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"The ideals which have lightedmy way,

and time after time have given me new courage toface life cheerfully,
have been Kindness, Beauty, and Truth.

The trite subjects ofhuman efforts, possessions, outward success, luxury
have always seemed to me contemptible.

"

Albert Einstein

"The important thing is not to stop questioning.

Curiosity has its own reasonfor existing.
One cannot help but be in awe when he contemplates

the mysteries ofeternity, oflife, ofthe marvelous structure ofreality.
It is enough ifone tries merely to comprehend a little ofthis mystery every day.

Never lose a holy curiosity."
Albert Einstein
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Preface

Chemical processes distinguish themselves by their nonlinear behavior and by the large num¬

ber of equations required for their description. Because of their nonlinearity, chemical pro¬

cesses can show complex or unexpected dynamics. Depending on the process, the physical
reason of such behavior can be found in the kinetics of the reaction or in the heat balance. For

instance, limit cycles are generated by the kinetics in the Belousov- Zhabotinsky reaction and

multiple steady states are due to the heat balance in the CSTR reactor. More recently, both,
limit cycles and multiple steady states have been discovered in azeotropic distillation columns.

Beside being nonlinear, many chemical units are described by a large number of equations. For

example the model of distillation columns needs heat and mass balances for each component

on each stage and around the whole column. Other systems, like particulates, are described

by partial differential equations. These particulate systems are generally solved by dividing
the entire range of particle dimension into a large number of small bins and by writing a mass

balance for each bin.

In the thesis, we try to deepen the knowledge on the nonlinear behavior of two different pro¬

cesses: azeotropic distillation columns and aggregation units. These processes are of main

importance in the industry, and are currently topics of research at the Technical Chemistry

Laboratory and at the Automatic Laboratory of the Swiss Federal Institute of Technology,
Zürich. Both these units are characterized by nonlinear behavior and are described by a large
number of equations.

The first part of the thesis is dedicated to multiple steady states and limit cycles in azeotropic
distillation columns. The phenomena of multiple steady states has been analyzed in steady-
state conditions with a graphical analysis, the so called oo/oo analysis, and with bifurcation

diagrams. More recently a qualitative interpretation of the dynamic behavior of distillation

columns has been introduced. In Chapter 2 of this thesis the qualitative analysis of columns

dynamics is completed with the analysis of a vector field that represents the trajectories of the

distillate composition during transient. Furthermore, in Chapter 3, limit cycles are examined.

The effect of column design specifications and mixture properties on the period and amplitude
of limit cycles is studied in detail to identify the optimal set up for an experimental validation.

The second part of the thesis focuses on aggregation units, both in quiescent and turbulent

conditions. Recent developments in different fields, such as modeling of the aggregation, on-
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line measurements of particles size and control algorithm for batch processes, foster the study
of the control and optimization of aggregation units. The aggregation process leading to gel
formation in colloidal dispersions under quiescent conditions is considered in Chapter 4. The

sensitivity of the product to different working conditions and the set of products that can be

obtained are studied. Aggregation in turbulent conditions is analyzed in Chapter 5. A proper

model containing the necessary dynamic connection between manipulated and controlled vari¬

ables is introduced and tuned based on literature data. After linearization, the recently devel¬

oped "batch model predictive control" is applied to the system. The algorithm can exploit the

fact that batch processes are run repetitively and on-line measurements are available.



Prefazione

I processi chimici si distinguono per la loro risposta non lineare, e perche', in molti casi, sono

descritti da un elevato numéro di equazioni. Essendo non lineari, questi processi mostrano

spesso complesse e strane dinamiche. A seconda del processo, la ragione fisica di queste

strane dinamiche puo' risiedere nella cinetica di reazione o nei bilanci energetici. Per esem-

pio, i cicli limite sono generati dalla cinetica nella reazione di Belousov- Zhabotinsky mentre

la molteplicita' di stati stazionari e' dovuta ai bilanci energetici nel reattore CSTR. Piu' recen-

temente, entrambi questi fenomeni, i cicli limite e la molteplicita' di stati stazionari, sono stati

scoperti nelle colonne di distillazione azeotropica.

Oltre ad essere processi non lineari, moite unita' chimiche sono descritte da un elevato numéro

di equazioni. Per esempio, il modello délie colonne di distillazione richiede il bilancio di

massa per ogni componente ed il bilancio energetico per ogni piatto e per Tintera colonna.

Altri sistemi, corne i sistemi dispersi, sono descritti da equazioni aile derivate parziale e sono

risolti dividendo le particelle in molti piccoli settori in base alla loro dimensione. Per ogni
settore viene poi scritto il bilancio di massa.

In questa tesi, cerchiamo di approfondire la conoscenza del comportamento non lineare di due

processi: distillazione azeotropica e unita' di aggregazione. Questi processi sono di fondamen¬

tale importanza nell'industria e sono oggetto di ricerca del Laboratorio di Chimica Tecnica e

del Laboratorio di Automatica del Politecnico Federale di Zurigo. Entrambi i processi sono

non lineari e sono descritti da un elevato numéro di equazioni.

La prima parte della tesi e' dedicata alla molteplicita' di stati stazionari ed ai cicli limite in

colonne di distillazione azeotropica. Il fenomeno della molteplicita' di stati stazionari e' stato

analizzato in condizioni stazionarie con una analisi di tipo grafico, la cosi' detta oo/oo anal-

isi, e con diagrammi di biforcazione. Piu' recentemente, e' stata introdotta una interpretazione

qualitativa della dinamica di queste colonne. Nel Capitolo 2 l'analisi qualitativa della dinamica

délie colonne viene completata con un piano vettoriale che rappresenta la traiettoria della com-

posizione del distillato durante il transiente. In aggiunta, il Capitolo 3 esamina in dettaglio i

cicli limite. L'effetto della scelta délie specifiche nel progetto délie colonne e délie miscele sul

periodo e l'ampiezza dei cicli limite e' studiato col fine di identificare l'ottima configurazione

per la verifica sperimentale dei cicli limite.

La seconda parte tratta le unita' di aggregazione, sia in quiète che in regime turbolento. Recenti
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sviluppi in diversi campi, come nel modello del processo di aggregazione, nella misurazione in

continuo della dimensione délie particelle e nel controllo, hanno spinto alio studio del controllo

e deH'ottimizzazione di questi processi. II processo di aggregazione che porta alia formazione

di gel da colloidi mantenuti in condizioni di quiete e' studiato nel Capitolo 4. Viene affrontato

l'effetto di diverse condizioni di lavoro sul prodotto finale e viene identificato il completo
set di prodotti che si possono ottenere. L'aggregazione in reattori agitati e' affrontata nel

Capitolo 5. Viene introdotto un modello in grado di riprodurre le principali dinamiche del

processo riportate in recenti pubblicazioni. II modello linearizzato viene poi utilizzato per

l'apphcazione di un algoritmo di controllo recentemente sviluppato, il "batch model predictive
control". L'algoritmo sfrutta sia il fatto che i processi batch sono ripetitivi che la possibilita'
di avere misure in linea della dimensione delle particelle.
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Introduction

Distillation can be considered one of the most important separation processes in the chem¬

ical industry and is therefore one of the most widely studied. From the simple separation
of components with different boiling points to obtain balms and essences already applied
in Mesopotamia, to the equipment used by alchemists' in medieval times and eventually to

present day distillation columns many steps have been done. The major developments of the

basis of the "modern" process equipment took place after the first World War. Techniques
like the McCabe-Thiele graphical method to calculate the number of equilibrium stages in a

column were published in 1925. From that period distillation has been extended to a large

variety of mixtures and starting from the same simple concept many new processes have been

developed. To try to mention all kinds of distillation processes invented and all the phenomena
related to distillation is almost impossible. Many researchers have studied or are studying the

process, the literature is so wide that a lifetime would not be enough.

Even with such a large history of distillation, there is still room for research and for a deeper

understanding of the process. One of the last findings concerning distillation is the presence of

Multiple Steady States1 (MSS) and limit cycles in azeotropic distillation columns. In 1993, for

the first time, Bekiaris et al. (1993) introduced graphical predictive rules for the occurrence of

MSS in homogeneous azeotropic distillation columns with infinite reflux and an infinite num¬

ber of trays. They derived necessary and sufficient geometrical conditions for the existence of

MSS and located the feed composition that leads to these multiplicities. This methodology is

named the oo/oo analysis and relies only on the thermodynamic properties of the components

while remaining simple and intuitive. Later, in 1996, the same research group extended the

analysis to heterogeneous azeotropic distillation columns considering both columns with and

without decanter (Bekiaris et al., 1996).

What had been predicted through theory was verified on a real column by Dorn et al. (1997).
For the mixture methanol, methylbutyrate and toluene, he could show in a pilot plant the oc¬

currence of three steady states, two of which stable and one unstable. Moreover, Güttinger
extended the oo/oo analysis even further to cover column sequences, (Güttinger and Morari,

1996) and reactive columns with the reaction taking place either in the whole column, (Güttinger
and Morari, 1999a), or in only one part of it, (Güttinger and Morari, 1999b) .

As for the non

1 With MSS we mean the existence of multiple column profiles and therefore of bottom and distillate compo¬

sitions for a given column design and having fixed a sufficient number of operating parameters to fulfill all the

degrees of freedom.
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reactive azeotropic distillation columns, also for the reactive columns geometrical multiplicity
conditions and the MSS feed region were identified.

After studying the occurrence ofMSS, Morari's group discovered the development of limit cy¬

cles during dynamic simulation of azeotropic distillation columns. Lee et al. (1999) explained
how under certain conditions, the open-loop distillation system shows sustained oscillations.

During the oscillations there is a periodic movement of the profiles inside the column and of

the corresponding products compositions.

Finally, Dorn presented in his thesis (Dorn, 2000) an interesting analysis of homogeneous

azeotropic distillation column dynamics. Based on qualitative arguments he explained the col¬

umn behavior during transient. The basic idea is the interaction between the changes in the

column holdup and the corresponding changes in the column profile and therefore in the prod¬
uct compositions. His analysis enables prediction and explanation of bifurcations and limit

cycles in a graphical way. The insight is gained only on physical grounds without numerical

simulations of the distillation column.

The qualitative analysis introduced by Dorn is here completed with the quantitative evaluation

of the interaction between the column holdup and profile. The result is an interpretation of

the stability of steady states similar to the slope condition for the CSTR reactor. First the

qualitative analysis is revised with a semi-qualitative analysis that not only gives confirmation

but also more preciseness to the results. Finally the semi-qualitative analysis evolves into a

precise vector field representing the traj ectory ofthe distillate composition during the transient.

The method for the semi-qualitative interpretation of the column transient and the vector field

are explained in Chapter 2 of this thesis and have been published by Bonanomi and Morari

(2002).

As pointed out above, the development of limit cycles has been discovered as last. Until now

there are simulations both with a constant molar overflow model and with a commercial rigor¬
ous dynamic simulator, Aspen Dynamics, that confirms such a behavior. What is still lacking
is an experiment with a real column showing open-loop sustained oscillations. In this thesis

all the preliminary work necessary to set up the experiments is presented in Chapter 3. With

the collaboration of a diploma student, the characteristics of the oscillations were analyzed to

obtain the experimental design of a column with oscillations easily detectable and therefore

having large amplitude and small time period. Guidelines about the dependence of the char¬

acteristics of the oscillations on the different mixture and column layout are exploited in order

to identify the optimal layout.



Chapter 1

Background

Considering the enormous literature covering the basic concepts of distillation processes, here

we restrict ourselves to the introduction of the more advanced topics necessary for a good

understanding of the results presented here. The reader should be already familiar with the

concept of distillation, azeotropic distillation, ternary diagram, residue curves and distillation

lines. If one or more of the above mentioned concepts are not clear, the following books and

thesis are suggested:

• C. Dorn thesis (Dorn, 2000): very detailed introduction about distillation and concepts

like distillation line, residue curves, Constant Molar Overflow (CMO) model; particu¬

larly detailed explanation of bifurcations.

• T. Güttinger thesis (Güttinger, 1998): nice, complete and well structured. In particular
the chapter summarizing the bibliography and the definition of Multiple Steady States

(MSS).

• book of Stichlmair and Fair (1998): complete introduction to distillation columns, it

covers all from the vapor-liquid equilibrium to the control of distillation columns. The

writer has found this book particularly inspiring, clear and useful.

The basic concepts can easily be found in any book covering distillation columns and should

be part of the background of a chemical engineer. The principles introduced more recently
and that are more specific to the present work are summarized in the following sections. With

recently introduced principles we refer to all the results obtained starting with the oo/oo analy¬
sis published by Bekiaris to the qualitative analysis of Dorn. The following summary does not

pretend to be exhaustive and to cover all the single aspects analyzed by other researchers. The

presentation is limited to the basis behind the new findings necessary for a better and critical

understanding of the thesis.

For the chapter concerning the vector field theory only a few concepts are necessary. It could be

useful in any case to read the following part in order to get an idea about the qualitative analysis

19



20 CHAPTER 1. BACKGROUND

and so enable the possibility to compare it with the vector field. However, more insight in the

findings concerning limit cycles is necessary before proceeding to read the Chapter 3 which is

dedicated to the preliminary study for an experimental set up.

1.1 oo/oo analysis

The oo/oo analysis was originally introduced to study the MSS in ternary homogeneous

azeotropic distillation. Later, the method has been extended to heterogeneous mixtures, col¬

umn sequences and reactive distillation columns. Here we consider the original problem:

homogeneous ternary azeotropic distillation columns.

Given is a ternary mixture and its residue curve diagram. If the column has infinite reflux and

infinite number of stages, the oo/oo analysis allows us to

1. find whether MSS exist for some feed composition

2. locate the region of feed compositions that lead to the MSS.

Consider for example a mixture of L, I, H (light, intermediate and heavy boiling components

respectively) forming a light boiling azeotrope between the light and the heavy component.

The corresponding residue curve diagram is in Figure 1.1.

Figure 1.1: Qualitative sketch of an oo/oo-analysis: Az indicates the azeotrope composition, F

the feed composition and L, I and H the light, intermediate and heavy components respectively.

Assuming the feed composition in F, and varying the distillate flow rate from zero to infinity,
distillate and bottom product paths can be drawn. The bottom and distillate product paths are
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built considering the lever rule and the compulsory presence of one pinch point1 in the column

profile of an oo/oo column.

The bottom and distillate product paths are represented in a bifurcation diagram. For example
in Figure 1.2, the bottom composition is plotted as a function of the distillate flow rate. For any

distillate flow rate between Di and D2 the column has MSS. This is a small example of what

can be obtained with this analysis, more details about the complete geometrical procedure are

available in Bekiaris et al. (1993).

xH

1

0
0 Dx D2 F D

Figure 1.2: Qualitative bifurcation diagram: the bottom mole fraction of the heavy component

is plotted versus the distillate flow rate. For each segment of the diagram the letter indicate the

position of the pinch point.

1.2 Bifurcation diagrams

In the previous section we have already seen an example of a bifurcation diagram. Generally

speaking, a bifurcation diagram represents how the behavior of a system changes when pa¬

rameters are varied. In particular the steady-state value of a variable describing the system

is plotted as a function of the parameter. In distillation columns generally, the parameter is

the distillate flow rate or its dimensionless equivalent. The variable plotted against it can be

an average temperature, the distillate composition or the bottom composition and can be cho¬

sen arbitrarily considering what the researcher wants to analyze. At a more advanced level,

(Dorn and Morari, 2002a), one can also plot bifurcation diagrams with two varying parameters

and study the column steady state behavior for different distillate flow rate and different feed

composition or reflux ratio.

Besides the oo/oo analysis, in any case limited to columns with infinite number of stages and

infinite reflux, the bifurcation diagram for each kind of finite column can be obtained using a

1A pinch point in a distillation column is a section of the column characterized by constant profile. A pinch

point can be any singular point of the residue curve map, i.e. one pure component or one azeotrope.

i
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22 CHAPTER 1. BACKGROUND

software, AUTO (Doedel et al., 1997). Given the dynamic model of the system, the software

produces the complete diagram and the connected stability analysis. If, on one hand, the

software allows the analysis of any column, on the other hand, numerical problems have to be

taken into account and the researcher reaches quite often the limit of his or her patience.

In any case, bifurcation diagrams constitute a useful tool to obtain a complete view of all the

possible column behaviors for different values ofthe distillate flow rate, or of any other chosen

parameters. Because ofthe completeness ofthe information they contain, bifurcation diagrams
are used to compare models and simulation tools.

1.3 Qualitative analysis

In this section there is a summary ofthe qualitative stability and bifurcation analysis introduced

by Dorn for homogeneous azeotropic distillation columns. This work is the first attempt to

explain the physics behind instability, MSS and limit cycles. The physical explanation of the

observed phenomena is the best way to convince the most skeptical person and to identify rules

in order to generalize the phenomena observed in a single simulation or experiment.

The "strange" behavior of columns working in particular conditions can be explained by the

interaction between the column profile and the holdup inside the column. Given a steady state

profile, the distillate and the bottom are perturbed, the consequent accumulation and depletion
of the components cause a movement of the profile in a particular direction. This direction,
either towards or away from the steady state, determines the inherent stability properties. The

conclusions are "qualitative" and are based on graphical arguments. Therefore only little infor¬

mation about the column is necessary. Unfortunately, the drawback is that the analysis is well

suited mainly for oo/oo columns. With proper consideration, the analysis can be extended

to finite columns with sufficiently high reflux, but one should take care not to overcome the

limiting dimensions below which the analysis is not longer applicable.

In the following section, the complete analysis is briefly explained. First the important column

profile properties are pointed out, then all the possible profiles that a column can assume are

categorized. Finally one category is analyzed in terms of stability as example of the complete

methodology.

1.3.1 Column profile

In order to correctly analyze the interactions between the column profile and the column

holdup, the properties of the column profile during transient and at steady state must be first

highlighted.

Skogestad and Morari (1988) showed that the dynamics of a column can be divided into two

parts: a fast and a slow response. The first corresponds to an internal redistribution ofthe com-
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ponent holdups, while the second is determined by changes in the external flow rate: distillate

and bottom. More recently, Dorn and Morari (2002a) derived that at infinite reflux the profile
of a Constant Molar Overflow, CMO2, tray column coincides with a section of a distillation

line at any time. In fact, starting from the CMO equations and letting the reflux go to infinity

they obtained the distillation line3 equation:

yk+l = xk k = l...N-l (1.1)

At steady state not only the profile has to follow a distillation line, but also the steady-state
mass balance must be satisfied. In practice, if a column is filled with holdups that do not

correspond to steady state, there is first a redistribution inside the column to obtain a profile

satisfying the distillation line; then the distillate and the bottom move to reach the steady-state

composition. This connection at any time of the column profile with a distillation line will

help in predicting the movement of the profile after a perturbation. In the following sections,
residue curves will be used instead of the distillation lines as it is most convenient without

loosing generality.

1.3.2 Column profile: classification

To obtain a complete analysis of a given distillation column, the stability properties of all the

possible column profiles must be analyzed. Given the feed, all the possible profiles for the

distillate flow rate going from zero to infinity can be determined following the product path
obtained with the oo/oo analysis, Figure 1.1.

In Table 1.1 and Table 1.2 all the profiles are divided according to the pinch points that they

contain, and the monotonicity of the individual component fractions along the column, (Dorn
and Morari, 2002a). Their position in the ternary diagram is in Figure 1.3

Each class of profile is then perturbed and the behavior after perturbation gives the stability

properties of the profile. The analysis is only qualitative and based on graphical arguments

with all the related advantages and disadvantages. On one hand, the analysis is general. In

fact all the profiles having similar characteristics, in terms of pinch point and monotonicity
of the concentration along the column, behave in the same way. On the other hand, the exact

direction ofmovement is not known, but only a cone of possible directions is obtained as result

of the analysis.

2The criteria for CMO are:

1. the heat of vaporization of the substances that are transfered between the phases must be equal (usually this

conditions is achieved using molar units)
2. no heat of mixing should occur

If these assumptions are satisfied the liquid and vapor flow rates are constant in the individual column sections

and the calculation of the distillate column is based only on material balance.
3A distillation line is a line obtained joining together in a triangular diagram the liquid states calculated by

solving: yk = Kxk and xk+1 = yk, where K is the vapor-liquid equilibrium ratio.



24 CHAPTER 1. BACKGROUND

Product path D

Product path B

Figure 1.3: Product paths in the oo/oo case for a 001 class mixture. Along the product paths
the corresponding type of profile is indicated.

Table 1.1: Properties of the feasible profiles for 001-class mixtures. In the table, (I,H) corre¬

sponds to compositions on the boundary between I and H.

Type
Contained Distillate Bottoms

pinch point composition composition
I Az Az ternary

Ilia L (Az,L) (L,I)
Illb L+I (Az,L) (I,H)
IIIc I (L,I) (I,H)
II H ternary H

Table 1.2: Sub-cases of profiles of type II depending on the monotonicity properties of the

composition profile (m = monotonie, n = nonmonotonic).

Component Type
L I H detailed stability
m m m IIa Ils

m n m IIb Ils

m n n Ile Ils

n n n Ild IIu

1.3.3 Stability analysis.

In the previous section all the column profiles have been classified. Each type of profile can

be perturbed and analyzed. The analysis is presented here for the profile of type lis, it can be
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repeated in an analogous way for each kind of profile.

Profiles oftype lis have the pinch point at the bottom, therefore the bottom composition is fixed

and only the distillate D can be perturbed. Depending on the direction of the perturbation,
there is accumulation or depletion of each component. It is therefore convenient to divide

the neighborhood of D into six regions, each of which is characterized by accumulation or

depletion of the components according to what summarized in Table 1.3.

Figure 1.4: Steady-state column profile and regions qualitatively categorizing the impact of

eventual non-steady-state product compositions caused by perturbations of the profile.

Table 1.3: Impact of perturbations in the product compositions (Figure 1.4) on the total column

holdup composition.

Total holdup composition

Region L I H

1 accumulation accumulation depletion
2 depletion accumulation depletion
3 depletion accumulation accumulation

4 depletion depletion accumulation

5 accumulation depletion accumulation

6 accumulation depletion depletion

After a perturbation in Region 1, the light and intermediate components are enriched inside

the column while the heavy component is depleted. Therefore there must be trays of the

column with increased molar fraction for the L and I components and decreased H molar

fraction. Based on this information a sector of 180 degrees for each component is identified.

Overlapping the sectors determined by each of the components yields a cone representing all
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Figure 1.5: a) Change of total column holdup composition if the distillate composition is in

Region 1. b) Change of the shape of the profile caused by this change of the column holdup

composition.

the possible directions in which the column can move, Figure 1.5a. Considering that the

column profile has to coincide with a residue curve, Section 1.3.1, and the bottom is fixed, a

shift of the profile is not possible. Therefore the profile will move towards the intermediate

component, Figure 1.5b.

The same ideas can be applied to the other five regions from 2 to 6 with the corresponding
result shown in Figure 1.6. Thus, if the distillate composition of the perturbed profile is in one

of the regions 1 to 6, this will cause a change approximatively in the opposite direction. It

cannot be excluded that before going back to the steady state the distillate composition enters

one of the neighboring regions. However the distillate is continuously approaching its steady
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H

Figure 1.6: Sectors showing the direction of possible movements of the total column holdup

composition for profiles of type II when the distillate composition is in one of the regions
1 to 6. For profiles of type lis, this coincides with the possible directions of the distillate

composition.

state value in order to eventually fulfilling the global mass balance. Qualitatively, steady states

corresponding to column profiles of type lis are stable as they will be approached again after

perturbation.

