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Abstract. In this thesis we set ourselves the main objective of investigating the relation
between the realization of the superconformal minimal models through Landau-Ginzburg
theories and their formulation in terms of abstract conformal field theory (CFT), as well
as of considering in detail defects between topological Landau-Ginzburg models.
More precisely, in the first part of this thesis we will conclude the identification between
B-type boundary conditions of superconformal minimal models in the two mentioned for-
mulations started in the works [21, 63], considering the topological sector of the minimal
models of type E. The motivation for this analysis springs, on the one side, from the
importance of superconformal minimal models as building blocks of the Gepner models
considered in string theory and, on the other side, from the particular simplicity and prac-
ticality of the formulation of B-type boundary conditions (or B-type D-branes), through
matrix factorizations of the superpotential, peculiar of the Landau-Ginzburg models. This
correspondence provides a new and convenient approach to verify conjectures or to calcu-
late physical quantities that are accessible from the topological sector, for superconformal
minimal models. In this thesis, for example, we will check some algorithms proposed in
the literature to determine the effective superpotential of N � 2 supersymmetric models,
calculating topological correlators with the help of this correspondence.
In the second and main part of this thesis, we will consider defects between topological
Landau-Ginzburg models. Analogously to topological boundary conditions, they have a
formulation through matrix factorizations of superpotentials. Moreover, thanks to their
specific features, in particular a product structure and a non-singular action on topo-
logical boundary conditions, they appear more and more as a preferred tool to study
renormalization group flows, to analyze monodromies on the moduli space and to realize
symmetry groups of the mentioned topological models. In the present work, after a care-
ful analysis of the action of topological defects on boundary changing fields, we will study
perturbed defects and boundary conditions perturbations associated to them. We will
show, for example, that for minimal models of type A and for tensor products of identical
Landau-Ginzburg models each condensate of D-branes can be obtained by acting with
perturbed defects on a basic boundary condition. Moreover, we will show how the action
of defects of this type can be used to obtain realizations of some autoequivalences on the
space of boundary conditions. Concretely, in this thesis we will consider the realization of
the braid group, whose relevance for string theory lies in the fact that it is a manifestation
of the presence of enhanced gauge symmetry. In conclusion, we will provide some concrete
examples where these representations are present considering Landau-Ginzburg orbifolds
on projective spaces with singularities of type C2{Zd.
In the third and last part of this thesis, we will suggest an approach based on the category
of topological defects in the construction on the category of matrix factorizations of an
algebraic structure satisfying the axiomatic formulation of two-dimensional topological
field theories. More precisely, we will consider the categories of matrix factorizations
associated to topological Landau-Ginzburg models as substructures of the 2-category of
topological defects and we will then show that the presence of the above mentioned al-
gebraic structure is the consequence of a specific conjugation relation between defects as
well as of a trivial Serre duality.
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Sommario Questa tesi si propone come obiettivo principale quello di approfondire la
relazione tra la realizzazione dei modelli minimi superconformi tramite teorie di Landau-
Ginzburg e la formulazione di essi ottenuta attraverso la teoria dei campi conformi tradizion
ale e di studiare dettagliatamente difetti tra teorie topologiche di Landau-Ginzburg.
Piú precisamente nella prima parte di questa tesi si concluderá l’identificazione tra le
due formulazioni delle condizioni al bordo di tipo B per modelli superconformi minimi
iniziata nei lavori [21, 63] attraverso l’analisi del settore topologico per modelli del tipo
E. La motivazione per questo studio deriva da un lato dall’importanza dei modelli min-
imi conformi in quanto ingredienti fondamentali nella costruzione dei modelli di Gepner
considerati nella teoria delle stringhe e dall’altro dalla particolare semplicitá e praticitá
della formulazione delle condizioni al bordo di tipo B attraverso fattorizzazioni matriciali
del superpotenziale propria dei modelli di Landau-Ginzburg. Questa corrispondenza for-
nisce un nuovo e conveniente approccio alla verifica di congetture o al calcolo di grandezze
fisiche accessibili tramite uno studio del settore topologico per modelli minimi supercon-
formi. In questa tesi, per esempio, verificheremo alcuni algoritmi proposti nella letteratura
per determinare superpotenziali effettivi per modelli N � 2 supersimmetrici, calcolando
correlatori topologici nel contesto di Landau-Ginzburg o in quello della teoria conforme
dei campi a dipendenza di quale approccio e piú idoneo.
Nella seconda e principale parte di questa tesi considerermo difetti tra modelli topologici
di Landau-Ginzburg. Essi analogamente alle condizioni topologiche sul bordo hanno una
formulazione tramite fattorizzazioni matriciali di superpotenziali. Inoltre grazie alle carat-
teristiche di cui godono, in particolare di una struttura moltiplicativa e di un’ azione non
singolare sulle condizioni topologiche sul bordo, appaiono sempre piú come uno strumento
privilegiato nello studio di flussi di rinormalizzazione, nell’analisi di monodromie sullo
spazio dei parametri e nella realizzazione di gruppi di simmetria dei sopracitati modelli.
Nel presente lavoro dopo un’ attenta analisi dell’azione dei difetti topologici sui campi sul
bordo studieremo difetti perturbati e le perturbazioni sul bordo ad essi associati. Mostr-
eremo che per esempio nel caso di modelli minimi del tipo A e per il prodotto tensoriale
di due modelli di Landau-Ginzburg identici ogni condensato di membrane di Dirichlet
puó essere ottenuto agendo con un difetto possibilmente perturbato su una condizione
al contorno basilare. Inoltre mostreremo come l’azione di difetti di questo tipo possano
essere utilizzati per ottenere rappresentazioni di gruppi di autoequivalenze sullo spazio
delle condizioni sul bordo. Concretamente in questa tesi considereremo la realizzazione
del gruppo delle trecce la cui rilevanza nella teoria delle stringhe risiede nel fatto di es-
sere una manifestazione della presenza di una simmetria di gauge estesa. In conclusione
forniremo esempi concreti in cui tali rappresentazioni sono presenti considerando modelli
di Landau-Ginzburg definiti su spazi proiettivi con singolaritá del tipo C2{Zd .
Nella terza ed ultima parte di questa tesi proponiamo un approccio basato sulla categoria
dei difetti topologici alla costruzione di una struttura algebrica che soddisfi gli assiomi
per le teorie topologiche dei campi sulla categoria delle fattorizzazioni matriciali. Piú pre-
cisamente considereremo le categorie delle fattorizzazioni matriciali associate ai modelli di
Landau-Ginzburg come sottostrutture della 2-categoria dei difetti topologici e mostreremo
che la presenza della sopracitata struttura algebrica sia la conseguenza di una specifica
relazione di coniugazione tra difetti e della presenza di una dualitá di Serre triviale.
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CHAPTER 1

Introduction

String theory, understood as an attempt to unify the formulations of both general
relativity and quantum field theory in a consistent theory, started 30 years ago. However,
already during the late 60’s a theory based on one-dimensional fundamental objects was
considered as the appropriate context to understand nuclear forces. This first formulation
fell out of favour after the developments of QCD and its successes, but it did not have to
wait a long time to reemerge with the more ambitious purpose of being a first step in the
direction of a single theory describing fundamental physics. Among its relatively short
life this theory was characterized by periods of enthusiasm and euphoria alternated with
periods of pessimism and critics. A first strong impetus came from the recognition that
general relativity is naturally incorporated in the theory and that the two-dimensional
Feynman diagrams associated to the one-dimensional string provided the spreading out of
gravitational interactions needed to avoid ultraviolet divergences that appear in a naive
attempt to quantize gravity. The fact that string theory not only allows a consistent
theory of quantum gravity but much more it requires gravitation, is the best represen-
tation of the spirit that underlies this theory. Indeed, the motivation for this theoretical
effort is not the failure of present theories to explain experimental results, but rather the
unsatisfactory arbitrariness of field content and free parameters present in the standard
model. Actually, the search for experimentally testable predictions, which could further
support or falsify this theory is an important point that is currently being considered.
Since a rough estimate of length and energy scale at which a stringy structure of nature
will be manifest are the Planck length and Planck mass respectively, it is clear that direct
tests will not be possible soon, however, some indirect effects could be verified already at
energy scale reached by the new LHC technology. The most obvious test of this kind will
be supersymmetry, since it is an essential ingredient in string theory and a variety of ar-
guments suggest that energy scale associated with supersymmetry breaking should range
100 GeV to a few TeV. In this case, superpartners should be observable in experiments
planned at CERN in the near future.
Another element of the theory, that fits well with the above mentioned motivation un-
derlying the development of string theory, is the fact that the space-time structure is not
predefined, in particular its dimension is not a free parameter of the theory. Indeed consis-
tency conditions of the perturbative theory require it to be equal to 10. To make contact
with our four-dimensional space-time, the most widely considered scenario, which goes
back to the main idea of Kaluza and Klein in the attempt of unifying electromagnetism
and gravity, is to compactify extra dimensions. This means to consider a space-time struc-
ture R1,3�M, where M is the internal manifold of dimension 6, whose size is sufficiently
small to have escaped detection, but whose properties determine the particle content
and structure of the four-dimensional theory. The range of physically acceptable internal
manifolds is constrained by supersymmetry requirements and consistency conditions. At
the quantum level, they require that M is Calabi-Yau, i.e. a Kähler manifold with SUp3q
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10 1. INTRODUCTION

holonomy group. Unfortunately there a many, maybe infinitely many, Calabi-Yau man-
ifolds of complex dimension 3. String theory in its present form fails to predict which
Calabi-Yau is the right one to describe our space-time. A related problem, which has
called a lot of attention recently, is the moduli stabilization problem. This arises from
the fact that some promising string theory models contain massless scalars, dilaton and
radial modulus for example, whose vacuum expectation values are undetermined. An on-
going promising effort to stabilize moduli fields consists in considering backgrounds with
non-vanishing value of some magnetic and electric fluxes, which generate a potential for
moduli, whose minima correspond to string vacua. However the problem to determine
which one of the large number of minima is effectively picked up is not solved and the
adequacy of perturbative or supergravity analysis requiring small interactions and large
internal manifold’s size is not guaranteed.
Equally disappointing was the situation in the early 1990’s, before the so-called second
superstring revolution. Indeed, string theory, perturbatively defined, with N � 1 super-
symmetry in ten dimensions is not a unique theory, but has 5 different versions and at that
time it seemed that they were autonomous. The existence of so many possible theories
looked as a very problematic obstacle for string theory’s ambitions to provide a unique
non-arbitrary description of nature. In addition, the perturbative nature of its formu-
lation seemed to preclude any investigation of non-perturbative effects. There were two
fundamental steps in the direction of solving these problems. One step was the emergence
of a web of dualities connecting the different string theories. These can be subdivided
into two classes. The first class includes dualities which connect perturbative sectors of
different theories and/or different geometric compactifications, whose simplest example is
T-duality which relates theories with compactified dimensions on circles of radius R with
theories on circles with radius 1{R. Whereas, the second class contains dualities relating
weak coupling sectors together with strong coupling regimes of different string theories.
All these dualities strongly support the idea of a unique theory underlying the five pertur-
bative string theories and allow the study of some non-perturbative effects. In order to be
more explicit, we briefly summarize how the five string theories can be constructed. Using
the RNS (or GS) superstring formalism, which is manifest supersymmetric on the world-
sheet (respectively on space-time), two theories with N � 2 supersymmetry are obtained.
In the RNS formalism the difference between the two is by the type of projection which is
used to obtain space-time supersymmetry, and are called type IIA and type IIB. We recall
that in order to have a consistent space-time theory the RNS formalism should include a
projection with respect to the fermion number, called GSO-projection, which depending
on the sectors surviving it is called type 0, if no NS�R sector is present or type II if it is.
Moreover we distinguish between type A and type B projection depending on whether the
R�R sector is obtained by projecting into states with opposite or same chirality on the
left and the right sectors. Note, however, that type 0 string theory is non-supersymmetric
and therefore we are left with the two type II string theories: type IIA and type IIB. An
additional string theory can be constructed noting that type IIB possesses a Z2 symme-
try corresponding to world-sheet parity. Indeed, projecting the theory on the left-right
symmetric part, a new superstring theory with N � 1 supersymmetry called type I is
obtained. The remaining two string theories are constructed in a way, which at first sight
seems very artificial. More precisely, they arise combining left-moving degrees of freedom
of the 26-dimensional bosonic string theory with the right-moving degrees of freedom of
the ten dimensional superstring theory to form N � 1 supersymmetric theories. Actually,
the 26 degrees of freedom of the left-movers can be viewed as ten bosonic coordinates and
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32 fermions supporting a gauge group action which depending on the boundary conditions
structure imposed to these degrees of freedom corresponds to a SOp32q or to a E8 � E8

gauge group. Since other groups are ruled out by the consistency conditions for N � 1
supersymmetric theories in ten dimensions, we have just two theories of this form, called
heterotic string theories. The so obtained five superstring theories are then related by
dualities in the following way. Dualities of the first type connect Type IIA and type IIB
string theories and also the two heterotic theories separately, whereas S-dualities relate
type I superstring with SOp32q heterotic string and type IIB to itself. Type IIA and
E8 � E8 instead, for large value of the string coupling constant develop an eleventh di-
mension and a new quantum theory, called M-theory, in eleven dimensions emerges.
The second ingredient of the second string revolution was provided by the discovery that
D-branes, defined at a fundamental level as submanifolds where the open strings could
end on, are indeed physically objects of non-perturbative nature. The discovery of D-
branes is not only a crucial step in the understanding of non-perturbative features of
string theory but also plays an essential role from a phenomenological point of view. As
we noted heterotic strings seem very unnatural, however, they enjoy the valuable char-
acteristic to incorporate very interesting gauge groups. For example, the relevant gauge
group for the standard model, SUp3q�SUp2q�Up1q fits inside E8 through a nice chain of
embeddings SUp3q�SUp2q�Up1q � SUp5q � SOp10q � E6 � E7 � E8. Of course, other
more general mechanisms to realize non-abelian gauge symmetries in string theory were
required. These are allowed by the presence of D-branes. Indeed, a realization of non-
abelian gauge symmetries is obtained by assigning additional degrees of freedom, called
Chan-Paton charges, at the end points of open strings, whose modes are then interpreted
as fields of a non-abelian gauge theory living on the world-volume of the D-branes where
the open strings end. In this way, for example, one can obtain in type I string theory a
SOp32q gauge symmetry on the whole space-time (more precisely on a space-time filling
D9-brane) or a UpNq gauge group on N coincident branes in type II theories.
Going back to our previous discussion of dualities between string theories, we would like
to mention a duality which is of major interest for its physical, as well as for its mathemat-
ical consequences: mirror symmetry [55]. Roughly, it claims the equivalence of two string
theories with N � 2 superconformal symmetry compactified on two possibly different
internal manifolds M and M 1. This duality is essentially of the same type of T-duality.
However, mirror symmetry is more easily understood from the algebraic point of view
of the world-sheet theory. Indeed, it has its origin as a Z2-automorphism of the N � 2
superconformal algebra. Obviously, the ideal task would be to directly relate the full type
II string theories that are mirror. This, in particular, means that we should also under-
stand mirror map on D-branes and open strings ending on them. This can in general be
a very difficult problem, it is therefore more cautious to first understand mirror maps on
a suitable subsector of the theory. A convenient subsector to pursue this aim is provided
by a procedure proposed by E. Witten [105], which consists in topologically twisting the
theory and considering just the topological subsector. Topologically twisted theories are
characterized, as we will see more in depth in section 2.3, by the fact that correlators
are independent from the field insertion position or, more precisely, they are invariant
under world-sheet metric variation. We will recall details of this procedure later on, for
the moment we just mention that there are essentially two ways of doing that, obtaining
two different topological theories, called A-model and B-model, respectively. Topological
models are a natural place to start with the specific task of finding mirror pairs because of
their simplicity and because mirror symmetry can be tested comparing the A -model of a
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theory with the B-model of the mirror, since the two topological models are exchanged by
mirror symmetry, as it can be viewed easily from an algebraic point of view. In particular,
mirror symmetry on the topological sector is believed to correspond to an equivalence of
categories of D-branes provided with some additional structures. In the mathematical
literature this equivalence, proposed by Kontsevich [71], is known as homological mirror
symmetry and will be recalled below.

The fact that we concluded this very brief overview of some major topics playing an
important role in string theory with mirror symmetry was not accidental. Indeed, it gave
us the opportunity to introduce the concept of the topological sector of N � 2 super-
symmetric theories, which will be the framework of the present thesis and it provided an
example of the motivations that make its study interesting. However, it is important to
underscore that the reasons for which topological theories are attractive are of value in
many contexts other than mirror symmetry and we could have reached this topic following
many different paths in the landscape of string theory. Indeed, the merits of topological
theories are of very general nature. First of all, topological string theories are of wide in-
terest because topological subsectors are finite-dimensional and because topological string
theories are, in principle, exactly solvable string theories. They are therefore much sim-
pler than the original theories and form a sort of ”toy” models of them. Moreover, even
if they are of course not realistic models, they are provided with non-trivial structures,
which enable us to test the implications of some conjectures at the topological level. Ad-
ditionally, they allow us to calculate relevant physical quantities of the untwisted theory.
An important example is the effective superpotential of the target space-time, which can
be computed through its identification with the generating function of topological disk
amplitudes. Moreover, since the theory does not depend on the two-dimensional metric,
it is a general feature of topological theories that letting two topological objects approach
to each other, no divergence is expected to appear, in contrast with the singular behavior
common in non-topological theories. This property is very useful because it guarantees
that topological bulk fields form a ring, that there is a well defined bulk-boundary map
and, moreover, it will allow us to define an action on boundary conditions of interfaces
dividing two topological theories. These are called defects and will be studied extensively
in the second part of this thesis.
More precisely, in our work we will approach topological theories in the more concrete
setting of a particular class of N � 2 supersymmetric world-sheet theories called Landau-
Ginzburg models. We will sketch their structure and the characteristics, which make their
topological sector a very convenient context to face many different problems, below and
along the whole thesis. Before doing that it is however important to recall another widely
considered class of N � 2 supersymmetric models, which we will describe more in detail
in section 2.2. This consists of non-linear sigma models. In these models, world-sheet
fields Xi are interpreted as maps to the space-time manifold M with a Riemann metric
GµνpXq. N � 2 supersymmetry requires that this manifold is Kähler and conformal in-
variance is obtained in case of Calabi-Yau manifolds. Many concepts in these models have
a nice geometrical interpretation. For example, the exchange of A- and B-type topological
models, which depend only on the Kähler and the complex structure respectively, can be
understood as the exchange of these two structures under mirror symmetry. Moreover,
in the context of non-linear sigma models, homological mirror symmetry states that the
derived category of coherent sheaves DpMq on a manifold M, which in physical terms rep-
resents the structure of D-branes and topological open strings in the B-twisted models,
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is equivalent to some version of the derived Fukaya category DF on the mirror manifold
M 1, describing the topological open sector of the A-twisted model. In this thesis how-
ever, as we said, we will not consider non-linear sigma models, instead we will work with
Landau-Ginzburg models. These correspond, as we will see more in detail in chapter 2,
to turning on a superpotential on non-linear sigma models, often with a simple geomet-
rical structure. It is important to note that non-linear sigma models on the hypersurfacetW � 0u � CP n and Landau-Ginzburg (orbifolded) models on Cn with superpotential
W represent sometimes different phases, i.e. different limes, on the Kähler moduli of the
same models, called gauge linear sigma models [107]. This means, in particular, that
in this case the two models define equivalent B-type topological models. The main ad-
vantage of working with Landau-Ginzburg models is the simplicity and practicality of
the description of this sector in terms of Jacobi ring and of matrix factorizations of the
superpotential, as we will recall in detail in the second chapter of this thesis, compared to
its description in terms of Dolbeault-cohomolgy and coherent sheaves in non-linear sigma
models. Moreover, interfaces, called defects, along which two supersymmetric world-sheet
theories are glued together to form a single theory with preserved B-type supersymmetry
have a convenient representation in terms of matrix factorizations of a superpotential in
the Landau-Ginzburg context, as we will recall in chapter 5. The study of this type of
defects will constitute the main subject of this thesis. The motivation for considering
these objects is due to the fact that they allow to describe theories with a more rich
structure than the single theories that are glued together. Furthermore, supersymmetry
preserving defects after topological twist become topological and can be freely moved and
distorted. As a consequence, they are provided with a product structure and with an
action on boundary conditions and on bulk fields. Again, compared with the correspond-
ing action of defects in non-linear models, i.e. in terms of Fourier-Mukai transformations
the action of defects in the Landau-Ginzburg context has a simpler formulation since
it corresponds essentially to a tensor product between matrix factorizations. Because of
these features, Landau-Ginzburg defects provide a convenient way to consider symmetries,
dualities, monodromies as even renormalization groups flows of N � 2 supersymmetric
models, as we will see in chapters 6 and 7.
Landau-Ginzburg models, moreover, represent a useful tool to study N � 2 superconfor-
mal theories. It is indeed believed that Landau-Ginzburg models with quasi-homogeneous
superpotentials flow in the infrared to a conformal fixed point. The obtained models are
said to have a Landau-Ginzburg realization and are fully characterized by the superpoten-
tial, which is prevented to vary along the renormalization flow by the non-renormalization
theorem. The topological sector of the Landau-Ginzburg models corresponds then to the
sector of chiral primaries of the conformal theory [79] and, as we will do in chapter 4
for superconformal minimal models, they can be compared in order to corroborate con-
jectured Landau-Ginzburg realizations of conformal models. Again, the main advantage
of the Landau-Ginzburg formulation with respect to the abstract CFT formalism relies
on the simple description of the topological bulk fields, through the Jacobi ring, and
of boundary conditions, through matrix factorizations of the superpotential, as well as
on the important fact that there is a closed expression to calculate all topological cor-
relators [61, 62, 101] without integrated field insertions. These advantages make the
Landau-Ginzburg formulation of conformal field theories the convenient setting to study
the dependence on the moduli, the effects of relevant deformations and tachyon conden-
sations.
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Outline: To conclude this introductory section we will sketch the organization of
this thesis. Chapter 2 is intended to recall N � 2 supersymmetric world-sheet models,
in particular non-linear sigma models and Landau-Ginzburg models, and the represen-
tations of B-type boundary conditions in terms of matrix factorizations of the latters.
Moreover, in that chapter we will dwell upon the categorical structure of matrix factor-
izations in order to better understand later on some constructions used in the discussion
of defects. In chapter 3, we will summarize the abstract formulation of superconformal
models, in particular of superconformal minimal models. In chapter 4, we will discuss
in detail the correspondence between abstract conformal field theoretical description and
Landau-Ginzburg realization of superconformal minimal models, especially for the E-
models. As an application, we will calculate some topological correlators making use of
this correspondence. This will allow us to check some algorithms proposed in the litera-
ture to determine the corresponding effective superpotential. With chapter 5 we will start
the second and main part of this thesis which will deal with defects between topological
Landau-Ginzburg models. In that chapter, we will recall the motivation for studying
them, their formulation and we will consider in detail their action on D-branes and on
topological boundary fields. In chapter 6, we will discuss perturbed defects and their use
to discuss boundary perturbations. We will show that in some models, perturbed defects
generate all boundary conditions acting on single basic D-brane. In chapter 7, we will
use a universal class of perturbed defects to represent braid group of autoequivalences on
the space of boundary conditions and we will provide explicit examples of models, where
autoequivalences of this type are present. Finally, as a final example of the various appli-
cations of topological defects, in chapter 8, we will avail ourselves of some constructions
already studied in chapter 7 to show how the category of topological defects can be conve-
niently used to construct on the category of matrix factorizations an algebraic structure
satisfying the axiomatic formulation of two-dimensional topological field theories. More
precisely, we will consider the categories of matrix factorizations associated to topological
Landau-Ginzburg models as substructures of the 2-category of topological defects and
we will then show that the presence of the above mentioned algebraic structure is the
consequence of a specific conjugation relation between defects, as well as of a trivial Serre
duality.



CHAPTER 2

N � 2 supersymmetric world-sheet models

In this chapter we will briefly recall general properties of N � 2 supersymmetric
world-sheet models. In particular, we will focus on two important classes of examples
of such theories, non-linear sigma models and Landau-Ginzburg models. We will discuss
the possibility to topologically twist the N � 2 supersymmetric models and describe
their topological sector. We will consider the issue of world-sheets with boundaries in the
Landau-Ginzburg context, as well as the association between B-type boundary conditions
and matrix factorizations. We will dwell upon the categorical structure of boundary
conditions, or topological D-branes, that emerges. The present chapter is intended to set
the background for our discussion of the relation between topological Landau-Ginzburg
description and standard abstract conformal theoretical formulation of minimal models,
that we will discuss in detail in chapter 4, as well as for the second part of this thesis
where we will deal with defects in topological Landau-Ginzburg models.

2.1. N=2 Supersymmetry

There are many reasons why world-sheet models with N � 2 supersymmetry are
widely considered. Roughly, we could say that such an amount of supersymmetry guar-
antees a structure rigid enough to have a good control of the theory but not so rigid to
suppress non-trivial features of phenomenological interest. In particular, from our point
of view, it is crucial that these theories possess an especially well behaved subsector,
called topological sector (see section (2.3)), which makes it an appropriate place to test
correspondences and conjectures. Another important feature of N � 2 supersymmetric
models is that their algebra has a Z2 outer automorphism which gives rise to the cele-
brated mirror symmetry. As we mentioned in the introduction, this symmetry can be
considered at the topological level. Finally, from a string theory point of view, we shall
mention that an extended world-sheet supersymmetry is required to guarantee space-time
N � 1 supersymmetry.
N � 2 supersymmetric models in two dimensions by definition are invariant not only
under the world-sheet space-time translation and Lorentz rotation but also under a trans-
formation with 4 real parameters that exchanges fermions and bosons. If these symme-
tries are preserved at the quantum level they are associated with the conserved charges
H,P,M,Q� and Q̄�, where the charges Q� and Q̄� have to satisfy the relations

Q�� � Q̄� (2.1)rH,Q�s � rP,Q�s � 0
�
H, Q̄�� � �

P, Q̄�� � 0 (2.2)

Q2� � Q̄2� � 0

"p�q
Q�, p�qQ �* � Z (2.3) 

Q�, Q̄�( � H � P (2.4)riM,Q�s � 	Q� �
iM, Q̄�� � 	Q̄�. (2.5)

15
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Here the label Z stands for operators, called central charges, that commute with all
operators in the theory.
A convenient way to construct a model provided with N � 2 supersymmetry on a 2-
dimensional surface is given by the superspace formalism. This consists in supplementing
the bosonic coordinates x0, x1 (here we will consider the case of R2) with 2 fermionic
coordinates θ� and their complex conjugates θ̄� (the indices � stand for the chirality under
Lorentz transformation). On this superspace we can define superfields fpx0, x1, θ�, θ̄�q
and Q� and Q̄� arise as the Noether charges associated with the invariance under the
transformations generated by the differentials

Q� :� BBθ� � iθ̄�B� Q̄� :� � BBθ̄� � iθ�B� (2.6)

where � stand for right rep. left moving coordinates x� � x0 � x1.
As we will see in section 2.3 and especially in section 3.4.3, it is often of interest to
consider N � 2 supersymmetric models with symmetry algebra extended by the internal
U(1) symmetry groups Up1qA and Up1qV , called axial- and vector R-rotations respectively.
The associated charges FA and FV satisfyriFV , Q�s � �iQ� �

iFV , Q̄�� � iQ̄� (2.7)riFA, Q�s � 	iQ� �
iFA, Q̄�� � �iQ̄�, (2.8)

and they act on the superfields as

eiαFV : fpx�, θ�, θ̄�q ÞÝÑ eiαqV fpx�, e�iαθ�, eiαθ̄�q (2.9)

eiβFA : fpx�, θ�, θ̄�q ÞÝÑ eiβqAfpx�, e	iβθ�, e�iβ θ̄�q, (2.10)

where qV and qA are the vector- and axial charges of the superfield, respectively.

2.2. Non-linear sigma models and Landau-Ginzburg models

In this section we will give two examples of actions with N � 2 supersymmetry, the
corresponding models are called non-linear sigma models and Landau-Ginzburg models.
We will start with the first class. Non-linear sigma models will enter our later discus-
sions mainly because of the Calabi-Yau/Landau-Ginzburg correspondence, which states
that non-linear sigma models on Calabi-Yau manifolds and (orbifolded) Landau-Ginzburg
models can be viewed as different phases in the Kähler moduli space of a unique linear
gauge sigma model. We will therefore often recall non-linear sigma model interpretation
of concepts considered by us in Landau-Ginzburg models.

2.2.1. Non-linear sigma models. Non-linear sigma models are built using chiral
and antichiral superfields. Chiral superfields Φ and antichiral superfields Φ̄ are defined to
satisfy respectively

D̄�Φ � 0 and D�Φ̄ � 0, (2.11)

where D� and D̄� are the differentials

D� � BBθ� � iθ̄�B� D̄� � � BBθ̄� � iθ̄�B�. (2.12)

The other possibilities

D̄�U � D�U � 0 pD̄�U � D�U � 0q (2.13)
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define twisted (anti) chiral fields.
Chiral superfields can be Taylor expanded in θ� and θ̄�, in this way we obtain

Φpx, θ, θ̄q � Xpy�q � θ�ψ�py�q � θ�ψ�py�q � θ�θ�F py�q (2.14)

where y� :� x� � iθ�θ̄�.
An analogous expression can be obtained for twisted (anti) chiral fields. Since the gener-
ator of the supersymmetric variation

δ � ǫ�Q� � ǫ�Q� � ǭ�Q̄� � ǭ�Q̄� (2.15)

commutes with the differentials D� the variation of the superfields can be expressed
in terms of the supersymmetric transformation of their Taylor components. These form
therefore a representation of the N � 2 supersymmetric algebra. For the chiral superfield,
for example, we obtain the chiral multiplet pX,ψ�, ψ�, F q, which is defined by the relations�

Q̄�, X� � 0 (2.16)riQ�, Xs � ψ� (2.17)tQ�, rQ�, Xsu � F. (2.18)

As we mentioned (anti)chiral superfields can be used to construct non-linear sigma model
actions. To do that we just have to consider a term of the type»

d2xd4θKpfiq. (2.19)

Such a term, called D-term, is invariant under supersymmetry transformation for every
set of superfields fi and for an arbitrary differentiable function K. In this way, we obtain
the action of non-linear sigma models

S � »
d2xd4θKpΦi, Φ̄iq. (2.20)

As we mentioned in the introduction, non-linear sigma models have a standard geomet-
rical interpretation. This manifests itself simply by using explicitly the field content of
the chiral multiplet. The lowest components of the superchiral fields Xi are considered
coordinate maps from a 2-dimensional world-sheet Σ to a compact connected Riemann-
ian manifold Ξ. The action (2.20) can then be rewritten (up to terms set to zero by the
equations of motion) as

S � » �gij̄BµX iBµX̄ j̄ � igij̄ψ̄
j̄�D�ψi� � igij̄ψ̄

j̄�D�ψi� �Rij̄kl̄ψ
i�ψk�ψj̄�ψ l̄�, (2.21)

where the tensors g and R correspond to the metric and the Riemannian curvature of Ξ.
We note that since gij̄ � BiBj̄K, Ξ is indeed a Kähler manifold. We conclude this brief re-
minder of non-linear sigma models with a note about the symmetries of the action (2.21).
First of all, it should be stressed that extended supersymmetry is essentially connected
with the Kähler condition of the manifold Ξ. Indeed, models with action (2.21) for gen-
eral non-Kähler manifold Ξ are just N � 1 supersymmetric models. Second, we note that
axial and vector R-symmetry can be classically achieved by assigning trivial R-charges
to the chiral superfields Φi or by considering a Kähler potential depending just on |Xi|2.
At the quantum level, however, axial R-symmetry becomes, in general, anomalous if the
manifold Ξ is not of Calabi-Yau type.
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2.2.2. Landau-Ginzburg models. Supersymmetric Landau-Ginzburg models are
obtained in an analogous way by considering again a set of chiral superfields whose lowest
component can be interpreted as a map

X : Σ ÝÑ Ξ (2.22)

from a two dimensional world-sheet to a Kähler manifold. The action is given by a D-
term, as for the non-linear sigma models, and by another supersymmetric term, called
F-term, obtained from a holomorphic function W and a set of chiral fields tΦiu»

d2xdθ�dθ�W pΦiq. (2.23)

The action of a Landau-Ginzburg model specified by a Kähler potential KpΦi, Φ̄iq and an
holomorphic superpotential W pΦiq is therefore

S � »
d2xd4θKpΦi, Φ̄iq � p» d2xd2θW pΦiq � c.c.q. (2.24)

Note that the presence of the F-term breaks, in general, classical vector R-symmetry.
Indeed, since the term d2θ has charge �2 under the group Up1qV and charge 0 under
Up1qA, the superpotential should be invariant under axial rotations and should have
vector R-charge 2. Vector R-symmetry thus requires that the superpotential W is quasi-
homogeneous with respect to the vector R-charges qi of the superfields Φi

W pλqiΦiq � λ2W pΦiq. (2.25)

Therefore, at the classical level, axial R-symmetry is always preserved simply by assigning
trivial charges to the chiral superfields, whereas vector R-symmetry, in general, can be
broken by the superpotential to a subgroup Γ containing Z2. The Z2 subgroup of Up1qR
will be denoted p�1qF . Without going into details, we just recall that vector R-symmetry,
unlike axial R-symmetry, is not anomalous. In this thesis we will take the manifold Ξ to
by simply Cn and the D-term, even if it will not play a relevant role in our discussion can
be chosen to be »

d2xd4θ
i̧

|Φi|2, (2.26)

such that we have a non-anomalous axial R-symmetry.

2.3. Topological sector

In the previous sections we considered models with a fixed euclidean world-sheet metric
h. In this section we will recall how we can construct models whose correlations func-
tions are invariant under world-sheet metric variations. In particular, correlators of these
theories are independent from the operator insertion positions. Because of this property
these models are called topological.
We recall that considering general world-sheets with non-flat metric h, even if is manda-
tory for string theory applications, is not free of consequences. Indeed, even if the above
models can be analogously defined for curved world-sheets, they are, in general, no more
supersymmetric, in fact, supersymmetry is guaranteed just for covariantly constant su-
persymmetry parameters ǫ� and ǭ�

∇
p�q
ǫ � � 0. (2.27)
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This condition can not be satisfied on curved world-sheets because there are no covariantly
constant spinors on them. Therefore, models defined on general surfaces have to be slightly
changed, “twisted”. This roughly amounts to redefining the Lorentz generator M

M ÑM �R, (2.28)

where R is a generator of an Up1qR-symmetry. The motivation for this change is to get
scalar charges out of the supersymmetry generators Q� and Q̄�. The subset of parameters
associated with them will then be scalars as well, and can be chosen to be constant. From
the N � 2 superalgebra (2.1, 2.7) models with vector R-symmetry after the twist

M ÑM � FV , (2.29)

called A-twist, have scalar charges Q� and Q̄�, whereas in case of axial R-symmetry the
B-twist

M ÑM � FA (2.30)

implies that Q̄� and Q̄� become scalars. Therefore, after these twists we get models that
are supersymmetric even for a general world-sheet metric h. We are interested in the
subtheories of these models that are invariant under a variation of the world-sheet metric,
i.e. the topological sectors. An important method to get the topological sector of these
supersymmetric models is provided by the general construction of an important class of
topological theories, called cohomological topological field theories (see for example [106]
or [73]). The idea is to start with a quantum theory that has a symmetry δ such that the
energy-momentum tensor Tµν is δ-exact, i.e.

