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To my parents



Mathematics is like climbing the Matterhorn. If you are the first one to do

so, it takes more than one day. You may spend some weeks exploring the

foothills. You walk around to look at the peak from all sides. You have to

find out where you can get shelter and food, and water. You have to have

good equipment. You may try to get a local guide. It would be advisable to

discuss the weather conditions with the locals. There might even exist some

literature, including fables and myths. You need a lot of patience.

The only difference is, in mathematics you are never sure if the peak really

exists, until you have been on top.

Guus Balkema (December 16, 2007)



Abstract

Understanding the behaviour of extreme observations in multidimensional data is of

key importance in diverse fields of application, including finance and insurance, reliability

and environmental sciences. There are different ways to view and analyze multivariate

extremes. In our approach, the extremes are seen as those observations which lie at

the edge of multivariate sample clouds. In light of this definition, densities rather than

distribution functions play a prominent role in our analysis owing to their close link to

the shape of the sample clouds.

The first part of the thesis centres around a class of light-tailed meta distribu-

tions. These distributions are obtained via a coordinatewise transformation of an original

heavy-tailed distribution. Our primary example is the meta distribution with Gaussian

marginals constructed by transforming the marginals of an elliptic t distribution. The

meta distribution inherits the dependence structure of the original t distribution. It is

a well known result that the extremes of a random vector with a multivariate normal

density are asymptotically independent whatever the correlation. In some applications,

this can be seen as a shortcoming. The procedure above suggests a remedy by allowing to

embed a stronger form of dependence into the multivariate distribution while preserving

light-tailed Gaussian marginals.

The notion of the limit shape of sample clouds is at the heart of the thesis. It

provides a global view of multivariate data. Its boundary gives an intuitive description

of the relation between extreme observations across different directions, and hence is of

direct importance for risk assessment and management. Our first result shows that sample

clouds from the meta distributions we consider can be scaled to converge onto a limit set,

and we derive an explicit expression for the boundary of this limit set. Surprisingly, there
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is no relation between the shape of the sample clouds from the original distribution and

from the associated meta distribution, despite the fact that the two distributions have the

same copula. We then demonstrate that for light-tailed meta distributions the asymptotic

behaviour, the shape of the limit set as well as the local behaviour, is very sensitive to

certain perturbations of the underlying heavy-tailed original distribution. In fact, it may

change drastically even when the asymptotic behaviour of the heavy-tailed density is not

affected. In the classical theory of coordinatewise extremes marginals seem to play only

a subsidiary role; the theory and examples we present here cast a different light on the

significance of the marginal distributions.

In a bivariate context, asymptotic independence refers to situations in which occur-

rence of large observations in one component of the data is unlikely to be accompanied

by large observations in the other component. Such situations are encountered in various

applications. The standard criteria for checking asymptotic independence are given in

terms of distribution functions which are rarely available in an explicit form, especially in

the multivariate case. In the second part of the thesis we formulate sufficient conditions

for asymptotic independence expressed in terms of the (asymptotic) shape of the level

sets of the density and the shape of the limit set of the associated sample clouds.
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Kurzfassung

Das Verständnis von Extremwerten in mehrdimensionalen Daten ist von grosser Be-

deutung in vielen Gebieten, unter anderem dem Finanz- und Versicherungswesen und dem

Management von Ingenieurrisiken. Es existieren verschiedene Ansätze um mehrdimensio-

nale Extremwerte zu betrachten und zu analysieren. In unserem Ansatz betrachten wir

Extremwerte als Werte, die am Rand einer mehrdimensionalen Stichprobe liegen. Auf-

grund der Analogie zwischen der Form einer beobachteten Punktemenge zu deren Wahr-

scheinlichkeitsdichte ist für uns die Wahrscheinlichkeitsdichte, im Gegensatz zur Wahr-

scheinlichkeitsverteilung, das wesentliche Analyseobjekt.

Der erste Teil der Arbeit behandelt Meta-Verteilungen mit leichten Tails. Solche

Verteilungen lassen sich durch eine koordinatenweise Transformation aus einer Vertei-

lungsfunktion mit starken Tails erzeugen. Ein prominentes Beispiel hierfür ist eine Meta-

Verteilung mit gaussverteilten Randverteilungen, welche per Transformation der Rand-

verteilungen aus einer elliptischen t-Verteilung erzeugt wurde. In diesem Schritt erbt die

Meta-Verteilung die Abhängigkeitsstruktur von der ursprünglichen t-Verteilung. Es ist be-

kannt, dass Zufallsvektoren deren Werte einer mehrdimensionalen Normalverteilung un-

terliegen asymptotisch unabhängige Komponenten besitzen. Dies gilt unabhängig davon

ob deren Komponenten korreliert sind und führt zu Problemen in einigen Anwendungen.

Diese Probleme können umgangen werden, indem man, die leichten Tails einer gaussischen

Randverteilung beibehaltend, eine stärkere Abhängigkeit als die einer mehrdimensionalen

Normalverteilung annimmt.

Das Konzept des Grenzwertumrisses einer Stichprobe stellt den Kern der Arbeit dar.

Es ermöglicht eine umfassende Betrachtung mehrdimensionaler Daten. Aus dem Grenz-

wertumriss einer Stichprobe ergibt sich eine natürliche Möglichkeit zur Beschreibung der
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Abhängigkeit von Extremwerten in unterschiedlichen Koordiantenrichtungen. Der Grenz-

wertumriss ist somit von direktem Nutzen für die Beurteilung und das Management von

Risiken. In einem ersten Resultat zeigen wir, dass die Stichprobenpunkte der von uns

behandelten Meta-Verteilungen so skaliert werden können, dass diese zu einer Grenz-

wertmenge konvergieren. Wir leiten einen expliziten Ausdruck her, der den Umriss dieser

Grenzwertmenge beschreibt. Überraschenderweise gibt es keinen Zusammenhang zwischen

den Umrissen der Stichprobenpunktmenge und der ursprünglichen Verteilung, sowie deren

Meta-Verteilung. Dies gilt obwohl die beiden Verteilungen die gleiche Copula besitzen.

Im folgenden zeigen wir, dass das asymptotische Verhalten von Meta-Verteilungen

mit leichten Tails sehr sensitiv auf kleine Änderungen der zugrundeliegenden Verteilungs-

funktion mit den starken Tails ist. Diese Sensitivität gilt sowohl für deren Grenzwert-

menge, als auch das lokale Verhalten der zugeh/origen Stichprobe. Das Verhalten kann

sich selbst dann verändern, wenn die Wahrscheinlichkeitsdichtefunktion mit den starken

Tails unverändert bleibt. Im Gegensatz zur klassischen Theorie über koordinatenweise Ex-

tremwerte, in der Randverteilungen nur eine untergeordnete Rolle spielen, zeigen unsere

Resultate und Beispiele eine neue Bedeutung der Randwertverteilungen.

Im zweidimensionalen Fall ist es unwahrscheinlich, dass bei asymptotischer Un-

abhängigkeit grosse Stichprobenwerte in einer Dimension von grossen Werten in der ande-

ren Dimension begleitet sind. Derartige Situationen sind jedoch besonders praxisrelevant.

Die Standardkriterien, um asymptotische Unabhängigkeit zu testen, sind für Wahrschein-

lichkeitsverteilungsfunktionen angegeben. Diese sind allerdings nur selten in expliziter

Form verfügbar, insbesondere für mehrdimensionale Zufallsvariablen. Im zweiten Teil der

Arbeit zeigen wir daher hinreichende Bedingungen auf, um asymptotische Unabhängigkeit

nachzuweisen, die auf der (asymptotischen) Form der äquipotentiallinien der Wahrschein-

lichkeitsdichte, sowie auf dem Grenzwertumriss der zugehörigen Stichprobe basiert.
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Chapter 1

Introduction

1.1 Motivation

Understanding the behaviour of extremes in multidimensional data sets is of paramount

importance in a wide range of applied fields. Examples of extremes, expressing the worst or

best events or outcomes that may be encountered, include maximum losses on a portfolio

of insurance contracts which may lead to the insurer’s insolvency in actuarial science, the

effect of minimum temperatures on human health, maximum flood levels in meteorological

studies, or minimum lifetimes for components in industrial reliability experiments. A nice

illustration of the key ingredients involved in multivariate modelling of extremes comes

from the realm of quantitative risk management, as described in McNeil et al. (2005).

One of the driving forces behind methodological developments in finance and insurance is

the need of financial institutions to comply with the regulatory framework like that of the

Basel Accords and Solvency II in Europe. This compliance amounts to the computation of

regulatory capital that these financial institutions are required to hold to safeguard a solid

financial position in adverse financial events. Throughout the thesis, we adopt a static

point of view by considering multivariate parametric models which describe the stochastic

behaviour of risks (modelled as random vectors) at fixed points in time. Examples include

a vector of returns on a portfolio of financial securities or a vector of losses of counterparties

in a credit portfolio. These examples deal respectively with market risk and credit risk,

both of which are included in the regulatory framework.
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The two most frequently used measures for risk quantification are the Value-at-Risk

(VaR) and expected shortfall. The former one is just a quantile of the distribution rep-

resenting for example profit and losses of the company. The latter is the conditional

expectation based on this distribution given that a certain value of VaR (i.e. a certain

quantile) has been exceeded. Two parameters entering into the calculation of the above-

mentioned risk measures are the quantile level α and the time horizon. These are set by

the regulators. The interest in, or rather the concern about extremes comes into play in

the form of very high α values; these are 99%, 99.9%, 99.97% for various types of risk.

This requires models capable of capturing accurately the tail behaviour. It also calls for

a better understanding of the behaviour of extremes originating from such models.

In financial mathematics, risk management in particular, dependence of the individual

assets is crucial in determining the exposure of one’s position. Dependence enters in

questions of risk aggregation and has implications for risk diversification, risk allocation

and risk concentration. For the more complicated credit instruments in use, as there

are CDOs, CDSs, MBSs, etc., of key importance is the modelling of correlation. More

generally, it is the co-movement of factors underlying specific financial products that lies

at the heart of any pricing and hedging model of such products. A typical question asked

is ”What is the probability of joint default of several credit positions in a small period

of time?”, or similarly, but changing ”default” to ”down grading”. (Tail) dependence

modelling is challenging but it is also controversial as there is no agreement on what is

a proper way to model and even measure (tail) dependence; see Mikosch (2006) with

discussions. The current crisis in the financial industry, known under the name sub-prime

crisis, highlights the importance of model uncertainty. A further complexity is added to

the problem by dimensionality. A typical example of a high-dimensional portfolio vividly

illustrates the need to think well beyond dimension two.

Our focus is on probabilistic aspects of multivariate modelling and of the behaviour of

extremes; statistical issues involved are an outstanding task with its own challenges and

complexities.

There are two main themes linking the various results of the thesis - the extremes

and the multivariate modelling beyond normality. The above discussion motivates our
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interest in the behaviour of extremes in multivariate models. At the same time the choice

of models we consider originated from our quest for more realistic models especially with

respect to tail dependence. This took us on a journey beyond multivariate normality.

Finally, the main purpose behind our geometric approach is to provide a complementary

picture and further insights to results coming from so-called classic multivariate extreme

value theory. We now elaborate on each of these points.

1.2 Multivariate extremes

In order to define mathematically what an extreme event or an extreme observation is, the

concept of ordering is essential. In the univariate setting there is a natural and essentially

unique way to order the points of a sample using order statistics. Here when talking

about extremes, one usually refers to the sample maximum or minimum, or possibly to

a number of upper or lower order statistics. In the multivariate context, the situation is

different. This is due to the lack of natural ordering of multivariate data, as has been

pointed out by many researchers. The lack of a natural ordering has led to the proposal

of various ways for multivariate ordering, each with their own theory of extremes. An

early review article Barnett (1976) gives a fairly detailed account of these developments.

In addition, Barnett classifies different approaches to the ordering of multivariate data

into four sub-ordering principles, not necessarily mutually exclusive. These include the

marginal ordering where ranking is based on the marginal samples; the reduced (aggregate)

ordering in which multivariate observations are reduced to a single value by means of some

metric of the ”generalized distance” type (e.g. the Euclidean distance or the Mahalanobis

distance); the partial ordering which utilizes the whole sample and involves partitioning

of the sample space into different regions based on, say, marginal properties or reduction

metrics; and finally the conditional (sequential) ordering which is conducted on one of the

marginal sets of observations conditional on ordering within the data in terms of other

marginal sets of observations.

In order to put the main notions of the thesis into a perspective and to see how they

fit into the body of multivariate extreme value theory, it seems convenient to look at

3
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Figure 1.1: Illustration of the four sub-ordering principles for ordering multivariate data.

four special cases of Barnett’s sub-ordering principles. These four special cases play a

major role in the theory of multivariate extremes, and have been brought to the author’s

attention in a talk of Professor Jonathan Tawn at the Workshop on High-dimensional

Extremes in Lausanne, September 14-18, 2009. Figure 1.1 illustrates each of these cases.

For concreteness of exposition, let {Zi = (Xi, Yi), i = 1, . . . , n} denote independent and

identically distributed bivariate random vectors.

Perhaps the most prominent example of the marginal ordering is the coordinatewise

extrema or more typically just the coordinatewise maxima, Z∨n := (
∨n
i=1Xi,

∨n
i=1 Yi). Ini-

tiated in Sibuya (1960), the asymptotic theory of coordinatewise maxima has experienced

a tremendous development over the last fifty years, spanning topics from probabilistic

modelling to statistical estimation and a wide range of applications. Several books deal-

ing with this subject have been written, among them Galambos (1978), Resnick (1987),

Finkenstädt and Rootzén (2004), Resnick (2006) and Haan and Ferreira (2006). One of

the drawbacks of defining extreme observations in terms of coordinatewise maxima is that

the coordinatewise maximum might not even be a sample point. This will be the case for

data coming for example from a multivariate normal distribution or more generally any

distribution with asymptotically independent components (in such situations, this will in

fact hold with probability one in the limit as the sample size goes to infinity). One may

ask, if the coordinatewise maximum is highly unlikely to be actually observed in the data,

why should one be interested in stochastic properties of this virtual observation.

A typical example of conditional ordering is given by the concomitants of order statis-

tics or induced order statistics. Let X1:n ≤ X2:n ≤ . . . ≤ Xn:n denote the order statistics

4



of the first component of the observed bivariate vectors Zi = (Xi, Yi), i = 1, . . . , n, and let

Y[1:n] ≤ Y[2:n] ≤ . . . ≤ Y[n:n] be the corresponding values of the second component of Zi’s,

i = 1, . . . , n. The variables {Y[i:n], i = 1, . . . , n} are called the concomitants of the order

statistics. In Figure 1.1c, the value on the y-axis pointed at by the arrow corresponds

to Y[n:n], the concomitant of the maximum X observation. Review articles on the topic

include David (1993) and David (1994). The theory of concomitants may be applied in

situations when one is interested in some characteristic Y but it is possible to observe only

a related measurement X; for example, this can be a certain characteristic of a parent

and the offspring. One would like to understand the influence of the dependence between

the components X and Y on the concomitants of extremes. For instance, with a high

probability, the concomitants of the extremes in the X component are not extremes in

the Y component if X and Y are asymptotically independent. Asymptotic independence

is equivalent to P{Y[n:n] = Yn:n} → 0 for n → ∞. The relation between the dependence

and the behaviour of concomitants has been considered in a variety of situations including

Gaussian random vectors (David (1993), Galambos (1978)), extreme value distributions

(Gomes (1984), Coles and Tawn (1994)), as well as distributions with general dependence

structures (Ledford and Tawn (1998)). Concomitants of order statistics will provide addi-

tional insight into the interpretation of the concept of asymptotic independence discussed

in Chapter 5.

In the context of reduced (aggregate) ordering, let us introduce what Jonathan Tawn

called a structure variable ∆(Z). The choice of the function ∆ : Rd → R depends on

the problem at hand, where d > 1 is the dimension of the underlying space. Let us give

some examples of structure variables. In determining a necessary hight of the sea dike on

the coast of Holland, ∆(Z) = a1X
2 + a2Y

2 represents the force on the offshore structure

where X and Y denote respectively the force from waves and the force from winds. To

measure the risk of a financial portfolio of d assets whose returns and losses are modelled

by a random vector Z = (Z1, . . . , Zd), ∆ is taken to equal to the linear combination of the

components of Z with coefficients a1, . . . , ad specifying the relative investment in each of

the assets: ∆(Z) =
∑d

i=1 aiZi, 0 ≤ ai ≤ 1. As another example, consider coastal defence

networks where Z denotes sea levels at different sites; here ∆(Z) =
∨d
i=1 Zi. Finally,
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suppose Z denotes river flows at different site. The financial loss from spacial river flows

is given by ∆(Z) =
∑d

i=1 ∆i(Zi), where ∆i may be highly nonlinear.

It is shown in Coles and Tawn (1994) that the structure variable formulations can be

viewed either as univariate or multivariate problems. Naturally each approach has its pros

and cons. A univariate approach is certainly appealing due to its simplicity as one needs

only univariate extreme value theory to be applied to the reduced univariate observations.

Asymptotic results of extreme value theory are often used to justify extrapolation beyond

available data in order to estimate probabilities of extreme or rare events. Obviously

different extrapolation techniques would be required for different structure variables. An-

other weakness of the univariate approach is attributed to the failure to take nonlinear

changes in ∆ into account. The complexity of joint modelling of the components of Z is

counterbalanced by several advantages of the multivariate approach. In contrast to the

univariate approach, there is a need for only a single model for Z regardless of the form

of ∆. The analysis is more refined giving a greater insight into the dependence among

the components and causes of failure.

A particular case of structure variables which will be given some attention in the thesis

is that of a linear combination like in the financial portfolio example above. In recent

years, a new line of research has emerged around the problem of finding and characterizing

possible limit laws for the random vector Z under a suitable normalization, given that

∆(Z) exceeds some high threshold. This can be seen as an extension of the theory of

univariate exceedances over high thresholds. In applications, the interest is in regions of

potential failure or severe loss and hence it is appropriate to call the conditioning region

{∆(z) > t} a (high) risk region (provided t is large). When ∆ is linear, the conditioning

event corresponds to Z lying in the halfspace H = {∆(z) ≥ t}. The random vector Z

conditional to lie in H has received a special name, high-risk scenario, in the work of

Balkema and Embrechts (2007) and is denoted by ZH . High risk scenarios will enter into

our discussion again in the context of meta distributions in Chapter 4.

A similar conditional approach has been investigated and applied in a number of other

publications. Typically, the halfspace H is taken to be parallel to one of the coordi-

nate planes, so that the conditioning is on only one component being large. This has
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been initiated by Heffernan and Tawn (2004) in an application to air pollution data,

and a mathematical investigation of this approach is presented in Heffernan and Resnick

(2007). This has led to the conditional extreme value (CEV) model of Das and Resnick;

see Das and Resnick (2008) and Das and Resnick (2010). One of the motivations for

developing the conditional approach is to provide a methodology for statistical estimation

in the cases where the components of multidimensional data appear to exhibit asymptotic

independence. That is, in situations where the simultaneous occurrence of large values in

all the components is highly unlikely. On the theoretical side, this means that the expo-

nent measure of the extreme value distribution lives on the axes, and hence the theoretical

estimate of the probability of joint extremes is zero. Within the framework of classical

extreme value theory, the high-risk region is given by the complement of a translate of

the negative orthant, and all components are assumed to be in the maximum domain of

attraction of one of the univariate extreme value distributions. However, this may not

necessarily be the region of interest in a given problem or some data components may not

support the domain of attraction condition.

The developments mentioned in the previous paragraph did not assume any specific

parametric structure on the underlying distribution. In the case of bivariate elliptical

vectors (X, Y ), the nondegenerate limits of P{Y ≤ y | X > x} as x → ∞ and y is

either fixed or becomes extreme at various rates to ensure convergence were considered

in Abdous et al. (2005). Motivated by the stochastic representation of elliptical vectors

as the product of the radial and angular components, Fougères and Soulier in Fougères

and Soulier (2009a) investigate existence of the above limit for a more general class of

bivariate vectors defined via a similar stochastic representation in polar coordinates but

without restricting the angular component to be uniform on the unit sphere as in the case

of elliptical vectors. For a statistical analysis of this problem, see Abdous et al. (2008)

and Fougères and Soulier (2009b). From an applications perspective, the problem is of

interest in finance in relation to contagion and stress testing concepts; cf. Abdous et al.

(2005) and Rebonato (2010).

Another commonly used risk region in studying multivariate conditional limit laws is

given by the complement of a Euclidean ball, so that the structure variable ∆ introduced
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above is of the form ∆(Z) = ‖Z‖, or ‖Z‖2, or e‖Z‖, or log(1 + ‖Z‖4). In fact, ∆ can

be specified by any norm on R
d (see Hult and Lindskog (2002), Lemma 2.1). Provided

that the vague convergence P{Z/t ∈ · | ‖Z‖ > t} v→ µ(·) as t → ∞ holds for a non-null

measure µ on the Borel subsets of R
d \ {0}, the vector Z is said to be regularly varying

with limiting measure µ; see Meerschaert and Scheffler (2001), and Mikosch (2005) or

Resnick (1987) in relation to the multivariate extreme value theory of the componentwise

maxima. Elliptical thresholds for heavy-tailed distributions have also been considered

in Balkema and Embrechts (2007). More flexible thresholds, but under more restrictive

conditions on the underlying probability density, were considered in Barbe (2003); we will

return to this reference in the next section.

The partial ordering principle includes the study of the convex hull of a multivari-

ate random sample. This has also drawn considerable attention (see Rényi and Sulanke

(1963), Eddy and Gale (1981), Groeneboom (1988) among many others). On the appli-

cation side, the convex hull has been used, for example, as an estimate of the support of

the population distribution (Ripley and Rasson (1977)) and as an estimate of the home

range of wildlife species (MacDonald et al. (1980)). As mentioned in Barnett (1976), the

concept of the convex hull is analogous to J. Tukey’s suggestion of ”peeling” a multivari-

ate sample, a multivariate version of trimming. Another question in relation to partial

ordering concerns finding the limiting shape of a sample convex hull, or of a sample cloud

under a suitable scaling which ensures convergence onto a set, called the limit set, as

the sample size tends to infinity. In Geoffroy (1961), it is shown that the limiting shape

of the convex hull of a sample from a normal distribution is an ellipsoid. All possible

limiting shapes of sample convex hulls and of sample clouds for random vectors with

independent components were considered in Fisher (1969). The results of Fisher (1969)

were generalized in Davis et al. (1988) to include regularly varying random vectors with

identically distributed components. Finally, in Kinoshita and Resnick (1991), the authors

give necessary and sufficient conditions for almost-sure convergence of sample clouds to a

particular limit set.

This limiting shape of sample clouds occupies a central theme of the thesis. It is

primarily in this way that we visualize and interpret multivariate extremes - as those
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observations which lie at the very edge of sample clouds. However, we do not imply that

this is the way to define and approach multivariate extremes. We see this as giving an

alternative complementary picture to that provided by the better understood asymptotic

behaviour of coordinatewise maxima. The shape of sample clouds gives a global view of

extremes, whereas the coordinatewise maximum provides a localized picture via zooming

in on just one point of the sample, which may be virtual.

As a final remark, we note that often extremes are associated with heavy-tailed models.

This is natural as these models are able to generate several very extreme observations

relative to the rest of the sample. For example, it is a relevant criticism, in the view of

financial market crashes, of the Black-Scholes paradigm for financial markets based on

the assumption of normality for logarithmic returns. The magnitude of losses on financial

assets observed during these not-so-rare stock market turbulences certainly cannot be

explained by the multivariate normal distribution. However, in general, extremes do

not necessarily have to do with heavy-tailed phenomena. In the thesis we are exploring

extremes primarily from multivariate light-tailed distributions. First of all, these models

are of practical relevance; see e.g. Levy and Duchin (2004) and McNeil et al. (2005)

in the context of weekly and monthly financial asset returns, and Heffernan and Tawn

(2004) for the air pollution data. Secondly, in situations where the normal model breaks

down it is not always clear whether it is the heavier than normal univariate tail behaviour

or the non-Gaussian asymptotic dependence which cause the disasters. For heavy-tailed

distributions, the multivariate theory of extremes is quite well understood, both in the

sense of coordinatewise extremes and in the sense of asymptotic tail behaviour and a

global limit point process for the sample clouds. The analysis of extremes from light-

tailed models is more delicate, and this is even more so from the statistical estimation

point of view.

1.3 Beyond normality

The normal distribution is arguably the most popular and widely used probabilistic

model. Although its origin goes back to the pioneering work of Abraham De Moivre
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(see De Moivre (1733) and Bellhouse and Genest (2007)), it is frequently referred to as

the Gaussian distribution. The assumption of normality is common practice in a wide

range of disciplines including statistics, natural sciences (like astronomy, physics, biology,

etc.) as well as social sciences (economics, demography, psychology, etc.). A justification

of the common use of this assumption comes from a very powerful result in probability

theory, the Central Limit Theorem, roughly saying that the distribution of the sum of a

large number of independent random variables (from a distribution with a finite variance)

can be approximated by a normal distribution. But perhaps a more important factor

which has contributed to the popularity and wide-spread use of the normal model is its

analytical tractability and a number of convenient mathematical properties. Although

simple models are to be preferred in science, this is not to be achieved by the sacrifice of

the ”usefulness” of the model.

An early warning in statistics against using the methods and models which are based

on the normal distribution but are applied to data significantly deviating from normality

comes from Egon Pearson in a letter published in Nature, October 19, 1926 (in response

to R.A. Fisher’s conviction that no difficulty arises ”in biological work from imperfect

normality of the variation”):

It is not questioned that in a very wide field of biological work the normal

distribution is adequate. Those who work within its bounds are fortunate but

they should admit the possibility that others may meet in practice cases of

distinctly non-normal variation; and therefore wish to know more precisely at

what point the criteria based on means, standard deviations, and correlation

coefficients fail to be distributed in sampling according to ”normal theory”,

and to understand a little more clearly the nature of the consequences of the

inefficiency introduced by using these ”statistics”.

Pearson’s interest in the work on robustness in statistics has been sparked by a comment

in Gosset’s letter to him of May 11, 1926. See Section 65 in Lehmann (2008) for the above

account of the dispute between Pearson and Fisher.

Our focus here is not on robust statistical methods for non-normal data, but rather

on parametric families of multivariate distributions which have the potential to provide a
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more realistic description of real data. Robustness does come into our work in Chapter 4

but in a different context. As our interest is in extremes, we are often only concerned

with specifying the structure and investigating the behaviour of the models in the far

tail regions. There are different ways in which the data may deviate from normality, and

consequently this leads to different approaches to construct more flexible models extending

the normal distribution. Our aim now is to highlight some of the possible shortcomings

of the Gaussian distribution, and give a brief review of existing approaches designed to

address them. This survey is influenced by our choice of multivariate models considered

in the thesis as well as by our interest in the behaviour of extremes.

1.3.1 Asymptotic dependence

Figure 1.2b displays a sample cloud from the bivariate standard normal distribution. Let

us compare it to a sample in Figure 1.2c from a distribution with the standard normal

marginals but a different dependence structure (copula). See also Figure 5.2 for a more

detailed display of the edge of these sample clouds. Focus on the region where both

components are large, a region given by a shifted positive quadrant. It is easy to see that

in contrast to the normal sample, the second sample has significantly more observations

with simultaneously large values in both components. This phenomenon is known as

asymptotic or tail dependence. And the situation illustrated by the normal sample with a

negligible probability of joint extremes is referred to as asymptotic independence. While

either of the forms of dependence might be present in the data, it is important to realize

that if joint extremes are indeed likely to occur, the use of the normal distribution will

lead to risk underestimation. To some extent, the indiscriminate implementation of a

Gaussian copula model, which became an industry standard for pricing credit derivatives

like CDO’s as well as for determining credit rating, carries some blame for the recent

financial crisis, the sub-prime crisis, since in such a model coordinates are automatically

asymptotically independent; see Donnelly and Embrechts (2010).

The meta distributions introduced and studied in great detail in Chapters 3 and 4 are

constructed in a way to remedy precisely this shortcoming of the normal distribution.

The introduction to Chapter 3 provides an additional discussion on tail dependence. A
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detailed account of asymptotic independence is given in Chapter 5.

1.3.2 Multivariate asymmetry

Another limitation of the normal distribution stems from its elliptical symmetry. One im-

plication of this is that all level sets of a normal density are ellipsoids and so is the limiting

shape of associated sample clouds under appropriate scaling. In suitable coordinates, level

sets of a normal density become centered balls. Hence, without loss of generality, one may

assume that the distribution has spherical symmetry. A d-variate spherically distributed

random vector Z can be written as Z
d
= RU, where U is uniformly distributed on the

unit sphere in R
d, and the random variable (rv) R ≥ 0 is independent of U. The radial rv

R is responsible for the decay of the tails of the density of Z, and hence for the severity

of extremes. The uniform nature of the angular component U, governing the directions

of extremes, gives an alternative explanation for the directional homogeneity inherited by

the normal distribution.

It is obvious that in many applications, data do not need to exhibit this strong form of

symmetry. There might be reasons to believe that there are more extreme observations

in some directions than in others. Evidence for skewness in insurance losses is given in

e.g. Lane (2000). In Adcock (2004) the author shows that weekly returns on UK stocks

during 1978-1995 are indeed skewed, and consequently a more flexible model like the

multivariate skew-normal distribution (see Azzalini and Dalla Valle (1996)) provides a

better fit than the normal distribution. Clearly there is a need for more flexible models

which can incorporate skewness.

How can one extend the normal model beyond ellipticality while still preserving some

of its features like light tails? Different approaches have been proposed in the literature,

and here we mention only those that will be encountered in the thesis.

Observe that the density of the standard normal distribution can be written in the

form f(x) = f∗(‖x‖2), where f∗ : [0,∞) → (0,∞) is a strictly decreasing continuous

function, known as the density generator. The ℓ2 norm, ‖ · ‖2, determines the shape of

the level sets of f , which in the standard case are scaled copies of the unit ℓ2-ball. This

suggests a way to generalize the normal density by replacing the ℓ2 norm with a different
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norm or more generally a gauge function of an asymmetric set. The density generator

would also have to be modified to ensure that f is still a probability density. Typical

examples include elliptic densities f∗(
√
xTΣx) and densities f∗(‖x‖∞) with cubic level

sets. Densities whose level sets {f > c} are scaled copies of a given bounded open star-

shaped set which is assumed to have a continuous boundary are called homothetic. This

family of densities is introduced more formally in Section 2.2.1.

An alternative approach has been initiated in Azzalini (1985). Suppose we start with

a symmetric density on R
d, f(−x) = f(x), say the standard normal density. One can

perturb the symmetry by multiplying f with a so-called skewing function θ : Rd → [0, 1].

If θ satisfies θ(−x) + θ(x) = 2, then the product fθ is a probability density. See Exam-

ple 5.5.2 for a specific case, the skew-normal distribution. Based on this idea, many classes

of skewed distributions have been introduced and investigated; the monograph Genton

(2004) contains an overview of developments in this area along with many interesting

applications.

Elliptical symmetry is also destroyed by non-linear coordinatewise transformations.

Such transformations, mapping the vector x = (x1, . . . , ξd) into z = (K1(x1), . . . , Kd(xd)),

will play an important role in our investigations below (see Chapters 3 and 4). Figure 1.2c

displays a sample cloud from a distribution obtained by transforming the marginals of an

elliptic Cauchy distribution in such a way that the resulting distribution has the standard

normal marginals. The edge of this sample cloud resembles a four-pointed star. However,

note a higher density of points around the north-east and south-west vertices; these are due

to positive correlation between the components of the original elliptical vector with Cauchy

distribution. This asymmetry will also be reflected in the excess measures describing the

limiting point processes around each of the vertices; see Section 3.4.2 and 4.3.2 for more

details. On the other hand, this asymmetry around the vertices fades away in the process

of scaling to obtain convergence onto a set as the sample size goes to infinity. Examples

of the resulting limit sets are illustrated in Figures 3.3 and 3.4.
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1.3.3 Tail behaviour

In a wide range of applications, the failure of the multivariate normal model is related to

the tail behaviour of the normal distribution. One typical example where this is often the

case is in financial stock returns data (especially high frequency data); see e.g. McNeil

et al. (2005), Chapter 3. Thin tails of the normal distribution do not assign enough

probability mass to extreme observations, leading to a potential underestimation of the

(market) risk.

The concept of heavy tails is not central to the thesis. However, we do discuss heavy-

tailed models at various points in the thesis. First of all, they enter as a building block for

meta distributions which are the subject of Chapters 3 and 4. Secondly, they provide an

additional insight into the properties of light-tailed densities and of the associated sample

clouds via the striking differences to the light-tailed case. Let us briefly mention these

differences.

Figure 1.2 presents three simulated sample clouds. The left-most figure is a sample

from an elliptic Cauchy distribution, and so it is an example of a sample cloud from

a heavy-tailed distribution. The other two figures present sample clouds from light-

tailed distributions both having standard normal marginals. Comparing these figures,

the differences in the global behaviour are apparent. In the former case, most of the

10,000 observations are clustered in the centre and are hardly distinguishable due to the

scale of the plot (which is determined by a few extreme observations). What happens as

the size of the samples tends to infinity? The support of all three distributions is the whole

plane, and hence the points will eventually fill out all of R2. Obviously, this is not very

informative. Instead, it is more interesting to consider convergence to a nondegenerate

limit under some suitable scaling. In all three cases such a limit exist. In the heavy-

tailed case, it is a nonhomogeneous Poisson point process whose intensity is related to

the density of the underlying distribution. In the light-tailed cases, it is a deterministic

compact star-shaped set; one can see its shape emerging in the large number of black

dots blending together in the centre of the plane but still surrounded by a halo of isolated

points at the edge of the sample clouds.

In the heavy-tailed case, there is no distinction between the global behaviour of sample
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Figure 1.2: Bivariate sample clouds of 10, 000 points from (a) the centred Cauchy density
with level sets shaped like the ellipse 5x2 + 6xy + 5y2 = 1, (b) the standard normal
distribution, and (c) the meta-Cauchy distribution with standard normal marginals based
on the Cauchy density in (a).

clouds and the local behaviour around say the coordinatewise maximum. In both cases

the limit is characterized by a Poisson point process. On the other hand, for light-tailed

distributions, the limits are a deterministic set from a global perspective and a Poisson

point process from the point of view of the coordinatewise maximum.

Tail behaviour plays an important role in determining asymptotic dependence proper-

ties of the underlying distributions. For example, in the case of elliptical distributions,

it is the tail behaviour of the density generator that separates distributions possessing

asymptotic independence from those with tail dependence; see e.g. Hult and Lindskog

(2002). The light-tailed case is more delicate. There is a relation between the (limiting)

shape of the level sets of the density (or of the scaled sample clouds) and asymptotic

independence. This relation will be investigated in Chapter 5. In the heavy-tailed case

asymptotic dependence is more prevalent. It holds for continuous homothetic densities

with bounded star-shaped level sets.

1.4 On the geometric approach

The main ingredients of the geometric approach to the study of extremes taken in the

thesis are probability densities and sample clouds. This is in contrast to the classical

theory of coordinatewise maxima where multivariate distribution functions (dfs) play
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the key role. The dfs have the property that there is a very simple relation between

the df of the original vector and the df of the coordinatewise maximum of any number of

independent observations from this distribution. One just raises the df to the given power.

