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Abstract

The primary goal of this thesis is the analysis of the boundary theory of the c = 0
triplet model and the construction of a bulk theory from the boundary.

Two dimensional conformal field theories are two dimensional quantum field
theories that can be solved exactly because their symmetry algebras are infinite
dimensional. These infinite dimensional symmetry algebras lead to an intricate
mathematical structure and have been the source of a very fruitful cross-fertilisation
between mathematics and physics. The mathematical structure of conformal field
theories is particularly well understood for so called rational conformal field theories.
The representation theory of the symmetry algebras of these theories has a nice de-
scription in terms of finite tensor categories. This description allows one to construct
all consistent conformal field theories that are covariant with respect to these ra-
tional symmetry algebras. Over the last few years there has been increased interest
in a generalisation of rational conformal field theory called logarithmic (rational)
conformal field theory. These logarithmic theories are characterised by the fact that
their correlators can contain logarithmic divergences and that there exist reducible
yet indecomposable representations of the symmetry algebra. These theories are be-
lieved to describe, for example, the thermodynamic limits of critical percolation and
critical polymers. It is however not yet clear how one would go about constructing
the logarithmic conformal field theories corresponding to a general given logarithmic
symmetry algebra. This thesis addresses this problem for the c = 0 triplet algebra.

This text is organised into five chapters. The first chapter is intended as an
informal introduction to (logarithmic) conformal field theory with boundaries and
how bulk theories can be constructed from a boundary theory. The second chapter
contains a detailed analysis of the c = 0 triplet boundary theory. In the third chapter
a proposal is made for a bulk theory that is compatible with the boundary theory of
the second chapter. The fourth chapter generalises some of the results of the second
chapter to an entire family of logarithmic theories called the Wp,q-models. Finally
the fifth chapter contains the conclusions and proposes some future lines of research.
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Zusammenfassung

Das Hauptziel dieser Dissertation ist die Analyse der Randtheorie des c = 0 Triplet-
modells und die Konstruktion einer Bulktheorie aus dieser Randtheorie.

Zweidimensionale konforme Feldtheorien sind zweidimensionale Quantenfeldtheo-
rien die exakt gelöst werden können, da ihre Symmetriealgebren unendlich dimen-
sional sind. Diese unendlich dimensionalen Symmetriealgebren sind die Quellen kom-
plexer mathematischer Strukturen und führten zu sehr fruchtbaren Kollaborationen
zwischen der Mathematik und der Physik. Die mathematischen Strukturen der
konformen Feldtheorie sind für die so genannten rationalen konformen Feldtheo-
rien besonders gut erforscht. Die Darstellungstheorie der Symmetriealgebren dieser
Theorien besitzt eine elegante Beschreibung in der Sprache der endlichen Tensor-
kategorien. Diese Beschreibung erlaubt es alle konsistenten konformen Feldtheorien,
welche kovariant sind bezüglich diesen Symmetriealgebren, zu konstruieren. In den
letzten Jahren hat das Interesse an einer Verallgemeinerung der rationalen konfor-
men Feldtheorie, die logarithmisch (rationale) konforme Feldtheorie genannt wird,
zugenommen. Diese logarithmischen Theorien werden dadurch charakterisiert, dass
ihre Korrelatoren logarithmische Divergenzen enthalten können und dass reduzible
aber nicht-zerlegbare Darstellungen der Symmetriealgebra existieren. Zum Beispiel
glaubt man, dass diese Theorien kritische Perkolation und kritische Polymere be-
schreiben. Es ist jedoch noch nicht bekannt wie man eine logarithmische konforme
Feldtheorie, die zu einer gegebenen allgemeinen Symmetriealgebra gehört, konstru-
iert. Diese Dissertation stellt sich dieser Fragestellung für die c = 0 Tripletalgebra.

Diese Arbeit ist in fünf Kapitel unterteilt. Das erste Kapitel ist gedacht als infor-
melle Einleitung in die (logarithmische) konforme Feldtheorie mit Rändern und wie
man die Bulktheorie, die zu einer Randtheorie gehört, konstruiert. Das zweite Kapi-
tel enthält eine detaillierte Analyse der c = 0 Tripletrandtheorie. Im dritten Kapitel
wird ein Vorschlag für eine Bulktheorie, die mit der Randtheorie des zweiten Ka-
pitels kompatibel ist, gemacht. Das vierte Kapitel verallgemeinert einige Resultate
aus dem zweiten Kapitel für eine ganze Familie von logarithmischen Theorien die die
Wp,q-Modelle genannte werden. Das fünfte Kapitel enthält die Schlussfolgerungen
dieser Arbeit und einige Vorschläge für weiterführende Forschungsarbeiten.
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Introduction

Quantum field theory is a set of methods used to understand systems classically
described by field theories (i.e. systems with infinitely many degrees of freedom) in
a genuinely quantum mechanical fashion. Central to these methods is the concept
of symmetry. Be it lattice symmetries in condensed matter physics or Lorentz and
gauge symmetry in particle physics, symmetries are crucial in helping us understand
and solve quantum field theories. Arguably the most impressive such symmetry is
conformal symmetry in two dimensions, because it allows one to solve these theories
exactly. Conformal field theories are quantum field theories that are invariant under
conformal transformations, i.e. transformations that preserve angles but not neces-
sarily lengths. They crop up in a number of different areas of both mathematics and
physics.

They were first discovered in the context of statistical mechanics. For certain
values of the thermodynamical variables statistical systems exhibit second order
phase transitions, leading to divergent correlation lengths of physical quantities –
such as the magnetisation or the susceptibility. The system then becomes scale in-
dependent and thus admits a description by a conformal field theory. A remarkable
phenomenon is that a number of seemingly unrelated microscopic theories are de-
scribed by the same conformal field theory at criticality. This phenomenon is known
as universality. It therefore seems natural to try and classify all conformal field
theories, since one would then know all universality classes such phase transitions
could fall into. This hope is perhaps a little over ambitious in full generality, but
for unitary theories for example – for which a certain parameter c called the central
charge is less than 1 – this has been done [1, 2, 3].

Conformal field theories also play an important role in string theory, to date
the most promising candidate for a unified theory of all fundamental forces. The
Polyakov action – describing the dynamics of fields on the string world sheet – is
conformally invariant. The geometry of the space-time the world sheet is embed-
ded into strongly influences the properties of the arising conformal field theory and
solving the conformal field theories arising from arbitrary curved space times is still
an open problem. The fortunate exception is given by the special cases where the
space-time can be equipped with a Lie group structure, then the resulting conformal
field theory is a Wess-Zumino-Witten-model [4, 5]. In open string theory – where the
end points of strings are confined to hypersurfaces called Dirichlet-branes – one is led
quite naturally to considering conformal field theories on surfaces with boundaries.
Classifying all boundary conditions compatible with conformal symmetry, then also
classifies all admissible Dirichlet-brane configurations.

In mathematics conformal field theory has lead to the discovery of deep connec-
tions between Lie theory, finite groups and automorphic forms through monstrous
moonshine [6]. Conformal field theory also has connections to topological field the-
ory on three-manifolds [7, 8]. Perhaps of greatest interest to the mathematical
community are the rational conformal field theories. These rational theories admit
a description in terms of finite tensor categories and thus provide a powerful set of
tools for understanding large classes of conformal field theories such as the minimal
models and the WZW-models. The unitary theories mentioned above with central
charge less than 1 belong to this class of theories.

Recently there has been considerable interest in an area of conformal field theory
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called logarithmic conformal field theory [9], a generalisation of rational conformal
field theory. Logarithmic conformal field theory is characterised by the appearance
of logarithmic divergences in the correlation functions of the theory. Prime examples
of such theories are systems with quenched disorder [10] that include, among others,
percolation [11, 12, 13, 14, 15, 16, 17] and polymers [18, 19, 20, 21].

This thesis is primarily concerned with analysing a family of rational logarithmic
theories called the Wp,q-models. These logarithmic Wp,q-models are extensions of
the much celebrated rational minimal models. In particular the W2,3-model will
be studied intensively. We start with an introduction to conformal field theory in
Chapter 1. Most of the topics discussed in this chapter can be found in text books
and review articles. In Chapter 2 we explore the boundary theory of theW2,3-model.
We discuss the representation content of the W2,3-model, determine the fusion rules
and show that there is a finite set containing all irreducible representations on which
the fusion rules close. In Chapter 3 we propose a W2,3 bulk theory for the Cardy
case. This bulk theory is then subjected to a number of non-trivial consistency
checks. In Chapter 4 some of the results of Chapter 2 – particularly the fusion rules
– are generalised to theWp,q models. Finally in Chapter 5 the results of the previous
chapters are discussed and future lines of research are proposed. Some of the more
technical results as well as some diagrams have been relegated to the appendices.

The results of Chapters 2 and 3 were produced in collaboration with M. R. Gab-
erdiel and I. Runkel and are published in [22, 23]. The results of Chapter 4 can be
found in [24].
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Chapter 1

A Brief Introduction to Conformal
Field Theory

1.1 Overview

Conformal field theory is a very active area of research and essentially three ap-
proaches have emerged since it was first pioneered in [25]. One approach uses func-
tional analytic methods together with techniques from algebraic quantum field the-
ory [26, 27, 28] another approach is geometric and inspired by string theory [29, 30]
and finally there is also an algebraic approach [31, 32, 33, 34], which is the approach
we will largely be favouring in this thesis. There are many comprehensive intro-
ductions to conformal field theory available – see [35, 36, 37, 38, 39] for example.
These introductory texts however make little mention of logarithmic conformal field
theory. Detailed introductions to logarithmic conformal field theory can however be
found in the slightly more advanced texts [40, 41]. With all this literature available
it is therefore beyond the scope of this thesis to serve as an introduction from scratch
to conformal field theory. Rather the purpose of this chapter is to give an informal
overview of the areas of conformal field theory relevant to the ensuing chapters,
summarise important results while mentioning the appropriate references and fixing
notation.

This introductory chapter is organised as follows. In section 1.2 we will first
discuss our notation regarding functions on the complex plane, followed by an ex-
planation of what conformal transformations are and how they relate to complex
analysis in 2 dimensions. For the remainder of the section we will then discuss the
features of conformal field theories and how one extracts the ‘building blocks’ of a
conformal field theory from some given consistent theory. In section 1.3 we will then
introduce conformal field theories on spaces with boundaries and review a method
by which one can construct the full conformal field theory from the boundary theory.
We will then end this introductory chapter with section 1.4 by reviewing the c = −2
triplet model, arguably the best understood logarithmic conformal field theory. The
c = −2 triplet model will then serve as a guiding principle in the following chapters.

3



1.2 Two Dimensional Conformal Field Theory

1.2.1 Conventions

Throughout this thesis we will be mainly working on the complex plane C, subsets
of C or the Riemann sphere P. Complex coordinates will be denoted by z or w and
Cartesian coordinates by

z = x+ iy w = u+ iv . (1.2.1)

Complex conjugation will be denoted by an asterisk, i.e. z∗ = x− iy. When writing
z̄ we mean a variable formally independent of z that will eventually be set to z∗.
Any smooth function of the Cartesian coordinates h(x, y) can then be written as
a function H(z, z̄) of z and z̄ by replacing x = (z + z̄)/2 and y = (z − z̄)/2i. For
any fixed value of z̄ we may then interpret H(z, z̄) as – a possibly multi-valued –
holomorphic function of z and vice versa. For example if

h(x, y) =
√
x2 + y2 , (1.2.2)

then as a function of z and z̄ we have

H(z, z̄) =
√
zz̄ , (1.2.3)

which for fixed z̄ is double valued as one circles the origin, despite the fact that h(x, y)
is single valued. The Cartesian variables of a function f on the complex plane – that
is genuinely holomorphic – will then combine in such a way that there will be no z̄
dependence and we will just write f(z). Analogously an anti-holomorphic function
g has no z dependence and we will write g(z̄).

1.2.2 Conformal Transformations

Before attempting to understand conformal field theory, we will first take a look
at conformal transformations. Conformal transformations are transformations that
preserve angles but not lengths, i.e. unlike isometries they may change the metric of
a space, but only by rescaling the metric by some arbitrary function. For example, if
we have some manifold M with (pseudo) Riemannian metric gµ,ν(p) and a conformal
transformation p 7→ p′, then the metric will transform as

gµ,ν 7→ g′µ,ν(p′) = λ(p)gµ,ν(p) , (1.2.4)

where λ(p) is called the conformal factor.
In two dimensions – for M = R2 the Euclidean plane or M = R1,1 the two dimen-

sional Minkowski space – (1.2.4) leads to interesting restrictions for conformal trans-
formations. For Cartesian coordinates (x, y) ∈ R2 (1.2.4) reduces to the Cauchy-
Riemann equations of complex analysis, i.e. if one identifies R2 with the complex
plane C, then the group of all conformal transformations is isomorphic to the group
of invertible holomorphic functions on C. The same is also true for M = R1,1, if
instead of the Cartesian coordinates (x0, x1) ∈ R1,1 one considers light cone coordin-
ates x± = (x0 ± x1)/2. We will therefore just restrict ourselves to the Euclidean
case.
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Aside from the finite dimensional group of conformal transformations one can
also consider the algebra of local transformations. A local transformation in the
coordinate z then takes the form

z 7→ z + εf(z) +O(ε2) . (1.2.5)

Expanding equation (1.2.4) to first order in ε then implies that f(z) satisfies the
Cauchy-Riemann equations, but need not be invertible, i.e. f(z) is a holomorphic
function. In dimensions three and greater the algebra of local conformal transform-
ations has the same dimension as the conformal group, in two dimensions however
the algebra is infinite dimensional because there are infinitely many independent
holomorphic functions.

We will now take a closer look at the group of conformal transformations. To
avoid issues of convergence one normally defines conformal field theories on compact
surfaces – we will only be considering closed surfaces here and defer surfaces with
boundaries to section 1.3. The simplest two closed surfaces are the Riemann sphere
and the torus. In the following we will first start with the sphere, before considering
the torus in the section on modular invariance. The group of global conformal
transformations of the Riemann sphere P = C ∪ {∞} is given by the group of
Möbius transformations

z 7→ az + b

cz + d
, (1.2.6)

where a, b, c, d ∈ C and ad − bc = 1. We therefore have an action of the Lie group
SL(2,C) of complex two by two matrices with unit determinant

A =

(
a b

c d

)
: z 7→ az + b

cz + d
. (1.2.7)

Note the for A ∈ SL(2,C) both A and −A define the same transformation. There-
fore the group of global conformal transformations is isomorphic to PSL(2,C) =
SL(2,C)/{±1}.

There are three generating families of global conformal transformations

eλL−1(z) = z + λ, eλL0(z) = eλz, eλL1(z) =
z

1− λz
, λ ∈ C , (1.2.8)

called translations, dilations and special conformal transformations respectively.
Their infinitesimal generators are

L−1 =

(
0 1

0 0

)
, L0 =

(
1
2 0

0 − 1
2

)
, L1 =

(
0 0

−1 0

)
, (1.2.9)

and satisfy the commutation relations

[Lm, Ln] = (m− n)Lm+n, m, n = 0,±1 . (1.2.10)

The true power of conformal field theory however lies in the local transformations
(1.2.5). A basis for all these transformations is given by

z 7→ z + εzn+1 +O(ε2) . (1.2.11)
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Evaluating these transformations on some function f : P→ P

f(z − εzn+1) = f(z)− εzn+1∂zf(z) +O(ε2) , (1.2.12)

we see that we can represent these transformations by the differential operators

Ln = −zn+1∂z (1.2.13)

satisfying the commutation relations

[Lm, Ln] = (m− n)Lm+n, m, n = Z . (1.2.14)

This is the Witt algebra and we see that it contains the algebra of global transform-
ations as a sub-algebra. It was first discovered as the algebra of polynomial vector
fields on the unit circle [42], though that is not obvious from this context. This is the
classical symmetry algebra of conformal field theory. When one quantises classical
conformal field theories the Witt algebra is deformed to the Virasoro algebra

[Lm, Ln] = (m− n)Lm+n +
c

12
m(m2 − 1)δm,−m , (1.2.15)

where c ∈ R is called the central charge and parametrises all non-trivial central
extensions of the Witt algebra [43]. For more details on conformal symmetry in two
dimensions see [38, Chapters 1-5].

As mentioned in the section on our conventions we consider z and z̄ to be formally
independent and we therefore also have a second copy of Virasoro generators L̄n
generating conformal transformations in z̄. The independence of z and z̄ also implies
that the two copies of the Virasoro algebra commute

[Lm, L̄n] = 0 . (1.2.16)

1.2.3 Conformal Fields and the Space of States

We will now for the sake of argument imagine that we are in the fortunate position
to be handed a completely solved consistent conformal field theory and then sys-
tematically unravel it and analyse its building blocks. In practice the opposite is
normally the case of course, but this way one can more easily see how the different
building blocks have to fit together in order to define a consistent conformal field
theory.

By a completely solved conformal field theory we mean a theory for which we
know the entire space of states H and all correlators. Every quantity of interest can
then be extracted from the space of states and its n-point correlation functions. The
space of states need not be a Hilbert space, but we do require that it is equipped
with a non-degenerate possibly indefinite hermitian inner product. To each state
φ ∈ H we then associate a field V (φ, z, z̄). These fields are to be inserted into
n-point correlators

〈V (φ1, z1, z̄1) · · ·V (φn, zn, z̄n)〉 = F[φ1,...,φn](z1, . . . , zn, z̄1, . . . , z̄n) , (1.2.17)

which are interpreted as vacuum expectation values. In this way the correlator
prescribes to any collection of states φ1, . . . , φn ∈ H a single valued (generally non-
holomorphic) function F[φ1,...,φn] on the n-fold Cartesian product of C minus diag-
onals, if one sets z̄i = z∗i . This prescription is heavily constrained by conformal
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invariance and we will spend the remainder of this section understanding how these
constraints arise.

As is generally the case with all quantum field theories, the n-point correlator
is linear in each state or field insertion. Also we will always assume that these
correlators are local, i.e. independent of the order of the field insertions in (1.2.17)
once we set z̄ = z∗. We will therefore also occasionally write〈

n∏
i=1

V (φi, zi, z̄i)

〉
. (1.2.18)

After learning about conformal transformations in the previous subsection we
will now apply some of this knowledge to a particularly simple class of fields called
(quasi) primary fields. Under a local transformation z 7→ w = z + εf(z) a primary
field transforms according to

V (φ, z, z̄) =

(
∂w

∂z

)h(
∂w̄

∂z̄

)h̄
V (φ′, w, w̄) , (1.2.19)

where h and h̄ are independent parameters called the conformal weights of the field
V (φ, z, z̄). If both h and h̄ are non-negative integers then the above transformation
is just that of a tensor on a one dimensional complex manifold. Conformal weights
are not unique to primary fields, rather they grade the entire space of states H
and a field V (φ, z, z̄) just has the same weights as the state it is associated to.
This will be discussed below in greater detail. A field is called quasi primary if
(1.2.19) is only true for the global transformations (1.2.8) but not necessarily for the
local transformations.1 A correlator containing only primary fields V (φi, zi, z̄i) with
weights hi, h̄j therefore satisfies〈

n∏
i=1

V (φi, zi, z̄i)

〉
=

n∏
i=1

(
∂wi
∂zi

)hi(∂w̄i
∂z̄i

)h̄i〈 n∏
j=1

V (φj , wj , w̄j)

〉
. (1.2.20)

Thus the correlators of (quasi) primary fields are severely constrained. In fact up to a
numeric factor the one-, two- and three-point correlators are completely determined
by invariance under the global conformal transformations (1.2.8) to be

〈V (φ, z, z̄)〉 = 0 if h 6= 0 6= h̄ (1.2.21)

〈V (φi, z1, z̄2)V (φj , z2, z̄2)〉 =
δhi,hjδh̄i,h̄jNi,j

(z1 − z2)2hi(z̄1 − z̄2)2h̄i

〈V (φi, z1, z̄1)V (φj , z2, z̄2)V (φk, z3, z̄3)〉 = Ni,j,k(z1 − z2)hk−hi−hj (z̄1 − z̄2)h̄k−h̄i−h̄j

× (z2 − z3)hi−hj−hk(z̄2 − z̄3)h̄i−h̄j−h̄k

× (z3 − z1)hj−hk−hi(z̄3 − z̄1)h̄j−h̄k−h̄i ,

where Ni,j and Ni,j,k are constants. Single-valuedness of the two point correlator
after setting z̄i = z∗i forces the two weights hi and h̄i to differ only by an integer and

1 Strictly speaking we have only explained Virasoro primary fields here. We will also be
considering primary fields of larger symmetry algebras later on.
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locality of the fields implies that the constants Ni,j and Ni,j,k are symmetric in their
indices. The transformation behaviour of non-primary fields can also be computed
and thus the functional behaviour of their one-, two- and three-point correlators,
but the formulae are far more complex.

To construct a hermitian product the space of states and the correlators must
be compatible with hermitian conjugation in the following sense: there exists an
anti-linear involution φ 7→ φ̌ such that(〈

n∏
i=1

V (φi, zi, z
∗
i )

〉)∗
=

〈
n∏
i=1

V (φ̌i, z
∗
i , zi)

〉
. (1.2.22)

As far as the author is aware all known conformal field theories satisfy this condition.
The conjugation of a quasi primary field V (φ, z, z̄) is then given by

V (φ, z, z̄)† = z−2h̄φ z̄−2hφV (φ̌, z̄−1, z−1) , (1.2.23)

Since φ 7→ φ̌ is an involution, we can choose a basis of real states that satisfy φ = φ̌.
The inner product is then defined using the two point correlator

〈φi|φj〉 = lim
z,z̄→0

〈
V (φi, z, z̄)

†V (φj , 0, 0)
〉
. (1.2.24)

For two real quasi primary states this simplifies to

〈φi|φj〉 = lim
z,z̄→0

z̄−2hiz−2h̄i
δhi,hjδh̄i,h̄jNī,j
z̄−2hiz−2h̄i

= δhi,hjδh̄i,h̄jNi,j . (1.2.25)

1.2.4 Chiral Fields and the Meromorphic Subtheory

The solvability of two dimensional conformal field theory arises from the existence of
an infinite dimensional symmetry algebra, according to which the space of states H
is decomposed into representations. We will now explore how this symmetry algebra
is realised.

Closely related to the symmetry algebra there exists a subspace W ⊂ H that is
characterised by the property that all correlators of fields associated to its states are
meromorphic functions in z, i.e. for φ ∈ W and any ψi ∈ H the correlator〈

V (φ, z, z̄)

n∏
i=1

V (ψi, zi, z̄i)

〉
(1.2.26)

does not depend on z̄ and for fixed zi and z̄i is a meromorphic function of z with
finite order poles whenever z = zi. This implies that V (φ, z, z̄) is independent of
z̄ and we will therefore just write V (φ, z). The fields corresponding to the states
φ ∈ W are called chiral fields or vertex operators and the set of all such fields is called
a vertex operator algebra if W satisfies some additional assumptions. The notion of
vertex operators was first introduced by Borcherds [31] and then developed further
by Frenkel, Lepowsky and Meurman [32]. Naturally there is also a subspace W̄
for which all correlators are meromorphic in z̄, whose associated fields are called
anti-chiral and are independent of z. These two vertex operator algebras W and W̄
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form the symmetry algebra of the theory. In this thesis we will only be interested in
theories in which the vertex operator algebras of fields associated to W and W̄ are
isomorphic. Because the chiral fields are meromorphic, they can be expanded as a
Laurent series

V (φ, z) =
∑
n∈Z

Vn(φ)z−n−hφ , (1.2.27)

where hφ is the conformal weight of φ. A common short hand is to write φn in
stead of Vn(φ). The expansion here is around z = 0, but can of course be performed
around any point. The modes of the Laurent series (1.2.27) can be obtained by
contour integration

Vn(φ) =
1

2πi

∮
γ

zn+hφ−1V (φ, z) dz , (1.2.28)

where the contour γ is some counter clockwise loop around z = 0. For anti-chiral
fields V (φ̄, z̄) we use clockwise loops

Vn(φ̄) = − 1

2πi

∮
γ

z̄n+hφ−1V (φ̄, z̄) dz̄ . (1.2.29)

Note that it is sufficient to just consider the modes of quasi primary fields, because
the modes of all non-primary fields can be obtained as products of modes of quasi
primary fields. We will denote the set of all chiral quasi primary field modes by A
and the set of all anti-chiral quasi primary field modes by Ā. The contour integrals
are what allows us to understand the action of the field modes Vn(φ) on a field
V (ψ, z, z̄) by inserting V (φ,w) into a correlator containing V (ψ, z, z̄)

1

2πi

∮
γ

dw (w − z)n+hφ−1

〈
V (φ,w)V (ψ, z, z̄)

m∏
i=1

V (ψi, zi, z̄i)

〉
, (1.2.30)

where the contour γ was chosen to be a tight counter clockwise circle centred at
w = z encircling none of the other insertion points zi. This contour integral will be
identical to some other correlator〈

V (ψ̃, z, z̄)
∏
i

V (ψi, zi, z̄i)

〉
. (1.2.31)

We say that Vn(φ)ψ = ψ̃ if (1.2.30) and (1.2.31) are equal for arbitrary field inser-
tions V (ψi, zi, z̄i). The chiral fields are therefore z-dependent endomorphisms of H,
or in other words H is a representation of the vertex operator algebra. Conversely
if one knows the action of the modes of the vertex operator algebra on the space of
states then one can sometimes identify the modes with differential operators acting
on the variables z1, z̄1, . . . , zn, z̄n of the n-point correlators. For example this can be
done for all generators of the Virasoro algebra. These identifications are known as
the Ward identities [25, 44].

An interesting problem is to try and understand how H decomposes into in-
decomposable representations of the chiral and anti-chiral vertex operator algebras
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W, W̄. There is one such representation that is easy to find: because a correlator
containing two chiral fields V (φ, z) and V (ψ,w) will always be a holomorphic func-
tion of z and w, the contour integral of z around w will also always be holomorphic.
The field V (Vn(φ)ψ,w) must therefore also be chiral, i.e. W is a representation
of the vertex operator algebra of its own fields. W is often also called the vacuum
representation. Note that not all vectors one can formally write down as field modes
acting on some state are non-trivial, i.e. there are certain sums of vectors∑

Vi1(φ1) · · ·Vir (φr)ψ , (1.2.32)

that would correspond to fields that would vanish in all correlators. Such vectors
are called null-vectors because they have been set to zero and are therefore not part
of the space of states. Together with the Ward identities null-vectors can be used to
derive differential equations characterising correlators.

Two states that we will always assume to lie in W are the weight 0 vacuum Ω
and the weight 2 Virasoro vector L. The corresponding fields are the identity field
V (Ω, z) = 1 and the Virasoro field T (z) := V (L, z) respectively. We will assume
that all weight 0 states are proportional to the vacuum and that there are no states
in W whose weight is less than 0. Often T (z) is also called the energy momentum
tensor or the stress energy tensor . The mode expansion of T (z) is given by

T (z) =
∑
n∈Z

Lnz
−n−2 , (1.2.33)

where the Ln are the generators of the Virasoro algebra (1.2.15). The Virasoro field
is a prominent example of quasi primary field. Under a general local conformal
transformation it transforms as

T ′(w) =

(
∂w

∂z

)−2 (
T (z)− c

12
{w, z}

)
, (1.2.34)

where

{w, z} =
∂3
zw∂zw − 3

2 (∂2
zw)2

(∂zw)2
(1.2.35)

is the Schwarzian derivative.
The non-chiral fields also operate on the space of states just like the chiral and

anti-chiral fields, but unlike for the chiral or anti-chiral fields one generally can’t
define a Laurent series expansion or contour integration. There is one state in the
space of states on which the action of all fields is particularly simple. This state is
the vacuum state Ω

φ = lim
z,z̄→0

V (φ, z, z̄)Ω . (1.2.36)

This identification between fields and states is called the operator state correspond-
ence, proven by Goddard [45, Thm. 1] for (anti-) chiral fields.
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1.2.5 The Operator Product Expansion

We have not yet discussed the means by which vertex operators form an algebra, i.e.
we have not discussed in which way the product of two operators can be thought
of as a (sum of) vertex operator(s). This product is given by the operator product
expansion. The expansion is performed around the distance between two fields

V (ψa, z, z̄)V (ψb, w, w̄) =
∑
k

ck(ψa, ψb, z − w, z̄ − w̄)V (φk, w, w̄) , (1.2.37)

where the sum runs over a complete set of states and the coefficients can be extracted
from three-point correlators, see [46] for a general discussion of operator product
expansions in 4-dimensional conformal field theories. This product is commutative
and associative. The expansion (1.2.37) is to be evaluated within correlators and for
a given correlator the radius of convergence is the distance to the next field insertion.
For two primary fields the operator product expansion takes a particularly simple
form

V (ψa, z, z̄)V (ψb, w, w̄) =
∑
k

ca,b;k(z − w)hk−hi−hj (1.2.38)

(z̄ − w̄)h̄k−h̄i−h̄jV (φk, w, w̄) ,

where hk and h̄k are the weights of φk, ca,b;k ∈ C and the sum still runs over a
complete set of states of the space of states. The operator product expansion of
two chiral fields is again a sum of chiral fields and the coefficients ck do not depend
on z̄ − w̄. More compactly the operator product expansion is given by the duality
relation

V (ψ, z)V (φ,w) = V (V (ψ, z − w)φ,w) =
∑
l≤hφ

(z − w)−l−hψV (Vl(ψ)φ,w) (1.2.39)

proven by Goddard in [45, Thm 3]. Vertex operator algebras can therefore be
thought of as a generalisation of commutative algebra. Note that the chiral and
anti-chiral halves of non-chiral field operators are not well defined by themselves. In
general they will not induce an associative action on the chiral or anti-chiral halves
of the space of states and hence do not define operators.

Contour integration and the duality relation can be used to compute the com-
mutator of two modes

V ([Vn(φ), Vm(ψ)]λ, z, z̄) = V (Vn(φ)Vm(ψ)λ, z, z̄)− V (Vm(ψ)Vn(φ)λ, z, z̄) .
(1.2.40)

If we set z = 0 = z̄ then the commutator is given by the contour integrals

[Vn(φ), Vm(ψ)] =
1

2πi

∮
0

dw1 z
n+hφ−1 1

2πi

∮
|w1|>|w2|

dw2 w
m+hψ−1
2 V (φ,w1)V (ψ,w2)

(1.2.41)

− 1

2πi

∮
0

dw1 z
n+hφ−1 1

2πi

∮
|w1|<|w2|

dw2 w
m+hψ−1
2 V (φ,w1)V (ψ,w2) ,
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Figure 1.1: A large contour encircling multiple insertions can be broken up into
small contours each only encircling one insertion.

these contours can be deformed to one contour encircling the origin and the other
encircling points on the contour encircling the origin (see figure 1.1), such that we
can write

[Vn(φ), Vm(ψ)] =
1

2πi

∮
0

dw1 z
n+hφ−1 1

2πi

∮
w1

dw2 w
m+hψ−1
2 V (φ,w1)V (ψ,w2) .

(1.2.42)

Inserting the duality relation (1.2.39), we then obtain

[Vn(φ), Vm(ψ)] =

∞∑
k=−hφ+1

(
n+ hφ − 1

n− k

)
Vm+n(Vk(φ)ψ) . (1.2.43)

1.2.6 The Virasoro Field

The Virasoro field is arguably the most important field of the vertex operator al-
gebra and we will therefore take a moment to understand it in greater detail. The
conformal weights we saw above in the context of primary fields and the Laurent
expansions of vertex operators are the eigenvalues of the L0 and L̄0 modes, i.e. the
field V (ψ, z, z̄) having weights h and h̄ implies L0φ = hφ and L̄0ψ = h̄ψ. One can
also show that in our conventions for Laurent expansions, a mode Vm(φ) shifts the
L0 eigenvalue by m. If φ is just the Virasoro vector L this follows directly from the
commutation relations for the Virasoro algebra (1.2.15)

[L0, Lm] = −mLm . (1.2.44)

For a primary chiral field φ this follows from one of the axioms of vertex operator
algebras that states that L−1 acts as a derivative

V (L−1φ, z) = ∂zV (φ, z) (1.2.45)

and the formula (1.2.43) for the commutator of field modes

[L0, Vm(φ)] = Vm(L−1φ) + Vm(L0φ) = −mVm(φ) . (1.2.46)

The duality relation (1.2.39) can also be used to determine the operator product
expansion by direct evaluation

T (z)V (φ,w) =
h

(z − w)2
V (φ,w) +

∂wV (φ,w)

z − w
+ reg(z − w) , (1.2.47)
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where the omitted terms are regular in (z − w).
One can also show that the states corresponding to Virasoro primary fields are

annihilated by the positive modes of both copies of the Virasoro algebra [25]. If the
state is also annihilated by all other positive modes of the vertex operator algebras
then the state and its corresponding field are called W-primary. AW-primary state
ψ generates a highest weight representations of W by the action of all non-positive
modes.2 Note that H need not decompose into only highest weight representations
of W but may contain other more complicated representations.

The standard convention for conformal field theories on the complex plane is to
choose time as the radial direction and space as the angular direction. One can
therefore think of

H = L0 + L̄0 (1.2.48)

as the Hamiltonian – the generator of time translations – and

P = i(L0 − L̄0) (1.2.49)

as the (angular) momentum operator – the generator of rotations of the complex
plane.

1.2.7 Modular Invariance

So far all the ingredients of conformal field theories we have considered have been
local and should therefore not depend on details of the global topology of the space on
which the conformal field theory is defined. It seems natural therefore to consider
conformal field theories not only on the Riemann sphere, but also on Riemann
surfaces of arbitrary genus. This is particularly important for string theory where
the loop order of scattering amplitudes is given by the genus of the Riemann surface
that the conformal field theory is defined on [47], i.e. any conformal field theory
appearing in a string theory context has to be well defined on surfaces of arbitrary
genus. It is widely believed in the physics community that a given conformal field
theory is consistent on arbitrary Riemann surfaces if it is consistent on both the
Riemann sphere and the torus.

Given a conformal field theory on the Riemann sphere, we will now explain how to
obtain one-point and vacuum-correlators on the torus. All higher-point correlators
can be related to one-point correlators by the operator product expansion. It is
therefore sufficient to check that the one-point correlators on the torus are well
defined.

Every complex torus can be realised by quotienting C out by some two dimen-
sional lattice. A lot of these different lattices are conformally equivalent. By rescaling
and rotating we can therefore always chose one of the lattice periods to be equal to
1 and the other period to lie in the upper half plane at some point τ ∈ H. This has
not exhausted conformal transformations however. Adding 1 to τ will also define
the same lattice and the special conformal transformation τ 7→ −1/τ also identi-
fies equivalent tori. The set of complex tori is therefore parametrised by τ – also

2 The name highest weight representation originates from Lie theory and is a little misleading
since ψ has the lowest weight of all states in the representation.

13



called the modular parameter of the torus – modulo the group of transformations
generated by τ 7→ τ + 1 and τ 7→ −1/τ – called the modular group. If the torus
defined by τ is parametrised by w, where w lies in the parallelogram spanned by τ
and 1, then we map the torus to an annulus on the Riemann sphere by exponen-
tiating w 7→ z = e2πiw (see figure 1.2). We recover the torus from this annulus by

0w

z

1

τ

z = e2πiw

Figure 1.2: Embedding the torus as an annulus into the Riemann sphere.

identifying the inner and outer boundaries. This is done by propagating a field with
the operator describing propagation from the outer ring of the annulus to the inner
ring

O(q, q̄) = qL0− c
24 q̄L̄0− c

24 , (1.2.50)

where q = e2πiτ and then then summing over a complete set of states

〈V (φ, z, z̄)〉torus = TrH

[
qL0− c

24 q̄L̄0− c
24V (φ, z, z̄)

]
. (1.2.51)

The easiest such correlator to compute is the vacuum correlator, often also referred
to as the partition function

Z = 〈1〉torus = TrH

[
qL0− c

24 q̄L̄0− c
24

]
. (1.2.52)

Because the modular group relates equivalent tori, the one point correlators have
to be invariant under modular transformations, in order for the theory to be well
defined on the torus – all other correlators can be related to the one-point correlators
by the operator product expansion [33, 48].

1.2.8 The Conformal Bootstrap

In Section 1.2.6 we mentioned thatH = L0+L̄0 can be thought of as the Hamiltonian
of the theory. In order for the theory to be consistent it is therefore crucial that
the spectrum of L0 (and L̄0) is bounded from below on H. Thus any non-primary
state ψ ∈ H can be mapped to a primary state by the action of the positive modes
of the vertex operator algebra, since they lower the L0-eigenvalue. If the space of
states is completely reducible, then every state can be obtained by the modes of the
chiral and anti-chiral symmetry algebra acting on primary states. This also means
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that by inserting sufficiently many vertex operators into an arbitrary correlator and
performing contour integrations, one can express every correlator as a (probably
very complicated) sum of correlators containing only primary fields. For logarithmic
theories the space of states is not completely reducible and thus not all states lie in
the image of modes of the chiral algebra acting on primary states. Therefore not all
correlators can be reduced to correlators of primary fields. Also by using the operator
product expansion it is possible to express any n-point correlator through correlators
with less than n insertions. Associativity of the operator product expansion and
locality of the correlators demand that the many different ways of decomposing an
n-point correlator – by expanding the products of field insertions in different orders
– be the same. Even if there were only a finite number of fields one had to consider,
this would appear to generate an infinite number of constraints called the sewing
conditions for the coefficients ck(ψa, ψb, z − w, z̄ − w̄) in (1.2.37). It was however
shown in [49, 50] that for modular invariant theories a complete set of independent
constraints is already generated by the sewing conditions arising from the four-point
correlators of primary fields. Solving these sewing conditions explicitly can be very
difficult, but it has been done for certain sufficiently well understood conformal field
theories such as the minimal models [51, 52]. The spectacular process of constructing
all higher correlators from the one-, two- and three- point correlators and solving
the sewing constraints is called the conformal bootstrap and lies at the heart of the
success of conformal field theory.

1.2.9 Chiral Data and the Fusion Product

After being in the fortunate (hypothetical) situation of being presented a completely
solved consistent conformal field theory and dissecting it down to its building blocks,
we will now shift gears mentally and consider how one would go about constructing
a set of building blocks that define a consistent conformal field theory if all one has
is the symmetry algebra.

As we have seen in the previous sections the existence of a chiral subtheory is
extremely helpful because it allows us to use complex analysis to define a chiral
and an anti-chiral vertex operator algebra according to which the space of states
decomposes into representations. We have also seen from the operator product
expansion (1.2.38) and the one- to three-point correlators of primary fields (1.2.21),
that correlators tend to factorise into parts depending only on the chiral variables
zi and parts only depending on the anti-chiral variables z̄i. These two chiral halves
of correlators give rise to the notion of chiral vertex operators, i.e. non-chiral fields
for which the z̄ dependence is ignored. They are not well defined just by themselves
however, because their insertion into correlators leads to branch cuts that will make
contour integrals and Laurent expansions impossible. However it can often still
be useful to just concentrate on the two chiral halves separately and understand
how they are organised into representations of the chiral symmetry algebras before
attempting to combine them into a well defined whole. Central to this entire analysis
is the notion of the fusion product of two representations [47, 53, 54, 55, 56, 57, 58,
59].

The fusion product essentially encodes whether a correlator containing three
field insertions V (φi, zi, z̄i), V (φj , zj , z̄j) and V (φk, zk, z̄k)† – that transform in the
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representations Ri, Rj R∗k respectively – give rise to a non-trivial correlator〈
V (φk, zk, z̄k)†V (φi, zi, z̄i)V (φj , zj , z̄j)

〉
, (1.2.53)

whereR∗k is the contragredient representation toRk, i.e. if φk transforms inRk then
the state corresponding to V (φk, z, z̄)

† transforms in R∗k. If the correlator is non-
trivial, one says that the representations Ri and Rj fuse to Rk. The fusion product
of the two chiral representations Ri⊗Rj is then the sum of all representations they
can fuse to

Ri ⊗Rj =
⊕
l

N l
i,jRl (1.2.54)

where the N l
i,j are non-negative integers called the fusion rules. Note that ⊗ is not

the traditional tensor product over C. The tensor product over C will be denoted by
⊗C. Because N l

i,j can be larger than one, the fusion product actually contains even
more information than just whether or not the correlator of three field insertions can
be non-trivial. These non-trivial multiplicities are to be understood as Rl appearing
N l
i,j times in the fusion product of Ri and Rj .

To compute the right hand side of (1.2.54) we need to know how a field mode
Vn(ψ) of some chiral field V (ψ, z) acts on the product of fields V (φi, zi, z̄i)V (φj , zj , z̄j),
i.e. we need a comultiplication formula [54, 55, 60]

∆(Vn(ψ))(V (φi, zi, z̄i)V (φj , zj , z̄j)) (1.2.55)

=
∑

V (∆(1)(Vn(ψ))φi, zi, z̄i)V (∆(2)(Vn(ψ))φj , zj , z̄j) ,

where ∆(1) and ∆(2) describe the action of Vn(ψ) on the two field insertions separ-
ately. If V (ψ, z) was weight hψ then the comultiplication formula is given by

∆z1,z2(Vn(ψ)) =
n∑

m=1−hψ

(
n+ hψ − 1

m+ hψ − 1

)
zn−mi (Vm(ψ)⊗C 1) (1.2.56)

+

n∑
l=1−hψ

(
n+ hψ − 1

l + hψ − 1

)
zn−lj (1⊗C Vl(ψ)) ,

for n ≥ 1− hψ and

∆z1,z2(V−n(ψ)) =

∞∑
m=1−hψ

(
n+m− 1

m− hψ

)
(−1)m+hψ−1z

−(n+m)
1 (Vm(ψ)⊗C 1)

(1.2.57)

+

∞∑
l=n

(
l − hψ
n− hψ

)
(−z2)l−n(1⊗C V−l(ψ)) ,

for n ≥ hψ. The comultiplication formula (1.2.57) is not symmetrical in its action
on the left and right tensor factors, i.e. it does not appear to respect the locality of
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the two field insertions V (φ, z1, z̄1) and V (φ, z2, z̄2). There is an equivalent formula

∆̃z1,z2(V−n(ψ)) =

∞∑
m=n

(
m− hψ
n− hψ

)
(−z1)m−n(V−m(ψ)⊗C 1) (1.2.58)

+

∞∑
l=1−hψ

(
n+ l − 1

n− hψ

)
(−1)l+hψ−1z

−(n+l)
2 (1⊗C V−l(ψ)) ,

which reverses the asymmetry in the action on the left and right tensor factors. The
formulae (1.2.57) and (1.2.58) agree in all correlators, because they are essentially
just different expansions of the same function. We can therefore identify the fusion
product of two representations with their tensor product after quotienting out the
subspace generated by the difference of the two comultiplication formulae

R1 ⊗R2 = R1 ⊗C R2/(∆− ∆̃) . (1.2.59)

The comultiplication formulae describe how the chiral algebra acts on R1⊗R2, i.e.
how R1⊗R2 forms a representation of the chiral algebra. Decomposing this repres-
entation into indecomposable representations then yields the fusion rules (1.2.54).
It is a priori not obvious that the fusion product (1.2.59) is in fact not even smaller.
The above comultiplication formulae have however correctly reproduced the known
fusion products for the minimal models and the Wess-Zumino-Witten models [54].
It was also used in [61] to explore the structure of the representations appearing in
the c = 0 Virasoro theory and in [62] to explore the representations of the c = −2
triplet model. In section 1.4 and chapter 2 we will review in greater detail how to
actually use the above formulae.

