
ETH Library

Hypergeometrische Funktionen
auf dem Web
ein Lernprogramm

Master Thesis

Author(s):
Gut, Christian

Publication date:
1999

Permanent link:
https://doi.org/10.3929/ethz-a-004303459

Rights / license:
In Copyright - Non-Commercial Use Permitted

This page was generated automatically upon download from the ETH Zurich Research Collection.
For more information, please consult the Terms of use.

https://doi.org/10.3929/ethz-a-004303459
http://rightsstatements.org/page/InC-NC/1.0/
https://www.research-collection.ethz.ch
https://www.research-collection.ethz.ch/terms-of-use






































































































Learning Program for Hypergeometric
Functions

How to use this program 

Basics

1 Factorials and more 

2 How to recognize wether a given term is
hypergeometric 

3 How to put a hypergeometric series into its normal
form 

4 How to write an elementary function as a
hypergeometric function (if possible) 

5 What does a hypergeometric function look like 

6 For which values of the variable is a hypergeometric
function defined 

7 Sums of a fixed number of hypergeometric terms 

Traditional Summation
Theory

8 The summation problem 

9 Classification of hypergeometric functions 

10 Summation Formulas 

Modern Summation
Theory

11 A special canonical form for rational functions 

12 How to decide from the term ratio wether a
hypergeometric term is rational 

13 How to solve the indefinite summation problem for
hypergeometric terms 

14 A class of hypergeometric terms satisfying a
recurrence equation 

Index References About this Program 

Download | Comments | Last modified: 14.09.1999 



How to use this program
To learn about hypergeometric functions, work on lesson 1 through 14 in the right order. 

Every lesson has three parts: 

The first part explains the theory. It gives the necessary facts like definitions, theorems and
algorithms. Proofs are not part of this program. A click on a hypertext will lead you to a definition
or to further information. To continue with the current lesson, use the BACK-button of your
browser. 

The second part gives a typical example. 

The third part is interactive. The general principle is the following: Generate typical input with the
EXAMPLES-button or enter free input. To accept the input press the UPDATE-button. The button
on the top allows you to choose different representations of the data. Press the SUBMIT-button to
process the data on a remote computer algebra server and to get the generated output. 

A good use of the interactive part is the following: First generate random examples, try to solve
them yourself, solve them with the system and compare the results. Then start experimenting and
submitting your own examples, either by typing them in or by modifying a generated example. 
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Lesson 1 : Factorials and more
The factorial is defined by 

 

The binomial coefficient is defined by 

 

It satisfies the Pascal triangle identity 

 

The rising factorial is defined by 

 

It holds that 
(1)n=n! 

So the rising factorial is a generalization of the factorial. 

The Gamma function is defined by 

 

This seems complicated, but the identity 

 

shows that the Gamma function is just a generalization of the factorial to a noninteger argument. It
could even be generalized to negative arguments excepted 0,-1,-2,... . More precisely the Gamma
function is the analytical continuation of the factorial, which means that it is the unique perfectly
smooth generalization in the complex numbers. 

The Gamma function is related to the rising factorial by 

 



and satisfies the reflection formula 

 

from which follows 

 

Given an expression composed of 

1. factorials 
2. rising factorials 
3. Gamma functions 
4. binomial coefficients 

It can always be rewritten as an expression containing only 1., only 2. or only 3. and sometimes as
an expression containing only 4. . 

Example:

Given the expression 

 

It can be rewritten as an expression containing only factorials: 

 

I can be rewritten as an expression containing only rising factorials: 

 

I can be rewritten as an expression containing only Gamma functions: 

 

It cannot be rewritten as an expression containing only binomial coefficients. 
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Lesson 2 : How to recognize wether a given
term is hypergeometric

A function r(n) is a rational function of n if there are polynomials p(n) and q(n) with 

 

Consider a sequence with term tn and the associated series 

 

Both can be classified using the upwards term ratio: 

If 

 

then tn is called a geometric term and 

 

a geometric series. 

If 

 

then tn is called a hypergeometric term and 

 

a hypergeometric series. 

So hypergeometric term and series are generalizations of geometric term and series respectively. 