Applying the same methodology to other types of profiles shows that profiles non monotonous

in all three components, type lib and Hid, are unstable while all the others are stable. The

results are summarized in Table 1.4.

Table 1.4: Stability of the types of feasible profiles for 001-class mixtures.

Type Stability
I stable

Ilia stable

Illb unstable

IIIc stable

lis (IIa, IIb, lie) stable

IIu (lid) unstable
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1.4 Limit cycles and 17-region.

From Table 1.4 we see that the profiles of type II can be stable or unstable depending on the

monotonicity properties of the molar fraction of the components along the column. If the

residue curves turn more, all three components have nonmonotonous profiles and the steady
state is unstable, on the contrary if the residue curves turn less, at least one component has a

monotonous profile and the steady state is stable. Based on this information, Dorn and Morari

(2002b) defined the Q-region as:

Definition: The subset ofthe composition space that corresponds to the distillate composition
of all feasible profiles of type IIu is called îl-region.

Figure 1.7: Illustration of the Q-region for a 001 class of mixture.

A picture of the region is in Figure 1.7. The importance of the Q-region is related to the fact

that all the columns having residue curves defining an Q-region can develop limit cycles if the

distillate composition is inside this region. The shape and amplitude of limit cycles depends
on the feed composition, reflux and distillate flow rate. Analysis of the influence of these

parameters on limit cycles are reported in the following section.

1.4.1 Qualitative effects on limit cycle behavior

The dependence of limit cycles on the feed composition and reflux studied by Dorn and Morari

(2002b) is summarized here. In order to obtain an easier visualization of the analysis and to

reduce the number of variables, the system is parameterized. The following two ratios are
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defined:

xli = — (1-2)
Xi

xLH = — (1.3)
xH

Where xL, xj and xH are the feed mole fractions of the light, intermediate and heavy compo¬

nent respectively. By using these definition, any concentration in the composition space may

be expressed through values of those two independent measures between zero and infinity.

When increasing xli the distillate product path approaches the Q-region and at a certain point

oscillating behavior is observed. At the point where the product path touches the boundary of

the Q-region two Hopf bifurcations4 are born. If xLI is now increased further, the distillate

product path will cross the Q-region and the Hopf bifurcations will move apart, allowing for

limit cycle behavior between them. The further the product path enters the îl-region, the

further the Hopf bifurcations move apart, while the amplitude of the limit cycles increases.

In contrast to xli, xlh has no significant influence on the occurrence of bifurcations, but

on the value of the bifurcation parameter when they occur. This may be explained with the

observation that while xli determines the shape of the product path, xlh only determines

where it ends. When increasing xLH all bifurcations and the corresponding effects are shifted

towards a higher distillate to feed ratio until the azeotropic concentration is reached.

With respect to the reflux flow rate, it can be said that decreasing the reflux, the external

flow rates start to influence the internal profile and the power of separation decreases. As a

consequence the column profiles move away from the residue curves and will be less bent, this

in turn can cause the Q-region to become smaller and very likely prevents distillation in any

real column.

4Hopf Bifurcation: Bifurcation associated with the appearance of two eigenvalues Ai2 = ±iujo,ujq > 0. The

system changes its stability from 1 stable point to a stable limit cycle surrounding the unstable equilibria.



30 CHAPTER 1. BACKGROUND



Chapter 2

Vector Field

2.1 Introduction

Among the classical unit operations, there are many that exhibit multiple steady states (MSS);
the CSTR is the best known example (Van Heerden, 1953). In the classical CSTR analysis,
MSS are explained by the balance of heat fluxes. In particular, the heat produced by a chemical

reaction is removed by a coolant and the two heat fluxes are equal at the operating points. Both

fluxes depend on the reactor temperature. Therefore when each flux is plotted as a function

of the reactor temperature in the same plane, the intersections of the two lines corresponds to

steady states. As a consequence of the nonlinear dependence of the heat generation on the

reactor temperature, multiple intersections and therefore MSS are possible and the so called

"slope condition" can be applied as a necessary condition for stability. The CSTR with the

"slope condition" is an example of a simple representation of the physical aspects leading to

MSS and instability.

In this chapter, an analogous approach for distillation columns is proposed. Distillation columns,
in contrast to a CSTR, are characterized by a large number of states and the dynamics is de¬

scribed by hundreds of equations. As a consequence a description similar to the CSTR is not

easily developed and a reduction of the number of variables is necessary. Significant progress

in understanding the existence of multiplicity in distillation columns has been made with the

oo/oo analysis (Bekiaris et al., 1993), Section 1.1. The first step from steady-state to dynamic

analysis was made by Dorn (Dorn and Morari, 2002a) who described how the column holdup

changes in order to derive insight into the dynamic behavior of the column. He developed
a methodology to qualitatively characterize the stability conditions of steady-state profiles.

Starting from a perturbation of the steady-state profile, he studied how its shape is affected by

changes in total holdup composition, Chapter 1. This allowed him to determine if the profiles
are locally stable or unstable.

In this chapter his idea is extended in the sense that the qualitative interpretation is now quanti¬
fied. The column dynamics is described with a reduced number ofvariables. Using this simple

31
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description, the dynamics and phenomena leading to instability can be better understood.

During the transient, the holdup of each component is changing. The accumulation or deple¬
tion of a component pushes the column profile in a direction that corresponds to profiles with

a higher or lower quantity of that component in the column. The transient proceeds until the

steady state is reached and therefore the driving force is zero. The driving force for changes
of the total column holdup is calculated as the difference between the actual product compo¬

sition and its steady-state value. From the driving force, the vector field, providing a global
view of the behavior of the column for any distillate composition, is available. In particular,
the direction and the magnitude of movement of the column composition after a perturbation
are calculated and represented in the distillate composition space without having to perform
a dynamic simulation. Therefore, the analysis is not local, but gives results for every physi¬

cally possible distillate composition. As shown later, MSS and instability are explained in a

way similar to that of the CSTR. The analysis is applied here to a homogeneous azeotropic
distillation column but is also suitable for other kinds of columns.

In the next section, general features regarding the behavior of columns during the transient are

introduced. These observations constitute the basis and define the limitations of the proposed

analysis. Section 2.3 presents the semi-quantitative analysis to determine the number of steady
states and their stability. Section 2.4 introduces the vector field representing the direction of

movement of the distillate composition after a perturbation.

2.2 Column profiles during transients

In Chapter 1 the characteristics of column profiles during the transient were introduced. These

features are important not only for the qualitative analysis but also for the quantitative dynamic

analysis presented here. The important point is that in a column working at infinite reflux the

profile coincides with a distillation line at any time during transient. The consequence of this

observation is the following: assume a column with an initial profile and output compositions
that do not correspond to the steady state. For any initial column profile the holdup in the

column first quickly readjusts to coincide with a distillation line and then the distillate and the

bottom move to eventually satisfy the material balance. During the movement of the bottom

and distillate the profile maintains the property of coinciding with a part of a distillation line.

If, for any reason, there is a displacement from a distillation line, the time necessary for the

profile to coincide again with a distillation line is negligible.

In the qualitative analysis, the distillation lines have been used. Considering the similarity
of these lines with residue curves one can use residue curve maps1 and obtain a geometrical
tool to investigate the stability of a column as a complement of the oo/oo analysis. In the

following section, the column profile is calculated using a stage by stage procedure analogous

lA residue curve map is the plot of the residue curves in a composition space. The residue curves are lines

that represent the change of liquid concentration in the still of an open loop distillation unit. For more details

about the properties of residue curves, refer to Doherty and Perkins (1978)
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to McCabe-Thiele method: the distillation line equation yk+l = xk is substituted with the

mass-balance equation around the top of the column, yk+l = y(Lxk + Dx^), and the profile
is calculated starting from the top ofthe column and going down stage by stage. In the limit for

infinite reflux, the above mass-balance equation coincides with the distillation line equation.
The advantage of using the stage by stage procedure is that the contribution of the external

fluxes is not neglected and the analysis is suitable also for a column operating at high, but finite

reflux. In contrast with the qualitative analysis of Chapter 1, and considering that the columns

can have any number of stages, the analysis is getting closer to real columns. Moreover the

prediction is not only qualitative but also quantitative.

2.3 Stability analysis

2.3.1 Nullclines

We consider a standard homogeneous azeotropic distillation column: one feed, one bottom and

one distillate. Moreover we assume that the CMO model can adequately describe the column.

The global mass balance around the whole column for each component of the mixture is:

j
N

-(YJMkxk) = FxF-Bxf-Dx° i = 1,2,3 (2.1)
fc=i

Hereof = f(xD, column) is the bottom molar fraction of component« calculated for a specific

distillate, xD, with the procedure presented in Appendix A.l. This procedure determines the

profile and bottom compositions based on the arguments presented in the previous section: at

any time the column profile can be approximated with a distillation line or, for finite reflux,
with the profile obtained applying the McCabe-Thiele procedure. When the steady-state mass

balance Fxf — Dx1? = Bxf is substituted in eq (2.1) one obtains:

à
N

à

fc=i

And, if we assume that each stage has the same holdup, a new variable x°f"g is introduced and

calculated as follows:
(^N xk)

xavg = K2^k=l^)
(2 3)

where N is the number of stages. The newly introduced variable reflects the total holdup of

component i in the column and allows the dynamics of N states, xk k = 1... N, related

to the component i, to be represented in the new variable. In this way, there is a significant
reduction in the number of variables and therefore in the complexity of the analyzed system.

Moreover the right hand side of eq (2.2) shows clearly the driving force during the transient:

(xf — xf ). This term can be interpreted as the displacement of the output composition from

steady state and it indicates if a component is accumulating or depleting in the column. At
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steady state, the driving force xf = xf is zero, and j^x0^9 = 0 should hold for each component

ofthe mixture. Therefore, in the distillate composition space, the intersection ofthe nullclines2

(lines at -^x^va = 0) of the three components corresponds to a steady state. In addition,
the nullclines divide the space around the steady-state distillate composition into six regions

corresponding to those used for the qualitative analysis (Chapter 1). When a disturbance moves

the distillate to one of these regions, then each component accumulates or depletes in the

column and a sector of directions of possible movements of the distillate composition can be

calculated. To simplify the presentation, each step ofthe stability analysis is explained in detail

in the next section.

Before continuing, it is worth pointing out the analogy with the CSTR. For the column, as

for the CSTR, the multiplicity is explained using the balance between two quantities. The

energy balance of the CSTR is here the material balance. The exchange of energy with the

external source, the linear term, is here the global mass balance, and the internal production
of energy, the nonlinear term, is substituted with the constraint on the profile given by the

distillation line and representing the internal distribution in the column. In the CSTR problem,
the temperature is used as independent variable, while the distillate composition is chosen

for the column. Finally, the dependent variable is the energy for the CSTR and the bottom

composition for the column.

2.3.2 Direction of movement: one steady state

The mixture considered (acetone, benzene, n-heptane) is of the class 001(Matsuyama and

Nishimura, 1977). The minimum boiling binary azeotrope between acetone and n-heptane is

at 93.56% (molar basis) of acetone. The column design and the operating conditions used in

the simulations are summarized in Table 2.1 and in Table 2.2. The thermodynamics properties
are in Appendix B.2.

Table 2.1: Column design used in the simulation of the mixture acetone-benzene-n-heptane.

Number of trays (including condenser and reboiler

Feed tray (counting from the condenser)

Tray liquid holdup [kmol]
Condenser liquid holdup [kmol]
Reboiler liquid holdup [kmol]
Column pressure [atm]

21

15

3

3

3

1.0

2Given the dynamic system x = f(x,y)y = g(x, y) the x-nullcline is the set defined by /(x, y) = 0 and the

y-nullcline is the set defined by g(x, y) = 0.
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Table 2 2 Operating conditions assumed for the mixture acetone-benzene-n-heptane and

showing only one steady state

Distillate flow rate [kmol/h] 99 4

Feed flow rate [kmol/h] 100

Feed composition xac U yz

xl = 0 01

Reflux/Feed 500

Acetone mole fraction in the bottoms Benzene mole fraction in the bottoms

x
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Figure 2 1 (a),(b),(c) Bottom molar fraction (xf and xf) as a function of the distillate com¬

position (d) The projection of the nullclines in the distillate composition space identify six

regions

Figure 2 1a shows the surfaces x^c and x^c for acetone, they represent respectively the steady-
state mass balance and the McCabe-Thiele procedure as a function of the distillate composi-
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tion. For each specific distillate xD, the distance between the two surfaces is proportional to

the driving force acting during the transient. The intersection of the two surfaces corresponds
to a zero driving force for the accumulation of acetone and is the nullcline for this component.

In the same way, the nullclines for the other two components are calculated, Figure 2. lb,c. The

three nullclines for acetone, benzene, and n-heptane are projected in the distillate composition

space in Figure 2.Id, they intersect at the steady state where the driving force is zero. The xf
surface is a plane corresponding to the linear equation given by the steady-state global mass

balance. The xf surface is not a plane and reflects the nonlinear bounds between distillate and

bottom composition. As for the CSTR, the interaction of these two surfaces determines the

presence ofMSS and their stability as explained in the following paragraph.

Each nullcline divides the distillate composition space into two regions. The region where

xf > xf corresponds to depletion of component i in the total column holdup when xD is in

that region, while the complementary region corresponds to accumulation. This comparison
is repeated for each component in each region yielding a complete picture of the change in

the holdup, Table 2.3. The correspondence between the quantitative analysis of Figure 2. Id

and Table 2.3 and the qualitative analysis of Figure 1.4 and Table 1.3 is clear. The nullclines

introduced here coincide with the lines, parallel to the triangle edges, used by Dorn (Dorn,

2000). This happens because the profile is monotonous on two of the three components. A

monotonous profile for a component means that a displacement in the distillate molar fraction

implies a displacement in the bottom molar fraction in the same direction. If this is valid for

the light and heavy component, than it also has to be valid for the intermediate component

calculated as difference from 1 of the first two: i.e. 1 — x^c — x^h = x^e. As a consequence, the

nullclines in this case are lines at constant molar fraction and therefore parallel to the edges of

the triangle. We will see later how the nullclines of a profile which is nonmonotonous in all

three components differ from the one seen here.

Table 2.3: Comparison of xf and xf for each component in each region. Depletion in column

holdup: xf > xf; accumulation in column holdup: xf < xf.

region acetone benzene n-heptane
1 accumulation accumulation depletion
2 depletion accumulation depletion
3 depletion accumulation accumulation

4 depletion depletion accumulation

5 accumulation depletion accumulation

6 accumulation depletion depletion

A displacement of the distillate in one of the six regions determines changes in the holdup and

therefore in the shape of the column profile and in the corresponding distillate and the bottom

compositions. The dynamics of the holdup describes the dynamics of the whole column and

is represented by the average composition in the column. For each distinct distillate, there are

three average mole fractions, one for each component, given by J2k xk = Nx^va, where xk is

calculated by means of the stage by stage procedure. In other words, the complete dynamics is
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grouped into the dynamics of the three average molar fractions. Thus, the analysis is reduced

to a lower dimension system, and by using the average a©5', the interpretation of what is

happening in the column is much easier as there is no need to follow the evolution of the

composition on all stages.
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Figure 2.2: (a),(b),(c): Contour lines of constant holdup, the semi-circles represent the possible
direction of movement of the distillate, (d): Combination of conditions (a),(b),(c) yield the

shown sector. The distillate moves in a direction lying within this sector.

Consider, for example, a perturbation that brings the distillate composition to Region 5 result¬

ing in an enrichment in n-heptane and acetone and depletion of benzene. The accumulation of

n-heptane implies movement ofthe distillate composition towards higher holdup for n-heptane.

So, in which direction does the column move? As mentioned before the holdup is represented

by a©0 and its contour lines are plotted in the distillate space in Figure 2.2. The holdup of

each component is constant along its contour lines and it increases or decreases when moving
from one contour line to another. Using the contour lines, it is possible to identify the cone

of the feasible directions of movement. All feasible directions that increase the holdup of n-

heptane lie in the semi-circle "H" plotted in Figure 2.2c. In the same way, the accumulation

of acetone implies the movement of the distillate in any direction inside the semi-circle "L".

Finally, the depletion of benzene brings the column in the direction of lower benzene holdup,
the direction is in the semi-circle "I". These three conditions together restrict the trajectories
for the distillate to fall within the cone highlighted in Figure 2.2d.
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The same analysis is repeated for all the six regions. In Figure 2.3a, the six sectors and the

steady-state distillate composition are illustrated. The arrows show the direction of the distil¬

late in each sector: the column would move back to the steady state which is therefore stable.

The result is confirmed in Figure 2.3 representing distillate trajectories calculated with a dy¬
namic simulation. Comparing with the analogy with CSTR, these results can be interpreted
in the following way: if the distillate is perturbed, the profile and the bottom will readjust

quickly in order to belong to the same distillation line. The mass balance is no longer satisfied

and the different components accumulate or deplete in the column. For a stable steady state,

the accumulation and the depletion of each component direct the column towards the original

equilibrium point. For an unstable steady state, the directions point away from the original

point towards a stable point as we will see in the following section.

0.06 0.065

Heptane [mole frac]

(a)

0.07
0 061 0 062 0 063 0 064 0 065 0 066 0 067 0 068 0 0

Heptane [mole frac ]

(b)

Figure 2.3: (a): Predicted directions of movement of the distillate after perturbation, (b):

Dynamic simulation for different perturbations of the column in the neighborhood of a stable

steady state.

One could compare again the sectors obtained here with the sectors in Figure 1.6 obtained by
the qualitative analysis. The difference is clear, the cones of the possible directions are no

longer regular and differ in amplitude and direction. Nevertheless the conclusion about the

stability properties of the steady state is the same.

2.3.3 Direction of movement: three steady states

In the same way, the analysis presented above can be applied to other cases showing MSS.

One case with MSS is shown in Figure 2.4. The chosen example is taken from Dorn (2000)
and shows MSS and limit cycles in the upper branch of the bifurcation diagram. We use the

same column design of the previous case, but we change the distillate flow rate, Table 2.4.
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Table 2.4: Operating conditions such that the column shows MSS.

Distillate flow rate [kmol/h] 97.66

Feed flow rate [kmol/h] 100

Feed composition xFac = 0.92

xFhen = 0.0973

Reflux/Feed 500

As in the previous section, the nullclines are calculated and plotted in the distillate composi¬
tion space. The nullclines intersect in three points corresponding to three steady states. The

stability of each equilibrium point can be studied in the same way as it has been done for the

previous column. For stable steady state, the feasible directions point toward the steady state,

for unstable points the feasible direction points away from the steady state. Figure 2.4 shows

Heptane [mole frac ]

Figure 2.4: Projection of the nullclines in the distillate composition space for a column with

three steady states corresponding to points 1, 2 and 3

the nullclines for this system and the six regions around each steady state can be identified. For

Point 1, they correspond exactly to the qualitative regions (Dorn and Morari, 2002a), but dif¬

ferences are present for Point 2 and Point 3. For these two points the nullclines are not parallel
to the three edges of the composition space but they assume a more complex shape. This is

due to the nonmonotonicity in all three components ofthe column profile. Figure 2.5a,b shows

the three profiles corresponding to the three steady states. Only the profile of the steady state

2 is monotonous in two of the three components and therefore has the nullclines parallel to the

edges of the triangle. For points 1 and 3 the profile is nonmonotonous in all three components,

therefore a displacement of the distillate molar fraction does not coincide to a displacement
of the same sign in the bottom molar fraction. As a consequence the nullclines are not lines

at constant molar fraction parallel to the edges of the triangle, but have a more complicated
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Figure 2.5: Detail of the column profile of the three steady states of Figure 2.4. For profile 2

the heavy and light component mole fraction along the column are monotonous.

shape.

The identification of the nullclines and of their intersections allows us to calculate the position
of the steady states. A first impression about the stability can also be derived. However, in

some cases the cone ofthe possible directions is very large. Therefore exact conclusions about

stability cannot be extracted. In the next section, we go one step further: the vector field

representing the trajectories of the distillate during the transient is calculated.

2.4 Vector field

In this section, the results obtained previously are used to construct the vector field: for every

distillate composition in the distillate space, the vector representing the direction and magni¬
tude of movement is calculated.

Assume a distillate composition xD that does not correspond to a steady state. In the previous
section two values of bottom composition have been calculated: xB given by the stage by

stage procedure and xB that satisfies the steady-state global mass balance. By comparing the

two values, the nullclines and the steady states were identified. The equation representing the

dynamics of total column holdup of each component is again considered:

d_
di

x.
avg

B

Mtot
(x.
B -,.B

•ÂJ n (2.4)

Since the right hand side is known, the incremental change of the total column holdup in a

unit of time, Axavg, can be computed for each distillate composition xD. We use xD because



2.4. VECTOR FIELD 41

among the possible states to represent the column (and therefore the vector field) the distillate

is the most significant, also considering that it has been chosen as independent variable. The

vector fields in Figure 2.8 are plotted in the distillate space; therefore for every
AaTT9 the

corresponding

At

Axu

At

(xu-xu)
At

must be computed. In detail: the initial conditions xD and x.
avg

are known; using eq (2.4), the changes of total column holdup in a unit of time, Axt ,
are

evaluated for each of the three components. Finally the column will move to a point xD that

corresponds to the new total column holdup. To determine xD, the contour line of the new

average composition, xf°g = x°f"g + Ax^vg are plotted, Figure 2.6, and their intersection is the

point x while the vector (x
for the initial point xD.

D
X
D

) identifies the direction and magnitude of the vector field

0 99

0 985

0 945
0 005 0 01 0 015 0 02 0 025 0 03 0 035 0 04 0 045 0 05 0 055

Heptane [mole frac ]

Figure 2.6: Procedure to calculate the vector field,

constant holdup xavg. Their intersection identify xD.

The three curves are contour lines at

Applying the procedure described above for a set of xD forming an appropriate grid in the

distillate composition space, a complete vector field is constructed, Figure 2.7. In a complete

analogy, a vector field for the bottoms composition can be formulated, see Appendix A.2.

