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Zusammenfassung

Geoelektrik ist eine beliebte geophysikalische Methode für die Untersuchung oberflächen-

naher Strukturen. Sie verdankt ihren Erfolg ihrer einfachen Anwendung im Feld und

der Vielfalt an kommerzieller und “Open-Source” Computertomographieprogrammen.

Mit moderner Ausrüstung können heutzutage grosse Datenmengen in kurzer Zeit auf-

genommen werden. Die rechnergestützte Datenauswertung erfordert jedoch erhebliche

Rechenzeiten und Speicherkapazitäten.

Eine weitere Schwierigkeit bei der Inversion geoelektrischer Daten ist die Bestim-

mung mehrerer qualitätsentscheidender Parameter. Dazu zählen die Regularisierungs-

parameter und die Wahl zweier Rechengitter, eines für die Modellierung und eines für

die Inversionsrechnung. Auf dem ersten Gitter werden elektrische Potentiale simuliert,

die durch die eingespeisten elektrischen Ströme erzeugt werden. Ein sehr grobes Git-

ter würde die simulierten Potentialfelder ungenau repräsentieren, während ein zu feines

Gitter rechnerisch zu aufwändig wäre. Das zweite Gitter wird für die Parametrisie-

rung der Untergrundleitfähigkeiten verwendet. Dieses Gitter sollte so gewählt werden,

dass man einen guten Kompromiss zwischen räumlicher Auflösung und der Zuverlässig-

keit der berechneten Leitfähigkeit erhält. Eine “a priori” Abschätzung des räumlichen

Auflösungsvermögens für eine bestimmte Mess-Geometrie ist generell schwierig. Dazu

kommt, dass das Auflösungsvermögen nicht nur durch die Mess-Anordnung bestimmt

wird, sondern auch durch die gesuchten Bodenleitfähigkeiten beeinflusst wird.

In dieser Arbeit präsentiere ich eine Methode, welche die zuvor genannten Proble-

me überwinden kann. Für die Simulation elektrischer Potentiale habe ich ein adaptives

Wavelet Verfahren implementiert. Dieses Verfahren basiert auf einem Algorithmus, für

welchen eine optimale Aufwands/Genauigkeitsrate nachgewiesen werden konnte. Nume-

rische Experimente mit Leitfähigkeitsmodellen von unterschiedlicher struktureller Kom-

plexität zeigten eine ungefähr lineare Abhängigkeit zwischen Rechenzeit und Genauig-

keit. Im Vergleich dazu steigt die Rechenzeit mit dem Quadrat der Genauigkeit bei der

Verwendung von Finite-Elemente-Programmen, die heute vorzugsweise für geoelektri-

sche Modellierungen eingesetzt werden. Eine wichtige Eigenschaft der adaptiven Wavelet

Methode ist die automatisch generierte, quasi-optimale Parametrisierung. Diese verein-

facht die Verwendung der Methode bei der Inversion. Mein Computerprogramm ist noch

in einer Experimentalphase und ist daher noch nicht effizient hinsichtlich der absoluten

Rechenzeiten. Sobald die Implementierung des Algorithmus optimiert ist, erwarte ich,

dass mein Programm momentan erhältlichen Geoelektrik-Modellisierungsprogrammen

überlegen ist.

Neben dem adaptiven Wavelet Modellisierungsalgorithmus habe ich ein neuartiges

Inversionsschema entwickelt, welches auf ähnlichen Konzepten wie die adaptive Wavelet

Modellierung aufbaut. Obwohl keine mathematischen Beweise für die Optimalität und
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die Konvergenz der adaptiven Wavelet Inversion existieren, schätze ich meine numeri-

schen Resultate als höchst vielversprechend ein. Beginnend mit einem groben 4× 4× 4

Gitter und einer homogenen Leitfähigkeit, hat die adaptive Wavelet Parametrisierung

automatisch Inversionsresultate generiert, die denjenigen basierend auf einem fixen Git-

ter, das von einem erfahrenen Benutzer generiert wurde, überlegen waren. Ein weiterer

Vorteil meiner adaptiven Parametrisierung ist die automatische Berücksichtigung von

Effekten, die durch Leitfähigkeitsanomalien verursacht werden und im Verlauf der In-

version auftauchen.

Abschliessend habe ich die vorteilhaften Eigenschaften der adaptiven Wavelet Mo-

dellierung und Inversion kombiniert und ein gestuftes Modellierungs/Inversionsverfahren

entwickelt. Dabei konnte beträchtlich Rechenzeit gespart werden, ohne die Qualität der

Inversionsresultate zu beeinträchtigen.



Abstract

Geoelectric imaging, or electrical resistivity tomography (ERT), is a popular method for

near surface geophysical investigations. The success and popularity of the method in

exploring the subsurface is due to the simplicity of data acquisition, and because several

ready-to-use commercial and open-source tomographic inversion programs exist. With

modern equipment, large data sets can be acquired swiftly, but the evaluation of such

data sets requires a large amount of computer memory and computing time.

Another difficulty in geoelectric data analysis is that the inversions require several

important parameters to be selected that strongly influence the quality of the tomo-

graphic images. Besides selecting regularisation parameters, which render an inversion

feasible, the user needs to design two subsurface grids, one for modelling and the other

for inversion. The first grid is required to simulate the electric potential fields generated

by the injected electric currents. A very coarse grid causes the simulated potential fields

to be inaccurate, whereas an overly fine grid can be computationally wasteful and expen-

sive. The second grid is used to parameterise the subsurface conductivity distribution.

This grid needs to be chosen such that the reliability of all recovered conductivity values

is well equilibrated. Upfront estimation of the spatial resolving power of a given data set

is generally difficult, and the problem is further complicated by the fact that the resolv-

ing power is not only governed by the experimental geometry (electrode configurations),

but also by the initially unknown conductivity distribution.

In this thesis I develop and present a methodology that has the capability to overcome

the above-mentioned problems. For numerical simulations of the electric potentials, I

have implemented an adaptive wavelet modelling scheme that is based on an algorithm

with a proven optimal work/accuracy rate. Numerical experiments using conductiv-

ity models exhibiting different structural complexities showed an approximately linear

relationship between computing time and accuracy. In contrast, computations with a

state-of-the-art finite element programme in geoelectric modelling lead to computing

times which increase as the square of the accuracy. An important feature of the adap-

tive wavelet method is that a quasi-optimal parameterisation is chosen automatically,

which makes my algorithm easy to use in an inversion. My code is still in an experi-

mental phase and therefore not yet fully efficient in terms of absolute computing times.

Once the implementation of the algorithm is optimised, I expect my code to outperform

currently available geoelectric modelling algorithms.

Besides introducing the concept of adaptive wavelet modelling to geoelectrics, and

demonstrating its performance, I have developed a novel inversion scheme, which is

based on similar concepts as the adaptive wavelet modelling algorithm. Although no

mathematical proofs of its optimality and convergence exist, I judge my first results to be

most promising. Starting from a coarse 4×4×4 block subsurface parameterisation and a

homogeneous conductivity model, the adaptive wavelet parameterisation automatically
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generated inversion results that were superior to those using fixed grids designed by

an experienced user. A particularly beneficial feature of my adaptive parameterisation

scheme is that it automatically considers the effects of conductivity anomalies that

emerge in the course of the iterative inversions.

Finally, I have combined the beneficial features of adaptive wavelet modelling and

inversion, which resulted in a cascaded modelling/inversion algorithm. Considerable

computational savings were achieved without any adverse effect on the quality of the

inversion result.



Chapter 1

Introduction

Geophysical investigations provide a powerful means to recover important information

about subsurface structure and properties, ranging from global tomography to detailed

near-surface reconstructions. The available techniques include seismics, direct current

resistivity, electromagnetic induction, geomagnetism, gravimetry, nuclear magnetic res-

onance, and many more. A good overview is given, for example, by Lowrie (2006).

In this thesis I am dealing with one specific method, namely the electrical resistivity

method (sometimes referred to as geoelectrics) and relatively shallow investigations. In

the geoelectric method, electric current is injected into the ground and the resulting

electric potential distribution (voltage differences) measured over the ground surface (or

in boreholes). From this information, one can infer the subsurface resistivity (or its re-

ciprocal, conductivity) distribution. The method is popular in a variety of applications

including civil engineering site investigations (e.g. Dahlin et al., 1999), cavity detection

(e.g. El-Qady et al., 2005), hydrology (e.g. Doetsch et al., 2010), contaminant mapping

in environmental remediation (e.g. De Lima et al., 1995), mineral exploration (e.g. Bad-

mus and Olatinsu, 2009) and vulcanology (e.g. Lénat et al., 2000). This wide popularity

of the geoelectric method stems from the fact that it is relatively simple and cheap to

conduct in the field, and because the recovered subsurface conductivity values can be

related back to rock/soil type and rock condition (e.g. fluid content), which is crucial

information in the above-mentioned fields.

1.1 Field procedures and instrumental developments

The first resistivity surveys were carried out in about 1912 by the Schlumberger brothers

in France (Schlumberger, 1920; Kunetz, 1966). In the early experiments, the average

subsurface conductivity of a region of interest was estimated using a four electrode co-

linear array. The two outer electrodes (metal rods) were used as electrical current source

and sink, while the two inner electrodes were used to measure the potential difference.
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The average electrical conductivity in the vicinity of the electrode layout could then be

estimated from the injection current strength, the potential difference and from the elec-

trode layout geometry (see Fig. 1.1). Two different data collection strategies - profiling

and sounding - were employed to gain information about lateral and vertical changes

in the ground resistivity, respectively. In the “profiling” or “traversing” method, the

electrode geometry is fixed and the entire array is shifted along the survey line(s). This

way, an average resistivity at a chosen target depth, (related to the electrode separation),

could be obtained for different places, thus yielding information on lateral variations in

the earth resistivity. In the “sounding” method, the centre of the electrode array is held

fixed and measurements are made for different electrode separations. In general, the

further apart the electrodes, the greater the depth of penetration, and so the sounding

provides information on resistivity variations with depth. Of course, soundings can be

conducted at a variety of locations, and profiles can be conducted for several electrode

separations. This way more complete spatial resistivity information can be recovered.

This type of data acquisition is time consuming and laborious, hence areal mappings

were carried out only on the basis of very small data sets. This style of resistivity

Figure 1.1: Classical geoelectric four electrodes setup (from Robinson and Coruh,
1988).
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surveying persisted for decades. The only innovations were in using different electrode

types and arrays, and modest improvements in analog recording instrumentation.

With the introduction of multi-electrode arrays (Griffiths and Turnbull, 1985), where-

by a large number of electrodes is laid out in the field, and computerised data acquisition

in which the measurements for the different electrode combinations are done in an au-

tomated fashion without physically moving the electrodes (see Fig. 1.2), extensive two-

and three-dimensional data sets became available. This so called “resistivity imaging”

procedure is a combined sounding/profiling approach, in which data for the full range

of electrode separations and array centre positions is collected. It allows the simulta-

neous interpretation of data using tomographic inversion procedures (see Section 1.4).

By contrast, the interpretation of the earlier profiling data was largely qualitative and

semi-quantitative at best, for idealised sub-surface structures such as vertical contacts,

faults, and buried spheres (Van Nostrand and Cook, 1966). The interpretation of sound-

ing data alone was restricted to simple layered structures (1D models) with the help of

pre-computed albums of theoretical curves and simple computer programs (e.g. Koe-

foed, 1979). 2D geoelectric tomography became a reality in the mid 1990s and has now

progressed to 3D inversion involving areal distributions of electrodes.
6 1. Introduction

field computer

smart electrodes

data acquisition system

Figure 1.3 – Basic set-up for DC-resistivity measurements using a modern fully distributed
data acquisition system (modified after Robinson and Coruh, 1988)

However, it lacks the ability to select separately the operational modes of the individual

electrodes. Stummer et al. (2002) presented a fully distributed data acquisition system

(“ETH-DCMES”) with arbitrary switching capabilities and support for parallel data

acquisitions with a very large number of electrodes. The system was designed for 3D

real-time experimental design involving a large number (several hundreds) of surface

electrodes.

Conceptually, the ETH-DCMES system, proposed by Stummer et al. (2002), in-

cluded all the necessary features for e!cient 3D data acquisition, but field tests revealed

a number of shortcomings that limited the practicality of the system. In particular, the

serial transfer from the individual DAUs to the central computer slowed down the data

acquisition significantly. Furthermore, the entire system was very bulky and heavy, such

that it was not usable in remote areas. Finally, the system su"ered from several minor

technical problems that precluded smooth data acquisition.

1.2 2D and 3D modeling and inversion techniques

The multi-electrode systems proposed in the early 1980s allowed e!cient acquisition of

geoelectrical data sets that could be suitable for constraining 2D or even 3D subsurface

structures. This required new data analysis tools that went beyond the qualitative inter-

Figure 1.2: Multi electrode acquisition system (from Blome, 2009).
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1.2 Resistivity imaging

For a point source of current Iδ(x−xs) on the surface of a finite region of interest, the

electric potential field u(x) and the subsurface electric conductivity distribution σ(x)

are related via the Poisson equation

(1.1) −∇ · (σ(x)∇u(x)) = Iδ(x− xs)

(Dey and Morrison, 1979b). It is possible to numerically simulate the potential field u(x)

given the subsurface conductivity distribution σ(x) and the injection current Iδ(x−xs)

using classical algorithms (e.g. Brenner and Scott, 2008). If we want to recover the

conductivity σ(x) from knowledge of Iδ(x − xs) and u(x), the situation is far more

involved. Let us assume we have an infinite number of infinitely small electrodes spread

over the complete boundary of the region of interest and we record all potential values

for all electrode combinations. Then it would, in principle, be possible to uniquely

calculate the subsurface conductivity distribution σ(x) (Sylvester and Uhlmann, 1987;

Nachman, 1996) but the slightest data inaccuracy could lead to arbitrarily large errors

in the recovered conductivities (Gisser et al., 1990). In reality, the situation is even

worse. Not only are the data measured with finite accuracy, but also we only have a

finite number of electrodes usually located only on one side of the area of interest viz.

the Earth’s surface. This makes regularisation and a finite subsurface parameterisation

necessary in order to be able to recover the subsurface conductivity values (see Section

1.4). The calculation of the potential field based on a given subsurface conductivity

structure is called “modelling”, or the “forward problem”. Estimating the subsurface

conductivity parameters based on a finite number of potential field measurements is

referred to as “inversion”, or the “inverse problem”.

One of the first geoelectric inversion algorithms was presented by Tripp et al. (1984),

but it was not until the three-dimensional inversion schemes of Park and Van (1991),

Ellis and Oldenburg (1994), and Zhang et al. (1995) were published that the method

became well established. Commercial packages such as RES2DINV and RES3DINV

(Loke and Barker, 1996a,b) brought geoelectric inversion to the hands of industry prac-

titioners.These early packages were followed by many refinements, for example the open

source software distributed by Günther et al. (2006) (see also Blome, 2009).

Although geoelectric inversion is widely accepted, it has a number of pitfalls which

make its application and the interpretation of the reconstructed images problematic and

sometimes unreliable. As mentioned before, geoelectric inversions depends on additional

artificial constraints called regularisation. The weighting and the type of regularisation

needs to be chosen by the user. If the weighting factor for the regularisation term

in the cost function is too high then the results look rather like what the user wants



1. Introduction 5

and is not a true representation of the subsurface properties. If on the other hand

the regularisation is not strong enough, the inversion becomes unstable and leads to

erroneous conductivities having a blocky structure. An example given by Oldenburg

and Li (1999) illustrates in an impressive way the effect of regularisation. They use

three different types of regularisation to invert the same data set, namely minimising

the conductivity update, minimising the update variation in the horizontal direction, and

minimising the update variation in vertical direction. The three regularisation terms are

weighted by the parameters αs, αx and αz respectively. The true model is displayed in

Fig. 1.3(a) and the simulated data (in pseudo-section form) corresponding to this model

are shown in Fig. 1.3(b). The result that most resembles the true model is shown in

Fig. 1.3(c). In order to show the effects of different choices for the regularisation, they

have varied the three weighting parameters αs, αx and αz. The results are shown in

Fig. 1.4(a) to (c). All four models Fig. 1.3(c), Fig. 1.4(a), (b) and (c) fit the data

equally well. This indicates that from the measured data alone, it is not possible to tell

which of the three models corresponds to the true subsurface structure and the outcome

is largely determined by the choice of regularisation.

Another problem is the choice of the subsurface parameterisation. Unlike the for-

ward problem, in which the type and form of subsurface parameterisation controls the

accuracy and is only limited by computational requirements, the choice of grid for the

inverse problem in one part of the domain can affect the outcome in another part of

the domain. In surface-based geoelctric surveying, the capability to retrieve reliable

information is generally highest close to the electrodes and degrades quickly with depth,

but contrasts in the subsurface resistivities (i.e the true model) also distort this pattern.

It is therefore very important to use a grid that is adapted to the resolution capability,

which itself depends on the unknown and yet to be determined subsurface conductivity

distribution. In most applications the grids are chosen to be narrow at the electrodes

and then widen with depth and distance from an electrode array centre point.

Usually, geoelectric inversions require large amounts of computing power (memory

and run time) and are therefore not practical to perform in the field in quasi-real time.

It would, however, be beneficial to get a rough first idea of the subsurface structure

whilst on site. The computationally most demanding part of an inversion is often in the

forward modelling. Hence a fast approximate forward solver would make preliminary

on-site inversion possible.

1.3 Forward modelling

For arbitrary subsurface conductivity distributions (e.g. 2D or 3D), the partial differen-

tial equation (PDE) describing the potential field can not be solved analytically. Prior to

the 1990s, computer memory and speed were severely limited. Hence numerical simula-
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Oldenburg and Li

homogenous earth. One prism extends to infinite depth. A
vertical contact separates media of highly different conduc-
tivity; on the right, a circular-shaped Gaussian conductor is
buried beneath a layer of random conductivity. A pole-dipole
survey with n =1... 8 and a = 10 m was simulated. The data,
after being contaminated with 5% Gaussian noise, are shown in
Figure IN

The data are inverted using the methodology outlined in
Oldenburg and Li (1994). The model objective function 0,,, is
chosen to be a discretized version of

cbm (m) = as f (m — mo)zdx dz
rea

d(m — mo) 2

+ ax f  (dxdx dz
rea

Z Lea

(d(m—mo) ^ 2

	+a 	
dz	

dxdz,	 (1)

where as , ax , aZ are constants, m o is a reference model, and
m = log a. The misfit functional ¢d is

N dohs — dpred 2

	^d =	 > (2)
i _1	 Ei

where E, is the estimated standard deviation of the data. The
model was divided into M = 2500 cells and the number of
data N = 316. Minimizing equation (1) subject to cd = N, its
expected value, produces the model in Figure lc. In carrying
out the inversion, the reference model was specified to be a
half-space of 400 ohm-m and (as , ax , a^) = (0.001, 1,1).

The model in Figure lc bears considerable likeness to the
true model in Figure la. The surface inhomogeneities are well
delineated, and the underlying conductive prisms are clearly
visible. The vertical contact is sharply imaged but it extends
only to limited depth. The variable surface layer is well de-
fined, and the conductor rises distinctly above the resistive
background. Overall, manifestations of all of the true struc-
tures are observed, but there are both minor and major dif-
ferences between the images in Figures la and lc. In the re-
covered model, amplitudes of anomalies are reduced and the
boundaries of the recovered prisms are smooth. This is a con-
sequence of using the f2—norm and minimizing (dm/dx) 2 and
(dm/dz)2 . These discrepancies can be considered minor. Major
differences between Figures la and lc occur at the sides and at
depth where the recovered resistivity returns to the a priori ref-
erence model. Conductive or resistive features in those areas
do not significantly affect the data, and the inversion readily
complies with its mandate to produce a simple model that is
close to the background.

Of all of the discrepancies between Figures la and lc,
the truncation of the second conductor is perhaps the most

FIG. 1. (a) The synthetic resistivity model. (b) Error-contaminated data from a pole-dipole survey in which the
potential dipole is on the right. The a spacing is 10 m, and n = 1... 8. (c) The recovered resistivity model.

Downloaded 04 Feb 2011 to 192.33.105.88. Redistribution subject to SEG license or copyright; see Terms of Use at http://segdl.org/

Figure 1.3: True model (a), generated data (b) and inversion result (c) for a regulari-
sation that is set as a combination of minimal model update and minimal model update
variation (from Oldenburg and Li, 1999).

tions for complicated subsurface structures were impossible. Therefore it was necessary

to resort to simple subsurface models like layered structures. For this type of conduc-

tivity model, explicit expressions exist for the voltage but still in the form of infinite

integrals for which the integrand can be highly oscillatory (depending on the geometry

and resistivity contrasts), such that numerical evaluation involves many terms in a series

expansion. That is, the results can be described semi-analytically, but the calculation of

the effective potential field values is still somewhat involved. With increasing computer

power, numerical methods could be applied to solve the partial differential equation

(1.1), which describes the potential field for a general subsurface conductivity model.

At first, only two-dimensional conductivity variations were considered, in which conduc-

tivity varies with depth z and horizontal position x along the electrode layout, which in

this case is a line. In order to simulate a three-dimensional field due to a point current

source in a two-dimensional model, a spatial Fourier transformation is applied along
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Figure 1.4: Different subsurface models (a, b and c) that explain (fit) the same data
set shown in Fig. 1.3(b). This data was generated from the true model in Fig. 1.3(a).
Which one of these three models is produced by the inversion algorithm merely depends
on the choice of regularisation. The regularisation is set to minimal model update in
(a), minimum model update variation in the horizontal direction (b) or minimum model
update in the vertical direction (c) (from Oldenburg and Li, 1999).

the medium invariant y-direction, leading to what is called a “2.5D” problem (Dey and

Morrison, 1979a). For each transform variable or wavenumber ky, a separate 2D problem

(line source problem) must be solved. The final solution is obtained by summing the

various wavenumber solutions. Later, potential fields for full three-dimensional subsur-

face conductivity models and point electrode sources were simulated, but at significantly

increased computational effort.

One of the early methods used to solve the partial differential equations that describe

the potential fields was the finite difference (FD) method (Dey and Morrison, 1979b;

Spitzer, 1995). In this method, one replaces the derivatives inside the partial differential

equation by a difference quotient. The size of the difference quotient can vary with
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position in the subsurface and with direction. This leads to imposing a rectangular grid

on the subsurface and approximating the equation on that grid. The advantage of the

finite difference method is that it is easy to implement and it is applicable to a wide

range of differential equations. One of its disadvantages is that the applicable grids have

a strong regularity. The grids are defined by parallel horizontal and vertical planes.

