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Abstract

The subject of risk theory is concerned with random fluctuations for

the financial (liability) results of an insurance company. As a measure

of risk we consider the ruin probability of a classical risk process per¬

turbed by an a-stable Levy motion with index 1 < a < 2 and skewness

parameter (3 — — 1. The restriction on the parameters implies that the

process under consideration is a spectrally negative Levy process with

finite mean function. Using general theory, the Laplace transform of

the hitting time can be expressed in terms of the logarithm of the char¬

acteristic function of the process. Inversion of the Laplace transform

yields an explicit convolution formula for the infinite time ruin prob¬

ability. This formula based on the Mittag-Lefner function generalizes
the Pollaczek-Khintchine formula. We investigate the asymptotic be¬

haviour of the ruin probability as the initial risk reserve becomes large.
In doing so we have to take into account how the integrated tail distrib¬

ution of the claim sizes is related to the stable component with respect

to the tail decay.

Assuming that the claim size distribution of a risk process has infinite

variance (but finite mean) we use a functional central limit theorem to

show that an a-stable Levy motion (1 < a < 2) with linear drift can

be constructed as an approximation to the risk process. We show that

the ruin probabilities in finite time as well as in infinite time converge.

For the latter convergence we rely on results from queuing theory. Our

main result says that the equilibrium waiting time in a GI/G/1 queu¬

ing system has approximately Mittag-Leffler distribution. Numerical

examples give an idea of the quality of the approximations.

v
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Kurzfassung

Gegenstand der Risikotheorie sind die zufalligen Schwankungen der

Kapitalreserven einer Versicherungsgesellschaft. Als Risikomass betra-

chten wir die Ruinwahrscheinlichkeit eines klassischen Risikoprozesses,

welcher durch eine a-stabile Bewegung mit Index 1 < a < 2 und

Schiefeparameter (3 = — 1 gestort wird. Die Wahl der Parameter im-

pliziert, dass der betrachtete Prozess ein stochastischer Prozess mit

endlicher Erwartungswertfunktion und unabhangigen und stationaren

Zuwachsen ist, der iiberdies nur Sprunge nach unten aufweist. Die all-

gemeine Theorie besagt, dass fiir solche Prozesse die Laplace Trans-

formierte der Eintrittswahrscheinlichkeiten durch den Logarithmus der

charakteristischen Funktion des Prozesses ausgedriickt werden kann.

Die Inversion der Laplace Transformierten liefert eine exphzite Formel

fiir die Ruinwahrscheinlichkeit in unendlicher Zeit. Diese Formel ver-

allgemeinert die Pollaczek-Khintchine Formel und enthalt die Mittag-
Leffler Funktion. Wir untersuchen das asymptotische Verhalten der

Ruinwahrscheinlichkeit fiir grosses Anfangskapital. Dabei unterscheiden

wir, in welcher Relation die integrierte Schadenverteilung zur Verteilung
der stabilen Komponente beziiglich des langreichweitigen Verhaltens

steht.

Unter der Annahme, dass die Schadenverteilung eines Risikoprozesses
unendliche Varianz (aber endlichen Erwartungswert) hat, zeigen wir

mit Hilfe eines funktionalen Zentralen Grenzwertsatzes, dass eine a-

stabile Bewegung mit linearem Drift als Approximation des Risiko¬

prozesses dienen kann. Wir zeigen, dass die Ruinwahrscheinlichkeiten

vn
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sowohl in endlicher wie auch in unendlicher Zeit konvergieren. Fiir

die letztere Konvergenz machen wir einen Exkurs in die Theorie der

Warteschlangen. Das Hauptresultat besagt, dass die Verteilungen der

Wartezeiten in einer Folge von Einbedienersystemen schwach gegen die

Mittag-Leffler Verteilung konvergieren. Numerische Beispiele geben

Aufschluss iiber die Qualitat der Approximation.



Chapter 1

Introduction

Collective risk theory has developed over a long period of time but

mainly has its roots at the beginning of the 20th century. It was mostly

inaugurated by Filip Lundberg who introduced in his thesis [57] the

collective risk model for insurance claim data. Harald Cramer [18] then

incorporated Lundberg's ideas and established the relationship between

risk theory and general stochastic processes. In recent years the basic

probabilistic models originating from the Cramer-Lundberg setup have

been generalized in various directions. Martingale theory for instance

leads to more "realistic" models allowing for economic factors such as

inflation, interest etc. to be introduced. The observed increase over

the recent past in both frequency as well as size of catastrophic claims

(natural as well as man-made) has triggered a surge in research into

the modelling of such events. From a mathematical point of view, the

keywords in this context are extremal events, heavy-tailed distributions,

(divergent) moments, hitting times, etc. Motivated by the growing need

for modelling extremal events we consider so-called a-stable processes

in the area of risk theory. An a-stable process is a random element

whose finite-dimensional distributions are a-stable. Stable distribu¬

tions share many properties with the Gaussian law. For instance, stable

distributions play an important role in the context of the central limit

1



2 Chapter 1. Introduction

theorem: only stable laws appear as the weak limit of normalized sums

of independent and identically distributed (iid) random variables mak¬

ing them useful in modelling the contribution of many small random

effects. For instance, one can assume that a random variable describing
the daily price change of a stock is the sum of a great many smaller

fluctuations, most of them approximately independent and identically
distributed. Thus the original variable would tend to have a stable dis¬

tribution. Despite this close kinship with the normal law, the family of

stable distributions has attracted only a moderate amount of interest

for a long time. The main reason for this undoubtedly is the compli¬

cated structure of the marginal densities (apart from a few cases) and

the coupled difficulties in statistical estimation. However, the situa¬

tion changed in the 1960's after the appearance of a series of papers

by Mandelbrot who sketched the use of stable laws to model data sus¬

pected to have heavy-tailed distributions, especially certain economic

variables such as stock price changes. Stable distributions seem to be

an appropriate tool whenever standard "light-tailed" conditions are vi¬

olated. The tail-behaviour of non-normal stable laws differs from the

one of the Gaussian distribution in a significant way. The tails of non-

Gaussian stable distributions decay like a power function. This implies
that a stable random variable has much more variability than a normal

one; it is much more likely to take values far away from the median.

Stable laws have been used to model various phenomena such as gravi¬

tational fields of stars, temperature distributions in nuclear reactors and

annual rainfall. The role of stable laws is also fundamental in such areas

as sociology, biology, insurance risk and more recently in mathematical

finance, see for instance Embrechts, Kliippelberg and Mikosch [31] or

Mittnik and Rachev [59], [60] and references therein.

The outline of this thesis is as follows. The purpose of Section 2.1 in

the chapter of preliminaries is to present a concise survey of the theory

of Levy processes. Levy processes can be thought of as continuous time

analogues of random walks. Historically, the theory goes back to the

late 20's and mainly originated from Levy and Khintchine. An inter¬

esting class of Levy processes are the so-called spectrally negative Levy

processes. Because of the absence of positive jumps they were exten¬

sively studied in applied probability as models for queuing, insurance
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risk and dam theory. They are also of interest from a theoretical point

of view because they are the processes for which fluctuation theory can

be developed in detail. A classical risk process defined in Section 2.2 be¬

longs to the class of spectrally negative Levy processes. We give a brief

review of the classical risk theory. The traditional Cramer-Lundberg

estimate for "small" claims yields bounds for the ruin probability which

are of exponential type. However, insurance data often involve data

that makes the assumption of "small" claims not very reasonable. We

conclude that section with the analysis of heavy-tailed insurance risk

models. In Section 2.3 we present some basic properties of stable dis¬

tributions. Special emphasis is given to the tail behaviour and to the

fact that stable laws arise as weak limits of partial sums.

In Chapter 3 we extend the classical model of collective risk theory

by adding an a-stable Levy motion. The stable component can be

viewed as describing perturbations around the underlying risk process.

Contrary to a Brownian motion a non-Gaussian stable Levy motion ex¬

hibits jumps and hence any hitting time problem (like ruin estimation)

becomes more difficult. A suitable choice of the parameters guarantees

that the extended risk process still belongs to the class of spectrally neg¬

ative Levy processes. From a modelling point of view, the additional

downward jumps can be interpreted as certain extra random payments.

By means of Laplace inversion we establish an explicit formula for the

infinite-time ruin probability. In that formula the perturbation is rep¬

resented by the Mittag-LefHer function. Section 3.2 is devoted to the

asymptotic behaviour of the ruin probability as the initial risk reserve

becomes large.

Weak approximations are studied in Chapter 4. We give a parallel to

the classical Brownian diffusion approximation for risk processes. Our

approach is especially relevant whenever the claim size distribution has

infinite variance. The resulting limiting process is an a-stable Levy

motion with drift. We then show that the finite-time ruin probabilities

as well as the ruin probabilities with infinite time horizon converge.

For the latter proof of convergence we make an excursion into queuing

theory. We present some numerical examples in order to investigate the

quality of our approximations.
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Chapter 2

Preliminaries

2.1 Levy Processes

Our aim in this section is to state some facts about Levy processes which

will be used in the sequel. Particular emphasis is given to the subclass

of spectrally negative Levy processes. Here a much greater degree of

explicitness is available in the results than in the general case, while

at the same time it is this case which is important in applications, for

instance in the theory of queues, dams, insurance risk etc. The material

covered in this section is classical and thus the treatment is expository

and only few proofs are given. We have used the papers by Bingham

[12], Gusak and Korolyuk [45] and Shtatland [73]. A recent survey of

the theory of Levy processes can also be found in Bertoin [8].

Throughout this thesis let ($l,J-, {J-t)t>a,P) be a probability space on

which all stochastic quantities are defined. We assume that all P-null

sets of T are added to Tq. Our starting point is the concept of infinite

divisibility of a probability distribution or of a random variable. For a

distribution function F on [0, oo) we define the n-fold convolution F*n

5



6 Chapter 2. Preliminaries

as

Ftn{x) = [ F^-^ix - u) dF(u) ,
n > 1

,

Jo

where F*°(x) = 1 for x > 0 and 0 elsewhere.

Definition 2.1 A probability distribution F or a real-valued random

variable X is said to be infinitely divisible, if for each n N there is

a probability distribution Fn such that F — F£n or equivalently X =

X\ + —h Xn, where the Xi have distribution Fn, i = 1,... ,n.

Here "
=

"

means equality in law. Assume now that Y is an infinitely
divisible random variable. Then there is a unique continuous function

£ such that £(0) = 0 and

E[esY] =e^s), Re{s} = 0.

According to the Levy-Khintchine formula, a function £ is the logarithm
of the characteristic function (chf) of an infinitely divisible distribution

on the real line if and only if it may be written in the form

c(s) = cs +
4?!

+ |°° (> _
i
_ _J^_) n(dx) f (2-1)

where Re{s} = 0, c M. and <to > 0. Here n is a measure on IR\{0}
which satisfies

J — c

(1 A x2) n(cte) < oo, (2.2)

where aAb = min(o, b). The measure n is called the Levy measure. It is

then possible to construct a strong Markov process X = (X(t) : t > 0)
with stationary independent increments such that X(0) =0 and

E esX(t) e'«(s)
. (2.3)

We shall call such a process a Levy process. The quantity £(s) is called

the characteristic exponent. The process X is cadlag, i.e. the sample

path functions belong to the space D = D[0, oo) of real-valued functions

on [0, oo), right-continuous on [0, oo) with left limits on (0, oo). For D,
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Stone [77] extends the Skorokhod J\-topology for cadlag functions on

compact intervals under which xn —> x whenever there exists a sequence

of continuous bijections An from [0, oo) onto itself such that (1) and (2)
hold for each T > 0:

(1) sup{|An(t)-*| :t£ [0,T]}->0 ,
n->oo.

(2) sup{\xn(t) - x{Xn(t))\ :t£ [0,T]}-)-0 ,
n->oo.

The space D endowed with the extended J\-topology is a complete

separable metric space; see Stone [77].

The terms which appear in the Levy-Khintchine formula (2.1) have a

probabilistic interpretation. The constant c corresponds to the drift,

Co to the Brownian component and the Levy measure n represents the

jump component of the process X. For instance, standard Brownian

motion is obtained if we choose c = 0 and n = 0. The Levy measure

of a homogeneous Poisson process with intensity A > 0 is given by

n(da;) = Aei(<ia:). Throughout, ey denotes the Dirac measure at y K.

The measure H(dx) = XF(dx) corresponds to the Levy measure of a

compound Poisson process X)fc=i ^*> where (Yjt : k £ N) is a sequence

of iid random variables with common distribution function F. Besides

Poisson processes and Brownian motion, stable processes form another

important class of Levy processes. For every a (0, 2], a Levy process

X with characteristic exponent £ is called a stable process with index

a if the Levy measure n is given by

n(da0 = ^i+^I(o,oo)(aO dx + rJi+zh-ooM*)dx> (2-4)

where p + q > 0 and IU denotes the indicator function of the set A. Due

to the integrability condition (2.2), one must have L x2/x1+adx <

oo, which explains the restriction on the range of the index a. Stable

processes appear in particular in limit theorems and will in this context

be studied in Chapter 4. The skewness parameter /3 of a stable law is

defined as (5 = (p - q)/(p + q). If for instance (3 = —1, i.e. p = 0, the

Levy measure n in (2.4) attributes no mass to the positive half line and

consequently there are no positive jumps.
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We next formulate the Wiener-Hopf factorization due to Pecherskii and

Rogozin [63]. Let T = T(a) be an exponentially distributed random

variable with parameter a > 0 independent of the Levy process X.

Elementary calculation shows that a/(a — £(s)) — E[esX(-T^}.

Theorem 2.2 The function a/(a — £(s)) may be factorised as

^ = *„-(.)*+(), (2.5)

where

(i) *&J~(s) is analytic in the half-plane Re{s} > 0, continuous and

non-vanishing in Re{s} > 0, and is the Laplace transform of an

infinitely divisible probability distribution (~ on (—oo,0).

(ii) \P^!~(s) is analytic in the half-plane Re{s} < 0, continuous and

non-vanishing in Re{s} < 0, and is the Laplace transform of an

infinitely divisible probability distribution £+ on (0, oo). D

Such a factorization is unique. It is called the Wiener-Hopf factorization

of X. The functions ^~(s) and */(s) are called the left and right

Wiener-Hopf factors of X, respectively.

Together with X we consider the processes fX, gX and hX, obtained

from X in the following way.

fX(x) = inf{u > 0 | X(u) > x} (first passage functional), (2.6)

gX(t) = sup X(s) (supremum functional), (2.7)
0<s<«

hX(t) = inf X(s) (infimum functional). (2.8)
0<s<t

Recall that T is exponentially distributed with parameter a > 0. The

following identities are referred to as Spitzer-Rogozin identities. For a

proof, see Bingham [12, Theorem 1] or Gusak and Korolyuk [45].

Theorem 2.3 LetC,~, C,+ be defined as in Theorem 2.2. Then for x > 0
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/•OO

P[C < -x] = P[hX(T) <-x\ = a I e-atP[hX(t) < -x\ dt
,

Jo
/•OO

P[C <x}= P[gX{T) <x] = a I e-atP[gX{t) <x]dt .

Jo

a

The Wiener-Hopf factorization in principle allows us to express the

double Laplace transforms of sup0<u<( X(u) and infrj<u<t X(u) in terms

of *f?~ (s), *<^"(s). However, we emphasise that the Wiener-Hopf factors

in general can not be calculated explicitly, except for the class of Levy

processes with no positive (no negative) jumps. In that case fluctuation

theory can be developed explicitly to its full extent.

For our purposes, we turn to the case where X is spectrally negative, i.e.

the Levy measure n gives no mass to (0, oo). Then X has no positive

jumps and has a continuous maximum, that is, the first passage across

a positive level takes place continuously, and one has

X(fX(x))=gX(fX(x)) = x, x>0.

We start with the important observation that the exponential moments

of X are finite although X(t) may take values of both signs, i.e.

[eAX(t)j < OO

for all A > 0, see Bertoin [8, p. 188]. The chf E[esX^], Re{s} = 0,

can therefore be extended to define an analytic function in the complex

right half-plane {z e C|Re{2:} > 0}. For s C with Re{s} > 0 the

quantity £(s) in (2.1) is called Laplace exponent.

If we consider the first-passage times across two positive levels x and

x+u (u > 0) it follows from the strong Markov property that fX(x+u)—

fX(x) is independent of fX(x) and that fX(x + u) - fX(x) = fX(u).
The non-decreasing process fX is thus homogeneous and additive. We

write 7/ for the exponent of fX:

E e
»(/x)(*) 1

= e-<»jW
) s,a;>0. (2.9)
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tl(«)

Figure 2.1: Relation between the exponents £ and r\.

The following proposition is due to Zolotarev [87] and relates the expo¬

nents £ and r). A nice proof via martingale techniques is to be found in

Bingham [12, Proposition 2, p. 721].

Proposition 2.4 The exponents £, n of X, fX are related through

£(77(<t)) = a
,

<x>0. (2.10)

Proposition 2.5 Let T = T(a) be an exponential random variable with

parameter a > 0. Then gX(T) has an exponential distribution with

parameter r/(a).

PROOF. Observe that {gX(T) > x} = {fX(x) < T}. We first condition

on {T = t} and then integrate by parts, yielding

P[gX(T) >x} = P[fX(x) < T]

-f
Jo

-f
Jo

ae-atP[fX(x) < t] dt

e-at dtP[fX(x) < t]

= E\e-'7{fX){x)

In the last equality we used (2.9).

_ e-xi)(a)

u
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Combining Theorem 2.3 and Proposition 2.5 we conclude that £+ is ex¬

ponentially distributed with parameter tj(o). Recall from Theorem 2.2

that ^(s) = E[e3^ ]. The representation for 9j~(s) in the following

theorem is thus obvious. The expression for ^(s) derives from (2.5).

Theorem 2.6 Let X be a spectrally negative Levy process. Then

^"-(^IwX1-*£))• (2'u)

».<•> - ^. (2.12)

D

The feature that X moves continuously to the right allows us to deter¬

mine the distribution of the maximum, see Proposition 2.5. However,

in many applications one is merely interested in the distribution of the

infimum.

