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Abstract

The field of automatic control has seen tremendous advances in the
past years, driven by the increasing availability of capable computers
for small and embedded systems with tight constraints on cost, energy
and size. Sophisticated nonlinear filters such as the Extended Kalman
Filter can be run even on average embedded hardware, and complex
optimizing control schemes such as Model Predictive Control can be
precomputed and thus executed on tiny systems in real time. Despite the
availability of promising new theories and algorithms, the practitioner
often finds it hard to apply these methods to the problems at hand.
One of the problems lies in the fact that the theoretical frameworks
are relatively involved, rendering the adaptation of many theoretical
algorithms to practical problems difficult.

Many estimation and control algorithms employ a dynamical model of
the system under consideration. Augmented models are a promising
tools for extending such algorithms to fit practical problems. Augment-
ing a model thereby describes the act of appending additional dynamics
to an already existing model of the system. These augmented dynamics
may for instance represent disturbances acting on the system, or they
may be used to model varying parameters of the dynamic equations of
the system. The advantage of augmented models is that they do not
conceptually change the underlying algorithm, thus retaining most or
all of its properties.

This thesis strives to give an overview of the uses of augmented mod-
els in estimation and control, and to provide several methods which
facilitate the adaptation of existing algorithms to practical problems. In
the first part, preliminaries necessary to understand the text are estab-
lished. In the second part, two case studies are presented demonstrating
the usefulness of augmented models in estimation. The first study is
concerned with attitude detection of vehicles with low-cost sensors. A



sensor box is fitted to the vehicle comprising a GPS receiver and an
accelerometer. The orientation of the box with respect to the vehicle is
unknown and has thus to be inferred from the measurements. The lack
of gyros (turn rate sensors) further complicates the task. An Extended
Kalman Filter (EKF) is employed, where the equations of motion of
the vehicle are augmented by the installation angles. This approach
is shown to reliably produce correct estimates both in simulation and
experimental trials.

A second case study revolves around a collision avoidance system for
light aircraft. The system uses GPS measurements to continuously
compute a prediction of the aircraft trajectory, which is then transmitted
by means of a digital radio link. For the system to work correctly, the
prediction needs to be accurate. The current implementation does not
account for wind, thus showing significant prediction error when strong
wind disturbances are encountered. We show that by employing a
dynamical model of the aircraft, augmented by a wind model and then
using an Interacting Multiple Models (IMM) filter, a high prediction
accuracy can be attained also in windy conditions. The method has been
validated experimentally by using a large database of flight records of
gliders.

The third part is dedicated to reference tracking with Model Predic-
tive Control. In many practical control applications, a design goal is
to remove tracking offset in presence of persistent disturbances and
model mismatch. Classical control methods such as PID achieve this
by explicitly adding integral action on the tracking error, which auto-
matically eliminates offset in the steady-state. In the MPC framework,
this approach does not provide an adequate solution since windup
issues may arise when constraints on the input or the state vector are
present. We tackle the problem by employing model augmentation,
where a disturbance model captures the effects of model mismatch and
disturbances. An observer is used to estimate the disturbance, a target
state is computed from the disturbance estimate and the reference, and
the MPC formulation is extended to penalize the deviation from this
target state. We first treat the case where the system state is measurable
and no model mismatch is present, termed the nominal case. This case
is motivated by an inverted pendulum benchmark problem. We move
on by considering offset-free control with linear models and constant
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reference signals. The method is then extended to signals generated by
arbitrary unstable linear dynamics, such as ramps or sinusoids. Finally,
we extend the concept to nonlinear models, yielding the most general
form of conditions for offset-free control. For all these cases, we present
concise and sufficient conditions for zero offset.
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Zusammenfassung

Die Regelungstechnik hat in den vergangenen Jahren enorme Fort-
schritte erlebt, getrieben durch Miniaturisierung und Leistungssteige-
rung von Computern und Mikrochips. Kleine und effiziente Computer-
systeme erlauben die Anwendung von komplexen Algorithmen selbst
auf Geräten mit starken Einschränkungen bezüglich Preis, Stromver-
brauch und Grösse. Komplexe Modellbasierte Regelalgorithmen (Model
Predictive Controllers, MPC) können im vorberechnet werden und lau-
fen daher auf kleinsten Mikrokontrollern in Echtzeit. Trotz des riesigen
Repertoires an hochentwickelten Algorithmen ist es für den Praktiker
aber teilweise schwierig, diese Methoden auf konkrete Probleme anzu-
wenden. Ein Grund dafür ist die hohe Komplexität der Theorie hinter
diesen Methoden, wodurch eine Anpassung auf praktische Anwendun-
gen schwierig und zeitaufwändig sein kann.

Viele Schätz- und Regelalgorithmen verwenden ein dynamisches Mo-
dell des zugrundeliegenden Prozesses. Erweiterte Modelle (augmented
models) sind ein vielversprechendes Werkzeug, um solche Methoden
einfach und direkt auf praktische Probleme anzuwenden. In diesem
Zusammenhang verstehen wir unter der Erweiterung des Modells das
Hinzufügen von Dynamiken zu einem existierenden Modell. Diese zu-
sätzlichen Dynamiken können z.B. Störungen darstellen, welche auf das
System wirken, oder sie modellieren veränderliche Modellparameter.
Der grosse Vorteil erweiterter Modelle besteht darin, dass sie die Ei-
genschaften der angewandten Algorithmen nicht oder nicht wesentlich
verändern.

Ziel dieser Arbeit ist es, einen Überblick über die verschiedenen Anwen-
dungsgebiete von erweiterten Modellen zu geben. Es werden diverse
Methoden entwickelt, die eine Anwendung von Schätz- und Regelal-
gorithmen auf praktische Problemstellungen erleichtern. Im ersten Teil
werden einige mathematische Konzepte eingeführt, welche für das Ver-
ständnis des Textes nötig sind. Der zweite Teil beinhaltet zwei Studien



im Bereich der Schätzung. In der ersten Studie wird die Schätzung
der Lage im Raum eines Radfahrzeugs mittels einfacher Sensorik un-
tersucht. Eine Sensoreinheit, welche einen GPS-Empfänger sowie ein
Accelerometer beinhaltet, wird auf dem Fahrzeug installiert. Die Lage
der Einheit relativ zum Fahrzeug ist unbekannt und muss aufgrund
der Messungen ermittelt werden. Da keine Drehratensensoren (Gyros)
zur Verfügung stehen, kann keine volle Trägheitsnavigation verwendet
werden. Es wird ein Extended Kalman Filter (EKF) angewandt, bei dem
die dynamischen Systemgleichungen des Fahrzeugs mit dem Installa-
tionswinkel der Einheit erweitert werden. Der Ansatz wurde anhand
realer und simulierter Daten getestet; er erkennt zuverlässig sowohl die
Installationswinkel als auch die Lage des Fahrzeugs.

Die zweite Fallstudie ist motiviert durch ein Kollisionswarn- und Ver-
kehrsanzeigegerät für kleine Flugzeuge. Das Gerät nutzt einen GPS-
Empfänger, um kontinuierlich die eigene Position zu ermitteln und eine
Vorhersage über die zukünftige Bewegung zu treffen. Die Vorhersage
wird anschliessend über ein Funkmodul an andere Flugzeuge in der
Nähe übermittelt, welche aufgrund ihrer eigenen Position eine allfällige
Kollisionsgefahr Gefahr erkennen und anzeigen können. Damit das
System zuverlässig funktioniert, muss die Vorhersage möglichst prä-
zise sein. Die bisher implementierte Methode berücksichtigt den Wind
nicht, was zu grossen Fehlern führen kann. In der Studie wird deshalb
ein Verfahren basierend auf Interacting Multiple Models (IMM) Filtern
vorgeschlagen, bei welcher das dynamische Modell des Flugzeugs mit
einem Windmodell erweitert wird. Die Methode wurde anhand simu-
lierter und realer Daten validiert. Für letzteres stand eine Datenbank
von ca. 600 Flugaufzeichnungen zur Verfügung.

Der dritte Teil behandelt das Problem der Folgeregelung mit MPC. In
vielen praktischen Anwendungen der Regelungstechnik ist es ein Ziel,
einem gegebenen Sollwert zu folgen und den Regelfehler asymptotisch
zu eliminieren. Klassische Methoden wie der PID-Regler erreichen dies,
indem der Regelfehler integriert wird und das Resultat im Regler ver-
wendet wird (I-Anteil). Diese Lösung ist für MPC nicht befriedigend,
da sie zu Windup-Effekten führen kann, wenn Beschränkungen der
Eingangsgrösse oder des Zustandsraums vorhanden sind. Diese Arbeit
verfolgt den Ansatz, Zustandsbeobachter mit MPC zu kombinieren. Es
wird gezeigt, wie durch Erweiterung des dynamischen Modells der
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Regelstrecke mit Störgrössen eine Eliminierung des bleibenden Regel-
fehlers erreicht werden kann. Der Ansatz wird für verschiedene Klassen
von Systemen und Signalen diskutiert. Als erstes wird der nominale
Fall besprochen, bei dem Störungen messbar oder eindeutig bestimmbar
sind und das Modell exakt ist. Die verwendeten Modelle sind linear
und der Sollwert konstant. Die Methode wird dann ausgeweitet auf
nicht messbaren Störungen sowie Modellfehler. Als nächstes werden
allgemeinere Signalformen für Sollwert und Störungen betrachtet, wie
Sinuskurven oder Rampen. Zuletzt wird die Methode erweitert auf
nichtlineare Modelle. Die gefundenen Bedingungen sind allgemein
und erlauben daher das fundamentalste Verständnis des Problems der
Folgeregelung mit MPC.
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Notation

The following notation is used throughout this thesis. Scalars are de-
noted by lower case letters (a, b), vectors in bold lower case letters (x,
u), matrices in upper case letters (A, B), and sets in calligraphic letters
(X , U ).

Symbols

· general placeholder
. . . ...and so forth
:= left-hand side is defined by the right-hand side
| or : such that
∈ belongs to
∀ for all
∃ there exists
{·, ·, . . .} a sequence
⇒ implies
⇐ is implied by
⇔ equivalence, “if and only if”’
∅ the empty set
C the set of complex numbers
Cn space of n-dimensional vectors with complex entries
Cm×n space of matrices with complex entries, m rows and n

columns
R the set of real numbers
R+ the set of positive real numbers
Rn space of n-dimensional vectors with real entries
Rm×n space of matrices with real entries, m rows and n

columns
Z the set of integers



N the set of nonnegative integers
N+ the set of positive integers
⊂ strict subset of
⊆ subset of
∩ intersection
∪ union
× product set, X ×Y = {(x, y) | x ∈ X , y ∈ Y}
AT the transpose of matrix A
A−1 the inverse of matrix A
A(�) � 0 A is positive (semi) definite matrix
A(�) ≺ 0 A is negative (semi) definite matrix
I identity matrix
0 matrix with zero entries
λi(A) i-th eigenvalue of matrix A
σ(A) spectrum of matrix A, σ(A) = {λ1(A), . . . , λn(A)}

∂
∂x f (x̄, ȳ) Jacobian matrix of function f (x,y) with respect to x

evaluated at x = x̄, y = ȳ
N (A) null space of matrix A, N (A) = {x | Ax = 0}
R(A) column space of matrix A, R(A) = {y | ∃x, Ax = y}
xi i-th element of vector x
|a| absolute value of scalar a
‖x‖ norm of vector x
‖x‖p p-norm of vector x
x(t) vector signal at time t, for continuous-time systems
x̂(t + T|t) predicted value of x at t + T given measurements up

to t
ẋ time derivate of vector x at time t, ẋ := d

dtx(t)
x(k) system state at time k, for discrete-time systems
x+ successor state at time k, x+ := x(k + 1)
{x(k)}∞

k=0 a discrete-time vector valued signal
nx dimension of state vector of a system
nu dimension of input vector
ny dimension of output vector (measurements)
nr dimension of vector of reference signal
nd dimension of disturbance vector
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Acronyms

ARE Algebraic Riccati Equation
DARE Discrete-time Algebraic Riccati Equation
EKF Extended Kalman Filter
IMM Interacting Multiple Models Filter
KF Kalman Filter
LP Linear Program
LQR Linear Quadratic Regulator
MPC Model Predictive Control
ODE Ordinary Differential Equation
PWA Piecewise Affine
QP Quadratic Program
RHC Receding Horizon Control
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1 Introduction

The main focus of this thesis lies on augmented dynamical models
and their application to model-based estimation and control algorithms.
Specifically, we consider methods based on linear and nonlinear dy-
namical state-space models. We broadly define the process of model
augmentation as appending additional dynamics to the existing model
of the system under consideration, thus increasing the dimension of the
state vector. In the following, we intend to briefly motivate why aug-
mented models are a potent tool in for many practical applications.

Model based estimation algorithms such as the Kalman filter and its vari-
ous derivatives often assume that disturbances are noisy with zero mean
(see e.g. [BSLK01a, AM93]). However, this assumption does not hold
for many practical applications. Consider for instance a GPS receiver.
The measurement errors consist only partly of measurement noise; usu-
ally the influence of atmospheric distortion, errors in the ephemeris
and multipath effects are larger [WBF+

04]. These error sources do not
usually have zero mean; they are non-stationary and subject to spatial
correlation: The atmospheric condition varies only slowly, errors in
ephemeris are constant until the ephemeris data is updated and retrans-
mitted by the satellites, and multipath effects depend on the position
of the receiver. Augmented models provide a simple method to adjust
the disturbance model without altering the filtering framework. The
noise is assumed to act on the augmented states, which in turn act on
the original model states. This technique is frequently referred to as
noise coloring.

Augmented models can also be employed for online estimation of system
parameters. The parameters define the dynamics of the system; they
are assumed to be unknown or varying. Since the parameters usually
enter the system dynamics nonlinearly, nonlinear estimation schemes
such as the Extended Kalman Filter or the Unscented Kalman Filter are



2 1 Introduction

applied. As an example, consider the estimation of tire/road friction
coefficients for vehicles [Ray97, Gus97]. Clearly, this parameter is hard
to measure exactly and varies with the road condition (water, ice) as
well as the condition of the tires. However, it can be inferred from the
behavior of the vehicle, e.g. by comparing the slip angle of a tire with
the perpendicular force it exerts on the vehicle.

In the domain of automatic control, augmented models have shown to be
useful for solving reference tracking and disturbance rejection problems.
With the advent of state space methods in the 1960’s (e.g. [Kal60a]),
various authors have proposed the use of augmented models [Dav72,
FW76, Won73, WP74, FSW74, Joh68, Joh70], leading to the fundamental
result of the Internal Model Principle. These approaches employ a
specific block (called servo compensator) into which the tracking error is
fed. The servocompensator contains an explicit dynamical model of the
reference signal and the expected disturbances. The output of the servo
compensator is then passed on to the controller. In the simplest case, the
reference and disturbance dynamics are constant and the compensator
thus contains a set of integrators. This strategy is comparable to the
integration of the tracking error in PID. Such schemes naturally achieve
zero offset in the steady state, in presence of persistent disturbances and
model mismatch.

The increasing availability of inexpensive and capable computers for
embedded systems has lead to the development of Model Predictive
Control (MPC) in the 1980’s [RRTP78, ZM88, GPM89]. In MPC, the
control action is obtained by solving online at every time step a feed-
forward optimization problem minimizing a given cost function, taking
the current state of the system as the initial condition. MPC explicitly
accounts for constraints on the input and the state, which renders it
a particularly attractive control scheme for many industrial applica-
tions [QB03]. However, the classical approaches to offset-free tracking
developed for unconstrained methods cannot be easily applied to MPC,
as they lead to windup issues when constraints are present. The ap-
proaches [MB02, QB03, PR03, PK03] suggest the augmentation of the
system model combined with an observer to produce disturbance es-
timates. Offset-free control is achieved nontrivially by choosing the
appropriate disturbance model. However, the proofs given in these
papers are overly complex and thus provide little conceptual insight as
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to how offset-free control works.

1.1 Outline and Contribution

The individual chapters of this thesis are written such that they can
be read independently. Part I introduces some of the concepts and
algorithms frequently occurent throughout the text. Particularly, we
introduce the fundamentals of system theory as applicable to the text,
the Extended Kalman Filter (EKF) as the predominant tool used in
Part II, and various methods related to MPC as required by Part III.

In Part II, we present two practical case studies, where estimation with
augmented models plays a key role. In Chapter 4, the problem of infer-
ring the attitude of a vehicle from GPS and accelerometer measurements
is discussed. The lack of turn rate sensors and the unknown installation
angles of the sensor device render this a challenging application. We
develop a simple dynamical model of the vehicle, augmented by param-
eters representing the unknown installation angles and the attitude. We
show that by employing an Extended Kalman Filter, both the parameters
and the attitude can be recovered from the given measurements. We
demonstrate the approach to work reliably in simulated and practical
experiments.

A related application is discussed in Chapter 5. The goal is to produce
accurate short-term predictions of the trajectory of light aircraft for
further use in a collision avoidance system. The main difficulties lie in
the local wind field being significant compared to the airspeed of the
airplane, and the high maneuverability of such planes. We show that by
augmenting the airplane model with wind disturbances, the accuracy of
the predictions obtained is significantly improved compared to previous
implementations. The method has been validated on a large scale by
applying it to a database of roughly 600 recorded flights.

Part III is dedicated to reference tracking with MPC. In Chapter 6, the
nominal case is studied where the state is measurable and there is no
model mismatch. We show how existing set based methods for control
and analysis can be efficiently extended to systems where constraints
are imposed only on part of the state space, as is often the case in
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reference tracking applications. The methods are applied to the inverted
pendulum example proposed in [TG07].

The remainder of the text covers the case when model mismatch is
present and the measurements are incomplete (e.g. only subset of the
state vector is measurable). We consider various classes of disturbance
and reference dynamics (constant, ramps, sinusoids) as well as linear
and nonlinear models. The contribution of Chapter 7 is twofold. First,
we restate the conditions in [MB02, PK03] and provide compact and
intuitive proofs for offset-free control. Second, we propose an algorithm
with which the disturbance model with minimum complexity according
to the Internal Model Principle can be chosen. This result is particularly
useful in the field of explicit MPC, where the computational complexity
grows quickly with the number of state variables.

In Chapter 8, we discuss the case when the disturbance and reference
signals are generated by arbitrary unstable linear dynamics, including
for instance sinusoids and ramps. We show that this case can be tackled
by extending above concepts to a broader class of augmented models.
This work closes the gap to the classical unconstrained methods in
[Joh70, DS71, Dav76, PSS74].

We finally look at the case where the system model is nonlinear. A
set of conditions are given for which nonlinear MPC yields zero offset.
The conditions are more general in nature than in the previous works,
thus providing a more fundamental understanding of the problem of
offset-free tracking.

1.2 Publications

Most of the material presented in this text has been published in sci-
entific journals and conferences or is currently under peer review for
subsequent publication. In the following we present a list of the publi-
cations upon which this text is based. Some of these publications have
been developed in collaboration with colleagues, as indicated below.

Chapter 4 is based on:
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[MMeda] U. Maeder and M. Morari. Attitude estimation for
vehicles with partial inertial measurements. IEEE
Transaction on Vehicular Technology, submitted.

Chapter 5 is based on a collaborative effort with Thomas Baumgartner,
published in:

[MBMed] U. Maeder, T. Baumgartner, and M. Morari. Trajectory
prediction for light aircraft. Journal of Guidance, Control,
and Dynamics, submitted.

Parts of [MBMed] have also been published in the conference paper
[BM09].

Chapter 6 is based on parts of:

[MCM07] U. Maeder, R. Cagienard, and M. Morari. Explicit
Model Predictive Control. Lecture Notes in Control
and Information Sciences (LNCIS), 346, Advanced Strate-
gies in Control Systems with Input and Output Con-
straints:237 – 271, July 2007.

Chapter 7 is based on a collaborative work with Francesco Borrelli,
which has been published in:

[MBM09] U. Maeder, F. Borrelli, and M. Morari. Linear offset-
free model predictive control. Automatica, 45(10):2214-
2222, 2009.

Some of the material in [MBM09] has been published before in confer-
ence form in [MM08] and [BM08].

Chapter 8 is based entirely on:

[MM10] U. Maeder and M. Morari Offset-free reference
tracking with model predictive control. Automatica,
46(9):1469-1476, 2010.
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Finally, Chapter 9 is based on

[MMedb] U. Maeder and M. Morari. Nonlinear offset-free
model predictive control. Automatica, submitted.



Part I

Background





2 Dynamical Systems

Dynamical systems and models are at the core of the methods presented
in this text. This chapter briefly reviews some fundamental concept
from systems theory necessary for understanding this text. It does not
intend to be a complete treatise of the topic, the interested reader is
instead directed to [Kai80, CD94, Son90, Kha96].

2.1 System Formulation

We consider time-invariant dynamical systems of the form

d
dt
x(t) = f (x(t),u(t)), (2.1a)

where x(t) ∈ Rnx is termed the state vector of the system, u ∈ Rnu

the input, and t ∈ R+ the time. In the feedback control context, u(t)
is the forcing element with which the system can be controlled, thus
also termed the control variable (e.g. the input voltage in a servo drive).
Define by

y(t) = h(x(t), u(t)) (2.1b)

the vector of measurements, with y ∈ Rny . We introduce a shorthand
notation for (2.1) by writing

ẋ = f (x,u), (2.2)

y = h(x,u), (2.3)

where ẋ denotes the time derivative of x(t).

In most practical filtering and control applications, algorithms are im-
plemented on digital computers. Continuous-time models such as (2.1)
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are not a good representation in this case, as any numerical algorithm
takes a finite amount of time to complete. Moreover, real sensors usually
provide measurement periodically, with a fixed duration in between
two samples, termed sampling time. In such cases, we employ a discrete-
time model, where measurements and control actions occur at discrete
instants in time. Discrete-time systems are described by

x(k + 1) = f (x(k),u(k)), (2.4a)

y(k) = h(x(k),u(k)), (2.4b)

with k ∈ N. Note that we abuse the notation here by re-using the
same symbols than for the continuous-time case. The time index k is
introduced to discriminate from the continuous-time case, with t = kT
and T being the sampling time. Often, (2.4) is a representation of (2.1) in
discrete-time, obtained by analytical or approximate methods. Similar to
the continuous-time case, we introduce a shorthand notation by writing
(2.4) as

x+ = f (x,u), (2.5a)

y = h(x,u), (2.5b)

where x+ denotes the successor state to x. The remainder of this text
will cover mostly discrete-time systems or discrete-time representations
of continuous-time systems.

2.1.1 Stability

How to determine mathematically whether a given dynamical system is
stable has been among the first and most important research questions
in automatic control [Max67]. For the general, nonlinear case we employ
the definition in [Kha96]. Consider the autonomous system

x+ = f (x) (2.6)

with f : Rnx → Rnx . Suppose x̄ is an equilibrium point of (2.6), that is
x̄ = f (x̄).

Definition 2.1 The equilibrium point x̄ of (2.6) is
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• (Lyapunov) stable, if for each ε > 0 and each x(0) ∈ Rnx there
exists δ = δ(ε) > 0 such that

‖x(0)− x̄‖ < δ =⇒ ‖x(k)− x̄‖ < ε, k = 0, 1, . . . .

• asymptotically stable (convergent), if it is stable and δ can be
chosen such that

‖x(0)− x̄‖ < δ =⇒ lim
k→∞
‖x(k)− x̄‖ = 0,

• exponentially stable, if it is asymptotically stable and there exist
α > 0, γ ∈]0, 1[ and δ > 0 such that

‖x(0)− x̄‖ < δ =⇒ ‖x(k)− x̄‖ ≤ α‖x(0)− x̄‖γk, k = 0, 1, . . . ,

• unstable if it is not stable �

2.2 Linear Systems

The contents of this section are largely based on [Kai80, CD94]. If the
functions f (·, ·), g(·, ·) are linear in the state x(k) and the input u(k),
then the system (2.4) is termed linear. We only consider time-invariant
linear (LTI) systems of the form

x(k + 1) = Ax(k) + Bu(k), (2.7a)

y(k) = Cx(k) + Du(k), (2.7b)

where A ∈ Rnx×nx , B ∈ Rnx×nu , C ∈ Rny×nx , D ∈ Rny×nu are matrices.
Despite the relative simple form, linear systems play an important role
both in estimation and control theory. They have been subject to research
for almost 150 years [Max67]; the theory covering LTI systems can be
considered mature and tools and algorithms are abundantly available.
Furthermore, (2.4) can often be linearized around an operating point
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or a trajectory, such that tools for LTI systems can also be applied to
nonlinear plants, thus greatly enhancing their usability in practice.

In the following, we will briefly repeat some of the fundamental proper-
ties of LTI systems.

2.2.1 Stability of Linear Systems

For linear systems, we provide two important theorems regarding sta-
bility. Consider the autonomous LTI system

x+ = Ax (2.8)

Let λi(A) denote the i-th distinct eigenvalue of A with i ∈ {1, . . . , p}
and p ≤ nx.

Theorem 2.1 The system (2.8) is asymptotically (and exponentially) stable if
and only if

|λi(A)| < 1, i = 1, . . . , p. �

We will also say the matrix A is stable if it is clear we refer to a discrete-
time system. Equivalently, stability can be defined by applying the
Lyapunov criterion.

Theorem 2.2 The system (2.8) is asymptotically (and exponentially stable if
and only if for any given positive-definite symmetric matrix Q ∈ Rnx×nx there
exists a symmetric P ∈ Rnx×nx such that the following holds

Q = P− AT PA, (2.9a)

P � 0. (2.9b)
�

2.2.2 Controllability and Observability

Controllability and observability of linear systems are dual aspects of
the same question. Controllability describes the ability to force the state
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of a system to a specific point irrespective of the initial state. More
specifically, we consider an initial state x0 and determine if it can be
steered to an arbitrary state x1 within a given time.

Definition 2.2 The system (2.7) is controllable, if and only if for all
x0,x1 ∈ Rnx there exists an input sequence U = {u(0), . . . ,u(nx − 1)}
which steers the system from initial state x(0) := x0 to the state x1. �

Note that only nx time steps have to be considered by the Cayley-
Hamilton theorem. Since controllability involves only the system dy-
namics and the input matrix, we also say the pair (A, B) is control-
lable.

Theorem 2.3 The pair (A, B) is controllable if and only if the matrix

C = [ B AB A2B . . . Anx−1B ] (2.10)

has full row rank, i.e. rank(C) = nx. �

Alternatively, the Popov-Belevitch-Hautus (PBH) test establishes con-
trollability in a different way.

Theorem 2.4 The pair (A, B) is controllable if and only if

rank
[
A− λI B

]
= nx, ∀λ ∈ C. (2.11)

�

It should be noted that A− λI loses rank only if λ is an eigenvalue of A,
hence the condition has to be checked only for the eigenvalues of A.

Observability is roughly defined as the ability to infer the initial state of
the system purely from the measurements. As with controllability, only
nx measurements need to be considered due to the Cayley-Hamilton
theorem.

Definition 2.3 The system (2.7) is observable, if and only if for all
x(0) := x0 and any input sequence U = {u(0), . . . ,u(nx − 1)}, the
initial state x(0) can be inferred from the sequence of measurements
Y = {y(0), . . . ,y(nx − 1)}. �

Observability of linear systems depends only on the matrices C and A,
hence we also say the pair (C, A) is observable.
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Theorem 2.5 The pair (C, A) is observable if and only if the matrix

O =


C

CA
...

CAnx−1

 (2.12)

has full column rank, i.e. rank(O) = nx. �

The PBH test can analogously be applied to observability.

Theorem 2.6 The pair (C, A) is observable if and only if

rank
[

A− λI
C

]
= nx, ∀λ ∈ C. (2.13)

�

Again, only eigenvalues of A have to be considered. Theorems 2.4, 2.6
provide the important advantage that controllability and observability
can be analysed for certain eigenvalues only. Particularly, if only unsta-
ble eigenvalues |λi| ≥ 1 are considered, we say the system is stabilizable
or detectable, respectively.

Of further interest are subspaces of the state space implied by above
concepts. Specifically,

Xc = R(C) (2.14)

denotes the controllable subspace of (A, B), whereas

Xu = N (O) (2.15)

denotes the unobservable subspace of (C, A). Both Xc and Xu are A-
invariant, e.g. x ∈ Xc ⇒ Ax ∈ Xc and x ∈ Xu ⇒ Ax ∈ Xu. This gives
rise to two decompositions of the system (2.7).

Theorem 2.7 Consider the LTI system (2.7). There exists a non-singular state
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transformation x̃ = T̃x such that

x̃+ =

[
Ã11 Ã12

0 Ã22

]
x+

[
B̃1
0

]
u, (2.16a)

y = [ C̃1 C̃2 ]x̃. (2.16b)
�

Let x̃ = [ x̃T
c x̃T

u ]T . Then x̃c spans the controllable subspace of the
transformed system.

Theorem 2.8 Consider the LTI system (2.7). There exists a non-singular state
transformation x̂ = T̂x such that

x̂+ =

[
Â11 Â12

0 Â22

]
x+

[
B̂1
B̂2

]
u, (2.17a)

y = [ 0 Ĉ2 ]x̂. (2.17b)
�

Similarly, let x̂ = [ x̂T
u x̂T

o ]T . Then x̂T
u spans the unobservable subspace

of the transformed system.

2.2.3 Modes

Modes are a fundamental property of linear systems which describe
characteristic patterns in the evolution of the state over time. Modes are
tightly coupled to the eigenvalues and eigenvectors of the A matrix.

Theorem 2.9 Consider the matrix A ∈ Rn×n. There exists a nonsingular
transformation T ∈ Cn×n such that

Ã = T−1 AT

Ã1
. . .

Ãm

 (2.18)
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where

Ãi =


λi 1

λi
. . .
. . . 1

λi

 , i = 1, . . . , m, (2.19)

where m ≤ n, λi ∈ C and Ãi ∈ Cpi×pi . �

Equation (2.18) is termed the jordan decomposition of A, the matrix Ãi ∈
Rpi×pi the ith jordan block of A. The eigenvalues λi, i = 1, . . . , m are
not necessarily distinct. Specifically, the geometric multiplicity of an
eigenvalue λi is given by the dimension of N (A− λi I) and defines how
many blocks with λi on the diagonal appear in (2.18). The algebraic
multiplicity of λi is given by the sum of all sizes of the jordan blocks
associated to λi.

