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Abstract

Diffusion processes in the lumen as well as on the membrane of the endoplasmic
reticulum of tissue derived cells are investigated using a computational approach
based on particle methods. A simulation code is presented that can handle ar-
bitrary geometries as found in real cells, sources, sinks, separator planes and full
anisotropic and spatially dependent diffusion. Using this tool it is possible to simu-
late fluorescence recovery after photobleaching (FRAP) in different geometries and
dimensions in order to compare the results. Dependences of the apparent diffusion
constant determined in experiments on geometrical factors such as dimensional-
ity of space, surface shape or tube distribution can be addressed. Considerations
about 3D shape reconstruction and fractal properties of the endoplasmic reticulum
conclude this work.

Zusammenfassung

Diffusionsprozesse im Lumen und der Membran des Endoplasmatischen Retikulums
lebender Zellen werden mittels Rechnersimulationen, basierend auf Partikelmeth-
oden, untersucht. Es wird ein Simulationsprogramm vorgestellt, welches beliebige
Geometrien, wie sie in der Natur vorkommen, verarbeiten kann und auch Quellen,
Senken, Separatoren und volle anisotrope und ortsabhängige Diffusion unterstützt.
Mit Hilfe dieses Werkzeugs ist es möglich, fluorescence recovery after photobleach-
ing (FRAP) in verschiedenen Geometrien und Dimensionen zu simulieren, um die
Resultate vergleichen zu können. Abhängigkeiten des experimentell bestimmten
scheinbaren Diffusionskoeffizienten von geometrischen Faktoren wie Raumdimen-
sionalität, Oberflächenform oder Röhrenverteilung können untersucht werden. Be-
trachtungen über 3D-Rekonstruktion und fraktale Eigenschaften des Endoplasma-
tischen Retikulums schliessen die Arbeit ab.
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List of symbols

a Mean distance of Brownian motion in time τ
A Fluorescence constant of GFP tagged protein / a point
b Displacement vector of a source
B A point
c Concentration
C Centroid of a triangle / a 2D graph
D Diffusivity coefficient / metric dimension
DT Topological dimension
Dsurf Diffusivity at the surface
d Diameter of a circle / distance / Hausdorff measure
E Dimension of an Euclidean space
f Probability density function
G Green’s function
h A positive test function
i Tube number
I Intensity (of fluorescence or of an image’s pixel)
Iinit Intensity just before bleaching
I0 Intensity just after bleaching
I∞ Asymptotic intensity after a long recovery time
i, j, k Integer grid coordinates in simulation
k Index counter / a constant
K Heat Kernel (time dependent Green’s function) / convolution kernel
L Length of domain
M Amount of protein / Number of triangles in surface
M ′ Dimensionless protein concentration
n Total number of steps in Brownian motion / outer normal vector
N Total number of particles in a simulation / an integer
Nradial Number of radial visualization points on a tube
Naxial Number of axial visualization points on a tube
NTubes Number of tubes in a simulation
Nx, Ny , Nz Number of grid points for diffusivity grid
N Gaussian random variable (normal distribution)
�

+
0 Set of all integer numbers � 0
P Probability / starting point of a tube
P1, P2, P3 Vertex points of a triangle

P̂ Probability in physical coordinates
R Mobile fraction / tube radius

r Location vector in space: (x, y, z)� / a ratio / direction vector of a tube
ra Location vector of point A
�

E Euclidean space of dimension E
s Number of Brownian jumps in a certain direction / step vector
S Strength of a source or sink
S Surface of computational domain / a set
t Time
t1/2 Half-life time of fluorescence
T Rotation matrix
T Transformation from tube coordinates to inertial / triangle
T −1 Transformation from inertial to tube coordinates
U Uniformly distributed random variable
V Volume
VBBox Volume of bounding box
x Location vector in inertial coordinates
x, y, z Position in space (spatial location vector)
α A small number / empirical coefficient
δ Dimensionless length / Dirac’s delta distribution
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∆ Difference
∆t Time step size of simulation
∆z Distance between subsequent slides
ϕ Eigenfunction / azimuthal angle / angular coordinate on tube
ψ Azimuthal angle of tube starting point
κ Thermal conductivity
λ Eigenvalue / Line parameter
µ Permeability of tube surface
ν Permeability of separator plane
π Ratio of circumference to diameter of a circle (= 3.14159265359 . . .)
ρ Location vector in space at time zero: (ξ, η, ζ)�

ρ Radius of a (hyper-)sphere / unit measure
σ Standard deviation
τ Mean time between two jump in Brownian motion / dimensionless time
ϑ Spherical angle
θ Inclination angle of a plane or tube
ξ Location vector in tube-fixed cartesian coordinates
ξ, η, ζ Local cartesian system of a tube / location at time zero
ζ Axial coordinate on tube
ω Center of a (hyper-)sphere
Ω Domain of solution / a metric space
ℵ Triangulated surface, i.e. its set of triangles
∂ Partial derivative
∇ Nabla Operator
∇2 Laplace Operator
∞ Infinity
|·| Absolute value
〈·〉 Ensemble mean

(·) Mean over time
(·)0 Initial distribution, property at time zero
(·)x Cartesian x component or value in x direction
(·)y Cartesian y component or value in y direction
(·)z Cartesian z component or value in z direction
(·)min Lower bound of a variable
(·)max Upper bound of a variable
(·)n At time step n
(·)n+1 At time step n+ 1
O(·) At the order of
−→
AB Vector pointing from A to B
× Cartesian product / cross product
∀ for all
∈ in a set, member of a set

Further symbols may be defined in the text if they are only used locally. Name
conflicts may occur. however, in such cases the meaning of a symbol is always
clearly defined in the text.
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Acronyms

2D two-dimensional
3D three-dimensional
CD Compact Disc
CD-ROM Compact Disc Read-Only Memory
DNA Desoxy-Ribonucleic Acid
DVI Device Independent Interface file
EGFP Enhanced Green Fluorescent Protein
EPS Encapsulated Post-Script
ER Endoplasmic Reticulum (an organelle of a biological cell)
ERGIC ER-Golgi intermediate compartment
ETH Eidgenössische Technische Hochschule (Swiss Federal Institute of Technology)
FFT Fast Fourier Transformation
FRAP Fluorescence Recovery After Photobleaching
GFP Green Fluorescent Protein
IgG Immune-globulin G
MPEG Motion Picture Experts Group
PBS Phosphate buffered saline
PDE Partial differential equation
PDF Probability density function / Portable Document Format
POD Proper Orthogonal Decomposition
PS Post-Script
RER Rough endoplasmic reticulum
SER Smooth endoplasmic reticulum
tsO45VSVG temperature sensitive mutant of Vesicular Stomatitis Virus glycoprotein
VERO Cells from green monkey intestine epithelium
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Chapter 1

Foreword

This report describes the work and results of a semester project that has been
hosted by the Institute of Computational Sciences at the Swiss Federal Institute
of Technology (ETH) Zürich, Switzerland. Due to the interdisciplinary nature of
the subject, a close collaboration with the Institute of Biochemistry of ETH was
established. The main subject was the computational investigation of diffusion
processes in the endoplasmic reticulum of tissue derived cells.

The method of quantitative fluorescence recovery after photobleaching (see chapter
3) is widely used to measure diffusivity coefficients in vivo ([White & Stelzer (1999)]).
The core question to be addressed was the dependence of the measured value on
the geometry of the ER and the model used to describe it.

In order to translate FRAP curves into an estimate for the diffusivity constant,
a model for diffusion is needed (see section 3.3.1). This model is widely chosen
to be 2D diffusion on a square plate (see e.g. [Reits & Neefjes (2001)]). Fitting
its solution to the measured FRAP curve then gives an estimate of D. However,
the question arises whether this model is correct or not. In reality the bleached
spot is a square cylinder and not a flat plate. Moreover, the ER does not fill the
cylinder completely but extends throughout it as a tubular or lamellar network.
The actual bleached volume is therefore given by the intersection of the square
cylinder and the 3D shape of the ER. This complex geometry and the specific angle
at which it is looked at could have some influence as well. This work aims at a
better understanding of the process of diffusion on a molecular level as well as of
geometrical influences and the dimensionality of space.

In the following chapter, a short summary of shape and function of the endoplasmic
reticulum is given since this is the foundation of the present work. Chapter 3 then
gives an introduction in the method of FRAP analysis that is frequently used or
alluded to throughout this work. Readers who are familiar with these concepts can
well skip the first two chapters. Section 3.4 contains a restatement of goals in more
precise scientific terms.

Chapter 4 presents the simulation method that was employed in the computer
experiments of this project. Compared to earlier simulation codes such as the one
described in [Gheber & Edidin (1999)], this program supports a much higher degree
of flexibility, is fully 3D and does not restrict the movement of proteins to a lattice.
Section 4.8 further describes how a realistic simulation of FRAP analysis is obtained
using particle based methods.

To investigate the influence of geometry on FRAP results, space dimensionality is
considered first. Therefore, a 2D and a 3D version of the simulation code has been
developed. The results of this study are presented in chapter 5. In order to be able

1



2 CHAPTER 1. FOREWORD

to model diffusion on the membrane of organelles (or the plasma membrane), surface
diffusion on tubes is introduced in chapter 6. There, the influence of the viewing
angle (i.e. the angle between the center line of a tube and the light beam used for
photobleaching) on the apparent diffusivity value is investigated. Chapter 7 then
combines diffusion in space (i.e. the cytosol) and on the surface (i.e. the membranes
of organelles) to allow them to be simulated concurrently which yields some results
about domains of heterogeneous composition. In chapter 8, the number of tubes in
the domain is increased and the code is generalized to handle an arbitrary number
of tubes at once. To get rid of the unrealistic “computational box”, a more general
domain geometry handling is introduced in chapter 9. Micrograph slides are used to
study the shape of a real-world ER and possible strategies for its 3D reconstruction
are proposed. Finally, chapter 10 starts to follow one of these strategies by giving an
introduction to fractal geometry which is then used to estimate the metric dimension
of ER shapes. The concluding chapter 11 summarizes some of the main results and
gives an outlook on possible future work.

In order to allow easy re-use of the simulation programs developed in this work,
all files are contained on a CD-ROM that accompanies this report. Besides the
complete program source code, the CD also contains the text files of this document
(LATEX source, EPS pictures and xfig drawings) as well as complete PostScript and
PDF versions of it. Moreover, color versions of some visualizations and movies of
the most important runs as well as the PowerPoint file of the final presentation can
be found on the CD. Appendix A contains the complete table of contents.

Appendix B contains the source code of a MATLAB program that implements the
estimation of fractal dimension. A description of the FORTRAN simulation code
(i.e. code structure and calling tree) as well as descriptions of all input and output
files, their syntax and visualization examples are given in appendix C. The complete
program source concludes this volume.
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Chapter 2

Introduction to the
endoplasmic reticulum

Figure 2.1: Electron micrograph of a cell region (source [Alberts et al. (1997)])

The endoplasmic reticulum (ER) is an organelle in eukaryotic cells. It is the main
site of protein synthesis and folding. The electron micrograph in figure 2.1 shows
a region of a cell with some of its organelles labeled. The ER is visible as a folded
stack of membrane layers. Figure 2.2 shows a close-up view of the ER region. It
can be seen that the ER is bounded by a single membrane. In fact, the ER is the

3



4 CHAPTER 2. INTRODUCTION TO THE ENDOPLASMIC RETICULUM

Figure 2.2: Close-up view of ER region (source [Alberts et al. (1997)])

largest membrane surface of a cell making between 40 and 60% of its total membrane
surface. The ER membrane is contiguous with the nuclear envelope as depicted in
figure 2.4. Therefore, the nuclear envelope can be seen as a specialized region of
the ER. Moreover, the whole ER is made of one continuous membrane, making it
a coherent domain in space, i.e. every point in the ER lumen1 can be connected to
every other point by a curve that never crosses the ER membrane. However, the
ER is a very complex and convoluted domain as depicted in the cartoon of figure
2.3. In real cells it extends throughout the cell from the nucleus to the plasma
membrane.

The ER can be divided in rough ER (RER) and smooth ER (SER). Rough ER is
the site of protein synthesis. Therefore its cytosolic side is covered with ribosomes
during the synthesis of polypeptide chains. It is composed of lamella-shaped mem-
brane sheets and is located in the outer regions of the cell. The smooth ER on the
other hand is a tubular network which is concentrated around the nucleus. The
tubes have typical diameters of 30 to 60 nm. The smooth ER is contiguous with the
nuclear envelope and devoid of ribosomes. Therefore, it is not involved in protein
synthesis but in biosynthesis of lipids and detoxification of drugs.
After or during its synthesis, a polypeptide chain starts folding in the ER lu-
men. This process is often further assisted by molecular chaperones. Correctly
folded proteins are then transported to the cis-golgi network by vesicles leaving
the ER at certain exit sites. On their way they pass another membrane com-
plex called the ER-Golgi Intermediate Compartments (ERGIC). In the Golgi com-
plex, the sugars attached to glycoproteins undergo further modification. Incor-
rectly folded proteins however do not leave the ER but are retained and degraded.
(e.g. [Marguet et al. (1999)], [Nehls et al. (2000)]) The question arises how the cell
solves this sorting problem. One possible explanation would be a difference in the
diffusion constants of correctly folded and incorrectly folded proteins which would
allow correctly folded proteins to reach exit sites unhindered, whereas incorrectly
or incompletely folded ones “stick” to chaperones that fill the ER lumen like a gel.

1the space enclosed by the ER membrane
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FRAP experiments (see chapter 3) with temperature sensitive mutants of certain
proteins (i.e. they fold correctly below a certain temperature but not above it) can
give information on this.

Figure 2.3: Distinction of rough and smooth ER (source [Helenius (2001)])

Figure 2.4: Nuclear envelope and ER (source [Alberts et al. (1997)])
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Chapter 3

The concept of FRAP
analysis

Fluorescence recovery after photobleaching (FRAP) is a special laboratory tech-
nique for in-vivo observation of biochemical processes that involve protein mobility.
It has been used since the 1970s to investigate lateral mobilities on the cell surface.
Recently, it has been extended to the investigation of protein dynamics within the
cell (e.g. [Storrie et al. (1994)]). FRAP can also be used to follow events during
cell division and signaling or to measure protein interactions and conformational
changes (see e.g. [Reits & Neefjes (2001)]). All of this has become possible due to
the usage of a protein called green fluorescent protein (GFP). Since this protein is
the core of modern FRAP experiments, the following section will summarize some
of its properties, before moving on to the description of the method as such. A good
review on photobleaching techniques can be found in [White & Stelzer (1999)].

3.1 The green fluorescent protein

GFP is a spontaneously fluorescent protein isolated from coelenterates, such as the
fluorescent Pacific jellyfish Aequoria victoria shown in figure 3.1. The role of the
active center of GFP is to transduce (by energy transfer) the blue chemilumines-
cence of another protein (aequorin) into green light. GFP is well suited for pho-
tobleaching studies since it is a bright, stable, non-toxic fluorophore and does not
bleach under low intensity imaging conditions. When illuminated at high intensity,
GFP looses its fluorescence irreversibly without damaging intracellular structures
([White & Stelzer (1999)]). This loss of fluorescence is called ”bleaching” and lies
at the very core of the FRAP method.

The absorbance/excitation peak of wild-type GFP is at a wavelength of 395 nm
(extinction coefficient 30000 M−1cm−1) with a minor peak at 475nm (extinction
coefficient 7000 M−1cm−1). The emission peak is at 509nm. Figure 3.2 gives the
corresponding spectra for wild-type GFP.

The active center of GFP contains a papain derived chromophore peptide as its
optically active element. Its chemical structure is given in figure 3.4. This molecule
is surrounded by amino acid residues in the center of the protein. Figure 3.3 shows
the chromophore and its environment superposed on the measured electron density
map at a resolution of 2.2 Å1.

1Multiwavelength anomalous dispersion phasing method.
Data out of [Yang, Moss & Phillips (1997)]

7



8 CHAPTER 3. THE CONCEPT OF FRAP ANALYSIS

Figure 3.1: Aequoria victoria (source
Clontech Labs., Inc.)

Figure 3.2: Excitation (blue) and emis-
sion (green) spectra of wild-type GFP
(source [Jonda (1996)])

Figure 3.3: Close-up of active center
of GFP and electron density (source
[Yang, Moss & Phillips (1997)])

Figure 3.4: Chemical structure
of center chromophore (source
[Jonda (1996)])

Figure 3.5 shows the Förster cycle of GFP. By excitation at 395nm, the chro-
mophore is brought to its active state. It relaxes spontaneously by emission of light
at 509 nm (notice that the reaction equilibrium on the right hand side is strongly
biased to the anhydride). The 470 nm line corresponds to unfavored activation in
the anhydride state, hence the lower peak. Recovery then occurs spontaneously as
well since this equilibrium favors the acidic state.
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Figure 3.5: Förster cycle of GFP fluo-
rophore (source [Jonda (1996)])

Figure 3.6: Protein structure of GFP
(source Clontech Labs., Inc.)

Figure 3.7: Folding pattern (topology diagram) of GFP (source
[Yang, Moss & Phillips (1997)])

The structure of GPF is completely known. Figure 3.7 shows the topology diagram
of the folding pattern. The β-sheet strands are shown in light green, α-helices in
blue and the connecting loops in yellow. The red numbers give the positions in
the amino acid sequence that begin and end each major secondary structure. The
anti-parallel strands (except for strands 1 and 6) make a tightly formed barrel that
encloses the chromophore. Figure 3.6 shows an overview of the tertiary structure
and the chromophore at its center.

Figure 3.8 shows the association into dimers (quaternary structure). Eleven strands
of β-sheets (green) form the wall of a cylinder. Short segments of α-helices (blue) cap
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the top and the bottom of this “can” and provide a scaffold for the chromophore
which is near the geometric center of the can. Two monomers associate into a
dimer in the crystal and in solutions of low ionic strengths. The view in figure 3.8
is straight along the two-fold axis of symmetry.

Figure 3.8: Quaternary structure of GFP (source [Yang, Moss & Phillips (1997)])

Chemically, GFP is a very stable protein. It is resistant to denaturation up to 90◦C
or pH < 4 or > 12 and almost full renaturation occurs when normal conditions are
recovered ([Yang, Moss & Phillips (1997)]).

In order to be able to track proteins other than GFP itself, they are covalently
modified to include a GFP domain. This is done by molecular cloning of GFP
cDNA that is then expressed in immortalized tissue culture cell lines. GFP can
function as a protein tag, as it is tolerated for both N- and C-terminal fusion by
a wide variety of proteins. Many of those have been shown to retain their native
function after addition of GFP. This enormous flexibility as a noninvasive marker
in living cells allows for numerous applications among them FRAP analysis.

Various mutants of GFP with stronger fluorescence and/or different absorbance or
emission peaks are known and used. More details on this protein and its mutants
can be found in [Yang, Moss & Phillips (1997)] for example.
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3.2 FRAP analysis

For quantitative FRAP analysis, a cell’s DNA is modified such that the protein one
wishes to track includes a GFP appendix. To measure the mobility of such a protein,
a spot (or rather a cylinder through the cell) is bleached, i.e. the fluorescence of
the GFP in that area is destroyed by high light intensities. One then measures
the fluorescence recovery in the bleached box using a photomultiplyer for example.
The degree of recovery is defined as the instantaneous intensity normalized by the
initial “pre-bleach” intensity, thus I(t)/I0 and is often given in percent. The speed
at which fluorescence recovers is connected to the speed of diffusive motion of the
proteins since the only way fluorescence can recover is by diffusion of non-bleached
GFP into the box. An example of how this can look like under the microscope is
given in figure 3.9.

pre-bleach bleach, t = 0 t = 2min.

Figure 3.9: Example of a FRAP micrograph series (courtesy of Anna Mezzacasa)

All FRAP experiments mentioned in this work have been done using the EGFP
variant from Clontech2. Compared to the wild type, this mutant has an enhanced
intensity of green fluorescence produced by excitation at 488 nm, thus a shifted
excitation peak.

The experiments have been done at the Institute of biochemistry of ETH Zürich by
Anna Mezzacasa, according to the following protocol:

protocol:

bleaching: VERO3 cells plated on glass cover slips were transfected with DNA coding for

the temperature sensitive mutant of Vesicular Stomatitis Virus glycoprotein (tsO45VSVG)

using superfect (Sigma). Analysis were performed on a temperature-controlled stage of a

Leica confocal microscope, using the 488 nm line of a Ar/Kr laser with a 100x, 1.4 NA

objective. A defined region was photobleached at full laser power (100% power, 100%

transmission, 10 s); recovery of fluorescence was monitored by scanning the whole cell at

low laser power (30% power, 0.3% transmission).

This procedure then yields data as summarized in table 3.1. The time is measured
in seconds since bleaching. Figure 3.10 shows the corresponding graph. Section 4.8
will show a curve from a computer simulation for comparison.

2Clontech Labs., Inc. (www.clontech.com)
3Cells from green monkey intestine epithelium



12 CHAPTER 3. THE CONCEPT OF FRAP ANALYSIS

Time [s] Recovery [%]
0 0
10 38.5
20 69
40 80.5
60 92
80 95
100 99
120 100

Table 3.1: Fluorescence recovery from an experiment (courtesy of Anna Mezzacasa)
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Figure 3.10: Experimental FRAP data (full recovery line dashed)

3.3 Estimation of diffusivity

Given measurements as the one in table 3.1 it is now possible to estimate the dif-
fusion constant (so called quantitative FRAP analysis). This is not straightforward
however, since a model is needed. The basic idea is the following: one chooses a
model problem (i.e. 2D diffusion on a square plate) and solves the diffusion equation

∂c(r, t)
∂t

= D∇2c(r, t)

analytically for this problem. The solution is then integrated over the whole domain
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to get its intensity. This intensity will be dependent on the diffusion constant D
and might for example look like this:

I =
∫

Ω

c(r, t) dr = I0
(
1− e−kDt

)

where I0 is the pre-bleach intensity and k is a constant that depends on the geometry
of Ω. This expression is then fitted to the measurement data using a nonlinear (due
to the e-function) least squares approach. Doing this will yield a value for D.

In principle, this is an easy method. The problem however is to find an appropriate
model for protein diffusion in the ER. As will be shown in chapter 5, this model
has some influence on the resulting D value. Since todays models lack universality,
one should be careful to compare diffusion coefficients and mobile fractions between
different cell lines or compartments ([Reits & Neefjes (2001)]).

3.3.1 Currently used models

The model that is commonly used in quantitative FRAP analysis is described in
[Dayel, Hom & Verkman (1999)]. Hereby, the ER is modeled as a planar sheet,
inclined at an angle θ to the horizontal. The vertically oriented bleach/probe beam
is modeled as a uniform circular cylinder of diameter d. It is assumed that the sheet
is very thin (i.e. 2D) and that the bleach time is infinitely short. The intersection
of the beam with the sheet is given by an ellipse of minor axis d/2 and major
axis d/(2 cos θ). Then, the 2D diffusion equation for bleached GFP moving out of
the ellipse is solved by integrating its Green’s function (i.e. superposition of point
sources). It is assumed that the diffusion of fluorescent GFP into to ellipse will
exhibit the same dynamics.

Green’s function for the 2-dimensional diffusion equation on an ellipse is given by:

G(r, t) =
M

4πDt
er2/4Dt

where M is the amount of bleached protein. This is then rewritten in dimensionless
form:

G(r, τ) =
M ′

4πτ
er2d2/4τ

with a dimensionless time τ = Dt/d2 and a dimensionless concentration M ′ =
M/d2. The concentration at point rq is then given by the convolution:

c(rq , τ) =
∫

Ω

G(rq − r, τ) dr

where Ω denotes the bleached ellipse. The total observed fluorescence from the
planar ellipse at angle θ therefore is:

I(θ, τ) = A ·
∫

Ω

c(rq, τ) drq

where the constant A relates the concentration of GFP to the fluorescence intensity.
For planes of random orientation between angles θmin and θmax, the mean total
fluorescence is given by:

〈I(θ, τ)〉θmax

θmin
=

θmax∑
θmin

I(θ, τ) cos θ

θmax∑
θmin

cos θ
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Criticism of this method is due to the fact that the ER is not a flat plate, nor is
diffusion occurring in two dimensions. In reality proteins diffuse in 3D space or on
a convoluted surface in space. Both cases are not described by the 2D diffusion
equation since one of them is 3D and the other one contains geometrical factors (or
is of dimension between 2 and 3 as will be pointed out in chapter 10). Moreover, the
ER membrane differs from the plasma membrane in architecture and viscosity, as
mentioned by [Reits & Neefjes (2001)]. Using a 2D model corresponds to consider-
ing the cell a flat sheet as depicted in figure 3.11 (the arrow indicates the direction
of the bleaching beam). It might be a valid assumption that one membrane sheet of
the ER is 2D. However, in reality several sheets are stacked at different orientations
and shapes and the light beam will not only bleach one of them but all that are
contained within a cylinder extending from the very bottom of the cell to its very
top as illustrated in figure 3.12. The model therefore is at least not correct since
the wrong governing equation has been used. It will be shown in this work that
the choice of the model does have an influence on the resulting D values and that
FRAP analysis in or on the ER is not simply 2D plate diffusion.

Figure 3.11: 2D model for bleaching Figure 3.12: 3D model for bleaching

Despite its simplicity, even this model is not generally used. Instead the following
empirical correlation is often used:

I(t) = I0 +
[I0 +R(Iinit − I0)] (t/t1/2)α

1 + (t/t1/2)α

where I0 is the intensity just after bleaching, Iinit is the intensity just before bleach-
ing and α is an empirical coefficient. t1/2 is the recovery half-time that is estimated
out of the measured curve by a nonlinear fit. R is the mobile fraction which is
defined as [Reits & Neefjes (2001)]:

R =
I∞ − I0
Iinit − I0

where I∞ is the asymptotic intensity after a long time. The mobile fraction can
change in different circumstances, for example when fluorescent protein interact
with other molecules or membranes. It can also be affected by membrane barriers
and microdomains in the membrane. These phenomena can prevent or temporarily
restrict the free diffusion of proteins.
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This method yields results that generally do not differ by more than 5% from the
ones of the 2D model described above.

The main point of criticism of this method is its complete lack of physical relations.
It might however yield better results than the 2D plate model since it is empirically
found by experiments.

