] force field. Hummer
et al. [128] also considered a weakened interaction with εCO = 0.2703kJ mol−1

(corresponding to 56.5% of the initial value) and σCO = 3.4138 Å. Noon
et al. [193] reported the formation of helical ice-sheets for the modified TIP3P wa-
ter model TIP3Pm [187] in CNTs under physiological conditions. They used the
values of the CHARMM [33] force field: εCO = 0.5781kJ mol−1, σCO = 3.296 Å,
εCH = 0.3234kJ mol−1, and σCH = 2.584 Å.

Parameters from Quantum Chemistry

Finally, Feller and Jordan [81] used second-order Møller-Plesset perturbation the-
ory [181] to calculate the interaction energy between a water molecule and a se-
quence of polycyclic aromatic hydrocarbons (PAH) consisting of up to 37 aromatic
rings. An extrapolation of the results yielded an estimated electronic binding en-
ergy of -24.27 ± 1.67 kJ mol−1 for a single water molecule interacting with a
monolayer of graphite. In these calculations, the largest sources of uncertainty are
the basis set superposition error, the incompleteness of the basis set and the extra-
polation from the clusters to the graphite sheet [81]. An MD potential including
an oxygen–carbon LJ term and a charge-quadrupole interaction (with the charge-
quadrupole taken from Ref. [290]) reproduces the energies obtained by Feller and
Jordan [81] with σCO = 3.2473 Å and εCO = 1.2970 kJ mol−1 [137].
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Continuum model for graphite

In previous studies [50, 100] of graphite and CNT, the carbon surface was repres-
ented as a continuous uniform sheet and the interaction of a test particle with the
surface was calculated as a function of its normal distance above the surface (z).
We adopt this approach here and replace the sum over carbon–oxygen LJ terms for
an oxygen particle j over a single graphite sheet

U(rj) =
∑

all carbons i

U12−6(rij), (3.15)

by a 2-dimensional integral to obtain the following analytical potential which de-
pends only on the normal distance above the surface (z)

U10−4(z) = 4DC

∫ ∞

x=0

∫ ∞

y=0

U12−6(rij)dxdy, (3.16)

= 4πεCODC

[

σ12
CO

5z10
− σ6

CO

2z4

]

, (3.17)

and where σCO and εCO are the parameters from the original LJ 12-6 potential and
DC is the surface number density of carbon atoms (0.38 Å

−2
for a single layer

of graphite). The minimum of this potential (Eqn. (3.16)) occurs at z = σCO with
U10−4(σCO) = − 6

5πεCODCσCO
2. To construct a multilayer model of a graphite

surface, the energy is calculated as

E(z) =

N
∑

n=1

U10−4(z + (n− 1)× 3.4 Å). (3.18)

This “continuum model” is calibrated and tested in Section 5.4 for N = 2 lay-
ers. Gordillo et al. [100] have used the model (Eqn. (3.18)) before but included
contributions from both LJ C–O and C–H potentials.

Comparison of the different interactions

To allow a comparison between the different potential models, the binding energy
of a water monomer on a double layer of graphite is considered as a representat-
ive measure of the strength of the carbon-water interaction. The binding energy
is the lowest potential energy as the position of a water molecule over the surface
is varied. For a fixed bulk water energy, increasing the carbon-water interaction
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favors the spreading of the water on the graphite and results in a smaller contact
angle of the water on the graphite. On the other hand, weakening the carbon-
water interaction eventually leads to a hydrophobic system. The binding ener-
gies of the different potentials are found to vary considerably with values ranging
from -16.72 kJ mol−1 to -5.19 kJ mol−1, cf. Table 3.3. To determine the overall
wetting properties of the system, one also has to consider the differences in the
bulk water energies obtained for different water models. The reported water en-
ergies are -41.5, -39.8, -45.3, -40.5, -41.4, and -47.2 kJ mol−1 for SPC-F2 [99],
TIP3Pm [169], SPC-F1 [282], SPC [169], TIP4P [266], and SPC/E [266] water,
respectively. In this thesis, the rigid SPC/E water model is used for most sim-
ulations (otherwise, it is mentioned). Note that the different water models would
yield different contact angles, however, the contact angles obtained with the SPC/E
model present an upper bound since the SPC/E water model has the lowest bulk
energy.

3.3.4 The ion-ion interaction

The potassium-potassium interaction is described by a 12-6 Lennard-Jones and
a Coulomb interaction between the ionic charges of potassium (qK = +1e) and
chloride (qCl = −1e). The parameters for the Lennard-Jones potential are obtained
by inverting the Lorentz-Berthelot mixing rules with the values for σKO and εKO

from Borodin et al. [30], and with the SPC/E oxygen-oxygen values. This results
in σKK = 3.355 Å and εKK = 0.3578 kJ mol−1.

The chloride-chloride interactions are obtained from Ref. [230] and consist of a
12-6 Lennard Jones interaction with σClCl = 0.4962 Å and εClCl = 0.1938 kJ mol−1,
a Coulomb interaction, and a polarization term

UD(rij) =
DClCl

r4
ij

, (3.19)

where DClCl = −0.61036 kJ mol−1nm4. The description of the polarization by
an “effective” two-body term UD(rij) includes the averaged effect of many-body
effects. An explicit inclusion of many-body effects would be more accurate at the
price of being very time-consuming to compute. The polarization is of moderate
importance for polar molecules such as water but indispensable for ions.

Finally, the potassium-chloride interactions were estimated by Smith
et al. [230], and consist of a 12-6 Lennard-Jones potential with εKCl =
0.2634 kJ mol−1 and σKCl = 0.4366 Å [230], a polarization term with DKCl =
−0.3404 kJ mol−1nm4, and Coulomb interactions.



34 CHAPTER 3. COMPUTATIONAL METHODS

-80

-60

-40

-20

 0

 20

 40

 60

2.0 2.5 3.0 3.5 4.0 4.5 5.0

PSfrag replacements

height of ion (Å)
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Figure 3.3: MP2 calculations of the interaction energy of potassium with benzene.
The quadrupole interaction (Eqn. (3.20)) (- - -) is subtracted from the total MP2
interaction energy (+ + +), and the remaining (× × ×) is fitted to a 10-6 Lennard-
Jones potential (Eqn. (3.23)) (—).

3.3.5 The ion-water interaction

The potassium-water interactions are described by a 12-6 Lennard-Jones interac-
tion between the potassium and the oxygen atom of the water and by a Coulomb
potential between all charges. The Lennard-Jones parameters are σKO = 3.260 Å
and εKO = 0.4823 kJ mol−1, cf. Borodin et al. [30].

The potentials governing the chloride-water interaction are taken from Smith
et al. [230] with a 12-6 Lennard-Jones potential and a Coulomb interaction. The
parameters for these potentials are σClO = 3.550 Å, εClO = 0.4064 kJ mol−1.

Since the droplets in the present study are relatively large (2000 water mo-
lecules), we have chosen to include polarizability as effective pair dipole poten-
tials acting between the ions, and between chloride and the water molecules, cf.
Ref. [230].

3.3.6 The ion-carbon interaction

The interaction of charged molecules with a graphite surface is known to be en-
hanced by a quadrupole term centered at the graphite surface, cf. Ref. [290].
Though this interaction was found to have a negligible influence on the structural
properties of water surrounding carbon nanotubes [282], it can play an important
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role for the structure and dynamics of ionic solutions. Thus, in the simulations
reported in Section 5.5 a quadrupole term is included between the ions and the
carbon atoms:

UQ(r) =
1

3

q

4πε0

∑

α,β

Θα,β
3rαrβ − r2δαβ

r5
, (3.20)

where α, β run over all Cartesian coordinates x, y, z and r is the distance between
the ions and the quadrupole carbon site. δαβ is the Kronecker delta, and Θα,β is
the quadrupole moment tensor [290]. Equation (3.20) is greatly simplified when
evaluated in a local coordinate system (x′, y′, z′) centered at the quadrupole site
with x′ being a symmetry axis of the quadrupole, since then

Θx′x′ = −2Θy′y′ = −2Θz′z′ , (3.21)

with all other components equal to zero, cf. Ref. [290]. With (3.21), Eqn. (3.20)
can be rewritten as

UQ(r) = C
3r2

x − r2

r5
, with C =

qΘx′x′

8πε0
. (3.22)

The experimental value of Θx′x′ = −3.03× 10−40 Cm2 [290] is used throughout.
To determine the total interaction energy between the ions and the graphite sur-

face, we perform ab initio quantum chemistry calculations of small ion-graphene
(benzene, naphthalene, anthracene, and pentacene) systems. The simulations are
based on second order Møller-Plesset (MP2) calculations with 6-311G(2d,2p)
basis sets, and all ion-graphene energies are corrected for the basis set superpos-
ition error. The calculations are carried out using the Gaussian98 software pack-
age [90]. The energetics of the potassium-benzene system are shown in Fig. 3.3
for distances between the ion and the plane of the benzene ring ranging from 2
to 5 Å. From the total potential energy we first subtract the contribution from the
quadrupole term (Eqn. (3.20)), and fit the remaining energy to a 10-6 Lennard
Jones potential

U10−6(r) =
25

6

√

5

3
εKC

[

(σKC

r

)10

−
(σKC

r

)6
]

, (3.23)

with the parameters σKC = 2.854 Å, and εKC = 7.456 kJ mol−1. The energy
minimum of the potential (3.23) has a value of −εKC and is located at rmin =
σKC(5/3)(1/4).
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Figure 3.4: MP2 calculations of the interaction energy of chloride with benzene.
The quadrupole interaction (Eqn. (3.20)) (- - -) is subtracted from the total MP2
interaction energy (+ + +), and the remaining (× × ×) is fitted to a 12-6 Lennard-
Jones potential (Eqn. (3.8)) (—).

The interaction between chloride ions and carbon is determined from similar
MP2 calculations of the chloride-benzene system. For the negatively charged ion
the quadrupole term is purely repulsive as shown in Fig. 3.4. Subtracting this
interaction from the total interaction energy, we are able to fit the remaining part
to a 12-6 Lennard-Jones potential with the parameters σClC = 3.320 Å and εClC =
1.381 kJ mol−1.

3.4 Continuum fluid dynamics

Continuum fluid mechanics have had a strong impact on the scientific and en-
gineering community since the beginning of the twentieth century. At the heart
of the theoretical and computational analysis of fluid mechanics are the Navier-
Stokes equations equipped with appropriate boundary conditions [155, 18]. The
Navier-Stokes equations are a system of partial differential equations to model
fluid and heat flow and express the conservation of mass, momentum, and energy.
A key step in the treatment of these equations is the introduction of dimensionless
parameters to characterize a flow. Flows sharing the same dimensionless para-
meters and the same initial and boundary conditions are described by the same
non-dimensional solution and are said to be dynamically similar. In the following,
the Navier-Stokes equations are given in their compressible and incompressible
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forms and their limits of applicability at the nanoscale are discussed.

Compressible viscous flows

The state of a compressible, viscous, isothermal fluid can be described by its ve-
locity field u and its density field ρ. The conservation of mass and momentum
together with the continuum assumption lead to the compressible Navier-Stokes
equations. For a derivation see, e.g., Refs. [155, 18]. The conservative form of the
Navier-Stokes equations for a control volume V bounded by a surface S reads

d

dt

∫

Ω

ρdΩ = −
∫

∂Ω

ρu · ndA, (3.24)

d

dt

∫

Ω

ρudΩ = −
∫

∂Ω

(ρuu− σ) ·ndA. (3.25)

An equation of state and constitutive equations for the stress tensor σ are needed
in order to close the system of equations. For a Newtonian fluid, we have in index
notation

σik = −pδik + µ

(

Dik −
1

3
Dmmδik

)

+ λDmmδik, (3.26)

with the rate-of-deformation tensor

Dik =
1

2
(
∂ui

∂xk
+

∂uk

∂xi
). (3.27)

The parameters µ and λ are the shear and bulk viscosities.

Incompressible viscous flows

A fluid is said to be incompressible when the density of a fluid element is not
affected by pressure changes. Even for gases, it is a valid approximation to model
them as incompressible, as long as the fluid speed is small compared to the speed
of sound. Under this assumption and written in the common differential form, the
Eqns. (3.24)-(3.25) reduce to [102]

∂ρ

∂t
+ ρ∇ · u = 0, (3.28)

∂u

∂t
+ (u · ∇)u = −1

ρ
∇p + ν∆u, (3.29)

where ν = µ/ρ is the kinematic shear viscosity.
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Boundary conditions

In order to solve the Navier-Stokes Eqn. (3.24)-(3.25) or Eqn. (3.28)-(3.29) in a
domain Ω, appropriate initial and boundary conditions have to be specified on ∂Ω.
The boundary conditions can be of different types such as solid, far-field, and por-
ous boundary conditions. A detailed discussion of admissible boundary conditions
and their implementation for (in-) compressible flows at different Mach numbers
can be found in [86]. Here, we restrict ourselves to mentioning the classical and
widely used assumption that there is no relative motion between the fluid and a
solid boundary, i.e., u = w at ∂ΩW , where w is the wall velocity, and ∂ΩW is
part of ∂Ω. This postulate is called the no-slip boundary condition.

Flow classification in terms of the Knudsen number

The Navier-Stokes equations are based on classical Newtonian mechanics and rely
furthermore on the following two assumptions.

• Continuum approximation. Local properties such as density, velocity, and
stress can be defined as averages over fluid elements. These elements are,
in comparison to the flow under consideration, small enough to permit the
use of differential calculus, but large enough to contain a sufficient number
of molecules.

• Thermodynamic (quasi-) equilibrium. The gradients of the local properties
are linear over molecular distances, i.e., the stress is linearly related to the
strain and the heat flux is linearly related to the temperature gradient [144].

The conditions under which the above assumptions hold are, for dilute gas flows,
well established in terms of the Knudsen number, Kn = λ/L, where λ is the mean
free path and L a characteristic macroscopic length, cf. the book by Bird [25]. The
value of the Knudsen number determines the degree of rarefaction of the fluid.
Note that a local Knudsen number can be defined with L being the scale of the
macroscopic gradients [25]

L =
ρ

dρ/dx
. (3.30)

The following is an empirical classification of gas flows [25, 144]: For Kn < 0.01
the flow is in the continuum regime where the Navier-Stokes equations with no-slip
boundary conditions are valid. For 0.01 < Kn < 0.1, the Navier-Stokes equations
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still apply, provided that tangential slip-velocity boundary conditions are imple-
mented along the walls of the flow domain. This is usually referred to as slip-flow
regime. In the transition regime, for 0.1 < Kn < 10, the constitutive equation
for the stress tensor (3.26) starts to loose its validity. In this case, higher order
corrections to the constitutive equations are needed such as the Burnett or Woods
equations, along with higher order slip models at the boundary [144]. At even
larger Knudsen numbers (Kn > 10), the continuum assumption fails completely
and atomistic descriptions of the gas flow are needed [25]. Until recently, non-
continuum (rarefied) gas flows were only encountered in low-density applications
such as in the simulation of space shuttle reentries. However, in micro- and even
more in nanoscale fluid mechanics, such as flows in nanopores or around nano-
particles, rarefaction effects are important at much higher pressures, due to the
small characteristic length scales and the large gradients present [144]. Note that,
as the considered system size L shrinks, the thermodynamic equilibrium assump-
tions fails before the continuum approximation.

For liquid flows, the situation is more complicated than for rarefied gas flows.
The molecules that constitute a liquid are essentially always in a collision state
and hence the concepts of mean free path and Knudsen number are not applicable.
Moreover, there is no molecular-based theory for liquids as for the case of dilute
gases. Therefore, to investigate nanoscale flows of dense fluids one has to resort to
experiments or to computer simulations using molecular dynamics where fluids are
modeled as what they really are — a collection of strongly interacting molecules.
Amongst the phenomena that are studied for liquids at the nanoscale are the statics
and dynamics of wetting, the nature of boundary conditions, the moving contact
line problem, and the analysis of confined fluids.

Several comprehensive review articles have appeared in the area of nanoscale
fluid mechanics, a non-exhaustive list of which is given here. Koplik and Banavar
[150] presented one of the first reviews discussing what can be learned about con-
tinuum flows from atomistic systems. In a recent article Poulikakos et al. [204]
have reviewed molecular dynamics simulations of micro- and nanoscale thermo-
dynamic phenomena. For mesoscale flow problems, Gad-el-Hak [91] and Ho and
Tai [118] presented reviews of the flow in micro- and micro-electro-mechanical
devices. Finally, Koumoutsakos [151] has presented a unified view of particle
methods for flow simulations at all scales.





Chapter 4

Multiscaling methods for dense fluid flow

In this chapter, a hybrid atomistic-continuum algorithm for the simulation of dense
fluid flow is presented. The algorithm is tested on the flow of liquid argon around
a CNT. In principle, this flow could be simulated using either an atomistic or a
continuum description alone. However, in a pure continuum description, the velo-
city boundary conditions on the CNT have to be postulated, i.e., they are an input
rather than an output of the system. Also, the continuum description assumes a
uniform fluid density and a Newtonian behavior of the fluid in the entire domain
even though these assumptions might fail in the vicinity of the CNT. A pure MD
simulation does not rely on these assumptions, but it involves an exceedingly de-
tailed and computationally expensive description of the flow in the far-field of the
CNT. A hybrid approach eliminates the shortcomings and combines the advant-
ages of both methods: It models the vicinity of the CNT by MD while the far-field
is described by the NS equations. The intrinsic difficulty in any hybrid algorithm
is how the different domains are coupled.

Two classes of hybrid algorithms for dense fluid flow have been proposed in
the literature. The first one is based on direct flux exchange [195, 85, 62] and the
second one on the Schwarz alternating method [107, 105]. It is shown that the
hybrid algorithms based on mass, momentum, and energy flux exchange [85, 62]
require an excessive amount of sampling of the atomistic region in order to obtain
sufficiently accurate estimates of the fluxes to the continuum. To circumvent this
problem, the alternating Schwarz method [107, 105] is implemented to iteratively
find a consistent solution in the atomistic and continuum domains. The Schwarz
method avoids the direct imposition of fluxes but nevertheless ensures flux con-
tinuity under the condition that the transport coefficients of the two descriptions
match in the overlap domain. The technique proposed in Ref. [105] is here ex-
tended to handle non-periodic systems which considerably broadens the range of
applicability of the alternating Schwarz scheme.

The outline of this chapter is as follows: Existing multiscale schemes for flu-
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ids are discussed in Section 4.1. In Section 4.2, the alternating Schwarz method
is reviewed in the context of hybrid simulations of dense fluid flows, and its effi-
ciency with respect to a pure MD simulation is analyzed in Section 4.3. The mac-
roscopic part of the problem and its finite volume discretization are formulated
in Section 4.4. The extraction of continuum boundary conditions from atomistic
simulations is discussed in Section 4.5 and the reverse part, namely how boundary
conditions from the continuum domain are imposed on the atomistic domain, is
explained in Section 4.6. and 4.7. The proposed boundary model for the atomistic
domain is tested for two cases, namely: liquid argon at rest, and a uniform parallel
argon flow, cf. Section 4.8. The application of the proposed boundary model to the
flow of argon around a CNT is described in Chapter 6.

4.1 Multiscaling methods

Nanoscale flows [152] are often part of larger-scale systems, for example at the in-
terface between nanofluidic channels and microfluidic domains. One can attempt
to resolve all the involved scales using MD simulations, however, this approach
is limited to rather small length and short time scales. To illustrate these limita-
tions, consider that the time step δt in a MD simulation is dictated by the fastest
frequency one needs to resolve. For water modeled as a rigid molecule, a typical
time step is δt = 2 fs. Thus, for 1 µs of simulation time, 500 million time steps
are required, which corresponds to nineteen month of CPU time if the execution of
one step took 0.1 s. A number of hybrid schemes have been published which com-
bine MD with the macroscale description of continuum fluid dynamics methods.
For such hybrid schemes two key issues must be addressed:

1. the identification of the atomistic and continuum domains, and

2. the appropriate coupling of length and time scales for the two descriptions.

Significant progress has been made in solving both of these problems for the case
of rarefied gas flows [92, 243]. However, for dense fluids the situation is more
complex since the atomistic description involves highly interacting particles. Two
classes of coupling schemes for dense fluids have been proposed: the first one is
based on direct flux exchange [85, 62, 195] and the second one on the Schwarz
alternating method [107, 105].
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Figure 4.1: Close-up of a hybrid computational domain to study the flow of liquid
argon around a CNT [289]. The vicinity of the CNT is modeled using MD and the
external part by the 2-dimensional, incompressible, Navier-Stokes equations. The
size of the entire computational domain is 30 × 30 nm and the extent of the MD
is 10 × 10 × 4.26 nm. The arrows indicate the imposition of velocity boundary
conditions on the MD domain.
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Breakdown parameters for the Navier-Stokes equation

In order to maximize the effectiveness of any hybrid scheme, the interface location
must be chosen such that both schemes are valid around it, and such that the extent
of the more expensive scheme is minimized. To locate this interface automatically,
a variety of Navier-Stokes breakdown parameters have appeared in the literature
[92, 24, 31, 253]. These parameters are based on the coefficients of the higher
order terms of the Chapman-Enskog expansion of the solution of the Boltzmann
equation. However, the validity of these parameters are not yet well understood.

For dense fluid flows, no such parameters are known and so far, the interface
locations were chosen in an ad-hoc manner.

Coupling based on direct flux exchange

In their pioneering work, O’Connell et al. [195] employed a hybrid continuum-
atomistic algorithm to compute the flow in an impulsively started planar Couette
cell. The atomistic system (ΩA) was described by MD and the continuum domain
(ΩC) was modeled by the incompressible, isothermal Navier-Stokes equations.
The ΩA – ΩC interface was chosen parallel to the walls to avoid a net mass flux
across the MD-continuum interface and with an overlap region ΩX . The spatially
and temporally averaged particle velocities from the innermost particle cells in ΩX

served as boundary conditions for the continuum domain ΩC . The overlap region
was also used to cell-wise adjust the momentum of the particles to the continuum
values. Thus, the particles in the overlap region were exploited to create the correct
amount of stress across the particle interface. This scheme was slightly modified
by Nie et al. [190] and applied to a channel flow with an obstacle at the wall.

Flekkøy et al. [85] presented a first hybrid model which was explicitly based
on direct flux exchange between the particle and the continuum region. This
scheme does not rely on the use of the exact constitutive relations and equations
of state to satisfy mass, momentum and energy conservation laws. According to
Flekkøy et al. [85], the main difficulty in the approach arises in the imposition
of the flux boundary condition from the continuum on the particle region. This
problem is addressed by ensuring that the correct mean number of particles are
inserted or extracted in the boundary cells, and by the cell-wise application of an
external force to particles which corresponds to the total stress force. The scheme
was tested for a two-dimensional LJ fluid coupled to a continuum region described
by the compressible NS equations with the viscosity ν and the equation of state
p = p(ρ, T ) from separate particle simulations. The first test was a Couette shear
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flow parallel to the ΩA – ΩC interface, and the second test involved a Poiseuille
flow where the flow direction was perpendicular to the ΩA – ΩC interface. In both
cases, good agreement between the observed and the expected velocity profiles
was achieved. Wagner et al. [278, 277] and Delgado-Buscalioni et al. [62, 64]
extended this work to include energy flux exchange.

Finally, Garcia et al. [92] have proposed a coupling of a direct simulation Monte
Carlo (DSMC) solver embedded within an adaptive compressible Navier-Stokes
solver. They have successfully tested their scheme on systems such as an impuls-
ively started piston and flow past a sphere. The method is not readily extended to
liquid systems as DSMC is restricted to dilute particle systems.

Coupling based on the Schwarz method

The scheme proposed by O’Connell et al. [195] decouples the length, but not
the time scales. Hadjiconstantinou [107, 105] addressed this issue by using
the Schwarz alternating method for hybrid atomistic-continuum models. In this
method, the continuum solution in ΩC provides boundary conditions for an MD
simulation in ΩA, which in turn returns boundary conditions for the next con-
tinuum solution. The iteration is terminated when the particle and the continuum
solutions match in the overlap domain. The use of the Schwarz method avoids the
imposition of fluxes in the overlap region, since flux continuity is ensured if the
transport coefficients in the two regions are consistent. The Schwarz method is
inherently bound to steady-state problems. However, for cases in which the hy-
drodynamic time scale is much larger than the molecular time scale, a series of
quasi-steady Schwarz iterations can be used to treat transient problems [107].

Fluctuations or noise?

Flekkøy et al. [84] and Alexander et al. [5] studied hybrid algorithms for one-
dimensional diffusion processes and investigated the implications of not account-
ing for fluctuations in the continuum part. The first study [84] used a finite differ-
ence discretization of the one-dimensional diffusion equation coupled to a system
of random walkers moving on a lattice. The diffusion constant D in the continu-
ous description was chosen such that it corresponded to the diffusivity of a ran-
dom walker, i.e., D = 0.5 × (lattice constant)2/(time step). The continuum was
found to approximate a thermodynamic reservoir if the extent of one finite differ-
ence node corresponded to just a few lattice sites. For more and more lattice sites
per node, fluctuations were completely suppressed. Alexander et al. [5] showed,
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for the same system, that the mean of the density fluctuations across the particle-
continuum interface was correctly captured while the variance was not. However,
when the continuum part was modeled by the fluctuating diffusion equation [93],
the expected mean and variance of the density fluctuations were recovered. For
fluid flow, these fluctuations can be modeled by the method of fluctuating hydro-
dynamics [155]. However, if one is interested in time averaged flow quantities
and therefore uses the Navier-Stokes equations to solve the flow problem, then the
fluctuations appear simply as statistical noise. In this case, it is important to con-
trol the amplitude of the noise by using sufficient sampling, cf. the discussion in
Section A.2.1.

4.2 The alternating Schwarz method

In this thesis, a domain decomposition algorithm based on the alternating Schwarz
method [228] is implemented. The flow domain is decomposed into two partially
overlapping regions: an atomistic region described by MD and a continuum region
described by a finite volume discretization of the incompressible Navier-Stokes
equations. The fundamental assumption of the proposed method is that the atom-
istic and the continuum descriptions are valid in each subdomain and match in the
overlapping domain.

In Fig. 4.2, we give an example of a hybrid domain used in the present work. For
simplicity, we choose a two- and not a three-dimensional domain and note that the
extension of the presented methodology to three dimensions bears technical but no
conceptual difficulties. The atomistic and the continuum domains are denoted as
ΩA and ΩC , respectively. The boundary of the continuum domain is composed of
an outer boundary ∂ΩC and an inner boundary ΓC that lies within the atomistic
domain while the atomistic domain is bounded by an outer boundary ΓA that lies
within ΩC . In each iteration n, the continuum velocity field un

C is computed in
ΩC with a given external boundary condition on ∂ΩC and an internal boundary
condition on Γn

C . The restriction of un
C to Γn

A is then the boundary condition for
the atomistic problem which is solved in ΩA, and whose solution un

A yields in
turn the boundary condition Γn+1

C for the next iteration. This iterative scheme is
summarized in Fig. 4.3. The extraction of boundary conditions from the atom-
istic domain and the proper enforcement of boundary conditions on the atomistic
domain represent major difficulties, as discussed in the following section.

The minimal size LO of the overlap domain is two cells since the cells used to
extract the values for ΓC cannot coincide with the cells in ΓA where the continuum
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Figure 4.2: Schematic of a hybrid atomistic/continuum computational domain. LO

denotes the size of the overlap domain between the atomistic domain ΩA (entire
shaded area) with boundary ΓA (dark shaded area) and the continuum domain ΩC

with outer boundary ∂ΩC and inner boundary ΓC . The fine grid corresponds to
the finite volume mesh and A is the area of a cell face.

iteration counter: n = 0
guess initial velocity u0

A in ΩA

do
n← n + 1

Set BC on Γn
C : un

C ← un−1
A

Solve NS Eqns. (4.12)–(4.13) in ΩC for un
C

Run MD in ΩA with un
C imposed on Γn

A (Section 4.6)
Compute un

A according to Eqn. (4.2) from M samples (Section 4.5)

Compute en according to Eqn. (4.1)
if (en < etol) then exit loop

end

Figure 4.3: Overview of the Schwarz alternating method for hybrid MD–NS
simulations. The computational domain is depicted in Fig. 4.2.
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values are imposed. A large overlap domain enhances the convergence rate of
the Schwarz iteration, but it also increases the computational cost per iteration
[228]. The optimal size of the overlap domain, i.e., the one that minimizes the
total amount of work, is problem dependent and cannot be determined a-priori.