The jordan decomposition is connected to the jordan chains of A. Let

(I − λi A)vi,r = vi,r−1, r = 1, . . . , pi (2.20)

define the set of generalized eigenvectors, with vi,0 := 0 and pi being
the size of the associated jordan block. The subspace

Ni := N ((A− λi)
pi ) = R[vi,1, . . . ,vi,pi ] (2.21)

is termed the generalized (right) eigenspace of A associated to the eigen-
value λi. Its dimension is equal to the algebraic multiplicity of the
eigenvalue λi.

Consider now the autonomous linear system

x+ = Ax, (2.22)
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The jordan decomposition gives rise to the modal decomposition of
(2.22):

x̃+ = T−1 ATx̃, (2.23)

=

Ã1
. . .

Ãm

 x̃, (2.24)

where the mode states are given as parts of the transformed state vector

x̃ = [x̃T
1 . . . x̃T

m]
T . (2.25)

Thus the modes are completely decoupled. The individual mode dy-
namics are defined by the associated eigenvalue λi and the size of the
associated jordan block Ãi.

2.3 Augmented Models

We define the process of augmenting a model as adding exogenous
and uncontrollable dynamics to an existing model. These dynamics are
autonomous and cannot be influenced by the system nor the inputs. In
the estimation context for instance, the model may incorporate fictitious
or real disturbances, or represent varying parameters of the system. In
model predictive control, augmented models are employed to achieve
tracking of signals such as steps or sines, and rejection of unknown
disturbances in conjunction with an observer.

Consider system (2.4). Let xa(k) ∈ Rna denote the state vector of the
additional dynamics. The general form of an augmented system is given
by

x+ = faug(x,xa,u), (2.26a)

x+a = fa(xa), (2.26b)

y = haug(x,xa,u), (2.26c)
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Σ₁(θ)

θ

yu

Figure 2.1: Example of an augmented model for uncertain system pa-
rameters. The parameters are assumed to be unknown but
constant, or to vary slowly. A constant model is thus em-
ployed for the parameter dynamics.

where fa(·) describes the augmented dynamics. Usually, faug(·, 0, ·) =
f (·, ·) and haug(·, 0, ·) = h(·, ·). That is, if the augmented dynamics
are zero, the unaugmented model is recovered. For linear systems,
Equation (2.26) is given by

x+ = Ax+ Bdxa + Bu, (2.27a)

x+a = Aaxa, (2.27b)

y = Cx+ Cdxa + Du, (2.27c)

introducing the standard notation (Ad, Bd, Cd) for the augmented dy-
namics. In the following, we highlight three typical examples for aug-
mented models.

Uncertain System Parameters

Consider the parameterized system

x+ = f (x,u,θ), (2.28a)

y = h(x,u,θ), (2.28b)
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Σ₂

d₁

yu
+

+ +

+

d₃d₂

Figure 2.2: Example of a model augmented with three disturbances,
acting on the input, the state and the output of the system.
Various disturbance dynamics can be implemented, such as
ramps, steps and sinusoids.

where θ is a parameter of the system dynamics. This formulation may
arise if θ is not exactly known or varies over time. By assuming the
parameter is constant or varies only slowly with respect to the system
dynamics, a viable approach is to assume a constant dynamics for θ.
Equation (2.28) is written in augmented form as

x+ = f (x,u,θ), (2.29a)

θ+ = θ, (2.29b)

y = h(x,u,θ). (2.29c)

The augmented model (2.29) can be integrated for instance into an
observer to generate estimates of the parameter θ. An example for such
a model is depicted in Figure 2.1.

Disturbances

The most straightforward use of augmented models is to model distur-
bances acting on the system. A large set of disturbance signals can be
modeled by providing appropriate augmented dynamics. In this text,
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Σ₃ eu
-

+

r

y

Figure 2.3: Augmented model example for reference tracking. The goal
for the controller is to minimize the tracking error e. The step
model in the reference allows for tracking constant reference
values.

we consider disturbances generated by linear systems, given by

x+d = Adxd, (2.30a)

d = Cdxd. (2.30b)

The disturbance signal d(k) is fed into the model as in (2.26) or (2.27).
This approach allows to naturally extend algorithms based on stochastic
disturbance models, such as the Extended Kalman Filter; it allows
to deal with persistent disturbances of different forms, such as steps,
ramps, and sinusoids. An example is shown in Figure 2.2.

Reference Signal

Many practical reference tracking applications can be formulated by
employing an augmented model. Consider the augmented dynamics

x+r = Arxr, (2.31a)

r = Crxr, (2.31b)
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where the tracking error is defined by

e = y − r. (2.32)

This formulation provides an easy way to formulate reference tracking
problems in state feedback control frameworks such as LQR or MPC.
Figure 2.3 shows a simple example for such a setup.





3 Algorithms and Methods

3.1 Estimation

The goal of state estimation in general is to infer the value of a quantity
of interest from indirect and inaccurate measurement. The Extended
Kalman Filter (EKF) is a standard technique for the state estimation
of nonlinear systems of the form (2.4). We briefly present the EKF
algorithm here; for a thorough discussion, the reader is referred to the
abundant literature available on the subject (e.g. [BSLK01a, Sor77, DP66,
Kal60b]).

3.1.1 The Extended Kalman Filter

Consider the autonomous discrete-time state space model

x(k + 1) = f (x(k),w(k))
y(k) = h(x(k)) + v(k).

(3.1)

where x(k) is the state vector, y(k) the vector of measurements, f (·, ·),
h(·) nonlinear smooth functions, v(k), w(k) unknown disturbances.
We assume w(k), v(k) to be multivariate white Gaussian noise vectors
with

E[w(k)w(k)T ] = Q(k), (3.2)

E[v(k)v(k)T ] = R(k), (3.3)

E[w(k)v(k)T ] = 0. (3.4)

Let x̂(k + 1|k) denote the predicted state at time k + 1 given all mea-
surements up to time k, and let the real state x(k) admit a normal
distribution with x(k) ∼ N (x̂(k|k), P(k|k)). The EKF comprises two
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stages: prediction and update. The prediction stage updates the state
and covariance estimates; it is given by

x̂(k|k− 1) = f (x̂(k− 1|k− 1), 0), (3.5a)

P(k|k− 1) = FxP(k− 1|k− 1)FT
x (3.5b)

+ FwQ(k)FT
w

where Fx := ∂
∂x f (x̂(k − 1|k − 1), 0) denotes the Jacobian of f with

respect to x evaluated at x = x̂(k − 1|k − 1), w = 0, and Fw :=
∂

∂w f (x̂(k− 1|k− 1), 0) denotes the Jacobian with respect to w evaluated
at the same point.

In the update stage, the measurements of time k are introduced, i.e.

ẑ(k) = y(k)− h(x̂(k|k− 1)), (3.6a)

S = HxP(k|k− 1)HT
x + R(k), (3.6b)

K = P(k|k− 1)HT
x S−1, (3.6c)

x̂(k|k) = x̂(k|k− 1) + Kẑ(k), (3.6d)

P(k|k) = P(k|k− 1) + Kẑ(k)KT , (3.6e)

where Hx := ∂
∂x h(x̂(k|k− 1)) denotes the Jacobian of h with respect to

x evaluated at x = x̂(k|k− 1).

It should be noted that the EKF is an approximate method; it is not
optimal unless (3.1) is linear, in which case it is identical to the Kalman
Filter. In practice however, the EKF was shown to perform well for
moderately nonlinear systems. Therefore, and due to its conceptual
simplicity it has been applied to a wide range of practical problems,
e.g. [Meh71, CHP79, ZM01, SG92].

3.2 Model Predictive Control

This section gives an introduction to Model Predictive Control (MPC).
The main concept of MPC is to use a model of the plant to predict the
future evolution of the system [GPM89, MRRS00, ML99, Hro96, BBFH06,
Mac02]. At each time step k a cost function is minimized over a sequence
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of future input moves subject to operating constraints. The first of such
optimal moves is the control action applied to the plant at time k. At time
k + 1, a new optimization is solved over a shifted prediction horizon,
and so on. Due to repeated shifting of the prediction horizon, MPC
belongs into the class of Receding Horizon Control (RHC).

The strengths of MPC lie mainly in its conceptual simplicity and its
explicit handling of constraints. Often, a linear or quadratic performance
measure is employed in the optimization problem. Problems of this type
are easily translated into a linear program (LP) or a quadratic program
(QP). Both LPs and QPs can be solved readily and efficiently with one
of the many available software packages.

3.2.1 The MPC Problem

We will use linear, time-invariant, discrete-time models of the form

x+ = Ax+ Bu, (3.7)

with A ∈ Rnx×nx and B ∈ Rnx×nu . State- and input variables are subject
to the constraints

x ∈ X ⊆ Rnx , u ∈ U ⊆ Rnu . (3.8)

with X and U being polyhedral sets

X = {x ∈ Rnx | Hxx ≤ Kx}, (3.9)

U = {u ∈ Rnu | Huu ≤ Ku}, (3.10)

containing the origin in their interior. The constraints may either arise
due to design restrictions or actual physical constraints. The control
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problem with prediction horizon Np is defined by

J∗Np
(x(k)) := min

u0,...,uNp−1

Np−1

∑
t=0

(uT
t Rut + x

T
t Qxt) (3.11a)

+xT
Np

QNpxNp

subj. to x0 = x(k), (3.11b)

xt+1 = Axt + But, (3.11c)

xt ∈ X, ut−1 ∈ U, t = 1, . . . , Np, (3.11d)

xNp ∈ Tset, (3.11e)

R � 0, Q � 0, QNp � 0. (3.11f)

Note that we distinguish between the current input u(k) to system (3.7)
at time k, and the optimization variables ut in the optimization prob-
lem (3.11). Analogously, x(k) denotes the system state at time k, while
the variable xt denotes the predicted state at time k + t obtained by
starting from the state x0 = x(k) and applying to system (3.7) the input
sequence {ui}t−1

i=0 .

The terminal state xNp is constrained to lie in the terminal set Tset.
By properly choosing Tset and QNp , stability of the closed-loop can
be guaranteed [MRRS00]. Solving (3.11) yields the optimal open-loop
sequence {u∗0 . . .u∗Np−1}, of which only the first element u∗0 is applied
to the plant, i.e.

u(k) = u∗0 . (3.12)

The optimisation is repeated at the next time step for k← k + 1.

Other norms such as the 1 or ∞ norm can be employed in the cost
function in (3.11f) as well, though we will not pursue this any further in
this text. Most of the concepts discussed here carry over to these norms
with little or no adaptation.
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3.2.2 Multi-parametric Quadratic Programming

The complexity of MPC can be prohibitive for fast plants and low-end
embedded computers. A remedy for this is to compute the closed-form
solution to the optimisation problem off-line, which leads to a reduction
of the complexity of the on-line algorithm. For quadratic cost functions,
this turns out to be a tractable problem. Furthermore, the closed-form
solution permit analysis of the behavior of the system under control. For
example, stability and feasibility of the closed-loop may be established
by analysis of the closed-form solution, rather than imposed onto the
design a priori.

The optimisation problem (3.11) can be rewritten as the quadratic pro-
gram (QP)

J∗Np
(x0) = xT

0 Yx0 + min
UNp

{
UT

Np
HUNp + x

T
0 FUNp

}
(3.13a)

subj. to GUNp ≤W + Ex0, (3.13b)

H � 0, (3.13c)

where the column vector UNp = [uT
0 , . . . , uT

Np−1] ∈ RNpnu is the
optimisation vector and H, F, Y, G, W, E are easily obtained from Q, R,
QNp and by substituting xt = Atx0 + ∑t−1

j=0 AjBut−1−j. See for example
[Mac02].

In parametric programming, the goal is to find the characterisation of
the solution of (3.13) for a range of parameter values. Specifically, we
want to obtain the closed form solution U∗Np

(x0) for any feasible x0. We
term this type of optimisation problem multi-parametric QP, where the
prefix multi stresses the vector nature of x0. We will briefly state some
definitions and properties of the mp-QP [BMDP02, Tøn03].

Definition 3.1 We define the feasible set XNp ⊆ Rnx as the set of states
x for which the optimization problem (3.13) is feasible, i.e.

XNp = {x ∈ RNx | ∃UNp ∈ RNpnu , GUNp ≤W + Ex}. (3.14)
�
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Definition 3.2 A collection of polyhedral sets {Pr}R
r=1 is a polyhedral

partition of a polyhedral set Θ if

(i)
⋃R

r=1 Pr = Θ

(ii) (Pr \ ∂Pr) ∩ (Pq \ ∂Pq) = ∅, ∀r 6= q, where ∂ denotes the bound-
ary. �

Definition 3.3 Each polyhedron Pr of the polyhedral partition {Pr}R
r=1

is referred to as a region. �

Theorem 3.1 Consider the multi-parametric Quadratic Program (3.13). The
set of feasible parameters XNp is convex, the optimiser U ∗Np

: XNp → RNpnu is
continuous and piecewise affine (PWA) over polyhedra, i.e.

U∗Np
(x) = Frx+ Gr, if x ∈ Pr, (3.15)

where Pr are polyhedral sets, and the optimal value function J∗ : XNp → R+

is continuous, convex and piecewise quadratic (PWQ). �

For the proof to Theorem 3.1, refer to [BMDP02, Bor03]. Theorem 3.1
gives rise to an efficient on-line implementation of the controller, since
the optimiser U∗Np

(x) = [u∗0
T , . . . ,u∗Np−1

T ]T and hence the optimal
control input u∗0 = frx+ gr can easily be determined, where fr and gr
are the first nu rows of the matrices Fr and Gr, respectively. Thus, to
obtain the optimal control input for a given state x(k), the corresponding
region Pr has to be identified; the optimal control law is affine in x
within this region and can thus be computed easily.

An in-depth discussion of multi-parametric linear and quadratic pro-
gramming is given in [Tøn03, BMDP02, Bor03]. A Matlab toolbox is
available for download [KGB04].

3.2.3 Sets

Next we introduce some useful facts and definitions about invariant-
and controllable sets commonly used in MPC. For an in-depth treatment
of this topic, the reader is referred to [Ker00].
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Definition 3.4 Let XLQR denote the maximum admissible set for the
system (3.7) subject to the optimal unconstrained LQR feedback law
KLQR:

XLQR = { x ∈ Rnx | (A + BKLQR)
kx ∈ X,

KLQR(A + BKLQR)
kx ∈ U, ∀k ≥ 0}. (3.16)

�

XLQR is positive invariant for the closed-loop system. A method for
computing XLQR can be found in [GT91]. For LTI systems, XLQR is
polyhedral.

Definition 3.5 A set C ⊆ X is said to be control invariant for the system
(3.7) subject to the constraints (3.8), if for every x ∈ C, there exists a
u ∈ U such that Ax+ Bu ∈ C. �

Definition 3.6 A set S ⊆ X is said to be a stabilizable for the system (3.7)
subject to the constraints (3.8), if for every x0 ∈ S , there exists p ∈ N,
a sequence of control moves {u0, . . . ,up−1} with ui ∈ U such that the
state is steered to the origin, i.e. xp = 0. �

Definition 3.7 Define by KN(S) the largest set of states for which there
exists a feasible control sequence which drives the state into the target
set S in at most N steps. �

Straightforward choices for the target set are either S = {0} or S =
XLQR. The latter is particularly useful in the design of stabilizing
MPC, as will be shown later. In the following, KN(XLQR) will thus
be abbreviated by KN . The computation of KN is usually performed
iteratively [Ker00]

KN+1 = K1(KN), K0 = XLQR. (3.17)

It is easy to see that KN ⊆ KN+1. Furthermore, (3.17) will eventually
produce the maximum stabilizable set K∞, though finite termination
cannot be guaranteed [Ker00].

Invariant- and control invariant sets are widely used in control; two
applications specific to MPC shall be introduced here briefly.
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• Stable MPC. Stability of the MPC algorithm in (3.11) can be guar-
anteed by choosing Tset = XLQR and QNp = PARE, where PARE
is the solution to the discrete-time Algebraic Riccati Equation
(e.g. [MRRS00]). While this method yields a stabilizing controller
by design, the region of attraction depends on the prediction hori-
zon Np. Since the complexity of mp-QP is exponential in Np in
the worst case, selecting a large enough prediction horizon such
that the region of attraction is sufficiently large may be prohibitive.
On the other hand, if the terminal set constraint is dropped, the
region where the control law is defined is enlarged, but stabil-
ity and all-time constraint satisfaction (feasibility) are no longer
guaranteed.

• N-Step MPC. In [GM03], it is proposed to drop the terminal set
constraint, but instead confine the state to stay within a control-
invariant set. The controller is defined by

J∗Np
(x0) = min

u0,...,uNp−1

Np−1

∑
t=0

(xT
t Qxt +u

T
t Rut) (3.18a)

+xT
Np

QNpxNp p

subj. to xt+1 = Axt + But (3.18b)

ut−1 ∈ U, t = 0, . . . , Np − 1, (3.18c)

xt ∈ KN , t = 1, . . . , Np. (3.18d)

Note the distinction made between the prediction horizon Np
and the number of iterations for computing the invariant set N.
This controller guarantees all time feasibility, but not asymptotic
stability, which must be checked a posteriori by analysis. The
feasible region for this controller depends only on the control-
invariant set employed, not on the prediction horizon. Therefore,
Np can in general be much smaller than in standard MPC; in fact,
it is often sufficient to set Np = 1. The decrease in complexity
– in terms of number of regions – achieved by this method is
substantial.
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3.2.4 Stability Analysis

A major advantage of explicit MPC is the possibility to analyze the
behaviour of the closed-loop system. The equations for system (3.7),
combined with the feedback law (3.15) form a PWA dynamical system

x(k + 1) = fPWA(x(k))

= (A + B fr)x(k) + Bgr, if x(k) ∈ Pr, r = 1, . . . , R.

(3.19)

The system equations are thus defined over the polyhedral partition
SPWA =

⋃R
r=1 Pr.

Assumption 3.1 We will make the following assumptions on PWA sys-
tems:

• Pi ∩ Pj (i 6= j, Pi,Pj ∈ Rnx ) is empty or lower dimensional,

• SPWA is positive invariant. �

Note that since we assume the autonomous PWA dynamics (3.1) to
originate from an optimal control problem of a constrained LTI system,
(3.1) is defined over the whole feasible set XN . Both the stable- and
N-step MPC controllers satisfy Assumption 3.1 by design.

In order to check stability, we identify a piece-wise quadratic Lyapunov
function over the partition P . In each region Pr, the function PWQ(x)
is defined by

PWQr(x) = x
TQrx+xT Lr +Cr, if x ∈ Pr, r = 1, . . . , R. (3.20)

The following constraints are imposed on the function PWQ(x)

βxTx ≥ PWQr(x) ≥ αxTx, ∀x ∈ Pr, (3.21a)

PWQj( fPWA(x))− PWQi(x) ≤ −ρxTx, ∀x ∈ Pij, (3.21b)

α > 0, β > 0, ρ > 0, (3.21c)

∀r ∈ R, ∀i ∈ R, ∀j ∈ R (3.21d)
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where Pij is defined as the subset of a region Pi from where the system
state evolves into region Pj in the next step

Pij = {x ∈ Rnx | x ∈ Pi, fPWQ(x) ∈ Pj}. (3.22)

The decay rate for moving from one region Pi to Pj is thus

∆PWQij(x) = PWQj( fPWA(x))− PWQi(x). (3.23)

This also applies for i = j, i.e. when the trajectory evolves within a
region.

Theorem 3.2 The origin x = 0 is exponentially stable on SPWA if there exists
a Lyapunov function PWQ(x) as in (3.20)-(3.21). �

For the proof of Theorem 3.2, refer to [FTCMM02]. Since the constraints
(3.21) are not convex, they are relaxed by employing the S-procedure.
In this manner, the constraints (3.21) are transformed into (convex)
linear matrix inequalities (LMI), such that the problem can be handled
by standard semi-definite programming (SDP) software [FTCMM02,
GLPM03].

Remark 3.1 The procedure described above is conservative. First, there
might not exist a PWQ Lyapunov function over the given partition at
all, even though the system is exponentially stable. In such a case, more
complex function types – such as piece-wise polynomial – can be applied.
Second, the constraint relaxation which is necessary to convexify (3.21) is
not lossless. Hence, even if a PWQ Lyapunov function over the partition
exists, the solver might still not find it.
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4 Attitude Estimation for Vehicles

In this chapter, a novel method for the estimation of the attitude of an
automotive vehicle is presented. The algorithm uses low-cost sensors,
namely a GPS receiver and a three-axis accelerometer. It employs a
kinematic model of the vehicle, augmented by the unknown parameters
of the system. An Extended Kalman Filter is employed which produces
estimates of the vehicle attitude, as well as the installation angles of
the sensor unit with respect to the vehicle. The method is numerically
robust by using non-singular attitude parametrization. Results are given
for simulations and real-world experiments.

4.1 Introduction

SAFEmine® is a cost effective collision avoidance and traffic information
system (CAS) specifically designed for open-cast mines. It uses a GPS
receiver and a 3-axis accelerometer as sensors to determine the vehicle
velocity, position and attitude. This data is then transmitted by means of
an RF transceiver, along with geometric parameters of the vehicle such
as width and length. Nearby vehicles may receive this data, process it
and issue warnings or traffic advice to the operator. The advantages of
a GPS-based collision avoidance system lie in its high precision, large
range of operation and its low total cost of ownership due to its relatively
simple installation and maintenance in a high productivity environment.
The SAFEmine system is successfully operated in thousands of vehicles
in dozens of mines worldwide.

Attitude estimation is a central and critical aspect of the SAFEmine
system. Inaccurate estimates lead to a degradation of the warning
quality of the system, leading to an increasing number of false positives
(i.e. a warning is issued even though there is no danger) and false
negatives (i.e. no warning is issued even though there is a danger).
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False positives are particularly problematic, as they might contribute
to an increased workload of the operator. As a result, the operator
will shut the system down. A secondary effect of inaccurate attitude
estimates is that warnings and traffic advice are displayed wrongly. In
most installations, there is a directional display of some sort, either
based on simple compass-rose like LED displays, or voice annunciations.
A typical SAFEmine installation is depicted in Figure 4.1. Warnings are
issued relative to the vehicle; if the attitude estimate is wrong, then the
directional indication will also be wrong. The roll angle may be used to
detect high inclination angles and warn the operator about the danger
of an imminent roll-over.

Figure 4.1: Typical SAFEmine installation. The traffic display is installed
on the right side of the dashboard. The main unit containing
the sensors is installed hidden in the dashboard, connected
to the display by a data cable.

The currently sold SAFEmine unit does not incorporate angular rate
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sensors (gyros) for cost and size reasons. It does not contain a magne-
tometer either, since measurements of the magnetic field would be highly
unreliable on heavy machinery. The GPS module provides reliable di-
rectional data, but only if the vehicle is moving at sufficient velocity.
It does not help at standstill, when moving very slowly or when GPS
coverage is poor. Another problem inherent to attitude measurement
by GPS is the forward/reverse symmetry of a vehicle: both movement
patterns are identical and cannot be distinguished systematically.

The accelerometer on the other hand is capable of detecting whether the
vehicle accelerates forward or reverse, but the installation angles have
to be known before it can be used for navigation purposes. However,
the SAFEmine unit installation cannot be expected to be aligned with
the vehicle in a particular manner due to installation constraints, and a
complicated calibration procedure is not applicable either since it will
be installed and operated by technicians with minimal training.

The literature provides many algorithms which are partially applicable
to the problem at hand. Sensor fusion of GPS and intertial measurements
for navigation and location of ground-based vehicles has been studied
extensively in the past (e.g. [NDW99, Bev04, SNDW99, NKEES09]), such
that this technology is ubiquitous today. Existing algorithms usually
require a full set of inertial measurements (6 degrees of freedom, 6-DOF),
combining accelerometers and gyros. However, this poses a problem for
price sensitive applications, since these sensors add considerably to the
overall costs. While inexpensive accelerometer sensors are available in
the form of MEMS devices today, angular rate sensors (gyros) are still
an order of magnitude more expensive than accelerometers.

Especially for consumer devices such as the ever more popular Personal
Navigation Devices (PND), where the retail price is an important selling
proposition, the integration of a full Inertial Measurement Unit (IMU)
is prohibitive. These devices also often suffer from poor GPS coverage,
for instance due to multipath effects in a city or complete loss of signal
in a tunnel or under a bridge. In these situations, an IMU could help
continue navigation for a limited amount of time, in spite of the loss of
the GPS signal.

Recent publications have proposed algorithms for partial IMUs, ex-
ploiting the fact that vehicles are mostly running on flat roads, thus



38 4 Attitude Estimation for Vehicles

allowing to omit two rate gyros (roll, pitch) and one accelerometer
(down axis) [ES08, NNGES07]. These methods require the sensor unit
to either be aligned with the principal axes of the vehicle, or its relative
orientation to be known.

Methods dealing with unknown installation angles have been published
recently. The sensitivity of the navigation solution to wrong or missing
alignment settings is analyzed in [SANES08]. In [FON08], a method for
determining sensor alignment without using any external equipment
is developed. This approach employs a full IMU. The calibration is
manual, i.e. the IMU must be manually moved in a certain fashion
during calibration, which limits usability in uncontrolled environments.
The approach given in [VAA10] gives a closed-form solution to the
alignment problem for purely accelerometer-based IMUs. The proce-
dure is made usable in uncontrolled environments by providing a set
of ad-hoc decision rules. For instance, the alignment is performed only
when the vehicle accelerates, which is detected from the GPS signal.
This approach assumes that the road is flat, or the roll and pitch an-
gles are known, e.g. by employing a digital elevation model. In the
mining environment, where terrain inclination is much more complex
and changes on a frequent basis, this assumption will often not hold.
Furthermore, the algorithm uses roll / pitch / yaw angles to describe
the alignment, thus introducing a singularity for large pitch angles,
leading to numerical problems or a complete failure of the algorithm in
situations where the device is mounted with pitch angles close to 90◦,
which is often the case for CAS units.

The algorithm presented in this chapter provides a unifying framework
for determining both the installation angles and the vehicle attitude. It
employs an Extended Kalman Filter (EKF), fusing measurements from
the GPS receiver and accelerometers. A simple kinematic vehicle model
is employed, where state variables are added for the parametrization of
the installation angles. The method requires little ad-hoc decision mak-
ing during run-time, is completely automatic and numerically robust by
avoiding singular parametrization of the attitude and the installation
angles.
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4.2 Preliminaries

This section provides a brief introduction to the concepts and algorithms
used throughout the rest of the chapter.

4.2.1 Reference Frames

In the following, we introduce three reference frames which are used
to express the equations of motion of the vehicle. The inertial reference
frame is earth-fixed and aligned with the north, east and down axes.
Its origin can be freely chosen on the Earth surface, but should be
sufficiently close to the vehicle such that the surface can be assumed to
be flat. A vector expressed in the inertial frame is denoted using the
superscript I. For instance,

pI =

pI
N

pI
E

pI
D

 . (4.1)

The vehicle-fixed reference frame is tied to the vehicle and aligned with
its longitudinal (forward), lateral (right) and vertical (down) axes. By
convention, the origin of the vehicle-fixed reference frame is the center
of gravity of the vehicle. A vector in the vehicle-fixed frame is denoted
by the superscript V, e.g.

pV =

pV
long
pV

lat
pV

vert

 . (4.2)

A third auxiliary reference frame is introduced, since the device per-
forming the measurements can be mounted in arbitrary position and
orientation. This reference frame is termed the device-fixed frame, and
corresponding vectors are expressed using the superscript D, e.g.

pD =

pD
long
pD

lat
pD

vert

 . (4.3)
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Figure 4.2: Reference frames. The inertial frame is denoted by the su-
perscript “I”, the vehicle-fixed frame by “V”, and the device-
fixed frame by “D”.

To express a vehicle-fixed point pV in the inertial frame, we define the
transformation

pI = A(`V)p
V + r I

V (4.4)

where r I
V is the displacement of the origin of the vehicle-fixed frame

expressed in the inertial frame, and A(`V) is the 3× 3 Direction Co-
sine Matrix (DCM) or attitude matrix representing the orientation of the
vehicle-fixed frame with respect to the inertial frame. The parametriza-
tion of A(`V) can be chosen freely, as will be discussed in the next
section. Similarly, to move from the device frame to the vehicle-fixed
frame, we define

pV = A(`D)p
D + rV

D. (4.5)

For the sake of clarity, we will assume rV
D = 0 throughout this chapter.

The presented algorithm can easily be extended to the more general
case.

4.2.2 Attitude Representation using Quaternions

As indicated above, there are many possible parameterizations of the
DCM A(`). The fundamental problem is that the parametrization is
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either singular or redundant. Minimal representations like Euler angles
or Tait-Bryan angles (roll / pitch / yaw) are discontinuous for certain
attitudes [Stu64]. Non-singular representations contain redundant ele-
ments and introduce constraints. For instance, one can store all elements
of A(`), in which case ` ∈ R9, that is there are 6 redundant parame-
ters. The redundancy has to be addressed explicitly, e.g. by enforcing
orthonormality of A(`). This may introduce problems both numerically
and computationally.

Quaternions are a useful, non-minimal method to represent a vehicle
attitude. They do not exhibit any singularity, and introduce only the
minimum amount of redundancy necessary. In the following, we will
follow largely the notation in [Shu93, Mar04]. Define a quaternion
q̄ ∈ R4 by

q̄ =


q1
q2
q3
q4

 =

[
q

q4

]
, (4.6)

where q is denoted the vector part, and q4 the scalar part. The DCM is
given by

A(q̄) = (q2
4 − qTq)I3×3 + 2qqT − 2q4[q×], (4.7)

where [q×] is the cross product matrix given by

[q×] =

 0 −q3 q2
q3 0 −q1
−q2 q1 0

 . (4.8)

By inspection of (4.7), we see that A(q̄) is orthogonal only if q̄ has unit
length, i.e.

|q̄|2 = |q|2 + q2
4 = 1. (4.9)

Furthermore, q̄ and −q̄ represent the same orientation; to avoid con-
fusion, we therefore always choose a representation with q4 ≥ 0 by
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convention. The quaternion product is given by

p̄⊗ q̄ =

[
p4q + q4p− p× q

p4q4 − pTq

]
, (4.10)

yielding the useful property

A( p̄)A(q̄) = A( p̄⊗ q̄), (4.11)

that is, rotations can be concatenated by using only quaternion calculus.
The inverse of a quaternion is defined as

q̄−1 =

[
−q
q4

]
. (4.12)

Using Equations (4.7), (4.10), the inverse is quickly seen to satisfy the
identity

A(q̄)A(q̄−1) = A(q̄−1)A(q̄) = I3×3, (4.13)

assuming |q̄| = 1.