We pause for a moment to introduce some further notation and prelim¬

inary results which will enable us to prove the fundamental Proposition

2.7. For x > 0, denote by rx the first entry time of X into the interval

(-co, -x), i.e. tx = f(-X)(x) or

tx = inf{f. > 0 | X(t) < -x} .

It was shown by Zolotarev [87] that (2.10) may be re-written in the

alternative form

P[fX(y) <t] = -y^-jt P[X{u) >V}^, (2.13)

where t, y > 0. Suppose that the Levy measure n is absolutely contin¬

uous. Then the distribution function of X(t) is absolutely continuous

for each t > 0; let the density be f(t, •). The distribution function of

fX(y) is then absolutely continuous for each y > 0. Writing h(- ,y) for

its density function, we conclude from (2.13) that

h(t,y) = y-f(t,y). (2.14)

Define X+{t) = X(t)I{x{t)>0}. By (2.9) and (2.14) we have that
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j~e-°tjE[X+{t)]dt = J"e-°*j (£°yf(t,y)dy^ dt

/•OO /»oo

= / / e-ath(t,y)dtdy
Jo Jo

-L

MfX)(y) dy

OO 1

-yn(<r) •

}dy =
r]{a)

The following proposition is crucial.

(2.15)

Proposition 2.7 Let X = (X(t) : t > 0) be a spectrally negative Levy

process and tx = inf{i > 0 | X(t) < -x}, x>0. We set 7 = E[X(1)].

(a) Define f„(x) = 1 - E[e-aT*]. Then

.£ .-/.(,) * = fS-(.) = (j-^) (l - ^) . (2.16)

/•OO

(b) s / e-'1?!^ < oo]dx = 1
7s

(c) P[ftX(t) < -i] = P inf X(u) < —x

0<u<t

(2.17)

(2.18)

= P[X(t) <-x] - — / -£[X+(u)]P[.X'(t-u) < -a:]du .

ax J0 u

Proof, (a) Let W~{s), */(s) denote the Wiener-Hopf factors of X

and write ip~(s), ipj~(s) for the left and right Wiener-Hopf factors of

-X. Then, see Bingham [12, p. 709],

V>-(s) = *+(-*), Re{s}>0,

#!-(*) = *-(-*), Re{s}<0.

For any Levy process it holds that sje~sx{l - E[-afx^\)dx =

^"(-s) for Re{s} > 0; see Bingham [12, Theorem le)]. Since tx =



dt)-y]<e-^P[X(t)r(adye~syj=

JoW)Jo
-y]<dyP[X(T)e~*y<-y]--—dyP[X(T)e-°y/=

(2.11)ofsideright-handtheforobtainthenWeE[esX(-T)].

=£(s))-/{aathatand(2.15),seel/r](a),=due~°ug(u)/0°°havewe

goftransformLaplacetheforthatRecall]/u.E[X+(u)=g(u)Define

(2.19)

.dtj-y]<e'atP[hX{t)ffadye~syI=

0

<-y]dyP[Ce-'y'J/»oo

writecanwe

2.5Propositionand(s)^~ofdefinitionthebyhand,onetheOn2.6.

Theoremin(2.11)equationisstatementlasttheprovingforkeyThe(c)

(b).ofproof

theconcludesThis7-=]E[x(l)=£'(0+)=l/r)'(a)lim^othusand

^'(t?(c))=l/rj'(cr)yieldsatorespectwitha=£{r)(a))ferentiating

Dif¬l/rfiv)-limCT_>o—u/r}(a)lim^^ofindwerulel'Hopital'sUsing

r](cr)<r-*o£(s)s

nW)JUJi

lim

£(s)—\(T<t->0S

lim=

s

JQ"-»-o
s

sxfa(x)dxe/lim—

f°°1

CT->0Jo
\im(l-U(x))dxe-"xI=

pea

<T_>0Jo0

dx][eT°T*Elime~"/e~sxP[Tx<oo]dx=
'

roo

J*»00

thatshowscomputationStraightforward(b)

follows.statementthe—X,andXof

factorsWiener-Hopftheofrelationshiptheofbecauseandf(-X)(x)

13ProcessesLevy2.1.
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- s ( J e-atg{t) dtj I e~sy dy (a f e-atP[X{t) < -y] dt\

= J"e~sydy (a j°°e-atP[X{t) < -y]dt\

/•OO / i»00 ft \

-si e~sy dy(a e-at J g(u)P[X(t - u) < -y] du dt J

= r e~sy dy (a r e-atP[X{t) < -y] dt\

/•OO / /»00 J ft \

-/ e-sydy(a e-at— j g{u)P[X{t-u)<-y\dudt\ .

A comparison of the last equality with (2.19) concludes the proof by

means of uniqueness of Laplace transforms.

2.2 The Classical Risk Process

The basic theory of risk starts at the beginning of this century with the

pioneering work of Filip Lundberg in his 1903 thesis. Harald Cramer

then incorporated Lundberg's ideas in the survey paper of 1955. At

the base of the resulting model, in the following referred to as Cramer-

Lundberg model, is the surplus process R — (R(t) : t > 0) defined as

follows:

N(t) / 0 \

R(t) = x + ct-^Yk, ^n=f0
, (2.20)

k=i \k=i /

where x > 0 denotes the initial risk reserve and c stands for the pre¬

mium income rate. The process N = (N(t) : t > 0) is a homogeneous

Poisson process with intensity A, (Yk : fc N) is a sequence of iid ran¬

dom variables independent of N with distribution function F on [0, oo)
and finite mean fi. We assume that the net profit condition c — Xfi > 0

holds. In terms of a positive constant 8, the so-called relative safety

loading, the premium rate c can be expressed as c — (1 + 6)X(i. For

some simulations of R, see Figure 2.2. Of course, a classical risk process
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Figure 2.2: Simulations of a classical risk process R with initial cap¬

ital x = 15, premium rate c = 2.5, intensity A = 1 and exponentially

distributed claims with mean fj, = 2.

as described in (2.20) is not comprehensive and does not take into ac¬

count, for example, the nonlinear increase of the capital due to possible

investment or inflation and dividend payments to stock holders. Never¬

theless, processes of the form (2.20) are suitable approximations to the

real situation and can be considered as a base for more detailed exami¬

nations of different aspects of the activity of insurance companies.

A central issue in actuarial risk theory is the possible ruin of the in¬

surer, defined as the event when the cash balance falls to zero. There

are different variants of this concept, depending on whether the time

horizon is finite or not:

*(x, t0) = P[R(t) < 0 for some 0 < t < t0 | R{0) = x] , (2.21)

#(z) = P[R(t) < 0 for some * > 0 | R{0) = x] . (2.22)
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Define the integrated tail distribution F, as

Fj(x) = - fXF(y)dy, (2.23)
M Jo

where F(x) = 1 — F(x) denotes the tail of the distribution F. The

Laplace—Stieltjes transform /7 (s) of Fj is given by

/•OO -| yOO

fT(s)= e~sudFI(u) = - e-suF{u)du. (2.24)
Jo I1 Jo

Note that [/,sfj(s) = 1 — f(s), where f(s) denotes the Laplace transform

of F. In the Cramer-Lundberg model, ^(x) can be calculated explicitly

in terms of FT:

oo

l-*(x) = (l-^)5>"F;"(x), (2.25)
n=0

where p = Xfi/c = 1/(1 + 0) < 1. Formula (2.25) is referred to as

Pollaczek-Khintchine formula
.

It is a key tool to estimate ruin prob¬

abilities in the heavy-tailed case; see Section 2.2.2. One approach to

prove (2.25) is to employ Wiener-Hopf techniques. Indeed, the process

R is a spectrally negative Levy process and thus equation (2.17) can

be used to solve for P[tx < oo] = \I/(x). For a detailed discussion of

this approach, see Chapter 3. Alternatively, by a probabilistic reasoning

one may derive the following renewal equation for ^(x), see for instance

Embrechts, Kliippelberg and Mikosch [31, Section 1.2],

#(x) = pFjix) + f *(x - y) d(pFj(y)) . (2.26)
Jo

Using Laplace transforms, one obtains (2.25). Notice that the renewal

equation (2.26) is defective since p < 1.

The latter reference gives a comprehensive overview on risk theory, an¬

notated by an extensive bibliography where the original results are to

be found.
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2.2.1 Ruin Theory for Light-Tailed Claim Size Dis¬

tributions

Calculating \I>(x) in closed form or asymptotically as x —> oo essentially

depends on the behaviour of /7(-s) near the right boundary point Sqq

of its convergence region. We make the following definition.

Definition 2.8 A distribution function G is said to be light-tailed, if

there exists Sqo > 0 such that g(—s) t oo iws ts<» (we allow for the

possibility of Soo = oo).

The important part of Definition 2.8 is that g(—s) < oo for some s > 0.

This means that the tail of G decreases at least exponentially fast.

Consequently, the lognormal and the Pareto distributions for instance

are excluded. The value Soo is called the abscissa of convergence of

g(—s). The assumption ug(—s) f oo as s f s^ is convenient, since the

Cramer-Lundberg theorem essentially requires a constant R > 0, the

so-called Lundberg coefficient, such that fj(—R) = 1 + 6:

Theorem 2.9 (Cramer-Lundberg theorem)
Assume that the integrated tail distribution Ft is light-tailed, i.e. that

there is a constant R > 0 such that ft(—R) = 1 + 9 = 1/p. Then

*(x) ~ Ce~Rx
,

x -> oo
,

r r°°
—

where 1/C = — / yeRyF(y) dy.
"fJ- Jo

By f(x) ~ g(x), x —> oo, we mean that lim^-nx, f(x)/g(x) = 1.

Sketch of the proof. The asymptotic behaviour of the solution of

a renewal equation is described by the key renewal theorem, see Feller

[33, p. 363]. In order to make use of that theorem, we first have to

"remove" the defect. To this end we multiply (2.26) on both sides with

eRx, yielding

eRxV(x) = eRxpFj(x) + f eR^x~y)^{x - y)eRy d(pFr(y)) .

Jo
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Figure 2.3: Visualisation of the existence of the Lundberg coefficient.

Set dFrW(y) = eRy d{pFT(y)). It follows that

/•OO /»oo

/ dFI(R)(y)=p eRydFI(y) = pfI(-R) = l,
Jo Jo

so the distribution iy '(y) is non-defective. The function eRxpFT(x) is

seen to be directly Riemann integrable. Introduce the notation p,* =

J0°° ydFj (y). From the key renewal theorem we then conclude that

lim eHxy(x e"ypFr(y)dy
Wo

=(^rye^(y)4,)_1-
The intuitive picture in the light-tailed case is that ruin occurs as a

consequence of a build-up over a period, see Asmussen and Kliippel-

berg [4]. The trajectory causing ruin in Figure 2.2 illustrates well this

scenario. For distributions like Pareto, lognormal and Weibull we have

fi(—s) = oo for all s > 0, i.e. s^ = 0 and so the condition on light—

tailedness is violated. All these distributions share the property that

their tail function decreases slower than any exponential function and

we might expect that ruin occurs as a consequence of one big claim. The

Cramer-Lundberg Theorem 2.9 is not applicable and so other methods

are necessary to estimate \I/(x), see Section 2.2.2. In Chapter 4 we

propose an approximation for ^(x) when the claim size distribution
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has infinite variance, for instance Pareto with shape parameter 1 < a <

2. The latter distribution typically arises when fitting "heavy-tailed"
claims in non-life insurance; see for instance Ramlau-Hansen [68], [69].

2.2.2 Ruin Theory for Heavy - Tailed Claim Size Dis¬

tributions

In this section we investigate the asymptotic behaviour of *(x), x —¥ oo

when the condition on light-tailedness of i5} is violated. Notice that

<f>(x) = l — ^(x) given in (2.25) is the distribution function of the random

sum SN = X\-\ hA^v, where (X, : i N) is a sequence of iid random

variables with common distribution function Fj and N is geometrically
distributed with parameter 1 — p independent of (X, : i £ N). Now,
if Fj is "long-tailed", large observations of Xt may occur with high
probability and it is not unreasonable to conjecture that the random

sum SN may be governed by just one summand. For that reason it

might be possible to relate the tail behaviour of <p to that of Fj. It turns

out that the proper class for this purpose is the class S of subexponential

distributions, see Definition 2.11 below. The concept of large claims can

now be made precise:

Definition 2.10 We talk about large or heavy-tailed claims if Fj §.

The class 8 itself is defined as follows.

Definition 2.11 A distribution G on [0, oo) with unbounded support

belongs to the class § of subexponential distributions if

x->oo 1 — G(x)

Remarks.

1. The class S was introduced by Chistyakov [15] and has been exten¬

sively studied among others by Embrechts and Goldie [26], [27].
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2. The name subexponential stems from the following property: if

G £ §, then the right tail of G decreases slower than any expo¬

nential, i.e. linLj^oo eEX G(x) = oo, for all e > 0.

3. One can show that for G £ § and n > 2,

P[Sn > x] ~ P[Mn > x] ,
x -> oo.

Here Mn = max(Xi,.. .,Xn), where (Xj :i eN) are iid with

distribution function G. An intuitive interpretation of § is then

that the sum Sn = X\ + + Xn is large because of one large

value X{, 1 < i < n.

4. Sufficient conditions for subexponentiality can be found in Em-

brechts, Kliippelberg and Mikosch [31, Appendix A3.2].

Proposition 2.13 below shows that § contains the class of distribution

functions with regularly varying tails.

Definition 2.12 A positive measurable function h defined on [0, oo) is

regularly varying with index S if for all t > 0,

lim ^ = *
. (2.27)

x->oo n[x)

Remark. Condition (2.27) can be relaxed in the sense that one only

needs to specify that the limit exists and is positive, rather than that it

has the functional form ts. Indeed, if we suppose in (2.27) that the limit

exists for all t > 0 and equals xW> say; then it immediately follows that

x(*s) = x{t)x(s) an(1 hence x(t) — ts for some iSst.

We use the notation RVs for regularly varying functions with index

iS 6 1. The case 6 = 0 corresponds to the class of slowly varying

functions, therefore h RVs can be written as h(x) = xsL(x), L £ RVq.

Proposition 2.13 If Fi andF2 are two distribution functions such that

Fi(x) ~ x~sLi(x), x —> oo, with L{ £ RVq, then the convolution G =

F\*F2 has a regularly varying tail such thatG(x) ~ x_l5(Li(x)-r-Z,2(x)),
x —> oo.
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For a proof, see Feller [33, p. 278]. By induction on n one gets F*n(a:) ~

nx~sL(x) if F(x) ~ x~sL(x), x —> oo.

Surprisingly, if Fx, F^ £ § then it does not necessarily follow that

F\ * F2 £ §, see Leslie [55]. However, the following closure proper¬

ties under convolution operations hold (by /(x) = o(g(x)) we mean

that lim^oo f(x)/g(x) = 0):

Proposition 2.14 Let H = F\* F2 be the convolution of two distribu¬

tion functions on [0,oo).

(a) If F2 £ § and F\(x) = o(F2(x)) as x — 00
,
then H £ §. Moreover

H(x) ~ F2(x) as x —> 00.

(6) If H £ § and Fi(x) = o(H(x)), then F2 £ § and indeed F2(x) ~

H(x) as x —>• 00. D

For a proof, see Embrechts, Goldie and Veraverbeke [28]. The next

proposition can also be found in the same paper.

Proposition 2.15 Suppose p £ (0,1) and H a proper distribution func¬

tion on [0,oo). If K(x) = (1 — p) Y^=oPnH*n(x), then the following
assertions are equivalent:

(i) K£S,

(ii) HeS,

,..., K{x) p

H(x) 1-p
n

Proposition 2.15 is the key tool to prove a Cramer-Lundberg-type the¬

orem for claim size distribution functions with FT £ §; see for instance

Embrechts, Kliippelberg and Mikosch [31, Theorem 1.3.8].

Theorem 2.16 In the Cramer-Lundberg model with Fj £ S and safety

loading 6 > 0 one has

*(*) ~ -^Pi{x)
,

x->co. (2.28)
0
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For the rest of the present section we recall the relations between the

tails and truncated moments of distributions with regularly varying
tails. The main result is that if F(x) and F(—x) vary regularly so do

all truncated moments. Karamata's theorem will be used in the next

chapter. We refer to the first chapter of Bingham, Goldie and Teugels

[13] for details.

Theorem 2.17 (Karamata's Theorem)
Let L £ RVo be locally bounded on [xrj, oo) for some xo > 0. Then

(a) for p > —1

f y>>L(y)dy~^-x1+>>
, x^oo,

Jx0 l + P

(b) for p < —1, or p = — 1 and J^° y~xL(y) dy < oo

f
Jx

y"L{y)dy^--^-xl+P
,

x^oo.

1+p

Whenever p ^ — 1 and the limit relations in either (a) or (b) hold

for some positive function h, locally bounded on some interval [xo,oo),

x0 > 0, then h £ RVp.

For later purposes we also need the following so-called Abelian and

Tauberian theorem. It relates the behaviour of regularly varying func¬

tions at infinity to the behaviour of their Laplace transforms near zero;

see Feller [33, p. 446]. We denote by T(x) the Gamma function, i.e.

i»00

T(x) = / e~uux-ldu
,

x >0.
Jo

Well-known properties of the T-function are

T{x + 1) = xT{x) , r(n + l) = n!, n £ N,

r(|) = V5F, r(x)r(i-x) = ^-^ ,
o<x<i.

*

sin(7rx)

For an increasing, right-continuous function U denote by U(dx) the

associated measure. Then the following Abelian and Tauberian theorem

holds.
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Theorem 2.18 (Karamata's Abelian and Tauberian theorem)
Let U be an increasing, right-continuous function on [ 0, oo) .Ifh£ RVq

and p > 0, then the following are equivalent:

/OO

a) u{s)= e~sy U(dy) ~ S-pL(l/s) , s|0,
Jo

(b) U(v)~^Jy »->°°-

D

The implication (a) => (6) is called Tauberian, the converse (b) => (a)
Abelian. Another useful property concerns the case when the measure

U{dx) is absolutely continuous with a monotone density.

Theorem 2.19 (Monotone density theorem)

Suppose that U(dx) = u{x)dx, where u : (0, oo) —> (0, oo) is monotone

on (xo, oo) say, for some xq > 0. _// there is a positive real number p

and a slowly varying function L such that

U(x) ~ xpL(x) ,
x -+ oo,

then

u(x) ~ pxp~1L(x) ,
x —> oo .

