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Abstract

Functionally Graded Materials (FGMs) are materials with Lamé constants λ, µ and
density ρ depending on spatial coordinates. In FGMs the graded layer, where elastic
properties and density are varying, lies between two homogeneous materials. When
the graded layer thickness is of the same order of magnitude as the mechanical
wavelength the wave scattering behaviour at the graded layer becomes frequency
dependent. This effect is of growing importance for micro- and nanostructures since
the relative size of the graded layers is generally larger than in macroscopic struc-
tures. In this work such effects are investigated by a combination of numerical
and experimental efforts leading on one hand to a practical application similar to
that of a micromechanical frequency filter. On the other hand, the characteristic of
the frequency dependent wave propagation in FGM is utilized to introduce a non-
destructive measuring method to determine its material properties or to characterise
diffusion layers.
To investigate the frequency dependent wave propagation in FGM a one dimen-
sional analytical problem is considered. The existing analytical solution of the one-
dimensional problem considers an infinite plate with continuously variable elastic
parameters and density in the thickness direction. In the previous work, it is shown
that, even for very simple gradient functions, wave propagation in inhomogeneous
media quickly reaches a level at which the analytical possibilities are limited. There-
fore, in this work a numerical Finite Difference Time Domain (FDTD) algorithm is
implemented to study the elastodynamic wave propagation in FGM. The numerical
algorithm is formulated with the “magic time-step” stability condition which per-
mits the achievement of an exact solution of the differential wave equation problem
in a very short simulation time. In this work the “magic time-step” formalism is fur-
ther developed for a graded medium. The spatial increment ∆x is stepwise adapted
with the constant time increment and the variable bulk wave propagation velocity
cp in order to fulfill the stability condition. Therefore, for a FDTD algorithm with
variable spatial increments, the stability criterion ((∆x)i = ∆t · (cp)i) will be re-
ferred to as “magic spatial-step” condition. The numerical results are verified with
an existing analytical solution.
Once the confidence in the FDTD method has been established further gradients
are investigated based on the fact that the FDTD method permits the investigation
of structures with arbitrary gradients. Particular interest is given to the influence of
various gradient functions to the spectral response. With a post processing evalua-
tion technique the spectral transmission of an incident broad band frequency pulse
is calculated. It turns out that the acoustic impedance variation has a filter effect
on a signal.

To experimentally study the frequency dependent wave propagation in FGM a
pump probe laser acoustic setup is used, which is available in the center of me-
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Abstract

chanics at ETH Zurich. The pump probe laser acoustic setup is used to excite and
detect mechanical waves in the specimen. The entire experimental setup is modeled
using a finite difference algorithm for a better interpretation of the measurements.
The experimental specimen is composed of a linear material grading which has
been achieved by physical vapor deposition by magnetron sputtering. The materials
used are aluminum (Al) and tantalum (Ta) due to their strong variation in acous-
tic impedance (bulk force reflection coefficient rf = 0.6) and their good alloying
properties. In the manufactured sample the material transition layer thickness is
approximatively 60 nm. With Rutherford Backscattering Spectroscopy (RBS) mea-
surements and electron microscopy (SEM/TEM) the morphology of the sample is
characterized. The experimental analysis of the frequency dependent wave propa-
gation in FGM is done in a non-destructive way to characterize the interface. The
profiling results are then compared to those obtained with RBS measurements. The
technique can be applied for high frequency filters, semiconductor manufacturing
and thermal barrier layers.

The investigation of the microstructure in the graded layer with TEM has shown
the presence of a clear columnar structure with alternate rich regions of aluminum
and tantalum. In order to investigate the influence of the columnar structure on the
acoustic plane wave propagation, a two dimensional, linear elastic wave propagation
problem is solved with the commercial Finite Element Method (FEM) software,
Abaqus. The columnar structure is modeled with a saw tooth interface. It turns
out that the presence of the saw tooth like structure in the functionally graded
material interface of aluminum and tantalum has a significant influence on the wave
propagation. The energy distribution at the saw tooth interface changes with varying
aperture angles of the saw tooth element. For a longitudinal plane wave that scatters
at the saw tooth interface numerous refracted waves are also observed.

In many practical situations the gradient function and the thickness of the graded
film are unknown quantities. Combining the characterisation of frequency dependent
wave propagation in the graded layers together with the pump probe laser acoustic
measurements leads to a rapid, contact less and non-destructive measuring method
to determine the FGM properties or to profile diffusion layers. With the pump
probe laser acoustic measurements the experimental reflection energy coefficients are
obtained via post processing calculations. A numerical algorithm, using the transfer
matrix method and an optimization technique, attempts to reproduce the measured
reflection coefficients. When the measured and the numerical energy coefficients are
similar, parameters of the gradient function and the thickness of the graded film
have been identified. Gradient parameters or thickness information are found using
the numerical algorithm.
A good agreement has been found to exist between the solution of the numerical
fitting algorithm and experimental data.

x



Zusammenfassung

Unter ”Functionally Graded Materials (FGMs)” versteht man Materialien mit örtlich
variablen mechanischen Eigenschaften, λ, µ und Dichte ρ. Zwischen zwei homogenen
Materialien befindet sich die Gradientschicht, in der die mechanische Eigenschaften
variabel sind. Wenn sich in der Gradientschicht die mechanischen Eigenschaften
über eine Distanz mit der Grössenordnung einer akustischen Wellenlänge ändern, so
wird das akustische Reflexionsverhalten in dieser Gradientschicht wellenlängenab-
hängig und damit frequenzsensitiv. Dieser Effekt ist von grosser Bedeutung für
Mikro- und Nanostrukturen, da die relative Dicke der Gradientschicht generell grös-
ser ist als in makroskopischen Strukturen. In dieser Arbeit wird dieser Effekt nu-
merisch und experimentell untersucht. Die daraus resultierenden Ergebnisse führen
zu einer praktischen Anwendung ähnlich einem mikromechanischen Frequenzfilter.
Ein weiteres Resultat der vorliegenden Arbeit ist eine Methode, in welcher die
Besonderheit der frequenzsensitiven Wellenausbreitung dazu genutzt wird, die FGM
Eigenschaften zerstörungsfrei zu bestimmen oder Diffusionsschichten zu charakter-
isieren.
Um die frequenzsensitive Wellenausbreitung in FGM zu untersuchen, wird ein eindi-
mensionales, analytisches Problem betrachtet. Die vorhandene analytische Lösung
für das eindimensionale Problem betrachtet eine unendliche Platte in der sich die
mechanischen Eigenschaften kontinuierlich über die Dicke ändern. Vorhandene Ar-
beiten haben mehrfach gezeigt, dass nur für einfache Gradientenfunktionen analyti-
sche Lösungen möglich sind. Darum wird in dieser Arbeit ein numerischer Finite-
Differenzen Algorithmus entwickelt, um die elastische Wellenausbreitung in FGM zu
untersuchen. Die Rechenzeitoptimierung der Routine, erfolgt mittels der ”Magic-
Time-Step” Stabilitätsbedingung. Mit der ”Magic-Time-Step” Bedingung kann die
exakte Lösung des differentiellen Wellengleichungsproblems innerhalb sehr kurzer
Rechenzeit bestimmt werden. In dieser Arbeit wird die ”Magic-Time-Step” Bedin-
gung für Gradientschichte weiter entwickelt. Das Ortinkrement ∆x wird schritt-
weise mittels dem Zeitinkrement und der variablen P-Wellengeschwindigkeit cp so
angepasst, dass die Stabilitätsbedingung erfüllt ist. Aus diesem Grund wird ein
Finite-Differenzen Algorithmus mit variablen Ortinkrementen und der Stabilitäts-
bedingung ((∆x)i = ∆t · (cp)i) als ”Magic Spatial-Step” Bedingung bezeichnet.
Die numerischen Ergebnisse werden mit der vorhandenen analytischen Lösung ver-
ifiziert. Sobald das Vertrauen in der Finite-Differenzen Algorithmus etabliert ist,
werden weitere Gradienten untersucht, da mittels dem Finite-Differenzen Algorith-
mus beliebige Gradientenfunktionen simuliert werden können. Insbesondere wird
der Einfluss von Gradientenfunktionen auf die Frequenzantwort untersucht. Mittels
einer Methode zum post-processing von Signalen wird der übertragene Frequenzan-
teil von einem einfallenden breitbandigen Puls bestimmt. Es stellt sich heraus, dass
die Änderung der akustischen Impedanz einen Filtereffekt auf das einfallende Signal
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Zusammenfassung

zur Folge hat.
Um die frequenzsensitive Wellenausbreitung in FGM experimentell zu untersuchen,
wird der laserakustische Pump Probe Aufbau benützt, welcher am Zentrum für
Mechanik verfügbar ist. Der ganze Messaufbau wird durch ein eindimensionales
numerisches Finite-Differenzen Simulationstool modelliert. Dies ermöglicht eine
vollständige Interpretation der Pump Probe Messungen. Die experimentellen FGM
Proben bestehen aus einem linearen Gradient aus Aluminum (Al) und Tantal (Ta).
Der angestrebte lineare Übergang wird mit mehrschichtigen Dünnfilmstrukturen re-
alisiert, wobei die Herstellung diesen Proben mittels physikalischer Gasphasenab-
scheidung (PVD) erfolgt. Aluminum (Al) und Tantal (Ta) werden ausgewählt, da sie
einerseits untereinander einen hohen akustischen Impedanzunterschied (Spannungs-
reflexions-koeffizient rf = 0.6) aufweisen und sich andererseits definiert ”mischen”
lassen. Um die frequenzsensitive Wellenausbreitung in FGM experimentell zu un-
tersuchen, wird eine 60 nm dicke Gradientschicht hergestellt. Zur Charakterisierung
von Tiefenkonzentrationsprofilen in dünnen Schichten werden Rutherford Backscat-
tering Spectroscopy (RBS) Messungen und Elektron-Mikroskopie (SEM/TEM) Re-
sultate benützt. Die frequenzsensitive Wellenausbreitung in FGM wird experi-
mentell untersucht, um die Gradientschicht zu charakterisieren. Die Messergebnisse
legen mögliche praktische Anwendungen von FGM in Hochfrequenzfiltern, Halb-
leiterfabrikationen oder Wärmeschutzschichten nahe.
Die Untersuchung der Mikrostruktur mittels TEM zeigt die Präsenz einer klaren
säulenartigen Struktur innerhalb der Gradientschicht. Um den Einfluss einer solchen
Struktur auf die Wellenausbreitung zu untersuchen, wird ein zweidimensionales
lineares elastisches Problem mittels einer kommerziellen Finite-Element Methode
(FEM), Abaqus gelöst. Die säulenartige Struktur wird durch einen zahnförmigen
Übergang modelliert. Es stellt sich heraus, dass der zahnförmige Übergang im FGM
einen grossen Einfluss auf die Wellenausbreitung hat. Die Energieverteilung am
zahnförmigen Übergang variiert mit der Änderung des Öffnungswinkel des Zahnele-
ments. Bei der Streuung von longitudinalen Wellen an zahnförmigen Übergängen
sind ebenfalls laterale Wellenpakete zu erkennen. Für die Streuung von ebenen
Wellen mit Wellenlängen in der selben Grössenordnung wie die Grösse der säulen-
artige Struktur, muss ein ähnliches Streuungsverhalten wie an einem zahnförmigen
Übergang erwartet werden.
In vielen unterschiedlichen praktischen Situationen sind sowohl die Gradientfunk-
tionen als auch die Dicke der Gradientschicht unbekannt. Die frequenzsensitive
Wellenausbreitung kombiniert mit der laserakustischen Pump Probe Methode führt
zu einer idealen, schnellen und zerstörungsfreien Methode, um FGM Eigenschaften
bestimmen zu können. Die Ergebnisse der laserakustischen Pump Probe Methode
liefern mit entsprechenden Signalnachverarbeitungsmethoden den Energiereflexions-
koeffizient. Mit einer Optimierungsroutine wird versucht den gemessenen Energie-
reflexionskoeffizient mittels einem numerischen Algorithmus wiederzugeben. Der
Energiereflexionskoeffizient im Algorithmus wird durch die ”Transfer Matrix Meth-
ode” bestimmt. Wenn der gemessene und der numerische Energiereflexionskoeffizient
identisch sind, können die mechanischen Eigenschaften der graduierte Schicht sim-
ulativ erfasst werden. Die ermittelten numerischen und experimentellen Ergebnisse
zeigen sehr gute Übereinstimmung.
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1 Introduction

1.1 Background and motivation

In the past few decades microstructures have been increasingly used in numerous
different industrial applications. These microstructures are generally composed of
thin films with different material properties and with thicknesses in the range of
nanometers to micrometers.
The growth in microstructure production has generated a corresponding demand
for Non-Destructive Testing (NDT) methods in order to control and optimize their
fabrication process. Laser acoustics, for example has become a well established pro-
duction control method, Thomsen [58, 59]. In the laser acoustic technique introduced
by Thomsen [58, 59], picosecond laser pulses are used to launch and detect mechani-
cal waves in the microstructures. The mechanical waves induced by picosecond laser
pulses exhibit very short wavelengths. These short wavelengths enable the detection
of thin films in the range of 100 nm and below. However, the interfaces between
neighboring films with different material properties are often subjected to diffusion
processes which cause layers to have gradually varying mechanical properties such
as densities, Young’s moduli or shear moduli, Bryner et al. [14]. For micro- and
nanostructures the thickness of the region, in which the material properties vary,
often extends to a size that has the same order of magnitude as the mechanical
wavelength. In such cases, the wave scattering behaviour at the interface between
the two neighbouring materials becomes frequency dependent, Vollmann [63]. The
effect is more significant in micro- and nanostructures than in macroscopic struc-
tures as the relative size of the interface layers is generally larger. Such interfaces
are denoted as Functionally Graded Materials (FGM). FGM has attracted a lot of
attention in contemporary literature.

1.1.1 Functionally graded materials

In recent years, considerable progress has been made in the development of function-
ally graded materials. The aim was to merge two materials with different physical
and acoustic properties. Each one of the materials should satisfy a specific function.
For example, on turbine blades a heat-resistant ceramic coating was merged with
a wear-resistant metal-alloy core. The interface between these materials exhibits
a continuous grading of the elastic properties (e.g. the Lamé constants λ, µ in
the isotropic case) and density ρ in the spatial domain. The grading is obtained
based upon the fabrication procedure. In the literature, among other Chiu et al.
[19] showed that the use of such graded, nonhomogeneous media can contribute
to reduce cracking or spallation effects. FGM has not only found application in
thermal-protection systems but also in many diverse fields including electrical and

1
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chemical, Liu [39]. FGMs are now widely used in aerospace, automobile and defence
industries, Suresh [55].

Research on these materials has mainly focused on the reduction of stress con-
centrations at the interfaces. Stress wave propagation in a one-dimensional FGM
model was studied by Bruck [10, 11]. Bruck [10] formulated several instructions for
the reduction of stress amplitude.
The use of the elastodynamic wave propagation is a suitable means to characterize
FGMs. Chakraborty [16, 17, 18] proposed a special Spectral Finite Element Method
(SFEM) to analyse the wave propagation in FGM. In the study of Chakraborty [16]
the continuous grading of the material properties was discretized in successive homo-
geneous layers. The investigation of the wave propagation through the layered media
has already attracted attention in previous decades with a standard book provided
by Brekhovskikh [9] in 1960. With layered media, the use of the transfer matrix
formalism is adequate. Thomson [60] and Haskell [28] developed the transfer matrix
formalism for the propagation of plane elastic waves through a stratified medium.
Cretu [22, 23] extended the transfer matrix formalism to study the wave propagation
through finite inhomogeneous media with periodic space variation of their acoustic
properties. Continuously graded structures had also been theoretically considered as
a limit of layered media by Lekner [36] or Tenenbaum et al. [57]. Wave propagation
analysis in layers with continuous grading of the material properties poses a tremen-
dous challenge due to their material inhomogeneity. To the author’s knowledge, the
literature only offers a limited number of studies which consider FGMs, not only
as a limit of layered media but as continuously graded structures. Some authors
propose analytical solutions to the problem of elastic wave scattering at stratified
media. However, in their problem statement it is assumed that the fluctuation of
the density and bulk wave propagation velocity are small in comparison with the av-
erage values of these parameters, Shapiro [53], Lerche [37]. Tsukuda [61] developed
a mathematical model of elastic waves reflection caused by slight heterogeneity of
the medium. Selected literature, considering continuously graded structures, is now
summarized.
The problem of acoustic wave interactions with the sea floor is similar to the study
of the acoustic scattering in a FGM. The sea floor contains a sediment layer which
shows a density profile. In the context of investigations of plane wave reflection
from marine sediments, Robins [48] and Liu [40] proposed analytical solutions of the
Helmholtz equations to derive the reflection of plane acoustic waves from a layer of
varying density. The continuously graded layer is placed between two homogeneous
media.
Chiu et al. [19] provided an analytical investigation of a FGM with continuous al-
teration of acoustic properties for a one-dimensional case. He developed analytical
solutions to an infinite graded plate using Laplace transforms. All three analytical
solutions proposed by Robins [48], Liu [40] and Chiu et al. [19] are only available
for specific gradient functions. Even very simple cases lead to fairly complex expres-
sions. Therefore a systematic investigation of the scattering behavior of an acoustic
pulse from arbitrary continuous gradings is a rarely treated topic. As shown by
Richardson et al. [47] or in Vollmann et al. [63], when the material transition layer
thickness is of the same order of magnitude as the elastic wavelength, the wave
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scattering behaviour at the interface becomes frequency dependent. On the one
hand, Richardson et al. [47] or Vollmann et al. [63] used the frequency dependent
scattering to characterize with a NDT method graded interfaces. In Richardson et
al. [47] a technique based on the transfer matrix method is used for quantitatively
determining the extent of very thin diffuse interface. However they do not investi-
gate the influence of the gradient function on the frequency dependent reflectivity.
For their test sample they assume an interdiffusion of atoms and therefore they do
not present a fabrication method to produce graded layer in a controlled way and
at larger scale (10 - 100 nm). Vollmann et al. [65] presents preliminary results
of quantitative in-depth profiling methods of FGM using numerical simulations as
well as experiments. They discuss the reflection and transmission behavior of bulk
acoustic waves encountering a continuum having spatially dependent sound velocity.
On the other, the frequency dependent scattering could be investigated by a com-
bination of numerical and experimental techniques which may eventually lead to a
wide field of practical applications like micromechanical frequency filters, spectrum
analyzers, or acoustic isolation layers.

1.1.2 Goals of the present thesis

To enhance the understanding of the wave scattering in FGMs a numerical algo-
rithm is developed in this work. The numerical algorithm provides access to the full
temporal evolution of all relevant quantities like stresses, velocities, and displace-
ments for any material gradient functions. Once confidence has been established in
the numerical algorithm a profound and a systematic investigation is made into the
relationship between the incident pulse frequency spectrum to the spectrum of the
pulse after it has passed through the graded medium.
To prove the application of FGMs as filter devices, experiments are performed.
The experimental method used is the laser based ultrasonic setup as introduced by
Thomsen [58], [59]. This method is widely used in the center of mechanics at ETH
Zurich. Since the wavelength of the bulk wave pulse is given by the experimental
setup, the challenge is to manufacture FGM specimens that meet the requirement
of having a graded interface with a size of the induced wavelength. For the present
experimental setup this leads to a graded layer with a thickness in the order of
tens of nanometers. In this work a fabrication method is presented to produce such
graded layers.
Because, in many practical situations the gradient function and the thickness of the
graded film are unknown, the thesis concludes with a method to characterize FGM
with a rapid, contact less and non-destructive measuring technique.

1.2 Outline of the thesis

1-dimensional numerical modeling

In order to investigate FGM with any material gradient functions a Finite Difference
Time Domain (FDTD) algorithm is developed. The developed FDTD algorithm is
presented in chapter 2. The modelled continuum consists of a linear elastic graded
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medium. The finite-difference scheme is implemented with a staggered grid accord-
ing to Virieux [62]. To validate the FDTD algorithm presented in this thesis, the
analytical solution proposed by Chiu et al. [19] is used.
For the analytical solution, a rectangular pressure pulse is used as excitation stress
signal. A rectangular pressure pulse has a broad frequency spectrum hence, for the
validation purpose, it is assumed to create a signal with a broad frequency spectrum.
Consequently, the high frequency wave components have to be simulated with a suf-
ficiently fine spatial and time resolution, which leads to a high computational effort.
With the “magic time-step” condition Taflove and Hagness [56] showed that the nu-
merical solution is exact, regardless of the choice of the space and time increments
(fine or coarse). Therefore short simulation times are obtained even with high fre-
quency wave components. In this work the “magic time-step” formalism is further
developed for a graded medium. The derivation of the “magic time-step” condition
according to Taflove and Hagness [56] for a functionally graded medium involves the
stepwise adaptation of the spatial increment ∆x. Therefore the temporal increment
∆t is kept constant, while the spatial increment ∆x is adapted with the variable
bulk wave propagation velocity cp in the stability criterion (∆x)i = ∆t · (cp)i.
As an additional validation feature the energy balance is applicable since the sim-
ulated system is conservative. Once the confidence in the FDTD method has been
established, further gradients are investigated. With post-processing algorithms the
relationship between an incident pulse frequency spectrum to the spectrum of the
pulse after passing through the graded medium is discussed.

Experimental setup and results

In chapter 3 the short pulse laser acoustic setup that is used in the present work and
was first described in Thomsen et al. [58, 59] is briefly introduced. This setup uses
very short laser pulses that have durations less than 100 fs in order to excite acoustic
pulses e.g. bulk waves thermoelastically. The induced pulse has a wide bandwidth
with mean wavelength between 50 and 100 nm. At the center of mechanics at ETH
Zurich such a short pulse laser acoustic setup is available. The setup uses the pump
probe technique and was built at ETH Zurich by Profunser [45] and then further
enhanced by Bryner [12].
A FDTD algorithm which is used to analyse the experimental results is also dis-
cussed in chapter 3. This FDTD algorithm models all facets of the laser acoustic
setup. This simulation tool is composed of three main parts: the excitation of the
mechanical wave, the wave propagation in the microstructure and the detection of
the mechanical wave. It provides a complete simulation tool for a better interpre-
tation of the measurements. However, in this work only the second part is modified
in order to simulate the wave propagation through FGMs. The other two parts of
this FDTD algorithm are treated in detail by Bryner [12].