Since the vector field at a point is tangent to the trajectory through that point, trajectories for

any given distillate composition can be sketched. The vector field allows us to identify equi¬

libria, determine their stability and verify the existence of limit cycles. Figure 2.8 represents

the same columns of Figure 2.7, the arrows represent only the direction but not the magnitude
of the movement. The continuous lines are trajectories evaluated with a dynamic simulator

based on a CMO model. Comparing the arrows with the lines shows good agreement between

the vector field and the evolution of the distillation unit.
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Figure 2 7 Vector field for two different columns a) one steady state, b) limit cycles The

arrows represent the direction and the magnitude of the movement
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Figure 2 8 Comparison between vector field and dynamic simulation for two different

columns a) one steady state, b) limit cycles

2.5 Application to a system showing limit cycles

The procedure is applied to the mixture methanol-methylbutyrate-toluene, MMBT The col¬

umn set up and operating conditions, Table 2 5 and Table 2 6, are chosen such that the column

shows limit cycles Furthermore the reflux to feed ratio is here much smaller than in the previ¬
ous case and therefore more close to reality The vector field is in Figure 2 9, also in this case

there is good agreement between the vector field and the dynamic simulation
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Table 2 5 Column design for the mixture methanol-methylbutyrate-toluene

Number of trays (including condenser and reboiler)
Feed tray (counting from the condenser)

Tray liquid holdup [kmol]
Condenser liquid holdup [kmol]
Reboiler liquid holdup [kmol]
Column pressure [atm]

46

41

3

3

3

1 0

Table 2 6 Operating conditions for the mixture methanol-methylbutyrate-toluene

Distillate flow rate [kmol/h] 93

Feed flow rate [kmol/h] 100

Feed composition xFL = 0.7895

xFI = 0.1316

Reflux/Feed 16

0 01 0 02 0 03 0 04 0 05 0 06 0 07 0 08 0 09 0 1 0 11

Toluene [molefrac]

0 07 0 08 0 09 0 1 0 11

Toluene [molefrac]

(a) (b)

Figure 2 9 Comparison between vector field and dynamic simulation for the MMBT mixture

for two different distillate flow rate

2.6 Conclusions

A new approach for studying the dynamic behavior and stability of distillation columns was

presented Following the qualitative interpretation of the column dynamics introduced by
Dorn and Morari (2002a), a quantitative approach was proposed here The only assumption

underlying the analysis is that the reflux flow rate must be sufficiently high compared to the

feed flow rate Under this assumption the column profile during the transient must coincide
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with a part of a distillation line. The interaction ofthis nonlinear constraint and the steady-state
material balance in determining the column holdup is the basic phenomenon behind MSS. The

mismatch between the transient output compositions and the steady-state output compositions
is the driving force of the system. Considering this and the fact that the column transient

can be represented by the average composition in the column the vector field was evaluated. It

represents the direction ofmovement ofthe column after a perturbation, and it gives a complete

picture of the column behavior without the need for numerous dynamic simulations. This is

a simple tool to follow the transient of the column, in particular in the presence of multiple

steady states and oscillations.
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A APPENDIX

A.l "Stage by stage" procedure

Given is a column with N stages and feed (F,xF). The steady-state column profile can be

determined through the classical McCabe-Thiele method (Stichlmair and Fair, 1998) for any

feasible distillate and reflux flow rate. Starting with a first guess for distillate composition xD,
the complete composition profile is calculated. The procedure is then repeated with a new xD

until the global mass balance is satisfied. If the procedure is not repeated, for each xD a bottom

xB is obtained based on the following assumption. Considering a column with infinite reflux

and the two dynamics discussed in Section 2.2, at the end of the fast dynamics the column

profile can be approximated by a distillation line. If the reflux is finite the external fluxes

can no longer be neglected and instead of the distillation line equation, the material balance,

eq A-2, and the vapor liquid equilibrium are used. In this condition, the column does not fulfill

the global mass balance but will move, during the slow dynamics, to fulfill it as specified in

Section 2.2.

In particular, xB is calculated using the following procedure. First, the vapor and liquid flows

in each section of the column are determined using mass balances. Then, the compositions
on each stage are calculated. For a total condenser, Figure 2.10a, the compositions y2, xl and

the distillate xD are the same. Figure 2.10b shows the flows for the first tray, stage 2. Here,

the liquid composition x2 and the temperature on the tray are evaluated through a dew point
calculation for the known vapor composition y2.

a) Total condenser b) Stage 2 c) Reboiler

y
red

y

LrecV

Vrecty2

Vrecty3

Lrectxl

Lrectx2

ystrzp n

t strzp n

Figure 2.10: Flows entering and leaving different sections of a distillation column: condenser,
second stage, reboiler.

The composition y3 of the vapor rising from the tray below is then determined by the mass

balances around the top of the column:

vl =
1

T/rect
(T

red 2
<Xj

n Dxf) (A-l)
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The procedure is repeated for each stage of the rectifying section. For the feed tray (stage t),
and all stages in the stripping section the mass balance changes to:

yf+1 = —^^LStnv< + Dx? ~ Fx^ (A-2)

Concerning the partial reboiler, Figure 2.10c, yN and xN~l are known from the previous cal¬

culations. Therefore the bottom composition xB is computed with a dew point calculation for

the known composition yN.

A.2 Bottom-distillate composition space

The described procedure is based on fixing the distillate composition and then evaluating the

bottom composition. The nullclines, the six regions and the steady states are represented in the

distillate composition space. The analysis can be applied in a similar way starting with a fixed

bottom and evaluating the distillate composition. In this case, the three nullclines divide the

neighborhood of the bottom steady state in six regions. These lines can be directly obtained

from the one previously calculated by applying the mass-balance equations. For instance, the

acetone nullcline is projected onto the bottom space using the acetone material balance for

each point of the line:

xBc =
tx" bDx~ (A-3)

The same is valid also for the other two components of the mixture. In the bottom space, there

are six regions and they correspond directly to the regions in the distillate space. The related

regions are characterized by accumulation and depletion ofthe same components. The contour

lines representing the average composition in the column are analogous. Consequently, the

vector field for the bottom composition space can be represented based on the same arguments

applied for the distillate composition space.



Chapter 3

Design of Experiments

3.1 Introduction

In contrast with the phenomena of multiple steady states, the existence of limit cycle behav¬

ior has never been validated experimentally. In order to prepare this validation, the dynamic
behavior of a column has to be investigated and the influence of column design and work¬

ing conditions on the oscillations has to be calculated. One important result concerning limit

cycles is that, for their existence, the distillate composition must lie within the îl-region, Chap¬
ter 1. Therefore, when looking at the residue curve maps a special focus is set on the Q-region
and on its size.

A large Q-region is important to obtain oscillations easily observable in real experiments for

two reasons. First, the Q-region for a real column is smaller than the one determined based

on residue curves because the real column has a finite number of stages and a finite reflux.

If the Q-region is small, uncertainties can move the distillate outside the Q-region and limit

cycles may no longer be observed. Second, in a large Q-region the operating parameters can

be varied on a large range without losing limit cycle behavior. Significant changes in the

operating conditions and in the distillate position might be required in order to reduce the

period of oscillation. In fact, if the period of oscillation is long, it is difficult to observe limit

cycles because the conditions inside the column must be kept constant for a long time even if

there are external disturbances which are common in the real practice.

Our aim is to find a column set up to reduce as much as possible the period of oscillation and

look for a suitable system with a sufficiently large îl-region. In the next section the search

for systems, which would be suitable for an experimental set up and its outcome is sketched,

whereupon an analysis of the dependence of the limit cycles properties on the experimental set

up is presented.

47
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3.2 Mixture selection

The search for the most suited mixture is performed systematically; in the following first

the requirements for a new system are defined and afterwards the results of the search are

presented. For the search the residue curve maps necessary to analyze the mixture were drawn

using the "MATLAB Toolbox for thermodynamic Calculations" (Metzler, 1999).

The criteria we have considered are the following:

• The interest of this work is homogeneous azeotropic distillation and thus it is of major

importance that the components in the ternary system would not react with each other

and the resulting system should not display any miscibility gap throughout the whole

composition space.

• The mixture should be suitable for an experimental set up. Such a mixture should not

have dangerous properties: its components cannot be extremely toxic, extremely dan¬

gerous in terms of flammability and cannot show the tendency for explosions.

• The relative volatility of the components should be significantly different from unity in

order to have a mixture easy to separate. An easily separable mixture is favorable to

reduce the number of stages for the experimental set up. This is useful in this special
case of limit cycle behavior where distillate and bottom get quite close to singular points
in the residue curve diagram.

• The Q-region should be large. Thus once the distillate composition is in the Q-region
there is quite a big range wherein the operating parameters or the design may be varied.

Later in this chapter the dependence of the period of oscillation on different parameters

and design decisions is investigated and some influences are highlighted.

• In order to make theoretical predictions the system should have a simple residue curve

map. Preferred systems belong to the classes 001, 003, 103, 130, 201 and 401 according
to the systematic naming of Matsuyama and Nishimura (1977), thus systems with only
one or two azeotropes and maximally two distillation regions are taken.

Based on the above requirements a database of about 50 components has been screened. After

the screening of this database no ternary mixtures were found that satisfy all the above criteria.

Therefore we decided to focus on the mixtures which have been used already by our group:

methanol-methylbutyrate-toluene, MMBT, and acetone-benzene-n-heptane, ABH.

3.3 Period of oscillation: influence of column design

The most important quantity characterizing limit cycles is the period of oscillation. The effect

that different column designs and operating parameters might have on the period is analyzed
here.
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Previous studies of our group are mainly based on an efficient CMO model. However, with

the CMO model, important information about the influence of different column design on the

period of oscillation cannot be obtained. Therefore, the main simulation tool used here is

ASPEN RadFrac which allows us to study the effect of many column specifications. Because

the mixtures ABH and MMBT fulfill the requirements for the application of a CMO model, the

results obtained with the CMO model and with ASPEN RadFrac are expected to be the same.

To confirm this expectation, the outcome of the two models are compared using a bifurcation

diagram. These diagrams constitute a useful tool to obtain a complete view of the column

behavior for different values of the distillate flow rate or any other chosen parameter. The

x lo¬
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1
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\

0 92 0 96

D/F

1 00

Figure 3.1: Bifurcation diagram calculated with ASPEN RadFrac (boxes) plotted over the

bifurcation diagram calculated with AUTO (line).

results are depicted in Figure 3.1. The continuous line is the bifurcation analysis performed
with AUTO, (Doedel et al., 1997), upon the CMO model. The squares represent the stepwise
determination ofthe steady states on the upper and the lower branch ofthe bifurcation diagram
obtained with ASPEN RadFrac. Each square correspond to a simulation, in fact, a continuous

path cannot be obtained with ASPEN RadFrac. As expected, the region of bifurcation remain

the same and no difference is visible between the bifurcation behavior of the two models.

3.3.1 Holdup per stage

The holdup in the column is a fundamental design property because of its significant influence

on the period of oscillation. In the following, the effect of the holdup is exploited for a tray

column.

Defining M as the liquid holdup on a tray and L as the liquid flow, and assuming negligible

vapor effects, the ratio -^ represents the residence time of the liquid. This residence time is
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used as characteristic for the analysis of the dynamics of limit cycles in distillation columns.

To determine the dependence of the period of oscillations upon the characteristic time either

the holdup M or the liquid flow L have to be varied. The liquid flow is varied by changing
the reflux flow rate. However, limit cycle behavior and the corresponding bifurcations depend

very nonlinearly on the reflux, and with small changes in the reflux flow rate the limit cycles

might disappear. Conversely, the holdup can be varied within a wide range without causing
limit cycles to disappear.

The holdup on the tray is determined by two quantities: a static holdup due to a weir, which

retains liquid on a tray, and a dynamic holdup, which arises since the liquid level has to be

higher than the weir in order to flow over it. This relationship is sketched in the following

equation.
M = Apm (hw + hc(L)) (3.2)

where A is the cross section of the column, pm is the molar density of the mixture, hw is the

weir height and hc is the crest defined as the height of the liquid above the weir. If the weir

height is big enough the dynamic holdup may be neglected with regard to the static, since it

is much smaller. Furthermore, the dynamic holdup does not change significantly if the weir

height hw is changed, as long as the internal flow rates are not changed. If eq (3.2) is now

inserted into eq (3.1), the characteristic time may be rewritten as:

fhw hc(L)\
Tchar = Apml—^ —J (3.3)

This characteristic time describes the exchange on a single tray, but limit cycle behavior im¬

plies a subsequent change in concentration throughout the whole upper section of the distilla¬

tion column made of many trays. Therefore, the period of oscillation in a distillation column

scales proportionally to the characteristic time of a tray.

Tose ~ OlTchar (3.4)

Substituting eq (3.3) in eq (3.4) gives:

fhw hc(L)\
tosc ~ aApm I — H — 1 (3.5)

If the liquid flow, and therefore the reflux, is not changed, this expression may be simplified

by taking the unknown constants a and A together and substituting the last term through a

constant as well.

Tose ~ Cihw + C2 (3.6)

The independent variable is redefined such that the constants do not depend on the column

geometry anymore. Instead of hw, the ratio Aphw is used, as this represents the residence

time of the static holdup. In this ratio, A and hw remain constant throughout the column, while

L and pm change. A good approximation is to assume L equal to the reflux. The molar density
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of the mixture, which changes along the column and with time, is chosen as the molar density
obtained in the steady state simulation at the top tray.

The dependence of the period of oscillations upon the measure derived before is investigated
for the two systems: MMBT and ABH. The results are summarized in Table 3.1 and Table 3.2

respectively. The plot in Figure 3.2 shows that the period of oscillation depends linearly on the

characteristic time of a stage according to the theoretical derivation.

Table 3.1: Dependence of period of oscillation upon residence time in static liquid holdup on

a tray for the system MMBT.

4*£^[h] 0.000946 0.001891 0.003782 0.007565

rosc [h] 35.5 42.5 56.5 84

Table 3.2: Dependence of period of oscillation upon residence time in static liquid holdup on

a tray for the system ABH.

^f^ [h] 0.000678 0.001356 0.002568 0.004108

tosc [h] 36 52 82 120
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Figure 3.2: Dependence of the period of oscillation on the tray holdup. The squares refer to

ABH, the diamonds refer to MMBT.

Assuming there is no additional term in eq (3.4), it must be possible to explain the intercept of

the graphs shown in Figure 3.2 through the residence time effect in the dynamic holdup only.

However, when calculating the crest height based on the correlation developed in the previous

section, its value is significantly bigger than the "true" one calculated during the simulation.
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Table 3.3: Regression results for the correlations depicted in Figure 3.2.

ABH MMBT"

Slope 24546.5 7324.5

Intercept [h] 19.05 28.65

R2 0.9999 0.9999

The crest height calculated from the period of oscillation is physically meaningless. It must be

concluded that there is an additional term in eq (3.4), which can be reformulated as follows:

Tosc = aTchar + r0 (3.7)

The term r0 may be interpreted as the intrinsic time of oscillation which corresponds to the

minimal period of oscillation for a specific mixture and set up of the column.

The main result of eq (3.7) is that the holdup must be reduced as far as possible in order to

approach the minimum time of oscillations. One of the most efficient ways to reduce holdup is

to switch to packed columns. Unfortunately a simple equation like eq (3.7) cannot be derived

for such a column because the dependence of the holdup from the reflux is difficult to exploit.
In any case the packed column has a bigger advantage by having by far less holdup than a tray

column, therefore it is preferred and suggested for the experimental set up.

3.3.2 Number of stages

The number of stages in a distillation column has a big influence on the operation ofthe column

since it determines which separations are feasible and is therefore a crucial design parameter.

On one hand the number of stages determines the size of a column. The maximum size is ac¬

tually restricted by laboratory facilities, because the number of stages for the experimental set

up is limited. On the other hand, if too low a number of stages is used, it might be impossible
to build up the column profiles necessary to evolve limit cycle behavior.

Here the focus is on the effects which would occur if the number of stages is increased. Con¬

cerning the steady state, with a larger number of stages the bottom approaches more closely
the pinch point. While, concerning the dynamics, by increasing the number of stages, the

period of oscillation first increases quite strongly, then it remains constant. The periods of

oscillations observed are summarized in Table 3.4. If only the period is considered, it would

Table 3.4: Period of oscillation with regard to the number of stages for the system MMBT.

Number of Stages 46 69 Î38~

Period of Oscillation 55 110 110

be favorable to work at the lowest possible number of stages which still allows for limit cycle
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behavior. This conclusion is not completely correct since there are other effects influencing
the applicability in reality. In fact, the evolution of limit cycles, depicted in Figure 3.3 for

the composition space and in Figure 3.4 for the time dependence, shows that the limit cycles
evolve much quicker in the case of 69 stages than in the case of 46 stages. In both cases, the

initial condition is the steady state solution. While for 46 stages about twenty oscillations are

0.02 0.06 0.1 ""0.02 0.06 0.1

Toluene [mole frac] Toluene [mole frac]

Figure 3.3: Evolution of limit cycle behavior for 46 and 69 stages respectively.

needed to obtain the full limit cycle amplitude, for the column with 69 stages only about three

are needed which implies a much shorter startup time. Based on these observations, there is

0 095

0 085

0 075

-= 0 065

H

200 300 400

time [h]
600

0 200 400 600 800 1000 1200 1400

time Till

Figure 3.4: Evolution of limit cycle behavior for columns with 46 stages, lower picture, and

69 stages, upper picture. The molar fraction of the toluene refer to the distillate composition.

a trade off between the reduction of startup time and the increase in the period of oscillation.
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Therefore, there exist an optimal number of stages that minimize the total duration of the ex¬

periment. This optimal number depends on the specific column layout and on the mixture

considered, therefore it must be determined for each case.

3.3.3 Size of reboiler and condenser

After the analysis of the stages in general, the attention is now on two special equipments.
So far reboiler and condenser have not been modeled realistically, they were just modeled as

additional stages even if their design is completely different.

In practice, condensers consist of a condensing section and a reflux drum. The reflux drum

is used to dampen flow variations and to reduce variations in distillate composition. Since the

condensing section is mainly filled with vapor, the corresponding holdup may be assumed to

be small relative to the holdup of the reflux drum which is filled with liquid. Furthermore

the holdup of a reflux drum is usually comparably big since it is generally used to damp
variations. Different residence times, between 2 and 30 minutes, have been reported (Faanes
and Skogestad, 2000). When the major intention is to measure oscillations, a damping effect

upon the system is not desirable. Therefore, it is necessary to reduce the damping effect of

the reflux drum as far as possible and thus to reduce its holdup in order to maintain limit cycle
behavior.

Reboilers can be designed quite compactly and their holdup is mainly determined by their

design. Usually there is no additional vessel like a reflux drum for the condenser, since the

leaving stream can be controlled quite directly and accurately by the reboiler duty. Furthermore

the damping effect can be achieved by the design of the reboiler itself, which would then be

laid out with quite a big volume. Nevertheless, the holdup of a reboiler is usually quite large,
since it consists mainly of liquid. As for the condenser, it is not desirable to have any damping
effect and, as a consequence, any reduction of the reboiler holdup would be advantageous.

To describe the dynamics of the condenser and of the reboiler, it would be favorable to refer

to a variable similar to a characteristic time, in this case their residence time. Since, in the

cases investigated here, distillate and feed are small compared to the column internal flows,
the reboiler and condenser residence times may be approximated as the ratios of the holdups
and the reflux. If this approximated residence time is now compared with the measure of the

characteristic time of a tray, the reflux flow rate can be simplified and the comparison reduces

to that of corresponding holdups. Therefore we consider the following ratios:

Mcond Mreb

Mgtage Mstage

Where Mcond and Mreb are the holdups of the condenser and the reboiler respectively and

Mgtage is the holdup of one stage.

The analysis ofthe influence of ¥,cond and Jfreb is performed in two cases: one with the CMO
J Mgtage Mstage 1

model for ABH and the second with ASPEN Dynamics for MMBT. When the condenser and
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reboiler holdups are above certain critical values, the limit cycle behavior disappear. These

critical values are called M^md for the condenser and M^eb for the reboiler respectively. If

those critical values are exceeded for a specific system, the steady state ofthat system, whose

former character was that of an unstable focus, changes to that of a stable focus and no limit

cycle behavior is observed. The critical values for condenser and reboiler holdup are listed

in Table 3.5. It is interesting to notice that the critical holdup for the reboiler, which is just
denoted as a function of the number of stages in the table cited before, is actually always

significantly bigger than the critical holdup for the condenser. Therefore, the damping effect of

the condenser is more important then the damping effect of the reboiler. This can be explained

by the fact that the oscillations mainly evolve closely to the top of the distillation column.

Table 3.5: Critical holdups Hccond and H^eb for which the limit cycle behavior vanishes.

fl stage listage

ABH 50-100 f(Ns)
MMBT 10-20 f{Ns)

The conclusion, which may be drawn from those findings, is that the two pieces of equipment,

both, the reboiler and the condenser, have to be designed to have a holdup which is as small

as possible. The condenser holdup is a very sensitive parameter with regard to limit cycle
behavior and may cause their disappearance. Ideally, the holdup of the reflux drum would be

reduced down to the order of magnitude of the holdup of one stage or even lower.

3.3.4 Distillate flow rate

Generally, the distillate flow rate is the parameter used in bifurcation diagrams. For a given
column design, the range of distillate flow rates, wherein limit cycle behavior occurs, is actu¬

ally quite narrow. Nevertheless, the distillate may still be varied within this range in order to

influence the period of oscillation.

The distillate is varied throughout the whole region of limit cycle behavior for the system

MMBT. The period of oscillation shows nonlinear dependence on the distillate flow rate. The

results are summarized in Table 3.6 and visualized in Figure 3.5. The influence of the distil¬

late flow rate on the period of oscillation is not as strong as the effect of the holdup seen in

Section 3.3.1. Only towards the limits of the region showing limit cycle behavior does be¬

come stronger. With respect to the experimental set up, this strong dependence towards the

boundaries cannot be exploited to reduce the period of oscillation. The main problem is that

a real system is always subject to disturbances, and working close to the boundaries means a

high sensitivity towards those disturbances. It is advantageous to work far from the boundary

because, near it a small disturbance might move the distillate outside the range where limit

cycles develop.
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Table 3.6: Period of oscillations for the mixture MMBT in dependence of the distillate flow

rate.

f 0.959 0.958 0.955 0.9525 0.95 0.945 0.94 93.875 0.93811

Period no 50 65 68 71 76 82 80 no
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Figure 3.5: Period of oscillation as function of the distillate to feed ratio. The vertical lines

indicate the boundaries of the region showing limit cycle behavior.

3.3.5 Feed stage

The feed stage has no influence onto the dynamics of oscillations. In fact, since the internal

flows are big when compared to the external ones, the feed positions does not change anything

significantly in the column. The possible effect is that, if the location of the feed stage is

changed too much, it could lead to a breakdown of the concentration profile in the column

which is necessary to have limit cycle behavior. The column could fall down onto the other

concentration profile which only allows for a stable steady state.

3.4 Oscillation: influence of specifications on limit cycles

For the experimental set up it is also crucial to know how the system behave if the original

specifications made in the CMO model are substituted by specifications which represent an

experimental set up more closely. First, when looking at the CMO model in its original form,

one notices that one of the degrees of freedom specified is the reflux flow rate. However, in
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most real distillation columns, instead of the reflux flow rate, the reboiler duty is controlled.

Second, all flow rates have been specified in molar terms so far. In practice, this approach does

not hold as flow rates are either measured in volumetric or in gravimetric terms. Therefore,
it has to be clarified which influence a specification in those terms has. This is especially
of important since output multiplicities are reported, (Jacobsen and Skogestad, 1991), which

are due to the nonlinear mass mole relationship. In the following section, some of the fixed

degrees of freedom are substituted with different expressions in order to see whether limit

cycle behavior would be influenced and if this is the case, to what extent.

3.4.1 Modeling the reboiler

Using the standard two-products/two-duties column layout, a distillation column has two de¬

grees of freedom. In the bifurcation analysis, the distillate flow rate is used as bifurcation

parameter, wherefore only one degree of freedom is left to be specified. In the case of the

CMO model, the usual choice to specify this parameter is by fixing the reflux stream L or the

reflux ratio R. Instead of fixing the reflux stream in the column, other expressions could be

introduced in order to specify the remaining degree of freedom. One possibility is based on the

specification of the reboiler duty, which determines the boilup. From here on, the bifurcation

analysis are performed with the CMO model, which assumes constant molar flows along the

column. Since the feed is assumed to be saturated liquid, the reflux is simply given by the

difference of the boilup and the distillate flow rate.

Two different strategies to fix the reboiler duty are analysed. For both of them the influence on

bifurcation and oscillations is studied.

Constant heat load

A very simple, but at the same time very powerful model to describe a reboiler is the as¬

sumption of a constant heat flux fed to the reboiler. This kind of reboiler may be realized

with heating candles where the duty is controlled through electrical energy fed to the heating
candles.

Qreb = const.