This makes dfs and in particular copulas ideal tools to handle coordinatewise maxima,

and to study their limit behaviour. This rather analytic approach sometimes obscures the

probabilistic content of the results. The approach via densities and probability measures

on R
d may at first seem clumsy, but it has the advantage that there is a close relation

to what one observes in the sample clouds. In fact, we have the following limit result for

homothetic densities. For a light-tailed density, level sets may be scaled to converge to a

compact set as the level tends to zero. This is the same set onto which the sequence of

scaled sample clouds from this density converges, under the same scaling, as the sample

size tends to infinity; see Theorem 3.3.5 in the case of meta densities and Proposition 5.4.3

in the case of a broad class of light-tailed densities to be considered in Chapter 5. This

relation between sample clouds and level sets of densities will be repeatedly exploited in

the sequel.

In the light-tailed world, the shape of either level sets of the density or of very large

sample clouds is crucial in determining various probabilistic properties of the underlying

distribution. For example, convex level sets with a smooth (C2) boundary play a central

role in the related geometric work on extremes of Balkema and Embrechts (see Balkema

and Embrechts (2007)) and of Barbe (see Barbe (2003)). This condition on the shape

restricts the degree of variation in extremes across different directions. In Balkema and

Embrechts (2007), the authors make use of this lack of directional irregularities in the data

to characterize limit laws for high-risk scenarios. The results in Barbe (2003) are more

computational in nature. The aim is to provide asymptotic expressions for probabilities

of events associated with high-risk regions. This involves integration of the probability

density over sets diverging to infinity in some proper sense. Although in Barbe (2003)

risk regions are allowed to be fairly general in shape, there are more severe restrictions on

the shape of the levels set of the density, including convexity. In our work, presented in

Chapter 5, we use the shape to express sufficient conditions for asymptotic independence.
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1.5 Structure of the thesis

Chapters 3, 4 and 5 of the thesis are modified versions of the three papers: Balkema et al.

(2010), Balkema et al. (2009) and Balkema and Nolde (2010), respectively. As several

theoretical concepts are common to all three papers, their discussion is moved to the

preliminary chapter, Chapter 2, in order to avoid repetition. Furthermore, some of the

sections are augmented with additional details, results and examples. We now outline

each of the chapters.

Chapter 2 presents several important concepts which are essential to the rest of the

thesis. Regular variation plays a key role in many asymptotic results as it allows to

give a precise analytic description of the tails. Section 2.1 contains definitions and basic

results on regular variation along with related concepts of rapid variation and von Mises

functions. As has already been pointed out, densities are the main object in our analysis.

In Section 2.2.1, we introduce a very simple class of densities, called homothetic densities,

which later serve as a starting point in our investigation of the relation between the shape

of the level sets of the density and asymptotic independence in Chapter 5, but also as a

building block in the construction of meta distributions in Chapter 3. Star-shaped sets

enter the scene either through our assumption on the shape of the level sets of densities

or they are obtained as limit sets for scaled sample clouds. For these reasons, additional

results on star-shaped sets are presented in Section 2.2.2. In Section 2.2.3 we consider a

special class of homothetic densities with cubic level sets. These allow us to obtain explicit

results on the limit set for sample clouds from meta distributions. The main question we

address is how to reconstruct a multivariate homothetic density given the shape of its

level sets and marginals. Finally, Section 2.3 discusses convergence of sample clouds for

light-tailed distributions (Section 2.3.1) and for heavy-tailed distributions (Section 2.3.2).

A major part of the thesis is devoted to the analysis of meta distributions. This in-

cludes Chapters 3 and 4. Loosely speaking, meta distributions we consider are obtained

via a componentwise transformation, referred to as the meta transformation, of a given

original random vector, which we assume to be heavy-tailed and possess tail dependence,

in order to obtain a new random vector with prescribed light-tailed marginals. Chapter 3
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is centered around the problem of finding the limit shape of suitably scaled sample clouds

from the meta distributions. More specifically, we give an explicit analytic characteriza-

tion of the boundary of the limit set (Theorem 3.3.5), along with a detailed analysis of its

shape (Section 3.3.2). The analysis and results contribute to a better understanding of

the effect of the meta transformation on various asymptotic properties of the underlying

distributions. This is explored further in Chapter 4.

The effect of changes in the original distribution on the shape of the limit set for

the corresponding meta distribution lies at the heart of Chapter 4 (Section 4.2). Two

aspects of the problem are considered. The first one deals with the investigation of how

much the original distribution can be modified without affecting the shape of the limit

set, casting light on the robustness of the limit set. The second one concerns sensitivity

of the shape of the limit set to small perturbations of the original distribution. While

these perturbations are chosen not to affect the asymptotic behaviour of the original

distribution and in particular its marginals, they cause drastic changes in the limit set for

the meta distribution. Explicit constructions of such behaviour rely on two techniques,

block partitions and mixtures, presented in Sections 4.2.2 and 4.2.3, respectively. The

focus changes in the second part of Chapter 4 (Section 4.3) from the global asymptotics

of sample clouds via their limiting shape to the local analysis of coordinatewise extremes

and high-risk scenarios of meta distributions. Here again we explore sensitivity of the

local asymptotic behaviour to changes in the original distribution. We uncover a rich

structure in the tail behaviour of the light-tailed density which modulates asymptotic

independence.

In the last chapter we turn our attention to asymptotic independence. The question

asked in Chapter 5 is simple: Under what conditions on the limit shape of sample clouds,

are the components of the underlying random vector asymptotically independent? To

give an answer to this question, we begin by introducing a general class of densities

defined it terms of the asymptotic shape of their level sets. This class of densities is then

used to formulate a sufficient condition on this asymptotic shape to guarantee asymptotic

independence; see Theorems 5.4.1 and 5.4.2. A similar result, but for sample clouds and

their limit set, is stated in Theorem 5.4.6. These results concern light-tailed distributions.
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For completeness of presentation, we include Theorem 5.4.7 which describes the situation

for heavy-tailed densities with analogous structure of the level sets. These results are

preceded by a thorough review of the concept of asymptotic independence as it arises in

different contexts, including various interpretations and criteria. The appendix contains

a number of supplementary results.

1.6 Frequently used symbols

an ≪ bn or an = o(bn) an/bn → 0 for n→ ∞
an ∼ bn an/bn → 1 for n→ ∞
an ≍ bn the ratios an/bn and bn/an are bounded eventually

B the open centered Euclidean unit ball in R
d

C1 (C2) the class of (twice) continuously differentiable functions

int(E) and cl(E) the interior and the closure of the set E

e1, . . . , ed standard base vectors in R
d

e a vector of ones in R
d; e = (1, . . . , 1)

nD the gauge function of a set D; see Section 2.2.1
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Chapter 2

Preliminaries

2.1 Regular variation and related concepts

The theory of regular variation plays an important role in applications of probability

theory, especially in connection with extreme value theory; see, for instance, Resnick

(1987) and Embrechts et al. (1997). There exists extensive literature on regular variation;

the basic references include Feller (1971), Bingham et al. (1987), Bingham et al. (2006)

and Geluk and de Haan (1987). The assumption of regular variation allows one to obtain

explicit asymptotic results for the distribution of sample maxima and the behaviour of

sample clouds. In this section we mention definitions and results which will be useful in

the sequel.

Intuitively, a function varies regularly at infinity if its tail decays according to a power

law.

Definition 2.1.1. A measurable function h on (0,∞) varies regularly with exponent ρ

(written h ∈ RVρ) if for all x > 0, limt→∞ h(tx)/h(t) = xρ; if ρ = 0 then the function h

is called slowly varying. ♦

From the above definition, it is easy to see that a regularly varying function h ∈ RVρ

for some ρ ∈ R can be written as h(x) = xρL(x) for some slowly varying function L.

Many nice results exist on the behaviour of regularly varying functions under various

operations. For example, regular variation is preserved after taking Laplace-Stieltjes
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transforms (Karamata Tauberian theorem; Bingham et al. (1987), Theorem 1.7.1), under

integration. The latter results allow to establish the asymptotic behaviour of a density

from the behaviour of the associated df.

If a density varies regularly with exponent −1−λ with λ > 0 then the distribution tail

varies regularly with exponent −λ (see Karamata’s theorem 0.6 in Resnick (1987)). The

converse holds if the density is decreasing, see Bingham et al. (1987), Theorem 1.7.2, or

if it satisfies a growth condition:

Lemma 2.1.1. Suppose the density f on R is positive and continuous on a neighborhood of

∞ and satisfies f(xn) ∼ f(yn) for xn ∼ yn → ∞. If the distribution tail R(x) =
∫∞
x
f(t)dt

varies regularly with exponent −λ < 0, then the density varies regularly with exponent

−λ− 1.

Proof Let xn → ∞ and write fn(t) = f(xnt)/cn with cn = R(xn)/xn. Then fn is a density

on [1,∞). Write fn(1) = a2nλ. Choose sn > 1 minimal with fn(sn) = anλ. We want to

show that an → 1. If sn → 1 then an → 1 since snxn ∼ xn implies f(snxn) ∼ f(xn). So

suppose sn ≥ s > 1. If an > a > 1 then
∫ s

1
fn(t)dt > a(s− 1)λ > a(1− 1/sλ). Write

∫ s

1

fn(t)dt =

∫ ∞

1

fn(t)dt−
∫ ∞

s

fn(t)dt = 1−
∫ ∞

s

f(xnt)

cn
dt

= 1− 1

cnxn

∫ ∞

sxn

f(y)dy = 1− R(sxn)

R(xn)
.

We find R(sxn)/R(xn) < 1− a(1− 1/sλ) = 1/sλ− (a− 1)(1− 1/sλ), which contradicts

the regular variation of R. Similarly, for an ≤ a < 1, we obtain R(sxn)/R(xn) > 1−a(1−
1/sλ). ¶

Regular variation is related to the maximum domain of attraction of Fréchet distri-

bution Φρ(x) = exp{−x−ρ}, x > 0. The result due to Gnedenko (see Gnedenko (1943))

says that a df F is in the domain of attraction of Φρ if and only if the tail of the df F

varies regularly with exponent −ρ < 0, 1 − F ∈ RV−ρ; see also Resnick (1987), Proposi-

tion 1.11. Distributions in the Fréchet domain of attraction for maxima are considered to

be heavy-tailed.

We now turn our attention to functions characterized by a rapid decay of the tails.

These play a central role in the thesis.
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Definition 2.1.2. A measurable function h on (0,∞) varies rapidly if

lim
t→∞

h(tx)/h(t) =











0 if x > 1,

∞ if 0 < x < 1.

♦

Distributions with rapidly varying tails are characterized by the relative stability of

the sample maxima (Gnedenko (1943), Haan (1970)): Let Mn denote the maximum of

observations in a random sample of size n from a df F . The tail 1 − F varies rapidly if

and only if there exists an increasing sequence of points rn → ∞ such that Mn/rn
P→ 1.

However, if one is interested in the distribution of extremes it is convenient to impose

a stronger condition: A positive decreasing function h on [0,∞) satisfies the von Mises

condition if there is an increasing sequence of points rn → ∞ with h(rn) ∼ e−n such that

rn+1 − rn ∼ rn − rn−1, (2.1)

and if h is asymptotic to e−ψ where ψ is the piecewise linear function with the value n

at rn. For rapid variation the points rn only satisfy rn+1 ∼ rn, and there is no restriction

on the behaviour of h over the intervals [rn, rn+1] apart from the monotonicity. The von

Mises condition on the tail of a df is necessary and sufficient for the distribution to be

in the domain of attraction of the Gumbel law Λ(x) = exp{−e−x}, x > 0, for maxima

(see e.g. Resnick (1987), Proposition 1.4; Balkema and Embrechts (2007), Theorem 6.1).

Distributions in the Gumbel domain of attraction for maxima are considered to be light-

tailed.

A von Mises function has the form e−ψ, where ψ is a C2 function on [c,∞) with a

positive derivative, and where the scale function a(t) = 1/ψ′(t) has a derivative which

vanishes at infinity. Regular variation of the scale function implies regular variation of ψ.

The converse need not hold.

Example 2.1.1. Let ψ(t) = t+
√
t cos

√
t. Then ψ(t) ∼ t implies that ψ varies regularly.

The derivative is ψ′(t) = 1 − (sin
√
t)/2 + (cos

√
t)/2

√
t. Hence ψ′′(t) vanishes, and so

23



does a′(t) since ψ′(t) > 1/3 eventually. Take tn = (2nπ + π/2)2 and sn = (2nπ − π/2)2.

Then sn ∼ tn, but ψ
′(tn) → 1/2 and ψ′(sn) → 3/2. So ψ′ does not vary regularly, and

neither does the scale function 1/ψ′. ♦

The function ψ is increasing and unbounded. The scale function a satisfies a(t) =

o(ψ(t)) for t → ∞ . This implies that log(1 + a(t)) = o(ψ(t)) for t → ∞. However

| log a(t)| will also be large if a(t) becomes very small.

Proposition 2.1.2. Let ψ be a C2 function on [c,∞) with a positive derivative. Set

a(t) = 1/ψ′(t). If a′(t) vanishes for t→ ∞ then | log a(t)| = o(ψ(t)).

Proof By the remarks above, the positive part, log+ a(t), is o(ψ(t)) for t→ ∞. However

nothing prevents the scale function from becoming very small. We shall now show that a

decrease in a(t) by a factor e yields a larger increase in ψ eventually. Suppose |a′(t)| ≤ ǫ

for t ≥ t0. Let t0 < t1 < t2 and suppose a(t2) = a(t1)/e. Then ψ(t2)− ψ(t1) ≥ 1/ǫ. (The

increase in ψ is minimal if a is maximal over the interval. So let a increase with slope

ǫ, then decrease with slope −ǫ until it reaches its initial value, and finally decrease with

slope −ǫ from the value q = a(t1) to the value q/e = a(t2). The increase of ψ over the

final interval equals

∫ s0

0

ds

q − ǫs
= −1

ǫ
log(q − ǫs)

∣

∣

∣

s0

0
=

1

ǫ
log

q

q − ǫs0
=

1

ǫ
,

since q − ǫs0 = q/e.) So, if beyond t0 the scale function attains the value a(t0)/e
m in a

point t, then ψ will have increased by at least m/ǫ at that point. Hence ψ′(t) ≥ ψ′(t0)

implies log+ ψ
′(t) − log+ ψ

′(t0) − 1 ≤ ǫ(ψ(t) − ψ(t0)). Since ǫ > 0 is arbitrary it follows

that log+ ψ
′(t) = o(ψ(t)) for t→ ∞. ¶

So far we have discussed regular variation only in the univariate context. Although we

are concerned with multivariate distributions, this will suffice for most of our purposes.

Note that the notion of light and heavy tails is not clearly defined in the multivariate

case in general. Several ways may be used to define light and heavy tails for multivari-

ate densities. For instance, one may impose conditions on the restrictions to rays, on

marginals or on the level sets of the density as will be done for densities whose level sets
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asymptotically have a certain specified shape (Section 5.3). Whichever definition we use

will be stated precisely for each problem at hand.

2.2 Densities and level sets

2.2.1 Homothetic densities

In this section we introduce a class of densities with a very simple structure. These

densities are completely specified by just two quantities - a set determining the shape of the

level sets, and a decreasing function governing the rate of decay of the tails. The structural

simplicity of these densities makes them a good starting point in our investigation of the

asymptotic properties of multivariate densities.

Homothetic densities are densities whose level sets are scaled copies of a given open

set D:

{f > c} := {x ∈ R
d | f(x) > c} = rcD, 0 < c < c0 := sup f. (2.2)

We assume that D ⊂ R
d is a bounded open star-shaped set. Suppose the set D contains

the origin. A star-shaped set (with respect to the origin) has the property that with any

point x it contains all points rx for 0 < r < 1, the line segment joining x and the origin.

If each ray from the origin intersects the boundary ∂D in one point, then the set D can

be represented using a gauge function nD : Rd → [0,∞) that satisfies (i) nD(tx) = tnD(x)

for t > 0, x ∈ R
d (homogeneity property), and (ii) D = {x ∈ R

d | nD(x) < 1}.
The conditions on the set D and the continuity of f ensure that the gauge function is

continuous. If the set D is convex, then so is the gauge function. If in addition the set is

symmetric, −D = D, then the gauge function is a norm on R
d, and the set D is the open

unit ball in this norm. For any bounded open star-shaped set D the sets nD, n > 0, form

an increasing family. Their union D∞ is an open cone. It is a proper cone if the origin

is a boundary point of D. One may then still define the gauge function nD. This now

is a function on the open cone D∞. It is continuous on the cone if each ray in the cone

intersects the boundary of D in a single point, see Proposition 2.2.2 below.
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We will be interested in bounded open star-shaped sets with continuous boundary. As

above, suppose D is a bounded open star-shaped set, containing the origin. Its boundary

∂D = {x | nD(x) = 1} can be reparametrized as ∂D = {r(ω) | ω ∈ ∂B} in terms of a

function r on the unit sphere ∂B. We say that D has continuous boundary if the function

ω 7→ r(ω) is continuous and positive on ∂B. The gauge function nD and the function r

above are related: r(ω) = 1/nD(ω) for ω ∈ ∂B. From this it follows that one is continuous

if the other is.

Gauge functions allow us to give analytic expressions for homothetic densities with the

same ease with which one handles spherically symmetric densities. Continuous homothetic

densities have the form f(x) = f∗(nD(x)) for a decreasing continuous function f∗ on

(0,∞). This formula holds for all x for which the ray through x intersects the set D.

Definition 2.2.1. Let Dd denote the class of all bounded open star-shaped sets D ⊂ R
d,

for which the cone D∞ =
⋃

n nD is convex, and for which the gauge function nD is

continuous on this cone. A density f on R
d belongs to the class H(D) if the shape D

belongs to the class Dd, and if f is of the form f(x) = f∗(nD(x)), where the density

generator f∗ : [0,∞) → [0,∞) is decreasing, positive and continuous. We set f ≡ 0

outside the cone D∞ on which the gauge function is defined. ♦

It is apparent from the above definition that densities in H are (star) unimodal since

all the level sets {f > c}, c ∈ (0, c0) are star-shaped; cf. Section 2.2 in Dharmadhikari and

Joag-Dev (1988). Typical examples of densities in H to keep in mind are the multivariate

centered normal densities and, more generally, elliptically symmetric densities, discussed

for example in Fang et al. (1990). An example of a density with non-concentric spherical

level sets is given in Example A.1.1. In certain applications, elliptical symmetry may be

too restrictive. Densities inH give the flexibility to model directional irregularities present

in the data clouds, and to handle distributions on the positive orthant. The regularity

conditions exclude pathological sets; see Example A.1.2.

Before we proceed by looking at properties of these densities, let us review some related

classes of models proposed in the literature. The ℓp-spherical densities (Osiewalski and

Steel (1993)) extend the class of spherical densities by allowing level sets to be balls in

ℓp-norm for any p ≥ 1. A further generalization is given by so-called v-spherical densities
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(Fernandez et al. (1995)), where the scale function v plays the same role as the gauge

function nD defined above. In fact, our classH(D) is a subclass of the v-spherical densities

in that we restrict level sets to be bounded and star-shaped, and f to be continuous on

D∞. In a recent paper Arnold et al. (2008), the authors advocate to study densities in

terms of their contours.

For a given shape D, what conditions does the density generator f∗ have to satisfy in

order that the function f(·) = f∗(nD(·)) is a probability density on R
d? By regarding the

set below the graph of f as a pile of thin D-shaped slices we obtain the following partial

integration result:

P{X ∈ tD} =

∫

tD

f∗(nD(x))dx = f∗(t)|tD|+|D|
∫ t

0

sd|df∗(s)| =
∫ t

0

f∗(s)d|sD|, t > 0.

(2.3)

Observing that |sD| = sd|D| and letting t tend to infinity, we obtain the condition (cf.

Equation (5) in Fernandez et al. (1995)): 1 = d|D|
∫∞
0
sd−1f∗(s)ds.

The class of unimodal densities introduced above is invariant under linear transfor-

mations. If the vector X has density f ∈ H(D) then the vector Y = AX has density

g ∈ H(E), where E is the image of the star-shaped (convex) set D under the linear trans-

formation A, and hence is also star-shaped (convex). A nice illustration of this invariance

is the extension of spherical distributions to elliptical ones.

Observations X1, . . . ,Xn from a density f in H(D) can easily be simulated by using

the following two stage approach. Regard the set below the graph of the density as a pile

of thin D-shaped disks rcD at level c > 0. Note that

1 = |D|
∫ c0

0

rdcdc, c0 = sup f.

First choose the level c ∈ (0, c0) of the disk from the density c 7→ |D|rdc on (0, c0), and

then choose the location of the point by a random vector U which is uniformly distributed

over the star-shaped set D. Set X = rcU. Since D is bounded one may sample from the

uniform distribution on D by a simple acceptance-rejection strategy on a box containing
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D. One can sample from rings tD \ t0D for t > t0 by upscaling the point U in D by rm

with r = t/t0 and m the maximal integer for which rmU ∈ D. This procedure allows

one to simulate extreme observations from the density f , observations conditioned to lie

outside t0D.

The decay of the tails for homothetic densities is determined by the behaviour of the

density generator at infinity. If the generator of a density f = f∗(nD) varies rapidly, the

density has light tails. In our terminology f has light tails precisely if there is a strictly

increasing sequence rn > 0 such that f∗(rn) is positive and

rn+1 ∼ rn, f∗(rn)/f∗(rn+1) → ∞.

Rapid variation of f∗ allows us to give strong inequalities for the measure µ with density

f = f∗(nD).

Proposition 2.2.1. Let a probability measure µ have density f ∈ H(D) with a rapidly

varying density generator f∗.

(i) For any ǫ > 0

µ(rDc) << µ(rD \ e−ǫrD) r → ∞. (2.4)

(ii) For any non-empty open set U ⊂ D

µ(rDc) << µ(rU) r → ∞. (2.5)

Proof Rapid variation implies that f∗(e
δt) < f∗(t)/M eventually for t → ∞, and hence

the rings Rn = enδ+δtD \ enδtD, n ≥ 0, have measure µ(Rn+2) ≤ e2dδµ(Rn)/M . The rings

Rn are disjoint, and their union is the complement of tD. On summing the odd and the

even terms we find with η = e2dδ/(M − e2dδ):

µ(e2δtDc) =
∞
∑

n=1

(µ(R2n) + µ(R2n+1)) ≤ η(µ(R0) + µ(R1)) = ηµ(e2δtD \ tD).
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This gives (2.4). The integral over a thin ring is much larger than the integral over the set

outside the ring. Formally, take δ = ǫ/2 and r = t− ǫ to obtain (2.4). To prove (2.5) take

a non-empty open subset U0 ⊂ U whose closure lies in D. Then e2ǫU0 ⊂ D if ǫ is small,

and hence by rapid variation of f∗ as above the infimum of f over rU0 is much larger

than the supremum of f over the ring R = rD \ e−ǫrD. Since |R|/|rU0| is a constant we

conclude that µ(R) << µ(rU0), and (2.5) follows from (2.4). ¶
In general densities in H(D) are not closed under projection, even if D is convex. If

a random vector (X1, . . . , Xd) has density f ∈ H(D), then the density of (X1, . . . , Xd−1)

need not be homothetic, and the univariate marginals need not even be unimodal; see

Example A.1.3. There are some exceptions. Projections of spherical densities are spher-

ical, and if the level sets are balls in ℓp for some p ∈ [1,∞] then this also holds for

projections along the coordinate axes. The class Dd itself is closed under projection; see

Proposition 2.2.3 below.

2.2.2 Star-shaped sets

We now give some extra details on star-shaped sets.

Proposition 2.2.2. Let D be a bounded open star-shaped set. Suppose for each non-zero

vector x ∈ D there is one positive real r0 such that r0x lies on the boundary of D. Then

the gauge function nD is continuous on the cone D∞ =
⋃

n nD.

Proof Let B denote an open unit ball. If D contains the origin, it contains a ball ǫB, and

by homogeneity nD < δ on δǫB. So the gauge function then is continuous in the origin.

Now suppose it is discontinuous in a point p outside the origin. We may assume that

nD(p) = 1 and that there is a sequence pn ∈ D∞ such that pn → p and nD(pn) → c 6= 1.

Let r ∈ (0, 1) be close to 1. Then nD(rpn) → rc, and rp ∈ D implies rpn ∈ D eventually,

hence rc ≤ 1 and so c < 1 since r is arbitrary. This implies pn ∈ D eventually, and this

also holds for spn for 1 < s < 1/c. Hence sp is a boundary point. But so is p. This

contradicts our assumption on the boundary of D. ¶
We next show that the class Dd is closed under projection. If D is a bounded open

convex set containing the origin, then so is the vertical projection E of D onto the hor-
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izontal hyperplane; if the origin is a boundary point of D it may be an interior point of

E.

Proposition 2.2.3. Suppose D ∈ Dd. Let E be the vertical projection of D onto the

horizontal hyperplane. Then E ∈ Dd−1.

Proof Write z = (x, y) to distinguish the horizontal and vertical part of the vector z. It is

clear that E is a bounded open star-shaped set. Moreover E∞ is the projection of the cone

D∞, and hence an open convex cone. We have to prove continuity of the gauge function nE

on E∞. If nE is not continuous, there exists a vector x and a sequence xn → x such that

nE(x) = 1 and nE(xn) < c0 < 1 because E is open. Hence nD(x, y) ≥ 1 for all y and there

exist yn such that nD(xn, yn) < c0. Since D is bounded, the sequence (yn) is bounded,

and we may assume that it converges to some element y0. Then (xn, yn) → (x, y0), and

continuity of nD implies nD(x, y0) ≤ c0 < 1. Contradiction. ¶

2.2.3 Densities with cubical level sets and given marginals

Homothetic densities with cubical level sets turn out to be very convenient to work with

in our analysis of meta distributions in Chapter 3.

It is simple to construct continuous unimodal densities with convex level sets all of

the same shape. Take a continuous decreasing function f∗ on [0,∞), the generator, and

a bounded open convex set D ⊂ R
d containing the origin, and write f(z) = f∗(nD(z)),

see Section 2.2.1. If td−1f∗(t) is integrable then so is f . The marginals f1, . . . , fd may

be evaluated by integration. They will be continuous but not necessarily unimodal as

Example A.1.3 demonstrates.

It is much harder to determine for a given set D what densities may occur as marginals,

and to reconstruct the density f from its marginal f0, even in the case where D is the

unit ball in ℓp norm. If D is the Euclidean unit ball in R
3 then the marginals of spheri-

cally symmetric probability distributions which do not charge the origin are precisely the

unimodal densities, since the uniform distribution on the unit sphere projects onto the

uniform distribution on the interval (−1, 1) on the vertical axis. See Joe (1997) for results

when D is the Euclidean ball in arbitrary dimension, and McNeil and Nešlehová (2009)
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for the case where D is the unit ball in ℓ1.

The ℓ∞ theory is quite simple. The projection of the uniform distribution on the in-

terior of the unit cube on the vertical axis is the uniform distribution on (−1, 1). So

there is a one to one correspondence between continuous (or lower semi-continuous) uni-

modal densities f on R
d with cubical level sets and continuous (or lower semi-continuous)

unimodal symmetric marginals f0.

If a probability distribution on R
d with cubical symmetry charges the boundary of a

cube (−c, c)d, the marginal distribution will have an atom at the points ±c.

Proposition 2.2.4. Let f0 be a symmetric density on R. There exists a density f on R
d

which is constant on the boundaries of cubes and with marginals equal to f0 if and only if

∫ ∞

r

f0(r)− f0(t)

td
dt ≥ 0, for all r > 0. (2.6)

Proof Suppose f has the form above with D = (−1, 1)d the open unit cube, and f∗ ≥ 0

a Borel function such that td−1f∗(t) is integrable. Since f is constant on the faces of the

cube (−y, y)d, with value f∗(y), one finds

f0(y) =

∫

Rd−1

f(x, y)dx = (2y)d−1f∗(y)+ (2d− 2)

∫ ∞

y

(2t)d−2f∗(t)dt, y > 0. (2.7)

If f∗ is C
1 one may take the derivative on the right to find the elegant relation:

df0(y) = (2y)d−1df∗(y), y > 0. (2.8)

This describes the relation between the generator and the marginal for unimodal densities.

Given a symmetric density m on R, define the function H on R by

∫ ∞

r

H(t)

2t
dt = (2r)d−1

∫ ∞

r

m(t)

(2t)d
dt, r > 0. (2.9)

Differentiation gives

H(r) = m(r)− (2d− 2)(2r)d−1
∫ ∞

r

m(t)

(2t)d
dt. (2.10)
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Now use (2.9) to obtain

H(r) = m(r)− (2d− 2)

∫ ∞

r

H(t)

2t
dt.

If we compare this with (2.7), we see that the last equation states that m is the marginal

of the density f(z) = f∗(‖z‖∞) with f∗(r) = H(r)/(2r)d−1, provided H is non-negative.

The latter condition is equivalent to (2.6) by (2.10). ¶
The next result shows that regular variation of the marginal density for a unimodal

multivariate density with cubical level sets implies regular variation of the generator f∗

with the same slowly varying function but a different constant and a different exponent

of regular variation. The converse result also holds.

Proposition 2.2.5. Let f(z) = f∗(‖z‖∞) be a density on R
d with marginals f0. Let

λ > 0. The marginal density varies regularly with exponent −(λ + 1) if and only if the

function f∗ varies regularly with exponent −(λ+d). Their asymptotic behaviour is related

as follows: the marginal density f0 has the form f0(t) ∼
L(t)

(λ+ 1)tλ+1
, t → ∞ with λ > 0

and L(t) a slowly varying function, if and only if

f∗(r) ∼
1

2d−1
L(r)

(λ+ d)rλ+d
r → ∞.

Proof Suppose f∗(r) ∼
1

2d−1
L(r)

(λ+ d)rλ+d
as r → ∞. The relation (see e.g. Theorem 0.6

in Resnick (1987))

∫ ∞

r

L(t)

tc+1
dt ∼ L(r)

∫ ∞

r

t−c−1dt = L(r)
1

ctc
r → ∞, c > 0 (2.11)

implies

∫ ∞

r

td−2f∗(t)dt ∼
L(r)

λ+ d

∫ ∞

r

t−λ−2dt =
L(r)

(λ+ d)(λ+ 1)rλ+1
.
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The definition of the marginal density f0 in (2.7) and the above result give

f0(r) = (2r)d−1f∗(r) + 2(d− 1)

∫ ∞

r

(2t)d−2f∗(t)dt

∼ L(r)

(λ+ d)rλ+1
+ (d− 1)

L(r)

(λ+ d)(λ+ 1)rλ+1
=

L(r)

(λ+ 1)rλ+1
r → ∞.

To prove the opposite direction, we use relation (2.10) instead of (2.7). ¶

2.3 Convergence of sample clouds

An n-point sample cloud is the point process consisting of the first n points of a sequence

of independent observations from a given distribution, after proper scaling. We write

Nn = {Z1/an, . . . ,Zn/an}, (2.12)

where Z1,Z2, . . . are independent observations from the given probability distribution on

R
d, and an are positive scaling constants. It is custom to write Nn(A) =

∑n
i=1 1A(Zi/an)

for the number of the points of the sample cloud that fall into the set A, where A is

a Borel subset of Rd. The mean measure of Nn is given by ρn = nπn, where πn is the

distribution of the scaled vector Z1/an. The intensity of the n-point point process Nn is

hn(u) = nadnf(anu) for u ∈ R
d, where f is the probability density on R

d of Z1.

In this section we discuss the asymptotic behaviour of sample clouds Nn above. The tail

behaviour of the underlying distribution is crucial in determining the limit for Nn as the

sample size tends to infinity. The difference between distributions with light and heavy

tails is striking. In the former case, the limit is a deterministic bounded star-shaped set,

whereas in the latter case one obtains a Poisson point process, subject to some conditions.

Contrast Figures 1.2a and 1.2b on page 15. We present each of these cases next.

2.3.1 Light-tailed distributions

Sample clouds from light-tailed distributions tend to have clearly defined boundaries.

Figure 1.2b on page 15 displays a sample of points simulated from a bivariate standard
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normal distribution. As the sample size increases, these points, suitably scaled, will fill in

an ellipsoid (here a disk), a result going back to Geoffroy (1961).

Convergence of sample clouds and convex hulls has been previously considered by a

number of authors. We mention only some of the later references. Fisher (1969) provides

necessary and sufficient conditions for existence of the limit set and characterizes all

possible shapes of the limit set under the assumption that the underlying distribution is a

product measure. The results of Fisher were partially generalized in Davis et al. (1988) for

the case of multivariate regularly varying distributions. Finally, in Kinoshita and Resnick

(1991), the authors characterize the class of possible limit sets and give necessary and

sufficient conditions for convergence onto a particular set. It should be noted that the

last two references mentioned above deal with almost-sure convergence, whereas we are

only concerned with convergence in probability. Although this mode of convergence is

weaker, it is satisfactory for most practical purposes.

Intuitively, sample clouds converge onto some set E if with a very large probability the

points will fill the set E so that nice subsets of E contain points of the sample cloud, and

if with a very small probability there will be any points outside a neighbourhood of E.

This is formalized in the following definition.

Definition 2.3.1. Let E be a compact set in R
d and µn finite measures. We say that

µn converge onto E if µn(p + ǫB) → ∞ for any ǫ-ball centered in a point p ∈ E, and if

µn(U
c) → 0 for all open sets U containing E. The finite point processes Nn converge onto

E if P{Nn(U
c) > 0} → 0 for open sets U containing E, and if P{Nn(p+ ǫB) > m} → 1

for m ≥ 1, ǫ > 0 and p ∈ E. ♦

The set E in the definition above is called a limit set. In fact, the limit set, if it exists,

is always star-shaped (see Proposition 4.1 in Kinoshita and Resnick (1991)).

Remark 2.3.1. It is worth noting that the above definition of convergence of sample

clouds onto a set is equivalent to convergence of sets in probability with respect to Haus-

dorff distance. The Hausdorff distance is a metric on the space of non-empty compact

subsets of Rd. See Davis et al. (1988), Section 1 for further details and references. ♦

The following simple criterion is useful for checking convergence of scaled sample clouds.
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Proposition 2.3.1. If Nn is an n-point sample cloud from a probability distribution πn

on R
d, then Nn converges onto E if the mean measures µn = nπn converge onto E.

Proof For any Borel set A the number Nn(A) has a binomial-(n, πnA) distribution. Hence

P{Nn(A) > m} → 1 for all m ≥ 1 if and only if µnA→ ∞ and P{Nn(A) > 0} → 0 if and

only if µnA→ 0. ¶

2.3.2 Heavy-tailed distributions

In this section we look at a special class of multivariate heavy-tailed densities. These will

be used in the construction of meta distributions in the next chapter. Our basic example

is the multivariate t density that is fully characterized by the shape of its level sets,

scaled copies of the defining ellipsoid, and by the decay c/rλ+d of its tails along rays. The

constant λ > 0 denotes the degrees of freedom, d the dimension of the underlying space,

and c is a positive constant depending on the direction of the ray. In the more general

setting of the thesis, the tails of the density are allowed to decrease as cL(r)/rλ+d for

some slowly varying function L, and the condition of elliptical level sets is replaced by the

requirement that the level sets are equal to scaled copies of a fixed bounded star-shaped

set. Densities with the above properties constitute the class Fλ.

Definition 2.3.2. The set Fλ for λ > 0 consists of all positive continuous densities f on

R
d which are asymptotic to a function of the form f∗(nD(z)) where f∗(r) = L(r)/r(λ+d) is

a continuous decreasing function on [0,∞), L varies slowly, and nD is the gauge function

of the set D. The set D is bounded, open and star-shaped. It contains the origin and has

a continuous boundary. ♦

That is, densities in Fλ are asymptotic to homothetic densities in H(D) for which the

density generator varies regularly and the shape set D contains the origin. The next

proposition shows that whereas the set H of homothetic densities is closed under linear

transformations, the set Fλ is closed under affine transformations, owing to the restrictions

on only the asymptotic behaviour of the densities in Fλ.

