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Abstract

The design of integrated optical devices requires accurate analysis methods in
order to simulate the behavior of the electromagnetic fields in the structures un-
der consideration. In this dissertation several numerical techniques based on the
Multiple Multipole (MMP) method are presented, with an emphasis on the mod-
eling and optimization of photonic crystals, non-periodic gratings, and metallic
nanostructures.

An Automatic Multipole Setting (AMS) procedure for the two-dimensional
MMP method is presented. Taking into account the global geometry of the sim-
ulated system, this AMS technique generates a distribution of multipole expan-
sions to simulate the scattered electromagnetic fields. The technique is applied to
the computation of surface modes in metallic nanostructures, metallic photonic
crystals, and discontinuities in dielectric slab waveguides.

A method for the resolution of eigenvalue problems is developed, and it is
applied to the computation of photonic crystal band structures and guided modes
in cylindrical waveguides. A multipolar source is introduced, which excites a
superposition of the modal fields. When the source frequency is tuned towards
the eigenvalue frequency, the corresponding modal field resonates increasing its
amplitude enormously. In this way, the eigenvalues can be found by looking for
these resonances as a function of the frequency. This method can handle materials
with arbitrary (frequency dependent) permittivity. Examples of band structures
and modal fields of various metallic photonic crystals are presented.

The problem of the accurate characterization of photonic crystal waveguide
discontinuities is addressed. To reduce the size of the simulation domain –avoiding
simultaneously spurious reflections at the crystal boundaries– the field at the
input and output waveguides is matched to the guided modal fields of the cor-
responding infinitely long waveguides. Due to the perfect impedance matching,
undesired reflections do not occur and the transmission and reflection coefficients
of the discontinuity can be determined. The approach is demonstrated for several
photonic crystal waveguide discontinuities.

Finally, a technique for computing the far field light distribution produced in
the scattering of a slab waveguide mode by a finite non-periodic grating is pre-
sented. It relies on an MMP near-field computation in conjunction with a near-
to-far field transformation and a multiple scattering calculation. The method
allows a fast computation of the diffracted fields and for this reason it is an
appropriate forward solver for optimizations in huge search spaces. The high
degree of freedom available for a non-periodic grating can be appropriately ex-
plored when such a fast forward solver is linked to an evolutionary algorithm.
Using this strategy a non-periodic grating output coupler is designed.



 



Zusammenfassung

Der Entwurf von hochintegrierten photonischen Bauelementen verlangt zu-
nehmend nach präzisen Analysemethoden, mit deren Hilfe das Verhalten des elek-
tromagnetischen Feldes in solchen Strukturen möglichst realitätsnah simuliert
werden kann. In der vorliegenden Dissertation werden verschiedene numerische
Ansätze vorgestellt, die alle auf der MMP-Methode (multiple multipole method)
beruhen, wobei sich die Untersuchung vor allem auf die Modellierung und Opti-
mierung von Photonenkristallen, von nichtperiodischen Wellenleitergittern und
metallischen Nanostrukturen konzentriert.

Als Erstes befasst sich die Arbeit mit der Entwicklung einer automatisierten
Polsetzungsroutine (AMS, automatic multipole setting) für die zweidimensionale
Variante von MMP. Die AMS-Routine geht dabei von einer rein geometrischen
Repräsentation der Problemstellung aus und erzeugt, unter Berücksichtigung
der vorgegebenen Gebietsgrenzen, eine geeignete räumliche Verteilung der Mul-
tipolentwicklungen. Diese effiziente Polsetzungstechnik berücksichtigt somit nur
Apriori-Wissen, welches aus der konkreten Gestalt der Streuobjekte abgeleitet
werden kann. Die Zuverlässigkeit der resultierenden Feldsimulationen wird an-
hand von drei anspruchsvollen Testfällen evaluiert: Die Berechnung von Ober-
flächenwellen in metallischen Nanostrukturen, die Simulation von Diskontinui-
täten in dielektrischen Filmwellenleitern und das Problem der Eigenwertberech-
nung in metallischen Photonenkristallen.

Ein weiterer Schwerpunkt bilden die Untersuchungen zur Eigenwertberech-
nung komplexer optischer Randwertprobleme. Unter diesem Gesichtspunkt ste-
hen vor allem die Bandstrukturrechnung von Photonenkristallen und die Ana-
lyse geführter Modi in zylindrischen Wellenleiterstrukturen zur Diskussion. Im
Gegensatz zu früheren Implementierungen der Eigenwertsuche in MMP wird
hier ein neuer Ansatz vorgeschlagen, der bewusst einen (singulären) Multipol in
das Feldgebiet einbringt, was die Anregung aller zu erwartenden Eigenlösungen
garantieren soll. Bei sorgfältigem Durchstimmen der Anregungsfrequenz, kann
jede dieser Eigenlösungen in Resonanz gebracht werden, was sich wiederum
durch eine dramatische Zunahme der zugehörigen Modenfeldamplituden bemerk-
bar macht. Die Eigenwertsuche gestaltet sich daher relativ einfach, indem man
geeignete Projektionen dieser Amplituden definiert und nach deren Extrema im
Frequenzraum sucht. Im Gegensatz zu alternativen Bandstrukturrechnungen er-
laubt dieser Ansatz auch die Behandlung von hoch dispersiven Medien. Mit der
Analyse metallischer Photonenkristalle und dem Hinweis auf die resultierenden
Plasmonresonanzen konnte dies in überzeugender Weise gezeigt werden.

Die Charakterisierung von Wellenleiterdiskontinuitäten in Photonenkristallen
gehört zu einem weiteren Schwerpunkt dieser Arbeit. Die enge Lichtführung,
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die auf den Mechanismen der Defektwellenleitung in Photonenkristallstrukturen
beruht, erweist sich vor allem im Hinblick auf alternative Bauformen von Bauele-
menten für hochintegrierte optische Schaltungen als äusserst attraktiv. Bedingt
durch die rasch ansteigende Komplexität solcher Strukturen wurde nach Wegen
gesucht, um den Simulationsraum der resultierenden Problemstellung möglichst
klein zu halten. Dies gelingt nur mit Hilfe einer rechenökonomisch sinnvollen
Unterteilung, indem man die Diskontinuitäten der Schaltungstopologie von den
regulären Defektwellenleitern separiert betrachtet. Die Modi der regulären De-
fektwellenleiter ergeben sich wiederum aus der vorhergehenden Eigenwertberech-
nung bezüglich einer unendlich langen Wellenleiterstruktur. Dank dieser Mass-
nahme kann die eigentliche Diskontinuität nun als Mehrtor aufgefasst werden,
dessen Ein- und Ausgangstore durch das Ansetzen der berechneten Eigenlösungen
reflexionsfrei abgeschlossen sind und dadurch erstmals eine verzerrungsfreie Be-
rechnung der entsprechenden Transmissions- und Reflexionsspektren erlaubt. Die
verzerrungsfreie Charakterisierung von Wellenleiterdiskontinuitäten in Photo-
nenkristallen wurde anhand verschiedener Wellenleitertopologien validiert.

Der letzte Teil der vorliegenden Arbeit befasst sich mit der effizienten Berech-
nung von Fernfeldern, welche durch Streuprozesse an Filmwellenleiterdiskonti-
nuitäten –wie z.B. einer nichtperiodisch angeordneten Wellenleiterstörung endli-
cher Länge– entstehen können. Das Nahfeld der einzelnen Wellenleiterstörung
wird dabei vorgängig mit MMP berechnet und über eine Nahfeld-Fernfeld-Trans-
formation durch den geeigneten Multipol ersetzt, dessen Amplitude wiederum
über ein einfaches Streuamplitudenkalkül mit der geführten Mode des Filmwellen-
leiters verknüpft ist. Damit lassen sich Fernfelder von komplexen irregulären
Wellenleiterstörungen auf äusserst effiziente Weise berechnen. Die Leistungsfä-
higkeit des vorgeschlagenen Vorwärtslösers wurde anhand der Optimierung des
Abstrahlverhaltens von nichtperiodischen Wellenleitergitterstrukturen demon-
striert. Die zahlreichen Freiheitsgrade, welche charakteristisch für eine derart
irreguläre Struktur sind, definieren umgekehrt einen enormen Suchraum, der nur
noch mit Hilfe heuristischer Suchverfahren wie z.B. evolutionären Algorithmen
bearbeitet werden kann. Die Tauglichkeit des Verfahrens wurde mit dem erfolg-
reichen Entwurf eines nichtperiodischen Gitterkopplers unter Beweis gestellt.

Übersetzung: Daniel Erni
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Introduction

1.1 Modeling and optimization of photonic crystals, optical de-
vices, and nanostructures

During the last decades the size of electronic integrated circuits has been reduced
in an exponential way [1]. If this tendency is to be held, major advances in
lithography have to be achieved in the short run [2]. Eventually, as feature sizes
shrink, a fundamental limit will be reached when the thinness of silicon oxide
does not longer guarantee an adequate isolation of conducting regions [3]. These
predictions –together with the higher speed and capacity of optical signals– have
triggered the interest in integrated optics.

In the optical regime, following the pattern of integrated electronics, there
has been recently an increasing trend towards device miniaturization. Apart from
the obvious advantages of small systems, this tendency is mainly motivated by
the desire of obtaining higher speeds in the processing of the optical signal [4].
Miniaturization requires a more dense integration in the optical chip. In order
to increase the functionality per surface unit of chip, several strategies can be
followed, such as shrinking the size of every single component, designing mul-
tifunctional elements, and reducing the length of the interconnections between
the various components in the chip.

The development of smaller and/or multifunctional components poses –be-
sides the technological difficulties– computation and design challenges. For in-
stance, the consideration of novel non-periodic structures may allow one to design
devices with a better performance, but this requires more sophisticated analy-
sis tools. Although there exist some numerical tools for this purpose, further
work is needed in order to make them more reliable, accurate, and robust. Once
these simulation methods for the computation of the optical field are available,
the structures must be optimized in order to satisfy given design specifications.
For this reason, it is necessary to investigate a whole set of techniques bridging
the gap between the modeling methods which simulate the behavior of the elec-
tromagnetic field and the optimization algorithms needed to meet the optical
device’s design specifications.

Compared to the design of the components on the chip, the problem of the
interconnection between them seems apparently to be easier. Nevertheless, in
the framework of dense optical integration, this is not a solved issue: to obtain a
complex optical circuit on the chip, waveguide bends with small curvature radius
have to be designed. This is not trivial because –using the language of geometrical
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optics– the total internal reflection condition should be kept. The use of resonant
cavities at the waveguide corners [5], and the increase of the dielectric contrast
can reduce the losses at the corners, but it is difficult to suppress them completely.
In fact, the size of the typical integrated optical components –containing bends,
junctions, couplers, etc.– is in the order of mm or cm rather than µm due to the
constraints imposed by the minimum radius of curvature of the interconnecting
waveguides [4, 6].

In this framework, one of the most promising alternatives is the photonic
crystal concept [7, 8]. The underlying periodic structure of a photonic crystal
gives rise to the appearance of frequency ranges (photonic band gaps) for which
the optical field cannot propagate inside the crystal. This modification of the
density of states of the optical field due to the periodicity of the crystal has
many applications, e.g., it can serve as a platform for integrated optics [9]. The
disruption of the crystal periodicity (with the associated field localization) al-
lows one to design various essential optical elements of very small size. Some
of them have been already fabricated, for instance resonant microcavities [10],
lasers [11], and couplers [12]. Currently, there is also a large effort in the study
of other required components, such as all-optical switches [13]. The interconnec-
tion problem seems to be milder within the photonic crystal perspective: line
defects behave as waveguides and, since the photons cannot escape through the
crystal, waveguide corners with a radius of curvature in the order of one wave-
length and without losses can be designed. Structures have been shown where
the transmission around the corner is almost 100% [14].

As mentioned above, the design and optimization of the required compo-
nents, necessitates methods for the computation of the interaction of the elec-
tromagnetic fields with the considered structures. Up to now the most widely
used computational methods for the analysis of photonic crystals are the Plane
Wave Expansion method (for the computation of band structures [15]) and the
Finite Difference Time Domain (FDTD) method (for the modeling of complex
defect structures [16]). Some photonic perfect crystal types (most remarkably
metallic photonic crystals) present a quite complex field behavior, with large
field enhancement and localization. Additionally, it has been observed that the
behavior of the optical devices depends critically on the position, size or mate-
rial constants of some parts of the structures. Therefore, very accurate analysis
tools are needed for the accurate characterization of the investigated systems. In
connection with this point the Multiple Multipole (MMP) method [17] is very
promising (as it will be shown in this dissertation). The purpose of this work
is to develop a set of computational techniques based on the MMP method in
order to model and optimize photonic crystals and other kinds of optical devices
and nanostructures. The work presented in this thesis is outlined briefly in the
following section.

1.2 Outline of the present work

The organization of the dissertation is sketched here. After chapter 2, where the
fundamentals of the Multiple Multipole method are summarized, the main re-
search topics addressed in this work are presented in the four following chapters.
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Fig. 1.1 Schematic overview of the dissertation. Left: main investigated topics, right:

some of the shown applications.
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This is shown graphically in Fig. 1.1, which displays on the left side the four
main subjects, and on the right side some of the applications of the correspond-
ing developed methods. The MMP modeling can be considerably simplified with
the help of an automatic multipole setting procedure. This technique is de-
veloped in chapter 3 and it is employed for the modeling of several structures in
later chapters. An eigenvalue computationmethod is proposed in chapter 4. It
will be a prerequisite for the applications shown later: on the one hand it enables
the calculation of photonic crystal band structures, and on the other hand it is
indispensable for the analysis of guided modes. The determined guided modal
fields of waveguides with continuous or discrete translational symmetry are nec-
essary for the modeling of waveguide discontinuities, which is the subject of the
next two chapters. In chapter 5 photonic crystal waveguide discontinuities
are discussed, whereas in chapter 6, complex non-periodic discontinuities in
dielectric slab waveguides are modeled and optimized. Finally, in chapter 7,
a summary is presented, conclusions are drawn, and possible future research
orientations are sketched.



2

The Multiple Multipole
method

2.1 Introduction

At the beginning of the 1980s, the Multiple Multipole method (MMP) was devel-
oped in the Swiss Federal Institute of Technology by Hafner [18] and coworkers.
The MMP method has its roots in Mie theory, Circular Harmonic Analysis,
and Point Matching. Other groups have been working in related techniques,
and all these methods –including MMP– are known as Generalized Multipole
Techniques (GMT) [19,20].

The MMP method [17, 21, 22] is a well-established numerical technique for
performing electrodynamic field calculations. However, extensions to other fields
–e.g., acoustics [23]– have been presented. The method is claimed to be semi-
analytical because the computed approximations to the solution satisfy the
Maxwell differential equations exactly (i.e., analytically), whereas the algebraic
boundary conditions are only approximately fulfilled.

MMP is closer to analytical techniques than the domain methods –such as
finite elements and finite differences– and this makes it very appropriate for
studies where a high accuracy is needed. Since it is a boundary method, only the
interfaces between the various materials involved have to be discretized, resulting
in a lower numerical effort (especially in two-dimensional problems). Neverthe-
less, for the same reason, it is not well suited for systems where inhomogeneous
materials are present. A main difference with other methods, and one of the
strong points of MMP, is the high flexibility available for the modeling of elec-
trodynamic problems. As it will be explained later, the basis functions employed
to model the fields can be chosen with a large degree of freedom. This allows
one to incorporate in the basis functions set any physical information known
a priori about the solution. Thus, very accurate approximate solutions can be
determined with a minimal computational effort. On the other hand, this same
flexibility results in a more demanding modeling than with other known methods
where the basis functions are not accessible to the user. A last major interesting
feature of the MMP method is its ability of delivering a measure of the accuracy
of the computed solutions. Thanks to this error estimation it is possible to avoid
time-consuming convergence tests. Furthermore, since this error measure is local,
the accuracy of the solution can be improved by targeting at those regions where
the error is highest.



6 The Multiple Multipole method

The method has been applied to various areas of electromagnetics [24]. In
the field of computational optics, investigations of waveguides [25], gratings [26],
and near-field microscopy [27] have been conducted among others.

The goal of this chapter is to present the essential ideas behind the MMP
method. No attempt of completeness is desired, but only facilitating the reading
of the following chapters. For a more detailed description see Refs. [17, 21, 22].
Since all structures investigated in this dissertation have cylindrical geometry
[i.e., they are invariant under translations along a given axis (the Z axis)], the pre-
sentation of the MMP method will be limited here to the two-dimensional (2D)
case. However, it is worth noting that this technique is not restricted to 2D
problems.

2.2 Main concepts in two-dimensional MMP

2.2.1 General setting

MMP is a frequency domain technique, i.e., we are interested in solutions for
which the time dependence is given by a factor e−iωt, where ω is the angular
frequency and t is the time. Since the structures considered in this dissertation are
invariant along the Z axis, it is sufficient considering fields with a z-dependence
given by the factor eikzz, where kz and z are the propagation constant and
coordinate along the Z axis, respectively. Therefore, a generic scalar or vector
field F̂ has the following form:

F̂(x, y, z, t) = F(r)ei(kzz−ωt), (2.1)

where r = (x, y) denotes the position in the XY plane. From now on, the factor
ei(kzz−ωt) will be omitted and only the fields F(r) will be considered.

2.2.2 Constitutive relations and domains

The MMPmethod was developed for systems with isotropic, linear, and piecewise
homogeneous materials, but generalizations to anisotropic [28] and chiral [29]
materials have been presented.

The 2D region where the fields are to be computed is partitioned in domains
Di inside which the permittivity εDi and permeability µDi are r-independent
(Fig. 2.1). To allow for dispersive materials, the parameters εDi and µDi are,
in general, complex and ω-dependent. As it will be explained in the following
subsection, the partition is defined not only to separate the regions with different
ε and µ, but mainly in order to prescribe different expansions for the fields in
the different domains Di (see also subsection 2.2.7).

2.2.3 Basis functions

For 2D problems, the knowledge of the longitudinal components of the electric
and magnetic fields ΦDi(r) = {EDi

z (r), HDi
z (r)}, is sufficient to derive the trans-

verse electric EDi

T (r) and magnetic HDi

T (r) fields in Di [30]:
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EDi

T (r) =
i

(kDi

T )2

[

kz∇TE
Di
z (r)− ωµDi(ez ×∇T)H

Di
z (r)

]

(2.2)

HDi

T (r) =
i

(kDi

T )2

[

kz∇TH
Di
z (r) + ωεDi(ez ×∇T)E

Di
z (r)

]

, (2.3)

where ∇T denotes the gradient in the XY plane, ez is a unit vector along the Z
axis, and kDi

T is the transverse wave number: εDiµDiω2 = (kDi)2 = (kDi

T )2 + k2z .
When both elements of ΦDi(r) satisfy the 2D Helmholtz equation in Di,

[∆T + (kDi

T )2]ΦDi(r) = 0, (2.4)

then, the fields (2.2) and (2.3) fulfill the differential Maxwell equations in Di.
For E (resp. H) polarization only EDi

z (r) [resp. HDi
z (r)] is required.

Fig. 2.1 Domains (Di, Dj , and Dk) and boundaries (∂Dij , ∂Dik, and ∂Djk). The

excitation [ΦDi
exc(r)] and scattered fields (thick arrows) are schematically depicted as

well. For clarity, the scattered fields inside domains Dj and Dk are not shown.

Within MMP, both elements of the couple ΦDi(r) are expanded in Di as a lin-
ear superposition of NDi known analytical solutions ϕDi

l (r) of the 2D Helmholtz
equation in the corresponding domain:

ΦDi
approx(r) = ΦDi

exc(r) + ΦDi
sca, approx(r)

= ΦDi
exc(r) +

NDi
∑

l=1

f Di

l ϕDi

l (r), (2.5)

where ΦDi
approx(r) denotes the approximation to the actual field, the terms Φ Di

exc(r),

ΦDi
sca, approx(r) represent the exciting and approximated scattered fields, respec-

tively, and f Di

l are unknown coefficients to be determined. With a series expan-
sion like Eq. (2.5), the Maxwell differential equations are satisfied in every Di,
thus, the only remaining conditions to be fulfilled are the boundary conditions
at ∂Dij and –for open domains– at infinity (see subsection 2.2.4). As said be-
fore, in the standard implementation ΦDi(r) is {EDi

z (r), HDi
z (r)}; however, in
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general, ΦDi(r) denotes generic potential fields that satisfy the 2D Helmholtz
equation and from which EDi(r) and HDi(r) can be extracted by means of a
linear operator.

It was mentioned above that the basis functions ϕ Di

l (r) are absolutely ar-
bitrary as far as they are analytical solutions of the 2D Helmholtz equation.
Nevertheless, as the name of the method suggests, the multipolar functions are
the most frequently used basis functions. A scalar 2D multipolar function with
origin in the point rOl

is given by

ϕDi

l (rl, φl) = H(1)
nl

(kDi

T rl) ·

{

cos (nl φl)
sin (nl φl)

, (2.6)

where H
(1)
nl (·) is the Hankel function of first kind and order nl, and (rl, φl) are

polar coordinates with origin in rOl
.

Usually, several “clusters” of multipolar functions are employed to expand the
fields. Each cluster is a set of multipolar functions, all of them located at the same
point and including several multipolar orders. The term multipole expansion of
order n refers to such a cluster with orders nl ranging from zero up to n [a Bessel
expansion is the same but replacing the Hankel functions with Bessel functions
Jnl

(·)].

Fig. 2.2 Multipole expansions distribution. The ◦’s, ×’s, and •’s denote the origins of
multipole expansions modeling the fields in domains Di, Dj , and Dk, respectively.

Vekua theory [31] guarantees that for a multiply connected finite domain Di

one Bessel expansion and additionally one multipole expansion in each hole of Di

is a complete basis (for an infinite domain the Bessel expansion is not required).
Nevertheless, when the interfaces ∂Dij of the domains (Fig. 2.1) deviate from the
circular shape, several multipole expansions located at different positions achieve
a much better convergence of the expansion in Eq. (2.5). Since a multipolar
function is singular in its origin, the multipole expansions are placed outside Di

to expand fields that are regular in Di (Fig. 2.2). The appropriate positioning of
the multipole expansions will be described in detail later.
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2.2.4 Boundary conditions

As mentioned, using an expansion like Eq. (2.5), the Maxwell differential equa-
tions are analytically satisfied in every domain. To determine the unknown coef-
ficients f Di

l , the following weighted boundary conditions are imposed on a set of
collocation points (or matching points) rk, k = 1, . . . , Ncol along the interfaces
∂Dij (Fig. 2.3):

wE‖(rk)[E
Di

‖ (rk)−E
Dj

‖ (rk)] = 0

wE⊥(rk)[ε
DiEDi

⊥ (rk)− εDjE
Dj

⊥ (rk)] = 0

wH‖
(rk)[H

Di

‖ (rk)−H
Dj

‖ (rk)] = 0

wH⊥
(rk)[µ

DiHDi

⊥ (rk)− µDjH
Dj

⊥ (rk)] = 0































, (2.7)

where ‖ and ⊥ stand for parallel and perpendicular to the interface, respectively,
and w··(rk) are appropriately selected weighting factors defined in the following
subsection.