A rational function of n is a special case of a hypergeometric term . 

In practice most of the usual expressions involving 

factorials 
binomial coefficients 
rational functions 



exponential functions with integer exponent 

are hypergeometric terms. 

Example:

Is the term 

 

hypergeometric? Yes, because the ratio 

 

is a rational function of n. 
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Lesson 3 : How to put a hypergeometric series
into its normal form

Term and series can be normalized: 

By renumbering the terms such that their index starts with 0: 

 

By factoring out the first term such that the new first term is equal to 1: 
t0=1 

After this every geometric series can be written in its normal form 

 

where x is exactly the constant ratio. 

And every hypergeometric series can be written in its normal form 

 

for which the F-notation 

 

is introduced. 

The ai are called upper parameters. The -ai are exactly the zeros of the numerator polynomial of

the ratio. 

The bi are called lower parameters. The -bi are exactly the zeros of the denominator polynomial of

the ratio. 

However this assumes that one of these zeros is equal to -1, and the corresponding value 1 will not
be a bi. If -1 is not a zero of the denominator polynomial, then the ratio has to be multiplied by 

 

before. Notice that this has only historical reasons and that it would be more natural to define the
normal form of a hypergeometric series without the factor n! in the denominator. 



A hypergeometric series is well-defined only if no lower parameter is a nonpositive integer: 

 

A hypergeometric series of the form 

 

can be simplified to 

 

So the normal form is not a canonical form. 

The x is called evaluation point. It is exactly the quotient of the leading coefficients of the
numerator and denominator polynomial of the ratio. 

A hypergeometric function is a hypergeometric series in which the evaluation point is a variable. 

Let the leading coefficient of a polynomial p be denoted by lc(p) . The polynomial is called monic
if lc(p)=1 . 

Here is the algorithm to put a hypergeometric series into its normal form: 



Step 1 In 

 

shift the summation index such that the first term different from 0 is   t0   . 

Step 2 Factor out this   t0   such that the new   t0   is 1 . 

Step 3 Bring the ratio 

 

into the form 

 

where   p   and   q   are polynomials. 
If not possible then return FAIL (the series was not hypergeometric). 

Step 4 Factor   p   and   q . 
If -1 is not a zero of   q   then add a factor   n+1   both to   p   and   q . 

 
ai := roots of p 

bi := roots of q (without -1) 

Example:

 



Step 1 

 

Step 2 

 

Step 3 The ratio is 

 

Step 4 -1 is not a root of q 

 

 

The new   q   has no roots except -1, so the normal form is 
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Lesson 4 : How to write an elementary
function as a hypergeometric function (if

possible)
A large number of elementary functions are special cases of hypergeometric functions. 

To write a given elementary function f (x) as a hypergeometric function, first choose a clever value
x0, for example 0, in which f  is analytic. Then expand f (x) in a power series about x0: 

 

The upwards term ratio of this series is 

 

If the left factor is a rational function of n, then the power series is hypergeometric and can be put
into normal form. Notice that here n+1 is always a factor of the denominator polynomial. 

The hypergeometric function with the simplest F-notation is 

 

Adding to this series the shifted series gives 

 

The simplest hypergeometric series is the geometric series: 

 

which can be generalized to 

 

The logarithm is not analytic in 0, so consider the power series of ln(1-x) in 0. Here the first term
disappears, so the series has to be shifted first: 



disappears, so the series has to be shifted first: 

The power series of arcsin(x) in 0 has to be shifted first too. Additionally every second term
disappears, so it is not hypergeometric. But taking as variable x2 instead of x gives 

 

Here it was used that 

 

which can also be used in 

 

In the following the most important special functions are expressed as hypergeometric functions: 

The Legendre polynomials. They are used for the Gauss integration, and they are the
simplest among the orthogonal polynomials: 

 

The Chebyshev polynomials of the 1. kind, also orthogonal polynomials, and well-known
for the relation cos nx=Tn(cos x) : 

 

The Laguerre polynomials, orthogonal polynomials on the half open interval: 

 

Euler’s Phi-function, the density function of the normal distribution: 

 



The Bessel functions: 

 

Example:

 

Power series: 

 

Normal form: 
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Lesson 5 : What does a hypergeometric
function look like

The hypergeometric functions are so general that few can be said in general about their function
graph. 

