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Abstract

We formulate elliptic boundary value problems with stochastic input data in a domainD. We show well-
posedness of the problem in stochastic Sobolev spaces. We derive a deterministic elliptic PDE in D×D
for the spatial correlations, respectively the covariance, of the solution. We show well-posedness and
regularity results for this PDE in a scale of weighted Sobolev spaces with mixed highest order derivatives.
We prove that discretization with sparse tensor products of hierarchic FE-spaces in D yields optimal
asymptotic rates of convergence for the second moments even in the presence of singularities or for
spatially completely uncorrelated data. Multilevel preconditioning in D×D by means of sparse wavelet
basis and iterative solution of the finite element equations for the correlation functions is shown to lead
to an algorithm of logarithmic-linear complexity. Numerical experiments confirm the theory.



1 Problem formulation

Due to the rapid development of scientific computing in recent years, accurate numerical so-
lution of boundary value problems for partial differential equations is now possible in many
applications. For given problem data, such as domains, coefficients and boundary data, the
solution can be computed to high accuracy. Often, however, the problem data is either in-
completely known or uncertain which implies that highly accurate numerical solutions are of
limited use. One way to deal with such uncertainty is to describe the problem data as random
fields which turns the problem into a stochastic differential equation. The formulation and
numerical solution of stochastic differential equations has received increasing interest in recent
years. We mention here only [16], [17], [14] and the references there on stochastic ordinary
differential equations and [11], [12], [7] on stochastic partial differential equations. In engineer-
ing simulations, uncertainty in coefficients and loadings has been dealt with by means of the
stochastic finite element method in structural mechanics (see [13] and the references there) and
by the related first order, second moment perturbation technique in subsurface flow models.

The solution of a stochastic differential equation is, in general, a random field which takes
values in a suitable function space. Complete description of this random field requires knowl-
edge of its joint probability densities. In applications, however, one is often only interested
in the first moments of the random solution. These moments can be computed e.g. by the
Monte-Carlo (MC) Method, where numerous ‘samples’ of the random input data are generated
according to prescribed, often empirical, distributions and each MC sample entails the solu-
tion of a deterministic boundary value problem. From the computed solutions, the mean and
covariance then give estimates for the first moments of the random solution. This approach
is costly – due to the generally slow convergence of MC methods, numerous samples must be
taken until a satisfactory accuracy of the computed solution has been reached. Nevertheless, in
the context of stochastic ordinary differential equations, this technique is frequently employed
(e.g. [14]) with good success. For partial differential equations, one could discretize in the
spatial variables first, e.g. by the Finite Element Method (FEM). This will then lead to large
linear systems with random stiffness and mass matrices, the so-called stochastic FEM [13].
The cost of this approach is often prohibitive, particularly in 3-d.

Alternatively one can directly compute the moments of interest for the random solution and
this is the approach which we follow here. This approach consists in deriving deterministic
partial differential equations for the moments of the random solution, thereby eliminating
the need for MC simulations. This advantage is bought, however, at the expense of a high
dimensionality in the deterministic problem for the moments: if the differential equation is
posed in the physical domain D ⊂ R

d, the k-th moment of the solution is a function of k
variables in Dk ⊂ R

kd. We show in the present paper for elliptic partial differential equations
with stochastic input data that the deterministic equations for the moments have a very special
structure. We exploit this structure for anisotropic regularity estimates which in turn show
that finite element approximations of the moments of the solution in Dk can be computed in
essentially the same complexity as FE-solutions of the deterministic problem in D.

We now specify the problems to be considered. Let (Ω,Σ, P ) be a σ − finite probability
space and D ⊂ R

d a bounded open set with Lipschitz boundary ∂D. Let A ∈ L∞(D ,Rd×d
sym )

satisfy
∃α, β > 0 s.t. α‖ξ‖2 ≤ ξ�A(x )ξ ≤ β‖ξ‖2 ∀ξ ∈ R

d and λ− a.e. x ∈ D . (1.1)

We define a random field on a submanifold M of R
d (it will be always D or some part of its

boundary) as a jointly measurable function from M × Ω to C. Suppose ∂D = Γ0 ∪ Γ1 is a
disjoint union of subsets, where Γ0 has positive surface measure and let f , g and h be random
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fields on D, Γ0 and Γ1 respectively. We consider the following model problem:

Pu(x, ω) :=




L(∂x)u
γ0(u)
γn(u)


 =




−div(A(x)∇u(x, ω))
u(x, ω) |Γ0

n�A(x)∇u(x, ω) |Γ1


 =




f(x, ω) in D
g(x, ω) on Γ0

h(x, ω) on Γ1


 , (1.2)

where the operators involved in the boundary conditions should be thought of as stochastic
counterparts of the classical trace on Γ0 or Γ1 and distributional conormal derivative operators,
γ0, γ1 and γn respectively. In Section 2, we first introduce appropriate function spaces of data
(f, g, h) and solutions u in such a way that (1.2) becomes a well-posed problem. In Section 3
we define the ‘statistics of u’, and we derive deterministic partial differential equations which
describe them. The ‘statistics of u’ that we are interested in, are the moments of first and
second order of the random solution u(x, ω) to (1.2), sometimes referred to as the expectation
and the covariance of u(x, ω), and defined by

Eu(x) :=
∫

Ω
u(x, ω)dP (ω) and Cu(x, y) :=

∫
Ω
u(x, ω)u(y, ω)dP (ω),

respectively, whenever these quantities exist. Section 4 addresses the regularity of the covari-
ance equation, in particular also in polygonal domains. Section 5 discusses the finite element
approximation of the covariance equation. We describe a particular FE-space which allows
to achieve, in terms of the number of degrees of freedom, essentially the same convergence
rates as for the problem in domain D. Section 6 addresses the preconditioning and the iter-
ative solution of the linear system of equations for the covariance problem. Also, a detailed
complexity analysis is given and logarithmic linear complexity of the algorithm is established.
Finally, Section 7 presents numerical experiments which confirm the theoretical estimates.

2 Preliminaries

2.1 Stochastic Sobolev spaces

The most appropriate tools for the study of (1.2) are the stochastic Sobolev spaces, which we
shall define as tensor products of usual function spaces. Within the setting of the previous
section, we consider L2(Ω, dP ), the Hilbert space of all random variables on Ω with finite
second-order moments, equipped with the usual inner product

〈u, v〉 :=
∫

Ω
u(ω)v(ω)dP (ω).

Our convention will be that whenever H is a Sobolev space, H will denote its stochastic
counterpart, that is, the tensor product of H and L2(Ω, dP ). For instance, we shall employ
the following notations

Hk(D) := Hk(D) ⊗ L2(Ω, dP ), L2(D)d := L2(D)d ⊗ L2(Ω, dP )
H1/2(Γ0) := H1/2(Γ0) ⊗ L2(Ω, dP ), H−1/2(Γ1) := H−1/2(Γ1) ⊗ L2(Ω, dP ) etc.

The stochastic Sobolev spaces introduced above are then equipped with natural Hilbert struc-
tures induced from the tensor product factors. Embedding and trace theorems similar to the
usual ones hold also true on account of the fact that bounded linear operators between Hilbert
spaces can be tensorised. We shall use the following notations for deterministic operators in-
volved and their stochastic counterparts. Note that B stands for the space of bounded linear
operators between two Hilbert spaces.
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∇ ∈ B(H1(D), L2(D)d), ∇⊗ Id ∈ B(H1(D),L2(D)d )
−div ∈ B(L2(D)d,H−1(D)) , −div ⊗ Id ∈ B(L2(D)d ,H−1(D))

γj ∈ B(H1(D),H1/2(Γj)) , γj ⊗ Id ∈ B(H1(D),H1/2(Γj)), j = 0, 1
H1

(0)(D) := Ker γ0 = {u ∈ H1(D) | γ0 u = 0} , H1
(0)(D) := Ker γ0 ⊗ Id

H−1(D) := (H1
(0)(D) ⊗ L2(Ω, dP )) ∗ � H−1(D) ⊗ L2(Ω, dP ).

Here, as usual, we have employed the classical notation K� for the dual space of the Hilbert
space K and we have identified L2(D) with its dual, via the Riesz isomorphism.
As for the coefficient A(x), the condition (1.1) ensures that A ∈ B(L2(D)d), with lower bound
α and this in turn implies A⊗ Id ∈ B(L2(D)d), as well as

α‖u‖2
L2(D)d ≤ 〈(A⊗ Id)u, u〉L2(D)d ∀u ∈ L2(D)d . (2.1)

Regarding the stochastic Sobolev spaces, we shall also need the following result and its straight-
forward consequence :

Lemma 2.1 If H and K are two Hilbert spaces, then the topology of H ⊗K depends only on
the topology, and not on the choice of the inner products, of H and K.

Proof. Simple argument based upon the Open Mapping Theorem. 

Corollary 2.2 ‖ · ‖1 := ‖(∇⊗ Id) · ‖L2(D)d defines a norm on H1
(0)(D), equivalent to the usual

one.

Proof. Take H = H1
(0)(D) and K = L2(Ω, dP ) in the previous Lemma and note that the

inner product associated to ‖ · ‖1 is exactly the tensor product of the one corresponding to
‖∇ · ‖L2(D)d (and which gives the usual topology on H1

(0)(D)) and 〈·, ·〉L2(Ω,dP ). 

The following result justifies the terminology ’random fields’ for the elements of the tensor-
product spaces introduced above. We shall avoid Bochner Integrals (see [20]) whenever this is
possible and work instead with tensor products.

Proposition 2.3 We have the canonical isomorphisms

Hk(D;L2(Ω, dP )) � Hk(D) := Hk(D) ⊗ L2(Ω, dP ) � L2(Ω, dP ;Hk(D)). (2.2)

Since this result is standard, we simply recall here the definitions of the spaces and isomor-
phisms in (2.2) (see also [20]). If H is, say, a separable Hilbert space and (S,Υ,m) a measure
space, then

L2(S, dm;H) := {f : S → H | f is strongly measurable and
∫

S
‖f(x)‖2

H <∞}.

If S = D, Υ is the family of Borel sets in D andm is the Lebesgue measure , then

Hk(D;H) := {f ∈ L2(S, dm;H) | ∀ |α| ≤ k ∃ fα ∈ L2(S, dm;H) s.t.

∀φ ∈ C∞
0 (D;H) ,

∫
D
〈f(x), ∂αφ(x)〉H dx = (−1)|α|

∫
D
〈fα(x), φ(x)〉H dx}. (2.3)

The functions fα are called the generalized derivatives of f , they are uniquely defined by (2.3)
and Hk(D;H) has a natural Hilbert structure:

〈f, g〉Hk(D;H) :=
∑
|α|≤k

∫
D
〈fα(x), gα(x)〉L2(Ω,dP ) dx.