Convergence criteria

The convergence of the hybrid velocity field toward an MD reference solution uMD

is measured by

en =
1

NΩ

∑

k∈Ω

|un
k − uk,MD|

u∞
, (4.1)

where NΩ is the number of cells in Ω, n the iteration, and u∞ the freestream
velocity. The cumulative average velocity uk for cells k ∈ ΩA is [264]

uk =

∑M
j=1

∑Nk(tj)
i∈k vi(tj)

∑M
j=1 Nk(tj)

, (4.2)

where M denotes the number of atomistic samples, and vi(tj) is the velocity of
particle i at time tj . Furthermore, the relative change of the velocity field is defined
as

dn =
1

NΩ

∑

k∈Ω

|un
k − un−1

k |
u∞

. (4.3)

4.3 Analysis of the efficiency of the hybrid scheme

The goal of the proposed hybrid scheme is to simulate dense fluid flow at the
nanoscale more efficiently than pure MD simulations do. Here, we compare the
computational work WH associated with the hybrid scheme to the work of a pure
MD simulation WMD. The work WMD is composed of two parts, namely the work
to reach the steady state (MS

MD MD steps) and the work to sample the flow field to
a given accuracy (Mu MD steps):

WMD = (MS
MD + Mu) W (δtMD), (4.4)

where W (δtMD) is the work per MD time step. The number of samples Mu needed
to obtain a predefined accuracy is discussed in Section 4.5. Nanoscale flows have
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intrinsically small Reynolds numbers such that the time scale on which a steady
state is reached is L2/ν, where L is the system size and ν the kinematic viscosity.
The number of MD time steps to reach the steady state is thus

MS
MD = CL2

C/(νδtMD), and MS
H = CL2

A/(νδtH), (4.5)

if the MD is run in the entire domain, or in ΩA only; C is a constant.
The work for N iterations of the hybrid scheme amounts to

WH(N) =

N
∑

n=1

[Mn W (δtH) + WNS] + Mu W (δtH), (4.6)

where W (δtH) is the work per MD time step in the subdomain ΩA. The time
spent to find the NS solution in ΩC is negligible with respect to the MD and is
thus neglected (WNS = 0). Two assumptions are made on the number of MD steps
Mn in iteration n: (i) the MD is in every iteration run until a steady state is reached
(MS

H steps), and (ii) the continuum boundary is sampled to the same accuracy as
the final result 1. Thus, the number of steps per iteration is Mn = MS

H + Mu and
Eqn. (4.6) reduces to

WH(N) = [N(MS
H + Mu) + Mu] W (δtH). (4.7)

We now address the question under what circumstances the hybrid scheme out-
performs the MD approach, i.e., WH(N) < WMD. With the notation ∆t =
W (δtMD)/W (δtH), one obtains from Eqn. (4.4) and Eqn. (4.7) the condition

N <
∆tMS

MD + (∆t− 1)Mu

MS
H + Mu

. (4.8)

From Eqn. (4.5) and with ∆L = LC/LA denoting the ratio between the edge
lengths of the entire domain and of ΩA (assuming square domains), Eqn. (4.8)
becomes

N <
∆t∆L2 + (∆t− 1)Mu/MS

H

1 + Mu/MS
H

. (4.9)

1This second assumption can be relaxed as shown by Hadjiconstantinou et al. [105]. They found
that the optimal way to schedule the number of MD steps Mn in iteration n should scale as Mn ∝

K−n where 0 < K < 1 is a positive constant.
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The quantity ∆t is proportional to the ratio of the volumes of the respective do-
mains, i.e., we find ∆t = ∆Ld, where d = 2 for two- and d = 3 for three-
dimensional flows, and finally

N <
∆L2d + (∆Ld − 1)Q

1 + Q
, (4.10)

with Q = Mu/MS
H .

From Eqn. (4.10), we see that the maximal number of iterations for which the
hybrid scheme is more effective than a pure MD computation is given by two
quantities. The first one is the geometrical quantity ∆L which denotes the ratio
between the edge lengths of the computational domains. The second one, Q =
Mu/MS

H , involves user input (the desired accuracy) and information about the
physics of the flow (the temperature and density in Mu (Eqn. (A.18)), and the
viscosity in MS

H (Eqn. (4.5))). In Section 6.2, the hybrid scheme is applied to an
argon flow past a CNT characterized by ∆L = 3 and Q = 1. The number of
iterations in this example should, according to Eqn. (4.10), be N < b(81 + 9 −
1)/2c = 44 in order to guarantee that the hybrid scheme is effective. This is found
to be the case as approximately 20 iterations are sufficient to obtain convergence.

Let us now consider the dependence of the bound Eqn. (4.10) on the system size
LA for a fixed ratio ∆L. The constant Q can be rewritten as Q = Mu/MS

H =
K/L2

A where a new constant K = MuνδtH/C is introduced. If we substitute this
value for Q in Eqn. (4.10), we find

N <
L2

A∆L2d + (∆Ld − 1)K

L2
A + K

. (4.11)

Thus, for a fixed ∆L, the maximal number of iterations allowed such that it is
worth to use the hybrid scheme is given by N < ∆Ld − 1 in the limit of LA → 0
and by N < ∆L2d in the limit of infinitely large systems, i.e., LA →∞.

The Eqn. (4.10) provides an upper bound for the number of iterations, however,
how can we know how much iterations will be needed in order to find a converged
solution? The main factors that influence this number include the quality of the
initial condition, the overlap size LO , and the prescribed tolerance for the error en

(4.1). Unfortunately, it is not possible to derive from these quantities an a-priori
estimate of the number of iterations needed.
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4.4 The macroscopic model

The continuum part of the hybrid solution in ΩC is modeled as a two-dimensional
steady flow of an incompressible, viscous, isothermal fluid described by the
Navier-Stokes equations (3.28)-(3.29), which are reproduced here in their time
independent form for convenience

∇ · u = 0, (4.12)

(u · ∇)u = −1

ρ
∇p + ν∆u. (4.13)

The assumptions inherent to Eqns. (4.12)–(4.13) are in the following discussed
with respect to the flow of argon around a CNT considered in Section 6.2. Hess
[116] found that a LJ fluid behaves as a Newtonian fluid as long as the shear rate
γ ≤ 0.1

√

ε/(mσ2), where σ and ε are the LJ parameters and m the particle mass.
In the present work, this limit evaluates to 0.046 ps−1 and lies well above the
maximal local shear rate of 0.02 ps−1 encountered in the reference MD solution
of the considered flow, cf. Section 6.2. The assumption that the fluid in ΩC can
be modeled as a Newtonian fluid is thus justified. The Reynolds number of this
flow is low (Re ≈ 1.6, cf. discussion of the viscosity below) such that it can
safely be assumed that the flow field is steady. Finally, the flow can be treated
as incompressible due to the low Mach number of Ma = u∞/a ≈ 0.1. The
Mach number is found using the freestream velocity u∞ = 100ms−1 and an
approximate value of a ≈ 1000ms−1 for the speed of sound of argon derived
from the bulk modulus data given by Verlet [270].

Kinematic viscosity

The only physical parameter that is explicitly needed by the continuum solver is the
fluid shear viscosity. Rowley and Painter [215] give a value for the kinematic vis-
cosity of ν = 0.8 · 10−7 m2s−1 for the state point of the LJ fluid considered in this
work (ρ+ = 0.6, T+ = 1.8, ν+ = 1.50). They estimate the uncertainty in their
viscosity measurement to be ±17.2% and used a cutoff of 4σ in their simulations
as compared to 2.94 σ in the present work. The Reynolds number (Re = u∞D/ν)
evaluated for the argon flow around the CNT evaluates to approximately 1.6 with
a CNT diameter of D = 1.25 nm, and a free stream velocity of u∞ = 100ms−1.
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Boundary conditions

Three types of velocity boundary conditions are considered for the external bound-
ary ∂ΩC of the continuum domain:

• Dirichlet boundaries, where the velocities are prescribed on the boundary.
For incompressible flows with Dirichlet BC, the pressure at the boundary is
part of the solution [102].

• Outlet boundaries, where the velocities and the pressure are extrapolated to
the boundary on the assumption of zero gradients along the mesh lines. The
velocities are adjusted such as to satisfy overall continuity [1].

• Periodic boundaries.

The internal boundary ΓC is always described by Dirichlet velocity boundary con-
ditions and thus the pressure is not needed on this boundary [102]. The velocity
values on the internal boundary are taken from the atomistic domain as described
in Section 4.5.

Finite volume discretization

The commercial flow solver STARCD [1] is used to solve Eqns. (4.12)–(4.13)
using a second order central difference finite volume discretization and with an
equation for the pressure derived using the SIMPLE method [197]. The velocity
boundary conditions for the continuum system on the internal boundary ΓC are
extracted from the atomistic system as described below.

For comparison purposes, a fully continuous model of the flow past a CNT is
also considered in Section 6.2.2. There, the CNT is modeled as a smooth cir-
cular cylinder with no-slip boundary conditions and the Navier-Stokes equations
are solved in the entire domain. Furthermore, the convergence behavior of the
Schwarz iteration is tested on the continuous model, i.e., in a situation where both
subdomains, the far-field and the vicinity of tube, are described by the Navier-
Stokes equations.

4.5 Continuum boundary conditions from the atomistic system

As discussed in Appendix A.2.1, it is a computationally intensive task to measure
the pressure in MD simulations. In flux based schemes, where the pressure tensor
is needed, one either has to collect a large amount of samples, use a large cell size
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(at the cost of having a low spatial resolution), or apply smoothing schemes such
as the thermodynamic field estimator [159]. For these reasons, we favour schemes
based on the Schwarz algorithm, where the pressure does not need to be computed
or imposed directly.

The computation of cell velocities is not prohibitive as demonstrated in the fol-
lowing example. We determine M ′

u, the number of samples required to attain a
given accuracy, in an equilibrium simulation of a LJ fluid, compare it to the a-priori
estimate for Mu (Eqn. (A.18)) and finally find M e

u by taking the time correlation
of the samples into account.

Consider a fully periodic system with 1619 argon atoms placed in a box of di-
mensions 5.0 × 5.0 × 4.26nm and equilibrated at a temperature of T = 215K.
From 10 ns of simulation time, we record the time evolution of the average velo-
city u = 1/N

∑

k vk in cells of size 0.5 × 0.5 × 4.26nm, and extract a stand-
ard deviation (averaged over the velocity components) of σu = 51.2ms−1. For
u0 = 100ms−1 and a desired fractional error of Eu = 8% this system requires
M ′

u = σ2
u/u2

0E
2
u ≈ 41 samples.

From the a-priori estimates given by Hadjiconstantinou et al. [106], cf.
Eqn. (A.18) in the Appendix, we find Mu ≈ 43 in good agreement with the meas-
ured M ′

u. The integrated autocorrelation time is found to be τu = 1.25 ps corres-
ponding to 250 time steps. Thus, in this example the effective number of samples
Me

u needed to achieve the desired accuracy amounts to M e
u = 2τu/δtMu =

20000.
The velocities on the cell faces ΓC are obtained from a linear interpolation

between the values of the adjacent cells. Additionally, two corrections are ap-
plied to the velocity boundary condition in order to prevent (artificial) asym-
metries and spurious mass sources or sinks in the continuum solution due to
the noise in the MD data. First, the velocities on ΓC are symmetrized with re-
spect to the x-axis. I.e., the velocities ũA and ũB of two cells A and B whose
cell center coordinates fulfill xA = xB and yA = −yB are reset according to:
uA,x = uB,x = (ũA,x + ũB,x)/2 and uA,y = −uB,y = (ũA,y − ũB,y)/2.
Second, the velocity components prescribed on ΓC are scaled such that they sat-
isfy the continuity constraint

∫

ΓC

u · nds = 0. (4.14)

In practice, the discrete equivalent of the integral in Eqn. (4.14) is evaluated as the
difference ∆J = Jin − Jout between the total mass in- and outflux across ΓC . If
∆J 6= 0, the velocities on influx faces are scaled by a factor sin = 1−∆J/(2Jin),
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and those on outflux faces by sout = 1 + ∆J/(2Jout), resulting in new total fluxes
of J ′

out = Jout + ∆J/2, and J ′
in = Jin − ∆J/2, with ∆J ′ = 0. In the hybrid

example given in Section 6.2, the scale factors were always smaller than ±2%.

4.6 Molecular Dynamics of non-periodic systems

The atomistic region describes the parts of the flow field where the continuum
assumptions potentially fail and an atomistic representation is necessary to capture
the physical properties of the system. E.g., in Section 6.2, a flow of argon around
a CNT is simulated where the ad-hoc assumption of a no-slip boundary condition
at the tube is replaced by a fully atomistic description thereof. The MD interaction
potential consists of two terms

U(rij) = UAB
12−6(rij) + Um(rw; ρ, T ), (4.15)

where UAB
12−6 is the LJ pair potential given in Eqn. (3.8). The LJ parameters for

the argon-argon and argon-CNT interactions are εArAr = 0.996kJ mol−1, σArAr =
0.340nm, εArC = 0.570kJ mol−1, and σArC = 0.340nm, respectively. The CNT
is modeled as a rigid structure [282]. The term Um(rw; ρ, T ), which is further
described in Section 4.6.1, accounts for the interaction of the atomistic region
with the surrounding medium and depends on the distance to the outer boundary
of the atomistic domain rw, and on the local density (ρ) and temperature (T ).
All interaction potentials are truncated for distances beyond a cutoff radius rc of
1.0 nm. The equations of motion (Eqn. (3.2)) are integrated using the leap-frog
scheme [6] with a time step δt of 5 fs.When appropriate, quantities are reported
in terms of reduced units, where εArAr, σArAr, and mAr are the energy, length, and
mass units used for the non-dimensionalization. Thus, the reduced temperature,
density, and pressure are T+ = kBT/εArAr, ρ+ = ρσ3

ArAr, and P+ = Pσ3
ArAr/εArAr,

respectively.

4.6.1 Effective boundary potential and force for a monatomic fluid

MD simulations are often used for modeling homogeneous systems. In this case,
periodic boundary conditions are useful in minimizing boundary effects. However,
in the context of the hybrid simulations considered herein, it is necessary to impose
arbitrary non-periodic boundary conditions (NPBC). These NPBC can be imposed
through a boundary model that is required to:

(A1) exert the correct mean pressure on the MD system and
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(A2) minimize any kind of local disturbance (e.g. in the density or temperature
fields).

We consider the first criteria (A1) as mandatory, while the second (A2) is motivated
by the attempt to minimize the extent of the MD domain. Note that a boundary
model that explicitly accounts only for the first first criterion (A1) may still work
as long as the boundary is sufficiently far away from the zone of interest and as
long as the boundary disturbances are not convected into the zone of interest. To
satisfy (A1) the effective force Fm on the MD system has to correspond to the
mean virial part of the system pressure PU , i.e.,

P = PK + PU = kBTρn + ρn

∫ rc

0

Fm(r)dr, (4.16)

where PK denotes the ideal part of the pressure and kB the Boltzmann constant.
A number of boundary force models have been employed in related works on

hybrid schemes for the simulation of dense fluids [195, 85, 62, 107, 105, 190].
We have implemented these models and have analyzed their advantages and draw-
backs. Based on this analysis, we propose a novel boundary model that includes
an effective boundary potential and a specular wall allowing for a non-zero mean
fluid velocity. All force expressions are given along the outward normal n and the
subscript w is omitted for clarity, i.e., r denotes the distance to the boundary.

A constant repulsive force has been proposed by O’Connell et al. [195]

Fm = −αPρ−2/3
n , (4.17)

where P is the pressure of the system, and α an adjustable parameter. Flekkøy
et al. [85] and Delgado-Buscalioni et al. [62] used a weighting function w(r) that
distributes (cell-wise) the mean pressure force F = PA on the particles as

Fm(ri) = − w(ri)
∑

j w(rj)
PA. (4.18)

In Delgado-Buscalioni et al. [62] a uniform weighting function wu(r) = 1 was
used while Flekkøy et al. [85] applied a diverging weighting function wd(r) =
1/r − 2/rc + r/r2

c . Finally, Nie et al. [190] employed a diverging force at the
boundary of the form

Fm(r) = −βPσ
rc − r

1 − (rc − r)/rc
, (4.19)
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with an adjustable parameter β. Clearly, the models based on Eqn. (4.18) satisfy
(A1) by construction and so does the expression (4.17) when α = 1/(ρn

1/3rc). On
the other hand, the pressure exerted on the system by the force (4.19) is infinitely
large and this model is in this form not recommended. To allow a comparison to
the other models, we include Eqn. (4.19) in the following shifted form

Fm(r) =







−βPσ
rc − rb − r

1 − (rc − rb − r)/rc
for r < rc − rb,

0 otherwise.
(4.20)

where the shift rb is computed from the expression ρn

∫ rc

rb
Fm(r)dr = P . In

other hybrid simulations, Hadjiconstantinou et al. [107, 105] considered examples
where periodic boundary conditions were applicable and where therefore no ef-
fective boundary potential was needed.

We propose to apply an effective boundary force that addresses (A2) by account-
ing for the local structure of the fluid, which for a monatomic fluid is described by
the radial distribution function g(r). In this model, we integrate the force com-
ponents normal to the boundary and the potential energy contributions weighted
by g(r) over the part of the cutoff sphere that lies outside of the atomistic domain,
cf. Fig. 4.4. The integration is performed in polar coordinates, where z is normal
to the boundary and x denotes the radial direction as:

Fm(rw) = −2πρn

rc
∫

z=rw

√
r2

c−z2

∫

x=0

g(r)
∂U12−6(r)

∂r

z

r
xdxdz, (4.21)

Um(rw) = 2πρn

rc
∫

z=rw

√
r2

c−z2

∫

x=0

g(r)U12−6(r) xdxdz, (4.22)

where rc is the cutoff radius, ρn the average number density, r =
√

x2 + z2,
and rw the distance to ΓA. The Fm(r) and Um(r) for a LJ fluid can be obtained
by either using a readily available parametrization of g(r; ρ, T ) for LJ fluids as
proposed by Matteoli et al. [174] and performing the integration in (4.21)–(4.22)
or by evaluating the integrals (4.21)–(4.22) explicitly in a separate simulation.
In this work, we have adopted both approaches for a LJ fluid at the state point
(ρ = 1.0 g cm−3, T = 215 K). The measurement of Fm(r) and Um(r) in an
MD simulation is described in the Appendix A.3, and low order polynomial fits
to Fm(r) and Um(r) are reported. In Fig. 4.5 the different effective boundary
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Figure 4.4: Integration domains for the effective boundary force and potential
(4.21) and (4.22). The force and potential contributions along z are integrated
over the shaded area using polar coordinates. The number of atoms in the infin-
itesimal ring element is 2πρng(r)xdxdz, where ρn is the average number density
and g(r) the radial distribution function.

force terms are displayed. An important feature of the force Fm (4.21) is the ex-
istence of a pronounced attractive component experienced by the particles near the
boundary. All previous models (Eqns. (4.17)–(4.19)) included only repulsive force
components and lead to a layering of particles close to a wall as demonstrated in
Section 4.8. The boundary force based on the parametrization of g(r) from Ref.
[174] is in excellent agreement with the measured one for rw > σ but closer to the
boundary, there is a significant difference. This difference is explained by the de-
viation of the parameterized RDF from Matteoli et al. [174] to the RDF obtained
from an MD simulation at the given state point in the present work, cf. Fig. 4.6a.
Indeed, it is shown in Fig. 4.6b that the boundary force Fm (Eqn. (4.21)) evaluated
with the measured RDF is in excellent agreement with the Fm obtained from the
direct force measurement described in the Appendix A.3. Therefore, in the sim-
ulations presented in Section 4.8, the measured boundary force and potential are
used.

Note that the relation Fm(rw) = −∂Um(rw)/∂rw does not hold due to the pres-
ence of g(r) and the parametrized integration bounds. It is therefore necessary to
measure Um(rw) separately, or to compute it from Eqn. (4.22), if g(r) is avail-
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Figure 4.5: Effective boundary force Fm on a LJ particle located at a distance
rw from the boundary of an atomistic system of density ρ = 1.0 g cm−3 and at
temperature T = 215 K. Displayed are the constant force from Eqn. (4.17) with
α = 0.404 (– –), the shifted diverging force (4.20) (β = 1) (– · –), Eqn. (4.21) eval-
uated with g(r) from Ref. [174] (· · · ), and the force as measured in a simulation
(+).

able. The difference between Um(rw) and the integral
∫

Fm(rw)drw, is shown in
Fig. 4.7.

4.6.2 Particle reflections and insertions

When NPBC are imposed, a mechanism is necessary in order to handle the
particles that are leaving the atomistic domain ΩA. It is important to realize that
particles may leave ΩA even though a boundary force is applied to account for the
interaction of the atomistic region with the surrounding medium. Thus, without
further constraints, particles will constantly leave the atomistic region across the
outer boundary ΓA. Since our model simulates a steady, incompressible flow, the
total number of particles in the atomistic system needs to be constant overall.

In order to preserve the number of particles in the system, the outer boundary
ΓA is modeled as an impermeable wall. This restricts the density in ΩA to a
constant value and ensures mass conservation. Particles that strike the wall are
reflected specularly, i.e., their velocity components normal to the wall are reversed
while the other components are not altered by the impact. A specular wall acts
as a plane of symmetry and the rebounded particles can be viewed as if they had
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Figure 4.6: a) Radial distribution function for argon at 215 K and ρ = 1.0 g cm−3.
The solid line is the parameterized RDF from Matteoli et al. [174] and the (+)
denote the RDF as it is obtained in the MD simulation of the present work. b) The
boundary force Fm (Eqn. (4.21)) evaluated for these RDFs (same symbols). The
Fm obtained from the measured RDF (+) matches the one directly measured in an
MD simulation (�).
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Figure 4.7: The measured potential of mean force (+) and the integral Eqn. (4.22)
(dashed line) evaluated with the measured RDF are in excellent agreement. How-
ever, the integral of the measured mean force Eqn. (4.21) (solid line) does not
match the other curves, cf. text.

come from an imaginary particle reservoir on the other side of the wall [177].
The boundary model Eqn. (4.21) takes the mean effect of this imaginary particle
reservoir into account and prevents density perturbations close to the wall. The
symmetric extension of the system by the specular wall is thus justified and the
ideal part of the pressure PK equals kBTρn at the boundary. We note that the
instantaneous momentum of the atomistic system is altered by every single particle
reflection, however, the average momentum is constant.

Moving specular walls

In case a mean flow is imposed across ΓA, the specular walls move with the local
cell velocity, cf. Fig. 4.8. In other words, in every time step, the collisions of
the particles with the specular walls are evaluated in a frame of reference that
moves with the local fluid velocity. At the end of the time step, the walls are
reset on ΓA leaving some particles outside of the computational domain. The
average number of such particles amounts to the required value of ρNδtAu · n
since ρN is uniform and u prescribed by the body force described in Section 4.7.
These particles are collected and reintroduced into the system as described later.
To find the particles that strike a moving wall in direction x during time step n,
we compute the collision time as t′ = (xn − x̃w)/(ux − ṽ

n+1/2
x ), where x̃w and
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Figure 4.8: Displayed is a schematic representation of the boundary model for the
atomistic system at an inlet face ΓAin and an outlet face ΓAout, cf. also Fig. 4.2.
The specular walls move in every time step δt with the local fluid velocity u along
the face normal n, i.e., their total displacement along x is δx = uxnxdt. The
dashed arrows denote the original particle trajectories before reflection with the
wall. Particles that leave the system are reintroduced through an inlet face, cf. text.

ux are the initial wall position and the wall speed, and ṽx
n+1/2 is the particle

velocity after the regular leap-frog velocity update but before a possible reflection.
A particle crosses the system boundary ΓA if 0 ≤ t′ ≤ δt and the new velocity
and position in the x-direction are computed as

vn+1/2
x = −(ṽn+1/2

x − ux) + ux, (4.23)

and

xn+1 = xn + t′ṽn+1/2
x + (δt− t′)vn+1/2

x , (4.24)

while the y- and z-components remain unchanged.

Particle redistribution

For the particles that have to be reintroduced, a cell face of ΓA is randomly chosen
among those that have a net inflow (n · u < 0) and with a probability propor-
tional to the local inflow (|n · u|). This distribution scheme is simple and proved
to be more efficient than an alternative scheme that we tested which is based on
the instantaneous density in the inflow cells. This latter scheme was found to be
inefficient as the magnitude of the local density fluctuations is large compared to
the number of particles that have to be introduced on average.
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Finding positions and velocities for inserted particles

Once a target cell face is selected, the USHER algorithm [63] is used to find a
particle location xn+1

k with a potential energy en+1
k corresponding to the mean

potential energy e0 in the system. The USHER algorithm performs a steepest des-
cent method in the energy landscape and applies appropriate heuristics to avoid
computationally expensive line searches. In Ref. [62], the starting positions for
the steepest descent are chosen randomly in the entire cell. Here, we choose the
starting positions according to the probability that a particle would actually enter
at a distance rw from the given cell face, i.e,

P (rw) = cρN

∫ 0

−∞

fT ((rw − x)/δt)dx

=
δt ρN

2

(

1 + erf

[√

m

2kBT

(

ux −
rw

δt

)

])

,

(4.25)

where fT is a Maxwell distribution defined in Eqn. (4.27), c a normalization con-
stant, and ux is the imposed mean velocity. Additionally, we limit the search space
to be of thickness Ls given by

∫ Ls

0 P (rw)dx = 0.99. When the steepest descent
path leads outside of the search space then the search is restarted with a new ran-
dom initial position.

The wall normal component vn of the velocity of the introduced atom is sampled
from a Rayleigh distribution [25]

fN (vn) =
m

kBT
|vn| exp

(

−m(vn − un)2

2kBT

)

, (4.26)

and the tangential components vt are sampled from a Maxwell distribution

fT (vt) =

√

m

2πkBT
exp

(

−m(vt − ut)
2

2kBT

)

. (4.27)

By construction the new particle has a potential energy of e0, which implies that
the total potential energy added to the system per particle insertion is 2e0, and thus
the new mean energy of the system becomes e′0 = (N + 2)/(N + 1)e0 where N
denotes the total number of particles.

4.7 Driving flows

In order to enforce the continuum velocity field uk on the cells k in ΓA, we cell-
wise apply a body force bk to adjust the velocity of the center of mass [286, 195,
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190]

v̄k =

∑

i∈k mivi
∑

i∈k mi
. (4.28)

The body force is adjusted so as to yield the center of mass velocity uk as pre-
scribed by the continuum (v̄n+1/2

k = uk) in every time step. The value of the
body force bn

k in cell k at time nδt is found from the position update formula of
the leap-frog scheme [6]

v̄
n+1/2
k = v̄

n−1/2
k +

δt

mtot

(fn
k + bn

k ) , (4.29)

where fk is the total force acting on the center of mass of the cell k and δt is the
time step. Thus, the required body force is

bn
k =

mtot

δt

(

uk − v̄k
n−1/2

)

− fn
k . (4.30)

Furthermore, to keep the fluid at the target temperature T , a Berendsen thermo-
stat [21] is applied cell-wise in the z-direction. Note that all flows considered in
the present work are homogeneous in the z-direction and the thermostat does not
influence the streaming velocities. If there was no homogeneous direction, one
would have to cell-wise subtract the mean velocity before applying the heat bath
[257].

4.8 Test of the non-periodic boundary conditions for argon

The integral expressions (4.21)–(4.22) for the boundary force and potential are
evaluated in an MD simulation as described in the Appendix A.3. Here, these
boundary terms and the application of the body forces and the moving specular
walls are validated. Two systems are considered: Liquid argon at equilibrium
(Section 4.8.1), and a uniform parallel flow (Section 4.8.2). Note that for these
test cases, there is no coupling to a continuous domain and the velocity boundary
conditions on the atomistic domain are fixed. The full hybrid coupling scheme is
tested in Section 6.2 for the flow of liquid argon past a CNT.

In both test cases, the system consists of 1900 argon atoms (mAr =
39.948a.m.u.) in a cubic box of edge length 5.0 nm equilibrated at a temperat-
ure of T = 215K. This corresponds to a supercritical state point with a density
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of ρ = 1.008 g cm−3 and a pressure of P = 653bar (T + = 1.8, ρ+ = 0.6,
P+ = 1.55)2.

4.8.1 NPBC for liquid argon at equilibrium

In this section, we consider the effect of applying NPBC to a system of liquid argon
in equilibrium. In these simulations, the y- and z-directions are treated periodic-
ally, while in the x-direction, the different effective boundary forces as discussed in
Section 4.6.1, are applied. The trajectories of the 2 ns long simulations are stored
in time intervals of 0.5 ps and are used to compute density profiles along the x-
axis in 250 bins of width 0.2 Å, cf. Fig. 4.9. The parameter α in the constant force
Eqn. (4.17) is chosen as α = 1/(ρn

1/3rc) = 0.404 and the shift in Eqn. (4.20) as
rb = 0.500.

If no boundary force is applied, we observe (Fig. 4.9) strong density oscillations
next to the boundary with a peak at the boundary. The application of any of the
discussed effective boundary forces reduces the magnitude of the first peak. The
first density minimum is amplified when the force from Eqn. (4.17) [195] or those
based on Eqn. (4.18) [85, 62] are applied. The boundary force (4.21) proposed
herein takes the fluid structure into account and includes an attractive part. This
boundary force minimizes the density oscillations overall, cf. Fig. 4.9.

The extent of the layering is for all boundary models essentially limited to one
cutoff radius, but a slightly increased density persists in the central domain whose
magnitude depends on the system size. However, in the next section, it is shown
that a non-uniform density profile at the boundary can be convected into the com-
putational domain.

