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Abstract

The aim of the present work is to extend and refine the investigation of the t-

J model with the help of the DMRG technique by mapping results onto effective

bosonic models. After obtaining the bosonic model low energy properties - as the

Luttinger liquid parameter - are examined using other numerical techniques.

In the first part, a bosonic representation for hole-pairs on a two-leg t-J ladder

is investigated. DMRG results are used to parameterize their dispersion and their

effective mutual interactions. Next, the Luttinger liquid parameter Kp is calculated

for electron densities from p = 0.982 to p = 0.75 (half filling corresponds to p = 1).

Down to p
~ 0.875 and for values of the rung exchange coupling J' between strong

coupling and the isotropic case (J' = 0.351), the superconducting correlations are

found to be dominant and Kp —> 1 for p —> 1. Furthermore, for commensurate

filling, p = 0.75, there might be true charge density wave ordering and a charge

gap. The correlation length for two bound holes shows non-monotonic behavior for

intermediate J'. This is related to different kinds of bonds in the region between

the two holes of a hole pair when they move apart.

In the second part, the analysis is extended to four-leg ladders. The extra trans¬

verse degrees of freedom allow the formation of larger clusters of two hole-pairs (i. e.

four hole clusters) when the hole density exceeds a critical concentration 8C ~ |. A

cluster represents not a bound state of the hole-pairs, but a finite energy resonance

which becomes populated when the chemical potential reaches a certain threshold.

In the low doping region, the mapping onto the model of hard core bosons that has

been used earlier for the two-leg ladder is extended and a parameterization of the

repulsive interactions and Luttinger liquid exponent Kp is obtained. The effective

repulsive interaction is longer ranged for the four-leg ladder and in turn reduces

the value of Kp. As a consequence, the region of predominantly superconducting

correlations is reduced in the wider ladder. To reproduce the behavior shown in

the higher doping region, it is necessary to introduce an extra transverse degree of



freedom in the effective model and to modify the interaction potential to incorporate

a four hole cluster as a finite energy resonance. The Luttinger liquid parameter for

5 = | > 5C is estimated within this bosonic model. The result suggests that the

superconducting correlations dominate the long range behavior.
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Zusammenfassung

Ziel dieser Arbeit ist es, die Untersuchungen des t-J Modells mit Hilfe der DMRG

Technik durch die Abbildung auf effektive bosonische Modelle zu erweitern und ver¬

feinern. Nach Auffinden des bosonischen Modells werden niederenergetische Eigen¬

schaften - wie z.B. der Luttinger-Liquid-Parameter Kp - mit anderen numerischen

Techniken untersucht.

Im ersten Teil wird eine bosonische Darstellung von Lochpaaren auf einer zwei-

Bein-Leiter betrachtet. DMRG Ergebnisse werden zur Parameterisierung ihrer Dis¬

persion und ihrer effektiven Wechselwirkung verwendet. Anschliessend wird der

Luttinger-Liquid-Parameter Kp für Elektronendichten von p = 0.982 bis p = 0.75

berechnet (Halbfüllung entspricht p = 1). Hinunter bis p
~ 0.875 und für Werte

der Sprossen-Austausch-Kopplung J' zwischen starker Kopplung und dem isotropen

Fall («/' = 0.35 t) dominieren die supraleitenden Korrelationen und Kp —> 1 für

p —Y 1. Weiters gibt es Indizien für Ladungsdichtewellen-Ordnung und ein Ladungs-

Gap für kommensurate Füllung p = 0.75. Die Korrelationslänge für zwei gebundene

Löcher zeigt nichtmonotones Verhalten für intermediäres J'. Dieses hängt mit den

verschiedenen Arten von Bindungen in der Region zwischen zwei Löchern eines Loch¬

paares zusammen, wenn diese voneinander getrennt sind.

Im zweiten Teil wird diese Untersuchung auf vier-Bein-Leitern erweitert. Die

dazugekommenen transversalen Freiheitsgrade ermöglichen die Bildung von grös-

seren Clustern aus Lochpaaren (d.h. vier-Loch-Cluster), wenn die Lochdichte eine

kritische Konzentration 5C ~ | erreicht. Ein Cluster stellt nicht einen gebundenen

Zustand von Lochpaaren dar, sondern einen resonanten Zustand, der dann besetzt

wird, wenn das chemische Potential eine bestimmte Schwelle übersteigt. Im Bereich

schwachen Dopings wird die Abbildung auf das Hard-Core-Boson Modell, welches

bereits für die zwei-Bein-Leiter verwendet wurde, erweitert und eine Parameter¬

isierung der abstossenden Wechselwirkung und des Luttinger-Liquid-Parameters er¬

reicht. Die effektive abstossende Wechselwirkung ist weitreichender im Falle der

iii



vier-Bein-Leiter, weshalb die Werte für Kp kleiner ausfallen. Folglich wird die

Region vorwiegend supraleitender Korrelationen in der breiteren Leiter reduziert.

Um das Verhalten im stark dotierten Bereich zu reproduzieren, ist es nötig, einen

zusätzlichen transversalen Freiheitsgrad in das effektive Modell einzuführen und das

Wechselwirkungspotential so zu modifizieren, dass es einen vier-Loch-Cluster als

resonanten Zustand endlicher Energie ermöglicht. Der Luttinger-Liquid-Parameter

wird innerhalb dieses bosonischen Modells für 5 = | > Sc abgeschätzt. Gemäss

diesem Ergebnis dominieren die supraleitenden Korrelationen das langreichweitige

Verhalten.
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Chapter 1

Introduction

The physics of strongly correlated electron systems is the most active field in theo¬

retical solid state physics today. The discovery of high-temperature superconductors

by Bednorz and Müller [1] sparked renewed interest in this field. Presently, there is

no consensus about the driving mechanism for this type of superconductivity. The

approach used here follows the idea that the mechanism for superconductivity is of

pure electronic nature. In particular, Anderson [2] has suggested that a doped Mott

insulator may describe the relevant physics of these compounds.

All high-Tc compounds have one structure element in common. There are planes

of four fold coordinated copper atoms surrounded by two fold coordinated oxygen

atoms as depicted in Fig. 1.1. It is generally assumed that these CuC>2 planes play

a crucial role for superconductivity. These copper oxide planes can in general be

described by the multi band Emery model [3], but this model is much too compli¬

cated to be investigated even numerically for interesting system sizes. So one wants

to find an effective single band model which describes the relevant physics at the

low energy scale. One proposed model is the Hubbard model [4]. Another one - the

one under consideration throughout this work - is the t-J model [5, 6].
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Figure 1.1: Common structure element of high-Tc materials: planes of four fold

coordinated copper atoms surrounded by two fold coordinated oxygen atoms.

1.1 The t-J model

A strong repulsion acts between electrons in the same d orbitals of the Cu atoms

in the CuO2 planes. This repulsion is typically of order of 1... 10 eV or 104
...

105

K. At normal temperatures it strongly supresses double occupancy of these orbitals.

Hence, we can describe the low-temperature physics of these materials by an effective

model in which this strong on-site repulsion is implemented by the constraint that

double occupancy of the orbital is prohibited. Such constrained systems are often

easier to investigate numerically since the dominant energy scale is smaller and

the Hubert space is reduced. In the t-J model the dominant energy scale is of

order t instead of order U ~ 101 as in the Hubbard model. In Ref. [5], Zhang

and Rice derive a single-band effective Hamiltonian, the t-J Hamiltonian, in a hole

representation, starting from a two-band model using methods which follow from

Anderson's original treatment of magnetic insulators [7]. The key point of their

work is that the hybridization strongly binds a hole on each square of O atoms

to the central Cu2+ ion to form a local singlet. This singlet moves then through

the lattice of Cu2+ ions in a similar way as a hole (or doubly occupied site) in the

single band effective Hamiltonian. Further, two holes feel a strong repulsion against
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x= 1

Figure 1.2: Indexing convention for a two-dimensional square lattice.

residing on the same square, so that they are described by a strongly correlated

single band model. A virtual hopping process involving the doubly occupied Cu-hole

states produces a superexchange antiferromagnetic interaction between neighboring

Cu holes and leads to a S = \ Heisenberg like spin-spin interaction term. The t-J

Hamiltonian in the electron representation for a two-dimensional square lattice as

shown in Fig. 1.2 is

H = -t £ V(clci!a + c{ac-^)V (1.1)

Here a (=t, \) denotes the spin index and (i, j) the summation over nearest-neighbor

sites with i = (x, y) as site index. The operators c-l(7 and c-ha create or destroy

electrons with spin a at position i respectively. The corresponding density operator

is n-ha = c\ac-hl7 and n\ = n^ + n-h^. The projection operator T = Y[\(l — n-h^n-h^)

prohibits double occupancy of a site and S; denotes the spin at site i.

The unit lenght is given by the Cu-Cu distance and the elementary processes in

the t-J model are depicted in Fig. 1.3.
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Figure 1.3: Elementary processes in the t-J model: Electrons gain kinetic energy by

hopping to the next neighbor sites and the antiferromagnetic spin-spin interaction

between adjacent electrons favors the antiparallel alignment of their spins.

1.2 Different geometries

Analytical studies of the t-J model for two dimensional systems are quite difficult.

Numerically, only very small systems can be investigated, since the Hubert space

increases exponentially as function of the finite system size. The t-J model with a

reduced Hubert space does not allow exact diagonalization calculations (Lanczos)

on systems larger than 32 sites with two holes (squares of dimension \/32 x \/32

tilted with respect to the lattice axes). On the other hand, one-dimensional systems

are quite well understood. They are generally described in terms of Tomonaga-

Luttinger (TLL) or Luther-Emery liquids1 (LEL). For a review see Ref. [8, 9, 10]. In

two dimensions, similar behavior may be naively expected [2]. By assembling chains

xIn models belonging to the TLL regime both the charge and spin excitations are gapless and

the correlation functions show a power law decay. In models belonging to the LEL regime the spin

excitations are gapped but the charge excitations are gapless. The spin correlations and the triplet

pairing correlations show an exponential decay while the other correlations again show a power law

decay. The exponents of these correlations can be described by a single dimensionless parameter

Kp [8, 9].
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one next to another and forming the so-called m-leg ladders, the cross-over from

chains to square lattices can be studied. Surprisingly, numerical results have shown

that the cross-over is far from being smooth [11]. At half filling, ladder systems

with an even number of legs have a spin gap [12, 13, 14, 15, 16, 17, 18, 19, 20],

i.e., an energy difference between the singlet ground state and the lowest state with

total spin S = 1. This spin gap decreases as the number 2 m of legs increases and

reaches zero for the two-dimensional system. On the other hand, ladder systems

with an odd number of legs do not have a spin gap as it is the case for a single chain

[16, 21, 22, 23]. The underlying physics of the ladder systems has close similarities

to that of a doped resonant valence bond (RVB) phase which is widely believed

to be realized in the high-Tc superconductors. The numerically accurate DMRG

simulations of the strongly correlated t-J model give a clear picture of the behavior

of hole pairs but only in qualitative terms as the density varies.

1.3 Phase separation, stripe formation and super¬

conductivity

The recent discovery of stripes in the underdoped cuprates [24, 25, 26, 27] has brought

renewed interest to the question of the existence of phase separation in the t-J and

Hubbard models. Interest in this question began a decade ago, when evidence for

phase separation in La2CuÛ4+^ was found [28]. In particular, Emery et. al. argued

that rather than stemming from the chemistry of the mobile oxygen atoms in this

materials, the phase separation reflected a universal tendency for doped holes in

antiferromagnets to phase separate [29]. They argued that this phase separation

is not seen in the absence of mobile dopants because it is frustrated by the long-

range Coulomb repulsion between holes. This led to a number of studies using

analytical arguments and numerical simulations to find out whether the t-J and

Hubbard models (which do not have long-range Coulomb interaction) exhibit phase
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séparation [30] and to the related question of the mechanism responsible for stripe

formation in the cuprates.

