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The Chapters 1, 2, 4, and 5 were published, apart from minor

modifications, in

Progr. Colloid Polym. Sei. 110, 66 (1998);
Langmuir 14, 1951 (1998);
J. Chem. Phys. Ill, 382 (1999);
J. Phys. Chem. B 103, 2918 (1999).
Chapter 6 has been accepted for publication in Phys. Rev. E.

A manuscript based on chapter 3 has been submitted to Lang¬

muir for publication.

A modified version of the introduction will be published as an

invited review chapter in

Reactions and Synthesis in Surfactant Systems (J. Texter, Ed.,

Marcel Dekker, New York).
The publication of results reported in chapter 7 is planned.



Summary

The main goal of the present thesis is to elucidate the mecha¬

nisms responsible for the aggregation of charged colloidal par¬

ticles in aqueous solutions. In particular, the reported study

attempts to unravel the serious deficiencies of the existing ag¬

gregation theory, which have so far impeded any quantitative

prediction of colloidal stability.

The pursued strategy is twofold: A major part of the in¬

vestigation has been devoted to the accurate measurement of

aggregation rate constants by recently developed light scatter¬

ing techniques. The experiments were performed on a selection

of different "model systems" with well-defined morphological
and physico-chemical properties, as required for an immediate

theoretical interpretation. A thorough experimental charac¬

terization of the studied colloidal particles was carried out by

scanning and transmission electron microscopy, Potentiomet¬
rie acid-base titrations, and electrophoretic mobility measure¬

ments. The obtained information was used to model consis¬

tently for each type of particle the charging behavior, the re¬

sulting particle interaction, and the aggregation kinetics that

follow from this interaction. Predictions of colloidal stability as

a function of electrolyte concentration and pH (particle charge)
were judged by comparison to the corresponding results from

the light scattering experiments.

A second part of the thesis deals in depth with selected
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aspects of the theoretical description. A number of sugges¬

tions are made concerning an implementation of the approved

general concepts that also accounts for commonly neglected

material-specific properties.

The most important finding is a strong experimental evi¬

dence that, contrary to the so far prevailing opinion, colloidal

stability can be predicted quantitatively by classical aggrega¬

tion theory. This predictive power seems restricted, however,
to systems in which the particle charge is exceedingly small and

can therefore be efficiently screened by monovalent electrolyte
ions in a concentration up to 10 mM. At higher ionic strength,
well-known discrepancies between theory and experiments are

recovered; they can be related to the short inter-particle dis¬

tances (of less than 2 nm) that determine the aggregation be¬

havior under these conditions.

Experimental results on sulfate latex particles of different

surface charge density are presented in chapter 1; the stability
of carboxyl latex dispersions, measured as a function of pH, are

discussed in chapter 2. Chapter 3 represents the central part

the present thesis. An extensive set of experimental data on

both the charging properties and the colloidal stability of two

species of carboxyl latex particles with different size is com¬

pared to theoretical predictions.

Whenever the charge of colloidal surfaces is due to the dis¬

sociation of weakly acidic or basic headgroups (like in the case

of carboxyl latex and most natural colloids), then both the

charge and the electrostatic potential of two interacting sur¬

faces depend on the surface separation. The consequences of

this "charge regulation" for the interaction force are discussed

in chapter 4. A theoretical description is proposed which gen¬

eralizes an existing treatment for low surface potentials to the
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(non-linear) case of arbitrary potentials. Chapter 5 discusses

the effect of charge regulation on a variety of measurable prop¬

erties for different classes of colloidal materials and points out

how the regulation properties can be estimated from titration

experiments. An exact method to evaluate the electrostatic

interaction in the important case of dissimilar surfaces is de¬

veloped in chapter 6. Chapter 7 considers the potential influ¬

ence of a secondary minimum in the pair interaction energy on

aggregation kinetics. The explicit consideration of secondary

aggregates in the analysis of aggregation data proves necessary

for the case of large primary particles; the conclusion drawn

from the measurements reported in this thesis are, however,
unaffected by such corrections of the analysis.
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Zusammenfassung

Das Hauptanliegen der vorliegenden Arbeit ist die Aufklärung
der Mechanismen, die bei der Aggregation geladener kolloida¬

ler Teilchen in wässrigen Lösungen wirken. Insbesondere wird

in dieser Studie versucht, bessere Einsicht in diejenigen Mängel
der bestehenden Aggregationstheorie zu gewinnen, die bislang

jede quantitative Vorhersage kolloidaler Stabilität verhinder¬

ten.

Dabei wird zweigleisig verfahren: Ein wesentlicher Teil der

Untersuchung ist der genauen Messung von Aggregationsraten
anhand erst kürzlich entwickelter Lichtstreutechniken gewid¬
met worden. Durchgeführt wurden die Experimente an einer

Reihe verschiedener "Modellsysteme" mit wohldefinierten mor¬

phologischen und physico-chemischen Eigenschaften, wie sie im

Sinne einer unmittelbaren theoretischen Deutung erforderlich

sind. Eine sorgfältige experimentelle Charakterisierung der un¬

tersuchten Kolloidteilchen benutzte Raster- und Tunnelelek¬

tronenmikroskopie, potentiometrische Säure-Base-Titrationen

und elekrophoretische Mobilitätsmessungen. Die daraus er¬

haltene Information wurde benutzt, um für jede Teilchensorte

zu einer konsistenten Modellierung des Ladungsverhaltens, der

daraus resultierenden Wechselwirkung zwischen den Teilchen,
und der von dieser Wechselwirkung bestimmten Aggregations¬
kinetik zu gelangen. Vorhersagen für die Kolloidstabilität als

Funktion der Elektrolytkonzentration und des pH (der Teil-



10 ZUSAMMENFASSUNG

chenladung) wurden anhand des Ergebnisses der entsprechen¬

den Lichtstreuexperimente beurteilt.

Ein zweiter Teil der Arbeit beschäftigt sich eingehender mit

ausgewählten Teilaspekten der theoretischen Beschreibung. Es

werden eine Reihe von Vorschlägen für eine Umsetzung der be¬

währten allgemeinen Konzepte gemacht, die auch üblicherweise

vernachlässigten material-spezifischen Eigenschaften Rechnung

trägt.

Das unzweifelhaft wichtigste Ergebnis dieser Arbeit ist der

experimentelle Nachweis, daß die Stabilität kolloidaler Suspen¬

sionen von der klassischen Aggregationstheorie entgegen dem

bislang vorherrschenden Eindruck auch quantitativ richtig vor¬

hergesagt werden kann. Diese Vorhersagekraft scheint sich

allerdings auf solche Systeme zu beschränken, in denen die Teil¬

chenladung außerordentlich klein ist, und daher von den Ionen

der Elektrolytlösung schon in einer Konzentration von bis zu

10 mM deutlich abgeschirmt werden kann. Bei höheren Ionen¬

stärken treten die altbekannten Diskrepanzen zwischen Theo¬

rie und Experiment auf; sie können auf die kurzen Teilchen¬

abstände (von weniger als 2 nm) zurückgeführt werden, die

unter diesen Umständen für das Aggregationsverhalten aus¬

schlaggebend sind.

Experimentelle Ergebnisse für Sulfat-Latex-Teilchen ver¬

schiedener Oberflächenladungsdichten werden in Kapitel 1 vor¬

gestellt; Messungen der pH-abhängigen Stabilität von Carb-

oxyl-Latex-Suspensionen werden in Kapitel 2 diskutiert. Kapi¬
tel 3 stellt den Kern der vorliegenden Arbeit dar. Ein um¬

fangreicher Satz experimenteller Daten, sowohl über das La¬

dungsverhalten, als auch über die kolloidale Stabilität zweier

Sorten ungleich großer Carboxyl-Latex-Teilchen wird theoreti¬

schen Vorhersagen gegenübergestellt.
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Wann immer die Ladung kolloidaler Oberflächen auf der Dis¬

soziation schwach saurer oder basischer Gruppen beruht (wie
im Fall des Carboxyl-Latex und der meisten natürlichen Kollo¬

ide), dann hängen sowohl die Ladung, als auch das elektrosta¬

tische Potential zweier wechselwirkender Oberflächen von deren

Abstand ab. Die Konsequenzen solcher "Ladungsregulierung"
für die Wechselwirkungskraft werden in Kapitel 4 diskutiert.

Es wird eine theoretische Beschreibung vorgeschlagen, die eine

bestehende Behandlungsweise für niedrige Oberflächenpoten¬

tiale auf den (nicht-linearen) Fall beliebiger Potentiale verall¬

gemeinert. Kapitel 5 diskutiert für verschiedene Klassen kol¬

loidaler Materialien die Auswirkungen der Ladungsregulierung
auf eine Reihe meßbarer Eigenschaften und zeigt auf, wie

das Regulierungsverhalten anhand von Titrationsexperimenten

eingeschätzt werden kann. Eine exakte Methode zur Berech¬

nung der elektrostatischen Wechselwirkung im wichtigen Fall

ungleicher Oberflächen wird in Kapitel 6 entwickelt. Kapitel 7

befaßt sich mit dem möglichen Einfluß eines sekundären Mini¬

mums in der Paarwechselwirkungsenergie auf die Aggregations¬
kinetik. Die explizite Berücksichtigung sekundärer Aggregate
in der Analyse von Aggregationsdaten erweist sich als unab-

dinglich im Falle großer Primärteilchen; die Schlußfolgerungen,
die zuvor aus den in dieser Arbeit vorgestellten Messungen

gezogenen wurden, bleiben von solchen Korrekturen der Ana¬

lyse jedoch unberührt.
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Introduction: Stabilization of

Aqueous Colloidal Dispersions

Electrostatic and Steric Forces

The formulation of stable colloidal dispersions in water repre¬

sents a central theme in applied colloid chemistry, and a topic

of great relevance to numerous industrial applications. Among
the most important ones are food processing, the design of

paints or printer inks, or the development of new materials,

pharmaceuticals, and cosmetic products. In all these processes

it is essential to design stable particle dispersions or emulsions,

which is typically achieved by adding suitable polymeric or sur¬

face active stabilizers and by adjusting the salinity and solu¬

tion pH. While substantial empirical know-how concerning the

choice of appropriate stabilizing agents is available, the funda¬

mentals of such stabilization mechanisms are still rather poorly

understood, in particular, in the presence of polymers and sur¬

factants.

Stable colloidal dispersions are also widespread in biological

systems and in abiotic aqueous environments, such as surface

waters or groundwater. Biological membranes play a central

role in determining the stability in biological systems. The

polysaccharides, lipides and proteins, which control the surface

properties of these membranes, also affect the interactions be¬

tween such membranes through electrostatic and steric forces.



14 INTRODUCTION

In natural aqueous environments the dispersed colloidal par¬

ticles are mostly clay minerals or iron oxides, and they may

act as carriers for various environmentally relevant substances.

Fulvic and humic acids, which are naturally occurring anionic

polyelectrolytes, play an important role as surface-active and

stabilizing agents in these systems.

In the absence of stabilizers, aqueous particle dispersions are

inherently unstable because of the formation of aggregates. The

strong tendency to form aggregates is caused by attractive van

der Waals forces, which basically always act at short separation

distances between solid particles in water. Even for submicrom-

eter particles, the primary van der Waals minimum is usually
much deeper than the thermal energy fc^T, and therefore two

particles which collide as a mere result of their Brownian mo¬

tion will stick to each other. The corresponding rate of cluster

formation was already calculated by von Smoluchowski around

the turn of the century [1]. More elaborate treatments take

into account the hydrodynamic resistance and the finite range

of the van der Waals attraction. The combined effect of these

forces, however, just leads to rather unimportant corrections of

the numerical value of the aggregation rate constant. The con¬

clusion remains that dispersed colloidal particles will inevitably

aggregate (on a timescale of seconds), unless some stabilizing
mechanism comes into play.

Much can be learnt about colloidal stability by studying the

rate of dimer formation in an initially stable dispersion. De¬

pending on the nature of the stabilizing forces, aggregation may
be triggered by an increase in the ionic strength, changes in the

solution pH, or by addition of suitable flocculants like polymers

or surfactants. A dispersion of charged colloidal particles, for

instance, is usually stable at low salt concentrations, but can

be destabilized by mixing with a salt solution of higher con-
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centration. At a high concentration of salt ions, the particle

charge is screened, and the repulsive electrostatic force is over¬

come by the attractive van der Waals force. Another example

are particles with carboxylic groups on their surface. At high

pH, the carboxylic groups are dissociated and repulsive elec¬

trostatic forces stabilize the dispersion, but lowering the pH

décharges the particles and induces aggregation.

Several features of the aggregation process have been rec¬

ognized as universal [1]. In the early stages of the aggrega¬

tion process, where monomers and dimers dominate, we can

differentiate between the fast aggregation regime and slow ag¬

gregation regime. Alternatively, we refer to regimes of diffu¬

sion limited aggregation (DLA) or reaction limited aggregation

(RLA). These two regimes can be distinguished by the sen¬

sitivity of the aggregation rate constant to variations in the

parameter that controls the aggregation kinetics (e.g., salt con¬

centration, pH, concentration of added polymer or surfactant).
When no dependence of the rate constant on the control pa¬

rameter is observed, we are in the fast aggregation regime. The

rate constant is then typically close to the Smoluchowski rate

for purely diffusional aggregation [1]. Upon further tuning of

the control parameter, one usually enters the slow aggregation

regime, where the rate constant starts to decrease and depends

rather strongly on the control parameter. Between these two

regimes, there is typically a rather sharp transition point, which

is referred to as the critical coagulation concentration.

Colloid stability is commonly discussed in terms of the sta¬

bility ratio W. This ratio is defined as W = &fast/fc, where

k is the actual rate of dimer formation under consideration

and fcfast is the rate in the regime of fast aggregation. In the

fast regime, W ~ 1, whereas in the slow regime W ^$> 1. A

qualitative illustration of a typical stability behavior is given
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function of the control parameter in a doubly logarithmic representation.

in fig. 1, where the two regimes of slow and fast aggregation

are indicated. While the existence of these two regimes is well

understood, quantitative predictions for the slow aggregation

regime often pose substantial problems.

These two regimes are also known to determine the struc¬

ture and growth dynamics of large particle clusters in the late

stages of the aggregation process [1,2]. Fast aggregation leads

to rather tenuous clusters, while during slow aggregation rather

compact clusters are formed. Since our main focus is dispersion

stabilization, we shall consider the early stages of aggregation

only.

Nevertheless, considerable progress was made in the under¬

standing of colloidal stability in the last decade. These de¬

velopments were largely triggered by new experimental tools

and a more detailed knowledge of the actual forces acting be¬

tween colloidal particles. Major advances in the measurement
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of aggregation rates were made via the introduction of various

new light scattering techniques, such as single particle optical

sizing [3,4], simultaneous static and dynamic light scattering

[4, 5], and Raman correlation spectroscopy [6]. On the other

hand, direct measurements of the colloidal interactions have

now become possible with the surface force apparatus [7, 8], the

atomic force microscope (AFM) [9,10], total internal reflection

microscopy [11] and videomicroscopic techniques involving op¬

tical tweezers [12]. Finally, uniform colloidal particles of well-

defined and sometimes finely tunable properties have become

available through new synthetic methods [13,14].
In the following, we shall outline the basic concepts and

discuss some recent progress in our understanding of the sta¬

bilization mechanisms in simple electrolytes and some perti¬

nent effects of added polymers or surfactants. Our discussion

will focus entirely on aqueous dispersions; the stability in non¬

aqueous solvents is discussed elsewhere [15].

Electrostatic Stabilization in Simple Elec¬

trolytes

Approximately fifty years ago, Derjaguin, Landau, Verwey and

Overbeek (DLVO) [16,17] have formulated a theoretical frame¬

work to explain the aggregation behavior of charge-stabilized

dispersions upon addition of salt. In what is known today as

the classical DLVO-theory, the stability of a colloidal dispersion
is predicted from the particle pair interaction energy, which is

expressed as the sum of an attractive van der Waals term and

a repulsive double layer component. Typical profiles of the in¬

teraction energy are represented schematically in fig. 2. At low

ionic strength, particles are stabilized by an electrostatic en-
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Figure 2: Schematic representation of the pair interaction energy accord¬

ing to DLVO-theory. The electrostatic barrier responsible for charge-
stabilization is built up progressively as the particle charge is increased

via pH or as the screening of charge is reduced upon a reduction of the ionic

strength.

ergy barrier Q, which substantially exceeds the thermal energy

kßT. As the ionic strength is increased, the electrostatic repul¬
sive forces are progressively screened, and thereby the height of

the barrier is decreased. When the barrier height becomes com¬

parable to fegT, it does no longer present an obstacle to particle

collisions, and further screening has little influence on the ag¬

gregation rate. The DLVO-theory could not only explain the

existence of the two aggregation regimes, but also predicted
the empirically established Schulze-Hardy rule, according to

which the critical coagulation concentration is proportional to

the sixth power of the valency of the screening ions [1].

Despite this remarkable success, DLVO-theory seemed in¬

capable of rationalizing the aggregation rate constants in the
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Figure 3: Stability ratios for sulfate latex particles of diameter 215 nm

as a function of background sodium Perchlorate concentration [19]. Data

points represent measurements by dynamic light scattering, solid lines are

predictions of classical DLVO-theory without adjustable parameters. The

surface charge of these particles is 20 mC/m2.

slow aggregation regime [1,18]. A rather typical example of

the disagreement between DLVO-theory and aggregation ex¬

periments is shown in fig. 3. Markers correspond to dynamic

light scattering data for a sulfate latex dispersion with mono¬

valent electrolyte, the line represents a DLVO-prediction with¬

out any adjustable parameters [19]. The surface charge was

deduced from electrophoretic mobility measurements, and the

used Hamaker constant of 1.3 x 1CT20J is the best theoreti¬

cal value for polystyrene based on Lifshitz theory [20, 21]. The

theory is seen to overestimate drastically the sensitivity of sta¬

bility to variations in the electrolyte concentration, a behavior

that has been observed by many authors in different systems

[18,22-24].
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Various attempts to extend or modify the theory in a fash¬

ion that would account for the comparatively small slopes of

the experimental stability curves have proven unsatisfactory.

Modification of the boundary conditions for the electrostatic

potential between the particle surfaces, comparison of different

surface complexation models, variation of the Hamaker con¬

stant, and the inclusion of hydrophobic or hydrophilic interac¬

tions all essentially lead to a mere parallel shift of the steep

theoretical stability curves [24].

Some authors have suggested that the observed small slopes

can be rationalized within classical DLVO theory, but unrealis-

tically low surface potentials must be assumed [25, 26]. An in¬

teresting proposition to explain the discrepancies in the slope of

the stability curves is based on the work of Prieve and Lin [27].
These authors have observed that introducing polydispersity
in the surface potentials of the aggregating particles leads to a

reduction of the stability ratio, and to a decrease of the slope

in the stability plot. In a polydisperse mixture, particles of low

charge aggregate preferentially, and thus the overall aggrega¬

tion rate will be determined by the more weakly charged par¬

ticles. Under the assumption of a considerable polydispersity
in the surface potential, reasonably good agreement between

DVLO-theory and experiments was found at last [24]. It was

then conjectured that a large degree of charge heterogeneity in a

monodisperse system should have a similar effect as polydisper¬

sity in the surface potential, because heterogeneously charged

particles can mutually orient themselves upon approach in such

a way that the more weakly charged patches face each other

[24]. Clearly, if the charged patches are sufficiently large, the

patch model will be equivalent to the polydispersity model.

First attempts to evaluate the effect of patch-wise heterogene¬

ity did not quite corroborate this conjecture [28], nor were they
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rigorous enough to prove it wrong, and so the role of charge het¬

erogeneity for stability predictions is still unclear. Nevertheless,

the basic idea that surface heterogeneities will accelerate par¬

ticle aggregation remains suggestive—very similar concepts to

rationalize polyelectrolyte-induced aggregation were proposed

by La Mer and Healy [29] and will be discussed later.

Apart from the difficulty in predicting accurately the de¬

pendence of stability on the electrolyte concentration, DLVO-

theory also claims a strong dependence of stability on the parti¬

cle size which could not be confirmed experimentally [1,18, 24].
These well-known discrepancies between DLVO-theory and ex¬

periments on typical model colloids became even more puzzling,
when direct force measurements essentially confirmed the the¬

ory for the interaction down to surface separations of just few

nanometers [8].

Very recently it has been pointed out that deficiencies of the

DLVO-theory might be related to the position of the energy

barrier, which is, under typical conditions, often predicted to

be located at extremely small separation distances (< 1 nm) by

DLVO-theory [30]. Such small barrier separations result from

the high ionic strength (small screening length) that is typically

required in order to induce aggregation. At such small surface

separations, different short-ranged, non-DLVO forces have been

observed in direct force measurements [8], and these findings

suggest that the simple DLVO-potential is inaccurate at such

minute distances.

This trend is confirmed in fig. 4, which shows measured sta¬

bilities and DLVO-predictions for sulfate latex particles of very

low charge density of 7 mC/m2. Again no parameter adjust¬
ment was made. The agreement is now much better than for

the more strongly charged particles shown in fig. 3. The better

agreement for the more weakly charge particles can be under-
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Figure 4: Colloidal stability of weakly charged sulfate latex of diameter

180 nm in a potassium chloride solution [19]. A surface charge density of

^7 mC/m2 for these particles was inferred from electrophoretic mobility
measurements.

stood from the criterion for the barrier position. The barrier

distance is of the same order of magnitude as the Debye screen¬

ing length. For the more weakly charged system, lower salt

concentrations are sufficient to screen the charge and to induce

aggregation. At lower salt concentration, however, the Debye

screening length is larger, and therefore the barrier separation
is larger in the more weakly charged system. The barrier posi¬
tion is around 1.3 nm for the weakly charged system (cf. fig. 4)
as opposed to ~ 0.7 nm in the more strongly charged system

(cf. fig. 3).

The aggregation behavior of weakly charged particles is more

easily accessible, when the particle surfaces carry weakly acidic

or basic headgroups, because then the surface charge can be

adjusted via the solution pH. Instead of measuring the stabil-
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ity as a function of ionic strength at a chosen pH (charge), it

is then more convenient to fix the ionic strength and assess the

stability as a function of pH. A progressive reduction of the

surface charge at fixed ionic strength reduces the height of the

interaction energy barrier in a similar way as the progressive

screening of a fixed charge by electrolyte ions; hence a sensi¬

tive dependence of stability on pH corresponds to a similarly
sensitive dependence on electrolyte concentration for systems

of fixed charge.

Experimental stabilities of carboxyl latex particles are com¬

pared with predictions of the DLVO-theory in fig. 5. These par¬

ticles are uncharged at low pH, and become progressively nega¬

tively charged as the pH is increased. Their charging behavior,

as observed in Potentiometrie titrations and electrophoresis ex¬

periments, could be described reasonably well by a diffuse layer
model with a dissociation constant of pK 4.9 for the deproto-
nation reaction of the carboxylic surface headgroups. When

these groups are in equilibrium with the electrolyte solution,
the charge and surface potential of the particles do not only

depend on the solution pH, but also on the interparticle dis¬

tance, via the local activity of protons at the surfaces. This

effect is known as charge regulation. The electrostatic compo¬

nent for the theoretical curves in fig. 5 was calculated from the

(non-linear) Poisson-Boltzmann equation for conditions of con¬

stant charge, constant surface potential or charge regulation. A

Hamaker constant of 1.8 10~20 J for the van der Waals attrac¬

tion provided the best fit to the experimental data at fixed ionic

strengths of 2 and 10 rxiM. This value is in reasonable agree¬

ment with the theoretical estimate 1.3 • 10_20J quoted above

[20,21].

While the typical discrepancies between DLVO-theory and

experiment are recovered at high ionic strength and high pH
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Figure 5: Stability ratios as a function of pH for carboxyl latex particles of

diameter 309 nm in a potassium chloride solution at different ionic strengths

[30]. Data points show results from dynamic light scattering experiments
and solid lines represent calculations based on classical DLVO-theory. The

surface density of 0.6 nm-2 and dissociation constant of surface headgroups

pK 4.9 was determined by Potentiometrie titration. A Hamaker constant of

1.8 • 10~20 J for a non-retarded van der Waals component was fitted to the

curves at 2 and 10 mM. The double layer contribution was calculated from

the non-linear Poisson-Boltzmann equation for boundary conditions of con¬

stant charge, constant electrostatic surface potential and charge regulation.

(high surface charge), excellent agreement is found for low ionic

strength and low pH (low surface charge). At ionic strengths
< 10 mM, the energy barrier lies at separation distances of more

than one nanometer. Studies on particles of similar surface

properties but different size indicate that under the favorable

conditions of moderately low ionic strength, the dependence of

stability on the particle size is also predicted correctly [30].

Let us now discuss the stability of oxide particles, which is

controlled by a similar mechanism as the stability of the latex
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122 nm as a function of pH in a sodium nitrate solution at different ionic

strengths [32]. Data points were obtained by dynamic light scattering, er¬

ror bars show standard deviations from 3 — 10 measurements; the lines

represent DLVO-predictions using a Hamaker constant of 6 • 10~20 J for a

non-retarded van der Waals attraction and an expression for the double

layer repulsion based on Debye-Hückel theory for boundary conditions of

constant surface charge density (thin lines) and constant surface potential

(heavy lines). The model further considers non-specific adsorption of elec¬

trolyte ions and a finite Stern capacity.

particles, but one can also observe additional effects. Fig. 6

shows light scattering data and DLVO-predictions for the sta¬

bility of iron oxide (hematite) particles. These particle are

positively charged in acidic and neutral solutions but nega¬

tively charged at high pH. A point of zero charge (PZC) at

pH 9.2 observed in Potentiometrie titrations of these particles
coincides with the isoelectric point found by electrophoresis.

The theoretical curves (lines) were generated by using a 1-pK
model (with a pK identical to the PZC) for the dissociation of
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hydroxyl groups. For consistency with the titration data a non¬

specific binding of electrolyte ions and a finite Stern capacity

also had to be included in the model. The diffuse part of the

double layer was described on the level of Debye-Hückel theory
for conditions of constant charge and constant potential, the

latter being known to provide a good approximation for this

type of material. The calculation further considered a non-

retarded van der Waals attraction with a Hamaker constant of

6-10"20J.

Most strikingly, the experiments show a pronounced asym¬

metry with respect to the PZC that is not recovered by model.

At high pH, where the average surface charge is negative like

in the previous examples (see fig. 5), the DVLO-theory per¬

forms reasonably well, but below the PZC stabilization sets in

much more gradually than predicted. An interesting explana¬
tion of this asymmetry was recently put forward by Hiemstra

et al. [31]. These authors argue that surfaces of hematite par¬

ticles are typically composed of different crystal faces, each of

which has different charging characteristics. In particular, the

001 face does not undergo a charge reversal, but remains almost

neutral at intermediate pH and negatively charged at high pH.
This hypothesis suggests that above the PZC the hematite sur¬

face has a uniform negative charge, while below the PZC the

surface is patch-wise heterogeneous, with positive and neutral

patches. Based on the presence of these two kinds of patches,
the asymmetry in the stability plot shown in fig. 6 could be

described reasonably well [31]. Nevertheless, the issue is far

from being settled. A study on hematite particles with a dif¬

ferent degree of surface roughness (as detected on a scale of

several nanometers by transmission electron microscopy) did

not reveal any significant differences in the stability [32].