To experimentally study the frequency dependent wave propagation with the
short pulse laser acoustic setup, tantalum (Ta)-aluminum (Al) films are prepared by
magnetron sputtering. The graded layer lies in between the two homogeneous ma-
terials: the first material is aluminum, the second material is tantalum. The overall
structure is deposited on a silicon (Si) wafer. To observe the frequency dependent
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wave propagation, the thickness of the produced graded layer needs to be in the
same range of magnitude as the incoming wavelength.
Independently, other methods are applied to obtain information about the geometri-
cal organisation of each layer, its chemical composition, and the structural density.
The composition of the Ta-Al films is examined by Rutherford Backscattering Spec-
troscopy (RBS). The microstructure of the Ta-Al films is studied by Transmission
Electron Microscopy (TEM) and Scanning Electron Microscopy (SEM).

2-dimensional wave scattering at saw tooth interfaces

TEM pictures of the microstructures of Ta-Al films show the presence of a clear
columnar structure with alternate rich regions of aluminum and tantalum in the
graded interface. In chapter 4 influences of the columnar structure on the acoustic
plane wave propagation are investigated. The columnar structure present in the
interface layer is modeled by a saw tooth interface. The two dimensional, linear
elastic wave propagation problem is solved with the commercial Finite Element
Method (FEM) software, Abaqus. Geometrical parameters of the saw tooth interface
are varied to characterize the scattering of a longitudinal plane wave at a saw tooth
interface.

Solution of the inverse problem

In chapter 5 a numerical method is described that allows the gradient function and
the thickness of the graded film to be characterized with a rapid, contact less and non
destructive measuring method. The technique introduced here, which is done for
the first time to the authors’ knowledge, is the solution to the inverse problem stated
in the other chapters: the experimental results are known and by an optimization
process the numerical algorithm tries to recover the parameter of the gradient func-
tion and the thickness of the graded film. The energy reflection coefficient obtained
with the short pulse laser acoustic method is used in the characterization process.
The numerical reflection energy coefficient is calculated via the transfer matrix for-
malism. The optimization process belongs to an existing Matlab function. To verify
the applicability of this new method the procedure is first validated with numerical
energy reflection coefficients only. Carrying out a verification procedure with only
numerical data, instead of using energy reflection coefficient determined through
experiments, permits the elimination of uncertainties and errors encountered during
the experiment. Then, the whole procedure is validated with the energy reflection
coefficient determined experimentally.

Conclusions and outlook

In chapter 6, the present work is summerized, the results presented and possible
directions outlined.
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2 1-dimensional numerical modeling

Functionally Graded Materials (FGMs) are materials with elastic properties (e.g.
the Lamé constants λ, µ in the isotropic case) and density ρ depending on spa-
tial coordinates. Preliminary works, such as Richardson et al. [47] or Vollmann
et al. [63], showed that with the use of such graded, nonhomogeneous media the
wave scattering behavior at the interface becomes frequency dependent when the
material transition layer thickness is of the same order of magnitude as the incident
elastic wavelength. In this chapter, particular attention is paid to the relationship
between the incident pulse frequency spectrum and its modification after propagat-
ing through the graded interface.
In order to investigate the frequency dependent wave propagation, an algorithm
based on the Finite Difference Time Domain (FDTD) scheme is developed, Aebi
[6], Loffel [41]. A FDTD algorithm provides access to the full temporal evolution
of all relevant quantities like stresses, velocities, and displacements for any class of
material gradient functions. The FDTD algorithm is explained in chapter 2.1. The
validation process of the newly developed algorithm, with an analytical solution
provided by Chiu et al. [19], is then exposed. Furthermore, since the simulated
system is conservative, an additional validation feature, the energy balance can be
applied.
Once the confidence in the FDTD method is established, further gradients are in-
vestigated. The relationship between an incident pulse frequency spectrum and the
spectrum of the pulse after it has passed through the graded medium is given using
post processing algorithms, Aebi [5]. The post signal processing and the investiga-
tion of the frequency dependent wave propagation are discussed in chapter 2.2.

2.1 Numerical simulation of the elastic wave
propagation

2.1.1 Physical model

The numerical model consists of a continuum having a gradient in one dimension
only. The elastic properties λ, µ and the density ρ are assumed to vary. The
wave propagation of dilatational waves is considered in the direction of the material
gradient. In the non-propagation directions the structure is assumed to have infinite
extent. While the left end of the continuum is stress free (Fig.2.1), the right border
is subjected to an external pressure excitation pulse σ0 · f(t). The excitation signal
is plotted in Fig.2.2. The initial displacement ux(x, t = 0) and stress σx(x, t = 0)
are set to zero.
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λ1,
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µ1, ρ1 λ2, µ2, ρ2

Figure 2.1: Functionally graded continuum with coordinate system and loading.

The elastodynamic algorithm, is formulated with the momentum equation
(Eq.(2.1)), the constitutive law (Eq.(2.2)) and the kinematic relation (Eq.(2.3)).
The elastic properties are expressed in Eqs.(2.4) - (2.6).

σx,x(x, t) = ρ(x) · vx,t(x, t) (2.1)

σx,t(x, t) =
(
λ(x) + 2µ(x)

) · εx,t(x, t) (2.2)

εx,t(x, t) = vx,x(x, t) (2.3)

λ(x) = λ1

(
a
x

d
+ 1

)b
(2.4)

µ(x) = µ1

(
a
x

d
+ 1

)b
(2.5)

ρ(x) = ρ1

(
a
x

d
+ 1

)c
(2.6)

In the equations above, vx(x, t) represents the velocity and εx(x, t) the strain com-
ponent both in x-direction. σx and εx are short hand notations for the tensor stress
σxx and strains εxx respectively. d is the material transition length. a, b and c
are arbitrary real constants. The index 1 for the elastic properties and the density
refers to the material properties at position x = 0. At position x = d the material
2 is found. ,x or ,t denote the first partial derivative with respect to space or time,
respectively.

s0
.f(t)

s0

t

texc

Figure 2.2: Excitation stress signal σ0 · f(t).
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2.1. Numerical simulation of the elastic wave propagation

In order to perform numerical finite difference computations, the governing one-
dimensional wave equations need to be discretized. The partial derivatives are re-
placed with differential quotients, and the variables x and t must be written as finite
increments, ∆x and ∆t, respectively. Both increments must satisfy the stability cri-
terion of the finite difference time domain algorithm.

2.1.2 Accuracy and stability

Since finite difference modeling approximates derivatives by numerical operators
using Taylor polynomials, inaccuracies occur. These numerical inaccuracies influence
the phase and the amplitude of the propagated pulse. The numerical dispersion can
be reduced with a high spatial sampling of the shortest wavelength λmin present in
the simulation with the grid resolution ∆x. The minimum ratio Nλ = λmin/∆x is
set to 30 in this work. This minimum ratio Nλ is further discussed by Leutenegger
et al. [38].
The amplitude errors are directly related to the stability of the numerical code. In
general, the choice of increments ∆x and ∆t are restricted by the stability condition
for one-dimensional wave propagation, as follows:

∆x

∆t
≥ cp, (2.7)

where cp =
√

(λ + 2µ)/ρ refers to the bulk wave propagation velocity. To satisfy
the stability condition (Eq.(2.7)) the maximal bulk wave propagation velocity cp

present in the simulation has to be considered. Calculation according to Eq.(2.7)
will be called standard computation for the rest of this work. The case in which
Eq.(2.7) represents equality,

∆x = cp ·∆t, (2.8)

corresponds to the “magic time-step” condition in Taflove and Hagness [56]. If ∆x
is chosen smaller than this value, the simulation becomes unstable. Taflove and Hag-
ness [56] demonstrated that the special feature of Eq.(2.8) causes the finite difference
algorithm to be an exact solution of the wave equation for homogeneous, isotropic,
linearly elastic media, regardless of the choice of the space and time increments (fine
or coarse). The “magic time-step” becomes powerful when performing calculations
involving very broad frequency ranges, as all frequencies are simulated in an equally
perfect way. The standard computation with the stability criterion of Eq.(2.7) has
problems mapping the high frequency wave components since a conservative choice
of ∆x is needed. The spatial increments have to be reduced considerably in order to
sample the minimal wavelength sufficiently. A higher sampling ratio involves longer
computational time, as the statement of Eq.(2.7) still has to be fulfilled. Herewith
the “magic time-step” condition becomes attractive for example when considering
a rectangular excitation pulses, such as shown in Fig.(2.2). Sharp discontinuities
contain some extremely high frequency components. With the “magic time-step”
stability condition an exact solution is obtained regardless of the choice of the spa-
tial increment. In chapter 2.1.6 the difference between the standard algorithm and
the one implemented with the “magic time-step” condition is investigated.
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For a functionally graded medium, the spatial increment (∆x)i has to be stepwise
adapted with the constant time increment ∆tmagic and the variable bulk wave prop-
agation velocity (cp)i in order to fulfill the stability criterion (∆x)i = ∆tmagic · (cp)i

at each spatial node i. An FDTD algorithm with the “magic time-step” condition
chosen for graded medium is referred to as the “magic spatial-step” or abbreviated
hereafter as the MSS condition.
In the following chapter, the numerical implementation of the magic spatial step
algorithm is discussed.

2.1.3 Discretization

The governing one-dimensional equations (Eqs.(2.1) - (2.6)) are discretized below
in time and space. The discretized equations are formulated in Eqs.(2.9)-(2.13) in
the same way as implemented in the FDTD-algorithm. The fundamentals of the
numerical modeling of the elastodynamic wave propagation are given by Fellinger
et al. [25]. The points at which stress and velocity are evaluated do not coincide:
the simulation is set up in a staggered grid according to Virieux [62]. This method
allows an optimization of calculation time.
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Figure 2.3: Discretized spatial domain. The points at which stress σx and velocity
vx are evaluated do not coincide: the simulation is set up in a staggered
grid according to Virieux [62]. All material parameters are defined at
the stress node i (i = 1 . . . M).

In Fig.2.3 the used staggered grid is shown. The total amount of spatial and time
steps are represented by M and N , respectively.

1. Momentum equation (Eq.(2.1)):

(vx,t)
n
i =

1

(ρv)i

· (σx)
n−1
i − (σx)

n−1
i−1

(∆xv)i

(2.9)

2. Velocity vx and displacement ux:

(vx)
n
i = (vx)

n−1
i + (vx,t)

n
i ·∆tmagic (2.10)

(ux)
n
i = (ux)

n−1
i + (vx)

n
i ·∆tmagic (2.11)

3. Stress time derivative (Eq.(2.2), Eq.(2.3)):

(σx,t)
n
i =

(
(λ)i + 2(µ)i

)
· (vx)

n
i+1 − (vx)

n
i

(∆x)i

(2.12)
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4. Stress:
(σx)

n
i = (σx)

n−1
i + (σx,t)

n
i ·∆tmagic (2.13)

In the equations (2.9) - (2.13) i (i = 1 . . .M) denotes the spatial index of the
discretized one-dimensional continuum, n (n = 1 . . . N) represents the index of the
discretized time scale. All material parameters are defined at stress node i. As the
points at which stress σx and velocity vx are evaluated do not coincide, the density
ρv needed to compute the velocity vx is given by:

(ρv)i =
(ρ)i+1 + (ρ)i

2
(2.14)

Furthermore, the spatial increment at location i is denoted (∆x)i. The spatial
increment for the velocity ∆xv is expressed in Eq.(2.15).

(∆xv)i =
(∆x)i+1 + (∆x)i

2
(2.15)

A difficulty arises in the use of the “magic spatial-step” condition implementation
which is now explained. In order to obtain the spatial discretization (∆x)i for each
spatial node, one is faced with an iterative problem: (∆x)i should be determined
from Eq.(2.8), but as long as (∆x)i remains unknown one cannot give a bulk wave
velocity (cp)i at location i. This iterative problem is illustrated in Fig.2.4. To resolve
this situation, a loop is implemented in the code for the iteration process.

... ...

...

x

...

∆xi

c (x)p

∆xi+1
l l

∆xi
l+1 ∆xi+1

l+1

i+1
l

(c  ) p i
l (c )p

(c  )p i
l+1 i+1

l+1(c ) p

Figure 2.4: Schematic spatial distribution of the bulk wave propagation velocity cp

for a staggered grid according to Virieux [62]. With the MSS-algorithm
one is faced with an iterative problem: (∆x)i should be determined from
Eq.(2.8), but as long as (∆x)i remains unknown one cannot give a bulk
wave velocity (cp)i at location i. To resolve this iterative problem a
numerical loop is implemented. For each new iteration step l + 1 a new
sound velocity (cp)

l+1
i is found at a new position xl+1

i .

Before entering the loop, a conservative choice of ∆tmagic is made based on the
frequency spectrum. The bulk wave propagation velocity Cp = {(cp)1, . . . , (cp)M}
is determined for each node (M ≈ 1000) with a constant spatial increment ∆x0.
The constant spatial increment ∆x0 is given by the multiplication of ∆tmagic with
the minimal bulk wave propagation velocity (cp)min. ∆x0 is the smallest spatial
increment present in the grid. The spatial increment (∆x)i is defined at each node
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i with the time step ∆tmagic and the propagation velocity Cp. In the loop, for each
iterative step l, the material property arrays among other the bulk wave propagation
velocity Cp are computed with the previously defined (∆x)i. At the end of each
iterative step a new spatial increment is calculated with Eq.(2.8).
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Figure 2.5: Evolution of the sub-iteration process (Fig.2.6) to determine the spatial
distribution of the material properties. dnum is the overall transition
length of Eq.(2.17). The wave propagation velocity cp

l+1 is only plot-
ted every 100th spatial node. When two consecutively computed wave
propagation velocities cp are identical, the circles corresponding to the
iteration step are concentric. When the circles are concentric, the spa-
tial distribution of the material properties is achieved. However, due
to numerical precision errors, it’s not possible to achieve a computation
with two perfectly concentric circles. The break statement in Eq.(2.16)
is reached after the 7th iterations.

Fig.2.5 illustrates the evolution of the iteration process with the distribution of
the wave propagation velocity Cp(x/d). After the second iteration step, the material
properties have almost reached their final value. When two consecutively computed
wave propagation velocities cp are identical, the circles corresponding to the two
consecutive iteration steps in Fig.2.5 are concentric. However, due to numerical pre-
cision errors, it’s not possible to achieve a computation with two perfectly concentric
circles. Therefore the loop is escaped as soon as two consecutively computed wave
propagation velocities, (cp)i

l−1 and (cp)i
l, respectively differ in less than 1 mm/s.

The break statement is expressed in Eq.(2.16) where l = 0, 1, 2, . . . denotes the iter-
ation step. The break statement is reached after seven iterations with the simulation
parameters listed in Tab.2.1 and Tab.2.2. This iteration process is performed in the
sub-iteration process of Fig.2.6.

Break statement : Max(|(cp)i
l − (cp)i

l−1|) < 10−3 [m/s] (2.16)

With the change of the spatial increment (∆x)i the overall transition length dnum
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given by:

dnum =
M∑
i=1

(∆x)i (2.17)

is also varied. The chosen transition length d is obtained by adding or subtracting
an element of size ∆x0 in the grading region, when the overall transition length
dnum is smaller or larger than the chosen transition length d, respectively. The
iterative problem is solved when a discrepancy smaller than ∆x0 is achieved between
the overall transition length dnum and the chosen transition length d. A schematic
representation of the iterative process to compute the bulk wave propagation velocity
variation for a given transition function in a transition layer of thickness d is shown
in Fig.2.6.

2.1.4 Boundary conditions and excitation

The boundary at x = 0 is assumed to be stress free. With the proposed staggered
grid depicted in Fig.2.3 the velocity component lies on the boundaries. To compute
the normal stress component relevant for fulfilling the boundary condition a fictitious
node is introduced next to the surface outside the structure. The value of the
pseudonode of this fictitious layer is assigned by a linear interpolation to obtain
a boundary value of zero. Consequently, the value of the relevant normal stress
component at the artificial grid point must be the negative value of the component
half a grid step inside the specimen. This leads to the following discrete boundary
conditions:

(vx,t)
n
1 =

1

(ρ)1

· 2(σxx,t)
n−1
1

(∆x)1

, (2.18a)

(vx,t)
n
M+1 =

−1

(ρ)M

· 2(σxx,t)
n−1
M

(∆x)M

(2.18b)

The excitation is formulated in terms of stresses and implemented as follows:

(σx)
n
M = σ0 · f(n) (2.19)

2.1.5 Mechanical energy conservation

A further accuracy test with the present FDTD code can be performed by investi-
gating the mechanical energy during a long-term simulation. Since the implemented
linear elastic model is non-dissipative, the total energy as a function of time must
remain constant in the conservative system after the excitation. Therefore, the to-
tal mechanical energy which is the sum of the kinetic and of the potential energy
is calculated for each cell after each time step. The summation over the structure
yields the total energy.

In the one-dimensional case, strain and kinetic energy Epot and Ekin, respectively,
are given by

Epot =
1

2

∫
σx · εx dx and Ekin =

ρ

2

∫
v2

x dx. (2.20)
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Figure 2.6: Schematic representation of the iterative process to compute the bulk
wave propagation velocity variation for a given transition function in a
transition layer of thickness d and i = 1 . . . M and with the iteration
step l = 0, 1, 2, . . ..
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2.1. Numerical simulation of the elastic wave propagation

2.1.6 Validation of the MSS-algorithm

The FGM continuum, proposed by Chiu et al. [19] and illustrated in Fig.2.1, is
considered to validate the simulation. The excitation σ0 · f(t) is a rectangular
pressure pulse, depicted in Fig.2.2. The material transition functions are described
in Eqs.(2.4) - (2.6). The chosen material constants and the simulation parameters
for the “magic spatial-step” algorithm and the standard computation are listed in
the Tab.2.1 and Tab.2.2, respectively. The discretization parameters are chosen in
a way such that the “magic spatial-step” algorithm and the standard computation
obtain the same accuracy.

Material properties Material 1 (Al)
λ1 56.297 [GPa]
µ1 26.493 [GPa]
ρ1 2700 [kg/m3]

Layer thickness d 70 [nm]
a/b/c 0.5/3.0/1.0 [-]

cp,min/cp,max 6362/9543 [m/s]
ρmin/ρmax 2700/4050 [kg/m3]

Table 2.1: Material and geometrical sample parameters. The material properties are
taken from the database [3].

Simulation parameters
∆tmagic 7.86 [fs]

M 1135 [-]
Standard FDTD: ∆t / ∆x 5 [fs] / 50 [pm]

∆t cp,max

∆x
0.95 [-]

Simulation time ttot 85 [ps]
Excitation time texc 3.4 [ps]

Table 2.2: Simulation parameters.

The Fig.2.7 shows the differences between a standard computation algorithm,
one implemented with the “magic spatial-step” condition and the analytical solution
developed by Chiu et al. [19]. For this purpose the normalized stress component
σx/σ0 at x = d/2 is investigated. In order to cut down the high frequencies in
both simulations, the rectangular pulse is rounded. Both edges are modelled with
a 0.3 ps half Hanning function. The three solutions are in a very good agreement
with respect to phase and amplitude over the entire time period. For the solution
with the standard computation, the step discontinuities generate appreciable ripples
at the leading and trailing edges. With the “magic spatial-step” condition the step
discontinuities are almost perfectly modeled. However, even with the “magic spatial-
step”-implementation, some numerical noise is visible. The numerical algorithm is
formulated for a graded medium. For this case, the material property functions
need to be discretized, and the spatial step (∆x)i has to be adapted stepwise to
the “magic spatial-step” condition with Eq.(2.8). With a broad spatial increment
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the difference in the material properties between two neighboring cells is too large.
Therefore numerical inaccuracies are still observed with the “magic spatial-step”
algorithm in Fig.2.7. To reduce the numerical noise, the spatial increment needs to
be decreased. This implies a higher temporal resolution.

Simulation Time t/t     tot [-]
0 0.2 0.4 0.6 0.8 1
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-0.5

0.0

0.5

1.0
σ x

/σ
0
 [-

]
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0.800.78

Figure 2.7: Validation of the magic spatial step algorithm (·−) with the analytical
solution of Chiu et al. [19] (−) and the standard computation with
λmin/∆x = 30 (+−). Very good agreement in phase and amplitude is
shown for the normalized stress history signal at x = d/2 in the function-
ally graded medium. For the solution with the standard computation,
the abrupt step discontinuities generate appreciable ripples at the leading
and trailing edges. With the “magic spatial-step” condition the abrupt
step discontinuities are almost perfectly modeled.

In Fig.2.8 the numerical discrepancy ∆mss versus the dimensionless time-step is
plotted. The numerical discrepancy ∆mss is obtained with the difference between
the computed stress component σx,mms and the analytical solution σx. Its related
equation is given by:

∆mss =
∣∣σx,mss − σx

σx

∣∣. (2.21)

For the calculation of the numerical discrepancy the edges of the rectangular
pulse are not taken into account, as these edges are rounded in the simulation in
order to cut down the high frequencies. In Fig.2.8 only the maximum numerical
discrepancy for each dimensionless time-step is considered. With a dimensionless
time-step ∆tmagic · cp1/d smaller than 0.0025 a discrepancy below 2% is guaranteed.
The total computational time for the algorithm without the “magic spatial-step”
amounts to 47 seconds. With the “magic spatial-step” the computational demand
amounts to 3.5 seconds. One obtains a reduction factor of about 1/13. Simulations
are performed on a 3 GHz Intel Xeon computer with 16 GB of RAM. The compu-
tational cost of the “magic spatial-step” algorithm versus time resolution is plotted
in Fig.2.8. An optimum between the numerical noise and the computational effort
is found around ∆tmagic = 0.4 fs.
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Figure 2.8: Influence of the time increment ∆tmagic on the maximum numerical dis-
crepancy ∆mss and the computational effort of the “magic spatial-step”
algorithm. The computational effort is normalized with respect to the
maximum obtained computational time. An optimum between the nu-
merical noise and the computational effort is found around ∆tmagic = 0.4
fs.