Fig. 2.3 Collocation points rk (◦’s). The segments perpendicular to the boundary at

each collocation point represent the mismatching of the fields at that point.

It is known that the tangential and normal boundary conditions are not
all independent [32]. To be more precise: if (i) The boundary conditions for
the tangential components of the fields are satisfied exactly everywhere on the
boundary ∂Dij , and (ii) The Maxwell equations are fulfilled in Di and Dj , then
the boundary conditions for the normal components of the fields are satisfied
automatically. Nevertheless, when dealing with approximate solutions which do
not fulfill (i) exactly, it is better to employ all boundary conditions to guarantee
that all components of the field satisfy the boundary conditions with a similar
accuracy. Therefore the system of Eq. (2.7) comprises 6Ncol equations in general
or 5Ncol for E or H polarization.

The functions in Eq. (2.6) satisfy the Sommerfeld radiation conditions [33]
and therefore no special care is needed with this issue if they are used to represent
the scattered field in open domains.
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2.2.5 Generalized Point Matching

System (2.7) together with expansion (2.5) leads to a matrix equation of the
type

∑

β

AαβFβ = Gα, (2.8)

where Aαβ is a rectangular matrix, the vector Fβ includes the unknowns f Di

l

and the vector Gα stems from the excitation. The technique works with more
equations than unknowns leading to an overdetermined system. Equation (2.8)
is solved in the least squares sense, i.e., the residual R = ‖AF−G‖2 is minimized
(‖ · ‖2 denotes the usual vector norm). The standard procedure used by MMP
to solve Eq. (2.8) is the Givens algorithm based on plane rotations [34].

The residual R to be minimized is the sum of local residuals at the collocation
points:

R =

Ncol
∑

k=1

{

|wE‖(rk)|
2 [EDi

‖ (rk)−E
Dj

‖ (rk)] · [E
Di

‖ (rk)−E
Dj

‖ (rk)]
∗

+ |wE⊥(rk)|
2 |εDiEDi

⊥ (rk)− εDjE
Dj

⊥ (rk)|
2

+ |wH‖
(rk)|

2 [HDi

‖ (rk)−H
Dj

‖ (rk)] · [H
Di

‖ (rk)−H
Dj

‖ (rk)]
∗

+ |wH⊥
(rk)|

2 |µDiHDi

⊥ (rk)− µDjH
Dj

⊥ (rk)|
2

}

,

(2.9)

where the star * denotes complex conjugate. The weights w··(rk) in Eq. (2.9) are
defined in the following way:

wE‖(rk) = (∆lk)
1
2 ; wE⊥(rk) =

( 1

εDiεDj

)
1
2

(∆lk)
1
2 (2.10)

wH‖
(rk) =

(µDiµDj

εDiεDj

)
1
4

(∆lk)
1
2 ; wH⊥

(rk) =
( 1

εDiεDjµDiµDj

)
1
4

(∆lk)
1
2 . (2.11)

Every weight consists of two factors: a factor depending on the parameters
ε and µ, and a geometrical factor. The first factor is required for dimensional
consistency [with it, all terms in the sum of Eq. (2.9) obtain the dimensions of
square electric field times length]. Moreover, without it the various terms in this
sum may be of very different orders of magnitude, thus, a given non-weighted
boundary condition in Eq. (2.7) could have much less influence than the others in
the residual calculation. The second factor is related to the geometrical distribu-
tion of collocation points along the interface. The boundary ∂Dij is partitioned
in segments of length ∆lk and the collocation point rk is set at the middle of the
k-th segment (Fig. 2.3). With these geometrical factors, Eq. (2.9) is equivalent
to the integral of the residual along the boundary evaluated numerically. Since
∆lk are not necessarily equal, this weighting ensures an appropriate balance of
the influence of the various collocation points in the sum of Eq. (2.9). Eventually,
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the weights can be affected by a third factor. This “user defined” factor may be
employed, e.g., to enforce the boundary conditions in given collocation points
more strongly than in others.

The extension of the simple collocation method described in this subsection
is known as Generalized Point Matching.

2.2.6 Error measure

Since the matrix Eq. (2.8) is overdetermined, in general the approximate solu-
tion cannot satisfy exactly the weighted boundary conditions at the collocation
points. As mentioned, they are fulfilled in the least squares sense. The overde-
termination of the system has three important consequences: (i) The exact po-
sitioning of the collocation points is not critical. (ii) The local residuals along
∂Dij are more balanced. Without overdetermination the local residuals in the
matching points would be zero, but they would be unknown (and possibly large)
between the matching points. (iii) The fields mismatchings at the collocation
points can be computed. The fields mismatchings at the k-th collocation point
are the k-th terms in the sum (2.9) but with weights w··(rk) = 1. Thus, the
mismatchings represent the inaccuracy in the fulfillment of the non-weighted
boundary conditions in rk. This is the error measure mentioned in section 2.1.

While solving a problem with MMP, the unknown coefficients f Di

l are deter-
mined, and then the fields mismatching (absolute or relative to the values of the
fields in the collocation points) are plotted along the interfaces ∂Dij (Fig. 2.3).

This allows one to redefine the basis functions ϕ Di

l (r) for a next and more ac-
curate computation. In this way the solution can be locally improved in those
regions where the error is largest.

2.2.7 Further remarks

From the previous subsections it is clear that three essential tasks have to be
accomplished in order to set up a MMP model: the selection of interfaces ∂Dij ,

basis functions ϕDi

l (r), and collocation points rk. In this subsection some re-
marks are said about these three points. The additional topic of connections is
also introduced.

Boundaries

The choice of the interfaces that define the domains is often straightforward: they
are just the interfaces of the modeled objects. Occasionally fictitious boundaries
(across which the material parameters ε and µ do not change) are introduced in
order to underpin a characteristic partitioning of the underlying problem, e.g.,
for convergence purposes [35]. Examples of fictitious boundaries will be shown
throughout this dissertation.

Basis functions

Modeling an electrodynamic problem with multipolar sources is physically intu-
itive: the radiation falling upon an interface ∂Dij between two different media
experiences a scattering process in which energy is re-radiated towards both
media. If the multipolar sources are set right at the boundary, convergence prob-
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lems arise, and therefore the sources are shifted outside the domain towards
which they radiate. For instance, the radiation towards domain Di (Fig. 2.2) is
modeled by a set of multipolar sources inside adjacent domains Dj and Dk (they
are often located close to the interface). The idea resembles the classic method
of images with multipolar functions acting as “images” of the incident fields. For
complex problems, where many multipolar functions have to be employed, the
choice of the origins of the multipole expansions is a difficult task. In chapter 3
a procedure for the Automatic Multipole Setting will be presented.

Collocation points

Once ∂Dij and ϕ
Di

l (r) have been chosen, the selection of the collocation points rk
is done taking into account the following considerations. The collocation points
distribution induces a discretization of the boundaries. A multipolar function
evaluated along the boundaries is an oscillating function. For the construction of
the matrix Eq. (2.8) only the values of this function at the collocation points play
a role. Therefore, the discretization of the boundaries should be fine enough to
appropriately sample this oscillating function, namely, the collocation points are
chosen in a way that guarantees a sufficiently fine sampling of the highest mul-
tipolar orders of every multipole expansion [36,37]. Thus, there is an important
relationship between the locations of the multipolar sources and the positions of
the collocation points.

Connections

A connection is a linear superposition of basis functions with given (i.e., fixed)

coefficients aDi

l , b
Dj
m :

Φ(r) =
∑

l

aDi

l ϕDi

l (r) +
∑

m

bDj
m ϕDj

m (r). (2.12)

This function can be used as basis function for the modeling of a certain problem.
In that case, it is handled as a “package”. This means that only the global
amplitude of the function is determined, while the “internal” amplitudes a Di

l ,

b
Dj
m remain fixed.
The usefulness of connections can be best appreciated with an example. Let

us consider that a certain electrodynamic problem has been solved with MMP,

i.e., the coefficients aDi

l , b
Dj
m have been determined. The obtained solution can

be later used as a part of the modeling of a new system. For instance, the new
problem can be a perturbation of the original one. It is reasonable to model the
perturbed problem with a set of basis functions which contains the solution of the
unperturbed one (i.e., the connection) and additional basis functions that model
the deviations from the unperturbed fields. There are many other applications
of the connection concept. Some of them will be shown later in this dissertation.
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Automatic multipole setting
for cylindrical structures

3.1 Introduction

The MMP method belongs to a group of techniques which are collectively known
as Generalized Multipole Techniques (GMT) [19]. The GMT expand the fields
as a linear superposition of basis functions. A peculiarity of the GMT is the high
degree of freedom in the selection of those functions, in particular the multipolar
functions. This feature allows one to achieve a very high accuracy but it makes
the modeling more difficult. More specifically, the positioning of the multipolar
functions origins is not an easy task and, for this reason, it has been attempted
to develop procedures to locate the multipoles (or auxiliary sources) in a system-
atic way. For instance, some semi-heuristic rules were presented for the MMP
method [38], the Method of Auxiliary Sources [39], the Multifilament Current
model [40,41], and for a particular kind of the MMP method that employs only
2D-monopoles [42]. Based on this type of rules several algorithms for the auto-
matic positioning of the auxiliary sources were proposed: Leuchtmann [43, 44]
presented strategies for 2D electrostatics, Regli [45] and Tudziers [46] produced
methods for 3D electrodynamics, and Hafner [47] outlined a semiautomatic pro-
cedure for 2D electrodynamics. Lacking an established name, this kind of algo-
rithms will be called Automatic Multipole Setting (AMS) techniques. None of the
mentioned algorithms is at the same time fast, robust, and suited for complex
geometries. In this chapter, a very fast AMS procedure especially devised for
2D electrodynamics and suitable for quite general geometries is presented. This
algorithm simplifies enormously the MMP modeling of systems with complex
boundaries.

The AMS procedure is applied to the computation of surface plasmons in
metallic particles. The strong resonant fields occurring in this type of config-
uration require a very accurate computational technique. The investigated ge-
ometries include isolated irregular cylinders, cylinders on top of a substrate and
periodic gratings.

In section 3.2 the proposed AMS technique is presented. Several applications
of this AMS technique regarding surface plasmons are shown in section 3.3.
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3.2 Automatic multipole setting for two-dimensional problems

The selection of the basis functions is considered to be the most difficult task
in the MMP method. A completely automatic selection of the basis functions
is neither possible nor desired by skilled modelers. In fact, the possibility of
choosing arbitrary basis functions is one of the fundamentals of the GMT, and
reflects the user’s knowledge of the problem’s underlying physics. Nevertheless,
multipole expansions are employed in the modeling of any given problem and
their properties can be exploited to define a suitable multipole arrangement with
a certain degree of automation.

The choice of the position, number, and multipolar order of the sources de-
pends on the complexity of the problem, where an important role is played by the
exciting electromagnetic field, the geometry of the interfaces and the material
constants ε, µ. This choice of the multipolar sources has to be made in such a
way that the boundary conditions for the fields at both sides of the interface can
be accurately satisfied. This means that the radial and angular dependencies of
the chosen multipolar functions have to be able to capture all the complexity of
the actual field.

The use of multiple multipole expansions with different origins gives a high
flexibility and helps to model complex fields. However, this flexibility has to be
handled with caution. When multipole expansions of infinite order are consid-
ered, the addition theorem allows one to show that expansions with different
origins are not independent [48]. Since MMP employs expansions of finite or-
der, two multipoles displaced with respect to each other are not strictly depen-
dent. However, when two multipole expansions are located close to each other
in comparison with the distance to the boundary where the boundary condi-
tions are imposed, the expansions become dependent from a numerical point of
view. When imposing the boundary conditions to such a series expansion, ill-
conditioned matrix equations may be generated which produce useless results
if they are not properly managed [17, 34]. The mathematical properties of the
multipolar functions help to mitigate this inconvenience: these functions decay
rapidly with distance from the source origin and, therefore, multipole expansions
distant from each other are effectively independent. On the other hand, multipole
expansions that are close to each other may cause numerical problems.

The technique presented in this section determines the positions of the mul-
tipole expansions in such a way that numerical dependencies are avoided. This
procedure finds a compromise between sparse multipole distributions where mul-
tipoles are numerically independent but not accurate enough and dense multipole
distributions which permit high accuracy at the cost of ill-conditioned matrices.

The principles on which a new AMS procedure valid for cylindrical structures
(2D electrodynamics) is based, are now described. A motivation of the kind of
information that is used as input for the method is presented first. As mentioned
above, the location of the multipole expansions should in principle depend on:
(i) the exciting field ΦDi

exc(r) [for the sake of simplicity in this description, we
consider that the exciting field Φexc(r) is acting only in one domain Di], (ii) the
geometry of the domains (which in the 2D case is given by the interface curve
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Γij ≡ ∂Dij), and (iii) their material properties εDi , µDi , εDj , µDj . Some au-
thors [49, 50] working with GMT do indeed use the information about Φ Di

exc(r)
to find the position of the sources. They compute the analytical continuation of
the exciting field in the domain Dj (the so called non-physical domain). This an-
alytical continuation has singularities inside Dj , which are the optimal locations
for the auxiliary sources. In practical situations, with an irregular interface Γij
and arbitrary excitation, finding the singularities would require a large compu-
tational effort in itself. Therefore, here only the geometry of the boundary Γij
(together with the wavelengths λDi , λDj of the fields in Di and Dj) is used as
input information for the proposed AMS method. Experience has shown that
these are usually the most relevant factors. By using only this input information
a very fast AMS algorithm has been developed. Another motivation for this de-
cision is that this AMS technique has been designed to be applied in structural
optimization of integrated optical devices. For these optimizations many field
computations have to be performed while changing only the geometry of the
device.
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Fig. 3.1 Rules for positioning the multipoles (×’s). For an explanation of the rules
see section 3.2. (a) Rule 1 (ρ is the local radius of curvature and d is the minimum

distance multipole-boundary), (b) Rule 2; the area of maximum influence of multipole

k is shown as well (non shaded circle of radius Rk), (c) Rule 3.
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Fig. 3.2 Automatic Multipole Setting: The multipoles (×’s) for the outer domain Di

are located on the inner auxiliary curve γi. This curve is constructed using the local

radius of curvature of Γij . The distance between two consecutive multipoles k and k+1

is determined using rule 3.

The method is based on three ideas. First, it is expected that the complexity
of the fields is higher where the interface presents a complex geometry. This is
so because near these areas, the field may be focused, guided or may reach a
resonant regime. Therefore these areas where the field is potentially complex
need a dense distribution of multipole expansions in order to represent the field
adequately. Second, a large total number of multipole expansions is computa-
tionally expensive, and hence this number should be kept to a minimum. In
consequence, the density of multipoles should be low in those regions where the
field is expected to be regular. Taking into account these two points, it is pro-
posed a distribution of multipole expansions adapted to the field complexity
which, in turn, has to be extracted from the geometry of the interface curve Γij .
The third point is that, in any case, the multipole expansions have to be located
avoiding numerical dependencies among them. This precludes the problem of
ill-conditioned matrices explained before.

These ideas are implemented by following certain simple semi-heuristic rules.
Some of these rules are expressed in terms of the concept of area of maximum
influence [51] of a multipole expansion, which is recalled here. The area of maxi-
mum influence of a multipole expansion is (in 2D) a circle of radius R centered at
the source [Fig. 3.1(b)]. This source “illuminates” the nearest part of the bound-
ary. Therefore, when imposing the boundary conditions [Eq. (2.7)], each multi-
pole expansion has a maximum influence on the collocation points contained in a
certain segment of Γij , and it has almost no influence on the collocation points in
those parts of the boundary lying far away from it and closer to other multipole
expansions. Typically R = αd, where d is the minimum distance from the source
to the boundary, and α ≈ 1.2 · · · 1.4 [52]. With this concept the following rules
can be enunciated.
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( a )

( b )

( c )

( d )

Fig. 3.3 Refinements of the basic procedure for the Automatic Multipole Setting. The

thin lines depict the auxiliary curves γi. The left column represents the distribution

of multipoles generated with the basic procedure without refinements and the right

column with the corresponding refinements.

To ensure that the multipole expansions distribution is able to model the
complexities of the field two rules are stated:

Rule 1: Let a multipole expansion be located in the concave side of a part
of Γij . The distance d from the multipole expansion to the boundary must
be d ≤ ρ, where ρ is the local radius of curvature of Γij [Fig. 3.1(a)].

Rule 2: Every part of the boundary Γij has to be inside the area of maxi-
mum influence of some multipole expansion [51] [Fig. 3.1(b)].

Rule 1 helps –together with rule 2– to obtain a denser distribution of multi-
poles where the curvature is high. This rule is also related to a guideline [53] used
in the Method of Auxiliary Sources. The same argument employed in Ref. [53]
can be applied to justify rule 1. The content of rule 2 is clear: it avoids the
boundary conditions not being accurately fulfilled in any part of the interface.
The next rule avoids numerical dependencies among multipole expansions:
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Fig. 3.4 Distributions of multipoles generated with the Automatic Multipole Setting

method: (a) Generic domain shape; note that the procedure takes into account the global

topology of the domains, (b) Triangular cross section cylinder (see subsection 3.3.1); the

corners of the triangle were rounded as in reference [54], (c) Fused cylinders (see sub-

section 3.3.1); the radii of the circumferences are r = 25nm and the distance between

the centers is l = 48nm. The cusps were rounded with a radius rc = 0.25 nm.
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Rule 3: Let there be two multipole expansions whose minimum distances
to the boundary are dk, dl and whose radii of maximum influence are Rk, Rl,
respectively. If their areas of maximum influence overlap on the boundary,
the distance sk l between the multipoles must be sk l ≥ max(Rk, Rl) =
α max(dk, dl) [55] [Fig. 3.1(c)].

The considerations that led to rule 3 [56] necessitate that the distances from
the multipoles to the boundary are always smaller than the wavelength in the
domain where they act. A last obvious rule is:

Rule 4: A multipole expansion acting in domain Di has to be located out-
side this domain [57].

Without describing in full detail the AMS algorithm, now an appropriate way
to incorporate the previous three ideas and rules is presented. Figure 3.2 shows
how, given an interface curve Γij , the locations of the multipole expansions for
domain Di are defined. First, an auxiliary curve γi outside Di (see rule 4) and
running “parallel” to Γij is constructed and then, starting from one end of γi,
multipolar sources are laid along it. Two consecutive multipoles (k, k+1) may be
neither too close (see rule 3) nor too far (see rule 2) from each other. To enforce
rule 1, and to minimize the total number of multipole expansions, we construct
the auxiliary curve γi by defining the distance dΓ−γ between Γij and γi as a
fraction of the local radius of curvature ρ of the interface (but attending to the
condition dΓ−γ < λDi), i.e., dΓ−γ = min(β ρ, η λDi), with β, η ∈ (0, 1). In this
manner, the curve γi runs very close to the interface where the radius of curvature
is small and recedes farther away where the radius of curvature is large. With such
a curve γi and by using rule 2, and rule 3 to distribute the multipole expansions, a
tight distribution of multipoles is defined near the irregularities of the boundary,
whereas a less dense and farther located multipole distribution arises where the
interface is flatter. Values that proved to be adequate are β ≈ 0.251, η ≈ 0.5
and sk k+1 = max(Rk, Rk+1) = α max(dk, dk+1), i.e., consecutive multipoles are
located as close as rule 3 permits.

Note that the construction of γi depends only on the local radius of curva-
ture of the interface. Hence, it can be said that γi is constructed with a local
algorithm. To be useful for a large number of geometries, the construction of the
“parallel” curve γi has to be refined with a set of modifications to cope with some
problems. For example, when the boundary has a straight segment, the radius of
curvature becomes infinite and the construction of γi fails [Fig. 3.3(a)]. To avoid
this problem, for a flat section of Γij , the curve γi is constructed by interpolation
from the previous and next sections of γi. A different problem occurs when the
flat section is long in comparison with the radius of curvature of the previous
and following sections: the interpolation produces an unnecessarily large number
of multipole expansions [Fig. 3.3(b)]. To avoid this, a special kind of interpola-
tion in which γi recedes from Γij near the middle of the flat segment is used.
With these modifications, the construction of the curve γi is not local anymore,

1In the convex side of Γij a correspondingly larger value of β is used to obtain a similar
number of multipoles at both sides of the interface.
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because it uses information about extended parts of Γij to define the distance
between both curves. But it does not take into account the global topology of
the interface. Other refinements have been incorporated to make the method
truly global. The effect of two of them is described in the Figs. 3.3(c, d). For do-
mains with necks, it may happen that a multipole is located outside the allowed
region (against rule 4) [Fig. 3.3(c)]. This problem is avoided by deforming the
curve γi appropriately. As shown in Fig. 3.3(d) it may also occur that multipoles
come too close to each other (against rule 3). This is prevented by detecting and
substituting them by one single multipole. The implementation includes several
such refinements and works satisfyingly for quite arbitrary geometries. It has free
parameters (such as α, β and η) that can be tuned in specific cases to produce
multipole distributions with a higher or lower density. The algorithm has been
embedded in MaX-1 [58] which contains the latest implementation of the MMP
method. Examples of the resulting multipole distributions obtained with this
algorithm are presented in Figs. 3.4(a, b, c).

The presented method computes the position of the multipole expansions.
The maximum multipolar order can be the same for all multipole expansions,
or it can be variable. In principle, since the procedure produces denser distribu-
tions of multipoles close to the irregularities of the boundary, a fixed number of
multipolar orders is appropriate. When a high accuracy is required at corners
of the boundary, a scheme that proved to give good results is to correlate the
maximum order of each multipolar expansion with the inverse of the distance
source-interface, in such a way that sources close to the interface have higher
multipolar order.

