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Kalbermatter and Ana Nedić Eigenmann, who so efficiently and cleverly ensure that the worka-

day life of the group proceeds smoothly.

Chris Oostenbrink and Markus Christen were my first teachers in the art of molecular

simulation. I wish to thank them for opening the doors to this fascinating field for me and for

the collaboration which led to chapter 5 of this thesis.

I am beholden to Zrinka Gattin, with whom I collaborated on the project which led to

chapter 4 of this thesis. It was a pleasure exploring the maze of β-peptide folding together with

her and profiting from her experience in this subject.

I am deeply grateful to Maria Reif for sharing the responsibility for the computer infra-

structure of the group with me and for never losing her nerve when the screens went black.

Along these lines I would like to thank all the past and present system administrators of the

group and as well as those people who invested so much time and effort in the programming of

GROMOS05 and GROMOS++.

A special thanks goes to Merijn Schenk, my officemate during the first years of my PhD. I

will not forget the vivid discussions we had on all sorts of topics inside and outside of science nor

will I forget the dinners together with his girlfriend Annemarie in their curious little kitchen
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Kurzfassung

Die Dynamik von Biomolekülen, insbesondere die Faltung von Peptiden und Proteinen, ist

ein komplexer Vorgang. Die zeitliche Auflösung und die Auflösung der Konfigurationen ist

in Experimenten normalerweise zu grob, um ein detailliertes Bild dieses Vorgangs ableiten zu

können. Andererseits ist das Wechselspiel der Kräfte, die in die Bewegungsgleichungen einge-

hen, die diesen Vorgang bestimmen, zu komplex um es direkt analysieren zu können. Die nu-

merische Integration der Bewegungsgleichungen bietet jedoch eine Möglichkeit, eine detaillierte

Trajektorie eines Biomoleküls zu erhalten. Insbesondere hat sich die numerische Integration

der klassischen Bewegungsgleichungen auf atomarer Ebene, bekannt als ,,molecular dynamics”

(MD), als mächtiges Werkzeug für die Aufklärung der Dynamik von Biomolekülen erwiesen.

Einer der Gründe für den Erfolg von MD ist, dass diese Methode nicht nur benutzt wer-

den kann um Trajektorien zu erzeugen, sondern dass MD auch eine effiziente Methode ist, um

Stichproben aus der Gleichgewichtsverteilung der Konfigurationen eines Moleküls zu ziehen. Ist

diese Gleichgewichtsverteilung bekannt, können die meisten makroskopischen Größen durch eine

Mittelwertsberechnung bestimmt werden. Die Gleichgewichtsverteilung stellt jedoch auch einen

Zugang zu einem detaillierteren Verständnis der Dynamik von Biomolekülen dar. Die metasta-

bilen Zustände eines Moleküls entsprechen Gegenden mit hoher Wahrscheinlichkeitsdichte im

Konfiguartionsraum und können im Prinzip direkt aus der Gleichgewichtsverteilung abgeleitet

werden. Die Gleichgewichtsverteilung enthält zudem Informationen darüber, wie die Freiheits-

grade eines Moleküls miteinander interagieren. Indem man diese Abhängigkeiten analysiert,

kann man verstehen, wie die Konformationen eines Moleküls und letztlich auch seine Dynamik

durch seine strukturellen Eigenschaften bestimmt sind. Die Entwicklung von Algorithmen, die

in MD angewendet werden, und der enorme Zuwachs von Rechenkraft innerhalb der letzten

30 Jahre führte zu einem Bedarf an Werkzeugen, mit denen die gewaltigen Datenmengen, die

in modernen MD-Simulationen erzeugt werden, kategorisiert und prägnant dargestellt werden

können. Markov-Modelle der Dynamik von Biomolekülen sind solch ein Werkzeug. Mit diesen

Modellen kann die Dynamik der relevanten Freiheitsgrade selbst von großen Molekülen in einer

quadratischen Matrix mit einer Dimension in der Grössenordnung von 1000 abgebildet werden.

Die Gleichgewichtsverteilung kann als der erste Eigenvektor dieser Matrix berechnet werden.

Die metastabilen Zustände können abgeleitet werden, indem man die (Mikro-)Zustände ihrer

kinetischen Nähe nach gruppiert.

In dieser Doktorarbeit werden Methoden für die Analyse der Gleichgewichtsverteilung von

Biomolekülen diskutiert und getestet. Kapitel 1 zeigt, wie die Bewegungsgleichung für ein
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einzelnes System mit den Bewegungsgleichungen für die Wahrscheinlichkeitsverteilung zusam-

menhängen und wie die Gleichgewichtsverteilung aus diesen Gleichungen berechnet werden

kann. Anschließend zeigen wir wie thermodynamische Größen aus der Gleichgewichtsverteilung

berechnet werden können und diskutieren die Thermodynamik der Proteinfaltung. Im let-

zten Teil von Kapitel 1 geben wir einen kurzen Überblick über die technischen Details der

Molekülsimulation und über die historische Entwicklung dieser Methode.

Kapitel 2 behandelt die Konstruktion von stochastischen Markov-Modellen aus determin-

istischen Simulationen. Der Schwerpunk liegt auf den Annahmen, die gemacht werden, wenn

Bewegungsgleichungen auf die zentrale Grösse der Markov-Modelle, die Übergangsmatrix, abge-

bildet werden. Mit Hilfe eines einfachen 2-Bit-Modells und der Simulationen von Butan illus-

trieren wir, in welchen Fällen diese Annahmen erfüllt und in welchen sie verletzt werden.

Zusätzliche geben wir einen Überblick über die mathematischen Eigenschaften von Übergangs-

matrizen und besprechen ihre physikalische Interpretation.

Kapitel 3 behandelt die Kategorisierung einer Gleichgewichtsverteilung bezüglich der metasta-

bilen Zustände eines Moleküls. Die metastabilen Zustände eines kleinen β-Peptids werden mit

Hilfe eines kinetischen Clusteralgorithmus identifiziert, welcher auf einem Markov-Modell des

Peptids basiert. Anschließend werden sie mit den Ergebnissen eines geometrischen Clusteralgo-

rithmus verglichen, der auf einem Datensatz basiert, der die Gleichgewichtsverteilung repräsen-

tiert. Unseren Ergebnissen zufolge sind geometrische Clusteralgorithmen, die eine Schätzung

für die Dichte an Stelle eines Grenzwertes für den Abstand als Clusterkriterium verwenden, am

besten geeignet, die metastabilen Zustände eines Moleküls verläßlich zu identifizieren.

In Kapitel 4 stellen wir einen Zusammenhang zwischen der Gleichgewichtsverteilung des

gleichen β-Peptids (und einiger strukturell verwandter Peptide) und den Merkmalen seines

atomaren Aufbaus her. Dazu testen wir, in welchem Ausmaß die Konformationen seiner Dieder-

winkel von einander abhängen und zeigen, wie die marginalen Verteilungen der Diederwinkel

des Peptidrückgrats durch den atomaren Aubau der Aminosäureeinheiten bedingt sind. Ins-

besondere können wir zeigen, dass die strukturellen Merkmale, die den gefalteten Zustand bei

β-Peptiden stabilisieren, nicht dieselben sind wie bei natürlichen Peptiden.

Kapitel 5 untersucht am Beispiel von 3J-Kopplungskonstanten die Berechnung von Ensem-

blemittelwerten von Größen, die nicht linear von der Konfiguration des Systems abhängen.

Beim Vergleich von MD-Daten mit experimentellen Ergebnissen werden Fehler in der Gleich-

gewichtsverteilung, die durch Kraftfeldfehler oder Stichprobenfehler verursacht werden können,

oft dadurch korrigiert, dass die Simulation auf den experimentellen Wert beschränkt wird. Diese

Herangehensweise ist zulässig, solange die zu Grunde liegende Dynamik nicht erheblich verzerrt

wird. Wir besprechen ausführlich, wieso im Falle einer nicht-linearen Abhängigkeit zwischen

der Konfiguration des Systems und einer bestimmten Größe gebräuchliche Beschränkungsme-

thoden eine unrealistische Dynamik erzeugen und schlagen davon ausgehend eine Modifikation

dieser Methoden vor.

Im letzen Kapitel dieser Doktorarbeit werden die mögliche zukünftige Entwicklung von

Analysewerkzeugen für MD-Daten diskutiert. Wir besprechen eine persönliche Auswahl von

Fragen und Herausforderungen, mit denen dieses Forschungsgebiet in den nächsten Jahren
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konfrontiert werden wird und versuchen vorherzusehen, wie hoch entwickelte Analysewerkzeuge

helfen können, unser Verständnis von biomolekularen Prozessen zu vertiefen.
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Summary

The dynamics of biomolecules, in particular the folding of peptides and proteins, is a highly

complex process. The temporal and configurational resolution of experiments is typically too

poor to yield a detailed picture of this process. The network of forces which enter the equations

of motion governing this process, on the other hand, are too complex to be analyzed directly.

Numerical integration of the equations of motion, however, provides a means to obtain a detailed

trajectory of a biomolecule. In particular, numerical integration of the classical equations of

motion on an atomic level, known as molecular dynamics (MD), has proved a very powerful

tool for the elucidation of the dynamics of biomolecules.

One reason for its success is that MD cannot only be used to generate trajectories but at the

same time is an efficient method to sample the equilibrium distribution of the configurations

of a molecule. Once the equilibrium distribution is known, most macroscopic properties can

be calculated by averaging. But the equilibrium distribution also represents the gate-way to

a more detailed understanding of the dynamics of the molecule. The metastable states of the

molecules correspond to regions of high probability density in the configurational space and

can, in principle, be extracted directly from the equilibrium distribution. The equilibrium

distribution also contains information on how the degrees of freedom of a molecule interact

with each other. Analyzing these dependences, one can understand how the conformations of

a molecule and ultimately also its dynamics arise from its structural properties.

The development of algorithms used in MD and the tremendous increase in computer power

over the last thirty years has generated a need for tools to categorize and concisely represent the

enormous amount of data which can be generated by modern MD simulations. Markov models

of the dynamics of biomolecules provide such a tool. Using these models the dynamics of the

relevant degrees of freedom even of large molecules can be represented by a square matrix with

a dimension in the order of 1000. The equilibrium distribution emerges naturally as the first

eigenvector of this matrix and metastable states can be extracted simply by grouping states

according to their kinetic proximity.

In this thesis, methods to analyze the equilibrium distribution of biomolecules are discussed

and tested. Chapter 1 shows how the equations of motion for a single system are linked to

equations of motion of the probability distribution and how the equilibrium distribution arises

from these. We show how thermodynamic properties can be calculated from the equilibrium

distribution and discuss the thermodynamics of protein folding. In the last part of chapter 1

we give a short overview of the technical details of molecular simulation and of the historic

xi



xii SUMMARY

development of this method.

Chapter 2 treats the construction of stochastic Markov models from deterministic simula-

tions. Emphasis is placed on the assumptions that are made when mapping the equations of

motion onto the central quantity of Markov models, the transition matrix. Using a simple two-

bit model and simulations of butane, we illustrate in which cases the assumptions are violated

and in which cases they are fulfilled. We also review the mathematical properties of transition

matrices and discuss their physical interpretation.

Chapter 3 discusses the categorization of an equilibrium distribution in terms of metastable

states. The metastable states of a small β-peptide are identified using a kinetic cluster algorithm

(which is based on a Markov model of the peptide) and compared to results of geometric cluster

algorithms (which are based on a data set which represents the equilibrium distribution). We

find that geometric cluster algorithms which use a density estimate as their cluster criterion

rather than a cutoff have the best chance of reliably identifying the metastable states of a

molecule.

In chapter 4 we establish a link between the equilibrium distribution of the same β-peptide

(and some structurally related peptides) to the features of its atomic configuration. For that we

test to which degree the conformations of its dihedral angles depend on each other and show how

the marginal distributions of the backbone dihedral angles arise from the atomic configuration

of the residues. In particular, we can show that structural features which stabilize the folded

conformation in β-peptides are not the same as in natural peptides.

Chapter 5 examines the calculation of ensemble averages of properties which depend non-

linearly on the configuration of the system on the example of 3J-coupling constants. When

comparing MD data to experimental results, errors in the equilibrium distribution which can

be due to force-field or sampling errors, are often corrected by restraining the simulation to the

experimental result. This approach is valid as long as the underlying dynamics is not substan-

tially distorted. We discuss in detail why in the case of a non-linear dependence between the

configuration and a given property, common restraining methods lead to unrealistic dynamics

and based on that propose a modification of these methods.

The last chapter of this thesis gives an outlook on the development of analysis tools for

MD data. We discuss a personal choice of questions and challenges the field will face in the

coming years and also try to envision how sophisticated analysis tools could help to improve

our understanding of biomolecular processes.
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Chapter 1

Introduction

1.1 Microscopic description of the macroscopic world

Our understanding of biomolecules, such as DNA and proteins, is built from two different

starting points. On the one hand there is the atomic composition of these molecules. They are

composed of building blocks (amino acids for proteins and nucleic acids for DNA), which in

turn have a particular atomic configuration. On the other hand we can measure bulk properties

of these molecules, such as rate and equilibrium constants, melting temperatures and various

spectroscopic signals. Some of these properties, such as NMR and X-ray signals, can be related

to the structure of the molecule, i.e. the three-dimensional arrangement of the atoms in the

molecule. Yet, our comprehension of how structure and dynamics are linked to the atomic

composition of these molecules is still limited.

All attempts to elucidate this link are based on the assumption that the macroscopic prop-

erties of matter can be derived from the microscopic behavior of its constituting particles. In

particular, a system at time t is characterized by its phase space vector Γ, where the phase space

Γ is the space spanned by the generalized position coordinates q and the conjugate momenta

p of a system

Γ = {q,p} . (1.1)

And then, putting the assumption into mathematical phrasing, any given macroscopic property

A is equal to the average of the corresponding microscopic properties a over all systems in the

ensemble

A(t) = 〈a(Γ)〉N =

∫
ρ(Γ, t)a(Γ)dΓ (1.2)

where 〈...〉N denotes the ensemble average. ρ(Γ, t) is the phase-space density which is defined

as the number of systems Nsys occupying a given point in phase space Γ = ξ at a given time t

ρ(ξ, t) =
1

Nsys

Nsys∑
i=1

δ(ξ − Γi(t)) = 〈δ(ξ − Γi(t))〉Nsys (1.3)

1
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where Γi(t) is the phase space trajectory of the ith system. By definition ρ(ξ, t) is normalized∫
Γ

ρ(ξ, t)dξ = 1. (1.4)

and can be interpreted as the probability density of finding the system at point Γ at time t.

Given a phase-space density ρ(Γ, t) and given the relation a(Γ, t), one can calculate the

macroscopic property A. This is the first part of the assumption. The second part is that

the precise form of the phase-space density is determined by the dynamics of each system in

the ensemble i.e. on its phase-space trajectory Γ(t). Equations of motion represent a (mathe-

matical) model for these dynamics and we will discuss in the following how some of the most

commonly used equations of motion are related to the phase-space density. A sketch of the

flow of arguments, the necessary assumptions and the conclusions which follow from them is

presented in Fig. 1.1. Tab. 1.1 gives an overview of all symbols used in this chapter.

1.2 Time evolution of single trajectories

The classical equations of motion are partial differential equations and, to put it in simple words,

answer the question how the momentum p(t) and the position q(t) of the system changes with

time. In generalized position coordinates q and generalized momenta p, these relations are

given by the Hamiltonian equations of motion:

dqi
dt

= q̇i =
∂H(p,q)

∂pi

dpi
dt

= ṗi = −∂H(p,q)

∂qi
(1.5)

where H(p,q) denotes the total energy of the system as a function of positions and momenta

and is commonly referred to as the Hamiltonian of the system. qi and pi denote the position

and the momentum of the ith atom in the system and the dot denotes the derivative with

respect to time. Note that if the Hamiltonian is time independent, the energy of the system is

conserved.

In Cartesian coordinates x, the Hamiltonian of the system can be split into a kinetic energy

T (p) and a potential energy part V(x)

H = V(x) + T (p) = V(x) +
Natoms∑

i

p2
i

2mi

(1.6)

where Natoms denotes the number of atoms in the system. The kinetic energy depends exclu-

sively on the momenta and the potential energy function exclusively on the positions. In this

case, Eq. 1.5 simplifies to

fi = ṗi = −∂V(x)

∂xi
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vi = ẋi =
pi
mi

. (1.7)

These are the Newton equations of motion in which fi denotes the force on the ith atom in the

system and vi denotes its velocity. Given some initial condition they can be integrated to yield

the deterministic time evolution of the system. The corresponding simulation method is called

molecular dynamics (MD) and is discussed in section 1.8.

Often one is not interested in the time evolution of the entire phase-space vector Γ but only

in the time evolution of a small subset of degrees of freedom {xP ⊂ x,qP ⊂ q}. This is e.g. the

case if one models a heavy particle with coordinates {xP ,qP}, such as a protein, in a solution

of light solvent molecules such as water. The influence of the solvent degrees of freedom on an

atom i of the protein is then modeled as a decelerating friction term −miζvP,i = −ζpP,i (where

ζ is the friction coefficient) and by a stochastic term fs,i(t) emulating the kicks by the solvent,

which leads to the following form of Eq. 1.7

ṗP,i = −ζpP,i − ∂V (xP )

∂xP,i
+ fs,i(t)

ẋP,i =
pP,i
mi

. (1.8)

These are the Langevin equations of motion and the corresponding dynamics is referred to as

Langevin dynamics. Although the stochastic force term can in principle have a very complicated

form, it is usually assumed that the forces are randomly drawn from a distribution which is

time invariant. This assumption leads to a particularly useful differential equation for the

time evolution of the phase-space density (c.f. section 1.3). Markov models of the dynamics

intrinsically assume an underlying Langevin dynamics and their construction from trajectories

obtained from MD are discussed in detail in chapter 2.

A special case of Langevin dynamics is the limit of strong friction:

ζpP,i � ṗP,i, (1.9)

Then we have approximately

0 = −ζpP.i − ∂V (x)

∂xP,i
+ fs,i(t) = −ζmiẋP.i − ∂V (x)

∂xP,i
+ fs,i(t) (1.10)

and Eq. 1.8 becomes

ṗP,i = 0

ẋP.i = − 1

miζ

∂V (x)

∂xP,i
+

1

miζ
fs,i(t) . (1.11)

This model of the dynamics is called Brownian dynamics and was first developed to model the

translational movement of a macroscopic particle, such as dust or pollen, suspended in a fluid

of gas or liquid.
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Math

N natural numbers

R real numbers

C complex numbers

ẋ derivative with respect to time ẋ = dx
dt

Constants

R universal gas constant

kB Boltzmann constant

π circular constant

Classical & statistical mechanics

Nsys number of systems in the ensemble

Natom number of atoms in the system

Ndof number of degrees of freedom in the system

H Hamiltonian

T kinetic part of the Hamiltonian

V potential energy function

L̂ Liouville operator

κ force constant

m mass

Γ phase space vector

q generalized coordinates

p generalized momenta

x Cartesian coordinates

v velocities

f forces

ρ(Γ, t) phase space density

Q partition function

Thermodynamics & kinetics

H enthalpy

S entropy

G Gibbs free energy

K equilibrium constant

kij rate constant

T absolute temperature

ρeq equilibrium / Boltzmann distribution

Table 1.1: Symbols used in this chapter
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Continuity eq.
for the density

ρ̇ = −∇ [Γ, s]

Wiener
process

��*

��*

phase-space
density
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equations of motion
for the density

Liouville eq.

Kramers eq.
Smoluchowski eq.
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phase-space
trajectory

Γ(t)
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average
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1
N

∑N
i=1 δ(ξ − Γi(t))

?
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t→∞
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1
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-

detailed
balance
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Figure 1.1: Network of assumptions and conclusions in statistical mechanics, red: Hamilton equations

of motion (energy conserved), blue: Langevin equations of motion (stochastic force term), yellow:

assumptions.
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Both equations of motion (Eq. 1.8 and Eq. 1.11) are stochastic differential equations, i.e. the

time evolution of the heavy particle is not deterministic but depends on the precise sequence

of the stochastic kicks. Any numerical intergration of this equation of motion using a (pseudo)

random number generator will only represent one possible trajectory of the particle. The

corresponding simulation methods are summarized under the name stochastic dynamics (SD).

Due to the stochastic force term and the friction term, kinetic energy is continuously added

to and removed from the system and therefore, contrary to the Hamilton equations of motion,

energy is not conserved in stochastic equations of motion.

Note that if the potential energy term V(x) is zero, Eq. 1.8 reads

ṗP,i = −ζpP,i + fs,i(t)

ẋP,i =
pP,i
mi

. (1.12)

The corresponding phase-space density is a function of only the velocities v and the equation

of motion for this density has the Maxwell-Boltzmann distribution as a stationary distribution.

However, when investigating biomolecules the potential energy term is virtually never zero and,

therefore, we do not further discuss this variation of the Langevin equation.

1.3 Time evolution of phase space densities

In the last section we have introduced a number of models for the dynamics of a single system

(Eq. 1.5, 1.7, 1.8 and 1.11). This corresponds to the item “equations of motion for a single

system” in Fig. 1.1. In this section, we will show how the equations of motions for a single

system are linked to the equation of motion for the phase-space density.

1.3.1 Phase space density and Liouville equation

Assuming continuous dynamics, the change in density in a given phase space volume ∆Γ is given

by the number of trajectories leaving the volume minus the number of trajectories entering it.

Analogously to macroscopic diffusion, a generic equation for the time evolution of the phase

space density can then be formulated as a continuity equation:

∂ρ(Γ, t)

∂t
= −∇Γ · (Γ̇ρ(Γ, t)) (1.13)

This is equation is called the (generalized) Liouville equation and it relates the time evolution

of the density to some (time-independent) operator which acts on the density at a given time

t:

∂ρ(Γ, t)

∂t
= iL̂ρ(Γ, t) . (1.14)
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L̂ is called the Liouville operator. Together with the factor i =
√−1, this operator is hermitian,

which is a practical convention to parallel the properties of a corresponding equation in quantum

mechanics. Eq. 1.14 can be formally integrated to yield

ρ(Γ, t) = exp(iL̂t)ρ(Γ0) . (1.15)

Note that eqs. 1.13 and 1.14 are also valid if not the complete phase-space density but only

the a density on a subset of phase space coordinates is evolved such as e.g. {xP,i,pP,i} in Eq.

1.8 and 1.11.

1.3.2 Inserting the equations of motion into the Liouville equation

In order to solve Eq. 1.13 one needs a specific expression for Γ̇, which is introduced into the

equation by expanding it to the following expression:

∂ρ(Γ, t)

∂t
= −∇Γ · (Γ̇ρ(Γ, t)) = −∇Γ · ({q̇, ṗ}ρ)

= −
Natoms∑

i

[
∂

∂qi
q̇iρ+

∂

∂pi
ṗiρ

]
= −

Natoms∑
i

[
ρ
∂

∂qi
q̇i + q̇i

∂

∂qi
ρ+ ρ

∂

∂pi
ṗi + ṗi

∂

∂pi
ρ

]
(1.16)

where Natoms denotes the number of atoms in the system. The derivatives with respect to time,

q̇i and ṗi, are the connection points to the underlying dynamics. Substituting them by specific

equations of motion (Eq. 1.5, 1.7, 1.8, 1.12 or 1.11), one obtains the Liouville equation for the

corresponding dynamics of the phase-space density.

1.3.3 Inserting the Hamilton and Newton equations of motion

Inserting the Hamilton equations of motion (Eq. 1.5) into Eq. 1.16, one obtains

∂ρ(Γ, t)

∂t
= −

Natoms∑
i

[
ρ
∂

∂qi

(
∂H
∂pi

)
+
∂H
∂pi

∂

∂qi
ρ+ ρ

∂

∂pi

(
−∂H
∂qi

)
− ∂H
∂qi

∂

∂pi
ρ

]

= −
Ndof∑
i

[
∂H
∂pi

∂

∂qi
ρ− ∂H

∂qi

∂

∂pi
ρ

]
= −{H(q,p), ρ(q,p)}. (1.17)

{...} denotes the Poisson bracket which is defined by the second line of Eq. 1.17. The Liouville

operator is then given as

iL̂ = −
Natoms∑

i

[
∂H
∂pi

∂

∂qi
− ∂H
∂qi

∂

∂pi

]
(1.18)
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or equivalently as

iL̂ = −{H, }. (1.19)

Analogously, inserting the Newton equations of motion (Eq. 1.7) into Eq. 1.16 leads to

∂ρ(Γ, t)

∂t
= −

Natoms∑
i

[
pi
m

∂

∂xi
ρ− ∂V(x)

∂xi

∂

∂pi
ρ

]
(1.20)

The corresponding Liouville operator is

iL̂ = −
Natoms∑

i

[
pi
m

∂

∂xi
− ∂V(x)

∂xi

∂

∂pi

]
(1.21)

Both formulations of the Liouville equation (Eq. 1.17 and 1.20) represent propagators for the

density of the complete phase space Γ1–4. (Numerically) integrating them yields a time evolution

of ρ(Γ, t).

1.3.4 Inserting Langevin and Brownian equations of motion

Contrary to deterministic equations of motion, integrating the Langevin equations of motion

(eq. 1.8) will only yield one of many possible trajectories depending on the precise sequence of

stochastic kicks fs(t). Inserting the Langevin equations of motion (Eq. 1.8) into the Liouville

equation (Eq. 1.16)

∂

∂t
ρ(xP ,pP , t) = −

Natoms∑
i

∂

∂xP,i

[
pP,i
mi

ρ

]
−

Natoms∑
i

∂

∂pP,i

[(
−ζpP,i − ∂

∂xP,i
V (xP )

)
ρ

]
︸ ︷︷ ︸

D̂ρ

−
Natoms∑

i

∂

∂pP,i
fs,i(t)ρ

= D̂ρ− 〈δ(ξx − xP (t))〉
Natoms∑

i

∂

∂pP,i
〈fs,i(t)δ(ξp − pP (t))〉 , (1.22)

one obtains a stochastic differential equation consisting of a deterministic part, D̂ρ, and term

which depends on the stochastic kicks f(t). In the last step in Eq. 1.22, we have replaced the

phase space density by its definition (analogous to Eq. 1.3)

ρ(xP ,pP , t) = 〈δ(ξx − xP (t))〉 〈δ(ξp − pP (t))〉 . (1.23)

For the evolution of the phase space density according to Eq. 1.22, one, in principle, would have

to consider all possible forms of fs,i(t), which is clearly impossible. Alternatively, one can make

an assumption about the probability distribution of the stochastic kicks P [f(t)] and integrate

over all possible kicks at a given t weighted with their probability2.

A particularly useful expression is obtained if one assumes that fs(t) is a Wiener process5.

A Wiener process is defined as a continuous time stochastic process W (t) for t ≥ 0 with
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• W (0) = 0

• increments ∆W = W (t)−W (s) are Gaussian distributed with mean µ = 0 and variance

σ2 ∼ ∆t = t− s for all 0 ≤ s < t

• the increments of non-overlapping time intervals are independent.

In other words, the probability that an increment ∆W occurs is independent of the current

state of the Wiener process W (t) and is given by

p(∆W,∆t) =
1√

4πζ∆t
exp

(
−(∆W )2

4ζ∆t

)
(1.24)

where we chose σ = 2ζ∆t. In this case, the stochastic term in Eq. 1.22 is given as a second-order

derivative of ρ with respect to the momentum2

−〈δ(ξx − xP (t))〉
Natoms∑

i

∂

∂pP,i
〈fs,i(t)δ(ξp − pP (t))〉

=
Natoms∑

i

ζkBTmi
∂2

∂p2
P,i

ρ . (1.25)

and we obtain a non-stochastic partial differential equation2

∂ρ(Γ, t)

∂t
= −

Natoms∑
i

[
pP,i
mi

∂

∂xP,i
ρ− ζ ∂

∂pP,i
(pP,iρ)− ∂V(x)

∂xP,i

∂

∂pP,i
ρ+ ζkBTmi

∂2

∂p2
P,i

ρ

]

= −
Natoms∑

i

[
pP,i
mi

∂

∂xP,i
− ∂V(x)

∂xP,i

∂

∂pP,i

]
ρ

−
Natoms∑

i

[
−ζ ∂

∂pP,i
pP,i + ζkBTmi

∂2

∂p2
P,i

]
ρ (1.26)

This is Kramers equation1,2, 4. I Note, that the sum in the second line is equal to the Liouville

operator for Newton equations of motion (Eq. 1.21) and the sum in the third line contains all

terms which account for the friction and the stochastic force. Without friction and stochastic

forces Eq. 1.26 reduces to the Liouville equation for Newton equations of motion (Eq. 1.20).

Analogously, inserting the Brownian equations of motion, Eq. 1.11, into Eq. 1.16 yields

∂ρ(Γ, t)

∂t
=

Natoms∑
i

1

miζ

∂

∂xP,i

(
∂

∂xP,i
V(x)ρ

)
− 1

miζ

∂

∂xP,i
〈fs,i(t)ρ〉 (1.27)

and assuming a Wiener process for the stochastic forces and using2

〈fs(t)ρ(x)〉 = 〈fs(t) δ(ξ − x(t))〉 = −kBT ∂

∂x
ρ(x) (1.28)

INote, that the friction coefficient ζ in Ref.1 and Ref.4 is defined slightly differently from the friction
coefficient in the present text. It is obtained by multiplying the friction coefficient of the present text with mass
mi.
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we obtain the Smoluchowksi equation

∂ρ(Γ, t)

∂t
=

Natoms∑
i

1

miζ

∂

∂xP,i

(
∂

∂xP,i
V(x)ρ

)
− kBT

miζ

∂2

∂x2
P,i

ρ . (1.29)

Integrating Eq. 1.26 or 1.29 yields the time evolution of the density of the reduced phase space

{xP ,pP}. For completeness we note that both Kramers equation and Smoluchowski equation

are special forms of the Fokker-Planck equation1.

1.4 Stationary solutions

So far we have argued along the left column in Fig. 1.1: Models for the dynamics of a single

system, formulated as equations of motion, can be used to calculate the phase-space trajectory

of this system. Inserting the equations of motion into the continuity equation for the phase-

space density leads to equations of motion for this density. Given an initial density and a model

for the dynamics of the single system, we are now, in principle, able to calculate the density at

any point time t and along with it any macroscopic property A(t) for which the relation a(Γ) is

known. Under equilibrium conditions, however, the macroscopic properties of an ensemble of

systems do not change with time, i.e. A(t) = const, and there must be a stationary phase-space

density ρ(Γ, t) = ρstat(Γ) for which

∂ρstat(Γ)

∂t
= 0 . (1.30)

In the following, we will outline the derivation of the stationary solution of Eq. 1.17, 1.20, 1.26

or 1.29.

1.4.1 Hamilton and Newton equations of motion

If we set the derivative with respect to time to zero in Eq. 1.17, we obtain the following

differential equation

0 = −
Natoms∑

i

[
∂H(q,p)

∂pi

∂

∂qi
ρ− ∂H(q,p)

∂qi

∂

∂pi
ρ

]
(1.31)

which is solved by any function of the form6

ρstat(q,p) =
1

Q
exp(−βH(q,p)) (1.32)

where Q and β are positive constants. This is easily seen by making the ansatz:

ρ(q,p) =
1

Q
exp(−βf(q,p)) . (1.33)
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Consequently, the stationary solution of Eq. 1.20 is

ρstat(x,p) =
1

Q
exp(−βH(x,p)) =

1

Q
exp

(
−β
(
V(x) +

Natoms∑
i

p2
i

2mi

))

=
1

Q
exp (−βV(x)) · exp

(
−β

Natoms∑
i

p2
i

2mi

)
. (1.34)

1.4.2 Langevin and Brownian equations of motion

The stationary solution for the Liouville equation for the Newton equation of motion (Eq. 1.34)

is also a stationary solution of the Kramers equation if one sets β = 1
kBT

.

0 = −
Natoms∑

i

[
pP,i
mi

∂

∂xP,i
− ∂V(xP )

∂xP,i

∂

∂pP,i

]
ρ

−
Natoms∑

i

[
−ζ ∂

∂pP,i
pP,i + ζkBTmi

∂2

∂p2
P,i

]
ρ (1.35)

Obviously, it is stationary with respect to the first term. The second term will not alter the

part of ρstat which depends on the potential energy function. So, we are left with the following

term

Natoms∑
i

[
ζ

∂

∂pP,i
pP,i + ζkBTmi

∂2

∂p2
P,i

]
exp

(
−β

Natoms∑
j

p2
P,j

2mj

)

=
Natoms∑

i

ζ
∂

∂pP,i

[
pP,i + kBTmi

∂

∂pP,i

]
exp

(
−β

Natoms∑
j

p2
P,j

2mj

)

=
Natoms∑

i

ζ
∂

∂pP,i
[pP,i − kBTβpP,i] exp

(
−β

Natoms∑
j

p2
P,j

2mj

)
(1.36)

For β = 1
kBT

the expression in the brackets becomes zero. With that the entire second term in

Eq. 1.35 becomes zero and hence

ρstat(xP ,pP ) =
1

Q
exp

(
− 1

kBT
V(xP )

)
· exp

(
− 1

kBT

Natoms∑
i

p2
P,i

2m

)
(1.37)

For the stationary solution of the Smoluchowski equation (Eq. 1.29) one takes a different

route. One reformulates the equation as continuity equation and sets the flux to zero. This

leads to

ρstat(xP ) =
1

Q
exp

(
− 1

kBT
V(xP )

)
. (1.38)
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1.5 The equilibrium distribution

The stationary solution of the equations of motion for the phase-space density (Eq. 1.17, 1.20,

1.26 or 1.29) has the same functional form as the equilibrium distribution, conceptually, it is not

necessarily identical with it. For equilibrium, we further need to assume that the dynamics is

microreversible, i.e. in an ensemble there are as many systems making a transition from a phase-

space point Γi to a phase-space point Γj as there are system which make the reverse transition

within a time step ∆t. Intuitively, this prohibits “currents” in the equilibrium distribution.

The phase-space density can be visualized as the probability density of finding a given system

in an infinite ensemble of identical systems at a certain point in phase space. It represents the

ensemble average

ρ(Γ, t) = lim
Nsystem→∞

1

Nsystem

Nsystem∑
i

δ(ξ − Γi(t)) . (1.39)

where δ is the Dirac delta function and Nsystem denotes the number of systems in the ensemble.

Starting from an initial density ρ(Γ, t = 0), Kramers equation and Smoluchowksi equation

which are based on stochastic equations of motion will relax the density towards the stationary

distribution ρstat(Γ) as time goes to infinity. Evolving an initial density with the Liouville

equations for deterministic dynamics will, however, not lead to the stationary density. This

fact is reflected by the missing red arrow from “ensemble average” to “stationary density” in

Fig. 1.1. The reason for this is illustrated in Fig. 1.2 for the example of harmonic oscillators.

As mentioned earlier in this chapter, the energy of a system evolved by deterministic equations

of motion is conserved, its trajectory will move along an iso-energy path in phase space. The

iso-energy path for a harmonic oscillator is an ellipse in the phase space which is spanned by

its position coordinate q and the associated momentum p, e.g. one of the three outer ellipses

in Fig. 1.2. Consequently, an ensemble in which the energies of the individual systems are not

Boltzmann-distributed cannot relax to the equilibrium density. In contrast to deterministic

equations of motion, a system which is evolved by stochastic equations of motion experiences a

constant change of kinetic energy due to the friction term and the stochastic force term. In the

language of physics: it exchanges energy with its surroundings. An ensemble of systems which

is initially arbitrarily close to one point in phase-space (smallest grey region in Fig. 1.2) will

spread out over the available phase space (grey regions along the central curve in Fig. 1.2) until

eventually its distribution has relaxed to the equilibrium distribution. Note that this relaxation

to the equilibrium density is only guaranteed if the dynamics of the system is ergodic.

The factor Q in Eq. 1.32, 1.34, 1.37 and 1.38 is the partition function and is given as

Q =
1

h3NN !

∫ ∫
exp

(
−H(p,q)

kBT

)
dpdq . (1.40)

In the prefactor, the term N ! accounts for the number of indistinguishable particles in the

system, h is the Planck constant and guarantees that the equation is consistent with quantum

mechanics.
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p

q

Figure 1.2: Phase-space trajectories of harmonic oscillators. q = position dergee of freedom, p

associated momentum degree of freedom. The outer three ellipses represent trajectories with constant

energy as produced be deterministic dynamics. The grey regions represent an ensemble of harmonic

oscillators which spread throughout the available phase space as it is evolved in time by stochastic

dynamics. (Figure according to http://en.wikipedia.org/wiki/Langevin equation (Sep. 5th, 2009).)

1.6 Relation to thermodynamics quantities

In the previous sections we have shown how the equilibrium distribution arises from the equa-

tions of motion. Given an equilibrium distribution and a relation a(Γ), we can now, in principle

calculate any macroscopic property using Eq. 1.2. For a number of important thermodynamic

properties, the integral in Eq. 1.2 reduces to the closed form expression of the partition function

Q (Eq. 1.40)7. For example, the enthalpy of a system at constant temperature T and constant

pressure p is given as

H = 〈H〉 = −
(
∂ lnQ(N, p, T )

∂β

)
N,p

= kBT
2

(
∂ lnQ(N, p, T )

∂T

)
N,p

. (1.41)
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However, the entropy S, unlike the enthalpy, is not an ensemble average. It is given by the

following functional

S = −kB
∫
ρ(x,q) ln ρ(x,q) dx dq . (1.42)

which represents a measure for the “extent” of the phase space and the “randomness” with

which the particles are distributed over this phase-space. Nonetheless, a closed-form expression

in terms of Q(N, p, T ) can be found by inserting the definition of ρ(x,q) (Eq. 1.32) into Eq.