As explained in chapter 2.1.5 the present FDTD algorithm is further validated
by investigating the mechanical energy. Several simulations with different material
properties, transition functions, excitation functions and discretization parameters
were performed. Fig.2.9 shows the different energy terms versus the elapsed sim-
ulation time for a simulation with geometrical and numerical parameters listed in
Tab.2.1 and Tab.2.2, respectively. Small discrepancies, less than 0.2% are found
when the pulse is hitting the free surface. However the total energy Etot/Etotmean

remains constant. Ripples don’t have a long term influence on the energy. The
implemented system is conservative.
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Figure 2.9: Energy balance in a functionally graded plate. Normalized kinetic (red),
strain (blue) and total mechanical energy (black) are depicted. The total
energy remains constant after the excitation over the simulation time.
The modeled system is conservative.
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Chapter 2. 1-dimensional numerical modeling

2.2 Frequency selective wave propagation

With the present validated numerical algorithm, the frequency dependent wave prop-
agation in FGM is discussed. In Vollmann et al. [63] it is shown that the wave prop-
agation in FGM is frequency dependent provided that the thickness of the transition
layer is of the same order of magnitude as the incoming wavelength. In the follow-
ing the relationship of an incident pulse frequency spectrum to the spectrum after
propagating through the graded interface is discussed.

2.2.1 Reflection and transmission energy coefficients for linear
variation of material properties

The simulated structure used to investigate the frequency dependent wave prop-
agation in FGM consists of a graded interface placed between two homogeneous
material layers. The two homogeneous materials are aluminum (Al) and tantalum
(Ta). The simulated structure is shown in Fig.2.10.

Aluminum TantalumFGM Transition

x'1 x'2

d

x

x'

σ 0.f(t)
l1=10d l2=10d

Figure 2.10: Simulated structure used to investigate the frequency dependent wave
propagation in FGM. The FGM lies between two homogeneous materi-
als. The two homogeneous materials are aluminum (Al) and tantalum
(Ta) with material properties of Tab.2.3. The transition layer thickness
d is set to 70 nm.

The transition length d is set to 70 nm. The material gradient between alu-
minum and tantalum is linear (Eq.(2.22)-Eq.(2.24)). It’s assumed that only the
Lamé constants λ, µ and the density ρ are varying. The same assumption is made
in Chakraborty [16].

ρ(x/d) = (ρAl + (ρTa − ρAl) · (x/d)) (2.22)

λ(x/d) = (λAl + (λTa − λAl) · (x/d)) (2.23)

µ(x/d) = (µAl + (µTa − µAl) · (x/d)) (2.24)

To obtain a broadband frequency stress pulse, a linear sweep in a Hanning window
is used as excitation stress signal. The frequency spectrum is ranging from 1 GHz to
260 GHz. The maximum magnitude σ0 of the excitation signal amounts to 1 MPa.
The excitation signal FE is expressed in Eq.(2.25) and is plotted in Fig.2.11.

FE(tn) = WHann(tn) · FSweep(tn), 0 ≤ tn ≤ texc (2.25)

WHann(tn) =
1

2

(
1− cos(2π

tn
texc

)
)

(2.26)

FSweep(tn) = sin
(
2π(

fmax − fmin

2

tn
texc

+ fmin) tn
)

(2.27)
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Figure 2.11: Left: Excitation stress signal consisting of a linear sweep multiplied by
a Hanning window. The frequency is ranging from 1 GHz to 260 GHz,
texc = 1.26 [ps]. Right: Energy spectrum of the excitation stress signal.

The simulation parameters for the used “magic spatial-step” algorithm are listed
in the Tab.2.3.

Simulation parameters
∆tmagic 0.13 [ps]

∆xmin - ∆xmax 0.52 - 0.8 [nm]
fmax 260 [GHz]

ρAl, ρTa 2700, 16650 [kg/m3]
λAl, λTa 56.3, 147.5 [GPa]
µAl, µTa 26.5, 69.4 [GPa]

Table 2.3: Simulation parameters for the MSS-algorithm to investigate the frequency
dependent wave propagation. The material properties are taken from the
database [3].

To investigate the relationship between an incident pulse frequency spectrum and
the spectrum after propagating through the interface, the transmission and reflection
energy coefficients et and er, respectively, need to be computed.
The transmission and reflection energy coefficients etA and erA, respectively for an
abrupt interface are given by:

erA =
(ZAl − ZTa)

2

(ZAl + ZTa)2
, (2.28)

etA =
ZAl · ZTa

(ZAl + ZTa)2
(2.29)

where ZAl = ρAl · cp,Al, ZTa = ρTa · cp,Ta are the acoustic impedances of the cor-
responding medium. The index A is used for an abrupt interface. For an abrupt
interface the transmitted and reflected energy coefficients are frequency independent.
To the authors knowledge, there’s no analytical formulation of the transmitted and
reflected energy coefficients for a continuously graded medium. The transmission
and reflection energy coefficients for the scattering of a bulk wave at a graded inter-
face are defined as:

et(f) = Ėt(f)/Ėi(f), er(f) = Ėr(f)/Ėi(f), (2.30)
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Chapter 2. 1-dimensional numerical modeling

where Ėi(f) is the energy flow spectrum of the incident wave in function of the
frequency f , Ėr(f), and Ėt(f) are the energy flow spectra of the reflected and
transmitted waves, respectively.

The simulated stress signals at position x′1 and x′2 are plotted in Fig.2.12. The
stress signals which are used for the investigation of the frequency dependent scat-
tering are represented with dashed lines. The incident, reflected and transmitted
wave pulses are named ∆σi(t), ∆σr(t), ∆σt(t), respectively.

Their corresponding energy flow spectra are expressed as:

Ėi(f) = 1/ZAl · |∆σ̃i(f)|2 (2.31)

Ėr(f) = 1/ZAl · |∆σ̃r(f)|2 (2.32)

Ėt(f) = 1/ZTa · |∆σ̃t(f)|2 (2.33)

where ∆σ̃i(f), ∆σ̃r(f) and ∆σ̃t(f) are the fast Fourier components of the corre-
sponding signals. Before the Fourier transformations are done, the selected signals
are windowed with a symmetric 150 ps rectangular signal whose edges are rounded
with 5 ps half Hanning windows. Additionally the windowed signal then is elongated
with zero-signal of duration 350 ps. The energy flow spectra Ėi(f), Ėr(f), Ėt(f)
are plotted in Fig.2.13.
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Figure 2.12: The simulated stress signal at position x′1 and x′2.

In Fig.2.14 the reflection and transmission energy coefficients are plotted. The
frequency dependent wave propagation is clearly visible. Nearly all the short wave
energy is transmitted while the long wavelength part is partially reflected. The short
wavelength part lies on the right of Fig.2.14. The long wavelength part lies on the
left of Fig.2.14. The minimal energy transmission coefficient for the long wavelength
part corresponds correctly to the case of an abrupt interface and amounts to 0.64 for
these materials. The energy reflection and transmission coefficients for an abrupt
interface are expressed in Eq.(2.30). As the continuum model of the simulated
structure is linear elastic, the summation of the reflected and transmitted energy
coefficients equals unity.
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Figure 2.13: Energy flow spectrum for the incident, reflected and transmitted pulse.
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Figure 2.14: Transmission energy coefficients as a function of the ratio of transition
length d over incoming wavelength λ for a linear transition function.
The frequency dependent reflection and transmission behavior is clearly
visible.

2.2.2 Influences of the material gradient

To discuss the influence of the gradient function on the wave scattering at the
graded interface, different variations of the mechanical properties in the transition
layer are implemented. As for the linear grading, only the elastic properties λ, µ
and the density ρ are varying. The elastic properties and the density variations are
expressed in Eqs.(2.34) - (2.36).

ρ(ξ) = (ρAl + (ρTa − ρAl) · Fk(ξ)) (2.34)

λ(ξ) = (λAl + (λTa − λAl) · Fk(ξ)) (2.35)

µ(ξ) = (µAl + (µTa − µAl) · Fk(ξ)) (2.36)
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where

ξ =
x

d
(2.37)

F1(ξ) = ξ (2.38)

F2(ξ) = ξ2 (2.39)

F3(ξ) = ξ3 (2.40)

F4(ξ) = 1− (1− ξ)2 (2.41)

For the reflection and transmission behavior the change in the acoustic impedance
∆Z is relevant. The acoustic impedance Z(ξ) is determined with Eq.(2.42).

Z(ξ) = ρ(ξ) · cp(ξ) (2.42)

The change of the acoustic impedance Z(ξ = x/d) is depicted in Fig.(2.15).
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Figure 2.15: Variation of the acoustic impedance Z(ξ = x/d) in thickness direction.

The reflection and transmission energy coefficients are plotted in Fig.2.16 for
the different gradient functions. The filter effect can be influenced with gradient
functions. The steeper the gradient is, the more the system behaves like an abrupt
interface between 0 < d/λ < 0.5. The transmission energy coefficient for an abrupt
interface is obtained with Eq.(2.29). For a steep gradient at the beginning of the
transition layer, less energy is transmitted from the short wavelength part (d/λ >
0.5, gradient F4).

22



2.2. Frequency selective wave propagation

0 0.25 0.50 0.75 1.00 1.25
 

 

0.6

0.7

0.8

0.9

1.0

d/λ [-]

T
ra

n
s.

 e
n
er

gy
 c

oe
ff
. 
[-
]

F
1

F
2

F
3

F
4

Abrupt interface

Figure 2.16: Transmission energy coefficients as a function of the ratio of transition
length d over incoming wavelength λ for different transition functions
Fk. The filter effect is influenced with the variation of the acoustic
impedance.

In Fig.2.16 the transmission energy coefficients display an undulating behavior
for the transition function F1 to F3. This undulating behavior is directly related
to the shape of the material transition function. In Fig.2.17 two other transition
functions F5 and F6, respectively, are plotted.
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Figure 2.17: Upper diagram: Variation of the acoustic impedance Z(x/d) in thick-
ness direction. Lower diagram: Spatial derivative of the variation of
the acoustic impedance.
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Both curves show a spatial derivative of zero at the beginning and the end of the
graded layer. In this way discontinuities of the spatial derivative are avoided. With
this characteristic, the undulation in reflection and transmission energy coefficients
is suppressed. In both cases the smooth variation of the acoustic impedance leads to
a monotonous increase of the energy transmission coefficient (Fig.2.18). However,
as shown in Fig.2.16 and Fig.2.18, the steeper the acoustic impedance derivative
becomes, the less energy is also transmitted from the long wavelength part (0.25 <
d/λ < 1.25). For steep acoustic impedance variation derivatives, the frequency
response approaches that of an abrupt-like interface.
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Figure 2.18: Transmission energy coefficients as a function of the ratio of transition
length d over the incoming wavelength λ for different transition func-
tions Fk. The undulatory effect is suppressed with a smooth variation
of the acoustic impedance.

2.2.3 Influences of the material properties

Until now all the discussed phenomena are done with FGM samples composed of
aluminum and tantalum. To discuss the influence of the material properties on the
wave scattering at the graded interface, different FGM compositions are simulated.
Three FGM compositions are used: aluminum - tantalum (Al-Ta), aluminum -
tungsten (Al-W) and aluminum - gold (Al-Au). The material properties of tantalum,
tungsten and gold are listed in Tab.2.4. A linear gradient function is used, where
only the elastic properties λ, µ and the density ρ are varying. The simulation
parameters are listed in Tab.2.3.

The transmission energy coefficients are plotted in Fig.2.19 for the different FGM
compositions. The minimal energy transmission coefficient for the long wavelength
part corresponds exactly to the case of an abrupt interface for the three FGM com-
positions. The energy transmission coefficients etA for an abrupt interface with these
three compositions are listed Tab.2.4. The filter effect can be determined with the
choice of the mechanical properties. However, with the same gradient function of
the FGM the frequency dependent wave scattering shows a very similar shape for
0 < d/λ < 0.25. Only the minimal energy transmission coefficient changes. For the
frequency range d/λ > 1 almost all the incoming energy is transmitted. Due to the
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2.2. Frequency selective wave propagation

Ta W Au
ρ [kg/m3] 16650 19300 19290
λ [GPa] 147.5 208.8 144.2
µ [GPa] 69.4 151.2 27.46

etA [-] with Al 0.64 0.50 0.68

Table 2.4: Material properties used in the MSS-algorithm to investigate the influence
of the FGM composition on the frequency dependent wave scattering at
the graded interface. The material properties are taken from the database
[3].

linear gradient, significant undulation effects are present. As explained in chapter
2.2.3 the undulating behavior of the frequency response can be suppressed with an
appropriate material gradient function.
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Figure 2.19: Transmission energy coefficients as a function of the ratio of tran-
sition length d over the incoming wavelength λ for different FGM
compositions.

In the next chapter 2.2.4, the transfer matrix formalism is presented. The reflec-
tion and transmission energy coefficients of a mechanical pulse propagating through
a continuum with spatial variation of its material properties can be obtained directly
using the transfer matrix formalism.

2.2.4 Transfer matrix method

The transfer matrix formulation for the propagation of plane elastic waves through
a stratified medium was first developed by Thomson [60] and Haskell [28]. Cretu
[22, 23] extended the transfer matrix formalism to study the wave propagation
through finite inhomogeneous media with periodical space variation of their acoustic
properties.

Cretu [22] considered a finite medium with continuously varying spatial acoustic
properties placed between two semi-infinite media. In Cretu [22] the variation of
the acoustic properties over the transition length is discretized in NL successive
homogeneous layers of constant width aL. The wave propagation problem for an
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elastic bar is solved in the Fourier domain for each homogeneous layer. The solution
of the problem described by Cretu [22] is obtained by a product of the discontinuity
and propagation matrices for each single homogeneous layer. The discontinuity
matrix is related to the continuity of stress and displacement at the interface between
two media. The propagation matrix takes into account the wave phase alteration due
to the wave propagation. The general form of the alternate product is the transfer
matrix. Out of this matrix the reflection and transmission energy coefficients are
determined. For further information please refer to Cretu [22].

To study the frequency dependent wave propagation in FGM with the trans-
fer matrix method, the linear material gradient (chapter 2.2.1) is discretized in
NL = 1000 homogeneous layers of width aL = 70 pm. In Fig.2.20 the transmission
energy coefficients obtained with the transfer matrix method are compared with
the transmission energy coefficients of chapter 2.2.1. For the comparison the linear
transition function only is considered.Very good agreement is found between these
two methods. However the transfer matrix method offers a shorter computational
time and avoids the signal post processing. The reflection and transmission energy
coefficients are directly available with the transfer matrix method. By avoiding
the post processing signal necessary for the MSS-algorithm, aliasing and/or leakage
effects are suppressed.
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Figure 2.20: Comparison of the transmission energy coefficient computed with the
MSS-method and the transfer matrix formalism. A very good agree-
ment is obtained.

2.2.5 Symmetrical response

For abrupt interfaces the transmission and reflection energy coefficients are direction
independent. For example, the transmitted energy coefficient is equal for a wave
which is propagating from aluminum to tantalum, and vice versa. The transmitted
and reflected energy coefficients etA and erA, respectively for an abrupt interface are
expressed in equations (2.28)-(2.29). The direction independence is seen clearly.

For the MSS-algorithm or the transfer matrix formalism the variation of the
acoustic properties is considered as successive homogeneous layers. Between each
homogeneous layer the variation of the acoustic properties is like an abrupt interface.
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Figure 2.21: Linear elastic graded element of a continuum with infinite extent in the
non-propagation directions.

Preliminary results have shown with both these methods that the energy coefficients
for a functionally graded medium are also direction independent. Therefore an
analytical solution needs to be derived to find out, if a symmetrical response is
effectively present for a functionally graded medium. For this analytical solution
the variation of the acoustic properties should be considered as continuous.

In order to find an analytical solution to the wave propagation problem for a
FGM, the equation of motion is derived. The equation of motion is derived from
the linear elastic graded continuum element of Fig.2.21.

The equation of motion is expressed in Eq.(2.43). In the non-propagation di-
rections the structure is assumed to have infinite extent. ux is the displacement in
x-direction.

∂σx

∂x
= ρ(x) · ∂2ux

∂t2
(2.43)

With the constitutive equation for an uniaxial state of strain of equation (2.44)

σx = Ē(x) · ∂ux

∂x
, Ē(x) = λ(x) + 2µ(x) (2.44)

Eq.(2.43) is written as

∂

∂x

(
Ē(x) · ∂ux

∂x

)
= ρ(x) · ∂2ux

∂t2
(2.45)

or

∂Ē(x)

∂x
· ∂ux

∂x
+ Ē(x) · ∂2ux

∂x2
= ρ(x) · ∂2ux

∂t2
. (2.46)

By dividing both, the left- and the right-hand side of Eq.(2.46) with Ē(x), the
equation of motion for a graded one dimensional continuum is given by

∂2ux

∂x2
+

1

Ē(x)

∂Ē(x)

∂x
· ∂ux

∂x
=

1

c2
p(x)

· ∂2ux

∂t2
(2.47)

where
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c2
p(x) =

Ē(x)

ρ(x)
. (2.48)

In Graff [26] a similar differential equation is solved. Graff [26] investigated
among others the dispersive effects of the wave propagation in rods with variable
cross-section. Most problems of this area are arising in the context of horn problems.
In horn problems the cross-sectional area of rods is variable. The horn profile is an
analytically equivalent problem to the variation of the mechanical properties. In
Graff [26] the solution to the similar differential equation of Eq.(2.47) is given for
four different horn shapes. To investigate the symmetrical response of a mechanical
pulse propagating through a FGM, only the solution of a conical horn under forced
end motion is considered. The material function is governed by Eq.(2.49) - (2.51)
for a transition layer of thickness d. Ē0 and ρ0 are the values of the material
properties at an arbitrary position x = x̃0. With these material functions the bulk
wave propagation velocity c2

p(x) of Eq.(2.51) remains constant. This situation is a
special case which is only used for the analytical solution to the problem of a wave
propagating in a FGM. The material at position x = x̃0+d has no physical meaning.

ρ(x) = ρ0
x2

d2
(2.49)

Ē(x) = Ē0
x2

d2
(2.50)

c2
p(x) =

Ē(x)

ρ(x)
=

Ē0

ρ0

= c2
p,0 (2.51)

At position x = x̃0 + d the material properties are denoted by Ē1 and ρ1.

ρ1 = ρ0
(x̃0 + d)2

d2
(2.52)

Ē1 = Ē0
(x̃0 + d)2

d2
(2.53)

With the variation of the mechanical properties listed in Eq.(2.49) - (2.51) and
considering a solution of Eq.(2.47) of the form

ux = U(x)e−iωt (2.54)

the equation of motion reduces to:

∂2U

∂x2
+

2

x
· ∂U

∂x
+ β2U = 0 (2.55)

where

β2 = ω2/cp,0. (2.56)

28



2.2. Frequency selective wave propagation

Equation (2.55) is an ordinary differential equation. The solution of this differ-
ential equation has the following standard form:

U = Ah
(1)
0 (βx) + Bh

(2)
0 (βx) (2.57)

where h
(1)
0 (βx), h

(2)
0 (βx) are the spherical Bessel functions of the first and second

kinds. A, B are integration constants which are determined with specific boundary
conditions. A detailed investigation of this analytical solution can be found in Graff
[26].

Homogeneous HomogeneousFGM Transition

x0 x =x 0+d1

d

x

Ui

Ur

UFGM Ut

~ ~ ~ ~

Figure 2.22: Investigated structure used to calculate analytically the frequency re-
sponse of the wave propagation in FGM. The FGM lays between two
homogeneous materials. The first homogeneous material is aluminum
(Al). The transition layer thickness amounts to 70 nm. The second ho-
mogeneous layer is virtual material defined with the material properties
ρ1 and Ē1.

To investigate the symmetrical response of a mechanical pulse propagating through
a FGM, a wave is launched once on the left-hand side, and the other time on the
right-hand side of the FGM continuum. In both cases the frequency response of the
mechanical pulse is obtained with transmission energy coefficients. Transmission
energy coefficients are computed in the same way as presented in chapter 2.2.1. A
symmetrical response is obtained when the transmission energy coefficients are equal
in both cases. The case where a wave is launched from the left-hand side is illus-
trated in Fig.2.22. When the incident wave Ui reaches the FGM at location x̃ = x̃0

the wave Ui is partially reflected in the wave Ur. The transmitted wave part inside
the FGM is denoted by UFGM . The wave part Ut is found for x̃ > x̃0 + d. UFGM

is equivalent to the displacement function of Eq.(2.57). The wave displacement Ui,
Ur, UFGM and Ut are expressed in Eq.(2.58)-(2.61).

UFGM = Ah
(1)
0 (βx̃) + Bh

(2)
0 (βx̃) (2.58)

Ui = Iu · ei(ωt−k0x̃) (2.59)

Ur = Ru · ei(ωt+k0x̃) (2.60)

Ut = Tu · ei(ωt−k1x̃) (2.61)

The integration constants A, B and the displacement amplitude Ru, Tu are de-
termined with the continuity of stress and displacement at the interface between
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each media. The interfaces are located at position x̃ = x̃0 and x̃ = x̃1 = x̃0 +d. The
boundary conditions are formulated in Eq.(2.62) to Eq.(2.65).

Ui + Ur = UFGM (2.62)

UFGM = Ut (2.63)

Ē0
∂Ui

∂x̃
+ Ē0

∂Ur

∂x̃
= Ē0

∂UFGM

∂x̃
(2.64)

Ē1
∂UFGM

∂x̃
= Ē1

∂Ut

∂x̃
(2.65)

This set of equations is solved using the commercial software Mathematica.