ELECTROSTATIC AND STERIC FORCES 27

Effects of Polymers and Polyelectrolytes

In the last few decades, considerable progress has been made in

the understanding of polymer adsorption to interfaces, forces

between polymer-covered surfaces, and the role of polymers
in particle aggregation [1,8,15,33]. These developments have

particularly promoted the understanding of processes in non¬

aqueous solvents. Three types of regimes must be considered.

(i) Polymers in good solvents attached to surfaces (either by

grafting or as adsorbed block copolymers) lead to repulsive

overlap forces and steric stabilization of particle dispersions,

(ii) Attached polymers in poor solvents lead to attractive inter¬

segment or bridging forces and mostly to particle aggregation,

(iii) The presence of nonadsorbing polymers lead to depletion
forces. The effects (i) and (ii) explain the fact that particles are

usually stable in goods solvents for the polymer chains, while

bad solvents lead to destabilization. At higher polymer con¬

centrations, depletion forces may cause either phase equilibria

involving colloidal fluids and crystals (with or without a gas-

liquid critical point) [1,34] or particle aggregation [35]. Many
of these features are now understood even quantitatively.

For aqueous solvents the situation is not so clear. The major

complication arises from the ubiquity of dissolved ions and sur¬

face charges, because of which the mentioned polymer-induced
forces are never acting alone, but compete with the electro¬

static forces. The detailed interplay between these forces is

the subject of a current intensive debate, and much more re¬

search is required to reach a comparable level of understanding
as currently available for non-aqueous solvents. In the follow¬

ing, we shall concentrate on the stability of aqueous particle

dispersions and discuss some pertinent effects of the electro¬

static and steric forces in the presence of polymers. Depletion
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forces will not be considered, as they typically set in at higher

polymer concentration, and initially lead to destabilization of

particle dispersions [35,36]. Therefore, these forces are not of

that much interest as a potential stabilization mechanism.

In the presence of oppositely charged polylectrolytes, sta¬

bilization through charge overcompensation represents a key
mechanism for aqueous particle dispersions, and has been iden¬

tified unambiguously. As we shall discuss later, very similar

principles are operational during the adsorption of ionic sur¬

factants. A small dose of oppositely charged polyelectrolytes
is known to initially destabilize an aqueous particle dispersion,

but a larger amount usually leads to restabilization. A typi¬

cal example for this behavior is shown in Fig. 7, and is taken

from the work of Feretti et al. [37]. In this study, the authors

have investigated the initial stages of particle aggregation and

measured the stability ratio of hematite (iron oxide) particles

as a function of added poly(acrylic acid) (PAA). With increas¬

ing PAA concentration, the stability ratio decreases at first,

goes through a pronounced minimum, where fast aggregation
is observed, and finally rises again steeply.

The hematite particles used in the study of Feretti et al. [37]
are quite similar to the ones described earlier, and for the cho¬

sen experimental conditions of pH 3 and an ionic strength of

10~3 M, the particles are positively charged. PAA of molecular

weight 1.4-106 was used, which corresponds to a gyration radius

of about 60 nm. This flexible, weakly anionic polyelectrolyte
carries dissociable carboxylic acid groups, and under the given

experimental conditions about 5% of these groups are ionized.

Partly because of hydrophobic forces and partly because of the

opposite charge, PAA strongly adsorbs to the hematite parti¬

cles, presumably in a rather flat conformation. At sufficiently

high loading, the adsorbed polyelectrolyte leads to neutraliza-
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Figure 7: Stability ratios for hematite particles in 1 mM HCl (pH 3, ionic

strength 1 mM) as a function of the fraction of added polyacrylic acid (PAA,
molecular weight 1.36 • 106) [37]. In electophoretic mobility measurements,

an isoelectric point was found at a relative PAA concentration of 0.027

(arrow). Lines were drawn to guide the eye.

tion of the particle charge. According to electrophoretic mea¬

surements, charge reversal occurs around the PAA/hematite
mass ratio of about 0.027, which is well within the fast ag¬

gregation regime. At higher PAA concentrations, the particles

are negatively charged, and further addition of PAA leads to an

increase in the absolute charge density. Accordingly, the stabil¬

ity ratio increases and the dispersion eventually becomes fully
stabilized by the adsorbed polyelectrolyte. At one particular

polyelectrolyte concentration, the charge originating from the

adsorbed polyelectrolyte layer neutralizes the surface charge of

the particle. The resulting minimum in the stability plot is

rather asymmetric.

The behavior shown in fig. 7 is very typical and qualita-
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tively resembles the stability behavior of the hematite disper¬

sions discussed in the presence of other anionic polyelectrolytes

[41]. In a rather similar fashion, the charge of the particles is

reversed where stability goes through a minimum value near

the charge neutralization point. This point has mostly been

reported to lie within the region of fast aggregation [37-39],
but systematic deviations from this rule have been claimed

as well [33,40]. This minimum is highly asymmetrical, and

the same type of asymmetry was observed in other systems

[41]. For negatively charged latex particles in the presence of

cationic polyelectrolytes, Gregory [42] has also observed rather

analogous behavior. Moreover, his data suggest a similar ionic

strength dependence as discussed for the pure hematite system

above. With increasing ionic strength, the minimum in the

stability plot widen and become progressively shallow. Gre¬

gory [42] found a somewhat higher aggregation rate constant

near the charge neutralization point than for fast aggregation

in the absence of polyelectrolyte, and attributed this accelera¬

tion to polymer bridging forces. In other cases, however, these

two rate constants were found to be equal within the experi¬

mental error [37,43]. Some authors also report that a higher
molecular weight of the polyelectrolyte results in a shift of the

stability plot towards lower polyelectrolyte concentrations with

a preserved width of the fast aggregation zone [37, 39], while

in other cases this width increases with increasing molecular

weight [42].

As this discussion suggests, we are currently far away from

being able to explain these features quantitatively. A simple

DLVO-type description has not yet been attempted for this

kind of system and would likely fail to explain the marked

asymmetry of the stability plots—as it does in the case of the

pure hematite system. The reason for the asymmetry in the
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dispersions destabilized by polyelectrolytes might actually be

somewhat similar to the suggested interpretation of the asym¬

metry in the case of amphoteric particles only [31]. At low

polyelectrolyte coverage, isolated polyelectrolyte chains will ad¬

sorb onto the particle surface, and induce a substantial lateral

heterogeneity of the surface charge. The heterogeneity origi¬

nating from adsorbed poly(ethylene imine) molecules on neg¬

atively charged latex particles was recently imaged by atomic

force microscopy [44,45]. Long time ago, La Mer and Healy

[29] suggested that a charge-patch heterogeneity will accelerate

the aggregation process, since approaching particles can orient

in a way that oppositely charged patches face each other and

thereby weaken the repulsion. It is also conceivable, that the

same mechanism will also weaken the dependence of the rate

constant on the polymer concentration. A simple heterocoag-
ulation model where one assumes a polydispersity in surface

potentials shows the same effect [24, 27]. This model is rather

similar to the charge-patch model discussed earlier, with the

only difference that in the latter model there is a continuous

distribution of different patches corresponding to different sur¬

face potentials, whereas the La Mer model only distinguishes
two types of patches: the ones with and the ones without ad¬

sorbed polyelectrolyte.

In aqueous systems, the role of steric stabilization forces is

more obvious if the presence of neutral polylectrolytes. An

interesting data set was recently presented by Killmann and

coworkers [46]. These authors have measured the stability of

silica particles near pH 6 in the presence of poly(ethylene ox¬

ide) (PEO) by dynamic light scattering. Their results for the

stability ratios as a function of ionic strength at high coverage

with PEO of different molecular weights are plotted in Fig. 8.

For low molecular weight the data suggest a destabilization, but
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Figure 8: Stability of a silica dispersion as a function of sodium chloride

background electrolyte concentration [46]. Open circles show experimental
data for bare silica particles, filled markers show results for particles fully
covered by polyethylene oxides (PEO) of different molar mass, the molar

masses are indicated in the figure. Lines were drawn to guide the eye.

for higher molecular weights they show a shift of the CCC to¬

wards higher salt concentrations, aggregation in the fast regime
is slowed down, and the salt dependence weakened. Water is

a good solvent for PEO near room temperature, and therefore

this pattern might be generic for the combined effects of elec¬

trostatic and steric stabilization mechanism. This conclusion is

also supported by the findings of Einarson and Berg [47]. These

authors have studied a similar system, and also observe a shift

of the CCC towards higher salt concentrations. However, only
small decrease in the fast aggregation rate was reported.

While the available data are not entirely conclusive, it seems

that the shift of CCC towards higher salt concentrations and

the slowing down in the fast aggregation regime are the char-
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acteristic features for steric stabilization of charged particles

in aqueous dispersions. Both features can be explained qual¬

itatively by assuming an additional steric overlap force, and

an effectively smaller Hamaker constant, as one expects for a

particle that is surrounded by a polymer layer.

Effects of Surfactants

Although surfactants are common stabilizing agents, stability

data on well-characterized systems are scarce. As we suggest,

the mechanisms for stabilization of aqueous particle dispersions

by surfactants has many analogies to the stabilization by poly¬

mers and polyelectrolytes. Nevertheless, detailed experiments

are necessary in order to clarify the stabilization mechanism in

more depth.

Let us first consider the charge neutralization mechanism.

In Fig. 9 we show data by Liang and Morgan [41] on the sta¬

bilization of hematite by fatty acids. These experiments were

carried out at pH near 5 and with 0.05 M NaCl as background

electrolyte. The behavior is rather analogous to the one of the

particle-polyelectrolyte system discussed above. With increas¬

ing concentration of fatty acids, the stability ratio decreases,

goes through a minimum and increases sharply again. The

stability curves are again asymmetrical, and show a weaker de¬

pendence for the branch at lower concentrations. The minimum

is probably again related to a charge reversal of the hematite

particles which is induced by the adsorption of the anionic fatty
acid molecules. The only striking difference is that the mini¬

mum stability ratio is significantly larger than in the system

without surfactants. This feature may be due to the fact that

the adsorbed surfactant layer generates an additional repulsive
steric force, which causes a slight stabilization of the system.
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Figure 9: Variations in the stability of a hematite dispersion (pH near 5, 50

mM NaCl) upon addition of different fatty acids [41]. Laurie acid is denoted

by Ci2, capric acid by Cio, caprylic acid by Cg, and propionic acid by C3.

Lines were drawn to guide the eye.

The present data suggest that oppositely charged surfactants

act as stabilizers by a charge overcompensation, which results

from strong adsorption of the surfactants to the particle surface.

For nonionic surfactants steric forces are the main stabiliza¬

tion mechanism. The resulting pattern is again rather similar

to the case of stabilization by neutral polymers. Fig. 10 shows

an example from the extensive stability data set by Mathai and

Ottewill [48]. These authors have studied the stability of pos¬

itively charged silver iodide at pAg 3 as a function of sodium

sulfate background electrolyte concentration for different con¬

centration of added hexaethylene glycol dodecyl ether (Ci^Eg).
With increasing surfactant concentration, the CCC shifts to

higher salt concentrations and at the same time the stability
ratio in the fast aggregation regime increases. Both features
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Figure 10: Stability of a silver iodide dispersion with pAg 3 as a function

of the concentration of Na2S04, which serves as background electrolyte [48]
Various molar concentrations of nonionic surfactant C12E6 are indicated.

Lines were drawn to guide the eye.

are indicative of the steric stabilization mechanism, which can

be rationalized with an additional short-range repulsive compo¬

nent to the interparticle force. The additional repulsion results

from the overlap of the adsorbed surfactant chains near con¬

tact. Mathai and Ottewill [48] have observed very similar

patterns for negatively charged particles as well. They could

further demonstrate the non-electrostatic contribution of this

force by showing that the stability data do not correlate with

the electrophoretic mobility of the particles. More recently,

Romero-Cano et al. [49] have carried out a similar study with

polystyrene particles, and they, too, have observed a similar

shift of the CCC to higher salt concentrations, but the fast

aggregation rate constant would remain unaffected. This inter¬

pretation is qualitatively in line with recent direct force mea-



36 INTRODUCTION

surements. Below the critical micelle concentration (CMC),
charged surfaces covered with surfactants typically interact by

classical DLVO-forces down to distances of about 10 nm. At

shorter distances, steric overlap forces come into play and usu¬

ally lead to stronger repulsion [50, 51].
Depletion forces may also become important in surfactant

systems, but through a somewhat different mechanism than in a

polymer solution. These forces become only relevant above the

CMC, as the depletion force will be generated by the micelles

present in the system. However, the depletion forces will again
be attractive and lead to destabilization. For the purpose of

stabilizing colloidal dispersions, it is therefore advisable to use

surfactants at concentrations below the CMC.

Conclusion

We have discussed various stabilization mechanism in aqueous

particle dispersions. The simple charge stabilization mecha¬

nism can be described by the classical DLVO theory in a quan¬

titative fashion. However, this classical theory is only appli¬
cable for weakly charged systems, whereas for highly charged

systems, which are mostly relevant in practice, the theory fails.

While several mechanisms of its failure were proposed, a fully

satisfactory explanation is still lacking. In the presence of poly¬
mers and surfactants, our understanding of stabilization by

polymers and surfactants is much more incomplete. Although
some generic patterns of the action of electrostatic and steric

forces on the stabilization of aqueous colloidal dispersions have

been observed, we are still far from being able to treat such

effects quantitatively.
A major difficulty has clearly been pointed out some time

ago by Vincent [33] and, unfortunately, still applies today. Mea-
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surements of particle aggregation processes in the presence of

polymers and surfactants often rely on empirical methods and

the corresponding results are difficult to interpret quantita¬

tively. Reliable data on stability ratios are scarce. Further

problems are related to the facts that the systems investigated

are often poorly characterized, particles are polydisperse in

size and shape, and the polymers used have a broad distri¬

bution of molecular weights. While such systems are of great

relevance for applications, studies on monodisperse and well-

characterized systems are indispensable for a detailed under¬

standing of possible stabilization mechanisms. For this reason,

further thorough investigations of such model systems represent

an important topic for future research.
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Chapter 1

Aggregation in Sulfate Latex

Suspensions: The Role of

Charge for Stability

Predictions

Abstract:

It is commonly reported that the classical aggregation the¬

ory by Derjaguin, Landau, Verwey and Overbeek (DLVO) fails

to predict quantitatively the dependence of colloid stability on

the electrolyte concentration of the solution and on the parti¬

cle size. A connection of such problems to the typical surface

charge density of model particles was indicated by a recent

study of pH-dependent aggregation. The present investigation

compares the mobility and aggregation behavior of differently

charged sulfate latex particles, measured by electrophoresis and

dynamic light scattering. We find a much closer agreement of

observed and predicted stability for particles of very low sur¬

face charge. A new picture of the limitations of DLVO-theory

follows from the analysis of theoretical energy profiles when

combined with results from direct force measurements, and is

strongly supported by our present findings.
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Colloidal aggregation has been a subject of increasingly elab¬

orate scientific studies for a long time. In spite of the tremen¬

dous impact such studies have already had on applied sciences

like materials engineering, environmental science or biochem¬

istry, their potential of promoting novel applications is still far

from being exhausted. On the other hand, with the availability
of uniform, well characterized particles, it has become possible

to elucidate the exact mechanisms of aggregation by comparing

stability measurements to quantitative theoretical predictions.
As it turns out, our current understanding of the particle in¬

teractions inducing or prohibiting colloidal aggregation is often

quite unsatisfactory.

A prime example is the relatively simple case of charged

particles dispersed in an aqueous solution of monovalent salt.

This situation is commonly addressed in terms of the theory

presented fifty years ago by Derjaguin, Landau, Verwey and

Overbeek [1]. This so-called DLVO-theory describes interac¬

tions of charged surfaces across a liquid as an interplay of van

der Waals forces and electrostatic double layer forces, the latter

being calculated on the basis of the Poisson-Boltzmann equa¬

tion [2]. Its greatest success in the field of colloid stability was

to explain the existence of the experimentally observed regimes
of slow and fast aggregation and to predict the empirically es¬

tablished Schulze-Hardy rule. However, when used for quanti¬
tative predictions of stability in the slow aggregation regime,
the theory badly fails, claiming a much stronger dependence of

aggregation (and deposition) rates on electrolyte concentration

than was ever observed experimentally [2-4]. Moreover, stabil¬

ity is predicted to depend sensitively on the primary particle

size, a trend which could not be confirmed by measurements

either [5].

The reasons for these well-known discrepancies between the-
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ory and experiment have been the issue of a long and con¬

troversial scientific debate [6]. Dynamic processes other than

pure diffusion have been suggested to be a major source of

deviations [7], but additional non-DLVO forces, too, have been

considered [8]. Some progress has been reported in incorporat¬

ing into the existing theory the effects of physical roughness
and charge heterogeneities on the particle surfaces [4,9]. In

any case, the DLVO framework would not be expected to give
an adequate picture whenever ion correlations become impor¬
tant (especially in polyvalent salt solution), since electrostatic

forces are treated on a mean field level only [10]. While the

search for solutions to the deficiencies of DLVO-theory is going

on, surprising news has lately come from direct force measure¬

ments using the surface force apparatus or the atomic force mi¬

croscope: the forces probed between smooth, charged surfaces

agree quantitatively with DLVO predictions down to surface

separations of a few nanometers [11].

The paradox of seeing the theory confirmed by directly mea¬
sured interparticle forces, but not by the observed resulting dy¬

namics, was addressed in a very recent study on pH-dependent

aggregation of different model colloids [12]. It was suggested
that the traditionally reported deficiencies in predicting slow

aggregation rates were related to the large surface charges of

the particles typically used in aggregation experiments. Induc¬

ing aggregation in such systems requires fairly high electrolyte
concentration — the critical coagulation concentration (ccc),
crossover between slow and fast aggregation regime, usually
exceeds 0.1 mol/L for monovalent salt. Then, the barrier in

the DLVO-potential that two aggregating particles would have

to overcome in the slow regime, attains its maximum at surface

separations of less than one nanometer. This is problematic, be¬

cause stability predictions strongly depend on the energy profile
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Table 1. Characterization of the samples. The primary particle size is given
in terms of the number averaged diameter and its coefficient of variation

(CV) obtained from Transmission Electron Microscopy by the manufac¬

turer. The surface charge density was inferred from electrophoretic mobility
measurements. In the case of the 215 nm particles, the given value agrees

with the one obtained by the manufacturer in conductometric titration. The

separation of the DLVO-energy maximum from the surface is given for the

electrolyte concentrations corresponding to a stability ratio of W œ 10).

DIAMETER CV CHARGE DENSITY CCC BARRIER POS.

(nm) % (mC/m2) (mol/L) (nm)
215 3.9 20 0.4 0.74

180 3.2 7 0.04 1.3

around this maximum position [13], while in view of the results

from direct probing techniques, no realistic description can be

expected from DLVO-theory for such minute distances. If, on

the other hand, the surface charges (and the corresponding co¬

agulant concentrations) are sufficiently low (~ 0.5-2 mC/m2),
then the energy barrier lies at a few nanometers. Here the

DLVO picture is more reliable, and quantitative stability pre¬

dictions should be correct. For particles with pH-dependent

charge, the aggregation theory was seen to become accurate,

indeed, when charge densities were reduced [12]. Yet, for con¬

stant charge systems, no such predictive success has ever been

reported to our knowledge.

An example of such systems shall be considered in the

present study. We have investigated two samples of monodis¬

perse sulfate latex with different surface charge density (Ta¬
ble 1). Prior to experiments, they were dialyzed extensively

against deionized water (nanopure quality). Fig. 1.1 shows the

electrophoretic mobility of these particles as a function of elec¬

trolyte concentration measured on a laser Doppler velocime-

try setup. A difference in charge is clearly reflected by the
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Figure 1.1: Electrophoretic mobility of differently charged sulfate latex par¬

ticles in potassium chloride solution. The lines represent theoretical calcu¬

lations and were generated by transforming zeta potentials (identified to a

first approximation with the diffuse layer potential) into mobilities using the

O'Brien and White procedure. (The electrolyte concentration C is related

to the number concentration n entering eq. 1.1 via the Avogadro constant.)

difference in mobility. The experimental mobility data were

translated into zeta potentials through the method proposed

by O'Brien and White [14]. The result is shown in Fig. 1.2

(points) together with a theoretical calculation (lines). For the

calculated curves, we used the Gouy-Chapman relation [2]

a = J8esQnkßT sinh
<

2kBT,
(1.1)

to relate the charge density a (values indicated in the Figures)
to the surface potential, identified in a first approximation with

the zeta potential £. In eq. 1.1, 6£q denotes the total electric
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Figure 1.2: The zeta potentials corresponding to Fig. 1.1. Here, the experi¬

mental mobility points were calculated back into zeta potentials according

to O'Brien and White [14],

permittivity, n is the number concentration of salt in the bulk,

e the protonic charge and kgT the thermal energy. Corrections

for surface curvature were seen to be of minor importance for

the cases considered. On account of the strong acidity of the

sulfate groups, we assume the charge density to be constant.

Transformation of the theoretical zeta potentials for a given

charge into mobilities via the O'Brien and White procedure

results in the theoretical curves of Fig. 1.1. The minimum in

the prediction for the strongly charged particles is related to the

extremum in the mobility dependence on zeta potential [14].

Dynamic light scattering was used to measure the colloid

stability of our samples. The results will be discussed in terms



51

of the ratio

W = fcfastA (1-2)

of the dimer formation rate in the fast regime and the rate in

the actual conditions under consideration. Theoretical aggre¬

gation rate constants were calculated from the modified Fuchs

expression [2]

k = 4ir < 7^«M . d-»)

D[r) being the relative diffusion coefficient for two spheres of

radius a at center-to-center-distance r. The effect of hydro-

dynamic interaction has been included in D{r) according to

Honig [15]. V{r) stands for the net interaction energy of a pair

of colloid particles

VM = Wr) + VdiM, (1-4)

composed of a (non-retarded) van der Waals attraction and

a repulsive double layer term. The Hamaker constant enter¬

ing the van der Waals potential was obtained from Lifshitz

theory and has a value of 1.3 1(T20J (~ 3.2 kBT at 25° C)
for polystyrene across water [16]. The electrostatic part has

been calculated from the non-linear Poisson-Boltzmann equa¬

tion and can be expressed in terms of Jacobi elliptic functions

[17]. All the contributions were taken in the Derjaguin approx¬

imation relating the interaction energy for two spheres to the

corresponding energy density of two half-spaces. This approxi¬

mation should be rather accurate for all the situations consid¬

ered, since the Debye length is always much smaller than the

radius of our particles [18]. We would like to stress that our the¬

oretical predictions of the stability ratios involve no adjustable

parameters.
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A comparison of these predictions with the experimental sta¬

bility data is shown in Fig. 1.3; the position of the DLVO poten¬

tial barrier corresponding to theoretical stabilities of W œ 10

is given in Table 1. The situation of the more strongly charged

latex, depicted in Fig. 1.3a, is very typical: for a common model

colloid, the stabilization at low electrolyte concentrations takes

place much more gradually than predicted by DLVO-theory,
the observed slope of the stability curve in the slow aggrega¬

tion regime comes nowhere near to the expected one. The dis¬

crepancy with respect to the ccc is usually not seen this way,

because Hamaker constants are commonly adjusted to yield the

experimental ccc-value; variation of the Hamaker constant es¬

sentially produces a parallel shift of the theoretical curve, but

the problem of the disagreeing slopes always remains [4]. As ar¬

gued before, we cannot actually expect the theory to work well

for these particles, because of the small separation of the DLVO

energy barrier from the surface associated with the high charge

(Table 1). Let us now consider the more weakly charged latex

in Fig. 1.3b. Here the agreement between theory and experi¬

ment is clearly much better. In the sense of our argumentation,

even this sample would be too strongly charged still; it doesn't

meet the criterion (barrier maximum at separations of several

nanometers) for colloids suitable to confirm DLVO aggregation

theory, either. If our reasoning is correct, we may however con¬

jecture a smooth transition from the charge regime where the

theory fails into the regime where it is bound to work, and ex¬

pect the quality of the prediction to be not quite as bad for

our weakly charged particles as for the common ones. This is

exactly the message of Fig. 1.3b.

In conclusion, the present study corroborates the idea, that

DLVO-theory, proven to describe accurately the forces between

charged surfaces at separations of some nanometers or more,
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Figure 1.3: Stability data from dynamic light scattering versus DLVO

prediction for sulfate latex. Experimental stability ratios W were ob¬

tained from the measured initial increase in hydrodynamic radius rh as

W = [(drh/dtjiast/^drh/dt)]t^.o; the theoretical values were calculated ac¬

cording to equations 1.2—1.4 using the charge densities that fit to the elec¬

trophoresis data of Fig. 1.1. (a): Measured points for a typical (highly
charged) latex in sodium Perchlorate solution were taken from [19]. The

striking failure of DLVO-theory in predicting the proper slope has been re¬

ported many times before, (b): The same plot for particles of lower charge

(measured in potassium chloride solution). Note the closer agreement of

theory and experiment.
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also works for colloid aggregation, provided that the same range

of distances encompasses all the length scales involved (Debye
length, energy barrier position). This condition is only met for

very low charge densities (of at most ~ 2 mC/m2; the typical

charge densities in constant charge systems such as sulfate latex

are higher by at least one order of magnitude). Synthesis and

handling of such weakly charged systems is necessarily difficult,

because it only takes very little partial decharging - by traces

of adsorbing, charged impurities say - to initiate aggregation.

We suspect that this is the reason why no aggregation studies

on colloids of this kind have come to our knowledge before.
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Chapter 2

Aggregation in

charge-stabilized colloidal

suspensions revisited

Abstract

The Derjaguin Landau Verwey Overbeek (DLVO) theory

commonly used to describe interactions of charged surfaces

across liquids has traditionally been reported to fail when used

for quantitative predictions of deposition and aggregation in

aqueous colloidal suspensions. Yet, direct force measurements

have recently confirmed the theory down to surface separations

of a few nanometers. Aggregation studies on carboxyl latex col¬

loids now reconcile these contrasting findings. Well-known dis¬

crepancies between theory and experiment with respect to the

dependence of aggregation rates on pH (or electrolyte concen¬

tration) and particle size are shown to disappear when charge
densities are reduced.



58 CHAPTER 2. COLLOIDAL STABILITY REVISITED

Aggregation and deposition studies of colloid particles have

not only had a great impact on numerous branches of applied

sciences like materials engineering, biochemistry or environ¬

mental chemistry, but they have also been recognized as an

important tool to test our general understanding of interac¬

tions between charged surfaces across a liquid.