It can be asked if the multipole distributions generated with this AMS algo-
rithm are optimal or not, although it is not completely clear what does ‘optimal’
mean in the context of AMS. Theoretically it would be possible to find more
economical distributions of multipoles producing equal or more accurate results,
but in practice this requires a tremendous effort in most cases. The main ad-
vantage of the method is that, in complex problems where several hundreds of
multipole expansions are used, it simplifies enormously the modeling. For opti-
mization problems an AMS algorithm is mandatory: here many electrodynamic
calculations have to be performed and setting the multipoles by hand is not
possible (see also section 4.5).

3.3 Computation of surface plasmons

Studying the interaction of light with nano-sized structures is important both
theoretically and from a technological point of view. In particular, metallic nano-
structured objects show a very interesting behavior: an electromagnetic field may
excite collective oscillations of the object’s free electrons and, for a certain fre-
quency range of the exciting field, a complex resonant behavior can occur with
strong near-field enhancement and localization. This resonant phenomenon is
governed by the dielectric function ε(ω) of the metallic object and by its geome-
try [59–61]. For example, spherical particles small in comparison with the exciting
wavelength exhibit a main resonance for <[ε(ω)] = −2εbackground [where <(·) de-
notes real part and εbackground is the permittivity of the underlying medium]. At
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the resonance, the fields are quite localized at the surface and they are therefore
known as surface modes or surface plasmons2.

Due to their field distribution surface plasmons are very sensitive to sur-
face properties, and for that reason they have been investigated in relation to
optical sensing [62,63]. The large fields occurring at the surface make them inter-
esting for Surface Enhanced Raman Scattering (SERS) [64]. Plasmon coupling
along a chain of particles has been proposed for guiding energy in the subwave-
length scale [65–68], and primitive routing devices [69,70] have been considered
in this context as well. The field-confinement properties of metallic media have
stimulated studies concerning surface plasmon propagation in nanowires [71–74],
and Scanning Near-Field Optical Microscopy (SNOM) [27, 75–78]. Extraordi-
nary optical transmission through thin metallic films patterned with a subwave-
length periodic array of holes [79, 80] has been attributed to the coupling of
plasmons at both sides of the film. Other applications include surface plasmon
microscopy [81,82] and polarizing optical filters [83, 84].

Fig. 3.5 Detail of the electric field distribution around the upper cusp (see inset). Black

corresponds to zero field whereas white corresponds to maximum field. The lateral size

of the figure is 12 nm. A complex field pattern can be observed which justifies a dense

distribution of multipoles near the cusps (see Fig. 3.4).

Excluding those cases in which the electrostatic approximation [85] can be
made, the computation of the resonances’ spectrum requires the consideration
of retardation effects and hence the resolution of the full vectorial Maxwell’s
equations is needed. Analytical solutions are available only for very simple ge-

2The name ‘plasmon’ (with the same ending as the quanta of various fields) should not
lead to believe that the theory behind these computations is quantum mechanical. The whole
treatment is classical (Maxwell’s equations, indeed) and the only relevant quantum physics is
hidden in the dielectric function ε(ω) which is considered as a given function.
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ometries and, therefore, numerical methods have to be used in general. At the
resonances, very strong enhancement of the electromagnetic field is achieved and
the field distribution may present a fairly complex structure, which demands a
very accurate modeling scheme. Techniques like the Discrete Dipole Approxima-
tion, the T-matrix method or the Green’s Dyadic technique, have been applied
for the computation of near-field optical problems. An overview of these and
other methods can be found in Refs. [86, 87]. These numerical methods have
allowed the computation of plasmon resonances for complex geometrical config-
urations such as isolated particles of irregular shapes [88], particles on top of
a substrate [89, 90], interaction among particles [76, 91], cylinders of irregular
cross sections [54,92] and gratings [84,93]. Numerical techniques have difficulties
with large field gradients and to overcome this issue a Green’s Dyadic method
with Finite Elements has been developed [94]. Nevertheless most of the usual
techniques are specific for one type of geometrical configuration or they are not
flexible enough to be extended for the computation of all the mentioned geo-
metrical arrangements. Therefore, here it is proposed the computation of surface
plasmons in structures with a wide range of geometrical configurations using the
MMP method with AMS.

As already stated earlier the whole treatment presented here is classical.
Hence, macroscopic Maxwell equations and boundary conditions have been ap-
plied as well as bulk permittivity functions to model surface plasmons in nano-
scopic systems.

It is worth mentioning that the applicability of such classical macroscopic ap-
proach may be questioned when size ranges of the underlying metallic structure
tend towards the nanometer scale. Thus, with decreasing particle size funda-
mental processes give rise to spatial dispersion, namely the electron scattering
at confined particle boundaries will affect the mean free path of conduction
electrons, resulting in wavelength-shift and broadening of the surface-plasmon
resonance [95–97]. Proper quantum surface effects arise within remarkably lower
length scales around the Fermi wavelength of the conduction electron gas indi-
cating a fundamental breakdown of all Mie-like theories. Nevertheless, balancing
effects between the quantum-spillout phenomenon (causing red-shift) and the
reduced screening of the Coulomb interaction (causing blue-shift) can result in
a surprising agreement with classical predictions involving bulk dielectric func-
tions [97] even for the size ranges addressed by the various geometries in the
examples to be presented.

In the framework of metallic nanoparticles finite-size dependences originat-
ing from quantum effects are still under discussion. Here, the interest in surface-
plasmon modes is mainly driven by the large field variations of this resonant state
defining, hence, an attractive test case for the validation of computational elec-
tromagnetics codes. All computations in this section have been performed with
MaX-1 [58] which contains an AMS procedure following the principles described
in section 3.2.

In the computations in the following subsections, it is assumed that the rel-
ative permeability of all media is µr = 1.



Computation of surface plasmons 23

Fig. 3.6 Comparison of the electric field amplitude computed using two different tech-

niques. The plots show the amplitude (normalized to the incident amplitude) along the

dotted line (see insets). Circles: Green’s Tensor Technique with Finite Elements, Line:

MMP with Automatic Multipole Setting. (a) λ = 331 nm, (b) λ = 456 nm.

3.3.1 Cylinders with irregular cross section

Analytical solutions for scattering on cylindrical structures are available only for
cylinders with circular or elliptical cross section. For circular cylinders whose
diameter is small compared to the wavelength the main resonance occurs for
<[ε(ω)] = −εbackground. However, to determine detailed features of the plasmon
resonances of a cylinder with arbitrary cross section –such as, e. g., the enhance-
ment of the electromagnetic field– a numerical computation is required. In this
subsection calculations are shown for two different geometries in order to assess
the accuracy of the method.



24 Automatic multipole setting for cylindrical structures

Fused cylinders

In the first computation, the scattering of a plane wave on a silver cylinder with
the cross section depicted in Fig. 3.4(c) is presented. The background medium
is vacuum and the relative permittivity of silver for the incident wavelength
(λ = 340 nm) is εAgr = −1.16 + i 0.30. This wavelength corresponds to one of
the surface modes of this structure [98]. The wave vector of the exciting field is
k = ‖k‖ ex and the electric field vector is contained in the XY plane (i.e., H
polarization). Figure 3.5 displays the complexity of the electric field near to a
small radius of curvature part of the interface. This justifies the main assump-
tion for the AMS procedure: a dense multipole distribution is needed near the
geometrical irregularities of the interface [Fig. 3.4(c)]. For this computation the
highest relative error (see subsection 2.2.6) along the interface was 0.48 % and
the average relative error along the interface was 0.012 % which demonstrate the
high accuracy of the solution.

Triangular cross section cylinder

A second scattering computation is shown now in order to compare our results
with reference data obtained with the Green’s Tensor Technique with Finite Ele-
ments [94]. In the Figs. 3.6(a, b) it can be seen that the agreement between both
techniques (including the maximum values of the electrical field) is excellent. The
cross section geometry is plotted in Fig. 3.4(b). The wave vector of the incident
plane wave is contained in the XY plane, and its direction is perpendicular to the
triangle’s hypotenuse, coming from the bottom-left of the figure (Fig. 3.6, insets).
The electric field vector is contained in the XY plane (H polarization). For such
a silver cylinder in vacuum the lowest and highest plasmon resonances occur for
λ = 331 nm and λ = 456 nm [92]. For these wavelengths the dielectric constants
are εAgr (λ = 331 nm) = −0.61 + i 0.28 and εAgr (λ = 456 nm) = −7.34 + i 0.23.
Figure 3.6 depicts the amplitude of the electric field (normalized to the incident
amplitude) along the vertical segment with x = −5 nm and y ∈ [10 nm, 20 nm].
The average relative error along the boundary in the MMP computations was
0.013 % for the short wavelength and 0.22 % for the long one.

3.3.2 Circular cylinder near an interface

Proximity between particles modifies their respective surface plasmons [98]. This
effect is of great interest in SERS because higher field enhancements can be
achieved. An irregular particle presents a rich spectrum of plasmon resonances
by itself and the spectrum resulting from the interaction with another object is
even more complex. Hence, it may be very difficult to interpret this spectrum
(especially if one takes into account that plasmons have complex resonance fre-
quencies and, therefore, the modes broaden and overlap). For this reason, the
study is restricted to the interaction of a simple structure (cylinder with circular
cross section) with a substrate.

The simulated system is an infinitely long silver cylinder of radius r = 25nm,
near the interface between two different media. This interface is the XZ plane
and the cylinder’s axis is parallel to the Z axis (Fig. 3.7, insets). The medium
above the interface is vacuum whereas below the interface εr = 2.25. For sim-
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Fig. 3.7 Scattering cross section as a function of the frequency. (a) Cylinder above

the interface, (b) cylinder below the interface. The parameter h denotes the distance

between the cylinder and the interface.

plicity a Drude model was used to represent the dielectric constant of silver:

εAgr (ω) = 1−
ω2p

ω(ω + iγ)
, (3.1)

with 1/γ = τ = 1.45×10−14s and ωp = 1.32×1016s−1. This εAgr (ω) function suf-
fices for the purposes desired here, but for more realistic results the experimental
values of the dielectric constant should be used. The excitation is a plane wave
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Fig. 3.8 Electric field for the two highest plasmon resonances (ν+51 , ν
+5
2 ) when

h = +5nm.

with k = −‖k‖ ey and the electric field vector is contained in the XY plane (H
polarization). To study the influence of the coupling strength on the spectrum,
the computations were performed for various distances between the interface and
the cylinder. The distance between the interface and the cylinder closest point
to the interface is h (positive if the cylinder lies in vacuum). In Fig. 3.7(a, b) the
scattering cross section as a function of the exciting field frequency is plotted for
several values of h.
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For h = ±∞ a single maximum is found, which shifts according to the back-
ground medium. The amplitude of the electric field is enhanced by a factor
246 in vacuum (h = +∞) and by a factor 167 in dielectric (h = −∞). For
h = +5nm, the spectrum presents a bump (for the frequency ν+50 = 1.26 PHz)
in addition with two distinct maxima (ν+51 = 1.3785 PHz, ν+52 = 1.441 PHz).
The field patterns for ν+51 and ν+52 are different: the field lines of the first mode
have a 4-fold pattern whereas the second mode has a 6-fold pattern (Fig. 3.8).
For ν+50 the pattern is again 4-folded (which is the same as when there is no
interface) and a small enhancement of 147 occurs, whereas for ν+52 the en-
hancement factor is 498. For h = +1nm a more complex structure is revealed
with more modes (ν+10 = 1.195 PHz, ν+11 = 1.3295 PHz, ν+12 = 1.3875 PHz,
ν+13 = 1.4255 PHz, ν+14 = 1.448 PHz) and stronger enhancements (up to 1658
for ν+13 ). The field lines present a similar behavior as before: ν+11 4-folded and
ν+14 10-folded (Fig. 3.9). The enhancement is again small for ν+10 (only 241)
which is 4-folded. The spectrum is even more complex for cylinders under the
interface [Fig. 3.7(b)].

In all the computations the maximum relative error along the interface was
smaller than 0.2 % and the average relative error was smaller than 0.02 %.
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Fig. 3.9 Diagram of the electric field lines and charge distribution for the four highest

plasmon resonances (ν+11 , ν
+1
2 , ν

+1
3 , ν

+1
4 ) when h = +1nm.

3.3.3 Periodic grating

The MMP method allows a very efficient computation of periodic structures [26].
For this purpose a special kind of boundary is implemented to define the fictitious
boundaries of the system’s primitive unit cell. Here, the AMS procedure is used to
model a periodic grating. A straightforward modification to the AMS technique
is required: the fields have to be expanded only inside the primitive cell and,
therefore, for boundaries defining the unit cell only multipoles lying outside the
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cell have to be generated.
The modeled system is a thin silver film (same dielectric constant as in the

previous subsection) in vacuum. The metallic film has a thickness of 112 nm and
lies in the XZ plane. It is corrugated on both sides of the film [the corrugations
are parallel to the Z axis and there is no relative phase shift between the upper
and lower gratings (Fig. 3.11, inset)]. The period of the upper corrugation is
150 nm and that of the lower corrugation is 300 nm. The geometry of the grooves
consists of gaussian shaped dips inside the film:

H exp

[

−

(

x− x0
w

)2
]

, (3.2)

where the height H of the dips is 50.5 nm and the widths w are 10 nm at the
upper corrugation and 12 nm at the lower one. The excitation is a plane wave
with k = −‖k‖ ey and the electric field vector is contained in the XY plane (H
polarization).

Fig. 3.10 Intensity of the 0-order waves transmitted (solid line) and reflected (dashed

line) by the metallic thin-film grating.

For the frequencies considered in Figs. 3.10 and 3.11, the penetration depth
is δ ≈ c/(2ωp) ≈ 13 nm and in principle no transmission should be expected.
Nevertheless, coupling of the plasmons in the upper grating with those of the
lower corrugation produces a surface-plasmon-assisted resonant tunneling of light
which has been investigated for complete [79,99] and incomplete [84] perforation
of the film. This is clearly seen in Fig. 3.10 where the intensities of the 0-order
transmitted and reflected waves are plotted and a power transmission of almost
80 % occurs for a resonant frequency. Another unexpected phenomenon is patent
in Fig. 3.11 where the 1st-order intensities transmitted and reflected by the
structure (which has 300 nm periodicity) are plotted. For a frequency of 1.08 PHz



Waveguides and photonic crystals 29

Fig. 3.11 Intensity of the 1st-order waves transmitted (solid line) and reflected (dashed

line) by the grating (period 300 nm). Inset: geometry of one period of the grating.

(corresponding to a wavelength of 278 nm) the 1st-order is a propagating wave.
But for this wavelength the periodicity of the upper corrugation (150 nm) should
not allow any transmitted or reflected propagating order at all (except the 0-
order). Again resonant plasmon coupling with the lower grating is responsible
for this effect.

In all the computations regarding the metallic grating the maximum relative
error along the interface was smaller than 0.34 % and the average relative error
was smaller than 0.02 %.

3.4 Waveguides and photonic crystals

The AMS has been employed for the modeling of other electrodynamic problems.
For instance, the computation of the modal fields and propagation constants of
waveguides with complex cross sections, and the calculation of band structures
of photonic crystals. These computations require the resolution of an eigenvalue
problem. Since a method for the resolution of this type of problems will be pre-
sented in next chapter, these examples are deferred to sections 4.3, 4.4, and 4.5.



 



4

Computation of eigenvalue
problems

4.1 Introduction

All applications shown in chapter 3 consisted in the resolution of diffraction
problems: an incident field hits on an obstacle and it is scattered by it. The
presentation of the MMP method in chapter 2 was formulated as a scattering
problem as well. There are, however, many interesting situations where a self-
sustained resonant oscillation occurs in an energetically closed system (in fact,
the surface plasmons applications studied in chapter 3 were interesting systems
precisely because a resonant mode was excited by an incident plane wave). In
those resonant situations, e.g., cavities and waveguides, there is no excitation.
This kind of configurations without excitation are mathematically formulated as
eigenvalue problems.

In this chapter we will be concerned with the computation of several such
problems, like the determination of the band structure and modal fields of pho-
tonic crystals, and the characterization of conventional as well as photonic crystal
waveguides. The band structure of a photonic crystal is of primordial importance
to understand the behavior of any system based on the photonic crystal concept.
The significance of waveguide computations is obvious and it is not necessary to
stress it here.

There is a standard way to solve eigenvalue problems within the MMP
method. However, as it will be explained in section 4.2, for the type of sys-
tems studied in this chapter this procedure is not very well suited. Therefore, a
novel technique for the resolution of eigenvalue problems with the MMP method
is developed here. The technique is based on the investigation of the associated
scattering problem. The resonances of this associated problem are determined,
which correspond to the eigenvalues of the original eigenvalue problem.

In section 4.2 the technique is presented and some numerical details are elu-
cidated. In the following sections several applications are presented: section 4.3
shows band structure computations of metallic photonic crystals, section 4.4
demonstrates photonic crystal defects, and in section 4.5 the procedure is ap-
plied to the determination of modes and propagation constants in waveguides.
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4.2 Solution of non-linear eigenvalue problems with MMP

The determination of the propagation constants kz in a waveguide (for given
ω) or the computation of the resonant frequencies in a cavity are, in general,
non-linear eigenvalue problems. Eigenvalue problems do not fit well in the for-
mulation of MMP presented in chapter 2 because that description presented
the MMP method as the resolution of a scattering problem with a given exci-
tation Φexc(r). Nevertheless it is possible to solve homogeneous problems (i.e.,
without excitation) with MMP. The standard way to tackle an eigenvalue prob-
lem with MMP [17] consists in the following procedure [let us denote with λ
the magnitude considered as eigenvalue (e.g., the propagation constant or the
frequency)]: (i) One of the basis functions ϕDi

l (r) expanding the field is ar-
tificially considered as excitation. In this way a scattering problem is defined.
(ii) The matrix Eq. (2.8) is solved as a function of the parameter λ. We denote
these solutions F (λ). Note that the matrix A(λ) = Aαβ(λ) depends on λ in
a complex way, since this is a non-linear eigenvalue problem. (iii) The residual
R(λ) = ‖A(λ)F (λ)−G(λ)‖2 of every computation in previous step is determined.
(iv) The eigenvalues are obtained as those values of λ for which the cost function
c1(λ) = R(λ) is minimum. The trivial solution F = 0 may appear as a minimum
of the cost function as well. This happens when the basis function ϕ Di

l (r) is
“reconstructed” (with negative sign) by the remaining basis functions. To avoid
this effect, eventually, the minima of the cost function c2(λ) = R(λ)/α(λ) are
searched instead, where α(λ) is an amplitude defined in order to discard trivial
solutions. The amplitude can be any function which is zero for trivial solutions.
It has been observed that the procedure works efficiently when the excitation
field ϕDi

l (r) is not too different from the sought modal field. Nevertheless for
waveguides or photonic crystals with complex shapes it is difficult to know a
priori how the modes should look like. Therefore a different method is proposed
which does not rely on setting as excitation a basis function similar to the sought
mode.

The method is inspired by the surface plasmon applications shown in chap-
ter 3. In those examples, the existence of a resonant mode of the structure leaves
its signature as a resonance in the scattering cross section when the structure is
excited by a plane wave. Here, a similar procedure will be employed. The dif-
ference lies in the selection of the excitation field Φexc(r) (which is not a plane
wave) and the cost functions c(λ) where the signature of the resonant modes is
sought (which are not the scattering cross section). Related concepts have also
been employed in the context of the Method of Auxiliary Sources [29, 100] and
the Finite Difference Time Domain method (FDTD) [101–103].

4.2.1 Foundation of the method

The basis of the method for the determination of the eigenvalues will be now
described. It is not intended to present the argument rigorously (in the mathe-
matical sense of the word), but only to illuminate it from the perspective of the
spectral theory of the involved operators. In this subsection the Dirac notation
of bras and kets is employed.
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Let us consider the following eigenvalue problem in a Hilbert space:

[λI−H(λ)]|φλ〉 = |0〉, (4.1)

where I denotes the identity operator and H(λ) is the operator we are inter-
ested in. The dependence on λ of the operator H serves as a reminder of the
non-linearity of the eigenvalue problem. The eigenvector corresponding to the
eigenvalue λ is denoted by |φλ〉, and |0〉 is the null vector. The paradigmatic
example of Eq. (4.1) is the Helmholtz equation [k2 +∆]φk(r) = 0 supplemented
with suitable boundary conditions for various problems such as metallic wave-
guides, free space, etc.

When the appropriate mathematical conditions [104–106] are met, the spec-
trum σ(H) of the operator has a point part (corresponding to the bound states)
and a continuous part (corresponding to the radiation states):

σ(H) = σp(H) ∪ σc(H) = {λj} ∪ {λ(k)}, (4.2)

where j is a discrete index and k a continuous one. The corresponding eigenvec-
tors are denoted by |uj〉 and |v(k)〉, respectively. The two examples mentioned
before do only possess point and continuous spectrum, respectively, and the as-
sociated eigenvectors (in position representation) are

〈r|uj〉 = uj(r) metallic waveguide

〈r|v(k)〉 = 1

(2π)
3
2

eik·r 3D free space,
(4.3)

[the continuous index k labeling the eigenvalues in σc(H) becomes a vector index
k for 3D problems].