The same development can be done for a right-hand side excitation. The trans-
mission energy coefficients obtained for both cases are illustrated in Fig.2.23. The
result obtained with the transfer matrix method is also plotted in this figure. Very
good agreement is obtained. A symmetrical response is also observed with an ana-
lytical solution. The reflection/transmission energy coefficients are independent of
the wave propagation direction. Furthermore, Fig.2.23 points out, that the con-
sideration of the acoustic impedance variation in FGM with discretized successive
homogeneous layers results in identical frequency responses as with a developed an-
alytical solution, where the acoustic impedance varies continuously, assuming that
the individual layer thicknesses (∆x for MSS, aL for transfer matrix method) are
much smaller than the wavelength λ. Considering the continuous grading of the ma-
terial properties in discretized successive homogeneous layers avoids the tremendous
analytical challenge due to material inhomogeneities.
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Figure 2.23: Comparison of the transmission energy coefficient computed with the
transfer matrix formalism and the analytical solution in Graff [26].
Very good agreement is obtained. A symmetrical response is also ob-
served with a analytical solution. The reflection/transmission energy
coefficients are independent of the wave propagation direction. The
used material properties at x̃ = x̃0 correspond to whose of aluminum
(Al). At x̃ = x̃1 the material properties amount to a virtual material,
ρ1 = 172′800 [kg/m3] and Ē1 = 6995 [GPa].
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2.2. Frequency selective wave propagation

2.2.6 Summary

The investigation of the relationship of an incident pulse frequency spectrum to its
modification after the propagation through the graded interface shows that the re-
flection and transmission behavior is dependent on the frequency and the shape of
the density profile and the acoustic properties variation. Three methods are com-
pared: a numerical, an analytical and the transfer matrix method. Furthermore the
reflection and transmission energy coefficients are found to be independent of the
wave propagation direction.
The frequency dependent reflection and transmission behavior could be investigated
by a combination of numerical and experimental efforts, leading to potential prac-
tical applications, such as acoustic filters. A comparison with experimental results
is discussed in chapter 3.
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3 Experimental setup and results

This chapter is dedicated to the experimental investigation of frequency dependent
wave propagation at graded interfaces. The measurement technique is briefly ex-
plained in the chapter 3.1. The experimental setup, the theory and the simulation
model are also presented here. The manufacturing of the specimen is treated in
chapter 3.2. In the chapter 3.3 the experimental results are discussed. A compari-
son is made at the end of the chapter 3.3 between the semi analytical solutions of
the transfer matrix formalism for elastic continua with the experimental results.

3.1 Short pulse laser acoustics

A short pulse laser acoustic setup was used to experimentally determine the bulk
wave pulse propagation behavior through a graded interface. This setup is based
on the measurement technique introduced by Thomsen et al. [58, 59]. With this
technique very short laser pulses are used to excite the acoustic pulses e.g. bulk waves
thermoelastically, Vollmann et al. [64]. The short pulse laser acoustic technique is
widely used in the semiconductor industry.

The induced acoustic pulse has a wide bandwidth with a mean wavelength of
50 to 100 nm. Given that the graded layer thickness is in the same range of mag-
nitude as the incoming wavelength, this short pulse laser acoustic setup allows a
non-destructive examination of the wave propagation behavior at the graded inter-
face. The experimental setup and its characteristics are briefly described in chapter
3.1.1. The basic working principle is shortly discussed in chapter 3.1.2. For better
interpretation of the laser acoustic measurements, the entire experimental setup is
modeled using a finite difference algorithm that is described in the chapter 3.1.3.

3.1.1 Experimental setup

All the measurements presented in this thesis have been obtained with a short pulse
laser acoustic setup using the pump probe arrangement. An extensive description of
the pulse laser pump probe setup is given by Vollmann et al. [64], Profunser [45] and
Bryner [12]. In the pump probe setup a pulse laser generates very short light pulses
with a duration of less than 100 fs and a repetition rate of 81 MHz. The optical
wavelength is set to 800 nm. The maximum average power is 1 W. The laser beam
is split with a ratio 9:1 into a pump beam, used to excite the acoustic pulse, and a
probe beam, used to detect the acoustic pulses in the structure being inspected. The
pump beam has a variable time shift with respect to the probe beam by increasing
the length of its optical path by means of mirrors on a translation table. The time
information is obtained with the delay line. Moving the translation table by 1 µm
introduces a time shift of 6.7 fs between pump and probe beam.
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Figure 3.1: Schematic representation of the collinear pump probe setup with the
main components. A detailed layout of the collinear setup is found in
Bryner [12].

Bryner [12] replaced the mirrors by two corner type retroreflectors. With the
retroreflectors mounted in the experimental setup of Bryner [12] the beam walking
present with the delay line of Profunser [45] is minimized. With these retroreflec-
tors the maximum time shift between pump and probe beam is also significantly
increased. A larger time shift permits to investigate thicker specimens. Bryner [12]
further enhanced the experimental setup of Profunser [45] with a 20x microscope
objective in order to reduce the laser spot size. The diameter of the focused beam
at the surface of the specimen is estimated to be in the order of 5 µm with a 20x
microscope objective. Only one microscope objective is mounted in the experimen-
tal setup of Bryner [12], as the working range of such a microscope objective is 3
mm. With a single microscope objective a collinear beam guidance is necessary. A
schematic sketch of the experimental setup used in this thesis is shown in Fig.3.1.
For more information about the experimental setup please refer to Bryner [12].

3.1.2 Working principle

When the pump pulse arrives at the surface of the specimen a rapid, local tempera-
ture increase occurs near the free surface. This launches a stress pulse, which starts
to propagate as an acoustic wave in the bulk material. The propagating acoustic
wave pulse is scattered at each material or phase interface in the specimen. The
reflected part of the acoustic wave pulse is propagating back towards the free sur-
face. Near the free surface the reflected mechanical waves induce a small change
of the reflectance. This photoacoustic change is superimposed on the temperature
rise effects induced by the pump beam. The reflectance change is measured by the
probe beam. The probe beam intensity is recorded with a photo detector. A typical
curve of the reflectance change is shown in Fig.3.2.
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3.1. Short pulse laser acoustics

The measured curve has the form of an exponential decay, caused by thermal
effects, modulated by positive and negative peaks that are a result of the strain
variation at the surface as echoes of the acoustic pulse reach it.

The time difference ∆tf between two arrivals of the reflected acoustic pulse cor-
responds to the time of flight of the acoustic wave pulse. With the measured time
of flight ∆tf the bulk wave propagation velocity cp or the layer thickness dL is
determined with Eq.(3.1).

dL = ∆tf · cp/2 (3.1)

To determine one of the variables in the above equation the two others need to
be known.
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Figure 3.2: Schematic output of the laser acoustic experiment. The blue curve il-
lustrates the measured output over the elapsed time. The red dashed
line shows the overlying exponential decay of the signal due to thermal
effects. The negative and positive peaks indicate the arrival of a stress
pulse at the sample surface, which allows to derive the round trip time
∆tf of the acoustic pulse.

Even for the basic case of only one layer deposited on a substrate, the measured
curve will exhibit several peaks. The acoustic pulse is propagating back and forth
between the free surface and the layer-substrate interface. This means every interface
causes a periodical echo, which is detected at constant time intervals until the stress
amplitude is too low to be distinguished from the surrounding noise. The signal
intensity decays over time for three reasons:

• Damping during the wave propagation due to viscoelastic or scattering effects.

• Cumulative loss at multiple interface reflections (energy reflection coefficient
erA < 1).

• Spreading of the mechanical energy all over the sample volume.

Averaging over more runs can helps identifying even very weak signals, since the
stochastic noise will be filtered, however the above listed physical limitations can not
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be avoided. The laser acoustic setup is most suitable for investigating the basic case
where one simple layer is deposited on a substrate. For multilayers, e.g. specimens
with more than one film, the interpretation of the measurements becomes much
more complex. At every interface the wave signal splits into a forward propagating
(transmission) and a backward propagating (reflection) part. Moreover, echoes from
trapped wave signals, from layers in between, have to be considered as well. For
the ease of interpretation of long time frames or complex geometrical situations a
numerical model is used. The possible superpositions of reflected echoes result in
very complex patterns in the variation of the optical reflectance. The simulation
allows visualizing the wave scattering at the interfaces over time. The architecture
and the basic principle of this simulation model are presented in chapter 3.1.3.

3.1.3 Theory and simulation

Numerical simulations are performed for a better interpretation of measurements
presented in chapter 3.3. The whole laser acoustic experiment is reproduced nu-
merically. The numerical model is presented briefly in this chapter. An exhaustive
description of this numerical model can be found in Bryner [12], [13].

Temp. model

S(x,t) σ    (x,t)excit

Wave propagation Photoacoustic effect

∆R(t)ε(x,t) F(x)

Figure 3.3: Simulation model: laser power density S(x, t), stress σ, strain ε, sen-
sitivity function F (x) and reflectivity change ∆R(t) (figure taken from
Bryner [12]).

Simulations are calculated with a model consisting of three main parts which are
shown in Fig.3.3. The one-dimensional thermal and acoustic response is computed
with a finite difference time domain algorithm. One-dimensional propagation is
assumed due to the fact that the laserspot diameter (approximatively 5µm) is about
100 times larger than the wavelength.
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3.1. Short pulse laser acoustics

3.1.3.1 Laser excitation

In the first part of the simulation, the top aluminum layer temperature distribution,
induced by the laser pulse, is calculated with a two temperature model. The two
temperature model takes into account the fact that the electron temperature and
the lattice temperature are not in equilibrium due to the fast heating process. It is
assumed that this effect occurs only in the top aluminum layer. Because the total
duration of the laser pulse is very short (in the order of 70 fs) compared to the inter-
ested timeframe of the wave propagation (several hundred ps), the discretisation in
the time domain increases for the temperature model. The values for the resolution
in time t and spatial domain x are depicted in table 3.1. The governing equation of
this part is an unsteady thermal energy balance for the top layer. The power of the
laser pulse S(x, t) serves as source term. Adiabatic boundary conditions are applied,
which means that no thermal energy loss in the lower layers or air is considered. Ac-
cording to Bryner [12] or Profunser [45] the temperature distribution determines the
excitation stress σexcit, that launches the mechanical wave. The governing equations
and their numerical implementation are derived in Bryner [13].

3.1.3.2 Mechanical wave propagation

The mechanical wave propagation is calculated in the second part of the simulation.
The equations for the one-dimensional wave propagation in an elastic medium are
given by:

∂vx(x, t)

∂t
=

1

ρ(x)

∂σx(x, t)

∂x
(3.2)

∂σx(x, t)

∂t
=

(
λ(x) + 2µ(x)

) · ∂vx(x, t)

∂t
+

∂σexcit(x, t)

∂t
(3.3)

Eq.3.2 is Newton’s equation, Eq.3.3 is the constitutive equation with the kine-
matical relation directly substituted. As the modeled medium consists of a graded
layer between two homogeneous layers, the elastic properties λ, µ and density ρ de-
pend on the spatial coordinate x. The variation of the elastic properties is assumed
to be proportional to the variation of the density as introduced in chapter 2. In
the case of a graded interface, the transition function of these material properties is
discretized in thin homogeneous layers of constant width as in chapter 2.1.
The calculated excitation stress σexcit from chapter 3.1.3.1 gives an initial condition.
For the surface of the sample a stress free boundary condition is applied:

σx = 0. (3.4)

At the substrate interface an absorbing boundary condition is implemented, in
order to save computation time. The absorbing boundary condition is modeled by
the Mur’s law and is explained in detail in Taflove and Hagness [56]. The numerical
implementation of Eq.(3.2) - (3.3) is explained in detail in Vollmann [65].

3.1.3.3 Photoacoustic effects

In the third part of the simulation the reflectance change ∆R(t) at the surface is
calculated. The reflectance change is strain induced. The strain ε(x, t) has been
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calculated in the former part. The sensitivity function F (x) determines how strain
at different depths below the free surface contributes to the change in the reflectance.
The theory behind the reflectance change ∆R(t) is explained in detail in Wenke [66].

In this thesis, the thermal contribution of the observed signal is removed in order
to focus on the acoustic information of the simulated or measured signal. Figure 3.4
shows the reflectance change of a computed sample without the thermal contribution
to the reflectivity.
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Figure 3.4: Simulated acoustic contribution to the reflectance change ∆R(t) of a 300
nm Al film on a sapphire wafer. The thermal contribution is subtracted.

3.1.3.4 Numerical discretization

The numerical model first calculates the temperature distribution and then the stress
and strain distribution in the spatial domain x as well as in the temporal domain
t and finally the reflectance change, which is only a function of time, since it is
spatially limited to the surface. To achieve a sufficient accuracy in the calculated
magnitudes, the spatial and temporal resolution in the numerical algorithm is set
several orders of magnitudes smaller than the relevant physical phenomena.

To obtain an accurate and stable algorithm the same conditions as defined in
chapter 2.1 have to be fulfilled for the wave propagation module.

An overview of the computation steps in time t and depth x is given in table 3.1.
The time resolution for calculating the first part is significantly smaller than in the
other two parts. The laser excitation heating is the faster physical phenomenon.
Therefore the laser excitation module in the FDTD algorithm needs the finest time
resolution. The third module of the model, which calculates the change in optical
reflectivity, uses the same discretization in the time domain as the former wave
propagation module.
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3.2. Microstructural realization of graded interfaces

Simulation parameters
∆tLaser 0.0571 [fs]
∆xLaser 1.0 [nm]
∆tMech 6.0 [fs]
∆xMech 0.10 [nm]

Table 3.1: Discretization parameters for the numerical simulation reproducing the
whole laser acoustic experiment.

3.2 Microstructural realization of graded interfaces

In this chapter the fabricated FGM specimens are discussed. The FGM specimens
are used for the experimental investigation of the frequency dependent wave propa-
gation in FGM with the laser acoustic setup. The produced FGM structure consists
of a continuous transition layer between two homogeneous layers of different materi-
als. To investigate the frequency dependent wave propagation in FGM with the laser
acoustic measurement setup, the FGM structure needs to exhibit a material gradient
in the depth direction, perpendicular to the sample surface. The transition layer has
a thickness in the same order of magnitude as the main wavelength component of
the incoming acoustic pulse induced by the laser’s excitation. The transition layer
thickness amounts to several tens of nanometers. In Schwank [51] different methods
were tested to produce FGM specimens. The analyzed fabrication methods were
physical vapor deposition by evaporation, physical vapor deposition by magnetron
sputtering, chemical vapor deposition, electrodeposition and epitaxy. It turned out
that the physical vapor deposition (PVD) by magnetron sputtering was best suited
to achieve a material gradient. The advantage of magnetron sputtering is the abil-
ity to use two or more sources in parallel. By varying the sputter rates the relative
composition of the deposited layer can be continuously varied. The technique meets
the demanded specifications and is able to produce graded transition zones in a
controlled way and within very small transition thicknesses. A detailed description
of the magnetron sputtering process regarding the manufacturing of FGM is given
by Schwank [52].

The aim of this work, as outlined in chapter 1, is to investigate the frequency
dependent wave propagation behavior in FGM with the laser based ultrasonic setup
developed at the Center of Mechanics, ETH Zurich. In order to meet the experimen-
tal setup’s requirements and to guarantee an optimal wave propagation measure-
ment, particular attention must be paid to the design of an appropriate specimen.
The underlying considerations in terms of material choice and layer geometry are
presented in the first part of this chapter. The second part of this chapter 3.2 is
focused on the destructive evaluation of the produced specimens.

3.2.1 Chosen materials to produce FGM

To investigate the frequency dependent wave propagation in FGM with the laser
acoustic measurement setup, post processing evaluations of the measured reflectance
change ∆R is needed. Accurate post processing evaluations of the measured re-
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flectance change ∆R are obtained with strong amplitude of the reflected signal.
Reflected signals with strong amplitude help the signal identification. The post pro-
cessing evaluation is treated in chapter 3.3. Experiments with the laser based ultra-
sonic setup have shown that a strong reflected signal is obtained with a bulk force
reflection coefficient rf greater than 0.4. Bulk force reflection coefficients greater
than 0.4 are found for material partners which exhibit a large difference in their
acoustic impedance Z.

The laser based ultrasonic setup used in this work is optimized to investigate
specimens with an aluminum layer on the top of the specimen, Profunser [45] or
Bryner [12]. Aluminum has a comparatively low acoustic impedance among metals.
The possible partner to aluminum should exhibit a high value in acoustic impedance
in order to obtain a bulk force reflection coefficient greater than 0.4.

In the next step consideration is given to the mixing properties of aluminum
with possible partners. In Schwank [51] it has turned out, that an aluminum-gold
interface, produced with magnetron sputtering, can not be characterized with the
laser acoustic experiment. A high intermetallic diffusivity is present in aluminum-
gold system. The very high mobility of the gold atoms leads to an uncontrolled
softening of the interface, which eventually ends up in an interchange of atoms all
over the sample. Uncontrolled diffusion processes are avoided with materials with
low self diffusion coefficient. A list of the self diffusion coefficient for several materials
is found in Schwank [52]. With respect of these two criteria optimal material partners
for aluminum are tantalum (Ta) or tungsten (W). As Al-Ta alloys are widely used
as heating materials in inkjet printhead or micro-thermal actuator, a lot of work
has been done on Al-Ta alloys for example by Su [54], Chung [21], Wuu [68], Jiang
[30], Schauer [50], Mahne [43], [42] and Yan [69]. The literature about Al-Ta alloys
will support the analysis of the experimental results obtained by the destructive
evaluation technique of chapter 3.2.3. Therefore in this work only Ta-Al graded
thin films are presented.

3.2.2 Achievement of continuous material gradient

The Ta-Al films are deposited on the substrates at room temperature by magnetron
sputtering. The pressure in the sputter chamber during the deposition is set to 5
mTorr. The argon gas flow is set to 10 sccm (standard cubic centimeter per minute).
To assure a uniform and homogeneous deposition the silicon wafer is rotated at 6
rpm. The graded transition layer is obtained by varying the sputter rate of each
sources simultaneously: while the tantalum sputter rate is decreasing, the one of
aluminum is increasing. The sputter rate depends linearly on the electrical power at
the source and the pressure in the chamber. While the pressure is held constant, the
electrical power is adjusted to achieve a constant growth rate over the whole sample.
A total sputter rate of 12 nm/min is chosen. The gradient function is achieved
by discretizing the material grading function in a multilayer stack of homogeneous
layers with a molecular ratio of Al/(Ta+Al) rising monotonously. For experimental
investigations only linear transition functions are considered. In Fig.3.5 the electrical
power at the two targets during a deposition process is shown.

From magnetron sputtering it is known, that the mean particle size is in the range
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of 1-5 atoms, Kelly and Arnell [31]. Therefore a meaningful limit for a homogenous
layer thickness is in the order of tens of atoms. Depending on the atomic diameter,
this leads to a minimal layer thickness for a homogenous film of about 2-3 nm, in
which the mechanical properties can be assumed constant. In this work the thickness
of the homogeneous layers which realize the discreet step-by-step gradient function is
set to h = 5 nm. Herewith the thickness of the homogeneous layers is also an order
of magnitude smaller than the relevant wavelengthes component of the incoming
acoustic pulse induced by the laser’s excitation.
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Figure 3.5: Electrical power recorded at both sources during the deposition process.
During the four shaded slots no deposition is taking place as the targets
are shuttered.

An overall produced specimen is schematically illustrated in Fig.3.6.
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Figure 3.6: Schematic design of an aluminum-tantalum specimen produced with
magnetron sputtering on a silicon wafer. Atomic concentrations of alu-
minum, tantalum and silicon are also displayed. The transition layer is
realized with a discrete h = 5 nm step-by-step gradient function.
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3.2.3 Destructive characterization

In addition to the laserbased ultrasound measurements, other methods are applied
to obtain information about the geometrical situation of each layer, its chemical
composition, and it structure, Aebi [7]. The composition of Ta-Al films is examined
by Rutherford Backscattering Spectroscopy (RBS). The microstructure of the Ta-Al
films is studied by Scanning Electron Microscopy (SEM) and Transmission Electron
Microscopy (TEM). The morphology of the produced specimens used for these de-
structive characterization methods are listed in Tab.3.2. The specimens used for the
destructive characterization are optimized in their morphology to obtain accurate
knowledge of the chemical composition and the structural density of the graded
layer.

Sample type Al-layer transition Ta-layer total thickness
Specimen 1 nominal 100 40 60 200

Profilometry 203
RBS 100 45 49 194
SEM 101 - - 198

Specimen 2 nominal 100 0 100 200
Profilometry 195
RBS 92 0 96 188
SEM 94 0 91 185

Table 3.2: Overview of the characterization results of the two produced aluminum-
tantalum specimens. The measured data deviate only a few percents from
the nominal design parameters, which were intended to reach in the man-
ufacturing process. The measured data are an average of measurements
across the wafer.

3.2.3.1 Rutherford backscattering

The processed samples are characterized using Rutherford backscattering (RBS)
which shows the composition and geometry of the film. The evaluation of the RBS
measurements for an abrupt and a 40 nm graded interface are shown in Fig.3.7.
As comparison the nominal depth profile according to the design considerations of
Tab.3.2 are plotted. Very good agreement is obtained in both cases. A maximum
discrepancy of 18% between measured and nominal value is observed. A material
gradient is clearly achieved. The gradient function of the graded interface (left
graphic in Fig.3.7) shows what the nominal values suggest. The variation is in the
order of the accuracy of the RBS method (±5nm) for regions deeper than 50 nm
under the surface.