Spaces on the left and right of (2.2) are then obtained by choosing H = L2(Ω, dP ) and
H = Hk(D) in (2.3), respectively.
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2.2 Random solutions of the boundary value problem

Now we can give a mathematical formulation of our problem (1.2).

Proposition 2.4 Assume f ∈ H−1(D), g ∈ H1/2(Γ0) and h ∈ H−1/2(Γ1). Then there exists
a unique random solution u ∈ H1(D) such that (γ0 ⊗ Id)u = g and:

〈(A⊗ Id)(∇⊗ Id)u, (∇⊗ Id)v〉L2(D)d = 〈f, v〉H−1(D),H1
(0)

(D) + 〈h, (γ1 ⊗ Id)v〉H−1/2(Γ1),H1/2(Γ1)

(2.4)
for all v ∈ H1

(0)(D).

Proof. Since H1(D)/H1
(0)(D) � H1/2(Γ0) as topological spaces, there exists u1 ∈ H1(D) such

that (γ0⊗Id)(u1) = g and our problem reduces to the existence and uniqueness of u0 ∈ H1
(0)(D)

satisfying:

A(u0, v) := 〈(A⊗ Id)(∇⊗ Id)u0, (∇⊗ Id)v〉L2(D)d = −〈(A⊗ Id)(∇⊗ Id)u1, (∇⊗ Id)v〉L2(D)d

+〈f, v〉H−1(D),H1
(0)

(D) + 〈h, (γ1 ⊗ Id)v〉H−1/2(Γ1),H1/2(Γ1) ∀v ∈ H1
(0)(D). (2.5)

And this is a simple consequence of Lax-Milgram Lemma in H1
(0)(D), as soon as we note that,

on account of Corollary 2.2 and (2.1), the sesquilinear form A defined by the l.h.s. of (2.5) is
bounded and coercive on H1

(0)(D), while the r.h.s. is a continuous antilinear functional on the
same space. 

Remark 2.5 If we choose (e)i≥1 to be an ONB in L2(Ω; dP ) and if we expand f =
∑

i fi⊗ei
with

∑
i ‖fi‖2

L2(D) ≤ ∞, as well as g and h accordingly, then the solution of (1.2) can be written
as a series u =

∑
i ui ⊗ ei which converges absolutely in H1(D) and whose coefficient functions

ui solve the deterministic mixed boundary value problem:

Pui =




L(∂x)ui

γ0(ui)
γn(ui)


 =




fi in D,
gi on Γ0,
hi on Γ1.


 . (2.6)

This can be seen by choosing the test function in (2.4) of the form v = w⊗ei, with w ∈ H1
(0)(D).

Note that the deterministic character of A is essential in this decomposition.

3 Statistics of u

In this section our interest will be focused on finding deterministic equations for the expectation
and the covariance of the random solution u respectively. While the expectation Eu(x) of the
random solution u(x, ω) at x ∈ D is obviously of interest, the covariance (or spatial correlation)
Cu(x, x′) allows to obtain the variance of the random solution u(x, ω) at x ∈ D via

Var2(u(x, ·)) = (Eu(x))2 − (Cu(x, x))2.

3.1 Second order moments

We shall first give the definition of the covariance of a pair (u, v) when u, v ∈ H1(D) and we
shall introduce the expectation of u as the covariance of the pair (u, 1) where 1 ∈ H1(D) is the
tensor product of constant functions equal to 1 on D and Ω respectively.
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Proposition 3.1 Let u and v be elements of H1(D) and let (ei)i≥1 be an ONB in L2(Ω; dP ),
so that u =

∑
i ui ⊗ ei, where ui ∈ H1(D) ∀i ≥ 1 and

∑
i ‖ui‖2

H1(D) < ∞. We define vi

similarly. Then
∑

i ui ⊗ v̄i converges in H1(D)⊗H1(D) and the limit does not depend on the
choice of the basis (ei)i≥1.

Proof. The convergence of the series Cu,v :=
∑

i ui ⊗ v̄i follows from the obvious inequality:

‖
n∑

i=k

ui ⊗ v̄i‖H1(D)⊗H1(D) ≤
n∑

i=k

‖ui‖H1(D)‖v̄i‖H1(D) ≤ (
n∑

i=k

‖ui‖2
H1(D))

1/2(
n∑

i=k

‖vi‖2
H1(D))

1/2.

(3.1)
To prove the second claim, we identify the tensor-product spaces above with some concrete
function spaces, taking into account the first isomorphism in (2.2) and that

L2(D) ⊗ L2(D)
can� L2(D ×D). (3.2)

Recall that the latter isometric isomorphism is the unique linear and continuous extension
of the function which maps f ⊗ g onto the function defined a.e. on D × D by f(x)g(y),
where x, y ∈ D. As from every L2-convergent sequence we can extract an a.e. convergent
subsequence, there exists a strictly increasing sequence of positive integers (ik)k≥1 such that

ik∑
i=1

ui(x)vi(y) → Cu,v(x, y) a.e. (x , y) ∈ D ×D , (3.3)

as k → ∞. Because
∑ik

i=1 ui ⊗ ei converges to u also in L2(D) when k → ∞, it follows, passing
again to some subsequence if necessary, that

(
ik∑

i=1

ui ⊗ ei)(x) → u(x) in L2(Ω; dP ) a.e. x ∈ D .

(the result invoked above holds for Hilbert-space-valued functions, too, see [20]). We can
also assume, extracting a further subsequence of (ik)k≥1, that (

∑ik
i=1 vi ⊗ ei)(x) converges in

L2(Ω; dP ) to v(x) a.e. x ∈ D too, and this implies:
ik∑

i=1

ui(x)vi(y) = 〈
ik∑

i=1

ui(x) ⊗ ei ,

ik∑
i=1

vi(y) ⊗ ei〉L2(Ω;dP ) → 〈u(x), v(y)〉L2(Ω;dP ), (3.4)

as k → ∞, a.e. (x, y) ∈ D ×D. From (3.3) and (3.4) we conclude that:

Cu,v(x, y) = 〈u(x), v(y)〉L2(Ω;dP ) a.e. (x , y) ∈ D × D . (3.5)

Note that in the previous argument we identified
∑ik

i=1 ui⊗ei ,
∑ik

i=1 vi ⊗ei , u, v and Cu,v with
their images via (2.2) and (3.2), respectively. 
The previous result justifies the following

Definition 3.2 If u and v are elements of H1(D), then the series Cu,v defined in Proposition
3.1 is called the covariance of the pair (u, v). If u = v we write Cu instead of Cu,u and speak
about the covariance of u.

Later we shall also need an extension of this definition:

Remark 3.3 From the proof it follows also that if H,H1,H2 are separable Hilbert spaces, and
u ∈ H1⊗H, v ∈ H2⊗H, then we can define in a similar way the covariance Cu,v as an element
of H1 ⊗ H2. The examples we have in mind are, first, H1 = H−1(D) and H2 = L2(S; dm)
where (S,Υ,m) is a σ− finite measure space and second, H1 = H2 = H−1(D). These particular
choices enable us to construct, for instance, the covariances of the pairs (f, h) and (f, f) with
f and h as in Proposition 2.4. Note also that we shall assume in the following that h is more
regular, namely h ∈ L2(Γ1), which will allow us to use the Hilbert structure of L2(Γ1).
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3.2 Equation for Eu

We define the expectation of u by Eu := Cu,1 =
∫
Ω u(x, ω)dP (ω). The expectation Eu of

the random solution u(x, ω) satisfies a deterministic boundary value problem which is easily
derived. We choose (ei)i≥1 an ONB in L2(Ω; dP ) with e1 = 1 (the constant function equal to
1 on Ω), so that Eu = u1 is the unique solution of a mixed boundary value problem with data
f1 = Cf,1 =: Ef , g1 = Cg,1 =: Eg, h1 = Ch,1 =: Eh, as follows from Remark 2.5

P (Eu) =




L(∂x)Eu

γ0(Eu)
γn(Eu)


 =




Ef in D,
Eg on Γ0,
Eh on Γ1.


 . (3.6)

For future reference, we recall here also the variational formulation:
Find Eu ∈ {Eg} +H1

(0)(D) such that

q(Eu, v) = l(v) ∀v ∈ H1
(0)(D), (3.7)

where

q(u, v) := 〈A∇u,∇v〉L2(D)d , (3.8a)
l(v) := 〈Ef , v〉H−1(D),H1

(0)
(D) + 〈Eh, v〉L2(Γ1). (3.8b)

3.3 Equation for Cu

To give a weak deterministic equation for the covariance function, let us introduce, following
[1], the anisotropic Sobolev spaces on D ×D by

Hk,l(D ×D) := Hk(D) ⊗H l(D) , Hk,l
(0)(D ×D) := Hk

(0)(D) ⊗H l
(0)(D), (3.9)

for all integers k, l ≥ 1. We define also

L2(D ×D)d×d := L2(D)d ⊗ L2(D)d.

Due to (3.2), this definition is unambiguous. We let also the following operators act on these
spaces

∇x,y := ∇x ⊗∇y ∈ B(H1,1(D ×D), L2(D ×D)d×d)
γj,x,y := γj.x ⊗ γj,y ∈ B(H1,1(D ×D), L2(Γj × Γj)) for j = 0, 1.

Ax,y := Ax ⊗Ay ∈ B(L2(D ×D)d×d).

Next we prove that the covariance of u given by (2.4) satisfies a fourth-order elliptic equation
in D×D and that the sesquilinear form involved is coercive on the appropriate space (see also
[6]). As it can be easily seen, if u solves (2.4), then Cu satifies also the following boundary
conditions

(γ0 ⊗ Id)Cu = Cg ,u and (Id ⊗ γ0)Cu = Cu,g . (3.10)

on Γ0 ×D and D × Γ0 respectively. Since we are primarily interested in approximating Cu in
terms of the statistics of the data, and not in terms of u, we shall assume g = 0. In view of
the fact that the trace operator of D×D on (Γ0 × D̄)∪ (D̄×Γ0) is (γ0 ⊗ Id)⊕ (Id⊗ γ0), (3.10)
means, in the case g = 0, that Cu ∈ H1,1

(0) (D ×D). We can actually be more specific:
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Proposition 3.4 Assume that u is the solution of (2.4) with h ∈ L2(Γ1) and g = 0. Then the
correlation Cu of the random solution u(x, ω) is the unique solution in H1,1

(0) (D ×D) of

Cu ∈ H1,1
(0) (D ×D) : Q(Cu, Cv) = L(Cv) ∀Cv ∈ H1,1

(0) (D ×D), (3.11)

where

Q(Cu, Cv) := 〈Ax,y∇x,yCu,∇x,yCv〉L2(D×D)d×d , (3.12a)
L(Cv) := 〈Cf , Cv〉H−1(D)⊗H−1(D),H1,1

(0)
(D×D)

+ 〈Ch,f , (γ1 ⊗ Id)Cv〉L2(Γ1)⊗H−1(D),L2(Γ1)⊗H1
(0)

(D) (3.12b)

+ 〈Cf,h, (Id ⊗ γ1)Cv〉H−1(D)⊗L2(Γ1),H1
(0)

(D)⊗L2(Γ1)

+ 〈Ch, (γ1 ⊗ γ1)Cv 〉L2(Γ1×Γ1).