Currently, there are two main views regarding the origin of stripes. In the first,

stripes form because of a competition betweeen kinetic and exchange energies in

doped antiferromagnets. In this approach, long range Coulomb interactions are

not important. Indeed a decade ago Hartree-Fock solutions of the two dimensional

Hubbard model showed that domain walls were present in mean field solutions of

the Hubbard model [31, 32, 33, 34, 35, 36, 37, 38]. However, the stripes in the

Hartree-Fock solution are characterized by a filling of one hole per domain wall unit

cell, while the incommensurate spin susceptibility peaks seen in experiments require

a filling of half this. Subsequently, numerical studies of the t-J model by Prelovsek

et. al. showed that indeed, stripelike correlations are an important ingredient in the

ground state of small t-J clusters. This work also made clear that stripes act as

domain walls in Nèel antiferromagnets. However, because of the limited size of the

systems studied, only filled stripes were found. Recently, using DMRG methods to

study much larger systems numerically, White and Scalapino have found evidence

for striped ground states for a wide range of dopings in the t-J model [39, 40]. They

have found that stripes with a linear doping of one hole per two domain wall unit

cells are the lowest energy configurations at low doping.

The second approach starts with the assumption that without long-range Coulomb

interactions, doped antiferromagnets phase separate. Stripe formation arises in this

approach because the long-range Coulomb repulsion frustrates the phase separation,

leading to an inhomogeneous charge density state [41]. The n phase shift character¬

istic of a domain wall arises in this "frustrated phase separation" approach from a

secondary effect, namely, from the same reduction of the transverse kinetic energy

of hopping which drives domain wall formation in the first approach. In support of

this approach, studies of classical spin models of competing long and short range

interactions have been shown to have a variety of inhomogeneous ground states,

including striped states [42]. Unfortunately, the difficulty associated with the long-
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range Coulomb interactions has so far prevented more realistic microscopic calcula¬

tions. However, as a minimum requirement for the viability of the frustrated phase

separation scenario, one clearly must have phase separation in relevant models of

doped antiferromagnets which lack the long range Coulomb interaction, such as the

t-J or Hubbard models.

There are also experimental evidences as well as theoretical studies that indicate

that phase separation and superconductivity are closely related. It is even argued

that the driving mechanism of superconductivity is the same as that of phase sep¬

aration [43] or superconductivity comes from the frustrated phase separation [44].

Hence, much efford has been made to determine the phase separation boundary of

the two-dimensional t-J model to resolve this issues. For further information see

Refs. [29, 45, 46, 47, 48, 49, 50, 51, 52, 53, 54, 55]. Nevertheless, there is currently

no general agreement for the phase separation boundary of the two-dimensional t-J

model. However, we know that the t-J model presents hole binding near half filling

approximately in the region J/t > 0.3. In addition at large J/t, it is well established

that there is phase separation, and thus it is clear that effective attractive forces are

operative in this model. The pairs formed near half-filling at J/t > 0.3 may actually

condense at low temperatures into a superfluid phase or, in other words, it can be

argued that the attraction that leads to phase separation may create mobile pairs,

before that regime is reached.

1.4 Numerical demands

Although an enormous numerical effort has been undertaken, there is still a lack

of consensus on the mechanisms leading to the above mentioned phenomena. Its

reason can be related to the high demands of numerical investigations due to the

huge dimension of the Hubert space connected with the problem.

As already mentioned in section 1.2, with exact diagonalization only systems not

larger than 32 (26) sites with two (four) holes can be investigated. However, these
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Systems are too small to make precise statements about correlation functions which

are crucial for the understanding of the physics therein. For the investigation of

larger systems one has to rely on other "exact" methods which have their own pros

and cons. Here "exact" means without uncontrolled approximations. One of these

methods is the density matrix renormalization group (DMRG) technique which can

only be used to calculate properties of the ground state (or a few excited states).

A major problem of the DMRG method is that it works only with open boundary

conditions. Consequently, i.e. in the t-J model, charge density waves are induced

(or pinned). Therefore, no accurate information on correlation functions can be ex¬

tracted which should be measured in homogeneous or infinite systems. The principal

limitation of the DMRG method at the present time is dimensionality, or, relatedly,

the range of the interaction. Therefore, the majority of systems treated up to now

have been one-dimensional or quasi-two-dimensional, i.e. strips of finite width. The

computational effort necessary to achieve a given accuracy grows rapidly with the

width of the system. Large systems in two dimensions and at finite temperatures

can be investigated using the quantum Monte Carlo (QMC) method. The errors in

QMC resulting from the statistical sampling can be reduced unless the system inves¬

tigated suffers from the "negative sign problem". This sign problem which occurs in

many frustrated spin systems and in two-dimensional fermion systems often makes

simulations practically impossible. With the QMC method the t-J model can only

be investigated down to temperatures of T ~ 0.51 which correspond - compared to

real system - to approximately T ~ 2000 K.

Since no sign problem occurs for bosons, it would be possible to study the t-J

model at much lower temperatures, if it could be mapped onto a bosonic model.

In the last decade, the DMRG technique has helped to bring insight into strongly

correlated electron systems by revealing ground-state properties of large quasi-two-

dimensional lattices. The aim of this thesis is to extend and refine the analysis

of the DMRG calculations by mapping results onto effective bosonic models which

then give a clear picture of the low energy physics. In the present work the DMRG
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technique is mainly used to find an appropriate mapping. Once the bosonic model

has been obtained, low energy properties - as the Luttinger liquid parameter - can

be investigated by using other numerical techniques. In the present work bosonic

representations of hole pairs on two-leg and four-leg ladders are investigated. It can

also be seen as a first step towards a two-dimensional bosonic model describing the

low energy properties of the two-dimensional t-J model.

1.5 Overview

Since the density matrix renormalization group method has been used extensively in

performing this work, Chapter 2 gives an elementary introduction on this numerical

method.

In Chapter 3 a bosonic representation for hole pairs on a two-leg t-J ladder is

introduced. In this effective model for low energy properties hole pairs on the ladder

are represented by bosons on a chain. The model parameters such as the interaction

between hole pairs are obtained by fitting the density profiles obtained within the

effective model to the densities obtained with the full t-J model, taking into account

the inner structure of the hole pair given by the hole-hole correlation function. Once

these interactions between the bosons or hole pairs are obtained the Luttinger liquid

parameter is calculated.

In Chapter 4 this analysis is extended to four leg ladders. The extra transverse

degrees of freedom allow the formation of larger clusters of two hole pairs. The

DMRG results show that this happens when the hole density exceeds a critical

concentration 5C ~ |. We treat the two regions separated by Sc separately. For the

region where 5 < 5C the model of hard core bosons that has been used earlier for the

two leg ladder is extended. Again, a parameterization of the repulsive interactions

and the Luttinger liquid exponent Kp is obtained. To treat the formation of the four

hole clusters it is necessary to introduce additional transverse degrees of freedom.

This is done by mapping the hole pairs on a four leg ladder onto a hard core boson
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model on a two leg ladder. Choosing an appropriate interaction potential between

the bosons which leads to a finite energy resonance on a single rung allows us to

reproduce qualitatively the DMRG results for the four leg t-J model.



Chapter 2

The Density Matrix

Renormalization Group method

The Density Matrix Renormalization Group [56, 58] (DMRG) method is a numerical

technique for finding accurate approximations to the ground state and the low lying

excited states of strongly interacting quantum lattice systems such as the Heisenberg,

t-J, and Hubbard models. It traces its roots to Wilson's numerical renormalization

group (RG) treatment of the impurity problems [59] and is related to real space

renormalization groups. The basics of the DMRG were developed by S. R. White

in 1992 [56, 57] and since then it has proven to be a very powerful method for low

dimensional interacting systems. The DMRG method is remarkable in the accuracy

that can be achieved for one-dimensional systems. For example, the ground state

energy of the spin-one Heisenberg chain on lattices of hundreds of sites can be calcu¬

lated to an accuracy of order 10~10 with a modest amount of computational effort.

In addition, up to a dozen or so exited states with specified conserved quantum

numbers as well as any equal-time observable can be calculated. The principal lim¬

itation of the method at the present time is dimensionality, or, relatedly, the range

of the interaction. Therefore, the majority of systems treated up to now have been

one-dimensional or quasi-one-dimensional, i.e. strips of finite width. The computa-

11
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tional effort necessary to achieve a given accuracy grows rapidly with the width of

the system.

In the following section I will introduce the DMRG method for one-dimensional

systems without refering to other techniques from which it has developed, such as

Wilson's original numerical renormalization group procedure and its shortcomings.

I will outline only the so called superblock procedure [70], which has been used for

all computations within this work. In section 2.2 I show how measurements can be

done and in section 2.3 I discuss how to generalize the algorithm to two-dimensional

systems.

Recently, there have been extensions of the method to the calculation of higher

energy properties such as dynamical correlation functions [60, 61], to two dimensional

classical systems [62], to one-dimensional quantum systems at finite temperature

[63, 64, 65], and to quantum chemical calculation of the states of molecules [66, 67].

2.1 The method

One of the most important limitations of numerical calculations in finite systems is

the great amount of states that have to be considered and its exponential growth

with system size. Several methods have been introduced which reduce the size

of the Hubert space in order to be able to reach larger systems, such as Monte

Carlo, RG and DMRG. Each method considers a particular criterion for keeping the

relevant information. The DMRG is a variational diagonalization scheme [68, 69]

that truncates the Hubert space used to represent the Hamiltonian H in a controlled

way. It keeps the most probable states describing a wave function instead of the

lowest energy states usually kept in previous real space renormalization techniques

[59]. As final result one wants to get a low lying energy state (e.g. the ground state),

the so called target state, with fixed quantum numbers, the target quantum numbers.

In order to obtain a good approximation for the target state for a lattice with iV

sites, one uses at first the so called infinite system algorithm to build up the system
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and to obtain initial statesets for lattice blocks of different sizes. To improve the

usually bad results for the target state obtained by the infinite algorithm, the so

called finite system algorithm is carried out iteratively until convergence is reached.

Before I am going to describe this two algorithms I introduce a general procedure

which is used in both of them.

2.1.1 The superblock building scheme

We consider a one dimensional lattice with N sites where single sites can be in s

different states1. We call a part of the lattice together with a representative basis

and the matrices of the Hamiltonian and the measurement operators represented in

that basis, a block. Here the Hamiltonian consists only of operator terms which are

not connected to the rest of the lattice. Actually, in the DMRG algorithm we do not

have to store the basis states, it suffices to keep the operator matrices represented

in the appropriate basis. Since we have to build matrices for the Hamiltonian or the

measurement operators by joining two adjacent blocks, we need also the matrix rep¬

resentations of operators which appear in a product term with operators belonging

to different blocks. E.g., for the spin part in the t-J hamiltonian

-(Sz St+1 + St Sï+1) (2.1)

one needs to store mxm matrix representations of S*, S^, and S~ for i equal to the

left or right end sites of the block2. Here m is the dimension of the representative

basis of the block under consideration. These operator matrices are also part of

what we call a block.

Now we consider the situation depicted in the upper figure of Fig. 2.1. It shows

the whole system divided into four blocks, the block B and B' with the two single

xE.g., s = 3 in the t-J model, since a single site can be empty or occupied with a spin up or a

spin down electron

2In practice, one does not need to store S~, since it can be obtained by taking the Hermitian

conjugate of S,+ .
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B B'

L+l

System

L+L'+2

Superblock

L'+l

Environment

(Universe)

Figure 2.1: The superblock building scheme. The upper figure shows the starting

point: two blocks, B and B\ containing L and L' sites respectively, and two single

sites in between them. To get a representation for the system block the superblock

is build and the target state is calculated with exact diagonalization. For this target

state the density matrix reduced to the system block is diagonalized and a certain

number of the most probable states are used as new basis for the system block. All

operator matrices belonging to the system block are transformed to the new basis.

site blocks S and S' inbetween them. We denote the number of representative basis

states in B with m and in B' with m! and the number of sites contained in the

blocks with L and V respectively. In a single DMRG step we are concerned with

building a new block of length L + l out of a block of length L while keeping the

number of states in the new block the same as in the original block. The DMRG

method proceeds then as follows:

1. Form two new blocks, called the system and the environment in Fig. 2.1 by

building the direct product of the basis of B and 5* as B' and S' and by

representing the Operators of these blocks in the new basis. The dimension

of the new basis is m x s and m! x s for B and B' respectively. In the

following we denote the states of the system and the environment with \i) and

\j) respectively.

2. Form the superblock 3, i.e. the block containing the whole lattice, out of the

3The superblock is often called the universe in other literature, e.g. in Feynman's book on
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system and the environment block. The dimension of the so obtained new

basis is now m x m! x s2.