4.8.2 NPBC for a parallel flow of liquid argon

In order to study the capabilities of our scheme in handling dense fluid flows, an
identical setup is used as in the previous section, with the addition of a uniform
flow imposed along the x-axis with u = 100ms−1. The computational box is
subdivided into 5× 5× 3 cells of volume 1.67 nm3. In the USHER algorithm the
mean potential energy e0 of a particle was a-priori (in a fully periodic simulation)
determined to be e0 = −3.612kJ mol−1 and served as a target energy for particle
insertions. The relative error in the energy was required to be less than 1% and

2With a standard tail correction applied, cf. Ref. [140], one obtains a pressure of P = 554bar

(P+ = 1.32).
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Figure 4.9: Density profiles of a LJ liquid at ρ = 1.008 g cm−3 and T = 215 K
close to specular wall. The following effective boundary forces are applied —
: none, - - - - : [195] (Eqn. (4.17)), - - - : [85] (Eqn. (4.18) with wd), - · -
: [62] (Eqn. (4.18) with wu), - - - - - - : [190] (Eqn. (4.19)), – – – : present
work (Eqn. (4.21)), — : reference value of 1.008 g cm−3.

the step size of the USHER algorithm was limited to ∆smax = 0.1ρ+−1.5
εArAr =

0.073 nm, as proposed in Ref. [63].
Three different boundary schemes are considered in the x-direction, while the

y- and z-directions are again chosen to be periodic. The first scheme collects all
particles that leave the computational domain and uses USHER to reinsert them
without any additional measures. The second employs in addition the effect-
ive boundary force Fm (4.21) and uses the potential Um (4.22) when inserting
particles. Finally, the third model includes in addition the specular wall as de-
scribed in Section 4.6.2.

The three schemes have been examined for the same configuration and the dens-
ity profiles along the flow direction shown in Fig. 4.10 demonstrate that the third
model minimizes density fluctuations significantly. In particular, it effectively re-
moves the mean density gradient observed with the other models.

4.9 Conclusions

A novel hybrid scheme was described which embeds a MD simulation of a dense
LJ fluid within a two-dimensional, steady, isothermal, incompressible, continuum
fluid mechanics computation. The proposed scheme allows for the first time the
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Figure 4.10: Density profiles of a LJ liquid in non-periodic simulations of a uni-
form flow with mean velocity 100ms−1, mean density ρ = 1.008 g cm−3 and
temperature T = 215 K. The missing particles outside the computational domain
are replaced by nothing (- · -), by an effective force Fm (· · · ), or by Fm and a
specular wall (- - -).

atomistic-continuum simulation of dense non-periodic flow fields. A generaliz-
ation of the scheme to three dimensions bears technical but no conceptual diffi-
culties.

The scheme is formulated in the context of a Schwarz domain decomposition al-
gorithm and requires the extraction and imposition of suitable boundary conditions
in the respective subdomains. In order to enforce boundary conditions to the atom-
istic domain as they are dictated by the continuum, a boundary model is proposed
based on an effective boundary potential, specular walls, body forcing terms, and a
particle insertion algorithm. The resulting algorithm allows the imposition of gen-
eral, non-periodic velocity boundary conditions onto the atomistic domain. The
velocity boundary conditions required for the continuum domain are substantially
easier to extract from the MD trajectory than the momentum flux tensor which is
needed for flux based schemes. The boundary model was successfully validated
for liquid argon in thermodynamic equilibrium and for a uniform parallel flow.
In Section 6.2, the proposed hybrid scheme is applied to the flow of liquid argon
around a CNT where the far field of the tube is modeled as a continuum.



Chapter 5

Wetting of Carbon Nanotubes and Graphite

5.1 Introduction

MD simulations of physical systems can help us understand their underlying mech-
anisms assuming that appropriate interaction potentials are available. In simula-
tions of the canonical system of a pristine carbon nanotube (CNT) in water, these
potentials include three components, namely a water model, a description of the
CNT, and the water–CNT interaction. A number of well tested interaction po-
tentials for water and CNTs exist as discussed in Section 3.3. The key part that
requires proper modeling is the carbon–water interaction which determines, in a
delicate balance with the water–water interaction, the overall wetting properties of
the system. Specifically, it determines the contact angle of water inside CNTs or
on graphite surfaces.

Experiments indicate that the interior of CNTs is hydrophilic as reviewed in the
following Section 5.1.1. In contrast, the contact angles computed in MD simu-
lations of water droplets in CNTs are larger than 90◦, indicating a non-wetting
behavior of the CNT (Section 5.2). The difference between experiment and MD
simulation can be explained by the presence of surface defects or contaminations in
the experiments and/or by an inappropriate choice for the carbon–water interaction
potential in the MD. Regarding the latter possibility, we observed a non-wetting
behavior even for a 20% increased carbon–water interaction strength.

In recent MD simulations, a wide range of water–carbon interaction poten-
tials have been employed. This situation, together with the discrepancy observed
between experiment and MD simulation for the interior wetting of CNTs, is unsat-
isfactory and calls for a selection criterion for the water–carbon potential.

In this work, it is proposed to consider the related system of water droplets on
graphite for which the MD results can directly be compared to experimental data.
It is shown that the contact angle of the droplets in MD simulations is proportional
to the well-depth parameter of the pairwise oxygen-carbon Lennard-Jones (LJ)



68 CHAPTER 5. WETTING OF CNTS AND GRAPHITE

potential, cf. Section 5.3. Thus, the latter can be calibrated such that the MD
simulations match the experimental value of 86◦ [88] (or any other contact angle,
in case new measurements are available). In this calibration, one has to account
for the effect of the line tension on the contact angle, which is significant for the
nanometer-size droplets in the MD simulations but negligible for the macroscopic
droplets in experiments. We also discuss the effects of adding a pairwise hydrogen-
carbon LJ term in the water–graphite interaction and of changing the cutoff radius
used to truncate the interactions.

A computationally more efficient description of the graphite is the so-called con-
tinuum model presented in Section 5.4. It smears out the individual carbon atoms
of a graphite layer such that the interaction energy of each water oxygen to the
surface depends only on its normal distance to the latter. The continuum model
reduces the computational effort to determine the water surface interaction and
changes the nature of the long-range truncation of the water–carbon potential. The
parameters of the continuum model are also calibrated using the contact angle
method.

Experiments almost inevitably contain surface defects and impurities, such as
oils from vacuum pumps or handling, as well as salts and absorbed gases in the
water which might inhibit wetting. A first step to include “impurities” in MD sim-
ulations is taken in Section 5.5 where an aqueous potassium-chloride solution on
graphite is studied. The ions partially precipitate on the graphite surface, enhance
the wetting, and lead to smaller contact angles.

Finally, in Section 5.6, the interaction of a pair of CNTs and buckyballs in water
is studied. Depending on their initial spacings, the CNTs and buckyballs remain
separated or move rapidly into direct contact (drying). The potential of mean force
between the CNTs is measured.

The chapter starts with a literature review on experimental and computational
studies describing the static behavior of water inside CNTs and on graphite.

5.1.1 Experimental findings

In 1940, Fowkes [88] measured the contact angle of water on graphite using the
tilting plate method and found a value of 86◦. A similar result (84.2◦) is reported
by Morcos [183] who employed the rising meniscus method for water on pyrolitic
graphite. Tadros et al. [245] used the captive bubble method to find an advancing
contact angle of water on graphite of 63–74◦. A considerably lower value, namely
42± 7◦, was estimated by Schrader [224]. Schrader used auger electron spectro-
scopy and low energy electron diffraction to lessen the contamination of the graph-
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ite surface (without having a measure on the effectiveness of the procedure). He
suggested that the previously reported, higher contact angle values [88, 183, 245]
were measured on contaminated graphite surfaces. Another small contact angle of
water droplets on graphite (30◦) was found in a scanning force microscopy study
in high relative humidity [164, 165]. However, the authors state that possible con-
taminations of the surface could have influenced their results. In addition, in their
contact angle measurement algorithm, they assumed a truncated spherical shape
for the droplet even though they observe the water to form flat islands. Recently,
Döppenschmidt et al. [71] measured a contact angle of 87◦ for water on highly
oriented pyrolitic graphite. In summary, there is surprisingly little consensus on
the contact angle of water on graphite. For the purpose of this work, we adopt the
value of 86◦ given by Fowkes [88] as the “correct” experimental value.

The interior wetting of a CNT by water is subject to even more uncertainty. Du-
jardin et al. [73] studied the wetting properties of SWCNTs and found that liquids
with a surface tension below a threshold value of 130–170 mN/m wet bundles of
SWCNTs. A first direct experimental investigation of the wetting of MWCNT
by an aqueous fluid was reported by Gogotsi et al. [96]. A transmission electron
microscopy (TEM) analysis revealed that hydrothermally synthesized MWCNT
with inner diameters of 50–100 nm sometimes contained multiphase aqueous fluid
inclusion, cf. Fig. 2.3. The composition of the inclusions was, based on thermo-
dynamic equilibrium calculations, determined to be 85.2% water, 7.4% carbon
dioxide (CO2) and 7.4% methane (CH4) and the pressure inside the MWCNT at
room temperature was estimated to be as high as 300 bar. The fluid inclusion was
found to wet the interior of the MWCNT and in a further analysis, it was argued
that surface defects of the MWCNT with attached hydroxyl or carboxyl groups
[178, 97] act as hydrophilic adsorption centers [26]. Recently, Rossi et al. [214]
used environmental scanning electron microscopy (ESEM) to study liquid inclu-
sions in CNT. The main advantage in comparison to TEM is that ESEM does not
operate in a vacuum but rather in water vapor. This opens the door to investig-
ate water evaporation and condensation in open-ended MWCNT at low pressures.
The interior of the CNT was characterized as hydrophilic and contact angles of 5◦

to 20◦ were measured. The similarity in the interface dynamics observed in the
ESEM study and in earlier TEM studies [178, 97] lead Rossi et al. [214] to the
conclusion that the small tube diameter determines the interface dynamics rather
than wall structure, fluid composition or pressure.
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5.1.2 Review of computational studies

Water inside carbon nanotubes

Gordillo and Martı́ [98] conducted numerical simulations of SWCNTs completely
filled with water. They found that for SWCNT with diameters in the range between
0.82 nm and 1.63 nm, the hydrogen bond (HB) network of the water is distorted
due to confinement effects. Koga et al. [147] simulated water inside SWCNT (dia-
meters from 1.1 nm to 1.4 nm) and observed a first-order freezing transition leading
to ordered ice nanotubes. In their simulations, the temperature was lowered from
320 to 240 K for various isobaric paths in the range between 500 and 5000 bar.
Noon et al. [193] reported that even at physiological conditions (300 K and 1 bar)
helical ice-sheets form inside SWCNT. However, the water–carbon interaction
used in the latter study is significantly stronger than the one used in Ref. [147].
Indeed, when the two sets of parameters are used to compute the water monomer
binding energy on a double layer of graphite, it is found that the one used by
Noon et al. [193] is 2.5 times stronger than the one used by Koga et al. [147],
cf. Table 3.3. Finally, Hummer et al. [128] showed that inside a SWCNT (0.81 nm
diameter and 1.34 nm length) immersed in water, a one-dimensional chain of water
molecules can spontaneously form and disrupt on a nanosecond timescale. They
showed that a small reduction in the water–carbon potential significantly affects
the pore hydration, i.e., the ratio between filled and empty states. This further
underlines the need for an accurate interaction potential.

Water on graphite

Marković et al. [170] compared MD simulations of the scattering of water
monomers on graphite to experimental data. In a subsequent work [254], the study
was extended to include the scattering of water clusters of 1032 and 4094 mo-
lecules on graphite. Gordillo et al. [100] studied a monolayer of water on graphite.
For temperatures below 350 K, no water was promoted to a second layer since this
would diminish the number of HBs of that molecule. Lundgren et al. [166] have
studied water droplets and water/ethanol droplets on graphite. For the pure water
droplets (900 molecules) they found a contact angle of 83◦ in close agreement to
the experimental value of 86◦ given by Fowkes [88]. The addition of ethanol to
the droplets decreased the contact angle, for example 30 wt % of ethanol (molar
fraction of 0.13) lead to a reduced contact angle of 30± 5◦.
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Ionic solutions

A large volume of MD and Monte Carlo studies exist regarding ionic solutions, in-
cluding dilute systems [229, 148, 273, 36, 198] and studies at finite concentration
[60, 132, 156, 61]. The simulation of ions at interfaces, such as small water clusters
[32, 199, 196], and ions at planar liquid-vapor interfaces [292, 241, 242, 143]
are also relevant to this work. These studies found that sodium (Na+) and
chloride (Cl−) ions are solvated at the liquid-vapor interface of small clusters
(NH2O < 255) [242], but not at planar interfaces [292], in agreement with avail-
able experiments. The threshold value for the cluster size for interior solvation was
estimated to be around 500 molecules. The induced polarization of the chloride
ions was found to have a negligible effect on their hydration in small clusters [241],
whereas the inclusion of polarizability of the water turned out to be important.

Ions at interfaces and inside carbon nanotubes

Studies of ions at liquid-solid interfaces are less abundant. Rose and Benjamin
[213] considered the solvation of sodium-chloride in water at a platinum surface.
They found that while the structure of the solvation complex is similar to that of
the bulk, important differences exist in the free energy of solvation, and of the
dynamics of water near the ions. Ternary systems were studied by Uchida et al.
[265] in MD simulations of sodium-chloride and potassium-chloride mixtures at a
NaCl(100) surface. The presence of a third component was found to shift the nuc-
leation point of the binary components in agreement with experiments of aqueous
solutions of potassium-chloride near a sodium chloride substrate [173].

For a recent review of the properties of graphite, the reader is referred to Boehm
[26]. A review on hydrophobic effects and modeling of biophysical aqueous solu-
tion interfaces is given by Pratt and Pohorille [206].

5.2 MD simulations of water droplets in carbon nanotubes

5.2.1 Initial configurations and simulation parameters

In this Section, the flexible SPC water model [248] is used and the carbon–water
interaction consists of a LJ term between the carbon and oxygen atoms with the
parameters εCO = 0.3135 kJ mol−1 and σCO = 3.19 Å from Bojan and Steele [28]
(details are given in Section 3.3). All non-bonded interactions are smoothly trun-
cated [157] at a cutoff distance rc of 10 Å. The electrostatic energy term between
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Figure 5.1: Molecular dynamics simulation of the contact angle of water droplets
inside a single walled (32,0) CNT [287]. Half of the CNT and of the water are
displayed. The molecular structure (left) and the time averaged isochore profiles
(right) indicate a non-wetting behavior of the 5 nm diameter water droplet.

the carbon atom quadrupole moments and the water partial charges is not included
in this work.

Water droplets in CNTs of diameters of 25.0 Å, 50.0 Å, and 75.0 Å, respectively
(subsequently denoted as cases A, B, and C) are considered. Twelve layers of
randomly oriented water molecules form the initially flat drops. The spacing of
the water molecules on a cubic lattice is chosen such that the initial water density
amounts to 1 g cm−3.

The cases B0, B0
+, and B0

− have identical initial configurations as case B, but
the zero superscript signifies that the CNT is “rigid”, i.e., that the position of the
carbon atoms is fixed during the simulation. In case B0, the reference value of
ε0CO = 0.3135 kJ mol−1 is used while this value is increased by 20% for case B0

+

and lowered by 20% for case B0
− (σCO is 3.19 Å in all cases).

The cases G1, G2, and G0
2 involve a slab of water covering a planar graphite sheet

where the zero superscript again denotes “rigid” graphite atoms and the subscript
encodes the number of graphite layers. The size of the computational domain
is 39 × 39 × 100 Å and periodic boundary conditions are imposed in all spatial
directions. The water slab is initially 10 molecules thick. The overall simulation
length is 200 ps for the cases A, B, and C and 100 ps for the cases B0, B0

+, B0
−, G1,

G2, and G0
2. A summary of these systems is given in Table 5.1 and a snapshot of a

droplet inside a CNT in Fig. 5.1.
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Table 5.1: Overview of the CNT–water systems. All systems are periodic in the direction
of the CNT axis. The length of the CNTs is 138.9 Å and their chirality corresponds to the
zig-zag type. D denotes the diameter of the CNT, NH2O is the number of water molecules
and NC is the number of carbon atoms in one periodic image of the system. Flexible and
rigid refer to the force field description of the CNT. The LJ parameter εCO determines the
interaction strength between the water and the graphite. The cases B0

+ and B0
−

have a 20 %
larger and lower value for εCO, respectively, than the reference value. Case Gi refers to
the simulation of the planar graphite–water system and i indicates the number of graphite
layers.

Case Chirality D (Å) NH2O NC type εCO(kJ mol−1)
A (32, 0) 25.0 360 4224 flexible 0.3135
B (64, 0) 50.0 1872 8448 flexible 0.3135
B0 (64, 0) 50.0 1872 8448 rigid 0.3135
B0

+ (64, 0) 50.0 1872 8448 rigid 0.3762
B0
− (64, 0) 50.0 1872 8448 rigid 0.2508

C (96, 0) 75.0 4632 12672 flexible 0.3135
G1 graphite 1L ∞ 1210 576 flexible 0.3135
G2 graphite 2L ∞ 1210 1152 flexible 0.3135
G0

2 graphite 2L ∞ 1210 1152 rigid 0.3135

5.2.2 Water density and hydrogen bond distribution profiles

The details of how density and HB distribution profiles are obtained are given in
the Appendix A.2. The water radial density profiles for the three different diameter
CNTs are shown in Fig. 5.2a and Fig. 5.2b. Note that the r-axis corresponds to the
distance from the CNT wall toward the center of the tube. The CNTs are modeled
by a force field that accurately reflects their mechanical behavior, e.g., it is able to
reproduce the correct vibrational modes of the CNT as reported in [282]. Thus, the
CNT does not retain the initial cylindrical shape which is assumed for the standard
circumferential averaging. This leads to a smearing of the radial density peaks
since the binning, as applied to a CNT with an ellipsoidal cross section, spreads
the near wall water molecules over more bins than it would for a CNT with a cir-
cular cross section. Thus, a standard sampling technique results in density profiles
with an apparent reduction of the density peaks for the large diameter CNTs and a
shift of position of the peaks toward the center of the CNTs (Fig. 5.2a). A straight-
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de
ns

it
y

[g
/c

m
3
]

10.0 7.50 5.00 2.50 0.00
0.0

0.5

1.0

1.5

2.0

PSfrag replacements
a)

R− r [Å]
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Figure 5.2: Radial density and HB profiles of a water drop inside a CNT. All
profiles are measured at the center of the drop, for CNT radii R of 12.5 (· · · ), 25.0
(—), and 37.5 Å (-·-). In Figs. (a) and (c), a standard sampling technique is applied
(case A, B, and C), while in (b) and (c) a conditional binning is used, cf. text.
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forward way to circumvent this problem is to use a conditional binning, where a
sample is accepted when the standard deviation of the carbon atom positions from
the cylindrical shape is less than 0.4 Å. This threshold was determined by inspec-
tion of the evolution of the CNT cross sections in time. Using the conditional
binning, 88.8% of the samples for case B and 26.3% of the samples for case C
are accepted. The cases where a conditional binning is applied are marked with a
prime. The comparatively small CNT in case A is not affected by the conditional
binning, since it fulfills the regularity criterion for every sample. As illustrated in
Fig. 5.2b, the lowering and shifting of the peaks is largely reduced. The remaining
differences are attributed to curvature effects, i.e., a water molecule in a small dia-
meter CNT is subject to an increased influence from the wall, and to a reduction
of the intermolecular water interaction.

The number of HBs in the central part of the drop amounts to the bulk water
value of ≈ 3.7, independent of whether a conditional or regular binning is used.
The number of HBs decreases more slowly near the wall for the larger-diameter
CNTs, reflecting the fact that water molecules have fewer neighbors close to a
strongly curved wall. A molecule in the outermost water layer forms on average
approximately 2.6 HBs.

To study the role of the water–carbon interaction, three additional cases (B0, B0
+,

and B0
−) were considered for systems with rigid walls. The LJ carbon–oxygen well

depth was increased or reduced by 20% from the reference value, corresponding
to εCO = 0.3135 kJ mol−1, ε+CO = 0.3762 kJ mol−1, ε−CO = 0.2508 kJ mol−1 for
the cases B0, B0

+, and B0
−, respectively. In Fig. 5.3, the density and HB profiles

of the rigid cases B0, B0
+, and B0

− are compared. The differences induced by the
variation of the interaction strength manifest themselves in the peak height and also
in the value of the contact angle, as will be seen later. The higher the value of the
parameter εCO, i.e., the stronger the water–carbon interaction, the higher the peak.
The HB number and distribution are only slightly affected by the difference in the
interaction strength, indicating that these properties are governed by confinement
effects.

The cases with the water slab on graphite (G1, G2 and G0
2) are the limiting case

of a CNT-water system where the CNT has an infinite radius. In that sense, the
double-layer graphite cases might be perceived as models for MWCNTs. The
double layer cases G2 and G0

2 exhibit higher peaks in the radial density functions
than the single layer case G1, cf. Fig. 5.3b, due to the increased van der Waals
attraction between the water and the graphite.
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Figure 5.3: Radial density and HB profiles for a water drop inside a CNT (a, c)
and for a water layer on graphite (b, d). The profiles in (a) and (c) are from the
cases B0 (· · · ), B0

+ (—), and B0
− (−−) which differ only in the water–CNT LJ

interaction strength: The reference value of εCO = 0.3135 kJ mol−1 for case B0

is increased by 20% in case B0
+ and lowered by 20% in case B0

−. Figures (b) and
(d) contain analogous plots for the graphite cases which include a single flexible
layer G1 (−−), a double flexible layer G2 (· · · ), and a double rigid layer G0

2 (—).
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z
[Å
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Figure 5.4: Determination of the contact angle. a) Isochore line plot for case B
at the levels 0.2, 0.4, 0.6, 0.8, and 1.0 g cm−3 , respectively. b) Plot of the iso-
chore lines 0.6 and 0.7 g cm−3 for the cases A, B, and C. The least squares fit
of the 0.65 g cm−3 isochore line is super-posed. For the fit, only the part of the
isochore lines that lies outside the CNT-water interface is considered (indicated by
the vertical lines).

5.2.3 Contact angle of water inside carbon nanotubes

The 0.6 and 0.7 g cm−3 isochore lines for the cases A, B and C are shown in
Fig. 5.4b with the circular curves superimposed that fit the 0.65 g cm−3 isochore.
An inspection of the isochores in Fig. 5.4 reveals that a variation of the size of the
exclusion zone in a range from 5 to 10 Å does not affect the value of the contact
angle significantly. As an example, the complete water isochore contours for the
levels 0.2, 0.4, 0.6, 0.8, and 1.0 g cm−3 of case B are shown in Fig. 5.4a. The val-
ues obtained for the contact angle are given in Table 5.2 along with the maximum
standard deviation of the least squares fits.

The results show that none of the water droplets wets the CNT and that the
smallest contact angle, 103◦, is found for the smallest-diameter tube considered
(case A). This angle is in reasonable agreement with the macroscopic value meas-
ured for water on graphite (a value of 80–90◦ is reported in [2]), but it qualitatively
contradicts to the experimental observations of Gogotsi et al. [96] and Dujardin
et al. [72]. The experimental results might however comprise contaminations of
the surface or impurities in the water.
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Table 5.2: Computed contact angles of water in CNTs of different diameters: 25 Å (case A),
50 Å (case B) and 75 Å (case C). Cases B’ and C’ denote the results obtained using the
conditional binning. Cases B0, B0

+, and B0
−

involve fixed CNTs with the reference (cases B0)
and perturbed (cases B0

+ and B0
−

) LJ parameters. The contact angles are obtained by fitting
a sphere through isochore surfaces of the water meniscus. The conditional binning has a
negligible influence on the contact angle for case A, it reduces the number of samples for B
and C to 89% and 26%, respectively. The errors are the maximum errors (for each row) as
computed from the standard deviation of the fit.

Case Isochore [g cm−3] error
0.45 0.55 0.65 0.75

A 103.0◦ 103.0◦ 100.9◦ 106.2◦ ±4.8◦

B 104.4◦ 105.2◦ 106.4◦ 107.6◦ ±0.9◦

B’ 104.3◦ 104.9◦ 105.8◦ 107.0◦ ±0.6◦

B0 105.3◦ 107.2◦ 109.9◦ 115.4◦ ±1.1◦

B0
+ 102.6◦ 103.8◦ 105.0◦ 107.7◦ ±1.5◦

B0
− 125.3◦ 129.2◦ 132.2◦ 136.4◦ ±2.6◦

C 105.3◦ 106.1◦ 107.2◦ 109.1◦ ±0.3◦

C’ 104.4◦ 105.3◦ 106.2◦ 107.9◦ ±0.4◦
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A more detailed study of the cases A-B’-C’ reveals that the value of the con-
tact angle has a slight tendency to increase with diameter, but the differences are
negligible compared to the estimated errors. Also, the conditional binning does
not seem to influence the value of the contact angle significantly, the largest dif-
ference between case B and its conditionally binned counterpart B’ being 0.6◦.
The difference between C and C’ is larger, namely 1.2◦, which is explained by the
high rejection rate of samples in case C’. The contact angle for the conditionally
binned cases B’ and C’ are consistently smaller than the ones found for B and C.
Together with the observation that the density peaks are larger for the double layer
graphite case G2 than for the single layer graphite case G1, one would expect that
the contact angle is likely to be smaller for MWCNTs than for the corresponding
SWCNTs. Also interesting is the comparison between the averaged values of the
contact angle for the cases B0

+, B0 and B0
− which are 104.8◦, 109.5◦, and 130.8◦,

respectively (averaged over all considered isochores). Even for the case B0
+ with

an increased interaction strength, wetting is not observed. The fact that a change
in the parameter εCO of±20% leads to a consistent change in the contact angle sug-
gests that the CNT-water system could be used as a model system for comparison
with experiments.

5.3 Calibration of the water–graphite potential using contact
angles of droplets on graphite

MD simulations of water droplets on graphite are conducted using a series of dif-
ferent interaction potentials. The computed contact angle of these droplets varies
linearly with the well-depth parameter of the pairwise oxygen-carbon LJ potential.
Thus, the latter is chosen such that the MD simulations match the experimental
contact angle value of 86◦ [88]. In this calibration, one has to account for the ef-
fect of the line tension on the contact angle, which is significant for the nanometer-
size droplets in the MD simulations but negligible for the macroscopic droplets in
experiments. The structure of a water droplet on graphite is described as it is ob-
tained from an MD simulation using the calibrated potential. In particular, mass
density and hydrogen bond distribution profiles are given.

5.3.1 Initial configurations and simulation parameters

The reference water model in this study is the rigid extended Simple Point Charge
potential SPC/E [20]. In all but one of the simulations, the graphite atoms are
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fixed at their respective initial positions and represent an inert and rigid wall, cf.
Ref. [191]. The exception is the validation case 4 where the carbon atoms interact
via a Morse bond potential, a harmonic angle potential, a torsion potential, and
a carbon–carbon LJ interaction, as described in Section 3.3.2. It will be shown
that fixing the carbon atoms does not affect the contact angle of the droplets, but it
reduces the computational expense significantly.

The graphite consists of two staggered sheets with an inter-layer distance of
3.4 Å. The horizontal extent is 119 × 118 Å or 200 × 200 Å, depending on the
droplet size in order to effectively remove the periodic images of the droplets. Ad-
ditional sheets of graphite were omitted since they are found to have a negligible
influence on the water, in particular for the employed cutoff radius of 10 Å (see
also Section 5.3.6). For most of the simulations considered in the present work, the
water–carbon interaction is solely based on a carbon–oxygen LJ potential with σCO

fixed at 3.19 Å while εCO is systematically varied in the range of 0.1881 kJ mol−1

to 0.6270 kJ mol−1. In additional simulations, the cutoff distance is varied, poten-
tials recently used in the literature are tested, different σCO values are used, and a
different water model is considered. A summary of all simulation cases is com-
piled in Table 5.3.

All simulations are carried out for 1 ns with an integration time step of 2 fs and a
cutoff radius of 10 Å for all potentials The only exceptions are the case 2, where a
cutoff of 25 Å is applied to the electrostatic potential, and the cases D1–D6 where
the carbon–oxygen LJ cutoff is varied. In the first half of the 200 ps equilibration
time, the system is coupled to a Berendsen thermostat at a temperature of 300 K
and with a coupling constant of 0.1 ps, whereas in the second half of the equilib-
ration and for the sampling a constant energy simulation is performed. The water
temperature remains stable during the production runs, e.g., for case 10, it has an
average of 299.9 K and a standard deviation of 5.0 K. The water molecules are ini-
tially placed on a regular lattice, cf. the illustration of an initial and an equilibrated
configuration in Fig. 5.5. Samples of the trajectory are stored every 0.2 ps.