Proof. Expand Cv =
∑

iwi ⊗ vi where (vi)i≥1 is an ONB in H1
(0)(D) and (wi)i≥1 ⊂ H1

(0)(D)
with

∑
i ‖wi‖2

H1
(0)

(D)
<∞. Then Q(Cu, Cv) equals

〈
∑
i,j

Ax∇xui ⊗Ay∇yūi,∇xwj ⊗∇yvj〉 =
∑
i,j

〈Ax∇xui,∇xwj〉L2(D)〈Ay∇yūi,∇yvj〉L2(D)

= 〈
∑

i

fi ⊗ f̄i,
∑

j

wj ⊗ vj〉−1,−1,1,1 + 〈
∑

i

hi ⊗ f̄i,
∑

j

γ1wj ⊗ vj〉0,−1,0,1

+〈
∑

i

fi ⊗ h̄i,
∑

j

wj ⊗ γ1vj〉−1,0,1,0 + 〈
∑

i

hi ⊗ h̄i,
∑

j

γ1wj ⊗ γ1vj〉0,0,0,0

= 〈Cf , Cv〉H−1(D)⊗H−1(D),H1,1
(0)

(D×D) + 〈Ch,f , (γ1 ⊗ Id)Cv〉L2(Γ1)⊗H−1(D),L2(Γ1)⊗H1
(0)

(D)

+ 〈Cf,h, (Id ⊗ γ1)Cv〉H−1(D)⊗L2(Γ1),H1
(0)

(D)⊗L2(Γ1) + 〈Ch, (γ1 ⊗ γ1)Cv〉L2(Γ1×Γ1),

where all the series are absolutely convergent in appropriate spaces and the fourfold indices
denote, in short, obvious duality products.
As (3.12b ) defines a continuous antilinear functional onH1,1

(0) (D×D), we have to check, in order
to ensure the uniqueness of a solution for (3.11), only the boundedness and coercivity in the
same space of the sesquilinear form (3.12a ). To this end, we note first that Ax,y is a bounded
and strictly positive operator in L2(D×D)d×d, with lower and upper bounds α2 and β2. Second,
using again Lemma 2.1 with H = K = H1

(0)(D), we see that ‖ · ‖1 := ‖∇x,y · ‖L2(D×D)d×d is a

norm on H1,1
(0) (D ×D), equivalent to the usual one, and this proves the claim. 

Remark 3.5 As it is readily seen, the superposition principle does not hold for (3.11) due to
the non-linearity of the covariances Cf , Cf,h, Ch,f . If Cf,h does not vanish identically, f and h
are said to be correlated.

We conclude this section with a description of the smallest closed linear subspace ofH1,1
(0) (D×D)

which contains all the covariances Cu as u runs in H1
(0)(D). We shall see that this subspace

consists exactly of the functions which are hermitian in x and y. To this end, define Ξ ∈
B(L2(D) ⊗ L2(D)) by Ξ(f ⊗ g) = ḡ ⊗ f̄ . It is easy to check that Ξ is well-defined and that if
we use the isomorphism (3.2), then Ξ sends the class of, say, (x, y) → h(x, y) to the class of
(x, y) → h(y, x). Denote by F the subspace of the fixed points of Ξ.

Proposition 3.6
Span {Cu |u ∈ H1

(0)(D)} = H1,1
(0) (D ×D) ∩ F . (3.13)

Here the closure is taken in H1,1
(0) (D ×D).
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Proof. As F is a closed subspace of L2(D) ⊗ L2(D), the r.h.s. of (3.13) is also closed in
H1,1

(0) (D×D) = H1
(0)(D)⊗H1

(0)(D). Using the decomposition Cu =
∑

i ui⊗ ūi and the fact that
ui ⊗ ūi ∈ F , the inclusion ⊂ follows at once. Let now h ∈ H1

(0)(D) ⊗H1
(0)(D) ∩ F . Expand

as we have already done many times h =
∑

i ai ⊗ bi, where (bi)i≥1 is an ONB in H1
(0)(D).

As h ∈ F , we can write equally h =
∑

i(ai ⊗ bi + b̄i ⊗ āi). It is therefore enough to prove
that ai ⊗ bi + b̄i ⊗ āi is an element of the l.h.s. of (3.13). But this follows at once from the
obvious identity ai ⊗ bi + b̄i ⊗ āi = (ai + b̄i) ⊗ (bi + āi) − ai ⊗ āi − b̄i ⊗ bi, if we note that for
all c ∈ H1

(0)(D), c⊗ c̄ = Cc⊗e, with e an arbitrary unit vector in L2(Ω; dP ). 
Remark 3.7 As a consequence of the previous result, the closure of the space spanned by all
covariances does not depend on the stochastic data space L2(Ω; dP ).

4 Regularity

Here, we derive a regularity result for the weak solution of the covariance equation (3.11). As
we shall see, this follows from the standard elliptic regularity, applied in a suitable fashion.
We therefore recapitulate first this standard result for the elliptic problem (3.7).

4.1 Regularity of Eu

It is well-known that for elliptic boundary problems (3.7) holds a shift-theorem. We say that
the following boundary value problem satisfies a shift-theorem at order s ≥ 0 if

P (u) =




L(∂x)u
γ0(u)
γn(u)


 =




f in D,
g on Γ0,
h on Γ1.


 , (4.1)

with f ∈ Hs−1(D), g ∈ Hs+1/2(Γ0), h ∈ Hs−1/2(Γ1) implies u ∈ Hs+1(D).

Proposition 4.1 If problem (4.1) admits a shift theorem at order s ≥ 0 and if Ef ∈ Hs−1(D),
Eg ∈ Hs+1/2(Γ0) and Eh ∈ Hs−1/2(Γ1), then Eu ∈ Hs+1(D).

Sufficient conditions for a shift theorem at order s ≥ 0 are given e.g. in [8]:

Proposition 4.2 Assume that ∂D ∈ C∞, Γ̄0 ∩ Γ̄1 = ∅ and that the entries of A are of class
Cs,1(D̄) with s > 0. Then the problem (4.1) above admits a shift theorem at order s.

If ∂D is not smooth, problem (4.1) admits a shift theorem at order s only for 0 ≤ s < s∗ with
a small s∗ > 0 (depending on the smoothness of ∂D and A). Nevertheless, in such situations
we also have a shift theorem at order s ≥ s∗ in weighted Sobolev spaces. We exemplify this
in dimension d = 2. Let D ⊂ R

2 be a bounded polygon with M vertices Ai, i = 1, . . . ,M
and straight sides Γi, i = 1, . . . ,M connecting Ai and Ai+1 (we set AM+1 = A1). Denote by
ωi the size of the interior angle at vertex Ai. For x ∈ D, ri(x) is the distance from x to Ai

and we associate with each Ai an exponent βi ∈ (0, 1). We write β = (β1, β2, . . . , βM ) and, for
k ∈ Z, β + k := (β1 + k, β2 + k, . . . , βM + k). We define further the weight functions by

ωβ+k(x) :=
M∏
i=1

(ri(x))βi+k. (4.2)

The weighted Sobolev spaces Hk,l
β (D) are defined as closures of C∞(D) under the norms

‖u‖2
Hk,l

β (D)
:= ‖u‖2

Hl−1(D) +
k∑

|α|=l

‖ωβ+|α|−lD
αu‖2

L2(D), (4.3)

if k ≥ l ≥ 0. Then it holds (see [2])
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Theorem 4.3 Assume that D ⊂ R
2 is a polygon with M straight sides and that Aij(x) ∈

C∞(D). Assume further that the boundary data g, h in (4.1) admits liftings G ∈ Hs+1,2
β (D),H ∈

Hs,1
β (D) for some s ≥ 0. Then there exist numbers βi ∈ [0, 1), i = 1, . . . ,M such that for any

k ∈ N0 and f ∈ Hk,0
β (D) the solution u of (4.1) belongs to Hk+2,2

β (D). Moreover, denoting
s := k + 1, there holds a shift theorem at order s in weighted spaces:

‖u‖
Hs+1,2

β (D)
≤ C(s){‖f‖

Hs−1,0
β (D)

+ ‖G‖
Hs+1,2

β (D)
+ ‖H‖

Hs,1
β (D)

}. (4.4)

4.2 Regularity of Cu

4.2.1 Smooth data

Here we assume, for convenience, that g = 0.

Proposition 4.4 Suppose that (4.1) satisfies the shift theorem at order s. Then also for the
covariance problem (3.11) holds the shift at order s, in the sense that if Cf ∈ Hs−1,s−1(D×D),
Cf,h ∈ Hs−1,s−1/2(D × Γ1), Ch,f ∈ Hs−1/2,s−1(Γ1 ×D) and Ch ∈ Hs−1/2,s−1/2(Γ1 × Γ1), then
Cu ∈ Hs+1,s+1(D) ∩H1,1

(0) (D ×D).

Proof. Note first the following sharper version of the standard shift theorem at order s men-
tioned above, in the case (g = 0): The operator P−1 which associates with each element of
Hs−1(D)⊕Hs−1/2(Γ1) the corresponding solution of the problem (4.1) is a homeomorphism on
Hs+1(D)∩H1

(0)(D). We deduce that P−1 ⊗P−1 is a homeomorphism from H := (Hs−1(D)⊗
Hs−1(D))⊕ (Hs−1(D)⊗Hs−1/2(Γ1))⊕ (Hs−1/2(Γ1)⊗Hs−1(D))⊕ (Hs−1/2(Γ1)⊗Hs−1/2(Γ1))
onto its range in Hs+1,s+1(D) ∩H1,1

(0) (D × D). We still have to check that P−1 ⊗ P−1 sends
the quadruple (Cf , Cf,h, Ch,f , Ch) into the solution Cu of the corresponding problem (3.11).
It is enough to prove this for (f1, h1) ⊗ (f2, h2), in view of the density of the span of such
elements in H. To this end, we note that (P−1 ⊗ P−1)((f1, h1) ⊗ (f2, h2)) = u1 ⊗ u2, where
u1 and u2 solve the classical boundary value problem (2.6) with data (f1, 0, h1) and (f2, 0, h2)
respectively. Upon multiplying the variational formulations of these two problems we obtain
the desired conclusion. 