With the appropriate mathematical conditions, the eigenvectors constitute
an orthonormal (generalized) basis, which permits (formally) a spectral decom-
position of the identity:

I =
∑

j

|uj〉〈uj |+

∫

dk |v(k)〉〈v(k)|, (4.4)

and of the operator H:

H =
∑

j

λj |uj〉〈uj |+

∫

dk λ(k)|v(k)〉〈v(k)|. (4.5)

The application of these decompositions to the second example (3D free space)
mentioned above gives the well known relations

〈r|I|r′〉 = δ(r− r′) =
1

(2π)3

∫

R3

dk eik·(r−r′), (4.6)

and

〈r|−∆|r′〉 =
1

(2π)3

∫

R3

dk k2eik·(r−r′). (4.7)
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The following scattering problem is associated with the eigenvalue prob-
lem (4.1):

[λI−H(λ)]|f〉 = |g〉, (4.8)

where |g〉 is the excitation and |f〉 is the unknown. This problem is solved with
help of the resolvent operator Rλ = [λI−H(λ)]−1 which has the following spectral
decomposition:

Rλ =
∑

j

1

λ− λj
|uj〉〈uj |+

∫

dk
1

λ− λ(k)
|v(k)〉〈v(k)|. (4.9)

In position representation the resolvent operator becomes the Green’s function
G(r, r′). For the metallic waveguide:

〈r|Rk|r
′〉 = Gk(r, r

′) =
∑

j

uj(r)uj(r
′)∗

k2 − k2j
, (4.10)

and for 3D homogeneous free space:

〈r|Rk|r
′〉 = Gk(r, r

′) =
1

(2π)3

∫

R3

dk̂
1

k2 − k̂2
eik̂·(r−r′) =

eik|r−r′|

|r− r′|
. (4.11)

Equation (4.9) encapsulates in a distinct way the idea of the method. When
the resolvent operator is applied to a given excitation:

|f〉 = Rλ|g〉 =
∑

j

1

λ− λj
|uj〉〈uj |g〉+

∫

dk
1

λ− λ(k)
|v(k)〉〈v(k)|g〉, (4.12)

the following behavior as a function of λ is observed. (i) For λ = λj ∈ σp(H),
Rλ does not exist. Equation (4.12) shows that the projection of |f〉 on |uj〉
grows without bound when λ → λj (as long as the excitation is not orthogonal
to the eigenvector corresponding to that eigenvalue, 〈uj |g〉 6= 0). This means
that the eigenvalues of H can be determined as the divergencies of a suitable
cost function of λ, such as for example the norm 〈f |f〉 of the solution of the
associated scattering problem. (ii) For λ = λ(k) ∈ σc(H), the resolvent Rλ exists
but it is an unbounded operator. That means that, for certain excitations |g〉,
the function 〈f |f〉 diverges as well. If one uses the divergences of 〈f |f〉 as a
signature of the eigenvalues one could confuse a point in σp(H) with a point in
σc(H). A different possibility is selecting as excitation a point source |g〉 = |r0〉
(with a non-zero projection on the sought mode 〈uj |r0〉 6= 0) and using as cost
function the value of the solution |f〉 at a given point: 〈r|f〉 = 〈r|Rλ|r0〉. This
is nothing else than the Green’s function, as it was shown in the examples of
Eq. (4.10) and (4.11). Note that the Green’s function is known to exist and to
be regular (except, of course, at the position of the excitation) for the values of
λ ∈ σc(H). Hence, it only presents divergencies for λ ∈ σp(H). Equation (4.11)
is an example of this statement for the simple case of 3D free space.

In general, 〈r|Rλ|g〉 with almost arbitrary excitation |g〉 will present reso-
nances for λ ∈ σp(H). Other cost functions are also appropriate as explained in
subsections 4.2.2 and 4.2.3.
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4.2.2 Implementation of the method in MMP

To implement the previous ideas in the MMP method, the following procedure
is adopted. The system is modeled as described in chapter 2, but additionally
an extra monopolar source (the MMP-excitation) is introduced at point r0. It
is worth noting that using a monopolar function [Eq. (2.6) with nl = 0] as
MMP-excitation, one obtains the correct behavior of a δ(r − r0) excitation in
the sense of subsection 4.2.1. Then, the density of electromagnetic energy at a
given point r is computed as a function of the parameter λ (typically the angular
frequency, λ = ω, or the propagation constant, λ = kz). The energy density is
chosen instead of the Green’s function itself, because the first function is positive.
Finally, the eigenvalues are determined as the divergencies (resonances) of the
energy density. Examples will be given in section 4.3.

4.2.3 Numerical issues

If Eq. (4.8) is projected on |uj〉, the following is obtained:

(λ− λj)fj = gj , (4.13)

where fj , gj are the projections of the respective vectors on the eigenvector |uj〉.
Here, it is again seen that |fj(λ)|

2 strictly diverges for the value of the j-th
eigenvalue.

As it was explained in subsection 2.2.6, within MMP the matrix equations
are overdetermined. In this case Eq. (4.13) is substituted by

[(λ− λj)δji +∆λ
ξj

ji ]fi = gj +∆g
ξj

j , (4.14)

where ξj (ξj = 1, . . . , Ej) labels the approximately redundant equations for the j-

th eigenvector. The terms ∆λ
ξj

ji with the same j and different ξj are not exactly
equal because the extra equations are not exactly redundant but only nearly

redundant (the same is valid for ∆g
ξj

j ). These factors ∆λ
ξj

ji , ∆g
ξj

j are very small
in comparison to λj and gj , respectively. Neglecting the terms with i 6= j the
system becomes

(λ− λ
ξj

j )fj = g
ξj

j , (4.15)

where {λ
ξj

j = λj − ∆λ
ξj

jj} (respectively {g
ξj

j = gj + ∆g
ξj

j }) is a set of values
scattered around the true λj (respectively gj). The solution of Eq. (4.15) in the
least squares sense is

fj(λ) =
gj λ− λjgj

(

λ− λj
)2

+ σ2λj

, (4.16)

where the bar denotes the mean with respect to the index ξj and σλj
is the

variance of the set {λ
ξj

j }. This function is the product of a lorentzian and a linear

function. Analog to the non-overdetermined case, the value of |fj(λ)|
2 resonates

and grows when λ approaches eigenvalue λj . However, when λ is very close to
λj , the value of |fj(λ)|

2 decreases again and becomes zero for λ = λjgj/gj .
In summary, the shape of the resonance is a lorentzian curve –whose width is
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controlled by the dispersion of the set {λ
ξj

j }– which is pinched almost in its
center. Figure 4.1 shows an example of this behavior. For this model example
two eigenvalues and five nearly redundant equations for each of them where
considered (j = 1, 2; ξ1 = ξ2 = 1, . . . , 5). Thus, the overdetermined system does
not lead to a strict divergency of

∑

j |fj(λ)|
2 for the eigenvalues’ frequencies.

Note that this is not a real physical phenomenon but a numerical effect due to
the overdetermination of the system.

Fig. 4.1 Behavior of the cost functions
∑

j |fj(λ)|2 and R(λ). In this model example
there are only two eigenvalues, (λ1,2 ≈ ±10). The first cost function (dashed line)
presents dips at the centers of the resonances due to the overdetermination of the

equations. The residual R(λ) (continuous line) has no dips.

When the MMP model is correct, the dispersion of the set {λ
ξj

j } is very small.
This means that the width of the lorentzian is small and the dip at its center
is even narrower. In this case an extremely fine discretization in λ would be
required to resolve the dip at the center of the lorentzian resonance. Examples
will be shown in subsection 4.3.1.

By contrast with the amplitude fj(λ), the residual R(λ) is given by

R(λ) =
∑

j

Ej

[

g2j −
(gj λ− λjgj)

2

(

λ− λj
)2

+ σ2λj

]

. (4.17)

Besides the constant terms, each term in the sum is again the product of a
lorentzian function and a polynomial in λ. It can be shown that the residual
has maxima for the values λjgj/gj [assuming that the interaction between the
different terms in the sum of Eq. (4.17) is negligible]. In brief, the residual has
maxima exactly at those points where |fj(λ)|

2 is pinched. This is observed in
Fig. 4.1.
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It is important to be aware of the numerical behavior of the energy density
(i.e., the dips at the center of the resonance). Otherwise, occasionally, one single
eigenvalue could be mistaken as two different eigenvalues. Although this could
be seen as an issue, we have never experienced any difficulty because of that. In
fact, when the MMP model is correct, the dip in the resonance curve is always
so narrow that an extra fine discretization has to be used to resolve the dip.
However, the utilization of the residual R(λ) as cost function can be employed
in case of doubt. Examples will be shown in subsection 4.3.1.

4.3 Band structures of metallic photonic crystals

Understanding the behavior of defect-free photonic crystals and designing devices
based upon them require a knowledge of the wave propagation properties in the
crystal. This information is contained in the band structure and eigenmodes of
the periodic structure. At present, after more than one decade of investigations,
photonic band gap calculations are continually performed. In the most basic level,
it is important to find perfect crystal structures with improved features. In this
context, new geometries have been investigated, e.g. the Kagomé structure [107],
and symmetry techniques to enhance the gaps have been applied [108–110]. The
next level comprises the characterization of crystals with impurities (such as
cavities [111,112] and channel waveguides [113–116]) and surface waves [117,118],
which are likely needed for the design of devices with useful functionalities. The
band structure and modal fields are essential tools here as well.

Initially, most computational techniques focused on dielectric materials with
frequency-independent parameters, but there has been an increasing interest in
photonic crystals with frequency-dependent permittivities ε(ω). In particular,
the inclusion of metallic components is actively researched since it can enlarge
the size of the gaps [119,120]. The occurrence of flat bands related with plasmon
resonances of the individual scatterers in the crystal may be used for other
applications [121] due to the very low group velocities involved. Finally, metallic
photonic crystal structures are of obvious interest considering new applications
in the microwave regime [122].

There exists a vast literature documenting the various methods for the com-
putation of photonic band structures. Despite the convergence problems alluded
to by many authors [123–127] when high dielectric contrasts are involved, the
plane wave method [15, 128] is the most used one. In its simplest formulation it
only treats the case of frequency-independent materials, but some authors have
extended it for particular functional forms of ε(ω) [129–131]. Nevertheless, those
generalizations are not always satisfactory as noted in Refs. [101] and [132]. A
second class of methods (Korringa-Kohn-Rostoker [127, 133], augmented plane
wave [134] and others based on scattering matrices [135]) uses mainly spherical
functions instead of plane waves as basis functions to expand the fields. These
techniques are very accurate as a rule and can handle frequency dependent mate-
rials, but they are only appropriate for photonic crystals with spherical elements.
A third possibility is the FDTD [103, 136] method. The standard formulation
does not cover the frequency-dependent case, but generalizations have already
been proposed [101,137] (which require considering non-local effects in time). In
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particular, Sakoda [138] has shown FDTD computations of band structures and
modal fields for perfect crystals, cavities and channel waveguides with dielectric
or metallic components. There are other alternatives such as the transfer matrix
method [139] or the finite element method [140].

At present only Sakoda’s approach has proven to be capable of computing
band structures for arbitrary frequency dependence and arbitrary geometry; it
has also been applied to the difficult case of metallic structures in H polarization,
where the fields can be strongly localized at the metal surface (surface plasmons).
Here an alternative frequency domain method, based on MMP, is proposed for
the same kind of metallic photonic crystal configuration. Like the second class of
methods mentioned before, the basis functions most frequently employed by the
MMP method are spherical functions (cylindrical for two-dimensional problems).
Nevertheless, the use of multiple functions with different origins allows one to
achieve a good convergence for non circular shapes as well. MMP can handle
arbitrary frequency-dependent permittivities, including metallic materials.

Before the method for the computation of band structures is presented, a few
further elements required for the simulation of periodic systems with MMP [26]
will be summarized. The computation can be restricted to one single primi-
tive cell of the periodic system, which includes several domains Di representing
the elements contained in it. As primitive cell the parallelogram defined by the
primitive vectors a1 and a2 is chosen. Two fictitious boundaries along a1 and a2
are necessary, where additional collocation points will be introduced. The basis
functions ϕDi

l (r) expand the field only inside the primitive cell. Several multi-
pole and Bessel expansions located in the cell are employed to represent the field
scattered at the elements contained in it. Additionally, a set of multipole expan-
sions around the cell is needed. These sources model the incident radiation field
inside the primitive cell stemming from the rest of the crystal. Examples of the
choice of the basis functions will be shown for the specific structures computed
in subsections 4.3.1 and 4.3.2. The fields should satisfy Bloch’s theorem:

Φ k(r+Rpq) = eik·RpqΦ k(r), (4.18)

where k belongs to the first Brillouin zone (1stBZ) and Rpq = pa1 + qa2 with
p, q ∈ Z. Equation (4.18) is employed to define Bloch boundary conditions which
have to be fulfilled at the fictitious boundaries defining the primitive cell. For
later use, the notation for the reciprocal lattice points is introduced: Grs =
rb1 + sb2 with r, s ∈ Z and ai · bj = 2πδij .

Let us apply the method presented in section 4.2 to the case of photonic crys-
tals. Here, the eigenvalues λ are the square frequencies of the bands. To establish
the approach let us compute the field excited by a source. We take kz = 0 and
H polarization for the sake of simplicity and because the cases studied in sub-
sections 4.3.1 and 4.3.2 satisfy these conditions. Nevertheless, analog derivations
can be done for the general 3D case [121,141,142]. The Bloch modes Hk,n

z (r) (n
labels the different bands) are the solutions of the eigenvalue problem

[ (ωk,n)2

c2
+∇T ·

1

εr(r, ωk,n)
∇T

]

Hk,n
z (r) = 0, (4.19)
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Fig. 4.2 Band structure of a square lattice of metallic circular cylinders. The bands

are labeled with the corresponding irreducible representations of G0(Γ). The bands
corresponding to mPR are additionally labeled with the number of lobes of the plasmon

from which they mainly stem. (a) General view. (b) Detailed view of the flat bands.

The insets of (a) show the first Brillouin zone (left) and the primitive cell (right).

(c is the speed of light in vacuum and µr = 1 is assumed). The Bloch modes
constitute a basis:

∫

1stBZ

dk

∞
∑

n=1

Hk,n
z (r)Hk,n

z (r′)∗ = δ(r− r′). (4.20)

The inhomogeneous problem reads
[ω2

c2
+∇T ·

1

εr(r, ω)
∇T

]

Hz(r) = Hz,exc(r), (4.21)
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Fig. 4.3 Eigenmodes (at Γ point) of a square lattice of metallic circular cylinders.

The plotted field is HΓ
z (r). The modes are labeled with the corresponding irreducible

representations of G0(Γ). The modes corresponding to mPR are additionally labeled
with the number of lobes of the plasmon from which they mainly stem. For modes

labeled with E, the other mode corresponding to the same eigenvalue looks the same

but rotated 90◦.

and its Green’s function can be constructed with the help of the Bloch modes [143]:

Gω(r, r
′) = c2

∫

1stBZ

dk

∞
∑

n=1

Hk,n
z (r)Hk,n

z (r′)∗

ω2 − (ωk,n)2
. (4.22)

The solution of Eq. (4.21) is then

Hz(r) =

∫

R2

dr′ Gω(r, r
′)Hz,exc(r

′), (4.23)

as can be verified using the closure equation [Eq. (4.20)].
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Within the MMP method, the natural choice for the excitation is a multipolar
function located in a certain point in the cell (monopoles have been mainly
used, but the procedure works with higher order multipolar functions as well).
When a monopole is introduced in position r0 inside the primitive cell, a set of
monopoles (with corresponding phases) are set in r0 + Rpq implicitly, because
Bloch boundary conditions are used. Hence the excitation is

Hk0
z,exc(r) =

∑

Rpq

δ(r− r0 −Rpq)e
ik0·Rpq , (4.24)

where k0 is the current wave vector in the 1stBZ. Inserting this excitation in
Eq. (4.23) and using the identity

∑

Rpq

eiRpq·(k−k0) = S1stBZ
∑

Grs

δ(k− k0 −Grs), (4.25)

(where S1stBZ is the area of the 1stBZ) one obtains:

Hk0
z (r) = c2S1stBZ

∞
∑

n=1

Hk0,n
z (r0)

∗Hk0,n
z (r)

ω2 − (ωk0,n)2
. (4.26)

When ω → ωk0,n two important facts are evident from Eq. (4.26): first,
the amplitude of the field diverges, and second the field becomes the Bloch
mode Hk0,n

z (r). Therefore, by detecting these resonances of the field, we can find
both the eigenvalues ωk,n and eigenmodes Hk,n

z (r) of the homogeneous problem
[Eq. (4.19)].

For a given k0, the resonances are detected as maxima of an appropriately
chosen cost function c(ω). The energy density in a certain point of the cell c3(ω),
and the residual c4(ω) = R(ω) are suitable choices of the cost function as it
was explained in subsection 4.2.3. For different positions of the excitation one
obtains different functions c(ω), but the resonances of all these functions occur
for the same frequencies. One has just to be careful that the location r0 of the
excitation is not a zero of the sought mode. It can also be shown that only
those modes that possess the same symmetry as the source are excited. This
can be in fact used to separate modes of different symmetries with very similar
or degenerate frequencies (examples will be shown in Fig. 4.4). Other authors
have employed different excitations and functions c(ω) to detect the eigenvalues:
Reference [102] (where a time domain technique is shown) uses a dipolar pulse
(in time) as excitation and c(ω) is the Fourier transform of the field in a point of
the cell. The energy radiated through a circumference around the excitation [101]
also works properly as cost function.

To compute a complete band structure, the following procedure is employed.
First, a given point kini of the boundary of the irreducible 1stBZ is chosen and
the eigenvalues ωkini,n are found following the lines explained above. Note that
finding the eigenvalues by searching the maxima of c(ω) is a slower algorithm
than other advanced methods presented for example in Ref. [128]. However, as
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noted by several authors [123,130], when the permittivity is frequency-dependent
the computation of the bands is a non-linear eigenvalue problem and the cited
methods cannot be applied [there are exceptions for very specific functional forms
of ε(ω)]. Once the eigenvalues are known for kini, the point in reciprocal space is
shifted to kini+δk and the procedure is iterated. The only difference is that now
the eigenvalues can be localized much faster since it is only needed to search for
the maxima of c(ω) in the neighborhood of each ωkini,n. The use of this Eigen-
value Estimation Technique (EET) [17] compensates the large computational
burden in the determination of ωkini,n for the initial point kini. The knowledge
of the symmetry of the crystal is important while choosing the initial kini point.
If possible, it should be such that the point group G0(kini) of the kini vector [144]
has only irreducible representations. This excludes the possibility of having inter-
secting bands at point kini (if accidental degeneracies are disregarded). Otherwise
only one of the bands crossing at kini will be traced by the EET. Only at points
where two bands cross with the same slope (this may happen at high symmetry
points of the 1stBZ) [145] is this EET likely to fail in tracing the bands. This
problem can be avoided by starting the calculation from kini points lying to the
left and to the right of the problematic point and approaching to it.

Numerical computations –obtained with the described method– of the band
structure of photonic crystals are presented now. The studied structures are
metallic photonic crystals (invariant along the Z axis) in H polarization. Crys-
tals composed of metallic materials were chosen not only due to the increasing
interest shown recently for these systems, but also because only a few methods
are able to compute band structures for arbitrary ε(ω). The H polarization was
selected as a stringent test case for the method. In contrast to the E polarization,
where the Bloch modes are uniquely modified plane waves, for H polarization
other very flat bands appear which are related to the plasmon resonances of
the individual components of the crystal. In this case, the fields are strongly
localized at the interface of the metal. This localization poses additional prob-
lems for some techniques, whereas the nature of the multipole expansions can be
advantageously exploited to treat this configuration.

In subsection 4.3.1 results obtained with the described method are compared
to those obtained with a FDTD approach [132] for a crystal made of circular
cylinders. By contrast, in subsection 4.3.2 a structure deviating from the circular
geometry is computed. It is worth noting that there are virtually no reports about
metallic (not perfectly conducting) photonic crystals with a cross section other
than circular.

The numerical results presented here were computed with programs based
on MaX-1 [58].

4.3.1 Square lattice of circular cross section cylinders

Here a square lattice with lattice constant a is considered. In each primitive
cell there is one single cylinder with circular cross section of radius r = 0.3a
[Fig. 4.2(a) right inset]. The background is vacuum and the relative permittivity
of the cylinders is given by the Drude model:
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εr(ω) = 1−
ω2p

ω(ω + iγ)
, (4.27)

where the parameters ωp and γ are chosen as in Ref. [132]: ωp = 2πc/a, γ =
ωp/100. In order to compare our results with those of Ref. [132], in-plane propa-
gation will be considered, i.e., the propagation constant kz along the Z axis is set
to zero. Note, however, that the proposed method is not restricted to in-plane
propagation nor to a specific permittivity function.

The space group of this crystal is p4m and its associated crystallographic
point group is 4mm (C4v in Schönflies notation). For the Γ point in the 1stBZ
the group G0(Γ) has four one-dimensional irreducible representations (A1, A2,
B1, B2) and one two-dimensional irreducible representation (E). These repre-
sentations are used to label the bands at the Γ point (the assignment was done
by inspecting the modal fields). The band structure of this system is shown in
Fig. 4.2 while the corresponding modal fields (for the Γ point) are plotted in
Fig. 4.3. Observe that two different kinds of modes are present: modes of the
first type (labeled with a dash inside the brackets) are large mainly in the vac-
uum and are essentially modified plane waves (mPW). The second type (labeled
with a number inside the brackets) includes modes that are localized close to the
cylinders’ surface. These are essentially modified plasmon resonances (mPR) of
the individual cylinders. To distinguish different mPR modes labeled with the
same irreducible representation, a number is included which denotes the number
of lobes nL of the plasmon resonance from which they mainly stem.

In order to understand the relationship between the degeneracies at the Γ

Fig. 4.4 Resonances of the energy density at an arbitrary point in the cell as a func-

tion of the normalized frequency (the point of the 1stBZ considered here is Γ). The

denominations “asymmetric”, “odd” and “even” are related to the type and position

of the excitation and are explained in the text and in the inset.
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Fig. 4.5 Behavior of the energy density and residual cost functions close to the reso-

nance peak B2(4) shown in Fig. 4.4. The energy density (dashed line) presents a dip at

the center of the resonance curve due to the overdetermination of the equations. The

residual R(ω) (continuous line) has no dip.

point and the number of lobes of a mPR mode the following argument can be
used, which is presented first in general for the case of one isolated cylinder.
Let be the cross section of this cylinder a regular polygon with nS sides. The
symmetry group CnSv of the cylinder has several irreducible representations of
various dimensions. Let us now consider a plasmon resonance of the cylinder. The
field corresponding to this resonance has nL lobes (typically an even number). If
the eigenvalue corresponding to this mode is non-degenerate, then the mode has
to be invariant (up to a sign) under the group operations. But, in general, it is
not possible distributing nL lobes among nS sides in such a way that the pattern
is invariant under the group operations. When nL and nS are not compatible, the
group operations transform the “asymmetric” pattern of the mode into a linear
superposition of the modes corresponding to a degenerated eigenvalue. In this
way they build the basis of an irreducible representation with dimension higher
than 1. Specifically, those modes for which nL is a multiple of nS correspond to
non-degenerate eigenvalues while the others correspond to degenerate ones.