1.427

S =
〈H〉
T

+ kB lnQ(N, p, T ) . (1.43)

With this also expressions for the Gibbs free energy G (at constant temperatur T and

constant pressure p) can be derived

G = H − TS = −kBT lnQ(N, p, T ) . (1.44)

Free energy differences between two states 1 and 2 are given as the a function of the ratio of

the partition functions Q1(N, p, T ) and Q2(N, p, T )

∆G = G2 −G1 = −kBT ln
Q2(N, p, T )

Q1(N, p, T )
. (1.45)

1.7 Thermodynamics of protein folding

1.7.1 Folding pathways

Proteins have surprising structural properties. Although they have an enormously large con-

figurational space, they fold into stable and well defined three-dimensional structures which

are typically unique for each molecule. Moreover, they fold reversibly into these structures,

meaning that, even if this structure has been completely disrupted, the molecule finds its way

back to it as soon as folding conditions are restored. These unique structures are known as the

folded state, native conformation or folded conformation of proteins, all other structures are

collectively referred to as the unfolded or denatured state. The question of how proteins fold

into their native state or, formulated differently, by which thermodynamic and kinetic proper-

ties the native state stands out from all other configurations, has been fascinating generations

of scientists.

The central postulate of protein folding has been formulated by C. B. Anfinsen and states

that the folded structure of proteins at given environmental conditions (temperature, pressure,

solvent) is entirely determined by its amino acid sequence. From a thermodynamic point

of view, this means that the folded state must correspond to a minimum in the free-energy.

Furthermore, it must correspond to a unique minimum in the free-energy surface, i.e. there may

not be other minima with comparable or lower free energies. The minimum additionally has
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to be stable, i.e. it has to stay an unique minimum even if small changes in the environment

occur, and it has to be kinetically accessible. Only, how does the protein search through its

vast configurational space in order to find this unique minimum?

The possibility of a random search through configurational space is ruled out by a simple

thought experiment, which was first suggested by Cyrus Levinthal in 1968 and is known under

the name Levinthal’s paradox 8. Suppose that each residue in a protein could assume only 3

states, then the number of possible configurations would grow with 3n. Even if the protein

could sample these states at a rate of 1013 per second, the time it would take for a medium

sized protein, e.g. consisting of 100 residues, to visit all possible state would exceed the age

of planet earth by several orders of magnitude. Yet, proteins only have a half-life in living

organisms of only a few hours to days and upon unfolding find their folded conformation within

microseconds to minutes.

If random search drops out as a possible mechanism for protein folding, then there must

be some pathway or constraint by which the search through configurational space is guided.

The simplest model for such a constraint is the folding funnel, in which one pictures the free-

energy surface of the protein as a funnel with the folded state at its center. Starting from

any unfolded configuration and moving down the free energy surface, the protein will come

closer to its folded state with every configurational transition. In other words, the sampling of

configurations is funneled towards the folded state. Another model is that of the hydrophobic

collapse in which it is hypothesized that the protein quickly collapses into a compact structure

with its hydrophilic side-chains at the exterior and its hydrophobic side-chains buried inside the

structure. This would drastically reduce the accessible configurational space and the folded state

could be found by local rearrangements within this compact structure9. Lastly, we mention

the diffusion-collision model. Here, one imagines that first local secondary structures form,

which are stable. These building blocks are linked by flexible part of the protein and diffuse

through configurational space until they eventually collide and arrange into the folded state9.

In this model, the folding process is governed by two time-scales: a fast one for the formation

of secondary structure and a slow one for the arrangement of secondary structure elements

into the tertiary structure of the folded state. This essentially corresponds to a reduction

of the dimensionality of the configurational space. Instead of one vast configurational space,

the protein has to search two configurational spaces with lower dimensions which reduces the

expected folding time drastically.

Levinthal’s paradox can also be resolved by challenging two of its assumptions. Firstly,

Levinthal assumed that the search through configurational space is unbiased, i.e. the rate at

which a degree of freedom finds its native-like configuration k0 is the same as the rate at which

it leaves this configuration, k1. R. Zwanzig et. al.10 argued that the folding is more likely

to be a biased search. By introducing a bias, i.e. by setting k0 > k1, which corresponds to

a physically reasonable energy difference of a few kBT between locally folded and unfolded

configurations, the expected mean first-passage time to the folded state reduces to the order

of seconds. This is essentially a mathematical formulation of the folding funnel. Secondly, in

Levinthal’s paradox it is assumed that each of the theoretical possible configuration can indeed
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be visited. Computer simulations of small β-peptides by W.F. van Gunsteren et. al., however,

showed that the unfolded state of at least these peptides is much smaller than anticipated and

therefore, the number of configurations which have to be tried in order to find the folded state

is significantly reduced11. In chapter 4 of this thesis, we show that some backbone degrees

of freedom of β3-peptides are sterically restricted to one configuration and that the folded

state in these cases is stabilized by excluding large parts of the unfolded configurational space.

Although, these results cannot directly be transfered to the folding of (natural) α-peptides, it

is absolutely conceivable that similar effects play a role in the folding of natural peptides and

proteins.

A definite answer as to which of the proposed mechanisms governs the folding of proteins or

whether different proteins fold by different mechanisms has not been found yet and the protein

folding problem remains a challenge. In the following section, the thermodynamic and kinetic

equations of a particularly simple and instructive model of protein folding will be discussed.

1.7.2 The two-state model of protein folding

Despite the complexity of the configurational space of proteins, experimental evidence suggests

that the folding of many proteins can be described as a simple two-state kinetic process9,12.

These proteins are often called two-state folders and their free-energy surface can be modeled

by a double-well energy surface as depicted in Fig. 1.3. The narrow minimum on the left

represents the folded state and the broad minimum on the right the unfolded state. The

equilibrium constant K between the these two states is given as

∆Gfu = −kBT lnK

⇓
K = exp

(
−∆Gfu

kBT

)
= exp

(
−∆Hfu

kBT

)
exp

(
∆Sfu
kB

)
(1.46)

where ∆Gfu is the free-energy difference between the folded state and the unfolded state,

∆Gfu = Gf − Gu, kB is the Boltzmann constant and T the absolute temperature. In the last

step of Eq. 1.46 we used ∆G = ∆H − T∆S.

Alternatively, the equilibrium constant can be defined by the reaction rates

K =
kuf
kfu

(1.47)

where kfu is the rate of the unfolding of the protein (folded state → unfolded state) and kuf is

the rate of the folding process (unfolded state → folded state). Hence, thermodynamic state

points in which the protein is (predominantly) folded are characterized by ∆Gfu < 0, kuf > kfu
and K > 1 and, conversely, thermodynamic state points in which the protein is (predominantly)

unfolded are characterized by ∆Gfu > 0, kuf < kfu and K < 1.

The rate constants can be calculated from transition state theory which states that the rate

of going from the folded to the unfolded state is equal to the expectation value of finding the
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Figure 1.3: One-dimensional sketch of the folding free-energy surface of a two-state folder

system at the transition state (coming from the folded state) times the velocity at which the

system moves across the transition state from the folded to the unfolded state:

kTST,fu =
1

2
〈δ(x− xTS) · |v|〉f (1.48)

where 〈...〉f denotes an ensemble average over all systems in the folded state and the factor
1/2 accounts for the fact that only one half of the systems is moving in forward direction (the

other half moving back to folded state). The rate constant for the folding kTST,uf is obtained

by replacing the ensemble average over the folded state in Eq. 1.48 by an ensemble average over

the unfolded state 〈...〉u.
For a system in which the Hamiltonian can be separated into a potential and a kinetic part,

the expectation value of the absolute value of the velocity does not depend on the position

coordinate x and can be calculated from the momentum part of the ensemble average

〈|p|〉 =
2
∫∞
p=0
|p| exp(−p2/2mkBT )dp∫

p
exp(−p2/2mkBT )dp

=
2mkBT√
2πmkBT

=

√
2mkBT

π
(1.49)

II III and

〈|v|〉 =
〈|p|〉
m

=

√
2kBT

πm
. (1.50)

II
∫
x exp(−αx2)dx = 1

2α exp(−αx2)
III
∫∞
−∞ exp(−αx2)dx =

√
π
α
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where we used the fact that the distribution of momenta is symmetric around p = 0.

The probability of finding the system at the transition state, on the other hand, does depend

on the potential energy term. A particularly illustrative result is obtained if one approximates

the minima by harmonic potential energy functions

Vf (x) =
1

2
κfx

2

Vu(x) =
1

2
κux

2 . (1.51)

Then the probability of being at the transition state coming from the folded state is given as

〈δ(x− xTS)〉f =

∫
x

exp(−κfx2/2kBT )δ(x− xTS)dx∫
x

exp(−κfx2/2kBT )dx
=

exp(−VA,f/kBT )√
2πkBT/κf

. (1.52)

Inserting Eq. 1.50 and Eq. 1.52 into Eq. 1.48, one obtains

kTST,fu =
1

2

√
2kBT

πm

exp(−VA,f/kBT )√
2πkBT/κf

=
1

2π

√
κf
m

exp(−VA,f/kBT ) . (1.53)

The rate constant for the reverse reaction is obtained analogously. Note that
√

κf
m

is the

frequency of the harmonic oscillator which is defined by the first term in Eq. 1.51. The transition

rate in Eq. 1.53 is, hence, composed of a term which represents the probability of reaching

the transition state when coming from the folded state: exp(−VA,f/kBT ) and a term which

represents the frequency with which an attempt to reach the transition state is made: 1
2π

√
κf
m

.

Two things are noteworthy:

• Starting from equilibrium properties, the probability of being at the transition state and

the average velocity, we have arrived at a kinetic construction of the transition rate.

• The transition rate is directly linked to the width (Wf and Wu in Fig. 1.3) of the potential

energy functions: the broader the minimum, i.e. the smaller κ, the smaller the transition

rate kTST will be. The unfolded state in Fig. 1.3 has a high probability of reaching the

transition state, but a low frequency of attempts. A system in the folded state, on the

other hand, will often attempt to reach the transition state but has a low probability of

success.

In order to obtain an expression for the equilibrium constant, we insert Eq. 1.53 and its

equivalent for kTST,uf into Eq. 1.47:

K =
1

2π

√
κu
m

exp(−VA,u/kBT )

1
2π

√
κf
m

exp(−VA,f/kBT )
=

√
κu
κf

exp

(
−∆Vfu
kBT

)
(1.54)

where we used ∆Vfu = Vf − Vu = VA,u − VA,f . Remembering that in systems in which the

hamiltonian H is separable into a potential and a kinetic part ∆Hfu = ∆Vfu, we can identify
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the second function in the above equation with the second function in Eq. 1.46 and consequently

also √
κu
κf

= exp

(
∆Sfu
kB

)
. (1.55)

The number of configurations which contribute to the folded state will typically be much smaller

than the number of those that belong to the unfolded state. As illustrated in Fig. 1.3, this

corresponds to a steep potential energy surface in the minimum of the folded state and, hence,

we have for proteins: κf � κu and exp
(

∆Sfu
kB

)
< 1. Consequently, ∆Sfu = Sf − Su must be

smaller than zero. This fact is reflected in the common notion that the unfolded state is ”larger”

than the folded state and therefore its entropy higher. Note, however, that the frequency of

attempts (Eq. 1.55) does not change with temperature, i.e. in the harmonic approximation the

unfolding of proteins at high temperature is not caused by an ”increase in size” of the unfolded

states, as is often argued, but by a change of the ratio of success rates exp
(
−∆Vfu

kBT

)
.

For most proteins, the unfolded state will be higher in energy than the folded state, i.e.

∆Vfu < 0, then exp
(
−∆Vfu

kBT

)
is a function that varies between ∞ for T = 0 and 1 for T →∞.

IV The smaller the absolute value of ∆Vfu, the steeper the function will fall with temperature.

The unfolded state is characterized by an equilibrium constant which is smaller than 1, i.e.

K =

√
κu
κf

exp

(
−∆Vfu
kBT

)
< 1 ⇔ exp

(
−∆Vfu
kBT

)
<

√
κf
κu

. (1.56)

In other word, as soon as exp
(
−∆Vfu

kBT

)
drops, below a threshold

√
κf
κu

, the protein unfolds.

Given a ratio κu/κf , the lower the absolute value of ∆Vfu, the lower the temperature at which

this threshold is reached.

Note, that the rate constants predicted by transition state theory are accurate for gas phase

reactions but grossly overestimate the true rate constants of conformational changes in solution.

In transition state theory it is assumed that every system which has crossed the transition state

coming from the folded state will proceed to the unfolded state, where as in solution the protein

will experience kicks from the surrounding solvent which eventually might reverse its velocity

and send it back to the folded state. In other words, in the limit of high friction, not all

trajectories which reach the transition state are productive trajectories and the transition has

to be modeled as a diffusion process across a barrier with width Wbarrier. In Kramers’ theory

the barrier is modeled as a harmonic function

Vbarrier(x) = −1

2
κbarrier x

2 (1.57)

and the rate constants are modified by a friction term:

kKramers,fu =
m

ζ

√
κbarrier
m

kTST,fu (1.58)

IVIn proteins with ∆Vfu > 0 (and ∆Sfu < 0), the free energy ∆Gfu = ∆Vfu−T∆Sfu will always be positive
and therefore the equilibrium will always be on the side of the unfolded state. These are so-called intrinsically
unfolded proteins.
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where
√
κbarrier/m is the frequency of the harmonic oscillator defined by −Vbarrier(x). Note,

that the friction term is the same in the forward direction of the reaction as in the backward

direction and that it therefore cancels in the equilibrium constant. Everything that has been

said about the equilibrium properties of the two-state model with transition state theory also

applies to Kramers’ theory.

The two-state model tacitly assumes that the folding is governed by two distinct time scales,

a slow one for the transition between the folded conformation and some gateway conformations

of the unfolded state and a fast one for the interconversion of all unfolded conformations. As

detailed in12, this is valid if

• the conformational space consists of a single folded and a large number of unfolded con-

formations

• each individual unfolded conformation only makes a small contribution to the total par-

tition function

• the transition rates between all pairs of conformations are inversely proportional to the

partition function of the initial state of the transition

• the constant of proportionality which links the transition rate to the inverse of the par-

tition function is insensitive to changes in the folding conditions

• the unfolded conformational space is highly connected

• there are no exceptional barriers that might cause trapping of partially folded structures.

Note that the two-state model neglects the influence of the solvent and therefore cannot

explain effects such as the cold unfolding of proteins.

1.8 Molecular dynamics

1.8.1 Relevance and history

In order to understand how the macroscopic properties and dynamics of biomolecules arise from

the atomic configuration of these molecules, one either needs to analyze the single-molecule

trajectory or the equilibrium distribution of the system. However, experimentally, neither the

trajectory of a single molecule can be traced, nor can the details of the equilibrium distribution

be measured. Both, the trajectory of the molecule and its equilibrium distribution arise from

the equations of motion, which in principle are known. But due to the complexity of the

network of forces which determine the dynamics of biomolecules, it is equally hopeless to find

an analytical solution to the equations. Molecular simulation bridges the gap between the

equations of motion on the one hand and macroscopic properties on the other. It is a technique

to numerically integrate the equations of motion based on a model of the interactions between

particles in the system, the so-called force field. Its direct output is a (possible) trajectory of the
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system. Assuming ergodicity, the time-average of this trajectory converges to the equilibrium

distribution in the limit of infinite sampling. Molecular simulation can, therefore, alternatively

be used as an efficient technique to sample the equilibrium distribution of a system. The analysis

algorithms presented in this thesis utilize both outputs of a MD simulation: the trajectory and

the equilibrium distribution approximated as the time average of the trajectory.

In the more than fifty years that have passed since the first molecular dynamics simulation

of hard spheres by B. J. Alder and T. E. Wainwright13, MD has developed into a powerful tool

for the investigation of biomolecules and other large systems. More realistic models of particles

in the liquid phase were developed by A. Rahman, first Lennard-Jones particles in 196414, then

the first realistic water model in 197115. The first simulation of a protein in vacuo is due to

McCammon [1977]16 and the first simulation of a protein in water, using the SPC water model

of Berendsen17, due to W. F. van Gunsteren18,19.

At this point one of the biggest complications of molecular simulations became apparent.

Processes of vastly different time scales, from bond-angle vibrations in the order of a femtosec-

onds to large conformational changes in the order of microseconds, determine the dynamics of

biomolecules. Although, one is generally more interested in the slow processes than in the fast

vibrations, the latter are not sufficiently decoupled from the former and the time step of an MD

simulation has to be in the order of 1 fs. It was questionable, whether biological time scales

could ever be assessed by simulation until in the 1990’s a number of papers relieved this doubt.

In 1996 a transition from A-DNA to B-DNA could be directly observed in a MD simulation by

the group of P. Kollman20. Two years later, the same group published a 1µs-simulation of a

protein in water21 which remained a world record for several years. In the same year X. Daura

and W.F. van Gunsteren for the first time observed reversible folding of a small peptide in a

molecular simulation22.

Besides the enormous increase in computer power over the past decades, which by now has

rendered simulations of a few hundred nanoseconds feasible on a routine basis, a number of al-

gorithmical advances in recent years contributed to the success of MD. In particular, algorithms

to enhance the sampling of the free-energy basins23 and algorithms to improve the sampling of

the transitions between those minima24 have moved the study of processes which happen on

the microsecond time scale within reach. Parallel to that the technique of distributed comput-

ing, realized in the folding@home-project, opened-up huge computer resources in the order of

several petaFLOPS (1015 floating point operations per second)25,26. The trajectories available

from simulations on distributed computing (relatively low time resolution, many medium-size

trajectories) as well as the need to analyze and categorize ever an increasing amount of sim-

ulation data in a concise way triggered the development of new analysis techniques. Notably,

stochastic models of the dynamics which can be parametrized using MD data27,28 proved to

be useful. Chapter 2 discusses how stochastic models can be constructed from MD simulations

and in chapter 3 the technique is used to identify the metastable states of small peptide.
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1.8.2 The technique

Molecular simulation (as a technique which numerically integrates the equations of motion

based on a model for the interactions of the particles in the system) relies on two pillars:

an integrator and a force field. Although numerical integration schemes are available for all

equations of motion presented in this chapter, we will, here, only discuss the integration of the

Newton equations of motion (Eq. 1.7), since this is the integration scheme which has been used

throughout the thesis. An efficient algorithm for the integration of Eq. 1.7 which is implemented

in most molecular simulation packages is the leap-frog integrator

xi(t+ ∆t) = xi(t) + vi

(
t+

∆t

2

)
∆t+O((∆t)3)

vi

(
t+

∆t

2

)
= vi

(
t− ∆t

2

)
+

1

m
fi(t)∆t+O((∆t)3) (1.59)

where the index i indicates the ith atom in the system. The name leap frog illustrates the

fact that with this algorithm positions and velocities are evaluated at staggered points of time:

positions at t0, t0+∆t, t+2∆t, ... and velocities at the half steps in between t0+∆t/2, t0+3∆t/2, ....

The model for interactions of the particles enters Eq. 1.59 via the forces fi which are given

as the partial derivative of a potential energy function V(x) with respect to x (Eq. 1.7). The

precise expression for V(x) is called the force field and typically has the following form

V(x) =
∑
bonds

1

2
κr(r − req)2

+
∑

angles

1

2
κθ(θ − θeq)2

+
∑

dihedrals

κφ[1 + cos(nφ− γ)]

+
∑

improper
dihedrals

1

2
κζ(ζ − ζeq)2

+
∑

non-bonded
atom pairs

(
C12

r12
− C6

r6

)

+
∑

non-bonded
atom pairs

qiqj
4πε0ε1

[
1

r
− 1

2

Crfr
2

R3
rf

− 1− 1/2Crf
Rrf

]
. (1.60)

The force field is constructed of four different types of potential energy functions. Harmonic

potential energy functions with force constants κx and reference values xeq are used for bond

lengths x = r, bond angles x = θ and improper dihedral angles x = ζ. These degrees of free-

dom fluctuate around their reference value but do not diverge strongly from it. The improper

dihedral-angle term is needed to impose the planar structure in groups with delocalized elec-

trons, such as aromatic ring systems or peptide groups. A periodic potential energy function
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with n minima is used for the dihedral angles φ. The fifth summation in in Eq. 1.60 represents

a Lennard-Jones potential energy function in which the 1
r12

term models the Pauli repulsion

between two atoms at short ranges r and the 1
r6

term models the London or dispersion in-

teractions at long ranges r. C12 and C6 are atom specific parameters. The last term models

the electrostatic interaction between two charges qi and qj separated by a distance r. ε0 is

the dielectric permittivity of the vacuum, ε1 is the relative dielectric permittivity which can be

adjusted to model the electrostatic influence of the solvent and Crf and Rrf are parameters

of the reaction field. Often the different terms in Eq. 1.60 are not grouped according to their

mathematical form but rather according to their physical function. In this scheme, the first

four terms account for bonded interactions whereas the last two terms account for non-bonded

interactions.

In some cases the expression in Eq. 1.60 is appended by a term Vspecial(x) which represents

(unphysical) special forces. These terms modify the equilibrium distribution sampled by the

molecular simulation and are typically used to improve on sampling or force-field errors. If the

equilibrium distribution is to be modified such that it reproduces an experimentally measured

value (Eq. 1.2), these special forces usually take the form of restraints which force the system to

a configuration which has the correct microscopic property a(Γ) every time the instantaneous

and / or the time averaged value deviates from the experimental value. Chapter 5 discusses the

cosntruction of restraints in the case J3-coupling constants obtained from NMR measurements

This is a particularly difficult case because the function a(Γ) is multi-valued.

An overview on the technical details of molecular simulation can be found in the books by

D. Frenkel3 and M.P. Allen29.

1.9 Outline

The following chapters of this thesis discuss algorithms for the analysis of data from biomolec-

ular simulations. In chapter 2, we give an overview of the route from deterministic molecular

simulations to a stochastic representation of the underlying dynamics. We place special em-

phasis on the assumptions which are made along the way and their influence on the reliability

and informative value of the stochastic model. Chapter 3 is dedicated to algorithms for the

identification of metastable states in folding equilibria. In particular, we compare kinetic clus-

tering in which the condition of metastability is directly employed to find the metastable states

to more common geometric cluster algorithm, which base their cluster criterion on the assump-

tion that metastable states can be mapped to distinct heaps of data points in configurational

space. In chapter 4, we establish a link between the equilibrium distributions of a number of

small β-peptides and their structural features. Analyzing the mutual dependence between the

dihedral-angle degrees of freedom and the marginal distribution along those degrees of freedom,

we can show how the folded state in these peptides is stabilized. Finally, chapter 5 is concerned

with the case when the equilibrium distribution obtained from MD does not reproduce an

experimentally measured ensemble average. Using the example of 3J-coupling constants, we
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critically assess several restraining methods for the case of a non-linear dependence between

the macroscopic property and a microscopic configuration.
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Chapter 2

Validity of Markov models for

emulating the dynamics of classical

molecular systems and ensembles: a

critical analysis

2.1 Introduction

The dynamics of biomolecules encompasses processes of vastly different timescales. The fastest

processes, such as bond-angle vibrations, happen on the femtosecond timescale and are coupled

to the slowest processes, such as large conformational rearrangements, which happen on the

micro- to millisecond timescale. The folding of an entire protein can easily take seconds. In

an MD simulation of a biomolecule, constraining the fast processes to a fixed value (the only

exception being the bond-length vibration), will distort the distribution and dynamics of the

slow processes and the integration step of the simulation is therefore bound to the order of

1 fs1,2. In short, an MD simulation of a folding process aims at emulating processes with

timescales of micro- to miliseconds by tracing out trajectories at a femtosecond resolution,

thereby bridging timescales of nine to twelve orders of magnitude. This together with the fact

that MD simulation programs scale poorly for the parallelization to many processors makes

MD simulations of biomolecular processes immensely time consuming.

Stochastic models of the dynamics, in particular the description of the dynamics as a Markov

jump process with a time step which is typically in the pico- to nanosecond regime have the

power to predict processes with much longer timescales. Using MD to parametrize such a

model, one only needs to bridge the gap between the femtosecond timescale to the nanosecond

timescale, i.e. about 6 orders of magnitude. With modern computers, MD simulations of this

length can be performed within a reasonable amount of time. This is accounts for the great

appeal of stochastic models. It is important to note that this approach does not decrease the

required computer power but the time one has to wait for the results. In order to have sufficient
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sampling one needs many relatively short trajectories.

Markov models may serve a second purpose. MD simulations on modern computers pro-

duce enormous amounts of data with overwhelming detail. Markov models provide a means to

concisely represent the dynamics of the relevant degrees of freedom in the system, formulated

as a transition matrix with a dimension in the order of one hundred to one thousand. Many

properties of interest, such as mean first passage times and mean life times can be directly

extracted from this transition matrix. The equilibrium distribution emerges as the first eigen-

vector of the transition matrix and metastable states can be identified by grouping the states of

the Markov process in such a manner that the trace of the coarse-grained matrix is maximized.

However, Markov models derived from a deterministic simulation are clearly an approxima-

tion of the true dynamics. Just as the omission of fast degrees of freedom from the simulation

scheme distorts distribution and the dynamics of the slow degrees of freedom, the neglected

degrees of freedom will lead to deviation from Markovian behaviour in the dynamics of the

relevant degrees of freedom. When constructing a Markov model one uses the fact that the in-

fluence of the neglected (fast) degrees of freedom averages out over time and that one can often

find a time step τMarkov for which the deviation from Markovian behavior is small enough to

be neglected. A Markov model with a time resolution of τMarkov or larger represents a realistic

model of the true dynamics. This is the crucial difference to coarse-grained and implicit-solvent

simulations in which the sampling might be correct but the dynamics of the relevant degrees

of freedom are distorted.

The construction of Markov models from MD simulation has developed into a very active

field of research over the last decade. The quality of a given model is typically assessed by

checking whether the implied timescales are constant for varying lag times3 or by comparing to

long MD trajectories. Most of the literature in the field is dedicated to practical issues one has

to face when attempting to construct a valid Markov model, in particular. (i) the discretization

of the relevant degrees of freedom4–10 (ii) the influence of statistical errors in the sampling11–14

and (ii) extraction of metastable states from a given Markov model4,5, 15,16. C. H. Jensen et.

al.17 critically assessed whether current force-fields are suitable for the prediction of processes

with biological timescales. Recently, methods for the construction of Markov models from

simulation with enhanced sampling have been developed, e.g. for replica-exchange molecular

dynamics (REMD)18,19, for metadynamics20 and for transition path sampling6,7, 10.

The statistical mechanics of stochastic systems21 as well as the mathematical properties

of Markov models22,23 are well known. We have given an overview of the relevant statistical

mechanics equations in chapter 1. In this chapter, we show how and under which assumptions

the matrix formalism of a Markov jump process arises from the equations of motion which are

integrated in MD. We discuss how the mathematical properties of the central quality of Markov

jump processes, the transition matrix, changes if one applies various physical constraints and

illustrate each step from the MD simulation to the working Markov model with sample matrices,

a bit-flip model, or simulations of butane as a test system.
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2.2 Theory

This section is organized as follows. Section 2.2.1 shows how the central quantity of Markov

models, the transition matrix, arises from a generic form of the equations of motion for a

system of variables. Section 2.2.2 further discusses how specific mathematical properties of the

transition matrix arise from the introduction of additional constraints in this dynamics. An

overview of the symbols introduced in this section and their defining equations is presented in

2.1

2.2.1 Derivation of the transition matrix

Markovian dynamics

Consider a system of Nx time-dependent variables and an ensemble of NX replicas of this

system (in the limit NX → ∞). The configuration of system n in the ensemble at time t is

defined by a configuration vector xn(t) containing the instantaneous values of the Nx variables

of this system at time t.

The dynamics of the ensemble is said to be Markovian if the individual systems obey

equations of motion of the form

ẋn(t) = ẋ(xn(t),ys(t, sn)) , (2.1)

where ẋ and ys in the right-hand side are functions that are identical for all systems in the

ensemble, while sn represents a scalar value attributed to a specific system n. In computational

terms, sn can be viewed as the seed for a pseudo-random number sequence assigned to the

system. In more mathematical terms, sn can also be viewed as defining this sequence itself

(e.g. in the form of the representation of this real number by an infinite string of bits). The

latter parameter is only present if the equation of motion involves a set of Ny stochastic time-

dependent variables, collectively represented by the vector ys. The way in which sn (or the

derived pseudo-random number sequence) is exploited by the function ys (e.g. to generate the

time series of stochastic Gaussian-distributed variables) need not be specified at this point.

However, it is assumed that the resulting probability distribution of the stochastic variables

over all systems in the ensemble at a given configuration x is time invariant, i.e.

∂

∂t
lim

NX→∞
N−1
X

NX∑
n=1

δNx(xn(t)− x)δNy(ys(t, sn)− y) = 0 ∀x,y, t (2.2)

where δN denotes the N -dimensional Dirac delta function.

The key assumptions for a Markovian ensemble dynamics (as defined by Eq. 2.1 and 2.2)

are thus : (i) a deterministic (xn(t) is determined by the sole knowledge of xn(0) and sn),

memoryless (ẋn(t), as expressed by the function ẋ, involves no explicit dependence on xn(t′)

with t′ < t) and holonomic (ẋn(t), as expressed by the function ẋ involves no explicit dependence

on t) single-system dynamics; (ii) a common equation of motion (no stochastic component) or



32 CHAPTER 2. MARKOV MODELS

symbol explanation defining

equation

Nx number of time-dependent variables in a system -

Ny number of stochastic variables involved in the equations

of motion of a system

-

NX number of systems in an ensemble -

t time

xn(t) configuration vector of the Nx variables of the system n

at time t

-

ys(t, sn) configuration vector of the Ny stochastic variables of the

system n at time t

-

ρ(x, t) configurational probability distribution at time t (con-

tinuous configuration space)

2.3

ps(x,y) distribution of the stochastic variables associated with

a configuration vector x

2.6

P(t) configurational probability vector at time t 2.13

L̂ generalized Liouville operator 2.11

K generalized Liouville matrix / rate matrix 2.14

τ lag time

T(τ) transition matrix 2.20

λα eigenvalues of T(τ) 2.27

Ψα right eigenvectors of T(τ) 2.28

Φα left eigenvectors of T(τ) 2.29

Ψα square matrix with all column vectors are equal to Ψα -

Φα square matrix with all column vectors are equal to Φα -

Π stationary / equilibrium distribution 2.34

ΠD diagonal matrix with elements equal to Π i.e. ΠD,µν =

Πµδµν

-

T1 equilibrium matrix 2.54

µα implied timescales 2.49

Table 2.1: Overview of the the symbols introduced in section 2.2.1 and 2.2.2 and their defining

equations.

a set of stochastically-distributed equations of motion (with stochastic component) for the

different systems in the ensemble. Note that the stochasticity property only becomes apparent

at the level of the ensemble. From the point of view of a single system n, the dynamics is

entirely deterministic (given the value of sn assigned to this system). Note also that the system

dynamics need not necessarily be continuous in time (i.e. ẋn(t) may involve Dirac delta functions

in time, in which case ẋ is actually a generalized function of its arguments). Similarly, ys is
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also in most cases a generalized function (e.g. with infinitely rapid variations).

The instantaneous macrostate of the ensemble is defined by the (normalized) configurational

probability distribution ρ(x, t) of the individual systems at time t in the Nx-dimensional space

of the system configurations , i.e.

ρ(x, t)
.
= lim

NX→∞
N−1
X

NX∑
n=1

δNx(xn(t)− x) . (2.3)

An immediate consequence of Eq. 2.3 is that the configurational probability distribution is real

and non-negative

ρ(x, t) ∈ R, ρ(x, t) ≥ 0 ∀ x, t (2.4)

and satisfies the normalization condition∫
dx ρ(x, t) = 1 ∀ t . (2.5)

In the presence of a stochastic component in the equation of motion (Eq. 2.1), it is also conve-

nient to introduce the stochastic variable distribution ps(x,y), defined as

ps(x,y)
.
= lim

NX→∞

NX∑
n=1

δNx(xn(t)− x)δNy(ys(t, sn)− y) (2.6)

This function describes the probability that a system in configuration x presents values of the

stochastic variables given by y, and it is time-independent in Markovian dynamics (i.e. the

absence of explicit time dependence in Eq. 2.6 for ps is equivalent to Eq. 2.2)

An equation of motion for the ensemble macrostate can be formulated by examining the

number of systems in the ensemble that enter or exit a given volume of configurational space

over at time interval ∆t (in the limit of ∆t→ 0). Under the assumption of Markovian ensemble

dynamics (Eq. 2.1 and 2.2 the latter reformulated as Eq. 2.6), this leads to

ρ̇(x, t)
.
= lim

∆t→0

∆ρ(x, t)

∆t

= lim
∆t→0

1

∆t

∫
dx′
∫
dy

[ ps(x
′,y) ρ(x′, t) δNx(x

′ + ∆t ẋ(x′,y)− x)

−ps(x,y) ρ(x, t) δNx(x + ∆t ẋ(x,y)− x′) ]

=

∫
dx′ [W (x|x′)ρ(x′, t)−W (x′|x)ρ(x, t)] . (2.7)

This is a gain-loss equation in which

W (x|x′)ρ(x′, t) = lim
∆t→0

1

∆t

∫
dy ps(x

′,y) ρ(x′, t) δNx(x
′ + ∆t ẋ(x′,y)− x) (2.8)
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represents the gain, i.e. the fraction of systems that transfer from a state x′ to x within an

infinitesimal small time ∆t, and

W (x′|x)ρ(x, t) = lim
∆t→0

1

∆t

∫
dy ps(x,y) ρ(x, t) δNx(x + ∆t ẋ(x,y)− x′) (2.9)

represents the loss, i.e. the fraction of systems that leave x and transfer to x′.

In the special case where the system dynamics is continuous, systems can only enter from or

exit to adjacent volumes of configurational space, in which case the above equation simplifies

(using the divergence theorem) to the expression

ρ̇(x, t) = −
∫
dy ∇x · [ ps(x,y) ρ(x, t) ẋ(x,y)] . (2.10)

Eq. 2.7 can be rewritten in a compact operator notation as

ρ̇(x, t) = L̂ρ(x, t) (2.11)

which will be referred to as the generalized Liouville equation. The key point is that the

assumptions of Markovian dynamics (Eq. 2.1 and 2.2) imply that the generalized Liouville

operator introduced in Eq. 2.11 is time independent. Introducing the requirement that Eq. 2.11

be valid for any arbitrary initial configurational distribution ρ(x, 0) and all times (including

t = 0), the operator L̂ is unique and its exact form can (at least in principle) be derived directly

using Eq. 2.10 based on the knowledge of the function ẋ in Eq. 2.1 and of the probability

distribution ps in Eq. 2.6. Note that the ensemble dynamics is always continuous in time

even if the single system dynamics may not be. Particularly elegant (and useful) forms of the

generalized Liouville equation include the Liouville equation24,25 (Hamiltonian dynamics), the

Fokker-Planck equation25,26 (Langevin dynamics) or the Smoluchowksi equation25 (Brownian

dynamics).

By introducing an infinite set of basis functions (Dirac delta functions covering the Nx-

dimensional space of the configuration variables), i.e.

φµ(x)
.
= δNx(x− xµ) , (2.12)

the configurational probability distribution ρ(x, t) may be rewritten as a configurational prob-

ability vector P(t) with elements

Pµ(t)
.
=

∫
dxφµ(x)ρ(x, t) , (2.13)

and the generalized Liouville operator L̂ as a generalized Liouville matrix K with elements

Kµν
.
=

∫
dxφµ(x)L̂φν(x) . (2.14)

Due to Eq. 2.4 and 2.5 the elements of P(t) are real and non-negative

Pµ(t) ∈ R, Pµ(t) ≥ 0 ∀µ, t (2.15)
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and satisfy the normalization condition∑
µ

Pµ(t) = 1 ∀t . (2.16)

The generalized Liouville equation (Eq. 2.11) may then be translated into an equivalent matrix

equation

Ṗ(t) = KP(t) . (2.17)

This equation is a master equation and the generalized Liouville matrix K is a rate matrix with

off-diagonal elements Kµν ≥ 0 representing the rate of transition from configuration point ν

to configuration point µ and the diagonal element Kµµ is equal to −∑µ 6=ν Kµν . Consequently,

the elements of each of its columns add up to 0 and Eq. 2.17 can be equivalently rewritten as

Ṗµ(t) =
∑
ν

[KµνPν(t)−KνµPµ(t)] . (2.18)

Eq. 2.17 can be formally integrated in time over an interval τ (τ > 0) referred to as a

lag-time as

P(t+ τ) = T(τ)P(t) , (2.19)

resulting in the introduction of a corresponding transition matrix T(τ), defined as

T(τ) =̇ exp(τK) = lim
k→∞

(
1 +

τ

k
K
)k

=
∞∑
k=0

τ k

k!
Kk . (2.20)

where 1 is the unit matrix and the last two equations represent alternative definitions of the

matrix exponential. Eq. 2.20 effectively introduces a time discretization of the continuous

Markov process.