Tµν � δGµν . (2.31)

Then we obtain a topological field theory by restricting the physical fields to those being
δ-closed, δΦ � 0. Since δ is assumed to be a quantum symmetry, after restricting to the
δ-closed subsector, it follows that fields differing by an δ-exact term are equivalent in the
new theory. In order to be able to consistently identify these fields, one has to require
that on the original theory the operator δ square to zero, δ2 � 0.
Looking back at the N � 2 superalgebra we see that supercharges can be used to define a
symmetry of the theory δ with the above mentioned properties. Of the four ways to define
the nilpotent charge Q that generates δ, just two are essentially inequivalent. These are,
for example,

Q :� QA � Q� � Q̄� Q :� QB � Q̄� � Q̄�. (2.32)

The corresponding topological field theories, obtained by restricting the field content to
the Q-cohomology, called topological sector, are denominated topological A- and B-model,
respectively. We note that sincerFA, QAs � QA rFV , QBs � QB (2.33)

the B-type (respectively A-type) Q-cohomology is graded by the unbroken part of the
vector (respectively axial) R-charge.
In the particular case of topological Landau-Ginzburg B-models it can be shown [101]
that topological fields correspond to holomorphic functions of the lowest components Xi

of the chiral fields Φi modulo terms of the form viBiW (where v is an holomorphic vector
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field). The Q-cohomology has a ring structure which in the present context corresponds
to the Jacobi ring

CrXs  BiW ¡ . (2.34)

Topological Landau-Ginzburg model correlators involving bulk fields can be calculated
using the one-point correlator formula [101]  ppXq ¡� 1p2πiqN ¾

dNX
ppXqB1W � � � BNW (2.35)

and the above mentioned ring structure. The formula (2.35) is obtained from the path
integral formulation simply noting that this, for topological Landau-Ginzburg models,
reduces to a sum of residua at the critical points of the superpotential [101], which , in
turn, can be reexpressed through the above integral representation.

2.4. D-branes in B-type topological Landau-Ginzburg models

In this section we will review the description of D-branes in B-type topological Landau-
Ginzburg theories. We will see ([19, 61] and [49, 62]) that in accordance with the pro-
posal of Kontsevich they correspond to matrix factorizations of the superpotential W .
This description allows to deal with branes in a much more concrete and manageable way
than, for example, using branes description at the large radius limit where B-type D-branes
are described by coherent sheaves on the target manifold. In particular, dependence on
moduli, effects of relevant deformations and tachyon condensation can be addressed in
a more convenient way, as we will see in later chapters. We recall that the non-trivial
equivalence between geometric formulation and matrix factorization expected from the
Calabi Yau/Landau-Ginzburg correspondence has been recently proven in [90, 91] (see
for example [9] for a discussion of the relation between these two formulations). From the
physical point of view, it is crucial to understand this correspondence in detail, or more
precisely, in the context of linear gauged sigma model. This to obtain a description of
topological D-branes extended to the whole Kähler parameter space. This problem was
attacked in [10] and fully discussed in [48].

We will discuss how N � 2 Landau-Ginzburg models can be defined on a two di-
mensional surface with boundaries, or equivalently on the half plane. Since translation
invariance perpendicular to the boundary is broken its generator P can not appear in the
symmetry algebra. It is therefore clear that the whole N � 2 supersymmetry can not be
preserved. It is however still possible to save a N � 1 supersymmetry with supercharge
QA or QB. Indeed, these charges satisfy 

QA,B, Q
�
A,B

( � 2H. (2.36)

Here we will consider just B-type D-branes. These by definition preserve the supercharge
QB and they are therefore compatible with the topological B-twist. In order for the
Landau-Ginzburg model to be still supersymmetric even in the presence of boundaries, in
particular, to be invariant under the supersymmetric transformation generated by QB one
has to introduce boundary degrees of freedom and a suitable boundary term such that
the supersymmetric variation of the boundary action compensates the boundary term,
called Warner term, which comes from the supersymmetric variation of the bulk part of
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the action. Without going into details we just recall that the boundary fermions Πa have
to satisfy the condition

D̄�Πa � EapΦiq (2.37)

and that the boundary term is given by

SBΣ � »BΣ dxdθ a̧

ΠaJapΦiq � SBΣpΦiq. (2.38)

If the condition

a̧

JapΦiqEapΦiq � W pΦiq (2.39)

is satisfied the whole action S � SΣ � SBΣ is QB-invariant.
This condition can be rewritten as

QpΦiq2 � W pΦiq (2.40)

for the boundary operator

QpΦiq :�
a̧

πaJapΦiq � π̄aEapΦiq �: q1 � q0, (2.41)

where πa and π̄a are the lowest components of the multiplets Πa and Π̄a, and they form
a Clifford algebra which has the usual representation in terms of matrices. Actually,
condition (2.40) can be obtained [49] avoiding fermions and writing everything directly
in terms of matrices. This removes the implicit condition on their dimension.
We will restrict from now on to the special case where the target space Ξ corresponds to
the affine space Cn. In this setting a D-branes can be graphically represented in terms of
free CrΦis-modules and matrix factorizations q1 and q0 between them

M1

q1Õ
q0
M0. (2.42)

D-branes in Landau-Ginzburg models correspond therefore to matrix factorizations of the
superpotential W pΦiq. The modules M0,1 are physically interpreted as the Chan-Paton
space of space-filling branes and antibranes, respectively, which condense after turning on
the superpotential W . The maps q0,1 describe the tachyons of the corresponding conden-
sate.
Associated to each pair of boundaries there are open strings stretched between them.
These in the present context can be formulated as morphisms between the modules rep-
resenting the corresponding boundaries. As we saw in the previous section we obtain the
topological strings by passing to the BRST-cohomolgy. Because of the presence of the
boundary part of the Q-operator

Dfab � Qbfab � p�1q|f |fabQa (2.43)

associated to the operators (2.41), topological open strings correspond to morphisms of
the CrXs-modules M �M1 `M0 that are non vanishing elements of the D-cohomology.
This is graded by the Z2-grading induced by p�1qF which we denoted by |f | in the previous
expression. The physical space-time meaning of this Z2-degree is that degree 0 morphism
are bosonic whereas degree 1 are fermionic.
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For the open topological sector there is a one-point disk correlator formula derived in
[61, 62]   faapXq ¡� 1p2πiqN ¾

dNX
STrpBQN

a fpXqqB1W � � � BNW , (2.44)

where STr denotes the supertrace STrp� � � q :� Trp� 1 0
0 �1


 � � � q and BQN
a is the anti-

symmetrized derivative of QaBQN
a � 1

N !

¸
σPSN

p�1q|σ|Bσp1qQa � � � BσpNqQa (2.45)

with σ being an element of the permutation group SN .
We conclude by noting that attention should be paid when we consider the correspon-
dence between matrix factorizations and D-branes to the fact that many different matrix
factorizations can correspond to the same D-brane and are therefore physically equivalent.
The first equivalence relation among matrix factorizations is provided by isomorphisms
of CrXs-modules. This means that two matrix factorizations M and M 1 satisfying

U0m1 � m1
1U1 U1m0 � m1

0U0 (2.46)

for invertible CrXs-morphisms U0 and U1 must be identified. Another equivalence follows
from the observation that D-branes provided by the matrix factorizations p1,W q have
empty cohomology. This suggests that adding such branes does not have a physical influ-
ence. We will therefore consider as equivalent matrix factorization configurations differing
just by a direct sum of trivial factorizations. Matrix factorizations that do not contain
trivial direct summands are called reduced. A necessary condition for that is the absence
of constant matrix elements.
In the Landau-Ginzburg formalism some phenomena like the tachyon condensation or the
brane-antibrane map have a natural realization ( natural’ in the sense that these con-
structions are fundamental pieces of the structure of the matrix factorization category,
see next section). Indeed, given a non-trivial fermionic topological open string fab stretch-
ing between two branes A and B associated to the two matrix factorizations pa1, a0q andpb1, b0q, we can construct with a standard procedure another D-brane, interpreted as the
tachyon condensation between A and B. This is the matrix factorization��

a1 0
f 1
ab b1



,

�
a0 0
f 0
ab b0




. (2.47)

A direct consequence of this and of the above equivalences is that the brane-antibrane
map is simply given by exchanging q0 and q1

Q � pq1, q0q ÞÑ Q̄ � pq0, q1q, (2.48)

namely the condensation of Q � pq1, q0q with Q̄ � pq0, q1q through the tachyon provided
by the identity morphism is equivalent to a bunch of trivial branes and therefore results
in complete annihilation. This is in agreement with the previous physical interpretation
of matrix factorizations as a condensate of a set of space filling branes and antibranes.

2.5. Categories of matrix factorizations

In this section we want to remind how B-type D-branes and open strings in a topo-
logical Landau-Ginzburg model can be rephrased in terms of different mathematical cat-
egories. This will allow us to set up the notation which we will use in later chapters and
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to pave the way to the introduction of the 2-category structure of defects in Landau-
Ginzburg models in chapter 8.
The most natural category from the physical point of view has already been implicitly
considered in the previous section. This category has finite dimensional matrix factor-
izations of the superpotential, or D-branes, as objects and topological open strings of
degree 0 or 1 between matrix factorizations A and B as morphisms. This category is
called the homotopy category of matrix factorizations . In this chapter we will mainly
restrict ourselves to this well known formulation [4, 19, 49, 58, 61, 62, 76, 103] of
Landau-Ginzburg models in categorical terms, because it is particularly manageable and,
as we will recall in the later chapters, it allows to describe objects like topological defects
and their operations in a natural way. However, it should be noted that there are other
equivalent categorical formulations ([90, 91, 109] and [60] for a summary) which can be
more convenient for other purposes [103]. At the end of this section we will recall, for
example, the category of Cohen-Macaulay modules.
We recalled in section 2.3 that in B-twisted Landau-Ginzburg models bulk operators cor-
respond to the cohomology of the bulk BRST-operator. The cohomology obtained in this
way has a ring structure described by CrW s{   BiW pXq ¡. We will further assume that
the Jacobi ring CrXs{   BiW pXq ¡ is finite dimensional. There are both a physical
reason for this assumption, ensuring finiteness of closed string spectrum of the model,
and a mathematical advantage, since it implies that the ring CrXs{W pXq is an isolated
singularity (see for example [27]). This, as we will recall below, implies a useful duality
for the category of B-type D-branes, called, in general, Serre duality.
Topological D-branes, as we have seen in the previous section, are represented by a CrXs-
linear operator q acting on a finite dimensional Z2-graded CrXs-module Q1 ` Q0 whose
grading comes from the R-symmetry subgroup p�1qF . q is required to be a degree 1
operator satisfying q2 � W pXq. We will graphically represent D-branes as

Q1
q1Õ
q0
Q0 (2.49)

or simply by the matrix

q � �
0 q1

q0 0


 �: pq1, q0q, (2.50)

and we will denote the pair pQ1 `Q0, qq by Q.
The space of open strings between D-branes A and B is represented in the matrix factor-
ization language by the Z2-graded complex

HomCpA,Bq :� Hom1
C
pA,BqàHom0

C
pA,Bq, (2.51)

where Hom0
C
pA,Bq denotes usual morphisms between pairs of (twisted) complexes of

modules � � � a0Ñ A1
a1Ñ A0

a0Ñ A1 Ñ � � �
φ1 Ó φ0 Ó φ1 Ó� � � b0Ñ B1

b1Ñ B0
b0Ñ B1 Ñ � � � (2.52)
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and Hom1
C
pA,Bq morphisms between the complex A and the shifted complex which cor-

responds to B̄ � � � a0Ñ A1
a1Ñ A0

a0Ñ A1 Ñ � � �
ψ1 Ó ψ0 Ó ψ1 Ó� � � b1Ñ B0

b0Ñ B1
b1Ñ B0 Ñ � � � . (2.53)

This space is provided with the differential operator

Df :� q1f � p�1q|f |q f P HomCpQ,Q1q|f |. (2.54)

Topological open strings are given by the Z2-graded C-module obtained by passing to the
D-cohomology of HomCpQ,Q1q.
We denote by MF pW pXq,CrXsq the Z2-category whose objects are matrix factorizations
over the ring CrXs of the superpotential W pXq and whose morphisms are given by

HomMF pQ,Q1q :� tf P HomCpQ,Q1q|Df � 0u . (2.55)

Whereas with HMF pW pXq,CrXsq we mean the Z2-category with the same objects but
with morphisms

HomHMF pQ,Q1q :� HDpHomCpQ,Q1qq. (2.56)

In the following we will frequently abbreviate HomHMF pQ,Q1q with the notation used in
the previous section HpQ,Q1q.
If we consider bosonic and fermionic strings as morphisms between two D-branes it would
be natural to describe the category of boundary operators through HMF pW pXq,CrXsq,
however, to avoid confusion, it should be noted that there is another possibility which
is widely used in the mathematical literature, i.e. instead of working with G-graded cat-
egories tCgru (in our context, the Z2-graded categories HMF pW pXqq and MF pW pXqq
whose morphisms spaces are G-graded, to consider the corresponding G-categories. The
latter are ungraded categories tCu, obtained by restricting to the morphisms of degree 0,
that support an action of the group G, i.e. there is a monomorphism

G Ñ AutpCq
g ÞÑ pgq (2.57)

(see [76] for a more precise discussion). The relation between the two categories is

ObjpCq � ObjpCgrq
HomCgr

pA,Bq � À
gPGHomCpA,Bpgqq. (2.58)

From a physical point of view, this corresponds to consider bosons as the morphisms
between the matrix factorizations Q and Q1, whereas the fermionic spectrum is identified
with morphisms between Q̄ and Q1, where Q̄ is the antibrane of Q and is represented by
a matrix factorizations in which q1 and q0 are exchanged (see (2.63)).
The Z2-categories obtained from HMF pW pXq,CrXsq and MF pW pXq,CrXsq will be de-
noted by MF0pW pXq,CrXsq and HMF0pW pXq,CrXsq.

HomMF0
pQ,Q1q :�  

f P Hom0pQ,Q1q|Df � 0
(

(2.59)

HomHMF0
pQ,Q1q :� H0

DpHomMF pQ,Q1qq. (2.60)
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Clearly, the spaces of morphisms ofHMF0pW pXq,CrXsq are the spaces ofHomMF0
pQ,Q1q

modulo null-homotopic morphisms. A morphism f � pf0, f1q P HomMF0
pQ,Q1q is null-

homotopic if there are s0 P HomCrXspQ0, Q11q and s1 P HomCrXspQ1, Q10q such that

f1 � q10s1 � s0q1 f0 � q11s0 � s1q0. (2.61)

This implies that null-homotopic objects (i.e. objects with null-homotopic identity mor-
phisms) like the matrix factorizations p1,W q and pW, 1q become zero objects. Therefore
in HMF0pW pXq,CrXsq objects differing by a direct sum of p1,W q and pW, 1q will be
identified. This corresponds to the fact that p1,W q and pW, 1q do not represent any phys-
ical D-branes (see previous section).
In a way analogous to the one for usual homotopic categories, it can be shown that
HMF0pW pXq,CrXsq has the structure of a triangulated category [39, 90], i.e. it can be
endowed with an additive autoequivalence T and a class of distinguished triangles

Q
fÑ P

gÑM
hÑ T pQq (2.62)

satisfying some axioms. Without going into the details of this structure, we just note
that in HMF0pW pXq,CrXsq the autoequivalence is given by the shift functor r1s which
physically maps D-branes to the corresponding antibranes

Q � Q1
q1Õ
q0
Q0 ÞÑ Qr1s :� Q̄ :� Q0

�q0Õ�q1 Q1, (2.63)

and the distinguished triangles are defined to be isomorphic to the standard triangles

Q
fÑ P

gÑ ConepQ,P ; fq hÑ Qr1s, (2.64)

where ConepQ,P ; fq is the matrix factorization

ConepQ,P ; fq : Q0 ` P 1
c1Õ
c0
Q1 ` P 0 (2.65)

c1 � � �q0 0
f 0 p1



c0 � � �q1 0

f 1 p0



. (2.66)

This construction is nothing else than the condensate built by the brane P and the an-
tibrane Q̄ with turned on tachyon f already seen in the previous section. In the rest of
this paper we will therefore adopt the physically motivated notation ConepQ̄, P ; fq with
f considered as element of Hom1

HMF pQ̄, P q.
Another construction which we will widely use in this thesis is the tensor product of matrix
factorizations [4, 110]. This means mapping a pair of matrix factorizations Q � pq1, q0q
and P � pp1, p0q of two possibly different Landau-Ginzburg models W pXq and W 1pY q to
a matrix factorization QbP of the model with superpotential W pXq�W 1pY q of the form�� Q1 b P 0`

Q0 b P 1

��� q1 b 1 �1b p1

1b p0 q0 b 1

�Õ�� q0 b 1 1b p1�1b p0 q1 b 1

��� Q0 b P 0`
Q1 b P 1

�. (2.67)

This construction works analogously in the case of two models sharing a common class
of bulk fields Z, i.e. W pX,Zq � W 1pY, Zq. In this case however the tensor products
have to be over the ring CrZs instead of C. From the physical point of view, these
matrix factorizations correspond to imposing independent boundary conditions on the
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two subtheories associated to W pXq and W 1pY q, respectively. The space of morphisms
between tensor product matrix factorizations QbQ1 and P b P 1 is simply given by

HpQbQ1, P b P 1q � HpQ,P q bHpQ1, P 1q. (2.68)

Before concluding this section, we note that it is sometimes useful, as for example in
handling defects fusing together, as we will see in section 5.4, to consider a larger category
of matrix factorizations ([67], note however the different notation) MF 1pW pXq,CrXsq
consisting in matrix factorizations of infinite rank but with finite dimensional cohomology.
The cohomology, denoted by HpMq of a matrix factorization M P MF pW pXq,CrXsq is
defined as the cohomology of the Z2-complex of C-vector spaces

M 11 d1MÝÑM 10 d0MÝÑM 11 (2.69)

M 1i :�M i{X.
We are allowed to work in this category even if it is not equivalent to the category
MF pW pXq,CrXsq introduced previously, because the corresponding homotopy category
HMF 1pW pXq,CrXsq is nevertheless equivalent to the category HMF pW pXq,CrXsq de-
scribing topological branes. This correspondence can be viewed as a consequence of the
following remarks: Null-homotopic objects in MF 1pW pXq,CrXsq, i.e. (possibly infinite) direct sums

of matrix factorizations p1,W pXqq and pW pXq, 1q are exactly the matrix factor-
izations Q such that HpQq � 0

Q � `p1,W q ` pW, 1q � HpQq � 0. (2.70) Each element Q of MF 1pW pXq,CrXsq can be written as a uniquely defined ele-
ment Qred PMF pW pXq,CrXsq plus a null-homotopic term�QPMF 1pW pXq,CrXsq DQredPMF pW pXq,CrXsq s.t Q � Qred ` p1,W q ` pW, 1q(2.71)

We recall moreover the following important theorem [67], which relates isomorphisms in
HMF 1 to morphisms of MF 1. A morphism f : Q Ñ P of matrix factorizations is an
isomorphism in the homotopy category of matrix factorizations if and only if it induces
an isomorphism between cohomologies of Q and P

for f P HomMF 1pP,Qq : Q
fÝÑ�HMF

P � HpQq fÝÑ� HpP q. (2.72)

We conclude this section by introducing the concept of dual matrix factorization Q� P
MF p�W pXqq of a matrix factorization Q � pq1, q0q P MF pW pXqq. This, in terms of
factorizations, is defined as

Q� :� p�qJ0 , qJ1 q, (2.73)

where J stands for matrix transposition. The name has its origin in the equivalence of
complexes

Q� � HomCrXspQ,CrXsq. (2.74)

In general, we have the relation

Q� bQ1 � HomCrXspQ,Q1q. (2.75)

Therefore, as is sometimes useful, we can rewrite the space of morphisms HpQ,Q1q through
the cohomology

HpQ,Q1q � H�pQ� bQ1q. (2.76)
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2.5.1. Matrix factorizations and Cohen-Macaulay modules. In the study of
the category of Cohen-Macaulay modules C over an hypersurface R (in our case this will
be R :� CrXs{W pXq) it was realized in [33] that it is equivalent to the homotopy cate-
gory HMF0 of matrix factorizations of W .
Here we sketch this equivalence (see [109] for more details and for a general introduction
on Cohen-Macaulay modules ) in order to enlighten a useful trick (introduced in [23] and
recalled in section 5.4) to deal with the appearing of infinite sums of unphysical branes of
type (2.70) in the action of defects. The importance of this correspondence is not limited
to this trick, in fact it is widely used to derive useful properties of the category of matrix
factorizations. In particular, relevant features for this thesis, which can be derived in such
way, are the Knörrer periodicity, which states that Landau-Ginzburg models with super-
potentials W pXq and W pXq�Y 2�Z2 are equivalent, and Serre duality, which states that
the dual of the space HomHMF0

pA,Bq is isomorphic to the space HomHMF0
pSB,Aq where

S is a functor, called Serre functor, S : HMF0pW pXq,CrXsq Ñ HMF0pW pXq,CrXsq
(see following subsection).
We consider a Cohen-Macaulay (CM) module M over the ring R :� CrXs{W pXq. We
do no want to recall here the general technical definition of CM-module; it is sufficient
to remember that this is equivalent to the existence of an exact sequence (CrXs-free
resolution)

0 Ñ CrXsm q1Ñ CrXsm ÑM Ñ 0. (2.77)

The fact that M is a R-module implies the existence of a CrXs-module morphism q0 such
that

q0q1 � q1q0 �W pXq, (2.78)

i.e. we obtained from a CM-module a matrix factorization

CrXsm q1Õ
q0

CrXsm. (2.79)

Conversely, given a matrix factorization pq1, q0q we obtain a CM module as Cokerpq1q �:
CokerpQq. This map extends to a functor Coker since for

f � pf1, f0q P HomMF ppq1, q0q, pq11, q10qqq (2.80)

this clearly defines a morphism of exact complexes of R-modules� � �� � � ÑÑ Rn

f̃1 Ó
Rn1 q̃1Ñ̃

q1
1Ñ Rn

f̃0 Ó
Rn1 q̃0Ñ̃

q1
0Ñ Rn

f̃1 Ó
Rn1 � � �� � � (2.81)

where � means modulo W .
Since the two periodic complexes of R-modules can be used as free R-resolution of
CokerpQq and CokerpQ1q, we obtain� � �� � � ÑÑ Rn

f̃1 Ó
Rn1 q̃1Ñ̃

q1
1Ñ Rn

f̃0 Ó
Rn1 q̃0Ñ̃

q1
0Ñ Rn

f̃1 Ó
Rn1 ÑÑ CokerpQq

CokerpQ1q ÑÑ 0

0
.(2.82)

This schema can be complete to form a morphism of complexes by a unique morphism
Cokerpfq of CM-modules CokerpQq Ñ CokerpQ1q. The so obtained functor induces an
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equivalence

HMF0pW pXq,CrXsq � Cp CrXs
W pXqq, (2.83)

where CpRq is the category of CM-modules over R and means that we take the stable
category of the (Frobenius) category CpRq, i.e. roughly speaking, we project out mor-
phisms factorizing through free R-modules.

2.5.2. Serre duality. In general, a category is said to exhibit Serre duality if there
is a functor S, called Serre functor, and a natural isomorphism

HomCpHpQ,Q1q,Cq � HpQ1,SQq. (2.84)

This duality (see [103]), in the case of graded matrix factorizations of a quasi-homogeneous
potential, has a physical motivation. Indeed, it corresponds under spectral flow to the
charge conjugation symmetry of the Ramond ground states of the conformal theory ob-
tained after letting the boundary configuration QÑ Q1 flow to the infrared. The mathe-
matical proof of the existence of the Serre duality for the category of matrix factorizations
relays on the equivalence of this category and the category of Cohen-Macaulay modules
and its Auslander-Reiten duality. Without going into details (see [60]) we just recall
that under the usual assumption that the ring CrXs{W pXq is an isolated singularity, i.e.
that the Jacobi ring CrXs{   BiW pXq ¡ is finite dimensional, it has been proven that
HMF0pW pXq,CrXsq has Serre duality (see [26], [60]), and that the Serre functor for
HMF0pW pX1, .., Xnq,CrX1, .., Xnsq is given by the shift functor rn� 2s, i.e. the identity
if n is even and the inverse functor if n is odd. We note that in this thesis we will mainly
work with the physically motivated Z2-graded categories HMF . As a consequence of the
above discussion this category has a trivial Serre functor, i.e.

HpQ,Q1q� � HpQ1, Qq. (2.85)

Indeed,

HpQ,Q1q� � HomHMF 0pQ,Q1q� `HomHMF 0pQ,Q1r1sq�� HomHMF 0pQ1, Qq `HomHMF 0pQ1, Qr1sq� HpQ1, Qq. (2.86)



CHAPTER 3

N � 2 Superconformal field theories

In this chapter we will consider N � 2 supersymmetric models that have the property
to be conformally invariant. This means that the N � 2 supersymmetry group is enlarged
by local conformal transformations, i.e. angle preserving world-sheet coordinate transfor-
mations. We will first recall some fundamental concepts of a conformal field theory and
its N � 2 supersymmetric extension, in particular we will discuss the boundary state
formalism. Afterwards, we will provide as an explicit example the construction of N � 2
minimal models. This chapter should be intended to be a reminder complementary to
chapter 2 and will build up the background needed to study the relation between Landau-
Ginzburg and the abstract formulation of superconformal models on which we will focus
in chapter 4, considering the concrete example of minimal models.

3.1. Conformal field theory

A field theory defined on a Riemann manifold pΣ, gq is said to be conformal at the
classical level, if its action is invariant under conformal transformations. These are changes
of variables x Ñ x1 that leave the metric tensor invariant up to a scale g1 � Λpxqg.
The set of conformal transformations forms a group, which, for the case of the Lorentz
metric gµν � ηµν , clearly includes the Poincaré group. These transformations look like
locally to dilatations and are generated, for dimensions of Σ greater than two, by the four
transformations pTranslationq x1 � x� apDilatationq x1 � λxpRigid rotationq x1 �MxpSpecial conformal transformationq x1 � x�bx2

1�2b�x�b2x2 .

(3.1)

A useful sufficient condition for classical conformal invariance is the traceless condition of
the energy-momentum tensor Tµν

T µµ � 0. (3.2)

We note that, as a consequence, in two dimensional models conformal symmetry is im-
plied by scale, rotation and translation invariance. In this chapter we will consider just
two dimensional models since our purposes are to describe conformal world-sheet theories.
Conformal invariance in these models has far reaching consequences, indeed, as we will
see, it implies an infinite number of conserved charges. These models are then in principle
completely solvable by symmetry considerations alone.

We start by considering a cylinder Σ with coordinates pt, xq and Lorentzian metric
η which corresponds to the world-sheet of a propagating closed string. It is useful from
a conformal theoretical point of view to perform a Wick-rotation and to introduce the
complex coordinates z � exppt � ixq and z̄ � exppt � ixq. Locally, the condition for

29
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conformal invariance is then solved by holomorphic and antiholomorphic transformations

z1 � fpzq z̄1 � f̄pz̄q. (3.3)

We recall that conformal transformations that are globally well defined and invertible on
the complex plane, correspond to the representation of the SLp2,Cq{Z2 group

z1 � az � b

cz � d
,

�
a b

c d


 P SLp2,Rq, z̄1 � a1z̄ � b1
c1z̄ � d

1
,

�
a1 b1
c1 d1 
 P SLp2,Rq. (3.4)

The group of local conformal transformations however, as it follows from (3.3), is for two
dimensional models infinite dimensional and it is generated by the operators

ln � �zn�1Bz l̄n � �z̄n�1Bz̄. (3.5)

In particular l�1, l0, l1 generate global conformal transformations. The generators ln and
l̄n satisfy the Witt algebrarln, lms � pn�mqln�m �

l̄n, l̄m
� � pn�mql̄n�m. (3.6)

In the quantum theory we have to consider, in general, projective representations of these
algebras, i.e. the central extension of the Witt algebra, called Virasoro algebrarLn, Lms � pn�mqLn�m � c

12
npn2 � 1qδn�m,0 (3.7)

where the parameter c, is called central charge.
In terms of the complex coordinate z, tracelessness and conservation of the energy mo-
mentum tensor imply

T pz, z̄q � �
T pzq 0

0 T̄ pz̄q 
 , (3.8)

where T pzq and T̄ pz̄q are holomorphic, respectively antiholomorphic functions on C�. To
each holomorphic current jpzq (respectively antiholomorphic current j̄pz̄q) on C� we can
associate an operator

J :� ¾
dz

2πi
jpzq pJ̄ :� ¾

dz̄

2πi
j̄pz̄qq (3.9)

acting on the Hilbert space obtained by quantizing on a circle in C. Since the current j (j̄)
is holomorphic (antiholomorphic) the operator J (J̄) is conserved. Therefore, considering
the holomorphic currents zn�1T pzq we can associate to the energy-momentum tensor T pzq
the conserved charges

Ln :� ¾
dz

2πi
zn�1T pzq (3.10)

and analogously for T̄ pz̄q
L̄n :� ¾

dz̄

2πi
z̄n�1T̄ pz̄q. (3.11)

These operators form two copies of the Virasoro algebra (3.7) V ir � V ir. This can be
derived from short distance behavior of the considered conformal quantum theory, more
precisely, from the operator product expansion

T pwqT pzq � c

2pw � zq4 � 2T pzqpw � zq2 � BT pzqpw � zq � reg. . (3.12)
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The symmetry algebra of a conformal theory is in general an extension of V ir � V ir,
which we assume, as indeed it is usually the case, to be of the form A� Ā.
The Hilbert space of the theory supports a representation of the symmetry algebra, which
in our discussion will be assumed to be unitary. Denoting the irreducible representations
of A, respectively Ā, as tHiuiPI and

 
H̄ī

(
īPĪ , the Hilbert space HC of the theory is then

given by the direct sum

HC � à
iPI ,̄iPĪNi,̄iHi � H̄ī. (3.13)

If we assume that the energy operator is bounded from below, the irreducible representa-
tions have to be highest weight representations. Considering the symmetry algebra V ir
this means that they are obtained acting with the modes L�n for n ¡ 0 on the highest
weight states |hi ¡, which satisfy

L0|hi ¡� hi|hi ¡ Ln|hi ¡� 0 for n ¡ 0. (3.14)

hi is called the conformal dimension of the representation Hi. Under state-field corre-
spondence the highest weight states |hi ¡ correspond to the fields φipzq. These fields are
examples of primary fields, which are defined to have an OPE with the energy-momentum
field T pzq of the form

T pzqφipwq � hiφipzqpw � zq2 � Bφipzqpw � zq � reg (3.15)

This means that they transform under conformal change of variables as

φ1ipz1q � �BfpzqBz 
hi

φipzq. (3.16)

Primary fields are a subclass of the larger class of quasi-primary fields which satisfy
the transformation rule (3.16) only for global conformal transformations. A fundamental
example of a quasi-primary field, which is in general not primary, is the energy-momentum
tensor T . Indeed, as a consequence of the OPE (3.12) it transforms as

T 1pz1q � �BfpzqBz 
2

T pzq � c

12
tz, fpzqu (3.17)

where t�, �u denotes the schwarzian derivative.
We conclude this section with an important remark about the Hilbert space HC . It
is crucial to note that the parameters Ni,̄i of the theory can not be chosen arbitrarily.
Indeed, in order to obtain a well-defined theory on higher-genus surfaces, in particular
on tori, they have to satisfy a necessary consistency constraint (which is also believed
to be sufficient [87]). A convenient way to state it, is to encode the information of the
Hilbert space structure in terms of the partition function Z of the theory on a torus
T � C{pZ` τZq

Z � trHC
e2πipτpL0�c{24q�τ̄ pL̄0�c{24qq (3.18)

or equivalently

Zpqq �¸
Njj̄χjpqqχj̄pq̄q (3.19)

where q :� expp2πiτq and the characters are

χipqq :� trHi
qL0� c

24 . (3.20)
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The consistency of the theory requires that the partition function does not depend on the
choice of the periods used to describe the torus, or in terms of the parameter τ , Zpqq has
to be invariant under the transformations

τ ÞÑ aτ � b

cτ � d
,

�
a b

c d


 P SLp2,Zq{Z2, (3.21)

called modular transformations. This group is generated by the two particular transfor-
mations

T : τ ÞÑ τ � 1 (3.22)

S : τ ÞÑ �1

τ
, (3.23)

which are represented on the space of characters as

χipqq TÞÑ e2πiphi� c
24
qχipqq (3.24)

χipqq SÞÑ
j̧PISijχjpqq. (3.25)

This opens the question of determining modular invariant partition functions for a given
symmetry algebra. For unitary conformal models a simple solutions of this consistency
condition is provided by the diagonal partition function Nīi � δīi. Other examples will
be considered later as we will discuss minimal models in detail.

3.2. N=2 superconformal algebra

As we will see in the next section, in our discussion we will consider a specific class
of conformal models, those that can be described by N � 2 supersymmetric Landau-
Ginzburg models at the infrared fixed point. Postponing further comments to the next
sections, we just recall that these models have a symmetry algebra, called N � 2 su-
perconformal algebra, which contains in addition to the energy-momentum tensor two
currents Gpzq� of conformal weight 3{2, i.e.

T pzqG�pwq � 3{2G�pzqpw � zq2 � BG�pzq
w � z

� reg, (3.26)

which have OPE’s among themselves

G�pzqG�pwq � 2c{3pz � wq3 � 2Jpzqpw � zq2 � 2T pzq � BJpzq
w � z

� reg (3.27)

G�pzqG�pW q � reg (3.28)

G�pzqG�pW q � reg. (3.29)

Notice that on the right hand side another field J, more precisely a Up1q current of
conformal dimension 1, has appeared. Thus the structure of the N � 2 algebra demands
that in addition to T and G� the current J should be introduced. The OPE’s involving
J look like

T pzqJpwq � Jpzqpw � zq2 � BJpzq
w � z

� reg (3.30)

JpzqG�pwq � �G�pzq
w � z

� reg (3.31)

JpzqJpwq � c

3z2
� reg. (3.32)
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The sign � appearing in the notation G� refers therefore to the Up1q charge of the
supercurrents. Analogously to the energy-momentum tensor T pzq, we can re-express the
above OPE in terms of the Laurent’s modes. For the supercurrents the Laurent expansions
are

G�pzq �
ņ

G�
n�az�pn�aq�3{2, (3.33)

where a depends on the chosen periodicity condition G�pe2πizq � �e	2πiaG�pzq. In
particular, for a � 0 and a � 1{2 respectively, they characterize the so called Ramond,
respectively Neveu-Schwarz sector. The N � 2 superconformal algebra is then given byrLm, Lns � pm� nqLm�n � c

12
mpm2 � 1qδm�n,0 (3.34)rJm, Jns � c

3
mδm�n,0 (3.35) 

G�, G�( � 2Lr�s � pr � sqJr�s � c

3
pr2 � 1{4qδr�s,0 (3.36)rLn, Jms � �mJm�n (3.37)�

Ln, G
�
r

� � pn{2� rqG�
n�r (3.38)�

Jn, G
�
r

� � �G�
n�r (3.39)

(r P Z� a)
Notice that, up to now, we focused on the holomorphic sector, however another copy of
the N � 2 superconformal algebra is associated to the antiholomorphic sector. These
theories are therefore denoted as N � p2, 2q superconformal theories.
Highest weight representations of the N � 2 superconformal algebra are obtained by
acting with negative modes on the highest weight states |i ¡, which are defined by the
usual requirements together with the additional conditions

J0|i ¡� qi|i ¡ Jn|i ¡� 0, n ¡ 0 (3.40)

G�
r |i ¡� 0, r ¡ 0. (3.41)

We can again assign to each highest weight state a field φipzq, called superconformal
primary. This kind of fields satisfies the OPE (3.15) and

Jpzqφipzq � qi

w � z
φipzq � reg (3.42)

G�pzqφipzq � pG��1{2φiqpzq
w � z

� reg. (3.43)

Later we will focus on some particular classes of primary fields. These are called chiral
primaries, if they generate highest weight states annihilated by G��1{2

G��1{2|φ ¡� 0 (3.44)

or, antichiral, if the generated states are annihilated by G��1{2
G��1{2|φ ¡� 0. (3.45)

The properties that make (anti)chiral fields of special interest are that they form a finite
ring with respect to the productpφi.φjqpwq � lim

zÑw
φipzqφjpwq. (3.46)
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The fact, that we indeed obtain in this way a ring, is a consequence of Up1q-charge
conservation and of the relation hi � qi{2, which distinguishes chiral primaries. We recall
that for a primary field we have hi ¥ qi{2 with equality iff φi is chiral. Moreover, it
can be shown that for a chiral primary of conformal dimension hi the inequality hi ¤
c{6 holds, which implies finiteness of the chiral primary ring for non-degenerate N � 2
superconformal theories. We conclude this section noting that the above discussion applies
analogously to the right moving (antiholomorphic) sector. Thus we obtain that for the
whole theory we have four rings pc, cq, pa, cq, pc, aq and pa, aq depending on the choice of
chiral (c) or antichiral (a) ring for left, respectively, right moving fields.