The application of this argument to the geometry considered in this subsec-
tion goes as follows: One isolated circular cylinder is a polygon with nS =∞ and,
hence, all modes are degenerate. Since the group C∞v of the circular cylinder
has only one-dimensional (A1, A2) and two-dimensional (E1, E2, E3, . . .) irre-
ducible representations, all modes come in pairs. These couples have an angular
dependence given by the functions

{ cos(
nL
2
φ), sin(

nL
2
φ) }, nL = 2k, k ∈ N. (4.28)
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Fig. 4.6 Band structure of a triangular lattice of metallic triangular cylinders. The

bands are labeled with the corresponding irreducible representations of G0(Γ). The
bands corresponding to mPR are additionally labeled with the number of lobes of the

plasmon from which they mainly stem. (a) General view. (b) Detailed view of the flat

bands. The insets of (a) show the first Brillouin zone (left) and the primitive cell (right).

When circular cylinders are arranged in a square lattice, the group to consider
(for the Γ point) is C4v. Therefore, the non-degenerated eigenvalues will be now
those corresponding to nL = 4k, (k ∈ N) while for nL 6= 4k the eigenvalues will
have a two-fold degeneracy. This is consistent with the band structure shown
in Fig. 4.2. In summary: the degeneracy of eigenvalues corresponding to modes
with nL = 4k of the isolated cylinder is lifted when they are arranged in the
square lattice. This is easy to understand from a perturbation point of view: If
one considers, for instance, the mode with nL = 4 of an isolated cylinder and



46 Computation of eigenvalue problems

Fig. 4.7 Eigenmodes (at Γ point) of a triangular lattice of metallic triangular cylinders.

The plotted field is HΓ
z (r). The modes are labeled with the corresponding irreducible

representations of G0(Γ). The modes corresponding to mPR are additionally labeled
with the number of lobes of the plasmon from which they mainly stem. The degener-

ated modes are tagged with an “o” or “e” corresponding to odd or even modes under

reflections in the vertical symmetry plane.

arranges this modal field in a square lattice, one observes that the overlapping
of modes of contiguous cylinders is different for the two functions in Eq. (4.28).
This is because for the cosine the lobes are directed toward the nearest neighbors
whereas for the sine the lobes point along the diagonals. For modes with nL 6= 4k,
it is clear that, when the modes with cosine and sine angular dependence are
arranged in a lattice, the two patterns look exactly alike (modulo a rotation of
90◦) and therefore the frequency of the eigenvalues is shifted –with respect to
that of the isolated cylinder– but the degeneracy is not removed.

The following basis functions were employed to obtain the presented numer-
ical results. The field inside the cylinder is modeled with a Bessel expansion of
order nB at its center, and the field around the cylinder is simulated with one
multipole expansion of order nH,in at its center plus four multipole expansions
of order nH,out at the nearest neighbors centers. A multipolar function of zero
(monopole) or first (dipole) order in a certain point of the cell was chosen as
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excitation. For the lowest and highest bands nB = nH,in = 10 and nH,out = 5
is enough to achieve good accuracy (1% averaged relative error or better); for
the very flat bands corresponding to mPR with a high number of lobes and very
localized fields nB = nH,in = 15 nH,out = 7 were used.

As cost function the energy density at an arbitrary point in the cell was
chosen. This function is shown in Fig. 4.4. The fine details of the behavior of this
function (which were analyzed in subsection 4.2.3) are demonstrated in Fig. 4.5.
The discretization used in Fig. 4.4 shows the maxima without resolving the
dip. As mentioned in subsection 4.2.3, only when a much finer discretization is
employed it is possible to resolve the dip, as in Fig. 4.5, which shows a magnified
view of the B2(4) peak of Fig. 4.4 but with a very thin ω-discretization. To stress
the importance of the location r0 and multipolar order nl of the excitation, the
cost function was computed for several source locations and orders: first, for
a monopole [nl = 0 in Eq. (2.6)] asymmetrically located, second, for a dipole
located on the vertical symmetry plane (not in the center of the cylinder) and
odd under reflections in this plane [nl = 1 and cosine in Eq. (2.6)], and third, for
an equally located dipole but with opposite parity [nl = 1 and sine in Eq. (2.6)].
Figure 4.4 shows that modes with a symmetry other than that of the source
are not excited. As explained above, this can be used to resolve closely located
eigenvalues corresponding to different symmetries.

The results presented here are similar to those shown in Ref. [132]. There are,
however, a few discrepancies: Here, a slightly lower value for the band denoted
as B1(4) was found (near the Γ point). The bands denoted E(10) are missing in
Ref. [132]. Finally, the inspection of the field patterns suggests that the presented
method is able to compute the modes with a higher accuracy [compare the noise-
affected mode in Fig. 12(b) of Ref. [132] with the smooth mode A2(8) of Fig. 4.3].
The good convergence and small relative error achieved in our computations give
also good confidence in the accuracy of the method.

4.3.2 Triangular lattice of triangular cross section cylinders

The system analyzed here consists of a triangular lattice with lattice constant a.
In each primitive cell there is one single cylinder whose cross section is an equi-
lateral triangle of side s = 0.8a. The triangle sides are parallel to the primitive
lattice vectors and the corners of the triangle are rounded with a radius rc = 0.1a
[Fig. 4.6(a) right inset]. The background is vacuum and the relative permittiv-
ity of the cylinders is given by Eq. (4.27). Again, only in-plane propagation is
considered.

The space group of this crystal is p3m1, and its associated crystallographic
point group is 3m (C3v in Schönflies notation). For the Γ point in the 1stBZ
the group G0(Γ) has two one-dimensional irreducible representations (A1, A2)
and one two-dimensional irreducible representation (E). The band structure of
this system is shown in Fig. 4.6 while the corresponding modal fields (for the
Γ point) are plotted in Fig. 4.7. The bands are labeled with the same scheme
that was used in subsection 4.3.1. The modes associated with plasmons of nL =
2, 4, 8, 10, 14, . . . are degenerated at the Γ point and those with nL = 3k, (k ∈ N)
are non-degenerated, as expected from the symmetry considerations explained in
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Fig. 4.8 Distribution of multipole expansions. The ◦’s are the locations of the multi-
pole expansions modeling the fields inside of the triangle. The ×’s are the locations of
the multipole expansions simulating the field inside the cell around the triangle. The

locations were computed with the Automatic Multipole Setting procedure shown in

chapter 3.

previous subsection (in contrast with the previous subsection, the symmetries of
the isolated triangle and the crystal are the same and, therefore, the degeneracies
are not changed). Observe that, as opposed to the rectangular lattice, this system
presents a wide band gap between the first and second bands.

Due to the non-circularity of the cylinders, different basis functions as those
in the example shown in previous subsection are needed. Here only multipole
expansions are employed, whose location was determined with the Automatic
Multipole Setting procedure presented in chapter 3. The expansions locations
are represented in Fig. 4.8. The order of the multipole expansions was nH,in for
those inside and around the triangle and nH,out for those around the primitive
cell. For the lowest and highest bands nH,in = 2, nH,out = 3 were enough to
achieve an accuracy of 0.1% averaged relative error (or better), while for the
mPR bands with a large number of lobes nH,in = 5, nH,out = 3 were used.

The bands were determined by detecting the maxima of the residual R(ω).
Since the group G0(M) = m (Cs in Schönflies notation) has only one-dimensional
irreducible representations, the M point was chosen as initial kini point for the
EET.

4.4 Defects in photonic crystals

It is well known that the most salient feature of photonic crystals is the existence
of frequency band gaps [146]. For frequencies belonging to the band gap, the
eigenvalue problem of Eq. (4.19) (or the corresponding eigenvalue problem for
the appropriate polarization) has no solution. This means that, no matter what
the value of the k vector is, there are no Bloch modes Φ k(r) corresponding to
those frequencies. Thus, the electromagnetic fields are excluded from the crystal.
This fact can be exploited for many applications [138].
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Fig. 4.9 Band structure of a perfectly periodic 2D photonic crystal (solid lines: E

polarization; dashed lines: H polarization). There are three band gaps for E polarization,

and they are shown as shaded regions (the upper gap is very narrow and is centered in

ωa/(2πc) ≈ 0.96). The insets show the first Brillouin zone (left) and the primitive cell
(right). The radii of the rods are r = 0.18a. The permittivity of the rods is εr = 11.56

and the background is vacuum.

Once the properties of a perfectly periodic photonic crystal are determined,
the next level of complexity consists in the investigation of structures where
this perfect translational symmetry is broken. The introduction of defects in the
crystal disrupts the symmetry and may lead to the appearance of additional
modal fields (defect modes) [147, 148]. The existence of defect modes allows the
optical field entering inside the crystal.

The simplest defects are point [111, 149–152] and line [153–156] defects. In
the case of a point defect, the periodicity of the crystal is broken at one single
lattice site. This can be done, e.g., by means of a vacancy, interstitial, or substi-
tutional defect. Point defects give rise to modal fields localized around the defect
site, which behaves like a resonant cavity. Line defects can be constructed as a
concatenation of point defects or by sliding two parts of the crystal with respect
to each other (as in a stacking fault, for instance). These one-dimensional defects
allow the propagation of energy along them, behaving, hence, as a waveguide.
Other kinds of symmetry breakings which can be classified between point and
line defects are the coupled-cavity waveguides (CCW) [157–160]. This type of
impurity consists of a chain of more or less weakly coupled point defects. They
permit the guiding of fields as the line defects do.

In order to study the mentioned defects, the supercell methodology [147,161]
can be employed. This technique, which is inherited from solid state physics,
consists in defining a superlattice where the primitive (super)cell contains one
single defect. The whole superlattice contains an array of defects (a 2D infinite
array of cavities or an infinite set of parallel waveguides, for the cases of point
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Fig. 4.10 Modal field of a point defect (vacancy). The plotted field is the electric field

Ez(r). The lattice constant is a and the radius of the cylinders is r = 0.18a (the size of

the supercell is 9a× 9a). The background is vacuum and the dielectric cylinders have
relative permittivity εr = 11.56. The polarization is E.

and line defects, respectively). Nevertheless, when the supercell is large enough,
the coupling between neighboring defects is negligible. In this way the properties
of the isolated defects can be inferred.

The method presented in section 4.3 can be applied to the determination

Fig. 4.11 Modal field [Ez(r)] of a point defect (vacancy) along the horizontal line A−A′

dividing the supercell in two equal parts (see inset). The units in the horizontal axis

are lattice constants a. Notice the negligible coupling with the neighboring supercells.
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of defect bands. As examples, point and line defects are computed in subsec-
tions 4.4.1 and 4.4.2, respectively.

4.4.1 Point defect in square lattice

Here, the perfect crystal consists in a square lattice with lattice constant a.
In each primitive cell there is one single cylinder with circular cross section of
radius r = 0.18a. The background is vacuum and the relative permittivity of
the rods is εr = 11.56. It is known that due to the non-connectedness of the
dielectric elements in this configuration, this kind of crystal presents gaps only
for E polarization [146]. This is in fact confirmed by the computations shown in
Fig. 4.9.

If one single rod is removed (Fig. 4.10), a point defect of the acceptor type [147]
is created. The corresponding defect mode is pushed out from the lower “valence”
band. To compute the modes of this configuration, a supercell of 9× 9 rods was
chosen (to ensure that the coupling between defects is negligible). The procedure
is analog to that explained in section 4.3. The excitation (a monopole) is located
in a certain point inside the cavity. In this example only the Γ point (k = 0) is
of interest and no eigenvalue estimation technique is needed. However the EET
could be employed to investigate the dependence of the modal field with the ra-
dius or permittivity of the defect. Figure 4.10 shows the field Ez(r) of the defect
mode. The cavity is single moded and the normalized frequency of the mode is
ωa/(2πc) = 0.387. Figure 4.11 shows the Ez(r) field along the horizontal line
dividing the supercell in two equal parts. The negligible field at the supercell
boundaries suggests that no coupling among defects occurs.

Fig. 4.12 Dispersion relation for the mode guided (E polarization) by a line of vacan-

cies (Fig. 4.13). The insets show the first Brillouin zone (left) and the primitive cell

(right). The shaded region represents the perfect crystal band gap.
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Fig. 4.13 Modes guided by a vacancy line defect. The plotted field is Ez(r). The left

plot represents the mode with kx = π/8a and the right one that with kx = π/2a. The

supercell employed in the calculation is shown as well (dashed box).

4.4.2 Line defects in square lattice

In this subsection, several kinds of line defects are addressed. The basis for the
studied structures is the same perfect crystal as in subsection 4.4.1.

The best known line defect consists of a concatenation of vacancies [138,
146]. This kind of structure has been computed following the same principle
as in subsection 4.4.1 for the point defect. Here, a supercell of 1 × 9 rods was
chosen (Fig. 4.12, right inset). The band structure of this superlattice is shown in
Fig. 4.12. If one compares the band structure of the perfect crystal (let us call it
system I) in Fig. 4.9, with the band structure of the vacancy line defect (system
II) in Fig. 4.12, two facts are observed: (i) system II has one additional band
in the center of the band gap, and (ii) system II has more bands immediately
above and below the band gap limits than system I. The band mentioned in (i)
is the defect band. The fields and modal profiles corresponding to it (for two
values of kx) are plotted in Fig. 4.13 and Fig. 4.14, respectively. Note that for
kx = π/8a the mode extends further in the lateral direction, as can be seen in
Figs. 4.14(a, b). In fact Fig. 4.14(b) shows that, with this supercell size, there
is still a very small coupling to the neighboring supercell. It is also interesting
noticing that, for kx = π/2a, the energy flows in the negative direction on the
rods adjacent to the defect.

Regarding point (ii), the closely spaced bands immediately above and below
the gap limits are in part due to the size of the primitive supercell, and in part
due to the defect. If the perfect crystal is simulated with different unit cells (for
instance the primitive cell a × a, and the non-primitive unit cell a × 9a), the
same results have to be obtained. However, in the band structures, they appear
in a different manner. The 1stBZ corresponding to the primitive cell is a square
of size 2π/a× 2π/a, whereas the 1stBZ corresponding to the non-primitive unit
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Fig. 4.14 Modal fields along the vertical line B−B′ dividing the supercell in two equal
parts [see Fig.(a), inset]. The units in the horizontal axis are lattice constants a.

(a) Power profile, (b) Electric field profile. All mode profiles are normalized in such

a way that both modes (kx = π/8a and kx = π/2a) carry the same power. The cou-

pling with the neighboring supercells is very small. Note, however, that for kx = π/8a

there is a small coupling with the neighboring supercells [(b), dashed lines].

cell is a rectangle of size 2π/a× 2π/(9a). The band structure obtained with the
non-primitive cell can be reconstructed from that of the primitive cell simply
by folding the 1stBZ corresponding to the primitive cell like an accordion on
the 1stBZ corresponding to the non-primitive unit cell (Fig. 4.15). By doing this
folding, the bands above the 1stBZ are warped in a complex way. For the non-
primitive cell considered here (a×9a), each original band of the primitive system
manifest itself along the ΓX direction as five bands in the band structure of the
non-primitive system. In Fig. 4.12, there are eight bands immediately below the
gap. This means that the three additional bands are due to the presence of the
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Fig. 4.15 Folding of the 1stBZ corresponding to the primitive cell, on the 1stBZ cor-

responding to the non-primitive cell. The accordion-like folded surface is the 1stBZ

corresponding to the primitive cell (a square of size 2π/a× 2π/a).

defect.
The properties of the defect band can be varied by changing the width of the

channel without rods in the crystal [153]. In this way it is possible to change the
modal profile, the dispersion relation, or to design multimoded waveguides. The

Fig. 4.16 Dispersion relations for various types of line defects: (a) line of vacancies,

(b) line of substitutionals (r = 0.09a), (c) line of substitutionals (r = 0.36a). The

shaded area represents the band gap of the perfect crystal.
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possibility of positioning the defect band close to the gap center is also impor-
tant, because defect modes with frequencies close to the gap limits have higher
losses [116]. There are other ways of controlling the defect bands [113]. Instead
of vacancy lines it is possible to employ lines of substitutionals, interstitials, etc.
Figure 4.16 shows the dispersion relation for several such possibilities. Observe
that the frequency of the vacancy line defect can be shifted downwards by adding
thin dielectric columns [Fig. 4.16(b)]. Note that, by increasing the radius of the
defect column, the multimoded regime is reached [Fig. 4.16(c)].

4.5 Propagation constants of guided modes

In this section a last application is presented where all the previously shown
techniques are combined. Here, the propagation constants kz of the modes in a
waveguide with varying cross section are computed. The method for the com-
putation of eigenvalues, the Automatic Multipole Setting procedure, and the
eigenvalue estimation technique are all required in this example. For simplicity,
a waveguide with perfectly conducting walls is considered.

The technique for the computation of eigenvalues presented in subsection 4.2.1
can be applied to the determination of the propagation constants of guided
modes. Since the procedure is very similar to that shown in section 4.3, it is
not explained in full detail again. The eigenvalue problem considered here is:

[(knT)
2 +∆T]φ

n(r) = 0, (4.29)

with the corresponding Dirichlet or Neumann boundary conditions (for E or H
polarization, respectively). The discrete index n = 1, . . . ,∞ is a shorthand for
the two indices needed to label the eigenmodes of this problem. The eigenvalues
and eigenmodes of Eq. (4.29) are denoted by knT and φn(r), respectively (knT is
the transverse wave number). For given angular frequency ω, each eigenvalue
has an associated propagation constant (knz )

2 = εµω2 − (knT)
2. Note that all

but a finite number of modes are evanescent modes (with imaginary knz ). The
associated scattering problem is:

[(εµω2 − k2z) + ∆T]φ(r) = φexc(r), (4.30)

where both the excitation φexc(r) and the solution φ(r) have a given propagation
constant kz. The appropriate Green’s function to solve Eq. (4.30) is [analog to
Eq. (4.22)]:

Gkz
(r, r′) =

∞
∑

n=1

φn(r)φn(r′)∗

(kT)2 − (knT)
2
=

∞
∑

n=1

φn(r)φn(r′)∗

(knz )
2 − k2z

. (4.31)

The modes are excited with φexc(r) = δ(r − r0). The solution of the inhomoge-
neous equation is:

φ(r) =

∞
∑

n=1

φn(r0)
∗φn(r)

(knz )
2 − k2z

. (4.32)
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Fig. 4.17 Evolution of the geometry of the waveguide, and distribution of multipoles

generated with the Automatic Multipole Setting procedure. The ◦’s represent the lo-
cations of the multipole expansions modeling the scattered field. The × is the position
of the excitation φexc(r).

For k2z → (knz )
2 the same kind of resonant behavior is observed as in sec-

tion 4.3. Thus, in the same way as in that section, the modal fields and propa-
gation constants can be determined. In the present context, kz plays the same
role as ω did in section 4.3. It is worth pointing out that the evanescent modes
can also be found by searching along the imaginary axis ikz.

In the application presented here, the propagation constants and modal fields
of a waveguide are computed while its walls are deformed. The chosen geometry
has no practical relevance but it allows one to grasp how a waveguide cross
section could be optimized to achieve a given purpose.

The evolution of the geometry is shown in Fig. 4.17. The angular frequency
is fixed to the value ωa/(2πc) = 0.8, where a is the width of the waveguide. The
medium inside the waveguide is vacuum. For each geometry in the sequence (90

Fig. 4.18 Effective index (kz/k0) of the modes as a function of the shape of the wave-

guide (solid lines: E polarization; dashed lines: H polarization) (k0 = ω/c). The modes

are labeled with the corresponding irreducible representations of the symmetry groups

of the waveguides. The notation employed commonly for the modes corresponding to

the square cross section is as follows: H10 ⊕H01 → E, H11 → B2, E11 → A1.
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intermediate geometries were computed) the multipole expansions have to be
relocated (Fig. 4.17), and therefore an Automatic Multipole Setting procedure is
mandatory. The variation of the propagation constants as the geometry changes
is traced with the eigenvalue estimation technique (Fig. 4.18).

The modal fields are shown in Fig. 4.19 for the initial configuration, the
square waveguide and the final configuration.

Fig. 4.19 Modal fields of the various modes. The first four rows (H-polarization) plot

the Hz(r) field and the last one (E-polarization) the Ez(r) field. The modes are labeled

with their irreducible representations. The numbers in the first column are the effective

indices corresponding to the mode plotted above.



 



5

Modeling of photonic crystal
waveguide discontinuities

5.1 Introduction

The eigenvalue computation method presented in the previous chapter allows one
to study waveguiding structures. With the help of this method, the modal fields
and propagation constants of conventional waveguides (i.e., waveguides with con-
tinuous translational invariance) can be determined and the defect bands of pho-
tonic crystal line defects can be analyzed. The analysis of waveguiding systems
is important by itself, but in this chapter we go one step further and the fol-
lowing point of view is adopted: waveguides are considered as given constructive
elements for the design of more complex devices. Indeed, many devices for the
spatial or temporal modulation of the optical field are essentially waveguide dis-
continuities. A waveguide discontinuity consists of several input and output chan-
nels which are connected by an interaction region [5]. In this chapter photonic
crystal waveguide discontinuities are analyzed, and in chapter 6 a non-periodic
discontinuity in a conventional waveguide is modeled and optimized.

The simplest photonic crystal waveguide discontinuities are bends [16, 162,
163], branches [164–166], and intersections [114]. They are prerequisites for the
development of photonic crystal optical circuits [167]. Much effort has been made
recently for the analysis of wide angle bends [114] (to allow for ultra-small cir-
cuits) with the lowest possible reflection coefficient [16]. In this context, coupled-
cavity waveguides seem to be quite promising [168]. The design of branching
structures operating as power splitters [114, 164], and of waveguide intersec-
tions without crosstalk [169, 170] is also actively researched. Further structures
(involving two different elements) are waveguides coupled to point defect mi-
crocavities [171–173], which can act as frequency discriminating systems [174].
Direct coupling of waveguides has been demonstrated for the design of directional
couplers [12] and multiplexing systems [175], and indirect coupling via resonant
cavities has been beautifully employed [176, 177] for the design of channel drop
filters. A proposal for multichannel wavelength division multiplexing [178] has
been presented as well. To conclude, two last applications are mentioned which
concern the coupling to radiative modes (to be applied for the design of emitting
antennas [117, 179] and detectors [180]) and the important issue of the in- and
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outcoupling of the modes guided by a photonic crystal line defect to a conven-
tional waveguide [181–183] (a sort of spot-size converter).

Up to now, the computation of photonic crystal waveguide discontinuities has
been performed in time domain with FDTD (see for instance Ref. [16]), and in
frequency domain with scattering matrix methods (see for instance Ref. [165]).
However, as it will be explained in section 5.2, those methods present several dis-
advantages. Here, the goal is to present a general framework for the computation
of photonic crystal waveguide discontinuities (in frequency domain) aiming at
the three following aspects: (i) to avoid spurious reflections due to the impedance
mismatching at the waveguide terminations, (ii) to characterize accurately the
discontinuity, and (iii) to reduce the size of the computational domain.