Under the assumption of an ideal mixture, we define the average heat of vaporization of a

mixture made of nc components with molar fraction x% as:

nc

Ai5"vap = J2 &Hpxt
i=i

Where Ai7tvap are the related heats of vaporization of the pure components. The boilup V

(vapor flow rate just above the reboiler) is then given by:

-itI n/reb
~~

AHvaP
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Taking the feed streams into account and subtracting the distillate flow rate, the reflux L is

obtained under CMO assumption as:

np

L = V' + YJ(fkFk-D
fc=i

Where L is the reflux flow rate, D is the distillate flow rate and uf is the number of feed flows

entering the column. Each feed has a flow rate of Fk and the liquid fraction of the feed is qF .

This set of equations is used to substitute the specification of the reflux through a specification
of the reboiler duty.

Constant utility temperature

Instead of assuming a constant heat flux, the reboiler could also be modeled as a heat ex¬

changer, using a driving force expression with transfer coefficient.

Qreb = UAAT

where U is the heat transfer coefficient, A is the exchange surface and AT is the temperature

difference between the utility and the liquid in the reboiler. Assuming a constant heat transfer

coefficient and heat transfer area, the above equation simplifies to the following expression:

reb K yl utility *- reboiler)

where k = UA. Having derived this equation to describe the reboiler duty, from here on it is

enough to repeat the steps performed in the previous section to obtain an expression for the

reflux. The only difference is that, instead of specifying the reboiler duty directly, this time

the temperature of the utility used to heat the reboiler is specified and a linear heat transfer

relationship is assumed. A big advantage of this second model is that effects between an

oscillating interior of the column and its constant outside can be investigated. However, this

effect is minor, since the temperature in the reboiler has only negligible variation due to the

character of the column profile.

In the next section the effects ofthe two different reboiler models upon the bifurcation behavior

are discussed and compared to the original model with specified reflux flow rate.

Comparison with the original model

Probably, the most interesting question about these new models is how they influence the

region of multiple steady states and the points where bifurcations occur. These investigations
are performed with the software package AUTO and the distillate flow rate, the bifurcation

parameter, is varied over the range where bifurcations are expected to occur. The feed is

specified and different reflux specifications are used depending on the reboiler set up.

Q
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As reference, the results obtained with the original model are represented in Figure 3.6. The

bifurcation diagrams depicted are one for every component, thus for acetone, benzene and

n-heptane and one for the average temperature in the column, which is defined as follows:

V-^JV
rp

T
N

(3.8)

where N is the number of stages and Tt is the temperature on each stage. As already men-
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Figure 3.6: Bifurcation diagrams for the ABH mixture at a reflux to feed ratio of 48. The mole

fraction refer to the distillate composition.

tioned, the reflux has a big impact upon the bifurcation behavior and may introduce a shift of

the region or even the disappearance of limit cycles. Due to this effect, the reboiler specifica¬
tions are chosen such that the resulting reflux is approximatively the same as in the reference

model throughout the region of concern.

For the first model, Qreb = const, the value of Qreb is chosen such that the reflux flow rate

along the upper branch is about 4800 kmol/h. With this constant reboiler duty, the reflux flow

rate assumes different values along the bifurcation diagram, Figure 3.7. However, since limit

cycle develops on the upper branch of the bifurcation diagram, the interest is on this region
of the curve where the reflux flow rate remains constant. This may be explained with the bot¬

tom composition, which has only negligible variations in that region. Therefore, the boilup
remains constant as well, and the change in the limit cycle behavior is expected to be negli¬

gible. Moreover, the global variation of the reflux flow rate along the bifurcation diagram is
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relatively small. Therefore, not only are limit cycles not effected, but also bifurcation diagram

hardly differ, Figure 3.8. Also, it was validated that the Hopf bifurcation points do not change
their position. It may be concluded that operating the column with a reboiler at constant heat

duty does not have consequences upon the limit cycle behavior.

Figure 3.7: Reflux flow rate along the bifurcation diagram calculated with constant reboiler

duty.

Figure 3.8: Comparison of the bifurcation diagram in terms of the average heat in the distil¬

lation column for the original model of specified reflux, small vertical lines, with the one of

specified reboiler duty, continuous line.

For the second reboiler model, the utility temperature and the heat transfer coefficient are
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chosen such that the driving force is AT ~ 20 K and the reflux flow rate is about 4800 kmol/h.

In this case, the reflux also remains approximately constant along the upper branch of the

bifurcation diagram, Figure 3.9. Therefore the change in the limit cycle behavior is expected
to be negligible. As in the previous case, the reflux is constant because along the upper branch,
the composition in the reboiler hardly changes. Therefore, neither temperature in the reboiler

nor driving force nor boilup change. The bifurcation diagram for the original model and the

one with fixed heating medium temperature are directly compared in Figure 3.10. As it can be

seen, they hardly differ and so the Hopf bifurcation points occur at the same conditions.
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Figure 3.9: Reflux flow rate along the bifurcation diagram calculated with constant utility

temperature.

To summarize, the operating policy of the reboiler does not influence the limit cycle behavior.

This result is mainly due to the fact that the reboiler composition remains almost constant in

the limit cycles region, and thus different operating policies have little influence, as long as the

requirement is met, that the duty loaded to the reboiler allows for a certain reflux.

The recommended reboiler set up for an experiment would be one operated with heating can¬

dles. Heating candles usually allow for a wider range of operating conditions than heat ex¬

changers. When laying out the reboiler it would be favorable to allow for quite some range

of variations of the heat flux, since the thermodynamic properties have a big influence on the

bifurcation behavior, wherefore only small uncertainties might introduce significant changes
in the requirement to the equipment.
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Figure 3.10: Comparison of the bifurcation diagram in terms of the average heat in the distil¬

lation column for the original model of specified reflux, small vertical lines, with the one of

specified utility temperature, continuous line.

3.4.2 Control of flow rates

When operating a real column, specifications cannot be done in terms of moles, because they
are not a directly accessible measure. Therefore specifications have to be made in mass or

volumetric terms. In laboratory scale, mass flows are by far the easiest to measure accurately,
therefore they are often preferred. In this section the influences that a mass based control of

reflux has upon limit cycle behavior is studied.

The impact of mass specifications on limit cycle behavior can be measured at two levels. First,
the position of MSS and limit cycles in the bifurcation diagram can change. Second, shape
and amplitude of limit cycles can vary. The analysis is performed by investigating how the

reflux in mass terms changes throughout a bifurcation diagram and during oscillations. The

bifurcation diagram and the dynamic simulation are done maintaining constant reflux flow in

molar terms.

The value of the reflux flow rate in mass terms is in Figure 3.11 for different values of the

distillate flow rate. The distillate composition corresponding to this bifurcation diagram is in

Figure 3.6. Along the lower branch, the mass reflux is almost constant. The displacement of

the mass reflux becomes relatively significant at the transition from the lower branch of the

bifurcation to the middle branch. The deviation induced by the middle branch is reversed by
the upper branch. The changes found are not too big, therefore, the only effect of a mass

specification is a small shift of the position of Hopf bifurcation in the upper branch of the

bifurcation diagram.

During the oscillations, the distillate composition is also oscillating, Figure 3.12. This change

84 0 88 0 92

D/F

0 96
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Figure 3.11: The change of mass reflux with distillate flow rate, at constant molar reflux of 48

in composition introduces an oscillation of the reflux in mass terms because the molar reflux

is kept constant, Figure 3.13. These small deviations do not influence the limit cycle behavior

when passing from molar to mass specifications. In fact, all the ASPEN Dynamics simulations,
Section 3.3, are specified in terms of mass.

0 01 0 02 0 03 0 04 0 05 0 00 0 07 0 08

Heptane [mole frac ]

Figure 3.12: The oscillations in the composition space for the ABH mixture with reflux ratio

of 48 and distillate to feed ratio of 0.925
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Figure 3.13: Mass reflux ratio which corresponds to a constant molar reflux ratio of 48 and a

distillate to feed ratio of 0.925.

3.5 Conclusions

The study presented in this chapter analyzes the aspects that must be considered for an ex¬

perimental validation of limit cycle behavior in distillation column. The effects of the column

design on the oscillation were exploited. Two properties of oscillations must be considered: the

amplitude and the period. For the amplitude there are no problems, in fact it can be measured

close to the front of the oscillation, where there are more changes in the mixture composition.

Concerning the period of oscillation, it must be reduced as much as possible to allow exper¬

imental validation. The major effect on limit cycle period is obtained changing the column

holdup. In order to decrease as much as possible the period of oscillation, the holdup in the

column has to be reduced. Therefore a packed column is suggested. Moreover the damping
effect of reboiler and condenser should be minimized to prevent the disappearance of oscilla¬

tions. A suggested column layout is given in Table 3.7.

It was also verified that specification of the remaining degree of freedom through the fixing of

the reflux, the reboiler duty or the temperature ofthe heating medium bring negligible changes.
With the settings in Table 3.7, the predicted period time of oscillation is about 30 h. Even if

it is very close to the lower limit achievable it is quite long for a real experiment. In fact at

least three oscillations must be measured, as well as accounting for startup time. Therefore,
based on the findings reported here, an experimental validation of limit cycles is considered

to be very difficult. Not only can the oscillation period not be reduced below certain values,
but also the difficulties to keep constant working conditions and the uncertainties related to the

thermodynamics that may move the effective range showing oscillations are against a positive
conclusion.
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Table 3.7: Recommended experimental setup.

reflux to feed ratio 0.2

distillate to feed ratio 0.955

feed flow rate [kmol/h] 0.010

feed flow rate [kg/h] 0.401

feed composition methanol (mole fraction) 0.8671

feed composition methylbutyrate (mole fraction) 0.0050

feed composition toluene (mole fraction) 0.1279

column diameter [m]
total column height [m]
condenser pressure [atm]

0.100

4.000

1

reboiler type

condenser type

candle

total

packing

packing producer

packing type

structured

Sulzer

DX
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B APPENDIX

B.l Thermodynamic property models

Antoine

The Antoine Model is an empirical expression for the vapor pressure of a pure component.

In combination with the Wilson model, described later, the Antoine expression allows us to

determine liquid fugacities in good approximation. The coefficients of the Antoine model are

calculated by fitting them to experimental data.

Because of its simplicity and accuracy, this model is widely used for calculations of vapor

liquid equilibria. The equation representing the Antoine model is given below:

In (p°) =A + -^ (B-l)

Where the Temperature T is usually in Kelvin and the vapor pressure is in Pascal. However in

literature many different forms of this expression can be found and therefore the coefficients,
its units and its signs have to be checked carefully.

Wilson

The Wilson model is used to calculate the liquid activity coefficients. As a simple model with

a good capability to cope with highly non ideal systems, especially alcohol-water systems, it

is very often the first choice for modeling purposes. Unfortunately, this model cannot be used

for liquid-liquid equilibrium calculations. However, if there exists an uncertainty, whether a

system exhibits a liquid liquid phase split or not, other property methods must be used, as for

example UNIQUAC or UNTFAC. The main equation of the Wilson model is the definition of

the activity coefficient as:

^=l-b(Ç^)-?A ^

Where the following definition applies:

T
In Av = av + -^ + cv In T + dvT (B-3)

The Wilson model must be used carefully, since the interaction coefficients are not symmetric
with respect to both components.
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UNIQUAC

The UNIQUAC model is used to calculate liquid activity coefficients. As the Wilson model,
it is a powerful model to model highly non ideal chemical systems. It can be used for vapor-

liquid and liquid-liquid equilibrium applications.

The main equation in the UNIQUAC model is again the definition of the activity coefficient

as:

i^ = in^ + lqM^-q>K-q^P^+k+q:-^Y,x^ (B-4)
x% 2 <Pt t\ x%

^

J
3

Where the surface fraction and the residual surface fraction are defined as:

e, = ^— (B-5)

e; = ^- (B-6)
l^k 1kXk

The segment fraction is defined as:

^ = ^^ (B-7)
Z^fc rkxk

The parameters l% and t[ are calculated as follows:

h = | (rt -qt) + l-rt (B-8)

k

Where r\ and qt are component specific parameters. The coordination number z is usually set

to a value of 10 which is accurate enough for most purposes. The interaction is accounted for

by the interaction parameter t%1 .

tv = exp [av + -^ + cv InT + dvT ) (B-10)
T

Again, the interaction parameters are not symmetric and must be handled with care.

UNIFAC

The UNIFAC model is another method to calculate liquid activity coefficients, but it can also

be used to estimate according coefficients for the UNIQUAC model. This predictive feature

of the UNIFAC model is based on its nature as a group-contribution model and makes it a

powerful tool for many purposes.



68 CHAPTER 3. DESIGN OF EXPERIMENTS

The equation for the original UNIFAC liquid activity coefficient model is made up of a com¬

binatorial and residual term:

In7 = ln7tc + ln7[ (B-ll)

Where the combinatorial term is equal to:

1 c i
$*

, t
^ Z

ln7tc
=
ln—+ 1

here the molecular volume and surface fractions are:

X%T%

hiä+1-ä

and

$,,

et =

j X3r3

X% 2^1

(B-12)

(B-13)

(B-14)

The summation is over all components nc in the mixture. The coordination number z is set to

10. The parameters r\ and qt are calculated from the group volume and the area parameters:

r\ -

= 2_^ UkiRk

k

Qt--

ng

=

2_^ PkiQk

(B-15)

(B-16)

In the last two equations vk% is the number of groups of type k in molecule i, and ng is the

number of groups in the mixture. The residual term is:

in7; = £^[inrfc-inry (B-17)

rfc is the activity coefficient of a group at mixture composition, and 1^ is the activity coefficient

of group k in a mixture of groups corresponding to pure i. The parameters Tk and 1^ are

defined by:
/ "-g ns r a.

In rfc = Qk 1 - In ^2 ®mTmk - ^2 Tn90
T

n
^n'nm

With

And:

efc =
Xk^Qh

'Urn

Trr exp
T

The parameter Xk is the group mole fraction of group k in the liquid:

j Vk]%]
Xu —

Y^CY,-mn9Jym3X

(B-18)

(B-19)

(B-20)

(B-21)
mj-^j
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Thermodynamics in ASPEN PLUS

ASPEN Plus has a large number of built-in binary parameters for the Wilson model as well

as parameters for the UNIQUAC model. Most of these parameters have been regressed using
either vapor-liquid equilibrium data or liquid-liquid equilibrium data (only UNIQUAC) from

the Dortmund Databank. The binary parameters were regressed using the ideal gas, Redlich-

Kwong, and Hayden-O'Connell equations of state. Therefore the databank of ASPEN Plus is

a very powerful and reliable source for thermodynamic data. For the UNIFAC model ASPEN

Plus has stored all published group parameters and group binary parameters according to its

producer.

B.2 Thermodynamic parameters

Acetone-benzene-n-heptane

The thermodynamic parameters are taken from (Güttinger and Morari, 1996). The Antoine

coefficients are from Thermopack, which are thermodynamic subroutines provided by Prof.

M. F. Doherty and J. Knapp (Univerity of Massachusetts, Amherst). The Wilson parameters

for the binary acetone-benzene are from ASPEN Plus, the other binaries are from Thermopack.

Table 3.8: Antoine parameters

Acetone Benzene n-Heptane

A 21.3099 20.7936 20.7664

B% -2801.53 -2788.51 -2911.32

a -42.875 -52.36 -56.514

Table 3.9: Wilson coefficients, temperature dependent

A%3 Acetone Benzene n-Heptane
Acetone 0.0 0.1881 6.6884

Benzene -0.1885 0.0 0.6004

n-Heptane -0.6889 -0.0004 0.0

B%3
Acetone 0.0 -273.7180 -847.5111

Benzene 91.8489 0.0 -75.4771

n-Heptane -227.9996 -117.2218 0.0
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Table 3.10: Temperature independent Wilson coefficients

A%3 Acetone Benzene n-Heptane
Acetone 0.0 0.0539 -0.6733

Benzene -0.5928 0.0 0.1613

n-Heptane -1.2946 -0.6368 0.0

Methanol-methylbutyrate-toluene

The thermodynamic parameters for this mixture are taken from (Güttinger et al., 1997). The

Antoine coefficients are from Thermopack. For the Wilson model, the coefficients for the

binary methanol-toluene are taken from (Gmehling and Onken, 1977). For the other two bi¬

naries, they have been regressed with the ASPEN Plus properties estimation option from data

generated with UNIFAC with Dortmund corrections. During simulation also UNIQUAC pa¬

rameters have been used. For this model ASPEN Plus 10.2 provides experimental data for

the binary methanol-toluene, while the other binaries have been estimated through UNIFAC.

(without Dortmund corrections) This data is not explicitly listed here.

Table 3.11: Antoine coefficients

Methanol Methylbutyrate Toluene

A% 23.4832 20.511 20.9064

B% -3634.01 -2664.3 -3096.52

a -33.7680 -79.483 -53.668

Table 3.12: Wilson coefficients

Al3 Methanol Methylbutyrate Toluene

Methanol

Methylbutyrate
Toluene

0.0

-1.025

-0.9645

0.7411

0.0

2.747

0.9645

-1.435

0.0

Bl3
Methanol 0.0 -477.0 -903.1024

Methylbutyrate 72.78 0.0 768.2

Toluene -140.9995 -1419.0 0.0
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Introduction

An extremely important phenomenon in a wide variety of processes in physics, chemistry,

biology, medicine and engineering is the formation of large clusters by union of many separate

small elements. Examples include gelation and polymerization processes in polymer science,
flocculation and coagulation processes in colloidal physics, percolation and nucleation in phase

transitions, agglutination and antigen-antibody aggregation in immunology.

In colloidal physics, billions of pounds of synthetic latexes are produced worldwide every year

for an enormous variety of applications. Most production of aqueous latexes is conducted at

atmospheric pressure and temperatures from 40 to 70 degrees. With specific recipes very dif¬

ferent results, in terms of particle size, particle morphology and latex rheology are achieved.

The industrial importance of the products has always fostered research for a better under¬

standing of the physics of colloidal aggregation in order to control the process for engineering

applications. For many uses, the control of the clusters' mass distributions of the product is of

primary importance. Quality requirements of customers are often stated in terms of average

diameter and polydispersity, parameters that are directly related to the particle size distribution.

Recently, significant improvements have been made in various fields related to clusters ag¬

gregation and gelation. Kumar and Ramkrishna (1996a) introduced an efficient algorithm to

solve the population balance equations used to describe colloidal aggregation. Furthermore

the kinetics of the aggregation process in static conditions has been verified by Lattuada,

Sandkühler, Wu, Sefcik and Morbidelli (2003) and improvements are continuously done in

shear aggregation (Selomulya et al., 2002). Parallel to these advances in modeling, new sen¬

sors are continuously studied (Ruf et al., 2000) and the relationships between the measured

signal and the particle properties are better understood (Lattuada, Sandkühler, Wu, Sefcik and

Morbidelli, 2003).

The above aspects together with the continuous development of new control techniques (Chin
et al., 2000) that can efficiently deal with a large variety of complex systems are the basis of

a specific research project in the control of aggregation and gelation processes. The literature

until now has provided many studies about the process in order to produce better models, but

basic questions, for example, which are the main variables influencing the final distribution and

what range of products can be obtained, have not been addressed yet. Furthermore, limitations

due to sensors and operational problems have to be considered when looking for the optimal

operating conditions. Therefore the objective of this part of the thesis is to consider specif-
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ically all the elements related to the control of two processes: sol-gel transition in quiescent
conditions and turbulent aggregation.

In Chapter 4 the aggregation process leading to gel formation in colloidal dispersions under

quiescent conditions is analysed with the final goal to identify possible precursor aggregation
distributions for particulate gels. The aggregation process is described with an experimen¬

tally validated population balance model, which allows us to calculate how the aggregate mass

distributions evolves in time. When the cumulative occupied volume fraction of fractal aggre¬

gates reaches a certain limit, the random cluster-cluster aggregation regime crosses over to an

interconnection regime and a gel network forms. The aggregate distribution at the end of the

aggregation regime is the precursor for the subsequently formed particulate gel. The findings
obtained by reachability and optimization analysis using the aggregation model are related to

experimental measurements of resulting gel properties. The content of this chapter has been

submited for publications by Bonanomi et al. (Bonanomi, Sandkühler, Sefcik, Morari and

Morbidelli, 2003).

In Chapter 5 the coagulation in turbulent conditions is considered. Recent developments ofpar¬

ticle sizing sensors and control algorithms together with a better understanding of the physics
of turbulent coagulation foster the application of advanced control-systems to ensure the prod¬
uct quality despite disturbances and model errors. A model containing the main features of

coagulation dynamics is introduced and tuned to reproduce experimental literature data. Using
this model, the set of particulate products, in terms of radius of gyration and fractal dimension,
that can be obtained with different shear rate policies is identified. Finally, a control algo¬

rithm, the batch model predictive control, is applied to the system. The algorithm can exploit
the fact that batch processes are run repetitively and on-line measurements are available. The

model used by the controller is obtained with automatic differentiation of the nonlinear model

around the reference trajectory. The content of this chapter has been submited for publication

by Bonanomi, Sefcik, Morari and Morbidelli (2003).



Chapter 4

Analysis of Particulate Gels Production

4.1 Introduction

Particulate gels are viscoelastic three dimensional networks of primary colloidal particles.

They are important in basic science as model systems for studies of soft condensed matter

as well as in various fields of technology, such as food processing, health and personal care

industries. The industrial importance of particulate gel based products motivates research in

order to better understand and control the gel formation processes.

Gel formation typically starts with destabilization of an initially stable colloidal dispersion,

leading to formation of aggregates and subsequent gelation. Desirable properties of particulate

gels include: homogeneity, strength and structure. Homogeneity is achieved when uniform

conditions are ensured in the bulk during the gel formation process. Once the gel formation

process is homogeneous, the gel strength depends primarily on properties and concentration of

the primary particles, as well as on the underlying network structure obtained in the course of

the gel formation process. The resulting gel structure depends on the gel formation mechanism,
influenced by both initial and processing conditions.

Homogeneity

Homogeneous particulate gels can be produced in several ways. Both sterically stabilized and

electrostatically stabilized colloidal dispersions can be destabilized and gelled by temperature

quench (Rueb and Zukoski, 1997; Grant and Rüssel, 1993; Verduin and Dhont, 1995; Poulin

et al., 1999). If the system is small enough so that heat transport is sufficiently fast to ensure

uniform temperature across the sample, a homogeneous gel can form upon cooling. However,

temperature induced gelation is an equilibrium process and thus fully reversible.

Our work is focused on electrostatically stabilized systems that upon destabilization undergo

aggregation and gelation away from thermodynamic equilibrium. Electrical double layer re-
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pulsion between primary particles can be screened by increasing the ionic strength or changing

pH of the continuous phase (Gauckler et al., 1999), leading to aggregation due to attractive

dispersion forces between primary particles. This is the most common and technologically

important approach used to aggregate colloidal particles to extended structures, i.e. aggregates

or gels.

If the solution ionic strength is high enough, i.e. the concentration of an added salt is above

its critical coagulation concentration (CCC), so that the electrostatic repulsion is completely

screened, aggregation in quiescent conditions follows diffusion limited kinetics. When the salt

concentration is below CCC, the aggregation rate is dominated by a repulsive barrier leading
to the so-called reaction limited kinetics (although no chemical reaction is involved). The rate

of primary particle aggregation in the reaction limited regime is slower by a factor W, called

the stability ratio, than that in the diffusion limited regime.

Aggregation in the diffusion limited regime generally becomes too fast compared to required

mixing times unless the solid volume fraction is very low or the primary particles are very

large. When aggregation is too fast, mixing induced inhomogeneities in the resulting gel
cannot be avoided. These inhomogeneities may in turn lead to a poor performance of the final

product. In order to prevent mixing difficulties related to fast aggregation, two approaches are

available.