3.2.3.2 Scanning probe microscopy

Specimens of Tab.3.2 have been analyzed with Scanning Electron Microscopy (SEM).
SEM images of the specimen cross-section have been used to investigate the quality
of the deposited films. In order to access the specimen’s cross-section the specimens
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Figure 3.7: Resulting depth-gradients in material composition according to the mea-
sured RBS-data (red line), Left : Specimen with a 40 nm graded layer,
Right : Abrupt interface. The graph gives the atomic concentration of
tantalum for a certain depth. The measured profile is a good approx-
imation to the blue dotted line, which represents the nominal design
parameter as they were used in the manufacturing process. The mea-
sured thickness of the graded layer amounts to 45 nm.

have been cleaved, by applying a notched line on the silicon substrate with a dia-
mond tip. The sample has been positioned with an angular tilt of 15o in the vacuum
chamber of the SEM-apparatus. Tilting the specimen in the vacuum chamber al-
lows observing the free top surface of the specimen. The quality of the specimen
surface plays an important role in the light-matter interaction of the laser acoustic
experiment. In Fig.3.8 SEM images of the produced specimens are shown. In both
pictures the silicon substrate emerges as dark band at the bottom of the image,
whereas the deposited metal films lay thereon. The deposited overall film shows a
constant thickness, which agrees very well with the values examined in the surface
profilometry measurements. For the specimen 2 the thickness amounts 185 nm ac-
cording to the SEM image, which is 10 nm less than the profilometry measurement.
For the specimen with the graded interface the SEM image states a thickness of
198 nm, which deviates from the profilometry value by only 5 nm. An overview
of the thickness measured by the different methods is given in Tab.3.2. The SEM
image of Fig.3.8 shows a wavy surface of roughness in the order of several tens of
nanometers. This gives a good fundament for reliable measurements with the laser
acoustic setup, since the laser spot size diameter amounts to 3-5 µm and therefore
averages out the roughness at the free surface.
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Tantalum

Aluminum
FGM

Figure 3.8: Scanning probe electron microscope images of specimen 1 (left) and spec-
imen 2 (right). The images show the cross-section of the cleaved samples.
The dark band on the bottom refers to the silicon substrate on which
the deposited layers lay. Due to a tilted orientation of the samples the
inclined surface can be observed.

For the specimen with no graded interface a clear change in the texture of the films
is observed. The bottom film, which refers to the first sputtered tantalum film, shows
a clear columnar pattern. For the top aluminum film a more globular pattern arises.
On the left hand side of Fig.3.8 the specimen with a graded interface is shown. Two
different films are distinguished also in this specimen. This leads to the presumption
of a mixed crystallite system, in which the increasing amount of aluminum atoms has
been fully incorporated in the crystallite texture of the tantalum. This is supported
by the TEM analysis, which provides a further magnification.

3.2.3.3 Transmission electron microscopy

The microstructure of the specimen is further studied by Transmission Electron Mi-
croscopy (TEM). For the characterization of the microstructure in the graded layer
with the Transmission Electron Microscopy (TEM) technique only the specimen 1
with the graded interface of Tab.3.2 is used.

Bright field

TEM analysis Fig.3.9 is a cross-section bright field image at 43’000-fold magnifica-
tion, and shows well-formed layers of the Ta-Al film. However, the interface between
the layers is undulary which may be due to the fluctuation of the sputtering. The
Ta-Al interface shows a columnar structure. A columnar structure may arise from
a migration process between tantalum and aluminum. In order to quantitatively
evaluate the morphology of the sputtered film an intensity analysis with TEM is
performed. The result of the intensity distribution is shown on the right of Fig.3.9.
The vertical dashed lines separate the three different sputtered layers. The epoxy
layer which lies on the top of the aluminum layer is introduced during the prepa-
ration of the specimens. The specimen preparation is needed to characterize the
microstructure of the graded layer with the TEM technique.
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Figure 3.9: Left: TEM image of the deposited layers in the cross-sectional view.
Right: Evaluation of the intensity of counted electrons, which yields
the thickness of the different layers. (Resolution 0.19 nm, magnification
43’000 fold.)

For the preparation procedure of the specimen refer to Schwank [52]. The sputtered
thin film structure is clearly visible: The top homogeneous aluminum layer, the
graded interface and the homogeneous tantalum film. However, the tantalum layer
is declining even if it is assumed to be homogeneous. This decline in the intensity is
an experimental artifact. The experimental artifact arises from the electron beam
interaction with atoms. This experimental artifact is negligible for the aluminum
and silicon layers, since the electron beam interaction with light materials is weak.
The electron beam interaction with heavy materials such as tantalum involves a
decline in the intensity of the transmitted electron. The experimental artifact is
explained in detail in Schwank [52]. The resulting layer thicknesses show good
agreement with the values measured in the RBS analysis. The analysis across the
gradient layer shows a continuous decline of the intensity from the aluminum layer
to the tantalum layer. A decline of the intensity between these two layers supports
the assumption, that a material gradient is achieved with the sputtered process.

Diffraction pattern analysis

Fig.3.10(a)-(c) show the selected area diffraction patterns of the specimen 1 in three
different area. In the aluminum area a vague pattern with a bright broad ring is
observed. It reveals that the sputtered top aluminum layer is an amorphous matrix
structure with nanocrystalline grains. Su [54] studied the Ta/Al composition ratio
effect on the formation of amorphous Ta-Al alloy films. An amorphous matrix
structure is found for Al composition ratio of about 50%. At an Al composition
ratio of about 50% the Ta-Al alloy film converts from a polycrystalline structure to
an amorphous structure. When the amorphous structure is reached the Ta-Al alloy
film may keep this amorphous structure.
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Chapter 3. Experimental setup and results

Figure 3.10: Diffraction patterns of the different layers: (a) aluminum layer, (b)
transition layer (mixed phase), (c) tantalum layer with bordering silicon
substrate. The bright rings and dots indicate the crystallite phase and
orientation. The scale is not significative.

The vague pattern with a bright broad ring in the aluminum film could also reveal
a presence of an oxidized layer, which also will return an amorphous structure, Su
[54]. Critical process steps, at which the oxidation of the aluminum film may have
occurred, are listed below.

• During the deposition process due to few quantities of oxygen in form of residu-
al gas the aluminum film may oxidize.

• To reduce the specimen thickness during the specimen preparation for the
TEM-analysis Argon is sputtered. This new sputtering process results in an
increased temperature which may oxidize the aluminum top layer.

• Anytime after the production due to diffusion processes across the free surface
the aluminum film may oxidize.

In Fig.3.10(b) the selected area is centered on the graded layer. The bright
broad ring becomes narrow with many weak spots around it and narrow clear rings
appear outside. It indicates a crystalline structure. The silicon crystal yields to the
regular distributed small spots. The narrow clear rings with varying brightness are
stemming from one or more crystallite Al-Ta-phase. In Su [54] a similar diffracted
form is found for the nanocrystalline TaAl3 phase.

Fig.3.10(c) stems from an area of the tantalum layer and the silicon substrate.
The regular spots are the typical diffraction pattern of a single orientated regular
crystal, which corresponds to the silicon substrate. The multiple rings may stem
from the tantalum-phase.

HRTEM analysis

The analysis of a high resolution TEM (HRTEM) image yields information about the
grain size and orientation. In Fig.3.11 two HRTEM images at 390’000-fold magnifi-
cation are shown. In both pictures areas of regular patterns are identified (encircled
by dotted white ellipses). These regular areas are Moiré patterns, which arise from
crystallite structures. In Su [54] similar structures are observed for sputtered Ta/Al
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3.2. Microstructural realization of graded interfaces

alloys. These Moiré patterns may therefore stem from TaAl3 nanocrystalline struc-
tures. The silicon substrate forms a very regular crystalline pattern, which has
already been discussed in the diffraction pattern. In Fig. 3.11 right the interface to
the aluminum layer is shown. As already pointed out in the diffraction analysis the
aluminum layer exhibits a randomly orientated structure which suggests an amor-
phous phase. The interface shows a decreasing brightness, which refers to a decline
in aluminum composition. From the bright field TEM analysis it is known, that
the transition layer amounts 36 nm. This is approximately equal to the distance
between the beginning of the interface and the upper left corner of the image. At
different positions small bright fingers starting from the aluminum layer and reach-
ing out into the transition layer are observed. These fingers are also present in the
bright field TEM analysis with the undulary interface. These fingers are aluminum
rich structures, in which the aluminum apparently has been accumulated. On the
other hand, from the tantalum side a Moiré pattern can be detected which extends
into the mixed zone. This may suggest that the transition layer consists of crys-
talline grains, grown from the tantalum side, which are embedded in an amorphous
aluminum rich structure.

Si substrate

Ta

Interfa
ce Si -

Ta

Interfa
ce AlTa - Al

AlTa

10 nm10 nm

Al

Figure 3.11: HRTEM image of tantalum layer and its interfaces in a cross-sectional
view. Left: Si-Ta interface, right AlTa-Al interface. The regular pat-
terns, encircled by the white dotted line depict columnar grown tanta-
lum grains, which are preferably oriented perpendicular to the substrate
surface. (Resolution 0.19 nm, magnification 390’000 fold.)
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3.2.3.4 Summary

• The layer thicknesses observed, agree reasonably with the geometrical param-
eters of the RBS-analysis.

• The material gradient in the transition zone exhibits a decline in tantalum
towards the surface, and a corresponding increase of the aluminum fraction.

• At the surface of the silicon substrate orientated Ta-grains grow to a consid-
erable length of maximum 36 nm.

• In the transition layer a TaAl3 nanocrystalline phase may formed.

• The top aluminum layer shows a randomly orientated diffraction pattern. The
top aluminum layer is in an amorphous state.
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3.3. Laserbased ultrasonic measurements

3.3 Laserbased ultrasonic measurements

In order to investigate experimentally the frequency dependent wave propagation
at graded interfaces, variations in the frequency spectrum of measured reflected
acoustic pulses from the graded interface are analyzed. At a graded interface the
acoustic pulses are scattered in a reflected and transmitted part. When the reflected
acoustic pulse is heading back to the free surface, it contributes to the reflectance
change ∆R at the free surface of the specimen. The reflectance change is measured
with the laserbased ultrasonic measurement setup. The reflected pulses from the
graded interface are identified in the reflectance change curve. These echoes at the
free surface are characterized in the reflectance change curve with peaks. For the
experimental analysis of the frequency dependent wave propagation the frequency
spectrum of a reference signal and its reflection from the graded interface are used,
E3 and E4 in Fig.3.14, respectively. The reference and the reflected pulse frequency
spectra are determined with the fast Fourier transform algorithm of the windowed
peaks. To suppress any leakage or aliasing effects in the frequency spectra the
windowing has to be done with a sufficiently broad window length. Furthermore
the reference and reflected peaks should not interfere with other arrivals. In order
to fulfill these two conditions thick aluminum and tantalum films in the range of
200-300 nm have to be processed.

Before investigating the frequency dependent wave propagation on graded inter-
faces, the wave behavior in specimens with a single aluminum or tantalum layer has
to be well known.

3.3.1 Aluminum and tantalum thin films

To investigate the wave behavior in an aluminum and tantalum layer, a 288 nm thick
Al film and a 268 nm thick Ta film deposited by PVD magnetron sputtering are
analyzed separately. The aluminum layer is deposited on a sapphire (Al2O3)-wafer.
The tantalum layer is deposited on a silicon (Si)-wafer. For the aluminum specimen a
sapphire wafer is used in order to enhance the acoustic reflectivity since the acoustic
mismatch between aluminum and silicon is small. The process parameters for the
depositions are listed in Tab.3.3.

Material Pressure Spin Ar gas flow Power Deposition rate
[mTorr] [RPM] [sccm] [W] [nm/min]

Al 5 6 10 116 12
Ta 5 6 10 156 12

Table 3.3: Deposition parameters of aluminum and tantalum films.

The reflectance change curve for the aluminum specimen is plotted in Fig.3.12.
The bulk wave propagation velocity of the Al-film is calculated with the measured
time shift tf between two echoes and the film thickness dL determined with destruc-
tive methods. The thickness dL in Tab.3.4 corresponds to the mean value obtained
with AFM microscopy and profilometry. The same procedure is used for the Ta-film.
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Figure 3.12: Measured reflectance change ∆R without thermal contribution of a 288
nm Al film.

The results of the calculated bulk wave propagation velocities cp are listed in
Tab.3.4. From the measured bulk wave propagation velocity cp the Young’s modulus
E is then calculated with Eq.(3.5) using the densities ρ given by [3] and the Poisson’s
ratio ν assumed to be 0.34 for both materials.

E = ρc2
p

(1 + ν)(1− 2ν)

(1− ν)
(3.5)

In Tab.3.4 rFS =
Zsub−Zfilm

Zsub+Zfilm
is the bulk force reflection coefficient calculated with

the acoustic mismatch theory and by using the acoustic impedance Z. The material
properties of sapphire are given by the manufacturer, [2], and of silicon are given by
[3].

Material dL ρ ν cp rFS E Eref

[nm] [kg/m3] [-] [m/s] [GPa] [GPa]
Al on sapphire 288 2700 0.34 6360 0.50 71 71
Ta on silicon 268 16’650 0.34 4000 -0.50 173 186
Silicon (Si) - 2329 0.34 9270 - - 130

Sapphire (Al2O3) - 3980 0.34 130450 - - 440

Table 3.4: Material parameters of aluminum and tantalum films determined experi-
mentally. The material properties of sapphire and silicon are given by [2]
and [3], respectively. All these material parameters are used for the ther-
momechanical model. For comparison purposes the theoretical Young’s
modulus Eref is also given for Al- and Ta-films.

50



3.3. Laserbased ultrasonic measurements

3.3.2 Functionally Graded Material

For the experimental analysis of the frequency dependent wave propagation a new
specimen is processed. This specimen is referred to as the “specimen 3” hereafter.
The specimen 3 consists of a 172 nm aluminum top layer, a 60 nm transition layer
and a 282 nm tantalum layer. The substrate is a 500 µm thick silicon wafer. The ge-
ometry of the specimen 3 is selected to facilitate the investigation of the frequency
dependent wave propagation through the transition layer. The geometry is char-
acterized using the RBS measurement technique. The RBS measurement of the
material shape function is illustrated in Fig.3.13.
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Figure 3.13: In-depth profiling of the graded Al-Ta layer of the specimen 3 with
RBS.

The investigation of the frequency dependent wave propagation at graded inter-
faces requires signal post processing. The signal post processing is explained in the
following.

3.3.2.1 Signal post processing

The signal post processing is described in this chapter with a simulated reflectance
change ∆R. To compute the reflectance change ∆R the material properties listed in
Tab.3.4 are used and the material shape function of Fig.3.13 is implemented. The
simulated and the measured reflectance change ∆R are shown in Fig.3.14. Good
agreement in the time domain are found between these two curves. This yields a
good match of the material properties found in Tab.3.4.

The peak observed at 221 ps corresponds to the round trip from the free surface,
through the aluminum, the transition layer and the tantalum reflected at the silicon
wafer. This peak is denoted by echo 3 (E3) and is used as the incident pulse for the
frequency dependent wave propagation analysis. The peak at 277 ps is the response
of E3 from the graded interface. This echo is denoted by E4. The peak E4 is a
superposition of two identical peaks. This superposition yields a strong reflected
signal E4, which helps the signal identification. A schematic illustration of the
superimposed signals is given in Fig.3.15.
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Figure 3.14: Simulated (blue) and measured (black dotted) photoacoustic effect
without thermal contribution of a 172nm Al/60nm Al-Ta/282nm Ta
film deposited by PVD magnetron sputtering on a Si-substrate. The
reference (E3) and reflected (E4) arrivals are both windowed with a
rectangular Hanning (red dashed). E1, Er are the first echoes. The
material properties of the simulated specimen are listed in Tab.3.4.

The multiple peaks observed before 221 ps (E1, Er) can be understand with the
help of the simulated stress field. The simulation of the stress field for the specimen
3 is shown in Fig.3.16. At time 0 the mechanical pulse starts to propagate at the
surface. After approximatively 55 ps the first echo (E1) is back at the surface.
E1 corresponds to the arrival of the incident pulse partially reflected at the graded
interface. The echoes (Er) coming back at the surface are getting weaker because
at every reflection at the graded interface, a part of the energy is transmitted into
tantalum.
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Figure 3.15: Schematic illustration of a space-time diagram to understand the wave
propagation of the E3 and E4 arrivals in a Al-Ta film. The E4 arrival
is a superposition of the red and blue dashed pulses.

52



3.3. Laserbased ultrasonic measurements

The magnitude of these acoustic arrivals (Er) is smaller than E4. In the re-
flectance change curve these acoustic arrivals are becoming too weak to be properly
identified, and especially for thick graded layer (d > λ) where the reflected energy
is smaller than for thinner graded layer.

To investigate the frequency dependent wave propagation on graded interfaces,
the acoustic arrivals (E3, E4) are separated by individually windowing each arrival
with a rectangular Hanning window (red dashed line in Fig.3.14) of duration Twindow

= 60 ps. A rectangular Hanning window is composed of 60 ps rectangle signal whose
edges are rounded with 1.5 ps half Hanning windows. Additionally the windowed
signal is elongated with a zero-signal of duration 400 ps. The frequency contents
of the windowed arrivals are determined with the fast Fourier transform algorithm.
The ratio of each frequency component of Ẽ4 over Ẽ3 Fourier magnitudes yields a
transfer function er,m(f). This transfer function contains the frequency dependent
reflectivity of a graded interface for a elastic pulse. The mathematical expression to
calculate this transfer function with Ẽ3 and Ẽ4 is given in Eq.(3.6). The factor 1/4
is related to the superposition of two echoes at the arrival E4.

er,m(f) =
1
4
|Ẽ4(f)|2
|Ẽ3(f)|2 (3.6)

Fig.3.17 illustrates the numerically computed transfer function for an abrupt
interface and a 60 nm linear gradient interface. The transfer function is plotted as
a function of the incoming wavelength λ. The incoming wavelength λ is given by
Eq.(3.7)

λ =
cp,Al

f
. (3.7)

In Fig.3.17 the numerically simulated results are compared to the solutions of the
transfer matrix method (TMM). The transfer matrix method is explained in chapter
2.

There is very good agreement between the numerical simulated and TMM transfer
function. In Fig.3.17, the frequency dependent energy transfer is clearly visible.
Nearly the total energy is transmitted for the short wavelength part, while the long
wavelengths are reflected as for an abrupt interface. The maximum reflection energy
coefficient for the long wavelength part corresponds correctly to the case of an abrupt
interface for the elastic continuum with material properties of Tab.3.4 and amounts
to 0.34. The simulated curve shows evident discrepancy for the long wavelength
part. The long wavelength parts correspond to the lower frequencies. The lowest
considered frequency fmin in this signal post processing is depending on the duration
of the windowing signal Twindow:

fmin =
1

Twindow

. (3.8)

Therefor the longest numerical wavelength λmax accurately calculated is given by
Eq.(3.9).

λmax =
cp,Al

fmin

= cp,Al · Twindow (3.9)
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Figure 3.16: Simulation of the stress field in the specimen 3. There is no reflection
from the free bottom end of the Si-substrate as the Mur’s law (chap-
ter 3.1.3.2) is implemented to save computation time. The material
properties of the simulated specimen are listed in Tab.3.4.

To consider longer wavelength the duration of the windowing signal should be
increased. However, in this case the windowing signal would not only window the
echo E3 but also consider a part of the echo E4. This would lead to erroneous Fourier
transforms. The longest numerical wavelength accurately computed is illustrated
with the vertical black line in Fig.3.17.
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Figure 3.17: Reflection energy coefficients computed from E3 and E4 arrivals for a
graded interface of 60 nm thickness between aluminum and tantalum.
The transfer function is plotted as a function of wavelength. Simulated
(blue dotted) and TMM (red) solutions are plotted. The horizontal dot-
ted black line represents the transfer function of an abrupt interface.
The vertical black line represents the longest numerical wavelength ac-
curately computed.
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3.3.2.2 Measured frequency response of a FGM

The laserbased ultrasonic measurement setup is used to determine the frequency
dependent wave propagation in the specimen 3. To maintain consistency, the mea-
sured reflectivity change curve (Fig.3.14) is analyzed using identical procedures as
for the numerical curve of Fig.3.14.
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Figure 3.18: Upper diagram: Fourier transforms of the individual echoes E3 and
E4. Lower diagram: Measured transfer functions between E3 and E4
arrivals for a graded interface between aluminum and tantalum. The
vertical black line represents the minimal frequency which is considered
with sufficient accuracy.

In Fig.3.18 the measured transfer function of the specimen is shown with the
Fourier transforms of the individual echoes E3 and E4. The measured transfer func-
tion is obtained among others by the division of the Fourier transforms: E4/E3.
The frequency dependent wave scattering is clearly visible with the measured reflec-
tion energy coefficients as in Fig.3.17. A graded interface behaves like a mechanical
filter. Some discrepancy with Fig.3.17 is probably caused by crystalline structures.
Inhomogeneities in the gradient layer involve discontinuities in the material shape
function. As demonstrated in chapter 2, discontinuities in the shape functions are
leading to waviness reflection/transmission energy coefficients. Such waviness effects
are also observed in Fig.3.18.

In Fig.3.19 reflection energy coefficients are plotted as a function of the ratio of
transition length d over incoming wavelength λ. Good agreement is found between
the measured reflection energy coefficients and the results of the transfer matrix. Ex-
cept for the undulatory effect which is still present, both curves agree slightly better
than in Fig.3.18. With this kind of representation of reflection energy coefficients as
a function of the ratio of d over λ instead of the frequency, one obtains a fitting pa-
rameter. For the measured reflection energy coefficient the graded layer thickness d
is varied until good agreement is found between experimental and analytical results.
In Fig.3.19 the graded layer thickness is set to 57 nm. With RBS measurement
the graded layer thickness is found at 60 nm. Between the laserbased ultrasonic
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measurement setup and the destructive RBS measurement technique a discrepancy
of only -5 % is found, which is in the range of tolerance of RBS measurements at
such depth below the free surface of the specimen.
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Figure 3.19: Measured transfer functions between E3 and E4 arrivals for a graded
interface between aluminum and tantalum. Good agreement is found
between experimental and analytical results when the graded layer
thickness amounts to 57 nm. The vertical black line represents the
longest numerical wavelength accurately considered in the signal post
processing.
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4 2-dimensional wave scattering at
saw tooth interfaces

In chapter 3.2 the microstructure of a FGM specimen is studied using Transmission
Electron Microscopy (TEM). The left of Fig.4.1 shows the cross-section bright field
image of FGM specimen again at 43’000-fold magnification. The bright field image
shows the deposited Ta-Al film on a silicon wafer. The interface between the layers
is undulary which may be due to the fluctuation of the sputtering. Moreover, the
graded interface shows a clear columnar structure with alternating rich regions of
aluminum and tantalum. In this chapter influences of the columnar structure on the
acoustic wave propagation and reflection are investigated. The columnar structure
present in the interface layer is modeled with a saw tooth interface, Nösekabel [44].
The saw tooth interface is shown on the right side of Fig.4.1.