After section 5.2, where the drawbacks of the commonly used methods are
analyzed, the procedure developed here is presented and its features are explained
in section 5.3. Then, in section 5.4, two applications are shown: a photonic crystal
antenna and a T-junction presenting a filtering behavior.

5.2 Methods for the simulation of photonic crystal waveguide
discontinuities

The FDTD method has been successfully applied to the computation of var-
ious photonic crystal waveguide discontinuities. Some prominent examples are
Refs. [16, 164, 176, 182]. Here, the general advantages (such as easy modeling,
etc.) and disadvantages (large memory requirements, etc.) of FDTD will not
be discussed. Only those details specific for photonic crystal discontinuities are
commented. The method is explained for the case of a T-junction discontinuity
(Fig. 5.1) in Ref. [164]. It proceeds in the following way: (i) The input wave-
guide ➀ is excited with a pulse (typically originated from a dipole in front of
the input waveguide entrance) containing the relevant frequencies. (ii) The pulse
propagates along the input waveguide towards the T-junction. This waveguide
has to be long enough to guarantee that the transients due to the coupling in the

Fig. 5.1 T-junction in a photonic crystal. The discontinuity is fed from the left. The

pacmen represent the incident, transmitted and reflected pulses at several different time

instants (including the pulses reflected back at the crystal interfaces).
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waveguide have decayed before the pulse arrives to the discontinuity. (iii) The
incident, transmitted, and reflected pulses are recorded and Fourier-analyzed to
determine the transmission [T2(ω) and T3(ω)] and reflection [R(ω)] coefficients
as a function of frequency. Due to the finite size of the crystal, the pulses arriving
to the waveguide terminations ➀, ➁, and ➂ after interacting with the junction,
are partially reflected back towards the junction. If these reflections are not care-
fully handled, they result in a complex mixture of the various transmitted and
reflected pulses. To avoid this effect two mechanisms have been proposed. The
first one [164] consists in defining very long arms for the T-junction. In this way,
if the positions and the time windows where the pulses are recorded are properly
chosen, the interferences between the various pulses are avoided. The second one
makes use of sophisticated absorbing boundary conditions [184,185] to avoid spu-
rious reflected pulses. The first approach requires huge computational domains
(for instance Ref. [164] reports a computational domain of 140 × 180 crystal

Fig. 5.2 Effect of “tapering” on the incoupling behavior. The crystal considered here is

a triangular lattice of dielectric (εr = 8.41) circular cross section cylinders in vacuum.

The radius of the cylinders is r = 0.15a, where a is the lattice constant (the band

structure is plotted in Fig. 5.15). The waveguide is excited with a plane wave incident

from the top (E polarization) with normalized frequency ωa/(2πc) = 0.473 (which

corresponds to an effective wavelength of λeff ≈ 2.8a [see Fig. 5.16(a)]). The only

difference between (a) and (b) is the row where the crystal is terminated. Observe that

in (b) a kind of ultrashort tapering occurs, which enhances the incoupling efficiency

(the total power traveling downwards is approximately 26 times larger with taper than

without it). The plotted field is the time averaged electric field.
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Fig. 5.3 Effect of the finite size of the crystal. The crystals in (a) and (b) have the

same structure (described in Fig. 5.2). (a) Detail of Fig. 5.2(b) for the central 7 periods

of the waveguide. (b) Modal field of an infinitely long waveguide computed with the

supercell method. The pattern in (a) is due to the interference between the mode

traveling downwards and the mode traveling upwards (reflected at the waveguide exit),

whereas in (b) the field of the pure mode traveling downwards does not present such

an effect. The plotted fields are the time averaged electric fields for ωa/(2πc) = 0.473.

cells), whereas the second approach has to ensure that the perfectly matched
layers perform equally well for all incidence directions and all k wave numbers
included in the wave packet.

In the frequency domain, scattering matrix methods have also been applied
for the analysis of photonic crystal discontinuities [149,165,175]. As with FDTD,
finite size crystals are simulated. The field inside the scattering cylinders is mod-
eled with Bessel functions whereas the field outside the cylinders is represented
by multipolar functions and one additional excitation function (usually a plane
wave). In this case Fourier transformations are obviously not required, but on
the other hand –as several authors have mentioned [165,168]– it is very difficult
to determine the value of T2(ω), T3(ω), and R(ω). The reason is again the re-
flection of the guided modes at the waveguides terminations: the field in each
of the T-junction branches is a superposition of waves transmitted or reflected
at the junction itself and reflected at the waveguide termination (at the crystal
interface). As a consequence, it is not easy to characterize precisely the intrinsic
behavior of the sole discontinuity.

The influence of the details of the waveguide termination and of the finite
crystal size can be observed in the following two examples computed with MMP.
In Fig. 5.2, it can be seen that the coupling to the waveguide is extremely sensitive
to the fine details of the waveguide entrance: a very short tapering changes
enormously the incoupling factor. The interference between the mode traveling
downwards in the waveguide and the mode reflected back at the waveguide exit
can be observed in Fig. 5.3(a). In this figure the field is compared with the
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Fig. 5.4 (a) Typical photonic crystal discontinuity: three waveguides (two vacancy

defect lines and a coupled-cavity waveguide) are connected in a central cavity. The

Y-junction is fed from the left. (b) For the simulation, the crystal is cut by planes π1, π2,

and π3, and the fields arriving to those planes are matched to the modal fields [Φin(r),

Φout1(r), Φout2(r), and Φout3(r)] of the corresponding infinitely long waveguides.

pure modal field traveling downwards (i.e., without reflected mode) [Fig. 5.3(b)]
computed with the supercell approach (see subsection 4.4.2).

5.3 Impedance matching at waveguide terminations

5.3.1 General principle

From the discussion in the previous section, it is clear that the main difficulty
stems from the impedance mismatching at the waveguide terminations. It is this
mismatching what causes the undesired reflections. Therefore, the following pro-
cedure is proposed here (Fig. 5.4): The input and output waveguides are cut by
planes (π1, π2, and π3) at a certain distance from the discontinuity (this distance
is discussed later). Then, the fields coming from the junction are matched at the

Fig. 5.5 MMP domains and boundaries employed for the simulation (the dashed lines

are only a visual help, and they are not used for the modeling). D1 covers all the

interaction region background, while D2 covers the inner part of all cylinders.
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cut planes to the modal fields [Φin(r), Φout1(r), Φout2(r), and Φout3(r)] of the
corresponding infinitely long waveguides. The procedure will be explained later
in more detail, but let us anticipate that these modal fields of the input and
output defect waveguides are computed with the supercell approach as shown in
subsection 4.4.2.

The proposed idea is routinely used for many applications where discon-
tinuities in conventional waveguides are present. In the context of the MMP
method, it has been described for conventional metallic [186] (i.e., closed) and
dielectric [187, 188] (i.e., open) waveguides. However the idea of defining input
and output ports where the field is matched to the solution of the infinitely long
waveguide, has not been employed –to the author’s knowledge– for the compu-
tation of waveguides with discrete translational invariance. In comparison with
the case of conventional waveguides, the application of the former idea to pho-
tonic crystals is more difficult. This is due to the fact that they possess only
discrete translational symmetry, and to the fact that the energy waveguiding
is not simple “index waveguiding”, but the more complex “distributed Bragg
waveguiding”, which involves the scattering at a large number of elements. On
the other hand, the analysis of open dielectric waveguide discontinuities can be
more demanding, due to the coupling to the continuous set of radiative modes

Fig. 5.6 Power transmission (|T |2) and reflection (|R|2) coefficients for a straight
waveguide segment of length 5a (where a is the lattice constant, see inset). The photonic

crystal considered here is a square lattice of circular cross section dielectric (εr = 11.56)

cylinders (r = 0.18a) in vacuum. The polarization is E, and the waveguide is a vacancy

defect line. The input and output modal fields were computed in subsection 4.4.2.

Observe that the reflection coefficient is 0, and the transmission is 1 except for the low

frequencies [corresponding to small wave vector numbers k and wide modal profiles,

(see Fig. 4.14)]. The losses for small k are due to the thin waveguide walls.
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Fig. 5.7 Power transmission coefficients for a straight waveguide segment with pho-

tonic crystal walls of different thicknesses (see insets). The losses observed in Fig. 5.6

–for low frequencies– can be reduced by adding two further photonic crystal layers.

(see chapter 6). In this regard, photonic crystal waveguides are more akin to the
metallic waveguides used in microwave applications, which strictly confine the
electromagnetic field.

The main advantages of the idea presented above are the following: (i) Since
a perfect matching of the guided modes is achieved, no spurious reflections occur
at π1, π2, and π3, and it is possible to characterize the properties of the waveguide
discontinuity alone. (ii) Complex (and not necessarily reliable) absorbing bound-
ary conditions are avoided. (iii) No Fourier transformation is needed. (iv) The
computational domain is reduced to the minimum possible size.

The procedure is now explained in detail. Figure 5.5 displays the domains
and boundaries employed for the MMP simulation. D1 and D2 are the domains
modeling the “interaction” region. The background is assigned to D1 while the
cylinders are assigned to D2. The boundaries ∂D12 are the cylinders circumfer-
ences. There are three other domains (Din+out1 , Dout2 , and Dout3) corresponding
to the input and output channels. Domains D1 and Din+out1 , Dout2 , Dout3 are
separated by three fictitious boundaries (along the planes π1, π2, and π3). The
appropriate widths of the photonic crystal around the waveguides and the dis-
tances between discontinuity and in/out ports will be discussed later. The fields
in the different domains are modeled in the following way. In D1 the field is rep-
resented by a multipole expansion at the center of each cylinder plus additional
multipoles inside each of the in/out ports (along the three corresponding bound-
aries). In D2 the field is modeled with Bessel expansions (one at the center of
each cylinder; each such Bessel expansion represents the field only inside the cor-
responding cylinder). In each output port (Dout2 and Dout3) the field is modeled
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Fig. 5.8 Power transmission (|T |2) and reflection (|R|2) coefficients for a 90◦ bend
with arms of approximate length of 4a (where a is the lattice constant, see inset). The

photonic crystal considered here is the same as in Fig. 5.6. Observe that the total power

is not well conserved for low and for high frequencies. For low frequencies (corresponding

to long effective wavelengths) the bend arms are too short and the spatial transients

reach the in/out ports. For high frequencies the mode frequency is very close to the

band edge and the mode is less well confined in the defect waveguide.

with a connection (see subsection 2.2.7), which contains the mode transmitted
toward that port. Finally, in domain Din+out1 the field is modeled with two con-
nections to represent the incident and reflected modes, respectively. In the case
that some waveguides are multimoded, additional connections are employed to
represent the various modes. Each modal field serving as input [Φin(r)] or out-
put [Φout1(r), Φout2(r), and Φout3(r)] mode, is computed as it was explained in
subsection 4.4.2 and then packaged in one connection.

It is important to realize that, since in the transition from the interaction
region to the ports there is no impedance mismatch, the transmitted modes
exiting towards Dout2 and Dout3 , and the reflected mode exiting towards Din+out1

are not reflected at the fictitious boundaries separating the in/out ports from
the interaction region. This means that when the input mode has amplitude 1,
the (complex) amplitudes of each connection –representing the output modes–
are precisely the transmission [T2(ω), T3(ω)] and reflection [R(ω)] coefficients of
the discontinuity.

5.3.2 Computational details and assessment of the method

Several additional details need to be commented. In what concerns the definition
of the domains three essential points are: (i) the number of photonic crystal layers
around the defect waveguides and discontinuity center, (ii) the distances from
the in/out ports fictitious boundaries to the discontinuity center, and (iii) the
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Fig. 5.9 (a) Power transmission (|T |2) and reflection (|R|2) coefficients for a 90◦
bend (the same as in Fig. 5.8) with arms of an approximate length of 7.5a (where

a is the lattice constant, see inset). Observe that the total power is now conserved

for ωa/(2πc) > 0.325. (b) Time averaged electric field for ωa/(2πc) = 0.435. In the

horizontal branch the interference between the incoming and reflected modes can be

observed, whereas in the vertical branch only a pure transmitted mode propagates.

lengths of these fictitious boundaries.
The number of layers around the waveguide mentioned in (i) has to guarantee

a negligible leakage of the guided modes in its propagation through the discon-
tinuity. On the other hand this number should be kept as small as possible to
reduce the computational effort. In Fig. 5.5 the thickness of the photonic crystal
surrounding the waveguide is equal to the length of the fictitious boundaries, but
sometimes thicker photonic crystal walls are required (for instance, when high
quality factor resonant cavities at the discontinuity have to be modeled). As a
first assessment of the method, Fig. 5.6 displays the power transmission (|T |2)
and reflection (|R|2) coefficients for a waveguide without discontinuity. The re-
flection is 0, and the transmission is 1 except for low frequencies corresponding
to small wave numbers k (see Fig. 4.12). This loss of power can be diminished
by adding more photonic crystal layers, as it is shown in Fig. 5.7: the addition
of two more rows in the model reduces the leakage for low frequencies1.

The distances between the ports and the discontinuity center mentioned in
(ii) should be as short as possible to reduce the numerical effort. However, they
should be long enough to guarantee that the fields arriving at the fictitious
boundaries are pure guided modes and the evanescent terms have already faded
away. It is worth noting that these distances depend on the effective wavelength of
the guided mode and, therefore, they have to be longer for small k wave number.
This is shown in Figs. 5.8 and 5.9(a), which display the power transmission and

1Incidentally, such a computation can be used to estimate the loss per unit length of a
waveguide with walls of a given number of photonic crystal layers.
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reflection coefficients due to a 90◦ bend in a vacancy line defect. In Fig. 5.8
the power is not conserved –for low frequencies– because the lengths of the
bend arms are too short for the corresponding effective wavelengths and the
evanescent transients reach the in/out ports. Note that the conservation of energy
deteriorates for ωa/(2πc) < 0.370, which corresponds to (see Fig. 4.12) kx ≈
0.5π/a, i.e., an effective wavelength of λeff = 2π/kx ≈ 4a. This is approximately
the length of the bend arms employed in the simulation (see Fig. 5.8, inset).
Increasing the length of the arms, the frequency range for which the model works
properly is extended to lower frequencies [Fig. 5.9(a)]. As a rule, the length of the
waveguide arms should be at least one effective wavelength of the guided mode
for the operating frequency. The same structure was computed with FDTD [16]
using a simulation domain 50 times larger than the domain employed in Fig. 5.92.
The small inaccuracy observed in Fig. 5.8 in the energy conservation –for high
frequencies– is due to the fact that those frequencies are very close to the band
gap edge and the leakage is higher. This can be avoided by addition of one layer
of photonic crystal [see Fig. 5.9(a)]. The inaccuracy in the power conservation
becomes then smaller than 0.2% of the input power. The field in the bend is
plotted in Fig. 5.9(b).

Finally, the lengths of the ports fictitious boundaries mentioned in (iii) should
guarantee that the guided mode amplitude is negligible at both ends of the ficti-
tious boundary. Usually this length is the same as that of the supercell employed
to determine the modal guided fields. Note again (see for instance Fig. 4.14) that
the modes penetrate deeper in the photonic crystal for small k, which means that
larger supercells are required, and correspondingly longer fictitious boundaries.

Regarding the expansions modeling the fields, one should pay attention to
the following points. (i ′) In this chapter only circular cross section cylinders have
been considered. For this case, one Bessel expansion plus one multipole expansion
both located at each cylinder center are probably optimal. For other geometries
more expansions may be needed. (ii ′) The multipole expansions located inside
the in/out ports and radiating towards D1, are positioned equidistant from each
other and from the corresponding fictitious boundaries. (iii ′) The maximum
order of the expansion mentioned in the two previous points depends on the
desired accuracy. As it could be expected, those expansions close to the defect
waveguides and to the central cavity are more important and should usually have
a higher order.

5.4 Applications

5.4.1 Coupling to radiative modes

The discontinuities considered in subsection 5.3.2 were closed, i.e., the whole
structure is surrounded by photonic crystal layers (infinitely thick in the ideal

2It is worth comparing the results shown in Fig. 5.9 with those obtained with FDTD
(Ref. [16], Fig. 2). The method presented here uses a simulation domain of 15 × 15 lattice
constants, whereas with FDTD the domain size was 100 × 120 lattice constants. Here, the
results deteriorate for ωa/(2πc) < 0.325, whereas with FDTD spurious oscillations occur for
ωa/(2πc) < 0.360. Despite the large simulation domain employed there, transmission coeffi-
cients up to 1.20 for low wave numbers were displayed in Ref. [16], Fig. 2.
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Fig. 5.10 MMP domains and boundaries employed for the simulation of the transition

from waveguide to free space (the dashed lines are only a visual help, and they are

not used for the modeling). D1 covers the whole background (inside and outside the
photonic crystal), while D2 covers the inner part of all cylinders.

case) and therefore no energy should leak out of the system. Nevertheless, the
generalization to open systems is not conceptually difficult, although it is more
demanding from the modeling point of view. In this subsection the coupling
from the waveguide to free space and the effects of the termination of photonic
crystal waveguides at the crystal interface are considered. It has been already
mentioned (Fig. 5.2) that the fine details of the waveguide termination have a
crucial importance in the coupling of the guided modes to the radiation modes.
However, with conventional scattering matrix computations this effect could not
be quantified, because the mode arriving at the interface (from the source) and
the mode reflected at the interface back towards the source are mixed.

Fig. 5.11 Reflected (|R|2), radiated, and total power for a transition between a de-
fect waveguide and free space. The photonic crystal considered here is the same as in

Fig. 5.6. The length of the waveguide before the discontinuity is approximately 7.5a.

That means that the model should deteriorate for ωa/(2πc) < 0.325 (see Fig. 4.12), as

it is indeed observed in the figure.
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Fig. 5.12 Reflected (|R|2), radiated, and total power for a transition between a de-
fect waveguide and free space. The photonic crystal considered here is the same as in

Fig. 5.6. The tapering decreases significantly the reflection coefficient. Due to the short

length of the waveguide tract, the simulation results are not correct for low frequencies

(as it was discussed in subsection 5.3.2).

The method described in section 5.3 can be applied to this kind of disconti-
nuities between waveguide and free space. Here, only one port for guided modes
(Din+out1) is needed (Fig. 5.10), whereas the radiation couples out in domain D1.
Except under especial conditions (see the end of this subsection) the elements
described in section 5.3 are enough for the modeling of this type of discontinuity.

Fig. 5.13 Electric field amplitude radiated by the tapered waveguide. The normalized

frequency is ωa/(2πc) = 0.395.
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Fig. 5.14 MMP domains and boundaries required for the simulation of the transition

from waveguide to free space when surface modes can be excited (the dashed lines are

only a visual help, and they are not used for the modeling). Dout2 and Dout3 are output
ports for the surface modes.

The number of photonic crystal layers around the waveguide has to be enough
to ensure a good modal confinement, and additionally it has to be such that the
outgoing field does not “feel” the finite lateral size of the crystal. It is maybe
useful to mention that the field in domain D1 is expanded exactly in the same
way as in section 5.3: one multipole expansion inside each cylinder plus a set of
multipole expansions inside Din+out1 .

Figures 5.11 and 5.12 show the reflected (|R|2), radiated, and total power
(reflected plus radiated) for two different waveguide terminations (see insets).
Observe the good energy conservation except for low frequencies (this effect has
already been discussed in subsection 5.3.2): to obtain correct results for low
frequencies, a longer piece of waveguide has to be simulated. It is also important
noticing that the reflection coefficient has been significantly decreased in most of
the frequency range by introduction of a short tapering (Fig. 5.12). The electric
field in the structure is plotted in Fig. 5.13

One last comment concerns the required thickness of the photonic crystal
waveguide walls. It is known that surface modes may be supported at the inter-
face between the photonic crystal and the free space [118, 189, 190]: depending
on the termination of the mentioned interface, these modes may exist for certain
frequency ranges. If this is the case, the outgoing waveguide mode may excite
surface modes when it arrives at the waveguide termination. When these sur-
face modes arrive to the right upper and lower corners of the model crystal (see
Fig. 5.11, inset) they will be partially reflected back towards the waveguide en-
trance and partially radiated, giving rise to spurious effects. In other words, the
outgoing field will feel the finite lateral size of the crystal independently of the
thickness of the waveguide walls. It has been reported [117] that the excitation
of surface modes can significantly change the pattern of the radiation emitted
by the waveguide. The existence of surface modes may be taken into account by
introduction of two additional ports for these modes, as it is depicted in Fig. 5.14
(although this was not necessary in the applications considered above).
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Fig. 5.15 Band structure of a triangular lattice of dielectric (εr = 8.41) circular cross

section cylinders in vacuum. The radius of the cylinders is r = 0.15a, where a is the

lattice constant (E polarization). The insets show the first Brillouin zone (left) and the

primitive cell (right).

5.4.2 Filtering T-junction

In this subsection a complex T-junction discontinuity is analyzed. The underlying
photonic crystal used here is a triangular lattice of dielectric cylinders in air3,
and it has the band structure shown in Fig. 5.15. The diagram shows a wide
band gap between the first and second bands.

Many different line defects can be defined in this crystal. Some of them (with
the corresponding dispersion relations) are displayed in Fig. 5.16. Usually, line
defects preserving the symmetry of the crystal [such as (a) and (b) in Fig. 5.16]
are preferred [116], and most studies in the literature focus on this type of wave-
guides. The reason is that, since the underlying global lattice is not disrupted,
the design of complex photonic circuits is –in principle– easier. However, other
kind of waveguides which disrupt the underlying lattice have been studied [153],
e.g., stacking faults. Two examples of such defects are shown in Fig. 5.16 [(c)
and (d)]. The modes labeled (a) and (c) present a very similar behavior except
close to the Brillouin zone edge: the (c) mode is degenerated whereas (a) is not
(this effect was also found in Ref. [153]). Here, it will be shown that stacking
faults can be used to design devices with interesting functionalities.