The first one is to adjust the salt concentration below CCC to operate in reaction limited clus¬

ter aggregation, RLCA, instead of diffusion limited cluster aggregation, DLCA, process. The

initial aggregation rate can be chosen to be slow enough to ensure that homogeneous mixing,

aggregation and gel formation occur. The second approach is to manipulate the salt concen¬

tration by in situ generation of ions, e.g. by enzyme catalyzed urea decomposition (Gauckler
et al., 1999; Balzer et al., 1999), in the colloidal dispersion. Aggregation is then initiated by

rising temperature to activate the enzymatic reaction. The direct coagulation casting (DCC)

procedure based on this approach has been developed and successfully applied in the process¬

ing of ceramic green bodies. Recently, this method has been utilized to study the gel forma¬

tion process of alumina and polystyrene colloidal dispersions by diffusive wave spectroscopy

(DWS) a light scattering techniques developed to investigate highly turbid dense suspensions

(Romer et al., 2000; Wyss et al., 2001; Rojas et al., 2003). However, although very efficient

in obtaining gel homogeneity, this technique is probably too complex for the polymer col¬

loid gelation processes considered here. Accordingly, in the following we consider the above

mentioned procedure of direct salt addition followed by a short mixing period.

Once the gel formation process is homogeneous, the gel strength is known to be strongly

dependent on size and concentration of the primary particles.

Strength

The dependence of gel strength on the primary particle size and the solid volume fraction

has been investigated by several groups. Buscall and coworkers (Buscall et al., 1986; Buscall
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et al., 1987; Buscall et al., 1988) investigated viscoelastic properties of strongly aggregated

polystyrene and silica particulate gels. Their results showed that the gel networks are stronger

when the primary particles are smaller and consequently more numerous at a given solid vol¬

ume fraction. Dependence of gel strength on the solid volume fraction was studied through
small strain oscillatory measurements in terms of the elastic modulus G'(u>). In one study,

aqueous polystyrene spheres of primary particle diameter 9.5 nm were used and gel formation

was induced by the salt addition (Gisler et al., 1999). Another study used silica primary par¬

ticles grafted with octadecyl chains in cyclohexane (diameter 72 nm) and gel formation was

induced by changing temperature and thus the particle interaction potential from repulsive to

attractive (Grant and Rüssel, 1993). For both systems, the elastic modulus was found to be a

strong function of the solid volume fraction and the stiffest gels were obtained for higher solid

volume fractions. Other studies analyzing the viscoelastic properties of colloidal gels reported
similar results (Chen and Rüssel, 1991; Rueb and Zukoski, 1997; Rueb and Zukoski, 1998).
Thus in order to maximize the resulting gel strength, one should use concentrated dispersion
of small primary particles.

Structure

Gel formation in aggregating colloidal dispersions can be envisioned as a two step process

(Gimel et al., 1999; Sandkühler, Sefcik and Morbidelli, 2003), Figure 4.1. In the first step,

the primary particles are destabilized and subsequently undergo cluster-cluster aggregation
to form fractal aggregates. At some point in time, the so-called arrest time ta, the growing

aggregates become crowded, since their density decreases with increasing mass due to the

fractal nature of aggregates. In the second step, after the arrest time, the clusters are caged

by their neighbors and their movement and further interconnection become more complex.
At the arrest time there is a change in the mechanism: a crossover from aggregation to the

interconnection regime. The interconnection step proceeds till the gel backbone is formed

at the gelation time (Sandkühler, Sefcik and Morbidelli, 2003). The basic structure of the

gel skeleton is constituted by aggregates formed during the aggregation step. These precur¬

sor aggregates then interconnect in the subsequent interconnection step, but their underlying
structure should be preserved. Thus the resulting gel structure is already defined to some ex¬

tent at the arrest time when the precursor aggregate distributions forms. In other words, one

expects a connection between the properties of the final gel and the properties of the cluster

mass distribution (CMD) obtained at the end of the aggregation step at the arrest time. This

CMD is defined as the precursor aggregate distribution for the particulate gel.

Motivation and objectives

The population balance models allow one to predict the CMD during the aggregation pro¬

cess up to the arrest time ta. Our premise here is that the control of precursor CMD would

ultimately lead to the control of the final gel properties. To our knowledge, there has been

no previously published work dealing with optimization or control of either aggregation or
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Figure 4.1: Schematic of the initially free aggregation process that later in time crosses over

to the interconnection process due to structurally arrested clusters. Finally the gel formation

occurs.

gelation in quiescent conditions, even while new control techniques are continuously being

developed. This work is focused on the properties of precursor aggregate distributions for

particulate gels and their dependence on the initial and processing conditions.

Among questions that we address in this chapter are the following ones:

1. What are the main variables influencing aggregate mass distributions achieved in the

process of gel formation ?

2. What range of distributions can be obtained ?

3. How can gel strength be maximized when certain requirements on gel backbone are

expressed in terms of precursor CMD ?

Limitations in the implementation of available optimization tools due to a lack of appropriate
sensors should be considered when looking at the optimal conditions for gel formation. Be¬

sides the shortcoming of established sensors for on line monitoring aggregation and gelation in

colloidal dispersions at moderate or higher solid volume fractions, the main problem is related

to a practical control implementation. The challenge is to manipulate the stability ratio W uni¬

formly and in such a fashion as desired by the optimal control strategy. The simple addition

of salt is not possible because it causes a localized increase in the salt concentration, and more

sophisticated tools for in situ control of pH or ionic strength, along the lines pioneered by the

DCC approach, are needed.

The chapter is organized as follows. First, we introduce the aggregation model and the rele¬

vant CMD properties. Experimental measurements on aggregation kinetics and resulting gel

properties are then outlined in the experimental section. Reachable precursor aggregate distri¬

butions are identified and the sensitivity of the precursor distribution with respect to different
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operating variables is analyzed. Finally, a simple optimization problem that maximizes the

strength of the gel is presented and solved by inspection.

4.2 Modeling of aggregation

As discussed in the introduction, the gel formation process is composed of two steps: cluster-

cluster aggregation and subsequent cluster interconnection. The transition between the two

steps is defined by the value of the cumulative volume fraction, 0, occupied by the aggregates.

During the process, 4> increases because clusters aggregate to form larger clusters that are less

dense due to their fractal nature. The decrease in aggregate density with increasing size is

expressed by the scaling relation between cluster mass and radius:

Rg^Rpkgl^f, (4.1)

where df is the fractal dimension of the aggregates, Rp is the radius of primary particles, Rg>l
is the radius of gyration of the cluster containing i primary particles and kg is a constant set

equal to unity (Sorensen, 2000).

The cumulative volume fraction, 0 is calculated as the sum of the volumes occupied by each

individual aggregate multiplied by the number of such aggregates per unit volume:

0=J>^, (4.2)

v% = 47^/3 (4.3)

where vt is the volume of the smallest sphere enclosing an individual cluster of mass i. The

corresponding radius Rt can be computed using the following equation (Sorensen and Roberts,

1997)

Rt = RgJ^df/{df + 2). (4.4)

For (/)<(/>* the cluster-cluster aggregation takes place, while for </>>(/)* the clusters intercon¬

nect to each other. The time when the cumulative volume fraction reaches the critical value,

4>*, is defined as the arrest time ta. Values of (f>* in the range of 0.4 — 0.5 have been reported
from 3-D Monte-Carlo simulations of DLCA (Gimel et al., 1995). Similar values have also

been found from gelation kinetics experiments (Sandkühler, Sefcik and Morbidelli, 2003).

In the following sections the focus is on the first step of gel formation. During this step, the

clusters are free to diffuse and to aggregate with each other. The basic structural components

of the gel are formed and therefore we expect the final properties of the gel to depend on the

precursor properties. From the beginning of the process till the arrest time, the system can be

simulated with the model presented in the following section.
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4.2.1 Population balance equation

The aggregation process starts from a typically narrow distribution of primary particles and

results in a distribution of aggregate masses that can extend over several orders of magnitude.
The population balance equations (PBE) can be used to accurately describe the kinetics of

aggregation process (Lattuada, Sandkühler, Wu, Sefcik and Morbidelli, 2003; Sandkühler,

Sefcik, Lattuada, Wu and Morbidelli, 2003; Sandkühler, Sefcik and Morbidelli, 2003). The

PBE used herein represents the population balance for the number of clusters contain k primary

particles per unit volume, Nk, which is given by:

dNk \ J2 KvNt{t)N,{t) - J2K^Mt)NM (4.5)
dt 2

i-\-j=k i

The solution, analytical or by suitable numerical procedures, characterizes completely the time

evolution of the cluster mass distribution (CMD). We employ the discretization procedure

proposed by Kumar and Ramkrishna (1996a), which provides reliable results (Kumar and

Ramkrishna, 1996a; Sandkühler, Sefcik, Lattuada, Wu and Morbidelli, 2003).

In the above equation, the matrix of aggregation rate constants, Kv, must be specified. This

matrix accounts for all relevant physico-chemical and statistical effects on the aggregation pro¬

cess (Ramkrishna, 2000). In the absence of stirring, the basic mechanism of cluster collision

is the diffusive Brownian motion. However, a density difference Ap between particles and

fluid can change the mechanism from diffusive Brownian motion to sedimentation. When this

occurs, the aggregation model has to account for this additional mechanism. Here we assume

density matching so that we can neglect sedimentation. In this work a recently proposed ag¬

gregation kernel (Odriozola et al., 2001) is used to model aggregation under both the DLCA

and the RLCA regimes, including conditions, where crossover from RLCA to DLCA occurs.

The kernel is given by

K%3 =KBW-lBl3Pl3 where

KB =8kBT/3rj

W=^ = 2Rl H eXp{V/kBT)dr
kb J2r1 G(r,l)r2 s46,

Bl3 =1/4 U-1^ + j-1,df) (^/df + J1/df)

p
=1

v

(ü)A

l + W-i({ij)x-l))
KB is the Brownian aggregation rate constant, which describes collision frequency of clusters

due to their random movement in solvent. The stability ratio W accounts for direct (e.g., due to

dispersion and electrostatic forces) and hydrodynamic interactions between primary particles.
W is defined as the ratio between the ideal Brownian aggregation rate constant, KB, and the

actual (measured) aggregation rate constant, Ku ofprimary particles. The matrix B%3 accounts

for the size dependence of the relative diffusion coefficients and the collision cross sections of

the aggregates.



4.2. MODELING OF AGGREGATION 83

Table 4.1: A: Experimentally determined values of the kernel parameter À as a function of

initial volume fraction 0O ((Lattuada, Sandkühler, Wu, Sefcik and Morbidelli, 2003)). B:

Values for the interpolation of the experimental dependence of A on logw((f)) given in eq (4.7).

A:

4>o A_ B.
1 x 10"5 0.45

8 x 10"4 0.4
V Q

n

",
nA

10"b < 0o < 0.006 -0.01387 0.37053
2 x 10 0 4

r -

"3 .
0.006 < 0o < 0.02 -0.54198 -0.80118

,X in_2 n' 0.02 <0O< 0.1 -0.02513 0.06730
1.0 X 1U \).Z*

5 x 1Q-2 0.11

Finally, the matrix P%3 describes the changes in the cluster collision efficiency (reactivity) with

mass. The collision efficiency of aggregates increases with their mass in the RLCA conditions

(Lin, Lindsay, Weitz, Klein, Ball and Meakin, 1990). Two parameters appear in P%3 : W and A.

W is the stability ratio mentioned above, and it quantifies local interactions between colliding

primary particles, even when part of a larger cluster. The exponent A describes how fast the

reactivity grows with increasing cluster mass, given that the aggregation starts in the RLCA

regime. In the matrix P%3 the limiting cases are correctly captured. When W — 1, P%3 = 1 for

any ij, therefore, the DLCA behavior is recovered. When W is large, the value of P%3 increases

with the mass of the clusters according to the classical RLCA behavior (Lin, Lindsay, Weitz,

Klein, Ball and Meakin, 1990).

The value of A is obtained by fitting experimental data. This parameter can in general depend
on the initial particle volume fraction, 0O, and on the liquid phase composition, for exam¬

ple through the stability ratio, W. The physical origins of this dependence may be related

to several factors, such as surfactant redistribution and hydrodynamic interactions. Here we

use a particular model for A that was found to be valid for MFA polymer latex dispersions

(Lattuada, Sandkühler, Wu, Sefcik and Morbidelli, 2003). In that work only experiments at

relatively large values of W were considered and therefore in this work we performed addi¬

tional experiments at smaller W values in order to assess the model reliability in the entire

range of conditions of interest in this study. The conclusion is that A is not affected by W

while its dependence on 0O is reported in Table 4.1(A). To obtain A values also for the inter¬

mediate range, the region of interest is divided in three intervals. In each interval the data are

interpolated with a functional, given by

A(0O) = r+p*/o#io(0o), (4.7)

where p is the slope and r is the intercept. The values obtained for the fitting parameters p and

q are summarized in Table 4.1(B).

To model the crossover from RLCA to DLCA realistically, a dependence of the fractal dimen¬

sion df on the stability ratio needs to be specified. In DLCA, df is found to be around 1.7,

whereas in RLCA the value is 2.1. Here we used a previously reported dependence (Kim and
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Berg, 2000) for polystyrene, which is given by

df = 1.45 + 0.373 *log10(W), (4.8)

This equation has been obtained for a range of W from 5 to 40. Therefore, in agreement with

literature, we use df = 1.7 for W < 5 and df = 2.1 for W > 100. We have to point out that a

significant limitation of this model is to assume that df, being determined only by W, which

is constant, is therefore also constant during the process. Therefore, even when starting with

a relatively large value of W, say W > 100, the system could then enter the DLCA regime
because of the growth of the aggregates, where presumably a smaller fractal dimension would

apply. This is a limitation that we can accept for our analysis and that on the other hand would

be difficult to overcome with the current understanding of these systems.

The discretization scheme used here to solve the PBE leads to 300 coupled nonlinear ODEs,

each of them representing the balance for one bin of the discretized distribution. The system

was numerically integrated using DASPK3.0 (Li and Petzold, 1999). The Jacobian of the sys¬

tem was calculated using automatic differentiation of the Fortran code (Bischof et al., 1992).

4.2.2 Aggregate distribution properties

The time evolution of the aggregate distribution can be obtained from the numerical solution

of PBE for given aggregation conditions (reflected in the aggregation kernel) in terms of clus¬

ter mass distribution. However, in general, the CMD or its simple moments are not directly
measurable. Therefore, in order to relate PBE modeling results to experimentally measurable

quantities, we need to formulate relationships between the CMD and appropriate measurables.

In addition, in this section we introduce useful integral quantities describing properties of the

aggregate distribution, which are of specific interest in applications and therefore have to be

carefully considered in developing control strategies.

Average hydrodynamic radius and radius of gyration

Aggregate distributions can be conveniently characterized by dynamic and static light scatter¬

ing. The corresponding measurables most commonly reported are the average hydrodynamic
radius (Rh,eff), and the root mean squared radius of gyration, {R2}, respectively. These radii

are different measures of the average aggregate size and are expressed as moments of the clus¬

ter mass distributions, as shown below. Thus we have two experimentally accessible indepen¬
dent moments of the CMD, allowing us to validate aggregation kinetic models by comparison
with experimental data.
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The average hydrodynamic radius is given by:

m \
-

Y,%m%NtSt{q)
\-Kh,eff)

-

-^—2,re/ s
D

—, (4.yj
2Ztfn%N%S%{q)Rh,%,eff

^
-l +

^(ri
+ y(ga)'l- (4.10)

^,e// 2/32 ^ 0(^,0'

The first equation represents the intensity weighted average over the whole CMD (Lin, Lind¬

say, Weitz, Klein, Ball and Meakin, 1990; Lin, Lindsay, Weitz, Ball, Klein and Meakin, 1990),
while the second equation accounts for the influence of rotational diffusion on the effective

hydrodynamic radius for the cluster containing i primary particles (Lindsay et al., 1988). Here

q is the scattering wave vector amplitude given by q = (A7rn/X)sin(9/2), where n is the re¬

fractive index of the suspending medium, A is the wavelength of the incident light, and 9 is the

scattering angle. The parameter ß is the ratio between the hydrodynamic radius and the radius

of gyration Rh,%/Rg,% of the aggregate with a given mass. This ratio was found to vary in a nar¬

row range around unity (Lattuada, Sandkühler, Wu, Sefcik and Morbidelli, 2003) and here it is

set to ß = 1. The radius of gyration of the cluster containing i primary particles is computed

through eq (4.1). Finally, we need to specify the structure factor St(q) of the fractal aggre¬

gate containing i primary particles to be used on both Equations (4.9) and (4.10). Here we

use the structure factor Sl(q) for DLCA and RLCA aggregates proposed by Lin and cowork¬

ers (Lin, Lindsay, Weitz, Ball, Klein and Meakin, 1990; Lin, Lindsay, Weitz, Klein, Ball and

Meakin, 1990). By fitting cluster structures generated through Monte-Carlo simulations, they
obtained the following expressions:

df/8

\ s=l

in case of DLCA: df < 2.0,

Ci = -^- C2 = 2.50 C3 = -1.52 C4 = 1.02; v4-11)
3d,

in case of RLCA: df > 2.0,

Ci = -^- C2 = 3.13 C3 = -2.58 C4 = 0.95.
3d/

These equations are valid for well developed fractal clusters composed of sufficient number of

primary particles. The structure factors for very small clusters are given in Table 4.2 and they
are taken from the work of Lattuada et al. (Lattuada, Sandkühler, Wu, Sefcik and Morbidelli,

2003).

The second quantity that can be computed from the CMD is the mean squared radius of gyra¬

tion, {R2}. This is the intensity weighted average squared radius of gyration of the aggregate

population that can be measured with static light scattering (Lattuada, Sandkühler, Wu, Sefcik

and Morbidelli, 2003; Sandkühler, Sefcik, Lattuada, Wu and Morbidelli, 2003) and is given
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Table 4.2: Expression of the structure factor (S(q)) for primary particles, dimers and trimers

Clusters S(q)

Primary particle

Dimer

Trimer

0.5

3 + 4

1

1

sin(2qRp)

2qRv

sin(2qRp) . sin(2qd)

2qRp
'

2qd

d= 2RpV/2-2 cos (120°)

by:

(R2g)

Nag

i=i

Nag

E
i=i

NÏ

(4.12)

where Rg>l is calculated from eq (4.1) for larger aggregates in the fractal regime, while for very

small clusters the equations reported in Table 4.2 are used (Lattuada, Sandkühler, Wu, Sefcik

and Morbidelli, 2003).

Characteristics of the precursor CMD

The CMD at the arrest time obtained from PBE simulations is our model for the gel precursor

aggregate distribution. To better compare and characterize these distributions we use the fol¬

lowing quantities, which are of direct interest for the final applications: the number fraction of

primary particles, the average diameter, and the dimensionless cutoff mass. These quantities
characterize the low, the middle and the high ends, respectively, of the cluster mass distribu¬

tion.

The number fraction of primary particles is given by:

Wl(ia)
N*(ta) =

Wi(0)
(4.13)

where Ni(ta) is the number of primary particles present at the arrest time ta and iVi(O) is the

initial number of primary particles. This quantity describes the conversion of primary particles
to aggregates at the arrest time.

The average diameter is defined as the number averaged mean:

d =

E.w.
(4.14)

t=ta

which is a measure of the mean aggregate size in the precursor distribution.
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The dimensionless cutoff mass mc is the aggregate mass such that the total volume occupied

by clusters with mass larger than mc takes 10% ofthe total volume occupied by all the clusters:

0.10 (4.15)

In order to illustrate how the dimensionless cutoff mass characterizes the high end ofthe CMD,

we show the position of mc on the mass axis in the CMD plot in Figure 4.2.
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Figure 4.2: Representation of the cluster mass distribution properties considered in this work:

d is the average diameter and mc is the cutoff. In particular, mc is the dimensionless particle
mass such that the clusters bigger than mc, in the gray region, occupy 10% of the volume

occupied by all the clusters.

The cutoffmass mc is related to the corresponding cutoff cluster diameter by the fractal scaling

relationship
D

do
m,

i/df
(4.16)

where eq (4.1) has been rewritten in terms of diameters.

The concept of cutoff is important in order to be able to control the gel structure and further¬

more its strength. In RLCA, we know in fact that in the interconnection regime larger clusters

aggregate faster, so that we can envision the final gel structure as constituted by a backbone of

large clusters to which the smaller ones are attached.

Thus, in order to control the gel structure we may want to require a certain diameter, D, for

the aggregates constituting the backbone. This can be done by requiring on one hand that a

significant part of the aggregates in the precursor CMD (say 10% in volume in eq (4.15)) are

equal or larger than D. This is obtained by requiring that the diameter of the cutoff aggregate

i = mc, as given by the scaling eq (4.16), is equal to D. On the other hand we have to require
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that aggregates of diameter D are very reactive so as to actually form the gel backbone. This

means that their aggregation rate constant should be equal to that corresponding to DLCA,

which from eq (4.6) implies that PttW~l = 1 for i = mc.

These concepts are applied later in the case of an illustrative optimization problem.

4.3 Experimental characterization

Two sets of experiments were performed: aggregation and rheological experiments. The aim of

aggregation experiments was to validate the model presented in Section 4.2.1. This model had

already been validated previously (Lattuada, Sandkühler, Wu, Sefcik and Morbidelli, 2003),
but only for relatively large values of W. In order to investigate a possible dependence of A on

W this validation has been extended here to substantially smaller values of W.

The purpose ofthe rheological experiments was to test qualitatively the dependencies analyzed
in Section 4.4.1, and used to define the optimization problem. In particular, the effect ofthe pri¬

mary particle properties and ofthe aggregation rate on the precursor properties are investigated

by simulation in Section 4.4.1. Studies concerning the effect of particle size and concentration

are available in the literature, while the effect of aggregation rate is not. Therefore, rheological

experiments were done to analyze the effect of W on the resulting gel properties.

4.3.1 Aggregation experiments

In order to validate the aggregation model introduced in the previous section we performed

aggregation experiments under static conditions. The model predictions in terms of {R2} and

(Rh,eff) are compared with the experimental values measured by light scattering.

The experimental data were obtained using an MFA polymer latex (Ausimont SpA, Italy),

produced by emulsion copolymerization oftetrafluoroethylene and perfluoromethylvinylether.
This polymer has a refractive index equal to 1.35, which is very close to that of water (1.33).
As a consequence, the latex dispersion has low turbidity and can be characterized using stan¬

dard light scattering techniques. The primary particles used in the experiments have an aver¬

age radius of 40.5 nm (polydispersity~ 0.08), determined by dynamic light scattering, DLS.

A stock latex dispersion was prepared at a volume fraction of 0.1. This stock dispersion was

diluted and mixed with a salt solution to obtain a volume fraction 0O = 0.05. All dilution

steps were done using milli-Q (Millipore) deionized water. The salt solution was sodium

chloride and the final salt concentration for the experiments ranged from 0.0156 mol/liter to

0.0125 mol/liter. These salt concentrations resulted in gel formation times between 5 min and

16 h.

At the chosen sampling times, samples of 0.1 ml were taken from the aggregating dispersion.
The sampling was carefully done with a pipette in order to minimize shear during withdrawing.
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The samples were diluted into 20 ml deionized water resulting in transparent dispersions. The

aggregates formed are rather strong so that there are no changes in CMD or aggregate structure

upon dilution (Lin, Klein, Lindsay, Weitz, Ball and Meakin, 1990). Moreover, this procedure

stops the aggregation efficiently and in fact no change in the measured values was detected

over several weeks. Therefore, all light scattering measurements can be performed on the

same sample.