Proposition 2.3.2. The set Fλ is closed under affine transformations. If Z has density

f ∈ Fλ, then so has AZ+p for any invertible linear transformation A and any vector p.
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Proof This is obvious for p = 0 since the conditions on the shape D are geometric.

A star-shaped set remains star-shaped. The asymptotic equality f(z + p) ∼ f(z) for

‖z‖ → ∞ holds for all f ∈ Fλ and shows that the density z 7→ f(z− p) lies in Fλ. ¶
For densities in Fλ, λ > 0, there is a simple limit relation:

f(rnwn)

f∗(rn)
→ h(w), wn → w 6= 0, rn → ∞, (2.13)

where

h(w) = 1/nD(w)λ+d = η(ω)/rλ+d, r = ‖w‖2 > 0, ω = w/r, (2.14)

and η is a continuous positive function on the unit sphere ∂B. To see this, writewn = snpn

with pn ∈ ∂D. Then sn → s, pn → p and w = sp. The fraction on the left of (2.13)

may be written as f∗(rnsn)/f∗(rn) and converges to 1/sλ+d = h(w) by regular variation.

Set hr(w) = f(rw)/f∗(r). Convergence hr → h holds uniformly on compact sets in

R
d \ {0} by (2.13). It also holds in L1 on the complement of the open unit ball B by the

Lebesgue’s dominated convergence theorem. From Potter’s Theorem (see Theorem 1.5.6

in Bingham et al. (1987)) for a slowly varying function L, we have the inequality L(sr) ≤
2sλ/2L(r) for s ≥ 1 and r ≥ r0 which gives the integrable upper bound 2/nD(w)λ/2+d for

hr(w) on the complement of D for r ≥ r0. Let ρ denote the measure on R
d \ {0} with

density h in (2.14), and ρr the finite measure on R
d with density hr above. The uniform

convergence on compact sets for the densities on R
d \ {0} implies vague convergence of

the measures (see e.g. Proposition 3.12 in Resnick (1987)); L1 convergence on Bc then

implies weak convergence ρr → ρ on the complement of all centered balls. So h gives a

good description of the asymptotic behaviour of f , both as a function and as a density.

Let Z denote a vector with density f ∈ Fλ as above, and Z1,Z2, . . . a sequence of

independent observations from f .

Let rn → ∞ such that f∗(rn) = 1/n. The measure ρrn has mass n, and it is the

mean measure of the scaled sample cloud Nn in (2.12). Weak convergence ρrn → ρ on

the complement of centered balls implies Nn ⇒ N weakly on the complement of centered

balls for a Poisson point process with mean measure ρ. So for densities f ∈ Fλ there is a
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simple asymptotic description of the large sample clouds.

A probability measure π on R
d varies regularly with scaling function a(t) → ∞ if there

is an infinite Radon measure ρ on R
d \ {0} such that the finite measures tπ scaled by a(t)

converge to ρ vaguely on R
d \ {0}. The measure ρ has the scaling property

ρ(rA) = ρ(A)/rλ, r > 0, (2.15)

for all Borel sets A in R
d \ {0}. The constant λ ≥ 0 is the exponent of regular variation.

If it is positive then ρ gives finite mass to the complement of the open unit ball B and

weak convergence holds on the complement of centered balls. We shall denote the set of

all probability measures which vary regularly with exponent λ > 0 by Dλ. In particular,

π ∈ Dλ if π has a continuous density in Fλ. As above for independent observations

Z1,Z2, . . . from a distribution π ∈ Dλ the scaled sample clouds Nn in (2.12) (with scaling

constants a(n)) converge in distribution to a Poisson point process with mean measure ρ

weakly on the complement of centered balls (since the mean measures converge, see e.g.

Proposition 3.21 in Resnick (1987) or Theorem 11.2.V in Daley and Vere-Jones (2008)).

The measure ρ with density h in (2.14) is an excess measure since it satisfies a one-

parameter group of stability relations in (2.15), and there is a halfspace with mass one.

From the statistical estimation point of view, the excess measures are of interest since the

scaling property allows one to estimate events associated with regions containing only a

few or no points of the sample.

So far we have only looked at the global behaviour of the random vector Z and the

associated sample clouds from densities in Fλ. We now give two descriptions of their local

asymptotic behaviour.

For any halfspace H = {ξ ≥ r}, where ξ is a linear functional with norm ‖ξ‖2 = 1

and r > 0, one may define the high-risk scenario ZH as the vector Z conditioned to

lie in the halfspace H. In applications, one is often concerned about the distribution of

high-risk scenarios when r is large and so the halfspace H is at the edge of the sample

cloud. For example, in the context of a portfolio of financial assets, a risk manager might

be interested in the joint distribution of the losses on the underlying assets given that
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the portfolio experiences large losses in the risk region H. Whereas the exact distribution

of the high-risk scenario ZH is not always possible to obtain explicitly, we now look at

the asymptotic behaviour of ZH by letting the halfspace H diverge. For a sequence of

halfspaces Hn = {ξn ≥ rn}, where rn → ∞ and the directions ξn converge to the unit

functional ξ, the high-risk scenarios, scaled by rn, converge.

Proposition 2.3.3. Let Z be a random vector from a df F in the domain of attraction

of the excess measure ρ with density h as in (2.14). If ξn → ξ and rn → ∞ then

ZHn/rn ⇒ W, where W has distribution dρξ = 1Hdρ/ρH for H = {ξ ≥ 1}.

Proof The map w 7→ z = rnw maps Jn = {ξn ≥ 1} onto Hn. By assumption the

probability measure dF scaled by rn and multiplied by a suitable factor converges to

ρ weakly on the complement of centered balls, hence on H. This gives the result when

ξn = ξ for all n. For the general case, ξn → ξ use the continuity theorem, Proposition 5.13

in Balkema and Embrechts (2007). ¶
See also Balkema and Embrechts (2007), Section 12.1 for an analogous result in the case

of spherically symmetric densities with a regularly varying generator, and Balkema and

Embrechts (2007), Section 16 for more details on the asymptotic behaviour of heavy-tailed

random vectors conditioned to lie in extreme, low probability, regions.

The coordinatewise maximum Z∨n of the first n observations, scaled by rn is the co-

ordinatewise maximum of the scaled sample cloud Nn. The convergence Nn ⇒ N above

implies that the vectors Wn = Z∨n/rn converge in distribution to the vector W = maxN .

The df of W is determined by the df of the measure ρ, the mean measure of the lim-

iting Poisson point process N . For w ∈ (0,∞)d, the probability P{W ≤ w} is the

probability that there are no points of N outside the shifted orthant (−∞,w]. So

P{W ≤ w} = e−R(w) where R(w) = ρ((−∞,w]c), and the measure ρ is called the

exponent measure. Hence, for f ∈ Fλ the coordinatewise maxima converge. By symme-

try so do the coordinatewise minima, and the mixed extremes, where for some coordinates

we take the maximum and for the others the minimum. The link between convergence of

coordinatewise maxima and convergence of normalized sample clouds is provided by the

de Haan-Resnick Theorem (see e.g. Theorem 7.3 in Balkema and Embrechts (2007)).

Let us say a few words on the simple relation that exists between excess and exponent
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measures for heavy-tailed distributions.

The maximum Z∨n is positive eventually if the df F with density f satisfies F (0) < 1.

So one may as well consider the maximum of the vectors Z+
n , with components Z

(i)
n ∨ 0,

i = 1, . . . , d. The non-linear projection, which maps z into z+ with coordinates zi ∨
0, i = 1, . . . , d, will map the excess measure ρ into the excess measure ρ+ for the df

of Z+. By the de Haan-Resnick Theorem, ρ+ is the exponent measure since R(w) =

limn→∞ n(1−F (rnw)) forw ∈ (0,∞)d. In terms of sample clouds, the scaled sample cloud

projected onto the positive orthant [0,∞)d has points Z+
1 /rn, . . . ,Z

+
n /rn and converges

in distribution to the Poisson point process N+ with mean measure ρ+ weakly on the

complement of any centered ball. The maximum of this scaled sample cloud on [0,∞)d

converges to the maximum W of N+. Clearly, for non-negative vectors, excess measure

and exponent measure coincide, and so do their domains of attraction.

As the results above demonstrate, densities in Fλ play an important role in the theory of

multivariate extremes for heavy-tailed distributions. They may be used to give a complete

description of the domain of attraction of excess measures ρ on R
d \ {0} with positive

continuous densities as in (2.14); see also Theorem 16.27 and Section 16.5 in Balkema and

Embrechts (2007).
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Chapter 3

Meta densities and the shape of

their sample clouds

3.1 Introduction

3.1.1 Dependence and the shape of sample clouds

For bivariate distributions the dependence structure is a rather complex issue. In a

Gaussian world dependence may be specified by a single number, the correlation. As one

moves from independence to comonotonicity the elliptic level sets of the density change

shape, the circle changes into an ellipse which clings more and more closely to the diagonal.

The correlation moves from zero to one.

For an elliptic Gaussian density the components of the maximum of a large number

of independent observations will be asymptotically independent, however close the corre-

lation is to one (see Sibuya (1960)). Properly normalized, the partial maxima converge

in distribution to a vector with independent Gumbel marginals. Under the assumption

of joint normality joint occurrence of extreme events is highly unlikely. The latter prop-

erty is one of the major weaknesses of the Gaussian copula model as championed by Li

(2001) within the framework of pricing financial derivatives like collaterized debt obliga-

tions (CDOs). For an assessment of the role played by this model in the current credit

crisis, see Donnelly and Embrechts (2010).
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In the present chapter, we consider meta distributions. These distributions allow us to

model stronger forms of tail dependence while maintaining the Gaussian marginals. Let

us illustrate this with an example. Start with a multivariate spherical t distribution and

transform its marginals to be Gaussian. The new distribution has normal marginals. It

is called a meta distribution with normal marginals based on the original t distribution.

Since the copula of a multivariate distribution is invariant under strictly increasing co-

ordinatewise transformations, the original distribution and the meta distribution share

their copula and hence have the same dependence structure. The light-tailed meta dis-

tribution inherits not only the dependence properties of the original t distribution, but

also the asymptotic dependency (as explained in Section 4.3.2 below). These asymptotic

properties are of importance in quantitative risk management. Examples of dependence

measures invariant under strictly increasing coordinatewise transformations of random

vectors include rank-based measures of tail dependence, and the tail dependence coef-

ficients (see e.g. Chapter 5 in McNeil et al. (2005)). Vectors with Gaussian densities

have asymptotically independent components. The meta density above with standard

Gaussian marginals based on a spherically symmetric Student t density has the copula

of the t distribution. The max-stable limit distribution exists both for the original Stu-

dent t distribution and for the meta distribution with Gaussian marginals. The two limit

distributions have different univariate margins, but they have the same copula. Hence

the max-stable limit vector for the meta distribution has Gumbel margins but dependent

components.

If one wants to step out of the Gaussian world, and use distributions with Gaussian

marginals but a non-Gaussian dependence structure, the procedure above may be applied.

One hunts around for a multivariate distribution whose dependence has the desired struc-

ture, and then transforms the marginals so as to obtain a meta distribution with standard

Gaussian marginals and the dependence structure (copula) of the original distribution.

As a parametric stationary model, meta distributions have been used in a wide range of

applications, especially in the financial and actuarial literature (see Genest et al. (2009)),

but also in reliability theory (see Bedford and Cooke (2001)) and medical applications

(see Hougaard (2000), Duchateau and Janssen (2008)). The copula-based construction of
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multivariate distributions allows one to model marginal components and the dependence

structure separately. This two-stage approach is perceived as an advantage for instance

in situations when only limited information on the interdependence of the marginal com-

ponents is available; for a view on this, see Embrechts (2009). The latter paper contains

what is referred to as the ”must-reads” on copulas, together with some references to pa-

pers more critical on this two-stage modelling approach. Concrete examples of where

meta distributions have been used early on include modelling of credit portfolio losses as

in Frey et al. (2001), or Frees et al. (1996) for some actuarial applications. Both papers

use the copula approach to achieve specific tail dependence properties. Meta distributions

have gone well beyond academic circles. For example, the Li model (see Li (2001)) has

been widely used for the pricing and hedging of basket derivatives within credit risk. In

this model exponential marginals are imposed on a multivariate Gaussian distribution.

For an excellent overview on these applications, see Li (2008). Further examples of meta

distributions as well as references to areas of application of these models can be found in

Fang et al. (2002) and Mikosch (2006) (with discussion).

This chapter addresses an important aspect of multivariate distributions - the limit

shape of the sample clouds. If the scaled sample clouds converge onto a set, the boundary

of this limit set will link the behaviour of extremal observations in different directions and

one can see in which directions heavy losses are most likely to occur. Recent references

on convergence of random samples and characterization of the shape of the limit set

include Davis et al. (1988) and Kinoshita and Resnick (1991). We shall be concerned

with convergence in probability. By using results from Davis et al. (1988), our result on

the limit set for sample clouds from meta distributions can be upgraded to almost-sure

convergence.

In order to highlight the main notions of this chapter, let us compare the behaviour of

sample clouds from a multivariate Student t distribution and a Gaussian distribution. In

both cases the sample clouds may be scaled to converge. Their asymptotic behaviour is

different. The scaled sample clouds from the t distribution converge in law to a Poisson

point process with a simple continuous intensity h(w) = η(ω)/rλ+d, where r = ‖w‖ > 0

and ω = w/r. Details are given in Section 2.3.2. The function η on the unit sphere is
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continuous and positive. Here it ensures that h has elliptic level sets of the same shape

as the level sets of the t density. The parameter λ denotes the degrees of freedom of the

t distribution; d is the dimension of the underlying space. The scaled sample clouds from

a standard Gaussian distribution on R
d have a fairly sharp boundary, because of the thin

tails. They converge to a black ball. For the meta distribution with Gaussian marginals

based on the elliptic Student t distribution the scaled sample clouds will also converge,

but the limit shape is different. Figure 1.2 on page 15 shows bivariate sample clouds of

10,000 points for these three situations.

The class of meta distributions discussed above with light-tailed marginals based on

a heavy-tailed original distribution is too general for our purpose. Hence, we choose to

restrict our attention to a subclass by imposing more structure on the original distribution

and on the marginals of the meta distribution. We assume that the marginals of the meta

distribution all are equal to a given continuous positive symmetric light-tailed density g0

of the form

g0(s) ∼ asbe−ps
θ

s→ ∞, a, p, θ > 0. (3.1)

Examples of such densities include standard Gaussian and Laplace. In our set-up the

original distribution has a continuous heavy-tailed density. This may be a multivariate

Student t density with elliptic or cubical level sets, or with level sets which are balls in

ℓp-norm (cf. Gupta and Song (1997)), or more generally a continuous positive density f

whose tail behaviour is described by a continuous positive function h as in (2.14). Such

tail behaviour implies that the shape of the level sets of f converges to the shape of the

level sets of h.

The meta distribution then has a continuous positive density g. The shape of the

level sets of g depends on the level. We shall prove that the shape converges as the level

goes to zero. Because of the light tails of the marginal density g0 in (3.1), sample clouds

from the meta distribution will also have this limit shape. The limit shape is non-convex,

star-shaped, with continuous boundary, invariant under permutations of the coordinates

and under sign changes. Figures 3.3 and 3.4 show some examples in dimension d = 2 and
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3. We shall derive a simple explicit expression for the boundary; see Theorems 3.3.5 and

equation (3.28). The limit shape does not depend on the shape of the level sets of the

density f ; it is determined by two positive parameters. These are λ, the parameter which

governs the rate of decrease of the density f along rays, and θ, the exponent in (3.1).

So there is no relation between the limit shapes of the level sets for the densities f and

g. Our results suggest that within the framework introduced above the limit shape,

even though it determines the structure of the density, gives no information about the

dependence (copula) or asymptotic dependence (copula of the extremal limit vectors) of

the underlying distributions.

Let us say a few words on the relation to multivariate extreme value theory. Our

conditions ensure that sample clouds from the heavy-tailed density f , properly scaled,

converge to a Poisson point process with intensity h. It follows that the coordinatewise

maxima converge. Since the light-tailed density g0 lies in the domain of the Gumbel dis-

tribution for maxima, the coordinatewise maxima from the meta density also converge,

by the invariance principle for coordinatewise extremes; see Section 4.3.2 for details. The

limit distribution has the same dependence structure as the heavy-tailed max-stable limit

distribution for f . Not only the coordinatewise maxima from the density g converge,

but also the sample clouds from this density (with the same normalization). The limit

is a Poisson point process on R
d with a continuous strictly positive intensity (see Equa-

tion (4.8)). The intensity is related to the intensity h in (2.14). The Poisson point process

describes the edge of the sample cloud when zooming in on the positive vertex of the black

limit set associated with the meta density. The structure of the edge of this limit set is a

second-order phenomenon and will be discussed in the next chapter, Chapter 4.

3.1.2 Structure of the chapter

The chapter is organized as follows. Section 3.2 introduces the meta transformation, con-

tains definitions, and investigates the behaviour and asymptotic behaviour of the meta

transformation under rather mild conditions on the tail behaviour. In the last subsection

we define the standard set-up: the original density lies in the class Fλ, the meta-density

has marginals which are all equal to a continuous symmetric light-tailed density whose
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exponent varies regularly, as in (3.1). Section 3.3 contains our main results for meta

distributions satisfying the conditions of the standard set-up. In Sections 3.3.1 and 3.3.2,

we determine the asymptotic shape of the level sets of the meta density. This also is

the asymptotic shape of the sample clouds from the meta distribution as shown in Sec-

tion 3.3.3. Section 3.4 pursues some of the issues raised by the results. Section 3.5 presents

our conclusions.

3.2 The meta transformation

Altering the marginals of a multivariate df does not change the dependence structure of

the underlying random vector. Starting with a random vector Z with continuous df F on

R
d we alter the marginals to obtain a new df G with marginals Gi. We assume that the

marginalsGi are continuous on R and strictly increasing on the interval Ii = {0 < Gi < 1}.
Typically the marginals of G are equal and Gaussian with Ii = R, exponential with

Ii = (0,∞), or uniform with Ii = (0, 1). These examples are motivated by models used

in finance; see, for instance, Frey et al. (2001) for the first and Li (2001) for the second.

One may think of the theory developed here as an alternative to copulas. Gaussian

marginals have the advantage that there exists a standard finite-dimensional class of

multivariate Gaussian densities with standard normal marginals. Meta densities may

be compared with these multivariate Gaussian densities. For sample clouds, it is more

intuitive to assume that the distributions have unbounded support, and to look at points

far out, if one is interested in extremes. In the chapter on copulas in Joe (1997) the figures

depict bivariate meta densities with Gaussian (rather than uniform) marginals.

LetX denote the vector with dfG. The vectorX lives on the open block I = I1×· · ·×Id.
There is a coordinatewise map K : I → R

d of the form

z = (z1, . . . , zd) = (K1(x1), . . . , Kd(xd)) = K(x), x = (x1, . . . , xd) ∈ I,

which allows us to write the original vector in terms of the new vector: Z
d
= K(X), where

46



d
= denotes equality in distribution. This equality yields the basic relation:

G = F ◦K, Ki = F−1i ◦Gi, i = 1, . . . , d. (3.1)

The df F is assumed to be continuous. That is equivalent to continuity of the d

marginals Fi. It does not ensure continuity of the meta transformation. We choose the

marginals Ki to be left-continuous so as to agree with the convention that inverse dfs F−1i

are left-continuous, see Resnick (1987), page 3. For continuity of K, one needs the extra

condition that the d marginal dfs Fi are strictly increasing on the interval {0 < Fi < 1},
see (3.1) above. This extra condition will be fulfilled if F has a density which is positive

on R
d except perhaps on a set of finite Lebesgue measure. The inverse transformation

K−1 is continuous without this extra condition. Due to formula (3.1), we prefer to work

with K. Distributions with discontinuous marginals occur in practice, but the theory of

the associated copulas is more complicated; see Genest and Nešlehová (2007).

3.2.1 Definitions and notation

A meta distribution is constructed by imposing the given marginals G1, . . . , Gd onto the

original df.

Definition 3.2.1. Let G1, . . . , Gd be continuous dfs on R which are strictly increasing

on the intervals Ii = {0 < Gi < 1}. Consider a random vector Z in R
d with df F and

continuous marginals Fi, i = 1, . . . , d. Define the transformation

K(x1, . . . , xd) = (K1(x1), . . . , Kd(xd)), Ki(s) = F−1i (Gi(s)), i = 1, . . . , d. (3.2)

The df G in (3.1) is the meta distribution (with marginals Gi) based on the original df

F . The random vector X is said to be a meta vector for Z (with marginals Gi) if

Z
d
= K(X). (3.3)

The coordinatewise map K = K1⊗· · ·⊗Kd which maps x = (x1, . . . , xd) ∈ I = I1×· · ·×Id
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into the vector z = (K1(x1), . . . , Kd(xd)) is called the meta transformation. ♦

Ameta transformation is basically a simple object. It is a vector of univariate increasing

functions, each determined by two dfs on R. The relations (3.1) and (3.3) are equivalent

by construction.

If Z has a density and we choose the meta distribution to have marginal densities, then

X will have a density.

Proposition 3.2.1. If the original vector has a density f , and if the marginals of the meta

distribution have densities gi, then the meta distribution has a density g. This density

has the form:

g(x) = f(K(x))
∏

i

gi(xi)

fi(zi)
, zi = Ki(xi), xi ∈ Ii = {0 < Gi < 1}. (3.4)

The density g vanishes outside the block I = I1 × · · · × Id.

Proof This is the transformation theorem (see e.g. Rudin (1987), Sections 8.26 and 8.27).

In our case the Jacobian is a product and the proof is simple. Formula (3.4) holds trivially

in the univariate case. Let ϕ ≥ 0 be a Borel function on R
d, and set ψ = ϕ ◦K. Then

Eψ(Z) = Eϕ(X) by (3.3). Set P (x) =
∏

i gi(xi)/fi(Ki(xi)). This product is finite almost

everywhere on I since fi is positive almost everywhere on Ki(Ii). The relation

∫

h(z)dz =

∫

h(K(x))P (x)dx

holds for all Borel functions h ≥ 0 since it holds for functions of the form h(x) =

h1(x1) · · ·hd(xd) by Fubini. Let g(x) = f(K(x))P (x). With h = ψf we find

Eϕ(X) = Eψ(Z) =

∫

ψ(z)f(z)dz =

∫

ψ(K(x))f(K(x))P (x)dx =

∫

ϕ(x)g(x)dx

by the identity ϕ = ψ ◦K. It follows that g = (f ◦K) · P is the density of X. ¶
One may write Equation (3.4) more symmetrically as an equality between two quo-
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tients:

qg(x) =
g(x)

g1(x1) · · · gd(xd)
=

f(z)

f1(z1) · · · fd(zd)
= qf (z), z = K(x). (3.5)

These quotients describe the dependence structure of the dfs F and G. Their transfor-

mation is simple. If h denotes the density of the copula, then qh = h since the marginals

are uniform on (0, 1). Hence

qf (z) = h(u), zi = F−1i (ui), 0 < ui < 1, i = 1, . . . , d.

Corollary 3.2.2. Suppose the marginals gi of the meta density are continuous on Ii.

Continuity of the density g in (3.4) on the block with edges Ii holds if the quotient

qf (z) =
f(z)

f1(z1) · · · fd(zd)
(3.6)

is continuous on the block with edges Ji = {0 < Fi < 1}. Continuity of this quotient holds

if the marginals fi are continuous and positive on Ji, and f is continuous on the block

(but also if the components Zi are independent, and qf ≡ 1).

If f has positive continuous marginals fi then the meta transformation is a C1 home-

omorphism of Rd. Its derivative is the diagonal matrix

K ′(x) = diag
(g1(x1)

f1(z1)
, . . . ,

gd(xd)

fd(zd)

)

, Fi(zi) = Gi(xi), i = 1, . . . , d.

The meta density g in (3.4) is the product of two factors. The first factor f ◦ K is

the function f in the new coordinates x, obtained by substituting zi = Ki(xi). The

second factor is the Jacobian determinant of the meta transformation. It is a product of

univariate functions.

Since K is defined coordinatewise, it transforms coordinate rectangles into coordinate

rectangles. In this chapter the dfs Fi will have heavy tails, and the dfs Gi will have

light tails. If successive rectangles in z-space increase by a factor two, then in x-space

the increase is much slower, each new rectangle adding a relatively thin border to the
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Figure 3.1: Level sets of (a) the density f of the bivariate spherical Student t distribution
with λ = 1 degree of freedom, (b) the function f ◦K where the meta transformation K
transforms the t marginals to standard normal marginals, and (c) the meta density g.
The levels are powers of 10−1.

previous one. So large balls in z-space (Figure 3.1a) will be transformed into cubes with

rounded edges in x-space (Figure 3.1b). For a spherically symmetric unimodal density

f , the level sets of f ◦ K will be these rounded cubes. However, for the density g we

also have to take the Jacobian into account. What does the function gi(xi)/fi(zi) look

like? The coordinates xi and zi are linked: 1 − Gi(xi) = 1 − Fi(zi). So xi and zi are

quantiles for the same probability. Let us express the density in terms of the distribution

tail. Suppose the marginal Gi is standard normal; then the density is heavier than the

tail: gi(s) ∼ s · (1−Gi(s)), s→ ∞. Suppose the density fi varies regularly with exponent

−λ−1 (see Definition 2.1.1); the density is lighter than the tail: fi(t) ∼ (λ/t) · (1−Fi(t)),
t → ∞. So gi(xi)/fi(zi) is asymptotic to xizi/λ with xi (and zi) tending to +∞. It

will grow without bound. On the boundary of a cube, the Jacobian will be maximal at

the vertices. The contribution of this product far outweighs the variation in the function

f ◦K on the boundary of large cubes. For elliptically symmetric Student densities f , the

variation over the surface of a cube is bounded because of asymptotic scale invariance,

and is negligible compared to the contribution of the Jacobian. For a bivariate spherically

symmetric Student density f , the meta density g on the boundary of a large square [−t, t]2

will be larger at the vertices than in the midpoints of the edges. See Figure 3.1c. We

conclude that for c > 0 sufficiently small the level sets {g > c} will not be convex. An

explicit alternative argument for non-convexity of level sets in the special case of a meta
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density with normal marginals based on a spherical t distribution is included in Appendix,

Section A.2. The ridges along the 2d diagonal halflines, due to the product of the quotients

gi(xi)/fi(zi), have a non-negligible influence on the density g. One of the aims of this

chapter is to make these qualitative remarks more precise.

If F is a Student t distribution with elliptic level sets, one may choose standard

marginals. Scaling the marginals of F has no influence on the form of the meta dis-

tribution by the obvious result:

Proposition 3.2.3. A meta distribution of a meta distribution is a meta distribution.

3.2.2 Tail behaviour

This subsection is devoted to the tail behaviour. We are concerned with the situa-

tion where one transforms a heavy-tailed distribution to a distribution with light-tailed

marginals. We choose our light-tailed marginals to be well behaved. The marginals of the

meta distribution are equal to a given continuous df G0 which is positive and symmetric

in the sense that G0(−t) = 1−G0(t). There are two basic results. A univariate result: if

the light tail 1 − G0 is asymptotic to a von Mises function with scale function a(t), and

the heavy tail 1− F0 varies regularly with exponent −λ < 0 then 1/K0 is asymptotic to

a von Mises function with scale function λa(t), where K0 = F−10 ◦ G0, see (3.2); and a

multivariate result: if the density f̃ is weakly asymptotic to the density f , and F satisfies

some regularity conditions, then the meta densities g̃ and g with well behaved marginal

densities are weakly asymptotic.

Asymptotic properties of the marginals

This section treats the univariate tail behaviour. For simplicity we look at continuous dfs

F0 and G0 on the halfline [0,∞) which vanish at the origin and do not assume the value

one. The df F0 is heavy-tailed, G0 light-tailed. In order to handle the tail behaviour of

these dfs we assume that both lie in the maximum domain of attraction of an extreme

value limit law (see e.g. Section 0.4 in Resnick (1987)). This means that the normalized

maxima have a non-degenerate limit law. Alternatively, the asymptotic behaviour of the
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upper tail may be described by a power function 1/tλ, λ > 0, (for F0) and an exponential

function e−s (for G0). Let us first look at the parametric case to get a feeling for the

exponential growth of the function K0 = F−10 ◦G0.

Suppose 1− F0(t) ∼ c0/t
λ for some λ > 0 and c0 > 0, and

1−G0(s) ∼ AsBe−ps
θ

s→ ∞, A, p, θ > 0, B ∈ R.

Then K0 has a simple asymptotic form. The variables s and t = K0(s) satisfy 1−F0(t) =

1−G0(s). So

c0/t
λ ∼ AsBe−ps

θ ⇒ tλ ∼ (c0/A)s
−Beps

θ

,

which gives, with τ = 1/λ, the explicit asymptotic equality

K0(s) = t ∼ (c0/A)
τs−τBeτps

θ

s→ ∞. (3.7)

Figure 3.2 illustrates the quality of the asymptotic approximation in (3.7) for the meta

transformation of a Student t distribution with λ degrees of freedom to the standard

normal. For the values λ = 1, 2, 4 the approximation performs well already for moderate

values of s.

In the general case we assume that F0 and G0 lie in the domain of a heavy- and a

light-tailed extreme value distribution. In particular, we assume that 1−F0 ∈ RV−λ with

λ > 0, and the tail of G0 is asymptotic to a von Mises function:

1−G0(s) ∼ e−ψ(s) s→ ∞, (3.8)

where ψ is a C2 function with a positive derivative such that

a′(s) → 0 s→ ∞, a(s) = 1/ψ′(s). (3.9)

The condition (3.8) characterizes the domain of the Gumbel distribution: any df G0 in

the domain which is less than 1 on R has this form.
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Figure 3.2: Panel (a): Comparison of the meta transformation K0 mapping a Student
t distribution with λ degrees of freedom to the standard normal (black curves) and the
associated asymptotic approximation in (3.7) (red curves) for different values of λ; the
values of K0 are given on log-log scale. Panel (b): Relative errors of the asymptotic
approximation on the original scale. The line legend: λ = 1 (solid), λ = 2 (dashed);
λ = 4 (dotted).

The function a(s) is the scale function of 1−G0, and

1−G0(s+ va(s))

1−G0(s)
→ e−v s→ ∞, v ∈ R (3.10)

weakly on R and hence uniformly on [c,∞) for all c ∈ R (see e.g. Section 1.1 in Resnick

(1987)).

Applying the smooth variation theorem (Theorem 1.8.2 in Bingham et al. (1987)), for

1− F0 ∈ RV−λ with λ > 0 one may write

1− F0(t) ∼ c0e
−λr(log t) t→ ∞, (3.11)

where r is a C2 function such that

r′(t) → 1, r′′(t) → 0, t→ ∞. (3.12)
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The inverse function q = r−1 satisfies the same asymptotic relations as r. Hence

K0(s) = t ∼ cτ0e
ϕ(s) s→ ∞, ϕ(s) = τq(ψ(s)) ∼ τψ(s). (3.13)

Differentiation gives

ϕ′(s) = τq′(ψ(s))ψ′(s) ∼ τ/a(s), (1/ϕ′)′(s) → 0 s→ ∞. (3.14)

Proposition 3.2.4. Suppose F0 and G0 are continuous dfs on [0,∞) which vanish at the

origin. Assume G0 is less than one and the tail is asymptotic to a von Mises function as

in (3.8) with scale function a(s). Assume 1−F0 ∈ RV−λ with λ > 0. Set K0 = F−10 (G0).

Then 1/K0(s) is asymptotic to a von Mises function with scale function λa(s), and

K0(s+ vλa(s))/K0(s) → ev s→ ∞, v ∈ R. (3.15)

Proof The first statement follows from (3.13) and (3.14). The limit relation in the display

holds as in (3.10) since 1/K0 is asymptotic to the von Mises function e−ϕ0/cτ0, with scale

function λa(s). ¶

Corollary 3.2.5. Let F̃0 be a continuous df on [0,∞) which vanishes at the origin, and

suppose 1− F̃0 is asymptotic to 1−F0 at ∞. Let G̃0 = G0 = F̃0(K̃0). Then the functions

K̃0 and K0 are asymptotically equal at ∞. Write K0(s) = t = K̃0(s̃). Then s̃−s = o(a(s))

for s→ ∞.

Proof Asymptotic equality follows because F̃−10 (u) and F−10 (u) are asymptotic for u→ 1

by regular variation. The last relation follows from (3.15) by monotonicity of the functions

K0 and K̃0. ¶
Now suppose the df F0 on R is continuous, F0(−t)/(1 − F0(t)) → C ∈ (0,∞), and

1 − F0 ∈ RV−λ, λ > 0. Also suppose the df G0 has a continuous positive symmetric

density on R and 1 − G0 (or the density) is asymptotic to a von Mises function with

scale function a(s) for s → ∞. Then the results above hold both for s → ∞ and for

−s → ∞ since K0(s) = F−10 (G0(s)) = (1 − F0)
−1(1 − G0)(s). (If Fi(t) = Gi(s) then

1− Fi(t) = 1−Gi(s).)
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What do these results say about the marginals of our original multivariate dfs? Let F

be a multivariate df with heavy-tailed marginals Fi which satisfy

Fi(−t) ∼ c−i e
−λr(log t), 1− Fi(t) ∼ c+i e

−λr(log t) t→ ∞, (3.16)

where r is a C2 function which satisfies (3.12), and the 2d constants c±i are positive. Then

the 2d marginal tails all vary regularly with the same exponent −λ < 0, and they are

also balanced in the sense that they decrease at the same rate. The tails are asymptotic

to constant multiples of each other. This balance condition will hold if the sample clouds

from the distribution can be scaled by positive scalars to converge to a Poisson point

process on R
d \ {0} with intensity h in (2.14); see Sections 16 and 17 in Balkema and

Embrechts (2007). Assume the marginals of the meta df G are equal to a continuous

positive symmetric df G0 whose tail is asymptotic to a von Mises function . Under these

conditions the 2d functions −Ki(−s) and Ki(s), i = 1, . . . , d, are asymptotic to (c±i )
τeϕ(s)

for s→ ∞ as in (3.13).

Asymptotic behaviour of the multivariate functions

In this section, assume that F is a multivariate df with continuous marginals F1, . . . , Fd,

and that the univariate df G0 is continuous and positive on R and symmetric. In addition,

assume that the tails of the marginals of F vary regularly with negative exponents.

Proposition 3.2.6. Suppose the assumptions above hold. Let F̃ have continuous marginals

whose tails are asymptotic to those of the marginals of F . Then the meta transformations

satisfy

‖K̃(x)−K(x)‖
1 + ‖K(x)‖ → 0 ‖x‖ → ∞. (3.17)

If the marginals Fi, F̃i and G0 are strictly increasing on R then the transformations K

and K̃ are homeomorphisms of Rd onto itself, and the quotient above is continuous and

bounded.

Proof The functions F−1i vary regularly at zero and at one. By regular variation F̃−1i
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is asymptotic to F−1i at zero and one, and K̃i and Ki are asymptotic at ±∞ by (3.2).

Hence |K̃i(xi) −Ki(xi)|/‖K(x)‖ → 0 for ‖x‖ → ∞, whether xi is bounded or not. This

establishes (3.17). Adding one in the denominator of (3.17) ensures continuity of the

quotient. ¶
Now assume F and F̃ have continuous densities f and f̃ on R

d. Consider the corre-

sponding meta densities g and g̃ with all marginals equal to a given continuous positive

symmetric density g0. We want to formulate conditions which ensure that:

• g̃(x) ∼ g(x) for ‖x‖ → ∞ (g and g̃ are asymptotic: g̃(x)/g(x) → 1 for ‖x‖ → ∞);

• g̃(x) ∼ g(x) for ‖x‖ → ∞ and mini |xi| → ∞;

• g̃(x) ≍ g(x) for ‖x‖ → ∞ (g and g̃ are weakly asymptotic; see Section 1.6).