For five decades, since the pioneering work of Derjaguin,

Landau, Verwey and Overbeek (DLVO) [1], such interactions

have been modeled by simply superposing van der Waals at¬

tractions and electrostatic double layer forces calculated on the

basis of the Poisson-Boltzmann equation [2]. This explained the

main qualitative feature of aggregation and deposition, namely
the existence of a regime where charges are fully screened by

electrolyte ions and processes are driven purely by diffusion

(fast regime) and a regime where the suspension is kinetically
stabilized to some degree by a barrier in the net interaction

energy (slow regime). These two regimes determine the growth

dynamics and structure of the clusters in the late stages of

aggregation [3].
For the early stages of aggregation, rate constants in the

fast regime could be quantified reasonably well by including

hydrodynamic interactions [2,4, 5]. It seemed impossible, how¬

ever, to understand quantitatively the very gradual stabiliza¬

tion observed with decreasing electrolyte concentration; when¬

ever the right onset of stabilization was recovered (as commonly
achieved by adjusting the Hamaker constant), predicted aggre¬

gation and deposition rates in the slow regime were too small

by many orders of magnitude [2, 6, 7].
Another striking discrepancy concerned the influence of the

particle size and has been stressed by Overbeek himself [8]. For

large particles, the theory predicts a much stronger variation of

stability with electrolyte concentration than for small particles
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[9]. Increasing the primary particle size should lead to a visible

steepening of the measured stability curves; yet, in none of the

previous experiments could this trend ever be confirmed [10].

Many reasons for these disagreements between theory and

experiments have been suggested [11]. Some authors argued

that pure diffusion represents too poor an approximation of

particle dynamics and discussed additional dynamic processes

[12]. Others claimed that supplementary non-DLVO forces re¬

sult in a significant additional attraction [13]. Further efforts

were made to incorporate in the framework of DLVO theory
the effect of surface roughness [14] or of heterogeneity in the

surface potential of the particles [7]. One may also question

the basis of the DLVO approach altogether by pointing at the

effect of ion-ion-correlations, that are neglected in the Poisson-

Boltzmann equation and are expected to have a particularly

strong influence on solutions of polyvalent electrolytes [15].

Quite surprisingly and in a seeming contradiction to observa¬

tions of colloid stability, recent direct force measurements have

essentially confirmed the classical, unextended DLVO theory

down to surface separations of typically 1-3 nanometers [16].
Unfortunately, under the conditions corresponding to slow ag¬

gregation, the exact force profile at the position of the max¬

imum in the interaction energy (separation of zero force) is

difficult access in direct force measurements - often the ap¬

proaching surfaces "jump" into contact near this point. Still,

it was unclear why the theory should be confirmed by probing
colloidal forces directly and proved false when looking at the

resulting aggregation behavior.

Here, we report that the theory does work properly for ag¬

gregation, too, and that a criterion for its applicability is actu¬

ally given by the distance of the DLVO energy barrier from the

surface. As long as this distance is at least a few nanometers,
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we find that the DLVO approach gives a perfectly satisfactory

description of colloid stability; only for situations in which the

barrier lies at very small surface separations (where the theory

is not confirmed by force measurements either) do we recover

the typical deviation pattern.

The condition of validity of the DLVO theory is obtained

at low ionic strength (< 10 mM). Then, correspondingly

low charge densities are required to allow aggregation (~

lmC/m ,
much less than in the model systems typically used).

Polystyrene latex spheres with carboxylic surface headgroups

represent an ideal system for this kind of investigation, because

their surface charge, resulting from partial deprotonation of the

carboxyl groups, can easily be tuned by adjusting the solution

pH. For the same reason, well-characterized amphoteric oxide

particles close to their point of zero charge may be suitable as

well.

We used two types of monodisperse carboxyl latex spheres

with similar headgroup density but different particle size, and

also investigated hematite colloids synthesized in our labora¬

tory from an alkaline iron chloride gel (Table 2). The absolute

rate constant fcfast of dimer formation in the fast aggregation

regime was measured by simultaneous static and dynamic light

scattering under different scattering angles on a home-built ex¬

perimental setup described elsewhere [17]. Colloid stability,

commonly expressed by the ratio

W = kiaat/k (2.1)

of the aggregation rate in the fast regime and the rate in the

actual conditions under consideration, was then monitored by

conventional dynamic light scattering.

The pH was adjusted with hydrochloric acid or potassium

hydroxide, while the desired ionic strength was obtained by
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Table 2. Characterization of the samples

particle size" CV site density0 exp. rated theor. rate6

type (nm) (nm~2) (lQ-18m3/s) (l(T18m3/s)
latex 309 0.028 oToT 2^4 77

latex 104 0.10 0.46 3.0 7.7

hematite/ 122 0.24 8.0 3.5 9.2

a Number averaged mean diameter obtained from Transmission Electron Mi¬

croscopy.
b
Corresponding Coefficient of Variation. c Density of chargeable

headgroups obtained from conductometric titration of carboxyl latex and

estimated from a crystallographic analysis for hematite. d Absolute fast ag¬

gregation rate constant measured by simultaneous static and dynamic light

scattering under different angles; values are similar to previously reported

ones [4], e Absolute fast rate constant as predicted by Equation 2.2. It

is not clear, why these calculated values are substantially larger than the

measured ones, but in contrast to the stability ratio in the slow aggregation

regime, they depend strongly on the details of the dispersion, hydrophobic
and hydrodynamic interaction at all distances, which are not sufficiently
well known. A crude but common way of accounting for retardation in the

van der Waals contribution would lower the predicted rate constants by only
10-20 %. * Further characterization is given in [26], where this sample is

denoted by Hm-2.

adding potassium chloride. For experimental convenience, we

measured stability as a function of pH with the ionic strength
held constant, rather than varying the ionic strength for a given

pH (or charge). The latex batches were extensively dialyzed

against deionized water (nanopure quality) prior to experiment;

this kind of investigation is extremely sensitive to impurities.

Theoretical aggregation rate constants were calculated from the

modified Fuchs expression [2]

7 A
\ °fexp[ßV(r)]

7

I"'

where D{r) is the relative diffusion coefficient for two spheres

of radius a and center-to-center-distance r incorporating the
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Figure 2.1: Comparison of dynamic light scattering data for carboxyl latex

(309 nm) with DLVO theory at three different ionic strenghts. Experimental

stability ratios W were obtained from the measured increase in hydrody-
namic radius rh as W = [( dr^j dt){ast/( dr^j dt)]t-+Q, while theoretical values

were calculated according to equations 2.1—2.3. The chosen Hamaker con¬

stant of 1.8 • 10~20 J gives the best simultaneous fit to the measurements at

ionic strengths of 2 and 10 mM.

effect of hydrodynamic interaction according to Honig [18],
ß~l — kßT is the thermal energy, and V(r) stands for the

net interaction energy of a pair of colloid particles [1, 2]

V(r) = Vvdw(r) + Vdl(r) (2.3)

composed of a (non-retarded) van der Waals attraction and a

repulsive double layer contribution. The latter has been cal¬

culated from the non-linear Poisson-Boltzmann equation and

can be expressed in terms of Jacobi elliptic functions [19,20].
Throughout this work, we used the Derjaguin approximation to

generate the interaction energy for two equal spheres from the

corresponding energy density of two half-spaces. This approxi-
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mation should be rather accurate for all situations considered,

since the Debye length is still much smaller than the radius of

our particles [21].

In Figure 2.1 measured stability ratios are compared with

calculated curves for the limiting boundary conditions of con¬

stant charge and constant potential, as well as for full charge

regulation in the framework of the simple Diffuse Layer Model

(DLM) [19,22]. This model assumes the diffuse part of the

electric double layer to be in direct contact with the particle

surface, where all of the charge from the dissociated headgroups
is localized. With a dissociation pK of 4.9 for the carboxyl sur¬

face groups, the DLM describes reasonably well the charging
behavior of our latex particles, as was inferred from results of

Potentiometrie acid-base titrations and electrophoretic mobil¬

ity measurements to be published in a forthcoming paper.

While the charging behavior determines the slope of the

predicted stability curves in the slow regime, a change in the

Hamaker constant essentially results in a parallel shift of the

curves (when plotted logarithmically) [23]. By adjusting the

Hamaker constant to the experimentally observed onset of sta¬

bilization, we found the value of 1.8 • 10~20J, which compares

nicely with the expected theoretical value of 1.3 • 10~20J from

Lifshitz theory for polystyrene across water [24]. The remain¬

ing difference may be due to hydrophobicity of the particle

surfaces, also manifested by a contact angle of more than 90°

for a water droplet on a dried layer of our latex [25]. Clearly,
the quality of the theoretical prediction is rather insensitive to

the details of charge regulation, but closely linked to the posi¬
tion of the barrier in the interaction energy (Figure 2.2). We

find excellent agreement between DLVO theory and experiment
at low ionic strengths, where the maximum of the energy lies

at a surface separation of more than 2 nanometers. For high
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prediction for carboxyl latex spheres of different diameter. For better leg¬

ibility, some measured values for very similar addition of acid have been

averaged; error bars denote the corresponding standard deviations. Their

asymmetry is due to the logarithmic representation.

ionic strength, where this distance is a few Angstr0ms only,

measured stability changes much more gradually with pH, al¬

though the predicted slope of the stability curve in the slow

regime is even higher. This feature is equivalent to the well-

known overestimation of stability dependence on ionic strength

for a given charge [2, 6, 7].

To show that at low ionic strength the correct particle size

dependence can be recovered as well, we compare the results

for our two latex samples in 10 mM solution (Figure 2.3). A

reduced slope of the experimental stability curve is observed for

the smaller particles, indeed. In a long history of experiments

designed to check that aspect of the prediction [8,10], to our

knowledge, this is the first confirmatory one. Also note that the
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Figure 2.4: Measured and calculated stability ratios for colloidal hematite

in alkaline sodium nitrate solution. Experimental points correspond to the

rate constants reported in [26]. A point of zero charge at pH 9.2, a value

of 0.3 for the logarithm of the ion pair formation constants - both inferred

from titration and electrophoresis data - and a Hamaker constant of 6

1CT20J previously used in a linear theory [26] were now adopted in the

(nonlinear) treatment already discussed for the latex. For all points on the

calculated constant potential curve, the distance corresponding to maximum

interaction energy is larger than 2.6 nm.

same value of the Hamaker constant, fitted to the data of the

larger particles only (Figure 2.1), was used for both samples.

Together, our findings suggest that the DLVO theory of

colloid stability may be applicable to suspensions of weakly

charged particles quite generally. This conjecture is also sup¬

ported by data for a colloidal system of completely different

composition and surface characteristics [26]. We applied the

same modeling strategy to analyze stability data for negatively

charged hematite (Figure 4). Here, the charging properties
are more readily described by a 1-pK-Basic Stern Model allow-
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ing for ion pair formation on the surface [27]. Because of the

more involved coupling between surface and bulk properties of

this system, we had to restrict our solution of the nonlinear

Poisson-Boltzmann equation to the limiting cases of constant

charge and constant potential. On theoretical grounds, the

true, charge regulated solution for these particles is expected

to lie rather close to the constant potential limit [28]. In fact,
either of these two limits already gives a surprisingly good de¬

scription of the observed aggregation behavior [29].
The mentioned results clearly indicate that for colloid par¬

ticles of low surface charge density with correspondingly low

ionic strength in the slow aggregation regime (10 mM or less)
the classical DLVO theory of colloid stability works quantita¬

tively [30]. Under these conditions, the pair interaction energy

has its maximum at distances of more than 2 nanometers, which

is precisely the regime where DLVO theory has been confirmed

by direct force measurements. We believe that the present find¬

ings might eventually promote a better understanding of typi¬

cal, highly charged colloids, too; they certainly shed new light
on one of the oldest and most prominent problems of colloid

science.
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Chapter 3

Charging and Aggregation

Properties of Carboxyl Latex

Particles: Experiments versus

DLVO-Theory

Abstract

Carboxyl latex particles of two different sizes were used to

study the early stages of aggregation in dilute colloidal suspen¬

sions. The charging behavior as a function of solution pH was

characterized in acid-base titration and electrophoresis exper¬

iments at fixed ionic strength; absolute aggregation rate con¬

stants were measured by combined static and dynamic light

scattering as a function of pH and ionic strength. Up to an

ionic strength of 10 mM in a KCl solution, the classical DLVO-

theory of colloidal stability is seen to work quantitatively. At

higher ionic strength, however, well-known discrepancies be¬

tween theory and experiment are observed. An analysis of

the theoretical pair interaction energy suggests that quanti¬

tative agreement can be achieved, when the energy barrier for

reaction-limited aggregation lies at surface separations of at

least 1—2 nm. This result is consistent with recent measure-
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ments of colloidal forces and interaction energies, as well as with

earlier aggregation and deposition studies typically carried out

in the unfavorable situation of barriers at sub-nanometer dis¬

tances. The theoretical discussion further considers the appro¬

priate choice of a Hamaker constant, the effect of non-linearity
in the Poisson-Boltzmann equation on stability predictions, as

well as the role of charge regulation and the error introduced

by the Derjaguin approximation for surface curvature.
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3.1 Introduction

Charge-stabilized colloidal suspensions play an important role

in environmental and biochemical sciences, as well as in ma¬

terial engineering and a variety of industrial applications. For

many processes of scientific or technological interest, it is essen¬

tial to have precise control over the suspension stability. Un¬

derstanding the charging properties of colloid particles, their

mutual interaction and the resulting aggregation behavior has

been considered one of the great challenges in colloid science

throughout the history of this discipline [1-3].

Many recent studies have been inspired by progresses in ex¬

perimental techniques: with single particle light scattering and

combined static and dynamic light scattering it is now possi¬

ble to measure accurately aggregation rates of particles in a

wide range of sizes [4], the underlying colloidal forces can be

investigated by atomic force microscopy [5] or direct force mea¬

surements using the surface force apparatus [6], and the corre¬

sponding interaction energies are accessible to optical tweezer

techniques [7] or total internal reflection microscopy [8]. At

the same time, a wealth of uniform synthetic particles with

finely tunable surface chemical properties has become avail¬

able. These particles, in addition to their many practical ap¬

plications, finally allow a more stringent test of the existing

aggregation theory through experiments on well-characterized

colloid systems. While thorough investigations on the stabil¬

ity of such systems are still scarce, some prominent discrep¬

ancies between earlier experiments and aggregation theory call

for clarification indeed.

The widely used theory of Derjaguin, Landau, Verwey and

Overbeek (DLVO) [9] readily explains the qualitative features

of colloid stability as resulting from the interplay of van der
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Waals forces and electrostatic double layer interaction. But the

sensitivity of aggregation and deposition rates to variations in

the ionic stregth or pH of the solution is grossly overestimated -

so the unanimous conclusion of previous investigations [10-13].
Furthermore, the effect of double layer repulsion should be more

pronounced for large particles than for small ones according to

DLVO-theory [14]; yet no such influence of the particle size has

been seen in earlier aggregation experiments [15-17]. Various

reasons for this supposed failure of the theoretical description
have been proposed [18]; the arguments involve relaxation ef¬

fects [19], additional non-DLVO forces [20], the influence of

surface roughness [21], or the effect of heterogeneity in the dis¬

tribution of surface charge [22, 23]. Some error is also expected
to arise from the neglect of ion-ion correlations in the common

expression for the electrostatic interaction [24] Certainly, this

error can be substantial in the presence of polyvalent electrolyte
ions.

While the search for a conclusive explanation of the failure

of DLVO-theory in stability predictions is going on [25], recent

measurements of forces and interaction energies have confirmed

the theory quantitatively for surface separations down to a few

nanometer [7,26,27]. They naturally raise the question why

aggregation kinetics might not be predicted correctly by a the¬

ory which accurately describes particle interactions.

The present work shows systematic light scattering studies of

aggregation in monodisperse suspensions of well-characterized

carboxylated latex particles. For particles of two different sizes,

aggregation rates were measured in aqueous solutions of differ¬

ent ionic strengths, i. e. different screening lengths, and for a

wide range of surface charge densities, adjusted via the solution

pH. The charging behavior was characterized by Potentiometrie
acid-base titration and electrophoretic mobility measurements.
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Experimental data will be compared with DLVO-predictions
based on the full nonlinear solution of the Poisson-Boltzmann

equation. The discussion will also consider the effect of lin¬

earisation, the accuracy of the Derjaguin approximation for

surface curvature, and the role of charge regulation necessary

to guarantee surface chemical equilibrium at all interparticle

distances. Results of the aggregation experiments have partly
been published earlier [28].
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3.2 Samples and Experimental Methods

3.2.1 Materials

Two aqueous stock suspensions of monodisperse, carboxylated

latex particles, synthesized in surfactant-free emulsion poly¬
merization were purchased from Interfacial Dynamics Corpo¬

ration, Portland. They were stable at neutral pH and stored

without any additives in polypropylene bottles at a volume

fraction of 0.04%. Prior to all experimental steps the suspen¬

sions were dialyzed against deionized water from a Nanopure

ion exchange apparatus until the conductivity of the washing
solution dropped to the value of pure water. During the dial¬

ysis, which could take several weeks, colorful colloid crystals
formed in the entire dialysis tube. The size distribution of the

particles was studied by transmission electron microscopy. Par¬

ticles look perfectly spherical on the micrographs, their average

radius and its coefficient of variation are given in the table.

batch R°- CV&Ac site density6* exp. rate6 theor. rate-'''

(nm) (10"20J) (nm'2) (lQ-18m3/s) (l(T18m3/s)
I 155 0.03 1.9 0.60 2.4 7.7

II 52 0.11 0.7 0.48 3.0 6.8

a Number averaged mean radius obtained from Transmission Electron Mi¬

croscopy.
b The Corresponding Coefficient of Variation. A preliminary value

given in [28] was slightly modified after more extensive studies. c The effec¬

tive Hamaker constant chosen to fit the experimental data at 2 mM and 10

mM solution for the large particles and the data at 1 mM and 10 mM for the

small particles.
d
Density of chargeable headgroups according to the satura¬

tion value of charge obtained in Potentiometrie titration. Good agreement
is found with values from conductometric titrations given by the producer

[28]. e Absolute fast aggregation rate constant measured by simultaneous

static and dynamic light scattering under different angles; values are similar

to previously reported ones [55], f Absolute fast rate constant as predicted

by Equation (3.7) with expression (3.11) for the interaction energy .
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3.2.2 Potentiometrie Titrations

The charge on the latex particles was measured through Poten¬

tiometrie titration. Experiments were carried out at (25 ± 1)°C
in a thermostated room using the Wallingford titrator [29]. A
Microlink MF18 interface (Biodata, Manchester) was used to

connect a glass electrode (6.0123.100, Metrohm), a separate

silver chloride reference electrode (6.733.100, Metrohm) and

four burettes to a personal computer. The burettes were filled

with deionized water (nanopure quality), and solutions of 0.050

M HCl (Titrisol, Merck), 0.042 M KOH, 2.0 M KCl (Merck,
p.a.) respectively, all of them prepared with deionized water,

which had been boiled and allowed to cool in a C02-free ni¬

trogen atmosphere. Carbonate-free KOH was prepared from

a centrifuged, saturated KOH solution [30] and stored in a

polypropylene bottle. In order to exclude CO2 from the bu¬

rettes during the measurement, air was allowed to enter only

through columns filled with NaOH on granulated activated car¬

bon black support (Merck, p.a.). The titration vessel (made of

Teflon, with a capacity of 250 mL) was continuously flushed

with water-saturated and C02-free nitrogen gas.

A titration cycle always started with a forward titration of

50 mL of an acidified solution of low ionic strength with base,
followed by a backward titration with acid, and ended with

the addition of salt solution to adjust the ionic strength to the

next higher level. During each forward or backward titration,
the base or acid was added in 40 - 50 steps, corresponding to

a difference in the electrode potential of roughly 10 mV per

step. After the addition of titrant the potential was recorded

as soon as it drifted by less than 0.02 mV/min or after a maxi¬

mum waiting time of 60 min. For each titration cycle the ionic

strength was held constant within 1% by automatically balanc-
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ing the addition of acid or base with an addition of water or salt

solution. Such cycles were repeated for different ionic strengths
in a fully PC controlled procedure, yielding a whole series of

forward and backward titration curves in a single experiment.

The precise base concentrations and electrode parameters were

determined from blank titrations of the pure electrolyte solu¬

tion using a least-square fitting routine; the analysis included

activity corrections and diffusion potentials. Average devia¬

tions between the fit and measurements were below 15 /jM,
derived parameters like the dissociation constant of water and

activity coefficients agreed well with literature values [31].
Results of the latex titration were converted to surface

charge densities in the following way: for each ionic strength,
the total transfer of protons (total charge transfer) to and from

the surface was calculated by subtracting blank titration curves

from the actual particle titration. The surface area available

to the charge was obtained from the specific surface area, de¬

termined from the electron micrographs, and the total con¬

centration of titrated latex, measured with a Carbon analyzer

(TOC-5000, Shimadzu).
Forward and backward titration resulted in almost identi¬

cal curves. Around pH 7, however, they showed a small but

significant hysteresis (<4 mC/m2), which has previously been

reported for titrations of oxide particles as well [32-34]. Elec¬

trode response appeared extremely slow in this pH region, and

the potential values sometimes still drifted considerably while

they were recorded. Because of these difficulties, we will report

averages of forward and backward titration curves.
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3.2.3 Electrophoresis

Electrophoretic mobility [35] was measured on a laser Doppler

velocimetry setup (ZetaSizer 3, Malvern) operating with elec¬

tric fields of 30 V/cm at a modulation frequency of 1 kHz. Data

were collected as a function of pH at different ionic strengths

(adjusted with KCl, KOH, and HCl), the pH was measured

with a combination electrode (6.0204.100, Metrohm) in test

tubes sealed to prevent the penetration of CO2. The suspen¬

sions used contained volume fractions of latex particles around

0.04; the results were insensitive to changes in the particle con¬

centration.

3.2.4 Light Scattering

Colloid stability was measured by conventional dynamic light

scattering on a standard goniometer setup (ALV-SP-125 S/N

30) with classical pinhole detection optics using a 1 W Kryp¬

ton Laser (Innova 300, Coherent) operating at a wavelength of

647.1 nm. The temperature in the scattering cell was stabilized

within 0.3 °C. The scattering experiments were carried out in

quartz cuvettes. All glassware used in the solution preparation

had been cleaned in a heated 1:1 mixture of concentrated sulfu¬

ric acid (98%, Fluka, p.a.) and hydrogen peroxide (30%, p. a.,

Merck) and extensively been rinsed with Nanopure water. Con¬

tact with organic material and surfactants was strictly avoided

throughout the cleaning and drying process. Prior to experi¬

ments, the required amounts of acid or base, salt solution and

water (same as for the titration) were injected into the cuvette.

Salt solutions were used within two days after their prepara¬

tion. Just before a measurement was started, the stable latex

suspension was added, the cuvette was sealed, quickly shaken

to guarantee complete mixing, and immediately inserted into
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the scattering cell. Final particle concentrations were typically
in the range of 108 to 109 particles per ml. The scattered light

was detected under a scattering angle of 90°, the signal of a

photomultiplier (Thorn Emi 9130/100SB03) was processed by

an ALV-5000 correlator (ALV-Laser, Germany). From the ho-

modyne autocorrelation function the intensity-averaged diffu¬

sion constant and the corresponding hydrodynamic radius were

determined by standard cumulant analysis [36].

Time-resolved series of measurements were performed to

monitor the increase of the hydrodynamic radius r/j during the

aggregation process. Fast aggregation was measured at particle
concentrations around 108 ml-

, corresponding to an aggrega¬

tion half-time T1/2 of about 2 hours. For studies in the slow

aggregation regime the particle concentration was progressively
increased up to a factor of about 10. Initial radii were identi¬

cal to the radii in a stable suspension. No signs of reversible

aggregation were found in our experiments, and all attempts
to redisperse aggregated particles failed, which indicates pure

aggregation into a deep primary minimum of the interaction

energy. Reported experimental stability ratios W were calcu¬

lated as W = (drh/dty^f0/ (drh/dt)t^.o, where t —> 0 means an

extrapolation to the moment when aggregation was initiated

[37]. If the initial particle concentration no is different than in

the reference case of fast aggregation (denoted by the super¬

script), then the expression for W has to be modified by an

additional factor of no/njf3*. Here, no is the particle concentra¬

tion and the superscript "fast" indicates values pertaining to a

comparative measurement in the fast aggregation regime [37].
The stability ratio is defined as W = kîast/k, where k is the

actual dimer formation rate and fcfast the one corresponding to

fast aggregation.

Absolute fast rate constants kiast for particles in 1 M KCl
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were measured by time-resolved simultaneous static and dy¬
namic measurements under different scattering angles. In con¬

trast to the classical static measurements or to dynamic mea¬

surements only, this combined technique permits to determine

dimer formation rates without any simplifying assumptions

concerning unknown optical or hydrodynamic properties of the

dimers. Details of the method are given elsewhere [4, 38]. These

measurements were carried out on a fiber optic multiangle light

scattering instrument with an argon ion laser operating at a

wavelength of 488 nm, the instrumental details have also been

described before [39].

3.3 The Model for Charging and Aggrega¬

tion

A theoretical approach to the charging properties and the ag¬

gregation kinetics of the studied latex particles shall be dis¬

cussed separately in the following sections.

3.3.1 The Charging Properties

The Surface Charge Density

The charging state of the particle surfaces is determined by the

deprotonation of homogeneously distributed carboxylic surface

headgroups

—COOH ^ —COO- + H+ (3.1)

A simple mass action law can be used to describe the equilib¬
rium density of protonated groups Tahj if reads

(Art - Am) X qg»
= K
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(S)
where .Ttot is the total density of chargeable sites, aH denotes

the surface activity of the protons, and K is the dissociation

constant. The surface charge density o is then given by

cr = e (/ah --Fref) =

(tiï~>— (3-3)
eAot

1 + a$>/K

where e is the protonic charge.
The charge of a latex surface can be related to the solution

properties with the so-called Diffuse Layer Model (DLM) [40].
This model assumes that all the surface charge is located at

the solution interface characterized by the electrostatic surface

potential ipQ. The proton activity at the surface is taken as

#h = aH X exp (—ßevpo) (3-4)

where pH = — log10a^-, and ß~x = kßT the thermal energy.

Equation (3.3) and (3.4) define a relation between the sur¬

face charge and the surface potential. Equilibrium requires the

simultaneous fulfillment of a second charge-potential relation

that follows from the distribution of mobile ions in the diffuse

layer [41]. In a description based on the Poisson-Boltzmann

equation, the surface charge density a of an isolated particle
with radius R, can be expressed in terms of the surface poten¬

tial vpo as [3]

2e£oK,
G = sinh (/3e^o/2) + — tanh (/?e^o/4) (3.5)

ße

where ££0 is the total permittivity of the solution and k"1 =

ee^j{2N^ße2I") the Debye length, further involving the ionic

strength / (Na is the Avogadro number).
Without the second term on the right hand side, this is just

the classical Gouy-Chapman result. The additional term was

proposed by Loeb, Overbeek, and Wiersema [42], and gives
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a first order correction for the surface curvature, accurate to

within 5% of the true charge density for any surface potential
whenever the Debye length is smaller than the particle diam¬

eter. For the larger particles of this study the correction is

insignificant, but for the smaller ones it can be as large as 13

% for the electrostatic potential at the lowest ionic strength.