Example:

Consider the function 

 

and its function graph where the (x,y)-coordinates are placed and oriented as usual. On the left the
curve seems to run into a point (x,y) = ( -1 , 0.61... ) . On the right it disappears through the top. To
know more, increase ymax to 10 and press the UPDATE-button. A vertical asymptote at x=1 can be

guessed, so the definition domain is [-1,1[. The color of the curve reflects the convergence of the
hypergeometric series, in other words how hard it was to calculate the function value: The closer
the number of calculated terms comes to the maximum, the more the curve will be red. It is not
surprising that the convergence is bad near to the asymptote: Decrease the maximum number of
terms to 100 and some more values near to the asymptote cannot be calculated. Now consider again
the left end of the curve. To see more details, reset the maximum number of terms to 10000 and set
[xmin,xmax] to [-1.1,-0.9] and [ymin,ymax] to [0.5,0.7]. The convergence gets worse near x=-1 though

there is no asymptote. What happens in this point? 
Our function simplifies to 

 

Factoring out -2/x2 we see that this is equal to the power series of ln(1-x) up to a term x and finally
we find 

 

Indeed those functions are equal on [-1,1[ where they are both defined, but for x<-1 the right hand
side is defined but the left hand side is not. Why? This comes from a general theorem stating that a
complex power series in 0 converges in a circle of a radius given by the norm of the pole nearest
to 0. In our case this pole is 1, so roughly said our curve stops on the left at -1 because it stops on
the right at 1. Anyway we now do know that the value 0.61... in -1 is the limit 



 

of an alternating harmonic series. 

Now consider the function 

 

and its function graph This curve behaves similar to the exponential function: It is defined
everywhere, has on the left a horizontal asymptote at y=0 and on the right a vertical asymptotic
direction. Now change xmin to -60 and you should see a chaotic behaviour of the curve. This is a

numeric instability and does not come from the function, but from the way how the series is
evaluated. 
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Lesson 6 : For which values of the variable is a
hypergeometric function defined

A hypergeometric function 

 

is defined only in those x where the hypergeometric series converges. 

If one of the upper parameters is a nonpositive integer, i.e. 

 

then the hypergeometric series terminates and the hypergeometric function is a polynomial. 

Else the convergence is given by 

number of parameters convergence radius

p < q+1

p = q+1 1

p > q+1 0

This means that for p<q+1 the series converges for all x, while for p>q+1 it converges only in x=0. 

The usual and interesting case is p=q+1. Thinking of 1 as a hidden lower parameter, this means that
the number of upper parameters is equal to the number of lower parameters. Here the convergence
depends on x and on the value 

 

called parametric excess: 

 x < -1 x = -1 -1 < x < 1 x = 1 1 < x

s <= -1      

-1 < s <= 0      

0 < s      

      =convergent            =divergent

Thinking again of 1 as a hidden lower parameter, the upper critical value of s would be 1 instead of
0 which reestablishes the symmetry between upper and lower parameters. 



Example:

Where is 

 

defined and what is its value in x=0.5 ? The function is well-defined, the series is not terminating,
the parameter numbers satisfy p=q+1 , the parametric excess is s=0 , so the function is defined for
-1 <= x < 1 . The function value in x=0.5 is 
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Lesson 7 : Sums of a fixed number of
hypergeometric terms 

Two hypergeometric terms sn and tn are similar if their ratio 

 

is a rational function of n. 

Similarity is an equivalence relation. The rational functions themselves are one of the equivalence
classes. 

The sum of two hypergeometric terms is in general not a hypergeometric term. 

More precisely, the sum is hypergeometric (or zero) if and only if the two terms are similar. 

In fact the sum of a fixed number of hypergeometric terms defines a new larger class of
functions. 

Example:

The terms   2n   and   1   have the term ratios   2   and   1   respectively, so both are hypergeometric.
However their sum   2n + 1   is not hypergeometric because its term ratio 

 

is not a rational function of n. 
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Lesson 8 : The summation problem
The main problem connected to hypergeometric functions is the summation problem. 