Conversely, in the limit of infinitely small lag times τ , K is related to T(τ) by

lim
τ→0

dT(τ)

dτ
= lim

τ→0
K exp(Kτ) = K (2.21)

and using the definition of the derivative we obtain

lim
τ→0

dT(τ)

dτ
= lim

τ→0
lim

∆τ→0

∆T(τ)

∆τ
= lim

τ→0
lim

∆τ→0

T(τ + ∆τ)−T(τ)

∆τ

= lim
∆τ→0

T(∆τ)− 1

∆τ

= K . (2.22)

where again 1 is the unit matrix. The fact that the transition matrix solely depends on the lag

time τ but not on a time origin is an immediate consequence of the time-independence of the

generalized Liouville operator in Markovian dynamics.
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The transition matrix is a central quantity in Markovian dynamics. As defined above, T(τ)

is a square matrix of dimension NT . Due to Eq. 2.15, Eq. 2.16 and Eq. 2.19 (the latter equation

being valid for any arbitrary choice of P(t)), the elements of T(τ) are real and non-negative

Tµν ∈ R, Tµν(τ) ≥ 0 ∀ µ, ν, τ (2.23)

and satisfy the normalization condition∑
µ

Tµν(τ) = 1 ∀ ν, τ . (2.24)

They represent the probability of a transition from a point ν to a point µ in configurational

space during a lag time τ . Eq. 2.23 and 2.24 define a column stochastic matrix. Note that the

transition matrix is also sometimes formulated as a row stochastic matrix instead15 (i.e. the

transpose of T(τ) as defined in the present chapter).

From the definition of T(τ) (Eq. 2.20) one can directly derive the following recursivity

property

T(τ1 + τ2) = exp ((τ1 + τ2)K) = exp (τ1K) · exp (τ2K)

= T(τ1) ·T(τ2)

= T(τ2) ·T(τ1) . (2.25)

This equation is the Chapman-Kolmogorov equation. When formulated as

T(nτ) = Tn(τ) (2.26)

this relation can be used as a check whether a process with a time discretization of τ is Marko-

vian.

2.2.2 Mathematical properties of transition matrices

In the following, the mathematical properties of transition matrices are discussed. We will

introduce a number of additional constraints (other than column-stochasticity) which will in-

fluence the range of allowed eigenvalues and the properties of their eigenvectors. We will also

briefly discuss the physical interpretation of each of these constraints.

Note that for the moment, we wish to provide an exact description of the ensemble (Marko-

vian) dynamics (implying an exact correspondence between the operator and matrix formu-

lations), i.e. we consider Markov processes which are continuous in space. This requires to

consider matrices of infinite dimensions NT . The discretization of the state space using a lim-

ited number of basis functions of finite volumes (rather than an infinite number of Dirac delta

functions), will be discussed at a later point.
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Column stochastic matrices

The matrix T(τ) possesses NT eigenvalues λα(τ) (generally complex and possibly degenerate)

defined by the solutions of the secular equation

|T(τ)− λα(τ) 1| = 0 , (2.27)

where | ... | applied to a matrix indicates its determinant. These eigenvalues are associated to

two distinct sets of right eigenvectors Φα and left eigenvectors Ψα, defined by

T(τ)Ψα = λα(τ)Ψα (2.28)

and

T>(τ)Φα = λα(τ)Φα , (2.29)

respectively, where the > superscript indicates the transpose of a matrix (or vector). Note

that the left and right eigenvalue spectra of a square matrix are identical (following from the

invariance of the determinant upon matrix transposition in Eq. 2.27). Note also that the

left and right eigenvector sets of a transition matrix (but not the associated eigenvalues) are

independent of the lag-time τ (following from the recursivity property of Eq. 2.25).

Finally the eigenvector sets are formally defined within an arbitrary (complex) multiplicative

factor. To make their definition unambiguous, it will be assumed that these factors are selected

so that (i) the sum of the (complex) norm of the elements of an eigenvector is always unity; (ii)

the first (non-vanishing) component of an eigenvector is always real and positive. With this

convention, the (left and right) eigenvectors with real eigenvalues always have real components

that add up to unity.

Because T(τ) is column stochastic (Eq. 2.23 and Eq. 2.24), it also has the following prop-

erties15

1. It possesses a special (real) left eigenvector (which will be given the index α = 1) Ψ1
.
=

N−1
T {1, 1, ..., 1} associated with the eigenvalue λ1 = 1. Therefore, it also possesses at

least one corresponding (real) right eigenvector associated with this eigenvalue. The

eigenvalue may, however, be degenerate (i.e. associated with more than one left and right

eigenvector).

2. Its eigenvalue spectrum has a radius of one, i.e. | λα(τ) |≤ 1 for all α, where | ... | applied

to a complex number indicates its complex norm.

Irreducibility

At this point, one may add a third assumption to the assumptions underlying Markovian

dynamics (as defined by Eq. 2.1 and Eq. 2.2), namely that of irreducibility. The Markovian

ensemble dynamics is also irreducible when

lim
τ→∞

τ−1

∫ τ

0

dτ ′ T(τ ′) = Tsum > 0 (2.30)
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where Tsum > 0 is a short-hand notation for

Tsum,µν > 0 ∀ µ, ν . (2.31)

In plain words, irreducibility implies that any configuration has a non-vanishing probability of

undergoing a transition to any other configuration considering all possible lag times. A square

matrix A is irreducible when there exists no permutation matrix S (square matrix with one and

only one element per row and per column equal to one, all other elements being zero) satisfying

S>A S =

(
B 0

C D

)
, (2.32)

where B and D are square submatrices, while the 0 submatrix contains only zeros.

Irreducibility is not identical with the concept of ergodicity but it is closely linked to it. A

system is ergodic if the time its (sufficiently long) trajectory spends in any given configuration

is proportional to the probability with which this configuration is realized in the ensemble at

a given time t. Then, the time average of any property A calculated along its trajectory is the

same as the ensemble average of this property:

〈A〉 = lim
t→∞

1

t

∫ t

0

A(x(t′))dt′ =

∫
A(x)ρ(x)dx . (2.33)

A system can only be ergodic if starting from any given configuration all other configurations can

and will be reached in the course of the (sufficiently long) trajectory. For aperiodic dynamics,

irreducibility ensures that any state can be reached from any other, but not that it will be

reached, i.e. irreducibility is a necessary but not a sufficient condition for ergodicity. Intuitively,

the fact that a reducible transition matrix cannot lead to an ergodic dynamics arises from the

observation that a set of n elements in P(t) (n being the dimension of the D submatrix) will

never undergo transitions to the complementary set of NT − n elements in P(t + τ) . As a

result, an ensemble dynamics initiated from a specific distribution P(0) solely encompassing

non-vanishing elements of the former set will never generate probabilities in the latter set.

Owing to the Perron-Frobenius theorem22,23 if a column-stochastic transition matrix T(τ)

is irreducible, it additionally has the following properties:

3. Its eigenvalue λ1 = 1 is non-degenerate, i.e. it is associated with the unique (real) left

eigenvector Ψ1
.
= N−1

T {1, 1, ..., 1} and a unique (real) right eigenvector Φ1.

4. The components of the right eigenvector Φ1 are all non-negative.

The unique right eigenvector Φ1 associated with the eigenvalue λ1 = 1 is referred to as the

stationary probability distribution of the ensemble dynamics and will be further noted as Π.

Its properties are

T(τ)Π = Π ∀ τ (2.34)
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and

Πµ ∈ R,Πµ ≥ 0 ∀ µ . (2.35)

Intuitively, Π corresponds to a special probability distribution within the ensemble that is

invariant upon propagation by T(τ) for any lag-time τ .

Primitivity

At this point, one may add a third assumption to the assumptions underlying irreducible

Markovian dynamics (as defined by equations Eq. 2.1, 2.2, and 2.30), namely that of primitivity.

A non-negative square matrix A is called primitive if there exists an integer k > 0 for which all

elements of the matrix Ak are positive. A sufficient condition for a non-negative and irreducible

square matrix to be primitive is that it possesses at least one non-zero element on the diagonal.

One can show that for irreducible non-negative square matrices this is fulfilled as soon as

there is a least one positive element on the diagonal. If T(τ) is irreducible and has at least one

positive entry on its diagonal, then

5. There is only one eigenvalue with |λα| = 1 and this is λ1 = 1, i.e. λ1 = 1 is the only

eigenvalue on the unit circle.

The condition of primitivity ensures that in the limit of long lag times any arbitrary initial

probability distribution P(0) converges to the stationary distribution Π22:

lim
τ→∞

T(τ)P(0) = Π ∀P(0) . (2.36)

Intuitively, the fact that for a non-primitive transition matrix this convergence does not

exist arises from the observation that such a matrix involves cyclic transitions between the

elements of P(t) and P(t+ τ). As a simple illustrative example consider the column stochastic

and irreducible matrices

A1 =

(
3/5 2/5

2/5 3/5

)
and A2 =

(
0 1

1 0

)
. (2.37)

A1 is primitive but A2 is not. The eigenvalues of A1 are λ1 = 1 and λ2 = 1/5 which are

associated with the eigenvectors v1 = {1/2, 1/2} = Π (stationary distribution) and v2 =

{1/2,−1/2}. A2 has the same eigenvectors, i.e. also the same stationary distribution, but both

of its eigenvalues lie on the unit circle: λ1 = 1 and λ2 = −1. The iterative multiplication of

any vector v by the matrix A1 will ultimately produce the vector v1. In contrast, the iterative

multiplication of any vector v (differing from v1) by the matrix A2 will repeatedly exchange

the components of v without ever reaching convergence to v1.
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Detailed balance

As a last stipulation we require that Markovian dynamics (as defined by Eq. 2.1 and Eq. 2.2)

is detailed balanced (with respect to its stationary distribution). This is the case when

Tµν(τ)Πν = Tνµ(τ)Πµ ∀µ, ν, τ . (2.38)

or introducing the diagonal matrix ΠD with elements equal to Π (i.e. ΠD,µν = Πµδµν),

T(τ)ΠD = ΠDT>(τ) ∀τ . (2.39)

In plain words, detailed balance implies that the number of transitions between pairs of config-

urational points in a stationary ensemble (i.e. characterized by the probability distribution Π)

is equal in the forward and backward directions. When the ensemble dynamics satisfies this

condition, the stationary distribution Π will be further referred to as the equilibrium probability

distribution of the ensemble. Intuitively, a violation of detailed balance implies that for at least

one pair of configurational points, there exists a net direct flow in the forward direction (from

the first point to the second) that must be compensated by an equivalent net indirect flow (via

other points) in the opposite direction (to maintain the probability stationary). In the language

of thermodynamics, this behavior is characteristic of a steady state (rather than equilibrium)

stationary situation (as would be encountered e.g. in a system where a temperature, pressure

or composition gradient is maintained). At thermodynamical equilibrium, direct flows (in the

forward and backward direction) between all pairs of states must compensate each other (as

will be the case e.g. in a system where temperature, pressure and composition are homogenous

in space).

Note that if T(τ) is detailed-balanced, then so is any transition matrix T(nτ) = Tn(τ) with

n ∈ R+. Note also that a column-stochastic matrix can only be detailed-balanced with respect

to a vector that is also a right eigenvector associated with the eigenvalue one. In other words,

irreducible Markovian dynamics can only be (if at all) detailed balanced with respect to Π (and

no other vector). The proof of these two remarks can be found in appendix A.

If an irreducible and primitive column-stochastic transition matrix T(τ) is detailed balanced

with respect to its stationary distribution Π, it also has the following properties22:

6. All eigenvalues are real and lie in the intervall ]−1; +1], so that all (left and right) eigen-

vectors are real.

7. Both the left and right eigenvectors of T(τ) define a complete eigenbasis (each set of

vectors being orthonormal with respect to a non-Euclidean inner product).

Eq. 2.39 can be used to derive a number of properties of detailed balanced transition ma-

trices. Multiplying from the right and the left with a matrix Π
1/2
D = diag(Π

1/2
1 ,Π

1/2
2 , ...), we

obtain a symmetric matrix

Tsym(τ) = Π
−1/2
D T(τ)Π

1/2
D = Π

1/2
D T>(τ)Π

−1/2
D . (2.40)
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where the second and the third term can be interconverted using the relation (AB)> = B>A>.

Tsym(τ), as all symmetric matrices, has real eigenvalues and real eigenvectors and its eigenvec-

tors define a complete and orthogonormal basis of RNT . Because T(τ) is similar to Tsym(τ)

(two matrices A and B are similar if one can find a matrix S, such that A = S−1BS) imply-

ing that the two matrices share the same characteristic polynomial, the eigenvalues and (left

and right) eigenvectors of T(τ) are also all real, and the (left and right) eigenvectors define a

complete (although not orthogonal) eigenbasis.

The (left and right) eigenvectors of Tsym(τ) can be transformed into the (left and right)

eigenvectors of T(τ), as

Π
1/2
D να = Φα

Π
−1/2
D να = Ψα. (2.41)

From the orthonormality of the eigenvectors να, it then follows that the (left and right) eigen-

vectors of T(τ) are orthonormal with respect to a weighted inner product

Φ>αΠ−1
D Φβ = δαβ (2.42)

and

Ψ>αΠDΨβ = δαβ . (2.43)

The derivations of these two properties are detailed in appendix A.

As an example consider the following column-stochastic matrices

A1 =

 1/2 0 1/2

1/2 1/2 0

0 1/2 1/2

 and A2 =

 1/2 1/4 1/4

1/4 1/2 1/4

1/4 1/4 1/2

 . (2.44)

In matrix A1 state 1 is connected to state 2 (via A21 = 1/2), state 2 is connected to state 3

(via A32 = 1/2) and state 3 is connected to state 1 (via A13 = 1/2). This implies that any state

can be reached from any other state (albeit not necessarily directly) and that the matrix is

irreducible. A1 is also primitive because it has non-zero entries on the diagonal and it has the

stationary distribution Π1 = {1/3, 1/3, 1/3}. However, it is not detailed balanced. For example

consider the states 1 and 2: the flow in the forward direction is given as Π1A21 = 1/3·1/2 = 1/6,

the flow in the backward direction on the other hand is 0 (Π2A21 = 1/3 ·0 = 0). In other words,

the flow from state 1 to state 2 is not directly compensated by a flow from state 2 to state 1 but

indirectly by a flow via state 3, allowing for a stationary distribution but not for an equilibrium

distribution. Consequently, the second and third eigenvalues are complex (λ2 = 1/4 + i
√

(3)/4

and (λ3 = 1/4− i√(3)/4) and so are the associated eigenvectors.

Matrix A2 has been derived from A1 by splitting the flow from state 1 to state 2 and

redirecting half of it to the third state, such that each state is directly connected to any other

state via transition probability of Aµν = 1/4. This matrix is hence irreducible, primitive and

detailed balanced. It has the same stationary distribution as A1 which in this case is also
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an equilibrium distribution. Its eigenvalues are real (λ1 = 1, λ2 = 1/4, λ3 = 1/4) and so

are its eigenvectors. Note, that detailed balanced matrices are not generally symmetric. The

symmetric form in A2 is caused by the fact that in this case all elements of Π are equal.

Summary: allowed eigenvalues of transition matrices

Fig. 2.1 shows the influence of the various possible properties of transition matrices on the

allowed range of their eigenvalues. The possible eigenvalues of a column-stochastic matrix (i.e.

without any further properties) lie in the complex plane on an area delimited by the unit circle,

where all values on the rim of the circle, i.e. with |λα = 1|, are allowed values (Fig. 2.1.A)

It is known that for any column-stochastic matrix the eigenvalue λ1 = 1 exists (but may be

degenerate). If one requires additionally that the matrix is irreducible and primitive then this

eigenvalue is the only one on the unit circle. This situation is depicted in Fig. 2.1.B. The

rim of the unit circle is forbidden except for the point {1, 0i}. The condition of irreducibility

additionally ensures that the eigenvalue λ1 = 1 is non-degenerate. Alternatively, if one requires

that the column-stochastic matrix is detailed balanced, then its eigenvalues are all real and

the allowed area reduces to the interval [−1, 1] on the real axis of the graph (Fig. 2.1.C). The

detailed balance condition also guarantees that the eigenvectors of the matrix are real and form

a complete eigenbasis. Finally, if one requires that the column-stochastic matrix is irreducible,

primitive and detailed balanced, then the allowed eigenvalues lie in the interval ]−1, 1] (i.e. −1

is not an allowed value, Fig. 2.1.D) and λ1 = 1 is non-degenerate.

Implied timescales

The detailed balance condition has a number of very pleasant implications. Firstly, the tran-

sition matrix becomes easier to grasp in terms of physical intuition because one is relieved

from the necessity to find a physical interpretation for complex eigenvectors and eigenvalues.

Secondly, since the eigenvectors of a detailed balanced (and irreducible) transition matrix T(τ)

form a complete basis of RNT , any vector P(t) can be expressed as a linear combination of these

eigenvectors, e.g. using the right eigenvectors:

P(t) =
∑
α

kα(t)Φα =
∑
α

cα(t)λα(τ)Φα . (2.45)

After time nτ , P(t+ nτ) is given as

T(nτ)P(t) = Tn(τ)P(t) = P(t+ nτ) (2.46)

(modified Eq. 2.26) and for any matrix A with eigenvectors {xi} and eigenvalues {λi} we have

Anxi = λni xi. Therefore,

P(t+ nτ) =
∑
α

cαλ
n
α(τ)Φα . (2.47)
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Figure 2.1: Allowed eigenvalues of transition matrices. green: allowed area; red: restriction due to

irreducibility and primitivity; blue: restriction due to detailed balance; panel A: column stochastic

matrix⇒ λα ∈ C, |λα| ≤ 1 and λ1 = 1 (but may be generate); panel B: column stochastic, irreducible

and primitive matrix ⇒ λα ∈ C, |λα| ≤ 1 and λ1 = 1 and is the only eigenvalue on the unit circle;

panel C: column stochastic and detailed-balanced matrix ⇒ λα ∈ R, |λα| ≤ 1 and λ1 = 1; panel

D: column stochastic, irreducible, primitive and detailed-balanced matrix ⇒ λα ∈ R, |λα| ≤ 1 and

λ1 = 1 and is the only eigenvalue on the unit circle.

The probability distribution P(t) can be interpreted as consisting of modes {Φα} which show

a temporal behaviour according to the corresponding eigenvalues {λα}. More precisely, the

temporal behavior is an exponential decay as can be seen from the following transformation:

λα(t = nτ) = λnα(τ) = λt/τα (τ)

= exp
(
ln
(
λt/τα (τ)

))
= exp

(
t

τ
ln (λα(τ))

)
= exp

(
− t

µα

)
(2.48)
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where we used that t = nτ . The mean life time µα is given as

µα = − τ

ln(λα(τ))
. (2.49)

In the context of Markov models µα is typically referred to as implied timescale (of the decay

process). The mode that corresponds to the eigenvalue λ1 = 1 does not decay, which can be

seen either by realizing that λn1 = λ1 = 1 for any n (Eq. 2.47) or by noting that the argument

in the exponential in Eq. 2.48 becomes 0 if λα = 1. This result corresponds to the earlier

result that the eigenvector associated with λ1 is the equilibrium distribution: Φ1 = Π. The

other modes, which all correspond to an eigenvalue with |λα| < 1, will vanish for n→∞. For

positive eigenvalues, this also can be seen be either realizing the limn→∞ λ
n
α = 0 if 0 < λα < 1

or by realizing that the implied timescale in Eq. 2.49 has a positive value if 0 < λα < 1. The

smaller the value of λα, the faster the corresponding mode will decay.

The logarithm in Eq. 2.49 only yields real values for positive λα. However, one can extend

the definition of the logarithm to the complex logarithm, i.e. the logarithm of a complex number.

Then loge(λα) with λα < 0 is given as

loge(λα) = ln(λα) + iπ . (2.50)

The temporal behavior of the associated mode is then governed by

λα(t = nτ) = exp

(
t

τ
loge (λα(τ))

)
= exp

(
− t

µα

)
· exp (i nπ) . (2.51)

where we replace t/τ by n in the complex exponential. The factor exp (i nπ) equals 1 if n is

even and equals −1 if n is odd. This causes the mode to oscillate between Φα and −Φα with

an exponentially decaying amplitude. The mean life time of this decay process is given by the

implied timescale µα (Eq. 2.49).

Note that the derivation of the implied timescales has been based on the assumption that

T(τ) represents a Markov process, i.e. that Eq. 2.26 is fulfilled. In this case the eigenvector

expansion (Eq. 2.45) can be based on T(τ) or any other T(nτ) and will lead to the same implied

time scale, i.e.

µα =
−nτ
|λα(nτ)| = const n = 1, 2, ... . (2.52)

Conversely, Eq. 2.52 can be used as a check for Markovian behavior. Plotting the implied time

scales of transition matrices with various lag times nτ yields a set of constant functions if the

underlying dynamics is Markovian.

In the limit τ → ∞, all eigenmodes except for the stationary one have decayed and there

must be a matrix

T1
.
= lim

τ→∞
T(τ) (2.53)
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which immediately returns the equilibrium distribution Φ1 = Π when multiplied by any arbi-

trary distribution P(t), i.e.

T1P(t) = Π. (2.54)

Eq. 2.54 is fulfilled if each of the columns of T1 is equal to Φ1 = Π (i.e. T1,µν = Πµ for all µ,

ν), then ∑
k

T1,µkPk = Πµ

∑
k

Pk = Πµ (2.55)

where we used the fact that P(t) is normalized. In analogy to the equilibrium distribution

Φ1 = Π, we will call the matrix T1 the equilibrium matrix.

Expansion of the transition matrix

The above result can also be obtained via an alternative route which provides additional insight

into the mechanics of transition matrices. Suppose we had an expansion of T(τ) in terms of

”basis matrices” similar to that in Eq. 2.45, such that upon multiplying T(τ) with itself each

basis matrix decays with a timescale which set by the eigenvalues of T(τ). That is

T(τ) =
∑
α

λα(τ)Tα . (2.56)

and

T(τ)T(τ) =
∑
α

λα(τ)Tα ·
∑
β

λβ(τ)Tβ =
∑
α

λ2
α(τ)Tα (2.57)

and hence

Tn(τ) =
∑
α

λnα(τ)Tα . (2.58)

This expression can only be fulfilled if the following ”orthogonality” holds for two matrices Tα

and Tβ

TαTβ = Tαδαβ . (2.59)

To derive an expression for Tα, we first note that the orthogonality of the eigenvectors (Eq.

2.42) can also be written as a matrix equation:

Φ>αΠ−1
D Φβ = E δαβ (2.60)

where Φα is a matrix in which all column vectors are equal to Φα (i.e. Φα,µν = Φα,µ) and E is

a matrix in which each element is equal to 1. Multiplying from the left with 1
NT

Φα and from

the right with Φ>β Π−1
D

1
NT

1

NT

ΦαΦ
>
αΠ−1

D︸ ︷︷ ︸
Tα

ΦβΦ
>
β Π−1

D

1

NT︸ ︷︷ ︸
Tβ

=
1

NT

ΦαE︸ ︷︷ ︸
Φα

δαβΦ
>
β Π−1

D

1

NT
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= ΦαΦ
>
β Π−1

D

1

NT

δαβ

= Tα δαβ . (2.61)

By setting

Tα =
1

NT

ΦαΦ
>
αΠ−1

D (2.62)

we have found an expression for the basis matrices which fulfills Eq. 2.59 and therefore also Eq.

2.56 and 2.58. Each element of Tα is given as

Tα,µν =
1

NT

∑
k

[Φα]µk
∑
l

[Φ>α ]kl[Π
−1
D ]lν

=
1

NT

∑
k

[Φα]µk[Φ
>
α ]kν [Π

−1
D ]νν

=
1

NT

∑
k

[Φα]µk[Φα]νkΠ
−1
ν

=
1

NT

∑
k

[Φα]µkΦα,νΠ
−1
ν

=
1

NT

∑
k

Φα,µΦα,νΠ
−1
ν

= Φα,µΦα,νΠ
−1
ν (2.63)

Note that the basis matrices Tα are not necessarily column-stochastic and therefore cannot

be interpreted as a transition matrix. Note also that the νth column vector of Tα is simply

given as Φα multiplied by a factor Φα,νΠ
−1
ν and that therefore the row vectors are not linearly

independent and the determinant of Tα is zero. In this case, it is not possible to simplify Eq.

2.59 by multiplying from the left with the inverse of Tα (because this inverse does not exist)

and therefore Eq. 2.59 neither implies that Tβ = 1 nor that Tα = 0.

However, analogously to the discussion for the eigenvector expansion, each basis matrix

decays exponentially with implied time scale which is given by Eq. 2.49. The only exception

is the basis matrix T1 which is stationary. Realizing the that Π−1
D = diag(Π−1

1 ,Π−1
2 , ...Π−1

NT
) =

diag(Φ−1
1,1,Φ

−1
1,2, ...Φ

−1
1,NT

), the expression for T1 can be simplified to

T1 =
1

Nd

Φ1 Φ>1 Π−1
D︸ ︷︷ ︸

E

= Φ1 . (2.64)

This is the same result as we have deduced earlier from an expansion in terms of the eigenvectors

of T(τ) and their decay for τ →∞.

The advantage of the matrix expansion over the vector expansion is that the matrix is the

central quantity of the Markov process. It contains all information on the dynamics of this

process and its expansion shows us that also the dynamics consists of modes, some of which

decay for infinite lag times.
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Metastable states

In this chapter the term microstate denotes a small part of any given high-dimensional space,

e.g. phase space or conformational space, on which a dynamics for the NX replicas can be

defined. In other contexts the term microstate is used with different meaning. In the context

of Markov models the term microstates is usually accompanied by the term metastable state.

Metastable states are non-overlapping groups of microstates Si = {x1, x2, x3, ....xm} with the

property that any of the replicas is more likely to stay within its current metastable state than

to leave it within a given time ∆τ :

p(Si → Si,∆τ)� p(Si → Sj,∆τ) ∀i, j
Note that metastability is not an absolute measure but a function of ∆τ . Typically, the

metastability of a given set of microstates Si decreases with increasing ∆τ .

2.3 Methods

2.3.1 Bit-flip model

We study the coupling between the environment and the system on simple bit-flip model con-

sisting of two bits S and E. Bit S represents the system and bit E the environment. Either

of these bits can assume two states: ↑ (”up”) or ↓ (”down”). The timescale of the dynamics

of these two bits is not the same and is determined by their flipping probabilities pS and pE,

respectively. The two bits can be coupled or uncoupled.

The complete system (consisting of S and E) has four states: ↑↑ (state 1), ↑↓ (state 2),

↓↑ (state 3) and ↓↓ (state 4) where the first arrow stands for bit S and the second for bit E.

We model the dynamics of the complete system by a 4 × 4 transition matrix Tbit(τ) which

contains the transition probabilities between those four states. To obtain a transition matrix

which only represents the dynamics of S, we project the matrix Tbit onto the states of bit S.

This procedure intrinsically assumes that the dynamics of S is Markovian, i.e. its equation of

motion obeys Eq. 2.1 and Eq. 2.2, where we identified S with x and E with y. Using the

implied timescales as a measure for Markovian behavior, we study how a coupling between E

and S violates this assumption.

The transition matrix of the complete system dynamics Tbit(τ) is constructed in the fol-

lowing fashion. The probability that the bit S will flip, i.e. that it will make a transition ↑→↓
or a transition ↓→↑, within time τ is given by pS and the probability that it will stay in its

current state is given as 1 − pS. Consequently, the transition matrix for a single bit S (bit E

not present) is given as

TS(τ) =

(
1− pS pS
pS 1− pS

)
(2.65)

where TS,11 represents the transition probability for ↑→↑, TS,21 the transition probability for

↑→↓, TS,12 the transition probability for ↓→↑ and TS,22 the transition probability for ↓→↓.
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Likewise the transition matrix for a single bit E (bit S not present) is given as

TE(τ) =

(
1− pE pE
pE 1− pE

)
. (2.66)

where pE denotes the probability that bit E will flip within τ . The transition for the complete

system consisting of the two non-interacting bits is given by the Kronecker product (sometimes

called tensor product) of TS and TE:

Tbit(τ) = TS(τ)⊗TE(τ) =
(1− pS)(1− pE) (1− pS)pE pS(1− pE) pSpE
(1− pS)pE (1− pS)(1− pE) pSpE pS(1− pE)

pS(1− pE) pSpE (1− pS)(1− pE) (1− pS)pE
pSpE pS(1− pE) (1− pS)pE (1− pS)(1− pE)

 .(2.67)

This matrix represents transitions between states ↑↑ (state 1), ↑↓ (state 2), ↓↑ (state 3) and

↓↓ (state 4) where the first arrow stands for bit S and the second for bit E. A coupling

is introduced into the dynamics of the complete system by selectively modifying elements of

Tbit(τ) and renormalizing its columns.

In order to obtain the transition matrix of bit S one needs to project Tbit(τ) onto the state

of bit S using a projection

TS,proj(τ) = QTTbit(τ)Q (2.68)

with

Q =


1 0

1 0

0 1

0 1

 . (2.69)

Note that, if Tbit represents the dynamics of the two uncoupled bits, i.e. if Tbit(τ) = TS(τ)⊗
TE(τ), then Eq. 2.68 recovers TS(τ).

In the present application of the bit-flip model, a coupling between the environment E and

the system S was introduced by multiplying the elements T11, T14, T41 and T44 of Tbit by a

(positive) coupling factor k and renormalizing the columns. This increases the probability of

states in which the two spins are aligned (↑↑ and ↓↓). The coupling constant k was varied

between 1 (no coupling) and 100 strong coupling. The flipping probability of the system S was

set to pS = 0.100. In order to examine the influence the relaxation time of the environment on

the system, the flipping probability of E, pE, was varied between 0.001 (very slow dynamics,

long relaxation time) and 0.150 (dynamics of the environment faster than the dynamics of the

system, short relaxation time).
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2.3.2 Generation of the transition matrices T(τ) for the test system

butane

We consider a single butane immersed in a solvent of butane molecules where the solvent is

modeled either explicitly using MD or implicitly using SD. The dominant degree of freedom

of butane is the C1-C2-C3-C4-dihedral angle which we discretize into equally sized microstates

(bins). For most analyses we use a bins size of 5◦ (72 bins per dihedral angle), only in Fig.

2.7 we varied the bin size from 5◦ to 120◦ (72 to 3 bins per dihedral angle). For various values

of τ (ranging from 80 fs to 100 ps) the configurations at time t = 0, τ, 2τ, 3τ, ... are mapped

onto the microstates and the transitions from microstate i to microstate j for each combination

of i and j are counted. We enforce detailed balance by counting each transition i → j also

as a transition j → i. The number of transitions are sorted into a matrix and the columns

of the matrix are normalized by the total number of transitions in each column to obtain the

(column-stochastic) transition matrix. In the MD simulations the trajectory is evaluated 512

times where in each round another of the 512 butane molecules is regarded as the solute and

the remaining 511 butane molecules represent the solvent.

2.3.3 Implied time scales

The implied time scales µi of each transition matrix T(τ) are calculated as

µi(τ) = − τ

ln |λi(τ)| (2.70)

where τ is the time step of the transition matrix and |λi| is the absolute value of its ith

eigenvalue. We plot the implied time scales of the dominant eigenvalues and evaluate the

”true” implied time scales and τMarkov by visual inspection.

2.3.4 MD simulation of butane

We performed molecular dynamic (MD) simulations of boxes of 512 butane molecules at various

temperatures (T = 298.15K and T = 400.00K) and densities (d : 50 − 500 a.u./nm3). For

each density a box with regularly placed butane molecules was constructed using the program

build box of GROMOS++27 which was then heated to the target temperature over a period of

100′000 time steps (200 ps). For each system a production run of 2ns were generated using the

GROMOS05 software27 and the GROMOS 45A3 force field28. All bond lengths were constrained

using the SHAKE algorithm29 with a relative tolerance of 10−4 allowing for a time step of 2 fs.

Configurations of all 512 molecules were saved every 0.08 ps. The system was simulated in a

rectangular box using periodic boundary conditions. The volume was kept constant and the

molecules were weakly coupled to one temperature bath of 298.15K (for the simulations at

T = 298.15K) or 400.00K (for the simulations at T = 400.00K)30 with a coupling time of

0.1ps. We used 0.8nm/1.4nm as twin-range cutoff and 1.4nm as reaction field cutoff with

εrf = 1.0. The atom pair list for short-range interactions and the intermediate-range forces

were updated every 5 steps.
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T MD setup SD setup

density N simulation D (σ) γfriction N simulation

length length

(K) (a.u./nm3) (ns) (10−2nm2/ps) (1/ps) (µs)

298.15 300 512 2 1.403 (1.224) 5.0 1 1

298.15 345 512 2 0.7113 (0.5612) 10.0 1 1

298.15 400 512 2 0.3952 (0.2815) 17.9 1 1

298.15 450 512 2 0.1981 (0.2009) 35.8 1 1

298.15 500 512 2 0.0561 (0.0469) 126.3 1 1

400.00 50 512 2 18.18 (16.31) 0.5 1 1

400.00 100 512 2 8.904 (7.293) 1.1 1 1

400.00 150 512 2 5.273 (5.009) 1.8 1 1

400.00 200 512 2 4.075 (3.610) 2.3 1 1

400.00 250 512 2 2.630 (2.502) 3.6 1 1

400.00 300 512 2 1.501 (1.446) 6.3 1 1

400.00 345 512 2 1.321 (1.134) 7.2 1 1

Table 2.2: Overview of the performed simulations

2.3.5 SD simulation of butane

We performed stochastic dynamics (SD simulations of a single butane molecule at two different

temperatures (298.15K and 400.00K) using various friction coefficients (γfric : 0.5−126.3 ps−1).

The friction coefficients were calculated from the diffusion constants obtained from the above

described MD simulations using the relation

γfric =
kB T

Dmsolv

(2.71)

where kB is the Boltzmann constant, T the temperature of the MD simulation, D the diffusion

constant and msolv the mass of butane (58.124 g/mol). The diffusion constant was calculated

as an average of the diffusion constants of 50 arbitrarily picked butane molecules where each

diffusion constant was estimated as a least square fit to the Einstein equation

D = lim
t→∞

〈
[r0 − r(t)]2

〉
2Nd t

(2.72)

Here r0 is the center of geometry of the first configuration in the trajectory, r(t) is the center

of geometry at time t, Nd is the number of dimensions taken into account which was set to 3.

The friction coefficients were not scaled by the solvent accessible area of the solute.

As in the MD simulations, all bonds were constrained using the SHAKE algorithm29 and

a time step of 2 fs was used. Each system was simulated for 1µs and configurations of all

molecules were saved every 0.1 ps. Vacuum boundary conditions were applied and the temper-

ature was maintained by the stochastic dynamic integrator.
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A summary of all performed simulations, the obtained diffusion constants and the corre-

sponding friction coefficients is reported in Tab. 2.2.

2.4 Results

2.4.1 Colormaps of transition matrices

Fig. 2.2 and 2.3 show colormaps of various transition matrices of the dihedral angle degree

of freedom of butane. The dihedral angle has been discretized into 72 microstates (5◦ per

microstate) and each point in the colormaps represents a transition probability Tij from mi-

crostate j to microstate i. A high transition probability is marked in red and a transition

probability close to zero is marked in blue. The right-most column in Fig. 2.2 and the lower

row in 2.3 show colormaps of difference matrices in which negative elements are marked in

blue, elements close to zero in green and positive elements in red. Taking the first matrix in

the upper row of Fig. 2.2 as an example, one can clearly distinguish the three metastable states

of butane as three red areas along the diagonal of the matrix. For any initial microstate in the

gauche-state of butane between 0◦ and 120◦, the molecule has a high transition probability to

any microstate within this state and a low transition probability to any microstate outside this

state within lag time τ . The microstate between 0◦ and 120◦ are said to be “kinetically close”.

Analogously, microstates which correspond to the trans-state (120◦ - 240◦) are kinetically close,

as are microstates which correspond to the second gauche-state (120◦ - 360◦).

2.4.2 lllustration of the Chapman-Kolmogorov equation

Eq. 2.26, according to which taking a transition matrix with lag time τ to the power n yields

a matrix which is equal to a transition matrix with n times longer lag time if the dynamics is

Markovian, is ilustrated in Fig. 2.2 using transition matrices butane as an example. The first

three columns show colormaps of transition matrices and the fourth column shows colormaps

of difference matrices.

Transition matrices with short lag times in the order of a few hundred femtoseconds are

depicted in the upper row. The second matrix is the square of the first one with lag time

τ = 160 fs and should be equal to the third matrix which has been constructed with a lag time

of τ = 2 · 160 fs = 320 fs if the dynamics was Markovian at this time resolution of the model.

This is clearly not the case as the second and the third already visually differ from each other.

The difference matrix correspondingly shows systematic deviations from zero. If one was to

evolve a density with T2(160 fs), its dynamics would systematically deviate from the dynamics

of the same density evolved with T(320 fs).

The lower row shows transition matrices with long lag times in the order of 10 picoseconds.

In this time regime the dynamics of the dihedral angle can be approximated by a Markov

process. T2(10 ps) and T(20 ps) are visually similar, except for the fact that T(20 ps) shows

more noise than T2(10 ps). This is due to the poorer sampling for longer lag times. Accordingly,
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the difference matrix depicted in the right-most column shows no systematic deviations from

zero but only deviations which are due to the noise in the two matrices. Note that the amplitude

of noise varies with the magnitude of the transition probabilites in T2(10 ps) and T(20 ps).

2.4.3 Illustration of the equilibrium matrix

Fig. 2.3 illustrates the concept of the equilibrium matrix T1 defined in Eq. 2.54 using transition

matrices of a butane molecule with a lag time of 5 ps as an example. For this lag time the

dynamics of the system is Markovian and the equilibrium matrix T1 can be constructed from

the first eigenvector of the transition matrix, which is equal to the equilibrium distribution.

It is depicted in the right-most panel and as its columns are all equal to the equilibrium

distribution, its colormaps shows a stripe pattern. When multiplied by an arbitrary initial

distribution it returns the equilibrium distribution. T1 does not contain any information on

the kinetic proximity of groups of microstates and metastable states cannot be extracted from

this matrix.