5.3.2 Validation of simulation length and potential truncation

Three validation studies (cases 2–4 in Table 5.3) are conducted to assess the influ-
ence of the initial and boundary conditions, and of the adjustable parameters of the
computational model on the observed contact angle. For this, the first simulation
(case 1) serves as a reference case with a 2000 water molecule droplet and with
LJ interaction parameters of εCO = 0.3135kJ mol−1 and σCO = 3.19 Å. The value
of the contact angle is found to be 111.3◦ for the reference case 1. The sensitiv-
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Table 5.3: Simulations of water droplets on graphite. The water–carbon interaction is
modeled through LJ potentials with parameters εCO (kJ mol

−1), σCO (Å), εCH (kJmol
−1),

and σCH (Å), and with a cutoff rLJ
c (Å). The binding energy of a single water molecule on

a double layer of graphite is denoted by ∆E (kJmol
−1). NH2O is the number of water

molecules in the droplets and rB and θ are the droplet base radius and the contact angle as
obtained from the MD simulations.

case σCO εCO σCH εCH rLJ
c NH2O ∆E rB θ

1 3.190 0.3135 – – 10.0 2000 -5.07 25.3 111.3◦

2a 3.190 0.3135 – – 10.0 2000 -5.07 25.7 110.0◦

3b 3.190 0.3135 – – 10.0 2000 – 25.3 111.2◦

4c 3.190 0.3135 – – 10.0 2000 -5.07 24.3 114.5◦

5 3.190 0.3135 – – 10.0 1000 -5.07 17.7 115.5◦

6 3.190 0.3135 – – 10.0 4000 -5.07 32.5 109.2◦

7 3.190 0.3135 – – 10.0 8379 -5.07 41.8 108.8◦

8 3.190 0.3135 – – 10.0 17576 -5.07 54.0 107.7◦

9 3.190 0.4389 – – 10.0 1000 -7.09 24.2 85.9◦

10 3.190 0.4389 – – 10.0 2000 -7.09 32.8 85.5◦

11 3.190 0.4389 – – 10.0 4000 -7.09 42.2 82.6◦

12 3.190 0.4389 – – 10.0 8379 -7.09 54.4 81.1◦

13 3.190 0.1881 – – 10.0 1000 -3.04 10.9 143.3◦

14 3.190 0.1881 – – 10.0 2000 -3.04 16.4 138.8◦

15 3.190 0.1881 – – 10.0 4000 -3.04 19.5 141.3◦

16 3.190 0.1881 – – 10.0 8379 -3.04 26.9 138.1◦

17 3.190 0.2508 – – 10.0 2000 -4.05 20.1 127.8◦

18 3.190 0.3762 – – 10.0 2000 -6.08 28.2 101.2◦

19 3.190 0.5016 – – 10.0 2000 -8.11 37.4 69.9◦

20 3.190 0.5643 – – 10.0 2000 -9.12 44.6 50.7◦

21 3.190 0.6270 – – 10.0 2000 -10.13 58.0 29.4◦

22 3.190 0.3910 2.82 0.253 10.0 2000 -12.18 – 0.0◦

23 3.280 0.3890 2.81 0.129 10.0 2000 -9.70 42.4 55.9◦

24 3.275 0.4785 – – 10.0 2000 -8.12 39.4 65.4◦

25 3.296 0.5781 2.58 0.323 10.0 2000 -16.54 – 0.0◦

26d 3.275 0.4785 – – 10.0 2000 -8.12 46.7 48.0◦

27 3.296 0.4389 – – 10.0 2000 -7.53 35.6 76.8◦

28 3.190 0.3920 – – 10.0 2000 -6.33 30.1 95.3◦

D1 3.190 0.3651 – – 10.0 2000 -5.89 27.5 103.6
D2 3.190 0.3651 – – 12.5 2000 -5.99 29.9 95.4
D3 3.190 0.3651 – – 15.0 2000 -6.04 30.6 94.7
D4 3.190 0.3651 – – 17.5 2000 -6.05 31.1 91.3
D5 3.190 0.3651 – – 20.0 2000 -6.06 30.6 92.4
D6 3.190 0.4389 – – 20.0 2000 -7.29 38.2 68.2
D7 3.2984 0.5346 – – 10.0 2000 -9.17 46.1 47.7
D8 3.190 0.2508 2.81 0.129 10.0 2000 -7.08 93.6
D9 3.190 0.3135 2.82 0.202 10.0 2000 -9.88 57.6

acase 1 with a cutoff radius of 25 Å for the electrostatics
bcase 1 with flexible graphite
ccase 1 with different initial condition
dcase 24 with TIP3P water model
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Figure 5.5: Close-ups of a side and top view of an initial and equilibrated (t =
0.2 ns) water droplet on graphite (case 28 in Table 5.3).
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Figure 5.6: Total carbon–oxygen LJ interaction energy for the cases 1 (—) and 4
(· · · ) which only differ in the initial arrangement of the water molecules. The mean
values of the energies, measured for t > 0.2 ns, are -884.1 and -861.0 kJ mol−1

for the cases 1 and 4, respectively.

ity of the contact angle is investigated with regard to the following modifications.
First, the cutoff radius for the electrostatic interaction is increased from 10 to 25 Å
in case 2 which leads to a slightly decreased contact angle of 110.0◦. Next, the
flexible graphite interaction potential is employed (case 3) instead of modeling
graphite as a rigid wall. The resulting change in the contact angle is only 0.1◦ and
therefore negligible. Finally, a different initial geometry is used with the water
molecules arranged on a 10 × 10 × 20 (case 4) instead of a 20 × 20 × 5 lattice,
leading to a contact angle of 114.5◦. The equilibration of the carbon–oxygen LJ
energy of the latter two cases is shown in Fig. 5.6. The mean values of the en-
ergies, measured for t > 200 ps, are -884.1 and -861.0 kJ mol−1 for the cases 1
and 4, respectively, which is consistent with the difference in the observed contact
angle. The low-frequency oscillations present in the time history of the carbon–
oxygen energy, cf. Fig. 5.6, are ascribed to capillary waves at the surface of the
drop [205]. The contact angles of the three validation runs lie within ±3◦ of the
reference run 1 which is acceptable in the present work and justifies the choice
of a 10 Å cutoff and the rigid graphite. We shall see that the variations in the LJ
interaction parameters considered here have a much stronger impact on the contact
angle.
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5.3.3 Dependence of the contact angle on the droplet size

The macroscopic contact angle θ∞ is related to the microscopic contact angle θ
through the modified Young’s equation [216]. It relates the surface tensions γ of
the relevant phases (subscripts S, L, and V for solid, liquid, and vapor phase,
respectively) and the line tension τ with the contact angle θ and the droplet base
radius rB , see Fig. A.10, as

γSV = γSL + γLV · cos θ +
τ

rB
. (5.1)

Young’s equation is recovered for macroscopic droplets, i.e., for 1/rB → 0. In that
case, the macroscopic contact angle θ∞ is defined as cos θ∞ = (γSV −γSL)/γLV ,
and (5.1) can be rewritten as

cos θ = cos θ∞ −
τ

γLV

1

rB
, (5.2)

where the cosine of the microscopic contact angle is linearly related to the droplet
base curvature 1/rB . Thus, a straightforward method to measure the line tension
τ from MD simulations is to plot the contact angle θ as a function of the contact
line curvature 1/rB for droplets of different size. The line tension corresponds to
the slope in such a plot.

The effect of a positive line tension is to contract the droplet base radius rB and
to increase the contact angle while a negative τ enhances wetting. However, as τ
is believed to be in the order of 10−10 J/m [185], the line tension is only expected
to be significant for droplets with diameters below 10 nm — a length scale where
quantitative measurements are difficult to carry out. The requirements for a pre-
cise experimental determination of τ include an accurate contact angle measuring
technique and the use of a highly purified liquid on an atomically smooth surface.
These requirements are perfectly matched in MD simulations, as is the necessary
length scale.

Here, three series of simulations are considered. Within each series, the carbon–
water interaction parameters are identical, but the drop sizes vary. In the first series,
an interaction potential with εCO = 0.3135kJ mol−1 and σCO = 3.19 Å is applied
to droplets with respective sizes of 1000, 2000, 4000, 8379, and 17576 water mo-
lecules (cases 5, 1, and 6–8). For comparison: Free-standing spherical droplets
with the same number of waters have respective radii of 19.3, 24.3, 30.6, 39.1,
and 50.1 Å when assuming a uniform density of 0.997 g cm−3. For the second
series, the interaction parameter εCO is increased by 40% (εCO = 0.4389kJ mol−1)
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for droplets of 1000, 2000, 4000, and 8379 water molecules (cases 9–12). Fi-
nally, in the third series, a weaker interaction with εCO decreased by 40% (εCO =
0.1881kJ mol−1) is used to simulate similar size droplets (cases 13–16).

In Fig. 5.7, the cosine of the contact angle θ is plotted as function of the curvature
of the droplet base radius 1/rB for all the simulations. Included in Fig. 5.7 are lin-
ear fits to each series of data points (dashed lines). Extending these linear fits to the
limit of infinitely large droplets (1/rB → 0) results in macroscopic contact angles
(θ∞) of 135.5◦, 103.7◦, and 77.6◦, for the weak, the standard, and the stronger
interaction potential, respectively. We note, cf. Table 5.3, that these extrapolated
(macroscopic) contact angles differ from the (microscopic) ones obtained for the
simulated droplets. In fact, the differences between the macroscopic contact angle
and the contact angle for the 2000 water molecule droplet were−3.3◦,−7.6◦, and
−7.9◦ (cases 14, 1, and 10), indicating a slight contraction of the droplet base, and
thus a positive line tension. The magnitude of the line tension can be estimated
from the slopes of the fits in Fig. 5.7, cf. Eqn. (5.2), which are−0.94 nm (case 14),
−3.33 nm (case 1), and −3.72 nm (case 10), respectively. For a surface tension
of water of γLV = 72 mN/m, the line tension τ is found to be 0.7 · 10−10 J/m
(case 14), 2.4 · 10−10 J/m (case 1), and 2.7 · 10−10 J/m (case 10). These values
are on the same order of magnitude as the ones measured for hexaethylene glycol
droplets on silicon in a recent AFM study by Mugele et al. [185]. They imaged
droplets of different sizes (0.38 to 8 µm) and deduced an upper limit for the con-
tact line tension of 10−10 J/m. In the calibration of the water–carbon potential
presented in the next Section, the line tension is taken into account by adjusting
the target value from 86◦ [88], i.e., from the macroscopically observed one, to its
microscopic, rounded, counterpart of 94◦(assuming τ = 2.4 · 10−10 J/m). Simil-
arly, the target value of 42◦ [224] is shifted to 50◦, assuming that the effect of the
line tension is the same for this case.

5.3.4 Dependence of the contact angle on the interaction potential

The water–graphite interactions considered consist of a C–O LJ potential for
which the parameter εCO is systematically increased from a value of 0.1881 to
0.6270 kJ mol−1 in increments of 0.0627 kJ mol−1. First, the binding energy ∆E
of a water monomer on graphite is computed for these potentials using a covari-
ance adaptation matrix minimization technique [111]. The initial position of the
water molecules is chosen at random and during the energy minimization no con-
straints are applied on the position or orientation of the water molecule. For the
cases without a C–H potential, the minimal energy conformation corresponds to
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12), and 17576 (case 8).

having the oxygen atom centered above a hexagon. The cases including a C–H
term have the oxygen slightly off the hexagon center (< 0.2 Å), and the hydrogens
pointing down. The resulting energies of the oxygen atoms above the graphite
surface are included in Table 5.3.

The single molecule binding energy ∆E is a sufficient measure of the attraction
of a water droplet to a graphitic substrate, provided it is proportional to the total
carbon–water energy. This is the case as can be seen in Fig. 5.8, where the LJ
parameter εCO is plotted against the total carbon–oxygen LJ energy per unit area of
the droplet ECO for the cases 14, 17, 1, 18, 10, 19, 20, and 21 of Table 5.3. It is
found that εCO is linearly related to ECO. The only significant discrepancy from the
linear relation is case 21, where the large footprint of the droplet (due to its contact
angle of 29.4◦) and the small number of water molecules (2000) do not allow the
interior of the droplet to reach bulk properties. Thus, in the following comparisons,
each water-graphite potential is solely characterized through the binding energy
∆E.

The contact angle of a water droplet decreases, as expected, with increasing
water binding energies ∆E, cf. Fig. 5.9. In order of increasing εCO, the simulations
resulted in contact angles of 138.8◦, 127.8◦, 111.3◦, 101.2◦, 85.5◦, 69.9◦, 50.7◦,
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Figure 5.8: Relation between the LJ parameter εCO and the total water–carbon in-
teraction energy per unit area of the droplet footprint. The interaction potentials
for the different case numbers are detailed in Table 5.3. The dashed line is a linear
fit to the data points excluding the case 21.

and 29.4◦, respectively (cases 14, 17, 1, 18, 10, 19, 20, and 21). The transition
from (θ > 90◦) to (θ < 90◦) occurs for an εCO in the range between 0.3762 to
0.4389 kJ mol−1. Complementary simulations were performed using the water–
carbon interaction potentials from the literature listed in Table 3.3. Note that the
rigid SPC/E water model was used in all our simulations, independently of the
choice of water model in the original studies.

The first potential in Table 3.3 includes a carbon–oxygen interaction with εCO =
0.389kJ mol−1 and a carbon–hydrogen LJ potential with εCH = 0.129kJ mol−1

(case 23) [98]. For this case, the contact angle is found to be 55.9◦. The second
potential (case 24) [128] has a stronger carbon–oxygen interaction with εCO =
0.4785kJ mol−1, but the absence of a carbon–hydrogen interaction results in a
larger contact angle of 65.4◦. The strongest interaction considered is the potential
used in Ref. [193] (case 25), where the droplet interacts with the graphite through
LJ potentials with εCO = 0.5781 and εCH = 0.323kJ mol−1. This simulation
results in a monolayer of water and thus a contact angle of 0◦. Finally, for the
fourth potential with εCO = 0.3910 and εCH = 0.253kJ mol−1 (case 22) [170],
the initial configuration relaxed to two adsorbed layers of water, which essentially
corresponds to a vanishing contact angle. Note that for simplicity, but in contrast to
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Figure 5.9: Contact angle θ of water droplets on graphite as a function of the
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the original work in Ref. [170], no electrostatic interactions were included between
the water and the carbon for case 22. In view that the contact angle vanished
without this contribution, this approximation is justifiable.

The dashed line in Fig. 5.9 is a linear fit to all data points with non-zero contact
angle, i.e., excluding the cases 22 and 25, of the form

θ = 185.8◦ + ∆E · 14.5◦(kJ mol−1)−1, (5.3)

and intersects the θ = 0◦ line at a binding energy of ∆Ec = −12.82kJ mol−1.
According to the linear relation suggested in Fig. 5.9, any binding energy below
the critical value ∆Ec will result in a complete wetting of the graphite surface. In
fact, case 22 with a binding energy ∆E = −12.18 kJ mol−1 (not included in the
fit) stabilized in a 2-3 molecule thick water layer, i.e., just before complete wetting,
which is in excellent agreement with the prediction of ∆Ec = −12.82kJ mol−1.
An extrapolation of the fit to a vanishing interaction energy (∆E = 0) between the
water and the graphite leads to a contact angle of 185.8◦, which is reasonably close
to the limiting value of 180.0◦. The only case that includes a carbon–hydrogen LJ
term and has a non-vanishing contact angle (case 23) is slightly off the linear fit
in Fig. 5.9. This can be explained by observing that the average orientation of
the water molecules close to the water–graphite interface is not the optimal one
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that is used to calculate the monomer binding energy. Above the threshold of
∆Ec = −12.82 kJ mol−1, one can, for a given carbon–water interaction potential,
predict the equilibrium contact angle if the binding energy of a water monomer on
graphite is known. Inversely, one can choose to match a prescribed contact angle
by adjusting the water monomer binding energy (∆E) according to Eqn. (5.3). For
the first target contact angle value of 94◦, cf. Section 5.3.3, this binding energy
amounts to −6.33kJ mol−1 and for a target value of 50◦ (corresponding to the
measurement by Schrader [224]), it amounts to −9.37kJ mol−1.

The final step in the calibration is to determine the parameters that yield the
desired monomer binding energy. For the present study, a simple carbon–oxygen
LJ potential is employed with the characteristic length σCO fixed at 3.19 Å. In
Fig. 5.10, the parameter εCO is plotted as a function of ∆E for the potential para-
meters used in the simulations 1, 10, 14, and 17–21, respectively. The dashed line
in Fig. 5.10 is a fit to the data points and has the form

εCO = −0.0619∆E. (5.4)

Thus, to obtain a binding energy of -6.33 kJ mol−1 an εCO of 0.392 kJ mol−1 is
required, i.e., a 25% larger value than in the potential used in earlier simulations
by Werder et al. and Walther et al. [287, 282]. This increase may be interpreted
as an average contribution from the induced electrostatic interactions between that
water and the graphite or the C–H interactions that are not treated explicitly in
the present approach. But it is also conceivable that the increase reflects a flaw
in the transferability of molecular oxygen adsorption measurements to water. A
detailed analysis of a simulation where this new potential is applied to a 2000 water
molecule droplet on graphite (case 28) is discussed in Section 5.3.7. For the second
target value of 50◦, the relation (5.4) suggests to use an εCO of 0.5797 kJ mol−1

which is in good agreement with case 20, where the choice εCO = 0.5643kJ mol−1

lead to a contact angle of 50.7◦.
In the following, we discuss the implications on the relations (5.3) and (5.4)

of having used the SPC/E water model and having fixed σCO = 3.19 Å for all
the cases. Different water models do not produce the same bulk water energy,
which is, for a constant water–carbon interaction, equivalent to shifting the energy
balance between the water–carbon and water–water interactions. The bulk water
energies reported in the literature are listed in Table 3.3. However, since the SPC/E
water model possesses the lowest energy of these models, the contact angle values
reported here constitute upper bounds to those which one would obtain for water
models with weaker water–water interactions. As an example, the contact angle
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Figure 5.10: Relation between the LJ parameter εCO and the water monomer bind-
ing energy ∆E on graphite. The interaction potentials for the different case num-
bers are detailed in Table 5.3. The dashed line is a linear fit to all data points.

for the case 24 drops from 65.4◦ to 48.0◦ if the SPC/E water model is replaced by
TIP3P (case 26).

There is also limited data in Table 5.3 that illustrates the effect of changing σCO. It
can be seen that increasing σCO by 0.1 Å decreases θ by 5◦– 10◦ (compare cases 10
and 27). For this larger value of σCO, we estimate that a value of 0.375 kJ mol−1 for
εCO should be used to obtain the target contact angle of≈ 95◦. This choice of para-
meters yields a water binding energy of -6.62 kJ mol−1, which is 0.5 kJ mol−1

greater than case 18 in Table 5.3 (with σCO = 3.19 Å and εCO = 0.3762 kJ mol−1)
that has θ = 101.2◦ and ∆E = −6.08 kJ mol−1. The parameters used by
Koga [147] as given in Table 3.3 (σCO = 3.262 Å and εCO = 0.3876kJ mol−1)
are close to our estimate and yield a value of -6.53 kJ mol−1 for ∆E.

Finally, an additional MD run (case D7 in Table 5.3) illustrates the result of using
the standard mixing rules (Eqn. (3.14)) to obtain the LJ parameters. The original
potential for CNTs and graphite used σCC = 3.4309 Å and εCC = 0.4396kJ mol−1.
Combining these with the SPC/E O–O LJ parameters (σOO = 3.166 Å and εOO =
0.6502kJ mol−1) yields σCO = 3.2984 Å and εCO = 0.5346kJ mol−1. These
parameters result in a water binding energy of -9.17 kJ mol−1 and a contact angle
of 47.7◦, which is considerably smaller than the recommended value of θ = 95.3◦

(case 28).
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5.3.5 Inclusion of a carbon hydrogen interaction

The effect of including a C–H LJ term in the potential is not obvious. For a given
εCO value, adding εCH increases the water–graphite binding and decreases the con-
tact angle. However, the resulting contact angle is approximately 10◦ larger than if
the same ∆E were achieved by increasing εCO (compare cases D8 and 10 or D9 and
21 in Table 5.3). Clearly, adding the C–H LJ term does not lower θ to the same ex-
tent that it increases the binding energy. For this model potential, the optimal water
orientation has both OH bonds pointing toward the surface. In a droplet, however,
the bottom layer of water molecules have at least one OH bond oriented paral-
lel to the surface so it can form a HB with other water molecules [282], thereby
reducing the effective water–graphite binding energy. MD simulations using a dis-
crete water–graphite potential with the C–H LJ parameters of Gordillo et al. [98]
(σCH = 2.81 Å and εCH = 0.129kJ mol−1) will match the target contact angle for
εCO = 0.2508kJ mol−1, which is 34% smaller than the value recommended in
Section 5.3.4. Thus, when C–H LJ terms contribute to the water–graphite inter-
action energy, those C–H terms contribute about 1/3 of the total water–graphite
binding energy.

5.3.6 Truncation of the Lennard-Jones potential

Additional MD runs are conducted to study the effect of the cutoff of the LJ po-
tential on the contact angle. The data for cases D1–D5 in Table 5.3 illustrate the
effect of varying the LJ cutoff on the base radius, contact angle, average total C–
O interaction energy, and single water binding energy. For a cutoff distance of
10 Å, the contact angle θ is 103.6◦, but it drops to 92.4◦ for a cutoff distance of
20 Å. The drop radius (rB) and total C–O interaction energy are also quite sensit-
ive to the cutoff distance, but the water monomer binding energy and the quantity
ECO/r2

B are not. From Table 5.3 it can be seen that most of the changes in these
quantities occur when the cutoff is changed from 10 to 12.5 Å. For the purposes
of carrying out simulations of carbon surfaces in contact with bulk water layers
using the LJ C–O potential, the choice of cutoff distance affects the choice of εCO

that should be used. The value of εCO = 0.392kJ mol−1 was determined for a
cutoff of 10 Å. Using the data in Table 5.3 for εCO = 0.3651kJ mol−1 (case D5)
and 0.4389 kJ mol−1 (case D6), we find, by extrapolation, εCO = 0.357kJ mol−1

to be the optimum value for a 20 Å cutoff distance. This potential has a water
binding energy ∆E = −5.93 kJ mol−1, thus 0.4 kJ mol−1 smaller than the value
determined for the 10 Å cutoff.
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5.3.7 Water density and hydrogen bond distribution profiles

In this Section, water density and hydrogen bond distribution profiles are presen-
ted for the water–carbon interaction parameters εCO = 0.392kJ mol−1 and σCO =
3.19 Å (case 28 in Table 5.3). It was predicted, cf. Section 5.3.4, that these para-
meters lead to a microscopic contact angle of 94◦ for a 2000 water molecule
droplet (rigid SPC/E water) on a double layer of graphite. The simulation res-
ults in a contact angle of 95.3◦, which is in good agreement with the expected
value. The average water density profile is shown in Fig. 5.11 in the form of a con-
tour plot with isochores at levels of 0.2, 0.4, 0.6, 0.8, and 1.0 g cm−3, respectively.
Note that the layered structure of the liquid close to the wall (0 < z < 8 Å) is
neglected in the contact angle measurement. A density profile along the centerline
of the droplet in Fig. 5.11 is depicted in Fig. 5.12. In order to resolve this profile,
the bin size in the z direction was refined to 0.125 Å. Close to the graphite surface,
two pronounced density peaks can be identified at distances of 3.2 and 6.2 Å with
peak heights1 of 2.74 and 1.30 g cm−3, respectively. The density profile from the
bulk water region across the liquid-vapor interface (z > 10 Å) fits the hyperbolic
tangent functional form of

ρ(r) =
1

2
(ρl + ρg)−

1

2
(ρl − ρg)

(

1− tanh

(

2(r − re)

d

))

, (5.5)

where the vapor density is denoted ρg (here set to zero), ρl is the density of the bulk
liquid, re the location and d a measure for the width of the liquid-vapor interface.
A fit of Eqn. (5.5) to the profile obtained for case 28, cf. Fig. 5.12, yields d =
4.3 Å and a bulk liquid density of ρl = 0.999 g cm−3. The interface thickness
is here defined as being the width of the region where the water density drops
from 0.9ρl to 0.1ρl. In the present example, the interface thickness evaluates to
4.76 Å, which is comparable to the interface thickness of 3.57 Å for SPC/E water
at 298 K reported by Taylor et al. [247] (using the same definition for the interface
thickness).

A contour plot of the HB density of case 28 is shown in Fig. 5.13. The HB
density along the z-axis in the central part of the droplet is given in Fig. 5.14.
In the bulk region (10 Å < z < 25 Å) an averaged number of HBs of 3.70 per
water molecule is found which is in reasonable agreement with the experimental
value of 3.9 [175] and with previous MD studies [98, 282]. The HB density profile
of case 28 exhibits distinct extrema at locations similar to those observed in the

1Corresponding profiles for the flexible water model are shown in Fig. 5.3. In this case, the peak
heights are reduced to 1.9 and 1.2 g cm−3, respectively.
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Figure 5.11: The time averaged water isochore profile for case 28 in Table 5.3. The
isochore levels are 0.2, 0.4, 0.6, 0.8, and 1.0 g cm−3. The density profile along the
centerline of the droplet is shown in Fig. 5.12.
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Figure 5.12: The density profile for case 28 along the centerline of the droplet,
cf. Fig. 5.11. The full line is a fit to the density using the functional form of
Eqn. (5.3). For the calculation of the contact angle for this droplet size, only
the data points contained within the vertical dashed lines are used (z > 8 Å and
z : 0.5 < ρ(z) < 1.1 g cm−3).

water density profiles. At the first maximum, the average HB number per water
molecule is 3.79 (3.0% above the mean value) while at the first minimum there
are 3.66 and at the second maximum 3.75 HBs per water molecule. The inset in
Fig. 5.14 combines the water density and the HB density profile close to the wall
and shows the correlation between the peaks of the density with those of the HB
density. The noisy behavior of the HB density for z > 35 Å is attributed to the
poor statistics in this low density region, cf. also Fig. 5.12.

5.4 Water droplets on graphite modeled as a continuum

In previous studies of graphite and carbon, Crowell et al. [50] represented the car-
bon surface as a continuous uniform sheet and the interaction of a test particle with
the surface was calculated as a function of its normal distance above the surface
(z). The resulting 10-4 LJ potential (“continuum-model”) was given earlier in this
thesis in Eqn. (3.16). The representation of the graphite as a uniform sheet omits
the evaluation of the pairwise carbon–oxygen LJ interactions that is necessary in
the “discrete model” (Eqn. (3.8)).

Here, the continuum-model is compared to the discrete model for the case of
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water droplets on graphite. The continuum and discrete models differ, besides in
the computational efficiency, in two ways: first, the continuum potential neglects
the surface corrugation effect and second, in the continuum model, long-range
truncation can only be applied in the normal direction. The effect of these factors
is examined here and the parameters of the continuum model are calibrated using
the contact angle method first applied in Section 5.3.

5.4.1 Initial configurations and simulation parameters

The discrete potential model was evaluated for a single water molecule positioned
over eight 210 Å × 245 Å graphene layers (staggered as in crystalline graphite
with an interlayer spacing of 3.4 Å). The LJ parameters are σCO = 3.19 Å and
εCO = 0.392kJ mol−1. Table 5.4 contains the computed binding energies (∆E)
for an SPC/E water molecule above several locations on this model graphite sur-
face. For these calculations, there is no interaction between the water hydrogens
and the surface. For the six-fold site the water is directly over the center of a
hexagonal ring, for the two-fold site it is over the center of a C–C bond and for
the one-fold site it is directly over one of the carbon atoms. The ∆Ea value cor-
responds to the arithmetic mean of seven positions above the surface. All binding
sites are located near the center of the top graphene layer so the effective trun-
cation distance for the full summation is greater than 100 Å. It can be seen that
the six-fold site has the strongest binding energy, about 0.25 kJ mol−1 lower than
the average value. This difference is a measure of the magnitude of the surface
corrugation. The second graphene layer contributes about 0.55 kJ mol−1 to the
binding energy and the remaining 6 layers contribute only 0.15 kJ mol−1, which
demonstrates the soundness of using only two graphene layers in the present MD
simulations and in those presented Section 5.3.

Finally one can see that using a cutoff of 20 Å results in only small changes in
∆E (≈ 0.01kJ mol−1) compared to the full pairwise summation, but using a 10 Å
cutoff results in errors of ≈ 0.2 kJ mol−1 in the binding energy. The continuum
model includes contributions from an infinite surface and the cutoff only applies
to the normal distance of the water molecule. The calibration study of Section 5.3
used a 10 Å cutoff and one would find a slightly different optimal εCO value if a
larger cutoff distance was employed. Thus, differences are to be expected in the
MD results when comparing the discrete and continuum models. For comparison,
the discrete and continuum potentials for a water molecule over a single graphene
layer are shown in Fig. 5.15. Note that all the potential curves shown are similar
except for the six-fold case for which the energy minimum is deeper and occurs at
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Figure 5.15: Interaction energy (∆E) for a single water molecule over a planar
graphene sheet as a function of the height of the water oxygen above the carbon
surface. The LJ parameters are σCO = 3.19 Å and εCO = 0.392kJ mol−1. The
symbols are energies for the six-fold site (diamonds), two-fold site (circles), one-
fold site (triangles), and the average of seven locations on the surface (crosses).
The solid line is calculated using the continuum model with the same parameters.

a 0.1 Å smaller value of the height z.