If the densities f and f̃ are positive and continuous, and agree outside a bounded set,

and if the marginal densities agree, f̃i ≡ fi, for i = 1, . . . , d, then K̃i ≡ Ki, and the

meta densities g̃ and g agree outside a bounded set. If the marginals do not agree, then,

even if the density f vanishes at infinity, the quotient g̃/g need not be bounded, unless f

is uniformly continuous. We now first look at the case where the densities f̃ and f are

asymptotic: f̃(z)/f(z) → 1 for ‖z‖ → ∞.

Proposition 3.2.7. Suppose the densities f and f̃ are continuous and positive outside a

bounded set in R
d, and asymptotic. Suppose the density f satisfies

f(zn + pn)/f(zn) → 1, ‖zn‖ → ∞, ‖pn‖/‖zn‖ → 0. (3.18)

Let the marginal tails Fi(−t) and 1−Fi(t) vary regularly with negative exponent for t→ ∞.

Then this also holds for the densities. The marginal densities fi and f̃i are continuous.

Let g0 be a continuous positive symmetric density on R. The multivariate meta densities

g̃(x) and g(x) with marginals equal to g0 are continuous and satisfy

g(x)/g̃(x) → 1 min
i

|xi| → ∞. (3.19)

There exists a constant C > 1 such that e−C < g̃(x)/g(x) < eC for ‖x‖ > C.
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Proof Asymptotic equality of the densities f and f̃ implies asymptotic equality of their

marginals by integration. The extra condition (3.18) on f also holds for f̃ and ensures

that the marginal densities are continuous. Continuity of the meta densities g and g̃

follows by Proposition 3.2.1, and its corollary. The marginal densities also satisfy the

condition fi(tn + rn)/fi(tn) → 1 for |tn| → ∞ and rn/|tn| → 0. By Lemma 2.1.1 the

tails of the marginal densities vary regularly. The asymptotic equality K̃i ∼ Ki at ±∞
established in the proof of Proposition 3.2.6 implies that the functions gi(s)/fi(Ki(s)) and

gi(s)/f̃i(K̃i(s)) are asymptotic for s → ±∞. Condition (3.18) ensures that f̃(K̃(x)) ∼
f(K(x)) for ‖x‖ → ∞ by (3.17). Relation (3.19) follows by (3.4). The last line follows

from the next result. ¶

Proposition 3.2.8. Suppose the densities f and f̃ are continuous on R
d and positive

outside a bounded set, and f̃(z) ≍ f(z) for ‖z‖ → ∞. Also assume that f(zn+pn) ≍ f(zn)

if ‖zn‖ → ∞ and ‖pn‖/‖zn‖ → 0. Let the marginal densities fi and f̃i be continuous.

If the marginal tails Fi(−t) and 1 − Fi(t) vary regularly with negative exponent, and are

asymptotic to the corresponding tails of the marginals of F̃ , then the meta densities g̃(x)

and g(x) satisfy

g̃(x) ≍ g(x) ‖x‖ → ∞.

Proof Regular variation and asymptotic equality of the tails of the distribution imply

that the functions K̃i and Ki are asymptotic at ±∞. Hence f̃(K̃(x)) ≍ f(K(x)) by

the arguments of the previous proposition, and similarly for the univariate functions

gi(s)/fi(Ki(s)) and gi(s)/f̃i(K̃i(s)) since f̃i(K̃i(xi)) ≍ fi(Ki(xi)) at ±∞, and these func-

tions are continuous and positive. ¶

3.2.3 The standard set-up

The results above have been stated under a number of assumptions on the original mul-

tivariate density f and the meta marginals gi. These assumptions are motivated by the

introductory example of the meta distribution with normal marginals based on the ellip-

tic t distribution. The normal marginals are generalized to include light-tailed univariate

densities of the form (3.1) and densities asymptotic to a von Mises function. A natural
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extention of the multivariate t distribution is provided by heavy-tailed densities in the

class Fλ as defined in Section 2.3.2. In the following definition we formally state our

assumptions on the meta distributions to be considered in the remainder of this chapter.

Definition 3.2.2. In the standard set-up, the density f lies in Fλ for some λ > 0, and

g0 is continuous, positive, symmetric, and asymptotic to a von Mises function e−ψ with

scale function a = 1/ψ′, and we assume that

the function ψ above varies regularly at infinity with exponent θ > 0. (3.20)

The meta density g has marginals which are all equal to g0. ♦

3.3 The limit set

The aim of this section is to show that in the standard set-up the level sets of the meta

density may be scaled to converge to a compact limit set. It will be shown that the shape

of the limit set E depends only on the exponents λ and θ. The scaled densities diverge to

∞ on the interior of E and tend to zero outside E. Let e = (1, . . . , 1) denote the vertex

of the standard cube C = [−1, 1]d. We claim that there exists a compact set E ⊂ [−1, 1]d

such that

g(su)

g(se)
→











∞, u ∈ int(E),

0, u ∈ Ec

s→ ∞.

In order to obtain a proper limit function for the quotient, one has to use power norming.

Construct functions (g(su)/g(se))ǫ(s) where the exponent ǫ(s) vanishes for s → ∞. This

dampens the exponential decrease. The exponent ǫ(s) > 0 may be chosen so that the

quotient converges to a continuous function uniformly on compact sets in R
d. It is simpler

to work with logarithms, so write g = e−γ. Below we shall see that γ(su)/(ψ(s)/λ)

converges to a continuous function χ for s → ∞. This implies g(su)ǫ(s) → e−χ(u) if we

choose ǫ(s) = λ/ψ(s). The function χ has a simple structure. It is positive homogeneous

of order θ and positive outside the origin. It is symmetric with respect to permutations

of the coordinates, and sign changes. It depends only on the exponents λ and θ. The
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boundary of the limit set E is {χ = λ}.

3.3.1 The limit function χ

We assume the standard set-up, and first consider the case when the original random

vector Z has density f(z) = f∗(‖z‖∞) for a continuous strictly decreasing function f∗ on

[0,∞) which varies regularly with exponent −(λ+d). The level sets of f are cubes. Some

results on the construction and properties of probability densities with cubical level sets

are given in Section 2.2.3. The marginal densities are equal and symmetric, continuous

and strictly decreasing on [0,∞). The marginal density f0 varies regularly with exponent

−(λ+ 1). The slowly varying functions for f∗, f0 and 1− F0 are asymptotically equal up

to a positive constant.

The meta transformation is K : x 7→ z = (K0(x1), . . . , K0(xd)). Recall that s and

t = K0(s) are linked by 1−G0(s) = 1− F0(t). By (3.13)

κ0(s) := logK0(s) ∼ τψ(s) s→ ∞, τ = 1/λ. (3.21)

For the derivative K ′0(s) the equalities 1− F0(t) = 1−G0(s) and K0(s) = t give

K ′0(s) =
g0(s)

f0(t)
=

1− F0(t)

f0(t)

g0(s)

1−G0(s)
∼ τt/a(s) = τK0(s)/a(s).

Hence by (3.21) and Proposition 2.1.2

κ1(s) := logK ′0(s) ∼ log(τ)− log a(s) + κ0(s) ∼ τψ(s) s→ ∞. (3.22)

We are now ready to determine the shape of the level sets of the meta density

g(x) = f(K(x))K ′0(x1) · · ·K ′0(xd).

The first factor again is unimodal with cubical level sets. It is constant on the upper

face of the cube [−s, s]d. By symmetry it suffices to look at the density g on the cone

generated by this face. Let Πs be the inverted pyramid which is the convex hull of this
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face and the origin. It consists of all points x with coordinates |xi| ≤ xd ≤ s. Recall

g = e−γ, and set

χs : u 7→ γ(su)

τψ(s)
= As(u)− Bs(u), (3.23)

where u = (u1, . . . , ud) with |ui| ≤ ud = v > 0, and As(u) is the contribution due to the

first factor f(K(x)) in the expression for g. Observe that

ϕs(u) := − log f(K(su)) = − log f∗(K0(sv)) ∼ (λ+ d) log(K0(sv)) (3.24)

∼ (λ+ d)τψ(sv), s→ ∞

by (3.21). Hence, by (3.20)

As(u) =
− log f(K(su)

τψ(s)
∼ ϕs(u)

ϕs(e)/(λ+ d)
→ (λ+ d)vθ s→ ∞. (3.25)

Similarly, by (3.22) the term B in (3.23) due to the Jacobian satisfies

Bs(u) =
(κ1(su1)

τψ(s)
+ · · ·+ κ1(sud)

τψ(s)

)

→ (uθ1 + · · ·+ uθd). (3.26)

Remark 3.3.1. The univariate function logK ′0 varies regularly on [0,∞) with exponent

θ, and so do the functions logK0 and − log f∗(K0). Since f(K(u)) = f∗(K0(‖u‖∞)), we
may write γ as the difference between a regularly varying function in ‖u‖∞ and a sum of

regularly varying functions in the absolute components |ui|. Since each of these functions

is asymptotic to a constant multiple of ψ, and the homogeneous limit is strictly positive

outside the origin, the function γ is regularly varying on R
d with limit function χ/λ which

is homogeneous of degree θ. In particular, the limit relation holds uniformly on compact

subsets of Rd since for univariate regular variation R(sntn)/R(tn) → sθ holds whenever

sn → s > 0 and tn → ∞. This relation also holds for sn → 0 for positive exponent θ if R

is continuous (since R may then be bounded above by a continuous increasing function

which is asymptotic to R; see Theorem 1.5.3 or Theorem 1.8.2 in Bingham et al. (1987)).

Continuity follows from our condition that f and g0 are continuous and strictly positive.
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Note that this says that the function γ = − log g is multivariate regularly varying on

R
d \ {0} in the sense of Section 5.2.4 in Resnick (1987). ♦

We can now formulate and prove the main result of the chapter.

Theorem 3.3.1. Assume the standard set-up of Definition 3.2.2. The meta density

g = e−γ satisfies

λγ(su)/ψ(s) → χ(u) := (λ+ d)‖u‖θ∞ − (|u1|θ + · · ·+ |ud|θ), s→ ∞. (3.27)

Convergence is uniform on compact subsets of Rd. Set c(r) = g(r, . . . , r). The level sets

{g > c(r)}, scaled by r, converge to the limit set

E := Eλ,θ := {χ ≤ λ} = {u ∈ R
d | |u1|θ + · · ·+ |ud|θ + λ ≥ (λ+ d)‖u‖θ∞}, (3.28)

in the sense that for any ǫ > 0 eventually

e−ǫrE ⊂ {g > c(r)} ⊂ eǫrE, r ≥ r0.

Proof A function f ∈ Fλ is determined up to asymptotic equality by a slowly varying

function L and a star-shaped set D (or a continuous positive function η on the unit sphere

as in (2.14)). Given L, all functions in Fλ are weakly asymptotic, and hence for any

f ∈ Fλ there is a function f̃ ∈ Fλ with cubical level sets such that f ≍ f̃ . Hence g ≍ g̃ by

Proposition 3.2.8. By (3.25) and (3.26) the theorem holds for g̃ with g̃−λ/ψ(s)(su) → eχ(u),

which implies the same result for g since ψ(s) → ∞ and hence c−λ/ψ(s) → 1 for s → ∞
uniformly for c in any compact set in (0,∞). The convergence in (3.27) holds uniformly

on compact sets in R
d by the remark above. This implies convergence of the level sets

since {χ ≤ λ1} lies in the interior of E for λ1 < λ and E lies in {χ < λ2} for λ2 > λ. ¶
There is some leeway in the choice of the scaling constants for the level sets. This issue

is treated in Section 3.3.3.
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Figure 3.3: Possible shapes of the limit set Eλ,θ for d = 2 and different values of parameters
λ and θ. Each plot corresponds to a given value of θ. The line legend specifies the value
of λ: λ = 1 (solid), λ = 2 (dashed), λ = 4 (dotted), λ = 10 (dotdash).

3.3.2 The shape of the limit set

For dimension d ≥ 2 the shape of the limit set in (3.28) is determined by two positive

parameters, the exponents λ and θ.

For d = 2 the set E consists of four symmetric petals with vertices in (±1,±1), as

shown in Figure 3.3. The symmetry of the limit shape is due to the symmetry and

equality of the marginals of the meta density. These symmetry assumptions are typical

for meta densities and keep the presentation simple. (As pointed out in the introduction,

one goes through all the hard work of the meta transformation in order to end up with

a distribution with nice marginals, typically continuous, equal and symmetric. It is not

just a matter of laziness on our part.) The sharp point of the petal at the vertex (1, 1)

follows from our basic assumption that the two components of the meta vector should

be asymptotically dependent. Given these boundary conditions, the petals may still be

convex, concave, or have linear edges. All three cases are present in Figure 3.3.

On the cone {|u| < v} the level set ∂E is the graph of the function

u 7→ v = c(λ+ |u|θ)1/θ, c = (1 + λ)−1/θ.

The function is symmetric on [−1, 1]. It is convex on [0, 1] for 0 < θ ≤ 1 and concave for
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θ ≥ 1. The basic constants are the minimum v00 at u = 0 and the slope s00 at u = 1:

v00 = (1 + 1/λ)−1/θ, s00 = 1/(1 + λ). (3.29)

For d ≥ 2 on the inverted pyramid Π1 the level set Γ = {χ = 0} may be described as

the graph of a function v = v(u1, . . . , vd−1) by solving

(λ+ d− 1)vθ = λ+ |u1|θ + · · ·+ |ud−1|θ. (3.30)

Let us first consider this function (u1, . . . , ud−1) 7→ v on the whole space R
d−1. Let H

be the set above the graph. It intersects horizontal hyperplanes v = v0 in the sets

|u1|θ + · · ·+ |ud−1|θ ≤ C(v0). (3.31)

The constant C(v0) = (λ+ d− 1)vθ0 − λ is positive for

v0 > v00 = 1/(1 + (d− 1)/λ)1/θ. (3.32)

The quantity v00 is the minimum of the function v. For θ ≥ 1 the set H is convex and

the level sets of the function v are disks in the ℓθ norm.

In particular, for θ = 2 the graph of v is a cylinder symmetric hyperbola with asymp-

totic cone

v = c‖(u1, . . . , ud−1)‖2, c = 1/
√
λ+ d− 1.

The point e = (1, . . . , 1) lies on the hyperbola. On the inverted pyramid Π1, the limit

set E is the complement of the convex set H above the hyperbola: E ∩ Π1 = Π1 \ H.

By symmetry the same holds for the remaining 2d − 1 pyramids into which the cube

C = [−1, 1]d may be split. Let S be the boundary of a smaller cube v0C with 0 < v0 < 1.

On each of the faces, the set E is the complement of the disk of radius r0 =
√

C(v0)

in (3.31). For λ = 1 and d = 3 we find r20 = 3v20 − 1, and hence for values v0 > 1/
√
2 the

intersection of E with the boundary S of the cube [−v0, v0]3 will consist of eight disjoint

components around the eight vertices of the cube. This phenomenon, in dimension d = 2,
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(a) θ = 0.5 (b) θ = 1 (c) θ = 2

Figure 3.4: Possible shapes of the limit set Eλ,θ for d = 3, λ = 1, and different values of
θ.

is already visible in Figure 1.2c.

For θ = 1 and d = 3 the set above the graph of v is a convex cone C with top

(0, 0, 1/(λ + 2)) which intersects the horizontal plane v = 1 in the rotated square |u1| +
|u2| ≤ 2 (since e ∈ ∂C). See Figure 3.4 for 3-dimensional visualizations of the limit set

Eλ,θ.

Proposition 3.3.2. The limit set E is star-shaped with continuous boundary. It is sym-

metric for permutations and sign changes of the coordinates. It converges to the standard

cube C = [−1, 1]d for λ → ∞, and to the diagonal cross E00 = {rδ | 0 ≤ r ≤ 1, δ ∈
{−1, 1}d} for λ→ 0+.

Proof Let Π+ denote the cone ‖u‖∞ ≤ ud. The boundary ∂E contains the intersection

of Π+ with the graph of v. It suffices to observe that this intersection is closed, and that

each ray in Π+ intersects the graph of v in a unique point for λ > 0 by homogeneity.

Symmetry follows from the symmetry of f and g0. The limit relations hold by (3.32)

since E ⊂ C. ¶
The limit shape of a sample cloud from a distribution on [0,∞)d with equal marginals

G0 which satisfy the conditions of the standard set-up has the form

{u ∈ [0,∞)d | uθ1 + · · ·+ uθd ≤ 1}

if the vector has independent components, see Fisher (1969). There is a superficial re-
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semblance with our limit shape (3.28) with the role of the diagonals taken over by the

axes.

3.3.3 Convergence of sample clouds

Let X1,X2, . . . be independent observations from a meta density g. Under the standard

set-up, one may choose positive constants sn such that the scaled sample clouds Nn =

{X1/sn, . . . ,Xn/sn} converge onto the limit set E. We first look at the scaling constants

sn.

Lemma 3.3.3. Let G0 be the df with density g0 and a(s) denote the scale function of the

von Mises function e−ψ ∼ g0. In the standard set-up with meta density g = e−γ and the

limit function χ

log s << ψ(s), | log a(s)| << ψ(s) s→ ∞, (3.33)

and for p 6= 0 one has the asymptotic equalities

ψ(s) ∼ − log g0(s) ∼ − log(1−G0(s)) ∼ λγ(sp)/χ(p) s→ ∞. (3.34)

Proof By regular variation sθ/2 << ψ(s) which gives the first relation. The second on

log a(s) was proved in Proposition 2.1.2. The asymptotic equality g0 ∼ e−ψ together

with ψ(s) → ∞ implies ψ(s) ∼ − log g0(s). The density is asymptotic to a von Mises

function. This implies that the distribution tail is asymptotic to a(s)g0(s), which implies

− log g0 ∼ − log(1−G0) since | log a| << ψ, see (3.33). The last relation follows from the

convergence λγ(sp)/ψ(s) → χ(p) for s→ ∞. ¶

Proposition 3.3.4. Let the standard set-up hold. Suppose ψ(sn) ∼ log n. The intensity

gn(u) = nsdng(snu) of the scaled sample cloud Nn = {X1/sn, . . . ,Xn/sn} satisfies

nsdng(snu) →











∞, u ∈ int(E),

0, u ∈ Ec.
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Proof The quotient γ(snu)/ log n converges to χ(u)/λ, which is < 1 on the interior of E,

and > 1 on Ec. Hence γ(snu) − log n diverges to −∞ in the interior of E and to ∞ on

Ec, and ng(snu) tends to ∞ on the interior of E and to zero on Ec. This remains true if

we replace log n by log n + d log sn in the first relation since log sn << ψ(sn) ∼ log n by

the lemma above. ¶
There are many ways in which the scaling constants sn may be chosen. One may

define sn by ψ(sn) = log n, g0(sn) = 1/n, 1 − G0(sn) = 1/n or sng0(sn) = 1/n. The

four sequences (sn) are asymptotically equal by the lemma above. Any sequence which

is asymptotic to one of these four sequences may be used to scale the sample clouds from

the meta density g. (The projections of the scaled sample clouds onto the axes will then

converge onto [−1, 1].)

Example 3.3.1. Suppose g0(s) ∼ asbe−ps
θ
for s → ∞. Then the level sets {g > 1/n}

scaled by (log n)1/θ converge to cE where c = p1/θ. Indeed this holds when 1 − G0(s) ∼
eL(s)e−ps

θ
for s→ ∞ for a slowly varying function L since log(1−G0(sn)) = log n+L(sn),

and L(sn) << log n since r 7→ L((r/p)1/θ) varies slowly. ♦

Theorem 3.3.5. Let f , g and g0 ∼ e−ψ satisfy the assumptions of the standard set-up.

Let E be the limit set in (3.28). If ψ(sn) ∼ log n, then the level sets {g ≥ 1/n} scaled by

sn converge to E. For the sequence of independent observations Xn from the meta density

g, the scaled sample clouds Nn = {X1/sn, . . . ,Xn/sn} and their mean measures converge

onto E.

Proof The function hn(u) = nsdng(snu) is the intensity of the scaled sample cloud from

the meta density. Now apply Proposition 2.3.1 and 3.3.4. ¶

Remark 3.3.2. There is a stronger result. The scaled sample clouds converge almost

surely. Any open set U containing E will almost surely eventually contain all points of

Nn, and for any point p ∈ E and any ǫ > 0 the number of points in the ǫ-ball p + ǫB

will diverge to infinity almost surely. The result follows from Theorem 6.1 in Davis et al.

(1988) by the multivariate regular variation of γ = − log g. ♦
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3.4 Discussion

3.4.1 The direction of the extreme observations

The non-linear nature of the meta transformation destroys the sense of direction. Under

the transformation K, rays in x-space turn into curves in z-space which are attracted to-

wards the 2d halfaxes; under the inverse transformation rays in z-space turn into curves in

x-space which are attracted towards the 2d diagonal rays. For densities f ∈ Fλ the direc-

tion of large sample points is fairly uniformly distributed; the variation is determined by

the function η in (2.14). In the meta distribution the large observations cluster around the

2d semidiagonal rays; components are asymptotically comonotonic or countermonotonic.

There is a dual result. For light-tailed densities with elliptic level sets the meta den-

sities with Student t marginals concentrate around the axes. If the original density is

Gaussian with spherical level sets, the meta vector has independent t distributed com-

ponents. The max-stable limit also has independent components. Scaled sample clouds

from this multivariate t distribution converge to a Poisson point process on R
d\{0} whose

mean measure lives on the axes. The 2d halfaxes take over the role of the 2d diagonal

rays. This situation is known as asymptotic independence. Various techniques have been

developed to measure the remaining dependence in this case. See Heffernan and Tawn

(2004) on conditional extremes, Heffernan and Resnick (2005) on hidden regular variation,

and Balkema and Embrechts (2007) on high-risk scenarios.

The limit shape E describes the variation in the distribution of large observations as

the direction changes. Insight in this variation is important for applications such as risk

analysis or quality control. If one assumes that the loss function is known, and increases

as one moves out in the state space on which the density lives, the limit shape of the

level sets will determine the asymptotic distribution of high losses. It is the shape of the

limit set E rather than the distribution of the precise positions of the sample points at

the tips of the petals which is of interest. Our results show that the concept of direction,

and hence of a sector cannot be translated from the original to the meta situation. If one

is free to choose, then the model with convex level sets seems to be the more attractive

one since that model agrees better with our intuition linking the size of sectors to the
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probability of extreme observations.

3.4.2 Ridges on the meta density

In the limit situation there is a loss of information. The limit set Eλ,θ is very symmetric,

even when the densities f and g are not. In the finite sample situation, as in Figure 1.2c,

one can compare the point intensity in the 2d tips, by taking a small ball around one

of the vertices of the cube [−1, 1]d, containing a hundred scaled sample points say, and

counting the number of points in balls of the same size centered in the other vertices.

These numbers will reflect the relative weight of the different orthants in z-space, and in

x-space the relative weight of the ridges in the density g, as we explain next.

In Section 3.2 we observed that the Jacobian in the expression for the meta density

creates ridges along the semidiagonal rays. In order to obtain more insight into the

structure of these ridges, we depict in Figure 3.5 two sections at the levels y = 2 and

y = 6 of the bivariate meta density of Figure 1.2c. Figure 3.5 suggests that the ridges are

steep, mass is concentrated around the centers which lie on the two diagonal rays in the

upper halfplane. Let us see what happens as the level y goes to infinity. The approach we

use here has been formalized in Heffernan and Resnick (2005). It is related to the theory

of high-risk scenarios presented in Balkema and Embrechts (2007).

For both the original vector Z and for the meta vector X the conditional density given

the value of the vertical component Zd or Xd may be written down without ado. Scale the

conditional distribution by the value of the vertical component, and let this value go to in-

finity. The conditional distributions converge. For the vector Z with the heavy-tailed den-

sity the limit distribution is continuous on R
d−1 × {1} with density ∝ h(w1, . . . , wd−1, 1),

where h is the limit function in (2.14). For the meta vector the conditional distributions

converge to a discrete probability distribution concentrated in the 2d−1 vertices δ of the

standard cube in the positive halfspace {ud ≥ 0}. The probability distribution is given

by

p(δ) = ρ(Q(δ) ∩ {wd ≥ 1})/ρ{wd ≥ 1}, δ ∈ {−1, 1}d, δd = 1,

where Q(δ) denotes the orthant containing the point δ, and ρ is the excess measure with

68



−5 0 5

0.
00

0.
01

0.
02

0.
03

0.
04

0.
05

0.
06

x

g(
x,

 2
)

−5 0 5

0.
0e

+
00

5.
0e

−
09

1.
0e

−
08

1.
5e

−
08

x

g(
x,

 6
)

Figure 3.5: Sections of a bivariate meta-Cauchy density g(x, y) with standard normal
marginals at levels (a) y = 2 and (b) y = 6. The original density has Cauchy marginals
with scale parameter

√

5/4 and level sets shaped like the ellipse 5x2 + 6xy + 5y2 = 1.

density h. The numbers p(δ) reflect the asymmetry of F in the upper halfspace.

3.5 Conclusions

Gaussian models may perform well for multivariate data near the center but still fail

in describing extremal situations. This failure may be due to the tail behaviour of the

marginals. It may also be due to a non-Gaussian dependence structure. This chapter

addresses the second cause, but also touches on the first.

The setting in which we work is rather limited. The issue of importing asymptotic

dependence for large observations in a Gaussian world is an important one. We focus

on a class of dependence structures determined by a well circumscribed, well understood

family of heavy-tailed densities. These densities have exemplary limit behaviour - under

scalar normalization they converge to a continuous positive function, the intensity of the

limit point process for the sample clouds. In the meta world we weaken the condition of

Gaussian marginals, also allowing Weibull tails. But we retain our assumption of good

behaviour for the marginals: the marginal densities are equal, continuous, positive, and

symmetric. In this limited setting we obtain precise and explicit results on the asymptotic
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behaviour of the meta density.

The elegance and extreme simplicity of coordinatewise transformations in the theory

of coordinatewise extremes may have given the impression that it is the copula, and

actually only the asymptotic behaviour of the copula in the upper right vertex, which

counts. Marginals play a subservient role. If the copula satisfies Galambos’ condition

at the vertex e = (1, . . . , 1) (see e.g. Balkema and Embrechts (2007), Theorem 7.17)

then any marginals with reasonable tails, regularly varying with exponent −λ < 0 for

heavy tails, and asymptotic to a von Mises function for light tails, will give the same limit

behaviour up to a coordinatewise exponential, logarithmic or power transformation. If

one is also interested in the other coordinatewise extremes, minima for some coordinates,

and maxima for the others, then the copula has to satisfy the equivalent of Galambos’

condition in all vertices of the cube [0, 1]d. So most theoretical work on extremes starts

with the assumption that one is looking at maxima, and that the marginal tails vary

regularly with exponent −1, or even that the vectors are positive and the marginals have

the Fréchet distribution exp{−1/t}.
The underlying powerful invariance principle has played a role in the success of mul-

tivariate extreme value theory, and perhaps also in the increased popularity of copula

theory. The seemingly innocuous theoretical simplification above to distributions with

standard Fréchet marginals should not make us blind to the very significant differences

which exist between heavy- and light-tailed extremal behaviour, in particular if one takes

a more global look at extremes. Differences become visible when one compares the limit

behaviour of scaled sample clouds from a heavy-tailed density in Fλ and from the associ-

ated light-tailed meta density.
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Chapter 4

Sensitivity of the asymptotic

behaviour of meta distributions

4.1 Introduction

We have shown in the previous chapter that sample clouds from a meta distribution

satisfying the assumptions of the standard set-up (recall Definition 3.2.2) may be scaled

to converge onto a compact star-shaped set, the limit set Eλ,θ in (3.28). The shape of

this limit set gives a global description of extreme observations from the underlying meta

distribution. We obtained the result in two steps. First, we determined the limiting

shape of the level sets of the underlying density. The level sets of the meta density under

a suitable scaling converge to a set, Eλ,θ. Secondly, we showed that this set is precisely the

limit set onto which the sample clouds from the meta density converge, as a consequence

of the light tails imposed in the standard set-up.

Looking at the shape of the limit set, one observes high symmetry despite possible

asymmetries in the shape of the level sets of the original density. In fact the shape of

the level sets of the original density has no influence on the limiting shape of the level

sets of the corresponding meta density (as can be seen from Proposition 3.2.8) and hence

on the shape of the limit set. The only aspect of the original density which influences

the shape of the limit set for the meta distribution is the rate of radial decay of its tails,

specified by the parameter λ > 0. So from the findings of the previous chapter we have a
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first result on the domains of the limit set of the meta density in the standard set-up: the

limit set remains unchanged if we replace the original density by a density which is weakly

asymptotic to it. In other words, the shape of the level sets of the original heavy-tailed

density is irrelevant for the shape of the limit set, and only the tail behaviour along the

rays enters the picture. Are there other changes of the original density and of the meta

density possible under which the limit set for the meta density is preserved? This is one

aspect of a more general question into the stability of the shape of the limit set.

To explore this question in more detail, we introduce a block partition, a partition

of R
d into bounded Borel sets which are coordinate blocks. Intuitively, if the blocks

are sufficiently small then one may change a density without changing its asymptotic

behaviour provided that one assigns the same mass to the blocks of the partition. This

idea is made precise by defining a regular block partition; see Definition 4.2.1. The notion

of a regular block partition is then used to formalize the results showing to which extent

the original density and the meta density in the standard set-up can be altered without

affecting their asymptotic behaviour; see Propositions 4.2.3 and 4.2.4 and Theorem 4.2.5.

The conditions we impose require that the weights of each of the two distributions are

asymptotically unchanged on the blocks of the respective regular block partitions.

Let us review the construction of a meta distribution using block partitions. We start

with a random vector Z. Its distribution, the original distribution with df F , can be spec-

ified up to asymptotic equivalence by assigning mass to the blocks of a block partition,

denoted (Bn). It is a partition of the z-space on which the vector Z lives. Since K is a

coordinatewise transformation, it maps coordinate blocks into coordinate blocks. Hence,

applying the meta transformation K to the blocks of the partition (Bn), we obtain a

new block partition, which we denote (An). The new distribution defined on the blocks

of the partition (An) with the same mass as on the corresponding blocks of the original

partition (Bn) = (K(An)) is the meta distribution with df G = F ◦K. The partition (An)

is a partition of the x-space on which the meta vector X with df G lives. So the meta

transformation linking dfs F and G preserves the probability mass of the blocks of the

underlying partitions, but it changes the shape and the size of the blocks. These changes

may be so drastic that applying the meta transformation to a regular block partition in
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one space leads to a block partition which is no longer regular in the other space. We ex-

ploit this fact to show the following peculiar results. It is possible to perturb the original

distribution in such a way so that its marginals are still asymptotically equal to those in

the standard set-up but the sample clouds converge to a Poisson process with a different

mean measure and yet the sample clouds from the corresponding meta distribution con-

verge onto the same limit set Eλ,θ as in the standard set-up; see Theorem 4.2.7. On the

other hand, it is also possible to perturb the original distribution without changing its

asymptotic behaviour while at the same time drastically changing the shape of the limit

set for the meta distribution; see Theorem 4.2.8. In particular, the limit set may be the

diagonal cross, a union of the diagonals of the unit cube [−1, 1]d. Details are given in

Section 4.2.2.

Further examples demonstrating sensitivity of the shape of the limit set to small per-

turbations of the original distribution which do not affect the asymptotic behaviour of

the original distribution are constructed using mixtures. A mixture of the original dis-

tribution F in the standard set-up and a distribution F ◦ with lighter tails than those of

F has the same asymptotics as F since the scaling based on the marginals of F forces

points of the sample cloud from F ◦ to converge onto the origin. But the limit set for the

resulting meta distribution is a union of the two limit sets Eλ,θ and E
◦ - one for the meta

df G based on F and the other one for the df G◦ based on F ◦. This union may be larger

than the limit set Eλ,θ. The reason for this is that the scaling constants determined by

the marginals of G and G◦ may be asymptotic and hence ensure non-degenerate limits for

the sample clouds from G and G◦. The details and examples of the above construction

are given in Section 4.2.3.

The reader may notice that the changes to the original distribution we considered do

not affect the asymptotic behaviour of the marginals of either the original df and the meta

df. This choice of perturbations which do not affect the asymptotics of the marginals is not

accidental. Its aim is to isolate the role played by the copula in determining the asymp-

totics of the underlying distributions. What the results outlined above suggest is that

the copula, even though it determines the distribution completely given the marginals,

carries no information about the asymptotic shape of the level sets of the original density
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and of the corresponding meta density.

The focus of the second part of the chapter (Section 4.3) changes from the discussion of

the global asymptotic behaviour of the meta distributions in the standard set-up via the

shape of the limit set to the local asymptotic behaviour of extremes via the asymptotics

of the coordinatewise maxima and exceedances over linear thresholds, high-risk scenarios.

The analysis of the local behaviour also allows us to see the behaviour of sample clouds

from light-tailed distributions but under different normalizations than those considered

previously which ensured convergence onto a deterministic limit set.

We again make use of the block partitions. In this section, for simplicity, we restrict

our attention to a bivariate case d = 2. As mentioned earlier, a distribution may be

specified by assigning probability weights to atoms of a partition, and the asymptotic

behaviour of the distribution is unaffected by perturbations which preserve mass on the

atoms of a regular partition. We also claimed that in general regularity of one block

partition (in z- or x-space) does not imply regularity of the other block partition. Let us

introduce a biregular block partition, a block partition which is regular in both z- and

x-space, and use it to define three regions partitioning R
2. The first region, D, consists

of the blocks around the two diagonals. This region constitutes a large part of R2 in

the z-space: its complement is just an asymptotically negligible neighbourhood of the

coordinate axes. As a consequence, the original distribution with df F in the standard

set-up and a probability distribution which places asymptotically the same mass on the

blocks in the region D and zero mass on the complement of D have the same asymptotic

behaviour. In contrast, in the x-space the region D is a thin strip along the two diagonals.

Clearly, the shapes of the limit sets for the corresponding meta densities are very different

- one is a star-shaped set as in (3.28) whereas the other is the diagonal cross in (4.3).

The second region, C, comprises the blocks intersecting the coordinate axes. Here the

situation from the perspective of the size of the region in the z- and x-space is opposite

to that for the region D. The region C in z-space is a vanishing neighbourhood of the

coordinate axes, whereas in the x-space, it asymptotically fills the four sectors formed by

the two diagonals. Finally, the region O is the complement of the union of D and C in

R
2.
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We consider three situations: the probability mass of the original distribution is con-

centrated on either the region D (Section 4.3.2) or the region C (Section 4.3.3) or their

union D ∪ C (Section 4.3.4).

In the first case , when the original distribution does not charge the axes, the asymp-

totic behaviour of the coordinatewise extremes from the original and meta distribution is

identical to that for the distributions in the standard set-up. The link between the two

max-stable limit laws is given by the invariance principle (Proposition 4.3.1). We then

consider high-risk limit laws for the associated meta distribution. We distinguish two

cases: when the limit direction for the diverging halfspace does not lie on one of the axes

(Proposition 4.3.2) and when the high-risk scenario is based on the horizontal halfspaces

(Proposition 4.3.3).