3.3. Superconformal field theory with boundaries

We start with a conformal algebra A � Ā with equal left and right moving algebra
A � Ā and we consider it restricted to the upper half plane H. The local structure
determined by the OPE of the fields are inherited from the parent theory, however global
features like states should be reconsidered. In particular, these depend on the bound-
ary conditions imposed on the real line. Boundary conditions, moreover, determine the
amount of symmetry that survives the restriction to the half plane. In any case, the trans-
lations orthogonal to the boundary are no more allowed and conformal transformations
f have to preserve the boundary, i.e.

fpzq P R for z � z̄ (3.47)

or, in terms of the modes of the energy-momentum tensor,

T pzq � T̄ pz̄q for z � z̄. (3.48)

The physical interpretation of this constraint is that there is no energy flow across the
boundary. This boundary condition allows us to define a holomorphic current THpzq on the
whole complex plane obtained by gluing together the holomorphic and antiholomorphic
currents T pzq and T̄ pz̄q. Analogously to the analysis done for closed models, we can
Laurent expand TH . Its modes span a single copy of the Virasoro algebra with the same
central charge of the parent CFT.
If the symmetry algebra A �A contains, as it is the case for the N � 2 superconformal
algebra, further chiral generators W, we may require that the boundary conditions respect
a subset of these symmetries too. This can be obtained, analogously to the energy-
momentum tensor, by gluing the holomorphic current together with the corresponding
antiholomorphic one. The boundary conditions have to be of the type

Wpzq � ΩW̄pz̄q forz � z̄, (3.49)

where Ω is an automorphism of the algebra A that should be compatible with structures
and operations of the conformal theory. These conditions allow us to define a holomorphic
field WΩ

H whose modes contribute to the single copy of the algebra A. In the case of N � 2
superconformal models with boundaries, we have two possible gluing conditions

A� type :Jpzq � �J̄pz̄q, G�pzq � ηḠ	pz̄q (3.50)

B� type :Jpzq � J̄pz̄q, G�pzq � ηḠ�pz̄q (3.51)

where η � �.
Note that the A-type boundary condition is obtained from the B-type condition by con-
sidering the automorphism

J Ñ �J, G� Ñ G	 (3.52)
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called mirror automorphism. The fact that the N � 2 superconformal algebra is invariant
under this transformation is the basis for the phenomenon of mirror symmetry mentioned
in the introductory chapter. It can be easily read off that the mirror automorphism, if
applied on the right superconformal algebra, not only exchanges A- and B-type boundary
condition but also the charges QA and QB and the chiral and antichiral rings. Therefore,
it exchanges topological A-type and B-type twists and sectors.
Since a conformal model with boundary preserves a copy of the chiral algebra A of the
parent theory, the space of states HH decomposes into a sum of irreducible representations

HH �à
iPI niHi. (3.53)

Analogously to the state-field correspondence in the bulk, there are fields tfku, called
boundary fields, defined on the boundary, which correspond to elements |v ¡ of HH via

fkp0q|0 ¡� |k ¡ . (3.54)

The existence of such fields can be derived from the singular behavior of bulk fields
approaching the boundary. For a bulk field of conformal dimensions phi, h̄īq we obtain the
expansion

φi,̄ipz, z̄q �à
k

Ck
φy

hk�hi�h̄īfkpxq, z � x� iy (3.55)

around a point x. fk denote boundary fields of conformal dimension hk.
For a given bulk theory, in general, one can find several different boundary conditionstαu. A generalization of the previous discussion emerges if we map the punctured upper
half plane to a strip and then consider two different boundary conditions on each side.
Mapping back this picture to the half plane we obtain a boundary change at the origin;
in the new setting we have an Hilbert space HH

αβ and boundary changing fields fαβ . The
partition function in presence of boundaries α and β

Zαβpqq � TrHH
αβ
qL0�c{24, (3.56)

since it corresponds to a semi circular annulus with two half-circles identified, can be
reinterpreted, after a change of variables, as a cylinder describing the time evolution of
bulk states    β||q̃L0{2�L̄0{2�c{24||α ¡¡, (3.57)

where q̃ :� expp�2πi{τq for q equal to expp2πiτq. This reinterpretation is better under-
stood considering a general Riemann surface Σ, with a single boundary BΣ � S1. The
boundary conditions imposed at BΣ on the integrated paths of the path integral over Σ
define states ||Σ ¡¡P HBΣ, called boundary states, for the bulk theory defined on Σ.
Adopting this point of view, the partition function on a cylinder with two boundary con-
ditions BΣα,β � S1 corresponds then, as we wrote in (3.57), to the time evolution from
an initial state ||α ¡¡ to a final state ||β ¡¡ in the bulk theory.
This equality is a special case of the more general relation

TrHH
αβ
qL

H
0
�c{24¹

i

φi �   β|q̃L0{2�L̄0{2�c{24¹
i

φi||α ¡¡ . (3.58)
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These states have to implement the boundary conditions (3.49), in particular for A-type
and B-type sewing conditions (3.48, 3.50) this means

Ln � L̄�n||α ¡¡� 0 (3.59)"
G�
r � iηḠ	�r||α ¡¡� Jn � J̄�n||α ¡¡� 0 A � type

G�
r � iηḠ��r||α ¡¡� Jn � J̄�n||α ¡¡� 0 B � type

(3.60)

or, in general,

Wn � p�1qhW ΩW̄�n||α ¡¡� 0 (3.61)

see (3.49). We recall that for each irreducible representation Hi of the chiral algebra A
there is a general procedure to build solutions of these boundary conditions. These states,
called Ishibashi states, are given by|i ¡¡�

Ņ

|i;N ¡ bVΩU |i;N ¡, (3.62)

where t|i;N ¡u denotes a basis of Hi, U is a unitary operator satisfying UW̄n � p�1qhW W̄nU

and the operator VΩ is the isomorphism of representations Hi|ΩpAq � Hωpiq��A induced

by the automorphism Ω. Note that the fields |i;N ¡ bVΩU |i;N ¡ are element of
HibHω�1pi�q. It turns out that these fields form a basis for the solutions of the boundary
conditions. These means that a boundary state can be expressed as linear combination
of them ||α ¡¡�

i̧

Bi
α?
S0i

|i ¡¡ . (3.63)

The equality of the expressions (3.56, 3.57) imposes non linear constraints on the coeffi-
cients Bi

α, which can be expressed as

niαβ �
j̧

Bj
αB

j
β

�Sji
S0i

, (3.64)

where niαβ are the parameters occurring in Hαβ � °
niαβHi and Sji describe the transfor-

mations of characters under S modular transformation. This condition is known as Cardy
condition. For diagonal theories a possible solution is given by||αj ¡¡�

i̧

Sji?
S0i

|i ¡¡ (3.65)

nijk � N i
jk, (3.66)

where N i
jk are the coefficients of the fusion rules of the theory, i.e. they determine which

conformal family k occurs in the OPE of two fields from the conformal families i and
j. The Cardy conditions is then satisfied as a consequence of the Verlinde formula.
More generally, if we assume that the boundary states specified by Bj

α build a complete
orthonormal set

j̧

Bj
αB

j
β

� � δαβ ,
α̧

Bi
αB

j
α

� � δij (3.67)

then the Cardy condition corresponds to orthonormal decompositions of the matrices ni

into their orthonormal eigenvectors Bj and their eigenvalues Sij{S0i. This implies that
the matrix ni builds a representation of the fusion algebra. Indeed it can be shown [15]
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that looking for a complete orthonormal solution of the Cardy condition is equivalent to
search a N-valued matrix representation of the fusion algebra.

3.4. N=2 superconfomal minimal models

In this section we will introduce a class of N � 2 superconformal models that will
be the main subject of the next chapter. In the latter we will mainly be interested in
the analysis of the relation between the abstract conformal formulation and the Landau-
Ginzburg realization of these models. Here we will recall the fundamental ideas of the
abstract approach. This provides an explicit example of the structures that we illustrated
in the above sections. The physical interest in minimal models, comes from the fact that
they play a central role in the description of certain Calabi-Yau compactifications. In
particular, they form the building blocks of Gepner models [40].

Minimal models are unitary models with central charge ĉ :� c{3   1. Their Hilbert
space is built from a finite number of irreducible representations obtained from highest
weight representations. For N � 2 superconformal minimal models the central charge has
to take one of the following values

c � 3k

k � 2
k P N. (3.68)

These field theories can be realized through a coset construction based on the Wess-
Zumino-Witten (WZW) model SUp2q at level k. WZW models are models associated
to an (affine) Lie algebra g. They have a classical realization as sigma models over the
corresponding Lie group G and they contain conserved currents Ja satisfying the OPE

JapzqJ bpwq � kpz � wq2 � fabc J
cpwq

z � w
� reg (3.69)

where fabc are the structure constants of the Lie algebra g and k is called the level of
the affine Lie algebra. Since we assume that g is simple and the theory unitary, k has
to be a positive integer. The currents Ja can be used to construct, as shown in [99], an
energy-momentum tensor TGpzq whose modes form a Virasoro algebra with central charge

cG � 2k|g|
2k �Q

, (3.70)

where Q is the dual Coxeter number of g and |g| stands for the dimension of g.
For a pair of simple Lie algebras g and h such that h � g we can construct a new
conformal model through the so called coset or GKO construction. This theory has a
Virasoro field TG{H :� TG � TH whose modes satisfy the Virasoro algebra with central
charge cG{H � cG � cH . As we mentioned, we are interested in unitary N � 2 minimal

models with central charge c � 3k
k�2

. These models can be constructed using the GKO-

construction [44] for SUp2qk�Up1q2
Up1qk�2

[31]. In the following section we will consider more in

detail the Up1qk and the SUp2qk WZW models.

3.4.1. The Up1qk and SUp2qk WZW models. In this subsection we briefly sum-
marize some results for Up1qk and SUp2qk WZW models which will be used later on when
we will discuss the coset construction of superconformal minimal models.
The up1qk chiral algebra extends the chiral algebra generated by the Up1q current J �
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i
?

2kBX (where X represents a free bosons field) by including the fields expp�i?2kXq.
The primary fields of Up1qk are labeled through l P t�k � 1, .., k � 1, ku and have confor-
mal weight hl � l2{4k. The characters of these representations are

χlpqq � °
rPZ�l{2kqkr2

ηpqq . (3.71)

The S modular transformation of the characters is

χlpq̃q �
ļ1 e�iπll1{k?

2k
χl1pqq. (3.72)

The fusion rules are then φlφl1 � φpl�l1qmod2k . We conclude by recalling that the most
general modular invariant combination of these characters is of the form

Z � ¸
l � l̄ � 0mod 2n
l � l̄ � 0mod 2n1 χlpqqχl̄pq̄q, nn1 � k, n, n1 P Z (3.73)

The sup2qk affine Lie algebra is generated by the fields J0, J� whose modes satisfy�
J0
m, J

0
n

� � kmδm,�n (3.74)�
J0
m, J

�
n

� � �?2J�n�m (3.75)�
J�m, J�n � � ?

2J0
n�m � kmδm,�n (3.76)

The modes of the Sugawara energy-momentum field TSUp2qk generate a Virasoro algebra

with central charge c � 3k
k�2

. The irreducible representations of the above affine Lie
algebra are labeled by l � 0, 1, .., k and the corresponding primary fields have conformal
dimensions lpl � 2q{4pk � 2q. The characters of these representations transform under S
modular transformation as

χlpq̃q �
ļ1  2

k � 2
sin

�
πpl � 1qpl1 � 1q

k � 2



χl1pqq. (3.77)

The fusion rules are

N l2
ll1 � "

1 |l � l1| ¤ l2 ¤ min tl � l1, 2k � l � l1u l � l1 � l2 P Z2

0 otherwise
(3.78)

All possible modular invariant partition functions obtained from combinations of sup2qk
characters have a ADE classification. This means that each such partition function corre-
sponds to a simply laced Lie algebra An, Dn, or En in the following way (see for example
[30])

Am :
°k

l�0 |χl|2 k � m

D2m�2 :
°2m�2

l�0,l even |χl � χ4m�l|2 � 2|χ2m|2 k � 4m

D2m�1 :
°4m�2

l�0,l even |χl|2 � |χ2m�1|2� k � 4m� 2�°2m�3

l�1,l odd χlχ̄4m�2�l � χ̄lχ4m�2�l
E6 : |χ0 � χ6|2 � |χ3 � χ7|2 � |χ4 � χ10|2 k � 10
E7 : |χ0 � χ16|2 � |χ4 � χ12|2 � |χ6 � χ10|2 � |χ8|2 k � 16� χ8pχ̄2 � χ̄14q � pχ2 � χ14qχ̄8

E8 : |χ0 � χ10 � χ18 � χ28|2 � |χ6 � χ12 � χ16 � χ22|2 k � 28

, (3.79)
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Figure 1. ADE Dynkin diagrams

where the χ’s denote the sup2qk characters.
The association with the simply laced Lie algebra consists in the fact that k � 2 is the
dual Coxeter number of the associated Lie algebra and the labels of the diagonal fields
appearing in a given modular invariant, taking their multiplicity into account, are exactly
the exponents (minus one) of the corresponding Lie algebra. We will denote the set of
these labels as ǫpgq

ǫpAmq � t0, .., mu (3.80)

ǫpDnq � t0, 2, .., 2n� 4u Y tn � 2u (3.81)

ǫpE6q � t0, 3, 4, 6, 7, 10u (3.82)

ǫpE6q � t0, 4, 6, 8, 10, 12, 16u (3.83)

ǫpE6q � t0, 6, 10, 12, 16, 18, 22, 28u . (3.84)

As we will see in the next section, in order to construct the boundary states for the N � 2
minimal models we have first to determine the boundary states for the SUp2qk WZW
models.
As we mentioned in section 3.3, there is an Ishibashi state |l ¡¡ for each representation
l such that Hl b H̄l is a direct summand of the Hilbert space of the theory. For our
specific models in this case we will write l P ǫpDDq. DD stands for the Dynkin diagrams
of An, Dn, E6, E7 and E8 (see figure 1).

In order to determine the boundary states and the Hilbert space associated to them,
following [15], we first have to look for a N-valued matrix representation of the fusion
algebra. From the fusion rules (3.78) we get, in particular, the relation

n1ni � ni�1 � ni�1, (3.85)

which provides a recursive way of defining ni. Note that, since we are assuming that the
boundary states define an orthonormal basis, n0 � 1 . From the Cardy condition and
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(3.77) n1 has eigenvalue

γj � S1j

S0j

� 2cosp πj

k � 2
q j P ǫpDDq (3.86)

i.e. it is a N-valued matrix with eigenvalues |γj| ¤ 2. These matrices have an ADE
classification. More precisely, they correspond to the adjacency matrix of the ADE Dynkin
diagrams. We conclude that for a SUp2qk model associated to a Dynkin diagram DD with
with |DD| vertices and adjacency matrix ADD we obtain the |DD| boundary states||i ¡¡� ¸

jPǫpDDq v
j
i?
S0i

|j ¡¡ i, j P ǫpDDq (3.87)

where ADDv
j � S1j

Sj0
vj (3.88)

The Hilbert space Hij is then given by

Hij � ¸
sPǫpDDqnsijHs (3.89)

where nsij :� ¸
kPǫpDDqsin�πpk�1qps�1q

k�2

	
sin

�
πps�1q
k�2

	 vki v
k
j

�
(3.90)

or recursively defined through p3.85q with n0 � 1, n1 � ADD. (3.91)

3.4.2. N � 2 superconformal minimal models. We now are in the position to
recall the abstract construction of the models that we are interested in, i.e. N � 2 super-
conformal minimal models. The representations of the bosonic subalgebra of these models
can be realized as representations of the coset model

SUp2qk � Up1q2
Up1qk�2

. (3.92)

These are labeled by three integers pl,m, sq where l is an SUp2qk label i.e. l � 0, 1, .., k, m
is a Up1qk�2 label i.e. m � �k� 1, ..k� 2 and finally s is a Up1q2 label i.e. s � �1, 0, 1, 2.
The corresponding highest weight states have Up1q charge

qlms � m

k � 2
� s

2
(3.93)

and conformal dimension

hlms � lpl � 2q �m2

4pk � 2q � s2

8
. (3.94)

To obtain a representation of the full N � 2 superconformal algebra we have to group
together pairs (l,m,s) and (l,m,s+2) of representations. We note that the characterization
of chiral primary fields through the equality h � q{2 implies that these correspond topl, l, 0q states.

In general, the characters χ
G{P
µ,ν pqq of a coset model G{P satisfy the relation

χGµ pqq9
ν̧

χG{Pµ,ν pqqχPν pqq (3.95)

where µ and ν stand for representations of the Lie algebra g and p, respectively. This
however requires, depending on some technical relations between the outer automorphims
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of the two concerned Lie algebras, that we impose some selection rules on the representa-
tions µ and ν, and that we identify some representations. Without going into details (see
for example Ch.18 of [30]), we recall that, in the specific example that we are considering
here, the selection rules take the form

l �m� s � 0 mod 2, (3.96)

whereas the identification of representations ispl,m, sq � pk � l, n� k � 2, s� 2q. (3.97)

From the relation (3.95) it follows that the modular transformation properties of the coset
characters are simply obtained by those of the WZW models based on G and P . For our
coset model, the S modular transformation

S
G{Ppµ1ν1,µνq � SGµ1µSP�1

ν1ν (3.98)

corresponds to

Spl1m1s1qplmsq � 1

k � 2
sin

�
πpl � 1qpl1 � 1q

k � 2



eiπ

mm1
k�2 e�iπ ss1

2 . (3.99)

Since the S modular transformation of the coset model is the product of the S transfor-
mations of the two underlying WZW models, we could naively guess that, the Hilbert
space

HG{P
C � ¸

µ,ν,µ̄,ν̄

1
NG
µµ̄N

P
νν̄Hµ � H̄µ̄ (3.100)

of the coset theory will be modular invariant, given the Hilbert spaces of modular invariant
theories HG

C � °
µ,µ̄N

G
µµ̄Hµ �Hµ̄ and HP

C � °
ν,ν̄ N

P
νν̄Hν �Hν̄ . This indeed turns out to

be correct even if it is not a trivial statement, because of the selection rules that constrain

the sum
°1. For the coset model SUp2qk�Up1q2

Up1qk�2

, if we choose the diagonal modular invariant

for the Up1qk�2 model, we have two possible types of Hilbert spaces for consistent N � 2
minimal models

H�
C � ¸

lPǫpDDq,m,sN SUp2q,DD

ll̄
Hl,m,s � H̄l̄,m,�s, (3.101)

where N SUp2q,DD

ll̄
correspond to the coefficients of the modular invariant SUp2qk model

associated to the ADE Dynkin diagram DD. Since the label s determines the fields
boundary periodicity conditions, more precisely, the labels t�1, 1u correspond to the
Ramond sector whereas the labels t0, 2u to the Neveu-Schwarz sector, the Hilbert spaces
(3.101) do not contain NS-R and R-NS sectors. These Hilbert spaces indeed correspond
to type 0 GSO-projections. Since the different values of s in the NS-NS and R-R sectors
correspond to different parity of the fermion number, the two possibilities in (3.101)
represent the freedom of choosing the relative sign. This gives us essentially isomorphic
Hilbert spaces of type 0B (s̄ � s) and type 0A (s̄ � �s), respectively. However, even if
the choice of s does not play a role in the bulk, it has many consequences for the boundary
sector of the conformal field theory as we will see next.
For each representation pl,m, sq we can construct (see (3.62)) an Ishibashi state of type
A |l,m, s ¡¡�

Ņ

|l,m, s;N ¡ �ΩU |l,m, s;N ¡ P Hl,m,s �Hl,m,s (3.102)
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and an Ishibashi state of type B|l,m, s ¡¡�
Ņ

|l,m, s;N ¡ �U |l,m, s;N ¡ P Hl,m,s �Hl,�m,�s. (3.103)

In the following, we will focus on B-type boundary states because in the next chapter
we want to compare them with boundary conditions obtained through Landau-Ginzburg
realization of N � 2 minimal models with B-type boundaries.
The boundary states are constructed from the Ishibashi states in a simple way. Since the
S matrix factorizes through the S matrices of the SUp2qk, Up1q2 and Up1qk�2 models, it
follows, via Verlinde formula, that the fusion rule coefficients are then

N
pl2m2s2qplmsqpl1m1s1q � N l2

ll1δm�m1�m2δs�s1�s2 �Nk�l2
ll1 δm�m1 � pm2 � k � 2qδs�s1�ps2�2q (3.104)

where we took into account the field identification rule. Since the coefficients B
plmsqpLMSq of

the boundary states |L,M, S ¡ are associated to a N-valued representation of the fusion
algebra, we obtain the decomposition

B
plmsqpLMSq � K vlL e

iπ
k�2

Mme� iπ
2
sS, (3.105)

where vlL are the SUp2qk coefficients (3.87) and K is an overall normalization, which
depends on the model and on the type of the GSO-projection.
We note that the map S Ñ S�2 maps branes to their own antibranes because it changes
the sign of the coupling to RR-states.

3.4.3. N � 2 superconformal Landau-Ginzburg models. In this subsection we
will discuss the connection between the main subject of this thesis, i.e. Landau-Ginzburg
models, and conformal field theories. The basic idea is that some conformal field theories
can be obtained as the infrared fixpoint of the renormalization group flow of Landau-
Ginzburg models, in this case we say that these models have a Landau-Ginzburg realiza-
tion [79, 83, 102].
Consider a scale transformation of the world-sheet Σ, we can regularize the model at a
scale µ by introducing a cutoff frequency Λ and by rearranging the lagrangian of the the-
ory as a functional of the renormalized fields and parameters . From another point of view
we can interpret the renormalized theory as varying in function of µ, i.e. as ’flowing’ under
scale transformation. If the theory reaches under such flow an (infrared) fixed point, the
model will be at that point scale invariant and, as a consequence, conformal invariant. A
necessary condition is, of course, that the theory at that point is classically conformal.
Since one of the main results of renormalization group theory in the context of N � 2
supersymmetry is that the superpotential does not renormalize [45, 95] and since the
integral measure d2xd2θ rescales by a factor λ�1 (λ denotes the scaling parameter), it fol-
lows that a necessary condition is that the superpotential satisfies the quasi-homogeneity
condition

W pλciΦiq � λW pΦiq. (3.106)

It is indeed believed that this condition is also sufficient, i.e. that Landau-Ginzburg mod-
els with a quasi-homogeneous superpotential W , for a suitable D-term, will flow to a
conformal, in particular N=2 superconformal, theory. Because of the just mentioned non-
renormalization theorem, the superpotential can be used to label the whole orbit of the
theory under variation of the scale parameter. It is moreover assumed that the superpo-
tential uniquely identify the corresponding infrared fixpoint. The D-term instead flows
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under renormalization and just its Kähler class is under control or, for Calabi-Yau man-
ifolds, invariant. However, since this term does not affect topological quantities that we
are interested in, we will generally assume that it corresponds to a flat metric

° |Φi| or
simply ignore its explicit form. The quasi-homogeneity condition which guarantees that
a Landau-Ginzburg model describes a conformal theory is the same condition we met as
we considered vector R-symmetry (see (2.25)) in the previous chapter. Up1qV -symmetry
preservation is indeed essential because the Up1qV -charge becomes a part of the Up1q
symmetry of the N � 2 superconformal theory.
If vector R-symmetry is conserved, as we have seen in section 2.3, it is possible to twist
the theory and to define a topological theory on general world-sheets. From a conformal
field theory point of view twisting means to redefine the right and left moving energy-
momentum tensors [32]

T pzq Ñ T pzq � 1

2
BJpzq T̄ pzq Ñ T̄ pz̄q � 1

2
BJ̄pz̄q (3.107)

Jpzq Ñ Jpzq J̄pz̄q Ñ �J̄pz̄q (3.108)

with � for the B-type and � for the A-type model. The scalar supercharges are then
QB � ¶

G� � ¶
Ḡ� � G��1{2 � Ḡ��1{2 and QA � ¶

G� � ¶
Ḡ� � G��1{2 � Ḡ��1{2.Using Hodge

decomposition theorem, i.e. that every field |φ ¡ can be decomposed as|φ ¡� |c ¡ �G��1{2|χ1 ¡ �G�
1{2|χ2 ¡ (3.109)

where |c ¡ is a chiral primary field and |χ2 ¡� 0 if |φ ¡ is chiral, it follows that
the Q-cohomology corresponds to the (c,c)-ring and the (c,a)-ring, respectively. It is
therefore clear that necessary conditions for a superconformal model to have a Landau-
Ginzburg formulation are the ring isomorphism between the (c,c)-ring and the Jacobi ring
CrXis{   BiW pXiq ¡ as well as, of course, the matching of the central charges. We recall
that the central charge of conformal models, defined by the superpotential as in (3.106),
has form

c � 3
¸p1� 2ciq. (3.110)

The Landau-Ginzburg description of a superconformal model is expected to extend to
the open sector. Analogously to the closed case this requires that the Up1qR symmetry is
preserved, i.e. it imposes on matrix factorization (m0, m1) the homogeneity requirement
[58, 103]

R1pαqm0pαqiΦiq � αm1pαqR0pαq (3.111)

for Up1q-representations R0,1. Note that a grading on morphism space is then induced by

RpbqpαqfpαqiΦiqRpbq�1pαq � αqffpΦiq (3.112)

and it extends the Z2 grading to the character G group of the unbroken subgroup G of
the Up1qV � Up1qA invariance [77]. The correspondence between boundary states with
B-type boundary conditions of a rational conformal field theory and matrix factorizations
of the corresponding Landau-Ginzburg model, is then usually tested by comparing the
spectra and charges, as we will see in the next chapter for the specific example of minimal
models.
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3.5. D-branes in Landau-Ginzburg orbifolds

We have seen that in order to obtain a conformal theory at the infrared fixpoint of
the renormalization group flow of a Landau-Ginzburg model, the homogeneity conditions
(3.106) and (3.111) have to be fulfilled. As a consequence, the spaces of open morphisms
are R-graded. However, in general the R-degree qf is not integral, as it is required to
obtain acceptable string vacua from a N � 2 superconformal theory. R-charge integrality
is achieved by orbifolding the Zh symmetry of the superpotential [100]

W pep2πi{hqnjXjq � W pXjq (3.113)

where nj � cj � h P N (see 3.106). In orbifolded Landau-Ginzburg theories D-branes are
then described [4, 58] by matrix factorizations Q together with representations ρ of the
orbifold group Zh on the Chan-Paton factors, satisfying the equivariance condition

ρpγq�1qpγcjXjqρpγq � qpXjq, γ P Zh. (3.114)

The open string space between two D-branes pQ, ρq and pQ1, ρ1q in the orbifolded theory is
given by restricting the usual BRST cohomology to its Zh-invariant part, i.e. morphisms
satisfying

ρpγq�1fpγcjXjqρpγq � fpXjq, γ P Zh (3.115)

In [103] it is shown how this requirement together with the homogeneity condition, under
mild assumptions, induces the required integer grading on topological strings and in [77]
how this category of Up1qV -preserving matrix factorizations gives rise, imposing charge
integrality, to a Z-graded category whose corresponding Z-category is the category of
graded matrix factorizations pHMFgrq0pW pXq,CrXsq considered in [60, 91].
Similar remarks and constructions, considered in section 2.5, apply to the categorical
formulation of matrix factorizations of orbifolded models. Note however that for the
category pHMFgrq0pW pXq,CrXsq the Serre functor is given by

SW � rn� 2sτ�ǫpW q (3.116)

where the twist functor τ [89] maps a graded module M � `iMi to the module τM for
which pτMqi � Mi�1 and maps a morphism f : M Ñ N to the same morphism viewed
as a morphism between the twisted modules τf : τM Ñ τN . The parameter ǫpW q in
(3.116) is the Gorenstein coefficient of the ring CrXs{W pXq and is given by

ǫpW q � ņ

i�1

gradpXiq � h, (3.117)

where h is the charge of the superpotential. Analogously to the case of unorbifolded mod-
els, in this thesis we will mainly work with the physically motivated Z-graded categories
HMFgr which, since the Serre functor of the category pHMFgrq0 is a degree shift, has a
trivial Serre functor, i.e.

HgrpQ,Q1q� � HgrpQ1, Qq. (3.118)



CHAPTER 4

Landau-Ginzburg description of N � 2 minimal models

In this chapter we will explicitly study the relation between Landau-Ginzburg and
abstract formulation of N � 2 supersymmetric minimal models. For the closed sector
this relation is well established [102] and here we will focus on the open sector. In par-
ticular, we will consider B-type boundary conditions and their topological spectrum by
reviewing the recent works [21, 63], which analyzed this relation for the A and D series,
and extending this correspondence to the E-models [66].
In general, the Landau-Ginzburg formulation of conformal field theories provides a more
convenient setting to study the dependence of the theory on moduli and relevant de-
formations. Moreover, one can extend the Landau-Ginzburg realization of D-branes to
linear gauged σ-models and study D-branes transportation in the moduli space. On the
other hand, identifying matrix factorizations and boundary states allows to perform some
calculations that can not be done in the Landau-Ginzburg formalism. For example in
section 4.4.3 we will calculate a correlator combining the two approaches in a convenient
way, roughly we will use (2.44) when it is possible and when it is not, like in presence of
integrated insertions, we will switch to the boundary states formalism.

As we have already seen, minimal models with c   1 have an ADE-classification.
Another relevant example of this type of classification is found in commutative algebra,
there, indeed, simple hypersurface singularities with respect to the ring Crx, y, zs corre-
spond (see for example [109]), after change of variables, to the ring Crx, y, zs{f where f
is one of the following polynomials

xn�1 � y2 � z2

xn�1 � xy2 � z2

x3 � y4 � z2

x3 � xy3 � z2

x3 � y5 � z2.

(4.1)

Since, moreover, Klein proved that these rings are isomorphic to Crx, ysG, i.e. to the
rings defined on C2{G, for G a finite subgroup of SUp2q, i.e. G P tAn, Dn, E6, E7, E8u, we
conclude that simple singularities have an ADE classification. Going one step further, we
can assign a potential among those in (4.1) to each class of singularities. These potentials
in their turn can be used to construct Landau-Ginzburg models, which at the infrared
fixed point correspond to superconformal field theories. These superconformal theories
have therefore analogously to the minimal models an ADE-classification. It is a natural
question to ask if these two classes of superconformal models with ADE classification
indeed coincide. This identification was proven by Vafa and Warner [102] for bulk theories
by comparing central charges and chiral ring structures of these classes of theories. We will
extend the match between Landau-Ginzburg with the above superpotentials and abstract
conformal field theoretical descriptions of minimal models to include the open sector. In
particular, we will compare B-type boundary states and their spectra of chiral primaries
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with matrix factorizations and their topological morphisms. As we have noted in the
previous chapter, the choice of the sign in (3.101) does not influence the closed sector
of the theories. The same is true for the z2 terms, since they do not effect the chiral
ring of the Calabi-Yau models. These two observations are no longer true if we include
the open sector. Therefore the analysis of the match of open-closed theories has to take
this subtlety into account. We will see, as firstly proposed in [63] and verified for D-
models in [21], that adding the term z2 corresponds to the change of the GSO projection.
The two variables superpotentials correspond to type 0B projected models, whereas the
three variables superpotentials to type 0A models. The fact that after two changes of
GSO projection we get back the original theory is reflected into the claim that a Landau-
Ginzburg theory with superpotential W�y2�z2 is equivalent to that defined by W . From
the bulk point of view this statement is obvious, while in the open sector it corresponds
(under equivalence between the category of matrix factorizations HMF0pW q and the
category of Cohen-Macaulay modules (see section 2.5.1)) to the Knörrer periodicity [70].
The identification will be used to discuss obstructions to brane deformations in E-models.
The critical loci of the effective superpotential Weff describe the directions in which a
given matrix factorization can be deformed, and non-vanishing potential terms describe
obstructions to deformations [51, 75]. On the other hand, Weff is also the generating
functional of open string topological disk correlators [50]. Using our identification, we
show that certain specific correlators do not vanish, so that the brane deformation in
these directions is obstructed. This calculation can then be used to test results obtained
using other approaches [69].

4.1. Landau-Ginzburg description of N � 2 minimal models: A-series

Landau-Ginzburg models associated to the A-series of N � 2 minimal models have
superpotential

W � Xn�1 ptype 0Aq (4.2)

W � Xn�1 � Y 2 ptype 0Bq, (4.3)

where n is related to the SUp2q level k in the abstract formalism by n � k � 1. We
omitted, using Knörrer periodicity, the irrelevant term �Y 2 � Z2 .
The whole class of inequivalent non-trivial matrix factorizations that generate all factor-
izations of the first superpotential W � Xn�1 are given by the set [19] 

Ql :� pml
1, m

l
0q|ml

1 � X l, ml
0 � Xn�1�l, l � 1, � � � , n( . (4.4)

Since by exchanging m1 and m0 we obtain the antibrane of the original brane we clearly
have Q̄l � Qn�1�l. The endomorphisms of Ql can be easily calculated and they are

φj � �
Xj 0
0 Xj



ηj � �

0 Xj�Xn�1�2l�j 0



j � 0, .., l � 1. (4.5)

The first consequence is that Ql for l � pn � 1q{2 is not isomorphic to its antibrane,
because this would require the presence of an invertible odd morphism. Whereas for the
case l � pn�1q{2 the odd endomorphism η0 is invertible. We have therefore that Qpn�1q{2
is isomorphic to its antibrane.
The other potentials belonging to this series have the form W � Xn�1�Y 2. For a general
value of n we have the matrix factorizations"

Ql :� pml
1, m

l
0q ����m1 � �

X l �Y�Y Xn�1�l 
 , m0 � �
Xn�1�l Y

Y X l



, l � 1, .., n

*
(4.6)
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These correspond to the tensor products pX l, Xn�1�lq b p�Y, Y q. Therefore, we get the
morphisms

φj � φXj b φY0 φ1j � ηXj b ηY0 (4.7)

ηj � φXj b ηY0 η1j � ηXj b φY0 (4.8)

where ηX,Y and φX,Y stand for the morphisms of the D-branes pX l, Xn�1�lq and pY,�Y q.
Since Ql and Qn�1�k are isomorphic object and since Qpn�1q{2 is a reducible matrix fac-
torization we can consider just the interval l � 1, .., rn{2s.
We note that if n � 1 is even there are two additional matrix factorizations

Q� � pXpn�1{2q � Y,Xpn�1{2q 	 Y q, (4.9)

which form a pair of non-isomorphic brane-antibrane whose endomorphisms consist just
in even morphisms.