3. Diagonalize the superblock Hamiltonian obtaining the target state. Usually

the target state is a low lying energy state and therefore a Lanczos or Davidson

[72, 73] algorithm can be used. The target state can be written as

(2-2)

4. Build the reduced density matrix pui for the system block

Pw = £^A (2-3)
j

5. Diagonalize pni with a dense matrix diagonalization routine.

6. Use the m eigenvectors with the largest eigenvalues - i.e. the most probable

states - as the new (truncated) basis4 for the system block.

7. Transform the system block Hamiltonian Hsys and other operators to the new

basis using Hsys = O^HsysO, A = O^AO, etc.. Hsys denotes the Hamiltonian

in the truncated basis with dimension m and the columns of O contain the m

highest eigenvectors of pni. A is an operator in the system block.

With this scheme the system block with L+l sites and a corresponding basis with

m basis states have been obtained. Surely, this procedure can be optimized. It is not

necessary to store the Hamiltonian for the environment and the superblock. Since

the exact diagonalization to obtain the target state is usually done by a Lanczos or

Davidson [72, 73] algorithm, only the result of a multiplication of a state vector with

the Hamiltonian is needed. This can be performed without storing the Hamiltonian,

instead, an ingenious bookkeeping algorithm can be used.

statistical mechanics [71] in the treatment of the density matrix.

4It is not necessary to restrict the number of states in the so obtained representative basis for

B(L + 1) to the number of states in B(L). Usually, in the DMRG the number of basis states per

block is increased after some iterations to reach convergence.
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B(L) B'(L)

B(L) S^ B'(L)

B(L+1) B'(L+1)

Figure 2.2: One single step of the infinite system algorithm. Starting point are the

two blocks B and B' with L and L' sites respectively, depicted in the upper figure.

Two single sites, S and 5" are inserted inbetween B and B' and the procedure

described in section 2.1.1 is used to obtain the left block B(L + 1), containing L + l

sites. The right block, B'(L + 1), is then obtained by reflection of the left block.

2.1.2 The infinite system algorithm

The infinite system algorithm is used to build up the system until a given size.

A single step works as depicted in Fig. 2.2. It starts with two blocks containing

the same number L of lattice sites donoted with B and B'. The very first step is

performed with a block for which all the basis states have been obtained by exact

diagonalization. Between the two blocks B and B' two single sites, S and S', are

inserted. Now the procedure described in section 2.1.1 is used to obtain a new block

of length L + l, denoted with B(L + 1) in Fig. 2.2. The block B'(L + 1) is obtained

in the same way, or if possible, by reflecting the states of B(L + 1). This scheme is

repeated until the desired system size is reached.

2.1.3 The finite system algorithm

The finite system algorithm is used iteratively to improve the result obtained for the

target state with the infinite system algorithm until convergence is reached. At first,

the infinite system algorithm is carried out (warmup sweep) until the lattice reaches

the desired size with JV sites, by storing the Hamiltonian and all the operators for

the left blocks with different size L up to JV/2. Carrying out the procedure described
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B(N/2) rB(N/2-2)

B(N/2+l) rB(N/2-3)

B(N-3)

Figure 2.3: The left to right phase of the finite system algorithm. Starting from

the final configuration of the infinite system algorithm the left side blocks B for

L = JV/2 + 1... JV — 3 are computed as depicted.

in section 2.1.1 the left block B(N/2 + 1) is obtained. For this step the right block

B'(N/2 - 1) is needed and the reflected block rB(N/2 - 1) from the left side, which

has been stored during the infinite algorithm, can be used for it, see Fig. 2.3. This

scheme is proceeded in the same way for obtaining B(N/2 + 2),..., B(N — 3) and

is called the left to right phase of the algorithm. Now the roles of the right and

left blocks are reversed and the right to left phase is carried out. This way better

representations for the right blocks are obtained. The two phases of the algorithm,

i.e. one main sweep, are repeated until convergence (see Chapter 2.4) is reached.

2.2 Measurements

Measurements are made using the superblock wavefunction \ijj) to evaluate expecta¬

tion values of the form (ip\A\ip). In order to measure A, one must have kept operator

matrices for the components of A. For example, to measure the on-site spin-density

S* for all sites s, one must keep track of matrices [5^],,/, for each site in each of

the blocks. These operators must be uptated (transformed to the new truncated

basis) at every step of each iteration. By dividing the superblock into two parts

with states labeled |z) and \j > for the basis in the system and the environment
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block respectively, we obtain the expectation value using

^KWï/v,- (2.4)

This procedure gives exact evaluations of {tp\A\ip) for the approximate eigenstate

For a correlation function such as (ip\SzSz, \tp), the evaluation depends on whether

s and s' are on the same block or not. If they are on different blocks, we must keep

track of [Sz]ui and [Szsi]3]i, and

/ / I f~iz c^z i / \ x "*
/ ^ r c^z~\ r c^z ~\ i /o r^\

t in 11 in )
—

7 in i /i t in t i I / 11

If they are on the same block, we must keep track of [S*S%.] throughout the calcula¬

tion. The expectation value is obtained as

2.3 Extension to two dimensions

The issue of how to optimally extend the DMRG to two or more dimensional quan¬

tum systems is difficult and is still a subject of active development. It is instructive to

consider first how to extend the one-dimensional algorithm to quasi-two-dimensional

systems with a finite width, e.g. to the t-J model on a "ladder". One straightforward

way to do this would be to replace the single sites added between the blocks with

a row of sites. However, for a wide system the extra degrees of freedom in the two

center "sites" would make the size of the system's Hubert space prohibitively large.

It is usually better to add single sites by maping the 2D system onto a ID system,

simply by tracing a path through the lattice. A typical superblock configuration for

a ladder system is shown in Fig. 2.4 The site added to the system block is enclosed

by a dashed line and the dotted line shows the order in which sites are added in a

sweep. An up-down-up-down path is shown; an up-up-up-up path would be just as
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Figure 2.4: Typical superblock configuration for a ladder system.

efficient. One can see that it is not possible to reflect the left block onto a right block

of the proper geometry at every step, so it must be computed separately. A similar

difficulty appears in fermion systems at fractional filling because it is not possible to

set the number of particles so that the average density stays constant at all system

sizes. With the mapping onto a ID system, the two-dimensional procedure differs

from the one-dimensional finite system procedure only in that there are additional

connections between the system and environment blocks along the boundary. Sev¬

eral infinite system approaches can be used in the warmup sweep [75]. The simplest

is just to use several sites for the environment block, without truncation. Usually

the accuracy of the warmup sweep is not critical; a few sweeps of the finite-system

procedure can make up for a poor quality warmup sweep.

The number of states needed to maintain a certain truncation error in the density

matrix projection procedure depends strongly on the number of operators connecting

the two parts of the system. Best accuracy is obtained when the number of con¬

nections between the system and the environment block is minimized. Therefore,

we usually study systems with open rather than periodic or antiperiodic boundary

conditions in the long direction. Also, the number of states m needed to maintain

a given accuracy depends strongly on the width and weakly on the length of the

system.

How rapidly the truncation error increases with the width of the system is not
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clear in general. In Ref. [76] the error in the energy as a function of width for a

gas of noninteracting spinless fermions has been studied and it has been found that

the number of states needed to maintain a given accuracy grew exponentialy with

the width of the system. In any case, for systems of more than one dimension, it

is important to be able to keep as many states m per block as possible. Efficient

algorithms are therefore crucial in this case.

2.4 Numerical accuracy

As already mentioned, the DMRG technique is a variational diagonalization scheme

that truncates the Hilbert space used to represent the Hamiltonian in a controlled

way. As final result a low lying energy state (e.g. the ground state) with fixed

quantum numbers is obtained. The accuracy of the results, i. e. the measurements,

depends on the number m of states kept in a block and the number of main sweeps

carried out before. Furthermore, the computation time depends approximately

quadratically on m and linearly on the number of sites. Therefore it is important

to evaluate whether numerical convergence has been reached, to keep the compu¬

tation time within reasonable limits. Due to the variational approach, it would be

straightforward to use the energy, which must be minimized, as a measure for con¬

vergence. The energy as a function of main sweeps reaches a plateau for a fixed

m, but by increasing m further a lower lying plateau can be reached after some

additional sweeps. For larger systems it is possible to proceed in that way until the

capacity of the computer is exceeded. It is better to rely directly on the results

of the measurements and check their convergence. Since we consider t-J and hard

core boson models, as a minimum requirement we expect that the density profiles

are symmetric under reflection in the two space directions. In this sense we used

up to 800 (1200) states per block on 40 (60) x 2 and up to 1400 states per block

on 32 x 4 t-J ladders, depending also on the hole doping. Computations for hard

core boson systems converge faster so that even on 180 x 2 ladders m = 400 is
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sufficient. The accuracy of the density profiles does not guarantee the accuracy of

other measurements. In fact, much more states per block are necessary for accurate

measurements of operator products, especially if some of these operators change

the quantum numbers. Such operators lead to mappings between Hubert subspaces

which may be less well represented and hence may lead to larger truncation errors.
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Chapter 3

A Bosonic model of hole-pairs on

two leg ladders

The content of this Chapter has been published in Physical Review B in June 2001

[77].

3.1 Introduction

Holes bind in pairs when weakly doped into a half-filled two leg ladder to form a

Luther-Emery liquid. In this liquid the spin degrees of freedom are gapped and

the low energy sector can be mapped to a boson liquid of hole-pairs. The goal

in this chapter is to use the hole density distributions determined by DMRG to

determine the form of the effective boson model that on general grounds describes

the hole-pairs. These DMRG results are used to parameterize the dispersion of the

bosons which represent the hole-pairs and their effective mutual interactions and

also the interaction with hard wall boundary conditions that occur in DMRG. This

chapter is limited to the simplest case of the two leg ladder. Hence, we consider

the t-J Hamiltonian given in (3.1) where we introduced different exchange coupling

constants along the rungs, J', and along the legs, J.

23
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H = -* £ Vielem + clc-^V (3.1)

+J £ (S,Sj - ln,nj) + / E (SiSj - jUnj)
Vd/legs \lj/rungs

With (i,j)iegs and (i,j)rUngs we denote next nearest neighbors along the legs and

rungs respectively. Here, x runs over L rungs and y = (1,2). We use J = 0.351

throughout this chapter.

3.2 The structure of a single hole-pair

In this section a hole-pair on a t-J ladder is examined by studying the internal

hole-hole correlation (hhc) function. The hhc function gives information about the

inner structure of a hole-pair and depends on the parameters t, J and J1 in the

t-J Hamiltonian (3.1). Since the DMRG computations are performed with open

boundaries, special care must be taken in the measurement of the hhc-function,

which is defined as

g3[xux2) - ,h . , A .
n . [6.1)

\nxi,l)\nx2,3/

The index j = 1,2 denotes intra- and inter-leg-correlations respectively, n^y =

1 — nx,y denotes the hole density at site i = (x,y), and nh the average hole density.

Introducing relative and center of mass coordinates, r and i?o, we measure g3{Rü —

r/2, i?0 + r/2) on (40 x 2) ladders with open boundaries for i?0 — L/2. In a range

Ro = L/2 ± 5, g3(Ro — r/2, Ro + r/2) depends only weakly on Ro. Furthermore, we

have tested that better accuracy for the hhc-function cannot be achieved on larger

ladders up to (60 x 2) sites. We conclude that the measurements on (40 x 2) ladders

give good values for g3(r) on an infinite ladder.

We denote by

E (3.3)



The structure of a single hole-pair 25

Figure 3.1: Hole-hole-correlation function g{r) obtained from DMRG calculations

on a (40 x 2) t-J ladder for J' = 0.351 and J' = 5.01 with one hole-pair (J = 0.351.

the sum of intra- and inter-leg correlations. We have examined g(r) as a function

of the rung exchange coupling J'. As can be seen in Fig. 3.1, a significant change

in the hhc-function occurs when the isotropic case («/'—>• J) is approached from the

strong rung coupling regime (J' ^> J). In the latter case, the holes sit mainly on the

same rung whereas in the former case, they are found predominantly on adjacent

rungs. We study the long distance behavior of the hhc-function by fitting the tail to

an exponentially decaying function, g(r) ~ exp(—r/Çhhc)- The results are shown in

Fig. 3.2, where ^c is plotted as a function of J'. Starting from strong rung coupling,

the correlation length first increases as expected, but decreases significantly as J'

is reduced and bound holes sit mainly on adjacent rungs. As the isotropic case is

approached, the correlation length increases again.