1.3 Conformal Field Theories with Boundaries

1.3.1 Conformal Field Theory on the Upper Half Plane and the
Unit Disc

Instead of the complex plane or the Riemann sphere one can also consider conformal
field theories on surfaces with boundaries [63, 64, 65, 66, 67, 68]. We will begin by
considering conformal field theories on the upper half plane H = {z = x + iy ∈
C | y > 0}, where the boundary is given by the real line. This is not as restrictive
as one may think, since by the Riemann mapping theorem one can map the upper
half plane biholomorphically to any simply connected proper subset of the complex
plane. There are therefore two different types of conformal transformations. Those
that map the upper half plane to itself and can be used to constrain correlators and
those that map the upper half plane to other geometries and can then be used to
understand these other geometries.

Introducing a boundary leads to finite size scaling effects and therefore necessarily
breaks conformal symmetry, but there is a special kind of boundary conditions that
break the conformal symmetry in the least way possible. These boundaries are
characterised by the fact that they are still covariant with respect to conformal
transformations that map the upper half plane to itself. This relates the chiral and
anti-chiral Virasoro fields by identifying them on the real line

T (z) = T (z̄) z = z̄ ∈ R . (1.3.1)
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In this thesis we are primarily interested in theories whose symmetry algebras are
larger then just the conformal algebra. In order for the boundary to be covariant
with respect to this larger symmetry algebra, one then requires that (1.3.1) is valid
for all chiral and anti-chiral fields

V (φ, z) = V (φ̄, z̄) z = z̄ ∈ R , (1.3.2)

where φ̄ ∈ W̄ is the anti-chiral counterpart of φ ∈ W.3 These equations – and their
counterparts in other geometries – are known as the gluing conditions because they
relate the two chiral halves of the symmetry algebra to each other on the boundary.
Note that these relations are only valid on the boundary, in the bulk of the theory
the two chiral halves of the symmetry algebra are still unrelated and locally the
situation is therefore still very much the same as without boundaries. We therefore
have two different kinds of spaces of states, one at points in the bulk of the theory
that is the same as the space of states for the theory without boundary and the
spaces of states at a point on the boundary. A priori the action of the symmetry
algebras on the boundary space of states is not obvious however, because we can’t
define contour integrals around points on the boundary without leaving the upper
half plane. An elegant solution to this problem is given by the doubling trick [63].
Since the two chiral halves of the symmetry algebra are identified on the real line,
we can interpret the anti-chiral fields as the analytic continuation of the chiral fields
after setting z̄ = z∗. When performing a contour integration around a point on
the boundary we can integrate a chiral field along the half of the contour in the
upper half plane and then its anti-chiral counterpart along the half of the contour
in the lower half plane (see figure 1.3). In this sense the boundary acts as a mirror

=

T (z)

T̄ (z)

T (z)

T̄ (z∗)

Figure 1.3: The doubling trick makes contours around points on the boundary pos-
sible, by reflecting the part of the contour on the lower half plane onto the upper
half plane and replacing a chiral field by its anti-chiral counter part.

reflecting the anti-chiral fields down onto the lower half plane, reminiscent of the
method of mirror charges in electrodynamics. This implies that the fields on the
boundary and the boundary space of states Hbdy form representations of just the
chiral or anti-chiral vertex operator algebras, since only one copy of the symmetry
algebras is present.

3 If one doesn’t require (1.3.2) then the boundary respects only the conformal symmetry and
breaks the rest of the symmetry. We will not be considering such theories in this thesis.
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1.3.2 Boundary Fields and Operators

As mentioned above the chiral and anti-chiral halves of a conformal field theory
on the upper half plane H are identified on the real line and therefore everything
essentially reduces to the (anti-)chiral case on the real line, i.e. the field insertions
on the boundary are chiral. These chiral boundary fields also give rise to chiral
boundary correlators. Unlike chiral correlators in the bulk there are no problems
with branch cuts because the chiral correlators are only defined on the real line.
Similar to bulk fields two boundary fields V (ψa, xa) and V (ψb, xb) also satisfy an
operator product expansion, but in boundary fields

V (ψa, xa)V (ψb, xb) =
∑
k

dk(ψa, ψb, xa − xb)V (φk, xb) , (1.3.3)

where k labels a complete set of boundary fields and dk depends on the bound-
ary condition. When a bulk field V (ψ, z, z̄) approaches the boundary then by the
doubling trick we can think of this as its ‘chiral halves’ approaching each other and
expand the bulk field in terms of boundary fields once we set z̄ = z∗

V (ψ, z, z∗) =
∑
k

bk(ψ, φk, y)V (φk, x) , (1.3.4)

where k again labels a complete set of boundary fields, z = x + iy and bk depends
on the boundary condition. Note that this does not imply that one can think of all
boundary fields as the limit of bulk fields approaching the boundary.

There is another class of boundary fields we haven’t considered yet. If we consider
a conformal field theory on the upper half plane with coordinate z, we can relate
this geometry to the infinite strip of width π by the coordinate transformation
w = log(z). On the strip it is natural to assume that there can be two different
boundary conditions a and b on the two sides of the strip. On the upper half
plane however this would imply an abrupt change of boundary condition at the
origin. A correlator of a bulk field on the upper half plane would experience a
discontinuity as it was pulled past the origin in the limit of the field moving along the
real line. Correlators however only have discontinuities when the insertion points of
field operators coincide. We can therefore interpret this discontinuity as the insertion
of an operator that relates the two boundary conditions a and b. These operators
are called boundary changing operators and we will denote them by V (ψa,b, x). Two
boundary changing fields V (ψa,b, x1) and V (ψb,c, x2) also have an operator product
expansion generalising (1.3.3)

V (ψb,c, x1)V (ψa,b, x2) =
∑
k

dk(ψb,c, ψa,b, x1 − x2)V (φa,c;k, x2) , (1.3.5)

where k labels a complete set of fields that change the boundary from a to c.

1.3.3 Boundary States

We will now try to understand what kind of boundary conditions are compatible
with the gluing conditions (1.3.2). The standard approach to classifying boundary
conditions is to consider geometries other than the upper half plane, most notably
the unit disc and the strip.
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We use the conformal transformation

z = i
1− w
1 + w

, (1.3.6)

mapping the unit disc to the upper half plane. For a quasi primary field V (φ, z) it
follows from the transformation law (1.2.19) that the gluing condition (1.3.2) then
becomes

(−1)hφwhφV (φ,w) = w̄hφV (φ̄, w̄) , (1.3.7)

where |w| = 1 and just as in equation (1.3.2) φ̄ is the anti-chiral counterpart of φ.
If we denote boundary states by ‖B〉〉 we can thus characterise theses states by the
equation

(Vn(φ)− (−1)hφV−n(φ̄))‖B〉〉 = 0 . (1.3.8)

A solution to (1.3.8) will generally not lie in the bulk space of states itself but rather
in the completion of the space of states, i.e. it will be an infinite sum of states in
H. A natural basis of the solutions of (1.3.8) is given by the Ishibashi states |i〉〉
and can be thought of as infinite sums of states whose chiral and anti-chiral halves
all transform in the same sector of the bulk space of states [69]. By sectors of the
space of states we mean the indecomposableW⊗C W̄-representations that the space
of states decomposes into. There is a product or overlap that can be defined for
Ishibashi states, by using the inner product (1.2.24)

〈〈i|qL0+L̄0− c
12 |j〉〉 , (1.3.9)

where q = e2πiτ and τ ∈ H.4 For non-logarithmic rational theories – such as
the minimal models – the Ishibashi states can be chosen such that the only non-
vanishing overlaps are self-overlaps and that these are proportional to the characters
of irreducible representations. For logarithmic theories the overlaps of Ishibashi
states can be a lot more complicated [70, 71]. We will assume that the overlaps have
the form

〈〈i|qL0+L̄0− c
12 |j〉〉 =

∑
k

cki,j(τ)χk(q) , (1.3.10)

where k runs over all irreducible representations and cki,j is a τ -dependent complex
number that is only non-vanishing if |i〉〉, |j〉〉 and k are in the same sector. Ishibashi
states can also be identified with intertwiners of the space of states [72]. This
identification will be used in chapter 3 to classify all Ishibashi states of the c = 0
model.

A further necessary and easy-to-check constraint for consistent boundary condi-
tions is the Cardy condition. Note however that it is not sufficient to guarantee the
consistency of a boundary condition. As we shall see the Cardy condition singles out
a certain discrete subset of solutions of (1.3.8). Similar to the modular invariance
condition for the bulk space of states the Cardy condition is a restriction on the
boundary space of states. The following construction involves relating different geo-
metries. See figure 1.4 for a visualisation. To illustrate the Cardy condition we first

4The significance of this pairing will become clear in the next paragraph once we have analysed
the Cardy condition in greater detail.
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Figure 1.4: First the upper half plane is mapped to the strip by the logarithm, then
the time and space directions of the strip are interchanged by a modular transform-
ation. Finally strip is mapped to the annulus by the exponential map.

consider a conformal field theory on the upper half plane with complex coordinate
z, a boundary condition A on the negative real axis and a boundary condition B
on the positive real axis. We can map this geometry to the infinite strip of width L
by the map w = L/π log(z). If we take time to be the radial direction on the upper
half plane then the time direction on the strip will be parallel to the boundaries and
by the transformation formula for the Virasoro field (1.2.34) the generator of time
translations is

Lstrip
−1 =

π

L

(
LH

0 −
c

24

)
. (1.3.11)

If we further assume that we have periodic boundary conditions in the time direction
such that the strip becomes a cylinder of radius R, where we identify any time t
with the time t+2πR. In terms of the boundary space of states HA→B at the origin
of the upper half plane, the partition function of this theory is given by

Zstrip = TrHA→B

[
e−

2πR
L (LH

0− c
12 )
]
. (1.3.12)

If we set τ = iR/L and q = e2πiτ , then the partition function on the strip is strongly
reminiscent of the torus (1.2.52)

Zstrip = TrHA→B

[
q(L

H
0− c

12 )
]
. (1.3.13)

It is important to note however that the boundary space of states HA→B is a repres-
entation of just the (anti-)chiral algebra. The partition function is therefore the sum
of the characters of the indecomposable representations that the boundary space of
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states decomposes into. For the theories we will be interested in later, the characters
of all indecomposable representations can be expressed as integer sums of characters
of irreducible representations, i.e.

Zstrip =
∑
k

nkA,Bχk(q) , (1.3.14)

where k labels all irreducible representations and the nkA,B are non-negative integers.
Similarly to the situation on the torus we can ask ourselves what happens if we per-
form the modular transformation τ 7→ −1/τ . In general Zstrip will not be modular
invariant. However if there are only finitely many linearly independent characters of
representations of the symmetry algebra, then one expects the characters to trans-
form linearly into each other under the transformation τ 7→ −1/τ [48, 33], i.e. there
is a matrix S such that

χk(q̃) 7→
∑
i

Sk;iχi(q) (1.3.15)

where q̃ = e−2πi/τ , i, k label all irreducible representations representations and we
have assumed that the characters of all irreducible representations are linearly in-
dependent. For logarithmic theories the matrix S will generally depend on τ . Per-
forming the modular transformation will reverse the roles of the time and the spatial
directions on the strip. By exponentiating we can embed this new geometry as an
annulus in the complex plane with the boundary conditions ‖A〉〉 and ‖B〉〉. The
partition function of the annulus is given by propagating ‖B〉〉 to ‖A〉〉

Zann = 〈〈A‖e−
2πi
τ (L0− c

12 )‖B〉〉 = 〈〈A‖q̃L0− c
12 ‖B〉〉 , (1.3.16)

where we have used L0 = L̄0 on ‖B〉〉 and the fact that τ is purely imaginary. The
Cardy condition then states that the partition functions on the strip and the annulus
agree

Zstrip(q) = Zann(q̃) . (1.3.17)

If we expand the boundary states ‖A〉〉 and ‖B〉〉 in linear combinations of Ishi-
bashi states

‖A〉〉 =
∑
i∈Ish

tAi |i〉〉 (1.3.18)

‖B〉〉 =
∑
i∈Ish

tBi |i〉〉 ,

where i labels a basis of Ishibashi states, then we can write Zann as

Zann(q̃) =
∑
i,j∈Ish

∑
k

(tBi )∗(tAj )cki,jχk(q̃) (1.3.19)

=
∑
i,j∈Ish

∑
k,l

(tBi )∗(tAj )cki,jSk;l(τ) χl(q) .
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Comparing this with (1.3.17), we find

nkA,B =
∑
i,j∈Ish

∑
l

(tBi )∗(tAj )cli,jSl;k(τ) . (1.3.20)

Since nkA,B must be a non-negative integer, the constants tAj and tBi are very strongly
constrained. In particular there will not be a continuum of solutions, but the
solutions will rather lie on the positive cone of some lattice. If a set of bound-
ary conditions ‖A1〉〉, . . . , ‖An〉〉 solves (1.3.20), then any superposition of this set
with non-negative integer coefficients will also solve (1.3.20). One would therefore
like to identify the set of fundamental solutions, i.e. the minimal set such that
the coefficients nkA,B are as small as possible and every other solution of (1.3.20) is
obtained from this minimal set by a superposition with non-negative integer coeffi-
cients. While the Cardy condition is a very strong constraint, we stress that it does
not guarantee the consistency of a potential boundary condition.

1.3.4 Constructing the Bulk from the Boundary

As is apparent from the previous subsections, the boundary conformal field theory
contains a lot of information about the full conformal field theory in the bulk. In
non-logarithmic rational conformal field theories one can uniquely reconstruct the
bulk theory from a consistent boundary theory [51, 73, 74, 75], and every possible
bulk theory (with the appropriate symmetry algebra) can be obtained in this way
[76]. Furthermore, two boundary theories give rise to isomorphic bulk theories if
and only if the boundary theories are equivalent in the sense described in [77]. The
boundary theory is typically simpler than the bulk theory, and it is therefore often
useful to start with the boundary theory in order to construct the bulk theory. One
may hope that the general idea — to start from a boundary theory in order to
construct the bulk theory that fits to it — remains valid also in the logarithmic
case, even if the detailed construction will start to deviate.

We will now give a rough sketch of how one constructs the bulk theory to some
given boundary. In order for the bulk theory to be consistent the two point cor-
relators have to be non degenerate on the Riemann sphere, i.e. for every field
V (ψ, z, z̄) there exists a field V (φ,w, w̄) such that 〈V (ψ, z, z̄)V (φ,w, w̄)〉 6= 0. If
one cuts a small hole into the Riemann sphere far away from the field insertions
then the 2-point correlator should hardly change. This new correlator is equivalent
to cutting the Riemann sphere into two discs with one field on each and insert-
ing a complete basis of boundary states on the boundary of the discs as in figure
1.5 [72]. Having non-degenerate two-point correlators is therefore equivalent to the
bulk-boundary correlator in one bulk and one boundary field being non-degenerate
in the bulk insertion. Suppose we are given a boundary condition together with
its space of boundary fields and the associated operator product expansion. We
consider the disc correlator involving one boundary field and one field from the yet-
to-be-constructed space of bulk states. This correlator defines a pairing between the
bulk and boundary states

Hans ×Hbnd → C : (ψ, φ) 7→
〈
V (ψ, 0)V (φ,w)

〉
disc

, (1.3.21)
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ψ2ψ1

φ

φ
=
∑
φψ1 ψ2

Figure 1.5: The correlator of two fields on the Riemann sphere with a hole in it can
be written as a sum of two disc correlators by cutting along the dashed line and
summing over a complete set of boundary states.

where |w| = 1 is a point on the perimeter of the disc, and the super-script ‘ans’
indicates that at this stage we can only make an ansatz for the bulk space of states.
If φ ∈ R⊗C S̄ is in a representation of the left- and right-moving chiral algebra, then
the map (1.3.21) is uniquely determined up to some constants (one for each allowed
fusion channel) since, by the doubling trick, the correlator can be thought of as a
chiral three-point correlator. These constants encode the bulk-boundary operator
product expansion, and they are constrained by two necessary requirements. First
of all, from the non-degeneracy of the bulk two-point correlators on the sphere it
follows that the map (1.3.21) has to be non-degenerate in the bulk entry. Further-
more, given the operator product expansion of the boundary fields, (1.3.21) also
defines correlators involving more than one boundary field, and these have to satisfy
appropriate locality conditions. The ‘correct’ space of bulk states is then simply the
largest possible space compatible with these requirements.

In all of these constructions the analysis is simplest if the space of boundary
fields is as small as possible. This is most pronounced in the charge-conjugation
Cardy case [64], where there is a boundary condition whose boundary space of states
consists of just the vertex operator algebraW. For the logarithmicW1,p-models the
construction was shown to lead to sensible results for the Cardy case; in particular,
the known c = −2 bulk theory of [78] was correctly reproduced by this method in
[72]. In chapters 2 and 3 we propose a generalisation of this construction – also for
the Cardy case – for the W2,3-model that withstands non-trivial consistency checks.

1.4 A Logarithmic Conformal Field Theory

After considering conformal field theories in a very general setting we will give an
overview of the c = −2 triplet model in this section to illustrate some aspects we
discussed above. This section closely follows [40]. The c = −2 triplet model is
also known as the W1,2-model – the first example in a whole series of logarithmic
conformal field theories called the W1,p-series. The vertex operator algebra W1,2

is generated by the Virasoro field and three additional weight 3 primary fields W a
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whose modes satisfy

[Lm, Ln] = (m− n)Lm+n −
1

6
m(m2 − 1)δm+n (1.4.1)

[Lm,W
a
n ] = (2m− n)W a

m+n

[W a
m,W

b
n] = ga,b

(
2(m− n)Λm+n +

1

20
(m− n)(2m2 + 2n2 −mn− 8)Lm+n

− 1

20
m(m2 − 1)(m2 − 4)δm+n

)
+ fa,bc

(
5

14
(2m2 + 2n2 − 3mn− 4)W c

m+n +
12

5
V cm+n

)
,

where Λ = :L2 : −3/10∂2L and V a = :LW a : −3/14∂2W a are quasi-primary normal
ordered fields, i.e. the modes with the highest mode number are on the right and ga,b

and fa,bc are the metric and structure constants of su(2). In an orthonormal basis we
have ga,b = δa,b, fa,bc = iεa,b,c. The bracket products above do not actually satisfy
the Jacobi identity. The algebra is only well defined because the terms violating the
Jacobi identity are modes of fields corresponding to null vectors. These null vectors
of W1,2 are

Na = (2L−3W
a
−3 −

4

3
L−2W

a
−4 +W a

−6)Ω (1.4.2)

Na,b = W a
−3W

b
−3Ω− ga,b

(
8

9
L3
−2 +

19

36
L2
−3 +

14

9
L−4L−2 −

16

9

)
Ω

− fa,bc
(
−2L−2W

c
−4 +

5

4
W c
−6

)
Ω .

There are four irreducible representations of the W1,2 vertex operator algebra
[79]. However these four representations do not close among themselves under fusion.
There are two additional reducible but indecomposable representations that appear
in the fusion of the irreducible representations. This set of six representations does
close under fusion. The four irreducible representations are generated by highest
weights states with weights 0, 1,−1/8, 3/8 and we will denote them by

W(0), W(1), W(− 1
8 ), W( 3

8 ) . (1.4.3)

The irreducible representation W(0) is also the vertex operator algebra W1,2. The
other two representations are indecomposable combinations ofW(0) andW(1) with
embedding diagrams

0

P(0) = 1 1

0

1

P(1) = 0 0

1

. (1.4.4)

Informally the embedding diagrams describe how the irreducible representations are
embedded in P(0) and P(1) and are read from top to bottom. For P(0) for example
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(1.4.4) implies that P(0) is generated by W(0) and that by the action of the chiral
algebra one can then reach the two copies of W(1). One can then no longer return
to the generating W(0) however, but one can reach a different copy of W(0). These
diagrams describe the quotients and subrepresentations of P(0) and P(1), i.e. for
P(0) (1.4.4) implies the largest fully reducible subrepresentation of P(0) is W(0),
that the largest fully reducible subrepresentation of P(0)/W(0) is 2W(1) and that
the largest fully reducible subrepresentation of (P(0)/W(0))/2W(1) is W(0). One
also sees that in terms of the characters of W(0) and W(1) the characters of P(0)
and P(1) are given by

χP(0)(q) = χP(1)(q) = 2
(
χW(0) + χW(1)

)
. (1.4.5)

Note that (1.4.3)–(1.4.4) aren’t all indecomposable representations of W1,2 [80], but
it is the smallest set of indecomposables that contains the vertex operator algebra
W1,2, all irreducible representations of W1,2 and is closed under fusion [81]. The
fusion rules are listen in table 1.1.

⊗ W(0) W(1) W(− 1
8
) W( 3

8
) P(0) P(1)

W(0) W(0) W(1) W(− 1
8
) W( 3

8
) P(0) P(1)

W(1) W(1) W(0) W( 3
8
) W(− 1

8
) P(1) P(0)

W(− 1
8
) W(− 1

8
) W( 3

8
) P(0) P(1) 2W(− 1

8
)⊕W( 3

8
) 2W(− 1

8
)⊕W( 3

8
)

W( 3
8
) W( 3

8
) W(− 1

8
) P(1) P(0) 2W(− 1

8
)⊕W( 3

8
) 2W(− 1

8
)⊕W( 3

8
)

P(0) P(0) P(1) 2W(− 1
8
)⊕W( 3

8
) 2W(− 1

8
)⊕W( 3

8
) 2P(0)⊕ 2P(1) 2P(0)⊕ 2P(1)

P(1) P(1) P(0) 2W(− 1
8
)⊕W( 3

8
) 2W(− 1

8
)⊕W( 3

8
) 2P(0)⊕ 2P(1) 2P(0)⊕ 2P(1)

Table 1.1: The fusion rules of the W1,2-theory.

1.4.1 The appearance of Logarithms

We will now explain how logarithms enter into this theory, but to keep the calculation
simple we will restrict ourselves to the Virasoro sub-theory [9]. We consider the four
point correlator

〈V (µ, z1)V (µ, z2)V (µ, z3)V (µ, z4)〉 (1.4.6)

of the weight −1/8 chiral vertex operator V (µ, z), where µ is a state whose chiral
half generates the weight −1/8 irreducible representation. Möbius symmetry implies
that the functional form of the correlator is〈

4∏
i=1

V (µ, zi)

〉
= (z1 − z3)

1
4 (z2 − z4)

1
4 (x(1− x))

1
4F (x) , (1.4.7)

where F is a function that we still have to determine and x is the cross ratio

x =
(z1 − z2)(z3 − z4)

(z1 − z3)(z2 − z4)
. (1.4.8)
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We can obtain constraints for F (x) by inserting the null vector

Nµ =
(
L−2 − 2L2

−1

)
µ (1.4.9)

into the correlator. Thus the correlator〈
3∏
i=1

V (µ, zi)V ((L−2 − 2L2
−1)µ, z4)

〉
= 0 (1.4.10)

must vanish. Using the Ward identities, the Virasoro generators can be rewritten as
differential operators acting on (1.4.7) to obtain a differential equation for F

x(1− x)F ′′(x) + (1− 2x)F ′(x)− 1

4
F (x) = 0 . (1.4.11)

This differential equation has two families of solutions, one with a logarithmic sin-
gularity at 0, the other at 1

F (x) = AG(x) +B(G(x) log(x) +H(x)) (1.4.12)

where A,B ∈ C, G(x) log(x) +H(x) = G(1− x) and

G(x) =

∫ π
2

0

dϕ√
1− x sin2 ϕ

. (1.4.13)

The above results can be interpreted in terms of an operator product expansion
of V (µ, z) with itself

V (µ, z)V (µ, 0) = z
1
4 (V (ω, 0) + V (Ω, 0)) + · · · , (1.4.14)

where the states ω and Ω correspond to the two different families of solutions in
(1.4.12).

1.4.2 The Non-Diagonalisable Action of L0

The appearance of the logarithm in the four-point correlator above can also be
understood from a representation theoretic point of view by computing the fusion
product V(−1/8)⊗ V(−1/8) using the comultiplication formulae (1.2.56-1.2.58). It
is very difficult to analyse V(−1/8)⊗V(−1/8) all in one go, but there is an infinite
series of finite dimensional quotients (V(−1/8)⊗ V(−1/8))(m) that allow us to sys-
tematically construct V(−1/8)⊗V(−1/8). In order to construct these quotients we
first need to define the subspaces

Am := span{L−i1 · · ·L−ir (V(−1/8)⊗ V(−1/8)) | ik > 0,

r∑
k=1

ik > m} . (1.4.15)

The space Am is thus the spaces of states lying in the image of products of negative
modes whose cumulative mode number is less than −m. The family of quotient
spaces is then given by

(V(−1/8)⊗ V(−1/8))(m) = (V(−1/8)⊗ V(−1/8))/Am , (1.4.16)
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i.e. (V(−1/8) ⊗ V(−1/8))(0) is the space of states that do not lie in the image
of any negative mode. For a highest weight representation this space only con-
sists of the space spanned by the highest weight state. Once one has construc-
ted (V(−1/8) ⊗ V(−1/8))(0) one can then go on to iteratively construct all higher
(V(−1/8) ⊗ V(−1/8))(m). We will however only construct (V(−1/8) ⊗ V(−1/8))(0)

here. To simplify the computation we will set the insertion points to 1 and 0. The
comultiplication formula (1.2.56) is then given by

∆1,0(Ln) = ∆̃1,0(Ln) =

∞∑
m=−1

(
n+ 1

m+ 1

)
(Lm ⊗C 1) + 1⊗C Ln , (1.4.17)

where n ≥ −1 and (1.2.57) is given by

∆1,0(L−n) =

∞∑
m=−1

(
n+m− 1

m+ 1

)
(Lm ⊗C 1) + 1⊗C L−n , (1.4.18)

where n ≥ 2. The comultiplication formula (1.2.58) is easier to evaluate at 0 and -1

∆̃0,−1(L−n) = L−n ⊗C 1 +

∞∑
m=−1

(
n+m− 1

m+ 1

)
(−1)1−n(1⊗C Lm) , (1.4.19)

where again n ≥ 2. The two comultiplication formulae ∆1,0 and ∆̃0,−1 can be related
by L−1 the generator of translations

∆̃0,−1(L−n) = ∆̃1,0(eL−1L−ne
−L−1) ∼ ∆1,0(eL−1L−ne

−L−1) , (1.4.20)

here ∼ is to be understood as equality in V(− 1
8 )⊗V(− 1

8 ) instead of V(− 1
8 )⊗CV(− 1

8 ).
If one expands the exponentials on the right hand side of (1.4.20), one sees that the
leading order term is given by L−n plus terms whose cumulative mode number is
lower than −n. Therefore on (V(−1/8)⊗ V(−1/8))(m) one has

∆̃0,−1(L−n) ∼ ∆1,0(L−n) (1.4.21)

for n ≥ m and n ≥ 2.
We now have everything we need to compute (V(−1/8)⊗V(−1/8))(0). We start

by noting that in (V(−1/8)⊗V(−1/8))(0) any mode ∆(L−n) acts trivially for n > 0,
therefore any mode L−n acting on a left or a right tensor factor can be re-expressed
as a sum of modes whose mode numbers are −1 or greater by the formulae (1.4.18-
1.4.19) and that by (1.4.17)

(Ll−1µ)⊗C µ ∼ (−1)lµ⊗C (Ll−1µ) , (1.4.22)

for l ≥ 0. We can therefore take (V(−1/8)⊗ V(−1/8))(0) to be spanned by

µ⊗C µ and (L−1µ)⊗C µ . (1.4.23)

Next we want to determine the action of L0 on this two dimensional space

∆1,0(L0)(µ⊗C µ) = (L−1µ)⊗C µ−
1

4
µ⊗C µ (1.4.24)

∆1,0(L0)((L−1µ)⊗C µ) = (L2
−1µ)⊗C µ+

3

4
(L−1µ)⊗C µ .
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Using the null-vector (1.4.9) we have L2
−1µ = 1

2L−2µ. Therefore we have

(L2
−1µ)⊗C µ =

1

2
(L−2µ)⊗C µ (1.4.25)

∼ 1

2
(L−2µ)⊗C µ−

1

2
∆̃0,−1(L−2)(µ⊗C µ)

=
1

2
µ⊗C (L−1µ) +

1

2
µ⊗C (L0µ)

∼ −1

2
(L−1µ)⊗C µ−

1

16
µ⊗C µ .

The action of L0 on the basis (1.4.22) is therefore represented by

L0 =

(
− 1

4 − 1
16

1 1
4

)
. (1.4.26)

The Jordan normal form of this matrix is(
0 1

0 0

)
. (1.4.27)

We can therefore choose a basis

ω = µ⊗C µ (1.4.28)

Ω = −1

4
µ⊗C µ+ (L−1µ)⊗C µ ,

such that the action of L0 is given by

L0ω = Ω and L0Ω = 0 . (1.4.29)

A consequence of the non-diagonalisibility of L0 is that V(−1/8) ⊗ V(−1/8) is in-
decomposable but contains a subrepresentations generated by Ω.

The appearance of logarithms in the correlator (1.4.6) and the non-diagonalisibly
of L0 on V(−1/8)⊗V(−1/8) are of course related. The two states ω and Ω in (1.4.14)
can be identified with ω and Ω in (1.4.29). We can see this by considering a three-
point correlator with a suitable field V (Ω′, w) such that

〈V (Ω′,∞)V (µ, z)V (µ, 0)〉 = z
1
4 (A+B log(z)) , (1.4.30)

where A and B are constants. Using the transformations law of conformal fields

eλL0V (ψ, z)e−λL0 = V (eλL0ψ, eλz) , (1.4.31)

we can rotate (1.4.30) by 2π〈
V (Ω′,∞)e2πiL0V (µ, z)V (µ, 0)e−2πiL0

〉
(1.4.32)

=
〈
V (Ω′,∞)V (e2πiL0µ, e2πiz)V (e2πiL0µ, 0)

〉
= e−

2πi
4
〈
V (Ω′,∞)V (µ, e2πiz)V (µ, 0)

〉
= z

1
4 (A+B log z + 2πiB) .
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Because of the operator product expansion (1.4.14) this is also equal to〈
V (Ω′,∞)e2πiL0V (µ, z)V (µ, 0)e−2πiL0

〉
(1.4.33)

=

〈
V (Ω′,∞)e2πiL0z

1
4 (V (ω, 0) + V (Ω, 0) log(z))e−2πiL0

〉
= z

1
4
〈
V (Ω′,∞)(V (e2πiL0ω, 0) + V (e2πiL0Ω, 0) log(z))

〉
.

This implies that

e2πiL0ω = ω + 2πiΩ and e2πiL0Ω = Ω (1.4.34)

and thus reproduces (1.4.29), allowing us to identify the states ω and Ω appearing
in (1.4.14) and (1.4.29).

1.4.3 The c = −2 Bulk Theory

After reviewing the chiral c = −2 triplet theory, we will now review the bulk c = −2
triplet theory constructed in the Cardy case. This construction is explained in great
detail for the entireW1,p-series in [72]. Central to this construction is the assumption
that the vertex operator algebraW by itself defines a consistent boundary condition
and that every representation of W ⊗C W̄ can be written as a quotient of a sum
of tensor products of indecomposable representations of W and W̄. One can then
characterise the bulk space of states by a universal property. If we set w = 1 in the
bulk boundary correlator (1.3.21), then we obtain a pairing

b : H×W → C (1.4.35)

(ψ, φ) 7→ 〈V (ψ, 0, 0)V (φ, 1)〉

that satisfies certain invariance conditions with respect to the action of W. The
pairing b gives rise to a map

b : H →W∗ (1.4.36)

ψ 7→ b(ψ, ·) ,

that also satisfies invariance conditions – the details of which we shall not go into
here – with respect to the action of W. Non-degeneracy of the bulk boundary
correlator in the bulk entry is therefore equivalent to requiring that b is injective.
Let us denote the space of all maps with such invariance conditions with respect to
the action of W for a given W ⊗C W̄-representation K by B(K). Then one can ask
what the largestW⊗C W̄-representation K that admits an injective map bK ∈ B(K)
is. This largest W ⊗C W̄-representation is then the bulk space of states. We can
rephrase this as a universal property characterising the bulk space of states H and
the map b induced by the bulk boundary correlator. Namely for any pair (K, bK)
with injective bK ∈ B(K) there exists a unique injective intertwiner f : K → H such
that the following diagram commutes
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K H

W∗ .

∃!f

bK b

(1.4.37)

It was shown in [72] that the bulk space of states H is given by a quotient of

H′ = (W(− 1
8 )⊗C W̄(− 1

8 )∗)⊕ (W( 3
8 )⊗C W̄( 3

8 )∗) (1.4.38)

⊕ (R(0)⊗C R̄(0)∗)⊕ (R(1)⊗C R̄(1)∗) .

The space H′ comes equipped with a map b′ ∈ B(H′) that is not injective. H is
then given by H = H′/ ker b′ and b by the map induced on H by b′.

The bulk boundary map b′ is non-degenerate in the two irreducible summands
W(− 1

8 )⊗C W̄(− 1
8 )∗ andW( 3

8 )⊗C W̄( 3
8 )∗ and therefore the subspace of H′ on which

b′ vanishes lies entirely in R(0) ⊗C R̄(0)∗ ⊕R(1) ⊗C R̄(1)∗. Upon quotienting out,
the sector containing R(0)⊗C R̄(0)∗ ⊕R(1)⊗C R̄(1)∗ has the following embedding
diagram

0⊗C 0 1⊗C 1

H0 = 0⊗C 1 0⊗C 1 1⊗C 0 1⊗C 0

0⊗C 0 1⊗C 1 ,

(1.4.39)

where the solid lines indicate the action of W and the dashed lines the action of W̄.
The full bulk space of states is therefore given by

H = (W(− 1
8 )⊗C W̄(− 1

8 )∗)⊕ (W( 3
8 )⊗C W̄( 3

8 )∗)⊕H0 , (1.4.40)

and its partition function is therefore given by

Z1,2 =
∣∣χW(−1/8)(q)

∣∣2 +
∣∣χW(3/8)(q)

∣∣2 (1.4.41)

+ 2
∣∣χW(0)(q) + χW(1)

∣∣2 ,
which is indeed modular invariant.

1.5 Assumed properties of W

Before we go on to consider the Wp,q-models and their symmetry algebras in the
following chapters, we will now give a list of assumptions we expect these algebras
and their representations to satisfy.

• L0 is diagonalisable on W, but W need not be irreducible as a representation
over itself.
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• The space of endomorphisms of W is one-dimensional End(W) = CidW

• The tensor product theory of Huang-Lepowsky-Zhang [82] applies, in particu-
lar the representations of W together with the fusion product form an abelian
braided tensor category (see Section 2.3.1 for a definition of tensor categories).

• The spaces of intertwiners of W-representations are related by the equation
Hom(U, V ∗) = Hom(U ⊗ V,W∗), where V ∗ is the conjugate representation of
V (see Section 2.3.1).

• The fusion product of a W-representation with a short exact sequence of W-
representations is right exact but not necessarily exact.

• The number of irreducible W-representations is finite.

• Every irreducible representation of W has a projective cover (see Section 2.4
for a definition of projective representations).

• Every W ⊗C W̄-representation X is isomorphic to a quotient of the tensor
product MX ⊗C N̄X of twoW-representations MX and NX by a subrepresent-
ation.

• The space of intertwiners of HomW⊗W̄(M ⊗C N̄ ,M
′ ⊗C N̄

′) is isomorphic to
the tensor product of intertwiner spaces Hom(M,M ′)⊗C Hom(N,N ′).
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Chapter 2

Constructing the W2,3 Boundary
Theory

2.1 Overview

In this chapter we want to study the W2,3 triplet theory, a c = 0 logarithmic con-
formal field theory. This is the simplest example of a whole family of Wp,q triplet
theories that can be naturally associated to the minimal models [83, 84]. One pe-
culiar feature of the W2,3 model (and of all Wp,q theories with p, q ≥ 2) is that the
vacuum representation or vertex operator algebra is not irreducible. This is a gen-
eric property of c = 0 logarithmic conformal field theories,1 and we believe that it is
responsible for the complicated and rather unfamiliar behaviour we shall encounter.

The first main result of this chapter concerns the description of the W2,3 fu-
sion rules of all indecomposable representations that appear as direct summands in
successive fusions of the irreducibles. The second main result is that unlike in the
usual (non-logarithmic rational) case, not all indecomposable representations corres-
pond to consistent boundary conditions. Indeed, some of them lead to degenerate
boundary correlators and therefore have to be discarded (since the actual boundary
spectrum is then smaller than assumed). The set of consistent boundary conditions
– determined by our analysis intrinsic to conformal field theory – are in one-to-one
correspondence with the lattice results of [16].

In the remainder of this introduction we give a detailed (but non-technical)
overview of the results of this chapter. Section 2.2 contains the detailed discussion of
the W-representations and the computation of their fusion products. In Section 2.3
we construct the boundary theory based on the abstract theory of internal Homs
and dual objects in tensor categories.

1 For c = 0 the descendant of the vacuum, L−2Ω, is a Virasoro highest weight vector since
L1L−2Ω = L2L−2Ω = 0. Unless the Virasoro field of the conformal field theory vanishes, the
vacuum representation is reducible as a representation of the Virasoro algebra. It may of course
still be irreducible as a representation of a larger chiral algebra (for example if one takes the product
of two non-logarithmic theories with opposite central charge), but forW2,3, and in fact for allWp,q

with p, q ≥ 2, the vacuum representation contains a non-trivial sub-represenatation of the entire
W-algebra.
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2.1.1 W-representations and fusion rules

Let us begin by reviewing the structure of the underlying Virasoro theory. Recall
that the Virasoro minimal models have central charge

cp,q = 1− 6
(p− q)2

pq
, (2.1.1)

where p and q are a pair of positive coprime integers. The vacuum representation is
the irreducible representation based on the highest weight state Ω with h = 0. The
corresponding Verma module has two independent null vectors: the null vector N1 =
L−1Ω of conformal dimension h = 1 and a null vector N2 of conformal dimension
h = (p − 1) · (q − 1). Setting N1 and N2 to zero we obtain the irreducible vacuum
representation based on Ω. The highest weight representations of the corresponding
vertex operator algebra are the representations of the Virasoro algebra for which the
modes Vn(N1) and Vn(N2) act trivially. They have conformal weights

hr,s =
(ps− qr)2 − (p− q)2

4pq
, (2.1.2)

where 1 ≤ r ≤ p− 1, 1 ≤ s ≤ q − 1 and we have the identification

hr,s = hp−r,q−s . (2.1.3)

We shall be mainly interested in the case (p, q) = (2, 3) for which c2,3 = 0. In this
case, the null vector N2 of the vacuum representation is just the vector N2 = L−2Ω,
and thus the irreducible vacuum representation V(0) only consists of the vacuum
state Ω itself. Furthermore, there is only one representation in (2.1.2), namely the
vacuum representation V(0) itself. This is clearly a very trivial and boring theory.

The logarithmic theory we are interested in is obtained in a slightly different
fashion. Instead of taking the vertex operator algebra to be V(0), we consider the
vertex operator algebra V that is obtained from the Verma module based on Ω by
dividing out N1 = L−1Ω, but not N2 ≡ T = L−2Ω. This leads to a logarithmic
conformal field theory, but not to one that is rational. In order to make the theory
rational we then enlarge the chiral algebra by three fields of conformal dimension
15. The resulting vertex operator algebra will be denoted by W2,3 or just W, and it
defines the so-called W2,3 model [83]. Its irreducible representations are described
by the finite Kac table:

s = 1 s = 2 s = 3

r = 1 0, 2, 7 0, 1, 5 1
3 ,

10
3

r = 2 5
8 ,

33
8

1
8 ,

21
8 − 1

24 ,
35
24

(2.1.4)

Here each entry h is the conformal dimension of the highest weight states of an irre-
ducible representation, which we shall denote byW(h). There is only one represent-
ation corresponding to h = 0, namely the one-dimensional vacuum representation
W(0), spanned by the vacuum vector Ω.

The representations W(h) for which the value h is coloured grey in (2.1.4) will
not correspond to consistent boundary conditions, see Section 2.1.2 below.
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As is familiar from other logarithmic theories, the 13 irreducible representations
in (2.1.4) do not close among themselves under fusion. However, one can show that
the fusion rules close on some larger set, involving in addition 22 indecomposable
representations. These will be described in more detail in Section 2.2, and their
characters will be given in Appendix A.1; the relation to the notation in [16, 85] is
explained in Appendix A.4.

W , W∗ , Q , Q∗ , R(2)(2; 7) , R(2)(7; 2) , R(2)(1; 5) , R(2)(5; 1) ,

R(2)(2; 5) , R(2)(5; 2) , R(2)(1; 7) , R(2)(7; 1) , R(2)( 1
3 ) ,

R(2)( 10
3 ) , R(2)( 5

8 ) , R(2)( 21
8 ) , R(2)( 1

8 ) , R(2)( 33
8 ) ,

R(3)(1) , R(3)(2) , R(3)(5) , R(3)(7)

(2.1.5)
Again, the representations whose names are coloured grey will not correspond to
consistent boundary conditions. We do not claim that (2.1.4) and (2.1.5) are all
indecomposable representations ofW2,3. Indeed it is clear that they are not, as they
are not closed under taking quotients and subrepresentations. However, the repres-
entations (2.1.4) and (2.1.5) form the minimal set of representations, containing the
irreducible representations in (2.1.4), that closes under fusion and taking conjugates.