Given a sum 

 

the summation problem consists in finding a closed form for f . 

A closed form is an expression with only a fixed number of summands, that is without . 

In the indefinite summation problem the summation range is variable: 

 

This problem is analogue to the indefinite integration, i.e. finding a primitive function. F is called
the difference of f  and f  the antidifference of F. These terms are analogue to the terms derivative
and antiderivative. More precisely F and f  are called downwards difference and antidifference
respectively because of 

f (n) - f (n-1) = F(n) 
In the case 

f (n+1) - f (n) = F(n) 
they are called upwards difference and antidifference. 

The indefinite summation problem for hypergeometric terms assumes that F(k) is a
hypergeometric term in k and looks for a hypergeometric term f (n). In other words it assumes that
F is a nice function and asks wether f  is nice too, and - if yes - how to find it. If this problem has a
solution, then F is called Gosper-summable. 

In the definite summation problem the summation range is fixed: 

 

This problem is analogue to the definite integration. More generally both functions depend on
another variable: 

 

The definite summation problem for hypergeometric terms assumes that F(n,k) is hypergeometric
in n and in k and looks for a hypergeometric term f (n). 



The summation problem is not always solvable. If for F(k) the indefinite problem is solvable, then
the definite problem is solvable too. 

If for F(k) the indefinite summation problem for hypergeometric terms is not solvable, then f  can
also not be a sum of a fixed number of hypergeometric terms. 

The indefinite summation problem for sums of a fixed number of hypergeometric terms assumes
that F(k) is a sum of a fixed number of hypergeometric terms and looks for a f  being a sum of a
fixed number of hypergeometric terms. The solution f  can even be a hypergeometric term. 

Example:

The indefinite summation problem for hypergeometric terms for binomial coefficients with a
parameter m 

 

is not solvable. However the definite summation problem for hypergeometric terms for binomial
coefficients 

 

is solvable, the closed form is f (n)=2n . 
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Lesson 9 : Classification of hypergeometric
functions 

Given a hypergeometric function in its normal form 

 

The function is called of  if its parametric excess is 1. 

The function is called Gaussian hypergeometric function for p=2 and q=1 and confluent
hypergeometric function for p=1 and q=1 while it is called generalized hypergeometric function
for arbitrary p and q. 

The traditional summation theory deals almost only with the case p=q+1. Thinking of 1 as a hidden
lower parameter, this means that the numbers of upper parameters is equal to the number of lower
parameters. 

Let us assume this case. Then q is called the order of the function. 

The function is called well-poised if 
a1+b1 = ... = aq+bq = aq+1+1 

The function is called nearly-poised of the 1. kind if 
a1+b1 = ... = aq+bq 

The function is called nearly-poised of the 2. kind if 
a2+b2 = ... = aq+bq = aq+1+1 

In other words: Thinking again of 1 as a hidden lower parameter bq+1, well-poised means that there

is a bijective application between upper and lower parameters such that the sum of every related
pair is constant. Nearly-poised means that the sum is constant for all pairs but one. 1. kind means
that the exception pair does not involve the hidden lower parameter and 2. kind means that it does. 

The function is called very well-poised if it is well-poised and if 
aq = bq+1 

Example:

(example) 
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Lesson 10 : Summation Formulas
(theory) 

Example:

(example) 
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Lesson 11 : A special canonical form for
rational functions 

Every rational function r(n) can be represented as 

 

with a constant x and monic polynomials a and b such that: 

gcd( a(n) , b(n) ) = 1 

This is even a canonical form, which means that the application between r and (x,a,b) is bijective. 

Here another less common representation is introduced: 

Every rational function r(n) can be represented in the Gosper-Petkovsek form 

 

with a constant x and monic polynomials a, b and c such that: 

gcd( a(n) , b(n+k) ) = 1        for all k = 0 , 1 , ...

gcd( a(n) , c(n) ) = 1

gcd( b(n) , c(n+1) ) = 1 

This is also a canonical form, which means that the application between r and (x,a,b,c) is bijective.