3.4 Restatement of goals

As a conclusion it can be stated that the models used for diffusion on the ER are
not very elaborate. They could in principle be replaced by a computational model
on a “reference geometry”. The far goal of this project and its continuations is
to develop a better model based on computational methods and to find a model
geometry that accounts for the complexity and shape of a real ER. Reference runs
could then be performed that relate FRAP curves (or their half-times) to D values.
Or, the computational model could be controlled by an optimization strategy4 to
drive its output towards the measured FRAP curve. The corresponding D value
would then be readily available from the latest input file.

4such as Evolution Strategies or Genetic Algorithms
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Chapter 4

The simulation technique

When simulating diffusion, one has the choice among several methods such as dis-
cretizing the diffusion equation and then solving the resulting system of algebraic
equations, writing a symbolic solution (using Green’s function) which is then dis-
cretized and solved on particles or doing a bottom-up random walk approach. In
this work, the third will be done for various reasons, among them:

• It allows for easy generalization to arbitrary geometries as encountered in
biology.

• Realistic boundary conditions (periodic or closed-box) can easily be managed.

• Anisotropic diffusion and spatially dependent diffusion constants are easier to
implement.

• Single particles can be identified with physical entities (proteins) which allows
for easy reproduction of FRAP data and meaningful visualizations.

• Physically, diffusion is nothing but Brownian motion (i.e. random walk) on a
molecular level and the diffusion equation is just a (macroscopic) model for it
using the concept of concentrations. It is however difficult to measure or even
define concentration on a molecular level which renders this model a little
troublesome.

4.1 On the relation of random walk and diffusion

The last point needs a little closer look. Diffusion is a physical phenomenon which
turns “order” into “disorder” and it is temperature dependent. Jan Ingenhousz
has discovered Brownian motion (i.e. thermal movement of atoms/molecules) to
be the underlying principle of such processes. By “Brownian motion” we mean its
Wiener approximation by a non-differentiable continuous function for the rest of
this work (c.f. also section 10.1.1). It can be completely characterized if the mean
distance of a “jump” and the mean time between two jumps are known statistically.
This forms the foundation of statistical mechanics and gas dynamics. Consider a
one-dimensional Brownian motion and let a be the mean distance of a jump and n
the total number of jumps that are made to get from point 0 to point x. May s
out of these n jumps be heading in the “right” direction (i.e. towards x) and n− s
jumps pointing away from x (recall that this describes a 1D process). Then the
total distance traveled is:

x = a(s− (n− s)) = a(2s− n)

17
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and therefore:

s =
n

2
+

x

2a
(4.1)

Now, let τ denote the mean time between two jumps (or the time needed to travel
a distance of a) and t = nτ the time to reach position x. The probability that s
out of n steps are heading in the right direction is given by:

P (s, n) =
(
n

s

)(
1
2

)n

(4.2)

since the elementary probability for a single step is 1/2. Herein, the following
definition of the binomial coefficient has been used:

(
n

s

)
=
n(n− 1) . . . (n− s+ 1)

s!
=

n!
(n− s)!s!

where s! denotes the factorial of the number s. Replacing n and s by the measurable
quantities t and x yields:

P̂ (x, t) = P (s, n) =
( 1

τ
t

2τ + x
2a

)(
1
2

) t
τ

Assuming large values for n, Stirling’s formula1 can be used to approximate equation
4.2 by:

P̂ (x, t) = P (s, n) = A · B · C ·D (4.3)

where:

A =
e−n

e−se−(n−s)
= 1

B = exp [n lnn− s ln s− (n− s) ln(n− s)]

C = n1/2 (2πs(n− s))−1/2

D = exp [−n ln 2]

B can be further simplified by replacing s by equation 4.1, introducing the dimen-
sionless length

δ =
x

2a
using the identity

ln
(n

2
± δ
)

= lnn− ln 2 + ln
(

1± 2δ
n

)

and expanding ln(1 + α) into its Taylor series:

ln(1 + α) = α− α2

2
+ . . .

Doing this and neglecting terms in δ of third and higher order results in a simplified
expression for the product D · B:

D · B = exp
[
−2δ2

n

]
= exp

[
− x

2τ

2a2t

]

1This formula states that for large n: n! ≈ e−nnn
√

2πn
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Introducing the diffusivity constant D for one-dimensional diffusion2:

D =
a2

2τ
translates this to:

D · B = e−
x2
4Dt

Next, the factor C is considered. Inserting equation 4.1 and using the definition of
t leads to:

C = (2π)−
1
2

(
n(

n
2 −

x
2a

) (
n
2 + x

2a

)
) 1

2

and after some manipulations:

C = (2π)−
1
2 2
[(
t2 − x2τ

τ

a2

)( 1
tτ

)]− 1
2

If τ and a go to zero (which is the case for real Brownian motion), τ/a2 remains
finite, namely 1/(2D). However, τD becomes small and the term containing x2 can
be neglected compared to the first term. Taking the limit one finds:

C = (2π)−
1
2 2τ

1
2 t−

1
2

Assembling all the results, equation 4.3 becomes:

P̂ (x, t) = (2π)−
1
2 2τ

1
2 t−

1
2 e−

x2
4Dt (4.4)

This still contains τ which has been assumed to go to zero. However, it can be
interpreted as a probability density function which is never finite for a single point
x. The probability of finding the particle in an interval (s1, s2) is thus finite:

P (s1 < s < s2) =
s2∑
s1

P (s, n)

Returning to the coordinates x and t, this sum can be replaced by an integral since
x varies continuously and P (s, n) is smooth.

s2∑
s1

P (s, n) =
∫ x2

x1

P̂ (x, t)
1
2a

dx

where 4.1 has been used to get an expression for dx. Defining f(x, t) = 1
2a P̂ (x, t)

and using result 4.4 yields:

s2∑
s1

P (s, n) =
∫ x2

x1

f(x, t) dx =
∫ x2

x1

(4tDπ)−
1
2 exp

[
− x2

4Dt

]
dx

The function f(x, t) satisfies all requirements for a probability density function
(PDF). It can be interpreted as the probability of finding a particle that started at
time 0 at position 0 at position x at time t. Explicitly:

f(x, t) =
1√

4πDt
e−

x2
4Dt

2according to Einstein’s result that the square deviation from the starting point is proportional
to time for a particle doing Brownian motion
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The generalization to three dimensions is easy when using the fact that the probabil-
ity of finding a particle at location (x, y, z) is given by the product of the elementary
probabilities. Thus, the probability of finding a particle at position r = (x, y, z) at
time t when it started off at time 0 at position ρ = (ξ, η, ζ) is given by the PDF:

f(r, ρ, t) =
1

(4πDt)3/2
e−

(x−ξ)2+(y−η)2+(z−ζ)2

4Dt (4.5)

One can now claim that this is nothing but the Green’s function of the following
PDE:

∂c(r, t)
∂t

= D∇2c(r, t) (4.6)

Proof. Consider a finite one-dimensional domain (−L,L). The general Eigenfunc-
tions on this domain are given by the periodic solutions of Helmholtz’s equation:

{
ϕ′′(x) + λϕ(x) = 0 x ∈ (−L,L)
ϕ(x± L) = ϕ(x)

for the Eigenvalues λ. Solving this equation by separation of variables, one finds:

ϕ0 = 1
2L ϕk = 1√

L




sin
(

2kπ
L x

)
if k �= 0

cos
(

2kπ
L x

)
if k = 0

λk =
(

2kπ
L

)2
∀k ∈ N

+
0 . Green’s function for any differential equation is generally defined as:

G(x, ξ) =
∞∑

k=0

1
λk
ϕk(x)ϕk(ξ)

Accounting for time dependence in general boundary/initial value problems leads to
a special Green’s function commonly called Heat Kernel since it was first discovered
for the heat conduction equation:

K(x, ξ, t) =
∞∑

k=0

ϕk(x)ϕk(ξ)e−κλkt

where κ is the “thermal conductivity”. Inserting above Eigenfunctions and -values
and taking the limit L→∞ (infinite domain) yields:

K(x, ξ, t) =
1√

4πκt
e−

(x−ξ)2

4κt

This function meets all requirements for a Green’s function, namely:

• Symmetry: K(x, ξ, t) = K(ξ, x, t)

• Boundary conditions: K → 0 if |x| → ∞, |ξ| → ∞ or t→∞

• PDE:
∂K

∂t
= κ

∂2K

∂x2

• Point source condition: lim
t→0

K(x, ξ, t) = δ(x− ξ) where δ(x) is the Dirac delta
distribution
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Using the cartesian product theorem which states that the heat kernel for a product
domain is given by the product of the heat kernels of the elementary domains, the
heat kernel for the infinite three-dimensional space can be derived as:

KΩ = KΩ1 ·KΩ2 ·KΩ3 =
1

(4πκt)3/2
e−

(x−ξ)2+(y−η)2+(z−ζ)2

4κt (4.7)

and therefore, the solution of equation 4.6 is given by:

c(r, t) =
∫ ∞

−∞
K(r, ρ, t)c0(ρ) dρ

where c0 is the initial distribution of c and r = (x, y, z) and ρ = (ξ, η, ζ) are vectors
in space. Replacing κ with D in equation 4.7 recovers equation 4.5, which completes
this proof.

If f(x, t) in equation 4.5 is the heat kernel (or Green’s function) of the diffusion equa-
tion 4.6, all superpositions of f(x, t) are solutions of the diffusion equation. Since
f(x, t) has been derived starting from the initial distribution c0(x, t) = δ(x− ξ) and
all equations are linear, it is the elementary solution of diffusion. Therefore, diffu-
sion is equal to random walk (Brownian motion) under the following assumptions
(made to derive 4.5):

1. Large number of Brownian jumps (i.e. n→∞)

2. Mean time between jumps infinitely small (i.e. τ → 0)

3. Mean distance per jump infinitely small (i.e. a→ 0)

4. Quadratic approximation for PDF in equation 4.3

Diffusion can thus be seen as a macroscopic second order statistical model for Brow-
nian motion or, inverting the argument, Brownian motion is the underlying micro-
scopic reason of diffusion and its Wiener approximation is accurate except for errors
introduced by not exactly fulfilling assumptions 1 to 3 in a simulation code.

4.2 Simulation algorithm outline

Since this project is about the simulation of diffusive processes on a molecular level,
the usage of non-interacting particles performing a random walk seems to be the
right approach. Particle interactions (i.e. potentials) can be neglected since at this
size and speed, inertia plays virtually no role and charges are very small (if present
at all) compared to the molecular weight of a protein.

One could object that random walk simulations only converge towards the solution
of the diffusion equation as 1/

√
N whereas other algorithms like Particle Strength

Exchange converge as 1/N2 (see [Cottet & Koumoutsakos (2000)]). However, con-
vergence is not needed since we are not solving the diffusion equation but perform-
ing direct random walk without assuming above points and without defining a local
particle concentration. To quote [Perrin (1906)]: “One might encounter instances
where using a function without a derivative would be simpler than using one that
can be differentiated. When this happens, the mathematical study of irregular con-
tinua will prove its practical value.”3. Therefore, the simulation algorithm proceeds
as follows:

3Jean Perrin, 1906. Later Nobel Prize for his work on Brownian motion
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Step 1: Read input files (problem parameters, geometry data, constraints)

Step 2: Initialize particles (to random locations)

Step 3: Process sources and sinks

Step 4: For each particle:

1. Get random direction vector of next step

2. Get diffusivity constant at the current particle location

3. Account for anisotropy by adjusting the D constant to the chosen direction

4. Scale step vector according to D

5. If new position is outside domain: go to step 4.1

6. Process permeability of separators and tube surfaces

7. Move particle to new location

Step 5: Measure properties of interest (e.g. fluorescence recovery)

Step 6: Write output

Step 7: Increment time counter

Step 8: If final time is not reached yet: go to step 3.

4.3 Spatial dependence of D and anisotropy

Using this technique it is possible to include dependences of the diffusivity on
the location (spatial dependence) as well as on the direction of the diffusion step
(anisotropy). Therefore, the code needs to know the D values for all directions and
points in space. This is approximated by defining a cartesian mesh in the bounding
box of the problem. At every node point, three values are given corresponding to the
D values in the three cartesian directions of the inertial system. For every particle,
the D value at its current position is estimated by interpolating from the closest
eight grid points (first order interpolation scheme). The direction dependence is
approximated using reduction formulas that give D out of Dx, Dy and Dz. They
are given in the following sections. Appendix C.2.6 contains further information on
how to define the mesh and prescribe the D values in the corresponding input files.

4.4 3D code

Since the 3D case is of primary interest, this code is developed first. Using above
scheme, the implementation is quite straightforward. Marginalia for every for-
mula/action give the corresponding statement labels in the program code that is
given in appendix C.4.3.

In 3D, a step of random walk can be in every possible direction in space. Therefore,
in step 4.1 of above algorithm, two angles are chosen at random. They are identified
as spherical angles in space according to figure 4.1. However, in order to get a
uniform distribution of directions on the unit sphere, it would be wrong to just
choose them independently identically uniformly distributed. Instead, the following
scaling has to be applied as can be seen by geometrical reasoning4:

4The surface of an infinitesimal spherical band of the unit sphere goes like 2π sinϑ dϑ
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Figure 4.1: Definition of spherical angles

ϕ = 2π · U(0, 1)
ϑ = arcsin(2 · U(0, 1)− 1) + π

2
615-616

where U(0, 1) denotes a random number uniformly distributed between 0 and 1. The
unit vector s pointing in this direction is then converted to its cartesian components
and stored:

s =


 sinϑ cosϕ

sinϑ sinϕ
cosϑ




617-619
Next, the value ofD at the current position of the particle is estimated using trilinear
interpolation from the values prescribed on the closest 8 grid points. Trilinear
interpolation can be used here since there are no conservation requirements to meet 603-614
and the value of D is assumed to vary slowly compared to the grid spacing. This
yields the three values Dx, Dy, Dz for diffusion in the three cartesian directions
x, y, z. Using the components of the newly determined step vector s, the effective
D value for this step is interpolated as follows to account for anisotropy:

D =
|sx|

|sy|+ |sz|+ |sz |
Dx +

|sy|
|sx|+ |sy|+ |sz|

Dy +
|sz|

|sx|+ |sy|+ |sz |
Dz

620-623
and the length of the step vector s is scaled to a normal distribution with mean:

|s| = D
√

∆t

624-625
and variance 1/16 · D2∆t in order to meet the requirement for Brownian motion
s2 ∼ ∆t, where ∆t is the time step size of the simulation. The particle is then
moved to its new location xnew = xold + s. If this happens to be outside of the
computational domain, the step is rejected and the code loops back to get a new
direction vector. This is the biologically true boundary condition since proteins that 663-670
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move in the ER lumen cannot leave the ER by diffusing through its membrane. They
stay inside the lumen until they get exported by vesicular transport or degraded
(both can be modeled as sinks: see section 4.6).

4.5 2D code

The 2D version of the code only differs from the 3D version in the following points:
the third component of any vector is zero for all times and for a random step only
ϕ is chosen and interpreted as polar angle in the plane z = 0:

ϕ = 2π · U(0, 1)

129
The step vector is:

s =
[

cosϕ
sinϕ

]

130-131
and the effective D value is then given by:

D =
|sx|

|sx|+ |sy|
Dx +

|sy|
|sx|+ |sy|

Dy

132-134
The rest (i.e. scaling and movement) remains unchanged. Marginalia refer to
statement labels in its implementation as printed in appendix C.4.2.

4.6 Adding sources and sinks

In order to be able to model protein exportation and production, point sources
and Gaussian sinks are introduced. A source is defined by its location (x, y, z)
in space and its strength S. The location can be an arbitrary point inside the
computational domain (points outside the domain are ignored) and the strength is
an integer number giving the number of particles that are produced/swallowed per
unit time (not per time step !). Whereas a source simply puts the desired number
of particles to its location (i.e. all particles are placed in the same spot), a sink
needs to have some sort of “attractive behavior” since it will hardly ever happen
that a particle visits exactly the location of the sink. This is done using a Gaussian
attractor characteristic, meaning that a particle gets swallowed at a probability of:

P =
1

σ
√

2π
exp

[
− d

2σ2

]
(4.8)

556-567
where d is the distance from the particle to the sink and the standard deviation is:

σ =
(

3S∆tVBBox

4πN

) 1
3

(4.9)

where S is the strength of the sink, ∆t the simulation step size, N the total num-
ber of particles and VBBox the volume of the bounding box of the computational
domain. In order to ensure that particles close to the sink get removed first, they
are processed in ascending order of their distance to the sink. Therefore, all parti-
cles are first ranked according to their distance. This is efficiently done using the
“indexx” function given in appendix C.4.8. The algorithm for every sink is now:
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Step 1: Calculate distance to sink for all particles

Step 2: Rank particles by ascending distance

Step 3: Calculate standard deviation of sink using 4.9

Step 4: For each particle

1. Calculate probability of particle to get removed using 4.8

2. if U(0, 1) < P remove particle and increment counter

3. if enough particles have been removed: STOP

For the definition of sources and sinks in the corresponding input file see appendix
C.2.2.

4.7 Separator planes build compartments

Cells need different compartments that are separated from each other by a mem-
brane and contain different concentrations and/or species. A very crude model
for this in introduced by the concept of separator planes. These planes extend
throughout the computational domain and are characterized by their location and
permeability. If at any time a particle attempts to cross such a plane, the move is
only allowed at a certain probability. Thus the step vector of Brownian motion is
updated as: 642-662

s =
{
s if U(0, 1) < ν
0 else

where U(0, 1) is a random number, uniformly distributed between 0 and 1 and
0 � ν � 1 is the permeability of the separator. Details on how separators are
defined and used are contained in appendix C.2.4.

4.8 Simulating FRAP analysis

Using above simulation technique, it is straightforward to implement FRAP ana-
lysis (c.f. section 3.2). The only thing that needs to be changed is the initial
particle distribution in step 2 of the algorithm. It is modified such that only parti-
cles at (random) locations outside of some bleached area are accepted. An exam-
ple of a resulting initial distribution is shown in figure 4.2 where the view line is
collinear with the bleaching light beam (i.e. from above) and the square cylinder
{(x, y, z)|2 � x � 3, 2 � y � 3} has been “bleached”. In step 5 of the algorithm on
page 22, the number of particles that are inside the bleached box is counted in
every time step. Plotting this number (normalized by the total number of particles)
yields fluorescence recovery curves similar to those found in experiments (e.g. fig-
ure 3.10). Figure 4.3 shows such a curve from a computer experiment in 3D using
10000 particles. The dashed line indicates the pre-bleach value, i.e. the value when
a completely homogeneous particle distribution has been recovered (100% recovery).
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Figure 4.2: Initial particle distribution for FRAP simulations. Top view.
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Figure 4.3: Fluorescence recovery curve and its pre-bleach value (dashed)



Chapter 5

FRAP analysis of 2D and 3D
space diffusion

Using the methods described in chapter 4, 2D and 3D simulations are performed.
The computational domain for the 3D case is the cube [0; 4]× [0; 4]× [0; 4] and for
the 2D case it is the corresponding square [0; 4]× [0; 4]. The boundary conditions
are “closed-box”, i.e. no particle is allowed to enter or exit the domain. This is the
biologically correct boundary condition since lumen proteins are never allowed to
exit the endoplasmic reticulum and the ER is not a periodic domain. An example
of the initial condition is depicted in a top view in figure 5.1. The square (cylinder)
[2; 3] × [2; 3] is bleached, meaning that is contains no fluorescent particles at time
zero.

All runs have the following parameters in common:

Parameter Value
Number of space particles 10000
Number of surface particles 0
Time step size 0.005
Final time of simulation 20
Separators none
Sources none

Table 5.1: Common parameters for 2D and 3D runs

For every case, 5 runs are performed starting from different initial random seed
values1. The random seeds of table 5.2 (need to be negative and integer) are used
for the random number generator given in appendix C.4.9.

All 5 runs are averaged at every time step to get the final fluorescence value at that
time. This ensemble averaging reduces the risk of spurious effects introduced by the
random number generator or an accidentally chosen “special” configuration. Figure
5.2 shows the result.

1This not only implies different particle distributions but also different behavior wherever ran-
dom numbers are involved, e.g. for permeabilities, etc.
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Figure 5.1: Sample initial particle distribution for FRAP simulations. Top view.

Run Random seed
1 -221
2 -513
3 -333
4 -97
5 -1023

Table 5.2: Random seeds for runs 1 to 5

It can be observed that the 2D and 3D simulations yield different FRAP curves
although they have been performed at the same diffusion constant. This is not
surprising since the 3D case includes a non-observable direction parallel to the
bleaching beam. All movements in this direction are missed by the FRAP observer.
In the 2D case on the other hand, every movement is observable, making it look
faster at the same rate of Brownian jumps (i.e. diffusivity).

For comparison, the same 10 runs are also performed using only 5000 particles but
simulating until time 30. The results are compared to the 10000 particles case in
figures 5.3 and 5.4. It can be seen that the number of particles does not seem to
affect the results and that when simulated for a longer time, both cases reach the
initial fluorescence level, thus recovering to 100% as expected.
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Figure 5.2: FRAP curves of 2D (red) and 3D (green) simulation. Pre-bleach level:
dashed blue.

If the bleached box is very long (i.e. its edge length in z direction is much larger
than the ones in x and y), boundary effects can be neglected. To investigate this,
a 3D simulation in the domain [0; 4] × [0; 4] × [0; 100] with the bleached cylinder
[2; 3]× [2; 3]× [0; 100] and the same parameters as before is done using again 10000
particles. Figures 5.5 and 5.6 show its FRAP curve compared to the corresponding
2D and 3D cases, again averaged over 5 different runs. It can be seen that there is
still a significant difference compared to the 2D curve whereas the 3D curve exhibits
similar behavior. Therefore, the differences are not only due to boundary effects.
In real FRAP experiments, the cell is bleached close to its perimeter where it is
quite flat. This is done to avoid too high fluorescence intensities (measurement
resolution) and to keep the domain as homogeneous as possible (c.f. chapter 8).
Real geometries will therefore be less elongated than the one checked here which
means that they will exhibit the same differences since boundary effects weaken
monotonously with increasing elongation.

The conclusion of this chapter is that the model affects the results, or – the other
way round – analyzing a given FRAP curve using a 2D model fit (see chapter 3.3.1)
will constantly underestimate the real diffusivity at every number of particles and
geometry.
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Figure 5.3: 2D FRAP curves with 5000 (red) and 10000 (green) particles. Pre-
bleach level: dashed blue.

0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0 5 10 15 20 25 30

flu
or

es
ce

nt
 fr

ac
tio

n

time

Figure 5.4: 3D FRAP curves with 5000 (red) and 10000 (green) particles. Pre-
bleach level: dashed blue.
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Figure 5.5: 3D FRAP curve in long domain (red) and 2D curve (green). Pre-bleach
level: dashed blue.
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Figure 5.6: 3D FRAP curve in long domain (red) and 3D curve in cube (green).
Pre-bleach level: dashed blue.
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Chapter 6

Surface diffusion on tubes

In order to be able to model tubular ER structures as well as microtubules or
chaperones inside the ER lumen, tubes are introduced as basic geometry objects in
the simulation code. They should satisfy the following requirements:

• free placing in the whole computational domain possible

• not extended beyond the computational domain (i.e. clipped to domain if
necessary)

• arbitrary direction and radius in 3D space

• any number of tubes allowed concurrently

• support for “2D” diffusion on the tube surface using its own D value

• support for 3D space diffusion inside and outside tubes

• tube surface acts as a membrane in space (i.e. as a resistor of certain perme-
ability to space diffusion)

To allow for 2D diffusion on the tube surface, a local (unrolled) coordinate descrip-
tion of the tube surface is needed.

6.1 Description of tubes

Tubes are defined in an input file called “tubes.in”. This file and its syntax are
described in appendix C.2.3. Mathematically, the tube surface is defined by its
parametrization by the polar angle ϕ and the ζ coordinate along the center line
of the tube. Therefore, no triangulated or otherwise approximated description is
used, but the exact shape of the tube. This is needed because it is only possible to
ensure that particles stay on the surface in every time step if the surface is exactly
known for every point a particle might reach. Geometrically, a tube is defined by its
center line (given as a vector r in space), its starting point (i.e. the point where r
is “attached”, given by its location vector P ) and its radius R. Further parameters
not connected to geometry are the diffusivity on its surface and the permeability
for space particles. Figure 6.1 illustrates the defining geometrical properties of a
tube.

The tube extends in space along r until it hits the domain boundary. However, only
positive multiples of r are considered (i.e. positive values of the coordinate ζ), thus
making the tube “semi-infinite” in space, extending from point P in one direction
only.

33



34 CHAPTER 6. SURFACE DIFFUSION ON TUBES

r

R

ζ

ξ

ϑ

ϕ

ψ

z

y

P

x

η

Figure 6.1: Definition of tube properties

6.2 Coordinate transformations

For several reasons like particle initialization, output, recovery or treatment of
sources and sinks, transformations between the local coordinates ϕ and ζ of a tube
and the inertial coordinates x, y, z in space are needed. Consider “global” tube
coordinates:

(ϕ, ζ, i)

where i is the number of the tube on which ϕ and ζ are to be interpreted as local
coordinates. We are thus looking for forward and backward transformations:

T : (x, y, z)←− (ϕ, ζ, i)
T −1 : (x, y, z) −→ (ϕ, ζ, i)

For the forward transformation T consider the following linear mapping:

x = Tξ + P (6.1)

where x = (x, y, z) is the position in inertial space, T is a rotation matrix, P is the
location vector of the tube’s starting point and

ξ =


 ξ
η
ζ


 =


 R cosϕ
R sinϕ
z




is the cartesian location vector of a point on the tube surface expressed in a local
cartesian system (ξ, η, ζ) fixed at P . The rotation matrix T aligns this local cartesian
system with the inertial system (x, y, z) by successive rotation around z and y:

T1 =


 cosψ − sinψ 0

sinψ cosψ 0
0 0 1


 T2 =


 cosϑ 0 sinϑ

0 1 0
− sinϑ 0 cosϑ
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Thus yielding

T = T1 · T2 =


 cosψ cosϑ − sinψ sinϑ cosψ

sinψ cosϑ cosψ 0
− sinϑ 0 cosϑ




for the total rotation where ψ and ϑ are the spherical angles of the tube direction
vector r = (rx, ry , rz):

ψ =




arctan
(

ry

rx

)
if rx > 0

arctan
(

ry

rx

)
+ π if rx < 0

π
2 if rx = 0 and ry > 0

−π
2 if rx = 0 and ry < 0

0 if rx = 0 and ry = 0

ϑ =




arctan
(√

r2
x+r2

y

rz

)
if rz > 0

arctan
(√

r2
x+r2

y

rz

)
+ π if rz < 0

π
2 if rz = 0 and (rx �= 0 or ry �= 0)

0 if rz = 0 and rx = 0 and ry = 0

Assembling everything and denoting the cartesian components of P in inertial space
by (px, py, pz), we find the forward transformation:

T : x(ϕ, ζ, i) =


 pix +Ri cosψi cosϕ cosϑi −Ri sinψi sinϕ+ ζ cosψi sinϑi

piy +Ri cosϕ cosϑi sinψi +Ri cosψi sinϑi + ζ sinψi sinϑi

piz + ζ cosϑi −Ri cosϕ sinϑi




where (·)i means the corresponding property of tube number i. This transformation
has been implemented in module “tube2inertial” of the program code (see appendix
C.4.4 for the source code listing).