Assume now that q̄V is a parametrization of the attitude of a vehicle
relative to the inertial reference frame, and let the vehicle rotate with
the angular velocity ωV , expressed in the vehicle-fixed frame. Then, the
attitude quaternion obeys the differential equation [Mar04]

˙̄qV =
1
2

[
ωV

0

]
⊗ q̄V . (4.14)

In the filtering context, ωV is often assumed to be constant between two
time steps, thus rendering (4.14) linear in q̄V .

Multiplicative Attitude Representation with Quaternions

The norm constraint |q̄V | = 1 may lead to problems in the Extended
Kalman Filter. If the four parameters of the quaternion are treated
to be independent, the norm constraint has to be enforced artificially,
which can have adverse effects on the filter performance. If on the
other hand the parameters are assumed to be dependent, the filter may
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exhibit numerical issues, though this has been observed not to affect
performance adversely [Shu93].

In this chapter, we employ the approach suggested by [Shu93, Mar04].
The idea is to introduce a reference attitude and to represent the attitude
as deviation from the reference

q̄ = δq̄(a)⊗ q̄ref. (4.15)

The parametrization of the deviation quaternion is then chosen to be
non-redundant and hence singular. The global attitude is denoted by
the non-singular q̄ref. Since q̄ref can be updated in the filter at each
time step (e.g. set to the current attitude), the deviation can be made
small and thus the singularity can be avoided. We use the Rodrigues
parametrization of δq̄(a) throughout:

δq̄(a) =
1√

4 + |a|2

[
a

2

]
. (4.16)

The filter can then estimate a without constraints. Inserting the attitude
q̄V = δq̄V(aV)⊗ q̄V,ref into (4.14) yields after some algebra [Mar04]

ȧV = (I +
1
4
aVa

T
V +

1
2
[aV×]) ωV . (4.17)

Since the reference attitude q̄V,ref can be chosen arbitrarily, we may
assume that a is small in the sense that δq̄(aV) represents a small
rotation. Hence, (4.17) can be approximated by

ȧV ≈ (I +
1
2
[aV×]) ωV , (4.18)

which is linear in aV if ωV is constant between two time steps.

4.3 Vehicle Model

A purely kinematic model of the vehicle is developed. The vehicle is
modeled as a mass point which may move along its longitudinal axis
only, i.e. forward or reverse; skidding is not possible. It is assumed
that the vehicle stays in contact with the ground at all times. Turning
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is modelled by introducing a virtual steering wheel, which will cause
a rotation of the vehicle about the vertical axis proportional to the
longitudinal velocity. Thus, the vehicle thus cannot turn at standstill. A
full attitude model is used, comprising pitch, roll and yaw angles.

Without loss of generality, the origin of the device frame is assumed
to coincide with the origin of the vehicle-fixed frame. The installation
angles of the device are assumed to be unknown; however, the device is
required to be mounted firmly, hence the orientation does not change
over time.

The state variables used in the model are longitudinal velocity, longi-
tudinal acceleration, steering wheel angle and vehicle attitude. The
installation angle parameters are appended to the state vector. The avail-
able measurements are linear velocities as provided by the GPS receiver,
and linear acceleration as provided by the accelerometer module. The
GPS position measurements are omitted for the sake of clarity, they can
be easily incorporated into the algorithm if a full navigation solution is
needed.

Dynamics

The planar vehicle dynamics are given by

ẋvel = xaccl, (4.19a)

ẋaccl = 0, (4.19b)

ẋsteer = 0, (4.19c)

˙̄qV =
1
2

[
ωV

0

]
⊗ q̄V , (4.19d)

˙̄qD = 0. (4.19e)

where xvel denotes longitudinal velocity, xaccl the longitudinal accel-
eration, xsteer the steering angle, q̄V the vehicle attitude and q̄D the
installation orientation of the device relative to the vehicle. The vector
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of angular velocities is given in the vehicle-fixed reference frame by

ωV =

 0
0

xvel xsteer

 . (4.20)

Introducing the multiplicative attitude representation (4.15) for both
vehicle attitude and installation angles

q̄V = δq̄(aV)⊗ q̄V,ref, (4.21)

q̄D = δq̄(aD)⊗ q̄D,ref (4.22)

and assuming q̄V,ref, q̄D,ref are chosen such that the deviation attitudes
are small, (4.19d), (4.19e) can be approximated using (4.18), (4.8):

ȧV ≈ xvel xsteer

 1
2 aV,2
− 1

2 aV,1
1

 , (4.23a)

ȧD = 0. (4.23b)

Measurements

The measurements are given in their respective reference frames. The
accelerometer measurement is the sum of the centripetal acceleration,
the longitudinal acceleration and gravity:

yD
accl = AT(q̄D) ·

AT(q̄V)g
I +

 xaccl
xsteerx2

vel
0

 , (4.24)

where g I denotes the gravity. Inserting (4.21), (4.22) yields

yD
accl = AT

D AT(δq̄(aV)) ·

AT
V AT(δq̄(aV))g

I +

 xaccl
xsteerx2

vel
0

 ,

(4.25)
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where AV = A(q̄V,ref), AD = A(q̄D,ref). Similarly, the GPS measurement
vector, expressed in the inertial frame, is given by

y I
GPS = A(δq̄(aV))AV

xvel
0
0

 . (4.26)

Time Discretization

Introducing the combined state vector

x = [ xvel xaccl xsteer a
T
V aT

D ]T , (4.27)

the dynamics and measurement equations can be written compactly as

ẋ = f (x),
y(t) = h(x, q̄V,ref, q̄D,ref).

(4.28)

For filtering, a discrete-time version of (4.28) is needed. The discretiza-
tion is performed approximatively by assuming the turn rate (4.20) to
be constant between two time steps, which has proven to be sufficiently
accurate in practice. By fixing the turn rate, (4.28) becomes affine and
the discretization is straightforward, yielding

x(t + T) ≈ F(x(t))x(t) + `(x(t)),
y(t) = h(x, q̄V,ref, q̄D,ref).

(4.29)

where

F(z) =

F1 0
0 F2(z) 0
0 0 I3×3

 (4.30)
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with

F1 =

1 T 0
0 1 0
0 0 1

 , (4.31)

F2(z) =

 cos(z1z3
T
2 ) sin(z1z3

T
2 ) 0

− sin(z1z3
T
2 ) cos(z1z3

T
2 ) 0

0 0 1

 , (4.32)

`(z) =
[
01×5 z1z3T 01×3

]T , (4.33)

where z = [z1 z2 z3]
T . The sampling time is set to T = 0.25s throughout,

since this is the minimum sampling interval of the GPS receiver.

It should be noted that (4.29) looses observability in some instances
because of the missing gyro measurements and the unknown installation
angles. For instance, the yaw angle (or heading) cannot be determined
at standstill. Conversely, if the vehicle is accelerating, the yaw angle
becomes observable. When turning with varying steer angles, the system
becomes fully observable.

4.4 Filter Design

A slightly modified Extended Kalman Filter is applied. The extension
involves updating the reference attitude q̄V,ref and installation angles
q̄D,ref. First, a stochastic disturbance model is added to (4.29), yielding

x(t + T) = A(x(t))x(t) + l(x(t)) + g(x(t))w(t),
y(t) = h(x(t), q̄V,ref, q̄D,ref) + v(t),

(4.34)

where w(t) ∈ R9, v(t) ∈ R6 are multivariate Gaussian noise vectors
with fixed covariances Q, R, respectively. As stated in the previous
section, the filter has to deal explicitly with unobservable modes. Not
only can unobservable modes not be estimated, but their covariance
will also build up unnecessarily, causing the EKF to overreact strongly
once the modes become observable. This is addressed by an appropriate
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choice of g(·), such that the injection of process noise goes to zero for
unobservable modes. Specifically, we choose

g(z) =


I2×2 0 0 0

0 z1 0
0 0 z1z3 I3×3 0
0 0 0 z1z3 I3×3

 , (4.35)

which inhibits the estimation of the steering angle at standstill, and the
estimation of the attitude and the installation angles when not turning.
The noise covariance matrices are determined by trial and error:

Q = diag(
[
1 102 1 11×3 10−2 · 11×3

]
), (4.36)

R = diag(
[
11×3 5 · 11×3

]
). (4.37)

The EKF is initialized by setting

x̂(0|0) = 09×1, (4.38)

P(0|0) = Q, (4.39)

The reference quaternions for attitude and installation angles are initial-
ized similarly

q̄V,ref(0) = [ 0 0 0 1]T , (4.40)

q̄D,ref(0) = [ 0 0 0 1]T . (4.41)

At each time step, the filter is updated as in (3.5) , (3.6). After the
update stage, a third reset stage is performed, updating the reference
quaternions such that the deviation quaternions remain small [Mar04]:

q̄V,ref(t + T) = δq̄(âV(t + T|t + T))

⊗q̄V,ref(t), (4.42)

q̄D,ref(t + T) = δq̄(âD(t + T|t + T))

⊗q̄D,ref(t), (4.43)
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The deviation vectors are reset accordingly

âV(t + T|t + T)) = 03×1, (4.44)

âD(t + T|t + T)) = 03×1. (4.45)

Since forward and reverse movement cannot be distinguished by the
measurements, an ad-hoc rule is applied. For any vehicle, we assume
its max reverse speed vrev is known and fixed, e.g. by setting a configu-
ration value for the particular vehicle. If the vehicle reverses faster than
this speed, the attitude and the installation angles are flipped by the
following algorithm.

Algorithm 4.1 Assume vrev is given and positive.

1) IF x̂vel(t + T|t + T) < −vrev THEN STOP .

2) Set

x̂vel(t + T|t + T) := −x̂vel(t + T|t + T),
x̂steer(t + T|t + T) := −x̂steer(t + T|t + T),

q̄V,ref(t + T) := q̄V,ref(t + T)⊗ q̄flip,
q̄D,ref(t + T) := q̄flip ⊗ q̄D,ref(t + T).

where q̄flip = [0 0 1 0]T . �

Due to the symmetry, flipping is completely independent from the EKF,
it does not have any influence on the convergence of the filter.

4.5 Results

The performance of the filter algorithm was assessed employing both
simulated and measured data. For the simulation, a simplified dynamic
6-DOF vehicle model was developed. A virtual driver was added which
sequentially performs a list of commands such as “accelerate to and
maintain 50km/h” or “set steer angle to 10◦”. The driver uses propor-
tional feedback for velocity control. A test scenario comprising various
maneuvers is depicted in Figure 4.3. The road surface is tilted by 10◦ to
the east. The resulting state estimates are depicted in Figure 4.4, along
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with the true values. In Figure 4.5, the true and estimated quaternion
parameters of the installation angles are shown. The plots show quick
convergence of both the estimates of the attitude and the installation
angles. Both roll and pitch angles are non-zero due to the inclination of
the road.

Track Overview
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Figure 4.3: Overhead view of simulated trajectory, relative north/east
position. The driver starts at the origin by going north.
Dots are placed in a 2-second interval to visualize different
velocities. The road is tilted by 10◦ to the east, meaning that
altitude will decrease if the vehicle travels east, and increase
if it travels west. The simulation spans 200 seconds.

Several practical tests have been performed, two of which are presented
here. In the first trial, the car was maneuvering on a parking lot at
low velocity (< 6m/s), and several forward - reverse transitions were
performed. An overhead view of the trajectory is depicted in Figure 4.6.
GPS coverage was partly reduced by trees blocking large parts of the sky
view. The sensor unit was installed in an arbitrary unknown orientation.
This trial was devised to closely match actual operational characteristics
in mines, which involve low speeds and many maneuvers. Results are
given in Figure 4.7, showing quick convergence of the installation angles
quaternion. The final values can be compared to the ones given in the
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Figure 4.4: True and estimated vehicle state for simulated trajectory. The
true states are given by the dashed lines, while the estimates
are plotted using solid lines. The yaw angles are plotted in
the range ]− 180◦, 180◦]. Note that the estimate of the steer
angle is only accurate when the vehicle is moving.
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Figure 4.5: True and estimated installation angles quaternions for simu-
lated trajectory. The true values are given by dashed lines,
the estimated ones by solid lines.

first part of Figure 4.9, since the unit was installed in the same way.
The filter successfully detects reversing at t ≈ 50 and t ≈ 95. Note that
during reversing, the longitudinal velocity is negative, while the GPS
ground speed always shows the absolute velocity and is thus positive.

An overhead view of the second trial is given in Figure 4.8. It starts
with several minutes of driving on a highway with high speed and
little maneuvering. In the middle of the trial, the installation angles are
changed abruptly, in order to test the ability of the filter to deal with this
situation. Results for this trial are depicted in Figure 4.9. It is interesting
to note that the acceleration phase on the slightly curved ramp of the
highway provides sufficient excitation for the filter to converge quickly.
The vehicle also was subject to two GPS outages, a temporary one at
t ≈ 170 where the vehicle travels through a tunnel, and a permanent
one at t ≈ 810 due to entering a covered parking. While in the first case
the filter shows sufficient accuracy to bridge the gap of approximately
15 seconds, the second case clearly shows the limits imposed by the
precision of the sensors, since the velocity estimate quickly diverges
after 20 seconds.

4.6 Conclusion

We have presented a method to determine the attitude of a vehicle
and the installation angles of the measurement unit by using only GPS
and accelerometers signals. The method employs a nonlinear Extended
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Figure 4.6: Trial 1: Vehicle maneuvering on a parking lot with low speed
and forward - reverse transitions. Arrow indicates initial
direction of travelling. Aerial image ©2010 DigitalGlobe.



54 4 Attitude Estimation for Vehicles

v
el
.
[m

/
s]

y
aw

[◦
]

q
u
a
te
rn
io
n

t [s]

0 20 40 60 80 100 120

0 20 40 60 80 100 120

0 20 40 60 80 100 120

-0.5

0

0.5

-100

0

100

-4

-2

0

2

4

6

Figure 4.7: Results for Trial 1. In the first plot, GPS ground speed
(dashed) is compared to the longitudinal velocity estimate.
The second plot compares the yaw estimate to the GPS
ground track. The third plot shows the estimate of the in-
stallation angles quaternion. The max reverse speed is set to
vrev := 5m/s, an orientation flip occurs at t ≈ 32s. Note that
the GPS track becomes completely unreliable at standstill.
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Figure 4.8: Trial 2: Highway driving with sudden change of the instal-
lation angles. Arrow indicates initial direction of travelling.
Aerial image ©2010 DigitalGlobe.
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Figure 4.9: Results for Trial 2. In the first plot, GPS ground speed
(dashed) is compared to the longitudinal velocity estimate.
The second plot compares the yaw estimate to the GPS
ground track. The third plot shows the estimate of the
installation angles quaternion. The installation angles are
changed at t ≈ 400s. The vehicle is entering a tunnel at
t ≈ 170s, temporarily blocking GPS coverage entirely. At
t ≈ 810s, the vehicle enter a parking garage, permanently
disabling GPS.
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Kalman Filter combining state estimation and parameter identification.
Unlike existing approaches, it does not require a priori knowledge of
the road inclination. The algorithm is simple enough such that it can be
easily implemented on embedded hardware. Though the development
was motivated by a collision avoidance application, it is not specific to
it and can be easily used in other applications, such as for Personal
Navigation Devices. The method was tested using both simulated data
and test runs with real vehicles. It was shown to perform consistently
over a wide range of trajectory characteristics, such as maneuvering and
cruising.





5 Trajectory Prediction for Light Aircraft

In this chapter, a novel algorithm for estimation, filtering and prediction
of trajectories of light aircraft and gliders based on GPS measurements
is introduced. The algorithm uses Interacting Multiple Model (IMM)
filters to detect specific maneuvers such as turning, circling or straight
flight. An integrated wind model allows for quick estimation of the local
wind field and helps to achieve consistently good prediction accuracy
in windy conditions. The algorithm is shown to perform well compared
to legacy algorithms currently used in a collision avoidance system.

5.1 Introduction

Mid-air collisions are a prominent problem in general aviation. It is
estimated that about 20 such collisions occur world-wide each year, with
about one third of the involved aircraft being gliders [Lar03]. Light air-
craft often operate in Visual Flight Rules (VFR) in uncontrolled airspace.
Every pilot is responsible for looking out carefully, detecting other traf-
fic and performing evasive maneuvers if necessary. This paradigm is
known as the see and avoid principle.

It is well known that see and avoid has limitations, mostly due to human
factors [Bur91]. For instance, converging aircraft can often not be seen
by the pilot since they appear static or may be camouflaged by the
background. For gliders, the situation is particularly severe due to their
small cross section and their tendency to gather in lifting air masses
such as thermals.

In commercial aviation, the development of collision avoidance systems
(CAS) goes back to the 1950’s; solutions are well-established and man-
dated by aviation authorities. These systems, however, cannot be easily
integrated into light aircraft due to their high cost, power consumption,
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and bulkiness. Moreover, they do not take into consideration the highly
dynamic flight patterns of light aircraft. Consequently, specific systems
for light aircraft have been developed recently [Zao, FLA].

FLARM® is a GPS-based cooperative CAS introduced in 2004. It has
proven to be reliable, easy to install and use, and very cost-effective.
With an installation base of over 15,000 units in gliders and light aircraft,
it has evolved to be the de-facto standard of CAS in general aviation,
complementing transponder-based services. FLARM uses a GPS receiver
to determine its own position. It then computes a prediction of the future
flight path, which is broadcast regularly using a digital radio transceiver.
Other aircraft equipped with a compatible device may receive these
data, process them, and issue collision warnings to the pilot, if necessary.
Unlike other CAS, no recommendation is given on how to resolve the
situation; the pilot needs to make his own decision. The system also
serves as a traffic information system, indicating traffic far away with no
risk of collision, thus increasing the situational awareness of the pilot,
allowing him to avoid dangerous situations before they arise.

The accuracy of the trajectory prediction is of paramount importance
for the performance of the system. If the accuracy is low, alarms have to
be issued more often in order to avoid false negatives (i.e. no alarm is
issued, even though there is a danger). This will in turn lead to a large
number of nuisance alarms (false positives, i.e. an alarm is issued even
though there is no danger), which reduce the situational awareness by
unnecessarily increasing the work load of the pilot. Also, his confidence
in the system will be lowered, which in turn may lead to him ignoring
it or turning it off entirely. By increasing the prediction accuracy, the
number of nuisance alarms can be reduced while keeping the number
of false negatives low, thus yielding a more effective system.

Compared to commercial airplanes, the maneuverability of light aircraft
is much higher. Moreover, typical movement patterns of aircraft flying in
uncontrolled airspace are more complex since there are fewer restrictions
and the pilots fly manually instead of using the autopilot. Gliders
in particular often perform seemingly erratic maneuvers, e.g. during
the search for thermals. Stable flight patterns such as straight flight,
circling in thermals, hang soaring or contour flight may last for only
a few seconds up to a few minutes. Thus, a fast adapting prediction
algorithm is required. Moreover, unlike with commercial aircraft, wind
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can significantly influence the flight path of light aircraft. For the
prediction algorithm to yield accurate trajectory predictions, it must
deal with wind.

The trajectory prediction algorithm currently used by FLARM has been
found to perform well in practice. However, it suffers from two problems:
First, it does not provide a model for maneuvers. This typically leads
to problems when an aircraft is flying straight, since even small course
corrections will cause the prediction algorithm to assume the aircraft
is turning, yielding nuisance alerts, e.g. while overtaking or formation
flying. Secondly, it does not incorporate a wind estimate, which leads
to degraded performance in windy conditions.

5.2 Preliminaries

This section provides a brief overview of the proposed method and
introduces the basic concepts and algorithms applied in this work.

5.2.1 Coordinate Frames

The FLARM system uses a GSP receiver to determine the position
of the aircraft. the position measurements are provided in the WGS-
84 reference frame, consisting of latitude angle, longitude angle and
altitude above a standard ellipsoid. This reference frame is well suited
for expressing global positions on Earth, but it is cumbersome for local
computations. Since the distances relevant for collision avoidance are
small compared to Earth’s radius, a local planar approximation can be
used. We thus transform the GPS measurements into a local orthonormal
coordinate frame, where the principal axes are aligned with the north,
east and down axes (NED). Note that the choice of the “down” axis
is purely by convention, to obtain a right-handed coordinate frame.
Computations can be performed in this local frame with sufficient
precision. The origin of the local frame is chosen to lie at the center of
the aircraft at each time instant, which allows for several simplifications
in the algorithm in terms of computational complexity. The velocity
measurements also provided by the GPS receiver are already given in
the NED frame and can thus be used directly.
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5.2.2 Algorithm Overview

Figure 5.1 depicts the structure of the proposed algorithm. It comprises
three stages: state estimation, maneuver detection and prediction. The
GPS receiver provides position and velocity measurements (each in 3

dimensions), while the RF transmitter is used to broadcast the computed
trajectory to other devices.

In the first stage, the state of motion of the aircraft is inferred from past
measurements. The interacting multiple models (IMM) filter algorithm
is employed including a model of the local wind field. The second
stage uses the results of the first stage to provide an estimate of the
likelihood that some maneuver is currently being performed. A set
of very simple behavioral models are used to capture most relevant
situations. The third stage extrapolates the estimates produced by the
first two stages to yield a predicted trajectory over the next 20 seconds.
The current maneuver as well as the wind estimate are included in the
extrapolation.

5.2.3 Interacting Multiple Model (IMM) Filtering

The Interacting Multiple Model (IMM) Filter is an extension of other
filter methods, such as KF and EKF. It assumes that at any time instant,
the system obeys one of a finite set of modes, and it contains one filter
for every mode [BSLK01b, Mag65, Blo84, BBS88, BSCB89]. We discuss
only the IMM based on EKF here, where the system is described by

xj(k + 1) = f j(xj(k),wj(k))
y(k) = hj(xj(k)) + v(k),

(5.1)

where j = 1, . . . , r with r ∈ N being the number of modes. The cur-
rently active mode is not measurable and thus has to be inferred from
measurement data. The system may switch from one mode to another
with a given transition probability. Hence the IMM filter not only needs
to keep an estimate of the state vector (as in the EKF), but also of the
probability that the system is in a given mode. The IMM achieves this
by containing a distinct EKF for every mode and appropriately mixing
the state vectors of each individual EKF.
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Figure 5.1: Structure of the trajectory prediction algorithm.
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Let Mj(k) denote the event that mode j is active during the k-th sampling
period. Mode switches are modelled as a hidden Markov chain where it
is assumed that the transition probabilities are known, i.e. the probability
to switch from mode i to j is given by

pij = P
(

Mj(k)|Mi(k− 1)
)

(5.2)

and is independent of the state vector. The IMM filter uses r under-
lying EKFs producing state and covariance estimates x̂j(k|k), Pk(k|k).
Additionally, it computes the probability the system is in mode j:

µj(k|k) = P(Mj(k)|Z(k)) (5.3)

where Z(k) denotes the cumulative set of measurements up to time
k. Furthermore, the IMM provides mixed versions of the state and
covariance estimates:

x̂(k|k) =
r

∑
j=1

µj(k)x̂j(k|k), (5.4)

P(k|k) =
r

∑
j=1

µj(k)
[
Pj(k|k) (5.5)

+ ((x̂j(k|k)− x̂(k|k)) ((x̂j(k|k)− x̂(k|k))T)
]

For details of the algorithm, the reader is referred to [BSLK01b].

5.3 State Estimation

This section describes the first stage of the algorithm. The outputs
produced by this stage are used in all subsequent stages, hence achieving
good dynamic performance in this stage is critical.

Estimation algorithms such as the EKF or IMM filters allow for em-
bedding a dynamic model of the underlying process, thus leading to a
superior performance when compared to model-less methods. Model-
based estimation of the state of an aircraft has been discussed widely in
the literature, mainly in the context of Air Traffic Control (ATC) and air
defense. In ATC, radar measurements are used to accurately track an
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aircraft, determine parameters such as speed, heading or rate of climb,
and provide the operator with these data. Similarly, air defense systems
use radar tracking to determine the velocity vector and the distance to
the aircraft so as to compute the correct lead angles for firing.

The accuracy of an estimation algorithm depends to a large extent
on how well the embedded model matches the real dynamics [NB00].
A variety of models have been proposed, mostly falling into either
of two categories: uniform motion (UM) and coordinated turn (CT)
models [MWF82,WB92,BSL93,BP99,BSB00,BA94]. In the uniform motion
model, it is assumed the aircraft does not turn or change velocity. This
model often is accurate enough for ATC applications, where the aircraft
mostly fly with constant heading and perform turns only occasionally.
In the coordinated turn model, a variable turn rate is introduced, thus
yielding better estimates for maneuvering aircraft, but also rendering
the filter more susceptible to noise.

The UM model is effective in rejecting disturbances in straight flight,
while the CT model provides quicker convergence rates for dynamic
maneuvers. Since IMM filters allow integration of both the CT and the
UT models, they effectively combine the advantages of both models.
Algorithms implementing IMM have thus been shown to perform better
than pure EKFs in this class of problems [WKBS99,Blo84,BBS88,BSCB89].
A survey on IMM and its applications can be found in [MABSD98,
BSLK01b]. In this text, both UM and CT models are employed.

5.3.1 Aircraft Equations of Motion

In commercial aviation, the velocity of aircraft typically is large com-
pared to wind speeds, and the aircraft perform only slow maneuvers
with moderate turn rates. Wind is thus usually modeled as white noise
added to the velocity [BP99], which is sufficiently accurate for radar
tracking applications. For light aircraft, wind is more important due
to lower airspeeds and higher maneuver dynamics, since it can lead
to significant displacement when turning (see Figure 5.2). To this end,
we employ an augmented dynamical model including the local wind
field.
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Wind

Figure 5.2: Ground track of a circling glider in windy conditions.

Denote by v = [vN vE vD]
T the local velocity of the aircraft, ω its rate of

turn, and by d = [dN dE]
T the local wind field. The vertical wind (e.g.

lift, sink) is ignored, since the accuracy of the GPS is too low compared
to vertical wind speeds. The dynamics of motion are given by

v̇N = −ωvE,
v̇E = ωvN ,
v̇D = 0,
ω̇ = 0,

ḋN = 0,
ḋE = 0.

(5.6)

The measurements are given by

y(t) =

vN(t) + dN(t)
vE(t) + dE(t)

vD(t)

 . (5.7)

Let the combined state vector be given by

x = [vN vE vD ω dN dE ]T . (5.8)



5.3 State Estimation 67

Equations (5.6), (5.7) can then be written compactly as

ẋ = fc(x),
y = h(x),

(5.9)

where the index “c” is added to fc(·) to discriminate the continuous-time
from the discrete-time dynamics as developed next.

5.3.2 Filter Design

For filtering, a discrete-time representation of (5.6) is derived by analytic
integration, and disturbance terms are added:

x(k + 1) = f (x(k)) + g(x(k))w(k),
y(k) = h(x(k)) + v(k).

(5.10)

The sampling time is T = 1s throughout. The function g(·) maps process
noise from the local frame to a body fixed coordinate frame, such that it
affects lateral and longitudinal acceleration, rather than north and east.
The wind field becomes unobservable as the turn rate goes to zero; this
is accounted for in the noise model by decreasing the noise gain on the
wind estimate linearly with the turn rate. We therefore have

g(x(k)) =

M(x(k)) 0 0
0 I2×2 0
0 0 |ω(k)|I2×2

 (5.11)

with

M(x(k)) =
I2×2√

vE(k)2 + vN(k)2
·
[
−vE(k) vN(k)
vN(k) vE(k)

]
(5.12)

essentially being a rotation matrix. An IMM filter is applied comprising
both an uniform motion and a coordinated turn mode. The coordinated
turn mode uses the full model (5.10), (5.11), while the uniform motion
mode employs a simplified model, fixing the turn rate to zero. Ad-
ditionally, the noise covariances are chosen differently, as depicted in
Figure 5.3. The values for the variances and transition probabilities are
determined by trial; they are given in Appendix 5.A.
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Figure 5.3: Process noise injection.

5.4 Maneuver Detection

Trajectories of general aviation aircraft typically comprise a number of
distinct patterns, such as cruising, circling or random maneuvering. It is
thus beneficial to detect the most frequent patterns in order to provide
a better prediction accuracy. This holds true particularly for gliders,
which show an even wider range of maneuvers.

The maneuver detection stage is designed to detect the most common
flight patterns. It uses the turn rate estimate ω̂(k|k) determined by the
state estimation stage as the input, and employs a second IMM filter,
where every mode corresponds to a maneuver. We use six modes /
maneuvers as depicted in Figure 5.4. State transitions are marked by
arrows. The probabilities are determined by trial and inspection of real
flight data; the values are given in Appendix 5.B.

In order to remain computationally feasible, the dynamic models for the
six modes are kept simple; only the turn rate dynamics are considered.
More complex, albeit rare maneuvers which involve vertical motion (e.g.
a looping) are thus not captured by the algorithm. All maneuver models
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Maneuver 1:
Straight Flight

Maneuver 2:
Slow Turn

Maneuver 5:
Circle

Maneuver 6:
Terminate Turn

Maneuver 3:
Initiate Left Turn

Maneuver 4:
Initiate Right Turn

Figure 5.4: Maneuver state machine used for maneuver detection.