Figure 4.1: Left: TEM image of the deposited Ta-Al film in the cross-sectional view.
Right: Modeled saw tooth interface.

This chapter 4 gives first a brief introduction to the two dimensional elastic wave
propagation problem. In chapter 4.2 the implementation of the Finite-Element
(FE) simulation model is discussed. The validation of the FE simulation model is
discussed in chapter 4.3. To characterize the frequency dependent wave propaga-
tion, geometrical parameters of the saw tooth interface are varied. This frequency
dependent wave propagation is demonstrated by using a post processing evalua-
tion technique. The developed post processing evaluation technique calculates the
relationship of the transmitted and reflected energy of a longitudinal plane wave
scattered at the saw tooth interface. Results of the processed simulation data are
presented and discussed in chapter 4.4.
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Chapter 4. 2-dimensional wave scattering at saw tooth interfaces

4.1 2-dimensional wave propagation

In this chapter a brief introduction to the theoretical background of two dimensional
elastic wave propagation is given. As for the one dimensional case energy conserva-
tion is used as a validation feature of the FE simulation model. Energy conservation
will be discussed at the end of this chapter 4.1.

4.1.1 Governing equations

Solving a wave propagation problem requires the use of the three basic continuum
mechanic formulations: the kinematic relations, the constitutive law and the equa-
tions of dynamic equilibrium. The theoretical background is found in Graff [26] or
Achenbach [4]. The basis of these formulations for a two dimensional continuum is
the Cartesian coordinate system of Fig.4.2.
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Figure 4.2: Stress components on an infinitesimal 2D element in a Cartesian coor-
dinate system (x, z). As a plane strain configuration is assumed there’s
no dependence on y.

Having expressed the components in the Cartesian coordinate system, the three
basic continuum mechanic formulations are applied for a plane strain configuration
on an isotropic, linear elastic medium. Eq.(4.1) is the equation of motion.

σxx,x + σxz,z = ρux,tt

σzz,z + σxz,x = ρuz,tt

(4.1)

Eq.(4.2) gives the stress-strain relations.

σxx = (λ + 2µ)εxx + λ εzz

σzz = (λ + 2µ)εzz + λ εxx (4.2)

σxz = 2µ εxz

Eq.(4.3) is the relation between strain and displacement.

εxx = ux,x

εzz = uz,z (4.3)

εxz =
1

2
(ux,z + uz,x)
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4.1. 2-dimensional wave propagation

Combined with initial conditions and boundary conditions, the wave propagation
is computable. In this work the two dimensional wave propagation problem is solved
using the commercial FE software Abaqus.

4.1.2 Wave scattering at plane interfaces

The understanding of the wave scattering phenomenon at a saw tooth interface re-
quires the comprehension of two dimensional wave scattering at plane interfaces.
Different types of waves are present in a 2D simulation. These different types of
waves have different characteristics like propagation speed and polarization direc-
tion. Within this chapter two types of waves are mainly treated. A plane P-wave is a
longitudinal wave, hence the propagation and oscillation direction are parallel. The
plane S-wave is a shear-based transversal wave, thus propagation is perpendicular

to the element motion. P- and S-waves spread with different velocities, cp =
√

λ+2µ
ρ

and cs =
√

µ
ρ
, respectively.

Having introduced the characteristics of the P- and S-wave in homogeneous mate-
rials, the interaction of a P-wave with a plane material interface is discussed next. A
schematic illustration of a P-wave scattering at a plane interface is shown in Fig.4.3.
As introduced in chapter 2 a wave propagates through a medium until it reaches a
material with a different acoustic impedance Z. Two effects are then observed at
a plane material interface for a two dimensional wave propagation problem. Firstly
the incoming wave at a plane interface is partially reflected and partially transmit-
ted as in the one dimensional case (chapter 2). In Eq.(2.28) and Eq.(2.29) the ratio
between the reflected and transmitted energy rate to the incoming energy rate, erA

and etA are defined, respectively.
Secondly a refraction of the transmitted plane wave is observed, Graff [26]. The

refraction of the transmitted plane wave is due to the difference in the propagation
velocities of the two media. The refraction angle of the transmitted plane wave is
defined by

sin(θP,t) =
cp,2

cp,1

sin(θP ) (4.4)

The reflected plane wave is propagating with the angle θP,r = θP . Here the indices

,r and ,t denote the reflected and the transmitted wave part, respectively.
Additionally to the wave refraction two new planar waves are also created at

the interface. A single P-wave cannot satisfy the boundary condition at the plane
interface by itself. The two new plane waves created at the interface propagate
with angle θS,r and θS,t for the reflected and transmitted S-wave, respectively. The
relation between the incoming angle θ and angles θS,r, θS,t is given by

sin(θS,r) =
cs,1

cp,1

sin(θP ) sin(θS,t) =
cs,2

cp,1

sin(θP ) (4.5)

For more information about plane wave scattering at a plane interface refer to
Graff [26].
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Figure 4.3: Schematic illustration of a P-wave scattering at a plane interface.

4.1.3 Energy conservation

Since the implemented linear elastic model is non-dissipative, the total energy as a
function of time must remain constant in the conservative system after the excita-
tion. Therefore, the total mechanical energy is computed. The calculation of the
total energy is used as a feature to validate the FE simulation model.

For a linear elastic 2D continuum, the total potential energy is defined by

Upot =
1

2

∫∫

A

(σxxεxx + σzzεzz + 2σxzεxz)dxdz (4.6)

The equation of the kinetic energy is given by

Ukin =
1

2
ρ

∫∫

A

(u2
x,t + u2

z,t)dxdz (4.7)

The total energy is given by

Utot = Upot + Ukin. (4.8)

60



4.2. Computational setup

4.2 Computational setup

To simulate two dimensional wave propagation, the commercial FE software Abaqus
is used. The numerical specimen with appropriate boundary conditions, load and
discretization is discussed in this chapter.

4.2.1 Numerical specimen

Based on the cross-section bright field image from chapter 3.2 a two dimensional
plane strain model is implemented. The two materials used are aluminum and
tantalum. The numerical sample is shown in Fig.4.4. The saw tooth interface
hereby separates the aluminum from the tantalum.

Aluminum

Tantalum
α

T
H

T

W
T

W R

H
R

WL

Figure 4.4: Numerical sample considered for the numerical investigation with its
geometrical parameters. The excitation pressure load is induced at the
lower aluminum boundary.

For processing reasons the height HR is chosen, so that the incoming wave does
not interfere with the waves reflected from the upper boundary. The width WR is
several magnitudes larger than the wavelength and in this way avoids excessive wave
interaction with the lateral boundaries. A single saw tooth is fully defined with two
of the three parameters HT , WT and αT .

In general a free boundary condition σboundary = 0 is implemented. The load is
introduced in the middle of the lower aluminum side over a width WL. The width
WL is a factor ten larger than the induced wavelength of the excitation. With this
ratio, plane wave theory can be assumed.
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4.2.2 Excitation stress signal

The boundary condition at the load area is zero stress except during the excitation.
The excitation signal σexc(t) = σ0L sin(2πfexc t) causes a wave which propagates in
z-direction mainly causing a sinusoidal P-wave with frequency fexc and two peri-
ods Np = 2. To avoid high frequency waves the excitation stress signal σexc(t) is
multiplied with two rectangular Hanning windows in space and time respectively.
The rectangular Hanning window is composed of a rectangular signal whose edges
are rounded at each end with a half Hanning window of width equal to 1/20 of the
corresponding total length. The excitation stress signal σexc(t) is plotted in the left
of Fig.4.5. Its corresponding power spectrum is plotted in the right of Fig.4.5.
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Figure 4.5: Left: Excitation stress signal σexc(t) with the rectangular Hanning win-
dow (red). Right: Energy spectrum of the excitation signal. fexc = 50
GHz, σ0L = 10 N/m2.

4.2.3 Discretization

After defining the geometry of the numerical sample and having set the boundary
conditions, the discretization can be established. To this end the element type and
element size ∆x, ∆z as well as the time step ∆t have to be defined.

4.2.3.1 Stability

As for the one dimensional case in chapter 2, the choice of increments ∆x = ∆z
and ∆t is restricted by Fellinger’s stability condition [25] and given by Eq.(4.9) for
a two dimensional wave propagation problem.

∆t ≤ ∆x√
2cp,max

, (4.9)

where cp,max is the maximum bulk wave velocity present in the simulation.
The finer the spatial discretization of the FE Model is, the more accurate the

results will be. However, given a high spatial resolution the time step ∆t has to be
adapted in order to fulfill Eq.(4.9). A small time step ∆t implies a longer computa-
tion time. A trade off has to be found, whereby the results are sufficiently accurate
and at the same time the computation time is adequate. To find an optimum mesh
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resolution a convergence analysis is performed with a homogeneous two dimensional
plane strain aluminum solid. Leutenegger [38] observed that for finite difference
time domain algorithms a coarse grid involves high numerical dispersion. High nu-
merical dispersion involves inaccuracies in the bulk wave propagation velocity cp,
Leutenegger [38]. A coarse grid used in a standard FDTD algorithm is equivalent
to an FE mesh with a low resolution. In the next chapter the P-wave propagation
velocity cp is computed and compared for different mesh sizes in order to find an
optimum discretization for the commercial FE software.

4.2.3.2 Mesh resolution

The influence of the mesh resolution on the wave propagation velocity cp is analyzed
with a mesh composed of quadrilateral elements of size ∆x = ∆z. According to
Bochud [8] a good starting point is found with

∆x =

√
2

24
λmin ≈ 1

14
λmin. (4.10)

Starting around this value the size of the quadrilateral elements is varied in
Fig.4.6. The time step ∆t is kept constant, so that stability is guaranteed for the
smallest grid. To find an optimum mesh discretization, a homogeneous plane strain
model of aluminum is used with the excitation of Fig.4.5. The material properties
of aluminum are given in Tab.2.4. The other simulation parameters are listed in
Tab.A.2.

The P-wave propagation velocity cp is a material specific constant. Therefore
the P-wave propagation velocity cp is used as a reference in order to calculate the
relative velocity error. The P-wave propagation velocity cp of aluminum is 6362
m/s if the material properties of Tab.2.4 are considered. The numerical P-wave
propagation velocity cp,n can be obtained by considering with the difference in the
arrival times ∆tcp of the acoustic wave at two distinct positions separated with ∆xcp.
The difference in the arrival times ∆tcp is determined by the time difference between
the two maxima of the acoustic pulse at the two positions. The numerical bulk wave
propagation velocity is expressed in Eq.(4.11).

cp,n =
∆xcp

∆tcp
(4.11)

In Fig.4.6 the relative error between the numerical and the theoretical bulk wave
propagation velocity is plotted for different mesh size. The relative error becomes
negligible for ratios greater than ψ = ∆x/λmin = 1/30. Nevertheless a ratio of
ψ = 1/20 still results in sufficient output, with a considerably smaller computational
effort. With a ratio of ψ = 1/20 a relative error of 0.27 % is obtained. Similar results
are found in Huthwaite [29]. The ratio of ψ = ∆x/λmin = 1/20 is chosen for the
simulations presented in this chapter 4.
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Figure 4.6: Relative error between the numerical and the theoretical P-wave prop-
agation velocity as a function of the sampling rate for the minimum
wavelength.

4.2.3.3 Mesh type

Abaqus offers two reasonable element types for the present configuration:

• CPE4R A 4-node bilinear plane strain quadrilateral element

• CPE3 A 3-node linear plane strain triangle.

For geometric reasons and in order to minimize the number of elements a quadri-
lateral mesh is generated in the lower and upper part of the numerical sample. In
the area around the saw tooth interface a triangle mesh is advantageous in terms of
geometry. The used mesh for the numerical sample of Fig.4.4 is shown in Fig.4.7.

The discretization of the interface area consisting of triangular elements has to be
analyzed with respect to accuracy as well. The bulk wave propagation velocity error
is again determined with respect to the theoretical propagation velocity value for
a homogeneous medium of aluminum and a mesh of Fig.4.7. The relative velocity
error using a mixed mesh is 0.8 % and therefore negligible. However it has to be
noted that due to distortion problems of triangular elements encountered within the
commercial FE software Abaqus, the saw tooth can only be meshed for non narrow
apexes (WT > 0.8 HT and HT ≈ λ/3). Otherwise smaller elements have to be used
and the computational effort increases.
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4.2. Computational setup

Figure 4.7: FE-mesh used to compute the stress and displacement field of the wave
scattering phenomena at a saw tooth interface. For the saw tooth region
a mesh with triangle elements is used. The other regions are meshed
with quadrilateral elements.
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4.3 Validation of the commercial FE-software model

Before evaluating the FE simulation model multiple validation processes are con-
ducted. The validation process is done to assure reliable results.

As for the one dimensional case in chapter 2 the energy check is applied. Possible
energy storages are the kinetic Energy Ukin and the potential Energy Upot. Two
validation processes are conducted with the energy. The first is done with respect to
the total energy Utot, the second validation process is done with respect to the energy
distribution of a P-wave scattered at a plane Al-Ta interface. For both validation
process the plane Al-Ta interface is used with the excitation signal of Fig.4.5. The
material properties of tantalum are given in Tab.2.4. The geometrical and numerical
parameters for the simulation used in the validation process are listed in Tab.A.2.

4.3.1 Total energy

Since the only energy source introduced to the system is the load of Fig.4.5, the
total energy Utot of the system remains constant after the excitation. In Fig.4.8 the
normalized total energy shows only weak ripples around t = 150 − 200 ps. The
ripples are numerical artifacts arising during the energy exchange between the Ukin

and Upot when a plane wave is scattered. The ripples don’t have a long term influence
on the calculated total energy Utot. The amplitude of the ripples becomes smaller
with higher mesh resolutions.
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Figure 4.8: Temporal evolution of the energy for a P-wave scattered at a plane inter-
face. Normalized kinetic (red dashed), strain (blue dot dashed) and total
mechanical energy (black) are depicted. The total energy remains con-
stant after the excitation over the simulation time. The modeled system
is conservative. The simulation parameters are listed in the appendix
A.2 with the excitation signal of Fig.4.5.
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4.3. Validation of the commercial FE-software model

4.3.2 Energy distribution

Analyzing the energy distribution within the 2D model gives the transmitted and
reflected energy rate. The ratio of the transmitted and the reflected energy rate
are expressed in Eq.(2.29) and Eq.(2.28), respectively. The configuration of a plane
interface between aluminum and tantalum is analyzed. In order to derive the energy
distribution the energy in the aluminum and tantalum area is recorded. The energy
distribution over time is shown in Fig.4.9. At the beginning the energy is induced
into the aluminum. At the interface the energy distribution corresponds to the
theoretical value given by Eq.(2.28) and Eq.(2.29): erA = 0.36 and etA = 0.64,
respectively.
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Figure 4.9: Energy distribution for a Al-Ta plane interface configuration over time.
The energy is partially transmitted into the tantalum (dot dashed blue)
and partially reflected into the aluminum (dashed red). The total energy
is displayed by the black continuous curve. The simulation parameters
are listed in the appendix A.2 with the excitation signal of Fig.4.5.

With these validation processes and the convergence analysis performed in chap-
ter 4.2.3.2 the confidence in the FE simulation is established. The geometrical
parameters of the saw tooth interface are varied to characterize the frequency de-
pendent wave propagation in chapter 4.4.
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4.4 Numerical results

The aim of this chapter is to characterize the frequency dependent wave propaga-
tion behavior at a saw tooth interface. To this purpose, a description of the wave
scattering process at the saw tooth interface is first discussed. In the second part
of this chapter 4.4 the saw tooth parameters presented in chapter 4.2 are varied in
order to investigate their influences on the scattering process. For all this chapter
4.4 only Al-Ta systems with material properties of Tab.2.4 are considered with the
excitation signal of Fig.4.5 (fexc = 50 GHz, Np = 2, σ0L = 10 N/m2).

4.4.1 Description of the scattering process at the saw tooth
interface

The scattering process occurring due to the saw tooth interface is explained in the
following chapter. For the description of the scattering process a specimen is used
with geometrical and numerical parameters listed in Tab.A.3 and with the excitation
signal of Fig.4.5. This numerical model is chosen so that all scattered waves have
minimal interference. The width WT and the height HT of a single saw tooth are
of the same order of magnitude as the wavelength of the incident acoustic pulse
(WT /λ = 2/3, HT /λ = 1/3).

The transient scattering is illustrated in Fig.4.10 by six snapshots of the Mises
stress σMises =

√
σ2

xx + σ2
zz + 3σ2

xz. The scattering sequence is described hereafter:

• A pressure load is induced on the lower end of the aluminum for two peri-
ods (Fig.4.5). This causes a P-wave (P0) to propagate in positive z-direction
through the aluminum with the velocity cp.

• The single P-wave (P0) cannot satisfy the free boundary condition at the
edge of the excitation, therefore two S-waves (S0) are created. During the
propagation the P-wave (P0) and S-waves (S0) separate because cp > cs. Since
the fraction of the incoming S-wave is considerably lower as compared to the
incoming P-wave, only the effects caused by the incoming P-wave will be
discussed.

• At the saw tooth interface the P-wave (P0) is partially transmitted (Pt,1) and
partially reflected (Pr,1). The main part of the transmitted wave continues
to propagate straight upwards in the same direction as a P-wave (Pt,1). The
remaining part of the transmitted wave is scattered laterally with varying
characteristics (PS). The wave packet (PS) is composed of P-, S- and interface
waves and is investigated in detail in chapter 4.4.1.3. Analogously to the
transmitted wave (Pt,1) the main part of the reflected wave (Pr,1) propagates
backwards, normal to the interface. Two lateral reflected S-waves (Sr) are also
observed.

• Since the P-wave and S-wave packets are propagating with different velocities,
the individual wave packets forming the overall transmitted wave packets (PS)
are identifiable at time t = 560 ps. At the saw tooth interface the incident P-
wave (P0) initiates a transmitted S-wave packet (ST ) and two lateral P-waves

68



4.4. Numerical results

(Pt,L). A kind of interface wave packet (Si) stays in the interface area for some
time before spreading into the surrounding. The overall scattering process
shows a symmetric behavior with respect to the vertical axis. The reflected
part of the P-wave (Pr,1) again reflects at the lower end of the aluminum (Pr,2).
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Figure 4.10: Snapshots of the mises stress magnitude from the scattering of a P-
wave at a saw tooth interface with WT /λ = 2/3 and HT /λ = 1/3. The
excitation signal of Fig.4.5 (fexc = 50 GHz, Np = 2, σ0L = 10 N/m2)
is used. Other geometry and simulation parameters are listed in the
appendix A.2.

70



4.4. Numerical results

4.4.1.1 Energy balance

The energy balance from the scattering of a P-wave at a saw tooth interface is
discussed next. To compute the energy balance the specimen is divided into three
regions: The aluminum, the interface and the tantalum. These three regions are
illustrated in Fig.4.11. The energy balance between these three areas is shown in
Fig.4.12.

Tantalum

Aluminium

Interface

Figure 4.11: Schematic illustration of the three regions where the energy balance is
investigated.

As can be seen in Fig.4.12 the P-wave with the corresponding energy is induced on
the lower side of the aluminum in the first ∆ts = 40 ps. The P-wave then propagates
through the aluminum towards the interface. The entire energy is stored solely in
the aluminum. At t1 = 218 ps the P-wave front reaches the interface. The energy
is continuously transmitted into the interface area. During the wave scattering at
the interface the P-wave is partially reflected back into the aluminum and partially
transmitted into the tantalum. The energy distribution between the aluminum and
tantalum is given in Tab.4.1 at the following times t2 = 258 ps and t3 = 416 ps.

Energy coefficient t2 t3 Plane interface
Reflection er [%] 25 27 36
Transmission et [%] 60 72 64
Energy stored in interface [%] 15 1 0

Table 4.1: Energy transfer ratio of the reference saw tooth model at two different
times t2 and t3 compared with the plane interface configuration made of
aluminum and tantalum.

Even though the main part of the wave has passed the interface at t2 there is
still energy emitted from the interface until t3. Between t2 and t3 energy is trapped
in the saw tooth interface. This phenomenon shall be called partial wave trapping.
Partial wave trapping is also visible in Fig.4.10. An explanation for this partial wave
trapping is that the incoming P-wave undergoes a partial reflection at the interface.
Depending on the scattering location the wave is either reflected back towards the
lower part or it is reflected towards the other side of the saw tooth element. The
front is partially reflected and dependening on the interaction location a fraction is
sent towards the lower part and a fraction is reflected towards the other side of the
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saw tooth element. This wave scattering phenomenon is schematically illustrated in
Fig.4.13.

These multiple reflections result in wave emission from the interface much later
than when the main part of the wave has propagated through the saw tooth interface.
The more energy the interface emits, the less energy propagates back and forth in
the interface and accordingly the ratio of energy stored in the interface goes towards
zero.
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Figure 4.12: Temporal evolution of the energy distribution for a saw tooth interface
configuration over time: Aluminum (dashed red), tantalum (dot-dashed
blue), the interface (green line) and the total energy (black line). While
the P-wave is propagating through the saw tooth interface, the incident
energy is split up between the aluminum, the tantalum and the interface
area. Geometry and simulation parameters are listed in the appendix
A.2.

The energy stored in the interface has mostly passed into the aluminum and the
tantalum at t3. Tab.4.1 shows that in comparison with the plane interface of chapter
4.3.2 the saw tooth interface transmits more energy into the tantalum region. The
phenomenon that a saw tooth interface transmits more energy than a plane interface
can be explained by having a closer look at the wave scattering sequence at the
interface. On the left side of Fig.4.13 an incoming P-wave is scattered according to
the theory discussed in chapter 4.3.2. At this point the energy transfer ratio already
equals the energy transfer ratio of a plane interface configuration. However the
reflected part of the wave hits the other side of the saw tooth resulting in another
interaction with the interface. Again the wave is partially transmitted. Thus the
energy transmission ratio in the saw tooth configuration will always be greater than
in the plane interface configuration. The energy balance of a P-wave scattered at a
saw tooth interface is schematically shown in the right of Fig.4.13.
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Figure 4.13: Energy balance of the wave scattering at a saw tooth interface. In
comparison with a plane interface more energy is transmitted by a saw
tooth interface.