Given two monic polynomials 

 

the resultant is defined by 

 

It can be calculated without factoring the polynomials as the determinant of a special coefficient
matrix called Sylvester matrix. 

Here is the algorithm to put a rational function into its Gosper-Petkovsek form: 



Step 1 Write r as 

 

where x is a constant and a and b are monic polynomials with 

gcd( a(n) , b(n) ) = 1 

Set c(n) := 1 

Step 2 Determine all   k = 0 , 1 , ...   with 

gcd( a(n) , b(n+k) ) <> 1 

To do so, determine all nonnegative integer roots of 

R(k) := res( a(n) , b(n+k) ) 

or compare every irreducible factor of a with those of b. 
Finally get the ordered sequence k1 , ... , kN . 

Step 3 For i = 1 , ... , N 

         s(n) := gcd( a(n) , b(n+ki) ) 

          

          
         c(n) := c(n) s(n-1) ... s(n-ki) 

Notice that 

 

will be the product of telescoped products. 

Example:

 



Step 1 x := 1 
a(n) := n(n+3) 
b(n) := (n-1)(n+4) 
c(n) := 1 

Step 2 R(k) := (k2-1)(k2-16) 
k1 := 1 

k2 := 4 

Step 3 i = 1 : 
         s(n) := n 
         a(n) := n+3 
         b(n) := n+4 
         c(n) := s(n-1) = n-1 
i = 2 : 
         s(n) := 1 
         a , b , c unchanged 
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Lesson 12 : How to decide from the term ratio
wether a hypergeometric term is rational 

This lesson presents a first application of the Gosper-Petkovsek form. 

Consider the following problem: Given the upwards term ratio 

 

of an unknown hypergeometric term tn . How to decide only from r(n) wether tn is rational or not? 

Here is the algorithm: 

Step 1 r(n) is rational. Put it into its Gosper-Petkovsek form. 
This gives a constant x and polynomials a(n) , b(n) and c(n) . 

Step 2 Consider the inverse 

 
It is rational. Put it again into its Gosper-Petkovsek form. 
This gives a constant x’ and polynomials a’(n) , b’(n) and c’(n) . 

Step 3 if   x = x’ = a’(n) = b’(n) = 1 
         tn is rational 

else 
         tn is NOT rational 

If tn is rational, then it is now explicitly given by 

 
up to a constant factor. 

Example:

Given the (unknown) hypergeometric term 

 

and its (known) upwards term ratio 



 

Step 1 x := 1 
a(n) := n+1 
b(n) := n+2 
c(n) := n(n+2) 

Step 2 

 

x’ := 1 
a’(n) := 1 
b’(n) := 1 
c’(n) := n+1 

Step 3 tn is rational 

Indeed tn is a multiple of 
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Lesson 13 : How to solve the indefinite
summation problem for hypergeometric terms
The indefinite summation problem for hypergeometric terms is solved by Gosper’s algorithm. 

Given a hypergeometric term   F(k)   and its term ratio 

 

with the Gosper-Petkovsek form 

 

The idea of the algorithm is the following: Transform the problem of finding a hypergeometric
solution to problems of finding a rational and finally a polynomial solution: 

  unknown equation to satisfy condition on the
unknown 

1. problem f (n) 

 

f (n)   hypergeometric
term 

2. problem w(n) = f (n) + w(0) - f (0) w(n) - w(n-1) = F(n) w(n)   hypergeometric
term 

3. problem 

 

r(n) v(n+1) - v(n) = 1 
v(n)   rational function of

n 

4. problem 

 

x a(n) u(n+1) - b(n-1) u(n) =
c(n) u(n)   polynomial 

To alleviate the notation of recurrence equations, the shift operator is introduced: For a function  
g(n)   it is defined by 

N i g   :=   g(n+i) 



where   i   is any integer. 

Here is Gosper’s algorithm. If the indefinite summation problem for hypergeometric terms has a
solution, it finds it. If not, it returns FAIL. 