Together, equation (3.5) and the a — ipQ—relation from the

adsorption isotherm (eqs. 3.3 and 3.4) determine the equilib¬
rium value of the surface charge a and potential ipQ at a given

pH. For comparison of the resulting theoretical charging curves

with titration measurements, the total site density rtot and the

dissociation parameter pK = — log10 K were fitted to the ex¬

perimental data. The value of rtot fixes the saturation value of

the charge density, variation of pK shifts the modeling curves

horizontally without changing their actual shape.

Electrophoretic Mobility and Zeta Potential

In the case of an isolated, flat particle surface, the electrostatic

potential at a distance x from the surface is related to the

surface potential ipo via

4

ip(x) = —-arctanh[exp (—kx) tanh [ßeißo/4)] (3-6)

as follows from integration of the Poisson-Boltzmann equation

[3]. The zeta potential was computed as the electrostatic po¬

tential C, = ip(xs) at some distance xs from the surface, corre¬

sponding to the thickness of an immobile fluid layer adjacent
to the particle surface. The outer end of this immobile layer
where the motion of fluid relative to the particle sets in is com¬

monly referred to as the "surface of shear". Equation (3.6)
with the curvature correction (3.5) already incorporated in ipo
is expected to be rather accurate even for the smaller particles
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at low ionic strength when x <C ft-1 < R-

The distance xs was taken as a fit parameter. Zeta potentials

were translated into electrophoretic mobilities u according to

the widely used method of O'Brien and White [43,44]. For the

values of kR in question, this method predicts a maximum in

the mobility as a function of the zeta potential.

3.3.2 The Kinetics of Aggregation

Aggregation rates k for the process of dimer formation were

calculated according to the modified Fuchs expression [3]

k = ks [iRj {2x + \ytMßV(h)]dh} (3.7)

where

,. as

is the Smoluchowski result for pure diffusion (77 being the dy¬
namic viscosity of the solution). The hydrodynamic drag at a

surface to surface distance h is taken into account through the

approximating formula [45]

6(h/Rf + 13(h/R) + 2

B(h)
6(h/R)' + 4(h/R)

(3'9)

DLVO-theory further considers a total pair interaction energy

V{h) = VvdW(h) + Vel(h) (3.10)

composed of an attractive van der Waals potential and an elec¬

trostatic repulsion. When retardation in the dispersion forces

is neglected, the van der Waals term can be expressed as

^4
KdwCO =

~77
0

2
.

s2-4
+ ^ + ln

s2 — 4 s2 s2
(3.11;
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where s = 2 + h/R, and A denotes the Hamaker constant. In

the Derjaguin approximation

poo

Sphere-sphere CO = ^^
Jh S>lane-plane (^') dh! (3.12)

it simply reads

AR

Kdw(ft) =

-Wh (3.13)

which will be accurate, when radii are large compared to the

particle separation [46].
No analytical expression exists for the electrostatic interac¬

tion on the Poisson-Boltzmann level. While computation of

the exact double layer energy still requires a considerable nu¬

merical effort [47], the Derjaguin approximation is much more

straightforwardly obtained as [48]

2,'TT fiT) /"OO POO

Mh) = —ß-Jh I {cosh^mM] -1}dx dy (3-14)

where n is the number density of particles, and ipm(h) is the

electrostatic potential in the midplane between flat surfaces

with the same density of chargeable sites rtot. This midplane

potential can be calculated by solving the set of equations for

a, ipQ, and ipm that is given by equation (3.3) and the two

transcendental equations [48,49]

_

S£0K
^

exp (2ße^m) - 1 snfo | m)
ße exp (ßeipm/2) cn(i> | m) dn(i> \m)

and
2

ipo = ipm+ -jr hicd(v \m) (3.16)

The functions sn(y\m), cn(v|ra), dn(v\m) and cd(v\m) are Ja-

cobian elliptic functions of argument v and parameter m in

standard notation [50], to be taken at v = kH/ [4exp(ße^m/2)]
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and m = exp(2ßei/jrn). The above procedure yields the electro¬

static interaction with the surface chemical equilibrium main¬

tained at all particle separations, i. e. full charge regulation.
The popular approximations of interaction at constant charge

or constant potential are recovered when equation (3.3) is re¬

placed by the simpler boundary conditions a = a°° = const, or

-00 = ipQ° = const, which will give an upper and lower bound¬

ary to the true interaction energy [41,49]. The surface charge

a00 — lim^oo cr and potential ip = lim^oo ip0 of the isolated

particle are calculated as described in section 3.3.1.

When the surface potential is low (ipo < 25 mV), the

Poisson-Boltzmann equation may be replaced by its linearized

version, the Debye-Hückel equation. The pair interaction en¬

ergy then has the analytical form [51]

Vd{h) = 2irRs£0^-^ln[l + Aexp{-K,h)} (3.17)

with A = (Creg — Cdi)/(Creg + Cdi) taking values between

— 1 and 1 depending on the ability of the surfaces to adjust
their charge density upon approach. The regulation capacity

Creg = [{der) j'(dipo)], _-oo is the derivative of the a (Correlation
given by equation (3.3) and (3.4); C^\ = ££qk is the diffuse layer

capacity. While for Creg ^> Cdi (A = 1), the surfaces interact

at constant potential, the expression for constant charge inter¬

action is recovered in the opposite limit (Creg <C Cdi, A = —1).

3.4 Results and Discussion

3.4.1 The Particle Charge

In figure 3.1, measured titration data (markers) are compared
with calculated charge densities (lines) using the Diffuse Layer
Model for a pK value of 4.9. The maximum charge density is



3.4. RESULTS AND DISCUSSION 89

1 -20

Ö
E

-40

Q -60
LU

CD

<

O -80

-100

"•'•"V.

100 mM

I = 10mM

30 mM

300 mM

RADIUS

155 nm

10

Ö -20

£

« -40

LU

Q

LU

CD

< -60

o

-80

,1 = 10mM

•/
/W*i\ 30 mM

100 mM VsAjV

\

" \ v \
9%

300 mM

\ V^
\Vt\ a\.

RADIUS

52 nm $&&
v v

10

pH

Figure 3.1: The particle charge as a function of pH for two species of differ¬

ent size. Markers represent the result of Potentiometrie titrations at fixed

ionic strength I with KCl as background electrolyte; data from forward

and backward titration have been averaged. The solid lines were calculated

within the diffuse layer model for a pK of 4.9 and the total site densities

given in the table of section 3.2.1.
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98 mC/m2 for the large and 78 mC/m2 for the small particles.

This fitted maximum charge is close to a value obtained by the

producer through conductometric titration (92 and 74 mC/m2).
The predicted saturation with either protonated or depro-

tonated sites at both ends of the pH scale and the qualita¬

tive form of the transition are nicely confirmed by the experi¬

ment. Quantitatively, the model slightly overestimates the de¬

pendence of the surface charge on the ionic strength, although
less so for the larger particles. Excellent agreement is found for

ionic strengths up to 100 mM and pH values below 6, which

will be a regime of particular interest for the understanding of

colloid stability.

The pK of 4.9 found for the carboxyl groups on the surface

is expectedly higher than the literature value for soluble car¬

boxylic acids, as can be rationalized by a low dielectric constant

within the particle.

3.4.2 The Electrophoretic Mobility

A further consistency check for the pK and site density found

in the titrations and the resulting prediction for the charging
behavior is provided by the electrophoresis experiments. Mea¬

sured and calculated electrophoretic mobilities are shown in fig¬
ure 3.2. The experimental data scatter more strongly than the

titration results, but qualitatively show the expected behavior.

In particular, there exists a pH at which a crossing of the mobil¬

ities for 1 mM and 10 mM solution occurs. For pH values below

6, the particle mobility is described fairly well by the theoretical

curves. They were generated assuming a distance of xs = 0.25

nm from the particle surface to the plane of shear. Variation

of this parameter strongly affects the saturation value of the
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Figure 3.2: The particle mobility u as observed in electrophoresis experi¬
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trokinetic theory embodied in the computational method of O'Brien and

White [43]. The corresponding u — ("-relation for the given values of kR are

shown in the inset.
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mobility at high ionic strength, but has very little influence on

the theoretical curve for 1 mM solution. The minimum in that

curve reflects the minimum in the mobility as a function of zeta

potential as predicted by the standard electrokinetic model (in¬
set). At high pH and low ionic strength, measured mobilities

lie below this predicted minimal value, manifesting a limitation

of the electrokintic model. (Similar observations reported by
other groups [52], have been interpreted as an indication of a

"hairy" particle surface. Refinements of the standard theory
that include the effect of surface conductance would even ag¬

gravate this type of discrepancy [53]. A further pursuit of those

strategies is beyond the scope of the present paper.) Due to

the predicted mobility minimum as a function of zeta poten¬

tial, a discussion of the experimental data in terms of the zeta

potentials is difficult: not only can there be some ambiguity
as to whether mobilities slightly above the expected minimum

correspond to lower or higher potentials, but measured mobil¬

ities below the minimum obviously cannot be converted into

zeta potentials this way at all. For those mobilities of figure
3.2 which can be converted, the corresponding zeta potential
are displayed in figure 3.3.

3.4.3 Aggregation Behavior

Figure 3.4 shows the stability ratios W = k{ast/k for different

ionic strengths, measured in dynamic light scattering, and the

prediction of DLVO-theory (eqs. 3.7, 3.10); this figure repre¬

sents the central result of the present work. The theoretical

curves were obtained using the nonlinear Poisson-Boltzmann

equation with full charge regulation, and applying the Der¬

jaguin approximation consistently in both the electrostatic con¬

tribution and the van der Waals term (eqs. 3.13, 3.14). With
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just the pK and the total site density taken from a fit to the

titration curves, the electrostatic interaction between particles

were computed from the model without any adjustable param¬

eters. The only remaining free parameter in the calculation of

stability ratios was the Hamaker constant; the variation of this

parameter essentially results in a parallel shift of the predicted

curves, but has very little influence on their shape, as we will

show below. A Hamaker constant of 1.9 x 10~20 J for the larger
and 0.7 x 10-20 J for the smaller particles provided the best

fit to the experimental data for 1, 2, and 10 mM. (A previ¬

ously reported experimental value of 1.8 x 10~20 J [28] for the

larger particles was corrected after a slightly higher site den¬

sity was found by titration than had initially been assumed.)
Theoretical estimates for the Hamaker constant are available

from Lifshitz theory; for polystyrene latex across water a value

of 1.3 x 10~20 J has been calculated [54].

The Regime of Slow Aggregation

Most strikingly perhaps, the DLVO-theory is seen to work

quantitatively for several situations of aggregation at (moder¬
ately) low ionic strength. Clearly, the predicted steep increase

in stability with pH above some critical value is confirmed by
all experiments at ionic strengths up to 10 mM. To our knowl¬

edge, it is the first time that such a sensitive dependence of

stability on the magnitude of the electrostatic interaction has

been observed experimentally. From the close-up presented in

figure 3.5, it is also clear that the experiments show a greater

slope in the stability curves for the large particles than for the

small ones, just as claimed by the theory [14] and quite in con¬

trast to previously reported aggregation and deposition studies

[15,16].
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Figure 3.4: Measured and calculated stability ratios at different fixed ionic

strengths. Experimental data points were obtained from the increase in

the hydrodynamic radius rh measured by dynamic light scattering via

W = [(drh/ dt)iast/(drh/ dt)]t^.0; theoretical values were calculated in the

Derjaguin approximation from the solution of the Poisson-Boltzmann equa¬

tion including full charge regulation. The chosen Hamaker constant of 1.9

x 10~20 J for the larger particles and 0.7 x 10~20 J for the smaller particles
allows the best fit to the measurements at ionic strengths up to 10 mM.
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was applied throughout. Note the general agreement between theory and

experiment with respect to the different slopes for smaller and larger parti¬

cles.
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For the smaller particles in 1 mM solution, measured stabil¬

ity points appear shifted towards higher pH with respect to the

theoretical curve (figure 3.4). (Possible reasons for this some¬

what surprising behavior shall be discussed below.) Nonethe¬

less, the agreement between theory and experiment with re¬

spect to the slope is very good like for all other curves up to 10

mM.

At higher ionic strengths though, the aggregation data show

a much more gradual increase of stability than predicted by

DLVO-theory, which is the far more common observation [10-

13].
At sufficiently high ionic strength (300 mM for the larger

particles), even the charge density of the fully deprotonated

particle surfaces is sufficiently screened for aggregation to take

place, and the charge saturation at high pH is reflected by a

saturation in the stability. Theory predicts such flattening of

the stability curves, too, but expects it to occur at measurable

stability only for even higher ionic strengths.

Absolute Rates of Fast Aggregation

Above some critical ionic strength (~ 480 mM for the larger

particles according to the theory), aggregation takes place at

the fast rate fcfast (W = 1) for every pH. The absolute values of

this fast rate for the two different species are similar to previ¬

ously reported ones [55] but smaller than the calculated values

by a factor of 2-3 (see table in section 3.2.1).
While stability in the regime of slow aggregation is essen¬

tially determined by interparticle forces in a small range of

separations (around the energy barrier) only, the absolute rate

constant in the fast regime is substantially influenced by details

of the dispersion forces, hydrodynamic and hydrophobic inter-
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actions at all distances. Since they are not yet very well under¬

stood, predictions of absolute rate constants are difficult. In the

present case the calculated values are substantially larger than

the measured ones (see table), but previously reported studies

indicate a better agreement for larger particles [4,38]. It has

also been pointed out that trace amounts of organic impuri¬

ties can drastically slow down aggregation in the fast regime

[37]. So far, reliable data are available for very few systems

only; further investigations are certainly necessary for a solid

understanding of fast aggregation rates.

Synoptic Sketch

A schematic summary of the aggregation behavior is given for

the larger particles by figure 3.6. It represents stability as a

function of pH and ionic strength in a a contour plot of equi-

stability lines, extracted in a semi-quantitative way from figure
3.4 (top).

At ionic strengths above 10 mM, the stability shows a much

weaker sensitivity to variations in both the pH and the ionic

strength than is predicted by DLVO-theory.

3.4.4 The Limitations of DLVO-Theory

For a discussion of why the aggregation model gives a satisfac¬

tory description of colloid stability for low ionic strengths (< 10

mM) only, the pair interaction energies corresponding to some

points in figure 3.4 on the theoretical curves for 10 mM and

100 mM solution have been plotted in figure 3.7. The dotted

line is the pure van der Waals energy (W = 1.0), the two full

lines include the electrostatic interaction at the pH-values cor¬

responding to a stability ratio of W — 10 and W = 1000. By
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Figure 3.6: Theoretical equistability lines for the larger particles and their

experimental analogue extracted in a semiquantitative way from the data

shown in figure 3.4. According to DLVO-theory, the regime of fast aggrega¬

tion (hatched area) is divided from a domain of considerable stabilization

(W > 1000) by a very narrow region only. In practise, this region appears

much broader for ionic strengths above 10 mM.

increasing the pH (and correspondingly the surface charge and

potential) an energy barrier is built up, which particles have to

overcome in order to aggregate.

For stability predictions it is vital to know the shape of the

energy curve in a vicinity of the maximum accurately, since

those are the particle separations which give the dominant con¬

tribution to the integral in equation (3.7). Now at an ionic

strength of up to 10 mM the energy barrier lies at surface sepa¬

rations of at least 1—2 nm, where DLVO-theory was confirmed

by measurements of colloidal forces and energies, too [7, 26, 27].
On the other hand, at higher ionic strengths (and correspond¬

ingly small Debye lengths), the energy goes through the maxi¬

mum at surface separations of only a few À (figure 3.7), where

non-DLVO forces have been observed [26]. In any event, a

model ignoring completely the structure of both the solution
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Figure 3.7: The DLVO pair interaction energy profile for both types of

particles and two different ionic strengths. Each of the curves corresponds
to one point on the predicted stability curves of figure 3.4. The pH values

chosen correspond to a stability ratio of W = 10 and W = 1000; the pure

van der Waals interaction is shown as a broken line. Note the shift of

the energy barrier from 1—2 nm to sub-nanometer distances as the ionic

strength is increased from lOmM to 100 mM.

and the particle surface cannot be expected to perform well at

such minute distances.

While it has been recognized early that the height of the

interaction energy barrier in the regime of slow aggregation

governs the predicted stability [14], not much attention has

been given to role of the barrier position as a criterion for the

validity of aggregation theory. The requirement of an energy

barrier at several nm implies a requirement of very low sur¬

face charge: for colloid particles of the given Hamaker constant

and surface charge densities above 3 mC/m2, the large ionic

strength needed in order to induce aggregation will imply an
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energy barrier in the sub-nanometer range and likely a break¬

down of the DLVO-model. A recent study on weakly charged
sulfate latex corroborates this idea [56]. (In earlier investiga¬

tions on systems with nonvariable surface charge, the charge

density was typically much higher [17, 57] as can sometimes

only be inferred from the observed critical coagulation concen¬

trations [10,11,58].)

3.4.5 Analysis of Selected Further Aspects

The Hamaker Constant

The influence of the Hamaker constant on theoretical stabil¬

ity curves is illustrated in figure 3.8. All curves were obtained

from the nonlinear treatment in the Derjaguin approximation.

Previously reported preliminary results for the smaller parti¬

cles at 10 mM showed the same good agreement with theory

regarding the slope of the stability curves, but did not indicate

a substantial difference in the Hamaker constant for the two

particle species seen in figure 3.8. The data presented in figure
3.4 (bottom) were obtained several months later in a different

laboratory. Although the same batch of particles was studied

and great care was taken in order to ensure equivalent experi¬

mental conditions and best achievable cleanliness of the system,

a slight alteration of the particles or a difference in the purity
of the used chemicals cannot be excluded.

The overall fair agreement of the fitted Hamaker constants

with the theoretical value may also be delusive: both sorts of

particles are highly hydrophobic, as can be inferred from a con¬

tact angle of more than 90° for a drop of water on a layer of

dried particles. Recent force measurements indicate that such

hydrophobic materials experience an additional attractive in¬

teraction that decays with distance in a similar fashion as van
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der Waals forces and may be lumped into an effective Hamaker

constant. In this sense, a larger apparent Hamaker constant

than obtained from the fit should be expected [60]. The effect

of hydrophobic interaction is likely counteracted by the fact

that in a more realistic description of the latex surfaces, the

charge would not be located exactly (or entirely) on the sur¬

face, but reach into the solution to some extent. Since these

effects are not accounted for in the present description, experi¬

mental Hamaker constants obtained in this fashion should be

considered with caution.

Charge Regulation and Linearization

Figure 3.5 shows a close-up of the stability data for an ionic

strength of 10 mM and compares the predictions based on the

Poisson-Boltzmann equation (using the Derjaguin approxima¬

tion) for constant charge, charge regulation and constant po¬

tential conditions (full lines, eqs. 3.14—3.16), with the corre¬

sponding results of the linearized theory (broken lines, equa¬

tion 3.17). Clearly, both the approximation of constant charge
and constant potential can deviate considerably from the more

realistic intermediate case of charge regulation. This regulation
behavior is characteristic of the carboxyl latex surfaces and can

be related to the slope of the titration curves [49]. Because of

the uncertainties associated with the effective Hamaker con¬

stant, it is not possible to "measure" the regulation behavior

in aggregation experiments. In agreement with other studies

[59], the error introduced by linearization is seen to be impor¬

tant mainly in the case of constant charge. Generally, however,
linearization is rather uncritical in the pH range where DLVO-

theory works (low charge regime), because here the involved

electrostatic potentials are low as well. Neither linearization
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Figure 3.9: The effect of surface curvature on the calculated stability. Exact

results from the Poisson-Boltzmann equation for two spheres under con¬

stant charge and constant potential conditions were obtained from a finite

difference calculation. They are compared to the corresponding results in

the Derjaguin approximation (lines), which overestimates both the van der

Waals attraction and the double layer repulsion. When the electrostatic

contribution is predominant, i. e. under conditions of high stability, the

approximation consequently overestimates the resulting stability.

nor an approximative treatment of the charge regulation be¬

havior, has a strong effect on the slope of the predicted stability

curve.

Surface Curvature

The quality of the used Derjaguin approximation for surface

curvature is illustrated in figure 3.9 for the smaller particles and

the lowest ionic strength considered (1 mM, k,R = 5.4), where

deviations from the exact solution are most pronounced. The
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Derjaguin approximation for boundary conditions of constant

charge and constant potential is compared to results based on

equation (3.11) and the exact numerical result from a finite

difference calculation of the electrostatic force. (The method

is discussed in [47], the code for this calculation was kindly

provided and explained to the authors by P. Warszyhski and

Z. Adamczyk.) No exact solution was available for the case of

charge regulation, but from the presented limiting cases, it is

quite clear that corrections for surface curvature are relatively

small. A more detailed analysis in fact shows, that the errors

caused by the Derjaguin approximation in the attractive and

in the repulsive term largely cancel each other. The choice of a

slightly larger Hamaker constant (as suggested by a fit to data

for this ionic strength alone) would even improve the agreement

between the approximation and the exact results.

3.5 Conclusions

The charging behavior of carboxyl latex particles was described

well by a simple diffuse layer model. With a dissociation con¬

stant and a site density obtained from Potentiometrie titration,

electrophoretic mobilities could be modeled consistently.
In a pH range where particles are weakly charged (< 3

mC/m2) and aggregation can be observed at ionic strengths <

10 mM, classical DLVO-theory of aggregation was successfully

applied for a quantitative description of colloidal stability. At

higher ionic strength, well-known discrepancies between theory
and experiments are recovered. An analysis of interaction en¬

ergy profiles indicates that such deviations are closely related to

an energy barrier at particle separations below one nanometer,

where deviations from DLVO-theory have also been established

by force measurements. Whenever the energy barrier determin-
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ing the predicted stability lay at separations of 1—2 nm or more,

the correct dependence of stability both on pH and on the par¬

ticle size was captured by the theory. Simultaneous static and

dynamic light scattering measurements however showed that

the theory overestimates absolute aggregation rates for these

particles by a factor of 2—3.

The Hamaker constant served as the only free parameter

in a theoretical calculation of stability based on the Poisson-

Boltzmann equation for boundary conditions of full charge reg¬

ulation in the Derjaguin approximation. The average value of

1.3 x 10-20 J obtained from a fit to the onset of stabilization

fortuitously coincides with a literature results calculated from

continuum theory.
At the low surface charge densities for which stability predic¬

tions work well, linearization of the Poisson-Boltzmann equa¬

tion does not introduce a major error.

The effect of charge regulation is more pronounced but still

uncritical for the general performance of the theory.
For the given ionic strengths and particle sizes, the Der¬

jaguin approximation is excellent when applied consistently in

the attrative and repulsive component of the interaction.
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Chapter 4

Electric Double Layer
Interaction of Ionizable

Surfaces: Charge Regulation
for Arbitrary Potentials

Abstract

Electrostatic interactions between charged surfaces across an

electrolyte solution are commonly described by boundary con¬

ditions of constant charge or constant surface potential. These

two extremes are in general not appropriate for an equilibrium

description of materials with ionizable surface groups, but do

provide an upper and lower bound for the interaction engergy.

We propose a quantitative criterion which permits to evalu¬

ate the degree of charge regulation for surfaces with arbitrary
electrostatic potential, as considered in the Poisson-Boltzmann

theory. Our approach represents a generalization of the lin¬

earized regulation model proposed earlier for the framework

of Debye-Hückel theory only. Like in the case of low surface

potentials, the regulation behavior is generally determined by
the competition between the capacities of the diffuse and the

compact part of the electric double layer. Our results suggest a
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new way of using the limiting conditions of constant charge and

constant potential to approximate the interaction free energy

of charge regulating surfaces.
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4.1 Introduction

The electric double layer interaction of two charged flat sur¬

faces in an electrolyte solution is commonly calculated under

the assumption that either the electrostatic surface potential or

the surface charge density is independent of the surface separa¬

tion [1]. A more elaborate model describes the charge density

as due to ionizable surface groups maintaining chemical equi¬

librium at all surface separations [2]. The nonlinear charge

density-surface potential relation resulting from the ionization

isotherm for these so-called "charge regulating" surfaces, how¬

ever, complicates the calculation.

Chan and Mitchell [3] have given a graphical interpretation

of the corresponding interaction free energy, which for equal
surfaces identifies the interaction at constant charge as an up¬

per bound and the interaction at constant surface potential as

a lower bound for the double layer repulsion. By linearizing
the ionization isotherm around the equilibrium of the isolated

surface, Carnie and Chan [4] have derived analytical expres¬

sions for the force and interaction energy, valid in the situation

of low electrostatic potentials described by the Debye-Hückel

equation. Their results imply a criterion of how similar the in¬

teraction under charge regulation will be to both limiting cases

of constant charge and constant potential. They show that

the regulation behavior is determined by the competition be¬

tween the two capacities associated with the diffuse part and

the compact inner part of the electric double layer; a large
diffuse layer capacity leading to constant-charge-like behavior,
and a predominant capacity of the compact layer producing a

constant-potential-like interaction.

In the following, we will present a simple generalization of

the above approach to arbitrary potentials. Geometric argu-
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ments indicate that a similar regulation criterion holds much

more generally than the original derivation in the framework

of Debye-Hückel theory would suggest. As a practical conse¬

quence, we propose a simple approximation for the interaction

energy of charge regulating surfaces, when only the more acces¬

sible limiting results for constant charge and constant potential

are available from calculations. A numerical analysis indicates

that this approximation works remarkably well for situations

of high electrostatic potentials, where the Debye-Hückel treat¬

ment is inappropriate.

4.2 The Electrostatic Surface Potential

The general concept of an electric double layer involves a diffuse

part formed by mobile ions in the solution and a compact inner

part containing immobile surface charges. The electrostatic po¬

tential at the interface between these two regions, subsequently

called "surface potential" ip, is determined by the structure of

both the diffuse layer and the compact inner layer.
For charge regulating surfaces, the ionization reaction of the

surface groups in the inner layer imposes a functional depen¬
dence of the surface potential on the surface charge density

[3], which we will denote by if)1 (a). Depending on the chosen

surface complexation model, this function may reflect further

structural features, such as for example, the presence of a Stern

layer, but we will assume that this function does not depend

on the surface separation.

At the same time, the surface potential must obey a charge-

potential relation dictated by the diffuse layer; this functional

dependence will be denoted as ipD (a, L). If the diffuse layer is

described on the basis of the Poisson-Boltzmann equation, then

for an isolated surface in a solution of monovalent electrolyte
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this relation is the familiar Grahame equation

limj-oo^ (<r, L) = j- smh-1 [^-) , (4.1)

/5_1 = fcT being the thermal energy, e the protonic charge,
kT1 the Debye length, and ££q the total permittivity of the

solution. For a finite surface separation L, this relation cannot

be expressed analytically [2].
A schematic representation of the function ip1 and the func¬

tion ijjD (for a finite and infinite separation) is given in figure

4.1. Their intersection point defines the charge and potential

actually assumed by the surfaces in equilibrium with the solu¬

tion.