4.1.1. Boundary states: A-series. On the side of the abstract conformal field
theory these models correspond to the diagonal combination of sup2q characters, i.e. they
have spectra, after GSO-projection,

HA
C � ¸

lPǫpAq,m,sHl,m,s � H̄l,m,�s, type 0A (4.10)

HA
C � ¸

lPǫpAq,m,sHl,m,s � H̄l,m,s, type 0B. (4.11)

If we take into account the expressions (3.102, 3.103) of the previous chapter we see that
Ishibashi states for the type 0A GSO-projected model have the form |l, 0, s ¡¡ with fields
constraint l � s � 0 P 2Z. The boundary states are [81]||L, S ¡¡� ?

k � 2
¸

l�sP2Z

S
SUp2qk
Ll e�iπsS{2a
Spl0sqp000q |l, 0, s ¡¡ (4.12)

where L � 0, � � � , k and S � �1, 0, 1, 2.
Since the boundary states with different S satisfy the B-type boundary conditions with
η � 1 for S � 0, 2 and η � �1 for S � �1, 1 (3.50), whereas Landau-Ginzburg formalism
uses a fixed supercharge, we will limit the possible states to S � 0, 2. Note moreover that
the pairs of boundary states ||L, S ¡¡ and ||k�L, S�2 ¡¡ represent the same boundary
states, we have therefore, all together, k� 1 boundary states. The above boundary states
contain closed states from the RR-sector. Since their contribution changes sign under
S Ñ S � 2, we thus identify the brane ||L, S � 2 ¡¡ with the antibrane of ||L, S ¡¡. In
the case k is even the state ||L � k{2, S ¡¡ is its own antibrane.
The number of branes and the brane-antibrane relations among them lead to the ansatz||L, 0 ¡¡Ø QL�1 ||L, 2 ¡¡Ø Q̄L�1 (4.13)

for the identification between matrix factorizations of the superpotential W � Xn�1 and
the boundary states of the type 0A GSO-projected N � 2 minimal models of the A-serie.
This is confirmed by matching the topological states |l, l, 0 ¡, which are present in the
spectra between the boundary state ||L, S ¡¡ and itself and between ||L, S ¡¡ and||L, S � 2 ¡¡ with the topological fields φj and ηj (see [63]).
For type 0B models, the expressions (3.102, 3.103) tell us that the allowed Ishibashi
states have form |l, 0, s ¡¡ with s P t0, 2u or, for k even, as a consequence of the field
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identification (3.97), |k{2, pk� 2q{2, s ¡¡ for s P t�1, 1u. In general, the boundary states
have the form ||L, S ¡¡�a

2pk � 2q ¸
l,sP2Z

S
SUp2qk
Ll e�iπsS{2a
Spl0sqp000q |l, 0, s ¡¡ . (4.14)

The boundary states ||L, S ¡¡ and ||k � L, S � 2 ¡¡ are identical. These branes do
not have contributions from the RR-sector and are therefore equivalent to their own
antibranes, as it can directly viewed by the fact that ||L, S ¡¡� ||L, S � 2 ¡¡.
If k is even, we have two additional boundary states||k{2, S ¡¡1� ||k{2, S ¡¡ �?k � 2

¸
s��1

e�iπsS{2|k{2, pk � 2q{2, s ¡¡ . (4.15)

The two states ||k{2, 0 ¡¡ and ||k{2, 2 ¡¡ couple to RR-states and are the antibranes
of each other. Again the number of branes and the structure of brane-antibrane relations
suggest the identification||L, S ¡¡Ø QL�1, ||k{2, 0 ¡¡1Ø Q�, ||k{2, 2 ¡¡1Ø Q� (4.16)

between matrix factorizations of the superpotential W � Xn � Y 2 and the boundary
states of the type 0B GSO-projected N � 2 minimal models of the A-series. This ansatz
can be verified by comparing the topological spectra calculated using the two approaches
[63].

4.2. Landau-Ginzburg description of N � 2 minimal models: D-series

The D-series of N � 2 minimal models can be further subdivided in two groups. The
first is characterized by a level that is divisible by 4 whereas the second class has a level
of the form k � 4r � 2. The first class of models is associated, after GSO-projection, to
the Hilbert spaces

HD
C � ¸

lP2Z,m,s

�
Hlms b H̄lms

�` �
Hlms b H̄k�l,m,�s� , (4.17)

whereas the second to

HD
C � ¸

lP2Z,m,s

�
Hlms b H̄lm�s�` ¸

lP2Z�1,m,s

�
Hlms b H̄k�l,m,�s� (4.18)

As usual the � corresponds to type 0A, whereas the � to type 0B projections. These
models have a Landau-Ginzburg formulation with superpotentials

W � Xn�1 �XY 2, W � Xn�1 �XY 2 � Z2, (4.19)

where n � k{2.
We start with the first type of superpotential, whose matrix factorizations were studied in
[21, 63]. The most obvious matrix factorization is the rank one matrix M � pX,Xn�Y 2q
or its inverse. The space of endomorphisms of these branes contains just two bosonic
elements φ0 � 1 and φ1 � Y � 1. The immediate consequence is that these two branes
are not isomorphic since we do not have an invertible odd morphism in the spectrum of
M. Other rank one matrix factorizations are present just for n even. These are M� �pXpXn{2 � Y q, Xn{2 � Y q and M� � pXn{2 � Y,XpXn{2 � Y qq. The spectra of these
matrix factorizations are purely bosonic and contain n{2 � 1 elements: φi � X i1 with
i � 0, � � � , n{2. This implies that M� and M� are not isomorphic to their reverses.
Moreover, an analysis of the boundary changing morphisms [63] ensures that M� and
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M� are distinct branes.
Rank two matrix factorizations are given by the tensor products

M
p2q
l � pX l, Xn�1�lq b p�Y,XY q � Ql b p�Y,XY q l � 1, .., n. (4.20)

The other non-trivial tensor product matrix factorizationsM 1p2q
l � pX l, Xn�1�lqbp�X, Y 2q

turn out to be reducible. The spectrum

HpM p2q
l ,M

p2q
l q � HpQl, Qlq bHpp�Y,XY q, p�Y,XY qq (4.21)

contains 2l bosons and 2l fermions. It is easy to see that M
p2q
n�1�l is the antibrane of M

p2q
l

and that they are not isomorphic. As we will discuss later on the matrix factorizations
of these Landau-Ginzburg models correspond to the boundary states of a type 0B GSO-
projected minimal model from the D-series, however, as it was pointed out in [21] the
above matrix factorizations do not account for all boundary states. The needed additional
matrix factorizations are obtained from those of W � Xn � Y 2

M̃
p2q
l � �

m1 � �
X l �Y�Y Xn�l 
 m0 � �

Xn�1�l XY

XY X l�1




, l � 1, � � � , n. (4.22)

The spectrum of these branes contains 2l fermions and 2l � 2 bosons. Note that M̃
p2q
l �

M̃
p2q
n�l such that we have rn{2s branes with their non-isomorphic antibranes.

The matrix factorizations of the other superpotential, W � Xn�1�XY 2�Z2 are obtained
by the tensor product of matrix factorizations of W � Xn�1 � XY 2 with the matrix
factorization p�Z,Zq of �Z2. The spectrum of these branes contains the same number of
bosons and fermions, since the spectrum of p�Z,Zq consists just in a boson and a fermion.
This reflects the fact that the described branes are isomorphic to their own antibranes.
Additional matrix factorizations are present if n is odd. In fact, in this case, analogously
to the case of the superpotential W � Xn�1 � Z2 considered in the previous subsection,
we have

M̃� � �
m1 � �

X
n�1

2 � Z �XY�Y X
n�1

2 	 Z



, m0 � �

X
n�1

2 	 Z XY

Y X
n�1

2 � Z




(4.23)

These branes have a spectrum with pn� 1q{2 bosonic and fermionic states. Note that the

case pX n�1

2 � Z,X
n�1

2 	 Zq b pX, Y 2q should not be further considered since it turns out
to be equal to the tensor product of branes of the above mentioned form.

4.2.1. Boundary states: D-series. Following [21], we recall the analysis of bound-
ary states and spectra of the N � 2 minimal models associated to the D-series of Dynkin
diagrams. We will show the match between this approach and the Landau-Ginzburg de-
scription presented above.
We start with the type 0B GSO-projected model. Since k is even for every minimal model
from the D-series, we have the following possible Ishibashi states|l, 0, s ¡¡P Hl,0,s b H̄l,0,s, l, s P 2Z (4.24)|l, k � 2

2
, s ¡¡P Hl, k�2

2
,s b H̄k�l, k�2

2
,s, s P 2Z� 1, l � k{2 P 2Z� 1 (4.25)
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Here and in the following we always assume l P ǫpDq. If moreover k{2 is even we have, in
addition, the four Ishibashi states|k{2, k � 2

2
, s ¡¡P Hk{2, k�2

2
,s b H̄k{2, k�2

2
,s, s P 2Z� 1 (4.26)|k{2, 0, s ¡¡P Hk{2,0,s b H̄k{2,0,s, s P 2Z. (4.27)

Summarizing, for k{2 odd we have 2pk � 1q Ishibashi states, k � 1 states for each spin
structure η � �1. Whereas for k{2 even there are 2pk� 2q � 4 Ishibashi states , i.e. k� 4
for each spin structure. The corresponding boundary states for k{2 odd are described by||L,M, S ¡¡�

2k � 4

2

# ¸
l,sP2Z

SpLMSqpl0sq?
Sp000qpl0sq |l, 0, s ¡¡ (4.28)¸

l,sP2Z�1

SpLMSqpl k�2

2
sqb

Sp000qpl k�2

2
sq |l, k � 2

2
, s ¡¡,.-

where L�M �S P 2Z. We note that not all states are however different, indeed we have
the identifications||L,M, S ¡¡ � ||k � L,M � k � 2, S � 2 ¡¡� ||k � L,M, S � 2 ¡¡�� ||L,M � 4, S ¡¡� ||L,M � 2, S � 2 ¡¡ . (4.29)

For fixed spin structure η � 1, i.e. S � 0, 2, taking into account the field identifications we
have, for every value of L � k{2, two different possible states |L,M, 0 ¡ and |L,M, 2 ¡
where M P t0, 1u and L � S P Z2. For L � k{2 these fields are the same since the
second sum in the above expression vanishes and we are left with a state without RR
contribution. The bosonic (fermionic) open spectrum can be read off from the calculation

of    L,M, S||q L0

2
� L̄0

2
�c{24||L,M, Sp�2q ¡¡ together with the Cardy condition. The

number of topological states is

Number of bosons � "
L� 2, L P 2Z

L� 1, L P 2Z� 1
(4.30)

Number of fermions � "
L, L P 2Z

L� 1, L P 2Z� 1
.

For k{2 even, we have the analogous boundary states||L,M, S ¡¡�
2k � 4

2
ļP2Z

#
şP2Z

SpLMSqpl0sq?
Sp000qpl0sq |l, 0, s ¡¡ (4.31)¸

l,sP2Z�1

SpLMSqpl k�2

2
sqb

Sp000qpl k�2

2
sq |l, k � 2

2
, s ¡¡,.- ,

where L�M � S P 2Z and L � k{2. We have the identifications||L,M, S ¡¡ � ||k � L,M � k � 2, S � 2 ¡¡� ||k � L,M, S ¡¡� ||L,M � 4, S ¡¡� ||L,M � 2, S � 2 ¡¡ . (4.32)

As for the case of k{2 P 2Z � 1, for a fixed spin structure η � 1 we have two different
boundary states ||L,M, 0 ¡¡ and ||L,M, 2 ¡¡ for each L � k{2. We have therefore k
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boundary states. For L � k{2 the boundary states are of the form||k{2,M, S,� ¡¡ � 1

2
||k{2,M, S ¡¡ �?2k � 4

4

�
şP2Z

e�iπsS{2|k{2, 0, s ¡¡ �� ¸
sP2Z�1

eiπM{2e�iπsS{2|k{2, pk � 2q{2, s ¡¡� (4.33)

where M � S P 2Z. The identification are ||k{2,M, S,� ¡¡� ||k{2,M � 4, S,� ¡¡�||k{2,M � 2, S � 2,� ¡¡, therefore these states account for four more boundary states.
Their open topological string spectrum [21] has the structure described by the expression
(4.30). The same calculation shows that the endomorphisms space of ||k{2,M, S,� ¡¡
contains k{4 � 1 topological bosons and no fermions.
We can conclude that the there is the following identification between D-branes of the
topological Landau-Ginzburg models with superpotentials W � Xn�1�XY 2 and bound-
ary states of the type 0B GSO-projected N � 2 minimal model of the D-series||0,M, S � 0, 2 ¡¡ Ø M, M̄ (4.34)||L � 2l � 1,M, S � 0, 2 ¡¡ Ø M

p2q
l , M̄

p2q
l l � 1, � � � , rpn� 1q{2s (4.35)||L � 2l,M, S � 0, 2 ¡¡ Ø M̃

p2q
l ,

¯̃
M

p2q
l l � 0, � � � , rn{2s (4.36)||k{2,M, S � 0, 2,� ¡¡ Ø M�, M̄�. (4.37)

Considering the type 0A GSO-projection, we find that the following k�2 Ishibashi states
are present |l, 0, s ¡¡P Hl,0,s b H̄l,0,�s (4.38)

with both l and s even, as well as, the two Ishibashi states|k{2, 0, s ¡¡P Hk{2,0,s b H̄k{2,0,�s (4.39)

with k{2� s P Z2. The boundary states that can be constructed with them are||L, S ¡¡� ?
2k � 4

¸
l,sPZ2

SpL0Sqpl0sqa
Spl0sqp000q ||l, 0, s ¡¡ (4.40)

where L � 0, � � � , k and L � k{2 and S � �1, 0, 1, 2. For these fields we have the following
field identifications rules||L, S ¡¡� ||k � L, S ¡¡� ||L, S � 2 ¡¡ . (4.41)

There are therefore k{2 such boundary states for a fixed spin structure. The topological
open string spectrum [21] contains 2L� 1 bosons and 2L� 1 fermions.
The space of boundary states is then completed by the states||k{2, S,� ¡¡� ||k{2, S ¡¡ �k � 2

4
ş

e�iπSs{2||k{2, 0, s ¡¡, (4.42)

where the sum runs over s � k{2 P Z2 and ||k{2, S ¡¡ is constructed as in (4.40). For
k{2 odd we have the brane-antibrane relation ||k{2, S,� ¡¡� ||k{2, S� 2,� ¡¡ and the
spectra of these two branes consist in pk � 2q{4 bosons and pk � 2q{4 fermions. Whereas
for k{2 even, the branes are isomorphic to their own antibranes and the spectra consist in
k{4� 1 bosons and fermions. Brane-antibrane relations and the matching of the spectra
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confirm that analogously to the type 0B case we can identify matrix factorizations and
boundary states in the following way||0, 0 ¡¡ Ø M b pZ,�Zq (4.43)||L � 2l � 1, 0 ¡¡ Ø M

p2q
l b pZ,�Zq (4.44)||L � 2l, 0 ¡¡ Ø M̃
p2q
l b pZ,�Zq (4.45)||k{2, 0,� ¡¡ Ø "
M� b pZ,�Zq k{2 P Z2

M̃� k{2 P Z2 � 1
. (4.46)

4.3. Landau-Ginzburg description of N � 2 minimal models: the models

E6, E7, E8

Following [66] to complete the study of the Landau-Ginzburg description of the open
sector of N � 2 minimal models we consider the exceptional models, associated to the
groups E6, E7 and E8. The corresponding Landau-Ginzburg models have superpotentials

WE6
� X3 � Y 4p�Z2q (4.47)

WE7
� X3 �XY 3p�Z2q (4.48)

WE8
� X3 � Y 5p�Z2q (4.49)

where the models with the additional term �Z2 describe type 0A GSO-projected models.

4.3.1. E6-model. The matrix factorizations of the superpotential W � X2�Y 4 can
be found in the mathematical literature (see [109]) and are listed in the appendix 4.6.1
of this chapter. They consist in six D-branes tMi � pJi, Eiq, i � 1, � � � , 6u related by the
following brane-antibrane relations

M̄1 �M5, M̄2 �M4, M̄3 �M3, M̄6 �M6 (4.50)

the open spectrum of this model can be found in [69].
In the corresponding N � 2 minimal model there are Ishibashi states |l,m, s ¡¡ with
l P ǫpE6q and such that the selection rule l �m � s P 2Z is satisfied. Moreover, B-type
boundary conditions require m̄ � �m and s̄ � �s. Together with the features of the type
0B GSO-projected Hilbert spaces m̄ � m and s̄ � s we get the 12 Ishibashi states|r0, 0, 0syy, |r4, 0, 0syy, |r6, 0, 0syy, |r10, 0, 0syy, |r3, 6, 1syy, |r7, 6, 1syy,|r0, 0, 2syy, |r4, 0, 2syy, |r6, 0, 2syy, |r10, 0, 2syy, |r3, 6,�1syy, |r7, 6,�1syy. (4.51)

where the eight states with even s come from the diagonal part of the Hilbert space
whereas the states with odd s arise as a consequence of the presence of non-diagonal
terms H3,6,1 b H̄7,6,1 and H7,6,1 b H̄3,6,1. The boundary states are then given by||L,M, Syy � 1?

2

¸ pvE6
qplqLa

Slms000

e
iπ
12
mMe� iπ

2
sS |l,m, syy , (4.52)

where L � 1, . . . , 6 and S,M P Z4 with L�M�S even, and the sum runs over the Ishibashi

states (4.51). The coefficients pvE6
qplqL are calculated using the approach outlined in (3.88)

and are listed in the appendix 4.6.4.
As for minimal models of the A- and D-series the map τ : S ÞÑ S � 2 maps branes to
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antibranes, as it changes the sign of the coupling to RR-states. We note that in this case
there is the symmetry||2, Syy � τp||4, Syyq, ||1, Syy � τp||5, Syyq, (4.53)||3, Syy � τp||3, Syyq, ||6, Syy � τp||6, Syyq.
These relations are a consequence of the symmetry of the E6 Dynkin diagram. Moreover,
we have ||L,M, Syy � ||L,M�2, S�2yy. M is thus fixed by demanding that L�M�S is
even, and by (4.53) we can restrict S to 0,1. This means that we are left with 12 different
boundary states, 6 for each choice of spin structure. Their spectrum isxxL1,M1, S1||qpL0�L̄0q{2�c{24||L2,M2, S2yy � 1

2

¸rl,m,ssχrl,m,sspq̃q δp2qpS1 � S2 � sq� �
n L1

lL2
p1� e

iπ
2
pS2�S1�s�M2�M1�mqq � n L1

10�l L2
p1� e

iπ
2
pS2�S1�s�M2�M1�mqq	 , (4.54)

where n L1

lL2
are the fused adjacency matrices for E6.

The number of boundary states therefore agrees with that of the matrix factorization for
W � X3 � Y 4. The spectrum of topological morphisms in the Landau-Ginzburg model
agrees with the chiral primary fields of (4.54) if we make the identifications:

QL � ||L,M, 0yy (4.55)

with M P t0, 1u such that L�M even for the spin structure S � 0, and

QL � ||L,M, 1yy (4.56)

with M P t1, 2u such that L�M odd for S � 1.
The second Landau-Ginzburg model which describes a E6-model but with opposite GSO-
projection is associated to the superpotential W � X3 � Y 4 � Z2. Matrix factorizations
and topological spectrum of this model can be found in [59]. In the appendix 4.6.1 we
reported the concerned six matrix factorizations.
In the corresponding 0A GSO-projected minimal models there are 12 B-type Ishibashi
states |l, 0, syy l P EpE6q , (4.57)

with s P Z4 such that l � s even. The boundary states built with them are given by||L, Syy � ||L, 0, Syy � 1?
2

¸ vE6

plq
La

Slms000

e� iπ
2
sS |l,m, syy , (4.58)

We have L � 1, . . . , 6 and S P Z4, but again the symmetry under τ allows us to restrict
S P t0, 1u, so that we have 6 boundary states per spin structure.
Their overlap isxxL1, S1||qpL0�L̄0q{2�c{24||L2, S2yy �¸

l,m,s

χl,m,spq̃q �n L1

lL2
δp4qpS1 � S2 � sq � n L1

10�l L2
δp4qpS1 � S2 � 2� sq� . (4.59)

The matrix factorizations of W � X3 � Y 4 � Z2 manifest the same brane-antibrane
structure as the above boundary states. Moreover, the topological spectra agree with
(4.59) if we identify

QL � ||L, Syy . (4.60)
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4.3.2. Switching between GSO-projections. The boundary states for the two
GSO-projections of the E6-model illustrate nicely how in general we can change between
one GSO-Projection and the other: One constructs the new branes out of the old branes
by orbifolding by τ . For instance, for the E6-model, if we start out with the type 0A
theory, we take the orbits of all branes that are not invariant,||3,M, Syy � 1?

2
p||2, Syy � ||4, Syyq (4.61)||6,M, Syy � 1?

2
p||1, Syy � ||5, Syyq . (4.62)

We have thus projected out the Ramond part of these branes.
On the other hand, a fixed point ||Byy of τ corresponds to a fractional brane which must
be resolved by adding linear combinations of the new Ramond Ishibashi states, i.e.||B1yy � 1?

2
||Byy � linear combination of new states (4.63)||B2yy � 1?

2
||Byy � linear combination of new states (4.64)

It can be checked that by this procedure we really obtain the boundary states (4.52) of
the type 0B theory.

4.3.3. E7-model. The superpotential W � X3 �XY 3 has 7 irreducible matrix fac-
torizations together with their antibranes. These are listed in the appendix 4.6.2. Note
that as opposite to the E6-models the 7 antibranes give essentially new matrix factor-
izations, and that there are no pair of isomorphic brane-antibrane. These properties, as
we will better see in the abstract formalism, reflect themselves, as a consequence of the
relation between the two different GSO-projections described in section 4.3.2, in the fact
that the other model, associated to the superpotential W � X3 �XY 3 � Z2, has only 7
matrix factorizations isomorphic to their own antibranes. These are obtained by tensoring
those of the previous model with the matrix factorization pZ,�Zq of �Z2.
The analysis in the context of abstract formulation tell us that for the type 0B projection,
there are 28 Ishibashi states,|l, 0, syy l P EpE7q, s P t0, 2u , (4.65)

and |l, 9, syy l P EpE7q, s P t�1, 1u . (4.66)

The boundary states are||L,M, Syy � 1

2

¸
l�1PE, m�0,9
m�s even

pvE7
qplqLa

Slms000

e
iπ
18
mMe� iπ

2
sS|l,m, syy (4.67)

where L � 1, . . . 7, S � 0, 1, 2, 3 with L �M � S even. This time the pvE7
qplqL are the

coefficients for the affine E7 model given in appendix 4.6.4. Again, S odd and S even give
two different spin structures with 14 boundary states each.
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The overlap isxxL1,M1, S1||qpL0�L̄0q{2�c{24||L2,M2, S2yy �
1

2

¸
l,m,s

χl,m,spq̃qn L2

lL1
δp2qpS1 � S2 � sq�1� e

iπ
2
pM2�S2�M1�S1�m�sq	 , (4.68)

where the n L2

lL1
are now the fused adjacency matrices for E7.

The spectrum of the matrix factorizations agrees with (4.68) if we make the identification

QL � ||L,M, 0yy , Q̄L � ||L,M, 2yy , (4.69)

with M P t0, 1u such that L�M even, and

QL � ||L,M, 1yy , Q̄L � ||L,M, 3yy , (4.70)

with M P t1, 2u such that L�M odd.
In the case of the type 0A GSO-projection we only have 14 Ishibashi states,|l, 0, syy l P EpE7q, s P t0, 2u . (4.71)

The previously mentioned relation between the absence of pair of isomorphic brane-
antibrane in the W � X3 � XY 3 model and the smaller number of boundary states
in the W � X3�XY 3�Z2 model noted in the Landau-Ginzburg context, can be under-
stood using the switching between GSO-projections obtained by orbifolding the Z2-group
generated by τ (as illustrated in subsection 4.3.2). This translates indeed, as expected,
into the fact that for the type 0B case, the map τ : S ÞÑ S � 2 has no fixed points. The
boundary states for the 0A projection are then simply obtained as the τ -orbits||L, Syy � 1?

2
p||L,M, Syy � ||L,M, S � 2yyq . (4.72)

and correspond to the required 14 τ -invariant states. We could also have obtained these
boundary states by using (4.67) with overall normalization 1?

2
.

The overlap isxxL1, S1||qpL0�L̄0q{2�c{24||L2, S2yy� ¸
l,m,s

n L2

lL1

�
δp4qpS1 � S2 � sq � δp4qpS1 � S2 � 2� sq�χl,m,spq̃q . (4.73)

The identification with the matrix factorizations of appendix 4.6.2 is

Q̂L � ||L, Syy . (4.74)

4.3.4. E8-model. The E8 model is analogous to the E7 model. The superpotential
W � X3 � Y 5 has 8 matrix factorizations, listed in the appendix 4.6.3 together with
their non-isomorphic antibranes. Whereas for the three variables superpotential W �
X3� Y 5 �Z2, there are the 8 matrix factorizations obtained as tensor product of matrix
factorizations of the previous model with the usual matrix factorization pZ,�Zq of �Z2.
As for the E7-model the matrix factorizations obtained in this way are isomorphic to
their own antibranes. Therefore, the two E8-models have a different number of matrix
factorizations.
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On the side of boundary states analysis. For the 0B projection there are 32 Ishibashi
states |l, 0, syy l P EpE8q, s P t0, 2u, (4.75)|l, 15, syy l P EpE8q, s P t�1, 1u, (4.76)

and 32 boundary states ||L,M, Syy, L � 1 . . . 8, S � 0, 1, 2, 3, M � 0, 1, L�M � S even,
given by ||L,M, Syy � 1

2

¸
l�1PE, m�0,9
m�s even

pvE8
qplqLa

Slms000

e
iπ
18
mMe� iπ

2
sS|l,m, syy (4.77)

Their spectrum is identical to (4.68) with n L2

lL1
replaced by the fused adjacency matrices

of E8. The identification with the matrix factorizations of appendix 4.6.3 is

QL � ||L,M, 0yy , Q̄L � ||L,M, 2yy (4.78)

and
QL � ||L,M, 1yy , Q̄L � ||L,M, 3yy , (4.79)

with M as in (4.69) and (4.70).
For the type 0A GSO-projected model we only have 16 Ishibashi states. The 16 boundary
states are constructed just as in (4.72), their spectrum is as in (4.73) and they are identified
with the matrix factorizations of appendix 4.6.3 by

Q̂L � ||L, Syy . (4.80)

4.4. Correlators and the effective superpotential

4.4.1. Introduction and motivation. In this section we use the previous match
between boundary states and matrix factorizations to calculate specific correlators of
the type 0B E6-model. There are different methods to calculate correlators in Landau-
Ginzburg models, in particular the Kapustin-Li formula given in (2.44) [63]. However,
this formula only works if there are no integrated operators, i.e. only if there are no more
than 3 boundary operators or 1 bulk and 1 boundary operator.
By calculating a specific example in the E6-model, the correlator xXY η ³dt pG��1{2ηqptqy
under the boundary condition Q1, we show how one can get around this restriction and
evaluate Landau-Ginzburg correlators with integrated insertions. This is achieved by
using the Kapustin-Li formula whenever possible or changing to the picture of pure CFT if
we encounter integrated insertions. This change is possible as we can identify all boundary
states and fields of the problem.
We first gather some facts that will prove useful later on.

4.4.2. Decomposition of E6. The fact that ck�10 � ck�1 � ck�2 suggests that we
can decompose E6 into the simpler models A1 and A2. In terms of the Landau-Ginzburg
potential, this corresponds to the observation that W � X3 � Y 4 is the sum of two
A-model potentials.
We first decompose k � 10 characters to identify the Ishibashi states of the E6-model
with the A1 and A2-model Ishibashi states (see appendix 4.6.5). Since each representation
contains at most one such state, the identification is unambiguous up to a phase. Next,
note that the character decomposition shows that A1 bA2 and E6 are equivalent at least
as bulk theories. Any product of A1 and A2 boundary states preserves the diagonal
N � 2 supersymmetry and is thus a boundary state of the E6 (note that the reverse is
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not true). We thus expect that certain E6 boundary states are not factorisable. After
taking the tensor product, we have to spin align the state. This corresponds to a Z2

orbifold which eliminates all products of the form NS b R. In principle, new twisted
states are introduced by this action, but they do not satisfy our boundary conditions and
therefore cannot contribute.
For a given spin structure, there are two A1 and three A2 boundary states [21] . One might
thus expect to get six factorisable E6 states, but this is not the case. The spin alignment
eliminates the difference between some of the products, and it turns out that we are
left with exactly three factorisable E6 states. This agrees with a different analysis: the
character decomposition in 4.6.5 suggests that factorisable boundary states must couple
with the same strength to |0, 0, 0yy and |6, 0, 0yy. In other words, the absolute value of

the respective coefficients pvE6
qp0qL pS0

0q�1{2 and pvE6
qp6qL pS6

0q�1{2 must be the same. This is
only true for the boundary states with L � 1, 5, 6.
To make the actual identification it is then sufficient to write out the tensor product of
the boundary states. The character decompositions then fix at least the absolute values
of the coefficients. This is sufficient to make the identification||0, 0yy1 b ||1, 0yy2 � ||1, 0yyE6

,||0, 0yy1 b ||1, 2yy2 � ||5, 0yyE6
, (4.81)||0, 0yy1 b ||0, 0yy2 � ||6, 0yyE6
.

This can be seen on the Landau-Ginzburg side as well: Q1, Q5, andQ6 are tensor products,
all the other Q contain terms of the form xy and cannot be decomposed (see appendix
4.6.1).

4.4.3. Topological correlators. To obtain a topological conformal field theory, one
can twist a N � 2 superconformal model. The correlators of this topological theory
then have a natural interpretation in the original N � 2 theory. On the sphere, by
standard methods the topological correlator is obtained by first inserting into the original
correlation function a spectral flow operator ρpξq, multiplying by a factor ξc{3, and then
taking the limit ξ Ñ8 [104].
The insertion of a spectral flow operator is motivated by charge considerations: After
twisting, the theory has a U(1)-charge anomaly �c

3
. This means that all correlators vanish

unless their total charge is equal to c
3
. We thus have to insert an operator with a charge

that corresponds to this background charge. In [104], the operator inserted is one unit of
bulk spectral flow, whereas here we insert a boundary spectral flow.

4.4.4. Calculating xXY η ³dt pG��1{2ηqptqy. We are now ready to calculate the cor-

relator xXY η » dt pG��1{2ηqptqy (4.82)

in the E6-model W � X3 � Y 4 � Z2 with boundary condition Q1. By the comments in
4.4.2, Q1 factorizes as

Q1 � �
0 X

X2 0


 b �
0 Y 2 � iZ

Y 2 � iZ 0



, (4.83)

Its fermionic spectrum is

η :� �
0 1�X 0


b �
1 0
0 1



, η2 � Y η . (4.84)
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The correlator (4.82) factorizes as»
dtxX �

0 1�X 0


 �
G��1{2 � 0 1�X 0



ptqyA1
x Y id idptq yA2

�»
dtxX �

0 1�X 0


 �
0 1�X 0


ptqyA1
x Y id pG��1{2idqptq yA2

. (4.85)

In the second term, x� � � yA2
vanishes because its total charge is 1

2
� 1 � �1

2
instead of the

required c
3
� 1

2
. On the other hand, the A2 correlator of the first term is independent of

t. As it contains no integrated operator insertions, we can evaluate it using [63]:x Y yA2
� 1

2p2πiq2 ¾ dY dZ Y � STrpBYQ BZQqBYWA2
BZWA2

� i

4
. (4.86)

This correlator could of course also be evaluated using pure CFT methods: Y corresponds
to the field φ110pzqφ110pz̄q, and the boundary spectral flow to η2�20. We just note that
their total charge vanishes, and that the fusion rules allow the correlator to be non zero,
so that it could only vanish because of purely dynamical reasons.
For the A1 correlator, on the other hand, we cannot use the formula of Kapustin-Li, as it
contains an integrated insertion. We thus write it as a coset model CFT correlator. By
comparing Up1q charges, we can identify the fields

X �Ñ φ110pzqφ110pz̄q , (4.87)�
0 1�X 0


 �Ñ η110psq . (4.88)

Moreover, we insert one unit of spectral flow η1�10pξq. We thus have to calculate the
correlator »

dtxφ110pzqφ110pz̄q η112ptqη110psq η1�10pξqy , (4.89)

where we have used G��1{2η110 � η112. Our task is simplified further since the A1-model is

really just the free boson,
sup2q1 ` up1q2

up1q3 � up1q6 , (4.90)

and we can identify (see e.g. [81])

φ110 �Ñ e
i?
3
X
, (4.91)

η112 �Ñ e
�i?

3
2X
, (4.92)

η1�10 �Ñ e
�i?

3
X
. (4.93)

Our original boundary state is a B-type brane and corresponds thus to Neumann boundary
conditions for the free boson. We can use an explicit expression for (4.89) [93],

2πiC |z � z̄|1{3 |z � s|2{3 |z � ξ|�2{3|ξ � s|�1{3 » dt |ξ � t|2{3 |s� t|�2{3 |z � t|�4{3 , (4.94)

where C is a regularized functional determinant. To obtain the topological correlator, we
have to multiply by |ξ|1{3 and let ξ Ñ8. We can exchange limit and integral because for
ξ large enough, the integrand is dominated by p1 � |t|2{3q|s � t|�2{3|z � t|�4{3 P L1. The
result is then x� � � yA1

� 2πiC|z � z̄|1{3|z � s|2{3 » dt|z � t|4{3|s� t|2{3 � 0 . (4.95)
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We thus conclude that the correlator xxy η ³dt pG��1{2ηqptqy does not vanish.

4.5. The effective brane superpotential

So far we have calculated a correlator which corresponds to a term in the gen-
erating functional of open string topological disk correlators. By standard lore (see
e.g. [50, 51, 75]), the generating functional for symmetrized correlators is also the effec-
tive brane superpotential Weff . In particular, its critical loci give the directions in which
a given brane can be deformed without being obstructed. There exist different methods
to calculate Weff , two of which are presented in [69]. Firstly, using a generalized Massey
product algorithm, one can determine the obstructed directions and from that deduce
Weff . Secondly, the authors of [69] propose a ’mixed’ approach. They apply the Massey
product algorithm with all bulk insertions set to zero, and then combine these results
with the generalized WDVV equations to obtain the general potential. The two methods
give different results: In particular, WMassey

eff contains certain terms that Wmixed
eff does not.

We can compare our result from 4.4.4 to the two effective superpotentials. In the notation
of [69], the correlator we have calculated corresponds to the term �1

2
s5u

2
4. This term

appears in W
Massey
eff , but not in Wmixed

eff . Moreover, all possible field redefinitions are

constrained by R-charge compatibility. In our case this guarantees that �1
2
s5u

2
4 cannot be

transformed away by such a field redefinition. A similar analysis shows that the correlator
corresponding to the WMassey

eff term s8u4u1 does not vanish either, again in disagreement

with Wmixed
eff .