In the second case, we start with the meta distribution having a homothetic density

with the density generator asymptotic to a von Mises function. Under certain conditions

on the shape of the level sets of this meta density, the components of the underlying

meta vector are asymptotically independent, as will be shown later in Chapter 5. This

implies that the exponent measure of the meta distribution as well as of the associated

original distribution lives on the coordinate axes and hence we can delete probability mass

outside the region C without affecting the asymptotics of the coordinatewise extremes. In

Proposition 4.3.4 we describe the limit behaviour for high-risk scenarios from a distribution

with marginal tails asymptotic to a von Mises function. Under a suitable normalization,

the high-risk limit scenario has independent components: the vertical component has

the standard exponential distribution, and the horizontal component lives on the interval

[−1, 1]. The distribution of the horizontal component depends on the shape of the limit

set, provided that the limit set exists. For the meta density above, the limit set is equal

to the closure of the set determining the shape of the level sets of the density.

Finally, we discuss the combined situation when we take a mixture of the two cases

above. The high-risk limit scenario inherits the structure of the high-risk limit scenarios

associated with the distributions in the mixture. Again the vertical component and hori-

zontal component are independent. The vertical component is standard exponential. The

horizontal component lives on the interval [−1, 1] as shown in the analysis on the region
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C and has point masses at ±1 coming from the analysis on the region D.

The chapter comprises two main sections. In Section 4.2 we present details of the

constructions which demonstrate robustness and sensitivity of the shape of the limit set.

The local analysis of the asymptotics of sample clouds from meta distributions is treated

in Section 4.3. Concluding remarks are given in Section 4.4.

4.1.1 Notation and conventions

In order to ease the exposition, we introduce some additional assumptions and notation.

All univariate dfs are assumed to be continuous and strictly increasing. The dfs F0 and

F̃0 on R are tail asymptotic if

F̃0(−t)/F0(−t) → 1, (1− F̃0(t))/(1− F0(t)) → 1 t→ ∞.

The sample clouds from a heavy-tailed df F̃ converge to the point process Ñ if Ñ is a

Poisson point process on R
d \ {0}, and if the sample clouds converge to Ñ in distribu-

tion weakly on the complement of centered balls, where the scaling constants cn satisfy

1 − F̃0(cn) ∼ 1/n. Two heavy-tailed dfs F ∗ and F ∗∗ have the same asymptotics if the

marginals are tail asymptotic and if the sample clouds converge to the same point pro-

cess. The light-tailed dfs G∗ and G∗∗ have the same asymptotics if the marginals are tail

asymptotic and the sample clouds converge onto the same compact set E∗, with scale

factors bn which satisfy − log(1−G0(bn)) ∼ log n. One may replace a scaling sequence by

a sequence asymptotic to it without affecting the limit. The scaling of sample clouds is

determined up to asymptotic equality by the marginals. Tail asymptotic marginals yield

asymptotic scalings.

Throughout the chapter, it is convenient to keep in mind two spaces: z-space on which

the heavy-tailed original dfs F, F ∗, . . . are defined, and x-space on which the light-tailed

meta dfsG,G∗, . . . are defined. Table 4.1 compares notation used for mathematical objects

on these two spaces. Table 4.2 can be consulted while reading Section 4.2 in order to keep

track of various symbols used to distinguish original and meta distributions with certain

properties and purpose.
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Table 4.1: Symbols used to distinguish various objects of interest in z-space and in x-
space. Notation for marginals assumes that all marginal densities are equal and symmetric
as in (4.1).

z-space (original) x-space (meta) Comments
F and f G = F ◦K and g joint df and density
F0 and f0 G0 = F0 ◦K0 and g0 marginal df and density
π µ probability measures
πn µn mean measures of sample

clouds
Z, Z1,Z2, . . . X, X1,X2, . . . random vectors
Nn Mn n-point sample clouds
N : Poisson process E: limit set limit of sample clouds
cn : 1− F0(cn) ∼ 1/n bn : − log(1−G0(bn)) ∼ log n scaling constants
(Bn), tn = K0(sn) (An), sn block partitions

Table 4.2: Symbols used in Section 4.2 to discuss robustness and sensitivity properties of
meta distributions. Where not explicitly mentioned, notation for the associated meta df
is analogous, e.g. G̃ = F̃ ◦K and similarly for other objects f̃ , Ẽ, etc.

Symbols Description
F , G dfs satisfying the assumptions of the standard set-up
F ∗, G∗ dfs constructed to have properties (P.1)-(P.4) and yielding

the same asymptotics for F and F ∗, or G and G∗;

F̂ any original df with marginals F0

F̃ df obtained by changing F̂ to have marginals F̃j tail equivalent to F0

(e.g. mixtures in Section 4.2.3)
F o original df with lighter marginals than F ; see (4.2)

4.2 Sensitivity of the limit set

4.2.1 Preview

One of the aims of this section is to investigate how much the dfs F and G = F ◦K in

the standard set-up (see Section 3.2.3) may be altered without affecting the asymptotic

behaviour of the scaled sample clouds. For simplicity we assume here that the marginal

densities of F also all are equal to a positive continuous symmetric density f0. It follows

that the components of the meta transformation K are equal:

K : x 7→ z = (K0(x1), . . . , K0(xd)), K0 = F−10 ◦G0, K0(−t) = −K0(t). (4.1)
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Let F ∗ be a df with marginal densities f0. Then G∗ = F ∗ ◦ K is the meta distribution

based on the df F ∗ with marginals g0. One can pose the following questions:

(Q.1) If the scaled sample clouds from G∗ and from G converge onto the same set E, do

the scaled sample clouds from F ∗ converge to the same point process N as those

from F?

(Q.2) If the scaled sample clouds from F ∗ and from F converge to the same Poisson point

process N , do the scaled sample clouds from G∗ converge onto the same set E as

those from G?

The answer to the corresponding questions for coordinatewise maxima and their ex-

ponent measures (if we also allow translations) is “Yes”. Here, for sample clouds and

their limit shape, the answer to both questions is “No”. This subsection contains some

counterexamples which will be worked out further in the next two subsections.

If we replace f by a weakly asymptotic density f ∗ ≍ f , the asymptotic behaviour of

sample clouds from g∗ is not affected, since g∗ ≍ g (see Lemma 4.2.2 below), but the

scaled sample clouds from f ∗ obviously need not converge. What if they do?

Example 4.2.1. Let Z have a spherical Student t density f(z) = f∗(‖z‖) with marginals

f0 and limit function h(w) = 1/‖w‖λ+d with marginals c/tλ+1. The vector with com-

ponents aT1Z, . . . , a
T
dZ, where a1, . . . , ad are independent unit vectors, will have the same

marginals f0 but density f∗(nE(z)) with elliptic level sets, which are spherical only if

the vectors aj are orthogonal. There are many star-shaped sets D for which h̃(w) =

1/nD(w)λ+d has marginals c/tλ+1 as above. Probability densities f̃ ∼ f∗(nD) will lie

in Fλ and have marginals asymptotic to the Student t marginals f0 above. All these

densities are weakly asymptotic to each other, f̃ ≍ f . The only difference between the

densities is in their copulas. The information about the dependency contained in the set

D is preserved in the limit of the sample clouds from the density f̃ , but lost in the limit

shape E of the sample clouds from the meta density g̃. Surprisingly, the information on

the shape is lost in the step to the shape of the meta density, but the tail exponent λ of

the marginals is still visible in the limit shape E. ♦
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What we want to do is fix the marginals f0 and g0 (which determine the meta transfor-

mation K), and then vary the copula and check the limit behaviour of the sample clouds

(where we impose the condition that both converge). We are looking for dfs F ∗ and G∗

with the properties:

(P.1) F ∗ has marginal densities f0;

(P.2) G∗ is the meta distribution based on F ∗ with marginal densities g0;

(P.3) the scaled sample clouds from F ∗ converge to a Poisson point process N∗;

(P.4) the scaled sample clouds from G∗ converge onto a compact set E∗.

Moreover one would like E∗ to be the set Eλ,θ in (3.28) on page 61, or N∗ to have mean

measure ρ∗ = ρ with intensity h in (2.14) on page 36. So we either choose F ∗ to have

the same asymptotics as F , or G∗ to have the same asymptotics as G. Note that the four

conditions above have certain implications. The mean measure ρ∗ of the Poisson point

process N∗ is an excess measure with exponent λ, see (2.15), its marginals are equal and

symmetric with intensity λ/|t|λ+1 since the marginal densities f0 are equal and symmetric

and the scaling constants cn ensure that ρ{wd ≥ 1} = 1. The limit set E∗ is a subset of

the cube C = [−1, 1]d and projects onto the interval [−1, 1] in each coordinate, again by

our choice of the scaling constants.

The two subsections below describe procedures for altering distributions without chang-

ing the marginals too much. A block partition is a special kind of partition into coordinate

blocks. If the blocks are relatively small then the asymptotics of a distribution do not

change if one replaces it by one which gives the same mass to each block. Block partitions

are mapped into block partitions by the meta transformation K. The mass is preserved,

but the size and shape of the blocks may change drastically. The block partitions provide

insight in the relation between the asymptotic behaviour of the measures dF ∗ and dG∗.

In the second procedure we replace dF by a probability measure dF̃ , which agrees outside

a bounded set with d(F + F o), where F o has lighter marginals than F :

F o
j (−t) << F0(−t), 1− F o

j (t) << 1− F0(t) t→ ∞, j = 1, . . . , d. (4.2)
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This condition ensures that F̃ and F have the same asymptotics. The two corresponding

light-tailed meta dfs G̃ and G on x-space may have different asymptotics since the scaling

constants bon and bn may be asymptotic even though Go has lighter tails than G. If this

is the case, and the scaled sample clouds from Go converge onto a compact set Eo, then

those from G̃ converge onto the union E ∪ Eo, which may be larger than E. These

two procedures enable us to construct dfs F ∗ with marginal densities f0 and meta dfs

G∗ = F ∗ ◦K with marginal densities g0 which exhibit unexpected behaviour:

(Ex.1) G∗ and G have the same asymptotics, but the scaled sample clouds from F ∗ converge

to a Poisson point process which lives on the diagonal. (See Theorem 4.2.7 and 4.2.8,

and Example 4.2.2.)

(Ex.2) The scaled sample clouds from G∗ converge onto E∗ = A ∪ E00, where E00 is the

diagonal cross

E00 = {rδ | 0 ≤ r ≤ 1, δ ∈ {−1, 1}d}, (4.3)

and A ⊂ [−1, 1]d any compact star-shaped set with continuous boundary. The dfs

F ∗ and F have the same asymptotics. The density f ∗ is asymptotic to f on every

ray which does not lie in a coordinate plane. (See Example 4.2.2.)

What does the copula say about the asymptotics? Everything, since it determines the

df if the marginals are given; nothing, since the examples above show that there is no

relation between the asymptotics of F ∗ and the asymptotics of G∗ even with the prescribed

marginals f0 and g0. One might hope that at least the parameters λ and θ, determined

by the marginals, might be preserved in the asymptotics. The point process N∗ reflects

the parameter λ in the marginal intensities λ/|t|λ+1. However, E∗ = Eλ∗,θ∗ may hold for

any λ∗ and θ∗ in (0,∞) by taking A = Eλ∗,θ∗ in the second example above.

We now start with the technical details. The construction procedures discussed above

will change an original df F̂ with marginals F0 into a df F̃ whose marginals F̃j are tail

equivalent to F0. This is no serious obstacle.
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Proposition 4.2.1. Let the scaled sample clouds from F̃ converge to a point process Ñ ,

and let the scaled sample clouds from G̃ = F̃ ◦ K converge onto the compact set Ẽ. If

the marginals F̃j are continuous and strictly increasing and tail asymptotic to F0 then

there exists a df F ∗ with marginals F0 such that F ∗ has the same asymptotics as F̃ and

G∗ = F ∗ ◦K has the same asymptotics as G̃.

If moreover F̃ has a density f̃ with marginals asymptotic to f0 at ±∞, then F ∗ has a

density f ∗, and for any vector w with non-zero coordinates and any sequence wn → w

and rn → ∞ there is a sequence w′n → w such that f ∗(rnwn) ∼ f̃(rnw
′
n).

Proof Let F ∗ = F̃ ◦KF be the meta df based on F̃ with marginals F0. The components

KFj = F̃−1j ◦ F0 are homeomorphisms and satisfy KFj(t) ∼ t for |t| → ∞. (Here we use

that the marginal tails vary regularly with exponent −λ 6= 0.) It follows that

‖KF (z)− z‖/‖z‖ → 0 ‖z‖ → ∞. (4.4)

This ensures that F̃ and F ∗ have the same asymptotics. (For any ǫ > 0 the distance

between the scaled sample point Z/cn andKF (Z)/cn is bounded by ǫ‖Z‖/cn for ‖Z‖ ≥ ǫcn

and n ≥ nǫ.) A similar argument shows that G̃ = F̃ ◦K and G∗ = F ∗ ◦K, the meta df

based on G̃ with marginals G0, have the same asymptotics. Here we use that G̃j = F̃j ◦K0

is tail asymptotic to G0 = F0◦K0 since F̃j is tail asymptotic to F0. Under the assumptions

on the density the Jacobian of KF is asymptotic to one at the points rnw
′
n and (4.4) gives

the limit relation with rnw
′
n = K−1F (rnwn). ¶

In general, the densities f ∗ and f̃ (in the notation of the above proposition) are only

weakly asymptotic, as in Proposition 3.2.8. The density f ∗ on z-space is related to f in

the same way as the density g∗ is related to g. If f ∗ ≍ f or f ∗ ≤ Cf or f ∗ ∼ f , then these

relations also holds for g∗ and g, and vice versa. Similarly for the marginals: g∗j ∼ g0 in

∞ implies f ∗j ∼ f0 in ∞. These results are formalized in the lemma below.

Lemma 4.2.2. If F ∗ has density f ∗ with marginals f ∗j and G∗ = F ∗ ◦K has density g∗

with marginals g∗j , then

g∗(x)/g(x) = f ∗(z)/f(z), g∗j (s)/g0(s) = f ∗j (t)/f0(t), z = K(x), t = K0(s).
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Proof The Jacobian drops out in the quotients. ¶

4.2.2 Block partitions

We introduce partitions of Rd into bounded Borel sets Bn. In our case the sets Bn are

coordinate blocks. Since our dfs have continuous marginals the boundaries of the blocks

are null sets, and we shall not bother about boundary points, and treat the blocks as

closed sets. To construct such a block partition start with an increasing sequence of cubes

snC = [−sn, sn]d, 0 < s1 < s2 < · · · , sn → ∞, C = [−1, 1]d.

Subdivide the ring Rn = sn+1C \ snC between two successive cubes into blocks by a

symmetric partition of the interval [−sn+1, sn+1] with division points ±snj, j = 1, . . . ,mn,

with

−sn+1 < −sn < · · · < −sn1 < sn1 < · · · < snmn = sn < snmn+1 = sn+1.

This gives a partition of the cube sn+1C into (2mn + 1)d blocks of which (2mn − 1)d

form the cube snC. The remaining blocks form the ring Rn. See Figure 4.1. The meta

transformation K transforms block partitions in x-space into block partitions in z-space.

A comparison of the original block partition with its transform gives a good indication of

the way in which the meta transformation distorts space.

Definition 4.2.1. A partition of Rd into Borel sets An is regular if the following condi-

tions hold:

1) The sets An are bounded and have positive volume |An| > 0;

2) Every compact set is covered by a finite number of sets An;

3) The sets An are relatively small: There exist points pn ∈ An with norm ‖pn‖ =

rn > 0 such that for any ǫ > 0, An ⊂ pn + ǫrnB, n ≥ nǫ, where B is the open Euclidean

unit ball. ♦

The block partition introduced above is regular if and only if sn+1 ∼ sn and ∆n/sn → 0,

where ∆n is the maximum of sn1, sn2 − sn1, . . . , snmn − snmn−1. Regular partitions give a

simple answer to the question: If one replaces f or g by a discrete distribution, how far
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− sn+1 − sn − sn1 sn1 sn sn+1

− sn+1

− sn

− sn1

sn1

sn

sn+1

Figure 4.1: Schematic representation of block partitions.

apart are the atoms allowed to be if one wants to retain the asymptotic behaviour of the

sample clouds from the given density?

Proposition 4.2.3. Let A1, A2, . . . be a regular partition. Suppose the sample clouds from

the probability distribution µ scaled by rn converge onto the compact set E. Let µ̃ be a

probability measure such that µ̃(An) = µ(An) for n ≥ n0. Then the sample clouds from µ̃

scaled by rn converge onto E.

Proof Let p ∈ E, and ǫ > 0. Let µn denote the mean measure from the scaled sample

cloud from µ and µ̃n the same for µ̃. Then µn(p+(ǫ/2)B) → ∞. Because the sets An are

relatively small there exists n1 such that any set An which intersects the ball rnp+ rnǫB

with n ≥ n1 has diameter less than ǫrn/2. Let Un be the union of the sets An which

intersect rnp+ (rnǫ/2)B. Then Un ⊂ rnp+ ǫrnB and hence

µn(p+ (ǫ/2)B) ≤ µn(Un/rn) = µ̃n(Un/rn) ≤ µ̃n(p+ ǫB).

Similarly µ̃n(U
c) → 0 for any open set U which contains E. ¶

Remark 4.2.1. The result also holds if µ̃(An) ≍ µ(An) provided µ(An) is positive even-

tually. ♦

There is an analogous result for regular partitions in z-space.
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Proposition 4.2.4. Suppose π ∈ Dλ(ρ) with scaling constants cn. Let A1, A2, . . . be a

regular partition and let π̃ be a probability measure on R
d such that π̃(An) = π(An) for

n ≥ n0. Then π̃ ∈ Dλ(ρ) with scaling constants cn.

Proof Any closed block A ⊂ R
d \ {0} whose boundary carries no ρ-mass is contained in

an open block U with ρ(U) < ρ(A) + ǫ. As in the proof of the previous proposition for

n ≥ n1 there is a union Un of atoms An such that A ⊂ Un/cn ⊂ U . ¶
For excess measures ρ with a continuous positive density h there is a converse. For

π ∈ Dλ(ρ) with limit ρ there is a regular partition A1, A2, . . . such that π(An) ∼
∫

An
f(z)dz

with f ∈ Fλ, and with the same scaling constants. See Balkema and Embrechts (2007),

Theorem 16.27. This result vindicates our use of densities in Fλ. Not every distribution

in the domain of h has a density, or even a density in Fλ, but every such distribution is

close to a density in Fλ in terms of a regular partition.

We thus have the following simple situation: A1, A2, . . . is a block partition in x-space

and B1 = K(A1), B2 = K(A2), . . . the corresponding block partition in z-space. Let π̃ be

a probability measure in z-space and µ̃ a probability measure in x-space, linked by K,

i.e. π̃ = K(µ̃). Then π̃(An) = µ̃(Bn) for all n. So

π̃(An) ∼
∫

An

f(z)dz ⇐⇒ µ̃(Bn) ∼
∫

Bn

g(x)dx. (4.5)

Theorem 4.2.5. If both partitions are regular and one of the equivalent asymptotic equal-

ities in (4.5) holds, then the sample clouds from π̃ scaled by cn converge to the Poisson

point process with intensity h in (2.14), and the sample clouds from µ̃ scaled by rn converge

onto the set E = Eλ,θ in (3.28).

Proof Combine Proposition 4.2.3 and 4.2.4. ¶
Unfortunately the meta transformation K is very non-linear. Regularity of one block

partition does not imply regularity of the other block partition.

We first consider the case when the block partition (An) in x-space is regular, but

(Bn) is not. The block partition (An) in x-space is based on a sequence of cubes snC =

[−sn, sn]d. Successive cubes are of the same size asymptotically, sn+1 ∼ sn. The cubes

tnC in z-space with tn = K0(sn) may grow very fast. It is possible that tn << tn+1, as in
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Proposition 4.2.6 below. The corresponding partition with blocks Bn = K(An) in z-space

then certainly is not regular.

Proposition 4.2.6. Let ǫ ∈ (0, 1). There is a sequence 0 < s1 < s2 < · · · such that

sn → ∞ and sn+1 ∼ sn, and such that

tn = K0(sn) = nn
n1−ǫ

.

Proof By the standard set-up the marginal density of the meta distribution is asymptotic

to a von Mises function: g0 ∼ e−ψ. This implies 1 − G0(s) ∼ a(s)g0(s) ∼ e−Ψ(s), where

Ψ like ψ varies regularly with exponent θ. Write sn = eσn and τΨ(sn) ∼ eθr(σn), where

r is a C2 function with r′(t) → 1 and r′′(t) → 0 as t → ∞, and τ := 1/λ. Recall

Equation (3.13):

K0(s) = t ∼ ceϕ(s) s→ ∞, ϕ(s) = τq(Ψ(s)) ∼ τΨ(s),

for some positive constant c. This gives log tn = logK0(sn) ∼ eθr(σn). Since log log tn =

n1−ǫ log n + log log n has increments which go to zero, so does θr(σn), and hence also σn

since r′ tends to one. It follows that sn+1 ∼ sn. ¶
Choose snmn−1 = sn−1; recall that e = (1, . . . , 1) denotes a vector of ones in R

d.

Then the cube [sn−1e, sn+1e] is a union of 2d blocks in the partition, and so is the cube

[tn−1e, tn+1e] in z-space. The union U of these latter cubes has the property that the

scaled set U/t converges to (0,∞)d for t→ ∞ if tn << tn+1.

Theorem 4.2.7. Assume the standard set-up with the excess measure ρ of the original

distribution which does not charge the coordinate planes. Let ρ̃ be an excess measure

on R
d \ {0} with marginal densities λ/|t|λ+1, and assume that for each orthant Qδ, δ ∈

{−1, 1}d, the restrictions of ρ̃ and ρ to Qδ have the same univariate marginals. One may

choose F̃ such that its marginals are tail asymptotic to F0, such that the sample clouds

converge to the Poisson point process Ñ with mean measure ρ̃, and such that the sample

clouds from the df G̃ = F̃ ◦K converge onto the limit set Eλ,θ in (3.28).

Proof We sketch the construction. Choose F̂ ∈ Dλ(ρ̃) with density f̂ such that the
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(a) z-space (b) x-space (regular)

Figure 4.2: Panel (a): Schematic representation of the four sets Uδ =
⋃

n[δ1tn−1e, δ2tn+1e]
in R

2 for δ = (δ1, δ2) ∈ {−1, 1}2; see Theorem 4.2.7. Panel (b): the image of the sets Uδ
in x-space. The division points of the partitions (An) and (Bn) are sn = n

√
n log n and

tn = esn = nn
√
n
respectively. Use Proposition 4.2.6 with K0(s) = es, s > s0 and ǫ = 0.5.

sample clouds from F̂ scaled by cn converge to Ñ . For δ ∈ {−1, 1}d let Uδ be the

image of the union U in Qδ by reflecting coordinates for which δj = −1 (see Figure 4.2

for an illustration). Let f̃ agree with f̂ on the 2d sets Uδ and with f elsewhere, so

that, by the remark above on the convergence of the scaled sets U , f̃ and f̂ differ only

on an asymptotically negligible set. Alter f̃ on a bounded set to make it a probability

density. Then the sample clouds from F̃ scaled by cn converge to Ñ . In the corresponding

partition (An) on x-space we only change the measure on the “tiny” blocks [sn−1, sn+1]
d

(with sn−1 ∼ sn+1) around the positive diagonal, and their reflections. Hence the scaled

sample clouds from G̃ = F̃ ◦K converge onto Eλ,θ. ¶
We now discuss the second case: the block partition (Bn) in z-space is regular, but (An)

is not. As before, a block partition on x-space is determined by an increasing sequence of

cubes snC = [−sn, sn]d, and for each n a symmetric partition of [−sn, sn] given by a finite

sequence of points sn1 < · · · < snmn = sn in (0, sn+1). The image blocks are determined

by tn = K0(sn) and tnj = K0(snj). This makes it convenient to define these quantities in
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terms of upper quantiles. Choose mn = n, probabilities pn = e−
√
n, and write

1− F0(tn) = 1−G0(sn) = pn, 1− F0(tnj) = 1−G0(snj) = npn/j. (4.6)

One may see tnj as a function T of j/npn, and so too snj as a function S of log(j/npn):

tnj = T (je
√
n/n), snj = S(

√
n+ log j − log n), j = 1, . . . , n, n = 1, 2, . . . .

The increasing functions T and S vary regularly with exponents 1/λ and 1/θ since the

inverse functions to 1 − F0 and − log(1 − G0) vary regularly at zero with exponents

−1/λ and 1/θ. It follows that T ((jn/n)e
√
n)/T (e

√
n) → u1/λ if jn/n → u ∈ [0, 1], and

hence tn1/tn → 0 and the maximal increment tnj − tnj−1, j = 2, . . . , n, is o(tn). So the

block partition in z-space is regular. However sn1 ∼ sn since log n = o(
√
n) implies

S(
√
n − log n)/S(

√
n) → 1. Figure 4.3 depicts sequences of cubes snC and tnC in R

2

on which partitions (An) and (Bn) are based in the special case when sn =
√
n and

tn = K0(sn) = esn = e
√
n, along with subintervals [−e

√
n/n, e

√
n/n] × {en} in z-space

mapping onto [−√
n + log n,

√
n − log n] × {√n} in x-space, which correspond to the

partition blocks intersecting the coordinate axes.

Theorem 4.2.8. Assume the standard set-up. There exists a df F̃ such that the original df

F and F̃ have the same asymptotics, and the scaled sample clouds from the corresponding

meta df G̃ converge onto the diagonal cross E00 in (4.3).

Proof Let (Bn) be the regular block partition in z-space as above. Construct a density

f̃ by deleting the mass of the original df F in the blocks Bn which intersect one of the

d coordinate planes, except for the block containing the origin, where we increase the

density by a factor c > 1 to compensate for the loss of mass elsewhere. The new density

f̃ agrees with f on every block which does not intersect a coordinate plane. The relation

tn1/tn → 0 implies that f̃ and f agree outside a vanishing neighborhood around the

coordinate planes. On the other hand the relation sn1 ∼ sn implies that g̃ and g only agree

on a vanishing neighborhood around the diagonals. Thus f̃(rnwn) = f(rnwn) eventually

for rn → ∞ if wn converges to a vector w with non-zero components. Conversely, if
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(a) z-space (regular) (b) x-space

Figure 4.3: Panel (a): blocks [−tn, tn]2 = [−e
√
n, e
√
n]2, n ∈ {2, 4, 6, . . . , 100} in z-space

with the sets [−e
√
n/n, e

√
n/n] × [e

√
n−1, e

√
n] and their reflections, which correspond to

the blocks of partition (Bn) intersecting the axes, deleted. Panel (b): image of the blocks
from Panel (a) in x-space under the meta transformation K0(s) = es, s > s0.

rn → ∞ and wn converges to a vector w which does not lie on one of the 2d diagonal

rays, then g̃(rnwn) = 0 eventually.

The function f̃ satisfies the same limit relation f̃(rnwn)/f(rne) → h(w) for rn → ∞
as f , provided w = limn→∞wn has non-zero coordinates. Dominated convergence, by the

inequality f̃ ≤ f outside t1C, gives L
1-convergence outside centered balls. It follows that

F̃ and F have the same asymptotics. The scaled sample clouds from g̃ converge onto the

diagonal cross E00. ¶
The incompatibility of the partitions (An) and (Bn) = (K(An)) introduced in this

section gives one technical explanation for the peculiar sensitivity of the limit shape for

the meta distribution. If we regard the atoms of the partition (Bn) as nerve cells, then

regularity of (An) will make the region around the coordinate planes in z-space far more

sensitive than the remainder of the space, and it is not surprising that cutting away these

regions has drastic effects on the limit.
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4.2.3 Mixtures

For a wide class of star-shaped sets A ⊂ [−1, 1]d it is possible to alter the original density

so that the limit set E of the new meta density is the union A ∪ E00, where E00 is the

diagonal cross in (4.3).

Theorem 4.2.9. Assume the standard set-up. Let A be a star-shaped closed subset of the

unit cube [−1, 1]d with a continuous boundary and containing the origin as interior point,

and let E00 be the diagonal cross in (4.3). There exists a df F̃ with the same asymptotics

as F , such that the scaled sample clouds from the meta distribution G̃ converge onto the

set E = A ∪ E00.

Proof Let Ĝ = F̂ ◦ K where F̂ has marginal densities f0, and let Go = F o ◦ K where

F o has continuous marginals F o
j with lighter tails than F0, see (4.2). Let dF̃ agree with

d(F̂ +F o) outside a bounded set. The sample clouds from F o scaled by cn converge onto

{0} since n(1 − F o
j (ǫcn)) + nF o

j (−ǫcn) → 0 as n → ∞, j = 1, . . . , d, ǫ > 0. So F̃ and F̂

have the same asymptotics.

Let nA denote the gauge function of A (or its interior). Let go(x) = g∗(nA(x)) and

ḡ(x) = g∗(‖x‖∞) for a continuous decreasing positive function g∗ on [0,∞). We assume

that g∗ varies rapidly. The function g
o is continuous and 0 < go(x) ≤ ḡ(x). Let dG̃ agree

with dĜ(x) + go(x)dx outside a bounded set. We may assume that dĜ does not charge

coordinate planes {xj = c} and charges all coordinate slices {c1 < xj < c2}. Then the

marginals are continuous and strictly increasing.

Choosing F̂ to have the same asymptotics as the original df F , and so that the scaled

sample clouds from Ĝ converge onto the diagonal cross E00 (see Theorem 4.2.8 and Propo-

sition 4.2.1), we obtain F̃ and F with the same asymptotics, and convergence of the scaled

sample clouds from G̃ onto E00 ∪ A. ¶

Example 4.2.2. Let ḡ be a density with cubic level sets: ḡ(x) = g∗(‖x‖∞) with g∗ as in
the above theorem. The marginal densities ḡ0 are symmetric and equal, and asymptotic

to (2s)d−1g∗(s). Let ḡ0(b̄n) ∼ 1/n. We may choose g∗ such that b̄n ∼ bn and nḡ0(bn) → 0;

see Lemma A.3.1 and Proposition A.3.2 for details. It follows that the sample clouds from

Ḡ scaled by b̄n converge onto the cube [−1, 1]d, hence also the sample clouds scaled by bn.
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In the above theorem, take F̂ = F and Go = Ḡ. Then F̃ has the same asymptotics as

F and the scaled sample clouds from G̃ = F̃ ◦K converge onto the cube [−1, 1]d.

If we choose the measure dF̂ to be the image of the marginal dF0 under the map t 7→ te,

then dF̂ lives on the diagonal. The scaled sample clouds from F̃ converge to the Poisson

point process on the diagonal with intensity λ/|t|λ+1 in the parametrization above, and

the scaled sample clouds from G̃ converge onto A ∪ E00. If we choose A = Eλ,θ then the

dfs G and G̃ have the same asymptotics, but we may also choose A = Eλ∗,θ∗ for other

values λ∗ and θ∗ in (0,∞). ♦

We have shown that slight changes in F , changes which do not affect the asymptotics

or the marginals, may yield a meta distribution G̃ with the marginals of G but with

different asymptotics. This makes it possible to start out with a Poisson point process N∗

and a star-shaped set E∗, and construct dfs F ∗ and G∗ with marginal densities f0 and g0

such that the sample clouds from F ∗ converge to N∗ and those from G∗ converge onto E∗.

The only condition is that the mean measure ρ∗ of N∗ is an excess measure with marginal

densities λ/|t|λ+1 and that E∗ is a closed star-shaped subset of [−1, 1]d containing the 2d

vertices and having a continuous boundary.

Although the shape of the limit set is rather unstable under even slight perturbations

of the original distribution, one may note the persistence of the diagonal cross as a subset

of the limit set. Due to equality and symmetry of the marginals, clearly the points on

the 2d−1 diagonals in z-space are mapped into the points on the diagonals in x-space.

However, Figure 4.2 shows that much larger subsets of the open orthants in z-space are

mapped on the neighborhood of the diagonals in x-space.

Proposition 4.2.10. Consider the standard set-up with the original df F having equal

marginals. Let F̃ be a df on R
d whose marginals are equal and symmetric and tail asymp-

totic to those of F . Assume that the sample clouds from F̃ converge to a point process

with mean measure ρ̃, where ρ̃ charges (0,∞)d. If sample clouds from the meta distribu-

tion G̃ = F̃ ◦K can be scaled to converge onto a limit set Ẽ then Ẽ contains the vertex

e = (1, . . . , 1).

Remark 4.2.2. Limit sets are always star-shaped (see Proposition 4.1 in Kinoshita and
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Resnick (1991)). Hence, if the limit set Ẽ contains e, it also contains the line segment

E+
00 = E00 ∩ (0,∞)d joining e and the origin.

Proof To see this we again make use of the block partitions of Section 4.2.2; in particular

consider the situation sketched in Figure 4.2. Due to symmetry, it suffices to restrict

attention to the positive orthant. Consider cubes CA
n := [sn − Ma(sn), sn + Ma(sn)]

d

centered at diagonal points sne for some M > 0, where a(s) is the scale function of

the marginal df G0. Recall that a′(s) → 0 and hence a(s)/s → 0 as s → ∞. These

cubes are asymptotically negligible as CA
n /sn → {e} for sn → ∞. The corresponding

cubes in z-space are centered at the diagonal points tne with tn = K0(sn) and given by

CB
n := K(CA

n ) = [K0(sn −Ma(sn)), K0(sn +Ma(sn))]
d =: [tn−1, tn+1]

d. The von Mises

condition on 1 − G0 with scale function a(s) and regular variation of (1 − F0)
−1 at zero

with exponent −1/λ give

lim
n→∞

tn−1
tn

= lim
sn→∞

K0(sn −Ma(sn))

K0(sn)
= lim

sn→∞

(1− F0)
−1(1−G0(sn −Ma(sn)))

(1− F0)−1(1−G0(sn))

= lim
sn→∞

( 1−G0(sn)

1−G0(sn −Ma(sn))

)1/λL(1−G0(sn −Ma(sn)))

L(1−G0(sn))

= lim
sn→∞

(e−M(1−G0(sn))

1−G0(sn)

)1/λ L(1−G0(sn))

L(e−M(1−G0(sn)))
= e−M/λ,

for a slowly varying function L. Similarly, tn+1/tn → eM/λ, and thus

CB
n /tn → [e−M/λ, eM/λ]d.

Note that for M large, this limit constitutes a large subset of (0,∞)d in z-space in that

it will eventually, for M large enough, contain any compact subset of (0,∞)d.

The points in CB
n are mapped by the meta transformation K onto the points in CA

n ,

thus preserving the mass P{Z ∈ CB
n } = P{X ∈ CA

n }. This shows that most of the mass

on (0,∞)d in z-space is concentrated on just a neighborhood of E+
00 in x-space, and the

assumption on ρ̃ ensures that the limit of the scaled sample clouds contain the vertex

e. ¶
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4.3 Extremes and high-risk scenarios

There are different ways in which one can look at multivariate extremes. So far the focus

has been on a global view of sample clouds. We have seen that the asymptotic behaviour of

sample clouds is described by a Poisson point process for heavy-tailed distributions, and by

the limit set for light-tailed distributions. We would now like to complement these global

pictures by looking more closely at the edge of the sample clouds. In particular, we discuss

asymptotic behaviour of coordinatewise maxima and of exceedances over hyperplanes,

termed high-risk scenarios in Balkema and Embrechts (2007).

4.3.1 Biregular partition and additional notation

We first introduce a biregular block partition, a partition which is regular in both z-space

and in x-space. For simplicity, we shall restrict attention to a bivariate situation. Recall

the block partition defined in terms of quantiles in (4.6), which was regular in z-space,

but not in x-space. We now refine it to make it biregular. A typical block intersecting

the positive horizontal axis in x-space has the form

[sn−1, sn]× [−sn1, sn1], sn−1 ∼ sn ∼ sn1. (4.7)

It is an elongated thin vertical rectangle almost stretching from one diagonal arm to the

other. We subdivide it in the vertical direction into 2n congruent rectangles by adding

the division points

−(n− 1)sn1/n, . . . ,−sn1/n, 0, sn1/n, . . . , (n− 1)sn1/n.