5.4.2 Calibration of the continuum model

For the continuum graphite surface model potential (Eqn. (3.16)), the LJ well depth
parameter εCO is systematically varied between 0.05 and 0.60 kJ mol−1 (cases
C1–C12 in Table 5.5) to generate a calibration curve of θ vs. εCO as shown in
Fig. 5.16 (the solid line in the figure is a linear least squares fit of the data).
Using again the target value of 86◦ for the contact angle, an optimal value of
εCO = 0.3651kJ mol−1 is obtained (case C16). For this potential, the water–
graphite binding energy is ≈ 5.81 kJ mol−1 and complete wetting should occur
for ∆E < −11.13kJ mol−1. This series of MD simulations is carried out for a
2000-molecule water droplet with a long-range cutoff of 10 Å. Using the optimal
value of εCO, two additional series of simulations were carried out: a variation of the
droplet size (cases C13–C15 in Table 5.5) to determine the line tension based on
the modified Young’s equation 5.2, and a variation of the long-range cutoff (cases
C16–C20 in Table 5.5). The line tension is computed in the same manner as in Sec-
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Table 5.4: Single water molecule binding energy (∆E) in kJmol
−1 for the discrete

surface model. Dependence on binding site (∆E i corresponds to an i-fold site, cf.
text), number of graphite layers (NL), and long-range cutoff rLJ

c (Å), for σCO=3.19 Å and
εCO=0.392 kJmol

−1. ∆EC is the binding for the continuum model.

rLJ
c NL ∆E6 ∆E2 ∆E1 ∆̄Ea ∆EC

∞ 2 −6.522 −6.213 −6.177 −6.271
20 2 −6.510 −6.201 −6.165 −6.259 −6.235
10 2 −6.329 −6.020 −5.986 −6.083
20 8 −6.645 −6.331 −6.295 −6.392
20 1 −5.947 −5.635 −5.672 −5.732 −5.715

aaverage binding energy for seven binding sites

0
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Figure 5.16: Computed contact angles for the continuum water–graphite model
potential versus εCO. Details on the simulations are given in Table 5.5. The curve
is a linear least squares fit to the subset of cases C1–C12 (θ = 191.8◦ − εCO ×
268.6(kJ mol−1)−1). The squares denote cases (C16–C20) with cutoff distances
greater than 10 Å and the circle is for the case with σCO ≈ 3.29 Å.



5.4. WATER DROPLETS ON GRAPHITE MODELED AS A
CONTINUUM 99

Table 5.5: Summary of MD simulations using the continuum water–carbon model potential.
The water–carbon LJ parameters are denoted as εCO and σCO, rc is the cutoff radius, NH2O

the number of water molecules, ECO the total carbon–oxygen LJ energy per unit area of
the droplet, and rB and θ are the droplet base radius and the contact angle.

Case σCO εCO NH2O rc rB ECO θ
(Å) (kJ mol−1) (Å) (Å) (kJ mol−1) (◦)

C1 3.19 0.0500 2000 10.0 0 −13.0 180.0
C2 3.19 0.1000 2000 10.0 1.63 −69.9 176.2
C3 3.19 0.1500 2000 10.0 13.29 −170.8 147.3
C4 3.19 0.2000 2000 10.0 20.71 −369.2 126.3
C5 3.19 0.2500 2000 10.0 22.11 −601.1 121.7
C6 3.19 0.3000 2000 10.0 26.47 −943.7 107.5
C7 3.19 0.3500 2000 10.0 29.24 −1345.3 97.9
C8 3.19 0.4000 2000 10.0 31.85 −1877.6 88.8
C9 3.19 0.4500 2000 10.0 36.36 −2656.1 73.9

C10 3.19 0.5000 2000 10.0 40.52 −3596.9 60.9
C11 3.19 0.5500 2000 10.0 48.68 −5067.9 42.9
C12 3.19 0.6000 2000 10.0 61.76 −7978.7 27.6
C13 3.19 0.3651 1000 10.0 23.65 −955.1 96.3
C14 3.19 0.3651 4000 10.0 38.07 −2414.2 93.9
C15 3.19 0.3651 8000 10.0 48.54 −3838.5 92.4
C16 3.19 0.3651 2000 10.0 30.09 −1503.3 94.9
C17 3.19 0.3651 2000 12.5 29.98 −1547.0 94.9
C18 3.19 0.3651 2000 15.0 30.97 91.8
C19 3.19 0.3651 2000 17.5 30.56 92.9
C20 3.19 0.3651 2000 20.0 30.69 92.4
C21 3.2984 0.5346 2000 10.0 56.75 −6568.2 31.3
C22 3.19 0.4389 2000 10.0 35.73 −2490.2 75.6
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tion 5.3.3. The continuum model potential with εCO = 0.3651kJ mol−1 applied to
1000 to 8000-molecule water droplets results in a line tension of 2.2× 10−10J/m
which is 20% less than the value for the discrete potential (case 10). We also find
that for the 2000-water droplet (θ − θ∞) is 5.8◦, slightly less than the 7.9◦ found
for the discrete potential with εCO = 0.4389kJ mol−1. Therefore, this recommen-
ded value of εCO for the continuum potential has a macroscopic contact angle (θ∞)
of 89.1◦.

The variation in the contact angle with the long-range cutoff distance is less than
that observed for the discrete potential. The change in θ between a cutoff of 10 and
20 Å is only 2.5◦ (from 94.88◦ to 92.36◦). For the discrete potential, most of the
cutoff effect arises from the influence of carbon atoms far from the binding site,
which is largest when the water molecule is close to the surface. For the continuum
potential, the cutoff effect is entirely due to water molecules in the middle of the
droplet and, therefore, farther from the surface. For this reason, calibration of the
potential parameters is almost independent of the cutoff distance used in the MD
simulations. Comparison of the computed contact angles using the discrete (with
long-range cutoff of 20 Å) and continuum models shows that the discrete model
leads to smaller contact angles for a given value of εCO. The difference in θ is 2.5◦

for εCO = 0.3651kJ mol−1 and 7.4◦ for εCO = 0.4389kJ mol−1. When the 10 Å
cutoff data points are used, the discrete model has contact angles that are 9–10◦

larger than the continuum model. For the most part, these differences in θ are
attributable to differences in the water–graphite binding energy between the two
models.

5.4.3 Comparison to the discrete graphite model

A comparison of the calibration curves for the discrete and continuum graphite
model potentials is shown in Fig. 5.17. Both curves are linear over the full range
of contact angles between 30◦-180◦. It can be seen that the continuum model
data have slightly smaller contact angles than the discrete data. The data for the
discrete model that include the LJ C–H potential lie on a substantially different
curve. A linear relationship is also found between the contact angle and the aver-
age water–carbon energy divided by the base area of the droplet (not shown, see
[138]). The discrete and continuum models have similar behavior over the range
≈ 40◦ < θ <≈ 150◦. Only data points at the extremes of this figure do not follow
this relationship. It is likely that those values have larger errors due to more irreg-
ular droplet footprints on the surface, because the base area is computed from the
average base radius assuming a circular profile. Finally, case C21 in Table 5.5 for



5.4. WATER DROPLETS ON GRAPHITE MODELED AS A
CONTINUUM 101

PSfrag replacements

0.0 0.1 0.2 0.3 0.4 0.5 0.6

20

40

60

80

100

120

140

160
180

C1
C2
C3
C4
C5
C6
C7
C8
C9

C10
C11
C12

εCO (kJ mol−1)

θ
(◦

)

Figure 5.17: Comparison of different calibration curves of contact angle as a func-
tion of εCO: The discrete graphite model interactions is represented as triangles or
as circles when C–H interaction are included. The data for continuum graphite
model are denoted by squares. The data is from Table 5.3 and Table 5.5.

the continuum model, with θ = 31.3◦, corresponds to using the standard mixing
rules for the C–O LJ parameters. It should be compared with case D7 in Table 5.3
for the discrete model. For these parameters, switching from the discrete to con-
tinuum model results in lowering the contact angle by 16.4◦. Both cases using the
mixing rule parameters result in values for θ∞ significantly smaller than any of the
experimental values. Thus, we do not recommend the use of the standard mixing
rule formulas for obtaining water–graphite LJ parameters.

Table 5.6 lists the several recommended parameters for the water–graphite po-
tential that can be used in MD simulations to reproduce the experimental macro-
scopic contact angle for water droplets on graphite. The entries are listed in or-
der of increasing computational efficiency (e.g., discrete model before continuum
one and longer cutoff distance before shorter one). Any of these parameter sets
will yield contact angles of 92◦–95◦ for a 2000-molecule water droplet and mac-
roscopic contact angles of 85◦–89◦. These recommendations offer flexibility in
setting the cutoff distance for truncation of the long-range LJ potentials and in
selecting the degree of detail for the water–graphite potential. They also illus-
trate how interrelationships between the various LJ parameters influence the com-
puted properties. It is evident, however, that ∆E should be in the range -5.8 to
-7.1 kJ mol−1.
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Table 5.6: Summary of the recommended LJ parameters εCO, σCO, εCO, and σCO, for the
discrete model (Eqn. (3.8)) and the continuous model (Eqn. (3.16)). The cutoff radius is
denoted as rc and ∆E is the binding energy of a water molecule on a double layer of
graphite.

Model σCO εCO σCH εCH rc ∆Ea

(Å) (kJ mol−1) (Å) (kJ mol−1) (Å) (kJ mol−1)
Discrete 3.19 0.2508 2.81 0.129 10 −7.08
Discrete 3.19 0.357 20 −5.93
Discrete 3.29 0.375 10 −6.62
Discrete 3.19 0.392 10 −6.33
Cont. 3.19 0.3651 10− 20 −5.81

aBased on a two-layer graphite surface model.

5.5 Droplets of aqueous potassium-chloride solutions on graph-
ite

5.5.1 Initial configurations and simulation parameters

For the potassium-chloride simulations two different initial configurations for the
water are considered: a 4.2×4.2×3.0nm (“cubic”) layout and a 5.2×5.2×2.0nm
(“flat”) configuration. The ions are placed within the water lattice, replacing the
water molecule at that location. For each case, the number of molecules in the
water lattice is adjusted to 2000 water molecules. The ionic concentration ranges
from 0.0 (reference) to 1.8 M, the latter corresponding to 64 ions pairs, with inter-
mediate concentrations represented by 4, 8, 16, 32, and 48 pairs, respectively. One
simulation was also performed with a droplet in vacuum to study the effect of the
graphite surface (case 16). An overview of the simulations is shown in Table 5.7.

All simulations are carried out for 1 ns with an integration time step of 2 fs and
a cutoff distance of 1.0 nm for the LJ potentials, and a 2.0 nm cutoff for the quad-
rupole and dipole interactions. The electrostatic interaction is computed using the
Smooth Particle Mesh Ewald (SPME) technique [79], cf. Appendix A.1.2. In the
first half of the 200 ps equilibration time, the water is coupled to a Berendsen ther-
mostat at a temperature of 300 K, whereas in the second half of the equilibration
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Table 5.7: Overview of the MD simulations of droplets of aqueous solutions of potassium-
chloride on graphite. NC is the number of carbon atoms, NKCl the number of ion pairs,
and θ the contact angle. The initial configuration (IC) of the water droplets is either cubic
or flat. The method refers to the numerical treatment of the Coulomb interaction, which
involves a Smooth Particle Mesh Ewald (SPME) or a Smooth Truncation (STC).

case NC NKCl θ(◦) IC method
1 15048 0 91.0 cubic SPME
2 15048 0 91.2 flat SPME
3 15048 0 89.7 cubic STC
4 15048 4 91.8 cubic SPME
5 15048 4 89.0 flat SPME
6 15048 4 89.0 flat STC
7 15048 8 90.8 cubic SPME
8 15048 8 89.2 flat SPME
9 15048 16 90.1 cubic SPME

10 15048 16 92.9 flat SPME
11 15048 32 89.0 cubic SPME
12 15048 32 87.5 flat SPME
13 15048 48 85.2 cubic SPME
14 15048 48 85.4 flat SPME
15 15048 64 81.4 cubic SPME
16 0 4 - cubic SPME

and for the sampling a constant energy simulation is performed. The water temper-
ature remains stable during the production runs, e.g., for case 1, it has an average
of 301.8K and a standard deviation of 3.2 K. Samples of the trajectory are stored
every 0.2 ps.

5.5.2 Structural properties

Two validation studies are performed on the pristine system (zero ionic concentra-
tion) in order to assess the influence on the contact angle of the initial conditions
(cases 1 and 2), and of the numerical treatment of the Coulomb interaction (cases
1 and 3). As demonstrated in Table 5.7, starting from a cubic or flat configuration
of the water has little effect on the equilibrated contact angle, with a deviation less
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than 0.3 %. Clearly, for pristine systems with an atomistically smooth surface the
advancing and receding contact angles are equal. The effect of using the Smooth
Particle Mesh Ewald (SPME) method versus a smooth truncation is also small
with deviations less than 1.4 %. The total potential energy of the three systems is
-44.61, -44.66, and -43.09 kJ mol−1 (cases 1–3) reflecting the convergence of the
simulations. The 3 % lower cohesive energy obtained from the simulation using
truncation is consistent with the observed (1.4 %) lower contact angle as compared
with the SPME simulations.

The structural properties of a dilute potassium-chloride solution (0.11 M) of a
droplet are presented in terms of the radial distribution function of the ions with
oxygen, gKO(r) and gClO(r), as shown in Figs. 5.18 and 5.19, respectively. For
potassium, the simulation using the Smooth Particle Mesh Ewald (SPME) and the
smooth truncation are virtually identical (Fig. 5.18) with a limiting value of 0.5
at large distances due to the half space visible for the potassium ions located at
the solid surface. Figure 5.18 also compares the gKO(r) of the potassium ions in
a water droplet (case 16) with the results of Borodin et al. [30] for a dilute, bulk
system. The magnitude of the first peak is higher in the present simulations, with
a value of 4.5 compared to 3.4 in Ref. [30], but in excellent agreement with the
results of Im and Roux [132] of 4.57. The location of the first and second peaks at
0.28 and 0.49 nm are in good agreement with the values in Ref. [132] of 0.272 and
0.497 nm, respectively. The corresponding radial distribution for chloride-oxygen
is shown in Fig. 5.19. Since the chloride remains solvated, all the three radial
distribution functions (gClO(r)) converge to approximately 1.0 at large distances.
The magnitude and location of the first peak are 3.2 and 0.34 nm in reasonable
agreement with the values of Ref. [132] of 3.97 and 0.312 nm, respectively.

Snapshots from these simulations, cf. Fig. 5.20, confirm that the potassium ions
have moved to the graphite surface, leaving the chloride solvated in the vicinity
of the liquid-vapor interface. The complete precipitation of potassium ions onto
the graphite surface (Fig. 5.20d) persists at higher concentrations until the surface
saturates. For the particular droplet size considered, this appears to be at concentra-
tions exceeding approximately 1 M. At higher concentrations, K-Cl clusters form
at the liquid-vapor interface as shown in Fig. 5.21. The precipitated potassium
attracts the chloride towards the graphite surface, and the simulations indicate that
K-Cl surface crystals form at concentrations exceeding ≈ 0.5 M. As the chloride
binds to the potassium at the surface, the electrostatic attraction is reduced, leaving
the remaining chloride at the liquid-vapor interface to form nano-crystals at higher
concentrations.

The change in contact angle with the increasing ionic concentration is small as
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Figure 5.18: Radial distribution function of K–O for the dilute solution (0.11 M).
The radial distribution function obtained for the simulations using the SPME (—,
case 4) and smooth truncation (– –, case 6) are virtually identical. The radial distri-
bution function for the simulation of the droplet alone (- - -, case 16) is compared
with the results of Borodin et al. [30] (+ + +).
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Figure 5.19: Radial distribution function of Cl–O for the dilute solution (0.11 M).
The radial distribution function obtained for the simulations using the SPME (—,
case 4) and smooth truncation (– –, case 6), and for the simulation of the droplet
alone (- - -, case 16).
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(a) (b)

(c) (d)

Figure 5.20: Equilibrated structure of a dilute (0.11 M) droplet of potassium-
chloride on a graphite surface (case 4 in Table 5.7). The top view shows the
circular footprint of the droplet (a), and the positions of the ions (b). The side
view of the droplet (c) reveals a contact angle of ≈ 90◦, and a precipitation of the
potassium ions onto the surface (d).
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(a) (b)

(c) (d)

Figure 5.21: Droplet of an aqueous solution of potassium-chloride at 1.8 M con-
centration. The droplet profile is shown in the top (a) and side views (c). The ions
precipitate onto the graphite surface (b) and some forms crystals at the liquid-vapor
interface (d).
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Figure 5.22: Microscopic contact angle as function of the ionic concentration
(number of KCl pairs).

shown in Fig. 5.22. Moreover, at this droplet size, the accuracy of the simula-
tions does not allow us to measure the expected initial increase in surface tension
which would lead to an increase in the contact angle. However, as the ions pre-
cipitate onto the surface, the contact angle is reduced from an initial 90◦ to 82◦

at a concentration of 1.8 M. To our knowledge, no previous modeling studies have
considered the properties of K-Cl solutions on graphitic surfaces.

5.6 Hydration of carbon nanotubes

The hydrophobic-hydrophilic behavior is studied of a pair of buckyball (C60) mo-
lecules and two and sixteen (16,0) CNTs surrounded by water at physiological
conditions. These systems are modeled using fully atomistic molecular dynamics
(MD) simulations. We consider the stability of the interstitial water molecules and
derive the potential of mean force for the two CNTs in water.

5.6.1 Initial configurations and simulation parameters

The CNT-water systems are subject to periodic boundary conditions in three spatial
directions for bulk systems and to two directions for CNT immersed in a slab of
water (free surface). The flexible SPC water model [248] is used and the CNTs are
modeled by terms describing Morse bond, harmonic cosine of the bending angle,
and a two-fold torsion potential, cf. Section 3.3.2. The carbon–water interaction is
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Figure 5.23: Sketch of the C60 and CNT system. Lx and Ly denote the size of
the system in the x and y direction, LCOM the center-of-mass spacing between the
structures, and S the distance between the molecules. During the equilibration, the
size of the computational box is adjusted to secure a density of 997 kg m−3 in the
bulk region (shaded area).

modeled as a carbon–oxygen LJ potential with parameters (σCO, εCO) obtained from
Bojan and Steele [27] (εCO = 0.3126 kJ mol−1, σCO = 3.19 Å). The Coulomb
interaction is smoothly truncated [158] at a cutoff distance of 9.50–12.66 Å as
specified in the overview Table 5.8.

The water molecules are initially placed on a rectangular lattice with spherical or
cylindrical voids to accommodate the buckyballs and CNTs, respectively. During
the equilibration, the temperature is adjusted to the desired value of 300 K using
velocity scaling. For the fully periodic systems, the size of the computational box
is adjusted to match a bulk water density of 0.997 g cm−3. The bulk properties are
measured in a region excluding the C60 and CNTs and the interface regions that
exhibit density variations, cf. Fig. 5.23. For the systems with a free surface, no
volume adjustments are performed while for the bulk systems, these adjustments
are switched off after the equilibration phase of 4 ps and 10 ps for the simulations
of the CNTs and C60, respectively. For the fully periodic systems, the water–water
electrostatic interactions are initially (during the first 0.2 ps) excluded to allow a
faster filling of the interstices. The C60 fullerene molecules are initially placed at
a center-of-mass (COM) distance in the range 11.5–19.5 Å, which corresponds to
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Table 5.8: Simulation cases for buckyballs (B), and CNTs in water. LCOM denotes the
initial center-of-mass spacing, S the minimal intermolecular carbon–carbon spacing, and
Nw, Nc, tm, and rc the number of water molecules, the number of carbon atoms, the
simulation time and the cutoff radius, respectively.

case system LCOM S Nw Nc tm rc

(Å) (Å) (ps) (Å)
1 B 12.00 4.68 961 2 × 60 60 12.66
2 B 14.00 6.68 1018 2 × 60 60 12.66
3 B 15.00 7.68 1019 2 × 60 60 12.66
4 B 16.00 8.68 1123 2 × 60 85 12.66
5 B 18.00 10.68 1120 2 × 60 130 12.66
6 B 20.00 12.68 1120 2 × 60 130 12.66
7 CNT 12.00 7.68 4446 2 × 832 69 9.50
8 CNT 14.00 8.72 4446 2 × 832 60 11.10
9 CNT 16.00 9.95 4446 2 × 832 43 11.10

10 CNT 17.00 10.37 4446 2 × 832 64 11.10
11 CNT 18.00 10.94 4446 2 × 832 29 11.10
12 CNT 20.00 11.76 4446 2 × 832 100 11.10

a distance (S) between the molecules of 4.68–12.68 Å measured as the minimum
distance between the carbon atoms on different fullerenes. The number of water
molecules used in the simulations (cases 1–6) varies from 961 to 1020 for the
small and large spacings, cf. Table 5.8. During the equilibration, the COM spacing
of the buckyballs is fixed to allow the water to fill the interstices between the
buckyballs. Afterwards, the C60 molecules are released and allowed to move while
the temperature and the volume adjustment are continued for another 10 ps. The
simulations are continued for 160 ps or until drying occurs.

The simulations of unconstrained (16,0) CNTs in water (cases 7–12) involve
4536 water molecules and 2 × 832 carbon atoms, respectively. The two CNTs
are placed with an initial spacing (S) in the range of 7.68–11.76 Å. The center-
of-mass separation of the CNTs is constrained during a 4 ps equilibration period,
after which they are released and free to move. The imposed periodic boundary
conditions limit the motion and allow mainly for an in-plane (x-y) motion. A
rotation of the CNTs would result in an unfavourable stretching of the tubes. The
simulations are continued for 100 ps or until the system reaches a drying state.

Finally, a set of constrained simulations (cases 13–55) of CNTs in water is con-
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Figure 5.24: Time history of the minimum carbon–carbon spacing (S) between
two buckyballs in water for different initial center-of-mass spacings: —: 14 Å;
— —: 15 Å; – – –: 16 Å; - - -: 18 Å; — - —: 20 Å.

sidered to compute their potential of mean force. The simulations involve both
a fully periodic system (cases 13–44), and simulations with a free surface of the
water (cases 45–54), corresponding to CNTs immersed in a slab of water. In Case
55, the r−6 term in the carbon–oxgyen LJ potential is neglected in order to study a
strongly hydrophobic interface. The simulations are carried out for 180 ps and the
statistics are collected after 120 ps when the individual components of the potential
energy have converged to stable values.

5.6.2 Hydration of a pair of buckyballs

Buckyballs in water with an initial spacing S of less than 12 Å are found to “dry”,
i.e., they go into direct contact as shown in Fig. 5.24, whereas a larger initial spa-
cing results in a continuous wetting. Snapshots of the systems corresponding to
the drying and wetting states are shown in Fig. 5.25. The separation at which the
drying transition occurs lies between 8.5 and 9.6 Å and allows, depending on the
relative orientation of the fullerenes, for approximately two layers of interstitial
water molecules. A similar threshold value was found by Wallqvist and Berne
[279] for water confined between structureless hydrophobic surfaces. The intersti-
tial water is subject to occasional compressions due to the position fluctuations of
the C60 molecules. Such a compression leads to a decrease in S and can destabil-
ize the interstitial water layer as demonstrated by the 16 and 18 Å cases shown
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(a) (b)

Figure 5.25: Snapshots from the simulations of buckyballs in water. An initial
center-of-mass spacing of 14 Å results in a drying of the interface (a), whereas
buckyballs placed at a distance beyond 20 Å exhibit a continued wetting (b).

in Fig. 5.24. The expulsion of the interstitial water proceeds in two steps (see
Fig. 5.24): first the water layer is reduced to a single metastable layer of water mo-
lecules with a thickness of 5.7–6.4 Å and a lifetime under 40 ps. This single layer
of water is then expelled within the following 5–10 ps. The systems which exhibit
a drying behavior all reach their van der Waals equilibrium at a carbon–carbon
distance of 3.2 Å.

5.6.3 Hydration of a pair of carbon nanotubes

A similar behavior is observed for a parallel pair of unconstrained CNTs in water
as shown Fig. 5.26. The critical spacing which divides the drying and the wetting
state is approximately 12 Å and similar to the threshold value found for the bucky-
balls in water. The drying of the CNTs generally proceeds in three steps: a first
metastable configuration is reached at a separation of 7.5–8.5 Å (Fig. 5.26) which
is approximately 1 Å less than the spacing required to support two layers of water
molecules. This reduced value is caused by the compression of the interstitial wa-
ter molecules. Next, a distinct plateau is reached for one layer of interstitial waters
at S = 5.5–5.8 Å with a lifetime up to 30–40 ps. Finally, a complete drying state
is reached at the equilibrium spacing of 3.5 Å. The actual transitions between the
metastable separation and the dry state occur rapidly over a time of only 1–3 ps.

5.6.4 Potential of mean force between CNT in water

Constrained molecular dynamics simulations have been performed for the two
CNTs in water (cf. Table 5.9, cases: 13–55) to extract the potential of mean force
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Figure 5.26: Time history of the minimum carbon–carbon spacing (S) between
two carbon nanotubes in water. The initial center-of-mass spacing is: —: 12 Å;
— — —: 14 Å; · · · : 16 Å; – – –: 17 Å; –·–: 18 Å; – - –: 20 Å.

(PMF) governing the drying transition. The simulations involve both a fully peri-
odic system (cases: 13–44) and a system with a free surface (cases: 45–55) to
study the effect of the finite size system imposed by the periodic boundary con-
ditions. For large system sizes the two are equivalent, whereas the fully periodic
system may force or prevent drying for small system sizes.

At equilibrium, the constraining force (F ) counterbalances the hydration force
(F = −Fhyd ) from which one can compute the corresponding potential of mean
force

PMF(R) =

∫ R

0

F (r) dr. (5.6)

The constraining force and the PMF per unit length of the CNTs are shown in
Fig. 5.27 and snapshots from the simulations are shown in Fig. 5.28. Both the
simulations using full and partial periodic boundary conditions display a qualitat-
ively similar drying transition as demonstrated in the constraining force and PMF
shown in Fig. 5.27. The first equilibrium configuration is found at the point of
van der Waals contact at a separation of approximately 3.2 Å. At shorter spa-
cings, the constraining force is negative due to van der Waals repulsion of the
nanotubes. The attractive part of the force reaches its maximum at a tube spacing
of 5.0 Å (see Fig. 5.27a and Fig. 5.28b) which is approximately 1 Å less than the
spacing required to host one layer of water. The main difference between the sim-
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Figure 5.27: Constraining force per unit length of the CNT (a) for the periodic
system (—), for the system with a free surface (– –), and for rigid CNTs in vacuum
(· · · ). The corresponding potential of mean force per unit length of the CNT is
shown in (b). The reaction coordinate is the tube spacing (S). The potential is
arbitrarily set to zero at the maximum tube spacing. The error bars (a) indicate the
standard deviation of the constraining force.
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Table 5.9: Simulations to compute the potential of mean force between CNT in water. The
CNTs consist of 832 carbon atoms each and the number of water molecules is 4536. All
simulations are run for 180 ps and a cutoff radius of 9.5 Å is applied to all potentials. There
are two types of simulations: (type b) CNT in bulk water simulated with periodic boundary
conditions (type b), and CNT in a slab of water (type s). LCOM denotes the initial center-
of-mass spacing and S the minimal carbon–carbon spacing between the CNTs.

case LCOM S type case LCOM S type
(Å) (Å) (Å) (Å)

13 15.50 2.98 b 35 21.00 8.48 b
14 15.75 3.23 b 36 21.25 8.73 b
15 16.00 3.48 b 37 21.50 8.97 b
16 16.25 3.73 b 38 22.00 9.47 b
17 16.50 3.97 b 39 22.50 9.98 b
18 16.75 4.23 b 40 23.00 10.48 b
19 17.00 4.47 b 41 24.00 11.47 b
20 17.25 4.73 b 42 25.00 12.48 b
21 17.50 4.98 b 43 26.00 13.48 b
22 17.75 5.22 b 44 27.00 14.47 b
23 18.00 5.48 b 45 16.00 3.47 s
24 18.25 5.72 b 46 17.00 4.47 s
25 18.50 5.98 b 47 18.00 5.47 s
26 18.75 6.23 b 48 19.00 6.47 s
27 19.00 6.47 b 49 20.00 7.47 s
28 19.25 6.73 b 50 21.00 8.47 s
29 19.50 6.97 b 51 22.00 9.47 s
30 19.75 7.23 b 52 23.00 10.47 s
31 20.00 7.48 b 53 24.00 11.47 s
32 20.25 7.72 b 54 25.00 12.47 s
33 20.50 7.98 b 55 27.00 14.47 s
34 20.75 8.22 b
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(a) (b) (c)

(d) (e) (f)

Figure 5.28: Snapshots of simulations of two carbon nanotubes in bulk water ((a)-
(g) correspond to the cases 15, 23, 29, 33, 38, and 44 in Table 5.9). The views
are closeups; the full dimension of the system is 70 × 44 × 60 Å. The center-of-
mass distances in Å (and minimum carbon–carbon spacings) are 16.0 (3.48), 18.0
(5.48), 19.5 (6.98), 20.5 (7.98), 22.0 (9.48), and 27.0 (14.48), respectively.
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(a) (b) (c)

Figure 5.29: Snapshots of two CNTs in a slab of water at center-of-mass distances
of 18.0 Å (case 47), 22.0 Å (case 51), and 27.0 Å (case 55), respectively. The views
are closeups; the dimension of the system is 70 × ∞ × 60 Å. The free surfaces
of the slab are at the top and bottom of the snapshots. The CNT-water potential
in (a) and (b) involves a LJ 12-6 potential Eqn. (3.8) while in (c) an artificial,
purely repulsive potential is used. The CNTs have a clear propensity to dry for this
artificial potential.

ulations using different boundary conditions is found at a tube spacing of 5.24 Å
(0.24 Å beyond the maximum) where the slab system displays a weaker force (≈
6.0 kJ mol−1 Å

−2
) compared to the fully periodic system (≈ 8.1 kJ mol−1 Å

−2
).