4.2.2 Corner singularities

We assume in what follows that D ⊂ R
2 is a polygon with straight sides. Since solution

singularities can only appear on a measure zero subset of ∂D (i.e. at vertices), a trace operator
Tr on Γ1 will be defined in the following as an L0(Γ1)-valued linear operator on Hs,1

β (D), where
by L0(Γ1) we denote the space of measurable functions on Γ1. Set, for all n ∈ N,

Dn := D \
M⋃
i=1

B(Ai,
1
n

).

(here B(a, r) stands for the ball of center a and radius r) and note that the restriction to Dn

of an arbitrary u ∈ Hs,1
β (D) is of class Hs(Dn). Recall that s = k + 1 ≥ 1, which implies the

existence of the trace of u|Dn on ∂Dn. Obviously, the definitions agree almost everywhere on
∂Dn ∩ ∂Dm ∩ Γ1 for all n,m ∈ N, and it can be seen that the kernel of this trace operator is
closed. To this end, it suffices to consider a Cauchy sequence uk in the kernel of Tr, with limit
u in Hs,1

β (D), and to note that, due to the continuous imbedding Hs,1
β (D) ↪→ Hs(Dn) and to

the boundedness of the usual trace operator in Dn, the trace of u on ∂Dn ∩Γ1 vanishes for all
n, which in turn implies that the trace of u in the sense explained above vanishes, too. This
enables us to define further

H
s−1/2,1/2
β (Γ1) := Hs,1

β (D) /Ker(Tr), (4.5)
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as a Banach-space, with the usual inf-norm. Passing in (4.4) to the infimum over all H ∈
Hs,1

β (D) with the same trace h, we obtain that the operator which associates to each pair

(f, h) the solution u of (4.1) with g = 0 is a homeomorphism from Hs−1,0
β (D) ⊗ H

s− 1
2
, 1
2

β (Γ1)
to Hs+1,2

β (D) ∩H1
(0)(D). In view of the fact that a tensor product of linear homeomorphisms

between Banach spaces is again a homeomorphism, we obtain, using the same argument as in
Proposition 4.4, the following regularity result.

Proposition 4.5 Assume that D ⊂ R
2 is a polygon with straight sides and that the problem

(4.1) admits a shift estimate (4.4) at order s ≥ 0 in weighted spaces. Assume further that the
data are sufficently regular, namely that for some positive s ∈ R holds

Cf,f ∈ Hs−1,0
β (D) ⊗Hs−1,0

β (D), Cf,h ∈ Hs−1,0
β (D) ⊗H

s−1/2,1/2
β (Γ1),

Ch,f ∈ H
s−1/2,1/2
β (Γ1) ⊗Hs−1,0

β (D), Ch,h ∈ Hs−1/2,1/2
β (Γ1) ⊗H

s−1/2,1/2
β (Γ1).

Then the correlation function Cu of the random solution u(x, ω) satisfies

Cu ∈ Hs+1,2
β (D) ⊗Hs+1,2

β (D).

We conclude this section with two frequently used examples of spatial correlation functions.

4.2.3 Exponential covariance

We consider a second order process f with covariance function

Cf (x, y) = e−c|x−y|, (x, y) ∈ D ×D, (4.6)

where c > 0 is a parameter and the domain D ⊂ R
d is smooth. Note that this covariance

kernel can be used to characterize the well-known Markovian processes. (For various examples
of processes that can be modelled as Markovian ones, we refer the reader to [19].) To deduce
the regularity of Cf given by (4.6), we use the following two auxiliary results

Lemma 4.6 Let u : R
d → R be defined by u(x) = exp(−|x|). Then it holds:

u ∈ Hs(Rd), ∀s < d/2 + 1. (4.7)

Proof. Recalling that Hs(Rd) = {u ∈ L2(Rd) | (1 + |ξ|2)s/2|û(ξ)| ∈ L2
ξ(R

d)}, we note also that
the Fourier transform of u can be explicitly computed, (see [18], page 50) and takes the form:

û(ξ) = C(d) · (1 + |ξ|2)−(d+1)/2. (4.8)

Hence u ∈ Hs(Rd) is equivalent to (1+|ξ|2)s/2−(d+1)/2 ∈ L2
ξ(R

d), that is −4(s/2−(d+1)/2) > d,
or s < d/2 + 1, concluding the proof. 

Lemma 4.7 If s = p + q with p, q ≥ 0 and f ∈ Hs(Rd), then the function u : R
d × R

d → R

defined by
u(x, y) := f(x− y) a.e. (x, y) ∈ R

d × R
d (4.9)

belongs to Hp,q
loc (R

d × R
d).

Proof. We have to show that if φ,ψ ∈ C∞
0 (Rd), the function v : R

d × R
d → R defined a.e.

by v(x, y) := φ(x)ψ(y)f(x − y) belongs to Hp,q(Rd × R
d). We remark that it suffices to show

that the function w : R
d × R

d → R defined a.e. by w(x, y) := ψ(y)f(x − y) belongs to
Hp,q(Rd ×R

d), since the multiplication operator by φ is bounded in Hp(Rd) and tensorizing it
by the identity of Hq(Rd) produces again a bounded operator, this time in Hp,q(Rd × R

d). In
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view of the fact that the Fourier transform and tensor product commute, all we have to check
is (〈ξ〉 := (1 + |ξ|2)1/2):

〈ξ〉p〈η〉qŵ(ξ, η) ∈ L2
ξ,η(R

d × R
d). (4.10)

Explicit computation of the Fourier transform of w in terms of those of f and ψ shows that

ŵ(ξ, η) = ψ̂(ξ + η)f̂(ξ). (4.11)

Using (4.11), (4.10) can be then written

〈ξ〉p〈η〉q
〈ξ + η〉q〈ξ〉s · 〈ξ + η〉qψ̂(ξ + η) · 〈ξ〉sf̂(ξ) ∈ L2

ξ,η(R
d × R

d). (4.12)

But this follows if we note that, by assumption on f , the last of the three terms in (4.12)
belongs to L2

ξ(R
d), the second one belongs to L2

η(Rd), uniformly in ξ (ψ̂ ∈ S(Rd)), while the
first is bounded uniformly in ξ and η, since s = p + q and the inequality

√
2〈x〉〈y〉 > 〈x + y〉

holds for all x, y ∈ R
d. 

As a direct consequence of the previous two lemmas and the boundedness of the restriction
operator from Hs

loc(R
d) to Hs(D) for all s ≥ 0, d ∈ N

∗, the data we have chosen in (4.6) satisfy

Cf (x, y) = e−c|x−y| ∈ H(d+2)/4−ε,(d+2)/4−ε(D ×D) for arbitrary ε > 0.

This regularity of the data enables us to apply Proposition 4.4, with Γ1 = ∅ and to deduce

Proposition 4.8 If problem (4.1) admits a shift theorem at level s ≥ 0 in Hs+1(D) and if the
covariance of the data f is Cf (x, y) = e−c|x−y| for some c > 0, then the solution Cu of (3.11)
with g = 0 and Γ1 = ∅ belongs, for any ε > 0, to Ht,t(D ×D), where

t = min((d+ 10)/4 − ε, s+ 1),

and
‖Cu‖Ht,t(D×D) ≤ C(t, d)‖Cf‖Ht−2,t−2(D×D). (4.13)

This result shows that the regularity of Cu in a polygon D ⊂ R
2, measured in Hs(D), with

Cf = e−c|x−y|, is determined by corner singularities, since usually s < 2.

4.2.4 Vanishing spatial correlation

Here we consider that D is a bounded Lipschitz domain in R
d, with d ≤ 3 and Γ1 = ∅ which

ensures H1,1
(0) (D×D) = H1,1

0 (D×D). We denote further by ∆D the diagonal set of D×D, and
we consider also an arbitrary function k ∈ L2(∆D). We let then k · δ(x−y) be the distribution
defined by

〈k · δ(x− y), φ〉 =
∫

∆D

k(x)φ(x, x)dx ∀ φ ∈ C∞
0 (D ×D). (4.14)

Note that we can obtain the correlation kernel δ(x − y) as a limiting case of exponential-type
covariances described in the previous subsection, as soon as we remark that

cd · (
∫

Rd

e−|z| dz)−1 · e−c|x−y|−→ δ(x− y) as c→ ∞, in D′(Rd × R
d). (4.15)

Recalling also the notations of the previous section, vanishing spatial correlations lead formally
to the problem

Find Cu ∈ H1,1
(0) (D ×D) s.t. Q(Cu, Cv) = 〈k · δ(x − y), Cv〉 ∀Cv ∈ H1,1

(0) (D ×D) (4.16)
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We show now that it can be treated using the formalism introduced above, being of the same
type as (3.11). Here the covariance kernel (4.14) means that the data is spatially uncorrelated.
The solvability of (4.16) depends on the admissibility of the data (4.14). In view of the Cauchy-
Schwarz inequality, and the density of C∞

0 (D×D) in each anisotropic Sobolev space, it suffices
therefore to prove

Lemma 4.9 If D is a bounded Lipschitz domain in R
d with d ≤ 3, the trace operator

R : C∞
0 (D ×D) −→ L2(∆D), R(φ)(x) = φ(x, x) ∀x ∈ D (4.17)

has a unique linear continuous extension to H1,1
(0) (D ×D).

Proof. We consider a hypercube C = (−a, a)d with a large enough, so that D̄ ⊂ C. Supposing
that the claim is true for the domain C, the conclusion in the case of an arbitrary domain D
is then reached by use of the following sequence of continuous embeddings and restrictions

H1,1
(0) (D ×D) ⊂ H1,1

(0) (C × C) R−→ L2(∆C)
|∆D−→ L2(∆D).

It follows that it suffices to prove the assertion if D is a hypercube and, without loss of
generality, we assume D = (0, 1)d.
We shall actually prove that for each pair of d-tuples

α, β ∈ R
∗
+

d s.t. αi + βi >
1
2

∀1 ≤ i ≤ d, (4.18)

R has a continuous extension to the closure of C∞
0 (D ×D) in

Hα,β(D ×D) :=
d⊗

i=1

Hαi((0, 1)) ⊗Hβi((0, 1)).

To this end, we remark first that the operator R defined by (4.17) in the case d = 1 has a
unique continuous extension to the closure of C∞

0 ((0, 1)× (0, 1)) in H1/2+ε((0, 1))⊗L2((0, 1)),
for all ε > 0. We expand an arbitrary element u ∈ C∞

0 ((0, 1) × (0, 1)) as a convergent series in
L2((0, 1)) ⊗ L2((0, 1))

u =
∑

k,m≥1

uk,m · sin(kπx) · sin(mπy), (4.19)

where (uk,m)k,m≥1 ∈ �2
N∗×N∗ .