The corresponding partition (An) in x-space is regular, and so is the partition (Bn) with

Bn = K(An) in z-space, since it is a refinement of a regular partition.

We shall be interested in three sets C, D, and O which are disjoint and fill R2. They are

defined in terms of the biregular partition we have introduced above. Roughly speaking,

C consists of the blocks around the coordinate axes, D consists of the blocks around the

diagonals, and O is the remainder. Due to the symmetry of the partition, we distinguish
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(a) z-space (b) x-space

Figure 4.4: Panel (a): Sequences of rectangles [tn−1, tn] × [tn, tn] filling region CE and of
cubes [tn, tn]

2 filling region DNE, and their reflections in other quadrants with tn = e
√
n

and tn = (⌈√n⌉/n)tn for n ∈ {1, 2, . . . , 20}. Panel (b): The images of the sets in (a) in
x-space under the coordinatewise map t = K0(s) = es for n ∈ {10, 15, . . . , 200}.

four subsets of C associated with the four halfaxes: CN with {0} × (0,∞), CE with

(0,∞)×{0}, and their negative counterparts CS and CW . Similarly, DNE is the restriction

of D to (0,∞)2 and analogously for the other quadrants DSE, DSW and DNW clockwise.

Here is the assignment of the blocks An (or Bn) to the sets C, D and O: In the set CE we

put the rectangles in (4.7), for n ≥ n0, or rather the 2n blocks into which these rectangles

have been subdivided. Similarly, for CN , CW and CS. In the diagonal sets D we put all

blocks in the ring Rn between successive squares, which are determined by subdivision

points ±snj with j > jn = [
√
n]. We claim that DNE asymptotically fills up the open

positive quadrant in z-space. For this we have to show that tnjn/tn → 0. By definition

tnj is the upper q-quantile for the df F0 for q = ne−
√
n/j. Let tn be the upper quantile

for pn = e−
√
n and rn the upper quantile for qn =

√
ne−

√
n. We claim that rn/tn → 0.

This follows by regular variation of the tail of F0 because pn/qn → 0. So in z-space the

diagonal set D asymptotically fills up the whole plane apart from the coordinate axes; in

x-space the coordinate set C fills up the whole plane apart from the two diagonal lines;

and there is still a lot of space left for the set O (note that tn1/tnjn → 0). See Figure 4.4

for a schematic illustration.
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The asymptotic behaviour of the probability distribution F is known once we know the

probability mass pn of the atomic blocks An in x-space (or of Bn = K(An) in z-space) (see

Propositions 4.2.3 and 4.2.4). The specification of the probability masses pn of the atoms

is not a very efficient way of describing the original distribution and the meta distribution.

Instead we shall describe the asymptotic behaviour of dF on the diagonal sector DNE,

and the asymptotic behaviour of the meta distribution dG on the coordinate sector CE.

We first consider the two pure cases, where all mass lives on one of the sets C or D.

4.3.2 The region D

The situation on the region D is similar to that discussed in Theorem 4.2.8. In z-space,

let F ∗ be a df in the domain of an excess measure ρ on R
2 \ {0}, where ρ has marginal

intensities λ/tλ+1, λ > 0, and no mass on the axes. The measure ρ might be concentrated

on one of the two diagonals. Since we are concentrating on the sectorDNE we shall assume

that ρ charges the positive quadrant. Delete the mass outside D, and compensate by

adding some mass in a compact set. The marginals of the new df F are still tail asymptotic

to F0. The measures ndF , scaled properly, converge to ρ weakly on the complement of

centered balls. The sample clouds and the coordinatewise maxima converge under the

same scaling. The exponent measure of the max-stable limit distribution is the image ρ+

of the measure ρ under the map z = (x, y) 7→ (x ∨ 0, y ∨ 0) = z+.

The following proposition describes the relation between the exponent measures for an

original df and the associated meta df. It is in line with e.g. Proposition 5.10 in Resnick

(1987). One can determine the max-stable limit for a meta df from the max-stable limit

for the original df and the marginals of the meta distribution. We shall refer to this

fact as the invariance principle (for coordinatewise extremes) since the max-stable limit

distributions have the same copula. For a df F in the domain of attraction of an extreme

value limit law with exponent measure ρ, we use the notation F ∈ DA(ρ).

Proposition 4.3.1. Let F ∈ DA(ρ+) be a continuous df on R
2 whose exponent measure

ρ+ has marginal intensities all equal λ/tλ+1, λ > 0. Let G0 be a continuous symmetric

df on R whose tails are asymptotic to a von Mises function. If G is the meta df based

on F with marginals equal to G0, then G ∈ DA(σ+), where σ+ and ρ+ are related by a
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coordinatewise exponential transformation, ρ+ = K(σ+) with equal components

K : u 7→ w, wi = K0(ui) = eui/λ, ui ∈ [−∞,∞), i = 1, 2.

The density of the exponent measure σ+ is given by

j(u) = h(K(u))
2
∏

i=1

K ′0(ui) = λ−2
exp(

∑2
i=1 ui/λ)

nD(eu1/λ, eu2/λ)λ+2
, u = (u1, u2) ∈ R

d. (4.8)

Proof The map K is the limit of coordinatewise transformations mapping normalized

coordinatewise maxima from G into normalized coordinatewise maxima from F , hence

it is also a coordinatewise transformation. The von Mises condition on G0 implies that

G0 is in the domain of attraction of the Gumbel limit law exp{−e−x}, and thus σ+ has

standard exponential marginals. The relations

ρ+i [t,∞) = σ+
i [s,∞) ⇐⇒ t−λ = e−s ⇐⇒ t = K0(s) = es/λ, i = 1, 2,

for the marginals determine K. ¶
Figure 4.5 displays level curves for two bivariate meta excess densities. Note that the

mass of ρ+ on the boundary quadrants {wi = 0} of the orthant [0,∞)d is mapped by

K−1 into the mass of σ+ on the boundary planes {ui = −∞} of the image [−∞,∞)d.

A discussion of the shape of these level curves is given in the Appendix, Section A.3.2.

The original excess density h(w) = A/nD(w)λ+2, w ∈ (0,∞)2 is normalized so that

the exponent measure ρ+ restricted to the horizontal halfplane {w2 ≥ 1} is a probability

measure. Details of the computation of the normalizing constant A = A(p, λ, d) for excess

densities with the gauge function nD given by an ℓp-norm for p ∈ [1,∞] can be found in

the Appendix, Section A.3.3.

In x-space DNE is a thin strip along the diagonal. However, it follows from Proposi-

tion 4.3.1, that the coordinatewise maxima in x-space, centered and scaled, converge to

a max-stable distribution whose exponent measure σ+ is the coordinatewise logarithmic

transform of ρ+. The measure σ+ lives on [−∞,∞)2 \ {(−∞,−∞)}. The restriction σ

to R
2 is the image of the restriction of ρ+ (or of ρ) to (0,∞)2.
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(a) nD(w) = ‖w‖2, A = 2.55
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Figure 4.5: Level sets of the bivariate meta excess densities j(u) in (4.8) with exponent
λ = 2 based on the original excess density of the form h(w) = A/nD(w)λ+2. The levels
are given as powers of e.

Let us now look at the asymptotic behaviour of the high-risk scenarios and sample

clouds from the meta df G. Let Hn = {ξn ≥ cn} be halfplanes with direction ξn = (an, bn)

of norm one, and cn → ∞. For the heavy-tailed df F in D(ρ), the domain of attraction of

the excess measure ρ, the situation is simple; it was described in Proposition 2.3.3. The

same result holds for the light-tailed meta distribution G provided the limit direction ξ

does not lie on one of the axes.

Proposition 4.3.2. If ξn → ξ ∈ (0,∞)2 and cn → ∞ then

α−1n (XHn) = (XHn − (bn, bn))/an ⇒ U,

where (bn, bn) ∈ ∂Hn and an = a(bn) for the scale function a associated with the marginal

density g0. The limit U has distribution dσξ = 1Hdσ/σH for H = {ξ ≥ 0}.

Proof This follows from the weak convergence of dπ = dG normalized by α−1n and

multiplied by 1/pn:

α−1n (π)/pn → σ+/a0 weakly on R
2 \ [−∞, c]2, c ∈ R,
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for pn = π(R2 \ [bn,∞)2) and a0 = σ+([−∞,∞)2 \ [−∞, 0]2). ¶
Convergence of high-risk scenarios implies convergence of sample clouds with the same

normalizations, the normalizations for halfplanes that satisfy P{Z ∈ Hn} ∼ 1/n as

in Balkema and Embrechts (2007), Section 14 (Theorem 14.12). For the heavy-tailed

df F the convergence of the sample clouds Nn ⇒ N weakly on {ξ ≥ c} for all c > 0 is no

surprise since Nn ⇒ N holds weakly on the complement of centered disks. For the light-

tailed df G weak convergence on {ξ ≥ c} for ξ ∈ (0,∞)2 follows from weak convergence

on [−∞,∞)2 \ [−∞, c]2. Convergence for horizontal halfspaces Hn = {y ≥ cn} presents a

different picture, since we do not allow mass to drift off to the vertical line at −∞.

Let X have the bivariate df G, where G is the meta distribution with marginals G0

based on the df F ∈ DA(ρ+) as in Proposition 4.3.1. Let σ+ denote the coordinatewise

log-transform of ρ+, and define:

c− = σ+({−∞} × (0,∞)) = ρ+({0} × (1,∞)) = ρ((−∞, 0)× (1,∞));

c+ = σ(R× (0,∞)) = ρ((0,∞)× (1,∞));

p− = c−/c, p+ = c+/c, c = ρ(R× [1,∞)).

Then c = c− + c+ since ρ does not charge the vertical axis.

Proposition 4.3.3. Set Ht = {y ≥ t} and αt(u, v) = (tu, t + a(t)v). Then α−1t (XHt) ⇒
(U, V ) where U and V are independent, V is standard exponential, and U assumes only

two values, P{U = −1} = p− = c−/c and P{U = 1} = p+ = c+/c. If P{X ∈ Hrn} ∼ 1/n

then the sample clouds converge: M̃n = {α−1tn (X1), . . . , α
−1
tn (Xn)} ⇒ M̃ weakly on {v ≥ c},

c ∈ R. The Poisson point process M̃ lives on two vertical lines, on {u = −1} with intensity

p−e
−v and on {u = 1} with intensity p+e

−v.

Proof It suffices to prove the second relation. The limit point processM with mean mea-

sure σ above the line {v = −C} for C > 1 corresponds to the sample points X1, . . . ,Xn

above the line {y = rn−Ca(rn)}. The corresponding points scaled by rn converge to the

vertex (1, 1) of the limit set Eλ,θ. Under the normalization α−1tn the horizontal coordinate

converges to 1, and hence the whole sample cloud converges to the projection of M onto

the line {u = 1}. A similar argument holds for the points of the point process with mean
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measure σ̃ on R
2 associated with restriction of ρ to the quadrant (−∞, 0)× (0,∞). These

yield the points on the vertical line through (−1, 0). Since ρ does not charge the vertical

axis, this accounts for all points. ¶
On the region D there is a simple relation between the Poisson point processes asso-

ciated with the exponent measures and the Poisson point processes associated with the

high-risk scenarios.

4.3.3 The region C

We shall consider the counterpart of the class Fλ for light-tailed densities g on the plane.

The density g is assumed to be unimodal, continuous and to have level sets {g > c}
which are scaled copies of a bounded open star-shaped set S in the plane with continuous

boundary. Such densities are called homothetic; see Section 2.2.1. They have the form

g = g∗(nS) where g∗ is a continuous decreasing function on [0,∞), the density generator,

and nS is the gauge function of the set S. We shall assume that the density generator is

asymptotic to a von Mises function, and that S is a subset of the square (−1, 1)2.

If S is the open unit disk, or more generally a rotund set (i.e., convex with a C2 bound-

ary having positive curvature in each point), then the high-risk limit scenarios exist for all

directions, and are Gauss-exponential. The associated sample clouds in these directions

may be normalized to converge to a Poisson point process with Gauss-exponential inten-

sity e−u
2/2e−v/

√
2π on R

2 for appropriate coordinates u, v. See Sections 9-11 in Balkema

and Embrechts (2007).

If the set S is a convex polygon with one boundary point q = (q1, 1) on the line

{y = 1} with |q1| < 1, then the horizontal high-risk scenarios converge. The associated

excess measure has density h, where h has conic level sets {h > e−t} = C+ tq for an open

cone C in the lower halfplane. The cone C describes the asymptotic behaviour of the set

S − q at the origin.

If S is the square (−1, 1)2 then the horizontal high-risk scenarios, normalized by

αt(u, v) = (tu, t+a(t)v) converge. The associated excess measure has density 1[−1,1](u)e
−v,

and vanishes outside the vertical strip [−1, 1]× R.

Our density g is defined in terms of a bounded star-shaped set S and the density gener-
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ator g∗ which describes the behaviour of g along rays up to a scale factor depending on the

direction. On the other hand, we want light-tailed densities with prescribed marginals

equal to g0. In general it is not clear whether for a given set S there exists a density

generator g∗ which produces the marginals g0.

Example 4.3.1. Let g0 be the standard normal density. Given a bounded open convex

set S, can one find a density generator g∗ such that g = g∗(nS) has marginals g0? If S

is the unit disk, or an ellipse symmetric around the diagonal, then g∗(r) = ce−r
2/2 will

do. If S is the square (−1, 1)2, then one may choose g∗(r) ∼ ce−r
2/2/r so that the tails

of the marginals agree with g0, see Section 2.2.3. By altering g on a square [−M,M ]2

one may achieve standard normal marginals. If S is the diamond spanned by the unit

vectors on the four halfaxes, then one can choose g∗(r) ∼ cre−r
2/2 so that the tails of the

marginals agree with g0, see McNeil and Nešlehová (2009). These three density generators

are different. It is not clear how to combine the asymptotic behaviour of these examples.

Let us take a mixture of these three densities with weights 1/3 each. Set αt(u, v) =

(tu, t+ a(t)v) where a(t) = 1/t is the scale function associated with the normal marginal

g0. The density of a normalized random vector α−1t (X, Y ) given that {Y > t}, where
(X, Y ) has density g with g being one of the three densities in the mixture, is given by

ht(u, v) := g(αt(u, v))/g(αt(0, 0)). When S is the unit disk, we obtain

ht(u, v) =
g∗(‖(tu, t+ v/t)‖2)

g∗(‖(0, t)‖2)
→ e−v1{u=0} t→ ∞

and similarly for S = {‖x‖1 < 1}, the diamond; whereas for S = (−1, 1)2,

ht(u, v) → e−v1{|u|≤1} t→ ∞.

We see that under the normalization αt all three distributions have high-risk limit sce-

narios (U, V ) with U and V independent and V standard exponential. Moreover, since

the normalizations for the vertical coordinate V are determined by the vertical marginal

g0 which is the same in the three cases, only the horizontal component U is different. For

the density with square level sets, U is uniformly distributed on [−1, 1], whereas in the

other two cases U has a point mass at the origin. Hence, for the mixture one obtains a
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uniform distribution on [−1, 1] with a point mass of weight 2/3 in the origin. If we use

the partial compactification of the plane in Heffernan and Resnick (2007) then it is also

possible to obtain limit distributions on [−∞,∞] for the horizontal component. There

are several: A centered Gaussian density with an atom of weight 1/3 in the origin and

two atoms of weight 1/6 at ±∞; a Laplace density with two atoms of weight 1/3 at ±∞;

an atom of weight 1/3 or 2/3 in the origin with the remaining mass fairly divided over

the two points in ∞; all mass in the points in ∞.

Now consider an open ellipse E, symmetric around the diagonal, which has a unique

boundary point on the line {x2 = 1} at (p, 1) for some p ∈ (0, 1). Its reflection E ′ in

the vertical axis has the boundary point (−p, 1). The union S = E ∪ E ′ is a star-shaped

set. What does the excess measure for horizontal halfspaces look like? If we zoom in on

(p, 1) we obtain a Gauss-exponential measure, but the measure around the point (−p, 1)
moves off to −∞. If we want weak convergence on horizontal halfspaces we have to use

the normalization αt above. The limit measure now lives on the two vertical lines u = ±p
and has the same exponential density e−v on each by symmetry. ♦

If S ⊂ (−1, 1)2, and the boundary of the star-shaped set S contains points on the

interior of the four sides of the square, but does not contain any of the vertices, then the

components X1 and X2 of the vector X with density g are asymptotically independent,

and so are the pairs (−X1, X2), (X1,−X2), (−X1,−X2), see Chapter 5, Theorem 5.4.2.

This also holds if S is the whole square; see Example 5.5.3. So if g is the meta density

based on a heavy-tailed density in D(ρ), then the excess measure ρ lives on the four

halfaxes, and the distribution may be restricted to the region C.

If the high-risk scenarios for horizontal halfplanes converge with the normalizations

αt(u, v) = (tu, t+a(t)v) of Proposition 4.3.3 then the limit vector (U, V ) has independent

components and U lives on the linear set E1 determined by the intersection of the bound-

ary of the limit set E with the horizontal line {v = 1}. This is illustrated in Example 4.3.1.

Note that in this setting the limit set E is the closure of S, as in Example 5.5.1.

Proposition 4.3.4. Let G be a bivariate df with marginal tails all asymptotic to the von

Mises function e−ψ with scale function a. Let Xt denote the high-risk scenario XH for

the horizontal halfplane H = {y ≥ t}. Let αt(u, v) = (x, y) = (tu, t + a(t)v). Suppose

100



α−1t (Xt) ⇒ U = (U, V ) for t → ∞. Then U and V are independent, V is standard

exponential and |U | ≤ 1. Let ψ(bn) = log n. If the sample clouds from G scaled by bn

converge onto the compact set E then P{(U, 1) ∈ E} = 1.

Proof The distribution of V is determined by the marginal df G2 and is exponential

since 1 − G2 is asymptotic to a von Mises function, see Balkema and Embrechts (2007),

Proposition 14.1. Light tails of the marginal G1 imply (1 − G1(e
ǫt))/(1 − G1(t)) → 0

for any ǫ > 0, and hence P{U > eǫ} = 0. Similarly for the left tail. Let σ denote the

excess measure extending the distribution of (U, V ) to R
2; see Balkema and Embrechts

(2007), Section 14.6. Since α−1t αt+sa(t) → βs where βs(u, v) = (u, v + s), it follows that

σ(A + (0, t)) = e−tσ(A) for all Borel sets A in R
2. See Proposition 14.4 in Balkema and

Embrechts (2007). This implies that σ is a product measure, and hence that U and V are

independent. Let βn(u, v) = (bnu, bn + bnv). The sample clouds {β−1n (X1), . . . , β
−1
n (Xn)}

converge onto the translated set E − (0, 1). Now apply the additional normalization

γn(u, v) = (u, anv/bn), where an = a(bn) implies an/bn → 0. Then γ−1n β−1n = α−1n where

αn(u, v) = (bnu, bn+anv). Hence the renormalized sample clouds converge to the Poisson

point process with mean measures σ, and the restriction of σ to {v ≥ 0} lives on E0×[0,∞)

where E0 is the set {u | (u, 1) ∈ E}. ¶

4.3.4 The combined situation

In a number of examples above of distributions on C the high-risk scenarios for horizontal

halfplanes, normalized by αt : (u, v) 7→ (x, y) = (tu, t + a(t)v), converge to a random

vector (U, V ) with independent components, V is standard exponential and U lives on

the interval [−1, 1]. Recall from Proposition 4.3.3 that for meta distributions on D these

high-risk scenarios with the same normalization also converge to a random vector with

independent components. The vertical component is again standard exponential; the

horizontal component lives on the two point set {−1, 1}. The associated excess measures

are product measures on the vertical strip [−1, 1]×R. The density along the vertical line

is c0e
−v/c. Now consider the sum of these two light-tailed distributions. We can alter

this sum on a compact set to make it into a probability measure. The excess measure σ̃

associated with the high-risk limit distribution for this new light-tailed distribution has
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the same structure: It is a product measure on the vertical strip [−1, 1]×R, the vertical

component has density ce−v, the horizontal component is a probability measure σ∗ on

[−1, 1] with atoms p− and p+ in the points ±1.

If we look at the heavy-tailed distributions we see that the excess measures ρ for

distributions on D live on the complement of the axes, and for distributions on C live

on the axes. So here the sum has an excess measure which has mass both on the axes,

and on the complement. The restriction of this measure to the set above the horizontal

axis is characterized by the projection on the vertical coordinate with density cλ/rλ+1

and a probability measure ρ∗ on the horizontal line, the spectral measure (see Balkema

and Embrechts (2007), Section 14.8) with the property that ρ∗[c,∞) = ρ(E)/c, where

E = {(u, v) | u ≥ cv, v ≥ 1} is the set above the horizontal line {v = 1} and to the right

of the ray through the point (c, 1). The probability measure ρ∗ has an atom of weight p0

in the origin.

Proposition 4.3.5. The weights p−, p+, p0 above have sum p− + p0 + p+ ≥ 1.

Proof If the horizontal component U on [−1, 1] from the high-risk limit scenario due to

the light-tailed density on C lives on the open interval (−1, 1) then p−+ p0+ p+ = 1, and

pi = ci/c as in Proposition 4.3.3 where now c− = ρ((−∞, 0)×[1,∞)), c0 = ρ({0}×[1,∞)),

c+ = ρ((0,∞)× [1,∞)), and c = c− + c0 + c+ = ρ(R× [1,∞)). ¶
There is a simple relation between high-risk scenarios for horizontal halfspaces for

the heavy-tailed density and the light-tailed meta density on R
2 in terms of the meta

transformation provided the halfspaces have the same probability mass. The inverse K−1

maps such a z-halfspace H into an x-halfspace H ′. In the limit for the excess measures

this yields a coordinatewise mapping from z-space to x-space:

(z1, z2) 7→ (x1, x2) = (sign(z1), log z2). (4.9)

The transformation for the horizontal coordinate is degenerate. Define the curve Γ as the

graph of x 7→ sign(x) augmented with the vertical segment at the discontinuity in zero.

There is a unique probability measure µ on Γ whose horizontal projection is ρ∗ and whose

vertical projection is σ∗. This follows from the inequality in Proposition 4.3.5. The excess
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measures ρ on (0,∞)2 and σ on R
2 are linked by the coordinatewise exponential transfor-

mation in Proposition 4.3.1. The excess measures ρ on R × (0,∞) and σ̃ on [−1, 1] × R

are linked by the coordinatewise map (4.9). The high-risk limit scenarios are limits of

vectors XH′
and ZH where H ′ and H are corresponding horizontal halfspaces (with the

same mass). These vectors are linked by the coordinatewise monotone transformation

K restricted to H ′. In such a situation only a very limited class of transformations is

possible in the limit, apart from affine transformations only power transformations, the

exponential and its inverse the logarithmic, and four degenerate transformations amongst

which the transformation sign and its inverse; see Balkema (1973), Chapter 1 for details.

4.4 Discussion

In situations where chance plays a role the asymptotic description often consists of two

parts, a deterministic term, catching the main effect, and a stochastic term, describing

the random fluctuations around the deterministic part. Thus the average of the first n

observations converges to the expectation; under additional assumptions the difference

between the average and the expectation, blown up by a factor
√
n, is asymptotically

normal. Empirical dfs converge to the true df; the fluctuations are modeled by a time-

changed Brownian bridge. For a positive random variable, the n-point sample clouds Nn

scaled by the 1−1/n quantile converge onto the interval [0, 1] if the tail of the df is rapidly

varying; if the tail is asymptotic to a von Mises function then there is a limiting Poisson

point process with intensity e−s.

Convergence to the first order deterministic term in these situations is a much more

robust affair than convergence of the random fluctuations around this term. So it is

surprising that for meta distributions perturbations of the original distribution which do

not affect the second-order fluctuations of the sample cloud at the vertices may drastically

alter the shape of the limit set, the first order term. This paper tries to cast some light

on the sensitivity of the meta distribution and the limit set E to small perturbations of

the original distribution.

Bivariate asymptotics are well expressed in terms of polar coordinates. Two points far
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off are close together if the angular parts are close and if the quotient of the radial parts

is close to one. This geometry is respected by certain partitions. A partition is regular if

points in the same atom are uniformly close as one moves out to infinity. Call probability

distributions equivalent if they give the same or asymptotically the same weight to the

atoms of a regular partition. Equivalent distributions have the same asymptotic behaviour

with respect to scaling.

This paper compares the asymptotic behaviour of a heavy-tailed bivariate density with

the asymptotic behaviour of the meta density with light-tailed marginals. Small changes

in the heavy-tailed density, changes which have no influence on its asymptotic behaviour,

may lead to significant changes in the asymptotic behaviour of the meta distribution.

We show that regular partitions for the heavy-tailed distribution and for the light-tailed

meta distribution are incommensurate. The atoms at the diagonals in the light-tailed

distribution fill up the quadrants for the heavy-tailed distribution; atoms at the axes in

the heavy-tailed distribution fill up the four segments between the diagonals for the light-

tailed distributions. Section 4.2.2 shows how equivalent distributions in the one world

give rise to different asymptotic behaviour in the other.

In our approach the asymptotic behaviour in both worlds is investigated by rescaling.

In the heavy-tailed world one obtains a limiting Poisson point process whose mean measure

is an excess measure ρ which is finite outside centered disks in the plane; in the light-

tailed world the sample clouds converge onto a star-shaped limit set E. The only relation

between ρ and E is the parameter λ. This parameter describes the rate of decrease of the

heavy-tailed marginal distributions; it also is one of the two parameters which determine

the shape of the limit set E. The measure ρ describes the asymptotics for extreme order

statistics; the set E for the intermediate ones. In Section 4.2.3 it is shown that it is

possible to manipulate the shape of the limit set E without affecting the distribution of

the extremes.

There are two worlds, the heavy-tailed and the light-tailed; in our approach, the bridge

linking these worlds is the meta transformation that maps heavy-tailed distributions into

light-tailed distributions. Coordinatewise multivariate extreme value theory with its con-

cepts of max-stable laws and exponent measures is able to cross the bridge, and to describe
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the asymptotic theory of the two worlds in a unified way. The exponent measures of the

heavy-tailed world are linked to the light-tailed world by a coordinatewise exponential

transformation.

A closer look reveals a different universe. The two worlds exist side by side like the two

sides of a sheet of paper, each having its own picture. On the one side we see a landscape;

on the other the portrait of a youth. Closer inspection shows an avenue leading up to

a mansion in the far distance in the landscape, and a youth looking out from one of

the windows; in the black pupils of his eyes on the reverse side of the paper we see a

reflection of the landscape. In Section 4.3 it is shown that it is possible to disentangle

the heavy- and the light-tailed parts of a distribution by using the marginals to define

biregular partitions.

The heavy-tailed distribution gives information about the coordinatewise extremes.

The light-tailed distribution gives this information and more: a limit shape, and limit

distributions for horizontal and vertical high-risk scenarios. The limit shape is a compact

star-shaped subset of the unit square; the horizontal and vertical high-risk limit scenarios

have independent components (U, V ). In appropriate coordinates, V is standard expo-

nential and U is distributed over the interval [−1, 1].

Biregular partitions make it possible to combine a representative of the heavy-tailed

distribution (with no excess mass on the axes) with a representative of the light-tailed

distribution (with asymptotically independent components) into one probability distribu-

tion. The excess measure of the combined distribution is the sum of the two individual

excess measures; the limit set is the union of the two individual limit sets. The biregular

partition is finer than the regular partition for the light-tailed distribution. It not only

sees the limit set, it is fine enough to discern the high-risk asymptotics in all directions.

While the asymptotics of heavy-tailed multivariate distributions is well understood and

nicely reflected in the asymptotic behaviour of the copula at the vertices of the unit cube,

for light-tailed distributions there are still many open areas. The possible high-risk limit

scenarios for light-tailed distributions have been described; see Balkema and Embrechts

(2007), Section 14. However, their domains of attraction are still unexplored territory.

This chapter shows that the asymptotics of heavy-tailed multivariate distributions do not
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suffice to describe the asymptotic behaviour of the light-tailed meta distributions.

One possible explanation for the loss of information in crossing the bridge between

heavy and light tails is the highly non-linear nature of the meta transformation. Coor-

dinate hyperplanes are preserved, and so are centered coordinate cubes because of the

equal and symmetric marginals. Geometric concepts such as sphere, convex set, halfs-

pace and direction are lost. The meta transformation maps rays in the x-world which do

not lie in one of the diagonal hyperplanes {xi = xj} into curves which are asymptotic

to the halfaxis in the center of the sector bounded by the diagonal planes. Similarly,

the inverse transformation maps rays which do not lie in one of the coordinate planes

into curves converging to the diagonal ray in the center of the orthant bounded by the

coordinate planes. In the bivariate setting there is a clear duality between diagonals and

axes. Heavy-tailed asymptotic dependence reduces to co- or counter-monotonicity in the

light-tailed world; horizontal and vertical high-risk limit scenarios in the light-tailed world

reduce to asymptotic independence in the heavy-tailed world. Biregular partitions allow

us to see the combined effect, by describing the two worlds side by side.

The asymptotics of light-tailed densities with given marginals is not well understood.

We hope to return to this topic later. Similarly it is not clear what role is played by the

remainder set O in our decomposition C ∪D ∪O.
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Chapter 5

Asymptotic independence for

unimodal densities

5.1 Introduction

The purpose of the present chapter is to provide simple sufficient conditions that ensure

asymptotic independence of the components of random vectors whose probability distri-

bution is described by a density. Standard criteria for checking asymptotic independence

are given in terms of distribution functions (dfs). However, these are not always available

in an explicit form in the multivariate case, and they give little insight in what large

samples from a distribution will look like. Often we are given a density in analytic form.

For light-tailed densities, the data clouds give a good geometric image of the asymptotic

shape of the level sets. Hence it is of interest to have conditions for asymptotic indepen-

dence in terms of the shape of the level sets of the underlying density, or in terms of a

limiting shape for data clouds.

For vector valued data it is standard practice to plot the bivariate sample clouds for all

component pairs. In our final result it is the asymptotic behaviour of the shape of these

bivariate sample clouds, as the size of the data set increases, that determines asymptotic

independence of the coordinates for the underlying multivariate distribution.

Unimodal densities whose level sets all have the same shape are called homothetic. The

decay along any ray then is the same up to a scale constant depending on the direction,
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and hence the concept of light and heavy tails is well-defined. This remains true if we only

assume that the level sets have the same shape asymptotically. Our primary focus here

is on light-tailed densities, but for additional insight we also include some results for the

heavy-tailed case. Throughout the chapter, we assume continuity of dfs and of densities.

Intuitively, for bivariate data, asymptotic independence means that large values in

one coordinate are unlikely to be accompanied by large values in the other coordinate.

Situations with a low chance of simultaneous extremes are often encountered in practice,

for example in applications which involve modeling environmental data (e.g. Ledford and

Tawn (1996)) or network traffic data (e.g. Maulik et al. (2002)); see Resnick (2002) for

further references. It is a well-known result, dating back to 1960 (see Sibuya (1960)),

that the components of a vector with a Gaussian density are asymptotically independent

whatever the correlation. Asymptotic independence also holds for light-tailed elliptical

densities (see e.g. Hult and Lindskog (2002)). As a further generalization we shall show

that a vector with a continuously differentiable homothetic light-tailed density whose level

sets are convex has asymptotically independent components.

Theorem 5.1.1. Let D be a bounded open convex set in R
d, containing the origin, with

a C1 boundary (i.e., at each boundary point there is a unique tangent plane). Let cn > 0

decrease to zero such that cn+1/cn → 0 and let rn be positive reals such that rn+1/rn → 1.

If X is a random vector in R
d with a continuous probability density f whose level sets

satisfy

{f > cn} = rnD, n ≥ n0, (5.1)

then the components of X are asymptotically independent.

We shall prove more general results, Theorem 5.4.1 and 5.4.2 below. The generaliza-

tions we introduce are simple, but they result in theorems for which some extra terminol-

ogy has to be developed.

• The condition that the level sets all be of a given shape is replaced by the condition

that the level sets can be scaled to converge to a limit shape D. Theorem 5.1.1

remains valid if we replace (5.1) by the limit relation {f > cn}/rn → D.
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• Asymptotic independence holds if it holds for the bivariate marginals; in this spirit,

our theorem imposes conditions on the projection D12 of the set D on the x1, x2-

coordinate plane.

• Convex level sets are replaced by star-shaped level sets.

• The condition of a smooth (C1) boundary is replaced by a condition which only

affects the maximum: the coordinatewise supremum of the points in D12 should not

be a boundary point of D12. Such a set is called blunt.

• Our final result (Theorem 5.4.6) is on bivariate sample clouds. If these converge

onto a blunt star-shaped set, asymptotic independence holds.

The conditions in Theorem 5.1.1 above on the sequences (cn) and (rn) ensure that the

density has light tails. If cn+1/cn → 1 then the density has heavy tails, and the same

condition on the shape of the level sets implies asymptotic dependence.

The chapter is organized as follows. In Section 2 we discuss the concept of asymp-

totic independence. Section 3 introduces the class H of continuous multivariate homoth-

etic densities with star-shaped level sets. The simple structure of these densities makes

them a good starting point in our investigation of the relation between the shape of

the level sets and asymptotic independence. Here we formulate our main results (The-

orem 5.4.1 and 5.4.2) for light-tailed densities, and a counterpart (Theorem 5.4.7) for

heavy-tailed densities. In Section 4 we introduce sample clouds, and state conditions

for asymptotic independence in terms of their limiting shape (Theorem 5.4.6). Section 5

provides various examples. The appendix clears up a number of minor points in the main

text by providing counterexamples.

5.2 Asymptotic independence

In this section we discuss asymptotic independence for multivariate distributions. We

begin with a heuristic approach in the bivariate setting. This will clarify the significance

of the concept for risk management. We discuss the commonly used criteria for asymptotic
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independence, the relation with multivariate extreme value theory, and describe possible

forms of asymptotic dependence.

5.2.1 Heuristics

In finance one is interested in the future value of stocks, say in one year’s time. Let X

and Y denote the future value of two stocks. Suppose the distribution of the pair (X, Y )

is given by a df F with continuous marginals F1 and F2. One is concerned about the risk

that the stocks have a low value at this future date. Let xp denote the p-quantile of the

first stock, X, and yp the p-quantile of the second. The probability that the values of both

stocks lie below the p-quantile for some given small value of p ∈ (0, 1) is F (xp, yp). A risk

averse investor would like this probability (of simultaneous loss) to be small compared

to the probability p of a loss in either of the stocks. Future extreme low values of the

two stocks are said to be asymptotically independent if F (xp, yp) = o(p) for p → 0.

Asymptotic dependence will increase risk for a portfolio containing these two stocks.

A different example of risk is presented by the yearly maxima for high water levels at

particular points on the coast of say IJmuiden in Holland, Harwich in Great Britain and

New Orleans in the U.S.. Consider a data set of 200 observations stretching back to the

beginning of the nineteenth century. We assume that the data have been standardized to

offset tidal effects. Now for each of these locations pick the five largest values. This yields

three subsets of five elements in the set of 200 years. One would suppose that there is

considerable overlap between the five years selected for IJmuiden and for Harwich, since

in both cases the cause is the same, a North Western storm in the North Atlantic forcing

water into the funnel formed by the West coast of Holland and Belgium and the South

coast of Great Britain, and opening into the Southern Atlantic via the Channel. High

water levels in New Orleans have a different cause. So sea levels in New Orleans and in

IJmuiden should be asymptotically independent, and one would expect the corresponding

five point subsets to be disjoint with high probability. In general, given a positive integer

k and a sequence of independent observations Z1,Z2, . . . from a bivariate df F , one could

look in the sample cloud of the first n points Zi = (Xi, Yi) at the k largest observations

for the coordinate Xi and for the coordinate Yi. This yields two subsets of the index set
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{1, . . . , n}. Let pn(k) denote the probability that the two subsets have a point in common.