4.3 Double Layer Interaction under Charge

Regulation

Chan and Mitchell [3] have shown that for identical surfaces,
the free energy per unit area at a given separation L can be

expressed as

a(L) a{L)

F(L) = J iPd (a, L) da - J yb^^da. (4.2)
o o

We can interpret the first term on the right hand side of (4.2)
as the free energy stored in the diffuse layer, and the second

term as contribution of the compact inner part of the double

layer including the chemically stored energy. As pointed out in

reference [3], the interaction free energy (per unit surface area)

F{L) = F(L) - .F(oo) (4.3)

corresponds to the area enclosed by the curves if)1 (cr), ipD (a, L)
and ijJD(cr, oo); this is the vertically hatched area of figure 4.1.
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In the same way, the area obtained when tp1 (a) is replaced by

the curves ip = ip°° = const, or a = <t°° = const, represents the

free energy of interaction at constant potential (cp) or constant

charge (cc), and clearly,

F^\L)<F{L)<F^CC\L).

Our aim is to see what fraction of F^cc' — F^cp> actually

contributes to the interaction energy in the regulating case;

thus, we ask for the value of the "regulation parameter"

F(L) -F(cp)(L)
P^ =

i?(cc)(L)_jp(cp)(L)
' (4-4)

which can obviously take values between 0 for constant poten¬

tial and 1 for constant charge conditions.

Carnie and Chan [4, 5] have linearized the function ip1 (a)
around the equilibrium value for the isolated surface and con¬

sidered the Debye-Hückel limit of the function tpD (a, L) (dot¬
ted straight lines in figure 4.1). The interaction free energy

thus found is represented by the diagonally hatched area.

In typical applications, rb1 [a) is a rather straight, featureless

curve between the point describing the isolated surface (point
C in the inset of figure 4.1) and some equilibrium point (E)
at a finite separation of interest [6]. We therefore suggest to

linearize ipT (a) around the equilibrium charge density o~°° for

infinite separation as proposed in reference [4] for a treatment

on the Debye-Hückel level. Since the regulation parameter p

(= area(ACE)/area(ACDE) in figure 4.1) is mainly determined

by the local behavior of both curves, it seems consistent to

linearize iL)D (a, L) locally as well (and not globally as it is done

in the Debye-Hückel approach).
First we note that replacing the segment ACDE of figure 4.1

with the triangle ACD, will not affect the ratio p very strongly
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— not even if ipD (a, L) is locally curved. Next, we approximate

the slope of the secant AD by its large separation limit, the

inverse of the diffuse layer capacity

1 di>D
,, ^

c*
=

l^' (4'5)

which is evaluated at the equilibrium charge density a°° of the

isolated surface. If the Poisson-Boltzmann equation is used to

describe the diffuse layer, then the capacity is given by [1]

CD = ££0Kcosh(/3e^°72) . (4.6)

In the same way, we introduce the capacity of the compact

inner layer (called "regulation capacity" [4, 5])

±
=

-*tL
(47)

C da
' { '

evaluated again at a00. When the segments ACE and ACDE

(figure 4.1) are approximated as triangles, the regulation pa¬

rameter is given by the ratio of their areas and can be expressed

as a ratio of lengths BE/CD = AB/(AB + BC). With the ca¬

pacities CD and C1 given by AB/BE and BC/BE respectively,

we find for the regulation parameter of equation (4.4) in this

approximation

P = &,!>(£) = c^ci <4-8>

The same parameter describes the effect of charge regulation

on the equilibrium value of the surface charge and potential [7].

-0(cc) _ ,0(cp)
~

0.(cc) _ 0-(cp)
~~ P ' V • )

We conclude that the regulation behavior of flat surfaces

is governed quite generally by the competition of two capaci¬

ties that reflect how easily charge can be stored in either the

compact or the diffuse part of the double layer.



122 CHAPTER 4. CHARGE REGULATION

Whenever the diffuse layer capacity prevails, the surfaces

will interact at constant charge; if, on the other hand, the ca¬

pacity of the compact inner layer dominates, the surfaces will

interact at constant surface potential. Every form of intermedi¬

ate behavior will be characterized by a value of the regulation

parameter p between 0 and 1.

This regulation criterion, equation (4.8), is the generaliza¬

tion of a result previously reported by Carnie and Chan [4].

They showed that on the level of Debye-Hückel theory and

linearized iL)1 (er), the interaction energy per unit area (the di¬

agonally hatched area between the dotted lines in figure 4.1) is

given by [8]

with
ril fiD

A =

cTTc^
= 1~2p' (4,11)

and CD = ££ok. For arbitrary potentials, no analytical expres¬

sion is available for the interaction energy. Numerical solutions

are often considered for the limits of constant charge or con¬

stant potential only, because these two cases are easier to cal¬

culate. Yet, the parameter p in its general form characterizes

the location of the interaction energy between these limiting
results even when none of them can be written down explicitly.
This parameter can easily be computed from the typically used

double layer models.

In the common situation where the double layer interaction

is known for the cases of constant charge and constant potential

only, an obvious way of accounting for charge regulation is to

approximate the interaction (free) energy per unit surface area

by

i^approxW = F^\L) + p[F{L) - F^\L)] , (4.12)
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where p is the constant given by equation (4.8). Clearly, this

approximation will be best for large separations L. When the

approximation (4.12) is applied to the analytical Debye-Hückel

expressions for F^cp^ and F^cc\ then the relative error at finite

separation is

FapproxW ~ FW
=

4P(1 - p)

F(L) exp(2KL)-l'
{ }

which is below 5% down to surface separations of 1.5 k~1 for

all values of p.

In order to check numerically how the quality of approxi¬

mation (4.12) changes at higher potentials, we have evaluated

the solution to the Poisson-Boltzmann equation for charge reg¬

ulating, infinite plates in terms of Jacobian elliptic functions

[2]-
In figure 4.2 and 4.3, we consider the relative error of our ap¬

proximation (4.12) for the electrostatic interaction energy, and

predict the force per radius between a sphere and a plate of the

same surface material. (Such forces are accessible experimen¬

tally through atomic force microscopy [9] or direct measure¬

ments with the surface force apparatus [10].) As a realistic ex¬

ample, we chose a surface with a density Y — 1 nm-2 of weakly
acidic headgroups, which can be ionized in a one step depro-
tonation process described by a dissociation pK of 8.2; these

parameters have been used to model the charging characteris¬

tics of quartz surfaces coated with absorbed anionic surfactant

(monolayers composed of 4-Heptadecyl-7-hydroxycoumarin in

neutral polymer, [11]). With the potential drop in the solution

described by the simple Gouy-Chapman model [12], the charge-

potential relation resulting from the ionization isotherm reads

V>JM = ^ (pK - pH) In 10 - 2arctanh ( 1 + -^ J (4.14)
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the surfaces were assumed to interact across an aqueous 10 mM

solution of monovalent electrolyte at 25°C.

The force curves were calculated in the Derjaguin approxi¬

mation as

f(L) = 4vR[F{L) + FvdW{L)] (4.15)

with an added nonretarded van der Waals attraction

W£) = -^V (4.16)

and a Hamaker constant of 8.3 10~21 J.

At pH 8 (figure 2) and pH 9.7 (figure 3), the surfaces are

strongly charged and have electrostatic potentials of -50 mV

and -110 mV at large separations, so no reliable results can

be expected from Debye-Hückel theory in either of these cases.

In these situations, where a nonlinear description is inevitable,

our approximation is seen to provide excellent results down

to separations of less than half a Debye length. Since it only

requires knowledge of the results for constant potential and

for constant charge, it represents a very useful alternative to

carrying out the more involved calculation for the boundary
conditions of charge regulation in the nonlinear regime of the

Poisson-Boltzmann equation.

4.4 Conclusion

A local linearization of both charge density - surface potential

relations characterizing the diffuse and the compact part of the

electric double layer proves useful to describe the interaction of

charge regulating surfaces at arbitrary potentials. Like in a de¬

scription based on the Debye-Hückel equation, a characteristic

regulation parameter taking values between 0 for interaction at

constant potential and 1 for interaction at constant charge, is
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simply given by the ratio of the diffuse layer capacity to the

sum of the diffuse layer capacity and the inner layer capacity.

This regulation parameter is also convenient for an approxima¬

tion of the interaction free energy under conditions of charge

regulation in terms of the more easily accessible limiting results

for constant charge and constant surface potential.
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SURFACE CHARGE DENSITY

Figure 4.1: Schematic representation of the charge-potential relations ip1 (a)
and tpD (a, L) and of the Debye-Hückel limit for ipD (c, L). The intersection

of ip1 (a) and ipD (a, L) corresponds to the equilibrium value of the surface

charge and potential, the hatched area between the curves is a measure of

the interaction energy. The curve tp1 (er) is replaced by the horizontal line

at ipd = if) in the constant potential limit and by the vertical line through
a = a00 in the constant charge limit; for the regulated case, tp1 (a) is

approximated by its tangent in the equilibrium point for infinite separation.
Inset: the contribution to the interaction energy for the different boundary
conditions of constant potential (cp), charge regulation (reg), and constant

charge (cc). The interaction parameter p is given by the ratio of the area

of ACE to the area of ACDE, which we approximate as triangles.



4.4. CONCLUSION 127

ai

o
01
DU
LU

LU

>

LU
al

10

5

0

-5

-10

- '. \v
10 mM, V^-öOmV

APPROXIMATION
^

cc

\

\

cp

/
1 > '

.-.
4 -

w

=3

Q

al
LU
CL

LU

O
01
o

.APPROXIMATION

,CHARGE REGULATION

1 2 3

DIMENSIONLESS SEPARATION kL

Figure 4.2: The relative error of the approximation (equation 4.12, dashed

line) to the interaction free energy of charge regulating surfaces (top) and

the corresponding force per radius in a sphere-wall geometry (bottom) at

pH 8. Further parameters are the ionic strength (10 mM, corresponding
to a Debye length k_1 of 3 nm), the proton dissociation constant (pK =

8.2), and the surface density of ionizable sites (r = 1 nm"1). The resulting

regulation parameter is p = 0.42. Results for the limiting cases of constant

potential (cp) and constant charge (cc) are shown in full lines.
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Chapter 5

Electrostatic Interaction of

Colloidal Surfaces with

Variable Charge

Abstract: When two surfaces with ionizable groups interact

across an electrolyte solution, both their equilibrium charge

density and the corresponding electrostatic surface potential

will depend on the surface separation (charge regulation).
The corresponding nonlinear boundary conditions are often re¬

placed, for simplicity, by the limiting conditions of constant

charge or constant surface potential. A strategy to linearize

the boundary conditions, initially devised for the case of low

potentials only, has recently been adapted to situations of arbi¬

trary potential. Within a 1-pK-Basic Stern Model suitable for a

large class of surface materials, we now address the implications
of charge regulation on the level of Poisson-Boltzmann theory.
The regulation behavior can be characterized in terms of a sin¬

gle parameter taking values between 0 for constant potential
and 1 for constant charge conditions. This parameter depends

on the capacities associated with the diffuse part and the com¬

pact part of the electrical double layer and can be inferred

from acid-base titrations. We discuss the effect of regulation
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on a variety of measurable quantities for exemplary surfaces of

carboxyl latex, silica and iron hydroxide.
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5.1 Introduction

The interaction between electrically charged surfaces across a

liquid is of central interest to colloid science and electrochem¬

istry; it is also relevant to biophysics, environmental science,

and materials engineering. A common modeling strategy starts

by splitting the net pair interaction into a purely electrostatic

double layer contribution, a term due to dispersion forces, and

possibly further contributions, that are all tackled separately

[1, 2]. This separation is a delicate issue and by no means undis¬

puted [3], but it has enormously promoted our understanding
of colloidal and polymeric systems, and shall be adopted for

the following discussion as well.

In the classical theory proposed by Derjaguin, Landau, Ver¬

wey, and Overbeek (DLVO), the double layer term is calcu¬

lated on a mean field level from the solution of the Poisson-

Boltzmann equation for the electrostatic potential [4,5]. A

common and computationally convenient choice of boundary
conditions fixes either the electrostatic surface potential or the

surface charge density, irrespectively of the surface separation.

For most surfaces, however, the very nature of the material

suggests a more complex relation between the charge density
and the surface potential [6], both properties being adjusted

simultaneously as the surfaces approach each other. This ef¬

fect directly influences a wealth of measurable quantities that

characterize colloidal systems, such as the swelling pressure

in lamellar phases, the force and interaction energy between

charged surfaces or the rates of aggregation of colloidal parti¬
cles.

Many previous studies have considered surfaces with ion¬

izable groups maintaining chemical equilibrium at all surface

separations, in general referred to as charge-regulating surfaces
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[6-16]. The corresponding nonlinear boundary conditions com¬

plicate the calculation of interaction energies, but the two sim¬

pler scenarios of constant charge (cc) and constant potential

(cp) are known to provide an upper and a lower limit for the

electrostatic repulsion of identically charged surfaces [9]. Hence

the question arises, whether for a given system these two lim¬

iting cases lead to very different predictions for the measurable

properties of interest and, if so, where between the two limiting

cases the system actually lies.

The Debye-Hückel approximation with a general linearized

boundary condition, has exhaustively been discussed by Carnie

and Chan [12]. We have recently extended this approach for ar¬

bitrary surface potentials and shown that, like in the framework

of Debye-Hückel theory, the regulation behavior is determined

by the competition of the diffuse layer capacity CD and the

capacity C1 of the inner (compact) layer [17].
The inner layer capacity is closely related to the slope of the

familiar charging curves obtained in acid-base titrations. We

can therefore predict the dependence of surface properties and

interaction on the surface separation, once we know how the

charge of the isolated surface varies with pH. For C1 ^> CD

the constant potential behavior will be found; in the opposite

case, C1 <C CD, two surfaces will interact at constant charge.
The implications for a variety of measurable quantities shall

be discussed in the exemplary cases of an iron hydroxide, a

carboxyl latex and a silica surface, using the exact solution

to the Poisson-Boltzmann equation under conditions of charge

regulation.
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5.2 Fundamentals

Consider two equally charged, parallel plane surfaces immersed

in an electrolyte solution. The liquid in the gap between the

surfaces shall be in equilibrium with a solution reservoir. Sur¬

face charge will give rise to an electric double layer that consists

of an inner (compact) part, characterized by the chemical prop¬

erties of the surface material, and a diffuse part built up of the

mobile ions in the solution. We may think of these two parts,

the compact and the diffuse layer, as of two adjacent subsys¬

tems, each of which is described by its own equation of state.

Equilibrium between the two layers then requires that the equa¬

tions of state be respected simultaneously for both subsystems.

5.2.1 The inner (compact) layer

Let the state of the surface depend on just one type of basic or

acidic surface headgroup undergoing a one step protonation or

deprotonation reaction

AH^A + H, (5.1)

where AH and A are the protonated and deprotonated form

of the surface groups. (The description is not necessarily re¬

stricted to the case of protons as the potential determining

ions.) This simple picture is realistic at best, if only monova¬

lent ions are present. In the presence of polyvalent ions, the

description is complicated by competitive adsorption processes

and a possible breakdown of the Poisson-Boltzmann treatment

due to ion-ion correlations. Following a common strategy [8],
we shall further neglect the discrete nature of the surface sites

and assume the charges to be uniformly smeared out. The

charging state of the surface is then determined exclusively by



136 CHAPTER 5. SURFACES WITH VARIABLE CHARGE

the average proton density at the surface, which we will denote

by Par- This property is related to the charge density a via

CT = e(rAH-rref) , (5.2)

where e is the protonic charge and rref the proton density of

the uncharged surface. The deprotonation reaction will be de¬

scribed by a mass action law

(Aot — ^ah) %
-Tab

= K, (5.3)

where % has been introduced as the "proton activity at the

surface" by Healy and White [8], rtot is the total site density
and K the dissociation constant. In order to derive the charge-

potential relation, we have to specify a model for the inner

layer.

The Gouy-Chapman model

The simplest description compatible with our previous assump¬

tions places all the surface charge into one plane (characterized
by the the electrostatic potential ifio). The surface proton ac¬

tivity in equation (5.3) is related to the bulk activity an via

a
(0)
H

= m exp {-ßeipo) , (5.4)

/3_1 = kßT being the thermal energy. In this model, the diffuse

layer with the electrostatic potential ipd at its head end extends

all the way to the plane of charge, so we have

ipd = V'o (5.5)

This simple picture for the surface region has been called Gouy-

Chapman model [8,18] or Diffuse Layer Model [19], because

this model is used together with the Gouy-Chapman theory
for the diffuse layer near a single charged plane [20].
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Combining equations (5.2) through (5.5) yields

°~ = T~,
\o Ti i M

~ eFre{ = cjI(^) ' (5-6)
1 + exp [ßeiipd

-

ipN)\

where

nbN = (pK - pH)~ (5.7)
pe

is just the Nernst potential, and we have labeled the functional

dependence of a on ipd (for later distinction) by the superscript

/ because it is determined by the inner part of the electric dou¬

ble layer. (We have used the common notation pH = — log10 an
and pK = — log10 K.) As will become apparent later, equation

(5.6) describes the form of the so-called "mastercurve" to the

charging functions observed in acid-base titrations [21, 22].

The Basic Stern model

A useful generalization of the Gouy-Chapman approach is

achieved in the so-called Basic Stern Model [19], also referred

to as Zeroth Order Stern Model [8]. In this model, all non-

adsorbed ions are pictured to have at least some finite mini¬

mum distance from the plane of charge - corresponding to the

ionic radius. The diffuse part of the electric double layer is

separated from this plane by a charge-free Stern layer, which

acts like a parallel plate capacitor between the mobile and the

bound charge. Accordingly, the electrostatic potential is as¬

sumed to drop linearly from its plane of charge value ipo to its

value ipd at the onset of the diffuse layer, and the ratio of the

charge to this potential drop defines the Stern capacity [23]

a = Cs (-00 - 1>d) (5.8)

For simplicity and in a first approximation, we shall subse¬

quently account for the presence of a Stern layer through equa¬

tion (5.8) only, but neglect the actual thickness of that layer.
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With (5.8) instead of (5.5), the relation between a and ipd (5.6)
is given by

ale (rtot - rref) - (J
, ,

^ = ^-^ + ^ln erref + CT
(5.9)

This relation now defines the function cr^vbd) for the basic Stern

model. In the limit of an infinite Stern capacity, we recover the

Gouy-Chapman model. Another limiting case can be realized

for small Stern capacity: When the third term on the right
hand side of equation (5.9) is very small compared to the second

term, then the Nernstian surface,

o- = Cs(iPN-iPd) , (5.10)

will be a good approximation. It is well known that amphoteric

systems can be described that way; we immediately understand

this from equation (5.9) because for those systems rtot — 2.Tref,

and typically a <C ei~t0t/2 for a wide range of pH around the

point of zero charge. However, for surfaces that are uncharged
when fully protonated or fully deprotonated (rref = 0 or Tref =

rtot), the Nernst approximation will fail.

5.2.2 The diffuse layer

A different charge-potential relation is imposed by the diffuse

part of the double layer. The distribution of mobile ions is gov¬

erned, as we have assumed, by the Poisson-Boltzmann equation

^-sinM/JeVO, (5.1!)

where if>{x) is the electrostatic potential as a function of the

distance x normal to the surface and kT1 is the Debye length
defined by k2 — 2ße2n/(££o) (n being the bulk electrolyte con¬

centration and ££q the permittivity of the solution). When the
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midplane is chosen as origin, then the symmetry of the prob¬

lem implies that iL){x) = iL)(—x) and the surfaces will be located

at x = ±L/2 where the potential is just the diffuse layer po¬

tential ijjd — rb{L/2). The surface charge density is given by

a = ££odip/dx at x = L/2.

The Debye-Hückel limit

We shall first discuss the linearized form of equation (5.11).
When the electrostatic potential is small, the Poisson-

Boltzmann equation is approximated well by the Debye-Hückel

equation (DH)

g = «V. (5,2)

Straightforward integration yields

,
. .

,
cosh(/ec)

^(X) = *< ^Lj2) ' (5'13)

from which the charge density follows as

a = ££QKtfjd tanh (kL/2) . (5-14)

This relation between a and i\)g has been named aD(ipd, L) to

stress that it originates from the diffuse part of the double layer.

The Poisson-Boltzmann description

Just as in the Debye-Hückel limit, the differential equation

(5.11) engenders a relation of the form

a = crD{iPd,L) . (5.15)

In the limit of large surface separations, this relation is reduced

to the familiar result for an isolated surface, called the Grahame

equation [1]

aD(fa,oo) = lim aD(ipd,L) = 2^ sinh {ßefa/2) . (5.16)
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The corresponding relation for interacting surfaces was ob¬

tained by Ninham and Parseggian [6], a derivation of the ex¬

pressions cited below is outlined in the appendix. For a finite

separation L, the electric potential at point x between the sur¬

faces is given by

2

4>(x) = ^m + TT
In cd(u | m) , (5-17)

where vbm is the midplane potential ipm — ^(0), and cd(u\m) is

a Jacobian elliptic function of argument u and parameter m (in
standard notation, see appendix) with u = kxJ [2 ex-p(ßeipm/2)]
and m = exp(2ßeipm). Equation (5.17) corresponds to equa¬

tion (5.13) in the Debye-Hückel case. It follows, that the charge

density is related to the diffuse layer potential fa by the fol¬

lowing two equations [6]

_

ggpAc exp (2ßeipm) - 1 sn(v \ m)

ße exp (ßeijJm/2) cn(t> | m) dn(v | m)

and
2

fa = ^m + -j- lncd(v | m) . (5.19)

where sn(v\m), cn(v|m), dn(y\m) and cd(v\m) are Jacobian el¬

liptic functions of argument v and parameter m (see appendix);
now they must be taken at v = k,L/ [4 exp(ßeipm/2)]. Together,

equation (5.18) and (5.19) define our relation a — aD (fa, L)
in analogy to equation (5.14). The above expressions, although
not analytical, are straightforward to implement, the Jacobian

elliptic functions being standard functions [24] that are gener¬

ated by modern mathematical libraries.

5.2.3 The equilibrium point

Both charge-potential relations a1 (rbj) and aD (ipd, L) are rep¬

resented schematically in figure 5.1. The function aI(ipd) al-



5.2. FUNDAMENTALS 141

v
tfD(Vd,°°) aD(rpdiD
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Figure 5.1: Schematic representation of the charge-potential relations

a1 (ipd) and aD (ipd, L) for the case (a) where surfaces are uncharged when

fully deprotonated (rref = 0), and (b) for an amphoteric surface. In both

cases the intersection of a1 (ipd) and aD {ipd, L) corresponds to the equi¬
librium value of the surface charge and potential, the (cross-)hatched area

between the curves is a measure of the interaction energy. The curve a1 (ipd)
is replaced by the vertical line at ipd = ipd° in the constant potential limit

and by the horizontal line through a = a°° in the constant charge limit; for

the regulated case, a1 (ipd) is approximated by its tangent in the equilibrium

point for infinite separation.
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ways decreases monotonically with increasing fa; it is shown

(a) for the case of a surface that is uncharged when fully depro¬

tonated (rref = 0 in equation 5.9) and (b) for an amphoteric

surface with rref = -Ttot/2. The graph of aD (ipd, L) is shown

both for infinite surface separation and for a finite separation L.

The dotted straight lines correspond to the Debye-Hückel ver¬

sion of these two curves (equation 5.14). Equating the charge

of the compact and the diffuse layer means to apply the bound¬

ary condition (5.9) to equation (5.11). The second boundary

condition originates from the spatial symmetry of the system.

The equilibrium point

a1 (fa) = aD (fa, L) (equilibrium) (5.20)

is apparent in figure 5.1 as the intersection of the curves

aD (ijJd,L) and a1 (ipd)- In the case of constant charge con¬

ditions, the function a1 (ipd) is replaced by the function

cr1 (ipd)=crc<J=coB.st.; in the constant potential case, a1 (ipd) is

replaced by the vertical line ipd=ipd°=cons^-
It can be shown that, as the surface separation decreases,

aD (ipd, L) also decreases and tends to zero for all fa in the

limit of contacting surfaces (see appendix), thus

a -+ 0 as L ->• 0
. (5.21)

This relation can be understood from figure 5.1, since when the

surfaces are getting closer, the equilibrium point moves along
the curve a1 (ipd) towards the ^rf-axis where a=0. If a1 (ipd)
reaches the axis only asymptotically, as in figure 5.1a, then the

surface potential will diverge upon contact. If, on the other

hand, a1 (ipd) goes through zero at a finite value of fa, then this

value of the potential will be assumed by the surfaces in contact;

such is the case for an amphoteric surface (rref = Aot/2) where

ipd —> ipN as L —» 0 (figure 5.1b).
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5.2.4 Forces and energies

In order to see how the interaction of the surfaces is affected by

the charge regulation, we have to calculate the interaction free

energy W(L) (per unit area) as a function of the separation L.

One way of doing so, is to integrate the difference in pressure

due to the charged surfaces over the surface distance

00

W(L) = jU{L')dL'. (5.22)
L

In our notation, the pressure difference simply reads [6]

n(L) = 2nkBT[cosh(ßeiPm(L))-l] , (5.23)

where n is the number density of cations in the bulk [1].
Within the Derjaguin approximation, the energy W(L)

given by equation (5.22) is proportional to the force F between

two crossed cylinders or a sphere and a plane of the same sur¬

face charge a; in either case

F(L)/R = 2irW(L), (5.24)

where R is the radius of the sphere (or the cylinders). The cal¬

culated energy W(L) therefore lends itself to comparison with

experimental forces observed with the surface force apparatus

or the atomic force microscope [25,26]. A similar argument

applies to the case of two spheres of radii R\ and R2 and leads

to the sphere-sphere interaction potential

ill XL2

V(L) =

2v-^KJw{L')dL'. (5.25)

This pair interaction energy V(L) is accessible to measurements

with optical tweezers [27] or total internal reflection microscopy

[28]. It is also an essential input in the calculation of aggrega¬

tion rates for colloidal suspensions [29].
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5.3 The Regulation Criterion

An equivalent way to compute the double layer interaction uses

the charging integral [5]. Chan and Mitchell [9] have taken

this approach to show that for identical surfaces, the interac¬

tion energy W(L) per unit area (eq. 5.22) can be represented

graphically as twice the area between the curves aD(ipd,L),
^D('lPd-loo), and cr1 (ipd), i. e. the cross-hatched area of figure

5.1. The area we obtain if a1 (ipd) is replaced by the curves

ipd = fad — const- or a = cr(cc) = const, (a vertical or hori¬

zontal line in figure 5.1) corresponds to (half of) the constant

potential- or constant charge value of W, and obviously,

Wicp)(L) < W{veg)(L) < W(cc)(L).

The fraction of W^ —W^ which actually contributes to the

interaction energy of the regulating surfaces is given by the

function

(T^_W^(L)-W^(L)
p^~

W^)(L)-W^)(L)
' (5-26j

taking values between 0 for constant potential and 1 for con¬

stant charge conditions.

For sufficiently large separations, this fraction p(L) mainly

depends on the local shape of the functions a1 (fa) and

aD (ipd, L) around the equilibrium point for isolated surfaces.