The forward transformation is a little bit trickier since it is nonlinear due to the
fact that there are several tubes. The operation of finding the right i is nonlinear
and can even have no solution at all if the given point (x, y, z) is not on any tube’s
surface. Assuming for now that the correct tube index is known, the remaining
linear part of the transformation is obtained by inversion of equation 6.1 as:

ξ = T−1(x− P )

Inserting the corresponding expressions yields:

ζ(x, y, z) = (z − piz) cosϑi +
(
(x− pix) cosψi + (y − piy ) sinψi

)
sinϑi (6.2)

cosϕ =
1
Ri

cosϑi

(
(x− pix) cosψi + (y − piy) sinψi

)
+

1
Ri

(piz − z) sinϑi (6.3)

sinϕ =
1
Ri

(y − piy) cosψi +
1
Ri

(pix − x) sinψi (6.4)

6.2 can directly be used to calculate ζ. ϕ is obtained out of 6.3 and 6.4 using:
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ϕ(x, y, z) =




arctan
(

sin ϕ
cos ϕ

)
if cosϕ > 0

arctan
(

sin ϕ
cos ϕ

)
+ π if cosϕ < 0

π
2 if cosϕ = 0 and sinϕ > 0

−π
2 if cosϕ = 0 and sinϕ < 0

0 if cosϕ = 0 and sinϕ = 0

(6.5)

The nonlinear part of finding i can be done using a simple algorithm like:

Step 1: i = 0

Step 2: for every tube j do

1. calculate orthogonal distance to tube center line

2. if distance is less than a certain tolerance: i = j

3. if i = 0 go to step 2, else STOP

This defines a need for a routine to calculate orthogonal distances to tubes. This
routine will also be used for the projection of surface sources/sinks (see section 6.4)
and various other tasks.

ra

λr

P

A

d

Figure 6.2: Distance to tube center line

Thus we are looking for an algorithm that gives the distance d from any point A in
space (given by its inertial coordinates (x, y, z)) to the center line of tube i. Figure
6.2 illustrates the geometry of the problem. Let ra = A−Pi be the vector pointing
from the tube’s starting point Pi to A, then we have the condition of orthogonality:

λr · (ra − λr) = 0

Assuming that the tube direction vector r is of unit length (this can easily be assured
in the program code by normalizing all tube vectors after reading them from the
input file) and that λ �= 0 yields:

λ = r · ra
and for the distance vector pointing towards A:

d = ra − (r · ra)r
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Its length is:

|d| =
√
|ra|2 − r · ra (6.6)

This formula is implemented in the program module “dist to tube”. See appendix
C.4.6 for further details on it.

Using equation 6.6, the algorithm outlined above and equations 6.2 to 6.5, it is now
possible to complete the backward transformation T −1 which has been implemented
in module “inertial2tube” (see appendix C.4.5).

6.3 Surface diffusion

Since particles that diffuse on the tube surfaces only have two degrees of freedom,
a different motion than the one described in section 4.4 is performed. The particles
are moved in local cylindrical coordinates (ϕ, ζ) on the tube. First, the direction of
the step is chosen as if the surface was unrolled in a plane:

ϑ = 2π · U(0, 1)

594
with U(0, 1) being a uniformly distributed random number between 0 and 1. Then
the length of the step is estimated as:

|s| = N (Dsurf

√
∆t,

1
16
D2

surf∆t)

595-597
where N (µ, σ2) denotes a Gaussian random number with mean µ and variance σ2

and Dsurf is the surface diffusion coefficient on the tube1. The new cylindrical
angle on the tube is then given by:

ϕn+1 = ϕn +
1
R
|s| cosϑ mod 2π

and the new axial coordinate is: 598-601

ζn+1 = ζn + |s| sinϑ

This new location is now transformed to inertial coordinates (x, y, z) and the particle
is moved. Using this procedure ensures that surface particles always remain exactly
on the surface. If the move would result in a position outside of the computational
domain, it is rejected and a new step is chosen.

6.4 Sources and sinks on tubes

To complete the picture, sources and sinks are also implemented on tubes. Accord-
ing to appendix C.2.2, they are defined using the same input file as space sources.
However, the code needs to check whether the given location of the source is real-
ly on a tube’s surface. If this is not the case (what will be most probable), it is
projected onto the closest tube surface as follows:

Let ra be the vector pointing from the starting point of the closest tube Pi to the
location of the source xs: ra = xs−Pi. Then, the vector by which the source needs

1only isotropic diffusion with constant diffusivity is considered for tubes since otherwise it could
not be assured that the end point of a step is on the tube again.
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to be displaced is given by:

b = (d−Ri) [r(r · ra)− ra] (6.7)

where d is the distance from xs to the center line of the closest tube (see the end of
section 6.2 for details on how this distance is calculated). Therefore, each surface
source/sink is preprocessed with:367-396

Step 1: Calculate distance to every tube surface (distance to center line minus tube
radius)

Step 2: Choose closest tube i

Step 3: Move source by adding b to its position (see 6.7)

Step 4: If source is now outside domain: delete it

Once the sources and sinks are displaced to meet all constraints, they work as space
sources/sinks would do. Details have already been mentioned in section 4.6. The
only difference is that surface sources produce “surface particles” (i.e. particles that
move on the surface only) whereas space sources produce particles that diffuse in
3D space. The same applies for sinks.

6.5 FRAP analysis at different angles

Using the preliminaries introduced above, it is now possible to perform simulations
with particles that move on the surface of a 3D shape, in this case tubes. The ques-
tion to be addressed is whether this 2D diffusion (since the particles only have two
degrees of freedom) is equivalent to flat plate 2D diffusion in terms of FRAP results.
It seems reasonable that the recovered D value of a FRAP experiment depends on
the tilting angle of the tube. A tube viewed from the side (i.e. perpendicular to its
center line) is expected to be more “plate-like” than a tube viewed along its center
line.

FRAP simulations are performed using a tube at different angles. The simulations
are done using 10000 particles that diffuse on the tube surface only doing homoge-
neous and isotropic diffusion with D = 0.4. The computational domain is the cube
[0; 4] × [0; 4] × [0; 4] and the simulation is run for 4000 time steps up to time 20.
Table 6.1 summarizes the tubes that are used one after the other.

Angle Direction vector Starting point
0◦ (1.0, 0.0, 0.0) (0.0, 2.5, 2.0)
20◦ (0.9397, 0.0, 0.3420) (-3.0, 2.5, 0.0)
45◦ (1.0, 0.0, 1.0) (0.5, 2.5, 0.0)
60◦ (0.5, 0.0, 0.866) (1.3453, 2.5, 0.0)
85◦ (0.087156, 0.0, 0.9962) (2.325, 2.5, 0.0)

Table 6.1: Tubes for FRAP analysis

No separators, sources or sinks are present. The bleached area is [2; 3]× [2; 3]× [0; 4]
and the view is parallel to the z axis of the inertial system. Therefore, the bleached
spot is larger than the tubes in diameter (i.e. it does not only contain tube surface
but also blank space). The tubes are all parallel to the xz-plane and the tilting
angle (denoted by θ) is the angle between the tube center line and the xy-plane.
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Since the pre-bleach fluorescence values of the different experiments differ due to
the fact that not all tubes expose the same fraction of their total surface to the
bleaching beam, the measurements have been normalized to the final value of the
FRAP curve. Therefore, all curves end at 1.0 for time 20. The D value would again
be estimated by fitting a (normalized) model solution to the curves. Figures 6.3 to
6.7 show the simulated FRAP curves.
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Figure 6.3: Tube at θ = 0◦
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Figure 6.4: Tube at θ = 20◦
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Figure 6.5: Tube at θ = 45◦
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Figure 6.6: Tube at θ = 60◦
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Figure 6.7: Tube at θ = 85◦

The plots show that the curves are similar for most tilting angles. However, for
the 85◦ case, it clearly changed to exhibit a much higher apparent D value. There
seems to be an influence of the angle under which a curved surface is bleached and
its FRAP response. However, this influence is nonlinear, featuring a steep increase
towards 90◦. Tilting angles of exactly 90◦ cannot be considered since the whole
tube surface would be bleached and there would be no particles left to diffuse in
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again. The fluorescence would therefore remain zero for all times, rendering the
estimation of any diffusivity impossible. The influence function can therefore be
thought of having an asymptotic pole at 90◦.
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Figure 6.8: FRAP curves of tubes at 0◦ (green) and 85◦ (blue) compared to 2D
plate diffusion (red)

Figure 6.8 shows a comparison of diffusion on tube surfaces and a flat 2D plate. One
might think that, since the surfaces of the tubes are 2D as well and the random walk
is 2D in local tube coordinates, this is equivalent to 2D plate diffusion. 5 different
simulations are averaged for each case. This is done in the same way as in chapter 5
and again the seeds of table 5.2 are used. The result shows that geometrical effects
cannot be neglected. It would in principle be possible to recover the 2D curve from
a tube at an angle in between. In general, it can however be said that diffusion
on tubes appears slower since virtually all movements on the tube’s surface have
a component parallel to the observation direction. With increasing angle, another
effect starts to play a role: the observable cross-section shrinks. Therefore most
of the tube’s surface is inside the bleached box and only a small number of moves
are needed to recover, what makes diffusion look faster. The conclusion is that the
spatial orientation of a curved surface is important and that simple “flat plate”
models will fail on account of this.



Chapter 7

Combining surface and space
diffusion

This chapter will briefly describe how simulations using both kinds of particles
– surface and space – are implemented. Since the simulations are done without
particle interactions (see section 4.2 for reasoning), the only obvious change needed
is a flag bit to every particle that tells whether the particle moves in space or on a
tube.

However, since tube surfaces are interpreted as membranes, they have interactions
with particles insofar that surface particles are bound to them and space particles
are not allowed to cross them (or are only allowed to cross them at a certain prob-
ability). The former interaction has already been accounted for in section 6.3 by
construction of the random walk. The latter interaction needs some more attention.

As can be seen from appendix C.2.3, the tube definition file not only contains its
geometrical properties and the surface diffusion constant but also a permeability.
This permeability corresponds to the probability at which a space particle is allowed
to cross the tube surface given it attempts to do so. Therefore, at every time step
it is checked for every particle whether it attempts to cross a tube’s surface. If this
is the case, its step vector is updated as: 630-641

s =
{
s if U(0, 1) < µi

0 else (7.1)

where U(0, 1) is a random number, uniformly distributed between 0 and 1 and
0 � µi � 1 is the permeability of the surface of tube i. The complete algorithm
proceeds as follows:

Step 1: r1 = distance to tube i at old position xold

Step 2: r2 = distance to tube i at new position xnew

Step 3: if (r1 − Ri)(r2 − Ri) < 0 then update step vector according to 7.1, else leave
it untouched (Ri denotes the radius of tube i).

The implementation can be found in appendix 4.4 on lines 630 to 641.

Now it is possible to have both kinds of particles in the same simulation and the role
of the tubes can be varied from impermeable to “not felt”. Figures 7.1 and 7.2 show
example visualizations of such simulations using a single tube. Only a small number
of particles is shown in order to keep the image clear. Space particles are visualized
by green spheres, surface particles by orange ones. The tube is represented by

41
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a collection of blue spheres on its surface (representing the membrane lipids for
example) although its internal description is continuous (see section 6.1). These
visualizations have been done using the commercial program AVS/Express.

Figure 7.1: Snapshot of combined simulation. Surface particles orange, space par-
ticles green. Outside view.

Figure 7.2: Snapshot of combined simulation. Surface particles orange, space par-
ticles green. Inside view.



Chapter 8

Diffusion on multiple tubes

As mentioned in chapter 6, the simulation code should be able to handle an arbitrary
number of tubes. However, only a single tube at the time has been considered so
far. This chapter will give an example of a run that has been made using a larger
number of tubes in the computational domain. This is to test and demonstrate the
functionality of the algorithm in handling n tubes concurrently.

The particular tube configuration that has been selected is shown in figure 8.1.
One might call it the “20 tubes in cross-finger configuration” since it alludes to the
stretched fingers of both hands being crossed. All tubes are at angles of 38.7◦ and
have a radius of R = 0.048 such that they do not touch each other (although this
would not be a problem for the code but rather for the clarity of the picture). The
full tube definition according to the syntax described in appendix C.2.3 is given by:

Definies tubes by direction vector and radius, diffusion on surface only

========================================================================

nr. of tubes

20

direction vector starting point radius D_surf perm

x y z x y z

-------------------------------------------------------------------------------

1.000 0.000 0.800 0.000 0.190 0.500 0.048 0.400 0.000

-1.000 0.000 0.800 4.000 0.381 0.500 0.048 0.400 0.000

1.000 0.000 0.800 0.000 0.571 0.500 0.048 0.400 0.000

-1.000 0.000 0.800 4.000 0.762 0.500 0.048 0.400 0.000

1.000 0.000 0.800 0.000 0.952 0.500 0.048 0.400 0.000

-1.000 0.000 0.800 4.000 1.143 0.500 0.048 0.400 0.000

1.000 0.000 0.800 0.000 1.333 0.500 0.048 0.400 0.000

-1.000 0.000 0.800 4.000 1.524 0.500 0.048 0.400 0.000

1.000 0.000 0.800 0.000 1.714 0.500 0.048 0.400 0.000

-1.000 0.000 0.800 4.000 1.905 0.500 0.048 0.400 0.000

1.000 0.000 0.800 0.000 2.095 0.500 0.048 0.400 0.000

-1.000 0.000 0.800 4.000 2.286 0.500 0.048 0.400 0.000

1.000 0.000 0.800 0.000 2.476 0.500 0.048 0.400 0.000

-1.000 0.000 0.800 4.000 2.667 0.500 0.048 0.400 0.000

1.000 0.000 0.800 0.000 2.857 0.500 0.048 0.400 0.000

-1.000 0.000 0.800 4.000 3.048 0.500 0.048 0.400 0.000

1.000 0.000 0.800 0.000 3.238 0.500 0.048 0.400 0.000

-1.000 0.000 0.800 4.000 3.429 0.500 0.048 0.400 0.000

1.000 0.000 0.800 0.000 3.619 0.500 0.048 0.400 0.000

-1.000 0.000 0.800 4.000 3.810 0.500 0.048 0.400 0.000
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The computational domain is the cube [0; 4] × [0; 4] × [0; 4], the global simulation
parameters are (see appendix C.2.1 for details on their definition):

Parameter Value
Number of space particles 3750
Number of surface particles 1250
Time step size 0.005
Final time of simulation 20
Output every 1 time step
Separators none
Sources none

Table 8.1: Parameters for 20 tubes run

Figure 8.2 shows a close-up view of the crossed tube configuration. The simulations
have been done as FRAP experiments (see chapter 3 and section 4.8 for details)
which means that initially a certain area is “bleached”, i.e. is devoid of fluorescent
particles. This initial condition with the cylinder [2; 3] × [2; 3] × [0; 4] bleached is
depicted in figure 8.3 in a top view of the domain. Figure 8.4 is a close-up view of
one corner of the bleached box. Figure 8.5 shows an exemplary snapshot out of the
simulation.

Figure 8.1: 20 tubes in crossed-finger
configuration

Figure 8.2: Close-up of tube configura-
tion

Two different runs are performed using this setting. A first one having a uniform,
isotropic diffusivity of D = 0.4 throughout the domain and a second having a ten
times lowerD value in the lower half of the computational domain. This was mainly
to test the grid-D-algorithm (see section 4.2 and appendix C.2.6). Figure 8.6 shows
the fluorescence recovery curve for both cases as well as their expectation (or “pre-
bleach”) value in blue. Due to the slow diffusion in the lower part, the second
case seems not to recover to the expectation value (i.e. the “immobile fraction” is
higher). It will reach the expectation value at a later stage. Given these curves
from a measurement would however result in a drastically lower estimated D value
for the second case. Therefore, any spatial variation of D parallel to the observation
beam cannot be reconstructed from measurements. This means that in order to get
reliable values, FRAP analysis must not be performed in a bleached box that spans
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Figure 8.3: Initial condition - Top view Figure 8.4: Close-up of bleached box
corner at t = 0

areas of different diffusion constants. This can in practice be a problem since in real
cells, the bleached box does not only contain ER but also cytosol and possibly other
organelles. If they have a different diffusivity (e.g. due to the absence of chaperones
or different concentrations), the measured D value will be an average and not the
ER lumen diffusivity.

To conclude this chapter one can state that the code has been tested for multiple
tubes and some conclusions have been drawn. One of the runs that were performed
has been presented here exemplary. On the data CD that accompanies this report
(see appendix A), MPEG movies of the run described here can be found for both
the top and the rotated view.
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Figure 8.6: FRAP curves of uniform case (red), split-box case (green) and their
expectation value (blue)
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Figure 8.5: Snapshot of simulation – Rotated view



Chapter 9

Towards a more realistic
domain geometry

9.1 Using triangulated domains

As mentioned earlier, the code should be able to handle computational domains of
arbitrary geometry. According to an important theorem of topology, every surface
in 2D and 3D can be composed of on infinite number of infinitesimal triangles. If
one takes a finite number of triangles of finite size, the surface is no longer exactly
described but approximated. Such an approximation is called triangulation.

Therefore, the simulation code is extended to read a geometry description file that
contains the triangulated computational domain. This file and its syntax are de-
scribed in appendix C.2.5. Each triangle is completely described by the inertial
coordinates of its three vertices. Denoting triangle i by Ti, we get:

Ti =




 P1x

P1y

P1z


 ,

 P2x

P2y

P2z


 ,

 P3x

P3y

P3z






where P1 . . . P3 are the location vectors of the triangle’s vertices (see also figure
9.1). The surface S is now approximated by the set of triangles:

S ≈ ℵ = {Ti | i = 1 . . .M }
where M is the total number of triangles needed to describe the surface triangula-
tion.

The set ℵ is considered a topologically valid triangulation if and only if it meets the
following requirements:

• ℵ describes a closed, coherent1 surface in R
3

• No Ti must contain any edge of length � 0

• No Pj(Ti) must be inside another triangle

• Two neighboring triangles must have exactly two vertices Pj in common

No further constraints on the shape, number or arrangement of the triangles are
needed. In order to keep the algorithm simple and at reasonable computational

1meaning that any point enclosed by S can be connected to any other point enclosed by S with
a continuous curve that never intersects S
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cost, the following is required in addition:

• The vector n =
−−−→
P1P2 × −−−→P1P3, where “×” is the cross product, must point

outward (i.e. out of the domain) for every Ti.

It is important to notice that this is not a mathematically needed requirement but
is introduced here for the purpose of this project. Therefore, a set ℵ is called syn-
tactically valid if and only if it is topologically valid and satisfies above orientation
constraint.

P1

P2

P3

C

n

Figure 9.1: Definition of triangle properties (C is the centroid)

One of the most important problems that had to be solved is how to determine
whether a given point is inside or outside the domain enclosed by the surface de-
scribed by ℵ. In this text, this problem will be called the container problem of ℵ. To
any human observer the solution would be immediately obvious. But how should a
computer program decide? The solution is not trivial since the only thing we ask
is that ℵ must be topologically valid. It does not need to be convex or even regular.
Consider the corresponding problem in 2D2: given a closed, coherent (i.e. topologi-
cally valid) graph C in R

2 and a point (A or B); what are necessary and sufficient
conditions that the point is enclosed by C? Figure 9.2 depicts the topology of this
problem.

The solution is a well known theorem of topology. Necessary and sufficient that a
point A is enclosed by C is that every semi-infinite straight line starting at A has
an odd number of intersection points with C. Necessary and sufficient that a point
B is outside of the domain enclosed by C is that every semi-infinite straight line
starting at B has an even number of intersection points with C.

Since we are only dealing with graphs that are constructed of connected segments of
straight lines, it is sufficient to draw a semi-infinite line from the point in question
through the middle point of every line segment of C. This reduces the number of
lines that need to be considered from ∞ to M . In figure 9.2, only a few examples
of all the lines that would need to be considered are drawn.

Although this would solve the problem, it is computationally not feasible since ℵ
can easily contain a large number if triangles in practice. This would make the
algorithm O(M2) since the task of finding all the intersection points with a certain
segment of C requires a nested loop over all line segments.

2This can be done without loss of generality but is easier to sketch and imagine
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B

A

C

Figure 9.2: Topology of the container problem

To avoid this problem, we now require that C be syntactically valid, i.e. the orien-
tation of every single line segment be known. Now, the algorithm is given by:

Step 1: Follow an arbitrary semi-infinite straight line starting at A

Step 2: Intersect this line with every straight segment of C

Step 3: If no intersection points exist, A is outside. STOP.

Step 4: Find the intersection point that is closest to A

Step 5: If nj · (A− Cj) � 0, A is outside, else A is inside

where the outer normal nj on segment j and its center point Cj have been used in
the last step (for this step A is to be interpreted as the location vector of point A).

In 3D, the algorithm remains the same if one replaces “straight segment” by “tri-
angle”. The centroids

Ci =
1
3
(P1i + P2i + P3i)

and unit normals

ni =
−−−−−→
P1iP2i ×

−−−−−→
P1iP3i∣∣∣−−−−−→P1iP2i ×
−−−−−→
P1iP3i

∣∣∣
of all triangles can be precalculated during initialization and the 3 × 3 system of
linear equations needed to calculate the intersection points can be analytically solved
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before programming it. This makes the algorithm an efficient O(M) procedure.
Since it has to be done for every particle at every time step (to check whether the
next step of Brownian motion is valid), this is a crucial point to optimize. The
implementation is given in appendix C.4.7.

As already mentioned in chapter 4, sources are ignored if they are outside the
computational domain and tubes are clipped to the domain. Both tasks make
additional use of above algorithm in case triangulated geometries are employed.

Since not all operations need to be carried out on the complex geometry of the
computational domain, its bounding box is calculated and stored as well. It is used
for example to estimate the number of points that are needed to visualize a tube,
to get boundaries for the ζ parameter during projection of sources onto tubes or
to place “ghost spacers” in the output files that force visualization tools to use the
same scaling in every picture (important when doing movies).

9.2 Microscopic slides of the ER

The purpose of all the triangulation efforts is to ultimately be able to perform
simulations in a computational domain that has the shape of a real endoplasmic
reticulum. The final goal is thus to get a triangulated description of an ER. Several
stacks of micrographs were taken showing stained ER of VERO cells3. 15 to 30
slides of each cell were taken at distances of ∆z = 0.1 . . . 0.2µm. Figures 9.3 and
9.4 show examples of such slides around the center of the cell. Everything shining
in green is part of the ER. The detailed protocol is given hereafter, the complete
set of pictures can be found on the CD (see appendix A).

Figure 9.3: VERO cell ER staining ex-
ample 1 (courtesy of Anna Mezzacasa)

Figure 9.4: VERO cell ER staining ex-
ample 2 (courtesy of Anna Mezzacasa)

protocol:

staining: VERO cells grown on glass cover slips were fixed in 4% paraformaldehyde then

quenched for 10 min in PBS. For permeabilisation of the cells a solution containing 0.05%

saponin, 10 mM Hepes and 10% goat serum was applied. The first antibody against dog

calnexin (Clayde 1984) was diluted 1/100 and cells were incubated for 1 h at room tem-

perature. After 5 washes in the same solution the cells were incubated with the secondary

3cells from green monkey intestine epithelium
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antibody (Alexa Fluor 488 IgG conjugate; dilution: 1/200) for an additional 30min. Be-

fore mounting the cells on Mowiol they were washed another 5 times in permeabilisation

solution. Cells were visualized with a Leica confocal microscope.

9.3 3D reconstruction and its problems

After gaining a basic understanding of how convoluted and complex the geometry
of the endoplasmic reticulum is, several ways to find a 3D reconstruction of it are
possible, among them:

• Direct reconstruction of the micrograph stacks

• Extracting Eigenstructures

• Frequency domain analysis

• Neural networks

• Reduction to statistical properties

The artwork shown in figure 9.5 gives an impression of how the 3D surface of an ER
might look like. This is of course simplified as can easily be verified by comparison
to figures 9.3 and 9.4. Nevertheless it shows basic properties such as the distinction
between smooth ER (SER), a mostly tubular network found in the perinuclear
space, and rough ER (RER), composed of flat lamellar cisterae extending out to
the plasma membrane.

Each of the five methods proposed will now be discussed in turn.

Figure 9.5: Sketch of the three-dimensional shape of an ER (source
[Helenius (2001)])
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9.3.1 Direct reconstruction

Direct reconstruction of a triangulated 3D surface would at least involve the follow-
ing steps:

1. Thresholding of the stack micrographs to binary images having a “1” where
ER is located, “0” elsewhere.

2. Outlining of the images (edge detection) to get the perimeter of the ER slide

3. Error correction to get one continuous curve without disruptions

4. Identifying corresponding structures in subsequent images (e.g. by calculating
cross-correlations)

5. Detection of corresponding curve points in subsequent slides

6. Discretizing the perimeter in each slide with a set of points

7. Connecting points on different slides (levels) to triangles

8. Error correction to make the set of triangles syntactically valid

9. Storage of point coordinates

Since it is impossible to get perfect images at arbitrarily high resolutions, there
will be errors in the slides such as “holes” in curves that should be continuous4,
noise or other side effects. These can also be given raise to by the reconstruction
itself, resulting in a non-coherent domain or otherwise topologically or syntactically
invalid sets. The number of possible errors is large making their detection and
elimination very demanding. Steps 3 and 8 in above “algorithm” contain all of
these difficulties.

Assume for a moment that the error correction problem is solved. The next pitfall is
aliasing. Since digital photography introduces sampling and the slides are taken at
discrete z levels, aliasing is a problem. The distance between two subsequent slides
is around 0.2µm, the typical distance between ER tubes or lamella is however
smaller. According to Shannon’s theorem they can thus not be resolved in a 3D
reconstruction. Instead, one will be constructing spurious “ghost” structures given
raise to by spectral multiplication (aliasing).