The light scattering measurements (both static and dynamic) were performed using the BI-

200SM instrument (Brookhaven) with Argon laser (Lexel 95 — 2) (wavelength 514.5nm), with

angular range of the goniometer from 8° to 150°. Two types of measurements were taken:

(R2) and <iV//>-

The average {R2} is obtained with static light scattering, SLS. In SLS experiments the time

averaged scattered intensity (I)t is measured as a function ofthe scattering angle, and therefore

ofthe scattering wave vector q, in a typical angular range of 10° to 150°. The average structure

factor {S(q)} of all aggregates is defined as (S(q))P(q) = I(q)/I(0), where P(q) is the form

factor of primary particles (Kerker, 1969). The average {R2} is estimated using the Zimm-

plot (Higgins and Benoit, 1994), where the reciprocal of the product (S(q))P(q) measured

experimentally is plotted vs. the square of the scattering wave vector amplitude q, which is

well approximated as l/((S(q))P(q)) = 1 + (l/3)q2(R2) in the limit of small q.

The average hydrodynamic radius (Rh>eff) is obtained from dynamic light scattering experi¬
ments at a given scattering angle, at which the intensity weighted time average dynamic auto¬

correlation function is measured. From this function the dynamic structure factor is calculated

using the Siegert relation (Lin, Lindsay, Weitz, Ball, Klein and Meakin, 1990; Lin, Lindsay,

Weitz, Klein, Ball and Meakin, 1990; Pusey and van Megen, 1989). Through the first cu¬

mulant analysis of the dynamic structure factor the average effective diffusion coefficient of

the aggregates is obtained. From this last quantity the average effective hydrodynamic radius

(Rh,eff) is computed using the Stokes-Einstein relation.

Results and discussion

Experiments were run at W = 5 x 104,3 x 105,4.75 x 105,6 x 105,8.5 x 105,4.41 x 106

at 0o = 0.05. A typical set of experiment, corresponding to W = 4.75 x 105, is shown

in Figure 4.3. The radius of gyration and the effective hydrodynamic radius at two different

angles are plotted as a function of aggregation time. There is a good agreement between model

and experiments using the same A value for all experiments at the different stability ratios.

Since this value is the same reported by Lattuada, Sandkühler, Wu, Sefcik and Morbidelli

(2003) for a larger stability ratio, we can conclude that the parameter A does not depend on the

stability ratio, at least as long as the aggregation remains fully in the RLCA regime.
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Figure 4.3: Validation of the chosen aggregation model by comparison with experimental
data. Shown are three independent moments, (Rh,eff)(0) for two angles 9 = 30° (squares)
and 9 = 90° (circles) and (Rg) (triangles). Lines are model calculations.

4.3.2 Rheological experiments

The rheological experiments are intended to test whether there is any dependence of the vis-

coelastic properties ofthe gel on the stability ratio W. To investigate this we performed exper¬

iments on gelled MFA latex dispersions that have been left several days in closed vials after

the initial mixing to initiate aggregation. This was done to ensure complete gel formation even

for the slowest gel formation process, which took approximately 16 h. Closed vials were used

to prevent evaporation of the liquid phase from the sample, which would be difficult to achieve

with setups used in conventional rheometers over such long periods oftime. The samples were

prepared with the experimental system of MFA latex discussed in Section 4.3.1 for the same

salt concentration range and the same volume fraction. The samples were mixed in separate

vessels (20 ml) to ensure proper mixing and then poured into the final vials. The vials with

the gels were analyzed in a centrifuge (Heraeus Sepatech Biofuge 17RS) with an acceleration

range of 1 — 3246 g. The centrifuge was set to the desired acceleration and held there for sev¬

eral minutes to reach equilibrium. Then the corresponding sediment height Heq was measured

and related to the initial height of the gel.
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Results and discussion

The results for the fastest and slowest gel formation process studied are shown in Figure 4 4

as the sediment height versus relative acceleration x/g, where g is the gravitational constant

There is no detectable difference in the stiffness of colloidal gels when the stability ratio and

thus the gel formation time is changed, at least over the range of values considered in this

work Therefore, a gel produced in more than 10 hours is equally stiff, as judged by the test

performed here, as a gel produced in 5 minutes This result suggests that the gel formation

process is similar for experiments performed at rather different stability ratios The similarity
of precursor CMDs discussed in the next section is supported by the above experiments
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Figure 4 4 Sediment height as a function of the centrifugal acceleration for samples of

MFA polymer latex aggregated and gelled at different salt concentrations (stability ratios W)

Squares are c = 0.0125 mol/1 (W ~ 7.6 x 105, tg ~ 16 h) and triangles are c = 0.017 mol/1

(W ~ 1.7 x 104, tg ~ 17 min)

However, we note that these gels were obtained in the pure RLCA regime If we require the

process to be realized in the chosen time frame for volume fractions above 0O > 0.05 and a

particle size of Rp < 40.5nm, it would not be possible to perform an experiment in the DLCA

regime nor even with a crossover to DLCA If aggregation and gel formation takes place at

lower volume fractions or with larger primary particles, a crossover to DLCA or even a pure

DLCA process can be realized In this case the gel properties are likely to depend on W as the

precursor properties do However, for volume fractions and particle sizes necessary for a true

DLCA process, the elasticity of the resulting gel will be negligible and thus it would neither

be interesting for practical purposes nor could it be detected through rheological experiments

Thus, we can conclude that changing the rate of aggregation, resulting in gel times of either

5 min or 10 h, respectively, has only a marginal effect on the gel strength and is negligible com¬

pared to the effect of changing solid volume fraction and/or primary particle size as discussed
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in the introduction.

4.4 Process analysis and optimization

4.4.1 Precursor properties analysis

There are three independent process variables for the particulate gel formation in quiescent
batch conditions: primary particle concentration and diameter and the stability ratio. By ma¬

nipulating these variables we can control the precursor aggregate distribution and through that

the properties of the resulting gels. As discussed above, the gel precursor is the cluster mass

distribution at the cumulative occupied volume fraction 0 = 0* = 0.5.

The precursor CMD is affected by the properties of the primary particles fed to the reactor and

by their aggregation rate. On one hand, the monodisperse population of irreversibly aggregat¬

ing primary particles is completely characterized by their diameter, d0, and the concentration,

0O. On the other side, the aggregation kinetics is determined by the stability ratio manipulated

through the solution pH or ionic strength.

Our main goal in the following is to understand the role played by each ofthe process variables

mentioned above in determining the precursor properties. The results of this analysis can then

be used to design gel production processes, particularly in terms of proper choice of primary

particles and operating conditions.

In this study we consider batch processes starting with monodisperse primary particles. The

range of primary particle diameters d0 is 25 — 500 nm and the solid volume fraction range is

0o = 10~4 to 10_1. In principle no limits are imposed on the stability ratio W, which can

assume any value greater or equal to unity. In any case, if W is very large, the aggregation
is very slow, while if W = 1, the aggregation is in the diffusion limited regime. Therefore

limits on W are implicitly given through the limits on the process time. On one side, times

ta < 5 min are excluded to ensure that uniform conditions inside the reactor can be reached

before the aggregation process develops, on the other side, times ta > 10 h were excluded as

too long for a practical process design.

The properties of the precursor cluster mass distribution considered are the following:

• average diameter, d

• dimensionless cutoff mass mc

• number percentage of primary particles, N*(ta).

The above quantities constitute a complete description ofthe precursor distribution for our pur¬

poses here. The average diameter is a measure of the center of the distribution, while N*(ta)
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and mc are characteristics of the distribution of interest in applications (see Section 4.2.2).

The analysis was performed by simulating various combinations of the independent variables.

Five values of d0 (25, 50, 100, 200, 500 nm), nine values of 0O (10"4, 5 x 10"4, 0.001, 0.003,

0.005, 0.007, 0.01, 0.05, 0.1) and ten values ofW (1, 10, 100, 500, 103, 104, 105, 106, 107, 108)
gave 450 possible combinations. For each combination the population balance equation model

was numerically solved for times up to the arrest time, where 0 = 0* and the time evolution

of the distribution properties d, mc, N*(ta) was computed.

Regions in process variables space

The aggregation of destabilized colloidal particles can take place either in the pure DLCA

regime, or in the pure RLCA regime or else it can start in the RLCA regime and then crossover

to DLCA. In the last case, the crossover is identified here by a maximum in the polydispersity1,
since in the RLCA regime the polydispersity increases with time, but, as soon as there is

a crossover to the DLCA regime, the polydispersity starts to decrease. The time where the

crossover occurs is represented by tDLCA-

All the analyzed points were classified according to the corresponding regime in Figure 4.5,

where dispersions with similar behavior were grouped in the same region.

Starting from the more dilute systems, the regions are marked as follows:

• brick (region 1): ta > 10 h - the system needs more then 10 h to reach the arrest time,

even in the fastest conditions, i.e. when using W = 1.

• Crosshatch (region 2): £dlca < ta - for any value of W the system crosses over to the

DLCA regime before reaching the arrest time

• hatch (region 3): £dlca < ta or £dlca > ta - for some values of the stability ratio the

system aggregates in RLCA till ta while for others it starts in the RLCA and then crosses

over to the DLCA regime.

• empty (region 4): £dlca > ta - for any W the system aggregates in the pure RLCA

regime with 5 min < ta < 10 h.

Let us now describe the CMDs obtained in the respective regions and their quantitative prop¬

erties.

'The polydispersity is defined as: pds = a°*22. a2, al, a0 are the second, the first, and the zero moments of

the distribution, a'l = J2t mtNt, al = J2t %N%, a0 = J2t Nt where ml is the mass of the clusters in the ith

bin.
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Figure 4.5: Classification of the analyzed range of colloidal dispersions depending on the

aggregation regime. For each dispersion the range of W considered is such that 5 min <

ta < 10 h, where ta is the arrest time at which 0 = 0.5. Each symbol correspond to an

analyzed dispersion, the corresponding regimes are: (filled box) the aggregation takes place in

the reaction limited regime (RLCA); (open box) depending on the value of W the dispersion
can aggregate in RLCA or in diffusion limited regime (DLCA) before reaching ta, (filled

circle) for any value of W, the crossover to DLCA regime occurs before reaching ta, (open

circle) even for W = 1, the system does not reach 0 = 0.5 in less than 10 h. Dispersions with

the same aggregation regimes are grouped in one region, each region is shaded with a different

pattern.

Effect of the aggregation regime on the precursor distributions

Let us first consider the precursor distributions obtained in colloidal dispersions aggregating in

the pure RLCA regime, that is under the conditions in region 4 and in region 3, for appropriate
values of W, as shown in Figure 4.5. The effect of the solid volume fraction, the stability
ratio and the primary particle size on the precursor CMD is shown Figures 4.6, 4.7 and 4.8,

respectively. It is seen that the major effect is obtained by changing the value of 0O. Differ¬

ent values of d0 give distributions very similar to each other, although differing in absolute

number densities. This difference is due to the fact that smaller particles have higher number

density at a given solid volume fraction. Varying of the stability ratio W have no effect on

the precursor distribution, so that gel precursors have the same CMD irrespective of whether

they are produced in 10 min or in 10 h. Note, that in both Figures 4.7 and 4.8 the cutoff value,
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indicated by the vertical line, is the same one, which indicates that in RLCA, mc is substan¬

tially defined only by the primary particle volume fraction. Thus concluding, if we operate in

the pure RLCA regime, we can choose the proper primary particle size and concentration to

obtain a desired gel density and tune the stability ratio in order to get the desired aggregation
time.
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Figure 4.6: Number density distribution for various primary particles concentrations: (contin¬
uous line) 0o = 0.01; (dashed line) 0O = 0.005; (dash-dot line) 0O = 0.001. The primary

particle diameter and the stability ratio are the same for the three cases: d0 = 25 nm and

W = 105.
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Figure 4.7: Number density distribution for various stability ratio: 104, 4 x 104 and 1.2 x 105.

The primary particles properties are the same, d0 = 25 nm and 0O = 0.001, for all cases.
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Figure 4.8: Number density distribution for various primary particle diameters: (continuous

line) 100 nm, (dashed line) 50 nm; (dash-dot line) 25 nm. The stability ratio is 104 and solid

volume fraction is 0.001 for all cases.

In most applications the objective is to obtain a fast gel formation process with a narrow pre¬

cursor CMD. In this case, the DLCA regime would be desirable. However, the pure DLCA

regime is too fast compared to the necessary mixing time unless so low solid volume fractions

are used to be unrealistic for industrial applications. This is illustrated in Figure 4.9, where the

calculated arrest time ta for the DLCA regime (W = 1) is shown for various characteristics

of the dispersion (d0 and 0O). Aggregation times smaller than 5 min are considered in this

work too short to allow for homogeneous mixing and aggregation. However, one can start

the aggregation with a stability ratio W larger than unity, such that the aggregation kinetics is

initially in the RLCA regime, and then crosses over to DLCA. This is the case ofthe operating
conditions corresponding to region 2 and, for some W values, to region 3 in Figure 4.5. To

obtain homogeneity, the RLCA regime should last long enough to ensure complete mixing and

initial structure evolution. In this case the properties of the final CMD do not depend on the

aggregation time but rather on the volume fraction of all aggregates that have been produced
in the RLCA or in the DLCA regime. In general, the characteristics of these CMDs are inter¬

mediate between those obtained in the DLCA and in the RLCA regimes. More specifically, as

the fraction of aggregates produced in DLCA increases, the resulting CMD becomes narrower.

The quantitative characteristics of the cluster mass distributions produced in the respective

regimes are analyzed below in detail in terms of the three precursor distribution properties.

Average diameter

The average diameter d is a measure of the aggregate size at the arrest time. Let us consider

the two limiting cases indicated above: a) the pure RLCA regime (region 4 and region 3 for a
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500

Figure 4.9: Arrest times (minutes) as a function of diameter and volume fraction of primary

particles in the DLCA regime.

certain range of W values, in Figure 4.5); b) the crossover to the DLCA regime (region 2 and

region 3 for a certain range ofW values, in Figure 4.5).

In the pure RLCA regime, the average diameter does not depend on the value of W applied.
The relative average size of precursor aggregates, expressed in terms of the primary particle
size as the ratio d/d0, depends only on 0O as shown by the solid line in Figure 4.10. If the

system crosses over to the DLCA regime, the value of dis larger and increases with decreasing

stability ratio. The upper limit of d, given by the dashed line in Figure 4.10, is obtained at the

lower limit of W, i.e. Wmm. This lower limit is determined by the minimum time constraint,
i.e. for W=Wmm we get ta = 5 min.

Figure 4.11 shows contour lines of the maximum average diameter in the plane of the solid

volume fraction and the primary particle diameter. If, for example, d = 2 ßm is required,
the starting colloidal dispersion should originate at the boundary of the shaded set. In order

to obtain larger values of d, one has to choose larger primary particles and/or smaller solid

volume fractions so as to fall within the shaded set.

Cutoff mass

The cutoff mass mc is a measure of the spread of the precursor distribution. Similarly to the

case of the average diameter, when the aggregation is conducted in the pure RLCA regime, the

value of mc depends only on the value of 0O, as shown by the solid line in Figure 4.12. If there

is a crossover to DLCA, then the value of mc depends on the value of W. The dashed line in

Figure 4.12 shows the lower limit of mc determined by the minimum time constraint.
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Figure 4.10: Dimensionless precursor maximum average diameter as a function of 0O. The

continuous line represents the values ofdm for aggregation in RLCA. The dashed line refers to

the dimensionless maximum average diameter when the minimum W is applied, i.e. the one

such that tn = 5 min, and involves crossover to DLCA.
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Figure 4.11: Contour lines representing the maximum average diameter as a function of the

primary particles properties. No limitations on the aggregation regime are here considered,
both DLCA and RLCA regimes are possible. If, for example, an average diameter larger than

2 ßm is required, the primary particles have to be in the shaded set.

The continuous line, referring to the pure RLCA regime, can be interpolated by the following

equation:

log10 mc = -2.1702 x log10 0 - 1.0750 (4.17)

which is useful to analyze the process optimization in the following section.
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Figure 4.12: Precursor distribution cutoff, mc as a function of 0O. The continuous line is the

cutoff for aggregation in RLCA regime. At low concentration and for small W the aggregating

dispersion can crossover to DLCA regime, in this case the minimum value ofmc is represented

by the dashed line.

Percentage of primary particles

The percentage of primary particles in the precursor distribution is another measure of the

spread of the distribution and gives information about the presence of primary particles not yet

aggregated when the interconnection phase of gel formation starts.

As before, for the aggregation in the pure RLCA regime, the value of N* depends only on 0O
as shown in Figure 4.13. In the case of a crossover to DLCA there is a faster consumption of

primary particles and N* is smaller.

4.4.2 Illustrative optimization problem

In order to illustrate the application ofthe above results to the design of an aggregation process,

we discuss in the following a specific example, which can be related to a typical industrial

application. Note however, that other optimization problems can be handled as well using
the same methodology. The goal is to maximize the resulting gel strength, this is obtained

by minimization of the primary particle diameter, d0, and maximization of the solid volume

fraction, 0O. Following the discussion at the end of Section 4.2.2, we require that the cutoff

fraction of the CMD, that is the fraction of clusters larger than i = mc= (D/d0)df, aggregates

in the DLCA regime, whereas smaller clusters aggregate in the RLCA regime. This constraint

should lead to a final gel exhibiting unique mechanical properties different from those formed
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Figure 4.13: Number percentage of primary particles, N*(ta), for dispersions aggregating in

the RLCA regime.

under pure RLCA or pure DLCA conditions, since the largest clusters in the distribution form

the backbone of the gel structure to which smaller aggregates attach later in time. In order to

enforce this condition, we have to require that, according to the aggregation kernel presented
in Section 4.2, the stability ratio W should be equal or smaller than the quantity P%3 = (ij)x
for aggregates with masses corresponding to the cutoff, so as to make sure that all aggregates

larger than these aggregate in the DLCA regime. Translating the requirement PnW~l > 1

for the cutoff aggregate mass into the optimization problem below results in the inequality
W < (D/do) f. The diameter D is chosen in this example to be not smaller than 10//m.

To summarize, the objective is to minimize the primary particles diameter and maximize the

solid volume fraction under the following constraints:

D >

W <

5 min < t

10/im

do

< 10 h

2Xdt

(4.18)

The solution of this multicriterion problem consists in the determination of the Pareto optimal
set. To determine the optimal set, we first identify the set of feasible initial conditions that

satisfy the constraints on the cutoff aggregate size D, on the stability ratio W and on the arrest

time, ta.

The first constraint is a lower limit on the cutoff diameter D, which implies that not all the

combinations of d0 and 0O can be used. For every set of initial conditions there is a minimum

value of D that can be reached while working in the RLCA regime. This value of D is calcu¬

lated using eqs (4.16) and (4.17) leading to the contour lines shown in Figure 4.14. The shaded

region is the set satisfying the constraint on the cutoff diameter.



4.4. PROCESS ANALYSIS AND OPTIMIZATION 101

D/nm

500

400

^300

200

100

10"3 10"2 10"1

4>J-

Figure 4.14: Contour lines representing the value of D [nm] for different primary particles

properties. For each (d0, 0o) combination, D is calculated using eqs. (4.16) and (4.17). The

shaded region is the set satisfying the constraint on the cutoff diameter, eq (4.18)

The second constraint restricts the stability ratio W to be below a certain value. This constraint

is not the only one imposing an upper limit on W. In fact it is also required that the arrest time

is below 10 hours. This means that the aggregation cannot be too slow and the stability ratio

has to be small enough to satisfy this limit as well. However, when comparing these two

limits, it turns out that the first one is the more restrictive and therefore it is the one that must

be considered here.

The last constraint is the lower limit on the arrest time. This implies that the aggregation cannot

be too fast and therefore W has a lower limit as well. Figures 4.15(a,b) show the lower and

the upper limits on W, respectively. The upper limit is calculated directly using the equation
of the constraint while the lower limit was determined interpolating the data analyzed in the

previous section. Figure 4.15(c) shows that for certain cases the upper limit (white surface) is

smaller then the lower limit (black surface) and the problem is infeasible, i.e. no value of W

satisfies both limits. The intersection of the two surfaces is a line, which divides the space of

the initial conditions into two regions: a feasible one where there is a range of W satisfying
the constraints and a infeasible one, where no value of W satisfies both constraints.

In conclusion, the constraints on D and on W determine one feasible region each. In Fig¬
ure 4.16 these two regions are plotted together. Their intersection determines the set of pri¬

mary particles satisfying all constraints. The Pareto optimal set, solution of the multicriterion

optimization problem, is the bold line in Figure 4.16. It is the line dividing the feasible region
from the infeasible one. According to the solution, for each 0O it exists only one d0 and vicev-

ersa. However, which of this (0o,do) combinations maximize the gel strength depends on the

choice of the equations describing quantitatively the gel strength as a function of 0O and d0.
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Figure 4.15: (a) Contour lines representing the lower limit on the stability ratio W. This limit

is due to the constraint of an arrest time ta > 5 min. (b) Contour lines representing the upper
/ \ 2Xdf

limit on the stability ratio. The limit is given by the constraint W < ( j- J and assuming

D = 10[im. (c) Surfaces representing the upper and lower limits of the stability ratio. The

black surface represents the lower limit while the white surface is the upper limit, (d) Feasible

region for D = 10[im. The region on the right is infeasible because the lower limit on W is

bigger than the upper limit, therefore there is not any W satisfying the constraints.

Such equations, if available, are likely to depend on the particularities of the colloidal sustem

considered, which is beyond the scope of this work. Therefore the best solution among Pareto

optima cannot be identified.

4.5 Conclusions

This chapter describes the aggregation kinetics of colloidal dispersions with an experimentally
validated population balance model, which allows us to calculate how the aggregate mass dis¬

tributions evolves in time. When the effective occupied volume fraction of fractal aggregates
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Figure 4.16: The horizontal pattern identify the region satisfying the constraints on D, the

vertical pattern identify the region satisfying the constraints on W. The intersection of the two

regions is the set of dispersions that satisfy the given constraints. The bold line is the Pareto

optima, solution of the multicriterion problem.

reaches the threshold value of 0.5, the aggregation process reaches the arrested state, where the

random cluster-cluster aggregation mechanism crosses over to a different regime. The cluster

distribution present at the arrest time then undergoes interconnection and a gel network forms.

The aggregate distribution at the arrest time is thus the precursor aggregate distribution for

the subsequently formed particulate gel. In this chapter we investigated precursor aggregate

distributions for particulate gels and we related experimental measurements of the resulting

gel properties to our reachability and optimization investigations on the aggregation kinetics

model. We found that when aggregation proceeds fully in the reaction limited regime, then

the precursor aggregate distribution depends only on the solid volume fraction, while being
insensitive to both the primary particle size and stability ratio. However, the stability ratio

is an important operating parameter controlling the overall aggregation and gelation time. A

specific example has been investigated where it has been shown that through a proper choice

of d0, 0o and W we can produce the desired precursor CMD in terms of the cutoff diameter

D, while satisfying specific constraints in terms of the aggregation time and optimizing the

mechanical properties of the produced gel. A simple procedure has been presented to solve

the optimization problem. Along similar lines different types of problems can be solved for

optimal design of particulate gelation processes.
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Chapter 5

Analysis and control of turbulent

coagulator

5.1 Introduction

Coagulation in turbulent conditions is an important process in various industries, including
food engineering, polymer processing and water treatment, where a starting population of

colloidal primary particles is aggregated into larger clusters or floes. Coagulation processes

are typically run in batch vessels and the stirring or shearing is used to control the formation

kinetics and the structural properties of the resulting clusters.