We have proposed a local linearization of both charge-potential

relationships, allowing for arbitrary values of the equilibrium
surface potential [17]. Geometrical arguments indicate that for

an interesting range of separations L, the fraction p(L) (equa¬
tion 5.26) may be approximated by its large distance limit, the

regulation parameter [17]

p = ^(L) = ^^ , (5.27)
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where

CD = ~ = £e0k cosh (IßeiP^) (5-28)

is the diffuse layer capacity, and

C* = -£ (5.29)
dipd

is the capacity of the compact inner layer. In both expressions

the derivative is evaluated at the equilibrium surface potential
for L —V oo. Thus, charge regulation is determined by the com¬

petition of two capacities that reflect how easily charge can be

stored in either the compact or the diffuse layer. A compar¬

atively large diffuse layer capacity (p ~ 1) leads to constant-

charge-like behavior; when the capacity of the inner layer is

dominant (p œ 0), interaction will be constant-potential-like.

Any intermediate behavior corresponds to a regulation param¬
eter p between 0 and 1.

This regulation criterion, equation (5.27), generalizes a re¬

sult previously found by Carnie and Chan for the case of low

potentials [12]. They showed that on the level of Debye-Hückel

theory and with a linearized relation a (ipd), the interaction

energy per unit area (twice the horizontally hatched area be¬

tween the dotted curves in figure 5.1) is given by

W(L) = 2££0k (iP^f [exp(KL) - 2p + l]"1 , (5.30)

where, in linearizing aD globally around fa = 0, the hyperbolic
cosine in equation (5.28) is dropped. In going to arbitrary

potentials, we lose the ability of writing down the interaction

energy explicitly; however, its location between the limits of

constant charge or potential is still given by the same type of

criterion.
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5.4 Exemplary Systems

Some of the consequences of charge regulation shall be illus¬

trated by looking at the concrete example of three different

types of surface materials: carboxyl latex, silica, and an iron

hydroxide. Typical parameters used to model these surfaces

are summarized in table 5.4.

Table 5.4: Exemplary materials

material pK Ttot (nm-2)a (rref/rtot)b Cs (F/m2)c A (lQ-20J)rf
latex 4.9 0.574 1 oo 1.8

silica 7.5 8.00 1 2.9 0.83

oxide 9.5 6.15 1/2 1.1 6.0

a Total density of surface headgroups.
h Fraction of the total number of

sites that are protonated in the zero charge configuration. c Stern capacity.
d Hamaker constant across water.

5.4.1 Three generic systems

The first case we shall consider is carboxyl latex with the sur¬

face reaction

—COOH ^ —COO" + H+ (5.31)

and typically a relatively small density of surface groups. In

account of experimental titration data that show carboxyl latex

particles to be described well within the Gouy-Chapman model,

we have chosen an infinite Stern capacity [8,18, 30].
The second example is a silica surface

Si - OH v^ Si - O" + H+
, (5.32)

which will be modeled with a finite Stern capacity and typi¬

cally has a much higher density of chargeable sites than latex.

These two types of surfaces are neutral at low pH and acquire

a negative charge at high pH [31].
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Our third example is an iron hydroxide surface

Fe - OHj1/2 v^ Fe - OH"1/2 + H+
, (5.33)

where the partial charges result from the fractional valence of

the Fe — 0 bonds [32]. This surface is positively charged at

low pH and reverses its charge as the pH is increased. With

the choice of Ttot/2 for the density of protonated sites in the un¬

charged state, the characteristics of this amphoteric surface can

be rationalized in terms of the 1-pK-Basic Stern model. The

present model allows a rather good description of the charging
behavior of goethite [33], and with adjusted values for the pK

and the Stern capacity it also works for gibbsite and rutile.

(The simple 1-pK model used here is essentially equivalent to

the more common 2-pK model [34].) The most precarious as¬

pect of our approach, when applied to metal hydroxides, is ar¬

guably the neglect of ion pair formation or specific adsorption of

salt ions [33]. Also, the unaccounted presence of different crys¬

tal planes with different charging characteristics complicates

the issue [35]. The incorporation of such effects into a theo¬

retical treatment would go far beyond the scope of our present

framework but likely not change the qualitative conclusions.

5.4.2 Isolated surfaces

We use equations (5.9), (5.16), and (5.20) for all of our exem¬

plary materials to determine the equilibrium charge density (in
isolation) as a function of pH. The resulting titration curves at

three ionic strengths are presented in figure 5.2a (thin lines).
They all agree well with experimental data [30, 31, 33]. If plot¬
ted as a function of the "surface pH" (or more precisely "d-plane

pH")

PHd = PH + -^-^, (5.34)
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Figure 5.2: The regulation behavior as inferred from the charging of the iso¬

lated surfaces, (a) The predicted titration curves for three typical surfaces

at three ionic strengths. The bold line represents the mastercurve cr(pHrf).
(b) The regulation parameter p for the same range of pH. Continuous lines

represent the results on the Poisson-Boltzmann level, the corresponding

Debye-Hückel results are shown in dashed lines. The points marked by a

full or open circle correspond to conditions further described in the fol¬

lowing figures, (c) The charge-potential relation as given by the functions

a1 (ipd) and aD(ipa,oo) of equations (5.9) and (5.16). The curve aD(ipd,oo)
is plotted for the three ionic strengths considered before, the curve a1 (ipd)
is shown for three different values of pH. (d) The diffuse layer capacity CD

and inner layer capacity C1 given by the derivative of the curves in 2c.
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the curves for different ionic strengths fall together onto a so-

called mastercurve a = cr(pHd) (bold line in figure 5.2a). Such

mastercurves have been discussed extensively by Riemsdijk et

al. [21,22]. From the equilibrium conditions given by equations

(5.9), (5.16), and (5.20), the derivative of equation (5.34) with

respect to the equilibrium charge density a follows as

d(pEd)
=

ße

da ln(10)

From Equation (5.35) it is evident, that the mastercurve

cr(pHd) is in fact identical to the function a1 (ipd) (up to a

factor of ln(10)//3e and a shift in the argument). In the case

of carboxyl latex, we observe the typical S-shaped curves. For

the silica surface, we can see the saturation with protonated

sites at low pH, but only a small fraction of the theoretical

maximum charge (-1.3 C/m ) can actually be realized within

the experimental window.

The iron hydroxide has a point of zero charge at pH — pK.
We also notice a fairly steep and straight mastercurve. Sat¬

uration would be achieved at a very high charge densities

(±493 mC/m ) not accessible experimentally.

5.4.3 Surface properties upon approach

Since the slope of the mastercurves shows the inner layer capac¬

ity C1 of the surfaces, it also reflects their regulation behavior

or, more precisely, those aspects of charge regulation that are

specific to the given surface material. Figure 5.2 illustrates this

connection between the pH-dependence of the isolated surface

and the way surfaces interact upon approach. The charging
function for the compact layer, a1 (ipd), displayed in figure 5.2c

for three different pH (continuous lines), is proportional the

der1 (fa

dfa

—j.

ße

CJln(10)
(5.35)
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mastercurve of figure 5.2a. Note that increasing the pH merely

shifts the curve to the left. Its intersection with the hyperbolic
sine of a (ipd, oo), shown for three different ionic strengths (fig¬
ure 5.2c, dashed lines), gives the value fa and a in equilibrium.
The derivatives of the curves in figure 5.2c define the capacities

C1 and CD shown below (figure 5.2d). The familiar diffuse

layer capacity depends on the ionic strength, but is of course

the same for all the materials. The CJ-curve on the other

hand is material specific and gets shifted upon a change in

pH, but does not depend on the ionic strength. Its shape and

position relative to the C^-curve determines the regulation be¬

havior. Figure 5.2b shows the resulting regulation parameter p

(continuous lines) and the corresponding value for the Debye-
Hückel limit (dashed lines) discussed by Carnie and Chan [12].
Whenever the diffuse layer capacitance is small compared to

the inner layer capacitance, the constant potential description

(p œ 0) will be appropriate; in the opposite case (CD ^> C1,

p w 1), the surface charge rather than the potential will stay

constant as the surfaces get closer. Two surfaces which easily

adjust their charge density upon changes in pH (steep titration

curves) will also do so when their separation is changed.
In all of our examples, we observe that the Poisson-

Boltzmann result starts to deviate from the Debye-Hückel re¬

sult when the surfaces are charged up (figure 5.2a and 2b). As

a general consequence of the increase in diffuse layer capac¬

ity with potential, the system will behave in a more constant

charge-like fashion than the Debye-Hückel treatment would

suggest, viz. p > p(DH). For the iron hydroxide, we obtain

rather low values of p at low ionic strength and close to the

point of zero charge. This finding supports the common picture
that "oxide surfaces are good examples of constant potential
surfaces". This statement, however, is no longer true at higher
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ionic strengths or further away from the point of zero charge

(figure 5.2b). We observe a rather strong pH-dependence of

the regulation parameter, which, as we infer from figure 5.2b

and 2d, essentially results from the nonlinear dependence of the

diffuse layer capacity on fa. In the Debye-Hückel treatment,

where CD — ££qk = const., hardly any pH-dependence of p

would be recovered. Yet, at low pH we find that p is actually
closer to 1 than to 0, and so the regulation will rather resemble

the limit of constant charge than the one of constant potential.

The behavior of the potential in the limit of contact can also

be inferred from figure 5.2c. As mentioned above, the surfaces

will eventually be decharged completely when they touch each

other; decreasing their distance, will decrease aD (ipd, L). At

contact, the equilibrium potential, which is given by the inter¬

section of aD (ipd, L) and a1 (ipd), lies on the curve a1 (ipd) as a

tends to zero. In this limit, the curve a1 (ipd) for the carboxyl
latex and the silica surface is seen to reach zero charge only

asymptotically at infinite negative potential; equation (5.6) im¬

plies that the potential on these types of surfaces actually di¬

verges logarithmically upon approach. The iron hydroxide sur¬

face, however, assumes a finite electrostatic potential at contact

(figure 5.2c), which by equation (5.6) is just the Nernst poten¬

tial. Whenever the isolated potential is already close to this

contact value (i.e. for low ionic strength), the potential will

obviously be only weakly dependent on the surface separation.

Figure 5.3 and 5.4 show how the equilibrium potential and

charge density depend on the surface separation. Results are

given for the silica (figure 5.3a and 5.4a) and

the iron hydroxide (figure 5.3b and 5.4b) at an ionic strength
of 1 mM and a pH of 8 (the corresponding regulation parame¬

ters p
~ 0.15 for the oxide and p

~ 0.4 for the silica are marked

by a black dot in figure 5.2b). Again, the results based on
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Figure 5.3: The electrostatic potential ipd as a function of surface separation,
for (a) silica and (b) iron hydroxide, both at pH 8 and an ionic strength
of 1 mM (full black circles in figure 5.2b). Full curves represent predictions
on the Poisson-Boltzmann level, dashed curves refer to the Debye-Hückel

limit; results are given for the boundary conditions of constant charge (cc),
constant potential (cp) and charge regulation (reg). In the constant po¬

tential case, the Poisson-Boltzmann curve and the Debye-Hückel curve are

identical. Under charge regulation the surface potential of silica diverges

upon contact, while the iron hydroxide surfaces reach the Nernst potential.
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the Poisson-Boltzmann equation (full lines) are compared to

their analogue in the Debye-Hückel case (broken lines). Three

curves are plotted for both the Debye-Hückel and the Poisson-

Boltzmann case, they correspond to constant charge, to con¬

stant potential and - always the curve in between those two - to

the case of charge regulation. (The constant functions are the

same in the Debye-Hückel and Poisson-Boltzmann treatment,

therefore only five different functions are actually displayed.)
We shall first discuss the electrostatic potential. For the

silica (figure 5.3a), neither the constant potential nor the con¬

stant charge curve is a good approximation to the true potential

curve (reg). As mentioned before, the potential diverges at con¬

tact; the Debye-Hückel curve for regulation, however, goes to a

finite value. The Debye-Hückel prediction for constant charge
is way off the truth even at fairly large distances.

For the iron hydroxide (figure 5.3b), we expectedly obtain

a curve for the regulated potential (reg) that lies very close to

the constant potential limit. At contact, it reaches the Nernst

potential of 89 mV, which is only slightly larger than the iso¬

lated potential of 80 mV (constant potential value). The con¬

stant charge curve grossly overestimates the potential at small

distances and gives a poorer approximation than the constant

potential curve throughout the whole distance range; it is not

quite as bad, though, as the Debye-Hückel approximation (DH)
in the constant charge limit. The regulated DH-curve is seen

to perform quite well.

Looking at the charge densities now (figure 5.4), we primar¬

ily note the major drawback in all constant charge curves of not

recovering the complete decharging upon contact. Unsurpris¬

ingly, the constant potential curve lies closer to the true charge

density in the case of iron hydroxide than in the case of silica.

On the Debye-Hückel level, the constant potential curve and
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also be predicted from the corresponding regulation parameter (full black

circles in figure 5.2b).
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the regulated curve are almost indistinguishable, even for sil¬

ica. This feature can be understood from figure 5.2b for silica,
where we have already seen that the Debye-Hückel treatment

at high pH predicts a regulation that is unrealistically close to

the constant potential limit.

5.4.4 The resulting interaction

We shall now look at the force that interacting surfaces experi¬

ence according to our model, at the interaction energy, and at

the rate of aggregation we would expect from such an energy

profile if the surfaces belonged to particles in a charge-stabilized
colloidal suspension.

The measurable force

The Derjaguin approximation to the force F per radius be¬

tween two surfaces in the sphere-wall or crossed-cylinder geom¬

etry are displayed in figure 5.5. Again, full lines represent con¬

stant charge, constant potential and regulation predictions on

the Poisson-Boltzmann level, broken lines show the analogues
of the Debye-Hückel level. The Debye-Hückel treatment was

slightly modified with respect to the previous figures: Instead

of using the "bare" potential ip%° of figure 5.3 and 5.4 in equa¬

tion (5.30), we have used the "effective" potential ipf^, which is

lower than ip (see appendix). This modification is necessary

to make the forces, interaction energies, etc. obtained from the

Poisson-Boltzmann equation and from the Debye-Hückel equa¬

tion coincide at large distances. A non-retarded van der Waals

attraction

-Fvdw(L)/R =

-^ (5.36)

with Hamaker constants A according to table 1 has been

added to the electrostatic interaction. For consistency, we
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Figure 5.5: The predicted total force per radius in a sphere-wall or crossed

cylinder geometry (measurable with the direct force apparatus or the atomic

force microscope). Again, the Poisson-Boltzmann result (full lines) is com¬

pared to the Debye-Hückel treatment (broken lines) for the boundary condi¬

tions of constant charge, constant potential and charge regulation. Regula¬

tion parameters are the same as in figure 5.3 and 5.4 (and correspond to the

full black circles in figure 5.2b). A non-retarded van der Waals contribution

has been added to the purely electrostatic force, and, for the Debye-Hückel

curves, the bare surface charge and potential have been replaced by the

corresponding effective values that yield the correct long distance behavior

(cf. appendix).



5.4. EXEMPLARY SYSTEMS 157

use the Derjaguin approximation in the expression for the

dispersion forces as well. At separations below 15 nm all

Poisson-Boltzmann curves, for silica and iron hydroxide, lie

between the Debye-Hückel solution for constant charge and

the Debye-Hückel results for charge regulation and constant

potential. The reason why the Debye-Hückel constant charge

approximation generally overestimates the interaction so dras¬

tically becomes apparent in figure 1: the Debye-Hückel con¬

stant charge treatment confounds the hatched area between

the Poisson-Boltzmann curves, which is proportional to the in¬

teraction energy - with the huge area of the triangle enclosed

by a^R(ipd, oo), aßR(fa,L), and a = a°° = const. Especially
for the highly charged silica, the differences in the force due

to different regulation behavior are of minor importance in the

Poisson-Boltzmann treatment, which can also be understood

as a general feature of high potential situations from figure 1.

Nonetheless we see that in the case of silica the true, regulated
force lies roughly in the middle between the constant charge
and constant potential curve, while in the case of the iron hy¬
droxide it is clearly closer to the constant potential result than

to the constant charge result. The difference in the position of

the force maximum for the two materials is due to their very

different Hamaker constants (table 1).

The pair interaction energy

In figure 5.6, the same 6 types of curves (constant potential,
constant charge, regulation, on the Debye-Hückel and Poisson-

Boltzmann level) are shown for the pair interaction energy V

(including again the van der Waals attraction) of carboxyl la¬

tex spheres at pH 4 in a 10 mM solution of monovalent elec¬

trolyte and for iron hydroxide spheres at pH 10 in a 1 mM elec-
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mainly due to the different ionic strength.
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trolyte solution. These conditions should imply an intermediate

regulation behavior for the latex (p c± 0.57) and a constant-

potential-like behavior for the iron hydroxide (p ~ 0.08); the

corresponding points in figure 5.2b are marked by an open cir¬

cle. (The Hamaker constants are given in table 1.) For the

latex, the regulated curve lies roughly half way between the

two limiting cases, at separations of 3-10 nm, where the dif¬

ferences first become important. For the iron hydroxide, all

energy curves for the regulated case and the constant potential

case lie very close together indeed, while the constant charge

prediction is far off, especially in the Debye-Hückel treatment.

In figure 5.6, the predictions on the Debye-Hückel level - except

for the constant charge limit - do not differ as much from the

ones of the Poisson-Boltzmann approach as in figure 5.5 simply

because the potentials involved are not very high. The differ¬

ence between figure 5.6a and 5.6b with respect to the general

shape and position of the energy peak is due to the differences

in the Hamaker constants and in the electrolyte concentration.

Aggregation of particles in colloidal suspensions

The implications of the different regulation behavior of car¬

boxyl latex in a 10 mM solution and an iron hydroxide in 1

mM solution on the stability of their colloidal suspensions are

illustrated in figure 5.7.

We have plotted the so-called stability ratio kîast/k. The

dimer formation rate constant k is related to the interaction

energy via

where D(r) is the relative diffusion coefficient for two spheres

of radius R and center-to-center-distance r = 2R + L. The
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result, (b) In the case of iron hydroxide (60 nm) at an ionic strength of

1 mM, the four curves corresponding to constant potential conditions and

charge regulation in the Poisson-Boltzmann (full lines) and Debye-Hückel

(broken lines) treatment almost fall together, only the two curves for con¬

stant charge conditions (inner curves) are clearly distinguished from them.
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diffusion coefficient is governed, at small particle separations,

by the effect of hydrodynamic interaction and was computed

here in a form proposed by Honig and Wiersema [36]. The

rate of fast aggregation fcfast is defined by equation (5.37) in

the absence of electrostatic repulsion.

Figure 5.7a shows the predicted increase of colloid stability
for the carboxyl latex; the different curves correspond to the

same six cases discussed in the previous figures. Charge reg¬

ulation is seen to have a large effect on stability and in this

case the differences between the prediction for full regulation

(reg) and both limiting conditions (cc and cp) are very clear. In

recent experiments on carboxyl latex particles, such DLVO pre¬

dictions of colloidal stability were seen to work quantitatively
at ionic strengths up to 10 mM [29].

The stability of iron hydroxide on both sides of the point

of zero charge is shown in figure 5.7b. The two inner curves

are the Debye-Hückel and Poisson-Boltzmann prediction in the

constant charge limit, the other four curves almost fall together
- so small is here the influence of nonlinearity and so little does

the full charge regulation differ from the constant potential

behavior in terms of aggregation rates in this system.

Use of the regulation parameter at small distances

The predictions of separation dependent properties (figures 3

through 7) indicate that our regulation parameter p (equation
5.27) does indeed reflect the regulation behavior correctly even

at separations of several nanometers, although this parameter

is expressed entirely through properties of the isolated surface.

Knowing the regulation parameter is particularly useful

when only the solutions for constant charge and constant po¬

tential interaction are available from calculations (which is a
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rather common situation). Charge regulation can then easily
be accounted for by approximating e. g. the true interaction

energy per unit area by the combination

Wappax(L) = W^(L) +p [W^\L) - W^\L)] . (5.38)

The quality of such an approximation is shown in figure 8,
where we have plotted the relative error

error(L) =

wî^HL)
100%

for the exemplary cases discussed earlier and compared it to the

corresponding error in the pure constant charge and constant

potential assumption (all curves calculated on the Poisson-

Boltzmann level). Only at very small separations do we see

considerable deviations of the approximation from the true re¬

sult from the nonlinear boundary condition of charge regulation

(reg), which corresponds to the zero line in figure 8. At a sep¬

aration of one Debye length, the error is less than 5% in all

the cases considered and considerably lower than the error of

both the constant charge and constant potential assumption.
This observation is particularly remarkable in the case of the

iron hydroxide: while we have seen before that this material is

generally well described by the constant potential assumption,
our approximation Wappr0x shows a spurious divergence at con¬

tact, caused by the constant charge contribution in equation

(5.38). Still the approximation (5.38) based on the interaction

parameter p is more accurate than the constant potential result

down to separations of much less than a Debye length.

5.5 Conclusions

The origin and the effects of charge regulation for surfaces of

different charging characteristics can be described within the 1-
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pK-Basic Stern model. A criterion of whether surfaces interact

at constant charge or constant potential has been formulated

for arbitrary potentials in terms of a single regulation parame¬

ter. This parameter relates the true interaction energy to the

energy in the two limiting cases where it takes the values 0

and 1. A graphical interpretation shows that the intermediate

behavior typically encountered in real systems depends on the

interplay of the capacities associated with the diffuse part and

the inner (compact) part of the electric double layer: if the dif¬

fuse layer capacity dominates, the constant charge model will

be a good approximation; if the inner layer capacity dominates,

the constant potential assumption is appropriate. This state¬

ment was verified quantitatively for surface separations of sev¬

eral nanometers. For the isolated surface, the value of the inner

layer capacity can be inferred from acid-base titration curves;

the diffuse layer capacity is given by the Grahame equation.

The charge regulation for interacting surfaces is connected to

their ability of adjusting charge densities to changes in pH,

because the variation of charge with surface separation is trig¬

gered by changes in the local proton concentration near the

surfaces. Approximations were judged by comparison with the

solution of the Poisson-Boltzmann equation for full charge reg¬

ulation. We have shown that a local linearization of the charge
- potential relation for both the diffuse and the compact inner

layer around the long distance limit gives a more accurate pic¬

ture at high potentials than the global linearization carried out

in Debye-Hückel approximation. The regulation behavior has

been discussed in detail for the exemplary cases of carboxyl

latex, silica, and iron hydroxide surfaces. Upon contact, all

surfaces get fully decharged; at the same time, the electrostatic

potential of carboxyl latex and silica diverges, whereas the po¬

tential of amphoteric surface reaches the Nernst value. The
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effect of charge regulation on the interaction force and energy,

as well as on the aggregation kinetics was shown to be in good

agreement with our regulation criterion.
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Appendix

For the dimensionless potential <£> = ßetp(x) the Poisson-

Boltzmann equation reads

d2$
2 • i * ,a i\

-—r = Kzsmh$ . (A. 1)
dxz

The first integration can be carried out explicitly after multi¬

plication with d&/dx using the boundary condition d^/dx = 0

for x = 0:

(— J = 2k2 (cosh $ - cosh $m)

with 4>m = $(0). Introducing the abbreviations f2(:c) =

exp [$(#) — $TO] and £ = exp (<E>m), we obtain

(n-'g =its[(fn)-1 + «n-r1-f]. (A. 2)

Let the surfaces be negatively charged (otherwise just change
the sign in the solution), then d^/dx < 0 for x > 0 and sepa¬

ration of variables yields

diï K
7 / A „N

,
= T=dx. (A. 3)

^(1-^(1-^) V?
l }

Upon substitution of Q = sin2 6? we have

arcsin i/Vl ip
KjX r uu

"Vf
=

Jft a/1-pan»9

The expression

(A. 4)

? do
w = / 7l . ü

= = *> Im
5 V1

— m sin t7

defines an elliptic integral of the first kind. The special case

of F(tt/2; m) = K(m) is called the corresponding complete in¬

tegral or the quarter period of the Jacobian elliptic functions.
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These fonctions are given by inversion of the integral F(cp \ m),
they are defined as [24]

sn(u \m) = smtp ,

cn(u | m) = cos (p = y 1 — sn2(u | m) ,

dn(w | m) = yl — msn2(w | m) ,

cd(ii | m) = cn(u \ m)/dn.(u \ m) ,

where u is called the argument and m the parameter of the

elliptic function. We will also make use of their periodicity

property

cd(u | m) —

sn (K(m) — u \ m) .

By splitting the integral in equation (A. 4)

arcsinvfi arcsinvft tt/2

/ f(o)de= J f(o)de-j f(o)de
ir/2 0 0

we obtain

KX

= -u = sn^Vn-K^2)
2V?

where sn-1 denotes the inverse function of sn(u | m), or

tt(x) = sn2(K(e) - u | e) = cd2(u | C2) (A. 5)

which is the result cited in equations (5.19) and (5.17). With

the derivative

d
a( \ \ < i\

snM£2)
-—

cd(u \m)
=

[m
— 1 —^—;—— ,

du
K l j y

;dn2(^|£2)
'

we find equation (5.18) for the charge density

££o d§ ££qk £2 - 1 sn(w I £2)
ße dx ße •>/£ cn(w | £2) dn(u | £2)
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at u = AvL/(4y/cf). Since we have cn(0 \m) = dn(0 | m) = 1

and sn(0 | m) = u, it follows that

a -t 0 as L ->• 0
,

irrespective of the material properties of the surface. Equating
a1 (ipd) and crD (ipd,L), namely by inserting equations (5.18)
and (5.19) into equation (5.9), leaves us with a single transcen¬

dental equation for £. Once it is solved, the interaction force

and energy for the plates follow directly from equations (5.23)
to (5.25).

For large surface separations (kL > 20), we have used the

linearized expression (5.30) instead. One then has to replace
the electrostatic potential ip$° of the isolated surface by the

"effective" potential [2]

fas =
je

tanh (^-iPT) , (A. 6)

which in the linear theory yields the same potential decay for

long distances x from the isolated surface, as the true, bare

potential does in the nonlinear treatment [2]. Because of the

hyperbolic tangent in equation (A. 6), the corresponding ef¬

fective charge density creff = ££oKipeg, related to fas by the

linearized version of equation (5.16), saturates for high bare

charge into a maximum value also known as the condensation

limit [37,38].



Bibliography

[1] Israelachvili, J. Intermolecular & Surface Forces; 2nd ed.;
Academic Press: London, 1992.

[2] Rüssel,W. B.; Saville, D. A.; Schowalter, W. R. Colloidal

Dispersions; Cambridge Univ. Press: Cambridge, 1989.

[3] Ninham, B. W.; Yaminsky, V. Langmuir 1997, 13, 2097.

[4] Derjaguin, B. V.; Landau, L. Acta Physicochim. U.S.S.R.

1941, 14, 633.

[5] Verwey, E. J. W.; Overbeek, J. Th. G. Theory of the Sta¬

bility of Lyophobic Colloids; Elsevier: Amsterdam, 1948.

[6] Ninham, B. W.; Parsegian, V. A. J. theor. Biol. 1971, 31,
405.

[7] Chan, D. Y. C; Perram, J. W.; White, L. R.; Healy, T.

W. J. Chem. Soc, Faraday Trans. 71976, 71, 1046.

[8] Healy, T. W.; White, L. R. Adv. Colloid Interface Sei.

1978, 9, 303.