The other two panels in the upper row of Fig. 2.3 show the transition matrix with lag time

5 ps, T(5 ps) and the square of it T2(5 ps), which is approximately equal to T(10 ps). At lag

time τ = 5 ps (left-most panel), the three metastable states of butane are clearly discernible,

implying that the equilibration time of the system is longer than 5 ps. In the middle panel the

metastable states are less discernible and the stripe pattern emerges. At time t = τ = 10 ps,

the probability of finding the system in any of the three metastable states is still slightly biased

towards finding it in its initial state. But the information about the kinetic proximity of the

microstates contained in the matrix is less clear. The lower row shows the difference matrices

T1 − T(5 ps) and T1 − T2(5 ps). For τ = 5 ps (left most panel), the transition matrix shows

large systematic deviations of from the equilibrium matrix. For τ = 10 ps (middle panel) we

see the same deviations which are, however, much smaller in absolute value.

2.4.4 Coupling of neglected and relevant degrees of freedom

When constructing Markov models from MD simulation data, the complete phase space is split

into relevant degrees of freedom for which the model is constructed and neglected degrees of

freedom which are assumed to act as stochastic forces onto the relevant degrees of freedom.

Depending on the timescale of the dynamics of the neglected degrees of freedom and the strength

of the coupling between the neglected and the relevant degrees of freedom, this assumption can

be fulfilled to a greater or lesser extent. In the bit-flip model the relevant degrees of freedom

are modeled by the bit S and the neglected degrees of freedom by the bit E. The time scale

of the dynamics of E is determined by the flipping probability pE: the higher pE, the faster

the dynamics. The strength of the coupling is determined by the coupling constant k. In all

applications of the bit-flip model presented here, the flipping probability of the system, pS, was

set to 0.100.
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Figure 2.2: Transition matrices for the dihedral angle of a single butane immersed in butane (T =
298K, d = 345 a.u./nm3); Upper row: non-Markovian regime, τ = 160 fs and τ = 320 fs; Lower

row: Markovian regime, τ = 10 ps and τ = 20 ps; right-most column: diffence plots of T(2τ) −
T2(τ).

Figure 2.3: Transition matrices for the dihedral angle of a single butane immersed in butane (T =
298K, d = 345 a.u./nm3); Upper row: T(5 ps), T5(5 ps) and equilibrium matrix T1 constructed

from the first eigenvector Φ1 of T(5 ps); Lower row: difference matrices between the equilibrium

matrix and T(5 ps) and T5(5 ps), respectively.
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Figure 2.4: Variation of the relaxation time of the environment in the bit-flip model. Implied time

scale µ calculated from the second eigenvalue of TS,proj(nτ) as a function of n where Tbit has been

constructed with varying the flipping probability of E, pE . Coupling constant k = 100. Flipping

probability of the system pS = 0.100. black: pE = 0.001; red: pE = 0.010; grey: pE = 0.040; green:

pE = 0.050; orange: pE = 0.100; blue: pE = 0.150;

Figure 2.5: Variation of the coupling constant k in the bit-flip model. Implied time scale µ calculated

from the second eigenvalue of TS,proj(nτ) as a function of n where Tbit has been constructed with

varying values of the coupling constant k and the flipping probability of the environment pE . Flipping

probability of the system pS = 0.100. solid black: k = 1, pE = 0.100; dashed black: k = 1,

pE = 0.150; solid red: k = 10, pE = 0.100; dashed red: k = 10, pE = 0.150; solid green: k = 100,

pE = 0.100; dashed green: k = 100, pE = 0.150.
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In Fig. 2.4 the influence of the flipping probability on the implied timescale of the second

eigenvalue of TS,proj is illustrated. The blue curve (pE = 0.150) represents the case in which the

dynamics of the environment is faster than the dynamics of the system. The implied time scale

of the projected matrix rises until it reaches a plateau at about n = 150. This is the threshold

in time resolution τMarkov after which the dynamics of the system is Markovian until, at about

n = 750, the curve diverges again from a constant implied time scale This latter deviation is

caused by the fact that for very high number of iterations the transition matrix approaches

the equilibrium matrix and the second eigenvector becomes so small that it is susceptible to

numerical errors. Note that the system S has a flipping probability of 1 to 10 within a time

step τ . If the dynamics of the system is modeled with a time resolution of 150 τ , the a single

iteration does not yield the probability of a single transition between the two states, but the

probability of finding the system in one of states after a sequence of transitions. Each transition

in this sequence has occurred under the influence of the environment, i.e. it was not Markovian,

but the long lag time of the projected model provides for an ensemble of transitions in which

the influence of the environment averages out. The faster the dynamics of the environment, the

smaller the sequence of transitions has to be until the influence of the environment is averaged

out, i.e. the smaller τMarkov will be. It is important to point out that unless the time scale

of the environment and the time scale of the system differ by order of magnitudes, a Markov

model of the system dynamics does not represent the probability of a single transition within

lag time τMarkov, but the probability of finding the system in state j at time t = τMarkov, given

that it started its sequence of transitions in state i at time t = 0.

The orange curve in Fig. 2.4 represents the case in which dynamics of the environment has

the same time scale as the dynamics of the system. The implied time scale become approxi-

mately constant after 250 iterations at which time the transition matrix is, however, so close

to the equilibrium matrix that the model does not contain any significant information on the

dynamics of the system. Similarly, the grey (PE = 0.040) and the green (pE = 0.050) curve

represent cases in which the dynamics of the environment has a time scale which is in the same

order of magnitude as the time scale of the system but slightly slower. In this case, the implied

time scale curves slowly level off but never reach a plateau region. If one encounters this type

of behavior when constructing a Markov model from MD simulation data, one should consider

including more degrees of freedom into the Markov model.

Finally, the black curve (pE = 0.001) and the red curve (pE = 0.010) in Fig. 2.4 represent

the case in which the dynamics of the environment is much slower than the dynamics of the

system. For few iterations of the complete transition matrix (n < 30 and n < 10, respectively),

the environment has hardly changed and, therefore, the system does not feel its influence. The

implied time scales are constant at about a value of 4.5. After about 10 to 30 iterations, the

environment has changed noticeable from its state at t = 0 and start to influence the dynamics of

the system. However, because the dynamics of the environment is so slow, even 1000 iterations

are enough to provide enough statistics to average out the influence of the environment on the

system and the curve never reach a plateau region (data not shown).

Fig. 2.5 shows the influence of the coupling constant on the dynamics of the system for two
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time scales of the environment pE = 0.100 and pE = 0.150. If there is no coupling, i.e. if k = 1,

the dynamics of the system is independent of the environment and consequently, the implied

time scales are constant (black curves). Similarly as before, the deviation from constant µ

after n = 150 is due to numerical errors. Since the transition probabilities are independent of

the state of the envorinment, the implied time scales are also independent from the flipping

probability of E. Both have a value of 4.48. Raising the coupling constants to k = 10 and

to k = 100 changes the implied time scale of the system, in this case: raises them. We note,

however, that this might be caused by the choice of matrix elements which are modified by k.

τMarkov is the higher the stronger the coupling between the environment and the system is. For

a flipping probability of pE = 0.150, τMarkov ≈ 100 τ for k = 10 and τMarkov ≈ 150 τ for k = 100.

For a flipping probability of pE = 0.150, τMarkov ≈ 170 τ for k = 10 and τMarkov > 300 τ for

k = 100.

2.4.5 Test system: butane immersed in butane

As a test system we consider a single butane immersed in a solvent of butane at two temper-

atures, T = 298.15K and T = 400.00K and various densities. In one set of simulations, we

model the solvent explicitly by 511 butane molecules, in the other set of simulations we model

the solvent implicitly by stochastic dynamics. The dominant degree of freedom in butane is

the dihedral angle between its carbon atoms C1-C2-C3-C4 which we use for the construction of

the Markov model. All other degrees of freedom (bond angle vibrations and solvent degrees

of freedom in MD) are neglected in the model and are assumed to interact stochastically with

the dihedral angle degree of freedom. The molecule has three metastable states, represented

by the gauche+, trans and gauche- confromation of the dihedral angle. Correspondingly it has

two dominant eigenvalues λ2 and λ3 (λ1=1) which we used to calculate implied time scales and

to determine τMarkov.

When constructing a Markov model from simulation data, the upper bound of a possible

lag time is not set by the numerical accuracy with which the eigenvalue can be calculated

for a transition matrix approaching the equilibrium matrix, but by the sampling. Because

data points are evaluated at t=0, τ, 2 τ, ..., the longer τ the less data points in a trajectory of

given length. Fig. 2.6 illustrates this fact. The first panel shows the implied time scale of the

second eigenvalue and the second panel shows those for the third eigenvalue calculated from

MD simulations at T = 298.15K and a density of d = 345 a.u./nm3. We have varied the

number of data points used for the construction of the Markov model by varying the number of

times the MD trajectory is evaluated, where at each evaluation a different butane molecule was

considered to be the solute. τMarkov is not influenced by the amount of data the Markov model

is build upon. It lies between τ = 5 ps and τ = 10 ps. However, the length of the plateau region

is sensitive to the amount of data. The less data is used the smaller the lag time for which

the implied time scales diverge from the plateau. In particular, if the trajectory is evaluated

only 10 times, the implied time scales diverge before τMarkov is reached. We note that there are

methods to estimate the statistical error in a Markov model11–14.
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Figure 2.6: Behaviour of the implied time scales for various number of data points used for the

analysis. Implied time scales µ2 and µ3 calculated from the MD-simulation of 1 butane molecule

immersed in liquid butane at T = 298.15K and d = 345 a.u./nm3. Number of molecules N used for

the analysis (of a total of 512 molecules) varied from 5 to 512.

Fig. 2.7 illustrates how the resolution of the relevant degrees of freedom influences the

implied time scale. For small lag times up to 40 ps there is only a very small, however, systematic

influence of the resolution of the discretization on the implied time scale curves discernible.

More precisely, τMarkov is only slightly smaller for finer discretizations. For lag times of τ = 40 ps

and greater the number of available data points is so small that the statistical error on the

transition probabilities is too large to yield a reliable Markov model. Consequenly, the curves

diverge from the plateau region. The effect becomes larger, the finer the resolution of the

model. We note that our discretization is special in two aspects. Firstly, each metastable state
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Figure 2.7: Behaviour of the implied time scales for various resolutions of the configuration space.

Implied time scales µ2 and µ3 calculated from the MD simulation of 1 butane molecule immersed

in liquid butane at T = 298.15K and d = 345 a.u./nm3. Number of microstates (bins per dihedral

angle) varied from 3 to 72.

corresponds to a single minimum in the free-energy surface and does not consist of several

substates. If by changing the resolution of the discretization, several states are grouped into

one microstate, the lag time at which the model becomes Markovian does change3. Secondly,

we ensured that there is as microstate boundary exactly at the peak of the free-energy barrier

between the metastable states. Moving this boundary away from the barrier peak, will decrease

the quality of the Markov model9. The error introduced by discretizing the relevant degrees

of freedom has, however, a finite upper bound (Frank Noé, Freie Universität Berlin, private

communication).

In the butane test system the neglected degrees of freedom are predominantly those of the
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Figure 2.8: Behaviour of the normalized implied time scale µ2,norm for various systems. left column:

MD simulations of 1 butane molecule immersed in liquid butane; right column: SD simulations of

1 butane immersed in liquid butane modelled by the friction coefficient γ; panel A: T = 298.15K, d

varied from 300 a.u./nm3 to 500 a.u./nm3; panel B: T = 298.15K, γ varied from 5.0ps−1 to 126.3ps−1;

panel C: T = 400.00K, d varied from 50 a.u./nm3 to 345 a.u./nm3; panel D: T = 400.00K, γ varied

from 0.5ps−1 to 7.2ps−1; panel E: temperature and density varied; panel F: temperature and γ

varied.
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solvent molecules, (exceptions being the bond-angle degrees of freedom). Their coupling to

the relevant degree of freedom, the dihedral angle, is determined by the model of the solvent

(implicit or explicit), the density and the temperature. Their influence on τMarkov is examined

in Fig. 2.8.

system MD SD

T density γfriction µ2,ture µ3,true µ2,true µ3,true

(K) (a.u./nm3) (ps−1) (ps) (ps) (ps) (ps)

298.15 300 5.0 21.0 20.2 10.2 8.0

298.15 345 10.0 17.0 16.2 11.2 7.2

298.15 400 17.9 15.0 12.4 11.8 7.2

298.15 450 35.8 13.4 9.8 17.4 10.0

298.15 500 126.3 12.8 8.8 43.4 26.0

400.00 50 0.5 30.0 28.0 12.6 10.6

400.00 100 1.1 16.5 16.0 7.6 6.3

400.00 150 1.8 13.0 12.6 5.4 5.2

400.00 200 2.3 11.0 10.8 4.6 4.6

400.00 250 3.6 9.2 9.0 4.0 3.6

400.00 300 6.3 7.8 7.2 3.8 2.8

400.00 345 7.2 6.4 5.8 3.8 2.8

Table 2.3: Overview of the implied time scales of the second and third eigenvalue observed in the

Markoivan regime of the dynamics for various temperatures and densities. column MD: explicit

solvent model; column SD: implicit solvent model.

Since model, density and temperature do not only influence τMarkov but also the implied

time scales used to determine τMarkov, we introduce a normalized implied time scale

µi,norm(τ) =
µi(τ)

µi,true
(2.73)

where µi(τ) indicates the implied time scale of the ith eigenvalue and µi,true the ”true” implied

time scale, i.e. the time scale in the Markovian regime, which we determine by visual inspection.

Tab. 2.3 lists the observed “true” implied time scales. The column “MD” corresponds to

an explicit solvent model, the column “SD” to in implicit one. The fact that the stochastic

dynamics (SD) underestimates the relaxation times of a system (i.e. underestimates the implied

time scales) if the fundamental assumption underlying this type of dynamics (large heavy

particle in a solvent of small light particles) is not fulfilled, is a known effect. The expectation

that the system equilibrates more quickly if temperature or the density is increased, is reflected

in the corresponding decrease of the implied time scale. The only exception to this trend are the

simulations with very high friction coefficients (γfriction = 35.8 ps−1 and γfriction = 126.3 ps−1).

In these cases the velocity of the dihedral-angle degree of freedom is decreased so drastically at
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each simulation step that transitions between the metastable states are very rare. Consequently,

the equilibration between these states is slow and the implied time scales are high.

The left column in figure Fig. 2.8 shows normalized implied time scales for various sim-

ulations in which the solvent is modelled explicitly and the right column shows normalized

implied time scales for the corresponding simulations with an implicit model of the solvent. In

all three rows the Markovian regime is reached much earlier for the implicit solvent model than

for the explicit solvent model, i.e. the influence of the neglected degrees of freedom vanishes

more quickly. This can be explained by the fact that the set of neglected degrees of freedom

is much smaller in transition matrices constructed from SD simulations. It only consists of the

bond-angle degrees of freedom which equilibrate faster than the solvation shell in an explicit

solvent model. Note that the emulation of the solvent by friction coefficients and stochastic

kicks is by definition Markovian. In contrast to the simulations with an explicit solvent model,

some of the curves in the right column of Fig. 2.8 deviate already at small lag times from the

constant regime, in particular those which correspond to small implied time scales in Tab. 2.3.

Two reasons for this are conceivable: (i) similar as in the bit-flip model transition matrices

with small implied time scales approach the equilibrium matrix so closely that the numerical

error of the eigenvalue calculation is not negligible or (ii) poorly sampled transitions become

more and more dominating as the modes corresponding to the second and third eigenvector

decay and cause a divergence from Markovian behavior. Panel D shows that τMarkov decreases

if the friction coefficient increases. The left column of Fig. 2.8 shows how τMarkov changes if

the density and the temperature is varied in simulations with explicit solvent model. Anal-

ogously to the results for SD, τMarkov decreases if the density increases (panel A and E). At

high density the kicks among solvent molecules and among solvent molecules and the solute are

more frequent than in low density leading to a quicker equilibration of the neglected degrees of

freedom. Intuitively, a high density corresponds to a high value of the flipping probability pE in

the bit-flip model. Likewise, τMarkov decreases if the temperature increases (compare the dotted

to the long-dashed curve and the solid to the short-dashed curve in panel E). For the higher

temperatures the kicks among solvent molecules do not necessarily become more frequent but

have an higher impact which also speeds up the equilibration of the solvent degrees of freedom.

2.5 Conclusion

We have presented an overview of the assumptions which are made when mapping the equations

of motion onto the central quantity in Markov models, the transition matrix. We have also

reviewed the mathematical properties of transition matrices.

Markov models are a powerful tool to describe the dynamics of the relevant degrees of

freedom of a system provided that one finds a partition of the degrees of freedom of the system

into relevant and neglected degrees of freedom, such that the neglected degrees of freedom are

not strongly coupled to the relevant degrees of freedom and that the former equilibrate on much

shorter time scales than the latter. In our test system butane, we find that the discretization of
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the relevant degrees of freedom (if the grid boundaries do not mask the free energy barriers) has

only little influence on the time resolution τMarkov for which the dynamics becomes Markovian.

The number of data points which is used to construct the Markov model, on the other hand,

has an influence on the range of lag times for which the model is Markovian: the smaller the

number of data points, the earlier the system diverges from Markovian behavior.
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2.A Appendix A: Proofs

Remark 2.1. If two transition matrices T(τ) and T(τ ′) with lag-times τ and τ ′, respectively,

are detailed balanced with respect to a vector Π, then so is any transition matrix T(τ + τ ′) with

lag time τ + τ ′.

Proof:

T(τ + τ ′)ΠD = ΠDT>(τ + τ ′) (A.1)

Using that T(τ + τ ′) can be expanded into a product of T(τ) and T(τ ′), one obtains

T(τ)T(τ ′)ΠD = ΠD (T(τ)T(τ ′))> = ΠD T>(τ ′)T>(τ)

= T(τ ′) ΠD T>(τ) = T(τ ′) T(τ) ΠD

= T(τ) T(τ ′) ΠD . (A.2)

The first line is the detailed balance condition for T(τ + τ ′) (Eq. 2.39). In the second line,

we used Eq. 2.25 to expand T(τ + τ ′) into a product of T(τ) and T(τ ′). In the third line we

used that both T(τ) and T(τ ′) are detailed balanced with respect to Π (Eq. 2.39) and, finally,

going from the third line to the fourth we used that the product of two (Markovian) transition

matrices is commutative (Eq. 2.25).

In the context of time discretized Markov chains, this Eq. A.2 implies that if T(τ) is detailed

balanced with respect to Π, then so is T(2τ) = T2(τ). Similarly, using Eq. A.2 we can show

that if both T(nτ) and T(τ) are detailed balanced with respect to Π, then so is T((n+ 1)τ) =

T(nτ)T(τ). And then by proof by induction: if a matrix T(τ) is detailed balanced with respect

to Π, then so is any transition matrix T(nτ) = Tn(τ).

Remark 2.2. A transition matrix T(τ) can only be detailed balanced with respect to a vector

which is also a right eigenvector associated with the eigenvalue λ1 = 1.

Proof: Suppose T(τ) was detailed balanced with respect to an arbitrary vector x, i.e.

Tµνxν = Tνµxµ . (A.3)

Multiplying T(τ) with x will yield a vector x′ the elements of which are given as

x′µ =
∑
k

Tµkxk =
∑
k

Tkµxµ = xµ . (A.4)

where we have used the stipulation that T(τ) is detailed balanced with respect to x to go

from the second to the third expression and the fact the the columns of T(τ) are normalized

(Eq. 2.24) to go from the third to the fourth expression. Consequently, x′ = x and x is an

eigenvector of T(τ) with an associated eigenvalue of λ = 1.
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Remark 2.3. The eigenvectors of Tsym (left and right eigenvectors being equal for a symmetric

matrix) can be transformed into the (left and right) eigenvectors of T:

Proof:

Tsymνα = λανα
Π
−1/2
D T(τ)Π

1/2
D να = λανα

T(τ) Π
1/2
D να︸ ︷︷ ︸
Φα

= λα Π
1/2
D να︸ ︷︷ ︸
Φα

⇓
Π

1/2
D να = Φα (A.5)

and analogously

Π
−1/2
D να = Ψα. (A.6)

Remark 2.4. The (left and right) eigenvectors of a detailed balanced transition matrix T(τ)

are orthogonal with respect to a weighted inner product.

Proof: For the right eigenvectors we have

Φ>αΠ−1
D Φβ = (Π

1/2
D να)>Π−1

D Π
1/2
D νβ

= (Π
1/2
D να)>Π

−1/2
D νβ

= ν>α (Π
1/2
D )>Π

−1/2
D νβ

= ν>ανβ
= δαβ . (A.7)

The derivation of the weighted inner product of the left eigenvectors follows the same route

and leads to

Ψ>αΠDΨβ = δαβ . (A.8)
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Chapter 3

Comparing geometric and kinetic

cluster algorithms for molecular

simulation data

3.1 Introduction

Molecular simulation techniques, such as molecular dynamics (MD) or Monte Carlo (MC)1, are

powerful tools for the elucidation of the microscopic structure and the dynamics of biomolecules

and for the elucidation of the functionality associated with the former two. As raw output these

simulations typically produce a large Boltzmann-weighted ensemble of molecular structures or

statistical mechanical configurations which serves as the basic data set for further analysis.

If one is solely interested in some average over the ensemble, it can be calculated without

further detailed analysis. If one would (additionally) like to organize and conceptualize this

enormous structural data set in order to understand (i) which parts of the configurational space

are accessible to the molecule at a given temperature, (ii) how the molecule moves within this

space and (iii) how these parts and movements eventually connect to particular macroscopic

and microscopic properties, clustering of the large amount of configurational data in one way

or the other is a necessity. In this context, the term conformation is used to describe a (small)

part of the configurational space or a subset in the configurational ensemble that comprises

structurally related configurations. In small molecules the conformations are usually defined

such that they represent a minimum in the free-energy surface, i.e. a metastable state, and that

different conformations are separated by significant barriers from each other. It is, however,

important to point out that there is no exact definition of how to map a given configurational

or structural ensemble onto different conformations.

For small molecules, such as n-butane, CH3(CH2)2CH3, conformational assignment can be

done based on a somewhat intuitive insight into the molecule’s conformational space. According

to this insight, the largest barriers in n-butane will occur along the C1-C2-C3-C4-dihedral angle

φ and the molecule’s conformational isomers are gauche(-) with φ ≈ 60◦, trans with φ ≈ 180◦
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and gauche(+) with φ ≈ 300◦ of which the trans-conformation is the lowest in energy because

in this conformation the two CH3-units are farthest apart from each other. The strength

of this description becomes immediately obvious if one acknowledges the fact that n-butane

has N = 14 atoms and therefore 3 · N − 6 = 36 internal configurational degrees of freedom.

This high-dimensional space is projected onto only three states which suffice to accurately

describe the molecule’s free-energy landscape, the relative populations in this landscape and

the dynamics of the molecule.

For larger molecules such an intuitive partitioning of the structural ensemble becomes im-

possible due to the enormous size and complexity of the configurational space. Consequently,

also the term conformation becomes fuzzier. Frequently, one resorts to grouping structures

according to conformational similarity using geometric cluster algorithms and refers to the

resulting clusters as conformations2,3. In this sense the term conformation merely denotes a

sub-ensemble of structures that are more similar to each other than to the remaining structures

of the ensemble according to a given similarity measure. In order to interpret these results,

it is then often (tacitly) assumed that these clusters also represent metastable states4,5. The

underlying assumption here is that large conformational changes are likely to be hindered by

barriers in the free-energy surface, whereas structures which populate a common minimum in

the free-energy surface should be conformationally similar. Although these assumptions seem

reasonable at a first glance, there is no guarantee that they are correct for all types of molecules.

As a matter of fact, there are known cases in which large movements of e.g. side-chains or other

flexible parts of a molecule are hardly hindered by any barrier6,7. If such a behavior is known or

suspected for a molecule, the problem is commonly evaded by adapting the similarity measure

thereby introducing a certain arbitrariness into the conformational analysis. For example, when

structurally clustering small peptides with an eye to the (un)folding equilibrium one typically

includes only the backbone atoms or Cα-atoms of the central amino residues and neglects the

movement of the side chains and the terminal residues.

In order to extract information such as relative free energies, rates of conformational changes

or folding pathways from MD simulations, it is essential to know the basins of the free-energy

surface as precisely as possible. A basin can be either described as a region in phase space

which is surrounded by free-energy barriers or - in terms of life times - as a region in phase

space in which a molecule is likely to stay for a long time, i.e

tii(∆τ) >> tij(∆τ), (3.1)

where tii denotes the probability to stay in region i for a time period ∆τ and tij denotes the

transition probability of going from region i to region j within time ∆τ . Note that Eq. 3.1

represents a clear definition of the term metastable state which is independent of the size of

the molecule. The link between free-energy barrier heights and transition probabilities can be

understood with help of the Arrhenius equation which states that the rate kij of going from

state i to j decreases exponentially as the barrier between the two states, the activation energy
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Eij, increases,

kij = A · exp

(
−Eij
RT

)
, (3.2)

where A is a prefactor which depends on the system, R is the gas constant and T is the

temperature. In other words: if a state i is surrounded by large barriers, all rates kij are small

and the probability of staying in i for a long period of time is high.

Although the term metastable state has a precise definition, actually assessing the metastable

states of a large molecule proves to be challenging and rather costly8–10. In order to identify

metastable states, the phase space - usually reduced to the molecule’s conformational subspace -

is discretized into so-called microstates, where the term microstates simply denotes a very small

part of the phase space9. These states are then grouped together to metastable states according

to kinetic proximity, i.e. the transition probability of one microstate to another microstate of

the same group should be much higher than the transition probability to a microstate outside

the group - a technique to which we will refer as kinetic clustering8–12. The reason why this

procedure is costly, is that the transition probabilities between all pairs of microstates have to

be sampled to convergence, whereas in geometric clustering only the conformational space has

to be sampled with the appropriate weights. Nevertheless, kinetic clustering is - in principle -

capable of directly identifying the metastable states of a molecule.

In this contribution, we first wish to assess how sensitive geometric cluster results are with

respect to the choice of the algorithm and its parameters and with respect to the choice of

the similarity measure. Second, we wish to test how accurately geometric cluster algorithms

reproduce the metastable states. To this end, we cluster 15’000 structures of a β-heptapeptide

obtained from a MD simulation using three different geometric cluster algorithms and com-

pare the results. Then we identify the metastable states of the molecule by kinetic clustering

and using 20 trajectories of 500ns length each of which was started from a different initial

configuration.

We sort the data set that was used for the geometric clustering into these metastable states

and compare the result to the clusters obtained using the geometric cluster algorithms.

3.2 Theory

3.2.1 Geometric cluster algorithms

In geometric cluster algorithms, data points are literally understood as points in a (potentially

high-dimensional) space for which some distance metric is defined13. The goal of the algorithm

is then to partition a data set S into smaller sets {s1, s2, s3, ...} such that the distances between

the data points of a given set are smaller than their distances to data points in any other set,

S = {s1, s2, s3, ..., sc}. (3.3)
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These sets are called ”clusters”. We only consider non-fuzzy cluster algorithms, that is, algo-

rithms that sort data points into disjoint clusters,

si ∩ sj = ∅ ∀i, j with i 6= j. (3.4)

Given a distance measure dij between two data points i and j, a distance matrix D for all

pairwise distances in S can be constructed. In principle this distance matrix then has to be

permuted in such a way that it takes an approximately block-diagonal form, where the blocks

represent the clusters and the matrix elements in the blocks should be smaller than all other

matrix elements,

D′ = PDP−1. (3.5)

Due to the sheer number of possible permutations - they grow with n! where n is the number

of data points in S - it is usually impossible to find the optimal permutation in a brute force

manner. Instead, geometric cluster algorithms rely on a number of iterative schemes and

different convergence criteria14,15.

We tested and compared three different types of geometric cluster algorithms, the first one

being the neighbor algorithm as described in4. This is a very simple and fast algorithm in

which the neighbors of a data point i are defined to be those data points that lie within a

(predefined) distance from i. The data point with the most neighbors is considered to be the

medoid of the first cluster and all its neighbors are members of the cluster. After the first

cluster has been found, all its members are removed from the data pool and the algorithm is

iterated until all data points have been assigned to a cluster. The algorithm has one parameter:

the distance cutoff c which represents the radii of the clusters. The neighbor approach has the

advantage that one does not need to keep the entire distance matrix in the working memory of

the computer, it rather suffices to store a list of neighbors for each data point. This allows the

processing of large data sets and makes the algorithm very fast.

The second algorithm we tested is the K-medoids algorithm which belongs to the class

of partitioning cluster algorithms. These algorithms assign in an initialization step all data

points to a predefined number of clusters and then iteratively optimize the assignment until

some convergence criterion is reached. Partitioning algorithms have the advantage that wrong

cluster assignments made in the course of the algorithm have the chance to be corrected during

a later iteration. However, they need the total number of clusters k as an input parameter -

a number which is usually not known a priori. It can be estimated by pre-clustering the data

using other algorithms or by applying the partitioning algorithms several times with different

total numbers of clusters as input and then deciding, using some cluster validity measure, which

clustering represents the structure of the data set best. Also, the initial cluster assignment,

which is usually done in a random fashion, heavily influences the final partitioning of the data

set and it is, therefore, customary to apply the algorithm several times to the same data set

with the same input parameters but different assignments. On the one hand, this approach can

reveal several equally good partitionings, on the other hand, it is not always possible to decide

unambiguously which solution is the best.
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Figure 3.1: Results of three geometrical cluster algorithms - neighbor algorithm (column 1), K-

medoids algorithm (column 2), common-nearest-neighbor algorithm (column 3) - for 5 two-dimensional

test cases (row 1-5). Data points of the same color belong to one cluster. For the K-medoids algorithm

the cluster centers are indicated as differently colored dots in the center of each cluster.

The third algorithm is a close variant of the Jarvis-Patrick algorithm16, which we - in order

to have a more descriptive name - will call the common-nearest-neighbor algorithm. In contrast
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to most geometric cluster algorithms this algorithm is not based on the idea that members of

a cluster are closer to each other than to all other data points in the data set and it therefore

also abandons the notion that clustering is equivalent to reorganizing the distance matrix into a

block-diagonal form. Instead it bases its cluster definition on a measure for the local data-point

density around a point i which mimics the way we (as human beings) intuitively recognize

clusters in data sets such as e.g. the scatter plots in Fig. 3.1. For this intuitive perception,

neither the distance of a given data point from the cluster center nor the specific shape of the

cluster - parameters which are utilized in many geometric cluster algorithms - play a crucial role.

Nor is the condition that intracluster distances should be smaller than intercluster distances

always fulfilled (see Fig. 3.1, test cases 3, 4 and 5) Rather, we perceive the clusters as continuous

areas of high data point density and the cluster boundaries are designated by a steep drop in

data point density. In the common-nearest-neighbor algorithm a hitherto unassigned data point

is added to a cluster if it is connected to one of its members by an area of sufficiently high

data-point density. A cluster is complete and is removed from the data pool if no further data

point can be added. Since the data-point density between two data points i and j is hard to

calculate if i and j are points in a high-dimensional space, it is instead estimated as the number

of their common nearest neighbors. The nearest neighbors of i are those data points that lie

within the nearest-neighbor-distance cutoff nndc. The number of common nearest neighbors of

i and j is the number of data points that are both nearest neighbors of i and of j. (This number

is of course 0 if i and j are further apart than 2 · nndc.) Suppose i is a member of cluster c1

and j is still unassigned, then j will become a member of c1 if it has at least nnnc (nearest-

neighbor-number cutoff ) neighbors with i or any other member of c1. Once it is assigned to

c1, it can also attract unassigned data points. In contrast to the original formulation of the

Jarvis-Patrick algorithm, in which the n data points closest to i are considered to be neighbors

of i independently of their distance to i, in the common-nearest-neighbor algorithm only data

points that lie within nndc are considered to be neighbors. Neither is the total number of nearest

neighbors restricted nor do all data points necessarily have nearest neighbors. In this way it

ensured that the algorithm stops enlarging the cluster when it reaches an area with a drop in

local data-point density. Other than in the neighbor algorithm where distance cutoff represents

the cluster radius, nndc designates a very local area around a data point and should be much

smaller than the cluster radius. But just as in the neighbor algorithm it is not necessary to

store the entire distance matrix in the working memory, instead it suffices to keep the neighbor

list which makes it easy to handle large data sets.

In this study we use the atom-positional root-mean-square difference (RMSD) as distance

measure between two i and j:

RMSDij =

√√√√ 1

N

N∑
k=1

(xi,k − xj,k)2. (3.6)

Here, N is the number of atoms and xi,k and xj,k are the respective positions of atom k

in structures i and j, possibly after translational superposition of the centers of mass and
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rotational fit. Although, RMSD is the preferred distance measure in most cluster studies of

molecular simulation data, other measures such as the dihedral angle RMSD are possible.

3.2.2 Kinetic cluster algorithms

In contrast to geometric cluster algorithms, which partition a given data set without any direct

reference to the underlying conformational space, kinetic cluster algorithms directly partition

the conformational space into regions, such that each region represents a metastable state (Eq.

3.1). Metastable states are equivalent to minima in the free-energy surface and the Arrhe-

nius equation, Eq. 3.2, links the free-energy-barrier heights surrounding a minimum to the

probability of staying in this minimum, i.e. its metastability.

The first and crucial step in kinetic cluster algorithms is the discretization of the conforma-

tional space C into disjoint microstates,

C = {µ1, µ2, µ3, ....}, (3.7)

where the microstates typically form a complete cover of C. The definition of the microstates

is not trivial. On the one hand they have to be large enough that their total number is still

computationally manageable, on the other hand they have to be so small that they represent

the conformational space with sufficient resolution. A variety of approaches to this problem

have been developed.

The aim of kinetic cluster algorithms is to group these microstates according to kinetic

proximity where the transition probability tij(∆τ), which is the probability of finding the

system in µj at time t+ ∆τ given that it was in µi at time t,

tij(∆τ) = P (µj(t+ ∆τ) | µi(t)), (3.8)

is used as measure of kinetic proximity. The higher the value of tij, the closer two mircostates µi
and µj are kinetically. Note that the transition probability must not depend on the state of the

system at t−∆τ , t− 2∆τ , ... that is to say the system must have Markovian behavior on the

time scale ∆τ . Analogous to geometric cluster algorithms, one arranges these tij in a matrix

of kinetic proximities, the transition matrix T. Since the elements of the matrix represent

probabilities and the system can either stay in the current state or transfer to another state, T

is a row-stochastic matrix, ∑
j

tij = 1 ∀i. (3.9)

One now looks for a permutation P which transforms T into an almost block-diagonal form such

that the matrix elements within one block are significantly larger than the off-block elements,

T′ = PTP−1. (3.10)

Each block then corresponds to a metastable state and the number of the metastable states can

be determined by analyzing the eigenvalue spectrum of the transition matrix T12. However,
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just as with the geometric cluster algorithms, a brute-force search for P is prohibitive because

the number of possible permutations grows with n!, where n is the number of microstates. In

contrast to the distance matrices which are used in geometric clustering, one can here exploit

the fact that transition matrices are row-stochastic and can be coarse-grained to a transition

matrix Tcg over the metastable states. The search-problem for P then becomes an optimization

problem in which the trace of the coarse-grained matrix Tcg has to be maximized and which

could be tackled e.g. using a Monte-Carlo simulated annealing (MCSA) scheme.

In practice, one finds that in order for the MCSA to converge to a reasonable result, one

needs to have a good starting guess. We use an idea proposed by Deuflhard et. al.12 which

exploits the properties of almost block-diagonal row-stochastic matrices to generate such a

starting guess.

The transformation of a sample transition matrix T to the corresponding coarse-grained

transition matrix Tcg is illustrated in the appendix A.

Definitions of the microstates

Numerous methods for discretizing the conformational space C into microstates µ1, µ2, µ3, ....

have been proposed in the literature of which we summarize the eminent ones. Uniformly

discretizing each (slow) degree of freedom into small bins12,17–19 suggests itself and is also

the most rigorous of all methods. However, due to combinatorial explosion, this approach

yields unmanageably large numbers of microstates for systems with more than a few degrees of

freedom. One way to evade this problem is by reducing the dimensionality of the space using

e.g. essential dynamics11 or by discretizing each degree of freedom independently along the

minima of its marginal probability distribution20, resp. performing a kinetic clustering on the

isolated degrees of freedom9. The latter two approaches are, however, only valid if the degrees

of freedom are mutually independent. An intermediate approach is to perform a kinetic cluster

analysis on one degree of freedom at a time and successively subdivide the data set along the

resulting clusters21.

Alternatively, one can detach oneself from the description of the conformational space in

terms of internal degrees of freedom and instead regard the conformations of the molecule as

a whole, e.g. by performing a geometric cluster analysis which is then iteratively refined using

kinetic clustering8 or by projecting the configuration of a protein onto a binary code in which

each digit represents one amino acid and denotes whether this amino acid is in a helical state

or not (encoded as 1 and 0, respectively)22. In another version of these secondary structure

strings multiple secondary states are encoded as letters and the configuration of the protein is

represented by a letter string10.

Generation of the transition matrix

Once one has decided on a definition of the microstates, each structure q(t) from a trajectory

of molecular structures is projected onto the appropriate microstate µ = f(q(t)), thereby
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transforming this trajectory into a trajectory of microstates

(q(0),q(t1),q(t2), ...) −→ (µ(0), µ(t1), µ(t2), ...) (3.11)

It is now possible to count the transitions µi → µj that occur within a lag time of t = ∆τ .

By moving a frame of t = ∆τ over a MD trajectory, one obtains the number of transitions

fij between microstate µi and microstate µj which can be arranged into a so-called frequency

matrix F. Normalizing the rows of F one obtains the transition matrix T whose elements tij
represent the probability of moving from microstate µi to micorstate µj within time t = ∆τ .