4.4.1.2 Near field effects

In this chapter 4.4.1.2 the saw tooth interface near field wave scattering phenomenon
is discussed. The saw tooth interface consists of multiple aluminum and tantalum
tips. These tips are distributed alternatively. In each of these single tips the incident
P-wave front will interfere with the boundary of these tips. These interferences lead
to a stress focusing effect. This stress focusing effect is explained next.

As will be shown in chapter 4.4.2.2 the height of the saw tooth has a significant
influence on the magnitude of the saw tooth interaction effects. In order to treat
the stress focusing effect in the saw tooth interface near field domain, the saw tooth
dimensions are changed to WT = λ and HT = 2/3 λ because the focusing effects get
stronger. Fig.4.14 shows two snapshots of the Mises stress at time tn,1 and tn,2 of
the near field effects at the sawtooth interface.

When the P-wave reaches the saw tooth interface the wave scattering phenomena
first occur at the lower apexes. Along the aluminum-tantalum boundary of the tip
the incident P-wave in aluminum is continuously refracted into the tantalum. The
refracted waves of the opposite boundaries are interfering with each other. The
interference between these two waves leads to destructive and constructive inter-
ferences. The constructive interferences are identifiable through high amplitudes of
the von Mises stress component. At tn,1 the maximum stress amplitudes Mn,1 are
aligned with the lower saw tooth apexes.

At tn,2 the maximum stress amplitudes Mn,2 have shifted to the upper apexes
of the saw tooth. Each single refracted wave is interfering with refracted waves of
neighboring aluminum tips.
The transmitted wave front is spatially dependent. Since each wave propagates
through the material over time the interference pattern changes in time as well.
The near field focusing effect is schematically illustrated in Fig.4.15.
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a) t n,1 = 108 ps

b) t n,2 = 148 ps

Mn,1

Mn,2

Figure 4.14: Snapshots of the Mises stress magnitude from the near field scattering
of a P-wave at a saw tooth interface with WT = λ and HT = 2/3 λ at
two different times tn,1 and tn,2. The constructive interferences at tn,1

are aligned with the lower apexes. At tn,2 constructive interferences
are aligned with the upper apexes. Other geometry and simulation
parameters are listed in appendix A.2.

After the waves have propagated further, they leave the interference dominated by
the near field of the interface. The focusing effect fades out more and more leading
to a plane wave front with constant amplitude. Further wave focusing effects in
tip geometries are observed and explained in detail by Bochud [8], Bryner [15] and
Profunser [46].
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tn,1 tn,2

Mn,1

Mn,2

t<tn,1

Figure 4.15: Illustration of the wave scattering phenomena in the near field of the
saw tooth interface. Constructive interferences are denoted with red
dots. Where constructive interferences occur the Mises stress magni-
tude is maximal.

4.4.1.3 Lateral waves

In Fig.4.10 the transient scattering of a P-wave at a saw tooth interface is illus-
trated. At the interface the P-wave is partially transmitted and partially reflected.
A remaining part of the induced P-wave is scattered in lateral wave packets with
varying characteristics. In the following the characteristics of these lateral wave
packets are discussed in detail. To investigate these lateral wave packets the same
specimen with HT = 1/3 λ and WT = 2/3 λ is used as in Fig.4.10. Other simulation
parameters are listed in Tab.A.3.
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Figure 4.16: Snapshots of the Mises stress magnitude from the P-wave scattering
at a saw tooth interface with WT = 2/3 λ and HT = 1/3 λ at time
t = 560 ps. Other geometrical and simulation parameters are listed in
appendix A.2.
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In Fig.4.16 the wave scattering at time t = 560 ps is seen for this specimen. The
same labelling is used as in Fig.4.10 but with additional terms. When the incoming
P-wave (P0) reaches the saw tooth interface, the induced P-wave is scattered into
a transmitted (Pt,1), a reflected P-wave (Pr,2) and in lateral wave packets (Pt,L),
(SL,1) and (SL,2). A kind of interface wave (St,i) is observed. Additionally to the
transmitted P-wave (Pt,1) an S-wave (St) propagates collinearly to (Pt,1). P- and
S-wave packets are distinguishable by their specific bulk wave propagation velocity.
However before determining the bulk wave propagation velocities of the individual
wave packets, their propagation direction needs to be characterized. To obtain the
propagation direction the position of the Mises stress magnitude concentration of the
wave packets is recorded at different times (Fig. 4.17). The propagation direction
is given by the straight line interpolating the center of the Mises stress magnitude
concentration.

Figure 4.17: Snapshots of the Mises stress magnitude from the P-wave scattering
at a saw tooth interface with WT = 2/3 λ and HT = 1/3 λ at time
t = 720 ps. Other geometrical and simulation parameters are listed in
appendix A.2. Additionally the Mises stress magnitude concentration
of four wave packets at different times are illustrated. The propagation
direction of each single wave packet is the straight line between the
center of the Mises stress magnitude concentrations.

The bulk wave propagation velocities of the single wave packets are then deter-
mined with two references point on the propagation direction line, as introduced
in chapter 4.2.3.2. The wave types with their labellings are listed in Tab.4.2. In
order to prove the anticipated allocation, the theoretical propagation value is addi-
tionally found. The matching between the simulated velocities and the theoretical

values (cp =
√

λ+2µ
ρ

, cs =
√

µ
ρ
) proves the anticipated allocations in the descrip-

tion discussed above. The type of wave could be investigated from the wavelength
λ (λp = cp

fexc
, λs = cs

fexc
and λp > λs) as well. However characterizing the different

wave packets with their wavelength is a more difficult task due to the numerous wave
interference in tantalum. The material properties considered for the simulation are
taken from Tab.2.3.
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4.4. Numerical results

Wave front Simulated velocity Theoretical velocity Error
[ m/s ] [ m/s ] [ % ]

Transmitted Wave
P wave

Main wave (Pt,1) 4150 4147 0.07
Lateral wave (Pt,L) 4120 4147 -0.65

S wave
Main wave (St) 1980 2042 -3.0
Lateral wave 2100 2042 2.8
(SL,1, SL,2, St,i)

Reflected Wave
P wave

Main wave (Pr,1, Pr,2) 6180 6362 -2.9
S wave

Lateral wave (Sr) 3050 3132 -2.6

Table 4.2: Propagation velocities at a single saw tooth interface with WT = 2/3 λ
and HT = 1//3 λ. Good agreement between computed and theoreti-
cal bulk wave propagation velocities is found. This proves the assumed
allocations of the different wave packets to be correct assumed.

After having allocated the different wave types, the derivation of the lateral prop-
agation angles will make the characterization complete. The propagation angle is
found by measuring various angles θ in Fig.4.16 between the saw tooth interface and
the propagation direction of the reflected and transmitted waves.

The propagation angles of the different lateral wave packets are analyzed using
three different interface configurations:

• First the wave propagation at a single tip interface is analyzed. The basic in-
teraction principles according to theory of chapter 4.1 are verified. Simulation
parameters and dimensions of the single tip interface are found in appendix
A.2.

In Fig.4.18 a P-wave scattering at a single tip interface is seen. The trans-
mitted P-wave behavior after scattering at the single tip interface is discussed
in the following. Three main transmitted P-waves are observed. Firstly, a
P-wave propagating vertically upwards: Pt,1. This wave originates from the
P-wave scattering on the left and right side of the tip at the plane interface.
The wave scattering corresponds to the basic theoretical case of plane inter-
face transmission for a P-wave propagating with an incident angle of θP = 0o.
This P-wave is not refracted but keeps on propagating vertically. Secondly
a P-wave propagating with an angle θP,L1 is identified. This wave originates
from the P-wave scattering along the skewed border of the single tip interface.
It therefore corresponds to the basic theoretical case of a plane interface trans-
mission introduced in Eq.(4.4). θP,L1 amounts to 70o and agree very well to
the theoretical value obtained with Eq.(4.4). A discrepancy of less than 3% is
found. A third lateral P-wave packet propagates with an angle of θP,L2 = 27o.
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Chapter 4. 2-dimensional wave scattering at saw tooth interfaces

Figure 4.18: Snapshots of the Mises stress magnitude from the scattering of a P-
wave at a single tip interface with WT = 2/3 λ and HT = 1/3 λ at time
t = 560 ps. Other geometrical and simulation parameters are listed in
appendix A.2. The calculated propagation angles θP,L1 and θS,L1 agree
very well with the theory in chapter 4.1.

Good agreement with the theory is also found for the laterally transmitted
S-wave SL,1, with an angle θS,L1 = 48o. The propagation angle of the different
wave packets for the single tip interface configurations are listed in Tab.4.3.
The transmitted S-wave St originates along the same principle as the P-wave
packet Pt,1. The SL,2 wave packet may arise from the constructive interfer-
ence between the wave packets SL,1 and St,i. The St,i wave packet propagates
along the interface. This interface wave is investigated in detail in the chapter
4.4.1.1.
The reflected waves are Pr,2, Sr,1 and Sr,2. These propagate vertically. Sr,2

propagates with an angle of 55o. However, the expected propagation angle is
65o. Finally, a Head wave , also known as von Schmidt wave is observed. The
Head wave is denoted by Hr. Theory about the Head wave can be found in
Rose [49].

• In a second step the material interface is described with a single saw tooth
interface as illustrated in the left of Fig.4.19. Simulation parameters and
dimensions of the single saw tooth interface are found in the Tab.A.3. The
characteristics of the lateral waves are similar to the lateral waves of the single
tip interface discussed previously in Fig.4.18. Different propagation angles
are observed for wave packets St,L1, St,L2 and Sr,2. For the transmitted S-
wave packets the propagating angles for the single saw tooth interface are
found to be larger than the ones for the single tip interface. A discrepancy
of approximatively 4o and 12o is found with the wave scattering at a single
tip interface for the transmitted wave packets St,L1, St,L2 respectively. For the
reflected S-wave packets Sr,2 a discrepancy of approximatively 10o is found.
However for the reflected S-wave the propagation angle is smaller than the one
for the single tip interface configuration. Other wave packets show identical
behavior.
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a) Single saw tooth b) Saw tooth

St
Pt,L2

Sr,2

St,L2

Pt,L1

Pr,2

Pt,1
St,L1

St,i

Sr,1

Single S/T Saw tooth

Figure 4.19: Snapshots of the Mises stress magnitude from the scattering of a P-wave
at a single saw tooth and at a saw tooth interface with WT = 2/3 λ
and HT = 1/3 λ at time t = 560 ps. Other geometry and simulation
parameters are listed in appendix A.2. The wave scattering behavior
in both interface configurations are very similar. However, for a saw
tooth interface configuration the lateral wave packets are wider. The
dashed arrows correspond to the wave packets of the single tip interface
configuration.

• In the final step the wave scattering at a single saw tooth is compared with
the saw tooth interface. The comparison between the wave scattering at a
single saw tooth and a saw tooth interface is found in Fig.4.19. The lateral
wave scattering is equivalent in both cases. For a saw tooth interface no
change in the propagation angles is observed with respect to the single saw
tooth interface. However for a saw tooth interface the lateral wave packets are
wider. The lateral wave packets are wider due to the fact that at each single
tooth of the saw tooth interface a wave front is created with propagation angles
according to Tab.4.3. A part of the front originates from the left side of the
incoming wave front and a part originates from the right side of the incoming
wave front. Since both wave front parts propagate with the same velocity

n

r.n = c  p,s. tI r.n = c  p,s. tII 

Figure 4.20: Schematic illustration of the propagation of the transmitted wave front
in tantalum at two different times tI and tII . Due to the superposition
of the each single wave created at each saw tooth, the transmitted wave
fronts at a saw tooth interface are wider than the one with a single saw
tooth. n is the propagation vector, cp,s corresponds to the bulk wave
velocity of the transmitted wave. r is the position vector.
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and angle, they are always on the same horizontal level and stay parallel to
the interface. This phenomenon is schematically illustrated in Fig.4.20. The
superposition of each single propagating wave front induced at each saw tooth
results in a wider wave front. The wider the incoming wave is, the wider the
resulting lateral wave front will be.

Wave front Theory Single tip Single saw tooth Saw tooth
Interface Interface Interface

Transmitted Wave
P wave

Main wave Pt,1 90 90 90 90
Lateral wave Pt,L1 72 70 70 70
Lateral wave Pt,L2 - 27 27 27

S wave
Main wave St 90 90 90 90
Lateral wave St,L1 48 48 60 60
Lateral wave St,L2 - 34 38 38
Interface wave St,i 0 0 0 0

Reflected Wave
P-wave

Main wave Pr,2 90 90 90 90
S-wave

Main wave Sr,1 90 90 90 90
Main wave Sr,2 65 55 45 45

Table 4.3: The propagation angles of the different lateral wave packets for three
different interface configurations. Theoretical propagation angles found
using Eq.(4.4) and Eq.(4.4) are also listed herein. For the saw tooth
interface the propagation angle is smaller than expected.
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4.4.2 Saw tooth parameters variation study

In this chapter the influence of the saw tooth parameters WT , HT and αT on the
energy distribution and the lateral scattering is discussed. The influence of the
saw tooth parameters on the energy distribution or the lateral wave scattering is
analyzed by either varying the width, the height or the scale of the saw tooth while
the other remaining parameters are held constant. The simulation parameters are
found in Tab.A.3 and Tab.A.4. The excitation signal of Fig.4.5 (fexc = 50 GHz,
Np = 2, σ0L = 10 N/m2) is used again for this analysis.

4.4.2.1 Change of width

First the width WT and the angle αT of the saw tooth elements are varied, while
the height HT is held constant. In Fig.4.21 the transmission and reflection ratio
at a saw tooth interface for different saw tooth element widths can be seen. At
WT = 1/4 λ the transmission ratio is the highest at 85%. By increasing the width
of the saw tooth elements more energy is being reflected back into the aluminum and
the transmission ratio decreases significantly. The limit of this decay is the plane
interface configuration. Considering a saw tooth element with an infinitely wide base
the highest reflection ratio would be found. A saw tooth interface composed of a wide
saw tooth element corresponds to a plane interface configuration. The transmission
and reflection ratio for a plane interface is shown as a limit and benchmark in
Fig.4.21. A wide saw tooth causes more reflection than a narrow saw tooth.

Figure 4.21: Energy balance of the wave scattering at a saw tooth interface for saw
tooth interfaces with different widths.

The characteristics of the lateral waves in Fig.4.22 are displayed using Mises
stress for different saw tooth widths. The lateral waves change their characteristics
completely for different saw tooth widths. With narrow saw tooth elements, neither
the transmitted lateral P-waves nor the reflected lateral S-waves are created. In-
stead the transmitted lateral S-wave front is refracted differently and comes out less
densely as compared to the WT = 1/3 λ configuration. Both the refraction and the
front density are due to the higher interface periodicity. On the one hand, higher
periodicity leads to more saw teeth and thus more wave packets being created in
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total. Superposing these wave packets results in dense lateral S-wave packets in the
tantalum. On the other hand, higher periodicity leads to stronger refraction rates,
Every [24]. For details on the relationship of diffraction to periodicity the reader is
referred to Every [24]. Summing up a change in the width of the saw tooth elements
changes the periodicity of the interface and the scattering is affected accordingly.

Figure 4.22: Snapshots of the mises stress magnitude from the scattering of a P-wave
at a saw tooth interface at time t = 560 ps. The width WT of the saw
tooth is varied. Other geometry and simulation parameters are listed
in appendix A.2.

4.4.2.2 Change of height

After varying the saw tooth element widths the influence of the height on the energy
distribution is analyzed. In Fig.4.23 the transmission and reflection ratio at a saw
tooth interface for different saw tooth element heights is seen. At HT = 1/6 λ the
transmission ratio is close to the plane interface transmission ratio. An infinitesi-
mally small height results in a plane interface. The corresponding limit of the plane
interface is shown by the dashed lines. By increasing the height of the saw tooth
element less energy is being reflected back into the aluminum and the transmission
ratio increases significantly. High saw tooth elements cause less reflection than an
interface composed of low saw tooth elements.

In Fig.4.24 the wave propagation after t = 560 ps is shown. The main transmit-
ted P-wave has almost reached the upper edge in the tantalum. The main reflected
P-wave is already travelling upwards, since it has been reflected at the lower edge
already. Comparing the characteristics of the lateral waves shows that the lateral
wave packets are identical. Thus the assumption of lateral scattering due to peri-
odicity of the interface is strengthened. The influence of diffraction due to the skew
crossing is not as dominant as the periodicity-based refraction. The only difference
is found in the strength of the wave fronts. It is seen that the fronts’ stress am-
plitude increases with higher saw tooth elements. This corresponds to the findings
made for the energy distribution: high saw tooth elements cause more energy to be
transmitted. This fact can also be found in the analysis of the lateral waves. The
higher the saw tooth element is, the higher the stress amplitude is and accordingly
more energy is found in the lateral wave as well. The conclusion that the height of
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the saw tooth element increases the transmission rate is therefore confirmed. Addi-
tionally it is seen that the height does not influence lateral wave characteristics such
as the propagation angle.

Figure 4.23: Energy balance of the wave scattering at a saw tooth interface for saw
tooth interfaces with different heights.

With the variation of the saw tooth element height a connection to graded in-
terface is possible. In the saw tooth interface the average material properties is
continuously varied along the height HT as with FGM. The height HT is closely
related to thickness d of the graded interface. The higher the height HT is, or
the thicker the graded interface is, the more energy is transmitted from the short
wavelength part (λ < HT , d).

Figure 4.24: Snapshots of the mises stress magnitude from the scattering of a P-wave
at a saw tooth interface at t = 560ps. The height HT of a single saw
tooth is varied. Other geometry and simulation parameters are listed
in appendix A.2.
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4.4.2.3 Change of scale

By varying the saw tooth element width or height, the saw tooth element angles are
also changed. Therefore, in a last analysis, the influence of the saw tooth element
scale ST is investigated without changing the angle αT of the saw tooth element. For
this analysis the ratio WT /HT =2 is held constant and ST = (WT + HT )/λ is varied.
At ST = 1 the width WT and the height HT amount to 2/3 λ and 1/3 λ, respectively.
Other geometry and simulation parameters are listed in appendix A.2. In Fig.4.25
the transmission and reflection ratio at a saw tooth interface for different saw tooth
element scales is seen. The energy distribution stays approximately at the same
level. Having a smaller saw tooth makes the transmission ratio decrease slightly.
This corresponds to the concept of infinitely small saw tooth elements. Infinitely
small saw tooth elements would correspond to a plane interface. The distribution
values for a plane interface are again shown by the dashed line. Nevertheless the
scale does not have a significant influence on the energy distribution in the examined
orders of magnitude.
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Figure 4.25: Energy balance of the wave scattering at a saw tooth interface for saw
tooth interfaces with different scales.

As seen in Fig.4.26 the characteristics of the lateral waves changed again due to
the change in periodicity.

To sum up, the energy distribution changes with varying height or varying width
but not if both are varied in the same amount. Thus the parameter best describing
the parameter study is the saw tooth angle αT in Fig.4.4. The sharper the saw tooth
is the more energy is being transmitted into the tantalum.
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Figure 4.26: Snapshots of the mises stress magnitude from the scattering of a P-
wave at a saw tooth interface at t = 560ps. The scale of the single saw
tooth is varied. Other geometry and simulation parameters are listed
in appendix A.2.

85



Chapter 4. 2-dimensional wave scattering at saw tooth interfaces

86



5 Solution of the inverse problem

In the previous chapters the frequency dependent wave propagation was studied for a
given gradient function and thickness of the graded film. However, in many practical
situations the gradient function and the thickness of the graded film are unknown
quantities. In this chapter, a numerical method is introduced to characterize these
two quantities with a rapid, contact less and non destructive measuring technique.
To the authors’ knowledge, this is the first time that this technique has been applied
to the solution of the inverse of the problem reported in the other chapters. Here,
the experimental reflection data are known and, by an optimization process, the
numerical algorithm attempts to recover the parameter of the gradient function and
the thickness of the graded film.

5.1 Basic principles and applications

In the first step, the measurement of the reflectance change ∆R(t) is determined on
a FGM specimen. ∆R(t) is obtained with the laserbased ultrasound technique pre-
sented in chapter 3.1. Using the measured reflectance change, the reflection energy
coefficient er,m(f) is determined via the signal post processing method described in
chapter 3.3.2. In the second step, the reflection energy coefficient er(f) is calculated
with a numerical algorithm for an estimated interface. The reflection energy coeffi-
cient of the numerical model is then compared with the experimentally determined
reflection energy coefficient er,m(f). Initially, the reflection energy coefficient of the
numerical model will not be accurate enough to exactly produce the experimentally
measured reflection energy coefficient. To minimize the squared difference in the
two reflection energy coefficients the gradient parameters in the numerical model
are varied. This is facilitated by using the numerical optimization function, fmin-
search, found in Matlab. The fminsearch function employs a Nelder-Mead simplex
algorithm to find a local minimum for a given function and for an initial estimate.
The Nelder-Mead simplex algorithm is a direct search method that does not use nu-
merical or analytic gradients. For more information about the Nelder-Mead simplex
algorithm the reader is refered to Lagarias [35].

5.1.1 Kernel of the algorithm

The broadband bulk wave propagation in a FGM system at normal incidence is
interpreted as illustrated in Fig.5.1. The reflected signals are recorded at the free
surface. As demonstrated in chapter 2.1 the wave propagation in FGM is frequency
dependent. The frequency dependent wave propagation can be observed with the
reflection energy coefficient. The optimization technique requires repetitive calcu-
lation of the reflection energy coefficient. To avoid heavy computational cost, the
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method used to determine the reflection energy coefficient must be efficient. A
rapid and accurate semi-analytical method to calculate the reflection energy coeffi-
cient is obtained with the transfer matrix method. The transfer matrix method was
explained briefly in chapter 2.2.4. Hereafter the main mathematical components
describing the transfer matrix method are repeated.