Even if aliasing and error correction can be overcome using some clever algorithm,
the result will be of limited use since the shape of the ER changes drastically between
different individual cells and even for a given cell it changes in time as can be seen in
figure 9.6. A reconstructed ER geometry would therefore only be valid for a given
cell individual at a given instant in time.

Summarizing it can be said that direct reconstruction is not an option given such
a convoluted surface as the ER is.

9.3.2 Extraction of Eigenstructures

The last problem mentioned for direct reconstruction could possibly be overcome by
extracting “characteristic structures” of the ER surface. This could in principle lead
to a universal “ER prototype” having all the structural, statistical and geometrical
properties that make up an ER. Simulation results that are valid for all cells at

4recall that the ER consists of one continuous membrane
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Figure 9.6: ER of resting B cell (left image) and after activation of the immune
system (right image) (source [Helenius (2001)])

all times might result in the best case. One technique for the extraction of such
eigenstructures5 is proper orthogonal decomposition (POD).

If POD is applied to each slide it might converge to different eigenstructures at
different z levels which would render any 3D reconstruction impossible. Doing the
reconstruction first and then extract eigenstructures of the 3D body therefore seems
to be the better way. However, the problems of error correction and aliasing remain
the same in this case, making this method at least difficult. It could work though
and should be investigated in future work (see chapter 11).

9.3.3 Frequency domain analysis

Transformation of the images to the frequency domain (e.g. using FFT) yields
their spectrum. This will contain information on typical distances, composition and
possible regularities. FFT can for example be used to calculate cross-correlations of
subsequent slides which would give information on how structures are related. This
could help in identifying corresponding structures in two images that can then be
connected with triangles.

However, it is often forgotten that images do not only contain information in their
intensity but also in the phase. Using the method of “phase contrast imaging”
(e.g. described in [Rösgen (2001)]), it is possible to make use of this otherwise
hidden information using complex FFTs. This method is commonly used for pat-
tern recognition, reconstruction of images in computer tomography and Schlieren
shadowgraph pictures.

9.3.4 Neural networks

The use of neural networks could solve the problem of error correction. A network
could be trained on “valid” ER shapes or given a set of rules describing such shapes.
It should then be able to take a faulty image and reconstruct the most probable
real shape out of it. Such networks could even be trained to do the whole 3D
reconstruction in one shot. A self-training system tries to construct a 3D surface

5named in analogy to eigenfunctions or eigenvectors that contain all the structural information
of a functional or vector space



54 CHAPTER 9. TOWARDS A MORE REALISTIC DOMAIN GEOMETRY

that has slides similar to those given as its input. It will continue to improve itself
according to some prescribed rules until a satisfactory result is obtained. Such
methods could turn out very powerful and surely deserve attention.

9.3.5 Reduction to statistical properties

The last possible family of methods would not try to geometrically reconstruct
anything from the micrographs but rather use them to get some statistical data that
will then enable one to create completely artificial shapes in the computer that can
be used as computational domains. Since they share the “defining” characteristics
with the real ER, the simulations would be universal and – most important – all
problems related to error correction and aliasing would disappear.

However, this method is far from being unproblematic or even easy. The first crucial
question to be addressed is what statistical properties characterize the shape of the
ER. This has to be validated in experiments of course and then one has to think
about how to create artificial objects having exactly those properties. There might
even be several different artificial shapes sharing the same defining properties (thus
a non-uniquely invertible space mapping). If the chosen properties are really the
defining ones, these homologous shapes must yield the same simulation results. If
any set of properties can be found that passes this test and yields results that are
comparable to experiments, it is likely to be the (or a) right set.

Given such a set of defining properties one could create the simplest shape possible
that combines them and use it as a computational domain. It can now be ei-
ther triangulated using standard algorithms like Delaunay triangulation or perhaps
(if it can be described using closed formulas) even considered as accurate surface
parametrization as was done for the tubes in chapter 6.1.

The following chapter will follow this road by proposing the average fractal dimen-
sionality of ER shapes as their defining statistical property. Future work will have
to show whether this is true or not.



Chapter 10

Fractal properties of ER
shapes

10.1 Introduction to fractal geometry

One basic problem of Euclidean geometry is its fundamental inability to describe
the shape of a cloud, a mountain, a coastline, a tree or – for our purposes – an
endoplasmic reticulum. Clouds are not spheres, mountains are not cones, coastlines
are not circles, bark is not smooth, nor does lightning travel in a straight line.
Patterns in nature are so fragmented and irregular that they do not only exhibit a
higher degree but an altogether different level of complexity. These patterns have
been described by Euclid as ”formless”. 20th century mathematicians have started
to investigated the morphology of the amorphous, leading to the definition of a whole
new class of shapes called fractals. Pioneering work has been done by Mandelbrot
(see [Mandelbrot (1982)]) in the second half of the 20th century based on earlier
work by Hausdorff (see [Hausdorff (1919)]). Classical geometry and mathematics
simply lacked the imagination that nature has. Although structures that do not
fit the theories of Euclid and Newton have been known for quite a while1, they
were regarded as ”pathological” or as ”a joke of nature”. But this pathology turned
out to be inherent in most of the familiar objects around us. Citing Blaise Pascal
”L’imagination se lassera plutôt de concevoir que la nature de fournir.” (imagination
tires before nature) is perhaps the best summary of this situation.

The term fractal is a neologism coined by Mandelbrot from the Latin adjective
fractus. The corresponding verb frangere means “to break, to create irregular frag-
ments”. fractus therefore not only means “fragmented” (as in fraction) but also
“irregular”. Fractal is the etymological opposite of algebra, which derives from the
Arabic word jabara = to bind together.

The geometrical class of fractal sets is characterized by certain intuitive properties,
among them

• an irregular, convoluted shape

• a large or even infinite number of length scales

• statistical self-similarity (i.e. the degree of irregularity and fragmentation is
identical at all scales)

1e.g. duBois Reymond’s function (1875), Cantor’s set (around 1920) or Peano’s space-filling
curve (1925)
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Fractals can be deterministic (i.e. by complex funcion recursion) or they can also
have stochastic irregularities as is the case for most natural shapes. Above list is
however not a definition. The following subsections contain the thorough mathe-
matical definitions in order to build a solid basis for the subsequent chapters. These
definitions are however not needed to understand the rest of this report. The reader
may well skip ahead to section 10.2 if not interested in theoretical considerations or
the exact definition of the term “fractal”.

10.1.1 Dimension and dimensionality

As mentioned, above list of fractal properties is not a definition of fractals. In order
to define this class of shapes, some knowledge about dimensions and outer measures
is needed.

Before 1875, dimension was defined as the minimum number of coordinates needed
to span a space. However, this definition turned out to be inappropriate for the
description of irregularity and fragmentation. Led by Cantor (1877) and Peano
(1890), new definitions of dimension were introduced making the term “dimension”
a loose notion. Dimension has many mathematical facets and one must never forget
that there are several different definitions of it.

Two preliminary definitions may be useful for the following:

Definition 1. Sets for which all useful definitions of dimensions coincide are called
dimensionally concordant sets.

Definition 2. Sets for which different definitions of dimensions fail to coincide are
called dimensionally discordant sets.

The fact that fractals are dimensionally discordant sets can be used to transform
the concept of fractals from an intuitive one to a mathematical one. In order to
finally define “fractals”, consider two different concepts of dimensionality:

• Topological dimension DT (due to Brouwer, Lebesgue, Menger and Urysohn)

• Metric dimension D (e.g. due to Hausdorff and Besicovitch)

Brouwer discovered in 1911 that the Euclidean E-Space and the Euclidean E0-Space
are not homeomorphic2. Based on this, in 1913 he introduced an integer-valued
function of a space which is topologically invariant by its very definition and which
yields exactly E in the Euclidean E-Space: Each cube in Euclidean E-Space can
be decomposed into arbitrarily small bricks such that no more than E + 1 of these
bricks meet. According to Lebesgue, this number cannot be reduced any further,
meaning that for any decomposition in sufficiently small bricks there must be a
point in common for at least E+1 of the bricks. The topological property E of the
Euclidean E-Space (hence its name) is defined to be its topological dimension. This
notion of dimension coincides with our daily intuitive notion for a large number of
spaces.

In contrast to above definition, all possible concepts of fractal dimension are metric
dimensions (so called outer measures) and not topological properties of a space.
It involves a metric space Ω (that is a space in which the distance between two
points is defined suitably). The different definitions of fractal dimension e.g. by
Cantor and Minkowski, Bouligand, Pontrjagin and Schnirelman, Kolmogorov and

2i.e. no topologically invariant transformation (one-to-one and continuous) exists that maps E
to E0
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Tihomirov, Taylor and Boyd or Hausdorff and Besicovitch yield identical numerical
values for most fractals and for all fractals considered in this work.

For reasons of simplicity, the following will focus on the Hausdorff-Besicovitch di-
mension. It is defined as follows:

Definition 3. For every set S there exists a real value D such that the Hausdorff-
d-measure is infinite for d < D and vanishes for d > D. This D is called the
Hausdorff-Besicovitch dimension of S.

The Hausdorff measure is defined as:

d = lim
ρ→0

inf
ρm<ρ

∑
m

h(ρm)

with h(ρ) being any positive test function that tends to zero with ρ → 0. d can
either be finite and positive, infinite or zero. This measure emerges from the idea
that any S ∈ Ω can be covered with a set of balls of radii {ρm}. This definition
is also valid in non-Euclidean spaces if one defines a ball of center ω and radius ρ
as the set of all points whose distance to ω is less or equal ρ (recall that the space
needs to be metric in order for distances to be defined). More details on this can
be found in [Hausdorff (1919)].

Having now all the preliminaries needed, a proper definition of the term “fractal”
can be given according to [Mandelbrot (1982)].

Definition 4. A fractal is a dimensionally discordant set in a metric space for which
the Hausdorff-Besicovitch dimension strictly exceeds the topological dimension, i.e.
D > DT .

All fractals considered in this work are sets in a Euclidean space3 of dimension
E < ∞. Whenever one works in the Euclidean span R

E , both DT and D are at
least zero and at most E. But D need not be an integer, whereas DT is an integer
by definition. They satisfy the Szpilrajn inequality:

E � D � DT (10.1)

Therefore, every set with a non-integer value of D is a fractal. Examples include the
famous original Koch curve (see figure 10.1) of dimension D = log 4/ log 3 = 1.2618
or the Koch island (figure 10.2) with dimension D = 1.7373. However, a fractal
may have an integer value of D. For example it has been shown that the trail
of Brownian motion is fractal4 (if examined increasingly closely, its length grows
without bound and it ends up by filling the whole plane) with D = 2, while DT = 1.
This is important to notice since the common colloquial use of the word “fractal”
often means shapes of non-integer dimension only. Figure 10.3 shows the original
sketches of Brownian motion made by Perrin from microscopic observations in 1909.

3although there exist fractals in non-Euclidean spaces, too
4Therefore, to be exact, the simulation code presented in chapter 4 does not use Brownian

motion but rather Wiener’s approximation of it by a non-differentiable, continuous curve
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Figure 10.1: Triangular Koch curve of dimension D = 1.2618 (source
[Mandelbrot (1982)])

Figure 10.2: Quadratic Koch island
of dimension D = 1.7373 (source
[Mandelbrot (1982)])

Figure 10.3: Jean Perrin’s draw-
ing of Brownian motion (source
[Mandelbrot (1982)])
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10.1.2 Self-similarity

When talking about fractals, the term “self-similar” is frequently used. In the
Euclidean space R

E , the real ratio r defines a transformation called similarity. It
transforms the point x = (x1, . . . , xE) into the point rx = (rx1, . . . , rxE) and hence
the set S into rS. In order to define self-similarity, the concept of congruence is
needed:

Definition 5. Two sets are congruent if they are identical except for displacement
and rotation.

The definition of self-similarity now becomes:

Definition 6. :

• A bounded set S is called self-similar with respect to the ratio r and an
integer N when S is the union of N non-overlapping subsets, each of which is
congruent to rS.

• A bounded set S is self-similar with respect to the array of ratios [r(1) . . . r(N)]
when S is the union of N non-overlapping subsets, respectively congruent to
r(n)S.

• A bounded random set S is statistically self-similar with respect to the ratio
r and an integer N when S is the union of N non-overlapping subsets, each
of which is of the form rSn where the N sets Sn are congruent in distribution
to S.

• An unbounded set S is self-similar with respect to the ratio r when the set
rS is congruent to S.

10.1.3 Self-affinity

In the Euclidean space of dimension E, a collection of positive real ratios r =
{r1, . . . rR} determines an affinity. It transforms the point x = (x1, . . . , xE) into
the point r(x) = r(x1, . . . , xE) = (r1x1, . . . , rExE), hence transforms a set S into
the set r(S). Self-affinity is now defined as follows:

Definition 7. :

• A bounded set S is called self-affine with respect to the ratio vector r and
an integer N when S is the union of N non-overlapping subsets, each of which
is congruent to r(S).

• An unbounded set S is called self-affine with respect to the ratio vector r
when the set r(S) is congruent to S.

10.2 Estimating the fractal dimension of the ER

Using the definitions, terms and concepts summarized in section 10.1 it is now possi-
ble to start treating the shape of the endoplasmic reticulum as a fractal. Looking at
figures 9.3 and 9.4 it is readily observed that the ER is a very convoluted geometry
which has a large number of length scales and some sort of statistical self-similarity.
All intuitive properties listed at the beginning of section 10.1 are therefore given.
In order to prove that it is indeed a fractal, one has to check its dimensionality,
however.
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To get a statistical average, the fractal dimension of 6 different pictures of stained
ER is measured using the “resolution division algorithm” of image processing. In
principle, this algorithm yields an estimate for the Pontrjagin-Kolmogorov dimen-
sion:

D = lim inf
ρ→0

logN(ρ)
log 1/ρ

(10.2)

As stated in section 10.1.1, all definitions of fractal dimension yield the same numer-
ical values as long as the fractal is considered in a Euclidean space, which is always
the case here. Therefore, this algorithm is taken for simplicity (the Hausdorff-
Besicovitch dimension is hard to evaluate from its definition). In above formula, ρ
denotes the radius of the balls that are used to cover the set S in the metric space Ω.
Among all possible collections, the one with the smallest number of balls is chosen.
If S is bounded, this number is finite and can be denoted by N(ρ).

Since the images we are dealing with are of finite resolution, ρ will not go to zero
but to the smallest measure possible, which is one pixel at full image resolution. It
is then increased by a factor of two several times. The negative slope of the line
log2N(ρ) vs. M (where ρ is 2M · ρ0) is then a good estimate for D. Thus the
algorithm proceeds as follows:

Step 1: Read image from file and take its intensity channel: I

Step 2: Normalize the image: I = (I − Imin)/(Imax − Imin)

Step 3: Threshold the image: I = 1 if I > threshold, else 0

Step 4: Outline the image

Step 5: Calculate the length of the outline at current resolution: N(ρ)

Step 6: Do a 2D convolution for discrete 2 by 2 low-pass filtering

Step 7: Reduce the image resolution by taking every second column and row of pixels:
I = I(1 : 2 : N, 1 : 2 : M)

Step 8: If the edge length of the image is larger than 16 pixels, go to Step 2

Step 9: Do a linear least squares fit of log2N vs. the reduction step number to get
the dimension D

After the original (8 bit unsigned integer) image has been read from a file (digital
photograph from the microscope, see figure 10.4), its intensity channel is calculated,
converted to double precision numbers and extracted (see figure 10.5). The nor-
malization step 2 is then needed to cause the algorithm to use the whole double
precision value space of the image. This accounts for dark or bright images that
would otherwise yield different results. Normalization therefore makes sure that
the results of different images will be comparable. The threshold operator then
selects all regions of the image that are brighter than a certain number between 0
(black) and 1 (white). Figure 10.6 shows an example of the resulting binary image
produced with threshold 0.05. The next operation outlines the perimeter of the
highlighted area by closed lines of pixels (see figure 10.7). The length of this line is
then measured by counting the number of pixels it contains. This value is N(ρ) in
equation 10.2 where ρ is the current length scale (i.e. one pixel).
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Figure 10.4: Original image (courtesy
of Anna Mezzacasa)

Figure 10.5: Intensity of input image

Figure 10.6: Thresholded to 0.05 Figure 10.7: Outlined perimeter

The resolution of the image is then reduced by a factor of two in each direction.
This is done by applying a discrete 2D convolution with kernel:

K =
1
4

[
1 1
1 1

]

which corresponds to a low-pass filter with a support of 3× 3 pixel (i.e. it averages
the values of the neighbors of each pixel). Then, every second row and column
is deleted from the image resulting in an image of half the original edge length.
The low-pass filtering is needed to get a “real” resolution reduction and not only
a stripping of the image. It is a crucial part of the procedure. The algorithm then
loops back to the normalization step.

This whole procedure is repeated until the image’s edge length is smaller than 16
pixels. Then it stops since such small images would not yield any meaningful results
any more and, moreover, equation 10.2 contains the limit of ρ → 0 which means
that high resolution images (small ρ) are more important. Figure 10.8 shows an
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example of such a reduction series of 3 steps with the corresponding perimeter
lengths N(ρ) in pixels underneath each picture. Although the original intensity
image gets reduced in practice, its outlined version is shown here for clarity.

8126 2694 797 189

Figure 10.8: Outlined images of a sample reduction series and the length of their
perimeter in pixels

After having finished the reduction loop, a plot of log2N(ρ) vs. the reduction
step number is made. The binary logarithm is needed according to equation 10.2
since the scale of the image has been reduced by a factor of 2 in every step. This
plot should in principle show a straight line, the negative slope of which being
the dimension of the image. However, due to the limited resolution of the image,
measurement errors and the fact that the limit ρ→ 0 cannot be calculated exactly,
it will not be straight in practice. Therefore, a linear least squares fit is performed
in the last step of the algorithm to get a value for the slope (dimension). Figure
10.9 shows this plot for the example image of figure 10.8.
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Figure 10.9: Pontrjagin-Kolmogorov dimension (solid) and its linear least squares
fit (dashed)
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This algorithm was implemented using MATLAB’s image toolbox. The code is
given in appendix B.

To validate the algorithm, the clearly non-fractal shape of figure 10.10 is taken. The
perimeter of its outline is a simple circle and should therefore have a dimension of 1.
The resulting curve is shown in figure 10.11. The slope of the fitted line corresponds
to a dimension of 1.0074 and moreover the measured plot is a straight line within
image resolution. This result is very satisfying and the algorithm can now be used
to get some results for the ER micrographs with an accuracy of at least on digit
after the dot.

Figure 10.10: Validation shape
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Figure 10.11: Pontrjagin-Kolmogorov
dimension of validation shape

The 6 different ER images shown in figure 10.12 are examined. Some of them
contain ER structures only, some include the nucleus and some even include several
cells. This is done deliberately in order to find out whether those structures have a
significant influence on the overall dimension of the image.

Four runs are performed using different threshold values. This is done to estimate
the “right” threshold for the given images. The resulting dimension numbers are
summarized in table 10.1

0.05 0.1 0.2 0.3
1 1.8677 2.0011 1.9423 1.9148
2 1.8371 1.8625 2.0745 1.8506
3 1.8289 1.8843 2.0805 1.9158
4 1.8035 1.8208 1.8701 1.8648
5 1.6843 1.7264 1.8067 1.8638
6 1.7705 1.7911 1.9959 1.7618

avg. 1.7987 1.8477 1.9617 1.8619

Table 10.1: Measured dimensions of 6 sample images for different thresholds

It can be seen that the thresholds 0.1 and 0.2 yield impossible results for some
images5. Therefore, they are clearly too high causing an “over fragmentation” of the
image. Since the capacity of the selected set is shrinking with growing threshold, the
value of 0.3 is too high as well. The highest threshold value that yields meaningful
results for all cases has been found by 0.05. This value saves as much of the image’s

5According to the Szpilrajn inequality of equation 10.1, the dimension must be � 2.
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information as possible without over-fragmenting it and is therefore considered the
right value for the given case.

The conclusion is that the average fractal dimension of the images is 1.8,
making the ER clearly a fractal shape. Its dimension is comparable to the one of
Koch’s island (see figure 10.2).

Moreover, it can be seen that the images containing nuclear area do not differ
significantly in their dimension. This is due to the fact that the outer perimeter of
the ER is considered by the algorithm and not its surface. It is therefore irrelevant
what is inside the area enclosed by the ER perimeter. On the other hand, all images
that contain more than one cell and a significant blank area in between have a lower
dimension. Their influence on the average is however small and the rounded value
would still be 1.8, even without them.

10.3 Dimension of the reconstructed fractal sur-
face

Using the key information that the fractal dimension of the ER perimeter in a
slide is 1.8, it should now be possible to generate an artificial fractal surface in the
Euclidean R

3 such that its slices have a dimension of 1.8, too. It is however not
obvious what the dimension of such a surface would be. How does one conclude
from the dimension of a 2D slide to the dimension of its 3D mother-shape?

The only thing that is readily seen from equation 10.1 is that it has to be between 2
and 3. In order to be able to calculate its dimension it would be needed to express
it as a cartesian product of two sets. One of them is given by the micrograph stack,
a second direction is missing however. The assumption of a straight line would yield
a dimension of 2.8. However, an extruded “ER-cylinder” with no fractal properties
in its axial direction would result which is clearly not realistic. One would need
to take micrograph slides in a different direction (preferably perpendicular), which
would allow to approximate a cartesian product. Let S1 ∈ R

E be a set in the
first direction and S2 ∈ R

E one in the second, thus x1 ∈ S1 and x2 ∈ S2. The
complete set S ∈ R

E0 would be given by the linear combination x = a1x1 + a2x2.
Its dimension obeys:

max(D1 + 1, D2 + 1) � D � min(E0, D1 +D2)

with D1 and D2 being the metric dimensions of S1 and S2 respectively. The proof
consists of taking the cartesian product of R

E by R
E and then projecting it onto

the Euclidean subspace of dimension E0 using the fractal projection theorem:

dimension(S) = min(E0, D)

If the two sets S1 and S2 are independent, the upper bound applies. The lower
bound is a simple extrusion with no fractality introduced in the second direction.

Application to the ER shapes would thus yield:

2.8 � D � 3

However, since the two sets are not independent for they emerge from the same
biological object, the lower bound tends to apply. Nevertheless, the total dimension
of the surface is close to 3 indicating that 2D diffusion is a bad model even for
surface effects. The behavior of the ER is proposed to be closer to 3D than 2D.
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This can now be used to generate artificial surfaces of dimensions between 2.8 and 3.
Cross-section slides should then be taken of each surface to find out which one has
a dimension of 1.8. This surface is then triangulated and used as a computational
domain.

1 2 3

4 5 6

Figure 10.12: Input samples used to estimate the fractal dimension (courtesy of
Anna Mezzacasa)
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Chapter 11

Conclusions and future work

In this project we started developing a computational model for protein diffusion in
the ER lumen as well as on the ER membrane. The simulation code that has been
written is based on 3D random walk of individual particles and handles arbitrary
triangulated geometries, sources, sinks, separator planes, tubes, anisotropy and
spatial dependences of the diffusion constant. Compared to the lattice-based 2D
random walk code by [Gheber & Edidin (1999)], this greatly improves on flexibility
and allows for new types of simulations. The usage of random walk has been
investigated intensively in section 4.1 and it has been shown that diffusion consists
of random walk under some assumptions that are needed to derive the diffusion
equation. The usage of the simulation code is not limited to protein diffusion in
the ER but it can be seen as a computational framework for all sorts of cell-related
simulations such as the movement of particles along microtubules or the simulation
of membrane organization.

In chapter 5 the code has been used to simulate space diffusion in 2D and 3D which
led to the conclusion that the 2D models constantly underestimate the diffusivity
from a given measured FRAP curve. The fact that this effect seems to be inde-
pendent of the number of particles and the domain geometry indicates that the 2D
model fundamentally fails to capture real, i.e. 3D, phenomena.

Simulations on tube surfaces in section 6.5 have shown that the FRAP results
depend on the tilting angle of the tube (i.e. the observation direction) in a nonlinear
way. Moreover, the results are not identical to 2D results indicating a failure of the
2D model to account for non-planar effects in 3D (although the diffusion on the
tube surfaces is 2D in local coordinates).

The combination of surface and space diffusion in a domain of spatially varying
diffusion constant revealed the fact that FRAP analysis cannot recover variations
inD along the axis of observation (c.f. chapter 8). This means that one should avoid
having a bleached box that extends over heterogeneous areas of different diffusivities
(e.g. different organelles).

In chapter 9, the basis for simulations in more realistic geometries has been built.
As stated in section 3.4, it is the ultimate goal to isolate a reference geometry for
ER that can then be used to create computational models to connect FRAP curves
to D values. Topological problems have been addressed and corresponding algo-
rithms were implemented. The problem of 3D surface reconstruction from stacks of
micrographs has been addressed and different strategies and issues considered.

One possible idea of how to extract relevant statistical geometry information has
been proposed using the fractal dimension of the ER. Section 10.1 summarized
important points of fractal theory and provided thorough mathematical treatment of

67
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the term “dimension” as well as some important definitions. The fractal dimension
of the perimeter of ER slides has been measured using an algorithm described
and tested in section 10.2. It is around 1.8 which is clearly larger than 1, thus
making the ER a fractal shape. It has then been estimated (using a projection
theorem) that the total dimension of the ER surface in space is between 2.8 and
3, thus making even surface diffusion a “3D-like” process that cannot be captured
using a 2D model. It has already been pointed out by [Reits & Neefjes (2001)] that
membrane topology (and its metric dimension is a topological property) plays an
important role in quantitative FRAP analysis. Current models described in section
3.3.1 fail to account for this.

Following this ideas further, a lot of questions emerge that could unfortunately not
be addressed due to time resource limitations. They include:

• Model of chaperone binding using “sticky” tubes.

• Generation of fractal surfaces of 2.8 � D � 3 and validation of their dimension
by checking that their cross-sections have D ≈ 1.8

• Simulation of FRAP in artificial fractal domains

• Investigation whether different fractal domains of the same dimension yield
different results or not

• Validation: is fractal dimensionality the characteristic (statistical) structural
property of the ER ?

• Mathematical treatment of the solution of the diffusion equation in fractal
domains

• Comparison of fractal simulations to experiments

Besides this “fractal road”, other possibilities deserve attention as well, among them:

• Proper orthogonal decomposition of micrographs to extract typical structures
that can then be reconstructed in 3D.