4.6. Appendix

4.6.1. Matrix factorizations for E6. The matrix factorizations for W � x3 � y4

are [109]

E1 � J5 � �
x y

y3 �x2



E5 � J1 � �

x2 y

y3 �x



E2 � J4 � �� x2 �xy y2

y3 x2 �xy�xy2 y3 x2

� E4 � J2 � �� x y 0
0 x y

y2 0 x

�
E3 � ���� x y2 0 0

y2 �x2 0 0
0 �xy x2 y2

y 0 y2 �x

�ÆÆ J3 � ���� x2 y2 0 0
y2 �x 0 0
0 �y x y2

xy 0 y2 �x2

�ÆÆ
E6 � �

x y2

y2 �x2



J6 � �

x2 y2

y2 �x
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The matrix factorizations for W � x3 � y4 � z2 are [59]

E1 � J5 � � �y2 � iz x

x2 y2 � iz



J1 � E5 � � �y2 � iz x

x2 y2 � iz



E2 � J4 ����� �y2 � iz 0 xy x�xy y2 � iz x2 0

0 x iz y

x2 �xy y3 iz

�ÆÆ E4 � J2 ����� �y2 � iz 0 xy x�xy y2 � iz x2 0
0 x �iz y

x2 �xy y3 �iz

�ÆÆ
E3 ��������� �iz �y2 xy 0 x2 0�y2 �iz 0 0 0 x

0 0 �iz �x 0 y

0 xy �x2 �iz y3 0
x 0 0 y �iz 0
0 x2 y3 0 xy2 �iz

�ÆÆÆÆÆÆ J3 ��������� iz �y2 xy 0 x2 0�y2 iz 0 0 0 x

0 0 iz �x 0 y

0 xy �x2 iz y3 0
x 0 0 y iz 0
0 x2 y3 0 xy2 iz

�ÆÆÆÆÆÆ
J6 � E6 � ���� �z 0 x2 y3

0 �z y �x

x y3 z 0
y �x2 0 z

�ÆÆ
4.6.2. Matrix factorizations E7. For W � x3 � xy3, the matrix factorizations are

given by [109]

E1 � x J1 � x2 � y3

E2 � �
x2 y2

xy �x



J2 � �

x y2

xy �x2



E3 � �� x2 �y2 �xy

xy x �y2

xy2 xy x2

� J3 � �� x 0 y�xy x2 0
0 �xy x

�
E4 � ���� x y �y 0

y2 �x 0 �y

0 0 x2 xy

0 0 xy2 �x2

�ÆÆ J4 � ���� x2 xy y 0
xy2 �x2 0 y

0 0 x y

0 0 y2 �x

�ÆÆ
E5 � �� y 0 x�x xy 0

0 �x y

� J5 � �� xy2 �x2 �x2y

xy y2 �x2

x2 xy xy2

�
E6 � �

x2 y

xy2 �x



J6 � �

x y

xy2 �x2



E7 � �

x2 xy

xy2 �x2



J7 � �

x y

y2 �x



The other factorizations Q̄i correspond to their antibranes and are given by Ēi � Ji,

J̄i � Ei.
For W � x3 � xy3 � z2, the factorizations are constructed out of the above by

Êi � Ĵi � �
zid Ji
Ei �zid 


,

so that Q̂i is equal to its own antibrane.
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4.6.3. Matrix factorizations E8. For W � x3 � y5 the matrix factorizations are
given by [109]

E1 � �
x2 y

y4 �x



J1 � �

x y

y4 �x2



E2 � �� y4 xy3 x2�x2 y4 xy�xy �x2 y2

� J2 � �� y �x 0
0 y �x

x 0 y3

�
E3 � ���� 0 x2 �y3 0�x2 xy 0 �y3

0 �y2 �x 0
y2 0 y �x

�ÆÆ J3 � ���� y �x 0 y3

x 0 �y3 0�y2 0 �x2 0
0 �y2 �xy �x2

�ÆÆ
E4 � ������ y �x 0 0 0

x 0 0 y2 0�y2 0 �x2 0 �y3

0 �y2 0 x 0
0 0 y2 y �x

�ÆÆÆÆ J4 � ������ y4 x2 0 �xy2 0�x2 xy 0 �y3 0
0 �y2 �x 0 y3�xy2 y3 0 x2 0�y3 0 �y2 xy �x2

�ÆÆÆÆ
E5 � �������� y4 xy2 x2 0 0 xy�x2 y3 xy �x 0 0�xy2 �x2 y3 0 �xy 0

0 0 0 y �x 0
0 0 0 0 y2 �x

0 0 0 x 0 y2

�ÆÆÆÆÆÆ J5 � �������� y �x 0 0 0� x

0 y2 �x xy 0 0
x 0 y2 0 xy 0
0 0 0 y4 xy2 x2

0 0 0 �x2 y3 xy

0 0 0 �xy2 �x2 y3

�ÆÆÆÆÆÆ
E6 � ���� x2 y2 0 xy

y3 �x �y2 0
0 0 x y2

0 0 y3 �x2

�ÆÆ J6 � ���� x y2 0 y

y3 �x2 �xy2 0
0 0 x2 y2

0 0 y3 �x

�ÆÆ
E7 � �

x y2

y3 �x2



J7 � �

x2 y2

y3 �x



E8 � �� y4 xy2 x2�x2 y3 xy�xy2 �x2 y3

� J8 � �� y �x 0
0 y2 �x

x 0 y2

�
and their respective antibranes.
The factorizations for W � x3 � y5 � z2 are constructed in the same way as for E7.

4.6.4. Boundary states for sup2q. Coefficients for E6

l � 0 3 4 6 7 10

v
plq
1 � p1

2

b
3�?3

6
, 1

2
, 1

2

b
3�?3

6
, 1

2

b
3�?3

6
, 1

2
, 1

2

b
3�?3

6
q

v
plq
2 � p1

2

b
3�?3

6
, 1

2
, 1

2

b
3�?3

6
, �1

2

b
3�?3

6
, �1

2
, �1

2

b
3�?3

6
q

v
plq
3 � p1

2

b
3�?3

3
, 0, �1

2

b
3�?3

3
, �1

2

b
3�?3

3
, 0, 1

2

b
3�?3

3
q

v
plq
4 � p1

2

b
3�?3

6
, �1

2
, 1

2

b
3�?3

6
, �1

2

b
3�?3

6
, 1

2
, �1

2

b
3�?3

6
q

v
plq
5 � p1

2

b
3�?3

6
, �1

2
, 1

2

b
3�?3

6
, 1

2

b
3�?3

6
, �1

2
, 1

2

b
3�?3

6
q

v
plq
6 � p1

2

b
3�?3

3
, 0, �1

2

b
3�?3

3
, 1

2

b
3�?3

3
, 0, �1

2

b
3�?3

3
q
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Coefficients for E7

l � 0 4 6 8 10 12 16

v
plq
1 � pa, c, b, 1?

3
, b, c, aq

v
plq
2 � pe, f, d, 0, �d, �f, �eq

v
plq
3 � pc, b, �a, � 1?

3
, �a, b, cq

v
plq
4 � pf, �d, �e, 0, e, d, �fq

v
plq
5 � p 1?

6
, � 1?

6
, 1?

6
, 0, 1?

6
, � 1?

6
, 1?

6
q

v
plq
6 � pd, �e, f, 0, �f, e, �dq

v
plq
7 � pb, �a, �c, 1?

3
, �c, �a, bq

where

a � p18 � 12
?

3 cos π
18
q� 1

2 , b � p18 � 12
?

3 cos 11π
18
q� 1

2 ,

c � p18� 12
?

3 cos 13π
18
q� 1

2 , d � p12p1 � cos π
9
qq� 1

2 ,

e � p12p1 � cos 5π
9
qq� 1

2 , f � p12p1 � cos 7π
9
qq� 1

2 .

Coefficients for E8

l � 0 6 10 12 16 18 22 28

v
plq
1 � pa, f, c, d, d, c, f, aq

v
plq
2 � pb, e, h, g, �g, �h, �e, �bq

v
plq
3 � pc, d, �a, �f, �f, �a, d, cq

v
plq
4 � pd, a, �f, �c, c, f, �a, �dq

v
plq
5 � pe, �h, �g, b, b, �g, �h, eq

v
plq
6 � pf, �c, d, �a, a, �d, c, �fq

v
plq
7 � pg, �b, e, �h, �h, e, �b, gq

v
plq
8 � ph, �g, �b, e, �e, b, g, �hq

where

a � �
15p3�?5q�?15p130�58

?
5q

2

��1{2
, b � �

15�a75� 30
?

5
��1{2

,

c � �
15p3�?5q�?15p130�58

?
5q

2

��1{2
, e � �

15�a75� 30
?

5
��1{2

,

d � �
15p3�?5q�?15p130�58

?
5q

2

��1{2
, g � �

15�a75� 30
?

5
��1{2

,

f � �
15p3�?5q�?15p130�58

?
5q

2

��1{2
, h � �

15�a75 � 30
?

5
��1{2

.
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4.6.5. Character decompositions. The characters of the N � 2, k � 10 model
can be decomposed into k � 1 and k � 2 characters in the following way:

χ
p1qr0,0,0sχp2qr0,0,0s � χ

p1qr0,0,2sχp2qr0,0,2s � χ
p10qr0,0,0s � χ

p10qr6,0,0s
χ
p1qr0,0,2sχp2qr0,0,0s � χ

p1qr0,0,0sχp2qr0,0,2s � χ
p10qr0,0,2s � χ

p10qr6,0,2s
χ
p1qr0,0,0sχp2qr2,0,2s � χ

p1qr0,0,2sχp2qr2,0,0s � χ
p10qr4,0,0s � χ

p10qr10,0,2s
χ
p1qr0,0,0sχp2qr2,0,0s � χ

p1qr0,0,2sχp2qr2,0,2s � χ
p10qr4,0,2s � χ

p10qr10,0,0s
χ
p1qr1,0,1sχp2qr1,0,1s � χ

p1qr1,0,�1sχp2qr1,0,�1s � χ
p10qr3,6,1s � χ

p10qr7,6,1s
χ
p1qr1,0,1sχp2qr1,0,�1s � χ

p1qr1,0,�1sχp2qr1,0,1s � χ
p10qr3,6,�1s � χ

p10qr7,6,�1s
χ
p1qr1,0,1sχp2qr1,2,1s � χ

p1qr1,0,�1sχp2qr1,2,�1s � χ
p10qr3,0,1s � χ

p10qr7,0,1s
χ
p1qr1,0,1sχp2qr1,2,�1s � χ

p1qr1,0,�1sχp2qr1,2,1s � χ
p10qr3,0,�1s � χ

p10qr7,0,�1s





CHAPTER 5

Defects

5.1. Introduction

In this second part of the thesis, we will consider world-sheet theories built up gluing
together possibly different theories along lines, called defects. The fields of the original
theories will in general show divergences as they approach these hypersurfaces. This be-
havior, analogously to the case of bulk fields approaching boundaries, is described by
Laurent expansions with fields living on defects as coefficients. Indeed, analogously to
boundary conditions, defects support additional degrees of freedom as boundary chang-
ing defects. However, the structure of them is more involved than for boundary conditions,
indeed, defects can form junctions with fields localized on them.
Defects subdivide themself in many subclasses depending on the gluing conditions they
satisfy. For example, in case of (super)conformal field theories glued together, a defect is
called (super)conformal if the resulting theory is still (super)conformal. We will see in the
following section what are the gluing conditions that are required in order to satisfy this
property. We will moreover see that (super)conformal defects have two special subclasses
called totally reflective and totally transmittive defects. The first class is characterized by
the fact that the two theories are essentially decoupled while the second class describes
maximally coupled theories and, as we will see, is characterized by the property that
correlators are independent of the position of these defects. Because of this feature these
defects are called topological. Our main subject will be topological defects obtained in
a slightly different way, i.e. considering topological models obtained by gluing together
Landau-Ginzburg models [23, 24, 68].
There are many reasons for considering this new class of objects. The first reason is the
most obvious one, defects, by definition, allow us to describe conformal field theories with
a more involved structure obtained from many basic theories which are glued together.
This is interesting in its own right and it can find application, for example, in the context
of AdS/CFT correspondence [12]. More precisely, it was shown in [14] that string theory
in AdS3 has static solutions describing objects, called (p,q) strings, which start and end
on the AdS3 boundary. In the dual CFT description, the endpoints of the (p,q) strings
are associated with permeable defects between CFT’s with different central charges or
moduli. The classical energy of the (p,q) strings corresponds then to the Casimir energy
associated to the defects.
The subclass of topological defects were considered for example in [92] by Petkova and
Zuber. There, in particular, they derived consistency conditions for possible defects,
studying the effects of defect insertions in partition functions. This derivation essentially
parallels the one for the Cardy condition in conformal field theory with boundaries. In-
serting an operator X, associated to the defect line along a non-contractible circle, in the
partition function TrHC

pqL0�L̄0�c{12q, we obtain TrHC
pXqL0�L̄0�c{12q. If the operator X

is required to commute with the energy-momentum tensor T pzq and T̄ pz̄q, i.e. to be a

65
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topological defect, then X has the form

X � ¸
j,j1,α,α1 Ψα,α1,j,j1

Xa
S1jS1j1P α,α1,j,j1 (5.1)

where P α,α1,j,j1 are the projectors

P α,α1,j,j1 :�
ņ,n1p|j, n ¡ b|j1, n1 ¡qαp  j, n|b   j1, n1|qα1, α, α1 � 1, � � � , Zjj1. (5.2)t|j, n ¡un stands for a basis of the irreducible representation Vj of the Virasoro algebra

and Zjj1 are the coefficients of

HC �
j̧,j1 Zjj1Vj b V̄j1. (5.3)

The partition function with two inserted operators X�Y can be rewritten as

ZXY � ¸
j,j1,α,α1Ψα,α1,j,j1

X

�
Ψα,α1,j,j1
Ya

S1jS1j1 χjpqqχj1pqq. (5.4)

This corresponds to the left arrows in figure 1. The other interpretation of the partition

Y

X
+

X
+

X Y
+

Y

Figure 1. Partition function

function, i.e. quantized on circles perpendicular to the defects (right arrow of figure 1), can
be interpreted as the trace TrH

X�Y
pq̃L0�L̄0�c{12q of the propagator of the twisted Hilbert

space

HX�Y �
j̧,j1WX�Y

jj1 Vj b V̄j1, (5.5)

defined by the defects X� and Y . In this way, we obtain the alternative expression for
the partition function

ZX�Y �
j̧,j1WX�Y

jj1 χipq̃qχj1pq̃q. (5.6)
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Comparing the two expressions and using the transformation properties of the characters
χj under S transformation, we get the consistency condition

WX�Y
jj1 � ¸

j,j1,α,α1SijSi1j1S1jSij1 Ψα,α1,j,j1
X Ψα,α1,j,j1

Y

�
. (5.7)

In this thesis, we will deal with topological defects. A reason to pay particular at-
tention to this type of defects is that topological defects in conformal field theories (see
next section for definitions) or general defects in topologically twisted N � 2 theories
can be freely moved and distorted. As a consequence, they are provided with a product
structure and with an action on boundary conditions and on bulk fields. Because of these
features, they provide a convenient way to consider functors, in particular symmetries
or dualities, between conformal and topological theories. In [35, 36] for example, using
the TFT approach to rational conformal field theory a precise characterization of the
internal symmetries that can be described by defects was given. Dualities were studied
using defects for example in [37]. There defects between single free bosons CFT theories
compactified on a circle were constructed. In particular, the list of constructed defects,
which for specific values of the involved radii is thought to be complete, contains defects
describing T-duality between theories compactified on a pair of dual radii.
Another natural application of defects is the analysis of renormalization group flows of
boundary conditions. In [13] defects were used to analyze the Kondo effect in WZW
models. Summarizing, it was shown that the operator describing the modification of a
boundary state |B ¡ obtained by switching on some non abelian boundary gauged fields,
admits a push forward into the bulk as a defect which at the renormalization fixed point
corresponds to a topological defect D. Since this flow operator is constructed in the bulk,
it induces a universal boundary RG flow given by the action of the corresponding topo-
logical defect on any boundary state. Another use of topological defects was suggested
in [24] for the analysis of boundary renormalization group flows induced by bulk pertur-
bations. Postponing details to the section 6.1, this method can be summarized in the
following way. Bulk and boundary renormalization flows are decoupled restricting the
bulk perturbation on a subdomain of the whole theory that does not intersect the bound-
ary. After renormalization flow the perturbed and unperturbed theories will be separated
by a defect. If N � 2 supersymmetry is preserved after topological twist this defect will
become topological and the effect of the boundary flow induced by the bulk perturbation
is then described by the action of this defect on the original boundary condition.
We have listed applications of topological defects to the description of functors on the
category of D-branes arising by considering internal symmetries, T-duality and renormal-
ization group flows. Another context in which these functors appear is in the study of
monodromies. Indeed, if we transport a given brane along a closed path around a singu-
larity in the moduli space of the theory, we will get back another brane, which does not
necessarily coincides with the initial one. This transport thus defines a functor on the
brane category, which in some circumstances be described by the action of a topological
defect. In [22] non-linear sigma models with Calabi-Yau target spaces that can be real-
ized as hypersurfaces in projective spaces were considered. More precisely, the considered
theories were models like the cubic torus in P2 or the quintic hypersurface in P4 admit-
ting a gauged linear sigma model realization with one Kähler parameter whose Kähler
moduli is a 2-sphere with three singularities: the large volume limit, the conifold point
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and the Landau-Ginzburg point. The first singularity, as indicated by the name, arises
when the volume of the target space goes to infinity, the second instead corresponds to
the (quantum) volume of the target space going to zero and the Landau-Ginzburg point
is an orbifold point, where certain dualities of the theory for different moduli become
quantum symmetries enhancing the symmetry group of the theory. We note that since
Kähler perturbations are generated by twisted chiral superfields, in order to guarantee
N � 2 supersymmetry conservation, we have to consider B-type boundary conditions and
defects, as we will discuss more in detail in section 6.1. Since at the Landau-Ginzburg
point and at the large volume limit we have a simple description of B-type branes and
defects in term of matrix factorizations, as we will describe in the next sections, and
coherent sheaves respectively, it is convenient to choose, as basis points for the loops in
the moduli space, the Landau-Ginzburg or the large volume points. To get defects that
represent the self functors associated with monodromies at the Landau-Ginzburg point,
a convenient strategy, which can be used, is to lift the identity defect into the linear
sigma model, extending the techniques developed in [48] for D-branes, and transport it
around the singularity and then project it back to the Landau-Ginzburg model. An-
other possibility, if the monodromy functor is known at the large volume limit, or at the
Landau-Ginzburg point, is to transport it from one point to the other following a path
on the linear sigma model. A relevant example of monodromy, for our later discussion,
is the conifold monodromy. A conifold point in the Kähler moduli space of a non-linear
sigma model on a Calabi-Yau space is physically characterized by the fact that at this
point a topological D-brane A becomes massless. Moving a probe D-branes B around
the conifold singularity each morphism between A and B will become at some point of
the path tachyonic. Since the D-branes with vanishing mass can at the conifold point be
created at no cost in energy, the bound state����� Ad

1

A,B

Ād
0

A,B

d1
A,B

ὰ�1
ψα

d0
A,B

β̀�1
φβ B

�ÆÆÆ (5.8)

becomes energetically preferable. The defect representing the conifold monodromy DC

has therefore to map each brane B to the condensate (5.8). At the Landau-Ginzburg
point they will be given by condensates of tensor defects A b A and the identity defect
([22] and section 7.2).
Another context in which defects appear as natural objects is the analysis of the open-
closed topological field theory’s structure of topological B-type Landau-Ginzburg theories.
We will explain this use of defects in more details in section 8. Summarizing we can
say that the axioms of the topological field theories are automatically implied by some
structures of the 2-category of defects.

5.2. Superconformal and topological defects

Consider two world-sheet N � 2 supersymmetric models. We can glue them together
along a common one-dimensional interface, called defect. More precisely, we are interested
in those defects for which the total theory is still supersymmetric. Analogously to N=2
supersymmetric theories with boundaries this can be achieved by imposing either B-type
gluing conditions

QB � Q1
B, Q̄B � Q̄1

B (5.9)
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or A-type gluing conditions

QA � Q1
A, Q̄A � Q̄1

A (5.10)

along the defects line. Since these gluing conditions ensure the preservation of the super-
charge QB � Q� � Q�, in the first case, and of the supercharge QA � Q� � Q̄�, in the
second, they are compatible with the B-twist and the A-twist, respectively. In situations
where boundaries are also present, in order to guarantee supersymmetry, all defects and
boundary conditions have to be of the same type.
We note that unlike the presence of boundary conditions, it is possible to preserve the
full N � 2 algebra. This is achieved imposing

Q� � Q1�
Q̄� � Q̄1� or

Q� � Q1� Q̄� � Q̄1�
Q� � Q̄1� Q̄� � Q1� . (5.11)

The first class clearly implies both A- and B-boundary conditions, and contains for ex-
ample the trivial defect between one and the same theory. The second class is obtained
from the first by mirror symmetry and can therefore be used to relate a theory to its
mirror. We note that the gluing conditions (5.11) imply the conservation of space- and
time-translation because from the supersymmetric algebra it follows

H � H 1, P � P 1. (5.12)

Analogously, in case of two N � 2 superconformal theories glued together through a
defect, we can require that the half of the bulk superconformal algebra is preserved. This
is done by extending conditions (5.9, 5.10) by the energy momentum tensor and Up1q-
current gluing conditions

T � T̄ � T 1 � T̄ 1 (5.13)

J � J̄ � J 1 � J̄ 1 (5.14)

G� � Ḡ� � G1� �G
1�

(5.15)

for B-type gluing conditions, and

T � T̄ � T 1 � T̄ 1 (5.16)

J � J̄ � J 1 � J̄ 1 (5.17)

G� � Ḡ	 � G1� �G
1	

(5.18)

for A-type gluing conditions. Note that in the above conditions we used the customary
conformal field theoretical notation with the bar ¯ indicating the elements of the right
moving algebra and � referring to the R-charges of the supercharges.
As for supersymmetric models, we can impose even stronger gluing conditions. The first
possibility gives rise to the totally reflective defects mentioned in the previous subsection
and is obtained by setting equal to zero each side of the above equalities

T � T̄ � 0 � T 1 � T̄ 1 (5.19)

J � aJ̄ � 0 � J 1 � aJ̄ 1 (5.20)

G� � Ḡ�a � 0 � G1� �G
1�a

(5.21)

where a � 1 for B-type and a � �1 for A-type gluing conditions. The second possibility
corresponds to require, as above, the preservation of the full N � 2 superconformal
symmetry, i.e. both the holomorphic and the antiholomorphic super-Virasoro algebras.
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This is obtained by gluing together the holomorphic and the antiholomorphic currents
separately

T � T 1 T̄ � T̄ 1
J � J 1 J̄ � J̄ 1

G� � G1� Ḡ� � G
1� . (5.22)

Since these defects glue together holomorphic and antiholomorphic energy momentum
tensors separately the correlation functions are invariant under change of the position of
the defect. For this reason defects belonging to this last class are called ‘topological’.
Even if, in general, not all defects are topological, in N � 2 supersymmetric theories,
A-type and B-type defects become topological after an A- resp. B-twist and restricting
the theory to the topological sector. Indeed, in this thesis we will work in this kind of
setting, provided by B-type topological Landau-Ginzburg models and our defects will be
all topological in this sense. However it should be always remembered that topological
twists require that all defects and boundaries appearing in our considered model are of
the same type.
As we mentioned, the property, that topological defects can be shifted on the world-sheet,
has the important consequence that defects can be brought on top of each other (’fuse’)
or on top of boundaries giving rise to new defects and boundaries, respectively. In this
way, we obtain for defects a product structure and a functorial action on the category of
boundary conditions. Note that this is in general not true for (non-topological) defects
in the untwisted category, because in these situations the limit where a defect come close
together with another defect or boundary gives rise to divergences in the correlation func-
tions.

D Q

W(X) W’(Y) W(X)

D*Q

Figure 2. Action of a defect

Before we start recalling the concrete description of defects in B-twisted topological
Landau-Ginzburg models, we want to note that on abstract conformal theoretical rea-
son defects are closely related to boundaries, indeed, we can equivalently describe two
theories connected through a defect line as a one world sheet with boundary support-
ing the degrees of freedom of both theories. This is the so called ‘folding trick’ [2, 12].
The defects of the original theory become boundaries of the doubled theory. We note
that folding the theory from the lower to the upper half plane interchanges left and right
movers.

=

W(X)

W’(Y)
−W’(Y)

W(X)

DD

Figure 3. Folding



5.4. ACTION OF DEFECTS IN LANDAU-GINZBURG MODELS 71

5.3. Defects in Landau-Ginzburg models

The folding trick suggests that the formulation of defects in Landau-Ginzburg models
should be related to the description of boundary conditions, i.e. to matrix factorizations.
More precisely, it prescribes that defects gluing together two Landau-Ginzburg theories
with superpotentials W pXq and W 1pY q respectively are associated with matrix factoriza-
tions of the superpotential W pXq �W 1pY q over the chiral ring CrX, Y s of the tensored
bulk theories (the sign minus is due to the interchange of anticommuting superspace vari-
ables θ� Ñ θ	 implied by the lower halfÑupper half plane projection). This is confirmed
by supersymmetry considerations similar to those leading to the description of boundary
conditions [23, 68].
The analogy with boundary conditions extends even further to the description of fields
lying on defects. Indeed these are described, exactly as for D-branes, by the elements of
the cohomology

HpD1, D2q :�  
f P HomCrX,Y spD1, D2q| d2f � p�1q|f |fd1 � 0

( 
d2g � p�1q|g|gd1| g P HomCrX,Y spD1, D2q( . (5.23)

Defects between Landau-Ginzburg orbifolds pW pXq,ΓXq and pW 1pY q,ΓY q, where ΓX and
ΓY stand for the orbifold groups, are described, as was pointed out in [24], by equivariant
matrix factorizations ofW pXq�W 1pY q with respect to the group Γ :� ΓX�ΓY . Therefore
in the specification of a defect together with the matrix factorizations dpX, Y q of W pXq�
W 1pY q we have to include a representation ρ of Γ on the the CrX, Y s-module D satisfying
the equivariant condition ρdpρpX, Y qq � dpX, Y qρ. Given a matrix factorization d is
not always possible to find such a representation, however we can always construct from
any matrix factorization D a Γ-equivariant one. This is achieved by considering at first
a representation of the subgroup Γ1 � Γ which stabilizes D and extending it to a Γ-
representation of the matrix factorizations D̃ given by the sum of the Γ{Γ1-orbit of D

d̃ :� à
γPΓ{Γ1γpdq (5.24)

We will illustrate this procedure in subsection 5.4.1.
Morphisms between Γ-equivariant matrix factorizations are then given by the Γ-invariant
part of the cohomology (5.23) with respect to the Γ-action induced by those on the defects.

5.4. Action of defects in Landau-Ginzburg models

In this subsection we will consider two topological B-defects

D P HMF pW pXq �W 1pY q,CrX, Y sq (5.25)

D2 P HMF pW 1pY q �W 2pZq,CrY, Zsq (5.26)

moving on the top of each other, i.e. ‘fusing’ together. As it was explained in detail in
[23, 24] this results in a new topological defect, denoted by D �D2, gluing the Landau-
Ginzburg-theories pW pXq,CrXsq and pW 2pZq,CrZsq together. This new defect corre-
sponds to the matrix factorization

D �
Y
D2 :� UY pD b

CrY sD2q P HMF 1pW pXq �W 2pZq,CrX,Zsq (5.27)

UY denotes the forgetful functor CrY s–mod Ñ C–mod. The meaning of this forgetful
functor is just that we have to consider D b

Y
D2 as an infinite module over the ring
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CrX,Zs. In the following, we will mostly omit the subscript
Y
. From [67] we know

that the tensor product of two matrix factorizations with finite cohomology, in partic-
ular with finite dimension, is again a matrix factorization with finite cohomology, i.e.
D �D2 is an element of MF 1pW pXq �W 2pZq,CrX,Zsq, but with infinite dimension, i.e.
D � D2 R MF pW pXq �W 2pZq,CrX,Zsq. However, as stated in chapter 2 (see (2.71)),
we can assign to each element of HMF 1pW pXq�W 2pZq,CrX,Zsq a uniquely determined
element pD � D2qred of the equivalent category HMF pW pXq �W 2pZq,CrX,Zsq, i.e. of
finite dimension. In the rest of this thesis, in order to keep the notation simple, the for-
getful functor will be always implicitly assumed and the notations D b D2 and D � D2
will be used for the infinite and finite dimensional fused defect, respectively.
The most difficult part in determining the fusion of two matrix factorizations D of
W pXq � W 1pY q and D2 of W 1pY q � W 2pZq is to reduce their tensor product to fi-
nite dimension. Indeed, trying to find the corresponding equivalences directly on the
level of matrix factorizations can be very intricate. However, as put forward in [23],
one can make use of the relation between maximal Cohen-Macaulay modules and ma-
trix factorizations [33], summarized in section 2.5.1. Namely, instead of considering
the matrix factorization Q � D b D1 over CrX,Zs, one can equivalently consider an
R � CrX,Zs{pW pXq �W 2pZqq-module V with a projective resolution

. . .
vn�1ÝÑ Vn

vnÝÑ Vn�1

vn�1ÝÑ . . .
v1ÝÑ V0 � V Ñ 0 , (5.28)

which after a finite number of steps turns into the two-periodic complex determined by
the matrix factorization Q

VN�2i � Q0{pW �W 2qQ0 , VN�2i�1 � Q1{pW �W 2qQ1 ,

vN�2i � q0 , vN�2i�1 � q1 ,
(5.29)

for all i ¥ 0.
Instead of reducing Q one can now reduce V to a finite rank R-module Vred and calculate
a projective resolution

. . .
vred

n�1ÝÑ V red
n

vred
nÝÑ V red

n�1

vred
n�1ÝÑ . . .

vred
1ÝÑ V red

0 � V red Ñ 0 , (5.30)

which also turns two-periodic after a finite number of steps

V redrN�2i
� Qred

0 {pW �W 2qS0 , V redrN�2i�1
� Qred

1 {pW �W 2qS1 ,

vredrN�2i
� qred0 , vredrN�2i�1

� qred1 ,
(5.31)

for all i ¥ 0. Here the Qred
i are free CrX,Zs-modules of finite rank, and the two-periodic

part of the resolution gives rise to a finite dimensional matrix factorization

Qred : Qred
1

qred1 -�
qred2

Qred
0 (5.32)

of W pXq �W 2pZq over CrX,Zs.
The isomorphisms r : V Ñ V red and r� : V red Ñ V lift to the resolutions

. . .
v3ÝÑ V2

v2ÝÑ V1
v1ÝÑ V0 � V Ñ 0

r2

?

6
r�2 r1

?

6
r�1 r

?

6
r�

. . .
vred
3ÝÑ V red

2

vred
2ÝÑ V red

1

vred
1ÝÑ V red

0 � V red Ñ 0

, (5.33)
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and the ri and r�i for i ¡ N, rN provide an equivalence of the matrix factorizations Q and
Qred. In this way, one can obtain a finite dimensional matrix factorization Qred equivalent
to Q and also the equivalence between the two, which, in turn, can be used to map
morphisms of Q to those of Qred.
More generally, once we determined the finite dimensional representative of D �D1 usually
(see sections 6.2 and 7.2) we will need to determine for a given morphism

f : D bD1 Ñ D̃ b D̃1 (5.34)

the morphism

fred : D �D1 Ñ D̃ � D̃1 (5.35)

corresponding to f under the isomorphism

HomHMF 1pW pXq�W 2pZq,CrX,Zsq � HomHMF pW pXq�W 2pZq,CrX,Zsq. (5.36)

Concretely writing D bD1 and D̄ b D̄1 as

D bD1 � D �D1 ` triv, D̄ b D̄1 � D̄ � D̄1 ` triv (5.37)

where triv indicates a direct sum of trivial matrix factorizations, we obtain the decom-
position

HomMF 1pDbD̄,D1bD̄1q�HomMF pD�D̄,D1�D̄1q `HomMF ptriv,D1�D̄1q ``HomMF pD�D̄, trivq `HomMF ptriv, trivq (5.38)

which allows us to identify fred through the decomposition

f � fred ` hÑtriv ` htrivÑ ` htrivÑtriv. (5.39)

To determine fred, we construct explicitly the morphisms

U : MDbD1 ÑMD�D1 (5.40)

V : MD�D1 ÑMDbD1 (5.41)

Ũ : MD̃bD̃1 ÑMD̃�D̃1 (5.42)

Ṽ : MD̃�D̃1 ÑMD̃bD̃1, (5.43)

which realize the equivalences

D bD1 � D �D1 and D̃ b D̃1 � D̃ � D̃1, (5.44)

i.e. the matrices

U � �
U0 0
0 U1



V � �

V0 0
0 V1



Ũ � �

Ũ0 0

0 Ũ1



Ṽ � �

Ṽ0 0

0 Ṽ1



(5.45)

satisfying the relations

D �D1 � UpD bD1qV D̃ � D̃1 � ŨpD̃ b D̃1qṼ (5.46)

and

UV � 1�Df V U � 1�Df 1 Ũ Ṽ � 1�Df̃ Ṽ Ũ � 1 �Df̃ 1. (5.47)

We then obtain the relation

fred � ŨfV. (5.48)

To determine the morphisms U, V, Ũ and Ṽ that satisfy the above conditions it is some-
times useful to consider the following slightly different characterization of them. Take for
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example U . It is sometimes easier, if the cohomologies of the considered matrix factor-
izations are simple, to find a morphism of matrix factorizations

U P HomMF pW pXq�W 2pZq,CrX,ZsqpD bD2, D �D2q (5.49)

that induces an isomorphisms on the cohomology of the matrix factorizations. The theo-
rem (2.72) of section 2.5 then guarantees that there is a morphism V such that U and V
satisfy the required conditions (5.46, 5.47) .
To conclude this introductory section we remember [24] the fusion process in Landau-
Ginzburg orbifolds between graded defects and the special case thereof represented by the
action of defects on boundary conditions of orbifolded theories.
Exactly as for non-orbifolded models, we can fuse two defects D and D1, represented by
matrix factorizations W1pXq�W2pY q and W2pY q�W3pZq satisfying the equivariant con-
dition w.r.t the orbifold group ΓX � ΓY and ΓY � ΓZ , respectively. The resulting defect
is represented in the graded case as well by the matrix factorization D b D1. Since the
bulk fields tY u of the squeezed theory become new boundary degree of freedom, D bD1
should be viewed as a matrix factorization over the ring CrX,Zs equivariant with respect
to ΓX�ΓZ . This equivariance group is automatically recovered from ΓX�ΓY �ΓZ , since,
just like for the BRST-cohomology, orbifold produces a projection onto ΓY -invariant de-
gree of freedom. The defect fusion in Landau-Ginzburg orbifolds is therefore represented
as

D �gr D1 :� pD �D1qΓY . (5.50)

The action of defects on boundary conditions is given by the analogous expression

D �gr Q :� pD �QqΓY . (5.51)

5.4.1. Identity defect. The first example of defect we will consider is given by the
trivial defect, which separates a model from a copy of itself. This defect can be alterna-
tively defined as the defect representing the identity functor on the category of matrix
factorizations. An important feature of the identity defect is that, as shown in [67], bulk
fields can be interpreted as defect fields on it. This property will be used, for example,
in section 8 when we will discuss the relation between defects and the topological field
theory’s structure of the category of matrix factorizations.
Consider the Landau-Ginzburg model with superpotentialW pXq and chiral fields tXj�1,..,Nu,
it is then always possible to define the defect

1W :� Nâ
j�1

1j , PMF pW pXq �W pY qq (5.52)

with 1j : CrX, Y s Xj�YjÕ
Wj

CrX, Y s, (5.53)

where Wj � W pY1,..,Yj�1,Xj ,..,Xnq�W pY1,..,Yj,Xj�1,..,Xnq
Xj�Yj

.