Since the vertex operator algebraW contains generating fields at the rather high
conformal weight h = 15, it is difficult to determine the commutation relations of
thisW-algebra explicitly, and thus we do not know how to determine the fusion rules
directly.2 However, we can infer theW fusion rules from the calculation of the fusion
rules of the Virasoro vertex operator algebra V, using induced representations. The V
fusion rules, on the other hand, can be determined explicitly, using the techniques of
[60, 62] (see Section 2.2). In fact, this analysis has already been done some time ago
by [61], but it contained a small mistake which we have corrected here. The resulting
V fusion rules are associative and commutative, and the same then also holds for
the induced W fusion rules. We list all fusion products for the representations in
(2.1.4) and (2.1.5) in Appendix B.1.

The resulting fusion rules are much more complicated than for example those
of the well-understood logarithmic (1, p) models. The source of this and many
other difficulties is probably the fact that the vertex operator algebra W is not
irreducible. In fact, W does not agree with the irreducible representation W(0)
based on Ω, since in W the state T = L−2Ω does not vanish, but generates the
proper subrepresentation W(2) ⊂ W. The structure of W is thus described by the
embedding diagram

Ω × T

h = 0 h = 1 h = 2

W(2) (2.1.6)

where the arrows describe the action of the W-modes and ‘×’ refers to the null
vector N1 which has been divided out. Alternatively, we can characterise W by the
exact sequence

0 −→W(2) −→W −→W(0) −→ 0 . (2.1.7)

2One may hope that the description given in [86] may allow one to overcome this limitation.
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In the following we shall summarise some of the rather peculiar features of the
resulting theory and its fusion rules.

Conjugate and Dual Representations

The conjugate representation R∗ of a representation R is characterised by the prop-
erty that the two-point conformal blocks involving one state from R and one state
from R∗ define a non-degenerate bilinear form on R×R∗. Usually, the vertex op-
erator algebra itself is self-conjugate since the vacuum state Ω is a self-conjugate
state, and the vertex operator algebra is irreducible. However, in the present case,
the latter property does not hold, and as a consequenceW∗ is not isomorphic toW.
In fact, W∗ is characterised by the exact sequence

0 −→W(0) −→W∗ −→W(2) −→ 0 , (2.1.8)

and is therefore different fromW. It is generated from a state t at conformal weight
h = 2

ω × t

h = 0 h = 1 h = 2

W(2) (2.1.9)

but t is not a highest weight state since L2t = ω. On the other hand, ω is annihilated
by allW modes. The fact thatW is not self-conjugate means amongst other things,
that W cannot appear by itself as the boundary spectrum of a boundary condition
— this will be explained in more detail below.

In non-logarithmic rational conformal field theories, the fusion R ⊗ R∗ always
contains the vertex operator algebra W itself. Thus it makes sense to call the
conjugate representation R∗ also the ‘dual representation’. Furthermore, it is then
obvious that the fusion of R with R ⊗ R∗ contains R. These properties motivate
an abstract categorical definition of duals which we review in section 2.3.4. Two
necessary conditions for the existence of a dual representation R∨ are that there
exist non-zero intertwiners

bR :W → R⊗R∨ and dR : R∨ ⊗R →W , (2.1.10)

and the image of bR in R ⊗ R∨ should not give zero when fused with either R
or R∨. In the general logarithmic case, the conjugate representation R∗ does not
automatically satisfy these properties, and thus the dual representation R∨ may
not agree with the conjugate representation R∗ (or may not even exist at all). For
example, each of the irreducible representations W(h) is self-conjugate, W(h)∗ =
W(h), but for W(0) and W(2) we have the fusions

W(0)⊗W(0) =W(0) , W(2)⊗W(2) =W∗ . (2.1.11)

Thus W(0) is not self-dual since dW(0) doesn’t exist — there is simply no non-zero
intertwiner from W(0) to W. Furthermore, because any intertwiner from W to W∗
has to factor throughW(0), the image of bW(2) is contained inW(0) ⊂ W(2)⊗W(2).
But W(0)⊗W(2) = 0 and so W(2) is not self-dual either. In fact, neither W(0) nor
W(2) have a dual representation at all. The same also holds for W(1), W(5), and
W(7).
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We believe that the indecomposable representations listed in (2.1.4) and (2.1.5)
which are not in grey boxes are all self-dual and self-conjugate, see Appendix A. In
particular, for these representations the conjugates agree with the duals.

Exactness of the Fusion Product

Another strange feature of the W2,3 theory is that the fusion product is not exact,
i.e. that fusion does not in general respect exact sequences. Indeed, if we consider
the fusion of each entry of (2.1.8) with W(0), using the fusion rules (2.1.11) as well
as

W(0)⊗W∗ = 0 and W(0)⊗W(h) = 0 for h 6= 0 , (2.1.12)

we get the sequence 0 −→ W(0) −→ 0 −→ 0 −→ 0 which is clearly not exact.
However, the fusion rules we have determined appear to be right-exact, i.e. the last
three entries of an exact sequence are mapped to an exact sequence under fusion.

The Grothendieck Group

The Grothendieck group K0 ≡ K0(Rep(W)) of the category of representations of W
is, roughly speaking, the quotient set obtained by identifying two representations
if they have the same character3. Let us denote the equivalence class of a repres-
entation R by [R]. The group operation is addition, defined via the direct sum of
representations,

[R] + [R′] = [R⊕R′] . (2.1.13)

For example, given the exact sequence (2.1.8), we have

[W∗] = [W(0)⊕W(2)] = [W(0)] + [W(2)] (2.1.14)

since (2.1.8) implies that the characters obey χW∗ = χW(0) + χW(2). If R1, . . . ,Rn
are the irreducible representations, one can convince oneself that the Grothendieck
group is the free abelian group generated by [R1], . . . , [Rn], i.e. K0 = Z[R1]⊕ · · ·⊕
Z[Rn]. In other words, the elements of K0 are all linear combinations of the [W(h)]
with integer coefficients, where h takes one of the 13 values from the Kac table in
(2.1.4).

For non-logarithmic rational conformal field theories, the Grothendieck group
also has a product structure which is defined by

[R] · [S] = [R⊗ S] . (2.1.15)

The physical significance of this product is that the character associated to [R]·[S∗] is
precisely the character of the boundary space of states between the Cardy boundary
conditions R and S [64]. Furthermore, the structure constants of the multiplication
(2.1.15) are determined by the Verlinde formula. A similar structure also appears
for the W1,p models [87, 88, 72].

As we have mentioned before, the construction of the boundary conditions is
more subtle in the W2,3 model. This is reflected by the fact that the product

3 This is true for W2,3, and whenever the characters of all irreducible representations are
linearly independent. We recall the general definition in Section 2.3.5.
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(2.1.15) is actually not well-defined on K0. To see this we observe that we can
compute [W(0)] · [W∗] in two ways:

[W(0)] · [W∗] = [W(0)⊗W∗] = 0 versus

[W(0)] · [W∗] = [W(0)] · ([W(0)] + [W(2)])

= [W(0)⊗W(0)] + [W(0)⊗W(2)] = [W(0)] .

(2.1.16)

Thus for W2,3 the fusion of representations does not induce a product on the
Grothendieck group. However, we can restrict ourselves to the subset of those rep-
resentations that correspond to consistent boundary conditions, and on this subset
it is in fact possible to define the product (2.1.15) — this will be explained in more
detail in Section 2.1.2.

For completeness, we also mention that one can define the multiplication (2.1.15)
on the quotient

K̃0 = K0 / (Z [W(0)]) . (2.1.17)

This amounts to setting [W(0)] to zero. The resulting ring structure on the quotient

K̃0 coincides with the one described in [83, Sect. 6.3] using quantum groups (we
explain the relation to the notation of [83] in Appendix A.4).

Properties of the category Rep(W)

It is instructive to summarise the properties of the representation category of the
W2,3 vertex operator algebra, and compare them to those of the usual non-logarithmic
Virasoro minimal models Vp,q, and the logarithmic W1,p models. In the following
table, V is the vertex operator algebra, the ticks ‘

√
’ are results which have been

proved, the ticks in brackets ‘(
√

)’ are supported by evidence but not proved, and
the negative results ‘−’ are proved by counter-example.

V = Vp,q V =W1,p V =W2,3

1) L0 diagonalisable on V
√ √ √

2) End(V) = CidV
√ √ √

3) V irreducible
√ √

−
4) Rep(V) is a braided tensor category

√ √
(
√

)

5) Rep(V) has duals
√

(
√

) −
6) Tensor product is right-exact

√
(
√

) (
√

)

7) Tensor product is exact
√

(
√

) −
8) Tensor product induces a product on K0

√
(
√

) −
9) V has finite number of irreducibles

√ √ √

10) Rep(V) is semi-simple
√

− −

A few comments are maybe in order: End(V) in 2) describes the space of V-
intertwiners from V to itself, and in all three cases this just consists of multiplication
by complex numbers. This is automatic if V is irreducible, but it is also true for
W2,3 since the intertwiner is uniquely determined by its action on the cyclic vector
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Ω, and because the L0-eigenspace of eigenvalue 0 is one-dimensional, it can only
map Ω to a multiple of itself. In category-speak this means that W2,3 is absolutely
simple but not simple.

Let us give some references to the literature where the results in the above table
can be found:

Vp,q : 1)–3) hold by construction, and for 9) and 10) see [89, Def. 2.3 & Thm.
4.2]. The existence of a braiding4 and tensor product follow from [92, Thm. 3.10],
and the duality morphisms are constructed in [93, Thm. 3.8], establishing 4) and 5).
The existence of duals implies that the tensor product is exact (see [91, Prop. 2.1.8]),
which in turn guarantees that the product on K0 is well-defined, so that 6)–8) hold
as well.

W1,p : 1)–3) again hold by construction, see [94] and the free field approach in [87].
A tensor product theory for vertex operator algebras with logarithmic intertwiners
has been developed in [82]. By [95, Prop. 4.1], the theory can be applied for vertex
operator algebras which are C2-cofinite and of positive energy. By [96, 97] theW1,p-
vertex operator algebras are of this type, and as a consequence also satisfy 9). It
follows that Rep(W1,p), defined as in [95, Prop. 4.3], is a braided tensor category
[95, Thm. 4.11]. This establishes point 4). That 10) does not hold can be seen for
example from [87, Sect. 2.4] or [97, Sect. 4]. Finally, 5) (and consequently 7)–8))
would follow from [98, Conj. 4.2].

W2,3 : The explicit free field construction of [83, Def. 4.1 & Thm. 4.2] establishes
1) and 2). It also shows that 3) and 10) do not hold. Counterexamples to 5), 7) and
8) were provided in Sections 2.1.1, 2.1.1 and 2.1.1, respectively. The C2-cofiniteness
of W2,3 was proven in [99]. It is howver not clear yet if the tensor product theory of
[82] can be applied to this model. However, the results of [16, 85] and the fusion rule
computations of Section 2.2 strongly support 4). The tests we have for 6) are far less
stringent, but it is certainly a natural property to expect. Finally, it follows from
[100] that the 13 irreducible representations obtained via the free field construction
of [83, Sect. 4.3] are complete. Thus proving 9).

2.1.2 Boundary Conditions and Boundary Spaces of States

With this detailed understanding of the fusion rules, we can now turn to describing
the possible boundary conditions, their boundary spectra and the operator product
expansions of the corresponding boundary fields. We shall only consider boundary
conditions that preserve the W symmetry. Let us first explain more precisely what
we mean by this — since we want to construct a consistent boundary theory without
having to specify the bulk theory first, this is somewhat subtle.

4 In all three cases of the above table, the map e−2πiL0 should endow the representation
category with a twist in the sense of [90, Def. 6.1]. Alternatively, the twist can be introduced as
a morphism derived from a functorial isomorphism from a representation to its double-dual as in
[91, Sect. 2.2]. The latter formulation requires the existence of duals. As far as we can tell, in the
vertex operator algebra literature the question of the existence of a twist and of duals has not been
addressed separately, and so we have omitted the twist as a separate property from the table.
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W-Symmetric Boundary Conditions

In order to speak of aW-symmetric boundary condition, we are implicitly assuming
that the corresponding bulk theory has the symmetry Wleft⊗CWright, with Wleft ⊃
W and Wright ⊃ W. In other words, there is an inclusion of Wleft⊗CWright into the
space of states of the bulk theory Hbulk which respects operator products. This then
turns Hbulk into a representation of Wleft⊗CWright. For logarithmic conformal field
theories, the inclusion of Wleft ⊗C Wright need not be a direct summand of Hbulk;
the W1,p models provide an example of this [78, 72].

Suppose we consider such a conformal field theory on the upper half plane with
a boundary condition on the real line labelled by A. For A to be a W-symmetric
boundary condition we demand that on the real line the fields of the left- and
right-moving copy of W are related by Wleft(x) = Wright(x), where W ∈ W and
Wleft = W⊗CΩ, Wright = Ω⊗CW [63]. This implies, in particular, that there is a map
ηA : W → HA→A and that the boundary fields HA→A on A form a representation
of W. Similarly, the spaces HA→B of boundary changing fields between two W-
symmetric boundary conditions A and B are W-representations.

Given two (not necessarily different) boundary conditions A and B we require
that the two point correlators of boundary (changing) fields are non-degenerate.
Otherwise, if, say, a field ψ ∈ HA→B had zero two-point correlator with all fields
in HB→A, then ψ would vanish in all correlation functions and we should replace
HA→B with its quotient by the kernel of the two-point correlator. We assume that
this has been done, and so all two-point correlators are non-degenerate. The two-
point correlators themselves are determined by the operator product expansion of
boundary fields and their one-point correlators. We describe the one-point correlator
on a boundary with label A by a W-intertwiner εA : HA→A → W∗. The reason to
take the image of εA to be W∗ rather than C is that this can be more directly
translated into a condition defined in the category Rep(W). The interpretation
is that each boundary field gives rise to a linear functional on W by placing the
boundary field at 0 and a field in W at ∞, using the embedding ηA. The one-point
correlator itself is obtained by placing the vacuum Ω at ∞.

We shall also demand that ηA :W → HA→A is injective. For suppose N ⊂ W is
annihilated by ηA. The sewing constraint arising from the two-point correlator on
the upper half plane [65, 50] shows that a correlator on the upper half plane which
involves at least one field from N has to vanish. It follows that N is an ideal in W,
and that N -descendents in Hbulk act as zero. We are therefore no longer describing
a conformal field theory withW-symmetry, but a conformal field theory withW/N -
symmetry in the presence of a W/N -symmetric boundary condition. In particular,
the bulk theory reconstructed with the procedure of [72] may then depend on the
boundary condition we start from.

Summarising the above discussion, a consistent W-symmetric boundary theory
thus consists of the following data:

- a collection B = {A,B, . . . } of labels for boundary conditions,

- for each pair of labels A,B a boundary spectrum HA→B which is a W-
representation,

- a boundary operator product expansion HB→C×HA→B → HA→C compatible
with the W-symmetry,
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- W-intertwiners ηA :W → HA→A,

- one-point correlators εA : HA→A →W∗ which are W-intertwiners.

These data should satisfy the following sewing constraints and non-degeneracy con-
ditions:

B1 The boundary operator product expansion is associative.

B2 The two-point correlator obtained by taking the operator product expansion
of two boundary fields and evaluating with εA is non-degenerate.

B3 ηA is injective and ηA(Ω) is the identity field on the A-boundary.

Conditions B1 and B2 are certainly necessary if we want a consistent theory whose
states are distinguishable in correlators. Condition B3 has a different status, because
dropping it does not lead to inconsistencies of the boundary theory. We impose it
in our analysis for the reason outlined above.

For a non-logarithmic rational vertex operator algebra V there is a canonical
boundary theory [64, 51, 101, 73]: B consists of all isomorphism classes of V-rep-
resentations, HA→B = B ⊗ A∗ and the operator product expansion can be defined
using the duality intertwiners dA (cf. Section 2.3.4 below). The same is true for the
logarithmic rational W1,p models [71, 72]. For the W2,3 model this ansatz turns out
to work as well, but with one crucial difference: we can no longer assign consist-
ent boundary conditions to all W-representations, but only to a subset, as we will
illustrate now.

A Boundary Theory for the W2,3 Model

Given two representations A and B, there is a general categorical construction, called
the ‘internal Hom’ [A,B] (see Section 2.3.3 below), which is the natural candidate for
the boundary space of states, HA→B = [A,B]. The reason for this proposal is that
the internal Hom construction provides us with an associative boundary operator
product expansion, i.e. that B1 is automatically satisfied.

Actually, as also explained in Section 2.3.3 below, we can always express the
internal Hom as

[A,B] =
(
A⊗B∗

)∗
, (2.1.18)

where A∗ is the conjugate representation to A. In order to see that this proposal for
the boundary spectrum is not so unnatural, consider the case A = B =W(2). Recall
thatW(2)∗ ∼=W(2) andW(2)⊗W(2) =W∗ so that HW(2)→W(2) = [W(2),W(2)] =
W. Had we taken HA→B = B ⊗ A∗ as in the non-logarithmic case, the result for
HW(2)→W(2) would have been W∗ which is different from W and does not allow for
a unit η :W →W∗ (because this would factor through W(0) and W(0)⊗W∗ = 0).
To summarise:

Bfirst try = { all W-representations } satisfies B1 . (2.1.19)

However, it turns out that this attempt violates B2 and B3. To see that B2 fails
consider A = B = W(2), for which we have just seen that HW(2)→W(2) = W.
Recall from Section 2.1.1 that a boundary condition with self-spectrum W does not
allow for a non-degenerate two-point correlator, irrespective of what we choose for
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ε, simply because W 6∼= W∗. B3 fails for A = B = W(0) because in this case
HW(0)→W(0) =W(0), and while there is an intertwiner ηW(0) :W →W(0), it is not
injective.

The obvious method to circumvent these problems is to remove all boundary
labels from (2.1.19) for which B2 and B3 fail. A necessary condition for B3 to hold
is that there exists an injective intertwinerW → HA→A. We have just seen that this
eliminates W(0), and in fact this is the only indecomposable representation ruled
out by this criterion. A necessary condition for B2 to hold is that for any boundary
label A we have

(
A⊗A∗

)∗ ∼= A⊗A∗. This eliminates the irreducible representations
W(1), W(2), W(5), W(7), as well as the indecomposable representations W, W∗,
Q, Q∗. Coming from the opposite direction, we will prove in Section 2.3.4 that the
following holds:

B =

{
all W-representations A for which
A∗ is a dual for A such that bA is injective

}
satisfies B1–B3 . (2.1.20)

Here bA is the duality morphism mentioned in (2.1.10); it will serve to construct
the unit ηA. We believe (but we have no proof) that of the 35 indecomposable
W2,3-representations we consider in this chapter, namely those listed in (2.1.4) and
(2.1.5), only the 26 representations that are not written in a grey box are in B.

These 26 indecomposable representations agree precisely with the boundary con-
ditions considered in [16]. There, the boundary conditions were found by analysing
a lattice model on a strip, while we obtain the list by representation theoretic argu-
ments intrinsic to conformal field theory.

We will prove in Section 2.3.4 that if A,B ∈ B then
(
A ⊗ B∗

)∗ ∼= B ⊗ A∗. The
boundary spaces of states thus take the same form as in the non-logarithmic case,

HA→B = B ⊗A∗ for A,B ∈ B . (2.1.21)

The construction of the boundary theory is then completely analogous to non-
logarithmic rational conformal field theories and the W1,p models; we provide the
details in Section 2.3.

We also prove (see Theorem 2.3.10) that the space HA→B is always non-zero,
i.e. that there is a non-trivial boundary spaces of states between any two boundary
conditions in B. This is not true if for example the representation W(0) would be
an allowed boundary condition. W(0) still satisfies B1 and B2 but not B3. Indeed,
the space of boundary states between W(0) and W(2) would be HW(0)→W(2) =(
W(0)⊗W(2)∗

)∗
= 0 because W(0)⊗W(2) = 0.

Cylinder Partition Functions

As was already alluded to in Section 2.1.1, the product structure of the Grothendieck
group of a rational non-logarithmic theory is closely related to the cylinder diagram
between two Cardy boundary conditions A and B

Z(q)A→B = trHA→B
(
qL0−c/24

)
, (2.1.22)

where q = exp(2πiτ). Indeed, for Cardy boundary conditions, the boundary spec-
trum is described by B⊗A∗, and the character of B⊗A∗ only depends on the class
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[B ⊗ A∗] in the Grothendieck group. As we have seen above (2.1.21), for boundary
conditions labelled by A,B ∈ B, the boundary spectrum is still given by B ⊗ A∗,
and the character again only depends on [B ⊗ A∗]. One may therefore expect that
there should be a consistent product on the subgroup of the Grothendieck group that
comes from the consistent boundary conditions. With this in mind we introduce the
subgroup of K0 defined by

Kb
0 =

(
subgroup generated by [R] for all R ∈ B as defined in (2.1.20)

)
. (2.1.23)

We shall give an explicit description of Kb
0 in Section 2.2.4 below, and we shall show

in Section 2.3.5 that on Kb
0 the product [R] · [R′] := [R⊗R′] is indeed well-defined

and associative.
The fact that the product is well-defined now implies that two boundary condi-

tions A,A′ ∈ B for which [A] = [A′] cannot be distinguished in any cylinder partition
function,

A,A′ ∈ B and [A] = [A′] ⇒ Z(q)A→B = Z(q)A′→B for all B ∈ B . (2.1.24)

Actually we will see in Section 2.2.4 that A and A′ cannot be distinguished in
cylinder partition functions (2.1.24) even if A and A′ only coincide in the quotient

K̃0 defined in (2.1.17). On the other hand, as opposed to Kb
0 one cannot read off

the cylinder partition functions directly from the product in K̃0. For example, if
A = 2W( 5

8 ) and A′ = R(2)(7; 2), the partition functions Z(q)A→A and Z(q)A′→A′

differ by 2χW(0)(q). This difference is visible in Kb
0 but not in K̃0. It is therefore

not clear to us whether K̃0 has a direct physical interpretation.
It would be interesting to see if the product structure on Kb

0 can be described by

a Verlinde-like formula; for K̃0 such a formula was obtained in [102].

Boundary Conditions and Boundary States

Finally, let us comment on the relation between boundary conditions and boundary
states. Recall that the boundary states encode the one-point functions of bulk fields
on the disc. On the other hand, a boundary condition is in addition specified by
the bulk-boundary operator product expansion, as well as by the operator product
expansion of the boundary fields amongst themselves. This then also specifies how
the boundary spaces of states decompose into W-representations.

Given the property (2.1.24) of cylinder partition functions, it seems likely that
the boundary conditions in logarithmic conformal field theories are in general not
uniquely characterised by their boundary states. This phenomenon is already vis-
ible for the W1,p models whose boundary theory was analysed in [71, 72]. There,
boundary states (and in [71] even the entire boundary condition including oper-
ator product expansions) were constructed for the irreducible representations. The
construction of the present chapter shows that one can find a consistent boundary
theory in the sense of B1–B3 also for the other representations (including the re-
ducible indecomposable representations).5 The boundary space of states of these

5To connect these to a bulk theory, one obviously still has to construct a consistent bulk-
boundary operator product expansion for these additional boundary conditions, but we believe
that this is indeed possible.
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boundary conditions will still be given by the fusion rules — see (2.1.21) above and
Eq. (2.21) of [71] — and thus these boundary conditions will be different from the
(superpositions of the) irreducible representations that make up the same charac-
ter. On the other hand, given the analysis of [71, 72] it is clear that there are no
additional boundary states, and thus their boundary states must agree.

A Boundary Theory for other W-Symmetric Models

While we have only considered the W2,3 model so far, we believe that much of the
structure we have found generalises to other models (in particular, but not exclus-
ively, to the Wp,q models, see Chapter 4 for a discussion on how to generalise the
results of this chapter to general (p, q)). The general analysis of Section 2.1.2 should
be applicable provided that the (interesting) representations of W form a braided
tensor category. One should then be able to find a boundary theory satisfying B1–
B3 with boundary labels given by (2.1.20), and where the boundary spaces of states
are of the form (2.1.21). This follows from three additional properties of Rep(W)
(namely that it is abelian and has the two properties stated in condition C in Sec-
tion 2.3.1) together with Theorem 2.3.10. Formulas (2.1.22)–(2.1.24) for the cylinder
partition functions are also valid in this case, as demonstrated in Section 2.3.5.

2.2 Representations and Fusion Rules

After this long overview, we shall now describe our results in more detail. We begin
by analysing the fusion rules of the W2,3 model. As we mentioned above, we do not
know how to attack this calculation directly, and we shall therefore first revisit the
fusion rules of the Virasoro theory.

2.2.1 The Virasoro Theory

For the Virasoro theory the relevant vertex operator algebra V is obtained from the
Virasoro Verma module based on Ω, by dividing out N1 = L−1Ω, but not T = L−2Ω.
The vector T is then a highest weight state, i.e. it is annihilated by L1 and L2, but
it is not the cyclic vector of V.

Actually, T generates the irreducible representation V(2) of the Virasoro algebra
with highest weight h = 2. This representation is the quotient space of the Verma
module based on T by two independent null-vectors N3 and N5 at level three and
five, respectively (see (2.2.10) below). In the Verma module based on Ω, both N3

and N5 are actually descendants of N1 = L−1Ω, and hence both N3 and N5 are set
to zero in V. It follows that V indeed contains V(2) as a subrepresentation. In terms
of exact sequences, the structure of the vertex operator algebra is thus

0 −→ V(2) −→ V −→ V(0) −→ 0 . (2.2.1)

Alternatively, the structure of the vertex operator algebra is described by the left-
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most diagram in

V V∗ P P∗

◦ T • t × × h = 2

× × ◦ ψ • ψ̄ h = 1

• Ω ◦ ω • Ω ◦ ω h = 0

V(2) V(2) V(1) V(1)

(2.2.2)

Here • denotes the cyclic vector that generates the entire representation, ◦ are images
of •, and × denotes null vectors (which have been set to zero). The vertex operator
algebra V is then not irreducible, but still indecomposable.

It is easy to see from the above structure that V is not self-conjugate. This
is to say, the two-point correlators involving two states from V do not lead to a
non-degenerate bilinear form. Indeed, it is manifest that

〈φ(z)T (w)〉 = 0 , for any φ ∈ V. (2.2.3)

In fact, the conjugate representation V∗ of V is generated from a cyclic state t at
conformal weight two. The state t is quasiprimary (L1t = 0), but it is not highest
weight since L2t = ω, where ω satisfies Lnω = 0 for all n. In terms of exact sequences
V∗ is characterised by

0 −→ V(0) −→ V∗ −→ V(2) −→ 0 , (2.2.4)

and the structure is sketched in the second diagram in (2.2.2) above. With this
definition it is then easy to see that

〈T (z)t(w)〉 = (z − w)−2 〈Ω(z)ω(w)〉 6= 0 . (2.2.5)

This implies that the two point correlators involving one field from V and one field
from V∗ give rise to a non-degenerate bilinear form.

Both V and V∗ are obtained from the Verma module based on Ω by taking N2

to be non-zero. Similarly, we can consider the Virasoro representation where we set
N2 = 0, but not ψ = L−1Ω. This leads to the representations P and P∗, see (2.2.2)
above. The representation P has a null-vector at conformal weight two, namely

N2 = (L−2 −
3

2
L2
−1)Ω . (2.2.6)

This vector is annihilated by L1, as one can easily verify. (Note that L1L−2Ω =
3L−1Ω 6= 0.) Again, the subrepresentation generated from ψ is the irreducible
Virasoro representation V(1) with highest weight h = 1; its Verma module has
independent null-vectors at levels four and six, but these are automatically zero in
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s

r

1 2 3 4 5 6 7 8

1 0 0 1
3 1 2 10

3 5 7

2 5
8

1
8 − 1

24
1
8

5
8

35
24

21
8

33
8

3 2 1 1
3 0 0 1

3 1 2

4 33
8

21
8

35
24

5
8

1
8 − 1

24
1
8

5
8

5 7 5 10
3 2 1 1

3 0 0

· · ·

...

Table 2.1: The extended Kac table for c2,3 = 0 showing the values hr,s determined
by (2.1.2).

P since they are descendants of N2. We can also describe the structure of these
representations more formally in terms of exact sequences:

0 −→ V(1) −→ P −→ V(0) −→ 0 , 0 −→ V(0) −→ P∗ −→ V(1) −→ 0 . (2.2.7)

The vertex operator algebra V does not define a rational theory. However, it has
a family of ‘quasirational’ representations [60] that will play an important role later
when we enlarge V to a rational W-algebra. These quasirational representations are
labelled by entries in the extended Kac table, see Table 2.1.

2.2.2 The Virasoro Fusion Rules

The fusion rules of the vertex operator algebra V were studied in [61]. The simplest
fusion products are those of the irreducible representation V(0). Since for all n,
LnΩ = 0 in V(0), the fusion of V(0) with any state that is in the image of a Virasoro
generator, i.e. that can be written as a sum of states of the form Lnχ, vanishes. In
particular, this is the case for any state in the irreducible representation V(h) with
h 6= 0. On the other hand the product of V(0) with itself just gives V(0) again. Thus
we conclude that6

V(0)⊗V V(0) = V(0) , V(0)⊗V V(hr,s) = 0 for hr,s 6= 0 . (2.2.8)

The next simplest fusion rules are those that involve the representation V(2). It was
claimed in [61] that V(2) ⊗V V(2) = V but this is inconsistent with associativity.
Indeed, if we assume associativity, then it follows

V(0)⊗V V = V(0)⊗V
(
V(2)⊗V V(2)

)
=
(
V(0)⊗V V(2)

)
⊗V V(2) (2.2.9)

= 0⊗V V(2) = 0 ,

but this is not possible since V is the vertex operator algebra, and hence fusion with
V must always act as the identity, V(0)⊗V V = V(0).

6 We denote the fusion of V representations by ⊗V in order to distinguish it from the fusion of
W representations considered otherwise.
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In order to resolve this issue, we re-analysed the fusion V(2) ⊗V V(2) using the
algorithm of [60, 62] (that was also used in [61]) that we also used in Section 1.4.2.

We denote the highest weight vector of V(2) at conformal weight h = 2 by µ. As
we have already mentioned before, µ has two independent null-vectors, namely

N3 = (L−3 − L−2L−1 + 1
6L

3
−1)µ , (2.2.10)

N5 = (L−5 − 3
2L−4L−1 − 16

13L−3L−2 + 3
4L−3L

2
−1 + 16

13L
2
−2L−1

− 15
26L−2L

3
−1 + 9

208L
5
−1)µ .

For the case of the Virasoro modes, the comultiplication formulae (1.2.56-1.2.58) are

∆1,0(L0) = L−1 ⊗C 1 + L0 ⊗C 1 + 1⊗C L0 ,

∆1,0(L−1) = L−1 ⊗C 1 + 1⊗C L−1 ,

∆1,0(L−n) =

∞∑
m=−1

(
n+m− 1

m+ 1

)
(−1)m+1Lm ⊗C 1 + 1⊗C L−n , n ≥ 2

∆̃0,−1(L−n) = L−n ⊗C 1 +

∞∑
m=−1

(
n+m− 1

m+ 1

)
(−1)n+11⊗C Lm , n ≥ 2 .

On the space (H1 ⊗H2)(0) also the action of ∆̃0,−1(L−n) can be divided out since

∆̃0,−1(L−n) only differs by the action of negative modes from ∆1,0(L−n).
First we use the null vector N3 at level 3 to conclude that (V(2)⊗V V(2))(0) must

be contained in

span{(Ln−1µ)⊗C µ} ⊃ (V(2)⊗ V(2))(0) n = 0, 1, 2 . (2.2.11)

Using N5 and the fact that L−1N3 and L2
−1N3 are also null in V(2) we find that we

have the relation

(L2
−1µ)⊗C µ ∼= −7(L−1µ)⊗C µ− 8µ⊗C µ . (2.2.12)

These are all the relations that can be extracted from the null vectors N3 and N5,
and we therefore conclude that

(V(2)⊗V V(2))(0) = span{µ⊗C µ, (L−1µ)⊗C µ} . (2.2.13)

On this space the L0 action is then given by

∆1,0(L0)(µ⊗C µ) = (L−1µ)⊗C µ+ 4µ⊗C µ

∆1,0(L0)((L−1µ)⊗C µ) = (L2
−1µ)⊗C µ+ 5(L−1µ)⊗C µ

∼= −2(L−1µ)⊗C µ− 8µ⊗C µ.

(2.2.14)

Thus we can represent it by the matrix

L0 =

(
4 −8

1 −2

)
which is conjugate to

(
0 0

0 2

)
. (2.2.15)

This shows that V(2) ⊗V V(2) contains precisely two vectors (of conformal weight
zero and two) that are not images under the action of the negative Virasoro modes.
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In particular, the fusion product is therefore not equal to V — it is obvious from the
definition that V(0) = CΩ. On the other hand, the result is consistent with7

V(2)⊗V V(2) = V∗ . (2.2.16)

We have actually checked (2.2.16) up to level 2, by considering larger quotient spaces
as in [62], and our results are perfectly consistent with (2.2.16). In particular, we
have checked that the action of L2 maps the state at conformal weight two to the
state at conformal weight zero. Also note that with (2.2.16) instead of V(2)⊗VV(2) =
V the problem with (2.2.9) is resolved: now associativity implies that

V(0)⊗V V∗ = 0 , (2.2.17)

and this is actually independently correct, since every state in V∗ is in the image of
a (possibly positive) Virasoro mode.

We have similarly re-analysed the fusions of V(1), and instead of the claim of
[61] we find

V(1)⊗V V(2) = P∗ , V(1)⊗V V(1) = V∗ ⊕ V( 1
3 ) . (2.2.18)

On the other hand, we have no reason to believe that there are problems with
the other fusion rules of [61], and we have in fact reproduced a number of them
independently. We therefore believe that their results are otherwise correct, and we
have used a few of them in our analysis of the W fusion rules below.

It is also worth pointing out that some of the indecomposable representations
that appear in the fusions are not just characterised by their highest weight, but also
by some additional parameters [62, 103, 15, 104]. In particular, this is the case for
the presentations R(2)(2; 5) and R(2)(2; 7) of [61], for which the relevant parameter
is called β2 and is listed in Table 2 of that paper. Incidentally, the two values for
β2 agree precisely with what was determined already in [10] using slightly different
methods, although the interpretation is now different: in [10] it was thought this
implied that only some subsector of representations could consistently exist in a
given theory. In the present context (see also [17]), in particular in connection with
our boundary analysis below, we see that both representations appear in the same
theory, but never together in a space of boundar states HA→B for indecomposable
W-representations A,B.

2.2.3 W-Representations

Up to now we have only considered the Virasoro theory. In order to make this theory
rational we have to extend it by adjoining 3 states at conformal weight h = 15.
We shall denote the resulting vertex operator algebra W. As in the Virasoro case
discussed before, W is again not irreducible, and its structure is similar to that of
V.

TheW theory is expected to have only finitely many irreducible representations.
They can be expressed in terms of infinite sums of quasirational Virasoro repres-
entations [83, Sect. 3.5]. The irreducible representations are characterised by the

7 This has also been independently observed by Jørgen Rasmussen. We thank him for commu-
nicating this to us.
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eigenvalue of L0 on the ground state, and we shall denote them by W(h). They
contain in particular the irreducible Virasoro representation V(h). In our case, 13
irreducible W-representations appear, and their conformal weights are listed in the
Kac table (2.1.4). In addition we have the W-analogues of the V-representations
V∗, P and P∗. We shall denote them by W∗, Q and Q∗, respectively. The exact
sequences characterising W and W∗ have been given in (2.1.7) and (2.1.8). For Q
and Q∗ we have in analogy with (2.2.7)

0 −→W(1) −→ Q −→W(0) −→ 0, (2.2.19)

0 −→W(0) −→ Q∗ −→W(1) −→ 0 .

Further logarithmic representations appear in the various fusion products; they
were listed in (2.1.5); the notation is inspired from [61] (but here denotes W-
representations, not V-representations as in [61]).

Lifting the Virasoro fusion to W-fusion

Unfortunately the high weight of the additional W-fields makes it difficult to de-
termine the full chiral algebra explicitly and thus to calculate the fusion directly,
using the methods from above. However, we can infer the fusion rules of at least
certain W-representations from the corresponding Virasoro fusions using induced
representations. These are the W-representations that are of the form

HW =W ⊗V HV , (2.2.20)

where HV is a Virasoro representation, and V acts onW by restricting theW-action
to the Virasoro algebra; the fusion is with respect to the Virasoro algebra. The fusion
(with respect to the vertex operator algebra W ) of two such representations is then

HW1 ⊗HW2 = (W ⊗V HV1 )⊗ (W ⊗V HV2 ) ∼=W ⊗V (HV1 ⊗V HV2 ) . (2.2.21)

This allows us to calculate a certain number of W fusion products, based on our
knowledge of the V fusion rules. Combining these results with associativity, we have
managed to determine allW fusion rules of all the representations we have mentioned
above. Our analysis reproduces the results of [16, 85], but it goes beyond their
analysis since we can also determine the fusion rules of the irreducible representations
W(1), W(2), W(5) and W(7), as well as of the indecomposable representations W∗
and Q∗ — the fusion rules involvingW and Q were recently conjectured in [85]. For
example, we find that the fusion of W(0) is trivial except for

W(0)⊗W(0) =W(0) . (2.2.22)

The fusion with W acts as the identity on every representation. Furthermore, we
find

W(2)⊗W(2) =W∗ W∗ ⊗W∗ =W∗ (2.2.23)

W(2)⊗W∗ =W∗ W∗ ⊗Q = Q∗

W(2)⊗Q =W(1) W∗ ⊗Q∗ = Q∗

W(2)⊗Q∗ = Q∗ W∗ ⊗W(1) = Q∗

W(2)⊗W(1) = Q∗
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and

Q⊗Q =W ⊕W( 1
3 ) Q∗ ⊗Q∗ =W∗ ⊕W( 1

3 ) (2.2.24)

Q⊗Q∗ =W∗ ⊕W( 1
3 ) Q∗ ⊗W(1) =W∗ ⊕W( 1

3 )

Q⊗W(1) =W( 1
3 )⊕W(2) W(1)⊗W(1) =W∗ ⊕W( 1

3 ) .

The complete list of fusion products is given in Appendix B.1.

2.2.4 Multiplication on the Grothendieck Group

Finally we turn to the question to which extent the fusion of representations induces
a product on the space of characters. To this end we want to study the Grothen-
dieck group K0 = K0(Rep(W2,3)) of the tensor category Rep(W2,3). We already
saw in Section 2.1.1 that it is inconsistent to define the product (2.1.15) on all of
K0. However, as we will recall in Section 2.3.5, if a representation M has a dual
representation then we get a well-defined map K0 → K0 given by

[R] 7→ [M⊗R] . (2.2.25)

In words this means that if two representations R and R′ have the same character,
then so have M⊗R and M⊗R′. We denote by Kr

0 the subgroup of K0 generated
by [R] for all R which have a dual representation.8 It is slightly larger than the
subgroup Kb

0 introduced in (2.1.23).
Note that if a representation has a dual representation, the dual need not be

the conjugate representation. For example one finds that the W-algebra always
has W as a dual (see Lemma 2.3.7 below), even though in the W2,3 model the
conjugate representation W∗ is not isomorphic to W. Similarly, since W appears as
a direct summand in the fusion Q ⊗ Q we expect Q to be self-dual. However, the
representation Q is again not isomorphic to its conjugate Q∗. In any case, we have
already found two elements of Kr

0, namely

[W] , [Q] ∈ Kr
0 . (2.2.26)

As pointed out in Section 2.1.1, we expect the representations from (2.1.4) and
(2.1.5) which are not in grey boxes to have duals. These include

[W(h)] ∈ Kr
0 for h ∈ { 1

3 ,
10
3 ,

5
8 ,

33
8 ,

1
8 ,

21
8 ,
−1
24 ,

35
24} , (2.2.27)

and
[R(2)(2; 7)] , [R(2)(7; 2)] , [R(2)(5; 1)] ∈ Kr

0 . (2.2.28)

The other representations in (2.1.5) that are not in grey boxes define elements in
K0 that can be expressed as integer linear combinations of the generators (2.2.26)–
(2.2.28). Furthermore, by comparing characters, it is not difficult to show that the
13 elements of Kr

0 given in (2.2.26)–(2.2.28) are linearly independent.
As a consistency check of the claim that the representations in (2.2.26)–(2.2.28)

have duals we have verified that the map (2.2.25) is indeed independent of the choice
of representative for [R], provided we choose M from (2.2.26)–(2.2.28). We have

8 Here r stands for ‘rigid’, see Definition 2.3.6 below.
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also verified that the remaining representations cannot have duals. For example, the
characters in Appendix A.1 show that [R(2)(2; 7)] = [W(0)⊕ 2W(2)⊕ 2W(7)], but
if we take M =W∗, Q∗, W(0), W(1), W(2), W(5) or W(7)[

M⊗R(2)(2; 7)
]
6=
[
M⊗

(
W(0)⊕ 2W(2)⊕ 2W(7)

) ]
, (2.2.29)

and thus none of these M can have duals. We will prove in Lemma 2.3.7 that if
two representations R and R′ have duals, then so does their fusion product R⊗R′.
This shows that the multiplication [R] · [R′] := [R ⊗ R′] provides a well-defined
associative product on Kr

0. This can also be verified explicitly, using the table of
fusion products in Appendix B.1.

It would be natural to work in a basis consisting of the irreducible representations,
but this is not quite possible. To see this note that [R(2)(2; 7)]−[R(2)(7; 2)] = [W(0)],
so that9 [W(0)] ∈ Kr

0. Because [W] = [W(0)]+[W(2)], then also [W(2)] ∈ Kr
0. In the

same way, [Q] ∈ Kr
0 implies [W(1)] ∈ Kr

0. Finally, [R(2)(7; 2)] − 2[W(2)] = 2[W(7)]
and [R(2)(5; 1)]− 2[W(1)] = 2[W(5)]. Altogether we see that

Kr
0 = spanZ

(
[W(h)]

∣∣h = 0, 2, 1, 1
3 ,

10
3 ,

5
8 ,

33
8 ,

1
8 ,

21
8 ,
−1
24 ,

35
24

)
(2.2.30)

⊕ 2Z[W(7)]⊕ 2Z[W(5)] .