After the maximum is reached the force decreases rapidly at larger distances and
reaches a low but positive value at a tube spacing of 6–7 Å, which allows for the
accommodation of one unstable layer of water. Finally, a weak depression in the
force is observed at a spacing of 9–10 Å corresponding to a metastable interstitial
region with two layers of waters. The use of constrained dynamics eliminates the
compression of the interstitial water layer found in the studies of the unconstrained
fullerenes, and thereby enhances the stability of the two-layer configuration. For
the 12.5 Å diameter CNTs considered in the the present study, the magnitude of
the PMF per unit length is ≈ −17 kJ mol−1 Å

−1
(Fig. 5.27b), which is in reas-

onable agreement with the analysis of Lum et al. [163] of water interacting with
four parallel hard cylinders. Their analysis results in values of the PMF of -12 and
−23 kJ mol−1 Å

−1
for cylinders with a radius of 5 and 6 Å, respectively. How-

ever, the present study indicates that the main contribution to the PMF is the van
der Waals attraction between the CNTs as demonstrated by measuring the force
between two rigid CNTs in vacuum (Fig. 5.27a). The deformation of the carbon
nanotubes allowed by the simulations of CNTs in water reduces the maximum at-
traction between the tubes and the point of the maximum attraction occurs at a
large separation.
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Figure 5.30: The water density profile between two CNTs for different spacings
(S) —: 6.98 Å (case 29 in Table 5.9), – – – :9.48 Å (case 38 in Table 5.9), and
- - - :14.48 Å (case 44 in Table 5.9).

The snapshots shown in Fig. 5.28c–e reveal an interstitial vapor phase indicative
of cavitation [66, 44, 11, 163, 75] for the metastable pre-drying state and an ap-
parently stable water layer at larger tube spacing (cf. Fig. 5.28f). A similar vapor
phase is found in the simulations using a free surface as shown in Fig. 5.29. The
snapshots (a) and (b) correspond to the cases shown in Figs. 5.28b,e. A density
profile across the interstitial region is shown in Fig. 5.30 for the three cases (29,
38, and 44), with S = 6.98, 9.48, and 14.48 Å, corresponding to Fig. 5.28c,e,f,
respectively. The interstitial density exhibits the characteristic profile of water at
a hydrophobic surface with density peaks of ≈ 2.0 g cm−3 and a superposition of
the second peaks in the interstitial region for the S = 14.48 Å case. At lower tube
spacings, the interstitial density is reduced to values of 0.5 g cm−3 and 0.2 g cm−3,
respectively. This relatively short range of the hydrophobic interaction is in accord
with recent experiments [133], where pure hydrophobic surfaces were found to
have a short range hydrophobic attraction with an estimated range less than 15–
20 nm [113, 35] and possibly even shorter [113]. Although the present interface is
strongly hydrophobic (contact angle exceeding 90◦), we furthermore considered
a purely repulsively carbon water interaction corresponding to a contact angle of
180◦. At these conditions a “long-range” hydration is observed, cf. Fig. 5.29c
(S = 14.47 Å). However, we emphasize that this interaction potential is artificial
and using realistic parameters results in a very weak hydration.



5.7. CONCLUSIONS 119

Hydration of arrays of carbon nanotubes

Although the range of the hydrophobic interaction is found to be moderate, its
overall effect is thought to play a vital role in the self-organization and assembly
of molecular structures such as membranes and nano-scale structures and for the
folding of DNA [168, 235, 225]. For example, hydrophobic interactions were
found to destabilize arrays of CNTs considered for bio-sensing and resulting in a
drying and clustering of the system [188].

To demonstrate the collective effect of hydrophobic hydration for these systems
we consider sixteen unconstrained (16,0) CNTs in water as shown Fig. 5.31. The
system consists of 16× 832 carbon atoms and 12402 water molecules. The tubes
are initially placed in a four by four arrangement with an initial center-of-mass dis-
tance of 20 Å corresponding to a spacing between the tubes of 7.48 Å which allows
a single layer of interstitial waters (Fig. 5.31a). The individual center-of-mass of
the carbon nanotubes are fixed during a 4 ps equilibration period after which they
are released. During the first 12 ps after release drying is observed between pairs
of CNTs that move into contact. In a second phase, pairs of one and two CNTs
come into contact mainly by the motion of the single CNTs (Fig. 5.31e,f). After
40 ps, two groups of three and seven carbon nanotubes form a closed ring with
a pocket of trapped water due to the enforced periodicity of the simulation. At
longer times, other groups of tubes join this ring and encapsulate water molecules
in the interstices. In a non-periodic system the trapped water molecules would be
more easily expelled. This demonstrates the tendency of CNTs to form insoluble
bundles (or ropes) in aqueous solutions as observed in Ref. [188]. Clearly a sus-
pension of individual CNTs in water would form a “precipitate” of CNT ropes,
exemplifying the insolubility of CNTs in water.

5.7 Conclusions

We have performed MD simulations of water inside CNTs using the carbon–water
interaction potentials proposed in [282]. Contrary to the wetting behavior observed
experimentally by Gogotsi et al. [96] and by Dujardin et al. [72] for MWCNTs, it
was found in these simulations that water does not wet the interior of a pristine
SWCNT. Even a 20% increase in the carbon–water interaction energy did not al-
ter the non-wetting behavior of the interface. It was argued that this difference
originates either from an inappropriate carbon–water interaction potential or from
impurities in the experiments.

A comparison of the carbon–water interaction potential employed to others that
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 5.31: Snapshots from the simulation of sixteen CNTs in water after 4, 8, 10,
12, 16, 20, 40, 80, and 120 ps. From an initial regular four by four arrangement (a)
the system evolves into a bundle of closely packed tubes with occasionally trapped
water pockets. The periodicity of the system prevents these pockets to empty.
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have recently been used in MD simulations showed that the strength of the dif-
ferent water–carbon interactions varies significantly. Their performance could be
assessed through a direct comparisons of MD simulations of water and CNTs to
experiments. However, this is not possible at the present time due to differences
in length and time scales as well as due to discrepancies in the composition of the
working materials (impurities). In this work, a criterion was proposed to select an
interaction potential. It consists of applying the various interaction potentials in
MD simulations of water droplets on graphite and to compare the resulting contact
angle to experiments. Graphite can be looked at as a CNT with infinite diameter
and it has the advantage that more experimental data are available.

Interestingly, the various potentials result in qualitatively different wetting be-
havior for the graphite ranging from strongly hydrophilic to hydrophobic: The
potentials used by Marković et al. [170] and Noon et al. [193] lead to complete
wetting of the graphite surface, which indicates the potentials used to describe the
water–graphite interaction are too strongly attractive. For the remaining poten-
tials, it is not possible to judge their accuracy unless a calibration criterion, such as
matching the experimental contact angle, is used. Unfortunately, the experimental
“target” values reported in the literature are ambiguous. Using a target value of
85◦± 2◦ for the macroscopic contact angle, the Walther et al. [282] potential (that
was used to study the water droplets inside CNT) has insufficient water–carbon
attraction and the potentials of Gordillo and Marti [98] and Hummer et al. [128]
are slightly too attractive. On the other hand, if Schrader’s [224] lower target value
of 42◦ ±7◦ is used, the Gordillo and Marti and Hummer et al. potentials are more
accurate. Therefore, the Gordillo and Marti, Hummer et al. and Werder et al. po-
tentials have comparable accuracy. The observed differences are expected to have
an impact on the results of earlier studies such as the scattering of water droplets
on graphite [255], and water internal to [287] and external to CNTs [282]. In par-
ticular, the formation of ice like structures in CNTs observed in Ref. [193] could
be caused by the strong interaction potential applied.

The calibration against contact angles is sensitive to a number of modeling
choices. It was shown that an extension of the cutoff radius from 10 to 20 Å re-
duces the contact angle by approximately 10◦. Furthermore, the effect of adding
a Lennard-Jones term between pairs of water hydrogen and graphite carbon atoms
can be significant. However, if the water–graphite binding energy is kept nearly
constant, the change in the contact angle is small. The calibration is also sensitive
to the size of the droplets considered in the MD simulations since the line tension
is found to be strong enough to alter the value of the contact angle. The difference
in contact angle between macroscopic and 2000-molecule size water droplets is
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found to be 7.9◦.
The calibration of the C–O LJ 12-6 interaction potential has been extended to a

continuum graphite surface model based on the same C–O LJ parameters. In the
continuum model, the long-range truncation of the potential can only be applied in
the normal direction. Consequently, switching from the discrete to the continuum
model results in lowering the contact angle by 16.4◦ and thus requires a separ-
ate calibration. The recommended parameter sets for the different water–graphite
interaction potentials are summarized in Table 5.6. These parameters will result
in macroscopic contact angles of 85◦-89◦ in MD simulations of water droplets
on graphite surfaces. The data also demonstrate that the water–graphite binding
energy is a qualitative indicator of the accuracy of the potential, since the recom-
mended parameter sets yield values of ∆E = 6.50 ± 0.65 kJ mol−1. All the
parameter sets given in the Table 5.6 are transferable to other carbon surfaces such
as carbon nanotubes and fullerenes.

To mimic “impurities” in the water, we have studied the behavior of potassium-
chloride ion pairs in the water droplets and have assessed their influence on the
contact angle. The concentrations considered range from 0.0 to 1.8 M on graphite.
The potassium was found to precipitate onto the graphite surface and, beyond a
certain concentration, to attract chloride to form a crystal layer on the graphite
surface. The extent of the precipitation is mainly governed by the quadrupole and
the 10-6 LJ interaction of the potassium with the graphite surface. These potentials
and their parameters are still the subject of ongoing research and changes therein
may influence the amount of precipitation at the surface. Due to the charges of the
ionic surface layer the water more readily wets the surface and the contact angle is
reduced by 8◦ to a value of 82◦.

The hydrophobic-hydrophilic behavior of C60 fullerene molecules and CNTs in
water has been studied using molecular dynamics simulations. The results indicate
that the CNT remain separated if their initial spacing allows for two layers of water
molecules between them. Otherwise, they rapidly go into direct contact (“drying”).
The potential of mean force governing the drying process of two (16,0) CNTs in
water was measured. The maximal force between the CNTs occurs at a spacing of
5.0 Å which corresponds to one layer of unstable interstitial waters. A comparison
of the hydration force with the force acting between the CNTs in vacuum suggests
that the van der Waals forces between the CNTs dominate the hydration. We could
only observe a “long-range” hydration force, when an artificial, purely repulsively
carbon–water interaction was employed.



Chapter 6

Fluid flows around carbon nanotubes

6.1 Hydrodynamic properties of CNTs from atomistic simula-
tions

CNTs are often embedded in aqueous environments and a fundamental under-
standing of their hydrodynamic properties is necessary in order to quantify their
interactions. One particular issue involves the validity of continuum assumptions
such as the no-slip boundary conditions on water–CNT interactions. The slip is
characterized by a finite relative velocity (∆U ) of the fluid at the fluid-solid inter-
face, and it is related to the local fluid shear rate (∂u/∂y) through the slip length
(Ls) [177]

∆U = Ls
∂u

∂y
, (6.1)

where u denotes the velocity component tangential to the wall, and y is the wall
normal distance. Thompson et al. [250] found in an MD study of Couette flow of
a Lennard-Jones fluid that Eqn. (6.1) is only valid at moderate shear rates and that
beyond a critical shear rate, the relation between shear and slip velocity becomes
strongly non-linear. A slip length of the order of 40 nm has been observed in
experiments of water flowing over hydrophobic surfaces [115, 223, 45, 19], but the
amount of slip on hydrophilic surfaces remains unclear [29, 274]. Castillo et al.
[37] measured the Brownian motion of C60 molecules and found both the slip and
no-slip condition to hold depending on the type of solvent they used.

Here, non-equilibrium molecular dynamics (NEMD) simulations are used to
study the validity of the no-slip boundary condition and to measure the drag force
on an array of CNTs in a water flow. Previous simulations involving slip were
conducted for simple geometries such as Poiseuille [17, 258] and planar Couette
flows [250, 46]. Most of these studies considered Lennard-Jones fluids confined
between Lennard-Jones walls and have demonstrated the presence of slip, no-slip,



124 CHAPTER 6. FLUID FLOWS AROUND CARBON NANOTUBES

and locking (negative slip length) depending on the “corrugation” of the surface.
No-slip and locking are observed for low density solids while slip is found to occur
at strongly hydrophobic interfaces and for high density solids. Richardson [211]
found that the no-slip condition, as a macroscopic phenomenon, is a consequence
of the surface roughness, independent of whether a slip or no-slip condition is
present at the microscopic scale. Similar findings were obtained in MD simula-
tions of alkanes in a Couette flow between two sinusoidal walls [136]. However,
the situation is less clear for nanoscale systems where the feature size is compar-
able to the size of the solvent molecules.

6.1.1 Simulation details

In the present NEMD simulations, the SPC/E water model [20] is used and the
CNT is modeled as a rigid structure to facilitate the analysis of the slip velocity at
the water–CNT interface. The treatment of the solid wall as a rigid structure was
recently found to play a minor role in the significant amount of slip observed for
methane at graphite and CNT surfaces, cf. Sokhan et al. [232, 233]. The carbon-
water interaction is described by a Lennard-Jones potential acting between the
carbon and the oxygen atoms with σCO = 3.19 Å and εCO = 0.4389kJ mol−1. The
Lennard-Jones interactions are truncated at 1 nm and the electrostatic interactions
are smoothly tapered off at the same distance, cf. the discussion in Appendix A.1.2.
The flow is driven by the same type of body forces as the ones used in the context
of the multiscaling scheme in Section 4.7. The combination of the body forcing
with periodic boundary conditions effectively models the flow past an array of
CNTs with grid spacing (Lx,Ly). The CNTs considered have diameters of 1.25
and 2.50 nm and are of the zigzag type with indices (16,0) and (32,0), respectively.

The CNTs are centered in the computational box which has the dimensions
16.4 × 16.4 × 2.1 nm. The total number of water molecules is approximately
18500, and the CNTs consist of 320 and 640 atoms, respectively. The onset flow
speed (U ) is set to 50, 100, and 200 ms−1, corresponding to low Mach num-
bers, but sufficiently above the thermal noise level to allow efficient sampling.
The hydrodynamic speed of sound in SPC/E water at physiological conditions is
a ≈ 1450 ms−1 [14] resulting in Mach numbers (Ma = Ua−1) below 0.15 for the
present simulations. To study the influence of the flow periodicity, an additional
simulation is conducted with an onset flow speed of 100 ms−1 and with an angle
of attack (α) of 17◦, cf. Fig. 6.1. Finally, a slanted onset flow is considered with
velocity components of 100 ms−1 along the x- and z-axes, corresponding to an
angle of attack (β) of 45◦.
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Figure 6.1: Sketch of the system used to study water flow past CNTs. R denotes
the radius of the CNT, Lx and Lz the size of the system in the stream- and spanwise
directions, and Ly is the height of the computational box. The center of mass
velocity of the water molecules contained in the shaded “inlet” region (Lin) is fixed
to obtain the desired onset flow velocity (U ). The angle of attack is determined by
the angles α and β. The section I–VI refer to the polar sampling regions.

During the first 4 ps of the 40 ps equilibration period, the volume of the compu-
tational box is adjusted to match the target density of water, ρ = 0.997 g cm−3,
in the far-field, i.e., in the region defined by r > R + δ where R is the radius of
the CNT and δ = 0.8 nm is chosen to exclude the water density variations in the
vicinity of the CNT [282]. The adjustment of the volume is performed by scaling
the computational box in the x-y plane (see Fig. 6.1), while keeping the z-extent
fixed. The CNT is excluded from the scaling to preserve the radius of the tube.
The flow is initially quiescent and impulsively turned on after 6 ps. During the
first 8 ps of the equilibration, the temperature of the system is controlled using a
Berendsen thermostat, and the remaining 32 ps of the equilibration are required
to establish a steady flow. During 380 ps of simulation, the system temperature
increases due to viscous heating by 0, 9, and 40 K, for the 50, 100, and 200 ms−1

cases, respectively. The thermostat is nevertheless turned off during the sampling
to avoid any bias introduced by the heat bath [257].



126 CHAPTER 6. FLUID FLOWS AROUND CARBON NANOTUBES

0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4

PSfrag replacements

r − R (nm)

ρ
(g

cm
−

3
)

Figure 6.2: The time averaged radial density profile of water flowing past an array
of CNTs. The diameter of the CNT is 2.50 nm and the onset flow speed 100 ms−1

(case 3). The profiles are sampled upstream (- -: section III), at the mid-section
(– –: section II), and downstream section (—: section I).

6.1.2 Water density profiles

The MD trajectory is sampled after an equilibration of 40 ps at intervals of 0.2 ps
with a total of 1700 samples. The drag force for the 50 and 100 ms−1 cases reaches
a stable mean value after 30–40 ps, whereas the viscous heating in the 200 ms−1

simulation results in a reduction of the fluid viscosity, and a subsequent reduction
of the drag force (≈ −35 % in 340 ps). The cases studied are listed in Table 6.1.

The results are presented in terms of the time averaged profile of the density and
streaming velocity

ρk =
1

Vk

nk
∑

i

mi, vk =

∑nk

i mivi
∑nk

i mi
, (6.2)

where mi and vi are the mass and velocity of the i-th water molecule, and nk

denotes the number of molecules in the k-th bin of volume Vk. The averages are
taken in polar bins with a radial bin resolution of 200 for the velocity and of 1600
for the density (radial spacings: 0.32 and 0.04 nm). The circumferential direction
is subdivided into the six sections shown in Fig. 6.1. As expected, the density
and velocity profiles are symmetric with respect to the x-axis, whereas along the
x-axis, asymmetries are discernible in the density profiles in the vicinity of the
CNT, cf. Fig. 6.2. The locations of the density maxima are similar for the three
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Table 6.1: MD simulation results for the flow of water past an array of CNTs. D denotes
the diameter of the CNTs, U the onset flow speed, Re the Reynolds number, L s the slip
length, COseen

d the Stokes-Oseen drag coefficient, and CMD
d the drag coefficient extracted

from the MD simulations. The Re numbers and drag coefficients shown in parenthesis are
the estimated values at elevated temperatures caused by the viscous heating.

case D U Re Ls COseen
d CMD

d

(nm) (ms
−1) (nm)

1 1.25 50 0.0685 -0.11 104 138 ± 18

2 2.50 50 0.137 0.49 76 88 ± 11

3 2.50 100 0.274 (0.337) 0.27 46 (40) 40 ± 3

4 2.50 200 0.548 (1.11) 0.28 29 (20) 15 ± 2

5 2.50 100a 0.274 (0.337) 0.33 46 (40) 36 ± 3

6 2.50 100b 0.274 0.40/88 46 37 ± 4

aAngle of attack α = 17◦.
bThe x- and z-components of the onset flow speed are 100 ms −1, i.e., β = 45◦. The slip lengths

is separately extracted in the x-y and r-z planes.

radial profiles. The first peak is located at r−R = 0.32 nm and coincides with the
carbon-oxygen van der Waals radius (σCO). However, the peak values differ and
decrease from 3.1 g cm−3 for the upstream direction (section III) to 2.8 g cm−3

and 2.5 g cm−3 for the sections II and I, respectively. Since the far-field density is
constant, the observed asymmetry is attributed to a local compression of the water
near the front stagnation point.

6.1.3 Slip length on the CNT

The slip length of the flow past the CNT is extracted from the tangential compon-
ent (vt) of the streaming velocity (Eqn. (6.2)). The velocity profiles can, as the
Reynolds numbers of the considered flows are low, be fitted to the Stokes velocity
field for a single circular cylinder [18]

vt = a log
( r

R

)

+ b + c
R2

r2
, (6.3)

where a, b, and c, are parameters of the fit. From Eqn. (6.3), the slip velocity is
obtained as ∆U = b + c, and the slip length is Ls = R(b + c)(a − 2c)−1. The
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velocity profiles in sections II and V are shown in Fig. 6.3 along with a fit to the
Stokes velocity profile (Eqn. (6.3)) in the interval r ∈ [R+σCO : 7 nm]. The fitting
is justified by the low Reynolds number (Re = ρUD/µ) obtained based on the
tube diameter and the fluid viscosity (µ = 0.91 cP [231]), cf. Table 6.1. The fit is
in good agreement with the measured velocity profiles for all cases, cf. Fig. 6.3a.
The profiles obtained from the different cases reach different free-stream values
according to the blockage ((D− Ly)/Ly) experienced by the flow. The estimated
slip lengths for the 1.25 and 2.50 nm tubes are −0.11 and 0.49 nm, respectively.
Thus, in the present flow of water passing small, high curvature, and hydrophobic
objects, the slip length is negligible. This is in contrast to previous studies where
a significant slip was observed for both the flows of non-polar liquids at dense
surfaces [232, 233], and for water in a planar Couette flow [283].

This result is confirmed when we consider the flow past the 2.50 nm CNT at
flow speeds of 100, 200 ms−1, and 100 ms−1 at 17◦ incidence, cf. Fig. 6.3b. For
all three cases the velocity profiles are similar with slip lengths of 0.27, 0.28, and
0.33 nm, respectively. Another simulation (not shown) was conducted with a flow
speed of 400 ms−1 (Ma ≈ 0.3). Despite strong viscous heating, the slip length
was only of the order of σCO. Thus, while the slip velocity remains non-negligible
for the 2.5 nm tube (∆U/U ≈ 0.3, cf. Fig. 6.3), the stagnation points of the flow
sufficiently retard the molecules in that region to prevent any significant slip at the
boundary. The molecules hitting the stagnation point do not have sufficient time
to overcome their deceleration as they are transported around the CNT. The flow
periodicity does not seem to influence the slip length: a change in the angle of at-
tack from 0◦ to 17◦ had no effect on the slip length. The no-slip condition emerges
as a result of the flow past a particular geometry which, to the flow, appears as a
“corrugated” surface. This conjecture is supported by the amount of slip extracted
from the slanted flow study (case 6). The slip length in the x-y-plane (Fig. 6.4a) is
in this case 0.40 nm and consistent with the two-dimensional simulations, whereas
a significant amount of slip of 88 nm is observed in the r-z-plane (Fig. 6.4b).

6.1.4 Drag force

The fluid forces (F ) acting on the CNT array are computed as the total time av-
eraged force on the individual carbon atoms. The streamwise component of the
force (Fx) is compared to the Stokes-Oseen approximation for the drag coefficient
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Figure 6.3: The time averaged tangential component of the streaming velocity for
the flow past an array of CNTs. The measured profiles are sampled in sections
II and V and a fit of Eqn. (6.3) to the data is superposed. The velocity profiles
for the different diameter CNTs are presented in (a) 1.25 nm : —: measured, –
+–: fit; 2.50 nm : – –: measured, –×–: fit. The velocity profiles for the 2.50 nm
at different flow speeds is shown in (b): 50 ms−1: —: measured, –+–: fit; 100
ms−1: – –: measured, –×–: fit; 200 ms−1: - -: measured, -∗-: fit; 100 ms−1 at
17◦: · · · : measured, -�-: fit.
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Figure 6.4: The time averaged tangential (a) and axial (b) component of the stream-
ing velocity for the three-dimensional flow past an array of CNTs (case 6). The
tangential profiles (–×– and - -) are measured in sections II and V and a fit of
Eqn. (6.3) to the data is superposed. The corresponding results (–+– and —) for
a two-dimensional flow (case 3) are also displayed. The axial profiles are similar
for all six sections, and a linear profile w(r) = a + br is fitted to their combined
average.
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of a two-dimensional array of circular cylinders [208]

COseen
d = Ccc

d

3 + 2φ5/3

3− 9
2φ1/3 + 9

2φ5/3 − 3φ2
, (6.4)

where φ is the fraction of the volume occupied by the CNT (here φ =
πR2(LxLy)−1), and Ccc

d is the drag coefficient on a single circular cylinder given
by [18]

Ccc
d =

8π

Re log (7.4/Re)
. (6.5)

The measured drag coefficients (CMD
d = Fx( 1

2ρU2D)−1) are sampled in 17
blocks of 20 ps each, and the resulting mean values and standard deviations are
shown in Table 6.1. The measured and the Stokes-Oseen drag coefficients are
in reasonable agreement. The deviations for the 50 ms−1 simulations amount to
31 % and 16 % for the 1.25 and 2.50 nm CNTs, respectively. The simulations of
the 2.50 nm CNT at onset flow speeds of 50, 100, and 200 ms−1, and 100 ms−1

at a 17◦ angle of attack, and the three-dimensional flow, show deviations of 16,
−13, −48, −21, and −20 %, respectively. However, the viscous heating of 9 and
40 K observed in the 100 and 200 ms−1 cases results in a reduced fluid viscosity
(µ308

◦ ≈ 0.74 cP and µ340
◦ ≈ 0.45 cP) leading to drag coefficients of 40 and

20, respectively. This brings the measured drag coefficients to within 25 % of the
Stokes-Oseen solution. The two-dimensional flow cases (1–5) allow a thermostat
in the homogeneous (z) direction, and the simulation at 200 ms−1 (case 4) was
repeated with a thermostat applied (not shown) to verify the consistency of the
predicted slip and drag forces. The measured slip length was O(σCO) (0.42 nm),
and the drag coefficient remained constant throughout the simulation with a mean
value of 19 ± 1, corresponding to a -34 % deviation. Increasing the effective dia-
meter of the cylinder to account for the water-tube stand off distance does not
appreciably alter the agreement.

6.2 Flow of argon around CNTs

We now turn to the problem of simulating the flow of argon around a CNT. The
objectives of this study are to validate the hybrid scheme presented in Chapter 4
and to get further insight into the velocity boundary condition a CNT surface for
a fluid different than water. In Section 6.2.1, a reference solution is obtained from
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Table 6.2: Overview of the simulations of argon flowing around a CNT. The flow is either
described using a finite volume discretization of the incompressible Navier-Stokes equations
(NS), molecular dynamics (MD), or a hybrid (NS-MD) scheme. If two methods are specified
for one case, then a Schwarz iteration is applied with the respective methods applied in the
outer- and inner subdomains. Ncell and NAr are the number of finite volume cells and the
number of argon atoms used in the simulations. The external boundary condition in the
y-direction is periodic for all cases while the x-direction is treated as indicated in table.

Case method Ncell NAr x-BC
case 1 MD - 58268 Dirichlet
case 2 NS 4460 - Dirichlet
case 3 NS 16944 - Dirichlet
case 4 NS–NS 4716 - Dirichlet
case 5 NS–NS 16944 - Dirichlet
case 6 NS–MD 3456 6400 Dirichlet
case 7 NS–MD 3456 6400 outlet

a simulation where the entire flow is simulated using MD. A continuous reference
solution is also computed from a finite volume discretization of the incompress-
ible NS equations (Re = 1.6) in the entire computational domain (Section 6.2.2).
There, the CNT is modeled as a smooth circular cylinder with a no-slip boundary
conditions at its surface.

The hybrid scheme presented in Chapter 4 decomposes the computational do-
main into two overlapping subdomains and uses the Schwarz method (Fig. 4.3) to
find the global solution. The convergence properties of this method are first studied
for the situation where both the inner and outer domain are modelled using the NS
equations. Subsequently, the hybrid MD–NS scheme is analyzed and compared to
the MD reference solutions in Section 6.2.3. The different simulations and com-
putational methods used to compute the flow of argon around a CNT are listed in
Table 6.2.