Denoting by s the quantity 1/2+ε, the norm af u in the anisotropic space Hs((0, 1))⊗L2((0, 1))
equals

‖u‖s,0 :=
∑

k,m≥1

k2s · u2
k,m <∞. (4.20)

We have to check that the norm of the following series in L2((0, 1))∑
k,m≥1

uk,m · sin(kπx) · sin(mπx)

can be bounded in terms of the norm ‖u‖s,0 given by (4.20). To this end, let N be a positive
integer. Using elementary computations, we can write the remainder after truncation of the
series at N -th term as∑

k,m≥N

uk,m · sin(kπx) · sin(mπx) =
1
2
·
∑
p≥0

vp · cos(pπx), (4.21)
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where
vp =

∑
k≥N+p

uk,k−p +
∑

k≥N+p

uk−p,k −
∑

N≤k≤p−N

uk,p−k. (4.22)

The squared L2-norm of the l.h.s. in (4.21) can be then majorized by

3
16

·
∑
p≥0

{(
∑

k≥N+p

uk,k−p)2 + (
∑

k≥N+p

uk−p,k)2 + (
∑

N≤k≤p−N

uk,p−k)2}. (4.23)

We can estimate further, using Cauchy-Schwarz inequality, the first sum in (4.23) as follows∑
p≥0

(
∑

k≥N+p

uk,k−p)2) ≤
∑
p≥0

(
∑
k≥N

k−2s) · (
∑

k≥N+p

k2s · u2
k,k−p)

≤ (
∑
k≥N

k−2s) · (
∑

k,m≥N

k2s · u2
k,m). (4.24)

Due to (4.20) and to the fact that s > 1/2, it follows that the l.h.s. of (4.24) tends to 0
as N → ∞. Similar arguments hold for the other two series in (4.23), showing that (4.23)
vanishes too, as N → ∞. This of course implies then the convergence we are interested in, as
well as the claim concerning the extension of R in the case D = (0, 1).
Symmetrically, there exists an extension of R to the closure of C∞

0 ((0, 1)×(0, 1)) in L2((0, 1))⊗
H1/2+ε((0, 1)) and a simple interpolation argument ensures the existence of an extension to
the closure of C∞

0 ((0, 1) × (0, 1)) in Hαi((0, 1)) ⊗ Hβi((0, 1)) for all 1 ≤ i ≤ d. Tensorizing
these operators over the index i and taking into account that the algebraic tensor product of
dense subspaces is again dense, we get the desired extension to D = (0, 1)d.
To conclude, we note that we can continuously embed H1,1

(0) (D×D) into the closure of C∞
0 (D×

D) in Hα,α(D ×D) with α = (1/d) · (1, . . . , 1). If d ≤ 3, condition (4.18) is satisfied and the
trace can be defined. 
The previous lemma leads at once to

Proposition 4.10 If a shift theorem at level s ≥ 0 holds for problem (1.2) in D ⊂ R
d, d ≤ 3,

then there exists a unique weak solution Cu solution of (4.16) and it belongs, for any ε > 0, to
Ht,t(D ×D), where

t = min(2 − d/4 − ε, s+ 1).

Moreover, the following a-priori estimate holds

‖Cu‖Ht,t(D×D) ≤ C(t, d) · ‖k‖L2(∆) · ‖R‖B(H2−t,2−t(D×D),L2(∆)). (4.25)

5 Discretization

5.1 FE-spaces and approximation properties

We shall now investigate the approximation of the statistics of u, using the standard Finite
Element Method for the elliptic equations (3.7) and (3.11).
We start by defining general FE spaces. Let {SL}∞L=0 be a dense sequence of finite dimensional
(therefore closed) subspaces of H1

(0)(D). We assume also that this sequence has hierarchical
structure, that is:

S0 ⊂ S1 ⊂ . . . ⊂ SL ⊂ H1
(0)(D), (5.1)

where NL = dim(SL) < ∞ for all L (here L stands for the level), and that the following
approximation property holds:

min
v∈SL

‖u− v‖H1
(0)

(D) ≤ Φ(NL, s)‖u‖Hs+1(D), ∀u ∈ Hs+1(D) ∩H1
(0)(D), (5.2)
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where Φ(N, s) → 0 for s > 0 as N → ∞. For regular solutions the usual FE-spaces based on
quasiuniform, shape regular meshes are suitable.

Example 5.1 Let {T (L)}L∈N be a nested sequence of regular triangulations of the domain D
of meshwidth hL = hL−1/2, ∀L ≥ 1 and let p ≥ 1 be a polynomial degree. Then

SL := Sp(D,T (L)) := {u ∈ C0(D̄) : u|K ∈ Pp(K) ∀K ∈ T (L)} (5.3)

satisfies (5.1), as well as (5.2) in the form:

min
v∈Sp(D,T (L))

‖u− v‖H1(D) ≤ C

(
hL

p

)min{p,s}
‖u‖Hs+1(D). (5.4)

where C is independent of p, hL and depends only on s ≥ 0.

Note that, expressed in terms of the number of degrees of freedom N = NL, the convergence
rate reads:

Φ(N, s) = O(N−min{p,s}
d ) = O(N−δ), δ :=

min{p, s}
d

. (5.5)

for fixed p and L→ ∞.
We conclude this introductory part recalling that estimates similar to (5.5) also hold for p-
version or spectral element methods, i.e. on fixed T as p = pL → ∞.

In view of Proposition 4.5, we briefly discuss next the FE-approximation in the case of a
nonsmooth domain.

Remark 5.2 If D ⊂ R
2 is a polygon with M straight sides, problem (4.1) admits a shift

theorem at order s in the spaces Hs+1(D) only for small values of s (often 1/2 < s < 1).
In this case, however, for smooth data in (4.1), we still have a shift theorem at order s ≥ 0
in the weighted spaces H1+s,2

β (D) with some β ∈ (0, 1)M , i.e. the weight function ωβ+k(x)
introduced in Section 4.1 compensates for the corner singularities of the solution u. To the
weighted spaces Hk,l

β (D) correspond FE-approximations on sequences of graded meshes {T n
γ }n

with shape-regular elements which satisfy in dimension 2:

|T n
γ | := # of triangles in T n

γ = O(n2), (5.6)

∀ T ∈ T n
γ : hT := diam (T ) ≤ Cω(x)1−1/γn−1, (5.7)

for γ ≥ 1. Clearly, γ = 1 corresponds to quasiuniform triangulations of meshwidth h = O(n−1),
whereas γ � 1 corresponds to strong refinement near the vertices. Then, for any u ∈ H1+s,2

β (D)
we have, as n→ ∞:

inf
v∈Sp(D,T n

γ )
‖u− v‖H1(D) ≤ CN−δ, (5.8)

with δ as in (5.5), provided that γ > min{p,s}
Reλ , where Reλ > 0 denotes the real part of the

smallest singularity exponent of the solution u in the polygon D.

5.2 Rate of convergence for Eu

From the ellipticity (1.1) of the coefficients and the approximation error estimates (5.4) we
deduce:
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Proposition 5.3 Assume that the mixed boundary value problem (3.6) for Eu satisfies the
shift theorem at order s ≥ 0. Then the FE-approximation EL

u of Eu, the solution of (3.6) with
data Ef ∈ Hs−1(D), Eg ∈ Hs+1/2(Γ0), Eh ∈ Hs−1/2(Γ1), reads:

EL
u ∈ Sp(D,T (L)) : q(EL

u , Ev) = l(Ev) ∀Ev ∈ Sp(D,T (L)). (5.9)

Then, as NL → ∞ we have the following error estimate

‖Eu − EL
u ‖H1(D) ≤ CNL

−δ ‖Eu‖Hs+1(D). (5.10)

The result is a consequence of the ellipticity, the regularity of the solution and the approxima-
tion properties of the FE-space. We remark that the constant involved in the estimate above
depends only on s, α, p.

5.3 Rate of convergence for Cu

Within the abstract setting described at the beginning of the section 5.1, we follow [21] and
introduce further the so called hierarchic excess of the scale (5.1), by

WL := SL � SL−1 L ≥ 0, (5.11)

where we set S−1 := {0} and the complement is taken with respect to some Hilbert structure
of H1

(0)(D) equivalent to the usual one. The corresponding norm will be denoted throughout
this section by | · |. Further, PL will be the orthogonal projection w.r.t. | · | on SL.
We remark that (5.2) still holds for L = −1, by choosing Φ(N−1, s) to be the embedding
constant of H1(D) in Hs+1(D).
Noting that with this definition SL decomposes as an orthogonal sum

SL =
⊕

0≤i≤L

Wi, (5.12)

we can define the full tensor product FE-spaces in D ×D by

SL,L := SL ⊗ SL =
⊕

0≤i,j≤L

(Wi ⊗Wj) ⊂ H1,1
(0) (D ×D), (5.13)

for all L ∈ N. However, due to the fact that the number of degrees of freedom necessary for
the FEM based on SL,L grows very fast when the mesh is refined, we shall employ the sparse
tensor product FE-spaces given by

ŜL,L :=
⊕

0≤i+j≤L

(Wi ⊗Wj). (5.14)

For a given Cu ∈ H1
(0)(D)⊗H1

(0)(D) we define CL
u , the sparse interpolant of Cu in ŜL,L, as the

projection of Cu onto ŜL,L, w.r.t. the usual Hilbert structure of H1,1
(0) (D ×D). We shall need

next also C̃L
u , the modified sparse interpolant of Cu in ŜL,L, obtained by projecting Cu onto

ŜL,L, w.r.t. the Hilbert structure of H1,1
(0) (D ×D) obtained by tensorizing | · | with itself:

C̃L
u :=

∑
0≤i+j≤L

(Pi − Pi−1) ⊗ (Pj − Pj−1)Cu. (5.15)

With these notations, the following estimate (see also [10], [15]) will enable us to deduce from
(5.2) an approximation property of the sparse scale (ŜL,L)L∈N, too.
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Proposition 5.4 Assume that the sequence (5.1) of FE-spaces {SL}L has the approximation
property (5.2) and s, t > 0. Then there exists C > 0 such that for all Cu ∈ H1,1

(0) (D × D) ∩
Hs+1,t+1(D ×D) the sparse interpolant CL

u approximates Cu with the error:

‖Cu − CL
u ‖H1,1

(0)
(D×D) ≤ C



[

L+1∑
i=0

Φ2(Ni−1, s)Φ2(NL+1−i, t)

]1/2

‖Cu‖Hs+1,t+1(D×D)

+

[ ∞∑
i=L+1

Φ2(Ni, s)

]1/2

‖Cu‖Hs+1,1(D×D)


 . (5.16)

Here C is a constant depending on the second Hilbert structure of H1,1
(0) (D ×D) given by | · |.