Hence if the horizontal grid spacing is narrow close to the surface, it remains narrow

with depth. Additionally, it is difficult to implement topography.

The finite element element method (FEM), which is widely used (Coggon, 1971;

Pridmore et al., 1981; Sasaki, 1994; Zhou and Greenhalgh, 2001; Li and Spitzer, 2005;

Pain et al., 2002; Günther et al., 2006) overcomes these problems. Here, the equation is

transformed into a comparison of two maps. This means that both parts of the equation,

the part that describes how the potential field is transformed into current, depending on

the conductivity (usually called the “left hand side” of the partial differential equation),

and the part that describes the injected current (the “right hand side”) are interpreted

as linear operators that map functions into real numbers. The values of these two

maps need to be equal when applied to all possible functions. This type of approach is

called the Galerkin method. The comparison of the two maps is turned into a solvable

problem by decomposing the subsurface into disjoint patches (called finite elements)

and only considering a finite list of functions on these patches (usually one function per

corner point, where the patches meet). The equality of the two maps now only needs to

hold for this finite list of functions and is therefore numerically solvable. Because the

grids can be chosen in a very general way, it is easier to implement topography with the

FEM and the grid can be set up such that it is denser where strong potential gradients

are expected and wider where the potential field is expected to be slowly varying. Other

variants of the Galerkin method include the spectral element method (Komatitsch and

Tromp, 1999) and the Gaussian quadrature grid method (Zhou et al., 2009). They

constitute what are termed the “weak form” of solution of the PDE.

Besides these two popular methods - the FD and the FEM - the boundary element

method and various integral equation methods also find application. These methods,

however, are only suitable for very simple subsurface structures such as a homogeneous

subsurface with topography or a unform background with isolated inclusions (e.g. Hvoz-

dara and Kaikkonen, 1998; Xu et al., 1998; Ma, 2002; Blome et al., 2009).

Three-dimensional geoelectric forward modelling is in general computationally very

demanding and with classical computer programs, the computational requirements in-

crease over-proportionally with the desired accuracy. In order to reduce the compu-

tational costs, multigrid methods (e.g. Endo et al., 2008) and adaptive finite element

methods have recently been introduced (Liu et al., 2008) but they are not yet in common

usage.

In most applications (also because this is required for many inversion schemes, e.g.
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Zhou and Greenhalgh, 1999), the electrical injection current is simulated as a delta

function (point) source. For a method using a fixed grid, as for example the finite

difference method or the classical finite element method, the grid needs to be very

dense close to the source position in order to adequately capture the rapid decay in

potential away from the source. This leads to the solution of large linear systems and is

hence computationally expensive. If an adaptive grid algorithm, which depends on the

evaluation of the residual −∇ · (σ(x)∇u(x))− Iδ(x−xs) is applied, then the situation

is even worse. Because the residual at the electrode is equal to infinity, the grid is

continuously refined around the source and the solution never converges. This impedes

the performance of optimal adaptive algorithms which depend on the evaluation of the

residual. The singularity removal technique, first described by Lowry et al. (1989), is

an attempt to circumvent this problem. In the case of a homogeneous half space with

constant conductivity σs it is possible to analytically calculate the solution us(x) of

eq. (1.1) for a point source. We make use of this by replacing the point source right

hand side with −∇·(σs∇us(x)) where us(x) = I/(2πσs‖x−xs‖), splitting the potential

into two parts (primary us(x) and secondary ur(x) terms) u(x) = us(x) + ur(x) where

ur(x) needs to be determined and subtracting −∇ · (σ(x)∇us(x)) from both sides of

the equation. This leads to

(1.2) −∇ · (σ(x)∇ur(x)) = −∇ · ((σs − σ(x))∇us(x)).

If the subsurface conductivity is homogeneous in the vicinity of the source, then σs−σ(x)

is equal to zero here and hence the singularity disappears. In order to determine u

from ur, we simply need to add us. Singularity removal only works if we know the

analytic solution for the homogeneous subsurface which is a problem in the presence of

topography.

1.4 Inversion

As mentioned in Section 1.2, the conductivity distribution σ(x) in eq. (1.1) cannot be

fully recovered directly from a finite number of potential difference measurements on

the Earth’s surface. Therefore, we need to resort to estimation methods. If only a

small number of parameters which define the conductivity distribution σ(x) needs to be

estimated then we can attempt a complete brute force search of the model space using a

Monte Carlo method. In most geoelectric surveys, the subsurface is subdivided into small

blocks where each block can have an independent conductivity and hence a large number

of parameters need to be recovered. This renders Monte Carlo methods unfeasible. We

therefore apply a local search minimisation gradient method (e.g. Tarantola, 2005) in

which we begin with a chosen starting model and derive a new model (based on the
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gradient and step lengths) which is expected to be closer to the true model than the

starting model. In the next inversion step, the newly obtained model is used as the

starting model in the same procedure, which is performed in an iterative fashion until

some stopping criterion is met. In this thesis I apply the Gauss-Newton method (e.g.

Björck, 1996). Given a starting model, the Gauss-Newton method approximates the data

misfit function (squared norm of the difference between the observed and computed data

for the current model) with a parabola and tries to find the local minimum by means

of the derivative of the forward modelling operator. The new model is then defined at

the apex of the approximation parabola (Fig. 1.5d). If the forward modelling operator

is purely linear, the updated model is equal to the true model (Fig. 1.5a) because the

approximation parabola is equal to the true misfit function (Fig. 1.5c). If the forward

modelling operator is strongly nonlinear (Fig. 1.5b), commonly the case in geoelectrics,

then the approximation parabola differs greatly from the true misfit function (Fig. 1.5d)

and the new model might be even further away from the true model than the starting

model (Fig. 1.5b). When applying the Gauss-Newton method to a nonlinear inversion

problem the chances of obtaining the true model depend strongly on the chosen starting

model. In the situation shown in Fig. 1.5(b) and (d) this choice for the starting model

will lead to a convergence in a model that also perfectly explains the data but will never

reach the true model.

When faced with the task of having to estimate many model parameters (i.e., con-

ductivity values in the subsurface) we additionally struggle with the problems mentioned

in Section 1.2. Even if the problem is perfectly linear, it can either be unbounded if

the smallest data errors can lead to arbitrarily large model errors, or even worse, it can

be underdetermined. We therefore apply regularisation as mentioned earlier to improve

the ill-determined nature of the problem. Another issue is the choice of the subsurface

parameterisation. Usually, one of the following three strategies is applied. In some

applications, the inverse parameterisation is exactly the same as the forward modelling

parameterisation (e.g. Oldenburg and Li, 1999). The disadvantage is that this causes

the inverse problem to be heavily underdetermined and strong regularisation needs to

be imposed to make the problem solvable. A second approach is to generate an inversion

parameterisation by clustering the forward grid (e.g. Günther et al., 2006; Blome, 2009).

The third approach is to choose an inversion grid, that is independent of the forward

modelling parameterisation (e.g. Chapters 3 and 4). This allows the most flexibility but

can be challenging to implement.

The Gauss-Newton iteration including regularisation is carried out in the following

way. First, a starting conductivity model is chosen. This model should be as close to the

true conductivity model as possible. If à priori knowledge about the site is available, then

it should be incorporated into the starting model. As the next step, data is simulated

using the initial conductivity model and the known electrode geometry. In a similar
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Figure 1.5: Gauss-Newton inversion steps for two different forward modelling opera-
tors. (a) shows a linear forward modelling operator and (c) the corresponding parabolic
misfit function. (b) shows a highly nonlinear forward modelling foperator and (d) the
corresponding misfit function. For an unknown true model at 0.4, the data value was
calculated for both functions and a Gauss-Newton step is performed with starting model
0.68. The Gauss-Newton step involves approximating the true misfit function with a
parabola and defining the new model as its apex. In the linear case (a) the new model
is equal to the true model and the Gauss-Newton method immediately converges (c).
In the highly nonlinear case (b) the new model is approaching a local minimum (d).

manner as described earlier for the one-dimensional case, we now approximate the true

misfit function with a multi-dimensional parabola including regularisation. This depends

on the calculated data for this starting model (which is obtained by solving the forward

problem), the true measured data and the derivative of the forward modelling function

at the starting model (which is obtained by linearisation of the forward problem). The

new model is then defined as the apex of the multi-dimensional parabola, subject to

the chosen regularisation by solving the inverse equation (see Chapter 3). In the next

step, we repeat this procedure with the new model as the starting model. These cycles

are continued in an iterative fashion until the data misfit reaches an acceptable level.

Fig.1.6 shows a sketch of the algorithm.
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Figure 1.6: Gauss-Newton inversion scheme.

1.5 Wavelets

In signal analysis, the Fourier transform has played an important role for centuries. This

way of analysing a signal has one huge drawback: the sine and cosine functions do not

have a localisation in time. If there is a disturbance at one point in time, it affects all

frequencies.

One way to remedy this drawback is using wavelet bases. A wavelet basis is a set of

linearly independent functions with a property similar to frequency that is called “detail

level” or “scale” but they are also localised in time. A wavelet basis contains two types

of functions where each class contains self similar functions. The first type is called

scaling functions. Scaling functions only exist for one detail level (the lowest detail level

l0), while the second type, wavelets, exist for detail levels ranging from the lowest detail

level l0 up to infinity. Hence scaling functions describe the basic rough features of a

signal while wavelets describe the small variations from the rough average, that add in

the details. Often the term “wavelet basis” is abbreviated by the expression “wavelets”

and scaling functions are implicitly included.

The pre-history of wavelets goes back to the early 20th century with the func-

tions used by Haar (1910). These piecewise constant functions already satisfied all

requirements to count as wavelets and are known today as “Haar wavelets”. The name

“wavelet” in the sense it is used nowadays was only coined much later, namely in the

late 1970s by the geophysicist Jean Morlet. He worked for a French oil company and

used a basis of functions that had the properties described above to analyse signals

(see Daubechies, 1996). Within a short period of time wavelets found their way into
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mathematics. Morlet’s wavelets were used in the so-called continuous wavelet transform,

as opposed to discrete wavelet transforms. In continuous wavelet transforms, both the

detail level and the position can have arbitrary values in the real numbers. This leads

to a redundancy of information. In discrete wavelet transforms, the detail level and the

position are only allowed to have integer values, which leads to a non-redundant set

of functions. For the discrete wavelet transform, two features are of importance. One

is that each wavelet only has a small support, the other is orthogonality. Most of the

wavelets used in the 1980s did not satisfy both aspects simultaneously (except for the

Haar wavelet). The work by Daubechies (1988) filled this gap and gave wavelets a strong

impetus in various areas of science.

Besides signal analysis, wavelets proved to be very advantageous in image compres-

sion. If an image is stored in its full resolution, a lot of memory is required. But the

image might not vary by much in some regions and hence could be strongly compressed

without loosing much information. Fig. 1.7 shows an example of a compressed image.

The image on the right is stored with only a small fraction of the memory required to

store the original image (left).

Figure 1.7: An original and a Haar wavelet compressed picture of Lena, taken
from http://www.cgl.uwaterloo.ca/~anicolao/wadingpool/WaveletWadingPool.

html. The fine features are kept, whereas areas with minor variations are strongly
coarsened.

1.6 Adaptive wavelet modelling

In image compression, wavelets are used to analyse the full information of an image and

then discard those details that are not important to represent the image. When solving

a partial differential equation the full information is not available but hidden inside the

equation. The idea here is to start with a few low level wavelets and then continuously

add details where necessary. Hence we are using a “bottom up” strategy instead of a
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“top down” strategy as in image compression. Cohen et al. (2001) have shown that it

is theoretically possible to perform this in a quasi optimal way. By quasi optimal, the

following is meant. Given a partial differential equation, a suitable wavelet basis and a

specified target accuracy, what is the minimal computing time and memory storage that

can be possibly needed to find the solution to the proposed target accuracy? Say that we

already know the solution in its wavelet decomposition. We then could simply discard a

maximum number of wavelets with small coefficients until the reconstruction using the

remaining wavelets differs from the original solution by just the target accuracy. The

number of remaining wavelets, say N , is the theoretically possible minimum number of

wavelets required to solve the problem. Since we need to store each of the coefficients,

the minimum memory requirement is N times the number of bits needed to store a

real number and because the evaluation of each coefficient requires at least one scalar

computer operation, the theoretically minimal computing time is equal to N times the

time required for a scalar operation.

The algorithm described in Cohen et al. (2001) was shown to theoretically produce

a result satisfying the target accuracy, using only a constant multiple of the minimally

required memory described above, and requiring only a constant multiple of the minimal

computing time, hence it is quasi optimal. Actually, in the Cohen et al. (2001) paper,

the computing time is a constant multiple of N log(N) because a complete sorting of the

N coefficients is applied. Later, this complete sorting was successfully replaced by an

incomplete sorting, leading to a quasi optimal computing time. Here, constant multiple

means multiplied by a number that varies with the problem and the right hand side,

but not with the proposed target accuracy. This was the first time quasi optimality was

proven for a numerical scheme. In Binev et al. (2004) a similar result was shown for an

adaptive finite element scheme for the Laplace equation in two dimensions.

In Cohen et al. (2003b) an advancement of the earlier Cohen et al. (2001) scheme

was presented to a much wider class of problems. Vorloeper (2010) describes software

concepts for the Cohen et al. (2003b) algorithm and provides numerical experiments to

show that the theoretical predictions are indeed realised by the computer implementa-

tion. Of particular interest is the applied sparse evaluation of compositions of functions

that was originally described in Cohen et al. (2003a). This algorithm predicts a set of

wavelets to approximate the application of a nonlinear functional up to a chosen accu-

racy. In order to predict the set, only a few key numbers of the nonlinear functional

need to be known and not the functional per se. With this property, the prediction

algorithm lends itself to be applied to other types of problems as a heuristic by simply

assuming that the prerequisites are met and using the required key numbers as tuning

parameters.
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1.7 Aims and outline of the thesis

In this thesis I sought to provide answers to the following three questions.

Question 1 Can we make use of adaptive wavelet methods to improve geoelectric mod-

elling efficiency?

Question 2 Can we use concepts of these algorithms to create an inversion algorithm

that automatically adapts the subsurface grid to what can be resolved?

Question 3 Is it possible to implement an integrated modelling/inversion scheme where

the potential field and the conductivity accuracy are simultaneously increased in

order to save memory and computation time?

In developing solutions to these questions, I am combining adaptive wavelet concepts

with geoelectric tomography.

To approach question 1, I have adapted a software package that I received from

Jürgen Vorloeper and Wolfgang Dahmen to the three-dimensional geoelectric forward

problem. The software I modified is described in Vorloeper (2010) and is based on

the method described in Cohen et al. (2003b). This involved extending the application

range of the software to three-dimensional cuboid computation domains, to wavelets

with non-vanishing boundary values and to the parameterised Poisson equation. I have

published the results obtained with this software in Geophysical Journal International

and include this article in the present thesis as Chapter 2.

Question 2 is a very involved task owing to the difficulties of inverse problems as

they are described in Section 1.4. Specifically, it is problematic to assess what a good

parameterisation is. In order to tackle this question I have designed and implemented

an adaptive grid inversion scheme based on algorithmic concepts from Cohen et al.

(2003b), especially on the sparse evaluation of compositions of functions mentioned

in Section 1.6. The heuristic inversion grid adaptation depends on a computationally

cheap measure of resolution referred to as cumulative sensitivity. I present numerical

experiments for the proposed scheme but I do not provide any mathematical proof

for the performance. A description of the adaptive grid inversion and the numerical

experiments is provided in Chapter 3, which has been submitted for publication in

Geophysical Journal International.

The way I chose to approach question 3 is by solving the forward problem in a

cascaded fashion over the inversion steps. The adaptive wavelet method described in

Chapter 2 uses an iterative linear solver while adapting the applied wavelet set in the

course of the iterations. It therefore lends itself to a cascaded approach by running

a few forward iterations per inversion step, updating the conductivity model and then

continuing with the forward iterations. I have combined this approach with the adaptive
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grid inversion scheme to design an algorithm that has the potential to be very efficient,

whilst retaining the reliability of the original adaptive grid inversion scheme described

in Chapter 3. The cascaded modelling inversion is described in Chapter 4. In order to

demonstrate its performance, I provide a numerical experiment. Finally, in Chapter 5 I

summarise my findings and provide an outlook for possible future developments.



Chapter 2

Adaptive wavelet modelling

Alain Plattner, Hansruedi Maurer, Jürgen Vorloeper and Wolfgang Dahmen

Geophysical Journal International, published 1

2.1 Abstract

Despite the ever-increasing power of modern computers, realistic modelling of com-

plex three-dimensional Earth models is still a challenging task and requires substantial

computing resources. The overwhelming majority of current geophysical modelling ap-

proaches includes either finite difference or non-adaptive finite element algorithms, and

variants thereof. These numerical methods usually require the subsurface to be dis-

cretised with a fine mesh to accurately capture the behaviour of the physical fields.

However, this may result in excessive memory consumption and computing times. A

common feature of most of these algorithms is that the modelled data discretisations are

independent of the model complexity, which may be wasteful when there are only minor

to moderate spatial variations in the subsurface parameters. Recent developments in the

theory of adaptive numerical solvers have the potential to overcome this problem. Here,

we consider an adaptive wavelet-based approach that is applicable to a large range of

problems, also including nonlinear problems. In comparison with earlier applications of

adaptive solvers to geophysical problems we employ here a new adaptive scheme whose

core ingredients arose from a rigorous analysis of the overall asymptotically optimal

computational complexity, including in particular, an optimal work/accuracy rate. Our

adaptive wavelet algorithm offers several attractive features: (i) for a given subsurface

1A. Plattner, H.R. Maurer, J. Vorloeper, and W. Dahmen (2010). Three-dimensional geoelectric
modelling with optimal work/accuracy rate using an adaptive wavelet algorithm. Geophys. J. Int.,
182(2), 741–752.
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model, it allows the forward modelling domain to be discretised with a quasi minimal

number of degrees of freedom, (ii) sparsity of the associated system matrices is guar-

anteed, which makes the algorithm memory efficient, and (iii) the modelling accuracy

scales linearly with computing time. We have implemented the adaptive wavelet al-

gorithm for solving three-dimensional geoelectric problems. To test its performance,

numerical experiments were conducted with a series of conductivity models exhibiting

varying degrees of structural complexity. Results were compared with a non-adaptive

finite element algorithm, which incorporates an unstructured mesh to best fit subsur-

face boundaries. Such algorithms represent the current state-of-the-art in geoelectric

modelling. An analysis of the numerical accuracy as a function of the number of de-

grees of freedom revealed that the adaptive wavelet algorithm outperforms the finite

element solver for simple and moderately complex models, whereas the results become

comparable for models with high spatial variability of electrical conductivities. The

linear dependence of the modelling error and the computing time proved to be model-

independent. This feature will allow very efficient computations using large-scale models

as soon as our experimental code is optimised in terms of its implementation.

2.2 Introduction

Numerical modelling of geophysical data is an important component of tomographic in-

version algorithms and many other tasks in Earth sciences. A key requirement in most

applications is that the modelling algorithms are able to provide swiftly and efficiently

the accurate response for a given Earth model. If only a few anomalous bodies are

embedded in a homogeneous medium, integral equation and boundary element methods

may be preferable and beneficial (e.g. Beard et al., 1996), but for more complicated

structures, as they typically arise in tomographic inversion problems, finite difference

or finite element algorithms, and variants thereof, are more suitable (e.g. Morton and

Mayers, 2005; Brenner and Scott, 2008). These numerical techniques parameterise the

subsurface properties (electrical conductivities, seismic velocities, etc.) either with struc-

tured or unstructured meshes and the unknown quantities (electrical potentials, acoustic

pressure fields, etc.) are determined at the mesh vertices or edges.

Finite difference and finite element methods applied to linear problems can be for-

mulated as

(2.1) AU = B,

where A is a system matrix that depends on the governing partial differential equation

(including the material properties) and the mesh geometry. U is a vector containing the

unknown geophysical field and vector B specifies the source properties (location, type,
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etc.). It is beyond the scope of this paper to review finite difference and finite element

techniques in detail, but for our purposes it is important to note that they employ

small-support basis functions for approximating the unknown quantities in U . These

basis functions have non-zero values only within a particular cell or block (e.g. Brenner

and Scott, 2008). This is advantageous in the sense that the resulting system matrix

A in eq. (2.1) becomes very sparse. The downside of these approaches is that accuracy

criteria often dictate a very dense mesh, which results in sizeable system matrices A.

Similar problems have been recognised for representing digital images. Storage of

high-resolution images using pixel-based storage schemes (i.e. using small-support basis

functions) result in excessively large data volumes. This motivated the development of

the wavelet transform in the early 80’s (e.g. Mallat, 1998). This mathematical technique

allows the digital images to be represented using only a few small-support and large-

support basis functions, which results in a substantial decrease of the data volume to

be stored. The term “large-support” indicates that these basis functions may extend

over larger areas of the domain of interest. A key feature of such image compression

schemes is the consideration of the image complexity, such that an image with only a

few structural details can be stored more compactly than a more complex image.

In recent years several techniques have been proposed to take advantage of the

wavelet transform technique in geophysical applications. An overview of the quite ex-

tensive literature can be found, for example, in Kumar and Foufoula-Georgiou (1994).

Most of these articles focus on data compression, data filtering and multi-scale data

analysis. Further applications are related to inversion of geophysical data, where opti-

mal model parameterisations are derived (e.g. Chiao and Liang, 2003; Loris et al., 2007;

Kamm et al., 2009), or the Jacobian matrix is compressed, such that it can be inverted

with sparse matrix techniques (Li and Oldenburg, 2003).

Some attempts have been made within the geophysical community to take advantage

of wavelet based techniques for numerical modelling. For example, Hong and Kennett

(2003) and Hustedt et al. (2003) employed wavelet transforms to implement finite dif-

ference algorithms suitable for simulating elastic wave propagation. They demonstrated

the feasibility of the approach, but the computational savings were at best marginal.