Coagulation processes often entail simultaneous aggregation, breakage and restructuring and

can result in aggregates with widely varying sizes and structures, while starting from the same

initial colloidal dispersion. Aggregate structure is important in two respects. First, it has a

strong influence on aggregation and breakage kinetics. Aggregates with open structure and

low density have large collision radius for a given mass and thus aggregate faster, while at the

same time they are weaker and therefore break more easily. Second, aggregate structure deter¬

mines resulting product properties, in terms of particle size, porosity, density and mechanical

strength.

Aggregation processes are conveniently described with population balance equations, which

can be used to accurately model the time evolution of the cluster mass distribution and other

aggregate properties. Significant efforts have been devoted to the development of models of

aggregation and breakage kinetics. However, important phenomena related to particle interac¬

tions, such as aggregate restructuring, are not yet well understood quantitatively. Nevertheless,
the available kinetic models provide reasonable approximate predictions of average clusters

properties to make it possible, in combination with appropriate control algorithms, to optimize
the coagulation processes in order to achieve desired properties of resulting aggregates.

The first aspect addressed in the paper is the development of a model containing the necessary

105
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dynamics and functional dependences. In particular, a simple model for the fractal dimension

dynamics is introduced and tuned using experimental data from the literature. The second

aspect addressed is the analysis of the process. Different shear rate trajectories have been

tested to identify the most significant dynamics. Limits of the process, as well as of the model,

are identified.

The third and last aspect addressed is the design of a control system for the aggregation in batch

reactors. Other particulate systems, also described using a population balance framework, such

as crystallization or emulsion polymerization, have been subjects of control studies. Currently
available characterization tools (most prominently small angle light scattering) allow us to

measure on line the average cluster size and the fractal dimension. These measurements can

be used in control systems to improve the product properties not only of the current batch but

also of the following ones.

Batch processes do not have a fixed operating point like continuous processes, but are much

more dynamic and cover large operating regions. The main feature of batch processes is

that they are repeated one after another (Srinivasan et al., 2003; Doyle III et al., 2003) (Lee
et al., 1999). Therefore, the information obtained during a batch run can be used to cor¬

rect the subsequent runs and/or to correct the model parameters. There is a large variety of

techniques available in the literature that have been applied to exploit the repetitiveness of

batch process. Among them are approaches using a simple run-to-run optimization (Doyle III

et al., 2003; Srinivasan et al., 2001). These approaches, without on-line measurements, allow

us only to correct the input sequence for the subsequent runs based on results from previous
runs. However, in the case of coagulation processes, we can use small angle light scattering
measurements (using a flow-through cell) to obtain the radius of gyration and the cluster fractal

dimension on-line.

The control approach should then be able to exploit the following two features: the batch

processes repeat themselves itself and on-line measurements are available. Example of such

control algorithm have been published by Lee et al. (Lee et al., 1999). They suggests a batch

model predictive control, BMPC. The algorithm has been derived by integrating the concept

of iterative learning into the conventional MPC technique. As a consequence it is capable of

eliminating persisting errors from previous runs in addition to responding to new disturbances

as they occur in the current run. The algorithm minimizes the error defined as the difference

between the actual output and the reference trajectory. The error is modeled using a time-

varying linear model obtained by linearization around a fixed trajectory.

Here, the BMPC is applied to the shear aggregation in a batch vessel. The linearization of

the nonlinear model requested by the BMPC has been obtained through automatic differenti¬

ation, (Bischof et al., 1992). Given a Fortran code of the model, the automatic differentiation

generates another code that calculates the derivatives and then generates the linearized model.

In the following sections we first present the model used to describe the shear aggregation

process. With this model we analyze the process and the set of products that can be obtained.

Finally, the control algorithm is introduced and tested with a virtual plant. Satisfactory results

are obtained even if the process is highly nonlinear.
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5.2 Modelling of the aggregation process

Time evolution of cluster mass distribution due to aggregation and breakage is conveniently
modeled with population balance equations (PBE) which can be numerically accurately solved

(Ramkrishna, 2000). The rate of change of the aggregate number concentrations is given by
the system of equations (Ramkrishna, 2000):

7 AT / ,\ i
î—1 OO

3=1 3=1

OO

-KBNl(t)+ Yt^KfX,® (51)
j=»+i

where Nt represents the number concentration of aggregates containing i primary particles.

Kh3 is the aggregation rate constant for aggregates composed of i and j primary particles,
KB is the breakage rate constant of aggregates of mass i and ThJ is the breakage distribution

function defining the number of fragments with mass i coming from the breakage of a cluster

with mass j. In the above equation, the first term is due to the formation of aggregates of mass

i by collision of a pair of smaller clusters. The second and third terms describe the loss of

aggregates of mass i by aggregation and by breakage respectively. Finally, the last term is due

to the formation of aggregates of mass i by breakage of larger clusters.

To solve the PBE, we use the pivot technique proposed by Kumar and Ramkrishna (Kumar and

Ramkrishna, 1996a; Kumar and Ramkrishna, 1996b; Kumar and Ramkrishna, 1997; Lattuada,

Sandkühler, Wu, Sefcik and Morbidelli, 2003). The relevant aggregate mass range is divided

into discrete bins defined by pivots representing the discretized cluster mass distribution. Then

the aggregate with mass falling inside a given bin is represented as a linear combination of two

aggregates with masses corresponding to those of the two adjacent pivots. The coefficients of

the linear combination are chosen so that two selected moments corresponding to the original

aggregate distribution are conserved (Kumar and Ramkrishna, 1996a). Each pivot has its char¬

acteristic mass and all the relevant quantities are assessed based on this mass. Pivot masses

are usually defined according to a geometric sequence, with a constant grid factor equal to the

ratio of masses of two subsequent pivots. In order to achieve better accuracy in modeling ag¬

gregation kinetics at early times, the geometric progression of pivot masses may be preceded

by a linear portion of the grid for small aggregates. The extent of the linear portion of the

grid as well as the value of the geometric grid factor must be chosen by considering the trade

off between numerical accuracy and computational time. Smaller grid factors correspond to

denser grids and therefore lead to better accuracies. However, computational times increase

significantly with the number of bins. Based on this trade off, we chose a linear grid for the

first 16 bins, at = i a0 (with i = 1 - 16) and a geometrical grid for the following 20 bins,

a% = 2 a%-\ (with i = 17 - 36). Since the geometrical grid factor for this linear grid choice can

vary between 1.0625 (=17/16, given by the requirement that the 17th pivot mass has to be at

least 16+1=17) and 2, it is possible to cover cluster masses up to 16 x220 = 1.68 xlO7. Thus we

have 36 equations for the discretized cluster mass balance bins plus one additional equation for

the time evolution of the cluster fractal dimension (see section Fractal dimension). The PBE
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model thus consists of a system of 37 coupled nonlinear ordinary differential equations. This

system of ODEs was integrated numerically using DASPK3.0 (Li and Petzold, 1999). The

Jacobian of the system was calculated using the automatic differentiation procedure (Bischof
et al., 1992). The automatic differentiation provides a more precise and faster Jacobian calcu¬

lation. This is particularly useful for our system where the number concentrations vary over

10-20 orders of magnitude.

5.2.1 Aggregation rate constants

Aggregation occurs when two clusters collide and remain attached to each other. Clusters en¬

counter each other due to various transport mechanisms. Unless we consider very concentrated

systems, only binary collisions are significant. After colliding, the particles remain attached

or not depending on inter-particle interactions.

The differences in the velocities of neighboring particles may result from Brownian motion or

spatial velocity variations in the fluid. We can neglect aggregation due to settling when mixing
is sufficiently vigorous. The overall aggregation rate constant can then be calculated as the

sum of two terms:

Ktû =K +K (5.2)

The first one, KBM, is due to Brownian motion, which results in perikinetic aggregation. The

second one, K, is due to shear motion, which results in orthokinetic aggregation. This two

mechanisms are predominant at different particle sizes. When the particles are small (sub-

micron), the predominant mechanism is the Brownian motion. As particles grow larger, the

shear motion is predominant. The two terms are analyzed in details in the following.

Brownian aggregation

If particles are sub-micron in size, the main collision mechanism is Brownian motion. The

aggregation rate constant is given by:

KBM =KBBl3/W with

KB =8kBT/3V

where KB is the Brownian aggregation rate constant, which represents the random diffusion

of equal size clusters due to the collisions with the solvent molecules. The matrix B%3 accounts

for the size dependence of the relative diffusion coefficients, expressed in terms of the hydro-

dynamic radii, Rh, and the collision radii, Rc, of the aggregates. The stability ratio, W, is the

ratio between the ideal Brownian aggregation rate constant, KB, and the actual (measured)
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aggregation rate constant, Kn, for the aggregation between primary particles. The stability
ratio is close to one when enough salt is added to the dispersion so that electrostatic repulsive
interactions between particles are completely screened. This is the case considered here.

Shear aggregation

As particles grow larger, Brownian aggregation becomes less important and the shear aggrega¬

tion mechanism takes over (Levich, 1962). When inertial effects can be neglected (i.e. particles
are not very large or their density is not very different from that ofthe suspending medium), the

particles follow the fluid flow closely. Therefore, collisions are caused by spatial differences

in the fluid flow velocities. For particles smaller then the length scale of the smallest turbulent

eddy, the shear aggregation rate constant, K, can be expressed according to Saffman and

Turner (1956):
1/2

K = 1.294a,,, - (Rc, + Rc,3)0 (5.4)

where RC)% and RC)3 are the collision radii of particles with masses i and j, respectively.

Collision efficiency

The shear aggregation rate constantK includes the collision efficiency ah3. This reflects the

interactions between two approaching aggregates, which influence the surrounding fluid flow,
thus modifying their collision paths with respect to the case of undisturbed flow considered by
Saffmann and Turner.

Here we use the collision efficiency model proposed by Küsters (1991). He used the trajec¬

tory analysis of Adler (Adler, 1981b; Adler, 1981a) to predict the approaching paths of porous

floes modeled as impermeable cores surrounded by completely permeable shells (shell-core

model). The shell-core model implies a reduced collision efficiency for larger and/or less

permeable floes. The model of Küsters can be approximated by the following empirical ex¬

pression (Selomulya et al., 2003):

a%j

exp{-x{l - |g)2)
amax for b{i) < b{j)

{b{i)b(j))v

ottt3 = a3tt for b(i)>b(j) (5.5)

where b(i) and b(j) are the bin numbers in a simple ("binary") geometric grid with the grid
factor 2 for aggregates with masses i and j. We used the same parameters as those suggested

by Selomulya et al. (Selomulya et al., 2003) for the same system as considered in this work:

x = y = 0.1 and amax = 1, leading to the aggregation efficiency values shown in Figure 5.1.

It can be seen that eq (5.5) leads to higher values of ah3 for aggregates of comparable sizes

and lower values for unequal size aggregates, in agreement with Küsters (1991).
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Figure 5.1: Aggregation efficiency ai}3 according to eq (5.5) for the range of aggregate masses

i and j considered in this work.

5.2.2 Breakage rate constant

The breakage of clusters in turbulent flow is caused by hydrodynamic stresses. The larger an

aggregates grows, the more susceptible it is to breakage. Moreover, the aggregates with more

open structure break more easily.

The breakage rate expression applied in this work is given by Flesch et al. (1999) and Selo¬

mulya et al. (2003).

K,
B

4

Iött

1/2 1/2

exp
t

(5.6)

where e is the turbulent energy dissipation rate, v is the kinematic viscosity of the suspending
fluid and tbti is the characteristic turbulent energy dissipation rate at which aggregates of a

given mass i fragment. This critical energy dissipation rate is expressed as inversely propor¬

tional to the aggregate collision radius Rc>i:

Qm B/Rc (5.7)

where B is a fitting parameter (Flesch et al., 1999). Thus eq (5.6) expresses the breakage
rate constant as the product of the first two factors, representing the maximum breakage rate,

and the third one representing the probability that the aggregate of a given mass breaks at

a given value of the turbulent energy dissipation rate. At length scales smaller than that of

the smallest turbulent eddies (Kolmogorov microscale), the flow pattern can be described as a
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laminar extensional flow with the shear rate G expressed as

/ e \ 1/2

G=(-) (5 8)

Coagulation experiments and corresponding simulations are usually performed at a constant

shear rate G and the corresponding value of B is fitted for the particular experiment. Here

our intention is to manipulate the shear rate so as to change the value of B. Therefore the

dependence of B on the shear rate G needs to be established. It was previously observed that

B varies with G according to a power law dependence (Selomulya et al., 2003).

Breakage distribution function

The breakage distribution function Th3 in eq (5.1) gives the number of fragments of mass i

that are produced by the breakage of a floe with mass j. There are several possible breakage
distribution functions, e.g. a normal distribution or a simple binary breakage to equal sizes.

Although a better agreement between simulated and measured particle size distributions was

found with the normal breakage distribution function (Spicer and Pratnisis, 1996), we note that

the moment ofthe cluster mass distribution considered in this work, i.e. the radius of gyration,

depends very little on the specific breakage distribution function used. Therefore, the binary

breakage provides sufficient accuracy for our purposes, while it is simpler to implement and

there are no additional parameters to be fitted. Accordingly, the following binary breakage
distribution function, Th3, has been used:

T„ = 2forV^ = 2K

Tt>3 = 0forV,^2K
l '

5.2.3 Fractal dimension

The structure of the aggregates influences both the kinetics of their formation as well as their

resulting application properties, such as density and mechanical strength. It has been well es¬

tablished over the last two decades that aggregation processes in diffusion or ballistic driven

regimes result in aggregates possessing fractal scaling properties over a certain length scale

range (Sorensen, 2000). The fractal scaling is quantified by the scaling exponent, i.e. the

fractal dimension df, which appears in the power law relationship between the aggregate di¬

mensionless mass i and its radius Rt:

Rl = kgRpil/df) (5.10)

where Rp is the radius of the primary particles and kg is a constant close to unity. The fractal

dimension affects the aggregation kinetics through the collision radius RC)% of aggregates with

mass i, which scales the same way as other aggregate radii (e.g. radius of gyration) and can be

reasonably approximated as Rc% = Rt.
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The fractal dimensions observed in experiments and simulations of cluster-cluster aggregation
in three dimensions ranges between 1.8 for diffusion limited and 2.1 for reaction limited ag¬

gregation. This applies to systems that are irreversibly aggregating and are completely rigid,
i.e. their structure does not change in any way internally or in response to external forces. An

important property of fractal aggregates is that their density decreases with increasing mass.

This is easily seen from the mass scaling relationship above, since the aggregate mass grows

with its size to the power df, which is less than the dimensionality of the space the aggregate

is embedded in. Therefore, in order to control not only the particles size but also their den¬

sity, it is necessary to describe the scaling exponent df. Even though a description based on

first principles is not available, it is desirable to have an appropriate semi-quantitative model

describing the main dynamic features of the time evolution of df.

Under conditions where reversibility and/or restructuring is present, the aggregate fractal scal¬

ing is not necessarily universal. This can be described with a non-constant scaling exponent

between mass and size during the aggregation process. Although it is common in the literature

to use a constant scaling exponent df, cf. (Spicer and Pratnisis, 1996), which is usually con¬

sidered to be a fitting parameter in aggregation kinetics models, it has been also recognized
that the structure of the aggregates may be changing in the course of shear aggregation (Jung
et al., 1996; Clark and Flora, 1991).

During such restructuring the weakest bonds between primary particles within the clusters

break and new stronger bonds characterized by a larger coordination number are formed.

There are several kinds of experimental evidence that restructuring happens in shear aggre¬

gation at constant shear rates. First, the time evolution of the mean cluster diameter can go

through a maximum before reaching a steady state value where aggregation and breakage are

balanced. Second, the fractal dimension estimated from static light scattering experiments
tends to increase with time till the upper limit reached at steady state. For a given colloidal

dispersion, this upper limit depends on the shear rate only, and it has been observed to be

largely independent of the applied shear rate policies (Spicer et al., 1998).

To our knowledge, the only published model for the time evolution of aggregate fractal dimen¬

sion in shear aggregation is due to Selomulya et al. (2003). The model is based on the first

order equation:
d
A—df

dt
J

C2

ci(^) +cs\AB\ x (df>max -df) (5.11)

y^ TV D
where d43 =

y N*D\ is the average aggregate diameter, d0 is the primary particle diameter and

df,max is the maximum fractal dimension for a given shear rate. The collision diameter Dt of

the cluster with mass i is given by, D% = 2Rt = d0il^df. Finally, the term \AB\ is given by:

\AB\ = 2^ (aggregation term i\ • N^ (breakage term i\ (5.12)

where

i-i

2
(aggregation term i\ = abs

-.

l—\

OO

-Y,K^3^,At)N3{t) - Nt(t)Y,Kh3N3(t)
3=1 3=1

(5.13)
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and
OO

j=»+i

(breakageterm«| = abs [-KBNt{t) + + V Yt3KfN3{t) (5.14)

According to Selomulya paper, this model accounts for three contributions to the rate of change
of the fractal dimension with time:

• d43/do, which is the dimensionless average size of the clusters. This takes into account

how large the clusters are compared to the primary particle size. Larger cluster undergo

restructuring more easily.

• \AB\, which is the number of aggregation and breakage events per unit time. If aggre¬

gation and breakage take place more often, there is more chance for the evolution of the

aggregate structure.

• (dftmax — df), which is the displacement from the steady state. This term enforces that

the target value of the fractal dimension at a given shear rate is approached faster when

the structure is more different from the target one.

Three parameters, C\, c2 and c3, must be tuned in this model in order to reproduce experimental
results. In the Selomulya paper, the fractal dimensions estimated from static light scattering
measurements could be reproduced qualitatively assuming the set of parameter values reported
in Table 5.1.

Table 5.1: Parameters used in eq (5.11) by Selomulya et al. (2002) to reproduce the qualitative
behavior of the fractal dimension during the shear aggregation process.

do G Cl c2 c3 B- 106 U'f,max

810 100 0.02 0.1 lO"9 1 2.7

However, no quantitative agreement was obtained between measurements and model calcula¬

tions. Equation (5.11) can in fact be rewritten as follows:

d
—df = {pi +p2) x (dLmax - df) (5.15)

with pi = ci ( ^p ) and p2 = c3 \AB\. It turns out that the values of the parameters and the

magnitude of \AB\ are such thatp2 is negligible and does not influence the time evolution of

df. Moreover, the value ofpi changes with time rapidly while the measured rate of change of

the fractal dimension drops approaching the steady state, as enforced by the term [df)max — df).
Therefore it is not clear how the chosen values of parameters c\ and c2 in p\ could have been

validated.

Based on these observations we substitute the above model for the time evolution of d/ with a

simpler one which is nevertheless able to reproduce the observed qualitative dynamics of the
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fractal dimension. For this we choose a simple first order model with two parameters: a time

constant, 7, and a steady state value of the fractal dimension, df)max.

d

-ßdf = 7 X (dftmax ~ df) (5.16)

For a given colloidal dispersion, with the primary particle diameter d0 and the solid volume

fraction 0O fixed, the two model parameters depend only on the shear rate G, as will be dis¬

cussed shortly.

5.3 Tuning of the aggregation model

The developed aggregation model describes the kinetics of size and structure evolution of ag¬

gregates formed under turbulent flow conditions. We now estimate the adjustable parameters

of the model by fitting an appropriate set of measurables obtained from experiments. The ba¬

sic quantity of interest is the aggregate mean size, which can be measured in various ways,

resulting in different moments of the cluster mass distribution. Another important characteris¬

tic of the aggregates is their fractal dimension, which together with their size determines their

density. For a given colloidal dispersion, defined by the primary particle diameter (d0) and the

solid volume fraction (0O), the aggregation dynamics depends only on the shear rate applied
in the coagulator. Therefore we need a set of experimental data on particle size dynamics for

a given colloidal dispersion at different shear rates in order to tune the model using four ad¬

justable parameters, all of which in principle depend on the shear rate G. These are: B in the

breakage rate expression, eq (5.7) and d/(0), 7, df)max in the fractal dimension rate eq (5.16).

We take such data from a recent carefully performed study on shear coagulation of polymer
latexes in a Couette reactor, where the effective mean diameter d43 and the effective fractal di¬

mension df were determined from small angle static light scattering measurements (Selomulya
et al., 2002). We selected a set of data for a polystyrene latex with nearly monodisperse pri¬

mary particles with diameter d0 = 810 nm and the solid volume fraction 0O = 3.76 x 10-5,
where coagulation experiments were performed with fully destabilized particles at three dif¬

ferent shear rate values G in the turbulent flow regime.

Before we proceed further, let us discuss the validity of the information that can be obtained

from static light scattering measurements. In these measurements the intensity of the light
scattered by the sample is collected as a function of the scattering angle. This intensity pattern

can be either analyzed with instrument manufacturer proprietary tools or exported as raw data

and analyzed off-line. The instrument analysis involves solving the inverse problem of light

scattering using Mie theory and assuming a discrete population of spherical particles with

uniform optical properties. The result of this analysis is the particle size distribution of spheres
that would have the same scattering pattern as the one measured. The average diameter d43 is

then calculated as the mean ofthis size distribution and this diameter is known to be close to the
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mean radius of gyration, although the particle size distribution itself might not be accurately

represented for non-spherical particles.

When the raw intensity data are exported, one can analyze them to obtain the mean radius of

gyration by fitting the Gunier region of the scattering pattern. Furthermore, if the aggregates

are fractals, one can estimate the slope of the power law region in the log-log plot of the

intensity vs. the scattering angle magnitude. However, it is known that early in the course of

aggregation the slope ofthe power law region tends to underestimate the true fractal dimension,
due to the presence of smaller aggregates which scatter light differently than the larger ones

with fully developed fractal scattering behavior. Since the estimated fractal dimensions for

earlier times in the course of coagulation are not reliable, we chose to treat the initial fractal

dimension value df (0) at the start of aggregation as an adjustable parameter, rather than taking
the values of df measured experimentally. Instead, we took the final value of df>max to be

equal to the experimental one measured at steady state. Thus we have three parameters, which

are adjusted in order to fit the measured dynamics of particle size evolution represented by the

relative mean size d* = d43/do.
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Figure 5.2: Typical time evolution of the dimensionless average diameter d* = ^. The

dashed boxes highlight the critical regions of the dynamic evolution of the average diameter.

The most important intervals of the clusters growth dynamics are highlighted in Figure 5.2

where d* is plotted versus time for aggregation under constant shear. These intervals are:

1 : from the beginning of the process to the inflection point. This represents the exponential

growth of clusters unhindered by breakage.