Conversely, if U(dx) is absolutely continuous with a density u that is

regularly varying with index p — 1 for some p > 0, then U is regularly

varying with index p and U(x) ~ p~lxu[x), x —^ oo.

2.3 Stable Distributions

In this section we summarize the well-known theory of stable distribu¬

tions. The complete theory of stable distributions has first been given
in Gnedenko and Kolmogorov [40]. Most results can also be found in

general books on probability, for example Feller [33]. For a comprehen¬

sive survey of one-dimensional stable distributions we refer to Zolotarev

[88] and references therein.
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Gaussian distributions and processes have long since been studied and

their utility in stochastic modelling is well-accepted. However, they
do not allow for large fluctuations and may sometimes be inadequate
for modelling high variability. The main difference between the normal

distribution and non-Gaussian stable distributions is the tail behaviour.

The tails of the latter decrease like a power function. The rate of decay

depends on a parameter a which takes values between 0 and 2. The

smaller the value of a, the slower the decay and the heavier the tails.

A first definition of a univariate stable distribution derives from the

"stability" property which states that the family of stable distributions

is preserved under convolution. More precisely, a random variable X is

said to have a stable distribution if for any positive numbers a and 6,
there is a positive number c and a real number d such that

aX' + bX" = cX + d,

where X' and X" are independent copies of X. To give an analytical

description of the class of stable laws we evaluate the integral in (2.1)
with respect to the Levy measure n given in (2.4). We obtain (cf. Hall

[47] or Bingham, Goldie and Teugels [13, Theorem 8.3.2]):

Proposition 2.20 A random variable X has a stable distribution if and

only if the logarithm of its characteristic function g can be represented

in the form

, , f -CTQ|0|Q(l-i/5-sign(0)tan^) + Jm0 a^l,
°S5( ) - <y _am + i(j2_ sign(0) ln |0| + img a = li

where 0 < a < 2, -1 < /? < 1, a>0, m£R and

0>O,

(9 = 0,

6<0.

D
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a= 1.5

a=1.8

/

Figure 2.4: Densities g(x;a,ft) of stable distributions with

a = 0.75 and varying /3 (top) and densities of completely asym¬

metric stable distributions (/? = —1) with varying a.
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Remarks.

1. A univariate stable distribution is characterized by four parame¬

ters. These are the index of stability a, the scale parameter <r, the

skewness parameter /3 and the shift parameter m. Hence, we de¬

note stable distributions by Sa(a, (5, m) and write X ~ Sa(a, /?, m)
to indicate that X has the stable law Sa(a,f3,m). Because a and

m merely determine location and scale we shall mostly consider

stable distributions with m = 0 and a = 1. Note that by doing
so we are excluding the degenerate case a = 0. We introduce

the notation G( ; a, /?) respectively g( ; a, /?) for the distribution

function and density function of a stable law with parameters a,

(3, o = 1 and m = 0. From Proposition 2.21 it follows that

G(-x;a,/?) = l-G(x;a,-/3).

2. Distributions with |/3| = 1 are commonly called completely asym¬

metric or extremal stable distributions. In case 0 < a < 1 the

stable laws with |/3| = 1 are one-sided, i.e. the support is [0, oo) if

(3 = 1 and (—oo,0] in case /3 = —1, see also Figure 2.4 (top).

3. When a = 2 the chf becomes E[eiBX] = exp{-cr202 +im6}, hence

X is normally distributed with mean m and variance 2a2. In that

case the parameter j3 is irrelevant.

If a = 1 and 0 = m = 0, we note that E[eiex\ = e—^1^1. This

corresponds to the Cauchy law.

We recognize the Levy distribution when setting a = 1/2, (3 = 1

and m = 0, i.e. for X ~ Si/2(a, 1,0) we have P[X < t] =

2(1 — $(^/(a/t)), where $ denotes the normal distribution func¬

tion. For standard Brownian motion B it is known that the first

passage distributions fB(\/a) defined in (2.6) have Levy distrib¬

ution S1/2(a, 1,0); see for instance Karlin and Taylor [54, p. 363].

4. The densities of stable laws in general can only be expressed by

complicated functions, see Hoffmann-J0rgensen [48]. Only in the

above mentioned cases a = 1/2, 1, 2 are the densities expressible
via elementary functions. Most information and properties of sta¬

ble distributions can be deduced from the fact that the chf have
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quite a simple form. The explicitness of the Fourier transforms

can to some extent compensate for the absence of elementary ex¬

pressions for the densities when a ^ 1/2, 1, 2.

5. Every stable distribution is unimodal, see Ibragimov and Linnik

[49, Theorem 2.5.3].

6. There are many different forms of expression for the chf of stable

laws. The logarithm of the chf g is sometimes written as

log g(e) = -ag\0\au(0,a,(3B) + im0,

where

f expj-^Bsign^TT^a)^} a^l,
W(fl,a,/3B) =

| |+i/?Blog|,|signW a=1|

0 < a < 2, -1 < (3B < 1, aB > 0, m £ E and

K(a)=a-l+sign(l-a) = { a a<j' (2.30)
{ a — 2 a > 1.

The main parameter a is the same in both forms. If a ^ 1 then

2 / 7ra \

Pb = -FTT arctan [Ptan ^T • (2-31)
ttK (a) V II

The new scale parameter aB is related to a as follows

/ / 7riV(a)^^-1/Q
aB = a cos (3B

2

7ra\\!/(2a)
(2.32)

-,(.+,»w(=))

If we want to stress that the form (B) is being used, then the quan¬

tities and functions connected with it will be given the subscript
"B".

The following proposition readily follows from Proposition 2.20 and

identifies a as scale parameter.
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a =1.2

a =1.5

-1.0 -0.5 0.0 0.5 1.0

Figure 2.5: The skewness parameter (3B versus (3.

Proposition 2.21 Let X ~ Sa(a,f3,m) and let a £

a^l

aX ~ Sa(\a\a,sign(a)(3, am) .

Then for

As mentioned before the main difference between the normal distribu¬

tion (a = 2) and stable distributions with a < 2 is that the tails of the

latter decrease much slower. Recall that for the normal distribution one

has

1 - $(x)
1

V27T
-x2/2

X —> CO . (2.33)

On the other hand, upper and lower tails of stable laws with a < 2

decrease as x~a, see Proposition 2.22 below.

Proposition 2.22 Let X ~ Sa(a,/3, m) with 0 < a < 2. Then

P{X>x}~Ca,a(^i-\ x'a
,

P[X<-x]~Ca,J^A\ x-

X —> oo,

X —> oo .

(2.34)
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where

Ca,<j =aa\l x~a sin(x) dx J

= <

f aa(l-a)
a^l,

a = l.

r(2 - a) cos(7ra/2)
'

2a

(2.35)

D

For a proof, see Samorodnitsky and Taqqu [71, p. 16]. Since E[ \X\r ] =

/0°°P[|X|r >y]dywehave:

Corollary 2.23 Let X ~ Sa(a, (3, m) with 0 < a < 2. Then

E[\X\r]<oo for 0<r<a,

E[\X\r]=oo for a<r.

a

Hence, when a < 1 we have S[|X|] = oo. In case 1 < a < 2, the

following proposition holds.

Proposition 2.24 When 1 < a < 2, the shift parameter m equals the

mean.

Proof. Let X ~ Sa(a, (3, m), 1 < a < 2. By Corollary 2.23 the random

variable X has finite mean. Let X', X" be two independent copies of

X. We have X — m ~ Sa(a,(3,0), which implies

a{X' -m)+ b(X" - m) = c(X - m)

for any positive numbers a, b. Taking expectations on both sides com¬

pletes the proof.

The density g(x; a, 1) decreases as x -> —oo more rapidly than ecx for

any c > 0. Therefore, an analytic extension of the chf to the complex
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plane with a cut along some half-line, say arg{z} = -37r/4, is possible

in the cases a < 2 and /? 6 {-1,1}, which correspond to extremal stable

distributions. In particular, the Laplace transforms exist.

Proposition 2.25 Let X ~ Sa(a, 1,0) and 0 < a < 2. Then

£[e-*xl=exp( {^—\
,

s>0. (2.36)
L J L cos(7ra/2) J

The proof can be found in Samorodnitsky and Taqqu [71, Proposi¬
tion 1.2.12] or Zolotarev [88, Theorem 2.6.1]. The high variability of

stable distributions is one of the reasons they play an important role

in stochastic modelling. In the remainder of this section we consider

stable distributions in the context of the central limit theorem. The

main result states that only stable laws appear as non-degenerate weak

limits of normalized sums of iid random variables. Let (X{ : i £N) be

a sequence of iid random variables with common distribution function

F.

Definition 2.26 The distribution function F belongs to the domain of
attraction of a non-degenerate distribution G if there exist norming

constants an > 0, bn such that

Sn — bn
=> G

,
n —> oo

,

On

where Sn = Xi -I 1- Xn and "
=>

" denotes weak convergence.

Loosely speaking, this means that the distribution F in the domain of

attraction of G has properties which are close to the ones of G. The

following theorem is crucial, see for instance Ibragimov and Linnik [49,
Theorem 2.1.1] or Bingham, Goldie and Teugels [13, p. 343].

Proposition 2.27 Only stable distribution functions have non-empty

domains of attractions. D
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We use the notation F £ D(a,/3) to indicate that F belongs to the

domain of attraction of a stable law with parameters a and (3. The

following proposition can be found in Feller [33, p. 578].

Proposition 2.28 A distribution F £ T)(a,[3) possesses absolute mo¬

ments of all orders r < a. If a < 2, no moments of order r > a exist.

It is possible to check whether or not a distribution is in the domain of

attraction of a stable law by examing only certain parts of the distrib¬

ution, usually the tails because only these parts dictate the properties

of the distribution. The following criterion can be found in Bingham,

Goldie and Teugels [13, Theorem 8.3.1].

Theorem 2.29 (Domain of attraction theorem)

(i) F belongs to the domain of attraction of a normal law (a = 2) if

and only if the truncated variance

V(x)= f y2dF(y)
J —X

is slowly varying.

(ii) F belongs to the domain of attraction of a non-normal stable law

(F £ T>{a,P), 0 < a < 2) if and only if

(1 - F(x) + F(-x)) £ RV-a and

F(-x) 1-/3

l-F(x) + F(-x)
"*"

2
' x^°°>

1 - F(x) l + p

l-F(x) + F(-x)
""*

2
'

x^°°-

n

It follows that an = nllaH.(n), where I £ RV0. If F has finite mean p,

the natural centering bn = np suffices. Now the mean is finite if a > 1.

If a < 1, no centering is in fact needed - nor indeed if a = 1 if F is

symmetric.

Any stable law with index a belongs to its own domain of attraction

with an = n1/". This suggests the following definition.
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Definition 2.30 A distribution function F (or a random variable X)

belongs to the normal domain of attraction of a stable law with index a

if an = n1!". In that case we write F £ T>x(a,f3).

Proposition 2.31 F £ T>w(a,l3) if and only if

xaF(x) -> G

xaF(-x) ->• C

for some constant C > 0.

For a proof, see Feller [33, p. 581].

Remark. The generalized central limit theorem (Proposition 2.27) is

undoubtedly one of the main reasons why stable laws are attractive in

stochastic modelling. However, DuMouchel [22] showed that this argu¬

ment is not always persuasive, especially in the infinite variance case

where the convergence of convolutions to their limiting stable distri¬

bution may be rather slow. More precisely, the nth convolution of a

distribution F £ T>(a, f3), a < 2, differs (measured in the L1-metric)
from its limiting stable law G ~ Sa (a, /?, m) by a factor proportional

to n~(2~a''a, n —> oo, while in the finite variance case (a = 2) the

difference is of order n-1/2.

m CO
,

1-/3
oo,



Chapter 3

Risk Processes

Perturbed by a-stable

Levy Motion

Over the recent years we have seen a number of generalizations of

the classical Cramer-Lundberg model, incorporating various new tech¬

niques in risk theory. Martingale theory, first introduced by Gerber [38],

[39, Chapter 9] yields more "realistic" models allowing for economic fac¬

tors to be introduced. Delbaen and Haezendonck [19] for instance inves¬

tigate the influence of deterministic inflation and interest on the surplus

process and study their effects on (bounds of) ruin probabilities. The

only source of uncertainty in that model is the number and severity of

claims. Paulsen [62] goes one step further and allows the economic fac¬

tors to be stochastic. Semimartingales coupled with integro-differential

equations lead in some cases to exact probabilities of ruin and in others

to inequalities. Economic factors and their influence on ruin probabili¬

ties for the Brownian diffusion approximation of a classical risk process

are discussed by Norberg [61]. Dufresne and Gerber [21] consider a

33
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process RB = (^s(i) : * > 0) defined as

N(t)

RB(t) = x + ct-^2Yk + r]B(t) , (3.1)
fc=i

where r\ £ M. and B = (B(t) : t > 0) denotes standard Brownian motion

independent of the compound Poisson process 5Zfc=i **• The diffusion

component expresses either an additional uncertainty of the aggregate

claims and/or of the premium income. By a renewal argument, the fol¬

lowing extension of the Pollaczek-Khintchine formula can be deduced,

see Dufresne and Gerber [21, (3.4)]:

oo

1 - %(x) = (1 -p)Y/Pn{Pr * H<n+V)(x) , (3.2)
n=0

where H(x) = 1 — exp{—2cx/n2} denotes the exponential distribution

function with parameter 2c/n2. For light-tailed claim size distributions

Dufresne and Gerber [21] employ martingale techniques to establish

Lundberg-type estimates for ^B(x). Veraverbeke [81] investigates the

asymptotic behaviour of ^B (x) as x —> oo in the heavy-tailed case. For

claim size distributions with FT £ S it is shown that ^(x) ~ Fj(x)/0,
see [81, Theorem 1]. Hence, for large initial risk reserves the influence

of the Brownian perturbation component on the ruin probability fades

away. For Lundberg-type inequalities of ^B(x) in the renewal- and

Cox-process setup, see Furrer and Schmidli [37].

We now add instead of a Brownian component an a-stable Levy motion

to the classical risk process. We allow the a-stable Levy motion only to

have downward jumps. This can be achieved by choosing the skewness

parameter /3 equal to —1, see (2.4). In Section 3.1 we derive an anal¬

ogous convolution formula for the infinite-time ruin probability when

the classical risk process is perturbed by a-stable Levy motion. The

convolution formula now contains the Mittag-LefHer function, a gener¬

alization of the exponential function to which it reduces in the Gaussian

case (a = 2). Section 3.2 is devoted to the asymptotic behaviour of the

ruin probability as the initial capital becomes large.
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3.1 Description of the Model and Main Re¬

sult

Brownian motion assumes a central role in the modern theory of sto¬

chastic processes. It is basic to descriptions of financial markets, the

construction of a large class of Markov processes called diffusions and

it arises in approximations to many queuing models. However, analysis

of financial and insurance data often involves oscillations that indicate

the presence of heavy tails. Stable processes are an appropriate source

of heavy tailed probabilistic models. The definition is as follows.

Definition 3.1 A cadlag process Za = (Za(t) : t > 0) on a probability

space (Q,^7, P) is called a (standard) a-stable Levy motion if

(i) Za : [0,oo) x Q. -> R.

(ii) Za(0, •) =0 a.s.

(Hi) Za has independent increments.

(iv) Za(t) - Za(s) ~ Sa((t - «)1/a, A 0) for any 0 < s < t < oo

and for some 0 < a < 2, \(3\ < 1.

Implicit in the definition of the stochastic process Za is the assumption

that each Za(t) is .F—measurable. However, Za is really a function

of the pair of variables (t, oj) and so, for technical reasons, it is often

convenient to have some joint measurability properties; see for instance

Karatzas and Shreve [53, Definition 1.6]. Since Za is right-continuous,

Za satisfies joint measurability conditions, see [53, Remark 1.14].
Observe that the process Za has stationary increments. It is Brownian

motion when a = 2. The a-stable Levy motions are 1/a-self-similar

(unless a = 1, j3 £ 0), i.e. for all c > 0,

Za(ct) = c1/a Za(t) ,
t>0. (3.3)

A self-similar structure is one that "looks the same" on a small or a

large scale. If one interprets t as "time" and Za as "space", then the

equality in law Za(ct) = clla Za(t) tells us that every change of time

scale t <-+ ct, c > 0, corresponds to a change of space scale x t-+ cxlax.
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*~

0 200 400 600 800 1000

Figure 3.1: Illustration of the scaling property of an a-stable

Levy motion (a = 1.2, /3 = 0) for scaling factors c = 1 (top),
c = 100 (middle) and c = 1000 (bottom).
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Self-similarity can be used for simulations. In order to simulate a sample

path of Za on a time interval [0,100], say, we multiply a sample path

on the interval [0,1] by lOO1^ and re-scale the time axis by 100, see

Figure 3.1.

We now consider a process Rz = (Rz(i) ' t > 0) given by Rz(t) =

R(t) + rfZa(t), where R is defined within the Cramer-Lundberg model

(2.20), i.e.

N(t)

Rz(t) = x + ct-J2Yk+vZ<*(t), t>0. (3.4)
fe=i

Here n is a positive number and Za is a-stable Levy motion with

1 < a < 2 and (3 = — 1, independent of R. The condition (3 = — 1

ensures that there are no upward jumps of Za and the condition a > 1

is imposed in order to have a finite mean, see Proposition 2.23. The

case a = 2 is treated in Dufresne and Gerber [21]. If not stated oth¬

erwise explicitly, we make for the remainder of this thesis the following
assumption.

Assumption 3.2 The index of stability is

1 < a< 2.

The above conditions on the parameters of R and Za guarantee that

the process (Rz(t) — x : t > 0) is a spectrally negative Levy process

starting from 0 with positive drift. From a modelling point of view,
one could view the downward jumps of Za as certain extra random

payments either involving the income side or the claim payment side.

Figure 3.2 depicts a simulated sample path of the process Rz together
with the underlying classical risk process R. In accordance with (2.22)
we define the ruin probability in infinite time as

%(x) = P[Rz(t) < 0 for some t > 01 Rz(0) = x) . (3.5)

Recall from Proposition 2.7 that for a spectrally negative Levy process

X we have

s f e-3XP[rx <co]dx=l--?r , (3.6)
Jo i(s)
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Figure 3.2: Simulation of a classical risk process R (initial capital

x = 15, premium rate c = 2.5, intensity X = 1 and exponentially distrib¬

uted claims with mean p, = 2) and of its perturbed version Rz = R+r)ZQ.