Mode Parameters
ω∞

i [rad/s] τi [s]
1 Straight flight 0 0
2 Slow turn 0 5
3 Start turn l. −max{0.25, |ω̂(k)|} 1.5
4 Start turn r. max{0.25, |ω̂(k)|} 1.5

5 Turning ±max
{
|ω̂med(k)|, 2π

50

}
1

6 Terminate turn 0 1.5

Table 5.1: Filter parameters for maneuver detection stage.

are given by

ω̇M
i = − 1

τi
(ωM

i −ω∞
i ) (5.13)

for i = 1, . . . , 6 and τi, ω∞
i being parameters depending on the mode.

For the filter design, a discrete-time version of (5.13) is readily obtained.
Including the process noise wM

i (k) and the measurement noise vM
i (k),

we write

ωM
i (k + 1) = f M

i (ωM
i (k), ω∞

i ) + wM
i (k),

yM
i (k) = ωM

i (k) + vM
i (k).

(5.14)

The time constant τi is fixed for a given mode. The target turn rate ω∞
i
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defines the steady-state rate to which the model converges. Depending
on the mode, it may vary based on past turn rate estimates. Table 5.1
lists the parameters used for all modes. Note that the model for straight
flight has a fixed turn rate of 0 at all times, which is indicated in the
table by a time constant of 0. The symbol ω̂med here denotes the median
of the past 10 samples of the turn rate estimates. This formulation
allows for different turn rates and turn radii in Mode 5, e.g. due to
different airspeeds, aircraft dynamics, or diameter of the lift area when
thermaling. It assumes the aircraft is circling essentially with a constant
turn rate, but allowing for small intermittent deviations, e.g. when
performing correction maneuvers to move to the center of a thermal.
A minimum target turn rate is given in Table 5.1, such that turn rates
lower than 2π

50 are not considered as circling maneuvers by the filter.

The IMM filter is applied straightforwardly, with ω̂(k|k) being the input.
The outputs are the weighted maneuver turn rate ω̂M(k|k) and the
maneuver mode probability vector µM(k|k). The covariances are given
in Appendix 5.B.

5.5 Trajectory Prediction

The final stage of the algorithm uses outputs from the state estimation
and the maneuver detection stages to produce predicted position fixes
over a given horizon. Starting with the initial position p(k) obtained
from the GPS, the algorithm produces consecutive position estimates
p̂(k + i|k) for i = 1, . . . , N, where N = 20. Since the origin of the local
coordinate frame is chosen to coincide with the position of the aircraft at
every time step, we have p(k) = 03×1. For transmission over the radio
interface, the resulting trajectories are transformed back into the global
reference frame.

Algorithm 5.1 1. Initialize, let

vo = [v̂N(k|k) v̂E(k|k) v̂D(k|k)]T ,

d = [d̂N(k|k) d̂E(k|k) 0]T ,

ω0 = ω̂M(k|k),
p0 = 03×1.
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2. Determine maneuver mode with highest probability:

m = argmax
i=1...6

µM
i (k|k).

3. Compute future turn rates based on the currently most probable
maneuver model

ωi+1 = f M
m (ωi, ω∞

m ), i = 0, . . . , N − 2.

4. Let δi(t) ∈ R6 denote the inter-sampling trajectory of the aircraft
relative to its position at time instant i. Solve the ODE

δ̇i(t) =

[
03×3 I3×3
03×3 M(wi)

]
δi(t),

δi(0) =

[
03×1
vi

]
in the interval t ∈ [0, T] and for i = 0, . . . , N − 1, where

M(ω) =

 0 −ω 0
ω 0 0
0 0 0

 . (5.15)

Set

∆pi = [I3×3 03×3] δi(T). (5.16)

5. Compute the predicted trajectory

pi+1 = pi + ∆pi + Td, i = 0, . . . , N − 1. �

The ODE in Step 4 is easily solved analytically. Specifically, Step 4 can
be replaced by

∆pi =


sin(T ωi)

ωi
−

2 sin
(

T ωi
2

)2

ωi
0

2 sin
(

T ωi
2

)2

ωi

sin(T ωi)
ωi

0
0 0 T

 vi. (5.17)
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It should be noted that using an approximation in Step 4 instead of the
closed-form solution (5.17), e.g. the forward Euler method, will lead to
an accumulation of error over the prediction horizon and is thus not
recommended.

The resulting trajectory {pi}N
i=0 can then be converted back to the WGS-

84 reference frame and transmitted using the RF transmitter.

5.6 Results

The three stages of the algorithm were tuned and tested based on several
data sets:

• Synthetic data were created using a simulation model similar to
(5.6). Various maneuvers have been included in these data, as
shown in Figure 5.5. A realistic amount of noise was added to the
measurements.

• Two test flights were performed on a Motorfalke airplane, using a
GPS receiver with identical characteristics to the one used in the
production units. Data were recorded for later processing on the
computer.

• A database of 600 flight records adding up to more than 1700
hours of flight was used for large-scale verification. These flights
were typically recorded with a limited accuracy of 0.0001◦ for
latitude / longitude, and with a time interval of 1 or 2 seconds.
Furthermore, only position fixes were recorded, no velocity mea-
surements were available. To attain a similar level of fidelity,
the data were preprocessed and missing data were reconstructed
using a spline algorithm.

A simulation result for the state estimator stage is shown in Figure 5.6.
The filter is initialized with a (wrong) wind estimate of zero. It can
be observed that this error leads to oscillation of the turn rate when
the aircraft starts circling for the first time. The wind estimate then
converges to the true wind speed in less than three full circles.

A challenging but realistic situation for the algorithm is depicted in
Figure 5.7. These data have been extracted from one of the flights in the
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Figure 5.5: Top view of simulated maneuver test sequence. Both wind
speed and aircraft velocity relative to surrounding air are
constant.
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Figure 5.6: Simulation result of state estimator stage, using generated
flight data. In the topmost plot, GPS velocity refers to the
ground speed measured by the GPS receiver. In the second
plot, GPS turn rate is determined by taking the difference
of two consecutive heading measurements. In the third plot,
Mode 1 refers to the uniform motion model, Mode 2 to the
coordinated turn model. The maneuver numbering in the
bottom plot corresponds to the one given in Figure 5.4.
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database. It shows a real situation a glider pilot encountered during
a windy day with weak thermals. Filter output for this example is
depicted in Figure 5.8. It can again be observed the wind estimate
converges in about three full circles.
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Figure 5.7: Overhead plot of a real flight example on a windy day. Cir-
cling starts at t = 130 and continues for about 400 seconds.
Displacement is large due to strong wind.

In order to assess the prediction accuracy which can be expected in
real-world scenarios, the algorithm was applied to all the flights in the
database. By comparing the true position at time k + i as measured by
the GPS receiver with the i-step prediction at k, the prediction error
was quantified directly for each individual flight record and for varying
prediction times i. The root mean square (RMS) of the prediction error
was then computed, yielding a combined statistical measure of the
accuracy of the trajectory prediction. Results are shown in Figure 5.9.
For reference, the performance of the legacy algorithm is also shown.

To assess the sensitivity of the filter to wind, the flight records from the
database were categorized into calm wind, medium wind and strong
wind conditions. The calculation of RMS prediction errors was repeated
for each of these subsets, and the results are depicted in Figure 5.10. It
can be seen that the new algorithm offers better accuracy almost over
the whole prediction horizon. More importantly however, accuracy
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is consistent on average for calm to windy day, showing little to no
sensitivity to wind.

5.7 Conclusion

A novel algorithm has been proposed for trajectory prediction of light
aircraft. The algorithm is designed for the employment in the low-cost
traffic advisory and collision avoidance system FLARM. It has been
validated and tested both on simulated and real flight data on a large
scale. It almost always provides more accurate predictions than the
legacy algorithm independent of maneuvers and wind. The improve-
ment is particularly significant in windy conditions, where the new
algorithm does not show any sensitivity to wind in a statistical sense.
The algorithm will be implemented in production units in 2010/2011.

5.A Process Parameters for State Estimation

The noise covariances used in the state estimator filter are given by

Qi = diag([ σl σa σD σω σw σw ]), (5.18)

Ri = diag([ σvN σvE σvD ]) (5.19)

for each individual node, with i ∈ {1, 2} and Mode 1 being the uniform
motion mode, Mode 2 the coordinated turn mode. The particular values
for the parameters are found by trial and error and given in Tables 5.2
and 5.3. The transition probabilities of the underlying Markov chain are
given by

P =

[
.8 .2
.1 .9

]
. (5.20)
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Mode σl [g] σa [g] σd [g] σΩ [deg/s2] σw [g]
i = 1 0.02 0.1 0.02 0 0
i = 2 0.25 0.12 0.02 4 0.1

Table 5.2: Process noise variances used in the state estimation state. The
Earth gravitation is denoted by g.

Mode σN [m/s] σE [m/s] σD [m/s]
Both modes 1 1 2

Table 5.3: Measurement noise variances used in the state estimation
stage.

5.B Process Parameters for Maneuver Detection

The noise covariances for the maneuver detection filter are given in
Table 5.4. The transition probabilities of the underlying Markov chain
are given by

PM =



.7 .1 .1 .1 0 0

.1 .8 .05 .05 0 0
0 .08 .8 .02 .1 0
0 .08 .02 .8 .1 0
0 0 0 0 .8 .2

.05 .05 .03 .03 .04 .8

 . (5.21)

Mode QM
i [deg/s2] RM

i [deg/s]
1 3 1
2 5 1
3 5 1
4 5 1
5 5 1
6 5 1

Table 5.4: Maneuver detection model parameters, where QM
i =

E[wM
i (t)2], RM

i = E[vM
i (t)2].
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Figure 5.8: Filter output for real flight example. Filtered outputs are
shown for estimator and maneuver detection stages. The
filter is initialized with a wind speed of zero. Once circling
starts (at t = 130s), the wind estimate converges within about
one minute. The oscillations in estimated air speed and turn
rate are decreased significantly.
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Figure 5.9: Root mean square (RMS) prediction error comparison in
cruise flight of legacy filter to proposed filter. 600 flights
were processed.
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6 Nominal Reference Tracking

The simplest form of reference tracking is when the state is fully mea-
surable and no model mismatch is present. This case is termed nominal
reference tracking. Compared to the offset-free methods developed later,
nominal tracking is simpler in that it does not have to deal with uncer-
tainty. However, it uses similar methods to offset-free control and thus
provides valuable insights into the topic.

This chapter first gives a brief introduction to nominal reference track-
ing with MPC. The technique is essentially identical to well-established
methods employed in unconstrained state-feedback designs. Next, sev-
eral techniques are proposed for reducing the computational burden for
reference tracking problems, exploiting the fact that such problems often
have constraints on only parts of the (augmented) state space. A method
is given for computing stabilizable sets for such systems which can
be used subsequently in a low-complexity MPC design. The methods
are applied to the inverted pendulum benchmark example proposed
in [TG07].

6.1 Introduction

Nominal reference tracking for MPC is an established concept which
adapts straightforwardly from other state-space control methods such
as LQR [MR93]. The main idea is to modify the cost function in the
optimization problem such that the controller regulates the system state
to a predefined target state, rather than to the origin. The main questions
which need to be addressed are:

• Computation of the target state, depending on the reference input

• Adaptation of the cost function in the MPC problem
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• Feasibility of the MPC with respect to the reference inputs

The remainder of this chapter is structured as follows. The basic struc-
ture of a reference tracking MPC is given in Section 6.2. Section 6.3
introduces the concept of partially constrained systems which often arise
for tracking problems. Methods and algorithms are presented to exploit
the structure of such systems to significantly decrease the complexity of
the MPC. In Section 6.4, a case study of an inverted pendulum example
is presented employing the methods developed earlier. In Section 6.5,
the connection to a similar instance of an inverted pendulum, the Furuta
pendulum [FYKN91], is discussed.

6.2 Nominal Reference Tracking

Consider the linear system

x(k + 1) = Ax(k) + Bu(k), (6.1a)

z(k) = Hx(k) (6.1b)

with x ∈ Rnx , u ∈ Rnu , z ∈ Rnr . The vector z(k) defines the set of
tracked variables, as opposed to the vector of measurements (we assume
the state vector to be measurable here). The system is subject to the
constraints

x(k) ∈ X, u(k) ∈ U (6.2)

with X ⊆ Rnx , U ⊆ Rnu containing the origin in the interior. Let the
constraint sets be polytopic and given by

X = {x ∈ Rnx | Hxx ≤ Kx}, U = {u ∈ Rnu | Huu ≤ Ku}. (6.3)

We do not require X, U to be bounded, hence the set of feasible states
may be unbounded. The goal is to devise an MPC which tracks a given
constant reference r such that

z(k)→ r (6.4)

as k → ∞. We have assumed the reference to be constant here for
clarity. The method extends to other classes of reference signals such as
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piecewise-constant signals.

The standard MPC formulation employs the origin of the state space as
target. In order to track a reference, the cost function must be adjusted.
In the following, we largely follow the approach proposed in [MR93].
Define by[

A− I B
H 0

] [
x̄

ū

]
=

[
0
r

]
(6.5)

the target condition. The first row selects fixed points of (6.1), while the
second row ensures the selected fixed point produces the desired output.
The MPC as given in Section 3.2.1 is extended taking into account the
target:

min
u0,...,uN−1,x̄,ū

‖xN − x̄‖2
P +

N−1

∑
t=0
‖xt − x̄‖2

Q + ‖ut − ū‖2
R

subj. to xt+1 ∈ X, ut ∈ U, t = 0, . . . , N − 1,
xt+1 = Axt + But, t = 0, . . . , N − 1,
x0 = x(k),
(6.5)

(6.6)

where ‖x‖2
M := xT Mx, Q � 0, R � 0, and P � 0. Note that we

distinguish between the current input u(k) to the system (6.1) at time
k, and the optimization variables ut in the optimization problem (6.6).
Analogously, x(k) denotes the system state at time k, while the variable
xt denotes the predicted state at time k + t obtained by starting from
the state x0 = x(k) and applying the input sequence {uj}t−1

j=0.

The MPC (6.6) achieves reference tracking under the following condi-
tions:

a) The matrix[
A− zI B

H 0

]
has full row rank for z = 1. That is, for any r, there exist a target
(x̄, ū) satisfying (6.5). This is equivalent to stating the transfer
function G(z) = C(zI − A)−1B of the system (6.1) does not have a
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transmission zero at z = 1. We also say that the tracking problem
is well-posed.

b) There exists a feasible target with x̄ ∈ X, ū ∈ U such that (6.5)
holds.

c) The closed-loop is stable.

For condition a) to hold, it is clearly required that the number of inputs
is equal or greater than the number of tracked variables, i.e. nu ≥ nz.
Conversely, if nu > nz, the MPC has additional degrees of freedom in
choosing the target. In such a case, the formulation (6.6) automatically
selects the target which minimizes the overall cost function. Other
approaches suggest to use the additional degrees of freedom to choose
the target with respect to a different objective function, e.g. to meet an
economic objective [MR93].

6.3 Partially Constrained Systems

Reference tracking problems often give rise to unbounded feasible
regions of the state space. Consider the following example.

Example 6.1 Let a simple servo system be given by

x(k + 1) =
[

1 1
0 1

]
x(k) +

[
0
1

]
u(k), (6.7a)

z(k) =
[
1 0

]
x(k), (6.7b)

where constraints are placed on the velocity x2(k) and the input:

|x2(k)| ≤ 1, |u(k)| ≤ 1. (6.8)

Assume a cascade of two controllers, where the inner (fast) controller
is an MPC tracking the position setpoint given by the outer (slow)
controller. A typical example for such a setup is a computer-aided
manufacturing machine, where the tool position is controlled by the
MPC, and the setpoint is generated by a trajectory planner. The position
constraints can be easily satisfied in the trajectory planner, e.g. by
detecting and removing invalid setpoints. The low-level MPC does
not need to know about the constraints. Moreover, if the constraints
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were to be integrated into the MPC, its complexity would increase
unnecessarily. �

Existing (explicit) MPC methods require the feasible state space to be
bounded [KGB04]. This is usually achieved by adding artificial con-
straints far away from the operating point. However, this unnecessarily
increases computation time and memory requirements. This section
introduces two methods for dealing with this problem based on the
notion of partially constrained systems:

Definition 6.1 Consider the system (6.1). We say the state space of the
system is partially constrained, if (Hx, A) is not completely observable.
The unobservable subspace is termed unconstrained subspace. �

First, a method is given for computing unbounded stabilizable sets,
which can then be used to obtain controllers of low complexity. Since
the proposed controller cannot be extended to guarantee stability, a
modified analysis method is given to check stability a posteriori.

6.3.1 Stabilizable Set

In this section, we propose a method for computing a stabilizable set
for partially constrained systems. Consider the observability matrix

O =


Hx

Hx A
...

Hx Anx−1

 . (6.9)

Assume rank(O) = m < nx. Definition 6.1 suggests the transformation

x̃ = T−1x̃, T =

[
Tu
Tc

]
, (6.10)

where Tc ∈ Rm×nx conains m linearly independent rows of O and the
rows of Tu ∈ R(nx−m)×nx are selected such that T is invertible. Then,
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the transformed system attains the structure

x̃(k + 1) =
[

Au A12
0 Ac

]
︸ ︷︷ ︸

Ã

x̃(k + 1)
[

Bu
Bc

]
︸ ︷︷ ︸

B̃

u(k), (6.11)

with x̃ = [ x̃T
u x̃T

c ]T , Au ∈ R(nx−m)×(nx−m) and Ac ∈ Rm×m, and
subject to the constraints

Hzx̃c(k) ≤ Kz, Huu(k) ≤ Ku. (6.12)

Thus, a partially constrained system can be decomposed into a con-
strained and unconstrained part. Without loss of generality, we assume

|λi(Au)| ≤ 1 (6.13)

where λi(Au) denotes the i-th eigenvalue of Au. That is, Ac contains
all the strictly unstable modes of the original system. If (6.13) does not
hold automatically, it is always possible to apply a second transform
which moves the unstable modes accordingly.

Theorem 6.1 Consider the system (6.11)-(6.13). Assume (Ã, B̃) controllable
and Ã diagonalizable. Let Kc

N ⊆ Rm be a stabilizable set for the subsystem
(Ac, Bc) subject to Hzx̃c(k) ≤ Kz and Huu(k) ≤ Ku. Then, KN = Rnx−m×
Kc

N is a stabilizable set for the system (Ã, B̃). �

Proof For every x̃ = [x̃T
u x̃

T
c ] ∈ KN , there exists an admissible input

sequence which drives x̃c to the origin. It is thus sufficient to prove that
for any x̃(0) = [x̃u(0)T 0]T , there exists an admissible input sequence
which drives the state to the origin. The proof works by showing that an
admissible linear feedback controller exists which stabilizes the system.

Introduce the auxiliary constrained system where x̄(j) := x̃(j · nx):

x̄(j + 1) = Āx̄(j) + B̄ū(j)

H̄ x̄(j) + L̄ū(j) ≤ M̄

with

Ā = Ãnx , B̄ = [ B̃, ÃB̃, . . . , Ãnx−1B̃],
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ū(k) = [u(k + nx)T , . . . ,u(k)T ]T and the constraint matrices H̄, L̄, M̄
can be easily derived. By controllability of (Ã, B̃), there exists a dead-
beat controller K̄ such that

Ā + B̄K̄ = 0nx×nx

holds. Consider now the scaled controller αK̄ with α ∈]0, 1]. Clearly,
the eigenvalues of the closed loop Ā + αK̄B̄ = (1− α)Ā are the scaled
eigenvalues of Ā, i.e. λi(Ā + αK̄B̄) = (1− α)λi(Ā). Since the strictly
unstable modes are zero, the controller stabilizes the system for the
initial condition x̄(0) = [x̄u(0)T 0]T for any choice of α. Denote the
admissible set by X̄ = {x̄ | [H̄ αL̄K̄] x̄ ≤ M̄}. By convexity of X̄, there
exists α > 0 such that for any x̄∗ = [x̄∗T1 0]T with ‖x̄∗‖ ≤ ‖x̄(0)‖ the
inclusion x̄∗ ∈ X̄ holds. By the diagonalizability of Ã and hence Ā, we
have ‖x̄(j + 1)‖ ≤ (1− α)‖x̄(j)‖. Therefore, x̄(j) ∈ X̄ for j ≥ 0, hence
the controller K̄ is both stabilizing and admissible.

�

6.3.2 Stability Analysis

The stabilizable set as developed above can be employed conveniently
in the low-complexity MPC scheme (3.18). Since this controller does not
guarantee asymptotic stability by design, it has to be checked a posteriori.
However, Algorithm 3.2.4 cannot be applied straightforwardly, since the
controller partition may be unbounded and thus exponential stability
cannot hold globally. The following algorithm is devised to remove this
limitation by choosing a subset of the state space where exponential
stability holds.

Algorithm 6.1 Consider the piecewise-affine system

x(k + 1) = fPWA(x(k))

= (A + B fr)x(k) + Bgr, if x(k) ∈ Pr, r = 1, . . . , R,

(6.14)

defined on the polyhedral partition XN =
⋃R

r Pr, where XN is invariant
and contains unbounded regions.
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1. Select large µ > 0.

2. Calculate new partition {P?
r }R

r=1 as the intersection P?
r = Pr ∩

{x ∈ Rn; |x|∞ ≤ µ}. Store indices of affected regions I = {i ∈
{1, . . . , R}; P?

i 6= Pi}

3. Find Lyapunov function as in (3.20) subject to (3.21) on partition
{P?

r }R
r=1.

4. IF I = {}, THEN V? = ∞. STOP

ELSE solve

V? = min
x∈Pi , i∈I

PWQi(x), s.t. |x|∞ = µ. (6.15)
�

In Step 2, the partition is bounded by a hypercube. The parameter µ

should be chosen such that only unbounded regions are affected. In
step 4, the smallest level of the Lyapunov function is determined for
which there is a x that leaves the hypercube. Solving for V? in Step 5
amounts to solving 2n QPs for every region in I . The complexity of
the algorithm is negligible compared to the complexity of finding the
Lyapunov funtion in Step 3.

Theorem 6.2 (Stability) If a Lyapunov function is found for the PWA system
(3.19) by Algorithm 6.1, then the system is exponentially stable for x = 0 in
the region X ?

N = XN ∩ {x ∈ Rn; PWQ(x) ≤ V?}. �

Proof By intersecting the partition with a hypercube of size µ, its
invariance property is lost. Invariance is re-established by Step 4 after
the Lyapunov function is computed. Trajectories can only exit the
partition through µ-hyperplanes due to the invariance of the original
partition {Pr}R

r=1. Since V? is the smallest value for which PWQ(x)
touches such a µ-hyperplane, and since PWQ(x) < V?, ∀x ∈ X ?

N and
PWQ( fPWA(x))− PWQ(x) < 0, x ∈ X ?

N , trajectories starting in X ?
N

cannot leave it, hence X ?
N is invariant. Therefore, Theorem 3.2 holds.�
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6.4 The Inverted Pendulum

The following example problem was formulated in [TG07] to explore
various strategies for constrained control. Consider the inverted pen-
dulum around its upright position for small inclination angles. The
pendulum mass shall be concentrated at its center of gravity. The rod
connecting the mass with the cart is mass-free and rigid. The cart may
move horizontally with no friction. Denote by x1 the horizontal speed
of the pendulum, by x2 the horizontal displacement of the pendulum
relative to the cart, and by x3 the horizontal velocity of the cart. The
pendulum is controlled by applying a force Fu to the cart. An unknown
persistent horizontal force Fz acts on the pendulum as a disturbance.
The pendulum is depicted in Figure 6.1.

Fz

x1

m1

u

x3

F
m3

v1

v3

Figure 6.1: The inverted pendulum.

A linearized and normalized model with appropriately scaled variables
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is given by

d
dtx(t) =

 0 −1 0
−1 0 1
0 1 0

x(t) +
0

0
1

 u(t) +

1
0
0

 d(t)

z(t) =
[
1 0 0

]
x(t)

(6.16)

where u(t) is the normalized control input and d(t) the normalized
disturbance (load). Constraints on the input are given by

|d/dt u(t)| ≤ 2s−1, |u(t)| ≤ 1.25. (6.17)

The state vector is assumed to be measurable. The goal is to track a
given reference with the pendulum velocity x1. The specific goals given
in [TG07] are:

• Track a large reference step. The step is applied with a slew rate
of 0.5/s up to a maximum of 2.0.

• Reject large and persistent disturbance steps. The disturbance is
applied with a slew rate of 0.25/s up to a maximum of 1.0. This
will drive the pendulum close to the border of being stabilizable
given the input constraints.

The pendulum model is sampled employing a zero-order hold. The
sampling interval is chosen as Ts = 0.05s, which is fast enough for
fulfilling the disturbance rejection requirements. The discrete time
system equations are given by

x(k + 1) = Ax(k) + Bu(k) + Bdd(k)
z(k) = Hx(k),

A =

 1.001 −0.05 −0.001
−0.05 1.003 0.05
−0.001 0.05 1.001

 ,

B =

 0
0.001
0.05

 , Bd =

 0.05
−0.001

0

 ,

H = [1 0 0],

(6.18)
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with the constraints

|u(k)| ≤ 1.25, |u(k)− u(k− 1)| ≤ 2Ts. (6.19)

6.4.1 State Augmentation

To account for slew rate constraints on the input, the system is put into
input velocity form by applying

u(k) = u(k− 1) + ∆u(k). (6.20)

The input u(k) enters the system equations as an additional state vari-
able, whereas ∆u(k) is considered the input of the plant.

In order to be able to reject a persistent disturbance, a disturbance
model is incorporated assuming integral (step) disturbance dynamics.
The resulting system equations are

x(k + 1) = Ax(k) + Bdd(k) + Bu(k),
u(k) = u(k− 1) + ∆u(k),

d(k + 1) = d(k).
(6.21)

The reference model is constant and given by

r(k + 1) = r(k). (6.22)

6.4.2 Stabilizable Set

Stabilizable sets have been used widely for safely controlling unstable
plants with saturating actuators. In [ÅÅ01], a control-invariant set is
employed for controlling an inverted pendulum. However, the compu-
tation method is specific to the problem, and no rate constraints were
considered. In [YNF00], a method for approximating control-invariant
sets for continuous-time plants is given.

The inverted pendulum closely relates to a class of control problems
in aviation, where saturating actuators and pilot-induced oscillations
led to crashes of several prototype fighter aircraft in the past [Han03],
[PM98]. Stabilizable sets provide a possible solution to these problems.
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Figure 6.2: K25, cuts with x1 = x3 = u = 0 (left) and x2 = d = u = 0
(right)

For instance, a stabilizable set is used in an anti-windup scheme in
[BGAZ05] to guarantee feasibility and safe control of an unstable tail-
less airplane.

For the benchmark system (6.21), the state transform z = Tx̃ with

T =


−0.787 −0.599 0.122 0 0.086
0.394 −0.358 0.843 0 −0.080
−0.062 0.261 0.229 0 0.936
−0.350 0.495 0.350 0.670 −0.247
0.316 −0.447 −0.316 0.742 0.223

 (6.23)

leads to decomposition (6.11), (6.12) with m = 2, i.e. the dimension of
the set computation is reduced from 5 to 2. The choice of the number of
iterations defines the margin of control authority; the number of itera-
tions N = 25 was chosen by trial. In Figure 6.2, cuts of the stabilizable
set through x1 = x3 = u = 0 and x2 = d = u = 0 are shown. It has 52
facets and is unbounded. Most of the facets only appear in the u/d cut,
which is not shown here.
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6.4.3 Estimator

Since the disturbance is not measurable, an estimator for (6.21) is de-
vised. By assuming noise-free measurements of x(k), a simple dead-beat
disturbance estimator is employed

x̂(k + 1|k) = Ax(k) + Bu(k) + Bd d̂(k|k− 1)
d̂(k + 1|k) = d̂(k|k− 1) + L(x(k)− x̂(k|k− 1)),

(6.24)

where x̂, d̂ are estimates of the state and disturbance, respectively. The
estimator gain is set to L = (BT

d Bd)
−1BT

d . When using this estimator, the
disturbance estimate is error free, but delayed by one time step, i.e.

d̂(k|k− 1) = d(k− 1). (6.25)

It should be noted that this estimator is considerably simpler concep-
tually than a full observer, as it is used for offset-free tracking in the
following chapters.

6.4.4 Controller

We derive an N-step MPC (3.18b) for the pendulum, employing the
stabilizable set computed in Section 6.4.2. The target equation (6.5) is
adapted to account for the disturbance:[

A− I B
H 0

] [
x̄

ū

]
=

[
−Bd d̂(k)

r(k)

]
(6.26)

Since nu = nz the solution to (6.26) is unique and given by

[
x̄

ū

]
=

[
A− I B

C 0

]−1

·
[
−Bd 0

0 I

]
·
[

d(k)
r(k)

]
, (6.27)

=


0 1
1 0
0 1
−1 0

 [d(k)
r(k)

]
. (6.28)

Note that the target for the input change ∆ū is always zero.
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Since the target is uniquely determined by the disturbance and the
reference, it can be explicitly integrated into the MPC problem (6.6). The
MPC problem at time step k is thus given by

min
∆u0,...,∆uNp−1

‖xNp − x̄‖
2
P +

Np−1

∑
t=0
‖xt − x̄‖2

Q (6.29a)

+‖ut − ūt‖2
R + ‖∆ut‖2

R∆
(6.29b)

subj. to [xT
t ut dt]

T ∈ KN , t = 0, . . . , Np − 1, (6.29c)

xt+1 = Axt + Bddt + But, (6.29d)

ut = ut−1 + ∆ut, t = 0, . . . , Np − 1, (6.29e)

dt = d̂(k), t = 0, . . . , Np − 1, (6.29f)

x0 = x(k), u−1 = u(k− 1), (6.29g)

x̄ =

0 1
1 0
0 1

 [d̂(k)
r(k)

]
, (6.29h)

ū = −d̂(k). (6.29i)

Note that the set constraint (6.29c) includes the constraints (6.19). The
weights are chosen by trial and error to obtain satisfying large signal
(constrained) behavior, i.e. when the benchmark test sequences are
applied. The cost matrices are given by

Q =

1 0 0
0 1 0
0 0 1

 , R = R∆ = 0.1. (6.30)

The terminal weight P is chosen as the solution to the Discrete Algebraic
Ricatti equation

P = AT PA− (AT PB)(R + BT PB)−1(BT PA) + Q. (6.31)

The optimization problem (6.29) is solved for Np = 25, employing mul-
ti-parametric quadratic programming. The piece-wise affine control law
is denoted by

∆u(k) = K(x(k), d̂(k), r(k)). (6.32)
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Figure 6.3: Controller partition, cuts through x1 = x3 = u = r = 0 (left)
and x2 = d = u = r = 0 (right)

The partition of K(·, ·, ·) consists of 55 polyhedrons; cuts through x1 =
x3 = u = r = 0 and x2 = d = u = r = 0 are shown in Figure 6.3.