This behavior can be explained by looking at the different kinds of bonds in the

region between two holes of a pair as the holes move apart. In Fig. 3.3, the exchange

fields around a pair of holes are shown. These are obtained by measuring S; • Sj after

projecting out a particular configuration of two holes from the ground state \ip) given

for two holes on a (16 x 2) ladder. Denoting the corresponding projection operator
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Figure 3.2: Correlation length Çhhc of the hhc-function g{r) as a function of J'

(J = 0.351) measured on a (40 x 2) t-J ladder.

-0.0

-0.75

11111

rrrrnmuiiiii
-0.0

-0.7

Figure 3.3: Exchange bonds ( S; • Sj ) around two dynamic holes after projection:

J = 0.351, J' = 1.21 for the upper and J = 0.351, J' = 0.701 for the lower figure.

The thickness of the lines is proportional to the bond strength.
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by Ph, Ph Si • Sj Ph has been measured and normalized by (ip\Ph\ip). The procedure

is well described by White and Scalapino [78]. This kind of measurement gives us a

"snapshot" of the spin configuration around a dynamic hole. In the following we use

the term "bond" simply to indicate that ( S; • Sj ) < 0. If this expectation value is

close to —0.75 for two sites i and j, we say that there is a "singlet bond" connecting

i and j.

For J' > 1.21 the rung exchange dominates. When a hole-pair virtually splits

up, the region between the two holes reverts to rung singlets, as shown in Fig. 3.3.

A high energy is needed to split up the holes, but after they are separated there

is no further increase in energy in moving them apart, since the diagonal exchange

bonds are weak. For J' < 0.71 the region between the holes does something more

complicated, which facilitates hole hopping at the expense of higher exchange energy

on the intervening rungs. As shown in Fig. 3.3, various diagonal exchange bonds are

formed, which turn into the rung singlets when the holes hop back together. This

allows for easy hopping and low kinetic energy, but the exchange energy cost is high.

For J' = 0.71, more and more distorted exchange bonds are created as the holes

move apart. This leads to a stronger interaction for larger separation than in the

case for J' = 1.21. This weakening of the long range interaction between the two

holes explains the increase of Ç^c m Fig- 3.2 in the range between J' = 0.71 and

J'~1.2t.

Somewhat similar analysis can be found in Ref. [78] where the authors have

argued that the exchange bonds seen in Fig. 3.3 are responsible for the pairing seen

in the isotropic case, as well as for stripe formation.

3.3 The effective Model for hole-pairs

In the strong coupling limit J' ^> J, in the ground state, two bound holes are on the

same rung and a description of tightly bound hole-pairs moving in a background of

singlet rungs is appropriate. Considering these hole-pairs as hard core bosons (heb)
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R = 1 3/2 2

r = odd

y
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O O hole pair • center of mass 0 pair heb

Figure 3.4: Mapping of pairs of holes from a ladder to heb on a chain depending on

the different positions of their center of mass and their relative separation r along

the legs. R denotes the center of mass coordinate along the legs.

one can map to an effective boson model as discussed in Ref. [16] and obtain the

hole density directly from the corresponding heb density as well as the correlations

between hole-pairs.

Here we propose an effective model that applies for any value of J' between

strong coupling and the isotropic case. Since holes on a ladder can pair with more

weight on adjacent rungs, our effective model should incorporate the possibility that

the "center of mass" of a hole-pair can lie on a rung or between two rungs as shown

in Fig. 3.4. Note that for even (odd) distance r along the legs between two holes,

the center of mass lies on a rung (between two rungs).

To motivate our effective model we study first the case of pairing between two

holes on a two-leg ladder with length L where the Hamiltonian is given by

H = ~t bt+i,ybx,v) (3.4)
y=lx=l

L

x=l

Here b\,^ and bx>y denote hole creation and annihilation operators respectively. Only

single occupation of a site is allowed and we use periodic boundary conditions. We
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choose the attractive interaction Vh between the two holes strong enough to give an

even parity bound state. We want to find an effective Hamiltonian for the paired

holes, expressed in terms of a new effective boson operator BR which describes the

pair as a whole, and then answer the question, how do we obtain the hole density

nhx,y = blyybx,y from the density JVÄ = BRBR of the effective bosons?

For the Hamiltonian above, with the help of the operators

PRr =

"7= (^Ä-r i%i l
+ ''fl-i 2^+i 2) (^ ~ ^r,o) (3-5)

Pr,t = { "f Ä~3>1 Ä+3'2 A~ÏÏ'2 Ä+l!l (3-6)
( bR_r_ylbR+Li>2 r = 0

the wavefunction \&î|0) for the ground state can be written as

EV~~^
I ( \ \ \

y' \ ~T \ /Q fy\
' ' \j~ l\ } srH,r r^\ ) f tt,r ) \ I

Ä=int. feven

\_ , ,

_t x

Ä=half rodd

Here R and r(= 0,1,2,...) denote the center of mass and relative coordinates along

the legs as sketched in Fig. 3.4. <p3(r) depends only on r and the interaction Vh in

Eq. (3.4). The pair correlation function g3(r) for the holes b\. in this model is simply

given by g3(r) = \(p3(r)\2, where y = 1, 2 denote intra- and inter-leg correlations

respectively.

The probability of finding the center of mass of a pair centered on a rung, iüjnt,

or between two rungs, itfhaif, is given by

l(r) (3.8)

where g(r) denotes the sum of the inter- and intra-leg correlations as defined in

Eq. (3.3). Note that the probability to find the pair on or between rungs depends

only on whether R is integer or half integer.
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The same occupation probabilities can be obtained with the Hamiltonian

L

H = -f^(BRBR+l+BR+,BR) NR (3.9)
p _1_ _3
*"—

2 ' 2 '
" " "

for one boson BR which moves on a closed chain of length L under the action of a

periodically varying onsite potential e. Here NR = BRBR.

Figure 3.4 shows the mapping of hole-pairs from the ladder to effective bosons

on a single chain. Note that the center of mass coordinate R of the pairs determines

the position of the effective boson. Here the ratio of the probabilities Whaii/^mt to

find the boson on a site with half integer or integer R depends only on e/t* and can

easily be obtained as

^2 i /A+*\2

^int

- ey/e* + (4t*y

(4t*)2 (4t*y
(3.10)

From this equation and Eq. (3.8) we obtain for e

e = 41* sinh (In (3.11)

The boson operator BR can be expressed in terms of the operators pR r
and pR r

as

for half int. R.

(3.12)

Once the density {NR) for the model (3.9) has been computed, we obtain the density

(njs) = (blybXyy) for the model (3.4), taking into account the inner structure of the

effective boson (3.12) by the convolution

W.

even
g(r)

roM 9{r)

(3.13)
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We are interested in the ground state properties of the t-J model. Since the spin

part of the ground state wavefunction is antisymmetric and the spin excitations are

gapped [16], the charge degrees of freedom can be described considering hole-pairs

as effective (hard core) bosons moving in a spin liquid.

To obtain the effective Hamiltonian describing hole-pairs in the t-J model (3.1),

we model the holes as in Eq. (3.4) and define in analogy to the preceding

r 1 r 1

H — —t* V^ (B^ B i 4- B^ Bd) 4- f V^ No 4- V + 4- Vu (3 141

Ä=l,-J,... Ä=^,^,...

where NR = BRBR and the BR and ß^ denote heb creation and destruction opera¬

tors respectively. Since we are using open boundaries, we have to take into account

the interaction of the hole-pairs with the boundaries. The potential Vj has been

introduced to describe this effect. The potential Vint gives the interaction between

heb, i.e. hole-pairs in the t-J model. The onsite potential e on half-integer sites has

the same meaning as explained above.

3.4 Computing the model parameters

In this section we determine the effective model parameters f, e and the interactions

Vb and Vint.

3.4.1 Onsite potential e

The onsite potential e has been calculated with the hhc-function g{r) obtained nu¬

merically by the DMRG for two holes on (40 x 2) t-J ladders for various J'. The

results are given in Fig. 3.5. They clearly show that for the isotropic case, i.e.

J = J', where e < 0, the hole-pair is mainly centered between two rungs, whereas

for strong coupling, i.e. J' >> J, where e > 0, both holes of a pair sit on the same

rung and can be well described by the effective model given in Ref. [16].
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Figure 3.5: The onsite potential e obtained from Eq. (3.11) as a function of J'

(J = 0.351. The hhc-functions were obtained from DMRG calculations on (40 x 2)

t-J ladders.

3.4.2 Interaction with the boundaries

As e is determined by the hhc-function alone, we can compute the heb density (NR),

convolute it with g(r) according to Eq. (3.13) and compare it with the hole rung

density (n^.) = X^=i(^,j/) °f the corresponding t-J system. The hole density {n^.y)

can be obtained using Eq. (3.13) by identifying {n^y) with (n^y). In this way we

obtain Vh and Vint by fitting the density profile obtained with the effective model to

the one obtained with the t-J model. Since Vint in Eq. (3.9) gives no contribution

for one heb, we can obtain V& by considering one hole-pair in the t-J model. We

choose an exponentially decreasing form for VJ,

Vb =

R

fi-i L-R

(3.15)

with increasing distance from the boundary. Figure 3.6 shows fits for J' = 0.351

and J' = 10 i, and the parameters uj and £& are shown in Fig. 3.7. Up to J' = 3.01,

Vb is positive and £& is finite. Above this value Vf, becomes negative and £& is zero.
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Figure 3.6: Hole rung density (n^,} for two holes on a (40 x 2) t-J ladder with

J' = 0.351 and J' = 101 (J = 0.351) computed directly and with the effective

model. For the effective model the data for Vf, = 0 and the best fit is shown.
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Figure 3.7: Parameters for VJ, given in Eq. (3.15) obtained from fits with (40 x 2)

t-J ladders with one hole-pair (J = 0.351).

In this case only the outermost rungs become attractive for hole pairs as can be

expected for large J', due to the charge part —| n^.y n^.+1y of the J' term in the t-J

Hamiltonian (3.1).

3.4.3 The interaction term V\int

To obtain the interaction potential Vint we proceed in the same way as for Vb- We

choose a hard core analytical form

E E vint{\R-R'\)NRNR,
R R'>R

(3.16)

if r < rrioo

_r Tmin ~2

ve « if r > rmin

with rmm > 1 and considered (30 x 2) t-J ladders with four holes and the corre¬

sponding effective model with two heb. The infinite repulsion for r = ^ reflects the
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Table 3.1: Parameters for the interaction potential Vïnt given in Eq. (3.16) obtained

from the density profiles of a (30 x 2) t-J ladder for various J' (J = 0.351).

J'

0.35

0.5

1.

2.

5.

10.

frrnn

2

3

2

1

1

1

1

«1

4.973

1.28

10.99

5.00

-0.048

-0.13

V

0.478

0.580

0.586

0.089

0.0029

0.0

e

0.376

0.373

0.439

0.363

0.400

-

hard core condition for hole-pairs, so that the minimum distance of two hole pairs

in the t-J model is 1.

Since the hole-pair becomes broader with decreasing J', it was useful to let rmm

vary. Again, we have made fits between the density profiles as shown in Fig. 3.8

and obtained the parameters represented in Table 3.4.3. Figure 3.9 shows Vint for

different J1 values. Starting from the isotropic case, the interaction is repulsive and

becomes less long ranged as J' increases. For J' = 5t, V[nt becomes negative for

r = 1. The same holds for J' = 101, where v-mt vanishes for r > 1. This can

be expected from a perturbative approach as can be found in Ref. [16], where the

hole-pairs on a t-J ladder have been mapped to heb on a chain with next-nearest

neighbor interaction.

We have tested the results obtained in this way by comparing the density profiles

for various numbers of hole-pairs and system lengths. From strong coupling down

to the isotropic case we find good agreement between the density profiles obtained

from the t-J model and the effective model, as can be seen in Fig. 3.10.

We should note here that the fits for V{nt were not as stable as the fits for v\>.

Varying simultaneously the parameters vi, v and £ in Eq. (3.15), one can find another
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four holes on a (30 x 2) t-J ladder computed directly and with the effective model

(J = 0.351). For the effective model the data for i)int = 0 and the best fit is shown.
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Figure 3.9: Interaction parameter Vint(r > rmin) between the heb obtained from

(30 x 2) t-J ladders for various J' (J = 0.351).

set of parameters which also gives a good fit. However, we found that the Luttinger

liquid parameter Kp, which we calculate in the next section, only weakly depends

on this ambiguity. Using only two parameters to determine Vint suppressing v\ in

Eq. (3.15), one can also fit the density profiles with a different set of parameters,

but in this case Kp is strongly affected.