[9] Chan, D. Y. C; Mitchell, D. J. J. Colloid Interface Sei.

1983, 95, 193.

10] Chan, D. Y. C. "Geochemical Processes at Mineral Sur¬

faces", (Davis, J. A. and Hayes, K. F., Eds.) ACS Sympo-



170 BIBLIOGRAPHY

sium Series, Amer. Chem. Soc, Washington, DC; 1986,

323, 99.

[11] Krozel, J. W..; Saville, D. A.. J. Colloid Interface Sei.

1992, 150, 365.

[12] Carnie, S. L.; Chan, D. Y. C. J. Colloid Interface Sei.

1993, 161, 260.

[13] Carnie, S. L.; Chan, D. Y. C. J. Colloid Interface Sei.

1993, 155, 297.

[14] Reiner, E. S.; Radke, C. J. Adv. Colloid Interface Sei.

1993, 47, 59.

[15] Hsu, J.-R; Tseng, M.-T. J. Colloid Interface Sei. 1996,

182, 609.

[16] Pujar, N. S.; Zydney, A. L. J. Colloid Interface Sei. 1997,

192, 338.

[17] Behrens, S. H.; Borkovec, M., J. Chem. Phys. in press.

[18] Harding, I. H.; Healy, T. W. J. Colloid Interface Sei. 1985,

107, 382.

[19] Westall, J.; Hohl, H. Adv. Colloid Interface Sei. 1980, 12,

265.

[20] Gouy, G. J. Phys. Radium 1910, 9, 457; Chapman, D. L.

Phil Mag. 1913, 25, 475;

[21] De Wit, J. C. M.; Van Riemsdijk, W. H.; Nederlof, M. M.;

Kinniburgh, D. G.; Koopal, L. K. Analytica Chimica Acta

1990, 232, 189.

[22] De Wit, J. C. M.; Van Riemsdijk, W. H.; Koopal, L. K.

Environ. Sei. Technol. 1990, 27, 2005.



BIBLIOGRAPHY 171

[23] Hunter, R. J. Foundations of colloid science; Oxford Uni¬

versity Press: Oxford, 1989.

[24] Abramowitz, M.; Stegun, A. Handbook of mathematical

functions; 9th ed.; Dover Publications: New York, 1972.

[25] Israelachvili, J. N.; Adams, G. E. J. Chem. Soc. Faraday
Trans. 1978, 74, 975; Pashley, R. M. J. Colloid Interface
Sei. 1980, 80, 153; Israelachvili, J. N. Adv. Colloid inter¬

face Sei. 1982, 16, 31.

[26] Hartley, P. G.; Larson, I.; Scales, P. J. Langmuir 1^97, 13,
2207.

[27] Crocker, D.; Grier, D. Phys. Rev. Lett. 1994, 73, 352;

Crocker, D.; Grier, D. Phys. Rev. Lett. 1996, 77, 1897;

Sugimoto, T.; Takahashi, T.; Itoh, H.; Sato, S. I.; Mura-

matsu, A. Langmuir 1997, 13, 5528.

[28] Prieve, D. C; Bike, S. G.; Frey, N. A. Faraday Discuss.

Chem. Soc 1990, 90, 209; Frey, N. A.; Prieve, D. C. J.

Chem. Phys. 1993, 98, 7552; Liebert, R. B.; Prieve, D. C.

Biophys. J. 1995, 69, 66.

[29] Behrens, S. H.; Borkovec, M.; Schurtenberger, P. Langmuir

1998, 14, 1951.

[30] Behrens, S. H.; Christi, L; Emmerzael, R.; Schurtenberger,
P. Borkovec, M. to be published.

[31] Hiemstra, T.; van Riemsdijk, W. H.; Bolt, G. H J. Colloid

Interface Sei. 1989, 133, 91; Hiemstra, T.; de Wit, J. M.

C; van Riemsdijk, W. H. J. Colloid Interface Sei. 1989,

133, 105.

[32] van Riemsdijk, W. H. 1979 Internal Report, Wageningen

Agricultural University, The Netherlands; Bolt, G. H; van



BIBLIOGRAPHY

Riemsdijk, W. H. in "Soil Chemistry. B. Physio-chemical

Models" (Bolt, G. H., Ed.) 2nd ed., Elsevier, Amsterdam

1982, 459.

Chan, D. Y. C. "Geochemical Processes at Mineral Sur¬

faces", (Davis, J. A. and Hayes, K. F., Eds.) ACS Sympo¬

sium Series, Amer. Chem. Soc, Washington, DC; 1986,

323, 99.

[33] Hiemstra, T.; van Riemsdijk, W. H. J. Colloid Interface

Sei. 1996, 179, 488.

[34] Borkovec, M. Langmuir 1997, 13, 2608.

[35] Schudel, M.; Behrens, S. H.; Holthoff, H.; Kretzschmar,

R.; Borkovec, M. /. Colloid Interface Sei. 1997, 196, 241.

[36] Honig, E. P.; Roebersen, G. J.; Wiersema, P. H. J. Colloid

Interface Sei. 1971, 36, 97.

[37] Alexander, S.; Chaikin, P. M.; Grant, P.; Morales, G.J.;

Pincus, P.; Hone, D.; J. Chem. Phys. 1984, 80, 5776.

[38] Gisler, T; Schulz, S. F. ; Borkovec, M; Sticher, H.;

Schurtenberger, P.; D'Aguanno, B.; Klein, R. J. Chem.

Phys. 1994, 101, 9924.

172



Chapter 6

Exact Poisson-Boltzmann

Solution for the Interaction of

Dissimilar Charge-Regulating
Surfaces

Abstract:

An efficient method is proposed to calculate the electric dou¬

ble layer force between two flat surfaces of dissimilar compo¬

sition and ionization properties. The approach is based on

explicit expressions for the solution of the (non-linear) Poisson-

Boltzmann equation and allows for boundary conditions of

charge regulation, i. e. chemical equilibrium of both surfaces

with a bulk electrolyte at all surface separations. As an illus¬

tration, we discuss in some detail the interaction between a

weakly acidic and a strongly acidic latex surface, and between

an acidic (silica) surface and an amphoteric (rutile) surface.
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6.1 Introduction

Understanding and manipulating the interaction of charged col¬

loidal surfaces has always been a central task in colloid science

[1]. More recently, the accessibility of colloidal forces to di¬

rect measurements with the surface force apparatus [1-5] and

the atomic force microscope [6-11] has triggered an intensified

search for a quantitative theoretical description of the force

profiles. Whenever the radius of curvature of the interacting
surfaces is large by comparison to the decay length of the in¬

teraction, a good starting point is the consideration of two in¬

finite parallel plates (half-spaces, to be precise). The inter¬

action in this idealized system can easily be transformed into

the one between two bodies with curved surfaces via the Der¬

jaguin approximation [12]. An important component of the

interaction is typically considered to be of purely electrostatic

nature. In compliance with the classical Derjaguin-Landau-

Verwey-Overbeek-theory [13,14], this contribution is treated

separately from the other components and is described on the

basis of the Poisson-Boltzmann equation [12].
Ninham and Parsegian [15] solved the case of identical sur¬

faces with ionizable groups in equilibrium with a bulk elec¬

trolyte solution (charge regulation), using exact expressions for

the resulting interaction in terms of Jacobian elliptic functions.

The charge regulation model was then adapted to the case of

amphoteric functional groups by Chan et al. [16,17]. A first

quantitative discussion of the important case of dissimilar sur¬

faces by Prieve and Ruckenstein [18] was based on a numerical

treatment of the Poisson-Boltzmann equation.

Many studies have since been made on charge-regulating
surfaces [19-37]. Yet, to our knowledge, no strategy has so far

been proposed that actually generalizes the exact expressions
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of Ninham and Parsegian [15] to the case of dissimilar surfaces.

The available quantitative treatments for such surfaces require

a numerical solution of the differential equation [18-20, 22, 34]
or involve further approximations like the linearization of the

Poisson-Boltzmann equation [28, 35] or the use of simplified

boundary conditions such as constant charge or constant po¬

tential [32, 33]. The present work fills this gap by providing an

exact solution to the problem of dissimilar, charge-regulating

surfaces on the Poisson-Boltzmann level.

6.2 Electrostatic Forces Between Dissimilar

Surfaces

We consider the interaction of two infinite, homogeneously

charged planar surfaces across a solution of a z — z electrolyte

[38]. The electrolyte between the surfaces will be imagined in

equilibrium with a large solution bulk, and the electrostatic po¬

tential in the interstitial region will be assumed to satisfy the

Poisson-Boltzmann equation [12]

d2"*
2 , T , ,

^2"
= K smh* (6-X)

Here \& = e^zip/ (kßT) is the dimensionless electrostatic po¬

tential, ip being the actual potential, eg the protonic charge

and kßT the thermal energy; x is the space coordinate normal

to the surfaces, and k:-1 = [ee^ßT'/(2ef)z2n)}1^2 is the Debye

screening length, which further depends on the electrolyte con¬

centration n and the permittivity ££q of the bulk solution. The

bulk will also be chosen as the point of reference for the elec¬

trostatic potential, i. e. we set ^(bulk) = 0.

Our goal is an exact and efficient evaluation method for the

force per unit area between the two surfaces at any surface
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separation. Once this force is known, the interaction energy

per unit area as well as various interaction properties of curved

surfaces in the Derjaguin approximation can be obtained by

straightforward integration [12, 37].
No restriction concerning the boundary conditions for equa¬

tion 6.1 shall be imposed at this point. In particular we will

allow the surface charge and potential to vary with the surface

separation in a different way for the two surfaces, as would be

expected for surface materials of different ionization character¬

istics.

6.2.1 A Useful Parametrisation

First we note that the dividing pressure n we are looking for

can be written as the sum of an osmotic repulsion and an attrac¬

tive Maxwell stress term; the normalized dimensionless pressure

reads [12]

P =
-5-

= 2 (cosh^
-

1)
- k~2 (~) (6.2)

nkBT
K J \dxj K '

Note that the value of P does not depend on the position x

between the surfaces at which the potential and its derivative

are evaluated. Any solution ^(x) of the Poisson-Boltzmann

equation (eq. 6.1) has a curvature of the same sign as \I/ itself,
i.e. it "bends away from the £-axis" for all x. Accordingly,

ty(x) can go through zero at most once. Three cases can be

distinguished:

(i)^(x) can have a maximum or minimum at some point,
which we will then choose as the point of reference where x =

0; in this case the function ty(x) has no zero; (ii) ty(x) can

go through zero at some point, which will now serve as the

origin of the space coordinate; or (iii) the curve can reach zero

asymptotically. (In this case, we will choose an arbitrary point
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Figure 6.1: The solutions ^(x) of the Poisson-Boltzmann equation. For ev¬

ery non-zero value P of the dimensionless pressure (eq. 6.2) there is exactly
one solution ty(x) (and its negative). Any pair of straight lines intersecting
the solution curve at the positions x\ and x2 can be interpreted as a pair
of charged surfaces with separation distance L = \xi — x2\ interacting with

the pressure P and bearing the surface potentials \&j = ^(xf), j = 1, 2, and

surface charge densities a\, cr2 given by the derivative of ^(x) in x-^ and x2.

(a) Case (i): whenever the pressure is positive (repulsion), the solution ty(x)
qualitatively resembles a hyperbolic cosine. This is the only possible type
of interaction for two surfaces with the same sign of charge, (b) Case (ii): if

the pressure is negative (attraction), then ty(x) qualitatively resembles the

hyperbolic sine.
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as the origin and use an expression for ty(x) that does not

depend on this choice of origin).
Since ^f(x) is fully determined by the differential equation

(6.1) together with the value of ^ and d^/ dx at one point, it

is clear that ty(x) must be symmetric in case (i) and antisym¬
metric in case (ii). From equation 6.2 (evaluated at x = 0) it

follows that case (i), depicted in fig. 6.1a, describes a situation

of positive pressure (repulsion), whereas case (ii), illustrated in

fig. 6.1b, represents a potential profile associated with negative

pressure (attraction).
The third case obviously represents a transition between the

repulsive and the attractive case and thus corresponds to a

situation of zero force.

For all of these cases, the solutions of eq. 6.1 are well-known

[15, 32]; in the present frame of reference they take a particu¬

larly simple form, which we proceed to state explicitly. Their

derivation is given in the appendix. Since every pressure cor¬

responds to just one potential profile (or its negative), it is

convenient to think of the pressure value P as a parameter of

the solutions ^f(x).

Repulsion:

In the case of positive pressures and for ^ < 0, x > 0 (other
ranges follow by symmetry), the solution ^(x) of equation 6.1

is given in terms of the potential

^r0 = ^r(o) = arccosh(l + P/2) (6.3)

as

^(x) = ^o + 21ncd(u|ra) (6.4)

with

u = -e 0/
kx

2
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and

m = e2*0

where cd(u\m) is a Jacobian elliptic function of argument u

and parameter m [39]. For future reference, we also give the

derivative

dV

dx
0 ,3*0/2 -*o/2)«

sn(ti|ra)

cn(u|m) dn(w|m)
(6.5)

where sn(w|ra), cn(w|m), and dn = cn/cd are again Jacobian

elliptic functions of the argument u and parameter m given
above. Efficient implementations of these functions are avail¬

able from modern mathematical libraries [40].

Attraction:

In the attractive case, the solution (for ^ < 0 < x) expressed
in terms of the pressure

P =
-,-2{^X

V dx) x=q

(6.6)

reads

^(x) =

-2 tanh -P)V2sd(Kx\l + P/4)

2 tanh"1 [sn (\(-Pfl2Kx\ 1 + 4/P)'

-4 < P < 0

P< -4

(6.7)

where sd = sn/dn is yet another elliptic function in standard

notation [39]. Note that the solutions for pressures below and

above P = —4 match; at this transition pressure the solution

is ty(x) = —2arctanh(sin kx).
The derivative is

d®

dx

ft(-P)i/2/ en (/ca:|l-|-P/4) -4 < P < 0

-K (-P)1/2 / cd \(-Pfl2Kx 1 + 4/P P < -4
(6.8)

with ty(x) — —2k/ cos kx for P = —4.
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Configuration of zero force:

The situation where the charged surfaces neither repel nor at¬

tract each other (n = 0) is described by the familiar Gouy-

Chapman theory for a single charged plate [12]. The decay of

the potential from its surface value ^i at position x\ is given

by

^(x) = 4arctanh[e-^-a;i)tanh(^i/4)] (6.9)

and the derivative reads

d^ 4Ktanh(^i/4)e-^-Xl)
. WT

.

, fn _

~TX
=

-i-t^,/4)^'
= "2KSm ( /2) ( 0)

6.2.2 Dissimilar Surfaces

For a given potential profile ty(x) of the type described by

eqs. 6.4—6.10, the values \I/i = ^(#1) and ^2 = ^(#2) at any

two positions x\, X2 can be interpreted as the surface potentials
of a (fictive) pair of charged plates. Their surfaces are located

in x\ and x<i, carry a charge density given by the derivative

of \I/ in x\ and X2, and interact across the separation distance

L = jizri — 0^21 through the pressure P associated with the func¬

tion ty(x). Some arbitrary examples of such pairs of plates
are indicated in fig. 6.1 by the bold vertical lines. Within the

Poisson-Boltzmann approximation, two plates with equal sign
of charge can only repel each other.

Our previous observations suggest a simple way of calcu¬

lating the separation distances between two (real) dissimilar

charged surfaces for a given value of the pressure. We have

noted that for every nonzero pressure P, the function ^(x) sat¬

isfying the Poisson-Boltzmann equation (eq. 6.1) is symmetric

or antisymmetric with respect to the origin, which can, but

need not, lie between the surfaces.
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The basic idea is to divide the system as illustrated in fig. 6.2:

we will consider the surfaces separately as if they were interact¬

ing, not with each other, but with the plane at x — 0. For each

surface, we calculate the pressure at all distances from that

plane; then we combine those distances of both surfaces that

belong to the same pressure P in order to obtain all the surface

separations L at which this pressure is actually assumed by our

system of dissimilar plates.

Boundary Conditions

Clearly, the surface positions x\ and X2 compatible with a given

pressure P will depend on the individual charging characteris¬

tics of each surface. These charging characteristic can be taken

into account by an appropriate choice of boundary conditions

for equation 6.1. For the sake of simplicity, it is rather com¬

mon to consider either the electrostatic surface potential or the

surface charge density as constant, and for some types of ma¬

terials, these assumptions are legitimate. A condition of "con¬

stant charge" arises naturally, for instance, if the surface charge

is due to the dissociation of very strongly acidic or basic sur¬

face headgroups, like in the example of sulfate latex discussed

below.

In many practical situations, however, a more realistic de¬

scription considers the chemical equilibrium of partially disso¬

ciated surface groups with the bulk electrolyte at all surface

separations [15,18,35]. The implied requirement of constant

chemical potential of the charge determining ion generally en¬

tails a nontrivial, material-specific relation

hi*,,*,) = 0 ; for j = 1,2 (6.11)

between the surface potential and the charge density of the

surface j. This type of boundary condition usually leads to the
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ip w v> (d)
x1 A x2 A A

d, ; d2 [ d, ' ; d2

//ï//f$// ELECTROLYTE SOLUTION

Figure 6.2: The division into two subsystems of just one surface interact¬

ing with the plane of symmetry for the electrostatic potential ty(x). The

hatched area indicates the space filled by the electrolyte solution. In order

for eqs. 6.4 to 6.8 to be applicable, the potential must be considered in

the fourth quadrant (x > 0, fy < 0). (a): the situation of two repelling
surfaces with equal sign of charge. IN this case the interaction can only be

repulsive, (b): repelling surfaces with unequal sign of charge. The surface

pointing away from the plane of symmetry is considered to have a negative
distance from that plane, (c): attracting surfaces with equal sign of the

surface potential, (d): attracting surfaces with unequal sign of the surface
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simultaneous variation of the charge and surface potential with

separation known as "charge regulation" [16,21]. Examples of

charge-regulating surfaces will also be discussed below.

It will be useful to define an individual distance Dj, j = 1,2
of the surface j from the origin, which has the same absolute

value as the £—coordinate at the position of the surface (\Dj\ =
\xj\) but will be considered as negative if the surface j lies

between the plane of origin and the second surface (see fig. 6.2).
On the other hand, if the plane of origin and the solution-filled

gap between the two surfaces lie on the same side of the surface

j, then Dj will be taken as positive. Formally, this can be

expressed as

_

i -\xj\ signfci/za) > 0 > fol - Iza-jl
_-, 9 /fi19^Uj ~

\ \Xj\ else
J_M {bAZ)

Whatever the precise form of the boundary condition, it can

now be applied to the differential equation 6.1 by substituting

^ = V(x = \Dj\) (6.13)

and

(6.14)
.

.££QkBT <M

(jj = sign(Py
x=\Dieç>z dx

where the functions ^(x) and d^f/dx in eq. 6.13 and 6.14 are

given by eqs. 6.4, 6.5 for repulsive interaction and by eqs. 6.7,
6.8 for attractive interaction. With the above substitutions,

eq. 6.11 is a single transcendental equation connecting either

the pressure itself (attractive case) or the closely related po¬

tential extremum \I/o (repulsion) to the individual distance Dj
from the plane of origin. Solving this equation for all individual

distances —oo < Dj < oo thus leads to the function Pj of the

pressure that the surface j experiences at any distance Dj.

Combining the two surfaces

Since at every configuration both surfaces must experience the

same pressure, only those pressures P can be realized that sa-
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tisfy

P = Pi (A) = P2(D2) (6.15)

for some individual distances D± and Pj2 (which, however, need

not be unique). The corresponding surface separation L is then

given by the sum of the individual distances

L(P) = P>i + P>2 (6.16)

only positive separations L reflecting a real situation.

At large surface separations and correspondingly weak in¬

teraction, the surfaces are always situated on both sides of the

plane of origin like in fig. 6.2a or 26.2d. Moreover, the situation

is always like in fig. 6.2a as long as both surfaces have the same

sign of charge. Two surfaces with unequal sign of charge at

smaller separation may, however, be located on the same side

of the plane of origin; this situation is sketched in fig. 6.2b for

a repulsive and in fig. 6.2c for an attractive interaction. As the

surfaces approach each other, one of them may actually "cross"

the origin, i. e. the potential on this surface may change sign if

the interaction at this separation is attractive, or the charge of

this surface may be reversed if the interaction is repulsive.

By associating each pressure that can be realized for both

surfaces individually with the corresponding surface separa¬

tions, we obtain the complete force profile P(L) for the sys¬

tem of dissimilar surfaces. The actual surface potentials and

surface charge densities as a function of surface separation L

follow from eqs. 6.14 and 6.13 as the surface properties Gj and

fyj associated with the individual distances Dj from the plane
of origin.
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6.3 Examples

As an illustration we apply the proposed method to two ex¬

amples. First, we will consider a carboxyl latex surface and a

sulfate latex surface interacting across a monovalent electrolyte
at pH 4 and an ionic strength of 1 mM. As a second example,
we will discuss the interaction between a silica surface and a

rutile surface at the same ionic strength and pH 6.5. The sul¬

fate groups will be considered as fully deprotonated at all times

and the resulting surface charge as constant. All other materi¬

als will be described in the framework of a 1-pK-Basic Stern

Model [41,42]. Within this model (and for z = 1), the bound¬

ary condition for a charge-regulating surface j reads [37]

*,- = (pK,. - PH) In 10 - -W + ln
e° ^°y F^

~

*
(6.17)

where the pK value refers to a single deprotonation reaction,
C? is the Stern capacity, Ptotj the total density of chargeable
surface headgroups and Prefj the (reference) density of proto¬

nated headgroups at which the surface j is uncharged [37]. The

parameters used are summarized in the table below.

Table 6.3: Exemplary materials

MATERIAL" pK Ptot (nm"2)6 (Pref/Ptot)c Cs (F/m*)"
CARBOXYL LATEX 4.9 0.5 1 CO

SULFATE LATEX6 — 0.1 — —

SILICA 7.5 8.00 1 2.9

RUTILE 5.8 12.2 1/2 1.33

a The association of the tabulated properties with the individual surfaces of

different materials is marked by the subscript j in eq. 6.17 b Total density
of surface headgroups. c Fraction of the total number of sites that are

protonated in the zero charge configuration.
d Stern capacity. e For this

surface, a boundary condition of constant charge a — e0Ptot has always been

used.
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Right side: Fig. 6.3: The interaction between a carboxyl latex and a sul¬

fate latex surface (left) at pH 4 and between a silica surface and a rutile

surface (right) at pH 6.5. For both systems, an ionic strength of 1 mM

(1-1-electrolyte, k~1 = 9.6 nm) has been used, (a): the force per unit area

for boundary conditions of charge regulation (reg), constant charge on both

surfaces (cc), and constant electrostatic potential on both surfaces (cp). In¬

set: a semi-logarithmic representation on a larger scale reveals qualitative

differences between the silica - rutile interaction at constant potential and

charge regulation, (b), (c): the corresponding electrostatic surface poten¬

tials, (d), (e): the surface charge densities. Broken vertical lines in the silica

- rutile indicate the separation of zero force (3.8 nm) and the separation of

charge reversal on the regulating rutile surface (8.8 nm). Above the latter

separation the system resembles the one sketched in fig. 6.2a, for 3.8 nm

< L < 8.8 nm it looks like fig. 6.2b, at even smaller separations (left of both

vertical lines), the situation is like in fig. 6.2c.

Carboxyl Latex — Sulfate Latex

Both latex surfaces can only be negatively charged, which im¬

plies that only repulsive interaction is possible, and that the

plane of symmetry for the electrostatic potential ty(x) always
lies between the surfaces, thus only positive distances -Dcarboxyi
and ^sulfate from this plane have to be considered. (In other

words, the scenario shown in fig. 6.2a applies at all separations.)
The resulting pressure as a function of the surface separation

L is shown on the left hand side of fig. 6.3a, along with the cor¬

responding curves for boundary conditions of constant charge

(cc) or constant electrostatic potential (cp) on both surfaces. In

the same representation, the left hand side of fig. 6.3b—e shows

the variation of the surface potentials and charge densities with

separation.

The dividing pressure in this system is seen to increase
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monotonically with decreasing surface separation; at con¬

tact it diverges. The potential on both surfaces is negative and

diverges for L —>• 0 as well. The carboxylic surface loses its

charge in this limit, whereas the charge on the sulfate surface

remains unchanged. Apart from the decharging of the carboxyl

groups at small separations, this system of two dissimilar sur¬

faces behaves in a rather similar way as the system where both

surfaces are subject to boundary conditions of constant charge
— even though carboxylic surfaces are known to regulate their

charge rather well for the given parameters of the electrolyte

solution [37].
If the potential on both surfaces is fixed, the behavior is very

different. At large separations, it is qualitatively the same, but

at a separation of 14 nm, the pressure and the charge on the

carboxylic surface go through a maximum, while the charge
on the sulfate surface goes through zero. At a separation of

7.8 nm the force is zero and the carboxylic surface resumes its

charge of the large separation limit, because it does not feel the

presence of the sulfate surface. At even shorter separations the

force at constant potential is attractive; it diverges in the limit

of contact.

Silica - Rutile

The charge-regulating silica surface, like the latex surfaces, can

only be negatively charged. The rutile surface on the other

hand, though negatively charged in isolation at the chosen pH,

can undergo a charge reversal, and therefore negative distances

^Rutile have to be considered as well. As it turns out, the system

actually passes the situations sketched in fig. 6.2a, b, and c, in

this order, as the two surfaces approach each other.

Results for the silica - rutile system are presented on right
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hand side of fig. 6.3. At large separation, both surfaces behave

qualitatively as they would in a perfectly symmetric system

[37]: as they approach each other, a repulsive pressure and the

absolute surface potentials are enhanced, whereas the absolute

charge density is reduced. At a separation of 8.8 nm the rutile

surface reaches its Nernst potential (pK — pH) lnlOfc^T/eo =

41.4 mV and undergoes a charge reversal. A maximum pressure

of 8.0 kPa is reached at L = 8.2 nm. Upon further approach the

pressure drops again, passes zero at L = 3.8 nm (at which point

the silica surface resumes the surfaces properties of an isolated

surface), and eventually reaches a finite contact value (of —121

kPa, see the inset of fig. 6.3a). The potential at contact is —

52.4 mV for both surfaces, while the charge density goes to +

13.7 mC/m2 for the rutile surface and — 13.7 mC/m2 for the

silica surface. This behavior is different from the one observed,
when both surfaces are subject to either constant charge or

constant potential conditions. Under these simplified bound¬

ary conditions, no qualitative differences are resolved between

the two different systems presented in fig. 3: whether in the

latex-latex system or in the silica-rutile example, both times

the requirement of constant charge causes a monotonically in¬

creasing repulsion between approaching surfaces, and constant

potential causes an electrostatic attraction at short separations.