The discontinuity considered in this subsection is shown in Fig. 5.17. The
figure caption describes in detail how the T-junction is constructed: two wave-
guides are created by sliding a piece of the photonic crystal, whereas the third
one is built by removing a row of cylinders. As a by-product of this construction,

3It is known that the inverse structure (air cylinders in a dielectric background) may support
a complete band gap for both polarizations. Here only the E polarization is considered, and
therefore the employed crystal is appropriate.
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Fig. 5.16 Dispersion relation for several defect waveguides in the crystal described in

Fig. 5.15 (note that the horizontal axis is normalized using the width w of the supercell,

which is not the same for all waveguides). (a) and (b) are vacancy line defects obtained

by removing one column and one row of cylinders, respectively [in fact, (b) behaves like

a coupled-cavity waveguide]. (c) and (d) are obtained by sliding two parts of the crystal

with respect to each other a distance a
√
3/2. In (c) a channel waveguide with dispersion

similar to (a) is obtained whereas in (d) a coupled-cavity waveguide (2-moded in the

whole k range, see also Fig. 5.18) results.

a double cavity appears at the T-junction center. From the figure, it is intuitive
that the right and left waveguides will behave as coupled-cavity waveguides.
This kind of waveguides presents flattened bands, and therefore its bandwidth is
small. The bandwidth depends on the coupling between the cavities, becoming
smaller for weak coupling [159, 168]. Since the cavities constituting the right
waveguide (b) are larger than those of the left waveguide (d), the defect band of
the right one will have lower frequencies than that of the left one. In addition,
the vertical channel (c) will support modes for a larger range of frequencies. If
the frequency range of (c) overlaps with those of (b) and (d), the structure could
be used to implement a T-junction, which additionally filters one low frequency
towards the right and one high frequency towards the left. In fact, in Fig. 5.16,
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Fig. 5.17 T-junction with filtering behavior. The structure is based on the perfect

crystal described in Fig. 5.15. Two waveguides [of types (c) and (d), see Fig. 5.16] are

obtained by sliding the upper left block of the crystal a distance a
√
3/2. The third

waveguide [of type (b)] is a coupled-cavity waveguide obtained by removing a row of

adjacent cylinders. At the intersection a cavity is formed, which consists of two smaller

subcavities (of similar sizes as those at the left and right of the junction).

precisely this kind of desired overlapping band behavior is observed4. From the
analysis of the dispersion curves in Fig. 5.16 it is clear that for the frequency
ωa/(2πc) ≈ 0.437 [resp. ωa/(2πc) ≈ 0.478] transmission from the top to the right
(resp. left) waveguide should be possible. In the intermediate frequency range
[for ωa/(2πc) ≈ 0.470] none of the horizontal waveguides supports a mode and
therefore total reflection is expected.

Fig. 5.18 Coupled-cavity modes of the waveguide shown in Fig. 5.16(d). The dashed

lines show the cavities involved for each mode. At the bottom the time averaged electric

field is plotted for each mode. (a) is the high frequency mode [for ωa/(2πc) = 0.478]

and (b) the low frequency one [for ωa/(2πc) = 0.406]. In (b) the system behaves like

a chain of cavities loaded with a dielectric. Observe that the overlap of the field in

contiguous cavities is smaller in (b) than in (a). This implies a weaker coupling and

therefore a smaller bandwidth (as it is indeed observed in Fig. 5.16).

4Surprisingly, it turned out that waveguide (d) supports two modes. The inspection of the
modal fields demonstrate that they correspond to two different cavity modes (Fig. 5.18).
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Fig. 5.19 Filtering behavior of the T-junction structure shown in Fig. 5.17. The plot-

ted field is the time averaged electric field.
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For the simulation of this device, the ideas explained in section 5.3 were
followed. There are only a few new ingredients to consider: (i) Each of the wave-
guides joining at the T-junction central cavity supports a different mode and,
therefore, the corresponding different fields have to be matched at each in/out
port. (ii) Since the slope of the dispersion relation is negative for the coupled-
cavity modes, the group velocity is negative. The sign of the wave number k
has to be chosen appropriately in order to obtain the correct direction for the
energy propagation. (iii) The vertical waveguide supports a guided mode for all
considered frequencies, but this is not the case for the horizontal waveguides.
This means that for certain frequencies, no propagating mode is available to
match the field at the right or at the left port. For those frequencies which do
not support a mode either to the right or to the left, the corresponding branch
of the T-junction is left “open”, i.e., no output port is attached at the end of the
waveguide (taking care that the arm is long enough so that no power leaks out).

As the previous considerations predicted, Fig. 5.19 shows the filtering behav-
ior of the T-junction. The power transmitted to the corresponding branches for
the considered frequencies is 35% (towards the left, for the high frequency) and
87% (towards the right for the low one). To achieve a higher transmission for
both frequencies, the central cavity has to be redesigned, in such a way that it
possesses two modes, and the coupling coefficients of those modes with the adja-
cent waveguides are appropriate [164, 177, 191–193]. The idea is to find a cavity
with the following properties: (i) The right (resp. left) subcavity has the same
resonant frequency as the right (resp. left) waveguide. (ii) The coupling factor
of the right (resp. left) subcavity to the left (resp. right) waveguide is negligible.
(iii) The decay rates of the mode sustained by the right (resp. left) subcavity
to the upper and to the right (resp. left) waveguides are the same. Points (i)
and (ii) enforce the filtering behavior, whereas (iii) minimizes the reflections
back towards the input waveguide (for the chosen resonant frequencies). The
optimization of the cavity in order to satisfy the previous requirements will not
be presented here. Nevertheless, to make it plausible, the following example is

Fig. 5.20 Improved T-junction with filtering behavior. The structure is the same as

described in Fig. 5.17 with addition of one further rod at the junction. The radius of

this rod is r′ = r/2 (where r is the radius of the other rods), and it is positioned at

a distance 3a/4 from the rod immediately below. By choosing the position and radius

of this rod, the modes of the central cavity can be appropriately manipulated. The

domain employed for the simulations has a size of 10 lattice constants in the vertical

direction. In the horizontal direction the domain contains the central∞−shaped cavity
plus 4 cavities at each side of it.
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Fig. 5.21 Filtering behavior of the T-junction structure with the additional rod in

the central cavity (Fig. 5.20). The plotted field is the time averaged electric field.

The absence of standing waves in the input waveguide indicates very small reflection

coefficients.

considered. In the central cavity one additional rod is included (Fig. 5.20). Ad-
justing the radius r′ and position of this column by trial and error, the power
transmitted towards the left is 98.8% for the high frequency, and 93.3% towards
the right for the low frequency (the inaccuracy in the energy conservation was
smaller than 1%). The time averaged electric field corresponding to this con-
figuration is plotted in Fig. 5.21. Observe that the standing waves in the input
waveguide have almost disappeared (especially for the high frequency), which
means that the reflection coefficients are very small.

To conclude, let us add a last comment about stacking faults. There exists the
common belief that waveguides based on this defect type make more difficult the
design of photonic crystal circuits. To create a stacking fault, two crystal pieces
are slid with respect to each other. Thus, a waveguide crossing the whole crystal
appears, which is not very convenient to design a circuit. However, one further



78 Modeling of photonic crystal waveguide discontinuities

sliding of another crystal piece can compensate the previous sliding, creating
in this way a finite length defect. Besides the example shown above, Fig. 5.22
shows another structure where only stacking faults and vacancy line defects were
employed. This configuration could be used to implement a coupler.

Fig. 5.22 Example of the use of stacking fault waveguides to implement a coupler.



6

Modeling and optimization of
non-periodic gratings

6.1 Introduction

In chapter 5, several types of discontinuities in various photonic crystal wave-
guides were analyzed. Here, a complex discontinuity –a non-periodic grating in
a dielectric slab waveguide– is modeled and optimized. Conventional devices are
usually based on elements with a continuous or discrete translational invari-
ance. Only recently, non-periodic structures with feature sizes in the order of a
wavelength have been employed in the design of optical devices. This is not due
to an intrinsic superiority of the conventional elements, but rather to techno-
logical and computational difficulties in the design of the non-periodic ones. In
fact, non-periodic light coupling structures which are more efficient [194], com-
pact [195], or multifunctional [196] have been demonstrated. However, developing
non-periodic devices poses the additional problem of lacking a guiding heuristic
to help in the design optimization. In this framework two important issues have
to be faced. First, fast computational methods enabling the calculation of a large
number of non-periodic configurations in a reasonable time are needed. Second,
optimization algorithms that search efficiently the space of configurations have
to be employed. For these reasons, it is important to investigate simultaneously
computational and optimization techniques.

In this chapter the focus is on the design of non-periodic grating output
couplers in dielectric slabs. Several techniques have been proposed for the com-
putation of finite and/or non-periodic gratings, such as for example FDTD [197],
the Green’s tensor method [198], the pseudospectral method [199], the method
of lines [200], the boundary integral method [201], the boundary variation meth-
od [202], the mode matching method [203], and the field stitching method [204].
Here, a new approximate method based on the MMP technique is developed,
where the main goal is to achieve a fast computation of the diffracted far field.
As it will be explained later, the approximation is accurate when consecutive
grating lines are not extremely close to each other. Although the method can-
not be applied to every conceivable grating structure, it is very well suited for
the optimization of certain structures where thousands of computations must
be performed, which would require prohibitively long calculation times with the
mentioned rigorous techniques. The idea of the method is partially related to
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the stitching technique. It consists of three steps: (i) the non-periodic grating is
separated in its individual grating grooves, and the near field scattering problem
of every single groove is computed with MMP, (ii) a near-to-far field transfor-
mation is performed, and (iii) the scattered far fields are assembled together to
compute the total scattered far field diffracted by the non-periodic grating.

The developed method has been especially conceived for optimization pur-
poses, which, in the context of non-periodic structures, become very difficult.
These difficulties arise due to the huge size of the space of possible configurations
and to the existence of multiple local optima where conventional optimization
algorithms may be trapped. Therefore, evolutionary optimization algorithms are
considered most appropriate for these complex searches [205–209]. Evolutionary
algorithms can efficiently search large regions of the configuration space and thus
the lack of a guiding heuristic for the device optimization becomes less critical.
For this motive the computational method has been designed in such a way that
it can be advantageously combined with an evolutionary strategy.

Joining the fast computational technique based on the MMP method together
with an evolutionary search algorithm, a non-periodic grating output coupler has
been optimized that suppresses an unwanted second diffracted order.

The approximate method for the fast computation of the far fields diffracted
by non-periodic gratings is presented in section 6.2. Then, in section 6.3 the
method is combined with an evolutionary algorithm in order to optimize a grating
coupler.

6.2 Modeling of non-periodic gratings

As mentioned above, three steps are required for the computation of the far fields
diffracted by a non-periodic grating. They are described in subsections 6.2.1,
6.2.2, and 6.2.3, respectively.

6.2.1 Near field scattered by one single waveguide perturbation

The problem considered in this subsection is depicted in Fig. 6.1: an incident
mode guided by a dielectric slab is scattered by a perturbation. The slab wave-
guide is asymmetric. It consists of substrate, guiding film, and cladding with
refractive indices given by ns, nf , and nc, respectively. Only slab perturbations
which are translationally invariant along the Z axis (orthogonal to the figure
plane) are considered. In the XY cross section the perturbation can be repre-
sented as a protrusion, a notch or the inclusion of a domain with a different
refractive index np. To situate the presented problem in the context of the whole
optimization, it can be said that this subsection is devoted to the scattering by
only one groove of the overall non-periodic grating.

For the computation of the diffraction by the whole grating (see subsec-
tion 6.2.3) the following data of the single-groove problem have to be determined:
transmission T and reflection R coefficients for the amplitude of the mode guided
by the slab, and scattered near field Snear(r, θ) toward substrate and cladding1.

1The angle θ is measured counterclockwise from the right side of a horizontal axis; for
0 < θ < π this reference axis is the film-cladding interface whereas for π < θ < 2π it is the
film-substrate interface (see Fig. 6.1).
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Fig. 6.1 Diagram of a slab waveguide with a perturbation. The incident mode (in)

comes from the left. T , R and Snear(r, θ) represent transmission, reflection, and scat-

tering, respectively. The refractive indices ns, nf , nc, and np are also shown.

Snear(r, θ) denotes generically the fields needed for the computation of the scat-
tered near field [for instance, in H polarization Hz(r) suffices to compute the
radiation pattern]. For simplicity, only the case of a single-moded waveguide is
treated here, but the extension to the multimode case would simply require the
consideration of all possible scattering channels to the various guided modes.

For the later steps in the optimization scheme it is relatively unimportant
which numerical technique is used for the computation of T , R and Snear(r, θ).
The MMP method was employed because it allows a very accurate determination
of the fields and it gives an estimation of the numerical errors. As it will be
explained in subsection 6.2.2, the very nature of the MMP method also permits
a direct near-to-far field transformation, which is another reason to rely on the
MMP technique.

The definition of the MMP boundaries for conventional waveguide disconti-
nuities has been already discussed in Refs. [186–188]. Here a slightly different
definition is used motivated by the following two considerations: (i) In order to
allow an easy extraction of T and R, the fields at the output (right) and in-
put (left) –far from the perturbation, i.e. several wavelengths away– are written
as a superposition of the guided modes plus some basis functions representing
the fields scattered towards substrate and cladding. Therefore the left and right
sides of the system have to be separated by fictitious boundaries (see subsec-
tion 2.2.7). (ii) To simplify the imposition of the correct asymptotic behavior
for Snear(r, θ), the scattered field (far from the perturbation) is represented by
a multipole expansion radiating from the perturbation. On the other hand, close
to the perturbation (in the “interaction” region), the fields are expanded as a
superposition of many multipole expansions to account for the complexity of
the field (and eventually –when the perturbation is weak– a transmitted guided
mode). For this reason, fictitious boundaries separating the interaction region
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Fig. 6.2 Diagram of the domains and boundaries employed for the solution of the

near field scattering problem. The fictitious boundaries are the dashed lines. D1, D2,
D3 (resp. D4, D5, D6) constitute the input (resp. output) “section” whereas D7, D8,
D9, D10 constitute the “interaction” region.

and the far field are needed. The fictitious boundaries ∂Dij are thus chosen in
such a way that they define input and output “sections” and one interaction
region (Fig. 6.2).

In the input section, the field is expanded as incoming and reflected modes2

(each of them given by a connection, see subsection 2.2.7) plus two multipoles
(located at the film interfaces, at x = 0) radiating towards the input section
cladding D1 and input section substrate D3, respectively. In the output section,
the field is expanded as a transmitted mode (again a connection) plus two mul-
tipoles (located in the same way as above) radiating towards the output section
cladding D4 and output section substrate D6, respectively. To avoid any radi-
ation toward θ = 0, π in the input and output sections, the order and angular
dependence of the multipoles radiating towards domains D1, D3, D4, and D6
are chosen appropriately. Near the perturbation, the multipoles that represent
the field in the interaction region are positioned with the Automatic Multipole
Setting technique described in chapter 3. Figure 6.3 depicts an example of such
an automatically generated multipole distribution near a perturbation.

To illustrate the procedure explained above, the following example with a very
weak perturbation (see Fig. 6.3) is given. The refractive indices of the structure
are ns = 1.57, nf = 2.35, and nc = 1.33. The film thickness is t = 150 nm
and the perturbation consists of a rectangular notch inside the film at the film-
cladding interface (depth dc = 10 nm and width wc = 60 nm) and a rectangular
protrusion outside the film at the film-substrate interface (depth ds = 10 nm and

2For a slab waveguide the expression for the guided modes is known analytically, and for
other kinds of input and output waveguides it can be computed as in section 4.5.
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Fig. 6.3 Distribution of multipole expansions around a waveguide perturbation, gen-

erated with the Automatic Multipole Setting technique described in chapter 3. The

∆’s, ∇’s, and ◦’s represent the positions of multipoles expanding the fields in cladding,
substrate, and film, respectively.

width ws = 60 nm)3. The notch and protrusion centers are vertically aligned.
The slab supports one guided mode with effective refractive index neff = 1.7235
(H polarization) at the operating wavelength (in vacuum) λ0 = 785 nm. The
simulation shows the following redistribution of power due to the scattering
process (all values are normalized to the incident power): transmitted |T |2 =
0.999602, reflected |R|2 = 0.000082 and radiated 0.000310. The inaccuracy in
the power conservation is 0.000006 (i.e., 1.9% of the radiated power). It is worth
mentioning that the accurate computation of the fields radiated by such a weak
perturbation still represents a challenge for many computational methods.

Figure 6.4 shows the time-averaged Poynting vector field. From this field
distribution it is clear that most of the radiated power propagates backwards. The
ripples parallel to the film interfaces are due to the interference between guided
modes and the field scattered in directions close to the grazing angles. Observe
the different ripples periods on the right side (co-propagation of guided mode and
radiation) and the left side (counter-propagation of guided mode and radiation).
This effect has been observed with other computational methods [210].

The numerical details are summarized as follows: 458 multipole expansions
are employed to simulate the fields in the interaction region (most of them have 4-
th order and a few have 7-th order); the four multipoles representing the radiation
in the input and output sections are of 12-th order; the total number of unknowns
is 4859. The radii of the circular fictitious boundaries (∂D17, ∂D39, etc.) are 4 µm

3The corners of notch and protrusion are rounded with a radius rc = 5 nm.
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Fig. 6.4 Time-averaged Poynting vector field for a slab waveguide with the perturba-

tion shown in the inset (see also Fig. 6.3).

and the lengths of the boundaries ∂D14, ∂D36, ∂D12, ∂D23, ∂D45 and ∂D56 are
4 µm as well. The maximum relative error along the boundaries is 1.4% (in fact
the average relative error is 0.02% and the previous value of 1.4% is reached
only where the field is negligible). The computation time is about 5 hours (all
computations in this chapter were performed on a computer with a Pentium III,
665 MHz processor).

6.2.2 Near-to-far field transformation

For the design of a grating coupler intended for free space coupling, an efficient
way to compute the scattered radiated far field is needed. The solution presented
in subsection 6.2.1 is very accurate in the near field but it shows some divergen-
cies in the far field. The reason is that, when separating the input section, output
section and interaction region, fictitious boundaries were introduced [for instance
boundary ∂D17 or boundary ∂D14 (Fig. 6.5)]. Boundary ∂D17 poses no problems
but boundary ∂D14 should be infinitely long and has to be truncated at a certain
distance from the perturbation. When the computed solution is examined along
the Y axis in the far field (for values of |y| larger than about 20 wavelengths),
a distinct field mismatch is observed which renders the solution useless for the
far field computation. To avoid this effect a near-to-far field transformation is
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Fig. 6.5 Domains and boundaries employed for the solution of the near field scattering

problem. Note that some boundaries should be infinite and are truncated, e.g., ∂D14.

introduced.
The near-to-far field transformation can be very easily computed in the frame-

work of the MMP method. The reason is that scattered far fields are often rep-
resented as a sum of multipolar functions, which are the natural basis functions
within the MMP method. The MMP near-to-far field transformation has been
already described for other configurations [187]. In the case of a slab waveguide

Fig. 6.6 Domains and boundaries employed for the near-to-far field transformation.

The superscripts ‘c’ and ‘s’ denote cladding and substrate, respectively. The domains

relevant for the transformation of the cladding fields are shaded. The × is the location
of the multipole expansion representing the field in Dc

far.
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with a perturbation, the film divides the space in two half-spaces and it is there-
fore advantageous to use one multipole expansion to represent the scattered field
towards the cladding and another multipole expansion for the scattered field in
the substrate.

The transformation works as follows (it is explained for the radiation towards
the cladding and the same procedure is valid for the substrate): (i) The near field
scattering problem is solved as in subsection 6.2.1. Note that the pure scattered
radiated field (i.e., without incident, transmitted and reflected guided modes) can
be unambiguously computed in the input (D1) and output (D4) cladding regions
but not in the interaction (D7) cladding region. The reason is that only in D1

and D4 is the field a superposition of guided modes (with unambiguously defined
amplitudes) plus radiation. (ii) A new MMP problem is defined (see Fig. 6.6).
It consists of two domains Dc

near and Dc
far separated by a fictitious boundary

∂Dc
near→far. In D

c
near the field is represented by a connection which contains the

near field scattered radiation computed in (i). If one takes into account the
comment in (i), it is clear that ∂Dc

near→far has to be outside D7. In domain
Dc
far the field is represented by one single multipole expansion. This expansion

is located near the center of the perturbation (at the film-cladding interface).
The number of orders of this multipole depends on the desired accuracy, but
only those orders and angular dependences that do not radiate towards θ = 0, π
are chosen. The coefficients of this expansion are yet to be determined and they

are found by solving a standard MMP problem where the excitation Φ
Dc

near
exc (r)

is the connection containing the near field radiation. The multipole expansion
represents the far radiated field diffracted towards the cladding. The amplitude
of this computed scattered radiated far field is denoted by S far(θ) (the r variable

0

30

60

90

120

150

180

210

240

270

300

330

w
d

t

Fig. 6.7 Comparison of the radiation pattern computed directly with the MMP

method (solid line) and with the equivalent multipoles determined with the near-to-far

field transformation (circles). The waveguide perturbation is shown in the inset (see

also Fig. 6.3).
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is dropped because the radial dependence is trivial in the far field). For instance,
in H polarization Sfar(θ) = H far

z (θ).
To illustrate the near-to-far field transformation, the scattered Poynting vec-

tor field has been computed in two different ways: (i) directly with the standard
MMPmethod, and (ii) with the two “equivalent” multipoles found with the stan-
dard MMP method plus additional near-to-far field transformation. Figure 6.7
shows the radial component of the field plotted along ∂Dc

near→far and ∂D
s
near→far.

As it can be seen, the correspondence between both is very good. The waveguide
perturbation considered here is the same as described in subsection 6.2.1.

The numerical details for the cladding near-to-far field transformation are
summarized here (similar data for the substrate): 1 multipole (order 25) is em-
ployed to simulate the far field. The radius of ∂Dc

near→far is 6 µm. The maximum
relative error along ∂Dc

near→far is 4.8% (in fact the average relative error is 0.5%
and the previous value 4.8% is only reached where the field is negligible). The
computation time is about 9 seconds. Note that once the equivalent multipoles
have been determined, computing the radiated far field requires a negligible time.

6.2.3 Far field scattered by a non-periodic grating

One of the elements needed for the successful optimization of grating structures
is a fast and reliable algorithm to evaluate the quality of every potential solution.
Determining the fitness of a grating requires a technique for the computation of
the diffracted fields (i.e., a forward solver). For a non-periodic structure, the
impossibility of defining a primitive unit cell with Bloch boundary conditions
makes the rigorous computation of the scattered fields extremely time and mem-
ory consuming. In particular, the standard MMP method would require long

Fig. 6.8 (a) Non-periodic grating, (b) Multiple scattering of the incident mode by

the non-periodic grating. A possible path –followed by a mode– linking the input and

the radiation output channel is shown. ➀, ➁, ➂ represent the equivalent multipoles

corresponding to the grooves shown in (a). The remaining symbols are explained in the

text.
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times for the accurate calculation of the fields diffracted by non-periodic grat-
ings with more than three or four grating grooves. This is a critical issue because
the space of different non-periodic grating configurations is huge. For this motive
a method has been elaborated that enables a fast approximate computation of
the far field diffracted by non-periodic gratings. The procedure is described in
the next paragraphs.