3.4.4 The hopping matrix element t*

Up to now the hopping matrix element t* did not play any role. We were only

interested in the heb density profile, which is not affected by the energy scale fixed

byf.

We compute t* by finite size scaling with the ansatz that the difference between

the ground state energy for two holes E2h and for zero holes Eoh in the t-J model is

given by

E2h{L) - Eoh{L) ~ const + t*EeS(L) . (3.17)
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Figure 3.10: Hole rung density (n£) for J' = 0.351 and J' = t for six holes on

(40 x 2) and four holes on (20 x 2) sites respectively, computedwith the interaction

potentials obtained from fits with two hole-pairs on 30 sites (J = 0.351). For the

effective model the data for V{nt = 0 is also shown.
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Figure 3.11: Hopping matrix elements for our effective model and for the model in

Ref. [16] obtained for the large J' limit (J = 0.351). Explanations are in the text.

Here Eeg denotes the ground state energy of the corresponding effective model with

one boson and with t* = 1. We obtained t* by fitting Eq. (3.17) to a straight line.

The result is shown in Fig. 3.11.

According to the effective model given in Ref. [16], one can obtain the corre¬

sponding effective hopping matrix element t° by a finite size scaling with the ansatz

E2h(L) - Eoh(L) ~ (3.18)

Here, E2h(L) and -Z?oh(£) are for the t-J model. A perturbative estimate for t° is

given in Ref. [16]. For large J' one obtains

t° = 2t2/(f -At2/J') . (3.19)

Figure 3.11 shows t° versus J'. It can be seen that for J1 —> oo the t° obtained

by perturbation theory tends to the one obtained by finite size scaling. Note that

t° stands for the hopping of a hole-pair from one rung to another, whereas in our

effective model t* mediates between R and R + \. We can obtain t° from t* by
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expanding the single boson dispersion of the effective model for small momenta k.

In this way we obtain

t*2
t° =

. . (3.20)
/2 (4)2

Figure 3.11 shows that t° obtained in this way from our effective model fits very well

to the one obtained by finite size scaling.

An independent test for t* comes from the comparison of the inverse compress¬

ibility k~1 obtained from the t-J model and the effective model. The inverse com¬

pressibility could be obtained from

_

P2 d*E0(p)
« (P) -

Q dp2
I

Here the volume Q = 2 L for the t-J model and Q = 2 L — 1 for the effective model.

With N we denote the hole or heb number and with p = N/Q the corresponding

density. The second derivative of the ground state energy with respect to the particle

number TV was calculated by the discretization

d2E0 E0(N + A) - 2 E0(N) + E0(N - A)
dm

~

A2
' {6 }

Here A = 2 and A = 1 has been used for the t-J model and the effective model

respectively. Figure 3.12 shows the results for k~1 computed for a (40 x 2) t-J

ladder with 2 holes and 4 holes. As can be expected, the results agree better for

large J', where the hole-pairs are narrower and the interaction between pairs is less

long-ranged, but the agreement is satisfactory for all values of J'/t.
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Figure 3.12: Inverse compressibility k
x for the t-J Ladder computed directly and

with the corresponding effective model for 2 holes (magnified 10 x) and 4 holes for

a 40 x 2 t-J ladder (J = 0.351).

3.5 Luttinger liquid parameter Kp

In the previous section we obtained the interaction between two heb in the effective

model (i.e. two hole-pairs in the t-J model). In order to obtain information about

the long range correlations we have calculated the Luttinger liquid parameter Kp in

the effective model.

Our effective model belongs to the same universality class as the heb model with

next-nearest neighbor interaction, which in turn is equivalent to the XXZ model

and which has been solved exactly by a bosonization approach and conformai field

theory [80, 81]. From Ref. [80] we obtain a power law decay at large distances for

the charge density wave correlations and the superconducting correlations given as

(NrNQ) const x r
2
+ const x cos(vr{N^/L) r)r 2Kp

i

const x r 2Kf>
,

(3.23)

(3.24)

with Nf, as the number of HCB on the chain. These relations show that the super-
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Figure 3.13:

J = 0.35t).
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as a function of p for various J' (half filling is given by p = 1,

conducting correlations (B^Bq) are dominant if Kp > ^.

For heb in one dimension, i^p can also be obtained from the relations [82]

(3.25)

7T

#=o

Here Eo denotes the ground state energy for Nh heb on a closed ring of length

L, i.e. with N = 2L sites, and Eo(&) is the ground state energy of the system

penetrated by a magnetic flux $ which modifies the hopping by the usual Peierls

phase factor, t h-> iexp(±i$/iV). From these two equations the charge velocity vc

can be eliminated. The second derivative of the ground state energy with respect

to the particle number was calculated by the discretization given in Eq. (3.22) with

A = 1. We used exact diagonalization for system lengths between 32 and 220 and

with JVfc between 2 and 4. Analogously, the second derivative with respect to the

magnetic flux was calculated for the same configurations.

We calculated the Luttinger liquid parameter Kp for the interaction potentials
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Figure 3.14: Kp as a function of J' for various electron densities p (half filling is

given by p = 1, J = 0.351).

given by the parameters in Table 3.4.3 and found the universal value Kp = 1 as half

filling is approached, for any value of J' between strong coupling and the isotropic

case. The results are plotted in Figs. 3.13 and 3.14 as a function of the corresponding

electron density p = l — 6 = 1 — N^/L and exchange coupling J'.

For NbjL —> 0, corresponding to a very dilute heb gas, we have Kp = 1 +

O(Nb/L), independent of the value of the interaction and consistent with Refs. [83,

84]. Down to p
~ 0.875 the superconducting correlations are dominant, since Kp> \

and since we are far away from phase separation [16]. Below p
~ 0.875, Kp becomes

less than one half and at one quarter doping (p = 0.75) Kp <\ for J' < t. Figure 3.13

shows also earlier results on small clusters from Ref. [16] and Ref. [85], obtained

using exact diagonalization. The deviations from our results are most probably due

to finite size effects close to half filling in Ref. [16] and Ref. [85].

We briefly want to discuss the possibility of commensurability effects. At a

filling of p = 0.75, one might expect that commensurability effects would stabilize

long ranged charge density wave ordering, since Kp is quite small (Kp = 0.232 for
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Figure 3.15: Density profile nf computed with the effective model for a (200 x 2) t-J

ladder at one quarter doping (p = 0.75) with the parameters of the isotropic case

(J = J' = 0.351), showing a pinned CDW.

the isotropic case). In the finite, open systems studied here, a static CDW is pinned

by the boundaries, as can be seen in Fig. 3.16 for the t-J model as well as in Fig. 3.15

for the effective model. A careful analysis using large systems and finite size scaling

is necessary to determine if the CDW order is long ranged. The decay of CDW

oscillations away from the edges of the system is quite slow and is consistent with

long ranged CDW order, but a very slow algebraic decay cannot be ruled out. A

more detailed analysis of the effective model (using 200, 240, 280, 320 and 400 sites)

shows a decreasing charge gap with increasing system size. Finite size scaling is

consistent with a vanishing or possibly a small charge gap in the infinite system.

3.6 Conclusions

The effective model derived in this chapter works well for the hole density of a

two-leg t-J ladder for various fillings. In other words, the low energy physics of
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Figure 3.16: Hole rung density (n£) for a (192 x 2) t-J ladder at one quarter doping

(p = 0.75) showing a pinned CDW. Here J' = J = 0.351.

hole-pairs on a ladder can be well described by a model of hard core bosons on a

chain with each boson representing a pair of holes. The interaction between the

hard core bosons was determined by fitting the density profile obtained with the

effective model to that of the t-J model, taking into account the inner structure of

the hole-pair given by the hole-hole correlation function. Starting from the isotropic

case, with equal exchange couplings on the rungs and legs the interaction between

two hole-pairs is long ranged and repulsive but becomes attractive and of nearest

neighbor type when the strong coupling regime is approached. The same holds for

the interaction of a hole-pair with the boundaries. We choose a simple form for the

interaction between the bosons in order to use only a few parameters. The results

obtained from the effective model are insensitive to the specific ansatz used for this

interaction. The Luttinger liquid parameter Kp has been calculated for electron

densities from p = 0.982 down to p = 0.75 (half filling corresponds to p = 1). Down
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to p
~ 0.875 the superconducting correlations are found to be dominant and Kp —> 1

for p —> 1. For commensurate filling, p = 0.75, there might be true charge density

wave ordering and a charge gap. Further investigations are necessary to clarify

this question. The hopping matrix element for the bosons in the effective model,

which allows one to calculate the inverse compressibility, could also be determined.

Comparing to the t-J model we find good agreement for strong rung couplings and

only small deviation (less than ±10%) near the isotropic case.

An interesting feature appeared in the hole-hole correlation function. The corre¬

lation length, Çhhc, does not monotonically increase as one approaches the isotropic

case from strong rung coupling. Instead, it decreases in the interval 0.71 < J' < 1.21.

This unexpected behavior can be traced to the fact that the interaction between

holes is dominated by the simple rung exchange bonds in the strong rung coupling

regime and by the diagonal rung exchange bonds near the isotropic case, J' —> J.

Reflections of the structure in Çhhc as a function of J', shown in Fig. 3.2, can also

be found in other properties, e.g. the interaction of the effective bosons with the

boundaries and the compressibility.



Chapter 4

Transition between hole-pairs and

four-hole clusters in four leg t-J

ladders

4.1 Introduction

In Chapter 3 we described a representation or mapping of the hole-pairs on a two-leg

t-J ladder to hard core bosons on a single chain. This enabled us to determine the

effective repulsive interactions between the hard core bosons by fitting to the hole

density distribution determined by DMRG for the t-J model. In the present chapter

we extend this analysis to four-leg ladders. The extra transverse degrees of freedom

allow the formation of larger clusters of two hole-pairs (i. e. four hole clusters) when

the hole density exceeds a critical concentration 5C ~ |. A cluster represents not a

bound state of the hole-pairs but a finite energy resonance which becomes populated

when the chemical potential reaches a certain threshold.

The outline of the chapter is as follows. First we treat the low concentration

region where the density profiles obtained from DMRG simulations show that hole-

pairs simply repel each other. In this region we extend the mapping onto the model

47
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of hard core bosons that we used earlier for the two-leg ladder and obtain a pa¬

rameterization of the repulsive interactions and Luttinger liquid exponent Kp. We

compare the evolution of Kp with hole density in the two and four leg ladders. In

both cases Kp —>• 1 as the hole concentration 5—^0 indicating predominantly su¬

perconducting correlations. To treat the formation of the four hole clusters it is

necessary to introduce additional transverse degrees of freedom. This is done by

mapping the hole-pairs on a four-leg ladder onto a hard core boson model on a

two-leg ladder. Choosing a potential with a repulsive tail but with a finite energy

resonance on a single rung allows us to reproduce the DMRG results for the four-leg

t-J model, both for the kink in the chemical potential and for the change in the

density profile at the critical density. The chapter ends with a concluding section.

4.2 Hole-Pairs and Clusters

We consider the t-J Hamiltonian given in (1.1) for a four-leg ladder (4LL) configura¬

tion. Thus, in Fig. 1.2 x runs over L rungs and y = (1... 4). If not noted otherwise,

we use J = 0.351 and we use the DMRG method to compute ground state properties

which implies that open boundary conditions on the ends of the ladder are used.