Markovian behavior

The description of the kinetics of a molecules in terms of a transition matrix is only valid if the

kinetics are Markovian on the chosen time-scale ∆τ . Given that the system is in microstate µi
at time t, the probability that it will be in µj at t+ ∆τ must not depend on the previous states

of the system but only on a time-invariant transition probability tij,

tij = P (µ(t+ ∆τ) = µj | µ(t) = µi). (3.12)

Analyzing the eigenvalues λi(τ) of transition matrices with varying lag times τ of a given system

is an elegant way to test whether the dynamics of the systems is Markovian23. The quantity

τc,i = − τ

ln λi(τ)
(3.13)

is a characteristic time scale for the decay of the eigenvalue λi(τ) with increasing lag time τ .

If the transition matrices describe the dynamics of a Markovian system, this time scale should

be a constant and plotting τc,i versus τ should result in a horizontal line.

3.3 Methods

3.3.1 Simulation

20 production runs of the β-heptapeptide H-β-HVal-β-HAla-β-HLeu-(S,S)-β-HAla(αMe)-β-

HVal-β-HAla-β-HLeu-OH (see Fig. 3.2) in methanol were generated. The starting structures

for each of the replicas were taken randomly from a previous simulation24 of 400ns. Each of the

replicas was simulated for 500ns, adding up to a total of 10µs of simulation data. The simu-

lations were carried out with the GROMOS96 software25 and the GROMOS 43A1 force field25

as previously24. All bond lengths were constrained using the SHAKE algorithm26 allowing for

a time step of 2 fs. Solute configurations were saved every 0.1 ps. The system was simulated

in a rectangular box using periodic boundary conditions. The volume was kept constant and

the solvent and solute molecules were independently weakly coupled to temperature baths of

310K27 with a coupling time of 0.1 ps. The number of solvent molecules was 962. We used

0.8nm/1.4nm as twin-range cutoff and 1.4nm as reaction field cutoff with εrf = 1.0. The atom

pair list for short-range interactions and the intermediate-range forces were updated every 5

steps.
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Figure 3.2: panel A: chemical structure of the β-heptapeptide H2-β-HVal-β-HAla-β-HLeu-

(S,S)-β-HAla(αMe)-β-HVal-β-HAla-β-HLeu-OH+; panel B: structure of the folded state of this β-

heptapeptide; panels C-E: arbitrarily chosen unfolded structures of this β-heptapeptide.

3.3.2 Geometric cluster algorithms

We extracted structures at intervals of 0.1ns from the simulations (5000 structures per replica).

0.1ns is the time step for which the system starts to behave Markovian and the structures which

are separated by this time interval can be regarded as uncorrelated. For these structures - after

a translational superposition and rotational fit - distance matrices were calculated using three

different distance measures:

1. atom-positional RMSD of all atoms (aa)

2. atom-positional RMSD of all back-bone atoms (bb1−7)

3. atom-positional RSMD of the back-bone atoms of residues 2 to 6 (bb2−6).

Generally, for molecules comparable in size to our β-heptapeptide a few thousand structures are

accepted to be sufficient for a structural cluster analysis. To test whether our RMSD-matrices

were indeed converged, we constructed RMSD matrices with different numbers of structures:

5’000, 10’000, 15’000, 20’000 and 25’000.

We used three different geometric cluster algorithms to cluster these data sets: the neighbor

algorithm, the K-medoids algorithm and the common-nearest-neighbor algorithm. We present

here the pseudocode of the common-nearest neighbor algorithm because this algorithm differs

from the more commonly used K-medoids and neighbor algorithm in that it bases its cluster
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criterion on a local density estimate. The pseudocode of the two other algorithms can be found

in appendix B.

Common-nearest-neighbor-cluster algorithm

The common-nearest-neighbor-cluster algorithm has two input parameters - the nearest-neighbor-

distance cutoff nndc and the the nearest-neighbor-number cutoff nnnc - and is composed of the

following steps:

1. Loop over all data points that have not been assigned to a cluster yet:

• Find the data point with the highest number of nearest neighbors within the nearest

neighbor distance cutoff.

2. This data point is the medoid of the current cluster .

3. Loop over all data points that have not been assigned to a cluster yet and keep looping until

no further data point can be added to the current cluster:

• For each data point, check if its number of common nearest neighbors with any of the

points that have been assigned to the current cluster so far is equal to or greater than

the nearest neighbor number cutoff.

• If this is true, add this data point to the current cluster.

4. Add the current cluster to the list of clusters and remove its members from the pool of

unassigned data points.

5. Repeat steps 1 - 4 until all data points have been assigned to a cluster.

3.3.3 Kinetic cluster algorithms

Definition of the microstates and generation of the transition matrix

Two approaches are possible for the definition of microstates: (i) sorting the structure of

the trajectory into very small clusters using a geometric cluster algorithm or (ii) discretizing

the conformational space (or subspace of the conformational space) directly. With regard to

a comparison with the results of geometric cluster algorithms, the former approach has the

advantage that one could use the same metric for geometric and kinetic clustering, but the

disadvantage that a microstate definition which relies on a geometric cluster algorithm is likely

to bias the comparison. Also note that the concept of metastable states exists independently of

the representation of the molecule and as long as the chosen metric does not obscure the barriers

in the system, kinetic clustering should reliably yield the metastable states. We therefore opted

for the latter approach.

We discretized the three possible backbone torsional angles of residue i, C(O)i−1-Ni-Cβ,i-

Cα,i, the Ni-Cβ,i-Cα,i-C(O)i, and the Cβ,i-Cα,i-C(O)i-Ni dihedral angles of residues 2 to 6
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following a procedure described in9. In this approach one checks whether the torsional angles

are mutually independent and if so performs a kinetic cluster analysis on each torsional an-

gle separately thereby discretizing this degree of freedom into a small number of bins. The

possible microstates of the molecule are then a combination of these bins. The Cα,i-C(O)i-

Ni-Cβ,i dihedral angle does not need to be discretized, because it is the dihedral angle of the

peptide plane which is restrained to a planar conformation. This yielded two dihedral angle

microstates for each C(O)i−1-Ni-Cβ,i-Cα,i dihedral angle, three microstates for each Ni-Cβ,i-

Cα,i-C(O)i dihedral angle and four (residues 3,5 and 6), respectively. two (residues 2 and 4)

for the Cβ,i-Cα,i-C(O)i-Ni dihedral angles. The exact boundaries of these dihedral angle mi-

crostates are given in Tab. 3.1. A microstate of the overall peptide conformation is constructed

as a combination of dihedral-angle microstates. With the given discretization this amounts

to a total of 1,990,656 possible microstates most of which are, however, never visited during

the simulation. In order to decide which of all these possible microstates should be taken into

account for the construction of the transition matrix, we counted how often each of the pos-

sible microstates was visited during the 10µs of simulation and discarded those microstates

that were visited by less then 0.01% of all trajectory structures. This yielded a total of 87

microstates for which we constructed transition matrices with lag times ranging from τ = 10 ps

to τ = 500 ps. Transitions from and to the discarded microstates were not included in the

construction of the transition matrices and detailed balance was enforced by reading out the

trajectories forwards and backwards, i.e. each transition from a microstate i to a microstate j

was also counted as a transition from j to i. From a test set of 15’000 structures, 11’942 fall

within these 87 microstates and 3058 structures occupy one of the discarded microstates and

were classified as unstructured data (c.f line 2 in Tab. 3.10).

residue residue

number name C(O)i−1-Ni-Cβ,i-Cα,i Ni-Cβ,i-Cα,i-C(O)i Cβ,i-Cα,i-C(O)i-Ni

2 β-HAla 0; 115 0; 120; 240 0; 190

3 β-HLeu 0; 135 0; 120; 240 90; 180; 240; 330

4 (S, S)-

βHAla(αMe) 0; 125 0; 110; 240 0; 145

5 β-HVal 0; 120 0; 105; 240 0; 115; 180; 240

6 β-HAla 0; 130 0; 115; 240 0; 115; 185; 245

Table 3.1: Microstate boundaries of the flexible backbone torsional angles of residues 2 to 6 in the

β-heptapeptide. Values are in degrees. The cis conformation corresponds to 0 degrees.

Identification of the metastable states

We checked whether the dynamics of the β-heptapeptide can be described as a Markov process

using Eq. 3.13. For lag times τ greater than 100 ps the characteristic time scales for the largest



3.4. RESULTS 81

eigenvalues become approximately constant and we chose the transition matrix with τ = 300 ps

for the identification of the metastable states. A plot of the eigenvalues λi of T(τ = 300 ps)

yielded a gap between the fifth and sixth eigenvalue. We can therefore expect to find five

metastable states12. After having generated a starting guess for the definition of these five

metastable states using an idea by Deuflhard et. al.12, we optimized the state definition by

maximizing the trace of the coarse-grained transition matrix (see Eq. 3.10 and A.1-A.3) using

a Monte-Carlo-simulated-annealing (MCSA) scheme8. We started the MCSA at a temperature

of TMCSA = 0.006 and decreased it to 0.0001 in 60 steps making 1000 trial moves at each

temperature. A trial move consisted of randomly picking a microstate within a randomly

chosen metastable state and assigning it to another metastable state which was also chosen

randomly. If the trace of the resulting coarse-grained matrix was greater than or equal to the

trace of the current coarse-grained matrix, we always accepted it. If it was smaller, we accepted

it with a probability of

p = exp(∆Tr/T ) (3.14)

where ∆Tr is the difference in the traces of two matrices and T is the current temperature.

Merging two metastable states often leads to a local maximum of the trace in which the algo-

rithm gets trapped. For this reason we prohibited empty metastable states, i.e. if a metastable

state at some point in the optimization consisted of only one microstate, then this microstate

could not be chosen for a trial move. Note, however, that if a system with n metastable states

is described by a transition matrix with less than n states (merged metastable states), the trace

of this matrix lies below the optimal trace. Therefore, the merging of metastable states during

the optimization is an indication that the starting guess or temperature or the temperature

steps of the MCSA scheme were not chosen appropriately.

We repeated the algorithm 80 times and used the definition of the metastable states that

corresponded to the coarse-grained matrix with the largest trace.

3.4 Results

3.4.1 Test cases

Two-dimensional data sets, such as the five test cases in Fig. 3.1, are particularly useful when

characterizing geometric cluster algorithms, because in contrast to high-dimensional data sets

the results can be directly represented in terms of 2-d-scatter plots, thereby revealing the

features and peculiarities of the cluster algorithm. Note that although the cluster algorithms

might show a more complex behavior for higher dimensional data sets, flaws which were detected

for the 2-D test cases will definitely also affect the results when the algorithms are applied to

high dimensional data sets such as molecular simulation data.

We clustered each of the test cases with all three geometric cluster algorithms (neighbor

algorithm, K-medoids algorithm, common-nearest-neighbor algorithm) and also systematically

varied the input parameters. By visual inspection of the resulting 2-d-scatter plots we decided
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whether the test sets had been clustered correctly, i.e. according to human intuition. In the

following, we will refer to those groups of data points that are recognized as clusters by the

human intuition as “data point heap”, whereas the word “cluster” will denote the results of

the respective cluster algorithms.

All three geometric cluster algorithms succeed in clustering test cases 1 and 2. For test case

3 the K-medoids and the common-nearest-neighbor algorithm converge to a correct solution,

whereas for test cases with concave clusters (test case 4 and 5) only the common-nearest

neighbor algorithm partitions the data set correctly. Note, however, that the results of the

K-medoids algorithm not only depend on the input parameter k (number of clusters), but also

on the initialization (first assignment of data points to clusters), that is, different runs with

the same value of k can and will lead to different partitions of the data set. Such a situation

arose for test case 2 with k = 5 and test case 3 with k = 2. (All other values of k led to wrong

partitions of the two data sets.) The common-nearest-neighbor algorithm is the only algorithm

that partitions all five test cases correctly. It is also robust with respect to a variation of its two

input parameters: nndc (the nearest-neighbor-distance cutoff) and nnnc (the nearest-neighbor-

number cutoff). Tab. 3.2 illustrates this: independent of the test case, we can vary nndc largely

and find at least one value of the nnnc for which the data set is clustered correctly.

test case 1 test case 2 test case 3 test case 4 test case 5

nndc 2 3 4 5 2 3 4 5 2 3 4 5 2 3 4 5 2 3 4 5

nnnc 2 6 11 20 2 3 10 13 2 5 11 - 2 4 5 14 - 2 4 13

large 2 2 2 2 5 5 5 5 2 2 2 - 2 2 2 2 - 2 2 2

small 5 7 8 13 7 0 12 6 3 3 5 - 0 0 0 3 - 0 1 6

total 7 9 10 15 12 5 17 11 5 5 7 - 2 2 2 5 - 2 3 8

Table 3.2: Combinations of nndc and nnnc for which test cases 1 to 5 were clustered correctly by the

nearest-common-neighbor algorithm and the resulting number of large clusters (> 5 members), small

clusters (1-5 members) and the total number of clusters.

Fig. 3.1 also highlights the peculiarities and deficiencies of each of the algorithms. In the

neighbor algorithm, the data point which has the most neighbors within a certain cutoff radius

is considered the center of the next cluster. Once this cluster center is set, no correction is

possible and the all neighboring data points are assigned to this cluster. If two data-point

heaps are not well separated or if their distance is smaller than the respective elongation (as

in test case 3), the cluster center can very well be assigned to a data point that lies in between

the two data point heaps and the resulting cluster will comprise data points from both. The

characteristic structure of this ”cutting effect” is a large circular cluster, such as the black

cluster in panel 7 of Fig. 3.1, the borders of which do not correspond to the limits of the

data-point heaps. Panel 5 in the same figure shows a result of the K-medoids algorithm for the

second test case. This algorithm starts by randomly choosing k cluster centers from the data

set and then iteratively optimizes cluster memberships and cluster centers until convergence.
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Convergence is usually reached after a few iterations. The algorithm, however, does not always

converge to the intuitive result. Often we see results in which a large data-point heap is split in

two or more parts, such as the central data-point heap in panel 5 of Fig. 3.1, or small data-point

heaps are merged into one cluster, such as the two data-point heaps on the left side of the same

panel. This typically happens when during the initialization two cluster centers are assigned to

data points which are in the same (large) data-point heap. If the data-point density more or

less steadily decreases from the center of the data-point heap to its rims, such as in the first test

case we often see that data points at the rim of the heap are split off as singletons (dots with

various colors in panel 3 of Fig. 3.1). This effect is not severe for a two-dimensional data set

as only a few data points are split off, but for higher-dimensional data sets, the ratio between

the number of data points on the rim of a data-point heap and those in the center increases,

which makes this effect pronounced.

3.4.2 Geometric clustering results for a β-heptapeptide

Structural RMSD value distributions

In geometric cluster analysis, the RMSD matrix has to meet two conditions in order to be a

faithful representation of the conformational ensemble of the molecule under study: (i) the

structures that were used for the construction of the matrix have to be uncorrelated and (ii)

there have to be enough structures to cover the entire conformational space with correct weights.

We satisfy the first condition by only using structures that are separated by 0.1ns in the

trajectory of the β-heptapeptide (Fig. 3.2) and we test the second condition by constructing

two RMSD matrices with the same parameters (i.e. atom set, number of structures) from

independent simulations and then comparing the distribution of RMSD values within these

matrices. Fig. 3.3 shows the distribution of RMSD matrix elements resulting from using 5’000

(row 1), 10’000 (row 2), 15’000 (row 3), 20’000 (row 4) and 25’000 (row 5) molecular structures

calculated using the three different atom sets: aa (column 1), bb1−7 (column 2) and bb2−6

(column 3). Each of the graphs shows two RMSD distributions for which the structures were

drawn from independent simulations (5’000 structures: simulations 1 and 10; 10’000 structures:

simulations 1-2 and 11-12; 15’000 structures: simulations 1-3 and 11-13; 20’000 structures:

simulations 1-4 and 11-14; 25’000 structures: simulations 1-5 and 11-15). For 5’000 structures,

the general features of the RMSD distributions, i.e. number and position of the peaks, are

similar for each of the atom sets. However, the relative weights of the peaks differ greatly for

RMSD matrices that were constructed from different simulations indicating that the various

parts of conformational space have not yet been sampled with equilibrium weights. The two

distributions become more similar as we add more structures, but even for 25’000 structures

complete agreement is not achieved. Since the similarity of the two distributions does not

significantly improve beyond 15’000 structures, we decided to use RMSD matrices with 15’000

structures for geometric clustering in this study. The fact that the two RMSD distributions have

approximately the same shape is not a sufficient proof that the conformational space has been

sampled completely. Rather, one should regard this as a necessary condition or an indication of
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Figure 3.3: Distribution of RMSD values in RMSD matrices of 5,000 data points (row 1), 10,000 data

points (row 2), 15,000 data points (row 3), 20,000 data points (row 4), 25,000 data points (row 5)

calculated using different atom sets, aa (column 1), bb1−7 (column 2), bb2−6 (column 3) and data from

11 different 500ns-simulations of the β-heptapeptide; solid line: data points drawn from simulation 1

(row 1), 1-2, (row 2), 1-3 (row 3), 1-4 (row 4) and 1-5 (row 5); dotted line: data points drawn from

simulation 10 (row 1), 11-12, (row 2), 11-13 (row 3), 11-14 (row 4) and 11-15 (row 5).
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complete sampling. In practice, however, the available simulation data often limits the number

of structures that can be used for the construction of RMSD matrices to a few thousand even

for considerably larger systems15,28, which almost certainly imposes a large uncertainty on the

calculated cluster sizes.

The RMSD distributions of the three different atom sets in Fig. 3.3 reflect two known effects:

(i) the RMSD values increase if more atoms are added to the sets and (ii) if the very mobile side

chains and terminal residues are included in the atom set, their large displacements dominate

the RMSD values leading to a less structured RMSD distribution.

Choice of cluster parameters

The question of how to choose appropriate cluster parameters has to be answered differently

for each of the algorithms. For the neighbor cluster algorithm, the distance cutoff c represents

the radius of a ”typical” cluster within a given data set and can be estimated in two ways.

• The time series of the RMSD to the folded (NMR or X-ray) structure shows, for a folding-

unfolding equilibrium such as exhibited by β-heptapeptides, a gap between folded and

unfolded structures. RMSD-values that lie in this gap are a good estimate for radius of

the folded state and can be used as a distance cutoff.

• The first minimum in the RMSD-distribution, see Fig. 3.3, is an equally good estimate

for this radius (and hence for the distance cutoff) and can be determined more precisely.

The common-nearest-neighbor algorithm has two parameters: a distance cutoff, nndc, and a

number cutoff, nnnc. Unlike in the neighbor algorithm, the distance cutoff does not represent

a cluster radius, but the very small volume around a given data point, in which its nearest

neighbors can be found. It, therefore, should be smaller than the location of the first peak in

the RMSD distribution (Fig. 3.3) and, secondly, large enough that it lies in an area where the

RMSD distribution differs significantly from zero. Once the value of nndc is set, the optimal

value of nnnc can be chosen as follows. Fig. 3.4 shows the effect of varying nnnc on the

number and on the size of large clusters (> 100 members). We used the bb2−6-RMSD matrix

as dissimilarity matrix and set nndc to 0.038nm. The value of nnnc was varied from 2 to 20.

The first panel shows the number of large clusters as a function of nnnc: The number of large

clusters grows stepwise until it reaches a plateau at 5 after which it decreases to 4 (and later

on to smaller values and even 0; data not shown). The stepwise increase in the number of large

clusters is related to jumps in the size of the five largest clusters. Nndc and nnnc roughly

define a data-point density (nnnc data points / hyper sphere with radius nndc) that acts as

limiting density separating highly populated areas in the data set from each other. That is, if

two highly populated areas are connected by a higher data-point density, they are merged into

one cluster, if not, each of them forms its own cluster. In other words: the higher the limiting

density, the higher the resulting number of clusters. Consequently, for a low limiting density

as defined by nnnc = 2, the algorithm returns only two large clusters. As we increase nnnc,

originally large clusters are split into smaller clusters. This happens the first time at nnnc = 4
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Figure 3.4: Partitioning of the bb2−6-RMSD matrix using the common-nearest-neighbor algorithm,

change of the number of large clusters (> 100 members) and the cluster sizes of clusters 1 to 5 with

the value of nnnc, where nndc was set to 0.038nm.

when the second cluster drops in size by about 700 members and a third large cluster with

610 members arises. The number of large clusters then stays constant until nnnc = 7, when

this third cluster is split into a cluster with 394 members and a new large cluster with 150
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members. The maximum number of large clusters is reached for nnnc = 9. Here, the size of

the third cluster decreases by about 200 members and at the same time the last large cluster

with about 150 members appears and the fourth cluster increases in size by about 50 members.

After the maximum number of large clusters is reached, the clusters continuously decrease in

size until the smallest of them eventually has less then 100 members and is not counted as a

large cluster anymore (nnnc = 14). This is most likely due to the splitting effect we described

in panel 3 of Fig. 3.1: as the density that is needed to merge a given data point with an existing

cluster increases, more an more data points are split off as singletons from the original cluster.

Between nnnc = 2 and nnnc = 14, each of the cluster results is a valid division of the data set.

However, the resolution increases with increasing nnnc and we recommend using a parameter

combination for which the maximum number of clusters is obtained, e.g. nndc = 0.038nm and

nnnc = 10.

Two points are still noteworthy. First, since the algorithm itself is not expensive - the

majority of the computational time is spent on reading in the RMSD matrix - this analyis can

be performed on a routine basis. Second, the analysis itself already yields a lot of information

about the data set. Note, that the largest cluster slowly decreases in size by splitting off

small clusters and singletons while clusters 3 to 5 are obtained by splitting the second cluster

into large ones. The number of data points that do not fall into any of the large clusters,

about one third of the entire data set, stays approximately constant. Obviously, we are dealing

with a data set, in which about 60% of all data points fall into a quite homogenous cluster

(cluster 1), about 30% are scattered around the conformational space without forming clusters

(unstructured data) and the remaining 10% are spread among 4 large clusters.

The K-medoids-cluster algorithm takes the number of clusters as an input parameter. Un-

fortunately, usually nothing is known about the optimal number of clusters unless one already

has results from other cluster algorithms. Since both the neighbor-cluster algorithm and the

common-nearest-neighbor-cluster algorithm indicated that there are only few dominant clus-

ters, we varied the input parameter from k = 2 to k = 9 in steps of 1 (data not shown) and

present results for k = 5 in the following sections.

Cluster sizes

We clustered RMSD matrices that were constructed for three different atom sets (aa, bb1−7,

bb2−6) using three different geometric cluster algorithms. For each combination of RMSD ma-

trix and cluster algorithm, we conducted the analysis three times with slightly varied input

parameters.

Tab. 3.3 - 3.5 show the results in terms of cluster sizes of large clusters (in percentage of the

complete data set), where we define a large cluster as a cluster with more than 100 members.

The numbers in these three tables give us a first characterization of the data set and it is most

interesting to note that this characterization does not vary strongly when the cluster parameters

or even the underlying atom set is varied, but rather depends strongly on the applied cluster

algorithm. The neighbor algorithm (Tab. 3.3) partitions our data set into one very large cluster
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all atom backbone backbone

residues 1-7 residues 2-6

aa bb1−7 bb2−6

I II III I II III I II III

n c : 0.22 0.24 0.26 0.14 0.16 0.18 0.08 0.10 0.12

1 59.53 61.99 65.63 54.35 58.30 61.2 51.77 59.85 63.54

2 7.72 8.33 7.25 6.75 7.63 9.127 6.46 7.03 8.99

3 4.15 3.06 3.53 3.73 3.89 3.247 5.02 4.25 4.78

4 2.06 2.37 2.32 3.11 2.78 3.06 3.15 3.11 1.98

5 1.18 1.41 1.68 1.90 1.31 1.29 2.69 1.43 1.84

6 0.91 1.09 1.47 1.15 1.10 1.26 1.46 1.29 1.19

7 0.91 1.07 1.14 1.04 1.05 1.12 0.87 0.93 1.19

8 0.85 0.93 0.93 0.71 0.87 1.00 0.83 0.89 1.09

9 0.86 0.83 0.86 0.87 0.75 0.81 0.99

10 0.85 0.75 0.73 0.86 0.78 0.95

11 0.77 0.73 0.70 0.74 0.70 0.85

12 0.73 0.73 0.69 0.68 0.71

13 0.69 0.68

s.c. 22.70 16.56 13.01 27.25 20.7 14.78 27.00 17.57 11.20

Table 3.3: Sizes of the large clusters (> 100 members) returned by the neighbor algorithm in percent

of the complete data set (15’000 structures); first row: atom set, second row: n=cluster number,

number of the partition used in the text and in other tables, c = distance cutoff in nm, body: cluster

sizes, last row: s.c. = number of data points in small clusters, i.e. clusters with ≤ 100 members.

comprising ≈ 52-66% of all data points, followed by a second cluster with ≈ 6-9% of all data

points and then clusters of continuously decreasing size. For all three RMSD matrices, it finds

between 8 and 13 large clusters and ≈ 11-27% of the data points fall into small clusters, i.e.

clusters with 100 members or less. Because the clusters returned by this algorithm typically

continuously decrease in size, the distinction between large and small clusters is arbitrary.

The K-medoids algorithm (Tab. 3.4) divides the data set into approximately uniformly

sized clusters and all of the cluster sizes are well above 100 making a distinction between small

and large clusters unnecessary. We find significant differences between the various atom sets.

Moreover, the results also depend on the initialization, e.g. for the aa-atom set, run 1 and 2

yield comparable cluster sizes which however differ from those of run 3.

The common-nearest-neighbor algorithm yields the most constant, with respect to variation

of the cluster parameters and the underlying atom set, cluster sizes, see Tab. 3.5. Similar to

the neighbor algorithm, it finds one large cluster covering ≈ 53-60% of the data points, all

other clusters are smaller by at least an order of magnitude with the second cluster covering

about 4 to 5% of the data points. The algorithm finds between 3 and 5 large clusters and
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sorts ≈ 31-40% of the data points into small clusters. Contrary to the neighbor algorithm, the

100-member-limit marks a gap in the cluster sizes inherent to this algorithm: large clusters are

well above this limit and the vast majority of the small clusters are singletons with only few

small clusters comprising 5 to 30 members.

all atom backbone backbone

residues 1-7 residues 2-6

aa bb1−7 bb2−6

I II III I II III I II III

n run 1 run 2 run 3 run 1 run 2 run 3 run 1 run 2 run 3

1 27.56 27.42 26.06 27.70 46.45 34.81 50.71 49.39 29.59

2 26.93 27.24 20.11 26.69 21.01 31.61 18.15 16.99 22.37

3 22.63 22.73 18.47 16.93 12.67 15.83 11.03 15.15 18.41

4 12.91 11.64 17.96 15.32 11.16 9.71 10.69 11.96 17.60

5 9.98 10.97 17.40 13.36 8.71 8.05 9.41 6.51 12.03

Table 3.4: Sizes of the large clusters (> 100 members) returned by the K-medoids algorithm in

percent of the complete data set (15’000 structures); first row: atom set, second row: n=cluster

number, number of the partition used in the text and in other tables, number of the initialization,

body: cluster sizes.

all atom backbone backbone

residues 1-7 residues 2-6

aa bb1−7 bb2−6

I II III I II III I II III

n nndc: 0.09 0.10 0.11 0.06 0.07 0.08 0.036 0.038 0.04

nnnc: 2 3 6 6 12 20 4 10 10

1 52.92 54.96 56.17 55.25 57.37 59.09 60.43 59.54 60.27

2 3.51 3.97 4.32 4.07 4.52 4.87 4.83 4.29 4.61

3 2.30 2.47 2.61 2.39 2.63 2.88 2.74 1.31 3.61

4 1.25 1.41 1.45 1.39 1.46 1.55 1.17 1.23

5 0.81

s.c. 39.91 37.10 35.22 36.75 33.96 31.61 30.66 32.83 31.37

Table 3.5: Sizes of the large clusters (> 100 members) returned by the common-nearest-neighbor

algorithm in percent of the complete data set (15’000 structures); first row: atom set, second row:
n=cluster number, number of the partition used in the text and in other tables, nndc = nearest-

neighbor-distance cutoff in nm, nnnc = nearest-neighbor-number cutoff, body: cluster sizes, last row:
s.c. = number of data points in small clusters, i.e. clusters with ≤ 100 members.
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neighbor algorithm
II 1 2 3 4 5 s.c.

I size 8978 1054 638 467 215 3648
1 7765 7765 0 0 0 0 0
2 969 678 0 0 281 0 10
3 753 0 751 0 0 0 2
4 473 0 0 471 0 0 2
5 403 344 0 0 0 0 59

s.c. 4637 191 303 167 186 215 3579
III 1 2 3 4 5 s.c.

I size 9531 1348 717 297 276 2831
1 7765 7765 0 0 0 0 0
2 969 942 0 0 0 0 27
3 753 0 753 0 0 0 0
4 473 0 12 461 0 0 0
5 403 375 0 0 0 0 28

s.c. 4637 449 583 256 297 276 2776
III 1 2 3 4 5 s.c.

II size 9531 1348 717 297 276 2831
1 8978 8976 0 0 0 0 2
2 1054 5 1018 0 0 0 31
3 638 2 61 575 0 0 0
4 467 364 0 4 0 0 99
5 215 0 130 3 0 17 65

s.c. 3648 191 139 135 297 17 2634

Table 3.6: Variation of the cluster parameters for different
partitions of the bb2−6-RMSD matrix; first row and column
of each sub-table: cluster number; second row and column in
each sub-tables: cluster size; body of each sub-table: overlap
matrix of the first five large clusters; last row and column of
each sub table: s.c. = number of data points in small clusters,
i.e. clusters with ≤ 100 members and their overlap with other
clusters; neighbor algorithm: I: c = 0.08nm, II: c = 0.10nm,
III: c = 0.12nm;

K-medoids algorithm, k = 5
II 1 2 3 4 5 s.c.

I size 7408 2548 2273 1794 977 -
1 7607 7396 0 0 0 211 -
2 2723 0 2504 2 0 217 -
3 1655 12 2 180 1275 186 -
4 1603 0 1 742 516 344 -
5 1412 0 41 1349 3 19 -

s.c. - - - - - - -
III 1 2 3 4 5 s.c.

I size 4439 3355 2761 2640 1805 -
1 7607 4341 3253 2 4 7 -
2 2723 40 51 23 2600 9 -
3 1655 49 51 1057 1 497 -
4 1603 9 0 301 1 1292 -
5 1412 0 0 1378 34 0 -

s.c. - - - - - - -
III 1 2 3 4 5 s.c.

II size 4439 3355 2761 2640 1805 -
1 7408 4143 3259 2 4 0 -
2 2548 5 51 30 2462 0 -
3 2273 0 0 1785 9 479 -
4 1794 36 41 884 0 833 -
5 977 255 4 60 165 493 -

s.c. - - - - - - -

Table 3.7: Variation of the initializations for different parti-
tions of the bb2−6-RMSD matrix; first row and column of each
sub-table: cluster number; second row and column in each sub-
tables: cluster size; body of each sub-table: overlap matrix of
the first five large clusters; last row and column of each sub
table: s.c. = number of data points in small clusters, i.e. clus-
ters with ≤ 100 members and their overlap with other clusters;
K-medoids algorithm: I: run 1, II: run 2, III: run 3;



3
.4

.
R

E
S
U

L
T

S
9
1

common-nearest-neighbor algorithm
II 1 2 3 4 5 s.c.

I size 8931 643 196 184 122 4924
1 9065 8929 0 0 0 0 136
2 725 0 641 0 0 0 84
3 411 0 0 196 184 0 31
4 175 0 0 0 0 121 54
5 - - - - - - -

s.c. 4624 2 2 0 0 1 4619

III 1 2 3 4 5 s.c.
I size 9040 691 542 - - 4727
1 9065 9011 0 0 - - 54
2 725 0 679 0 - - 46
3 411 0 0 391 - - 20
4 175 0 0 148 - - 27
5 - - - - - - -

s.c. 4624 29 12 3 - - 4580

III 1 2 3 4 5 s.c.
II size 9040 691 542 - - 4727
1 8931 8931 0 0 - - 0
2 643 0 643 0 - - 0
3 196 0 0 196 - - 0
4 184 0 0 184 - - 0
5 122 0 0 122 - - 0

s.c. 4924 109 48 40 - - 4727

Table 3.8: Variation of the cluster parameters for different partitions of the bb2−6-RMSD matrix; first row and column of each sub-table:
cluster number; second row and column in each sub-tables: cluster size; body of each sub-table: overlap matrix of the first five large

clusters; last row and column of each sub table: s.c. = number of data points in small clusters, i.e. clusters with ≤ 100 members and

their overlap with other clusters; common-nearest-neighbor algorithm: I: nndc = 0.036nm, nnnc = 4, II: nndc = 0.038nm, nnnc = 10,

III: nndc = 0.04nm, nnnc = 10.
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Variation of the cluster parameters and the underlying atom set

When comparing two alternative partitions A = {a1, a2, ...} and B = {b1, b2, ...} of a given data

set, similar cluster sizes are only a hint that these two partitions might be similar, but do not

constitute a sufficient proof. To assess how similar the two partitions are, one needs to know

how large the overlap between any pair of clusters ai, bj is, i.e. how many of the data points in ai
are also found in bj. In Tab. 3.6 - 3.8 and 3.9 we report this type of overlap numbers for various

partitions of our data set. We consider only the five largest clusters of each partition and again

sort them by size and arrange the overlap numbers in a matrix (three matrices per table in

Tab. 3.6 - 3.8 and three matrices per panel in Tab. 3.9). If two partitions are very similar one

would expect numbers in the order of the corresponding cluster sizes on the diagonal elements

and mostly zeros or small entries in the off diagonal elements. Conversely, if two partitions are

very different, one expects large entries on both the diagonal and off-diagonal elements.

Tab. 3.6 - 3.8 assess the influence of a slight variation of the parameters on the partition

of a given data set. Here, we only report for each algorithm the overlap matrices for different

partitions of the bb2−6-RMSD matrix, but the overlap matrices of the other atom sets yield a

similar picture. For each of the three distance cutoffs, I: c = 0.08nm, II: c = 0.10nm, III:

c = 0.12nm, the neighbor algorithm (Tab. 3.6) identifies one dominant cluster, all of which

have a large overlap with each other. More precisely, the size of this first cluster is directly

linked to the distance cutoff c: the relatively small cluster of I is a subset of cluster 1 in II

as well as in III. Likewise, cluster 1 in II is a subset cluster 1 in III. Apart from that, clear

matches between clusters of different partitions are rare. More often one finds that a cluster in

one partition is a subset of a larger cluster in another partition, e.g. cluster 3 in I is a subset

of both cluster 2 in II and cluster 2 in III.

In the K-medoids algorithm (Tab. 3.7) we did not vary the cluster parameter k but rather

the initialization and present the results for k = 5. Run 1 (I) and 2 (II) yield similar cluster

sizes and also the overlap between the respective clusters 1 and 2 is large. Despite the fact

that both clusters 1 and 2 in I also have overlap with cluster 5 from II, the overlap is so large

that we can safely say that clusters 1 and 2 in I are the same as clusters 1 and 2 in II. The

overlap pattern for clusters 3 to 5 is more complicated and no clear match is possible. Run 3

(III) yields cluster sizes that were quite different from those in I and II, yet we can still match

some of its clusters to the partitions I and II: Cluster 1 and 2 in III together constitute cluster

1 in I or II, also cluster 4 in III is largely identical with cluster 2 in I or II. Clusters 3 and 5

cannot be matched. One should, however, also note that these overlaps are not as clear as in

the comparison of I and II.

The common-nearest-neighbor algorithm (Tab. 3.8) is the most robust of the three geometric

cluster algorithms with respect to a variation of the input parameters. Clusters 1, 2 and 4 in

I (nndc = 0.036nm, nnnc = 4) are largely identical with clusters 1, 2 and 5 in II (nndc =

0.038nm, nnnc = 10). In the comparison of I and III (nndc = 0.040nm, nnnc = 10), again

clusters 1 and 2 in I match clusters 1 and 2 in III, whereas clusters 3 and 4 in I together constitute

cluster 3 in III. The overlap of II and III yields as similar picture: again the respective clusters
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1 and 2 match and cluster 3 in III is split into clusters 3,4 and 5 in II.

In Tab. 3.9 we test the sensitivity of the neighbor algorithm and the common-nearest-

neighbor algorithm with respect to the variation of the underlying atom set. In the neighbor

algorithm, the largest clusters for all atom sets show the largest overlap among each other

meaning that clusters 1 in aa, bb1−7 and bb2−6, respectively, are largely identical. Also the

second clusters for all three atom sets still show about 80% overlap among each other. Clusters

3, 4 and 5 in aa cannot be clearly matched to any of the clusters in bb1−7 or bb2−6. The difference

between bb1−7 and bb2−6 is smaller: here, also the third clusters are largely identical. Despite

the fact that the kernels of the largest clusters were not affected, part of their members were

assigned to other clusters when the atom set changed. This is reflected by the large off-diagonal

elements in the overlap matrices. For example, in the first row of the overlap matrix between

aa and bb2−6 one sees that 119 and 264 members of the largest cluster in aa have been assigned

to clusters 2 and 4 in bb2−6, respectively. This shows that the borders of cluster 1 in one atom

set might cut through clusters 2, 3 or 4 in another atom set.

The picture is different for the common-nearest-neighbor algorithm. Here, the cluster def-

inition seems to be hardly influenced by the choice of the atom set. The overlap between two

clusters in different partitions are either in the order of the cluster size or zero. The difference

between cluster size and overlap is covered by small clusters (last row and column in each

matrix).