2: from the inflection point to the plateau. In the case of significant restructuring this part

of the curve is not monotonie and exhibits a maximum.
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3 the plateau This corresponds to the steady state resulting from an equilibrium between

aggregation and breakage

The first two intervals are affected by the time evolution of the fractal dimension, so that 7

and d/(0) were tuned to reproduce the initial dynamics till the plateau The third interval is

affected mainly by the value of the breakage rate parameter B, which was tuned to reproduce
the plateau value of the average diameter The last parameter, df)max, effects all the three

intervals, but it was estimated directly from the light scattering data as indicated above In

Table 2 we report the values of 7, d/(0), df>max and B determined through the above procedure,

separately for each shear rate

Table 5 2 Parameters in eqs (5 7) and (5 16) estimated to reproduce the experimental data for

coagulation at various shear rates

G df{0) 7X 103 df
Ujf,max

B x 106

64 2 1 5 2 53 0 929

100 2 20 2 66 2 346

246 2 60 2 74 8 184

Figure 5 3 shows the comparison between the measured average diameter and the model re¬

sults The agreement between the experimental data and the simulation results is satisfactory,

except that the calculated initial aggregation rates are somewhat slower for the two lower shear

rates

The data in Table 5 2 were interpolated to obtain the value of the model parameters as a func¬

tion of the shear rate G The values of 7 were interpolated with a linear function

7 = m3 • G (5 17)

where m3 = 2.375 x 10-5 The fitting line passes through the origin because without any

shearing the value of the fractal dimension remains constant during the aggregation process

The originally estimated values and the interpolating line are compared in Figure 5 4a

The value of the breakage rate parameter was interpolated with a power law with the exponent

suggested by Selomulya et al (2003) The interpolating function is

£ = m4 + m5G16 (5 18)

with m4 = 1.804 x 10-7 and m5 = 1.203 x 10-9 A comparison between the originally
estimated values and the fitting function is shown in Figure 5 4b

Finally, the maximum value of the fractal dimension, df)max, was interpolated with an expo¬

nential function, starting at 1 8 for no shear conditions, corresponding to the diffusion limited

cluster-cluster aggregation in static conditions

df,max = mi + (1.8 - mi) exp(G m2) (5 19)
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Figure 5.3: Comparison between the measured data and the model results using the fitting

parameters reported in Table 5.2. G = 64: squares and continuous line; G = 100: circles and

dashed line; G = 246 diamonds and dashed-dotted line. The experimental data are taken from

Selomulya et al. (2003).

with two empirical parameters mi = 2.7453 and m2 = —2.339 x 10-2. The data and the fitting
curve are compared in Figure 5.4c.

In conclusion, let us summarize the limitations of the developed model and indicate some as¬

pects that may require further investigations in the future to increase its generality. In particular
we refer to the following points:

• we do not address the effect of the initial particle diameter d0 and the solid volume

fraction 0O on the value of the parameters, therefore we limit the model validity to the

specific colloidal dispersion considered in this work.

• we have not validated the extrapolating capability of the model, therefore we limit the

shear rate considered here to the range between 50 and 300/s.

In the following part of this work we discuss how to make up for these model limitations using
model based control coupled with online measurements.
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(a) (b)

(c)

Figure 5.4: Model parameters as a function of the shear rate: (a) 7 (b) B (c) df>max- The

continuous lines are the functions used to interpolate the values estimated directly from the

experimental data represented by the symbols (+) and summarized in Table 5.2.

5.4 Process analysis

The model developed in the previous section can be used to study the coagulation process

and the effect of different shear rate policies on the final product. The product in this case is

characterized by the average diameter and by the scaling exponent df. To represent the average

diameter, we use the radius of gyration, which can be determined experimentally using static

light scattering (Lattuada, Sandkühler, Wu, Sefcik and Morbidelli, 2003; Sandkühler, Sefcik,

Lattuada, Wu and Morbidelli, 2003) and calculated from the cluster mass distribution obtained

from the PBE model as follows:

(RÎ)

Na

5>^;
2

i=i

Nag
(5.20)

5>
i=i
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where the radii of gyration Rg>l of clusters with mass i are calculated as described by Lattuada,

Wu, Sandkühler, Sefcik and M.Morbidelli (2003), using radial density functions obtained from

Monte Carlo simulations.

The aggregate density can be computed from its size and fractal dimension as follows (Jung
et al., 1996; Clark and Flora, 1991):

P_
= (^)d/-3 (5 21)

po rip

where the cluster density p relative to the solid phase (primary particle) density p0, is expressed
as a power of the radius of gyration relative to the primary particle radius with an exponent

depending on df.

In industrial processes it is often desirable to obtain large and dense aggregates. However,

there are physical limits intrinsic in the aggregation process that cannot be overcome. Before

discussing the control problem it is therefore convenient to analyze what product character¬

istics can be obtained, given a certain starting colloidal dispersion, using various shear rate

policies. Rather than allowing all possible moves, we artificially restrict the evolution of the

shear rate applied during the batch coagulation process in order to facilitate the analysis. In

particular, we propose the following two parametrized trajectories. In the first case, the shear

rate is given by an affine expression in time which is characterized by the total time of the

process, tf, the initial shear rate, G(0), and the final shear rate, G(tf). In the second case,

we allow for two more degrees of freedom by using two affine terms that form a continuous

piecewise affine representation for the shear rate with the five parameters: the total time of the

first and of the second part, t\ and t2, respectively, the initial shear rate G(0) and the shear

rate at the end of the first and of the second part, G(ti) and G(t2), respectively. These two

parametrizations are sufficient because we have verified that allowing for three or more affine

expressions does not increase the reachable set.

Shear rates in the range between 50 and 300/s and total process times between 5 and 60 minutes

were analyzed. Figure 5.5 shows as Region 1 the set of product characteristics, in terms

of size and fractal dimension, that can be obtained using constant shear rate. Region 2 in

the same figure represents the additional set reachable with the continuous piecewise affine

parameterization. It is seen that the extension of the set of reachable properties represented by

Region 2 is quite significant. For example, the average cluster size (or the density as indicated

by the isodensity lines) can be increased up to 50 percent compared to the values that can be

obtained using constant shear rate.

It is worth noting that the parametrization corresponding to a constantly increasing or decreas¬

ing shear rate in time determines a reachable region significantly smaller then the one obtained

with a piecewise linear parametrization. This is because in order to obtain high density aggre¬

gates, the system has to operate at two distinctly different shear rates. At the beginning a high
shear rate for a certain period of time is needed in order to produce a compact core, while later

the shear rate can be reduced to let the clusters aggregate further. Parallel to clusters growth,
their density decreases, however it remains larger then the one obtained at constant shear rate.

Concerning the time spans ofthe two parts into which the batch aggregation process is divided,
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Figure 5.5: Region 1 represents the space of product characteristics (Rg and df) that can be

obtained with constant shear rate, and Region 2 the one reachable by using two affine terms

that form a continuous piecewise affine representation for the shear rate. The isodensity lines

are shown with values of density is calculated according to eq (5.21).

tiand t2, the following conclusion can be drawn. The duration of the first part t\ should be

long enough to allow the restructuring of the particles and therefore the increase of the fractal

dimension till the maximum value corresponding to the operating shear rate. For example,
for the shear rate of 300/s it is necessary to run for about 10 minutes. On the other hand, the

duration of the second part t2 should be long enough to allow the aggregate to grow. Longer
times would produce a product with a smaller ratio £-.

5.5 Development of the controller

Batch processes are typically run based on a recipe obtained through accumulating years of

experience or by a more deliberate optimization ofthe process. The recipe is followed in order

to obtain a product with the desired features. Most of the time, the operator simply observes

the measurements and decides on the proper action on the manipulated variable to correct



5.5. DEVELOPMENT OF THE CONTROLLER 121

the production. The operator decision is based on two facts: first, the experience gained by

running the previous batches and second, the on-line measurements of the ongoing batch. The

ability to consider these two aspects is the main feature of the control algorithm applied here,
the batch model predictive control, BMPC. In addition, the BMPC has the capacity to handle

constrained MIMO systems as efficiently as the classical MPC algorithm.

In the shear aggregation process, the target is to obtain clusters with a certain average size,

Rg and a certain fractal dimension, df. Once the product properties have been specified, the

corresponding recipe in terms of shear rate can be calculated with the model. However, due to

disturbances and model errors, the open-loop application of the defined shear rate policy does

not yield the wanted Rg trajectory. Therefore, the off-line calculated shear rate trajectory has

to be modified. This is done considering the results of the previous batches and the current

radius of gyration measurements.

The objective of the controller is not only to correct the input in order to obtain a certain Rg at

the end of the batch, but to track the Rg trajectory during the whole batch. In this way, both

the dimension and the fractal dimension ofthe product are controlled. By asking to the control

algorithm to reproduce a certain Rg trajectory, we force the system to follow a certain shear

rate policy that yields a defined radius of gyration and fractal dimension. If we control only
the final Rg, the shear rate policies wouldn't be unique and the possible fractal dimensions

undetermined.

In the following we first present the BMPC algorithm applied to the system in order to track

the radius of gyration. A more detailed description is available in Lee et al. (1999). Then the

tuning of the control is explained. Finally, examples of the control behavior using a virtual

plant are presented.

5.5.1 The BMPC algorithm

The objective of the control algorithm is to track a target Rg trajectory. We call this target

trajectory the nominal output sequence:

y = [y(l),y(2),...,y(N)]

where N is the number of sample steps in which the batch is divided. With the model, we

calculate the corresponding shear rate policy that produces the target Rg trajectory. We call

this shear rate policy the nominal input trajectory:

ü = [ü(0),ü(l),...,ü(N-l)]

The nominal input sequence would produce the target Rg trajectory if the model were perfect
and if there were no disturbances. However, due to model errors and disturbances, the real

output differs from the nominal one. In order to track the target Rg, the control algorithm looks

for the input sequence that minimizes the error trajectory defined as the difference between the

nominal and the actual output sequences:

e = y-y=[e(l),e(2),...,e(A0] (5.22)
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It is reasonable to assume that the system will always work around the nominal input traj ectory.
Therefore the above expression can be linearized around this trajectory obtaining:

e = L(ü - u) + ed (5.23)

where L is the linearization of the nonlinear model and is calculated as explained in the Ap¬

pendix. The residual ed accounts for the bias in the nominal input trajectory, as well as for the

effects of model errors and of disturbances. Part of the residual repeats itself in each batch and

therefore must be passed on as information to the following batches. The other part has to be

filtered out because it is specific for the ongoing batch. In order to exploit these two parts, it is

convenient to model the residual ed as the output of a linear system driven by random inputs:

ëfc+i = ë^ + wfc

4 = H + Vk (5-24)

where the index k refer to the batch and vfc and wfc are zero mean independent and identically
distributed random vector variable sequences. The contribution ëf repeats itself in every batch,
while the term vfc is typical of one batch and will change in the following batches. The ratio

between the covariance matrices of vfc and wfc determines how much error information will be

transferred from one run to the following one.

Based on eq (5.24) and eq (5.23) the error trajectory ë for two consecutive batches k and k + 1

is:

ëfc+i = L(ü - ufc+i) + ëdk+l
ëfc = L(û-ufc) + ë^ (5.25)

The difference between these two expressions gives the following model for the transition

from batch to batch of the error trajectory:

ëfc+i = ëfc - LAufc+i + Wfc

efc = ëfc + Vfc (5.26)

This model describes the evolution from batch k to batch k + 1 of the error trajectory ek.

However such a model does not allow us to include feedback of the on-line measurements and

to use a receding horizon policy with all the related advantages. Therefore, from this batch-

index transition model a time-index transition model is derived as explained in the following
sections.

Time-varying state-space model

The batch to batch model is converted in a time-index model by definition of the state ek(t) as

the error sequence for the kxh batch when, starting at time t, the input is the same as the (k — 1)
batch:

ek(t) = ek with Auk(t) = = Auk(N - 1) = 0

= ëfc_i - L(0)Auk(0) L(t-l)AMfc(t-l)+Wfc_i+Vfc (5.27)
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where L(0) and L(£ — 1) are obtained from the partition of L according to:

L=[L(0)L(l)...L(t-l)] L(j)G^xl

Using this state definition the initial conditions for the new batch are:

efc(O) = ëfc_i(iV) + Wfc_i + Vfc (5.28)

The same state equation, eq (5.27), is valid also for the ek(t). Therefore, the complete time-

varying state-space model is:

ëfc(t+l)
ek(t+l)

I 0

0 I

ek(t) = [0H(i)]

ek(t)

_

ek(t)

ëfc(t)
efc(t)

Ht)
Ht)

Auk(t)

t = 0,...,N- 1

with initial conditions:

ëfc(O)
efc(0)

I 0

I 0

êk-i(N)
ek-i(N)

Wfc_i

0

I
Vfc

(5.29)

(5.30)

(5.31)

The measurement matrix, H(£), extracts the error at the time t from the error sequence. With

this time-index transition model the predictor is constructed as explained in the following
section. The states ëfc and ek are estimated recursively with a Kaiman filter. At first glance,
the states ëfc may appear redundant, however they affect the measured state through eq (5.31).
In oder words, the states ëfc hold the information relevant for the future batches.

Predictor construction

The prediction of the error sequence of the kth batch starting at time t over the horizon m is

given by:

ek(t + m\t) = ek(t\t) - Lm(t)Au(t) (5.32)

where:

and

Lm(t) = [L(t),...,L(t + m-l)]

Auk(t)

Aunt) =

Auk{t + m — 1)

The error at time t given measurements up to time t is calculated using the standard optimal
state estimator:

ek(t\t-l)
ek(t\t-l)

'

ek{t\t)
ek(t\t)

ek(t-l\t-l)
ek(t-l\t-l)

ek(t\t-l)
'

ek(t\t-l)

Ht-i)
Ht-i)

Auk(t-1) (5.33)

Kfc(t) [ek(t) - U(t)ek(t\t - 1)], for t = 1,..., N
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Considering the states definition, at each new batch the states are initialized according to:

efc(0|0)
efc(0|0)

The dynamic Kaiman gain matrix is given by:

ëfc_i(/V|A0
efc_i(JV|JV)

Kfc(t)
Pfc(t)
Pfc(t)

HT(t) [H(t)Pk(t)HT(t (5.34)

And the covariance matrix is updated according to:

Pfc(t+1) Pfc(t + 1)

Pfc(t+1) Pfc(t + 1)

Pfc(t) Pfc(t)

Pfc(t) Pfc(t)
Kfc(t)H(t) Pfc(t)Pfc(t) (5.35)

This equation holds for t = 1,..., N and is reset at the beginning of each new cycle. At the

beginning of each new batch the followings equation is used for the covariance matrix:

Pfc(l) Pfc(l)

Pfc(l) Pfc(l)

Pk(N + l) + Rw Pk(N+l) + Rw

Pk(N + 1) + Rw Pk(N + 1) + Rw + R,
(5.36)

The time varying Kaiman gain matrix (Kfc(l), • • •

, ~Kk(N)) can be calculated off-line because

for k — oo it converges to a periodic steady-state solution independent of the initial value.

Input calculation

At each time step, when a new measurement is available, the sequence of inputs that minimize

the following objective function is calculated.

minAur(t)i {e%(t + m\t)Qek(t + m\t) + Auf(t)RAu(f)} (5.37)

This objective function minimizes the tracking error over the whole batch horizon while penal¬

izing the input movements. Constrains are imposed on the input magnitude and on the input

changes:
ulow < uk(i) < uhl

\Auk(i)\ < Auht

\6uk(j)\ < 6uh*

t<i<t

t<i<t

t<J<t

m

m

m

where Auk(i) = uk(i) - uk-i{i) and 5uk{j) = uk{j) -uk(j - 1).

The above minimization problem constitutes a quadratic program and is solved at each sam¬

pling time. In this case, the system is linearized and discretized with a sampling of 30 seconds

while the measurements are available only every minute. Therefore of the optimal input se¬

quence the first two movements are implemented.
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5.5.2 Tuning of the controller

The proper tuning of the controller should assure a good tracking of the target Rg trajectory

despite disturbances and model errors. We consider the following limits on the input and on

its variations. The shear rate can vary between 50/s and 300/s. The maximum change from

one sampling time to the following is 5uh% = 20/s. Finally, from batch k to batch k + 1 the

change of shear rate allowed is of 30/s.

The parameters to be tuned are: [m, Q, R, Rv, Rw]. The tuning of the first three follows the

same rules as in the classical MPC control algorithm. Namely, the response of the system can

be made more aggressive by increasing the weight Q on the error trajectory relative to the

weight R on the manipulated variable and by reducing the value of the control horizon m. The

last two parameters allow us to regulate the ratio between the batch to batch learning and the

real-time response and they are a peculiarity of the BMPC.

The control horizon, m, has been taken equal to 5 minutes with a shrinking horizon policy at

the end of the process when m > N — t.

The ratio between the weights Q and R determines the magnitude of the controller reaction.

The larger is the weight Q on the error sequence, the more aggressive is the controller in trying
to reduce the error. On the contrary, a large weight R on the shear rate slows down the real

time feedback as well as the batch to batch learning. Therefore, the weight on the manipulated
variable is kept small and the learning rate and the real-time control are adjusted independently

by the values of the covariance matrices of vfc and wfc. Considering the different magnitude
of the input (50 < G < 300) and the output (810 nm < Rg < 105 nm), the chosen values are

Q = I and R = 1001 where I is the identity matrix of suitable dimension.

Finally, Rw and R^ are generally not known and difficult to calculate. As suggested by Lee

et al. (1999), their tuning was done by modeling the stochastic disturbances as the sum ofwhite

noise and integrated white noise. The corresponding covariance matrices take the following
structure:

Rx = cr. ,lJ ^-2 T
X = V, w

where:

I I I

I 21 21

I 21 31

I 21 31

I

21

31

M

Consequently, there are four parameters: [a2 1;
a2

2, (Jœl) cr^2]- F°r the tuning we should con¬

sider that if the batch to batch learning rate is too fast, the value of oW)\ and oW)2 should be

reduced with respect to aV}\ and av>2. Further suggestions about the tuning are specified in Lee

et al. (Lee et al., 1999). The values we have used are: [a2t = 0.001, a22 = 0.01, o2wl =

0.001, <r2=0].
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5.6 Results and discussion

The developed control algorithm was tested using the nonlinear model as a virtual substitute

of the real plant. As example, we have chosen a product with an average size of 48 /im

and a fractal dimension of df = 2.7; this product is in Region 2 of Figure 5.5. According
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Figure 5.6: Dashed lines: nominal trajectories. Continuous lines: measured Rg and df when

the nominal input is applied open-loop to the virtual real plant.

to our model, the input trajectory to obtain such a product should stay at G = 280/s for the

first 10 min and then be gradually reduced to 70/s over 8 minutes. In the first part the dense

core of the particles is formed, while in the second part, a lower shear rate is applied so as

to allow formation of large floes. The calculated nominal trajectories are the dashed lines in

Figure 5.6a,b.

We assume that the real plant differs from the model. In particular, we consider the real plant
as being described by the same model but with different parameter values, that is: m*5 = 0.8 m5

in eq (5.18) and ml = 1.1 m3 in eq (5.17). This implies 20 % error in the evaluation of the
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breakage efficiency and 10 % error in the dynamics of the fractal dimension. Moreover noise

is considered on both Rg and df measurements.

The open-loop implementation of the nominal shear rate trajectory produce the trajectories

represented by the continuous lines in Figure 5.6b,c. Because of the errors in the model, the

real average radius is about 20 % less than expected, even if the fractal dimension is almost

the same. Such a difference in the average dimension is not acceptable.

A significant improvement in the product quality is already obtained during the first batch

when the control algorithm is applied and the measurements are used to correct the input tra¬

jectory. This is shown in Figure 5.7 where the new obtained output trajectories (continuous

curves) indicate that the average cluster size is close to the desired value at the end of the first

batch. However, during the batch, the target and the real trajectory differ significantly. At ev¬

ery consecutive batch, thanks to the batch to batch learning, the output trajectory get closer and

closer to the target and the error is progressively reduced. After six consecutive runs, the sys-
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tern has converged to the new input and output trajectories illustrated by the continuous curves

in Figure 5.8. However, small differences between target and real output persists during the

first 10 minutes, when the system is highly reactive and there is a larger discrepancy between

the linear and the real model. Attempts to improve this part of the process, for example by

reducing the horizon or increasing the response of the controller, lead to drastically decreased

controller performance in the last part of the batch and therefore to undesired deviations of the

product properties.

(c) fractal dimension

Figure 5.8: Dashed lines: nominal trajectories. Dash-dotted lines: closed-loop trajectories

during the first batch. Continuous lines: closed-loop trajectories during the sixth batch.

In order to test the controller, we apply a change in the primary particles diameter after six

runs. We suppose that the primary particles have an average diameter of 790 nm instead of 810

nm with a corresponding change in the breakage efficiency and fractal dimension dynamics.

Figure 5.9 shows that even if there is a change in the primary particles diameter, the product

quality in terms of average diameter is achieved. The dash-dot lines are the input and output

before the change in the particles diameter, and the continuous line is after the change. It can

be seen that the controller changes the shear rate G with respect to the trajectory used in the
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sixth cycle, in order to compensate for the error induced by the change in the primary particle
diameter.

(c) fractal dimension

Figure 5.9: Dashed lines: nominal trajectories. Dash-dotted lines: closed-loop trajectories
measured during the sixth batch. Continuous line: closed-loop trajectories during the seventh

batch when a change in the primary particles dimension from 810 to 790 nm is applied to the

virtual plant.

Beside the tests presented here, other tests were done with different target trajectories and dif¬

ferent model errors. Performances similar to those discussed in the previous example were

obtained in all cases. Considering the high nonlinearity of the process, we are particularly
satisfied with the performances of the control system based on the linearization of the process

model. Finally, it is worth to point out the importance of the software for the automatic differ¬

entiation that allows to obtain precise derivatives in few minutes even if the system is relatively

large. This allows us, when necessary, an on-line update ofthe linearized model corresponding
to the most recent trajectory.
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5.7 Conclusions

In this chapter, we have addressed the analysis and control of a turbulent coagulation batch

processes.

First, a simple model able to reproduce the main dynamics of the process is developed and

tuned using literature data. In particular, since a complete fundamental model for the frac¬

tal dimension dynamics of aggregates in shear conditions is currently not available, we have

introduced a simple model with some empirical parameters which is able to reproduce most

significant dependences of the fractal dimension from the process operating conditions.

Second, we have shown that using a proper trajectory for the shear rate, it is possible to obtain

bigger and denser aggregates compared to those obtained at a constant shear rate. High shear

rate applied for a sufficient amount of time forms a dense core and when the shear rate is

gradually reduced, large aggregates are formed. Moreover, once the trajectory is defined, the

fractal dimension of the final product is little influenced by changes in the shear rate. Only

major changes in the whole trajectory can cause significant changes in the resulting product

density.

Third, a control algorithm is applied to track a pre-defined trajectory of the radius of gyration.
The control used is a BMPC and the linearized model is obtained with automatic differen¬

tiation. Satisfactory results were obtained even in presence of significant model errors and

disturbances. Thanks to the automatic differentiation, the linear model is obtained in short

time and with high precision.
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C APPENDIX

Cl Model linearization

The matrix L is obtained by linearization of the nonlinear model along the nominal trajectory.
For each sampling time, t, the matrices of the linear system, A(t), B(t), C(t), are calculated.

xt+i = A(i)x(i) + B(t)u(t)

y{t) = C(t)x(t)

The system has 37 states, one input and one output. Therefore the dimensions of the matrices

are: A (37 x 37) ,
B (37 x 1) ,

C (1 x 37). It has been found that a very efficient and

convenient way to calculate the derivatives is the automatic differentiation done with ADIFOR,

(Bischof et al., 1992). Given the Fortran subroutine of the system x = f(x, u) the automatic

differentiation generates Fortran subroutine that receive the independent variables as input and

calculate the derivatives |£ or |£. The new code is produced by mechanical application of the

chain rule to the original fortran code considering that each line of the code contains a simple
mathematical operation.

Once the matrices A(t), B(t), C(t) are available, the matrix L is calculated as:

C(1)B(0) 0 ••• 0

T _

C(2)A(1)B(0) C(2)B(1) ••• 0
L

. .... o

C(iV)A(iV-l)---B(0) C(iV)B(iV-l)
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