In particular, [W(5)] and [W(7)] are not in Kr
0, but only 2[W(5)] and 2[W(7)].

For completeness let us also work out some of the structure constants in the
basis given by (2.2.30). Note that by construction, these structure constants will
be integers, but they need not be non-negative. Indeed, the product in this basis
cannot just be calculated by taking [R] · [R′] := [R⊗R′] — this formula is only true
if both R and R′ have duals. Thus in order to calculate the structure constants in
the basis (2.2.30), we have to rewrite the generators in terms of (2.2.26)–(2.2.28),
and then use the product formulae for these. For example. [W(0)] · [W(0)] is not
given by [W(0)⊗W(0)] = [W(0)], because W(0) does not have a dual. Instead we
have to write [W(0)] = [R(2)(2; 7)]− [R(2)(7; 2)] and compute

[W(0)] · [W(0)] = [R(2)(2; 7)⊗R(2)(2; 7)]− [R(2)(7; 2)⊗R(2)(2; 7)] (2.2.31)

− [R(2)(2; 7)⊗R(2)(7; 2)] + [R(2)(7; 2)⊗R(2)(7; 2)] = 0 .

This also explains why the problem encountered in (2.1.16) when trying to define a
multiplication on K0 does not occur for Kr

0: while it is true that [W∗] = [W(0)] +
[W(2)] ∈ Kr

0, the product [W∗] · [W(0)] is not given by [W∗⊗W(0)], because neither
W∗ nor W(0) have duals. Instead we have to express [W∗] = [W(0)] + [W(2)] in
terms of representations which do have duals. For example we can use [W∗] = [W],
and express [W(0)] as above. The result is [W∗] · [W(0)] = [W(0)]. Similarly, the
action of [W(0)] in the basis (2.2.30) is fixed by

[W(0)] · [W(h)] =


[W(0)] if h = 1, 2

−[W(0)] if h = 5, 7

0 else.

(2.2.32)

9Note that the fact that [W(0)] ∈ Kr0 does not imply that W(0) has a dual representation; as
we have seen in (2.2.29) it does not.
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In particular, this implies that Z[W(0)] is an ideal in Kr
0. We can thus consider

the quotient space K̃0, see (2.1.17), with the quotient map π : Kr
0 → K̃0 given by

π([R]) = [R] + Z[W(0)]. Because of the factors of two in (2.2.30) the map π is

not surjective, but one can check that there is a (unique) multiplication on K̃0 such
that π is a ring homomorphism (this is not obvious because the factors of two in

(2.2.30) might lead to non-integer structure constants for K̃0). We have verified that

the product on K̃0 obtained in this way agrees with the one in [83, Sect. 6.3] that
was constructed using quantum groups (see Appendix A.4 for how to translate the
notations).

The representations (2.1.20) which actually correspond to boundary conditions
generate the subgroup Kb

0 of Kr
0. Compared to Kr

0, the group Kb
0 is missing the

generators [W] and [Q], but we have to add [R(2)(5; 2)] which could previously be
expressed as [R(2)(5; 1)] + 2[W] − 2[Q]. Writing the basis in a similar fashion as
(2.2.30) gives

Kb
0 = spanZ

(
[W(h)]

∣∣h = 0, 1
3 ,

10
3 ,

5
8 ,

33
8 ,

1
8 ,

21
8 ,
−1
24 ,

35
24

)
(2.2.33)

⊕ 2Z
(
[W(2)]+[W(7)]) ⊕ 2Z

(
[W(1)]+[W(5)]) ⊕ 2Z

(
[W(2)]+[W(5)]) .

In particular, the lattice Kb
0 has only 12 basis vectors. We will prove in Theorem 2.3.9

that also Kb
0 is closed under multiplication. To see this explicitly, we observe that

(2.2.33) is the kernel of the map [R] 7→ [W(0)] · [R], which goes from Kr
0 to itself.

This description of Kb
0 implies that any two representations R and R′ with the

property that [R]− [R′] = n[W(0)] for some n will have the same cylinder partition
function relative to any [S] ∈ Kb

0. Indeed, we have in Kb
0

[R] · [S∗] = [R′] · [S∗] + ([R]−[R′]) · [S∗] (2.2.34)

= [R′] · [S∗] + n[W(0)] · [S∗] = [R′] · [S∗] ,

where we have used that n[W(0)] · [S∗] = 0 in Kb
0. The ambiguity of cylinder

partition functions is actually even greater, because Kb
0 contains a 2-dimensional

null ideal spanned by

N1 = [W( 5
8 )]− [W( 33

8 )]− [W( 1
8 )] + [W( 21

8 )]− [W(−1
24 )] + [W( 35

24 )], (2.2.35)

N2 = [W(0)]

and not just N2. These two elements have the property that N1·C = 0 = N2·C for all
C ∈ Kb

0. Thus any two representations R and R′ with the property that [R]− [R′] ∈
spanZ

(
[N1], [N2]

)
also lead to identical annulus partition functions. For example, the

two representations R =W( 5
8 )⊕W( 21

8 )⊕W( 35
24 ) and R′ =W( 33

8 )⊕W( 1
8 )⊕W(−1

24 )
have the property that [R]− [R′] = [N1]. As a consequence their annulus amplitudes
with any boundary condition S agrees, [HR→S ] = [HR′→S ]. This does not imply
that R and R′ have identical boundary states ‖R〉〉 and ‖R′〉〉; indeed, one may
expect that suitable correlators of bulk fields on a disc can distinguish two boundary
conditions R and R′ whenever [R] 6= [R′] in Kb

0. However, it does mean that 10
Ishibashi states are sufficient to reproduce all annulus partition functions as overlaps
〈〈R‖qL0 q̄L̄0‖S〉〉.
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2.3 Internal Homs and Associativity

With this detailed understanding of the fusion rules we are now in a position to con-
struct a boundary theory for the W2,3 model. We shall switch gears, and formulate
our construction in a more categorical fashion. First we shall explain informally why
category theory is the appropriate language (see Sections 2.3.1 and 2.3.2). Then we
shall introduce the relevant notions that will be important to us, in particular that
of an internal Hom (see Section 2.3.3), and that of dual objects (see Section 2.3.4).
There we also establish the result announced in the introduction, namely that for the
list of boundary labels (2.1.20) we can find a boundary theory satisfying conditions
B1–B3.

2.3.1 Tensor Categories

From the results in Section 2.2 we see that it is reasonable to assume that the W2,3-
representations we consider form a tensor category. This is a non-trivial assumption
(see the discussion in Section 2.1.1), as a tensor category contains quite a lot of
structure.

A tensor category is a tuple C ≡ (C,⊗,1, α, λ, ρ), where C is a category, ⊗ :
C × C → C is the tensor product bifunctor, 1 ∈ C is the tensor unit, αU,V,W :

U ⊗ (V ⊗W )
∼→ (U ⊗ V ) ⊗W is the associator, λU : 1 ⊗ U → U is the left unit

isomorphism, and ρU : U ⊗ 1 → U is the right unit isomorphism. These data are
subject to conditions, in particular α satisfies the pentagon axiom and λ, ρ, α obey
the triangle axiom. For more details on tensor categories the reader could consult
[91, 105].

For a tensor category Rep(W) arising as the representations of a suitable vertex
operator algebraW we expect three additional features. First of all, Rep(W) should
be abelian, so that in particular we can speak about kernels and quotients. Second,
to each representation R we can assign a conjugate representation10 R∗ such that
R∗∗ ∼= R. In fact, we have a contravariant functor (−)∗ from Rep(W) to itself whose
square is naturally equivalent to the identity functor [82, Notation 2.36]. Finally,
for two representations R and S there is an isomorphism between the spaces of
intertwiners Hom(R,S∗) and Hom(R⊗S,W∗). To see this note that Hom(R,S∗) is
by definition isomorphic to the space of conformal two-point blocks on the complex
plane with insertions of R at 0 and S at ∞ with standard local coordinates, and
Hom(R ⊗ S,W∗) is isomorphic to the space of conformal three point blocks with
insertions of R at 0, S at a point z ∈ C× and W at ∞, all treated as ‘in-going’
punctures. Since an insertion of the vertex operator algebra itself does not affect
the dimension of the space of conformal blocks, these two spaces are isomorphic11.

The last two properties motivate the following condition:

10In the vertex operator algebra literature this representation is usually referred to as the ‘con-
tragredient’ representation.

11 This also follows from the study of logarithmic intertwiners [82]. Indeed, Hom(R,S∗) ∼=
Hom(R⊗W,S∗). The latter space is by construction the space of intertwiners from R×W to S∗.
By [82, Prop. 3.46] this space is naturally isomorphic to the space of intertwiners from R × S∗∗
to W∗. Using that S∗∗ ∼= S, this shows that we have a natural isomorphism Hom(R,S∗) ∼=
Hom(R⊗ S,W∗). We thank Yi-Zhi Huang for a discussion of this point.
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Condition C: The tensor category C is equipped with a contravariant
involutive functor (−)∗ : C → C and isomorphisms πU,V : Hom(U, V ∗)→
Hom(U ⊗ V,1∗) which are natural in U and V .

We denote the natural isomorphism from the identity functor on C to the square of
(−)∗ by

δU : U → U∗∗ . (2.3.1)

2.3.2 Associative and Non-Degenerate Boundary Operator
Product Expansion

Next we want to describe in more detail the conditions B1–B3 of Section 2.1.2 that
any consistent boundary theory should satisfy. Some of these conditions are nothing
but the usual requirement that the sewing constraints [50] must be satisfied. We
shall only spell them out in some detail to make the categorical conditions below
look less mysterious. Let us start with the operator product expansion. Consider
two boundary fields ψ ∈ HA→B and ψ′ ∈ HB→C ,

× ×
ψ(0) ψ′(x)

A B C (2.3.2)

The line in this picture is the boundary of the upper half plane, i.e. the real axis
with standard orientation. The operator product expansion of two such fields is
described by a bilinear map12

VC,B,A(−, x) : HB→C ×HA→B → HA→C (2.3.3)

taking (ψ′, ψ) to VC,B,A(ψ′, x)ψ. The map VC,B,A(−, x) has to be compatible with
the W-symmetry in the sense of intertwining operators (see e.g. [82, Sect. 3]). Con-
dition B1 demands the operator product expansion to be associative: Consider three
boundary fields as follows,

× × ×
ψ1(0) ψ2(y) ψ3(x)

A B C D (2.3.4)

Associativity means that it does not matter if we first take the operator product
expansion of ψ2 with ψ1 or that of ψ3 with ψ2. Written out in terms of the bilinear
maps V , this condition reads

VD,C,A(ψ3, x)VC,B,A(ψ2, y)ψ1 = VD,B,A
(
VD,C,B(ψ3, x− y)ψ2, y

)
ψ1 . (2.3.5)

Condition B2 states that the bilinear pairing

(ψ′, ψ) 7−→
〈
εA(VA,B,A(ψ′, x)ψ) , Ω〉 (2.3.6)

12 This is not quite right as the W-representations are defined as direct sums of generalised L0-
eigenspaces, and the map VC,B,A in general has contributions in an infinite number of generalised
L0-eigenspaces. Instead one should use formal power series, including formal logarithms. We refer
to [82, Sect. 3] for more details.
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on HB→A ×HA→B is non-degenerate. Recall that εA is an intertwiner from HA→A
toW∗, so that one can evaluate the result on the vacuum vector Ω ∈ W. Finally, B3
requires in particular that ηA(Ω) is the identity field on A, i.e. that for ψ ∈ HA→B ,

VB,B,A(ηB(Ω), x)ψ = ψ and lim
x→0

VB,A,A(ψ, x)ηA(Ω) = ψ . (2.3.7)

We now reformulate (2.3.3), (2.3.5), (2.3.7), and (2.3.6) in a way which makes
sense in an arbitrary tensor category satisfying condition C: There are morphisms

mC,B,A ∈ Hom(HB→C ⊗HA→B ,HA→C) , (2.3.8)

ηA : 1→ HA→A , εA : HA→A → 1∗ ,

such that for all objects A, B, C and D

(associativity) mD,C,A ◦ (idHC→D ⊗mC,B,A) (2.3.9)

= mD,B,A ◦ (mD,C,B ⊗ idHA→B ) ◦ αHC→D,HB→C ,HA→B
(unit property) mB,B,A ◦ (ηB ⊗ idHA→B ) = λHA→B ,

mB,A,A ◦ (idHA→B ⊗ ηA) = ρHA→B

(non-degeneracy) π−1
HB→A,HA→B

(
εA ◦mA,B,A

)
is an isomorphism.

Here α, λ and ρ are defined in Section 2.3.1, and π is the isomorphism of Condition
C. The three conditions above amount to B1, B2 and half of B3. To account for all
of B3 we need to require in addition that ηA is injective.

2.3.3 Internal Homs

Usually the most difficult condition in constructing a consistent boundary theory is
B1, the associativity of the operator product expansion. In the following we shall
describe a general construction — the internal Hom — which solves this condition
automatically. In this subsection we shall give a brief overview of some properties of
internal Homs; for more information the reader could consult e.g. [106, Sect. 9.3].

Definition 2.3.1. Let C be a tensor category. Given two objects A,B ∈ C, an in-
ternal Hom from A to B is an object [A,B] ∈ C together with a natural isomorphism
φ(A,B) : Hom(−⊗A,B)→ Hom(−, [A,B]).

Naturality of φ(A,B) is equivalent to the statement that for all X,Y ∈ C and all
g : Y → X, t : X ⊗A→ B,

φ
(A,B)
X (t) ◦ g = φ

(A,B)
Y

(
t ◦ (g ⊗ idA)

)
. (2.3.10)

An internal Hom need not exist, but if it does it is unique up to unique isomorph-
ism. For suppose that [A,B] and [A,B]′ are internal Homs from A to B with
natural isomorphisms φ(A,B) and φ(A,B)′ . Then there exists a unique isomorphism
f : [A,B]→ [A,B]′ such that the following diagram commutes for all U ∈ C,

Hom(U ⊗A,B)

Hom(U, [A,B]) Hom(U, [A,B]′)

φ
(A,B)
U φ

(A,B)′
U

f ◦ (−)
(2.3.11)

55



The morphism f is obtained by taking U = [A,B] and using φ
(A,B)
[A,B]

−1
and φ

(A,B)′

[A,B]

to transport id[A,B] to Hom([A,B], [A,B]′).
As an example of an internal Hom consider the category of finite-dimensional

complex vector spaces. If A,B are two such vector spaces, then [A,B] = B ⊗C
A∗, i.e. the space of linear maps from A to B. Indeed, if f : U ⊗ A → B, is a

homomorphism, then φ
(A,B)
U (f) is a homomorphism from U → B ⊗C A

∗. Evaluated

on u ∈ U , [φ
(A,B)
U (f)](u) is an element of B ⊗C A

∗, and thus a homomorphism from
A→ B, which agrees with f(u,−).

Internal Homs also provide a different way of stating the second part of condition
C. It is equivalent to [V,1∗] = V ∗.

For Hom-spaces of a category there is an associative composition. For internal
Hom spaces there is an analogous concept, which we review now (see e.g. [106,
Prop. 9.3.13] or [107, Sect. 3.2]). Define the morphisms (evaluation, multiplication
and unit for internal Homs)

evA,B : [A,B]⊗A→ B , evA,B = φ
(A,B) −1
[A,B] (id[A,B]) , (2.3.12)

mC,B,A : [B,C]⊗ [A,B]→ [A,C] ,

mC,B,A = φ
(A,C)
[B,C]⊗[A,B]

(
(evB,C ◦ (id[B,C] ⊗ evA,B)) ◦ α −1

[B,C],[A,B],A

)
,

ηA : 1→ [A,A] , ηA = φ
(A,A)
1 (λA) .

Theorem 2.3.2. The composition of internal Homs is associative, i.e. on [C,D]⊗
([B,C]⊗ [A,B]) we have

mD,C,A ◦ (id[C,D] ⊗mC,B,A) = mD,B,A ◦ (mD,C,B ⊗ id[A,B]) ◦ α[C,D],[B,C],[A,B] ,

and it has η as unit, i.e. on 1⊗ [A,B] and [A,B]⊗ 1 we have

mB,B,A ◦ (ηB ⊗ id[A,B]) = λ[A,B] , mB,A,A ◦ (id[A,B] ⊗ ηA) = ρ[A,B] .

The proof is by straightforward calculation. We spell it out for completeness in
Appendix D.2. The following theorem shows that internal Homs exist if the tensor
category satisfies condition C.

Theorem 2.3.3. Let C be a tensor category satisfying condition C. Then [A,B] =(
A⊗B∗

)∗
is an internal Hom from A to B.

Proof. Consider the sequence of isomorphisms

Hom(U ⊗A,B)
δB◦(−)−−−−−→ Hom(U ⊗A,B∗∗)

πU⊗A,B∗−−−−−−→ Hom((U ⊗A)⊗B∗,1∗)

(−)◦αU,A,B∗−−−−−−−−→ Hom(U ⊗ (A⊗B∗),1∗)
π−1
U,A⊗B∗−−−−−−→ Hom

(
U,
(
A⊗B∗

)∗)
.

(2.3.13)

The above isomorphisms are all natural in U , and as a consequence so is φ
(A,B)
U :

Hom(U ⊗A,B)→ Hom
(
U,
(
A⊗B∗

)∗)
,

φ
(A,B)
U (f) = π−1

U,A⊗B∗
(
πU⊗A,B∗(δB ◦ f) ◦ αU,A,B∗

)
. (2.3.14)

This shows that
(
A⊗B∗

)∗
is an internal Hom from A to B.
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For the reasons stated in Section 2.3.1 we think it likely that Rep(W2,3) is an
abelian tensor category satisfying condition C. It therefore has internal Homs. This
in turn allows to find a boundary theory which satisfies condition B1 by setting
HA→B = [A,B] and choosing the morphisms defined in (2.3.12). Associativity is
guaranteed by Theorem 2.3.2. However, in general ηA need not be injective, nor
need there exist a non-degenerate two-point correlator. We will address these two
problems in the next section with the help of dual objects.

2.3.4 Dual Objects

The notion of a dual object in a tensor category is a generalisation of the properties
of the dual of a finite dimensional vector space. For a finite dimensional vector
space V over C (say) there is a linear map dV : V ∗ ⊗C V → C given by evaluation:
dV (ϕ ⊗C v) = ϕ(v). Conversely, if we fix a basis vi of V and denote the dual basis
by v∗i we obtain a linear map bV : C→ V ⊗C V

∗ as λ 7→ λ
∑
i vi ⊗C v

∗
i . One checks

that these maps have the properties

(idV ⊗CdV )◦(bV ⊗C idV ) = idV and (dV ⊗C idV ∗)◦(idV ∗⊗CbV ) = idV ∗ . (2.3.15)

This notion is generalised to arbitrary tensor categories as follows (see e.g. [91,
Def 2.1.1] or [106, Def. 9.3.1]).

Definition 2.3.4. Let C be a tensor category. A right dual of an object U is an
object U∨ ∈ C together with morphisms bU : 1 → U ⊗ U∨ and dU : U∨ ⊗ U → 1
such that

ρU ◦ (idU ⊗ dU ) ◦ α−1
U,U∨,U ◦ (bU ⊗ idU ) ◦ λ−1

U = idU and

λU∨ ◦ (dU ⊗ idU∨) ◦ αU∨,U,U∨ ◦ (idU∨ ⊗ bU ) ◦ ρ−1
U∨ = idU∨ .

Just as did condition C, right duals guarantee the existence of internal Homs and
so allow to solve condition B1 for a boundary theory.

Lemma 2.3.5. Let C be a tensor category. If U ∈ C has a right dual then for all
V ∈ C we can choose [U, V ] = V ⊗ U∨.

Proof. For f : A⊗ U → V define φ
(U,V )
A (f) : A→ V ⊗ U∨ as

φ
(U,V )
A (f) = (f ⊗ idU∨) ◦ αA,U,U∨ ◦ (idA ⊗ bU ) ◦ ρ−1

A . (2.3.16)

The properties of bU and dU can be used to check that the map φ̃
(U,V )
A (g) : A⊗U → V

defined for g : A→ V ⊗ U∨ by

φ̃
(U,V )
A (g) = ρV ◦ (idV ⊗ dU ) ◦ α−1

V,U∨,U ◦ (g ⊗ idU ) , (2.3.17)

is a left and right inverse to φA. Thus φA is an isomorphism. Naturality follows by
writing out both sides of (2.3.10), and using naturality of ρ and α and functoriality
of the tensor product.
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Substituting the explicit expressions (2.3.16) and (2.3.17) into (2.3.12) gives the
following result for the multiplication m and unit morphisms η (we do not spell out
the unit isomorphisms and associators of the tensor category C)

mC,B,A = idC ⊗ dB ⊗ idA : (C ⊗B∨)⊗ (B ⊗A∨)→ C ⊗A∨ ,

ηA = bA : 1→ A⊗A∨ .
(2.3.18)

Similarly to right duals one defines the left dual of an object U as an object ∨U
together with morphisms b̃U : 1→ ∨U⊗U and d̃U : U⊗∨U → 1 satisfying analogous
conditions to those for right duals, see [91, Sect. 2.1]. The representation categories
of (suitable) vertex operator algebras are not only tensor categories, but they also
have a braiding and a twist. This additional structure ensures that every left dual
is also a right dual and vice versa [90, Sect. 7]. We take this as a motivation to not
single out right duals and instead treat both on the same footing.

Definition 2.3.6. Let C be a tensor category. The category Cr of rigid objects in
C is the full subcategory consisting of all objects U ∈ C that have a right and a left
dual.

Not every object in a tensor category needs to have a right and/or left dual.
However, the tensor unit 1 always has itself as a right and a left dual, and the
objects which have right and left duals form a full tensor subcategory.

Lemma 2.3.7. 1 ∈ Cr, and for U, V ∈ Cr also U ⊗ V ∈ Cr.

Proof. It is easy to check that one can choose 1∨ = ∨1 = 1 with b1 = b̃1 = λ−1
1

and d1 = d̃1 = λ1. For U ⊗ V we set (U ⊗ V )∨ := V ∨ ⊗ U∨ and, omitting the
associator and unit isomorphisms, bU⊗V = (idU ⊗ bV ⊗ idU∨) ◦ bU and dU⊗V =
dV ◦ (idV ∨ ⊗ dU ⊗ idV ). The verification of the properties in Definition 2.3.4 is
straightforward. That ∨(U ⊗ V ) := ∨V ⊗ ∨U is a left dual can be checked in the
same way.

The category Cr allows to solve condition B1 in the construction of a boundary
theory, but does still not guarantee B2 and B3. For example in Rep(W2,3) the W
algebra is the tensor unit, and so is its own left and right dual. But as already
pointed out in Section 2.1.2,W 6∼=W∗ and soW does not allow for a non-degenerate
two-point correlator. Instead we will consider the following subcategory of Cr.

Definition 2.3.8. Let C be a tensor category satisfying condition C. Then Cb (where
b stands for ‘boundary’) denotes the sub-category of C consisting of all objects U for
which U∗ is both a right dual and a left dual of U , and for which both bU : 1→ U⊗U∗
and b̃U : 1→ U∗ ⊗ U are injective.

The injectivity requirement will guarantee the injectivity of the unit morphisms
in (2.3.18). Note that even if C is abelian, Cb is not. For example it does not contain
the zero object 0 as b0 = 0 is not injective. The uniqueness of internal Homs,
together with Theorem 2.3.3 and Lemma 2.3.5 implies that(

A⊗B∗
)∗ ∼= B ⊗A∗ for A,B ∈ Cb . (2.3.19)

The following theorem shows that Cb is closed under taking conjugates and tensor
products. It will be proved in Appendix D.3.
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Theorem 2.3.9. Let C be a tensor category satisfying condition C.
(i) If U ∈ Cb then also U∗ ∈ Cb.
(ii) If U, V ∈ Cb, then also U ⊗ V ∈ Cb.

Note that (ii) does not imply that Cb is a tensor category, because in general
1 /∈ Cb. As we have just seen, the W2,3 model provides an example for this. On
the category Cb we can define a boundary theory satisfying B1–B3. We choose B
to consist of the objects of Cb. For the boundary space of states we again take
HA→B = [A,B], but now we choose the internal Hom defined in Lemma 2.3.5,
i.e. [A,B] = B ⊗ A∗. Multiplication and unit morphisms are defined by (2.3.18).
Property B1 — associativity of the multiplication — holds by Theorem 2.3.2, but it
can also be easily verified directly. For the one-point correlation function we choose

εA = πA,A∗(δA) : [A,A]→ 1∗ , (2.3.20)

where δA : A→ A∗∗ was defined in (2.3.1). Properties B2 and B3 are established in
the next theorem, to be proved in Appendix D.3.

Theorem 2.3.10. Let C be an abelian tensor category satisfying condition C and
let A,B ∈ Cb. Then [A,B] = B ⊗A∗ and
(i) B ⊗A∗ is non-zero,
(ii) the morphism ηA : 1→ [A,A] is injective,
(iii) the pairing εA ◦mA,B,A : [B,A]⊗ [A,B]→ 1∗ is non-degenerate.

Altogether we see that, provided Rep(W2,3) is an abelian braided tensor category
satisfying condition C, we can define a boundary theory satisfying B1–B3 on the set
of boundary labels given in (2.1.20) (in a braided tensor category with twist, bA is
injective iff b̃A is injective). We believe that the representations in (2.1.4) and (2.1.5)
which are not in grey boxes are in Rep(W2,3)b. We verify that the bA are injective
in Appendix D.4.

2.3.5 Subgroups of the Grothendieck Group

Let C be an abelian tensor category. The Grothendieck group K0(C) is defined as
the free abelian group generated by isomorphism classes of objects in C, divided by
the subgroup generated by the elements [U ] + [W ] − [V ] for each exact sequence
0 → U → V → W → 0 in C, see e.g. [91, Def. 2.1.9]. Note that this definition
implies in particular that [U ⊕ V ] = [U ] + [V ].

If an object A ∈ C has the property that for each exact sequence 0→ U
f→ V

g→
W → 0 also 0→ A⊗ U idA⊗f−−−−→ A⊗ V idA⊗g−−−−→ A⊗W → 0 is exact, we say that the
functor A⊗ (−) is exact. This is not always the case, as we have seen explicitly in
Section 2.1.1.

However, if A ⊗ (−) is exact, then we get a well-defined map [U ] 7→ [A ⊗ U ] on
K0(C). It is proved in [91, Prop. 2.1.8] that if A has both a left and a right dual,
then both A⊗ (−) and (−)⊗A are exact. This motivates the definition

Kr
0(C) = ( the subgroup of K0(C) generated by [U ] for all U ∈ Cr ) . (2.3.21)

By Lemma 2.3.7, the assignment ([U ], [V ]) 7→ [U ⊗ V ] gives a well-defined map
Kr

0(C)×Kr
0(C)→ Kr

0(C). Because the tensor product is associative, this map defines
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an associative product on Kr
0(C) with unit element [1]. Thus even if the tensor

product does not induce a product on K0(C), we always have a unital ring structure
on the abelian subgroup Kr

0(C) ⊂ K0(C).
In the context of boundary conformal field theory the representation category is

expected to be an abelian tensor category satisfying property C, and we have seen
that we can associate a boundary theory to the category Cb. We can then define a
corresponding subgroup of the Grothendieck group,

Kb
0(C) = ( the subgroup of K0(C) generated by [U ] for all U ∈ Cb ) . (2.3.22)

By definition Kb
0(C) ⊂ Kr

0(C), and by Theorem 2.3.9 the product on Kr
0(C) restricts

to a product on Kb
0(C). Because Cb does not necessarily have a unit, neither does

Kb
0(C).

2.4 Projective Representations

Now that have constructed the boundary theory, we would like to prepare ourselves
for the construction of the bulk space of states in the next chapter. A good starting
point is the observation in [108, 72] that, for certain supergroup WZW models and
for the W1,p triplet models, the space of bulk states Hbulk is a quotient of⊕

i

P(i) ⊗C P̄(i)∗ , (2.4.1)

where the sum runs over all irreducible representations, P(i) is the projective cover
of the irreducible representation W(i), and the bar refers to right-movers. Pro-
jective representations are in a certain sense the largest representations admissible
by the vertex operator algebra W and all other representations can be realised as
subrepresentations or quotients of projective representations. We would therefore
like to identify the indecomposable projective representations of our theory. The
requirements for being projective are:

Definition 2.4.1. A representation P is projective, if given an intertwiner f : P →
M′ and a surjective intertwiner g :M→M′, there exits an intertwiner e : P →M
making the following diagram commute.

P

M M′

e
f

g

(2.4.2)

The irreducible representations W(−1
24 ) and W( 35

24 ) do not share weights with
any of the other indecomposable representations considered in (2.1.4) and (2.1.5),
therefore they can only have non trivial intertwiners with themselves. This makes
them promising candidates for being projective. So if we set P =W(−1

24 ) in diagram
(2.4.2) andM′ 6=W(−1

24 ) we have f ≡ 0 and diagram (2.4.2) commutes for e ≡ 0. If
on the other hand P =W(−1

24 ) =M′ then by Schur’s lemma f = cf · id, cf ∈ C and
the only M for which g can be surjective is W(−1

24 ) with g = cg · id, cg ∈ C \ {0}.
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Therefore the diagram (2.4.2) commutes for e =
cf
cg
·id and thusW(−1

24 ) is projective.

For W( 35
24 ) the reasoning is analogous.

If P is projective and R has a dual, then R∨⊗P is also projective, see Appendix
C.2.1. Therefore, if W(−1

24 ) is projective the following twelve W2,3-representations
have to be projective as well

W(−1
24 ) , W( 35

24 ) ,

R(2)( 1
3 ) , R(2)( 10

3 ) , R(2)( 5
8 ) , R(2)( 21

8 ) , R(2)( 1
8 ) , R(2)( 33

8 ) ,

R(3)(1) , R(3)(2) , R(3)(5) , R(3)(7) .

(2.4.3)

The fusion product of such a projective representation with any other representation
from (2.1.4) or (2.1.5) produces a direct sum of representations in (2.4.3), and we
therefore think that these are all indecomposable projective representations. In fact,
by comparison with the embedding diagrams in Appendix A one finds that these
are the projective covers of the irreducible representations and we will label them
by the weight of the irreducible representation they are the cover of

P(1) = R(3)(1) , P(2) = R(3)(2) , P(5) = R(3)(5) ,

P(7) = R(3)(7) , P( 1
3 ) = R(2)( 1

3 ) , P( 10
3 ) = R(2)( 10

3 ) ,

P( 5
8 ) = R(2)( 5

8 ) , P( 21
8 ) = R(2)( 21

8 ) , P( 1
8 ) = R(2)( 1

8 ) ,

P( 33
8 ) = R(2)( 33

8 ) , P(−1
24 ) =W(−1

24 ) , P( 35
24 ) =W( 35

24 ) .

(2.4.4)

We see that W(0) is absent from this list. This is because the projective cover P(0)
of W(0) does not arise from the repeated fusion products of irreducibles. However
it is natural to expect every irreducible representation to have a projective cover
[82, 95, 98]. It is explained in Appendix C.2 how to construct P(0) and how to
obtain the fusion rules of P(0) with all self dual representations.
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Chapter 3

Constructing the W2,3 Bulk Theory

3.1 Overview

In this chapter we shall construct the bulk space of states for the W2,3-model that
corresponds to the boundary theory of Chapter 2. There are a number of subtleties
that arise and as a consequence the analysis is rather technical. Many structural
features however are still similar to what happens for the W1,p-models (and in par-
ticular for c = −2 discussed in Section 1.4). For example the space Hbulk of bulk
states is of the form

Hbulk =
⊕
i∈Irr

W(i)⊗C P̄(i) as (Ldiag
0 , L̄diag

0 )- graded vector space , (3.1.1)

where the sum runs over all irreducibleW2,3-representationsW(i), P(i) denotes the

projective cover of W(i), and Ldiag
0 (resp. L̄diag

0 ) refers to the diagonalisable part of
the action of L0 (resp. L̄0). However, there are also a number of remarkable new
phenomena that appear for the W2,3-model at c = 0. In distinction to all non-
logarithmic rational conformal fields theories and the W1,p-models, the bulk theory
does not contain W2,3 ⊗C W̄2,3 as a sub-representation, but only as a sub-quotient.
Another surprising feature is that in order to reproduce the annulus amplitudes
one only needs ten Ishibashi states, while the characters of the representations la-
belling the boundary states of chapter 2 span a 12-dimensional space. This is a
consequence of the 2-dimensional null ideal in the Grothendieck group Kb

0 discussed
in Section 2.2.4. The actual boundary states must involve additional Ishibashi states
in order for the bulk-boundary correlators to be non-degenerate in the bulk entry,
but these additional Ishibashi states do not contribute to the annulus diagrams
(without any additional insertions), and are hence invisible from the point of view
of the usual annulus analysis.

This chapter is organised as follows. In Section 3.1.1 we sketch the general
strategy for the construction of the bulk theory starting from this boundary ansatz
and Section 3.1.2 describes the main features of the corresponding boundary state
analysis. These sections are meant to give a non-technical account of these consid-
erations; the actual details are then spelled out in Sections 3.2 and 3.3, respectively.
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3.1.1 From Boundary to Bulk

As we explained in Chapter 1, we wish to construct the bulk theory for the Cardy
case. We also noted that the construction is simplest if the space of boundary fields
just consists of the vertex operator algebra itself. However as we saw in Chapter 2,
one of the complications for c = 0 is that the non-degeneracy of the boundary two-
point correlator excludes the vertex operator algebra W from the set of consistent
boundary conditions. However, as we shall propose in Section 3.2.2, for the purpose
of analysing the consistency of the bulk ansatz, one may assume that the space of
boundary fields just consists of W∗, the conjugate of the vertex operator algebra
W, so that we can proceed very similarly to [72]. In particular, the solution to the
maximality condition is

Hbulk =
(⊕

j

P(j)⊗ P̄(j)∗
)
/N , (3.1.2)

where the sum runs over all irreducible representations, P(j) denotes the corres-
ponding projective cover, and N is a certain subspace that can be calculated as in
[72], and that guarantees that the bulk-boundary map is non-degenerate in the bulk
entry. For the W2,3-model we will see in Section 3.2.2 that the space of bulk states
has the form

Hbulk = H0 ⊕H 1
8
⊕H 5

8
⊕H 1

3
⊕H−1

24
⊕H 35

24
, (3.1.3)

where we have labelled the individual blocks Hh by the conformal weight of the
lowest state. In terms of characters of irreducible representations the corresponding
characters are given by

trH0

(
qL0 q̄L̄0

)
= 2
∣∣χW(0)(q)

∣∣2 +
∣∣χW(0)(q) + 2χW(1)(q) (3.1.4)

+ 2χW(2)(q) + 2χW(5)(q) + 2χW(7)(q)
∣∣2 ,

trH 1
8

(
qL0 q̄L̄0

)
= 2
∣∣χW( 1

8 )(q) + χW( 33
8 )(q)

∣∣2 ,
trH 5

8

(
qL0 q̄L̄0

)
= 2
∣∣χW( 5

8 )(q) + χW( 21
8 )(q)

∣∣2 ,
trH 1

3

(
qL0 q̄L̄0

)
= 2
∣∣χW( 1

3 )(q) + χW( 10
3 )(q)

∣∣2 ,
trH−1

24

(
qL0 q̄L̄0

)
=
∣∣χW(− 1

24 )(q)
∣∣2 , and trH 35

24

(
qL0 q̄L̄0

)
=
∣∣χW( 35

24 )(q)
∣∣2 ,

where χW(h)(q) denotes the character of the irreducible representation W(h), see
[83] or Appendix A.1 for explicit expressions. Our construction, however, contains
much more information than just these characters; in fact, our analysis leads to a
description of the Hh as a representation of W ⊗C W̄.

A convenient way to represent the structure of these (not fully reducible) rep-
resentations is the composition series, which is defined as follows. Starting from a
representation M1, one finds the largest sub-representation R1 which can be writ-
ten as a direct sum of irreducible representations — these are called composition
factors. Then one takes the quotient of M1 by R1 and repeats the procedure with
M2 = M1/R1. In other words, one constructs a chain of sub-representations

M1 = An ⊃ An−1 ⊃ · · · ⊃ A2 ⊃ A1 = R1 (3.1.5)
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such that Ri = Ai/Ai−1 is a direct sum of irreducible representations.1 We represent
the quotients Ri of a composition series as

Rn → Rn−1 → · · · → R2 → R1 . (3.1.6)

The action of W ⊗C W̄ either maps states within a representation Rj into one
another, or moves them along arrows in the composition series.

With this technology at hand, we can now describe the composition series of
the representations appearing in (3.1.3). For H−1

24
and H 35

24
the composition series

consists just of a single term

H−1
24

: W(−1
24 )⊗C W̄(−1

24 ) , H 35
24

: W( 35
24 )⊗C W̄( 35

24 ) . (3.1.7)

For H 1
8

it has the same structure as in the W1,p-models (see [108] and [72])

H 1
8

:

W( 1
8 )⊗C W̄( 1

8 ) ⊕ W( 33
8 )⊗C W̄( 33

8 )

↓
2 · W( 1

8 )⊗C W̄( 33
8 ) ⊕ 2 · W( 33

8 )⊗C W̄( 1
8 )

↓
W( 1

8 )⊗C W̄( 1
8 ) ⊕ W( 33

8 )⊗C W̄( 33
8 ) ,

(3.1.8)

where we have written the composition series vertically. This is easier to visualise
if we represent each direct sum by a little table where we indicate the multiplicity
of each term W(h) ⊗C W̄(h̄). For example, the composition series for H1/8 is then
written as

1
8

33
8

1
8 1 0
33
8 0 1

−→

1
8

33
8

1
8 0 2
33
8 2 0

−→

1
8

33
8

1
8 1 0
33
8 0 1

. (3.1.9)

Here the horizontal direction gives h and the vertical direction h̄. The picture
for H5/8 and H1/3 looks the same, with { 1

8 ,
33
8 } replaced by { 5

8 ,
21
8 } and { 1

3 ,
10
3 },

1It is more common to require each quotient Ai/Ai−1 to be irreducible, rather than fully
reducible. In this case the composition series is only unique up to permutations of its composition
factors.
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respectively. For H0 the composition series is more complicated,

0 1 2 5 7

0 1

1 1

2 1

5 1

7 1

0 1 2 5 7

0 1 1

1 1 2 2

2 1 2 2

5 2 2

7 2 2

0 1 2 5 7

0 1 2 2

1 2 4

2 4 2

5 2 2 4

7 2 4 2

0 1 2 5 7

0 1 1

1 1 2 2

2 1 2 2

5 2 2

7 2 2

0 1 2 5 7

0 1

1 1

2 1

5 1

7 1

.

(3.1.10)

All empty entries are equal to ‘0’.
Adding all the tables in a composition series reproduces the multiplicities given

in the partition function for each Hh from (3.1.4). The complete partition function
turns out to be modular invariant, as must be the case for a consistent conformal
field theory. This represents a non-trivial consistency check on our analysis.

It is also worth mentioning that a non-degenerate bulk two-point function re-
quires that Hbulk is isomorphic to its conjugate representation H∗bulk. A necessary
condition for this is that the composition series does not change when reversing all
arrows, which indeed holds for the series given above.

3.1.2 The Boundary States

With the detailed knowledge of the proposed bulk theory at hand we can study
whether the boundary conditions of Chapter 2 can actually be described in terms of
appropriate boundary states. More specifically, we can ask whether we can reproduce
the annulus partition functions of Chapter 2 in terms of suitable boundary states of
our proposed bulk theory.