In the case of asymptotic independence one would expect that for fixed k, pn(k) → 0 as

n→ ∞. This is indeed the case, as shown in Gnedin (1993), Proposition 2.

A related way to understand extremal dependence is by looking at the probability of

a record, pn(1), the probability that the coordinatewise maximum of a sample of n points

is given by one of the sample points. It is shown in Gnedin (1994) , Theorem 2 that this

probability vanishes as n → ∞ exactly when the underlying vector has asymptotically

independent components. For the sake of completeness we give an alternative proof of

this basic result in Lemma 5.4.5.

5.2.2 Sibuya’s condition

In his seminal paper Sibuya (1960) on multivariate extremes, Sibuya shows that the

components of bivariate vectors with normal densities, whatever their correlation, are

asymptotically independent. For a vector Z = (X, Y ) with df F and continuous marginals

F1 and F2 he introduces a function P by

P (F1(x), F2(y)) = P{X > x, Y > y} = 1 + F (x, y)− F1(x)− F2(y). (5.2)

The function P is well-defined and continuous on the unit square. We can now give

Sibuya’s condition for asymptotic independence (see Theorem 2 in Sibuya (1960)).

Definition 5.2.1. Let Z = (X, Y ) have df F with continuous marginals. The components

X and Y are asymptotically independent if the function P introduced above satisfies

P (1− s, 1− s) = o(s) s→ 0, s > 0. (5.3)

By abuse of language we also say that the vector Z or the df F is asymptotically inde-

pendent. ♦

Independence of a bivariate vector is not affected by the marginal distributions, and

similarly for asymptotic independence. Both are preserved under coordinatewise increas-

ing transformations. Since we assume that the marginals F1 and F2 are continuous, there is
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a unique function C on the unit square such that F (x, y) = C(F1(x), F2(y)). The function

C is known as the copula of the df F . It is a df on the unit square with uniform marginals.

Sibuya’s condition is a condition on the copula C since P (u, v) = 1 + C(u, v)− u− v for

u, v ∈ [0, 1]. If the condition holds for a vector (X, Y ) with a continuous df F , it auto-

matically holds for any vector whose df is continuous and has the same copula as F .

In this chapter we consider asymptotic independence for maxima. For minima one

would define asymptotic independence similarly, in terms of the copula, by: C(s, s) = o(s)

for s ↓ 0.

Proposition 5.2.1. Suppose there exist a, b > 0 such that

P (1− as, 1− bs)/s→ 0 s ↓ 0. (5.4)

Then asymptotic independence holds, and the relation (5.4) is valid for all a, b > 0.

Proof Wemay assume a ≤ b by symmetry and a = 1 replacing s by as in the denominator.

By monotonicity Sibuya’s condition holds. A similar argument gives (5.4) for any positive

a, b. ¶
For a vector (X, Y ) with marginal dfs F1 and F2, Sibuya’s condition may be formulated

in terms of conditional quantile exceedances as

λU(X, Y ) := lim
q↑1

P{X > F←1 (q) | Y > F←2 (q)} = 0, (5.5)

where F←(q) := inf{x ∈ R | F (x) ≥ q} for q ∈ (0, 1) denotes the (minimal) q-quantile

of F . The limit λU ∈ [0, 1], if it exists, is known as the upper tail dependence coefficient.

So X and Y are asymptotically independent if and only if their upper tail dependence

coefficient is zero.

Sibuya’s condition is simple, but the formulation in terms of survival probabilities is

inconvenient. The quantiles in (5.5) may be hard to determine since this amounts to

computing the inverse of the dfs. There is a simple criterium in terms of sums:

Proposition 5.2.2. Let (X1, X2) have a df with continuous marginals F1 and F2, and

let 1 − Fi(tin) = 1/n. If sn := nP{X1 + X2 > t1n + t2n} → 0 then X1 and X2 are
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asymptotically independent.

Proof Sibuya’s function P satisfies nP (1 − 1/n, 1 − 1/n) = nP{X1 > t1n, X2 > t2n} ≤
sn → 0. This gives Sibuya’s condition (5.3). ¶

Below we give criteria in terms of continuous curves x(t) = (x1(t), x2(t)), t ≥ 0, for

which F1(x1(t)) and F2(x2(t)) tend to one as t→ ∞.

Proposition 5.2.3. Let (X1, X2) have df F with continuous marginals F1 and F2. The

components X1 and X2 are asymptotically independent if and only if for any ǫ > 0 there

exists a continuous curve x(t), t ≥ 0, such that pi(t) = P{Xi > xi(t)} is positive and

vanishes for t→ ∞ for i = 1, 2, and such that

P{X1 > x1(t), X2 > x2(t)}/pi(t) < ǫ, t > t0, i = 1, 2. (5.6)

Proof Assume asymptotic independence. One may choose x1(t) and x2(t) continuous and

increasing such that p1(t) = p2(t) for all t. Then (5.3) gives (5.6). Now assume (5.6). Let

u ∈ (0, p0] where p0 = min{p1(t0), p2(t0)}. By symmetry we may assume p1(t) = u ≤ p2(t).

Then

P (1− u, 1− u) ≤ P{X1 > x1(t), X2 > x2(t)} ≤ ǫp1(t) = ǫu.

This holds for all u ∈ (0, p0]. So Sibuya’s condition is satisfied. ¶
Asymptotic independence is preserved under quite severe deformations of the distribu-

tion.

Corollary 5.2.4. Let C be a convex open cone in R
d and let f and g be probability

densities which are positive on C, vanish off C and for which the quotients f/g and g/f

are bounded on C. Let Z = (Z1, . . . , Zd) have density f and let X = (X1, . . . , Xd) have

density g. If Z1 and Z2 are asymptotically independent, then so are X1 and X2.

Proof The inequality f ≤ Mg implies by integration that the same inequalities hold for

the univariate and bivariate marginal densities and tail functions. So P{X1 > x1(t), X2 >

x2(t)} ≤MP{Z1 > x1(t), Z2 > x2(t)}. Similarly the inequality g ≤Mf gives an inequal-

ity with the constant M for the tail probabilities: P{Zi > xi(t)} ≤ MP{Xi > xi(t)} for
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i = 1, 2. Now use (5.6) for (Z1, Z2) to establish the same relation for (X1, X2). The extra

factor M2 has no effect in the limit. ¶
The concept of asymptotic independence has been refined by looking at the rate at

which P (1 − s, 1 − s) vanishes for s → 0, or more generally by looking at the behaviour

of the survival function P (1 − u, 1 − v) for u, v → 0. See Resnick (2002) or Ramos and

Ledford (2009). This second-order theory is called hidden regular variation. We shall

not treat this subject in the thesis. Since our interest is in multivariate densities rather

than dfs, we give conditions on the density which ensure asymptotic independence of the

components. So the assumption of continuous dfs is not restrictive. We shall also assume

that the densities are continuous on a convex cone and vanish outside this cone. In our

context, this cone will typically be either the whole space Rd or the open positive orthant

(0,∞)d.

5.2.3 Asymptotic independence and multivariate extreme value

theory

Asymptotic independence has to do with extremes, more precisely with bivariate maxima.

Knowledge of multivariate extreme value theory is not indispensable for understanding

asymptotic independence, but it will help to better understand asymptotic dependence.

For multivariate extreme value theory we have to assume that each of the marginals of

the multivariate df F lies in the domain of attraction of a univariate extreme value limit

law (see e.g. Section 0.3 in Resnick (1987) for a definition). As above let Z1,Z2, . . . with

Zn = (Xn, Yn) be independent observations from the bivariate df F , and write Z∨n for

the nth coordinatewise partial maximum. For simplicity assume the marginals are equal

with the standard Fréchet df Fi(t) = H(t) = e−1/t on (0,∞). The normalized marginal

maxima Un = X∨n/n and Vn = Y ∨n/n again have the Fréchet dfH by the scaling property

Hn(nt) = H(t). The scaled bivariate maximum Wn = Z∨n/n has df Gn(w) = F n(nw).

Suppose Gn converges weakly to a limit distribution G, known as a multivariate extreme

value distribution or a max-stable distribution. The limit vector W = (U, V ) lives on

(0,∞)2, and the components U and V have a Fréchet law. Asymptotic independence for
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the df F is equivalent to independence of the components of the limit vector (see e.g.

Proposition 5.27 in Resnick (1987) or Theorem 6.2.3 in Haan and Ferreira (2006)).

The convergence F n(nw) → G(w) becomes easier to handle if one takes logarithms.

Write G(w) = e−R(w). Since − logF (nw) is asymptotic to 1− F (nw) for w > 0 we may

write the limit relation as

n(1− F (nw)) → R(w), w ∈ X = [0,∞)2 \ {(0, 0)}. (5.7)

The left hand side Rn(w) = n(1 − F (nw)) is a df of the measure ρn = nπn, where πn is

the probability distribution of the vector Z/n. So ρn is the mean measure of the sample

cloud Nn = {Z1/n, . . . ,Zn/n} and Rn(w) = ρn([0,w]c). Pointwise convergence Gn → G

on [0,∞)2 implies pointwise convergence Rn → R on X and vague convergence ρn → ρ.

One can prove weak convergence ρn → ρ on X \ [0,w] for any w ∈ (0,∞)2. It follows

that the scaled sample clouds Nn converge in distribution to a Poisson point process N

on X weakly on the complement of centered disks. The Poisson point process N is of

interest since it gives an asymptotic description of the large vectors in the sample cloud.

Moreover, the coordinatewise maximum Wn of the scaled sample cloud Nn converges in

distribution to the coordinatewise maximum W of N as the sample size goes to infinity.

Sibuya’s condition holds precisely if R(u, v) = 1/u+1/v. (Indeed n(1−Fi(nt)) → 1/t

for i = 1, 2, and the survival function F (x, y) = P{X > x, Y > y} = P (F1(x), F2(y))

satisfies nF (nw) → 0 by Sibuya’s condition and Proposition 5.2.1.) In this case the

measure ρ has density zero on the open quadrant (0,∞)2 by differentiation (see also

Proposition 5.24 in Resnick (1987)). So ρ is the sum of two measures, one on the positive

horizontal and one the positive vertical axis, both with density 1/t2. The point process

N thus is the superposition of two Poisson point processes on these halfaxes, and the

two point processes are independent since the halfaxes are disjoint. This yields a simple

description of the behaviour of large sample clouds: Asymptotically there is no relation

between very large observations in the horizontal direction, and very large observations

in the vertical direction.

So far we have looked at asymptotic independence for bivariate distributions. Unlike
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independence, for a multivariate df asymptotic independence holds if it holds for the

bivariate marginals; see e.g. Remark 6.2.5 in Haan and Ferreira (2006). Here is the

argument. For simplicity assume F has standard Fréchet marginals, and the multivariate

maxima converge in distribution. The scaled sample clouds Nn = {Z1/n, . . . ,Zn/n} then

converge in distribution to a Poisson point process N on X = [0,∞)d \ {0} with mean

measure ρ weakly on the complement of any centered ball. If Sibuya’s condition holds

for the bivariate marginals, then the projection ρij of ρ on the xi, xj-plane will live on

the two positive halfaxes in this plane. It follows that ρ lives on the set of points in

[0,∞)d \ {0} which have at most one positive coordinate, the union of the d positive

halfaxes. The restrictions of N to these halfaxes are independent (since the d positive

halfaxes are disjoint). Hence the multivariate extreme value limit vector has independent

components.

5.2.4 Asymptotic dependence

Asymptotic dependence is an ambiguous term. Logically it means the absence of asymp-

totic independence. We shall usually interpret it in a more constructive manner to mean

the existence of a max-stable limit law G = e−R. This in turn implies convergence in

distribution of the normalized sample clouds to a Poisson point process N , whose mean

measure ρ has df R = − logG, as sketched above. The tail dependence coefficient λU

in (5.5) gives only a very restricted view of extremal dependence. As pointed out in

Section 8.2 in Mikosch (2006), a positive coefficient does not imply that the underlying

distribution belongs to the maximum domain of attraction of some extreme value limit

law. The exponent measure ρ provides a much more informative description of asymp-

totic dependence. Points of N which do not lie on one of the axes denote a simultaneous

occurrence of very large values in two or more coordinates in the corresponding points

of the normalized sample. Thus the point process N (or equivalently ρ) gives a com-

plete description of how the extreme upper order statistics in the different coordinates are

linked.
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5.3 Densities whose level sets are asymptotically

star-shaped

Two aspects of densities play an important role in our analysis: the shape of the level

sets and the tail behaviour. In Section 2.2.1 we considered densities which are completely

specified by just these two quantities - a shape for the level sets, and a decreasing function

governing the rate of decay of the tails. These densities form the class H(D) where the

set D determines the shape of the level sets. In many cases of practical interest the shape

D is a bounded open convex set, containing the origin. The density then is continuous if

and only if the decreasing function is. We now relax the condition that all level sets have

the same shape D ∈ Dd to the condition that the level sets, properly scaled, converge to

a set D ∈ Dd. We restrict attention to the light-tailed setting.

Definition 5.3.1. Let D ∈ Dd. A positive probability density f on R
d belongs to the set

A(D) if there exist sequences cn > 0 and rn → ∞ with cn+1/cn → 0 and rn+1 ∼ rn such

that for any ǫ > 0 eventually

e−ǫrnD ⊂ {f > cn} ⊂ eǫrnD, n ≥ n0. (5.8)

We write {f > cn}/rn → D. A continuous positive function f̃ is shape-equivalent to f if

its level sets satisfy (5.8). ♦

The sequences rn and cn determine a set of continuous decreasing functions η which

satisfy η(cn) ∼ rn. All these functions η(c) vary slowly for c → 0+ by the assumption

that cn+1/cn → 0 and rn+1/rn → 1. It is this set of slowly varying functions rather than

the particular sequences cn and rn which is of interest.

Proposition 5.3.1. If the slowly varying function η above is strictly decreasing, defined

on (0, cη] for some cη > 0, and vanishes at cη, then the inverse function g∗ = η← is a

continuous positive strictly decreasing function on [0,∞) which varies rapidly at ∞, and

g = g∗(nD) is shape-equivalent to f , and for all ǫ > 0

e−ǫ{g > c} ⊂ {f > c} ⊂ eǫ{g > c}, 0 < c < cǫ. (5.9)
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Proof Rapid variation of the inverse function g∗ follows from Theorem 2.4.7(i) in Bing-

ham et al. (1987). Shape-equivalence holds since {g > c} = η(c)D and η(cn) ∼ rn by

assumption. ¶
Since rn → ∞ one may take a strictly increasing subsequence such that the asymptotic

equality rn+1 ∼ rn remains valid. Take c0 > c1. Any continuous strictly decreasing

function η on (0, c0] which vanishes at c0 and has the value rn at cn satisfies the conditions

of the proposition above. So there are many continuous strictly decreasing functions g∗

on [0,∞) which vary rapidly in ∞ such that g∗(nD) is shape-equivalent to f .

For functions in A(D) the inequalities in Proposition 2.2.1 also hold. Moreover, they

have the nice property that the d marginals gi of g ∈ A(D) will lie in A(Di), where Di is

the projection of D on the ith coordinate.

Lemma 5.3.2. Let g ∈ A(D). Let ρr for r ≥ 1 denote the measure with density u 7→
g(ru)/g(rq) for a fixed non-zero vector q. Then for any open set U which intersects D

ρr(D
c) << ρr(U). (5.10)

Proof Let f = f∗(nD) be shape-equivalent to g and define µr to have density fr(u) =

f(ru)/f∗(r). It suffices to prove (5.10) for measures ρr with density gr(u) = g(ru)/f∗(r).

Let V be a non-empty open subset of U which lies in the complement of δ0D for some δ0 >

0, and whose closure lies in D. For r > r0/δ we may apply the pointwise inequality (5.12)

below and conclude that ρr(U) ≥ e−ǫdµr(e
ǫV ), where we choose ǫ > 0 so small that

e3ǫV ⊂ D. Then, using (2.5), µr(e
−ǫDc) << µr(e

ǫV ) and another application of the

pointwise inequality gives (5.10). ¶

Proposition 5.3.3. Suppose X has density f ∈ A(D). Let Y = ξ(X) be a non-zero

linear combination of the components of X. Then Y has a density g ∈ A(J) where J is

the open interval ξ(D).

Proof We may assume that ξ is the vertical coordinate. The condition f(eǫx) < f(x)/M

for ‖x‖ ≥ r0 implies by integration over horizontal hyperplanes g(eǫy) < e(d−1)ǫg(y)/M for

|y| ≥ r0. This gives rapid variation. The thin tails of f ensure that g is continuous. Let

ξ(D) = (a, b). We claim that the average of g over r(a, a+ ǫa) and over r(b− ǫb, b), say a1
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and b1, is much larger than over both r(a−ǫa, a) and r(b, b+ǫb), say a2 and b2, as r → ∞.

It suffices to show that P{ra < Y < ra+ ǫra} and P{rb− rǫb < Y < rb} are much larger

than P{X ∈ rDc}. This follows from (5.10) since the horizontal slice {ra < xd < ra+ǫra}
contains the open set U = rD ∩ {xd < ra + ǫra}, and P{X ∈ U} is much larger than

P{X ∈ rDc}. A similar argument holds for the strip {rb − ǫrb < xd < rb}. Let c lie

between a1 ∧ a2 and b1 ∨ b2. Then g > c on [ra − 2ǫra, rb + 2ǫrb] and g < c holds off

[ra − 2ǫra, rb + 2ǫrb]. Hence e−3ǫrJ ⊂ {g > c} ⊂ e3ǫrJ holds for small ǫ for sufficiently

large r. ¶
It is not known whether a similar result holds for the bivariate marginals of f .

One can also define shape-equivalence for functions with heavy tails. In that case

shape-equivalence is the same as asymptotic equality at infinity.

Proposition 5.3.4. Suppose f ∈ H(D) and the generator f∗ varies regularly or satisfies

O-variation

rn+1 ∼ rn → ∞ ⇒ f∗(rn+1) ∼ f∗(rn). (5.11)

Then g is shape-equivalent to f if and only if g ∼ f .

Proof Condition (5.11) implies that for every ǫ > 0 there exists δ > 0 such that f∗(e
ǫr) >

e−δf∗(r) for all r > 1. Suppose g is shape-equivalent to f . Let nD(xn) → ∞. Suppose

g(xn) = f∗(rn). Then for any ǫ > 0 the point xn eventually lies in the ring eδrnD\e−δrnD
on which f fluctuates by a factor at most eǫ. To show the converse, suppose g ∼ f . Let

g(xn) ∼ f(xn) = f∗(rn) ∼ f∗(rn+1) for rn+1 ∼ rn → ∞. Then for any ǫ, ǫ1 > 0 eventually

(1− ǫ1)f∗(e
ǫrn) ≤ (1− ǫ1)f∗(rn+1) ≤ g(xn) ≤ (1 + ǫ1)f∗(rn+1) ≤ (1 + ǫ1)f∗(e

−ǫrn),

and since ǫ1 is arbitrary, we have f(eǫxn) ≤ g(xn) ≤ f(e−ǫxn) for n ≥ n0 as required for

shape-equivalence by (5.8). ¶
For light tails the behaviour of the quotient of two shape-equivalent functions may

be very erratic. Example 5.3.1 lists some functions which are shape-equivalent to the

bivariate Gaussian density.
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Example 5.3.1. Here are some examples of functions h = qg which are shape-equivalent

to the standard normal density g on the plane. In view of Lemma 5.3.6, we see that qg is

shape-equivalent to g for a continuous function q = eψ precisely if |ψ(x)| ≤ χ(‖x‖) for a
function χ(r) << r2. One may take q to be one of the following functions: 1+|x|, (1+r2)m

with m ≥ 1, er, ex−|y|
3/2

, where r2 = x2 + y2. These functions may be multiplied with a

function like exp(sin πex
2
sin πey

6
) which fluctuates rapidly but is weakly asymptotic to

a constant. The level sets {h > c} then will look locally like a shore with many small

islands, and lakes, even though the sets are asymptotic to disks {x2 + y2 < r2} with

r =
√

2 log(1/c). See Figure 5.1 for illustration. ♦

The level set inequalities in (5.9) imply the pointwise inequalities:

f(eǫx) ≤ g(x) ≤ f(e−ǫx), x ∈ rǫD
c. (5.12)

This shows that a function g = qf is shape-equivalent to f = f∗(nD) for q = eψ and

f∗ = e−ϕ if for every ǫ > 0

ϕ(r)− ϕ(eǫr) ≤ ψ(x) ≤ ϕ(r)− ϕ(e−ǫr), x ∈ ∂(rD), r ≥ rǫ. (5.13)

Rapid variation implies that the left side goes to −∞ and the right to ∞. Hence we find:

Proposition 5.3.5. If q is positive and log q is bounded then g ∈ A(D) is shape-equivalent

to g̃ = qg.

For Weibull-like functions of the form f = f∗(nD) where f∗ = e−ϕ for a continuous

strictly increasing function ϕ which varies regularly with positive exponent there is a

simple alternative description of shape-equivalence.

Lemma 5.3.6. Suppose f∗ = e−ϕ where ϕ is continuous, strictly increasing and varies

regularly in ∞ with exponent θ > 0. Then f∗ varies rapidly in ∞ and g = e−γ ∈ A(D) is

shape-equivalent to f∗(nD) if and only if γ(xn) ∼ ϕ(nD(xn)) holds whenever ‖xn‖ → ∞.

Proof Regular variation of ϕ gives ϕ(eǫr) − ϕ(r) ∼ (eθǫ − 1)ϕ(r) and ϕ(r) − ϕ(e−ǫr) ∼
(1− e−θǫ)ϕ(r) for r → ∞. The claim then follows from (5.13) with γ = ϕ− ψ. ¶
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(a) q = 1 + |x| (b) q = exp(x− |y|3/2)

(c) q = exp{sin(πex
2

) sin(πey
2

)}

Figure 5.1: Level sets of bivariate functions of the form qg, shape equivalent to g, where
g is the standard normal density; see Example 5.3.1.
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Proposition 5.3.7. Suppose g = e−γ is a continuous positive density on R
d. Let there

exist a function ν on R
d which is positive outside a bounded set, and a non-zero vector q

such that

γ(tnun)/γ(tnq) → ν(u) tn → ∞, un → u, u ∈ R
d. (5.14)

Then there exists a set D ∈ Dd containing the origin, a positive constant θ such that

ν = nθD, and a continuous strictly increasing function ϕ on [0,∞) which varies regularly

with exponent θ in ∞ such that γ is asymptotic to ϕ(nD) in ∞, and g is shape-equivalent

to f∗(nD) where f∗ = e−ϕ.

Proof Set a(t) = γ(tq). Then a varies regularly in ∞ with exponent θ ≥ 0. For any unit

vector ω the function t 7→ γ(tω) varies regularly in ∞ since γ(tωn)/a(t) has a positive

limit ν(ω) for ωn → ω and t → ∞. Uniform convergence on compact sets implies that ν

is continuous on the unit sphere, and a(st)/a(t) → sθ implies γ(stω)/a(t) → ν(ω)sθ. This

proves that ν(rω) = rθν(ω), and γ(rω) ∼ a(r)ν(ω) ≍ a(r) for ‖rω‖ → ∞ since (5.14)

implies uniform convergence on compact sets, and ν is continuous and hence bounded on

compact sets. Hence a(r) → ∞ and (5.14) with un = 0 gives ν(0) = 0 and continuity

of ν implies θ > 0. Set D = {ν < 1}. Then ν = nθD. Let p ∈ ∂D. Then t 7→ γ(tp)

varies regularly with exponent θ, and we may choose ϕ positive, continuous and strictly

increasing and asymptotic to this function for t → ∞. Then γ(rω) ∼ a(r)ν(ω) gives

γ(w) ∼ ϕ(nD(w)) for ‖w‖ → ∞. Lemma 5.3.6 then shows that g is shape-equivalent to

e−ϕ(nD) and since e−ϕ varies rapidly if ϕ varies regularly with exponent θ > 0 it follows

that g ∈ A(D). ¶

Remark 5.3.1. Condition (5.14) is related to multivariate regular variation; see e.g.

Section 5.4.2 in Resnick (1987).

5.4 Criteria for asymptotic independence

The aim of this section is to give a number of sufficient conditions for asymptotic inde-

pendence expressed in terms of densities and in terms of the asymptotic shape of scaled
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sample clouds.

5.4.1 Densities and level sets

A random vector X with a spherically symmetric density f(x) = f∗(‖x‖2) will have

asymptotically independent components if the generator f∗ varies rapidly, and it will

have asymptotically dependent components if f∗ varies regularly (see e.g. Theorem 4.3 in

Hult and Lindskog (2002), or Proposition 3.2 in Hashorva (2005)). These results remain

valid for f ∈ A(B) where B denotes the open unit ball. We will show below that one

may replace B by certain bounded open star-shaped sets D.

With any bounded open set D one may associate the open intervals Di = (ai, bi),

i = 1, . . . , d, obtained by projecting D onto the ith coordinate. Then (a,b) is the smallest

open box containing D, and b = (b1, . . . , bd) = supD is the coordinatewise supremum of

all points in D (and a = (a1, . . . , ad) = infD).

Asymptotic independence depends on the bivariate marginal distributions. Hence we

introduce the projections of D on the (xi, xj) coordinates. For 1 ≤ i < j ≤ d we denote

by Dij ⊂ R
2 the projection of D onto the two-dimensional space spanned by the unit base

vectors ei and ej. The sets Dij lie in D2 by Proposition 2.2.3, and Dij fits exactly into

the rectangle (ai, bi) × (aj, bj). The cone generated by Dij is the projection of the cone

D∞ generated by D.

Definition 5.4.1. The set D ∈ D2 is blunt if the point (b1, b2) = supD does not lie in

the closure of D. ♦

A bounded open convex set D in R
d is smooth in the boundary point p if there is a

unique hyperplane which contains p but which does not intersect D, the tangent plane

to D at p. For a planar set D this means that p is not a vertex. If the convex hull of D

is smooth in all points then all bivariate projections Dij are blunt.

We can now state our main results for asymptotic independence in terms of densities.

Theorem 5.4.1. If X has a light-tailed homothetic density f ∈ H(D), and D is convex

with a smooth boundary, then for any two distinct unit vectors a and b the random
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variables aTX and bTX are asymptotically independent. The result remains valid if the

density of X is in A(D).

Proof First assume a and b are linearly independent. Introduce new coordinates such

that a and b become the first two base vectors e1 and e2. It suffices to check that the

assumption holds for vertical tangent planes, hyperplanes which project onto a line in

the two-dimensional x1, x2-plane. The characterization of D is geometrical and so it is

preserved under linear transformations. The projection D12 in the new coordinates is

also convex and smooth. Hence D12 is blunt, and we may apply Theorem 5.4.2 below. If

b = −a the bivariate distribution lies on the counterdiagonal, y = −x, and asymptotic

independence is trivial by applying Proposition 5.2.3 with x(t) = (t, t) for t ≥ 0. ¶

Theorem 5.4.2. Suppose X has density g ∈ A(D). If the bivariate projection D12 is

blunt then X1 and X2 are asymptotically independent.

Proof There is a simple analytic argument. Let supD12 = (b1, b2). The sum Y = X1+X2

has density g ∈ A(J) by Proposition 5.3.3 where J has upper endpoint b = sup{x + y |
(x, y) ∈ D12} and b < b1 + b2 by bluntness. Now use Sibuya’s condition for sums in

Proposition 5.2.2. We give a more probabilistic proof in Section 5.4.2. ¶

5.4.2 Sample clouds

In this section we state conditions for asymptotic independence in terms of the limiting

shape of the sample clouds, suitably scaled, as the sample size tends to infinity. For light-

tailed densities the sample clouds tend to have a clearly defined shape and can be scaled

to converge onto a bounded star-shaped set. The motivation for looking at sample clouds

is threefold. First of all, there is a relation between the asymptotic shape of the level sets

of the underlying light-tailed density and the limit set onto which corresponding scaled

sample clouds converge; see Proposition 5.4.3 below. Secondly, the point process approach

will yield an intuitive proof of our main results. Finally, for sample clouds projection onto

lower dimensional coordinate planes is simple: just delete the redundant coordinates in

each sample point.
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As before we consider a sequence of i.i.d. random vectors {X1,X2, . . .} from a contin-

uous distribution on R
d with density f . Let Nn = {X1/sn, . . . ,Xn/sn} denote a scaled

n-point sample cloud with the scaling constant sn > 0, sn → ∞ for n → ∞. Under a

suitable choice of sn, the scaled observations Xi/sn from a density f ∈ A(D) with high

probability will fill out the closure of the shape set D in the sense of Definition 2.3.1.

Hence the shape set D is also the limit set for the sample clouds Nn.

Proposition 5.4.3. Let X1,X2, . . . denote i.i.d. random vectors from a density g ∈
A(D). Then the sequence of scaled sample clouds Nn = {X1/sn, . . . ,Xn/sn} converges

onto the closure of the set D as n→ ∞ if the scaling constants sn are chosen appropriately.

Proof The density g is shape-equivalent to f = f∗(nD); see Proposition 5.3.1. The

function fr(u) = f(ru)/f∗(r) also lies in H(D), and by rapid variation and monotonicity

of f∗ for any M > 1 and ǫ > 0 eventually fr > M on e−ǫD and fr < 1/M off eǫD. By the

pointwise inequality (5.12) the functions gr(u) = g(ru)/f∗(r) satisfy the same inequalities

eventually if we replace ǫ by 2ǫ. The measure ρr with density gr satisfies ρr(D
c) << ρr(U),

r → ∞, for any open set U which intersects D by Lemma 5.3.2. Choose sn such that

nsdnf∗(sn) = 1 for n ≥ n0. Then ρsn is the mean measure of the sample cloud Nn, and by

Proposition 2.3.1 the sample clouds Nn converge onto D since their mean measures do:

the intensities of Nn satisfy

hn(u) = nsdng(snu) =
g(snu)

f∗(sn)
→











∞, u ∈ D,

0, u ∈ (clD)c
n→ ∞.

¶
The next theorem gives a sufficient condition for asymptotic independence of a dis-

tribution in terms of the limit set of the associated sample clouds. We first prove two

lemmas.

Lemma 5.4.4. Let Wn = (Un, Vn) be the componentwise maximum of the sample Nn =

{Zn1, . . . ,Znn} from the distribution πn on R
2. Suppose nπn{(0,∞)2} → 0, nπn{u >

0} → ∞, and nπn{v > 0} → ∞. Then the probability pn = P{Wn ∈ Nn} that the

coordinatewise maximum is a sample point vanishes for n→ ∞.
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Proof Since Wn lies in the positive quadrant or Un ≤ 0 or Vn ≤ 0, one finds

P{Wn ∈ Nn} ≤ P{Nn((0,∞)2) > 0}+ P{Nn({u > 0}) = 0}+ P{Nn({v > 0}) = 0}.

These binomial probabilities all three vanish for n→ ∞. ¶

Lemma 5.4.5. Let X1,X2, . . . be independent observations from a continuous df F on

R
2. The probability of a record amongst the first n observations goes to zero if and only

if F is asymptotically independent.

Proof We may assume that F is a copula. Set cn = nP (1 − 1/n, 1 − 1/n). Then

the Poisson approximation gives a probability pn = cne
−cne−(1−cn)e−(1−cn) = cne

cn−2 to

the event: among the first n observations there is exactly one in the complement of

[0, 1 − 1/n]2, and that observation lies in the square (1 − 1/n, 1]2. In case of asymptotic

dependence ckn → c > 0 for some subsequence, and hence the probability of a record in

a sample of size kn will exceed cec−2/2 eventually. Conversely, asymptotic independence

implies nP (1 − M/n, 1 − M/n) → 0 for any M > 1, whereas the marginals satisfy

nP (0, 1−M/n) =M . As in Lemma 5.4.4 the probability of a record vanishes. ¶

Theorem 5.4.6. Let X1,X2, . . . be independent observations from a continuous df F

on R
2. Let D be an open bounded star-shaped set which belongs to D2. Suppose there

exist scaling constants sn such that the scaled sample clouds Nn = {X1/sn, . . .Xn/sn}
converge onto the closure of D. If D is blunt then the two coordinates of the vector X1

are asymptotically independent.

Proof Let b = (b1, b2) denote the coordinatewise supremum of D. Since D is blunt there

exists a δ > 0 such that the shifted quadrant (e−δb,∞) and the set eδD are disjoint (see

Figure 5.2a). Let nπn be the mean measure of Nn. Then nπn(e
−δb,∞) ≤ nπn(e

δD)c → 0

and both nπn(D∩{v > e−δb1}) and nπn(D∩{u > e−δb2}) go to infinity by Definition 2.3.1.

The lemma above applied to the shifted clouds shows that the probability pn of a record in

the sample cloudNn vanishes for n→ ∞. This gives asymptotic independence, see Gnedin

(1994) or Proposition 5.4.5. ¶
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Figure 5.2: Points at the edge of simulated sample clouds of size n = 105 from (a) a
bivariate normal distribution with mean zero and correlation ρ = 0.1 and (b) a bivariate
meta-Cauchy distribution with standard normal marginals, in both cases restricted to
(0,∞)2. Sample points are scaled by factor sn =

√
2 log n. The filled circles indicate the

coordinatewise maxima for these samples. The boundaries of the corresponding limit sets
E = {x2 − 2ρxy + y2 ≤ 1− ρ2} for (a) and E = {|x|2 + |y|2 + 1 ≥ 3‖(x, y)‖2∞} for (b) are
depicted by solid curves. The sample points inside the dashed curves are not displayed.

5.4.3 Criteria for asymptotic dependence

We now give the counterpart to Theorem 5.4.2 for heavy-tailed densities. We are interested

in the case where the partial maxima go to infinity in all coordinates. If the shape D

lies in the negative orthant then the coordinatewise maxima converge to 0, if it lies in a

negative coordinate halfspace {xi < 0} all partial maxima will lie in this halfspace too.

We exclude these cases in the theorem below.

Theorem 5.4.7. Suppose X has density f ∼ f∗(nD) with D ∈ Dd and f∗ a continuous

strictly decreasing positive function on [0,∞) which varies regularly in ∞ with exponent

−(λ+ d) for some λ > 0. Assume for each coordinate i ∈ {1, . . . , d} the set D contains a

point whose ith component is positive. The components of X are asymptotically dependent

unless D is contained in the set S of points with at most one positive coordinate, a union

of d + 1 orthants. The partial maxima X∨n may be scaled to converge in law to a vector

W whose components have df P{Wi ≤ t} = e−(ai/t)
λ
for positive constants a1, . . . , ad. The
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exponent measure ρ+ of W is the image under the map x 7→ x+ = (x1 ∨ 0, . . . , xd ∨ 0) of

the excess measure ρ with intensity c/nλ+dD . One may take c = 1 by a suitable choice of

the scaling constants for the maxima.

Proof Choose a point w0 in the cone D∞ on the boundary of D, and for r ≥ 1 set

hr(w) = f(rw)/f(rw0) = f∗(rnD(w))/f∗(r). By regular variation for w ∈ D∞, w 6= 0:

hrn(wn) → h(w) = nD(w)−(λ+d) wn → w, rn → ∞.