One can speculated on the reason why this algorithm is so robust with respect to the

variation of the atom set: in principle, it tries to cut along the minima of the distribution

thereby identifying its maxima which in turn correspond to the minima of the free-energy

surface. Due to sampling, one typically does not analyze the distribution in the complete

conformational space but only its projection onto the conformational subspace of the chosen

atom set. Minima which are present in the complete distribution might be blurred or even

absent in its projection however the converse - minima which are present in the projection but

less pronounced in the complete distribution - is not possible. Therefore, if the atom set bb2−6

suffices to faithfully represent the essential barriers in the free-energy landscape, adding atoms

that move over large distances but are essentially unhindered, such as side chains or the terminal

residues, will not change the cluster results. Using cluster algorithms that define clusters based

on some distance to a cluster center, such as the neighbor or the K-medoids algorithms, adding

highly mobile atoms may obscure the cluster boundaries. But note that these algorithms rely

on the assumption that all clusters have an approximately spherical shape and are separated by

distances larger than their diameter and here a projection can help to fulfill these assumptions.

3.4.3 Kinetic clustering results for the β-heptapeptide

We have discretized the conformational space of the β-heptapeptide, c.f. Fig. 3.2, into mi-

crostates and - using kinetic clustering - have sorted these microstates into 5 metastable states.

The remaining microstates represent a part of the conformational space which is not charac-

terized by clear minima and barriers but along which very diffusive dynamics occur.
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neighbor algorithm
bb1−7 1 2 3 4 5 s.c. bb2−6 1 2 3 4 5 s.c. bb2−6 1 2 3 4 5 s.c.

aa size 8757 1144 583 417 197 3902 aa size 8978 1054 638 467 215 3648 bb1−7 size 8978 1054 638 467 215 3648
1 9298 8724 92 0 256 31 195 1 9298 8767 119 9 264 0 139 1 8757 8572 22 0 72 0 91
2 1249 0 922 227 0 1 99 2 1249 0 836 302 0 48 63 2 1144 0 981 45 1 33 84
3 459 0 0 324 0 0 135 3 459 0 0 284 0 22 153 3 583 1 0 514 0 2 66
4 355 1 0 0 102 129 123 4 355 113 0 0 76 0 166 4 417 134 0 7 244 0 32
5 211 0 125 0 0 0 86 5 211 0 81 0 0 9 121 5 197 121 0 0 8 0 68

s.c. 3428 32 5 32 59 36 3264 s.c. 3428 98 18 43 127 136 3006 s.c. 3902 150 51 72 142 180 3307

common-nearest-neighbor algorithm
bb1−7 1 2 3 4 5 s.c. bb2−6 1 2 3 4 5 s.c. bb2−6 1 2 3 4 5 s.c.

aa size 8606 678 395 219 - 5102 aa size 8931 643 196 184 122 4924 bb1−7 size 8931 643 196 184 122 4924
1 8244 8192 0 0 0 - 52 1 8244 8165 0 0 0 0 79 1 8606 8512 0 0 0 0 94
2 595 0 577 0 0 - 18 2 595 0 545 0 0 0 50 2 678 0 595 0 0 0 83
3 371 0 0 355 0 - 16 3 371 0 0 0 176 113 82 3 395 0 0 0 178 114 103
4 212 0 0 0 203 - 9 4 212 0 0 180 0 0 32 4 219 0 0 185 0 0 34
5 - - - - - - - 5 - - - - - - - 5 - - - - - - -

s.c. 5578 414 101 40 16 - 5007 s.c. 5578 766 98 16 8 9 4681 s.c. 5102 419 48 11 6 8 4610

Table 3.9: Variation of the atom set; first row and column of each sub-table: cluster number; second row and column in each

sub-tables: cluster size; body of each sub-table: overlap matrix of the first five large clusters last row and column of each sub table:

s.c. = number of data points in small clusters, i.e. clusters with ≤ 100 members and their overlap with other clusters; neighbor

algorithm: aa: c = 0.24nm, bb1−7: c = 0.16nm, bb2−6: c = 0.10nm;bb1−7: nndc = 0.07nm, nnnc = 12, bb2−6: nndc = 0.038nm,

nnnc = 10.
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I 1 2 3 4 5 s.c. I 1 2 3 4 5 s.c. I 1 2 3 4 5 s.c.
II size 1098 114 1164 847 8719 3058 III size 1098 114 1164 847 8719 3058 IV size 1098 114 1164 847 8719 3058
1 8978 337 0 0 11 8404 226 1 7408 371 46 0 39 6719 233 1 8931 313 0 2 3 8469 144
2 1054 2 0 234 722 0 96 2 977 260 25 22 2 1 667 2 643 0 0 2 619 0 22
3 638 0 0 554 7 3 74 3 2273 175 6 893 12 4 1183 3 184 0 0 176 1 0 7
4 467 92 0 8 3 214 150 4 2548 155 32 25 7 1994 335 4 196 0 0 192 0 0 4
5 215 6 0 139 0 0 70 5 1794 137 5 224 787 1 640 5 122 0 0 122 0 0 0

s.c. 3648 661 114 229 104 98 2442 s.c. - - - - - - - s.c. 4924 785 114 670 224 250 2881

Table 3.10: Comparison of algorithms using the atom set backbone, residues 2-6, I: kinetic clustering; II: neighbor algorithm, c=0.10nm;

III: K-medoids, k=5, run 2, IV: common-nearest-neighbor algorithm, nndc=0.038nm, nnnc=10
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We classified structures that correspond to these microstates as ”unstructured data”. In

order to be able to compare the kinetic cluster results to the ones from the geometric clustering,

we assigned each structure from our test set of 15’000 structures to its microstate and then

sorted them into the corresponding metastable state or to the group of unstructured data.

The second line in Tab. 3.10 shows the partition of the data set into metastable states and

unstructured data. Almost 60% percent of the data points are assigned to metastable state

5 which represents the folded state. Three of the four remaining metastable states contain in

the order of 1000 members. Finally, metastable state 2 is with 114 members very small. It

is interesting to note that about 20% of the data is classified as unstructured which is in the

same order of magnitude as the portion of unstructured data identified by the neighbor and

the common-nearest-neighbor algorithm.

Comparison of the geometric to the kinetic cluster results

Tab. 3.10 shows the overlap of the results obtained by geometric cluster algorithms with the

metastable states obtained by kinetic clustering for the bb2−6-RMSD matrix.

For the neighbor algorithm, there is a large overlap between metastable state 5 (folded state)

and cluster 1: about 96% of the data points in metastable state 5 are assigned to cluster 1.

And despite the fact that 4.5% of the data points in metastable state 5 are assigned to cluster

4, and cluster 1 also has some overlap with metastable state 1, we can safely claim that cluster

1 represents the folded state. Furthermore, there is an approximate correspondence between

metastable state 4 and cluster 2. 85% of all data points in metastable state 4 are assigned to

cluster 2.

Cluster 2, however, also has considerable overlap with metastable state 3 meaning that the

neighbor algorithm does not accurately resolve the barrier between metastable states 3 and 4.

Metastable state 3 has overlap with clusters 2, 3, and 5 and one may argue that this metastable

state is essentially split into clusters 3 and 5 with some contribution from cluster 2. Metastable

state 2 is not recognized by the neighbor algorithm but all its data points are characterized

as unstructured data. Similarly, metastable state 1 has some overlap with clusters 1 and 4,

but the majority of its data points is characterized as unstructured data. Note, that it is quite

possible that metastable states are split into several clusters by a sensitive geometric cluster

algorithm because a metastable state can consist of several minima which are separated by low

energy barriers and which, therefore, are not resolved by the kinetic cluster algorithm. If on

the other hand a geometric cluster covers two or more metastable states, the geometric cluster

algorithm did not succeed in recognizing the large energy barrier separating these states and

the clusters do not properly reflect the metastable states.

The overlap pattern for the K-medoids algorithm is a lot more crowded and no obvious match

between its clusters and the metastable states can be found. The folded state, metastable state

5, has the largest overlap with cluster 1 but also significant overlap with cluster 4. On the

other hand cluster 1 has significant overlap with metastable state 1 and the unstructured data

and some overlap with metastable states 2 and 4. Nevertheless, one can claim that cluster 1
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and metastable state 5 approximately correspond to each other. The data points in metastable

4 are - for a large part - a subgroup of the data points in cluster 5. But since cluster 5 has

also large overlap with metastable states 1 and 3 and the unstructured data points, we cannot

claim correspondence between metastable state 4 and cluster 5. For metastable states 1, 2 and

3, we do not find any correspondence with the five clusters.

Of the three geometric cluster algorithms, the common-nearest-neighbor algorithm has the

clearest overlap pattern with the metastable states. Its biggest cluster (cluster 1) corresponds

to the folded state (metastable state 5): no other cluster has any overlap with this state

and cluster 1 only has significant overlap with metastable state 1. Likewise cluster 2 and

metastable state 4 are identical. Metastable state 3 has overlap with clusters 3, 4 and 5, all of

which have no overlap with any of the other metastable states. On could argue that metastable

state 3 is split into three clusters. But note that actually about half of the data points that

are found in metastable state 3 are characterized as unstructured data by the nearest-neighbor

algorithm. As with the neighbor algorithm, metastable state 2 is not recognized by the common-

nearest-neighbor algorithm, instead all data points that belong to this state are characterized

as unstructured data. This is possible if the data point density is very low in this state, which

can either happen if the minimum is rather high in energy so that the overall probability of

visiting it is low or if the minimum is very broad (entropic state) so that the (Boltzmann-

weighted) fraction of data points that belong to this state are spread over a wide area of the

conformational space. Metastable state 1 has some overlap with cluster 1 but is essentially

not recognized. The same arguments as for metastable state 2 apply here. Note that the

nearest-neighbor algorithm characterizes many data points that belong to metastable states

as unstructured data, i.e. the overlap between the unstructured data of the nearest neighbor

algorithm and the metastable state 1 to 5 is very large. This is most likely the same effect as we

saw in the test cases: data points that lie at the rims of the metastable states where the data

point density slowly decreases are split off as singletons by the nearest-neighbor algorithm.

3.5 Conclusion

In this contribution, we addressed the question: ”To which extent do the results of geometric

cluster algorithms when applied to molecular simulation data reflect the metastable states of a

molecule?” To this end, we first compared and characterized three different geometric algorithms

by applying them to two-dimensional test data sets. Then we tested their robustness with

respect to the variation of their input parameters, including the underlying distance measure

by applying them to a data set of 15’000 structures of a β-heptapeptide and comparing the

cluster-overlap of the various results. Finally, we identified the metastable states of this β-

heptapeptide using a kinetic cluster method and compared the overlap of these states with the

geometric cluster results.

The test cases confirmed that geometric cluster algorithms which base their cluster definition

on the distance to a cluster center, such as the neighbor-cluster algorithm and the K-medoids-
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cluster algorithm, are generally not capable of identifying elongated or convex clusters. The

common-nearest-neighbor algorithm, which bases its cluster definition on an estimate of the

data-point density, however, correctly clustered all five test cases.

Additionally, we could show that the pattern of cluster sizes in a geometric cluster analysis

is more dependent on the type of algorithm used for the clustering than on variations in the

data set under study. The common-nearest-neighbor algorithm, for instance, clearly splits

the data set into a large number of very small clusters and singletons, which we classified as

unstructured data, and small number of rather large clusters. The neighbor algorithm shows

a similar pattern, although, here, the clusters continuously decrease in size and the distinction

between unstructured and structured data is not quite as obvious. The K-medoids algorithm,

on the other hand, partitions a data set into k approximately uniformly sized clusters - none

of which represents the group of unstructured data recovered by the former two algorithms.

Of the three geometric cluster algorithms, the common-nearest-neighbor algorithm is the

most robust with respect to variation of the input parameters and variation of the distance

measure. Its cluster definition is hardly affected by these changes, only the resolution changes:

a large cluster in one partition of the data set can be split up into smaller cluster in another

partition. In the neighbor algorithm, only the first and largest cluster, which represents the

folded state, is reliably recognized independent of the distance cutoff c and the underlying

atom set. For the K-medoids algorithm, we only presented results for various initializations,

but not for a variation of the input parameter k or the underlying atom set, because already for

this change the cluster results differed considerably. Although the overlap pattern between the

clusters of different initializations were rather complicated, the two largest clusters with ≈ 7400

and ≈ 2500 members were - to a substantial degree - preserved. In one of the initializations,

the largest cluster was, however, split in two clusters, which is in accordance with a trait of

this algorithm as revealed by the test case.

Finally, we partitioned the data set into metastable states using a kinetic cluster algorithm

and compared the results to the (geometric) clusters. Of all three geometric cluster algorithms

the common-nearest-neighbor algorithm shows the clearest overlap pattern with the kinetic

cluster results . It clearly recognized the folded state (metastable state 5), metastable state

4 and - to a lesser degree - metastable state 3. However, it characterized many data points

which were assigned to metastable states by the kinetic cluster algorithm as unstructured data

which could be explained by the ”splitting effect” we observed in the test cases. The neighbor

algorithm is capable of identifying the folded state and - to a certain extent - metastable states

4 and 3 but fails to cleanly separate the latter two states from each other. Similar to the

common-nearest-neighbor algorithm, it does not recognize metastable states 1 and 2. For the

K-medoids algorithm, none of the clusters could be matched unambiguously to the metastable

state. The largest cluster, however, has significant overlap with the metastable state 5, so that

it approximately corresponds to the folded state. In summary, if geometric cluster algorithms

are to be used to identify metastable states, the results ought to be interpreted with caution

since the overlap between the set of structures in a given metastable state and the set of

structures in the corresponding geometric cluster is often only approximate. The data suggest
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to avoid the use of the K-medoids algorithm. The neighbor algorithm performs better by

consistently identifying correctly the most populated cluster. Both algorithms do not provide

a useful representation of the underlying dynamics. They can be used, though, as a tool for

discretization of the conformational space, for example for the construction of microstates or for

a determination of overlap between two ensembles. The common-nearest-neighbor algorithm

performs significantly better than the other two. Yet it does not yield a perfect representation

of the underlying dynamics in the conformational space.

3.A Appendix A: Construction of the coarse-grained tran-

sition matrix Tcg

The following equation shows the process from a sample transition matrix T with five mi-

crostates that form two metastable states, to the permuted matrix T′ which has an almost

block-diagonal form to the coarse-grained matrix Tcg.

T =


0.20 0.05 0.20 0.50 0.05

0.05 0.40 0.05 0.05 0.45

0.20 0.05 0.20 0.50 0.05

0.30 0.05 0.30 0.30 0.05

0.05 0.45 0.05 0.05 0.40

 (A.1)

T′ = PTP−1 =


0.20 0.50 0.20 0.05 0.05

0.30 0.30 0.30 0.05 0.05

0.20 0.50 0.20 0.05 0.05

0.05 0.05 0.05 0.40 0.45

0.05 0.05 0.05 0.45 0.40

 (A.2)

Tcg =

(
0.90 0.10

0.15 0.85

)
(A.3)
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3.B Appendix B: Pseudocode for the geometric cluster

algorithms

3.B.1 Neighbor algorithm

The neighbor algorithm has one input parameter - the distance cutoff c - and is composed of

the following steps:

1. Construct the list of nearest neighbors from the pool of data points that have not been assigned

to a cluster yet.

2. Loop over all data points in this pool

• Find the data point with the highest number of neighbors within c.

3. This data point is the medoid of the current cluster.

4. Add all of its neighbors to the current cluster.

5. Add the current cluster to the list of clusters and remove its members from the pool of

unassigned data points

6. Repeat steps 1 - 5 until all data points have been assigned to a cluster.

3.B.2 K-medoids algorithm

The K-medoids algorithm has one input parameter - the number of clusters k - and is composed

of the following steps:

1. Choose k data points randomly - they are the first medoids.

2. Assign all other data points to the cluster whose medoid is closest.

3. Recompute the medoids: in each cluster, set the data point which has the lowest distance to

all other cluster members as the new medoid

4. Recompute the cluster membership: Assign all other data points to the cluster whose medoid

is closest.

5. Repeat steps 3 and 4 until the cluster assignment does not change anymore or until a maximum

number of iterations is reached.
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Chapter 4

What stabilizes the 314-helix in

β3-peptides? A conformational analysis

using molecular simulation

4.1 Introduction

4.1.1 β-peptides

β-peptides are mimetics of natural α-peptides and a remarkable class of non-natural polypep-

tides. They exhibit a large variety of folded structures, among which are several types of helices,

and they typically fold on timescales which are faster than those of their natural analogs, the

α-peptides. Furthermore, other than α-peptides, they already form stable secondary struc-

tures with very short chain lengths. Two aspects of these foldamers fuel the interest of the

scientific community: (i) their resistance to proteases combined with their ability to form sec-

ondary structures which parallel those of natural peptides make them promising candidates for

rationally designed drugs1 and (ii) their short folding time scales permit extensive molecular

dynamics studies of the folding process making them an ideal test case for the investigation of

peptide folding2.

The peptide planes in β-peptides are separated by two carbon atoms thereby offering an

additional site for altering substitution sequence and substitution pattern, which ultimately

determine the secondary structure. Much is known already about the relation between the

molecular composition and structural preferences of β-peptides. In this study we examine β-

heptapeptides which fold into 314-helices and, therefore, only list current knowledge that is

relevant to formation of these helices.

• The substitution pattern has more influence on the folding equilibrium than the sequence

of the substituents3,4

• Substituents which occupy the CSi-position, both on Cα and Cβ, are lateral, i.e. the

central bonds of their χ1 dihedral angles are perpendicular to the axis of the 314-helix.
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They do not sterically hinder the helix-formation. If, on the other hand, the substituents

occupy the CRe-position, they end up in an axial position and due to steric hindrance

break the helix5.

• Peptides consisting of amino acids with CSi-configured substituents on the Cβ-atom (β3-

peptides) form particularly stable 314-helices3,6. Obviously substituents in these positions

do more than simply not disturbing the helix formation - they actively promote it. If

the substituents are additionally branched at the first carbon atom, they stabilize the

helix even more6. It has been argued that a substituent on the Cβ-atom sterically hinders

variation of the φ-dihedral angle thereby decreasing its accessible conformational space3,6.

• β3-peptides which have an additional CSi-configured substituent on the Cα of their central

residue, have been shown by NMR5 and MD simulations7 to possess increased 314-helix

propensity.

• The θ-backbone dihedral angle is found to be restricted to either ≈ 60◦ or ≈ 180◦ in most

of the known β-peptides and therefore is often not considered to be a flexible degree of

freedom3.

• The helix propensities of β3-amino acids differ strongly from those of natural α-amino

acids6.

Although these facts are well-established for several years now, the precise mechanism by

which the substituents stabilize the helix is hitherto unknown. The present study is based

on extensive molecular dynamics simulations of β-heptapeptides in explicit solvent which have

been shown to be in agreement with the available NMR-data. In each simulation of β-peptides

which fold into a 314-helix we observe several folding and unfolding events. In order to unravel

the various effects by which the side chains influence the backbone conformation, we quantify

to which extent the dihedral angles can be regarded as independent degrees of freedom and

analyze the distributions of these dihedral angles. We also selectively capture the steric effect

of substituents on the Cα- and Cβ-atoms by alchemically changing them into dummy atoms,

which have no non-bonded interactions.

In this contribution, the term configuration denotes the chemical configuration, i.e. the

spatial arrangement of bonds in a molecule while neglecting rotation around single bonds. The

term conformation denotes the spatial arrangement of atoms in a molecule of a given (chemical)

configuration, i.e. different conformations can be transformed into each other by rotation

around single bonds. The term structure is used interchangeably with the term conformation.
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4.2 Methods

4.2.1 Simulation

As reported previously8, MD simulations of the β-heptapeptide H+
2 -β-HVal-β-HAla-β-HLeu-

(S,S)-β-HAla(αMe)-β-HVal-β-HAla-β-HLeu-OH (see structure A in Fig. 4.1) in methanol were

performed. The methanol solvent molecules were represented using a rigid three-site model

belonging to the standard GROMOS96 set of solvents9. Aliphatic CHn groups of the solute

and the solvent were treated as united atoms10. The β-heptapeptides were protonated at the

C- and N-termini yielding a positive charge of +1e. No counter-ions were used. The starting

structures for each of the replicas were taken randomly from a previous simulation11 of 400ns.

Each of the 20 replicas was simulated for 500ns, adding up to a total of 10µs of simulation data.

The simulations were carried out with the GROMOS96 software9,12 and the GROMOS 43A1

force field9 as described previously11. All bond lengths were constrained using the SHAKE

algorithm13 with a relative geometric tolerance of 10−4 allowing for a time step of 2 fs. Solute

structures were saved every 0.1ps. The system was simulated in a rectangular box using periodic

boundary conditions. The volume was kept constant and the solvent and solute molecules were

independently weakly coupled to temperature baths of 310K14 with a coupling time of 0.1ps.

The number of solvent molecules was 962. Long-range interactions were handled using a triple-

range cutoff scheme9,12 with cutoff radii of 0.8 nm (interactions updated every timestep) and

1.4 nm (interactions updated every five timesteps). The mean effect of omitted electrostatic

interactions beyond the long-range cutoff distance (1.4 nm) was accounted for by the inclusion

of a Barker-Watts reaction-field force15,16 based on a dielectric permittivity of εrf = 1.0.

Starting from the simulation of peptide A we performed three independent simulations in

which peptide A was modified or perturbed: (i) the methyl-group on the Cα-atom of residue 4

(peptide B), (ii) the methyl-group on the Cβ-atom of residue 4 (peptide C) and (iii) both methyl-

groups on residue 4 (peptide D) were perturbed into dummy atoms, i.e. atoms without non-

bonded interactions. The degree of perturbation depended on a parameter λ in the Hamiltonian

such that for λ = 0 the perturbed methyl group had its full non-bonded interaction, while for

λ = 1 this interaction was zero12. To exclusively capture the steric effect of the methyl groups,

we gradually disappeared the non-bonded interaction of the united-atom-CH3-groups using

a soft-core interaction function17, but left the bond-, bond-angle and dihedral angle energy

terms involving this united atom unchanged. Analogously to the thermodynamic integration

technique, we performed simulations at distinct λ-values: 0.25, 0.50, 0.75, 1.00 for each of the

perturbations. For each λ-value we generated 5 trajectories of 50ns (λ = 0.25, 0.50, 0.75) or

100ns (λ=1.00) length, adding up to a total simulation time of 250ns and 500ns, respectively.

The starting structures were drawn from the simulation of peptide A and equilibrated for 1ns.

All other simulation parameters were as in the simulations of peptide A.

The simulations of the β-heptapeptides E (residue 4 = (S,S)-β-HAla(αF) and residue

4 = (S,R)-β-HAla(αF)) and F (residue 4 = (S,S)-β-HAla(αOH) and residue 4 = (S,R)-β-

HAla(αOH)) in Fig. 4.1 were carried out in explicit solvent methanol using the GROMOS05



108 CHAPTER 4. WHAT STABILIZES THE 314-HELIX IN β3-PEPTIDES?

Figure 4.1: Chemical formula of β-heptapaptides of the form H+
2 -β-HVal-β-HAla-β-HLeu-X-β-HVal-

β-HAla-β-HLeu-OH, panel A: X=(S,S)-β-HAla(αMe) (peptide 1); panel B: X=(S,S)-β-HAla(αDu)

(peptide 1a); panel C: X=(S,S)-β-HDu(αMe) (peptide 1b); panel D: X=(S,S)-β-HDu(αDu) (pep-

tide 1c); panel E: X=(S,S)-β-HAla(αF) (peptide 2), and X=(S,R)-β-HAla(αF) (peptide 3), resp.,

panel F: X=(S,S)-β-HAla(αOH) (peptide 4), and X=(S,R)-β-HAla(αOH) (peptide 5), resp. Du =

dummy atom.

biomolecular simulation software18 and force-field parameter set 45A319. The solute and the

solvent were modeled analogously to the simulations of peptide A in Fig. 4.1. The solute and

solvent temperatures were maintained independently at 340K by weak coupling to two tem-

perature baths with relaxation times of 0.1 ps14. The pressure was calculated using a molecular

virial and maintained by weak coupling to a pressure bath (isotropic coordinate scaling) with a

relaxation time of 0.5 ps, using an isothermal compressibility of 4.575·10−4 (kJ mol−1 nm−3)−1.
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We used a dielectric permittivity εrf = 19.0 of methanol20 beyond the long-range cutoff distance

(1.4nm) as in21,22. All other simulation parameters were equal to those of the simulations of

peptide A. The simulations of (S,R)-configured peptides were 100ns in length and have been

reported previously21,22. For the (S,S)-configured structures we generated in both cases four

trajectories of 100ns additionally to the 100ns-trajectories that were reported in21,22, adding

up to a total simulation time of 0.50µs. The initial coordinates for these additional simula-

tions were randomly extracted from the latter 100ns-trajectories. The analysis was based on

configurations saved every 1 ps.

All simulations analyzed in this study are summarized in Tab. 4.1.

force reso- no. of sim. total

residue 4 λ T/K field lution replicas length sim. time

peptide A (S,S)Ala(αMe) 0.00 310 43A1 0.1 ps 20 500ns 10µs

0.25 310 43A1 1 ps 5 50ns 0.25µs

0.50 310 43A1 1 ps 5 50ns 0.25µs

0.75 310 43A1 1 ps 5 50ns 0.25µs

peptide B (S,S)Ala(αDum) 1.00 310 43A1 1 ps 5 100ns 0.50µs

0.25 310 43A1 1 ps 5 50ns 0.25µs

0.50 310 43A1 1 ps 5 50ns 0.25µs

0.75 310 43A1 1 ps 5 50ns 0.25µs

peptide C (S,S)Dum(αMe) 1.00 310 43A1 1 ps 5 100ns 0.50µs

0.25 310 43A1 1 ps 5 50ns 0.25µs

0.50 310 43A1 1 ps 5 50ns 0.25µs

0.75 310 43A1 1 ps 5 50ns 0.25µs

peptide D (S,S)Dum(αDum) 1.00 310 43A1 1 ps 5 100ns 0.50µs

peptide E (S,S)Ala(αF) - 340 45A3 1 ps 5 100ns 0.50µs

peptide E (S,R)Ala(αF) - 340 45A3 1 ps 1 100ns 100ns

peptide F (S,S)Ala(αOH) - 340 45A3 1 ps 5 100ns 0.50µs

peptide F (S,R)Ala(αOH) - 340 45A3 1 ps 1 100ns 100ns

Table 4.1: Summary of the performed simulations

4.2.2 Normalized mutual information and informational entropy

The problem of analyzing the folding behavior of a peptide is equivalent to analyzing the

probability density p of finding the molecule in a given conformation. Although p is in principle a

function of all degrees of freedom in the system, the solute dihedral angles are usually sufficiently

decoupled from the other solute degrees of freedom, such that p can be safely approximated

as a function of the solute dihedral angles νi (with i ∈ n and n being the number of dihedral
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angles in the solute molecule)

p = p(ν1, ν2, ...νn), (4.1)

i.e. the folding can be described in terms of the dihedral angles. Except for the simplest cases

(two or three dihedral angles) this function is too complex to be interpreted directly. One way

to reduce the complexity of the function is by analyzing the mutual dependence between pairs

of dihedral angles {νi, νj}. If the marginal distribution of νi, pi(νi), does not depend on the

value of νj and vice versa, then the mutual dependence is low and the total distribution can be

approximated as the product of the marginal distributions

pij(νi, νj) ≈ pi(νi) · pj(νj). (4.2)

Here, the term marginal distribution denotes the projection of the joint distribution pij(νi, νj)

onto one of its degrees of freedom, e.g.

pi(νi) =

∫
νj

pij(νi, νj)dνj (4.3)

One measure for mutual dependence is the mutual information MI

MI(νi, νj) =

∫
νi

∫
νj

pij(νi, νj) log

(
pij(νi, νj)

pi(νi)pj(νj)

)
dνi dνj. (4.4)

The values of MI are not confined to a certain interval. Therefore, in practice, one uses the

normalized mutual information NMI which is confined to [0, 1], with NMI = 0 corresponding

to absence of mutual dependence. The normalized mutual information is given as

NMI(νi, νj) =
MI(νi, νj)

min(Hi, Hj)
(4.5)

where Hi is the informational entropy of the marginal probability density pi(νi)

Hi = −
∫
νi

pi(νi) log pi(νi)dνi. (4.6)

Typically, one considers two dihedral angles to be mutually independent if their NMI is lower

than 0.18,23.

For the calculation of the normalized mutual information of dihedral angle pairs we extracted

structures at an interval of 1 ps from all replicas leading to a data set of 10’000’000 structures for

β-heptapeptide A and data sets of 500’000 structures for β-heptapeptides B-F. The normalized

mutual informationNMI was calculated for all dihedral angle pairs using the discretized version

of Eq. 4.5 with a grid spacing along each dihedral angle of 1◦. Analogously, the informational

entropy H was calculated using the discretized version of Eq. 4.6 with the same grid spacing.
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4.2.3 Dihedral-angle distributions and conditional dihedral-angle dis-

tributions

For the dihedral angle distributions of β-heptapeptide A, we extracted structures at an interval

of 10 ps from all 20 replicas. For those of β-heptapeptides E and F and for those of the

perturbations to β-heptapeptides B-D, we extracted structures at an interval of 1 ps from all

replicas. The conditional distributions were constructed (i) by deleting from the data sets the

structures for which ψ4 lies in the interval [180, 240[ to obtain the set ”ψ4 not in maximum III”

(see Fig. 4.3) and (ii) by deleting from these data sets the structures for which ψ4 does not lie

in the interval [180, 240[ to obtain the set ”ψ4 in maximum III”.

4.2.4 Hydrogen-bond analysis

The hydrogen-bond analysis uses as criterion for defining a hydrogen bond a maximum hydrogen-

acceptor distance of 0.25 nm and a minimum donor atom-hydrogen acceptor angle of 135◦. It

was performed on 500’000 structures of β-heptapeptide A (structures extracted every 1 ps from

replica 7), on 250’000 structures for each of the λ-values for the perturbations to the ”virtual”

β-heptapetides B, C and D (structures extracted every 1 ps from replicas 1 to 5), and on 500’000

structures of the (S,S)-substituted peptides E and F (structures extracted every 1 ps from all

replicas).

4.2.5 Geometric cluster analysis

For the geometric cluster analysis we extracted 15’000 structures at intervals of 100 ps from the

simulations of peptide A, 25’000 structures at intervals of 10 ps from each of the perturbation

simulations to peptides B to C, 16’500 structures at intervals of 30 ps from the simulations of

peptide E (residue 4 = (S,S)H-Ala(αF)) and 14’433 structures at intervals of 30 ps from the

simulations of peptide F (residue 4 = (S,S)H-Ala(αOH)). After a translational superposition of

the centers of mass and rotational fit using the backbone atoms of residues 2 to 6 we calculated

the pairwise distances based on the atom-positional RMSD of the backbone atoms (N , C, Cα
and Cβ) of residues 2 to 6 for all structures in each of the data sets. These distance matrices

were further analyzed using the density based common-nearerst-neighbor-cluster algorithm8 in

order to identify the fraction of the folded state in the various data sets. We used the following

parameters for the clustering: β-heptapeptide A: nndc = 0.038nm, nnnc = 10, perturbations

to β-heptapeptide B: nndc = 0.030nm, nnnc = 2, perturbations to β-heptapeptide C: nndc =

0.025nm, nnnc = 2, perturbations to β-heptapeptide D: nndc = 0.030nm, nnnc = 3 (λ = 0.25)

and nndc = 0.030nm, nnnc = 2 (other λ-values) (S,S)-configured β-heptapeptide E: nndc =

0.030nm, nnnc = 2 and (S,S)-configured β-heptapeptide E: nndc = 0.030nm, nnnc = 2.



112 CHAPTER 4. WHAT STABILIZES THE 314-HELIX IN β3-PEPTIDES?

4.3 Results

4.3.1 Peptide A (residue 4 = (S,S)-β-HAla(αMe))

We calculated the normalized mutual information of all pairs of dihedral angles of peptide A in

Fig. 4.1 and found astonishingly small values. None of the NMI-values exceeded the threshold

of 0.1 which means that the dihedral angles move largely independent of each other. For a lower

threshold of 0.02 we obtained the mutual dependence graph which is depicted in Fig. 4.2. The

dihedral angles χ1 and χ2 of each leucine side chain mutually influence each other but none

of the side-chain dihedral angles is coupled to the backbone. In other words: the backbone

conformation does not depend on the side-chain conformations. Instead we find the ψ dihedral

angles of residues 2 to 6 at the center of the graph. They obviously determine the backbone

structure and - to a low degree - mutually depend on each other.

What determines the conformation of the backbone dihedral angles if it is not the conforma-

tion of the side chains? Fig. 4.3 shows the backbone dihedral-angle distributions of peptide A

sorted by the type of dihedral angle. The ω-dihedral angle is restricted to a maximum around

180◦ for all seven residues, which is expected since any other conformation would represent a

torsion out of the corresponding peptide plane. Similarly, all φ- and θ-angles predominantly

occupy one maximum: 240◦ for the φ-angles and ≈ 60◦ for the θ-angles. The only exception

is the φ-angle in residue 1 in which the NH3-group can rotate freely. This angle is omitted

in Fig. 4.3 for the sake of clarity. The ψ-dihedral-angle values show the largest variety of all

backbone dihedral angles in molecule A and will therefore determine which of the possible

backbone conformations is assumed. This is also reflected in the average informational entropy

of the dihedral angle distributions (see Fig. 4.4). The ω-dihedral angles have by far the lowest

entropy, whereas the entropy of the ψ-dihedral angles is even slightly higher than those of the

side-chain and endgroup dihedral angles. The entropy of the φ and θ dihedral angle distribu-

tions is significantly lower than those of the ψ dihedral angles. These differences in flexibility

are not expected a priori but we may hypothesize that the substituent on the Cβ-atom on

all seven residues sterically hinders the rotation around the adjacent bonds (φ and θ dihedral

angles) leaving only the bond between the Cα- and the carbonyl-carbon to rotate relatively

freely (ψ dihedral angle).

Fig. 4.5 shows the ψ dihedral angle distributions of molecule A sorted by the type of residue.

This graph illustrates three points. Firstly, the ψ dihedral angles seem to visit the same four

maxima (maximum I: 0− 120◦, maximum II: 120− 180◦, maximum III: 180− 240◦, maximum

IV: 240 − 360◦), albeit with varying relative probability. This means that the generic shape

of the dihedral-angle distribution is the same for all ψ-angles in molecule A and only the

relative heights of the maxima and heights of the barriers vary. Secondly, the dihedral-angle

distributions differ significantly even for residues with the same substituent. The amino acid

type can therefore - contrary to intuition - not be the dominant factor for the relative probability

densities of the different backbone conformations. Thirdly, the ψ-angle of residue 4 is the only

ψ-angle which predominantly populates a single maximum (maximum III). Note, that residue
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Figure 4.2: NMI-graph for peptide A, (S,S)-β-HAla(αMe),

threshold: 0.02; blue: ω-dihedral angle (Cβ-C-N -Cα);

green: φ-dihedral angle (C-N -Cα-Cβ); yellow: θ-dihedral

angle (N -Cα-Cβ-C); red: ψ-dihedral angle (Cα-Cβ-C-N);

grey: side-chain or endgroup dihedral angles. Residue se-

quence numbers are given between parentheses.

Figure 4.3: Distributions of the backbone-dihedral an-

gles of H+
2 -β-HVal-β-HAla-β-HLeu-(S,S)-β-HAla(αMe)-β-HVal-β-

HAla-β-HLeu-OH, panel φ: φ-dihedral angles = C-N -Cβ-Cα-

dihedral-angles, panel θ: θ-dihedral angles =N -Cβ-Cα- C-

dihedral-angles, panel ψ: ψ-dihedral angles = Cβ-Cα-C-N -

dihedral-angles, panel ω: ω-dihedral angles = Cα-C-N -Cβ-

dihedral-angles, black: residue 1, red: residue 2, green: residue 3,

blue: residue 4, yellow: residue 5, brown: residue 6, grey: residue

7, sampling error negligible (error bars not shown).
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Figure 4.4: Entropy of the dihedral-angle distribu-

tions of peptide A, H+
2 -β-HVal-β-HAla-β-HLeu-(S,S)-β-

HAla(αMe)-β-HVal-β-HAla-β-HLeu-OH, sorted by type,

s.c.: side chain and endgroup dihedral angles. The values

are averages of over 6 (φ, ψ, ω), 7 (θ) and 9 (s.c.) dihedral

angles.

Figure 4.5: Distributions of the ψ dihedral angles of pep-

tide A, H+
2 -β-HVal-β-HAla-β-HLeu-(S,S)-β-HAla(αMe)-β-HVal-

β-HAla-β-HLeu-OH, sorted by type of residue. panel β-

HVal: solid=residue 1, dashed=residue 5, panel β-HAla:

solid=residue 2, dashed=residue 6, panel β-HLeu: solid=residue

3, dashed=residue 7, panel β-HAla(αMe): solid=residue 4,

sampling error negligible (error bars not shown)
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4 is also the only residue which has a substituent on the Cα-atom - a fact supporting the

hypothesis that substituents sterically hinder the rotation around the adjacent bonds.

4.3.2 Model for the conformational distribution of peptide A

In summary, these observations suggest the following model of the relative population of the

conformations of molecule A.

• The side chains move freely. Their conformations and the conformations of the backbone

are independent of each other.

• On all residues, the Cβ-substituents sterically restrict the ψ- and θ-dihedral angles to

essentially one conformation.