The non-periodic grating can be contemplated as a concatenation of (pos-
sibly) different grooves [Fig. 6.8(a)]. For every different groove type τm in the
structure a new scattering problem is defined: the scattering of a guided mode by
the groove τm. For this single-groove diffraction problem the transmission Tm,
reflection Rm and scattered near field Snearm (r, θ) can be rigorously determined
as already shown in subsection 6.2.1. Then, a near-to-far field transformation is
performed for every different groove (as it was demonstrated in subsection 6.2.2).
In this way, the two equivalent multipoles radiating the same far field S farm (θ) as
the corresponding grating groove τm are found. The computation of the equiv-
alent multipoles for every groove type is time consuming (due to the near field
computation), but usually fabrication constraints limit the number of potential
groove profiles within a structure. In such a case only a few single-groove scat-
tering problems have to be solved. Moreover, this computation has to be done
only once for each different type of groove: once the equivalent multipoles are
found they are stored in a “library of equivalent sources” which can be used
to construct the far field radiated by a grating composed of the corresponding
grooves.

The diffraction by the whole non-periodic structure is represented by a mul-
tiple scattering process as follows [Fig. 6.8(b)]. The input mode hits the first
perturbation and it is partially transmitted (T1), reflected (R1) and scattered
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Fig. 6.9 Comparison of the radiation pattern computed directly with the MMP

method (solid line) and with the multiple scattering procedure (circles) (computed

along two half-circumferences of radii 6 µm). The perturbation in the waveguide is

shown in the inset.
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Fig. 6.10 Modulus of the electric field computed with the Green’s tensor technique

(solid line), the standard MMP method (circles) and with the multiple scattering pro-

cedure (dots). The field is computed along a half-circumference of radius 6 µm. The

perturbation in the waveguide is the same as shown in the inset of Fig. 6.9. Note that

with both rigorous methods the plotted field is the total electric field (i.e., including

the guided mode whose evanescent tails are present for θ = 0◦, 180◦) whereas with

the multiple scattering procedure the guided mode is not included. The phase of the

incident guided mode is −115◦.

[Sfar1 (θ)]. The subsequent transmitted mode (T1) accumulates a phase in the
travel between the first and second perturbation and becomes T1D1 [D1 rep-
resents the phase factor accumulated between the first and second corrugation,
D1 = exp (i2πδ1/λeff), where δ1 stands for the distance between the first and
second corrugations and λeff is the effective wavelength of the guided mode].
At the second perturbation, the mode T1D1 is transmitted (T1D1T2), reflected
(T1D1R2) and scattered [T1D1S

far
2 (θ)] again. This process is iteratively cascaded.

For example the reflected mode T1D1R2 is propagated backwards and it scatters
at the first perturbation producing the contributions T1D1R2D1T1 (guided back-
wards), T1D1R2D1R1 (guided forward) and T1D1R2D1S

far
1 (θ) (radiated back-

wards). The amplitude Tgrating of the transmitted mode at the right side of the
grating is calculated as an infinite sum of terms. Each term consists of a product
of factors Tj , Rk, Dl, and represents a possible path –followed by the mode–
connecting the input and the output at the right side (each term contains an
even number of reflection factors Rk). A similar consideration can be used to
compute the amplitude Rgrating of the reflected mode at the left side of the grat-
ing, but this time using paths starting at the input and returning back to it (this
is the second output channel). In this case each term contains an odd number of
reflection factors Rk. The scattered far field is computed in a similar way: it is a
sum of terms containing several factors Tj , Rk, Dl, and one factor Sfarm (θ). Every
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such a term represents a path linking the input and a third output channel: the
radiation field.

The described back and forth scattering process should include an infinite
number of contributions. However, when the reflection coefficients are small
enough the series converges rapidly. In this case only those contributions with a
number of reflection factors Rm less than a given value must be considered. It
is also important noticing that the approximation is valid if consecutive grooves
are far enough from each other, since otherwise the following two important ef-
fects would arise. First, the field hitting a groove (coming from the previous one)
would not be a pure propagating guided mode, but it would include a complex
contribution of evanescent modes that are not easy to evaluate within the pro-
posed scheme. Second, the field radiated by one groove could couple with the
next groove being re-radiated or coupled back into the waveguide.

As illustration of the procedure and to verify its accuracy, the scattering
by a grating composed by two equal grooves is presented. The grooves in the
slab are those described in subsection 6.2.1 and the distance δ1 from center to
center of the grooves is δ1 = 600 nm. All other parameters remain the same as
in subsection 6.2.1. Figure 6.9 plots the normalized radiation pattern obtained
both with the rigorous MMP method and with the multiple scattering procedure
presented here. A further comparison is shown in Fig. 6.10, where the electric field
is plotted as computed with two rigorous methods (the standard MMP and the
Green’s tensor technique [198]) and the approximate technique presented here.
Observe the nearly perfect agreement between the rigorous calculations and the
approximate one in both figures. The observed differences between the rigorous
techniques and the approximate one (for θ = 0◦, 180◦ in Fig. 6.10) are not real
discrepancies. They are simply due to the following fact: with the approximate
technique the radiated field (and not the guided modes) is computed, while the
rigorous techniques compute the total field including the guided modes, whose
evanescent tails completely mask the radiation toward directions close to θ =
0◦, 180◦.

Another example with larger and closer perturbations is shown in Fig. 6.11.
The multiple scattering computation works correctly even though the pertur-
bations are only 500 nm apart from each other. Note that this distance is only
0.85 wavelengths in the cladding, 1.0 wavelengths in the substrate and 1.5 wave-
lengths of the guided mode. For smaller δ1 the procedure becomes less accurate.
The minimal distance δmin for which the procedure is still accurate depends on
the shape of the grooves. The value of δmin is carefully evaluated by comparing
the far field obtained with a rigorous MMP computation to that obtained with
the proposed multiple scattering method (at the fictitious boundaries given by
the near-to-far field transformation) for an appropriate set of decreasing dis-
tances. Due to the continuous nature of potentially emerging evanescent field
interactions at small distances, a proper definition of δmin is always possible be-
cause the interrelated mismatch between both far fields is well behaved. In the
context of the application presented in the next section a value of δmin = 500 nm
was found. Figure 6.11 shows that for this minimal distance the agreement be-
tween approximate and rigorous computations is still excellent apart from some
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Fig. 6.11 Comparison of the radiation pattern computed directly with the MMP

method (solid line) and with the multiple scattering procedure (circles) (computed

along two half-circumferences of radii 6 µm). The upper inset shows a magnified view.

The perturbation is shown in the lower inset (ds = 30 nm, ws = 300 nm, δ1 = 500 nm).

marginal deviations in the minor side lobes of the radiation pattern.
The computing time required for the rigorous MMP calculation of the struc-

ture with two grooves is about 5 hours. Provided the library of equivalent sources
is already known, the time needed with the multiple scattering procedure is 3 sec-
onds (only those contribution with less than three reflection Rk coefficients were
taken into account). For the non-periodic gratings with 40 grooves computed in
the next section, the simulation time is about 30 seconds.

6.3 Evolutionary optimization of non-periodic gratings

Non-periodic structures offer the promise of a higher degree of freedom as com-
pared with periodic ones. This freedom can be used to design devices which
incorporate several functionalities at once. A means to circumvent the problems
of large computation times and large memory requirement for the calculation of
diffraction by non-periodic gratings has been explored in the section 6.2. This
technique permits evaluating the quality of a large number of potentially inter-
esting configurations in a reasonable time. But searching the enormous space of
possible non-periodic configurations requires not only a fast forward solver but
also a powerful global search algorithm.

Due to the size of the search space and given the combinatorial character
of the non-periodic gratings considered here, search schemes based on evolu-
tionary algorithms appear to be most promising for the optimization of these
coupling structures [206, 211, 212]. For this reason, the forward solver presented
in subsection 6.2.3 has been conceived in such a way that it can be easily and
advantageously combined with an evolutionary algorithm. To pursue this point
in more detail, let us consider that the scattering by a non-periodic grating has
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already been computed. If the positions of two grating grooves are interchanged
or the distance between two consecutive grooves is altered, a normal forward
solver would require starting the computation of a new scattering problem from
scratch. With the proposed forward solver this does not require any new lengthy
field calculation.

The optimizations performed here can be described by specification of the
following elements: (i) the evaluation of the quality (fitness) of a non-periodic
grating structure, (ii) the encoding of a structure as a chromosome-like object
that can be handled by an evolutionary search strategy, and (iii) the description
of the evolutionary search strategy itself.

In connection with (i), for the non-periodic grating couplers designed here,
a certain far field intensity pattern has to be achieved. Thus, using the forward
solver previously presented, the fitness of a given structure (which depends on its
far field intensity pattern) can be determined. An example of a fitness function
for an specific optimization goal is shown later.

Regarding (ii), the number of grooves of the grating is fixed to a given number
Ngrooves. The structure is described by specification of a sequence of groove
types τm, (selected from a total number Ntypes of different groove types) and a
sequence of distances δm between these perturbations [Fig. 6.8(a)]. The distances
between grooves have to be larger than a certain minimum distance δmin to avoid
too strong coupling between consecutive grooves4 and they are bounded by a
maximum distance δmax to keep the coupler as short as possible. In short, a
given allowed structure is specified by a chromosome including Ngrooves integer
parameters (the groove types, 1 ≤ τm ≤ Ntypes) and Ngrooves−1 real parameters
(the distances, δmin < δm < δmax):

(τ1, τ2, . . . , τNgrooves
|δ1, δ2, . . . , δNgrooves−1). (6.1)

With respect to point (iii), a standard Evolutionary Strategy has been em-
ployed [213]. In the algorithm, several parameters (like population size, recombi-
nation type, mutation rates, etc.) have to be chosen. For each different problem
these parameters can be tuned for optimal performance. These parameters were
tuned for other relevant optimization examples and then the same set of param-
eters was used for the present search.

To illustrate the described ideas the following coupler optimization is pre-
sented. The chosen parameters are relevant in the context of sensor applica-
tions [214]. The operating wavelength (in vacuum) is λ0 = 785 nm and the
polarization is H. The guiding film is 150 nm thick and the refractive indices
of substrate, film, and cladding are ns = 1.57, nf = 2.35, and nc = 1.33, re-
spectively. For this design the goal is restricting the light out-coupled towards
the substrate in the following way: the coupler should radiate near the angle
θout ' 285◦ with an angular width of the beam not larger than a few degrees
(for the definition of θ, see Fig. 6.1). The radiation towards other angles in the

4As explained before, this minimum distance δmin between two grooves is obtained by
comparison of the multiple scattering computation and the MMP rigorous computation for
decreasing distances.
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substrate has to be suppressed but there are no restrictions towards the cladding.
This radiation pattern is needed to reduce crosstalk and background noise. To
facilitate the manufacturing process, the groove geometry has been chosen to be
a notch-protrusion pair such as that described in subsection 6.2.1 [i.e. the di-
mensions of the protrusion have to be equal to those of the notch, wc = ws ≡ w,
dc = ds ≡ d and both with the same x coordinate (Fig. 6.3)]5.

Fig. 6.12 (a) Intensity out-coupled by two different grating structures towards the

substrate as a function of the angle θ (for the definition of θ, see Fig. 6.1). Periodic

coupler (shaded) and non-periodic optimized coupler (thick line). Note the suppression

of the unwanted second diffracted order, (b) Distances δm in the non-periodic optimized

grating. The dashed line shows the period (∆ = 603 nm) of the periodic configuration.

The ▲’s represent the location of the grooves of the second type τ2.

The optimal parameters for a periodic design would be: period δm = ∆ =
603 nm for all m, groove width w = 300 nm and groove depth d = 30 nm6. As
it can be seen in Fig. 6.12(a), such a periodic grating (with 40 grooves) couples
out a beam towards the desired direction, but an additional (unwanted) second
diffracted order towards the substrate is present as well.

5In this section all notch and protrusion corners are rounded with a radius rc = 10 nm.
6For this period ∆ and groove width w, the maximum groove depth d is limited. Above

a certain threshold the coupling between consecutive grooves is too strong and the forward
solver is not accurate.
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In the optimization of the non-periodic grating the number of grating grooves
is again fixed at Ngrooves = 40 (for ease of comparison with the periodic case).
Two different types of groove are allowed (Ntypes = 2): for the first type (τ1),
w = 300 nm and d = 30 nm (i.e., the same as in the periodic case), whereas for
the second type (τ2), w = 60 nm and d = 70 nm. The shape of the second groove
type has been chosen in such a way that its radiation pattern is quite different
from the radiation pattern of the first groove type. The minimum and maximum
distances between grooves are fixed at δmin = 500 nm, δmax = 2000 nm. The
fitness function of a structure is defined as follows:

minθ∈Θallowed
[I(θ)]

maxθ∈Θnot allowed
[I(θ)]

, (6.2)

where I(θ) is the intensity radiated (in the far field) as a function of the angle and
the angular domains Θallowed, Θnot allowed are defined as Θallowed = (280◦, 290◦),
Θnot allowed = (180◦, 280◦) ∪ (290◦, 360◦).

Regarding the optimized non-periodic structure found by the evolutionary al-
gorithm several remarks are important. First, the intensity pattern of Fig. 6.12(a)
clearly demonstrates the suppression of the unwanted second diffracted order to-
wards the substrate. Second, in the initial (random) population of structures
both groove types have the same probability of being present inside a structure.
Along the evolution process the grooves of the second type (τ2) are eliminated.
The solution found has only two grooves of the second type [Fig. 6.12(b)] and
they would have been probably eliminated if the optimization would have run
for a longer time. The reason is likely the fact that this second type of groove
radiates predominantly in the backward (unwanted) direction whereas the first
type radiates predominantly in the forward direction. Notice that the selection of
the substructures which are appropriate for the optimization goal has been per-
formed automatically by the algorithm, allowing us to gather knowledge about
the underlying physics. Third, the optimized distances δm are scattered slightly
above the period of the periodic structure (∆ = 603 nm) but do not show any
clear regularity [Fig. 6.12(b)]. A fourth last comment is that the desired beam
in the optimized non-periodic configuration is shifted towards the upper bound
of Θallowed [Fig. 6.12(a)]. We believe this to be due to the fact that the radi-
ating pattern of a single groove of the first type has its maximum for an angle
larger than θout = 285◦. Therefore a higher fitness is obtained if the beam shifts
towards the upper bound of the angular interval Θallowed.
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Summary, conclusions, and
outlook

In the following sections a recapitulation of the main results obtained in this dis-
sertation is presented, conclusions are drawn, and a perspective of open problems
and further work is sketched.

7.1 Automatic Multipole Setting and surface plasmons com-
putations

In chapter 3, a procedure for the automatic positioning of the multipole ex-
pansions used in MMP and valid for cylindrical structures has been developed.
The technique extracts the appropriate sources locations from the geometry of
the boundary that defines the simulation domain, taking into account its global
shape. This AMS method has been employed for the simulation of several sys-
tems including surface plasmons, band structures of photonic crystals, metallic
waveguides, and perturbations in dielectric slab waveguides.

The AMS technique is interesting in connection with two main aspects: First,
since the choice of appropriate locations for the multipole expansions is the most
difficult part in the MMP method, the AMS considerably simplifies the MMP
modeling. Second, it is an indispensable tool when electrodynamic systems with
varying shape are analyzed (see, for instance, section 4.5). The multipole expan-
sions distributions generated with this AMS technique are suitable for the model-
ing of systems supporting surface plasmons (this kind of systems presents a com-
plex field dynamic, which only a few numerical methods can analyze accurately).
Two applications have been considered: plasmon-assisted resonant tunneling of
light through metallic gratings, and large electromagnetic field enhancement in
cylindrical metallic particles.

In its present state, the implemented technique can be applied to fairly gen-
eral geometries. However, it is not absolutely robust, which is a necessary feature
if one desires combining the AMS technique with an optimization algorithm. Two
other areas which deserve further study are the design of practical AMS proce-
dures for the 3D MMP method, and adaptive multipole setting. This last topic
consists in using the information about a computed approximate solution (such
as MMP errors, field distribution, etc.) to generate a multipole distribution which
allows one the calculation of a more accurate approximation.
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7.2 Computation of eigenvalue problems and photonic crystal
band structures

A method for the computation of non-linear eigenvalue problems has been pre-
sented in chapter 4. It is based on the excitation of the investigated system with
a multipolar source, while changing the value of the magnitude (λ) for which an
eigenvalue is searched. When λ approaches the eigenvalue, the system resonates,
increasing the field amplitude enormously. In this way, the eigenvalues can be
found by looking for these resonances as a function of λ. With the help of this
method, band structures of metallic perfect photonic crystals with various ge-
ometries have been computed, point and line defects in photonic crystals have
been characterized, and the modal fields and propagation constants of waveguides
have been determined.

The method presented here is one of the few available techniques to compute
the band structure of photonic crystals containing dispersive materials with ar-
bitrary ε(ω) and complex geometry. On the one hand, it can be stressed that
high accuracies can be achieved with this method. It has to be said, however,
that –for non-dispersive materials– it is very likely slower than other methods
specifically designed for this kind of systems.

In connection with the subject presented in this section, there are some inter-
esting topics which could be investigated in the future: a more thorough study
of the possible cost functions to be employed for the determination of the eigen-
values, the utilization of symmetry considerations to reduce the numerical effort,
the MMP computation of the band structure of 3D photonic crystals, and the
2D case but with off-plane propagation.

7.3 Photonic crystal waveguide discontinuities

The modeling of discontinuities in photonic crystal waveguides has been ad-
dressed in chapter 5. The method explained there is a generalization of known
techniques to the case of systems with discrete translational invariance. The pro-
posal is the following: the input and output channels are cut at a certain distance
from the discontinuity, and the field is matched at those ports to the modal fields
of the corresponding infinitely long waveguides. Several applications of this con-
cept have been shown, such as photonic crystal waveguide bends, T-junctions,
and antennas.

Due to the perfect impedance matching of the outgoing fields at the in/out
ports, no spurious reflections are produced. This is a very interesting feature
as compared with the standard computational methods. Up to now, the known
methods suffer from one of the two following problems: either they require a
huge computational domain, or they cannot separate the transmitted fields and
the fields reflected at the waveguide terminations. By contrast, the technique
presented here employs the minimum possible computational domain, and char-
acterizes accurately the analyzed waveguide discontinuities.

In chapter 5 no result was presented regarding the coupling of photonic crys-
tal and conventional waveguides. Here one figure is shown (Fig. 7.1) displaying
preliminary results concerning this topic. Another possible direction of research
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is the study of evanescent modes in photonic crystal waveguides: For discontinu-
ities in conventional metallic waveguides, the interaction region can be reduced
to less than one wavelength if additional evanescent modes in the input and out-
put ports are considered. This possibility could be explored for photonic crystal
waveguides as well, to reduce even more the size of the simulation domain.

Fig. 7.1 Transition between a photonic crystal waveguide and a conventional dielectric

slab waveguide. The system has been modeled using the same principles as in chapter 5.

7.4 Modeling and optimization of non-periodic gratings

The last topic studied in this dissertation is the modeling and optimization of
non-periodic grating couplers (chapter 6). An approximate method for the com-
putation of the far field diffracted by a non-periodic grating has been proposed.
It is based on the substitution of the field diffracted by a grating groove with the
field radiated by one equivalent multipole (computed with the help of a near-
to-far field transformation). The fields diffracted by the whole array of grating
grooves are assembled together to compute the total diffracted far field. Thanks
to the speed of the method, it is suitable for optimization purposes, where many
computations are required. It has been combined with an evolutionary algorithm
in order to optimize a non-periodic coupler.

Although several other methods are available for the simulation of non-
periodic gratings, they are useless in the optimization context. The reason is
that, being rigorous techniques, they are also slow. The method developed here
is only approximate, not valid for every kind of grating, and does compute only
the far diffracted field. Nevertheless in its domain of applicability it is extremely
fast, which is the required feature for optimization purposes.
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Evolutionary algorithms have been barely employed in this dissertation. How-
ever, there are many interesting problems in the context of this work where they
could be used. Let us cite only two of them: combined with the methods pre-
sented in section 4.5 it would be possible to optimize the waveguide cross section
in order to tailor the modal fields or dispersion relation, and combined with the
ideas of chapter 5 they could be used to design photonic crystal antennas, or
filters with improved features.
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onal photonic crystal configuration”, Electron. Lett. 35(20), 1736–1737
(Sept. 1999).

[108] C. M. Anderson and K. P. Giapis, “Larger Two-Dimensional Photonic
Band Gaps”, Phys. Rev. Lett. 77(14), 2949–2952 (Sept. 1996).

[109] C. M. Anderson and K. P. Giapis, “Symmetry reduction in group 4mm
photonic crystals”, Phys. Rev. B 56(12), 7313–7320 (Sept. 1997).

[110] D. Cassagne, C. Jouanin, and D. Bertho, “Hexagonal photonic-band-gap
structures”, Phys. Rev. B 53(11), 7134–7142 (Mar. 1996).

[111] P. R. Villeneuve, S. Fan, and J. D. Joannopoulos, “Microcavities in pho-
tonic crystals: Mode symmetry, tunability, and coupling efficiency”, Phys.
Rev. B 54(11), 7837–7842 (Sept. 1996).

[112] V. Kuzmiak and A. A. Maradudin, “Symmetry analysis of the localized
modes associated with substitutional and interstitial defects in a two-
dimensional triangular photonic crystal”, Phys. Rev. B 61(16), 10750–
10761 (Apr. 2000).



106 BIBLIOGRAPHY

[113] A. Adibi, R. K. Lee, Y. Xu, A. Yariv, and A. Scherer, “Design of photonic
crystal optical waveguides with singlemode propagation in the photonic
bandgap”, Electron. Lett. 36(16), 1376–1378 (Aug. 2000).

[114] T. Sondergaard and K. H. Dridi, “Energy flow in photonic crystal wave-
guides”, Phys. Rev. B 61(23), 15688–15696 (June 2000).

[115] J. B. Nielsen, T. Sondergaard, S. E. Barkou, A. Bjarklev, and J. Broeng,
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