Most of these applications of the wavelet transform including image compression

follow a common philosophy: they decompose an original data structure, parameterised

with small-support basis functions, using a wavelet transformation and retain only those

components of the transformed quantities that are essential for representing the original

data with a prescribed accuracy. This implies that the original data structure needs to

be known up-front, which is a serious limitation particularly for numerical modelling

applications. Conceptually, it would be preferable to approximate the original data

structure using only a few large-support basis functions, and then to progressively add

further details until the approximation is sufficiently accurate. That is, it would never
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be necessary to compute the complete original data structure.

The latter concept forms the idea of adaptive wavelet modelling. Early attempts for

implementing wavelet techniques were published by Glowinski et al. (1990), Maday et al.

(1991) and Jaffard (1992). Dahlke et al. (1997) proposed an adaptive algorithm suit-

able for solving elliptic differential equations, but its work/accuracy rate was not shown

to be optimal. Vasilyev and Paolucci (1997) proposed an adaptive wavelet algorithm,

which was improved by Kevlahan and Vasilyev (2005). Geophysical applications were

presented for example in Vasilyev et al. (1997) and Vasilyev et al. (2004). They claim

to solve the discrete problem at a computational expense that stays proportional to the

generated number of degrees of freedom. However, they did not show the (asymptotic)

optimality of the corresponding work/accuracy rate, namely that the number of adap-

tively generated degrees of freedom stays proportional to the smallest possible number

of degrees of freedom required to achieve the desired accuracy. A landmark paper in

the field of adaptive wavelet and also general numerical modelling was presented by

Cohen et al. (2001). They describe a new algorithm for elliptic problems based on a

new paradigm. This algorithm has an optimal work/accuracy rate, which could not be

shown for earlier methods. In order to reach this optimality, a series of novel algorithmic

concepts needed to be developed. The first numerical experiments using this algorithm

in one and two dimensions are shown in Barinka et al. (2001). Extensions of the Cohen

et al. (2001) algorithm to more general linear and even to non-linear problems are found

in Cohen et al. (2002) and Cohen et al. (2003b). In Stevenson (2003), the work/accuracy

rate of the Cohen et al. (2002) algorithm was improved in the sense that it is no longer

limited by the compressibility of the stiffness matrix but only by the regularity of the

underlying problem and the applied wavelet basis. Gantumur et al. (2007) describe an

optimal adaptive wavelet algorithm for elliptic problems based on the Cohen et al. (2001)

algorithm, which does not depend on a coarsening procedure. Burstedde and Kunoth

(2008) implemented the Cohen et al. (2001) algorithm using a conjugate gradient solver.

An application of the more general linear algorithm to Stoke’s equation was presented

by Jiang and Liu (2008).

To our knowledge, no application of such adaptive wavelet modelling has been pub-

lished so far in the geophysical literature, but we judge it to be highly beneficial for a

wide range of geophysical problems. Particularly at an initial stage of a tomographic

inversion, when the model structures exhibit a low degree of complexity, it is expected

that geophysical data can be modelled efficiently using only a few suitable basis func-

tions. In this paper we present an application of adaptive wavelet modelling to the

three-dimensional (3-D) geoelectric problem. We start with a brief introduction of the

governing equations, followed by a general outline of adaptive wavelet modelling. Bene-

fits and limitations are demonstrated using a series of conductivity models that exhibit

different degrees of complexity. Results are compared with a non-adaptive unstructured
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mesh finite element algorithm, which represents the current state-of-the-art in geoelec-

tric modelling.

2.3 Theory

2.3.1 The geoelectric problem

Geoelectrical data are governed by the Poisson equation, which can be written as:

(2.2) −∇ · (σ∇utot) = Iδs,

where σ is the electrical conductivity, utot is the resulting total electric potential, I is

the injection current and δs is the delta functional, which is non-zero only at the current

injection point xs. At the surface of the modelling domain Neumann no-normal-flow

boundary conditions need to be imposed, and the artificial ground boundaries can be

either approximated with Dirichlet or mixed boundary conditions (Dey and Morrison,

1979b) or with infinite elements (Blome et al., 2009).

Note that the classical weak formulation of eq. (2.2) requires solutions in H1(Ω),

the space of square integrable functions whose gradients are also square integrable (or a

closed subspace of H1(Ω)), see for example Brenner and Scott (2008) for more details.

This requires the right hand side to belong to the space of all continuous linear func-

tionals mapping H1(Ω) (or the closed subspace) into the real numbers. This is not true

for the three-dimensional delta functional. Hence the formulation in eq. (2.2) leads to

difficulties particularly when using adaptive methods.

To account for this problem, a singularity removal technique, as introduced by Lowry

et al. (1989) and later refined by Zhao and Yedlin (1996) and Blome et al. (2009) is

applied. In the flat-topography case, the total potential utot is split up into a sum of

the Green’s function for homogeneous conductivities us = I/(2πσsr) and an unknown

secondary potential u. Here, σs is the conductivity at the current injection point and

r is the distance from the current injection point. The modified Poisson equation after

singularity removal is

(2.3) −∇ · (σ∇u) = −∇ · ((σs − σ)∇us).

For a wide range of conductivities σ (e.g. piecewise constant and not varying in a

neighbourhood of the source) this new right hand side is contained in H−1(Ω). A

favourable side effect of singularity removal is the fact that if the structural complexity

of the subsurface is low, the secondary potentials exhibit relatively simple shapes, which

can be approximated with only a few basis functions.
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2.3.2 Adaptive Galerkin methods and wavelet basis functions

Adaptive wavelet algorithms belong to the class of Galerkin methods (e.g. Brenner and

Scott, 2008), and are thus closely related to finite elements. The basic principle of a

Galerkin method is to transform the original equation L(u) = b (e.g. eq. 2.2 or 2.3) into

a weak or variational formulation (e.g. Brenner and Scott, 2008). Then the solution u is

approximated by a finite set of basis functions φ1, φ2, . . . , φN , such that u can be written

as a linear combination of this set

(2.4) u =
N∑
i=1

uiφi,

where ui are the unknown coefficients to be determined. Additionally φ1, φ2, . . . , φN are

employed as testing functions. This leads finally to a system of equations as written in

eq. (2.1).

Traditional approaches such as finite differences and standard finite elements employ

small-support basis functions, such that one function only influences the region in the

vicinity of a single point, as shown for a 1-D domain in Fig. 2.1(c) for a finite element

basis. All basis functions must be considered for the solution of the problem L(u) = b,

since otherwise the solution would be zero at the omitted functions point value. This

may result in a very large set of equations that needs to be solved in order to attain

sufficient accuracy.

Typically, large areas of the solution do not vary too strongly and could hence be

approximated with a less dense mesh. However, it is generally not known a priori,

where these areas are. A possible option to address this problem is to employ adaptive

algorithms, where the computational domain is discretised initially with a coarse mesh.

Then, the mesh is locally refined until the desired accuracy is reached. During the

past few years, significant improvements of such adaptive algorithms could be achieved.

Among strong improvements in finite element based approaches (e.g. Binev et al., 2004;

Cascon et al., 2008), also adaptive wavelet algorithms were proposed (e.g. Cohen et al.,

2001, 2003b). In contrast to the adaptive finite element algorithms, refinements of the

mesh in a particular area is achieved by simply considering more small-support functions.

Adaptive wavelet algorithms employ a hierarchically structured set of functions, a

so called wavelet basis, in which one can distinguish between scaling functions ϕ and

wavelets ψ. There are different possibilities to implement wavelet bases (Cohen et al.,

1992; Dahmen et al., 1999). We choose the shapes of the scaling functions (Fig. 2.1a)
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Figure 2.1: Examples of 1-D model parameterisations. (a) Scaling functions at level
2. (b) A selection of wavelets on different levels with different positions. (c) FEM hat
functions for an equivalent resolution as the wavelet basis up to level 2. The dashed lines
indicate the nodes of the hat functions. The finite elements are the intervals between
the dashed lines on the x-axis.

to be identical to those of the linear finite element basis functions (Fig. 2.1c)

(2.5) ϕl,k(x) :=


2

3l
2 (x− 2−l(k − 1)) if 2−l(k − 1) ≤ x ≤ 2−lk

2
3l
2 (2−l(k + 1)− x) if 2−lk < x ≤ 2−l(k + 1)

0 elsewhere,

where the index l specifies the level and index k with 1 ≤ k ≤ 2l − 1 the position of the
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scaling function. The wavelets (Fig. 2.1b) are defined as

ψl,k =
1√
2

(− 1

8
ϕl+1,2k−3 −

1

4
ϕl+1,2k−2 +

3

4
ϕl+1,2k−1+

− 1

4
ϕl+1,2k −

1

8
ϕl+1,2k+1),

(2.6)

with 2 ≤ k ≤ 2l−1. At the boundaries, suitably modified scaling functions and wavelets

are applied.

A hierarchical set of basis functions starts at a prescribed level l0. In principle, one

could start with l0 = 0, but higher (or negative) levels are possible as well. For example,

the simulations shown later in the paper always start at level l0 = 3. Scaling functions

are only considered at level l0, and wavelets are chosen at levels ≥ l0. Scaling functions

at level l0, together with all wavelets at levels l0 to l > l0, describe exactly the same

information as a corresponding finite element basis with a mesh size of 2−(l+1) but the

mesh of the wavelet basis can be refined or coarsened by simply adding or removing

wavelets in a specific area (Cohen et al., 2001). More details on our choice of scaling

functions and wavelets are given in Section 2.7.1, where we also outline, how the concept

can be extended to higher dimensions.

Wavelet bases for our purposes offer the following three principal features (see e.g.

Dahmen, 2003):

1. Locality: Wavelets are only nonzero in a small area. The size of this area is

geometrically reduced for higher levels

2. Cancellation property: Integration against wavelets annihilates smooth parts

3. Norm equivalence: The norm of the wavelet coefficient sequence is equivalent to

the norm of the function it represents

These main features lead to the following beneficial characteristics: Wavelet parameter-

isation allows optimal diagonal preconditioning of the system matrix in eq. (2.1). That

is, a diagonal preconditioning matrix can be calculated, such that the condition number

of the resulting system of equations does not exceed a value cmax, which is independent

of the detail level chosen (Cohen et al., 2001, 2003b). This allows eq. (2.1) to be solved

efficiently with iterative methods such as conjugate gradient algorithms.

Here, the cancellation property is implemented by the property of vanishing mo-

ments, meaning that polynomials up to a fixed degree can be represented exactly using

solely the scaling functions (Dahmen et al., 1999). This is advantageous for functions,

which almost behave like those polynomials in certain areas of the domain, for exam-

ple, functions that describe geoelectric secondary potentials in areas with only small

conductivity contrasts.
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Finally, adaptive wavelet algorithms have been proven to exhibit optimal work/

accuracy rates for a wide scope of problems including types of nonlinear problems (Cohen

et al., 2003b). At present analogous convergence and complexity estimates for such a

wide range of problems do not seem to be available for other discretisation concepts.

These properties allow the unknown field contained in vector U (eq. 2.1) to be well

approximated with a relatively small number of basis functions (i.e., a wavelet based

algorithm has the potential to be computer memory efficient), and the resulting system

of equations can be solved with a relatively small number of matrix vector multiplications

(i.e., the algorithm has the potential to be efficient in terms of computing time). This

holds for many different geophysical problems.

2.3.3 The adaptive wavelet algorithm

As a first step, the wavelet expansion of the right hand side vector in eq. (2.1) is per-

formed using all scaling functions and wavelets up to a specified level lmax. Furthermore,

all coefficients of the initial solution vector Ū are initially set to zero. In the next step,

the residual vector Rtotal = Btotal−AtotalŪ (where Atotal and Btotal are the operator and

the right hand side expanded in the full wavelet basis) is approximated with an accuracy

of η by R̃, defined as

(2.7) R̃ = B̃ − ÃŪ ,

where B̃ is chosen such that a minimal number of wavelet basis functions is employed

(i.e. a minimal number of the associated coefficients are non-zero) and ‖Btotal − B̃‖ is

smaller than η/2. This procedure is referred to as coarsening. Additionally, the matrix-

vector product AtotalŪ is approximated, such that a minimum number of wavelet basis

functions is employed, and the norm ‖AtotalŪ − ÃŪ‖ is also smaller than η/2 . This

procedure is referred to as adaptive operator application, which is the most important

component of the entire algorithm. More details on coarsening and adaptive operator

application are given in Section 2.7.2.

In the next stage of the scheme, the wavelet basis functions associated with non-zero

entries in B̃ and ÃŪ are assembled in a system of equations

(2.8) AU = B.

This system is solved with an iterative solver. The adaptive wavelet algorithm is proven

to converge for certain types of iterative solvers as for example the damped Richardson

iteration (see Cohen et al., 2003b). For practical reasons we apply the conjugate gradient

(CG) algorithm. Although the scheme is not proven to converge on varying sets of basis

functions, the CG algorithm shows good results in our examples. CG iterations are
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carried out, until the “CG residual”

(2.9) Rk = B −AU

is reduced by a factor α. Note that all matrix-vector multiplications within the CG

algorithm are computed using the adaptive operator application as introduced above.

As a consequence of that, the wavelet basis may slightly grow during the CG iterations.

Since the matrix A always has a small condition number, which does not exceed a

maximum value cmax (Cohen et al., 2003b), each CG iteration on a fixed set of wavelet

basis functions reduces the CG residual by a fixed factor. Hence if the chosen set of

wavelets only varies in the first few iteration steps only a fixed, typically small maximum

number of CG iterations is required to reach the reduction by a factor of α. This

maximum number of CG iterations remains constant during the execution of the entire

wavelet algorithm.

Once the residual reduction by α has been achieved, some of the coefficients associ-

ated with the solution vector U may be quite small and can thus be eliminated. This is

achieved by applying a coarsening on vector U resulting in a new vector Ū , as described

earlier for the right hand side vector Btotal. Then the residual Rtotal is approximated

again (eq. 2.7) for a new accuracy η′ = 0.5η and new scaling functions and wavelets are

selected. The procedure is repeated until the residual R̃ is acceptably low.

Figure 2.2 summarises the iterative procedure. The vertical axis indicates the true

modelling error and the horizontal axis indicates the degrees of freedom (DoF) (i.e.,

the number of scaling functions and wavelets chosen). Here, the error is defined as the

average absolute deviation between the true function values (or a numerical reference

solution calculated on a very fine mesh using a finite element method) and their ap-

proximations determined on a fine sampling grid. The work/accuracy results for such

adaptive wavelet schemes refer to error bounds for the approximate solutions with re-

spect to the energy norm (in the present situation to the H1-norm, the sum of the

square norm of the function and the square norm of its gradient). In our subsequent

tests we will, however, monitor averages of pointwise errors as explained above which is

not covered by the existing theory and may therefore offer an interesting insight in this

regard. The first horizontal segment of the process curve represents the choice of new

coefficients taken from the approximation of the residual R̃ and the subsequent inclined

segment indicates the accuracy improvement achieved during the CG iterations. The

following coarsening of vector U reduces the number of DoF, but may also result in a

small increase of the modelling error. The following segments represent the repeated

cycles of

Estimate residual/choose new basis functions - Solve with CG - Coarsening

(ESC).
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A more extensive description of the algorithm is found in Section 2.7.2 and in Cohen

et al. (2003b). Cohen et al. (2003b) also includes the proofs of the following distinctive

features of the algorithm:

1. The final number of DoF required is optimal in the sense that it scales linearly

with the theoretical minimum number of DoF for a given accuracy (in the energy

norm, as described above).

2. Memory consumption scales linearly with the final number of DoF. Hence, the

sparsity of the system matrix in eq. (2.1) remains constant.

3. The number of scalar operations (i.e. scalar multiplications, including sorting)

involved in the algorithm scales linearly with the final number of DoF. Hence,

computation time also scales linearly with the final number of DoF.
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Figure 2.2: Sketch of two ESC cycles. When choosing new basis functions, the cor-
responding coefficients are set to zero. Hence, the number of DoF increases while the
solution and therefore the error is not affected. During CG-iterations additional basis
functions may be added. Therefore an increase in the number of DoF is possible. After
coarsening the number of DoF decreases, but the error may increase.

2.3.4 A simple example

The functionality of the algorithm is demonstrated using a simple 1-D Laplace problem

with zero boundary conditions:

(2.10) ∆u(x) = f(x),
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where the function f(x) is chosen such that the solution should be

(2.11) u(x) = (x2 sin(7πx)− 1)(x− 1)x.

The left column panels in Fig. 2.3 indicate the wavelets chosen within each iteration,

whereas the right column panels show the true (solid line) and approximated (dashed

line) solutions. After iteration 2, the true solution is roughly approximated and after

4 iterations the accuracy is already quite good. Further iterations still improve the

accuracy, but the associated error plot in Fig. 2.4 indicates that the absolute error

begins to flatten out. This is due to the reduction of the error by a constant factor: if

an error of ε is reached, the error after the next iteration is at most βε for some fixed

β ∈ (0, 1), which may lead to insignificant improvements, if ε is already small.
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Figure 2.3: (a),(c),(e),(g) The positions of the wavelets used for the ESC cycles 2,4,6
and 8 after coarsening. The scaling functions are not displayed. (b),(d),(f),(h) show the
adaptive wavelet solution after ESC cycles 2,4,6 and 8 (dashed line) compared to the
analytic solution (solid line). Wherever rapid changes in the solution occur, high-level
wavelets are needed. In areas, where the analytic solution almost shows linear behaviour,
only a small number of wavelets is required.

Note that areas, where the solution shows almost linear behaviour, require a small

number of wavelet basis functions, whereas highly non-linear areas lead to a larger
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number of wavelet basis functions (Fig. 2.3). This effective compression is caused by the

vanishing moments of the wavelet basis.

2.4 Numerical performance tests

We have applied our adaptive wavelet algorithm to a 3-D geoelectric problem on a rect-

angular prism domain with Neumann boundary conditions on the surface boundary and

mixed type boundary conditions along the artificial ground boundaries. Furthermore,

singularity removal was applied, that is, eq. (2.3) is solved.

The algorithm is expected to perform best when the structural complexity of the

conductivity distribution in the modelling domain is low. With increasing subsurface

complexity, the performance may degrade in terms of number of DoF. In fact, adaptivity

shows the best performance when it is applied in order to capture isolated features using

only a small number of DoF. Conductivities that exhibit rapid spatial variations across

the domain require a fine mesh everywhere, which leads to an almost uniform refinement.

To investigate the behaviour of the algorithm, we have constructed three models of

increasing complexity. The first model consists of a homogeneous background conduc-

tivity (0.01 S/m) with a single prismatic anomaly (0.1 S/m, Fig. 2.5a). The second

model comprises six prismatic anomalies of different sizes and shapes (Fig. 2.5b). Con-

ductivities lie between 0.001 and 1 S/m. The third model includes 343 equally sized

blocks of stochastically distributed conductivities between 0.003 and 0.08 equally dis-

tributed in a homogeneous background medium (Fig. 2.5c). For all computations we

considered a single current injection point located at (30,15,0) (indicated by the arrows

in Figs 2.5a-c).

In order to assess the performance of the adaptive wavelet algorithm and to show

improvements compared to widely used algorithms in the geophysical community, we

additionally computed the response of the three models in Fig. 2.5 using the non-adaptive

finite element code B2009 as described in Blome et al. (2009). This finite element code

is representative of the current state-of-the-art in geoelectric modelling. It employs

unstructured meshes and a direct matrix solver. To make the results more comparable

with the adaptive wavelet algorithm, we substituted the direct matrix solver of Blome

et al. (2009) with a conjugate gradient solver using SSOR preconditioning (as is used in

Spitzer, 1995, for the finite difference method). For this type of problems, direct and CG

solvers provide a similar accuracy, when sufficient iterations are performed. Reference

solutions were computed with the B2009 algorithm using a very large number of elements

(1.5 million DoF). The modelling error was determined by interpolating the adaptive

wavelet algorithm solution on the fine mesh of the reference solution and computing the

average absolute deviation with respect to the reference solution.

Fig. 2.6 depicts the ESC cycles for the computations with the 3 models shown in
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Figure 2.4: ESC cycles for the simple 1-D example shown in Fig. 2.3.

Fig. 2.5. Additionally, the absolute errors of the B2009 algorithm are plotted as a

function of the number of DoF. CG iterations were carried out for the B2009 finite

element algorithm until the CG residual reached 10−9, which is well below the actual

modelling error. As expected, the performance of the adaptive wavelet algorithm is

excellent for the simple single embedded prism model (Fig. 2.6a). After only 3 ESC

cycles the absolute error is at about 10−4, which is well below the error of the B2009

solution with a comparable number of DoF. To achieve the same accuracy with the

B2009 algorithm, roughly twenty times more DoF would be required. Similar results

were also obtained for the model with six prismatic anomalies (Fig. 2.6b). For the most

complex model (Fig. 2.6c) the performance of the adaptive wavelet algorithm in terms

of number of degrees of freedom degrades (as expected) and becomes comparable to the

B2009 finite element algorithm. Nevertheless, the adaptive method guarantees a desired

accuracy. If even more complex models would be considered, the performance of the

adaptive wavelet algorithm may further degrade during the first ESC cycles. In such

situations homogenisation or other upscaling techniques may be required.

Besides this overall measure of accuracy (vertical axis in Fig. 2.6), it is also instruc-

tive to observe how the errors are distributed within the modelling domain. For that

purpose we plotted slices through the adaptive wavelet solutions (only the secondary

potentials arising from the anomalous prism are displayed) using the single prismatic

anomaly model after completion of ESC cycles 1, 3 and 5 (Fig. 2.7). Additionally, the

corresponding differences to the reference solution are displayed. After the first cy-

cle, the solution is rather blocky, since it only considers scaling functions and low-level
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Figure 2.6: ESC cycles for the 3-D geoelectric models (solid line) together with so-
lutions using the B2009 finite element algorithm (dashed line), which represents the
state-of-the-art in geoelectric modelling.

wavelets. Nevertheless, it already captures the most important features of the bipolar

secondary field created by the prismatic anomaly. After ESC cycle 3, the solution im-

proves significantly, and after ESC cycle 5 the relative errors become negligibly small.