Local Controller

The controller (6.29) is tuned for robust large-signal behavior. In order
to improve unconstrained behavior, a fast local controller is added
which overrides the global controller near the origin. First, a linear state
feedback controller is computed as in (6.29) with the constraints (6.29c)
removed. The cost is modified for more aggressive control action:

Q =

50 0 0
0 1 0
0 0 1

 , R = R∆ = 0.1. (6.33)

The resulting controller is linear and denoted by

∆u(k) = Kloc[ x(k)
T d̂(k) r(k) ]T (6.34)

The maximum admissible Xloc for the linear controller Kloc is computed
employing the method in [GT91]. The set Xloc is added to the controller
partition, overriding the previous control law if the state, disturbance
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and reference are in Xloc. Since the system will stay within Xloc once it
enters it, there are no switching issues; the system will be stable if the
global controller stabilises it since the state eventually enters Xloc.

6.4.5 Stability Analysis

Stability analysis was performed for the case without disturbance. Not
all combinations of the number of iterations for computing the invariant
set N, and the prediction horizon Np yield a stable closed-loop. More-
over, because of the conservatism discussed in Remark 3.1, it is not
possible to find a Lyapunov function for every stabilizing controller. By
selecting a larger N – and thus a larger set KN – the system is allowed
to move closer to the stability border, where it might get stuck [PM98].
The prediction horizon must be increased appropriately, at the cost of
greater complexity in terms of number of regions.

Table 6.1 shows the minimum prediction horizon Np necessary to obtain
a stabilizing controller for various N. Lyapunov analysis was restricted
to horizons no larger than 10 due to computational complexity. Addi-
tionally, stability was checked by simulating trajectories for a series of
initial conditions. The starting points were generated by taking some
extreme vertices of the controller regions, and by additionally limit-
ing |x(0)|∞ < 10. If convergence was encountered, the system was
considered trajectory stable.

For some choices of parameters, the closed-loop is stable in simulation,
but a Lyapunov function cannot be found. For instance, choosing
Np = 1, Lyapunov stability can be proved for up to N = 10. This
horizon is not sufficient and leads to problems when large disturbance
steps are applied. Conversely, the pair N = 25 and Np = 1 was found
to yield satisfying behavior in simulation, but stability analysis fails in
this case.

Table 6.2 shows the number of regions resulting for various prediction
horizons. For larger prediction horizons (Np > 8), controller compu-
tation takes several hours, and the Lyapunov stability check days to
complete, which limits applicability of these methods.
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Number
of

Iterations
for

Invariant
Set, N

Min. Pred.
Horizon Np

for Lyapunov
Stability

Min. Pred.
Horizon Np

for Stable
Trajectory

5 1 1
10 1 1
15 5 1
25 > 10 1
40 > 10 3

Table 6.1: Minimum prediction horizon for stability

Prediction
Horizon

Np

Number of
Regions

1 55

2 171

3 471

5 1509

7 3432

9 6977

10 9585

Table 6.2: Prediction horizon vs. number of regions for N = 25
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6.4.6 Simulation Results

In Figures 6.4 and 6.5, the benchmark reference and disturbance trajec-
tories are applied. The parameters for computing the controller were
N = 25 and Np = 1. It comprises 55 regions.

In Figure 6.6, trajectories are shown for varying N, while keeping Np = 1.
Increasing N results in quicker control action, but may lead to limit
cycles.

t
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Figure 6.4: System response to velocity reference test sequence. y(t) (-),
r(t) (--), u(t) (-.), d

dt u(t) (..). Controller with N = 25, Np = 1;
55 regions.

6.5 Relation to Furuta Pendulum

The Furuta pendulum [FYKN91] is an inverted pendulum which is
mounted to a rotating cart. It was originally developed for educational
purposes, but has received some interest by researchers. In the following,
we apply the method used for the benchmark problem to the linearized
model. Due to the similarity to the benchmark pendulum, the derivation
is straightforward. The results obtained are compared to those in
[ÅÅ01].
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Figure 6.5: System response to disturbance test sequence. y(t) (-), d(t)
(--), u(t) (-.), d

dt u(t) (..). Controller with N = 25, Np = 1; 55
regions.
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Figure 6.6: Step responses for varying N, and Np = 1 for all trajectories.
Left reference, right disturbance. N = 10, 29 regions (-),
N = 25, 55 regions (-.), N = 40, 55 regions (--).
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The system equations of the Furuta pendulum are θ̇

θ̈

φ̈

 =

0 1 0
α 0 0
γ 0 0

θ

θ̇

φ̇

+

0
β

δ

 u (6.35)

with α = 31.3, β = −71.2, γ = −0.5888 and δ = 191 and the input
constraint

|u| ≤ 0.3. (6.36)

The eigenvalues of the system are λ1 = 0, λ2,3 = ±
√

α. Like the
benchmark example, the Furuta pendulum has an integrator mode and
a pair of real stable/unstable poles.

The same algorithm as used for the benchmark is applied to the Furuta
pendulum. Computation of the invariant set is reduced to dimension
1, since no slew rate constraints are present. The resulting set has two
facets; it is identical to the set obtained by ad-hoc methods in [ÅÅ01].
The resulting controller partition comprises 5 regions. Closed-loop
behavior under reference tracking is shown in Figure 6.7. It is essentially
identical to the plots in [ÅÅ01]. The strength of our method lies in its
generality, since it can be applied to higher dimensional systems.

6.6 Conclusion

The fundamental techniques for nominal reference tracking with MPC
have been introduced in this chapter. The state is augmented by a refer-
ence term, a target condition is added to the MPC and the cost function
is adjusted accordingly. As a consequence of the state augmentation
and the physical setup of tracking problems in general, we have seen
that such formulations often lead to partially constrained systems. Mo-
tivated by the need for efficient controllers, we have proposed a method
which exploits the structure of such systems to significantly reduce the
complexity of the resulting explicit MPC. The method has been applied
to an inverted pendulum example, yielding a very simple and efficient
controller (less than 100 regions to be evaluated at runtime) with a large
feasible region.
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Figure 6.7: Step responses of Furuta pendulum. Top: θ(t) (-), θ̇(t) (..);
middle: φ̇(t) (-), r(t) (..); bottom: u(t)





7 Reference Tracking for Linear MPC:
Constant Reference and Disturbance
Signals

This chapter addresses the problem of offset-free Model Predictive
Control (MPC) when tracking an asymptotically constant reference.
In the first part, compact and intuitive conditions for offset-free MPC
control are introduced by using the arguments of the internal model
principle. In the second part, we study the case where the number
of measured variables is larger than the number of tracked variables.
The plant model is augmented only by as many disturbances as there
are tracked variables, and an algorithm which guarantees offset-free
tracking is presented. In the last part, offset-free tracking properties for
special implementations of MPC schemes are briefly discussed.

7.1 Introduction

The main concept of Model Predictive Control (MPC) is to use a model
of the plant to predict the future evolution of the system under con-
trol [GPM89, MRRS00, ML99, Hro96, BBFH06]. At each time step k a
performance index is optimized over a sequence of future input moves
subject to operating constraints. The first value of this sequence is ap-
plied to the plant, the rest is discarded. At time k+ 1, a new optimization
is solved over a shifted prediction horizon.

In order to obtain offset-free control with MPC, the system model is
augmented with a disturbance model which is used to estimate and
predict the mismatch between measured and predicted output. The state
and disturbance estimates are used to initialize the MPC problem. The
MPC algorithms presented in [BM02, MSB92, LB87, Pan03, PR03, ZM88,
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Mac98, MNS01, PB07] guarantee offset-free control when no constraints
are active. They differ in the MPC problem setup, the type of disturbance
model used and the assumptions which guarantee offset-free control.

This chapter addresses the problem of offset-free tracking of a constant
reference using linear MPC. It presents a thorough study of the main
conditions and design algorithms which guarantee offset-free tracking
for a wide range of practically relevant cases.

We distinguish between the number ny of measured outputs, the number
nr of outputs which one desires to track (called tracked outputs), and
the number nd of disturbances. We divide this chapter into three parts.
The first part builds on the work in [Pan03, PR03] and summarizes in a
compact and intuitive manner the conditions that need to be satisfied for
offset-free MPC by using the arguments of the internal model principle.
A simple proof of zero steady-state offset is provided when nd = nr =
ny.

The second part considers the case where the number ny of measured
variables is greater than the number nr of tracked variables. In this case,
the approaches in [PR03] and [MB02] allow to freely choose the distur-
bance models, but they require the number nd of added disturbance
states to be at least equal to the number ny of measured variables, rather
than tracked variables nr. Our contribution is twofold. First, a simple
algorithm for computing the space spanned by the offset is provided
when nd < ny. Second, we show how to construct a controller/observer
combination such that zero offset is achieved when the plant model
is augmented only by as many additional states as there are tracked
variables (nd = nr < ny), yielding an MPC with minimal complexity.
This effect is particularly useful in the area of explicit Model Predic-
tive Control [BMDP00], where the number of parameters affects the
complexity of the problem.

In the last part we provide insight into zero steady-state offset in case
of one/infinity norm objective functions, δu formulation and explicit
MPC. We conclude with two illustrative examples.
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7.2 Preliminaries

In this section we present the standard MPC design flow: the model
choice, the observer design and the controller design. Consider the
discrete-time time invariant system

xφ(k + 1) = f (xφ(k),u(k))
yφ(k) = g(xφ(k))
z(k) = Hyφ(k)

(7.1)

subject to the constraints

Exφ(k) + Lu(k) ≤ M. (7.2)

In (7.1)–(7.2), xφ(k) ∈ Rnx , u(k) ∈ Rnu and yφ(k) ∈ Rny are the state,
input, measured output vector, respectively. The controlled variables
z(k) ∈ Rnr are linear combinations of the measured variables. Without
loss of generality we assume H to have full row rank. The matrices E, L
and M define state and input constraints.

The objective is to design an MPC [MRRS00, GPM89] based on a linear
system model of (7.1) to have z(k) track r(k), where r(k) ∈ Rnr is the
reference signal. We assume the reference to converge to a constant, i.e.
r(k)→ r∞ as k→ ∞. Moreover, we require zero steady-state tracking
error, i.e., (z(k)− r(k))→ 0 for k→ ∞.

The Plant Model

The MPC scheme will make use of the following linear time-invariant
system model of (7.1):

x(k + 1) = Ax(k) + Bu(k)
y(k) = Cx(k),

(7.3)

where x(k) ∈ Rnx , u(k) ∈ Rnu and y(k) ∈ Rny are the state, input and
output vector, respectively. We assume that the pair (A, B) is control-
lable, and the pair (C, A) is observable. Furthermore, C is assumed to
have full row rank.
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The Observer Design

The plant model (7.3) is augmented by disturbance model in order to
capture the mismatch between (7.1) and (7.3) in steady state. Several
disturbance models have been presented in the literature [BM02, MSB92,
LB87, PR03, Pan03, ZM88]. In this text we follow [PR03] and use the
form:

x(k + 1) = Ax(k) + Bu(k) + Bdd(k)
d(k + 1) = d(k)

y(k) = Cx(k) + Cdd(k)
(7.4)

with d(k) ∈ Rnd . With abuse of notation we have used the same symbols
for state and outputs of system (7.3) and system (7.4). Later we will
focus on specific versions of the model (7.4).

The observer estimates both states and disturbances based on the aug-
mented model (7.4). Conditions for observability of (7.4) are given in
the following proposition.

Proposition 7.1 [MS80a, MS80b, PR03, BM02] The augmented system (7.4)
is observable if and only if (C, A) is observable and[

A− I Bd
C Cd

]
has full column rank. (7.5)

�

Proof From the Hautus observability condition system (7.4) is observ-
able iff[

AT − λI 0 CT

BT
d I − λI CT

d

]
has full row rank ∀λ

Again from the Hautus condition, the first set of rows is linearly in-
dependent iff (C, A) is observable. The second set of rows is linearly
independent from the first n rows except possibly for λ = 1. Thus, for
the augmented system the Hautus condition needs to be checked for
λ = 1 only, where it becomes (7.5). �

Remark 7.1 Note that for condition (7.5) to be satisfied the number of
disturbances in nd needs to be smaller than or equal to the number of
available measurements in y, nd 6 ny. Condition (7.5) can be nicely
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interpreted: It requires that the effect of the disturbance on the output
d → y must not have a transmission zero at 1. Alternatively, we can
look at the steady state of system (7.4)[

A− I Bd
C Cd

] [
x∞
d∞

]
=

[
0
y∞

]
(7.6)

where we have denoted the steady state values with a subscript “∞” and
have omitted the forcing term u for simplicity. We note that from the
observability condition (7.5) for system (7.4), Equation (7.6) is required
to have a unique solution, which means, that we must be able to deduce
a unique value for the disturbance d∞ from a measurement of y∞ in
steady state. �

The state and disturbance observer is designed based on the augmented
model as follows:[

x̂(k + 1)
d̂(k + 1)

]
=

[
A Bd
0 I

] [
x̂(k)
d̂(k)

]
+

[
B
0

]
u(k)

+

[
Lx
Ld

]
(−yφ(k) + Cx̂(k) + Cdd̂(k))

(7.7)

where Lx and Ld are chosen so that the estimator is stable. We remark
that the results of this text are independent of the choice of the method
for computing Lx and Ld. We continue with the following proposition.

Proposition 7.2 Suppose the observer (7.7) is stable. Then, rank(Ld) = nd.�

Proof From (7.7) it follows[
x̂(k + 1)
d̂(k + 1)

]
=

[
A + LxC Bd + LxCd

LdC I + LdCd

] [
x̂(k)
d̂(k)

]
+

[
B
0

]
u(k)−

[
Lx
Ld

]
yφ(k)

(7.8)

By stability, the observer has no poles at 1 and therefore

det
([

A− I + LxC Bd + LxCd
LdC LdCd

])
6= 0 (7.9)

For (7.9) to hold, the last nd rows of the matrix have to be of full row
rank. A necessary condition is that Ld has full row rank. �
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In the rest of this section, we will focus on the case nd = ny.

Proposition 7.3 Suppose the observer (7.7) is stable. Choose nd = ny. The
steady state of the observer (7.7) satisfies:[

A− I B
C 0

] [
x̂∞
u∞

]
=

[
−Bdd̂∞

yφ,∞ − Cdd̂∞

]
(7.10)

where yφ,∞ and u∞ are the steady state measured output and input of the
system (7.1), x̂∞ and d̂∞ are state and disturbance estimates from the ob-
server (7.7) at steady state, respectively. �

Proof From (7.7) we note that the disturbance estimate d̂ converges
only if Ld(−yφ,∞ + Cx̂∞ + Cdd̂∞) = 0. As Ld is square by assumption
and nonsingular by Proposition 7.2 this implies that at steady state, the
observer estimates (7.7) satisfy

−yφ,∞ + Cx̂∞ + Cdd̂∞ = 0 (7.11)

Equation (7.10) follows directly from (7.11) and (7.7). �

Next we particularize the conditions in Proposition 7.1 to special distur-
bance classes. The results will be useful later in this text. The following
two corollaries follow directly from Proposition 7.1.

Corollary 7.1 The augmented system (7.4) with nd = ny and Cd = I is
observable if and only if (C, A) is observable and

det
[

A− I Bd
C I

]
= det(A− I − BdC) 6= 0. (7.12)

�

Remark 7.2 We note here clearly how the observability requirement
restricts the choice of the disturbance model. If the plant has no integra-
tors, then det (A− I) 6= 0 and we can choose Bd = 0. This case will be
further analyzed in Section 7.5. If the plant has integrators then Bd has
to be chosen specifically to make det (A− I − BdC) 6= 0. �
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The MPC Design

Denote by z∞ = Hyφ,∞ and r∞ the vector of tracked variables and the
references at steady state, respectively. For offset-free tracking at steady
state we want z∞ = r∞. The observer condition (7.10) suggests that at
steady state the MPC should satisfy[

A− I B
HC 0

] [
x∞
u∞

]
=

[
−Bdd̂∞

r∞ − HCdd̂∞

]
(7.13)

where x∞ is the controller state at steady state. For x∞ and u∞ to exist

for any d̂∞ and r∞ the matrix
[

A− I B
HC 0

]
must be of full row rank

which implies nu ≥ nr.

The MPC is designed as follows

min
u0,...,uN−1

‖xN − x̄(k)‖2
P +

N−1

∑
t=0
‖xt − x̄(k)‖2

Q + ‖ut − ū(k)‖2
R

subj. to Ext + Lut ≤ M, t = 0, . . . , N
xt+1 = Axt + But + Bddt, t = 0, . . . , N
dt+1 = dt, t = 0, . . . , N
x0 = x̂(k)
d0 = d̂(k),

(7.14)

with ū(k) and x̄(k) given by[
A− I B
HC 0

] [
x̄(k)
ū(k)

]
=

[
−Bdd̂(k)

r(k)− HCdd̂(k)

]
(7.15)

and where ‖x‖2
M := xT Mx, Q � 0, R � 0, and P satisfies the Riccati

equation

P = AT PA− (AT PB)(BT PB + R)−1(BT PA) + Q. (7.16)

Note that we distinguish between the current input u(k) to system (7.3)
at time k, and the optimization variables ut in the optimization prob-
lem (7.14). Analogously, x̂(k) denotes the estimate of the system state at
time k, while the variable xt denotes the predicted state at time k + t ob-
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tained by starting from the state x0 = x̂(k) and applying to system (7.3)
the input sequence {ui}t−1

i=0 .

Let U∗(k) = {u∗0 , . . . ,u∗N−1} be the optimal solution of (7.14)-(7.15) at
time k. Then, the first sample of U∗(k) is applied to system (7.1)

u(k) = u∗0 . (7.17)

Denote by c0(x̂(k), d̂(k),yre f ) = u∗0(x̂(k), d̂(k), r(k)) the control law
when the estimated state and disturbance are x̂(k) and d̂(k), respectively.
Then the closed loop system obtained by controlling (7.1) with the
MPC (7.14)-(7.15)-(7.17) and the observer (7.7) is:

x(k + 1) = f (x(k), c0(x̂(k), d̂(k), r(k)))
x̂(k + 1) = (A + LxC)x̂(k) + (Bd + LxCd)d̂(k)+

+Bc0(x̂(k), d̂(k), r(k))− Lxyφ(k)
d̂(k + 1) = LdCx̂(k) + (I + LdCd)d̂(k)

−Ldyφ(k)

(7.18)

7.3 Number of Disturbance States Equal to Number of
Measured Outputs

Often in practice, one desires to track all measured outputs with zero
offset. Choosing nd = ny = nr is thus a natural choice. Such disturbance
models have already been shown to yield offset-free control [BM02,
MB02,PR03]. This zero-offset property continues to hold if only a subset
of the measured outputs are to be tracked, i.e., nd = ny > nr.

Next we provide a very simple proof for offset-free control when the
number of disturbances is equal to the number of measurements, i.e.
nd = ny [BM02, MB02, PR03].

Theorem 7.1 Consider the case nd = ny. Assume that for r(k) → r∞ as
k → ∞, the MPC problem (7.14)-(7.15) is feasible for all k ∈ N+, uncon-
strained for k ≥ j with j ∈ N+ and the closed-loop system (7.18) converges
to x̂∞, d̂∞, yφ,∞, i.e., x̂(k) → x̂∞, d̂(k) → d̂∞, yφ(k) → yφ,∞ as k → ∞.
Then z(k) = Hyφ(k)→ r∞ as k→ ∞. �



7.3 Number of Disturbances = Number of Measurements 113

Proof Consider the MPC problem (7.14)-(7.15). At steady state u(k)→
u∞ = c0(x̂∞, d̂∞, r∞), x̄(k) → x̄∞ and ū(k) → ū∞. Note that the
steady state controller input u∞ (computed and implemented) might be
different from the steady state target input ū∞.

The asymptotic values x̂∞, x̄∞, u∞ and ū∞ satisfy the observer condi-
tions (7.10)[

A− I B
C 0

] [
x̂∞
u∞

]
=

[
−Bdd̂∞

yφ,∞ − Cdd̂∞

]
(7.19)

and the controller requirement (7.15)[
A− I B
HC 0

] [
x̄∞
ū∞

]
=

[
−Bdd̂∞

r∞ − HCdd̂∞

]
(7.20)

Define δx = x̂∞ − x̄∞, δu = u∞ − ū∞ and the offset ε = z∞ − r∞.
Notice that the steady state target values x̄∞ and ū∞ are both functions
of r∞ and d̂∞ as given by (7.20). Left multiplying the second row
of (7.19) by H and subtracting (7.20) from the result, we obtain

(A− I)δx+ Bδu = 0
HCδx = ε.

(7.21)

Next we prove that δx =0 and thus ε = 0.

Consider the MPC problem (7.14)-(7.15) and the following change of
variables δxt = xt − x̄(k), δut = ut − ū(k). Notice that Hyt − r(k) =
HCxt + HCddt − r(k) = HCδxt + HCx̄(k) + HCddt − r(k) = HCδxt
from condition (7.15) with d̂(k) = dt. Similarly, it is easy to show that
δxt+1 = Aδxt + Bδut. Then, the MPC problem (7.14) becomes:

min
δu0,...,δuN−1

‖δxN‖2
P +

N−1

∑
t=0
‖δxt‖2

Q + ‖δut‖2
R

subj. to Eδxt + Lδut ≤ M2, t = 0, . . . , N
δxt+1 = Aδxt + Bδut, t = 0, . . . , N
δx0 = x̂(k)− x̄(k).

(7.22)

Denote by KMPC the unconstrained MPC controller (7.22), i.e. the linear
feedback gain δu∗0 = KMPCδx(k). At steady state δu∗0 → u∞− ū∞ = δu

and δx(k)→ x̂∞ − x̄∞ = δx. Therefore, at steady state, δu = KMPCδx.
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From (7.21)

(A− I + BKMPC)δx = 0. (7.23)

Since P satisfies the Riccati equation (7.16), KMPC is a stabilizing control
law, which implies (A− I + BKMPC) is nonsingular and hence δx = 0.�

Remark 7.3 Theorem 7.1 was proven in [PR03] by using a different
approach. �

Remark 7.4 Theorem 7.1 can be extended to prove local Lyapunov
stability of the closed-loop system (7.18) under standard regularity
assumptions on the state update function f in (7.18) [MRRS00]. �

Remark 7.5 The proof of Theorem 7.1 assumes only that the models
used for the control design (7.3) and the observer design (7.4) are
identical in steady state in the sense that they give rise to the same
relation z = z(u,d, r). It does not make any assumptions about the
behavior of the real plant (7.1), i.e. the model-plant mismatch, with the
exception that the closed-loop system (7.18) must converge to a fixed
point. The models used in the controller and the observer could even be
different as long as they satisfy the same steady state relation. �

Remark 7.6 If condition (7.15) does not specify x̄(k) and ū(k) uniquely,
it is customary to determine x̄(k) and ū(k) through an optimization
problem, for example, minimizing the magnitude of ū(k) subject to the
constraint (7.15), see [PR03]. �

7.4 Number of Disturbance States Smaller than
Number of Measured Outputs

This section deals with the case when the number of measured variables
ny is greater than the chosen number of disturbance states nd. If only
a few measured variables are to be tracked without offset, choosing
nd = ny as in the previous section, might introduce a possibly large
number of disturbance states which in turn increases the complexity of
the MPC problem.

From the internal model principle, it is clear that we have to add at
least one disturbance state for every output to be tracked without offset.
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Hence, the number of additional disturbances nd is chosen to be equal
to the number of tracked outputs, i.e., nd = nr < ny. This choice, in
general, does not guarantee offset-free tracking when the controller is
designed as in Section (7.3), since Proposition 7.3 does not hold. In
the following, we first derive a characterization of the tracking error at
steady state. Then, we present a method for constructing the observer
such that offset-free tracking is obtained.

Steady-State Tracking Error

The controller (7.14)-(7.15) and observer (7.7) remain unchanged. How-
ever, since nd < ny, Proposition 7.3 is replaced by the following proposi-
tion.

Proposition 7.4 The steady state of the observer (7.7) satisfies[
A− I + LxC B

LdC 0

] [
x̂∞
u∞

]
=

[
Lxyφ,∞ − (Bd + LxCd)d̂∞

Ldyφ,∞ − LdCdd̂∞

] (7.24)

where yφ,∞ and u∞ are the steady state output and input of the system (7.1),
respectively, x̂∞ and d̂∞ are state and disturbance estimates from the ob-
server (7.7) at steady state, respectively. �

Proof From (7.7) at steady state we obtain

x̂∞ = Ax̂∞ + Bu∞ + Bdd̂∞ + Lx(−yφ,∞ + Cx̂∞ + Cdd̂∞)
0 = Ld(−yφ,∞ + Cx̂∞ + Cdd̂∞).

(7.25)

Equation (7.24) follows directly from (7.25). �

In the proof of Theorem 7.1 we have shown that at steady state, the
MPC controller (7.14)-(7.15) satisfies

u∞ − ū∞ = KMPC(x̂∞ − x̄∞), (7.26)

where KMPC is the unconstrained MPC (7.14)-(7.15). By combining
the Equations (7.15), (7.24), (7.26) and using the offset equation ε =
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Hyφ,∞ − r∞ we find that the observer and controller steady state values
satisfy the following equation:

M1v + M2ε = 0 (7.27)

with v = [x̂T
∞ u

T
∞ x̄

T
∞ ū

T
∞ d̂

T
∞ y

T
φ,∞]T and

M1 =


A + LxC− I B 0 0 Bd + LxCd −Lx

LdC 0 0 0 LdCd −Ld
0 0 A− I B Bd 0
0 0 HC 0 HCd −H

KMPC −I −KMPC I 0 0


M2 = [ 0 0 0 I 0 ]T .

The set of all possible offsets ε belongs to the projection of the subspace
K := {(v, ε)| M1v + M2ε = 0} on the offset space, this is denoted by
Πε(K).

The following Algorithm 7.1 describes a standard procedure to deter-
mine the smallest subspace H = Πε(K) ⊆ Rnr spanned by all possible
offsets ε.

Algorithm 7.1

Step 1. IF rank(M1) = rank([M1 M2]) then Πε(K) is full dimensional,
i.e., H ← Rnr ; END

Step 2. IF rank([M1 M2(:, 1 : j− 1) M2(:, j + 1 : nd)]) 6= rank([M1 M2])
for all j = 1 . . . , nd then we have zero steady state offset and
H ← 0.

Step 3. ELSE let U = [u1, . . . ,ut] span the kernel of MT
1 . Then H ←

{ε| Zε = 0}, where Z = UT M2; END . �

We emphasize that the synthesis of MPC controllers with zero steady
state offset is not an easy problem. In fact, Z (and thus H) is a function
of Lx, Ld, H and KMPC. In the next section we provide an algorithm for
computing Lx, Ld such that zero steady state offset is obtained. First we
make two important remarks.
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Remark 7.7 Observer designs which ignore the variables which are not
tracked in the feedback, i.e. which are given by[

x̂(k + 1)
d̂(k + 1)

]
=

[
A Bd
0 I

] [
x̂(k)
d̂(k)

]
+

[
B
0

]
u(k)+

+

[
Lx
Ld

]
H(−y(k) + Cx̂(k) + Cdd̂(k))

, (7.28)

fall in the class of systems studied in Section 7.2. Therefore, the condi-
tions presented in this section are relevant only if all the measurements
y are used for the observer design and nr < ny. �

Remark 7.8 By defining e∞ = yφ,∞ − Cx̂∞ − Cdd̂∞, equation (7.27) can
be rewritten as follows

M̃1ṽ + M2ε = 0 (7.29)

with ṽ = [ x̂T
∞ u

T
∞ x̄

T ūT d̂T
∞ e

T
∞]T and

M̃1 =


A− I B 0 0 Bd −Lx

0 0 0 0 0 −Ld
0 0 A− I B Bd 0
−HC 0 HC 0 0 −H
KMPC −I −KMPC I 0 0

 (7.30)

By using direct substitution, the following equation can be derived from
equation (7.29)[

Ld
H(I − C(I − A− BKMPC)

−1Lx)

]
e∞ =

[
0
I

]
ε (7.31)

Clearly Algorithm 7.1 can be applied to equation (7.31) as well.

From equation (7.31) we conclude that zero steady state offset is ob-
tained if ε = 0 for all e∞ solving (7.31). That is, H(I − C(I − A −
BKMPC)

−1Lxe∞ = 0 for all e∞ satisfying Lde∞ = 0. This can be rewrit-
ten in the following null space condition

N (Ld) ⊆ N (H(I − C(I − A− BKMPC)
−1Lx)) (7.32)

Equation (7.32) is the main equation used in [PR03]. �



118 7 Constant Reference and Disturbance Signals

Algorithm for Offset-Free Tracking when nd = nr < ny

In the following, we propose a method for constructing Lx and Ld when
nd = nr < ny such that condition (7.32) holds. We assume that the MPC
is defined as in Equations (7.14) and (7.15), and the unconstrained MPC
gain KMPC is given. We introduce the following notation for brevity

Φ = I − A− BKMPC, (7.33)

and

Am =

[
A Bd
0 I

]
, Cm = [C Cd] . (7.34)

Theorem 7.2 Consider the augmented system model (7.4) with nd = nr and
the estimator with a gain of the form

L =

[
Lx
Ld

]
=

[
L∗x
0

] [
L̄x
L̄d

]
H̄ (7.35)

where H̄ = H(I − CΦ−1L∗x). Assume the closed-loop observer dynamics
Am + LCm is stable. Then, controller (7.14)-(7.17) yields offset-free tracking.�

Proof Substituting (7.35) into (7.32) yields

N
(

L̄d H̄
)
⊆ N

(
H(I − CΦ−1(L∗x + L̄x H̄))

)
,

N
(

L̄d H̄
)
⊆ N

(
H̄ − HCΦ−1 L̄x H̄

)
,

N
(

L̄d H̄
)
⊆ N

(
(I − HCΦ−1 L̄x)H̄

)
,

The last inclusion holds true since L̄d is of full row rank as established
in Proposition 7.2. �

Remark 7.9 A simple choice in (7.35) is to set L∗x = 0 and thus H̄ = H.
This is clearly equivalent to the case discussed in Remark 7.7, since the
number of measurements used by the observer y′m(k) = Hyφ(k) = z(k)
is equal to the number of disturbances. Next we are interested in the
case when L∗x 6= 0 since neglecting measurements might negatively
affect the observer performance. �

Theorem 7.2 suggest a direct construction method for the estimator.
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Algorithm 7.2 Consider the linear system (7.4) with the definitions
(7.34). Assume (Cm, Am) detectable. Suppose KMPC is given.