Proof. Due to the equivalence of the two norms | · | and ‖ · ‖, and to the hierarchical structure
of the scale (ŜL,L)L∈N, we can write:

‖Cu − CL
u ‖2

H1,1
(0)

(D×D)
= min

Cv∈ŜL,L

‖Cu − Cv‖2
H1,1

(0)
(D×D)

≤ C · min
Cv∈ŜL,L

|Cu − Cv|2H1,1
(0)

(D×D)

= C · |Cu − C̃L
u |2H1,1

(0)
(D×D)

= C · |
∑

i+j≥L+1

(Pi − Pi−1) ⊗ (Pj − Pj−1)Cu|2H1,1
(0)

(D×D)

= C · |
∞∑
i=0

∑
j≥max{L+1−i,0}

(Pi − Pi−1) ⊗ (Pj − Pj−1)Cu|2H1,1
(0)

(D×D)

= C ·
(
|
L+1∑
i=0

(Pi − Pi−1) ⊗ (Id − PL−i)Cu|2H1,1
(0)

(D×D)

+ |
∞∑

i=L+2

(Pi − Pi−1) ⊗ IdCu|2H1,1
(0)

(D×D)

)
. (5.17)

From (5.2) and the equivalence of the norms again, we deduce

|(Id − Pi)u|H1
(0)

(D) ≤ C · Φ(Ni, s)‖u‖Hs+1(D) ∀u ∈ H1
(0)(D) ∩Hs+1(D). (5.18)

and similarly with s replaced by t. Taking into account that (Id − PL)L∈N is a decreasing
sequence of projections and tensorizing it by a projection produces also a decreasing sequence
of projections, the estimate (5.16) follows by using (5.18) in (5.17). 

We use next the sparse tensor product space ŜL,L built as above from the usual FE-spaces SL

in example 5.1. We obtain that the FE-approximation ĈL
u ∈ ŜL,L requires, despite the high

dimensionality of the problem, essentially not more degrees of freedom than the FE solution
of the deterministic problem in D.

Proposition 5.5 Assume that the mixed boundary value problem (3.6) satisfies the shift theo-
rem at order s ≥ 0 and that the correlation functions of the data satisfy Cf ∈ Hs−1,s−1(D×D),
Cf,h ∈ Hs−1,s−1/2(D × Γ1), Ch,f ∈ Hs−1/2,s−1(Γ1 ×D) and Ch ∈ Hs−1/2,s−1/2(Γ1 × Γ1).
Then the sparse FE-approximation ĈL

u of the correlation function Cu which is defined by

ĈL
u ∈ ŜL,L : Q(ĈL

u , Cv) = L(Cv) ∀Cv ∈ ŜL,L, (5.19)
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converges, as L→ ∞, with the rate

‖Cu − ĈL
u ‖H1,1

(0)
(D×D)

� (logNL)1/2 ·N−δ
L ‖Cu‖Hs+1,s+1(D×D), (5.20)

where δ is given by (5.5).

Proof. The coercivity of the sesquilinear form Q defined in (3.12a ) has been proved in Propo-
sition 3.4. A direct consequence of this fact is the quasi-optimality of the FE-approximation
ĈL

u ( ‖ · ‖1,1 stands here for the norm in H1,1
(0) (D ×D))

‖Cu − ĈL
u ‖1,1 ≤ C(α, β) min

Ĉv∈ŜL,L

‖Cu − Ĉv‖1,1 = C(α, β)‖Cu − CL
u ‖1,1. (5.21)

The quadruple (Cf , Cf,h, Ch,f , Ch) satisfies the regularity assumptions that enable us to apply
Proposition 4.4 and to deduce that Cu ∈ Hs+1,s+1(D × D). Taking into account that Nj =
O(2dj) and using (5.5) in (5.16), with s = t, we obtain

‖Cu − CL
u ‖H1,1

(0)
(D×D) � (logNL)1/2 ·N−δ

L ‖Cu‖Hs+1,s+1(D×D). (5.22)

From (5.21) and (5.22) follows the claimed estimate. Note also, for later use, that in (5.20),
NL = dim(SL) = O(2dL). Also, due to (5.14), N3 := dim(ŜL,L) = O(L · 2dL), which enables
us to rephrase (5.20) in terms of the number of degrees of freedom N3:

‖Cu − ĈL
u ‖H1,1

(0)
(D×D) = O((logN3)1/2+δ ·N−δ

3 ) (5.23)



Remark 5.6 It is easy to see that the FE-approximation C
L
u of Cu,

C
L
u ∈ SL,L : Q(CL

u , Cv) = L(Cv) ∀Cv ∈ SL,L, (5.24)

based on the full tensor product space SL,L in (5.13) satisfies, under the regularity assumptions
in Proposition 5.5,

‖Cu − C
L
u‖H1,1

(0)
(D×D) ≤ C ·N−δ/2

L ‖Cu‖Hs+1,s+1(D×D). (5.25)

We see that for a given regularity of the data, the rate (5.25) in terms of the number of degrees
of freedom is essentially half that achieveable with sparse grids (5.20).

Remark 5.7 If D is nonsmooth, it follows from Proposition 4.5 and Remark 5.2 that the
influence of corner singularities inD×D can be compensated by forming sparse tensor-products
of FE-spaces in D with judicious mesh refinement towards the vertices of D. Once good
meshes for the solution Eu of (3.6) have been determined, the sparse FE-space for Cu based
on these meshes will also give optimal rates of convergence for ĈL

u , provided Cf , Cf,h, Ch,f , Ch

in Proposition 4.5 are sufficiently regular.

6 Implementation and complexity

Recall that the discretized problem for the covariance equation consists in solving a linear
system

ŜL,LCL
u = CL

f , (6.1)

where ŜL,L denotes the stiffness matrix of (5.19) with respect to some basis of the sparse tensor
product space ŜL,L ⊂ H

(1,1)
(0) (D ×D). Since the solution of (6.1) by Cholesky decomposition
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requires a too large computational effort, we solve (6.1) by the standard conjugate gradient
method (see for example [9]). As it is well-known, the conjugate gradient method generates an
approximating sequence (CL

u,l)l≥0 satisfying

‖CL
u − CL

u,l‖2 ≤ 2 ·
(√

κ− 1√
κ+ 1

)l

‖CL
u − CL

u,0‖2, l = 0, 1, 2 . . . , (6.2)

where κ = cond2(ŜL,L) and ‖ · ‖2 denotes the Euclidian vector norm.
The first question to be addressed is therefore the boundedness of cond2(ŜL,L) with respect to
L. This can be achieved by a wavelet preconditioning procedure which we shall discuss next.
We then estimate the number of flops required by one cg iteration for (6.1).

6.1 FE space in D and multilevel preconditioning

As we have seen in section 5.3, the sparse FE-space depends on the choice of the complements
(Wi)i∈N. To ensure the approximation property of the sparse FE-space, Wi must be the
orthogonal complement of Si−1 in Si w.r.t. some suitable Hilbert structure equivalent to the
usual topology of H1

0 (D). The following stability condition suffices in this respect. Here and
in what follows, F denotes a family of double indices running in N

d × N
d.

Assumption 6.1 There exist a family (ψi,Q)(i,Q)∈F ⊂ H1
0 (D) and constants C1, C2 > 0 such

that each u ∈ H1
0 (D) can be expanded as a convergent series in H1

0 (D)

u =
∑

(i,Q)∈F
ci,Qψi,Q (6.3)

and the following ‘stability condition’ is fulfilled

C1

∑
(i,Q)∈F

|ci,Q|2 ≤ ‖
∑

(i,Q)∈F
ci,Qψi,Q‖2

H1
0 (D) ≤ C2

∑
(i,Q)∈F

|ci,Q|2, (6.4)

Example 6.2 If D = (0, 1), we choose F := {(i,Q) | 0 ≤ Q, 1 ≤ i ≤ 2Q} and we can easily
obtain a family with the properties mentioned above by collecting the well-known ‘hat-functions’,
(see, for example, [3]), which are piecewise linear and satisfy

ψ(i,Q)(
j

2Q+1
) = 2−Q/2 · δ2i−1,j ∀ 0 ≤ j ≤ 2Q+1. (6.5)

Example 6.3 We can check Assumption 6.1 with the same choice for F in the case of the
‘prewavelet basis’ given (see also [3]) by the following family of piecewise linear functions on
D = (0, 1)

ψ(i,Q)(
j

2Q+1
) = 2−Q/2(−1

2
δ2i−2,j + δ2i−1,j −

1
2
δ2i,j) ∀ 2 ≤ i ≤ 2Q − 1,

ψ(1,Q)(
j

2Q+1
) = 2−Q/2(δ1,j −

1
2
δ2,j),

ψ(2Q ,Q)(
j

2Q+1
) = 2−Q/2(−1

2
δ2Q−2,j + δ2Q−1,j). (6.6)

Remark 6.4 For each of the two examples above, Span{ψi,Q| 0 ≤ Q ≤ L} equals the space
of continuous functions on D = (0, 1) vanishing on the boundary and which are piecewise
linear with respect to a regular mesh of width 2−L−1.
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Remark 6.5 Higher order functions satisfying Assumption 6.1 exist as well (see, e.g. [4]).
In the case D is an arbitrary polygon or polyhedron, bases satisfying Assumption 6.1 can also
be constructed. See [5] for examples.

Example 6.6 By tensorizing a ‘prewavelet basis’ (ψi,Q)(i,Q)∈F ⊂ H1
0 ((0, 1)) we shall build

next a family of functions on D = (0, 1)d which still satisfies Assumption 6.1 after choosing
the family F properly. However, we shall not use the coresponding inequalities (6.4) explicitly,
therefore we omit the proof.

The stable basis will then be used to construct the FE space as well as the stiffness matrix of
the discretized covariance problem (5.19).
From now on i, j, k,m,Q,M,N,P will always denote d-tuples of positive integers, subject to
the restrictions

1 ≤ i ≤ 2Q, 1 ≤ j ≤ 2M , 1 ≤ k ≤ 2N , 1 ≤ m ≤ 2P ,

inequalities which have to be understood componentwise. For future use, we set up now also
the following notations involving an arbitrary d-tuple R = (Rq)1≤q≤d:

|R|∞ := max
1≤q≤d

Rq, |R| :=
d∑

q=1

Rq. (6.7)

Recalling the piecewise linearity of the functions in the examples above, we deduce that the
next definition introduces piecewise multilinear functions on D, with respect to a regular mesh
of width 2−L:

ψi,Q(x) =
d∏

q=1

ψ(iq ,Qq)(xq) ∀x = (xq)1≤q≤d ∈ D.