We start by examining the internal structure of a hole-pair (HP) on a t-J 4LL, by

studying the hole-hole correlation (HHC) function. Since the DMRG computations

are performed with open boundaries, special care must be taken in the measurement

of the HHC-function, which we define as

9y,y'{X,X ) - U
h

\nx,y)\nx',yl

Here n^. = 1 — nXtV denotes the hole density operator acting on position {x, y) and

nh is the average hole density. Introducing relative and center of mass coordinates,

r = (0,1,...) and Ro = (1, 3/2, 2,...) in the long direction, we define with

g(r,R0) = Y.9y,yi(R» ~^,Ro + £) (4.2)
y,y'

l l
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Figure 4.1: Hole-hole correlations g(r) as a function of the relative separation r

along the legs measured on a (32 x 4) ladder with two holes and J = 0.351. The

inset shows a logarithmic plot of the same data.

the HHC between different rungs. To obtain a good approximation for the HHC

function g[r) on an infinite ladder, we measure g(r, Ro) for an (L x 4) ladder in the

middle of the system, i.e. for Ro ~ L/2. In this way we have measured g(r) on a

(32 x 4)-ladder with open boundaries. The result is plotted in Fig. 4.1. It shows

clearly that in the ground state the two holes are bound. The correlation function

decreases exponentially as can be seen from the logarithmic plot in the inset. The

correlation length is 1.358 and hence larger than in the two-leg ladder (2LL) case

where we have obtained 1.184.This suggests that the binding energy of a HP is

reduced as the effective dimension is enhanced. With E(N) as the ground state

energy with iV holes doped into the ladder we have computed the binding energy

defined as

Eb = 2E(l)-E(0)-E{2) (4.3)

for two and 4LL using systems with 40 and 24 rungs respectively. As expected, we

have obtained a lower binding energy Ef, = 0.10621 for the 4LL than for the 2LL
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case, Eb = 0.14871.

If the HP behave as hard core bosons (HCB) at low hole doping one should find

as many maxima in the hole density profile of a t-J 4LL with open boundaries as

the number of HP. In fact, we observe this only below a critical doping of 6C ~ |

in contrast to the results obtained for two-leg ladders, where this equality holds to

much higher dopings. Figure 4.2 and 4.3 shows the hole density profiles for the

groundstate of a (16 x 4) ladder for 2 up to 12 holes. The plot with 6 holes doped

into the ladder corresponds to a hole density per site 5 < | and shows three maxima

as expected. For 8 holes doped into the ladder (6 = |) we could expect to find four

maxima, but we observe only three, suggesting that larger clusters of four holes are

forming in some way as will be discussed later.

Using a Lanczos method for exact diagonalisation, we have calculated the off

diagonal singlet pairing expectation value (SPE), s;j", defined as

(4.4)

on 6 x 4 t-J ladders with periodic boundary conditions in the long direction. Here

\h — 2) denotes the ground state with h — 2 holes doped into the ladder and \hn) the

n-th excited state for h holes doped into the ladder (n = 0 denotes the lowest lying

eigenstate) and for a given symmetry sector. A symmetry sector is classified by the

wavevector &x, the reflection symmetries in x and y direction, Rx and Ry, and the

total Spin S. In the following, always only states with zero total spin (S=0) and

i?x = 1 are examined. The symmetry sectors of the ground states of the systems

under investigation are always given and fixed by kx = 0, Rx = 1 and Ry = 1.

Therefore, if we specify parameters regarding symmetry sectors, they always refer

to \hn) in Eq. 4.4. With this definitions, we have calculated the Fourier transform

of S;j given by

4r (4-5)
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Figure 4.2: Hole density profiles (n£ ) on the inner and outer legs of a (16 x 4) t-J

ladders with J = 0.351 for Nh = 2, 4 and 6 holes doped into the ladder (6 < |).
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ladders with J = 0.351 for Nh = 8, 10 and 12 holes doped into the ladder (5 > ^).
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with i = (xi, 2/1), j = (x2, y2) and k? = (fcXÎ, fcyî). The allowed wave vectors are

kxi = —n%, n, = 0
...

5 (4.6)

7T

&yî = -m„ ml = l..A (4.7)
0

and the sum runs over all lattice points. Figure 4.4 shows results for n = 0, h = 2,

A;x = 0, J = 0.351 and i?y = ±1. In this type of figure the pairs (kxt, kyj) are indexed

from 0 to 23 according to (A^/f, kydj\ )0...23 = (0,1), (1,1) ... (5, l),(0, 2) ... (5, 4).

As can easily be verified, the SPE can only be finite if kx2 = —kx\ and m\ + m2 =

even for Ry = 1 and mi + m2 = odd for Ry = —1.

A better graphical representation of the Fourier coefficients is achieved in Fig. 4.5,

where we have implicitly defined kx2 = —kx\ and ky2 = ky\ for Ry = 1 and kx2 =

—kxi and ky2 = ky\ + 1 for Ry = — 1. Figure 4.5 shows data obtained for the ground

state (n = 0) with h = 2, fcx = 0, and #y = 1 for J = 0.351, 0.51, and 0.71.

Figure 4.6 displayes the Fourier coefficients for h = 4, n = 0, J = 0.51, &x = 0, and

Ry = 1. The results for J = 0.51, h = 2 and 4 support the picture that hole-pairs

first enter states near (|, |) and with increasing doping holes start to enter states

near (0,tt) and (tt, 0).

4.2.1 Hole-pairs as a d-wave quasiparticles

We have calculated the nearest neighbor off diagonal d-wave pairing expectation

value (DPE), d{'n = (h — 2\A\\hn), with the d-wave pair operator AÎ defined as

A[ = AÎn-AÎ^ (4.8)

AÎ = cî (é + c? — cî
;
— cî

; ) . (4.9)

Here again, \h) and \hn) have the same meaning as in Eq. 4.4. With d = (1, 0) and

d' = (0,1), we denote a displacement of one lattice site along the x- and y-direction

respectively. For sites at the boundaries we include only three bonds. In terms of

the SPE defined in Eq. 4.4, we can write

ih,n
_

h,n h,n h,n h,n ,
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J=0 35,kx=0,Ry=l,n=0

J=0 35,kx=0,Ry=-l,n=0

Figure 4.4: Fourier transform s^'i"k2 of the off diagonal singlet pairing expectation

values (SPE) computed on 6 x 4 t-J ladder with periodic boundary conditions in

the long direction (J = 0.51, kx = 0 and Ry = ±1). Only SPE with kx2 = —kx\ and

mi + m2 = even for Ry = 1 and mi + m2 = odd for Ry = — 1 lead to a finite value.

The absolute values are proportional to the areas of the circles, whereby filled and

empty circles denote positive and negative values respectively.
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Figure 4.5: Fourier transform skî"k2 of the off diagonal singlet pairing expectation

values (SPE) computed on 6 x 4 t-J ladder with periodic boundary conditions in

the long direction for the ground states (n = 0, kx = 0 and Ry = ±1) for J = 0.351,

J = 0.51, and J = 0.71 with h = 2. Here we have implicitly fixed fex2 and ky2

to kX2 = —kxi and ky2 = ky\. The absolute values are proportional to the areas

of the circles, whereby filled and empty circles denote positive and negative values

respectively.
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values (SPE) computed on 6 x 4 t-J ladder with periodic boundary conditions in
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The absolute values are proportional to the areas of the circles, whereby filled and

empty circles denote positive and negative values respectively.
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The Fourier transform is defined as

i

with i = (x, y) and k' = (k'x, k'y). Figure 4.7 shows results for h = 2, J = 0.51 and

kx = 0.1 For n = 0 results for Ry = ±1 and for n = 2 results for and Ry = 1 are

shown. Furthermore, Fig. 4.8 shows the result for h = 4, J = 0.51, ftx = 0, Ry = 1

and n = 0. These results suggest that the pair behaves similar to a single quasi

particle in a box with periodic boundary conditions in the long direction.

4.3 Low density of hole-pairs

In this section we examine t-J 4LL at low hole doping S, i.e. ô < ôc. In order to

set up an effective bosonic model we first check the symmetry of the ground state

at low hole dopings using a Lanczos method to get the lowest lying energy states

with exact diagonalisation for a 6 x 4 t-J ladder with periodic boundary conditions

along the legs. Results for the lowest lying energy eigenvalues for 0, 2 and 4 holes

doped into the ladder are displayed in Table 4.1 (note that with 4 holes doped into

a 6 x 4 ladder we are already in the regime with ô > Sc). For 2 and 4 holes doped

into the half filled ladder the ground state has even parity under reflection along

and perpendicular to the legs.

Since the spin part of the ground state wavefunction is a singlet and thus anti¬

symmetric and the spin excitations are gapped [16], the charge degrees of freedom

can be described by an even parity wavefunction where HP are considered as effec¬

tive (hard core) bosons. At low hole dopings, ô < ôCJ only one HP is found on a

rung. Hence, we can map HP in the (L x 4) t-J ladder with periodic boundary con¬

ditions in the long direction on HCB on a single closed chain as shown in Fig. 4.9.

This effective model is completely analogous to the model for 2LL introduced in

Section 3.3.

xHere again we examine only states with total spin S = 0 and i?x = 1.
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J=0 5, kx=O, Ry =l,n=O

0 1, ,
.2 3

J=0 5, kx=O, Ry=-l,n=O

Figure 4.7: Fourier transform of the off diagonal d-wave pairing expectation values,

dk;n, measured on 6 x 4 t-J ladder with periodic boundary conditions in the long

direction (J = 0.51, h = 2, kx = 0). For n = 0 data for Ry = ±1 and for n = 2 data

for Ry = 1 is shown. The absolute values are proportional to the areas of the cirles,

whereby filled and empty circles denote positive and negative values respectively.
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J =0.5, kx=O,Ry =1,11=0

Figure 4.8: Fourier transform of the off diagonal d-wave pairing expectation values,

o?k;n, measured on 6 x 4 t-J ladder with periodic boundary conditions in the long

direction for h = 4 (J = 0.51, kx = 0). For n = 0 data for Ry = ±1 and for

n = 2 data for Ry = 1 is shown. The absolute values are proportional to the areas

of the cirles, whereby filled and empty circles denote positive and negative values

respectively.
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r = even r = odd

R = 1 3/2 2

O O h°le pair • center of mass £ pair heb

Figure 4.9: Mapping of hole-pairs from a four-leg ladder to hard core bosons on a

chain. The center of mass coordinate R of the hole-pair determines the hard core

boson position.
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Table 4.1: Energy eigenvalues in ascending order for zero, two and four holes doped

into a 6 x 4 t-J ladder with periodic boundary conditions in the long direction

obtained using a lanczos method. The wavevector kx, the reflection symmetries

in x and y direction, Rx and Ry, and the total Spin 5* classify different symmetry

sectors and the index i numbers the excitations in a given symmetry sector (i = 0

denotes the lowest lying eigenstate). The wavevector fex is given in units of vr/3 and

the energies are given in units of t.

Ry,Rx i Energy S

1,1 0 -8.93387 0

Nh =

0

2

3

3

0

1

0

2

1

0

1,1

1,1

1,1

-1,1

1,-1

1,1

-1,1

-1,1

-1,1

1,1

0

0

0

0

1

0

0

0

0

2

-12

-12

-12

-12

-12

-12

-12

-12

-12

-12

.2950

.2506

.1820

.1765

.1339

.1222

.1114

.1101

.1092

.0130

0

0

0

0

1

0

0

0

0

0

0 1,1 0 -15.58422 0

0 -1,1 0 -15.34436 0
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Since holes on a ladder can pair with more weight on adjacent rungs, our effective

model incorporates the possibility that the "center of mass" of a HP can lie on a

rung or between two rungs as shown in Fig. 4.9. Note that for even (odd) distance

r along the legs between two holes, the center of mass lies on a rung (between two

rungs). The HHC function g(r) is connected to the probability of finding the center

of mass of a pair on a rung, w-mt, or between two rungs, u>haif, by

Mint = £<?(r) (4.12)

The same occupation probabilities can be obtained with the one boson Hamil-

tonian

L L

Tin = —t y LDdDp,1 +D„ iX3p)+e > iVo I4.I0)J-> / j \ t\. tt^YlZ R-\- J

p_ 1 1

2
p_ 1 3

H-1,l,... K-2,2>-

for a boson BR which moves on a closed chain with length L, i.e. 2 L sites, under

the action of an alternating on-site potential which is 0 or e on integer or half integer

sites respectively. Here NR = BRBR and R = (1/2,1,..., L).

Figure 4.9 shows the mapping of HP from the ladder to effective bosons on a

single chain. Note that the center of mass coordinate R of the pair determines the

position of the effective boson. Here the ratio of the probabilities «Wf/wmt to find

the boson on a site with half integer or integer R depends only on e/t* and can easily

be obtained as

(4.14)
Mint e2 + (4t*)2

'" '" '"

From this equation and Eq. (4.12) we obtain for e

e = 41* sinh ( - In en
9(r)

With g(r) = g(r, Rq) obtained as explained in Sec. 4.2 for Ro ~ L/2 from a (32 x 4)

t-J ladder we get ifhaif/ww = 1-18 and e = —0.33t*. This result shows that the HP

is mainly centered between two rungs.
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Once the boson density (NR) for the model (4.13) has been computed, we obtain

the hole rung density (n£) = Y,y=i{nxty) on rung x by the convolution

^i^
(4.16)

g{r)

lJ2radd9
2 Zrodd9(r)

Next we generalize the one boson model to a finite density including the interac¬

tions between the HCB and also the effect of open boundary conditions and write

the effective Hamiltonian for the HCB as

#eff = HB + Vint + Vh (4.17)

The potential Vint gives the interaction between HCB, i. e. HP in the t-J model. Since

the simulations are for finite systems, we have to take into account the interaction

of the HP with the boundaries. The potential Vb has been introduced to describe

this effect.