Step 1. Choose L∗x such that A + L∗xC is stable and (H̄Cφ, Ā) detectable,
where H̄ = H(I − CΦ−1L∗x) and Ā = Aφ − [L∗Tx 0]TCφ.

Step 2. Choose L̄ such that Ā− L̄H̄Cm is stable with L̄T = [L̄T
x L̄T

d ]
T .

Step 3. Choose the final estimator gain

L =

[
L∗x
0

]
+

[
L̄x
L̄d

]
H̄ �

Remark 7.10 The construction of the estimator gain L in (7.2) can be
nicely interpreted when L̄x is equal to the identity matrix. In this
case, during the transient L∗x is used to generate a state estimation
which is based on all measurements. At steady state, the corrective
term H̄ cancels the effect of L∗x and the steady state estimation re-
lies only on the tracked variables (which guarantees zero offset, see
Remark 7.9). In order to demonstrate the last point, consider equa-
tion (7.25). Then, ẑ∞ = HCx̂∞ = HCΦ−1 L̃xε∞ since u∞ = KMPCx̂∞.
Choosing L̃x = L∗x + H̄ and H̄ = H(I − CΦ−1L∗x) we obtain ẑ∞ =
HCΦ−1Lxε∞ − HCΦ−1Lxε∞ + HCΦ−1Hε∞. Therefore at steady state
ẑ∞ = HCΦ−1Hε∞. �

An alternative way to construct the estimator is described in the follow-
ing modified algorithm, which allows to move the closed-loop poles
associated with the disturbance estimates independently from the ob-
served states modes.

Algorithm 7.3

Step 1. Choose L∗x such that A− L∗xC is stable and (H̄Cφ, Ā) detectable,
where H̄ = H(I + CΦ−1L∗x) and Ā = Aφ − [L∗Tx 0]TCφ.

Step 2. Apply the linear transform

T =

[
I −(I − A− L∗xC)−1(Bd + L∗xCd)
0 I

]
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which brings the system to block-diagonal form

Āt = TĀT−1 =

[
A + L∗xC 0

0 I

]
,

C̄t = H̄CφT−1

= H̄[C C(I − A− L∗xC)−1(Bd + L∗xCd) + Cd].

Step 3. Choose L̄d such that

I − L̄d H̄
[
C(I − A− L∗xC)−1(Bd + L∗xCd) + Cd

]
is stable.

Step 4. Compute the estimator gain for the original system

L =

[
L∗x
0

]
+ T−1

[
0

L̄d H̄

]
. �

Remark 7.11 If L is computed as in Algorithm 7.3, then the closed-
loop poles of the estimator are the eigenvalues of A − L∗xC and the
eigenvalues of I − L̄d H̄

[
C(I − A− L∗xC)−1(Bd + L∗xCd) + Cd

]
. They can

be assigned independently. �

Remark 7.12 Algorithms 7.2 and 7.3 require that L∗x can be chosen
such that (H̄Cφ, Ā) is detectable. From Algorithm 7.3, it is clear that
detectability holds if and only if

H̄
[
C(I − A− L∗xC)−1(Bd + L∗xCd) + Cd

]
(7.36)

has full row rank. We note that this is not a restrictive assumption. By
noting that

H̄C = HCΦ−1(I − A− BKMPC − L∗xC) (7.37)

we observe two cases where (7.36) might lose rank:

1. If (I − A − BKMPC − L∗xC) is not full rank and R(HCΦ−1) ∩
N ((I − A− BKMPC − L∗xC)T) 6= {0}, then (7.36) looses rank. Be-
cause of the degree of freedom we have in choosing KMPC and L∗x,
we may safely assume that this rank deficiency can be avoided.
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2. If R
(
(I − A− L∗xC)−1(Bd + L∗xCd) + Cd

)
∩ N (H̄C) 6= {0}, then

(7.36) looses rank. In this case, either the disturbance model Bd, Cd
or the estimator gain L∗x can be modified in order for (7.36) to have
full rank.

Note that Algorithms 7.2 and 7.3 also require that L∗x is chosen such
that A− L∗xC is stable. Conditions on A, C, Cφ, H̄, Ā guaranteeing both
stability and a detectability properties are subject of current study. �

Remark 7.13 In Algorithm 7.3, the matrix H̄ depends on Φ and thus on
the controller gain KMPC. Assume that Algorithm 7.3 has been executed
for a given MPC tuning yielding L̄d. If the same MPC is redesigned with
a different tuning with corresponding KMPC,1 and H̄1, then in Step 3 of
Algorithm 7.3 one can choose

L̄d,1 = (I −Λ)
(

H̄1
[
C(I − A− L∗xC)−1

· (Bd + L∗xCd) + Cd
])−1 (7.38)

where

Λ = I − L̄dH̄[C(I − A− L∗xC)−1(Bd + L∗xCd) + Cd]. (7.39)

This will ensure identical observer performance regardless of the con-
troller used. Note that for L̄d,1 to exist, the detectability condition as
discussed in Remark 7.12 needs to hold. �

7.5 Special MPC Classes

Different Norm in the Objective Function

If the 2-norm in the objective function of (7.14) is replaced with a 1 or
∞ norm (‖P(xN − x̄t)‖p + ∑N−1

t=0 ‖Q(xt − x̄(k))‖p + ‖R(ut − ū(k))‖p,
where p = 1 or p = ∞), then the results of Sections 7.3 continue
to hold. In particular, Theorem 7.1 continues to hold. In fact, the
unconstrained MPC controlled KMPC in (7.22) is piecewise linear around
the origin [BMDP02]. In particular, around the origin, δu∗(k) := δu∗0 =
KMPC(δx(k)) is a continuous piecewise linear function of the state
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variation δx:

KMPC(δx) = Fiδx if Hiδx ≤ Ki, i = 1, . . . , Nr (7.40)

where Hi and Ki in equation (7.40) are the matrices describing the i-th
polyhedron CRi = {δx ∈ Rnx |Hiδx ≤ Ki} inside which the feedback
optimal control law δu∗(k) has the linear form Fiδx(k). The polyhedra
CRi, i = 1, . . . , Nr are a partition of the set of feasible states of prob-
lem (7.14) and they all contain the origin. For Theorem 7.1 to hold,
it is sufficient to require that all the linear feedback laws Fiδx(k) for
i = 1, . . . , Nr are stabilizing. For the case nd = nr < ny, condition (7.32)
extends to

N (Ld) ⊆
nr⋂

i=1
N
(

H(I − C(I − A− BFi)−1L∗x)
)
. (7.41)

As a consequence, Algorithms 7.2 and 7.3 cannot be applied directly.
Therefore, a full disturbance model with nd = ny has to be chosen for 1
and ∞ norms.

Explicit MPC

In the last few years there has been growing interest in applying MPC
to systems where the computational resources are insufficient to solve
the optimization problem (7.14), (7.15) on-line in real time. Methods
have been developed [KGB04, Bor03, BBM02, BBBM05] to solve (7.14),
(7.15) explicitly to obtain a control law u(k) = c0(x̂(k), d̂(k), r(k)) in the
form of a look-up table. The applicability of these methods is limited by
the complexity of the control law c0(·) which is greatly affected by the
number of parameters, e.g. the number of elements in the vectors x̂(k),
d̂(k) and r(k).

Thus it is of interest to examine the proposed control formulations and
disturbance models from this perspective. Examining (7.14), (7.15) we
note that the control law depends on x̂(k), d̂(k) and r(k). For instance,
nd = ny is a popular choice of disturbance model dimension, since it
yields offset-free control by default, as was seen in Section 7.3. However,
this leads to ny + nr additional parameters. In Section 7.4 a method
was proposed to obtain offset-free control for models with nd < ny
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and in particular, with minimum order disturbance models nd = nr.
The total size of the parameter vector can thus be reduced to n + 2nr.
This is significant if only a small subset of the plant outputs are to be
controlled.

A greater reduction of parameters can be achieved by the following
method. By Corollary 7.1, we are allowed to choose Bd = 0 in the
disturbance model if the plant has no integrators. Recall the target
conditions (7.15) with Bd = 0[

A− I B
HC 0

] [
x̄(k)
ū(k)

]
=

[
0

r(k)− HCdd̂(k)

]
. (7.42)

Clearly, any solution to (7.42) can be parameterized by r(k)− HCdd̂(k).
The explicit control law is written as u(k) = c0(x̂(k), r(k)− HCdd̂(k)),
with nx + nr parameters. Since the observer is unconstrained, complexity
is much less of an issue. Hence, a full disturbance model with nd = ny
can be chosen, yielding offset-free control by default.

Remark 7.14 The choice of Bd = 0 might be limiting in practice. In
[VB08], the authors have shown that for a wide range of systems, if
Bd = 0 and the observer is designed through a Kalman filter, then the
closed loop system might suffer a dramatic performance limitation. �

Delta Input (δu) Formulation.

In δu formulation, the MPC scheme uses the following linear time-
invariant system model of (7.1):

x(k + 1) = Ax(k) + Bu(k)
u(k) = u(k− 1) + δu(k)
y(k) = Cx(k)

(7.43)

System (7.43) is controllable if (A, B) is controllable. The δu formula-
tion often arises naturally in practice when the actuator is subject to
uncertainty, e.g. the exact gain is unknown or is subject to drift. In these
cases, it can be advantageous to consider changes in the control value
as input to the plant. The absolute control value is estimated by the
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observer, which is expressed as follows[
x̂(k + 1)
û(k + 1)

]
=

[
A B
0 I

] [
x̂(k)
û(k)

]
+

[
B
I

]
δu(k)

+

[
Lx
Lu

]
(−yφ(k) + Cx̂(k))

(7.44)

The MPC problem is readily modified

min
δu0,...,δuN−1

N−1

∑
t=0
‖yt − r(k)‖2

Q + ‖δut‖2
R

subj. to Ext + Lut ≤ M, t = 0, . . . , N − 1
xt+1 = Axt + But, t = 0, . . . , N − 1
yt = Cxt, t = 0, . . . , N − 1
ut = ut−1 + δut, t = 0, . . . , N − 1
u−1 = û(k)
x0 = x̂(k)

(7.45)

The control input applied to the system is

u(k) = δu∗0 +u(k− 1). (7.46)

The input estimate û(k) is not necessarily equal to the actual input u(k).
This scheme inherently achieves offset-free control, there is no need to
add a disturbance model. To see this, we first note that δu∗0 = 0 in
steady-state. Hence, the analysis presented in Section 7.3 applies as
the δu formulation is equivalent to a disturbance model in steady-state.
This is due to the fact that any plant/model mismatch is lumped into
û(k). Indeed this approach is equivalent to an input disturbance model
(Bd = B, Cd = 0). If in (7.45) the measured u(k) is substituted to its
estimate, i.e. u−1 = u(k− 1), then the algorithm would show offset.

In this formulation the computation of a target input ū(k) and state
x̄(k) is not required. A disadvantage of the formulation is that it is
not applicable when there is an excess of manipulated variables in u
compared to measured variables y, since detectability of the augmented
system (7.43) is lost.
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Minimum-Time Controller

In minimum-time control, the cost function minimizes the predicted
number of steps necessary to reach a target region, usually the invariant
set associated to the unconstrained LQR controller [KG87]. This scheme
can reduce the on-line computation time significantly, especially for
explicit controllers [GM03]. While minimum-time MPC is computed
and implemented differently from standard MPC controllers, there is no
difference between the two control schemes at steady-state. In particular,
one can choose the target region to be the unconstrained region of (7.14).
When the state and disturbance estimates and reference are within this
region, the control law is switched to (7.14). The analysis and methods
presented in this text therefore apply directly.

7.6 Examples

In this section, two examples are discussed. The purpose of the first one
is to illustrate the anti-windup effect of the proposed controller, while
the second example shows the application of Algorithm 7.3.

7.6.1 Integral Action and Anti-Windup

Consider the scalar system

x(k + 1) = ax(k) + u(k) + d(k),
y(k) = x(k).

(7.47)

with input constraints:

|u(k)| ≤ 1. (7.48)

The reference value is assumed to be constant and equal to 0. The goal
is to design a controller which achieves zero offset, i.e. y(k) → 0 as
k→ ∞.
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The MPC is formulated as follows

min
u0, ū(k), x̄(k)

(u0 − ū(k))2 + (x1 − x̄(k))2

subj. to −1 ≤ u0 ≤ 1
x1 = ax̂(k) + u0,t + d̂(k)[

a− 1 1
1 0

] [
x̄(k)
ū(k)

]
=

[
−d̂(k)

0

] (7.49)

The closed form solution to (7.49) can be easily computed:

u?(k) =


1, −d̂(k)− 1

2 ax̂(k) > 1,
−1, −d̂(k)− 1

2 ax̂(k) < 1,
−d̂(k)− a

2 x̂(k) otherwise
(7.50)

Note that KMPC = − a
2 .

Since the number of measured variables equals the number of distur-
bances used in the model, any stable observer will achieve offset-free
control. We choose

L = −
[

a
1/4

]
. (7.51)

The dynamics of the controller is thus given by the piecewise affine
system

x̃(k + 1) =


Ãc x̃(k)− Ly(k) + f , hT x̃(k) > 1,
Ãc x̃(k)− Ly(k)− f , hT x̃(k) < 1,
Ãu x̃(k)− Ly(k), otherwise

(7.52)

with

Ãu =

[ a
2 0
− 1

4 1

]
, Ãc =

[
0 1
− 1

4 1

]
, (7.53)

f =

[
1
0

]
, h = −

[
1
1
2 a

]
(7.54)

and x̃(k) = [ x̂(k)T d̂(k)T ]T .
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One can notice that the unconstrained dynamics Ãu contain an inte-
grator, while the constrained dynamics Ãc are asymptotically stable
(two poles at 0.5). Hence, when the system saturates, we obtain an
anti-windup effect.

7.6.2 Multivariable System

Consider the linearized airplane model discussed in [Mac98]

ẋ(t) =


0 0 1.132 0 −1.0
0 −0.054 −0.171 0 0.071
0 0 0 1 0
0 0.049 0 −.856 −1.01
0 −.291 0 1.053 −.686

x(t)

+


0 0 0
−36 20 0

0 0 0
1325 0 −57
472 0 −3

u(t),
yφ(t) = [I3×3 03×2]x(t).

(7.55)

The state vector x = [x1, . . . ,x5] comprises altitude, horizontal speed,
pitch angle, pitch rate and vertical speed, respectively. The input vari-
ables u1, u2 and u3 are spoiler deflection, engine thrust and elevator
angle, respectively. The inputs are constrained as follows: −1 ≤ ui(k) ≤
1.

The continuous-time model (7.55) is discretized with a sampling period
of Ts = 0.1. We design an MPC controller in order to track altitude
and horizontal speed, hence H = [I2×2 02×3], but zero offset is required
on the speed only. According to the results presented in Section 7.4 a
disturbance model with nd = 1 is sufficient for obtaining zero steady-
state offset.

The MPC is formulated exactly as in (7.14) and (7.15) with the weights
Q = diag([100 100 100 1 1]), R = 104 · diag([[1 1 10]) and a prediction
horizon of N = 3. The resulting feedback gain depends on n+ nr + nd =
8 parameters. The estimator Algorithm 7.2 is employed, where the gains
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Lx and L̄ are the solutions of the steady-state Kalman filter with unitary
weights. Since only one variable is to be controlled without offset, in
Algorithm 7.2 we set H̄ = [0 1 0 0 0](I − CΦ−1L∗x).

Figure 7.1 depicts two simple tests which show offset free control on
the horizontal speed. In both tests we simulate a model mismatch by
doubling the drag coefficient (i.e., multiply by two the element (2,2)
in the matrix A of model (7.55)) and reducing all the actuator gains
by 5%. In the first test (left section of Figure 7.1) we simulate a step
change in the reference at time t = 5s. In the second test (right section
of Figure 7.1) we simulate an additive disturbance at time t = 5s.
The disturbance represents a wind gust with horizontal and vertical
components (headwind and downdraft).

7.7 Conclusion

We discussed the problem of offset-free Model Predictive Control when
tracking an asymptotically constant reference. The system was aug-
mented by disturbance states and a linear disturbance observer was
employed to estimate their magnitude. Simple conditions for zero offset
have been derived from a steady-state analysis of both estimator and
controller. We first treated the case when the number of disturbances
is equal to the number of measured variables (nd = ny), which yields
zero-offset in a straightforward way. This approach may, however, in-
troduce more disturbance states than there are controlled variables and
thus lead to more complex MPC problems than necessary.

Thus, the case when nd = nr < ny was discussed next, which does in
general not yield zero offset [Pan03, PR03, MB02]. We have proposed an
algorithm for computing the observer in a way such that the offset is
removed in selected variables. Thus, the resulting controller has fewer
parameters and is less complex than with previous methods.

Insights were given into the important cases when the performance
objective is a 1 or ∞ norm, and when the MPC is computed explicitly to
reduce on-line computation time.
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Figure 7.1: Reference and disturbance step responses
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We remark that Reference Governor (RG) algorithms [BM94a, BM94b,
BM95, BCM97, Bem98] provide an alternative, attractive way for design-
ing tracking controllers for constrained systems. Since RG make use of
a prediction model of the closed loop (plant + controller), the results
presented in this work can be easily applied to RG design.



8 Reference Tracking for Linear MPC:
Unstable Reference and Disturbance
Signals

The standard way to achieve offset-free tracking in MPC is to add the
disturbance dynamics to the prediction model and then use an observer
to estimate the disturbance. The algorithms proposed earlier consider
only piecewise constant signals, while in practice it is often desirable
to have a wider choice of reference and disturbance dynamics, such
as sinusoids and ramps. This chapter provides a generalization of
the disturbance estimation approach to arbitrary unstable dynamics.
Zero offset is achieved under the assumption that the disturbance and
reference dynamics are appropriately included in the prediction model
and feasibility of the commanded reference is given.

8.1 Introduction

Model Predictive Control (MPC) employs a prediction model of the
plant to optimize future plant behaviour. At each time step, an open
loop optimal control sequence is obtained by means of solving an
optimization problem. The first element of this sequence is applied to
the plant, the rest is discarded. This optimization procedure is repeated
at every time step, and the prediction horizon is shifted accordingly.
For linear systems, the optimization problem can be posed as linear or
quadratic program, which can be readily solved by many commercial
software products. Constraints on input and state variables can be
easily incorporated into the optimization problem, which renders MPC
a particularly attractive control scheme in practice.

MPC problems are often formulated using state-space models. This is
the natural formulation for regulation problems, which address either
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initial state problems or equivalently the rejection of stochastic or im-
pulsive disturbances. In practice however, it is often required to track
a changing set point. This type of problem is usually referred to as
reference tracking or servo problem [Dav76].

A further natural extension to reference tracking is the presence of per-
sistent disturbances and plant-model mismatch (robust servo problem).
In the unconstrained case, this problem has been extensively stud-
ied [Dav72, FW76, Won73, WP74, FSW74], leading to the fundamental
result of the Internal Model Principle. However, the synthesis proce-
dures motivated by these works [Joh70, DS71, Dav76, PSS74] are not
straightforward to apply to MPC. In most approaches, the tracking error
is fed into a specific block (called servo compensator) of the controller
which contains explicit models of the disturbance and reference dynam-
ics. This strategy is comparable to the integration of the error in PID.
Since the error integration is independent of the controller, this method
may lead to windup in constrained systems, even when MPC is used.
Thus, it requires the addition of anti-windup mechanisms.

The methods in [MB02, QB03, PR03, PK03, PB07, MM08, MBM09] aim
to avoid this problem by employing a disturbance estimator approach.
Thereby, the state update equations used for the prediction are aug-
mented by the reference and disturbance dynamics. An observer is used
to estimate the disturbance states, and the MPC is designed to reject the
estimated disturbance and track the reference. Such controllers do not
suffer from windup [MM08].

The existing methods essentially consider constant disturbances and
references and hence remove offset at steady-state. For more general
signals, such as sinusoids and ramps, these methods will fail to remove
offset. This text generalizes the previous methods and provides a
synthesis procedure for the case when disturbances and references are
generated by arbitrary, unstable dynamics.
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8.2 Preliminaries

We consider plants of the form

xφ(k + 1) = Aφxφ(k) + Bφu(k)
yφ(k) = Cφxφ(k)

(8.1)

where xφ(k) ∈ Rn, u(k) ∈ Rnu and yφ(k) ∈ Rny . The exact dynamics
and the dimension of the state space n of (8.1) are not known exactly.
Additionally, the plant may be subject to disturbances acting on the
input, the state, and the output. For the controller design, we employ a
model of (8.1)

x(k + 1) = Ax(k) + Bu(k)
y(k) = Cx(k)

(8.2)

with y(k) ∈ Rny , x(k) ∈ Rnx , where nx need not be equal to n. We as-
sume (A, B) controllable, (C, A) observable and C to have full row rank.
Let the reference signal r(k) ∈ Rny be generated by the autonomous
dynamical system

xr(k + 1) = Arxr(k)
r(k) = Crxr(k)

(8.3)

with Ar ∈ Rnr×nr and Cr ∈ Rny×nr and (Cr, Ar) observable. Without
loss of generality, we assume that Ar is unstable, i.e. |λ| ≥ 1, ∀λ ∈
σ(Ar). The internal state xr(k) of the generating system can either be
known or estimated from r(k). The goal is to design an MPC which
achieves offset-free tracking of the reference signal

yφ(k)→ r(k) (8.4)

as k→ ∞ under the input and state constraints

u(k) ∈ Rnu , x(k) ∈ Rnx , (8.5)

where Rnx and Rnu are convex polytopic sets given by

Rnx = {x ∈ Rnx | Hxx ≤ Kx},
Rnu = {u ∈ Rnu | Huu ≤ Ku}.

(8.6)
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For the analysis of offset, the dynamic modes of the reference signal
and the disturbance are of paramount importance. In fact, we will
see that the analysis can be restricted to these modes. For instance,
if the reference is assumed to be constant (Ar = I), all signals can be
assumed to be in steady-state which greatly simplifies analysis [Pan03,
PB07, MB02].

For more general signals, we introduce the following definition.

Definition 8.1 Let {s(k)}∞
k=0 be a signal with s(k) ∈ C. We say the

signal is generated by mode λ with order p, if there exists a generating
linear system with xs(0) ∈ Cp and Cs ∈ R1×p such that

xs(k + 1) = Jλ,pxs(k),
s(k) = Csxs(k),

k = 0, 1, . . . (8.7)

where the Jλ,p is a Jordan block matrix for λ with order p, i.e. Jλ,p ∈
Cp×p and

Jλ,p =


λ 1

λ
. . .
. . . 1

λ

 . (8.8)
�

Since the generating system (8.7), (8.8) is not unique, it is not straight-
forward to check if a given signal is generated by a specific mode.
Moreover, for every component in a vector signal, the parameters Cs and
xs(0) have to be determined. In the following proposition, we present a
simple check which can be used in the analysis.

Proposition 8.1 Consider the signal s(·) ∈ C. Define the sequence

sλ
p (k) = s(k),

sλ
j−1(k) = sλ

j (k + 1)− λsλ
j (k), j = 1, . . . , p,

k = 0, 1, . . .
(8.9)

The signal is generated by mode λ with order p if and only if

sλ
0 (k) = 0, k = 0, 1, . . . (8.10)

�
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Proof (⇒) Given {s(k)}∞
k=0 and assuming (8.9) holds, choose Cs =

[ 1 0 . . . 0 ] and xs(k) = [ sp(k)T . . . s1(k)T ]T . Using (8.7) yields xλ
s,j−1(k)

= xλ
s,j(k+ 1) −λxλ

s,j(k) = [ sj−1(k)T . . . s1(k)T 0T . . . 0T ]T . It follows that

Csx
λ
s,j(k) = sλ

j (k) and Csx
λ
s,0(k) = 0. Hence the parameters xs(k) and

Cs in fact generate the sequence {s(k)}∞
k=0 at time k. By induction, we

again determine an initial condition for k + 1: xs(k + 1) = [ sp(k +
1)T . . . s1(k + 1)T ]T which generates a valid sequence. Using (8.7) and
(8.9) yields Jλ,px(k) = [ λsp(k) + sp−1(k) . . . λs2(k) + s1(k), λs1(k) ] =
x(k + 1). Hence the initial condition xs(k) generates a valid signal also
for k + 1, which concludes the induction step. Clearly we can choose
k = 0 in the first step, thus (8.9) holds for all k ≥ 0.

(⇐) Assume s(k) is generated by the mode λ with order p and xs(0),
Cs are known such that (8.7) holds. By substituting into (8.9) we get
sp(k) = C(Jλ,p − λI)p Jk

λ,px(0). Since Jk
λ,p − λI is nilpotent of degree p,

(Jk
λ,p − λI)p = 0. Equation (8.10) follows. �

Of further interest is the discrete composition of modal signals:

s(·) = ∑
i

sλi
pi (·) (8.11)

where each sλi
pi (·) is generated by the mode λi with order pi. Henceforth,

the notation sλi
pi (·) will be used to denote a signal generated by the given

mode.

Equations (8.9)-(8.11) can be used to determine whether a given signal
s(·) admits a modal decomposition. As the equations are linear, they
can be easily integrated into the optimization problem as constraints, as
will be seen later.
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8.3 Disturbance Model

To account for plant-model mismatch and disturbances entering the
plant, system (8.2) is augmented with a disturbance model[

x(k + 1)
d(k + 1)

]
=

[
A Bd
0 Ad

] [
x(k)
d(k)

]
+

[
B
0

]
u(k)

y(k) =
[
C Cd

] [x(k)
d(k)

]
,

(8.12)

with d(k) ∈ Rnd , Ad ∈ Rnd×nd , Bd ∈ Rnx×nd and Cd ∈ Rny×nd .

In order to capture plant-model mismatch, the disturbance model must
contain a model of the reference dynamics. Additional modes can be
added to reject specific disturbance dynamics which are not part of the
reference signal. Both types of modes need to be added for every output
channel. We have the following definition.

Definition 8.2 We say Ad incorporates an internal model of Ar if the
following holds:

1. Ad contains all unique eigenvalues of Ar.

2. The geometric multiplicity of every eigenvalue of Ad is equal to the
number of measured outputs ny, that is, dim(N (λi I − Ad)) = ny
for λi ∈ σ(Ad).

3. Every Jordan chain of Ad corresponding to the eigenvalue λi ∈
σ(Ad) is of the same length as the longest Jordan chain in Ar
corresponding to this eigenvalue. �

In order to counteract disturbances and to follow reference signals,
the model needs to be output controllable with respect to the modes
given by Ad and Ar. A mathematical condition for this is given in the
following definition.

Definition 8.3 The reference tracking problem for model (8.3),(8.12) is
said to be well posed, if the following holds

rank
[

A− λi I B
C 0

]
= nx + ny, ∀λi ∈ σ(Ad). (8.13)

�
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Equation (8.13) implies that nu ≥ ny. Furthermore, none of the unstable
poles of Ad (and thus Ar) must coincide with the transmission zeros
of (8.2). Specifically, if (8.13) does not hold, one can always find a
linear combination of output channels which cannot be controlled at the
given mode, hence rendering reference tracking or disturbance rejection
impossible.

It was shown in [Dav76] that both the internal model condition and
well-posedness have to hold for a tracking controller to exist.

In the following, we will present a method to create a canonical distur-
bance model such that Ad incorporates an internal model of Ar as given
by Definition 8.2.

Algorithm 8.1

1. Let {λ̃1, . . . , λ̃m} be the set of unique eigenvalues of Ar, i.e. λ̃i ∈
σ(Ar), λ̃i 6= λ̃j if i 6= j and m ≤ nr. Furthermore, let pi be the
maximum length of any Jordan chain in Ar associated with the
eigenvalue λ̃i.

2. Let Ãd = diag([ Jλ̃1,p1
, . . . , Jλ̃m ,pm

]).

3. Select

Ad =

Ãd 0
. . .

0 Ãd


︸ ︷︷ ︸

ny×ny

. �

It is straightforward to check that the internal model condition holds.
Next, the observability of the augmented system (8.12) hast to be en-
sured.

Theorem 8.1 Suppose (C, A) is observable. Then, there exist Ad, Bd, Cd such
that Ad incorporates an internal model of Ar and the augmented system (8.12)
is observable. �
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Proof By employing the Hautus observability condition, a necessary
and sufficient condition for (8.12) to be observable is

rank

A− λI Bd
0 Ad − λI
C Cd

 = nx + nd, ∀λ ∈ C.