Step 1 Get the rational function 

 

Step 2 Put   r(n)   into its Gosper-Petkovsek form giving you: 

the constant   x 
the monic polynomials   a(n)   ,   b(n)   and   c(n) 

Step 3 Find a polynomial solution   u(n)   of the recursion equation 

x   a   Nu   -   N-1b   u   =   c 

If not possible then return FAIL 

Step 4 

 

Step 5 w := v F 

Step 6 f (n) := w(n) - w(0) 

But how to find the polynomial in step 3? This requires an a priori degree bound which can be
obtained considering the equation to solve. 

Let the second coefficient of a polynomial   p   be denoted by   sc(p) . 



Step
3A 

if   deg(a) = deg(b)   and   x = 1 then 

          
else 

          

 

if      then 

         return FAIL 
else 
         d := max(D) 

Step
3B 

Using the method of undetermined coefficients, find a polynomial   u(n)   with degree
less or equal to   d   satisfying 

x   a   Nu   -   N-1b   u   =   c 

If not possible then return FAIL 

Example:

 



Step 1 

 

Step 2 

 
a(n) := 1 

 

 

Step 3 Equation to solve: 

 

Step 3A d := 0 

Step 3B u(n) := -1 

Step 4 

 

Step 5 

 

Step 6 
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Lesson 14 : A class of hypergeometric terms
satisfying a recurrence equation

The method to solve the definite summation problem for hypergeometric terms is to transform it
into a recurrence equation. 

The term F(n,k) hypergeometric in n in k is called proper if it can be expressed in the form 

 

Here P is a polynomial, the six coefficients are integers and x is any constant. Notice that the
definition is asymmetric in n and k. 

As the example 

 

shows, not all hypergeometric terms are proper hypergeometric terms. 

If F(n,k) is a proper hypergeometric term, then it satisfies a nontrivial k-free recurrence equation of
the form 

 

where aij are polynomials in n. Nontrivial means that not all aij disappear. k-free means that the

coefficients aij are independent of k. 

J is the recurrence order in n. It can be choosen less or equal to 

 

I is the recurrence order in k. It can be choosen less or equal to 

 

Example:

(example) 
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About this Program
This program was written by Christian Gut as a diploma thesis in computer science at the Institute
of Scientific Computing of the  . It was led by Prof. Gaston Gonnet and supervised by
Dr. Laurent Bernardin. 

The program makes contents of a particular area of mathematics directly accessible through the
web via normal browsers. Thus it is an implementation of the electronic book concept. The
advantages of this concept are that the material can be interactive and that it can be used even from
platforms with simple hard- and software. In the vaste field of teaching mathematics through the
internet, the electronic book is only one element and should not be confounded with the more
general concept of Computer Aided Instruction. 

The program uses the following technology: The frame consists in manually edited HTML pages.
The static formulae are GIF images generated with the LaTeX2HTML converter. The interactive
parts are Java applets. 

The dynamic formulae inside the interactive parts are generated with PearlMath (formerly:
InterMath) of Web Pearls Inc.. This formula renderer and editor is Java component based and was
released in summer 1999. 

The architecture for computer algebra (CA) calculations is the following: A query is sent from a
Java applet to a remote CA server, the result is received by the applet. The communication between
applet and CA server is done by PearlServer (formerly: JMEC - Java Math Engine Connectivity)
of Web Pearls Inc. . 

In this program, the remote CA server runs Maple V and parts of the user interface use Maple
syntax. However PearlMath and PearlServer are designed to cooperate with any CA system and are
therefore based on OpenMath , an emerging semantics oriented standard for mathematical data. 

The topics of this learning program for hypergeometric functions are a general introduction to those
functions and the presentation of one special topic, the summation problem. The latter was choosen
because it appears to be the most interesting and important part of the theory, and because there
were major developments recently. 

Several other topics concerning hypergeometric functions could not be considered in the learning
program: Transformation formulae, contiguous relations, derivative and differential equations,
integral representations, generalization to a complex variable or to the multivariate case and
q-hypergeometric functions. 

I thank Prof. Gaston Gonnet, Dr. Laurent Bernardin and Andrew Selkirk of Web Pearls Inc. for
their helpfull contributions to this program. 
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