4.3.1 Computing V^ and Vïnt

Our procedure is to compute the HCB density (NR), convolute it with g{r) accord¬

ing to Eq. (4.16) and then to compare it with the hole rung density (n%.) of the

corresponding t-J system. In this way we obtain 14 and VSnt by fitting the density

profile of the effective model to that of the t-J model.

However there is a problem in the density profiles of the t-J ladders. The open

boundary conditions induce density oscillations at the boundaries which cannot be

neglected as in the case of the 2LL. Due to the higher number of degrees of freedom

the HP in the 4LL gets more distorted, when it approaches the open ends of the

system. To circumvent this problem we use smooth boundary conditions (SBC) as

proposed in Ref. [86] for both, the t-J and the effective model. The SBC introduce

smoothly decreasing energy parameters into the Hamiltonian as the open ends of

the ladder are approached. We use SBC only in the long direction which extend
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Figure 4.10: Hole rung density (n£) for two holes on a (24 x 4) t-J ladder with

J = 0.351 computed directly and with the effective model using smooth boundary

conditions. For the effective model the data for vi, = 0 and the best fit is shown.

into the t-J ladder until the fifth rung from the open ends. We choose the same

smoothing function as used in Ref. [87] for the Hubbard model. Details are explained

in Appendix A.

We obtain Vt> by considering one HP in the t-J model and choose an exponentially

decreasing form for the potential term 14

ä

fl-l L-R

e «» +e «» (4.18)

with the two parameters v^ and £b- Figure 4.11 shows the results of the fit and

the optimal parameter values are displayed in Table 4.2. Note that the rather large

value of Vb is a consequence of the smoothing function, which also decreases the

energy parameters of 14, i- e. w&, near the boundaries.

To obtain the interaction potential Vint we proceed in the same way as for 14

and choose a hard core form

Vint = E E viQt(\R-R'\)NRNR,
R R'>R

(4.19)
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Table 4.2: Parameters for the boundary potential Vt, given in Eq. (4.18) obtained

from the density profile of a (24 x 4) t-J ladder for J = 0.351.

148 x 103 0.2980

Table 4.3: Parameters for the interaction potential Vmt given in Eq. (4.19) obtained

from the density profile of a (24 x 4) t-J ladder for J = 0.351.

Vl/t* v/t* g ARm

0.5848 0.2978 0.8679

vmt(AR) =

oo AR < AR

ui AR = AR

mm

min

ARn

We consider a (24 x 4) t-J ladder with four holes and the corresponding effective

model with two HCB and use three fit parameters for the interaction potential and

the additional parameter ARmm, which broadens the hard core of the bosons, to

model the interaction between the pairs.

Using the fits to the density profiles as shown in Fig. 4.11 the parameter values

quoted in Table 4.3 are obtained. Figure 4.13 shows the result together with that

from Section 3.5 for the two leg ladder.

We have tested the results by comparing the density profiles for various numbers

of HP and ladder lengths. We find good agreement between the density profiles

obtained from the t-J model and the effective model for hole dopings 5 < 0.08, as

can be seen from Fig. 4.12.
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24

Figure 4.11: Hole rung density (n£) for J = 0.351 calculated for four holes on a

(24 x 4) t-J ladder computed directly and with the effective model using smooth

boundary conditions. For the effective model the data for v-mt = 0 and the best fit

is shown.
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04

03

Figure 4.12: Hole rung density (n£) for J = 0.351 for six holes on a (32 x 4)

t-J ladder using smooth boundary conditions and computed with the interaction

potential obtained from fits with two hole-pairs on 24 x 4 sites. The data for Vjnt = 0

for the effective model are also shown.

-10,

-©- 2 leg ladder

- b - 4 leg ladder

35

AR

45

Figure 4.13: Interaction parameter V[nt/t from Eq. 4.19 obtained for the four-leg

ladder in comparison with the result from the two-leg ladder from Section 3.4.3.
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4.3.2 Luttinger liquid parameter Kp

Having determined the effective HCB model that describes the low energy properties

of the HP in the t-J model, we can express the charge density and the supercon¬

ducting correlation functions in terms of Luttinger liquid parameter Kp as [80]

(iVÄJVo) - N2 ~ const x R~2 + const x cos(ir{Nb/L) R) RT2K» (4.20)

(B^Bq) ~ const x R-ll2K"
, (4.21)

with Nb as the number of HCB on the chain and N = Nb/2L the mean HCB density

per site. These relations show that the superconducting correlations (B$B0) are

dominant if Kp > |. For HCB in one dimension, Kp can be obtained from the

relations [82]

kp = ^civfS)"1 (4.22)

vcKp = £
Here Eo denotes the ground state energy for a closed ring of length L, i.e. N = 2L

sites, with JVb HCB and Eo(&) is the ground state energy of the system penetrated

by a magnetic flux $ which modifies the hopping by the usual Peierls phase factor,

t* i—> t* exp(±i$/iV). From these two equations the charge velocity vc can be

eliminated. We used exact diagonalization for HCB chains with lengths between 32

and 220 and with JVb = 2.

The Luttinger liquid parameter Kp for the interaction potential given by the

parameters in Table 4.3 approaches the universal value Kp = 1 at half filling. The

results are shown in Fig. 4.14 where Kp is plotted as a function of the hole doping

per rung in the corresponding t-J ladder, 6r = 4 ô = 2 Nb/N. For Nh/N —> 0,

corresponding to a very dilute HCB gas, we have Kp = 1 + O(Nh/N) consistent

with Ref. [83]. Up to ô ~ 0.06 (Sr ~ 0.23) the superconducting correlations are

dominant, since Kp > |.

We have tested numerically the influence of the various parameters in Eq. 4.19 on

Kp and vc. A longer ranged interaction leads to a lower Kp and a larger vc leaving the
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06
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-o- four leg ladder

two leg ladder
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r

Figure 4.14: Luttinger liquid parameter Kp as a function of hole doping for the four-

leg t-J ladder in comparison with the results for the two-leg ladder from Section 3.5.

The hole doping is given in holes per rung, 5r = iVj ô, with Ni as the number of legs.

product Kp vc nearly unchanged. As Fig. 4.13 shows, the interaction between HP on

4LL is longer ranged than on 2LL. Accordingly, the Luttinger liquid parameter for

the 4LL is lower in the investigated density range. As can be seen from Figure 4.14

the long range charge density wave correlations tend to overcome the superconduct¬

ing correlations already at lower hole dopings with increasing dimensionality, i. e.

when going from 2LL to 4LL.

4.4 The formation of four hole clusters

In this section we examine the four-hole clusters (FHC) which form on a t-J 4LL at

hole dopings higher than a critical doping 5C ~ |.

First we clarify the question whether a change in the reflection symmetry occurs

for the ground state wave function with increasing doping. We consider the real
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h=2, 0.05 -0.05

h=4, 0.05 -0.05

h=6, 0.05 -0.05

h=8, 0.05 -0.05

Figure 4.15: Real space off diagonal singlet pairing expectation values sjj between

next neighbor sites on a (12 x 4) t-J ladder for h = 2, 4, 6 and 8. The thickness of

the lines gives the magnitude. Black and shaded lines denote positive and negative

values respectively.
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space off-diagonal singlet pairing expectation value (SPE) defined as

4 = (h-2\clcl-clcl\h) (4.23)

for nearest neighbor sites (i, j). Here \h) denotes the ground state for h holes doped

into the ladder. We have calculated the SPE on a 12 x 4 t-J ladder for h up to 12,

i.e. a hole doping ö = |. Figure 4.15 shows the results for h = 4. The SPE show

a characteristic sign-pattern which would change with the reflection symmetry over

the doping, i.e. when going from h —>• h + 2. We observe no change as h is further

increased and conclude that the ground state symmetry remains unchanged in the

investigated density range. This result suggests that HP enter the same band at

dopings below and above 5C. Figure 4.15 reveals that at low hole doping HP enter

in states where they reside predominantly on the outer 2LL since the magnitudes

of the SPE between next neighbors on these ladders are largest. But this does not

imply that two holes sit on the same rung. Instead the HHC function gy^(x,x')

shows that two holes can most probably be found in a diagonal configuration on a

2x2 plaquette on one of the two coupled 2LL.

To set up an effective model which can describe the formation of the FHC, we

again model the charge degrees of freedom of HP by effective (hard core) bosons

moving in a spin liquid but introduce additional transverse degrees of freedom by

considering the t-J 4LL as two coupled 2LL. This allows us to map HP
- represented

by their center of mass - from the (L x 4) t-J ladder on HCB on a ((L — 1) x 2)

ladder as depicted in Fig. 4.16. In this representation a HP is centered on a 2 x 2

plaquette on one of the two coupled 2LL. The Hamiltonian is given by

H = VzB^+i^ + ^ViA) (4-24)

+1 £

where B\^ and BhJ create and destroy a HCB on site (t,j) respectively and NhJ is
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v=l

x=L

i=L-l

hole pair with
center of mass

HCB

Figure 4.16: Mapping of pairs of holes from a four-leg t—J ladder to hard core

bosons on a two-leg ladder. In this representation a hole-pair is centered on a 2 x 2

plaquette on one of the two coupled two-leg ladders.

the corresponding density operator. The matrix elements U and tr stand for nearest

neighbor hopping along the legs and rungs of the 2LL. The last term describes

the interaction between HP and is determined by the parameter v(rx,ry) with rx

and ry as the relative separation of two HCB along and perpendicular to the legs

respectively.

As hopping matrix element along the legs, ti, we use the value obtained in Sec¬

tion 3.4.4 for 2LL, ti = 0.3031. The energy difference of the bonding and antibonding

band is given by 2 tr. We have computed this energy difference at wavevector kx = 0

with exact diagonalisation for two holes on a 6 x 4 leg t-J ladder using periodic

boundary conditions in the long direction. The results are displayed in Table 4.1.

We obtained tr = 0.0921 so that tt/tr ~ 3.

We are able to reproduce qualitatively the formation of FHC but the formation

depends crucially on the form of the interaction between the HP. We know from Sec-
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Table 4.4: Interaction parameter values v(rx,ry) in units of the hopping matrix

element t of the t-J Hamiltonian (1.1).

0 1 2 3 > 4

v(rx,0)/t — 100 5 0.1 0

v{rx,l)/t 0 0.1 0.5 0.1 0

tion 3.4.3 that on a 2LL HP repel each other and hence choose a repulsive interaction

for rx > 0 which tends to zero when rx increases. Further we expect this repulsion

to be less for hole pairs on different legs of the effective 2LL, i. e. v(rx, 1) < v(rx, 0).

At short distance we can expect a certain energy lowering due to a lower cost in

magnetic energy in the configuration with four holes on neighboring sites. Thus we

set the constraint that v(rx, 1) has a local minimum at rx = 0.

The solution of the two particle problem for the effective HCB model with this

type of interaction shows that in the ground state the two HCB are unbound. But

there are also resonant cluster states which can be occupied at higher energies.

Hence, it can be expected that with increasing HCB density beyond a certain value

of the chemical potential a resonant state is occupied. This occurs when the expense

in kinetic energy due to the loss of some degrees of freedom is compensated by a

smaller interaction energy. Above the critical doping a HP can cluster with another

on the same rung but then it tunnels from one suitable HP to another HP thereby

gaining additional kinetic energy. A set of parameter values for v(rx, ry) is given in

Table 4.4. With these we calculated the HCB density per rung, {Nt) = Z)j=1(iV,J),

for 3 up to 6 HCB on a 15 x 2 ladder shown in Fig. 4.17. These results correspond

to the hole density profiles shown in Fig. 4.2 and Fig. 4.3 for the 16 x 4 t-J ladder

for 3 up to 6 HP. As can be seen, the formation of FHC is reproduced qualitatively.