This defect, indeed, represents the identity functor on the category of matrix factor-
izations. This can be shown in the following way. Consider a matrix factorization
MptXui , Zq of the superpotential W ptXui , Zq. This notation means that we focus our
attention on the dependence on a specific variable Z and we label the remaining variables
with tXui. Consider the matrix factorization

1Y,Z :� �
Y � Z,

W ptXui , Y q �W ptXui , Zq
Y � Z



. (5.54)
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We then have

1Y,Z bMptXui , Zq � 1̂Y,Z bMptXui , Y q, (5.55)

where the equivalence is provided by an isomorphism of CrtXui , Z, Y s-modules and

1̂Y,Z :� pY � Z, 0q. Moreover, we have the morphism

φ1 P HomMF 1pW ptXiu,Y q,CrtXiu,Y sq �1̂Y,Z bMptXiu , Y q,MptXiu , Y q�
φ1

0 :� p1, 0q � ΠZ ÞÑY φ1

1 :� �p0, 1q � ΠZ ÞÑY , (5.56)

where ΠZ ÞÑY maps a polynomial pptXiu , Y, Zq to pptXiu , Y, Y q, i.e. it replaces the variable
Z with Y . It can be verified that φ1 induces an isomorphism of cohomologies of the matrix
factorizations. Therefore, from theorem (2.72) of section 2.5 we have the equivalences

1Y,Z bMptXiu , Zq � 1̂Y,Z bMptXiu , Y q �MptXiu , Y q (5.57)

in HMF 1pW ptXiu , Y q,CrtXiu , Y sq. Using iteratively this argument we conclude that
the above defined defect represents the identity functor on the category of matrix factor-
izations of W

1W �MpY q �MpXq. (5.58)

We can construct the identity defect for Landau-Ginzburg orbifolds applying the method
outlined in the previous subsection. In the following, we will illustrate the procedure with
a particularly manageable example. We consider a Landau-Ginzburg orbifold with one
chiral superfield X, superpotential W pXq � Xh and orbifold group Γ � Zh acting on X

as

X
γaÞÑ ξaX, a P Zh, (5.59)

the identity defect between this and the same (non-orbifolded) model is given by

CrX, Y s X�YÕ
W pXq�W pY q

X�Y

CrX, Y s. (5.60)

We want to obtain from this defect a Γ � Γ-invariant one. The first step consists in
defining a representation ρ1 of the subgroup Γ1 � Γ � Γ that stabilizes the matrix d1

and d0. In the present example, this subgroup is given by pΓ � Γqdiag since the matrix
elements are homogeneous with respect to that subgroup. In this case, the representation
is fully determined by assigning a grading to the basis elements of the CrX, Y s-modules
D1 � CrX, Y s and D0 � CrX, Y s

CrX, Y srm� 1s X�YÕ
W pXq�W pY q

X�Y

CrX, Y srms, m P r0, h� 1s. (5.61)

The grading are chosen in order to ensure the equivariance condition on d1 and d0 with
respect to the group Γ1. The Γ � Γ-equivariant matrix factorization is then provided by
the Γ� Γ{Γ1 � t1u � Γ-orbit of the above matrix factorization

1Xdrms :� à
iPZh

pX � ξiY q : pCrX, Y srm� 1sq`h Ñ pCrX, Y srmsq`h . (5.62)



76 5. DEFECTS

After performing a change of basis, this matrix factorization can be rewritten such that
each element is Γ� Γ-homogeneous and, consequently, the Γ� Γ-action diagonalizes

1Xdrms������ X �Y�Y . . .
...

...�Y X

�ÆÆÆ:CrX, Y sh�� rm�1,0s
...rm�h,�h�1s�ÝÑCrX, Y sh�� rm,0s

...rm�h�1,�h�1s�.
(5.63)

These defects 1Xdrms act as degree shifts

1Xdrms �gr Qrqs � Qrq �ms (5.64)

In particular, the defect 1Xdr0s is the identity defect on HMFgrpY d, CrY sq and will be
denoted by 1gr.

5.4.2. Tensor-product defects. A relevant example for the applications of defects
that we will illustrate in later sections, is the class of tensor-product defects. These are
obtained simply by tensoring together two matrix factorizations P P MF pW pXq,CrXsq
and Q PMF p�W 1pY q,CrY sq i.e.

P bQ : R1 � pP1 bQ0q ` pP0 bQ1q r1Õ
r0
pP0 bQ0q ` pP1 bQ1q � R0 (5.65)

with r1 � �
p1 b id �idb q1
idb q0 p0 b id



, r0 � �

p0 b id idb q1�idb q0 p1 b id



. (5.66)

This defect corresponds to separately imposing the boundary conditions represented by
P and Q on the Landau-Ginzburg models specified by the superpotentials W pXq and�W 1pY q. The fusion of the tensor-product defects has a particularly simple form, indeed,
fusing the two defects P bQ and Q1 bR we obtain the tensor-product defectspP bQ�q � pQ1 bRq � P bRbHpQ,Q1q � d0

QQ1pP bRq ` d1
Q,Q1pP bRq, (5.67)

where diQQ1 � dimpHipQ,Q1qq.
The action of tensor-product defects is then

P bQ� �Q1 � P bHpQ,Q1q � d0
QQ1P ` d1

QQ1P̄ . (5.68)

The fact that the action has this form can be motivated in the following way. We know
from the relation (2.75) (section 2.5) that we have the equivalence of complexes

P bQ� bQ � P bHomCrY spQ,Q1q. (5.69)

This complex has to be considered as a complex of CrXs-modules. Therefore, the dif-
ferential δ of the complex Q� b Q � HomCrY spQ,Q1q, with respect to the ring CrXs,
contains entries which are scalars. This means that, if these scalars are non-vanishing,
the corresponding matrix factorization is reducible. The reduced part corresponds to the
subcomplex on which δ can be identified with zero, i.e. to

P bH�pQ� bQ1q � P bHpQ,Q1q. (5.70)

Another possibility to see P b Q� � Q1 � P bHpQ,Q1q is given by the observation that
the morphism

P bHomCrY spQ,Q1q 1bΠHomÞÑHÑ P bHpQ,Q1q (5.71)



5.4. ACTION OF DEFECTS IN LANDAU-GINZBURG MODELS 77

is a morphism of matrix factorizations MF 1pW pXq,CrXsq and it induces the identity on
the cohomologies of the matrix factorizations. From theorem (2.72) of section 2.5 we can
conclude that P bHomCrY spQ,Q1q � P bHpQ,Q1q in HMF 1pW pXq,CrXsq.

5.4.3. Symmetry defects and permutation defects. If a Landau-Ginzburg model
exhibits symmetries, it is possible to assign to them topological defects, called symmetry
defects, which are characterized by the fact that their action reproduces the automor-
phism of the Hilbert space of the associated symmetry. Moreover, the closed string sectors
twisted by such symmetries correspond to the defect changing fields between the identity
defect and the symmetry defects. The topological defects arising in this way compose
according to the symmetry group of the theory and they are therefore group-like defects
[36].
We will here discuss more in detail a particularly simple but yet important class of sym-
metries of Landau-Ginzburg theories given by a symmetry group G that acts on the
superfields Xi as

Xi ÞÑ gpXqi, (5.72)

such that W pgpXqq � W pXq. If such symmetry exists, we can define a defect Dg by
imposing the gluing conditions

Xipzq Ñ gpY qipzq, for z Ñ z̄ (5.73)

where tXiu and tYiu denote the chiral superfields on the upper and on the lower half
plane, respectively. Since the full N � 2 supersymmetry is preserved [23], these defects
are topological and, from the definition, we get the fusion rules

Dg �Dg1 � Dgg1. (5.74)

As it was analyzed in [23], these defects have the matrix factorization representation

Dg � b
i
P i (5.75)

pi1 � pXi � gpY qiq, pi0 � AipX, Y q. (5.76)

Indeed, one can check that they satisfy the composition rule Dg � Dg1 � Dgg1 and their
action on matrix factorization correspond to change of variables Yi ÞÑ g�1pXiq.
In the case of a quasi-homogeneous superpotential W , for example, we obtain from the
symmetry group Zh in this way the defects

Dj � b
i
P i
j , j � 0, � � � , h� 1 (5.77)ppijq1 � pXi � γqijYiq, ppijq0 � Ai,jpX, Y q, γ :� e2πi{h. (5.78)

In particular, for the minimal model W � Xh we get the symmetry defects

Dj � �
X � γjY,

Xh � Y h

X � γjY



. (5.79)

These defects turn out to be special examples of a wider class of interesting defects,
called permutation defects P I . These are described by the permutation-type matrix
factorizations of the superpotential Xd � Y d [20]

pI1 � Π
aPIpX � γaY q, pI0 � Π

aPt0,��� ,d�1u�IpX � γaY q. (5.80)

This class of defects will be used in the section 6.1 to show that each condensate of D-
branes in the minimal models W � Xd can be obtained by acting with defects on the
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linear matrix factorization Q1 :� pX,Xd�1q. We will show indeed that these defects are
condensates of permutation type defects. This result is principally due to the fact that the
action of a permutation defect on a 1-dimensional matrix factorization BQl :� pX l, Xd�lq
is given by the expression [23]

P I �Ql � N k�1|I|�1,l�1
Qk (5.81)

(where N k|I|l are the fusion rules of ŝup2qd�2) and, in particular, that the action of a defect

P I on the basic linear matrix factorization Q1 generates matrix factorizations of higher
orders Q|I|. Moreover, as we will see more in detail in subsection 6.3 permutation defects
have a subclass of defect changing fields that are in a one-to-one relation with boundary
changing fields.
Permutation defects can be constructed in the orbifolded minimal models Xd{Zd as well.
The construction is similar to that of the identity functor. We first consider the subgroup
of Zd � Zd with respect to which the matrix elements of pIi are homogeneous, i.e. pZd �
Zdqdiag. The matrix factorization of the permutation defects after orbifolding by this
group are simply given by

P 1Irms : CrX, Y srm� |I|s pI
1Õ
pI
0

CrX, Y srms, m P Zd (5.82)

The final form of the permutation defects in the orbifolded model are then obtained,
following the general procedure mentioned in subsection 5.3, by the orbit of these defects
under the action of the subgroup 1� Zh

P Irms :� à
γP1�Zh

γpP 1Irmsq. (5.83)

The so obtained matrix factorization, with respect to a basis diagonalizing the Zd � Zd-
representation, has form

pI1 �¹
aPI pXid� γaY Ξq, pI0 � ¹

aPt0,��� ,h�1u�IpXid� γaY Ξq (5.84)

CrX, Y sh�� rm�|I|,0s
...rm�ph�1q�|I|,�h�1s � pI

1Õ
pI
0

CrX, Y sh�� rm,0s
...rm�h�1,�h�1s � (5.85)

where Ξ is the h� h matrix pΞqab :� δa,b�1.



CHAPTER 6

Defect induced boundary flows in Landau-Ginzburg theories

6.1. Defects and bulk perturbations of boundary Landau-Ginzburg orbifolds

In this section, following [24], we will recall how defects can be conveniently used
to analyze boundary renormalization group flows induced by bulk perturbations. We
will see how the previously mentioned characteristics of topological defects make them
particularly suited to represent effects of bulk perturbations on the boundaries. Our
discussion will therefore take place in the context of topologically twisted supersymmetric
models, in particular, in agreement with the general framework of this thesis, we will focus
on topologically twisted N � 2 superconformal Landau-Ginzburg models with boundaries
of B-type.
In general, a conformal model on a world sheet Σ with action S can be perturbed by a
bulk term

∆S � »
Σ

φpz, z̄qdzdz̄, (6.1)

i.e. the correlators of the perturbed theory will correspond to  .. ¡per�  ..e∆S ¡, (6.2)

for a marginal, or relevant, bulk operator φ. In the second situation, this term will break
conformal symmetry. However, considering the fixed point of the renormalization group
flow of the perturbed model we will land to a new conformal theory. It is therefore
interesting to analyze how boundary states describing boundary conditions of the original
theory will be transformed in boundary states for the new theory. An important remark
about the possible approaches to this problem consists in noting that the analysis of this
transformation can be simplified if one decouples bulk and boundary flows. This can done
by restricting the bulk perturbation term (6.1) to a subdomain U P Σ with BΣXBU � tHu
and then let Σ � U shrink to zero. In this case, we would get after renormalization flow
the original conformal theory on Σ � U with the initial boundary condition on BΣ and
the new conformal theory on U . The interface between the two theories will be a defect
D, which in general will not be topological. This can be, for example, viewed by the fact
that a necessary condition for a defect to be topological, i.e. to connect theories with
the same central charge, is in general not satisfied. This means that, as we will take
the limit ‘U Ñ Σ’ and D will fuse with the D-brane B on BΣ, divergences will appear.
This represents the singular behavior of bulk perturbations near the boundary. In order
to avoid this issue, one can consider N � 2 superconformal theories and perturbations
preserving the supersymmetry. There are two possible perturbations of this type. The
first corresponds to a perturbation with a chiral field Φ

∆S � »
Σ

d2xdθ�dθ�Φ|θ̄��0 � c.c, (6.3)
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the second to a perturbation with a twisted-chiral field Ψ

∆S � »
Σ

d2xdθ̄�dθ�Ψ|θ̄��θ��0 � c.c. (6.4)

These perturbations, however, give rise to boundary terms for the supersymmetric vari-
ation of the bulk action, which can be compensated by variations of boundary action
terms only if the boundary conditions are of A-type for chiral perturbations and B-type
for twisted chiral perturbations, respectively [53, 56]. An analogous analysis leads to
the conclusion that supersymmetry, in case of a chiral, respectively twisted chiral, per-
turbation restricted on a subdomain U, requires that the resulting defect is of A-type and
B-type, respectively. Under these conditions, the resulting defect can preserve supersym-
metry and the whole renormalization flow can be considered in the topologically twisted
theory. Therefore, the defect dividing the two theories will be a topological A-type, re-
spectively B-type defect, whose action on the original boundary condition is smooth. In
conclusion, in the topologically twisted theories, the effects on a A-type, respectively B-
type, boundary condition of a chiral, respectively twisted chiral perturbation, are encoded
in the smooth action of the corresponding A-type, respectively B-type, topological defect.

6.2. Perturbed defects and their fusion in Landau-Ginzburg models

As we have seen in the previous section, the effects of perturbations in the bulk on
the boundary conditions can be described through the action of some defects. In this
section, following this general idea, we will consider perturbations of defects and how these
translate to boundary perturbations through the defect action [25]. Given a particular
defect indeed one can perturb it by a field living on the defect and work out the fusion
of the perturbed defect with other defects or boundaries. Our framework will be again
topological Landau-Ginzburg models, for related considerations in conformal field theory
context we refer to [34, 72, 82].
After some general considerations, we will consider boundary flows induced by defects
and show that in Landau-Ginzburg models with superpotential W � Xd all boundary
flows can be pulled back to the bulk using defects. Indeed, in these models one can
generate the full spectrum of branes by operating with defects on a special linear matrix
factorization. Turning on defect changing fields, one can generate any flow on the branes
obtained via fusion. We generalize these results to orbifolds of minimal models as well as
tensor products of any two equivalent Landau-Ginzburg models. In certain special cases
we can relate our considerations to results in RCFT obtained in [94]. Naturally, defect
perturbations are much more difficult to deal with on the level of the full conformal field
theory. However, restricting to special kinds of perturbed topological defects, some fusion
products have been worked out in [94]. In particular, one can apply this to the case of
N � 2 minimal models and show that observations from the LG and RCFT side match.

6.2.1. Perturbation of defects. The perturbation theory of defects exactly par-
allels the one of boundary conditions. Interesting new effects arise however, when one
considers structures inherent to defects, which are not present in boundary conditions,
for instance fusion. Let us start by briefly discussing perturbations of B-type defects in
Landau-Ginzburg models, following [58].

Just like for boundaries, there are fields which are confined to defects, and which can
be used to perturb the latter. In the context of Landau-Ginzburg models, supersymmetry
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preserving perturbations of B-type defects P are generated by fields in H1pP, P q, and they
correspond to deformations of the corresponding matrix factorizations. In the BRST-
formulation such a deformation is a family

Qptq � Q0 �
ņ¡1

tnψn (6.5)

of BRST-operators with

Qptq2 �W (6.6)

for all t. To first order in t this condition means that ψ1 has to be BRST-closed with
respect to the undeformed BRST-operator Q0tQ0, ψ1u � 0 . (6.7)

On the other hand, if ψ1 is BRST-exact with respect to Q0

ψ1 � �
Q0, χ1

�
(6.8)

then the first order deformation can be compensated by the equivalence

Q ÞÑ e�tχ1Qetχ1 . (6.9)

Thus, to first order, deformations of (equivalence classes of) matrix factorizations P are
generated by H1pP, P q. Of course, not all first order deformations are necessarily inte-
grable. In general, there can be obstructions at higher order, as has been analyzed in
[5, 29, 58, 69]. For instance at second order, condition (6.6) implies

ψ2
1 � tQ0, ψ2u � 0 . (6.10)

If ψ1 squares to a non-trivial BRST-cohomology class, equation (6.10) cannot be satisfied
and the deformation generated by ψ1 is obstructed. Otherwise, one can find ψ2 such that
(6.10) holds. This can be repeated order by order: given ψ1, . . . , ψn�1 such that (6.6)
holds to order n � 1 one has to construct ψn such that it is satisfied to order n. If for
some n this is not possible, the deformation is obstructed. Otherwise one obtains a family
of non-equivalent BRST-operators parametrized by t, or to put it differently a family of
non-equivalent matrix factorizations (see [58] for a more detailed discussion in case of
boundaries).

A special case arises, when the undeformed matrix factorization is a direct sum of two
matrix factorizations P and P 1, and the deformation is generated by a “defect changing
operator” T P H1pP, P 1q. It describes the bound state formation of the associated defects.

Since in this case T 2 � 0, condition (6.6) is automatically satisfied to all orders, and
no higher order terms are necessary. In particular, all such deformations are integrable,
and the family of matrix factorizations are given by the mapping cones

Qptq � ConepP, P 1; tT q : P1 ` P 1
1

c1 -�
c0

P0 ` P 1
0 (6.11)

with

c1 � �
p1 0

tT |P1
p11 


, c0 � �
p0 0

tT |P0
p10 


.

Note that all Qptq for t � 0 are equivalent.
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6.2.2. Fusion of perturbed defects. Our focus in this section is the fusion of
perturbed defects, in particular of those defects which can be obtained as bound states.
Of course, the fusion product of a perturbed defect Dptq with another defect D1 can be
viewed as a perturbation of the fusion product of the unperturbed defect with the other
defect

Dptq �D1 � pD �D1qptq . (6.12)

Once the obstruction problem is solved for the initial defect D and a given direction

ψ1 P H1pD,Dq, it is automatically solved for D �D1 for an induced direction rψ1 P H1pD �
D1, D �D1q. Indeed, this is obvious, because fusing a family of defects with another defect
one obtains again a family of defects.

The first question that arises is how to determine the induced direction rψ1. The answer
is indeed straight-forward to work out in the Landau-Ginzburg framework.

Let us start with an unperturbed defect corresponding to a matrix factorization of
W1pXiq�W2pYiq with BRST-operator Q0

1. Adding a perturbation generated by ψ1 results
in a perturbed BRST-operator Q1ptq � Q0

1�°
n¡0 t

nψn. We now take the fusion product
with an arbitrary other defect with BRST-operator Q2, pQ2q2 �W2pYiq�W3pZiq. Fusion
creates a new defect with BRST-operator

Qptq � Q0
1 �

ņ¡0

tnψn �Q2 � Q0 �
ņ¡0

tnψn (6.13)

which correctly squares to W1pXiq �W3pYiq. The interpretation of this formal equation
is that the fusion of a perturbed defect with another defect can be interpreted as a per-
turbation of the fusion of the unperturbed defects. The BRST-operators Qptq appearing
above still depend on the chiral fields Yi, which in the fusion process were promoted to
new defect degrees of freedom. In terms of matrix factorizations, the result is an infinite
dimensional matrix factorization over CrXi, Zis. They can be made finite dimensional by
equivalence transformations involving stripping off infinitely many trivial matrix factor-
izations. For the unperturbed fusion there exist polynomial matrices U, V that are inverse
to each other up to BRST-equivalence and satisfy

UQ0V � rQ0sred , (6.14)

where rQ0sred is the finite dimensional reduction of Q0. Once the equivalences U, V are
determined for the unperturbed fusion, they can be used to map the perturbing field ψ1

and the higher order terms ψn, n ¡ 1 to the induced fields rψn on rQ0sred.
As discussed above, in case the perturbed defect Dptq corresponds to a bound state,

the same is true for Dptq �D1. Hence, also the deformation problem for Dptq �D1 is solved

at first order and all rψn � 0 for n ¡ 1. Only rψ1 needs to be determined.
Consider for instance the bound state

P � ConepP p1q, P p2q, T q (6.15)

for some T P H1pP p1q, P p2qq.
The fusion with a defect represented by a matrix factorization Q then takes the form

P �Q � ConepP p1q, P p2q;T q �Q (6.16)� �
ConepP p1q, P p2q;T q bQ

�red� �
ConepP p1q bQ,P p2q bQ;T b idq�red� ConepP p1q �Q,P p2q �Q; rT q
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In the last step, the tensor product matrices have been reduced to finite dimension, and
the tachyon T was transferred accordingly by means of the equivalences P piqbQ � P piq�Q,.

6.3. An Application: Boundary flows from defects

A special case of the fusion processes discussed above is the fusion of a perturbed
defect with a boundary condition. If the perturbation of the defect is unobstructed, so
that it gives rise to a family of supersymmetry preserving defects, fusion with a boundary
condition immediately yields a family of boundary conditions. The deformation problem
on the boundary does not need to be solved again, it is solved on the level of the defect.
Note that one and the same family of defects can be fused with many different boundary
conditions. This means that unobstructed directions in the moduli space of different D-
branes are in fact related: They are universal flat directions in the sense that they can be
pulled back to the bulk using the same defect.

This holds in particular for defects, which can be obtained as bound states. Fusing
such a defect with a boundary condition yields a bound state of boundary conditions,
where the tachyon is induced by the one on the defect. This again means that certain
tachyon condensation processes of D-branes are universal in the above sense and can be
pulled back to the bulk, see [13] for a discussion of WZW models. The advantage of the
Landau-Ginzburg language is that the fusion product can be easily calculated, and that it
is therefore straightforward to determine the resulting boundary flows. We will illustrate
this in some examples.

6.3.1. Example: Minimal models. Consider a Landau-Ginzburg model with su-
perpotential

W � Xd . (6.17)

Consider the factorizations with Qℓ1 � pXℓ1 , Xd�ℓ1q and Qℓ2 � pXℓ2, Xd�ℓ2q. A BRST
invariant fermion pt1, t0q has to satisfy

Xd�ℓ2t1 � t0X
ℓ1 � 0

In the case that ℓ1 � ℓ2 ¤ d we can solve for t0

t0 � �t1Xd�ℓ1�ℓ2 , (6.18)

otherwise, if ℓ1 � ℓ2 ¡ d

t1 � �t0Xℓ1�ℓ2�d (6.19)

The fermion is BRST trivial if

t1 � Xℓ2φ1 � φ0X
ℓ1, ℓ1 � ℓ2 ¤ d (6.20)

t0 � φ0X
d�ℓ2 � φ1X

d�ℓ1 ℓ1 � ℓ2 ¡ d (6.21)

The fermionic BRST-cohomology is hence described as

t1 P CrXs{xXay, a � mintℓ1, ℓ2u � 1

t0 P CrXs{xXby, a � mintd � ℓ1, d� ℓ2u � 1 (6.22)

The possible tachyon condensation processes have been described in the Landau-Ginzburg
framework in [54]. Deformations of a single Ql are not integrable, but perturbations with
defect changing fields are. As discussed above, they can be represented by cones

Qt,ℓ1,ℓ2 � ConepQℓ1 , Qℓ2; tq (6.23)
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In the following we will demonstrate that all these perturbations are induced by fusion
with perturbed defects.

6.3.1.1. Inducing boundary flows by defects. The idea is to use the basic D-brane Q1 �pX,Xd�1q and to generate all other D-branes by applying defects to this particular one.
To pull back the tachyon condensation process, we turn on appropriate defect changing
fields.
The defects that we will use are given by permutations defects introduced in section 5.4.3

PI : CrX, Y s pI
1Ô
pI
0

CrX, Y s (6.24)

where

pI1 �¹
iPI pX � ηiY q, pI0 � ¹

iPDzIpX � ηiY q, η � e
2πi
d (6.25)

and D � t1, . . . , du and I � D.
It is not difficult to see [23] that an elementary matrix factorization Qℓ can be obtained

by fusing any defect matrix factorization P I with |I| � ℓ with Q1

P I �Q1 � Q|I| . (6.26)

Namely, as described in section 5.4 to reduce the infinite dimensional matrix factorization
Q1 � P I b Q1 we consider the R � CrXs{xXdy-module V � cokerppI1 b idQ0

, idP0
b q1

1q
and its R-free resolution

. . .
q1
0ÝÑ Q1

1

q1
1ÝÑ Q1

0

q1
1ÝÑ Q1

1

ppI
1
,q1

1
qÝÑ P0 bQ0 Ñ V Ñ 0 , (6.27)

which turns into the matrix factorization Q1 after two steps. But now as an R-module

V � cokerppI1, q1
1q � CrX, Y s{x¹

iPI pX � ηiY q, Y y � CrXs{xX |I|y �: rV , (6.28)

which has a two-periodic resolution

. . .
Xd�|I|ÝÑ R

X|I|ÝÑ R
Xd�|I|ÝÑ R

X|I|ÝÑ RÑ rV Ñ 0 , (6.29)

corresponding to the matrix factorization Q|I|. Hence, Q1 � Q|I|.
Next we will show that also the boundary condition changing spectra between elemen-

tary boundary conditions specified by Qℓ1 and Qℓ2 can be induced from defect changing
spectra of P I1 and P I2, |Ii| � ℓi upon fusion with Q1.

The spectrum between the defects P I1 and P I2 depends very much on the divisibility
properties of pI11 , p

I2
1 . In the extreme case I1 � I2 the spectrum is purely bosonic, whereas

in the case that I1 and I2 have no common factors it is purely fermionic. For our purposes,
we are interested in having many fermionic defect changing fields, and hence we choose
I1 and I2 such that the cardinality of their intersection is minimized. If ℓ1� ℓ2 ¤ d, there
are non-intersecting I1 and I2 with |Ii| � ℓi. Then pI20 is always divisible by pI11 . If on the
other hand ℓ1 � ℓ2 ¡ d the intersection I1 X I2 contains at least ℓ1 � ℓ2 � d elements. If
I1 and I2 are chosen to contain exactly ℓ1 � ℓ2 � d elements, pI11 is divisible by pI20 . This
means that the condition for BRST-closeness of a defect changing field T : P I1 Ñ P I2

pI20 T1 � T0p
I1
1 � 0 (6.30)
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can be solved similarly to the case of the boundary conditions Qℓ

T0 � �pI20
pI11

T1, for ℓ1 � ℓ2 ¤ d, (6.31)

T1 � �pI11
pI20

T0 for ℓ1 � ℓ2 ¡ d (6.32)

BRST-exact fermions satisfy

T1 � ¹
mPI1pX � ηmY qφ1 � φ0

¹
mPI2pX � ηmY q (6.33)

T0 � φ0

¹
mPDzI1pX � ηmY q � ¹

mPDzI2pX � ηmY qφ1

Thus, the fermionic BRST-cohomology can be described as

T � pT1, T0q � pT1,�pI20
pI11

T1q , T1 P ¹
iPI1XI2pX � ηiY qCrX, Y s{xpI11 , pI21 y . (6.34)

Next, we will show that upon fusion with Q1 these defect changing spectra indeed induce
the boundary condition changing spectra between the respective Qℓi.

To show that this is the case, we first determine the equivalence of the matrix factor-
izations Q1 � P I b Q1 and Qℓ with ℓ � |I|. This can be easily done using the method

described in section 5.4 . Namely, we just have to lift the isomorphism V � rV to a
map between the resolutions (6.27) and (6.29). Setting pR � CrX, Y s{xW pXqy we have to
construct the R-module homomorphisms r, r�, ri, r�i in

. . .
q1
1ÝÑ pR2 q1

0ÝÑ pR2 ppI
1
,yqÝÑ pR Ñ cokerppI1, yq Ñ 0

r2

?

6
r�2 r1

?

6
r�1 r

?

6
r�

?

6�
. . .

XℓÝÑ R
Xd�ℓÝÑ R

XℓÝÑ R Ñ cokerpXℓq Ñ 0

. (6.35)

The isomorphism can be lifted in the following way. Write pR � °
Y iR. Then

r : p1 ÞÑ 1 , Y i ÞÑ 0q , r� : 1 ÞÑ 1 ,

r1 � r � p1, 0q , r�1 � �
1

1
Y
p�pI1 �Xℓq 
 � r� ,

r2 � r � p1, 0q , r�2 � �
1

1
Y
p�pI0 �Xd�ℓq 
 � r� ,

. . .

(6.36)

Note that pI1 � Xℓ � Y p. . . q and pI0 � Xd�ℓ � Y p. . .q so that all the morphisms are
well defined. The morphisms r1, r

�
1 , r2, r

�
2 indeed provide the equivalence of the matrix

factorizations Q1 � P I b Q1 and Qℓ, and they can be used to transfer defect changing
fields T : P I1 Ñ P I2 to boundary condition changing fields t : Qℓ1 Ñ Qℓ2 . Upon fusion
with Q1, a defect changing field T is transferred to a boundary condition changing field
T b idQ1 on Q1. By means of the equivalence one obtains

t1 � r
p2q
2 � pT b idQ1q1 � rp1q�1 � r � T1 � r� , (6.37)

t0 � r
p2q
1 � pT b idQ1q0 � rp1q�2 � r � T0 � r� ,
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where r
piq
i , r

piq�
i denote the equivalences of P Ii b Q1 � Qℓi respectively. Thus, the ti are

obtained from the Ti by setting Y � 0. Comparing the fermionic spectra (6.34) of defect
changing fields P I1 Ñ P I2 and the ones (6.22) of boundary condition changing fields
Qℓ1 Ñ Qℓ2 , one finds that the entire fermionic boundary spectra can be induced by defect
changing fields upon fusion with Q1. Thus, for minimal models, all boundary RG flows
can be pulled back to the bulk using defects.

6.3.2. Example: Minimal model orbifolds. As next example, we consider the
Zd-orbifold of the Landau-Ginzburg model with superpotential W � Xd, where the orb-
ifold group acts on the chiral superfield X by phase multiplication. In fact, this orbifold
theory is mirror to the original unorbifolded Landau-Ginzburg models, and B-type de-
fects and boundary conditions in the orbifold correspond to A-type defects and boundary
conditions in the unorbifolded theory. The matrix factorizations now receive a grade
m P Zd specifying the action of the orbifold group (see section 3.5). For instance the
Zd-equivariant rank one factorizations of W are given by

Qℓ
m : CrXsrm� ℓs XℓÕ

Xd�ℓ
Crxsrms , (6.38)

where the Zd-representation on CrXsrms is specified by the action of the generator on

1 P CrXs: 1 ÞÑ e
2πim

d 1. Also in the orbifold models all matrix factorizations can be
obtained by cones of such rank-one factorizations.

B-type defects in the orbifold model are represented by Γ � Zd�Zd-equivariant matrix
factorizations of W pXq �W pY q, where the first Zd acts on X only, and the second one
on Y . Indeed, by means of the orbifold construction, one can obtain such factorizations
out of the non-equivariant P I defined in equation (6.24), as we explained in the previous
chapter (section 5.3). In this case one obtains a sum

P I
m � à

γPZd

P γpIqrms (6.39)

γpti1, . . . , iruq :� ti1 � γmod d, . . . , ir � γmod du, (6.40)

where the representation of the diagonal Zd-subgroup is indicated by �rms and γ is the
cyclic shift of I. This is a diagonal d-dimensional matrix factorization, on which the
action of Γ is non-diagonal however. But it can be diagonalized. Denoting the basis in
which the matrix factorization is diagonal by ei, we can diagonalize the Γ-action by the
change of basis

ên � ḑ

i�1

ηinei (6.41)

which is inverted by

em � 1

d
i̧

ηmiêi. (6.42)

In this basis, P I
M takes the form

P I
m : CrX, Y sd���� rm�|I|,0srm�1�|I|,�1s

...rm�pd�1q�|I|,�pd�1qs �ÆÆ pI1pX, Yq
-�

pI0pX, Yq CrX, Y sd���� rm,0srm�1,�1s
...rm�pd�1q,�pd�1qs �ÆÆ , (6.43)
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where X and Y are the d � d-matrices X � X1d and Y � Y Ξ, with Ξ the d-dimensional
shift matrix

Ξab � δ
pdq
a,b�1 . (6.44)

Note that because of the orbit formation in the orbifold construction not all of the P I
m

are inequivalent. In fact, P I
m � P J

m if J is a (cyclic) shift of I, i.e. J � I � nmod d.
The fusion of P I

m with Q1
0 can be easily calculated. Using the method already employed

in section 6.3.1, one obtains

P I
m �Q1

0 � à
iPZd

Q
|I|
m�ir�is , (6.45)

where here �r�is denotes the representation of the second Zd, the orbifold group of the
model squeezed in between defect and boundary. The fusion in the orbifold model is the
Γsqueezed-invariant part of (6.45)

P I
m �orb Q1

0 � Q|I|
m . (6.46)

Hence, also in the orbifold theory, one can generate all elementary matrix factorizations
Qℓ
m by fusing defect factorizations P I

m with Q1
0.

Indeed, there is another way to obtain the fusion (6.45). Namely, we could have used
the diagonal form (6.39) P I

m, which is a direct sum of the ordinary rank-one factorizations
P I . In this way, we would have reduced the problem to the problem in the non-orbifolded
situation discussed in Section 6.3.1. Since the result of the fusion of P I with Q1 only
depends on the cardinality of I, the fusion P I

m � Q1
0 just gives a direct sum of d equal

summands Q|I|. To bring this in the basis in which the Γ-action is diagonal, we have
to do the change of basis (6.41,6.42). Being diagonal, this does not change the result
however, and we arrive at (6.45).

Having established, that one can generate all Qℓ
m by fusing defects P I

m with Q1
0, we

would like to show next that also the entire spectra of boundary operatorsQℓ1
m1
Ñ Qℓ2

m2
can

be induced upon fusion with Q1
0 by defect changing operators P I1

m1
Ñ P I2

m2
with |Ii| � ℓi.

As in the unorbifolded theory we choose I1, I2 in such a way that |I1XI2| is minimized.
Indeed, it is easy to see that for a given T pX, Y q P H1pP I1, P I2q in the unorbifolded
theory of degree ℓ1 � m1 � m2 mod d for T1 and degree ℓ2 � m2 �m1 for T0, T pX,Yq P
H1

orbpP I1
m1
, P I2

m2
q. To transfer this boundary condition changing field to the fused boundary

we make use of the diagonal form (6.39). This allows us to reduce the problem to the
unorbifolded problem. Using the equivalences in the unorbifolded case (6.37) and then
projecting to the invariant part of the fusion product, we obtain

t � r � T � r� � T pX, 0q (6.47)

for the boundary changing field. As in the unorbifolded case, comparing defect and
boundary BRST-cohomology we find that before the orbifold projection we obtain the
entire boundary spectra this way. But of course also the projections agree, so we arrive
at the conclusion that also in the orbifold models the entire boundary changing spectra
can be induced by fusion of defects P I

m with Q1
0 from defect changing fields.

6.3.3. Example: Tensor products of identical LG models. The next simple
example is the tensor product of two identical minimal models. It turns out that this
is not any simpler than the more general case of a product of two arbitrary identical
Landau-Ginzburg models. In fact, for ease of notation we will consider tensor products of
Landau-Ginzburg models with their conjugates in the following. That means the models
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have chiral superfieldsX1, . . . , XN , pX1, . . . , pXN and superpotentialW pXiq�W p pXiq instead

of W pXiq �W p pXiq. The construction below easily carries over to the tensor product of
identical Landau-Ginzburg models.

Now, given any matrix factorization QpXi, pXiq of W pXiq�W p pXiq, we define the defect

matrix factorization of W pXiq �W p pXiq �W pYiq �W ppYiq as the tensor product

DQ :� QpXi, Yiq b 1p pXi,pYiq , (6.48)

where 1p pXi,pYiq is the matrix factorization representing the identity defect in the second
tensor factor.