The flow geometry is explained in Fig. 6.5. The CNT is centered in a com-
putational domain of 30 × 30 × 4.26 nm. The CNT chirality is (16,0) (radius
r = 0.626 nm) and its axis is parallel to the z-axis. The argon density in the
far-field of the tube is chosen to be ρ = 1.0 g cm−3 which corresponds to a total
number of argon atoms of NAr = 58268 in the system and the temperature is set
to 215 K. The external boundary conditions on ∂ΩC are periodic in y and of the
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Figure 6.5: Boundary conditions and geometry for the simulation of liquid argon
flowing around a CNT. Periodic boundary conditions are applied in the out-of-
plane direction (z). The state point of the argon is ρ = 1.0 g cm−3, T = 215 K,
and P = 653bar. The different computational methods that are applied to this
system are listed in Table 6.2.

Dirichlet type at the left (∂ΩC |x=−15.0 nm) and right (∂ΩC |x=15.0 nm) boundaries,
where a flow velocity of ux = 100ms−1 and uy = 0 ms−1 is prescribed.

6.2.1 Atomistic computation

The Dirichlet boundary conditions of the MD reference simulation (case 1) are
implemented as discussed in Section 4.7. The simulation is equilibrated for 1 ns
and then run for another 4 ns to gather statistics. The statistical error in the av-
eraged cell velocities (4.1) is estimated to be ±1.1%, based on the values of
σ(u) = 51.2ms−1 and τu = 1.25ps given in Section 4.5. During the whole simu-
lation, the z-component of the particle velocities is weakly coupled to a Berendsen
thermostat [22] at 215 K with a coupling constant of 0.1 ps. The computational
domain of case 1 and the average velocity in cells of size 0.5× 0.5× 4.26 nm are
shown in Figs. 6.10a and 6.10c.
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Figure 6.6: Finite volume mesh used to compute the flow of liquid argon around
a CNT. Here, the CNT is modeled as a smooth circular cylinder with a no-slip
boundary condition on its surface. Left: Full 30× 30 nm mesh. Right: close up to
10× 10 nm. The bold lines denote the overlap domain.

6.2.2 Continuum computations

Here, the entire flow field is modelled by the incompressible NS equations and the
CNT is represented as a circular cylinder with no-slip boundary conditions on its
surface. The corresponding finite volume mesh is displayed in Fig. 6.6. The com-
mercial program STARCD [1] is used to solve this flow problem, cf. Section 4.4.
The kinematic viscosity is ν = 0.8 · 10−7 m2s−1 as given by Rowley and Painter
[215] for the state point of the LJ fluid considered. In Fig. 6.7, it is shown that
the MD reference solution (case 1) and the continuous reference solution (case 2)
match well. In terms of the error measure Eqn. (4.1), the difference between the
two solutions is 2.65%. From this close agreement, two conclusions can be drawn:

• the flow is well described by the NS equations and the no-slip boundary
condition on the tube, and,

• the viscosity ν = 0.8 · 10−7 m2s−1 is indeed close to the value for the bulk
LJ fluid.

Therefore, the Schwarz iteration can be tested for a system with NS descriptions in
both subdomains before introducing the hybrid description. An inner subdomain
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Figure 6.7: The ux velocity component of the reference MD solution (+, case 1)
and of the reference continuum solution (x, case 2) along the x-axis and along the
y-axis.

is chosen with an edge length of LA = 10 nm and an overlap size LO of 2 nm,
cf. Fig. 6.5. Two grid resolutions are employed. The first one has cells of size
0.5× 0.5× 4.26nm (case 4) in ΩC and a polar mesh in ΩA (Fig. 6.6). The second
one subdivides the cells in the far-field to 0.25×0.25×4.26nm (case 5) and refines
the polar mesh accordingly. The convergence of the iterative solutions toward the
reference solutions (case 2 and case 3) is monitored by the error Eqn. (4.1) and
the rate of change Eqn. (4.3). The rate of change drops to 10−6 for both mesh
resolutions after 100 iterations (Fig. 6.8), however, the error levels off at 2.1 ·10−2

for the coarse mesh (case 4) and at 2.9 · 10−4 for the finer mesh (case 5), as can be
seen in Fig. 6.9.

6.2.3 Hybrid atomistic-continuum computations

For the hybrid simulation, the edge length of the atomistic domain is reduced to
LA = 10 nm and the number of atoms to 6400 corresponding to 1/9 of the original
system, cf. Fig. 6.10b. The finite volume mesh for the solution of the NS equations
in ΩC consists of cells of size 0.5 × 0.5 × 4.26 nm and overlaps the atomistic
domain by three cell widths, i.e. by LO = 1.5 nm. A uniform velocity with
ux = 100ms−1 is arbitrarily chosen as an initial guess for the internal boundary
condition on ΓC . Hence, the solution for the velocity field u0

C in the first iteration
is a parallel flow.

In Fig. 6.11, the evolution of the ux velocity component is shown during the
iteration along the x- and the y-axis. The noise introduced in the hybrid solution
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Figure 6.9: Mean error en (Eqn. (4.1)) in the velocity field during the Schwarz
iteration for cases where both subdomains are described by the discretized NS
equation. The error is displayed for two mesh resolutions: 0.5 × 0.5 nm (+ –
case 4), and 0.25 × 0.25 nm (x – case 5). The reference velocity solution uex

j is
from case 2 and case 3, respectively, and the error is normalized by the freestream
velocity of u∞ = 100ms−1.
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Figure 6.10: a) Computational domain for the reference solution of the flow
of argon around a CNT using a purely atomistic description. b) Hybrid atom-
istic/continuum computational domain. Both computational domains have an ex-
tent of 30× 30 nm. c) Velocity field for the reference solution averaged over 4 ns.
The white lines are streamlines, and the black lines are contours of the speed (|u|).
d) Velocity field of the hybrid solution after 50 iterations. The black square denotes
the location of ΓA. The solution in ΩA is averaged over 10 iterations.
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Figure 6.11: The ux velocity component along the x-axis and along the y-axis
in the course of a hybrid iterative solution of the flow around a CNT. The shear
viscosity ν for the continuum solution is 0.8 · 10−7 m2s−1. The solid lines are the
velocity components as obtained from a purely atomistic simulation. The symbols
denote the n’th iteration with n = 1 (+), 10 (∗), 20 (�), 30 (�), 40 (◦), and 50
(•), respectively.

through the atomistic domain prevents the solutions from fully converging. Nev-
ertheless, the profiles are generally in close agreement with the reference solution
(solid line) after approximately 20 iterations and do not change more than expec-
ted from the noise amplitude. In fact, as proposed in Ref. [105], the optimal way
to schedule the number of MD steps Nn in iteration n should scale as Nn ∝ K−n

where 0 < K < 1 is a positive constant. In this way, the statistical error in the
boundary condition ΓC is decreased as the iteration proceeds. Here, no such tech-
nique is used, but the atomistic system is run for 40000 steps in every iteration,
whereof the first half is used to equilibrate the system and the second half to de-
termine the next boundary condition on ΓC . The velocity profile along x from the
inlet towards the stagnation point in front of the CNT is in good agreement with
the reference solution, cf. Fig. 6.11. We observe differences in the ux velocity in
the wake behind the tube and along the y-axis (Fig. 6.11). These differences are
quantified in Fig. 6.12 where the convergence of the hybrid velocity field towards
the reference solution is depicted in terms of the error en (4.1) and of the rate of
change dn (4.3). The error en levels off at a value of ≈ 4% after 20 iterations.
We have investigated the effect of prolonging the equilibration (40000 steps) and
sampling (60000 steps) times of the atomistic part of the iteration. The rate of
change dn is reduced, however, the error en does not decrease as can be seen in
Fig. 6.12. We attribute the persistent error to several sources. First of all, the
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statistical error in the reference solution itself amounts to ≈ ±1.1%. Second, the
spatial resolution of 0.5× 0.5× 4.26 nm of the finite volume grid and of the cells
in ΓA may not fully resolve the large velocity gradients present around the tube
(Fig. 6.11). Third, the viscosity ν obtained from Rowley and Painter [215] has an
uncertainty of±17.2%. The implications of this point are further discussed below.
We note that despite the 4% error, the agreement between the reference and the
hybrid solution is good, cf. Figs. 6.10c and 6.10d.

A fit of a power law of the form ef (n) = aKn + c to the data in Fig. 6.12 yields
a = 0.10, K = 0.83, and c = 0.04. The values of the fitting parameters confirm
that the error levels off at 4% and provide the constant K, which can be used to
optimally schedule the number of MD steps.
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Figure 6.12: Left: Convergence of the hybrid velocity field towards the MD ref-
erence solution in terms of the mean, normalized cell-error Eqn. (4.1). The dotted
line is a fit of the form ef (n) = 0.1 · 0.83n + 0.04 to the data. Right: Rate of
change (Eqn. (4.3)) of the velocity field in the hybrid solution. In the first fifty
iterations (+), the cell velocities are averaged over 2 · 104 MD steps, while in the
subsequent 25 iterations (x), the cell velocities are averaged over 6 ·104 time steps.

Momentum conservation

The mass in the hybrid solution is conserved since the number of particles in ΩA is
constant and since the constraint (4.14) is enforced. However, momentum conser-
vation is not explicitly ensured in the Schwarz method and it should be controlled
by comparing the drag force DA on the tube in the atomistic simulation to a sur-
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face integral of the stress tensor in ΩC

DC
i =

∫

S

[−pδij + νρ(
∂ui

∂xj
+

∂uj

∂xi
)− ρuiuj ] njdA, (6.6)

where the surface S in ΩC comprises the entire atomistic domain and where index
notation has been used. The expression (6.6) evaluated for the velocity field in
the 50’th iteration of the hybrid solution yields DC

x = 262.5kJ mol−1 nm−1.
The drag force on the tube in the same step of the iteration is DA

x = 261 ±
6kJ mol−1 nm−1. This value is obtained from 104 samples taken every 0.5 ps of a
prolongated MD simulation, where the velocity boundary conditions of the 50’th
iteration are constantly applied. The prolongation of the atomistic simulation de-
creases the statistical error in DA

x whose instantaneous values have a large standard
deviation of 636.5 kJ mol−1 nm−1. The values of DA

x and DC
x agree and we con-

clude that momentum is conserved in the present example. As a comparison, we
have also computed the Stokes-Oseen drag force DSO

x = 203 kJ mol−1 nm−1 for
a flow past an array of two-dimensional circular cylinders Eqn. (6.4). The value
of DSO

x lies within 21% of DA
x and indicates that the flow pattern of the hybrid

solution is similar to the Stokes-Oseen flow.

Velocity boundary condition on the CNT

The flow field in the vicinity of the CNT, and in particular at the CNT surface,
is of central interest to this work, as also discussed for the case of a water flow
in Section 6.1. Here, we use the prolongated MD simulation described in the
previous paragraph, where the velocity boundary conditions of the 50’th iteration
were constantly applied. In order to characterize this flow field, time averaged
radial density profiles are recorded along the upstream and downstream directions,
and orthogonal to the free stream (the notation is the same as in Fig. 6.1). The three
density profiles are almost identical with the exception of the height of the first
density peak at 0.34 nm from the CNT surface. The value for the upstream profile
is 5.3 g cm−3 as compared to 5.2 g cm−3 for the midstream, and 5.0 g cm−3 for
the downstream flow. The locations of the peaks are identical for all three profiles.
We define the “extent” of the first and second peak to be the intervals around the
peaks where the local density exceeds the mean far-field density of 1.0 g cm−3.
In Fig. 6.13, these intervals are marked by thin vertical lines at 0.30 and 0.41 nm
for the first and at 0.61 and 0.76 nm for the second peak. The averaged tangential
velocity of the particles in the first and second layer are in Fig. 6.14 displayed
as a function of the angle θ (θ = 0◦ is the upstream, θ = 180◦ the downstream
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Figure 6.13: The time averaged radial density profile of argon flowing past a CNT.
The diameter of the CNT is 1.25 nm, the onset flow speed 100 ms−1, and the
density 1.0 g cm−3. The profiles are sampled upstream (+: section III), in the mid-
section (x: section II), and in the downstream section (?: section I), cf. Fig. 6.1.
There are small differences in the height of the first density peak, as can be seen
from the inset. The mean velocity within the first and second argon layer (thin
lines) is given in Fig. 6.14.
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Figure 6.14: Tangential velocity component (ut) measured in the first (+) and
second (×) layer of argon, cf. the density profiles in Fig. 6.13. The data in the plot
is obtained in 13 polar bins. The stagnation point in front of the CNT corresponds
to θ = 0◦. The tangential velocity at the CNT surface (?) is obtained from a linear
extrapolation of the velocity profiles.

direction, and the bin size is 180◦/13). The tangential velocity profiles of the
first and second layer show how particles accelerate and decelerate between the
stagnation points on the front and back side of the CNT. The tangential velocity
in the first layer is roughly half of the one in the second layer. We emphasize
however that the first layer is not “sticking” to the CNT surface. Nevertheless, the
present flow boundary condition is denoted as a no-slip condition, since the value
of the extrapolated tangential velocity at the CNT surface is essentially zero, cf.
Fig. 6.14.

External outlet boundary conditions

Note that with periodic external boundary conditions in y and uniform Dirichlet
boundary conditions in x, we are effectively simulating the flow past an array of
CNT and not past a single CNT. The hybrid atomistic-continuum scheme allows
us to implement other external boundary conditions than the ones used in the ref-
erence atomistic simulation. As an example, we replaced the Dirichlet boundary
conditions at ∂ΩC |x=15.0 nm with an outlet boundary condition that imposes van-
ishing velocity gradients along the outlet direction x. This choice together with
the periodicity in y and z models the flow past a row of CNTs. In Fig. 6.15 we
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Figure 6.15: Comparison of different external boundary conditions for the flow
past a CNT. For both systems, periodic boundary conditions are prescribed in the
y direction and a uniform inlet flow with u = 100ms−1 is imposed on the left
boundary. The right boundary is either given by a uniform outlet flow velocity of
u = 100ms−1 (left picture) or by an outlet condition where zero gradients are
assumed along the mesh lines (right picture). The white lines are streamlines, and
the black lines are contours of the speed (|u|).

show that these boundary conditions result in a flow field which is qualitatively
different from the one obtained with periodic boundary conditions. The freedom
allowed in the hybrid scheme to impose arbitrary boundary conditions is an ad-
vantage over pure atomistic simulations, since for the latter it is not clear how such
outlet conditions would be implemented.

6.3 Conclusions

NEMD simulations were presented of water flowing past an array of CNTs with
diameters of 1.25 and 2.50 nm. The slip length in the plane of the CNT was found
to be comparable to the van der Waals distance of the carbon-water potential for
flow speeds in the range from 50 to 200 ms−1. This effective no-slip condition
is related to the presence of the stagnation point of the flow, and hence to the
particular geometry. This is confirmed by a simulation of a slanted flow, where a
significant slip is found along the axis of the tube while the no-slip condition in
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the plane of the CNT is recovered. The drag force acting on the CNT is in good
agreement with the one obtained for the macroscopic Stokes-Oseen solution of the
flow past an array of circular cylinders.

The hybrid flow field of argon around a CNT was found to be in excellent agree-
ment with the one obtained for a fully atomistic reference solution. Moreover, we
have applied outlet boundary conditions on the external boundary of the continuum
and we have shown that this has a significant effect on the flow field.



Chapter 7

Conclusions

This thesis addressed a series of physical and algorithmic questions related to the
simulation of CNTs in water and in argon. In particular, standard MD was used to
characterize water droplets inside CNTs and on graphite and non-equilibrium MD
was used to analyze the slip behavior of argon and water at the CNT surface. A
novel method was proposed to calibrate the water-carbon interaction potential in
these MD simulations. Finally, a hybrid scheme which embeds non-periodic MD
simulations into a continuum description was introduced and tested for the flow of
liquid argon past a CNT. The main contributions of this thesis are summarized in
the following.

Wetting of CNTs and graphite — Calibration of the water–carbon potential

Gogotsi et al. [96] observed with a TEM that liquid inclusions (mixtures of wa-
ter, carbon dioxide, and methane) wetted the interior of closed MWCNTs. More
recently, Rossi et al. [214] have published an environmental scanning electron mi-
croscopy study of similar liquid inclusions in open-ended MWCNTs at low pres-
sures. The interior of these CNTs was also characterized as hydrophilic and contact
angles of 5◦ to 20◦ were measured. Rossi et al. [214] attributed the small contact
angle to confinement effects rather than to the wall structure, fluid composition or
pressure. However, the MD studies of water droplets inside CNTs presented in this
thesis showed that CNTs are hydrophobic, i.e., that the contact angle between the
water and the CNT exceeds 90◦. It was argued that this difference originates either
from an inappropriate carbon–water interaction potential or from impurities in the
experiments. In particular, the liquid in the experiments is not pure water and the
interior of the CNT is not flat, i.e., there are sidewall effects, and possibly attached
functional groups such as -H, -OH, or -COOH which influence the wetting.

The first of these possibilities was investigated by perturbing the strength of the
water–carbon interaction potential by ±20%. As expected, the increase in the po-
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tential lead to a decrease in the contact angle and vice versa. This observation,
and the fact that the water–carbon interaction potentials recently used by other au-
thors differ drastically, lead to the idea of using the contact angle as a selection
criterion for interaction potentials: The interaction parameters should be chosen
such that the contact angle observed in MD simulations matches that found in ex-
periments. Since experimental data of water contact angles on CNTs are scarce,
the related system of water on graphite, which can be looked at as a CNT with
infinite diameter, was considered. In MD simulations, the average contact angle
of water on graphite was found to vary linearly with the binding energy of a water
monomer on graphite. This relation allowed to easily identify the interaction para-
meters that result in a given target contact angle. The parameters that reproduce
the experimental contact angle of 86◦ were found to be εCO = 0.392kJ mol−1 and
σCO = 3.19 Å, if the water-graphite potential consists solely of a carbon–oxygen
LJ 12-6 term.

These interaction parameter values are specific to the commonly used cutoff
radius for the carbon–water interaction of 10 Å. For a larger cutoff, the carbon–
water interaction energy increases and leads to a smaller contact angle, e.g., for
rc = 20 Å, the contact angle is decreased by 11.2◦.

In the comparison of the contact angles obtained from experiments to the ones
found in the simulations, one must take the line tension effect into account.
The line tension at the three-phase contact line is found to be approximately
2 · 10−10 J/m. This positive line tension contracts the droplet base of the wa-
ter droplets considered in the MD simulations and increases their contact angles.
However, the line tension is too weak to have an effect on the macroscopic droplets
considered in experiments.

A separate calibration curve is necessary if a pairwise LJ interaction is added
between the hydrogen and the carbon atoms because such a term does not fully
contribute to the water-graphite binding energy of a droplet. The reason being that
the water molecules in the droplet can not all adopt the minimal energy orientation
with respect to the graphite due to the presence of the other water molecules.

The second possibility that could explain the difference observed in the wet-
ting behavior in the experiments and the MD was partially addressed by including
different concentrations of potassium–chloride pairs into the water droplets. The
potassium in these simulations had a propensity to precipitate onto the graphite
surface and enhance the wetting of the surface. For a concentration of 1.8 M (64
ion pairs in 2000 water molecules), the contact angle was reduced by 8◦ to a value
of 82◦.
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External flows around CNTs

The MD studies of water droplets in CNTs and on graphite were all run at equi-
librium. A next step in this thesis was to consider non-equilibrium situations of a
flow around CNTs. Two different fluids were considered: water at room temperat-
ure and pressure and liquid argon at 215 K and 653 bar. The first fluid was chosen
for its practical importance and the second one for its simplicity and since it is has
been widely used as a model fluid. The main question addressed was whether the
no-slip velocity boundary condition, which is often assumed in continuum fluid
dynamics, could be observed in these atomistic simulations.

The slip length of water flowing past CNTs was found to be negligible, i.e., of
the order of the van der Waals radius, for onset flow speeds from 50–200ms−1.
However, for flows along the tube axis, the slip length was found to be 88 nm and
the slip velocity was close to the free stream velocity. This demonstrated that the
no-slip condition observed was related to the presence of the stagnation point in
front of the CNT, and hence to the particular geometry. Also, for the flow of argon
around a CNT, the no-slip condition was found to hold.

It must be emphasized that the validity of the no-slip boundary condition does
not imply that the fluid “sticks” to the CNT. Rather, the tangential velocity of the
molecules gradually decreases the closer they are to the CNT surface and extra-
polates to zero at the CNT surface.

One simulation of the flow of argon around a CNT was repeated using the iso-
thermal, incompressible Navier-Stokes equations with the viscosity of argon. The
agreement of the averaged velocity field from the atomistic simulation to the one
obtained from the Navier-Stokes equations was excellent. However, for a flow
along the tube axis, there would be no such agreement because the no-slip condi-
tion does not hold for this case.

A hybrid atomistic-continuum method for the simulation of dense fluid flow

The computational cost of classical MD simulations sets a limit to the size of
systems that can be considered in a reasonable time. This is not a problem when
the system at hand is inherently confined to a small space (e.g., a water droplet
in a CNT) or when the system can be periodically extended (e.g., to compute the
diffusion coefficient in a fluid). However, for other systems such as the flow around
a CNT, the situation is more complicated. There, the width of the computational
domain needs to be at least a few CNT diameters in order to capture the flow field
correctly. The computational domain can then be extended periodically at the price
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of not longer simulating a flow past a CNT but a flow past an “array” of CNTs.
The hybrid scheme presented in this thesis remedies this situation by embedding
an MD simulation within a continuum computation. The size of the continuum
domain can then be enlarged at negligible costs when compared to the MD and it
is possible to prescribe boundary conditions other than periodic on the continuum.

The proposed scheme is based on the Schwarz alternating method and allows, in
its current implementation, for the simulation of dense Lennard-Jones fluid within
a two-dimensional, steady, isothermal, incompressible, continuum fluid mechanics
computation. The key element in the iterative solution scheme is the imposition
of non-periodic boundary conditions on the atomistic domain using an effective
boundary potential, specular walls, body forcing terms, and a particle insertion
algorithm. The algorithm was tested by comparing the MD simulation of the flow
of argon around a CNT to a hybrid solution of the same system. The agreement in
the velocity field between the two solutions was good.

Future research on the hybrid algorithm

1. The efficiency of the hybrid scheme can be further improved by an optimal
scheduling of the number of MD time steps that is performed in every itera-
tion. Loosely speaking, it is sufficient to sample the atomistic domain only
for short times in the beginning of the iteration and to gradually increase
the sampling time when the converged solution is approached. Hadjicon-
stantinou et al. [105] considered the evolution of the error in the hybrid
Schwarz iteration as a stochastically forced decay process and found that,
under this assumption, the optimal number of MD steps per iteration fol-
lows a power law. To get a sense for an optimal scheduling, one could first
consider a Schwarz iteration for the flow around a CNT where both subdo-
mains are modeled by the Navier-Stokes equations. The fluctuating nature
of the MD can then be included as a random perturbation of the boundary
condition that is passed from the interior to the exterior domain.

2. The optimal size of the overlap between the MD and the continuum system
is an open question. The minimal size is two cells, since the cell where the
continuum values are imposed should not be used to measure the boundary
condition that is put back on the continuum. A large overlap domain en-
hances the convergence rate of the Schwarz iteration, but it also increases
the computational cost per iteration. Again, this problem can be addressed
for the flow around a CNT problem using a Schwarz iteration between two
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Navier-Stokes subdomains and with a simple model for the work the MD
would take.

3. The accuracy of the hybrid solution as function of the cell size (i.e., spatial
resolution) can be quantified with the same model, and with a reference
solution directly obtained on a fine grid (without a Schwarz iteration).

4. Different flow configurations could be considered. The flow of argon along
a finite sized open CNT would be a case that cannot be simulated by the
NS equations alone: First, because the no-slip boundary on the exterior of
the tube would presumably fail, and second, because the argon inside the
CNT does not have bulk properties. Another interesting and fundamental
configuration involves a flow of argon around a CNT that is mounted on
graphite. This example combines the flow past a plate and a cylinder and
would result in a truly three dimensional flow field.

5. The extension of the proposed hybrid scheme to three dimensions requires
a programming effort but no other difficulties.

6. The extension of the scheme to compressible flows would entail at least a
modification of the particle redistribution scheme and require a parametriz-
ation of the boundary potential as a function of density.

7. The hybrid simulation of water flows would require an efficient molecule in-
sertion algorithm for bonded polyatomic molecules. The effective boundary
force would depend on the orientation of the water molecules and hence be
considerably more complicated than the one for argon. Finally, additional
measures would have to be taken in order to properly account the effect of
the long range electrostatic interaction.
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Appendix

A.1 The molecular dynamics package FASTTUBE

The FASTTUBE package was initially written to simulate CNTs and monatomic LJ
fluids. It was later extended to include flexible water models [282]. During this
thesis, the code was parallelized for distributed memory machines, generalized to
include any kind of non-bonded pair interaction, and rigid water models and a
series of post-processing options were added.

Flowchart

The flowchart in Fig. A.1 depicts the essential parts of the time stepping loop in
FASTTUBE.

1. Initialization. The positions rn
i and velocities v

n−1/2
i of all atoms are read

from a data file. Additionally, the topology information (bonds) is read. It is
ensured that all atoms lie within the computational box.

2. Boundary. Periodic boundary conditions are applied in all directions [6].
Ghost layers are created and, in parallel runs, exchanged among processors,
cf. Sec. A.1.3.

3. Force computation. All particles are ranked in the cell list. The forces f n
i

are computed as the gradient of the interaction potential (Eqn. (3.5)).

4. Velocity update. The new velocities v
n+1/2
i are obtained from the leap-frog

scheme, cf. Eqn. (A.3).

5. Position update. Compute the unconstrained positions r̃n+1
i from

Eqn. (A.2). Resolve the constraints using the SHAKE algorithm [217] and
determine the positions rn+1

i .
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6. Thermalize. A Berendsen thermostat [21] is applied to equilibrate the sys-
tem at a specific temperature T (3.7). It scales the velocities of individual
atoms or the center of mass velocities of molecules by a factor χ (A.4).

7. Energy. The particle velocities are only known at intermediate times n+1/2.
The kinetic energy Kn (Eqn. (3.6)) at time n is computed as

Kn = (−Kn−3/2 + 6Kn−1/2 + 3Kn+1/2)/8 (A.1)

The potential and kinetic energies are of fundamental interest in the ana-
lysis of an MD trajectory. Therefore, FASTTUBE stores all individual pair
interaction energies (bonded and non-bonded) in a binary file.

8. File output. At a predefined frequency, the new positions rn+1
i , velocities

v
n+1/2
i , and forces fn+1

i are written to a trajectory file for later analysis, cf.
Sec. A.2.

The leap-frog scheme

In FASTTUBE, the widely used leap-frog time integration scheme [119] is used to
discretize the equations of motions (3.2)

rn+1
i = rn

i + δtv
n+1/2
i , (A.2)

v
n+1/2
i = v

n−1/2
i + δtfn

i /mi, (A.3)

where δt is the time step and rn
i , vn

i , fn
i , and mi are the position, velocity, force,

and mass of particle i at time nδt, respectively. The local errors introduced at each
time step are of the order O(δt3) in the positions and velocities. The leap-frog
scheme (A.2)-(A.3) is an accurate and stable, yet simple integration scheme [268].

Berendsen thermostat

The velocities appear explicitly in Eqn. (A.3), which facilitates the use of a Ber-
endsen thermostat [21]. This thermostat scales the velocities to force the system
toward a desired temperature T0. The scaling factor takes the value

χ =

(

1 +
δt

τT

(

T0

T
− 1

))1/2

, (A.4)
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Figure A.1: Flow chart of the molecular dynamics code FASTTUBE. Further ex-
planations are given in the text.
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where τT is a time constant that controls the strength of the coupling. For τT = δt,
the instantaneous temperature equals T0 in every time step, while τT > δt results
in a weaker coupling. A typical value for τT in simulations involving water is
0.1 ps. The weak coupling method does not sample the canonical ensemble, but
it is a convenient technique to equilibrate a system that has an artificially ordered
initial structure. Most MD simulations presented in the Chapters 5 and 6 are run
in the microcanonical ensemble, i.e., with the thermostat switched off after equi-
libration and with constant energy, number of particles, and volume.

Time step

The time step δt in an MD simulation is determined by the frequency of the fastest
motions in the system. For example, the oxygen-hydrogen mode in water is of the
order of 3500 cm−1 which is somewhat higher than the carbon-carbon vibrations at
≈ 1600 cm−1 [219]1. The high O–H vibration frequency requires a small time step
of 0.2 fs for flexible water models in order to conserve energy. To allow larger time
steps, it has become a common practice to constrain bonds and thus to eliminate
the highest frequencies of the system. For rigid water models in combination with
flexible graphite, a larger time step of 1 fs can be used and finally, when the carbon
bonds are constrained as well, a time step of δt = 2 fs can be employed. An
independent argument in favour of constraining high frequency bonds is that a
constrained bond might be a better approximation to the real bond than a classical
oscillator [251], because a quantum mechanical oscillator has highest probability
of being near the midpoint of the bond while a classical oscillator is more likely to
be found at a turning point.

An alternative method to deal with the disparity in time scales are the multiple
time step algorithms introduced by Tuckerman et al. [261, 262].