Here a = 1.5 and rj = 0.75.

where 7 = £'[X(1)] and £(s) is the Laplace exponent. We denote by tx

the first entry time in the interval (—00, —x), i.e. rx = inf{£ > 0 | X(t) <

—x}, x > 0. The idea now is to solve for P[tx < 00] = *z(x) in (3.6).

Using Propositions 2.21 and 2.25 and the independence of R and Za,

we get for the process (Rz (t) - x : t > 0)

E ps(Rz(t)-x) M(s) s>0.

where

£(s) = cs — Xpsfj(s) + nsa and n = k(t), a) =
cos (=^21)

"

(3.7)

Under the net profit condition, the quantity 7 = E[Rz(l) — x] = c — Xp

is strictly positive. Recall that p = Xp/c and denote a = a — 1. Then
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we can write

7s 7

t(s) c — Xpfj(s) + nsa

c
— (In)

C+ KSa - Xpfj(s)

c

- (1 n)
C+KS&

1

Pf(~)
°

1
Pfil">c+K8s

a

- (1 n)
a + s*

1

0fH
a '

1
Pf^>a + s*

C CC0S( 2 )
n. = — = —

where we set

.

ccosr^^^

(3.8)

with K(a) defined in (2.30). The function u(s) = a/(a + sa) possesses

derivatives u^ of all orders and (—l)nu^(s) > 0, s > 0. So u is

by definition completely monotone. Moreover, u(0) = 1 and so the

function u is the Laplace transform of a probability distribution U on

R (cf. Feller [33, p. 439]). The following proposition characterizes the

law U in terms of the density of extremal stable laws (/? = 1) or the

so-called Mittag-Leffler function Ea(x) = Y^Lo^/^i1 + an)i °~ > °-

The same proposition also contains some additional properties of the

law U.

Proposition 3.3 Let X ~ Sa(l, 1,0) with index 0 < a < 1 and denote

by G( ; d, 1), g( ; d, 1) the distribution function and density function

of X, respectively. Then for any a > 0 one has

a f°°

(a) u(s) = = I e svu(v)dv, where s>0 and
a + sa J0

f°° g(v/(ycoS^fy^]d,l)
u(v) = / -N,,.

ae ydy .K '
J0 (ycoslfy/"
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(b) U(x) = / u(v) dv = l-J2 rA ,
-

,
x = 1 - E&(~ax&) ,

oo
n

where Ea(x) = J2r(l +an)
>

° > °'

n=0

(c) U = 1 — U £ RV-a. More precisely

U{x)~aT(ha)x"> x^°°-

(d) The Melhn transform of U is given by

*, (x\ r s / x . r(l + 6/a) T(l - S/a)
Ma(6)

=

Jo vu(v)dv=
aS/ar{1_s)

,

where 0 < 6 < a. In particular, U has infinite mean.

(e) The distribution U is infinitely divisible.

(/) The distribution U is geometrically infinitely divisible, i.e. for

every p, 0 < p < 1, there is a distribution function Hp with

Hp(0) = 0 such that

OO

U(x) = Y/P(^-p)3~1H;3(x), x>0. (3.9)

3= 1

We call U(x) = 1 - Ea(-axa), x > 0, a Mittag-Leffler distribution.

Remarks.

1. The Mittag-Leffler function Ea(x) = Y^=o xn/T(l + an), a > 0,

is a generalization of the exponential to which it reduces when

a = l.

2. As d decreases from 1 to 0, the tails of the distribution U become

heavier, see Figure 3.3.

For the proof of Proposition 3.3 we need the following lemma.
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Figure 3.3: Function U(x) for a = 1 and a £ {0.3,0.5,0.8,1} .

Lemma 3.4 Let X ~ 5q(1, 1,0) with index 0 < a < 1 and denote by

g(- ;a, 1) the density function of X. Then for any a > 0
,

|M-^osf)"xan
71=0

T(l + dn) Jo

x g(x/ul/a;a, l)s
au u1/5

du.

(3.10)

Proof. Define a distribution function Fx as Fx(u) = G(x/u1/,Q;d, 1),
u > 0. Notice that Fx is absolutely continuous with density fx(u) =

xg(x/u1^a; a, 1) u~ala d_1. Introduce the notation

7ra

b = a cos —

We show that

jMs^
^ xAdx

^r(l + an)

/•OO / rO

Jo \Jo
e'aufx(u)du) dx. (3.11)
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For the left-hand side of (3.11) we get

Jo 1^(1 +on)* )dX ^or(l + an)Jo

£ (-6)n r(l + an)

^or(l+dn) a
l+an

oo / i\ n

1 <?"
- T^ (3-12)

s b + sa
v '

2

Notice that for the right-hand side of (3.11) we have

/•OO / /-oo \ /-OO / /.OO \

/ e-'x I e-aufx(u)du\ dx= I e~audul e-sxFx(u)dx\

= / e~au duL(u) ,

Jo

say. For the function L we then obtain by the definition of Fx

L(u) = I e~sx (l-G (x/u1/*; a, l\) dx

= \- f° e~°XG (x/u1'"; a, l) dx .

We first integrate by parts and then make the substitution y = x/ulla,
yielding

L(u) =
l- [l - j~ e-^1'^yg(y; a, 1) dy}

cos^f

For the last equality we used Proposition 2.25. Except of the norming
factor 1/s, the last term (3.13) represents the exponential distribution
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function with parameter sa/cos ^p. Hence

au

duL(u)f
Jo a COS 2£L + so

Since the Laplace transform uniquely determines the underlying distri¬

bution, the assertion follows.

Remark. There might be some confusion about the expression 'Mittag-

Leffler distribution'. Some authors use the latter notation for a distrib¬

ution whose Laplace transform is a Mittag-Leffler function, see Lemma

3.4. In our terminology, however, a Mittag-Leffler law is characterized

by the distribution function U(x) = 1 — Ea(—axa), x > 0, for some

a > 0 and 0 < d < 1.

We have throughout tacitly assumed that the conditions for changing

the order of integration are satisfied. Indeed, using Lebesgue's domi¬

nated convergence theorem it is not hard to verify that here and in the

sequel these conditions hold. We are now able to prove Proposition 3.3.

Proof of Proposition 3.3. (a) Consider v(s) = a/(a + s). Then

i)(s) is the Laplace transform of the exponential distribution, i.e. v(s) =

J0°° e~syv(y) dy, where v(y) = ae~ay. Now

a f°°

"(s) = —rs = «(**) = / e~s"y<y) dy (3-14)
a + s Jo

Recall from Proposition 2.25 that the Laplace transform of X exists and

is given by E[e~sX] = exp{-sa/cos }. It follows that

s*y f (*(»cos ¥)1,s)*\
e

y
= exp < — -

/
Jo

I
Jo

cos^
'

f "1

exp < -s(y cos n^)1/" u > g(u; a, 1) du

^/(y cos f)V«;d,l)
, exp{-st;} ^—

dv
. (3.15)

o (ycostf-)1/"

In the last equality we substituted (ycos ^)1/Qu = v.
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With (3.15) we obtain for (3.14)

/•OO

u(s)= / e-a"yae-aydy
Jo

= [(r e~SV
9{VlL

'". IL„L
"'

"do) a e-y dy .

^v9(v/(ycos^)^;a,l)^]ne_ayi

10 \J0 (ycosf)1^

Changing the order of integration yields

(y cos ^

(y cos if)11»)(- f^"-!^1'..^!*

which proves (a).

(b) Straightforward calculation yields

tt( ^ r/u f r 9(v (ycos^Y'a;a,l)
_ay,

\
U(x)
=

Jon(v)dv
=

Jo
U

(ycosf)1/5
«e "dyl*,

Tae~"{fo g(v[(y cos f)l/a;a,l)
(ycos^)1/5

dv I dy

Making the change of variable u(ycos ^p)1/" = v we find

/•OO
/ ^KycoS^Y'" \

U(x)= I ae~ay 1/ $(u; a, 1) du I dy

=-r(5e"",)G(i/<"c°'¥)"a;s'1) dy

1- / e-«y(xJimi
ay

g(x(cosf)-1^/yl(&;a,l)

= i-E

,1/5

(-acos^f)71 / x

yA

\ an

dy

^0 T(l+ dn) ^(cos^)^

= i _ y^ (~a)" xSn
^-i T(l + an)
71=0 v '
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For the second-last equality we used Lemma 3.4.

(c) By (3.12) we have

/•oo
/*°" s" a

s e-suEa(-aua)du= —
Jo a a + sa

and we conclude that

/•OO Q

s e-suEa(-aua)du ,
s | 0 .

Jo a

An extension of Theorem 2.18 then yields

1 - U(x) = Ea(-axa) — — x~a
,

x -¥ oo.

ar(l — a)

(d) The proof of this statement follows from the Mellin transform of

an extremal stable law. Let 0 < S < a. Then, see Zolotarev [86,
Theorem 3],

E[Xs]=j~ysg(y;a, 1)dy = aB ^'^f , (3.16)

where aB is defined in (2.32). Again it is not hard to verify that the

conditions for changing the order of integration are satisfied. We have

that

r * < \A f°° sf r9(y/(wcos^)^;a,l) _otB
.

\
.

Jo yu^dy-J0 y[J0 —(Wcosf)i/*—ae dw)dy

=

r
ae-

( r ySM^osf)^,a,l) N

Jo \Jo (wcosf)Va y)

= [ ae-aw(wcosif)s/a( f x5g(x;a, 1) dx J dw

'Jo
aB W a° VB T(l-5) )dw

_

T(l-S/a) T(l + 6/a)

T(l-5) a6l&

(e) By Feller [33, Theorem 1, p. 450] a distribution F(x), x > 0, is

infinitely divisible if and only if its Laplace transform is of the form
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f(s) = e g(-s\ s > 0, where g(s) has a completely monotone derivative

and g(0) = 0. Here, for U(x) one has

-( \
a /

i
a + s*\

u(s)
= = exp < — log >

w
a + sa \

&
a J

and g'(s) = sa~1a/(a + sa). Both a/(a + sa) as well as sa_1 are

seen to be completely monotone. Therefore, the product is completely

monotone, see Feller [33, p. 441].

(/) Let q = 1 — p. The right-hand side of (3.9) is the distribution

function of the random geometric sum SN = X\ + + Xn, where

(Xi :igN) is a sequence of iid random variables with common distrib¬

ution Hp and N is geometrically distributed with parameter p. For the

Laplace transform of SN we obtain

oo

E [e~XSN] =Y^E [e~XS" \N = j] plN = J]
i=i

ph(X)

l-qh(X)
'

where h(X) = E[e~XXi]. Set Hp(x) = 1 - Ea(-ax&/p), yielding h(X) =

a(a + pXa)~x. Once the dust has settled, we obtain

L J
a + Xa

v '

which completes the proof.

We now return to the calculation of the function ^z(x). Recall that

p = Xp/c. Hence

/•oo /»oo

/ e-sx d(l - *z(x)) = 1 - s I e~sx^z(x) dx

Jo Jo
JS

= (1-P):
"(S)

l-pfj(s)u(s)
oo

= (l-p)u(s)J2(pfi(s)u(S)) .

n=0
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Inverting the last expression yields

oo

i - 9Z(X) = (i-P)j2pn (*r * tf*(n+1))(*) •

71=0

We summarize our result in the following theorem.

Theorem 3.5 Consider a classical risk process perturbed by a-stable

Levy motion with 1 < a < 2 and skewness parameter (3 = —1,

N(t)

Rz(t)=x + ct-^Yk + nZa(t) , t>0,
fe=i

where x > 0, n > 0, c = (1 + 0)Xp. (N(t) : t > 0) is a homogeneous

Poisson process with intensity X, (Yk : k £ N) is a sequence of iid

random variables with distribution function F on [0, oo) and mean p.

Then the probability of rum ^z (x) defined in (3.5) satisfies

oo

1 - vfe (x) = (1 - p) J2 PH (Fr * U*in+1)) (*) . (3-17)
71=0

where p = Xp/c, F,(x) = I JQX F(y) dy and U(x) = £~=0 rfirfc x&"

with a = a — 1 and a = ccos(ttK(a)/'2)/'rf, K(a) = a — 2.

a

Remarks.

1. Formula (3.17) generalizes formula (3.4) of Dufresne and Gerber

[21] to which it reduces when a = 2. In that case U(x) = 1— e~ax

is the distribution function of the exponential law.

2. The survival probability (p(x) := 1 — ^z(x) in (3.17) satisfies the

renewal equation <p = z + H * <j>, where z(x) = (1 — p)U(x) and

H(x) = p(Fj*U)(x), i.e.

<P(x) = (1 - p)U(x) + [ 4>(x- y)(pft * u)(y) dy . (3.18)
Jo

The renewal equation (3.18) is defective since, under the net profit

condition c — Xp > 0, linx,;-^ H(x) = p < 1. The solution of a
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renewal equation <f> = z + H * <f> has the form <p = M * z, where

M(dx) = Y^o H*n (dx) denotes the renewal measure; see for ex¬

ample Feller [33, Theorem 1, p. 185]. Straightforward computa¬

tion then shows that the solution of (3.18) is given by (3.17).

3. Intuitively we expect that the ruin probability is a decreasing func¬

tion of a. The smaller the value of a, the more "dramatic" the

stable Levy motion behaves. Let 1 < ax < a2 < 2. It is tempting

to conjecture that for fixed x > 0 the following inequality holds

*z(«i,a0>¥z(«2,s)- (3-19)

However, the question is still open whether or not (3.19) is true.

4. It is worthwhile considering the important special case A = 0. The

process (Rz(t) : t > 0) then reduces to a stable Levy motion with

positive linear drift c. By virtue of (3.17), the probability that

such a process ever attains the level 0 is given by

= Es(-axs) ,

where a = c/n and k is given in (3.7). Whereas drift-free stable

processes and functionals related to them have been studied ex¬

tensively in the literature, there is much less written on extremal

stable processes with linear drift. It seemed not possible to com¬

pute explicitly the distribution of the infimum of such processes;

see Port [65] for some background. Formula (3.20) is thus interest¬

ing from a theoretical point of view. It closes that gap and allows

in a simple and closed form to calculate the distribution of the

infimum. On the other hand the interest of relation (3.20) is also

due to a practical problem. In the next chapter we study weak

approximations in risk theory when the claim process allows for

heavy-tailed claims. The resulting process is stable Levy motion

((3 = —1) with positive drift. We show that (3.20) can be inter¬

preted as an approximation for the infinite-time ruin probability

of a risk process with infinite claim size variance.
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A stable process Za (1 < a < 2) with linear drift and skewness pa¬

rameter |/?| < 1 is no longer extremal in the sense that there are only

jumps in one direction. An explicit formula for the distribution of the

infimum might not exist. The following unpublished result is due to

Samorodnitsky [70].

Proposition 3.6 Let Za be a-stable Levy motion, 1 < a < 2, \0\ < 1.

Then for positive numbers x, c and n one has

inf(x + ct + r>Za(t)) <0
t>o

<Cx-&
,

where a = a — 1 and C denotes some positive constant.

Proof. We have

P[x + ct + r\Za(t) < 0 for some t > 0]

< P[x + ct + r]Za(t) < 0 for some 0 < t < x]

+ Y^P[x + ct + r]Za(t) <0,x2*_1 <t<x2k]
k=i

oo

= p1 + £p2(fc),
fc=l

say. For the first summand one has

Pi < P sup (-nZa(t)) > x

0<t<x

<d-lP[-Za(x)>x/n] ,

see Lemma 4.15, where -d = P[Za(t) < 0]. Denote by G( ; a, —(3) the

distribution function of the stable random variable X ~ 5a(l, —(3,0).
From the scaling property (3.3) and Proposition 2.22 we then obtain

Pi <#-1P[-Za(l)>xa/a/n] =d-lG(x&'a/n;a,-(3)

for some constant Gi. Similarly, for all k > 1,

P2(k) <P[x + cx2fc_1 + nZa(t) < 0 for some 0 < t < x2k]
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< P[sup0<t<x2k(-r)Za(t)) > x(l + c2fc-1)]

< d-1P[-nZa(x2k) > x(l + c2k~l)]

= t?-1P[-ZQ(l) > xfi/Q(l + c2fe-1)/(r?2fc/Q) ]

< $-xC2rf- \.
,.

x~&
.

'

(1 + C2*-1)"

Summing over k yields Yl'kLi ^M^) < Cs x~a for some constant G3 > 0

and, since a > 1, implying that the series is convergent. The assertion

now follows.

Port [65, Theorem 9] derives a stronger result; see Proposition 3.7 below.

However, his proof is less elementary.

Proposition 3.7 Let Za denote a-stable Levy motion, 1 < a < 2,

—1 < (3 < 1. Then for positive numbers c and 77

A(a,(3)rja ,

M(x + ct + nZa(t)) < 0

where a = a — 1 and

A(a,(3) =

T(l + a)

,
x -+ 00,

(3.21)

±^yjl
+ /?2tan2(^) sin (^ + arctan (-/Jtan(^))) .

Remarks.

1. Note that the right-hand side of (3.21) is inversely proportional

to the drift c.

2. In the special case (3 = — 1 we have seen that

\ni(x + ct + nZa(t)) < 0
t>o

= Ea(-axa) ,

where a = ccos (£^Hi) /if, see (3.20). From Proposition 3.3 (c)

we know that

Es(-axa) ~
*

_.
x~&

,
x -> 00. (3.22)

al (1 — a)
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Routine computation shows that

A(a,-1) =
aa

cos (^) T(l - d)

and so the right-hand side of (3.21) reduces to x~a (aT(l — d))_1
in accordance with (3.22). El

A stable Levy motion Za with l<a<2, (3 = 1 and (positive) linear

drift c is skip-free downwards and so the process can go to the left only

in a continuous manner. The following result is added for the sake of

completeness.