Collecting all these multilinear functions, we obtain a family (ψi,Q)(i,Q)∈F satisfying Assump-
tion 6.1 for D = (0, 1)d, where

F := {(i,Q) ∈ N
d × N

d | 0 ≤ Q, 1 ≤ i ≤ 2Q} (6.8)

Formally, the FE-space we use in D to calculate Eu is defined as follows:

SL = Span{ψi,Q| 0 ≤ Q ≤ L}. (6.9)

Then the entries of the stiffness matrix in D at level L are

(SL)(i,Q)(j,M) =
∫

D
∇xψj,M · A(x)∇xψi,Q dx. (6.10)

Recalling also the assumption (1.1) we have made on the coefficient A, we deduce that SL ∈
R

N1×N1
sym is a positive definite matrix, where N1 = (2L+1 − 1)d.

6.2 Sparse FE-space in D × D

The full tensor product space in D ×D is SL,L = SL ⊗ SL. The entries of the corresponding
stiffness matrix for the covariance problem in D×D, at level L, have product structure. More
precisely, it holds

(SL,L)(i,Q)(j,M)(k,N)(m,P ) :=
∫

D×D
∇x,y(ψk,N ⊗ ψm,P ) · A(x) ⊗A(y)∇x,y(ψi,Q ⊗ ψj,M) dx dy

= SL
(i,Q)(k,N) · SL

(j,M)(m,P ), (6.11)
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for all 0 ≤ Q,M,N,P ≤ L.
Symbolically, SL,L = SL ⊗ SL. Note again that SL,L ∈ R

N2×N2
sym is positive definite, where

N2 = (N1)2 = (2L+1 − 1)2d.
As we have seen in Proposition 5.5, however, optimal convergence rates are already achieveable
with a sparse FE-space. To estimate the work when using a sparse FE space, we remark that
SL,L can be viewed as a hierarchical space, the corresponding hierarchy being induced by the
| · |∞-norm defined by (6.7). The notations are therefore consistent with those in section 5.3
concerning the hierarchical excess

SL =
L⊕

l=0

Wl, where Wl := Span{ψi,Q | |Q|∞ = l }. (6.12)

To match the setting of the previous section 5.3, we note that Assumption 6.1 entails the exis-
tence of a norm |·| on H1

0 (D), equivalent to the usual one, such that the previous decomposition
becomes orthogonal. Indeed, with each u ∈ H1

0 (D) we associate the unique decomposition (6.3)
and we define

|u|2H1
0 (D) :=

∑
(i,Q)∈F

|ci,Q|2. (6.13)

It is easy to check that (6.13) defines a scalar product equivalent, due to (6.4), to the usual
one on H1

0 (D), and w.r.t. which the family (ψi,Q)(i,Q)∈F is an orthonormal basis.

The sparse FE-space which shall be used to numerically approximate the solution of the co-
variance problem in D ×D will be, according to the terminology of section 5.3, associated to
the hierarchy (SL)L≥0. Formally,

ŜL,L :=
⊕

0≤l1+l2≤L

Wl1 ⊗Wl2 .

Hence the stiffness matrix ŜL,L in (6.1) is simply the restriction of SL,L to ŜL,L. In terms of
the entries,

ŜL,L
(i,Q)(j,M)(k,N)(m,P ) = SL,L

(i,Q)(j,M)(k,N)(m,P )

∀ 0 ≤ Q,M,N,P ≤ L such that |Q|∞ + |M |∞ ≤ L, |N |∞ + |P |∞ ≤ L. (6.14)

(recall that all inequalities involving d-tuples have to be understood componentwise).
Note also that ŜL,L ∈ R

N3×N3
sym is still symmetric and positive definite, whereN3 = (L·2L+1+1)d.

As we aim at comparing the computational efforts needed to obtain Eu and Cu, we remark
now and use later that, asymptotically, as L→ ∞,

N3
∼= N1 · Ld ∼= N1 · (logN1)d. (6.15)

Finally, we capture in the next result one main feature of the matrices constructed above.

Lemma 6.7 Under Assumption 6.1, the condition numbers of the matrices SL, SL,L, ŜL,L

remain bounded as L→ ∞.

Proof. The claim follows at once if we remark that in view of the positivity condition (1.1),
the ‘stability’ assumption can be rephrased in terms of the spectrum σ of SL as

σ(SL) ⊂ [αC1, βC2] ∀L ≥ 0,
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so that σ(SL,L) ⊂ [α2C2
1 , β

2C2
2 ]. Since ŜL,L is the restriction of the positive matrix SL,L to

the sparse tensor space, we conclude

σ(ŜL,L) ⊂ [α2C2
1 , β

2C2
2 ] ∀L ≥ 0.



Corollary 6.8 Under Assumption 6.1, the cg-procedure for solving (6.1) yields an approximate
solution of the linear system (5.19) with accuracy of the order of the discretization error in O(L)
steps.

6.3 Complexity

Recalling the framework of the previous paragraph, we investigate next the cost of one iteration
of the conjugate gradient method, i.e. the number of flops required by the matrix-vector
multiplication

x −→ ŜL,Lx. (6.16)

In order to be able to estimate the complexity of the algorithm, we make the following addi-
tional

Assumption 6.9 The family of hierarchic basis functions (ψi,Q)(i,Q)∈F ⊂ H1
0 (D) is indexed

over F given in (6.8), and has ‘local support’, that is, there exists p ∈ N
∗ such that for all

(i,Q) ∈ F and M ∈ N
d, the set supp (ψi,Q) ∩ supp (ψj,M) has nonempty interior for at most

pd ·
d∏

i=1

max(1, 2Mi−Qi)

values of j.

Remark 6.10 One can easily check the local support condition for the families in Examples
6.2 and 6.3 (by choosing p = 1 and p = 4 respectively), as well as for the one constructed in
Example 6.6.

As a consequence of Assumption 6.9, we shall prove first a result concerning the sparsity of
the matrices involved.

Lemma 6.11 Denoting by nnz(X) the number of nonzero entries of a matrix X, the following
upper estimates hold:

nnz(SL) ≤ Cd · pd · Ld · 2Ld, (6.17)
nnz(SL,L) ≤ C2d · p2d · L2d · 22Ld, (6.18)

nnz(ŜL,L) ≤ Cd · p2d · 22Ld. (6.19)

Moreover, the estimates are optimal as L→ ∞, while the constant C does not depend on p, d
or L.

Proof. We shall only prove (6.19) as well as its optimality, the other two estimates being
obtained by analogous elementary computations based on the local support assumption. To
this end, we remark first that for fixed Q,N , the equation

SL
(i,Q)(k,N) �= 0 (6.20)
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has at most pd · 2
∑

q max(Qq,Nq) solutions (i, k). Taking into account (6.11) and (6.14), it
follows that for fixed Q,M,N,P there are at most p2d ·2

∑
q max(Qq,Nq)+

∑
q max(Mq ,Pq) quadruples

(i, j, k,m) such that
ŜL,L

(i,Q)(j,M)(k,N)(m,P ) �= 0. (6.21)

This in turn implies

nnz(ŜL,L) ≤ p2d ·
∑

|Q|∞+|M|∞≤L
|N|∞+|P |∞≤L

2
∑

q max(Qq,Nq)+
∑

q max(Mq ,Pq)

≤ p2d · (
∑

0≤a+b≤L,
0≤c+e≤L

2max(a,c)+max(b,e))d. (6.22)

We claim that ∑
0≤a+b≤L,
0≤c+e≤L

2max(a,c)+max(b,e) ≤ C · 22L. (6.23)

To prove this, we write

∑
0≤a+b≤L,
0≤c+e≤L

2max(a,c)+max(b,e) =
2L∑
l=0

F (l, L)2l, (6.24)

where F (l, L) denotes the number of quadruples of positive integers (a, b, c, e) satisfying max(a, c)+
max(b, e) = l with the restrictions 0 ≤ a+ b, c+ e ≤ L.
The rough estimate F (l, L) ≤ (L+ 1)4 which holds for all 0 ≤ l ≤ L ensures that the first half
of the sum in the r.h.s. of (6.24) is absorbed by the r.h.s. of (6.23).
As for L < l ≤ 2L, we note that

F (l, L) ≤ 2
∑

a+e=l
0≤a,e≤L

(L+ 1 − a)(L+ 1 − e)

≤
∑

x+y=2L−l
0≤x,y

(x+ 1)(y + 1) = G(2L− l), (6.25)

where the last equality stands for the definition of the polynomial G. Hence we can estimate
also the second half of the sum in the r.h.s. of (6.24) as follows

2L∑
l=L

F (l, L)2l ≤ 2 · 22L · (
2L∑
l=0

G(l) · 2−l) ≤ C · 22L. (6.26)

The existence of a constant C in the last inequality is due to the fact that, G being a polynomial,
the convergence radius of the series with coefficients {G(l)}l≥0 is 1.
The optimality of (6.19) follows as soon as we note that in the case of an arbitrary coefficient
A, the entries ŜL,L

(i,Q)(j,M)(k,N)(m,P ) are in general (see Examples 6.2, 6.3 above) nontrivial for
all admissible i, j, k,m, if P = Q = (L,L, . . . , L) and M = N = (0, 0, . . . , 0). 

Remark 6.12 Rephrased in terms of the degrees of freedom N1, N2 and N3 respectively, the
results of the previous lemma show that only SL and SL,L are sparse, while ŜL,L is rather
densely populated. Namely, the corresponding estimates read as follows:

nnz(SL) ≤ O((logN1)d ·N1), (6.27)
nnz(SL,L) ≤ O((logN2)2d ·N2), (6.28)
nnz(ŜL,L) ≤ O((logN3)−2dN2

3 ). (6.29)
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Using (6.15) in the r.h.s. of (6.29) we deduce that the number of nonzero entries of ŜL,L is
O(N2d

1 ) and this estimate is optimal. At first sight, therefore, it appears that the solution of
(6.1) with the sparse FE-space ŜL,L is more costly than the solution of (5.9), with the usual
FE-space SL. We shall now show that the structure of ŜL,L can be exploited to reduce the
complexity of (6.16).

Algorithm 6.13 To compute the matrix-vector multiplication (6.16) at a fixed level L, proceed
as follows:

1. Store SL as sparse matrix and x; % that is, O(Ld · 2Ld) numbers
2. For |Q|∞ + |M |∞ ≤ L

for 1 ≤ i ≤ 2Q and 1 ≤ j ≤ 2M

(ŜL,Lx)(i,Q)(j,M) := 0;
for |N |∞ + |P |∞ ≤ L

if |Q|∞ + |P |∞ ≤ |M |∞ + |N |∞
compute y(i,Q),N,P,(j,M) :=

∑
m

(∑
k S

L
(i,Q)(k,N) · x(k,N)(m,P )

)
· SL

(j,M)(m,P );
else

compute y(i,Q),N,P,(j,M) :=
∑

k S
L
(i,Q)(k,N) ·

(∑
m x(k,N)(m,P ) · SL

(j,M)(m,P )

)
;

end;
update (ŜL,Lx)(i,Q)(j,M) := (ŜL,Lx)(i,Q)(j,M) + y(i,Q),N,P,(j,M);

end;
end;

end;

Lemma 6.14 The complexity of Algorithm 6.13 is log-linear. More precisely,

#flops (x −→ ŜL,Lx) ≤ C · (logN3)3d+1 ·N3 = O((logN1)4d+1 ·N1), (6.30)

where the constant C depends on p and d only.