• Fast Fourier Transformations of micrographs and frequency domain analysis

• 3D reconstruction using (self-training) neural networks

Altogether, there is still a large number of interesting, unsolved issues that are
worth being considered. This work could not be more than an introduction, a
collection of basic techniques and considerations that may constitute the basis for
future investigations. However, the hope remains that they might turn out useful
for the work to come.
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Appendix A

Contents of the companion
CD-ROM

All data files that have been produced in digital form during this semester project
are contained on the attached CD-ROM.

The CD contains this report (source texts and final PS and PDF versions as well
as all pictures), all FORTRAN and MATLAB source code files, shell scripts and
perl scripts, some movies and the PowerPoint presentations of the work. Moreover,
all original micrographs and scans are included as well as output files of the runs
presented in this report. Finally, the CD also contains some PDF files of 3rd party
papers that are related to this work as well as an EXCEL sheet containing some
real measurement data.
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The CD’s file system is structured as follows:

SA01 Sbalzarini/

report/ Source files of this report

source/ LATEX sources, style files, PS, DVI and PDF
versions

pics/ EPS and PS figures included in this report

code/ Source code files of appendices B and C.4

pictures/ Raster images used to derive EPS figures

micrographs/ Stained ER micrograph stacks

bip2/ Stack of 16 slides

clx/ Stack of 16 slides

erp57/ Stack of 14 slides

erp572/ Stack of 16 slides

erp573/ Stack of 18 slides

erp574/ Stack of 30 slides

raster orig/ Original raster images
(scans or visualization products)

fig/ xfig drawings

movies/ MPEG movies of certain runs

utilities/ Scripts and helper programs to make movies

code/ Compilable source code files

FORTRAN/ Fortran 90 source of simulation programs

MATLAB/ MATLAB m-file of appendix B

Mathematica/ Mathematica file for tube coordinate
transformations

utils/ Helper programs and tools e.g. to create
tubes, D grids or statistical averages

runs/ Results from different runs

run1/ 2D vs. 3D FRAP (as used in chapter 5)

run2/ tubes at different angles (section 6.5)

run3/ 20 tubes run (as used in chapter 8)

visualization/ Scripts and AVS/Express files

presentation/ PowerPoint presentations

english/ Full English presentation file, 15 minutes

german/ Short German presentation file, 5 minutes

3rd party/ Papers and experimental data



Appendix B

MATLAB files

This appendix contains the MATLAB source file for the resolution division algo-
rithm described in section 10.2. It is preceded by a comment header which summa-
rizes usage and purpose of the file. Notice that lines may have been wrapped for
readability. Such lines are marked with a fortran-style “&” continuation character
which is not present in the original “run-time” version of the file.

B.1 Estimation of fractal dimension (fractal.m)

%FRACT Estimate fractal dimension of an image.
% Fract reads an image from a file and estimates its fractal dimension
% using the resolution division algorithm of successive resolution lowering.
% At the end it outputs a graph showing the increase in perimeter length
% versus resulution. Then a linear fit is performed to get its slope in a
% least squares sense. This is the Pontrjagin-Kolmogorov dimension of
% the picture.
%
% See also
%
%==============================================================================
% SEMESTER PROJECT SS01 ICOS ETH-ZUERICH
%------------------------------------------------------------------------------
%
% PROTEIN DIFFUSION IN THE ENDOPLASMIC RETICULUM
%
%============================== ivo f. sbalzarini =============================
%

clear all
close all
disp(’ ’)

% It’s always a good idea to define all the constants in one place.
threshold = 0.05; % threshold for outline operation
kernel = [0.25 0.25; 0.25 0.25]; % convolution kernel for lowpass
nrim = 6; % number of images to process

%------------------------------------------------------------------------------

avgdim = 0;
for image=1:nrim

y = [];

% for comparison: a non-fractal image
% in = double(imread(’euclid.bmp’));
% in = in(:,:,1);

% im2bw() sometimes does not behave as stated in the manual when given an
% uint8 image. To avoid any problem, we convert the image to double and
% normalize it (see while loop).
in = double(imread(sprintf(’fracdim%1.1d.bmp’,image)));

% this is for output only and not needed by the algorithm itself
in = (in-min(in(:)))/(max(in(:))-min(in(:)));
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out = im2bw(in, threshold);
imwrite(in,sprintf(’input%1.1d.tif’,image),’tif’);
imwrite(out,sprintf(’thresh%1.1d.tif’,image),’tif’);
out = bwperim(out,4);
imwrite(out,sprintf(’outline%1.1d.tif’,image),’tif’);

% we stop when one of the size is 16.
while min(size(in))>16

% Normalize the picture to avoid trouble with im2bw().
in = (in-min(in(:)))/(max(in(:))-min(in(:)));
figure(1)
imshow(in);

% threshold and outline
th = bwperim(im2bw(in, threshold),4);

% sum(th(:)) is equivalent to sum(sum(th))
y = [y, log2(sum(th(:)))];

% Changed from ’same’ to ’valid’, see conv2() manual page.
in = conv2(in,kernel,’valid’);

% Reduction of image resolution by a factor of 2
in = in(1:2:size(in,1),1:2:size(in,2));

end;

% Estimate dimension by linear fit
x = linspace(0,length(y)-1,length(y));
[P,S] = polyfit(x,y,1);
figure(image+1);
plot(x,y,’-’,x,P(1).*x+P(2),’--’);
text(x(length(x))/2, P(1)*x(length(x))/2+P(2)+1, sprintf(’slope: &

%6.4f’,P(1)));
xlabel(’reduction step’);
ylabel(’log_2(N(\rho))’);
disp(sprintf(’dimension of image %1.1d = %6.4f’,image,-P(1)))
avgdim = avgdim-P(1);

end;

avgdim = avgdim/nrim;
disp(’ ’);
disp(sprintf(’Average dimension: %6.4f’,avgdim))

%==============================================================================



Appendix C

The simulation code

C.1 Code structure and calling tree

The complete 3D simulation code consists of the following 9 modules at this stage
of development:

Name Function
bdiff3d main program
globals definition of global variables
point in domain checks whether a point is inside the computational domain
dist to tube gives the distance of a point to a tube center line
tube2inertial coordinate transformation from tube to inertial
inertial2tube coordinate transformation from inertial to tube
ran2 random number generator for uniform deviates
gasdev random numbers with Gaussian distribution (Box-Müller algorithm)
indexx indexing (ranking) of particles

Table C.1: Modules of 3D simulation code

The 2D code contains the following modules:

Name Function
bdiff2d main program
globals definition of global variables
point in domain checks whether a point is inside the domain
ran2 random number generator for uniform deviates
gasdev random numbers with Gaussian distribution (Box-Müller algorithm)

Table C.2: Modules of 2D simulation code

All tube-related modules are absent in the 2D code since tubes are 3D objects by
definition and cannot be implemented in 2D.

The calling tree is very simple since only few levels exist and most subroutines get
called from inside the main program. The tree for the 3D code is:
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bdiff3d
globals

ran2
gasdev
ran2

indexx
dist to tube
tube2inertial
inertial2tube

dist to tube
point in domain

C.2 Input files and input file syntax

This section contains information about all the input files that are read by the
simulation code. Table C.3 gives an overview of the different files that are then
discussed in turn.

File Function
bdiff.dat Global problem parameter file
sources.in Description of sources and sinks
tubes.in Description of tubes
separators.in Separator planes
*.surf Triangulated geometry of computational domain
*.D Grid values for the diffusivity constant in the bounding box

Table C.3: Input files for bdiff3d

The 2D version of the code reads the same files but “flattens” their contents to the
plane z = 0. Meaningless files such as “tubes.in” are not read at all.

C.2.1 Global problem parameters (bdiff.dat)

This file specifies things such as the total number of particles to be used, the final
time and the number of time steps (thus the time step size), the number of surface
particles, the frequency of output, initial conditions and file names for the geometry
description and the diffusivity grid data. The file is composed of a sequence of
blocks, each having the following syntax:

<textual description of variable meaning>
<variable value>
<LF>

Where <.> means a mandatory argument and LF is a blank line (“line feed”). A
complete example of such a file follows. The description lines of each value should
be self-explanatory which makes further descriptions obsolete.

Parameter file for BDIFF3D

==========================

Name of file containing domain boundary surface triangulation

box.surf
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Name of file containing D values for the whole domain

box_uni_iso.D

Number of particles

25000

Read initial particle distribution and properties from file? 1=yes

0

Name of file containing initial particle positions and properties

part_init.in

Final time of simulation in seconds

20

Number of simulation time steps

4000

Output particle positions every ... time steps

10

number of particles that diffuse on tube surfaces only

12500

record complete trajectory path for every particle in output files ?

.FALSE.

probability for a particle to stick to tube surfaces when it hits it

0.9

probability for surface particles to be released into space again

0.2

C.2.2 Sources and sinks (sources.in)

Sources and sinks are defined by their location in inertial space (x, y, z) and strength
(mean number of particles produced/swallowed per unit time). Note that the num-
ber of particles in the strength is to be given per unit time and not per time step
∆t. The code will then decide how many particles to process per time step in order
to reach the given number on an average. A sink is simply defined as a source of
negative strength. The last column contains a flag (0 or 1) for each source that
defines whether this source is on a tube surface or not. If a “1” is given but the
point defined by (x, y, z) is not on any tube surface, it will be projected onto the
closest tube surface by the code (see section 6.4). The effective positions will be
output in “sources.out” and “sinks.out” after initialization (see appendix C.3.1 for
further reference). Line 5 of the file contains the number of sources to be read.
If this is 0, all source definitions will be ignored. The number of lines that define
sources must be at least equal to this value. Thus, the syntax is:

[5] <number of sources and sinks>
[9-] <location: <x> <y> <z>> <strength> <surface flag>

The numbers in square brackets are line numbers in the file, triangular brackets
contain mandatory arguments. All other lines contain comments that are ignored
by the program. An example file could look like this (the numbers to the left are
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line numbers and are given for reference only. They must not be included in a real
file):

1 Defines sources and sinks (negative sources)

2 ============================================

3

4 Number of sources/sinks

5 0

6

7 x y z strength [particles/time] on tube (1/0)

8 ---------------------------------------------------------------------

9 2.0 2.0 1.0 200.0 1

10 3.0 2.0 1.0 -100.0 0

11 2.5 1.0 2.67 50.0 1

C.2.3 Tubes (tubes.in)

Tubes are defined by their starting point, a direction vector and a radius according to
section 6.1. Besides this, the input file also contains the surface diffusivity coefficient
and the surface permeability for each tube. The diffusivity is only valid for surface
particles moving on the surface of that tube. The permeability gives the probability
at which a space particle is allowed to cross the tube surface (i.e. the tube surfaces
are membranes that divide the space in “inside” and “outside”). If the permeability
is 0, no space particles are allowed to cross that tube’s surface, if it is 1, all moves
across the surface are allowed and the tube membrane is not “felt” by space particles
at all. Line 5 contains the total number of tubes that are to be read, i.e. the code
will consider all tubes described in lines 10 to 10 + (n − 1) where n is the number
given in line 5. The general syntax is:

[5] <number of tubes>
[10-] <direction vector: <x> <y> <z>> <start: <x> <y> <z>> &

<radius> <diffusivity> <permeability>

The continuation character “&” indicates that this is to be written on a single line
in the real input file. It had to be wrapped here to fit the page. All tubes are
clipped to the computational domain. Therefore, the starting point may also be
outside of the domain. A real example of a tube description file follows.

1 Defines tubes by direction vector and radius, diffusion on surface only

2 =======================================================================

3

4 nr. of tubes

5 4

6

7 direction vector starting point radius D_surf perm

8 x y z x y z

9 -------------------------------------------------------------------------------

10 1.000 0.000 0.800 0.000 0.190 0.500 0.048 0.400 0.000

11 -1.000 0.000 0.800 4.000 0.381 0.500 0.048 0.400 0.000

12 1.000 0.000 0.800 0.000 0.571 0.500 0.048 0.400 0.000

13 -1.000 0.000 0.800 4.000 0.762 0.500 0.048 0.400 0.000
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C.2.4 Separator planes (separators.in)

Separator planes can be used to subdivide the computational domain (more precise
its bounding box) into spaces separated from each other by membranes of certain
permeability. There are three classes of planes: x, y and z separators. x separator
planes are parallel to the yz plane at a certain x coordinate, similar for y and
z separators. The number of separators of each class is mentioned first, followed
by the coordinates and permeabilities. See appendix C.2.3 about the definition of
permeability that is used here. Each class of separators is defined in its own block
which has the general syntax:

block {x, y, z}
<number of planes>
LF
LF
<coordinate of plane> <permeability>
...

end block

where curly brackets enclose optional arguments. The following example file defines
one x separator (at x = 2.0) and two y separators (at y = 1.5 and y = 3.8) at given
permeabilities. No z separators are defined, therefore no definition lines follow there.

1 Defines separator planes with controlled permeability

2 =====================================================

3

4 nr. of x separators

5 1

6

7 x coordinates of separator planes and permeabilities

8 2.0 0.6

9

10 nr. of y separators

11 2

12

13 y coordinates of separator planes and permeabilities

14 1.5 0.8

15 3.8 0.4

16

17 nr. of z separators

18 0

19

20 z coordinates of separator planes and permeabilities

C.2.5 Domain surface description

The computational domain in which simulations are performed is defined in a file
containing a triangulated description of it. See section 9.1 for details on triangu-
lation. The name of this input file is specified in the global parameter file (see
appendix C.2.1) and can be chosen arbitrarily. The triangulation is given as a set
of triangles each described by its three vertices in inertial (x, y, z) space. The total
number of triangles to be read is given on line 6. The general syntax is:

[6] <number of triangles>
[13-] <point 1: <x> <y> <z>> <point 2: <x> <y> <z>> <point 3: <x> <y> <z>>
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The triangulation must meet the following syntactical requirements in order to be
valid:

• it must describe a closed surface in space

• No triangle must contain any edge of length � 0

• No pair of triangles must overlap

• Two neighboring triangles must have exactly two points in common

• The vector
−−−→
P1P2×

−−−→
P1P3, where “×” is the cross product, must point outward

for every triangle (i.e. out of the domain).

Since triangulations are usually too cumbersome to be done by hand, special tools
and helper programs are recommended to be used. The following file contains the
triangulated surface description of the cube [0; 4] × [0; 4] × [0; 4] composed of 12
triangles (two per side).

1 Surface description for a cube of size 4x4x4

2 ============================================

3

4 M: total number of triangles

5 ----------------------------

6 12

7

8 Trianges oriented such that P1P2xP1P3 points outward

9 ----------------------------------------------------

10

11 P1x P1y P1z P2x P2y P2z P3x P3y P3z

12

13 0.0 0.0 0.0 4.0 0.0 0.0 4.0 0.0 4.0

14 0.0 0.0 0.0 4.0 0.0 4.0 0.0 0.0 4.0

15 4.0 0.0 0.0 4.0 4.0 0.0 4.0 4.0 4.0

16 4.0 0.0 0.0 4.0 4.0 4.0 4.0 0.0 4.0

17 0.0 0.0 4.0 4.0 0.0 4.0 0.0 4.0 4.0

18 0.0 4.0 4.0 4.0 0.0 4.0 4.0 4.0 4.0

19 0.0 0.0 0.0 0.0 0.0 4.0 0.0 4.0 4.0

20 0.0 0.0 0.0 0.0 4.0 4.0 0.0 4.0 0.0

21 0.0 0.0 0.0 4.0 4.0 0.0 4.0 0.0 0.0

22 0.0 0.0 0.0 0.0 4.0 0.0 4.0 4.0 0.0

23 0.0 4.0 0.0 0.0 4.0 4.0 4.0 4.0 0.0

24 0.0 4.0 4.0 4.0 4.0 4.0 4.0 4.0 0.0

C.2.6 Spatial dependence of D

This file describes the variation of D in space. Therefore, a grid is defined inside
the bounding box of the computational domain and the three components Dx,
Dy and Dz of D are prescribed at each node point. The name of the file that
gets read is defined in the global parameter file (see appendix C.2.1) and can be
arbitrarily chosen. On line 6, the grid size is defined in terms of the number of
grid points in each direction, i.e. the grid spacing in each direction is equal to
({x, y, z}max−{x, y, z}min)/(N{x,y,z}−1) where (·)max and (·)min are the maximum
and minimum coordinates of the bounding box in the given direction. Starting at
line 10, the D values are given as triplets Dx, Dy, Dz for each node starting at
(0, 0, 0) and proceeding in ascending x, then y and finally z order. The comments
after the third column are ignored by the code and serve as user hints. They can
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also be omitted when the file is generated by a tool or a helper application (which
is highly recommended for larger grids). The syntax is therefore:

[6] <Nx> <Ny> <Nz>
[10-] for k=1,Nz

for j=1,Ny
for i=1,Nx

<Dx(i,j,k)> <Dy(i,j,k)> <Dz(i,j,k)>
end for
<LF>

end for
<LF>

end for

where D(i,j,k) is the diffusivity constant at grid node (i,j,k). Notice the use of
<LF> to separate blocks in the three dimensions. The following example defines a
2×2×2 grid in the bounding box and sets the diffusivity to 0.4 at every point and for
each direction. This corresponds to isotropic diffusion with no spatial dependence
of D.

1 Diffusivity constants D for uniform, isotropic diffusion in BBox

2 ================================================================

3

4 Nx, Ny, Nz: number of grid points in each direction

5 ---------------------------------------------------

6 2 2 2

7

8 Dx Dy Dz

9

10 0.4 0.4 0.4 xmin ymin zmin

11 0.4 0.4 0.4 xmax

12

13 0.4 0.4 0.4 xmin ymax

14 0.4 0.4 0.4 xmax

15 -------------------

16

17 0.4 0.4 0.4 xmin ymin zmax

18 0.4 0.4 0.4 xmax

19

20 0.4 0.4 0.4 xmin ymax

21 0.4 0.4 0.4 xmax

C.3 Output files and visualization

Using the data given in the input files, the simulation code runs up to its final
time and dumps several interesting properties to output files that can then be post-
processed or used in visualizations. Table C.4 gives an overview of the output files.
They will be discussed in turn.

The actual number of output files varies according to the parameter settings in
the input files. Particle traces can for example demand a lot of disk space and
can therefore be switched off in the global parameter file “bdiff.dat” (see appendix
C.2.1).
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File Function
sources.out Effective positions and strengths of sources
sinks.out Effective positions and strengths of sinks
tubes.out Tubes for visualization
surface.gnu Domain surface for visualization
surface normals.gnu Surface normals
fluoresc.out FRAP data
ppos space????.out Positions of space particles at time step ????
ppos surf????.out Positions of surface particles at time step ????
traces surf.out Traces (streaklines) of surface particles
traces space.out Traces (streaklines) of space particles
STDOUT Several parameters and settings

Table C.4: Possible output files of bdiff3d

C.3.1 Sources and sinks (sources.out/sinks.out)

The files “sources.out” and “sinks.out” contain positions and strengths of sources
and sinks that have been used in a particular simulation run. According to appendix
C.2.2, sources (and sinks) can be declared to be on the surface of a tube. If the
points given in the input files do not lie on the surface of a tube (which usually is
the case), then they get projected onto the closest tube. The actual position that
has been calculated like this can be found in the output files. The syntax is the
same for both files:

<x-pos> <y-pos> <z-pos>
<strength>

For the example file given in appendix C.2.2, the output would for example (de-
pending on the tube distribution) look like this:

sources.out:

2.226130846515382 1.959964561491936 1.282663558144227

200.0000000000000

2.532411322312637 0.6834176429403847 2.629485847109203

50.00000000000000

sinks.out:

3.000000000000000 2.000000000000000 1.000000000000000

-100.0000000000000

Besides the determination of actual positions, these files can be used to visualize
sources and sinks or simply to keep record of a past run.

C.3.2 Tubes (tubes.out)

Since tube properties are not altered by the code and they are already repeated in
the terminal output (see appendix C.3.8) for records and control, this output file
contains visualization data instead. For each tube, a number of points on its surface
(typically Nradial = 20 in radial direction and Naxial = 100 in axial direction) are
dumped out in (x, y, z) notation if they are inside the computational domain. The
syntax is simply:
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<x coord> <y coord> <z coord>

and is repeated NTubes ∗ Nradial ∗ Naxial times, where NTubes is the total number
of tubes. This file can for example be used to visualize the tubes in gnuplot (do-
ing a sp ’tubes.out’ w p) or rasmol (after conversion to PDB format). Figure
C.1 shows an example output of gnuplot using tubes.out and figure C.2 shows the
corresponding product using rasmol.
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Figure C.1: Tube visualization using gnu-
plot

Figure C.2: Tube visualization using
rasmol

C.3.3 Domain geometry (surface.gnu)

The triangulated domain geometry that has been read from the corresponding input
file is converted to a format that can be used by gnuplot. Each triangle is given
by its three vertices followed by a blank line. This allows for gnuplot’s “with lines”
option to be used to get a wireframe model of the surface. The syntax of this file is
thus:

for each triangle
<point1: <x> <y> <z>>
<point2: <x> <y> <z>>
<point3: <x> <y> <z>>
<LF>

end for

The visualization in gnuplot is done using: sp ’surface.gnu’ w l. Figure C.3
shows the outcome for the example surface given in appendix C.2.5.

C.3.4 Surface orientation (surface normals.gnu)

Since the triangles of the domain surface need to be oriented such that the normal
points outward (see appendix C.2.5 and section 9.1 for details), a possibility to check
this requirement is needed. The file “surface normals.gnu” contains all normals
starting at the centroid of the respective triangle in the following syntax:
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Figure C.3: Example gnuplot output of “surface.gnu”
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Figure C.4: Example gnuplot output of “surface normals.gnu”
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<starting point: <x> <y> <z>>
<end point: <x> <y> <z>>
<LF>

The surface triangulation is syntactically valid, if all vectors from starting point to
end point face outward. This can easily be checked by using gnuplot to visualize the
normals (doing sp ’surface.gnu’ w l, ’surface normals.gnu’ w l). Figure
C.4 shows the result for the box example.

C.3.5 FRAP data (fluoresc.out)

For FRAP analysis, the fluorescence in an initially bleached area is measured at
every time step (c.f. section 4.8). These values are written to “fluoresc.out” in the
following format:

<time> <fluorescent fraction>

where the fluorescent fraction is the number of fluorescent particles in the initially
bleached area normalized to the total number of particles in the simulation. This
output can be further processed to obtain FRAP curves like the one shown in figure
C.5 (made with gnuplot using p ’fluoresc.out’ w l. The 100% recovery line is
drawn dashed).
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Figure C.5: Example FRAP curve with gnuplot
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C.3.6 particle positions (ppos surf*.out/ppos space*.out)

According to the value of the corresponding parameter in bdiff.dat (see appendix
C.2.1), the positions of the particles are dumped to files at a certain frequency.
Surface and space particles are separated to different files in order to allow easy
visualization with gnuplot having different colors for the two particle classes. The
format of those files is simply:

<x pos> <y pos> <z pos>

Visualization using gnuplot is done by: sp ’ppos space????.out’ w p, ’ppos
surf????.out’ w p. Alternatively, the files can be converted to rasmol’s PDB
format using a utility program. This allows visualization as 3D rendered spheres.
Figure C.6 shows an example with space particles colored in blue and surface par-
ticles in yellow.

Figure C.6: Particle position visualization using rasmol
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C.3.7 Streaklines (traces space.out/traces surf.out)

A streakline is obtained when all points in space that a particle visits over time
are connected by a curve. This set of data can be quite big for a large number of
particles over a lot of time steps. Therefore, this output can be switched on and off
in the global parameter file. The format of the file is the following:

for each point in time
<x pos> <y pos> <z pos>

end for
<LF>

The time paths of the different particles are separated by a blank line which allows
to plot them as distinct lines in gnuplot. The proper gnuplot commands would be
like: sp ’traces space.out’ w l, ’traces surf.out’ w l, ’surface.gnu’ w
l. The example in figure C.7 shows streaklines of a system of 50 particles, 12 of
which are surface particles (drawn in green) on two tubes, over 2000 time steps.

0 0.5 1 1.5 2 2.5 3 3.5 4
x 0

0.5
1

1.5
2

2.5
3

3.5
4

y

0
0.5

1
1.5

2
2.5

3
3.5

4

z

Figure C.7: Particle streaklines
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C.3.8 Terminal output

During initialization, the code writes the most important parameters and properties
to the system’s standard output. This is mainly for recording purposes since the
standard output can easily be redirected to journal files. For the examples that
have been used throughout this appendix, the terminal output would be:

Surface definition from file: box.surf

Diffusivity field from file: box_two_iso.D

Number of particles: 5000

Final time of simulation: 20.0000

Number of time steps: 4000

Output of positions every 100 time steps

Nr. of particles to diffuse on tubes: 1250

Record and output full trajectories: F

Initial particle data: random

Surface triangulation contains 12 triangles

Triangles ... done.

Bounding box of problem: xmin = 0.0000 xmax = 4.0000

ymin = 0.0000 ymax = 4.0000

zmin = 0.0000 zmax = 4.0000

Tubes

=====

number of tubes: 2

starting point | direction vector | radius | D_surf | perm.

---------------------|---------------------|----------|----------|---------

0.000, 0.190, 0.500 | 1.000, 0.000, 0.800 | 0.500 | 0.4000 | 0.0000

4.000, 1.905, 0.500 |-1.000, 0.000, 0.800 | 0.500 | 0.4000 | 0.0000

Separator planes

================

number of x separators: 1

x coordinate | permeability

-----------------|-----------------

2.000 | 0.6000

number of y separators: 2

y coordinate | permeability

-----------------|-----------------

1.500 | 0.8000

3.800 | 0.4000

number of z separators: 0

z coordinate | permeability

-----------------|-----------------

Setting up grid in bounding box with: Nx = 2

Ny = 2

Nz = 2

Diffusivity field read.
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Sources

=======

number of sources: 3

x coord | y coord | z coord | strength | on tube

------------|------------|------------|------------|---------

2.226 | 1.960 | 1.283 | 200.000 | 1

3.000 | 2.000 | 1.000 | -100.000 | 0

2.532 | 0.683 | 2.629 | 50.000 | 1

Determining random initial particle distribution ...

done.

INITIALIZATION COMPLETE

In addition to this initialization output, the code writes a message like:

*** completed time step 100 time t = 0.500

to the standard output every time a particle position file is written. This mainly
serves for supervision purposes (detection of “frozen” simulations).