As seen for the simple 1-D example in Fig. 2.3, an excellent approximation of the

solution is already achieved with a few low-level wavelet basis functions in areas where
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Figure 2.7: (a),(c),(e) Slices through the centre of the prismatic anomaly in the single
embedded prism model for ESC cycles 1, 3 and 5. (b),(d),(f) Slices through the centre of
the prismatic anomaly for the difference to the FEM reference solution computed with
1.5 million DoF for ESC cycles 1, 3 and 5.

the solution shows almost linear behaviour (away from the conductivity contrasts). Close

to the contrast, a number of higher-level wavelet basis functions is required in order to

accurately represent the solution.
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Results in Fig. 2.6 demonstrate the memory efficiency of the adaptive wavelet algo-

rithm. That is, a high accuracy can be achieved with a small number of DoF. Fig. 2.8

illustrates the other important property of the numerical algorithm - its computing time

efficiency. In Fig. 2.8 we plot in log-log form the modelling error as a function of the

computing time. Computing time is not only a function of the inherent performance

of an algorithm, but also largely depends on the efficiency of its implementation. The

B2009 finite element algorithm is based on highly optimised finite element and BLAS

libraries, whereas our adaptive wavelet code is still experimental and needs to be opti-

mised in terms of its implementation. Here, we are primarily interested in the decline

of the modelling error as a function of computing time and have therefore plotted the

adaptive wavelet curves with a shifted time axis such that they can be compared easily

with the corresponding B2009 curves. The most important observation in Fig. 2.8 is

that all adaptive wavelet curves exhibit a slope of approximately −1, thereby indicating

that the accuracy improvements scale linearly with computing time. This behaviour

was predicted theoretically in Cohen et al. (2003b). By contrast, the B2009 curves have

a slope of approximately −1/2, which indicates that the modelling accuracy scales with

the computing time squared.

Initially, the slopes of Fig. 2.8 deviate from −1. This is caused by parameterisation of

the conductivity model, which has a higher spatial resolution than the initially applied

large-support wavelet basis functions (the scaling functions and the low-level wavelets).

Therefore, the computation of the system matrix entries needs to be conducted with a

higher resolution than required for the wavelet basis functions. However, it can be ob-

served that as soon as the wavelet resolution reaches the conductivity model resolution,

a linear decrease of the error is achieved. This does not have a strong effect on the overall

computation time, since this only applies to the first few steps, where computations of

the single ESC cycles are very fast.

It is also instructive to compare the relative vertical shifts of the individual curves.

The adaptive wavelet curves for the six prismatic anomalies model and the complex

model lie on top of each other, whereas the six prismatic anomalies curve for the B2009

algorithm lies well above the corresponding complex model curve. This is most likely

the result of the optimal preconditioning in the wavelet basis. The computational time

of the adaptive wavelet algorithm does not depend on the magnitudes of the contrasts

but only on their geometrical distribution and hence the number of wavelets needed

to approximate the solution. In contrast, the non-adaptive B2009 computation time

does not so much depend on the geometry of the conductivity contrasts but mostly

on their magnitudes, since this strongly affects the condition number of the system of

equations in eq. (2.1). Hence the adaptive wavelet algorithm is highly efficient, when the

model complexity is low. Although the adaptive wavelet algorithm shows a decrease in

efficiency in terms of number of DoF when the models are more complex, its slope of −1
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still leads to superior performance compared to the B2009 method for higher accuracies.
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Figure 2.8: Error versus time slopes for the adaptive wavelet algorithm (red lines) and
the B2009 finite element algorithm (blue lines) for the three models Fig. 2.5(a) (circles),
Fig. 2.5(b) (triangles) and Fig. 2.5(c) (stars).

2.5 Discussion and conclusions

Using the example of 3-D geoelectric forward modelling we have demonstrated the ca-

pabilities and limitations of adaptive wavelet algorithms with optimal work/accuracy

rate, a novel technique that was proposed recently in the mathematical literature. To

the best of our knowledge this is the first application of such techniques to a geophysical

problem. From our calculations we observe that

1. the adaptive wavelet algorithm with optimal work/accuracy rate together with

singularity removal is a powerful method for geoelectric modelling

2. the error convergence rate is also good in the discrete L1-norm, which has not yet

been covered by the theory
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3. the performance in terms of memory consumption and time-versus-error rate is

superior to the common methods currently applied in geoelectric modelling

4. general features of adaptive methods offer scope for further developments

Future research should focus on an optimised implementation of adaptive wavelet

algorithms with optimal work/accuracy rate. During the past few decades, probably a

1000 person years or even more have been dedicated to the optimisation of finite element

codes, while wavelet codes are still in an experimental stage and thus far away from op-

timality. Fully exploiting the memory and computing time efficiency of adaptive wavelet

solvers will undoubtedly lead to substantial improvements in geophysical modelling.

This could be good news for those concerned with the challenging seismic modelling

problem. With the increasing popularity of seismic waveform inversions, there is an ur-

gent need for efficient modelling algorithms. Conceptually, adaptive wavelet algorithms

are well suited for acoustic and elastic waveform modelling problems in the frequency do-

main, but care should be taken with the choice of the right hand side in eq. (2.2) (source

term) that must have an appropriate smoothness, which is dictated by the correspond-

ing function space. This may require application of singularity removal techniques to

the governing differential equations.

An important difference between potential field problems, as discussed in this pa-

per, and wave field problems, such as seismic waveform modelling, concerns the spatial

variability of the fields. Particularly at high frequencies, seismic modelling may require

a large number of degrees of freedom to be considered. In fact, our computations for

the complex model (Fig. 2.5c) demonstrate that in such a case there are little benefits

with regard to memory consumption (Fig. 2.6c). However, even when a large number

of degrees of freedom must be considered, our algorithm is still beneficial in terms of

computing time, as it is demonstrated in Fig. 2.8.
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2.7 Appendix

2.7.1 Wavelets

More on one-dimensional wavelet basis functions

The one-dimensional scaling functions and wavelets considered in this Section are con-

fined to powers of the unit interval [0, 1], but extensions to other intervals can be achieved

by shifting and dilation. The wavelet basis functions on the inside of the interval are

described with eqs 2.5 and 2.6 in Section 2.3.2. At the boundaries 0 and 1, the following

functions are used

(2.12) ϕl,0(x) =

2
3l
2 (2−l − x) if 0 ≤ x ≤ 2−l

0 elsewhere

and

(2.13) ϕl,2l(x) =

2
3l
2 (x+ 2−l − 1) if 1− 2−l ≤ x ≤ 1

0 elsewhere,

for the scaling functions and

ψl,1 =
1√
2

(− 3

4
ϕl+1,0 +

9

16
ϕl+1,1+

− 1

8
ϕl+1,2 −

1

16
ϕl+1,3)

(2.14)

and

ψl,2l =
1√
2

(− 1

16
ϕl+1,2l+1−3 −

1

8
ϕl+1,2l+1−2+

+
9

16
ϕl+1,2l+1−1 −

3

4
ϕl+1,2l+1),

(2.15)

for the wavelets (Cohen et al., 1992; Dahmen et al., 1999).

V 1D
l := span(ϕl,k | 0 ≤ k ≤ 2l) is the vector space of all possible linear combinations

of the scaling functions at level l and W 1D
l := span(ψl,k | 1 ≤ k ≤ 2l) is the vector space

of all possible linear combinations of the wavelets at level l. They are related as follows:

(2.16) . . . ⊂ V 1D
2 ⊂ V 1D

3 ⊂ V 1D
4 ⊂ . . . ,

(2.17) W 1D
l ⊂ V 1D

l+1 and V 1D
l+1 = V 1D

l ⊕W 1D
l .

These piecewise linear wavelets have the advantage that they are very simple to
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handle within integrals. Furthermore, they are not orthogonal (not required for our

algorithm) but biorthogonal (Cohen et al., 1992).

Wavelet basis functions in two and more dimensions

Tensor product constructions can be used for creating higher-dimensional wavelet basis

functions (Dahmen and Schneider, 1999). The tensor product of a function f(x) with a

function g(y) is defined as

(2.18) (f ⊗ g)(x, y) := f(x)g(y).

The tensor product of two function spaces V and W is the linear span of all tensor

products of functions in V with functions in W . Note that in general f ⊗ g 6= g⊗ f . We

use this definition to create wavelet basis functions in two dimensions. Two-dimensional

scaling functions are identified with three parameters: level l, shift in x-direction kx and

shift in y-direction ky. The scaling functions ϕl,kx,ky(x, y) are defined as

ϕl,kx,ky(x, y) :=(ϕl,kx ⊗ ϕl,ky)(x, y)

=ϕl,kx(x)ϕl,ky(y).
(2.19)

We denote the two-dimensional scaling functions by V 2D
l := span(ϕl,kx,ky | 0 ≤ kx ≤

2l and 0 ≤ ky ≤ 2l). Wavelets in two dimensions are the complement of V 2D
l in V 2D

l+1 .

Using V 2D
l = V 1D

l ⊗ V 1D
l we get

V 2D
l+1 =V 1D

l+1 ⊗ V 1D
l+1 = (V 1D

l ⊕W 1D
l )⊗ (V 1D

l ⊕W 1D
l )

=(V 1D
l ⊗ V 1D

l )⊕ (V 1D
l ⊗W 1D

l )⊕
⊕ (W 1D

l ⊗ V 1D
l )⊕ (W 1D

l ⊗W 1D
l ).

(2.20)

Hence

W 2D
l =(V 1D

l ⊗W 1D
l )⊕ (W 1D

l ⊗ V 1D
l )⊕

⊕ (W 1D
l ⊗W 1D

l ).
(2.21)

Therefore the wavelets in two dimensions consist of functions of the shape ϕl,kx(x)ψl,ky(y),

ψl,kx(x)ϕl,ky(y) and ψl,kx(x)ψl,ky(y). Wavelet bases in higher dimensions can be con-

structed accordingly.

2.7.2 The adaptive wavelet algorithm

In this Section, we give an overview of the implementation of our algorithm that largely

follows Cohen et al. (2003b). For more details, we therefore refer to the Cohen et al.
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(2003b) paper and the references contained therein. For practical reasons, we have

replaced the damped Richardson iteration in Cohen et al. (2003b) by a CG method.

The algorithm depends on a set of parameters, which we will describe briefly. The

coefficient β estimates the ratio of the absolute error between a given approximation U of

the solution Utotal and the estimated residual of U depending on the underlying problem

and the chosen iterative solver (here CG). C∗ controls the Astree-norms of the resulting

vector after the coarsening, where Astree-norm is a measure for the approximability of

a vector by small trees. The parameter γ, which plays an important role in the adap-

tive operator approximation describes the wavelet compressibility of the operator. The

parameter ρ̄ ∈ (0, 1) and the summable sequence of parameters {ωk}∞k=0 can be freely

chosen. They influence the computation time and the memory consumption but do not

influence the linear work/accuracy rate. Note that these parameters are adapted to the

damped Richardson iteration and no mathematical proof exists for the application of

the CG method. In our case, we set β = 100, C∗ = 2, γ = 7, ρ̄ = 0.95, ωk = 0.9k.

Sets of wavelet basis functions (which in this algorithm always form a tree) are

denoted with Λ. We write Λ̃n for sets of newly acquired functions, Λn for the sets after

the CG-iterations and Λ̄n for the coarsened sets. The associated vectors of coefficients

are denoted by B for the right hand side, U for the solution and R for the approximation

of the residual, where the index set is indicated in the subscript.

Algorithm AdaptiveSolve(ε)

Input: desired accuracy

Output: Optimal set of functions Λopt, solution UΛopt

(∗ Main algorithm ∗)
1. Calculate the wavelet expansion of the right hand side

∑
λ∈Λfull

bλφλ

2. Set BΛfull
= (bλ)λ∈Λfull

3. Set n = 0; Λ̄0 = ∅; ŪΛ̄0
= 0

4. Set ε0 = ‖BΛfull
‖2

5. while εn > ε

6. do Set n = n+ 1

7. [Λ̃n, R̃Λ̃n
] = EstimateResidual(Λ̄n−1, ŪΛ̄n−1

, BΛfull
, ω0εn−1)

8. [Λn, UΛn ] = SolveCG(Λ̃n, ŪΛ̄n−1
, R̃Λ̃n

, εn−1)

9. [Λ̄n, ŪΛ̄n
] = Coarse(UΛn , εn−1C

∗/(2 + 2C∗))

10. Set εn = εn−1/2

11. return Λopt = Λ̄n;UΛopt = ŪΛ̄n

The three steps EstimateResidual, SolveCG and Coarse correspond to the ESC steps

described in section 2.3.3. The subroutine EstimateResidual is defined as

Algorithm EstimateResidual(Λ̄n−1, ŪΛ̄n−1
, BΛfull

, εn−1)

Input: Set of functions, solution, right hand side, desired accuracy
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Output: Set of functions Λ̃n, Approximation of the residual R̃Λ̃n
,

(∗ Approximates the residual ∗)
1. [Λ1, V ] = ApplyOperator(ŪΛ̄n−1

, 0.5ω0εn−1)

2. [Λ2,W ] = Coarse(BΛfull
, 0.5ω0εn−1)

3. return R̃Λ̃n
:= V −W and Λ̃n := Those functions in Λ1∪Λ2, for which V −W has

nonzero entries

In this subroutine the function ApplyOperator, which approximates the application of

the operator to the current solution with the given accuracy is the core ingredient of the

adaptive wavelet algorithm. Since the application of the operator cannot be computed

(this would result in a multiplication of a rectangular infinite matrix with a finite vector),

it needs to be approximated. The approximation is conducted by first setting up a tree

of wavelet basis functions for which the coefficients will approximate the application with

the desired accuracy (see Cohen et al., 2003a, theorem 3.4 and the related construction

of the tree), then calculating the coefficients using the fast top-down evaluation scheme

described in Dahmen et al. (2000). Before the approximation is calculated, a diagonal

preconditioner di = 1/
√
aii is applied, where aii are the diagonal entries of the system

matrix A in eq. (2.8). This ensures an optimal condition number (Cohen and Masson,

1999). Here, “optimality” indicates that the condition number of the preconditioned

system matrix is bounded for all detail levels. Hence all solutions using a CG algorithm

on a fixed basis can be calculated up to a given accuracy using a fixed (small) number

of CG iterations. Other possibilities of optimal preconditioning can be found in Cohen

and Masson (1999).

The subroutine SolveCG is set up as

Algorithm SolveCG(Λ̃n, ŪΛ̄n−1
, R̃Λ̃n

, εn−1)

Input: Set of functions, previous solution, approximated residual of the previous solu-

tion, desired accuracy

Output: Set of functions Λn, solution UΛn ,

(∗ Modified conjugate gradient solver ∗)
1. Set k = 0; Λ0 = Λ̃n;U0 = ŪΛ̄n−1

2. Set P k = R̃Λ̃n
;Rk = −R̃Λ̃n

3. while ωkρ̄
kεn−1 + ‖Rk‖2 > εn−1/((2 + 2C∗)β)

4. do Set k=k+1

5. [Λk, V ] = ApplyOperator(P k−1, 0.5ωkρ̄
kεn−1)

6. Uk = Uk−1 + (Rk−1·Rk−1)
(Pk−1·V )

P k−1

7. Rk = Rk−1 + (Rk−1·Rk−1)
(Pk−1·V )

V

8. P k = (Rk·Rk)
(Rk−1·Rk−1)

P k−1 −Rk

9. return Λn = Λk;UΛn = Uk

This routine is a generic conjugate gradient solver (e.g. Shewchuk, 1994), except that the
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application of the operator restricted to Λ̃n is replaced by the function ApplyOperator

described above.

In the function Coarse an as large as possible number of coefficients is removed from

the given vector, such that the norm of the difference from the initial vector is smaller

than a prescribed value 0.5ω0εn−1. Additionally, the tree structure is preserved. An

exact description of this procedure can be found in Binev and DeVore (2004).

Optimality is achieved by keeping the number of scalar operations linear with the

number of wavelet basis functions in the routines ApplyOperator and Coarse. Since

the condition number of the diagonally preconditioned operator in the wavelet basis

is always smaller than cmax, the number of iterations inside the SolveCG routine does

not exceed a maximum number K if the basis does not vary after the first few steps.

Because each ESC cycle leads to an error reduction by a constant factor, only a fixed

maximum number of iterations is required to reach a given target accuracy. Therefore,

the number of total scalar operations scales linearly with the final number of degrees of

freedom.
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3.1 Summary

We present a novel adaptive model parameterisation strategy and demonstrate its ca-

pabilities with an application to the 3D geoelectric inversion problem. In contrast to

traditional parameterisation schemes, which are based on fixed disjoint blocks, we discre-

tise the subsurface in terms of Haar wavelets and adaptively adjust the parameterisation

as the iterative inversion proceeds. This results in a favourable balance of cell sizes and

parameter reliability, that is, in regions where the data constrain the subsurface prop-

erties well, our parameterisation strategy leads to a fine grid, whereas poorly resolved

areas are represented only by a few large blocks. This is documented with eigenvalue

analyses and by computing model resolution matrices. During the initial iteration steps,

only a few model parameters are involved, which reduces the risk of the inversion getting

trapped in a local minimum. The algorithm is also capable of automatically accounting

for non-linear effects caused by pronounced conductivity contrasts. Inside conductive

features a finer grid is generated than inside more resistive structures. The algorithm is

computationally efficient, because the parameter coarsening and refinement subroutines

have a nearly linear numerical complexity. We provide inversion examples and com-

pare the performance against a state-of-the-art inversion package. Since our approach

is not tightly coupled to the geoelectric inversion problem, it should be straightforward

to adapt it to other data types.
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3.2 Introduction

Recovering the physical subsurface properties from surface-based geophysical measure-

ments is a powerful means for improving our knowledge about the interior of the earth

on a variety of scales. This is typically achieved with tomographic inversion techniques

adopted and modified from biomedical imaging. In contrast to medical investigations,

where transmitters and receivers can be conveniently placed around the target structure

giving 360◦ view angle coverage, geophysical experiments usually have to resolve 3D

subsurface structures with an (at best) 2D observation network at the Earths surface

and/or in a limited number of boreholes. This results in most geotomography inver-

sion problems being ill-posed, meaning that there are many subsurface models that can

explain the observed data equally well within a realistic noise range.

There exist different strategies to counter this problem. One option is to impose

regularisation constraints. As outlined by Tarantola and Valette (1982), it is possible

to include a priori information in the form of data and model covariance matrices, such

that the resulting inversion problem has a unique solution. This is an extremely useful

approach when sufficient a priori information about the subsurface exists, but it may

produce misleading results when the assumptions and a priori information are insufficient

and/or possibly flawed.

Another option for reducing the under-determined aspect of the tomographic inver-

sion problem is statistical experimental design. Here, survey layouts are identified which

constrain the model parameters in an optimised fashion (e.g. Maurer et al., 2010, and

the references therein). This proved to be very successful (e.g. Stummer et al., 2004),

but even under the most favourable experimental setup, the poorly determined nature

of the problem may be still substantial.

A third possibility for tuning the tomographic inversion is to optimise the model

parameterisation, such that its ill-determined component is minimised. This could be

achieved by representing the subsurface structure with only a few model parameters,

which have a high model resolution (defined e.g. Menke, 1989). However, this benefit

comes at the expense of larger cell sizes. This well-known trade-off between a fine

parameter grid and model resolution is discussed in many textbooks (e.g. Menke, 1989)

and renders optimised model parameterisation to be a difficult task. One is typically

interested in both a fine parameter grid and a large model resolution of the individual

grid cells.

A possible parameterisation strategy could be to initially choose a relatively coarse

parameterisation and to refine it adaptively during an iterative inversion. Alternatively,

one may start with a very fine mesh and coarsen it adaptively. Several approaches

have been proposed for controlled-source travel time tomography (e.g. Michelini, 1995;

Curtis and Snieder, 1997; Bohm and Vesnaver, 1999; Weber, 2001; Trinks et al., 2005;
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Ajo-Franklin et al., 2006) and in local, regional and global earthquake tomography (e.g.

Bijwaard et al., 1998; Spakman and Bijwaard, 2001; Chiao and Kuo, 2001; Sambridge

and Faletic, 2003; Nolet and Montelli, 2005; Zhang and Thurber, 2005; Tikhotsky and

Achauer, 2008). Other researchers have proposed adaptive model parameterisations that

are suitable for geoelectric and induced polarisation problems (e.g. Ascher and Haber,

2001; Pessel and Gibert, 2003; Haber et al., 2007). The literature also includes numerous

applications to medical tomography and materials testing (e.g. Molinari et al., 2002; Kim

et al., 2004; Rantala et al., 2006).

There exist several strategies for model refinement or coarsening. Bohm and Ves-

naver (1999) propose to adapt the grid manually after each inversion step. Ascher and

Haber (2001) start the inversion with a very coarse rectangular grid and then uniformly

refine the grid with each iterative step. Refinement/coarsening can be performed with

structured rectangular meshes, or other parameterisation schemes, such as Delaunay

triangulation (e.g. Ajo-Franklin et al., 2006) or Voronoi cells (e.g. Zhang and Thurber,

2005). Finally, several authors have proposed parameterisation schemes that are based

on wavelets (e.g. Rantala et al., 2006; Tikhotsky and Achauer, 2008).

A key element of each adaptive model parameterisation algorithm is the measure by

which it is decided where model refinement (or coarsening) should be performed. This

measure should be generally capable of optimising the trade-off between cell size and

model resolution, but there are other requirements that need to be considered as well.

For example, it is usually desirable that all model parameters are similarly well con-

strained. This is particularly critical for many surface-based geophysical measurements,

where the model resolution per volume unit decreases rapidly with depth (e.g. Mau-

rer and Boerner, 1999). This requires an appropriate model coarsening with increasing

depth. Finally, the computational efficiency of a refinement/coarsening measure must

be ensured, such that it is applicable to large-scale 3D problems.

Conceptually, the most powerful option for refinement/coarsening decisions would be

to analyse the singular values of the sensitivity matrix or the eigenvalue spectra of the

pseudo-Hessian matrix for a given model parameterisation and given recording configura-

tion. Since such approaches require repeated determinations of the singular/eigenvalues,

this is computationally very expensive and therefore restricted to relatively small prob-

lems. As an alternative, Kim et al. (2004) performed electrical impedance tomography

by starting with a fine grid and then grouped cells together with similar conductivities.

Molinari et al. (2002) applied refinements to inversion cells having high conductivity

gradients with adjacent cells. Haber et al. (2007) refined the grid where the model

shows strong variations within a given functional. Michelini (1995) proposed to allow

the position of the grid points to vary during the inversion and additionally invert for

these variations. This seems to work well for simple setups, but the method gets trapped

easily in local minima for more complicated problems (Ajo-Franklin et al., 2006). In seis-
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mic travel time tomography, it is common to approximate the parameter reliability with

its ray hit count (e.g. Bijwaard et al., 1998) and make refinement/coarsening decisions

such that all parameters are similarly well resolved.