• The two S-configured substituents on residue 4 sterically restrict the ψ-angle to (essen-

tially) maximum III of the ψ-dihedral angle distribution, which is the conformation it

would assume in a 314-helix.

• Confined to only one conformation residue 4 acts as primer for hydrogen bonds to the

neighboring residues and thus enhances the probability of the 314-helix.

• The relative populations of maxima I to IV of the distributions of the other 6 ψ-dihedral

angles is distorted (if not dominated) by this primer.

To test this model we perturbed the substituents on residue 4 in molecule A into dummy atoms

using using a λ-dependent Hamiltonian and the following three perturbation protocols:

• X=(S,S)-β-HAla(αMe) → X=(S,S)-β-HDum(αMe); λ = 0.25, 0.50, 0.75, 1.00

• X=(S,S)-β-HAla(αMe) → X=(S,S)-β-HAla(αDum); λ = 0.25, 0.50, 0.75, 1.00

• X=(S,S)-β-HAla(αMe) → X=(S,S)-β-HDum(αDum); λ = 0.25, 0.50, 0.75, 1.00

Here Dum denotes a dummy atom, i.e. an atom which has no non-bonded interactions. For each

value of λ we evaluated the backbone dihedral-angle distributions, the fraction of the folded

state in the complete ensemble and the hydrogen-bond pattern. At the end points, λ = 1.00,

we additionally calculated the normalized mutual information between all dihedral angles.

4.3.3 Perturbations of peptide A to peptides B, C and D

As in molecule A, all NMI between pairs of dihedral angles of the virtual molecules B-D were

below the threshold of 0.1. Compared to Fig. 4.2, the pattern of mutual dependences is more

complex and the number of mutual dependences with NMI ≥ 0.02 is greater in all three

cases. We also find that the valine side chains are coupled to the adjacent backbone dihedral

angles. But the general picture remains unchanged: at the center of the graphs we find the ψ
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dihedral angles which are coupled among each other and to the φ and θ dihedral angles. The

conformation of the side-chain dihedral angles has no (leucine) or very little (valine) influence

on the backbone dihedral angles. (Data and graphs available upon request.)

Figure 4.6: φ4 and θ4-dihedral angle distributions for the three perturbations column 1: (S,S)H-

Ala(αMe) → (S,S)H-Ala(αDum); column 2: (S,S)H-Ala(αMe) → (S,S)H-Dum(αMe); column 3:

(S,S)H-Ala(αMe) → (S,S)H-Dum(αDum); solid line: λ = 0; dashed line: λ = 1; sampling error

negligible (error bars not shown)

In all three perturbations, the distributions of the ω, φ and θ dihedral angles in residues 1

to 3 and 5 to 7 were virtually unaffected by the removal of the side chains in residue 4 (data

not shown). In residue 4 the distribution of the ω dihedral angle (peptide plane) remained

unchanged upon removal of the methyl-groups. The distributions of φ4 and θ4 for the end

states of the three perturbations are depicted in Fig. 4.6 (dashed line) and compared to those

of peptide A (solid line). The removal of the methyl-group from the Cα-atom - the steric

block on the Cβ-atom still being intact - does not cause a relevant change in either of the

two distributions (column 1 of Fig. 4.6). If we on the other hand remove the methyl-group

from the Cβ-atom and leave the steric block on the Cα intact, φ4 visits several maxima and the

probability that it occupies the folded conformation is drastically decreased. The θ4-distribution
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is still restricted to the maximum at 60◦ - obviously the rotation around the Cβ-Cα-bond is

hindered by the methyl-group on the Cα-atom (column 2 of Fig. 4.6). In the third perturbation

both methyl-groups are removed and consequently both dihedral angles visit several maxima

and the probability of finding them in the folded conformation is strongly decreased (column 3

of Fig. 4.6). From this we can conclude that the S-configured substituents on the Cβ-atoms of

all seven residues in peptide A act as steric blocks which restrain the adjacent dihedral angles,

φ and θ, to the folded conformation.

Figure 4.7: ψ-dihedral angle distributions of residues 2 to 6 for the three perturbations column

1: (S,S)H-Ala(αMe) → (S,S)H-Ala(αDum); column 2: (S,S)H-Ala(αMe) → (S,S)H-Dum(αMe);

column 3: (S,S)H-Ala(αMe) → (S,S)H-Dum(αDum); solid line: λ = 0; dashed line: λ = 1; sampling

error negligible (error bars not shown)

All three perturbations had a strong effect on the conformations of the ψ-dihedral angles of

the central residues (2-6). Their distributions are shown in Fig. 4.7 (dashed lines) and compared

to the corresponding distributions in peptide A (solid lines). This is in line with the finding

that the ψ-dihedral angles mutually influence each other (Fig. 4.2), i.e. a change in residue 4

will be transmitted to other residues via the ψ-dihedral angle conformations. If the methyl-

group on the Cβ-atom (which is not adjacent to the ψ-dihedral angle) is removed, the sequence

of probabilities with which each of the ψ-dihedral angles visits the four maxima is retained.

However, the probability of finding ψ3 to ψ5 in the folded conformation is noticeably decreased
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and ψ4 additionally visits maximum I. If we remove the methyl-group on the Cα-atom, the

folded conformation (maximum III) is no longer the most likely conformation of any of the

ψ-dihedral angles of residues 2 to 6. Instead ψ2 and ψ4 visit maximum IV with a slightly higher

probability than maximum III and for residue 3, 5 and 6 we even see a a complete inversion of

the relative populations: maximum I (residue 3 and 5) and maximum IV (residue 6) become

the most likely conformations. If both methyl groups are removed, ψ4 samples all four maxima

and the probability of finding it in maximum III is drastically decreased. The ψ-distributions

of the other residues have similar features as in the second perturbation.

Figure 4.8: ψ-dihedral angle distributions of residues 2 to 6 for the three perturbations column

1: (S,S)H-Ala(αMe) → (S,S)H-Ala(αDum); column 2: (S,S)H-Ala(αMe) → (S,S)H-Dum(αMe);

column 3: (S,S)H-Ala(αMe) → (S,S)H-Dum(αDum); black line: λ = 0; red line: λ = 1, ψ4 in

maximum III; red line: λ = 1, ψ4 not in maximum III; sampling error negligible (error bars not

shown)

The hypothesis that residue 4 acts as primer which, once it is in the folded conformation,

causes the rest of the peptide to fold cooperatively, is tested in Fig. 4.8. Here we present

conditional ψ-distributions of the central residues and compare them to the corresponding ψ-

distributions of peptide A (black lines). Red lines correspond to the distribution of ψ-dihedral
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H-bond (S,S)HAla(αMe) → (S,S)HAla(αDum) → (S,S)HDum(αMe) → (S,S)HDum(αDum)

λ = 0 0.25 0.50 0.75 1.00 0.25 0.50 0.75 1.00 0.25 0.50 0.75 1.00

314-helix 60 62 30 19 37 43 28 24 5 59 36 18 (5

NH(1) - O(3) 18 19 17 16 14 17 16 15 12 20 15 11 8

NH(2) - O(4) 53 53 24 17 34 37 26 23 10 51 32 16 6

NH(3) - O(5) 62 58 29 18 35 43 30 26 11 56 37 18 6

NH(4) - O(6) 55 49 26 19 24 39 22 18 10 49 29 13 4

NH(5) - O(7) 16 16 10 9 11 13 8 9 4 16 10 5 2

NH(5) - OH(7) 6 6 5 3 6 6 3 4 1 6 2 1 1

H-bond (S,S)HAla(αF) (S,S)HAla(αOH)

314-helix 52 30

NH(1) - O(3) 16 14

NH(2) - O(4) 44 27

NH(3) - O(5) 47 29

NH(4) - O(6) 41 27

NH(5) - O(7) 11 9

NH(5) - OH(7) 2 2

Table 4.2: Occurrence (in %) of the 314-helical conformation (as identified by density based clustering) and 314-helical hydrogen bonds

in the trajectories. The number in brackets denotes a cluster which is predominantly helical but the borders of which are not as crisp as

for the other helical clusters.
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angles given that ψ4 is in the folded conformation (maximum III) and blue lines correspond

to the inverse situation: the ψ-dihedral angle distributions given that ψ4 is not in maximum

III. Their weighted sum returns the complete distribution which was depicted in Fig. 4.7. We

expect that the ψ-distributions if ψ4 is in maximum III (red lines), parallel those of peptide A

in which ψ4 is sterically restricted to maximum III, whereas the complementary curves account

for the differences we see in the complete distributions. This expectation is completely met for

the first perturbation, in which the end state corresponds to an all β3-substituted heptapeptide,

and it is largely fulfilled for the second perturbation. If both methyl groups are removed, the

general trend is still visible but the peptide has become so flexible that the conformation of the

central residue does not play a dominant role anymore.

In Tab. 4.2 we test whether the above analysis of dihedral-angle distributions is also reflected

in more direct descriptors of the folded state. We look at the occurrence of the folded state as

identified by a density-based cluster analysis and the occurrence of 314-helical hydrogen bonds.

The cluster analysis shows that if the methyl group on the Cα-atom is removed, the fraction

of the folded conformation in the entire ensemble decreases from about 60% to 37%. If the

methyl group on the Cβ-atom is removed the relative probability of the folded conformation

is decreased far more drastically: only 5% of the ensemble is still folded. Note that for about

half of the ensemble ψ4 still is in maximum III (folded conformation, Fig. 4.7) but due to the

mutual dependence of the ψ-dihedral angles the destabilization of the folded state spreads in a

non-linear fashion. This effect is even greater if both methyl groups are removed. The results

of the hydrogen-bond analysis parallel those of the cluster analysis.

4.3.4 Peptides E and F

In order to test the model for the conformational distributions of β3-peptides, we analyzed

simulations of peptides E and F, which differ from peptide A only in the Cα-substituent on

residue 4.

The mutual-information graphs of the CSi substituted peptides E and F (data not shown)

show more and also slightly stronger mutual dependences with NMI > 0.02 than that of

peptide A but the main features of the graphs are the same as for peptide A. The ψ-dihedral

angles are at the center of the graph and the side chains are not or only loosely coupled to the

backbone (data not shown). The available simulation data did not suffice for the calculation of

the mutual-information of the CRe substituted peptides E and F.

Independent of whether residue 4 bears a fluoro- or a hydroxy-substituent and independent

of the configuration of this substituent, the distributions of all ω-, φ- and θ-dihedral angles do

not differ greatly from those of peptide A. This supports the idea that the mere existence of a

substitute on the Cβ-atoms dominates the distributions on the adjacent backbone dihedral an-

gles. The ψ-dihedral angle distributions, however, were influenced by the different substituents

and are depicted in Fig. 4.9.

The distributions of both CSi substituted peptides show the same features as the corre-

sponding distributions of peptide A, endorsing that the substitution pattern plays a dominant
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role in stabilizing the folded structure.

Figure 4.9: ψ-dihedral-angle distributions (C-N -Cα-Cβ) for peptide E (residue 4=(S,S)-β-HAla(αF)

and residue 4=(S,R)-β-HAla(αF)) and peptide F (residue 4=(S,S)-β-HAla(αOH) and residue 4=(S,R)-

β-HAla(αOH)) compared to the corresponding distributions of peptide A; sampling error negligible

(error bars not shown)

A closer look, however, shows that the probabilities of the maximum which corresponds to

the folded structure (maximum III) for the hydroxy-substituted peptide F are decreased with



122 CHAPTER 4. WHAT STABILIZES THE 314-HELIX IN β3-PEPTIDES?

respect to those of peptide A. The ψ-distributions of peptide E, despite the fact that fluorine

is significantly smaller than a methyl group, are almost equal to those of peptide A. Obviously,

electrostatic effects come into play and one may speculate about the reasons for this. In the case

of peptide F, the unfolded structures might be stabilized by intramolecular hydrogen bonds and

the fluoro-substituent on peptide E might artificially increase its bulkiness by tight interactions

with the surrounding solvent molecules. The cluster analysis and the hydrogen-bond analysis

(Tab. 4.2) confirm the results of the dihedral-angle distribution. Peptide E is about 50% folded

whereas in peptide F the occurrence of the folded conformation is reduced to about 30%.

The ψ4-distributions of the CRe substituted peptides E and F differ greatly from that of

peptide A: They are not restrained to maximum III but cover all four maxima. The fourth

residue, therefore, cannot act as a primer to folding and consequently the distributions of ψ2,

ψ3, ψ5 and ψ6 do not resemble their counter parts in peptide A, but are rather similar to those

of peptide D (no substituents on residue 4).

4.4 Discussion

We have devised and tested a model for the conformational distribution of β-peptides with

aliphatic residues by carefully analyzing the mutual dependences between dihedral angles and

dihedral-angle distributions.

The mutual information graphs reveal that the particular conformation of the side chain has

no influence on the backbone structure. Pictorially spoken: the backbone does not see what

the side chains are doing. Likewise the type of the side chain does not play a decisive role for

the stabilization of the folded conformation, because different residues with the same side chain

show different ψ-dihedral-angle distributions, as we could show by comparing the backbone

dihedral angle distributions of amino acids with the same residue. It is rather the substitution

pattern that determines the backbone conformation. We could show that in β3-substituted

residues the backbone dihedral angles adjacent to the side chain, φ and θ, are restricted in

the folded conformation. The relative probability of the folded conformation is in these cases

increased by sterically excluding large parts of the unfolded conformational space. This is in

line with the finding that β3-substituted β-peptides form stable 314-helices3,6 and that residues

branched at the first carbon atom, i.e. which are bulky at a position close to the backbone,

promote helicity.

The ψ-dihedral angles are consequently the only flexible degrees of freedom - their confor-

mation determines the backbone structure. If the ψ-angle of the central residue is additionally

restricted to the folded conformation, this residue acts as primer around which the neighboring

residues fold. We could pinpoint this effect by perturbing the methyl groups on residue of 4

in peptide A to dummy atoms. The increased flexibility of ψ4 spread via the other ψ-dihedral

angles throughout the molecule.
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4.4.1 Comparison to α-peptide folding

Compared to α-peptides in water, β-peptides in methanol form remarkably stable helices -

even if the chain length is very short (less than 30 backbone dihedral angles). One reason for

this might be the properties of the solvent: water molecules are capable of forming stronger

hydrogen bonds with the backbone of a peptide than methanol molecules, which increases

the relative stability the unfolded conformations. Indeed, one finds that β-peptides of similar

length form less stable 314-helices in water than in methanol24. However, one also finds that

neither in water nor in methanol, short α-peptides fold into stable helices - even when their

conformational space is restricted by an aminoisobutyric-acid moiety (Aib)25. So, the question

remains: ”How do the structural features of β-peptides stabilize the folded conformation?”

In the following discussion we compare β-peptides with 3n residues to α-peptides with 4n

residues both of which have the same number of backbone dihedral angles: 12n. The equilibrium

constant of the folding-unfolding equilibrium K is given by the free-energy difference between

the folded and the unfolded state ∆G = Gfolded −Gunfolded

K = exp

(
−∆G

RT

)
= exp

(
−∆H

RT

)
exp

(
∆S

R

)
(4.7)

where R is the gas constant, T the absolute temperature, ∆H the enthalpy difference, ∆S the

entropy difference and we have used ∆G = ∆H−T∆S. We expect that the enthalpy difference

∆H for β-peptides is about the same or somewhat smaller than that for α-peptides of the same

backbone length, because both helices are mainly stabilized by intramolecular hydrogen bonds.

α-peptides, however, have more peptide planes per backbone length and, therefore, for a given

chain length, form more intramolecular hydrogen bonds and additionally, α-helices are typically

stabilized by favorable side-chain-side-chain interactions. Hence:

∆H(β, 3n residues) ≥ ∆H(α, 4n residues) (4.8)

Consequently, the stability of 314-helices must be caused by an entropic effect. Naively one

would, however, expect a destabilizing entropic effect, because β-peptides have three flexible

dihedral angles per residue whereas α-peptides only have two. With only one in four backbone

dihedral angles being rigid (peptide plane), a β-peptide could explore many more conforma-

tions than a comparable α-peptide, which increases the entropy of the ensemble of its unfolded

conformations or - formulated differently - decreases the relative probability of its folded con-

formation. With ∆H equal or bigger and ∆S smaller than in α-peptides, one would not expect

that β-peptides form stable structures.

A closer look at the dihedral-angle distributions resolves this contradiction. As shown in

this contribution, the φ- and θ-dihedral angles of β3-substituded β-peptides populate only one

maximum, i.e. these dihedral angles are quasi-rigid, leaving only the ψ-dihedral angle as an

flexible dihedral angle. Hence, in β3-substituded β-peptides only one in four dihedral angles

is flexible. In α-peptides, on the other hand, the φ-dihedral angles is quasi-rigid and the ψ-

dihedral angle flexible, adding up to one flexible dihedral angle in three. From this we can
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conclude that accessible unfolded conformational space of β-peptides with a CSi configured

substitute on the Cβ-atom is smaller than that of comparable α-peptides and hence

∆S(β, 3n residues) > ∆S(α, 4n residues) . (4.9)

This is in agreement with the earlier finding that the accurate description of (the unexpect-

edly small) unfolded conformational space is essential for the modeling of (β-) peptide folding

equilibria26.

There are two ways in which the steric block exerted by the β3-substituents could influence

the conformational ensemble of β-peptides: (i) steric clashes could destabilize a certain con-

formation, thereby changing ∆H and consequently also the equilibrium constant between this

conformation and the rest of the ensemble; (ii) the dihedral angles could be kinetically trapped

in one conformation. Fig. 1.3 illustrates the factors that influence the rate constants of the

transition between two states, a folded one f and an unfolded one u, and that could cause a

kinetic trap. According to Kramers’ theory the rate constant of unfolding (in Fig. 1.3 ) is given

as

kfu =
mωbarrier

ζ
· ωf

2π
· exp

(
− Ef
kBT

)
(4.10)

The third factor denotes the probability of reaching the transition state and is a function of

the barrier height Ef . (kB is the Boltzmann constant and T the absolute temperature.) The

second factor corresponds to the frequency with which an attempt to reach the transition state

is made and is proportional to the frequency ωf which is associated with the (harmonically

approximated) potential energy function of state f . The broader the width of this well (Wf in

Fig. 1.3 ), the lower the frequency ωf . And, finally, the third factor corresponds to the fraction

of ”productive trajectories”, i.e. from all systems that reach the transition state the fraction

of those that actually cross into state u and do not get pushed back to state f . In Kramers’

theory this factor is modeled as diffusion across the barrier where ωbarrier is the frequency which

is associated with the (harmonically approximated) potential energy function of the barrier,

m is the mass of the particle and ζ the friction coefficient. The wider the barrier (Wbarrier in

Fig. 1.3), the lower the fraction of ”productive trajectories”. In this framework, a kinetic trap

can be caused by (i.) a high barrier (Ef ), (ii.) a broad well in state f (Wf ) or (iii.) a wide

barrier (Wbarrier). Considering that the dihedral angles move largely independent of each other

and are bound degrees of freedom (i.e. neither the width of the barrier nor the width of the

potential well can be arbitrarily large), it is hardly conceivable that a kinetic trap might be

caused by the second or third effect. In summary, the rotation around the φ- and θ-dihedral

angles in β3-peptides is restricted to one maximum by a steric clash which either destabilizes

all other conformational maxima or which causes a kinetic trap by inducing high rotational

barriers around this maximum. The data presented in this contribution does not allow a clear

conclusion as to which of the two effects causes the observed block. Note, however, that for a

kinetic trap from which the system cannot escape even on experimental time scales the allowed

region has to be surrounded by barriers with heights of several tens of kJ/mol.
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Likewise, no unambiguous conclusion as to what causes the steric clash can be drawn from

the presented data. However, from Ramachandran plots of α-peptides it is known that the steric

interaction of the side chain with the carbonyl atom of the preceding peptide group restricts the

φ-dihedral angle adjacent to the side chain to about 270◦. In α-peptides, the first atom of the

side chain is separated by four bonds from the carbonyl oxygen of the preceding peptide group.

This is also the case in β3-peptides and hence the φ-dihedral angles of β3-peptides are likely to be

restricted via the same mechanism. Additionally, the first atom of a β3-side chain is separated

by four bonds from the carbonyl-oxygen of the following peptide group. The restriction of

the θ-dihedral angles might therefore also be caused by this mechanism. According to this,

β2-peptides (in which the amino acids are substituted at the Cα atom leading to a distance of

3 bonds to the preceding peptide group and a distance of five bonds to the following peptide

group) should not be stabilized by steric clashes and, therefore, form less stable helices. This

presumption is supported by the experimental finding that the helical structure of β2-peptides

is only stable at −20C◦27.

4.5 Conclusions

The folding of β-peptides is governed by different biophysical effects than that of natural pep-

tides. The second carbon atom between the peptide planes allows the substitution pattern to

be varied - a parameter which is not present in natural peptides - and leads to various ”substi-

tution classes” of β-peptides. Due to steric interactions of the side chains with the backbone,

a given part of the conformational space might be accessible for one class of β-peptides but

inaccessible for others. The class of β3-substituted peptides investigated in this contribution

folds into 314-helices. We could show that the size of the unfolded conformational space of these

peptides is smaller than that of a comparable α-peptide and therefore the relative probability

of the folded conformation is increased. The folded state of β3 is not stabilized by favorable

side-chain-side-chain interactions and hence also largely independent of the side-chain sequence.

As a consequence, analogies between β-peptide folding and α-peptide folding should be handled

with caution.
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Chapter 5

On using oscillating time-dependent

restraints in MD simulation

5.1 Introduction

Our knowledge of the structural characteristics of biomolecules such as proteins, saccharides,

nucleic acids and lipids stems from the interpretation of spectroscopic or diffraction measure-

ments. These measurements deliver time- and spatial (over different molecules) averages of

particular observable quantities, for example 3J-coupling values, Nuclear Overhauser Enhance-

ment (NOE) intensities or dipolar coupling values from NMR spectroscopy or structure factor

amplitudes from X-ray or neutron diffraction. Because these observable quantities generally

depend in a non-linear manner on the 3-dimensional structure or conformation of a biomolecule,

it is not straightforward and often impossible to derive the probability distribution of molecular

conformations from such experiments1–3. Only if this conformational distribution is dominated

by a particular conformation, a “structure” may be derived from the experimental data. If the

conformational distribution is characterised by two or more conformations of comparable prob-

ability, “structure” determination becomes difficult. The experimentally measured value Aobs

of a quantity a(r) that depends on the conformation r will result from averaging the a-values

corresponding to the dominant conformations, i.e. Aobs = 〈a(r)〉r. If the observable a(r) de-

pends non-linearly upon conformation r or if the conformational distribution is not uni-modal

(Fig. 5.1), the conformation r〈a〉 that corresponds to the average a-value 〈a〉 may have a very

low probability P (r). Using such measured average a-values in single structure determination

may then lead to unlikely or high-energy biomolecular structures or structures of particular

parts of a molecule3,4.

Computer simulation of the motion of a biomolecular system produces a trajectory or an

ensemble of molecular conformations, which can be used to interpret the available experimen-

tal data5–7. Trajectory or ensemble averages of observable quantities can be calculated and

compared to the measured values. If these agree with each other, the simulated conformational

ensemble may be considered to be realistic and it may be used to calculate quantities that are

131
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Figure 5.1: Energy and conformational probability along a coordinate. solid line: double-well po-

tential; dashed line: corresponding probability distribution; x<a> coordinate that corresponds to the

experimentally measured value < a >exp of a quantity or observable a (for a linear dependence of a

on x).

not or even cannot be observed experimentally. In this way computer simulation complements

the measurement. If the molecular model and force field used in the simulation was infinitely

accurate and the simulation could be made infinitely long, one would even not need to perform

experiments. However, this state of affairs is still beyond the horizon for larger biomolecular

systems. The accuracy of current biomolecular force fields is limited due to the intrinsic aver-

aging over the omitted (electronic) degrees of freedom. It only incorporates their mean effect.

Secondly, molecular dynamics (MD) simulations nowadays cover the nanosecond time scale,

which may not offer sufficient sampling to calculate averages of quantities that are measured

over much larger (milliseconds) time scales. To make up for these deficiencies of computer simu-

lation one can resort to imposing the experimentally observed average value Aobs as a boundary

condition onto the simulation: a trajectory or ensemble of configurations is to be generated for

which the relation

〈a(r)〉r = Aobs (5.1)

holds. In other words, given a potential energy function V(r) and given equations of motion

or a sampling method such as Monte Carlo sampling for generating a Boltzmann ensemble,

their form or parameters should be modified such as to drive the average 〈a(r)〉r to agree with

Aobs. There are at least five distinct approaches to restrain the motion or the conformational

distribution along the degrees of freedom r such that (5.1) is satisfied8: (i) constraint methods,

(ii) penalty function methods, (iii) extended system methods, (iv) weak coupling methods, and
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(v) stochastic methods. Since the penalty function method is most widely used in structure

determination based on NMR spectroscopic or X-ray diffraction data, only this technique will

be considered here.

The average 〈a(r)〉r can be restrained to the value Aobs by adding a restraining or penalty

function term

Var (〈a(r)〉r ;Aobs
)

(5.2)

to the physical interaction function Vphys(r)

V(r) = Vphys(r) + Var (〈a(r)〉r ;Aobs
)
. (5.3)

The resulting function V(r) is then used in the equations of motion or sampling procedure. The

restraining term Var should be chosen such that its value increases the more 〈a(r)〉r deviates

from Aobs9, e.g.

Var (〈a(r)〉r , Aobs
)

= 0 if 〈a(r)〉r ≤ Aobs

= 1
2
κar
(〈a(r)〉r − Aobs

)2
if Aobs ≤ 〈a(r)〉r ≤ Aobs + ∆a

= κar
(〈a(r)〉r − Aobs − 1

2
∆a
)

∆a if Aobs + ∆a ≤ 〈a(r)〉r
(5.4)

where ∆a is a parameter separating the ranges of values of a for which Var is increasing

quadratically and linearly with increasing a. Eq. 5.4 represents an upper-bound restraint Aobs

to 〈a(r)〉r. A lower-bound restraint can be obtained by replacing ∆a by −∆a and inverting the

inequality symbols in Eq. 5.4. This is useful when treating the absence of a particular NOE

signal in a NOESY spectrum as indicative of some minimum proton-proton distance10.

In most applications of structure refinement the ensemble average 〈 〉r in expression (5.4) is

omitted, only the instantaneous value of a(r) is restrained. This procedure ignores the ensemble

character of the conformational distribution. It basically reduces the latter to one conformation,

r〈a〉, that may be very unrealistic (Fig. 5.1). Due to the non-linear dependence of a(r) on r, the

average of a over an ensemble of conformations will be different from the value of a calculated

using the average of r over the ensemble, i.e.

〈a(r)〉r 6= a (〈r〉r) . (5.5)

As a consequence, there may be no simple structure that will fit all the experimental data

simultaneously4,11. In addition, omitting the averaging 〈 〉r from Var will strongly reduce the

mobility of the molecular system12,13.

A better approach is to approximate the ensemble average 〈a(r)〉r by a time (trajectory)

average14 or by an average over different molecules15–17. In MD simulations the use of the time

average

〈a(r)〉r = a(t) ≡ t−1

∫ t

0

a(r(t′))dt′ (5.6)
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is the natural choice. Eq. 5.6 is the true average of a, but is not suitable for deriving a restraining

force from Var during a simulation: the rate of change of a(t) depends on the length of the

averaging period t.

This problem is avoided by building a decay into the summation over time with a charac-

teristic decay time or memory relaxation time τ such that

〈a(r)〉r = a(t; τ) ≡
(
τ
(

1− e− t
τ

))−1
∫ t

0

e−(t−t′)/τa(r(t′))dt′ (5.7)

is used in Eq. 5.4. This approach has been successfully applied in structure refinement based

on NMR12,18 or X-ray19 data. This conventional time-averaging refinement relies on employing

a high-quality physical force field, because it introduces more conformational freedom for the

molecule.

The use of Eq. 5.7 in Eq. 5.4 is not wholly satisfactory, because the average value a(t; τ) of

a by definition lags behind the instantaneous value a(r(t)). The force due to the restraining

function continues to be applied for some time after a(r(t)) has become smaller than Aobs.

This problem can be resolved by applying a penalty function force only when both a(t; τ) and

a(r(t)) violate the bound Aobs. The simplest way to enforce this restraint is to use a biquadratic

penalty function20.

Var (〈a(r)〉r , a(r(t));Aobs
)

= 0

if 〈a(r)〉r ≤ Aobs

or a(r(t)) ≤ Aobs

=
1

2
κarbq
(〈a(r)〉r − Aobs

)2 · (a(r(t))− Aobs)2

if Aobs ≤ 〈a(r)〉r ≤ Aobs + ∆a

and Aobs ≤ a(r(t)) ≤ Aobs + ∆a

=
1

2
κarbq

(
〈a(r)〉r − Aobs −

1

2
∆a

)
·∆a · (a(r(t))− Aobs)2

if Aobs + ∆a ≤ 〈a(r)〉r
and Aobs ≤ a(r(t)) ≤ Aobs + ∆a

=
1

2
κarbq
(〈a(r)〉r − Aobs

)2 ·
(
a(r(t))− Aobs − 1

2
∆a

)
·∆a

if Aobs ≤ 〈a(r)〉r ≤ Aobs + ∆a

and Aobs + ∆a ≤ a(r(t))

=
1

2
κarbq

(
〈a(r)〉r − Aobs −

1

2
∆a

)
·∆a

·
(
a(r(t))− Aobs − 1

2
∆a

)
·∆a

if Aobs + ∆a ≤ 〈a(r)〉r
and Aobs + ∆a ≤ a(r(t)) (5.8)
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The corresponding lower-bound restraints can be obtained be replacing ∆a by −∆a and in-

verting the inequality symbols in Eq. 5.8. If Var is to be used without the linearly increasing

part, Eq. 5.8 reduces to

Var (〈a(r)〉r , a(r(t));Aobs
)

= 0

if 〈a(r)〉r ≤ Aobs

or a(r(t)) ≤ Aobs

=
1

2
κarbq
(〈a(r)〉r − Aobs

)2 · (a(r(t))− Aobs)2

if Aobs < 〈a(r)〉r
and Aobs < a(r(t)). (5.9)

Biquadratic time-averaged restraining (using Eq. 5.9 with upper bound as well as lower bound

restraining) was applied to enforce 3J-coupling constants towards the values measured for the

peptide antamanide21, but the results were not very satisfactory20. Therefore, we decided to

investigate the particular difficulties of using 3J-value restraints in structure refinement.

The vicinal 3J-coupling constant J(θ) between two nuclei covalently linked by three bonds

can be approximately expressed in terms of torsion angle θ between two planes defined by

each nucleus and the two nuclei or atoms that constitute the covalent link to the other nucleus

through the Karplus relation22

3J(θ) = a cos2 θ + b cos θ + c (5.10)

where a, b and c are constants that are calibrated empirically23–27. For peptides it is customary

to express 3J as a function of the φ-angle (C-N-Cα-C) or the χ1-angle (N-Cα-Cβ-Cγ),

θ = φ+ δφ (5.11)

and

θ = χ1 + δχ. (5.12)

The values of δφ and δχ depend on the local geometry of the peptide (L- or D-amino acid) and

on the particular nuclei (protons) involved in the coupling28. The dependence of 3JHN−Hα upon

the backbone φ-angle is shown in Fig. 5.2. The function 3J(φ) has the following characteristics:

1. Its inverse is multiple-valued, i.e. more than one φ-value is mapped onto one 3J-value.

2. The gradient of 3J(φ) with respect to φ is varying substantially.

3. Its range of values is limited, some extreme 3J-values are only reached for a few φ-values.

These characteristics cause problems when using 3J-values directly in structure refinement,

i.e. when setting a = 3J in Eq. 5.2 - 5.9. These problems are the subject of this article and their
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effects can be alleviated by the introduction of an oscillating factor cos2(ωart) which during a

period τar = π
ωar

scales the torsion angle potential energy function V tors and the restraining

function Var

V(a(r)) = cos2(ωart) · [V tors(r) + Var (〈a(r)〉r , a(r(t));Aobs
)]

(5.13)

and thus permits the angle to cross over otherwise unsurmountable barriers. The oscillating

factor is switched on as soon as the average 3J-value deviates more than a certain threshold

(∆J) from the target value. After one oscillating period is completed, the scaling is suspended

for a time period (∆tω) that can be specified.

We demonstrate and analyse the effect of the various forms of penalty functions for a model

system consisting of liquid butane, and then apply them to the cyclic peptide antamanide for

which experimental 3J-values are available.

Figure 5.2: 3J-coupling constant as function of a torsion angle φ. solid line: Karplus curve (Eq. 5.10)

used for a torsion angle (θ) in butane but given as a function of the C1-C2-C3-C4-torsion angle (φ),

(a = 6.4, b = −1.4, c = 1.924] and δφ = −60◦), dashed line: Karplus curve for the H-N -Cα-H-torsion

angle (θ) in antamanide but given as a function of the C-N -Cα-C angle (φ), (a = 9.4, b = −1.1,

c = 0.429 and δφ = −60◦).

5.2 Materials and methods

3J-values were calculated and compared for MD simulations that employ different types of
3J-value restraining:

1. no restraining (Var = 0, NR),
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2. quadratic instantaneous restraining (Var only depends on a(r(t)), IR),

3. quadratic time-averaging restraining (Eq. 5.4 and 5.7, TA),

4. biquadratic mixed instantaneous/time-averaging restraining (Eq. 5.7 - 5.8, BTA),

5. oscillating biquadratic mixed instantaneous/time-averaging restraining (Eq. 5.7 - 5.8 with

Eq. 5.13, OBTA).

Two molecular systems were considered. First, 512 butanes molecules in a cubic periodic

box with edge lengths of 4.41nm were simulated. The C1-C2-C3-C4 dihedral angle was used

to define an artificial 3J-coupling constant. The system was simulated at constant volume and

at a constant temperature of 300K. The temperature coupling constant was τT = 0.1 ps30

and the leap-frog integration time step was 2 fs. The GROMOS potential energy function

(set 45A3) for aliphatic united-atom carbons was used31. For restraining methods employing

time-averaging the memory relaxation time was set to τ = 5.0 ps13. Simulations employing

OBTA were performed using ωar = 0.2π ps−1 (i.e. τar = 5.0 ps), ∆tω = 5.0 ps and a threshold

of ∆J = 0.7Hz. Bond-lengths were kept rigid using the SHAKE algorithm with a relative

precision32 of 10−4. The system was equilibrated for 100 ps and production periods covered

500 ps. Configurations were saved every 0.2 ps for analysis.

Antamanide is a cyclic decapeptide for which experimentally measured 3JHN−Hα-values are

available21. Previous studies using instantaneous restraining have found no single conformation

which could explain the 3J-values measured21,33,34. It was previously used to test J-value

restraining methodology18,20. One antamanide molecule immersed in 3002 water molecules

in a cubic periodic box with edge length 4.488nm was simulated at constant volume and

temperature, similarly to the butane system. The water was modelled using the SPC water

model35 and antamanide according to the GROMOS force field parameter set 45A331,36. For

restraining methods employing time-averaging, the memory relaxation time was set to τ =

5.0 ps13. Simulations employing OBTA were performed using τar = 1, 5 and 25 ps, ∆tω = 5.0 ps

and a threshold of ∆J = 0.7Hz. Equilibration covered 100 ps and sampling the next 400 ps.

This system set-up differs from that in18,20:

(i.) Here solvent molecules are explicitly simulated, whereas in20 their effect was mimicked by

stochastic and frictional forces,

(ii.) the factor (1− et/τ ) was approximated by t/τ in20, and

(iii.) in20 an older set of force field parameters, set 43A128,37 was used.

All simulations were carried out using the GROMOS biomolecular simulation software28,38,39.
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5.3 Results and Discussion

5.3.1 Butane

The C1-C2-C3-C4-torsion angle (φ) of butane has been restrained to four different target values

of the 3J-constant using the Karplus relation (Eq. 5.10) with arbitrarily chosen coefficients

(a = 6.4, b = −1.4, c = 1.924, δφ = −60◦). Four different restraining methods were employed

each with two different force constants in Eq. 5.4 and Eq. 5.8 (κar = 2.5 kJ mol−1Hz−2, κarbq =

2.5 kJ mol−1Hz−4 and κar = 5.0 kJ mol−1Hz−2, κarbq = 5.0 kJ mol−1Hz−4). ∆a was set to

infinity, i.e. the penalty function had no linear part. Tab. 5.1 shows the 3J-constants that have

been calculated from these simulations.

All methods succeed in restraining the 3J-value to the desired target value with deviations

up to 1.1Hz. For the IR and TA method raising the force constant leads to an improvement

of the results by up to 0.3Hz, whereas for BTA and OBTA a slight is observed. The known

effect that IR severely reduces the fluctuation of the torsion angle is (to some extent) reflected

in the rms fluctuations of the 3J-values, which are smaller for IR than for all other methods.