Shake

In FASTTUBE, the distance constraints in the rigid water models are handled by
the SHAKE algorithm [217]. In SHAKE, the constraints are multiplied by a Lag-
range multiplier and added to the expression for the potential energy. The resulting
equations of motion lead to a set of coupled quadratic equations for the Lagrange
multipliers. This set of equations is then linearized, decoupled, and solved iterat-
ively to a given tolerance. It is common practice to require a comparatively low

1The corresponding frequencies are 0.95 · 1014 s−1 (water) and 0.48 · 1014 s−1 (CNT)
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relative tolerance of 10−4, however, in order to avoid energy drifts the more strin-
gent value of 10−12 is used in the simulations reported in Chapters 5 and 6. An
alternative method to handle constraints denoted M-SHAKE [153] is highly ef-
ficient for small molecules such as water or methane. M-SHAKE replaces the
iterative solution of the decoupled equations for the Lagrange multipliers by a dir-
ect matrix inversion to solve the linearized equations.

A.1.1 Treatment of short range interactions

MD simulations of nanoscale flows may involve the computation of the interac-
tions of millions of atoms. A loop over all pairs of atoms to compute their in-
teractions scales unfavourably as O(N 2), where N is the number of atoms. The
short ranged dispersion interaction, modeled by the Lennard-Jones potential (3.8),
is often truncated beyond a cutoff radius rc. This allows one to reduce the number
of pair-wise distance evaluations. There are two common techniques to exploit the
truncation. The first one is to construct a Verlet list [270] for each particle i which
contains all particles that are within a second, larger cutoff rv > rc. The force on
i is computed using the particles in its Verlet list as long as the maximum particle
displacement is less than rv − rc.

The second technique is to use a cell list [120] which scales with O(N). It is
particularly suited for large numbers of particles, and is therefore the method of
choice in FASTTUBE. In Fig. A.2, the force evaluation using a cell list algorithm is
given in a pseudo code notation.

A.1.2 Treatment of long range interactions

The long-ranged electrostatic interaction Eqn. (3.9) decays as r−1 and ranges typ-
ically beyond the size of the computational box. There are four main approaches to
handle this problem: cutoff methods, lattice-sum methods, fast multipole methods,
and reaction field methods [6]. The relative merits of the different algorithms are
briefly overviewed with a focus on the Smooth Particle Mesh Ewald (SPME) [79],
and the smooth truncation [237] which are implemented in FASTTUBE. Recent
reviews of the topic are given in Refs. [68, 218].

Potential truncation

Many methods have been proposed to truncate the electrostatic interactions at a
certain cutoff radius [237]. In the MD simulations reported in Chapters 5 and 6,
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loop over all cells C
if (number of a in C) > 0 then

if (C is not a ghost cell) then
loop over pairs (a, b) in C

if (rab < rc) then
Evaluate forces between a and b
Update energy Vk = Vk + Uk(rab)

loop over the 13 neighboring cells D of C
if (number of a in C) > 0 and (number of b in D) > 0 then

if (C is real or D is real) then
loop over pairs (a in C, b in D)

if (rab < rc) then
Evaluate forces between a and b
if (D is real) then

Update energy Vk = Vk + Uk(rab)

if (number of b in C) > 0 and (number of c in D) > 0 then
if (C is real or D is real) then

loop over pairs (a in C, b in D)
if (rab < rc) then

Evaluate forces between a and b
if (C is real) then

Update energy Vk = Vk + Uk(rab)

Figure A.2: Algorithm to compute the non-bonded short ranged interactions
in FASTTUBE. The code represents the inner part of a loop over all interactions
k between species a and b.
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the Coulomb potential is smoothly truncated by multiplying it with

S(rij) =

(

1− rij

rc

)2

, rij ≤ rc (A.5)

where rc is the cutoff radius. This particular cutoff method offsets the atom-atom
force by a constant and it modifies the potential at all distances. Nevertheless, the
structural and dynamical properties of water are preserved [207].

However, the structure and the dynamical properties of ions in solutions, spe-
cifically larger halide ions such as chloride, are sensitive to the numerical treat-
ment of the long range electrostatic interaction, see, e.g., Ref. [252, 130]. Pettitt
and coworkers [202, 56, 55, 57] found an unexpected pairing of chloride ions in
dilute solutions, and similar observations were made at higher concentrations by
Buckner and Jorgensen [34], and by Vieira and Degrève [273]. While these stud-
ies used a truncation of the Coulomb interaction, simulations using reaction field
and Ewald summation techniques [103, 13, 129, 127] found that chloride remained
solvated. Thus, for the simulations of aqueous solutions of potassium-chloride in
Section 5.5, the Smooth Particle Mesh Ewald (SPME) technique [79] is employed
to accurately account for the long range electrostatic interactions. This method is
discussed next.

Lattice-sum methods

The lattice-sum methods include all images of the infinite periodic system. The
original Ewald summation [80, 220, 201] splits the sum over the Coulomb poten-
tial in two sums which converge exponentially fast. The first sum is negligible
beyond a cutoff radius rc and can be computed in real space. The second part of
the sum is slowly varying for all r such that it can be represented by only a few
wave vectors in Fourier space. This second part is summed up in reciprocal space
and the Fourier transformations involved dominate the scaling order of O(N 1.5)
[200].

In the Smooth Particle-Mesh Ewald (SPME) method [79], the smoothly varying
part in reciprocal space (Ureci ) and the fast decaying, non-smooth part in real space
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(Ureal ) read

Ureal (rij) =
qiqj

4πε0

qiqj
erfc(αrij)

rij
, (A.6)

Ureci (rij) =
qiqj

4πε0

1

πV

~Nk
∑

|~k|6=0

e−(π|~k|α)
2

|~k|2
e2πi~k·~rij , (A.7)

where V denotes the volume of the computational box. The parameter α determ-
ines the relative contribution from the two sums, and ~Nk is the number of wave
numbers in the reciprocal sum. The SPME and the Particle-Particle Particle-Mesh
technique (P3M) [121, 120, 167, 281] scale as O(N log N). These algorithms
achieve this computational efficiency by using a mesh:

• The charges are assigned to a mesh (xm) by a smooth projection

ρ(xm) ≈ 1

h3

∑

i

W (ri − xm)qi, (A.8)

where h denotes the mesh spacing.

• The Poisson equation

∇2Φ = − ρ

ε0
, (A.9)

is solved on the mesh to obtain the potential field Φ. Poisson solvers based
on fast Fourier transforms or efficient multigrid methods have an effective
computational cost that scale as O(N log N) or O(N).

• The electrostatic field is computed from the potential on the mesh (E =
−∇Φ) and interpolated onto the particles to allow the calculation of the
electrostatic force.

• The back interpolation is done in a similar way as the charge assignment
using the assignment function W

f i ≈ qi

∑

m

W (rm − xi)Em. (A.10)



A.1. THE MOLECULAR DYNAMICS PACKAGE FASTTUBE 159

The P3M algorithm furthermore involves a particle-particle correction term for
particles in close proximity (in terms of the grid spacing) to resolve sub-grid scales.

In the MD simulations of Chapters 5 and 6, the parameters of the SPME al-
gorithm, α and ~Nk, are adjusted to secure a converged and energy conserving
solution. The cutoff distance of 1.0 nm used for the Lennard-Jones interactions
and for the real part sum (Eqn. (A.6)) imposes a lower limit on the α parameter.
In Section 5.5 a value of 3.0 nm−1 was found to provide a sufficiently smooth re-
ciprocal part with a negligible real part truncation. A mesh resolution of 643 grid
points is used to resolve the reciprocal part of the energy (Eqn. (A.7)), and corres-
ponds to a mesh spacing of 0.22 nm in a computational box of 14× 14 × 14 nm.
With a third order B-spline interpolation for the mesh projection, the total potential
energy of the system typically fluctuates less than 0.02 %.

Fast multipole methods

An alternative to lattice sum methods are Fast Multipole Methods (FMM) which
build and exploit a hierarchy of particle clusters to evaluate the electrostatic po-
tential [101, 222, 83]. The method uses expansions of the potentials around the
cluster centers with a limited number of terms to calculate their far field influence
onto other particles. In the last 25 years a number of mesh free techniques, based
on this concept have been developed that allow non-periodic systems and have
minimal numerical dissipation. Examples of such methods involve the Barnes-
Hut algorithm [16], the Fast Multipole Method (FMM) [101, 222] and the Poisson
Integral Method (PIM) [8]. The savings are proportional to the ratio of the num-
ber of terms used in the expansions versus the number of particles in the cluster
and multipole methods scale nominally as O(N log N). A scaling of O(N) is
achieved when the multipole expansion is translated into a local Taylor expansion
to allow groups of particles to interact. It has been argued that the 3D-version
of the Greengard-Rokhlin algorithm is not efficient, as it adds nominally a com-
putational cost of O(N × P 4), where P is the number of terms retained in the
truncated multipole expansion representation of the potential field. However, this
issue has been resolved by suitable implementation of fast Fourier transforms [78].
These techniques rely on tree data structures to achieve computational efficiency.
The tree allows a spatial grouping of the particles and the interactions of well-
separated particles is computed using their center of mass or multipole expansions
for the Barnes Hut and FMM algorithm, respectively.
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A.1.3 Parallelization for distributed memory machines

The parallelization of FASTTUBE is based on a spatial decomposition of the com-
putational box and the communication is done using the Message Passing Inter-
face (MPI). A recent review of parallel algorithms for MD simulations is given by
Heffelfinger [114]. This section contains a description of the implementation and
benchmark computations for bulk water systems.

The rectangular computational box is delimited by the global lower left corner
xL,g = (xL,g, yL,g, zL,g) and the global upper right corner xR,g, and has an extent
of b = xR,p − xL,g. For the cell list the domain is split into cg = INT(b/rc)
cells, where INT returns the next smaller integer number. Thus the size of a cell is
h = b/cg > rc. The p available processors are mapped on a cartesian topology
using the MPI command MPI Cart Create. Each processor is then assigned a
rectangular subdomain consisting of an integer number of cells cl,p. The extent
of the subdomains are defined by their lower left corners xL,p and the upper right
corners xR,p. A sketch of this situation is given in Fig. A.3 for a 2×2×1 processor
arrangement. The shaded region in Fig. A.3 indicates the so-called ghost layer of
processor P1, which is necessary to evaluate the particle interactions across the
periodic and inter-processor boundaries. Thus, the number of cells including the
ghost layer will be denoted c′

g = cg + 2.

Each processor has a local particle list and a local bond list. This keeps the
code simple and makes it scalable. In Fig. A.4 the communication scheme is
explained. The bonded interactions are handled by maintaining a global bond list
that is shared by all processors and which allows all processors to extract the local
information needed.

The performance of FASTTUBE is measured on a Beowulf class computing
cluster with dual-CPU compute nodes (AMD Opteron 244 processors) for bulk
water systems. In these benchmark computations, all interaction potentials are
truncated at 1 nm. The scaling of the CPU time tMD required per MD time step
with the number of water molecules is given in the left part of Fig. A.5 and is lin-
ear as expected. The speedup of FASTTUBE for a periodic bulk water system con-
taining 65536 water molecules is displayed in the right part of Fig. A.5. A similar
plot, but where the problem size is scaled along with the number of processors is
given in Fig. A.6. The smallest computation involves a bulk water system contain-
ing 1024 water molecules. The system size and the number of processors are then
doubled until a system of 65536 water molecules is solved on 64 processors.
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Figure A.3: Two-dimensional sketch showing a domain decomposition on four
processors P1–P4, the cell list, and the ghost layers used in FASTTUBE. The finest
grid represents the cell list and has a mesh spacing larger or equal to the cutoff
radius. The ghost layer of processor P1 (shaded region) contains cells from all
other processors.
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Enforce periodic boundary conditions
Create ghost layers
Allocate memory for send and receive buffers
loop over local particles i

if ri ≥ x′

L,p and ri < x′

R,p then
if ri ≥ xL,p and ri < xR,p then

keep i as a real particle

else
keep i as ghost particle

loop over neighboring processors p
loop over local particles i

if ri ≥ x′

L,p and ri < x′

R,p then
s = s + 1
if ri ≥ xL,p and ri < xR,p then

add i as real to the send buffer
else

add i as ghost to the send buffer

call MPI SendRecv→ Exchange s with processor p
Allocate memory for the recv buffer
call MPI SendRecv→ with the send/recv buffers
Unpack particles into a temporary buffer

Copy particles into local list

Figure A.4: Algorithm to exchange particles between processors in
FASTTUBE. The symbols are explained in the text and in Fig. A.3.
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Figure A.5: Tests of FASTTUBE on a Beowulf cluster with dual-CPU compute
nodes (AMD Opteron 244 processors). Left: CPU time required per MD time step
tMD for bulk water systems of different size. Right: Parallel speedup for a system
of 65536 water molecules. The straight line represents a linear speedup.
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Figure A.6: Test of FASTTUBE on a Beowulf cluster with dual-CPU compute nodes
(AMD Opteron 244 processors). The length of an MD time step for a bulk water
system is displayed as a function of the number of processors. The number of
water molecules is in this plot doubled along with the number of processors, i.e.,
the smallest (largest) system contains 210 (216) water molecules and is evaluated
on 20 (26) processors.
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A.1.4 Constrained dynamics

In Section 5.6, the interaction between two CNTs in water is investigated and
the potential of mean force (PMF) between the tubes is measured. The PMF is
determined from a series of simulations with a constrained distance between the
center-of-mass (LCOM ) of the CNTs (Fig. 5.23). Here, it is described, how this
distance is constrained.

The constraining force (F ) is computed using a classical Proportional-Integral-
Differential control algorithm [10]

F (t) = G

(

e + Td
de

dt
+

1

Ti

∫ t

0

e dτ

)

. (A.11)

The force F (t) drives the difference e between the actual CNT spacing and the
required one to zero. G is the gain of the controller, and Td and Ti are the time
constants of the P and I control, respectively. The constants are adjusted using
the Ziegler-Nichols method [299] and values of G = 16.2 MJ mol−1Å

−2
, and

Td = Ti = 31.4 fs, are found to provide a fast, but well damped controller. The
method is similar to the method of steered MD [135] and traditional constrained
dynamics [267], but provides an adaptive mechanism for computing the strength of
the constraining potential for a given constraint. The algorithm furthermore allows
dynamic adjustment of the initial configuration to match the desired spacing as
demonstrated in Fig. A.7. The main transient of the motion is completed in less
than 0.5 ps and at equilibrium, the distance between the CNTs does not deviate
more than 10−5 Å. Since the motion of the tubes at equilibrium is negligible, the
statistical ensemble effectively remains microcanonical (the variation of the total
energy is less than δEtot/Etot < 0.02 % during the entire 0.1 ns simulation). Thus
the potential of mean force can be computed directly from the constraining force
as

PMF(R) =

∫ R

0

F (r) dr, (A.12)

where F (r) is the time average of the constraining force [240, 186, 65].
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Figure A.7: Examples of the time history of the distance between the center of
mass (LCOM ) of the CNTs during equilibration for four different target spacings.
The constraining force is computed using the Ziegler-Nichols method to allow a
dynamic adjustment of the COM. —: transient of the LCOM ; - - -: the target COM
spacing.

A.2 Post processing of MD trajectories

A.2.1 Statistical errors

The extraction of a time averaged quantity q̄ from M samples of an MD trajectory
is a straightforward process [6]:

q̄ =
1

M

M
∑

i=1

qi (A.13)

where qi are instantaneous values at time i∆t. If an infinite number of samples
were available, then q̄ would, by ergodicity, correspond to the ensemble average

lim
M→∞

q̄ =< q > . (A.14)

However, the number of samples M is finite, and thus the time average q̄ is a fluc-
tuating quantity. In order to judge the accuracy of a result, one needs to estimate
the standard deviation of the mean σ(q̄). The result is then quoted as q̄ ± σ(q̄) in-
dicating that 68% of all simulations would yield a mean value in this range if q is
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distributed according to a Gaussian. Here, a ”recipe” to estimate σ(q̄) is given, the
theory can be found in the articles by Flyvbjerg and Petersen [87] or Janke [139].

If the series qi, i = 1, . . .M , is uncorrelated, it is straightforward to show that

σ(q̄) =
σ(q)√

M
. (A.15)

Thus, the fluctuations decay as the square root of the number of samples. In gen-
eral however, the samples qi are time correlated. The number of samples that are
effectively contributing to reduce the statistical error in q̄ is therefore diminished
to Me = M/2τq where τq is the integrated autocorrelation time [139]. In practice,
τq is estimated by truncating the summation

τq =
1

2
+

km
∑

k=1

A(k), with A(k) =
〈qiqi+k〉 − 〈qi〉2

〈q2
i 〉 − 〈qi〉2

. (A.16)

for a km where the error in A(km) is smaller than a given tolerance. However,
estimating the autocorrelation function is rather cumbersome. A more convenient
tool to analyze correlated data is the binning analysis [87]. The original data is in
a blocking operation grouped into M ′ = M/2 pairs q′ = (q2i−1 + q2i)/2. The
mean of the new series remains unchanged, q̄′ = q̄, and it can also be shown that

σ2(q̄) >

〈

σ2(q)

M

〉

. (A.17)

In practice, one repeats the blocking transformation until the value of σ2(q′)
M re-

mains constant, indicating that the blocked data are essentially uncorrelated. This
plateau value is an estimate for the variance of the mean of the quantity q. If no
plateau is reached, then the largest value is a lower bound for the variance. As
an example (Fig. A.8) the standard deviation is estimated of the measurement of a
water contact angle on graphite.

A priori estimates of required number of samples

Hadjiconstantinou et al. [106] have given a-priori estimates for the number of
samples Mu, Mρ, and MP needed to measure averages of velocity, density, and
pressure, respectively in a bin of volume V

Mu =
kBT0

u2
0

1

ρ0V Eu
2 , Mρ =

κT kBT0

V Eρ
2 , MP =

γkBT0

P 2
0 κT

1

V EP
2 , (A.18)
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Figure A.8: Left : Time evolution of the contact angle of a water droplet on graph-
ite (case 28 in Table 5.3). The contact angles are evaluated from ten consecut-
ive density samples with a temporal spacing of 0.2 ps. The mean contact angle
θ̄ evaluated in the interval [0.4, 1.0]ns amounts to 95.3◦. Right : Estimation of
the standard deviation of θ̄ using the blocking method [87]. The value of σ(θ̄) is
approximately±0.8◦ and thus θ̄ = 95.3± 0.8◦.

where u0, ρ0, T0, and P0 denote the average velocity, density, temperature, and
pressure, kB the Boltzmann constant, γ the ratio of specific heats, and κT the iso-
thermal compressibility of the fluid. To illustrate the implications of Eqns. (A.18),
a numerical example is considered for a flow of water at atmospheric conditions
(P0 = 1bar, T0 = 293 K) resolved in cells of volume V = 1 nm3, and with a ratio
of specific heats γ = 1, an isothermal compressibility of κT = 48.95·10−6 bar−1,
and a mean velocity u0 = 100 ms−1. Then, to limit the fractional errors Eu, Eρ,
and EP to 5% the number of required (statistically independent) samples amounts
to Mu ≈ 102, Mρ ≈ 1, and MP ≈ 108. The high number of samples needed
for the pressure indicates that in hybrid algorithms one should not attempt a flux
based coupling, cf. Chapter 4.

A.2.2 Mass density profiles

Water droplets inside carbon nanotubes

In Section 5.2, simulations of water droplets inside CNTs are reported for of dia-
meters 25.0 Å, 50.0 Å, and 75.0 Å, respectively. Here, it is described how water
density profiles are extracted from these simulations. The radial water density pro-
files are measured in the central part of the droplet, i.e., they are not disturbed by
the droplet-vapor interface and can be considered as bulk water profiles. The dens-



168 APPENDIX A. APPENDIX

ity is averaged circumferentially and evaluated as a function of the radius r. The
binning is centered vertically at the center of mass of the drop and the height of the
bins is 19.8 Å in all cases. The number of radial bins of equal volume amounts to
100 for the 25 Å radius case, and to 150 for the radii of 50 and 75 Å, respectively.
For the calculation of water isochore profiles, a total of 250 bins is used along the
z-axis while the resolution in the radial direction is similar to that used for the
radial profiles. The resulting bin spacing along z is 0.56 Å and the bin volume is
5.5, 11, and 16 Å3 for the different radii.

Water droplets on graphite

The analysis of water droplets on graphite (Section 5.3) is conducted in a similar
manner. From the MD simulation trajectories, water isochore profiles are obtained
from a cylindrical binning with the topmost graphite layer as zero reference level
and with the surface normal through the center of mass of the droplet as reference
axis. The bins have a height of 0.5 Å and are of equal volume, i.e., the radial bin
boundaries are located at ri =

√

iδA/π for i = 1, . . . , Nbin with a base area per
bin of δA = 95 Å2.

A.2.3 Contact angles

The notion of a contact angle in its classical meaning is a macroscopic concept
which is not fully applicable on the nanometer scale [134]. Nevertheless, Nijmeijer
et al. [191] suggested a technique to visually determine the contact angle of a
fluid between two walls which is based on the observation that the liquid-vapor
interface relaxes to a spherical shape. Following their work, the contact angle of
water droplets inside CNT are determined by fitting a circle to the isochore lines
of 0.45, 0.55, 0.65 and 0.75 g cm−3 using a least squares method, cf. Fig. A.9. In
this procedure, the first 7.5 Å in radius of the water meniscus from the wall are
neglected. This effectively excludes the density variations at the interface which
do not contribute to the macroscopic contact angle.

The contact angle of water on graphite is extracted in a similar manner from
the water density distribution [59]. First, the location of the equimolar dividing
surface2 is determined within every single horizontal layer of the binned drop.

2If the density would not smoothly drop from the bulk to the vapor value but rather discontinuously
change between these values at re while maintaining the same number of molecules in the system, then
re is called the equimolar dividing surface [6]
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Figure A.9: Schematic of the CNT–water system. R denotes the tube radius and
z the tube axis. The contact angle θ is determined from the radii d and s by the
relation θ = π − cos−1(d/s), where d is an inner radius that excludes the near
wall water layering and s is the radius of the fitted sphere.

This is done by fitting a sigmoidal function of the form

ρ(r) =
1

2
(ρl + ρg)−

1

2
(ρl − ρg)

(

1− tanh

(

2(r − re)

d

))

, (A.19)

to the radial density profile across the liquid-vapor interface [216]. The vapor
density is denoted ρg, ρl is the density of the bulk liquid, re the location and d a
measure for the width of the liquid-vapor interface. Second, a circular best fit is
computed through the points on the equimolar dividing surface and extrapolated
to the graphite surface where the contact angle θ is measured, cf. also the pictorial
representation in Fig. A.10.

Again, the points of the equimolar surface closer than 8 Å of the graphite surface
are not included in the fit to avoid the influence from density fluctuations at the
liquid-solid interface. However, the contact angle depends only weakly on this
choice, e.g., for the representative case 10 (Table 5.3), it is reduced by 1.0◦ if all
points off the equimolar surface are included (z0 = 0 in Fig. A.10). Furthermore,
only those points are used, for which the density measured in the central bin lies
within a range of 0.5 – 1.1 g cm−3. This effectively excludes the points in the cap
region where statistics are poor.
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Figure A.10: The contact angle is measured by fitting a circle with center (0, zf)
and radius rf to the points of the equimolar dividing plane (circles) with z > z0 =
8 Å to exclude the near wall region. The droplet has a base radius rB .

A.2.4 Hydrogen bond networks

The binning procedures to count hydrogen bonds are the same as for the water
density profiles. To define when a hydrogen bond is present, the geometrical cri-
terion proposed by Martı́ [171] is used:

1. the oxygen-oxygen distance is smaller than 3.6 Å and

2. the distance between the oxygen of the donor and the hydrogen of the
acceptor is less than 2.4 Å and

3. the bond angle between the O–O direction and the molecular O–H direction
of the donor, where H is the hydrogen that forms the bond, is less than 30◦.

A.3 Measurement of the effective boundary potential

An equilibrium MD simulation is performed in a periodic box at the state point
(ρ+ = 0.6, T+ = 1.8) with a cutoff radius of rc = 1.0 nm applied. The mean force
is sampled as it is felt by a particle k from all particles j with distance xij ≥ rw
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and rij ≤ rc. The samples are collected in 200 bins of equal width (0.05 Å) until
all bins have 3 · 106 entries. A piecewise C1 continuous low order polynomial
is fitted to the data with the requirements that Fm(rc) = 0, Fm

′(rc) = 0, and
Fm

′(0) = 0

Fm(rw) =















Fm1(rw) for 0.0000 < rw < 0.2975 nm
Fm2(rw) for 0.2975 < rw < 0.3475 nm
Fm3(rw) for 0.3475 < rw < 0.3975 nm
Fm4(rw) for 0.3975 < rw < 1.0000 nm

(A.20)

where (in units of kJ mol−1 nm−1)

Fm1(rw) = 10.8007 + 0.860717 rw − 172.468 rw
2

+ 86.9134 rw
3 − 140.214 rw

4,

Fm2(rw) = −3621.30 + 44657.4 rw − 204844.0 rw
2

+ 414123.0 rw
3 − 311674.0 rw

4,

Fm3(rw) = 4331.63− 45188.5 rw + 176236.0 rw
2

− 305157.0 rw
3 + 198111.0 rw

4,

Fm4(rw) = −94.4796 + 576.282 rw − 1436.11 rw
2

+ 1804.53 rw
3 − 1133.47 rw

4 + 283.244 rw
5.

Note that the relation Fm(rw) = −∂Um(rw)/∂rw does not hold. It is therefore
necessary to measure Um(rw) separately, and we obtain the following fit to the
data

Um(rw) =







Um1(rw) for 0.0000 < rw < 0.2975 nm
Um2(rw) for 0.2975 < rw < 0.4975 nm
Um3(rw) for 0.4975 < rw < 1.0000 nm

(A.21)

where

Um1(rw) = −3.61052 + 7.63385 rw,

Um2(rw) = 9.75231− 137.022 rw + 571.665 rw
2

− 970.06 rw
3 + 589.472 rw

4,

Um3(rw) = −3.45593 + 13.5024 rw − 20.1245 rw
2 + 13.5656 rw

3

− 3.48753 rw
4.
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The consistency of the boundary force (A.20) with the pressure in the simulation
is excellent, i.e., PU , evaluated at the wall according to Eqn. (4.16) yields PU =
207 bar (P+

U = 0.49), which lies within 1% of the virial part of the bulk pressure
measured in a separate periodic control system at the same state point.
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[153] V. Kräutler, W. F. van Gunsteren, and P. H. Hünenberger. A fast SHAKE
algorithm to solve distance constraint equations for small molecules in mo-
lecular dynamics simulations. J. Comput. Chem., 22(5):501–508, 2001.

[154] A. Kuznetsova, D. B. Mawhinney, V. Naumenko, J. T. Yates Jr., J. Liu,
and R. E. Smalley. Enhancement of adsorption inside of single-walled nan-
otubes: opening the entry ports. Chem. Phys. Lett., 321:292–296, 2000.

[155] L. D. Landau and E. M. Lifshitz. Fluid Mechanics, volume 6. Pergamon
Press, Oxford, 1959.

[156] Y. Laudernet, T. Cartailler, P. Turq, and M. Ferrario. A microscopic descrip-
tion of concentrated potassium fluoride aqueous solutions by molecular dy-
namics simulation. J. Phys. Chem. B, 107:2354–2361, 2003.

[157] M. Levitt, M. Hirshberg, K. E. Laidig, and V. Daggett. Calibration and test-
ing of a water model for simulation of the molecular dynamics of proteins
and nucleic acids in solution. J. Phys. Chem. B, 101:5051–5061, 1997.

[158] M. Levitt, M. Hirshberg, R. Sharon, and V. Daggett. Potential energy func-
tion and parameters for simulations of the molecular dynamics of proteins
and nucleic acids in solutions. Comp. Phys. Commun., 91:215–231, 1995.

[159] J. Li, D. Liao, and S. Yip. Coupling continuum to molecular-dynamics
simulation: Reflecting particle method and the field estimator. Phys. Rev.
E, 57(6):7259–7267, 1998.

[160] J. Li, H. T. Ng, A. Cassell, W. Fan, H. Chen, Q. Ye, J. Koehne, J. Han, and
M. Meyyappan. Carbon nanotube nanoelectrode array for ultrasensitive
DNA detection. Nano Letters, 3(5):597–602, 2003.



Bibliography 187

[161] Y. Lin, L. F. Allard, and Y.-P. Sun. Protein-affinity of single-walled carbon
nanotubes in water. J. Phys. Chem. B, 108:3760–3764, 2004.

[162] Y. Lin, S. Taylor, H. Li, K. A. Shiral Fernando, L. Qu, W. Wang, L. Gu,
B. Zhou, and Y.-P. Sun. Advances toward bioapplications of carbon nan-
otubes. J. Mater. Chem., 14:527–541, 2004.

[163] K. Lum, D. Chandler, and J. D. Weeks. Hydrophobicity at small and large
length scales. J. Phys. Chem. B, 103:4570–4577, 1999.

[164] M. Luna, J. Colchero, and A. M. Baró. Study of water droplets and films
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