The first step of this analysis can be done without any detailed knowledge of the
bulk theory. The proposal of Chapter 2 for the boundary conditions makes a predic-
tion for the various annulus partition functions. Because of the two-dimensional null
ideal, see eq. (2.2.35), we expect that these annulus amplitudes can be reproduced
by 10 (rather than 12) boundary states that are linear combinations of Ishibashi
states. This turns out to be correct: if we label the necessary Ishibashi states in the
various sectors of the bulk space (3.1.3) as

H−1
24
, H 35

24
: |−1

24 〉〉, | 35
24 〉〉, (3.1.11)

H 1
8
, H 5

8
, H 1

3
: | 18 , A〉〉, |

1
8 , B〉〉, |

5
8 , A〉〉, |

5
8 , B〉〉, |

1
3 , A〉〉, |

1
3 , B〉〉,

H0 : |0,+〉〉, |0,−〉〉,
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and fix their non-vanishing overlaps to be (with q = e2πiτ )

〈〈−1
24 | q

L0+L̄0 |−1
24 〉〉 =

√
3χ
W(
−1
24 )

(q)

〈〈 35
24 | q

L0+L̄0 | 35
24 〉〉 = −

√
3χ
W(

35
24 )

(q)

〈〈 18 , A| q
L0+L̄0 | 18 , A〉〉 = − iτ

3

(
χ
W(

1
8 )

(q)− 2χ
W(

33
8 )

(q)
)

〈〈 18 , A| q
L0+L̄0 | 18 , B〉〉 =

2√
3

(
χ
W(

33
8 )

(q) + χ
W(

1
8 )

(q)
)

〈〈 58 , A| q
L0+L̄0 | 58 , A〉〉 = − iτ2

3

(
χ
W(

5
8 )

(q)− 1
2 χW(

21
8 )

(q)
)

〈〈 58 , A| q
L0+L̄0 | 58 , B〉〉 =

2√
3

(
χ
W(

21
8 )

(q) + χ
W(

5
8 )

(q)
)

(3.1.12)

〈〈 13 , A| q
L0+L̄0 | 13 , A〉〉 = iτ2

√
3
(
χ
W(

1
3 )

(q)− χ
W(

10
3 )

(q)
)

〈〈 13 , A| q
L0+L̄0 | 13 , B〉〉 =

2√
3

(
χ
W(

1
3 )

(q) + χ
W(

10
3 )

(q)
)

〈〈0,±| qL0+L̄0 |0,±〉〉 =
1

2
χW(0)(q) =

1

2

〈〈0,±| qL0+L̄0 |0,∓〉〉 =
1

2

(
χW(0)(q) + 2χW(1)(q) + 2χW(2)(q)

+ 2χW(5)(q) + 2χW(7)(q)
)
,

a solution for the boundary states can be read off from the fusion rules. One possible
solution is

‖W(− 1
24 )〉〉 = |−1

24 〉〉 − |
35
24 〉〉+ 3| 13 , B〉〉+ | 58 , B〉〉 − |

1
8 , B〉〉 (3.1.13)

‖W( 35
24 )〉〉 = |−1

24 〉〉 − |
35
24 〉〉 − 3| 13 , B〉〉+ | 58 , B〉〉 − |

1
8 , B〉〉

‖W( 1
3 )〉〉 =

1

2

[
|−1

24 〉〉+ | 35
24 〉〉
]

+
1

2
| 13 , A〉〉+

1

2

[
| 58 , B〉〉+ | 18 , B〉〉

]
− 2√

3
|0+〉〉

‖W( 10
3 )〉〉 =

1

2

[
|−1

24 〉〉+ | 35
24 〉〉
]
− 1

2
| 13 , A〉〉+

1

2

[
| 58 , B〉〉+ | 18 , B〉〉

]
+

2√
3
|0+〉〉

‖W( 5
8 )〉〉 =

1

3

[
|−1

24 〉〉 − |
35
24 〉〉
]

+ | 13 , B〉〉+ | 58 , A〉〉+ | 18 , A〉〉 (3.1.14)

− 1

12

[
| 58 , B〉〉 − |

1
8 , B〉〉

]
− |0−〉〉

‖W( 33
8 )〉〉 =

1

3

[
|−1

24 〉〉 − |
35
24 〉〉
]
− | 13 , B〉〉+ | 58 , A〉〉+ | 18 , A〉〉 (3.1.15)

− 1

12

[
| 58 , B〉〉 − |

1
8 , B〉〉

]
+ |0−〉〉

‖W( 1
8 )〉〉 =

2

3

[
|−1

24 〉〉 − |
35
24 〉〉
]
− 2| 13 , B〉〉 − |

5
8 , A〉〉 − |

1
8 , A〉〉 (3.1.16)

− 5

12

[
| 58 , B〉〉 − |

1
8 , B〉〉

]
− |0−〉〉
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‖W( 21
8 )〉〉 =

2

3

[
|−1

24 〉〉 − |
35
24 〉〉
]

+ 2| 13 , B〉〉 − |
5
8 , A〉〉 − |

1
8 , A〉〉 (3.1.17)

− 5

12

[
| 58 , B〉〉 − |

1
8 , B〉〉

]
+ |0−〉〉

‖R(2)(2; 7)〉〉 =
2

3

[
|−1

24 〉〉+ | 35
24 〉〉
]

+ 2
[
| 58 , A〉〉 − |

1
8 , A〉〉

]
− 1

6

[
| 58 , B〉〉+ | 18 , B〉〉

]
‖R(2)(7; 2)〉〉 = ‖R(2)(2; 7)〉〉

‖R(2)(5; 1)〉〉 =
4

3

[
|−1

24 〉〉+ | 35
24 〉〉
]
− 2
[
| 58 , A〉〉 − |

1
8 , A〉〉

]
− 5

6

[
| 58 , B〉〉+ | 18 , B〉〉

]
‖R(2)(5; 2)〉〉 = |−1

24 〉〉+ | 35
24 〉〉+ | 13 , A〉〉 −

1

2

[
| 58 , B〉〉+ | 18 , B〉〉

]
+

2√
3
|0+〉〉 .

The W2,3-representations corresponding to the above boundary states generate all
of Kb

0 as we know from Section 2.2.4; thus the boundary state ‖R〉〉 for an arbit-
rary representation in Kb

0 is a linear combination of the above states with integral
coefficients. We should also stress that in the above boundary states we have only
included components that have non-zero overlap with at least one other boundary
state — these are the only ones that can be detected in annulus amplitudes. The
full boundary state must contain additional contributions, see Section 3.3.3.

Up to now we have not used any knowledge about the bulk spectrum of the
theory. Next we want to check whether the above Ishibashi states (3.1.11) (out of
which our boundary states were formed) actually exist within a completion of our
bulk space Hbulk. As we shall see in Section 3.3.4 is not difficult to classify all
Ishibashi states following [72], and we find

H−1
24
, H 35

24
: 1 Ishibashi state each

H 1
8
, H 5

8
, H 1

3
: 3 Ishibashi states each (3.1.18)

H0 : 9 Ishibashi states.

The Ishibashi states (3.1.11) can be expressed in terms of linear combinations of the
general Ishibashi states in (3.1.18). Furthermore, the structure of the bulk theory
constrains the form of the corresponding overlaps, and this is perfectly compatible
with (3.1.12). This is a highly non-trivial consistency check of our analysis.

3.2 The Construction of the Bulk Space

3.2.1 From Boundary to Bulk — the Original Construction

Let us begin by reviewing how the original construction for the space of bulk fields
starting from a given boundary condition works. This construction was developed for
rational conformal field theories in [51, 73, 74, 75], and then successfully applied to
the logarithmic W1,p-models in [71, 72] (for the logarithmic analogue of the ‘charge-
conjugation modular invariant’, i.e. the Cardy case).

The discussion in Sections 3.2.1–3.2.2 is generic and does not rely on W =W2,3.
On the other hand, the arguments in Section 3.2.2 onwards, are specific toW =W2,3.

67



The Algebra of Boundary Fields

We want to explain more precisely what we mean by a consistent boundary theory.
First we recall that for each W-representation U there exists a conjugate represent-
ation U∗ that is defined on the graded dual of U [82, Def. 2.35]. The operation of
taking the conjugate of a representation defines a contravariant functor from Rep(W)
to itself which we denote by (−)∗.

With this definition we can then explain what we mean by a W-symmetric al-
gebra of boundary fields (or boundary algebra for short): it is a collection of data
(Hbnd,m, η, ε) where (see Section 2.3.4)

1. Hbnd is the space of boundary fields and forms a W-representation.

2. m ∈ Hom(Hbnd ⊗ Hbnd,Hbnd) is an intertwiner describing the associative
boundary operator product expansion. By definition of the fusion tensor
product, it corresponds to an intertwining operator Vm(−, x) : Hbnd×Hbnd →
Hbnd (we suppress the formal variable and algebraic completion in the nota-
tion of the target vector space). The operator product expansion ψ(x)ψ′(0) of
two boundary fields ψ,ψ′ ∈ Hbnd is written as Vm(ψ, x)ψ′ in this notation.

3. η :W → Hbnd is an injectiveW-intertwiner such that η(Ω) is the identity field
in Hbnd. Since η is injective, the entire vertex operator algebraW is contained
in Hbnd, as is required for a W-symmetric boundary condition.

4. ε : Hbnd → W∗ is a W-intertwiner describing one-point functions of bound-
ary fields. It has to give rise to a non-degenerate two-point function on the
boundary.

We will sometimes just write Hbnd in place of (Hbnd,m, η, ε). Given a boundary
algebra, the n-point function of boundary fields ψ1, . . . , ψn ∈ Hbnd on the upper half
plane is given by〈

ψ1(x1) · · ·ψn(xn)
〉
uhp

=
〈
ε
(
Vm(ψ1, x1) · · ·Vm(ψn−1, xn−1)ψn

)
, Ω
〉
, (3.2.1)

where we take xn = 0 and x1 > x2 > · · · > xn.

Bulk-Boundary Maps

For the rational theories and the W1,p-models one could define the bulk space as a
solution to a universal property. In order to formulate this construction, we need
the notion of a bulk-boundary map.

Fix a boundary algebra Hbnd and let H be a W ⊗C W̄-representation. By a
bulk-boundary map we mean a linear map β(−, y) : H → Hbnd (here y > 0, and
we again suppress the algebraic completion of the target from the notation) which
satisfies the following two conditions:

(i) β is compatible with the W-symmetry: Given φ ∈ H, the element β(φ, y) is to
be thought of as an insertion of the bulk field φ on the upper half plane at
position iy, expanded in terms of boundary fields at position 0. The compat-
ibility condition is formulated as follows. Write H as a quotient H = Ĥ/Q,
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where Ĥ =
⊕

aMa ⊗C N̄a for some index set a and Q is a sub-representation

of Ĥ. Denote by βa the composition

βa(−, y) = Ma ⊗C N̄a ↪→ Ĥ� H β(−,y)−−−−→ Hbnd . (3.2.2)

Then we require that

βa(φ⊗C φ
′, y) = Vl(φ, iy)Vr(φ

′,−iy)Ω , (3.2.3)

for appropriate intertwining operators Vr(−, x) : Na×W → Na and Vl(−, x) :
Ma×Na → Hbnd. Here, Vr(−, x)Ω can be taken to be just translation by x. In
particular, the space of all maps βa is isomorphic to Hom(Ma⊗Na,Hbnd). We
denote by β̃a ∈ Hom(Ma⊗Na,Hbnd) the image of βa under that isomorphism.

(ii) β is central: Since β(φ, y) corresponds to a bulk field φ inserted at iy, an
n-point correlator of boundary fields involving β(φ, y) should be continuous
when a boundary field is taken past zero. This gives rise to the centrality
condition: write H = Ĥ/Q as in (i). The map β(−, y) is called central iff for
all ψ ∈ Hbnd

lim
x↘0

Vm(ψ, x)β(φ, y) = lim
x↘0

Vm(β(φ, y), x)ψ . (3.2.4)

This can also be expressed in terms of the braiding cU,V : U ⊗ V → V ⊗ U in

the category of W-representations, using the component maps β̃a introduced
in (i),

m ◦ (idHbnd
⊗ β̃a) ◦ (cMa,Hbnd

⊗ idNa) (3.2.5)

= m ◦ (β̃a ⊗ idHbnd
) ◦ (idMa ⊗ cHbnd,Na) .

A graphical representation of condition (3.2.5) is2

Ma Hbnd Na

Hbnd

β̃a

m

Ma Hbnd Na

Hbnd

β̃a

m

= (3.2.6)

We will sometimes also refer to β̃a as a ‘bulk-boundary map’. In the non-logarithmic
rational case, bulk-boundary maps where first systematically studied in [65, 50]; the
centrality condition amounts to [50, Fig. 9d]. In the framework of vertex operator
algebras and intertwining operators, the bulk-boundary map and its categorical
expression (3.2.5) have appeared in [109, Sect. 1.8 & 3.2].

2Here we use the usual graphical notation of braided tensor categories [90]; our diagrams are
read from bottom to top.
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Characterising the Bulk Space

After these definitions we can now explain how the bulk space of states could be
characterised for the rational theories [51, 73, 74, 75], and for theW1,p-models in the
case of the ‘charge-conjugation modular invariant’ [71, 72], the logarithmic analogue
of the Cardy case

Let us fix a boundary algebra Hbnd. We consider pairs (H, β), where H is a
W ⊗C W̄-representation and β : H → Hbnd is a bulk-boundary map. By an arrow
f : (H, β) → (H′, β′) between two such pairs we mean a W ⊗C W̄-intertwiner
f : H → H′ such that the diagram

H H′

Hbnd

f

β β′

(3.2.7)

commutes. The space of bulk fields Hbulk and the bulk-boundary operator product
expansion βbb(−, y) for the boundary algebra Hbnd are then defined to be a terminal
object in the category formed by these pairs and arrows. In other words, the pair
(Hbulk, βbb) has the property that for all other pairs (H′, β′) there exists a unique
W ⊗C W̄-intertwiner f : H′ → Hbulk such that we have β′ = βbb ◦ f : H′ → Hbnd.

A terminal object need not exist, but if it does, it is unique up to unique iso-
morphism. Indeed, for another terminal object (H′bulk, β

′
bb), there are unique inter-

twiners Hbulk → H′bulk and H′bulk → Hbulk which – again by uniqueness – have to
compose to the identity.

The bulk-boundary operator product expansion βbb(−, y) is necessarily injective.
To see this, note that if f : M → Hbulk is any W ⊗C W̄-intertwiner such that
βbb ◦ f = 0, then f is an arrow from (M, 0) to (Hbulk, β). As 0 is also an arrow
between these pairs, by uniqueness we have f = 0. This shows that the present
formulation is equivalent to the one given in [72, Sect. 3.1].

For the actual computations the simplest case (and in many situations the only
tractable case) is to take as the boundary condition the ‘identity’ boundary condi-
tion, i.e. the boundary condition whose space of states just consists of theW-algebra
itself. Such a boundary condition exists for the W1,p-models [71, 72]. In that case,
the objects of the category are (H, β), where β is a bulk-boundary map H → W.
Since the image lies in W, the centrality condition (ii) in the definition of the bulk-
boundary map is trivial, and the problem simplifies considerably. This approach
was successfully applied to the W1,p-models in [72].

3.2.2 The Proposal for the Bulk Space of the W2,3-Model

Next we want to repeat a similar analysis for the case of the W2,3-model. Unfortu-
nately, as was already mentioned earlier, the W2,3-model does not have an ‘identity
brane’ whose space of states only consists of W2,3 itself. Thus we cannot directly
apply the same method that worked for theW1,p-models. One could obviously try to
apply the general formalism to a different boundary condition, but then the central-
ity condition (ii) plays an important role, and we have not been able to characterise
the most general bulk-boundary maps in any useful way.
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Instead we shall proceed slightly differently. By the assumptions in Section 3.2.1,
any W-symmetric boundary condition has W as a subalgebra in its space of bound-
ary fields Hbnd. Since Hbnd is self-conjugate, it follows thatW∗ can be obtained as a
quotient of Hbnd. It seems reasonable to assume that there is at least one boundary
condition, for which the disc correlator of a bulk and a boundary field is already
non-degenerate in the bulk entry if we take the boundary insertions only from W.
(This is the natural analogue of the ‘identity brane case’.) The two-point functions
on the boundary define a natural pairing between W and W∗. The above supposi-
tion therefore implies that the bulk-boundary map is still injective after projecting
from Hbnd to W∗. Obviously, for the W1,p-models W∗ ∼= W, and the distinction
between W and W∗ is immaterial.

We thus propose that the natural analogue of the ‘identity brane’ situation is
to consider bulk-boundary maps β : H → W∗ whose image is W∗, rather than
W, and that the terminal object within this category is our desired bulk space
(Hbulk, βbb). As we shall explain in Section 3.2.3, it satisfies a number of fairly
non-trivial consistency conditions.

Characterising the Terminal Object

As advertised above, let us consider the category of pairs (H, β), where H is a
W⊗C W̄-representation, and β : H →W∗ is compatible with theW-symmetry, that
is, it satisfies condition (i) of a bulk-boundary map as stated in Section 3.2.1. The
arrows are intertwiners f : H → H′ which make the diagram

H H′

W∗

f

β β′

(3.2.8)

commute. We want to find a terminal object (Hbulk, βbb) in this category. As in
Section 3.2.1, the terminal object need not exist, but if it does it is unique and βbb

is injective.

We argued in Section 2.3.1 that there is an isomorphism Hom(U, V ∗)→ Hom(U⊗
V,W∗). The image of the natural isomorphism U → U∗∗ under this map provides a
non-degenerate pairing

evU : U ⊗ U∗ −→W∗ (3.2.9)

for all representations U . Let VevU (−, x) : U × U∗ → W∗ be the corresponding
intertwining operator. Non-degeneracy means that for all u ∈ U there is a u′ ∈ U∗
such that VevU (u, x)u′ 6= 0, and vice versa.

Suppose that W has a finite number of irreducible representations and that
each of these has a projective cover P(a). Let us denote by Ĥ the space Ĥ =⊕

a P(a) ⊗C P̄(a)∗, where the direct sum is over all irreducible representations,

and define the map β̂ =
⊕

a VevP(a)
: Ĥ → W∗. Let Hbulk = Ĥ/ ker(β̂) and let

βbb : Hbulk →W∗ be the map induced by β̂ on the quotient. We claim

(Hbulk, βbb) is a terminal object in the above category.
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The proof proceeds analogously to the one in [72, Sect. 3.5]. Every representation
H′ can be written as

H′ = Ĥ′/Q′ ; Ĥ′ =
⊕
a,b

Nab P(a)⊗C P̄(b) , (3.2.10)

where Nab are multiplicities and Q′ is a sub-representation of the direct sum. Sup-
pose that (H′, β′) is a pair in our category, where we write H′ as in (3.2.10). Denote

the corresponding projection by π′ : Ĥ′ → H′. If we define β̂′ = β′ ◦ π′, then π′

describes an arrow from (Ĥ′, β̂′) to (H′, β′).
Our first aim is to construct an arrow (Ĥ′, β̂′) → (Hbulk, βbb). To this end we

denote the restriction of β̂′ to the k’th summand P(a) ⊗C P(b) ↪→ Ĥ′ by β̂′k. By
definition of evP(a), there exist intertwiners fa,b,k : P(b)→ P(a)∗ such that

β̂′k = VevP(a)
◦ (idP(a) ⊗C fa,b,k) . (3.2.11)

Then f =
⊕

a

∑
b,k idP(a) ⊗C fa,b,k : Ĥ′ → Ĥ provides an arrow f : (Ĥ′, β̂′)→ (Ĥ, β̂).

We compose this arrow with the projection (Ĥ, β̂)→ (Hbulk, βbb) to give the desired

arrow f ′ : (Ĥ′, β̂′)→ (Hbulk, βbb).
Next we want to show that this gives rise to an arrow on (H′, β′). First we note

that Q′ is equal to ker(π′), and thus also β̂′ vanishes on Q′. But β̂′ = βbb ◦ f ′ (as
f ′ : Ĥ′ → Hbulk is an arrow in our category), and since βbb is injective, f ′ vanishes
on Q′. Thus there is a well-defined map g : H′ → Hbulk on the quotient, which
provides the sought-after arrow (H′, β′) → (Hbulk, βbb). Since βbb is injective, this
arrow is unique.

It remains to find a practical way to compute the kernelN = ker β̂ of β̂ : Ĥ → W∗
to obtain Hbulk as a quotient. This can be done by the construction in [72, Sect. 3.3],
which we briefly review. There we described N as the image of all possible maps
of projectives P(i) ⊗C P̄(j), for all i, j, into N . For fixed i, j such a map takes
the form h : P(i) ⊗C P̄(j) → Ĥ, h =

⊕
a fa ⊗C ḡ

∗
a, where fa : P(i) → P(a) and

ga : P(a)→ P(j)∗. Since

β̂ ◦ h =
⊕
a

VevP(a)
◦ (fa ⊗C ḡ

∗
a) =

∑
a

VevP(i)
◦
(
idP(i) ⊗C (ga ◦ fa)∗

)
, (3.2.12)

β̂ ◦ h is zero if and only if
∑
a ga ◦ fa = 0. Since N itself is a quotient of a direct

sum of P(i)⊗C P(j) with some multiplicities, the above construction produces the
entire kernel.

If P(j)∗ ∼= P(j), a generic example of such maps fa and ga is found as follows.
Let e : P(i)→ P(j) be any morphism. Then we have the trivial identity(

P(i)
e−→ P(j)

id−→ P(j) ∼= P(j)∗
)

+
(
P(i)

id−→ P(i)
−e−−→ P(j)∗

)
= 0 . (3.2.13)

Thus, the image of P(i)⊗C P(j)∗ under e⊗C id− id⊗C ē
∗ lies in N .

Projective Covers

We now restrict our attention again to the caseW =W2,3. As we have just seen, the
construction of Hbulk relies on the existence of projective covers for all irreducible
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representations. For W(h) with h taking all values in (2.1.4) except h = 0, these
were given to be (2.4.4).

Regarding P(0), one first notes that the only representations R in (2.1.4) and
(2.1.5) which allow for a surjection R→W(0) are W(0), W and Q. It is verified in
Appendix D.1 that these are not projective. On the other hand, in [95, Thm. 3.24]
it is stated that under certain conditions on W, including C1-cofiniteness, every
irreducibleW-representation has a projective cover. We do not know ifW2,3 satisfies
these conditions, but it seems plausible to us that it does (see also [99]). We will
hence assume that W(0) does have a projective cover. Using these assumptions as
well as the result of the recent calculation of Zhu’s algebra [100] it follows that P(0)
has the composition series

W(0)→W(1)⊕W(2)→W(0)⊕2W(5)⊕2W(7)→W(1)⊕W(2)→W(0) . (3.2.14)

The derivation is given in Appendix C.2, and the corresponding embedding diagram
can be found in Appendix C.1.

Computing the Kernel

Next we want to work out (Hbulk, βbb) as defined in the previous subsection expli-
citly. Recall from section 3.2.2 that Ĥ is defined as Ĥ =

⊕
a P(a) ⊗C P̄(a)∗. We

want to determine the quotient space Hbulk = Ĥ/ker(β̂), where

β̂ =
⊕
a

VevP(a)
: Ĥ → W∗ . (3.2.15)

First we will show that one may choose representatives of vectors in Hbulk in

H(0)
bulk =

⊕
a

W(a)⊗C P̄(a)∗ , (3.2.16)

where W(a) is the top factor in the composition series of P(a). (This is very similar
to what happened in [108] and [72].) Consider some element W(i) ⊗C W̄(j) ⊂
P(a)⊗C P̄(a)∗ in the composition series of Ĥ. Since P(i) is the projective cover of
W(i), it follows that there exists an intertwiner e : P(i) → P(a) such that the top
factor W(i) in the composition series of P(i) is mapped to the given W(i) ⊂ P(a).
By (3.2.13) it then follows that the image of

e⊗C idP̄(a) − idP(i) ⊗C ē
∗ (3.2.17)

lies in the kernel of β̂. Thus in Hbulk, any vector inW(i)⊗C W̄(j) ⊂ P(a)⊗C P̄(a)∗,
where W(i) is not the top component of P(a), lies in the same equivalence class as
a vector in W(i)⊗C ē

∗(W̄(j)) ⊂ P(i)⊗C P̄(i)∗, where W(i) is the top component of

P(i). Thus we have shown that Hbulk is at most as big as H(0)
bulk.

We can collect the terms of Ĥ into sectors

Ĥ = Ĥ0 ⊕ Ĥ 1
8
⊕ Ĥ 5

8
⊕ Ĥ 1

3
⊕ Ĥ 35

24
⊕ Ĥ−1

24
, (3.2.18)
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with

Ĥ−1
24

=W(−1
24 )⊗C W̄(−1

24 )∗ Ĥ 35
24

=W( 35
24 )⊗C W̄( 35

24 )∗

Ĥ 1
3

=
⊕

a= 1
3 ,

10
3

P(a)⊗C P̄(a)∗ Ĥ 5
8

=
⊕

a= 5
8 ,

21
8

P(a)⊗C P̄(a)∗ (3.2.19)

Ĥ 1
8

=
⊕

a= 1
8 ,

33
8

P(a)⊗C P̄(a)∗ Ĥ0 =
⊕

a=0,1,2,5,7

P(a)⊗C P̄(a)∗ .

It is easy to see that the kernel of β̂ does not mix the different sectors in (3.2.18),
and we may therefore consider each of them in turn. It follows from the arguments
of [72, Sect. 4.3 & App. D] that in all sectors, except possibly for Ĥ0, all relations of

the quotient space Hbulk = Ĥ/ker(β̂) are taken into account by (3.2.17) and that

Hbulk is isomorphic (as an (Ldiag
0 , L̄diag

0 )-graded vector space, see (3.1.1)) to H(0)
bulk.

We believe that this will also be the case for Ĥ0, but we have no proof. We therefore

conjecture that H(0)
bulk is not just an upper bound for Hbulk, but actually isomorphic

to it. This gives then the explicit description of Hbulk that was advertised before.
(The bulk-boundary map βbb is the one induced from β̂ under the quotient map
Ĥ� Hbulk.)

3.2.3 Properties of the Resulting Bulk Space

Next we want to describe the resulting bulk space Hbulk in some more detail. First
we want to explain how W ⊗C W̄ acts on it. Given that we have a description of
Hbulk as a quotient by N of Ĥ, this can now be easily deduced. Since Ĥ has a
decomposition as in (3.2.18), we get a similar decomposition for Hbulk, which we
write as

Hbulk = Ĥ/N = H0 ⊕H 1
8
⊕H 5

8
⊕H 1

3
⊕H−1

24
⊕H 35

24
. (3.2.20)

In order to describe the resulting structure we analyse, sector by sector, their com-
position series, following the method outlined in Section 3.1.1. This is to say, we
identify first the largest direct sum of irreducible subrepresentations; then we quo-
tient by these and find the largest direct sum of irreducible subrepresentations in the
quotient, etc. The situation is obviously simplest for H−1/24 and H35/24 since they
are already, by themselves, irreducible. As a consequence, the quotient is trivial for
these sectors, and the resulting composition series just consists of one term.

The Edge of the Kac Table

The situation is more interesting for those sectors that come from the ‘edge of the
Kac table’, i.e. the sectors H1/8, H1/3 and H5/8. In the following we shall only

show the calculation for the first case (h = 1
8 ) — the other cases then follow upon

replacing { 1
8 ,

33
8 } with { 5

8 ,
21
8 } or { 1

3 ,
10
3 }, respectively.

As we have explained above, the representatives are described by H(0)
1/8, see eq.

(3.2.16). It is then not difficult to show that the maximal fully reducible subrepres-
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entation of M1( 1
8 ) = H1/8 is given by

R1( 1
8 ) =

⊕
i= 1

8 ,
33
8

W(i)⊗C W̄(i) , (3.2.21)

where W̄(i) comes from the bottom entry in P̄(i).
Next, we consider the quotient M2( 1

8 ) = M1( 1
8 )/R1( 1

8 ), and repeat the analysis.
The maximal fully reducible subrepresentation of M2( 1

8 ) is

R2( 1
8 ) = 2W( 1

8 )⊗C W̄( 33
8 ) ⊕ 2W( 33

8 )⊗C W̄( 1
8 ) . (3.2.22)

These arise from the middle lines in the embedding diagrams of the corresponding
projective covers P̄(i). Finally, the maximal fully reducible subrepresentation of
M3( 1

8 ) = M2( 1
8 )/R2( 1

8 ) equals

R3( 1
8 ) =

⊕
i= 1

8 ,
33
8

W(i)⊗C W̄(i) , (3.2.23)

which comes from the top entries of P̄(i). Thus we obtain precisely the composition
series given in (3.1.9).

The Interior of the Kac Table

This leaves us with the sector H0, for which the analysis is more complicated. Pro-
ceeding as before we find that the maximal fully reducible subrepresentation of
M1(0) = H0 is given by

R1(0) =
⊕

i=0,1,2,5,7

W(i)⊗C W̄(i) . (3.2.24)

As before, these states arise from the bottom component in P̄(i)∗.
Next, we find that the maximal fully reducible subrepresentation of M2(0) =

M1(0)/R1(0) is

R2(0) =
(
W(1)⊕W(2)

)
⊗C
(
2 W̄(5)⊕ 2 W̄(7)⊕ W̄(0)

)
⊕
(
W(5)⊕W(7)

)
⊗C
(
2 W̄(2)⊕ 2 W̄(1)

)
(3.2.25)

⊕W(0)⊗C
(
W̄(1)⊕ W̄(2)

)
,

while that of M3(0) = M2(0)/R2(0) is

R3(0) =W(1)⊗C
(
2 W̄(1)⊕ 4 W̄(2)

)
⊕W(2)⊗C

(
2 W̄(2)⊕ 4W̄(1)

)
⊕W(0)⊗C

(
W̄(0)⊕ 2 W̄(5)⊕ 2 W̄(7)

)
(3.2.26)

⊕W(5)⊗C
(
2 W̄(0)⊕ 2 W̄(5)⊕ 4 W̄(7)

)
⊕W(7)⊗C

(
2 W̄(0)⊕ 2 W̄(7)⊕ 4 W̄(5)

)
.

Similarly, the maximal fully reducible subrepresentation of M4(0) = M3(0)/R3(0)
is R4(0) ∼= R2(0), while that of M5(0) = M4(0)/R4(0) equals R5(0) ∼= R1(0). This
agrees precisely with what we claimed in (3.1.10).
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Consistency Conditions

Finally, let us comment on the consistency conditions our answer satisfies. None of
the properties discussed below is built into our ansatz from the start, and they give
strong support to our proposed bulk space.

Modular invariance: Given the composition series (3.1.7), (3.1.9) and (3.1.10), it is
straightforward to work out the partition function of Hbulk, resulting in

Z(q) =
∑
i χW(i)(q) · χP(i)(q̄)

= (qq̄)−1/24 + 3 + 2(qq̄)1/8 + 2(qq̄)1/3 + (q+q̄) · (qq̄)−1/24

+ 2(q+q̄) + · · · ,
(3.2.27)

where the sum runs over all 13 irreducibles (includingW(0)). This partition function
is modular invariant, see [83]).

Self-conjugacy: The space of bulk statesHbulk is actually isomorphic to its conjugate
representation, H∗bulk. This is necessary in order for the bulk theory to have a non-
degenerate (bulk) two-point function.

Stress tensor: Curiously, the composition series (3.1.10) of Hbulk shows that Hbulk

does not contain W ⊗C W̄ as a sub-representation. To see this we note that the
composition series of W ⊗C W̄ is

0 2

0 1 0

2 0 0

−→
0 2

0 0 1

2 1 0

−→
0 2

0 0 0

2 0 1

. (3.2.28)

In order to embedW⊗CW̄ into Hbulk, we need to map the level 0 subspaceW(0)⊗C
W̄(0) to the summand W(0)⊗C W̄(0) of Hbulk at level 2. However, the composition
series (C.1.1) of P(0) shows that from there one can reach e.g.W(0)⊗CW̄(1), which is
not contained inW⊗CW̄. Nonetheless, Hbulk does still contain a holomorphic field of
weight (2, 0) and an anti-holomorphic field of weight (0, 2), which form the candidate
stress tensor. For example, a representative of the equivalence class of the state of
weight (2, 0) at level 3 of Hbulk (see (3.1.10)) is W(2) ⊗C W̄(0) ⊂ P(2) ⊗C P̄(2)∗,
where W̄(0) sits at level 3. Acting with L̄−1 gives a state of weight (2, 1), where the
factor with weight 1 has to be at level 4 of P(2), which, however, does not contain
such a state. Thus the state of weight (2, 0) really defines a holomorphic field.

As an aside, we note that this argument also suggests that the the state of weight
(1, 0) at level 3 of Hbulk is not holomorphic, as acting with L̄−1 on its representative
W(1)⊗C W̄(0) ⊂ P(1)⊗C P̄(1)∗, where W̄(0) sits at level 3, gives a state of weight
(1, 1) in W(1) ⊗C W̄(1) ⊂ P(1) ⊗C P̄(1)∗, where W̄(1) sits at level 4, and it seems
highly plausible that this state is nonzero.

Boundary states: As a final consistency check, we can study the boundary states one
can construct within Hbulk. In particular, as we shall show in the following section,
we are able to reproduce the boundary theory of Chapter 2 in this manner.
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3.3 The Boundary State Analysis

In this section we want to study how the boundary conditions that were proposed
in Chapter 2 fit into the present analysis. In particular, we want to show how
the corresponding boundary states can be constructed in our proposed bulk theory
Hbulk.

3.3.1 Reconstructing the Boundary States

Let us begin by identifying the Ishibashi states and their overlaps that reproduce
the annulus partition functions of Chapter 2; this first part of the analysis does not
require any detailed knowledge about the bulk space Hbulk. The basic idea of the
analysis is simple. Given the proposal of Chapter 2, we know the annulus partition
functions. More specifically, if R and R′ label two consistent boundary conditions,
then the partition function of the annulus is simply

χR⊗R′∗(q̃) , (3.3.1)

where χS denotes the character of S and q̃ = exp(−2πi/τ) is modular parameter of
the annulus. Thus the overlap of the corresponding boundary states ‖R〉〉 and ‖R′〉〉
must equal

〈〈R‖qL0+L̄0‖R′〉〉 = χR⊗R′∗(q̃) , (3.3.2)

as functions of τ . In other words the modular S-transform of the overlap of ‖R〉〉 and
‖R′〉〉 is equal to the character of R⊗R′∗ — see appendix A.2 for explicit formulae,
or [83, 102] for the formula for general Wp,q-models.

By considering the different powers of q that appear in (3.3.2), it is clear which
contribution arises from which sector of Hbulk in (3.2.20). We can thus identify the
overlaps of the various different Ishibashi states that appear. As was explained in
Section 3.1.2, the annulus amplitudes can be described in terms of ten Ishibashi
states, reflecting the fact that the overlaps have a 2-dimensional null ideal, see
eq. (2.2.35). We should stress, however, that this does not mean that the actual
boundary states can be written in terms of these ten Ishibashi states. It only means
that for the calculation of the annulus amplitudes, only the coupling to these ten
Ishibashi states is required. (In fact, it seems natural to assume that the actual
boundary states will depend on two more Ishibashi states, but we have not managed
to prove this.)

So far, we have not used any detailed information about the structure of the bulk
spectrum. The non-trivial consistency condition now arises from the requirement
that the Ishibashi states (3.1.11) and their overlaps (3.1.12) can indeed be obtained
within Hbulk. In order to see that this is possible we begin by classifying the most
general Ishibashi states in Hbulk.

3.3.2 The Ishibashi States

As was explained in [72, Section 5.1], we may think of the Ishibashi states in terms
of ‘Ishibashi morphisms’. Indeed, each Ishibashi state defines (and is defined by)
a ‘bulk-boundary pairing’ Hbulk ×W → C that is compatible with the W action.
Since the bulk space Hbulk is the quotient of Ĥ by N , the space of all Ishibashi
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intertwiners consists of those bulk-boundary pairings on Ĥ that vanish on N . It was
furthermore shown in [72] that every such bulk boundary pairing can be written as

bρ
(
u⊗C v̄, w

)
=
∑
a

(
evP(a)(ρa(ua), v̄a)

)
(w) , (3.3.3)

where ρ is an intertwiner ρ =
⊕

a ρa with ρa : P(a)→ P(a). Here w ∈ W and
u⊗C v̄ =

⊕
a ua ⊗C v̄a ∈ Ĥ. Furthermore, as also explained in [72], the condition to

vanish on N can be analysed by very similar methods as above in Section 3.2.2. The
bulk boundary map bρ vanishes on N if and only if∑

a

ga ◦ ρa ◦ fa = 0 (3.3.4)

for all fa : P(i)→ P(a) and ga : P(a)→ P(j) such that (
⊕

a fa ⊗C ḡ
∗
a)(P(i)⊗C P̄(j)∗)

lies in N .
As is familiar from the usual rational case, we can analyse the Ishibashi states

sector by sector. Again, the situation is easiest for the sectors H−1/24 and H35/24,
corresponding to the irreducible representations at the corner of the Kac table. In
either case Schur’s lemma implies that there is only a one-dimensional space of
intertwiners, and since N only intersects these sectors in 0, there is no additional
constraint to worry about. Thus we have one Ishibashi state from each of these two
sectors.

The Edge of the Kac Table

The situation is more interesting for the sectors from the ‘edge of the Kac table’,
i.e. the sectors H1/8, H5/8 and H1/3. For concreteness, let us again only consider
the case of H1/8; the situation in the other sectors is completely analogous. First
we recall that

Ĥ 1
8

=
(
P( 1

8 )⊗C P̄( 1
8 )∗
)
⊕
(
P( 33

8 )⊗C P̄( 33
8 )∗
)
. (3.3.5)

As was explained in Chapter 2, the space of intertwiners ρ : P( 1
8 ) → P( 1

8 ) is two-
dimensional, and similarly for P( 33

8 ). Thus, in addition to the identity intertwiner
ida, there is one linearly independent intertwiner which we denote by na ≡ ea→a2 ;
our notation for the intertwiners is explained in Appendix C.1. The intertwiner ida
acts as the identity on P(a), and as zero on the other summand in (3.3.5), and
similarly for na. In total, we therefore have four such intertwiners, and we write the
most general ansatz as

ρ = ρ 1
8
⊕ ρ 33

8
=

⊕
a= 1

8 ,
33
8

(
A(1)
a ida +A(2)

a na
)
. (3.3.6)

The space N by which we have to quotient out Ĥ1/8 is generated by(
ea→b1;α ⊗C id− id⊗C (ea→b1;α )∗

) (
P(a)⊗C P̄(b)∗

)
, (3.3.7)

where either (a = 1
8 and b = 33

8 ) or (a = 33
8 and b = 1

8 ), and α denotes the two
different choices of such intertwiners. (This is because the other relations of the
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form (3.2.13), involving intertwiners of higher degree, are a consequence of these.)
By (3.3.4), the intertwiner ρ vanishes on (3.3.7) if and only if for each α we have on
P(a)

ρb ◦ ea→b1;α − (ea→b1;α ) ◦ ρa = 0 . (3.3.8)

Thus there is a three-dimensional solution space with basis

ρ(1) = id
1
8 + id

33
8 , ρ(a,2) = na , a = 1

8 ,
33
8 , (3.3.9)

since ea→b1;α ◦ na = nb ◦ ea→b1;α = 0. This analysis is completely analogous to the
discussion in [72].

The Interior of the Kac Table

This leaves us with analysing the Ishibashi morphisms in the sector H0, corres-
ponding to the ‘interior of the Kac table’. The following calculations make frequent
reference to the embedding diagrams (C.1.1)-(C.1.3) of the projective representa-
tions P(0),P(1),P(2),P(5) and P(7), and of our conventions regarding intertwiners
described there. As is apparent from these embedding diagrams, the space of in-
tertwiners of each of the projective representations P(a) with a ∈ {1, 2, 5, 7} is
4-dimensional. For each such P(a) let ida be the identity intertwiner, while ea→a4

denotes the unique intertwiner of degree four. The remaining two intertwiners have
degree 2, and will be denoted by ea→a2;α , where α takes the appropriate two values
out of {1, 2, 5, 7}, as explained in Appendix C.1. The most general ansatz for an
intertwiner P(a)→ P(a), a = 1, 2, 5, 7 is therefore

ρa = Aid
a ida +

∑
α

Aαa e
a→a
2;α +A4

a e
a→a
4 . (3.3.10)

For the case of P(0), the space of intertwiners from P(0) to itself is 3-dimensional;
apart from the identity intertwiner id0, there are the intertwiners e0→0

2 and e0→0
4 of

degree 2 and 4, respectively. The most general ansatz for an intertwiner P(0)→ P(0)
is therefore

ρ0 = Aid
0 id0 +A2

0 e
0→0
2 +A4

0 e
0→0
4 . (3.3.11)

Before taking into account the constraints coming from N , the number of inter-
twiners we need to consider in the sector Ĥ0 is therefore 19 = 4× 4 + 3.

The intersection ofN with Ĥ0 is again generated by the relations of the form (3.2.13)
involving intertwiners of degree 1(

ea→b1;β ⊗C idb − ida ⊗C (ea→b1;β )∗
) (
P(a)⊗C P̄(b)∗

)
(
e0→d

1 ⊗C idd − id0 ⊗C (e0→d
1 )∗

) (
P(0)⊗C P̄(d)∗

)
(3.3.12)(

ed→0
1 ⊗C id0 − idd ⊗C (ed→0

1 )∗
) (
P(d)⊗C P̄(0)∗

)
,

where (a, b) = (1, 5), (1, 7), (2, 5), (2, 7) or (a, b) = (5, 1), (7, 1), (5, 2), (7, 2) and d ∈
{1, 2}. By (3.3.4), the intertwiner ρ vanishes on (3.3.7) if and only if

ρb ◦ ea→b1;β − ea→b1;β ◦ ρa = 0 on P(a) ,

ρd ◦ e0→d
1 − e0→d

1 ◦ ρ0 = 0 on P(0) , (3.3.13)

ρ0 ◦ ed→0
1 − ed→0

1 ◦ ρd = 0 on P(d) .
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Evaluating the first equation of (3.3.13) we get

0 = ρb ◦ ea→b1;β − ea→b1;β ◦ ρa (3.3.14)

=
(
Aid
b idb +

∑
η

Aηb e
b→b
2;η +A4

b e
b→b
4

)
◦ ea→b1;β

− ea→b1;β ◦
(
Aid
a ida +

∑
η

Aηae
a→a
2;η +A4

a e
a→a
4

)
= (Aid

b −Aid
a )ea→b1;β +

∑
γ

(∑
η

AηbC
γ
ηβ −

∑
η

AηaĈ
γ
βη

)
ea→b3;γ ,

where we have used that eb→b4 ◦ ea→b1;β = 0 = ea→b1;β ◦ ea→a4 , as well as defined the
structure constants via (see Appendix C.1 for some examples)

eb→b2;α ◦ ea→b1;β =
∑
γ

Cγα,β e
a→b
3;γ , ea→b1;β ◦ ea→a2;α =

∑
γ

Ĉγβ,α e
a→b
3;γ . (3.3.15)

The second and third equations of (3.3.13) lead to equivalent relations. Concentrat-
ing on the former we obtain

0 = ρd ◦ e0→d
1 − e0→d

1 ◦ ρ0 (3.3.16)

= (Aid
d idd +A5

d e
d→d
2,5 +A7

d e
d→d
2,7 +A4

d e
d→d
4 ) ◦ e0→d

1

− e0→d
1 ◦ (Aid

0 id0 +A2
0 e

0→0
2 +A4

0 e
0→0
4 )

= (Aid
d −Aid

0 )e0→d
1 + (A5

d +A7
d −A2

0)e0→d
3 ,

where we have again used that ed→d4 ◦e0→d
1 = 0 = e0→d

1 ◦e0→0
4 . A basis for the space

of solutions is given by the following nine Ishibashi morphisms3

ρ(id) = id0 + id1 + id2 + id5 + id7

ρ(µ) = e0→0
2 + e1→1

2,7 + e2→2
2,5 + e5→5

2,2 + e7→7
2,1

ρ(ν) = e0→0
2 + e1→1

2,5 + e2→2
2,7 + e5→5

2,1 + e7→7
2,2 (3.3.17)

ρ(δ) = e2→2
2,5 − e2→2

2,7 + e5→5
2,2 − e7→7

2,2

ρ(σi) = ei→i4 i = 0, 1, 2, 5, 7 .