Convergence hr → h holds uniformly on the intersection of the cone D∞ with any ring

rB \ ǫB, where B denotes the open unit ball. (The function 1/nD is bounded on such

sets.) By Potter’s theorem (Theorem 1.5.6 in Bingham et al. (1987)) for any ǫ > 0 there

exists rǫ such that

f∗(rs)/f∗(r) ≤ 2sǫ/sλ+d, r ≥ rǫ, s ≥ 1. (5.15)

This yields an integrable majorant for the convergence hr → h on D∞ \ B. Lebesgue’s

dominated convergence theorem implies that hr → h in L1 on D∞ \ B, and because of

the uniform convergence above also on D∞ \ ǫB for any ǫ > 0.

Let ρ(r) be the finite measure with density hr, and choose rn so that ρ(rn) has mass

n. Then ρ(rn) is the mean measure of the scaled sample cloud Nn = {X1/rn, . . . ,Xn/rn},
and ρ(rn) → ρ weakly on D∞ \ ǫB implies Nn ⇒ N weakly on D∞ \ ǫB where N is the

Poisson point process on D∞ with intensity h. This tells us that the maxima converge.

The measure ρ is an excess measure on R
d \ {0}:

ρ(rA) = ρ(A)/rλ, r > 0, A a Borel set in R
d \ {0}.

For halfspaces A = {xi ≥ 1} or A = {xi ≤ −1} this relation also holds and implies

that the marginals ρi of ρ satisfy the same relation, and hence there exist non-negative

constants c±i such that

ρi[r,∞) = c+i /r
λ, ρi(−∞,−r] = c−i /r

λ, r > 0. (5.16)
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For the coordinatewise maxima of heavy-tailed distributions it is convenient to work on

the non-negative orthant, and replace the vector X by X+, where we use the continuous

map (x1, . . . , xd) = x 7→ x+ = (x1 ∨ 0, . . . , xd ∨ 0). We shall write N+
n and N+ for

the images of Nn and N under this map, and denote the mean measures by ρ+n and

ρ+. By assumption each component has a positive probability of being positive. Hence

Wn := maxN+
n = maxNn ⇒ maxN = maxN+ =: W. Write R(w) = ρ((−∞,w]c) =

ρ+([0,w]c), 0 6= w ≥ 0. Then the limit distribution H of the coordinatewise maxima is

P{W ≤ w} = P{N([0,w]c) = 0} = e−ρ
+([0,w]c) = e−R(w).

Using (5.16) the same argument gives the marginals Hi(t) = e−ρi[t,∞) = e−c
+
i /t

λ
with

aλi = c+i . Since x+ lies on a coordinate axis precisely if x ∈ S, the exponent measure ρ+

lives on the positive halfaxes if and only if D ⊂ S. ¶

5.5 Examples

This section illustrates the applicability of Theorems 5.4.1, 5.4.2 and 5.4.6 in determining

whether a given distribution has asymptotically independent components. We also wish

to see whether the conditions are sharp.

For any open bounded convex set D in the plane whose closure contains the origin, the

function e−nD is integrable and hence f(x) = c0e
−nD(x) for suitable c0 > 0 is a probability

density. Along rays it is an exponential function. If U is uniformly distributed on D then

it is simple to decide when the coordinates U1 and U2 are asymptotically independent,

but asymptotic independence of the the coordinates of the vector X with density f is a

different matter, even in the simple example where D is the intersection of a disk of radius

r = 2 centered in (1,−1) and the open set above the diagonal. The light-tailed examples

below are of a more general nature.

Example 5.5.1. (Rotund-exponential densities) Let X have a continuous homoth-

etic density f with convex shape D and generating function f∗. If D has a C1 boundary

and f∗ varies rapidly, the coordinates are asymptotically independent, and the sample
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clouds, properly scaled, converge onto the closure of the set D by Theorem 5.4.1 and

Proposition 5.3.7. Now assume more: D is rotund, i.e. the boundary ∂D is C2 with

positive definite curvature in every point. Also assume that the generating function f∗

is asymptotic to a von Mises function e−ψ. Then f is a so-called rotund-exponential

density, see Balkema and Embrechts (2007), Sections 9 and 10. If one zooms in onto

a boundary point of D so as to distinguish individual sample points, the sample clouds

converge to a Gauss-exponential point process: Nn ⇒ N vaguely on R
d. The limit

N is a Poisson point process with intensity g(u) = e−ude−(u
2
1+···+υ2d−1)/2/(2π)(d−1)/2 if

one chooses the normalization appropriately. Weak convergence holds on all halfspaces

{ud ≥ c0+c1u1+ · · ·+cd−1ud−1}. The restriction of g to the upper halfspace {ud ≥ 0} is a

probability density. The corresponding vector has independent components. This vector

is the limit of the high-risk scenarios XH , properly normalized, where XH is the vector

X conditioned to lie in the halfspace H, and H moves off to infinity in the sense that

P{X ∈ H} → 0. These results remain valid under certain perturbations (if the density

f = e−ψ(nD) is multiplied by a flat function L, see Section 11 in Balkema and Embrechts

(2007)). Such a perturbation does not affect the asymptotic behaviour of the exponent

ψ, but may affect the limit shape (take ψ = log2(1 + r) with r2 = x2 + y2 and L = eλ

with λ = log(1+ 2r+ cx), c ∈ [−1, 1]. If we choose c = c(r) = sin(log log r) then L still is

flat, but the shape of the level sets no longer converges). See Proposition 14.1 in Balkema

and Embrechts (2007). So we see that under the extra conditions on the homothetic

density f there are three alternative asymptotic descriptions of large sample clouds from

this density. Convergence onto the closure of the set D describes the global behaviour of

the sample clouds; weak convergence in the space X = [−∞,∞]d \ {−∞} to a Poisson

point process whose mean measure is the exponent measure of an extreme value limit

law (Gumbel with independent components); weak convergence to the Gauss-exponential

Poisson point process N on certain halfspaces describes the local behaviour in boundary

points of D. ♦

Example 5.5.2. (Skew-normal densities) A symmetric density g satisfies g(−x) =

g(x). It may be transformed into an asymmetric density by multiplication with a positive

continuous asymmetric function θ which satisfies θ(x) + θ(−x) = 2. The skew-normal
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distributions SN(Ω,α) introduced in Azzalini and Dalla Valle (1996) have a density f

which is the product of a centered Gaussian density with covariance Ω and the function

x 7→ 2Φ(αTx), where Φ is the standard normal df and α a non-zero linear functional.

These densities are log-concave (since (− log Φ)′′ is positive) and hence have convex level

sets.
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Figure 5.3: (a) Contours of the density of SN2(α;ω) distribution with ω = 0.5 and
α = (−1, 3); levels are indicated as powers of 10−1. (b) Asymptotic shape of the scaled
level sets (bold curve); the dash-dotted straight line is given by equation αTu = 0.

We claim that f ∈ A(D) for a convex set D with C1 boundary. Write f = e−γ. The

function − log Φ(t) is asymptotic to t2/2 for t → −∞ and vanishes for t → ∞. Let u0

satisfy αTu0 > 0 and uT0Ω
−1u0 = 1. Then γ(tu0)/t

2 → 1/2 and

γ(tu)

γ(tu0)
→ ν(u) =











uTΩ−1u, for αTu ≥ 0,

uTΩ−1u+ (αTu)2, for αTu < 0

t→ ∞.

It follows from Proposition 5.3.7 that there is a limit shape: D = {ν < 1}, which is the

covariance ellipsoid on the halfspace where αTu is positive, and a flattened version of this

ellipsoid on the complementary halfspace, see Figure 5.3. The set D is convex. To see

that the boundary is C1, choose coordinates such that the underlying Gaussian density is

standard, with spherical level sets, and then choose the vertical coordinate in the direction

131



of α. In these coordinates D agrees with the unit ball B on the upper halfspace, and with

the cylinder symmetric ellipsoid {x21+· · ·+x2d−1+(1+c2)x2d < 1} for some c > 0 on the lower

halfspace {xd ≤ 0}. For boundary points p in the horizontal coordinate plane the tangent

plane is vertical: pTx = 1. Theorem 5.4.1 applies. If X has a skew-normal distribution

then the random variables ξ1(X), . . . , ξm(X) are asymptotically independent whenever

the linear functionals ξ1, . . . , ξm are linearly independent. Asymptotic independence of

the skew-normal distribution has been partially proven in Lysenko et al. (2009) using a

direct analytic approach based on Sibuya’s condition.

These results can be extended to the class of generalized skew-normal distributions with

densities of the form φd(x; Ω)θ(x), where φd(·; Ω) denotes a d-dimensional centered normal

density with covariance matrix Ω, and the skewing function θ satisfies 0 ≤ θ(−x) = 2 −
θ(x) ≤ 2 to ensure that the product is a valid probability density; see e.g. Definition 4.2.1

in Genton (2004). As above, an application of Proposition 5.3.7 and Theorem 5.4.1

will guarantee asymptotic independence of the components of generalized skew-normal

random vectors provided that a positive limit in (5.14) exists outside a bounded set and

the skewing function θ is log-concave to ensure convexity and a smooth boundary of the

limit set. ♦

Example 5.5.3. Densities of the form f(x) = f∗(‖x‖p) for p > 1 have level sets which

are balls in ℓp. Lower dimensional marginals have the same form but with a different

generator, since the projection of the d-dimensional unit ball on the space spanned by

the first m coordinates is the m-dimensional unit ball. The two-dimensional unit ball

is blunt for all p ∈ [1,∞), and hence vectors X with light-tailed densities f as above

have asymptotically independent coordinates. However for p = ∞, the sup-norm, the

unit ball is a cube C = (−1, 1)d, and the square is not blunt. The components of X are

still asymptotically independent, but we need extra work to prove this. The bivariate

margins of f(x) = f∗(‖x‖∞) have the same form with a different generator f∗ which

still is continuous, strictly decreasing and rapidly varying in ∞. (The cubic slices are

replaced by square slices.) It suffices to consider bivariate densities f(x, y) = f∗(|x| ∨ |y|)
for continuous, strictly decreasing positive functions f∗ on [0,∞) which vary rapidly in

∞. The marginals fi of f , i = 1, 2, are equal by symmetry, and f2(y) = 2yf∗(y) + 2R(y)
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where R(y) =
∫∞
y
f∗(t)dt << yf∗(y) by rapid variation of f∗; see also Section 2.2.3. Hence

2R(t)/f1(t) → 0 for t → ∞, and by l’Hospital’s rule also the quotient P{X > t, Y >

t}/P{X > t}. Thus Sibuya’s condition holds. However, asymptotic independence need

not hold if the level sets are only asymptotically cubic, see Example 4.2.2 in Chapter 4.

♦

We now give another example showing that results for H(D) do not need to carry over

to A(D).

Example 5.5.4. Let D be the open triangle with vertices (1, 1), (−1, 0) and (0,−1). It

contains the origin. Let f ∈ A(D) have convex level sets and be shape-equivalent to g =

e−nD . It is possible that f is asymptotically independent. The function g has triangular

level sets {g > e−t} = tD. Let f have level sets {f > e−t} = Dt = tD \{x+y ≥ 2t−
√
t}.

Then Dt/t agrees with the triangle D except that the extreme top has been sliced off; see

Figure 5.4. If we choose p(t) = (t, t)− (
√
t,
√
t)/2, then

ht(u) = f(p(t) + u)/f(p(t)) → h(u) t→ ∞,

where {h > e−s} = H + (s, s) for the halfspace H = {u+ v < 0}. This follows by taking

f(p(t)) = e−t and noting that {ht(u) > e−s} = Dt+s − p(t), s ∈ R, converges to the level

set {h > e−s} as t→ ∞.

Let ρt have density ht and let ρ have density h. Then ρt → ρ weakly on [0,∞)2.

Since ρ[0,∞)2 is finite and ρ gives infinite weight to the halfspaces {y ≥ 0} and {x ≥ 0},
Sibuya’s condition holds by Proposition 5.2.3 with curve p(t), t ≥ 1. ♦

Our last example illustrates an asymptotically dependent distribution with a density

in A(D) where bivariate projections of D are non-blunt.

Example 5.5.5. Let Z have a bivariate t density with λ > 0 degrees of freedom. Trans-

form the marginals to obtain a vector X with standard Gaussian components. The new

density g is called a meta-t density; see McNeil et al. (2005) p.193. It has normal marginals

but the copula of the elliptic t distribution. The shape of the level sets of the density g

converges to the symmetric subset D = {u21 + u22 + λ > (λ+ 2)‖(u1, u2)‖2∞} of the square

133



(t, t)

(−t, 0)

(0,−t)

(t−
√
t

3 , t−
2
√
t

3 )

(t− 2
√
t

3 , t−
√
t

3 )

p(t)

Dt

Figure 5.4: An illustration for Example 5.5.4.

(−1, 1)2, see Chapter ch:mdens, Theorem 3.3.1. Figure 5.2b shows a detail. The set D is

not blunt, and the components of X are asymptotically dependent since those of Z are.♦

5.6 Conclusion

We have explored conditions for asymptotic independence of the components of a mul-

tivariate random vector expressed in terms of the limiting shape of the level sets of the

underlying density. A distinction had to be made between light and heavy tails. For

light-tailed densities, the limiting shape of level sets is essential in determining whether

asymptotic independence holds. In contrast, for heavy-tailed densities the (limiting) shape

of level sets is irrelevant as long as the shape intersects the positive orthant. In the

light-tailed case there is a simple sufficient condition for asymptotic independence of two

components in terms of the corresponding bivariate projection of the shape. This subset

of the plane has to be blunt. The more delicate question of the relation between shape

and asymptotic independence when the bivariate projection is not blunt will be treated

in a future publication.

Asymptotic dependence is a basic concern in multivariate risk analysis. The light-tailed

densities studied in this chapter have the property that sample clouds will have the same

shape as the level sets of the density asymptotically. For sample clouds persistence of
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the shape, as the number of sample points increases, opens the possibility of using the

shape to construct densities over the whole space. This makes it possible to estimate

probabilities of regions far out which contain only a few or no sample points.
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Appendix A

Supplementary results

A.1 Appendix to Chapter 2

This section contains counterexamples mentioned in the main text of Section 2.2.1.

Example A.1.1. A density f ∈ H(D) may have spherical level sets without exhibit-

ing spherical symmetry. This will be the case if D is an off-center ball with nD(x) =
√

‖x‖22 + βTx − βTx for some β ∈ R
d. To be star-shaped the origin has to lie in D, or

be a boundary point. In the latter case the set {f > 0} is a ball (if {f∗ > 0} is a bounded

interval) or an open halfspace. ♦

Example A.1.2. For any ǫ > 0 there exists a bounded open star-shaped set D which

contains the origin, whose closure is the cube K = [−1, 1]d, and such that the volume of

D is small, |D| < ǫ. To construct such a star-shaped set take a dense sequence xn on the

boundary ∂K, and define U ⊂ ∂K as the union of open disks with center xn and radius

ǫn, where ǫn → 0 so fast that the area of U is ǫ/2. Now let D be the union of an open

centered ball with volume ǫ/2 and the set of all points ru with 0 < r < 1 and u ∈ U . ♦

Example A.1.3. Consider a continuous strictly positive density f on R
3 whose level

sets {f > c} = rcD all have the same shape. The set D is convex, even rotund, and

the function c 7→ rc is continuous and strictly increasing. The marginal densities are not

necessarily all unimodal.

Start with the uniform distribution on the tetrahedron T0 with two vertices in the hori-
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zontal plane, say e1 and e2. The other two vertices are e3/m and −e3. Herem is a positive

integer to be chosen later. The marginal along the vertical axis has a continuous density

g0 on (−1, 1/m) which is parabolic on the interval (−1, 0) and on (0, 1/m), vanishing in

the endpoints of the interval and with a maximum in the origin. The shifted tetrahedron

T = T0+e3/2−(e1+e2)/8 contains the origin as interior point. Its vertical marginal den-

sity g is g0 shifted upwards over 1/2 and has its maximum in 1/2. The vertical marginal

density g̃ of the uniform distribution on the tetrahedron T/2 has its maximum in 1/4.

The fair mixture of the uniform distribution on T and T/2 has a density f̂ whose marginal

ĝ = (g+ g̃)/2 is not convex if m is large (since the left derivative of g̃ in 1/4 is large). Now

choose rotund sets Dn converging to T and densities fn converging to f̂ which satisfy the

conditions of the example. If infinitely many of the vertical marginals gn were unimodal

then the limit ĝ would be. We conclude that eventually gn is not unimodal. ♦

A.2 Appendix to Chapter 3

In contrast to homothetic densities whose level sets all have the same shape, the shape of

the level sets of meta densities satisfying conditions of the standard set-up in Chapter 3

changes with the level. As has been mentioned in the Introduction, Section 1.1, convexity

of the level sets is often a desired property especially when using the geometric approach to

study multivariate extremes. Unfortunately, convexity of the level sets of the underlying

original distribution is not preserved under the meta transformation. In this section we

look at a special case of meta distributions in the standard set-up - a bivariate meta

density with standard normal marginals based on the spherical t distribution.

Proposition A.2.1. Let g be a bivariate meta density with standard normal marginals

G0 based on the spherical t distribution with λ degrees of freedom and marginals F0. Let

K0(s) = F−10 (G0(s)), s ∈ R. The level sets {g ≥ c} are convex for all c ≥ c∗ and

non-convex for c < c∗, where c∗ = g(s∗, 0) with

s∗ = s∗(λ) = K−10

(
√

√

√

√

λ(λ+ 2)

λ+ 1− 2
(

Γ
(

λ+1
2

)

/Γ
(

λ
2

)

)2 − λ

)

. (A.1)
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Proof The proof explores the shape of the level sets of the meta density g; see Figure A.1a

for illustration. Consider a tangent to the level curve of g at a point (s, 0) for some

s > 0. If a given level curve is convex, then the tangent line will not intesect it (as in

the case of the contour C∗ (dotted curve) in Figure A.1a). If the tangent line crosses

the level curve at more than one point (in our case, due to symmetry, there will be

exactly two intersection points which we denote (s, t) and (s,−t)), then the level set

Λs = {x ∈ R
2 | g(x) ≥ g(s, 0)} is not convex (since one can find points (u, v) and (u,−v)

such that g(u, v) = g(u,−v) > g(s, 0) with u > s but the line segment from (u, v) to

(u,−v) is not entirely contained in Λs). The contour C∗∗ (solid curve) and the contour

B (dotdash curve) in Figure A.1a give examples of such non-convex level curves. Since

g is constant on a given level curve, g(s, 0) = g(s, t) = g(s,−t), the vertical coordinate

t satisfies g(s, t)/g(s, 0) = 1. Hence, the point on the x-axis, call its abscissa s∗, past

which the level sets of g become non-convex, is given by the largest value of s for which

g(s, t) = g(s, 0) implies t = 0. Set r(s, t) := g(s, t)/g(s, 0), and note that K0(0) = 0. This

gives

r(s, t) =
(

1 +
K2

0(t)

K2
0(s) + λ

)−λ+2
2
(

1 +
K2

0(t)

λ

)
λ+1
2

exp(−t2/2).

The set {(s, t) | r(s, t) = 1} apart from the fourfold symmetry consists of the positive

horizontal axis, and a smooth curve, like a hyperbola. The curve expresses s as a function

of t. One can explicitly write down K0(s) as an explicit function of t and K0(t), say

K0(s) = y(t), and hence s = K−10 (y(t)) for this curve. Setting r(s, t) = 1 and solving for

s as a function of t, we find

K0(s) =

(

K2
0(t)

[(

1 +
K2

0(t)

λ

)
λ+1
λ+2

exp
(

− t2

λ+ 2

)

− 1
]−1

− λ

)
1
2

=: y(t). (A.2)

So finding s∗ boils down to minimizingK−10 (y(t)) or equivalently y(t) (due to monotonicity

of K0) over t > 0. As is clear from Figure A.1a (see also Figure A.1b), the minimum is

achieved for t→ 0+. To compute the limit, introduce the related function ỹ by

ỹ(t) =
λM(t)E(t)

(1 +M(t)β)− E(t)
,
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where

M(t) = K2
0(t)/λ, E(t) = et

2/(λ+2), β = (λ+ 1)/(λ+ 2).

Using the fact that M(t) ∼ (c2/λ)t2 for t→ 0 with c =
√

2/λΓ
(

λ+1
2

)

/Γ
(

λ
2

)

, we obtain

ỹ(t) → λ(λ+ 2)

λ+ 1− λc2
, t→ 0.

Note y(t) =
√

ỹ(t)− λ, which gives the result. ¶
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Figure A.1: Illustrative plots for the meta t density with standard normal marginals based
on the spherical t distribution with λ degrees of freedom. The line legend for Panel (b):
λ = 1 (solid), λ = 2 (dashed), λ = 4 (dotted), λ = 10 (dotdash).

As λ→ ∞, the meta density g in the above proposition approaches the standard normal

density whose level sets are obviously convex. Using the fact that Γ
(

λ+1
2

)

/Γ
(

λ
2

)

∼
√

λ/2

for λ → ∞, we see that K0(s
∗(λ)) ∼

√
λ2 + λ and hence as expected s∗(λ) → ∞ for

λ→ ∞.

In Table A.1, we summarize the values s∗(λ) for a number of values of λ > 0, de-

termining the level of the density g in Proposition A.2.1 at which its level sets change

from being convex to non-convex. We also include the values s∗∗(λ), defined as s∗∗(λ) =

min{s > 0 | g(s, s) ≥ g(s, 0)} or, equivalently, s∗∗ satisfies r(s∗∗, s∗∗) = 1. In Figure A.1a,

s∗∗ determines the level g(s∗∗, 0) of the contour C∗∗.
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λ 1 2 3 4 5 6 7 · · · 20
s∗ 0.7209 1.2864 1.7901 2.2492 2.6743 3.0725 3.4486 · · · 7.2631
s∗∗ 0.8937 1.6980 2.4910 3.2751 4.0535 4.8293 5.6045 · · · NA

Table A.1: Values of s∗ and s∗∗ for the meta density in Proposition A.2.1.

A.3 Appendix to Chapter 4

A.3.1 On the sensitivity of the limit set

Lemma A.3.1. Let g be a positive continuous symmetric density which is asymptotic to

a von Mises function e−ψ. There exists a continuous unimodal symmetric density g1 such

that for all c ∈ (0, 1)

g1(s)/g(s) → 0, g1(cs)/g(s) → ∞, s→ ∞.

Proof Let Mn(s) = ψ(s) − ψ(s − s/n), and let M∗
n(s) = mint>sMn(t) for n ≥ 2. Each

function M∗
n is increasing, continuous and unbounded (since t/a(t) → ∞), and for each

s > 0 the sequence M∗
n(s) is decreasing. There exists a continuous increasing unbounded

function b such that

lim
s→∞

Mn(s)− b(s) = ∞, n = 1, 2, . . . . (A.3)

Indeed, define M∗(s) = M∗
n(s) on [an, bn] = {M∗

n ∈ [n, n + 1]}, and M∗(s) = n on

[bn−1, an]. Then M∗(s) is increasing and M∗(s) ≤ M∗
n(s) eventually for each n ≥ 2. Set

b(s) = M∗(s)/2 to obtain (A.3). The function g1 = e−ψ1 with ψ1(s) = ψ(s) + b(s) is

decreasing on [0,∞) and continuous, and b(s) → ∞ implies g1(s)/g(s) → 0 for s → ∞.

For c = 1− 1/m the relations

ψ(s)− ψ1(cs) = ψ(s)− ψ(cs)− b(cs) ≥Mm(s)− b(s) → ∞

hold, and yield the desired result. ¶

Proposition A.3.2. Let gd be a continuous positive symmetric density which is asymp-

totic to a von Mises function e−ψ. Choose rn such that
∫∞
rn
gd(s)ds ∼ 1/n. Let g1 be the
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probability density in Lemma A.3.1. There exists a unimodal density g(x) = g∗(‖x‖∞) on
R
d with cubic level sets and marginals g1. The sample clouds from the density g, scaled

by rn converge onto the standard cube [−1, 1]d. The functions hn(u) = nrdng(rnu) are

unimodal with cubic level sets. They satisfy

hn(u) →











∞, u ∈ (−1, 1)d,

0, u 6∈ [−1, 1]d.

Let E be a closed subset of C = [−1, 1]d, containing the origin as interior point, star-

shaped with continuous boundary. Set cE = |E|/2d. Then gE(x) = g∗(nE(x))/cE is a

probability density, and the sample clouds from gE scaled by rn converge onto the set E.

Proof Existence of g follows from Proposition 2.2.4. Let G1 be the df with density g1.

Then n(1−G1(crn)) → 0 for c > 1, and n(1−G1(crn)) → ∞ for c ∈ (0, 1). Let π be the

probability distribution with the unimodal density g. The limit relations on the marginal

dfs G1 imply that nπ(Bn) → ∞ for the block Bn = [−2rn, 2rn]
d−1 × [crn, 2rn] for any

c ∈ (0, 1). Since hn is unimodal with cubic level sets it follows that hn → ∞ uniformly

on [−c, c]d for any c ∈ (0, 1). (Since hn(c1) ≤ k implies nπ(Bn) ≤ (2c)dk.) The area of a

horizontal slice of the density gE at level y/cE > 0 is less than the area of the horizontal

slice of g at level y, but the height of the slice is proportionally more by the factor cE. So

the slices have the same volume. The level sets of the scaled densities are related:

{hE ≥ t/cE} = rE ⇐⇒ {h ≥ t} = rC.

So the function hE mimics the behaviour of h = hC . ¶

A.3.2 On the meta excess densities

The aim of this section is to look more closely at certain aspects of the shape of the meta

excess densities in Proposition 4.3.1. We restrict our attention to the bivariate setting and

the cases where the gauge function nD for the original density is given by an ℓp-norm with
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p ≥ 1. Under these restrictions, the meta excess density in (4.8) with τ = 1/λ becomes

j(u1, u2) = Aτ 2
eτ(u1+u2)

(

eτpu1 + eτpu2
)

λ+2
p

= Aτ 2
(

e
τp
λ+2

[(λ+1)u1−u2] + e
τp
λ+2

[(λ+1)u2−u1]
)−λ+2

p
.

Observe that for λ > 0, if (λ + 1)u2 − u1 → −∞ as u1 → −∞, then asymptotically

j(u1, u2) is constant on the sets of the form {(λ + 1)u1 − u2 = c} for some constant c.

Similarly, if (λ + 1)u1 − u2 → −∞ as u1 → −∞, j(u1, u2) is constant on the sets of the

form {(λ+ 1)u2 − u1 = c}. In other words, level sets of the meta excess density j(u1, u2)

have two asymptotic directions as u1 → −∞ with slopes (λ + 1)−1 and λ + 1. This can

be nicely observed in Figure 4.5 on page 96.

The limiting behaviour of the density j along the lines with asymptotic directions

q = λ+ 1 and q = 1
λ+1

is as follows (for x→ −∞):

j(x, (λ+ 1)x) = Aτ 2
(

1 + e
τp
λ+2

[(λ+1)2−1]x
)−λ+2

p
= Aτ 2

(

1 + epx
)−λ+2

p ∼ Aτ 2;

j(x; x/(λ+ 1)) = Aτ 2
(

e
τp

(λ+2)(λ+1)
[(λ+1)2−1]x + 1

)−λ+2
p

= Aτ 2
(

1 + e
p

λ+1
x
)−λ+2

p ∼ Aτ 2.

We next show that the excess measure σ+ with the density j above is finite over

halfplanes of the form H = {y ≥ qx} with q ∈ Iλ := (0, 1
λ+1

) ∪ (λ + 1,∞). Consider j

along the line u2 = qu1, q ∈ R. We have

j̃(x; q) := j(x, qx) = Aτ 2
(

e
τp
λ+2

[λ+1−q]x + e
τp
λ+2

[q(λ+1)−1]x
)−λ+2

p
, x ∈ R.

Provided that the slope q does not lie in the interval ( 1
λ+1

, λ + 1), the term inside

the brackets grows exponentially for x → ±∞, and hence j(x, qx) decays exponentially

on both sides as x → ±∞. This in turn implies that the function j(x, qx) is integrable

with say
∫

j(x, qx)dx = c0. Note the symmetry of j for translations along the diagonal:

j(u1 + t, u2 + t) = e−tj(u1, u2), t ∈ R.

Combining these two observations we see that the integral of the function j along the
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line through the point (t, t) with slope q ∈ Iλ is given by

∫

j(x, qx+ t(1− q))dx
(s=x−t)
=

∫

j(s+ t, qs+ t)ds =

∫

e−tj(s, qs)ds = e−tc0 <∞.

So if we know the integral of j along a line with slope in Iλ with respect to u1 (or

u2), we know the integral along any line shifted t units upward. Since
∫∞
0
e−tdt = 1,

the integral over the halfspace bounded by the line is the same as the integral over the

line. Hence, j is integrable over any halfplace H = {u2 ≥ qu1} with slope q ∈ Iλ, and

σ+(H) = c0.

In particular, when the original excess density has circular level sets (i.e. p = 2), the

measure σ+ over H may be given explicitly in terms of the hypergeometric function.

Proposition A.3.3. Suppose f(z) = f∗(‖z‖2), where f∗ is continuous, decreasing and

varies regularly with exponent −(λ + d) for some value of λ > 0. Let H = {u2 ≥ qu1}
be the halfspace with slope q /∈ (1/(λ + 1), λ + 1). Then the exponent measure σ+ for the

corresponding meta density in (4.8) satisfies

σ+(H) =
A

λ

1− q

1− (λ+ 1)q
(cos θ)

1−(λ+1)q
1−q ×

× 2F1

(1

2

( λ

q − 1
+ λ+ 1

)

,
1

2

( λ

q − 1
+ 1
)

;
1

2

( λ

q − 1
+ λ+ 3

)

; 1
)

,

where A > 0 is a normalizing constant.

Proof Let τ = 1/λ. Then

σ+(H) =

∫∫

{u2≥qu1}
Aτ 2

eτ(u1+u2)

(e2τu1 + e2τu2)
λ+2
2

du1du2.

Making change of variables si = eτui , i = 1, 2 gives

σ+(H) = A

∫ ∞

0

∫ ∞

sq1

1

(s21 + s22)
λ+2
2

ds2 ds1,
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and further, rewriting the integrand in polar coordinates, we obtain

σ+(H) =

∫ π/2

0

∫ ∞

r̃(θ)

1

rλ+2
rdrdθ =

A

λ

∫ π/2

0

(r̃(θ))−λdθ =
A

λ

∫ π/2

0

(tan θ)
λ

(1−q) (cos θ)λdθ

=
A

λ

( −(1− q)

1− (λ+ 1)q
(cos θ)

1−(λ+1)q
1−q ×

× 2F1

(1

2

( λ

q − 1
+ λ+ 1

)

,
1

2

( λ

q − 1
+ 1
)

;
1

2

( λ

q − 1
+ λ+ 3

)

; cos2 θ
)

∣

∣

∣

∣

π/2

0

)

=
A

λ

1− q

1− (λ+ 1)q
(cos θ)

1−(λ+1)q
1−q ×

× 2F1

(1

2

( λ

q − 1
+ λ+ 1

)

,
1

2

( λ

q − 1
+ 1
)

;
1

2

( λ

q − 1
+ λ+ 3

)

; 1
)

<∞,

where r̃(θ) =
[ sin θ

(cos θ)q

]
1

q−1
= (cos θ)−1(tan θ)−

1
1−q is equivalent to the condition s2 = sq1

in (s1, s2) coordinates, and 2F1(a, b; c, z) is the hypergeometric function. The conditions

for the convergence of 2F1(a, b; c, z) are as follows:

(i) c is a non-negative integer for |z| < 1;

(ii) ℜ(c− a− b) > 0 for |z| = 1.

In our case, |z| = | cos2 θ| = 1 and hence only Condition (ii) applies. It is fulfilled since

ℜ(c− a− b) =
(1 + λ)− q

2(1− q)
> 0 for q /∈ (

1

λ+ 1
, λ+ 1).

¶

A.3.3 Normalizing constants for excess densities

In this section we consider excess densities of the form h(w) = A/‖w‖λ+dp , w ∈ (0,∞)d,

λ > 0 and p ∈ [1,∞]. This is a special case of the excess densities in (2.14) on page 36,

which describe the asymptotic behaviour of densities in Fλ (see Definition 2.3.2). Here

we take the shape set D to be a ball in ℓp-norm for some p ∈ [1,∞]. How should one

choose the normalizing constant A? Note that there is also a hidden constant in the set

D, which may be replaced by cD, for any c > 0, altering the constant A, if we want to

retain the excess measure. The marginals of ρ+ have tails ρ+j [t,∞) = c+j /t
λ for t > 0,
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j = 1, . . . , d. Indeed for any non-zero linear functional ρ+{ξ ≥ t} = cξ/t
λ for t > 0. If D

is the unit ball in the ℓp-norm then it is reasonable to standardize and choose A so that

ρ+{wd ≥ t} = 1/tλ for t > 0, or equivalently ρ+{wd ≥ 1} = 1. This then also holds for

the other coordinates. In the following proposition we give details on how to determine

A so that ρ+ satisfies the latter condition.

Proposition A.3.4. Let ρ+ be an excess measure on (0,∞)d with density of the form

h(w) = A/‖w‖λ+dp for w ∈ (0,∞)d, λ > 0 and p ∈ [1,∞]. The restriction of ρ+ to the

horizontal halfspace {wd ≥ 1} is a probability measure provided the normalizing constant

A = A(p, λ, d) satisfies

A = A(p, λ, d) =

(

p

Γ(1
p
)

)d−1Γ(λ+d
p
)

Γ(λ+1
p
)
λ, p ≥ 1, λ > 0, (A.4)

and

A(∞, λ, d) =
λ+ 1

λ+ d
λ, λ > 0. (A.5)

Proof The normalizing constant A = A(p, λ, d) satisfies

∫ ∞

1

∫

(0,∞)d−1

A dx dy

‖(x, y)‖λ+dp

= 1, 1/A =

∫ ∞

1

∫

(0,∞)d−1

dx dy

‖(x, y)‖λ+dp

.

Suppose p ≥ 1. Note that for ν > 0 and (x, y) ∈ (0,∞)m+1 we have

∫ ∞

0

dy

‖(x, y)‖ν+1
p

=
1

‖x‖ν+1
p

∫ ∞

0

dy

(1 + (y/‖x‖p)p)(ν+1)/p
=
Q(p, ν)

‖x‖νp
,

where we used the substitution s = y/‖x‖p and defined Q(p, ν) =

∫ ∞

0

ds

(1 + sp)(ν+1)/p
.

With the substitution t = 1/(1 + sp), we find

Q(p, ν) =
1

p

∫ 1

0

t
ν
p
−1(1− t)

1
p
−1dt =

1

p
β
(ν

p
,
1

p

)

=
1

p

Γ(ν
p
)Γ(1

p
)

Γ(ν+1
p
)
,

where β denotes the beta function.
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We can now write

∫

(0,∞)d−1

dx

‖(x, y)‖λ+dp

= Q(p, λ+ d− 1)

∫

(0,∞)d−2

dx

‖(x, y)‖λ+d−1p

= Q(p, λ+ d− 1)Q(p, λ+ d− 2)

∫

(0,∞)d−3

dx

‖(x, y)‖λ+d−2p

= . . .

= Q(p, λ+ d− 1)Q(p, λ+ d− 2)· · ·Q(p, λ+ 1)
1

‖y‖λ+1
p

= Q(p, λ+ d− 1)Q(p, µ+ d− 2)· · ·Q(p, λ+ 1)
1

yλ+1

=

(

Γ(1
p
)

p

)d−1Γ(λ+1
p
)

Γ(λ+d
p
)

1

yλ+1
.

This gives (A.4). For p = ∞, similar calculations yield Q(∞, ν) = (ν + 1)/ν, which leads

to (A.5). ¶
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