C.4 Source code listings

In the following sections, all source code files of the simulation program are printed.
The program has been written in the FORTRAN 90 programming language. For
easier reference and readability, statement numbers have been included in the fol-
lowing listings. They are for documentation purposes only and not present in the
original “compilable” files. Each file starts with a comment header briefly describ-
ing the purpose of the corresponding module. The files as printed hereafter are as
of July 12, 2001. Due to the ongoing nature of the project, they can and will be
altered and further developed in the future.

C.4.1 Global variables
(globals.f90)

This FORTRAN 90 module file contains declarations of global variables and pa-
rameters that are used in more then one program part.

1 module globals

2 IMPLICIT NONE

!------------------------------------------------------------------------------
!GLOBALS Global variables and definitions for all routines.
!
! See also BDIFF3D
!
!==============================================================================
! SEMESTERPROJECT SS01 ICOS ETH-ZUERICH
!------------------------------------------------------------------------------
!
! PROTEIN DIFFUSION INSIDE THE ENDOPLASMIC RETICULUM
!
!============================= ivo f. sbalzarini ==============================
!

!------------------------------------------------------------------------------
! Global parameters
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!------------------------------------------------------------------------------

! Accuracy: ACC=4 => single, ACC=8 => double
3 INTEGER, PARAMETER :: ACC = 8

! math. constant
4 REAL(ACC), PARAMETER :: PI = 3.14159265359

!------------------------------------------------------------------------------
! Declaration of global variables
!------------------------------------------------------------------------------

! Numer of particles (N) and surface elements (M)
5 INTEGER :: N, M

! Vertices of all oriented triangles of the domain surface
6 REAL(ACC), DIMENSION(:,:,:), ALLOCATABLE :: triang

! centroids of all triangles
7 REAL(ACC), DIMENSION(:,:), ALLOCATABLE :: c

! outer normals of all triangles
8 REAL(ACC), DIMENSION(:,:), ALLOCATABLE :: normal

! Particles
9 REAL(ACC), DIMENSION(:,:), ALLOCATABLE :: particle

! tube surface coordinates of particles
10 REAL(ACC), DIMENSION(:,:), ALLOCATABLE :: surfpart

! Diffusivity constants on grid points
11 REAL(ACC), DIMENSION(:,:,:,:), ALLOCATABLE:: D

! bounding box (BBox)
12 REAL(ACC) :: xmin, xmax, ymin, ymax, zmin, zmax

! Number of grid points in x,y,z in BBox
13 INTEGER :: Nx, Ny, Nz

! uniform grid spacing
14 REAL(ACC) :: dx, dy, dz

! time step
15 REAL(ACC) :: dt

! maximum number of time steps in simulation
16 INTEGER :: TMAX

! Final time of simulation
17 REAL(ACC) :: tfinal

! Random number generator seed
18 INTEGER :: idum_2

! Number of sources/sinks
19 INTEGER :: NSRC

! positions and strengths of sources
20 REAL(ACC), DIMENSION(:,:), ALLOCATABLE :: src

! number of separator planesin x,y,z
21 INTEGER :: NXSEP, NYSEP, NZSEP

! number of tubes
22 INTEGER :: NTUBES

! Direction vectors of tubes
23 REAL(ACC), DIMENSION(:,:), ALLOCATABLE :: tuber

! Starting points of tubes
24 REAL(ACC), DIMENSION(:,:), ALLOCATABLE :: tubeP

! Spherical properties of tubes (i.e. direction angles and radius)
25 REAL(ACC), DIMENSION(:,:), ALLOCATABLE :: tubeS

! Surface diffusivity constants and permeabilities of all tubes
26 REAL(ACC), DIMENSION(:,:), ALLOCATABLE :: tubeD

! coordinates of x separator planes
27 REAL(ACC), DIMENSION(:,:), ALLOCATABLE :: xsep

! coordinates of y separator planes
28 REAL(ACC), DIMENSION(:,:), ALLOCATABLE :: ysep

! coordinates of z separator planes
29 REAL(ACC), DIMENSION(:,:), ALLOCATABLE :: zsep

! dump particle positions every NOUT time steps
30 INTEGER :: NOUT

! .TRUE.=diffusion of particle i only on tube surfaces, else in whole space
31 LOGICAL, DIMENSION(:), ALLOCATABLE :: SURFONLY

! all particles with nr. <= LIM diffuse on tubes, rest in whole space
32 INTEGER :: LIM

! record full particle traces ?
33 LOGICAL :: RECPATH

! probability that space particles stick to surface when they hit it
34 REAL(ACC) :: STICK

! probability that surface particles get released into space
35 REAL(ACC) :: RELEASE

36 end module globals
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C.4.2 2D simulation main program
(bdiff2d.f90)

The main program of the 2D simulation is derived from its 3D counterpart. It
serves as a reference model for FRAP analysis in order to be able to estimate the
impact of space dimensionality on the resulting recovery curve. For discussion of
the algorithm, see section 4.5.

1 program bdiff2d

2 USE globals

3 IMPLICIT NONE

!------------------------------------------------------------------------------
!BDIFF2D Simulation of diffusion by brownian motion in a 2D domain.
! bdiff2d simulates the diffusion of N particles inside a square
! domain. The diffusion coefficient
! can depend on the location and anisotropy can be introduced.
!
! See also GLOBALS, RAN2
!
!==============================================================================
! SEMESTERPROJECT SS01 ICOS ETH-ZUERICH
!------------------------------------------------------------------------------
!
! PROTEIN DIFFUSION INSIDE THE ENDOPLASMIC RETICULUM
!
!============================= ivo f. sbalzarini ==============================
!

!------------------------------------------------------------------------------
! Declaration of external functions
!------------------------------------------------------------------------------

! returns a uniformly distributed random number between 0 and 1
4 REAL(ACC), EXTERNAL :: ran2

! returns a gaussian random number with zero mean and unit variance
5 REAL(ACC), EXTERNAL :: gasdev

!------------------------------------------------------------------------------
! Declaration of local variables
!------------------------------------------------------------------------------

! Error status variable
6 INTEGER :: istat

! loop counters, indices
7 INTEGER :: i, j, k

! Name of file containing diffusivity field D
8 CHARACTER(LEN=80) :: Dfile

! spherical coordinates
9 REAL(ACC) :: phi, z

! direction vector for next step of random walk
10 REAL(ACC), DIMENSION(2) :: s

! indices of closest 4 grid points
11 INTEGER :: ixlo, ixhi, iylo, iyhi

! ratios for trilinear interpolation
12 REAL(ACC) :: rx, ry, rz

! interpolated diffusivity values for all directions
13 REAL(ACC) :: Diffx, Diffy

! fluorescence intensity in bleached box at each time step
14 INTEGER, DIMENSION(:), ALLOCATABLE :: fluoresc

!------------------------------------------------------------------------------
! Read parameter file
!------------------------------------------------------------------------------

15 OPEN(20, FILE=’bdiff.dat’, STATUS=’OLD’)
16 READ(20,’(A)’)
17 READ(20,’(A)’)
18 READ(20,’(A)’)
19 READ(20,’(A)’)
20 READ(20,’(A)’)
21 READ(20,’(A)’)
22 READ(20,’(A)’)
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23 READ(20,’(A)’) Dfile
24 READ(20,’(A)’)
25 READ(20,’(A)’)
26 READ(20,*) N
27 READ(20,’(A)’)
28 READ(20,’(A)’)
29 READ(20,*)
30 READ(20,’(A)’)
31 READ(20,’(A)’)
32 READ(20,’(A)’)
33 READ(20,’(A)’)
34 READ(20,’(A)’)
35 READ(20,*) tfinal
36 READ(20,’(A)’)
37 READ(20,’(A)’)
38 READ(20,*) TMAX
39 CLOSE(20)
40 WRITE(*,’(A)’) ’Diffusivity field from file: ’,Dfile
41 WRITE(*,’(A,I7)’) ’Number of particles: ’,N
42 WRITE(*,’(A,F8.4)’) ’Final time of simulation: ’,tfinal
43 WRITE(*,’(A,I7)’) ’Number of time steps: ’,TMAX
44 WRITE(*,’(A)’) ’Initial particle data: random’
45 WRITE(*,’(A)’)

!------------------------------------------------------------------------------
! Square domain
!------------------------------------------------------------------------------

46 xmin = 0.0
47 xmax = 4.0
48 ymin = 0.0
49 ymax = 4.0

50 WRITE(*,’(A,F8.4,A,F8.4)’) ’Bounding box of problem: xmin = ’,xmin,’ xmax = ’,xmax
51 WRITE(*,’(A,F8.4,A,F8.4)’) ’ ymin = ’,ymin,’ ymax = ’,ymax
52 WRITE(*,’(A)’)

!------------------------------------------------------------------------------
! Read diffusivity constants and set up grid
!------------------------------------------------------------------------------

! read diffusivity coefficients
53 OPEN(20, FILE=Dfile, STATUS=’OLD’)
54 READ(20,’(A)’)
55 READ(20,’(A)’)
56 READ(20,’(A)’)
57 READ(20,’(A)’)
58 READ(20,’(A)’)
59 READ(20,*) Nx, Ny, Nz
60 READ(20,’(A)’)
61 READ(20,’(A)’)
62 READ(20,’(A)’)
63 if ((Nx .LT. 2) .OR. (Ny .LT. 2) .OR. (Nz .LT. 2)) then
64 WRITE(*,’(A)’) ’Number of grid points must be at least 2 in each direction’
65 goto 9998
66 end if
67 WRITE(*,’(A,I3)’) ’Setting up grid in bounding box with: Nx = ’,Nx
68 WRITE(*,’(A,I3)’) ’ Ny = ’,Ny
69 WRITE(*,’(A)’)

! grid
70 dx = (xmax-xmin)/(Nx-1.0)
71 dy = (ymax-ymin)/(Ny-1.0)
72 dt = tfinal/(TMAX+0.0)

! first 3 indices: ix,iy,iz on grid in BBox, 4th index: direction (Dx,Dy,Dz)
73 ALLOCATE(D(Nx, Ny, Nz, 3))
74 if (istat .NE. 0) then
75 WRITE(*,’(A)’) ’Unable to allocate memory for D coefficients’
76 goto 9998
77 end if

78 do i=1,Nx
79 do j=1,Ny
80 do k=1,Nz
81 READ(20,*) D(i,j,k,1), D(i,j,k,2), D(i,j,k,3)
82 end do
83 READ(20,’(A)’)
84 end do
85 READ(20,’(A)’)
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86 end do
87 CLOSE(20)
88 WRITE(*,’(A)’) ’Diffusivity field read.’
89 WRITE(*,’(A)’)

!------------------------------------------------------------------------------
! Initialize particles
!------------------------------------------------------------------------------

! initialize RNG (negative integer !)
90 idum_2 = -1023

! first index: x,y,z,property; second: particle number
91 ALLOCATE(particle(4,N), fluoresc(0:TMAX))
92 if (istat .NE. 0) then
93 WRITE(*,’(A)’) ’Unable to allocate memory for particles’
94 goto 9997
95 end if

! random initial distribution
96 WRITE(*,’(A)’) ’Determining random initial particle distribution ...’
97 do i=1,N
98 do
99 particle(1,i) = xmin+(xmax-xmin)*ran2(idum_2)
100 particle(2,i) = ymin+(ymax-ymin)*ran2(idum_2)
101 particle(3,i) = 0.0
102 particle(4,i) = 1.0

! inside domain but outside bleached box (2:3)x(2:3)
103 if ((particle(1,i) .GT. xmin .AND. particle(1,i) .LT. xmax) .AND. &

(particle(2,i) .GT. ymin .AND. particle(2,i) .LT. ymax) .AND. &
.NOT. ((particle(1,i) .GT. 2.0 .AND. &
particle(1,i) .LT. 3.0) .AND. (particle(2,i) .GT. 2.0 .AND. &
particle(2,i) .LT. 3.0))) exit

104 end do
105 end do
106 WRITE(*,’(A)’) ’done.’

107 fluoresc(0) = 0

! dump initial particle distribution for gnuplot
108 OPEN(30, FILE=’initial2d.gnu’, STATUS=’REPLACE’)
109 do i=1,N
110 WRITE(30,*) particle(1,i), particle(2,i)
111 end do
112 CLOSE(30)

113 WRITE(*,’(A)’)
114 WRITE(*,’(A)’) ’INITIALIZATION COMPLETE’
115 WRITE(*,’(A)’)
116 WRITE(*,’(A)’)

!------------------------------------------------------------------------------
! Main loop over time steps and all particles
!------------------------------------------------------------------------------

117 do k=1,TMAX
118 fluoresc(k) = 0
119 do i=1,N
120 do

! interpolate D from closest 4 grid points (bilinear) for Dx, Dy
! calculate indices of closest grid points

121 ixlo = floor((particle(1,i)-xmin)/dx)+1
122 ixhi = ceiling((particle(1,i)-xmin)/dx)+1
123 iylo = floor((particle(2,i)-ymin)/dy)+1
124 iyhi = ceiling((particle(2,i)-ymin)/dy)+1

! ratios for interpolation
125 rx = (particle(1,i)-(xmin+((ixlo-1.0)*dx)))/dx
126 ry = (particle(2,i)-(ymin+((iylo-1.0)*dy)))/dy

! interpolate D in x direction
127 Diffx = (1.0-ry)*((1.0-rx)*D(ixlo,iylo,1,1)+ &

rx*D(ixhi,iylo,1,1))+ &
ry*((1.0-rx)*D(ixlo,iyhi,1,1)+rx*D(ixhi,iyhi,1,1))

! interpolate in y direction
128 Diffy = (1.0-ry)*((1.0-rx)*D(ixlo,iylo,1,2)+ &

rx*D(ixhi,iylo,1,2))+ &
ry*((1.0-rx)*D(ixlo,iyhi,1,2)+rx*D(ixhi,iyhi,1,2))

! get random direction of next step
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! uniformly distributed on the unit sphere
129 phi = 2*PI*ran2(idum_2)
130 s(1) = cos(phi)
131 s(2) = sin(phi)

! scale step vector according to diffusivity field
132 z = abs(s(1))+abs(s(2))
133 rx = (abs(s(1))/z)*Diffx
134 ry = (abs(s(2))/z)*Diffy
135 ry = sqrt(dt)*(rx+ry)
136 rz = (ry*0.25*gasdev(idum_2))+ry

! final scaled step
137 s(1) = rz*cos(phi)
138 s(2) = rz*sin(phi)

! is new position outside domain?
139 if ((particle(1,i)+s(1) .GT. xmin .AND. &

particle(1,i)+s(1) .LT. xmax) .AND. &
(particle(2,i)+s(2) .GT. ymin .AND. &
particle(2,i)+s(2) .LT. ymax)) exit

140 end do

! move particle by adding r
141 particle(1,i) = particle(1,i)+s(1)
142 particle(2,i) = particle(2,i)+s(2)

! particle in bleached box ? => count fluorescence
143 if ((particle(1,i) .GT. 2.0 .AND. particle(1,i) .LT. 3.0) .AND. &

(particle(2,i) .GT. 2.0 .AND. particle(2,i) .LT. 3.0)) &
fluoresc(k) = fluoresc(k) + 1

144 end do
145 end do

! Dump fluorescent fraction curve for gnuplot
146 OPEN(30, FILE=’fluoresc2d.out’, STATUS=’REPLACE’)
147 do i=0,TMAX
148 WRITE(30,*) i*dt, (fluoresc(i)+0.0)/(N+0.0)
149 end do
150 CLOSE(30)

!------------------------------------------------------------------------------
! Free all memory and terminate
!------------------------------------------------------------------------------

151 WRITE(*,’(A)’) ’Deallocating memory.’
!9995 DEALLOCATE(path)

152 9996 DEALLOCATE(particle, fluoresc)
153 9997 DEALLOCATE(D)

!9998 DEALLOCATE(triang, c, normal)
154 9998 CONTINUE
155 9999 WRITE(*,’(A)’) ’DONE.’

156 end program bdiff2d

C.4.3 3D simulation main program
(bdiff3d.f90)

This is the main program of this project. It does the full 3D simulation of random
walk including sources, sinks, separators, tubes and anisotropy. The basic algorithm
is described in section 4.2 and following, the tube part in chapter 6.

1 program bdiff3d

2 USE globals

3 IMPLICIT NONE

!------------------------------------------------------------------------------
!BDIFF3D Simulation of diffusion by brownian motion in a 3D domain.
! bdiff3d simulates the diffusion of N particles inside a domain that
! is described by its triangulated surface. The diffusion coefficient
! can depend on the location and anisotropy can be introduced.
!
! See also GLOBALS, POINT_IN_DOMAIN, RAN2, TUBE2INERTIAL
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! INERTIAL2TUBE, DIST_TO_TUBE
!
! todo: - make code restartable
! - include ABORT file detection
!
!==============================================================================
! SEMESTERPROJECT SS01 ICOS ETH-ZUERICH
!------------------------------------------------------------------------------
!
! PROTEIN DIFFUSION INSIDE THE ENDOPLASMIC RETICULUM
!
!============================= ivo f. sbalzarini ==============================
!

!------------------------------------------------------------------------------
! Declaration of external functions
!------------------------------------------------------------------------------

! returns a uniformly distributed random number between 0 and 1
4 REAL(ACC), EXTERNAL :: ran2

! checks whether a point is inside the domain
5 LOGICAL, EXTERNAL :: point_in_domain

! returns a gaussian random number with zero mean and unit variance
6 REAL(ACC), EXTERNAL :: gasdev

! square of distance from point xi to center line of tube j
7 REAL(ACC), EXTERNAL :: dist_to_tube

!------------------------------------------------------------------------------
! Declaration of local variables
!------------------------------------------------------------------------------

! Error status variable
8 INTEGER :: istat

! loop counters, indices
9 INTEGER :: i, j, k, l, p

! Name of surface description file
10 CHARACTER(LEN=80) :: surffile

! Name of file containing diffusivity field D
11 CHARACTER(LEN=80) :: Dfile

! read initial particle distribution and properties from file? 1=yes, 0=no
12 INTEGER :: Pfromfile

! file name of initial particle distribution and properties
13 CHARACTER(LEN=80) :: Pfile

! name of position output file
14 CHARACTER(LEN=20) :: outfile

! spherical coordinates
15 REAL(ACC) :: phi, theta

! coordinate on tube surface along tube center line
16 REAL(ACC) :: z

! direction vector for next step of random walk
17 REAL(ACC), DIMENSION(3) :: s

! indices of closest 8 grid points
18 INTEGER :: ixlo, ixhi, iylo, iyhi, izlo, izhi

! ratios for trilinear interpolation
19 REAL(ACC) :: rx, ry, rz

! interpolated diffusivity values for all directions
20 REAL(ACC) :: Diffx, Diffy, Diffz

! store trajectory data of each particle for final output
21 REAL(ACC), DIMENSION(:,:,:), ALLOCATABLE :: path

! edge vectors of triangle
22 REAL(ACC), DIMENSION(3) :: a, b

! fluorescence intensity in bleached box at each time step
23 INTEGER, DIMENSION(:), ALLOCATABLE :: fluoresc

! temporary array for resizing particle
24 REAL(ACC), DIMENSION(:,:), ALLOCATABLE :: temp, surftemp

! temporary array for SURFONLY flags of particles for resizing array
25 LOGICAL, DIMENSION(:), ALLOCATABLE :: FLAGS

! line parameters
26 REAL(ACC) :: lambdamin, lambdamax

! index table for array sorting
27 INTEGER, DIMENSION(:), ALLOCATABLE :: indx

! array of distances of particles to sink
28 REAL(ACC), DIMENSION(:), ALLOCATABLE :: dist

! tube index of any particle
29 INTEGER :: tind

! flag vector to mark particles for removal by sink
30 LOGICAL, DIMENSION(:), ALLOCATABLE :: REM

! new array dimensions for reshape
31 INTEGER, DIMENSION(2) :: newdim
32 INTEGER, DIMENSION(1) :: newlen
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!------------------------------------------------------------------------------
! Read parameter file
!------------------------------------------------------------------------------

33 OPEN(20, FILE=’bdiff.dat’, STATUS=’OLD’)
34 READ(20,’(A)’)
35 READ(20,’(A)’)
36 READ(20,’(A)’)
37 READ(20,’(A)’)
38 READ(20,’(A)’) surffile
39 READ(20,’(A)’)
40 READ(20,’(A)’)
41 READ(20,’(A)’) Dfile
42 READ(20,’(A)’)
43 READ(20,’(A)’)
44 READ(20,*) N
45 READ(20,’(A)’)
46 READ(20,’(A)’)
47 READ(20,*) Pfromfile
48 READ(20,’(A)’)
49 READ(20,’(A)’)
50 READ(20,’(A)’) Pfile
51 READ(20,’(A)’)
52 READ(20,’(A)’)
53 READ(20,*) tfinal
54 READ(20,’(A)’)
55 READ(20,’(A)’)
56 READ(20,*) TMAX
57 READ(20,’(A)’)
58 READ(20,’(A)’)
59 READ(20,*) NOUT
60 READ(20,’(A)’)
61 READ(20,’(A)’)
62 READ(20,*) LIM
63 READ(20,’(A)’)
64 READ(20,’(A)’)
65 READ(20,*) RECPATH
66 READ(20,’(A)’)
67 READ(20,’(A)’)
68 READ(20,*) STICK
69 READ(20,’(A)’)
70 READ(20,’(A)’)
71 READ(20,*) RELEASE
72 CLOSE(20)
73 WRITE(*,’(A)’) ’Surface definition from file: ’,surffile
74 WRITE(*,’(A)’) ’Diffusivity field from file: ’,Dfile
75 WRITE(*,’(A,I7)’) ’Number of particles: ’,N
76 WRITE(*,’(A,F8.4)’) ’Final time of simulation: ’,tfinal
77 WRITE(*,’(A,I7)’) ’Number of time steps: ’,TMAX
78 WRITE(*,’(A,I5,A)’) ’Output of positions every ’, NOUT,’ time steps’
79 WRITE(*,’(A,L)’) ’Nr. of particles to diffuse on tubes: ’,LIM
80 WRITE(*,’(A,L)’) ’Record and output full trajectories: ’,RECPATH
81 if (Pfromfile .EQ. 1) then
82 WRITE(*,’(A)’) ’Initial particle data from file: ’,Pfile
83 else
84 WRITE(*,’(A)’) ’Initial particle data: random’
85 end if
86 WRITE(*,’(A)’)

!------------------------------------------------------------------------------
! Read triangulated surface description and set up surface
!------------------------------------------------------------------------------

87 OPEN(20, FILE=surffile, STATUS=’OLD’)
88 READ(20,’(A)’)
89 READ(20,’(A)’)
90 READ(20,’(A)’)
91 READ(20,’(A)’)
92 READ(20,’(A)’)
93 READ(20,*) M
94 READ(20,’(A)’)
95 READ(20,’(A)’)
96 READ(20,’(A)’)
97 READ(20,’(A)’)
98 READ(20,’(A)’)
99 READ(20,’(A)’)
100 WRITE(*,’(A,I6,A)’) ’Surface triangulation contains ’,M,’ triangles’

101 istat = 0
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! first index: x,y,z; second: point number; third: triangle number
102 ALLOCATE(triang(3,3,M), c(3,M), normal(3,M))
103 if (istat .NE. 0) then
104 WRITE(*,’(A)’) ’Unable to allocate memory for triangles’
105 goto 9999
106 end if

107 do i=1,M
108 READ(20,*) triang(:,1,i), triang(:,2,i), triang(:,3,i)
109 end do
110 CLOSE(20)
111 WRITE(*,’(A)’) ’Triangles ... done.’
112 WRITE(*,’(A)’)

! bounding box (BBox)
113 xmin = HUGE(xmin)
114 xmax = -HUGE(xmax)
115 ymin = HUGE(ymin)
116 ymax = -HUGE(ymax)
117 zmin = HUGE(zmin)
118 zmax = -HUGE(zmax)
119 do i=1,M
120 do j=1,3
121 if (triang(1,j,i) .LT. xmin) xmin = triang(1,j,i)
122 if (triang(1,j,i) .GT. xmax) xmax = triang(1,j,i)
123 if (triang(2,j,i) .LT. ymin) ymin = triang(2,j,i)
124 if (triang(2,j,i) .GT. ymax) ymax = triang(2,j,i)
125 if (triang(3,j,i) .LT. zmin) zmin = triang(3,j,i)
126 if (triang(3,j,i) .GT. zmax) zmax = triang(3,j,i)
127 end do
128 end do
129 WRITE(*,’(A,F8.4,A,F8.4)’) ’Bounding box of problem: xmin = ’,xmin,’ xmax = ’,xmax
130 WRITE(*,’(A,F8.4,A,F8.4)’) ’ ymin = ’,ymin,’ ymax = ’,ymax
131 WRITE(*,’(A,F8.4,A,F8.4)’) ’ zmin = ’,zmin,’ zmax = ’,zmax
132 WRITE(*,’(A)’)

! dump geometry for GNUPLOT (splot ’...’ w l)
133 OPEN(30, FILE=’surface.gnu’, STATUS=’REPLACE’)
134 do i=1,M
135 do j=1,3
136 WRITE(30,*) triang(1,j,i), triang(2,j,i), triang(3,j,i)
137 end do
138 WRITE(30,’(A)’)
139 WRITE(30,’(A)’)
140 end do
141 CLOSE(30)

! calculate centroids and normals and dump surface normals for gnuplot
142 OPEN(30, FILE=’surface_normals.gnu’, STATUS=’REPLACE’)
143 do i=1,M
144 c(:,i) = (1.0/3.0)*(triang(:,1,i)+triang(:,2,i)+triang(:,3,i))
145 WRITE(30,*) c(:,i)
146 a = triang(:,2,i)-triang(:,1,i)
147 b = triang(:,3,i)-triang(:,1,i)

! cross product => n
148 normal(1,i) = a(2)*b(3) - a(3)*b(2)
149 normal(2,i) = a(3)*b(1) - a(1)*b(3)
150 normal(3,i) = a(1)*b(2) - a(2)*b(1)
151 rx = sqrt(sum(normal(:,i)**2))
152 normal(:,i) = normal(:,i)/rx
153 WRITE(30,*) c(:,i)+normal(:,i)
154 WRITE(30,’(A)’)
155 WRITE(30,’(A)’)
156 end do
157 CLOSE(30)

!------------------------------------------------------------------------------
! Read tubes and get their transformation properties
!------------------------------------------------------------------------------

158 OPEN(20, FILE=’tubes.in’, STATUS=’OLD’)
159 READ(20,’(A)’)
160 READ(20,’(A)’)
161 READ(20,’(A)’)
162 READ(20,’(A)’)
163 READ(20,*), NTUBES

! direction vectors tuber: first index: x,y,z; second: tube nr.
! starting points: tubeP: first index: x,y,z; second: tube nr.
! spherical props: tubeS: first index: theta,psi,radius; second: tube nr.
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! surface ccord of particles: surfpart: 1st: phi,z,tube nr.; 2nd: part.nr.
! surface constants: tubeD: 1st: diffusivity,permeability; 2nd: tube nr.