Proposition 3.8 Let Za denote a-stable Levy motion, 1 < a < 2,

(3=1. Then for positive numbers x, c and n

inf(x+ ct + r)Za(t)) < 0
t>o

exp {-a^x}
where a = a — 1 and a = c/k with k defined in (3.7).

PROOF. Consider the process X = (X(t) :t>0), where X(t) = -ct +

r)Za (t) and Za denotes a-stable Levy motion with skewness parameter

(3 = — 1. Then X is a spectrally negative Levy process starting from 0

with characteristic exponent £(s) = —cs + KSa, k = T]a/ cos(wK(a)/2).
It follows that

inf(x+ ct + nZQ(t)) < 0
t>o

[f*(x) < CO

where the first passage functional fX is defined in (2.6). From (2.9) we

have that

-a(fX)(x)

Taking the limit as a 4_ 0, we get

fX(x) < oo

-7/(<t)x

-fj(0)x

where rj(0) is the positive root of the equation £(s) = —cs + Ksa = 0,

yielding 7/(0) = (c/k)1/5.
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3.2 Asymptotic Behaviour of the Ruin

Probability

The purpose of this section is the investigation of the asymptotic behav¬

iour of the ruin probability ^z(x) defined in (3.5) as x becomes large.
Notice that we can write cj>(x) := 1 — ^z(x) = K * U(x), where K is

the distribution function of the random geometric sum X\ + h X^,

all Xt having distribution FT *U. Roughly speaking the tail behaviour

of (j> is then related to that of FT and/or U. Intuitively we can think

of a balance, putting on each scale the tails of Fj and U, respectively.

Both weights then contribute to the tail behaviour of (f> when holding

in equilibrium; see Theorem 3.9. If the mass of one tail exceeds the one

of the other, the equilibrium is disturbed and it is solely the dominant

distribution that affects the asymptotic behaviour of <j>. See Theorem

3.11 when the tail of Ft dominates and Theorem 3.12 when the pertur¬

bation U is the relevant quantity.

In the following we shall carry out the above heuristic reasoning in more

mathematical detail. We start with the case when the tail decays of Fj
and U are of the same order, that is to say when Fj £ RV-a, where

d = a — 1 and a equals the index of stability of the stable Levy motion.

3.2.1 F e RV-a

First observe that by Karamata's Theorem 2.17 the conditions F £

RV-a and Fj £ RV-a are equivalent.

Theorem 3.9 Let ^z(x) denote the rum probability defined m (3.5).

Suppose that 1 < a < 2 and F £ RV-a ,
i-e. F(x) = x~aL(x) for some

slowly varying function L. Then

(L(X) \ \ &

(3-23)

where j = E[RZ(1)} =c-Xp > 0, d = a-l and k = na / cos f^^1).



3.2. Asymptotic Behaviour of the Ruin Probability 53

Remarks.

1. When a / 2
,
the second summand in (3.23) tends to 0 and hence

*z(x) ~ Fj(x)/0, a result which can be found in Veraverbeke [81]
for distribution functions Ft £§.

2. Whereas monotonicity in a for *z(x) is still an open problem, the

desired property holds for the above asymptotic form for 4rz(x).
Define W(a, x) = (L(x)(9pa)'1 + k(T(1 - ah)"1) x~a. Then for

1 < oti < a2 < 2 and x > 1 one has W(a\,x) > W(a2,x). H

Proof of Theorem 3.9. With <f> = 1 - % we can write

oo

<j> = (i-p)Y^Pn{Fr*u<n+^)
n=0

oo

= (1 - p) ^2 Pnfrn *U = K*U
,

n=0

where H = Fj * U and K = (1 - p) £~=0 pnH*n. Since F £ RV-a ,
we

conclude from Karamata's Theorem 2.17 that the tail of Fj behaves as

Fi(x) ~ ^- x'a
,

x -> co. (3.24)
ap

From Proposition 2.13 and Proposition 3.3 (c) we obtain

H(x) = l-F,* U(x) ~ (^ +
* ..)x~*, x^oo,

\ ap aV(l — a)J

and therefore H £ S. Consequently, by virtue of Proposition 2.15,

lim^oo K(x)/H(x) = p/(l - p) or

V ' \l-pj \ ap
^

aT(l-a)J
= A(x)x~a ,

x —> oo,

say. Finally,

Vz(x) = l-K*U(x)
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A(x) +
1

aT(l-d)

P ^ L(x)
+

K

1 — pJ ap 7T(1 — d)

or equivalently, because of (3.24),

^z(x)^-eFI(x) + ^~-^)x-a ,
x-+co.

D

The following corollary is an immediate consequence of Theorem 3.9.

We consider the case where F £ RV-a and assume that the slowly

varying function L tends to a finite positive constant as x —> oo. Typical

examples where this condition is fulfilled are Pareto distributed claims.

Corollary 3.10 Suppose that F(x) = x~aL(x), 1 < a < 2 and

linix-yoo L(x) = £0 with 0 < £o < oo. Then

*z(x) ~ (~ +

\0ap jT(l-a)

«(l + p6) ,

x —>• CO
,

7T(l-d)

where p = Xp/c, b = liuix-^oo Fj(x)/U(x) = ^o«r(l - tyK&l1) ^

In the proof of Theorem 3.9 we essentially make use of the explicitness

of the functions <f> and U. However, the same result can be obtained in

a more general way. The key step in the following approach is that the

Levy measure of a stable process is regularly varying with index a. We

claim that the Laplace exponent £(s) allows the following representation

(making the spectral negativity of the process (Rz (t) — x : t > 0) more

transparent):

/0
p0

(esu - 1) Ili(du) + / (esu -1-su) U2(du)
-oo J— oo

= cs + h(s) + I2(s) ,
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say. Indeed, setting ni(u,0) = A(l - F(—u)), u < 0, one gets Ii(s) =

—Xpsfj(s). Recall from (3.7) the definition of « and define II2 as

tt / t \ Q it / \ • 1
naa

H2W =

j^Tl(-<»,o)(«)
du

,
where q =

p(1 _ -}
•

We then obtain by integration by parts I2(s) = ks" and indeed the

above representation of £(s) coincides with (3.7). Note that —Xp =

J_ ullx(du). Set II = ni + II2 and keep in mind that under the

net profit condition 7 = c — Xp > 0. Introduce the notation h(s) =

f0°° e~sxh(x) dx, where h(x) = f~^ n(y) dy. Consequently,

£(s) =JS+ f (e3U - 1 - su) n(du)
J—00

= js + s2h(s) ,

where the last equality follows by two-fold integration by parts. With

this we obtain

7s sh(s)

£(*)
~~

7 + sh(s)
'

Multiply both sides by y/(sh(s)) and then letting s | 0 yields

sh(*) V («)/ l + «M«)/7

which shows that

£(s) 7

Therefore

Jo
e~°x %(x)dx = l--^

- s/i(s), s 1 0
7

-^fe~" (£>>*)*
Because of the definition of n2 and the assumption on F it follows that

the function n belongs to the class RV-a- Applying Theorem 2.18 then
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yields

1 rx
#z(x)~-/ H(y)dy, x

I J— oo

= -/ XF(y)dy+- -\dy
i Jx i Jx <xya

—> CO

=
\Fj(x) +
0

iV '

7r(i-d)

)

7T(l-d)

(1 L(x) ,* , _A

\9 ap

3.2.2 Fj e S, U(x) = o{FT(x))

We next consider the case where Fj £ § and C/(x) = o(i<}(x)). The

above conditions are satisfied for instance when F £ RV-s with 6 < a.

Theorem 3.11 Suppose that Fj £ § and that U(x) = o(Fj(x)). Then

^z(x) ~ aFi(x) >
a-»oo.

Remark. The above asymptotic version of ^z(x) is independent of the

perturbation Za.

Proof. Again we can write <j> = K *U with K = (1 - p) J27=o PnH*n
and H = Fj*U. From the assumptions and Propositions 2.14 and 2.15

we conclude that H £ 8, H ~ Ft and K £ §. Moreover,

K(x) ~ - Fj(x) ,
x -¥ oo.

Consequently, since C/(x) = o(Ft(x)), we have J/(x) = o(K(x)). To¬

gether with if £ § we conclude that <j) = K * U £ S and \Pz(x) =

$(x) ~ ii'(x) asi^oo (Proposition 2.14) which ends the proof. O

One may also consider the case where Fj(x) = o(U(x)), which means

that the perturbation law has heavier tails than the claim size law. This

condition is fulfilled for instance when the claim size distribution F is
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exponential or when F £ RVs with 6 > a. However, from a modelling

point of view, this assumption may not be very relevant. The following
theorem is added for the sake of completeness. The proof is based on

the same arguments as the proof of Theorem 3.11.

Theorem 3.12 Assume that Fj(x) = o(U(x)). Then one has

tfz(z) ^f.
rrx"d, x->oo.

7I (1
— a)
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Chapter 4

Weak Convergence of

Risk Processes

In this chapter we will consider weak approximations of a risk process

by an a-stable Levy motion with linear drift. The concept of diffusion

approximations in risk theory originates from Hadwiger [46] who com¬

pared a discrete-time risk process with diffusion. This can be viewed,

though theoretically not comparable with the modern approach, as the

first treatment of diffusion approximations in risk theory. A more mod¬

ern version, based on weak convergence, is due to Iglehart [50]. The

idea here is to let the number of claims grow in a unit time interval

and to make the claim sizes smaller in such a way that the risk process

converges weakly to a diffusion. While the classical theory of diffusion

approximation (as treated for instance in Schmidli [72]) requires short-

tailed claims, our approximations are especially relevant whenever we

have heavy-tailed claims. We will define a sequence of risk processes and

show that under certain conditions they converge weakly to an a-stable

Levy motion with drift. We illustrate the convergence when the claim

arrival process is a renewal process or a Polya process. In Section 4.1

we investigate the convergence of functional of the risk process. It will

be shown that the finite-time passage probabilities converge. We derive

59
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upper bounds for the hitting time probabilities of the limiting process.

Section 4.1 is closed with a numerical example where we compare the

'exact' finite-time ruin probabilities of a classical risk process with the

hitting time probabilities of the corresponding stable Levy motion. The

values in Tables 4.1 and 4.2 indicate that stable processes work reason¬

ably well as approximations to risk processes in the context of ruin type

problems. In Section 4.2 we concern ourselves with the convergence of

the infinite-time ruin probabilities. For this purpose we make an ex¬

cursion to queuing theory.

The Donsker invariance principle (see for instance Billingsley [10, The¬

orem 10.1]) for a sequence of iid random variables with finite variance is

fundamental to many applications, most often in conjunction with the

continuous mapping theorem. It explains why Brownian motion can

be taken as a reasonable approximation to many real processes which

are in some sense related to sums of independent random variables. In

the regime of heavy-tailedness, the analogous powerful result is a stable

functional central limit theorem: Suppose that (Yk : k £ N) is a se¬

quence of iid random variables with common distribution F £ T)(a, (3),
1 < a < 2, i.e.

-±- T(Yk - p) = Y
, n^oo, (4.1)

^n)^=1

where Y ~ SQ(1,/J, 0) and ip(n) = nylaL(n) for an appropriate slowly

varying function L. Then, for 0 < t < 1,

[nt]

-1^'S2(Yk - p) ^ Za(t) , moo,

where Za denotes a-stable Levy motion with index a and skewness

parameter (3. Moreover, Za(l) =Y. For the notion of weak convergence

in the space D, see Definition 4.1 below.

Definition 4.1 A sequence (X^n> : n £ N) of stochastic processes in

D =D[0,oo) is said to converge weakly in the Skorokhod Ji-topology to

a stochastic process X if for every bounded continuous functional f on

D it follows that

lim E[f(X^)] = E[f(X)} .

71—>OQ
J
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In this case one writes X^ => X, n —> oo.

The Ji-metric for cadlag functions on [0,1] was introduced by Sko¬

rokhod [74]. It extends the uniform metric to applications where the

jumps of the limiting process are not constrained to lie in a fixed count¬

able subset of R. The main difference between convergence in the uni¬

form sense and convergence in the J\-sense appears at the discontinuity

points of a limit function. If (xn : n £ N) converges uniformly on com-

pacta to x and if x has a jump at t0, then each x„, for large n, must

have a jump of almost the same magnitude precisely at to- Skorokhod's

metric still forces xn to have a jump of almost the same magnitude,
but not precisely at to- The extension of the Skorokhod J\-topology to

D = D[0, oo) has been given by Stone [77], see also Lindvall [56].
We also use the following mode of convergence:

Definition 4.2 A sequence (X^ : n £ N) of stochastic processes in

D is said to converge in probability in the Skorokhod J\-topology to a

stochastic process X if for all e > 0

lim P
n—»oo

d(X(-n),X) >e] =0
,

where d denotes the Skorokhod J\-metric. We write X^ —> X.

If a is a constant-valued random element then X^ —> a if and only if

X =* a. Notice that if X^ => X, Y^ -A 0 then X(n) +y(n) =>• X;
see Billingsley [10, p. 28].

We define a sequence (R^ : n £ N) of risk processes as follows. For

every n £ N let x^ > 0 denote the initial risk reserve, c^ > 0 the pre¬

mium rate and N^ the corresponding point process of claim arrivals.

The claim sizes are denoted by (Ffc : k £ N). So

JV<n)(t)

R{n)(t) = x(n> + c(n)t - J2 Yk{n) . (4.2)
fc=i

An)

k

Yk/<p(n), where (Yk : k £ N) is a sequence of iid random variables

In what follows we assume that the claims are of the form YkK
'
=
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Figure 4.1: Simulations of the process Q = (Q(t) : t > 0), where

Q(t) = x + ct- X1laZa(t) with x = 20, c = 5, A = 1, a = 1.2, (3 = 1.

with common distribution function F £ T)(a,(3) and mean p such that

(4.1) holds. Because a = 2 leads to the well-known Brownian diffusion

approximation, we shall restrict ourselves to the case 1 < a < 2. This

means that the random variables Yk do not have finite second moments

and their distribution exhibits long-tail behaviour. The condition a > 1

guarantees a finite mean of Y, see Corollary 2.23.

Consider a process Q = (Q(t) :t>0) given by

Q(t) = x + ct - X1/a Za(t) , (4.3)

where x and c are positive numbers and (Za(t) : t > 0) is a-stable

Levy motion with Za(l) = Y ~ Sa(l,(3,0). Here A is some positive

constant which will be specified in the following theorem. Observe that

the process in (4.3) contrary to the Brownian case (a = 2) exhibits

jumps. For some simulated sample paths of Q, see Figure 4.1. We

now show that the sequence (R^ : n £ N) under certain conditions

converges weakly to Q.
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Theorem 4.3 Let (Yk : k £ N) be a sequence of iid random variables

with common distribution function F £ !D(a,/3) and let (N^ : n £ N)
be a sequence of point processes such that

N^(t)-Xnt P ....

K-f\ 0, n -> oo, (4.4)

for some positive constant X. Assume also that

lim ( c(n) - An-^ J = c, lim x(n) = x.

71-+00 Y (f(n) J n-»oo

TTien, as n —> oo,

jV<">(t)

(4.5)

fl<n)(i)=a:<n>+c<n,t--£-7- V Yk
¥>(») ^t

^g^^X-r-cf-A1/"^^)

in t/ie Skorokhod J\ -topology.

In order to prove Theorem 4.3 we will need the following theorem on

random time transformation, see Whitt [84], where it is shown that the

composition mapping is continuous. See also Durrett and Resnick [25]
for some background.

Proposition 4.4 Let (Zn : n £ N), Z be processes in D and suppose

that Zn =$ Z. Let (Nn : n £ N) be a sequence of processes with non-

decreasing sample paths starting from 0 such that Nn/n => Al, where

I denotes the identity map on [0, oo) and A is a random variable with

P[0 < A < oo] = 1. For each n £ N, Zn and Nn are assumed to be

defined on the same probability space. Then ^(Zn,Nn/n) =*> i()(Z,A),
where yj(f,g) — f ° g denotes the composition mapping.

We are now able to prove Theorem 4.3.

Proof of Theorem 4.3. Let us write R("^(t) in the following form

R(n>(t) = x^+cMt--±- Y Yk
<p(n) f^
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(I) Renewal case

Let N = (N(t) : t > 0) be an arbitrary renewal process:

N(t) = max jn:gTfc<tj ,

where the inter-occurrence times (Tk : k £ N) are assumed to be iid

positive random variables with mean 1/A and variance a2. We de¬

fine N^(t) = N(nt). Let B = (B(t) : t > 0) denote standard one-

dimensional Brownian motion. Then

1
[nt]

f 1 \
n —¥ co,

which implies

N(nt)- Xnt
^ aX3/2m ^^

yn

see Billingsley [10, p. 148]. Since a < 2 we conclude from (4.7) that

N(nt) - Ant P

nl/a
0

,
n -+ co .

(II) Mixed Poisson case

Apart from the homogeneous Poisson process the negative binomial

process is often used for the claim arrival process in insurance appli¬
cations. A negative binomial process or Polya process belongs to the

class of mixed Poisson processes. A recent textbook treatment of mixed

Poisson processes is Grandell [44].

Definition 4.5 Let N be a homogeneous Poisson process with intensity
1 and A a random variable with P[A > 0] = 1, independent of N. Then

the process

N = NoA = (N(At) : t > 0)

is called a mixed Poisson process. The random variable A is called

structure variable.
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A mixed Poisson process has stationary increments, however the in¬

dependence condition (independent increments) is violated. The sto¬

chastic variation of the claim number intensity can be interpreted as

random changes of the Poisson parameter from its expected value A.

The most common choice for the distribution of the structure variable

A is certainly the gamma distribution whose density function is given

by

fA(x) = ^x^1e~5x ,
x>0. (4.8)

We use the notation A ~ r(7,<5) to indicate that the random variable

A has a gamma distribution with density function given in (4.8).

Definition 4.6 A mixed Poisson process N is called a negative bino¬

mial process or Polya process if A ~ T(7, S).