Inspired by the ease with which wavelets can handle adaptivity, it has been inves-

tigated whether such techniques would also be suitable for inverse problems. The first

attempts were made by Donoho (1995), who introduced the wavelet-vaguelette approach.

This method works well for certain inverse problems, but the vaguelettes are generally

not available in analytic form and must be calculated numerically. The approach by Co-

hen et al. (2004) overcomes this problem. They proposed an adaptive wavelet Galerkin

method. Unfortunately, this approach is not applicable to typical geophysical inversion

problems, because it assumes that the sensitivity matrix in the full wavelet basis has

only non-zero singular values. Loris et al. (2007), Daubechies et al. (2008) and Loris

(2009) employed wavelets to create sparsity promoting regularisations, but they did not

erase those wavelets with small parameter coefficients from the basis. The reason for

this is that the magnitudes of the parameter wavelet coefficients do not reveal their

contributions on the singular value spectrum of the sensitivity matrix and hence their

importance for the “goodness” of the inversion problem.

In this contribution we present a novel adaptive model parameterisation method

that is based on wavelets. Here, it is applied to the 3D geoelectric inversion problem,

but conceptually it could be adapted to other types of geophysical inversions. After

a brief introduction to the theoretical background, we present details of the adaptive

algorithm. Its features are investigated by eigenvalue and model resolution analyses.

Finally, inversion results are compared with a non-adaptive state-of-the-art geoelectric

inversion algorithm.

3.3 Forward problem

The geoelectric forward problem is governed by the Poisson equation

(3.1) −∇ · (σ∇us) = Iδs,

where σ is the electrical conductivity, us is the resulting total electric potential field, I

the current source strength and δs the delta functional, which is non-zero only at the

current injection point rs. There exists a plethora of numerical methods for solving

eq. (3.1) (e.g. Dey and Morrison, 1979b; Rücker et al., 2006; Blome et al., 2009). Here,

we consider an adaptive wavelet modelling algorithm presented by Plattner et al. (2010),

but it is important to note that any other suitable forward solver could be employed.

Eq. (3.1) describes the absolute electric potential that would be observed from a cur-

rent injection at a single point rs. In practice, potential differences between two potential
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electrodes are measured, and current injections are realised via a pair of electrodes. The

response of such bipole-bipole configurations can be computed by superposition (e.g.

Telford et al., 1990). For the sake of simplicity, we restrict ourselves to pole-pole con-

figurations, where the current sink and the reference potential electrode are placed at

“infinity”, such that the data dij are the potentials ui generated by a current injection

(source) at electrode i and measured at electrode j with the pole-pole array. Neverthe-

less, the proposed inversion scheme is expected to be applicable to any other type of 3-

or 4-electrode configuration.

3.4 Inverse problem

Since solving equation dcalc = Forw(m), described by eq. (3.1) (m = σ) for the parameter

m is non-linear, we employ an iterative Gauss-Newton algorithm, which involves the

solution of the linearised problem

(3.2) G(m−m0) = (dobs − dcalc),

where m0 is the input model, G the Jacobian matrix containing the Fréchet derivatives

(also called sensitivities) of Forw at m0. The calculation of G requires that the partial

derivatives of the data with respect to the model parameters to be determined. This can

be done most elegantly using a perturbation approach. For a simulated measurement

dcalc
ij , the partial derivative at a particular point r in the space domain Ω can be written

as

(3.3) gij(r) :=
∂dcalc

ij

∂m(r)
= −1

I
∇ui(r) · ∇uj(r)

(e.g. Zhou and Greenhalgh, 1999), where I is the injection current strength and ui and

uj are the electrical potentials that are observed at position r if the current is injected

at electrodes i (true source) and j (adjoint source, or receiver position), respectively.

For a representation of the subsurface in the form of a linear combination of a finite

number of orthogonal basis functions φk(r), we can write the derivative with respect to

the k-th basis function by means of the inner product of gij(r) with φk(r)

(3.4) Gk
ij :=

∂dcalc
ij

∂mk

=

∫
Ω

gijφk(r) dr.

Typically, geoelectric models are discretised in form of disjoint blocks, that is, φk(r) is

constant within the k-th block and 0 elsewhere. As discussed later, other types of model

parameterisation are possible as well.

Since the electrical potentials as well as the subsurface conductivities can vary over
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several orders of magnitude, and both quantities are strictly positive, the problem is

usually formulated using logarithmic quantities (e.g. Tarantola, 2005).

(3.5) G̃k
ij :=

∂d̃calc
ij

∂m̃k

:=
∂ log(dcalc

ij )

∂ log(mk)
=

mk

dcalc
ij

Gk
ij

(the symbol ˜ denotes log quantities). Usually, neither eq. (3.2) nor its least squares

formulation

(3.6) m̃1 = argmin
m̃

(
‖G̃(m̃− m̃0)− (d̃obs − d̃calc)‖2

)
can be solved because the condition number of the matrix G̃ is very high or even infi-

nite. Therefore, we must supply regularisation constraints in the form of damping and

smoothing

(3.7) m̃1 = argmin
m̃

(
‖G̃(m̃− m̃0)− (d̃obs − d̃calc)‖2 + λ‖m̃− m̃0‖2 + γ‖Cm̃‖2

)
,

where C is a Laplacian smoothing matrix. The parameters λ and γ allow the influence

of the regularisation to be tuned (e.g. Maurer et al., 1998). Calculating the gradient of

this minimisation problem in eq. (3.7) and setting it zero leads to an improved estimate

of the model parameters m̃1

(3.8) m̃1 = (G̃tG̃+ λI + γCtC)−1[G̃t(d̃obs − d̃calc) + G̃tG̃m̃0 + λm̃0]

(e.g. Tarantola, 2005). For the next iteration, m̃0 is set to m̃1 and the procedure is

repeated until convergence is achieved, and/or the average difference between observed

and calculated data reaches the noise level.

Our algorithm, described in more detail in Section 3.6, differs in two ways from

traditional inversion schemes. First, we do not discretise the model domain Ω with

discrete blocks, but we employ a wavelet parameterisation described in Section 3.5.

Furthermore, we adaptively modify the choice of wavelets to represent the subsurface.

3.5 Wavelet basis functions

Wavelets were originally introduced by the French geophysicist Jean Morlet in the late

1970s (Daubechies, 1996). Soon, the mathematical community discovered the wide ap-

plicability of this concept including, but not limited to, image compression (e.g. Brislawn

et al., 1996), data analysis (e.g. Holschneider, 1995), numerical partial differential and

integral equations (Cohen et al., 2003b), inverse problems (Cohen et al., 2004) and

compressed sensing (Cohen et al., 2009).
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In image compression, the storage of high-resolution images using pixel-based storage

schemes (i.e., using small-support basis functions) may result in excessively large data

volumes. Wavelets allow the representation of the digital images with large-support

basis functions, which may extend over larger areas of the domain of interest, and only

a few small-support basis functions, which characterise the small-scale details. A key

feature of such image compression schemes is the consideration of the image complexity,

such that an image with only a few structural details can be stored more compactly

than a more complex image. There exist a large variety of different wavelet families

(e.g. Daubechies, 1992), and a proper choice is problem dependent.

Here, we adapt the concept of image compression using wavelet basis functions to

model parameterisation in geophysical inversion problems. At the early stages of an

iterative inversion algorithm, one typically seeks models with a low structural complexity

in order to avoid getting trapped in a local minima. This problem is particularly severe

in waveform inversion problems (e.g. Mulder and Plessix, 2008), but this is also an issue

in geoelectric inversions.

Since many subsurface structures are expected to be piecewise constant, we judge

it appropriate to represent the model space using Haar wavelets. Every wavelet basis

comprises scaling functions and wavelets. Scaling functions represent the average value

of a function over a region. The size of the region depends on the starting level of the

wavelet basis. One-dimensional scaling functions on the unit interval [0, 1] are defined

as

(3.9) ϕ1D
l0,p

(x) :=

2−l0/2 if 2−l0p ≤ x < 2−l0(p+ 1),

0 else,

where the integer l0 is the starting level and the integers 0 ≤ p ≤ 2−l0 the position of the

scaling function. In order to be able to represent nonzero values at x = 1, the scaling

function for p = 2l0 − 1 has value 2−l0/2 at x = 1.

Wavelets describe structural details that are not captured by the scaling functions.

They exist on levels equal to or greater than the starting level l0. For any level l ≥ l0,

one-dimensional Haar wavelets for positions 0 ≤ p < 0.5 · 2−l are defined as

(3.10) ψ1D
l,p (x) :=


2−l/2 if 2−(l+1)2p ≤ x < 2−(l+1)(2p+ 1),

−2−l/2 if 2−(l+1)(2p+ 1) ≤ x < 2−(l+1)(2p+ 2),

0 else.
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For positions 0.5 · 2−l ≤ p < 2−l − 1, the wavelets are defined as

(3.11) ψ1D
l,p (x) :=


−2−l/2 if 2−(l+1)2p ≤ x < 2−(l+1)(2p+ 1),

2−l/2 if 2−(l+1)(2p+ 1) ≤ x < 2−(l+1)(2p+ 2),

0 else.

The wavelets for p = 2l − 1 have the value 2−l/2 for x = 1.

Three-dimensional scaling functions can be constructed via tensor products and are

defined as the linear span of the functions

ϕl0,px,py ,pz(x, y, z) = ϕ1D
l0,px

(x) · ϕ1D
l0,py

(y) · ϕ1D
l0,pz

(z).

Hence, they form disjoint cubes. Likewise, three-dimensional wavelets are defined as the

span of the following types of functions

(3.12) ψl,px,py ,pz(x, y, z) = (φ
(a)
l,px

)1D(x) · (φ(b)
l,py

)1D(y) · (φ(c)
l,pz

)1D(z),

where φ(a), φ(b) and φ(c) are replaced by either ϕ or ψ. But at least one of the three factors

needs to be of type ψ (otherwise the tensor product is a scaling function). Therefore,

for each level and position there exist seven different wavelets, whereby each of these

wavelets is associated with a model parameter that may be included in vector m̃.

A one-dimensional Haar wavelet basis is depicted schematically in Fig. 3.1. The

log conductivity model can be parameterised as a linear combination of Haar scaling

functions and wavelets, whereby the model vector includes the coefficients of the scaling

functions and wavelets chosen

(3.13) σ(r) =
NSF∑
k=1

m̃kϕk(r) +
NSF+NW∑
k=NSF+1

m̃kψk(r) =
NSF+NW∑

k=1

m̃kφk(r),

where NSF is the number of scaling functions and NW the number of wavelets selected.

The single index k stands for the multi-index containing level and position, and in the

2D or 3D cases also for the wavelet type. A schematic 1D example for the summation

in eq. (3.13) is shown in Fig. 3.2.

3.6 Algorithm description

Fig. 3.3 outlines the concept of our approach. The algorithm is initialised by specifying

the modelling domain Ω, choosing an appropriate starting model m0 and selecting suit-

able regularisation parameters. The initial model parameterisation includes all scaling

functions and a choice of wavelets. Appropriate conductivity values are assigned to the
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Figure 3.1: Examples of 1-D model parameterisations. (a) Haar scaling functions at
level 1. (b) All Haar wavelets from level 1 to 3. (c) Piecewise constant block functions
for an equivalent resolution as the Haar wavelet basis up to level 2.

corresponding wavelet coefficients. Then, the forward problem is solved for this con-

ductivity structure and given set of electrode configurations and the sensitivities also

computed.

Some of the model parameters (i.e., the wavelet coefficients) are expected to be well

resolved, whereas others may be only poorly constrained by the data. Identification

of poorly constrained coefficients requires a measure for the parameter reliability. A

possible option would be to consider the diagonal elements of the model resolution

matrix (e.g. Menke, 1989). Unfortunately, this is computationally very expensive for

large-scale inversion problems. A computationally less demanding alternative is the
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Figure 3.2: Example of a superposition of Haar wavelet basis functions to represent a
piecewise continuous function. (a), (c) and (e) show the individual wavelet basis func-
tions, (b), (d) and (f) show the piecewise constant function obtained by the summation
of the wavelet basis functions on their left.

following. For each model parameter k we sum up the absolute values of the entries of

the k-th column of G̃. This seems to be a good proxy for the diagonal elements of the

model resolution matrix for geoelectric problems (e.g. Loke, 2010). Subsequently, we
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Select initial model parameterization
and starting model

· Solve forward problem
· Calculate sensitivities
· Supply regularization

Coarsening

Refinement Inversion

Update conductivities
on new grid

Figure 3.3: Flowchart of the algorithm. The refinement and inversion steps are per-
formed independently and the results merged afterwards. The iteration is performed
until convergence is achieved.

refer to this measure as cumulative wavelet sensitivities

(3.14) (Cw)k :=
∑
ij

|G̃k
ij|.

During the coarsening step (Fig. 3.3), those wavelet coefficients whose cumulative

wavelet sensitivities are below a user defined threshold are removed. To ensure that the

model representation in the Haar wavelet basis can be properly transformed into a block

basis (disjoint blocks), the hierarchical wavelet trees (Fig. 3.1) have to be complete in

the sense that for each wavelet the spatially overlapping lower or equal level wavelets and

scaling functions are also included in the tree. This may require reinsertion of certain

wavelets after the coarsening step. The equivalence between the choice of wavelets and

a block basis is particularly useful for the setup of the smoothing matrix in eq. (3.7).

Next, two independent tasks are scheduled, namely a model update and a model

refinement (Fig. 3.3). The model update is straightforward and performed by evaluat-

ing eq. (3.8) using the coarsened model and the coarsened sensitivity matrix, which is
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obtained by deleting the corresponding columns of G̃.

The model refinement is more complicated. It follows closely the procedure described

in Cohen et al. (2003a) and applied in Cohen et al. (2003b). Based on a measure that is

similar to the cumulative wavelet sensitivities, the refinement procedure seeks wavelets

that are potentially well resolved. As for the coarsening, it has to be ensured that the

refined branches of the wavelet tree remain complete. More details on the refinement

procedure are provided in Section 3.10.1.

After performing the model parameter updates and the model refinement, the results

of these two tasks are merged by appending the newly chosen wavelets to the updated

model with coefficients equal to zero, such that a new set of basis functions is available.

With this new model parameterisation and the updated model values, the forward prob-

lem and the associated sensitivities are re-computed, and the procedure is iterated until

convergence is achieved.

3.7 Numerical experiments

To demonstrate the behaviour and performance of our adaptive model refinement algo-

rithm, we set up a hypothetical 10×10 electrode array (4.66m electrode spacing) located

on the top face of a cube with side length 140m (Fig. 3.4). Only pole-pole configurations

are considered. With 100 electrodes, (100 · 99)/2 = 4950 independent pole-pole mea-

surements can be simulated. To mimic a realistic surface-based geoelectric experiment,

Neumann (no normal component current flow) boundary conditions are imposed at the

top face of the cube, and mixed boundary conditions (Dey and Morrison, 1979b) are

applied at the other faces. All conductivity values are displayed as resistivity 1/σ in

Ωm. Four different conductivity models are considered, namely a homogeneous model

with 100Ωm, a single resistive or conductive block embedded in a homogeneous half

space (Fig. 3.4a) and a more complicated four block model (Fig. 3.4b).

A wavelet parameterisation includes overlapping scaling functions and wavelets at

different levels, which are difficult to visualise. Since the coarsening and refinement

procedures, described in Section 3.6 and Section 3.10.1, ensure the completeness of the

hierarchical wavelet trees, it is always possible to apply a wavelet transform and to

display the model parameterisation in the form of disjoint blocks, as shown for example

in Fig. 3.5.

In our initial experiments, we employ the homogeneous model and perform an adap-

tive refinement without carrying out an inversion, that is, the true homogeneous model

is retained for all computations and only coarsening and refinement are performed. Our

initial model includes all scaling functions and wavelets at level 1, which is equivalent to

an equally sized 4×4×4 block parameterisation. For the first iteration, we set the coars-

ening threshold to 5% of the initial cumulative wavelet sensitivities norm (eq. (3.14)).
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140a

b

Figure 3.4: The three subsurface conductivity contrast models considered in this paper.
(a) Experiment setup with the 10 × 10 electrodes on the surface and a background
resistivity of = 100Ωm. The subsurface block resistivity is 10 or 100Ωm for the different
experiments. (b) Setup for the four block model. The red blocks have a resistivity of
1000Ωm, and the blue blocks have 10Ωm. The background resistivity is 100Ωm.

In each later step, the initial threshold is multiplied by 0.5q, where q is the difference

between the initial maximum level and the current maximum level.

The refinement procedure was initially carried out without constraining the maxi-

mum wavelet level, but experiments indicated that slightly more stable results can be

achieved when an upper limit is imposed. We have chosen a maximum level of l = 6

(eq. (3.10) and (3.11)), but this constraint does not seem to be very critical. The coars-

ening threshold strategy described above, and the process of restricting the maximum

wavelet level during the refinement procedure was retained for all experiments presented

in this section.

Figs 3.5(a) and (b) show horizontal and vertical slices through the resulting equiva-
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Figure 3.5: Resulting grids from the homogeneous conductivity iteration without in-
version after refining and then coarsening. (a),(c),(e) and (g) show the grid on the
surface with the electrode array indicated by the red square. (b), (d), (f) and (h) show
slices through the grids perpendicular to the Y-axis at Y = 70. The electrode array is
indicated by the red arrow. (a) and (b) show the grid after coarsening in step 0, (c) and
(d) after refinement and then coarsening in step 1, (e) and (f) after refinement and then
coarsening in step 3 and (g) and (h) after refinement and then coarsening in step 5.
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lent parameter grid after the first coarsening. Figs 3.5(c) and (d) show the parameteri-

sation after the consecutive refinement, recalculation of the sensitivities and coarsening.

As expected, additional wavelets that characterise more detailed structures right un-

derneath the electrode array (denoted by the red square in the horizontal and the red

double-arrow in the vertical slices) are added. Further iteration steps Figs 3.5(e) - (h)

continue to refine the model underneath the array. At greater depth, where the model

resolution per volume unit is expected to be poor, the coarse parameterisation structure

is retained. It is also worth mentioning that there is a significant amount of refine-

ment outside of the array. This is in accordance with the results of Maurer and Friedel

(2006), who highlighted the importance of the “outer space” and the fact that pole-pole

configurations have particularly high sensitivities outside of the electrode grid.

Table 3.1 summarises the development of the number of model parameters in the

course of the iteration steps. After step 5, the number of parameters no longer increases

significantly, but it starts oscillating between about 7000 and 9000. The algorithm has

apparently reached a level of refinement where several model parameterisation with sim-

ilar properties exist. This can be further quantified with eigenvalue and model resolution

analyses.

Table 3.1: Number of wavelet basis functions in each step for the homogeneous con-
ductivity iteration without inversion.

Step 0 1 2 3 4 5 6 7 8 9
After coars. 36 64 260 813 2962 9479 6847 9185 6903 9129

3.7.1 Eigenvalue analysis

More insights into the properties of the model parameterisation can be gained from

the eigenvalue spectra of the approximate Hessian matrix G̃tG̃ related to the individual

coarsening/refinement cycles (Fig. 3.3). Fig. 3.6(a) shows the eigenvalue spectra over

the complete range of parameters, and Fig. 3.6(b) displays a close up of the most critical

parts of the relative eigenvalue spectra. A desirable model parameterisation exhibits a

large number of eigenvalues that lie above a certain threshold (e.g. Blome et al., 2011).

As can be seen in Fig. 3.6, this is achieved best for the eigenvalue spectra associated

with iteration steps 5 to 9. These spectra almost coincide for relative eigenvalues >

10−7, thereby indicating that the corresponding model parameterisations have a similar

goodness.
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Figure 3.6: Relative eigenvalue spectra for the homogeneous conductivity iteration
without inversion. The dashed line represents the cut-off level for the resolution analysis
shown in Fig. 3.7. The lower figure (b) is a zoom in of (a).

3.7.2 Model resolution analysis

The eigenvalue spectra in Fig. 3.6 provide important information concerning the overall

condition of the inverse problem, but it is difficult to judge which parameters are well

resolved and which are not. For this type of analysis we consider the model resolution

matrix, which can be computed as

(3.15) R = V0V
t

0 ,

where the columns of V0 are the eigenvectors of G̃tG̃ associated with the relative eigen-

values (normalised by the first largest eigenvalue) larger than 10−7 (e.g. Menke, 1989).

We chose the threshold level 10−7 because it is well below the trade-off point between

the eigenvalue spectrum of step 4 and later steps (Fig. 3.6) and therefore allows us to

analyse the effect of the grid refinement. The diagonal elements of the model resolution
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matrix (the model resolution) indicate how well a parameter is resolved (0 = unresolved,

1 = perfectly resolved).

The model resolution values are associated with individual scaling functions and

wavelets, and a representation in the form of disjoint blocks is not meaningful. Fig. 3.7

therefore shows the average model resolutions grouped by wavelet levels contained in

the model parameterisation after coarsening (Fig. 3.3). The scaling function resolution

values are included in the wavelet level 1 resolution values.
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Figure 3.7: The diagonal entries ofR in eq. (3.15). Each point in the diagram represents
the average value of the diagonal entries for a given level.

Initially, only wavelets at level 1 are included. They are all relatively well resolved.

After step 1, wavelets of levels 1 and 2 are considered. It is interesting to note that

at step 2, the wavelets of level 2 have on average a better model resolution than those

of level 1 and are even better resolved than the level 1 wavelets at the initial step 0.

Furthermore, the model resolution at level 1 has decreased compared with the initial step

0. This observation can be explained as follows. Right beneath the electrodes, the model

resolution is expected to be very good. The shallowest level 1 wavelets represent this well

resolved range, but due to their relatively large spatial extension they also cover regions

at greater depths, where the model resolution decreases rapidly. Therefore, their model

resolution values represent an average over well-resolved and less well-resolved regions.
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After the first refinement step, wavelets at level 2 are added. They have smaller spatial

extensions and cover only the very well resolved shallow regions. The decrease of the

model resolution of the level 1 wavelets is the result of the increased number of model

parameters that overlap in the well-resolved area.

Using a similar argumentation also allows the average model resolution values which

result from the subsequent steps 2 to 9 to be explained (Fig. 3.7). It is important to note

that the average model resolution values of the individual levels become more balanced

for later iteration steps. This indicates that our algorithm performs as desired: the

model resolutions become more balanced throughout the entire model, which suggests

a good compromise concerning the trade-off between cell size and model resolution.