3.3.3 Overlaps of Ishibashi States

In order to identify the Ishibashi states (3.1.11) with linear combinations of the
Ishibashi states corresponding to the intertwiners (3.3.17), we need to determine
the different overlaps between the latter. Obviously, the overlaps between Ishibashi
states from different sectors vanish, but since there is generically more than one Ishi-
bashi state in each sector, the relative overlaps between them are more complicated.
The first step in identifying the structure of these overlaps is to understand the
relation between the Ishibashi morphisms ρ and the corresponding Ishibashi states

3We believe that by an appropriate rescaling of the intertwiners, the coefficients Cγα,β and Ĉγβ,α
can be chosen to be either zero or one. This was used to arrive at (3.3.17).
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|ρ〉〉, thought of as elements in a completion of Hbulk. Suppose that σ ∈ Hbulk is an
arbitrary bulk state, then we have

bρ(σ,Ω) = B(|ρ〉〉, σ) , (3.3.18)

where B(−,−) is the bulk 2-point function, bρ is defined by (3.3.3), where Ω ∈ W
is the vacuum state. Since the bulk 2-point function is non-degenerate, it follows
that ρ determines uniquely the corresponding Ishibashi state |ρ〉〉, and vice versa.
Given the knowledge of the corresponding Ishibashi state we can then work out the
cylinder overlaps since we have

〈〈ρ1|qL0+L̄0 |ρ2〉〉 = B
(
|ρ1〉〉, qL0+L̄0 |ρ2〉〉

)
. (3.3.19)

It follows from the definition of (3.3.3) that bρ(u⊗C v̄,Ω) is only nonzero provided
that ρa(ua) and v̄a contain summands that are conjugate to one another. Here we
have written u⊗C v̄ =

∑
a ua ⊗C v̄a with ua ⊗C v̄a ∈ P(a)⊗C P̄(a)∗.

As regards the bulk 2-point functionB(−,−), we choose the following convention.
Fixing a bulk 2-point function is equivalent to giving an isomorphismHbulk → H∗bulk,
which one can then precompose with the canonical pairingHbulk×H∗bulk → C. There
is no unique choice, but there is a preferred such isomorphism: if we keep the vector
space decomposition implicit in (3.1.10), the conjugation map flips the direction of
all arrows, and effectively turns the composition diagram upside down. We pick the
isomorphism which maps the level 0 states of Hbulk to states of H∗bulk which have
components only at level 0 (and not also at levels 2 and 4). With this choice, the
bulk 2-point function is non-vanishing only for combinations of states at opposite
points in the bulk composition series.

Combining these two considerations we can then determine the components of
the bulk composition series in which the Ishibashi state has non-trivial components,
as we shall now see.

The Corner of the Kac Table

Let us begin with the Ishibashi states from the sectors H−1/24 and H35/24. For these
sectors the Ishibashi morphisms are proportional to the identity and the Ishibashi
states are just those built upon the highest weight states. We can then normalise
the two resulting Ishibashi states |−1

24 〉〉 and | 35
24 〉〉 such that their overlaps are

〈〈−1
24 | q

L0+L̄0 |−1
24 〉〉 =

√
3χ
W(
−1
24 )

(q) (3.3.20)

〈〈 35
24 | q

L0+L̄0 | 35
24 〉〉 = −

√
3χ
W(

35
24 )

(q) ,

in agreement with (3.1.12).

The Edge of the Kac Table

For the sectors along the ‘edge of the Kac table’, let us first work out the non-
trivial components of the Ishibashi states. As in the previous sections we shall do
this explicitly in the H1/8 sector; the analysis in the other edge sectors is similar.
The Ishibashi morphism bρid is non-vanishing on u ⊗C v̄ ∈ H1/8 provided that the
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components ua⊗C v̄a are conjugate to one another in P(a)⊗C P̄(a). If we choose the
representatives ua ⊗C v̄a according to (3.2.16), then ua lies in the top W(a) at level
0 in P(a). In order for v̄a to be conjugate to ua it must then lie in the bottomW(a),
i.e. at level 2 in P̄(a)∗. In terms of the analysis of Section 3.2.3, it then follows that
u⊗C v̄ must lie in the grey components of the composition series,

bρ(id) 6= 0 only on

1
8

33
8

1
8 1 0
33
8 0 1

−→
1
8

33
8

1
8 0 2
33
8 2 0

−→
1
8

33
8

1
8 1 0
33
8 0 1

, (3.3.21)

where we have used the same notation as in (3.1.9). The corresponding Ishibashi
state (that we shall denote by |id〉〉) then has non-zero components in the conjugate
sectors.

|id〉〉 ∈
1
8

33
8

1
8 1 0
33
8 0 1

−→
1
8

33
8

1
8 0 2
33
8 2 0

−→
1
8

33
8

1
8 1 0
33
8 0 1

. (3.3.22)

The analysis for the Ishibashi morphism ρ(a,2) is similar. Again, ρ(a,2) is non-
vanishing on u ⊗C v̄ ∈ H1/8 provided that na(u) is conjugate to v̄. Since na(u)
maps the top W(a) to the bottom W(a) in P(a), it follows that u⊗C v̄ has to have
non-zero components in the sectors

bρ(1/8,2) 6= 0 only on

1
8

33
8

1
8 1 0
33
8 0 1

−→
1
8

33
8

1
8 0 2
33
8 2 0

−→
1
8

33
8

1
8 1 0
33
8 0 1

(3.3.23)

and

bρ(33/8,2) 6= 0 only on

1
8

33
8

1
8 1 0
33
8 0 1

−→
1
8

33
8

1
8 0 2
33
8 2 0

−→
1
8

33
8

1
8 1 0
33
8 0 1

, (3.3.24)

respectively. The corresponding Ishibashi states will be denoted by |n1/8〉〉 and
|n33/8〉〉, and they must have non-trivial components in the conjugate sectors, i.e. in

|n1/8〉〉 ∈
1
8

33
8

1
8 1 0
33
8 0 1

−→
1
8

33
8

1
8 0 2
33
8 2 0

−→
1
8

33
8

1
8 1 0
33
8 0 1

(3.3.25)

and

|n33/8〉〉 ∈
1
8

33
8

1
8 1 0
33
8 0 1

−→
1
8

33
8

1
8 0 2
33
8 2 0

−→
1
8

33
8

1
8 1 0
33
8 0 1

. (3.3.26)

Given this information, we can then directly work out the non-trivial overlaps
between these Ishibashi states. For example, for the overlaps of |n1/8〉〉 (or |n33/8〉〉)
with themselves vanish, since both of these states only have a component in the
‘bottom’ factor, but none in the conjugate ‘top’ factor. On the other hand, the
overlap with |id〉〉 is non-zero, and we can choose the normalisation of |n1/8〉〉 and
|n33/8〉〉 such that

〈〈id|qL0+L̄0 |n1/8〉〉 = χ
W(

1
8 )

(q) 〈〈id|qL0+L̄0 |n33/8〉〉 = χ
W(

33
8 )

(q) . (3.3.27)

Let us decompose the action of L0 on a representation R as L0 = Ldiag
0 + Lnil

0 ,
where Lnil

0 denotes the nilpotent part. Since for a mode Wm of a homogeneous
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generator W of W2,3 we have [L0,Wm] = −mWm as well as [Ldiag
0 ,Wm] = −mWm

(after all, Ldiag
0 just gives the grading of R and Wm is a map of degree −m), it

follows that [Lnil
0 ,Wm] = 0, i.e. the nilpotent part of L0 is an intertwiner from R to

itself. In particular, if |i〉〉 is an Ishibashi state, so is (Lnil
0 + L̄nil

0 )n|i〉〉 for any n ≥ 0.
The above discussion, together with the observations in (3.3.22), (3.3.25) and

(3.3.26) shows that (Lnil
0 + L̄nil

0 )|id〉〉 is again an Ishibashi state, and it has to be a
linear combination of |n1/8〉〉 and |n33/8〉〉. We can choose the normalisation of |id〉〉
such that

1

2π
(Lnil

0 + L̄nil
0 )|id〉〉 = |n1/8〉〉+ α33/8|n33/8〉〉 , (3.3.28)

for some constant α33/8 ∈ C. We should note that α33/8 is in principle determined
by the structure of Hbulk, but that with our current limited understanding of the
latter we cannot actually calculate it from first principles. In any case it follows that

〈〈id|qL0+L̄0 |id〉〉 = iτ
(
χ
W(

1
8 )

(q) + α33/8 · χW(
33
8 )

(q)
)
. (3.3.29)

If we now set

| 18 , A〉〉 =
i√
3
|id〉〉 , | 18 , B〉〉 = −2i

(
|n1/8〉〉+ |n33/8〉〉

)
, α33/8 = −2 , (3.3.30)

we precisely reproduce the overlaps (3.1.12).
We should also mention that the two Ishibashi states in (3.3.30) are characterised

by the property that their overlaps do not lead to any τ̃ = −1/τ terms in the annulus
partition function. Indeed, the additional linear combination, which we could take
to be | 18 , C〉〉 = |n1/8〉〉 − |n33/8〉〉 cannot enter the boundary state construction since
it leads, in the annulus partition function, to a term proportional to τ̃ . For example,
we find

〈〈 18 , A|q
L0+L̄0 | 18 , C〉〉 =

i√
3

(
χ
W(

1
8 )

(q)− χ
W(

33
8 )

(q)
)

(3.3.31)

= − i

18

(
χ
W(

1
8 )

(q̃) + χ
W(

33
8 )

(q̃)
)

+
τ̃

3
√

3

(
χ
W(

1
8 )

(q̃)− 2χ
W(

33
8 )

(q̃)
)

+ (contributions from other sectors) ,

where τ̃ = −1/τ is the modular parameter of the annulus. The situation is therefore
completely analogous to what was found in [72] for the W1,p-models.

The analysis in the other two sectors is essentially identical. Indeed, the ana-
logues of (3.3.27) and (3.3.29) hold also for the Ishibashi states in H5/8 and H1/3,
respectively, and this determines their overlaps up to the constants α21/8 and α10/3

as in (3.3.28). The Ishibashi states of (3.1.11) can then be identified with

| 58 , A〉〉 = i
√

2
3 |id〉〉 | 58 , B〉〉 = −i

√
2
(
|n5/8〉〉+ |n21/8〉〉

)
(3.3.32)

| 13 , A〉〉 = 3
1
4

√
2 |id〉〉 | 13 , B〉〉 = 3−

3
4

√
2
(
|n1/3〉〉+ |n10/3〉〉

)
,
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and we reproduce precisely the overlaps (3.1.12) provided that

α21/8 = − 1
2 , α10/3 = −1 . (3.3.33)

The third Ishibashi state in each of these sectors cannot contribute to the boundary
states since it would lead to terms proportional to τ̃ in the annulus partition function.

The Interior of the Kac Table

It therefore only remains to identify the Ishibashi states with components in H0,
the ‘interior of the Kac table’. The Ishibashi morphism bρ(id) is non-vanishing for
u⊗C v̄ ∈ H0 provided that the left and right tensor factor of the representatives in
Ĥ0 are conjugate to one another. By the same logic as above, this can only be the
case provided that u⊗C v̄ lies in the grey components

0 1 2 5 7

0 1

1 1

2 1

5 1

7 1

bρ(id) 6= 0 only on , (3.3.34)

where the empty squares are the remaining composition factors of (3.1.10), which
we have left blank to keep the notation compact. The corresponding Ishibashi state
|id〉〉 therefore has non-vanishing components in the conjugate sectors

0 1 2 5 7

0 1

1 1

2 1

5 1

7 1

|id〉〉 ∈ . (3.3.35)

The Ishibashi morphisms bρ(σi) are non-vanishing for u ⊗C v̄ ∈ H0 provided that

ρ(σi)(u) is conjugate to v̄, i.e. provided that u ⊗C v̄ lies in the W(i) ⊗C W̄(i)
component at level 0 of the H0 composition series, e.g. for i = 2

0 1 2 5 7

0 1

1 1

2 1

5 1

7 1

bρ(σ2) 6= 0 only on . (3.3.36)

The corresponding Ishibashi state |σ2〉〉 must therefore have a non-vanishing com-
ponent in the conjugate sector

0 1 2 5 7

0 1

1 1

2 1

5 1

7 1

|σ2〉〉 ∈ . (3.3.37)
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The analysis for the other Ishibashi states |σi〉〉 for i = 0, 1, 5, 7 is similar, with
W(2)⊗C W̄(2) being replaced by W(i)⊗C W̄(i).

Finally, we consider the Ishibashi morphisms bρ(µ) , bρ(ν) and bρ(δ) . For them the
analysis is more complicated because of the multiplicities of 2 on the diagonal of
the third factor of the composition series (3.1.10). In (3.2.16) these two components
come from W(a) ⊗C W̄(a), where W(a) lies at level 0, while W̄(a) lies on the very
left or very right at level 2 in P̄(a)∗; we shall therefore denote these sectors by ` and
r, respectively. Note that the sector labelled by ` is conjugate to that labelled by r,
and vice versa. With this notation, we have

0 1 2 5 7

0 1

1 `

2 `

5 `

7 `

bρ(µ) 6= 0 only on , (3.3.38)

0 1 2 5 7

0 1

1 r

2 r

5 r

7 r

bρ(ν) 6= 0 only on , (3.3.39)

0 1 2 5 7

0 1

1 2

2 2

5 `

7 r

bρ(δ) 6= 0 only on . (3.3.40)

The above diagrams imply in turn that the corresponding Ishibashi states must have
non-vanishing components in

|µ〉〉 ∈

0 1 2 5 7

0 1

1 r

2 r

5 r

7 r

, (3.3.41)

|ν〉〉 ∈

0 1 2 5 7

0 1

1 `

2 `

5 `

7 `

, (3.3.42)
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|δ〉〉 ∈

0 1 2 5 7

0 1

1 2

2 2

5 r

7 `

. (3.3.43)

This predicts the following overlaps up to a number of constants that cannot be
determined directly in this manner

〈〈id|qL0+L̄0 |id〉〉 = τ2
(
α0 χW(0)(q) + α1 χW(1)(q) + α2 χW(2)(q)

+ α5 χW(5)(q) + α7 χW(7)(q)
)

〈〈id|qL0+L̄0 |µ〉〉 = τ
(
βµ0 χW(0)(q) + βµ1 χW(1)(q) + βµ2 χW(2)(q)

+ βµ5 χW(5)(q) + βµ7 χW(7)(q)
)

〈〈id|qL0+L̄0 |ν〉〉 = τ
(
βν0 χW(0)(q) + βν1 χW(1)(q) + βν2 χW(2)(q)

+ βν5 χW(5)(q) + βν7 χW(7)(q)
)

〈〈id|qL0+L̄0 |δ〉〉 = τ
(
βδ2 χW(2)(q) + βδ5 χW(5)(q) + βδ7 χW(7)(q)

)
〈〈id|qL0+L̄0 |σi〉〉 = χW(i)(q)

〈〈µ|qL0+L̄0 |µ〉〉 = αµ χW(0)(q) , 〈〈ν|qL0+L̄0 |ν〉〉 = αν χW(0)(q)

〈〈δ|qL0+L̄0 |δ〉〉 = αδ χW(2)(q)

〈〈µ|qL0+L̄0 |ν〉〉 = γµν0 χW(0)(q) + γµν1 χW(1)(q) + γµν2 χW(2)(q)

+ γµν5 χW(5)(q) + γµν7 χW(7)(q)

〈〈µ|qL0+L̄0 |δ〉〉 = γµδ2 χW(2)(q) + γµδ7 χW(7)(q)

〈〈ν|qL0+L̄0 |δ〉〉 = γνδ2 χW(2)(q) + γνδ5 χW(5)(q) .

Some of these constants can be fixed by rescaling the Ishibashi states appropriately.
Note that 〈〈δ|qL0+L̄0 |δ〉〉 probably vanishes (i.e. αδ = 0) because the two contri-
butions from the 2’s in the middle sector appear to cancel against each other, see
(3.3.17).

Comparing to (3.1.12), we see that the Ishibashi states that enter the boundary
state analysis can be identified with

|0+〉〉 = |µ〉〉 and |0−〉〉 = |ν〉〉 (3.3.44)

provided that αµ = αν = 1
2 , γµν0 = 1

2 , and γµνj = 1 for j = 1, 2, 5, 7. Thus we can
again obtain all the relevant Ishibashi states within Hbulk.

As before we can also ask whether there are additional Ishibashi states that could
contribute to consistent boundary states. By a straightforward calculation, using
the modular transformation properties of Appendix A.2, one can check that neither
|id〉〉 nor |δ〉〉 can appear in boundary states since 〈〈id|qL0+L̄0 |id〉〉 and 〈〈µ|qL0+L̄0 |δ〉〉
both lead to τ̃ terms in the annulus partition functions. On the other hand, a similar
argument does not apply to the Ishibashi states |σi〉〉 since their relative overlaps,

86



as well as their overlaps with |µ〉〉 and |ν〉〉 all vanish. Thus these Ishibashi states do
not contribute to the cylinder diagrams, and we cannot decide whether they appear
in boundary states based on cylinder diagrams alone.

Given that the subgroup Kb
0 of the Grothendieck group is 12-dimensional but

only ten Ishibashi states are required for the description of the cylinder diagrams,
we suspect that at least certain linear combinations of the |σi〉〉 also contribute to
the boundary states. In fact, this is even required in order for the bulk-boundary
map to be non-degenerate in the bulk entry. To see this we observe that the bulk
states from the top level in H0 only contribute in overlaps with the |σi〉〉 Ishibashi
states, see in particular eq. (3.3.36). Thus if the |σi〉〉 Ishibashi did not appear
in any of the boundary states, all bulk-boundary maps would vanish on these top
states, in contradiction with the assumed non-degeneracy. However, since the |σi〉〉
Ishibashi states do not contribute to any cylinder diagrams the above analysis does
not determine their coefficients.
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Chapter 4

Extending the Fusion Rules to Wp,q

4.1 Overview

The goal of this chapter is to generalise the results of Chapter 2, where the W2,3

model was studied, to general (p, q). We determine the fusion rules by first gener-
alising the representations appearing in chapter 2 for arbitrary p, q in Section 4.2.
For a subset of these representations the fusion rules have already been determined
in [84, 85] and we will propose a way to extend these rules in an associative manner
to all the other representations in section 4.3 (with consistency checks in appendix
B.3 for certain explicit values of (p, q)). In section 4.4 we determine the subgroup
of the Grothendieck group for which a consistent product structure induced by the
fusion rules can be defined. In section 4.5 we address the problem of determining
the projective representations among our representations and suggest a candidate
for a modular invariant bulk spectrum.

4.2 Representations and their Structure

Similar to chapter 2 we begin with a quick review of minimal models and their gen-
eralisation to logarithmic theories. The Virasoro (non-logarithmic) minimal models
and Wp,q-models are labelled by coprime positive integers (p, q) and have central
charge

cp,q = 1− 6
(p− q)2

pq
. (4.2.1)

The irreducible representations have weights

hm,n =
(pn− qm)2 − (p− q)2

4pq
, (4.2.2)

where m and n are positive integers, and hm,n = hp−m,q−n. We will use the following
conventions for indices

α ∈ {0, . . . , p}, r ∈ {1, . . . , p} a ∈ {1, . . . , p− 1}
β ∈ {0, . . . , q}, s ∈ {1, . . . , q} b ∈ {1, . . . , q − 1}
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and for weights we adopt the notation of [83]

h(a,b,0) := ha,b = hp−a,q−b (4.2.3)

h(r,s,+) := h2p−r,s = hr,2q−s = hr,s + (p− r)(q − s)

h(r,s,−) := h3p−r,s = hr,3q−s = hr,s + (p− r)(q − s) +
5

4
pq − ps+ qr

2
.

The non-logarithmic minimal models are representations of the vertex operator
algebra or vacuum representation V(h1,1 = 0). This is the irreducible highest weight
representation of the Virasoro algebra based on the highest weight state Ω with
weight h = 0. The corresponding Verma module has two nullvectors N1 and
N(p−1)(q−1) at levels 1 and (p − 1)(q − 1) respectively. Setting both nullvectors
to zero one obtains the irreducible vacuum representation based on Ω. The highest
weight representations V(ha,b) of the vertex operator algebra with weight ha,b are the
representations of the Virasoro algebra for which the modes of the vertex operators
V (N1, z) and V (N(p−1)(q−1), z) act trivially.

The logarithmic theories of interest in this chapter are constructed by only quo-
tienting out the nullvector at level 1 in the Verma module corresponding to the vertex
operator algebra but not the nullvector at level (p− 1)(q− 1). This prevents the the
vertex operator algebra from being irreducible, but it is still indecomposable. The
corresponding theory is not rational, however, since the fusion of irreducible repres-
entations of this vertex operator algebra no longer closes on a finite set. The repeated
fusion of irreducibles produces an infinite series of irreducible representations with
weights of the form (4.2.2) as well as reducible but indecomposable combinations
of these irreducible representations. To restore rationality the chiral algebra is en-
larged by three fields of conformal weight (2p− 1)(2q − 1). We denote the resulting
vertex operator algebra by W(p, q), its irreducible highest weight representations of
weight h are denoted by W(h). The fusion of irreducible representations of W(p, q)
closes on a finite set, but apart from an irreducible representation for every weight
of the form (4.2.3) this set also includes reducible but indecomposable combinations
of these representations.

4.2.1 Representation Content

The Wp,q-models close under the conjectured fusion rules of a grand total of 4pq +

13 (p−1)(q−1)
2 − 2 representations. This is the smallest such set of representations,

containing the vertex operator algebra and the irreducible representations. For con-
venience we group these representations into two lists B (for boundary condition)
and N (for not a boundary condition). The labelling of the weights in the following
lists is that of (4.2.3).

Representations of Type B

• 2(p+ q − 1) irreducible representations:

W(h(r,q,±)) and W(h(p,s,±)) (4.2.4)

It was shown in [83] that these irreducible representations can be interpreted
as infinite sums of Virasoro representations.
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• 4pq− 2(p+ q) rank 2 representations which are reducible but indecomposable
and whose L0 action is not diagonalisable but rather contains 2 × 2 Jordan
blocks:

R(2)(h(a,b,+);h(p−a,b,−)) R(2)(h(a,b,+);h(a,q−b,−)) (4.2.5)

R(2)(h(a,q−b,−);h(a,b,+)) R(2)(h(p−a,b,−);h(a,b,+))

R(2)(h(a,q,+)) R(2)(h(p−a,b,−))

R(2)(h(p,b,+)) R(2)(h(p,q−b,−))

The first entry in R(2)(h1;h2) or R(2)(h) is the weight of the cyclic vector that
generates the entire representation. For weights of type h(a,b,±) this does not
uniquely determine the rank 2 representation and an extra weight h(a′,b′,∓) is
required to specify the representation in question.

• 2(p− 1)(q− 1) rank 3 representations which are reducible but indecomposable
and whose L0 action is not diagonalisable but rather contains 3 × 3 Jordan
blocks:

R(3)(h(a,b,±)) (4.2.6)

Here the argument h of R(3)(h) is the weight of the generating cyclic state.

Note that the rank 2 and 3 representations are obtained by repeated products of the
irreducible representations.

Representations of type N

• 1
2 (p − 1)(q − 1) irreducible highest weight representations coming from the
non-logarithmic minimal model:

W(h(a,b,0)) =W(h(p−a,q−b,0)). (4.2.7)

It was shown in [83] that these irreducible representations are just the irredu-
cible Virasoro representations of the same weight.

• (p− 1)(q − 1) rank 1 highest weight representations

Wa,b, (4.2.8)

which are reducible but indecomposable and whose L0 action is diagonalisable.
These representations were also introduced in [85].

• (p − 1)(q − 1) conjugates of the rank 1 representations Wa,b which we shall
denote by

W∗a,b. (4.2.9)

• 2(p−1)(q−1) irreducible highest weight representations with weights that are
descendants of those appearing in the non-logarithmic minimal models:

W(h(a,b,±)). (4.2.10)

It was shown in [83] that these irreducible representations can be interpreted
as infinite sums of Virasoro representations.
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By the same arguments as in Chapter 2 we believe that the representations of
type B are those that define a consistent boundary theory and therefore also show
up in lattice considerations such as [84], where fusion rules for representations of this
type are presented. For these representations the notion of duals and contragredients
is the same (in fact these representations are self contragredient and therefore also
self dual); see Section 2.3 for further details on duals and contragredients. It is also
reassuring to note that this generalisation matches the representations appearing in
[84] exactly. By contrast the representations of type N do not define a consistent
boundary theory, and, with the exception of the representations of type Wa,b, the
fusion rules for these representations are not yet known. The goal of this chapter is
to extend the fusion rules to include all representations of type N.

The representations of type W(h(a,b,0)) are a somewhat special class of repres-
entations in N and have to be considered separately in a number of cases in our
analysis. We will therefore restrict ourselves to N×, the set of all representations
of types Wa,b, W∗a,b or W(h(a,b,±)), whenever we need to temporarily exclude the
representations of type W(h(a,b,0)) from our considerations. In order to be able
to extend the fusion rules to N×, we need to understand the detailed structure of
representations of types Wa,b and W∗a,b a little better:

• The representations of type Wa,b correspond to weight h(a,b,0) Verma modules
where only the nullvector at level ab is quotiented out, but not the nullvector
at level (p− a)(q − b). They are characterised by the short exact sequences

0 W(h(a,b,+)) Wa,b W(ha,b,0) 0 (4.2.11)

i.e. W(h(a,b,+)) is a subrepresentation of Wa,b, which implies

W(h(a,b,0)) =Wa,b/W(h(a,b,+)). (4.2.12)

In particular the fusion of Wa,b is the same as that of W(h(a,b,0)) with all
representations whose fusion with W(h(a,b,+)) vanishes. This class of repres-
entations includes the vertex operator algebra W(p, q) ≡ W1,1.

• The representations of type W∗a,b are generated by cyclic vectors of weight
h(a,b,+). These cyclic vectors are not highest weight however. We conjecture
in analogy to Chapter 2, that the positive modes of the chiral algebra map
the cyclic vector to a vector that generates W(h(a,b,0)) as a subrepresentation
and that representations of type W∗a,b are characterised by the short exact
sequences

0 W(h(a,b,0)) W∗a,b W(h(a,b,+)) 0 (4.2.13)

This implies

W(h(a,b,+)) =W∗a,b/W(h(a,b,0)). (4.2.14)

In particular the fusion of W∗a,b is the same as that of W(h(a,b,+)) with all
representations whose fusion with W(h(a,b,0)) vanishes.
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4.3 Fusion Rules

As mentioned in the introduction the fusion rules for representations of type B as
well as representations of type Wa,b have already been determined in [84, 85]. For
the representations of type W(h(a,b,0)) the fusion rules are given by the minimal
model fusion rules which have already been known for quite some time [25].

We will now extend the the fusion rules to include all representations of type N, by
first considering products of representations of type N× with representations of types
B or N×, before considering representations of typeW(h(a,b,0)). The general strategy
is to rewrite all representations in N as the the fusion product of a representations of
type Wa,b and W(h(1,1,0)), W(h(1,1,+)), W(h(1,1,−)) or W∗1,1. Using commutativity
and associativity of the fusion product together with conjectured fusion rules for
W(h(1,1,0)), W(h(1,1,+)), W(h(1,1,−)) and W∗1,1 we can then define fusion rules for
all of N.

4.3.1 Products Involving Representations of Type N×

The Conjectured Fusion Rules for W(h(1,1,+)), W(h(1,1,−)) and W∗1,1
In order extend the fusion rules to representations of type N×, we first need to under-
stand the fusion rules ofW(h(1,1,+)), W(h(1,1,−)) andW∗1,1. In analogy to the fusion
rules in Appendix B.1 and inspired by [83] we conjecture thatW(h(1,1,+)), W(h(1,1,−))
and W∗1,1 obey the following fusion rules

W(h(1,1,+))⊗W(h(1,1,+)) =W∗1,1 W(h(1,1,−))⊗W(h(1,1,−)) =W∗1,1
W(h(1,1,+))⊗W(h(1,1,−)) =W(h(1,1,−)). (4.3.1)

In appendix B.3 we check W(h(1,1,+))⊗W(h(1,1,+)) for a number of cases using the
NGK-algorithm introduced in [60, 62]. From (4.3.1) we can derive the remaining
three products using associativity and the quotient (4.2.14).

W(h(1,1,+))⊗W∗1,1
(4.2.14)

= W(h(1,1,+))⊗W(h(1,1,+)) =W∗1,1 (4.3.2)

W∗1,1 ⊗W∗1,1
(4.3.1)

= W(h(1,1,+))⊗W(h(1,1,+))⊗W∗1,1 (4.3.3)

(4.3.2)
= W(h(1,1,+))⊗W∗1,1

(4.3.2)
= W∗1,1

W∗1,1 ⊗W(h(1,1,−))
(4.3.1)

= W(h(1,1,+))⊗W(h(1,1,+))⊗W(h(1,1,−)) (4.3.4)

(4.3.1)
= W(h(1,1,+))⊗W(h(1,1,−)) =W(h(1,1,−))

The use of the quotient (4.2.14) is justified, because W(h(1,1,0)) ⊗W(h(1,1,+)) = 0
as we will see in (4.3.17). Again in analogy to the fusion rules in Appendix B.1, we
conjecture that for representations of type Wa,b the fusion with the representations
W(h(1,1,+)), W(h(1,1,−)) and W∗1,1 is given by

W∗1,1 ⊗Wa,b =W∗a,b W(h(1,1,+))⊗Wa,b =W(h(a,b,+)) (4.3.5)

W(h(1,1,−))⊗Wa,b =W(h(a,b,−)).
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This is enough information to determine the product of the representations of type
N× using the fusion rules for two representations of type Wa,b listed in appendix
B.2.

To determine the product of a representation of type N× and a representation
of type B, it is sufficient to conjecture (also in analogy to the fusion rules in Ap-
pendix B.1) the action of W(h(1,1,+)) and W(h(1,1,−)) on the irreducible represent-
ations

W(h(1,1,+))⊗W(h(r,q,±)) =W(h(r,q,±)) (4.3.6)

W(h(1,1,+))⊗W(h(p,s,±)) =W(h(p,s,±))

W(h(1,1,−))⊗W(h(r,q,+)) =W(h(r,q,−))

W(h(1,1,−))⊗W(h(p,s,+)) =W(h(p,s,−)),

since the rank 2 and rank 3 representations are products of the irreducible repres-
entations. On representations of type B the action of W∗1,1 is the same as that of
W(h(1,1,+)), because of (4.3.1) and associativity.

In summary the 3pq conjectured products (4.3.1), (4.3.5) and (4.3.6) are sufficient
to extend the fusion rules to N× by associativity and commutativity.

Closed Fusion Formula for N×

In an attempt to improve readability we now introduce some more notation that
will help us apply (4.3.1), (4.3.5) and (4.3.6) to arbitrary products. For every label
(a, b) we associate 4 representations of type N×.

Wa,b

W(h(a,b,+)) W(h(a,b,−))

W∗a,b

N+

B

N−

N−

N∗

N+

N−

N−

B

N∗

B

(4.3.7)

The four labels N±,∗ and B of the arrows are maps from the set of representations
to itself, that are linear with respect to direct sums, i.e. for a sum of representations
they are evaluated for each representation separately.

1. B maps representations of type N× to their corresponding representation in
(4.3.7) of type Wa,b

B(Wa,b) = B(W∗a,b) = B(W(h(a,b,+))) = B(W(h(a,b,−))) =Wa,b, (4.3.8)

and acts as identity for representations of type B. The image of B is therefore
the representations of type B and representations of type Wa,b. For these
representations the fusion rules have already been determined in [84, 85].

2. The map N∗ corresponds to the action of W∗1,1 in the fusion rules in Ap-
pendix B.1, generalised for arbitrary (p, q). It maps the representations in
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(4.3.7) to

N∗(Wa,b) = N∗(W∗a,b) = N∗(W(h(a,b,+))) =W∗a,b (4.3.9)

N∗(W(h(a,b,−))) =W(h(a,b,−)),

and acts as the identity on representations of type B. This corresponds precisely
to the fusion products in in (4.3.2)-(4.3.4).

3. The map N+ corresponds to the action of W(h(1,1,+)) in the fusion rules in
Appendix B.1, generalised for arbitrary (p, q). It maps the representations in
(4.3.7) to

N+(Wa,b) =W(h(a,b,+)) (4.3.10)

N+(W∗a,b) = N+(W(h(a,b,+))) =W∗a,b
N+(W(h(a,b,−))) =W(h(a,b,−)),

and acts as the identity on representations of type B. This corresponds precisely
to the fusion products in (4.3.1).

4. The map N− corresponds to the action of W(h(1,1,1−)) in the fusion rules in
Appendix B.1, generalised for arbitrary (p, q). It maps the representations in
(4.3.7) to

N−(Wa,b) = N−(W∗a,b) = N−(W(h(a,b,+))) =W(h(a,b,−)) (4.3.11)

N−(W(h(a,b,−))) =W∗a,b,

and on representations of type B it exchanges the weights h(r,s,±) by h(r,s,∓)

N−(W(h(r,q,±))) =W(h(r,q,∓))

N−(W(h(p,s,±))) =W(h(p,s,∓))

N−(R(2)(h(r,q,±))) = R(2)(h(r,q,∓))

N−(R(2)(h(p,s,±))) = R(2)(h(p,s,∓))

N−(R(2)(h(a,b,±);h(a′,b′,∓))) = R(2)(h(a,b,∓);h(a′,b′,±))

N−(R(3)(h(a,b,±))) = R(3)(h(a,b,∓)).

This corresponds precisely to the fusion products in (4.3.1).

By straight forward computation, we see that N±,∗ and B satisfy the following
composition rules

N∗ ◦N∗ = N∗ N+ ◦N+ = N∗ N− ◦N− = N∗ (4.3.12)

N∗ ◦N+ = N+ ◦N∗ = N∗ N∗ ◦N− = N− ◦N∗ = N−

N− ◦N+ = N+ ◦N− = N−

B ◦N±,∗ = B N±,∗ ◦B = N±,∗.
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As a final piece of notation, when we write NA for some representation A, we mean

NA =


N∗ A =W∗a,b
N+ A =W(h(a,b,+))

N− A =W(h(a,b,−))

id else

. (4.3.13)

This notation allows us to write

A = NA ◦B(A). (4.3.14)

This is just another way of writing (4.3.5) in terms of N and B.
Armed with all the information and notation of this section, we can then see

that the product of two indecomposable representations A and B (remember that
we are not yet considering representations of type W(h(a,b,0))) is given by

A⊗B = NA ◦NB(B(A)⊗B(B)). (4.3.15)

In effect, this is simply rewriting the product of A and B in terms products involving
W(h(1,1,+)), W(h(1,1,−)) andW∗1,1 as well as the known product B(A)⊗B(B). The
product B(A)⊗B(B) is evaluated using the fusion rules in [84, 85] and NA ◦NB is
then applied to the result. As an example we will computeW(h(1,2,+))⊗W(h(1,2,−))
for q ≥ 3. Using (4.3.15) we find

W(h(1,2,+))⊗W(h(1,2,−)) = NW(h(1,2,+)) ◦NW(h(1,2,−))(W1,2 ⊗W1,2)

= N+ ◦N−(W1,2 ⊗W1,2)

= N+ ◦N−(W1,1 ⊕W1,3) = N−(W1,1 ⊕W1,3)

= N−(W1,1)⊕N−(W1,3) =W(h(1,1,−))⊕W(h(1,3,−)),

where W1,2 ⊗ W1,2 was evaluated using (B.2.1). It is easy to check that (4.3.15)
agrees with (4.3.1)-(4.3.6). We will show in section 4.3.3 that it leads to associative
fusion rules.

4.3.2 Products Involving Representations of Type W(h(a,b,0))

The final step towards extending the fusion rules to all representations of type N, is
to consider products involving representations of typeW(h(a,b,0)). As a first step we
consider products of the form W(h(1,1,0)) ⊗W(h(r,s,±)). As mentioned before, the
representations of type W(h(a,b,0)) come from the non-logarithmic minimal model
and satisfy the minimal model fusion rules among themselves

W(h(a,b,0))⊗W(h(a′,b′,0.)) =

min

{
a+a′−1,

2p−1−a−a′
}∑

k=1+|a−a′|
k+a+a′=1 mod 2

min

{
b+b′−1,

2q−1−b−b′
}∑

l=1+|b−b′|
l+b+b′=1 mod 2

W(h(k,l,0)). (4.3.16)

Since W(h(1,1,0)) is the vertex operator algebra of the non-logarithmic minimal
model its fusion acts as the identity on representations in the non-logarithmic min-
imal model and the product with any other irreducible representations vanishes.
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Therefore we have

W(h(1,1,0))⊗W(h(r,s,±)) = 0. (4.3.17)

This also ties in with what one would expect from the NGK-algorithm in [60, 62]
on the level of the Virasoro algebra.1

Using associativity and the fact that W(h(1,1,0)) acts as the identity on repres-
entations of type W(h(a,b,0)) we can compute a more general version of (4.3.17)

W(h(a,b,0))⊗W(h(r,s,±)) =W(h(a,b,0))⊗W(h(1,1,0))⊗W(h(r,s,±)) = 0. (4.3.18)

Since the rank 2 and 3 representations are just products of irreducible representations
of type B, fusion of minimal model representations W(h(a,b,0)) with these vanishes
as well. Therefore associativity guaranties that

W(h(a,b,0))⊗ Representation of type B = 0. (4.3.19)

This specifies the fusion rules of representations of type W(h(a,b,0)) with all repres-
entations in B, as well as the irreducible representations in N. All that remains is to
describe products of W(h(a,b,0)) with Wa,b or W∗a.b. Using associativity, (4.3.2) and
(4.3.5) we see that W(h(a,b,0))⊗W∗a′,b′ can be written as

W(h(a,b,0))⊗W∗a′,b′ =W(h(a,b,0))⊗W∗1,1 ⊗Wa′,b′ (4.3.20)

=W(h(a,b,0))⊗W(h(1,1,+))⊗W(h(1,1,+))⊗Wa′,b′ = 0

and therefore the fusion of all W∗a′,b′ with all W(h(a,b,0)) vanishes. Products of
W(h(a,b,0)) with representations of type Wa,b, can be computed using the quotient
(4.2.12)

W(h(a,b,0))⊗Wa′,b′ =W(h(a,b,0))⊗W(h(a′,b′,0)). (4.3.21)

In summary we therefore have that the fusion rules of W(h(a,b,0)) satisfy:

1. All products ofW(h(a,b,0)) with representations not of typeWa,b orW(h(a,b,0))
vanish.

2. Products of W(h(a,b,0)) with representations of type Wa,b or W(h(a,b,0)) are
given by the non-logarithmic minimal model fusion rules.

4.3.3 Associativity

Now that we have extended the fusion rules to all representations of type N, we still
need to prove that they are associative. We do this by considering three cases. First
we consider products ofW(h(a,b,0)) with representations of typeWa,b orW(h(a,b,0)),
secondly we consider products ofW(h(a,b,0)) with anything else, and thirdly products
not involving representations of type W(h(a,b,0)).

1One sees that the quotient space of vectors not lying in the image of words with negative
L0-grading is at most 1-dimensional because W(h(1,1,0)) has the nullvector N1 = L−1Ω at level 1.
Since the representations of type W(h(r,s,±)) are not representations of W(h(1,1,0)) the remaining
nullvectors will impose additional constraints and the level 0 quotient must be zero.
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1. As we discovered in the previous section, products involving a representation
of type W(h(a,b,0)) together with representations of type Wa,b or W(h(a,b,0))
are given by the non-logarithmic minimal model fusion rules. These are known
to be associative.

2. As one can see from formula (4.3.15) and the definitions of N+, N− and N∗,
products involving representations of type B, W(h(a,b,±)) or W∗a,b will never
contain a representation of type Wa,b or W(h(a,b,0)) as a summand in their
result. Therefore all products involving representations of type W(h(a,b,0))
and representations not of type Wa,b or W(h(a,b,0)) vanish, regardless of the
order in which the product is computed, hence this case is also associative.

3. Finally if we consider the product of three indecomposable representations
A,B,C not of type W(h(a,b,0)), we then have

(A⊗B)⊗ C = (NA ◦NB(B(A)⊗B(B)))⊗ C (4.3.22)

= NA ◦NB ◦NC(B(NA ◦NB(B(A)⊗B(B)))⊗B(C))

= NA ◦NB ◦NC((B(A)⊗B(B))⊗B(C))

= NA ◦NB ◦NC(B(A)⊗B(B)⊗B(C)),

A⊗ (B ⊗ C) = A⊗ (NB ◦NC(B(B)⊗B(C))) (4.3.23)

= NA ◦NB ◦NC(B(A)⊗B(NB ◦NC(B(B)⊗B(C))))

= NA ◦NB ◦NC(B(A)⊗ (B(B)⊗B(C)))

= NA ◦NB ◦NC(B(A)⊗B(B)⊗B(C)).

Therefore the fusion rules defined in this section are associative if the fusion rules
in [84, 85] are associative.2

4.4 The Grothendieck Group

We will now study the Grothendieck group, an object closely related to the bound-
ary spectra. The Grothendieck group K0 ≡ K0(Rep(W(p, q))) of representations
of W(p, q) is, roughly speaking, the quotient set obtained by identifying two rep-
resentations if they have the same character. We denote the equivalence class of a
representation R by [R]. The group operation is abelian and defined by the direct
sum

[R1] + [R2] = [R2 ⊕R2]. (4.4.1)

For example the exact sequences (4.2.11) and (4.2.13) imply

[Wa,b] = [W∗a,b] = [W(h(a,b,0))] + [W(h(a,b,+))]. (4.4.2)

Since the characters of all indecomposable representations can be written as lin-
ear combinations of characters of irreducible representations (see appendix A.3) the
Grothendieck group is the free abelian group generated by the irreducible represent-
ations.

2We have checked this explicitly for (p, q) = (2, 3) and this is believed to be true for all (p, q).
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For non-logarithmic rational conformal field theories, the Grothendieck group
also has a product structure turning it into a ring which is defined by

[R1] · [R2] = [R1 ⊗R2]. (4.4.3)

For theWp,q triplet models the situation is not quite as simple, a consistent product
structure can no longer be defined for the entire Grothendieck group. The counter
example in Chapter 2 can be easily generalised for all (p, q):

[W(h(1,1,0))] · [W∗a,b] = [W(h(1,1,0))⊗W∗a,b] = 0 versus (4.4.4)

[W(h(1,1,0))] · [W∗a,b] = [W(h(1,1,0))] ·
(
[W(h(a,b,0))] + [W(h(a,b,+))]

)
= [W(h(1,1,0))⊗W(h(a,b,0))] + [W(h(1,1,0))⊗W(h(a,b,+))]

= [W(h(a,b,0))].

It was shown in Chapter 2, however that if a representation M has a dual it
induces a well-defined map

K0 → K0 (4.4.5)

[R] 7→ [M⊗R].