Of course, fusing DQ with the identity matrix factorization

E � 1pYi,pYiq (6.49)

between the two tensor factors gives back the matrix factorization Q:

DQ � E � Q . (6.50)

Here one only needs to make repeated use of the fact that 1 � P � P for any matrix
factorization P . Hence, in these models every matrix factorization Q can be obtained
by fusing a defect matrix factorization DQ with a fixed matrix factorization E. This is
true in particular for families Qptq of matrix factorizations. Therefore, all perturbations
of boundary conditions can be pulled back into the bulk by means of the defects DQ in
these models.

Of course it is also clear from the above that the defect changing fields

H1pQ1, Q2q b 11 � H1pDQ1 , DQ2q (6.51)

induce the respective boundary condition changing fields between the fused boundaries
DQi � E � Qi.



CHAPTER 7

Braid Group

7.1. Introduction

In this chapter we will construct, in the context of topological Landau-Ginzburg mod-
els, defects, whose action on the space of B-type topological D-branes satisfy the braid
group relations. We recall that for a group ptgiuiPZ

, �q the braid relations are defined as

gi � gi�1 � gi � gi�1 � gi � gi�1 (7.1)

gi � gj � gj � gi, |i� j| ¡ 1. (7.2)

As we will show, these defects are obtained as perturbations of a pair of defects formed by
a tensor product defect PbP̄ � and the identity defect which we described in sections 5.4.1
and 5.4.2. More precisely, they correspond to condensates of the form CpP b P̄ �, 1; ΨP q.
We will start by briefly mentioning some research topics of current interest in string the-
ory and mathematics where the braid group plays an essential role. Then, following a
path parallel to the one used in [96] we will determine if and under what assumptions the
action of the above mentioned defects satisfies the braid group relations. Finally, taking
two classes of models as example, we will show how the manageability of the Landau-
Ginzburg formalism, together with these results allow us to construct concrete examples
of braid group representations on D-branes, that are well suited to be explicitly calculated.

7.1.1. Braid group and homological mirror symmetry. An important context
in which the braid group appears is, as we anticipated in the introduction of this thesis,
mirror symmetry or, more precisely, homological mirror symmetry. Indeed, a first test
for a conjectured mirror relation between two manifolds could consist in recovering on
the mirror side a certain structure of self-equivalences which is present on the original
manifold. Homological mirror symmetry for a pair formed by a Calabi-Yau manifold X

and a symplectic manifold pM,βq claims the equivalence of the triangulated categories

DpcohpXqq � DFpM,βq. (7.3)

Even if it is not yet clear what the general formulation of the Fukaya category associ-
ated to pM,βq is, it has the property that it is defined in essentially symplectic terms.
Therefore any symplectic automorphism of pM,βq reflects itself in a self-equivalence of
the Fukaya category, and by mirror symmetry, it translates to a self-equivalence of the
derived category of coherent sheaves on X.
It is well-known that given a lagrangian sphere, i.e. a lagrangian submanifold S (β|S � 0)
diffeomorphic to Sn, one can associate a symplectic automorphism τS with it, called the
generalized Dehn twist along S. Roughly, these maps are a symplectic version of the
Picard-Lefschetz transformations whose action on the homology H�pMq is

xÑ "
x� prSs � xq rSs dimpxq � n

x otherwise
, (7.4)
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90 7. BRAID GROUP

where � is, up to a sign, the intersection pairing. It can be shown [96] that the presence of a
lagrangian sphere implies, on the mirror, the presence of a spherical object, i.e. an element
ǫ of DpcohpXqq such that Extrpǫ, ǫq � C for r � 0, dimpXq and zero otherwise for which
moreover ǫbωX � ǫ, where ωX denotes the canonical line bundle. It is therefore natural to
ask if it is possible to assign a self-equivalence of DpcohpXqq to a spherical object. Since,
in the case that an A-sequence of lagrangian spheres is present, i.e. lagrangian spherestSiui�1,��� ,m such that |Sj X Si| � δ|j�i|,1 � 2δi,j, (7.5)

the corresponding Dehn twists satisfy the braid group, the previous question can be
reformulated in the following way: is it possible to assign to a A-sequence of spherical
objects tǫiui�1,��� ,m P DpcohpXqq, i.e.|Extpǫi, ǫjq| � δ|j�i|,1 � 2δi,j (7.6)

self-equivalences tTiui�1,��� ,m of DpcohpXqq satisfying the braid group relation?. As ex-

pected by mirror symmetry, this is indeed possible [96] by assigning to each spherical
object ǫ the functor

FMTConepǫ_bǫÑO∆q : DpcohpXqq Ñ DpcohpXqq, (7.7)

where ǫ_ is the dual complex and O∆ is the structure sheaf of the diagonal ∆ P DpcohpX�
Xqq. FMT stands for the Fourier-Mukai transform, i.e. the functor

FMTPpGq :� Rπ2�pπ�i pGq Lb Pq (7.8)

associated to each element P of DpcohpX�Xqq, where π1 and π2 are the projection maps

X �X

π1 Ö × π2

X X
. (7.9)

In the next sections we will show that, analogously, in Landau-Ginzburg models, A-
sequences of spherical matrix factorizations tPiu, i.e.

HpPi, Piq � t1Pi
, fPiPi

u
dim pHpPj, Piqq � δ|i�j|,1, j � i

(7.10)

which we will simply refer to as A-sequences, generate a braid group representation on the
category of matrix factorizations through the action of some defects associated to each of
them.

7.1.2. Braid group and knot homologies. Another context in which the braid
group plays a central role is the construction of knot homologies [46]. These mostly
arise from knot invariants following the idea of “categorification”. This concept is best
explained as the inverse of the process of assigning to a category a vector field corre-
sponding, for example, to its Grothendieck group and further assigning to this vector
field invariants, such as the Euler characteristic. A famous example of categorification
is provided by the Jones polynomial interpreted as the Euler characteristic of the Kho-
vanov homology Hi,j . A natural context in which categorification of knot invariants and
its reverse process can be studied is provided by four-dimensional topologically twisted
gauge theories. Indeed, a four-dimensional topological gauge theory associates a closed
4d-manifold X with a number ZpXq, the partition function of the topological theory on
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X, a closed 3d-manifold Y with the vector space HY , the Hilbert space of the theory
quantized on Y �R, and, finally, a closed 2d-manifolds Σ with a category FpΣq, the cat-
egory of topological D-branes of the two-dimensional topological model obtained through
dimensional reduction of the theory on Σ� R2 [16].

Y=VxR

T
op. gauge theory

T
op. gauge theory

T
op. gauge theory

Vector space CategoryNumber

X Y V
X=YxS Y=VxS

X=YxR

Figure 1. Categorification and decategorification

The inverse of the categorification has a natural interpretation in gauge theory as well.
Indeed, it correspond to tensoring with a circle S1. For example the Hilbert space associ-
ated to the closed 3d-manifold Σ�S1 is the Grothendieck group of the category associated
to the closed surface Σ.
If we include boundaries in our discussion, more precisely 3d-cobordisms of closed surfaces
and 4d-cobordisms, the topological theory assigns each 3d cobordism Y between two sur-
faces Σ and Σ1, i.e. BY � ΣYΣ1, with a functor between the categories FpΣq and FpΣ1q.
In the special case BY � Σ, it associates Y with a single element of FpΣq. A 4d-cobordism
X, between Y and Y 1, is associated with a homomorphism HY Ñ HY 1, in case Y and Y 1
are closed, and with a natural transformation, in case they are 3d-cobordisms. Note that
if we consider a closed 3d-manifold Y cut along Σ, i.e. Y � Y1 Y Y2 with BY1 � BY2 � Σ,
the vector space HY is obtained as HomFpΣqpFpY1q,FpY2qq.
In order to describe knot homologies and invariants we have to consider not only bound-
aries but also surface operators (topological defects) D in the four-dimensional topological
gauge theory, in particular defects of the form D � K �R, where K are knots formed by
line operators.
In this case, the topological theory assigns a number ZpX,Dq to a closed 4d-manifold
X, with surface operator D. The quantization of a four-dimensional topological theory
on Y �R associates each closed 3d-manifold Y and knot K to the knot homology HY,K .
Moreover, it assigns a category FpΣ, tpiuq to a 2d-manifold Σ with marked points pi,
which correspond to the the endpoints of the surface operators. Again, this category cor-
responds to the category of A-type or B-type topological D-branes of the two dimensional
topological theory obtained by dimensional reduction of the original theory on Σ �R2.
The extension of F to include boundaries, i.e. to a 2-functor between the 2-category of
closed surfaces with marked points and the 2-category of categories is analogous to the
previous discussion. We get the functor

FpY,Bq : FpΣ, piq Ñ FpΣ1, p1iq (7.11)

from a 3d-cobordism pY,Bq of closed punctured surfaces (figure 2). The functors, obtained
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BY

Σ Σ1 2

Figure 2. 3d-cobordism pY,Bq of closed punctured surfaces

with braided line operators in this way, satisfy the braid group relations; we see therefore
that four-dimensional topological theories naturally generate braid group representations.
Moreover, since we have the map pY, Cq ÞÑ FpY, Cq P FpΣ, piq, which assigns an object
of the category of D-branes of the dimensionally reduced topological theories to each pair
of 3d-manifold Y with boundary BY � Σ and a closure of one side of the braid C (figure
3),

C
Y

Σ

Figure 3. 3d-manifold Y with braid closure C

and since we have the decompositions of a closed 3d-manifold Y into components Y �
Y1YȲYY2 and of every knotK into a braidingB together with its closuresK � C1YBYC2

(figure 4),

K
2

Y2

Y

Σ 2

Y1

Σ 1

C 1
B

Y

C

Figure 4. Decomposition of a 3d-manifold Y with surface operator K

we get the equality

HY,K � HomFpΣ1,piq �FpY1, C1q,FpȲ , Bq pFpY2, C2qq� . (7.12)

This formula makes explicit the relation between the two elements, braid group represen-
tations and knot homologies, which naturally appear in the context of four-dimensional
topological gauge theories.

7.1.3. Braid group in type II and heterotic string theory. We conclude this
preliminary section by briefly summarizing the role of braid group representations in het-
erotic and type II models with enhanced gauge symmetry. It is well known that type II
string theory compactified on a Calabi-Yau manifold can show an enhanced gauge sym-
metry group. The presence of the enhanced gauge symmetry for some type II superstring
models is required by the heterotic-type II duality. Indeed, on the heterotic side, at
some special points in the moduli, that are characterized by the fact that some duali-
ties become autoequivalences, the models show enhanced gauge symmetry and additional
massless states. On the type II side, enhanced gauge groups were first found in K3 sur-
faces with ADE singularities [6, 108] which are dual to heterotic string compactified on
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T 4. Those results were subsequently extended to Calabi-Yau threefolds with K3 fibration
that are dual to heterotic strings on K3 � T 2 in [7] and [65]. As explained in [98], the
autoequivalences that appear at the special moduli values that are characterized by the
presence of enhanced gauge symmetry, are governed by the Artin group, i.e. the covering
of the Weyl group, of the enhanced symmetry algebra. Moving away from these points,
these autoequivalences deform to dualities between different theories. In particular, since
the type of the enhanced algebra that emerges for ADE singularity precisely matches
that of the singularity, A-type singularities are associated with autoequivalences forming
a representation of the braid group. This is because the Weyl group of the algebra of
type An is the symmetric group of n � 1 letters, and its Artin group corresponds to the
braid group. In agreement with the heterotic-type II duality, equivalences and dualities
satisfying the braid group relations emerge on the heterotic side as well. This phenom-
enon was for example discussed in [3], where it was noted that the quantum corrections
due to the presence of singularities at the enhanced symmetry moduli points modify the
monodromy group of the moduli space and, consequently, the duality group, which, under
some circumstances, turns out to be a braid group.
Analogously, in the context of B-type topological Landau-Ginzburg models, as we will see
in present chapter, braid group representations emerge as a consequence of the presence of
A-sequences of matrix factorizations associated with the resolution of A-type singularities.
The above mentioned connection between braid group representations and monodromies
manifests itself, in this context, through the fact that braid group representations are
realized by the conifold monodromies defects [22]. These results extend to non-geometric
regimes analogous results previously obtained through analysis of the B-type topological
models at the large limit radius [11, 96].

7.2. Defects and braid groups representations in Landau-Ginzburg theories

In this section we want to define defects that can be used to represent the braid group
action. From result (7.7), a natural ansatz is to consider defects of the form

CpP b P
�
, 1; ΨP q :� ConepP b P

�
, 1; ΨP q (7.13)

i.e. a condensate between the tensor-product defect P b P
�

and the identity defect dis-
cussed in subsection 5.4.1. The tachyon ΨP between the defects is defined through the
isomorphism

HpP b P
�
, 1q p2.76q� HpP b P

� b 1q p2.76q� HpP̄ , P b 1q � HpP, P q (7.14)

as the morphism corresponding to the identity morphism 1P in HpP, P q and is therefore
available for any matrix factorization in any model. The action of these defects on a
boundary condition represented by the matrix factorization Q is

CpP b P
�
, 1; ΨP q �Q � CpP b P

� �Q, 1 �Q; ΨP b 1Qq �p5.64,5.68q� Cpd1
PQP ` d0

PQP̄ , Q; pΨP b 1Qqredq. (7.15)

The tachyon in the condensate of D-branes pΨP b 1Qqred corresponds to the morphism
ΨP b 1Q after removing the trivial part, with respect to the ring CrXs, from the matrix

factorizations P b P � bQ and 1bQ. Following the general approach outlined in section
5.4, a possibility to determine it consists in explicitly calculating the morphism ΨP and
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the isomorphisms d1
P,QP ` d0

P,QP̄
ιÑ P b P

� b Q and 1 b Q
ρÑ Q between elements of

HMF 1pW pXq,CrXsq. The tachyon pΨP b 1Qqred will then be given by ρ � pΨP b 1Qq � ι.
P b P

� bQ
ΨPb1QÝÑ 1 bQ

ι Ò Ó ρ
d1
P,QP ` d0

P,QP̄
ρ�pΨPb1Qq�ιÝÑ Q

. (7.16)

We illustrate this approach by determining pΨP b 1Qqred in this way in Appendix 7.4.1;
here we take a short cut. By definition, we have the identification ΨP ÞÑ 1P under
the isomorphism HpP b P

�
, 1q � HpP, P q. Indeed, it also maps to ΨP ÞÑ 1P� under

the isomorphism HpP b P
�
, 1q � HpP �, P �q, and hence ΨP b 1Q ÞÑ 1P� b 1Q under

HpP bP �bQ, 1bQq � HpP �bQ,P �bQq. Here P �bQ are matrix factorizations of 0
and therefore ordinary complexes. Since 1V � is mapped under the canonical isomorphism
HompV �, V �q Ñ pV b V �q� to the evaluation mappΨP b 1Qqred : P bHpP̄ , Qq Ñ Q (7.17)

p b fPQ ÞÑ fPQppq.
we have 1P�b1Q ÞÑ ev under the isomorphism HpP �bQ,P �bQq � HpP bP �bQ,Qq �
HpP bHpP,Qq, Qq. The action of the condensate between the tensor product defect and
the identity defect has therefore the final form

CpP b P
�
, 1; ΨP q �Q � Cpd1

P,QP ` d0
P,QP̄ , Q; evq. (7.18)

In the graded case, the defect to be considered is again CpP b P
�
, 1gr; ΨP q, where the

definition of dual matrix factorizations P � now includes an inversion of the grading as
well. The action of this defect is given by

CpP b P
�
, 1gr; ΨP q �gr Q � pCpP b P

�
, 1gr; ΨP q �QqΓy �� CpP bHpP̄ , QqΓyloooomoooon�HgrpP̄ ,Qq , Q; evq (7.19)

We are now in the position to show that for a Landau-Ginzburg model with a set of branes
associated to the irreducible matrix factorizations tAiuiPZ

satisfying some conditions, that

we will determine in this chapter, the action of the defects Di :� CpAi b A
�
i , 1; ΨAi

q are
invertible and satisfy the braid relations

Di �Di�1 �Di �Q � Di�1 �Di �Di�1 �Q (7.20)

Di �Dj �Q � Dj �Di �Q (7.21)

for all branes Q.
We will first determine the adjoint defects Dad

L,R, i.e. the defects whose actions represent

the adjoints of the functor determined by the action of D :� CpP b P
�
, 1;ψP q on the

category HMF pW pXq,CrXsq. Additionally, we will show that if the matrix factorization
P is spherical, i.e. if

HpP, P q � t1P , fPP u (7.22)

the adjoint defect corresponds to the inverse defect D�1. This, in particular, implies the
isomorphism HpD � Q,D � Q1q � HpQ,Q1q, which is a crucial ingredient in order to get
the braid relations. The latter will be shown in the next section.
Note that in this section and in the following, to shorten the notation, we will work in
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the framework of the ungraded categories. Nevertheless, all results can be extended to
the graded case by substituting all objects and operations by the corresponding graded
ones. In fact, simple examples of theories possessing a set of branes tPiu which generates

a representation of the braid group through the defects CpPi b P
�
i , 1; ΨPi

q are provided
by some orbifolded models (see section 7.3).
The left/right adjoint defects Dad

L,R are defined by the isomorphisms

HpQ,D �Q1q � HpDad
L pQq, Q1q HpD �Q1, Qq � HpQ1, Dad

R pQqq. (7.23)

Since the category HMF pW pXqq exhibits Serre duality with trivial Serre functor, as we
showed in Appendix 7.4.2, the action of Dad

L is given by

Dad
L pQq � pD �Q�q� � CpP � bHpP̄ �, Q�q, Q�; evq�� CpQ,P bHpQ, P̄ q�; ev1q (7.24)

where

ev1 : Q ÝÑ P bHpQ, P̄ q�
q ÞÝÑ d1

QPà
α�0

pψαpqq b ψ�αqd0QPà
β�0

pφβpqq b φ�βq. (7.25)

Using Serre duality we obtain that the left and the right adjoint are equal Dad
L � Dad

R �
Dad (see Appendix 7.4.2). Note that the adjoint functor can be represented by the action
of the defect D�, which we will call adjoint defect (see Appendix 7.4.2). In the rest of
this section we will show that if P is a spherical matrix factorization then the adjoint of
the defect CpP b P

�
, 1;ψP q is its inverse as well,

dimC pP, P q � 2 ñ D� � D�1. (7.26)

We begin by noting that the non-degenerate Serre pairing of the category HMF pW pXqq
is thought to be given by the Kapustin-Li pairing [62]:  , ¡S: HpQ,Q1q �HpQ1, Qq ÝÑ CpfQQ1, fQ1Qq ÞÝÑ 1p2πiqn ¾ StrpB^nq1fQQ1fQ1QqB1W..BnW . (7.27)

For Q �
HMF pW pXqqP with P satisfying (7.22), this implies that the composition

HpQ,P q �HpP,Qq Ñ HpP, P q πÑ fPP � C � C (7.28)

is a non-degenerated pairing (π is the projection).
We use this remark to show the relations

D� �D �Q � D �D� �Q � Q �Q. (7.29)

To illustrate that, we will work out in detail the equality D �D� �Q � Q.
Since

D �D� �Q � D � CpQ,P bHpQ, P̄ q�; ev1Qq� CpD �Q, pD � P q bHpQ, P̄ q�; p1D b ev1Qqredq �� C
�
CpP bHpP̄ , Qq, Q; evP q, CpP bHpP̄ , P q, P ; evP qbb HpQ, P̄ q�; p1D b ev1Qqred�

(7.30)
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it follows that D �D� �Q is given by the condensate

P bHpP̄ , Qq δ�ÝÑ P bHpP̄ , P q bHpQ, P̄ q�
evP Ó Ó evP b 1HpQ,P̄ q�
Q

ev1QÝÑ P bHpQ, P̄ q� , (7.31)

where the map δ�, induced by ev1Q, is given by

p b f
δ�ÞÝÑà

α

pb pgα � fq b gα� (7.32)

and tgαu, tgα�u are the bases of HpQ, P̄ q and its dual HpQ, P̄ q�, respectively.
Making use of the assumption HpP, P q � 1` fPP , we can rewrite the diagram (7.31) as

P bHpP̄ , Qq δ�ÝÑ P bHpQ, P̄ q� b 1` P bHpQ, P̄ q� b fPP
ev Ó Ó p1 ` fPP q b 1HpQ,P̄ q�
Q

ev1ÝÑ P bHpQ, P̄ q� . (7.33)

The morphism P bHpQ, P̄ q� b 1
1b1

HpQ,P̄q�ÝÑ P bHpQ, P̄ q� is an isomorphism of modules;

moreover, from the non-degeneracy of (7.28), it follows that the morphism PbHpP̄ , Qq δ�Ñ
P bHpQ, P̄ q� b fPP is a module isomorphism as well. We can therefore conclude that
the complex (7.33) is equivalent to Q, i.e. D �Dad

L �Q � Q.

7.2.1. Braid relations. In this subsection we will show that the braid group is
represented on the space of matrix factorizations by the action of tensor product-identity
defects condensates tDiuiPN provided that the following condition on the spectrum is
satisfied:

dimCpHpPi, Piqq � 2 (7.34)

dimCpHpPi, Pjqq � 1 or dimCpHpPj, Piqq � 1 |i� j| � 1 (7.35)

dimCpHpPi, Pjqq � 0 or dimCpHpPj, Piqq � 0 |i� j| ¡ 2. (7.36)

More precisely, we will prove that

dimCpHpPi, Piqq � 2 ñ Di �D �Q � DDi�P �Di �Q (7.37)

dimCpHkpPj, Piqq � δk,a�1 a P t0, 1u ñ Dj � Pi � D�
i � Pjras (7.38)�Q, P PMF pW pXqq (where Di :� CpPi b P

�
i , 1; ΨPi

q, D :� CpP b P
�
, 1; ΨP q).

We note that these assumptions are in particular satisfied for a A-sequence of spherical
matrix factorizations (7.10). The braid relations are then obtained as consequence of
these relations:

Di �Dj �Di �Q p7.37qp7.34q� Di �DDj�Pi
�Dj �Qp7.38qp7.35q� Di �DD�

i �Pjras �Dj �Qp7.37qp7.34q� DDi�D�
i �Pjras �Di �Dj �Qp7.26qp7.34q� Dj �Di �Dj �Q, |i� j| � 1 (7.39)

Di �Dj �Q p7.37qp7.34q� DDi�Pj
�Di �Q p7.36q� Dj �Di �Q, |i� j| ¡ 2. (7.40)
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The property (7.38) is obvious since

Dj � Pi � CpPjras, Pi; fjiq � D�
i � Pjras. (7.41)

To conclude we thus have just to prove (7.37). Since

Di �D �Q � CpDi � P bHpP̄ , Qq, Di �Q; 1Di
b evP q (7.42)� CpCpPi bHpP̄i, P q, P ; evPi

q bHpP̄ , Qq;CpPi bHpP̄i, Qq, Q; evPi
q; p1Di

b evP qredq,
Di �D �Q corresponds to the condensate

Pi bHpP̄i, P q bHpP̄ , Qq δÝÑ Pi bHpP̄i, Qq
evPi

b 1pHpP̄ ,Qqq Ó Ó evPi

P bHpP̄ , Qq evPÝÑ Q

(7.43)

where δ is the composition map

Pi bHpP̄i, P q bHpP̄ , Qq δÝÑ Pi bHpP̄i, Qq (7.44)

pi b fP̄i,P
b fP̄ ,Q ÞÝÑ pi b �

fP̄ ,Q � fP̄i,P

�
.

This condensate can be rewritten as

CpDi � P bHpP̄ , Qq, Di �Q; pδ, evP qq. (7.45)

Since HpP̄ , Qq is isomorphic to HpDi � P,Di�Qq (see (7.26)) and, moreover, pδ, evP q corre-
sponds to the composition of the isomorphismDi�PbHpP̄ , Qq Ñ Di�PbHpDi � P ,Di�Qq
with the evaluation map evDi�P , the condensate can be finally rewritten as

CpDi � P bHpDi � P,Di �Qq, Di �Q; evDi�P q � DDi�P �Di �Q (7.46)

7.3. Examples

In this section we will consider Landau-Ginzburg models that exhibit A-sequences of
spherical B-type boundary conditions. The corresponding D-branes can then be used, as
shown in the previous chapter, to explicitly construct defects CpQibQ�

i , 1; Ψiq inducing a
braid group representation on the category of B-type topological D-branes. In particular,
we will consider models defined on weighted projective spaces containing singular points
of the type C

2{Zn because the resolution of these singularities gives rise to An�1-sequences
of curves tCiu with self-intersection number -2 whose structure sheaves OCi

build an A-
sequence of spherical objects in the derived category of coherent sheaves. It is therefore
expected that branes wrapping on those curves manifest themself in Landau-Ginzburg
models as A-sequences of spherical matrix factorizations tQiu.

7.3.1. Landau-Ginzburg models of Calabi-Yau type. We start by considering
the class of examples formed by non-linear sigma models on Calabi-Yau hypersurfaces
in weighted projective spaces, defined by the condition W � 0 for a quasi-homogeneous
superpotential. It is well known that, in general, these models have a linear sigma model
realization and a Landau-Ginzburg phase [107]. The Calabi-Yau condition requires that
the degree h of the quasi-homogeneous superpotential W is equal to the sum of the weightstqiui�1,..,n of the weighted projective space CP pq1, .., qnq. If some weights tqjujPI have a
common factor q then the weighted projective space shows singularities at the fixed points
of the group Zq whose action is given bypX1, � � � , Xnq ÞÑ pe2πiq1{qX1, � � � , e2πiqn{qXnq, (7.47)
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i.e. at the points tpX1, � � � , Xnq|Xi � 0, i R Iu . (7.48)

We will focus our attention on the cases where the set I of weights with common factor q
has cardinality n�2. Indeed, the above mentioned singularities are then of the type C2{Zq

and, as we explained previously, we expect the presence of Aq�1-sequences of spherical
objects in the category of B-type topological D-branes.
The Aq�1-sequence of spherical sheaves, associated with the exceptional divisors P1’s of the
resolution of a C2{Zn singularity, consists in the structure sheaves OP1 . Under McKay
correspondence (see for example [9, 17, 18]), these correspond to the Zn-equivariant
skyscrapers on the singularity point. For a submanifold M , defined by the condition
W � 0, that contains the considered singularity, these skyscrapers can be represented
in terms of matrix factorizations in the corresponding Landau-Ginzburg model as the
tensor products TPtK,F u :� bipKi, Fiq of one dimensional matrix factorizations pKi, Fiq
such that the singularity point is defined by the equations Ki � 0 and the superpotential
satisfies the relation [4, 9, 20]

W �
i̧

KiFi. (7.49)

Therefore, a possible ansatz for the associated A-sequence of spherical matrix factoriza-
tions is given by the tensor products of linear or, if available, permutation-type matrix
factorizations b

iPI�Ic
Q1
i bpi,jq Pij, (7.50)

where Q1
i :� pKi :� Xi, Fi :� Xni�1

i q and Pij :� pKij :� Xi � ηXj , Fij :� Xd
i �Xd

j

Xi�ηXj
q (see

section 5.4.3 ).
We start with a simple specific example, we consider the K3 surface defined by the quasi-
homogeneous superpotential

W � X12
1 �X4

2 �X3
3 �X3

4 , (7.51)

where Xi are the coordinates of the weighted projective space CP p1, 3, 4, 4q. In this case
the degree h is equal to 12 and the Z12 group acts as

X1 Ñ eiπ{6X1, X2 Ñ eiπ{2X2, X3 Ñ e2iπ{3X3, X4 Ñ e2iπ{3X4. (7.52)

In this case, we expect to be able to construct an A3-sequence of spherical matrix factor-
izations due to the presence of C2{Z4-singularities of the weighted projective space. We
first consider the linear tensor product matrix factorizations

TP rks :� Q1
1 bQ1

2 bQ1
3 bQ1

4rks, k � 0, .., 11, (7.53)

where k denotes the Z12-degree. Since the spectrum of a linear matrix factorization is"
1, η � �

0 1
Xn�2 0


*
, in the unorbifolded theory we have the endomorphisms space

HpTP, TP q � "
4b
i�1
pp1� ǫiq1i ` ǫiηiq |ǫi P t0, 1u* (7.54)

for each linear tensor matrix factorization TP . Calculating the spectrum of the orbifolded
model, the matrix |I| defined as|I|ij :� dim pHgrpTP ris, TP rjsqq (7.55)
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Figure 5. A3-sequence for the X12
1 �X4

2 �X3
3 �X3

4 {Z12p1344q model

is then given by|I| � p1� g�1qp1� g�3qp1� g�4qp1� g�4q� 2� g � g�1 � g3 � g�3 � 3g4 �3 g�4 � 2g5 � 2g�5, (7.56)

where pgqij � δi,j�1. We recognize the A3-sequence of spherical matrix factorizationstTP r0s, TP r3s, TP r6su (see figure 5).
The same models show an A3-sequence of spherical matrix factorizations obtained as
tensor product of permutation-type matrix factorizations in the last two variables and
linear factorizations in the first two

TP rks :� Q1
1 bQ1

2 b P3,4rks. (7.57)

The endomorphisms space HpTP, TP q in the unorbifolded theory ist1, η1u b t1, η2u b t1, X3 � 1u . (7.58)

The spectrum of orbifolded theory can be represented through the matrix |I| as|I| � p1� g�1qp1� g�3qp1� g4q � 2� g � g�1 � g3 � g�3 � g4 � g�4. (7.59)

We recognize the A3-sequence of spherical matrix factorizations tTP r0s, TP r3s, TP r6su in
this case as well.
In general, for Landau-Ginzburg models on K3 surfaces CP pA,B,Q,D � bQqrn :� A �
B � p1� bqQs (gcdpA,B,Q,Dq � 1) where the Zn-orbifold group acts on chiral fields as

XA ÞÑ e
2πiA

n XA XB ÞÑ e
2πiB

n XB XC ÞÑ e
2πiQ

n XC XD ÞÑ e
2πibQ

n XD, (7.60)

we can always construct A-sequences of spherical matrix factorizations of the superpo-

tential W � X
n{A
A �X

n{B
B �X

n{Q
C �X

n{bQ
D as

TP rks :� Q1
A bQ1

B b PC1,D, (7.61)

where XC1 :� Xb
C .

Indeed, in the unorbifolded models we have the endomorphisms space

HpTP, TP q � t1A, ηAu b t1B, ηBu b !
1C , � � � , X n

Q
�2

C � 1C) , (7.62)
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and the spectrum of the orbifolded model can be summarized through the matrix |I||I| � p1� g�Aqp1� g�Bqn{Q�2

j̧�0

gjQ (7.63)� n{Q�2

j̧�0

gjQ � n{Q�2

j̧�0

gjQ�A � n{Q�2

j̧�0

gjQ�B � n{Q�2

j̧�0

gpj�αqQ, (7.64)

where α :� pA �Bq{Q P N.
We can conclude that the considered matrix factorizations are spherical because we have
exactly two endomorphisms

1A b 1B b 1C ηA b ηB bXα
C . (7.65)

Moreover, since gcdpA,Qq � 1 and n � pα � b� 1qQ, we have, for �1 ¤ k   Q� 2,

kpA � jQq � �lQmod nñ k � 0, Q (7.66)

kpA � jQq � A� lQmod nñ k � 1, Q� 1 (7.67)

kpA � jQq � B � lQ � �A� pα � lqQmodnñ k � �1, Q� 1 (7.68)

(α :� pA�Bq{Q P N).
This, together with �pA� jQq � B � lQmod n (7.69)

withl �P t0, � � � , n{Q� 2u
if j P t0, � � � , n{Q� 2u � tα� 1u, lets us conclude that

dimpHpTP r0s, TP r�pA� jQqsq � 1, j P t0, � � � , n{Q� 2u � tα � 1u (7.70)

and that we have the A-sequencestTP r0s, TP r�pA� jQqs, � � � , TP r�kpA� jQqsu (7.71)

whose length is at least Q � 1 . Similar A-sequences are obtained using B � jQ instead
of A� jQ

Also the construction (7.53) can be used in general to build A-sequences for a homo-
geneous superpotential W in the weighted-projective space CP rA,B, a1Q, � � � , ar�2Qs
W pXA, XB, X1, .., Xr�2q � X

n{A
A �X

n{B
B � r�2̧

j�1

X
n{pajQq
j , n :� A�B � r�2̧

j�1

ajQ. (7.72)

The Zn-orbifold group acts on chiral fields as

XA ÞÑ exp 2πiA{nXA XB ÞÑ exp 2πiB{nXB Xj ÞÑ exp 2πiajQ{nXj, (7.73)

where we take the weights A,B, tajQuj�1,..,r�2
to be coprime positive integers.

We consider the linear tensor product matrix factorization

TP rks :� Q1
A bQ1

B

r�2b
j�1

Q1
j rks. (7.74)

This matrix factorization in the unorbifolded model has spectrumt1A, ηAu b t1B, ηBu r�2b
j�1

t1j , ηju . (7.75)
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We determined the matrix |I| in the orbifolded theory. It takes the form|I|�r�2¹
j�1

p1� g�ajQq � g�Ar�2¹
j�1

p1� g�ajQq � g�Br�2¹
j�1

p1� g�ajQq � g�αQr�2¹
j�1

p1� g�ajQq(7.76)

where α � pA �Bq{Q P N.
These matrix factorizations are spherical since there are exactly two endomorphisms

1A b 1B
r�2b
j�1

1j and ηA b ηB
r�2b
j�1

ηj (7.77)

and build A-sequences tTP r0s, TP rAs, � � � u (7.78)tTP r0s, TP rBs, � � � u (7.79)

because

HgrpTP r0s, TP rAsq � ηA b 1B
r�2b
j�1

1j HgrpTP rAs, TP r0sq � 1A b ηB
r�2b
j�1

ηj (7.80)

HgrpTP r0s, TP rBsq � 1A b ηB
r�2b
j�1

1j HgrpTP rBs, TP r0sq � ηA b 1B
r�2b
j�1

ηj (7.81)

(7.82)

Moreover, since for �1 ¤ k   Q� 2

kA � �lQmod n� k � 0, Q (7.83)

kA � A� lQmod n� k � 1, Q� 1 (7.84)

kA � B � lQ � �A� p1� b� lqQmodn� k � �1, Q� 1 (7.85)

and the same for kB, we can conclude that the above A-sequences have at least length
Q� 1.

7.3.2. A non-geometric Landau-Ginzburg example. Another model providing
a simple example of a braid group representation given by the action of TP-identity defects
is the Zn-orbifolded model with superpotential W � Xn � Y n, with the orbifold group
acting on the chiral fields as

X Ñ ηX and Y Ñ η�1Y η :� e
2πi
n . (7.86)

Indeed, for the n matrix factorizations TP rks arising from the tensor product of the linear
matrix factorizations pX,Xn�1q and pY, Y n�1q, the matrix |I| takes the simple form|I| � 2� g � g�1, (7.87)

and we obviously obtain the An�1-sequencetTP r0s, TP r1s, � � � , TP rn� 2su . (7.88)

This model is non-geometric in the sense that it has (generically) non-integer central
charge and thus no direct geometrical interpretation. Note however its close relationship
to the corresponding non-compact models C2{Zd which can be obtained by setting the
superpotential to zero. Certain parts of the physics is expected to be independent of the
superpotential [57]. In particular, the intersection numbers of compact cycles does not
depend on the superpotential.
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7.3.3. Hirzebruch-Jung examples. Another class of examples of Ar-sequences
consists in tensor product matrix factorizations in the models�

W � Xd � Y d
� {Zdpkq (7.89)

in which the generator of the orbifold group acts as

X ÞÑ ωX and Y ÞÑ ωkY, ω � e
2πi
d , (7.90)

where d and k are assumed to be coprime. This generalizes the models discussed in the
previous section, where k � �1. The corresponding non-compact models have appeared
in the context of non-supersymmetric orbifolds C2{Zdpkq [1, 47, 84, 85]. The orbifold
singularity can be resolved using the Hirzebruch-Jung resolution. Here, one removes the
singular point and inserts a chain of P1’s whose intersection pattern is determined by the
continuous fraction expansion of d

k

d

k
� a1 � 1

a2 � 1

a3� 1

...1{af

� ra1, . . . , af s. (7.91)

The ai are the self-intersection numbers of the f P1’s appearing in the resolution. The
intersection number between subsequent spheres is 1. Hence, for models where the chain
expansion contains a subsequence r2, . . . , 2s of length r, one knows that there is a Ar-chain
of branes wrapping the exceptional spheres.