We then have for a Polya process AT

P[N(t) =n} = P[N(At) = n]

= P[N(At)=n\A = X]fA(X)dX

=

rV»(A*£-£_ A^e-dA
Jo n\ T(7)

7 + n - 1\ ( S x 7

n ) \S + tJ \5 + t

i.e. N(t) has a negative binomial distribution. Let N be a Polya process

with structure variable A. We define a sequence N^ of point processes

by N^^t) = N(nt) = N(Ant). Since (N(nt)-nt)/^n => B(t), n -> oo,

it follows from Proposition 4.4 that

iV<-> (t) - E[A]nt N(Ant) - E \N(Ant)] n, A ,

= =
p= =>• B(At) ,

n —>• co

v/n Vn

and consequently, since a < 2,

N^(t)-E[A]nt P

tp(n)
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where <£>(n) = n^^Lfa) for some slowly varying function L. Hence,

Theorem 4.3 holds in the mixed Poisson case with A = E[A\. The

limiting process Q\ = (Q\(t) : t > 0) is then given by

QA(t) = x + ct-Za(At) .

If A ~ T(7, S) and a = 2 one can explicitly compute P[infs>o(a; + cs +

B(As)) < 0]. It follows that

inf(x + cs-|-B(As)) < 0
3>0

J P inf (x + cs + B(As)) < 0 A = A

Jo r(7)

A(A)dA

_

2 8"1 K7(V8cSx)
~

r(7) («5/(2cx))7/2
'

where K1(uj) = 1/2 f0°° yJ~1 exp{-w(l/y + y)/2}dy denotes the mod¬

ified Bessel function of the third kind. For the second-last equality we

refer to Asmussen [1, Corollary 3.5, p. 265].

4.1 Convergence of the Finite-Time Ruin

Probabilities

Risk theory has traditionally been concerned with evaluating the prob¬

ability that the risk reserve becomes negative. We have proposed an

approximation for a risk process with infinite claim size variance and

now we want to investigate the convergence of the associated ruin prob¬

abilities. Let X be a stochastic process starting from x > 0 and define

r = t(X) = inf{t > 0 | X(t) < 0} (4.9)
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if the set {t > 0 | X(t) < 0} is not empty and +oo otherwise. In order to

derive the result in Theorem 4.9 which permits us to compare the finite-

time ruin probability with the 'ruin probability' of the corresponding

weak approximation, we need the following technical lemma. Let X =

(X(t) : t > 0) be a cadlag process. We define the jump process AX =

(AX(t) :t>0) by AX(t) = X(t) - X(t-). Then

OO

{AX^0}= {J{(u>,t)\t>0,t = Tn(w)} ,

n=l

where (T„ : n £ N) are stopping times with respect to the natural

filtration of X; see Jacod and Shiryaev [51, Proposition 1.32, p. 8].

Lemma 4.7 Let Q = (Q(t) : t > 0) be the process given in (4.3) and

let (r„ : n £ N) be the sequence of all jump times of Q. Then

{J{Q(Tn-) = 0}
71= 1

= 0 . (4.10)

Proof. It suffices to prove the property on a finite time interval. So

we restrict the domain of the process Q to the interval [0,1] and use

the series representation of a-stable Levy motion to get insight into the

structure of Q. If Za is standard a-stable Levy motion on [0,1] with

index 1 < a < 2 we can write

oo

za(t) = ca/a E(^rr1/Ql{n<*} - Ma)),
1=1

see Samorodnitsky and Taqqu [71, p. 151]. Here (7, : i G N) is a

sequence of iid random variables satisfying

P[7l = 1] = 1 - P[7* = -1] = ^
The sequence (IT^ : i £ N) consists of arrival times of a Poisson process

with intensity 1 and (rt : i £ N) is a sequence of iid random variables

uniformly distributed on [0,1]. These three sequences are independent.

Finally, Ca and of' are some constants. The direction of a jump is
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thus governed by (7, : 1 £ N) and the height of the jumps, viewed in

decreasing order, is distributed as the —1/a power of the arrival times

of a Poisson process with unit intensity. In particular, T^
'a is the

height of the highest jump, T2
,a is the height of the second highest

jump and so on. Non-symmetric stable Levy motions can be regarded
as pure jump processes with a deterministic linear trend.

Hence, the process Q allows the following representation:

00

Q(t) = u + ct- (XCa)1/a £(-*r."1/Q][{n<t} - (3tb[a)) .

t=i

We show that P[Q(rk-) = 0] = 0. We have

P[Q(Tk~) = 0} = P[AQ(rk) = Q(rk)}

= P U + CTk + (XCa)1/a(3Tkbka)

-(XCa)^ £ (7,rt-1/aI{r,<Tfc}-/3rfc6,(a))=0
»=i,t^fc

Using conditional probability and independence we obtain

P[Q(rk-) = 0]

= J P\u + CTk + (XCa)1/a(3Tkbka)

(XCaf'a Y, (^~1/ai{r,<rk}-Prkbla))=0
t=l,z#fc

Tk =t dt

= j p\u + ct + (XCa)l/a(3tb[a)

(xca)lla Y (y,r-l/ai{n<t}-(3tb(?)) = o

I=l,J#fc

d* = 0.

In the last equality we used

u + ct + (XCa)1/a(3tb.a)

(xca)1/a Y (7.r,-1/ai{n<*}-^,(Q))=o
t=i,i^fc
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= P[U + Ct- X1/aZa(t) = 0 | Tk > t] = 0

for all 0 < t < 1. This concludes the proof.

Now we are able to state and prove the basic limit result, Theorem 4.9.

We will apply the continuous mapping theorem stated below (Propo¬
sition 4.8) to translate the question of stochastic convergence to the

question of deterministic convergence in the underlying sample space.

Suppose that (Xn : n £ N) and X are random elements with values

in a separable metric space and (fn : n £ N), / are Borel measurable

functions mapping this separable metric space into another. Then the

following proposition holds, see Billingsley [10, Theorem 5.1]

Proposition 4.8 (Continuous mapping theorem)

(i) If Xn => X and f is continuous almost surely with respect to the

distribution of X, then f(Xn) =>• f(X).

(ii) If Xn =S* X and /„(xn) -+ f(x) for all x £ A and (xn : n £ N)
with xn —> x for some A with P[X £ A] = 1 then fn(Xn) =>• f(X).

Theorem 4.9 Let r be the ruin time defined in (4.9). // R^ => Q,

n -+ co, and Q is defined in (4.3), then

t(R^) = t(Q) ,
n -+ co. (4.11)

Proof. Let xn and x be cadlag functions such that x„ —¥ x in the

Skorokhod topology. Assume that r(xn) does not converge to t(x).
Then we can find a subsequence r(xn) which tends to to ^ t(x). We

first assume that to > t(x) and r(x) < co, we also allow for to = oo.

We have x(r(x)) < 0. We can find S > 0 such that t(x) + S < to and

x(t(x) + S) = x([t(x) + 5]—) and e < -x(t(x) + 6) for some s > 0.

Then, for large n, we obtain |xn(T(x) + S) — x(t(x) + S)\ < e. Hence,

for n > no, x„(r(x) + S) < 0 which is a contradiction.

Now let to < t(x), we also allow for r(x) = oo, then x„(r(x„)) < 0 and

xn(r(x„)) tends to x(to) or x(to—) (more precisely, a subsequence of
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xn(r(xn)) has that property). Thus x(£o) < 0 or x(t0—) < 0. Because

to < t(x) and t(x) is the first instant where the process x becomes

negative, we can exclude the case x(to) < 0. Hence, x(to) = 0 or in

case of a jump at t0, x(t0-) < 0. Now, if x(*o) = 0 we use the strong

Markov property and the fact that the process (ct — Za(t) : t > 0)
crosses 0 infinitely many times in every right neighbourhood of t = 0.

This follows from the law of the iterated logarithm for stable processes

(see Fristedt [34, p. 361] and Mijnheer [58, p. 45]). In particular, we

can find d > 0 such that to + 6 < t(x) and x(t0 + 5) < 0. Now suppose

that x(to—) < 0. Applying Lemma 4.7, we conclude that x(t0—) < 0 for

almost all trajectories. Again we can find 5 > 0 such that x(to + S) <0

which is a contradiction.

We have shown that the functional t is almost surely continuous. The

assertion now follows from Proposition 4.8 (ii).

Remark. If ruin at time t is caused by a jump, we have AQ(t) ^ 0.

But P[AQ(t) ^ 0] = 0 because there are no fixed discontinuities of the

process Q. When AQ(t) = 0, we have P[t(Q) = t] = P[Q(t) = 0] = 0.

Combining the above, we conclude that P[t(Q) = t] = 0. Consequently,
Theorem 4.9 shows that the finite-time passage probabilities converge:

lim P[r(R(n)) <t]= P[t(Q) < t]

or equivalently

lim P
71—>00

inf RM(s) < 0
0<s<t

= P inf Q(s) < 0
0<s<t

Hence we can approximate the finite-time ruin probabilities by the prob¬

ability of the first 0-downcrossing of the process (4.3). In general, we

do however not know when R(n) =>- Q implies

lim P
n—too

mfR(n\t)<0
t>o

= P inf Q(t) <0
t>o

An answer to that question is given in Section 4.2.

In order to get some appreciation on how Theorem 4.9 can be used

for practical purposes we consider a classical risk process and its corre¬

sponding weak approximation. We establish the theoretical result which



72 Chapter 4. Weak Convergence of Risk Processes

permits us to compare the two processes. To this end let (N(t) :t>0)
be a Poisson process with intensity A. Define two processes R^ and Q

in the following way:

N(nt)

R(»)(t) = xo + c(nh--±- Y Y^

Q(t)=Xo + jt-X1'aZQ(t) .

Recall that condition (4.4) is fulfilled in the Poisson case. So, by Theo¬

rem 4.3, R<-n) => Q if and only if limn_>00(c(n) - Xnp/ip(n)) = 7. Now

define

¥n\x0,t0) = P[r(R^) < to] = P

*w(xo,t0)= P[T(Q)<t0] =P

inf RM(s)<0
0<s<t0

inf Q(s) < 0
0<s<t0

Consequently, by Theorem 4.9, ty(n\xo,to) ~~> ^w(xo,to) as n —> 00.

Consider now a classical risk process R as defined in (2.20), i.e. R(t) =

x + ct — J2k~i Yk with claim size distribution F £ T)(a, (3) and relative

safety loading 0 = c/(Xp) — 1 > 0. Figures 4.2 and 4.3 depict some

simulated sample paths of the processes R and Q, respectively. Denote

the finite-time ruin probability by ty(x,t). We then have, for each

n £ N,

9(x,t)

= P

= P

inf
0<s<t

inf

N(s)

+ cs-YYk] < 0

k=i

X cs

+

N(s)

siE« <•
o<s<t \ ip(n) <p(n) <p(n)

,-.

N(ns)
x ens

+

o<s<t/n I <p(n)
'

ip(n) <p(n)
In(„\ 2^ Yk <0

fc=i

Put 7 = 0Xnp/tp(n), xo = x/<p(n) and to = t/n. This leads to the

approximation

V(x,t) = Vw(x0,to) .
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Figure 4.2: Simulations of a

classical risk process R (Pareto
distributed claims with a = 1.5).

Figure 4.3: Simulations of the

corresponding weak approxima¬

tion Q.

If F £ D^r(a,/3) it follows that

$w(x0,t0) = P inf (x + Xp0s - X1laZa(s)) < 0
0<s<tK ' (4.12)

In the Brownian case (a = 2) one can explicitly calculate the right-
hand side of (4.12); see Asmussen [1, Theorem 3.3, p. 263]. The case

1 < a < 2, however, turns out to be more delicate. Whenever the claim

size distribution F has support [0, co) the skewness parameter of Za

equals +1: see Theorem 2.29. Consequently, the limiting process Q

belongs to the class of spectrally negative Levy processes. Proposition
2.7 in principle provides the necessary tools to evaluate (4.12) (either in

explicit form or in terms of double Laplace transforms). However, in our

situation the formulas in the aforementioned proposition do not allow

to calculate the distribution of the infimum in closed form. Therefore

numerical methods based on formulas (2.16) or (2.18) are required to

compute (4.12). As a partial solution to our problem we will use the

simple Monte Carlo method to estimate (4.12). In Tables 4.1 and 4.2

we have presented some numerical values for illustrative purposes.

Because of the absence of an explicit expression for (4.12) we first es¬

tablish the asymptotic behaviour of (4.12) as x — oo and thereafter we
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shall derive upper bounds for ^w(x, t).

Proposition 4.10 Let Q = (Q(t) : t > 0) be given by Q(t) = x +

ct — A1/" Za(t). Assume that the skewness parameter (3 of the stable

component Za satisfies -1 < (3 < 1. For t(Q) = inf{r. > 0 | Q(t) < 0}
and Ca,\ defined in (2.35) we have

P[r(Q)<i\^Ca,i(1^-) At (x + ctya ,
x->co. (4.13)

Proof. Since the distribution of Za(t) has a regularly varying right

tail, it follows from Willekens [85] that

P[t(Q) < t] ~ P[ct - X1/aZa(t) < -x] ,
x -> co.

The assertion now follows from Proposition 2.22.

We shall next derive upper bounds for P[t(Q) < t], where the stable

component is assumed to be symmetric. To this end we will use the

Bochner theorem which says that symmetric a-stable Levy motion can

be obtained from Brownian motion by a random time change. More

precisely, let (X(t) : t > 0) be a totally skewed a/2-stable Levy mo¬

tion, i.e. X(t) ~ Sa/2(t2/a, 1,0) and let B denote standard Brownian

motion, 5(1) ~ N(0,1) = 52(1/^,0,0). Assume that both processes

are independent and defined on the same probability space. This entails

the following equality in law; see for instance Janicki and Weron [52,

P- 33],

B(X(t)) = Za(t), (4.14)

where Za is symmetric a-stable Levy motion such that

Za(t) ~ Sa(tl'a/'(V2(cos ¥y/a),0,0) .

Now let gB = (gB(t) : t > 0) = (supo^, B(s) : t > 0) denote the

supremum process of B, see (2.7). Then gB is an adapted process

with non-decreasing paths. Recall the reflection principle for Brownian

motion, see for instance Karatzas and Shreve [53, p. 95].
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Proposition 4.11 Let B = (B(t) : t > 0) denote standard Brownian

motion (B(0) = 0 a.s.) and gB its maximum process. For y>0,z>0

P[B{t) <z- y,gB(t) >z} = P[B(t) > y + z\ (4.15)

Proposition 4.11 and equation (4.14) enable us to state the following
'reflection principle' for symmetric a-stable Levy motion.

Theorem 4.12 Let Za be symmetric a-stable Levy motion and y > 0,

z > 0, then

Za(t) < z-y, sup ZQ(s) > z

0<s<t

< P[Za(t) > y + z] . (4.16)

If we take y = 0 in (4.16) and add to both sides P[Za(t) > z] we obtain

the following corollary.

Corollary 4.13 Let Za denote symmetric a-stable Levy motion and

let z be a positive number. Then

sup Za(s) > z

0<s<t
<2P[Za(t)>z] . (4.17)

Proof of Theorem 4.12. Consider

Za(t) < z-y, sup Za(s) > z

0<s<t

Pt(z,y) = P

= P \B(X(t)) <z-y, sup B(X(s)) > z]
L o<s<t J

= I I lb(x(t)) <z-y, sup b(x(s)) > z\ dM(x)dW(b)
JdxC I 0<s<t J

= / dM(x) / I \b(x(t)) <z-y, sup b(x(s)) > z\ dW(b) ,

Jd Jc I 0<s<t J
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where the last equality follows from the independence of the processes X

and B. Here W denotes the Wiener measure on the space C = C[0, co)
of continuous functions and M is a measure on the space D induced by
the process X. So

B(x(t)) < z-y, sup B(s) > z

0<s<x(t)

Pt(z,y) = f P \B(x(t)) <z-y, sup B(x(s)) >

jo L o<s<t

<J
Jd

By Proposition 4.11 we obtain

Pt(z,y)< f P[B(x(t))>y + z]dM(x)
Jd

dM(x)

dM(x) .

(
JOxC

I{6(x(t)) >y + z} dM(x) dW(b)

= P[B(X(t)) >y + z} = P[Za(t) >y + z]

which ends the proof. D

Now we can provide some upper bounds for the ruin probability of the

process Q where the stable component Za is symmetric a-stable Levy
motion. Recall that for a stable random variable X ~ Sa(l,(3,0) we

denote by G(x; a, (3) its cumulative distribution function.

Theorem 4.14 Let the process Q = (Q(t) : t > 0) be given by Q(t) —

x + ct — A1'" Za(t), where the stable component Za is assumed to be

symmetric ((3 = 0). For t(Q) = inf{t > 0 \ Q(t) < 0} one has

P[t(Q) < i\ <2P[Za(t) > xA"1/"] = 2G(x/(A£)1/°';a,0) .

PROOF. Using Corollary 4.13 we obtain

P[t(Q) >t] = P

= P

inf (x + cs-X1/aZa(s)) >0
0<s<t

sup (-x - cs + A1/aZa(s)) < 0

.0<s<<
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= 1-P

> 1-P

SUp (-X -CS + Xl/aZa(s)) > 0

0<s<t

sup Za(s) > xX~1/a
0<s<t

> l-2P[Za(£)>xA-1/Q]

In order to prove an analogous result for the non-symmetric case, we

need the following lemma.

Lemma 4.15 Let Za be a-stable Levy motion with a^l and skewness

parameter |/?| < 1. Then one has

11 / 7ra \

(i) P[Za(t) > 0] = - + — arctan l/3tan —- ) =: g ,

2 na \ 2 /

(ii) P sup Za(s) > z

0<s<t

< -P[ZQ(t) > z] ,
z > 0.

Q

Proof, (i) Because of the scaling property (3.3) we have Za(t) =

t1/" Za(l) and hence P[Za(t) > 0] = P[Za(l) > 0] = g, independent of

t. From Zolotarev [88, p. 79] we have

I \ a

where K(a) and (3B are defined in (2.30) and (2.31), respectively, yield¬

ing G(0;a,(3) = 1/2 - arctan(/3tan^)/(7ra). Finally,

P[Za(t) > 0] = P[Za(l) >0} = G(0;a,(3)

1 1 („ Tra\
= - H arctan (i tan -—-

2 to V 2 )

Note that in the case (3=1, 1 < a < 2 we have (7(0; a, 1) = 1/a.