In those regions where the model resolution is very high, the model parameterisation

has been refined, whereas the parameterisation in regions with a poor model resolution

remains at the initial stage.

3.7.3 Effects of conductivity contrasts

The sensitivity matrix G̃ depends on the actual conductivity values. Hence, it is re-

calculated after each iterative step in our Gauss-Newton inversion algorithm. Since the

coarsening and refinement procedures depend on the sensitivities, it is expected that

these procedures are also affected by changing electrical conductivities. This is demon-

strated in Fig. 3.8, which shows vertical cross-sections through the model parameteri-

sations in the presence of an electrically conductive and resistive block (see Fig. 3.4(a)

for the geometry of the anomalous block). As in the numerical experiments described

earlier, we did not perform an actual inversion, but started with the 4× 4× 4 grid, pro-

jected the conductivity onto this grid, calculated the sensitivities, coarsened and refined

and then projected the conductivity onto the new grid. This was iterated five times.

By omitting the update of the model after an inversion, we can isolate the effect of a

conductivity contrast on the grid. Since the electrical currents preferably flow through

the conductive block and tend to avoid the resistive block, the sensitivities inside of the

block are expected to be larger for the former compared with the latter. This results in

a coarser model parameterisation inside the resistive block.

3.7.4 Inversion results

In order to demonstrate the applicability of our adaptive grids, we generated synthetic

data for the three different subsurface models shown in Fig. 3.4. For checking the

robustness of our approach, 2% relative noise was added. In all cases, we chose the

initial model parameterisation to be as in step 3 from the first experiment (Figs 3.5e

and f). The initial conductivities were set to the true background conductivity of 100Ωm.
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Figure 3.8: Vertical slices of resulting grids from the inhomogeneous conductivity
iteration without inversion after coarsening. (a), (b) and (c) show the grids for the
conductive block contrast and (d), (e) and (f) for the resistive box contrast displayed in
Fig. 3.4(a). Here, the contrast is indicated by the red square and the electrode array by
the red arrows. The grids are shown for step 2, 3 and 5.

To account for the non-linearity of the inversion problem, model re-parameterisation was

performed only after every second Gauss-Newton inversion step.

Fig. 3.9 shows the results for the conductive and resistive block anomalies. As already

observed in the previous experiment, shown in Fig. 3.8, the model parameterisation is

finer in conductive areas compared to resistive regions. The upper boundary of the

conductive and resistive blocks are similarly well resolved, but since the current density

is expected to be very small at the bottom of the resistive block, its lower boundary

is less well resolved. The overall convergence behaviour for the two inversion runs is

comparable. In both cases the RMS dropped after 7 iterations below the 2% error level.

The resistive artefacts at larger depths in Fig. 3.9(b) are caused by the poor resolution

of these parameters.

In a further test we considered the more challenging four block model, shown in

Fig. 3.4(b). For testing the performance of the algorithm, we inverted the synthetic data

with the algorithm presented in this paper and compared the results with a state-of-the-

art inversion package described in Blome (2009) and Blome et al. (2010) (subsequently
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Figure 3.9: Inversion results for step 7 for the conductive ((a) and (b)) and resistive
((c) and (d)) contrasts displayed in Fig. 3.4(a). Panels (a) and (c) show a horizontal
slice through the middle of the contrast at a depth of 17.5m. Panels (b) and (c) show a
vertical slice perpendicular to the Y -axis through the middle of the contrast at Y = 66m.
The red arrow indicates the electrode array. The conductivity contrast is indicated by
the black box.

referred as “reference solution”). In the reference solution the model parameterisation

is obtained by a clustering of forward mesh cells with the help of an auxiliary staggered

grid. The parameterisation remains fixed throughout the entire inversion process, and

the block sizes increase progressively with depth and in the horizontal direction (only

outside of the electrode array area). To obtain best results for the reference solution,

only the region beneath the array was allowed to vary, and the outer space regions were

fixed to the true conductivities. We provided damping and smoothing and decreased

their weighting with later inversion steps. The adaptive inversion was initialised with the

grid from step 3 (see Fig. 3.5). In contrast to the reference solution, model refinements
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and variations were allowed everywhere in the computation domain.

Comparisons of the inversion results are shown in Figs 3.11 and 3.12 by means of

horizontal and vertical slices through the model volume as indicated in Fig. 3.10. At

shallow levels (< 8m), the reference solution obtained with the algorithm described

in Blome (2009) produces slightly superior results (Figs 3.11a-c), but at deeper levels

(Figs 3.11d-f) the adaptive algorithm (Fig. 3.11e) outperforms the reference solution

(Fig. 3.11f). Although the adaptive algorithm produces rather blurred images of the

four blocks, they are all clearly distinguishable in the tomographic reconstructions. By

contrast, the deep-seated conductive block is hardly visible in the reference solution

(Figs 3.12e and f) and the resistive blocks appear as a single unit in Fig. 3.11(f) and

Fig.3.12(f). Moreover, the reference solution exhibits pronounced artefacts at deeper

levels (Figs 3.12e and f), which are probably the result of not well equilibrated resolutions

of the inversion grid. The data RMS curves for the reference solution and for the adaptive

algorithm are displayed in Fig. 3.13. At step one, the reference solution better fits the

observed data than the adaptive wavelet scheme but it does not improve much after

step number three and stagnates above the noise level. However, the adaptive wavelet

scheme steadily improves the RMS misfit and reaches the noise level at step 7.

Figure 3.10: Sketch of slices through the four block model for which the inversion
results are displayed in Fig. 3.11 and Fig. 3.12.

3.8 Discussion and conclusions

We have presented a heuristic algorithm that adapts the parameter grid during an in-

version. Although we have no mathematical proof of the concept, we judge the results

from our numerical tests to be promising. The main achievement of the new inver-

sion algorithm is its capability to equilibrate the trade-off between cell size and model
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Figure 3.11: Horizontal slices indicated in Fig. 3.10 through the four block contrasts
inversion results. Panels (a), (d) and (g) show the true model, panels (b), (e) and (h)
the adaptive wavelet algorithm result and panels (c), (f) and (i) the reference solution.
The different results are shown for slice S3 in (a), (b) and (c), slice S4 in (d), (e) and
(f) and slice S5 in (g), (h) and (i) (see Fig. 3.10). The contrast positions in each panel
are indicated by the black boxes.

resolution. This allows the information content offered by a particular data set to be

better exploited. Since the model parameters are chosen such that the model resolution

remains acceptably good, it is necessary to supply only weak regularisation constraints,

which make the inversion result less dependent on possibly flawed a priori assumptions.

A further benefit concerns the non-linearity of the geoelectric inversion problem.

Since the initial inversion steps are performed with a relatively coarse mesh, it is less

likely that the iterative procedure gets trapped in a small-scale local minimum of the

model space. On the other hand, it has to be ensured that the initial model parameter-

isation is not too coarse, because spatial aliasing may occur. This is the reason why we

have started our test inversions with grid number 3 in Fig. 3.5.
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Figure 3.12: Vertical slices indicated in Fig. 3.10 through the four block contrasts
inversion results. Panels (a) and (b) show the true model, panels (c) and (d) the adaptive
wavelet algorithm result and panels (e) and (f) the reference solution. The different
results are shown for slice S1 in (a), (c) and (e) and slice S2 in (b), (d) and (f) (see
Fig. 3.10). The contrast positions in each panel are indicated by the black boxes. The
red arrows show the position of the electrode array.
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Figure 3.13: Data RMS curves for the reference solution (blue) and the adaptive
wavelet solution (red). The dashed line represents the noise level. The initial error is
different even though both start with a homogeneous model. This is due to the 2%
Gaussian random noises added to each of the “observed” data sets.

From eigenvalue and model resolution studies, as well as the inversion tests, we deem

this algorithm to be beneficial. Besides its pure technical advantages we judge it also to

be critical and desirable that the algorithm is capable of generating parameter meshes

in a semi-automated fashion. This is particularly important for non-specialists, who

wish to perform geoelectric inversions. Even for a homogeneous model, it can be quite

difficult to predict a good mesh, and in the presence of conductivity anomalies, which

are previously unknown, the problem becomes even more complicated.

A model parameterisation in terms of wavelets is one out of several options for coars-

ening/refinement procedures. Conceptually, the closest approach to our methodology is

a block parameterisation using octrees, as suggested by Haber et al. (2007). In fact, due

to the requirement that our wavelet trees must be complete, there is a formal equiva-

lence between a Haar wavelet basis and octrees. However, our coarsening and refinement

schemes could not be directly applied to octrees. The coarsening scheme depends on the

fact that removing a parameter with small cumulative wavelet sensitivity coarsens the

grid without affecting the cumulative wavelet sensitivities of the remaining parameters.

For octrees, a coarsening would lead to reshaping the parameters in the affected region

and hence to different “importance values”. The refinement scheme we use would not

work because it is by its very design tied to wavelets (see Section 3.10.1 and Cohen
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et al., 2003a).

In this study, we have applied the adaptive wavelet parameterisation to geoelectric

inversion problems. Since the methodology does not explicitly depend on the governing

differential equations that describe the forward problem, it should be straightforward to

adapt the technology to other tomographic inversion problems.
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3.10 Appendix

3.10.1 Model parameterisation refinement

The adaptive refinement procedure is described in Cohen et al. (2003a) and in more detail

in Vorloeper (2010). It considers a map F , which transforms the wavelet coefficients of

an input function u into the wavelet coefficients of the resulting function w

(3.16) w = F (u).

This map must satisfy the Lipschitz continuity assumption

(3.17) ‖F (u)− F (u′)‖ ≤ C1‖u− u′‖,

where u′ is another (arbitrary) input function in its wavelet decomposition and C1 is a

non-decreasing positive function of sup(‖u‖, ‖v‖). A second requirement for F is the

so-called wavelet compressibility, which imposes constraints on the relationship between

the coefficients of u and w (eq. (3.16)).

(3.18) |wi| ≤ C2 sup
{φj |φj∩φi 6=∅}

(
|uj| · 2−c(level(φi)−level(φj))

)
.

In order to satisfy the wavelet compressibility, small details in the function u are not

allowed to strongly influence large details in the function w. Conversely, large details

in the function u are not allowed to strongly influence small details in the function w.

Similar to C1, also C2 is a non-decreasing positive function of ‖u‖.
For the adaptive wavelet forward modelling algorithm in Cohen et al. (2003b), these

two assumptions are satisfied and hence the refinement procedure is guaranteed to lead
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to an optimal work/accuracy rate. For the inversion model parameterisation no corre-

sponding proofs exist. Here, we assume the existence of a map F that relates what we

call the cumulative point sensitivities to the model parameterisation. The cumulative

point sensitivities Cp(r) are the sum of the absolute values of the gij(r) from eq. (3.3)

(3.19) Cp(r) :=
∑
ij

|gij(r)|.

Hence we use the wavelet decomposition of Cp(r) as u and the wavelet decomposition of

the subsurface conductivity as w. The refinement algorithm from Cohen et al. (2003a),

which we roughly describe below, is particularly interesting because it does not depend

on explicit knowledge of the function F but only on the wavelet compressibility value

c in eq. (3.18). We make use of this refinement algorithm by choosing an appropriate

value for c. The output is a wavelet tree, which we then append to the currently used

wavelet basis.

We are introducing the cumulative point sensitivities because the cumulative wavelet

sensitivities (eq. (3.14)), employed for the coarsening procedure, are not suitable. They

describe the resolvability of a particular model parameter, but they are unable to char-

acterise the sensitivity at a particular location in the subsurface. The wavelet decompo-

sition of the cumulative wavelet sensitivities can be easily obtained by performing fast

wavelet transforms of the rows of G̃.

In the following, we give a summary of the application of the refinement procedure

described in Cohen et al. (2003a) to the wavelet decomposition of the cumulative point

sensitivities. Consider the hierarchical tree formed by the cumulative point sensitivity

wavelet coefficients T . For identifying the importance of the individual coefficients of

this tree, we apply a series of coarsening procedures, whereby the elimination threshold

is gradually increased. This leads to a sequence of coarsened trees T0, . . . , TJ . They are

related as

(3.20) TJ ⊆ TJ−1 ⊆ . . . ⊆ T1 ⊆ T0.

Next, the differences ∆j between the Tj and Tj+1, where j = 0, . . . , J − 1 are formed

(3.21) ∆j := Tj \ Tj+1.

The differences ∆j can be interpreted as “importance classes” and the refinement of the

tree is governed by these importance classes. The algorithm can be written as follows:

For each φ ∈ T0

Set j := index of importance class of φ and l := level of φ
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Add all intersecting wavelets with levels l to l + j/(c+ dim/2)

end

Here, dim is the dimension of the problem, in our case dim = 3 and c is the wavelet

compressibility value (see eq. (3.18)). In our numerical experiments we have chosen

c = 6.
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Chapter 4

Adaptive wavelet inversion of ERT

data using a cascaded modelling

scheme

4.1 Abstract

We present a combination of adaptive wavelet forward modelling with adaptive wavelet

inversion in a cascaded fashion, that is, by starting with a low accuracy forward solution

and then stepwise increasing its accuracy between the inversion steps by reusing the

previous forward solution. In a numerical experiment for the geoelectric problem, this

led to a reduction of computing time inside the forward modelling by a factor of 3.4

compared to a scheme that generally solves the forward problem with high accuracy.

The resulting inverted conductivity model is comparable to the solution obtained with

a high accuracy forward solver and superior to the result calculated with a low accuracy

forward modelling scheme.

4.2 Introduction

Electrical resistivity tomography (ERT) is a popular technique for visualising the sub-

surface with direct current. It finds a broad range of applications in geophysical explo-

ration (e.g. Butler, 2005), where it is referred to as geoelectric inversion. In addition,

ERT is used for non-destructive testing of various opaque objects. Similar techniques are

employed in medical imaging under the name of impedance tomography (e.g. Frerichs

et al., 2006). The method is relatively immune to electromagnetic noise, and by means

of multi-electrode arrays large data sets can be recorded rapidly and cost-effectively (e.g.

Griffiths and Turnbull, 1985; Blome, 2009).

Numerical forward modelling of geoelectrical data yields the electric potential re-
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sponse throughout the entire medium (including the surface where electrodes are nor-

mally located) for a given conductivity model. The governing equation is the Poisson

equation. Voltages are calculated within a fixed computational domain subject to the

Neumann boundary condition at the Earth’s free surface (i.e., normal component of cur-

rent density is zero) and a Robin-type mixed Dirichlet/Neumann boundary condition

at the bottom and lateral edges of the domain (e.g. Dey and Morrison, 1979b). Current

injection is usually simulated by means of point sources. Since the forward problem

is a classical elliptic Poisson equation, there exists a large variety of numerical solvers.

Popular choices include finite differences (e.g. Dey and Morrison, 1979b) and finite ele-

ment methods (e.g. Rücker et al., 2006), but also applications of the boundary element

method (Hvozdara and Kaikkonen, 1998; Ma, 2002; Blome et al., 2009), the integral

equation method (Schulz, 1985) and the Gaussian Quadrature grid method (Zhou et al.,

2009) have been reported in the literature.

The inverse problem, in which electrical conductivities are estimated from the ob-

served electric potential data (and the associated electrode geometry information plus

the strength of the current source), is heavily underdetermined. This makes model pa-

rameterisation and regularisation a critical task. The parameterisation of the inversion

grid is usually constructed such that it is fine in the vicinity of the current injection

points and becomes progressively coarser with increasing distance away from the source

points. This is in line with the expected spatial resolving power of geoelectric data (e.g,

Friedel, 2003).

The strong non-linearity of the geoelectric inverse problem suggests application of

global optimisers. However, the large number of parameters needed to adequately de-

scribe the model precludes the application of Monte Carlo and other such schemes (e.g.,

Simulated Annealing, Genetic Algorithms). Hence most geoelectric inversion algorithms

use iterative gradient methods, such as the Gauss-Newton algorithm (e.g. Aster et al.,

2005). Although iterative gradient methods are quite efficient, they still require the

forward problem to be solved several times (N solutions per iterative step, where N is

the number of current injection points). Therefore, it is important to consider numerical

modelling schemes with a favourable work/accuracy rate.

In the traditional “black-box approach”, where the forward equation is not directly

visible to the inverse operator (Shenoy et al., 1998), the forward problem is usually

solved with a high accuracy algorithm. Since the conductivity model is not expected

to be accurate (i.e., it is unknown) in the beginning and the early stages of an iterative

inversion process, the accuracy of the forward solver does not necessarily need to be

high. This is exploited in the “all-at-once” approach, where the accuracy of the forward

solver is used as an additional constraint that needs to be optimised together with the

data misfit (Shenoy et al., 1998; Haber and Ascher, 2001).

In this paper we present an inversion strategy that does not assume a high accuracy
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forward solver, similarly to the “all-at-once” approach, but the forward equation is set

as a hard constraint as in the “black-box” approach. For that purpose, we incorpo-

rate adaptive wavelet modelling and inversion technology. Adaptive wavelet modelling

(Cohen et al., 2001, 2003b; Plattner et al., 2010, e.g.) starts with a coarse model param-

eterisation. As the iterations proceed, small-scale wavelets are added to progressively

improve the modelling accuracy. The adaptive wavelet inversion presented in (Plattner

et al., 2011) follows a similar principle. Here, the initially coarse parameter mesh is

successively refined for optimising the trade-off between spatial resolution and model

parameter reliability.

We combine the attractive features of the adaptive wavelet forward and inverse algo-

rithms using a cascaded modelling/inversion approach. In brief, we initialise the com-

putations with relatively coarse parameterisations of the forward and inverse problems.

During the iterative inversion procedure we successively refine both the modelling and

the inversion parameterisations. Moreover, we consider the forward modelling results of

previous iterative steps, to further accelerate the forward modelling at each iteration.

The structure of the paper is as follows. In Section 4.3 we briefly review the under-

lying concept of wavelets. Next, we summarise the key features of the forward solver

and the inverse scheme in Sections 4.4 and 4.5, respectively. In Section 4.6 we describe

the coupling of the forward and inversion algorithms as well as the cascading of forward

modelling results for consecutive iteration steps. The performance of our approach is

demonstrated with a numerical example in Section 4.7.

4.3 Wavelets

Wavelets are a powerful tool for a variety of applications, including image compression

(Taubman and Marcellin, 2002) and signal processing (Rioul and Vetterli, 1991). In the

former, the complete image is known and the wavelets are used in a top-down fashion

to delete unimportant structural details. Recently, wavelets have been also applied for

solving operator equations (Cohen, 2003), where initial solutions are computed with only

a few wavelet basis functions, and details are added only where it is required to improve

the accuracy. This bottom-up approach resulted in the first adaptive algorithm for

solving linear elliptic PDE problems with a proven optimal work/accuracy rate (Cohen

et al., 2001). In Cohen et al. (2003b), the authors extended the range of applicability

of the theory to classes of nonlinear problems. To date, no similar results have been

proven for other algorithms.

Wavelet bases have been described comprehensively in the literature (Daubechies,

1992; Chui, 1992; Cohen, 2003). Therefore, we restrict ourselves here to just summarizing

the main properties of the wavelet bases as employed in the current study. Each element

in a wavelet basis is defined by three parameters, namely level, position and type. The
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level describes the spatial size of details that can be represented by the wavelet basis

function. This is similar to the concept of wavenumber in Fourier analyses, but wavelets

have only a local support. The position characterises the coordinates in the computation

domain, where the wavelet basis function is centred. The type of a wavelet basis function

primarily distinguishes between wavelets and scaling functions. In higher dimensions

the additional distinction is made between different types of wavelets. Scaling functions

can be considered as the initial rough information, whereas wavelets provide the detailed

information that is required to describe arbitrary functions in the corresponding function

space.

In order to construct a wavelet basis for a Hilbert space H, the scaling functions Φl

in the computation domain Ω for each level l are defined as

(4.1) Φl := {ϕl,k | k ∈ Il},

where Il typically contains the integers between 0 and 2l or between 0 and 2l− 1. Here,

the ϕl,k are defined as

(4.2) ϕl,k(x) := 2l/2ϕ(2lx− k),

where ϕ(x) ∈ H is a normalised function, chosen such that the spanned function spaces

Sl = span(Φl) are nested and their limit lies densely in L2(Ω).

The wavelets are now constructed as a basis of the orthogonal complement between

the space Sl and Sl+1, using mask coefficients mk,i

(4.3) ψl,k(x) :=
∑
i∈Il+1

mk,iϕl+1,i(x).

Hence we have

span(Φl)⊕ span(Ψl) = span(Φl+1),

where Ψl = {ψl,k | k ∈ Jl}. The set of positions Jl usually comprises the integers

between 1 and 2l or between 0 and 2l − 1 such that it satisfies #Il + #Jl = #Il+1. We

can now construct a wavelet basis by choosing a minimal level l0 and defining

Ψ := Φl0 ∪
⋃
l≥l0

Ψl.

Wavelet bases are constructed such that they possess the following three characteristics.

(L) Each wavelet basis function has the localization property, that is the support of

each φk,l ∈ Ψ, denoted by Supp(φk,l), satisfies

diam(Supp(φk,l)) ≤ C12l and C22l ≤ diam(Supp(φk,l))
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for positive constants C1 and C2.

(NE) For each function v =
∑

φ∈Ψ vφφ(x), its vector of coefficients v is norm equivalent

to v, that is, it satisfies

cΨ‖v‖2 ≤ ‖v‖H ≤ CΨ‖v‖,

where cΨ and CΨ are positive constants.

(VM) All wavelets ψk,l ∈ Ψl possess m vanishing moments. That is, the inner product

with each polynomial p of degree smaller or equal to m is zero

〈ψk,l, p〉 = 0.

In many applications, the wavelet basis is constructed to be fully orthogonal (Dau-

bechies, 1988). However, in operator equations, a biorthogonal system of wavelets is

sufficient (Cohen et al., 2001). In a biorthogonal system, two different wavelet bases Ψ

and Ψ̃ are constructed from two different scaling functions, one for the primal space and

one for the dual space, such that they are orthogonal to each other, viz.

〈Ψ, Ψ̃〉 = I.

For our purposes, we construct a three-dimensional wavelet basis from a one-dimen-

sional wavelet basis using tensor products. Let V 1D
l := span(Φ1D

l ) be the span of the

one-dimensional scaling functions at level l. Then we use

V 3D
l := V 1D

l ⊗ V 1D
l ⊗ V 1D

l

as the span of three-dimensional scaling functions and can hence use tensor products of

the one-dimensional scaling functions as three-dimensional scaling functions.