164 ALLOCATE(tuber(3,NTUBES), tubeP(3,NTUBES), tubeS(3,NTUBES), &
surfpart(3,N), tubeD(2,NTUBES))

165 if (istat .NE. 0) then
166 WRITE(*,’(A)’) ’Unable to allocate memory for tubes’
167 goto 9998
168 end if

169 WRITE(*,’(A)’) ’Tubes’
170 WRITE(*,’(A)’) ’=====’
171 WRITE(*,’(A)’)
172 WRITE(*,’(A,I3)’) ’ number of tubes: ’,NTUBES
173 WRITE(*,’(A)’)
174 WRITE(*,’(A)’) ’ starting point | direction vector | radius | D_surf | perm. ’
175 WRITE(*,’(A)’) ’---------------------|---------------------|----------|----------|---------’

176 READ(20,’(A)’)
177 READ(20,’(A)’)
178 READ(20,’(A)’)
179 READ(20,’(A)’)
180 do i=1,NTUBES
181 READ(20,*) tuber(1,i), tuber(2,i), tuber(3,i), tubeP(1,i), tubeP(2,i), &

tubeP(3,i), tubeS(3,i), tubeD(1,i), tubeD(2,i)
182 WRITE(*,’(F6.3,A,F6.3,A,F6.3,A,F6.3,A,F6.3,A,F6.3,A,F6.3,A,F7.4,A,F7.4)’) &

tubeP(1,i),’,’,tubeP(2,i),’,’,tubeP(3,i),’ |’,tuber(1,i),’,’ &
,tuber(2,i),’,’,tuber(3,i),’ | ’,tubeS(3,i),’ | ’,tubeD(1,i), &
’ | ’,tubeD(2,i)

183 end do
184 CLOSE(20)
185 WRITE(*,’(A)’)

! normalize direction vector
186 do i=1,NTUBES
187 rx = sum(tuber(:,i)**2)
188 rx = 1.0/sqrt(rx)
189 tuber(:,i) = rx*tuber(:,i)
190 end do

! calculate spherical angles of tube direction vector
191 do i=1,NTUBES

! theta
192 if (tuber(1,i) .EQ. 0.0) then
193 tubeS(1,i) = 0.0
194 if (tuber(2,i) .GT. 0.0) tubeS(1,i) = PI/2.0
195 if (tuber(2,i) .LT. 0.0) tubeS(1,i) = -PI/2.0
196 else
197 tubeS(1,i) = atan(tuber(2,i)/tuber(1,i))
198 if (tuber(1,i) .LT. 0.0) tubeS(1,i) = tubeS(1,i)+PI
199 end if

! psi
200 if (tuber(3,i) .EQ. 0.0) then
201 tubeS(2,i) = PI/2.0
202 if (tuber(1,i) .EQ. 0.0 .AND. tuber(2,i) .EQ. 0.0) tubeS(2,i) = 0.0
203 else
204 tubeS(2,i) = atan(sqrt(tuber(1,i)**2+tuber(2,i)**2)/tuber(3,i))
205 if (tuber(3,i) .LT. 0.0) tubeS(2,i) = tubeS(2,i)+PI
206 end if
207 end do

! output tubes as point sets for gnuplot
208 OPEN(20,FILE=’tubes.out’,STATUS=’REPLACE’)
209 do i=1,NTUBES
210 do j=1,40
211 do k=1,100
212 phi = (j+0.0)*2.0*PI/40.0
213 z = (k+0.0)*10.0/100.0
214 call tube2inertial(phi, z, i, a)
215 if (point_in_domain(a) .EQ. .TRUE.) then
216 WRITE(20,*) a(1), a(2), a(3)
217 end if
218 end do
219 end do
220 end do
221 CLOSE(20)

!------------------------------------------------------------------------------
! Read separator planes
!------------------------------------------------------------------------------
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222 OPEN(20, FILE=’separators.in’, STATUS=’OLD’)
223 READ(20,’(A)’)
224 READ(20,’(A)’)
225 READ(20,’(A)’)
226 READ(20,’(A)’)

! x separators
227 READ(20,*), NXSEP
228 READ(20,’(A)’)
229 READ(20,’(A)’)

230 WRITE(*,’(A)’) ’Separator planes’
231 WRITE(*,’(A)’) ’================’
232 WRITE(*,’(A)’)
233 WRITE(*,’(A,I3)’) ’ number of x separators: ’,NXSEP
234 WRITE(*,’(A)’)
235 WRITE(*,’(A)’) ’ x coordinate | permeability ’
236 WRITE(*,’(A)’) ’-----------------|-----------------’

! first index: coordinate,permeability; 2nd: separator number
237 ALLOCATE(xsep(2,i))
238 if (istat .NE. 0) then
239 WRITE(*,’(A)’) ’Unable to allocate memory for x separators’
240 goto 9997
241 end if

242 do j=1,NXSEP
243 READ(20,*) xsep(1,j), xsep(2,j)
244 if (xsep(2,j) .LT. 0.0) then
245 xsep(2,j) = 0.0
246 WRITE(*,’(A,I3,A)’) ’ATTN: permeability of x separator ’,j,’ was set to 0.0’
247 end if
248 if (xsep(2,j) .GT. 1.0) then
249 xsep(2,j) = 1.0
250 WRITE(*,’(A,I3,A)’) ’ATTN: permeability of x separator ’,j,’ was set to 1.0’
251 end if
252 WRITE(*,’(A,F10.3,A,F10.4,A)’) ’ ’,xsep(1,j),’ | ’,xsep(2,j)
253 end do
254 WRITE(*,’(A)’)

255 READ(20,’(A)’)
256 READ(20,’(A)’)

! y separators
257 READ(20,*), NYSEP
258 READ(20,’(A)’)
259 READ(20,’(A)’)

260 WRITE(*,’(A,I3)’) ’ number of y separators: ’,NYSEP
261 WRITE(*,’(A)’)
262 WRITE(*,’(A)’) ’ y coordinate | permeability ’
263 WRITE(*,’(A)’) ’-----------------|-----------------’

! first index: coordinate,permeability; 2nd: separator number
264 ALLOCATE(ysep(2,i))
265 if (istat .NE. 0) then
266 WRITE(*,’(A)’) ’Unable to allocate memory for y separators’
267 goto 9996
268 end if

269 do j=1,NYSEP
270 READ(20,*) ysep(1,j), ysep(2,j)
271 if (ysep(2,j) .LT. 0.0) then
272 ysep(2,j) = 0.0
273 WRITE(*,’(A,I3,A)’) ’ATTN: permeability of y separator ’,j,’ was set to 0.0’
274 end if
275 if (ysep(2,j) .GT. 1.0) then
276 ysep(2,j) = 1.0
277 WRITE(*,’(A,I3,A)’) ’ATTN: permeability of y separator ’,j,’ was set to 1.0’
278 end if
279 WRITE(*,’(A,F10.3,A,F10.4,A)’) ’ ’,ysep(1,j),’ | ’,ysep(2,j)
280 end do
281 WRITE(*,’(A)’)

282 READ(20,’(A)’)
283 READ(20,’(A)’)

! z separators
284 READ(20,*), NZSEP
285 READ(20,’(A)’)
286 READ(20,’(A)’)

287 WRITE(*,’(A,I3)’) ’ number of z separators: ’,NZSEP
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288 WRITE(*,’(A)’)
289 WRITE(*,’(A)’) ’ z coordinate | permeability ’
290 WRITE(*,’(A)’) ’-----------------|-----------------’

! first index: coordinate,permeability; 2nd: separator number
291 ALLOCATE(zsep(2,i))
292 if (istat .NE. 0) then
293 WRITE(*,’(A)’) ’Unable to allocate memory for z separators’
294 goto 9995
295 end if

296 do j=1,NZSEP
297 READ(20,*) zsep(1,j), zsep(2,j)
298 if (zsep(2,j) .LT. 0.0) then
299 zsep(2,j) = 0.0
300 WRITE(*,’(A,I3,A)’) ’ATTN: permeability of z separator ’,j,’ was set to 0.0’
301 end if
302 if (zsep(2,j) .GT. 1.0) then
303 zsep(2,j) = 1.0
304 WRITE(*,’(A,I3,A)’) ’ATTN: permeability of z separator ’,j,’ was set to 1.0’
305 end if
306 WRITE(*,’(A,F10.3,A,F10.4,A)’) ’ ’,zsep(1,j),’ | ’,zsep(2,j)
307 end do
308 CLOSE(20)
309 WRITE(*,’(A)’)

!------------------------------------------------------------------------------
! Read diffusivity constants and set up grid
!------------------------------------------------------------------------------

! read diffusivity coefficients for space diffusion
310 OPEN(20, FILE=Dfile, STATUS=’OLD’)
311 READ(20,’(A)’)
312 READ(20,’(A)’)
313 READ(20,’(A)’)
314 READ(20,’(A)’)
315 READ(20,’(A)’)
316 READ(20,*) Nx, Ny, Nz
317 READ(20,’(A)’)
318 READ(20,’(A)’)
319 READ(20,’(A)’)
320 if ((Nx .LT. 2) .OR. (Ny .LT. 2) .OR. (Nz .LT. 2)) then
321 WRITE(*,’(A)’) ’Number of grid points must be at least 2 in each direction’
322 goto 9994
323 end if
324 WRITE(*,’(A,I3)’) ’Setting up grid in bounding box with: Nx = ’,Nx
325 WRITE(*,’(A,I3)’) ’ Ny = ’,Ny
326 WRITE(*,’(A,I3)’) ’ Nz = ’,Nz
327 WRITE(*,’(A)’)

! grid
328 dx = (xmax-xmin)/(Nx-1.0)
329 dy = (ymax-ymin)/(Ny-1.0)
330 dz = (zmax-zmin)/(Nz-1.0)
331 dt = tfinal/(TMAX+0.0)

! first 3 indices: ix,iy,iz on grid in BBox, 4th index: direction (Dx,Dy,Dz)
332 ALLOCATE(D(Nx, Ny, Nz, 3))
333 if (istat .NE. 0) then
334 WRITE(*,’(A)’) ’Unable to allocate memory for D coefficients’
335 goto 9994
336 end if

337 do k=1,Nz
338 do j=1,Ny
339 do i=1,Nx
340 READ(20,*) D(i,j,k,1), D(i,j,k,2), D(i,j,k,3)
341 end do
342 READ(20,’(A)’)
343 end do
344 READ(20,’(A)’)
345 end do
346 CLOSE(20)
347 WRITE(*,’(A)’) ’Diffusivity field read.’
348 WRITE(*,’(A)’)

!------------------------------------------------------------------------------
! Read sources and sinks
!------------------------------------------------------------------------------
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349 OPEN(20, FILE=’sources.in’, STATUS=’OLD’)
350 READ(20,’(A)’)
351 READ(20,’(A)’)
352 READ(20,’(A)’)
353 READ(20,’(A)’)
354 READ(20,*) NSRC

! first index: x,y,z,strength[particles/second],on_tube; 2nd: source number
355 ALLOCATE(src(5,NSRC))
356 if (istat .NE. 0) then
357 WRITE(*,’(A)’) ’Unable to allocate memory for sources’
358 goto 9993
359 end if

! read sources from file
360 READ(20,’(A)’)
361 READ(20,’(A)’)
362 READ(20,’(A)’)
363 do i=1,NSRC
364 READ(20,*) src(1:5,i)!, src(2,i), src(3,i), src(4,i), src(5,i)
365 end do

! move sources on tube surface if they are not there but should be
366 do i=1,NSRC

! if source should be on tube
367 if (nint(src(5,i)) .EQ. 1) then

! check whether the coordinates are really on a tube
368 call inertial2tube(src(1:3,i), j, phi, z)

! if not: move source to closest tube surface point
369 if (j .EQ. -1) then
370 lambdamin = HUGE(lambdamin)
371 l = -1
372 do k=1,NTUBES
373 ry = dist_to_tube(src(1:3,i), k)
374 if (abs(ry-tubeS(3,k)**2) .LT. lambdamin) then
375 lambdamin = sqrt(ry)-tubeS(3,k) ! dist to closest surf.
376 l = k ! l: closest tube
377 end if
378 end do
379 if (l .NE. -1) then
380 a = src(1:3,i)-tubeP(1:3,l)

! scalar product
381 rz = dot_product(a, tuber(1:3,l))

! normalize vector
382 b = (a-rz*tuber(1:3,l))/sqrt(sum((a-rz*tuber(1:3,l))**2))

! move source onto closest tube surface
383 src(1:3,i) = src(1:3,i)-lambdamin*b

! check whether source is still in domain
384 if (point_in_domain(src(1:3,i)) .EQ. .FALSE.) then

! delete sources outside domain
385 do j=i,NSRC-1
386 print*,’WARNING: source’,j,’ deleted !’
387 src(:,j) = src(:,j+1)
388 NSRC = NSRC - 1
389 end do
390 end if
391 else
392 print*,’ERROR: source cannot be on tube since there are no tubes!’
393 end if
394 end if
395 end if
396 end do

! output final sources to terminal
397 WRITE(*,’(A)’) ’Sources’
398 WRITE(*,’(A)’) ’=======’
399 WRITE(*,’(A)’)
400 WRITE(*,’(A,I3)’) ’ number of sources: ’,NSRC
401 WRITE(*,’(A)’)
402 WRITE(*,’(A)’) ’ x coord | y coord | z coord | strength | on tube ’
403 WRITE(*,’(A)’) ’------------|------------|------------|------------|---------’
404 do i=1,NSRC
405 WRITE(*,’(A,F9.3,A,F9.3,A,F9.3,A,F9.3,A,I1.1)’) ’ ’,src(1,i),’ | ’, &

src(2,i),’ | ’,src(3,i),’ | ’,src(4,i),’ | ’,nint(src(5,i))
406 end do
407 WRITE(*,’(A)’)

! dump source positions for gnuplot
408 OPEN(20, FILE=’sources.out’, STATUS=’REPLACE’)
409 OPEN(30, FILE=’sinks.out’, STATUS=’REPLACE’)
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410 do i=1,NSRC
411 if (src(4,i) .GT. 0.0) then
412 WRITE(20,*) src(1:4,i)
413 else
414 WRITE(30,*) src(1:4,i)
415 end if
416 end do
417 CLOSE(20)
418 CLOSE(30)

!------------------------------------------------------------------------------
! Initialize particles
!------------------------------------------------------------------------------

! initialize RNG (negative integer !)
419 idum_2 = -1023

! first index: x,y,z,property; second: particle number
420 ALLOCATE(particle(4,N), fluoresc(0:TMAX), SURFONLY(N))
421 if (istat .NE. 0) then
422 WRITE(*,’(A)’) ’Unable to allocate memory for particles’
423 goto 9992
424 end if

425 SURFONLY(:) = .FALSE.

! read particles from file
426 if (Pfromfile .EQ. 1) then
427 OPEN(20, FILE=Pfile, STATUS=’OLD’)
428 do i=1,N
429 READ(20,*) particle(1:4,i)
430 if (i .LE. LIM) then
431 SURFONLY(i) = .TRUE.
432 call inertial2tube(particle(1:3,i), &

tind, surfpart(1,i), surfpart(2,i))
433 surfpart(3,i) = tind
434 if (tind .EQ. -1) then
435 print*,’ERROR: particle is not on any tube! Setting it space diffusible’
436 SURFONLY(i) = .FALSE.
437 end if
438 end if
439 end do
440 CLOSE(20)
441 WRITE(*,’(A,I6,A)’) ’Read ’,N,’ particles from file ’,Pfile
442 else ! put random particles
443 WRITE(*,’(A)’) ’Determining random initial particle distribution ...’
444 do i=1,N
445 do
446 if (i .LE. LIM) then ! put particles on tubes only
447 SURFONLY(i) = .TRUE.
448 j = ceiling(NTUBES*ran2(idum_2)) ! which tube ?
449 rx = 2*PI*ran2(idum_2) ! angle on tube
450 call tube2inertial(rx, 0, j, a) ! coord of starting point on tube

! clip tube to bounding box
451 lambdamin = HUGE(lambdamin)
452 lambdamax = -HUGE(lambdamax)
453 do k=1,3
454 if (tuber(k,j) .NE. 0.0) then
455 ry = (xmin-a(k))/tuber(k,j)
456 rz = (xmax-a(k))/tuber(k,j)
457 if (ry .LT. lambdamin) lambdamin = ry
458 if (rz .GT. lambdamax) lambdamax = rz
459 if (rz .LT. lambdamin) lambdamin = rz
460 if (ry .GT. lambdamax) lambdamax = ry
461 ry = (ymin-a(k))/tuber(k,j)
462 rz = (ymax-a(k))/tuber(k,j)
463 if (ry .LT. lambdamin) lambdamin = ry
464 if (rz .GT. lambdamax) lambdamax = rz
465 if (rz .LT. lambdamin) lambdamin = rz
466 if (ry .GT. lambdamax) lambdamax = ry
467 ry = (zmin-a(k))/tuber(k,j)
468 rz = (zmax-a(k))/tuber(k,j)
469 if (ry .LT. lambdamin) lambdamin = ry
470 if (rz .GT. lambdamax) lambdamax = rz
471 if (rz .LT. lambdamin) lambdamin = rz
472 if (ry .GT. lambdamax) lambdamax = ry
473 end if
474 end do

! random z coord in BBox and on tube surface
475 ry = lambdamin+abs(lambdamax-lambdamin)*ran2(idum_2)
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! particle position
476 call tube2inertial(rx, ry, j, a)
477 surfpart(1,i) = rx
478 surfpart(2,i) = ry
479 surfpart(3,i) = j
480 particle(1:3,i) = a
481 particle(4,i) = 1.0
482 else ! put particles in whole BBox
483 particle(1,i) = xmin+(xmax-xmin)*ran2(idum_2)
484 particle(2,i) = ymin+(ymax-ymin)*ran2(idum_2)
485 particle(3,i) = zmin+(zmax-zmin)*ran2(idum_2)
486 particle(4,i) = 1.0
487 end if

! inside domain but outside bleached box (2:3)x(2:3)x(:)
488 if ((point_in_domain(particle(1:3,i))) .AND. .NOT. &

((particle(1,i) .GT. 2.0 .AND. &
particle(1,i) .LT. 3.0) .AND. (particle(2,i) .GT. 2.0 .AND. &
particle(2,i) .LT. 3.0))) exit

489 end do
490 end do
491 WRITE(*,’(A)’) ’done.’
492 end if

493 fluoresc(0) = 0

! dump initial particle distribution for gnuplot
494 OPEN(30, FILE=’initial_surf.out’, STATUS=’REPLACE’)
495 OPEN(20, FILE=’initial_space.out’, STATUS=’REPLACE’)
496 do i=1,N
497 if (SURFONLY(i) .EQ. .TRUE.) then
498 WRITE(30,*) particle(1:3,i)
499 else
500 WRITE(20,*) particle(1:3,i)
501 end if
502 end do
503 CLOSE(30)
504 CLOSE(20)

!------------------------------------------------------------------------------
! Initialize particle traces
!------------------------------------------------------------------------------

505 if (RECPATH .EQ. .TRUE.) then
! first index: x,y,z; 2nd: particle nr.; 3rd: time step

506 ALLOCATE(path(3, N, 0:TMAX))
507 if (istat .NE. 0) then
508 WRITE(*,’(A)’) ’Unable to allocate memory for paths’
509 goto 9991
510 end if

511 do i=1,N
512 path(:,i,0) = particle(1:3,i)
513 end do
514 end if

515 ALLOCATE(dist(N), indx(N))

516 WRITE(*,’(A)’)
517 WRITE(*,’(A)’) ’INITIALIZATION COMPLETE’
518 WRITE(*,’(A)’)
519 WRITE(*,’(A)’)

!------------------------------------------------------------------------------
! Main loop over time steps
!------------------------------------------------------------------------------

520 do k=1,TMAX
521 fluoresc(k) = 0

!---------------------------------------------------------------------------
! process sources and sinks
!---------------------------------------------------------------------------

522 do i=1,NSRC
523 if (src(4,i) .GT. 0.0) then

! save old particles in temporary arrays
524 ALLOCATE(temp(size(particle,1),N), FLAGS(N), &

surftemp(size(surfpart,1),N))
525 temp = particle
526 surftemp = surfpart
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527 FLAGS = SURFONLY
528 DEALLOCATE(particle, SURFONLY, surfpart)

! how many new particles are to be created ?
529 p = int((0.25*src(4,i)*dt*gasdev(idum_2))+(dt*src(4,i)))
530 ALLOCATE(particle(size(temp,1),N+p), &

SURFONLY(N+p), surfpart(size(surftemp,1),N+p))
! restore old particles

531 particle = temp
532 surfpart = surftemp
533 SURFONLY = FLAGS
534 DEALLOCATE(temp, FLAGS, surftemp)

! append new particles
535 do j = N+1,N+p
536 particle(1:3,j) = src(1:3,i)
537 particle(4,j) = 1.0

! type of new particle depends on type of source
538 if (nint(src(5,i)) .EQ. 1) then
539 call inertial2tube(particle(1:3,j),tind, &

surfpart(1,j), surfpart(2,j))
540 if (tind .EQ. -1) then
541 print*,’WARNING: source’,i,’ not on tube any more !’
542 print*,src(1:3,i)
543 endif
544 surfpart(3,j) = tind
545 SURFONLY(j) = .TRUE.
546 else
547 SURFONLY(j) = .FALSE.
548 end if
549 end do

! increase N by number of new particles
550 N = N + p
551 else

! calculate distance to sink for all particles
552 do j=1,N
553 dist(j) = sum((src(1:3,i)-particle(1:3,j))**2)
554 end do

! create index table for distances
555 call indexx(N, dist, indx)

! print*,’after indexx’
! standard deviation of gaussian sink attractor

556 rz = ((3.0*abs(src(4,i)*dt)*(xmax-xmin)*(ymax-ymin)* &
(zmax-zmin))/(4*PI*N))**(1.0/3.0)

! check all particles whether they are affected by the sink
557 ALLOCATE(REM(N))
558 REM = .FALSE.

! mark particles for removal
559 p = 0
560 do j=1,N

! exit if enough particles got removed
561 if (p .GT. abs(src(4,i))*dt) exit

! probability of particle to get swallowed: gaussian with dist
562 ry = 1.0/(rz*sqrt(2.0*PI))*exp(-dist(indx(j))/(2.0*rz**2))
563 if (ran2(idum_2) .LT. ry) then

! remove particle indx(j)
564 REM(indx(j)) = .TRUE.
565 p = p + 1
566 end if
567 end do

! do actual removal
568 do j=1,N
569 if (REM(j) .EQ. .TRUE.) then
570 do l=j,N-1
571 particle(:,l) = particle(:,l+1)
572 surfpart(:,l) = surfpart(:,l+1)
573 SURFONLY(l) = SURFONLY(l+1)
574 end do
575 end if
576 end do
577 DEALLOCATE(REM)

! save data to temp arrays
578 ALLOCATE(temp(size(particle,1),N-p), FLAGS(N-p), &

surftemp(size(surfpart,1),N-p))
579 temp(:,1:N-p) = particle(:,1:N-p)
580 surftemp(:,1:N-p) = surfpart(:,1:N-p)
581 FLAGS(1:N-p) = SURFONLY(1:N-p)

! resize arrays
582 DEALLOCATE(particle, SURFONLY, surfpart)
583 ALLOCATE(particle(size(temp,1),N-p), SURFONLY(N-p), &

surfpart(size(surftemp,1),N-p))
! restore remaining particles
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584 particle = temp
585 surfpart = surftemp
586 SURFONLY = FLAGS
587 DEALLOCATE(temp, FLAGS, surftemp)

! new number of particles
588 N = N - p
589 end if
590 end do

!---------------------------------------------------------------------------
! Advance particles
!---------------------------------------------------------------------------

591 do i=1,N
592 do
593 if (SURFONLY(i) .EQ. .TRUE.) then

! get random direction of next step
! uniformly distributed in plane of tube surface

594 phi = 2*PI*ran2(idum_2)
! which tube are we on ?