The number of maxima in the density profiles does not change, if a fourth HCB (HP

in the t-J model) is added and for 6 HCB (HP) we observe three well separated
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12 15

Figure 4.17: Hard core boson (HCB) density per rung (Nz) obtained from the effec¬

tive model (4.24) for a (15 x 2) ladder with 3 up to 6 HCB. From below: 3, 4, 5, and

6 HCB, respectively. The plots are shifted by 0.2 with respect to each other. The

interaction parameter values from Table 4.4 have been used. The data reproduces

qualitatively the hole cluster formation shown in Fig. 4.2 and Fig. 4.3.
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maxima, each containing two HCB (HP). The density profiles for 5 HCB and HP

look a bit different. Here the two additional HP cluster with the others but, due to

the repulsive interaction between them, they are pushed towards the open ends of the

sample in x-direction. We observe the same effect in the effective model, where the

two outer maxima have higher weights than the maxima in the center. We tested the

effective model also for longer systems. Figure 4.18 shows the rung density profiles

for 5 up to 8 HP on a (24 x 4) t-J ladder. The FHC start to form when going from

5 to 6 HP doped into the ladder, which corresponds again to a critical doping 5 ~ |.

By filling the ladder further with HP the number of maximum can also decrease.

For 7 HP we observe only four maxima. The area attached to each maxima suggests

that two FHC form near the open ends by occupying seven rungs each, whereas the

remaining three HP share the inner ten rungs, where one pair is loosely bound with

the other two. Finally, for 8 HP we observe 4 FHC which occupy 6 rungs each.

Also this "contraction" of HP can be reproduced with the effective model using the

interaction parameters from Table 4.4. Figure 4.19 displays the corresponding rung

density profiles for 5 up to 8 HCB on a 23 x 2 ladder. They show the same evolution

with HCB number as the hole density profiles in Fig. 4.18 with HP number. We

cannot expect the effective model to reproduce the behavior of the t-J model in all

details, but in view of the simplicity of the model, the results are satisfactory. After

scanning a wide parameter range for v(rx,ry) we came to the conclusion that the

formation of FHC can occur when the interaction leads to resonant states.

Since we observe a qualitative change in the density profiles, we have computed

the chemical potential fi(h) of the HP as a function of hole doping

H(h) = E(h + 1)-E(h-1) (4.25)

for both models in order to check whether it shows a singularity at the critical doping.

Here, E(h) denotes the ground state energy for a system with h holes or h/2 HCB in

the t-J and effective model respectively. Figure 4.20 displays the chemical potential

for HCB in the bosonic model for a 23 x 2 ladder as a function of the hole doping 5
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24

Figure 4.18: Hole density per rung (n%) on a (24 x 4) t-J ladder with J = 0.351 for

5 up to 8 hole pairs doped into the ladder. From below: 5, 6, 7, and 8 hole pairs,

respectively. The plots are shifted by 0.2 with respect to each other.
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23

Figure 4.19: Hard core boson (HCB) density per rung (JV,) obtained from the effec¬

tive model (4.24) for a (23 x 2) ladder with 5 up to 8 HCB. From below: 5, 6, 7, and

8 HCB, respectively. The plots are shifted by 0.2 with respect to each other. The

interaction parameter values from Table 4.4 have been used. The data reproduces

qualitatively the hole cluster formation shown in Fig. 4.18.



78 Transition between hole-pairs and four-hole clusters

0.25

-0.25 -

-0.5-

-0.75
0 0.05 0.1 0.15 0.2 0.25

Figure 4.20: Chemical potential /j,/t for hard core bosons (hole-pairs) obtained from

the bosonic model (4.24) for a (23 x 2) ladder using the interaction parameters from

Table 4.4 as function of the hole doping 5 in the corresponding t-J model. The

dash-dotted line shows a fit to a second order polynomial in the region 5 < Sc.

in the corresponding t-J model. The hole doping is related to the HCB number Nb

by 6 = Nb/2L. The chemical potential shows a deviation from the quadratic form

observed at low densities right at the position where the formation of the FHC sets

in, i. e. when Nb is increased from 5 to 6. The exact position of this kink can be tuned

by choosing appropriate interaction parameter values v(rx, ry). The difference in the

chemical potential between the critical and zero doping, A/i ~ 0.421, is to a good

approximation given by the difference between the energies of the first resonant state

and the ground state, AE = 0.431, obtained by solving the two particle problem.

The critical doping can be shifted to lower values by making the interaction longer

ranged. Figure 4.21 shows the chemical potential for hole pairs obtained from the

corresponding 24 x 4 t-J ladder. The dashed dotted line shows a fit to a second

order polynomial for ô < 5C. As expected, the chemical potential /j,(h) deviates from

this polynomial for Ô > Sc.



79

-2.5

-2.75 -

-3.25 -

-3.5
0.25

Figure 4.21: Chemical potential /i/t for hole-pairs as a function of hole doping 5

obtained for a (24 x 4) ladder with J = 0.351. The dash-dotted line shows a fit to

a second order polynomial in the region S < Sc.

1 20 40 60 100 120 140 167

Figure 4.22: Hard core boson (HCB) density per rung (JVj) obtained from the effec¬

tive model (4.24) for L = 168 with 56 HCB. The interaction parameter values from

Table 4.4 have been used. The charge density oscillations induced by the open ends

decay very fast with increasing distance to the boundaries
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Figure 4.23: Superconducting correlations {B*RBG) obtained from the effective model

(4.24) for L = 168 with 56 HCB. The interaction parameter values from Table 4.4

have been used. The best fit of Eq. (4.26) to the data for R > 6 is shown.

While the effective model reproduces the evolution of the system from HP to FHC

nicely, it does not reproduce the density profiles quantitatively in the FHC density

regime as can be seen, for example, by comparing the upper curves in Fig. 4.18

and 4.19. Further refinement of the effective model would be required to obtain the

accuracy necessary to calculate parameters such as Kp from the effective model in

this density regime. Nevertheless, in the following we make rough estimates for Kp

in two different ways for a doping above 5C. The results should be regarded with

caution. We choose ô = | as it is the case for the upper curve in Fig. 4.19. Here all

the bosons belong to a cluster. Figure 4.22 shows the rung density profile for a ladder

with L = 168. As can be seen, the charge density oscillations induced by the open

ends decay very fast with increasing distance to the boundaries. Now we want to

check whether two HCB tend to form a cluster even in such large systems. Therefore,

we measure the on rung density density correlation function p = (NhiNh2)/N in the

middle of the system, i. e. at i = L/2. Here N denotes the mean HCB density. With
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this definition p gives us the probability to find a HCB close to another on the same

rung. For p = 1 the two HCB would be strongly bound. We have obtained p = 0.30

on a ladder with L = 168. Since p is considerably larger than N it tells us that the

HCB tend to cluster. To compute Kp we measure the superconducting correlations

(B]Bti) = Sj=i{-Si,i-Si'j) by keeping the center of mass coordinate (i + i')/2 in the

middle of the system, in analogy to the measurement of the HHC function (4.2).

Since the HCB density is nearly constant in the bulk of the system we obtain in this

way good approximations to the values on an infinite ladder, which we denote now

by (BrBq), with R = \i — i'\ as the relative separation along the rungs. Figure 4.23

shows the results and the best fit of the function

{B^Bo) ~ 6i(l + h cos(&3 R + h) exp(-Ä/65)) R~1/2Kp (4.26)

to the data for R > 6. Equation (4.26) has been refined with respect to Eq. (4.21)

by a independent prefactor to account for the small oscillations which can be seen

in Fig. 4.23. The correlation coefficient of the fit is 0.99993 which justifies the choice

of the fitting function with the six parameters (&i,..., ft5, Kp). As result from the fit

we have obtained Kp = 1.23. There is another method to estimate Kp. In Ref. [88]

the authors show how to extract information on the long range behavior of the

charge density wave correlations from systems with finite length and open boundary

conditions. According to their results and to our definition of the exponent Kp in

Eq. (4.20) the amplitude of the charge density wave oscillations in the middle of the

system decays with the system length as L~Kp. A fit to data obtained from systems

with L = 96, 120, 144, and 168 confirms this powerlaw decay and gives Kp = 1.37.

This is in good agreement with the previous result. Both results suggest that the

superconducting correlations are dominant for ô ~ |, since Kp is considerably larger

than \. But Kp might have been overestimated, as can be seen by comparing

Fig. 4.18 with 4.19. In the bosonic model the charge density oscillations induced

by the boundaries decay faster as they do in the t-J model. Hence, for the bosonic

model, a larger value for Kp could be expected as for the t-J model.
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4.5 Conclusions

In this work our previous study of the low energy properties of the hole doped t-J

ladders with two legs is extended to the case of four legs. In both cases density

matrix renormalization group (DMRG) results show that the holes bind in pairs

at low densities and a finite spin gap is preserved. To analyze the DMRG results

in more detail we introduce a hard core boson model on a single chain to describe

the low energy degrees of freedom. The effective interactions between the hard

core bosons which represent hole-pairs, are determined by fitting the density profiles

to those obtained by DMRG methods for the t-J model. This effective repulsive

interaction is longer ranged for the four-leg ladder and this in turn reduces the value

of the Luttinger liquid parameter Kp. As a consequence the region of predominantly

superconducting correlations is reduced in the wider ladder. Whereas the hole-

pairs in the two-leg ladder simply repel each other, in the wider four-leg ladder

a modification of the hole density profiles appears beyond a critical hole doping

which can be simply interpreted as the formation of four hole clusters. To reproduce

this behavior in the hard core boson model, it is necessary to introduce an extra

transverse degree of freedom by replacing the single chain with a two-leg ladder.

It is also necessary to modify the interaction potential to incorporate a four hole

cluster as a finite energy resonance. This is achieved by replacing the monotonically

decreasing repulsive interaction on the single chain by one with a potential minimum

at short range. The longer range repulsive tail of the interaction potential causes

the chemical potential to add a hole-pair to rise as the density is increased. When

the chemical potential exceeds a critical value approximately equal to the resonance

energy, the four hole clusters are formed leading to a kink in the chemical potential

as a function of hole density. The Luttinger Liquid parameter Kp estimated for

ô = | > Sc with the bosonic model suggests that the superconducting correlations

dominate the long range behavior.



Appendix A

Smooth boundary conditions

The SBC introduce smoothly decreasing energy parameters into the Hamiltonian as

the edges of the lattice are approached [86, 87]. The result of this operation is that,

instead of having a sharp and rigid boundary, the boundary extends itself into the

system and its exact size is not fully determinable. In this way we talk of the bulk

of the system as the region where the energy parameters are constant, and of the

boundary as the region over which the parameters are smoothly turned off.

For the t-J ladders we use SBC only in the long direction and denote the width

of the boundary with m. By applying SBC to the Hamiltonians (1.1) and (3.9)

we replace the energy parameters t, J, t*, e, v^, and v;nt by the site dependent

parameters tjj, J;j, t*R, r, v^r, and Umt.Ä.Ä' respectively. All these parameters are

scaled according to the smoothing function / defined as

f(d) =

0 d = 0

0<d<l (A.I)

d>=l
.

and plotted in Fig.A.l. Here d denotes the distance to the nearest outermost rung

of the system in units of m. For the t-J model we use

«i,i' = <4,2/,x')2/' = mm(— 1, L —)/m (A.2)
Zi Zi
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Figure A.I: Smoothing function f(d). The parameter d gives the distance to the

nearest outermost rung of the system in units of the width m of the boundary.

with L as the number of sites in the long direction of the t-J ladder and scale the

energy parameters in such a way that t^/t = /((iij) and J\;JJ = /(^ij), where t

and J are the bulk values.

For the one dimensional chain with length JV of the effective model we define

.
,R-\- R

_ _
R-\- R

„ ,

= min( 1,JV

dR = mxn(R-l,N-R)/m

(A.3)

and scale the energy parameters in the way that t*R/t* = /(rfÄ+i), eRje = f{dR),

Vb,R/vb = f{dR), and vint^Rf/vint = f(dR,RI). Here again, t*, e, vh, and vint are the

bulk values.

To determine an appropriate value for the width m of the boundaries we have

considered the curvature of the rung hole density profile of a (24 x 4) t-J ladder.

For m < 4 the curvature is far from being a smooth function of the rung coordinate

but for m = 4 it is. So we have used m = 4 for the computations with SBC.
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