In order to construct wavelets, we consider the orthogonal complement of V 3D
l in

V 3D
l+1. Let W 1D

l := span(Ψ1D
l ). We need to construct W 3D

l such that

V 3D
l+1 = (V 1D

l ⊕W 1D
l )⊗3 = V 3D

l ⊕W 3D
l .

By forming the tensor product and by inserting the definition of V 3D
l , it follows that the

three-dimensional wavelets at level l are spanned by all possible triple tensor products

of either two scaling functions and one wavelet or two wavelets and one scaling function

or three wavelets. This leads to seven types of wavelets for each level and position.
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4.4 Forward modelling

Geoelectrical forward modelling approximates the electric potential field ui(x) for a given

current strength I and a known subsurface conductivity distribution σ(x) by solving the

Poisson equation

(4.4) − div(σ(x) grad(ui(x))) = Iδ(x− xi).

This formulation can be derived from the equation of continuity for current density J

given by div(J) = ∂ρ/∂t = Iδ(x−xi), where ρ is the volume charge density, Ohm’s law

for the electric field intensity E given by J = σE and stationary electric fields being

conservative E = − grad(ui) (e.g. Dey and Morrison, 1979b). Here, δ(x) is the Dirac

delta (mimicking a point source), and xi is the position of the injecting electrode (in

this paper assumed to be on the surface). A numerical solution of this problem requires

the definition of a finite computation domain Ω. For the surface boundary of Ω, we set

Neumann no flow boundary conditions ∂ui/∂n = 0, assuming that the air is a perfect

resistor. For the other boundaries, we set ∂ui/∂n = βui, where the function β(x) is

chosen such that for the analytic solution ui for a homogeneous subsurface half space

problem, βui is equal to the normal derivative of ui.

For the sake of simplicity we consider pole-pole data sets (e.g. Reynolds, 1997; Friedel,

2003), where an N electrode array is deployed in the field. Additionally, a further

current sink electrode and a reference potential electrode are placed at “infinity” (i.e.

sufficiently far away from the remaining N electrodes). Each of the N array electrodes

can be used either as an injecting or measuring electrode. This allows the pole-pole data

to be represented as uij, where indices i and j represent the injecting and measuring

electrodes, respectively.

In this study we are applying the forward modelling algorithm described in Cohen

et al. (2003b) and implemented for the geoelectric problem by Plattner et al. (2010).

The algorithm is based on adaptive wavelets, which allows the operators associated with

the Poisson equation (eq. 4.4) to be well compressed. We are using a piecewise linear

biorthogonal wavelet basis as described in more detail in Section 4.9.1.

For the three-dimensional geoelectric problem, the Dirac delta on the right hand side

of eq. (4.4) is not in H1(Ω). Hence, it does not satisfy the assumptions made in Cohen

et al. (2003b) and direct application of this method would thus result in excessive re-

finements around the singularity of the electric potential at the current injection point.

The singularity removal technique, described in Lowry et al. (1989), transforms eq. (4.4)

into a problem with a regular right hand side that preserves the attractive features of

the adaptive wavelet modelling algorithm. If an analytical (or in some cases numerical)

method is available for computing the potential distribution in Ω assuming a homo-
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geneous conductivity distribution, then this “singular potential” using
i can be formally

subtracted from the actual potential ui.

For example, in the case of a homogeneous half space with flat topography and

conductivity σsing, the singular potential is using
i (x) = 1/(2πσsing‖x− xi‖). Subtracting

the singular potential results in the modified Poisson equation

(4.5) − div(σ grad(ureg
i )) = − div((σsing − σ) grad(using

i )),

whereby the right hand side and the solution ureg
i of equation (4.5) are now contained in

H1(Ω) and are hence regular in that sense (Plattner et al., 2010). The solution ureg
i (x) of

the transformed equation (4.5) describes the secondary potentials generated by charge

accumulations on conductivity contrasts, and the actual potential can be retrieved via

ui = using
i + ureg

i .

A detailed description of the wavelet forward modelling algorithm can be found

in Cohen et al. (2003b). Therefore, we review only the key features of the approach.

Initially a starting solution u
(0)
i is chosen. In the next step the residual of u

(k−1)
i needs to

be estimated (k is the iteration index≥ 1). This is achieved by estimating the application

of the linear operator Lσ := − div(σ grad(·)) to u
(k−1)
i . For that purpose, a wavelet tree

is constructed, for which the evaluation of Lσ(u
(k−1)
i ) is guaranteed to approximate the

analytic left hand side with the chosen accuracy. The tree is constructed given the

current model u
(k−1)
i , the wavelet compressibility of Lσ and the target accuracy.

The wavelet coefficients of Lσ(u
(k−1)
i ) are then evaluated using a fast top-down eval-

uation scheme. In the next step, an iterative solver of the operator equation is applied,

until the preset accuracy is reached. The proof given in Cohen et al. (2003b) assumes a

Richardson-type solver, but our computations indicate that a conjugate gradient solver

also works well. The application of the operator in the iterative solver is again performed

using the tree estimation followed by the top-down evaluation.

Finally, a coarsening is performed in order to keep the number of wavelets small.

This sequence is repeated until the overall accuracy requirement is achieved. We refer

to these sequences as ESC cycles, where E stands for “Estimation of the residual”, S

stands for “Solving” and C stands for “Coarsening”. The concept of ESC cycles is shown

schematically in Fig. 4.1.

The main feature of this numerical modelling algorithm is the tight coupling of

modelling accuracy and the domain discretisation. This ensures a good balance between

computational effort and accuracy.
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Figure 4.1: Sketch of two ESC cycles. When choosing new basis functions, the corre-
sponding coefficients are set to zero. Hence, the number of degrees of freedom increases
while the solution and therefore the error is not affected. During the linear solver iter-
ations additional basis functions may be added. Therefore, an increase in the number
of degrees of freedom is possible. After coarsening, the number of degrees of freedom
decreases but the error may increase.

4.5 Inversion

Our inversion scheme is based on a classical Gauss-Newton iterative algorithm with

regularisation. The latter includes damping of the model update and smoothing of

the resulting model. Since the electrical potentials ui and the electrical conductivity σ

can vary over several orders of magnitude and are always positive, both quantities are

transformed into the log domain. The observed and predicted (modelled) data can thus

be written in the form

(4.6) dobs, pred
n = log(uij),

where i = 2, . . . , N and j = 1, . . . , i − 1. Therefore n = (i − 1)(i − 2)/2 + j. In an

orthogonal parameterisation, the unknown model parameter coefficients m are defined

as

(4.7) ml =

∫
Ω

log(σ(x))φl(x) dx,
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where φl(x) is the parameter function associated with the coefficient ml. The Gauss-

Newton algorithm attempts to minimise ‖dobs − dcalc‖2
2. For that purpose, an initial

model m(0) is chosen and iteratively updated by linearisation and by imposing damping

and smoothing. This leads to solving the equation

(4.8) (GtG + λ2
1I + λ2

2C
tC)m(k+1) = Gt(dobs − dcalc) + GtGm(k) + λ2

1m
(k),

where G is the sensitivity matrix of dcalc, the two positive scalars λ1 and λ2 are the

weighting parameters for damping and smoothing and C is the discrete Laplace operator

for the parameterisation of m(k). The sensitivities contained in G can be determined as

(4.9) Gnl :=

∫
Ω

gn(x)φl(x) dx,

where

(4.10) gn(x) := −1

I
∇ui(x) · ∇uj(x) with n = (i− 1)(i− 2)/2 + j

(Zhou and Greenhalgh, 1999). For a biorthogonal parameterisation, the φl(x) in equa-

tions (4.7) and (4.9) need to be replaced by their dual counterparts φ̃l(x).

The parameter functions are chosen out of a Haar wavelet basis (as it is defined in

Section 4.9.2) in order to parameterise the subsurface. Instead of choosing a set of Haar

wavelets in the beginning and then retaining this parameterisation over all iterations,

we adapt the choice of Haar wavelets from one iterative step to the next. The chosen

sets of Haar wavelets will always be completed such that they are equivalent to the cor-

responding octree grids (Haber et al., 2007). In similar fashion to the adaptive forward

modelling algorithm, the adaptivity in this inversion scheme also involves coarsening and

refinement. The coarsening depends on what we call cumulative wavelet sensitivities Cw

and is defined for each parameter as the absolute sum of the sensitivity matrix entries

for this parameter

(4.11) (Cw)l :=

N(N−1)/2∑
n=1

|Gnl|.

This measure shows how strongly a given parameter is affected by a perturbation of

the data, and hence provides a measure of its importance. In each coarsening step, the

parameters with the smallest cumulative wavelet sensitivity values are deleted until a

chosen threshold value is reached. The coarsening scheme applied here deviates from

the coarsening used in the adaptive forward modelling. In the forward modelling, we

applied a best tree coarsening. Here we simply sort the cumulative wavelet sensitivities

and delete all wavelets, beginning with those related to the smallest cumulative wavelet
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sensitivities, until a given relative threshold is reached.

The refinement scheme is similar to that of the adaptive forward modelling algorithm

but due to the strong ill-posedness of the inverse problem, the current model alone is

not a good measure from which to refine the grid. Instead, we should take into account

some measure of model resolution. Unfortunately, the cumulative wavelet sensitivities,

employed for the purpose of coarsening, do not allow the sensitivity to be assigned to a

particular point in space in a useful way. Therefore, we define the Cp(x) via the absolute

sum of the point-wise sensitivities

(4.12) Cp(x) :=

N(N−1)/2∑
n=1

|gn(x)|.

This measure indicates by how much the subsurface can be perturbed at each point in

the calculation domain to produce a given data perturbation (data misfit).

For the adaptive wavelet forward modelling scheme, using the current solution u
(k)
i

was proven to lead to a reduction in the solution error by the chosen amount. There is no

corresponding mathematical proof that the cumulative point sensitivities also guarantee

a reduction in the misfit between the true and the predicted conductivity model.

The entire algorithm can be summarised as follows.

1. First, a starting model with its prescribed parameterisation and selected values

for the damping and smoothing weights needs to be specified. The regularisation

can be varied during the inversion.

2. The forward problem is solved and the sensitivities are computed.

3. A coarsening is applied to the sensitivities, which eliminates poorly resolved details.

4.(a) Equation (4.8) is solved for the coarsened sensitivities and parameters.

4.(b) At the same time the grid is refined using the cumulative point sensitivities cal-

culated from the coarsened sensitivity matrix. The resulting new wavelets are

appended to the solution of step 4.(a) with zero coefficients.

5. Steps 2. to 4. are repeated until convergence is achieved.

4.6 Cascaded modelling approach

Even though the adaptive wavelet forward modelling algorithm has an optimal work/ac-

curacy rate, it remains the most time-consuming component of the inversion procedure.

Computing times may be substantially improved by imposing less stringent criteria con-

cerning the modelling accuracy. For example, the number of ESC cycles (Fig. 4.1) could
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be reduced. This is generally expected to be detrimental to the quality of the tomo-

graphic images. However, at an initial stage of the inversion process, numerical forward

modelling is performed with a conductivity model that may be a poor approximation

to the true subsurface structure. Furthermore, the initial inversion model parameter-

isation will be very coarse. Therefore, one could solve the forward problem using a

relatively crude modelling approach at the initial stages and successively increase the

level of accuracy as the iterations proceed.

Such a strategy can be implemented by means of a relatively minor modification

to our adaptive wavelet modelling/inversion algorithm. The electrical potentials u
(0)
i

are usually set to zero at the beginning of each forward modelling step. After the first

ESC cycle, improved estimates of the electrical potentials are available, and a model

refinement is performed.

Since our inversion algorithm includes damping constraints, the updated conductivity

model after the first inversion step is not expected to deviate too much from the initial

or previous model. One could therefore consider the initial (or previous) estimates of

the electrical potentials, as well as the corresponding wavelet parameterisation, to be

the starting solution for the forward modelling during the next inversion step. Even

if only a single ESC cycle is carried out, the forward model parameterisation will be

continuously refined, and the overall modelling accuracy will improve steadily in the

course of the iterations. Fig. 4.2 shows a flowchart of this modelling/inversion scheme.

From the point of view that the forward modelling can be conducted with increasing

accuracy during each successive step of the inversion, this “cascaded” modelling strategy

resembles the “all-at-once” approach. The important difference is that in the “all-at-

once” approach the conductivity model update equation includes the potential field

update, but in the cascaded scheme the conductivity model is updated in a separate

equation to the potential field. From this perspective, the forward problem is “invisible”

to the inverse minimisation problem and our method is therefore more closely related

to the “black-box” approach.

4.7 Numerical experiments

To demonstrate the performance of the cascaded modelling/inversion scheme, we carried

out numerical experiments using data generated with a 10 × 10 electrode surface grid

and a four embedded block model, as shown in Fig. 4.3. The “observed” data set

was simulated with the adaptive wavelet modelling algorithm and set to high accuracy.

Additionally, we added 2% Gaussian noise to the “observed” data. As a reference, we

solved the forward problem during each inversion step beginning with the zero solution

and then running through three ESC-cycles. This is the same strategy as described in

Plattner et al. (2011) and leads to accurate modelling results. Therefore, we refer to it
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Figure 4.2: Flowchart for the adaptive wavelet inversion scheme using cascaded adap-
tive wavelet forward modelling. For each electrode, the forward solution of the previous
inversion step is used as the starting model for the current inversion step.
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as the “accurate approach”. Only one ESC forward modelling cycle is carried out in the

“cascaded approach”, but here we employ the estimates of the electrical potentials of

the previous inversion step as the starting solution. Finally, we consider an “inaccurate

approach”, which is similar to the accurate scheme, but only one ESC cycle is carried

out per inversion step.

Figure 4.3: Setup for the four block model. The red blocks have a resistivity of
1000Ωm, while the blue blocks are relatively conductive with a resistivity of 10Ωm. The
background resistivity is 100Ωm. The dots indicate the positions of the 10×10 electrodes
on the surface.

Horizontal and vertical slices through the resulting inversion models (the slice geom-

etry is depicted in Fig. 4.4) are shown in Figs 4.5 and 4.6, respectively. The accurate

scheme and the cascaded scheme produce results of similarly good quality (left and

middle columns in Fig. 4.5) but the inaccurate scheme is quite inferior (right column

in Fig. 4.5). It produces stronger artefacts close to the surface. Moreover, the resis-

tive blocks in Fig. 4.5(f) seem to be connected, whereas they are clearly separated in

Fig. 4.5(d) and (e). Additionally, the lower conductive block in Fig. 4.5(f) is misplaced.

The data RMS misfit curves are displayed in Fig. 4.7. The accurate and the cascaded

approach show a comparable convergence behaviour, reaching the 2% noise level after

6 iterations (accurate) and 8 iterations (cascaded). The RMS curve for the inaccurate

approach lies significantly above the other two curves (Fig. 4.7) and does not reach the

2% error level.

The computational efficiency of the three different approaches is directly proportional

to the number of wavelets employed (Cohen et al., 2003b; Plattner et al., 2010). For

the accurate scheme, the number of wavelets increases for each ESC cycle (see Table

4.1), but the overall number of wavelets remains similar during the inversion steps. The

small increase is caused by the increased complexity of the conductivity models.

The inherent properties of the cascaded scheme require that the number of wavelets

be increased during each inversion step. Therefore, the relative computational efficiency
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Figure 4.4: Sketch of the slices through the four embedded block model for which the
inversion results are displayed in Fig. 4.5 and Fig. 4.6.

(total number of wavelets required for the accurate scheme divided by the number of

wavelets for the cascaded scheme) decreases from 4.75 to 2.63, but the efficiency of the

cascaded scheme is still substantially superior. The corresponding relative performance

of the inaccurate scheme varies from 1.0 at iteration step 1 to 0.58 at step 9, but this

computational advantage comes at the expense of lower quality tomographic images

(Figs 4.5 4.6) and higher RMS misfits (Fig. 4.7). One might expect that the number of

wavelets required for the inaccurate scheme and for ESC cycle 1 of the accurate scheme

to be identical. The minor differences, shown in Table 4.1, are the result of the different

conductivity models (Figs 4.5 and 4.6).

Table 4.1: Average number of wavelets used in the conjugate gradient solver for the
accurate modelling (A., three ESC-cycles), the cascaded scheme (Casc.), and the in-
accurate modelling (Inacc.). For each inversion step, the numbers are indicated by
average values over all 100 forward problems. Additionally, we indicate the ratios of
total accurate/cascaded (A./C.) and inaccurate/cascaded (I./C.).

Step A.: ESC 1 ESC 2 ESC 3 A. tot Casc. Inacc. A./C. I./C.
1 789 1134 1828 3751 789 789 4.75 1
2 800 1167 1908 3875 973 799 3.98 0.82
3 862 1255 1757 3874 1001 866 3.87 0.87
4 895 1288 1813 3996 1156 893 3.46 0.77
5 886 1282 1793 3961 1250 887 3.17 0.71
6 890 1307 1813 4010 1368 892 2.93 0.65
7 891 1320 1849 4060 1448 894 2.80 0.62
8 895 1335 1883 4113 1518 899 2.71 0.59
9 897 1329 1855 4081 1550 913 2.63 0.58

Tot avg. 3969 1228 870 3.37 0.74
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Figure 4.5: Inversion results along the horizontal slices indicated in Fig. 4.4 for the four
embedded block synthetic model. Panels (a), (d) and (g) show the accurate modelling
inversion result, panels (b), (e) and (h) give the result for the cascaded modelling, and
(c), (f) and (i) show the results for the inaccurate modelling. The different results are
depicted for slice S3 in (a), (b) and (c), slice S4 in (d), (e) and (f) and slice S5 in (g), (h)
and (i) (see Fig. 4.4). The contrast positions in each panel are indicated by the black
boxes.

4.8 Discussion and conclusions

Numerical tests have revealed that our cascaded modelling inversion algorithm has the

capability to improve significantly the computational efficiency of geoelectrical inver-

sions, without sacrificing the image quality of an “accurate” scheme. This will be par-

ticularly beneficial for large-scale inverse problems.

The initial (starting) conductivity model and the regularisation parameters selected

are key factors in the success of the cascaded modelling inversion scheme. If the initial

model deviates substantially from the true model, then it is possible that the inversion

might get trapped in a local minimum. This is a general concern for all geoelectrical
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Figure 4.6: Inversion results along the vertical slices indicated in Fig. 4.4 through the
four embedded block synthetic model. Panels (a) and (b) show the accurate modelling
solution, panels (c) and (d) give the cascaded modelling solution, and panels (e) and (f)
show the results for the inaccurate modelling. The different results are depicted for slice
S1 in (a), (c) and (e) and slice S2 in (b), (d) and (f) (see Fig. 4.4). The contrast positions
in each panel are indicated by the black boxes. The red arrows show the position of the
electrode array.
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Figure 4.7: Data RMS curves of the inversion results for the four block model solved
with 3 ESC cycles (blue), one ESC cycle (green) and the cascaded modelling using one
ESC cycle (red). The noise level is indicated by the dashed black horizontal line. The
inaccurate forward solver does not reach the noise level and even shows an increase of
misfit with increasing iterations, whereas the accurate forward solver and the cascaded
forward solver exhibit similar convergent RMS value behaviour, reaching the noise level
after 6 or 8 iterations.

inversion algorithms, but the modelling inaccuracies during the first few iteration steps

may exacerbate the problem. Further tests using different initial models are required to

study this problem in greater detail.

Our algorithm solves the inverse problem (i.e. eq. 4.8) with a direct matrix solver.

This is expected to be accurate but not necessarily efficient. Additional computational

savings could be achieved by approximating the inverse problem. For example, an

approximate matrix solver could be employed on the Gauss-Newton formula (eq. 4.8).

Alternatively, conjugate gradient-type iterative solvers could be considered, whereby the

accuracy could be improved after each inversion step.
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4.9 Appendix

4.9.1 Piecewise linear wavelets

We set the starting level l0 for the piecewise linear wavelets to l0 = 3. For a level l ≥ l0

and for k = 1, . . . , 2l − 1 one-dimensional piecewise linear scaling functions on the unit

interval are defined as

(4.13) ϕl,k(x) :=


23l/2(x− 2−l(k − 1)) if 2−l(k − 1) ≤ x ≤ 2−lk

23l/2(2−l(k + 1)− x) if 2−lk < x ≤ 2−l(k + 1)

0 elsewhere

and on the boundaries as

(4.14) ϕl,0(x) =

2
3l
2 (2−l − x) if 0 ≤ x ≤ 2−l

0 elsewhere

and

(4.15) ϕl,2l(x) =

2
3l
2 (x+ 2−l − 1) if 1− 2−l ≤ x ≤ 1

0 elsewhere.