We can therefore define the subgroup Kr
0 of K0 generated by [R] for allR which have

a dual representation. As in Chapter 2 we believe that these are the representations
of type B together with the representations of type Wa,b. Kr

0 is then spanned by
1
2 (5pq − (p+ q) + 1) classes of representations

Kr
0 := spanZ([Wa,b], [W(h(r,q,±))], [W(h(q,s,±))], [R(2)(h(a,b,+);h(p−a,b,−))], (4.4.6)

[R(2)(h(p−a,b,−);h(a,b,+))], [R(2)(h(a,q−b,−);h(a,b,+))]).

This is less than the total number of representations of types B andWa,b since their
characters are linearly dependent as one can see in appendix A.3. The basis can also
be written in terms of irreducible representations, but the product then no longer
corresponds to fusion. Rather one has to first perform the following substitutions
before interpreting the product as fusion

[W(h(a,b,0))] = [R(2)(h(a,b,+);h(p−a,b,−))]− [R(2)(h(p−a,b,−);h(a,b,+))] (4.4.7)

[W(h(a,b,+))] = [Wa,b]− [W(h(a,b,0))]

= [Wa,b] + [R(2)(h(p−a,b,−);h(a,b,+))]− [R(2)(h(a,b,+);h(p−a,b,−))]

2[W(h(a,b,−))] = [R(2)(h(a,b,−);h(p−a,b,+))]− 2[W(h(p−a,b,+))]

= [R(2)(h(a,b,−);h(p−a,b,+))] + 2[R(2)(h(p−a,b,+);h(a,b,−))]

− 2[R(2)(h(a,b,−);h(p−a,b,+))]− 2[Wp−a,b].

For example the square of [W(h(1,1,0))] is then given by

[W(h(1,1,0))] · [W(h(1,1,0))] = ([R(2)(h(1,1,+);h(p−1,1,−))]− [R(2)(h(p−1,1,−);h(1,1,+))])

· ([R(2)(h(1,1,+);h(p−1,1,−))]− [R(2)(h(p−1,1,−);h(1,1,+))])

= [R(2)(h(1,1,+);h(p−1,1,−))
2] + [R(2)(h(p−1,1,−);h(1,1,+))

2]

− 2[R(2)(h(1,1,+);h(p−1,1,−))⊗R(2)(h(p−1,1,−);h(1,1,+))]

= 0, (4.4.8)
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where the fusion products where evaluated using the rules in [84].
By a long but straightforward computation one sees that

[W(h(a,b,0))] · [W(h(r,s,µ))] =


µ ·
∑p−|a+r−p|−1
i=|r−a|+1,by 2

∑q−|q−b−s|−1
j=|b−s|+1,by 2[W(h(i,j,0))]

if (r, s) ∈ {1, . . . , p− 1} × {1, . . . , q − 1}
0 otherwise

,

i.e. the classes of representations of type W(h(a,b,0)) form the ideal

I0 =
⊕

(a,b)∈J

Z[W(h(a,b,0))], (4.4.9)

where

J := {(a, b)|1 ≤ a ≤ p− 1, 1 ≤ b ≤ q − 1, qa+ ps ≤ pq}. (4.4.10)

It is important to remember, that a number of rank 2 and 3 representations have the
same characters and therefore belong in the same equivalence class, while performing
this computation.

The Grothendieck group has a direct interpretation in terms of cylinder diagrams.
It is therefore interesting to consider the subgroup Kb

0 generated by representations
corresponding to boundary conditions. The boundary spectrum between two bound-
aries labelled by representations A and B is given by

Z(q)A→B = trB⊗A∗(q
L0−c/24), (4.4.11)

the character of B ⊗ A∗, or more formally it only depends on the class [B ⊗ A∗].
Restricting ourselves to the equivalence classes of representations of type B, i.e. drop
[Wa,b], K

b
0 is spanned by 2pq generators

Kb
0 = spanZ([W(h(r,q,±))], [W(h(p,s,±))])⊕ I0 (4.4.12)⊕

(a,b)∈J

(
2Z([W(h(a,b,+))] + [W(h(a,q−b,−))])

⊕ 2Z([W(h(a,b,+))] + [W(h(p−a,b,−))])

⊕ 2Z([W(h(p−a,q−b,+))] + [W(h(a,q−b,−))])
)
.

Since all representations of B have duals and close under fusion, Kb
0 also closes under

the product induced by fusion.

4.5 Projective Representations

In this section we will look for projective representations. These are of particular
interest to us, since it is believed [72, 108] that the bulk spectrum of these theories
should be describable in terms of a quotient of⊕

i

Pi ⊗C P̄i, (4.5.1)
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where the sum runs over all projective representations and the bar refers to right-
movers.

By an analogous argument to the one made in Section 2.4, we can assume
that the irreducible representations W(hp,q,±) are projective. Also as is proven
in Lemma C.2.1 the fusion product of a projective representation, with a repres-
entation that has a dual, is again projective. Since we assume that in analogy to
Chapter 2 the representations of type B and Wa,b have duals, we find 2pq indecom-
posable representations that also ought to be projective by computing the product
of all representations of type B and Wa,b with W(h(p,q,±)). We denote these repres-
entations by P(h) where h is the weight of the irreducible representation they are a
cover of:

1. Irreducible representations

W(h(p,q,±)) = P(h(p,q,±))

2. Rank 2 representations

R(2)(h(a,q,±)) = P(h(a,q,±))

R(2)(h(p,b,±)) = P(h(p,b,±))

3. Rank 3 representations

R(3)(h(a,b,±)) = P(h(a,b,±))

This accounts for the projective covers of all representations in B and N, except for
W(h(a,b,0)). In fact, none of the representations in B and N appears to be a projective
cover of W(h(a,b,0)). However it seems natural to expect that the projective cover
P(0) of W(0) in the W2,3-model should generalise to arbitrary (p, q).

4.6 Modular Invariant Partition Function

The modular transformation properties of the characters as well as a modular in-
variant combination of these characters are given in [83]. These can be used to show
that the straightforward generalisation of the partition function of the bulk space of
states in Chapter 3

Zp,q =
∑
i

χW(i)(q)χP(i)(q̄) , (4.6.1)

where i labels the irreducible representations ,is modular invariant. If we denote
the modular invariant combination of characters in [83] by Z̃p,q and the partition
function of the non-logarithmic minimal models corresponding to (p, q) by

Zmin
p,q =

∑
(a,b)

|χW(h(a,b,0))(q)|
2 , (4.6.2)
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where (a, b) labels the distinct of the minimal model Kac table, then we can express
Zp,q as

Zp,q = Zmin
p,q +

1

4
Z̃p,q . (4.6.3)

Since both Zmin
p,q and Z̃p,q are modular invariant, it follows that Zp,q is also modular

invariant.
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Chapter 5

Conclusion and Outlook

In thesis we studied the Wp,q-models – with a strong emphasis on the W2,3-model
– with the goal understanding the boundary theory to subsequently construct the
boundary theory.

In Chapter 2 we studied the W2,3 triplet model in some detail. In particular, we
determined the fusion rules of the theory, i.e. we determined the fusion rules of all
representations that appear in successive fusions of the irreducible representations.
(The complete list of fusion rules is given in Appendix B.1.) We also studied some of
the unusual properties of these representations and their fusions. For example, there
is a subtle difference between conjugate and dual representations (see Section 2.1.1),
and the Grothendieck group K0 that is generated by the characters of the 13 irre-
ducible representations of theW2,3 model does not admit a straightforward product
(see Section 2.2.4).

Another important result concerns a boundary theory for the W2,3 model which
is analogous to the Cardy case in non-logarithmic rational conformal field theory.
We identified the subset B of representations to which we can assign consistent
boundary conditions. The resulting boundary conditions have boundary fields whose
operator product expansions are associative (this is guaranteed by the internal Hom
construction, see Theorem 2.3.2). In addition, the boundary two-point correlators
are non-degenerate (Theorem 2.3.10), and the spectrum of boundary fields between
any two such boundary conditions is non-empty (see Theorem 2.3.9).

The representations in B are characterised by the property that the conjugate
agrees with the dual representation, and that the intertwiner bR that is needed for
duality is an injection, see (2.1.20). If we restrict the Grothendieck group K0 to
B — this defines the group Kb

0 that is generated by 12 independent characters, see
(2.2.33) — then the fusion rules lead to a well-defined product which characterises
the cylinder partition functions between these boundary conditions.

In Chapter 3 we discussed a proposal for the bulk space for the Cardy case of the
logarithmic W2,3 triplet model. The basic idea of our construction is to obtain the
bulk space from a given boundary condition as the largest space for which a suitable
bulk-boundary map is non-degenerate in the bulk entry. Unlike the situation for
the logarithmic W1,p-models where the starting point of the analysis was taken to
be the space of boundary fields being equal to W1,p, no such boundary condition
exists for W2,3. We have therefore not been able to perform this analysis starting
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from an actual boundary condition. Instead we have argued that for the purpose of
identifying the Cardy case bulk spectrum we may take the space of boundary fields
to consist just of W∗, the representation conjugate to W. With this assumption
the analysis could then be performed in a similar way to what was done for the
W1,p-models. The resulting bulk space satisfies a number of non-trivial consistency
conditions: the space of bulk states is self-conjugate (as has to be the case in order
for the bulk 2-point function to be non-degenerate), the partition function is modular
invariant, and we could identify boundary states whose annulus partition functions
reproduce the results of Chapter 2. None of these consistency conditions are part
of our ansatz, and we therefore regard these tests as very good evidence for the
correctness of our proposal.

The resulting bulk space could be written as a quotient of the direct sum of tensor
products of the projective covers of the irreducible representations. Furthermore,
the representatives of the quotient space could be taken to be described by the direct
sum of tensor products of each irreducible representation with its projective cover.
The bulk spectrum has therefore exactly the same structure as for the W1,p-models
[72], or the supergroup models of [108]. It is plausible that the Cardy case of a
generic (logarithmic) conformal field theory may therefore have this structure.

On the other hand, there are also important differences to what was found for
the W1,p-models. One surprising property is that the bulk space does not contain
W2,3 ⊗C W̄2,3 as a sub-representation, but only as a sub-quotient. The other un-
usual feature is that there are non-trivial Ishibashi states that do not contribute to
annulus amplitudes. As a consequence, the boundary states of the various bound-
ary conditions could not be fixed uniquely by these amplitudes alone. It would be
interesting to see whether there are other (easily accessible) amplitudes that would
allow one to determine the boundary states uniquely. On a technical level, probably
the most tricky part of our analysis was the description of the projective covers of
all irreducible representations, see Appendix C.1 and in particular Appendix C.2.
Some aspects of the corresponding composition series could be deduced from the
conjectures of [16], while for the determination of the projective cover P(0) of the
trivial representation W(0) we had to use other arguments, in particular the re-
cent calculation of Zhu’s algebra [100]. The fact that everything fits together nicely
makes us confident that the composition series of these projective covers are indeed
correct, but a direct confirmation, for example by using the Coulomb gas description
of [110, 99], is still missing.

In Chapter 4 we studied theWp,q triplet models. The structure we found is very
analogous to the results already obtained for the W2,3 models in Chapter 2. The
representations appearing in Chapter 2 were generalised for arbitrary (p, q) and we
showed that the fusion rules can easily be extended to these new representations
by conjecturing very plausible fusion rules for W∗1,1,W(h(1,1,+)) and W(h(1,1,−)) as
well as using associativity and commutativity of the fusion product. Subsequently
the Grothendieck group K0 was constructed together with subgroups Kr

0 and Kb
0

on which consistent fusion induced products can be defined. As a final exercise the
projective representations where identified and used to suggest the structure of a
modular invariant bulk theory.

There are a number of interesting directions future research could go. As far
as the author is aware of, the proposed bulk theory for W2,3 of this thesis is one
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of very few [111] interesting (seemingly) consistent bulk theories with a discrete
spectrum at c = 0. Here ‘interesting’ refers to the fact that the theory is not just
the tensor product of rational theories whose total central charge adds up to zero. It
would therefore be very instructive to study its properties further. For example, it
would be interesting to determine the relevant critical exponents, and to understand
which correlators are logarithmic, etc. In particular, this may give some insight into
the structure of closely related bulk theories, such as those describing polymers or
percolation. It would also be interesting to determine the chiral algebra of W2,3

explicitly by using the Coulomb gas results of [110, 99] for example. This might
allow one to verify the proposed bulk theory explicitly in the spirit of [81] and
also to determine the boundary contributions of the Ishibashi states that do not
contribute annulus amplitudes.

The entire representations theoretic analysis of Chapter 4 suggests that a con-
sistent Wp,q boundary theory can be defined from which one can then construct a
bulk theory generalising the results of Chapter 3 to arbitrary (p, q) in analogy to
the Cardy case [51, 73, 74, 75, 76] or as was done for the W1,p models in [72]. A
detailed analysis of the modular transformation properties of the characters – of the
allowed boundary representations – is also likely to lead to a Verlinde like formula,
which would also be an interesting result.
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Appendix A

Characters and Modular
Transformations

A.1 Characters of W2,3 Representations

Let us first list the characters of all the irreducible representations; these were given
in [83, Sect. 5.1]. We use the formulation in [16, Sect. 3.2] where also the characters
of the indecomposable R(·)(· · · ) representations in (2.1.5) can be found.

χW(0) = 1

χW(1) =
1

η(q)

∑
k∈Z

k2
(
q(12k−7)2/24 − q(12k+1)2/24

)
= q
(
1 + q + 2q2 + 3q3 + 4q4 + 6q5 + · · ·

)
χW(2) =

1

η(q)

∑
k∈Z

k2
(
q(12k−5)2/24 − q(12k−1)2/24

)
= q2

(
1 + q + 2q2 + 2q3 + 4q4 + 4q5 + · · ·

)
χW(5) =

1

η(q)

∑
k∈Z

k(k + 1)
(
q(12k−1)2/24 − q(12k+7)2/24

)
= q5

(
2 + 2q + 4q2 + 6q3 + 10q4 + 14q5 + · · ·

)
χW(7) =

1

η(q)

∑
k∈Z

k(k + 1)
(
q(12k+1)2/24 − q(12k+5)2/24

)
= q7

(
2 + 2q + 4q2 + 6q3 + 10q4 + 12q5 + · · ·

)
χ
W

(
1
3

) =
1

η(q)

∑
k∈Z

(2k − 1)q3(4k−3)2/8 = q1/3
(
1 + q + 2q2 + 2q3 + 4q4 + 5q5 + · · ·

)
χ
W

(
10
3

) =
1

η(q)

∑
k∈Z

2kq3(4k−1)2/8 = q10/3
(
2 + 2q + 4q2 + 6q3 + 10q4 + 14q5 + · · ·

)
χ
W

(
1
8

) =
1

η(q)

∑
k∈Z

(2k − 1)q(6k−5)2/6 = q1/8
(
1 + q + 2q2 + 3q3 + 4q4 + 6q5 + · · ·

)
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χ
W

(
5
8

) =
1

η(q)

∑
k∈Z

(2k − 1)q(6k−4)2/6 = q5/8
(
1 + q + q2 + 2q3 + 3q4 + 4q5 + · · ·

)
χ
W

(
21
8

) =
1

η(q)

∑
k∈Z

2kq(6k−2)2/6 = q21/8
(
2 + 2q + 4q2 + 6q3 + 10q4 + 14q5 + · · ·

)
χ
W

(
33
8

) =
1

η(q)

∑
k∈Z

2kq(6k−1)2/6 = q33/8
(
2 + 2q + 4q2 + 6q3 + 8q4 + 12q5 + · · ·

)
χ
W

(−1
24

) =
1

η(q)

∑
k∈Z

(2k − 1)q(6k−6)2/6 = q−1/24
(
1 + q + 2q2 + 3q3 + 5q4 + 7q5 + · · ·

)
χ
W

(
35
24

) =
1

η(q)

∑
k∈Z

2kq(6k−3)2/6 = q35/24
(
2 + 2q + 4q2 + 6q3 + 10q4 + 14q5 + · · ·

)
.

In terms of the irreducible representations the rank 1 representations have the char-
acters

χW = χW∗ = 1 + χW(2) , χQ = χQ∗ = 1 + χW(1) ,

while the characters of the rank 2 representations are

χ
R(2)

(
1
3

) = χ
R(2)

(
10
3

) = 2χ
W

(
1
3

) + 2χ
W

(
10
3

)
χ
R(2)

(
1
8

) = χ
R(2)

(
33
8

) = 2χ
W

(
1
8

) + 2χ
W

(
33
8

)
χ
R(2)

(
5
8

) = χ
R(2)

(
21
8

) = 2χ
W

(
5
8

) + 2χ
W

(
21
8

)
χR(2)(2;7) = 1 + χR(2)(7;2) = 1 + 2χW(2) + 2χW(7)

χR(2)(1;5) = 1 + χR(2)(5;1) = 1 + 2χW(1) + 2χW(5)

χR(2)(1;7) = 1 + χR(2)(7;1) = 1 + 2χW(1) + 2χW(7)

χR(2)(2;5) = 1 + χR(2)(5;2) = 1 + 2χW(2) + 2χW(5) .

Finally, all rank 3 representations R(3)(h) with h = 1, 2, 5, 7 have the same character

χR(3)(h) = 2χW(0) + 4χW(1) + 4χW(2) + 4χW(5) + 4χW(7) . (A.1.1)

A.2 Modular Transformations

In this appendix we briefly review the modular S-matrix of theW2,3-model following
[102]1. To keep the notation for the S-modular transformation of the characters of
all irreducible representations compact, we will label each character by the position
of its corresponding irreducible representation in the Kac table (2.1.4). Because each
cell of the Kac table contains two or three entries, we will denote the character of
the right most irreducible representation in the cell by χ(r,s,−) and the second to
right representations χ(r,s,+). The two cells in the interior of the Kac table both

1There are two small typos in [102] (arXiv v2): in (2.5) there should be an additional (−1)pp
′

in front of χ−
s,s′ , and in the expression for S̃+

r,r′;s,s′ (τ), the summand −2iπpp′τ should read

−ipp′τ/(2π).
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contain an additional weight 0 representation; this is justW(0) and we will continue
to refer to the character of W(0) by χW(0).

The S-modular transformation of the characters is then, for ε = ±,

χW(0)(− 1
τ ) = χW(0)(τ) (A.2.1)

χ(ρ,σ,ε)(− 1
τ ) = S̃ερ,σ(τ)χW(0)(τ) +

2∑
r=1

3∑
s=1

εrSρ,σ;r,s(τ)
(
χ(r,s,+)(τ) + (−1)ρχ(r,s,−)(τ)

)
where ρ ∈ {1, 2}, σ ∈ {1, 2, 3} and the τ dependant S-matrix coefficients are given
by

Sρ,σ;1,s(τ) =
1

3
√

3
(−1)ρs+σ

(
ρ cos π3ρ

2 − iτ sin π3ρ
2 )
)

(A.2.2)

×
(
σ cos π2σs

3 − iτ(3−s) sin π2σs
3

)
, s ∈ {1, 2}

Sρ,σ;1,3(τ) =
σ

6
√

3
(−1)σ+ρ

(
ρ cos π3ρ

2 − iτ sin π3ρ
2

)
,

Sρ,σ;2,s(τ) =
ρ

6
√

3
(−1)(s+1)ρ

(
σ cos π2σs

3 − iτ(3−s) sin π2σs
3

)
, s ∈ {1, 2}

Sρ,σ;2,3 =
ρσ

12
√

3

S̃+
ρ,σ(τ) = (−1)ρ+σ

1

36
√

3

(
6ρσ cos π3ρ

2 cos π2σ
3 − i3ρτ cos π3ρ

2 sin π2σ
3

+i2στ cos π2σ
3 sin π3ρ

2 +

(
1

2
τ2 − i3τ

π
+

4σ2 + 9ρ2

2

)
sin π3ρ

2 sin π2σ
3

)
S̃−ρ,σ = −S̃+

ρ,σ(τ) + (−1)ρ+σ
1√
12

sin π3ρ
2 sin π2σ

3 .

A.3 Characters of the Wp,q Representations

The characters of the reducible but indecomposable representations can be expanded
in terms of χ(a,b,µ), the characters of the irreducible representations W(h(a,b,µ))

χWa,b
= χW∗a,b = χ(a,b,0) + χ(a,b,+)

χR(2)(h(a,b,±);h(p−a,b,∓))
= δ+,± · χ(a,b,0) + 2χ(a,b,±) + 2χ(p−a,b,∓)

χR(2)(h(a,b,±);h(a,q−b,∓))
= δ+,± · χ(a,b,0) + 2χ(a,b,±) + 2χ(a,q−b,∓)

χR(2)(h(r,q,±))
= 2χ(r,q,±) + 2χ(p−r,q,∓)

χR(2)(h(p,s,±))
= 2χ(p,s,±) + 2χ(p,q−s,∓)

χR(3)(h(a,b,+))
= 2χ(a,b,0) + 4χ(a,b,+) + 4χ(p−a,q−b,+)

+ 4χ(p−a,b,−) + 4χ(a,q−b,−)

χR(3)(h(a,b,−))
= 2χ(p−a,b,0) + 4χ(p−a,b,+) + 4χ(a,q−b,+)

+ 4χ(a,b,−) + 4χ(p−a,q−b,−).
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We therefore have the following equalities among characters and thus also among
classes of the Grothendieck group K0

χR(2)(h(r,q,±))
= χR(2)(h(r,q,∓))

(A.3.1)

χR(2)(h(p,s,±))
= χR(2)(h(p,s,∓))

χR(2)(h(a,b,+);h(p−a,b,−))
= χ(a,b,0) + χR(2)(h(p−a,b,−);h(a,b,+))

χR(2)(h(a,b,+);h(a,q−b,−))
= χ(a,b,0) + χR(2)(h(a,q−b,−);h(a,b,+))

χR(3)(h(a,b,+))
= χR(3)(h(p−a,q−b,+))

= χR(3)(h(p−a,b,−))

= χR(3)(h(a,q−b,−))
.

A.4 Dictionary to the Notation in other Works

The Notation in [16, 85]

It is straightforward to identify the irreducible representations by comparing the
conformal weight of the ground state. We can then successively identify the in-
decomposable representations by comparing the fusions of these representations. As
a non-trivial consistency check we have also compared the embedding diagrams2

of [61, Figure 2–5] with the embedding diagrams of [16, 85], see in particular the
diagram [16, Eq. (3.34)], relations [16, Eqs. (3.35), (3.41)] and diagram [85, Eq. (4.9)].

our notation notation in [16, 85] our notation notation in [16, 85]

W (1, 1)W R(2)(1; 5) (R1,0
2,2)W

Q (1, 2)W R(2)(5; 1) (R1,0
4,2)W

W( 1
3 ) (1, 3)W R(2)(2; 7) (R1,0

2,1)W

W( 10
3 ) (1, 6)W R(2)(7; 2) (R1,0

4,1)W

W( 5
8 ) (2, 1)W R(2)( 1

3 ) (R1,0
2,3)W

W( 33
8 ) (4, 1)W R(2)( 10

3 ) (R1,0
2,6)W = (R1,0

4,3)W

W( 1
8 ) (2, 2)W R(2)( 5

8 ) (R0,2
2,3)W

W( 21
8 ) (4, 2)W R(2)( 33

8 ) (R0,2
2,6)W

W(−1
24 ) (2, 3)W R(2)( 1

8 ) (R0,1
2,3)W

W( 35
24 ) (2, 6)W = (4, 3)W R(2)( 21

8 ) (R0,1
2,6)W

R(2)(1; 7) (R0,1
1,3)W R(3)(1) (R1,1

2,3)W

R(2)(5; 2) (R0,1
1,6)W R(3)(5) (R1,1

2,6)W = (R1,1
4,3)W

R(2)(2; 5) (R0,2
1,3)W R(3)(2) (R1,2

2,3)W

R(2)(7; 1) (R0,2
1,6)W R(3)(7) (R1,2

2,6)W = (R1,2
4,3)W

2Note that the embedding diagrams of [61] describe the Virasoro action, while those of [16, 85]
refer to the W action.
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The representations W(0),W(1),W(2),W(5),W(7),W∗,Q∗ do not appear in [16,
85]. The identifications in the above table are those in [16, Eqs. (3.1), (3.3)].

For general (p, q) we have the dictionary

our notation notation in [84, 85]

Wa,b (a, b)

W(h(r,q,−(−)κ)) (r, κq)

W(h(p,s,−(−)κ)) (κp, s)

R(2)(h(p−a,b,−(−)κ);h(a,b,(−)κ)) Ra,0κp,b
R(2)(hp−a,q,−(−)κ) Ra,0κp,q

R(2)(h(a,q−b,−(−)κ);h(a,b,(−)κ)) R0,b
a,κq

R(2)(h(p,q−b,−(−)κ)) R0,b
p,κq

R(3)(h(p−a,q−b,+)) Ra,bp,q
R(3)(h(p−a,q−b,−)) Ra,bp,2q

Here κ = 1, 2. The representations of type W∗a,b, W(h(a,b,±)) and W(h(a,b,0)) are
not considered in [84, 85].

The notation in [83]

The identification can be made by comparing (2.1.4) to [83, Table 1] and the se-
quences (2.1.7) and (2.2.19) to [83, Sect. 3.4].

our notation notation in [83] our notation notation in [83]

W K+
1,1 W( 1

3 ) K+
1,3 = X+

1,3

Q K+
1,2 W( 10

3 ) K−1,3 = X−1,3
W(0) X1,1 W( 5

8 ) K+
2,1 = X+

2,1

W(2) X+
1,1 W( 33

8 ) K−2,1 = X−2,1
W(7) K−1,1 = X−1,1 W( 1

8 ) K+
2,2 = X+

2,2

W(1) X+
1,2 W( 21

8 ) K−2,2 = X−2,2
W(5) K−1,2 = X−1,2 W(−1

24 ) K+
2,3 = X+

2,3

W( 35
24 ) K−2,3 = X−2,3

our notation notation in [83]

Wa,b K+
a,b

W(h(a,b,0)) Xa,b
W(h(a,b,+)) X+

a,b

W(h(a,b,−)) K−a,b = X−a,b
W(h(r,q,±)) K±r,q = X±r,q
W(h(p,s,±)) K±p,s = X±p,s

The representations W∗, Q∗, those of the form R(·)(· · · ) as well as those of type
W∗a,b. are not considered in [83].

110



Appendix B

Fusion rules

B.1 The Fusion Rules of the W2,3-Model

The Action of W(0)

The fusion product of W(0) with everything is zero with the exception of

W(0)⊗W(0) =W(0) , W(0)⊗W =W(0) , W(0)⊗Q =W(0) . (B.1.1)

The Action of W, W∗, W(2) and Q, Q∗, W(1)

The representation W is the vertex operator algebra and acts as the identity in
all fusion products. The fusion with the representations W∗ and W(2) acts as the
identity on all representations in (2.1.4) and (2.1.5) that are not in grey boxes; on
the representations in grey boxes, the fusion is explicitly given as

Factors Fusion product Factors Fusion product

W∗ ⊗ W∗ W∗ W(2) ⊗ W∗ W∗

⊗ Q Q∗ ⊗ Q W(1)

⊗ Q∗ Q∗ ⊗ Q∗ Q∗

⊗ W(0) 0 ⊗ W(0) 0

⊗ W(1) Q∗ ⊗ W(1) Q∗

⊗ W(2) W∗ ⊗ W(2) W∗

⊗ W(5) W(5) ⊗ W(5) W(5)

⊗ W(7) W(7) ⊗ W(7) W(7)

Similarly Q, Q∗ and W(1) have the same fusion rules with all representations that
are not in grey boxes, and the fusion rules of W(1) are explicitly given below; on
the representations in grey boxes the fusion rules of Q and Q∗ are

111



Factors Fusion product Factors Fusion product

Q ⊗ Q W ⊕W( 1
3 ) Q∗ ⊗ Q W∗ ⊕W( 1

3 )

⊗ Q∗ W∗ ⊕W( 1
3 ) ⊗ Q∗ W∗ ⊕W( 1

3 )

⊗ W(0) W(0) ⊗ W(0) 0

⊗ W(1) W(2)⊕W( 1
3 ) ⊗ W(1) W∗ ⊕W( 1

3 )

⊗ W(5) W(7)⊕W( 10
3 ) ⊗ W(5) W(7)⊕W( 10

3 )

⊗ W(7) W(5) ⊗ W(7) W(5)

The action of W(7)

The simple current W(7) squares to W∗, and with the exception of W(0), W(1),
W(2), W and Q, the fusion rules organise themselves into W(7)-pairs. The fusion
of W(7) with these special representations is

W(7)⊗W(0) = 0 W(7)⊗W(1) = W(5)

W(7)⊗W(2) = W(7) W(7)⊗W = W(7)

W(7)⊗Q = W(5) ,

(B.1.2)

while on the remaining representations we have

W∗ W(7)←→ W(7) Q∗ W(7)←→ W(5)

W( 1
3 )

W(7)←→ W( 10
3 ) W( 5

8 )
W(7)←→ W( 33

8 )

W( 1
8 )

W(7)←→ W( 21
8 ) W(−1

24 )
W(7)←→ W( 35

24 )

R(2)(2; 5)
W(7)←→ R(2)(7; 1) R(2)(1; 7)

W(7)←→ R(2)(5; 2)

R(2)(2; 7)
W(7)←→ R(2)(7; 2) R(2)(1; 5)

W(7)←→ R(2)(5; 1)

R(2)( 5
8 )

W(7)←→ R(2)( 33
8 ) R(2)( 1

8 )
W(7)←→ R(2)( 21

8 )

R(2)( 1
3 )

W(7)←→ R(2)( 10
3 ) R(3)(1)

W(7)←→ R(3)(5)

R(3)(2)
W(7)←→ R(3)(7)

We only list the fusion products for the first representative of each W(7) pair. To
obtain the fusion of for example W( 5

8 ) and W( 21
8 ) one computes

W( 5
8 )⊗W( 21

8 ) =W(7)⊗W( 5
8 )⊗W( 1

8 ) =W(7)⊗R(2)(1; 5) = R(2)(5; 1) . (B.1.3)

The remaining products

Factors Fusion product

W(1) ⊗ W(1) W∗ ⊕W( 1
3 )

⊗ W( 1
3 ) R(2)(1; 7)

⊗ W( 5
8 ) W( 1

8 )
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. . . factors . . . fusion product

⊗ W( 1
8 ) W( 5

8 )⊕W(−1
24 )

⊗ W(−1
24 ) R(2)( 1

8 )

⊗ R(2)(1; 7) 2W( 1
3 )⊕R(2)(2; 5)

⊗ R(2)(2; 5) 2W( 10
3 )⊕R(2)(1; 7)

⊗ R(2)(2; 7) R(2)(1; 5)

⊗ R(2)(1; 5) R(2)(2; 7)⊕R(2)( 1
3 )

⊗ R(2)( 5
8 ) 2W( 35

24 )⊕R(2)( 1
8 )

⊗ R(2)( 1
8 ) 2W(−1

24 )⊕R(2)( 5
8 )

⊗ R(2)( 1
3 ) R(3)(1)

⊗ R(3)(1) 2R(2)( 1
3 )⊕R(3)(2)

⊗ R(3)(2) 2R(2)( 10
3 )⊕R(3)(1)

W( 1
3 ) ⊗ W( 1

3 ) W( 1
3 )⊕R(2)(2; 5)

⊗ W( 5
8 ) W(−1

24 )

⊗ W( 1
8 ) R(2)( 1

8 )

⊗ W(−1
24 ) W(−1

24 )⊕R(2)( 5
8 )

⊗ R(2)(1; 7) 2W( 10
3 )⊕ 2R(2)(1; 7)

⊗ R(2)(2; 5) 2W( 1
3 )⊕ 2R(2)(5; 2)

⊗ R(2)(2; 7) R(2)( 1
3 )

⊗ R(2)(1; 5) R(3)(1)

⊗ R(2)( 5
8 ) 2W(−1

24 )⊕ 2R(2)( 21
8 )

⊗ R(2)( 1
8 ) 2W( 35

24 )⊕ 2R(2)( 1
8 )

⊗ R(2)( 1
3 ) R(2)( 1

3 )⊕R(3)(2)

⊗ R(3)(1) 2R(2)( 10
3 )⊕ 2R(3)(1)

⊗ R(3)(2) 2R(2)( 1
3 )⊕ 2R(3)(5)

W( 5
8 ) ⊗ W( 5

8 ) R(2)(2; 7)

⊗ W( 1
8 ) R(2)(1; 5)

⊗ W(−1
24 ) R(2)( 1

3 )

⊗ R(2)(1; 7) R(2)( 1
8 )

⊗ R(2)(2; 5) R(2)( 5
8 )

⊗ R(2)(2; 7) 2W( 5
8 )⊕ 2W( 33

8 )

⊗ R(2)(1; 5) 2W( 1
8 )⊕ 2W( 21

8 )

⊗ R(2)( 5
8 ) R(3)(2)

⊗ R(2)( 1
8 ) R(3)(1)

⊗ R(2)( 1
3 ) 2W(−1

24 )⊕ 2W( 35
24 )

⊗ R(3)(1) 2R(2)( 1
8 )⊕ 2R(2)( 21

8 )

⊗ R(3)(2) 2R(2)( 5
8 )⊕ 2R(2)( 33

8 )

W( 1
8 ) ⊗ W( 1

8 ) R(2)(2; 7)⊕R(2)( 1
3 )

⊗ W(−1
24 ) R(3)(1)
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. . . factors . . . fusion product

⊗ R(2)(1; 7) 2W(−1
24 )⊕R(2)( 5

8 )

⊗ R(2)(2; 5) 2W( 35
24 )⊕R(2)( 1

8 )

⊗ R(2)(2; 7) 2W( 1
8 )⊕ 2W( 21

8 )

⊗ R(2)(1; 5) 2W( 5
8 )⊕ 2W( 33

8 )⊕ 2W(−1
24 )⊕ 2W( 35

24 )

⊗ R(2)( 5
8 ) 2R(2)( 10

3 )⊕R(3)(1)

⊗ R(2)( 1
8 ) 2R(2)( 1

3 )⊕R(3)(2)

⊗ R(2)( 1
3 ) 2R(2)( 1

8 )⊕ 2R(2)( 21
8 )

⊗ R(3)(1) 4W(−1
24 )⊕ 4W( 35

24 )⊕ 2R(2)( 5
8 )⊕ 2R(2)( 33

8 )

⊗ R(3)(2) 4W(−1
24 )⊕ 4W( 35

24 )⊕ 2R(2)( 1
8 )⊕ 2R(2)( 21

8 )

W(−1
24 ) ⊗ W(−1

24 ) R(2)( 1
3 )⊕R(3)(2)

⊗ R(2)(1; 7) 2W( 35
24 )⊕ 2R(2)( 1

8 )

⊗ R(2)(2; 5) 2W(−1
24 )⊕ 2R(2)( 21

8 )

⊗ R(2)(2; 7) 2W(−1
24 )⊕ 2W( 35

24 )

⊗ R(2)(1; 5) 2R(2)( 1
8 )⊕ 2R(2)( 21

8 )

⊗ R(2)( 5
8 ) 2R(2)( 1

3 )⊕ 2R(3)(5)

⊗ R(2)( 1
8 ) 2R(2)( 10

3 )⊕ 2R(3)(1)

⊗ R(2)( 1
3 ) 2W(−1

24 )⊕ 2W( 35
24 )⊕ 2R(2)( 5

8 )⊕ 2R(2)( 33
8 )

⊗ R(3)(1) 4W(−1
24 )⊕ 4W( 35

24 )⊕ 4R(2)( 1
8 )⊕ 4R(2)( 21

8 )

⊗ R(3)(2) 4W(−1
24 )⊕ 4W( 35

24 )⊕ 4R(2)( 1
8 )⊕ 4R(2)( 21

8 )

R(2)(1; 7) ⊗ R(2)(1; 7) 4W( 1
3 )⊕ 2R(2)(5; 2)⊕ 2R(2)(2; 5)

⊗ R(2)(2; 5) 4W( 10
3 )⊕ 2R(2)(1; 7)⊕ 2R(2)(7; 1)

⊗ R(2)(2; 7) R(3)(1)

⊗ R(2)(1; 5) 2R(2)( 1
3 )⊕R(3)(2)

⊗ R(2)( 5
8 ) 4W( 35

24 )⊕ 2R(2)( 33
8 )⊕ 2R(2)( 1

8 )

⊗ R(2)( 1
8 ) 4W(−1

24 )⊕ 2R(2)( 5
8 )⊕ 2R(2)( 21

8 )

⊗ R(2)( 1
3 ) 2R(2)( 10

3 )⊕ 2R(3)(1)

⊗ R(3)(1) 4R(2)( 1
3 )⊕ 2R(3)(5)⊕ 2R(2)(2)

⊗ R(3)(2) 4R(2)( 10
3 )⊕ 2R(3)(1)⊕ 2R(2)(7)

R(2)(2; 5) ⊗ R(2)(2; 5) 4W( 1
3 )⊕ 2R(2)(5; 2)⊕ 2R(2)(2; 5)

⊗ R(2)(2; 7) R(3)(2)

⊗ R(2)(1; 5) 2R(2)( 10
3 )⊕R(3)(1)

⊗ R(2)( 5
8 ) 4W(−1

24 )⊕ 2R(2)( 5
8 )⊕ 2R(2)( 21

8 )

⊗ R(2)( 1
8 ) 4W( 35

24 )⊕ 2R(2)( 33
8 )⊕ 2R(2)( 1

8 )

⊗ R(2)( 1
3 ) 2R(2)( 1

3 )⊕ 2R(3)(5)

⊗ R(3)(1) 4R(2)( 10
3 )⊕ 2R(3)(1)⊕ 2R(2)(7)

⊗ R(3)(2) 4R(2)( 1
3 )⊕ 2R(3)(5)⊕ 2R(2)(2)

R(2)(2; 7) ⊗ R(2)(2; 7) 2R(2)(2; 7)⊕ 2R(2)(7; 2)

⊗ R(2)(1; 5) 2R(2)(1; 5)⊕ 2R(2)(5; 1)
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. . . factors . . . fusion product

⊗ R(2)( 5
8 ) 2R(2)( 5

8 )⊕ 2R(2)( 33
8 )

⊗ R(2)( 1
8 ) 2R(2)( 1

8 )⊕ 2R(2)( 21
8 )

⊗ R(2)( 1
3 ) 2R(2)( 1

3 )⊕ 2R(2)( 10
3 )

⊗ R(3)(1) 2R(3)(1)⊕ 2R(3)(5)

⊗ R(3)(2) 2R(3)(2)⊕ 2R(3)(7)

R(2)(1; 5) ⊗ R(2)(1; 5) 2R(2)(2; 7)⊕ 2R(2)(7; 2)⊕ 2R(2)( 1
3 )⊕ 2R(2)( 10

3 )

⊗ R(2)( 5
8 ) 4W(−1

24 )⊕ 4W( 35
24 )⊕ 2R(2)( 1

8 )⊕ 2R(2)( 21
8 )

⊗ R(2)( 1
8 ) 4W(−1

24 )⊕ 4W( 35
24 )⊕ 2R(2)( 5

8 )⊕ 2R(2)( 33
8 )

⊗ R(2)( 1
3 ) 2R(3)(1)⊕ 2R(3)(5)

⊗ R(3)(1) 4R(2)( 1
3 )⊕ 4R(2)( 10

3 )

⊕2R(3)(2)⊕ 2R(3)(7)

⊗ R(3)(2) 4R(2)( 1
3 )⊕ 4R(2)( 10

3 )

⊕2R(3)(1)⊕ 2R(3)(5)

R(2)( 5
8 ) ⊗ R(2)( 5

8 ) 4R(2)( 1
3 )⊕ 2R(3)(5)⊕ 2R(3)(2)

⊗ R(2)( 1
8 ) 4R(2)( 10

3 )⊕ 2R(3)(1)⊕ 2R(3)(7)

⊗ R(2)( 1
3 ) 4W(−1

24 )⊕ 4W( 35
24 )⊕ 4R(2)( 1

8 )⊕ 4R(2)( 21
8 )

⊗ R(3)(1) 8W(−1
24 )⊕ 8W( 35

24 )⊕ 4R(2)( 5
8 )

⊕4R(2)( 33
8 )⊕ 4R(2)( 1

8 )⊕ 4R(2)( 21
8 )

⊗ R(3)(2) 8W(−1
24 )⊕ 8W( 35

24 )⊕ 4R(2)( 5
8 )

⊕4R(2)( 33
8 )⊕ 4R(2)( 1

8 )⊕ 4R(2)( 21
8 )

R(2)( 1
8 ) ⊗ R(2)( 1

8 ) 4R(2)( 1
3 )⊕ 2R(3)(5)⊕ 2R(3)(2)

⊗ R(2)( 1
3 ) 4W(−1

24 )⊕ 4W( 35
24 )⊕ 4R(2)( 1

8 )⊕ 4R(2)( 21
8 )

⊗ R(3)(1) 8W(−1
24 )⊕ 8W( 35

24 )⊕ 4R(2)( 5
8 )

⊕4R(2)( 33
8 )⊕ 4R(2)( 1

8 )⊕ 4R(2)( 21
8 )

⊗ R(3)(2) 8W(−1
24 )⊕ 8W( 35

24 )⊕ 4R(2)( 5
8 )

⊕4R(2)( 33
8 )⊕ 4R(2)( 1

8 )⊕ 4R(2)( 21
8 )

R(2)( 1
3 ) ⊗ R(2)( 1

3 ) 2R(2)( 1
3 )⊕ 2R(2)( 10

3 )

⊕2R(3)(2)⊕ 2R(3)(7)

⊗ R(3)(1) 4R(2)( 1
3 )⊕ 4R(2)( 10

3 )

⊕4R(3)(1)⊕ 4R(3)(5)

⊗ R(3)(2) 4R(2)( 1
3 )⊕ 4R(2)( 10

3 )

⊕4R(3)(1)⊕ 4R(3)(5)

R(3)(1) ⊗ R(3)(1) 8R(2)( 1
3 )⊕ 8R(2)( 10

3 )⊕ 4R(3)(1)

⊕4R(3)(5)⊕ 4R(3)(2)⊕ 4R(3)(7)

⊗ R(3)(2) 8R(2)( 1
3 )⊕ 8R(2)( 10

3 )⊕ 4R(3)(1)

⊕4R(3)(5)⊕ 4R(3)(2)⊕ 4R(3)(7)

R(3)(2) ⊗ R(3)(2) 8R(2)( 1
3 )⊕ 8R(2)( 10

3 )⊕ 4R(3)(1)
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. . . factors . . . fusion product

⊕4R(3)(5)⊕ 4R(3)(2)⊕ 4R(3)(7)

B.2 Some Fusion Rules of the Wp,q-Models

In order to have some fusion rules at hand, we include the rules for products of
representations of typeWa,b in our notation, please refer to [84, 85] for the remaining
rules.