Also note that for the silica surface, the regulated surface poten¬

tial curve crosses the constant potential curve, and the charge
curves for different boundary conditions all have crossing points

as well. In this sense, charge regulation in a system of dissimi¬

lar surfaces does not lead to an intermediate behavior between

the cases of constant charge and constant potential as it does in

systems of identical surfaces. Moreover, the regulation behav¬

ior of this system is rather similar, at most separations, to the

case of constant potential, even though the silica surface would
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not behave like a constant potential surface when interacting
with another silica surface, given the same parameters for the

electrolyte [37].
Our discussion of the silica - rutile system only serves to

illustrate the proposed computational technique, and we did

not try to model any particular experiment. Nevertheless, it

should be mentioned that the force between a Si02-sphere and

a TiC>2-crystal has been measured under conditions compara¬

ble to the ones of fig. 3. The experiment seems to indicate

a rather more constant-charge-like behavior [8]. Since, how¬

ever, the measured force does not only contain the pure electro¬

static component but also dispersion forces and most likely an

additional short-range repulsion, conclusions about the "true

regulation behavior" must be drawn with caution.

6.4 Conclusion

We have presented an exact method to calculate the double

layer force between charge-regulating plates of dissimilar com¬

position and charging behavior on the level of (non-linear)
Poisson-Boltzmann theory. The proposed strategy is compu¬

tationally straightforward and does not require a numerical so¬

lution of the differential equation.

We have applied it to the exemplary case of a carboxylic latex

surface and a sulfate latex surface as well as to the system of a

silica and a rutile surface interacting across a monovalent elec¬

trolyte. The amphoteric behavior of the rutile gives rise to a

rather complex force profile, including a transition from repul¬
sion at large separations to attraction at short separations for a

pH at which the isolated surfaces are both negatively charged.
This behavior is very different from the interaction in systems
of two identical surfaces. A description based on the assump-
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tion of constant charge or constant potential on both (dissim¬
ilarly charged) surfaces misses qualitative features of the true

interaction profile under conditions of charge regulation.
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Appendix

Eq. 6.2 already states the result of a first integration of the

Poisson-Boltzmann equation

2

(?pj = 2*;2cosh^-K2(P + 2)

Expressed in terms of

Q(x) = exp [&(x) - ^o]

and

i = exp (#o)

eq. 18 reads

'1 dû'

& dx,
= K m__(P+ 2)

(18)

(19)

(20)

(21)

For \& < 0 and x > 0, dû,/ dx is negative, and separation of

variables leads to

n
dû' KX

i J^^2o/2-(p + 2)ffi/ + i v7?
(22)

Further manipulation of the elliptic integral on the left hand

side of eq. 22 is greatly facilitated by using the properties of

the so-called Jacobian elliptic functions [39]. The functions

sn(w|m), cn(w|ra), and dn(u\m) of argument u and parameter

m (0 < m < 1) are defined as the inverse of the following
integrals:

sn(u\m)

U —

dt

u

0 v'(l-t2)(l-mi2)
m("|m)

dt

^(l-t2)(l-m + mt2)

(23)

(24)
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dn(u|m) ,

f dt
,

u = / . (25)
/ j(l-t2)(V-l + m)

l ;

Further elliptic fonctions are defined as

cd(u|m) = cn(u\m) /dn(u\m) (26)

and

sd(u\m) = sn(u\m) /dn(u\m) (27)

We will make use of their periodicity properties

sn (K(m) — u\m) = cd(u \ m) (28)

and

cn(u — K(m)\m) = \/l — msd(u \ m) (29)
where

i i

rr, s f dt f dt
._.

K(m) = / = = / 30

^ y(l-t2)(l-mt2) / ^(l-t2)(l-m + mt2)

is the quarter period of the elliptic functions along the real axis,
also called the complete elliptic integral of the first kind [39].

The derivatives of the elliptic functions needed to deduce

the the expressions for d^f/ dx in eqs. 6.5 and 6.8 are

—sn(wlra) = cn(u\m) dn(wlm) (31)
du

—cii(u\m) = —sn(u\m) dn(u\m) (32)

—-dn(u|m) = —msn(u|m) cn(w|m) (33)
(Jj Uj

Repulsive case (P > 0)

According to eqs. 6.2 and 20 positive pressures can be expressed
as

P = £+!/£-2 (34)
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Inserting eq. 34 into eq. 22 yields

kx r dû' r 2dt

vf
"

"/ y/n>(i-çv)(i-?n>)
~

~

{ ^J(i-t2)(i-et2)
or

o
.

\/nt,
kx f at f dt

u =

2^ { y/(l-t*){l-?t*) { ^(1-^(1-^2)

K(£2) - sn-^V^) (36)

where the last equality uses the defining eqs. 30 and 23, and

sn_1 denotes the inverse function of sn(w|m). According to

eq. 28

Q(x) = sn2(K(a - u | a = cd2(n | £2) (37)

which is the result cited in eq. 6.4.

Attractive case (P < 0)

In the attractive case £ = 1, and with the substitution

1-Q

eq. 22 takes the form

7 du'
/0

.

kx = / , -
=== (39)

6 V(i - u,2)l-Pß + (l + P/4V2]

If — 1 < P/4 < 0, then after splitting the integration domain

in eq. 39,

CV 1 LÜ

j f(J) dJ = j f(J) dJ + j f(J) dJ (40)



6.4. CONCLUSION 195

eqs. 30 and 24 can be applied to give

kx = K (1 + P/4) + en"1 (uj |1 + P/4) (41)

and according to eq. 29

uj = ^-P/4sd(Kx\l + P/4) (42)

If, on the other hand, P/4 < — 1, then after multiplication of

eq. 39 by y^—P/4, it follows from eq. 23 that

uj = sn i-(-Pfl2KX 1 + 4/p) (43)

Eqs 42 and 43 are the results cited in eq. 6.7.

Limits of Parameter Values

Eqs. 36 and 41 imply that

0<J?L<K(e) for P>0 (44)

and

0 < kx < K(l + P/4) for - 4 < P < 0 (45)

which in principle limits the range of x for which the derived

expressions for ^(x) are valid. The quarter period, however, di¬

verges in the limit of zero pressure (then the parameter m goes

to 1); therefore, at large surface separations, when ^(x) must

be evaluated at large x, the given formulae are also valid for a

large range of x. We found that the above mentioned condi¬

tions (eqs. 44, 45) were satisfied automatically for all positions

x relevant in this study.
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The linearized case

When the electrostatic potential is small (i. e. |^(^)| < 1 be¬

tween the surfaces) then eq. 6.1 can be linearized, and the so¬

lution of the Debye Hiickel equation,

S -^ = ° <«>

corresponding to eqs. 6.4, 6.7, 6.9 reads

—arccosh(l + P/2) cosh/^c P > 0

V(x) = { ~\P\^2 smh kx P<0 (47)
^fie-n(x-Xl) P = 0

Superposition

If P 7^ 0 and \kxi\, \kx2\ » 1, then eq. 47 is well approximated

by the linear superposition result

*(*) = \ J j

\T/?°
J

e K\x>'I cosh kx P>0
. .

e~Kl^'l sinh kx P < 0

where ^f0, j = 1 or 2, is the potential of either one of the

surfaces in isolation. If theses surface potentials are too high
for eq. 6.1 to be linearized (^J0 > 1), then eq. 48 will still be

a good approximation for small x (but large ^1,^2) when the

surface potential is replaced by the "effective potential"

^00 ^ ^çx3ff = 4 tanh (#o°/4) (49)

which in the linear theory yields the same potential decay far

away from the isolated surface as the true, "bare" potential does

in the nonlinear treatment (eq. 6.9) [12]. Obviously, ^fls —>• 4

in the limit of high bare potentials ^j50 and the corresponding
effective charge density saturates for high bare charge Gj to the

value creff —> 4££QKkßT/eo, known as the condensation limit

[43,44].
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Chapter 7

Modeling the Early Stages of

Colloidal Aggregation in the

Presence of a Deep Secondary

Energy Minimum

7.1 Introduction

The aggregation kinetics of Brownian particles have first been

treated by von Smoluchowski [1,2]. The governing rate equa¬

tions read

t,

=

n Z-u kij ninj ~ nz 2\-j kizni i'.lj
dt ^ i+j=z 4=1

where k^ are second order aggregation rate constants, t is the

time, and nz(t) the total concentration of z—fold aggregates.

For purely diffusion-driven aggregation of identical spherical

particles, von Smoluchowski showed that the initial rate

1
,.

dn\
._

.

kn = ohm—- 7.2

ng *->o dt
v ;

at which primary particles disappear, by dimerization, from

an initially disperse suspension of particle concentration no =



202 CHAPTER 7. THE SECONDARY ENERGY MINIMUM

ni(t = 0) is given by

kn = SirD^a (7.3)

where a is the primary particle radius and

7 rp

noo
_ 2noo _

kB-l
/74x

Vvd
-

2Vsmg
-

3^fl
[(A)

the relative diffusion coefficient (D^ being the coefficient of

single particle diffusion, kßT the thermal energy, and r\ the

dynamic viscosity). The effect of a driving interparticle force

-Vu(r) is accounted for in the Fuchs expression [3]

fr-i _

7^vHr)/kBT]
11

~

J 4irr2D«\ [ '

2a rel

The increased hydrodynamic resistance to a mutual ap¬

proach of particle surfaces at short separations was taken into

consideration by Derjaguin and Müller [4] and Spielman [5],
who calculated a separation dependent diffusion coefficient

Dxe\(r) to be used in eq. 7.5 rather than the constant term

^rel-

This far, the treatment considers two particles as a dimer

only when they are in direct contact. However, the pair interac¬

tion energy u(r) for charged particles in an electrolyte solution,

evaluated in the classical Derjaguin-Landau-Verwey-Overbeek-

theory (DLVO-theory) [6, 7] as the sum of an attractive van

der Waals term and a repulsive double layer contribution, can

exhibit a secondary minimum deep enough to define a "bound

state" of particles (temporarily) trapped in this minimum. It

is then useful to consider the total concentration of dimers as

the sum of the concentration ns of such aggregates formed by

particles in the secondary minimum and the concentration rtp

of dimers formed by aggregation into the primary minimum

n2(t) = ns(t)+nP(t) (7.6)
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The time evolution of these two dimer species in the early

stages of aggregation has been discussed by Ruckenstein [8]
for the case of pronounced energy extrema and a linearized

rate equation. His results correspond to the linear limit of the

aggregation kinetics discussed below. Prieve and Ruckenstein

[9] computed stability ratios within this linear framework and

compared them to experimental data by Ottewill and Shaw

[10], concluding that secondary aggregation had been insignif¬

icant in this specific investigation. (A treatment proposed by

Marmur [11] releases the steady state assumption inherent in

the previously mentioned treatments, but does not account for

the fast velocity relaxation that characterizes the over-damped

motion of colloidal particles.)
While the existence of secondary energy minima has been

confirmed experimentally [12], their influence on aggregation

kinetics [13], phase diagrams [14], and the experimentally ob¬

servable structure of colloidal dimers [15,16] is still unclear. In

a recent aggregation study on carboxyl latex particles [17], we

found that colloidal stability was predicted correctly by DLVO-

theory under conditions of low or moderate ionic strength,
while large discrepancies (of a well-known pattern) between

theory and experiment where observed at high ionic strength
where the secondary energy minimum was particularly deep.

Although we conjectured that the discrepancies were related to

the position of the potential barrier rather than to the depth of

the secondary potential well, we did not analyze the influence

of this well systematically.

In the present study, we examine the kinetics of aggrega¬

tion in the presence of a deep secondary energy minimum by

accounting for secondary aggregates explicitly.
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Figure 7.1: A typical interparticle potential profile leading to the formation

of both primary (irreversibly bound) aggregates and secondary aggregates.

7.2 Kinetics of Primary and Secondary Ag¬

gregation

We consider a (dilute) suspension of particles whose pair inter¬

action energy has a secondary minimum with a depth of sev¬

eral times the thermal energy kßT, separated from an infinitely

deep primary minimum by an energy barrier with a maximum

at several kßT.

This situation, depicted in fig. 7.1
,
would be realized, ac¬

cording to DLVO-theory, when the charge and the radius of

the particles, as well as the ionic strength of the surrounding
solution is sufficiently high [17,18]. The addition of a realistic

hard core repulsion would result in a finite primary minimum

which would still have to be deep enough to account for the
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experimentally observed [10,17] process of irreversible aggre¬

gation. This process can be described like a two step reaction

[8,9]
2M v± S -> P (7.7)

where M, S and P stands for monomers, dimers in the sec¬

ondary and dimers in the primary minimum. Under the chosen

conditions, the step of the barrier crossing S —> P will be a

"rare event" on the time scale governing the transitions be¬

tween monomers and secondary aggregates. As long as the

formation of higher order clusters can be neglected, the time

evolution of the concentrations ni, ns, and np of the monomers

and the two dimer species is governed by the rate equations

dri\
-km( + 2k2ns (7.8)

km\ - (k2 + h) ns (7.9)

dt

dns 1

~dt~
~

2'

£ = ** (7,0)

In a quasi steady-state description the rate for aggregation
into the secondary minimum is given by an expression of the

Fuchs type:

=

JeMu(r)/kBT)dr
1 Js 4nr2Drel(r)

V ;

where rs is the position of the secondary minimum [19]. When

crossings of the energy barrier are so rare that their influence

on the steady state occupancy of the secondary minimum is

negligible, then the steady-state rates for secondary aggregation
and redispersion satisfy the relation

h/k2 = 2ns/n2 = Vq2/ql (7.12)

where V is the volume of the system and q\, q2 are the (canoni¬
cal) single particle partition functions of the monomers and the
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dimers given by q\ = V/À3 and

1 V
TD

?2 =

2^6 / exP l-<r)/kBT] dr (7.13)

where À is the thermal wavelength, and rB, rr) denote the po¬

sitions of the energy barrier [19] and of the outer maximum of

the integrand in eq. 7.11, i. e. the radial separations between

which two particles will be considered as a dimer. The symme¬

try factor of 1/2 in eq. 7.13 accounts for the exchangeability of

the two monomers forming a dimer. The rate k2 can thus be

evaluated as

tf = /V exp [-u(r)/kBT] dr /
6XP [^]'/»T] dr (7.14)

tb rs
r M:el(7)

The rate £3 for crossing of the barrier is given by

jfc-i = 7^exp [-u(r)/kBT\ dr /
6XP [^ff] dr (7.15)

tb 2a
T Vl{r)

and the usually considered total rate k\\ for the irreversible

formation of dimers is

V 47rr2Dvel(r)

-l

> =

1 à

(7.16)
k2 + h

When secondary aggregation is neglected, the set of equa¬

tions 7.8—7.10 is replaced by

dn\

~dt~
dn2 hi

dt

which can be integrated to

hml (7.17)

(7.18)~ni

rn(t)
=

,

U\ (7.19)iW
1 + nofcn*

v }

MQ
=

«„

n2°k\
n (7-20)2W

2(l + n0fcnt)
V ;
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and thus in the limit of short times

n2(t) = knnlt/2 (7.21)

Secondary aggregation is taken into account by solving the

full nonlinear set of equations 7.8—7.10 with the rates given

by eqs. 7.11—7.15. For aggregation times t so short that the

decrease in the concentration of monomers is negligible, we

may linearize the rate equations by identifying the monomer

concentration with the initial particle concentration no- The

resulting linear equations for ns and np can be solved in a

straightforward manner and yield

nS(t) =

nP(t)

n? fci

2 k2 + h
(i -(k2+ks)t\

Ur hh

2 k2 + k3
t +

k2 + h
(< -(k2+k3)t i)

and the total concentration of dimers is given by

n2(t) = (nP + ns)(t)

(7.22)

(7.23)

(7.24)
n} h

2 k2 + h
fat +

h

h + k
(l _ e-(k2+h)t\

Similar expression were given in refs. [8] and [9].
For times much shorter than the transient time

T (h + h) (7.25)

the dimer concentration is determined by the fast filling of the

secondary well

n2(t) « nlht/2 (7.26)

Another important time scale is the aggregation half-time

where the concentration of the monomers has decreased by

50 %. In this linearized approach where by assumption, the
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monomer concentration remains constant, a half-time can be

defined via

n2 (T1/2) = n0/2 (7.27)

and is given, according to eq. 7.25 by

k2 + h k2 (k2 + k3) 1 k2 , ,

J-i/2 =

—n i
= —j—T~T I7-28)

n0hk3 k3 nQkn k3

provided that Ti/2 ^> r. The first term on the right hand side

of eq. 7.28 is just the half-time given by eq. 7.21 for the case

without secondary dimers, whereas the second term describes

the shortening of the half-time due to the transient filling of the

secondary minimum. For intermediate times, r < i C Ti/2,
eq. 7.25 yields the same linear growth of the dimer popula¬

tion as one would expect in the absence of the secondary well

(eq. 7.21) with just an offset due to the transient

2

n2(t) ^ ^ (hk2r2 + knt) (7.29)

Note that both the term linear in the time and the offset depend

on no, whereas the transient time r does not.

For times comparable to or larger than T\ß we are obvi¬

ously no longer in an early stage of aggregation, and a descrip¬

tion which considers dimers and (a dominant population of)
monomers only becomes useless.
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7.3 Examples

We have evaluated the total dimer concentration n2(t) for car¬

boxyl latex particles with a pKa of 4.9 for the deprotonation of

carboxylic headgroups and a headgroup density of 0.57 nm-2,
these particles were considered suspended in an aqueous solu¬

tion of monovalent electrolyte.

The underlying pair interaction energy as a function of

center-to-center distance r was evalulated as

u(r = 2a + H) = uel(H) + uYdW(H) (7.30)

with the electrostatic component expressed by the superposi¬

tion formula [20]

uel(H) = 327rase0 (—) tanh2 (^) exp(-K#) (7.31)
V eo / \kBTJ

where H is the surface separation, esq the permittivity of the

solution, eo the elementary charge, ijjq the electrostatic surface

1/2
potential of an isolated particle and k = ee$kBT/(2e$I)
the Debye screening length determined by the ionic strength I.

The van der Waals component of the interaction was calculated

as

Aa
UvdW =

~V2H ( ^

with an effective Hamaker constant A = 1.8 x 10~20 J obtained

from a fit to experimental data in ref. [17]. The expressions for

both components make use of the Derjaguin approximation [21]
for surface curvature, which should yield accurate results in the

cases we consider, since the particle radii are much larger then

the separation distances relevant for the particle interaction.

The pair diffusion coefficient DTe\(r) in eqs. 7.11—7.16 was

evaluated as

Diel(r) = D^/B(H/a) (7.33)
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with the hydrodynamic correction function [22]

„, x
6x2 + lSx + 2

.

,

B(x) =
-—r-~

(7.34
w

6z2 + 4z
v '

Fig. 7.2 shows the case of the 155 nm carboxyl latex parti¬

cles studied in ref. [17] for an aqueous solution of monovalent

electrolyte at pH 4 and an ionic strength of 10 mM.

Further parameters of interest are summarized in the left

data column of table 1. Under these conditions, the stability

of the particle suspension is described correctly by the classi¬

cal DLVO-theory [17]. The numerically calculated [23] result

from the nonlinear set of rate equations (eqs. 7.8—7.10) is com¬

pared it to the solution (eq. 7.25) of the linearized equations

and the corresponding results for aggregation into the primary

minimum only (eqs. 7.20 and 7.21). Calculations based on the

linearized equations are represented by thin lines, results that

neglect secondary aggregation are shown as broken lines.

The four curves are almost indistinguishable for the first 15

minutes of the modeled aggregation process. Similar calcula¬

tions for the same particles at lower ionic or lower pH (where
DLVO-theory was confirmed experimentally, as well) and for

smaller particles show an even better agreement of the differ¬

ent predictions for n2(t). It can thus be concluded that the

neglect of secondary aggregation did not introduce any note¬

worthy error in our previous confirmation of DLVO-theory for

aggregation at ionic strengths up to 10 mM.

Predictions for the dimer concentration in a suspension of

350 nm carboxyl latex particles are shown in fig. 7.3. Apart
from their size, these particles were given the same properties

as used in the previous figure.
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Figure 7.2: Time evolution of the total dimer concentration normalized by

an initial particle concentration of no = 1015 m~3 for particles of radius

a = 155 nm under conditions of slow aggregation. Further parameters are

given in the left data column of table 1; these parameters reflect a situa¬

tion (for the system of carboxyl latex particles studied in ref. [17]) where

DLVO-theory for colloidal stability was seen to work quantitatively. Full

lines denote the result for the treatment including secondary aggregation

(eq. 7.25 and the corresponding numerical solution of the nonlinear rate

eqs. 7.8—7.10), broken lines were generated by considering primary aggre¬

gation only (eqs. 7.20,7.21). Bold lines show results based on the nonlinear

rate equations (eqs. 7.8—7.10), thin lines refer to results (eqs. 7.21, 7.25)
from the linearized equations.
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Table 7.3. Parameter values for results of figure 2 and 3. The underlying
interaction energies were calculated according to eqs. 7.31 and 7.32 with A =

1.8 x 10~20 J for an ionic strength of 10 mM. An initial particle concentration

of n0 = 1015 m~3 was used in both figures.

Fig. 7.2 Fig. 7.3

pHa 4.0 3.94

SURFACE POTENTIAL6 ^0°° (mV) -20.8 -19.4

RADIUS a (nm) 155 350

BARRIER HEIGHT0 (kBT) 7.7 8.3

BARRIER POSITION** (nm) 2.3 2.6

SEC. MINIMUM6 (kBT) -3.4 -8.0

MINIMUM POSITION' (nm) 13 12

STABILITY RATIO? 246 299

fci/10-18 m3*"1 11 11

k2 (s'1) 9.0 x 10"2 6.6 x 10~2

h (s'1) 3.2 x lu"8 3.2 x 10"4

TRANSIENT TIME'1 r (s) 0.07 15

HALF-TIMEj T1/2 (s) 2.3 x 10-4 2.4 x 10"4

a The pH of a solution of monovalent electrolyte at which carboxyl latex

particles with a dissociation constant pK = 4.9 and a density of 0.57 nm2

for the carboxylic surface headgroups would be described accurately by

the two sets of parameters.
b Electrostatic potential of the surfaces when

isolated. The given values were calculated from the Diffuse Layer Model

also used in ref. [17] c Maximum value of the DLVO-interaction energy.
d

Surface separation H = corresponding to this energy maximum. e Depth

of the secondary minimum in the interaction energy.
' Surface separation

H corresponding to the energy minimum. 9 Ratio fcffV&n of the dimer

formation rate k^f1 in the absence of an energy barrier and the actual rate

kn under the given conditions. h Transient time r given by eq. 7.25. 3

Half-time Ti/2 in the linearized model given by eq. 7.28.

The ionic strength of 10 mM was also kept, but the pH

(and thus the charge density and surface potential) was slightly

reduced, in order to obtain a similar DLVO-prediction for the

stability of the solution; details are shown in the right data

column of table 7.3. (The exact energy profile for this example

is displayed in fig. 7.1.) The evolution of the dimer population
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Figure 7.3: Time evolution of the normalized dimer concentration (nQ =

1015 m~3) for particles of radius a = 350 nm under conditions of slow

aggregation. Further parameters are given in the right data column of table

7.3. Again, broken lines refer to the treatment that neglects the presence

of secondary aggregates, thin lines represent results based on the linearized

rate equations.
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(fig. 7.3) is quite different in this case than for the smaller

particles.

The full solution of the nonlinear rate equations including

secondary aggregation (full, bold line) shows an increase of the

relative dimer concentration to 6% within the first minute and

an even higher increase is seen for the corresponding solution

(eq. 7.25) of the linearized equations (full, thin line). Even long

after the transient time has expired these two results predict a

clearly different growth rate. While the slope of the linearized

While in the calculation for pure primary aggregation (bro¬
ken lines) the nonlinear treatment (bold line) and the linearized

treatment (thin line) give very similar results, the numerical so¬

lution of the non-linear equations accounting for secondary ag¬

gregation (full, bold line) deviates substantially from all other

solutions, including its linearized counterpart (full, thin line).
Apart from the rapid increase of the dimer concentration during
the transient time, which is overestimated by eq. 7.29 and un¬

noticed by the classical treatment for irreversible aggregation,

the numerical solution also shows a different (smaller) growth

rate after the expiration of the transient time than all the treat¬

ments that involve further approximations. All of these differ¬

ences become even more pronounced when the initial particle
concentration is increased, but vanish in the limit of infinite

dilution.

For the 155 nm particles of fig. 7.2 the situation looks quite

similar to fig. 7.3, when the ionic strength is raised to 100 mM

(at the same particle concentration no and at pH 5.1 where the

height of the energy barrier is similar to the one in the previous

examples according to DLVO-theory). Under these conditions

of high ionic strength, colloidal stability was seen to depend far

less sensitively on pH than DLVO-theory predicts [17]. We see,

however, that this discrepancy between theory and experiment
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cannot be explained by the influence of the secondary energy

minimum, because the inclusion of secondary aggregation into

the theory would even aggravate the discrepancy: as the pH

is increased, the experimentally observed aggregation becomes

slower, and consequently a higher intial concentration no will be

chosen for the experiment; then the corrected theoretical aggre¬

gation rate for t ^> r would be lower than the one expected by

the classical theory for primary aggregation, and thus the sta¬

bilization with increasing pH would be even more pronounced

in the corrected treatment than in the classical theory. For the

present case of the 155 nm particles at 100 mM, this correction

would hardly be seen in a typical logarithmic representation of

stability. The transient in the first seconds should be detected

experimentally, for the highest initial concentrations, through

a slightly increased apparent initial radius.

For large particles, the transient time can be large, even at

moderately low ionic strength. Under the conditions of fig. 7.3

for the electrolyte solution, particles of radius a = 500 nm,

for instance, would aggregate fast for several minutes (r = 12

min.), even though the classical treatment for pure primary

aggregation would predict the initial aggregation rate to be

lower by a factor of 104.

7.4 Conclusions

We have studied the effect of a secondary energy minimum

on the kinetics of dimer formation by solving the nonlinear

rate equations for the population of monomers and two dis¬

tinct dimer species, where the individual rates were obtained

under a steady-state assumption. For particles of radii of 155

nm or smaller aggregating in a suspension of moderately low

ionic strength (< 10 mM) the effects of secondary aggrega-
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tion were found to be negligible. This is an important finding,
since it suggests that the classical DLVO-theory for colloidal

stability may be used without reservations in the regime where

it has previously been confirmed by experiments. At higher
ionic strengths, where experiments clearly show a failure of the

theory, the formation of secondary aggregates may indeed af¬

fect stability to some degree, but can certainly not explain the

observed failure of stability predictions.
For larger particles, secondary aggregation should be taken

into account even at ionic strengths < 10 mM. In this case, a

transient period of fast aggregation into the secondary mini¬

mum will be followed by primary aggregation at a lower rate

than would be expected for the initial aggregation in the ab¬

sence of a secondary minimum. This duration of this transient

depends sensitively on the particle size and cannot be changed

by varying the particle concentration. The degree of aggrega¬

tion that is reached within this time should, however, depend
in a roughly linear fashion on the initial particle concentration.

Therefore, if the transient time is not too long, the effects of

secondary aggregation can be minimized by choosing a small

particle concentration (small enough as to make the charac¬

teristic time for fast aggregation large by comparison to the

transient time).
For very large particles, the transient time may be so long

that aggregation will inevitably be fast beyond the "early

stages" and a substantial amount of higher order clusters will

be formed before any primary aggregation can be detected.
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