The wavelets on a level l are described as a linear combination of scaling functions

on level l + 1 by the equations

(4.16) ψl,k =
1√
2

(−1

8
ϕl+1,2k−3 −

1

4
ϕl+1,2k−2 +

3

4
ϕl+1,2k−1 +−1

4
ϕl+1,2k −

1

8
ϕl+1,2k+1)

for k = 2, . . . , 2l − 1 and

(4.17) ψl,1 =
1√
2

(−3

4
ϕl+1,0 +

9

16
ϕl+1,1 +−1

8
ϕl+1,2 −

1

16
ϕl+1,3)

and

(4.18) ψl,2l =
1√
2

(− 1

16
ϕl+1,2l+1−3 −

1

8
ϕl+1,2l+1−2 + +

9

16
ϕl+1,2l+1−1 −

3

4
ϕl+1,2l+1)

on the boundaries (Cohen et al., 1992; Dahmen et al., 1999). The one-dimensional

piecewise linear wavelet basis is then defined as

Ψ := Φ3 ∪
⋃
l≥3

Ψl,

where Φ3 = {ϕ3,k | 0 ≤ k ≤ 8} and Ψl = {ψl,k | 1 ≤ k ≤ 2l}.
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4.9.2 The Haar wavelet basis

We set the starting level l0 for the Haar wavelet basis to l0 = 1. The one-dimensional

Haar scaling functions for level l0 on the unit interval are defined as

(4.19) ϕl0,k(x) :=

2−l0/2 if 2−l0k ≤ x < 2−l0(k + 1),

0 else

for k = 0, . . . 2l0 − 2 and

(4.20) ϕl0,2l0−1(x) :=

2−l0/2 if 1− 2−l0 ≤ x ≤ 1,

0 else

for the boundary k = 2l0 − 1. In order to keep the basis symmetric, the Haar wavelets

are defined as

(4.21) ψ1D
l,k (x) :=


2−l/2 if 2−(l+1)2k ≤ x < 2−(l+1)(2k + 1),

−2−l/2 if 2−(l+1)(2k + 1) ≤ x < 2−(l+1)(2k + 2),

0 else

for 0 ≤ k < 0.5 · 2−l − 2 and as

(4.22) ψ1D
l,k (x) :=


−2−l/2 if 2−(l+1)2k ≤ x < 2−(l+1)(2k + 1),

2−l/2 if 2−(l+1)(2k + 1) ≤ x < 2−(l+1)(2k + 2),

0 else

for 0.5 · 2−l ≤ k < 2−l − 2. The Haar wavelet that contains the interval boundary x=1

is defined as

(4.23) ψ1D
l,2l−1(x) :=


−2−l/2 if 1− 2−l ≤ x < 1− 2−(l+1),

2−l/2 if 1− 2−(l+1) ≤ x ≤ 1,

0 else

The one-dimensional Haar wavelet basis is then defined as

Ψ := Φ1 ∪
⋃
l≥1

Ψl,

where Φ1 = {ϕ1,k | 0 ≤ k ≤ 1} and Ψl = {ψl,k | 0 ≤ k ≤ 2l − 1}.
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4.9.3 Changes in the adaptive wavelet forward solver

For the implementation of the cascaded adaptive wavelet forward solver, we only needed

to apply minor changes to the algorithm described by Plattner et al. (2010). The Ap-

pendix in the aforementioned paper also contains the descriptions of the subroutines

EstimateResidual, SolveCG and Coarse and gives an overview for the choices of param-

eters that we have used. We only run one time through the ESC-cycle. This is indicated

by line 6 and 7 in the following algorithm.

Algorithm AdaptiveSolve* (ε, Λ̄0, ŪΛ̄0
,m)

Input: Desired accuracy, starting solution wavelets, starting solution, inversion step

number

Output: Optimal set of functions Λopt, solution UΛopt

(∗ Main algorithm ∗)
1. Calculate the wavelet expansion of the right hand side

∑
λ∈Λfull

bλφλ

2. Set BΛfull
= (bλ)λ∈Λfull

3. Set n = 0;

4. [Λ̃0, R̃Λ̃0
] = EstimateResidual(Λ̄0, ŪΛ̄0

, BΛfull
, 0.5m · 0.01 · ‖BΛfull

‖2)

5. Set ε0 = ‖R̃Λ̃0
‖2

6. while n < 1

7. do Set n = n+ 1

8. [Λ̃n, R̃Λ̃n
] = EstimateResidual(Λ̄n−1, ŪΛ̄n−1

, BΛfull
, ω0εn−1)

9. [Λn, UΛn ] = SolveCG(Λ̃n, ŪΛ̄n−1
, R̃Λ̃n

, εn−1)

10. [Λ̄n, ŪΛ̄n
] = Coarse(UΛn , εn−1C

∗/(2 + 2C∗))

11. Set εn = εn−1/2

12. return Λopt = Λ̄n;UΛopt = ŪΛ̄n



Chapter 5

Conclusions and outlook

There were three primary objectives to my thesis research:

1. Implement an adaptive wavelet algorithm in order to improve the efficiency of

geoelectric forward modelling.

2. Design and implement an adaptive wavelet inversion scheme for improving the

reliability of the inversion, by automatically adapting the parameterisation to the

resolving power of the data set.

3. Combine the advantageous features of the new modelling and inversion schemes

for overall enhancement of geoelectric tomography.

I made significant progress on all three fronts, as summarised below.

5.1 Main achievements

5.1.1 Adaptive wavelet forward modelling

Usually, the most time consuming and memory ravenous part of any geoelectric inversion

is the forward modelling. One important reason why forward modelling is so problematic

and demanding is that it is generally impossible to predict in advance an optimal forward

model discretisation. However, in almost all commercially available and/or open source

geoelectric inversion programs the user needs to specify the forward modelling grid. If

the grid is not dense enough, the forward solution is inaccurate and can lead to erroneous

inversion results. By contrast, if the grid is too dense, the forward modelling becomes

inefficient or even infeasible. The problem is exacerbated when the work/accuracy rate

of the modelling scheme is not optimal.

In order to address these problems, I have investigated an adaptive wavelet modelling

algorithm with a theoretically proven optimal work/accuracy rate (Cohen et al., 2003b)

and adapted it to the three-dimensional geoelectric forward modelling problem. This
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was achieved by extending the basic implementation described in Vorloeper (2010). In

this novel algorithm the grid is chosen automatically for each electrode array geometry

and each subsurface model.

The numerical examples, presented in Chapter 2, demonstrate that the resulting

computer run times scale approximately linearly with the modelling accuracy. By com-

parison, the performed uniformly-refined finite element calculations lead to computing

times that scale approximately as the square of the accuracy. Furthermore, it was shown

that the adaptive wavelet algorithm is capable of achieving a high accuracy with rela-

tively few basis functions, which makes the computations memory efficient. Although

in my examples the work/accuracy rate of the adaptive wavelet method is superior

to the uniformly-refined finite element algorithm, the absolute computing times are still

greater. The reason is that the implementation of the adaptive wavelet method is still in

an experimental stage. Dramatic improvements can be expected over time with further

uptake.

5.1.2 Adaptive wavelet inversion

Based on the subroutines of the adaptive wavelet forward modelling algorithm, I have

designed an inversion scheme that automatically adapts the spatial resolution. The dif-

ficulty in designing an inversion grid is the trade-off between spatial resolution (i.e. the

size of recoverable model features) and formal resolution (the reliability of the recovered

conductivity image), which depends not only on the electrode geometry of the exper-

iment, but also on the previously unknown subsurface conductivity distribution. The

aim of my adaptive wavelet inversion algorithm was to automatically design a grid that

is fine in formally well resolved areas and coarse in poorly resolved areas. This leads to

similar reliability of the recovered parameters across the entire tomogram.

This scheme is heuristic (i.e. no mathematical proofs exist) but the numerical experi-

ments are promising. Starting from a very coarse 4×4×4 grid, the scheme automatically

designed a subsurface parameterisation that is comparable to the grids generally used

by experienced geoelectric practitioners. Where contrasts in the subsurface resistivities

occur, the parameterisation automatically adapts to the inhomogeneities by taking their

resolution into account. The refinement and coarsening routines have an O(N log(N))

complexity, where N is the number of parameter wavelets. The surrogate measure of

resolution that is used for the refinements and coarsenings is obtained with a linear

complexity in N .

To test the advantages of the adaptive grid in an actual inversion, I performed a

comparison inversion against a traditional non-adaptive finite element method. The

adaptive wavelet results were superior and a smaller RMS data error was achieved.

A further attractive feature of the adaptive inversion scheme presented in this thesis
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is that it is not limited to geoelectrics. The routines are independent of the governing

equation for the forward solver.

5.1.3 Adaptive inversion using cascaded modelling

The adaptive wavelet forward modelling algorithm requires the choice of a starting

(first guess) solution. In Chapters 2 and 3, this starting solution is typically set to

zero. If damping is used as regularisation in an inversion, then the updates of the

subsurface conductivities are minimised and drop to small values when the algorithm

approaches convergence. Because the forward solution depends continuously on the

conductivity model, the changes in the forward solutions between the inversion steps

also decrease when the conductivity model converges. It therefore seems practical to

consider the forward solution of the previous inversion step as the starting solution for

the next forward modelling task. In the cascaded approach, the forward problem is

initially not solved to high accuracy, that is, only a single ESC cycle is carried out (see

Section 2.3.3). As soon as the conductivity models converge, the accuracy in the forward

modelling automatically increases, because without a change in the conductivity model,

the inversion steps become mere additional ESC cycles.

The benefits of the cascaded modelling approach are twofold. Firstly, the run time

for the forward modelling is reduced. Secondly, the user does not need to choose either

the number of ESC-cycles or the target accuracy for the forward modelling. In the

numerical inversion result, presented in Section 4.7, the conductivity image obtained

with the cascaded modelling approach was comparable to that obtained with an accurate

forward modelling approach, and the RMS data error convergence curves were also

similar. However, the forward modelling computer run times with the cascaded approach

were better by a factor of 3.4 compared to the accurate forward modelling approach.

5.2 Areas of future research

5.2.1 Further development of the forward modelling algorithm

Improving the implementation

As mentioned in Section 5.1.1, the implementation of the forward modelling algorithm

has a beneficial work/accuracy rate but the absolute computation times are excessive.

This is due to the fact that my project was designed as a feasibility study. I aimed to

demonstrate that adaptive wavelet algorithms have a superior work/accuracy rate to

standard modelling schemes in geoelectrics and that it is possible to accurately solve the

forward problem with a smaller number of degrees of freedom.
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Improvements in computational efficiency are undoubtedly possible with further de-

velopment and will occur over time with greater uptake, as has been observed with other

numerical schemes such as FEM. For example, besides optimisation of the basic data

structures and minimising redundancies inside the implementation, the largest amount

of computing time can clearly be saved in the matrix setup during the conjugate gradi-

ent solution. As described in Chapter 2 we allow the stiffness matrix to change its size

within a conjugate gradient solution. This presents a challenge for the data structures,

if we want to retain the linear computational work required per degree of freedom. Be-

cause I did not have a data structure for a two-dimensional array at hand, that was

capable of writing, reading, expanding and shrinking in columns and in rows in constant

time, I resorted to recalculating every single matrix entry, whenever it was required in

the matrix-vector multiplication. This can be certainly improved, leading to further

computational savings.

The original adaptive wavelet algorithm described in Cohen et al. (2003b) requires a

Richardson type matrix solver in order to prove optimality. Vorloeper (2010) proposed

a conjugate gradient scheme but did not provide a proof. Therefore, I suggest retaining

a fixed matrix size within the conjugate gradient iterations and hence only calculating

each matrix entry once per ESC-cycle. Because the number of nonzero elements per

row is limited, the matrix can be stored in a one-dimensional array with size a constant

multiple of the vector length. For this fast and simple data structure, reading and writing

is possible in constant time. In our forward solutions, we executed 20–30 conjugate

gradient iterations per ESC-cycle. I therefore expect this implementation to reduce the

overall forward modelling costs by an order of magnitude. This improvement, together

with the small number of degrees of freedom (Table 4.1), should turn adaptive wavelet

forward modelling into a powerful tool for geoelectric investigations.

Including topography

A critical point in the adaptive wavelet forward modelling and any analytically provable

adaptive scheme is the regularity of the right hand side. The Dirac delta is used to

simulate a point source, and it is required to calculate the sensitivities. Unfortunately,

the singularity of the delta function imposes problems, because it violates the regularity

of the right hand side. For a flat topography, I was able to circumvent this problem by

applying an analytical singularity removal technique. In the presence of topography, the

situation is more problematic. There are basically two ways to tackle this problem.

One option is to numerically simulate the singular potential for a homogeneous

subsurface as shown, for example, in Blome et al. (2009). Conceptually, this may be

problematic for an adaptive algorithm, because the calculated singular potential should

perfectly track the true singularity in order to remove it completely. In practical appli-
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cations, however, the right hand side only has to be computed up to a maximum level.

If the numerical singularity removal is accurate enough up to this maximum level, the

scheme should be successful.

The other method is based on an analytic topography transformation. A possible

approach for this is shown in Appendix A. The yet unresolved key point in this method

is the design of an appropriate coordinate transformation for a given set of topographic

measurements. Additionally, it is shown in Appendix A that this flattening of the

topography leads to an “effective anisotropic” geoelectric problem.

5.2.2 Analysis and further development of the adaptive wavelet

inversion scheme

Until now, no proofs for the convergence of my adaptive wavelet inversion scheme exist.

Furthermore, it is unknown if my promising results for geoelectrical tomography can

be generalised to other geophysical inverse problems. In order to assess this, a more

rigorous mathematical analysis is required.

The bottleneck of the adaptive wavelet inversion in terms of computation time is the

solution of the linear equation for the model update. In this thesis, I have considered

the normal equations for the model update and solved the linear system using a direct

solver based on the Cholesky decomposition. This leads to a numerical complexity of

O(N3), where N is the number of subsurface parameters (Trefethen and Bau III, 1997).

For large subsurface parameterisations, which occur in the last few inversion steps of

the adaptive wavelet inversion, this significantly slows down the algorithm. I therefore

suggest using an iterative scheme instead of the direct solver.

5.2.3 Application of adaptive wavelet techniques to other geo-

physical modelling and inversion problems

In principle, both the adaptive wavelet forward modelling and the adaptive wavelet

inversion scheme are applicable to other geophysical problems.

Adaptive wavelet modelling

To apply my adaptive wavelet modelling scheme to other geophysical problems, it is

necessary that the corresponding forward modelling equations satisfy the prerequisites

described in Cohen et al. (2003b). This is guaranteed for a relatively large class of

problems, including elliptic partial differential equations such as the Poisson equation

or the Helmholtz equation but also for a wider class, as for example −∆u + u3 = f

in dimensions lower than 4 and even for some nonlinear problems (Dahmen, 2003). In
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Dahmen (2003), two approaches for time-dependent problems are discussed. If topogra-

phy is considered, as described in Appendix A, then the analytic singularity removal for

topography leads to an anisotropic subsurface. This would require that the algorithm

be extended to anisotropic problems.

An important geophysical problem is seismic waveform tomography, for which the

forward equation can be transformed into a series of Helmholtz equations. In contrast

to the geoelectric problem, the solutions of the Helmholtz equations show pronounced

oscillations. The algorithm is shown to provide an optimal work/accuracy rate for

a chosen wavelet basis, but if the basis is not well chosen, its performance may be

poor. Nevertheless, I judge it beneficial to use the adaptive wavelet algorithm for the

Helmholtz equations. As shown in Section 2.3.4, even in the presence of large variations

of the solutions a numerical approximation with relatively few wavelets can be achieved.

The choice of the wavelet basis is essential and, if possible, a wavelet basis with a high

number of vanishing moments should be employed.

Furthermore, a singularity removal for the Helmholtz problem might already remove

a large amount of the oscillations, leaving only minor secondary oscillations (caused by

model heterogeneities) that need to be discretised.

Adaptive wavelet inversion

I expect the modification and application of the wavelet inversion scheme to other geo-

physical problems to be much simpler than for the forward modelling, because the

adaptive wavelet inversion scheme does not directly depend on the forward equations. If

in a geophysical problem the sensitivities (Fréchet kernels) can be calculated, then the

proposed measures for the grid quality can be calculated and hence the grid refinement

and coarsening can be performed.



Appendix A

Towards analytic singularity

removal including topography

A.1 Introduction

The singularity removal technique, introduced by Lowry et al. (1989) and refined by oth-

ers (e.g. Blome et al., 2009), has been proven to be a very useful technique for geoelectric

modelling. The principle is that the electric potential field in the subsurface, generated

by a point injection current source on the surface, can be described as a superposition of

a singular field in a homogeneous conductivity medium and the secondary regular field

created by the charge accumulations at the boundaries of buried inhomogeneities (resis-

tivity contrasts) – see Section 1.3. The only assumption required is that the subsurface

conductivity be uniform in a small region surrounding the current source.

For flat surface topography, the singular field is known to be I/(2πσ‖x − xs‖),
where I is the injected current strength and σ is the conductivity in the neighbourhood

of the source at xs. In the presence of topography, the singular field can be numerically

determined using, for example, the boundary element method (Blome et al., 2009). If

the effect of the singular field is subtracted from both sides of the equation, we only

need to solve for the secondary field which is due to the conductivity contrasts. This

secondary field has a more complicated shape but does not contain any singularity.

When using classical geoelectric forward solvers, such as FD and FEM methods, sin-

gularity removal leads to strong improvements in accuracy (Blome et al., 2009). Adap-

tive numerical solvers, such as described in this thesis, rely on an evaluation of the

residual field. They are, in fact, only applicable if the right hand side is smooth enough.

In this Appendix, I present an analytical method to transform the geoelectric problem

in a domain including surface topography into an equivalent problem in a rectangular

domain (with flat topography). In order to correctly formulate the geoelectric problem

for situations in which the classical singularity removal technique is applicable, the to-
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pography needs to satisfy a number of relatively weak assumptions. It should be smooth

enough (no first order discontinuities) and in the near-neighbourhood of each electrode,

the topography should be flat. Because the neighbourhood can be very small and due

to the fact that in most real world applications, the topography is only known as a set

of points, this presents no significant limitation.

For the surface boundary of the computational domain we assume Neumann-type

boundary conditions (derivative of the potential with respect to the boundary normal

is zero). In order to keep the complexity of the equations to an absolute minimum, we

assume Dirichlet boundary conditions (zero potential) for the bottom and lateral bound-

aries of the calculation domain, but the application of mixed type boundary conditions

should be straightforward.

A.2 General transformation

The weak formulation of the geoelectric problem with Neumann surface boundary con-

ditions and Dirichlet subsurface boundary conditions on a calculation domain Ω̃ that

includes topography can be written as

(A.1)

∫
Ω̃

σ̃(x̃)∇̃ũ(x̃)(∇̃ṽ(x̃))t dx̃ =

∫
Ω̃

f̃(x̃)ṽ(x̃) dx̃,

where σ̃(x̃) denotes the subsurface conductivity, ũ(x̃) is the potential field, f̃(x̃) is the

right hand side, in our case a three-dimensional Dirac delta, and ṽ(x̃) represents the

test functions. The goal is to transform this formulation into an equivalent weak formu-

lation on a cuboid domain. For this, we first consider a generic invertible continuously

differentiable coordinate transformation T such that

T : Ω→ Ω̃

x 7→ x̃ = T (x),

where Ω is a rectangular domain. When we apply this coordinate transformation inside

the integral we get

(A.2)

∫
Ω

σ̃(T (x))∇̃ũ(T (x))(∇̃ṽ(T (x)))t|det(DT (x))|dx,

where (DT (x))ij = ∂Ti(x)/∂xj denotes the Jacobian matrix of T (x). As the next step,

we need to replace the gradients with respect to x̃ by the gradients with respect to x.

For this purpose, we apply the differential chain rule to obtain

(A.3) ∇(ũ(T (x))) = ∇̃(ũ(T (x)))DT (x)
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and therefore

(A.4) ∇̃(ũ(T (x))) = ∇(ũ(T (x)))[DT (x)]−1

If we now apply the coordinate transformation to the right hand side and replace the

gradients on the left hand side we get∫
Ω

σ̃(T (x))∇ũ(T (x))[DT (x)]−1([DT (x)]−1)t(∇ṽ(T (x)))t|det(DT )|dx(A.5)

=

∫
Ω

f̃(T (x))ṽ(T (x))|det(DT (x))|dx.

In order to obtain a simpler notation, we define u(x) := ũ(T (x)), v(x) := ṽ(T (x)),

σ(x) := σ̃(T (x)) and f(x) := f̃(T (x)). This allows eq. (A.1) to be rewritten as∫
Ω

σ(x)∇u(x)[DT (x)]−1([DT (x)]−1)t(∇v(x))t|det(DT (x))|dx(A.6)

=

∫
Ω

f(x)v(x)|det(DT (x))|dx.

Eq. (A.6) has a distinct feature that was not present in eq. (A.1), that is, the gradients

are multiplied with matrices. If these matrices are not a multiple of the unit matrix,

this weak formulation is similar to the geoelectric problem for an anisotropic subsurface

conductivity distribution (Li and Spitzer, 2005; Zhou et al., 2009). The right hand side

of eq. (A.6) still contains a Dirac delta, hence the prerequisite that makes singularity

removal necessary (and feasible) is satisfied.

A.3 Topography removing map

Our goal is to choose T (x) such that it (i) satisfies the assumptions for the coordinate

transformation (i.e. it is invertible, continuously differentiable and the target domain Ω

is rectangular) and (ii) the left hand side of eq. (A.6) is isotropic and homogeneous in the

vicinity of the electrode position. For that purpose we choose the same transformation

map that was used by Zhou et al. (2009).

(A.7) x̃ = (x̃1, x̃2, x̃3) = T (x1, x2, x3) :=

 x1

x2

x3z(x)

 .

Here, z(x) = z(x1, x2) describes the topography as a function of the horizontal coordi-

nates. By shifting the zero point, we can define z(x) such that it is nonzero for all x1

and x2 in the computation domain. In fact we can even choose it to be equal to 1 at



100 A. Towards analytic singularity removal including topography

the current source position xs = T−1(x̃s). For this definition we have

(A.8) DT (x) =

 1 0 0

0 1 0

x3
∂z(x)
∂x1

x3
∂z(x)
∂x2

z(x)

 ,

and hence

(A.9) det(DT (x)) = z(x)

and

(A.10) [DT (x)]−1 =

 1 0 0

0 1 0
−x3
z(x)

∂z(x)
∂x1

−x3
z(x)

∂z(x)
∂x2

1
z(x)

 .

In order to achieve isotropy in some vicinity of the source position xs, the inverse

Jacobian matrix [DT (x)]−1 needs to be equal to the unit matrix in this immediate area.

This leads to z(x) = 1 and ∂z(x)/∂x1 = ∂z(x)/∂x2 = 0 for all x ∈ Bε(xs), where

Bε(xs) is the closed sphere of radius ε which surrounds xs. The value for ε can be very

small but it must be greater than zero.

As mentioned above, z(x) can be chosen such that z(xs) = 1. We now assume that

z(x) = 1 for all x ∈ Bε(xs). This is an additional assumption about the topography.

It states that the electrodes are all situated on small localised horizontal patches. Al-

though this is not satisfied for general topographies, we need to keep in mind that the

information about the topography we have in realistic applications is limited (usually a

few measured points).

With this additional assumption, we can show that the conditions for isotropy are

satisfied. The derivatives of z(x) with respect to x1 and x2 are zero in the vicinity

of xs. Therefore [DT (x)]−1 is equal to the unit matrix for x ∈ Bε(xs). This also

leads to det(DT (x)) = 1 for x ∈ Bε(xs). If σ̃(x̃) is constant in a vicinity of x̃s, then

the continuity of T guarantees that σ(x) is constant in this vicinity of xs. Hence all

requirements are satisfied and analytical singularity removal can be applied to eq. (A.6)

with I/(2πσ(xs)‖x− xs‖) as the singular potential.
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