595 j = nint(surfpart(3,i))
! step size

596 ry = sqrt(dt)*tubeD(1,j)
597 rz = (ry*0.25*gasdev(idum_2))+ry

! new cylindrical angle on tube
598 theta = mod(surfpart(1,i)+1.0/tubeS(3,j)*rz*cos(phi), 2*PI)

! new z coord on tube
599 z = surfpart(2,i)+rz*sin(phi)

! new point in inertial system
600 call tube2inertial(theta, z, j, a)

! step direction: difference of new and old point
601 s = a - particle(1:3,i)
602 else

! interpolate D from closest 8 grid points
! (trilinear) for Dx, Dy, Dz
! calculate indices of closest grid points

603 ixlo = floor((particle(1,i)-xmin)/dx)+1
604 ixhi = ceiling((particle(1,i)-xmin)/dx)+1
605 iylo = floor((particle(2,i)-ymin)/dy)+1
606 iyhi = ceiling((particle(2,i)-ymin)/dy)+1
607 izlo = floor((particle(3,i)-zmin)/dz)+1
608 izhi = ceiling((particle(3,i)-zmin)/dz)+1

! ratios for interpolation
609 rx = (particle(1,i)-(xmin+((ixlo-1.0)*dx)))/dx
610 ry = (particle(2,i)-(ymin+((iylo-1.0)*dy)))/dy
611 rz = (particle(3,i)-(zmin+((izlo-1.0)*dz)))/dz

! interpolate D in x direction
612 Diffx = (1.0-rz)*((1.0-ry)*((1.0-rx)*D(ixlo,iylo,izlo,1)+ &

rx*D(ixhi,iylo,izlo,1))+ &
ry*((1.0-rx)*D(ixlo,iyhi,izlo,1)+rx*D(ixhi,iyhi,izlo,1))) + &
rz*((1.0-ry)*((1.0-rx)*D(ixlo,iylo,izhi,1)+ &
rx*D(ixhi,iylo,izhi,1)) + &
ry*((1.0-rx)*D(ixlo,iyhi,izhi,1)+rx*D(ixhi,iyhi,izhi,1)))

! interpolate in y direction
613 Diffy = (1.0-rz)*((1.0-ry)*((1.0-rx)*D(ixlo,iylo,izlo,2)+ &

rx*D(ixhi,iylo,izlo,2))+ &
ry*((1.0-rx)*D(ixlo,iyhi,izlo,2)+rx*D(ixhi,iyhi,izlo,2))) + &
rz*((1.0-ry)*((1.0-rx)*D(ixlo,iylo,izhi,2)+ &
rx*D(ixhi,iylo,izhi,2)) + &
ry*((1.0-rx)*D(ixlo,iyhi,izhi,2)+rx*D(ixhi,iyhi,izhi,2)))

! interpolate in z direction
614 Diffz = (1.0-rz)*((1.0-ry)*((1.0-rx)*D(ixlo,iylo,izlo,3)+ &

rx*D(ixhi,iylo,izlo,3))+ &
ry*((1.0-rx)*D(ixlo,iyhi,izlo,3)+rx*D(ixhi,iyhi,izlo,3))) + &
rz*((1.0-ry)*((1.0-rx)*D(ixlo,iylo,izhi,3)+ &
rx*D(ixhi,iylo,izhi,3)) + &
ry*((1.0-rx)*D(ixlo,iyhi,izhi,3)+rx*D(ixhi,iyhi,izhi,3)))

! get random direction of next step
! uniformly distributed on the unit sphere

615 phi = 2*PI*ran2(idum_2)
616 theta = asin(2.0*ran2(idum_2)-1.0)+(PI/2.0)
617 s(1) = sin(theta)*cos(phi)
618 s(2) = sin(theta)*sin(phi)
619 s(3) = cos(theta)

! scale step vector according to diffusivity field
620 z = abs(s(1))+abs(s(2))+abs(s(3))
621 rx = (abs(s(1))/z)*Diffx
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622 ry = (abs(s(2))/z)*Diffy
623 rz = (abs(s(3))/z)*Diffz
624 ry = sqrt(dt)*(rx+ry+rz)
625 rz = (ry*0.25*gasdev(idum_2))+ry

! final scaled step
626 s(1) = rz*sin(theta)*cos(phi)
627 s(2) = rz*sin(theta)*sin(phi)
628 s(3) = rz*cos(theta)
629 end if

!---------------------------------------------------------------------
! Process tube walls for space particles
!---------------------------------------------------------------------

630 if (SURFONLY(i) .EQ. .FALSE.) then
631 do j=1,NTUBES

! calculate square of distance to tube of old position
632 rx = dist_to_tube(particle(1:3,i),j)

! calculate square of distance to tube in new positon
633 ry = dist_to_tube(particle(1:3,i)+s(1:3),j)
634 if ((rx-tubeS(3,j)**2)*(ry-tubeS(3,j)**2) .LT. 0) then

! particle attempts to cross surface of tube j
635 if (ran2(idum_2) .GT. tubeD(2,j)) then

! reject move
636 s = 0.0
637 exit
638 end if
639 end if
640 end do
641 end if

!---------------------------------------------------------------------
! Process all separators
!---------------------------------------------------------------------

642 do j=1,NXSEP
643 if ((particle(1,i)-xsep(1,j))*(particle(1,i)+s(1)-xsep(1,j)) &

.LE. 0.0) then
644 if (ran2(idum_2) .GT. xsep(2,j)) then
645 s = 0.0 ! do not move particle
646 end if
647 end if
648 end do
649 do j=1,NYSEP
650 if ((particle(2,i)-ysep(1,j))*(particle(2,i)+s(2)-ysep(1,j)) &

.LE. 0.0) then
651 if (ran2(idum_2) .GT. ysep(2,j)) then
652 s = 0.0
653 end if
654 end if
655 end do
656 do j=1,NZSEP
657 if ((particle(3,i)-zsep(1,j))*(particle(3,i)+s(3)-zsep(1,j)) &

.LE. 0.0) then
658 if (ran2(idum_2) .GT. zsep(2,j)) then
659 s = 0.0
660 end if
661 end if
662 end do

! is new position outside domain?
663 a = particle(1:3,i) + s
664 if (point_in_domain(a) .EQ. .TRUE.) exit
665 end do

! move particle by adding s
666 particle(1:3,i) = particle(1:3,i) + s

! update tube surface coordinates
667 if (SURFONLY(i) .EQ. .TRUE.) then
668 surfpart(1,i) = theta
669 surfpart(2,i) = z
670 end if

! particle in bleached box ? => count fluorescence
671 if ((particle(1,i) .GT. 2.0 .AND. particle(1,i) .LT. 3.0) .AND. &

(particle(2,i) .GT. 2.0 .AND. particle(2,i) .LT. 3.0)) &
fluoresc(k) = fluoresc(k) + 1

! store trajectory data
672 if (RECPATH .EQ. .TRUE.) then
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673 path(1:3,i,k) = particle(1:3,i)
674 end if
675 end do

! dump particle positions every NOUT time steps
676 if (mod(k,NOUT) .EQ. 0) then
677 WRITE(*,’(A)’)
678 WRITE(*,’(A,I5,A,F6.3)’) ’*** completed time step ’, k, ’ time t = ’, k*dt
679 WRITE(outfile,’(A,I4.4,A)’) ’ppos_surf’, k, ’.out’
680 OPEN(30, FILE=outfile, STATUS=’REPLACE’)
681 WRITE(outfile,’(A,I4.4,A)’) ’ppos_space’, k, ’.out’
682 OPEN(20, FILE=outfile, STATUS=’REPLACE’)
683 do j=1,N
684 if (SURFONLY(j) .EQ. .TRUE.) then
685 WRITE(30,*) particle(1:3,j)
686 else
687 WRITE(20,*) particle(1:3,j)
688 end if
689 end do
690 CLOSE(30)
691 CLOSE(20)
692 end if
693 end do

! Dump fluorescent fraction curve for gnuplot
694 OPEN(30, FILE=’fluoresc.out’, STATUS=’REPLACE’)
695 do i=0,TMAX
696 WRITE(30,*) i*dt, (fluoresc(i)+0.0)/(N+0.0)
697 end do
698 CLOSE(30)

!------------------------------------------------------------------------------
! Dump particle traces for gnuplot
!------------------------------------------------------------------------------

699 if (RECPATH .EQ. .TRUE.) then
700 WRITE(*,’(A)’)
701 WRITE(*,’(A)’) ’Writing trajectory data to disk ...’
702 OPEN(30, FILE=’traces_surf.out’, STATUS=’REPLACE’)
703 OPEN(20, FILE=’traces_space.out’, STATUS=’REPLACE’)
704 do i=1,N
705 if (SURFONLY(i) .EQ. .TRUE.) then
706 do k=1,TMAX
707 WRITE(30,*) path(1:3,i,k)
708 end do
709 WRITE(30,’(A)’)
710 WRITE(30,’(A)’)
711 else
712 do k=1,TMAX
713 WRITE(20,*) path(1:3,i,k)
714 end do
715 WRITE(20,’(A)’)
716 WRITE(20,’(A)’)
717 end if
718 end do
719 CLOSE(30)
720 CLOSE(20)
721 WRITE(*,’(A)’) ’done.’
722 end if

!------------------------------------------------------------------------------
! Free all memory and terminate
!------------------------------------------------------------------------------

723 9800 WRITE(*,’(A)’) ’Deallocating memory.’
724 DEALLOCATE(dist, indx)
725 9990 if (RECPATH .EQ. .TRUE.) DEALLOCATE(path)
726 9991 DEALLOCATE(particle, fluoresc, SURFONLY)
727 9992 DEALLOCATE(src)
728 9993 DEALLOCATE(D)
729 9994 DEALLOCATE(zsep)
730 9995 DEALLOCATE(ysep)
731 9996 DEALLOCATE(xsep)
732 9997 DEALLOCATE(tuber, tubeP, tubeS, surfpart, tubeD)
733 9998 DEALLOCATE(triang, c, normal)
734 9999 WRITE(*,’(A)’) ’DONE.’

735 end program bdiff3d
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C.4.4 Coordinate transformation from tubes to space
(tube2inertial.f90)

As mentioned in section 6.2, the introduction of tubes calls for local coordinates that
parametrize their surface. This module implements the “forward” transformation
from the tube coordinates (ϕ, ζ, i) to the inertial system (x, y, z).

1 subroutine tube2inertial(phi,z,i,xi)

2 USE globals

3 IMPLICIT NONE

!------------------------------------------------------------------------------
!TUBE2INERTIAL Coordinate transformation from tube surface to inertial system.
! tube2inertial transforms the coordinates of the point denoted by
! cylindrical coordinates (z,phi) on the surface of tube (i) to the
! global (x,y,z) system. note that the z-axis of the cylindrical system
! is collinear with the direction vector of the tube center line.
!
! See also BDIFF3D, GLOBALS
!
!==============================================================================
! SEMESTERPROJECT SS01 ICOS ETH-ZUERICH
!------------------------------------------------------------------------------
!
! PROTEIN DIFFUSION INSIDE THE ENDOPLASMIC RETICULUM
!
!============================= ivo f. sbalzarini ==============================
!

!------------------------------------------------------------------------------
! Types of input/output variables
!------------------------------------------------------------------------------

! Cylindrical cordinates on tube surface
4 REAL(ACC) :: z, phi

! tube number
5 INTEGER :: i

! (x,y,z) coordinates of point in 3D space
6 REAL(ACC), DIMENSION(3) :: xi

!------------------------------------------------------------------------------
! Coordinate transform
!------------------------------------------------------------------------------

7 xi(1) = tubeP(1,i)+tubeS(3,i)*cos(tubeS(1,i))*cos(phi) &
*cos(tubeS(2,i))-tubeS(3,i)*sin(tubeS(1,i))*sin(phi)+z*cos(tubeS(1,i)) &
*sin(tubeS(2,i))

8 xi(2) = tubeP(2,i)+tubeS(3,i)*cos(phi)*cos(tubeS(2,i)) &
*sin(tubeS(1,i))+tubeS(3,i)*cos(tubeS(1,i))*sin(phi)+z*sin(tubeS(1,i)) &
*sin(tubeS(2,i))

9 xi(3) = tubeP(3,i)+z*cos(tubeS(2,i))-tubeS(3,i)*cos(phi) &
*sin(tubeS(2,i))

10 end subroutine tube2inertial

C.4.5 Coordinate transformation from space to tubes
(inertial2tube.f90)

This module contains the “backward” transformation from inertial space (x, y, z)
to local tube coordinates (ϕ, ζ, i). If the point given in inertial space does not lie
on any tube’s surface, -1 is returned as the tube index. Errors like this are trapped
in the main program (see appendix C.4.3).

1 subroutine inertial2tube(xi,j,phi,z)

2 USE globals

3 IMPLICIT NONE
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!------------------------------------------------------------------------------
!INERTIAL2TUBE Coordinate transformation from inertial to tube surface system.
! inertial2tube transforms the coordinates of the point denoted by
! cartesian coordinates (xi(1:3)) to cylindrical coordinates on a tube,
! denoted by (phi,z). j is the number of the tube on which the point is
! located. If the point is not on any tube surface, j=-1 is returned.
!
! See also BDIFF3D, GLOBALS, DIST_TO_TUBE
!
!==============================================================================
! SEMESTERPROJECT SS01 ICOS ETH-ZUERICH
!------------------------------------------------------------------------------
!
! PROTEIN DIFFUSION INSIDE THE ENDOPLASMIC RETICULUM
!
!============================= ivo f. sbalzarini ==============================
!

!------------------------------------------------------------------------------
! Declaration of external functions
!------------------------------------------------------------------------------

! square of distance from xi to axis of tube
4 REAL(ACC), EXTERNAL :: dist_to_tube

!------------------------------------------------------------------------------
! Types of input/output variables
!------------------------------------------------------------------------------

! Cylindrical cordinates on tube surface
5 REAL(ACC) :: z, phi

! tube number
6 INTEGER :: j

! (x,y,z) coordinates of point in 3D space
7 REAL(ACC), DIMENSION(3) :: xi

!------------------------------------------------------------------------------
! Definition of local variables
!------------------------------------------------------------------------------

! loop counter
8 INTEGER :: i

! cosinus and sinus of phi
9 REAL(ACC) :: cphi, sphi

!------------------------------------------------------------------------------
! Tube search and coordinate transform
!------------------------------------------------------------------------------

10 j = -1
11 do i=1,NTUBES

! is xi on tube? i.e. distance .eq. tube radius?
12 if (abs(dist_to_tube(xi,i)-tubeS(3,i)**2) .LT. 1e-4) then
13 j = i
14 z = (xi(3)-tubeP(3,i))*cos(tubeS(2,i))+((xi(1)-tubeP(1,i)) &

*cos(tubeS(1,i))+(xi(2)-tubeP(2,i))*sin(tubeS(1,i)))*sin(tubeS(2,i))
15 cphi = 1.0/tubeS(3,i)*(cos(tubeS(2,i))*((xi(1)-tubeP(1,i)) &

*cos(tubeS(1,i))+(xi(2)-tubeP(2,i))*sin(tubeS(1,i)))+(tubeP(3,i)- &
xi(3))*sin(tubeS(2,i)))

16 sphi = 1.0/tubeS(3,i)*((xi(2)-tubeP(2,i))*cos(tubeS(1,i))+(tubeP(1,i)- &
xi(1))*sin(tubeS(1,i)))

17 if (cphi .EQ. 0.0) then
18 phi = 0.0
19 if (sphi .GT. 0.0) phi = PI/2.0
20 if (sphi .LT. 0.0) phi = -PI/2.0
21 else
22 phi = atan(sphi/cphi)
23 if (cphi .LT. 0.0) phi = phi+PI
24 end if
25 exit
26 end if
27 end do

28 end subroutine inertial2tube
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C.4.6 Distance to tube surface
(dist to tube.f90)

This small module calculates the square of the orthogonal distance from any point
in space to the center line of a given tube. Its algorithm has been described in
section 6.2. The actual distance which would be the square root of its return value
is often not needed since usually comparisons are to be made. To save CPU time,
the square of the distance is returned here and the square root is to be taken in the
calling module if needed.

1 function dist_to_tube(xi, jtube)

2 USE globals

3 IMPLICIT NONE

!------------------------------------------------------------------------------
!DIST_TO_TUBE returns square of distance of point xi from tube center line.
! dist_to_tube returns the square of the distance of the point xi(1:3)
! from the center line of tube jtube.
!
! See also BDIFF3D, GLOBALS
!
!==============================================================================
! SEMESTERPROJECT SS01 ICOS ETH-ZUERICH
!------------------------------------------------------------------------------
!
! PROTEIN DIFFUSION INSIDE THE ENDOPLASMIC RETICULUM
!
!============================= ivo f. sbalzarini ==============================
!

!------------------------------------------------------------------------------
! Types of input/output variables
!------------------------------------------------------------------------------

! return value: distance
4 REAL(ACC) :: dist_to_tube

! tube number
5 INTEGER :: jtube

! (x,y,z) coordinates of point in 3D space
6 REAL(ACC), DIMENSION(3) :: xi

!------------------------------------------------------------------------------
! Types of input/output variables
!------------------------------------------------------------------------------

! vector from tube starting point to xi
7 REAL(ACC), DIMENSION(3) :: a

! projection onto tube center line
8 REAL(ACC) :: pd

!------------------------------------------------------------------------------
! Distance calculation
!------------------------------------------------------------------------------

! vector from tube starting point to point xi
9 a = xi-tubeP(1:3,jtube)

! scalar product: projection of a onto tuber
10 pd = dot_product(a,tuber(1:3,jtube))

! square of distance of xi from tube center line
11 dist_to_tube = sum(a(:)**2)-pd**2

12 return

13 end function dist_to_tube

C.4.7 Check whether a point is inside the domain
(point in domain.f90)

This subroutine checks whether a given point is located inside or outside the com-
putational domain. The topological problem of determining “inside” and “outside”
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of a closed triangulated surface is described and solved in section 9.1.

1 function point_in_domain(p)

2 USE globals

3 IMPLICIT NONE

!------------------------------------------------------------------------------
!POINT_IN_DOMAIN checks whether a point is inside the domain or not.
! if the point given by p(1:3) is inside the closed surface
! defined by triang(...), the function returns .TRUE., otherwise
! .FALSE.
!
! See also BDIFF3D, GLOBALS
!
!==============================================================================
! SEMESTERPROJECT SS01 ICOS ETH-ZUERICH
!------------------------------------------------------------------------------
!
! PROTEIN DIFFUSION INSIDE THE ENDOPLASMIC RETICULUM
!
!============================= ivo f. sbalzarini ==============================
!

!------------------------------------------------------------------------------
! Declaration of input and output variables
!------------------------------------------------------------------------------

! point in question
4 REAL(ACC), DIMENSION(3) :: p

! return value
5 LOGICAL :: point_in_domain

!------------------------------------------------------------------------------
! Declaration of local variables
!------------------------------------------------------------------------------

! loop counter
6 INTEGER :: i

! angles in spherical coordinates
7 REAL(ACC) :: phi, theta

! edge vectors and direction
8 REAL(ACC), DIMENSION(3) :: a, b

! system matrix
9 REAL(ACC), DIMENSION(3,3) :: mat

! lowest value of line parameter
10 REAL(ACC) :: gammamin

! index of closest triangle
11 INTEGER :: closest

!------------------------------------------------------------------------------
! Follow x direction and intersect with all triangles
!------------------------------------------------------------------------------

12 gammamin = HUGE(gammamin)
13 closest = 0

! intersect with all triangles
14 do i=1,M

! edge vectors
15 a = triang(:,2,i)-triang(:,1,i)
16 b = triang(:,3,i)-triang(:,1,i)

! determinant of system matrix
17 phi = a(3)*b(2)-a(2)*b(3) ! for r=(1,0,0)
18 if (phi .NE. 0.0) then ! if intersection point exists
19 phi = 1.0/phi

! inverse of system matrix
20 mat(1,1) = 0.0
21 mat(1,2) = -phi*b(3)
22 mat(1,3) = phi*b(2)
23 mat(2,1) = 0.0
24 mat(2,2) = phi*a(3)
25 mat(2,3) = -phi*a(2)
26 mat(3,1) = phi*(-a(3)*b(2)+a(2)*b(3))
27 mat(3,2) = phi*(a(3)*b(1)-a(1)*b(3))
28 mat(3,3) = phi*(-a(2)*b(1)+a(1)*b(2))

! right hand side
29 a = p-triang(:,1,i)
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! solution of 3x3 system
30 b = mat(:,1)*a(1)+mat(:,2)*a(2)+mat(:,3)*a(3)

! intersect _inside_ triangle ?
31 if ((b(1)+b(2) .LE. 1.0) .AND. (b(1) .GE. 0.0) &

.AND. (b(2) .GE. 0.0)) then
32 b(3) = abs(b(3))
33 if (b(3) .LT. gammamin) then
34 gammamin = b(3)
35 closest = i
36 end if
37 end if
38 end if
39 end do

!------------------------------------------------------------------------------
! Check what face of closest triangle we are looking at
!------------------------------------------------------------------------------

40 point_in_domain = .TRUE.
41 if (closest .EQ. 0) then ! no triangle intersected => we’re outside
42 point_in_domain = .FALSE.
43 else

! scalar product of n with connection to particle
44 phi = dot_product(normal(:,closest),p-c(:,closest))
45 if (phi .GE. 0.0) then
46 point_in_domain = .FALSE.
47 end if
48 end if

49 return

50 end function point_in_domain

C.4.8 Indexing and ranking
(indexx.f90)

As mentioned in section 4.6, a Gaussian sink attractor has to process particles in the
order of increasing distance. Therefore, ranking of the particles with respect to their
distance is needed at every time step. The algorithm implemented here solves this
efficiently. It has been adopted from [Numerical Recipes for Fortran 77 (1996)] and
altered to eliminate two errors present in the original version and to meet Fortran
90 style requirements.

1 subroutine indexx(narr, arr, indx)

2 USE globals

3 IMPLICIT NONE

!------------------------------------------------------------------------------
!INDEXX generates an index table for array arr.
! indexx indexes an array arr(1:narr), i.e. outputs the array indx(1:narr)
! such that arr(indx(j)) is in ascending order for j=1,2,...,narr.
! The input quantities narr and arr are not changed.
!
! See also GLOBALS, BDIFF3D
!
!==============================================================================
! SEMESTERPROJECT SS01 ICOS ETH-ZUERICH
!------------------------------------------------------------------------------
!
! PROTEIN DIFFUSION INSIDE THE ENDOPLASMIC RETICULUM
!
!============================= ivo f. sbalzarini ==============================
!

!------------------------------------------------------------------------------
! Declaration of input and output variables
!------------------------------------------------------------------------------

! size of array
4 INTEGER :: narr

! array containing sort key
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5 REAL(ACC), DIMENSION(narr) :: arr
! array for index table

6 INTEGER, DIMENSION(narr) :: indx

!------------------------------------------------------------------------------
! Declaration of parameters
!------------------------------------------------------------------------------

7 INTEGER, PARAMETER :: MM = 7
! stack size

8 INTEGER, PARAMETER :: NSTACK = 50

!------------------------------------------------------------------------------
! Declaration of local variables
!------------------------------------------------------------------------------

! loop counters and indices
9 INTEGER :: i, indxt, ir, itemp, j
10 INTEGER :: jstack, k, l

! stack
11 INTEGER, DIMENSION(NSTACK) :: istack
12 REAL(ACC) :: a

!------------------------------------------------------------------------------
! Algorithm according to Numerical Recipes, pp. 330
!------------------------------------------------------------------------------

13 do j=1,narr
14 indx(j) = j
15 end do

16 jstack = 0
17 l = 1
18 ir = narr

19 1 if (ir-l .LT. MM) then
20 do j=l+1,ir
21 indxt = indx(j)
22 a = arr(indxt)
23 do i=j-1,1,-1
24 if (arr(indx(i)) .LE. a) goto 2
25 indx(i+1) = indx(i)
26 end do
27 i = 0
28 2 indx(i+1) = indxt
29 end do
30 if (jstack .EQ. 0) return
31 ir = istack(jstack)
32 l = istack(jstack-1)
33 jstack = jstack-2
34 else
35 k = (l+ir)/2
36 itemp = indx(k)
37 indx(k) = indx(l+1)
38 indx(l+1) = itemp
39 if (arr(indx(l+1)) .GT. arr(indx(ir))) then
40 itemp = indx(l+1)
41 indx(l+1) = indx(ir)
42 indx(ir) = itemp
43 end if
44 if (arr(indx(l)) .GT. arr(indx(ir))) then
45 itemp = indx(l)
46 indx(l) = indx(ir)
47 indx(ir) = itemp
48 end if
49 if (arr(indx(l+1)) .GT. arr(indx(l))) then
50 itemp = indx(l+1)
51 indx(l+1) = indx(l)
52 indx(l) = itemp
53 end if
54 i = l+1
55 j = ir
56 indxt = indx(l)
57 a = arr(indxt)
58 3 continue
59 i = i+1
60 if (arr(indx(i)) .LT. a) goto 3
61 4 continue
62 j = j-1
63 if (arr(indx(j)) .GT. a) goto 4
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64 if (j .LT. i) goto 5
65 itemp = indx(i)
66 indx(i) = indx(j)
67 indx(j) = itemp
68 goto 3
69 5 indx(l) = indx(j)
70 indx(j) = indxt
71 jstack = jstack+2
72 if (jstack .GT. NSTACK) pause ’NSTACK too small in indexx’
73 if (ir-i+1 .GE. j-1) then
74 istack(jstack) = ir
75 istack(jstack-1) = i
76 ir = j-1
77 else
78 istack(jstack) = j-1
79 istack(jstack-1) = l
80 l = i
81 end if
82 end if
83 goto 1

84 END subroutine indexx

C.4.9 Uniform random number generator
(ran2.f)

This is the generating routine for uniformly distributed random numbers between
0 and 1. It was taken out of [Numerical Recipes for Fortran 77 (1996)] and the use
of the kind parameter ACC for easy accuracy changes was added.

1 FUNCTION ran2(idum_2)

2 USE globals

3 INTEGER idum_2,IA,IM,IQ,IR,NTAB,NDIV
4 REAL(ACC) :: ran2,AM,EPS,RNMX
5 PARAMETER (IA=16807,IM=2147483647,AM=1./IM,IQ=127773,IR=2836,
6 *NTAB=32,NDIV=1+(IM-1)/NTAB,EPS=1.2e-7,RNMX=1.-EPS)

7 INTEGER j,k,iv(NTAB),iy
8 SAVE iv,iy
9 DATA iv /NTAB*0/, iy /0/
10 if (idum_2.le.0.or.iy.eq.0) then
11 idum_2=max(-idum_2,1)
12 do 11 j=NTAB+8,1,-1
13 k=idum_2/IQ
14 idum_2=IA*(idum_2-k*IQ)-IR*k
15 if (idum_2.lt.0) idum_2=idum_2+IM
16 if (j.le.NTAB) iv(j)=idum_2
17 11 continue
18 iy=iv(1)
19 endif
20 k=idum_2/IQ
21 idum_2=IA*(idum_2-k*IQ)-IR*k
22 if (idum_2.lt.0) idum_2=idum_2+IM
23 j=1+iy/NDIV
24 iy=iv(j)
25 iv(j)=idum_2
26 ran2=min(AM*iy,RNMX)
27 return
28 END

C.4.10 Gaussian random number generator
(gasdev.f)

This routine implements the Box-Müller algorithm to create Gaussian deviates using
the uniform random number generator described in the preceding section and a
nonlinear coordinate transformation.
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It was taken out of [Numerical Recipes for Fortran 77 (1996)] with addition of the
kind parameter ACC.

1 FUNCTION gasdev(idum_2)

2 USE globals

3 INTEGER idum_2
4 REAL(ACC) gasdev

! Returns a normally distributed deviate with zero mean and unit variance,
! using ran2(idum) as the source of uniform deviates.

5 INTEGER iset
6 REAL(ACC) fac,gset,rsq,v1,v2,ran2
7 SAVE iset,gset
8 DATA iset/0/
9 IF (iset.EQ.0) THEN
10 1 v1=2.*ran2(idum_2)-1.
11 v2=2.*ran2(idum_2)-1.
12 rsq=v1**2+v2**2
13 IF(rsq.GE.1..OR.rsq.EQ.0.)GOTO 1
14 fac=sqrt(-2.*log(rsq)/rsq)
15 gset=v1*fac
16 gasdev=v2*fac
17 iset=1
18 ELSE
19 gasdev=gset
20 iset=0
21 ENDIF
22 RETURN
23 END