Proof. Note first that the asymptotic equivalence in the r.h.s. of (6.30) follows at once from
(6.15). Now, due to (6.11) and (6.14) we can write

(ŜL,Lx)(i,Q)(j,M) =
∑

|N |∞+|P |∞≤L

∑
k,m

SL
(i,Q)(k,N) · x(k,N)(m,P ) · SL

(j,M)(m,P ). (6.31)

Considering Q,M,N,P fixed at this moment, we can choose to perform the inner sum in (6.31)
either first over k and then over m, or reversely, according to the amount of flops required by
each of these procedures. Of course, we shall always prefer the cheapest one and this idea has
been implemented in our Algorithm 6.13 above. Therefore we shall estimate next the number
of flops needed to compute the inner sum first over k and then over m for all i, j.
To this end let us start by remarking that due to the local support assumption, the equation

SL
(i,Q)(k,N) �= 0 (6.32)

has at most pd · 2
∑

q max(Qq ,Nq) solutions (i, k). It follows that∑
i,m

#flops(x −→
∑

k

SL
(i,Q)(k,N) · x(k,N)(m,P )) ≤ pd · 2

∑d
q=1 max(Qq,Nq)+|P |. (6.33)

The result of the operations we have counted up to now is the set of numbers given by

{vi,m :=
∑

k

SL
(i,Q)(k,N) · x(k,N)(m,P ) | ∀ i,m}. (6.34)
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The inner sum in (6.31) can be then written as∑
m

SL
(j,M)(m,P )vi,m, (6.35)

and an argument similar to the one above shows that∑
i

∑
j

#flops(v −→
∑
m

SL
(j,M)(m,P ) · vi,m) ≤ pd · 2

∑d
q=1 max(Mq,Pq)+|Q|. (6.36)

From (6.33) and (6.36) we deduce that

∑
i,j

#flops(
∑
m

∑
k

) ≤ pd · (2
∑d

q=1 max(Qq,Nq)+|P | + 2
∑d

q=1 max(Mq ,Pq)+|Q|). (6.37)

Analogously we estimate the computational effort requested by the reversed inner sum in (6.31)
(first over m, then over k).

∑
i,j

#flops(
∑

k

∑
m

) ≤ pd · (2
∑d

q=1 max(Mq,Pq)+|N | + 2
∑d

q=1 max(Qq,Nq)+|M |). (6.38)

From (6.37) and (6.38) we conclude∑
i,j

#flops(
∑
k,m

) ≤ 2 · pd · 2f(Q,M,N,P ), (6.39)

where the function f is defined in the following manner:

f(Q,M,N,P ) = min{max(
d∑

q=1

max(Qq, Nq) + |P |,
d∑

q=1

max(Mq, Pq) + |Q|),

max(
d∑

q=1

max(Mq, Pq) + |N |,
d∑

q=1

max(Qq, Nq) + |M |)}. (6.40)

Next we claim that the function f satisfies the upper estimate

f(Q,M,N,P ) ≤ d · max(|Q|∞ + |M |∞, |N |∞ + |P |∞). (6.41)

To see this, we first observe that, by definition, f trivially satisfies

f(Q,M,N,P ) ≤ d · min{max(|Q|∞ + |P |∞, |N |∞ + |P |∞, |M |∞ + |Q|∞),
max(|M |∞ + |N |∞, |P |∞ + |N |∞, |Q|∞ + |M |∞)}. (6.42)

Now, if (6.41) were not true, it would follow from (6.42)

|Q|∞ + |P |∞ > max(|Q|∞ + |M |∞, |N |∞ + |P |∞),
|M |∞ + |N |∞ > max(|Q|∞ + |M |∞, |N |∞ + |P |∞), (6.43)

Since these two inequalities should hold simultaneously, we reach easily the contradiction
|Q|∞ > |N |∞ and |N |∞ > |Q|∞. Therefore (6.41) is proved.
Note that the minimum in (6.42) is attained either by the first term, in case |Q|∞ + |P |∞ ≤
|M |∞ + |N |∞, or by the second one, if the opposite inequality holds: |Q|∞ + |P |∞ ≥ |M |∞ +
|N |∞. This justifies the if-else selection on which our Algorithm 6.13 relies.
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From (6.31), (6.39) and (6.41) we conclude that

#flops (x −→ ŜL,Lx) ≤ 2 · pd ·
∑

|N|∞+|P |∞≤L
|M|∞+|Q|∞≤L

2d·max(|Q|∞+|M |∞,|N |∞+|P |∞), (6.44)

which in turn implies the desired (but not optimal, as far as the exponent of L is concerned)
upper bound

#flops (x −→ ŜL,Lx) ≤ 2 · (p
4
)d · L4d+1 · 2L·d. (6.45)



Summing up the results contained in (5.23), (6.2) and (6.30), we deduce the efficiency of the
algorithm we have presented. Roughly speaking, the FE-approximation of Cu in D × D can
be obtained in the same complexity, ignoring logarithmic terms, as the approximation of Eu,
which solves a classical mixed boundary problem in D.

Theorem 6.15 The computation of a numerical solution CL
u,l of (3.11) in the case D = (0, 1)d,

Γ1 = ∅, under the regularity assumption Cu ∈ Hs+1,s+1
(0) (D ×D), for some s > 0, and with the

relative accuracy

‖Cu − CL
u,l‖H1,1

(0)
(D×D)

� (logN3)1/2+δ ·N−δ
3 · ‖Cu‖Hs+1,s+1

(0)
(D×D)

(6.46)

≤ O((logN1)1/2+δ−δdN−δ
1 ) (6.47)

can be performed, by the cg-method, using at most

C2 · (logN3)3d+2 ·N3 = O((logN1)4d+2 ·N1) (6.48)

floating point operations. Here N1 = (2L+1 − 1)d denotes the number of degrees of freedom
used to approximate Eu in D, while N3 = (L · 2L+1 + 1)d is the number of degrees of freedom
used in D ×D.

Remark 6.16 The storage requirements of the algorithm we have presented are of the same
order as the required number of operations. More precisely, the amount of information to be
saved at each step when using the cg-method can be estimated by O(N1 · (logN1)d). Indeed,
we need to store first the matrix SL, which contains, due to (6.27), at most O(N1 · (logN1)d)
nontrivial entries. The positioning of these entries is necessary, but this is easily achieved
when using an explicit prewavelet basis as in Examples 6.2 or 6.3. This supplementary amount
of information is bounded again by O(N1 · (logN1)d). Next we have to store the first r.h.s. of
(6.1), which is a vector with N3 = N1 · (logN1)d components. The recursive procedure of the
cg-method preserves then, up to a multiplicative constant, the memory requirements.

7 Numerical experiments

We present here elementary numerical results that are to be compared with the theoretical
ones we have obtained in Sections 5 and 6. We include the two examples introduced in Sec-
tion 4, involving exponential and Dirac covariance (for simplicity we assume that D = (−1, 1)
and A = 1). We investigate then a third situation in which the coefficient A is non-constant.
We mention that each figure presents two curves: the one corresponding to the theoretical
result (dashed) and the one obtained numerically (solid). We also mention that in all these
cases, the hat-function basis from Example 6.2 has been used to perform numerical algorithms.
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The first example to be considered is therefore the Dirichlet problem{
L(∂x)L(∂y)Cu

γ0(Cu)
= e−|x−y|

= 0
in L2((−1, 1)2)
on ∂(−1, 1)2,

(7.1)

with A(x) = IdR,∀x ∈ D = (−1, 1), that is, L(∂x) = −∆x.
Figure 1 shows the convergence of the FE-solution in this simple case, with non-singular
(but also non-smooth) data and constant coefficient A. From theoretical results (Proposition
4.8 and (5.23)) follows that for this particular choice of data the rate of convergence equals
(logN)3/2 ·N−1, where throughout this section N stands for the number of degrees of freedom.

We can also consider the slightly more general situation Cf (x, y) = e−c|x−y|, where c is some
large real parameter and let c tend to infinity. In this way we obtain, after a proper rescaling
(see (4.15)), the convergence of the FE-solution with the singular r.h.s. Cf = δ(x − y) as a
limiting case of the exponential covariance. The problem reads{

L(∂x)L(∂y)Cu

γ0(Cu)
= δ(x− y)
= 0

in the dual space of H1,1
0 ((−1, 1)2)

on ∂(−1, 1)2,
(7.2)

where L(∂x) = −∆x and Figure 2 shows the convergence of the FE-solution. The theoretical
rate of convergence is, in this case, (logN)5/4 · N−3/4, as a consequence of Proposition 4.10
and (5.23).
And we conclude this final section with a new example, in which all data are again smooth
but the coefficient A is no longer constant. More precisely, we choose the coefficent A and the
solution Cu as follows:

A(x) = 2 + sin(πx), ∀x ∈ D = (−1, 1) and Cu(x, y) = (1 − x2)(1 − y2)exy. (7.3)

The numerical results are shown in Figure 3. As in the first example, the error decays as fast
as (logN)3/2 ·N−1 when N → ∞. This curve, as well as those we have plotted before, does
not have the appearance of a straight line and this is due to the logarithmic terms arising in
the error estimates by sparse grids. Of course, asymptotically as N → ∞, these terms do not
play an essential role, but it turns out that their influence is rather strong, within the available
computational range.
Finally, Figure 4 shows the performance of our algorithm 6.13 matching the theoretical estimate
concerning the computational effort given by (6.48), namely #flops = C · (logN)5 · N . We
mention that this analysis has been done for the same example (7.3). We finally note that a
slight improvement in this respect can follow from the fact that solving the discretized problem
at level L already provides us with a good approximation of the solution at level L+1. Using the
solution at level L as starting value in the conjugate gradient method at level L+1 enables one
to reduce the computational effort above by a logarithmic factor, to #flops = C · (logN)4 ·N .
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Figure 1: Convergence in the case of exponential r.h.s. and constant coefficient A = 1 (solid)
and the bound (6.46), with δ = 1 (dashed).
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Figure 2: Convergence in the case of singular r.h.s. and constant coefficient A = 1 (solid) and
the bound (6.46), with δ = 3/4 (dashed).
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Figure 3: Convergence in the case of non-constant coefficient A (solid) and the bound (6.46),
again with δ = 1 (dashed) .
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Figure 4: Comparison between the effort required by the standard cg-method based on Algo-
rithm 6.13 (solid) and its theoretical estimate given in Theorem 6.15 by (6.48) (dashed).
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