Homogeneous HomogeneousFGM

d

x
Substrate

Figure 5.1: Simulated structure used to calculate the energy reflection coefficient
with the transfer matrix method. The FGM is placed between two homo-
geneous media. The wave propagation in the substrate is not considered.

With the transfer matrix method the variation of the acoustic properties over
the transition length is discretized in successive NL homogeneous layers of constant
width aL. Between these successive homogeneous layers only abrupt discontinuities
are considered. For each homogeneous layer the wave propagation problem for
an elastic medium is solved in the Fourier domain. The solution of this problem
is obtained by a product of the discontinuity and propagation matrices for each
single homogeneous layer, Cretu [22]. The discontinuity matrix D is related to the
continuity of stress and displacement at the interface between two media.

D(Zj+1, Zj) =
1

2

(
1/d1,j d2,j/d1,j

d2,j/d1,j 1/d1,j

)
(5.1)

where j refers to the homogeneous layer and d1,j and d2,j are given by

d1,j =
Zj

Zj + Zj+1

d2,j =
Zj − Zj+1

Zj + Zj+1

(5.2)

The propagation matrix P is taking into account the wave phase alteration due
to the wave propagation in a homogeneous layer of thickness aL,

P (kj, aL) =

(
e−ikjaL 0

0 eikjaL

)
(5.3)

where kj = 2πf/cp,j is the wave number.
When the considered specimen consists of viscoelastic materials, the wave attenua-
tion needs to be considered. To consider the wave attenuation the wave number kj

in the P (kj, aL) matrix is complex and given by

k∗j =
2πf

cp,j

+ iαj(f) (5.4)
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where αj(f) is the wave attenuation. The wave attenuation is not only given for
a single frequency, but for the frequency range of interest. The wave attenuation
for the bordering homogeneous materials must be determined separately in earlier
steps. The characterization of the attenuation parameters for a viscoelastic thin film
is explained in detail by Bryner [13]. However, in this work only elastic wave prop-
agation in FGM is considered. Therefore only the bulk wave propagation velocities
of the two materials have to be determined in a previous step.

The general form of the transfer matrix solution is the 2x2 transfer matrix Tm.

Tm = D0(Z0, Z−1)

NL∏
j=1

P (k∗j , aL) ·D(Zj+1, Zj) (5.5)

Out of this transfer matrix components the reflection energy coefficient er(f) is
determined.

er(f) =
|Tm(2, 1)|2
|Tm(1, 1)|2 (5.6)

To fit the reflection energy coefficient er(f), calculated with the transfer ma-
trix method, to the experimentally determined reflection energy coefficient er,m(f),
the gradient parameters are parametrized and varied. The spatial variation of the
mechanical properties in an Al-Ta graded specimen, with unknown gradient char-
acteristics, is described by

ρ(x) = (ρAl + (ρTa − ρAl) · Fp(x/d)) (5.7)

λ(x) = (λAl + (λTa − λAl) · Fp(x/d)) (5.8)

µ(x) = (µAl + (µTa − µAl) · Fp(x/d)) (5.9)

where

Fp(x/d) = p1(
x

d
)Np + p2(

x

d
)Np−1 + . . . + pNp(

x

d
) + pNp+1 (5.10)

For the numerical implementation the space increment is defined as aL (xi = i ·aL

for i = 0, . . . , NL). The FGM layer is fully described with the gradient parameters
listed in Tab.5.1.

d Thickness of graded layer
Np Degree of the polynomial
p1 . . . pNp+1 Coefficients in descending powers of the polynomial

Table 5.1: Gradient parameters which fully describe the gradient characteristics of
a FGM layer.

The goal of the numerical optimization process is to vary the gradient parameters
ξ = (p1, p2, . . . , pNp+1, d) listed in Tab.5.1 in order to minimize the error between
simulated and measured reflection coefficients. However Np is not an adjustable
parameter in the fitting procedure, it is a number which is chosen by the user before
starting the optimization procedure. Therefore there are only Np+1 free parameters
altogether with two constraints on the p’s, namely pNp+1=0 and

∑
i pi = 1, so that

Fp(0) = 0 and Fp(1) = 1, respectively.
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5.1.2 Structure of the algorithm

The numerical optimization algorithm can conceptually be broken into six blocks
with the related data flows, depicted in Fig.5.2 and will now be described.

• In the main block the material properties of the two homogeneous media placed
on the left and right of the FGM are defined. The frequency resolution is set
to accurately and precisely reproduce the frequency range of interest. The fre-
quency dependent measured reflection energy coefficient er,m(f) is also loaded.
The energy reflection coefficient er,m(f) is the value to fit. Before launching
the optimization process the initial estimates of the gradient parameters are
determined. The initial estimates are listed in the array ξe,0 given by

ξe,0 =
(

p̃1,0 p̃2,0 . . . p̃Np,0 d0

)
. (5.11)

Coefficients in descending powers of the polynomial p̃1,0, p̃2,0, . . . p̃Np,0 are set
to one in the array ξe,0. p̃Np+1,0 equals and remains zero during the compu-
tation in order to satisfy the first constrain (Fp(0) = 0). The degree of the
polynomial is also defined in this main block. The number of unknowns to
be determined is directly correlated to the degree of the polynomial. With
high number of unknowns the computational effort to solve the optimization
problem increases.

• In the optimization kernel, KERNELopt, the options of the fminsearch func-
tion are chosen. The list of possible options is discussed in [1]. Possible options
are, amongst others, the maximal number of iteration steps and the tolerated
accuracy. The fminsearch function is then started. Inputs to the fminsearch
function are the error function to minimize Ψ(ξe), the array ξe,0 and the chosen
options.

• The error function to minimize is formed in the COREsearch block. First the
numerical energy reflection coefficients are obtained with the transfer matrix
method. The transfer matrix computation is achieved in the KERNELtransfer.
For an explanation of the transfer matrix computation refer to chapter 5.1.1.
The polynomial function which describes the gradient function is obtained
with the existing Matlab function polyval. The polyval function returns the
value of a polynomial Q of degree Np evaluated at a position xi/d. The input
arguments of the polyval function are coefficients in descending powers of the
polynomial to be evaluated (p̃1, p̃2, . . . p̃Np) and the location xi/d where the
polynomial is evaluated. To assure that the amplitude of the gradient function
Fp(xi/d) reaches unity at xi/d = 1, the output of the polyval function Q(xi/d)
is normalized with its value at xi/d = 1. The former description is given by
Eq.(5.12).

Fp(xi/d) =
Q(xi/d)

Q(xi/d = 1)
(5.12)

Secondly the error between simulated and measured reflection coefficients is
calculated in the ERRexpsim block. This error can be described by a root-
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mean-square residual error function

Ψ(ξe) =

√∑Fs
k=1(er(fk, ξ)− er,m(fk))2

Fs

(5.13)

where Fs represents the number of the discrete frequency fk where the energy
reflection coefficients are evaluated.

The output of the numerical optimization algorithm is the array ξe. ξe contains the
gradient parameters that fully describe the FGM film.

Figure 5.2: Schematic representation of the numerical optimization algorithm.
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5.2 Verification of the method using numerical data

To validate the numerical optimization algorithm, the whole procedure is simulated.
Accordingly, the first step, which consists of measuring the reflectance change ∆R(t)
at the free surface of the specimen, is performed by a simulation as well, instead of a
laserbased experiment. The numerical optimization is performed using the standard
procedure explained in chapter 5.1.2.

This verification procedure allows the user to check the conceptual fit and the ap-
plicability of the numerical optimization algorithm. Thanks to the simulation of the
reflectance change with the elastic simulation explained in chapter 3.1.3, uncertain-
ties and errors encountered during the experiment can be eliminated. Advantages
of this procedure are listed as follows:

• The spatial variation of the material properties and the thickness of the tran-
sition layer are known in detail due to their exact definition in the elastic
solution.

• In the graded layer, no crystalline structures are present. A continuous mate-
rial gradient is assured.

• Errors resulting from the thermal subtraction of the measured reflectance
change are avoided. In the elastic simulation only the contribution of the
acoustic effects on the reflectance change are considered. This assures that
the windowed signal only contains acoustic information, which corresponds to
the results of the transfer matrix method.

• The recorded reflectance change is free of noise, since no measuring equipment
is used.

For the verification procedure the Al-Ta FGM specimen (specimen 3) is imple-
mented in the thermomechanical algorithm presented in chapter 3. The material
properties of Al- and Ta-film are listed in Tab.3.4. The gradient thickness is set to
50 nm and the gradient function is assumed to be linear (F (x/d) = (x/d)). The
homogeneous layer thickness aL is set to 70 pm. The frequency range of interest is
chosen between 20 and 125 GHz.

For the numerical optimization algorithm the degree of the polynomial is set to
Np = 2. The initial length d0 is set to 50 nm. The polynomial coefficients p̃1,0 and
p̃2,0 are set to one.

The reflection energy coefficient obtained with the thermomechanical algorithm
and with the numerical optimization algorithm are plotted in Fig.5.3. Good agree-
ment between these two energy reflection coefficients is found. The found thickness
of the graded layer amounts to 60.5 nm. This value deviates only about 0.6 % from
the theoretical one.

Very good matching between the results of the fitting algorithm and the numerical
gradient function is also observed in Fig.5.3.
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Figure 5.3: Left : Reflection energy coefficient obtained with the optimization algo-
rithm and compared with the numerical value. Right : Result of a in-
depth profiling of a numerical sample with the optimization algorithm.
Very good agreement is found between the results of the fitting algorithm
and the effective material shape function. The numerical parameters for
the optimization algorithm are set as follows: Np = 2, d0 = 50 nm.

5.3 Verification of the method using experimental
data

To verify the numerical optimization algorithm with a measured reflectance change,
the specimen 3 of chapter 3.3.2 is used. For the numerical optimization algorithm
the material properties of aluminum and tantalum are chosen from the Tab.3.4, the
degree of the polynomial is set to Np = 3. The initial length d0 is set to 60 nm. The
homogeneous layer thickness aL is set to 70 pm. The frequency range of interest is
chosen between 15 and 75 GHz. The polynomial coefficients p1,0, p2,0 and p3,0 are
set to one. For higher values of Np it is observed that the gradient parameters are
not reliable anymore. The reflection energy coefficients obtained with the laserbased
experiment and with the numerical optimization algorithm are plotted in Fig.5.4.
Good agreement has been found between these two reflection energy coefficients.
As mentioned in chapter 3.3, the undulatory effect could arise from discontinuities
in the material shape function in the graded layer. Brekhovskikh [9] suggests that
such sinusoids are indicative of an interference pattern set up within the interface
layer which my inhibit either sound transmission or reflection at a given frequency.
However, material discontinuities are not considered in the polynomial function.
The thickness of the graded layer has been found to be 77 nm, a value that deviates
about 28 % from the value found with the RBS destructive characterization method.
Good matching between the numerical solution and the RBS in-depth measurement
is also observed for the gradient function. The experimental and numerical gradient
functions are plotted in Fig.5.4.
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Figure 5.4: Left : Reflection energy coefficient obtained with the optimization algo-
rithm (blue dashed) and compared with the experimental data (red).
Right : Result of the in-depth profiling of specimen 3 with the optimiza-
tion algorithm. In both graphics the black dotted line refers to the
starting values of the optimization algorithm. Good agreement is found
between the numerical solution (blue dashed) and the material shape
function defined with RBS measurements (red). The numerical param-
eters for the optimization algorithm are set as follows: Np = 3, d0 = 60
nm.
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6 Conclusions and outlook

6.1 MSS-algorithm

A new algorithm has been implemented to quantify wave scattering phenomena at
graded interfaces. This algorithm is based on a finite differences scheme and has
been implemented using the “magic spatial-step” condition. Very good agreement
between numerical and analytical solutions has been found for a gradient which can
be solved analytically. The algorithm implemented with the “magic spatial-step”
condition improved the computational efficiency by a factor of 13 over that achieved
by the standard computation. This new algorithm permits the analysis of arbitrary
gradients in a very short simulation time. Using a post processing evaluation tech-
nique, the spectral transmission of an incident frequency broad band pulse can be
calculated. It was observed that graded media have a filter effect on a signal, the
short wavelengths (λ ¿ d) being transmitted and the long ones (λ À d) partially
reflected. Furthermore it has been demonstrated that the acoustic impedance vari-
ation in FGM with discretized successive homogeneous layers results in an identical
frequency response to that found with an analytical solution based on a continuously
varying acoustic impedance.
The reflection and transmission energy coefficients are also found to be indepen-
dent of the wave propagation direction. This same behavior is observed for abrupt
interfaces.

6.2 Experimental results

To allow the experimental study of frequency dependent wave propagation in graded
interface, graded Al/Ta films were prepared using magnetron sputtering. A 40nm
Al/Ta graded structure is characterized with destructive methods. The composi-
tion and morphology of the graded film are characterized by RBS and TEM/SEM.
These measurement techniques have shown that the Al/Ta film has a well-formed
structure. A material gradient was clearly achieved. In the graded interface crys-
tallite structures have been found. An undulary interface between the layers is
observed, possibly due to the fluctuation of the sputtering. Moreover the graded
interface shows a columnar structure with alternating rich regions of aluminum and
tantalum.

The frequency dependent wave propagation has been characterized with a pump
probe laser setup. For the pump probe laser measurements a 60 nm Al/Ta graded
structure was used. The analytical, numerical and experimental results clearly
showed a filter effect. Nearly all the energy is transmitted for the short wave-
length part, while the long wavelengths are partially reflected. Good agreement
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has been obtained between simulated and analytical solutions. The finite difference
algorithm used for better interpretation of the ultrasonic measurements is thus val-
idated. Some discrepancy has been observed between numerical and experimental
transfer functions. This inaccuracy may be due to the inhomogeneous molecular
structures in the graded layer. In this work thick specimens are used to avoid over-
lapping of the acoustic echoes. The mechanical pulse travel distance is long for thick
specimens and attenuation of the acoustic wave pulse is observed, Bryner [13]. Con-
sequently, a viscoelastic model is implemented in Bryner [13], thus incorporating the
mechanical wave attenuation. Christensen [20] gives a detailed description of the
viscoelastic model used by Bryner [13]. To enhance the accuracy of the analytical
and numerical model the wave attenuation associated with the viscoelastic model of
Bryner [13] should be considered. Using thinner specimens reduces the viscoelastic
effect. On the other hand acoustic echoes with thin specimens cannot be separated
in the time domain and a pulse non-separation technique should be considered. In
the pulse non separation technique Haines [27], Kinra et al. [32, 33, 34] demon-
strated that measurement of the phase change as a function of frequency may be
used to determine the acoustic properties in thin films. Yao [70] proposed a method
to determine the acoustic properties of a thin linear viscoelastic layer based on the
theory of Brekhovskikh [9].

The experimental part of this work shows the potential of the pump probe laser
setup as a method to characterize the thickness and the gradient function of graded
interfaces in a rapid, non-destructive and non-contact manner. The achievement of
FGM structures at nanoscale and the effect of the frequency dependent wave prop-
agation through FGM demonstrate a potential practical application of these FGM
structures in high frequency filters or semiconductor manufacturing. For example,
the combination of FGM with phononic crystals (PC) can modify the band gaps
obtained with the PC only. The presence of a FGM in PCs can enhance the design
of desired filters. Some preliminary results are shown in Wu [67].

6.3 Plane wave scattering at saw tooth interfaces

In order to investigate the influence of columnar structures found in graded interfaces
on the acoustic wave propagation a two-dimensional finite element simulation was
performed. This two-dimensional elastic wave propagation problem is solved by
using the commercial FE software, Abaqus. For investigative purposes the columnar
structure present in the graded interface is modeled with a saw tooth interface.

The numerical finite element model has been successfully validated using three
different criteria. The first compares the numerical wave velocity of plane waves with
analytical results. The second uses total mechanical energy as long term simulations
show that the energy remains constant after the excitation. It is an indication that
the FE implementation is stable and physically reasonable. The third is based
on the energy distribution of the longitudinal wave at the plane interface. The
energy distribution agrees with the theoretical transmission and reflection energy
rate. With these three validation procedures the FE simulation has demonstrated
reliable results.

To characterize the frequency dependent wave propagation of a longitudinal bulk
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wave scattered, at a saw tooth interface, geometrical parameters of the saw tooth
interface are varied. It has been observed that, a saw tooth interface in general
causes more energy to be transmitted than the plane interface configuration. Corre-
spondingly less energy is being reflected at the saw tooth interface. It has also been
observed that when a P-wave scatters at a saw tooth interface various lateral waves
are created along with the main reflected and main transmitted P-wave. These
lateral waves consist of P- as well as S-waves. Their propagation angle does not
only depend on wave diffraction caused by the different propagation velocities but
also on the influence of the interface periodicity. The periodicity of the interface is
determined by the width variations in the saw tooth elements.

Since experimental investigations have shown that the saw tooth elements in the
graded interface representing the columnar structure are very pointy and the width
of each saw tooth element is narrow with respect to the incoming wavelength, the
transmitted wave energy will be higher as expected.

In the developed finite element model only the acoustic events are considered.
Reliable comparisons between measured reflectance changes can be carried out only
if allowances are made for the temperature distribution induced in the specimen
by laser excitation. In Yuan [71] a finite element method model is developed to
simulate the laser induced thermo elastic generation and propagation of acoustic
waves in layered medium.

A two-dimensional consideration of the acoustic events is also suggested for ex-
periments where the laser’s spot size amounts the same order of magnitude as the
induced acoustic wavelength. Finally, the implementation of a graded interface in
the FEM model would further enhance the understanding of two-dimensional wave
scattering phenomena at FGM and eventually leading to practical applications such
as mechanical lenses.

6.4 Solution of the inverse problem

A new method has been developed to characterize the gradient function and the layer
thickness of a FGM film. This method permits the analysis of arbitrary diffusion
gradients. Very good agreement has been found between the results of the fitting
algorithm and the numerical values when the whole procedure is simulated. When
the comparison is done between the experiment and results from the numerical
optimization algorithm a 28 % inaccuracy in the estimated is observed. A list of
potential inaccuracies and errors is given in chapter 5.2. Combining laserbased
ultrasound measurements, the transfer matrix method and numerical simulations,
done for the first time to the authors’ knowledge, provides a new tool for the fast
NDT of FGM structures.

The developed method is not at all restricted to the NDT characterization of
graded structures described in the present work. It can also be applied to any
structure, as long as the specimen is represented accurately in a numerical simulation
with respect to geometry, boundary conditions and material law. In order to use
this new concept, one must ensure that the simulated structure corresponds to the
experimental sample, including the homogeneity of the graded layer for example.

Another potential application is the rapid, non-destructive characterization of
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thin film attenuation behavior. Thanks to this developed method the more time con-
suming traditional techniques presented for example in Bryner [13] can be avoided.
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A Appendix

A.1 Parameters used for the laserbased simulation

Al film simulated Ta film simulated
Heat capacity 2.39× 106 2.18× 106

of the lattice Cl [J/m3K]
Heat capacity 2.76× 104 2.76× 104

of the electrons Ce [J/m3K]
Thermal conductivity 237 57.5
of the electrons Ke [W/mK]
Electron-phonon 4.35× 1017 4.35× 1017

coupling factor G [W/m3K]
Thermal expansion 23.1× 10−6 6.3× 10−6

coefficient αth [1/K]
Complex refraction 1.30 + 5.75i 1.30 + 5.75i
index n∗

[-]

Table A.1: Al and Ta films simulated in chapter 3.3: Material properties used for
the simulations of the excitation with the two temperature model. The
Al and Ta properties are from Profunser [45]. Ce and G for Ta are not
available. Ce and G for Ta are set equal to the ones for Al.
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A.2 Parameters used for the 2D FEM simulation

Homogeneous Al Al-Ta plane interface
Simulation of Simulation of
chapter 4.2 chapter 4.3

HR 2000 [nm] 2000 [nm]
WR 1600 [nm] 1600 [nm]
WL 920 [nm] ≈ 7λ 920 [nm] ≈ 7 λ
fexc 50 [GHz] 50 [GHz]
λ(= λcp,Al) 130 [nm] 130 [nm]
Np 2 cycles 2 cycles
σ0L 10 [N/m2] 10 [N/m2]

∆t 0.2 [ps] 0.2 [ps]
∆x = ∆z 2 [nm] 2 [nm]

Table A.2: Geometrical and simulation parameters used for the simulation of a P-
wave propagating in a homogeneous medium as well as a simulation of a
P-wave scattering at an plane Al-Ta interface.

Reference model Parameter variation
of chapter 4.4.1 of chapter 4.4.2

HR 4000 [nm] 1650 [nm]
WR 3000 [nm] 1600 [nm]
WL 920 [nm] ≈ 7λ 880 [nm] ≈ 7λ
fexc 50 [GHz] 50 [GHz]
λ(= λcp,Al) 130 [nm] 130 [nm]
Np 2 cycles 2 cycles
σ0L 10 [N/m2] 10 [N/m2]

HT 40 [nm] ≈ 1/3 λ see Tab.A.4
WT 80 [nm] ≈ 2/3 λ see Tab.A.4

∆t 0.2 [ps] 0.2 [ps]
∆x = ∆z 2 [nm] 2 [nm]

Table A.3: Geometrical and simulation parameters used for the simulations of P-
wave scattering at the saw tooth interface.
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A.2. Parameters used for the 2D FEM simulation

Property Units
WT = 1/4 λ WT = 1/3 λ WT = 2/3 λ

WT [nm] 32 40 80
HT [nm] 40 40 40

HT = 1/6 λ HT = 1/3 λ HT = 2/3 λ
WT [nm] 40 40 40
HT [nm] 20 40 80

ST = 0.5 ST = 1 ST = 2
WT [nm] 40 80 160
HT [nm] 20 40 80

Table A.4: Simulation details for the parameter variation study of the saw tooth
interface.
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