(ii) Recall from (2.6) the definition of the first passage functional. Then,

for fixed z > 0, T = (fZa)(z) = inf{u > 0\Za(u) > z} is a stopping
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time and {T < t} = {sup0<s<t Za(s) > z}. Write

sup Za(s) > z

0<s<t

= P sup Za (s) > z, Za (t) > z

0<s<t

sup Za(s) > z, Za(t) < z

0<s<t

(4.18)

Because {Za(t) > z} C {sup0<s<t Za(s) > z}, the first summand on

the right hand side of (4.18) reduces to P[Za(t) > z). Define a process

Za = KW : t > 0) as Za(t) = Za(T + t)- ZQ(T). It is obvious that

( sup Za(s) > z,Za(t) < z\ c { sup Za(s) > z,ZQ(t-T) < ol

and hence, using the strong Markov property, we obtain

sup Za(s) > z, Za(t) < z

0<s<t

< P sup Za(s) > z

0<s<t

(i-e)

So

p sup Za(s) > z

0<s<t

<P[Za(t) > z]+P sup Za(s) > z

0<s<t

(i-e)

or equivalently

sup Za(s) > z\ < - P[Za(t) > z]
o<s<t J Q

Using the same arguments as in the proof of Theorem 4.14 we obtain

an upper bound for the hitting time probability in the non-symmetric

case.

Theorem 4.16 Let Q = (Q(t) : t > 0) be given by Q(t) = x + ct -

A1/" Za(t), where a ^ 1 and \(3\ < 1. For t(Q) = inf{£ > 0 | Q(t) < 0}

we have

P[t(Q) <t}< -P[Za(t) > xX-lla]=G(x/(Xt)lla-a,(3)/g ,

where g is given in Lemma 4.15.
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Similar arguments as those used in the proof of Lemma 4.15 yield the

following result.

Theorem 4.17 Let Q and t(Q) be given as in Theorem 4.16. Then

Pk(0) < t] <
G((x + ct)/(Xt)V°;a,(3)

P[r(Q)<t\<
g{ct/{Xt)1/a.aJ3)

(4-19)

We close this section with a numerical example where we compare the

finite-time ruin probability ^>(x,t) of a classical risk process R with

^w(x,t) = P[r(Q) < t], the probability of the first O-downcrossing
of its weak approximation, see the derivation yielding to (4.12). An

explicit formula for ^x, t) can only be found in terms of Laplace trans¬

forms. Thorin and Wikstad [80] proceed in this way and evaluate *P(x, t)

numerically by inverting a double Laplace transform. In our approach

we use a simple Monte Carlo method to estimate both ^(x, t) as well as

^w(x,t). For simulations of stable variables and processes we refer to

Weron [83]. Where comparisons are possible, our simulation results for

*(x, t) agree with the 'exact' values of Thorin and Wikstad [80]. As an

example, we consider Pareto distributed claims with shape parameter

1 < a < 2 and v > 0, i.e.

F(x) = 1 - (i//x)Q ,
x > v .

The mean p, is given by va/a. Because xaF(x) = ua, we conclude that

F G T>yi(a, 1), see Proposition 2.31. In our simulations v equals 0.6 and

a £ {1.1,1.2,1.3,1.4,1.5,1.8}, the latter values are typical for heavy-
tailed insurance portfolios, see Embrechts, Kliippelberg and Mikosch

[31]. The relative safety loading 0 is assumed to be 5%. We ran N =

100000 simulations in order to estimate *(x,t) and ^w(x,t) for t =

1000. The relative error e is given by e = $w — *)/*
The values in Tables 4.1 and 4.2 indicate that ^w(x, t) works reasonably
well as an approximation for the finite-time ruin probabilities. Small

values of a provide better approximations than values a near 2. We

explain this by the fact that the convergence of convolutions to the

limiting stable law is slow when 1.5 < a < 2, see the Remark at the



80 Chapter 4. Weak Convergence of Risk Processes

end of Section 2.3. Further numerical work has shown that the upper

bounds derived in Theorems 4.16 and 4.17 are very crude.

X a *(x, t) ± 1.96a/y/N $w(x, t) ± 1.96a/y/N £

5 1.1 (44.7±0.31)10"2 (42.6 ±0.31)10-2 -4.84%

10 1.1 (41.3±0.26)10"2 (39.8 ±0.30)10-2 -3.65%

20 1.1 (37.2±0.30)10"2 (36.6 ±0.30)10-2 -1.52%

50 1.1 (32.0 ±0.29)10-2 (31.7 ±0.29)10-2 -1.04%

100 1.1 (27.3 ±0.28)10-2 (27.6 ±0.28)10-2 1.31%

200 1.1 (22.7 ±0.26)10-2 (22.9 ±0.26)10-2 1.12%

1000 1.1 (11.9 ±0.20)10-2 (12.3 ±0.20)10-2 3.17%

5 1.2 (60.8 ±0.30)10-2 (59.1 ±0.30)10-2 -2.87%

10 1.2 (55.7 ±0.31)10-2 (54.7 ±0.31)10-2 -1.79%

20 1.2 (49.9 ±0.31)10-2 (49.6 ±0.31)10-2 -0.65%

50 1.2 (41.4 ±0.31)10-2 (41.3 ±0.31)10-2 -0.13%

100 1.2 (33.7 ±0.29)10-2 (33.9 ±0.29)10-2 0.43%

200 1.2 (26.2 ±0.27)10-2 (26.4 ±0.27)10-2 0.79%

1000 1.2 (9.61 ±0.18)10-2 (9.93 ±0.19)10-2 3.34%

5 1.3 (68.6 ±0.29)10-2 (67.1 ±0.29)10-2 -2.28%

10 1.3 (62.3 ±0.30)10-2 (61.4 ±0.30)10-2 -1.38%

20 1.3 (54.8 ±0.31)10-2 (54.5 ±0.31)10-2 -0.66%

50 1.3 (43.6 ±0.31)10-2 (43.2 ±0.31)10-2 -1.00%

100 1.3 (33.6 ±0.29)10-2 (33.7 ±0.29)10-2 0.36%

200 1.3 (23.6 ±0.26)10-2 (23.5 ±0.26)10-2 -0.67%

1000 1.3 (5.78 ±0.15)10-2 (5.83 ±0.15)10-2 0.85%

Table 4.1: Comparison of the finite-time rum probabilities of a clas¬

sical risk process (intensity X = 1, safety loading 0 = 5%, Pareto dis¬

tributed claims with v = 0.6 and shape parameters a £ {1.1,1.2,1.3})
with the rum probabilities of the corresponding weak approximation. The

time horizon t equals 1000.
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X a V(x,t)±1.96a/y/N Vw(x,t)±1.96a/\/N £

5 1.4 (72.2 ±0.28)10-2 (71.0 ±0.28)10-2 -1.61%

10 1.4 (65.0 ±0.30)10-2 (64.3 ±0.30)10-2 -1.10%

20 1.4 (56.4 ±0.31)10-2 (55.4 ±0.31)10-2 -1.71%

50 1.4 (42.4 ±0.31)10-2 (41.4 ±0.31)10-2 -2.18%

100 1.4 (30.6 ±0.29)10-2 (29.5 ±0.28)10-2 -3.73%

200 1.4 (19.1 ±0.24)10-2 (18.1 ±0.24)10-2 -5.08%

1000 1.4 (3.14 ±0.11)10-2 (2.88 ±0.10)10-2 -8.19%

5 1.5 (74.2 ±0.27)10-2 (72.8 ±0.28)10-2 -1.88%

10 1.5 (66.2 ±0.29)10-2 (64.6 ±0.30)10-2 -2.28%

20 1.5 (55.9 ±0.31)10-2 (53.9 ±0.31)10-2 -3.63%

50 1.5 (39.4 ±0.30)10-2 (37.0 ±0.30)10-2 -6.16%

100 1.5 (25.7 ±0.27)10-2 (23.5 ±0.26)10-2 -8.66%

200 1.5 (13.7 ±0.21)10-2 (12.0 ±0.20)10-2 -12.12%

1000 1.5 (1.50 ±0.08)10-2 (1.29 ±0.07)10-2 -13.96%

5 1.8 (74.4 ±0.27)10-2 (72.4 ±0.27)10-2 -2.77%

10 1.8 (63.1 ±0.30)10-2 (58.7 ±0.30)10-2 -6.88%

20 1.8 (48.2 ±0.31)10-2 (40.8 ±0.30)10-2 -15.40%

50 1.8 (25.5 ±0.27)10-2 (16.7 ±0.23)10-2 -34.54%

100 1.8 (11.0 ±0.19)10-2 (5.36 ±0.14)10-2 -51.19%

200 1.8 (3.30 ±0.11)10-2 (1.39 ±0.07)10-2 -57.74%

1000 1.8 (0.14 ±0.02)10-2 (0.07 ±0.02)10-2 -52.21%

Table 4.2: Comparison of the finite-time ruin probabilities of a clas¬

sical risk process (intensity X = 1, safety loading 0 = 5%, Pareto dis¬

tributed claims with v = 0.6 and shape parameters a £ {1.4,1.5,1.8})
with the ruin probabilities of the corresponding weak approximation. The

time horizon t equals 1000.
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4.2 Convergence of the Infinite -Time Ruin

Probabilities

The aim of this section is to prove the convergence of the infinite-time

ruin probabilities when we approximate a classical risk process with an

a-stable Levy motion with drift. Our approach follows Asmussen [1,

VIII.6], where a similar result is shown for the Brownian diffusion ap¬

proximation. Recall that there is a one-to-one correspondence between

the ruin probability of a risk process and the distribution of the virtual

waiting time in a GI/G/1 queuing model. In turn, the waiting times

are related to the maximum of random walks. So it is convenient to

first state and prove the main result (Theorem 4.19) in random walk

terms and thereafter reformulate in terms more natural for queues and

risk theory.

In what follows we first describe the GI/G/1 queuing model. The sym¬

bols GI/G/1 stand for a queuing system with general input (arrivals
occur according to a renewal process), general service times (service
times of successive customers are iid) and one server. Let Tn be the in-

terarrival time between the nth and the (n + l)st arriving customer, and

we assume that (Tn : n > 0) are iid with common distribution function

A(x) = P[Tn < x\. To describe the service mechanism let Un be the

service time of the nth arriving customer and suppose that (Un : n > 0)
is a sequence of iid random variables with common distribution function

B(x) = P[Un < x\. Define the traffic intensity v by

E[Un]
v = —-—-

E[Tn]

If v < 1 then on average the server is able to cope with the load and

not to fall hopelessly behind. We assume that there is one server and

that he serves customers on a first in, first out basis (FIFO). A relevant

process is (W„ : n > 0), the waiting time of customer n until his services

commences. For n > 0, define Xn = Un —Tn. Unless otherwise stated,

we assume that customer 0 has just arrived at time 0 to an empty queue.

With this notation, the following proposition holds; see Asmussen [1,

p. 181].
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Proposition 4.18 The actual waiting time process (Wn : n > 0) satis¬

fies

Wn+l = (Wn + Xn)+ , (4.20)

Wn = Mn ,
(4.21)

where Mn = maxo<<<„ Se with Sn = Xo -I 1- X„_i, 5o = 0.

Relation (4.20) tells us that the process (Wn : n > 0) has the same

transition mechanism as the random walk (Sn : n > 0) except when

S„ crosses from positive to negative values, the process Wn then stays

at zero. If v < 1 it follows from the strong law of large numbers that

Sn -* -co. Thus P[Wn < x] -> PfWoo < x] = P[max*>0S* < x\.

However, it is in general difficult to compute the distribution of the

maximum of a random walk with negative drift. If an approximation

to the distribution of Woo can be found as v t 1 we call it a heavy

traffic approximation. A central role in this context plays the Mittag-
Leffler distribution which occurs as a limit of the equilibrium waiting

time distribution when X, has infinite variance (but finite mean).

Recall that D = D[0, co) is the space of all real-valued right continuous

functions on [0, oo) with limits from the left. For any stochastic process

X in D, the associated supremum functional gX defined in (2.7) is

continuous in any of Skorokhod's topologies. Hence, weak convergence

Xn => X in D implies weak convergence gXn => gX in D by virtue of

the continuous mapping theorem, Theorem 4.8.

Let (Xn )neN, k = 1,2,..., be a family of sequences of iid random

variables with //fc) = E[x[k)\ < 0, k = 1,2,... . By Snk) = x[k) +
\- Xn (Sq = 0) we denote the corresponding random walks. Set

Mnk) = maxo<K„ Sf\ We assume that x[k) £ DN(a, 1), i.e.

^(fc)
,=1

£(*,(fc)-M(fc)) co

where <p(k) = kl<a and Z ~ 5Q(1,1,0) with index 1 < a < 2. Recall

from Proposition 2.28 that E[ \xlk)\s} < oo for 6 < a and E[ |X,(fe)|a ] =

oo.
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Theorem 4.19 Let (Sn k £ N) be a sequence of random walks with

Xt(fe) D>f(a, 1), 1 < a < 2, //*) < 0, Iim^oo pM = 0 and assume

that limsupfc.^ (\pW\)~(a~£)E[\X(tk) - p^\a~e] = L(e) < oo for
0 < e < a/a. Then

{-ay-
ma P f |/i<fc>|1/aAf<*> >y]=y

J~a).
, y

*->«> L|P l »J ^r(l + dn)y

n—0 '

where M^ = maxf>0 S^ ,
a = a — 1 and a = cos(^4^) with K(a) =

a -2.

The proof of Theorem 4.19 basically involves weak convergence in D.

So let Za = (Za (t) :t> 0) denote a-stable Levy motion with skewness

parameter (3 = 1 (only upward jumps) and 1 < a < 2. Consider the

process Q = (Q(t) : t > 0) given by

Q(t) = -t + Za(t).

The process Q is a spectrally positive Levy process, that is, —Q is

spectrally negative. It is characterized by E[e~sQ^] = e*^, £(s) =

s + KSa, where l/n = a = cos(^^), see (3.7).

Proposition 4.20 Under the conditions of Theorem 4.19, it holds for

any T < oo that

\pW"M;> f^ snp Q(t) , fc^co, (4.22)

where [ ] denotes the integer part.

Proof. Subject to the conditions of "asymptotic negligibility" of the

double sequence X^
'
we have for every sequence (c^ : k £ N) with

limfc_>00 ck = oo,

gg«] ~ fCfe^W
Za(t) ,

k — co ;
f(ck)

see for instance Prohorov [66, Theorem 3.2]. Set ck = |^fc)|-Q/Q. Then

we can write



4.2. Convergence in Infinite-Time 85

I..(*)! l/« o(*)
I** I D[t//.<*>|<»/*]

_

4fc/U'l^] ' [«/Vfc)la/V(fc) [t/lAiWl"/"]^)
l/|M(*)|i/a

+
l/|/,(*)|i/a

=$> Za(t) - t
,

k -» oo.

Consequently,

sud
riuWl^sW ^

-

|,.(')|1/aAfW

sup i|/i | i[t/|/x(fc)|„/5]j
- \n | M[T/|/i(fc)|a/a]

o<t<r

sup (—t + Za(t)), k-+oo.
0<t<T

a

The proof of Theorem 4.19 now rests on the following lemma due to

von Bahr and Esseen [82].

Lemma 4.21 Let Xi,..., Xn be a sequence of random variables satis¬

fying E[Xm+1\Sm] = 0 a.s., Sn=X1 + --- + Xn. If E[\Xi\r] < oo,

1 < r < 2, then

E[\Sn\r]<2YE[\Xi\r\.

a

Remark. The condition E[Xm+i\Sm ] = 0 a.s. is fulfilled if the random

variables (Xj : i £ N) are independent and have zero mean. E

We are finally in a position to prove Theorem 4.19.

Proof of Theorem 4.19. Define Y = \p^\1/aM^ and set

N^ = [T/\pW\a'a\. We can write

y« = |M(T5<1> V SUP (l/W^M) , (4.23)

where a V b = max(a, b). From Proposition 4.20 we obtain for the first

term on the right hand side of (4.23)
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lim lim P
T-too k—yoo

\pM\1/aM(N%>y

= lim P
T-voo

sup (-t + Za(t))>y
0<t<T

= P

71=0

sup(-t + Za(t)) >y
t>o

y

(4.24)

r(l + an)

The last equality follows from (3.20). We now want to show that the

second term on the right-hand side of (4.23) is asymptotically negligible

for large values of T and k:

lim sup lim sup P

T—>oo k—>oo

sup (i^r/5s(*>)>o = 0. (4.25)

Choose 0 < e < a/a which implies that a£/a < 1, a - £ > 0 and

a — £ > 1, then

sup (|^)|1/55^)>0
n>N(k>

= P sup
(^

_
M(*A > -f.W

<,>Nik1 \ n I

< \\pW\) E

q(k)
ajvc=)

Ar(fc)
,(*)

W(*0| N(k)
E °JV(*0 ^ J

where we have used Kolmogorv's inequality for the backwards sub-

martingale (Sn '/n - P^)„>nw ; see for instance Chung [17, Theo¬

rem 9.4.1]. Using Lemma 4.21 we further conclude that
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sup (yk)\1/asnkA>o

= (m)'" (jvW)"i+*2£[w>-"<'"r*]
It follows that

lim sup P

k->oo n>N<-k'>

<

sup (\pW\1/aSnkA>0

=

21(e)
rpa—e

Assertion (4.25) now follows as T tends to infinity. Recall that

y(fc) = |^)|1/5M(fc) = |^|1/dM^, V/ sup \pW\1/aSn» ,

n>N(k)

where again we have used the abbreviation N^ = \T/\pSk)\ala]. We

have that

p[y(fc) >y]<P \W***%>y + P sup |p<fc>|1/aS<*>>0
n>NW

= Pl+P2,

say, which implies by (4.24) and (4.25) that

lim sup P[Y^ > y] < lim lim sup Pi + lim lim sup P2
ft-voo T-+oo k-too T-Hx> fc-too

P

ot

£r(l + an)

sup(-t + Za(t))
t>0

(4.26)
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On the other hand, {Y^ > y} D {\p^\llaM(k)w > y} and therefore

lu<fc>l1/aM(fc)
>vi" i Art*) yliminfP[y(fe) > y] > lim lim inf P

fc->oo T->oo k-too

= P

= £

sup(-t + ZQ(t)) >J/
t>0

(-«)"
..an

(4.27)

n% W1 + *»)

Combining (4.26) and (4.27) we obtain

lim P\YW >y]=Y
J~a)"

x
y5"

.

fc->oo
L yj

^T(l+an)y

n

Remark. In order to apply Kolmogorov's inequality a smaller exponent

than a is required because Xj £ "D^(a, 1) and thus £^[|Xi|a] = co,

whereas E[ |Xi|a_e ] < oo for 0 < e < a; see Proposition 2.28.