TA improves on this weakness, which is, however, bought by a slightly worse agreement of the
3J-value with the target value (except for 3J0 = 6Hz). For the extreme 3J-values 3J0 = 2Hz

and 3J0 = 8Hz, BTA and OBTA succeed in bringing the average 3J-value closer to the target

value. For the average values of simulations with 3J0 = 4Hz and 3J0 = 6Hz that are already

in close vicinity of the target value for TA, no further improvement is achieved.

restraining force constant

method κar ( kJ
molHz2

) target value

or

κarbq ( kJ
molHz4

) 3J0 = 2.0Hz 3J0 = 4.0Hz 3J0 = 6.0Hz 3J0 = 8.0Hz

IR 2.5 2.9 (0.7) 4.1 (0.9) 5.8 (0.9) 7.2 (0.9)

IR 5.0 2.6 (0.5) 4.0 (0.7) 5.9 (0.7) 7.4 (0.7)

TA 2.5 3.0 (1.0) 4.3 (1.6) 5.8 (1.8) 6.9 (1.1)

TA 5.0 2.7 (0.8) 4.2 (1.7) 6.0 (1.9) 7.2 (1.3)

BTA 2.5 2.7 (0.6) 4.2 (1.4) 6.2 (1.4) 7.4 (1.1)

BTA 5.0 2.6 (0.6) 4.2 (1.4) 6.2 (1.3) 7.5 (1.1)

OBTA 2.5 2.6 (0.6) 4.2 (1.4) 6.2 (1.4) 7.3 (1.1)

OBTA 5.0 2.6 (0.6) 4.2 (1.4) 6.2 (1.3) 7.4 (1.0)

Table 5.1: Average 3J-values corresponding to an arbitrary angle that is shifted by δφ = −60◦ from

the C1-C2-C3-C4 torsion angle in butane calculated from simulations employing the four different

restraining methods (IR, TA, BTA, OBTA). Restraining potential energy functions were constructed

using the Karplus relation (Eq. 5.10) with a = 6.4, b = −1.4, c = 1.924 and δφ = −60◦, and two

different force constants κar for each restraining method. Root-mean-square fluctuations are given

between parentheses.
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Figure 5.3: Potential energy along a (restrained) torsional degree of freedom. Upper panel: Vphys(φ).
Other panels: Potential energy term Var for butane as function of the C1-C2-C3-C4-torsion angle:

without any restraints (NR), (IR) restrained to 3J0 = 2.0Hz, 3J0 = 4.0Hz, 3J0 = 6.0Hz and 3J0 =
8.0Hz, respectively, using a Karplus curve with a = 6.4, b = −1.4, c = 1.929 and δφ = −60◦ and a

force constant κar = 2.5 kJ mol−1Hz−2.

The results can be divided into two groups. For simulations with 3J0 = 4Hz and 3J0 = 6Hz

close agreement with the target value is achieved for any of the employed restraining methods

(∆3J ≤ 0.3Hz). By contrast, for simulations that restrain to 3J0 = 2Hz or 3J0 = 8Hz the

deviation never falls below 0.5Hz. This observation is a consequence of the way the restraining

function is constructed. In Fig. 5.3 the internal potential energy of butane and that of the

restraining functions for each of the target values are depicted. For 3J0 = 4Hz and 3J0 = 6Hz

minima or ranges of low potential energy in the restraining function are found at about the same

torsion-angle values as the minima of the physical potential energy function. Thus, adding these

two functions leads to an overall energy function with minima that correspond to the target
3J-values.
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Figure 5.4: Probability distribution of the C1-C2-C3-C4-torsion angle φ in butane for four different 3J-

value restraining methods (IR: black, TA: red, BTA: green, OBTA: blue) a: restrained to 3J0 = 4.0Hz,
b: restrained to 3J0 = 8.0Hz, force constant κar = 5.0 kJ mol−1Hz−2 and κarbq = 5.0 kJ mol−1Hz−4,

respectively.

Figure 5.5: Probability distribution of 3J-values in butane for four different restraining methods (IR:

black, TA: red, BTA: green, OBTA: blue) a: restrained to 3J0 = 4.0Hz, b: restrained to 3J0 = 8.0Hz,
force constant κar = 5.0 kJ mol−1Hz−2 or κarbq = 5.0 kJ mol−1Hz−4.
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For 3J0 = 2Hz the situation is different. The Karplus-curve (see Fig. 5.2) reaches 3J = 2Hz

for values of approximately 134◦, 154◦, 337◦ and 346◦ of the C1-C2-C3-C4-torsion angle. For

these angles we find slopes in the physical energy function and the minima of the combined

functions will be shifted with respect to the minima of the restraining function. Consequently,

the overall function favours angles that do not correspond to the target value of the 3J-constant.

This effect is amplified by the curved shape of the Karplus curve: small changes in torsion angle

can lead to big changes in the 3J-value.

The restraining function for 3J0 = 8Hz exhibits the same features. In additon to that,

however, a second effect comes into play. The Karplus curve has two maxima (3J = 6.9Hz

and 3J = 9.7Hz for these simulations, see Fig. 5.2). The restraining function depends on the

difference between the target value 3J0 and the value of the Karplus curve at the current angle
3J(φ). Therefore, each target value that is higher than the lower of the two maxima will cause

a minimum in the restraining function at the angle of this (lower) maximum. For 3J0 = 8Hz

the minimum appears at about φ = 60◦ (see Fig. 5.2 and 5.3). The fact that it restrains to a
3J-value which is not the target value, is reflected in the small offset from zero at the minimum.

The surrounding high barriers cause the angle to be trapped in the wrong minimum.

Both, the restraining function with 3J0 = 2Hz and the one with 3J0 = 8Hz exhibit

exceptionally high barriers - an effect that occurs when the target value is close to an extremum

of the Karplus curve. Consider a high 3J0-value, i.e. one that is close to a maximum. With the

restraining function having as argument the squared difference between the target value and

the 3J-value that corresponds to the current angle, only a small increase in energy will occur

for angle values around this maximum. On the other hand, for angles with 3J-values far from

this maximum of the Karplus curve large differences between the target value and the current
3J-value will result and hence the restraining energy in these regions will be high. Lowering the

resulting energy barriers by lowering the force constant will result in a loss of potential energy

precision in regions with low energy barriers.

Fig. 5.4 shows the distributions of the C1-C2-C3-C4-torsion angle of butane, which have

been calculated from simulations, that have been restrained to 3J0 = 4.0Hz and to 3J0 =

8.0Hz, respectively. For an unrestrained simulation one would expect a high peak at 180◦ and

two lower peaks at 60◦ and 300◦, corresponding to one trans-conformation and two gauche-

transformations of the C1-C2-C3-C4-torsion angle. The restraining function for 3J0 = 4Hz very

much resembles the physical energy function and consequently distinct peaks appear at 180◦

and at 300◦. The absence of a peak at 60◦ is due to the maximum at 60◦ in the restraining

function. The sum of a maximum in the restraining function and a minimum in the physical

energy function leads to two smaller, slightly shifted wells in the total energy function, which

are reflected by small peaks in the angle distribution at about 30◦ and 100◦. In Fig. 5.4b

(3J0 = 8Hz) the restraining function clearly dominates the distribution. Peaks appear at the

positions, where the restraining function has minima. For the peaks at 210◦ and at 270◦ the

influence of the physical energy function is only perceivable through a slight shift to lower

angles for the former peak and to higher angles for the latter peak. This effect is stronger for

the methods that employ time-averaging than for instantaneous restraining. The third peak at
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around 60◦, which is for most methods higher than the other two peaks (except IR), illustrates

the effect of being trapped in the wrong minimum (see above). The minimum at φ = 60◦ in

the restraining function, which restrains to a wrong 3J-value, coincides with a minimum in the

physical energy function. The resulting minimum in the total potential energy is obviously

even more favourable than the minima that correspond to the desired 3J-value.

Fig. 5.5 shows the 3J-value distribution for the same simulations. For instantaneous restrain-

ing to 3J0 = 4.0Hz (black curve Fig. 5.5a), the distribution is a broad peak centered at 4.0Hz.

The broadness of this peak, that seems to contradict the narrow peaks in the φ-distribution

(Fig. 5.4a), is a consequence of the Karplus curve. At J = 4.0Hz this curve has steep slopes,

i.e. small changes in φ will result in relatively big changes in 3J-value and consequently, a

narrow peak in the φ-distribution can correspond to a broad peak in the 3J-distribution. For

the methods based on time-averaging, the distributions look rather different. The central peak

becomes even broader and is shifted to higher 3J-values. This shift is counterbalanced by a

peak at about 1.9Hz and a small peak at 6.9Hz appears. These 3J-values correspond to two

minima and a maximum in the Karplus curve and do not reflect a higher occurrence of the

torsion angle at values that correspond to these 3J-values. The following picture explains the

situation: Suppose an angle passes with constant angular velocity through a region around

one of the minima. Because the gradient of the Karplus curve is close to zero in that region,

the 3J-value changes little with the angle and in this case with time. This causes a peak in

the distribution which is calculated from the time-series of the 3J-values. This effect is not

an artefact of the simulation, but should also occur in NMR measurements. For this reason

alone, it is impossible to assign φ-values on the basis of 3J-values. In the present case, the

distributions of BTA and OBTA are almost indistinguishable, which is due to the fact that the

scaling in OBTA is only switched on when the average of the 3J-value differs more than 0.7Hz

from the target value.

Fig. 5.5b (3J0 = 8Hz) reveals a different situation. No or only a very broad and flat peak

(in the case of IR) can be found in the vicinity of the target value 3J0 = 8.0Hz. Instead, we

see for all methods a high and narrow peak centered at 3J = 6.9Hz. Although, this 3J-value

corresponds to a maximum in the Karplus curve, this peak cannot entirely be explained by the

above mentioned effect (the height of the peak in Fig. 5.5a differs by a factor of 10 from that

in Fig. 5.5b). Rather, we see here a consequence of the fact that the angle can get trapped in a

wrong minimum (see above) - a minimum that corresponds to the lower of the two maxima in

the Karplus curve. At 3J = 9.7Hz we see a small peak appear that corresponds to the second

(higher) maximum. Judging from the height of the peak, this is the same type of effect we

noticed in the upper part of the graph for the other extrema.

5.3.2 Antamanide

Six H-N -Cα-H-torsion angles (i.e. the corresponding φ-angles) have been restrained to repro-

duce their experimentally measured 3J-constants. We used four different restraining methods

(IR, TA, BTA, OBTA) each with three different force constants:



5.3. RESULTS AND DISCUSSION 143

• κar = 0.5 kJ mol−1Hz−2, κarbq = 0.5 kJ mol−1Hz−4,

• κar = 2.5 kJ mol−1Hz−2, κarbq = 2.5 kJ mol−1Hz−4

• κar = 5.0 kJ mol−1Hz−2, κarbq = 5.0 kJ mol−1Hz−4.

The OBTA method was applied with τar = 5 ps. This is an extension of previous work20

in which the BTA restraining was introduced and was reported to result “in worse averages

(residues 4, 6 and 9) and reduced fluctuations (residues 1, 5 and 10)”. The results of our

simulations are presented in Tab. 5.2.

For Residues 1, 5 and 6, the unrestrained (NR) simulations yield similar results as in20.

We achieve much closer agreement with the experimental 3J-constant for residues 9 and 10

(∆J = 0.3Hz and ∆J = 0.5Hz compared to ∆J = 1.2Hz and ∆J = 1.3Hz in20). For residue

4, however, our result deviates considerably more from the experimental value (∆J = 4.1Hz

compared to ∆J = 1.2Hz). This may well be explained by the different simulation conditions.

Although 3J-coupling constants can be measured with very high precision (better than

±0.01Hz), it is disputable whether the same precision criteria should be applied to averages

calculated from molecular simulations. The parameters of the Karplus curve are generally

determined by calibrating 3J-constants measured in solution against the corresponding torsion

angle derived from an X-ray structure24. It is difficult to numeralize the error introduced by

the assumption that the angles in the crystal structure and in solution are the same and by the

neglect of conformational dynamics. A comparison of the 3J-values obtained using different

sets of Karplus relation coefficients a, b and c showed a variation of up to 0.8Hz40. This

suggests that the uncertainty in a 3J-value calculated using the Karplus relation is of the order

of 0.5Hz.

In general, we see an improvement for almost all restraining methods and force constants.

Exceptions are residue 10 (IR with all force constants, TA with a low force constant), residue

9 (TA with a low force constant) and residue 5 (IR, with a low force constant). Residues 9 and

10 already show reasonably good averages for the unrestrained simulations and thus, using IR

or TA with a low force constant on angles that do not need much restraining is not advisable.

Inclusion of time-averaging yields improvement for Phe5 and Phe10. The biquadratic func-

tions (BTA and OBTA) show slightly better agreement with the target values than TA.

When considering 3J-value fluctuations one has to be aware that the rms fluctuation of

the 3J-constant is only a very approximate measure for the fluctuations in the torsion angle,

since J is not a linear function of φ. The rms fluctuations of the φ-angles which are presented

along with the averages in Tab. 5.3 yield a more accurate picture of the atom mobility. In our

work we generally find decreased φ-angle rms fluctuations (especially for high force constants)

for IR and increased rms fluctuations for TA for both the 3J-constant and the φ-angle. Both

effects are expected and have been described before18,20. From the rms fluctuations of the 3J-

values no clear trend as to whether BTA and OBTA increase or decrease the fluctuations can be

distinguished. However, with the exception of Ala4 and Phe10 the rms fluctuation of the φ-angle

increases considerably compared to NR for both methods using κarbq = 2.5 kJ mol−1Hz−4.
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restraining force constant Val1 Ala4 Phe5 Phe6 Phe9 Phe10

method κar = kJ mol−1Hz−2 or 3J0 = 7.3Hz 3J0 = 8.6Hz 3J0 = 6.8Hz 3J0 = 6.6Hz 3J0 = 8.3Hz 3J0 = 6.7Hz

κarbq = kJ mol−1Hz−4

NR 9.9 (1.5) 4.5 (2.6) 8.3 (0.6) 10.2 (1.3) 8.6 (2.2) 7.2 (2.1)

IR 0.5 9.4 (1.5) 6.9 (2.0) 8.4 (0.5) 9.8 (1.4) 8.1 (2.0) 8.1 (0.8)

IR 2.5 7.8 (1.1) 8.3 (1.0) 8.1 (0.7) 7.6 (1.1) 8.2 (1.0) 8.0 (0.7)

IR 5.0 7.6 (0.7) 8.4 (0.7) 7.8 (0.7) 6.8 (0.8) 8.2 (0.7) 7.7 (0.7)

TA 0.5 8.2 (3.0) 8.1 (2.3) 7.2 (2.2) 7.0 (3.6) 7.3 (2.8) 8.1 (1.0)

TA 2.5 7.5 (2.6) 8.5 (2.1) 7.0 (2.2) 7.5 (2.4) 8.3 (2.4) 7.0 (2.2)

TA 5.0 7.5 (2.7) 8.5 (2.0) 6.8 (2.4) 6.9 (2.6) 8.3 (2.2) 6.9 (2.1)

BTA 0.5 7.3 (1.5) 8.4 (0.5) 7.0 (2.4) 7.6 (1.8) 8.4 (2.3) 6.6 (2.1)

BTA 2.5 7.4 (2.6) 8.3 (0.5) 6.9 (2.5) 6.8 (2.7) 8.2 (1.6) 6.7 (2.2)

BTA 5.0 7.3 (2.4) 8.4 (0.8) 6.9 (2.8) 6.7 (2.8) 8.2 (0.7) 6.8 (2.5)

OBTA 0.5 8.2 (3.0) 8.3 (2.0) 7.0 (2.2) 7.4 (2.3) 8.3 (0.6) 7.2 (2.0)

OBTA 2.5 7.2 (2.1) 8.4 (0.4) 6.8 (2.5) 6.8 (2.5) 8.2 (2.2) 6.8 (2.4)

OBTA 5.0 7.3 (2.0) 8.3 (0.4) 6.8 (2.5) 6.7 (2.8) 8.3 (0.7) 6.9 (2.3)

Table 5.2: Average 3J-values corresponding to the six restrained H-N -Cα-H torsion angles in antamanide calculated from simulations

employing the four methods: IR, TA, BTA, OBTA ( OBTA with τar = 5 ps) Var were constructed using the Karplus relation (Eq. 5.10)

with a = 9.4, b = −1.1, c = 0.429 and δφ = −60◦, and three different force constants κar for each restraining method. Root-mean-square

fluctuations between parentheses.
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restraining force constant κar Val1 Ala4 Phe5 Phe6 Phe9 Phe10

method κar = kJ mol−1Hz−2 or 3J0 = 7.3Hz 3J0 = 8.6Hz 3J0 = 6.8Hz 3J0 = 6.6Hz 3J0 = 8.3Hz 3J0 = 6.7Hz

κarbq = kJ mol−1Hz−4

NR 251 (15) 293 (26) 55 (13) 239 (16) 264 (18) 267 (46)

IR 0.5 258 (16) 278 (14) 56 (11) 241 (20) 267 (19) 51 (14)

IR 2.5 268 (18) 268 (12) 54 (14) 216 (26) 269 (13) 52 (15)

IR 5.0 275 (5) 270 (5) 52 (17) 280 (4) 271 (5) 49 (17)

TA 0.5 258 (32) 268 (20) 276 (16) 264 (39) 264 (35) 60 (22)

TA 2.5 184 (108) 258 (24) 278 (14) 228 (36) 261 (28) 276 (18)

TA 5.0 207 (99) 261 (22) 272 (40) 222 (37) 249 (56) 277 (16)

BTA 0.5 49 (30) 63 (11) 277 (19) 153 (85) 239 (70) 264 (35)

BTA 2.5 167 (97) 65 (11) 203 (99) 213 (49) 129 (101) 278 (20)

BTA 5.0 134 (106) 84 (63) 250 (56) 202 (74) 66 (15) 185 (105)

OBTA 0.5 256 (33) 266 (18) 276 (18) 218 (32) 67 (11) 277 (13)

OBTA 2.5 131 (94) 64 (11) 270 (44) 206 (27) 227 (82) 278 (19)

OBTA 5.0 100 (98) 63 (12) 244 (75) 205 (58) 71 (48) 150 (98)

Table 5.3: Averages and root-mean-square fluctuations of six restrained C-N -Cα-C torsion angles (in degrees) in antamanide calculated

from simulations employing the four different restraining methods (IR, TA, BTA, OBTA). For OBTA, τar = 5 ps. Restraining potential

energy functions were constructed using the Karplus curve with a = 9.4, b = −1.1, c = 0.429 and δφ = −60◦, and three different force

constants κar for each restraining method. Root-mean-square fluctuations are given between parentheses.
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Figure 5.6: Distribution of the six restrained C-N -Cα-C-

torsion angles in antamanide, yellow: unrestrained (NR), black:
IR, red: TA, green: BTA blue: OBTA. Restraining functions

were constructed using the Karplus relation (Eq. 5.10) with

a = 9.4, b = −1.1, c = 0.429 and δφ = −60◦ and a force constant

of kappaar = 5.0 kJ mol−1Hz−2 and κarbq = 5.0 kJ mol−1Hz−4,

respectively. For OBTA, τar = 5 ps.

Figure 5.7: Distribution of the 3J-values corresponding to

the six restrained H-N -Cα-H-torsion angles in antamanide,

yellow: unrestrained (NR), black: IR, red: TA, green: BTA,

blue: OBTA. Restraining functions were constructed using the

Karplus relation (Eq. 5.10) with a = 9.4, b = −1.1, c = 0.429

and δφ = −60◦ and a force constant of κar = 5.0 kJ mol−1Hz−2

and κarbq = 5.0 kJ mol−1Hz−4, respectively. For OBTA, τar =
5 ps.
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scaling force constant Val1 Ala4 Phe5 Phe6 Phe9 Phe10

factor τar κarbq = kJ mol−1Hz−4 3J0 = 7.3Hz 3J0 = 8.6Hz 3J0 = 6.8Hz 3J0 = 6.6Hz 3J0 = 8.3Hz 3J0 = 6.7Hz

NR 9.9 (1.5) 4.5 (2.6) 8.3 (0.6) 10.2 (1.3) 8.6 (2.2) 7.2 (2.1)

1 ps 0.5 8.1 (2.1) 8.2 (0.6) 7.6 (1.8) 7.5 (2.2) 7.9 (1.2) 8.0 (1.1)

5 ps 0.5 8.2 (3.0) 8.3 (2.0) 7.0 (2.2) 7.4 (2.3) 8.3 (0.6) 7.2 (2.0)

25 ps 0.5 7.7 (3.6) 8.5 (2.0) 6.9 (2.3) 7.6 (2.8) 8.4 (2.4) 6.8 (2.2)

1 ps 1.0 7.8 (1.9) 8.1 (0.7) 7.2 (1.6) 6.7 (1.9) 8.3 (0.6) 6.6 (2.1)

5 ps 1.0 7.2 (2.5) 8.5 (1.5) 7.0 (2.3) 7.3 (2.5) 8.4 (2.5) 6.8 (2.2)

25 ps 1.0 7.5 (3.5) 8.5 (2.0) 6.9 (2.5) 7.1 (2.8) 8.3 (2.5) 6.8 (2.3)

1 ps 2.5 7.5 (2.3) 8.3 (0.5) 7.2 (2.1) 6.9 (2.5) 8.3 (0.5) 6.8 (2.0)

5 ps 2.5 7.2 (2.1) 8.4 (0.4) 6.8 (2.5) 6.8 (2.5) 8.2 (2.2) 6.8 (2.4)

25 ps 2.5 7.2 (2.7) 8.2 (0.5) 6.9 (2.8) 6.6 (2.2) 8.2 (0.8) 7.0 (2.6)

Table 5.4: Average 3J-values corresponding to the six restrained H-N -Cα-H torsion angles in antamanide from simulations employing

the OBTA method. Restraining potential energy functions were constructed using the Karplus curve with a = 9.4, b = −1.1, c = 0.429

and δφ = −60◦, and three different force constants κar for each restraining method. Root-mean-square fluctuations are given between

parentheses.
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Solely, OBTA employed with the lowest force constant results in rms fluctuations which are of

the same size as those observed in unrestrained simulations, for all six φ-angles.

These observations contradict previously published results20 which might partly be due to

the use of higher force constants (κar = 10 kJ mol−1Hz−2, κar = 10 kJ mol−1Hz−4) therein.

The distribution of the restrained φ-angles in antamanide and the distribution of the cor-

responding 3J-values are shown in Fig. 5.6 and 5.7. All the restrained distributions differ

from the unrestrained one. In general, methods using time-averaged restraining (TA, BTA and

OBTA) sample the broadest range of φ-values, whereas IR severly restricts the region sampled.

However, a narrow peak in the φ-distribution does, again, not necessarily result in a narrow

peak in the 3J-distribution. In almost all cases the restrained φ-distributions peak at other

φ-values than the unrestrained ones. The dominating maxima in the 3J-distribution are, how-

ever, those that are caused by the extrema of the Karplus curve (Val1, Phe6). For Phe10 the

φ-distribution of IR has a maximum at 40◦, whereas this distribution for TA has a maximum

at 280◦. Both angles approximately correspond to maxima in the Karplus curve which explains

why their 3J-distributions are very similar. The OBTA method samples the widest range of φ-

and 3J-values.

Tab. 5.4 shows the effect of varying the scaling period τar of the OBTA method. The

variation in average 3J-values ranges from maximally 1.3Hz for low κarbq to maximally 0.3Hz

for large κarbq -values.

5.4 Conclusion

The use of experimentally measured averages of observable quantities to derive the spatial

“structure” or rather a most likely conformational distribution of biomolecules such as proteins

and nucleic acids is not straightforward. In particular average 3J-coupling constants measured

in NMR experiments can hardly be used in structure refinement, because a 3J-value is a multi-

valued function of the corresponding torsional angle and this function, generally formulated

in terms of a Karplus curve, has ranges with large ∂J
∂φ

derivative values. This makes it hardly

possible to derive the characteristics of the torsional-angle distribution from the measured

average 3J-values.

Using a simple butane model system this problem was investigated. We performed MD

simulations with different penalty functions that restrain a particular 3J-coupling constant

to a preset target value 3J0 and analysed the effects of the different types of restraining for

different target values. A proper sampling of the torsional-angle degree of freedom becomes

difficult for target 3J0 values that are close to the extrema of the Karplus curve used in the

calculations of the 3J-value from the torsional angle. Because for 3J0-values around the higher

of the two maxima of the Karplus curve the relation between 3J-value and torsion angle is

straightforward, in practice one may use torsion-angle restraining for these 3J0-target values.

For intermediate 3J0-target values torsion-angle restraining restricts the sampling too much, so
3J-value restraining including some form of time-averaging is the method of choice.
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In order to enhance the sampling during the structure refinement MD simulations, intro-

duction of an oscillating factor in the restraining penalty function was proposed. It temporarily

scales down the torsional (V tors) and restraining (Vres) potential energy for the torsion-angle

degree of freedom when the average 3J-value does not match the target 3J-value. This allows

the torsion angle to escape from the energy minimum in which it is (wrongly) trapped.

The cyclic decapeptide antamanide in aqueous solution was used to test the proposed re-

straining method and to compare its performance to that of other methods. The following

conclusions could be drawn

1. Without any 3J-value restraining (NR), the GROMOS 45A3 force field and explicit water

simulation used in the present work reproduce better the experimentally measured 3J-

values than the previously used18,20 GROMOS 43A1 force field with stochastic solvent

simulation.

2. Instantaneous restraining (IR) will enforce the target 3J0-values onto the simulation, but

at the price of a much too restrained torsion-angle distribution.

3. Time-averaging restraining (TA)18 is a clear improvement over instantaneous restraining,

but generates too large variations in 3J-values and torsion angles.

4. Biquadratic restraining (BTA)20 based on both time-averaged and current 3J-values alle-

viates this problem, but still suffers from torsion angles being trapped in spurious minima

in the case of extreme 3J0-target values.

5. Oscillating biquadratic restraining (OBTA) as proposed here alleviates the trapping prob-

lem by lowering the energy barriers temporarily if simulated and target 3J-values do not

match. It shows a wider sampling than the other restraining methods. In the antamanide

example a restaining force constant of κarbq = 2.5 kJ mol−1Hz−4 with τar = 5 ps yields

optimal results in terms of reproduction of the target 3J0-value by the ensemble averaged
3J-value and the distribution of torsion angles.

6. Enforcing a 3J-value on a torsion angle changes its conformational distribution and might

affect the secondary structure of a polypeptide (especially when restraining H-Cα-Cβ-H-

torsion angles). Hence, for larger systems restraining method and force constant should

possibly be adjusted individually for each restrained torsion angle.

We note that instead of scaling the potential energy function other methods may be used

to drive a torsion angle away from values that yield the wrong 3J-value. Here we think of

the local-elevation search41 or any other method that deforms the energy surface to enhance

sampling42.
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[29] V. F. Bystrov, “Spin-spin coupling and the conformational states of peptide systems,”

Progess in NMR Spectroscopy, vol. 10, pp. 41–81, 1976.

[30] H. J. C. Berendsen, J. P. M. Postma, W. F. van Gunsteren, A. Di Nola, and J. R. Haak,

“Molecular-dynamics with coupling to an external bath,” Journal of Chemical Physics,

vol. 81, no. 8, pp. 3684–3690, 1984.

[31] L. D. Schuler, X. Daura, and W. F. Van Gunsteren, “An improved GROMOS96 force field

for aliphatic hydrocarbons in the condensed phase,” Journal of Computational Chemistry,

vol. 22, no. 11, pp. 1205–1218, 2001.

[32] J. P. Ryckaert, G. Ciccotti, and H. J. C. Berendsen, “Numerical-integration of Carte-

sian equations of motion of a system with constraints - molecular-dynamics of n-alkanes,”

Journal of Computational Physics, vol. 23, no. 3, pp. 327–341, 1977.

[33] H. Kessler, C. Griesinger, J. Lautz, A. Müller, W. F. van Gunsteren, and H. J. C. Berend-

sen, “Conformational dynamics detected by nuclear magnetic resonance NOE values and

J-coupling constants,” Journal of the American Chemical Society, vol. 110, pp. 3393 –

3396, 1988.



154 BIBLIOGRAPHY
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Chapter 6

Outlook

6.1 Markov models

In chapter 2, we discussed the assumptions that are made when constructing a Markov model

from simulation data and the mathematical properties of transition matrices. The mathematical

theory of Markov models is advanced but its application to the dynamics of such large and

complicated systems as biomolecules is a recent development. Although the tools with which

one can construct such models have evolved quickly over the last years, some questions still

remain open.

The stochastic description is an approximation of the true dynamics and typically only valid

for lag times larger than a threshold τMarkov. At this lag time all but the slowest processes in the

dynamics of the molecule have decayed. An interesting question is how these faster processes

are reflected in the transition matrix T(τ) (with τ < τMarkov). Or reformulated, how do the

higher terms in the matrix expansion of T(τ) cause non-Markovian behavior?

Often, the stochastic model does not completely reach Markovian behavior even for long lag

times. It is, however, not yet clear how large the deviation from Markovian behavior may be in

order to still obtain a reliable description, nor is there a generally accepted quantitative measure

for ”deviation from Markovian behavior”. Luckily, models with quite sizeable deviations from

Markovian behavior (as estimated from the implied timescale graphs), still seem to reproduce

dynamics which are in accordance with the dynamics observed in very long MD trajectories.

Related to this is the following question. A Markov model gives insight into the dynamics of

the molecule if its lag time is a lot smaller than the time the system need to reach equilibrium,

i.e. τMarkov << τeq. For some systems a model with such a small τMarkov can be found, but

for others this proves to be impossible. Are there maybe structural features that prevent

a stochastic description? And could we reduce the allowed lag time τMarkov, e.g. by using

mathematical extensions to classical Markov-theory, such as memory kernels, which account

for deviation from Markovian behavior (i.e. for memory in the system).
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6.2 From equilibrium distribution to folding pathways

In chapter 3 we characterized the equilibrium distribution of a β-peptide using a kinetic cluster

algorithm to identify the metastable states of the molecule. From this point on a number of

possible routes for further research open up.

So far, we have identified the metastable states of the molecule but we have not analyzed

them in terms of structural features. Possible questions include: (i.) what stabilizes a particular

metastable state in terms of hydrogen bonds, favorable side-chain interactions and interaction

with the solvent?; (ii.) can we link the size of the metastable state and maybe its structural

features to concepts like ”stabilized by entropic effects” and ”stabilized by enthalpic effects”?;

and (iii.) can we understand the mechanism by which the molecule moves from one metastable

state to another, i.e. what are the rate limiting barriers?

Directly linked to this last question is the second route. One can - using the kinetic clustering

technique - also construct a kinetic network of the molecule, in which the metastable states

of the molecule are linked by transition probabilities. Such a kinetic network directly shows

folding pathways (including mean first-passage times) and reveals whether there are particularly

important metastable conformations which serve as junctions to the folded state or which,

contrarily, are kinetically far from the folded state and therefore represent traps in the folding

process.

As discussed in chapter 3, kinetic clustering requires an enormous amount of simulation

data because all possible transitions between microstates have to be sampled. Alternatively, the

metastable state can, in principle, be directly extracted from the equilibrium distribution using

density based clustering algorithms. The (density based) common-nearest-neighbor algorithm

presented in chapter 3, however, suffers from splitting off data points at the rims of each

metastable state and typically yields too small cluster sizes. This is most likely caused by the

relative naive approach to estimate the data-point density between two data-points by counting

the data points which lie in the overlap region of two spheres centered at those data points

(common nearest neighbors). One way to obtain better density estimates is to describe the

density in terms of analytical kernel functions1 - an approach which, however, suffers from

combinatorial explosion if more than a few degrees of freedom are involved. Alternatively, one

could stay with the common nearest-neighbor approach and correct for the fact the the overlap

region of the two spheres depends on the distance of the data points at their center.

For a few years it has now been possible to accumulate enough simulation data to construct

a kinetic network for a peptide or even a small protein with a medium-sized computer cluster.

Also, the tools for constructing such networks have evolved so far that for the first time it is

within reach to analyze the folding pathways of such molecules on a routine basis. This yields

the hope that as more and more knowledge on folding pathways accumulates the mechanism

of protein folding becomes clear.
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6.3 From equilibrium distribution to structural under-

standing

In chapter 4 we dissected equilibrium distributions of β3-peptides in order to gain an under-

standing for the mechanism by which the structural features of the molecule determine the

relative probability of its conformations. In particular, we constructed graphs of the network

of mutual dependence between dihedral angles and saw that the side-chain conformations had

no or only very little influence on the backbone conformation. A sterically constrained residue

in the middle of the chain, on the other hand, acts as a primer and causes the rest of the chain

to fold into a 314-helix - an effect which is also reflected in the mutual-information graphs.

These results have, however, only a very limited validity for the folding of α-peptides since the

folding of these peptides is governed by somewhat different effects. Especially the side-chain

conformations are known to play an important role. Yet, the precise way in which the side-

chains influence the backbone structure is not known. It would, therefore, be most interesting

to perform a similar analysis on equilibrium distributions of α-peptides.

The folding equilibrium of peptides (both α and β) is not only determined by the structural

features of the molecule, but also by the interaction with the solvent. For example, strong

hydrogen-bond donors and acceptors, such as water, typically destabilize the folded structure

by competing for hydrogen bonds with the backbone. In a solvent which is a weaker hydrogen-

bond donor, such as methanol, intramolecular hydrogen bonds are more stable and hence the

folded conformation is more stable. How this rather sketchy argumentation is reflected in

the equilibrium distributions of a given molecule in different solvents has not been studied in

detailed. A sequence of simulations of a peptide (α or β) in different solvents could address

the following questions: (i.) does the solvent influence the mutual-information pattern of the

molecule?; (ii.) if so, which connections are affected most and can we understand why?; (iii.)

does the solvent influence the marginal distributions of the dihedral angles?; (iv.) if so, can we

explain why and how a given dihedral angle distribution changes?

The ultimate goal of studying how structural features and solvent effects shape the equi-

librium distribution of a molecule is to be able to rationally design peptides. Molecules with

a three-dimensional structure which resembles that of natural peptides and which - different

form natural peptides - are resistant to proteases are promising candidates for newly designed

drugs. β-peptides, as well as other classes of peptide mimetics, in principle, fulfill these two

requirements. Yet, how does one single out a working drug from the multitude of promising

candidates? Clearly, a brute force search through all possible sequences is not feasible - neither

experimentally nor using molecular simulation. Docking experiments which are cheaper than

molecular simulation are based on too simple force fields and neglect dynamics effect and there-

fore have a poor success rate. What one needs are a set of heuristic rules with which one could

predict the three-dimensional structure based on the sequence of the peptide and information

about the solvent and the temperature. This set of rules does not have to be infallible. But

with its aid it should be possible to discern likely candidates from less likely ones with a rea-

sonable level of confidence. Computer simulation could then help to further decrease the group



158 CHAPTER 6. OUTLOOK

of likely candidates. But the true power of molecular simulation in this quest lies in providing

data (and tools to analyze this data) from which those heuristic rules could be deduced.

6.4 From equilibrium distribution to ensemble averages

Not always does the ensemble average of a given property generated by a (unrestrained)

molecular-dynamics simulation match the experimentally measured value. The connection be-

tween the simulated equilibrium distribution and the ensemble average is particularly difficult

to unravel if the property depends in a non-linear fashion on the microscopic configuration. In

chapter 5, we discussed this problem for the case of 3J-coupling constants and presented a num-

ber of techniques to modify the potential energy surface, such that the resulting equilibrium

distribution is in accordance with the experimentally measured value. All of these techniques

were in the framework of restraining potential energy functions and suffered from too high bar-

riers which (i.) lead to unphysically strong forces and (ii.) in some cases hindered the sampling

of the entire dihedral angle space. An alternative route is fill up the potential-energy wells

which have already been sampled sufficiently using a local elevation procedure. This procedure

smoothes the original potential energy surface thereby circumventing the problems of too high

barriers. It has been successfully implemented and tested in a related publication2

The second lesson we learned in this project is that the non-linearity with which the 3J-

coupling depends on the dihedral angle cannot be neglected. In steep regions of the Karplus

curve a small change in the dihedral angle can cause a change of the associated 3J-coupling

constant which is well beyond 1Hz - the error of the Karplus curve. This has two implications.

Firstly, when calculating the error of 3J-coupling constants derived from a molecular-dynamics

simulation, one should take the statistical error of the dihedral angle distribution into account

(the sampling error typically cannot be estimated). Up to now, this error has been neglected

because it is typically very small, but since it propagates in a non-linear fashion it can make a

sizeable contribution to the total error. It is quite possible, even likely that when seen from this

angle many simulation results are not as biased as hitherto assumed but merely statistically

imprecise. Secondly, in the parametrization of the Karplus relation one dihedral angle is asso-

ciated with one 3J-coupling constant and the parameters are obtained by a fitting procedure

on the resulting scatter plot3,4. This procedure assumes that the average 3J-coupling constant

is the same as the 3J-coupling constant of the average angle - an assumption which is violated

due to the non-linearity of the Karplus relation. Alternatively, one could base the parametriza-

tion of the Karplus relation on the dihedral angle distribution. Experimentally, it is, however,

virtually impossible to obtain these distributions. Brüschweiler et. al.5, proposed an analytical

modification to the parameters of Pardi et. al.4 for which they assumed that the dihedral

angles are Gaussian distributed. Simulations, on the other hand, readily provide dihedral angle

distributions. These distributions are burdened with a force-field and a statistical error. It

is, however, debatable whether this error is larger than the error introduced by neglecting the

non-linearity of the Karplus curve and it remains to be tested whether a parametrization based
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on molecular-simulation data will lead to a more realistic representation of the dependence

between dihedral angles and associated 3J-coupling constants.

As (untargeted) enhanced sampling techniques and techniques for sampling rare events

have seen a rapid development over the last years, it becomes easier to completely sample

the equilibrium distribution. Additionally, over the last two decades the increase in computer

power and the development in parallel and distributed computing has increased the typical

trajectory length for a system of a given size by orders of magnitude. One can therefore expect

that the error in calculating an ensemble average from molecular-simulation data which is

caused by undersampling will play a less and less important role and force field issues (such as

polarizability) will move into focus. It is conceivable that the new enhanced sampling techniques

will have an impact on the way in which the parameter space of the force field is scanned and

will help to speed up the development of a new generation of force fields. But until then

restraining procedures will have their place among the standard tools of molecular simulation.
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