Wa,b ⊗Wa′,b′ =

p−|p−a−a′|−1⊕
i=|a−a′|+1

by 2

q−|q−b−b′|−1⊕
j=|b−b′|+1

by 2

Wi,j (B.2.1)

⊕
a+a′−p−1⊕

α=a+a′−p−1 mod 2
by 2

q−|q−b−b′|−1⊕
j=|b−b′|+1

by 2

R(2)(h(p−α,j,+);h(α,j,−))

⊕
b+b′−q−1⊕

β=b+b′−q−1 mod 2
by 2

p−|p−a−a′|−1⊕
i=|a−a′|+1

by 2

R(2)(h(i,q−β,+);h(i,β,−))

⊕
a+a′−p−1⊕

α=a+a′−p−1 mod 2
by 2

b+b′−q−1⊕
β=b+b′−q−1 mod 2

by 2

R(3)(h(p−α,q−β,+))

Here we used the shorthand

R(2)(h(p,j,+);h(0,j,−)) =W(h(p,j,+)) (B.2.2)

R(2)(h(i,q,+);h(i,0,−)) =W(h(i,q,+))

R(3)(h(p,q−b)) = R(2)(h(p,q−b))

R(3)(h(p−a,q)) = R(2)(h(p−a,q))

R(3)(h(p,q)) =W(h(p,q)).

B.3 Some Consistency Checks

The fusion rules (4.3.15) predict that

W(h(1,1,+))⊗W(h(1,1,+)) = N+ ◦N+(W1,1 ⊗W1,1) (B.3.1)

= N∗(W1,1) =W∗1,1.

We have checked this for (p, q) = (2, 3), (2, 5), (3, 4), (3, 5) using the NGK-algorithm
[60, 62] to level 0. W(h(1,1,+)) has weight

h(1,1,+) = h2p−1,1 = h1,2q−1 (B.3.2)
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and therefore nullvectors at levels 2p − 1 and 2q − 1. According to [112] these are
given by

N2p−1 =

2p−1∑
k=1

∑
`i≥1

`1+···+`k=2p−1

((2p− 1)!)2(− qp )2p−1−k L−`1 · · ·L−`k∏k−1
i=1 (`1 + · · ·+ `i)(2p− 1− `1 − · · · − `i)

µ, (B.3.3)

N2q−1 =

2q−1∑
k=1

∑
`i≥1

`1+···+`k=2q−1

((2q − 1)!)2(−pq )2q−1−k L−`1 · · ·L−`k∏k−1
i=1 (`1 + · · ·+ `i)(2q − 1− `1 − · · · − `i)

µ,

where µ is the highest weight vector of W(h(1,1,+)).

• (p, q) = (2, 3), h(1,1,+) = 2
The level 0 space is spanned by µ ⊗C µ, (L−1µ) ⊗C µ and is obtained by
quotienting out N3 ⊗C µ, (L−1N3) ⊗C µ, (L2

−1N3) ⊗C µ and N5 ⊗C µ. This
leads to the relation

(L2
−1µ)⊗C µ ∼= −7(L−1µ)⊗C µ− 8µ⊗C µ. (B.3.4)

The L0-action is then given by

∆1,0(L0)(µ⊗C µ) = (L−1µ)⊗C µ+ 4µ⊗C µ (B.3.5)

∆1,0(L0)(µ⊗C µ) = (L−1µ)2 ⊗C µ+ 5(L−1µ)⊗C µ

= −2(L−1µ)⊗C µ− 8µ⊗C µ.

Thus we can represent it by the matrix

L0 =

(
4 −8

1 −2

)
which is conjugate to

(
0 0

0 2

)
, (B.3.6)

which is consistent with W∗1,1.

• (p, q) = (2, 5), h(1,1,+) = 4
The level 0 space is spanned by µ ⊗C µ, (L−1µ) ⊗C µ and is obtained by
quotienting out N3 ⊗C µ, . . . , (L6

−1N3) ⊗C µ and N5 ⊗C µ. This leads to the
relation

(L2
−1µ)⊗C µ ∼= −13(L−1µ)⊗C µ− 32µ⊗C µ. (B.3.7)

The L0-action is then given by

∆1,0(L0)(µ⊗C µ) = (L−1µ)⊗C µ+ 8µ⊗C µ (B.3.8)

∆1,0(L0)(µ⊗C µ) = (L−1µ)2 ⊗C µ+ 9(L−1µ)⊗C µ

= −4(L−1µ)⊗C µ− 32µ⊗C µ.

Thus we can represent it by the matrix

L0 =

(
8 −32

1 −4

)
which is conjugate to

(
0 0

0 4

)
, (B.3.9)

which is consistent with W∗1,1.
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• (p, q) = (3, 4), h(1,1,+) = 6
The level 0 space is spanned by µ ⊗C µ, (L−1µ) ⊗C µ and is obtained by
quotienting out N5⊗C µ, . . . , (L4

−1N5)⊗C µ and N7⊗C µ, . . . , (L2
−1N7)⊗C µ.

This leads to the relation

(L2
−1µ)⊗C µ ∼= −19(L−1µ)⊗C µ− 72µ⊗C µ. (B.3.10)

The L0-action is then given by

∆1,0(L0)(µ⊗C µ) = (L−1µ)⊗C µ+ 12µ⊗C µ (B.3.11)

∆1,0(L0)(µ⊗C µ) = (L−1µ)2 ⊗C µ+ 13(L−1µ)⊗C µ

= −6(L−1µ)⊗C µ− 72µ⊗C µ.

Thus we can represent it by the matrix

L0 =

(
12 −72

1 −6

)
which is conjugate to

(
0 0

0 6

)
, (B.3.12)

which is consistent with W∗1,1.

• (p, q) = (3, 5), h(1,1,+) = 8
The level 0 space is spanned by µ ⊗C µ, (L−1µ) ⊗C µ and is obtained by
quotienting out N5⊗C µ, . . . , (L6

−1N5)⊗C µ and N9⊗C µ, . . . , (L2
−1N9)⊗C µ.

This leads to the relation

(L2
−1µ)⊗C µ ∼= −25(L−1µ)⊗C µ− 128µ⊗C µ. (B.3.13)

The L0-action is then given by

∆1,0(L0)(µ⊗C µ) = (L−1µ)⊗C µ+ 16µ⊗C µ (B.3.14)

∆1,0(L0)(µ⊗C µ) = (L−1µ)2 ⊗C µ+ 17(L−1µ)⊗C µ

= −8(L−1µ)⊗C µ− 128µ⊗C µ.

Thus we can represent it by the matrix

L0 =

(
16 −128

1 −8

)
which is conjugate to

(
0 0

0 8

)
, (B.3.15)

which is consistent with W∗1,1.
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Appendix C

The Structure of
W2,3-Representations

C.1 Compositions Series of W2,3-Representations

Here we list the embedding diagrams for the projective covers P(0), P(1) = R(3)(1),
P(2) = R(3)(2), P(5) = R(3)(5) and P(7) = R(3)(7). The structure of P(0) is
explained in Appendix C.2, while the structure of the other projective covers was
deduced from the conjectures of [16] and from the analogy with quantum group
representations described in [83, Sect. 6.1] and [113, Sect. 2.2].

P(0)

0

1 2

77055

2 1

0

Level

0

1

2

3

4

(C.1.1)

P(1)

1

7 7 0 5 5

122221

5 5 0 7 7

1

Level

0

1

2

3

4

P(2)

2

5 5 0 7 7

211112

7 7 0 5 5

2

(C.1.2)
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P(5)

5

2 2 1 1

57700775

1 1 2 2

5

Level

0

1

2

3

4

P(7)

7

1 1 2 2

75500557

2 2 1 1

7

(C.1.3)

Looking at the embedding diagrams from top to bottom, we say the representations
at the top are at level zero, the representations in the second line from the top are at
level one, etc. (This is indicated in the above diagrams by the small number written
on the left.)

Let us explain the meaning of the lines in these diagrams by taking P(2) as an
example. The embedding diagram for P(2) states that one can choose a direct sum
decomposition of P(2) as a vector space as

P(2) ∼= 2W(0)⊕ 4W(1)⊕ 4W(2)⊕ 4W(5)⊕ 4W(7) . (C.1.4)

Furthermore, the action of a mode in W2,3 on a state in W(h) gives a vector in the
direct sum of the given W(h) and all summands joined to it by downward directed
lines (in one or more steps). In particular, these diagrams are therefore in general
not unique. For example, there must also exist a different direct sum decomposition
of P(2) as in (C.1.4) such that W(0) at level 1 is joined only to one W(1) and one
W(2) at level 2. (This has to be possible for there to be an intertwiner P(0)→ P(2)
whose image contains W(0) ⊂ P(2) at level 1.)

For completeness we also give the embedding diagrams for the other indecom-
posable representations that appear in our analysis:

a

b b

a

R(2)( 1
3 ,

1
3 ) : a = 1

3 , b = 10
3 R(2)(7; 2) : a = 7, b = 2

R(2)( 1
3 ,

10
3 ) : a = 10

3 , b = 1
3 R(2)(5; 2) : a = 5, b = 2

R(2)( 5
8 ,

5
8 ) : a = 5

8 , b = 21
8 R(2)(7; 1) : a = 7, b = 1

R(2)( 5
8 ,

21
8 ) : a = 21

8 , b = 5
8 R(2)(5; 1) : a = 5, b = 1

R(2)( 1
8 ,

1
8 ) : a = 1

8 , b = 33
8

R(2)( 1
8 ,

33
8 ) : a = 33

8 , b = 1
8

(C.1.5)

and

a

b 0 b

a

R(2)(2; 7) : a = 2, b = 7

R(2)(2; 5) : a = 2, b = 5

R(2)(1; 7) : a = 1, b = 7

R(2)(1; 5) : a = 1, b = 5

(C.1.6)
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For the analysis of the Ishibashi states we also need to introduce some notation
for the various intertwiners. We say an intertwiner e : P(a) → P(b) has degree
l if it adds l to the level of the states, i.e. if it maps the representation W(a) at
level zero to a representation at level l in P(b). We denote such an intertwiner by
ea→bl . Sometimes, this information does not specify an intertwiner uniquely; for
example, there are two intertwiners of degree 1 corresponding to e1→5

1 . Whenever
an intertwiner is not uniquely specified in this manner, we introduce an additional
label, i.e. we write e1→5

1;α where α takes two values. In the present context, it is
natural to take α ∈ {L,R}, where e1→5

1;R is the intertwiner that maps the circled
nodes in the following diagram to one another,

1

7 7 0 5 5

122221

5 5 0 7 7

1

5

2 2 1 1

57700775

1 1 2 2

5

e1→5
1;R

(C.1.7)

and similarly for e1→5
1;L . For the case of the intertwiners from P(h) → P(h) with

h ∈ {1, 2, 5, 7}, it is convenient to label the different intertwiners at level 2 by the
representations to which the image node at level 2 is connected, e.g. the intertwiner
e1→1

2;5 maps the circled nodes to one another, etc.

1

7 7 0 5 5

122221

5 5 0 7 7

1

1

7 7 0 5 5

122221

5 5 0 7 7

1

e1→1
2;5 (C.1.8)

These diagrams then allow one to compute the composition of intertwiners. For
example we have e1→5

1;R ◦ e1→1
2;5 = e1→5

3;R , where e1→5
3;R maps the top W(1) of P(1) to

the ‘right’ W(1) at level 3 of P(5). By the same reasoning, e1→7
1;L/R ◦ e

1→1
2;5 = 0.

C.2 The Projective Cover of W(0)

Given the results of [95, Thm. 3.24] it seems plausible thatW(0) must have a project-
ive cover P(0). In this appendix we want to deduce the structure of P(0), assuming
its existence, and using input from a recent calculation of Zhu’s algebra [100]. For
the following it will be convenient to introduce the abbreviation〈

U, V
〉

= dim Hom(U, V ) , (C.2.1)
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where U and V are two W-representations. As was argued in [22, Sect. 3.1] we have
isomorphisms πU,V : Hom(U, V ∗) → Hom(U ⊗ V,W∗) that are natural in U and V
and thus 〈

U, V ∗
〉

=
〈
U ⊗ V,W∗

〉
. (C.2.2)

Finally, we note that dim Hom(P(h), U) gives the number of occurrences of W(h)
in the composition series of U , i.e.〈

P(h), U
〉

=
(
# of W(h) in comp. series of U

)
(C.2.3)

Fusion rules

Even without knowledge of the structure of P(0), we can partially deduce its fusion
rules.

Fusion with W(0)

It was argued in [22, Sect. 2], the fusion ofW(0) with anyW-representation can only
produce multiples of W(0). Thus P(0) ⊗W(0) ∼= nW(0) for some n ≥ 0. Because
of dim Hom(P(0),W(0)) = 1, it follows from (C.2.2) and (C.2.3) that

1 =
〈
P(0),W(0)

〉
=
〈
P(0)⊗W(0),W∗

〉
= n

〈
W(0),W∗

〉
= n . (C.2.4)

Thus we conclude that

P(0)⊗W(0) ∼=W(0) . (C.2.5)

Fusion with representations U that have a dual

Given an object U in a monoidal category C, we call an object U∨ ∈ C a (left and
right) dual of U iff there are intertwiners

bU : 1→ U ⊗ U∨ , b̃U : 1→ U∨ ⊗ U , (C.2.6)

dU : U∨ ⊗ U → 1 , d̃U : U ⊗ U∨ → 1 ,

subject to the usual conditions, see e.g. [91, Def. 2.1.1]. We want to deduce the
fusion rules of P(0) with representations that have a dual. Our analysis is based on
the following result (see e.g. [114, p. 441, Cor. 1 & 2]).

Lemma C.2.1. Let C be a monoidal category and let U ∈ C have (left and right)
dual U∨.
(i) If f : X → Y is epi, so are f ⊗ idU and idU ⊗ f .
(ii) If P ∈ C is projective, so are P ⊗ U and U ⊗ P .

Proof. Part (i): We will show that f ⊗ idU is epi, the other case follows analogously.
We need to check that for any two morphisms a, b : Y ⊗ U → Z, a ◦ (f ⊗ idU ) =
b ◦ (f ⊗ idU ) implies a = b. For k : Y ⊗ U → Z define C(k) : Y → Z ⊗ U∨ as (we
do not write out associators and unit isomorphisms)

C(k) = (k ⊗ idU∨) ◦ (idY ⊗ bU ) . (C.2.7)

122



From the properties of duality morphisms it is easy to see that a ◦ (f ⊗ idU ) =
b◦(f⊗idU ) implies C(a)◦f = C(b)◦f . By assumption, f is epi, so that C(a) = C(b).
Again by properties of duality maps, this in turn implies a = b.

Part (ii): We will show that P ⊗U is projective, the other case follows analogously.
We have to check that for any epi f : X → Y and any h : P ⊗ U → Y there is a
h′ : P ⊗ U → X such that h = f ◦ h′. Note that since U has left and right dual
U∨, the left and right dual of U∨ can be chosen to be U . Applying part (i) to U∨

we conclude that f ⊗ idU∨ is epi. Given the map C(h) : P → Y ⊗ U∨, since P is
projective there exists a map q : P → X ⊗U∨ such that C(h) = (f ⊗ idU∨) ◦ q. The
map

h′ = (idX ⊗ dU ) ◦ (q ⊗ idU ) (C.2.8)

satisfies h = f ◦ h′, as can again easily be seen using the properties of duality
maps.

The map C used in the above proof shows also that

U has a dual ⇒
〈
A⊗ U,B

〉
=
〈
A,B ⊗ U∨

〉
for all A,B . (C.2.9)

Of the 35 indecomposable representations listed in (2.1.4) and (2.1.5), all repres-
entations not in grey boxes have a dual, as do W and Q. Let us collect these 28
representations in a set D. By Lemma C.2.1, for any U ∈ D, P(0)⊗U is projective,
that is, we can write

P(0)⊗ U ∼=
⊕
h

nh(U)P(h) , (C.2.10)

where the sum runs over the 13 values that h takes for the irreducible representations
W(h) according to (2.1.4). The multiplicities nh(U) are obtained via

nh(U) =
〈
P(0)⊗ U,W(h)

〉
=
〈
P(0),W(h)⊗ U∨

〉
, (C.2.11)

where the right hand side can be computed form the fusion rules in [22, App. A.4]
and the composition series given Appendix C.1. SinceW(0)⊗U∨ = 0 for all U ∈ D,
we conclude n0(U) = 0. The other multiplicities are obtained case by case, for
example

n1(W( 1
3 )) =

〈
P(0),W(1)⊗W( 1

3 )
〉

=
〈
P(0),R(2)(1; 7)

〉
= 1 . (C.2.12)
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Altogether, this gives

W( 1
3 )⊗ P(0) = P( 1

3 )⊕ P(1) (C.2.13)

W( 10
3 )⊗ P(0) = P( 10

3 )⊕ P(5)

W( 5
8 )⊗ P(0) = P( 1

8 )⊕ P( 5
8 )

W( 33
8 )⊗ P(0) = P( 33

8 )⊕ P( 21
8 )

W( 1
8 )⊗ P(0) = P( 1

8 )⊕ P( 5
8 )⊕ 2W(−1

24 )⊕ 2W( 35
24 )

W( 21
8 )⊗ P(0) = P( 33

8 )⊕ P( 21
8 )⊕ 2W(−1

24 )⊕ 2W( 35
24 )

W(−1
24 )⊗ P(0) = 2P( 1

8 )⊕ 2P( 21
8 )⊕ 2W(−1

24 )⊕ 2W( 35
24 )

W( 35
24 )⊗ P(0) = 2P( 1

8 )⊕ 2P( 21
8 )⊕ 2W(−1

24 )⊕ 2W( 35
24 )

R(2)(2; 7)⊗ P(0) = P(1)⊕ P(2)

R(2)(7; 2)⊗ P(0) = P(5)⊕ P(7)

R(2)(1; 5)⊗ P(0) = 2P( 10
3 )⊕ 2P( 1

3 )⊕ P(1)⊕ P(2)

R(2)(5; 1)⊗ P(0) = 2P( 10
3 )⊕ 2P( 1

3 )⊕ P(5)⊕ P(7)

R(2)(2; 5)⊗ P(0) = 2P( 10
3 )⊕ P(1)⊕ P(2)

R(2)(5; 2)⊗ P(0) = 2P( 10
3 )⊕ P(5)⊕ P(7)

R(2)(1; 7)⊗ P(0) = 2P( 1
3 )⊕ P(1)⊕ P(2)

R(2)(7; 1)⊗ P(0) = 2P( 1
3 )⊕ P(5)⊕ P(7)

P( 1
3 )⊗ P(0) = 2P( 10

3 )⊕ 2P( 1
3 )⊕ 2P(1)⊕ 2P(5)

P( 10
3 )⊗ P(0) = 2P( 10

3 )⊕ 2P( 1
3 )⊕ 2P(1)⊕ 2P(5)

P( 5
8 )⊗ P(0) = 2P( 1

8 )⊕ 2P( 33
8 )⊕ 2P( 21

8 )⊕ 2P( 5
8 )⊕ 4W(−1

24 )⊕ 4W( 35
24 )

P( 21
8 )⊗ P(0) = 2P( 1

8 )⊕ 2P( 33
8 )⊕ 2P( 21

8 )⊕ 2P( 5
8 )⊕ 4W(−1

24 )⊕ 4W( 35
24 )

P( 1
8 )⊗ P(0) = 2P( 1

8 )⊕ 2P( 33
8 )⊕ 2P( 21

8 )⊕ 2P( 5
8 )⊕ 4W(−1

24 )⊕ 4W( 35
24 )

P( 33
8 )⊗ P(0) = 2P( 1

8 )⊕ 2P( 33
8 )⊕ 2P( 21

8 )⊕ 2P( 5
8 )⊕ 4W(−1

24 )⊕ 4W( 35
24 )

P(1)⊗ P(0) = 4P( 10
3 )⊕ 4P( 1

3 )⊕ 2P(1)⊕ 2P(2)⊕ 2P(5)⊕ 2P(7)

P(2)⊗ P(0) = 4P( 10
3 )⊕ 4P( 1

3 )⊕ 2P(1)⊕ 2P(2)⊕ 2P(5)⊕ 2P(7)

P(5)⊗ P(0) = 4P( 10
3 )⊕ 4P( 1

3 )⊕ 2P(1)⊕ 2P(2)⊕ 2P(5)⊕ 2P(7)

P(7)⊗ P(0) = 4P( 10
3 )⊕ 4P( 1

3 )⊕ 2P(1)⊕ 2P(2)⊕ 2P(5)⊕ 2P(7)

W ⊗P(0) = P(0)

Q⊗P(0) = P(0)⊕ P( 1
3 )

This analysis also leads to a consistency check of the assumption that W(0) has a
projective cover. We have arrived at the above list without making use of associ-
ativity of the fusion rules. However, it turns out that (C.2.5) and (C.2.13) extend
the fusion rules in [22, App. A.4] in an associative manner.
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P(0) cannot have a dual

Unfortunately, the fusion rules of P(0) with itself cannot be determined by this ap-
proach. Indeed, as we shall show in the following, P(0)⊗P(0) cannot be isomorphic
to a direct sum of projectives. Because of Lemma C.2.1 this therefore implies that
P(0) does not have a dual.

Suppose that P(0)⊗P(0) ∼=
⊕

h nhP(h), where the sum runs over the 13 values
that h takes for the irreducible representations W(h) according to (2.1.4). Then

n0 =
〈
P(0)⊗ P(0),W(0)

〉
=
〈
P(0)⊗ P(0)⊗W(0),W∗

〉
= 1 , (C.2.14)

by (C.2.2) and (C.2.5), and similarly, using also (C.2.13),〈
P(0)⊗ P(0),R(2)(2; 7)

〉
=
〈
P(0)⊗ P(0)⊗R(2)(2; 7),W∗

〉
=
〈
4P(1)⊕ 4P(2)⊕ 4P(5)⊕ 4P(7)⊕ 8P( 1

3 )⊕ 8P( 1
3 ),W∗

〉
= 4 .

(C.2.15)

On the other hand, 〈
P(0)⊗ P(0),R(2)(2; 7)

〉
= 2n2 + 2n7 + 1 , (C.2.16)

which is always odd. Thus P(0) ⊗ P(0) cannot be isomorphic to a direct sum of
projectives.

Composition series

For any representation R we have

〈P(h), R〉 = 〈P(h), R∗〉 (C.2.17)

since R and R∗ have the same composition factors. Thus it follows that

〈P(h),P(0)〉 = 〈P(h),P(0)∗〉 = 〈P(0),P(h)∗〉 = 〈P(0),P(h)〉 . (C.2.18)

We deduce that the composition series of P(0) only containsW(h) with h ∈ {0, 1, 2, 5, 7}
and for h ∈ {1, 2, 5, 7}, the multiplicity is 2.

Now consider the composition series of P(h) for h = 1, 2 as given in Appendix C.1.
Let us denote by Nh the representation generated by W(0) at level 1 in P(h); for
the two cases h = 1, 2, it has the composition series

N2 :W(0)→ aW(1)⊕ bW(2)→W(0)⊕ 2W(5)⊕ 2W(7)→W(2)

N1 :W(0)→ cW(1)⊕ dW(2)→W(0)⊕ 2W(5)⊕ 2W(7)→W(1) (C.2.19)

for some a, b, c, d ∈ Z≥0. Independent of a, b, c, d, N1 and N2 have W(1) and W(2)
at level 3. Thus P(0) can at most have one copy of W(1) and W(2) at level 1. Thus
a = b = c = d = 1 (as they have to be at least 1). But thenW(0) in N2 gets mapped
to a linear combination of two of the W(1) at level 2 in P(2). Since each generates
a different set of W(5) and W(7) at level 3, these have to appear with multiplicity
2. This fixes the composition series of P(0) up to the appearances of W(0). Since
W(0) does not allow non-trivial extensions by itself, the most general ansatz is

W(0)→W(1)⊕W(2)→ mW(0)⊕ 2W(5)⊕ 2W(7)→W(1)⊕W(2)→ nW(0)
(C.2.20)
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for some m ≥ 1 and n ≥ 0. In order to have maps P(0)→ Nh with h = 1, 2 we need
m = 1. Since R(2)(2; 7) is self-dual, we have〈
R(2)(2; 7),P(0)

〉
=
〈
W,P(0)⊗R(2)(2; 7)

〉
=
〈
W,P(1)⊕ P(2)

〉
= 1 . (C.2.21)

Hence W(2) at level 3 of P(0) can be joined to at most one W(0). Repeating the
argument withR(2)(1; 7) gives the same result forW(1) at level 3. Thus n ∈ {0, 1, 2}.
But n = 2 is inconsistent with n+m+ 1 = 〈P(0),P(0)〉 = 〈P(0)∗,P(0)∗〉 = 3 (the
identity, and mapping each of the top W(0) to the bottom W(0)). The remaining
two possibilities for the composition series of P(0) are therefore

(a): W(0)→W(1)⊕W(2)→W(0)⊕ 2W(5)⊕ 2W(7)→W(1)⊕W(2)

(b): W(0)→W(1)⊕W(2)→W(0)⊕ 2W(5)⊕ 2W(7)→W(1)⊕W(2)→W(0) .

Very recently, in [100] Zhu’s algebra was determined for the W2,3-model. It was
found (see Proposition 5.1) that Zhu’s algebra possesses a representation for which
L0 has a Jordan block of rank three at h = 0. Because of Zhu’s theorem [33] this
implies thatW2,3 has a highest weight representation with the same property. Since
the projective covers have surjections to all highest weight representations, P(0)
must then have a Jordan block of at least this size. As a consequence, we deduce
that the composition series (b) is correct, while (a) does not satisfy this condition.

We should mention in passing that the other findings of [100] also fit perfectly
with our conjectured embedding diagrams for the other projective covers P(h). In
particular, according to [100] there are rank 2 Jordan blocks for h = 1, 2, 1

8 ,
5
8 ,

1
3 ,

while for the remaining values of h (namely h = 5, 7, 33
8 ,

21
8 ,

10
3 as well as h = −1

24 ,
35
24 )

there are no Jordan blocks. On the face of it this seems to disagree with our proposed
structure for say P(1), since one would guess that the top ‘1’ should be part of a
Jordan block of rank 3. However, one has to recall that for the analysis of Zhu’s
algebra, only the proper highest weight states contribute, i.e. those states that are
annihilated by all positive modes, see for example [115] for a physicist’s explanation
of this. Given our embedding diagram of P(1), it is clear that the top ‘1’ of P(1) is
not highest weight since there is an arrow to the ‘0’ at level 1. On the other hand,
of the two ‘1’s at level 2, there will be one linear combination that will not map
to the ‘0’ at level 3, and that is thus highest weight. It follows that on the level
of highest weight states P(1) only involves a Jordan block of rank 2 for h = 1, in
perfect agreement with the analysis of [100]. The other cases work similarly.
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Appendix D

Technical Lemmas and Proofs

D.1 Homomorphisms

Using the relation
Hom(U, V ) ∼= Hom(U ⊗ V ∗,W∗) (D.1.1)

one can determine the dimension of Hom(U, V ) from Hom(−,W∗). One finds that

dim Hom(U,W∗) =


1 : U ∈

{
W(0), W, W∗, Q,
R(2)(2; 5), R(2)(2; 7), R(3)(2)

}
0 : for all other indecomposables.

(D.1.2)

For example dim Hom(U,W(0)) = 1 for U ∈ {W(0),W,Q} and dim Hom(U,W(0)) =
0 for all other representations in (2.1.4) and (2.1.5).

As an application, let us show that if W(0) has a projective cover at all, it is not
one of the representations listed in (2.1.4) and (2.1.5). Recall that a representation
P is projective if, given an intertwiner f : P → V , for any surjective π : U → V we
can find a (typically non-unique) intertwiner g : P → U such that f = π ◦ g. We
can now check that none of W(0), W, Q are projective. To see this note that

dim Hom(W(0),W) = 0 , dim Hom(Q,W) = 0 , dim Hom(W,Q) = 0 . (D.1.3)

If Q were projective, then for the non-zero morphism f : Q → W(0) and the
surjection π : W → W(0) we would have to find a g : Q → W such that f = π ◦ g.
But there is no non-zero intertwiner g : Q →W, so this is not possible. Replacing Q
by W(0) shows that W(0) is not projective. For W one can consider f :W →W(0)
and π : Q →W(0).

D.2 Associativity for Composition of Internal Homs

Lemma D.2.1. For g : B → [U, V ] we have g = φ
(U,V )
B

(
evU,V ◦ (g ⊗ idU )

)
.

Proof. This is a consequence of applying (2.3.10) for X = [U, V ], Y = B and t =
evU,V .

Lemma D.2.2. evV,W ◦ (id[V,W ]⊗ evU,V ) ◦α −1
[V,W ],[U,V ],U = evU,W ◦ (mW,V,U ⊗ idU ).
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Proof. First apply φ
(U,W )
[V,W ]⊗[U,V ] to both sides. The next step is to show that the

resulting morphisms are equal. By definition in (2.3.12), the left hand side is equal
to mW,V,U . On the right hand side one uses Lemma D.2.1 with g = mW,V,U .

Lemma D.2.3. evU,U ◦ (ηU ⊗ idU ) = λU .

Proof. From Lemma D.2.1 with g = ηU we get ηU = φ
(U,U)
1

(
evU,U ◦ (ηU ⊗ idU ). By

definition, ηU = φ
(U,U)
1 (λU ), and the statement follows.

Proof of Theorem 2.3.2:

Associativity: Let g be the left hand side of the associativity equation, and g′ the
right hand side. By Lemma D.2.1 it is enough to show that evA,D ◦ (g ⊗ idA) =
evA,D ◦ (g′ ⊗ idA). For the two sides one finds (omitting the indices (exercise: add
the indices) and using Lemma D.2.2)

ev ◦ (g ⊗ id) = ev ◦ (m⊗ id) ◦ ((id⊗m)⊗ id) = ev ◦ (id⊗ ev) ◦ α−1 ◦ ((id⊗m)⊗ id)

= ev ◦
[
id⊗

(
ev ◦ (m⊗ id)

)]
◦ α−1 = ev ◦

[
id⊗

(
ev ◦ (id⊗ ev) ◦ α−1

)]
◦ α−1

= ev ◦ (id⊗ ev) ◦ (id⊗ (id⊗ ev)) ◦ (id⊗ α−1) ◦ α−1

(D.2.1)
and

ev ◦ (g′ ⊗ id) = ev ◦ (m⊗ id) ◦ ((m⊗ id)⊗ id) ◦ (α⊗ id)

= ev ◦ (id⊗ ev) ◦ α−1 ◦ ((m⊗ id)⊗ id) ◦ (α⊗ id)

= ev ◦ (m⊗ id) ◦ (id⊗ ev) ◦ α−1 ◦ (α⊗ id)

= ev ◦ (id⊗ ev) ◦ (id⊗ (id⊗ ev)) ◦ α−1 ◦ α−1 ◦ (α⊗ id) .

(D.2.2)

The two expressions are equal if (putting the indices back)

(id[C,D] ⊗ α−1
[B,C],[A,B],A) ◦ α−1

[C,D],[B,C]⊗[A,B],A

= α−1
[C,D],[B,C],[A,B]⊗A ◦ α

−1
[C,D]⊗[B,C],[A,B],A ◦ (α[C,D],[B,C],[A,B] ⊗ idA) .

(D.2.3)

This equality holds because any two ways of re-bracketing are related by the associ-
ator in a tensor category. Concretely, it follows from the pentagon equation satisfied
by the associator,

αT⊗U,V,W ◦ αT,U,V⊗W = (αT,U,V ⊗ idW ) ◦ αT,U⊗V,W ◦ (idT ⊗ αU,V,W ) . (D.2.4)

Unit: For the first of the two unit conditions set g = mB,B,A ◦ (ηB ⊗ id[A,B]) and
g′ = λ[A,B]. By Lemma D.2.1 it is enough to show that ev ◦ (g⊗ id) = ev ◦ (g′⊗ id).
Using also Lemma D.2.3 we get

ev ◦ (g ⊗ id) = ev ◦ (m⊗ id) ◦ ((η ⊗ id)⊗ id) = ev ◦ (id⊗ ev) ◦ α−1 ◦ ((η ⊗ id)⊗ id)

= ev ◦ (η ⊗ id) ◦ (id⊗ ev) ◦ α−1 = λ ◦ (id⊗ ev) ◦ α−1 = ev ◦ λ ◦ α−1 .

(D.2.5)
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This is equal to ev ◦ (g′⊗ id) if λ[A,B]⊗A ◦α−1
1,[A,B],A = λ[A,B]⊗ idA. The last identity

follows from the axioms of a tensor category, see [90, Prop. 1.1]. For the second unit
condition set g = mB,B,A ◦ (id[A,B] ⊗ ηA) and g′ = ρ[A,B]. We get

ev ◦ (g ⊗ id) = ev ◦ (m⊗ id) ◦ ((id⊗ η)⊗ id) = ev ◦ (id⊗ λ) ◦ α−1 . (D.2.6)

For this to be equal to ev ◦ (g′⊗ id) we need (id[A,B]⊗λA)◦α−1
[A,B],1,A = ρ[A,B]⊗ idA,

which is an instance of the triangle condition,

idU ⊗ λV = (ρU ⊗ idV ) ◦ αU,1,V . (D.2.7)

D.3 Proof of Theorems 2.3.9 and 2.3.10

Lemma D.3.1. Let C be a tensor category satisfying condition C. If U ∈ Cb then
so is U∗.

Proof. The duality morphisms for U∗ are constructed from δU and the duality
morphisms of U as

bU∗ = 1
b̃U−−→ U∗ ⊗ U idU∗⊗δU−−−−−−→ U∗ ⊗ U∗∗ , (D.3.1)

dU∗ = U∗∗ ⊗ U∗
δ−1
U ⊗idU∗−−−−−−→ U ⊗ U∗ d̃U−−→ 1 ,

b̃U∗ = 1
bU−−→ U ⊗ U∗ δU⊗idU∗−−−−−−→ U∗∗ ⊗ U∗ ,

d̃U∗ = U∗ ⊗ U∗∗
idU∗⊗δ−1

U−−−−−−→ U∗ ⊗ U dU−−→ 1 .

The check that these satisfy the duality properties is a straightforward calculation
using the duality properties of bU , dU , b̃U , d̃U . It is also clear that bU∗ , b̃U∗ are
injective because they are the composition of an injective map and a bijection.

Lemma D.3.2. Let C be a tensor category.

(i) Let U ∈ C have a right dual. Then bU : 1 → U ⊗ U∨ is injective if and only if
the map f 7→ f ⊗ idU : Hom(X,1)→ (X ⊗ U,1⊗ U) is injective for all X ∈ C.

(ii) Let U ∈ C have a left dual. Then b̃U : 1→ ∨U ⊗U is injective if and only if the
map f 7→ idU ⊗ f : Hom(X,1)→ (U ⊗X,U ⊗ 1) is injective for all X ∈ C.

Proof. The proof is straightforward. For example, for (i) one shows with the help of
the duality morphisms that bU ◦ f = bU ◦ g is equivalent to f ⊗ idU = g ⊗ idU .

Lemma D.3.3. Let C be a tensor category satisfying condition C. If U, V ∈ Cb then
so is U ⊗ V .

Proof. The duality morphisms for U⊗V are constructed as in the proof of Lemma 2.3.7,
together with the observation (2.3.19) that for U, V ∈ Cb we have (U ⊗ V )∗ ∼=
V ∗ ⊗ U∗. It remains to check that bU⊗V and b̃U⊗V are injective. This follows from
Lemma D.3.2; let us go through the argument for bU⊗V : 1→ (U ⊗ V )⊗ (U ⊗ V )∗.
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This morphism is injective if and only if the map f 7→ f ⊗ idU⊗V is injective. But
by assumption bU and bV are injective so that, again by Lemma D.3.2,

f ⊗ idU⊗V = 0 ⇒ (f ⊗ idU )⊗ idV = 0 ⇒ f ⊗ idU = 0 ⇒ f = 0 . (D.3.2)

Thus bU⊗V is injective.

Proof of Theorem 2.3.9. Part (i) amounts to Lemma D.3.1 and part (ii) to Lemma
D.3.3.

As in (2.3.9) we call a morphism p : U ⊗V → 1∗ non-degenerate if π−1
U,V (p) : U →

V ∗ is an isomorphism.

Lemma D.3.4. Let C be an abelian tensor category satisfying condition C. For a
morphism p : U ⊗ V → 1∗ the following are equivalent:

(i) p is non-degenerate.

(ii) For all X,Y ∈ C and all f : X → U , g : Y → V we have that p ◦ (f ⊗ idV ) = 0
implies f = 0 and p ◦ (idU ⊗ g) = 0 implies g = 0.

Proof. Let f and g be as in part (ii). Since πU,V is natural in U and V , so is π−1
U,V .

This in turn means that π−1
X,V (p ◦ (f ⊗ idV )) = π−1

U,V (p) ◦ f and π−1
U,Y (p ◦ (idU ⊗ g)) =

g∗ ◦ π−1
U,V (p).

(i)⇒(ii): Suppose p ◦ (f ⊗ idV ) = 0. Then 0 = π−1
X,V (p ◦ (f ⊗ idV )) = π−1

U,V (p) ◦ f .

Since π−1
U,V (p) is an isomorphism, this implies f = 0. That p ◦ (idU ⊗ g) = 0 implies

g = 0 follows in the same way.

(ii)⇒(i): Suppose π−1
U,V (p) ◦ f = 0. Then π−1

X,V (p ◦ (f ⊗ idV )) = 0 and consequently

p ◦ (f ⊗ idV ) = 0. By assumption this implies f = 0. Thus π−1
U,V (p) is injective.

Similarly, g∗ ◦π−1
U,V (p) = 0 implies g = 0 (and so g∗ = 0). Thus π−1

U,V (p) is surjective.

Since C is abelian this implies that π−1
U,V (p) is an isomorphism.

Proof of Theorem 2.3.10. Part (i) follows from Lemmas D.3.1 and D.3.3 because
they show that if A,B ∈ Cb, so is B ⊗ A∗, and objects in Cb are necessarily non-
zero (otherwise the duality morphism bB⊗A∗ cannot be injective). Part (ii) holds
by definition of Cb because by (2.3.18) the unit morphism is just ηA = bA. Part
(iii) can be proved as follows. By (2.3.18) and (2.3.20) we can write εA ◦mA,B,A =
πA,A∗(δA) ◦ (idA ⊗ dB ⊗ idA∗) =: p. We will show that p satisfies condition (ii) of
Lemma D.3.4. Let f : X → A⊗B∗ and suppose that p ◦ (f ⊗ idB⊗A∗) = 0. We can
write

0 = p ◦ (f ⊗ idB⊗A∗) = εA ◦ (f̃ ⊗ idA∗) with f̃ = (idA ⊗ dB) ◦ (f ⊗ idB) . (D.3.3)

By definition π−1
A,A∗(εA) = δA, so that εA is non-degenerate. By Lemma D.3.4 the

above equation implies f̃ = 0. Applying the duality morphism bB to remove dB
shows that then also f = 0. The argument that p ◦ (idA⊗B∗ ⊗ g) = 0 implies g = 0
is similar. Thus p is non-degenerate.
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D.4 The Kernel of bU and b̃U

The following lemma provides a method to deduce the kernel of bU and b̃U from the
action of the tensor product on objects.

Lemma D.4.1. Let C be an abelian tensor category and suppose that U has a right
and a left dual. Let K be the kernel of bU and K̃ the kernel of b̃U .
(i) K ⊗ U = 0 and U∨ ⊗K = 0.
(ii) If S is a subobject of 1 such that S⊗U = 0 or U∨⊗S = 0 then S is a subobject
of K.
(iii) K̃ ⊗ ∨U = 0 and U ⊗ K̃ = 0.
(iv) If S̃ is a subobject of 1 such that S̃⊗∨U = 0 or U ⊗ S̃ = 0 then S̃ is a subobject
of K̃.

Proof. Let us prove (i) and (ii) in detail, parts (iii) and (iv) work similarly. We will
not write out unit isomorphisms and associators.

(i) Let k : K → 1 be the embedding of the kernel. As in the proof of Lemma D.3.2,
applying the duality morphisms to bU ◦ k = 0 gives k ⊗ idU = 0. From this we
conclude

0 =
(
K ⊗U ⊗ ∨U k⊗idU⊗id∨U−−−−−−−−→ U ⊗ ∨U d̃U−−→ 1

)
=
(
K ⊗U ⊗ ∨U idK⊗d̃U−−−−−→ K

k−→ 1
)
.

(D.4.1)
Since k is injective it follows that idK ⊗ d̃U = 0. Using the left duality morphisms,
this in turn implies idK⊗U = 0, i.e. K ⊗ U = 0. That U∨ ⊗ K = 0 can be seen
similarly.

(ii) Let s : S → 1 be the subobject embedding. If S ⊗ U = 0 then also s⊗ idU = 0.
Again as in the proof of Lemma D.3.2, this implies bU ◦ s = 0. Thus s : S → 1 will
factor through K via an injective morphism. The argument starting from U∨⊗S = 0
is similar.

Note that the statement of the lemma cannot be split into two independent
statements about right and left duals, because the proof of (i), which is a statement
about the right dual, did require the left dual, and vice versa for part (iii). The
lemma tells us that if U has a right and a left dual, then the kernel of bU is the
maximal subobject S of 1 for which S⊗U = 0, and the kernel of b̃U is the maximal
subobject S̃ of 1 for which U ⊗ S̃ = 0.

Let us now turn again to the W2,3 model. As already mentioned a number of
times, we believe that the representations listed in (2.1.4) and (2.1.5) which are not
in grey boxes have the property that U∗ is a right and left dual of U . To check
which of these are in Rep(W2,3)b it remains to select those U for which bU and

b̃U are injective. We will do that with the help of Lemma D.4.1. The only non-
trivial subobject of W is W(2). From the fusion rules in Appendix B.1 we see that
W(2) ⊗R ∼= R 6= 0 for all representations in (2.1.4) and (2.1.5) not in grey boxes.
Therefore, W(2) cannot be in the kernel of bR or b̃R for any of these R, and so the
kernels of bR and b̃R are trivial.
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