We now reformulate Theorem 4.19 in terms of queuing systems. Recall

that for a GI/G/1 queuing system we denote by Wn the actual waiting

time of customer n, by Un its service time and by Tn the interval between

the arrival of customer n and n + 1. Define Sn = Xi H 1- Xn, So = 0,

where X„ = Un — Tn. Furthermore, Mn = maxo<^<n Se- The following

theorem is a consequence of Theorem 4.19 if we set X^ = U^ — T^k\

Theorem 4.22 Consider GI/G/1 queuing systems indexed by k. For

the kth model suppose that the interarrival time T^ has distribution

A^ with mean a^ and that the service time U^ has distribution

fl(fc> with mean &<*>. Set X^ = U{k) - T^> and p^ = b^ - a(fc).

Assume that X^ DN(a, 1), 1 < a < 2, v = b^/a^ < 1 and

lim,fc->ooW(fe) = 1. 7/limsupfc. (|/,«|)
-(a-e)

E[\XW-pW\a-s] <

co for some 0 < £ < a/a, then the equilibrium waiting time Y"(fc) =

\^(k)]\/aw{k) satisfies

lim P
k—>oo

oo

\^)\l/aW^>y\=Y
71=0

(-«)"

r(l + dm)
V

where a = a - 1 and a = cos('r 2^) with K(a) = a - 2.
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As in Section 4.1 we may embed a classical risk process R with safety

loading 9 and claim size distribution F £ T>(a, 1), 1 < a < 2, in a

sequence R^ of risk processes converging to an a-stable Levy motion.

A classical risk process R corresponds to an initially empty M/G/l

queue with arrival intensity A and service time distribution F. The

saftey loading 0 and the traffic intensity v = E[U]/E[T] are related

through v = 1/(1 + 9). Moreover, *(x) = P[W > x], where W is

the actual waiting time in the steady state. For more details on risk

processes and the associated queues we refer to Asmussen [1, XIII. 1].
In the terminology of Theorem 4.22 it is suggested to use the following

approximation for the infinite-time ruin probability

*(x) = p[H1/V>|A|1/5,]^Ef^)^
= Ea(-ap9xa) = Vw(x) ,

(4-28)

say, where \p\ = \E[U — T]\ = p9 is assumed to be small.

For illustrative purposes we consider a classical risk process R as given
in (2.20). We assume that the claim size distribution is Pareto with

shape parameter 1 < a < 2 and v > 0, i.e.

F(x) = 1 - (u/x)a ,
x>v.

The mean p is given by va/a. From Proposition 2.31 it follows that F £

T)ji(a, 1). In order to estimate \&(x) we use the algorithms of Asmussen

and Binswanger [3]. In our simulations a £ {1.1,1.2,1.3,1.4,1.5,1.8}.
For the relative safety loading 9 we assume 0 = 5%. The estimate \1>as

for ^f(x) is based on N = 10000 simulations. The relative error e is

given by e = ($>w - ^ab)/^ab
The most striking impression of Tables 4.3 and 4.4 is certainly the ex¬

tremely good accuracy of the approximation for small values of a, say

a < 1.5, i.e. when the ruin probability is not too small. Contrary to

the Brownian diffusion approximation (a = 2) as treated for instance

in Schmidli [72], the non-Gaussian approximation even works well for

large values of x. In our case, the accuracy is still almost perfect. As a

approaches 2 the 'exact' ruin probabilities are underestimated for large
initial values of x. An explanation for this effect is that the tail decay
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of the Mittag-Leffler law tends to be of exponential order as a / 2,

whereas \P(x) always decays like a power function, even for shape pa¬

rameters a > 2, see Theorem 2.16. According to Theorem 4.19 the

approximation is rather sensitive with respect to \p\ = p0, see Tables

4.5 and 4.6 in comparison with Tables 4.3 and 4.4, where v = 0.6 is

replaced by v = 1, implying an increase of \p\. In Tables 4.5 and 4.6 we

observe the same feature as in the Brownian diffusion approximation,

namely an underestimation of the 'exact' ruin probabilities.

X a $AB(x) +1.96a/y/N E&(-ap0xa) £

5 1.1 (93.5 ±0.44)10-2 94.0 lO"2 0.50%

10 1.1 (93.4 ±0.43)10-2 93.6 lO"2 0.21%

20 1.1 (92.7 ±0.45)10-2 93.2 lO"2 0.52%

50 1.1 (91.6 ±0.47)10-2 92.5 lO"2 1.04%

100 1.1 (91.8 ±0.45)10-2 92.1 lO"2 0.28%

200 1.1 (91.4 ±0.46)10-2 91.5 lO"2 0 21%

1000 1.1 (89.5 ±0.50)10-2 90.2 lO"2 0.84%

5 1.2 (92.1 ±0.45)10-2 92.3 lO-2 0.13%

10 1.2 (90.9 ±0.48)10-2 91.2 lO"2 0.33%

20 1.2 (89.7 ±0.50)10-2 90.0 lO"2 0.32%

50 1.2 (87.9 ±0.53)10-2 88.2 lO"2 0.32%

100 1.2 (86.4 ±0.55)10-2 86.7 lO"2 0.35%

200 1.2 (84.5 ±0.58)10-2 85.0 lO"2 0.57%

1000 1.2 (80.1 ±0.63)10-2 80.4 lO"2 0.41%

5 1.3 (90.1 ±0.50)10-2 90.3 lO"2 0.18%

10 1.3 (88.4 ±0.53)10-2 88.3 lO"2 -0.11%

20 1.3 (85.8 ±0.57)10-2 85.9 lO"2 0.18%

50 1.3 (81.6 ±0.63)10-2 82.2 lO"2 0.74%

100 1.3 (79.2 ±0.65)10-2 78.9 lO"2 -0.36%

200 1.3 (74.9 ±0.69)10-2 75.1 lO"2 0.32%

1000 1.3 (64.4 ±0.75)10-2 64.8 lO"2 0.55%

Table 4.3: Comparison of the infinite-time rum probabilities of a clas¬

sical risk process (0 = 5%, Pareto distributed claims with v = 0.6 and

shape parameter a £ {1.1,1.2,1.3}) with the rum probabilities of the

corresponding weak approximation.
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X a Vab(x) ± 1.96a/y/N Ea(-ap0xa) £

5 1.4 (88.2 ±0.54)10-2 88.1 lO"2 -0.13%

10 1.4 (84.9 ±0.59)10-2 84.8 lO-2 -0.11%

20 1.4 (81.4 ±0.64)10-2 80.8 lO-2 -0.72%

50 1.4 (75.6 ±0.70)10-2 74.2 lO-2 -1.92%

100 1.4 (70.4 ±0.74)10-2 68.3 lO-2 -3.03%

200 1.4 (63.1 ±0.77)10-2 61.7 lO"2 -2.20%

1000 1.4 (46.5 ±0.75)10-2 44.8 lO"2 -3.62%

5 1.5 (85.7 ±0.59)10-2 85.8 lO"2 0.04%

10 1.5 (82.0 ±0.64)10-2 80.8 lO-2 -1.52%

20 1.5 (76.8 ±0.70)10-2 74.5 lO-2 -2.98%

50 1.5 (66.2 ±0.77)10-2 64.2 lO"2 -3.03%

100 1.5 (59.0 ±0.79)10-2 55.2 lO"2 -6.48%

200 1.5 (49.9 ±0.78)10-2 45.7 lO-2 -8.45%

1000 1.5 (28.5 ±0.65)10-2 25.4 lO"2 -10.80%

5 1.8 (80.2 ±0.69)10-2 78.4 lO"2 -2.20%

10 1.8 (71.2 ±0.78)10-2 66.1 lO-2 -7.23%

20 1.8 (59.8 ±0.83)10-2 49.9 lO-2 -16.59%

50 1.8 (40.5 ±0.80)10-2 27.0 lO"2 -33.33%

100 1.8 (26.2 ±0.69)10-2 13.9 lO"2 -46.78%

200 1.8 (14.9 ±0.50)10-2 6.70 lO"2 -54.95%

1000 1.8 (3.13 ±0.15)10-2 1.35 lO"2 -56.87%

Table 4.4: Comparison of the infinite-time ruin probabilities of a clas¬

sical risk process (ff = 5%, Pareto distributed claims with v = 0.6 and

shape parameter a £ {1.4,1.5,1.8}) with the ruin probabilities of the

corresponding weak approximation.
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X a WAB(x) ± 1.96a/y/N Ea(~ ap0xa) £

5 1.1 (94.1 ±0.42)10-2 90.4 lO"2 -3.91%

10 1.1 (93.3 ±0.44)10-2 89.8 lO"2 -3.81%

20 1.1 (93.1 ±0.44)10-2 89.1 lO"2 -4.25%

50 1.1 (92.6 ±0.44)10-2 88.2 lO"2 -4.77%

100 1.1 (92.5 ±0.44)10-2 87.4 lO"2 -5.50%

200 1.1 (91.7 ±0.45)10-2 86.7 lO"2 -5.47%

1000 1.1 (90.0 ±0.48)10-2 84.7 lO"2 -5.95%

5 1.2 (92.8 ±0.44)10-2 87.7 lO-2 -5.49%

10 1.2 (91.8 ±0.46)10-2 86.1 lO"2 -6.16%

20 1.2 (90.9 ±0.48)10-2 84.3 lO"2 -7.20%

50 1.2 (88.8 ±0.52)10-2 81.8 lO"2 -7.90%

100 1.2 (87.4 ±0.54)10-2 79.6 lO-2 -8.92%

200 1.2 (85.8 ±0.56)10-2 77.2 lO"2 -10.05%

1000 1.2 (81.4 ±0.62)10-2 71.0 lO"2 -12.76%

5 1.3 (91.1 ±0.48)10-2 84.7 lO"2 -7.02%

10 1.3 (89.8 ±0.50)10-2 81.8 lO"2 -9.00%

20 1.3 (88.0 ±0.53)10-2 78.4 lO"2 -10.92%

50 1.3 (84.3 ±0.59)10-2 73.2 lO"2 -13.12%

100 1.3 (81.1 ±0.63)10-2 68.9 lO"2 -15.11%

200 1.3 (78.0 ±0.67)10-2 64.1 lO"2 -17.78%

1000 1.3 (68.7 ±0.73)10-2 52.0 lO"2 -24.29%

Table 4.5: Comparison of the infinite-time ruin probabilities of a clas¬

sical risk process (0 = 5%, Pareto distributed claims with v = 1 and

shape parameter a £ {1.1,1.2,1.3}) with the ruin probabilities of the

corresponding weak approximation.
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X a WAB(x) ± 1.96a/\/N Ea(- ip0xa) e

5 1.4 (90.1 ±0.50)10-2 81.5 lO'2 -9.60%

10 1.4 (87.9 ±0.54)10-2 76.7 lO"2 -12.68%

20 1.4 (84.5 ±0.60)10-2 71.2 lO-2 -15.74%

50 1.4 (79.1 ±0.66)10-2 62.8 lO-2 -20.65%

100 1.4 (74.2 ±0.71)10-2 55.7 lO"2 -24.97%

200 1.4 (67.8 ±0.75)10-2 48.3 lO"2 -28.73%

1000 1.4 (51.9 ±0.77)10-2 31.9 lO"2 -38.56%

5 1.5 (88.3 ±0.54)10-2 78.0 lO"2 -11.65%

10 1.5 (85.2 ±0.60)10-2 71.1 lO"2 -16.59%

20 1.5 (80.0 ±0.67)10-2 62.9 lO"2 -21.39%

50 1.5 (72.3 ±0.74)10-2 50.7 lO"2 -29.90%

100 1.5 (64.7 ±0.78)10-2 41.2 lO"2 -36.40%

200 1.5 (56.7 ±0.80)10-2 32.2 lO"2 -43.36%

1000 1.5 (34.9 ±0.71)10-2 16.2 lO"2 -53.67%

5 1.8 (84.5 ±0.63)10-2 67.2 lO"2 -20.47%

10 1.8 (78.3 ±0.71)10-2 51.3 lO"2 -34.52%

20 1.8 (68.9 ±0.80)10-2 33.6 lO"2 -51.25%

50 1.8 (52.3 ±0.84)10-2 14.7 lO"2 -71.78%

100 1.8 (36.5 ±0.78)10-2 7.09 lO"2 -80.59%

200 1.8 (22.7 ±0.64)10-2 3.53 lO"2 -84.44%

1000 1.8 (5.30 ±0.23)10-2 0.75 lO"2 -85.83%

Table 4.6: Comparison of the infinite-time ruin probabilities of a clas¬

sical risk process (0 = 5%, Pareto distributed claims with v = 1 and

shape parameter a £ {1.4,1.5,1.8}) with the ruin probabilities of the

corresponding weak approximation.
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Chapter 5

Conclusions

Stable distributions and stable processes are increasingly important in

probability theory. In recent years there has been a considerable ex¬

pansion of practical problems in which stable distributions appear in a

natural way, for instance in the fields of engineering, physics, astronomy,

economics and, more recently, in insurance and mathematical finance.

The reasons why stable laws have become more and more popular in

stochastic modelling are twofold. On the one hand, stable laws differ

from the Gaussian one significantly. Stable distributions are leptokurtic;
i.e. compared to the normal distribution they are typically heavy-tailed
and more peaked around the center, a phenomenon which is commonly
observed for asset return data. For the tail decay of a stable random

variable X ~ Sa(a,(3,m) with a < 2 we have P[X > x] ~ kx~a,

x —r oo. Consequently, no moments of order less than a exist. Also, the

family of stable laws is reasonably flexible, since parameters regulat¬

ing location, scale and especially skewness are available. On the other

hand, stable laws and processes do still provide points of comparison

with the Gaussian case, here we refer to the central limit theorem and

the scaling-property.

Our aim in Chapter 3 was to consider a classical risk process endowed

with an additional (heavy-tailed) source of randomness. For this reason
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we add an a-stable Levy motion to a classical risk process. We assume

that the index of stability satisfies 1 < a < 2, because most applica¬

tions of stable laws to empirical distributions have so far been concerned

with this case. Contrary to Brownian motion, the sample paths of non-

Gaussian stable motions have discontinuities. The direction of a jump

is governed by the skewness parameter (3. We choose (3 = — 1 corre¬

sponding to the case where the Levy measure II attributes no mass to

the positive half axis. This implies that the perturbation component

only admits downward jumps which we interpret as certain extra ran¬

dom payments either involving the income side or the claim payment

side. From an analytical point of view, both restrictions 1 < a < 2 and

(3 = — 1 ensure that a perturbed classical risk process belongs to the

class of spectrally negative Levy processes with finite mean function.

Wiener-Hopf techniques are applicable to solve for the distribution of

the infimum or equivalently, in the language of actuaries, for the ruin

probability within infinite time. The resulting formula (3.17) is quite

explicit and generalizes a result of Dufresne and Gerber [21]. As a

by-product we obtain an explicit formula for the probability that an

a-stable Levy motion Za (1 < a <2, (3 = — 1) with positive linear drift

ever attains a level —x, x > 0.

One can think of various generalizations of the perturbed classical risk

model. The number of claims may be modelled by a more general

point process than a Poisson process, e.g. a renewal process or a Cox

process. Economic factors such as interest and inflation for example

lead to a non-linear premium income. We may also drop the restriction

/3 = — 1 on the skewness parameter of the stable component. The ran¬

dom "noise" around the underlying risk process may then have jumps

in both directions. All these extensions share the property that the

perturbed risk process does no longer belong to the class of spectrally

negative Levy processes. As a consequence, Wiener-Hopf methods can

not be applied any longer to evaluate the distribution of the infimum

and so each of these extensions deserves further investigation. We do

not believe that an explicit formula for the distribution of the infimum

exists in these cases. As a partial solution one may try to establish in¬

equalities or asymptotic estimates for the ruin probability, presumably
via semi-martingale techniques.
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The key step in Chapter 4 is the central limit type argument. The

distribution of the sum of many small random effects which follow a

heavy-tailed distribution can be approximated by a stable law. This

allows us to construct a sequence R^ of risk processes with heavy-
tailed claim size distribution which converges to a limiting process Q.
The process Q is a-stable Levy motion with positive linear drift. If

the risk process R^ is approximated by a limiting process Q then,

under some regularity conditions, the ruin probabilities for R^ should

also approximate the ruin probabilities for the limiting process Q. This

"continuity" argument was developed in Section 4.1 for the finite time

case and in Section 4.2 for an infinite time horizon. For Brownian

motion with linear drift there is an explicit formula for the distribution

of the infimum over a finite time interval, see for instance Asmussen [1,

XII.3]. However, to our knowledge there is no analogous formula for

the non-Gaussian stable case. Asmussen and Kliippelberg [4] consider

a classical risk process with regularly varying claim size distribution

F £ RV-a, a > 1, and obtain the following result:

1.m^x1xi)=i_ (1_ ^ & = a-l,
x—>oo W(Xj

which suggests that the study of ruin probabilities within infinite time

is also relevant for the finite time case when x is large. We conjecture

that a similar result also holds for the hitting time probabilities of any

spectrally negative Levy process with regularly varying Levy measure,

e.g. an a-stable Levy motion with linear drift. In studying the numer¬

ical computations in Sections 4.1 and 4.2 we see that stable processes

work reasonably well in the context of ruin type approximations when

a is small. When 1.5 < a < 2, the convergence of convolutions to their

limiting stable distribution is rather slow, explaining the moderate ac¬

curacy of the ruin probability approximations in these cases.

Our interest in this work mainly fbcussed on probabilistic models in or¬

der to describe the dynamics of a stochastic process which incorporates

heavy-tailed jumps. In doing so we neglected the statistical aspects. An

insurer for instance who wants to adapt the model described in Chap¬
ter 3 for his insurance business is inevitably faced with statistical fitting

problems. It would be interesting to see how well real data fit the model
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in Chapter 3. We hope that this work will stimulate further research in

any of the possible directions mentioned above.
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