Because of the close relationship between the Landau-Ginzburg model and the non-
compact model we expect to find these Ar-chains also in the models (7.89), where the
branes should have a realization in terms of matrix factorizations. To see this, consider
the factorizations

TP rms � Q∆
X bQ1

Y , ∆ � d� k (7.92)

These branes have matrix |I||I| � �
∆�1̧

j��∆

gj

��
1� g�k� (7.93)� 2

∆�1̧

j�0

gj � 2∆�1

j̧�∆

gj � �1̧

j��∆

gj ,

where g is the d-dimensional shift matrix as in the case that we discussed before. In
particular, the branes are spherical as required. It is also immediately evident that the
branes with m � 0,∆, 2∆ . . . can serve as candidates to form a chain of spherical branes;
however, to ensure that there are no powers of gn∆ for 1   n   r appearing in the
sum, we need to make further assumptions. More concretely, if we assume that the chain
expansion of d{k takes the form

d

k
� r2, . . . , 2, br�1, . . . , bf s (7.94)

with r 2’s followed by some arbitrary rest piece br�1 . . . bf , the above intersection matrix
indeed yields the required Ar-chain. In the appendix, we generalize this construction to
chain expansions of the form

d

k
� ra1, . . . ai�1, 2, . . . , 2, br�i�1, . . . bf s

.
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7.4. Appendix

7.4.1. The morphism ΨP � 1Q : d1
PQP ` d0

PQP̄ Ñ Q. In order to determine the

morphism P d1PQ ` P̄ d0PQ Ñ Q, we first find an isomorphism ι

P d1
P,Q ` P̄ d0

P,Q
ιÝÑ P b P

� bQ. (7.95)

In subsection 5.4.2 we showed the inverse isomorphism

P bHomCrY spQ,Q1q 1bΠHomÞÑHÑ P bHpQ,Q1q. (7.96)

Therefore a natural ansatz is to define ι such that for each set of representatives tfαu
whose cohomologies classes rfαs form a basis of HpQ,Q1q the morphism ι : PbHpQ,Q1q Ñ
P bHomCrY spQ,Q1q is given by

pb rfαs ιÞÑ p b fα (7.97)

Since this map is a morphism of (CrXs,W pXq)-matrix factorizations and is an isomor-
phism on cohomologies we conclude that ι is, as required, an isomorphism between

P d1
P,Q ` P̄ d0

P,Q and P b P
� bQ in HMF pW pXqq.

The next step consists in determining explicitly the morphism ΨP P H1pP bP �
, 1q corre-

sponding to the unit morphism under the equivalence H1pP b P
�
, 1q � H0pP, P q. In the

following, we will use the identification

HomCrX,Y spP k b pP jq�,CrX, Y sq � HomCrX,Y spP j, P kq. (7.98)

For example 1P`i�0,1HompP i, P iq and πrkP`i�0,1HompP i, P i�rq stand for the elements

1 : aij b paikq� ÞÑ δkj (7.99)

πrk : aij b pai�rl q� ÞÑ pprqljpY rk � 1sXq � pprqljpY rksXq
Xk � Yk

(7.100)

of P ibpP iq� Ñ CrX, Y s and of P ibpP i�rq� Ñ CrX, Y s respectively, where taikuk�1,..,dimP i

denote a basis of P i.
In order to determine ΨP or, equivalently, ΦP P H0pP b P �, 1q we first determine

P pXq b P �pY r1sXqq φp1qÝÑ 1p1q. (7.101)

where Y rmsX stands for the variables tY1, � � � , Ym, Xm�1, � � � , Xnu.
The result is

φ0p1q � �
1 1

�
φ1p1q � �

π1
1 π0

1

�
. (7.102)

We then apply the recursive argument that the morphism of modules

φ0pmq � �
φ0pm�1qI φ0pm�1qII�π1
mφ

1pm�1qII �π0
mφ

1pm�1qI 

φ1pmq � �

φ1pm�1qI φ1pm�1qII�π1
mφ

0pm�1qII �π0
nφ

0pm�1qI 

(7.103)

is a non-vanishing element H0pP pXq b P �pY rmsXq,Âj�1,..,m 1pjqq ifpφ0pm�1q � pφ0pm�1qI , φ0pm�1qIIq, φ1pm�1q � pφ1pm�1qI , φ1pm�1qIIqq (7.104)

is in H0pP pXq b P �pY rm� 1sXq,Âj�1,..,m�1 1pjqq.
This recursive definition of the morphism φ is sufficiently explicit for our purposes. Indeed,
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since we are interested in ρ � pΨA b 1Qq and since ρ projects out each module that is not
of the form C0rX, Y s b . . .bC0rX, Y s bQj , only the partpP b P

�q1 ψPÝÑ C0rX, Y s b . . .bC0rX, Y sõ
P 0 b pP 0q� pφ0pnqqI1ÝÑ` C0rX, Y s b . . .bC0rX, Y s
P 1 b pP 1q� pφ0pnqqII1ÝÑ (7.105)

of ΨP matters. Then, (7.103) allows us to conclude that pφ0pnqqI1 � φ0p1qI � 1 andpφ0pnqqII1 � φ0p1qII � 1. Combining this result with (7.97) and the isomorphism described
in subsection 5.4.1, i.e. p1̂bQqk ρ̂:�ρ̂1���ρ̂nÝÑ Qk, k � 0, 1, (7.106)

we obtain that the tachyon ΨP � 1Q � ρpΨP b 1qι ,i. e

P d1
P,Q ` P̄ d0

P,Q
TÝÑ Q

‖ ‖

HpP̄ , Qq b A
ιÑ P b P

� bQ
ΨPb1QÑ 1bQ

ρÑ Q

(7.107)

is given by the evaluation map (fα P HpP,Qq)pfαbqa TÞÝÑ fαpXq paq . (7.108)

7.4.2. Adjoint functors. In this appendix we will show that the adjoint functor
Dad of the functor induced by the action D�, of a defect D, on matrix factorizations is
given by DadpQq � pD � Q�q�. Afterwards we will show that this functor is realized by
the action of the defect Dad � D�, i.e. DadpQq � Dad �Q.
We start with the equality

HpW pXq,CrXsqpQ1, D �Qq � HD

�
HomCrXspQ1, UY pD bQqq� �� HD

�
HomCrX,Y spQ1 b CrY s, D bQq� �� HpW pXq,CrX,Y sqpQ1 b CrY s, D bQq, (7.109)

where in the second equality we used the fact that the forgetful functor UY has left-adjoint
functor bCrY s. Note that UY does not have right-adjoint functor bCrY s. To keep the
notation simple we will write HpQ1, D �Qq � HpQ1, D bQq.
The ansatz DadpQq � pD �Q�q� is then verified in the following way

HpW 1pY q,CrY sqppD �Q�q�, Q1q�HpW 1pY q,CrY sqpQ1�, D �Q�q ��HpW 1pY q,CrX,Y sqpQ1�, D bQ�q � HD pQ1 bD bQ�q ��HpW pXq,CrX,Y sqpQ,D bQ1q ��HpW pXq,CrXsqpQ,D �Q1q. (7.110)

It is easy to prove that the adjoint of the functor D� can be expressed through the action
of the defect

Dad � D�. (7.111)

We will in particular show that

HpW pXq,CrXsqpQ,D �Q1q � HW 1pY q,CrY spD� �Q,Q1q, (7.112)
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HpW pXq,CrXsqpQ,D �Q1q � HpW pXq,CrX,Y sqpQ,D bQ1q� HpQ� bD bQ1q� HpW pXq�W 1pY q,CrX,Y sqpD�, Q� bQ1q
Serre� HpW 1pY q�W pXq,CrX,Y sqpQ� bQ1, D�q�� HpW 1pY q,CrX,Y sq pQ1, D� bQq�� HpW 1pY q,CrY sq pQ1, D� �Qq�
Serre� HpW 1pY q,CrY sq pD� �Q,Q1q . (7.113)

7.4.3. Hirzebruch-Jung singularities. In this appendix we will build A-sequences
of matrix factorizations in Landau-Ginzburg models with superpotential W � Xd �
Y d defined on a general Hirzebruch-Jung singularity whose continued fraction expansion
contains a subsequence of 2’spa1, � � � , ak, 2, � � � , 2, bk�r�1, � � � , bfq �: pa2rbq . (7.114)

We will use matrix factorizations analogous to those considered previously for continued
fractions r2, � � � , 2, br�1, � � � , bf s. We will first consider a further special class of continued
fraction series, where the subsequences of 2’s appear at the very endpa1, � � � , af , 2, � � � , 2q . (7.115)

Before starting, we will briefly introduce some notation. In particular, we will denote the
coprime denominator and numerator of the rational number whose continued fraction ex-
pansion is the series s � psi, � � � , sfq by Npsq and Dpsq. Moreover, if these quantities refer
to sequences psi�l, � � � , sfq or psi, � � � , sf�lq obtained by restricting the original sequence
s, we will add to them the subscript l� and the superscript l� respectively, or simply �
and � if l � 1. Finally it will be convenient to introduce the differences

∆psq :� Npsq �Npsq� (7.116)

δpsq :� Npsq �Npsq�. (7.117)

The numerator Npsq of a continued fraction satisfies the recursive relations

Npsq � siNpsq� �Npsq2� (7.118)

Npsq � sfNpsq� �Npsq2�, (7.119)

where for a sequence containing just one element we define Npsq� � Npsq� � 1 and
Npsq2� � Npsq2� � 0. It follows that, for the numerator Npabq, associated to a sequencepabq obtained by gluing together two sequences a and b, we have

Npabq � NpaqNpbq �Npaq�Npbq�. (7.120)

For the class of Hirzebruch-Jung singularities (7.115), we will consider the matrix

factorizations Q1
X bQ

δpaq
Y rms with m � 0, � � � , d� 1 of the superpotential Xd � Y d. The

morphisms stretched between these matrix factorizations can be summarized through the
matrix |I| |I| � δpaq�1¸

l��δpaq �glk � glk�1
�
. (7.121)
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As we will see more in detail at the end of this appendix, the intersection matrix can be
rewritten as

I � 2� g � g�1 � gr � � � � , (7.122)

where the dots stand for terms gs with |s| ¡ r.
In this case, we therefore have an Ar-sequence of spherical matrix factorizations!

Q1
X bQ

δpaq
Y r0s, Q1

X bQ
δpaq
Y r1s, � � � , Q1

X bQ
δpaq
Y rr � 1s) (7.123)

For the most general situation of an Hirzebruch-Jung space C
2{Zdpkq with continued frac-

tion expansion of the type (7.114) we consider the graded tensor product matrix factoriza-

tions Q
∆pbq
X bQδpaq

Y rms. Notice that if a � pHq then ∆pbq � ∆pr2, � � � , 2, bi, � � � , bf sq � d�k
and therefore this ansatz contains the case p2, � � � , 2, br�1, � � � , bfq considered in the main
text.
The morphisms between these matrix factorizations in the orbifolded theory can be sum-
marized through the matrix |I||I| � δpaq�1¸

l��δpaq ∆pbq�1¸
j��∆pbqglk�j. (7.124)

As we will explicitly show in a technical part at the end of this appendix, if a � pHq this
intersection matrix can be rewritten as

I � ∆pbq�1¸
j��∆pbqgj� 2∆pbq�1°

j�0

gj � gNp2rbq�∆pbq � � � � � (7.125)� 2

∆pbq�1

j̧�0

gj � 2∆pbq�1¸
j�∆pbq gj � �1̧

j��∆pbqgj � gr∆pbq�Npbq� � � � �
where the dots stand for terms gs with |s| ¡ r∆pbq �Npbq�.
From this expression it is clear that the considered matrix factorizations are spherical

and, since there is exactly one morphism in HpQ∆pbq
X bQ

δpaq
Y r0s, Q∆pbq

X bQ
δpaq
Y r∆pbqsq and

one in HpQ∆pbq
X bQδpaq

Y r∆pbqs, Q∆pbq
X bQδpaq

Y r0sq, that they form an A-sequence of spherical
objects !

Q
∆pbq
X bQ

δpaq
Y r0s, Q∆pbq

X bQ
δpaq
Y r∆pbqs, � � �) . (7.126)

The length of this sequence is determined by the fact that for b � pHq
gk∆pbq R ∆pbq�1Y

j�0

 
gj
( 2∆pbq�1Y

j�∆pbq  gj( �1Y
j��∆pbq  gj(Y  

gNp2rbq�∆pbq(Y � � � (7.127)

for k � 2, � � � , r whereas for k � r� 1 this is not true (see next paragraph). We conclude
that for a � pHq and b � pHq the ansatz gives rise to Ar�1-sequences of spherical objects!

Q
∆pbq
X bQ

δpaq
Y r0s, Q∆pbq

X bQ
δpaq
Y r∆pbqs, � � � , Q∆pbq

X bQ
δpaq
Y rr∆pbqs) (7.128)

Indeed, the A-sequences of spherical objects obtained in this way, which are, as we showed,
present for each model Xd� Y d{Zdpkq, turns out to be for some models the only available
A-sequences of the formtQωX

X bQωY

Y r0s, QωX

X bQωY

Y rss, QωX

X bQωY

Y r2ss, � � � u (7.129)
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of minimal length r. Note moreover that for b � pHq, (7.127) is satisfied for k � 2, � � � , r�
1 and we obtain an Ar-sequence in agreement with the previous discussion.

It remains to explain some technical steps that we omitted so far. In particular, we

want to show that the intersection matrix for the matrix factorizations Q
∆pbq
X bQδpaq

Y indeed
takes the above mentioned form (7.125) and to prove the claim (7.127). First, we note
that (7.120) implies the equalities

d :� Npa2rbq � r∆pbqδpaq �Npabq (7.130)

k :� Dpa2rbq � r∆pbqδpaq� �Npabq�. (7.131)

These can be used together with the relations

Npaqδpaq� �Npaq�δpaq � 1
Npaq�δpaq� �Npaq��δpaq � 1

* � Npaq�Npaq� �NpaqNpaq�� � 1 (7.132)

to show

kδpaq � dδpaq� �∆pbq (7.133)

by using the previously obtained relations as follows

dδpaq� � kδpaqp7.130qp7.131q� pr∆pbqδpaqδpaq��Npabqδpaq�q�pr∆pbqδpaqδpaq��Npabq�δpaqq� Npabqδpaq� �Npabq�δpaqp7.120q� pNpaqδpaq��Npaq�δpaqqNpbq�pNpaq�δpaq��Npaq��δpaqqNpbq�p7.132q� Npbq �Npbq� � ∆pbq. (7.134)

This result allows us in particular to rewrite the exponentials lk � j � nd appearing in
the intersection matrix (7.124) as

lk � j � nd
x:�l{δpaq,y:�j{∆pbq� xkδpaq � y∆pbq � nd

p7.133q� xpdδpaq� �∆pbqq � y∆pbq � nd� d

δpaqplδpaq� � nδpaqq � py � xq∆pbq (7.135)

Note that |y � x|∆pbq ¤ 2∆pbq   r∆pbq   r∆pbqδpaq �Npabq
δpaq � d

δpaq . (7.136)

These results explain (7.125) since they imply that

l � 0, j P t�∆pbq,∆pbq � 1u ñ lk � j mod d P t�∆pbq,∆pbq � 1u (7.137)

l � �δpaq, j P t�∆pbq,∆pbq � 1u ñ lk � j mod d P t0, 2∆pbq � 1u (7.138)

l � �Npaq�, j P t�∆pbq,∆pbq � 1u (7.139)ñ lk � j mod d P t�pr∆pbq �Npbqq �∆pbq,�pr∆pbq �Npbqq �∆pbq � 1u
l P t�δpaq, δpaq � 1u �  

0,�δpaq,�Npaq�(ñ |lk � j mod d| ¡ r∆pbq �Npbq�(7.140)
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Indeed, (7.137) is obvious, whereas (7.138) and (7.139) are obtained straightforwardly
from (7.135). For example, we can show (7.139) as follows

lk � j mod d � ��
d

δpaq � Npaq�
δpaq ∆pbq
 � j �p7.130q� �r∆pbqδpaq �Npabq �Npaq�Npbq� �Npaq�Npbq

δpaq � jp7.120q� �r∆pbqδpaq � δpaqNpbq
δpaq � j � �pr∆pbq �Npbqq � j (7.141)

Finally, we verify (7.140)|lk � j mod d| ¡ d

δpaq � r∆pbq � Npabq
δpaq �� r∆pbq � NpaqNpbq �Npaq�Npbq�
δpaq ¡ (7.142)¡ r∆pbq � NpaqNpbq� �Npaq�Npbq�
δpaq �� r∆pbq �Npbq� (7.143)

where in the first inequality we used that for l P t�δpaq, δpaq � 1u � t0,�δpaq,�Npaq�u
we have plδpaq��nδpaqq ¥ 2 together with (7.136). This completes the proof of expression
(7.125). To conclude we have just to show (7.127), which, however, corresponds simply
to the fact that k∆pbq for k ¡ 1 is not an element of the intervals (7.137,7.138) and

k∆pbq R �t�pr∆pbq�Npbqq�∆pbq,�pr∆pbq�Npbqq�∆pbq�1uhkkkkkkkkkkkkkkkkkkkkkkkkkkikkkkkkkkkkkkkkkkkkkkkkkkkkjtr∆pbq �Npbq�, pr � 1q∆pbq �Npbq � 1u (7.144)�k∆pbq R t�pr � 1q∆pbq �Npbq,�r∆pbq �Npbq� � 1ulooooooooooooooooooooooooooooomooooooooooooooooooooooooooooon�t�pr∆pbq�Npbqq�∆pbq,�pr∆pbq�Npbqq�∆pbq�1u (7.145)

for k � 0, � � � , r. This no longer holds for k � r � 1 (since Npbq�   ∆pbq).



CHAPTER 8

2-category of defects and topological field structure

8.1. Topological field structure

In this section, we want to show how the category of topological defects together
with its structures is the natural setting to study the topological field structure of open-
closed topological models. More precisely, we will show how the 2-category structure of
topological Landau-Ginzburg defects together with a particular adjunction relation among
them, can be used to investigate the topological field structure of open-closed topological
Landau-Ginzburg models.
We start by briefly recalling that an axiomatic description of the open-closed topological
field structure consists [74, 86] in a vector space H, describing the closed sector, a set of
labels I, that represents the possible boundary conditions, or branes, and a graded vector
space Hab for each pair of boundaries, representing the space of the strings stretched
between them. These vector spaces are provided with bilinear associative products�cl : H �HÑ H (8.1)�o : Hab �Hbc Ñ Hac, (8.2)

with units 1cl P H, 1a P Haa for all a P I, traces  . ¡cl: HÑ C (8.3)  . ¡a
o: Haa Ñ C (8.4)

and linear maps

ιa : Haa Ñ H (8.5)

πa : HÑ Haa. (8.6)

These algebraic structures have to satisfy the following conditions pH, �cl,  . ¡clq form a supercommutative Frobenius algebra. The bilinear products  ,¡: Hab �Hba Ñ C (8.7)pfab, f 1baq ÞÝÑ  fab �o f 1ba ¡a
o

are non degenerate and symmetric  fab, f
1
ba ¡� p�1q|fab||fba|   f 1ba, fab ¡, (8.8)

where |f | stands for the degree of the morphism f . πa are central algebra homomorphisms preserving the identity,

πapXq �o fab � fab �o πbpXq (8.9)

πapX �cl X 1q � πapXq �o πapX 1q (8.10)

πap1clq � 1a (8.11)

109



110 8. 2-CATEGORY OF DEFECTS AND TOPOLOGICAL FIELD STRUCTURE πa and ιa are adjoints  X �cl ιapfaaq ¡cl�  πapXq �o faa ¡a
o . (8.12) The topological Cardy condition

STrHab
mfaa,fbb

�  ιapfaaq �cl ιbpfbbq ¡cl (8.13)

holds, where mfaa,fbb
is the operator

mfaa,fbb
pfabq :� faa �o fab �o fbb. (8.14)

A problem that has not yet been completely solved is if open-closed topological
Landau-Ginzburg models satisfy these axioms. In this particular case, we have
I �MF pW pXq,CrXsq and the vector spaces are

H � CrXs{   BW pXq ¡ and HAB :� HpA,Bq. (8.15)

The Jacobi ring CrXs{   BW pXq ¡ has the required commutative and asso-
ciative product, and HAB has the multiplicative structure inherited from matrix
product. Explicit expressions for the traces   . ¡cl and   . ¡a

o and the linear
maps ιa and πa were proposed [62, 101]  ppXq ¡cl :� 1p2πiqN ¾

dNX
ppXqB1W � � � BNW (8.16)  fAApXq ¡A

o :� 1p2πiqN ¾
dNX

STrpBANfAApXqqB1W � � � BNW (8.17)

All requirements, except the non-degeneracy of the traces and the topological
Cardy condition, can be verified quite straightforwardly. Following the work
[28], where a similar analysis was done in the context of derived categories of
coherent sheaves, we will show that the existence of a topological field structure
for Landau-Ginzburg models is implied by some structures of the category of
Landau-Ginzburg defects. An essential ingredient is the 2-category structure,
which we will now recall.

8.2. 2-category of topological defects

A 2-category consists of three levels of structures: objects, 1-morphisms and
2-morphisms. More precisely, each pair of objects pW,W 1q is associated with a
collection of 1-morphisms, denoted as 1–HompW,W 1q, and each pair of parallel 1-
morphisms pD,D1q with a collection of 2-morphisms, denoted as 2–HompD,D1q,
where parallel means that D and D1 are 1-morphisms associated with the same
pair of objects. These collections support the following algebraic structure:

– An associative product of 1-morphisms� : 1–HompW,W 1q � 1–HompW 1,W 2q Ñ 1–HompW,W 2q (8.18)

such that, for each object W , there is an identity 1-morphism

1W P 1–HompW,W q. (8.19)

– An associative product of 2-morphisms, called vertical composition,� : 2–HompD,D1q � 2–HompD1, D2q Ñ 2–HompD,D2q (8.20)
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such that, for each 1-morphism D, there is an identity 2-morphism

1D P 2–HompD,Dq. (8.21)

– A product of 2-morphisms, called horizontal productÆ : 2–HompD, D̄q � 2–HompD1, D̄1q Ñ 2–HompD �D1, D̄ � D̄1q (8.22)

for D, D̄ P 1–HompW,W 1q and D1, D̄1 P 1–HompW 1,W 2q.
Horizontal and vertical compositions have to satisfy the interchange lawpf � f 1q Æ pg � g1q � pf Æ gq � pf 1 Æ g1q. (8.23)

As our notation already suggests, an example of 2-category is provided by the category
of topological defects between topological Landau-Ginzburg models. This 2-category has
superpotentials with finite Jacobi ring tW pXqu as objects. 1-morphisms are defined as

1–HompW pXq,W 1pY qq :�MF pW pXq �W 1pY q,CrX, Y sq (8.24)

and two morphisms as

2–HompD,D1q :� HpD,D1q, (8.25)

i.e. the 1-morphisms are defects between the Landau-Ginzburg theories defined by the
superpotentials W and W 1 and 2-morphisms are the fields on them. The product of 1-
morphisms is given by the fusion of defects and the vertical product of 2-morphisms by the
composition of defect fields. The horizontal product of 2-morphims is obtained simply as
the tensor product fbg viewed as element of HomHMF 1pW pXq�W 2pZq,CrX,ZsqpD �D1, D̄ �D̄1q
or, in other words, as (see section 5.4 )

f Æ g :� pf b gqred P HpD �D1, D̄ � D̄1q. (8.26)

The main advantage of considering this 2-category relays on the fact that the vector spaces
(H, tHABuA,BPMF pW q), the algebraic structures (�o, �cl,   � ¡o,   � ¡cl, ιA and πA) and
their conditions fit in this 2-category in a natural way, as we will show in the following
subchapter.

8.3. Topological field structure in Landau-Ginzburg models

The sets of labels I, i.e. the D-branes associated to a given superpotential are clearly
included in the 2-category of defects as the spaces of 1-morphisms 1–Hom(W(X),0). Open
strings have a description as 2-morphisms between such 1-morphisms and closed string as
elements of 2–Homp1W , 1W q, which corresponds to the general definition of the Hochschild
cohomology of a 2-category. Indeed, this space is isomorphic to the Jacobi ring associated
to W [64].
The category of matrix factorizations HMF of a superpotential with finite Jacobi ring
has Serre duality with trivial Serre functor, as we explained in section 2.5. This means
that there is a natural isomorphism ηDD1 for each pair D and D1 P 1–HompW,W 1q

ηDD1 : 2–HompD,D1q �Ñ 2–HompD1, Dq� (8.27)

or, equivalently, a non-degenerate pairing  , ¡Serre: 2–HompD1, Dq � 2–HompD,D1q Ñ C. (8.28)
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This pairing can be used to define a non-degenerate trace on 2–HompD,Dq in a natural
way   fDD ¡Serre:�  1D, fDD ¡Serre . (8.29)

The naturality of the isomorphism (8.27) implies the relation  f 1D1D � fDD1 ¡Serre�  f 1D1D, fDD1 ¡Serre . (8.30)

We then obtain   . ¡cl and   . ¡A
o as special cases of this trace by choosing D � 1W and

D � A P 1–HompW pXq, 0q, respectively.
In the following, we will define the homomorphisms ιA and πA and verify that, together
with the above defined products and traces, they satisfy the conditions of a topological
field theory. It is convenient for these purposes to introduce a graphical notation for the
elements and products of the 2-category (see figures 1-5).

W W’

D

Figure 1. 1–D P HompW,W 1q
D’

fW W’

D

Figure 2. 2–f P HompD1, Dq
D’D

W W’’

Figure 3. product of 1-morphisms D �D1
f’

W W’’

D

D’

D’’

f

Figure 4. vertical product of 2-morphisms f 1 � f
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f W’’W

D

D’

D

D’

f’

Figure 5. horizontal product of 2-morphisms f 1 Æ f
=

f

f’ g’

g f

f’ g’

g

Figure 6. Interchange law

Note that the consistency of this graphical representation is guaranteed by the inter-
change law (8.23) (see figure 6).
In order to get the whole topological field structure, we still have to construct the linear
maps πA and ιA. The first one can be easily obtained as

πApXq :� X Æ 1A (8.31)

or, graphically, as in figure 7. This definition satisfies the axioms (8.9-8.11) as it can be
easily verified using the interchange law (8.23).

X A

A

A

1

Figure 7. bulk-boundary map πA

To define ι, we first have to introduce the concept of adjunction of 1-morphism.
Two 1-morphisms

DR P 1–HompW,W 1q DL P 1–HompW 1,W q (8.32)

are said to be adjoint DL % DR, if there are two 2-morphisms

µ : 1W 1 ñ DR �DL η : DL �DR ñ 1W , (8.33)

such that pη Æ 1DL
q � p1DL

Æ µq � 1DL
p1DR

Æ ηq � pµ Æ 1DR
q � 1DR

. (8.34)

Graphically, we will represent the 2-morphisms µ and η as in figure 8.

µ

D D

D DL

L

R

R

η

Figure 8. The 2-morphisms µ and η
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The power of the graphical representation is well illustrated by the adjunction relation,
which corresponds simply to the equivalence of the diagrams depicted in figure 9.

η

L DR

DR DL

DL DR

DR DL

DL= DR

η

µµ

D

Figure 9. Adjunction of 1-morphisms

The general definition of a pair of adjoint 1-morphisms DL % DR in 2-category implies
the following isomorphisms (see figure 10)

2–HompΘ,∆ �DLq � 2–HompΘ �DR,∆q (8.35)

f ÞÑ p1∆ Æ ηq � pf Æ 1DR
q

2–HompΘ, DR �∆q � 2–HompDL � Θ,∆q (8.36)

f ÞÑ pη Æ 1∆q � p1DL
Æ fq,

for each pair of 1-morphism pΘ,∆q.
η

f’

f’

DR

DR

DL

DL

DR

DL

= =f

f

f

f

f’

f’

==

Θ Θ

Θ

∆ ∆

∆∆

ΘΘ

∆

∆

Θ

η

Figure 10. 2-morphisms isomorphisms induced by a pair of adjoint 1-morphisms

Note that in the 2-category of categories Cat, which has categories as objects, functors as
1-morphisms and natural transformations as 2-morphisms, two functors are adjoint in the
2-category sense if and only if they are adjoint functors in the usual sense [39]. Moreover,
the morphisms η and µ are identified through the isomorphism (8.35) or (8.36)

2–HompDL, DLq � 2–HompDL �DR, 1q psee p8.35q ∆ :� 1,Θ :� DLq
1DL

Ø η

2–Homp1, DR �DLq � 2–HompDR, DRq psee p8.35q ∆ :� DR,Θ :� 1q
µ Ø 1DR

(8.37)

For our present discussion is crucial to recognize the presence of the adjunction

A % A�. (8.38)
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This adjunction is associated to the morphisms µ : 1 Ñ A� � A � HpA,Aq and η :
AbA� Ñ 1W , respectively defined as the inclusion 1 ÞÝÑ 1A P HpA,Aq and the morphism
corresponding to 1A under the isomorphism HpA b A�, 1W q � HpA,Aq that we already
considered in section 7.2. Indeed, these 2-morphisms satisfy the conditions (8.34)

A
1Abµñ AbHpA,Aq η�1Añ A (8.39)

a ÞÝÑ ab 1A ÞÝÑ a

and

A� µb1A�ñ HpA�, A�q b A� 1A��ηñ A� (8.40)

a� ÞÝÑ 1A� b a� ÞÝÑ a�.
In the 2-category of defects, two pairs of adjunction D� %2 D %1 D

� are said to be Serre
compatible [28] if the following diagram of isomorphisms commutes

2–HompQ1, Q �Dq %1�Ñ 2–HompQ1 �D�, Qq
Serre Ù Ù Serre

2–HompQ �D,Q1q� %2�Ñ 2–HompQ,Q1 �D�q� , (8.41)

where the isomorphisms %1 and %2 are of the form (8.35). Since

f�pgq :� Serrepfq pgq �  g � f ¡Serre (8.42)p% f�qpgq :� f�p% gq (8.43)

the Serre compatibility corresponds to the trace invariance%�1
2 p%1 pfqq� � f� ñ %�1

2 p%1 pfqq�pgq � f�pgqp%1 pfqq�p%�1
2 pgqq � f�pgq %�1

2 pgq � p%1 pfqq ¡Serre�  g � f ¡Serre, (8.44)

graphically represented in figure 11.

Q’

f

Serre

f

g

Serre

g

*

*

=

D

D

Q’

Q’

Q

Q D

D

Q’

Q

Q

Figure 11. Trace invariance

Note that, in general, given an adjunction of defects DL %1 DR we can define an isomor-
phism 2–HompQ,Q1 �DLq � 2–HompQ �DR, Q

1q as the isomorphism

2–HompQ,Q1 �DRq Serre� 2–HompQ1 �DR, Qq� %1� 2–HompQ1, Q �DLq� �
Serre� 2–pQ �DL, Q

1q (8.45)

We obtain in this way a second adjunction DR %2 DL, which forms together with
DL %1 DR a pair of adjunctions, that are Serre compatible by definition. Therefore,
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each adjunction of defects gives rise to a pair of adjunctions compatible with Serre dual-
ity [28].
If, moreover, the traces defined in (8.29) satisfy the symmetry axiom  fDD1 � fD1D ¡Serre� p�1q|fDD1 ||fD1D|   fD1D � fDD1 ¡Serre, (8.46)

then the trace invariance can be reexpressed as in figure 12.

Q

f

f g(−1)

Serre

f

g

Serre

=

D

D

g

*D

Q

Q’

*DQ’

Q

Q

Q’

Q’

Figure 12. Trace invariance for symmetric traces

In our discussion, we will use this relation for the special case D :� A P 1–HompW, 0q,
Q1 :� Q � A, f � fQQ Æ fAA and g � 1Q Æ 1A represented in figure 13.

A

Serre Serre

f

Q

Q

QQ f

Q

Q

QQfAA fAA

A

A

=

A

Figure 13. Trace invariance

Before showing the importance of this relation, we go back to the definition of the linear
map ιA. Indeed if we look at the pair of Serre compatible adjunctions A� %2 A %1 A

�
obtained from the adjunction A %1 A� defined as in (8.38), we see that we have two
morphisms µ2 P 2–Homp1W , A b A�q and η1 P 2–HompA b A�, 1W q, which can be used
to construct the map ιA : 2–HompA,Aq Ñ 2–Homp1W , 1W q (figure 14)

ιApfq P 2–Homp1W , 1W q (8.47)

ιApfq :� η1 � pf b 1A�q � µ2.

2

f

A

A

f

A

A

η

µ

1

Figure 14. Boundary-bulk map ιA

The fact that ιA and πA are adjoint with respect to the bilinear products defined by the
Serre traces   X �cl ιApfq ¡cl�  πApXq �o f ¡A

o (8.48)
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is a direct consequence of the trace invariance associated to the pairs of Serre compatible
adjunctions A� %2 A %1 A�, as it is shown in figure 15 (set Q � 1W in the trace
invariance).

A

X =

Serre

X

Serre

f f

A

A
A

Figure 15. ιA and πa are adjoint

The trace invariance not only guarantees that ιA and πA are adjoint but also it implies the
Cardy condition. Indeed, using the trace invariance associated to the Serre compatible
pair of adjunctions A %1 A

� %2 A we obtain (figure 16)  fA�A� Æ fA1A1 ¡W�0�  ιA�pfA�A�q � ιA1pfA1A1q ¡cl . (8.49)

A’

A*

AA
* *f

A*

Serre

A*

A*

AA
* *f AA

* *f fA’A’fA’A’= =

Serre

f

Serre

A’A’

A’

A’

A’

Figure 16. Cardy condition

If we choose fA�A� as in figure 17

1

**f AAf

A* A*

A*
µ

η

A*

A

A A

A*

*

:=

1

AA

Figure 17. fA�A�
then

HpA,A1q fA�A�ÆfA1A1Ñ HpA,A1q (8.50)

gAA1 ÞÝÑ fA1A1 � gAA1 � fAA �: mfA1A1fAA

and (see figure 18)

ιA�pfA�A�q � ιApfAAq (8.51)

Therefore, we obtain from (8.49) the Cardy relation  mfA1A1fAA
¡W�0�  ιApfAAq � ιA1pfA1A1q ¡cl (8.52)

We conclude that the Landau-Ginzburg models satisfy the axioms of a topological field
theory as a consequence of the 2-category *, the adjoint relations A % A� and the Serre
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1

A*

A*

AAf
AAf

µ
A

A A

A*

η

=

1

η

η

µ
µ

1

1

2
2

*

Figure 18. ιA�pfA�A�q � ιApfAAq
duality with trivial Serre functor of the category of Landau-Ginzburg defects, if the Serre
trace satisfies the symmetry axiom. Note that the trace proposed by Kapustin and Li
indeed satisfies the mentioned axiom. It is however a still open question if the Kapustin-Li
formula is the correct expression for the Serre traces of the category of matrix factoriza-
tions.
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