By assumption of observability of (C, A), rank([ (A− λI)T CT ]T =
nx ∀λ ∈ C, hence we need to check only the eigenvalues of Ad and
assure the right part of the matrix contributes nd linearly independent
column vectors. Assume henceforth that Ad is constructed by Algo-
rithm 8.1. Then, rank(Ad − λi I) = nd − ny for λi ∈ σ(Ad), and there
are ny zero columns in (Ad − λi I). Since the nd − ny non-zero columns
are clearly linearly independent to the left part of the matrix irrespective
of the choice of Bd, Cd, they can safely be removed from the Hautus
condition, yielding

rank

[
A− λi I B̄λi

d
C C̄λi

d

]
= nx + ny, ∀λi ∈ σAd,

with B̄λi
d ∈ Rnx×ny , D̄λi

d ∈ Rny×ny . It is clear that B̄λi
d and D̄λi

d can
be chosen freely such that the condition holds. Since every λi selects
different columns of Ad, this argument can be repeated for all λi. �

Assuming observability of the augmented system, a standard linear
observer is employed to obtain estimates of the state and disturbance
vectors:[

x̂(k + 1)
d̂(k + 1)

]
=

[
A Bd
0 Ad

] [
x̂(k)
d̂(k)

]
+

[
B
0

]
u(k)

−
[

Lx
Ld

]
(yφ(k)− Cx̂(k)− Cdd̂(k)),

(8.14)

where Lx and Ld are chosen such that the estimator is stable. Let the
estimation error be given by

ε(k) = Cx̂(k) + Cdd̂(k)− yφ(k). (8.15)

The specific method used for choosing Lx and Ld is not relevant in this
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context, any method can be employed. In the following propositions,
we will analyze the properties of the estimator at the modes given by
Ar and Ad. Since Ad is assumed to contain all modes of Ar, we may in
fact restrict analysis to the modes of Ad. These results will later be used
in the analysis of tracking offset.

Proposition 8.2 Assume the observer (8.14) is stable and Ad incorporates
an internal model of Ar. Then, rank(Ld) = ny and for all λi ∈ σ(Ad),
R(Ld) ∩R(Ad − λd I) = {0}. �

Proof By stability of (8.14), the matrix

M(λ) =

[
A− LxC− λI Bd − LxCd
−LdC Ad − LdCd − λI

]
must have full row rank for |λ| ≥ 1. Consider the particular cases
where λi ∈ σ(Ad), which are unstable eigenvalues by assumption. For
M(λi) to have full rank, a necessary condition is rank[ LdC (Ad −
LdCd − λi I) ] = nd. By the internal model condition, rank(Ad − λi I) =
nd − ny. Hence, N = Ld[ C Cd ] must contribute ny dimensions to the
column space. Since N ∈ Rnd×ny , N contributes at most ny dimensions.
Furthermore, rank(N) ≤ rank(Ld). Hence, for N to contribute ny
dimensions, rank(Ld) = ny must hold and every column vector of N
must be disjoint from the column space of (Ad − λi I). Because of the
full row rank of C, a necessary condition is that the range spaces of Ld
and (Ad − λi I) are disjoint. �

Proposition 8.3 Consider observer (8.14). Assume the observer is stable and
the following modal decompositions exist

yφ(·) =
m

∑
i=1
yλi

pi (·),

u(·) =
m

∑
i=1
uλi

pi (·),
(8.16)

where λi is the i-th eigenvalue of Ad with longest Jordan chain of length pi.
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Then the following holds

(A− λi I)x̂
λi
j (k) + Buλi

j (k) + Bdd̂
λi
j (k) = x̂λi

j−1(k), (8.17a)

(Ad − λi I)d̂
λi
j (k) = d̂λi

j−1(k), (8.17b)

ελi
j (k) = 0 (8.17c)

for

j = 1, . . . , p, i = 1, . . . , m, k = 0, 1, . . . (8.17d)

with

x̂(·) =
m

∑
i=1
x̂λi

pi (·),

d̂(·) =
m

∑
i=1
d̂λi

pi (·).
(8.18)

�

Proof The proof is by induction. Inserting (8.16) and (8.9) into (8.14)
and introducing ελi

j (k) = Cx̂λi
j (k) + Cdd̂

λi
j (k)− yλi

p (k) yields[
x̂λi

j−1(k)

d̂λi
j−1(k)

]
=

[
A− λi I Bd

0 Ad − λi I

] [
x̂λi

j (k)

d̂λi
j (k)

]

+

[
B
0

]
uλi

j (k) +
[

Lx
Ld

]
ελi

j (k)

for j = 1, . . . , pi. Let Ej = N (Ad − λi I)j and fix d̂λi
0 (k) = 0. For j = 1, it

follows 0 = (Ad − λi I)d̂
λi
1 (k)− Ldελi

1 (k) ⇒ Ldελi
1 (k) = 0⇒ ελi

1 (k) = 0
by Proposition 8.2. obviously, d̂λi

1 (k) ∈ E1. For any d̂λi
j−1(k) ∈ Ej−1,

∃d̂λi
j (k) such that (Ad−λi I)d̂

λi
j (k) = d̂λi

j−1(k). Hence, d̂λi
j−1(k) ∈ Ej−1 ⇒

d̂λi
j−1(k) ∈ R(Ad − λi I) and thus Ldελi

j (k) = 0 ⇒ ελi
j (k) = 0 for j =

1, . . . , pi. �

Remark 8.1 From (8.17b) and (8.17c), we see that a necessary and suffi-
cient condition for d̂(k) to be a signal generated by mode λi with order
pi is that it lies in the generalized eigenspace of Ad associated with λi.
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That is, d̂(k) ∈ N (Ad − λi I)pi . �

8.4 Controller

In the following, we will present a method for the construction of an
MPC for reference tracking.

Target Trajectory

In regulation problems, the goal is to bring the system state to the origin,
where the system is in equilibrium. When tracking unstable reference
signals such as sinusoids, we want to allow some modes to be non-zero.
We capture this by introducing the notion of target trajectories, which
describe the set of ‘good’ states, analogous to the origin in the regulator
problem.

A target trajectory is defined as a sequence of states and inputs yielding
the desired output for a given reference and disturbance signal. It
is defined for all future time instants k′ ≥ k. For simplicity, we will
use δk = k′ − k for signal predictions at time k. The future predicted
disturbance is given based on the current estimate by

d̄k(δk) = Aδk
d d̂(k). (8.19)

Similarly, as the reference signal is generated by (8.3), it is given by

r̄k(δk) = Cr Aδk
r xr(k). (8.20)

Define the target trajectory at time k to be {(x̄k(δk), ūk(δk))}∞
δk=0. It

must satisfy[
x̄k(δk + 1)
r̄k(δk)

]
=

[
A B
C 0

] [
x̄k(δk)
ūk(δk)

]
+

[
Bdd̄k(δk)
Cdd̄k(δk)

]
δk = 0, 1, . . . ,

(8.21)

Equation (8.21) could potentially be used directly to find a target trajec-
tory when only a finite horizon is considered. However, if x̄k(δk), ūk(δk)
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solve (8.21) for a given disturbance and reference for all δk ∈ {0, . . . , T}
with T < ∞, there is no guarantee that the problem remains feasible for
a larger horizon T′ = T + 1.

In the following, we propose a method to establish the invariant property
of a target solution at a given time instant, thus automatically preserving
feasibility for the next time instant. We tackle the problem by employing
a modal decomposition of (8.21).

Let Ad have m distinct eigenvalues with λi being the ith eigenvalue.
Denote the length of the longest Jordan chain associated with this
eigenvalue by pi. Assume Ad incorporates an internal model of Ar as
given by Definition 8.2. Then, the following modal decomposition exists

r̄k(·) =
m

∑
i=1
r̄λi

k,pi
(·),

d̄k(·) =
m

∑
i=1
d̄λi

k,pi
(·).

(8.22)

Introducing the signals x̄λi
k,j(·) and ūλi

k,j(·), (8.21) is expressed in modal
form. We first state the modal sub-problem:[

A− λi I B
C 0

] [
x̄λi

k,j(δk)

ūλi
k,j(δk)

]
−
[
x̄λi

k,j−1(δk)
0

]

=

[
−Bdd̄

λi
k,j(δk)

r̄λi
k,j(δk)− Cdd̄

λi
k,j(δk)

]
,

j = 1, . . . , pi,

(8.23)

where we fix x̄λi
k,0(δk) := 0. From the modal decomposition, we also

have r̄λi
k,0(δk) = 0 and d̄λi

k,0(δk) = 0. To retain equivalence to (8.21), the
modal sub-problem is required to hold for all modes and all time

i = 1, . . . , m, δk = 0, 1, . . . (8.24)

The solution of the target trajectory problem is recovered by superposi-
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tion of the solutions to the modal sub-problems

x̄k(·) =
m

∑
i=1
x̄λi

k,pi
(·),

ūk(·) =
m

∑
i=1
ūλi

k,pi
(·).

(8.25)

Proposition 8.4 Consider the modal target trajectory sub-problem (8.23) for
mode λi with corresponding chain length pi at time δk. Assume the track-
ing problem is well-posed, i.e. (8.13) holds. Then, a modal target solution
{x̄λi

k,pi
(δk), ȳλi

k,pi
(δk)}∞

δk=0 exists for any given sequences {d̄λi
k (δk)}∞

δk=0 and

{r̄λi
k (δk)}∞

δk=0 generated by mode λi with order pi. �

Proof Rewriting (8.23) yields[
A− λi I B

C 0

] [
x̄λi

k,j(δk)

ūλi
k,j(δk)

]
=

[
x̄λi

k,j−1(δk)
0

]

+

[
−Bdd̄

λi
k,j(δk)

r̄λi
k,j(δk)− Cdd̄

λi
k,j(δk)

]
,

j = 1, . . . , pi.

By the well-posedness, the matrix on the left hand side has full row

rank, hence a solution exists for j = 1, since x̄λi
k,0(δk) = 0, d̄

λj

k,0(δk) = 0.

The argument can then be repeated for j ← j + 1, until x̄λi
k,pi

(δk) and

ū
λj

k,pi
(δk) are determined. �

Define

v̄λi
k,j(δk) =

[
x̄λi

k,j(δk)

ūλi
k,j(δk)

]
, w̄λi

k,j(δk) =

[
d̄λi

k,j(δk)

r̄λi
k,j(δk)

]
(8.26)

and write (8.23) as

Mλi
1 v̄

λi
k,j(δk) + M2v̄

λi
k,j−1(δk) = M3w̄

λi
k,j(δk),

j = 1, . . . , pi.
(8.27)
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Proposition 8.5 Consider the modal target trajectory sub-problem (8.27) for
mode λi with order pi. Let {v̄?j }

pi
j=0 with v̄?0 = 0 denote a solution of (8.27) at

time δk. Then, {λiv̄
∗
j + v̄

∗
j−1}

pi
j=0 with v̄?−1 = 0 is a solution at time δk + 1.�

Proof Assume the proposition holds. From Equation q(8.9) we get
w̄λi

k,j(δk + 1) = λw̄λi
k,j(δk) + w̄λi

k,j−1(δk). Inserting the new solution into
(8.27) yields

Mλi
1 (λiv̄

?
j + v̄

∗
j−1) + M2(λiv̄

∗
j−1 + v̄

∗
j−2)

= M3(λw̄
λi
k,j(δk) + w̄λi

k,j−1(δk)),
j = 1, . . . , pi

which clearly holds since {v̄∗j }
pi
j=0 is a solution of (8.27). �

Contrary to the time-domain target problem (8.21), trajectories resulting
from the modal problem (8.22-8.25) are invariant. Given a solution at
time δk, a solution exists at δk + 1. Moreover, future solutions can be
found by linear combination of the current solution. Therefore, this
method allows for generating infinite-time target trajectories.

The MPC Algorithm

Define the set of predicted input variables by

Uk = {uk(δk)}N−1
δk=0. (8.28)

The decision variables introduced by the target trajectory problem are

Tk =
m⋃

i=1

pj⋃
j=0
{(x̄λi

k,j(δk), ūλi
k,j(δk))}N

δk=0. (8.29)
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The MPC optimization problem is then posed as follows.

min
Uk ,Tk

N−1

∑
δk=0
‖xk(δk)− x̄k(δk)‖2

Q + ‖uk(δk)− ūk(δk)‖2
R

+‖xk(N)− x̄k(N)‖2
P

s.t. xk(δk) ∈ Rnx , δk = 1, . . . , N,
uk(δk) ∈ Rnu , δk = 0, . . . , N − 1,
xk(δk + 1) = Axk(δk) + Buk(δk) + Bdd̄k(δk), δk = 0, . . . , N
xk(0) = x̂(k),
(8.19),(8.20),(8.22)-(8.25)

(8.30)

with ‖x‖2
M := xT Mx. We assume Q, P, R and N are selected for the

nominal closed loop system to be stable, and that the optimization
problem is feasible for all time instants. Note that we have used a
different notation in the MPC formulation compared to other chapters,
to stay consistent with the notation used for the target trajectory. The
variable xk(δk) here denotes the predicted state δk steps in the future,
determined at time k.

Let U?
k = {u?

k (0), . . . ,u?
k (N − 1)} be the optimal input obtained by

solving (8.30) at time k. Then, the first sample of U?
k is applied to the

system (8.1)

u(k) = u?
k (0). (8.31)

Remark 8.2 The target trajectory problem introduces numerous deci-
sion variables to the optimization problem. One could expect that this
might adversely affect the time needed by the solver for solving one
problem instance. In practice however, the structure added by the (8.22)-
(8.25) is very sparse and can usually be exploited well by standard
solvers, such that the impact on the computation time is small. �
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8.5 Analysis of Tracking Offset

In [MM08, MB02, Pan03, PB07], the signals of the closed loop were
analyzed at steady-state to derive conditions for offset-free control. In
a similar way, we will analyze the behaviour of the closed loop when
all modes except those contained in Ad are zero. We will denote such
signals by the superscript ”∞” in the following.

Consider system (8.1) under closed-loop control using controller (8.14),
(8.30), Since (8.1) is formulated in a completely general form, we need
the following assumptions.

Assumption 8.1 The MPC (8.30) is feasible for all k ≥ 0. �

Assumption 8.2 The measurement signal yφ(k) converges such that

yφ(k)→ y∞(k) (8.32)

as k→ ∞ and the modal decomposition

y∞(·) =
m

∑
i=1
yλi

pi (·) (8.33)

holds where λi is the ith unique eigenvalue of Ad, pi the length of the
longest Jordan chain associated with this eigenvalue, and the number of
unique eigenvalues of Ad is m with m ≤ nd. �

Remark 8.3 Assumption 8.2 requires the controller to stabilize all the
modes not contained in Ad. The remaining, non-zero modes may
originate either from disturbances acting on the plant, the reference
signal or the controller compensating for disturbances or reference. �

Assumption 8.3 There exists k? ≥ 0 such that for k ≥ k? the MPC
control law is strictly feasible and given by the linear feedback policy

u(k)− ū?
k (0) = Kx(x̂(k)− x̄?k (0)) (8.34)

where ū?
k (0) and x̄?k (0) are the optimal values determined by the MPC.

Furthermore, let A + BKx be stable. �
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By (8.32)-(8.34) and Proposition 8.3, it is clear that the remaining signals
can be defined accordingly. Let

u(k)→ u∞(k), x̂(k)→ x̂∞(k), d̂(k)→ d̂∞(k) (8.35)

for k→ ∞, whereu∞(·)
x̂∞(·)
d̂∞(·)

 =
m

∑
i=1

u
λi
pi (·)
x̂λi

pi (·)
d̂λi

pi (·)

 (8.36)

holds.

Remark 8.4 Previous works on offset-free tracking considered nonlinear
dynamics in the plant (8.1). For constant references and disturbances,
this is feasible since any (time-invariant) nonlinear system is defined
by a linear gain matrix at steady-state. This does not hold for the
method presented here, as a general unstable signal (e.g. a sinusoid)
is normally distorted by a nonlinear system. Hence, Assumption 8.2
can only hold if (8.1) is a linear system. Trivial exceptions for nonlinear
plants exist for step disturbance models, or if some modes λi are not
excited by a disturbance or reference signal. In most cases however,
if (8.1) contains nonlinearities, Assumption 8.2 will not hold. In these
cases, the proposed method may help to reduce – but not eliminate –
the offset, depending on the nonlinearities. �

Denote the tracking error of the attractive trajectory by

e∞(k) = y∞(k)− r∞(k). (8.37)

In the following, we show that under the given assumptions, e∞(k) = 0
and hence, due to the convergence properties (8.32),(8.35), offset is
removed from the output.

First, consider the MPC problem (8.30) for the attractive trajectory at
time k. Introducing the variables

δxk(δk) = xk(δk)− x̄k(δk), δuk(δk) = uk(δk)− ūk(δk), (8.38)

the target dynamics induced by disturbance estimate and reference
signal can be decoupled from the system dynamics. Equation (8.30) is
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then formulated as follows

min
δUk ,Tk

N−1

∑
δk=0
‖δxk(δk)‖2

Q + ‖δuk(δk)‖2
R

+‖δxk(N)‖2
P

s.k. δxk(δk) + x̄k(δk) ∈ Rnx , δk = 1, . . . , N,
δuk(δk) + ūk(δk) ∈ Rnu , δk = 0, . . . , N − 1,
δxk(δk + 1) = Aδxk(δk)

+Bδuk(δk), δk = 0, . . . , N
δxk(0) = x̂∞(k)− x̄k(0),
(8.19),(8.20),(8.22)-(8.25).

(8.39)

Denote by δU?
k , T?

k the optimal solution to (8.39). The input value
applied to the plant is

u(k) = δu?
k (0) + ū

?
k (0). (8.40)

Assuming k ≥ k? and using (8.34) yields

δu(k) = Kxδx(k). (8.41)

From (8.22)-(8.25), we see that the target trajectory also admits the modal
decomposition[

x̄?k (·)
ū?

k (·)

]
=

m

∑
i=1

[
x̄λi

k,pi
(·)

ūλi
k,pi

(·)

]
. (8.42)
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Combining (8.17), (8.23) and (8.41) yields


A− λi I Bd B 0 0 Lx

0 0 0 0 0 Ld
0 Bd 0 A− λi I B 0
−C 0 0 C 0 I
Kx 0 −I −Kx I 0





x̂λi
j (δk)

d̂λi
j (δk)

uλi
j (δk)

x̄λi
k,j(δk)

ūλi
k,j(δk)

ελi
j (δk)



=


x̂λi

j−1(δk)
0

x̄λi
k,j−1(δk)

0
0

+


0
0
0

eλi
j (δk)

0

 ,

j = 1, . . . , pi i = 1, . . . , m, δk = 0, 1, . . .

(8.43)

for j = 1, . . . , pi, i = 1, . . . , m and δk = 0, 1, . . .. Using δxλi
j (δk) =

x̂λi
j (δk)− x̄λi

k,j(δk) we obtainA + BKx − λi I Lx
−C I

0 Ld

 [δxλi
j (δk)

ελi
j (δk)

]

=

δxλi
j−1(δk)

0
0

+

 0
eλi

j (δk)
0

 ,

j = 1, . . . , pi, i = 1, . . . , m, δk = 0, 1, . . .

(8.44)

Theorem 8.2 Consider the closed loop system with estimator (8.14) and con-
troller (8.30), (8.31). Assume Ad incorporates an internal model of Ar, the
problem is well-posed, the estimator is stable and Assumptions 8.1- 8.3 are
satisfied. Then, e(k)→ 0 for k→ ∞. �

Proof Since e(k) → e∞(k) as k → ∞ by assumption, it suffices to
show that e∞(k) = 0 for all k. Consider mode λi with order pi. By
Proposition 8.2, Ld has full column rank. Hence, ελi

j = 0 in (8.44).
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Rewriting yields[
A + BKx − λi I

−C

]
δxλi

j (k) =

[
δxλi

j−1(k)
0

]
+

[
0

eλi
j (k)

]

By stability of A + BKx, λi ∈ σ(Ad) is not an eigenvalue of A + BKx.
It follows from the first row that δxλi

j (k) = 0 for j = 1, . . . , pi. From

eλi
j (k) = −Cδxλi

j (k) we have that eλi
j (k) = 0. By e∞(k) = ∑m

i=1 e
λi
pi (k) it

follows e∞(k) = 0. �

Method Summary

We briefly summarize the main steps of the procedure proposed in this
text. These are:

1. Choose a reference model Ar, Cr.

2. Choose a disturbance model Ad, Bd, Cd. The dynamics matrix
Ad must incorporate an internal model of Ar. It may contain
additional dynamics of expected disturbances. The parameters
Bd and Cd are chosen such that the augmented system (8.12) is
observable.

3. Compute the estimator gain L.

4. Compute the set of constraints for the target trajectory problem
(8.22)-(8.25). Integrate them into MPC problem (8.30).

The crucial point of the procedure clearly is the choice of a disturbance
model for which the internal model condition holds and which preserves
observability of the system.
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8.6 Example

As an example, we study a simple damped spring-mass system:

d
dt
x(t) =

[
0 1

−K/m −ρ

]
x(t) + K/m

[
0
1

]
u(t), (8.45)

y(t) =
[
1 0

]
x(t) (8.46)

with K = 1, m = 1 and ρ = 0.1. The real plant however shall be slightly
perturbed with Kφ = 1.2 and ρφ = 0.09. The goal is to track ramp
references and reject ramp disturbances with zero offset. A further
requirement is that the input variable is to be constrained

|u(k)| < 1. (8.47)

First, the discrete-time matrices are obtained for a sampling time of
Ts = 0.1s. To be able to track the ramp, we chose the following reference
signal generator

Ar =

[
1 1
0 1

]
, Cr = [ 1 0 ]. (8.48)

Since the internal generator state xr(k) is not accessible, a standard linear
estimator is employed to produce the estimate x̂r(k). Equation (8.20) is
thus changed to

r̄k(δk) = Cr Aδk
r x̂r(k). (8.49)

We choose a disturbance model which contains the reference dynamics
and which enters the plant at the input

Ad = Ar, Bd = BCr, Cd = 0. (8.50)

The size of the largest Jordan block of Ad and Ar is 2. Since there is only
one measured output, we need to add only one disturbance block to
satisfy the internal model condition. The observer gain L is computed
by solving the discrete-time algebraic Riccati equation with unit weights.
The target trajectory problem is posed as follows. First note that the
modal decomposition (8.22) of reference and disturbance is trivial, as



152 8 Unstable Reference and Disturbance Signals

there is only the mode λ1 = 1. The mode subscript λi will thus be
omitted in the following.

Stating the chain conditions yields

d̄k,2(δk) = (Ad)
δkd̂(k),

d̄k,1(δk) = d̄k,2(δk + 1)− d̄k,2(δk),
0 = d̄k,1(δk + 1)− d̄k,1(δk),

r̄k,2(δk) = Cr(Ar)δkx̂r(k),
r̄k,1(δk) = r̄k,2(δk + 1)− r̄k,2(δk),

0 = r̄k,1(δk + 1)− r̄k,1(δk),

(8.51)

δk = 0, . . . , N1.

The target trajectory conditions are[
A− I B

C 0

] [
x̄k,2(δk)
ūk,2(δk)

]
−
[
x̄k,1(δk)

0

]
=

[
−Bdd̄k,2(δk)

r̄k,2(δk)− Cdd̄k,2(δk)

]
,

[
A− I B

C 0

] [
x̄k,1(δk)
ūk,1(δk)

]
=

[
−Bdd̄k,1(δk)

r̄k,1(δk)− Cdd̄k,1(δk)

]
,

(8.52)

δk = 0, . . . , N1.

Recovering the target trajectory is straightforward. We have

x̄k(δk) = x̄k,2(δk), ūk(δk) = ūk,2(δk). (8.53)
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The MPC problem is given by

min
Uk ,Tk

N−1

∑
δk=0
‖xk(δk)− x̄k(δk)‖2

Q + ‖uk(δk)− ūk(δk)‖2
R

+‖xk(N)− x̄k(N)‖2
P

s.k. xk(δk) ∈ Rnx , δk = 1, . . . , N,
uk(δk) ∈ Rnu , δk = 0, . . . , N − 1,
xk(δk + 1) = Axk(δk) + Buk(δk)

+Bdd̄k,2(δk), δk = 0, . . . , N
xk(0) = x̂(k),
(8.51)− (8.53)

(8.54)

In the following plots, the output of the system under closed loop control
of the proposed controller is designated y1. The method proposed in
[MM08,PR03,MB02] has also been implemented for illustrative purposes,
designated y2 in the plots. Essentially, the controller in [MM08, PR03,
MB02] contains a step disturbance model.

Figure 8.1 shows the closed loop response to a ramp disturbance at
t = 2s and a step disturbance at t = 10s. Similarly, Figure 8.2 shows
the closed loop response to reference changes. It can be observed that
the proposed controller (y1) both achieves tracking of the reference
and rejection of the disturbance, while the controller from literature
(y2) achieves this only for the case when disturbance and reference are
constant. The transient performance of both controllers is very similar.

To demonstrate the ability of the proposed control scheme to handle
arbitrary unstable disturbances, we finally consider the disturbance
generated by the following unstable and oscillating dynamics

d
dtxd(t) =

[
.1 π

−π .1

]
xd(t),

d(t) =
[
1 0

]
xd(t).

For brevity, we do not repeat the (straightforward) construction of the
controller here. Closed loop responses are depicted in Figure 8.3 for
both the proposed and the legacy controller.
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Figure 8.1: Comparison of closed loop responses to a disturbance signal.
(y1, u1) shows the response for the proposed control scheme,
(y2, u2) for the controller in [MM08, PR03, MB02].
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Figure 8.2: Comparison of closed loop response to reference signal.
(y1, u1) shows the response for the proposed control scheme,
(y2, u2) for the controller in [MM08, PR03, MB02].
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Figure 8.3: Comparison of closed loop response to an unstable distur-
bance signal. (y1, u1) shows the response for the proposed
control scheme, (y2, u2) for the controller in [MM08, PR03,
MB02]. It can be observed that the proposed controller
quickly rejects the disturbance, while the legacy controller
shows an increasing amount of offset, proportional to the
magnitude of the disturbance.
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8.7 Conclusion

In this chapter, we presented a method for offset-free reference tracking
and disturbance rejection of constrained systems by means of an MPC
controller. We have generalized existing results by extending the class
of considered disturbance and reference signals to signals generated by
arbitrary unstable linear models. The crucial points of the method are
the choice of a disturbance model satisfying the internal model condition,
and the addition of target trajectory conditions to the MPC problem. The
method was shown to remove offset under the assumptions of stability
and feasibility of the closed loop.



9 Reference Tracking for Nonlinear MPC

This chapter addresses offset-free reference tracking of asymptotically
constant reference signals using Model Predictive Control. Existing
results for linear models are extended to general nonlinear models. The
core of the proposed method employs a disturbance model and an
observer to estimate its state. Typical disturbance models are shown
and the implications of using them are discussed. Conditions are
given for which this setup eliminates the tracking error asymptotically.
Basically, we prove that error free output estimation and error free
nominal tracking imply offset-free Model Predictive Control.

9.1 Introduction

Model Predictive Control (MPC) employs an explicit prediction model
of the plant to optimize future plant behavior. At each time step, an
open-loop optimal control sequence is obtained by means of solving
an optimization problem. The first element of this sequence is applied
to the plant, the remaining elements are discarded. This optimization
procedure is repeated at every time step.

For many practical systems, the optimization problem can be readily
solved in real-time by commercial software products. Constraints on
input and state variables can be easily incorporated into the optimization
problem, which renders MPC a particularly attractive control scheme in
practice.

MPC problems are often formulated using state-space models. This is
the natural formulation for regulator problems, which address either
initial state problems or equivalently the rejection of stochastic or im-
pulsive disturbances. In practice, however, it is often required to track
a changing set point, and achieve zero offset in presence of persistent
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disturbances and plant-model mismatch. This type of problem is usually
referred to as the reference tracking or servo problem [Dav76].

In the unconstrained, linear case, this problem has been extensively
studied [Joh70, DS71, Dav76, PSS74, Dav72, FW76, Won73, WP74, FSW74],
leading to the fundamental result of the Internal Model Principle. How-
ever, these methods are not easily adapted to constrained systems in
general and MPC in particular, due to windup issues [MBM09].

More recent articles focus on the application of offset-free tracking to
MPC [MB02,QB03,PR03,PK03,PB07,MM08,MBM09]. These approaches
augment the dynamical model of the plant by disturbance terms and
employ an observer to estimate the state and the disturbances. They
show that by using an appropriate disturbance model, offset is elimi-
nated at steady-state. While these approaches partly consider nonlinear
plants, they use linear models in both observer and controller design.
Thus, while zero offset is guaranteed for nonlinear plants, transient
behaviour may be unsatisfactory due to modelling errors, particularly if
the nonlinearities are significant.

This work presents a generalization of the concepts in [MB02, PR03,
MBM09] to nonlinear MPC, and at the same time offers a much simpler
exposition of the ideas behind offset-free linear MPC. The remainder of
this chapter is organized as follows. Section 9.2 provides a definition
of the problem, Section 9.3 describes the design of the observer and
controller. In Section 9.4, conditions are given under which offset-free
control is achieved. Section 9.5 discusses several implications in the
design of offset-free controllers and gives hints for practical application.
Several examples are given in Section 9.6.

9.2 Problem Statement

The system to be controlled is given by the dynamics

xφ(k + 1) = fφ(xφ(k),dφ(k),u(k)),
yφ(k) = gφ(xφ(k),dφ(k)).

(9.1)

where u(k) ∈ U ⊆ Rnu , yφ(k) ∈ Y ⊆ Rny . The functions fφ(·, ·, ·),
gφ(·, ·) are not exactly known in terms of structure, dimensionality of
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the state vector and dynamics. The disturbance dφ(k) can be regarded
as an unknown, exogenous input to the plant. The tracking error is
given by

e(k) = yφ(k)− r(k). (9.2)

The reference signal is assumed to be asymptotically constant, i.e.

r(k)→ r∞ (9.3)

as k → ∞ with r(k) ∈ Y ⊆ Rny . The goal is to achieve zero offset
asymptotically:

e(k)→ 0 (9.4)

as k→ ∞.

9.3 Controller

A nominal model of plant (9.1) is given by

x(k + 1) = f (x(k),u(k)),
y(k) = g(x(k)),

(9.5)

with u(k) ∈ U ⊆ Rnu , x(k) ∈ X and y(k) ∈ Y ⊆ Rny and f : X ×
U → X , g : X → Y . Furthermore, let dim(X ) = nx, dim(U ) = nu,
dim(Y) = ny. The model may deviate from the real plant due to
unmodelled dynamics, unknown disturbances, uncertain system pa-
rameters or modelling errors. The state and input vectors are to be
constrained

x(k) ∈ X, u(k) ∈ U (9.6)

with X ⊆ X , U ⊆ U compact sets, which may originate either from
physical constraints or design requirements. To account for model
mismatch and disturbances, the model is augmented with a disturbance
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model

x(k + 1) = faug(x(k),d(k),u(k)),
d(k + 1) = d(k),

y(k) = gaug(x(k),d(k)),
(9.7)

where d(k) ∈ D ⊆ Rnd , dim(D) = nd, and faug : X × D × U → X ,
gaug : X ×D → Y . The disturbance model captures the effects of model
mismatch and disturbances acting on the system; it does not necessarily
have to model the real disturbances accurately for offset free control.

An observer of the following form is employed.

x̂(k + 1) = faug(x̂(k), d̂(k),u(k)) (9.8a)

+`x
(
yφ(k)− gaug(x̂(k), d̂(k))

)
d̂(k + 1) = d̂(k) + `d

(
yφ(k)− gaug(x̂(k), d̂(k))

)
(9.8b)

where `x : Y → X , `d : Y → D with `x(0) = 0 and `d(0) = 0. The
additive structure of the observer (9.8) is used for clarity and due to
its practical importance; the arguments in this chapter extend easily to
other observers such as the Extended Kalman Filter. In order to deduce
the properties of the observer at steady-state, we need the following
design requirement.

Assumption 9.1 The observer is designed to be nominally error-free at
steady-state, satisfying

`d(ε) = 0 =⇒ ε = 0 (9.9)

for all ε ∈ Y . (Note that in general this implies nd ≥ ny unless the
output y is degenerate.) �

The main idea behind Assumption 9.1 is to rule out stationary solutions
with nonzero estimation error; whenever the corrective term on the
disturbance estimate is zero and thus a stationary solution is possible,
the estimation error is also zero. We note that for linear systems, stability
of the observer implies Assumption 9.1 (see [MBM09], Proposition 2).

The construction of a model predictive controller (MPC) employing the
augmented model (9.7) is discussed next. Clearly, the MPC needs to
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adapt to the current reference and disturbance estimate. To this end,
we first introduce the notion of the target equilibrium. For any given
disturbance estimate d̂(k) and reference r(k), a target (x̄, ū) is defined
as a solution to the equilibrium problem

x̄ = faug(x̄, d̂(k), ū), (9.10a)

r(k) = gaug(x̄, d̂(k)). (9.10b)

The target condition is integrated into the standard MPC formulation
as equality constraints; the MPC penalizes deviations of the state and
input from the target:

min
x̄, ū,

u0, . . . ,uN−1

F(xN − x̄) +
N−1

∑
k=0

`(xt − x̄,ut − ū)

subj.to x0 = x̂(k), d0 = d̂(k),

x̄ = faug(x̄,d0, ū),
r(k) = gaug(x̄,d0),

xt+1 = faug(xt,d0,ut), t = 1, . . . , N − 1,

xt+1 ∈ X, ut ∈ U, t = 0, . . . , N − 1,

(9.11)

where F : X → R+ with F(0) = 0 and ` : X ×U → R+ with `(0, 0) = 0,
xt, ut are the predicted state and input vectors t steps in the future,
respectively, and (x̄, ū) is the target equilibrium, all of them to be
determined by the solver.

The optimization problem (9.11) is solved at every time step, and the
solution is applied to the plant in a receding-horizon manner. Let
the optimizer of (9.11) at time k be given by the sequence U∗(k) =
{x̄∗(k), ū∗(k),u∗0(k), . . . ,u∗t−1(k)}. Then, the first element of the set of
optimal inputs is applied to the plant

u(k) := u∗0(k). (9.12)

A similar requirement regarding the properties of the MPC at steady-
state is required as for the observer.
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Assumption 9.2 Let the control law (9.11), (9.12) be defined by the
function c0 : X ×D × Y → U where u∗0(k) = c0(x̂(k), d̂(k), r(k)). The
MPC is designed to be nominally error-free at steady state, i.e., for all
d ∈ D, r ∈ Y which yield strictly feasible targets,

x− faug(x,d, co(x,d, r)) = 0 =⇒ gaug(x,d) = r (9.13)

holds for all x ∈ X . (Note that in general this implies nu ≥ ny unless
the output y is degenerate.) �

The intent of Assumption 9.2 is to prevent stationary solutions whenever
the target is not (yet) reached. If (9.13) does not hold, the MPC may
admit stationary solutions away from the target, which may lead to
convergence of the controller to this point instead of the target. This
must be prevented for all combinations of state estimates, disturbance
estimates and references. For linear systems with linear feedback control,
the stationary solution is unique. Thus, for the MPC formulation (9.11)
applied to the nominal model with x and d measured, closed-loop
stability implies that Assumption 9.2 is satisfied.

Assumptions 9.1 and 9.2 are in some sense dual; the condition for the
observer is much simpler, however, because of the linear dynamics of the
disturbance and the additive structure of the observer. It is important to
stress that both definitions describe properties of the nominal design,
not the closed loop involving the real plant.

Next we are concerned with the closed loop including the real plant.
The only requirement is that the controller stabilizes the plant in the
sense that it settles to a steady-state.

Assumption 9.3 If the closed-loop system (9.1), (9.8), (9.11), (9.12) is
subject to an asymptotically constant reference with

r(k)→ r∞

as k→ ∞, then it converges, reaching the steady-state values

yφ(k)→ yφ,∞, u(k)→ u∞

as k→ ∞, with yφ,∞ ∈ Y , u∞ ∈ U and r∞ ∈ Y strictly in the interior of
the feasible sets. �
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It should be noted that Assumption 9.3 does not require the controller
and observer to guarantee closed-loop convergence by construction,
we simply require it to converge – whatever the real plant happens to
be. Also note that only steady-states in the interior of the feasible sets
are allowed. Specifically, a system reaching a steady-state because an
actuator is saturating is not allowed.

9.4 Conditions for Offset-Free Control

In this section, we consider the full closed loop including the (generally)
unknown plant (9.1). For offset-free control, we are mainly concerned
with the closed-loop properties at steady-state when

1. The model of the plant is not accurate, i.e. (9.1) and (9.7) differ.

2. There are persistent disturbances acting on the plant, i.e. dφ(k)→
dφ,∞ 6= 0 as k→ ∞.

The Linear Case

We briefly recall the main results for linear models given in [MB02,PR03,
MBM09]. Since this theory is rather complete, valuable insight and
intuition is provided by it. Consequently, we will often refer back to the
linear case throughout the chapter. Assume the augmented model (9.7)
is linear, i.e. it can be written as

x(k + 1) = Ax(k) + Bdd(k) + Bu(k),
d(k + 1) = d(k),

y(k) = Cx(k) + Cdd(k).
(9.14)

A linear observer is used, given by

x̂(k + 1) = Ax̂(k) + Bdd̂(k) + Bu(k)
+Lx(Cx̂(k)− yφ(k))

d̂(k + 1) = d̂(k) + Ld(Cx̂(k) + Cdd̂(k)− yφ(k)).
(9.15)

The MPC (9.11) is applied without change; 1, 2 or ∞ norms can be used
in the cost function. We briefly recall the main results.
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Theorem 9.1 Consider the linear model (9.14), the observer (9.15) and the
MPC (9.11). Assume the following:

a) The number of disturbance states in (9.14) is equal to the number of
measurements, i.e., nd = ny.

b) The augmented model is observable. Assuming observability of (C, A), a
necessary and sufficient condition for observability is

rank
[

I − A Bd
C Cd

]
= nx + nd. (9.16)

An equivalent statement is that the transfer function Gd(z) = Cd +
C(zI − A)−1Bd does not have a transmission zero at z = 1. (Note that
this requires nd ≤ ny.)

c) The model augmented with an output integrator

x(k + 1) = Ax(k) + Bu(k),
e(k + 1) = e(k) + Cy(k)

(9.17)

is controllable. Assuming controllability of (A, B), a necessary and
sufficient condition is

rank
[

I − A B
C 0

]
= nx + ny. (9.18)

Note that this requires ny ≤ nu. An equivalent statement is that
G(z) = C(zI − A)−1B does not have a transmission zero at z = 1.

d) The observer (9.15) is nominally asymptotically stable.

e) The MPC is nominally asymptotically stabilizing for strictly feasible
targets (x̄, ū).

f) The closed-loop is stable and feasible, i.e. the system settles to a steady-
state with r(k) → r∞, yφ(k) → yφ,∞, x̂(k) → x̂∞, d̂(k) → d̂∞ as
k→ ∞. Moreover, the MPC is strictly feasible after some time instant
k ≥ k∗.

Then, there is zero offset in the steady-state, i.e., yφ(k)→ r(k) as k→ ∞. �

Proof See [Pan03, MB02, MBM09]. �
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In [MB02], it is suggested to employ a 2-norm in the objective function
and choose the terminal cost of the objective function such that the
MPC is nominally stabilizing around the origin. The formulation chosen
here is slightly more general in that it allows for arbitrary norms in the
objective function, not just 2-norms.

• We noted above that condition d), i.e. observer stability implies
Assumption 9.1.

• We also explained above that condition e), i.e. nominal MPC
stability implies Assumption 9.2

• Condition f) corresponds to Assumption 9.3.

Our discussion suggests that Assumptions 9.1, 9.2 and 9.3 may be
sufficient for no offset of the closed-loop systems. We will prove next
for the general nonlinear case that this is indeed true.

The Nonlinear Case

The discussion follows a similar line of reasoning as Theorem 9.1. Gen-
eralizations of conditions (9.16), (9.18) are derived, and it is shown how
these relate to the linear case. First we are concerned with observability
of the augmented model at steady-state.

Assumption 9.4 Consider the augmented model (9.7). For all y ∈ Y ,
u ∈ U , there exist x∗ ∈ X , d∗ ∈ D such that

x∗ = faug(x∗,d∗,u),
y = gaug(x∗,d∗)

(9.19)

holds. Furthermore, (x∗,d∗) is the unique solution to (9.19) for any
given (u, y). �

Clearly, the key element for Assumption 9.4 to hold is the disturbance
model, which should be chosen such that it can generate all y ∈ Y for
any given u ∈ U . Barring degeneracy of y, (9.19) will have no solution
unless nd ≥ ny and a unique solution when nd = ny. There is no
advantage of chosing a disturbance model where nd > ny. Therefore in
the rest of this chapter, we assume nd = ny. The uniqueness requirement
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implies that there will not be multiple values of the input d yielding
the same output y (input multiplicity [Kop82]). Input multiplicity may
lead to discontinuous changes in d with continuous changes in y and is
therefore undesirable from an operational point of view.

If faug, gaug are continuously differentiable on their domains, sufficient
conditions can be given for local uniqueness of (9.19), providing the
connection to the linear case. Consider a fixed point x∞, d∞ with u∞,
y∞ the associated input and output, respectively, given by

x∞ = faug(x∞,d∞,u∞),
y∞ = gaug(x∞,d∞).

(9.20)

Define the Jacobians

Fx :=
∂

∂x
faug(x∞,d∞,u∞), Fd :=

∂

∂d
faug(x∞,d∞,u∞),

(9.21)

Fu :=
∂

∂u
faug(x∞,d∞,u∞), (9.22)

Gx :=
∂

∂x
gaug(x∞,d∞), Gd :=

∂

∂d
gaug(x∞,d∞), (9.23)

where ∂
∂x f (a, b) denotes the Jacobian of f (x,y) with respect to x, eval-

uated at x = a, y = b. Fixed points in the neighborhood of (9.20) then
approximately satisfy[

Fx − I Fd
Gx Gd

] [
δx

δd

]
≈
[
−Fu 0
−Gu I

] [
δu

δy

]
, (9.24)

where δx = x− x∞, δu = u− u∞, δd = d− d∞, δy = y − y∞. The
question whether Assumption 9.4 holds in a neighborhood of the fixed
point is answered by the following theorem.

Theorem 9.2 Consider the augmented model (9.7) with nd = ny, the fixed
point (9.20) and assume faug, gaug to be continuously differentiable on their
domains. Furthermore, let

rank
[

Fx − I Fd
Gx Gd

]
︸ ︷︷ ︸

Jo

= nx + nd (9.25)
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hold. Then, there exists a neighborhood U∞ × Y∞ ⊂ U × Y of (u∞,y∞)
where (9.19) has a unique solution. �

Proof Rewrite (9.19) as To(v,w) = 0 where v = (u,y) and w = (x,d).
By the Implicit Function Theorem, a sufficient condition for Theorem 9.2
to hold is that det ∂

∂wTo(v∞,w∞) 6= 0 with v∞ = (u∞,y∞), w∞ =

(x∞,d∞). Since ∂
∂wTo(v∞,w∞) = Jo and Jo is square by definition,

rank Jo = nx + ny =⇒ det ∂
∂wTo(v∞,w∞) 6= 0. �

For linear systems, Equations (9.25) and (9.16) are clearly identical,
and uniqueness and existence become global properties. It should be
noted that extending the argument of Theorem 9.2 to hold globally is
not straightforward in the nonlinear case. In [ZG06], a variant of the
Implicit Function Theorem is given which provides a sufficient condition
for global existence and uniqueness for the case X = Rnx , D = Rnd ,
U = Rnu , Y = Rny . However, the practical applicability of this method
is limited by its conservatism.

Next we are concerned with whether the model allows tracking of a
setpoint in all measurements, analogously to condition (9.18). We are
looking for a test for controllability of the augmented model similar to
(9.17).

Assumption 9.5 Consider the augmented model (9.7). For all r ∈ Y ,
d ∈ D, there exist x∗ ∈ X , u∗ ∈ U such that

x∗ = faug(x∗,d,u∗),
r = y = gaug(x∗,d)

(9.26)

holds. Furthermore, (x∗,u∗) is the unique solution to (9.26) for a given
(d, r). �

Clearly, the key element for Assumption 9.5 to hold are the inputs u
that need to be able to generate all r ∈ Y for any given d ∈ D. Barring
degeneracy of y, (9.26) will have no solution unless nu ≥ ny. It is quite
common and desirable to have an excess number of inputs nu > ny
and algorithms like MPC are designed to take advantage of these extra
degrees of freedom. This type of non-uniqueness does not cause any
problems. For nonlinear models however, even in the case nu = ny,
there may be multiple values of u yielding the same output y = r
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(input multiplicity). Thus, input multiplicity may lead to discontinuous
changes in u with continuous changes in y and is therefore undesirable
from an operations point of view. We wish to exclude this situation.
Therefore, for simplicity of exposition, we will assume nu = ny for the
rest of the chapter and require uniqueness in Assumption 9.5.

Theorem 9.3 Consider the augmented model (9.7) with nu = ny, the fixed
point (9.20) and assume faug, gaug to be continuously differentiable on their
domains. Furthermore, let

rank
[

Fx − I Fu
Gx 0

]
= nx + ny (9.27)

hold. Then, there exists a neighborhood D∞ × Y∞ ⊂ D × Y of (d∞, r∞)
where (9.26) has a unique solution. �

The proof is identical to Theorem 9.2 and thus omitted. Again, Equa-
tion (9.27) directly relates to (9.18) for linear systems.

We are now ready to state the nonlinear version of Theorem 9.1.

Theorem 9.4 Consider the nonlinear augmented model (9.7), the observer (9.8)
and the MPC (9.10)-(9.12). Assume the following:

a) nd = nu = ny

b) Assumption 9.4 on nonlinear observability holds. This assumption can
be tested locally via Theorem 9.2.

c) Assumption 9.5 on nonlinear controllability holds. This assumption can
be tested locally via Theorem 9.3.

d) Assumption 9.1 holds. (Because of b) it is possible to design an observer
that is nominally error-free at steady-state).

e) Assumption 9.2 holds. (Because of c) it is possible to design a controller
that is nominally error-free at steady-state).

f) Assumption 9.3 on asymptotic convergence of the real closed-loop system
holds. �

Then, yφ(k)→ r(k) as k→ ∞.
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Proof It is sufficient to prove yφ,∞ = r∞ because of Assumption 9.3.
By Assumption 9.1 the observer is nominally error-free and satisfies at
steady-state

x̂∞ = faug(x̂∞, d̂∞,u∞), (9.28a)

yφ,∞ = gaug(x̂∞, d̂∞) (9.28b)

where u∞ is the implemented input generated by the controller given
by

u∞ = co(x̂∞, d̂∞, r∞).

Rewriting (9.28a) as x̂∞ − faug(x̂∞, d̂∞,u∞) = 0, it follows from As-
sumption 9.2 that

gaug(x̂∞, d̂∞) = r∞ (9.29)

holds. We conclude from a comparison of (9.28b) and (9.29) that yφ,∞ =
r∞. �

9.5 Discussion

This section discusses the results given in the previous section and it
provides insight into practical considerations for the design of offset-free
controllers.

9.5.1 Disturbance Model

The choice of the disturbance model is of critical importance for offset-
free control. To satisfy the existence condition of Assumption 9.4, the
model must be chosen to be rich enough to be able to generate all steady-
state input-output pairs (u∞,yφ,∞) ∈ U ×Y observed on the real system.
It should however also be “minimal” (nd = ny) and should not allow
input multiplicities, where multiple d’s can yield the same yφ,∞. The
model must be observable, otherwise the observer cannot be expected to
converge. For linear systems, applicable disturbance models with nd =
ny are defined by Theorem 9.1, condition b). Observability is much more
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involved in the nonlinear case. It is not a global property, and even local
observability may depend on the particular input sequence. A complete
treatise of the topic is beyond the scope of this chapter; the reader is
directed to [Nij82,Son79] for an introduction to the observability concept
for nonlinear discrete-time systems. Observer structures similar to the
one proposed in this chapter are analyzed in [Sor97a, BHC98, MG95,
SG92, Zei87].

In the following, we will discuss two common disturbance models: pure
output and pure input disturbances. The pure output disturbance model
adds one disturbance state for every output variable

x(k + 1) = f (x(k),u(k)),
d(k + 1) = d(k),

y(k) = g(x(k)) + d(k),
(9.30)

where d(k) ∈ Rny . This disturbance model has the advantage that it
supports a wide range of disturbances and model mismatch since any
output encountered during operation can be generated. It has two
disadvantages. First, if the plant dynamics f (·, ·) contains integrators,
observability and hence existence and uniqueness as in Assumption 9.4
are lost [MM08]. Second, dynamic performance of the closed loop is
often sluggish, since it models actual disturbance dynamics poorly for
many practical systems [MB02]. Particularly if the plant has poles close
to (1, 0), the disturbance modes become almost unobservable, resulting
in poor closed-loop rejection of the disturbances. This problem can be
alleviated partially by proper tuning of the estimator [RRQ09].

An equally simple method is the pure input disturbance model

x(k + 1) = f (x(k),u(k) + d(k)),
d(k + 1) = d(k),

y(k) = g(x(k)),
(9.31)

where we need to assume nu = nd = ny. In this model, the disturbances
pass through the plant dynamics, which is a more realistic model of the
real disturbances in most practical examples. Thus, compared to the
output disturbance model, this model often leads to better closed-loop
performance. Moreover, it does not suffer from observability issues for
plants containing integrators.
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9.5.2 Non-unique Target

A common case in practice is when there are more input variables than
tracked variables, leading to additional degrees of freedom in the choice
of the target (9.10). This case is addressed automatically by the MPC; it
will use the degrees of freedom to minimize the overall cost. Roughly
speaking, the MPC will choose the target which is closest to the current
system state in terms of the open-loop cost in (9.11). It also avoids
infeasible targets, since these will not yield zero cost at steady-state.

In [MR93, PR03] it is suggested to solve an additional optimization
problem to determine the target independently from the MPC. This
allows to select the target based on other objectives, e.g. to minimize
operating costs or energy requirements in steady-state, as opposed to
achieving good dynamic performance. The target is found by solving
the following optimization problem at each time step:

(x̄(k)), ū(k)) = arg min
x̄,ū

`t(x̄, ū)

subj.to x̄ = faug(x̄, d̂(k), ū),
r(k) = gaug(x̄, d̂(k)),

(9.32)

where `t(·, ·) can be chosen independently from the MPC cost function.
The target obtained by solving (9.32) is then embedded directly into the
MPC (9.11).

9.5.3 Convergence and Stability

Nominal asymptotic stability of observer and controller trivially im-
plies the nominal absence of error at steady-state, as required by As-
sumptions 9.1 and 9.2. Depending on the class of the model (9.7),
nominal stability may be relatively straightforward to attain (e.g. [MD-
NMS01, Sor97b, Gri04]).

To establish global closed-loop stability guarantees such that Assump-
tion 9.3 is guaranteed to hold is much harder. First there must at least
be some worst-case knowledge of the plant-model mismatch, which in
practice may prove difficult to obtain. If a worst-case bound is available,
robust output feedback techniques can be applied. For instance, [Pan03]
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considers uncertain linear constrained systems, where the model mis-
match is bounded by a set of vertex matrices. Closed-loop convergence
is guaranteed by using robust control and estimation algorithms. Other
robust output feedback formulations are given in [LSG08, OR05, ZK02],
where different types of uncertain linear systems are considered. We
remark that extending these methods to general nonlinear systems is
difficult.

9.6 Examples

9.6.1 Bilinear System

Consider the model of a bilinear system

x1(k + 1) = 0.9 x1(k)− 0.3x1(k)x2(k)
+x2(k)

x2(k + 1) = 0.8 x2(k) +u(k)
y(k) = x1(k).

(9.33)

The model is augmented by a disturbance which enters the plant at the
input

x1(k + 1) = 0.9 x1(k)− 0.3x1(k)x2(k)

+x2(k) (9.34a)

x2(k + 1) = 0.8 x2(k) + d(k) +u(k) (9.34b)

d(k + 1) = d(k) (9.34c)

y(k) = x1(k). (9.34d)

In the following, we adopt the vector notation as given in the previous
sections, where faug(·, ·, ·) denotes the state update (9.34a)-(9.34c) and
gaug(·, ·) the measurement function (9.34d). A standard observer with
linear gains is employed

ε(k) = gaug(x̂(k), d̂(k),u(k))− y(k)
x̂(k + 1) = faug(x̂(k), d̂(k),u(k)) + Lxε(k)
d̂(k + 1) = d̂(k) + Ldε(k)

(9.35)
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The gain matrices Lx and Ld are computed based on a model of (9.34) lin-
earized about the origin, using the steady-state Kalman filter algorithm.
This yields

Lx =

[
−1.6405
−0.9889

]
, Ld = −0.3219. (9.36)

This observer clearly is nominally error-free at steady-state. Since the
model is linearizable, it can also be shown to be locally stable in all
relevant operating conditions. The MPC (9.10-9.12) is used without
change; a quadratic cost function is employed

`(xt − x̄,ut − ū) = ‖xt − x̄‖2 + ‖ut − ū‖2. (9.37)

The prediction horizon is set to N = 4, larger horizons do not yield a
significant improvement of the closed-loop performance. The real plant
used in simulation is given by

xφ,1(k + 1) = 0.95 xφ,1(k) + d(k)
−0.25xφ,1(k)x2(k) + x2(k)

xφ,2(k + 1) = 0.7 xφ,2(k) + 0.1xŒ,2(k)d(k)
+u(k)

yφ(k) = xφ,1(k) + d(k).

(9.38)

The differences from the model are highlighted. Note that the dis-
turbance model has a significantly different structure from the one
used in the model. For comparison, the same system (9.38) is con-
trolled by using a model of (9.34) linearized at the origin, as proposed
in [MB02, QB03, PR03, PK03, PB07, MM08, MBM09]. The closed-loop
response for both controllers is depicted in Figure 9.1. Both algorithms
achieve zero offset. However, the transient response of the linear MPC
significantly worse for the disturbance step at k = 70, and it even be-
comes infeasible after the reference step at k = 110 and completely fails
to stabilize the system.
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Figure 9.1: Close-loop simulation of (9.38). The left column shows tra-
jectories of the nonlinear MPC, the right column of the linear
MPC. The reference jumps from 1 to −1 at k = 30. A distur-
bance step is applied to the plant at k = 70, and a second
reference step occurs at k = 110 to −3. Note how the linear
MPC breaks down after the second reference steps, while the
nonlinear MPC performs well.
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9.6.2 Piecewise-Affine System

Consider the PWA model comprising two regions

x(k + 1) =

{
A1x(k) + Bu(k), if x1(k) < 0
A2x(k) + Bu(k), if x1(k) ≥ 0

A1 =

[
1.1 1
−.1 1

]
, A2 =

[
0.9 1
−.1 1

]
,

y(k) = x1(k).

(9.39)

The same disturbance model is chosen as for the previous example, and
the observer and controller are constructed likewise. For the observer,
we use dynamics A2 and apply the standard steady-state Kalman filter,
yielding

Lx =

[
−1.2505
−0.6564

]
, Ld = −0.1576. (9.40)

The real plant used for simulation is given by

xφ(k + 1) =


Aφ,1xφ(k) + Bu(k)
+Bdd(k)

, if xφ,1(k) < 0

Aφ,2xφ(k) + Bu(k)
+Bdd(k)

, if xφ,1(k) ≥ 0

Aφ,1 =

[
1.15 1
−.15 1

]
, Aφ,2 =

[
0.85 1
−.15 1

]
,

Bd =

[
0

0.5

]
,

yφ(k) = xφ,1(k).

(9.41)

A closed-loop simulation response is depicted in Figure 9.2. The refer-
ence commands are chosen such that the system enters each of the two
regions. The controller performs well in all situations, even when hit by
a large disturbance which results in two region transitions.
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Figure 9.2: Closed-loop simulation of (9.41). The reference jumps from
1 to −1 at k = 30. A disturbance step is applied to the plant
at k = 70.

9.6.3 DC-DC Boost Converter

A DC-DC boost converter is a switched electronic circuit to convert an
unregulated supply voltage vs to a regulated output voltage vo, where
vo ≥ vi. This system is subject to large uncertainties in the supply
voltage vs – which is often not measured – and in the load, which
depends on the connected consumer, which is unknown.

A possible realization is depicted in Figure 9.3. The circuit is operated
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Figure 9.3: DC-DC boost converter circuit diagram.

cyclically by controlling the amount of time the switch stays in either of
the two modes. The amount of time it stays in H mode relative to the
cycle time is termed the duty cycle. A duty cycle of 1 means the switch
remains in H mode during the entire cycle. For a detailed description
of the DC-DC converter, refer to [MAB+

10].

We use the following description of the converter:

xφ(k + 1) = eA1u(k)eA0(1−u(k))
[
xφ(k)
vs(k)

]
,

vs(k + 1) = vs(k)
vo(k) = Cxφ(k),

(9.42)

where u ∈ [0, 1] is the duty cycle, x(k) = [ i`(k) vc(k)]T , A0, A1 ∈ R3×3

and C ∈ R1×2 matrices determined by the parameters of the electronic
components used. Because the input voltage is not measured, it is
modelled as a disturbance and hence estimated by the observer. The
dynamics of the real plant are described by

xφ(k + 1) = eAφ,1u(k)eAφ,0(1−u(k))
[
xφ(k)
vs(k)

]
,

vφ,o(k) = Cxφ(k),
(9.43)

The matrices Aφ,0, A0 and Aφ,1, A1 differ in that the real load resistor
is larger than in the model by a factor of 2.5, thus introducing model
mismatch.

Since the optimization software [Löf04] does not support matrix ex-
ponentials directly, the MPC and the observer employ a third-order
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Taylor approximation of (9.42), which has been found to be sufficiently
accurate for control. The observer gain matrix is computed by using a
linearization of the model at the nominal operating point and by com-
puting a steady-state Kalman filter gain with unity weights, yielding

Lx =

[
−31.9926
−0.9298

]
, Ld = −0.5247. (9.44)

The MPC construction is straightforward. The penalty function is

`(xt − x̄, ut − ū) = ‖xt,2 − x̄2‖2 + 10−3‖ut − ū‖2. (9.45)

For the terminal penalty F(·), the standard LQR cost is used [Son90],
obtained by linearizing about the nominal operating point and using
the weights (9.45). To avoid inductor saturation, a constraint is added

−5 ≤ x1(k) ≤ 5. (9.46)

Finally, a constraint on the duty cycle is required:

0 ≤ u(k) ≤ 1. (9.47)

The simulation model uses the matrix exponential form of (9.43), not the
approximation. A closed-loop simulation run is depicted in Figure 9.4.
The converter is started with the reference set to the nominal value.
Note how the estimated inductor current differs from the true one due
to model mismatch. At k = 30, the output reference is increased by 10%,
and at k = 60 the supply voltage is decreased from vs = 0.4 to vs = 0.3.
The controller achieves quick startup with the inductor current estimate
hitting the constraint. Offset is eliminated both for the reference step
and the disturbance step.

9.7 Conclusion

In this chapter, the design of offset-free MPC was investigated. Existing
results for linear models are generalized to nonlinear dynamics.



9.7 Conclusion 179

State and Disturbance Estimates

x̂1
x̂2
d̂1

True State

x1

x2

u1

Reference and Outputs

time

y1
r1

0 20 40 60 80 100 120

0 20 40 60 80 100 120

0 20 40 60 80 100 120

0

0.2

0.4

0.6

0.8

1

1.2

-2

0

2

4

6

-2

0

2

4

6

Figure 9.4: Closed-loop simulation of DC-DC converter (9.43) with plant-
model mismatch. A reference step of 10% occurs at k = 30.
The supply voltage is decreased by 25% at k = 60.
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The core of the method comprises augmenting the plant model by a
disturbance model, which reflects the effects of model mismatch and
persistent disturbances acting on the plant. An observer is used to
estimate both the system state and the disturbance. The MPC computes
a steady-state target based on the disturbance estimate and the reference;
the cost function then penalizes the deviation from the target.

The steady-state characteristics of the model used in the controller and
the observer must be identical for the offset to be zero. In principle it
would be possible to use an elaborate (nonlinear) model in the observer,
and a simple (locally linearized) model in the controller as long as the
steady-state characteristics match.

Sufficient conditions were given under which this approach achieves
zero offset in steady-state. The method does not require a particular
technique for MPC or observer design, numerous existing algorithms
can be used. It was demonstrated on several classes of nonlinear systems,
yielding significantly better dynamic results compared to linear MPC
for systems where the nonlinear features are significant.
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